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Introduction

Introduction

‘I think I should understand that better’, Alice said very politely, ‘if I had it written down: but I can’t quite
Sfollow it as you say it

(Alice’s Adventures in Wonderland by Lewis Carroll)

This book builds on the experience and knowledge gained from An Introduction to Mechanical
Engineering Part 1 and is written for undergraduate engineers and those who teach them. These
textbooks are not intended to be a replacement for traditional lectures, but like Alice, we see
the benefit of having things written down.

In this book, we introduce material to supplement the foundational units in Part 1 on solid
mechanics, thermodynamics and fluid mechanics. In addition, the reader will encounter units
on control, electromechanical drive systems and structural vibration. This material has been
compiled from the authors’ experience of teaching undergraduate engineers, mostly, but not
exclusively, at the University of Nottingham. The knowledge contained within this textbook
has been derived from lecture notes, research findings and personal experience from within the
lecture theatre and tutorial sessions.

The material in this book is supported by an accompanying website: www.hodderplus.co.uk/
mechanicalengineering, which includes worked solutions for exam-style questions, multiple-
choice self-assessment and revision material.

We gratefully acknowledge the support, encouragement and occasional urgent but gentle prod
from Stephen Halder and Gemma Parsons at Hodder Education, without whom this book
would still be a figment of our collective imaginations.

Dedicated to past, present and future engineering students at the University of Nottingham.

Mike Clifford, August 2010
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Fluid dynamics

UNIT OVERVIEW ~N
B Introduction
B Basic concept in fluid dynamics
B Boundary layers
B Drag on immersed bodies
B Flow through pipes and ducts
B Dimensonal analysis in fluid dynamics

1.1 Introduction

Fluid dynamics is the study of the dynamics of fluid flow. Here we learn how flows behave
under different external forces and conditions. In a sense this is similar to rigid body dynamics
in physics, where Newton’s second law is used to describe the motion of rigid bodies. Here,
we must apply Newton’s second law to fluid flows in a different way since fluids do not
behave exactly like rigid bodies. This will be discussed in Section 1.2, where basic equations to
describe fluid motion are derived and explained. Some discussions on laminar and turbulent
flows are also given there, paving the way for what will follow.

The fluid that we deal with in this unit is a viscous fluid, so the velocity of fluid flow becomes
zero at the solid surface. The consequence of this no-slip condition is that flow velocity
changes from zero at the wall to the free-stream value sufficiently far away from the wall
surface. This thin layer is called the boundary layer, an important concept in fluid dynamics,
which explains how the fluid forces are generated. So, in Section 1.3, we learn the basic
behaviour of boundary layers to be able to estimate the viscous drag acting on the solid surface.

The boundary layers over solid bodies behave differently depending on their shape. For
example, the drag force acting on sports cars is much less than that on pickup trucks, where the
boundary layer is separated from the body surface of vehicle creating a strong flow disturbance.
In Section 1.4 we study the streamlining strategy to reduce the drag force of immersed bodies.
We also discuss how the drag of immersed bodies is aftected by the Reynolds number as well as
the wall roughness.

Pipes and ducts are important engineering components used in many fluid systems. It is
important, therefore, that the flow resistance can be correctly estimated for difterent type of
ducts and pipes. In general there are two types of flow resistance. One is due to the friction drag,
while the other relates to the loss of energy due to boundary layer separation. In Section 1.5,
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we study a method of minimizing the flow resistance similar to the streamlining strategy for
immersed bodies. The discussion of pipes and ducts is extended to non-circular shapes by
introducing the concept of hydraulic diameter.

The final section of this unit deals with the non-dimensional numbers of fluid dynamics. We
are already familiar with the Reynolds number, but there are many other non-dimensional
numbers in fluid dynamics. In Section 1.6, we learn how to identify relevant non-dimensional
numbers for different types of fluid flow. We also study how these non-dimensional numbers
are used to carry out model tests. Applications of the similarity principle to fluid machinery are
given, emphasizing the importance of non-dimensional numbers in fluid dynamics.

1.2 Basic concept in fluid dynamics

Navier—Stokes equations

The main aim of fluid dynamics is to understand the dynamic behaviour of fluid flows. Since
all fluids are continuous, we can determine the velocities and pressure of flows as a function of
space and time. To achieve this, we require the governing equations to represent the fluid flows:
the Navier—Stokes equations.

For simplicity, we consider only two-dimensional, isothermal (no thermal input or output)
and Newtonian (the shear stress is linearly proportional to the strain rate) flows with constant
density and viscosity. Therefore, u, v and p (velocities and pressure in Cartesian coordinates) are
function of x, y and t. If the fluid flows are steady, they are only functions of x and y.

The Navier—Stokes equations can be derived by applying Newton’s second law of motion to
fluid flow. By considering a small control volume dxdy with a unit depth, the fluid mass times
acceleration is given in vector form by

—

T
mea = me o p - dxdy- dt =F (1.1)

The x- and y-component forces, F, and F, acting on the control volume are given by

)7 >

m~ax=p'dxdy~%=Fx m'a),=p'dxdy'%=Fy (1.2, 1.3)

. . . ood
Since, the total derivative (or material derivative) ; fepresents

d_9 x99 _o, 0 9
G- T arax Taray o T TV, (1.4)

Therefore,
m-axzpdxdy-%—pdxdy ——i—u%-}-yg =F,
! (1.5, 1.6) Stress T;;acts on a surface
dv v v whose normal is j-direction
nea, = pdsdy G = pavdy: |1+ wgh +vgl = F, j

A
Here, we shall consider only those forces acting on the surfaces of the control

volume, although a body force will be introduced later. Surface forces include =
hydrostatic pressure p, the normal stresses 7., T, and the shear stresses 7, 7).

Stress Tjjacts
in i-direction

Figure 1.1 Stress tensor 7. The first index i of the stress tensor 7;
indicates the direction of the stress that is acting on the surface,
whose normal direction is indicated by the second index j.
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Y T, T —L dy
Xy Dy
+dy— o — [,
yray T+t e
dy Ty —— Control |—— [k
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| |
| |
0 a ~
0 x dx  xtdx x

Figure 1.2 The balance of surface forces in the x-direction

From Figure 1.2, the total surface forces in the x-direction can be obtained as follows.

oT

(’Txx + e dx)dy — T dy| + (1.7)

[(Jrapd)d d
p+5-dx)dy — pdy

07y,
To T a—ydy dx — T, dx

Here, the forces acting on the surface at (x + dx) can be obtained from the forces on the surface at
x by using Taylor’s expansion.

In a similar way, the total surface force in the y-direction can be obtained from Figure 1.3 as

81'“, aTyx ap
TYY+8—ydy dx — 7, dx| + Tyx-i-gdx dy = 7, dy| — p+a—ydy dx — pdx (1.8)
T,
Y pt % dy\ Y‘Cy}ﬂ- -DD)}/Y dy
y+dy—‘ ——————————————
Control iy
d T, yx
Y ! \ volume [T)’x-'_ [ dx
e [ l
A
0 - s
0 x dx  x+dx
Figure 1.3 The balance of surface forces in the y-direction
Therefore, the total force acting on the surfaces of control volume can be given by
Ip | 9T 9Ty dp 9T 0Ty
Fx—(—a‘l- I + ay dx dy F, = _a_y+ I +a—ydxdy (1.9, 1.10)

So far, we have considered only the surface forces. There are flows, such as water waves around a
ship, where the gravity force plays an important role. Therefore, we should also consider such a body
force acting on the control volume together with the surface forces. In such a situation, the vertical
force F, in equation (1.10) must be replaced by
dp  OTpe 0Ty

FY_(_B_}/—FW—FG_YCZXdY_pgdde (1.11)
Here, the additional force due to gravity is pg dx dy, which always acts in negative y-direction
(downwards).
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‘We finally obtained the following equations of fluid motion.

Ju Ju ou __G_p
p(at+”ax+”ay)_ ax
F VA A W
Plar ™ "ax T Yoy dy

a'Txx aTxy
dx dy
(1.12, 13)
9T, 0T,
] g
dx dy

For the Newtonian flow, the stress is linearly proportional to the velocity gradient, we can write

this relationship in a matrix form as follows.

u
(Txx Txy _ M‘ax
Ty Tyy) | v
Mo

Ju
3,
v
3,

(1.14)

By substituting this relationship into equation (1.12) and (1.13), we have the final form of the
Navier—Stokes equations after dividing all terms by the fluid density p.

o du, du_ 1P (P, 0%
at T Max TVay T T pox "(axZ + (')yz)
(1.15, 16)
dv v ov 1% (@ 9|
ar  "ox T Vay p oy a2 " 9)>
where, v = /p is called the kinematic viscosity with dimension [I?> T~'].
Now, the Navier—Stokes equations consist of four parts, which are:
(Inertia force) = (Pressure force) + (Viscous force) + (Gravity force) (1.17)

In others words, the left-hand side of the Navier—Stokes equations represents the inertia force
(i.e. mass times acceleration), while pressure force represented by the pressure gradient and
viscous force led by the viscosity are on the right-hand side. The gravity force can usually be
omitted from the equations unless the surface wave or the natural convection is involved.

By examining the magnitude in each term of the Navier—Stokes equations, we can see that the
left-hand side of the equations of is of the order of u?/L, while the right-hand side is of the
order of vu/L?. Here, u represents the velocity scale (either u or v), L represents the length scale
(x or y) and v is the kinematic viscosity. The ratio of these two will give a non-dimensional value
called the Reynolds number:

Re (Reynolds number) = uL w (1.18)
v 7 viscous force
M
|
Re = 32 Re =73
-— WW
|
Re =55 Re =102
W WW
|
Re = 65 Re = 161

Figure 1.4 Effect of the Reynolds number on the vortex shedding from a circular cylinder
(H. Schlichting, 1968, Boundary Layer Theory, 6th edn, New York: McGraw Hill, reproduced with
permission of the McGraw-Hill Companies)
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2
u
Similarly, the ratio between the magnitude of the inertia term (of the order of f) and that of

the gravity term (of the order of g) is called the Froude number:

(1.19)

. . 1
Fi (Froude number) = - oc [ foee |

Here, it is customary to take a square root of the ratio to define the Froude number.
For example, a yacht with a length of L = 20 m travelling at u = 10 m/s would have
Re = 1.3 X 10% and Fr = 0.7 assuming that v = 1.5 X 107°m?/s.

Worked example
Find the acceleration of a fluid particle with the velocity field given by
V=ui+ vf'
= (30)i + (2xp)j

Du _du du ,  du _
o Pan Ty

Dv _ dv v v
o =5 + e + Yoy =0+ 39@2y) + (2xy)(2x)

DV _Du-, Do - .
Dt_Dtl+Dt = 3i+ (6ty + 4x7y)j

Continuity equation

The continuity equation can be derived in a similar way as we have done to obtain the
Navier—Stokes equation. Here, however, we should consider the mass balance in the control
volume instead of the force balance.

¥ pv + —D|:(|FY)V) dy[
y+dy—‘ 77777777777777
dy Control
u 1
! p volume ou +|:|(pu) i
L | [ |
| |
| |
| pv |
| |
| |
0 [ o X
0 X dx x+dx

Figure 1.5 Mass balance within the control volume

Mass flux into the control volume in the x-direction is given by

3 B
(on) - dy + g;”) d- dy] — (pu) - dy = g;”) - dx dy (1.20)

while the mass flux into the control volume in the y-direction is

I(pv) I(pv)
(pv) - dx + ay dy - dx 3y

— (pv) - dx = s dx dy (1.21)
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Here again, we have used Taylor’s expansion to evaluate the mass flux out from the surface at
(x + dx) and (y + dy) from the mass flux into the surface at x and y, respectively.

Since there must be no changes in mass within the control volume:

I(pu) I(pv)
I 'dxdy+a—y~dxdy=0 (1.22)

Assuming that the fluid density p is constant, we have:

du , dv _
o + 3y 0 (1.23)

This is called the continuity equation based on the conservation of mass.

Worked example
When the velocity field is given by

y= (x2 — yz)? + 1)7

determine the v-velocity from the two-dimensional continuity equation.

u=x2—y2

Ou =y
ax
. .. . du v
Substituting into the continuity equation I 4 oy 0| we get
9 _
T 2x

v = —2xy + C(x)

Worked example
There is a two-dimensional steady flow whose velocity vector is given by
V= ny?— yzf
where i and} are unit vectors in the x- and y-directions, respectively. Obtain an

expression for the pressure gradient of this flow if the fluid density is constant
and the viscosity and gravity forces are negligible.

u = 2xy v=—y

du_ o _
ax—Zy = s

v QZ_
Bx_o dy 2y
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Substituting these into the Navier—Stokes equations, we get

ey + (-Pey = -1 3L
2xy2 = —%% % = —pry2
@xp(O) + (—P)(~2y) = —%3—1;

Y = —%3—‘; 3—5= —2py

Laminar and turbulent flows

The flow through a pipe remains smooth and steady below the

critical Reynolds number, given by }I
Re= UT'd = 13,000 129 O

However, the flow becomes fluctuating and random when the
Reynolds number exceeds this value. Figure 1.6 shows this H—W
process where the transition from laminar to turbulent flow is

demonstrated with dye injected into a pipe through a needle. (b}

We can see the change in flow behaviour as a function of the
Reynolds number. Figure 1.7(a) shows a laminar flow at subcritical
Reynolds number, where the dye filament stays straight through until
the end of the pipe. As the Reynolds number is increased in Figures 1.7(b) and (c) the flow
develops patterns, signifying the flow transition that is taking place. Finally, turbulent flow is
reached in Figure 1.7(d) where the dye patterns seem to be random and chaotic.

Figure 1.6 The flow in a pipe changes from
laminar flow (a) to turbulent flow (b)

Although the Reynolds number is an important parameter affecting the transition process to
turbulence, there are other influential factors such as the wall roughness, initial disturbance and
external disturbance. For example, a sharp inlet to the pipe will disturb the flow, and therefore
reduce the critical Reynolds number. Vibration of the experimental setup from the floor, as
well as noise transmitted to the flow, will accelerate the process of transition.

Flow

S~ ) e

Laminar flow Transitional flow

o o

= -~ _/’_._' ~ ‘\“
BT S i I

Turbulent flow

o o

Figure 1.7 Flow transition to turbulence in a pipe flow. Laminar flow (a), where the injected dye
stays straight through the pipe; transitional flow (b), where the flow develops certain patterns;
turbulent flow (c, d), where the flow becomes random and chaotic.
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There is, however, no precise definition of turbulence. Indeed, it is very difticult to determine
whether a particular flow is turbulent or not. For example, random waves that can be observed
over the surface of the water in a swimming pool are probably not turbulence. Therefore, we
have to look at the symptoms of the low to determine whether it is turbulent or not.

Symptoms of turbulence include:

irregularity

high diftusivity

high Reynolds number
three-dimensionality
dissipativeness
continuous flow.

Every turbulent flow is different, yet they have many common characteristics as listed above.
We must, therefore, check whether a particular flow satisfies all of these characteristics before
declaring that it is a turbulent flow.

Learning summary N

By the end of this section you should have learnt:

v/ the Navier-Stokes equations are governing equations for fluid motion, which can be derived from
Newton’s second law of motion;

the continuity equation guarantees the conservation of mass;

the Reynolds number indicates a relative importance of inertial force in flow motion to viscous force;
the Froude number signifies the importance of inertial force in flow motion against the gravity force;
all flows become turbulent above the critical Reynolds number.

\. J

NN NS

1.3 Boundary layers

The boundary layer is a thin layer created over the surface of a body Edge of the
immersed in a fluid (Figure 1.8), where the viscosity plays a significant Uy boundary layer
role. Due to the non-slip condition of viscous flows, the velocity at

a solid surface is always zero. This means that the velocity gradually d

increases from zero at the wall to the freestream velocity U, at the f

edge of the boundary layer. This creates a thin, highly sheared region —_—

called the boundary layer, over a body surface in a moving fluid (or
over a moving body in a still fluid). Over a large commercial aircraft,
for example, the boundary layer a few millimetre thick near the
cockpit can grow to as much as half a metre thick towards the end of Figure 1.8 A boundary layer being developed

the fuselage. over a wing

Reynolds number

Similar to pipe flows, the boundary layer over the surface of a body is initially laminar, but
will soon become turbulent as the Reynolds number increases. Here, the Reynolds number to
describe the state of the boundary layer low can take any of the following forms.

Ux Ud U U
Re=—2, —— —— —— (1.25)

While the pipe diameter is always used to define the Reynolds number of pipe flows, the
length scale of boundary layer flows takes either the streamwise length x along the body surface
or one of the boundary layer thicknesses such as 8, 8" or 6. The boundary layer thickness & is
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defined as the distance from the wall to the point where the boundary layer velocity reaches
the freestream velocity. Discussions on other boundary layer thickness, such as 8" or 6, will be
given later in this section.

Uy

_--T
-
-
-
-
-
-
-

Transition

! I
1 1
I 1
—--r !
- | |
! i

1
! |
! 1

Laminar Turbulent

Figure 1.9 Development of the boundary layer over a flat plate parallel to the flow.
Note that the boundary layer thickness grows faster when it is turbulent.

The boundary layer thickness over a flat plate at the streamwise length x from the leading edge
can be obtained using the following formulae.

1
2

U,x
0 =5.0 x(T) for laminar flow (Re, < 3 X 10°) (1.26)

1

U,.’X? 5
o = 0.37 x(T() for turbulent flow (Re, > 3 X 10°) (1.27)

The boundary layer growth depends on the flow condition, whether it is laminar or turbulent.
The growth is much faster for turbulent boundary layers (Figure 1.9) as the diftusivity increases
as a result of transition to turbulence (Section 1.1).The critical Reynolds number for the
boundary layer over a flat plate is usually around 3 X 10° as indicated in equations (1.26) and
(1.27). It may take quite a different value, however, depending on the initial as well as boundary
conditions of the flow. For the boundary layer over a rough surface, for example, the critical
Reynolds number is less than 10°. This means that the boundary layer transition takes place
much earlier over a rough surface as compared to that over the smooth surface.

Worked example

A laminar boundary layer is being developed over a flat plate with the free-
stream velocity of 1.5 m/s. Assuming that the pressure gradient along the plate
is zero, obtain the distance x from the leading edge where the boundary layer
thickness & becomes 10 mm. Using the critical Reynolds number R, of 10,
determine the transition point where the boundary layer becomes turbulent.
The kinematic viscosity and density of the fluid (air) are 1.5 X 10~ m?/s and
1.2 kg/m?3, respectively.

U _1
5= S.Ox(i) P =502 /x
v U,

1 HU 1 o 15
¥=350% 7y 25000 15105 — 040 [m]
The transition point x, can be obtained from
x,U,
R, =~ = 10°
v
-5
X, = 106l = 106 X u =10 [m]

U, 15

ul
’l
r
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Reynolds number of living things depends on their size, flight or swim speed and the medium
they live in. The following are the Reynolds numbers of some of familiar living things. Unless
the body size is very small or the flight or swim speed is very low, as with butterflies, the flow

around the body of living things is most likely turbulent.

(0.3m/s) X (0.08m)

Butterflies: Re = (15 X 105 m2/s) = 1600
_ (15m/s) X (1.0m)
Cranes: Re = (15 X 10°m%s) 1000000
tohi _ (10m/s) X 2m)
Dolphins: Re = (1.0 X 10°m2/s) 20000000
(15m/s) X (25m)
Whales: Re = = 375000000

(1.0 X 107°m?/s)

Velocity profiles of boundary layers

The Blasius profile is the theoretical velocity profile of the laminar
boundary layer over a flat plate where the static pressure does not
change along the plate. Here, the Blasius profile is independent of the
Reynolds number of the boundary layer, as shown in Figure 1.10.
The Blasius profile can be approximated by the parabolic velocity
profile given by equation (1.28).

L:Z@_4

U= 3% 5 (1.28)

For the turbulent boundary layer, however, there is no theoretical
solution to represent the velocity profile. The turbulent boundary
layer profile can be approximated by the one-seventh law given by

1_@f
U, \d
The atmospheric boundary layer is often simulated by the one-
seventh law in a wind tunnel, where building or bridge models are
tested. Indeed, this empirical law has a reasonable agreement

with the actual profile of the turbulent boundary layer. However,

the velocity gradient of the one-seventh law at the wall is always
incorrect, since

(1.29)

(1.30)

Turbulent flows

1.0
0.8 2
/9% 10 One-seventh law
/) 100
7 107
0.6l/
(Rey) y Laminar flows
0.4 ///
/) Blasius profile
//
/,
0.2 Y, Parabolic profile
/I/
0 T T T I I
0 0.2 0.4 0.6 0.8 1.0
4
0

Figure 1.10 Velocity profiles of laminar and
turbulent boundary layers
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Therefore, it cannot be used to investigate the turbulent boundary
layer close to the wall surface. Here, we should use the logarithmic
velocity profile instead (Figure 1.11). With the logarithmic velocity
profile (the log law, for short) a large part of the turbulent boundary
layer can be represented by

u
%

H*y
= 575logy— + 5.5 (1.31)

except for a very thin region near the wall (the viscous sublayer)
where the velocity is given by the following linear profile.
u
L=

= (1.32)

TW
Here, the friction velocity u” is given by u* = ”F' It should

be noted that the turbulent velocity profile is dependent on the
Reynolds number (Figure 1.10).

30—
25 -
20 Equation (1.31)
1
1
ut 154 :" Logatithmic
region
10—
5_
0 | T | I
1 10 10° 10° 10*

“—P‘

Viscous sublayer

Figure 1.11 Logarithmic velocity profile of the
turbulent boundary layer

An atmospheric boundary layer (6 = 80 m) with the free-stream velocity of
U, = 10 m/s has the wall-shear stress of 7,, = 0.077 Pa. The kinematic viscosity
and density of air are v = 1.5 X 10> m?/s and p = 1.2kg/m?, respectively.

(1) Estimate the thickness of the viscous sublayer.
(2) Obtain the velocity at y = 1m from the ground.

(1) The thickness of the viscous sublayer is given by

.
y » 10 .. y=10 o
TH/ .
where, u* = \[— = ‘/—0 U 0.25m/s
p 1.2
-5
y =10 X 1.5 X 10

0.25
(2) Using the logarithmic velocity profile,

*

uy
=55+ 5.7510g107

u
%
u

u*
u= u*(S.S aF 5.7510g107y)

0.25 X 1

= 0.25(5.5 + 5.75 loglow

=7.4m/s

If we use the one-seventh law instead, we have
(Y (2
=5 o)

u= 10(81—0)7 =53m/s

)

= 0.6 X 10°m = 0.6 mm

11
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Logarithmic velocity profile of turbulent boundary layer is given by

u

14* =5.75 0810 v 5.5

u
Where % and TY are non-dimensional variables for the local velocity and the distance from
wall, respectively.

I/l+

sl

Wy [(LT‘l)L}
u LT™! y v

21!
Using these notations, we can write the logarithmic profiles as
M+ =575 10g10 y+ + 5.5

Logarithmic velocity profile can represent a large part of the turbulent boundary layers and
turbulent pipe flows except in the viscous sublayer (y* < 10), where we should use

*

Mo hy + — ot
o 5 or y
*2
Since u = - in the viscous sublayer, we have
du _ u”
dy v
M@: uu—*z: por =pu?=n1
dy v (W/p) N

We see that the velocity gradient within the viscous sublayer is constant.

Effect of wall roughness

The wall roughness can affect the laminar boundary layer by promoting an early transition to
turbulence. For the turbulent boundary layer, the wall roughness enhances the fluid mixing to
increase the near-wall velocity gradient, which leads to an increase in skin-friction drag. Here,
it is important to know how rough the wall should be before it starts affecting the skin-friction
drag of the turbulent boundary layer.

*
The wall surface of the turbulent boundary layer is hydraulically smooth when ¢t = % <5.

T
Here, € is the roughness height, u* = | ﬁ is the friction velocity and v is the kinematic

viscosity of the fluid. In other words, the wall surface is smooth as far as fluid dynamics of
turbulent boundary layer is concerned if the Reynolds number &7, based on the roughness
height & and the friction velocity u*,is less than 5.This suggests that the skin-friction drag of
the turbulent boundary layer will be increased only when €™ > 5. Recalling that the thickness
of viscous sublayer is given by y© = 10, we can say that the wall surface is hydraulically smooth
if the roughness is completely submerged in the viscous sublayer.

If we know the roughness height &, the Moody chart for pipe flows (and the analogous chart
for the boundary layers) will give us the effects of roughness on the skin-friction drag in the
turbulent boundary layer. Wall roughness should be considered always relative to the boundary
layer thickness, so we must use the non-dimensional roughness height in studying its effect on
the skin-friction drag.
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(a) Yo (b Yo

4 a4 ;
T R

Figure 1.12 Schematic view of the boundary layer. The wall surface is
considered smooth (a); it should be considered rough (b) despite the
identical physical size of roughness.

Momentum integral equation

It is possible to estimate the skin-friction drag of the boundary Y Us
layer using the momentum integral equation. To derive the
equation, we consider a balance of forces on a control volume U y=39
within the boundary layer (Figure 1.13), which is being developed o T R
over a flat plate. Here, the line 1 and line 3 indicate the entry P """ Boundary 4/
and exit of the control volume, while the streamline just above L layer 3
the boundary layer (line 2) and the flat plate (line 4) indicate the y 4 o
upper and bottom surface, respectively. 0 Flat plate I

> X

Since there is no flow across the streamline or the plate wall, the Figure 1.13 Control volume used in the derivation
mass flow rate to the control volume through line 1 must be equal ~ the momentum integral equation
to the mass flow rate out of line 3. This gives

d(x)
pUah=p'/;) udy (1.33)

The only force acting on the control volume is the skin-friction drag over the flat plate since
the pressure gradient over a flat plate is zero. Accordingly, the skin-friction drag must be equal
to the change in the momentum flux within the control volume. Therefore, the skin-friction
drag over the flat plate is given by

d(x)
D(x) =pUz2h — pf u? dy (1.34)
0
By substituting equation (1.33) into equation (1.34), we obtain

d(x) d(x) )
D(x) = pj; U,udy — pl/;) u” dy (1.35)

d(x)
=] uU, = dy

Introducing the momentum thickness 8, a measure of the momentum loss as a result of the
boundary layer growth, which is is given by:

6= f:&@ —~ %O)dy (1.36)

Equation (1.35) can be written as

D(x) = pU26 (1.37)

13
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Therefore, the momentum thickness 0 represents the skin-friction drag D over a flat plate. A
differential form of this equation can be given by

T, = pUZ 9 (1.3
if we note that
D(x) = fo T,,(x)dx (1.39)
T1/I/ . .
Using the skin-friction coefficient, =1 > equation (1.38) can be written as
E 0
C=2 % (1.40)

This is the Karman’s momentum integral equation, which is valid for both laminar and
turbulent boundary layers as long as the pressure gradient is zero. The Kirman’s momentum
integral equation indicates that the local skin-friction coefticient is exactly twice the
streamwise change of the momentum thickness.

Another important parameter in boundary-layer theory is the displacement thickness 5"
defined as

* ® u * o
i) —j; (l_Uo)dY or U,d —L(Uo—u)dy (1.41)

The displacement thickness is a measure of mass-flow deficit in the boundary layer due to the
non-slip condition of viscous flows. With this concept we can treat the development of the
boundary layer over a wall surface as if the on-coming flow were shifted by the amount of the
displacement thickness 8" (Figure 1.14). Therefore, we can estimate the change in flow rate
though a duct, for example, without considering the change in velocity profile.

Uy l Uy

1

h /

u(y) &

0 Flat plate

Figure 1.14 Simulated effect in the boundary layer using the
displacement thickness concept

The ratio of the displacement thickness 8" to the momentum thickness 6 is called the shape
factor H
_ &

H="g (1.42)
This is a good indicator for the flow status, which can be used to check whether the flow is
laminar or turbulent. Over a flat plate with zero pressure gradient, for example, the shape factor
of the laminar boundary layer is H =~ 2.6, while the shape factor of the turbulent boundary
layer is H= 1.4. For the boundary layer under transition, the shape factor takes a value between
1.4 and 2.6.
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The shape factor can also be used to find out if it is close to flow separation (to be discussed
next in this section). Since the velocity profile will become tall and thin as the flow separation
is approached, the shape factor of the boundary layer will increase in value whether it is
laminar or turbulent. Usually this increase in the H value is quite rapid, giving warning that the
boundary layer flow is about to detach from the wall.

Worked example

Obtain the displacement thickness,
momentum thickness and the shape
factor of the boundary layer when
the velocity profile is given

Y .
by %0 =3 (Figure 1.15). u S

Figure 1.15

Changing the variables by setting m = %, we have
o= [ (==l (1= =] (=34l
= 5/; (1 = m)dn =33

o= [T g &o=ol - E46) oL G0 -3

_ _ _1

—Sfo Ml = mdn =3

_d_

El— g = 3

Laminar: Turbulent:
8/x =5.0 8/x = 0.37
3 /x = 1.721 3*/x = 0.046
0/x = 0.664 [ (U,x/v)""> 0/x =0.036 ¢ (Ux/v)"3
C; = 0.664 C; =0058
Cp =1.328 (1.43) Cp = 0.0725 (1.44)

The drag coefficient Cp, is a non-dimensional drag of a flat plate of length x as defined by

Cp = T while the skin-friction coefficient Cyis a non-dimensional, local wall-share stress
2pUsx

TIU

at x given by Cr = 5 .
= h

i
N
&
r
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Worked example

Obtain the skin-friction drag and the corresponding drag coefficient up to the
transition point of the boundary layer in the worked example on page 9.

D=f0x T, (x)dx
f —U2 dx

¥ (U,x\~3
= 0.664-5 Uff (—) dx
0 v

12 ( 15 )%f”
—O664><2><15 15X 105 . x 2dx

= 0.00275 X 2/10 = 0.0179 [N/m]

Cp = D__ 0.0179 = 0.00133

1 772
2pUGL %x1.52x10

Alternatively, we can use Cp, = 1.328Rx ° to give Cp = 0.00133, where R, = 10°.
Therefore, D = Cp,3pU2L = 0.0180 [N/m]

We could also compute the skin-friction drag from Karman’s momentum integral
equation,

B = 0.664x Rx > = 0.664 X 10 X (109" 3 = 0.00664 [m]
Therefore,
D = pU26 = 1.2 X 1.52 X 0.00664 = 0.0179 [N/m]
This gives the drag coefficient of Cp = 0.00133.

Boundary-layer equations

Assuming that the boundary-layer thickness is small as compared to the streamwise length of
development, we can derive a special form of the Navier—Stokes equations, called Prandtl’s
boundary-layer equations. In order to do that, we must make a number of assumptions.

(1) The length scale in the vertical (normal) direction of the boundary layer is much smaller
than that of the longitudinal (streamwise) scale. In other words,

o d
Ay < Ax  or 3y > o

(2) The velocity scale in the vertical direction of the boundary layer is much smaller than that in
the longitudinal direction:

v u

(3) The Reynolds number is very large, so that
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Then, the Navier—Stokes equations (1.15) and (1.16) will take a very simple form

du  ou_ 14
uax-i-vay— pdx+V6y2 (1.45)
19p
0=——= 1.46
b oy (1.46)

Equation (1.46) suggests that p = p(x), therefore the pressure is constant across the boundary
layer. Since the pressure gradient of the boundary layer over a flat plate is always zero, i.e.

dp/dx = 0, this means that the pressure is constant everywhere in the boundary layer over a flat
plate.

The derivation of the boundary-layer equations can be done using the order of magnitude
analysis. Here, we set

x ~ L (x is of the same order of magnitude as the plate length L)

y ~ 8 (y is of the same order of magnitude as the boundary layer thickness d)

p ~ pu? (p is of the same order of magnitude as the dynamic pressure pu?)

u~u

v~ (8/L)- u (using the continuity equation, we find that v is of the same order of magnitude as

/L) u)

After replacing x, y, p, u and v with L, 8 and u, we find that the first viscous term in the
Navier—Stokes equations is much smaller than the second viscous term. It should also be noted
that all terms in the y-equation become zero, except for the pressure gradient term.

Boundary

layer thickness

Effect of pressure gradient

Figure 1.16 Development of the boundary layer
over a convex surface, showing a retardation
that leads to a flow separation with reverse
flow. The flow is from left to right.

So far, we have studied only the boundary layers with zero pressure gradient. However, we
can extend the boundary-layer theory to cover situations with non-zero pressure gradient.
Figure 1.16 shows a typical development of the boundary layer over a curved surface, where a
dramatic change in the velocity profile is taking place. Where the pressure gradient is negative,
or favourable, i.e. dp/dx < O (from point A to C in Figure 1.16), the lost energy of the
boundary layer due to skin-friction drag can easily be replenished by the pressure force acting
in the flow direction. Therefore, low separation does not generally take place easily in such a
pressure gradient condition. However, when the pressure gradient is positive, or adverse,
dp/dx > 0 (from point C onward in Figure 1.16), the pressure force cannot easily replenish
the lost momentum. This is because the pressure force acts against the boundary layer under
an adverse pressure gradient. This leads to a separation of the boundary layer, or simply a flow
separation, creating a region of flow reversal (Figure 1.16).

The flow separation point is defined as a location where the wall-shear stress becomes zero, i.e.

TLVN(

) =0 (1.47)

Therefore, the velocity gradient at y = 0 (at the wall) also becomes zero.

17
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Worked example

A sports equipment company is required to design a new swimming
costume for the next Olympic Games to help swimmers break the world
record in the 200 m freestyle. Answer the following questions assuming that
the typical swim speed is 2m/s.

(1) Suggest how you might design a new swim cap. In doing so, you need to
explain the design concept based on fluid mechanical principles.

(2) A new swimming costume must also cover the entire arms and legs. How
should the design concept for these parts of the costume differ from
that of a cap? Again, your answer must be based on fluid mechanical
principles.

(3) What considerations should be given to the choice of fabric for the swim
cap and the swimming costume? Your answer must be accompanied by
clear and sound reasons.

(1) The Reynolds number of the boundary layer over a swim cap is estimated as

R — Ux 2.0 X0.1
Ty T 1.0X107°

=20 X 10°

which is a subcritical Reynolds number. Therefore, the flow is laminar. In this case,
there are two possible strategies in designing the swim cap.

(a) Maintain the laminar flow by making it as smooth as possible, since the skin-
friction drag of laminar flows is much lower than that of turbulent flows.

(b) Promote turbulent flow by tripping the boundary layer, which can reduce the
pressure drag of the swimmer’s head by moving the separation point further
downstream.

(2) To increase the thrust, the drag on arms and legs must be increased by

(a) making the surface of the swimming costume covering the arms and legs rough,
thereby increasing the skin friction drag, or

(b) making the surface smooth as possible, thereby allowing the laminar flow to
separate early.

(3) We must choose the fabric of the swimming costume carefully to achieve these
objectives: a smooth fabric where we want laminar flow, and a rough fabric in certain
parts of the costume to promote turbulence.

Learning summary

By the end of this section you should have learnt:
v viscous fluid does not slip at a solid wall surface. This is called the non-slip condition of flow motion;

v the boundary layer is a thin fluid layer near a solid wall surface, where the velocity is less than the
freestream velocity;

v the momentum thickness signifies the loss of momentum in the boundary layer due to skin-friction
drag;

v/ the displacement thickness is a measure of mass flow deficit in the boundary layer;
v/ the boundary layer equations are a simplified form of the Navier-Stokes equations;

v flow separation occurs over a curved surface when the static pressure increases in the flow direction.

J
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1.4 Drag on immersed bodies

Pressure drag

‘While the friction drag Dg;. results from the viscous action of fluids on the body surface, the
pressure drag Dy, comes from the static pressure distribution around the body, mainly due to
boundary-layer separation. The total drag acting on immersed bodies in incompressible flows,
therefore, consists of the friction drag and the pressure drag. We can write

Dy (total drag) = Dgie (friction drag) + Dy (pressure drag) (1.48)

The relative importance of Dy, to Dy depends on the body shape as well as the Reynolds

number. When the immersed bodies are streamlined, the friction drag dominates the total drag.

‘When the non-streamlined bodies (bluff bodies) are placed in a fluid flow, however, the total

drag is dominated by the pressure drag, and the contribution of the friction drag is usually

negligible.

Drags can be expressed in terms of the non-dimensional drag coefticient, which is given by
=2 (1.49)

spV2A
where A (which must be specified in quoting Cp, values) is either the frontal area (for thick
bodies, such as motor cars) or the plan-form area (for long bodies, such as aircraft wings).

In terms of drag coefticient, equation (1.49) can be written as:

CDtot = CDfric + CDpres (150)

Flow around a circular cylinder

For a circular cylinder with radius a and length b, the pressure drag is given by
2m
Diyres = fo ab(p — poo) cos 6 dB (1.51)

whose drag coefficient is given by

2mab(p — poo) cos O dO
CDpres = f 1 5
0 a)ipV
2 —
= % WCOS 6 do (1.52)
o 3pV
1o ) Separation Uo
=5 C,cos 0 d0
P P (p—poo) adOb
! \ a0 5
where the pressure coefticient C, is given by
» a
c, =t (1.53) v (_1®
2P 12 Peo Wake

It should be noted that the frontal area of circular cylinder
(2ab) is used to non-dimensionalize the drag to give the )

pressure drag coefficient. This equation suggests that Cpyp,peq,
can be obtained by integrating the streamwise component

of C, over the circular cylinder. The cylindrical coordinate Figure 1.17 The coordinate system used for the integral
system being used in the computation is shown in Figure of static pressure around a circular cylinder to give the
1.17, where the angle 6 is measured clockwise from the pressure drag. Here, p is the static pressure over the

frontal stagnation point. cylinder surface and p_, is the freestream pressure.
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Figure 1.18 compares the distribution of pressure coefticient C, over a circular cylinder
between the laminar flow and the turbulent flow. It should be noted that both C, curves
are asymmetric with respect to 8 = 90°, indicating that the static pressure over the front of
the circular cylinder is much higher than that in the rear. The integrated pressure difterence
between the front and rear surfaces gives the pressure drag acting on the circular cylinder.

Figure 1.18 also shows a significant difference in the static
pressure distribution between the turbulent low and the
laminar flow. While the static pressure for the laminar flow
stays near the minimum value of C, = —1.0 in the rear of
the circular cylinder, the turbulent flow recovers to a much
greater value of C, = —0.4 after reaching the minimum
value of C, = —2.1 at around § = 75°.This reflects a
small Cp, value of 0.3 for the turbulent low as compared
to Cp = 1.2 for the laminar flow (Figure 1.19).The main
reason for the smaller Cpy value for turbulent flow is that
the flow separation takes place much further downstream
due to greater mixing capability of the turbulent low. As a
result, the wake region in the downstream of turbulent flow
separation is narrower than for laminar flow (Figure 1.21).

P~ P
17212

C,=

However, inviscid theory gives a symmetric C, curve
(Figure 1.18), suggesting that the drag on a circular
cylinder is zero for zero viscosity fluids. Certainly this is

1.0—

0.0+

—1.0-

—2.0-

=3.0

0° 45° 90° 135° 180°
0

Figure 1.18 Non-dimensional pressure distribution over

not a realistic assumption in calculating the drag force on a circular cylinder, where the C,, curve for the laminar
immersed bodies. Indeed, inviscid theory cannot impose and turbulent flow are compared with the solution of
the non-slip condition on the wall, so there will be no inviscid flow.

boundary layer development or flow separation over the
immersed bodies.

Drag of bluff bodies

As has been previously suggested, the drag coefficient Cpy of
immersed bodies 1s a function of the Reynolds number. The drag
coefhicient is gradually reduced with an increase in the Reynolds
number as seen in Figure 1.19. Once the Reynolds number
reaches the critical value (Re = 5 X 10° for circular cylinders
and spheres with smooth surface) the drag coefticient will drop
suddenly. This is the transition point where the flow around the
immersed bodies will become turbulent from laminar flow.

1.5

1.0+

CD0.7—

0.5

Smooth

0.3 T |
10% 105 100

Figure 1.20 Drag coefficient of a circular cylinder, showing that the
transition takes place at lower Reynolds number with an increase in
the surface roughness.

5_
4_]
3_
Cp
2_
]_

0 T T T T T 1

10 102 10> 10* 100 T106 107

Rey Transitional

Reynolds

Number

Figure 1.19 Drag coefficient of circular
cylinder and sphere as a function of the
Reynolds number, showing that the Cp
value reduces as the transition takes place.
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If the wall surface is rough, the transition to turbulences over a circular cylinder takes place at
lower Reynolds number (Figure 1.20), but the drag coefficient Cp for the turbulent low (after
transition) is greater than that with a smooth surface. Figure 1.20 also shows that the critical
Reynolds number reduces with an increase in the roughness ratio €/d. The flow over a sphere
is qualitatively similar to that over a circular cylinder.

Obtain the drag force on a baseball of 73 mm diameter at the critical Reynolds
number assuming that the flow around the ball is turbulent. The density and
kinematic viscosity of air are 1.2kg/m?® and 1.5 X 1073 m?/s, respectively.

From Table 1.2, we find that Cj, = 0.2 for a sphere when the flow is turbulent, where the
critical Reynolds number is Re = 3 X 10°. Therefore, the drag force on the ball can be
obtained by

D = CD% U2A
where,
A= %dZ = % X (0.073)2 = 0.0042 [m?]
1.5 X 1073

U= Ret = 3 X 105 X = 61.6 [m/s]

0.073

D= 0.2 X 5 X (61.62 X 0.0042 = 1.91 [N]

The dimples on a golf ball can reduce the pressure drag by making the ball surface rough. This
reduces the transition Reynolds number by artificially forcing (tripping) the boundary layer

to turbulent flow at low Reynolds numbers. As a result, the wake becomes narrower as can be
seen in Figure 1.21. Although the friction drag is increased in this case, the total drag of the golf
ball is reduced. This is because the golf balls are bluff (non-streamlined) bodies, where Dy  1s
much greater than Dg;..

o [b)

Laminar separation Turbulent separation

O K

Wake ‘Wake
) -p

Figure 1.21 Comparison of laminar separation with turbulent
separation, showing that the separation point moves further
downstream when the boundary layer becomes turbulent. This
reduces the pressure drag by making the wake narrower.
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Tables 1.1 and 1.2 give the drag coefficient of two-dimensional and three-dimensional bodies,
respectively. It should be noted here that the drag coefficient of sharp-edged bodies, such as
squares and cubes, is insensitive to the Reynolds number since the flow is always separated at
the sharp edges. In other words, the Cp value of sharp-edged bodies remains constant whether

the flow is laminar or turbulent as long as the Reynolds number is greater than 10*.

Shape

Plate:

Square cylinder:

Half tube:

I

Co

2.0

—_—

2.1

Shape

Half-cylinder:

Laminar  Turbulent

Elliptical cylinder: 11 — O 1.2 0.3
21 — D 0.6 0.2
41 — > 0.35 0.15
I —— 0.25 0.1
Table 1.1 Drag coefficient of two-dimensional bodies at Re > 10*
Body L/D Cp
Cube: —_— 1.07
_ <> 0.81
60° cone: _— Q 0.5
Disk: _ | 1.17
Cup: —_— ) 1.4
- (:: 0.4
Parachute: e é) 1.2
0.5 1.15
) o 1 0.90
Circular cylinder: —— d > 0.85
L 4 0.87
8 0.99
Laminar Turbulent
} 0.75 0.5 0.2
Ellipsoid: —_— d 1 0.47 0.2
' 2 0.27 0.13
— 4 0.25 0.1
8 0.2 0.08

Table 1.2 Drag coefficient of three-dimensional bodies at Re > 104
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Worked example

The fork ball is a baseball pitch thrown like a straight ball but with little or
no rotation, where the ball initially travels straight but falls sharply as it gets
closer to the batter who is standing about 18 m away from the pitcher.

(1) Draw a figure showing the drag coefficient of the baseball as a function of
the Reynolds number by considering the baseball as a smooth sphere.

(2) Obtain the drag force on a baseball with 73 mm diameter at the critical
Reynolds number assuming that the flow around the ball is turbulent. The
density and kinematic viscosity of air are 1.2kg/m? and 1.5 X 1075 m?/s,
respectively.

(3) By what percentage does the drag force change if the flow becomes
laminar rather than turbulent?

(4) Explain the behaviour of the fork ball as described above using the
principles of fluid mechanics.

(5) Discuss how the pitcher should adjust the delivery of the fork ball for it to
remain effective if the ball surface becomes rough during a game.

o Cp
A
1 —
Sphere
A _ud
0 T T > Re=—~
10* 10° 100
Critical Re = 3 x 10°
Figure 1.22

(2) Cp = 0.2 for a sphere when the flow is turbulent, where

2
Co=—L— A4=TC _00042m?> and U=ReX =61.6m/s
p 4 d
Lrra
2
Therefore,
D = 0.2 X 22 X (61.6)2 X 0.0042 = 1.91N

(3) When the flow around the sphere is laminar, C, = 0.5. Therefore, the drag will be
increased to 2.5 times (150% increase).

(4) The fork ball is the result of reverse transition (from turbulent to laminar rather than
usual laminar to turbulent route) of flow around the ball. During this transition, the

ball will experience a 150% increase in drag, resulting in a sharp drop near the batter.

(5) As shown in Figure 1.20 for a circular cylinder (similar for a sphere), the drag
increase will be smaller when the surface is rough. Therefore, the amount of drop
will be reduced as a result of ball roughness. The critical R eynolds number for flow
transition will be lowered so that the pitcher must throw a fork ball with a lower
initial speed for it to be effective.

e o
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Worked example

A man jumped from an airplane with a parachute of 7.3 m in diameter.
Assuming that the total mass of the man and parachute is 80 kg, calculate the
speed of descent when he reaches terminal velocity.

The drag coefficient of parachute is Cp, = 1.2 regardless of the Reynolds number, as it is
a “sharp-edged” body.

The terminal velocity will be reached when the drag of the parachute is balanced by the
weight of the parachute and the man,i.e. D = I¥.

Here,
D = Cp3pAV? = 1.2 X (1.2/2) X (w/4) X (7.3)2 V2 [N]
W= Mg = 80 X 9.8 [N]

80 X 9.8
’= = 2/2
=1ax (1.2/2) X (m/4) X (7.3) 26.0 [m*/s7]

to give V= 5.1 [m/s]

Streamlining strategy

An important strategy in reducing pressure drag Dy, of immersed bodies is to streamline them,
by shaping the bodies in such a way as to move the flow separation point further downstream.
This will effectively reduce the width of wake (the area in the downstream of flow separation),
leading to a reduction of the low pressure region in the rear of the immersed bodies.

Figure 1.23 shows a procedure for streamlining a rectangular cylinder that has sharp corners.
The drag can be easily reduced to nearly a half by rounding the front corners of a cylinder,
which reduces the drag coefticient Cp, from 2.0 to 1.0. A more dramatic reduction in drag can
be obtained by tapering the rear corners, resulting in a reduction of drag to nearly one seventh
of its original. It is surprising to observe that a fully streamlined cylindrical body is equivalent
in terms of the total drag with a circular cylinder one tenth of its width. This shows the
effectiveness of streamlining strategy in reducing drag by tapering the rear of immersed bodies.

Figure 1.23 Reducing the drag coefficient through streamlining strategy. The drag coefficient of a rectangular cylinder (a)
can be reduced by tapering the front (b) and rear (c) of the body. A circular cylinder, as shown in (d), has a diameter that is
nearly one tenth of the width of the streamlined cylinder (c), yet both have the same drag. With its cylindrical wing struts,
no wonder a biplane (e) cannot fly very fast.
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The width of the wake region can be reduced if the flow separation is moved back towards the

rear of the body. In practice, however, it is often difficult to do this as it may reduce the capacity
(volume) of the vehicle. Instead, trucks can benefit much by attaching a deflector on top of the

cab (Figure 1.24), which reduces a large separation region in front of the trailer, leading to

a drag reduction of up to 20%.

Figure 1.24 A deflector can reduce the pressure drag of a truck by 20%, by steering the
streamlines away from the frontal surface of the trailer. If there is no trailer attached to the cab,
however, there will be a large increase in drag.

Learning summary N

By the end of this section you should have learnt:

v/ pressure drag is a result of the boundary layer separation, where the static pressure difference is
created between the front and rear of the bodies;

v drag coefficient of immersed bodies is reduced with an increase in the Reynolds number when the
flow is laminar;

v/ drag coefficient of immersed bodies is suddenly reduced at the critical Reynolds number when the
flow becomes turbulent;

v surface roughness will reduce the critical Reynolds number of immersed bodies, thereby reducing
their drag at lower Reynolds number;

v/ streamlining is an effective strategy for reducing drag, where the immersed bodies are rounded at
the front and tapered at the rear.

1.5 Flow through pipes and ducts

Friction factor
The friction factor f of pipe flows, as defined by

(1.54)

is a non-dimensional form of the frictional head loss hf. The friction factor is a function of the

Reynolds number R; = %d as well as the relative surface roughness %, where 17is the bulk
velocity, d is the pipe diameter, v is the kinematic viscosity of fluid and € is the typical surface
roughness height.
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For laminar flows (R; < 2 X 10%) it can be shown that the friction factor is the only function
of the Reynolds number, where

64
=%, (1.55)

This is called the Darcy—Weisbach equation for laminar pipe flows. It should be noted that the
surface roughness does not affect the friction factor for laminar pipe flows.

For turbulent pipe flows, Colebrook gave the following formula for f, covering a wide range of
Reynolds number and surface roughness

1 g/d 2.51) (1.56)

— = —2.0log| ZE + =2~
/7 g&j R.T

Although accurate in presenting the friction factor for both transitional and fully turbulent pipe
flows (R; > 4 X 10%), this formula is difficult to use in practice since the friction factor is not
given in a closed form. In other words, iteration is required to obtain the friction factor from
this equation for a given Reynolds number and roughness ratio. It is for this reason Moody has
presented a chart where the friction factor can be easily read. This is called the Moody chart,

where the friction factor is given as a function of the Reynolds number R,

and the roughness ratio % (Figure 1.25). Following a curve of constant % value (as shown on
the right-hand side of the chart) to meet a constant Reynolds number line, one can read off
the friction factor on the left-hand side of the chart. Typical surface roughness & for pipes and
ducts, from iron to concrete, can be found in Table 1.3.

& ,boo
0.10g . 2 J S 8 A B B B W R AU
0.09 ST HH AT
0.08 - B \?\ Complete turbulance, rough pipes
0.07 & S 0.05
o0 = 0.04
A 0.03
—~ 00553 As SEE 0.02 ==
Oe  BE S 015 %
= 0.04 A HH Smanamay s
=g T = A NN 001 £
Hv RRITCS €:pa T 8882 g
O R Reo 1 T 1L . =
"‘g 0.03 77777‘72\¢ﬁ 5§ 0.004 E
2 0.025 =~k ] £ £
& - 0.002 5
g 00 s==aam 0.001
= = 0.0008
: S g
0.015 ST T :
=1 0.0002
NS~ 8 0.0001
N T~ BN
0.01 \\\: | 1] 0.000,05
0.009 PTR i
0.008 m== 0.000,01
103 2(10%)3 # 56 8104 2(103)3 4 56 5105 2(10)3 4 56 8106 2(10%)3 4 56 81072(10“8108
€ =0.000,001 & =01000,005
vd

Reynolds number Re =——

Figure 1.25 Moody chart (taken from F. M. White, 2008, Fluid Mechanics, New York: McGraw Hill
and reproduced with permission of the McGraw-Hill Companies)
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Material ‘ Condition ‘ emm ‘ Uncertainty, %
Steel Sheet metal, new 0.05 +60
Stainless, new 0.002 +50
Commercial, new 0.046 +30
Iron Cast, new 0.26 +50
Wrought, new 0.046 +20
Galvanized, new 0.15 +40
Brass Drawn, new 0.002 +50
Plastic Drawn tubing 0.0015 +60
Glass — Smooth
Concrete Smoothed 0.04 +60
Rough 2.0 +50
Rubber Smoothed 0.01 +60
Wood Stave 0.5 +40

Table 1.3 Typical surface roughness in pipe and channel flows

There are two different definitions for the friction factor. The Darcy friction factor is used
throughout this textbook, which is defined by

fy
f= 12 (1.57)
d 2g
Meanwhile, the Fanning friction factor is given by
by
fr= L 2 (1.58)
d 2g¢
which contains a factor of 4 in its definitions. Since the friction head is given by
=22
T pg
where, Ap = 'rr_DL'TW = 4—L’Tu,
m 42 d
4
1 4L
Theref _pg d ‘“_4 T _ e
erefore, f= L2 P - = 4Cr
d 2¢ 2
Therefore, the Darcy friction factor is related to the skin-friction coefficient through
f=4C (1.59)
Using this relationship, the friction velocity u* of the pipe flow can be given in terms of
friction factor fas
)’ f
f= S(I—/) or u =g v (1.60)

If we use the Fanning friction factor, we have f¢ = Cyinstead.
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Minor losses

Whenever there are changes in velocity magnitude or direction in a pipe or duct system, there
will be associated pressure drops, called minor losses. The minor losses are typically found at

the entrance to the pipe or exit
sudden expansion or contraction

bends

valves.

The minor losses are caused by the internal flow separation as a result of changes in the
magnitude or direction of the flow through the pipes or ducts. These are similar to the pressure
reductions along the immersed bodies as a result of boundary layer separation. Although they
are called minor losses, the pressure drops can be a significant part of the total pressure drop
when the pipe or duct has a short straight section.

The minor head loss &, in a duct or pipe system is expressed by
= K-+ (1.61)

where, K is the minor loss coefficient or the K-factor. Therefore, the total head loss through the
pipe system is given by summing the frictional head loss /irand all the minor losses, to give

hi = e+ D, (1.62)
The frictional head loss i through a pipe or duct is given from equation (1.54) as
L 1?
hf =f gg (1.63)

Examples of low causing minor losses are shown in Figure 1.26, where the flow direction
changes through a circular and square bend. Both flows are separated at the bend, but the
degree of flow separation and the turbulence being produced are very difterent. The turbulence
is much greater in a flow through a square bend than through a circular bend. This explains
why the minor loss is much greater for the flow around a square bend. Therefore, the use of

k&w

square bends should be avoided in a pipe or duct system.

S

Figure 1.26 Flow through a circular (a) and square (b) bends

The minor loss coefficient for mitre bends including that of the square bend is given in
Figure 1.27. There is no Reynolds number dependency on this value since the flow is always

separated at the sharp corner. Figure 1.28 shows the minor loss coefficient of circular bends

at Re = 10° as a function of the bend-radius-to-pipe-diameter ratio é and the bend angle 0.

Here, the minor loss coefficient depends on the Reynolds number, so a correction factor given
in Figure 1.29 should be applied to this value.

Other examples for large minor loss in a pipe and duct system include sudden contraction and
expansion, where the flow separation takes place at the junctions (insets in Figure 1.30).The
K-factors are a function of the rate of contraction or expansion.
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Figure 1.28 The loss coefficient of circular bends
at Re = 106. For other Reynolds numbers this
coefficient must be multiplied by the correction
factor given in Figure 1.29
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Figure 1.30 Minor losses for the flow through a sudden
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Figure 1.31 illustrates some commercial valve geometries. Typical K-factor for the gate and disk
valves is K = 0.2 when they are fully open, while it is K = 4 for the globe valve.Valves are the
main source of minor losses in a pipe system as one can see in Figure 1.32, showing typical
values of the K-factor when valves are partially open. It is shown that the head loss in the pipe
or duct system will be increased by more than 100 times when a gate valve is closed by 75%.
We must be careful, therefore, in the selection and use of the valves in a pipe and duct system.

There are further sources for minor losses in a pipe system. Figure 1.33 shows the entry losses
for difterent entry geometry. As we would expect, the K-factor for the pipe entry is a function
of the relative radius and length of the entry. Note that the K-factor is always unity for a sharp
exit from the pipe.
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Figure 1.31 Commercial valve geometries. (a) gate valve; (b) globe valve; (c) angle valve; (d)
swing-check valve; (e) disk-type gate valve (F. M. White, 2008, Fluid Mechanics, New York:
McGraw Hill. Reproduced with permission of The McGraw-Hill Companies)

I I I I I 7
0.2 03 04 05 0.6 0.7 0.7508 09 1.0

Fractional ing It
raction openmg D
Figure 1.32 Typical minor losses of valves when they 0 T T T 1
are partially open (F. M. White, 2008, Fluid Mechanics, 0 0.10 0.10 0.15 0.20
r/d. L/d

New York: McGraw Hill. Reproduced with permission
of The McGraw-Hill Companies) (b)

Figure 1.33 Entry losses to re-entrant inlets (a),
rounded inlets (b) and bevelled inlets (c). Note that
the exit losses are K = 1 for all exit shapes. (F. M.
White, 2008, Fluid Mechanics, New York: McGraw
Hill. Reproduced with permission of The McGraw-Hill
Companies)
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Hydraulic diameter

When the pipes and ducts are not circular, we can use the hydraulic diameter Dy, in place for the
diameter of the circular pipe to calculate pipe losses. The hydraulic diameter is defined by

cross-sectional areas
wetted perimeter

D, = 4 X (1.64)

‘With this concept, we can obtain the friction factor of non-circular pipes and ducts using the
Moody chart just as we have obtained the friction factor for a circular pipe from it. Here, the
h
v
the hydraulic diameter D, instead of d, while the frictional head loss is given by

Reynolds number and the relative roughness can be defined by and Di respectively, using
I

_ L
hf_th Zg (165)

The hydraulic diameter of a circular pipe is its physical diameter; that is D, = d.

Worked example
Calculate the hydraulic diameter D, of the following pipes and channels.

parallel plates %
i
Dy =4 X3
A
Dh = 2h
h
\/
7Z
Figure 1.34 :
H
concentric cylinders b
- <t = 9
4 (D =) 3
w(D + d) J o
D,=D—d

Figure 1.35
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rectangle

lh

A

Dy =4X50+% 7

Y

Figure 1.36

Secondary flows

Secondary flows can be observed in non-circular pipes and
ducts, where the fluid near the corners has a movement
across the mean flow direction. The secondary flows are
driven by the turbulent-shear stresses, which act towards the
corners of non-circular ducts. As a result, the isovelocity
contours are similar in shape to the non-circular pipe or duct
cross sections. This is why the hydraulic diameter concept
works well for turbulent pipe or duct flows. Figure 1.37
shows the isovelocity contours (a) and secondary motions (b)
across a triangular pipe section normal to the mean flow.

Secondary flows in non-circular pipes and ducts are
turbulent low phenomena, so there are no secondary
motions for laminar flows. There are other types of
secondary flows, which are caused by the centrifugal
force acting on the flow around the circular bend. These
secondary flows can be observed even for circular pipes
or laminar flows.

Worked example

©

b, A
]~ B

o o

Figure 1.37 Isovelocity contours (a) and secondary motions
(b) within non-circular ducts. Note that the isovelocity
contours are similar to the duct shape. This is caused by
the turbulent shear stresses, setting up the flow motion
(secondary flow) normal to the mean flow direction.

Midplane

A section of pipe is made of sheet steel, whose cross section has the shape of

an equilateral triangle.

(1) If one side of the triangle is h, obtain the expression for the hydraulic

diameter of this pipe.

(2) Air of density p = 1.2kg/m?® and viscosity p. = 1.8 X 10> kg/m s at
atmospheric pressure is supplied by a blower through 30 m pipe with the cross
section of an equilateral triangle of side 22.5 mm. Obtain an expression for the
frictional head loss in terms of the volumetric flow rate and the friction factor.
You can assume that the pipe section is straight and is placed horizontally.

(3) If the blower is rated at 746 W of output power,
rate through the pipe.

obtain the maximum flow

(1) The wetted perimeter of a triangle of side / is 3k, and its cross-sectional area is given

by

A = 1 X h X (ﬁtan60°) =

2 2

3

2
h
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Therefore,
ﬁ h2 \/3
_ 4 _ V3,
D,=4X 3 3 h

(2) Since h = 22.5 X 102m, A, =2.19 X 10*m? and D;, = 1.30 X 102 m
The friction head loss is given by ,
"
LV L(E _LA?
hf_th 2¢ _th 26 Dy 2 <
30 X (2.19 X 107472
T (130 X 107%) X 2 X 9.8fQ2

= 2.45 X 10° fQ

(3) The power is given by
P =746 = pghyQ = 1.2 X 9.8 X (2.45 X 10°)(f Q) Q

fQ =259 X 1078 (i)

Here, the pipe roughness ratio is given by
e _ 0.05 _ 4 .
D, =130 " 3.85 X 10 (ii)

The Reynolds number is

(o (3534

A, 19 X 10~*
Re = LS Q=40X10°Q (iii)

1 (1.8 X 10—5)
p 1.2
The flow rate Q can be obtained by iteration through the following process.

(1)
)
(3) Look up fagainst /D), and Re using the Moody chart.
(4)
®)

Assume an appropriate flow rate Q.

Compute &/Dj, and Re using equations (i) and (iii), respectively.

4) Check to see if fand Q satisfy equation (i).

5) If not, change the flow rate Q and repeat the above until it converges.

You should get Q = 0.0094 m®/s.

Learning summary

By the end of this section you should have learnt:

v/ the friction factor of a pipe flow is a function of the Reynolds number and the surface roughness
ratio, which can be obtained from the Moody chart;

v/ whenever there are changes in velocity magnitude or direction in a pipe or duct system, there will
be associated pressure drops, called minor losses;

v/ the total head loss through the pipe system is obtained by adding the frictional head loss and all
the minor losses;

v/ when the pipes and ducts are not circular, we can use the hydraulic diameter Dy, to calculate the
pipe losses;

v/ the secondary flows in non-circular pipes and ducts are driven by the turbulent-shear stresses
which act towards the corners of non-circular ducts.
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1.6 Dimensional analysis in fluid dynamics

Non-dimensional numbers

Non-dimensional numbers such as the Reynolds number, Re and the Froude number, Fr are
important in understanding the characteristics of the low as well as in comparing the flow
behaviour with others. These non-dimensional quantities can be obtained as a ratio of two
different physical quantities. For example, the Reynolds number represents the ratio of inertial
force to viscous force, while the Froude number is given as a ratio of inertial force to gravity
force. The definition of non-dimensional numbers appearing in many fluid flows and their
physical ratios are summarized in Table 1.4.

Parameter Definition Situation
Cavitation number PPy Pressure .
(Euler number) Ca = pU? Inertia Cavitation
Draa coefficient c.-_D Drag force Aerodynamics,
9 N % pU2A Dynamic force hydrodynamics
5 .
Froude number Fr = Xk Inertl|a Free-surface flow
oL Gravity
3.2
Grashof number Gr = BATeL7p” M Natural convection
p2 Viscosity
Lift coefficient c=—*L __Liftforce Aerodynamics,
- TpU2A Dynamic force hydrodynamics
U Flow speed .
Mach number Ma = " Sound spesd Compressible flow
- — Static pressure Aerodynamics
— P Px - Eemmm ’
Pressure coefficient Ce NG Dynamic pressure hydrodynamics
Prandtl number Pr = il Dissipation Heat convection
T Conduction
_ pUL _Inertia_ -
Reynolds number Re = . Viscosity Viscous flow
Roughness ratio £ Wall roughness Turbulent, rough walls
L Body length
_ oL Oscillation P
Strouhal number St = o Mean speed Oscillating flow
2 ,
Weber number We = pU'L Ine—mal Free-surface flow
Y Surface tension

Table 1.4 Non-dimensional numbers in fluid dynamics

The Strouhal number, St, is a non-dimensional frequency of flow oscillation, appearing in
such a situation as Karman’s vortex street (Figure 1.38). As seen in Figure 1.38 the Strouhal
number of vortex shedding from a circular cylinder is nearly constant (St = 0.2) over a large
range of the Reynolds number.
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Figure 1.38 Vortex shedding

from a circular cylinder. (a) Flow
visualization; (b) Strouhal number
(non-dimensional frequency for
vortex shedding) as a function of the
Reynolds number.
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Worked example

A chimney of 2m in diameter and 40 m high is subjected to 22.35m/s storm
winds, where the density and dynamic viscosity of air are 1.225kg/m? and
1.78 X 1075 Pa-s, respectively.

(1) Obtain the Reynolds number of the flow around the chimney, assuming
that the velocity of the storm winds is uniform along the chimney. Is the
flow laminar or turbulent at this Reynolds number?

(2) Estimate the frequency of the vortex shedding from the chimney.

(1) The Reynolds number is given by

Ui 2235X2

= = o 6
w/p 178 X 10°5/1.225 _ >08 X 10

Re

Therefore, the flow around the chimney is turbulent.

(2) From Figure 1.38, we get the value for the Strouhal number as

1
A
4
*

_fd
St = U~ 0.25
Therefore,
_ U _ 22.35 _
f=St i 0.25 X = 2.8Hz {
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Mach number, Ma, is a ratio of the flow speed to the speed of sound,
indicating the compressibility effect of the fluid. Figure 1.39 presents

the pictures of a flying bullet visualized by the shadowgraph technique,
showing the shock waves over the bullet body at a high Mach number.

Weber number, We, indicates a relative magnitude of the inertial
force to the surface tension. This non-dimensional number becomes
important when there is significant effect of surface tension in the
flow phenomena, such as the droplets and in capillary flows. Figure
1.40 shows a sequence of pictures to show the break-up of droplets,
where the Weber number plays a significant role in determining its
behaviour.

Figure 1.39 Effect of Mach number on the
shockwave around a bullet

Figure 1.40 The break-up of droplets is
governed by the Weber number

Grashof number, Gr, is defined as a ratio of the buoyancy force to the viscous force. The
Grashof number becomes important when a strong buoyancy effect is considered in a situation
such as natural convection. Figure 1.41 shows the pattern of thermal convection between

two concentric cylinders visualized by cigarette smoke, where the outer cylinder is cooled by
14.5 K. This gives the Grashof number of 120 000 based on the gap distance.

Figure 1.41 The streamlines in convection between concentric
cylinders, which is governed by the Grashof number

Drag coefficient C, and lift coefficient C; are non-dimensional numbers used for lift-
generating bodies, such as wings and propellers. They represent the drag force and the lift force,
respectively, acting on the bodies, relative to the dynamic pressure of the free stream. Figure
1.42 shows the lift coefficient (a) and drag coefticient (b) of the NACA 0012 airfoil. As the
angle of attack is increased beyond the stall angle (around 15°), there will be a flow separation
(c) to reduce the lift coefticient dramatically with an associated increase in the drag coefficient.
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0 R.=2.88 x 10°
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Figure 1.42 Lift (a) and drag coefficient (b) of the NACA 0012 airfoil (c)
Buckingham’s theorem

The Buckingham 7 theorem, or the m theorem for short, is a systematic method for finding
relevant non-dimensional quantities. It applies not only to the problems in fluid mechanics, but
to many other areas of engineering and science. Buckingham’s theorem consists of two parts.
The first gives the number of non-dimensional quantities to account for a given flow problem,
and the second determines each of the non-dimensional quantities involved.

If there are n physical variables describing a physical process which contains m basic dimensions,
where n > m. Then, this physical process can be described only with (n — m) independent
non-dimensional quantities:

Ty, Moy ey Ty— (1.66)
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Here, the physical variables are those to indicate the characteristics of the physical quantity or
status (e.g. velocity, pressure, density, etc.), while the basic dimensions are given by M (mass), L
(length), T (time) or © (temperature).

In order to find the non-dimensional quantities T, T, , ..., T, _,,, we first pick m physical
variables that do not form any of ; themselves. Then, the product of these variables with one
additional variable from (1 — m) remaining physical variables will give the non-dimensional

quantities.

For example, if there are five physical variables vy, v,, v3, v, and v5 which contain three basic
dimensions M, L and T, then there are two (5 — 3 = 2) non-dimensional quantities to describe
this physical process (Part 1). Picking vy, v, and v; physical variables, the non-dimensional
quantities ; and 1, can be given by multiplying v, v, and v3 by v, and vs, respectively, in such
a way that 7 and , will become non-dimensional (Part 2) by choosing the powers a, b, ¢, d,

e, f, ¢ and h appropriately.
= (1) (02) (v3) (V)
Ty = () W) (V3 (vs)"

It 1s strongly advisable to go through worked examples carefully to understand Buckingham’s
theorem, where a detailed procedure to find the number of non-dimensional quantities as
well as to determine their non-dimensional forms are given.To start the process, we need to
understand the flow problem with a view to identifying relevant physical variables. Table 1.5
lists the physical variables appearing in many flow problems together with their dimensions,
which can help apply Buckingham’s theorem.

Quantity | Symbol | Dimensions
Acceleration dVr/dt T2
Angle 0 None
Angular velocity o T
Area A L?
Density p ML~
Force F MLT 2
Kinematic viscosity v LeT!
Length L L
Mass flow m MT !
Moment, torque M ML2T—2
Power P ML2T-8
Pressure, stress po ML=1T—2
Speed of sound a LT-!
Strain rate £ T
Surface tension Y MT—2
Temperature T ©
Velocity 1% LT-!
Viscosity W ML™IT—!
Volume v L3
Volume flow Q LT
Work, energy W, E ML2T-2

Table 1.5 Dimensions of physical variables used in fluid dynamics
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Obtain the non-dimensional quantities for a pipe flow by considering the
following physical variables:

QT a[L]I[L] Ap [ML!'T 2] o [ML™'T Y
|
< l >
|

L | a

Flow rate Q
Figure 1.43

There are five (n = 5) physical variables Q, a, [, Ap and p, and three (m = 3) basic
dimensions M, L and T. Therefore, the number of non-dimensional quantities in this low
problem will be two (n — m = 2).

In order to find these two non-dimensional quantities  and ,, we firstly pick three

(m = 3) physical variables Q, [ and Ap. It is guaranteed that the products of these physical
variables do not form any non-dimensional quantities, since only Ap contains the basic
dimension M.

Therefore, we set = Q-1 Ap*-pd = Q-1 Ap?-d

We now have to determine a, b, ¢, d, e, f, ¢ and h to make 7, and m, non-dimensional.
Substituting the basic dimensions into above,

= [L3 T [LF]- [M¢ LT 2] [M4 L=4T ]
m, = [L*- T~ [L/]- [MSL7¢T ] - [L"]
In order for these quantities to be non-dimensional, we must solve the following:
L:3a+b—c—d=0 3e+f—g+h=0
T —a—2c—d=0 —e—2¢=0
M:c+d=0 g=0
The solution is given by
9=0,e=0,f=—hc=—da=4d b= —3d
Therefore, the non-dimensional quantities can be given by
m = [QIT Ayt my = [la

where d and fare arbitrary constants. We cannot determine these constants with the
number of available equations. We set d = f = 1 for simplicity to get

Q. 1

™= Apl3 ™=

In other words, 7 is a non-dimensional flow rate and , is the length to diameter ratio.
The pipe flow problem can be described by only two non-dimensional numbers, so that
= f, ()
to give
Q= f(l) B A
) w P

Buckingham’s theorem cannot determine the functional form of p
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Dimensional analysis and model testing

To carry out scaled model tests, it is important that we should follow the similarity principle.
This basically consists of the geometric similarity and the dynamic similarity. First it is vital that
the geometric similarity is satisfied between the test model and the prototype. Only after that
should we proceed with the scaled model test, ensuring that the flow around the prototype and
that around a test model are dynamically similar.

To satisty the geometric similarity, we must ensure that all body dimensions have the same
linear scale in all directions. In other words, corresponding points of the prototype and the
model must be related by the same linear scale ratio. For example, for a 1/10th scale wind-
tunnel test of a wing (Figure 1.44) the model must have

o thickness, width and length that are 1/10th those of the prototype

e nose radius that is 1/10th of the prototype

e 1/10th of the surface roughness as compared to that of the prototype
e 1/10th the thickness of coating, if that is either painted or lacquered.

In addition, both the prototype and the model must have the same relative posture to the
flow direction. This ensures that they have the same angle of attack. The dynamic similarity is
guaranteed by making sure that all relevant non-dimensional numbers are the same during the
scaled model tests.

—_—

b/10
o

Vi /

c/10

o

Figure 1.44 Prototype wing (a) and the 1/10th scale model (b) which are
geometrically similar

When we carry out a wind tunnel test of an aircraft, for example, we need an exact scaled
replica of the prototype aircraft in order to fulfil the geometric similarity. Dynamic similarity
in the test will be satisfied by carrying out the model test at the same Reynolds number

and Mach number as in the prototype flight. If the Mach number is small, and therefore the
compressibility eftect is negligible, then the only relevant non-dimensional number to consider
will be the Reynolds number to satisfy the dynamic similarity.

§ Figure 1.45 Wind tunnel test of the
X-48 blended wing body at NASA
Langley Research Center
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Worked example

Derive the flow speed at which a scaled model experiment should be carried
out, when the only relevant non-dimensional quantity is the Reynolds number.

If the Reynolds number Re is the only non-dimensional quantity for the flow being
considered, we must ensure that

Re, = Re,,
Therefore,
I/PLP _ VmLm
v, v,

So that, we have

Vi _ (i) Vi

v, " \LJ\,

In order words, the velocity I/, in the model test must be determined by the scale of the
model and the kinematic viscosity ratio.

|
i
N

For example, if the model size is a tenth of the prototype in the same working fluid
(v,= Vv,,), the test speed I/, must be 10 times faster than the prototype speed I/, in order
to ensure the dynamic similarity. This is not always easy to achieve. There are special
experimental facilities to attain high Reynolds numbers through a change in fluid density

Or VISCosity. p

Worked example

A test for high speed boat will be carried out in a towing tank. Here, we

must consider the Froude number as the second non-dimensional quantity in
addition to the Reynolds number. What are the conditions at which we should
carry out the tank test to ensure the dynamics similarity?

‘We must have the following relationships in order to ensure the dynamic similarity:
Re, = Re,, and Fr, = Fr,
Therefore,

The only way to satisty these two conditions is

L,

v, L v

Vm ﬁ Vi I/m ﬁ _ (Lm)Z
P P LP

» oV
In practice, the first condition can be met relatively easily, but the second condition is
difficult to realize.
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Similarity rules in turbomachinery

Turbomachinery can be classified into two types — pumps and turbines. Pumps are used to
carry out useful work, such as to circulate hot water in a central heating system, by adding
energy to the fluid through the rotation of impellors. Turbines, on the other hand, extract
energy from the moving fluid through shaft work as the blades or impellors rotate. In

this section, we describe the performance of centrifugal pumps (Figure 1.46) through an
application of similarity rules.

Outlet (2)

1 —

Inlet (1)
q\/'é ) Impeller
W v

Figure 1.46 Centrifugal pump, where the flow moves in (1) and exits from (2).

If we apply the Bernoulli equation at the inlet (1) and outlet (2) of the pump, we have

2 2
(£+L+z) +hg=(p +L+z) + Iy
1 2 )

pg 2¢ pg 2
Therefore,
2 2
(£+L+Z) _(£+L+Z) :hs_thH (167)
pg 2 > \pg 2 ! :

Typically inlet and outlet areas of centrifugal pumps are similar (4; = A,), therefore 1,2 = 1,2,
Also, their locations are usually very close to each other (z; = z,). Therefore,

A —
H~2_P " P (1.68)
Pg Pg

This is called the net pump head.
The power delivered to the fluid is called the water horsepower, given by
P, = pgQH (1.69)
while the power required to drive the pump is given by
bhp = 0T (1.70)

This is called the brake horsepower. The efficiency of the pump is defined as a ratio of the
water horsepower to the brake horsepower as

P, _ pgQH

N T o (1.71)
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Worked example

Find out non-dimensional quantities describing — ~a
the performance of a centrifugal pump, where

we can assume that there are four (n = 4) physical
quantities given by

pump head gH LT3

flow discharge Q [L3T~1]

impeller diameter D [L] H
shaft speed n [T

e e

Figure 1.47 D

There are only two basic dimensions (m = 2) in this problem. From the 7 theorem,
therefore, there must be only two (n — m = 2) non-dimensional quantities describing the
pump performance.

In order to find these two quantities ; and ,, we first pick two physical quantities D
and n.We can easily see that these two cannot form a non-dimensional quantity.

Then,
m™ =D"u-Q =D n(¢H)
Substituting the basic dimensions into these, we have
m = [L- [T L% T~ m, = [LY-[T - [L¥-TY]

3 H
. nD & .
After some calculation, we find that m; = Q and m, = 2D Since the m theorem
cannot give a functional form of a non-dimensional quantity, we take the liberty of
. . . . Q nD?
making an assumption on its form. Conventionally, we use D° rather then —=-.

Q

Therefore, we set

The performance of the centrifugal pump can be expressed as m, = f, (1;'):

¢H  [1Q
2P ‘f"(m)
or,
Cq =fn(CQ)

where, Cyy and C, are the head coefticient and the capacity coefticient, respectively.
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Centrifugal pumps

In general, pump performance is dictated not only by the flow discharge, impellor diameter and
shaft speed, but also by the fluid density and viscosity as well as the surface roughness of the
impellor. We should, therefore, write the pump head ¢gH as a function of all of these variables.

gH = fi(Q D,n,p, p, &)

from which we can find

Cu =2 (Co R )

using Buckingham’s theorem. Likewise, the brake horse power bhip has the following functional

relationship:

bhp = f (Q, D, n, p, p, &)

from which we can find

CP = gZ(CQ; Re) S/D)

Here,
Capacity coefficient ... Cy = Q
pacity - Cq =3
. _ gH
Head coefficient ... Cy = W
. bhp
Power coefhicient ... Cp = — =
pn’D
pnD?
Reynolds number... Re = n
Rough ti £
oughness ratio ... 7

And the efficiency of the centrifugal pump m is given by

_pgHQ CuCq
- bhp = Cp _EB(CQ)

If we assume that the effects of R, and &/D are small (i.e. the Reynolds
number is sufficiently large and the internal pump surface is
hydrodynamically smooth), we have

Ch =21 (CQhCr = 2 (CQ)
which are exactly the same as in the previous worked example.

Unique performance curves exist for a family of pumps with similar
geometries when the pump performance is plotted in terms of
non-dimensional quantities such as Cq,, Cyy and Cp (Figure 1.48).
These save us much effort and time by using only one set of
non-dimensional curves to describe the pump performance of an
entire family.

For example, when the pumps from the same family are compared at
the homologous points, such as at the best efficiency point (BEP),
Cq» Cyy and Cyp are equal. Therefore,

Q_ @(&)3 H, _(m 2(&)2
Q  m\Dy (”1) D,

=
P, p, ("2)3(132)5 _
P pi\n) \Dy e

(1.72)

(1.73)

(1.74)

1.0
—0.9
—0.8m
—0.7
—0.6
Cpy 51
4_
3—
—0.8
24 —0.7.Cp
—0.6
1— _05 CHS
—0.4
0 | 0.3
0 0.05 0.25

Figure 1.48 Performance of centrifugal pumps

in non-dimensional quantities (F. M. White,

2008, Fluid Mechanics, New York: McGraw Hill.
Reproduced with permission of The McGraw-Hill

Companies)
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It is useful to know the type of pumps at the early stage of design & Q 9 9 ? E

when only the required flow discharge and pump head are known 1.0 Centrifugal Mixed  Propeller
together with a likely shaft speed. For this purpose, we define the flow
non-dimensional specific speed Ns’ as 0979
3 3.3
, Céz n- Q*% :5 0.8+ Centritugal Mixed Axial
Ns' = 2 B (1.77) pump flow  flow
Cq' (¢H) 079
* *
(¢H) 0.6
where, Cé = Q and Cltl = < Oll OIS
nD? n> D? TN '
where, (*) indicate the values at BEP (best-efficiency point). Pump designers Figure 1.49 Non-dimensional specific

can identify the type of required pumps by calculating the specific speed Ns*  speed of different type of pumps
from Q*, H* and n without requiring the size of the pump D.

As seen in Figure 1.49, centrifugal pumps with large pump head H and
small flow discharge Q have relatively small specific speed Ns" = 0.10,
while axial pumps (small H and large Q) tend to have larger specific
speed Ns' = 0.5 ~ 1.0.

Learning summary N

By the end of this section you should have learnt:

v/ non-dimensional numbers are important in understanding the characteristics of the flow as well as
in comparing the type of flow with others;

v Buckingham’s theorem gives not only the number of non-dimensional quantities involved, but it
also determines each non-dimensional quantity;

v/ 1o carry out model tests, we need to ensure both the geometric and dynamic similarities are satisfied;

v/ one can identify the shape of required pumps by calculating the specific speed without knowing
the size of the pump.

\. J
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UNIT OVERVIEW N

Introduction

Air conditioning

Gas mixtures

Combustion

Reciprocating compressors

Heat transfer

Heat exchangers

Vapour power cycles

Reciprocating internal combustion engines

2.1 Introduction

This unit continues from the foundation in thermodynamics laid out in An Introduction to
Mechanical Engineering: Part 1. Its aim is to provide an applied emphasis to the concepts already
learnt. The applications presented here concentrate mainly around power generation from oil,
gas and coal by combustion to provide heat transfer to produce work via steam power. The first
section reviews and refines the information that is relevant from the thermodynamics in Part 1,
and the subsequent sections provide analysis techniques for practical engineering applications.

The material covered will address the properties of working fluids as in Part 1; perfect and
semi-perfect gases and steam are of interest. Here refrigerants are introduced along with
combustion reactions and product gas mixtures, with a focus on application. Our
attention is on what a working fluid can achieve. By manipulating the working fluid, practical
ends can be met:

e air conditioning to affect the temperature and humidity of atmospheric air;

e producing electricity by heating steam with combustion reactions, which drives generators
via steam turbines;

e gas and vapour compressors increase pressure at a given flow rate of fluid;

e combustion gases are used directly to drive engines.

Transferring or insulating heat is involved in all practical thermodynamic processes, and
the modes of transfer and the basic techniques for calculation of heat transfer are presented.
This unit considers how classical thermodynamic machines work and how to calculate the

relationships between heat and work.
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The first section considers mixtures of gases, seeing how the volume and mass of each gas

in a mixture relates to the others. Later sections progress on to the chemistry of combustion
reactions and then to the energy release of the reactions whether using gas, liquid or solid
fuels. Moisture is a life-supporting component of our environment and is contained in the
atmosphere — rain, mist and humidity — and in reactants and products of combustion. Mixtures
of gases with moisture have specific properties that require special treatment. The unit shows
how to control atmospheric humidity.

Chimney

Reheater stack

Low pressure
S/uperheater

turbine

B

g

Steam Intermediate ~ High pressure Coal flame
condenser pressure turbine
turbine

Figure 2.1 Schematic of Drax power station (Drax Power Limited)

Other characteristics of the thermodynamic machine require heat transfer, either to produce
work or to achieve desired temperatures. Situations are considered in which steady heat and
work transfer occur (‘steady’ meaning processes that do not vary over time). A particularly
important thermodynamic system is the steam power plant as shown in the schematic in
Figure 2.1 of Drax power station — the largest in the UK. This unit shows how steam can be
used to produce power, and how the devices within power stations relate to each other to
produce useful power output. It relies not only on the internal steam cycle, but also on the
effective combustion energy release and heat transfer to the steam at the correct rate.

The law of conservation of energy states that energy can be neither created nor destroyed

but only transformed from one type to another, and this is the essence of the first law of
thermodynamics met in Part 1, and henceforward referred to as ‘the first law’. Heat and work
are forms of energy, they have the same units as energy. The laws of thermodynamics consider
the relationship between heat and work and the effect that the transfer has on the energy of the
matter that undergoes the transfer.

It is important to be able to define the system and the control volume. This means having
in mind what physical part of a thermodynamic device is under consideration, in order to deal
with it in isolation. A sketch of the control volume within a process is often useful. Figure 2.2
shows a crude representation of a thermodynamic system where cool stream of fluid enters a
tube, is accelerated by a propeller and receives energy in the form of work, proceeds to receive
energy in the form of heat from a hot source (whether combustion or some other source)
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™

Imaginary
Figure 2.2 A control volume in a crude open system thermodynamic device

having work and heat, real boundaries at physical walls and imaginary
boundaries within the fluid, marking the extent of the fluid under consideration

before passing out of the system. A control volume within the system describes what happens
in a particular part of the system where some thermodynamic action occurs and it is useful

to separate out this space, breaking down the complex system into manageable parts. The

real solid boundaries (perhaps moving or flexible but nonetheless impervious) are usually
relatively easy to define. An imaginary boundary may be used to separate out internal,
connected parts of the working fluid in process, by careful consideration of the separation
point required to isolate the region of influence of heat, work and mass transfers. The system
has to do with the fluid itself rather than the system containing it. The control volume is often
specified by reference to an artefact, but it is important to note the distinction.

In Part 1, both closed systems — such as pistons in closed cylinders — and open systems were
considered although no specific open systems were discussed. The open system is of significant
importance in this unit, and the first law in the form of the SFEE (steady flow energy
equation) dominates the analysis.

The direction of heat and work transfer is important, since maintaining an energy audit is
vital. It is easy to lose track of an energy budget when the system is large and complex with
many processes occurring. Even though the subsystems can be separated, e.g. considering just
one cylinder in a four-cylinder engine, it is important to maintain an energy inventory in
the same sense. It is logical to consider the transfer of heat and work to the fluid as positive,
and that is the convention adopted in this unit. This is the European convention. However, for
argument’s sake, and for completeness, it is useful to consider the alternative convention. The
American method considers useful work output from the system as positive — a convention that
has particular merit since it is usually work achieved by a machine that is of most interest. Note
that the terms above indicate a deliberate relationship to financial accounting — just like money;,
energy has to be accounted for properly.

Equilibrium is a concept that has been developed on the understanding of kinetic energy
(KE) and potential energy (PE). If a system is in unstable equilibrium it is likely to lose PE to
KE. In the broader thermodynamic sense, there are several forms of available PE that can be
unstable. However, when and only when all are balanced, a state of equilibrium is achieved. For
example, after complete combustion when no further oxygen is available and the energy state
of the products is extremely adverse to a reverse reaction, or when the temperature is the same
throughout, or a vapour is in contact with its liquid at constant volume and temperature. A
state of equilibrium is one where measurable properties do not change with time.

In order to change from one state to another, a process must be followed. The idea of a
sequence of processes in a cycle enables cyclic machines, the cycle implying a repeating
sequence of events physically, but in the thermodynamics sense it has a very specific meaning.
A cycle is a sequence of processes that alter the state of the working fluid and then return it

to its initial state. Cyclic processes are used to produce or make use of external work. Para-
cyclic machines are very common, in that new material of the same properties is induced from
the environment at one point in the cycle and ejected to the environment at another point in
the cycle, to be recycled at some stage. These are open-cycle machines such as jet engines and
internal combustion engines.
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Reversibility of processes is an important concept — it is important to
understand how a reversible process might be possible and what the useful
output from such a process is. It is only possible in very controlled conditions
and with very slow processes, so it is practically unachievable, but it implies

a state of ideal processing of the working fluid with least waste of effort.

The reason for this will be established when we look at the second law of
thermodynamics (henceforward referred to as ‘the second law’) in due course.

Pressure, p (Pa)

On a typical process diagram, say pressure versus volume of a gas undergoing -\
processes, we can indicate reversible and irreversible processes (Figure 2.3).This >
indication convention can be important and should be noted — dotted lines show Specific volume, v (m’/kg)
irreversible processes, solid lines show reversible processes. Most lines drawn for Figure 2.3 Schematic graph of

real processes will therefore be dotted, but solid-lined reversible processes are pressure versus specific volume,
often useful for comparison in order to calculate losses due to irreversibility. illustrating a reversible process with a

solid line and an irreversible process
with a dashed line working on a gas

The first law of thermOdynamiCS between two states A and B

The first law is very important — telling us about the exchange that happens between work
and heat. In words:

When any closed system is taken through a cycle, the net work delivered to the surroundings is
proportional to the net heat taken from the surroundings.

Equation (2.1) is a statement of the first law, and it represents the conservation of energy principle:
Q+ W=U2—U1=m(u2—u]) (2.1)

where

Q [J] is a quantity of heat transterred in the process

W [J] is the work done on the system during the process
U []] is the internal energy of the working fluid

m [kg] is the mass of the working fluid in the system

u [J/kg] is the specific internal energy of the working fluid

States 1 and 2 are the initial and final states of the system. Internal energy is the amount of
energy possessed by the molecules of matter in the system in their kinetically energized states.
The formula may be expressed in differential form as:

dg + dw = du (2.2)

Note that the capital letters indicate bulk quantities, but importantly, lower case indicates
that only 1 kg of the working fluid is being considered. As written here it concerns the
conservation of energy in a closed system — i.e. where there is no new mass coming in. It is
valid for both reversible and irreversible processes because it is just concerned with end states
and how much heat and work have been transferred to the system.This law is unaftected by
what the route between the states is.

The law in words actually talks about the work delivered to the surroundings and the heat
taken from them during a cycle — note that a cycle means that the state has returned to its
starting point, i.e. u; = u,.This is due to the route of the work, which can be displayed on a
state diagram such as the p—v diagram, and there can be a variety of different routes. Similarly,
there can be a variety of different routes that result in the same work. However, the route is
usually defined by the engine that is acting on the system.

The steady flow energy equation is the first law applied to an open system, and can be expressed as:
C22 - C12

Qi + Wiy = m{hy — hy + 5

+g(z — z1) (2.3)

where

C [m/s] is the speed of the fluid

¢ [m/s?] is gravitational acceleration

z [m] is height above a fixed datum point
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Here, heat, work, enthalpy, kinetic energy and potential energy all have same dimension of
energy the joule, J. A superscript dot implies a rate, i.e. J/s or W and kg/s. Enthalpy is the flow
process equivalent of internal energy. Since i = u + pv, it consists of the internal energy plus
the ‘low work’; the pv part. Mostly in the machines that we consider, changes in velocity (KE)
and in height (PE) are negligible compared to changes in enthalpy. For example, consider that
the change in KE accelerating 1 kg of water from 1 to 10m/s is 50 J and the PE for raising

the same through 10 m is approximately 100 J; the enthalpy change of water increasing in
temperature from 10°C to 20°C — a relatively modest temperature change — is 42,000 J! Since
KE and PE can often be neglected in reality, the SFEE can be reduced to equation (2.4) that
shows a close resemblance to the first law for the closed system:

Qiz + Wia = m(hy, — hy) (2.4)

Properties
There are several properties to be aware of, and the following table shows a selection.

Extensive Intensive

Volume, 1 [m?] Density, p [m®/kg]

Mass, m [kg| Pressure, p [N/m?]

Enthalpy, H [J] Temperature, T [K]

Entropy, S [J/K] Specific enthalpy, h [J/kg]

In the right-hand column are intensive properties. In the left are extensive properties.
Intensive properties are the same for any quantity of material being considered. Extensive
properties depend on the amount of material. Intensive properties are mostly expressed per kg
of material; this is a specific measure of an extensive property. Extensive is indicated by capital
symbols, intensive by lowercase. In changing from extensive (the whole) to intensive (specific),
H becomes h, S becomes s, IV becomes v; T, and p are inherently intensive and a specific
measure cannot be stated. h, s, v are specific enthalpy, specific entropy and specific volume.

Equation of state

The equation of state relating p, v and T is given by equation (2.5):
pv = RT, (2.5)

or

pV = mRT (2.6)

where R is the specific gas constant having units J/kgK. Note the alternative use of specific and
total volume, v and V. These equations hold for all gases.

Specific heat capacity is defined separately for constant pressure or constant volume processes,
and is directly related to the first law since specific heat capacity at constant pressure is defined
as:

_ Oh
=971,
which leads to
h2 - h] == C[;(TQ - T1) (2.7)
And specific heat capacity at constant volume is defined as:
_ du
* 9Tl
which leads to
Uy — Uy = CV<T2 - T]) (2.8)

Specific heat capacity is the amount of heat absorbed by 1 kg of gas when its temperature is
raised by 1 K at either constant pressure or constant volume. A semi-perfect gas describes
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the behaviour of most gases except the very light ones (helium and hydrogen) — specific
heat capacity varies with temperature and it is useful to take the average from tables of
thermodynamic properties when calculating heat transfer to or from a quantity of gas.

For a perfect gas, the relationship between the constants associated with the gas is important
and useful. It is important to realize that since the specific gas constant R and the ratio of
specific heats, ¥ (gamma) are usually known, it is possible to work out the specific heat
capacities from the quantities above. This is illustrated in the following derivation:

Since
h=u+ pv,dh = du + d(pv)
S0,
dT = ¢dT + RAT
G=¢TR (2.9)
Also
_
YT

v

Since 1y and R are usually known or determinable, useful relationships with ¢, and ¢, can be
formed, e.g.

SO

(=— (2.10)

Processes

Processes describe how a working fluid is changed from one state to another. The following
list describes processes met in Part 1:

Adiabatic = no heat transfer, pv¥ = ¢,q = 0

Isothermal = constant temperature, pr = ¢

Isobaric = constant pressure, p = ¢

Isochoric = constant specific volume, v = ¢

Polytropic = unspecified process type, pv" = ¢

Isentropic = constant entropy, pr¥ = ¢,q = 0

Isentropic implies an adiabatic process that is reversible. This is commonly achieved
approximately in open system devices such as axial flow turbines and compressors.

The p—v representation can be changed to a relation between p and T or v and T by using the

equation of state.
RT . mRT1 1/1" mRT2122” .
to give = ,l.e.
g} V2

Tl 1/1"_1 — Tzvzn—l

. . m
For example, in pv"" = ¢, substitute p =

Work occurs when the boundary of a system moves against a force — this can be an external
atmosphere, or a mechanical device. Work can be expressed as:

2
W= —flpdV (2.11)

where

W [J] — work done on the working fluid

p [N/m? or Pa] — instantaneous pressure of the working fluid
I/ [m?] — instantaneous volume of the working fluid
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Equation (2.11) expresses the work done in a closed system per kg of working fluid, for a
reversible process, and relies on knowledge of the pressure at every stage. A reversible process

is ideal, so equation (2.11) tells us the ideal work assuming no friction, no turbulence, nothing
unrecoverable. Work is negative because of the first law sign convention that we have chosen
to use, such that if the gas has expanded, the energy has gone from the system in order to work
against the exterior. It is useful to know how to calculate the ideal work done for a process, to
compare with the actual work and hence quantify the losses of energy from the system.

A p—v diagram, illustrated in Figure 2.4(a), is a state diagram, which shows the relationship
between pressure and specific volume. The limit of an individual process is bounded by
constant pressure and constant volume process lines (horizontal and vertical respectively) and
with curves between representing polytropic processes, including isothermal (n = 1) and
adiabatic (y = h) processes. n is always positive. Other process lines may be possible if the
pressure—volume relationship is prescribed by an external mechanical device, such as a spring
on a piston. The area under the curve represents the work done for a reversible process. In
irreversible processes, work is ‘lost’ in overcoming friction, in the turbulent fluid and in other
such resistances.

State diagrams Cycle
p—v diagrams p—v diagrams p—v diagrams

PA P Pk 3

Typical ic
engine p—v
diagram

v v

<y =+

Figure 2.4 Schematic graphs of typical state diagrams using pressure and specific volume to
indicate what is happening to the working fluid: (a) shows the effect of polytropic index on
ideal processes from 0 (constant pressure process) to oo (constant volume process), (b) shows
a cyclic process involving four separate processes and (c) shows a real paracyclic process,
the Otto cycle for petrol engines.

For a cyclic process (Figure 2.4(b)), where the original state is returned to, the area contained
in the loop of the cycle is the work output (or input) to the system.The sign depends on the
directional sense of the process path. Considering a clockwise process, net work is produced by
the system; positive compression of the gas is indicated in the lower curve, and heat is added

to the gas in order to make it work to expand against the external system in the upper curve.
The area under the upper curve is greater than the area under the lower one and net work is
negative (more work is removed from the gas than is put into it, and the working fluid does
work on the surrounding machinery). If the cycle were anticlockwise then the positive work
(to compress the gas) is the area under the upper curve; a larger amount of work is put into the
system than is taken out and the system must lose heat to do this.

Figure 2.4(c) shows a typical p—v diagram for a four-stroke engine — a polytropic compression
from 1 to 2 as the crank drives the piston up. Combustion from 2 to 3 as the piston starts to
be driven down by the expanding combustion gases. A polytropic expansion follows from 3 to
4, the pressure at 4 being still above the atmospheric in-draft pressure at 1 — the gases still have
expansion to do if there were enough room to move. The combustion gases are exhausted from
4 to 5 and a new draught of fresh air is taken in as the crank drives the piston down from 5 to
1.The work done against the surroundings is the shaded area in the p—v graph. By controlling
the form of the processes between states in this way, a significant amount of work is produced.
The upper area is the useful work out; the lower slim area is the pumping work to get the
exhaust out and the fresh air in and is carried by the other cylinders in the cycle and by the
flywheel. Note the direction round the cycle is clockwise — net work out.
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The second law of thermodynamics

It is important to consider the efficiency of processes. In the p—v diagram for a cycle there is no
indication about the effectiveness of the relationships between heat and work. Given that work
cycle, how effective was the conversion of heat to work? How much heat was required to get
that quantity of work done? The second law addresses this issue; in words it can be stated as:

It is impossible to construct a system, which will operate in a cycle, extract heat from a
reservoir, and do an equivalent amount of work on the surroundings.

From the second law there are eight corollaries, i.e. facts that follow from it and can be proved
by logical arguments as described in Part 1. They can be summarized as follows:

1) Heat can’t pass from cold to hot without work.
2

Reversibility implies maximum efficiency.

2

Temperatures of heat source and sink determine maximum efficiency.
4
5

There is a universal zero value of temperature.

(
)
&)
Q)
(5) If you exchange heat with more than two reservoirs the efficiency reduces from the
maximum possible.

(6) fdQ/T for a complete cycle is zero if reversible, and less than zero if irreversible
(7) Jdq/ T between two states is the change in entropy, s.

(8) If g = O then s increases or remains constant.

The first corollary is part of everyday experience and is perhaps the best way for an engineer
to remember the second law. The second corollary is not obvious unless the second law is
considered, except that we intuitively know that friction causes energy to be lost to disorder.
The third is very interesting — the extreme temperatures available to a heat engine determine
the best that it can possibly perform. If it is possible to raise the upper temperature or lower the
sink temperature then efficiency will increase. Number four is simple to remember, but it was a
new concept since most temperature scales before the second law depended on the behaviour
of a material such as water or alcohol. The fifth is reasonably obvious — increasing the number
of devices that transfer heat in the system introduces more disorder. Number six is surprising,
and is where we find the difference between reversible and irreversible processes. This sets

the scene for the most efficient cycle possible — the Carnot cycle, introduced in a subsequent
section. The seventh is the definition of entropy; this affects the system and the immediate
surroundings, i.e. the level of disorder in the external reservoirs of hot and cold. The final one
is a condition for a cycle — if a cycle involves no heat transfer then it is irreversible if entropy
increases and reversible if entropy does not change.

Figure 5(a) shows a symbolic representation of a heat engine; it has some undefined
machinery in the circle, which by virtue of heat exchange with the hot and cold reservoirs, is
able to develop work on the surroundings. We define cycle efficiency as:

_ Work done _ Wout _ 1 - Qlow
Heat supplied Qg Quigh

<1

o Source of heat

Prime mover

Heat sink

Figure 2.5 Schematic representation of heat engines; (a) shows a heat
engine designed to produce work out of the working fluid, and (b)
shows how the second law allows work to be entirely converted to heat.
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The most important observation here is that, in order to produce work output, heat has to be
lost to a cold reservoir. To produce work the engine must exchange heat with both the hot and
the cold reservoirs. With only one reservoir (Figure 2.5(b)) work can be done on the system,
but not produced by it.

Work and heat occur at system boundaries when the working fluid changes its state. Work
implies that the boundary of the system is moved; heat implies that there is a change of
temperature of the system. Heat transfer is a less useful form of energy transfer than work
because all energy transfer by work can be converted to energy transterred as heat without
having to lose any energy in the exchange, but not all heat transfer can be converted to energy
transferred by work; in using heat transfer to produce work, some heat supplied must be lost, or
transferred to a low temperature, and hence low energy content reservoir as part of the process.

Real processes

Figure 2.6(a) shows various flow devices that are used in thermodynamic machines to relate
the working fluid to the outside world. A compressor does work by sucking gas axially into a
series of disks with aerofoil blades on the periphery. As the gas is compressed it passes through
ever narrower passages with smaller blades, until it exits at high pressure. These are commonly
used in the inlet of a turbofan jet engine. The turbine is a compressor in reverse — it takes a
hot, highly compressed fluid and expands it through ever-widening passages to get work out
while reducing the pressure and the energy of the working fluid; a turbine is found at the rear
of a jet engine. A common symbol for a compressor or turbine is the quadrilateral shape at

top right of Figure 2.6(a). Pumps are used to deliver a volume of pressurized liquid, in which
there is relatively little energy increase in the liquid because liquids are virtually incompressible.
The throttle is a constriction on the flow, the most common example being a tap on a kitchen
sink. A throttle involves a pressure drop, but is usually at a sufficiently low flow rate so that the
kinetic energy change is insignificant. In this case, the change of enthalpy is negligible — there is
an exchange between 1 and pv internally.

Placing these flow processes in a cycle, as in Figure 2.6(b), we see a schematic of a realistic heat
engine, the vapour power cycle. The hot source of heat and the cold heat sink are external
to the system — they transfer heat across pipes that contain the working fluid — a liquid being
pushed through the system by a pump is energized by the heating process and converted to a
vapour, producing work through a turbine. The fluid is then condensed back to a liquid in the
cold sink before repeating the cycle. The elements of this machine are a simplified description
of what occurs in a power-generation station.

. Practical application
Common turbine PP

Flow processes symbol Heat flux l

y ho
% j& ‘&;y Working_g_f_h_lid flow
Wout 0 —_—

I/I/ill
Compressor Turbine .
<w£f\ 7N P uf;’l \
— —e é ‘
Throttle \ i

Figure 2.6 (a) Flow processes that alter the state of a working fluid in an open process;
(b) a practical implementation of the heat engine.



Thermodynamics

Having a basic heat engine to analyse, we now consider its efficiency. The Carnot efficiency
is a very important measure. Referring to the heat engine of Figure 2.5, the cycle efticiency

is the ratio of the work obtained to the heat required. It can be seen from the heat engine
schematic that work out is the difference between the heat in and heat out. This is determined
by the temperature of each of the reservoirs:

_ _Work done  _ Woue _ 1 — Qow _ 1= Tigy <1
MCarmot ™ Heat supplied Qhigh Qhigh Thigh

Q [W] — rate of heat supplied to a reservoir of heat energy
T [K] — temperature of a reservoir of heat energy

This shows that the higher the temperature difference, the better the efficiency. The most efficient
machine will exchange heat with a sink at absolute zero. For all real cycles, efficiency is lower
than the Carnot Efficiency because a small amount of work is required to drive the process (the
pump in the vapour power cycle) and because heat is added at more than one temperature.

Entropy is a measure of disorder; the state of agitation of a system; the energy allocated to
maintaining a state of disorder over the ordered state. This property is defined from the second law:

dqreversible =Tds

where

q [J/kg| — specific heat transfer

T [K] — instantaneous working fluid temperature

s [J/kgK] — instantaneous specific entropy of the working fluid

this is the heat transfer equivalent of di,yeriple = —pdv. It is the minimum heat transter required
to get from one state to another. This applies for any reversible process undergone by a closed
system.

Isentropic efficiency is used to characterize the performance of many open-system machines.
Since open-system machines (for example, axial flow turbines and compressors) operate under
near adiabatic conditions, and a reversible adiabatic process is the most efficient, it is useful to
compare the actual machine work with the ideal machine work. The isentropic work output
of a turbine is greater than the energy transferred out of the fluid in practice, and the isentropic
work input to a compressor is less than the theoretical input power required to drive the
compressor, i.e. the useful increase in energy to the fluid is less than the isentropic amount. The
work is measured in terms of change of working fluid enthalpy, and can be determined from
the steady flow energy equation.

1% actual work
. . out
TNisen, turbine = - - =
W, dsentropic

isentropic work out

2%

W, isentropic

TMisen, compressor =
24

1

turbine compressor

Figure 2.7 Isentropic efficiency is defined as the ratio of ideal work
to actual work in an axial flow compressor or turbine.

The state diagram in Figure 2.8 describes the properties of steam. It is useful to notice the
characteristics of the chart. The standard notation is to use f to indicate saturated liquid and
g for saturated gas. It the temperature is 278 K (5°C) and the pressure is 1.013 25 bar (i.e.
the standard atmospheric pressure at sea level) then the vapour is a sub-cooled liquid. If we
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State diagram for phase change
T-v diagram for steam/water

221.2 bar

400 1
250 1
300 A
250 1
200 A
150

Superheat

1.01325 bar

T(°C)

Liquid—vapour
mixture

() T T T T T
0.001  0.01 0.1 1 10 100

v (m®/kg)

1000

0.02337 bar

100 0.008719 bar
50- \/

Figure 2.8 State diagram for water in terms of pressure and specific volume. The area under the
curve is the region where vapour and liquid exist together, the left-hand side labelled ‘f’ indicates
the line separating saturated liquid from the mixture region, and the right-hand side labelled ‘g’
indicates saturated vapour, separating superheated vapour from the mixture region. Note that the
constant pressure lines, which are horizontal in the mixture region, follow approximately the ‘f’

line and rise sharply in the superheated steam region.

reduce the pressure slowly to 0.008 719 bar, boiling will occur. This happens on solid surfaces
within the fluid, and bubbles rise and expand within the fluid. 0.008 719 bar is ps, or saturation
pressure, for 5°C; similarly 0.023 37 bar 1s pg for 20°C. Other points to note from this chart

are that the saturated liquid region is very narrow, i.e. liquid volume doesn’t change a great
deal with temperature, certainly up to 100°C at atmospheric pressure. The volume difference
between f and g grows as the temperature falls. Phase change diagrams, regardless of the
properties compared, all have this approximate form, with division into the three regions. The
shape of the diagrams is always a dome containing the vapour—liquid mixture with the f~g
dividing line. The position of the dome and its width vary with properties of the particular

fluid.

Just as the area on the p—v graph represents the work done for a reversible process, Figure 2.9
shows the T-s diagram, in which the area represents the heat transfer for a reversible process.

The heat transfer for the reversible case is useful because it is the
limiting heat transfer, to which actual heat transfer can be compared.
Although it has no meaning for irreversible processes, it shows the ideal
for a particular type of process. It is particularly useful for liquid—gas
materials such as water and refrigerants.

The T—=s diagram for steam in Figure 2.9 has constant pressure lines
drawn on it. The pressure lines are horizontal through the central
vapour—gas mixture region under the dome, and then follow the
contour of the saturated liquid side of the dome (the left-hand side
from the critical point at the apex). Entropy for water is assigned

a value of zero at zero Celsius for convenience. By the third law

of thermodynamics the absolute value of entropy of any substance
is zero at zero K. Despite this, use of an alternative reference state

is helpful. This diagram is particularly useful for the forthcoming
vapour power cycle section of this unit and for refrigeration. This

is very useful regarding the Carnot efticiency, against which the
efficiency of all plant is compared. Turbines are considered as constant
entropy devices.

State diagram for phase change
T—s diagram for steam/water

700
600
221.2 bar
500
S 400 80 bar
8 40 bar
= 300+
— 1 bar
200 Liquid=vapour
1004 f mixture superheat
0 T T fig T T g 1
0 2 4 6 8 10
s (kJ/kgK)

Figure 2.9 State diagram for water in terms
of temperature and specific entropy. The
characteristics of this chart are similar to
the p-v chart, except that the dome is more
spread out on the horizontal axis.
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Learning summary N

By the end of this section you will have learnt:
v

2
v the work done on the fluid in a closed process is W = — f pdV/ for areversible process;
1

v/ state diagrams and the representation of processes on them indicate what is going on in heat

engines;

v the second law of thermodynamics describes how heat and work can and cannot be converted in
a thermodynamic machine;

v the eight corollaries of the second law are principles of real thermodynamic processes and
demonstrate pragmatic observations relating to the second law;

v cycle efficiency describes how well a machine takes ingoing energy and converts it to useful
output;

v the practical components of real thermodynamic machines are turbines for work out, pumps and
compressors for work in, and throttles for reducing pressure;

v the Carnot efficiency is the measure of the maximum achievable performance of a heat engine;

v isentropic efficiency is a comparison of the real process power output to the ideal, reversible
process power output.

g

there are principal descriptive terms used in the previous volume that are now to be used with an
emphasis placed on how they find application in thermodynamic processes. In particular, the ideas
of cycles, processes and irreversibility are useful for considering practical thermodynamic systems;

the first law of thermodynamics is directly represented by the steady flow energy equation in most
engineering processes because the fluids move through the system. The effects of potential and
kinetic energy terms are considered to be negligible in many practical thermodynamic processes.
The equation then reduces to a form that considers the interchange between the enthalpy of the
fluid and the energy transferred to it in the forms of heat and work. This is the most important and
straightforward relationship to remember for applied thermodynamics — it is the cornerstone of
applied thermodynamic machines;

the properties of thermodynamic working fluids are important in determining thermodynamic state,
and the equation of state for perfect and semiperfect gases is used in most calculations involving
machines where a gas is the working fluid;

thermodynamic processes change the state of a working fluid, and cyclic processes and heat and
work transfers in a series of processes are commonly used to produce heat and work;

2.2 Air conditioning

Air conditioning is mainly concerned with controlling temperature and humidity. It is
important for controlling the comfort of living organisms and for keeping complex electronic
circuitry within suitable climatic conditions.

Comfort air conditioning for people:

people have a limited comfort zone due to the requirement to maintain a steady core
body temperature of 37°C;

people produce heat and release moisture into the atmosphere;

people generate heat at ~80W resting, 120W oftice work, and up to 400W during
physical work;

people produce sweat at varying rates, and 100% humid air during respiration.

Control conditioning for computers:

computers have a limited ‘comfort’ zone requirement for steady core temperature and dry
conditions, which are cooler and dryer than for people.
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A so-called ‘swamp cooler’ is a good example of air conditioning — blowing air through a wet

cloth in hot dry climates causes the air to emerge on the other side sensibly colder — typically

in British indoor conditions, this will cause a 3 or 4°C drop in the air temperature. This is akin
to the common experience of climbing out of a swimming pool and feeling cold in air that 1s

actually warmer than the water. The temperature difference is due to evaporation — otherwise

known as evaporative cooling. This difference increases with increasing temperature and

decreasing humidity — a term of primary importance in air conditioning.

Figure 2.10 shows an experimental apparatus for air conditioning tests. A duct of approximately
2m length has an in-draught fan, a 5 kW steam boiler for moisture addition to the air stream, a
2kW air heater, a cooler unit (refrigeration circuit) capable of approximately 3 kW of cooling,
another heater of 1 kW and an orifice plate to measure the air flow rate (section 3.3 of Part 1).

All of these components affect the condition of the air.

Figure 2.10 A basic air conditioning unit - fan and refrigerator circuit

When it is very dilute, water vapour is considered to be a perfect gas.
Figure 2.11 shows the principle of mixed gases in which gas molecules
of different gases have different colours to illustrate that they are
intimately mixed and are undergoing molecular motion and collisions
with a level of kinetic energy (dependent on temperature) that gives
internal energy to the system and results in an overall pressure. These
gases can be imagined separately filling the entire space. They would
then give a pressure in the space on their own.The law of partial
pressures observes that when the gases are mixed, their individual,
separate pressures add up to make the total pressure of the combined gas
mixture. The pressure ratio is directly proportional to the ratio of the
number of moles as described in equation (2.12).

P:ZPi

where

p [Pa] mixture pressure
pi [Pa] — the partial pressure due to component i

Figure 2.11 Perfect gases have partial
pressures - the pressure of that amount of
gas if it alone occupied the entire volume.
Here molecules of three gases are inter-
mixed.

(2.12)

We will see later that the partial pressure is related to the number of moles or mols (1) of gas in

the mixture:
pi_m
p n

where

(2.13)

n [mols] — number of moles of a species (subscript i) or of the mixture (no subscript).
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Note that the number of moles indicates the quantity of a substance. Every molecular substance
has a molecular mass; that is the mass of a specific number of molecules of the substance. The
specific number of molecules in a mole is the Avogadro number — 6.23 X 10?3 molecules
per mole. Since molecules generally have differing sizes, they have different molecular masses.
The molecular mass is defined in the units g/mol or kg/kmol.

Air is classified either with or without water vapour as atmospheric air or dry air
respectively. The properties of dry air are available in tables, and are just that — air without

any moisture whatsoever. Dry air is a mixture of gases, which can be regarded as existing in a
universally constant ratio across the globe at sea level, mainly nitrogen and oxygen. The partial
pressures are determined by the number of moles of each gas present in a given volume, which
is in the same ratio as the volumetric ratio. Water vapour can be supported in the air by virtue
of its partial pressure — or its saturation pressure at the temperature of the atmospheric air.

Worked example
Atmospheric air consists of dry air and water vapour.

Dry air, composed of N, and O,, by mass the proportions are approximately
76.7% nitrogen and 23.3% oxygen, and by volume, 79% nitrogen and 21% oxygen.

What are the partial pressures, assuming atmospheric pressure is one standard
atmosphere, 1.01325 bar?

nitrogen — 0.79 X 1.01325 = 0.80047 bar
oxygen — 0.21 X 1.01325 = 0.21278 bar

The practice of boiling water is familiar, and 17

it occurs when the saturation pressure of 0.8

a fluid 1s equal to the atmospheric pressure. = 064

Water boils at 100°C (the boiling point) at a é 04
< 0.

pressure of 1 atmosphere (1.01325 bar). This
is the saturation temperature, T}, and the 0.2
corresponding saturation pressure, usually
denoted p,. The chart of saturation pressure vs.
saturation temperature in Figure 2.12 shows

that p, drops sharply when the temperature falls ~ Figure 2.12 Water vapour and its saturation
below 100°C. temperature and pressure

0O 20 40 60 80 100
T, (°C)

Saturation pressure shows the pressure that water vapour exerts on a free water surface because
of the energetic molecules it consists of. When the saturation pressure 1s equal to the local
atmospheric pressure, boiling occurs; it can occur anywhere on a solid surface submerged in the
liquid, the surface providing nucleation sites for vapour bubble growth. Initially, small bubbles
grow as they rise through the liquid before bursting through the free surface.

Apart from boiling, liquid can evaporate from a free surface and condense at a free surface.

In equilibrium, evaporation and condensation occur at equal rates. The partial pressure of

the vapour in contact with its liquid will be the saturation pressure corresponding to the
temperature of the atmosphere. When water vapour is not in contact with a free liquid

water surface, the partial pressure will be less than or equal to the saturation pressure at that
temperature. The level of humidity will be determined by the saturation pressure of the liquid
at the prevailing temperature.

There are two measures of humidity, which are useful in different ways. Absolute humidity,
, describes the mass of water vapour contained by a given mass of air.

mg (vapour)  m/V v,
m, (air)  m,/V v,

w =
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Note here that m/ 1V = 1/v, and m,/V = 1/v,, and hence the relationship in terms of specific
volume also.

The following derivation shows how this formula can be converted from mass fractions to
partial pressures:

1 bs
pV=mRT = 7 RT
and
mg Pa
pV=mR,T= v RT
Therefore,
R, ps
© 7 Ry,
Since R, is 287 J/kgK and R, is 461 J/kgK and P,,0s = pa T+ ps , this equation becomes:
287p, 0.622p,

w = =

461 (pﬂtnlos - pA) (p?ltnlOS 2 p.\)
This relationship is very useful in the analysis of air conditioning systems, as will become clear
in the subsequent parts of this section.

The second measure is relative humidity, ¢, which gives a measure of how far from
saturation the atmospheric air is, and is defined by equation (2.14):

b= P (2.14)

Py

Note carefully the redefinition of p, for this equation only — here p, is partial pressure of water
vapour actually in the air, not the saturation pressure, and p, is the partial pressure of vapour if
the mixture is saturated at the temperature, T, of the mixture, i.e. Py is the saturation pressure.
Note that this use of p, is only to be used for air conditioning and not to be confused with the
saturation pressure also denoted p, in the tables. Here, and only for air conditioning, p, means
saturation pressure. This is the standard notation for air-conditioning engineers, which is
unfortunately at odds with the standard notation used elsewhere in thermodynamics.

A typical range of w is from zero up to about 30 g H,O per kg of dry air at normal earth sea
level conditions and @ varies between 0 and 100%.

If the temperature of the air falls until the saturation point or 100% relative humidity occurs,
the air is at the dew point temperature; this is the temperature at which air becomes saturated
when cooled at constant pressure (since w = constant, P, is constant during cooling). This can
be verified by reference to Figure 2.8 or Figure 2.9.

(1) A sample of atmospheric air contains 12 g of water in 1.2kg of dry air, what is
the absolute humidity?

In this case there is 12 g per 1.2 kg, which is a specific or absolute humidity, w, 0.01.This is
typical of the standard atmospheric condition.

(2) What is the specific volumetric ratio of moisture to air?

The inverse of w is the volumetric ratio — i.e. partial volume ratio. The specific volume
ratio of air to vapour follows, i.e. 0.01 m3/kg of air per m®/kg of vapour. This shows the
significant difference in specific volume of the water vapour and dry air.

(3) If dry air specific volume is 1 m3/kg, and partial pressure of water vapour is
0.016 bar, what is the specific volume ratio and, hence, what is the specific
humidity?

Air specific volume, v is 1 m®/kg and specific volume of vapour is (from Figure 2.8 or,
more accurately, from thermodynamic property tables) 83 m?/kg, specific volume ratio is

= = 0.012, which is the specific humidity.
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“)

)

(6)

Given a specific humidity of 0.02, and atmospheric pressure of 1.01325 bar, what
is the partial pressure of water vapour?

o = 0.02,and p,, = 1.01325 bar, p, =

w'pélfiﬂOS
(0.622 + w)
The humidity is 50% in atmospheric air at 20°C; what is the partial pressure of
the water vapour in the air?

At 20°C, p, is 0.02337 bar. Given the relative humidity is 50%, the vapour pressure, p;
must be 0.02337 X 0.5 = 0.0117 bar.

; therefore, p, = 0.03156 bar

If the temperature of the atmospheric air is 35°C and the relative humidity is
50%, what is the dew point?

Find p, from the relative humidity, @, formula with p, at 35°C.Then identify the temperature
that corresponds to this, that is the dew point. p, = 0.056 bar (from thermodynamic property
tables). p, = 0.5 X 0.056 = 0.028 bar. From the tables the temperature that corresponds to this
as its p, is 23°C.This means that when the temperature falls to 23°C, moisture will condense
out of the air, either as a cloud if the bulk air temperature decreases, or more usually on sky-
facing surfaces which cool down due to losing heat to the night sky by thermal radiation.

Hygrometry or psychrometry

The analysis of air condition is called hygrometry and the two measures just
introduced provide the basis for the work of air-conditioning engineers. In order
to control air condition, we must be able to measure it easily. The basic tools

of the trade are wet and dry bulb thermometers as shown in Figure 2.13
The wet bulb difters from the dry one only in that it has a muslin sock around
the bulb that is soaked in water from a reservoir. If the local atmosphere has
humidity less than 100% then water will evaporate from the sock and cause the
temperature of the bulb to drop, owing to the latent heat of evaporation, and

Dry bulb

therefore the thermometer will register a lower temperature. This temperature ()
. . Lap
enables us to calculate the relative humidity.

A spreadsheet can be calculated based on this theory to determine the relative
and specific humidity from the wet and dry bulb temperatures. The chart in
Figure 2.14 is called a psychrometric chart and it shows the condition of the

air for a given pair of wet and dry bulb temperatures. Data represented includes
relative and specific humidity, enthalpy of the mixture and specific volume of the mixture.

M

What is the relative humidity if T is 30°C and Ty is 20°C?

The dry bulb temperature is read from the bottom axis, and constant temperature lines

rise vertically. The wet bulb temperature is read from the 100% relative humidity curve on
the left-hand side. Constant wet bulb temperature lines are inclined to the horizontal. The
intersection of the two lines defines the air condition, and the relative humidity is indicated
on the curves at 10% intervals. The approximate value for this particular condition is 40%.

What is the specific humidity if it is 100% humid at 30°C? What does this tell you about
the relative masses of air and water at 30°C?

Taking the position on the 100% relative humidity curve, and marking the point when the
dry bulb temperature is 30°C defines the air condition. Now read horizontally across to
the vertical axis on the right-hand side to show that the absolute humidity is 0.025.

What is the enthalpy for a 50% relative humidity at 20°C dry bulb?

The intersection of the 50% relative humidity curve with the vertical 20°C dry bulb
temperature defines the air condition. The enthalpy is found by placing a rule on the air
condition point, and rotating about that point until the enthalpy on the upper enthalpy
scale and the enthalpy on the lower scale are the same. In this case it is 39 kJ/kg.

‘Water reservoir

Figure 2.13 Wet and dry bulb
thermometers

wh

Wet bulb

Air flow

S G—

__— Muslin sock

61



62

An Introduction to Mechanical Engineering: Part 2

1 (,_8y-8y) /Ad[eyaud oyroadg

(g} s€l 0¢l SC ocl Sl
S¢l 0¢l scl 0cl s
sel 0¢T scl ocl
S o ®» ~ o (are L1p | _8y-8Y) /2uaiu0d 2rmisto
2834838 88338 d 3582 %~ '¢com
- 2 2 2 ¢ g cc 8 8 9 =z o = = <2 i) - o ® ~ o
S 2 S S S S 3 3 2 2 2 2 2 S =z = s = = I =
k=t T T T T 3 s S S 32 s 2 2 2z s
ISl il L L i = < =
L L L L Il L
E
2
0
©
:\:o
&7
2 g
© =1
- E
& o
)
<
=
3
fe} [~
ol
2
S
S
E3
=
(=}
2
S Z
* Z Z
) ©“
{//1
30/
%,
S i
<
25 T
= op
R ) 2
ER 2
3 < o 0
S = § a o
nhs "2 < N
S g s B
= 2 N 2
g7 & % ey
A & % 4,
24 7 %
/"‘)'/; i}
%,
%
S “
b %
O S
< v IO
o (o & =
£~ \«2}, o
I ~
£ Y, 0
En %, 05
5 7, )
22 %ar, B 2
PR 5, F o
© w, =
= T,
o 2 ‘73\ n
= 2 —
g2z pu
A & 2
Se
O =}
S
- %
S
= )
B \
<=
38 “
£t ~
25 v o
=& It
E g € e
s g p S
= e
p
N

Figure 2.14 The psychrometric chart. Reproduced by permission of the Chartered Institution of Building

Services Engineers.
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Figure 2.15 shows the basic principles of
operation of an air-conditioning unit. Air
to be conditioned is drawn in by a fan,
cooled down either to simply reduce the
temperature or, more commonly, to also
decrease humidity by reaching dew point
and causing condensation. Air is heated up
after the cooler when condensation has
occurred in order to make the temperature
comfortable before it is issued to the room.
The power of the heating and cooling

Fan

Cool

Hot

Airin[00 >

\

i

0000

[EENEP . -

(R [SPSpuppn S U S

Liquid
!

4-drain

is determined from the desired changes in enthalpy of the dry air/water vapour mixture
between each of the sections. This must be equal to the energy required to be drawn from the

external source. The steady flow energy equation is used, applying conservation of mass and

energy. With reference to Figure 2.15:

Mass conservation:

My = Mg + M4

Mg = My = Mgz =

At stage 3, there is the same mass of dry air, but some moisture has fallen out of the cooling

M a4

unit (refrigerator coils) to the drain. So we have the same mass of dry air with difterent

enthalpy (calculable by dry air temperature and specific heat capacity at constant pressure,

P

condensate — the condensed water vapour on the cooling coils.

3

¢,), and we have a (smaller) amount of water vapour with the air. We also have an amount of

|::>Air out

(ST ERSySpnEp R S

Figure 2.15 Enthalpy exchanges in the cooling section

Then m,h, is ingoing air enthalpy, m, is from specific humidity and h, from enthalpy of water
vapour at t,; m,,4 is the condensate at the temperature of the cooling coils with /,,, from tables

as gy

Worked example

Cooling
coils

Figure 2.16

Condensate

An air-conditioning unit has a fan that delivers a mass of atmospheric air.

The mass flow rate of the dry air in this is m,, which is 0.5 kg/s. The specific
humidity is 0.01 kg/kg air, and it can be concluded that the mass flow rate of

the water vapour, mg,, is 0.005 kg/s. The ingoing air temperature is 30°C.

The unit causes a drop in specific humidity to 0.006 kg/kg. What is the rate of
heat taken out of the air in the cooler section of the air conditioning unit, q?

What is the pressure of the dry air, p,, and of the water vapour, p,, at exit?

(1) Calculate p,, and pg; using specific humidity—vapour pressure formula.

(2) Calculate the mass flow rate of dry air and of water vapour at entry to,

and at the exit from, the cooler.

|
ul
N
r
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(3) What is the dew point temperature corresponding to p, = p?
(4) Find c,,;, from the tables at the appropriate mean temperature.

(5) Find, from the tables, the specific enthalpy of liquid water at the dew point
temperature, and of the vapour at points 2 and 3.

(6) Use the SFEE across the cooler to find Q the rate of heat delivery to the

air stream.
) 0.622p, 0.622p,
(1) usingw = Py = 101325 = P 0.01 = ppo = 0.01 X 1.01325 — 0.01p, = 0.622p,,

= 0.01013 = 0.632p, = p, = 0.016 bar

Pz must be 100% d), Py = psaT = P
_ 0.622p4 _0.622p, v
== == 0006 = T35 — 5~ = 0.00608 — 0.006p = 0.622p

= 0.00608 = 0.628ps; = ps3 = 0.0097 bar

(2) Atmospheric air mass flow rate at entry 1s given as 0.5 kg/s. We know
= ——2— = 0.01 and rippyam + firg = 0.5kg/s .. sing = 0.005 ke/s
MPRYAIR

and

ﬂ./lDRYAIR = 0.495 kg/S

At exit, we must have mippyam = 0.495 kg/s still — it can only go out one way.
We know that @ = 0.006, and therefore we say
= ™ _ 0,006 = ring = 0.003 ke/
® =595 U 6 = my = 0. g/s

(3) at pg, tsat ~ 6.5°C from tables of saturated steam and water.

(4) The mean temperature of 6.5°C and 30°C is 18.25°C or 291 K. Using the data for
dry air at low pressure,

‘ Cp ‘ c ‘ v pX107° | KX 1079 Pr
[KWkgK] | [KikgK | [-] | [ke/m.s] | [kW/m.K]

175 1.0023 | 0.7152 1.401 1.182 1.593 0.74
200 1.0025 0.7154 1.401 1.329 1.809 0.73
225 1.0027 0.7156 1.401 1.467 2.020 0.72
250 1.0031 | 07160 | 1.401 1.599 2.207 0.72
275 1.0038 | 0.7167 1.401 1.725 2.428 0.71
300 1.0049 | 07178 | 1.400 1.846 2.624 0.70
325 1.0063 0.7192 1.400 1.962 2.816 0.70

Table 2.1 Dry air at low pressure (Rogers and Mayhew, 1995)

Gp.ain201k could be interpolated for accuracy, but inspection shows it is 1.0045 kJ/kgK.



Thermodynamics

4 (5) The saturated water and steam table is required again.

RN ‘ IV N ‘ fy
[°C] [bar] [m*/kg] [kJ/kg] [kJ/kg] [kJ/kg]
0.01 0.006112 206.1 0 2500.8 2500.8
1 0.006566 192.6 4.2 2498.3 2502.5
2 0.007054 1799 8.4 2495.9 2504.3
3 0.007575 168.2 12.6 2493.6 2506.2
4 0.008129 157.3 16.8 2491.3 2508.1
5 0.008719 1471 21.0 2488.9 2509.9
6 0.009346 137.8 2562 2486.6 2511.8
7 0.01001 129.1 29.4 2484.3 2513.7
8 0.01072 121.0 33.6 2481.9 25156.5
g 0.01147 113.4 37.8 2479.6 2517.4

Table 2.2 Saturated water and steam (Rogers and Mayhew, 1995)

From this it can be seen that /i of liquid water at 6.5°C is about 27 kJ/kg, h, at 6.5°C

is 2512 k]J/kg and at 30°C, h, is 2555 kJ/kg.

e e

29 0.04004 34.77 121.5 2432.4 2553.9

30 0.04242 32.93 1256.7 2430.0 2555.7

32 0.04754 29.57 134.0 2425.3 2559.3
Table 2.3

(6) Now use the SFEE, which is the statement of the first law (conservation of energy)
for moving fluids, and ignore the terms from kinetic and potential energy as being
negligible, Q + W = AH. In the air-conditioning unit between 2 and 3, there is
no fan or other working device, so W' = 0.We need the change in enthalpy of the
fluids in section 2 to 3 in order to work out the heat transfer to cause it.

Referring to the schematic, the enthalpy flows coming in at 2 and out at 3 and
through the condensate collection chute, are all indicated in terms of mass flow rate
and specific enthalpy. The flow of enthalpy can then be compared in the SFEE:
Q= mDRYAIRhDRYAIR,Z - mDRYAIRhDRYAIR,3 + mW72hg,2 - mw,ahg,3 - m
conpliconp

| |
”hDRYAIRhDRYAIR, B
—_—

mDRYAIRhDRYAIR, 2
g ol > iy sl 3

atmospheric air in chilled air and less

\ / water vapour out

mCONth, COND

condensate drips
out here, no air

Figure 2.17
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We can use AH = mCpAT for the enthalpy change of dry air, which is
0.495 X 1.004 X (30 —6.5) = 11.68 kW

just to cool the dry air. The change in enthalpy of the water vapour carried in the air is
mainly due to the loss of mass as vapour that condenses. Therefore, with the data for &,
and mass flow rate of vapour going in at 2 and out at 3, we have

0.006 X 2555 — 0.003 X 2485 = 5.32kW

The condensate is assumed to leave at 6.5°C, and it has a mass rate of 0.003 kg/s,
therefore enthalpy flow rate is

0.003 X 27 = 1.27kW
Putting all this in the SFEE, we have

Q=11.68 +532-1.27 = 15.73kW

Refrigeration and heat pumps

In considering a practical air-conditioning plant, the cooling duty must be supplied by a
refrigeration unit, and the application of refrigeration and heat pumps is therefore considered
here. Figure 2.18 shows a heat pump in which work is converted into heat to produce a flow of
heat from cold to hot. It is a heat engine operating in reverse. The process is indicated by arrows,
essentially this is equivalent to running a reverse of a vapour power cycle with the reverse a
condensing hot reservoir, an evaporating cold reservoir — a compressor and a throttle.

WARM
Condenser, p high, T high

O vm o
HIGH P/)W LOW P HIGH P
thgh 1

| T>O(

f Qo o LOW P

Cool e J

thgh - Qlow = VVin
COOL
Evaporator, p low, T low

Figure 2.18 Refrigeration or heat pump circuit: (a) schematic of the
reversed heat engine, (b) schematic of the physical circuit required

Superheated refrigerant vapour is pumped round the circuit by the reciprocating compressor.
The compressor maintains the evaporator at a low pressure by drawing evaporated vapour

out of it; since the vapour pressure is low and the saturation temperature is correspondingly
low — lower than the surrounding cold region — the liquid refrigerant in the evaporator tubes
evaporates as heat is absorbed from the relatively hot surroundings at the cool temperature.

The compressor drives the evaporated vapour through to the higher pressure condenser tubes
at the top. The high pressure means high saturation pressure and therefore high saturation
temperature, and the vapour is forced to condense since the saturation temperature is higher
than the hot reservoir temperature. This is a refrigerator too, if the cool side is the useful output.
Note the symbol for the throttle on the left, which reduces pressure at constant enthalpy.
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The pressure, p, vs specific enthalpy, h, properties chart is

the easiest chart to deal with for refrigeration cycles since

it yields the enthalpy for a process directly. The enthalpy is
the energy content of the working fluid, and hence energy
balances can very easily be performed with operations
occurring at two pressure levels. The p—h diagram for the
commonly used refrigerant R 134a is displayed in simplified
form in Figure 2.19 Note the examples of constant
temperature lines drawn on in blue (10°C) and pink (40°C).
On the superheated side of the chart (the right-hand side of
the domed line), the temperature lines descend in a curve;
on the subcooled liquid side the lines rise vertically because
the liquid is incompressible over the range of pressures
represented. A typical heat pump process is plotted in

Figure 2.19, showing a cycle that runs in the anti-clockwise
direction. We know from the earlier description of cycles
that this direction means that net work is being put into the
cycle.

The chart is plotted as follows:

e horizontal high pressure and low pressure lines across;

1004
o //?
/ Condenser /
, bar
P s i Compressor
Evaporater | |
1- T T T T T T T T
100150200250/ 30 50400450
h,K]/kg
0.1-

For Klea 134a refrigerant

Figure 2.19p—h diagram of a typical modern refrigerant

e find the temperature of the evaporator exit at the pressure in the evaporator, on the

superheated side of the chart;

e find the temperature of the compressor outlet, which is in the superheated region, at the

high pressure of the condenser;

e draw a line showing the process of the compressor between evaporator exit and compressor

exit;

e find the temperature of the outlet from the condenser, which is in the subcooled liquid

region;

e avertical line through the saturated liquid point corresponding to the condenser exit
temperature defines the process in the throttle, assuming that it is a perfectly constant

enthalpy device;

e the change in enthalpy across the three main components
gives the heat/work transferred in that component.

The reason for the throttle having no change in enthalpy
may not be immediately obvious, but in practice the reason
is basically as follows: we know that the throttle is short and
should be well insulated, and so Q is nearly zero. There is
obviously no work in the throttle — no paddles or pistons to
move the fluid. Use the SFEE Q + W= mAh, where Q and
W are rates of heating and power input and #1 is the mass
flow rate. It is easy to see that if Q and W are zero, then the
enthalpy entering is the same as that leaving.

The heat pump circuit relies on vapour—liquid behaviour.
Vapour enters the condenser tube (Figure 2.20(a)) at a
temperature above Tj;., and exchanges heat, Q out of the
condenser to cool the vapour. The vapour condenses when

it reaches T, until all is condensed. T, needs to be a few
degrees above Tj,, for it to work properly. The condensed and
slightly subcooled liquid passes through the throttle (Figure
2.20(b)), in which the SFEE causes no change in enthalpy

as noted above. This reduces the pressure of the fluid and

therefore the Ty, reduces to a point just below the

vap, in
N o
N
__Twarm
. S T, 6.0 0000 005, L
Vapour in % ° %ooo 85%%8%§%%8§§8 Liquid out
Q
(super heated) Condenser (sub cooled)
\ Phigh
\ Plow
Throttle
T
) Tcoo] O
|/
T 058502000 0%0 0° 0 00 ©
(oyeye) o o o ]
Liquid in 289990206200 920 6 0 g9 Vapour out
(sub cooled) Evaporator (super heated)

Figure 2.20 How the refrigeration circuit works
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temperature of the cool reservoir (which contains the evaporator). As it enters the evaporator,
liquid heats up to Ty, and starts to boil (Figure 2.20(c)). By the time it reaches the end of the
evaporator, all is evaporated and the vapour gains a little superheat.

The heat pump is used not only for refrigeration: the hot reservoir can be the useful heat
output of the unit. This is the case in ground source heat pumps used for domestic heating.
This is an effective way of providing heating because the coefficient of performance ensures
that a significantly higher amount of heat is transferred than the energy supplied to the
COMpressor.

Coefficient of performance

The heat pump effectiveness is measured in terms of how much heat is transferred either out

of the cold reservoir or into the hot reservoir, depending on whether it is being used as a
refrigeration unit or a heat pump. In either case, the cost of pumping the heat is the power into
the compressor. A measure of how well the heat pump works 1s therefore the ratio of the heat
transferred to the work input, and these are given by the enthalpy changes in the evaporator and
condenser for the heat transters and by the enthalpy change in the compressor. From Figure 2.20,
the change in enthalpy is given on the horizontal axis in kJ/kg of refrigerant. The difterence

is obviously far greater in the evaporator and condenser than in the compressor. For the cycle
shown these enthalpy changes are approximately 200 k]/kg, 250 k]J/kg and 50 kJ/kg respectively.

The ratio is therefore for refrigeration —-- = 4 and for the condenser - = 5.These are far

50 50
greater than unity and therefore cannot be stated as an efficiency. This ratio is known as the

coefficient of performance and is the standard way of quantifying the eftectiveness of heat
pumps.

Learning summary N

By the end of this section you will have learnt:
v atmospheric air is a mixture of dry air and water vapour;
v air condition defines the temperature and humidity of atmospheric air;

v the law of partial pressures and partial internal energy determines what proportion of a gas
pressure or internal energy is due to each individual gas component;

v there are two measures of humidity: specific (or absolute) humidity — the mass of water vapour per
unit mass of dry air; and relative humidity — the ratio of the partial pressure of water vapour in the
air, p, to the maximum partial pressure of the water vapour at that temperature, Do which is the
water saturation pressure;

v/ gases may be quantified in moles, which is a specific number of molecules (the Avogadro number,
6.023%x1026 per kmol);

v dew point is the temperature at which atmospheric air becomes 100% saturated with water
vapour (i.e. p; = pg), such that if the temperature is further reduced, water condenses out of the
atmosphere;

v the psychrometric chart is the key tool of air condition monitoring together with the wet and dry
bulb thermometers, and the terms psychrometry and hygrometry are introduced to describe the
study of atmospheric air;

v the principles of operation of an air-conditioning unit require enthalpy balances to determine the
heat power required by heating and cooling in the unit to produce a particular condition;

v/ the heat pump is the generic refrigeration unit that is required to produce cooling in the air
conditioning unit, and that can also be used to provide heating energy from a cold source;

v/ the p—h diagram is used to plot heat pump processes, since it quickly yields enthalpy changes
between points, which represent the heat and work transfers required to produce the changes of
state;

v the coefficient of performance is introduced as the measure of heat pump effectiveness.
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2.3 Gas mixtures

There are two ways of analysing gas mixtures — by mass fractions and by volume fractions. The
law of partial pressures and internal energy leads to analysis by mass — gravimetric analysis.
Using it enables calculation of properties of a mixture, i.e. i, ¢,, ¢,, R,M, s from the individual
properties combined according to their mass fractions.

Gravimetric analysis

The proportions by mass are useful for determining the fluid properties of the mixture. The
Gibbs—Dalton law of partial pressures presented in Section 2.2 gives the method for doing this
as follows:

Deductions from the Gibbs—Dalton law of partial pressures:

H=U+ pV
H=3U + 3pV
H = 3H, (2.15)

Here, the subscript i indicates a particular species of gas in a mixture of gases, and it is
comprised as shown here by use of the Gibbs-Dalton Law, of a contribution from each of the
constituent gas enthalpies.

From the summation (conservation) of internal energy
m(uy = uy) = Zm; (u; — uy;)

me, (To —T7) = Zm; ¢,; (T, —T7)

m;
¢, = ZWCW' (2.16)

From the summation (conservation) of enthalpy
m(hy = hy) = Zm; (hy; = hy))
me(TZ - T1> =23 m;c, (T2 - Tl)

i Cpi
G = 2%% (2.17)
From Joule’s law
R=¢-q¢
R = Zmi i M G

(2.18)
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oo R;
R =Z2—1
ok
i
R oom R
o
ml
Loghl (2.19)
i m i
This can be calculated by treating the mixture as a perfect gas.
From the first law, dg = —dw + du
Substituting from the second law and reversible work in a closed system:
Tds = pdv + du
ds = Ly + &
Now, du = ¢, dt and p/T = R/v
_dv, dr
ds = R ) + ¢, T (2.20)
Hence:
I
S, — s = Rln( ) + ¢ 1In T (2.21)
] 1

This can be converted to alternative forms, i.e. p—T and p—v forms, by using the equation of
state.

Since pv = mRT, to get the p—T form: v,/vy = (p1/p>)(T>/T})

Substitute into the previous entropy formula to give:

T, T,
sz—sl—Rln( )+Rln + ¢ 1n
T,

2
P 15
S — 8§ = Rln(p’z) (R + ¢)ln T

T
5 — 5 = Rln(p ) +c ln(Tj) (2.22)

Therefore for mixtures

= Zmi(si 1)y (2.23)

Note: Even for a perfect gas mixture, the entropy depends on state rather than temperature
alone (see h and u, which are just temperature dependent for a perfect gas).
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Calculate ¢, for the following fuel and air mixture at 300 K:

methane 0.1kg, ethane 0.25 kg, nitrogen 0.75 kg and oxygen 0.23 kg

Using the tables of thermodynamic properties, the ¢, for each of the gases can be read

at 300 K as methane, 2.226 kJ/kgK, ethane 1.766 kJ/kgK, nitrogen 1.040 kJ/kgK and

oxygen 0.918 kJ/kgK. Using the formula from above the G of the mixture is

(0.1 X 2.226 + 0.25 X 1.766 + 0.75 X 1.040 + 0.23 X 0.918)
1.33

= 1.245Kk]/kgK

Volumetric and molar analysis

Volumetric analysis is directly related to molar analysis. So if we have the proportions
of volumes of the gases reacting, we know the proportions of moles reacting. The analysis
examined so far is gravimetric, that is the analysis of gas mixtures by the separation of the
constituents and their estimation by mass. However, in some cases the composition based on
volumes (or volumetric composition) of gases in the mixture is known.

Example: The volumetric composition of air is approximately 79% nitrogen, N,, 21% oxygen,
O,, by volume. That is in 1 m?® of air, the partial volumes of nitrogen, N, and oxygen, O, are
0.79m? and 0.21 m>.

The volume of a mixture of gases is equal to the sum of the volumes of the individual constituents when
each exists alone at the pressure and temperature of the mixture

v=>

V' = mixture volume at p, T
I/; = partial volume of gas component i at p, T’
Vyp, 1 refers to the volume occupied by gas ‘i’ at the mixture pressure, p, and mixture

temperature, 1.

It is important to understand the subscripts that identify the various components.

Partial pressures and partial volumes are alternative ways of describing the mixture. Either a

component occupies p; at I or V/; at P but not I; at p;. Using the gas law, considering a perfect

gas:

By partial pressure, p;l” = m;R; T

By partial volume, pV; = m;R; T

Divid . Vi op 294
1V1etoglve.V—p (2.24)

Equation (2.24) shows that proportions by volume are equal to proportions by pressure. So

if' a gas occupies 10% of volume of a mixture, its partial pressure will be 10% of the mixture

pressure.
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By definition, this is the same as the volumetric analysis but using mole fractions. The mole was
presented as a measure of substances in the previous section on air conditioning.

Definitions:

(1) 1 mol of gas has a mass in kg equal to its molecular weight.

(2) 1mol of any perfect gas occupies the same volume 17 at a given p and T as 1 mol of any
other perfect gas (e.g. the standard atmosphere condition, I = 22.4m? at T = 0°C and
p = 1 atmosphere).

(3) 1mol of a substance contains an Avogadro number of molecules, N, = 6.025X10%* mol™".

(4) Usually it is more convenient to quantify in kmol.

Part (2) above tells us that the volume occupied by the same number of molecules of any gas is
the same.

The atomic masses of all elements can be found in the periodic table of the chemical elements. To
get the molecular mass of a molecule made up of more than one atom, add the atomic masses of
the atoms. For example, carbon dioxide is CO», so for every single molecule of this there is one
atom of carbon, atomic mass 12 kg/kmol, and two atoms of oxygen (indicated by subscript 2) of

16 kg/kmol each, so the total molecular mass of CO, is 12 + 16 + 16 = 44 kg/kmol.

Consider 1 kmol of hydrogen and 2 kmol of oxygen mixing

By volume,

without reacting in Figure 2.21, pictured by volume, at constant H, " 20, H, 20, | this is 3H,,
pressure and temperature. It is known that at the same p and T, 2kg 64kg 66kg %Oz
1 kmol of any gas occupies the same volume — regardless of mass — 1 kmol By mass, it is
as 1 kmol of any other gas. Since the molecular mass of hydrogen L,
is so much less than oxygen, this shows us the effect of molecular 2 kmol ig )
weight, that vastly different volume and mass fractions of gases can 3kmol 3 2
occur in a mixture. Figure 2.21 Proportions by mass compared to
The equation of state for perfect gas is: volume

piV (or pV;) = mRT (2.25)

To calculate by number of mole instead of by mass:

n= % where n is the number of kmol, m is the mass of the sample [kg| and M is molecular
mass [kg/kmol]. Knowing that the specific gas constant, R is the molar gas constant R, 8,314

[J/kmolK], divided by the molecular mass of the gas:

mR = ]\_}El =R
Substituting in equation (2.25) gives:
piV (or pVy) = n,RT (2.26)

Molar analysis can be used to determine partial pressure and partial volumes and vice versa.

For the mixture as a whole, considered as a perfect gas, we have:

pV = nRT
(Note the molar form of the gas law). Using equation (2.26) gives:
piV _ niRT
pV nRT
pi _n
P m (2.27)
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Combining with equation (2.24) leads to:
Ppi

p

<|=

= 2.28
= (2.28)
in which

2pi=p,ZV;=Vand Zn, = n

Equation (2.28) shows us the important fact that volume fraction is equal to molar fraction.
Consider a reaction 2H, + O, — 2H,0O.The molar fraction of H, in the reactants is 2/3.This
is also its volume fraction. Usually we have a volumetric analysis and a reaction to consider in
combustion-related calculations.

This is calculated from

X
Il
SN

and therefore

3
Il
S

E nim;
. 1

by conservation of mass.

Therefore the molar mass of the mixture is

ﬂﬂ%[
i=» - (2.29)

i

Compare this with the relation derived by partial pressure analysis:

LN M
m Z m i, (230)
. . : _R
Since the specific gas constant is defined as: R = =
Therefore,
R_N\"mi R
R Z n R,
and
1 _\"m R
== > X 2.31)
To convert from gravimetric to volumetric proportions, consider volumetric analysis:
of constituent, i: -
m;R .
pVi= 7T (equation A) (2.32)
. mR .
of mixture: pV = Il T (equation B) (2.33)
dividi ion (2.32) by (2.33) gi V"—(m") i m"—(l/")('%") 2.34
ividing equation (2.32) by (2. )glvesV— p (”71) or — =7\ 7 (2.34)

m;

Note that pV; = n,RT and n; = =

The conversion can be done in tabular form.
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Typically, a volumetric analysis is stated as, for example, 10% methane, 10% ethane (C,Hg),
;i

vV,
65% nitrogen and 15% oxygen, i.e. VST 0.1,0.1,0.65 and 0.15 respectively for each gas.

A methane 0.1 16 1.6 0.058
B ethane 0.1 30 3.0 0.109
C nitrogen 0.65 28 18.2 0.659
D oxygen 0.15 32 4.8 0.174

~ nii;
m :Z P 27.6 kg/kmol

Alternatively for mass to volume fraction:

A carbon 0.09 12 0.0075 0.192
B O, 0.21 32 0.0066 0.169
C Ny 0.70 28 0.0250 0.639

1 _N"mM1 _
== St = 0.0391 kmol/kg

For 0.1 kg of carbon combusting in 1 kg of air. Mass ratio of air is O, = 0.233, N, = 0.767.

Total mass is 1.1 kg. This is useful because C + O, — CO,, which we shall consider in the
section on combustion.

The equations given in this volume and in the first volume for the work done and heat
transferred during various processes undergone by a single, perfect gas can be used for a
mixture of perfect gases. That is, the appropriate values of specific heats and gas constants are
calculated from the values applicable to individual constituents. Therefore knowing ¢, ¢,, R and
v for the mixture, all other equations can be used.

Learning summary N

By the end of this section you will have learnt:

v gas mixtures have several gases intimately mixed, which can be quantified in proportion by mass
or by volume;

v/ the Gibbs-Dalton law of partial pressures leads to proportion analysis by mass, or gravimetric
analysis;
v Amagat’s law of partial volumes leads to analysis by volume proportions;
v combining the two with the gas law leads to a useful relationship between partial volumes,
molar proportions and partial pressures of the gases: Pi - % = %which can be used to make
conversions between gravimetric and volumetric analy};is.
N\ J

2.4 Combustion

Fuels produce energy by reacting with oxidizers. The oxidizer is commonly the oxygen in
atmospheric air but may be oxygen embedded in a compound that has high oxygen content,
e.g. nitrates with NOj (i.e. one nitrogen atom per molecule with three oxygen atoms) as
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seen in fireworks in Figure 2.22(a), which contain gunpowder: potassium
nitrate (75% mass), charcoal (15% mass) and sulphur (10% mass). The fuel
may be a solid (e.g. coal), a liquid (e.g. petrol, which may be considered as
octane, CgHyg, or a gas (e.g. natural gas, which may be considered as
methane, CHy, as shown burning in Figure 2.22(b). Since fuels mainly
comprise hydrogen and carbon, they are called hydrocarbons. If
sufficient starting energy is provided to initiate a reaction, then the oxygen
will react with the hydrocarbon fuel in combustion. This section outlines
how to calculate the amount of air required to burn a given amount of
fuel, and the composition of the products of combustion formed.

Solid and liquid fuels are analysed by mass (gravimetric analysis). Gaseous
fuels are analysed by volume (volumetric analysis). In this section, all fuels
are assumed to be burnt in air, and it is assumed that air contains 23.3%
0,,76.7% N, by mass or 21 % O, , 79% N, by volume as described in
the introductory part of Section 2.2 on air conditioning. The ratio of

6.7

nitrogen to oxygen by volume is D 3.76.The ratio by mass is 767

21 23.3

= 3.29.These analyses correspond to a mean molar mass /7 of 28.85 kg/
kmol and a corresponding mean specific gas constant R of 0.287 kJ/kgK.
If the small percentage of CO, and Ar are included, then 1 = 28.96 and
R = 0.287 kJ/kg K. This assumes approximate air data from tables
(Rogers and Mayhew, 1995).

Stoichiometric combustion

Molar reaction equations are used for the analysis of a combustion
process, which begins by the formulation of the chemical equation that
shows how the atoms of the reactants are combined to form the products.

Figure 2.22 Combustion characteristics

How to balance equations:
e.g. butane C,H,; + xO, — aCO, + bH,O

The unknown quantities are labelled by the unknown number of moles for each, and the

combustion of only 1 mole (if working in grams) or 1 kmol (if working in kg) of the fuel

is considered. We know that since matter cannot be created or destroyed, the atoms on the
reactant side must be present on the products side and so a count of atoms reveals that:

C:4=a

H:10 =2b;b =5

O:2x =2a + b;x =13
Therefore:

C H;, + 130, — 4CO, + 5H,0

By the law of conservation of mass, the number of atoms of each element is the same at the
beginning as at the end of any chemical reaction:

the number of atoms of reactants = the number of atoms of products

The reaction equations are molar, i.e. in terms of molecules reacting, and therefore we can
make use of molar masses to find the masses of each involved in the reaction, and molar
quantities are equivalent to volume for gases as described in section 2.3 in the subsection on
molar analysis. Equations conserve:

(1) number of atoms of each element from reactants to products of combustion

(2) mass of reactants = mass of products.

Usually the number of moles (alternatively called mols) of reactants will not equal the number
of mols of products.
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In order to convert to mass fractions from mole fractions, use n = < = m = nmi as shown in
the example below in which:

n = number of kmol in sample

m = mass of sample

m = molecular mass of the sample

SIE

Example: forming water.
H, + 3 O, = H,0
1kmol + 3 kmol — 1kmol
1 kmol X 2kg/kmol + %kmol X 32kg/kmol = 1 kmol X 18 kg/kmol
2kg + 16kg — 18kg

The proportions can then be scaled up or down depending on mass of fuel used. Similarly, if
we have the masses, we can convert to molar equations.

Note: Incidentally, at this point it is worth noting that the naming of hydrocarbon fuels
gives away their chemical formula. The prefixes, meth-, eth-, prop-, but-, pent-, hex-, hept-,
oct- etc. denote the number of carbon atoms in the molecules increasing from one to eight

in this list. The suffixes -ane and -ene denote the bonding of the carbon atoms to each (2 H

other within the molecules. A carbon atom can be considered as having four links with | |

which to connect to other atoms. Therefore methane has one carbon atom with its four C=C

links connected one each to a hydrogen atom, hence CH,. Ethane has two carbon atoms |

with one link connected between them and then each one having three links connected HoH

to a hydrogen, hence C,Hg. Ethene (Figure 2.23(a)) has two carbon atoms with two (b H H H H
links connected between them — a stronger bond — and each with only two links each to | | |
hydrogen atoms, hence the C,H,. molecule. The schematic representation of butane T T_ ?_ C|_ ?_
(Figure 2.23(b)) gives the idea of the single carbon links and the single hydrogen links. H H 4

Stoichiometric combustion describes a combustion reaction in which all of the fuel  Figure 2.23 Schematic diagram
and oxidizer is used to make the products, so there is no leftover fuel or oxidizer. of the structure of (a) ethene

A combustion process can be:

Complete: where sufficient O, is available to convert all carbon and all hydrogen in the
hydrocarbon fuel to CO, and H,O.There may be excess oxygen in the products.

Incomplete: where not enough O, is available, and other products such as CO appear.
Oxygen prefers to react with hydrogen, so all hydrogen is consumed before carbon starts to be
converted to CO or CO,.

A stoichiometric reaction is one where all the oxygen is used up and all the fuel is burnt to
the ultimate products (CO,, H,O), which are the most stable combination of those atoms at
atmospheric conditions. Stoichiometric combustion describes the most efficient use of oxygen
and fuel, and it is useful to use the ratio of oxygen to fuel in the stoichiometric case in order
to compare actual oxygen—fuel ratios. This can be done by volume or by mass. For example, if
ethane is burned in oxygen, the equation is described by:

C,Hy + 33 O, — 2 CO, + H,O

The stoichiometric oxygen—fuel ratio of C,Hy (by volume) is oxygen moles + fuel moles
i i
= % = 3.5 —1.e. by number of moles. This can be done because of; = phe molar

proportions represent volume proportions.

Air—fuel ratio

Most combustion applications use the oxygen in atmospheric air and therefore draw in
significant amounts of nitrogen to the reaction. Nitrogen is not reactive at atmospheric
conditions, but can react at the high temperatures typically found in flames. Although there
can be reaction of nitrogen it does not happen in significant quantity compared to the more

and (b) butane
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aggressive carbon and hydrogen reactions, and can be neglected with only a very small effect
on the volume and mass fractions of the other reactions. It is a significant issue for air pollution
since parts per million are sufficient to cause acid rain.

The stoichiometric air—fuel ratio (AFR) by volume is found from the stoichiometric oxygen—
fuel ratio equation, but includes the nitrogen in the air as an inert gas. This is important not

for the reaction, but for the temperature of the flame — the more gas there is involved in the
reaction, which has to be heated up from atmospheric conditions to the flame temperature, the
lower the flame temperature.

Nitrogen is brought in with oxygen at a fixed ratio of:

3.76 X (O, volume) — from approximate air data.

Total air volume includes the O,, i.e. air volume is (1 + 3.76) X (O, volume).

The stoichiometric air—fuel ratio (AFR) in the case of the ethane combustion before is:

AFR 1ume = (Os/fuel) vol ratio X 3.76 + 1
= 3.5 X 4.76 = 16.7 (by volume)

This can be converted to stoichiometric AFR by mass.

Since n = 2
! AFR,, = MU0 - ppR . x A
mass Myel - volume ’%CzH(,
_ 29 _
=16.7 X 30 = 16.14

In practice, the complete reaction equation for the air and ethane stoichiometric case will
include N, terms where N, is treated as inert as in the following reaction equation:

C,Hy + 33 O, + 3% X 3.76N, — 2CO, + 3H,0 + 33 X 3.76N,

Non-stoichiometric combustion

This can either be fuel rich (insufficient O,) or air rich (excess O,). In these cases,
combustion products can contain incomplete products such as CO and free oxygen as well as
COZ, Hzo, Nz etc.

In the case of excess fuel the incomplete combustion of the fuel leads to CO, and CO
products (this is in the case of hydrocarbon fuels). The hydrogen is always the first to burn off
because it is a much more aggressive reaction than the carbon reactions, so it seizes any oxygen
present before the carbon can get to it. In real processes, there may be both the oxygen (O,)
and CO 1in the products, because of incomplete mixing of fuel and air.

In the case of excess O, the products will include free oxygen, but the fuel is burnt to the
ultimate products. The % excess air supplied is a useful indicator for mixture quality. This is
defined as:

air supplied — min air for stoichiometric combustion

0, —
% excess air min air for stoichiometric combustion 100
This is the same by volume and by mass because:
E . I/a,stoich
Vf Vf I/ﬂ ma mﬂ a nd
by volume: ————— But — X —= = — because 7, = —
[/a,stoich I/f mf mf V}f f’lf
Vi
@ E % @ . @ % I/fl,StOiCh ﬂ . ma,stoich
oy throwehont by —F 4y Wy Vp o mymy
.. Multiply throughout - - = : = — 2.35
Py & Y Va,st()ich ﬁ Mg stoich ( )
Vi oy my
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Wet and dry products

Since the products of hydrocarbon combustion contain H,O, i.e. steam, which condenses
when the product temperature is reduced to the atmospheric condition, it is useful to consider
the products as wet when the water is contained as a vapour and dry when the vapour is
considered to have condensed out of the products. This gives rise to the terms wet products
and dry products of combustion. It also affects the energy value of the fuel, such that less
energy is used when the products escape to the atmosphere containing the water as vapour.
Notably, modern domestic condensing boilers make use of the energy in the water vapour by
condensing it in the exhaust stream and capturing some of its energy. A gas analyser can be
used to measure the component gases of a combustion exhaust stream in order to test how
complete the combustion is, and it informs about the state of mixture of the incoming gases.

Worked example
Determine the stoichiometric AFR:
(1) by mass (2) by volume

for propane, C;Hg. Calculate the volumetric composition by wet and dry
analysis of the products. If the fuel is burnt with 30% excess air, what are the
volumetric and gravimetric composition of wet products?

b Aim:
To realize stoichiometric air—fuel ratio by mass and by volume.
To realize the importance of wet and dry analysis of product gases.

Stoichiometric air to fuel ratio (AFR):

(1) by mass

Reaction equation of the fuel:
C3H3 + 502 g 3C02 + 4H2O
44kg + 5(32kg) — 3(44kg) + 4(18kg)

The oxygen—fuel ratio by mass is therefore 5 X % = 3.636.The air—fuel ratio can be
worked out using the approximate ratio of air to oxygen in atmospheric air, which is
1:0.233 by mass:
wilsg | ol 0
fuel[kg] fuel[kg] 0.233
The AFR by mass is therefore 15.6.

= 3.636 X 4.29

(2) by volume

The oxygen—fuel ratio by volume is 5:1 from the reaction equation above.To find
the AFR by volume, use the approximate ratio of air to oxygen in atmospheric air,

4
& which is 1:0.21 by volume:
air[kmol] oxygen[kmol] 1

fuel[kmol] - fuel[kmol] X 021 S sl

The AFR by volume is therefore 23.8.

The complete representative equation with all mixture components of the air—fuel
stream includes nitrogen in the approximate ratio for atmospheric air. Including this
in the reaction equation gives:

0.79 0.79

e S > o > aling
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In order to get a volumetric analysis of wet and dry products, use a table for
compactness. Wet includes the water in the reaction; dry does not include the water.

Wet Dry
Vi Vi
Component V; N7 V; %
CO, 3 0.116 3 0.138
H,O 4 0.155 0 0
N, 18.81 0.729 18.81 0.862
2 25.81 1 21.81 1

When there is 30% excess air in the reacting stream of air and fuel, there will be 30%

more O, and N, in the representative equation:

C3H8 ar 5 X 13(02 + 0'79/0_21]\72) - 3C02 + 4HQO ar 0302 + 5 X 13 X 0'79/0_21N2

The list of products can be made for gravimetric and volumetric analysis:

Vi ~ ~ Vi mi _ Vi
Component | I s m; mi = i, o m T
[kmol] [-] [kg/kmol] | [kg/kmol]
CO, 3 0.091 44 4 0.141
H,O 4 0.122 18 2.187 0.077
O, 0.3 0.046 32 1.456 0.051
N, 24.45 0.742 28 20.78 0.731
2 32.95 1 2=m=284 |1

Note that the column for the individual mixture species components has units kg/kmol
and not just kg. This happens because, when multiplying by the volume fraction, we are

considering per unit volume, and that is equivalent to per kmol of the total product gases.

The sum of this column strictly speaking makes up the molecular mass of the product

gases as an incidental by-product because we use the kmol as a convenient total sample
size of the product gases. The final column calculating the ratio of each gas to the total
mass of product gases uses the molecular mass of the previous column.

Worked example

Benzene C¢Hy is burned in air and dry products of
combustion contain 2% CO by volume and no free
oxygen. Determine the stoichiometric air—fuel ratio
by mass and the actual air ratio by mass.

Aim:
To calculate excess air supplied.

To show how to use the air—fuel ratio to indicate
substoichiometric combustion.

The benzene molecule is complex, in the form of
a ring with a mixture of double and single links
between the carbon, as shown.

PN C/C\
!

Figure 2.24 Schematic
diagram of the
structure of benzene

H H

e o
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For the stoichiometric combustion case, the reaction of the fuel with oxygen can be
written:

C3Hy + 730, = 6CO, + 3H,0
78kg + 73(32kg) — 6(44kg) + 3(18kg)
The oxygen—fuel ratio by mass is therefore 7% X 32:78 = 3.077.

The AFR by mass can be calculated using the approximate ratio of air to oxygen in
atmospheric air by mass, which is 1:0.233 = 4.29:

airkg]  oxygen[kg] air[kg]
fuellkg] ~ fuellkg] X oxygen|kg]

The AFR by mass is therefore 13.2.

For the actual combustion, insufficient oxygen is supplied to burn the fuel completely.
We assume that the order of reaction of the atoms in the fuel is hydrogen first completely,
since it is the fastest and by far the most aggressive. Subsequent to this, the carbon burns,
firstly all to carbon monoxide and then some CO reacts to form CO, to consume the
remaining oxygen. The lack of sufficient air therefore leads to some CO remaining in the
exhaust gas stream.

= 3.077 X 4.29

We assume in the representative reaction that there is a proportion of the stoichiometric
O, required, and write:

C6H6 AF y(OZ AF 0‘79/0.21N2) - CICOZ aF bCO aF CHzo aF ()'79/0'211\]2

The first step is to conduct an atomic balance in terms of y, such that when the proportion
y 1s known, the equation balances identical quantities of elements on each side.

Carbon:6 = a + b

Hydrogen: 6 = 2¢, i.e.c = 3.

Oxygen: 2y = 2a + b + ¢ and substituting ¢, and
a=6-b2y=12-2b+ b+ 30orb=15-2y.

The second piece of information is the proportion of CO in the dry products by volume,
which is 2%. We therefore create the proportion from the above equation and equate to

0.02:
b

R
And substituting b = 2y — 15and a + b = 6:
15-2y
6+ 376y 002

Therefore, y = (15 -0.12)/(2 + 0.0752) = 7.16.
The AFR by mass for the actual combustion process is:
airfkg] ~ 7.16 X (32kg/kmol + 3.76 X 28kg/kmol) 9383

faellkg] 78kg =g 126

Worked example

A particular coal has a mass analysis of 81% C, 5% H, 5% O, 9% ash. The
volumetric analysis of the dry products is:

10% CO,, 1% CO, 8% O,, 81% N,

Determine the minimum air required for complete combustion of 1kg of coal
and the percentage of excess air required to produce the product gas proportions.
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4 Aims:

To realize the ash content effect on the air—fuel ratio.

To determine the stoichiometric reaction.

To realize the effect of oxygen in coal on the stoichiometric reaction.
To calculate excess air supplied.

In this case it is useful to determine the required oxygen by working out for each
component how much oxygen is required to burn it individually. So instead of a

representative reaction equation, it is more obvious to create a table:

Constituent |Reaction Mass per kg | Mass of O, Oxygen

of coal per kg required
carbon C+ 0,—>CO, 0.81 32/12 = 2.67 |2.16
hydrogen H, + %0, —= H,O [0.05 16/2 = 8 0.4
oxygen 0.05 =l —0.05
ash 0.09 0 0

Adding the oxygen required in the last column, per kg of coal there is 2.51 kg of
O, required. For complete combustion, the air required for 1 kg of coal is this mass
multiplied by the air:oxygen ratio by mass in the atmosphere, which is 1:0.233 = 4.29.

Therefore complete combustion requires 4.29 X 2.51 = 10.77 kg.

In order to find the actual air supplied, we have to take account of the information presented
by the constituents of the product gas stream. This contains nitrogen that can only have come
from the air supplied. The carbon came in a fixed proportion of the coal, and if we can work
out the nitrogen to carbon ratio, we can infer the air:carbon ratio, and hence the air:coal
ratio. The other useful information is that the ratio of products is given by volume, and we
therefore know the molar proportions, which then give not only the mass proportions of
each species molecule, but also the mass proportions of the species atoms.

For 1 kmol of product gases, there is 0.81 kmol of N,, with mass 0.81 X 28 = 22.68 kg.

22.68 _
== = 29.57kg.

There is 0.1 kmol of CO,, containing 0.1 kmol of carbon, with mass 0.1 X 12 = 1.2kg,
and there is 0.01 kmol of CO, containing 0.01 kmol of carbon, with mass 0.01 X 12 =

0.12kg. The total amount of carbon in 1 kmol of product gas is therefore 1.32 kg, which
is carried in the proportion 1:0.81 of coal to carbon. Therefore the mass of coal to carry

. 1.32
1.32 kg of carbon is 08l 1.63 kg.

The air to coal ratio is therefore 29.57:1.63 = 18.14 by mass.

This is carried in with a proportion of air by mass of 1:0.767 or

Therefore percentage excess air is:

18.14 — 10.77
10.77

excess air % =

or 68.4%.

How solids burn

Coal, plastics and wood all burn in an oxygen environment, and the pattern of combustion is
very familiar if not formally recognized. The combustion has characteristic stages as follows:
initial heating with evaporation of any moisture content up to the temperature at which
polymers melt and begin to evaporate. This stage is called devolatilization involving the
evaporation of volatiles — low boiling point hydrocarbons in the fuel. The volatile molecules

s e
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burn in the surrounding gas giving the familiar flame of airborne combustion. There then
follows smouldering combustion of the char content that is left behind, until only the ash

is left. Char is carbon, which is solid, does not evaporate and relies on diffusion of oxygen
coming in through the pores to burn. As long as the diffusion rate is sufficiently fast to produce
a reasonable amount of combustion, whilst insufticient cooling occurs, then the char remains
at high temperature sufficient to initiate combustion at new sites penetrating deeper into

the body. This type of solid-bound combustion has a characteristic glow dependent on the
temperature of the char. Figure 2.25 shows the early stages of combustion of a piece of rubber,
showing a sooty flame as volatile molecules are released and burnt, and some are cooled faster
than they are burnt, forming carbon-heavy particles or soot.

o o o o

Figure 2.25 Initial stage of combustion of a (a) ignition; (b) 30s; (c) 60s; (d) 120s piece of car tyre rubber in a
900°C furnace

Combustion energy

This section describes how to calculate the energy released by combustion, and the
temperature of the products. The temperature affects the mechanical strengths of materials
of the combustion vessel as well as thermal efficiency. Combustion, just like other processes
considered before, can be a closed system process as in an internal combustion engine, or

an open process as in a jet engine or boiler furnace. As before, it is the first law that we are
interested in. The two forms are the direct first law and the derived SFEE for each of the
processes. Combustion releases chemical energy, which is converted to internal energy in the
closed system and enthalpy in the open system.

Internal energy (AU,) of combustion

The closed system is the easiest to consider to start with, that is for non-flow processes.To use
the first law of thermodynamics, Q + W = AU, we need to know, when energy is released from
combustion, how much is converted to heat and work, and how much is taken to increase the
internal energy of the working fluid. AU is the internal energy of combustion at reference
conditions of temperature T, (usually 25°C) and of pressure pg (usually 1 bar). This is determined
from the first law applied to a constant volume, closed system process, as shown in the following.

For an analysis of closed system combustion, refer to schematic diagram of the process in
Figure 2.26.

\; ﬂlf
Vi, Ty §>7 Vo, Ty ‘<_. Vo, Ty
£ A

) @) ©) 4
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(1) Reactants are brought together; at 1, T}, the fuel and air mixture is ignited and burnt.

(2) Combustion then takes place; this releases chemical energy which is transformed into
‘sensible’ internal energy, that is kinetic energy of the molecules, which dictates the
temperature of the mixture. Some changes to properties will also occur and the chemical
species will change. Still at V|, but temperature will have increased.

(3) and (4) Products are cooled back to T,. Notice that bringing the products back to
temperature Tj is a standardizing procedure — it allows us to consider, in a standard way, the
quantity of heat available from a combustion reaction.

Apply the first law to the processes (a) to (¢):

Q=-—-W+ Uz — Uy (2.36)
But there is no work because it is a constant volume process.

Q= U, — Uy (2.37)
where subscript p indicates product species mixture and r indicates reactant species mixture.

Q= Uy — Uy = AU, (2.38)

Since Q is negative, because heat is transferred from the system to surroundings, then

U,y > U,y and the internal energy of combustion is negative. Internal energy of combustion
tells us how much heat had to be removed to convert the reactants to the products and bring
the products back to the standard state temperature. So Q in equation (2.38) is the heat released
by the reaction.

Enthalpy (AH,) of combustion

For steady flow process combustion, the situation is similar except the steady flow energy
equation Q + W = AH (neglecting KE and PE) is used. In the same way as for the closed
system, in which a standard state internal energy of combustion is used, in the open system,
AH,, the enthalpy of combustion at reference temperature T;, (25°C) and pressure p, (1 bar)
is used. Note the subscript zero, means at standard condition, i.e. at 25°C.

AH, can be determined from the SFEE for a flow
process with no work, and with heat transfer to
restore the temperature of the products to initial 1

temperature of the reactants, T,. Consider the : I—f
situation shown in Figure 2.27, in which the ;
combustion takes place from the standard state

condition at 1 (i.e. temperature is T), releasing Reactants |:|,>
energy. The combustion energy released in &
the flame is removed through the walls of the

|:> Products

system by heat transfer in order to reduce the hot o T
combustion product gases to the initial temperature Figure 2.27 Open system combustion model. Note that
of the reactants. Writing the steady flow energy the beginning and end conditions are forced to be at the
equation including kinetic energy for now: standard state.

C? Cy?
H, + m—s- + Q(—ve) = H, + m—s-

C,? C,?
Q=(H,—H)+tm S5 T 5 (2.39)
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The kinetic energy terms are often negligibly small compared to the enthalpy and equation
(2.39) simplifies to

Q - HPO - HRO - AHO (2.40)

For a combustion reaction, Q is negative, i.e. the system produces heat that is extracted from
the working fluid via the containing system walls, in order to bring the products back to the
standard condition temperature. Since the flow is in a duct of some kind, it is often the case
that pressure does not change significantly across the flame.

Converting between AH, and AU, from H= U + pV

Values of enthalpy of reaction are stated in data tables, but internal energy of reaction is not
necessarily stated. If we want to know the internal energy of reaction for a closed process, then
we must be able to work it out. It is therefore useful to be able to convert from one to the
other, and this is based on the formula for enthalpy as follows:

AH, = H,,— Hpy = (AU, + Ap,y Vo) = AUro + pro Vro)
AH, =AU, = Urg) + (Ap,o Vo = pro Vro)
AH, = AU, + (Apyo Vo — Pro Vro) (2.41)

— For solid and liquid components, P}/ is negligible
— For perfect gas components, pl” = nRT, therefore

Where AI_I() = A(](] + (Ai/lp - nR) RT(} (2.42)

n, = kmols of products per kmol of fuel burnt.
np_ = kmols of reactants per kmol of fuel burnt.

AH, and AUj are in kJ/kmol of fuel burnt.

Usually energy contributions are considered in terms of mass, and so conversion from kJ/kmol
to kJ/kg must be done before use in the steady flow energy equation. Enthalpy of reaction

is stated for common reactions in the data tables. There is a very easy way to work them out
from enthalpy of formation for the molecules involved in the reaction which are given in
the tables in order to determine reaction enthalpy for a wider range of reactions. Formation
enthalpies are stated in kJ/kmol for molecules, and represent the energy required to form the
molecule from the constituent atoms. Atoms have formation enthalpies dependent on their
structure, but are often zero. In particular, all diatomic molecules (e.g. N,, O,) have formation
enthalpies of zero. In order to calculate the energy released by a chemical reaction, write the
reaction down, write the formation enthalpy of each molecule below the reaction equation,
multiplying by the number of moles involved in the reaction. The difference between the
sum of reactant formation enthalpies and the sum of the product formation enthalpies is the
reaction energy. For example considering the previous example of propane:

C3H8 + 502 g 3COQ + 4H20
44kg + 5(32kg) — 3(44kg) + (18kg)
—118910 + 5 X 0 = 3 X —393520 + 4 X —241830

The enthalpy on the reactant side is =118 910 kJ and the enthalpy of the products is —2 147 880 kJ.
Therefore for the combustion of 1 kmol of propane, the reaction energy released is
—2147 880 — (-118,910) = —2028970k]

Where formation enthalpies are taken from data tables in kJ/kmol.

This is a lot of energy, but it is important to remember that it comes from 1 kmol of propane,
which weighs 3X12kg + 8X1kg = 44 kg, which is a substantial amount of fuel.
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Calorific values

Ay and Auy are usually given at 25°C, per kg or kmol () of burnt fuel. In the tables, Ak, is
given and stated as ARPkJ/kmol at T = 25°C.The phase of the reactants and products, which
could be vapour or liquid (e.g. H,O) should be specified. Alternatively, calorific values are
quoted instead of Al and Aug. These are defined according to British Standard.

Gross (or higher) CV at constant volume (Q,,,), AUssoc, with H,O in products as liquid.
Net (or lower) CV at constant volume (Q,,,,), AUssec, with H,O in products as vapour.
Gross (or higher) CV at constant pressure (Q,, ) AHysec, with H,O in products as liquid.
Net (or lower) CV at constant pressure (Q,,,) AH,sec, with H,O in products as vapour.

By convention, calorific values are stated as positive values. However, we know that according to
the European first law convention, positive energy transfer is into the system. Since a combustion
reaction produces heat out of the system, combustion energy is indicated as negative for use in

the first law equations. The difference between gross and net is due to the state of the water in the
product gases. Look at tables of formation enthalpies (Rogers and Mayhew, 1995): H,O (liquid)

is 285 820 kJ/kg and H,O (vapour) is =241 830 kJ/kg. The difference is the enthalpy difference
between liquid and vapour water at 25°C.This is the contribution of the H,O content to the
overall product enthalpy. Hence the higher calorific value (i.e the more negative the heat removed
to restore to the standard temperature) is with the water as liquid because it reclaims the energy of
condensation, which in turn must be removed from the system by negative heat transfer.

Gas mixture conditions when inlet and outlet
are not at standard conditions

Consider the closed system combustion, similar to the situation in Figure 2.26, but this time
with beginning and end conditions that are different from the standard state. If initial and final
states are not at the reference state temperature T, then artificial processes are considered in
order to adjust conditions such that combustion takes place at the reference temperature Ty,
The reactants and products are assumed to be perfect gases (plus liquids and solids) so that /& and
u depend on T and only T.With these assumptions, we can use Au = ¢,AT and Ah = ¢, AT
for gas mixtures heating and cooling, or more accurately the absolute values of /1 and u directly
from tables, to calculate the difference in enthalpy and internal energy between reference and
actual states.Values of the molar enthalpy or energy content (note that now it is just ‘enthalpy’
not ‘formation enthalpy’ or ‘combustion enthalpy’) and the molar internal energy are given for
common gases in the tables over a large range of temperatures, so they can be read from there.
The specific values, in order to consider fractions by mass rather than volume, are calculated by

dividing by the molecular mass, e.g. i [kJ/kmol]/7i [kg/kmol] = h [k]/kg].

Worked example
What is the specific enthalpy change for carbon dioxide between 25°C and 327°C?

For CO, molar enthalpy at 327°C or 600K is 12916 kJ/kmol. At 25°C or 298.15K it is zero.

S0 Tgpox — Maog 15x = 12916 kJ/kmol, and since i is 44 kg/kmol, specific enthalpy
Change is hé()()K - h298K = 293 kJ/kg

The alternative method of computation is to use specific heat capacity. ¢, = 0.846 kJ/kgK
at 300K and ¢, = 1.075 kJ/kgK at 600K.

The first method is more accurate since it makes no assumptions. The second method
assumes that the change of ¢, with temperature is linear — it is not, quite.
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Closed system combustion

Having determined that internal energy and enthalpy changes of gases between difterent
temperatures can be determined, we can now return to the question at hand, which is to
determine the enthalpy difference (i.e. the internal energy difference for the closed system)
from the standard state for the beginning and end states of combustion. Figure 2.28 shows

a schematic of combustion in a closed cylinder with a moveable piston for extracting work,
similar to an internal combustion engine. In the analysis of the combustion, we know what the
energy release is at standard conditions, so our analysis breaks the process from state 1 to state 2
into a number of artificial steps:

(1) start with the gas at the initial conditions vy, T7;

(2) make the gas go from the initial conditions v, T; to the standard conditions v, T and
note the heat and work to do this;

—
S}
=

as in the analysis for Figure 2.24, combust;

—~
B~
=z

as in analysis for Figure 2.24, cool back to Tj) noting the energy release to do so;

(5) make v, T, standard conditions go to final conditions v,, T, noting the heat and work to
do this.
5
1 Products
Reactants
Wiy and Q, o T,
i, Ty [ >
/>
2 4
v, T v, T, Products
Reactants b0 0 at T,
at T, > >
\ J

h'd
Constant Volume

Figure 2.28 Closed system combustion case with conditions at beginning
and end that are different from the standard state. A cylinder is depicted
similar to an internal combustion engine, and three intermediate artificial
conditions are inserted to aid in the analysis of the process.

Note that there are only two real states: at the beginning conditions 1, and at the end
conditions 2. Three intermediate artificial conditions are inserted between the beginning
and end states to simplify the analysis because we know what happens with energy release
at standard conditions. This assumes that we know the start and end conditions and wish to
know the energy released.

From applying the first law to the states (1) to (2)
Qi + Wi, = U, — U, but
U, = U =Uy, — Uy
Uy = U = (Uyp — Uy) — (Urt — Urp) + (Uy — Uryo)

» »
U, — U = Z mic, (T, — Tp) — Z mc,(Ty — Tp) + AU, (2.43)
PRODUCTS REACTANTS

Where U, with capital, indicates extensive internal energy for the whole quantity of gases
considered.
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Or with tables for values of internal energy:

U, —U = 5 mi(up = ) — E m (uy — ug) + megaAug (2.44)
PRODUCTS REACTANTS

Note that internal energy does not depend on pressure for a perfect gas. Given the conditions
that occur between states 1 and 2, heat and work exchanges with the surroundings can then
be calculated. For example, if we know that the system is perfectly insulated, then the energy
change must be the work done by the surroundings on the working fluid; alternatively, if
there is no machinery to extract work then the energy must be exchanged as heat with the
surroundings.

Open system combustion

For an open system case

Reactants |::>

Figure 2.29 Open system combustion schematic in which the
beginning and end states are at the standard condition

The open system can be handled in the same way as the closed system: apply the same idea as
for the closed system of bringing reactants to the standard state T, and the products returned
from T, to actual state 2.

Apply the steady flow energy equation, noting the superscript dots to indicate flow rates:

.C? . . .C?
H1+m7+ Qp = —I/V12+H2+mT

. . .C? CP2

Qp + VV12=(H2_H1)+’"T_T

The kinetic energy is negligible compared to the enthalpy terms:
Qi + Wiy = H, — H,
Note that condition 2 is for the products and condition 1 is for the reactants:
Qi + Wiy = Hp, — Hyy

Now, similar to the treatment of the closed system case, reduce the product condition to
standard state, and the same for the reactants:

Qi + Wis = (Hpy — Hpg) — (Hpy — Hpp) + (Hpo — Hyo)

Note now that the last enthalpy difference term is the combustion enthalpy at standard
conditions, and using the expression for enthalpy from specific heat capacity at constant
pressure:

Qi+ W = Zmicpi

(T, = Ty) = Zmyc,(Ty — Tp) + AH,
Alternatively, use the enthalpy of the gases from tables for a more accurate solution, which gives:

Qip + Wiy = Zmi(hy — hig) — Zmi(hy — hy) + AH, (2.45)
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Worked example

A mixture of CO and air is 10% fuel rich by volume and at 8.28 bar and
555K. The mixture burns adiabatically and at constant volume. Calculate the
products temperature neglecting dissociation.

The representative stoichiometric reaction equation gives the ideal reaction, which shows
the required oxygen and nitrogen to thoroughly combust all the fuel:

CO + 10, + 3 X 3.76N, = CO, + 1 X 3.76N,

We know that the reaction is not stoichiometric, because we are told that the mixture is
10% rich — i.e. there is 10% more CO than can be burnt with the stoichiometric air in
the above equation. Therefore, the true representative reaction equation will have 1.1CO,
thus:

1.1CO + 30, + 2 X 3.76N, — CO, + 3 X 3.76N, + 0.1CO
Alternatively, divide by 1.1 to get the reaction in terms of combustion of 1 kmol of fuel:

CO + 09130, + 3 X 3.76N,) = 0.9CO, + 1.71N, + 0.0CO

In order to determine the final temperature, we need to analyse the closed system with
the method described above:

U, — U = ZmiCVi(TZ - T - Z mew(T, — Ty) + AU,
PRODUCTS REACTANTS

The internal energy of combustion can be obtained from the tabulated values of enthalpy
of combustion and the equation to convert between the two:

AH, = AU, + A (n, — ny) RT,
ATr, for CO is —283 000 kJ/kmol for the reaction CO + 10, — CO,.
Aty = Ahy — (n, — ng)RT
Ay = —283000 — (1 — 1.5)8.314 X 298

Therefore the internal energy of combustion per kmol of CO is —281 761 kJ/kmol.

To put this in specific terms, divide by the molecular mass of CO, 28 kg/kmol, to give
—10 063 kJ/kg.

The first law can now be applied, for adiabatic (Q = 0) and constant volume (I¥ = 0) to
give:

U2_U1=0

Where U, is the total internal energy of the products at the end of the process and U is
the total internal energy of the reactants before combustion. Knowing the temperature
of the reactants, we can work out the internal energy of the reactants before combustion.
We don’t know the final temperature of the products — this is what is asked for. Using
equation (2.44):

Uy = Uy =Y miei(To = To) = Y miei(Ty = To) + AU
PRODUCTS REACTANTS
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4 And reading values of molar internal energy from the tables (Rogers and Mayhew, 1995),
to complete the following table of reactants:

Species n; kmol /1/71',5551{ k_]/kmol nia,v’555K k_]/kmol
CO 1 2984 2984
O, 0.455 3233 1471
N, 1.71 2944 5034
> 9489

where the internal energy at 555K is found from the tables by interpolation.Values are
stated at 400K and 600K for a number of gaseous species. The interpolation is done thus:

~ 555 — 400 ~ ~ ~
Uj555K = 600 — 400 (”i,é()()K - ”i,4()()K) + U 4008

The reader can easily confirm that the values in the table are correct.

There is no direct way to obtain the product temperature since it is determined by
balancing the equation. The method used is to guess a temperature and see how far out of

balance the equation is. In this case, guess 3000K. :
Making the same table as above for the products '
Species | n; kmol | ;3000 kJ/kmol niit; 3000k kJ/kmol
CO, 0.91 127 920 116 407 ‘
CO 0.09 68598 6174 ‘
N, 1.71 67795 115929
2 238510

Inserting the values in the equation:

U, — U, = 238510 — 9489 + (=281761) = —52740k]

This is negative, and shows that the products were not hot enough. Therefore try the next
temperature up in the table, i.e. 3200K:

Species | n;kmol | ;3500 kJ/kmol | n;tt; 3500k kJ/kmol
CO, 0.91 138720 126 235

CO 0.09 74391 6695

N, 1.71 73555 125779

> 258709

And the equation now is
U, — U, = 258709 — 9489 + (—281761) = — 32540k]

This s still too cool so the process is repeated until the answer is acceptably close to zero.

Learning summary N

By the end of this section you will have learnt:

v/ combustion involves mixing a fuel (hydrocarbon) and an oxidizer, in order to produce heat whilst
converting the chemicals involved in the reaction into reaction products;

v in this unit, the hydrocarbon fuels considered only have hydrogen and carbon composition, and
produce the ultimate product gases carbon dioxide and water vapour;

v molecular reaction equations can be balanced by counting the atoms of all molecules on the
reacting side of the equation, and matching the number of atoms of all molecules on the product
side of the equation;
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v/ a stoichiometric combustion reaction is ideal: every carbon atom combines with exactly one

diatomic oxygen molecule to produce a carbon dioxide molecule, and every hydrogen atom
combines with one other hydrogen atom and one oxygen atom to produce water vapour;

when there is either too much or too little oxygen, incomplete products of reaction appear
including carbon monoxide and oxygen. The reaction is then non-stoichiometric;

most practical combustion installations use atmospheric air, which carries oxygen as the primary
oxidizer. The oxygen in the air brings with it a fixed proportion of nitrogen. The combined
requirement for oxygen with its associated nitrogen gives an air requirement that leads to the air-
to-fuel ratio by mass or by volume;

for non-stoichiometric combustion, the excess air ratio is defined as the ratio of excess air
supplied to the air required for stoichiometric reaction;

the product gases may be considered by proportion with or without moisture, since the moisture
will condense out of the gases when they cool down. The alternatives are known as wet and dry
products of combustion;

each reaction has an enthalpy of reaction at standard conditions, which is determined by the
difference between the sum of formation enthalpies of the reactants and products;

standard conditions are 1 atmosphere pressure and 25°C;

the enthalpy of reaction is referred to as the calorific value of the fuel, and may be considered as
gross, in which case the water is considered as condensed out of the gases, or as net, in which
case the water is considered as vapour in the gases;

enthalpy of reaction is directly used in flow process combustion but must be converted to internal
energy of reaction for closed process combustion;

internal energy balance for closed processes).

v the final temperature of a combustion process can be determined by an enthalpy balance (or

2.5 Reciprocating compressors

Reciprocating piston machines are typically needed to provide a supply of compressed air,
but are also used for other positive displacement requirements such as refrigerator pumps and
vacuum pumps. They can be described as single-acting or double-acting (compression on

one or both sides of piston), single-stage or
multistage (number of stages of compression
before air is delivered). They are positive
displacement pumps and usually have self-
acting valves (cylinder inlet and outlet valves
needed to prevent backflow, which are opened
and closed by pressure difterentials across

the valves). A typical example can be seen in
Figure 2.30.The range of sizes and pressures is
from the order of millimetres of water gauge
pressures (e.g. 5 mm water gauge is p = pgh

= 1000 [kg/m?®] X 9.81 [m/s?] X 0.005 [m]
= 49.05 Pa), as might be used for medical
purposes, to several meters of water gauge
pressure (e.g. 20 m water gauge is p = pgh =
1000 X 9.81 X 20 = 196 200 Pa or 1.9 bar
gauge or approximately 2.9 bar absolute) and
up to hundreds of bar pressure, as might be
used for compressing carbon dioxide to be
buried in disused oil and gas wells for carbon
dioxide sequestration.

T

T
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Crankshaft

5N
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I

Drive wheel
Figure 2.30 Reciprocating air compressor of two-

stage type, with a big lower pressure piston, and a
smaller, higher pressure piston
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There is some basic terminology that must be remembered for a proper discussion of
reciprocating compressors to describe their operation fully. These descriptions are related to
Figure 2.31:

stroke — distance from bottom dead centre (BDC) to top dead centre (TDC)

clearance volume — approximately 10 per cent of swept volume allows the valves to be clear
of the piston

swept volume — volume swept through from BDC to TDC

machine cycle — the gas goes through a machine cycle rather than a full thermodynamic
cycle because it is drawn in and exhausted part way through the cycle

automatic valves — spring return valves

— - —

Air in Air out Air in Air out
[
Clearance
volume
Inlet Outlet
valve valve
Piston

....... }

Figure 2.31 Schematic of reciprocating air compressor stage
with inlet and outlet flap valves and piston with crank

Constant p delivery

The gas in the compressor does not undergo a true
thermodynamic cycle according to the definition of being
taken around a series of states and returned to its initial
condition. It is a machine cycle, since the same mass is ‘
. 3 /M2
not taken around the cycle, but rather has its state changed - . Constant p
from state 1 to 2 in Figure 2.32, whereupon it is delivered i/\
to further processes separate from the compressor. The
indicator diagram is a pressure—volume diagram of
the processes occurring in the compressor (Figure 2.32),
which describes the progression of the gases through the

compressor from inlet at pressure p, to exhaust at p,. These G, Induced v
P P b1 P2 Clearance

volume Swept volume

Valve bounce-exaggerated

<Y

diagrams are commonly produced mechanically from
compressors in order to establish the actual performance,
comparing instantaneous pressure in the cylinder with
the position of the piston. There is a sequence of events
operating on different quantities of the working fluid:

Figure 2.32 Machine cycle - alternatively called an
indicator diagram - of a single stage of a reciprocating
air compressor showing valve bounce

(1) Some time after TDC, the intake valve opens at position 4 when pressure in the cylinder
has dropped to p; and the air over the cylinder inlet is able to force its way through the flap
valve.

(2) As the piston continues travelling downwards, air is drawn in until the BDC at position 1;

(3) The piston continues in its cycle now heading towards the top of the cylinder with the gas
inside the cylinder trapped by the two valves, and compressing according to a polytropic
process.

(4) Delivery (exhaust) occurs when the piston has moved some way towards TDC at which
point the pressure in the cylinder just overcomes the pressure p, and the flap valve opens.

(5) The piston continues to TDC driving air out into the receiving chamber at the higher
pressure.
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(6) The piston reaches TDC, leaving a small volume to clear the valve movements and a small
volume of gas at the higher pressure is trapped inside the cylinder.

(7) This volume of gas is expanded in a polytropic process to the lower pressure and the cycle
repeats.

If the polytropic processes occur rapidly, they are near adiabatic; if slowly, then they are near
isothermal. Hence in the middle must be polytropic: pv" = constant,and 1 < =n < = v.
Typically, the value of n for air would be 1.3 (y = 1.4).The ideal (indicated in the diagram)
and actual indicator diagrams differ because of imperfect valve operation, leakage past the
piston, non-constant # during compression and expansion, and valve bounce.Valve bounce can
often cause pressure oscillations on the ‘constant pressure’ processes, as the valve bounces on its
springy mounting as indicated in Figure 2.33

Spring
b i Flap valve
e oppet valve _'_//

Figure 2.33 Typical arrangements of self-
operating valves

Work done during compression

The cost of running a compressor is in the work done, or rather the power requirement, to
drive the machine cycle and deliver the required mass flow of the gas. There is an ideal case,
and an actual work done, and also the case of the minimum that is thermodynamically possible,
which are all covered in this section.

Reversible (ideal) work done (by compressor on gas, i.e. positive) for equivalent steady flow
open system 1is:

For an open system, reversible work done is
2
dw = f vdp (2.46)
1

therefore for a polytropic process

n n
W= 1(P2V2_P1V1)0f“/: n_lR(TZ_Tl)

w is specific work (work done perkg of working fluid) for a polytropic steady flow process.

The overall work is therefore:

. . Pava
W= mpm#(ﬁ) -1 (2.47)

W is the work rate, or power required, for total mass flow rate of air.

Using
Vo _ (P2)\s
v (m) (249)
Equation (2.47) becomes:
. . n P> ot - . n P2 azt
= — -1 = mRT — -1 2.49
=i (G 7 ) or = a2 G ) e
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This is ideal in the sense that it takes no consideration of the practical workings of the air
compressor, which will involve mechanical work and so reduce the efficiency of the air
compression, i.e. there will be losses due to mechanical inefficiency.

Less work is better for a compressor — it is the effort required to deliver
the air to the higher pressure. The magnitude of the work decreases as

n decreases — the limiting point is n = 1, 1.e. isothermal as depicted in
Figure 2.34.This 1s the minimum work to compress the air to the higher
pressure and therefore would be the ideal if it were practically possible. The
reversible polytropic index work is the actual ideal work done — with the
polytropic index — somewhere between adiabatic and isothermal. Actual
implies according to a realistic process, ideal implies that no other losses are
accounted for such as losses due to friction and turbulent flow.

Figure 2.34 shows graphically how isothermal compression requires less Lo
work than polytropic compression. Work done for isothermal compression '

pv = ¢ and polytropic compression pv" = ¢ is the area under the curve Figure 2.34 Ideal and actual ideal
on the pressure—volume diagram, which is less in the case of isothermal. compression processes
The aim is to compress air with minimum work, so closer to isothermal is

better.

For polytropic and isothermal processes there must be heat transfer to the jacket around the
compression chamber, which will always have some kind of cooling jacket in order to enhance
cooling to help approach isothermal conditions. This is necessary because of the first law, which
requires heat to be rejected if work is done. For a polytropic process we can calculate the heat
transfer using the steady flow energy equation:

Q+ W= mAh
nmR
n—1

Q= ”.“p(Tz - T) - [T5 — Ti]

Using equation (2.49) and the definition of ¢p, since R = ¢y(y — 1)

ey
Q = ieay(ty — 1y — Dy
7 -1
Q= {rhw - %}[Tz - T
.y~ 1
and Q=m 1= nc,,[TQ — T (2.50)

Therefore, the work input, and the enthalpy rise associated with it, require that this heat is lost
to the cooling jacket surrounding the cylinder.

Efficiency

There are standard expression methods for describing how good a compressor is at doing its
job. The isothermal efficiency describes how close the processes are to the unachievable
ideal isothermal process. The isothermal work formula is given by:

W = mRT, m% 2.51)
1

This is the minimum work required for the compression over the pressure ratio with the given
mass flow rate. Comparing this with the actual ideal work produces the isothermal efticiency.

The volumetric efficiency describes how well the operation of the machine draws air into
the cycle and delivers it to the high pressure reservoir. The loss of efficiency results from the



94

An Introduction to Mechanical Engineering: Part 2

small clearance volume described in (6) of the machine cycle above. The air is trapped in the
cylinder when the piston starts its descent and is expanded until the lower pressure 1s reached,
by which time it has taken a significant part of the potential inlet stroke of the piston.

volume induced at inlet state

MNvol =

Vl_V4
Tand Vl:VS+

S

Since 1My, = V¢, then

P2
+ — -
Vet Ve V‘(Pl

swept volume

1
)7

Nvol = Vs

or

V.

_ . _ Ve _
Mot = 1 K{(P1) 1}

Volumetric efficiency decreases as the pressure ratio
increases and as index, n, is reduced, as can be seen in
Figure 2.35; there is less volume drawn in during the
induction stroke. Dotted lines show the effects of
decreasing the pressure ratio and of decreasing the
polytropic index. In the first case, the swept volume is
constant and the expansion has to take up more of the
swept volume. In the second case, reducing n causes the
expansion and compression lines to lean more towards the
horizontal (i.e. towards pr’ — constant pressure process). It
can be seen that increasing isothermal efficiency reduces
volumetric efficiency. Whatever the higher pressure is, the
clearance volume is the same and the gas in the clearance
volume expands during the same part of the induction
downstroke of the piston, taking up an increasing part of
the swept volume, 15, as the high pressure is increased or
the polytropic index is reduced.

(2.52)

Figure 2.35 Effect of increasing pressure and index n on the
volumetric efficiency

Mass flow rate delivered can be calculated using the volumetric efficiency and the stroke volume
per cycle: mygueed = MNvol- Vi-P1 and per second: m = N Vi.py where N is compressor speed
i.e. rpm/60 for single-acting case, and 2 X rpm/60 for the double-acting case.

Multistaging and intercooling

Volumetric efficiency is affected by pressure ratio such that an absolute limit occurs, at which
no delivery occurs, and the entire stroke is taken up in expanding the clearance volume. For
example, the formula for volumetric efficiency shows that delivery is zero when ppig/piow

Ve
= 22.6 forn = 1.3 and v 10%. In practice, (phigh/Prow) for a single stage is limited to

approximately 4:1, and two or more stages are used for higher delivery pressures. The pressure
between stages is the intermediate pressure p; (which is now the inlet pressure for the second
stage). This is referred to as multi-staging, in which the first stage of the compressor delivers
to a further stage at the higher pressure, which in turn increases pressure further.

In the simplest case of two consecutive stages, as shown schematically in Figure 2.36, each stage
can be treated as a separate subject, considering the conservation of mass between the two
stages and that pressure from the outlet of the low pressure stage is the inlet pressure for the
higher pressure stage. It is obviously desirable, to reduce the work done by the compressor. The
total work input is a minimum when the intermediate pressure is p; = | /PrighPlow- L his formula
can be derived by expressing the formula for the combined power in terms of the intermediate
pressure, p;, and differentiating with respect to p; to give the point at which minimum work
occurs when its value is zero. In this case, the work in the low pressure stage is equal to the

work in the high pressure stage, Wip = Wyp

<y
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In order to maintain a good isothermal efficiency and thus keep the work done to a
minimum, there is an opportunity in multi-staging to reduce the temperature of the
intermediately held fluid. In air compressors, this is achieved by applying a water cooling
jacket around the intermediate receiver chamber as illustrated in Figure 2.37.This is
referred to as intercooling. Ideally the temperature in the intercooler is reduced to the
same temperature as the inlet temperature, and this is called complete intercooling.
Figure 2.38 shows the benefit of this in a single-acting two-stage compressor on
the indicator diagram, since the dotted line shows the machine cycle for the second stage
without intercooling for the same mass flow as the first stage; this area is reduced on the
p—V diagram in the intercooled case, and a smaller (i.e. physically more compact) second
stage is required, doing less work.The area between the dashed and solid line is the work
saved by intercooling.

Cooling water —» =

C \VAVAVAAVAAVA l\
Pi g
Intercooler - Clearance
chamber volume

Piston

_____ /[ ...

Figure 2.37 Schematic of a two-stage compressor with an
intermediate receiver chamber which can be cooled to apply
intercooling to the working fluid

A further benefit may be obtained in two-stage compression, by making use of the
downstroke of the piston as shown in Figure 2.39.This is a double-acting two-
stage compressor since it acts in both directions of travel of the piston. Air drawn
into the low pressure upper part of the machine, is delivered to an intermediate
pressure chamber, which in turn provides the inlet fluid for the high pressure stage
in the lower part of the machine. In practice, the sectional area of the lower cylinder
must be smaller than that of the upper in order to maintain balanced mass flow
between the two stages. Incidentally, it is also possible to have a double-acting single-
stage compressor to improve compactness of a particular design. The additional cost is
in the design and manufacture of a more complex machine. The figure shows that as
with the case of a single-acting two-stage compressor, intercooling can be applied in
an intermediate pressure chamber.

Pin—>

Intercooler coils

N
Piston <

x\

Pout <t—

Clearance

Piston rod
volume

Figure 2.39 Schematic diagram of double-acting compression
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P
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Figure 2.36 Schematic p-V
diagram of a two-stage
compressor

v,

|4

s

Figure 2.38 The effect of
intercooling is to reduce the
work in the higher pressure
stage; this shows that the
same mass can be compressed
using a smaller high pressure
compressor stage
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Learning summary N

By the end of this section you will have learnt:

v/ reciprocating compressors use a piston driven in a cylinder, with a volume of gas at low pressure
induced on each cycle, which is compressed and delivered at a higher pressure;

v the terminology for compressors describes how the machine is constructed, and the method of
operation. In particular, the clearance volume is significant for the operation of the compressor since
it limits how much air can be drawn in during the induction stroke;

v/ since a new volume of gas is drawn in at every induction, a state diagram does not represent a
true cycle, but rather a machine cycle. The p—1” diagram is known as the indicator diagram of the
compressor;

v the compression requires work, and it is possible to calculate the ideal work assuming polytropic
processes, and no losses to friction in the machine. This work involves heat generation, and heat
that must be lost in order to comply with the first law of thermodynamics;

v the two measures of compressor efficiency are the volumetric efficiency that describes how much
the volume drawn in is limited by the expansion of the clearance volume, and the isothermal
efficiency that describes how far from the ideal isothermal compression the machine cycle
process is;

v multistaging is used because of the limit of volumetric efficiency on pressure ratio. An intermediate
pressure is achieved in one stage, followed by another stage to the higher pressure;

v there is an ideal intermediate pressure, based on the least work done, which is found to be when
each stage does equal work;

v intercooling is used in multistage compression in order to more closely approach the isothermal
condition and improve the compression work done for a given amount of work.

2.6 Heat transfer

Heat is energy in the process of transfer under the driving potential of a temperature gradient.
The subject of heat transfer deals with the manner and rate at which this transfer takes place.
Heat appears at the boundary and may be generated by means of chemical and nuclear
reactions within the body of a system. Our attention is limited to steady-state heat transfer —1.e.
where there is an established temperature gradient that is not changing. Temperature gradient
in this context refers to d7/dx, a variation in spatial dimension but not in time. Unsteady

heat transfer is a little beyond our scope. Heat transter contributes to the irreversibility of
thermodynamic processes. This is due to:

e  heat transfer through finite temperature differences

e combustion or chemical reactions with a finite temperature difference between the fluid
and the surroundings.

We have already encountered two process types specified by the method of heat management
within the process:

e adiabatic — no heat transfer, pv¥ = ¢,q = 0
e isothermal — constant temperature, pv = ¢

Heat transfer can therefore be seen to affect the efticiency of processes, and as we shall see,
this 1s a direct consequence of the second law. It is also important for cooling of engineering
components at all scales.
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Conduction

In conduction, energy is transferred from molecule to molecule of a substance by passing

on vibrational kinetic energy. Under steady conditions the molecule will pass on as much
energy as it receives; under non-steady conditions, however, the mean energy level of the
molecule will rise. The KE of the molecule is proportional to its absolute temperature. The
most obvious example is transfer of heat through a solid material. Figure 2.40 shows a brick
wall. If the surfaces of the brick wall are maintained at Ty and T, with the brick initially at T,
this simplified schematic shows that a transient development of temperature profile up to the
steady condition will occur. The true profile of temperature development is similar to this, but
complicated by the true physical behaviour of the medium. Transient heat transfer is beyond
the scope of this volume, so what is considered here is the end state of the transient: the steady
state condition.

A Temperature at steady
T)| « T
x| k !
Saas T,
Start temperature S,
S T T,
Q > T
X Temperature at start

Figure 2.40 Temperature gradient through a brick wall,
which develops as the result of a change from T, to T; on
the left-hand side

The law that describes conduction is an experimentally determined law known as Fourier’s
law. For one-dimensional heat flow it may be expressed as:

AT dT
Q= leAdx or ¢"= kdx

where Q is the heat flux, or rate of heat flow, through area A of surface

b/

q" is the heat flux density, or rate of heat flow per unit area, indicated by the double prime

k is the thermal conductivity of the material
dT. N L
R the temperature gradient in the x-direction.

Units of k are [W/mK]. ‘One-dimensional’ means that the heat travels in only one direction,
and gradients of temperature in other directions are zero. Taking the example shown in Figure
2.40, the steady state condition has a linear gradient of temperature, and we may consider AT/
Ax = (T, — T))/ (x> — x1). The area through which the heat flux flows is perpendicular to the
page, and has area A, or we may usefully consider the heat flux per unit area of wall.

The conductivity of materials tends to alter with temperature, and certainly varies according
to the type of material — metallic solids are known to conduct well compared to non-metallic
solids. The chart (taken from Bejan, 1998) in Figure 2.41 shows the variation of conductivity
with temperature and for several materials. There is an enormous range, especially at low
temperatures. At temperatures above room temperature (about 300K) conductivities vary less
than at temperatures approaching absolute zero, only in the order of hundreds of W/mK.
Figure 2.41 shows that materials have a wide range of conductivities — for example, notice that
the conductivity variation with temperature of copper, which at near absolute zero can reach
10000 W/mK, but at room temperature is 400 W/mK, and compare with quartz that ranges
from 0.1 to 3W/mK over the same range of temperature. There are therefore engineering
materials suitable for different heat transfer requirements, and every material has a conductivity
that can be used to inform us how well a body will conduct heat.
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Sample values of k over a range of temperatures

Figure 2.41 Heat transfer coefficient for various materials over a range of temperatures
(Bejan, 1993, Heat Transfer, John Wiley and Sons, Inc.)

It 1s useful at this point to consider the second law consequences of heat transfer. All heat
transfer across finite temperature difference is irreversible. Q transfers to increase the internal energy,
u [J/kgK] of working fluid; the working fluid proceeds round the thermodynamic cycle and
rejects the same heat, Q, in cycle at Topp to return to its initial state. The second law states
that it is impossible to get the same heat to transfer back to the hot reservoir again without

doing work — in other words without adding extra energy to transfer the same heat back again.

This demonstrates the irreversibility in a thermodynamic cycle.

Conduction is degradation of heat. Referring to Figure 2.42, which shows conduction
through a solid from a hot source to a cold sink at steady state, the heat leaves hot at

Q/Tyot and enters the cold at Q/ T p- Since Tyor = Teorp, Q/ Thor < Q/Tcorp,
i.e.Scorp = Suot- This shows that the entropy contained in the heat energy that is transferred
has increased. The conductor at steady state has no change of state, its entropy has not
changed by this heat transfer — it is the source and sink, i.e. the surrounding ‘universe’ that has
experienced a change in entropy.

Thermal resistance

A trick is used in order to make calculation of heat transfer simpler. It notes the similarity
between the physical nature of heat transfer and electrical conduction. Starting with Fourier’s
Law for heat conduction, integrate in the direction of heat flow (x) to give:

_ AT, _ -AT
1= ka1 x/k

where AT is the overall temperature difference across a thickness x (and k is constant in the
direction of heat flow, if the heat flow is unidirectional).

Compare this equation with I = I’/R — (Ohm’s Law) and the analogy between heat flow and
electric current flow becomes apparent:

temperature difference AT — voltage difference, AV

heat flow, Q — current flow, I

thermal resistance x/kA — electrical resistance, R

Thermal resistance [K/ W] is dependent on the material conductivity (k), the thickness
through which heat is passing (x) and the cross-sectional area through which it travels (A).

Figure 2.42 A solid
conductor transferring
heat from a hot source
to a cold sink
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The example in Figure 2.43 shows how thermal resistances can be T4
used to simplify the analysis of a wall having several layers of different
materials. This effect of thermal conductivity variation in a plane wall
can be found in many household and engineering situations, e.g. a
wall of a house or a refrigerator compartment, or an insulated pipe.
At steady state, if heat, q, passes through the first wall surface, the same
heat, q, must pass through all interior faces. (Note, in the steady state; this
condition does not hold in the transient case.) The relative temperature
gradients in Figure 2.43 illustrate that materials with low k are more
resistive to heat transfer — i.e. if they are good insulators, they maintain -
a high gradient of temperature. It is not necessary to know the interior X
face temperatures to know the overall heat transfer — all that 1s required Figure 2.43 A plane wall with three layers
is the material properties and its thickness. of increasing conductivity; note low
conductivity results in steep temperature
gradients - useful in situations where
Fourier’s law to each layer gives insulation is required - and vice versa.
—AT, —AT, —AT;

1= RTH1 B RTHZ B RTH3

Y
Q-

T,

K

med

I<hi gh

We know g = ‘g = ‘¢ = ‘¢ under steady conditions, hence applying

4 (Rryy + Ry + Ryyps) = 2(AT) + AT, + ATy)

. (I~ T

=23 Rop, (2.53)
It is clearly seen that knowing the external temperatures, and the property and thickness of
the materials in between, that the heat flux per square metre of wall can be easily calculated.
From this the temperature at the interior boundaries can also be calculated if desired. A thermal
resistance network can be used to calculate heat transfer in more complex situations connecting
complex heat flux paths between known temperature points.

Convection

Convection includes heat transfer from solid boundaries into fluids between two mixing
streams of fluids and the redistribution of internal energy within a fluid. Convection implies
the movement of fluid to transport energy, and so the study of the fluid motion characteristics
of the situation is of particular importance. Fluid motion may be induced by buoyancy eftects
resulting from changes in temperature within the fluid during the initial stages of heat transter,
which are then perpetuated as natural or free convection. Alternatively, the fluid motion may
be ‘forced’ by an external source — pump or compressor — and forced convection of heat will
develop. Fluid motion conveys (or convects, carries with it) heat that can be exchanged with
solids/fluids/gases at other temperatures.

The rate of heat transfer is defined using a convective heat transfer coefficient on the
temperature gradient between the bulk part of the fluid and the surface of the wall by using
Newton’s law of cooling:

Q= —hA(T;— T,) (2.54)
where h is the heat transfer coefficient [W/m?K]
A is the area of the surface in contact with the fluid [m?]
T,,1s the wall temperature [K or °C]
and T is the bulk fluid temperature [K or °C], i.e. the temperature in the fluid far from the surface.
Equation (2.54) defines the heat transfer coefficient, h. The units of h are [W/m?K] i.e. heat

transferred per second, per m? of contacted surface area, per degree Kelvin temperature
difterence between bulk fluid and surface.
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h 1s difficult to determine analytically for a particular situation since it depends on relatively
complex fluid flow behaviour that does not lend itself to analysis. The values are usually
determined by experiment and the use of this empirical data is described in the next section.
The chart in Figure 2.44 shows approximate ranges of values given the fluid type.

Boiling, organic liquids |

Condensation, water vapour |:|

Condensation, organic vapours |:|

Liquid metals, forced convection |:|

|:| Wiater, forced convection

|:| Organic liquids, forced convection

|:| Gases—200atm, forced convection

I:I Gases— latm, forced convection

|:| Gases—natural convection

1 10 102 103 10*
I (W/m?K)

103 10°

Figure 2.44 Convective heat transfer — the ranges that occur in

various common convective situations (adapted from Bejan,

1993, Heat Transfer, John Wiley and Sons, Inc.)

Thermal resistance of combined convection/conduction can be calculated in a similar way to
the conduction case, making use of the similarity with Ohm’s law. The thermal resistance of
a fluid/solid boundary is defined from Newton’s law. Referring to Figure 2.45, which shows
a solid plane wall with a high temperature gas on one side and a low temperature gas on the

other:
I _ (Twa — Twoa) _ (Twa — Ten)
qa — _hAAA(TWA - TOCA) - l/hAAA - RTH!A (2-55)
. kA (Ty — Tj) (Tg — Ty
4as = A Ts =IO = "X T T Rias (2.56)
I _ (Too Tys) (Toop — Twp)
ga = ~hAp(Top = Tws) = =7 Ay R (2.57)
And the result of this is a combined convective—conductive steady-state
situation as shown in Figure 2.45. Ty .
> q
Equations (2.55), (2.56) and (2.57) can be combined to give Gas Solid Gas

- _(TooB - TooA)
T~ 1/ Ap + Ax/kA + 1/hgAg

(2.58)

As before, ¢ is the same through both boundaries (i.e. in the three
media that it passes through from A to B).There is no need to know
the intermediate temperatures, only AT need be known in order to
calculate the overall . Note: a fluid layer could be contained within a
structure, such as the air gap in a cavity wall, making multiple thermal
resistances from the external to interior regions. The thermal resistance

method is especially useful in such cases.

Figure 2.45 The effect of convective heat
transfer at surfaces separating solid and
gas regions
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Conversely to thermal resistance, the overall heat transfer coefficient, U is useful to give a
measure of how well heat is transferred in a combined mode of heat transfer. The overall heat
transfer coefficient is defined similarly to the convective heat transfer coefficient:

é = UA(AToverall) = UA(TOOA - TooB)

1
UA= —55 2.59
SRy (2:59)
The overall heat transfer coefticient is very useful in complex heat transfer situations such as
found in heat exchangers, where a large number of tubes and fins may be used, and it is more
convenient to select a suitable representative area and find the heat transfer for that surface,
taking into account all the thermal resistances that are involved.

The case of a cylinder with a hot inside surface and cool outside surface is shown _

in Figure 2.46.The situation is commonly found in domestic central heating, and in
thermodynamic cycles like the vapour power cycle and the refrigeration cycle. The
temperature profile is not linear as we look radially from the centre to the outside, and
this is because the area across which heat passes increases as the radius increases. We 1
use Fourier’s law of conduction, which still applies, but we must take into account the
varying area:

-

- _ 2T
qg = —kA S (2.60)
n 8 T
"= —kg- (2.61)
q' = —k.Zﬂr.% (2.62)
I
The prime and double prime marks are used to indicate per unit length and per unit Figure 2.46 Axisymmetric case
surface area, respectively. In this case, the temperature profile is no longer linear even of conduction - temperature
if k is constant. The measure per unit length is particularly useful in the case of pipes distribution across the wall of
containing fluids exchanging heat. a cylinder
Recasting the formula as
¢ .
ok dr= —dT
and integrating between A and B gives
21 B
2wk lnrA = (b~ T
SO
.y (Ty — Ty)
T~ In(rg/rp) (2.63)
2wk

For inner convection, then conduction, then outer convection, Ry is

1/(RTH,convection inner + RTH conduction of wall + RTH convection outer)'

From equation (2.63), Ryy conduction Of the annular wall is In (r3/r)/2mk. If there is convection
heat transfer at the inner and outer surfaces, Newton’s law of cooling still applies, but note that
the inner surface is now smaller than the outer surface area, so:

—AT,

. overall
"= 2.64
TS T Tl L (264
hAZ'T”’A 21TI€ hBZ'TH'B

where AT, is the temperature difference between fluid outside and inside the pipe.
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If a fluid moves near to a wall, at the wall, the velocity of the fluid is zero, and the heat transfer
into the fluid takes place by conduction. Thus the local heat flux per unit area 3" is

. oT
"=k 2.65
1 Oy | waLL (2.69)
The hot fluid close to the inner layer is then carried away by convection. From Newton’s law

of cooling

7" = —hA(Twar — T (2.66)
Combining equations 2.65 and 2.66 at steady conditions gives
_k<8 T/SY)qul
h=—F—""—"7— 2.67
Ty — T ( )

This tells us how /i can be determined experimentally. A heat flux probe having a known
thickness is placed on the wall to determine conduction into the fluid. What we would prefer
is a calculation. Something that relates experimental results with data about the flow —a
correlation — is required. To understand how the fluid motion affects the heat transfer, it is
necessary to have a basic understanding of the fluid mechanics involved, and for this it may be
useful to refer to the fluid mechanics section 1.3 that addresses boundary layers next to walls.
The following sections describe the influence of the boundary layer on heat transfer.

Velocity boundary layer

In the case of a solid surface with fluid flowing over it, a boundary Velocity boundary layer
layer forms as indicated schematically in Figure 2.47.This is a layer

f')

) q Turbulent
q eddies
the free stream velocity as distance increases towards the free-

29757
flowing fluid distant from the surface. The laminar sublayer is very
thin, <1 mm, and is the region in which laminar motion of the Figure 2.47 Development of the velocity boundary
fluid occurs, which is dominated by the viscous friction between ~ layer from the front edge of a stationary plate in the
fluid molecules sliding over each other. In fluid that is moving flowing liquid
sufficiently slowly, the entire boundary layer is occupied
by laminar motion, and a linear increase of velocity is observed. In faster-moving fluid, the
laminar flow cannot continue when the velocity gradient causes entrainment of the laminar
layers into the faster-moving fluid. This ‘tripping up’ of the flow causes chaotic random motion
known as turbulence, and the nature of the boundary layer then becomes turbulent, with a
thin laminar sub-layer.Viscosity causes momentum diftusivity, by enabling the spreading of
momentum by the dragging forces applied by the resulting friction. The velocity boundary
layer grows with distance in the flow direction to the order of several mm for the case of small
engineering components, although this may be much larger, for instance in wind boundary
layers over buildings. The development depends on the viscosity of the fluid and the speed of
the flow — a relationship that is expressed well by the non-dimensional Reynolds number.

in which the velocity varies, such that on the surface, the fluid Flow /3
is stationary because of the solid/fluid interface, and increases to _direction

Laminar

Temperature profile

T4 Velocity boundary layer
Thermal boundary layer
—
Ty

Beginning of
heated section

Figure 2.48 Development of the thermal boundary layer on a flat
plate with a heated section
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Similar to the velocity boundary layer, the thermal boundary layer, as illustrated schematically in
Figure 2.48, describes the layer over the surface in which the temperature is less than 99% of the
main fluid temperature difference from that of the wall surface. Thermal boundary layer thickness
is usually less than velocity boundary layer thickness. It depends on thermal diffusivity, which
is dependent on the conductivity of the fluid, and on its thermal capacity, expressed as pcp

Values of heat transfer coefficient can be measured for any particular geometry, flow condition
and set of fluid physical properties. To extend the applicability of the data, dimensional analysis
is used, which allows comparison of similar situations by scaling the size of the particular
situations such that the thermal transport character is compared according to the appropriate
fluid properties. Convective heat transfer can be classified by type of low over type of
geometry. Dimensionless numbers are used to relate the scale of the flow.

There are four characteristic dimensionless numbers that are used to express the
characteristics of convective heat transfer.

The Nusselt number, Nu, characterises the heat transfer itself and is calculated from
relationships with other dimensionless numbers as detailed in the subsequent sections. The heat
transfer coefficient, /i, is derived from it.

_ hx _ kNu,
x k_>h_ X

Here the Nu, is a local Nusselt number at a particular distance, x, in the geometry being

Nu (2.68)

considered. From this, if we know the Nusselt number and the conductivity of the fluid,

we have the convective heat transfer at any particular point in the geometry. Since velocity
and thermal boundary layers rely on properties of the fluid and flow, there must be a way to
relate them to the heat transfer rate and hence Nu. Fortunately, there is analysis to determine
the Nusselt number for many different geometrical situations; these have been compiled

by researchers, and a very small sample of them will be considered in order to see how

they are used. Nusselt numbers are calculated using dimensionless numbers that express the
characteristics of the heat transfer situation, and these are the Prandtl number, which occurs
in all Nusselt number correlations, the Reynolds number, which occurs in forced convection
situations, and the Grashof number, which occurs in natural convection situations. These are
described in the following.

Prandtl number, Pr — ratio of viscous diffusion to thermal diffusion.

It was mentioned earlier that the thickness of the velocity boundary layer depends on the
viscosity, and that viscosity causes diffusion of momentum. It was also mentioned that the
thermal boundary layer is determined by the thermal diffusivity. The Prandtl number provides
a comparison of these effects, and compares them in order to see how well a fluid diftuses
viscously and thermally. It is expressed as:

_ v _ w/p
Pr="4= k/pc,
ol
P;/ = 7 (2.69)

in which v (pronounced ‘nu’) is the kinematic viscosity, which is the more familiar dynamic
viscosity, W, divided by density p, and o is the thermal diffusivity, which is conductivity, k,
divided by density X specific heat capacity, c,.

Reynolds number, Re — ratio of momentum to viscous forces.
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The Reynolds number is used in forced convection situations, where the fluid is driven
mechanically through the geometry. It is familiar from fluid mechanics and is given by:
pUD
v

in which density and dynamic viscosity have their usual symbols, U is a representative
velocity and D is a characteristic length, defining the scale of the fluid flow, which must
be carefully selected for each flow situation, sometimes being obvious (e.g. in a pipe it is the
diameter), and sometimes not obvious, for instance when a geometry has more than one scale,
such as in a duct with a cross-sectional area change.

(2.70)

Re

Grashof number, Gr — ratio of buoyancy to viscous forces.

The Grashof number is used for natural convection situations, those that are driven by
thermally induced buoyancy. The idea of natural convection is familiar from the expression that
‘heat rises’. Convective motion results from the alteration of gas density due to temperature
gradients, and the hotter gas, which is less dense, rises in the denser cooler gas.
The Grashof number is expressed as:
BPP*AT
1)

¢ is gravitational acceleration in which 3 = 1/T, which is the compressibility for perfect

gases, [ is another length scale, density and dynamic viscosity have their usual symbols, and

the temperature difference between the free stream far from the surface, and the surface
temperature is AT. Fluid properties are taken at the ‘film temperature’, which is the mean value
of surface and free stream temperatures.

r (2.71)

With these three dimensionless numbers, the Nusselt number correlations can be constructed
from observing experimental situations. The general form of the correlation is Nu = f(Pr,Gr)
for natural convection and Nu = {(Pr,Re) for forced convection.

Example of scale of the various quantities involved:

Prandtl number for water is derived from o = thermal diftusivity, which for water depends on
c, = 42kJ/kgK, p = 1000 kg/m?, v = 8 X 107" m?/s and k = 0.6W/mk; therefore

o = 1.42 X 1077 m?/s and therefore Pr = v/a = 5.63.

Grashof number for air in the case where AT = 20°C and the mean temperature between
surface and free stream is 290K, p = 1/290,p = 1kg/ m?>, for a vertical surface at 1m height,
[=1m,n = 1.8 X 10 kg/m.s, therefore Gr = 4.17 X 10'°.

N.B. Gr has to do with buoyancy, Re has to do with forced flows, Pr has to do with all flows.
Calculation of Reynolds number should be familiar from fluid mechanics.

(Data taken from tables in Rogers and Mayhew, 1995.)

A great deal of work has been done to correlate physical heat transfer with Nusselt number.

For heat exchange on the inner surface of a tube:
Nu, = 3.66 for laminar forced flow, with a constant surface temperature.
Nu, = 0.023 Re,”® Pr4 for turbulent forced flow.

For heat exchange on a flat plate:
Nu, = 0.332 Re, "> Pr’ for laminar forced flow with constant surface temperature.

For natural convection on a vertical plate, there is sensitivity to the particular range of Grashof
and Prandtl number characteristics:

Nu, = 0.59 (Gry Pr)"? where 10° < GrPr < 10°.

Nu, = 0.13 (Gry Pr)*3? where 10? < GrPr < 102,

Once Nusselt number is known, the heat transfer coefficient can be found directly from the
Nusselt number relationship Nu = hL/k. More specifically i = kNu, /d for a pipe of diameter
dand h = kNu, /x for a vertical plate of length x.
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Radiation

When heat transfers by thermal radiation or by radiant heat transfer, energy is transferred
via electromagnetic wave motion, which requires no intermediate material and this happens

at the speed of light, 299 792 458 m/s. Radiation heat transfer will occur between any two
separated bodies whenever there is a temperature difference between them and they have direct
line of sight of each other.

Ice at —5°C or 268K Sand at 60°C or 333K

Figure 2.49 Radiant heat transfer occurs whenever there is a
temperature difference between two bodies that can see each other

The bodies in Figure 2.49 radiate heat towards each other. It is not one way since both bodies
are at temperatures above OK; however, the net heat transfer is from the hotter to the cooler.
What they receive from each other depends on what they can directly see of each other. It is
important to bear in mind that each body is radiating all the time regardless of what it can see,
purely dependent on the temperature of its surface, and that net transfer occurs because one
body emits more than the other.

The basic radiation law (due to the work of Stefan and Boltzmann) is:
éb = O'AT4
That is the rate of heat emission from a ‘black body’ as indicated by the subscript, b, with

a surface area A [m?] at temperature T (must be in kelvin) and o is the Stefan—Boltzmann
radiation constant:

0 =567X103Wm2K™.

A black body is a perfectly radiating body. It emits the maximum possible energy at all
wavelengths at a given temperature. For real materials, radiation is less than the black body, and
depends on emissivity, &, which is in the range O to 1. Equation 2.72 becomes:

q, = oeAAT*

Table 2.4 shows a range of emissivities for different materials.

Aluminium foil 0.01

Copper, polished 0.04
Steel, cold rolled 0.08
Steel, rough plate | 0.95

Zinc, oxidized 0.11
Fireclay brick 0.75
Asphalt pavement | 0.9
Cotton cloth 0.77
Pyrex glass 0.9
Bituminous felt 0.9
Frost (snow) 0.98

Table 2.4 Typical values of emissivity
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From Table 2.4 it can be seen that there is a significant range of emissivity for different
materials, that aluminium foil only emits 1 per cent of the potential black body radiation at a
particular temperature, whereas frost/snow is very close to being a black body.

The Stefan-Boltzmann Law shows us that if a body has a temperature above 0K, it will emit
heat to the surroundings. However, it also receives heat from the surroundings by the same
mechanism if there is anything in the surroundings with a temperature greater than 0K. We
have to consider what it will receive from other bodies.

The law of radiation heat transfer (for black bodies) is:
o1 = OAF (TS = T (2.74)

Subscript b indicates that this is for a black body surface. The heat transfer depends on the
surface area of the body that is being considered, A;, and the view that it gets of the body it is
exchanging heat with, the second body having area A,.The amount of view is quantified by
the ‘black body view factor’, Fi_,.

For the simplest two body system, referring to Figure 2.50:

F1—2 = ]

Foy = A1/A4,

F1_1 = O

Fyp =1-(A41/4y) Ay

Subscript 1-2 on the view factor means the amount of object 2 that Figure 2.50 The simplest case of radiant
object 1 can see in order to receive radiation from it. This is the simplest heat transfer between two bodies - a
case — a sphere within a hollow sphere. The calculation of other view sphere contained within a hollow sphere
factors is beyond the scope of this unit. at different temperatures

A man stands in a freezer room of a local fast food restaurant, with clothes
having a surface temperature of 5°C and emissivity of 0.3. What is the rate

of heat loss from the surface of his clothes if the temperature of the freezer
walls is —20°C? Assume that the situation can be modelled as a small sphere of
surface area 1 m? representing the man, inside a larger sphere, and that black
body surfaces are assumed.

Use qp1 = 04 Fy_, (T,' — Ty with Fi, = 1 and 4, = 1m%
b1z = 5.67 X 1078 X 1 X 1 X (253* — 278% = —106 W

It is interesting to note that 100 W is a reasonably maintainable heat generation rate from
a healthy standing person, and that the thickness of cloth, y, of conductivity 0.08 W/mK,
say, required to maintain the surface temperature of 5°C if the skin temperature beneath

is maintained at 22°C is from the Fourier Law:

106 = 0.08 X 1 X (22 =5)/y
and
y = 0.013m or 13 mm

the thickness of a thick fleece.
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Solid ™ Convection

+
Ty o Radiation
q actual

Conduction

q.cund
—_—

> TS (actual) TS

Figure 2.51 A solid body with a constant temperature on the left-hand side and
a fluid on the left-hand side resulting in combined convective and radiative heat
transfer on the right-hand side

Consider a 1-D heat flow in a solid as shown in Figure 2.51.This case is difficult to solve,
because it is non-linear with respect to temperature, T, and so the sum of thermal resistance,
Ry, approach cannot be used. The new procedure requires the solution of energy conservation
at the surface. Since the heat transfer to the surface by conduction must all leave the surface

by convection and radiation in order for the steady state condition (with no change in
temperature of the body):

9cond = Gconv + qrad
and using Fourier’s law, Newton’s law and the Stefan—Boltzmann formula:

k(Th — Ty)

Ax =T, —Ty) + O-FS—OO(TS4 - Too4) (2.75)

Temperatures must all be in Kelvin in this formula. In order to calculate T, the surface
temperature, we have to solve by a numerical iterative approach, or plot on a graph as shown
on the right in Figure 2.51.

Alternatively, in the case where the temperatures in Kelvin are reasonably close to each other
(say within 10%) a linear relation may be contrived as follows by factorizing the Stefan—
Boltzmann contribution:

éb,1 = UASF&OQ(TS4 - Toc4>
Qp1 = OAsFs oo(T3 — T (TP — Tod)
ém = 0AgFs (T + Too)(Ts2 + Tocz)(TS —Ty)

B 1
— 0AGFs oo(Ts + Too)(Ts® + To?)

Ry (2.76)

Take the average of Tg and T, and substitute into equation (2.76) for both as the average, Tayc,
then

Ry = 1/F_,04Tays’ (2.77)

This method may be useful in complex thermal resistance networks having a radiative
contribution.
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Learning summary

4
4

By the end of this section you will have learnt:

there are three modes of heat transfer — conduction, convection, and radiation;

conduction heat transfer is determined by Fourier’s law of conduction. The conductivity used in this
law depends on material properties and temperature and is defined for most materials;

the linear relationship between heat energy transferred and the temperature difference through
which it moves is analogous to Ohm’s law of electrical resistance. In a similar manner, the heat
transferred is analogous to current transferred, the temperature difference to the potential voltage
difference, and the remaining terms are analogous to the electrical resistance, and are termed the
thermal resistance;

convective heat transfer results from fluid moving from place to place and conveying and
mixing material of differing temperatures. Forced convection describes situations in which the
fluid is mechanically driven, by wind or machine, and natural convection describes transfer
due to temperature gradients in the fluid causing buoyancy and hence naturally driven
circulation;

Newton’s law of cooling assumes a known convective heat transfer coefficient that depends on
the flow configuration. Once known, this heat transfer contribution can be treated as a thermal
resistance similar to the conductive case, and combined overall thermal resistance can be used to
calculate overall heat transfer;

conversely, the inverse of the overall thermal resistance divided by the overall surface area available
for heat transfer is known as the overall heat transfer coefficient;

in the case of heat flow radially, the surface area of conduction increases with radius and leads to
a logarithmic expression for the thermal resistance due to conduction;

v convection depends on fluid flow, and hence on laminar and turbulent flow characteristics;

v/ similar to the velocity boundary layer, there is a thermal boundary layer in situations where heat

transfer is taking place. It depends on the thermal diffusivity (the thermal equivalent of viscosity),
and on thermal capacity, n.c,;

the Nusselt number is a dimensionless parameter that represents convective heat transfer
coefficient and, if known, provides the convective heat transfer coefficient directly. Correlations
of experimental data with Nusselt number are made with other dimensionless numbers:

the Prandtl number is used for all Nusselt number correlations and is the ratio of kinematic
viscosity, v, to thermal diffusivity, «; Reynolds number is used for Nusselt number correlations

in forced convection situations; Grashof number is a dimensionless ratio that represents
buoyant and viscous forces, and it is used for Nusselt number correlations in natural convection
situations;

v Nusselt number correlations are available in heat transfer texts from experimental evidence;

v radiant heat transfer is by electromagnetic radiation due to the release of energy from molecules

excited by heat energy. It is determined according to the Stefan-Boltzmann Law of radiant heat
release. For radiative heat transfer, two bodies at different temperatures having direct sight of each
other release and receive heat dependent on their temperatures;

the emissivity of a surface limits the amount of radiant energy released and modifies the Stefan—
Boltzmann Law for surfaces that are not thermally black. A truly thermally black surface is not
necessarily coloured black, but has the property that it releases all its radiant energy due to its
temperature;

it is possible to calculate combined mode heat transfer with conduction, convection and radiation,
but in cases where radiant heat transfer is present, the calculation is not directly solvable due to
the fourth power of T'in the Stefan—-Boltzmann Law.
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2.7 Heat exchangers

Heat exchangers allow exchange of heat between two fluid streams without mixing them —

perhaps the most familiar is the car radiator, which cools engine cooling water with a forced
draught of cool air. There are two main types of heat exchanger — the recuperator and the

regenerator as shown schematically in Figure 2.52

Fluid B, hot =—»

The recuperator (Figure 2.52(a)) is the most familiar and
common type of heat exchanger; it is used in condensers,

evaporators and boilers, and for cooling liquids and gases. A
hot stream is contained in tubes that pass through a vessel
containing the cooler fluid, or vice versa in terms of hot
and cold. The fluids do not make physical contact with i
each other. They exchange heat through the walls of the SES g -
heat exchanger across a temperature gradient that varies as
progress is made through the recuperator.

Seal

Pipe wall

The regenerator (Figure 2.52(b)) is commonly used for

preheating atmospheric air for combustion in the furnace of a power station using the exhaust
gases at approximately 200°C as they travel to the chimney stack. There is a dividing wall
centrally down the tube in which the regenerator is mounted, with the hot gases on one side
of the wall and the cold gases on the other. The rotating mesh, or frame of a material with a
significant heat capacity, has elements that absorb heat on the hot side, and release heat to the
cold side, alternately taking heat from one side to the other as the mesh rotates. In this way, in
the power station, the exhaust gases leave at a lower temperature, and the combustion air has
been warmed, which means that more heat has been used to generate power. Any heat loss in
a power station is a corresponding loss in power generation, so any recovery of potentially lost
heat is useful.

This section demonstrates how to calculate the heat exchange in recuperators and from this
point they will be referred to simply as heat exchangers. The simplest type of heat exchanger
is the shell-and-tube configuration, which implies an inner tube containing one of the two
fluids, contained within an outer shell (which is often just a bigger tube) as shown in Figure
2.52(b). These are the simplest type to analyse, because we can estimate reasonably well the
temperature profile, from our knowledge of heat transfer in convective—conductive modes
from the previous section, and hence the local and overall heat transfer coefficient. Figure 2.53
shows a simplified geometry of the shell-and-tube; there are obviously two directions that
each fluid can pass in, and this gives rise to a very important distinguishing characteristic —
whether the flow is parallel flow, in which the fluids travel in the same direction along the
geometry, or countet flow, in which the fluids travel in opposite directions. From the figure,
it can be seen that the corresponding temperature profiles are significantly aftected by the flow
directions.

B(hot) B(hot)
e i Counter flow i Parallel flow o
< < A(cold) > >

==

Wall

temperature

Figure 2.53 Schematic of the
A geometry and temperature profile
in a shell-and-tube heat exchanger

X with counter (a) and parallel (b) flow

Figure 2.52 Schematic
diagram of (a) a
recuperator; and (b) a
Rotating mesh regenerator
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In Figure 2.54, a single-pass shell-and-tube heat exchanger is Tp . Ty
seen, which is the simplest possible configuration: an inner fluid is I AN Z I
. D S : o < — -—
contained within the tube and an outer fluid is contained within — ; ! : |
the shell. By the principle of conservation of energy, heat transfer | : \\: ~
from the hot fluid = heat transfer to cold fluid: : : .
dAdq
Q' = {MCP(Tm — Toud thot = {’/h[p(Tout — Ti) beold (2.78) Figure 2.54 An elemental length o_f a sht_-:ll-and-
tube heat exchanger for the consideration of the
where ric, is the thermal capacity rate of the fluid, that is, its heat transfer in it

capability of storing heat per degree of temperature rise per second.

Heat transfer calculation

With the developed formulae from heat transfer theory we can, in the steady state, set up

an Ohm’s law analogous formula for the heat transfer in terms of the overall temperature
difference between the hot and cold fluids at a particular position on the heat exchanger, and
the thermal resistance at that point, which is dependent on the convective heat transfer from
the internal fluid to the wall of the tube, the conduction of heat from the inside of the wall to
the outside of the wall, and the convection from the outside of the wall to the external fluid.
Hence,

- _AToverall 2.79
7= In r,/r, 1 (2.79)

Ay 2wkl | IpAp

Subscript A represents the inner (tube bound) fluid and subscript B represents the outer (shell
bound) fluid. Since the wall of the tube is usually thin compared to the pipe diameter, the pipe
inner surface area is very nearly the same as the pipe outer surface area, so we can say that A,
= Ay = A, and the thermal resistance can be represented instead as an overall heat transfer
coetticient for that area:

q. = UA (A Tovc‘rall) (280)
= UA(Tooa — Tiop)
in which
1

UA = SR Rouy

and where the o symbol indicates bulk temperature of the inner or outer fluid, i.e. the
temperature of each fluid far enough from the surfaces to be independent of temperature
gradients. Considering the element shown in Figure 2.54, there is the contribution of heat
transfer for the elemental length of the heat exchanger:

And the total heat transfer is
q = Zdq (2.81)

summing over all elements on length. This energy balance gives the overall performance of the
heat exchanger, the transfer of heat between the two fluids. The calculation depends on the
performance of the heat exchanger, which is due to the heat transfer. Theory tells us how to
calculate heat transfer across the surfaces, but the situation is complicated by the stream-wise
gradients of temperature.

Note: Even if U is constant, (T — 1) varies along the heat exchanger. This must be taken into
account. There are two approaches available for analysis of heat exchangers — logarithmic
mean temperature difference (LMTD) and effectiveness-number of transfer units
(e-NTU) — which will be elaborated on in the following sections.
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LMTD method for sizing heat exchangers

In a parallel- and counter-flow single-pass tubular heat exchanger, as shown in Figure 2.54, the
temperature difference between the two fluid streams varies as the flow proceeds from inlet to
outlet. The LMTD (log mean temperature difference) analysis gives the equivalent constant
temperature difference for calculation of heat transfer, such that it is the same as the actual heat
transfer with the temperature varying with progression through the heat exchanger. LMTD
finds a representative temperature dependent on the overall temperature difterences at inlets
and outlets, which requires the heat exchange between the two separated fluids. It is then

used to find the area of a heat exchanger that is required to achieve the desired heat transfer.
Alternatively, if a heat flux is required and temperatures are not known, these can be found by
iteration.

Is

Referring to Figure 2.55, the LMTD formula is expressed in terms of the temperature 'T"
difference between the fluid in the tube and in the shell at position a and that at position b: Al
LMTD = ATm — M (2.82) I:II

In(ATa/ATh)

where ‘a’ refers to inlet and ‘b’ to outlet conditions or to any two far apart points along
the heat exchange surface:

AT, = (Tg — Ty, (2.84)

These are the overall temperature differences between the two streams. Equations (2.83) and
(2.84) apply to, and are the same for, parallel and counter-flow arrangements. The LMTD
formula is derived from consideration of elemental heat exchange and can be easily verified.

For sizing heat exchangers (i.e. working out required size for given flow rate and
temperature change), the LMTD approach is used to give the area required from:

Q
UAT,

Rating of heat exchangers (i.c. working out the temperature change in a given heat exchanger)

A:

can be achieved by iteration using the LMTD approach when there is a known overall heat transfer
coefficient, U, which must be determined by calculation or from tabulated data.

Worked example
Use of LMTD to rate and size a heat exchanger.

T} 100eC T+ 100°c
Parallel flow

Counter flow

50°C

“130°C

20°C X

S 4

Figure 2.56 Calculation of LMTD

Calculate the LMTD for parallel- and counter-flow cases that have the same
inlet and outlet stream temperatures. The cold enters at 20°C, and exits at 40°C.

e

Figure 2.55 Single-pass
shell and tube heat
AT, = (Tg — Ty), (2.83)  exchanger
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=
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Referring to Figure 2.56, the temperature profile is distinctly difterent in the counter-
flow and parallel-flow operation. In the parallel case,

[In(80/10)]
LMTD = 33.7°C

and in the counter flow case,

(60 — 30)
LMTD =

| [In(60/30)]

LMTD = 43.3°C

Note: The parallel arrangement has the lower LMTD — therefore needs a larger surface
area for the same heat transfer, i.e. a larger heat exchanger. This shows the advantage of
the counter-flow arrangement.

Q=U.A.LMTD

The overall heat transfer coefficient (HTC) is determined from
1

’/O
| ln? |
21rr,h,L * 2mkL + 211kl

UA =

The 1" and ‘0’ refer to the inside and outside surfaces of the tube. If the heat transfer
coefticient variations along the tube are large, then an average U value is used.

This is usually unnecessary. To a first approximation, evaluate U at

(T + 1Y)
2

The variation is because the heat transfer coefticient may vary with fluid temperatures since the
fluid properties may vary with temperature. In a shell-and-tube heat exchanger, with the tube
carrying hot fluid and the shell cold fluid, the conduction term can usually be neglected if the
thickness of the wall is small and the conductivity high.

The LMTD analysis requires the outlet temperatures of the fluid streams to be known.
This may necessitate an iterative solution involving guessed outlet values. This is the main
disadvantage of the approach.

Procedure:

1) guess outlet temperatures;

2) calculate LMTD;

2

(
)
(3) calculate heat transfer rate from step 2;
(4) calculate outlet temperature for step 1;
(5)

repeat until converged.

The counter-flow type is the most compact for a given heat transfer rate due to the
temperature profile.

The parallel-flow type gives a lower T}, for the tube wall temperature.
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In more complex designs of similar type, the Tube side inlet
‘tube’ flow passes through the heat exchanger
more than once, and the ‘shell’ side flow can be
directed across the tube to increase turbulent

heat transfer. Generally, heat exchangers of

Shell side outlet

this type are called shell-and-tube heat

exchangers.

Figure 2.57 shows a typical shell-and-tube

~
~
| I

heat exchanger. As shown in the schematic, the
tube is the section between the two end caps,
and the end caps themselves contain fluid that
passes through the tubes. There are two passes
of the tube fluid through the shell fluid in this
case, and the central mark on the opened end
of the cap shows how the two halves of the
cap are separated to allow for this.

The stream temperature difterences are more complicated in
cross-flow or multipass configurations. The eftects of cross-flow
and multipass are accounted for by introducing a correction
factor F such that:

Q = UAFAT,, (2.85)

The factor F is derived from calculations similar to the derivation
of LMTD or read from graphs. Figure 2.58 shows a matrix heat
exchanger with cross-flowing fluids; the resulting temperature
profiles are complex. The LMTD method relies on prior
experimental data.

A simpler and more direct approach for finding the temperatures
is the e-NTU method.

Kays and London (1984) catalogues the many experiments about
heat exchangers conducted by the US Navy in the 1950s, forming
the basis for modern heat exchanger design and theory. They present
methods for calculating the behaviour of many difterent heat
exchanger types and configurations. The methods described in this
section come from that text, where you can read the full description.

The correction factor allows us to use the LMTD type of calculation
for more complex geometries. We must introduce two new variables:

T} and T, are the temperatures of one stream and f; and ¢, are the
other stream.

Using this method from Kays and London, we can read the correction

factor from charts in the book, knowing P on the horizontal axis,
a selection of curves for various values of R, and corresponding

correction factor, F from the vertical axis. Three cases are illustrated in
Figure 2.59 from Bowman, Mueller and Nagle (1940) in Bejan (1993).

Tube side outlet

Figure 2.57 A typical shell-and-tube heat
exchanger used in the hot water system at the
University of Nottingham

Non-uniform
_m outlet te\mperature

Prhttts
I fluid
A ittt
Uniform Hot fluid
inlet temperature T,

Figure 2.58 Cross-flow heat exchanger and the
resulting temperature profiles at outlet of the
two streams
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1.0 7

0.9 1

0.8 1

0.7 4

Correction factor F

0.6

0.5 T T T T T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

HL—
A

This is for two shell passes, four tube passes and multiples of them

1.0 7

0.94

_>t2
—1—)‘,1

0.8 1

0.7 1

Correction factor F

0.6

0.5

0 . . . 4 05 06 07 0 . 1.0
bt
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One shell pass, two tube passes and multiples of them

1.0 —

0.94

0.8+

07 R/=4.0] 3.0 2.0 1.5 1.0\ 0.8\, 0.6\ 0.4\0:2 -

Correction factor F

0.6 1 T, =T,
K=

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
b
P= T, —t

Figure 2.59 Cross-flow, both streams unmixed (i.e. the fluid passing in each direction is contained in a matrix
of passages) (R.A. Bowman, A.C. Mueller and W.M. Nagle, 1930, ‘Mean temperature difference in design’,
Transactions of the ASME, vol. 12, 417-422)
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If factor P tends to zero, the stream having temperatures ¢ and f, has a change of phase,
le. t — b

If R tends to zero, the stream having temperatures T and T has a change of phase.

If a stream has a phase change, the capacity rate is effectively infinite, because the fluid will
absorb heat without changing temperature. These are the two limits on the charts.

Figure 2.60 shows what is meant by the terms used with cross-flow heat exchanger: the
corrugations keep fluid moving as an unmixed stream as it passes through the channel,
the open passage has no corrugations and fluid is free to move across the full face of the
channel and is called a mixed stream.

Mixed
stream Unmixed
It is important to understand the capacity rate of the fluids in the heat exchanger, i.e. stream
. . Corrugations
Ccold - mcolde,cold and Chot - mhotcp,hot or fins

These determine the magnitude of temperature changes for a certain heat transfer. It is
important to always use the formula for LMTD:
q= UA AT, (2.86)  Unmixed

stream

together with the heat capacity formulae: Urfmixed

q' = {Wicp(Tin - Tout)}hot = {W;Cp(Tout - ’Tin)}cold stream
. . . Figure 2.60 Examples of what
Using equation (2.86) on its own suggests that the heat transfer does not depend on the is meant by cross-flow heat

capacity rate of the fluids. The limit of the heat exchanger capacity is when condensation  gxchangers (Bejan, 1993)
of the hot fluid or evaporation of the cold fluid occur across the heat exchanger, as in a
boiler for example.

Effectiveness e-NTU method of rating heat exchangers

This is an alternative method to LMTD for working out the temperature change in a heat

exchanger, which examines the thermal conductance, UA, as well as the capacity rates, C,, and

C.o1g; this method introduces two dimensionless groups, the Number of heat Transfer Units:
NTU = _ud (2.87)

(mcp>1nin

where (mCp),,i, is the smaller capacity rate and the eftectiveness, &:

actual heat transfer rate 4
maximum heat transfer rate ¢
in which
qlllﬂx = CllliHA Tnlilx (2'88)

This can best be considered in graphical terms as it asks the question:
if the UA could be increased to whatever we wanted, what is the
maximum achievable heat exchange between the two fluids?

ﬂ\ot,in

As the size of the exchanger increases, the fluid with the smaller Thotout
capacity rate, which has the steeper gradient (in this case
illustrated in Figure 2.61; this is C.)4), exchanges heat with the
hot fluid until the limit when the size of the heat exchanger is
such that it leaves at the temperature of the hot fluid. This is the
limit of the heat transfer. The minimum fluid may be either the
hot or the cold fluid. In this case

Tmax — Ccold(Thot,in - Tcold,in)

c,out

T,

c,in

0

Figure 2.61 Demonstrating what the maximum possible
heat transfer between two fluids in a heat exchanger is
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These usually entail evaluating effectiveness, & from knowledge of the capacity rates, C, and
NTU values, and then evaluating ¢, ;. No iteration is required. Expressions for NTU in terms
of € can be derived by analysis of the rearranged LMTD heat transfer equation:

In(AT/AT) = %(A?; — AT)UA (2.89)

in terms of effectiveness and NTU, by manipulation of equations 2.87-2.89. For example, a
parallel flow gives the formula

ll’l[l - 8(1 + Clnin/cmax)]

N TUparallel flow — 1+ Cmin / Cmax (290)
which can be manipulated to give eftectiveness:
1 — exp[-NTU( + C,;;,/ Cirax
__ 1~ expl-NTU( ) oo

1+ Cmin/ Cm;lx

A formula is required for each configuration of heat exchanger. Fortunately, rather than using
the formulae, data are presented in charts that can be read. If C,;,/C,,.. = 1, the capacity
rates are balanced — a balanced heat exchanger. If C,;,/ C,,,x = 0, one stream, C,,,,, has phase
change at nearly constant pressure, and effectively has infinite capacity rate.

A heat exchanger has an overall heat transfer coefficient of 120W/m2K.
Superheated steam enters the tubes at 250 °C and exits the exchanger at

400 °C. Hot gases on the shell side enter at 900 °C and exchange heat with

the steam. The capacity rate of steam is 200 000W /K and that of the gases

is 300 000W /K. What is the effectiveness? Using the formula for NTU for a
counter-current shell and tube, determine the required surface area of the heat
exchanger. What is the temperature of the gases leaving the exchanger?

(1 - & Cmin/cmax
In

1—¢
/C

NTU = 1 - Cmin max

The actual heat transfer is ¢ = Cypy X (400 — 250) = 30 MW.

Gmin = Cmin(900 — 250) = 130 MW.The eftectiveness, € = q/qni, = 30/130 = 0.23.
We know that NTU = UA/C,;, = 120 X A/200 000. From the formula for a single

counter-flow tube and shell exchanger:

| (1 — 0.23 X 20000/30 000
n 1—023
1 — 20000/30 000

NTU =

Therefore, A = 0.285 X 200 000/120 = 475 m?>. The gases exit temperature is
determined by: ¢ = Cy5(900 — Toyio), 30 X 106 = 300000 X (900 — Toy), and
T.iic = 800°C.
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Knowing

UA/ = NTU

min

the chart gives effectiveness, which then yields g, from knowing g, Inspection of the
chart in Figure 2.62(a) shows that if the area, C,;,,, and overall heat transfer coefficient are
known, then the effectiveness of the heat exchanger is given from the experimental data
represented by the chart. This is for two shell passes, four tube passes and multiples of them.

1.0 /__
/—
07025 ! L
0.50 (—|_|_
7 /—
0.9 0.75 —
.
1.00 —
4 | |
0.8 Cmm %*
8 Cmax i
0.7
0.6 1
()5 T T T T T
0 01 02 03 04 05
NTU
1.0 1.0 e
/— } 0o —
0 — 0257 —
0.9 0.25 (CHLENELE 0.9 050" _——
0.50 T 075 ——"
1.00
0.75
0.8- 0.8- N
1.00 |
e \ e min
Cmin Cmax
0.7 ol lTl 0.7
0.6- 0.6-
t— — b
0-5 T T T T T 0-5 T T T T T
0 01 02 03 04 05 | 0 01 02 03 04 05
NTU T, NTU

Figure 2.62 Effectiveness-NTU charts for the same geometries as the LMTD illustrated in Figure 2.59 (R.A. Bowman,
A.C. Mueller and W.M. Nagle, 1930, ‘Mean temperature difference in design’, Transactions of the ASME, vol. 12, 417-422)

Calculation of the pressure drop depends on detailed knowledge of the path that the fluid
follows in flowing through the heat exchanger. Expansions, entries, and bends all need to be
included.

There is a pump factor that needs to be taken into account. For a liquid it is:

1om

W = in — Pou 2.92
M, p (P Pour) ( )
in which m), is the isentropic efficiency of the pump.
For a gas it is
. R/q
W=, T, (&) = (2.93)
My Pin

Intensification of heat transfer is usually accompanied by an increase in pressure drop. The Ap
across the heat exchanger can be an issue with complex flow paths. Work must be supplied to
deliver fluid through this pressure gradient by a pump.
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Over time, fluids tend to leave residual traces on the surfaces that they flow over. The thin layer
of deposits from a particular fluid flow in the heat exchanger has a conductive resistance on the
shell (s) and tube (t) sides. This contributes to overall U, (heat transfer coefficient).

;= 1A7Tlandcj = UA.LMTD (2.94)
A, " A,
to give
U =——— ! 1
nA. T hA,

Opver time, the boundary surfaces corrode and acquire a scale coat, while the fluids gather
impurities, so fouling factors (r) are used for both shell-and-tube, giving:

SR (6 N e 4,
U (hs + D At) + (rS + rtAt) (2.95)

Fouling factor is additive to ideal heat transfer coefficients, and the effect of the fouling depends
on fluids involved.

Typical fouling factors are illustrated in Table 2.5 showing the effect of various fluids.

Temperature of heating Up to 115°C 115-205°C

medium water temperature 50°C or less Above 50°C

Water velocity 1m/s and less Over 1 m/s 1 m/s and less Over 1 m/s
Water types

Distilled water 0.0001 0.0001 0.0001 0.0001
Sea water 0.0001 0.0001 0.0002 0.0002
Brackish water 0.0004 0.0002 0.0005 0.0004
City or well water 0.0002 0.0002 0.0004 0.0004
River water, average 0.0005 0.0004 0.0007 0.0005
Hard water 0.0005 0.0005 0.0009 0.0009
Treated boiler feed water 0.0002 0.0001 0.0002 0.0002
Liquids

Liquid gasoline, oil and 0.0002-0.0004
liquefied petroleum gases

Vegetable oils 0.0005
Caustic solutions 0.0004
Refrigerants, ammonia 0.0002
Methanol, ethanol and 0.0004
ethylene glycol solutions

Gases

Natural gas 0.0002-0.0004
Acid gas 0.0004-0.0005
Solvent vapours 0.0002
Steam (non-oil bearing) 0.0001
Steam (oil bearing) 0.0003-0.0004
Compressed air 0.0002
Ammonia 0.0002

Table 2.5 Representative fouling factors [m2K/W] related to various fluid flows. From Chenoweth (1990) in
Bejan (1993).
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Learning summary

By the end of this section you will have learnt:

v/ heat exchangers are classified firstly as regenerators and recuperators. The recuperator, which is the
type involving tubes carrying one fluid surrounded by another fluid at a different temperature, is the
concern of this unit;

v recuperators are defined secondly by direction of flow as counter-flow or parallel-flow of the two
fluids involved;

v thermal capacity rate is the specific heat capacity of a fluid multiplied by the amount of mass of the
fluid considered, which is the mass flow rate of the fluid. It determines the temperature rise for a
given heat input;

v/ heat transfer theory shows how an elemental approach could be taken to the analysis of a
particular heat exchanger, but there are two methods used with overall heat transfer coefficients,
which allow for simplified analysis in general cases;

v/ since the temperature varies throughout a heat exchanger, the logarithmic mean temperature
difference (LMTD) is used with a known overall heat transfer coefficient to work out either the heat
transferred for a given sized heat exchanger or the size of a heat exchanger given the heat transfer
required. It can be shown that the LMTD is the correct mean to calculate the overall heat transfer;

v the collection of experimental results by Kays and London (1984) provides a method for modifying
the LMTD for more complex heat exchangers than the simple shell-and-tube configuration;

v/ itis important to remember that the capacity rate of each fluid determines its temperature and heat
transfer;

v/ the effectiveness (s-NTU) method relates the known data of overall heat transfer coefficient and
minimum of the two capacity rates in the NTU and relies on experimental data from heat transfer
texts to relate this to the ratio of actual heat transfer to maximum possible heat transfer between
the hottest and coldest temperatures available. Again this relies on the catalogue of data by Kays
and London;

v the cost of heat exchangers is the pressure drop for a given size. This must be considered in a
practical heat exchanger and is determined from fluid mechanics calculations;

v fouling often occurs in practical installations and the alteration to heat transfer coefficient must be
considered;

2.8 Vapour power cycles

The idea of a vapour power cycle is to use a condensable vapour in a heat engine to create
power from a source of heat. Referring to Figure 2.63 we can see that it is similar to a heat
pump running in reverse:

Boiler

Condenser

EP.

(Feed pump)

Figure 2.63 Schematic diagram of a simplified vapour power cycle

119



120

An Introduction to Mechanical Engineering: Part 2

e 4-1 work is put in by a pump (at the position of the throttle in the heat pump) to drive the
liquid-fluid into a high-pressure part of the circuit (rather than expanding into the low-
pressure part of the circuit);

e 1-2 significant heat is added in the high-pressure side to convert the liquid into a vapour;

e 2-3 the vapour passes through a turbine (at the position of the compressor in the heat
pump), driving the blades round and producing work out of the turbine shaft, and in the
process losing pressure back to the low-pressure side of the circuit;

e 3—4 before running around the circuit again, the vapour-fluid is cooled in a heat exchanger
to convert it fully back into a liquid.

The process is used for power production and requires that
(1) the working fluid is a condensable vapour;
(2) the power cycle consists of a series of steady flow processes.

For the remainder of this section steam will be considered as the condensable vapour. The
analysis is simplified by the assumption that kinetic and potential energy changes are negligible
compared with the change in enthalpy. The steady flow energy equation for change of state
between points is therefore

Q+ W= H,-H,

Since the purpose of the cycle is to produce usable work, it is useful to see where the work is
coming from and where the expended energy used to create the work is being applied. The
useful measures are thermal efficiency, work ratio, and specific steam consumption.

Closed cycle plants used for power generation have a thermal efficiency of between about 35%
and 50%, where:

net work output  wo, — wi, (b = ha) = (hy — hy)

Meh = external heat supplied q hot hy — Iy

The net work output is measured in MW. It is useful to quantify the total energy output as
electrical energy from the generator set that is mounted at the end of the turbine shaft, and this
is often denoted as MW (e) to signify electrical power output. In practice it is very close to the
work output from the shaft of the turbine since the efficiency of electrical generators is very

high (usually over 99%).

The etficiency of the cycle 1s not useful on its own — we want to know how much we can
get out of the process. Work occurs at two points in the cycle — driving the liquid-fluid up

to the high pressure, which is an energy cost in the system, and releasing energy from the
high pressure vapour-fluid on its passage through the turbine to deliver work to the electrical
generator set. The ratio of these is expressed as the work ratio:

t k output hy — hs) — (hy — h
- net work output  (h, 3) — (I &) (2.96)

~ gross work output hy — hy

Equation 2.96 describes how much work we get out for work we put in — there is no
consideration of heat here. High r,, values are desirable, which indicates low sensitivity of
efficiency to irreversibilities. Modern steam plants have r, = 0.98, while for gas turbines cycles
r, = 0.45, the major difference being due to high compression work involved with gases.
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The efficiency and work ratio do no inform us of the amount of steam delivered to the
turbine, which indicates the size of the plant. We use the specific steam consumption (SSC):

n/l steam
SSC = —— (2.97)
net
which is usually expressed in kilograms of steam per hour per kilowatt of power produced
(kg/hr/kW = kg/kWhr). A low SSC is good and implies the need for a smaller plant (that is

lower capital cost).

Cycles

The simplified cycle shown in Figure 2.63 can be modified to improve performance on all
three metrics by application of aspects of the second law of thermodynamics. The following
applications are used routinely to improve power station performance and are regular parlance,
so much so that the names of the inventors who first considered the implications of the process
changes are synonymous with the processes. The technology applied in power stations increases
the work produced for the size of plant and the amount of work that can be produced from the
heat available. The theory explains the Carnot cycle, the Rankine cycle, superheating, reheat
and regeneration.

600 7

40 bar
500 4 1 bar
The Carnot cycle comprises four reversible processes: two
isothermal and two adiabatic as shown in Figure 2.64, and these 4004
. O

are: < 300 A Qn

) . . . ~ 1 — 2
1-2 isothermal expansion by adding heat, Q. In this part of the 200 4
cycle, heat is added from the surroundings to convert the water to 100 Wi Wou
low quality steam (i.e. high liquid droplet content or cloudy steam) 4 A 3
and then to high quality steam (low liquid content), and eventually 0 . . . . i
to saturated steam (i.e. no water content, or dry steam) by 0 2 4 6 8 10

s (kJ/kgK)

evaporating the liquid and thus maintaining a constant temperature
in the steam.The heat input is denoted Qy, since the heat is added
in the high pressure, or (relatively) hot side of the circuit

Figure 2.64 Representation of the Carnot cycle on
the temperature-entropy diagram for steam

2-3 adiabatic expansion by passing the steam through a turbine, producing work. This assumes
that the turbine is perfect, i.e. it has no mechanical-friction or fluid-friction losses. The steam
temperature drops from high on the high pressure side, Ty to low on the low pressure side, 1}

3—4 isothermal compression by removing heat, Q;. Heat is removed from the system at this point
in the cycle to the surroundings, and the temperature is constant as steam gradually condenses as
it travels, forming small droplets, which may condense on the pipe walls of the system. Note that
a high water by mass content in the steam is not necessarily a high water by volume content since
the density is high (about 1000 kg/m?, compared to steam at about 0.5 kg/m?)

4-1 adiabatic compression by passing the low quality steam through a pump, until the point at
which the steam-water mixture in the system becomes saturated water with no steam content.
Temperature increases from 17 to Ty.

The constancy of the temperature as heat is added in the high-pressure side and heat is
removed in the low-pressure side is, thermodynamically speaking, a good thing because we
know that the Carnot efficiency improves with increasing the difference between the hottest
and coldest reservoirs (surroundings), and we know that if heat is exchanged in a cycle with
more than one reservoir at different temperatures, then the efficiency falls from the maximum
available from the highest temperature and lowest temperature reservoirs to somewhere in
between. The only way to add heat at constant temperature is with phase change and it is
achieved in steam by working in the mixture region.
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The usefulness of the T-s diagram is apparent from this process as shown in Figure 2.64 in
which it can be seen that the constant entropy processes are vertical lines, and variation from
the ideal will be seen if the lines incline to the vertical.

The Carnot cycle is the basic cycle to aspire to, however, since it is an impracticable cycle, and
although the thermal efficiency is highest for a given high temperature, higher temperatures
are achievable by working outside the mixture region. The Carnot cycle is impractical for the
following reasons: the turbine will physically struggle to expand the vapour in the mixture
region since at high speeds the droplets of steam that form as the quality of the steam falls will
impact on the blades and cause erosion, which is very costly to repair; it is difficult to ensure
that condensation reaches the exact point required for the saturated liquid at the point entering
the compressor on the left side of the process, and the compressor work is quite high since it
is not pumping a very dense liquid but a significantly less dense, and therefore higher specific
volume, fluid, reducing efticiency, which decreases the work ratio. As a point of interest, if the
cycle is reversed it becomes the Carnot refrigeration cycle.

Worked example

Find the SSC, work ratio and thermal efficiency of the Carnot cycle operating
between 100 bar and 0.3 bar.

For SSC, we require the work done to compress the fluid, and the net work done. For the
Carnot cycle, we need the enthalpy change between 4 and 1 on the diagram in Figure
2.64, as follows:

hg100par = 1,408k]/kg
St100bar = 3-36kJ/kgK

Dryness fraction at 4 is from entropy hy = hy:

sgr(l — x) + sy = 59
0.944(1 — x) + 7.767x = 3.36
x = 0.35

Therefore enthalpy at 4 is:
h4 = 0'35hg0.3bar + 0'65hf043bar

hy = 0.35 X 2,625 + 0.65 X 289 = 1,106 k]J/kg.

Therefore
W, = 1408 — 1106 = 302 k]/kg.

The work out of the turbine between 2 and 3 is:
Ah = hgl()()bar_ hy

h; is found by first getting the dryness fraction as above for constant entropy, which is
0.685, and then using that to get the mixture enthalpy, which is 1,889 kJ/kg. Therefore

Ah = 2725 — 1889 = 836 k] /kg.

f
B
B

1 X 3600
b (836 - 302) = 6.742 kg/kWh.
d ry for Carnot is (836 -302) 0
336 = 64%.
For thermal efficiency, the external heat added is required. For the Carnot cycle, this is
(836 —302)

g 1006ar = 1317 kJ/kg. Therefore Ny carnor = T A 40.5%.

ﬁ' (Using data from tables in Rogers and Mayhew, 1995.)

SSC for Carnot is
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600 - . 80 bar
221.2 bar
500 - 1 bar
400 1
g/ 300 1
~
200 1
1 in
100 I/V;“ / Qcold
4 - 3
O T T T T 1
0 2 4 6 8 10

s (kJ/kgK!?)
Figure 2.65 The Rankine cycle showing the small
pump work in the liquid phase, which results in
reduced loss

The Rankine cycle, shown on the T-s diagram in Figure 2.65, extends the condensation to the
saturation line (process 3—4) before using a pump instead of a compressor, to increase pressure
of liquid water (process 4-1) from the condenser pressure (typically a fraction of atmospheric
pressure) to the boiler pressure (typically in the order of 100 bar). The mixture at outlet from
the condenser is saturated liquid, so the feed pump work 1s greatly reduced since compressing
liquid requires less work than for a liquid and vapour mixture. The work ratio is increased,
because 1 and 4 are virtually coincident and, as a direct result of this, I}, is very small. For a
flow process, the reversible process work is:

1
w= [ud
4Vp

and since v [m?/kg] is very nearly constant and not a function of pressure, the work is v[p;
— p4]. With v being the inverse of density, and knowing that water density is approximately
1,000 kg/m?, an estimate of the work in changing the pressure from 0.3 bar to 100 bar is

0.001 X [100 —0.3] X 10> = 9970]/kg

or 10 kJ/kg. In the Rankine cycle, thermal efficiency is reduced, because not all heat is added
at the higher temperature, rather a significant amount is added at a temperature lower than the
saturation temperature, but this is unimportant with regard to the increase in work output.
This can be illustrated by using typical enthalpy values. SSC is also lower (i.e. improved)

due to the increased work out perkg of steam during the cycle. These eftects are seen in the
following example.

Worked example

Compare the SSC, work ratio and thermal efficiency of the Rankine and
Carnot cycles operating between 100 bar and 0.3 bar.

In the case of the Rankine cycle, the compression work is 10 kJ/kg of water. Using some
of the results from the turbine work in the Carnot calculation above:

SSC for Rankine is
1 X 3600/(836 — 10) = 4.891 kg/kWh

Carnot was 6.742 kg/kWh.

ryw for Rankine is
(836 — 10) -
836 o
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For Carnot it is 64%.
For thermal efficiency, the external heat added is required. For the Rankine cycle it is
hgioobar = (o 30a + 10) KJ/kg = 2725 — (289 + 10)
= 2426 k] /kg.
Therefore (836 — 302)
2426

The comparison shows that Rankine is a significant improvement over Carnot for SSC
and ry, but that the thermal efficiency is significantly affected.

NTH,Rankine — = 22%.

To improve the cycle efficiency, the saturated steam leaving the boiler is superheated. Heat
is applied at nearly constant pressure between 2 and 3 by passing the steam through pipes that
pass through the furnace flue gases at the top of the furnace.

It is useful to note at this point where a practical implementation is considered, that the boiling
of water to saturated steam occurs in tubes built into the walls of the furnace that completely
fill the wall surface area, receiving mostly radiant heat transfer from the hot flame in the
vicinity of the burners, before rising to a steam drum, where any liquid is passed back to the
furnace wall pipes and the saturated steam proceeds into the superheating tubes. This raises the
steam state into the superheated region.

Figure 2.66(a) gives some indication of the layout in the furnace. The boiler is actually in the
walls — a large number of vertical pipes line the entire wall surface, and in these pipes the water
is heated from state 1 to state 2 in Figure 2.65.The superheater circuit consists of yet more
pipes suspended above the flame of the furnace in the middle of the hot rising gases. The gases
having a higher temperature than the steam in the pipes means that there is a temperature
gradient between the hot gases and the steam in the pipes of a few hundred degrees, and
significant heat transfer occurs mainly by forced convective heat transfer.

Figure 2.66(b) shows the process diagram on the T-s chart. The use of modern materials
allows T35 values up to 650°C.The Carnot cycle is limited to T,,,, < 374.15°C (the critical
temperature for H,O), and superheating surpasses this temperature considerably. Some of the
heat is supplied at T > T, raising the average temperature above that of the purely Rankine
cycle, and thus increasing the thermal efficiency. The other advantage of superheating is that
the dryness fraction at exit from the turbine (4) is higher than in the Rankine cycle and
consequently the turbine suffers less erosion by droplet impact.

2 9
Boiler — S &
. 600 S~
turbine NSy
T3 500 3
A~
e . 400 A 5
+ o -+
4 o 8 300 A =
Superhea®r ¢ ondenser[COND = 200
100 'I/Vm1 Qaold )
O 5 T T T 4/ T 1
EP. 0 2 4 6 8 10
(Feed pump) s (k] /kg!’K)

Figure 2.66 Schematic of the Rankine cycle with a superheater circuit



Thermodynamics

The real process in the turbine becomes important at this point as indicated in Figure 2.66, and
the isentropic (constant entropy, reversible adiabatic) process 3—4 suffers an increase in entropy
due to the second law and arrives at the same pressure line as 4, but with increased entropy and

hence dryness fraction. The dotted line shows this irreversible process.

Worked example

Calculate 7y, Ny and SSC for a Rankine-superheat cycle working between 100

bar and 0.3 bar, with 139°C of superheat.

The calculation of the liquid work is the same as in the previous example. At 100 bar
Tsar = 311°C, therefore superheated temperature is 450°C. The isentropic work out of

the turbine requires enthalpy in:

thObar,450°C = 3241kJ/kg

and the enthalpy at exhaust.

Calculate the exhaust enthalpy using the mixture fraction at constant entropy. Entropy

at 100 bar and 450°C is 6.419 k] /kgK. Using hyand h, at 0.3 bar as 289 and 2625 k] /kg

respectively, results in dryness fraction:

6.149 = 0.944(1 — x) + 7.767x
x = 0.762

and hence exhaust enthalpy:

hs = 2625x + 289(1 — x)
hy = 2069 k] /kg

hence work out is 3,241 — 2,069 = 1172k]/kg.

(1172 - 10)

= = 0,
- e 99.1%

External heat supplied is

h1oobar.4s00c — (289 + 10) = 3241 — 299 = 2942k]/kg

_(1172-10) .
NtH = 2942 = 39.5%.
_ 3600
SSC = 72-10) 3.098 kg/kWh.

Use of reheaters

A ‘reheater’ supplies heat at a point part way through the turbine expansion (between turbines).
The reheater is a tube bank that passes steam back through the furnace flue gases in the same
way as superheaters, as shown in Figure 2.67.This avoids turbine expansion into low-dryness

fraction conditions, which cause high turbine erosion by droplet impact.

The specific steam consumption (SSC) is reduced, hence a smaller power station is required.
Figure 2.67(b) shows the effect of the reheat, which is similar to the superheater, but on a lower

pressure line.

e e

125



126

An Introduction to Mechanical Engineering: Part 2

H.P turbine L.P turbine
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Figure 2.67 Schematic diagram of the process with a reheater circuit

This chart, a section of which is shown in Figure 2.68, is used to find the state of steam at entry
to and exit from turbines. It is useful because the ideal process is isentropic — constant entropy —
which means there is a vertical line from one pressure and temperature state to a lower, known
pressure. When the Mollier diagram is used with isentropic efficiency, the true exit state
from the turbine can be easily determined by calculating the actual exit enthalpy and hence
temperature. The change in specific enthalpy that is revealed by this is used to find the actual
work produced by the turbines in the steam cycle. The chart is a quick and reasonably accurate
method for finding the change in properties, avoiding the need for interpolating values in the
tables of steam data, which is the alternative method.

Feed heaters are used to reduce the external heat supplied (i.e. the heat drawn into the circuit
external to the steam pipes, that is heat taken out of the furnace) at temperatures below T ..
This is known as regenerative heating. They therefore increase the thermal efficiency. The
reduction is achieved by bleeding oft steam part way through the turbine expansion and using
it to heat the feed water flow to the boiler.

There are costs associated with this mode of operation since turbine work is reduced and
specific steam consumption is increased. The plant is more complex (more expensive).

There is an advantage in regenerative heating in that the LP turbine doesn’t have to be so big
because it handles less steam.

Two types of feed heaters are used:

— open in which bleed steam and feed water are mixed irreversibly and adiabatically in a
constant pressure process;

— closed in which a recuperative heat exchanger is used with no mixing of the separate
streams.

In both cases, mass flow conservation and the steady flow energy equation (SFEE) are
applicable, that is, inlet and outlet conditions are related by mass flow continuity and SFEE.

(Note: recuperative is analogous to a recuperative heat exchanger — where the fluids exchange
heat through a wall with no mixing.)
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Figure 2.68 Section of the Mollier enthalpy vs. entropy diagram for steam process analysis for thermal energy systems.
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The mass flow of steam is split after the HP part of the turbine High pressure  Low pressure
so that only a proportion of it goes on to the low pressure (LP) turbine turbine
turbine.

The energy equation in the feed heater, assuming a perfectly
insulated (i.e. adiabatic) chamber and referring to the state
points indicated in Figure 2.69, becomes (1 = P

ynhy + (1 — y)mhy = mhg Superheater

4-
Condenser
in which y is the diverted proportion of the total steam flow yiirkg/s |
rate, m, and h is specific enthalpy at the indicated locations 4,
7 and 8 in the circuit. States 4 and 7 mix irreversibly, but at g ) ,
. . . T
constant pressure, to produce a fluid at state 8, which is usually 8 7 EP(Feed
in the saturated liquid state. The liquid reaching the boiler EP. (Feed Open feed pump)
pump) heater

in the saturated state then has the requirement of receiving
sufficient heat to change phase rather than having to heat up to
saturation first. Since the pressure is below the boiler pressure,

an extra feed pump is needed after the open feed heater. 6001
500
P4 = P7 = P8 400
iy + i, = mg & 3001
= 2004
The principle of energy conservation gives 1 7./ ——
100 / (I —y)ymkg/s
(Wlh)4 + (Wl}’l)7 = (Mh)s 0 6 T T T T 1
0 2 4 6 8 10
The assumption of saturated liquid at the point before the s (k] /kgK)

pump is usually a reasonably good one to calculate the required
bleed flow, ri14. It can be shown that, for optimum efficiency,
the pressure for bleeding is p,, for the temperature halfway
between the average boiler and condenser temperatures, but the proof is beyond the scope

of this section. With the assumption of reaching saturation temperature, the process diagram
appears as shown schematically in Figure 2.69. Note that this is not a true process diagram
because the mass carried round each part is not the same. The feed pump between 6 and 7
increases pressure almost at constant entropy, before the liquid reaches the feed heater chamber,
where it mixes with the wet steam, which has been bled out of the high pressure turbine, and
the combined water leaves at saturated condition before being pumped up to the boiler steam
pressure at 1. When calculating the work out it is important to remember that the low pressure
turbine does not have the full flow rate of steam from the boiler but a quantity less by the bled
steam.

Figure 2.69 A steam circuit with open feed heater

In this case, as indicated in Figure 2.70, some of the expanding steam is bled from the HP
turbine and passed through the feed heater, which raises the feed water temperature partially
towards the saturation temperature at p;. The bled steam at 4 is cooled by heat exchange to
state 8 and then throttled down to the condenser pressure. During the throttling process

the expansion may lead to condensed water flashing off as steam at the lower pressure, for
which a flash chamber is provided. The feed water temperature is raised from 75 to T
during the process of internal heat transfer. Note that 1 is still liquid (subcooled liquid).
State 8 is condensed liquid. The throttling process can form some steam, which can lead to
erosion.

Flash chambers are used to avert erosion by slowing down the large volume of steam. There is
no mixing between streams.
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Figure 2.70 Schematic of regenerative feed water heating using a closed feed heater

The energy equation gives (assuming adiabatic conditions):
(mh)y = (mh)g = (rth); — (mh);
Since enthalpy is constant from 8 to 9:

(mh)g = (mh)o

Note: as before, this is not a true process diagram because the mass carried round each part is
not the same. The inset picture in Figure 2.70 shows the detail at point 8 — the bleed steam
condenses as it heats up the feed water from state 7 to state 1 before it enters the boiler. The
spent bleed steam then goes through a throttle to the pressure of the condenser and joins the
feed water. The throttle process is indicated by a dashed line since it is an irreversible process.

Cycles with power and process steam/heat as useful
outputs — combined heat and power

On chemical process sites, there is often the requirement for steam and
heat to be supplied in addition to there being a need for electrical power.
Steam plant can be designed to meet all these demands. Steam is required
at a much lower temperature than power steam. It would be wasteful to
have a heating-only plant.

Efficiency is redefined as, for example:

net work + process heat

n= heat supplied
Efficiencies are higher than for conventional plant (70% typical) since the
heat used for the process can be included in the benefit of the system.

It is convenient to use plant for power and then extract heat from the
condenser. The condenser is maintained at a relatively high pressure in
order that Tsar = Trgquiren- The turbine exhausting to the relatively
high pressure condenser is called a ‘back pressure turbine’. This is practical
when heat and power are fairly steady and well matched. When higher
power is required, a ‘pass-out turbine’ can be used. This bleeds steam at an
intermediate pressure to a heat exchanger before being fed back to the
boiler. The amount of bled steam can be controlled.

Boiler

Superheater
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T (°C)
(6%
o
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% | exchanger

s (kJ/kg''K)
Figure 2.71 Back pressure turbine
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Figure 2.72 Pass-out turbine
Learning summary

By the end of this section you will have learnt:

v/ avapour power cycle operates on a condensable fluid in a closed cycle, receiving heat from a
hot reservoir, usually a boiler, to evaporate the fluid before expanding through a turbine to a lower
pressure in order to produce work; it is then condensed to remove heat at a low pressure to a cold
reservoir. A pump then increases the pressure to the high pressure side of the circuit prior to the
heating part of the cycle;

v enthalpy changes between state points on the cycle are used to calculate heat and work from the
first law in the form of the steady flow energy equation;

v/ since vapour power cycles are widely used for power production, there are measures of the

effectiveness of employment of the energy input to obtained output power. Thermal efficiency is the
ratio of work output to externally supplied heat, i.e. the heat supplied from the hot reservoir. Work

ratio is the ratio of net work (work output less work in) to work output, and gives an indication of the
loss to compression. In the case of steam vapour power cycles, the specific steam consumption is the

mass flow rate of steam per unit of power output, measured in kg per kKW-hour;

v the basic cycle has been improved by altering it to improve the effectiveness. The basic cycle is
the Garnot cycle, which uses evaporation between saturated liquid and saturated vapour and which
has expansion and compression within the vapour-liquid mixture region. This is the most thermally
efficient cycle given any maximum and minimum temperature available, and is based on the idea
of the Carnot efficiency. The Rankine cycle is an improvement to the Carnot cycle, by simplifying the
condensation part of the cycle such that all fluid is in the saturated liquid state, and the pumping

work is thus significantly reduced. The average upper temperature can be increased by employing a
superheat part of the circuit after initial boiling, thus increasing the overall thermal efficiency; this also
improves the turbine operation by reducing expansion into the mixture region. Reheat in the circuit is

included after the initial turbine expansion, in order to avoid entering the mixture region significantly
and is used in coal-fired power stations;

v/ the Mollier chart or /i—s diagram is a convenient representation of the processes in the vapour power

cycle since it directly yields enthalpy changes, which are the heat and work exchanges with the

working fluid. The process in the turbine is close to isentropic, and it is a simple exercise to compare

the isentropic performance with the real performance by use of the isentropic efficiency;

v feed heating is often employed, using some of the heat in the steam to heat the water being fed from
the condenser to the pump. This improves the thermal efficiency by reducing the heat required from

the boailer;

v feed heaters can either mix the steam with the feed water, in an open feed heater or pass the fluids

through a recuperator, in which the fluids are separate but exchange heat, in a closed feed heater;

v combined heat and power is used where a quantity of heat is required for chemical processing in a
factory, or where domestic heating is required for long periods of time. The thermal efficiency is

artificially improved by including some of the heat lost as useful output since it is put to good use. In

this case, steam is taken at higher temperature out of the final turbine, at a point where there is stil
useful heat in the steam.
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2.9 Reciprocating internal combustion
engines

Internal combustion engines were developed in the 19th century, producing petroleum- and
diesel-fuelled engines that would subsequently find their most common and well-known
application in the automotive industry, for power units for motor vehicles, as well as for small-
scale power generation. In this section, an overview of reciprocating engines is given.

Piston/ i ? ?
Cylinder—~ (& ?
Con rod
Crank pin
Crank case/
Centre axis of crank TDC BDC

Figure 2.73 Schematic of a reciprocating engine

The reciprocating engine mechanism, shown schematically in Figure 2.73, consists of a piston
that moves in a cylinder and forms a movable gas-tight plug, a connecting-rod and a crankshaft,
similar to the construction of the reciprocating compressor. If the engine has more than one
cylinder then the cylinders and pistons are identical, and all the connecting rods are fastened

to a common crankshaft. The angular positions of the crank pins are such that the cylinders
contribute their power strokes in a selected and regular sequence. By means of this arrangement
the reciprocating motion of the piston is converted to a rotary motion at the crankshaft. There
are many types and arrangements of engines and their classification defines them as described
in the following.

Heat and expand

/ A
p 3 p
Heat Expand
o . \ o
4
— Cool
Compress 1
~ >
Otto cycle Diesel cycle

* air standard cycles
* compress and expand isentropically

Figure 2.74 Air standard cycles representing the Otto and Diesel cycles

Otto and Diesel cycles

Petrol and combustible gases have high volatility and are appropriate for spark ignition
(SI) engines and a thermodynamic cycle based on the Otto cycle. Petrol is a complex mixture
of distilled organic oil, the closest chemical to which is octane, or CgH;g, which leads to the
definition of the octane number, defining the quality of the fuel. The combustion is started
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by spark ignition and allows for controlling timing of fuel detonation. The air standard Otto
cycle is shown in Figure 2.74(a). An air standard cycle considers the processes in an ideal

state, in which the heat is supplied and removed externally (rather than generated within the
cylinder as it is in practice) and a single working fluid in a closed cycle is considered. The cycle
consists of isentropic compression (1-2) assuming no heat transter through the cylinder
walls and a rapid process; constant volume heating (2-3); the piston moves down and
isentropic expansion occurs (3—4); heat removed (4-1), and the cycle repeats. The power
out of the cycle is the area in the cycle loop.

Diesel and fuel oils have relatively low volatility and are appropriate for compression
ignition (CI) and a thermodynamic cycle based on the Diesel cycle. Since the fuel is a
complex mixture of distilled organic oil, the chemical composition is not precisely definable,
but a close approximation is cetane, or Cy6Hj;4, and this is the ideal diesel fuel leading to the
definition of cetane number defining the quality of the fuel. The combustion is started by
compression ignition, which works by increasing the pressure to such a high level that the
temperature is significantly raised, sufficient to commence a rapid deflagration or combustion,
as compared to the explosive reaction occurring with more volatile fuels. The air standard
Diesel cycle is illustrated in Figure 2.74(b). It consists of isentropic compression (1-2);
constant pressure heat addition (2-3); isentropic expansion (3—4) and constant volume
heat removal (4-1).

The practical implementation of these cycles are the spark ignition engine, in which the air and
fuel are mixed before compression and the compression ignition engine, in which the air only
is compressed, and the fuel is injected into the compressed air that is then at a sufficiently high
temperature to initiate spontaneous combustion.

High pressure injector

Inlet valve | Output valve

Exhaust

port SN— Charge
| delivery

Intake port

port

o o ]

Figure 2.75 Schematic diagrams of engine types: (a) Spark ignition, four-stroke
engine, (b) compression ignition, four-stroke engine, (c) spark ignition, two-stroke
engine with BDC position indicated to show clearance of charge delivery and
exhaust ports

Figure 2.75 shows the practical differences between three engine types, which between them
represent the common engine cycles used. The stroke of the piston is the distance it moves
from the position most extreme from the crankshaft to that nearest it. This takes place over half
a revolution of the crankshaft. In petrol engine practice, the extreme positions of the piston are
referred to as top dead centre (TDC), and bottom dead centre (BDC). In oil-engine practice
they are referred to as outer dead centre (ODC) and inner dead centre (IDC) respectively.

An engine that requires four strokes of the piston (that is two revolutions of the crankshaft)

to complete its cycle is called a four-stroke cycle engine. An engine that requires only two
strokes of the piston (that is one crankshaft revolution) is called a two-stroke cycle engine. In
all reciprocating internal combustion (IC) engines the gases are induced into, and exhausted
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from, the cylinder through ports, the opening and closing of which are related to the piston
position. In a two-stroke engine (Figure 2.75(c)) the ports can be opened or closed by the
piston itself, but in the four-stroke engine a separate shaft, called the camshaft, is required; this
is driven from the crankshaft through a two-to-one speed reduction. The two-stroke engine
has a piston head that is shaped to ensure that the charge delivery is directed upward into

the cylinder away from the exhaust port to prevent a short circuit to the exhaust. The four-
stroke petrol engine requires inlet and outlet valves. The diesel engine requires a high pressure
injection port, and outlet valves. There may be a number of valves and ports in each cylinder to
improve fuel distribution and combustion.

Control of power output

Spark ignition engines are quantity governed. Air and fuel are mixed outside the cylinder,
and the quantity of mixture induced is controlled by the throttle plate position. The throttle
plate controls the air induced by restricting the inlet pipe, which may deliver to a distribution
manifold or directly to each individual cylinder. Diesel engine are quality governed.They
have minimum restriction to air flow into the engine (no throttle plate). Fuel is injected
directly into the cylinder, under pressure, towards the end of the compression stroke. The
amount of fuel injected controls the power output.

Combustion initiation

In the case of the spark ignition engine the air-to-fuel mixture is ignited by spark,
typically at an angle of 10—40° before top dead centre (TDC) during the compression stroke.
The compression ratio is approximately 8:1, such that at end of compression the gases in the
piston are at eight times atmospheric pressure. The mixture ratio must be near stoichiometric
(~14.5:1 by mass) for ignition by spark to occur. Current engines run at stoichiometric under
most conditions, for efficiency of the emissions control system. The air—fuel ratio affects the
power and economy — slightly richer causes increased power, slightly leaner causes improved
fuel economy. A throttle or restriction on the air flow adjusts the air—fuel ratio.

In the case of the compression ignition engine fuel injection takes place near the end of
the compression stroke. Combustion begins, as the fuel mixes with the air in the cylinder,
by self-ignition when compression heating raises the mixture temperature to 800-900K.
The compression ratio in a CI engine is greater than 12:1 in order to achieve the required
temperature. These engines normally run at air—fuel ratios (AFR) in the range 20:1 to 25:1.
They can run out to approximately 40:1 AFR.The air flow is not restricted or otherwise
controlled upstream, the mixture being control by injection of the fuel at an adjustable rate.

L. . P4 End of
Spark ignition engine combustion
Referring to Figure 2.76, the characteristics of a real SI engine cycle can be
identified as follows:
3 Expansion
1-2 Induction stroke. Air/fuel mixture is drawn into the cylinder through
the intake valve. The cylinder pressure is less than atmospheric due to losses
across the valve, the intake manifold and the throttle plate.
2-3 Compression stroke.The mixture 1s compressed, and ignited by Exchaust starts
spark before TDC. Combustion proceeds at near constant volume at Spark 4
approximately 50° of crank rotation. Peak cylinder pressure occurs just after 1 Pumping loop 2
TDC, and is typically in the order of 25 bar for the wide open throttle Intake
condition (WOT). Swept volume v
_ _ TDC BDC
3—4 Power st1.'oke.T.he. hot and high pressure combustion products do Figure 2.76 Spark ignition cycle on the
work on the piston, giving useful work output. p-V diagram
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4-1 Exhaust stroke.The energy-depleted combustion products rA
are expelled through the exhaust port into the exhaust manifold.
Cylinder pressure is slightly above atmospheric, due to the
restrictions on the gas flow of the valves and pipes downstream from
the engine. Notice that energy is lost when the exhaust starts as a
free expansion from a pressure significantly higher than atmospheric.

End of
combustion

Start of fuel —| Expansion

injection
Overall, the cycle is distinctly different from the ideal Otto cycle,
mainly because of the combustion process used to produce the
heat internal to the closed volume, and the need to replenish
the volume gases. The process is also distinctly different from the Exhaust starts
standard air Otto cycle. > 4
1 Pumping loop 2
. . Intake
Diesel engine Swept volume ”
o _ . oDC IDC
1-2 Inductlon st.roke.Allr is 1n§1uced into the cylinder — Figure 2.77 Compression ignition cycle on the p-V
no fuel is present in the air at this stage. diagram

2-3 Compression. The air only is compressed and fuel injection

begins just before ODC and continues for about 20-30° of crank rotation. The injection is
done at very high pressure in order to form a fine and quick atomized spray. The rail pressure
has increased to the point where most efficient diesel engines now have up to 2000 bar. The
combustion duration is longer than for an SI engine because it is nearer to constant pressure
than constant volume. The rate of burn is controlled by the rate at which fuel evaporates and
mixes with air in the cylinder. Peak cylinder pressure is in the order of 40 bar at full load.

3—4 Power stroke.The combusting mixture expands against the load applied to the engine.

4-1 Exhaust stroke. A stroke to remove the spent gases. Again notice the immediate loss of
pressure at exhaust.

Notice that the cycle is again distinctly different from the ideal Diesel cycle due to the real
combustion processes used to provide the heat and due to the induction and exhaust strokes.

Performance assessment

For spark ignition engines (and similarly for diesels), the main concerns are fuel economy
at idle and part load, wide open throttle power output, and emission levels. Also important,
but less easy to quantify, are the characteristics of the engine response to changes in demand
(throttle opening or closing).

(i) Indicated power or ip: Rate of work done on the piston by the gas as determined from
the p-17diagram. The top loop of the diagram is the power loop (positive work done by
gases); the lower loop is the pumping loop (negative work done by gases). The indicated
power is given by:

ip = (imep) X LAN [W]

where L = stroke, A = piston area, N = cycles/sec, that is, (engine speed/2 for four-stroke
engine), imep is the indicated mean effective pressure. From the diagram:

power loop area + pumping loop area

mep = diagram base length equivalent to swept volume
(imep values for spark ignition engines are ~5 bar at high load conditions).
The above is sometimes referred to as the net imep.

The gross imep is given by neglecting the pumping loop area.

(i) Brake power or bp: Measured power output, Tw, where T" = brake torque, w = engine
speed (rad/s)
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iii) Mechanical efficiency: m,, = M This is typically ~90% at full load. Losses
Y- M = Tndicated Power typreatly
are due to friction in the valve drive train, piston friction, bearings etc.
"
'f

(iv) Brake specific fuel consumption: bsfc. = WPOWCT

rate.

, where n'dfis the fuel mass flow

This is a measure of engine efficiency. It is more commonly used than brake thermal
efficienc _ Brake Power
Y> M = Tndicated Power

where Q, is the lower calorific value of the fuel. (1), is around 35% for modern engines).

QHCC = ALJO

Volume induced/cycle ) .
(v) Volumetric efficiency: m, = 3 where the volume induced is
wept Volume
referred to the conditions at inlet to the intake manifold. (WOT (wide open throttle) ), is

typically >80%).

Compression ratio and uncontrolled combustion

Thermal efficiency increases with increasing compression ratio (r):

I/max VBDC Vclearancc + Vdisplaced
1/ = = =
I/min VTDC Vclearance

This reflects the increase in the upper temperature of the cycle, which increases thermal
MIN

efficiency (recall that Neynee = 1 — ). In addition, there is less residual gas left in the

Tymax
cylinder at the end of the exhaust stroke to dilute the fresh change for the next cycle. Spark

ignition engines have r values in the range 9—10.These are unlikely to increase dramatically for
the following reasons:

(1) Production tolerances. High r values mean larger variations from build-to-build for
given tolerances on dimensions.

(2) Spontaneous ignition. If the r value is increased progressively, temperatures during
compression will increase, and eventually the charge will start to burn spontaneously before
spark ignition.

(3) Knock.This is a problem even on current engine designs, and is more likely to occur
when 7 is increased. This is an uncontrolled combustion phenomenon. Combustion starts
normally by spark ignition but unburnt gas ahead of the flame front is compressed. If
the unburnt gas temperature is raised sufficiently it will self-ignite as in (2), producing a
characteristic knocking sound.

In some circumstances, the flame front is accelerated and propagates across the combustion
chamber with a shock wave. This detonation wave is reflected back and forth giving rise to
high frequency noise. Knock phenomena can cause serious overheating and loss of efficiency.

(4) Pre-ignition. One effect of knock is to produce local hot spots on the combustion
chamber wall that can initiate combustion before the spark on following cycles. Similarly,
deposits on spark plugs and walls can also produce hot spots.

In CI engines, r is higher, but similar issues occur, due to the nature of the combustion. There is
initial delay as fuel and air mix, followed by initial spread of the flame, and finally by combustion
as the fuel is fully injected. Diesel knock may occur if the initial stages occur too rapidly.

Spark timing

In SI engines, maximum work output is achieved when combustion occurs at TDC, at constant
volume. In practice, this is not achieved. The best spark timing gives peak pressures, which
occur at approximately 15° after TDC.To achieve this, spark ignition occurs before TDC.
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At a given nominal load, speed and AFR (air to fuel ratio), the optimum timing is normally
taken as the ‘minimum advance for best torque’ (MBT timing). Usually this is determined
experimentally, and timing requirements mapped out as a calibration for engines of a given
design. Flame speeds are approximately proportional to engine speed, so although engine speed
varies by an order of magnitude between idle and maximum engine speed, the duration of
combustion requires a similar crank angle interval. Even so, timing is advanced from about 10°

before TDC at idle and 30° before TDC at high speed, full load.

In addition, timing is adjusted to compensate for changes in load. Timing is advanced under
light load conditions by up to about 20°.This compensates for charge dilution by residual
combustion products, and low cylinder pressures and temperatures, which are not conducive to
good combustion.

Modern electronic ignition systems perform adjustments electronically, but still use engine
speed and manifold vacuum (or air flow rate) to identify timing requirements.

Fuelling systems

On spark ignition engines, fuel injection systems have largely replaced carburettors, although
the basic function is the same. The carburettor meters fuel into the throat of a venturi, such
that the AFR is approximately constant for all running conditions. The air mass flow rate
through the venturi depresses the throat gauge pressure, and fuel flow has the same functional
dependence on this pressure. This is because, as the constriction occurs, the air flow speeds

up and the static pressure drops correspondingly, as seen in Part 1 in Section 3.3 on venturis.
Mixture strength is increased at idle (to compensate for poor combustion conditions due to
residual dilution in particular) and at wide open throttle (to give maximum power output,
which is then limited by the availability of air).

Current fuel injection systems are multipoint (most expensive) or single-point (still more
expensive than a carburettor). In multipoint systems, fuel is injected into each tract of the
intake manifold near to the intake valve. One fuel injector per cylinder is required. Single-point
system inject fuel into the air flow before it is split into separate routes to individual cylinders.

Multipoint systems (either electronic, EFI, or mechanical, MFI) are most common. Fuel is
injected in discrete shots lasting approximately 10 msec. Fuel supply pressure (3 bar) is much
lower than diesel fuel injection systems, and the injection timing is not critical. For diesel
engines, fuel injection is inherently necessary. Each cylinder has an injector that fires fuel into
the combustion chamber directly (direct injection diesels) or into a prechamber connected to
the combustion chamber (indirect injection diesels). The injection system is sequential (each
cylinder receives the fuel charge at the same point in its cycle). Because the injection is into the
cylinder, late in the compression stroke, the fuel supply pressure is much

higher (200 bar and now much higher pressures are available) than A
for spark ignition engine systems. The injection spray characteristics
(droplet size, distribution, direction etc.) are also more critical since this
directly influences the way in which combustion progresses.

End of
combustion

Expansion

: Start of fuel —
Supercharging injection
The loss in the exhaust due to the sudden expansion when
exhaust commences, can be used to benefit the charging part of

the cycle. This is done generally on diesel engines to very useful Exhaust starts

effect in improving engine efficiency. The exhaust gases are Spark : 4

passed over a turbine, which is directly linked to a compressor 1 Pumping loop 2

that delivers the air to the inlet manifold. The compressor turns — TR —

at speeds in the order of tens of thousands of rpm This is called a Swept volume v
turbocharger, and the basic idea is indicated on the p-1” diagram TDC BDC

in Figure 2.78. It improves the volumetric efficiency since the air Figure 2.78 Principle of the use of a turbocharger to

in to the cylinder is at a higher pressure. improve volumetric efficiency
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Learning summary

By the end of this section you will have learnt:

v/ internal combustion engines are either operated on the Otto cycle, in which case they work with
petrol and are called spark ignition engines, or on the Diesel cycle, in which case they work with
diesel fuel and are called compression ignition engines;

v diesel fuel may be mainly considered as cetane, CgHz4. Petrol fuel may be mainly considered to
be octane, CgHy;

v/ both cycles are based on the ideal standard air cycle versions of the cycle, which assume external
heat supply and ideally enacted processes. In reality the cycles vary from this, mainly due to the
nature of heat addition by internal combustion;

v Sl engines have air—fuel ratios of approximately 14.5:1 (near stoichiometric) and a compression
ratio of approximately 8. They are quantity governed, in that the rate of air flow is adjusted to alter
power and economy;

v Cl engines have air—fuel ratios between 20:1 and 25:1 and compression ratio in excess of 12.
They are quality governed, in that the air flow is unrestricted, and the injection of fuel controls the
power and economy;

v/ there are several measures of engine performance: indicated power is the power directly from the
p—V diagram; brake power is the measured power at the engine shaft; mechanical efficiency is the
ratio of brake power to indicated power; brake specific fuel consumption, which is the fuel required
for a specific brake power; volumetric efficiency, which is volume induced / swept volume, similar
to that for air compressors;

v the compression ratio affects the combustion performance and can lead to poor combustion and
hence poor mechanical behaviour if handled badly. In particular, it can lead to a noisy combustion
behaviour known as knock or diesel knock;

v spark timing is important for Sl engines in order to provide the maximum pressure at the right
moment in the cycle. The spark occurs a few degrees in advance of top dead centre position in
order to create maximum pressure at top dead centre;

v fuelling systems for Sl engines rely on injection of a premixed air and fuel mixture. Traditionally,
carburretors were used, but recently these have been superceded by fuel injection. For Cl engines,
injection is necessary for the cycle to work, and the improvements have come from injection
strategies due to electronic control and higher pressures available for fuel injection;

v the exhaust gases are ejected significantly above atmospheric pressure. This expansion can
be used in a turbocharger to drive a turbine, which in turn drives a compressor at a very high
rotational speed. The compressor delivers air to the cylinder significantly above atmospheric
pressure, thus increasing the volumetric efficiency.
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UNIT OVERVIEW N

Introduction

Combined loading

Yield criteria

Deflection of beams
Elastic—plastic deformations
Elastic instability

Shear stresses in beams
Thick cylinders
Asymmetrical bending
Strain energy

Fatigue

Fracture mechanics
Thermal stresses
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3.1 Introduction

An Introduction to Mechanical Engineering: Part 1 covered the basic principles of solid mechanics
(Unit 1) including basic mechanics and design analysis, stress and strain and the analysis of
simple engineering loading situations such as uniaxial loading, beam bending, multi-axial
stresses and torsion. This basic introduction assumed that all materials behaved in a linear elastic
way and focused on establishing fundamental principles and simplified methods of analysis to
solve for stresses and strains within components and structures.

In this unit, the application of solid mechanics to engineering problems is taken to a greater
depth. Further elastic analysis is considered including such aspects as combined loading applied
to components; further bending analyses, such as shear stresses in beams; the calculation of
bending deflections; and the bending of beams with asymmetric sections. Powerful methods
of analysing elastic deformations in more complex shaped structures using the concept of
stored strain energy is also included. The analysis of more detailed stress distributions, in thick
cylinders for instance, is also explained. The purpose of these further elastic analyses is to
determine stresses, strains and deformations under more complex loading and where geometry
varies in a more complex way.

Stresses and strains are calculated for a reason: to design components fit for purpose. In this
sense, it is important that we consider how components might fail under loading. The unit
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therefore also includes several sections on failure, including yield criteria to assess when failure
might occur, analysis beyond the elastic region, where elastic—plastic behaviour becomes
important and the analysis of particular types of failure other than yielding, including brittle
fracture and fatigue (under cyclic loading). We learn how to analyse components under

such conditions and how to design against such failures. Finally, failure of components is not
necessarily restricted to excessive mechanical stresses but may be caused by other factors such
as temperature or excessive deformations. The unit therefore also covers the analysis of thermal
stresses and situations where elastic instability — buckling — might occur.

All of the above topics are covered in depth by firstly introducing the basic concepts and
theory, secondly developing standard methods for analysis and finally illustrating these methods
with many worked examples. At the end of the unit students will have learnt a wealth of easily
usable analytical methods for solving many practical engineering problems.

3.2 Combined loading

Many engineering problems can be analysed as simple loading situations e.g. uniaxial loading,
beam bending, torsion etc. However, it is also very common in the real world for engineering
components and structures to be subjected to several loads simultaneously. This is a combined
loading situation and can be analysed by superposing the effects of the individual loads.

Mohr’s circle — recap

Mohr’s circle for plane stress was introduced in Introduction to Mechanical Engineering: Part 1 as

a useful graphical technique for analysing plane stresses acting on an element in a material or
structure. For combined loading situations, it is common to reduce the problem to such a plane
stress problem and analyse using Mohr’s circle. The analysis will give the principal stresses, the
maximum shear stresses and the angles of the principal planes for the element. Figure 3.1 shows
a shaft subjected to combined loading of a torque, T, and a compressive axial load, P. Let us
assume that such loading gives rise to an axial stress of —12MPa (i.e. compressive) and a shear
stress of —6 MPa (i.e. causes the element to rotate clockwise) acting on a surface element as
shown in the figure. The Mohr’s circle analysis is then as follows:

The known stresses on the element are:

o, = —12MPa
g, = 0MPa
Ty = —6MPa
Tye = 6 MPa
Figure 3.2 shows Mohr’s circle for this stress system. To
draw the circle, firstly draw the point B which represents
stresses on the x-plane (coordinates: —12, —6). Next
draw point E which represents stresses on the y-plane
(coordinates: 0, +6). Join the two points with the line
BE that intersects the x-axis at the centre of the circle, C.
The circle can now be drawn and the following quantities y P 6 MPa <—
measured: ‘\T/" 12 MPa
) 3 12 MPa T T l‘T
o, = 2.5MPa — MP.
0, = —14.5MPa Figure 3.1 Shaft subjected to combined torque and
Tmax = 8.5 MPa compressive axial loading
20 = 45°

On the element, the angle of the principal plane (P1) from the y-plane is 0 = 22.5°
anticlockwise as shown in Figure 3.2.
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Figure 3.2 Mohr’s circle for combined torsion and compression

Alternatively, the important parameters in the circle can be calculated analytically as follows:

The centre of the circle is given by C = (0, + 0,)/2 = —6

o, — 0,2
The radius of the circle is given by R = \/( y) + 1,2 =85
2 R
The principal stresses are:
0, =C+ R=25MPa
0, = C—-R =-145MPa
Tmax = R = 8.5MPa
Tyy
The angle of the principal planes: tan 20 = —w——5+=1
x y
——
20 = 45°
0 = 22.5°

If the analytical approach is taken (which does give the more accurate results), then it is always
advisable to sketch Mohr’s circle in order to gain a clear understanding of the orientation of the
principal planes and the maximum shear planes with respect to the x- or y-planes.

Superposition of combined loads

The principal of superposition states that:

The total effect of combined
loads applied to a body

The eftects of the individual
loads applied separately

-¥

Thus, when a body or structure is subjected to a combination of different types of loading
simultaneously, we can consider separately the effects of each load on the local stresses that act
on an element. Stresses on the element can then be summed to determine the eftect of the
combined loading. A number of combined loading examples can be used to illustrate:

Figure 3.3 shows a beam carrying a uniformly distributed load (UDL) along its span, while
simultaneously being subjected to an axial compressive force, E The figure shows how the
effect of the combined loading on the stress distribution through the thickness of the beam
at the centre of its span is determined. The eftect of the UDL and the axial force are obtained
separately and then summed to give the combined stress distribution in the beam.The
symmetrical bending stress distribution about the neutral axis is essentially skewed to more
compression by the effect of the axial stress.
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Figure 3.3 Combined bending and axial loading

Figure 3.4 shows a similar beam to the above example, except now the beam carries a torque
instead of the axial load. This loading situation is typical of a shaft with self~weight (UDL)
transmitting a torque. In this case, the beam cross section can be assumed to be a solid circle
with diameter d.The stresses at the centre of the span, at the bottom surface of the beam, are
given by the usual bending and torsion equations as follows.

Arising from the UDL, bending stress (0g):

My
O = Ji
where y=4d/2
Arising from the torque, torsional shear stress (7) Torque (T)
J
where r=d/2
These two stresses can be superposed and illustrated as acting on an o T l "o
element at the surface of the beam, as shown in Figure 3.4. =
Mohr’s circle can now be used for this element to obtain the principal Figure 3.4 Combined bending and torsion

stresses and maximum shear stress at this position.

A combination of three loads can be illustrated by considering a thin-walled cylinder, as shown

in Figure 3.5, subjected to an internal pressure, P, an axial tensile force, F, and a torque, T.
Figure 3.5 shows the stresses arising from each load separately acting on a surface element
in the plane of the cylinder wall. Superposition of these three stresses are also shown on the
element. Mohr’s circle can again be used to obtain the principal stresses and maximum shear
stress for the element.
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Figure 3.5 Combined internal pressure, axial tensile force
and torque

Methodology for combined loading

The methodology for analysing components or structures under combined loading can now be
summarized:

(1) Identity a 2D element at the location of interest in the component.

(1)) Determine the stresses acting on the element arising from each individual load.

(i11) Superpose the stresses from each individual load to obtain the combined stresses on the
element.

(iv) Use Mohrs circle to determine the principal stresses and the maximum shear stress on the
element.

Worked example

Combined bending and torsion —
offset loading on a cantilever

Figure 3.6 shows a solid circular
cross section cantilever beam,
of length L and diameter d, fixed
at one end. Attached at the free
end of the beam is a crank arm
which allows a vertical load, P, to

a = 120mm

be applied at an offset distance, a, . T~ 8
from the axis of the cantilever. ,\@
. . A/
Determine the maximum shear stress op T —
on the upper surface at the fixed support Figure 3.6 Combined bending and torque
of the cantilever beam (position A). acting on a cantilever beam

The following load and dimensions apply:

P = 1kN

L = 200 mm
a =120 mm
d = 30 mm
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We consider the stresses acting on a small surface element at position A. The load gives
rise to a bending moment and torsional moment at the cross section at position A as
follows:

Bending moment M = P+ L

Torsional moment T'= P -a

These moments give rise to separate bending and shear stresses acting on the element at

position A which can be superposed to give the total eftect of the combined loading as
shown in Figure 3.6. The stresses are:

d
. My _PLy  spr
Bending stress: oy =" = it =P 75.45 MPa
64
d
Pa—
: _Tr_ "2 _16Pa _
Torsional shear stress T = 7 i =oh - 22.64 MPa
32
—veT
E (0, —22.46)
Direct
o, C o, stress
0 o}

B (75.45, 22.46)
Shear [~77°°

stress y
+veT

Figure 3.7 Mohr’s circle for combined bending and torsion

Mohr’s circle can now be drawn for the element to determine the maximum shear stress
as shown in Figure 3.7 The coordinates of point B on the circle (o,T) correspond to
the stresses on the element in the longitudinal direction, i.e. along the cantilever. Point
E corresponds to the stresses (0,—7) in the transverse direction to this. The line joining
these two points defines the diameter of the circle and, where it crosses the o-axis, the
centre, C.The circle can now be drawn and its radius measured to give the maximum
shear stress as follows:

Tmax — Tadius = 44 MPa
Alternatively, by calculation:
Given the element stresses

0, = 75.45MPa
o, = 0MPa
T, = 22.64 MPa

g, — 0},)2

4L 2
) T

The maximum shear stress, T,,,., = radius = \/ ( vy

2
= /(%ﬂ) + 22,647

= 44 MPa as before
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Learning summary N

By the end of this section you should have learnt:
v the basic use of Mohr’s circle for analysing the general state of plane stress;

v/ how the effect of combined loads on a component can be analysed by considering each load as
initially having an independent effect;

v how to use the principle of superposition to determine the combined effect of these loads.
\\ J

3.3 Yield criteria

Elastic—plastic deformations

Uniaxial tensile tests (Figure 3.8) are used to obtain some

important material properties. Typical ‘stress—strain curves’

P
are shown in Figure 3.9. 1 oA

A linear elastic range is exhibited by a number of yield y_\
materials. In this region the strain is proportional A P _\

to the stress (Hooke’s Law) and on removal of the - !

stress, the strain returns to zero. The constant of ~—1

proportionality is the Young’s Modulus, E, for the

material. If the stress exceeds a certain value, i.e. the E\

yield stress, g, the strain does not return to zero on Linear eleastic
removal of the load. Table 3.1 gives typical values of E behaviour

and o, for some common engineering materials. P

A tensile specimen, with a circular cross-section, made Figure 3.8 Uniaxial Figure 3.9 Uniaxial stress-strain
from mild steel, which is a ductile material, breaks tensile loading behaviour for mild steel

with a ‘cup and cone’ mode of failure, see Figure 3.10,
the cone angle is ~45°.

Failed
specimen @
g
Fracture -

surfaces

b T

Figure 3.10 Cup and cone failure for mild steel and Mohr’s circle for
uniaxial tensile loading

Material
mild steel 200 350
copper 120 310
brass 100 390
aluminum alloys 70 140-500

Table 3.1 Typical values of E and o, for common engineering materials at 20°C
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A Mohr’s circle for the loading condition, see Figure 3.10, indicates that the 45° plane is that

. ) ~
on which the maximum shear stress, T, occurs.

If a circular cross section mild steel bar is subjected
to torsional loading (Figure 3.11), the torque
angle response is as shown in Figure 3.12. For T’
< T, T x 8, and the torque—angle behaviour is
reversed on removal of the torque. If the torque

is continuously increased until failure occurs,

the fracture plane is transverse to the axis of the
specimen (Figure 3.13). A Mohr’ circle for the
torsion loading case, Figure 3.13, indicates that
failure occurs on the maximum shear stress plane.

0]

Fracture surfaces

x

7

TA

w T
= Linear eleastic
T, behaviour
¥

T _Gh -4
Figure 3.1 Pure torsional 7T Loed =
loading for a circular
cross section bar >
0, angle

Figure 3.12 Torque-angle behaviour
for mild steel

@ T Mohr’s

circle

IR

0

T

Figure 3.13 Transverse failure mode exhibited by mild steel and pure
torsional loading and corresponding Mohr’s circle

Therefore, the results of both the tension and the torsion tests indicate that
failure occurs on the planes that contain the maximum shear stresses. This

behaviour is similar to that of many ‘ductile’ materials.

Similar torsion tests on ‘brittle’ materials (e.g. cast iron) give different behaviour.
The torque-angle response is as shown in Figure 3.14 and the fracture occurs

on a 45° helix, as shown in Figure 3.15.

Cast iron

7 Figure 3.14 Torque-angle behaviour
Failed for cast iron
@ specimen
Fracture
surfaces Failure takes place along a
T 45° helix on the surface.
R
“ D @2
T (@ T
. 5
T A
o plane 907 g

O

T

Figure 3.15 The 45° helix failure mode exhibited by mild steel under
pure torsional loading and the corresponding Mohr’s circle
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A Mohr’ circle for this loading condition shows that the point on the Mohr’s circle associated
with the maximum principal stress is 90° (ccw) from point 1. Therefore, this represents a plane
at 45° from plane 1 on the element. This maximum principal stress, 0, plane corresponds to
the 45° helix angle of the fracture on the surface. This indicates that failure in this material has
occurred on a plane on which the maximum principal stress exists.

The tests and stress states used to come to the above conclusions for ‘ductile’ and ‘brittle’ failures
are very simple and it would therefore be unwise to base failure criteria on this evidence alone.

Yielding of ductile materials

The topic of yield criteria is limited to the prediction of the initiation of yielding in ductile
materials. A yield criterion closely related to the maximum shear stress (Tresca) criterion is the
maximum shear strain energy (von Mises) criterion; these two criteria generally provide a good
indication of yield and are widely used in elastic—plastic analysis.

Maximum shear stress (Tresca) yield criterion

The Tresca yield criterion states that the material will yield
when the maximum shear stress in the material exceeds a
limiting value.

If 04, 0, and 07 are the three principal stresses (0 > 0, > 03)
then, Figure 3.16 shows that

0y 7 03
Trmax — 2

The limiting value can be related to the uniaxial yield stress, o
obtained from a uniaxial tensile test. In this case,

N

o =0,and o, =03 =0

T Tinax — —a

O'—O_O'Y 0y

J— y —
Tmax — 2 - 2 l
The T, criterion therefore states that the material will yield if:

O3

Figure 3.16 Mohr’s circle representation of a three

— =
0y —03=0 dimensional stress state

, (0> 0,>03)

Maximum shear strain energy (von Mises) yield criterion

The von Mises yield criterion states that the material will yield when the maximum shear
strain energy (per unit volume) exceeds a limiting value. If 0, 0, and 0 are the three principal
stresses (0 > 0, > 03) then:

shear strain energy 1
= 12(;{((71 — 0% + (0, — 03)° + (03 — 09)?}

unit volume

Again, the limiting value can be related to the uniaxial yield stress, 0., obtained from a uniaxial

tensile test. Thus, at yield 0y = 0,and 0, = 03 = 0:

y?

shear strain energy 1

ci207)

unit volume 12

The von Mises yield criterion can thus be expressed as follows:
1 1
12G{(01 — 0y + (0 — 03)% + (03 — 09)*} = 12G{20y2}

which can be reduced to the following, more common expression for the onset of yield,
according to the von Mises yield criterion:

(01 — 0> + (02 — 03)> + (05 — 0))* = 20
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Two-dimensional stress systems (i.e. o3 = 0)

For plotting purposes here, oy and 0, can take on any values, i.e. 0 is not necessarily always
greater than 0,.The yield boundaries on the 01—0, plane are shown in Figure 3.17.

402 von Mises:
02— 0,0, + 0,2 =02

o, -

S g, =0,
Tresca: 0, — 0y =0, _ MTresca
g,=0,
-0, o .
0y

Tresca: 0y — 0, =0,

Figure 3.17 The yield boundaries, for a two-dimensional stress
state, on the o4 — o, plane (o3 = 0).

In general, the von Mises yield criterion is easier to handle analytically because it is continuous.

This is particularly important for the calculation of incremental plastic strains, since the
plastic strains are related to the normals to the yield surface, and at the corners of the Tresca
yield locus there is ambiguity about the directions of the normals, whereas there is no such
ambiguity about the von Mises yield locus.

Three-dimensional stress systems

The Tresca yield criterion

0 —03=0, (07>0,>03)
and the von Mises yield criterion
(@1 — 02> + (02 + 03)> + (05 — 7)) = 207
are not altered if a constant stress component, say 0, is added to each stress component, i.e.
(0 +0) = (03 —0)=0, —03=0,

and

(01 + 0) = (02 + 0))> + (02 + 0) = (05 + 0)* + (05 + 0) = (0, + 7))

= (0y = 0y + (0, — 03)> + (03 — 0y)* = 20,

This implies that the addition of a ‘hydrostatic stress state’,i.e. 0y = 0, = 03 = 0 does not

change the shapes of the yield surfaces shown in the section on two-dimensional stress systems.

The mean principal stress o), = %(01 + o0, + 03), which is known as the hydrostatic

stress for a given stress state (07, 05, 03), is the stress that causes volume change. Now, the
independence of the yield criteria with respect to hydrostatic stress means that the three-
dimensional yield criteria are prismatic surfaces with the axes of the prisms in each case being
the line 0y = 0, = 03.This is called the hydrostatic line in 3D stress space
(Haigh—Westergaard stress space) and it has direction cosines (%, %, %).The yield
boundaries can thus move any distance in the direction 0y = 0, = 03.The yield surfaces for
both the von Mises and the Tresca yield criteria therefore have a constant oblique section and
hence a constant perpendicular cross section, whose true shape can be seen in the view along

the line 0y = 0, = 03.Any arbitrary stress ‘vector’ (0, 05, 03), €.g. OB and O_D) (Figure 3.18),
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in the stress space can be decomposed into two components,
one parallel to the hydrostatic line, e.g. OA and OC, and one
perpendicular to the hydrostatic line, e.g. AB and CD. The
oblique planes that are perpendicular to the hydrostatic line
are called deviatoric planes and are given by equations

of the form o, + 0, + 03 = constant, each representing

a difterent level of hydrostatic stress. The deviatoric plane

A02

Hydrostatic axis
(0y=0,=

N

Maximum shear stress
criterion (Tresca)

03)

Distortional energy density
criterion (von Mises)

with oy + 0, + 03 = 0 is known as the m-plane. It can be
shown that the component of (0, 05, 0°3) parallel
to the hydrostatic line is (0, 0, 0,), e.g. OA and
OC, while the component parallel to the deviatoric
planes is (04 — 0,0, — 0,03 — 0), ABand CD.
Only the latter component of stress is important in
determining yield according to the von Mises and
Tresca criteria.

O3

02

The view along the 0y = 0, = 03 line of the von Mises and Tresca
yield criteria is an isometric view that shows the three axes included
at 120° intervals. This is sometimes called a view on the m-plane,

on which the Tresca yield surface is a hexagon and the von Mises
yield surface is a circle. Therefore, large principal stresses do not
necessarily result in yield; it is the stress differences and the route to
the final stress state that govern whether yielding will occur.

Figure 3.19 can be used, instead of the equations, to decide whether
a certain stress state will be safe. Simply plot on the diagram each of
the three principal stresses parallel to each of the three axes and see

whether the final point lies inside the appropriate yield surface. Figure 3.

von Mises

circle

deviatori

Tresca
hexagon

.- Uniaxial

Uniaxial stress

F__

gy

stress

Pure
Shear

g3

Pure ,/

Shear

~—Y/V2—
Uniaxial ! 2

— (V2/3)Y—

stress

Figure 3.19 View of the yield surfaces on the m-plane

Note:
(1)

Tresca: 0y — 03 =0, (0] > 0, > 03)

Y

von Mises: (0, — 0,)% + (0, — 03)% + (05 — 7)) = 202

y
or by plotting principal stresses on the m-plane.

Hydrostatic axis
(0= 0,=03)

Deviatoric
plane

Deviatoric plane

18 (a) Representation of yield surfaces

for a three-dimensional stress state and (b) the
decomposition of the stress into hydrostatic and

c components

The yield condition can be examined by either using the appropriate equation, i.e.

(i) All three principal stresses are important. At free surfaces the normal stress is usually zero,
but it may be important, particularly if the other two principal stresses are of the same sign.
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Learning summary N

By the end of this section you should have learnt:

v the difference between ductile and brittle failure, illustrated by the behaviour of bars subjected to
uniaxial tension and torsion;

v the meaning of yield stress and proof stress, in uniaxial tension, for a material;

v/ the Tresca (maximum shear stress) yield criterion and the 2D and 3D diagrammatic representations
of it;

v the von Mises (maximum shear strain energy) yield criterion and the 2D and 3D diagrammatic
representations of it.

3.4 Deflection of heams

In this section we address the important topic of beam deflections. The design of engineering
structures and components is very often dictated by the strength of the materials used and
consequently the stresses within the structure, but often the limiting factor is the allowable
deflection. This is particularly important for engineering artefacts made from materials of lower
stiffness, such as aluminium, plastics or composites, but may also be critical for high stiffness
steel structures comprising slender flexible members. It is therefore important as part of the
design process to be able to calculate maximum deflections in a structure in addition to the
position at which they occur.

This section focuses on deflections in beam structures. Following the derivation of the
fundamental deflection equation for a beam, a flexible procedure is introduced, called
Macaulay’s method, which allows deflections to be calculated at any position along a beam
span. In particular, the method allows us to deal with difterent types of loading such as point
loads, uniformly distributed loads (UDLs) and point moments, including discontinuities in
these loads. Although not the only method for calculating deflections, as we will see later in the
strain energy section, it is a particularly powerful and flexible method.

Equation of the elastic line
The section of span of a beam, shown in Figure 3.20, is under M< | | >M

pure bending, i.e. there is a constant bending moment along C
this section and no shear force. Under pure bending conditions,

the neutral surface of the beam is a circular arc with radius of
curvature, R, as shown. The transverse deflection of the neutral
surface is given by the coordinate y of any position along this
surface.

(N.B. Do not confuse this ‘y’” definition of deflection with the

‘y” denoting distance from the neutral axis/surface in the beam

bending equation — as detailed in An Introduction to Mechanical
Engineering: Part 1. Y

] ] o ) Figure 3.20 The elastic line (i.e. deflection curve) of a
The line denoting the neutral surface in Figure 3.20 is known  peam under pure bending

as the elastic line or the deflection curve of the beam.

Elastic line
(deflection curve)

Referring to Figure 3.20, the angle dO defines an element AB, ds in length, of the elastic line,
and, because d0 is small,

ds = Rd0
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in other words, the curvature,

1 do
R = & (3.1)

For a beam bent in the elastic range, the elastic line is a very flat curve i.e. deflections are small.
In this case,
ds = dx

where dx is the increment of x between A and B, and equation (3.1) becomes

1 __de

R dx (3.2)

Note the introduction of the minus (—) sign because 0 decreases as x increases for positive
bending, i.e. sagging. This maintains a positive radius of curvature for positive bending.

Also, 0 1s the slope of the elastic line at position A,

dy
0= P (3.3)
Combining equations 3.2 and 3.3 gives,
1 d?y
R™ a2 (34)

And finally, combining equation (3.4) with the part of the beam bending equation relating
radius of curvature to the bending moment (M),Young’s modulus (E) and second moment of
area (I), 1.e.,

M_E 1 _M
7" RORTE (3.5)
gives,
d?y
_EIW =M (3.6)

Equation (3.6) is the differential equation of the elastic line, relating the deflection, y, to
the applied bending moment, M, the Young’s modulus, E, and second moment of area. I. The
product of E and I, i.e. EI is termed the flexural rigidity of the beam.

Successive integration of equation (3.6) will yield the slope, dy/dx, and the deflection, y, at all
points along the beam.

Equation (3.6) has been derived for the case of pure bending, i.e. constant bending moment
along the section, and does not take into account deflections due to shear. For long slender
beams, shear deflections can be neglected.

Equation (3.6) may also be integrated, and solutions found, if the bending moment, M, is a
continuous function of x. This condition applies only to beams under specific simple loading
conditions. A complication arises where discontinuities in M exist, such as where there are
point loads and point moments or where there is an abrupt change in distributed loading.

Various methods have been developed to solve such problems with discontinuities. In the
next section we will introduce and develop the procedure called Macaulay’s method, a
versatile solution procedure that can handle most discontinuities that we are likely to come
across.
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Macaulay’s method (also termed the method of singularity functions)

Named after the mathematician W.H. Macaulay, this method uses a mathematical technique
to deal with discontinuous loading. The moment expression M(x),i.e. M as a function
of x, is replaced with the step function M<<x — a>, in which a defines the points where

discontinuities arise. The procedure will now be developed from first principles.

Figure 3.21 shows a simply supported beam carrying three point loads IV, , Wi and W,
along its span. Each of the three loads gives rise to a discontinuity in the bending moment.
Knowing the applied loads, the end reactions Ry and R, can be calculated from equilibrium
conditions for the whole beam. Now, considering each part of the span between the loads

separately:
1 1WA 2 1WB 3 1WC 4
R, *,' ‘ TRz
b
[ 1

Figure 3.21 Simply supported beam carrying

point loads
Span 1

Figure 3.22(a) shows the free-body diagram of the left-hand end of the beam,
cut at a section in span 1.The unknown bending moment, M, and shear force,
S, at this section are shown in the diagram. Considering the bending moment
only and taking moments about the cut section,

M — R1x =0
and combining with the equation of the elastic line,
d?y
EI@ = —M= —Rx (3.7)

This equation applies to span 1 only. Now consider span 2.

Span 2

M
R, R -
X '
a WA S
. —ibu @
R, '
X '

Figure 3.22 Free-body diagrams
of beam cut at different sections

Figure 3.22(b) shows the free-body diagram of the left-hand end of the beam, now cut at
a section in span 2. As before, the unknown bending moment, M, and shear force, S, at this
section are shown in the diagram. Again, considering the bending moment only and taking

moments about the cut section,
M+ Walx —a) — Rix=20

And, again, combining with the equation of the elastic line,
d?y
EIW =-—M= —Rix + Wilx — a)

This equation now applies to span 2 only.

Similar equations can be derived for spans 3 and 4 as follows.

Span 3
d?y
EI@ = —M= —Rix + Wi(x —a) + Wi(x — b)
Span 4
d?y
EI@ =-—M=—Rix + Wxlx —a) + Wglx — b) + We(x — ¢

(3.8)

(3.9)

(3.10)
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It 1s interesting to note that the forms of equations (3.7), (3.8), (3.9) and (3.10) are very similar,
in that extra terms are added to take account of the point loads as we move towards the right-
hand end of the beam. In fact, due to this similarity, equation (3.10) can be used to apply to all
spans by rewriting it in a slightly different form:

2

d
EId—x);: ~M=—Ryx+ Wy <x — a>+ Wy <x — b>+ We <x — > (3.11)

Note the change of bracket shape in equation (3.11). The <> brackets are termed Macaulay
brackets, and equation (3.11) is now applicable to any point in the beam if we adopt what is
called Macaulay’s convention.

Macaulay’s convention: “‘Whenever a bracketed term becomes negative it must be
ignored.

Adopting this convention, the general expression for M in equation (3.11) can be integrated
twice to give the slope, dy/dx, and the deflection, y, at any point along the beam. During the
integration, boundary conditions for the beam are used to determine the integration constants.
It should also be noted that the bracketed terms must not be multiplied out in any general
expression for y, dy/dx or d?y/dx?, otherwise the Macaulay convention will be lost.

Worked example

Macaulay’s method example — point load on a beam

AI 2

Ry

Figure 3.23 Simply supported beam carrying a
single point load

Figure 3.23 shows a simply supported beam carrying a point load, distance a
from the left-hand end and distance b from the right-hand end.

Derive an equation for the deflection of this beam at any point along its length.

Firstly, determine the reaction force, Ry, by taking moments for the whole beam about B,
RAL—WZ?=0 L. RA=_

Now, cutting the beam at a section in the extreme right-hand part of the span, distance
x from the left-hand end, the left-hand part of the beam can be considered as a free body
with an unknown bending moment, M, and shear force, S, on the cut section. Taking
moments about this cut section for the free body, we have,

M+ W<x—a>—Rux=0 (3.12)

Here we have used Macaulay brackets to indicate that the expression applies anywhere
along the beam on condition that the Macaulay convention is adhered to. The second
term in equation 3.12, W<\x — a>, is specific to a point load and is termed a ‘singularity
function’. Different forms of singularity function appear for difterent types of loading as
we will see overleaf.
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4 From (3.12) and the equation of the elastic line (i.e. (3.6)),

%y Wh
Eldxz =M= —Ryx + W<x —a> = —Tx + W<x — a> (3.13)
Integrating:
dy Wh <x — a>2
= 2
B o+ W= + A (3.14)

where A is an integration constant.
Integrating again:

_ 3
Ely = —%9& + W% + Ax+ B (3.15)

where B is also an integration constant.

We use the boundary conditions to solve for the two integration constants, A and B:
y=0atx=0 .. from (3.15)
0=0+0+0+B
B=0

e e

(Note that the second term after the equal sign is zero because the quantity in the
Macaulay bracket, <x — a>>, is negative at x = 0 — “The Macaulay Convention’.)

y=0atx =L .. from (3.15)

—wpl2 | WL —a®
0= ”gbLJr (6a)+AL

therefore:

_ —WbL? M_M( _b_z)
A= 6 i 6L. 6 L L

Substituting for A and Bin (3.15), a general expression for y can be obtained as follows,

L W W< — a>3 I/Vbx( _b_Z)]
Y = Er oL 6 T \LT T

(3.16)

N.B.The Macaulay bracketed term in equation (3.16) is ignored when x < a.
The slope, dy/dx can be obtained from (3.14) or by differentiating (3.16).

A special case for this problem occurs when the load is applied at the centre of the beam
span. The deflection at point C, the load point, is then given by putting b = aand x = a
in (3.16), giving,
0
Y~ 48EI

which is the well-known result for the central deflection of a simply supported beam
with the load applied at centre span.

Other loading conditions

Consider a uniformly distributed load (UDL), ¢ N/m, acting over part of a beam’s span as
shown in Figure 3.24.The UDL runs from a position C, distance a from the left-hand end of
the beam all the way to the right-hand end of the beam. A discontinuity occurs where the
UDL commences at position C.
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A C

Ry

Figure 3.24 Simply supported beam carrying a
uniformly distributed load (UDL)

Cutting a section to the right of the discontinuity and considering the part of the beam to the
left of this section as a free body, moments can be taken about the section, giving the following
equilibrium equation,
q<x — a>2
M+ —F " Rx=0 (3.17)

Combining equation (3.17) with the equation of the elastic line,
d?y q<x — a>?
El@ ="M= -Rx+——F5

As for a point load, this equation can be integrated twice to give the deflection at any position
along the beam. Integration constants are determined from the boundary conditions as before.
The procedure is identical to the point load case except that the singularity function,
q<x — a>?2

2
Macaulay brackets in the singularity function indicating whether the term is included or not
depending on the sign of the bracketed term. It is excluded if <x — a> 1s negative, i.e. if x < a.

, 1s different. The Macaulay convention applies equally in this case, with the

How do we deal with a UDL which only acts over part of the

beam span as shown in Figure 3.25(a)? qNm™!

In this case, there are two discontinuities at distances a and b a

from the left-hand end of the beam.The UDL can be extended A < 15 B
to the right-hand end of the beam and an additional negative R, b

counterbalance UDL superimposed over the newly extended |

2

S
=
o

o

X
part, also shown in Figure 3.25(b). This gives a statically equivalent |
system to the partially extended UDL.
+q Nm™!
Cutting a section in the newly extended part and looking at . :
equilibrium of moments on the left-hand part of the beam we have, A C : B
q<x—a>2 q<x — b>2 X '
M + 5 - 5 —Rix=0 Ry g M R
. . . . - . —qNm™!
which, combining with the equation of the elastic line gives, Figure 3.25 Dealing with a UDL acting over part of
d?y g<x —a>?  g<x— b>? the beam’s span - ‘counterbalancing’ the load
EI?Z —M=—Rx + 5 — 5
x

As before, this equation can be integrated twice to give the deflection at any position along
the beam. There are now two singularity functions corresponding to the discontinuities in
UDL at positions a and b. The negative sign for the second function arises from the negative
counterbalance UDL.

Figure 3.26 shows both a point load, I, acting at position 4, and a point bending moment,
My, acting at position b on a simply supported beam. This problem has a combination of
two loads (point load and point moment) acting on the beam and shows the versatility of
Macaulay’s method.
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Wi

My ~ ~

'S
E
R, b : M 1R2

| X

I
Figure 3.26 Simply supported beam carrying a
point bending moment and a point load

Cutting a section to the right of the point bending moment discontinuity and considering
the part of the beam to the left of this section as a free body, moments can be taken about the
section, giving the following equilibrium equation,

M—Rix+ Wy<x—a>— Mg<x—b>"=0 (3.18)

Note the form of the discontinuity function for the point bending moment, i.e. Mg<<x — b>".
The zero exponent is a special form that allows subsequent integration to give higher level
exponents when deriving the expressions for slope and deflection as shown below.

Combining equation (3.18) with the equation of the elastic line,

42
EId—Z = -—M= —Rix + Wy<x — a> — Mg<x — b>°
x
Integrating gives,
d Rx? =2
EId—f:= - WA¥—MB<3¢—I;> +A

The point bending moment singularity function has integrated to have an exponent of order 1
and A is an integration constant.

Further integration gives,
R1x3 <x — g>3 <x — h>2
: + W,y 76 - Myg————

Ely = — + Ax + B (3.19)
The final form of the applied bending moment singularity has an exponent 2. There are two
integration constants, A and B, which can be solved for by using the boundary conditions. As
before, equation (3.19) can be used to determine the deflection at any position along the beam
on condition that Macaulay’s convention is used when evaluating the bracketed terms.

Summary of singularity functions

We have seen that Macaulay’s method can be used to find deflections at any position along a
beam where point loads, UDLs and point moments produce discontinuities in the bending
moment distribution. The method can also be used where there is a combination of these loads
acting on a beam.

When developing the bending moment equation for the beam with load discontinuities, the
following singularity functions are used for each difterent type of load:

Load | Singularity function

Point load (17) W<x — a>
. ) o q<x—a>?
UDL (q) with single discontinuity —
<x — a>? <x — b>2
UDL (g) with double discontinuity | x2 i _ 1 x2
Point moment (Mg) Mg <x — b>0

It 1s interesting to note that in these singularity functions the exponent is 1 for a point load, 2
for a UDL and 0 for a point moment.
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Summary of Macaulay’s method for beam deflections
(1) Take the origin at the left-hand end of the beam.

(2) When necessary, extend and counterbalance uniformly distributed loading to the right-
hand end of the beam

(3) Obtain an expression for M in the extreme right-hand part of the beam span, i.e. beyond
the final discontinuity.

Use Macaulay brackets in relevant singularity functions for discontinuities.
Use the equation of the elastic line, i.e. EI d*y/dx? = —M.

(4)
©)
(6) Integrate to give dy/dx and y. Do not multiply out bracketed terms during these integrations.
(7) Use boundary conditions to determine integration constants.

®)

Evaluate slope (dy/dx) and deflection (y) at required positions. Bracketed terms are ignored
when the value within brackets is negative.

g N/m +q N/m
L/2 P p :

-~ '

A| B A j B

TR T Piia
e | x i

—q N/m

Figure 3.27 Point load and UDL discontinuities acting on the same beam

Figure 3.27(a) shows a simply supported beam carrying a point load, P = 2kN,
at centre span and a uniformly distributed load, ¢ = 4 kIN/m over part of the
right-hand half of the span. The length of the beam is 2 m and the flexural
rigidity of its cross section is EI = 10° Nm?2.

Use Macaulay’s method to determine the deflection of the beam at centre span
below the point load.

Reaction forces

Considering equilibrium of the full beam,

Vertical forces:

qL
Ry, + Ry = P+T (3.20)
Moments about A4
PL 4L5L _ . . _
5 + 18 RyL =0
_m gk
Ry = > + 35 = 2250 N
and from (3.19)
_ B ik
Ry = > + o= 1750 N
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Moment expression and integration

The UDL is extended to the right-hand end of the beam and a counterbalancing
negative UDL is added, as shown in Figure 3.27(b). Taking moments about a section in
the extreme right-hand end of the beam beyond the last discontinuity, we have,

L q<x — %>2 q<x — %>2
M:RAX_P<.X'_§>_ ) aF )
and combining with the equation of the elastic line,
&y L q<x — %>2 q<x — %>2
EIW:—MZ—RAx+P<x—E>+ 5 = 5
Integrating twice gives,
dy Ryx? P<x — %>2 q<x — %>3 q<x — %>3
El— = — & & = + A
dx 2 2 6 6
Ry  P<x— %>3 q<x — %>4 q<x — %>4
Ely = — 6 + 6 + o — o + Ax + B
(3.21)

where A and B are integration constants.

Boundary conditions

Setting the boundary conditions in equation (3.21) we have,
Whenx =0,y=0 .. B=0

N.B. Negative Macaulay bracketed terms are ignored, 1.e. set to zero
Whenx =1L,y =0

R\ pp3 qL? qL*

6 48 16.24 + 256.24

0

+ AL

Substituting values for Ry, P, ¢ and L, and solving for A gives,
A = 922 Nm?

Deflection at centre span

Equation (3.21) can now be used to evaluate the deflection at centre span.As x = L/2,
the three Macaulay bracketed terms are zero (using Macaulay convention). Therefore,
Rpx? 3

Ely = -2+ 4x = =221 4 9201 = 630

y=%=6.3mm

Statically indeterminate beams

Macaulay’s method can also be used to solve for deflections and slopes of a statically indeterminate
beam, i.e. 2 beam where the reaction forces and moments cannot be determined by the
equations of statics alone. An example is a clamped—clamped beam subjected to a point load, as
shown in Figure 3.28(a).
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Drawing the free-body diagram for this beam, Figure 3.28(b), a b

the end reactions comprise moments M, and Mg, which restrain A D B
rotation, and the vertical reaction forces R, and Rp. There are c o
therefore four unknowns that cannot be solved for by equilibrium L
conditions alone. They have to satisty both equilibrium (two
conditions) and the boundary conditions, i.e. slope and deflection

at both ends (four conditions). Equilibrium is incorporated in i a b i
the Macaulay bending moment equation, and, as we have seen, M < A CP ? > B > M
boundary conditions are also an integral part of the method. A TRA 'S M RBT QB
X '
Taking a section, X—X, at distance x from the left-hand support, L |
beyond the load discontinuity, and considering the left-hand |
part of the beam as a free body, the equation for the unknown Figure 3.28 Statically indeterminate beam: clamped-
moment, M, on the section is, clamped beam subjected to a point load
d?y
M= —El— =M, + Ryx — P<x — a>
da?
Integrating this expression twice gives,
dy Ry p<y — g>2
—EIE—MAx+ 5 5 + A
and
M .’X?2 R .X'3 <y — >3
CElp =AY Pex a4 4B (3.22)

2 6 6

This expression for the deflection, y, includes four unknowns, namely M, and R,, and
the integration constants A and B.We can use the boundary conditions to solve for these
unknowns.

When x =0,y =0

When x = 0,dy/dx =0
A=0
N.B. Negative Macaulay bracketed terms are ignored, i.e. set to zero
Whenx =L,y =0
_ MpL? N R,\L? _P(L— a)’

> 3 3 (3.23)
When x = L,dy/dx =0
R, P(L — a)?
0 = M,L + T 5 (3.24)
N.B. Macaulay bracketed terms are converted back to normal brackets at this stage.
Equations (3.23) and (3.24) can be solved simultaneously to give R and M, as follows,
P(L — a)*(L + 2a)
Ry = I (3.25)
Pa(L — a)?
My = — 7z (3.26)
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Substituting for Ry and M, from (3.25) and (3.26) into (3.22) gives the required general

expression for deflection, y, at any position along the beam,

1 [Pa(L — a)>x*>  P(L — a)*(L + 2a)x> L P<x— >3

T 212 613 6

For a beam loaded at centre span,i.e.a = L/2, Equations (3.25) and (3.20) give,

And the maximum deflection at the centre of the span, under the load, is,
1 [M\L?>  RLL>  P(0)?

Ymax = TET|T8 48 6

__PL}
192EI

which is the well-known expression given in many textbooks.

Comparing this result with a simply supported beam, where the central deflection is given
by ymax = PL?/48EI it can be seen that clamping the ends of the beam results in a deflection

which is 25% of the deflection of a simply supported beam.

Learning summary

By the end of this section you should have learnt:
v/ to derive the differential equation of the elastic line (i.e. deflection curve) of a beam;

beam at any position along its span;

loading;

v to use Macaulay’s method for statically indeterminate beam problems.

N

v/ to solve this equation by successive integration to yield the slope, dy/dx, and the deflection, y, of a

v/ to use Macaulay’s method, also called the method of singularities, to solve for beam deflections
where there are discontinuities in the bending moment distribution arising from discontinuous

v to use different singularity functions in the bending moment expression for different loading
conditions including point loads, uniformly distributed loads and point bending moments;

3.5 Elastic—plastic deformations

Elastic—plastic material behaviour models

In this case there is assumed to be no hardening, i.e. the yield stress, o,

is assumed to remain constant at £, regardless of any previous plastic
deformation, see Figures 3.29 and 3.30. Therefore, the yield surface doesn’t
change in either shape or position in the principal stress-space, see Figure
3.31.

This is a good model for mild steel with moderate plasticity, but is also used
very generally for materials without well-defined yield, i.e. 0, = 0y, for
moderate plasticity.

J
T Actual o-€ curve
(SR i F e ol Gkt
/ /
, ,
Simplified
EPP curve
y
/
/
’ >
e =0.2% €

Figure 3.29 EPP stress-strain curve
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0,
A,B
oA
A B
G
G 01C
£/ c_
O €
o3 g4
E —0,|D
D,E
Figure 3.30 Uniaxial cyclic o-¢ Figure 3.31 Representation of uniaxial
behaviour for an EPP material stress-strain behaviour (Figure 3.30) in
model principal stress space

11

For an 1sotropically hardening material, b
any plastic deformation causes an increase ol ( A
in the yield stress, and the yield surface v
continuously expands isotropically (i.e. by
the same amount in all directions) with
loading, reverse loading and reloading
involving plastic deformation, as Q)
indicated in Figures 3.32 and 3.33.Thus,
cyclic tension—compression loading, i.e. I
varying between equal and opposite fixed

o,

values of applied stress, which initially /!
gives yield (in tension) will quickly

C
Figure 3.32 Uniaxial cyclic Figure 3.33 Representation of
o—-¢ behaviour for an isotropic isotropic stress-strain behaviour
material model in principal stress space

‘shake down’ to elastic behaviour, since
the subsequent compressive stress will
not be large enough to cause yield in
compression.

For a kinematically hardening material, the yield stress in compression following yield in
tension is reduced due to the tensile yield, as indicated in Figures 3.34 and 3.35.

gA
A._
O+
o,
O = Oy
20,
o e
' o, — 20,
A/
B Figure 3.35 Representation of kinematic
Figure 3.34 Uniaxial cyclic o—¢ behaviour stress—strain behaviour in principal
for a kinematically hardening material stress space
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Kinematic hardening assumes that the yield range remains constant at a value of 20, so that

the subsequent yield in compression will be the highest tensile stress with plasticity, 20, as
shown in Figure 3.34.This can be represented in principal stress space as a translation of the
yield surface without changing shape or size, as shown in Figure 3.35. In this case, cycling
between tensile and compressive stresses of equal and opposite values, which initially gives yield
(in tension) will also give yield due to the subsequent compressive stress since the compressive
yield stress will have been reduced. Thus, the kinematic hardening model predicts that constant

alternating plastic strains will occur after the first loading cycle.

In the following analyses related to the elastic—plastic deformation of components (e.g. beams
in bending, and torsion of shafts) only EPP material behaviour models will be considered.

Bending of a beam with rectangular cross section, assuming
elastic—perfectly plastic material behaviour model

The following examples will illustrate the basic approach.

Worked example

A rectangular section beam (100 mm wide X 200 mm deep) is made from an
elastic—perfectly plastic material with E = 200 GN/m? and o, = 250 N/mm?.
Calculate the radius of curvature and the bending stress distribution when a
pure moment of 190 kNm is applied and after the moment is removed.

Check whether or not yield has occurred. o
The applied moment at first yield, M,, is

that which causes the maximum elastic ~ L------
bendlng stress to begome equal.to the yield o, = 250 N/mm?
stress. Since the maximum elastic stress | E = 200 GN/m?
occurs at the top and bottom (extreme) !
fibres of the cross section, first yield occurs '
when o = %0, at the positions y = e

+100 mm. Thus, M, is given by y €
3 Figure 3.36 The EPP material
ol 250 N/mm? X (%) mm* behaviour model
_ _r _ i
My = y 100 mm ’2
ie. M, =166.7 X 10°Nmm = 166.7 kNm
The applied moment (190 kNm) exceeds M, and therefore yielding will occur.
b (100 mm) § |
~ > —250N/mm? P

250 N/mm?

Figure 3.37 A section of the beam in bending, the beam cross section and the variation of
stress through the beam cross section
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< Assume that yielding occurs at y = aand y < —a.

Variation of stress with y:
For —a<y<a, o= +250%N/mm2

Fora<y< i, o = +250 N/mm?

and

for —% <y < —a, 0 = 250 N/mm?

Moment equilibrium:

y=+d/2
M= / y(odA) f oy (bdy)

=—d/2
y =d/2
ie. M= 2[ aybdy
ly =0
y=+ta y = +d/2
M=2 f o ( 250 )ybdy-l—f 250ybdy
=
31+a 27+d/2
— _ | r
—2><250b{ [300 T 5 |+ }

a d__a_z}
—50017{3 2

_ d_z_a_z}
M—250b{4 5

2
190 X 106 = 250 X 100(104 - %)
which gives
a = 84.85mm

Compatibility requirement:

€= 2
R
Aty = +84.85mm, ¢ = 250 N/mm? and since this point is within the elastic range, use

of the linear elastic stress—strain equation gives:

e=9 = 250 =84.85=(l)
E 200 X 10° R R

R =679 X 10°mm = 67.9m

On unloading, assume that the stress change which occurs is elastic, but check the
resulting solution to establish whether or not reverse yielding has occurred in order to
validate this assumption.
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. . . . . d .
4 Assuming elastic unloading, the maximum stress change will occur at y = + 7 and is

2
given by
Aot — My  —190 X 10°Nmm X (4100 mm)
Ve = T (100 X 2003) \
— 1 )mm
= —285N/mm?
e — 2 — i
Aod = —285N/mm?aty = + 5
. . » _ 4
with a corresponding stress change of +285 N/mm-=at y = — >

By adding the stresses on the cross section when loaded to the stress changes that occur
on unloading, the residual stresses can be obtained, as shown in Figure 3.38.

—250 N/mm? 285 N/mm? 35N/mm?
—8.2N/mm
84.85 mm
o —|— feg— o
84.85 mm o= —2418
______________________________________________________ 8.2N/mm?=
@50 - 2418)
g, =250 N/mm? —285N/mm? —35N/mm?
Elastic-plastic stress Elastic unloading stress Residual stress

Figure 3.38 The stress distribution on loading, the stress change on unloading and the
residual stress distribution

It is clear that the residual stress is well below the yield stress of =250 N/mm?, so reverse
yielding does not occur.

There will also be a residual curvature corresponding to the residual stresses. At y =
84.85 mm, there has been no plastic deformation. Therefore, the residual strain is given by

€ (residual) = g - 652 — 8485 _ (l)

E 200X 10> R R
R = 2.070 X 10°mm
i.e. the residual radius of curvature is 2070 m.

On releasing the moment, the radius of curvature changes from 67.9 m to 2070 m. This
change of curvature is called ‘spring back’ and is particularly important when bending
bars of metal to specified radii of curvature.

Torsion of circular shafts, assuming an elastic—perfectly plastic
material behaviour model

Figure 3.39 shows a circular shaft subjected to pure torque, T. This results in a twist,
0, and the rotation of an initially axial line by an angle «y. This causes the distortion of an
element of material on the surface of the shaft, as indicated in Figure 3.39.

e e

s
253
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Ly
TN
L 4
<L |
T E
Yy
Figure 3.39 A circular shaft subjected to a pure torque, T Figure 3.40 Distortion of the initially rectangular element and
7-v material behaviour
Compatibility requirement:
Assuming plane sections remain plane and radii remain straight, then at r = R
RO
l X (YrZR) = Re = Yr=R = T
and hence at a general radial position, r,
Jis)
Y= (3.27)

i.e. the shear strain varies linearly with radius, r.

Since the highest strains occur at the maximum radius r = R, then yield will start at the outer
surface and spread inwards as the torque is increased, as indicated in Figure 3.41.

A" A

Yy

=
)

R

7

Yo r from

Eq (3.25)

Figure 3.41 Shear stress on the shaft cross section, variation of shear strain with radius
and variation of shear stress with radius

Equilibrium (moments about the axis):

r=R
. v [ o
orque \j stress X area
arm

r=R —
ie. T= ZTrf TAdr force
r

=0

As with the case of beam bending, residual stresses can be obtained by determining (elastically)
the change of stress that occurs when the load is removed. Remember that it is necessary to
check that the residual stresses are not great enough to cause reverse yield. For elastic unloading,
the following elastic torsion formulae can be used:
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The relationship between 7y and the more commonly available uniaxial 0 — & data depends
on the yield criterion. The Mohr’s circle for this case, Figure 3.42, indicates that o0y = —03 =
7 and 0, = 0. Hence, for a material obeying the von Mises criterion.

0= 50— 0 F (@~ o)+ (@3 o)

= 0, at yield

1 .
= E/(zq-y)Z + (1) + (1)? = V371, = 0, at yield

93 ol
g,
=T, = 73 0.577a,
And for a material obeying the Tresca yield criterion
T,
0,=0; = 03=1,—(—T) =21, = 0y, v
o y . -
T, = 2) = 0_50), Figure 3.42 Mohr’s circle

A solid circular shaft of diameter 50 mm and length 1000 mm is subjected to
a torque, T. The shaft is made from an elastic—perfectly plastic material with
7, = 100 N/mm?, G = 70 GN/m?’. Determine the magnitude of the torque

required to cause yielding to occur at a radius of 15 mm (and greater) and the
angle of twist.

r (mm)
T A
25 T =100
15
__ 100
NI T=15
_______________________ __ R T = (N/mm?)
o
T
T, [F==== .
A/E/grad =G
Yy g
Figure 3.43

Equilibrium (moments about the axis)

r=25
T= f r X 7 X 2mrdr
r=20

Torque arm X force  stress X area
il 25
T= 2m 19054, + 2007r2dr
0 15 15

=200m {|__r* |15+ [ﬁ]QS
15 X 4]° 3B

_ 15¢ 2_53_1_53]
_200“[15><44r 3 3

T = 3.096 X 10° Nmm = 3.096 kNm
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Relationship between T, and v,: at the outermost elastic point,T = 7,and y = <y, and the

T
elastic relation G = - is applicable. It should be noted that outside this outermost elastic
point, ¥

i.e.r = 15 mm, the strain, which will be larger, will be elastic—plastic and consequently
will not be governed by T = Gry, which is the elastic relation. Nonetheless, at ¥ = 15 mm,
we have

_ Ty _ 100
Yy =G T 70000

= 1.4286 X 107 3rad
by invoking the compatibility requirement,
nd =,

and hence

. _1.4286 X 1073 X 1000 mm (360 deg)
1.€. 9 — X\ 5S——

15 mm 27 rad

0 = 5.456°

Worked example

A stepped circular shaft is built
in at both ends; the two shaft li | I,
segments are the same length, I. If
the stepped shaft is made from an
elastic—perfectly plastic material [ T[T } """"
with 7, = 100N/mm?, find the
magnitude of the torque applied at
the step to just cause yield in the
smaller shaft. Figure 3.44

Stress—strain behaviour TA

7, (100N/mm?) |--------

Yy Y
Figure 3.45

Equilibrium \T1 \

Figure 3.46
T= T1 aF TZ
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<

The small shaft just reaches yield, so the linear elastic torsion equation can be used for
that shaft, i.e.

Ir_z=_Go
J r l
N T 4+ _ 100 N/mm?
m X 20+ T 10 mm
32
= T, = 157.1 X 10>*Nmm = 157.1 Nm

For the large shaft, 0 and [ are the same as the small shaft, and since y = # (elastic or
plastic), then

Yl|r= 10mm 'YZ|7= 10 mm

Therefore, shaft 1 must also be elastic for r < 10 mm and will be plastic for r > 10 mm.

Thus, for the large shaft,

_ . _
for r<lOmm,T—TY10 = 10r
for r>10mm, 7 =1, = 100 N/mm?
7;2 A7 (mm)
20

10 _ 100r

Y 7=l
f/' \\ _ T (N/mm?)
\K\ JJ/ 100 ¢

T

Figure 3.47

Equilibrium
r=10 r=20
T, = f r X 10r X 2ardr + f r X 100 X 27rrdr

=0 — — =10 —— —
stress X area stress X area

Torque arm X force Torque arm X force
10 20
T, = 20w f r3dr + 2007 f r’dr
0 10
= 20m[r*]" + 200m[ 2]
4 0 3 10

ZZOﬂTxT-i-ZOO‘ITT—T

i.e. T, = 1623 X 10°Nmm = 1623 Nm

10* [203 103]

ie. total torque = T'= T} + T,
= (1623 + 157.1) Nm
T = 1780 Nm

e e

R
D
- SEGET )N

&=

167



168

An Introduction to Mechanical Engineering: Part 2

Learning summary N

By the end of this section you should have learnt:

v/ the shapes of uniaxial stress—strain curves and the elastic—perfectly plastic approximation to
uniaxial stress—strain curves;

v the kinematic and isotropic material behaviour models used to represent cyclic loading behaviour;

v/ the elastic—plastic bending of beams and the need to use equilibrium, compatability and o—&
behaviour to solve these types of problems;

v the elastic—plastic torsion of shafts and the need to use equilibrium, compatability and Ty
behaviour to solve these types of problems;

v/ to determine residual deformations and residual stresses.

3.6 Elastic instability

Introduction

For many structural problems, it is reasonable to assume that the system is in stable equilibrium.
However, not all structural arrangements are stable. For example, consider a 1 metre-long stick
with the cross-sectional area of a pencil. If this stick were stood on its end, the axial stress would
be small, but the stick could easily topple over sideways. This simple example demonstrates that
in some configurations, stability considerations can be primary.

This section is concerned with the stability of struts. Struts are compression members with
cross-sectional dimensions that are small compared to the length, i.e. they are slender. If a
circular rod of, say, 5 mm diameter, which has its ends machined flat and perpendicular to the
axis, were made 10 mm long to act as a column, there would not be a problem of instability
and it could carry a considerable load. However, if the same rod were made a metre long, the
rod would become laterally unstable at a much smaller applied force and could collapse.

Buckling also occurs in many other situations with compressive forces. Examples include
thin sheets, which have no problem carrying tensile loads, narrow beams unbraced laterally,
and vacuum tanks, as well as submarine hulls. Thin-walled tubes can wrinkle like paper when
subjected to torque.

Buckling phenomenon

Consider the response of a marble when subjected to disturbances from an initial equilibrium
position on different types of surfaces, as shown in Figure 3.48. If the surface is concave, the
marble will return to its original equilibrium position and the marble is said to be in a stable
equilibrium position. If the surface is flat the marble will move to another equilibrium position
and the marble is said to be in a neutral equilibrium position. Finally, if the surface is convex,
the marble will roll off uncontrollably in an unstable fashion and the marble is said to be in an
unstable equilibrium position.

a0 O

Stable equilibrium position Neutral equilibrium position Unstable equilibrium position

Figure 3.48 Equilibrium states for a marble on various surfaces
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This analogy 1s useful for understanding the energy approach to buckling P p
problems. Every deformed structure has a potential energy associated with it, o I P o l P
which depends on the strain energy stored in the structure and the work done
by the external loads. A concave potential energy function at equilibrium gives — T — l
a stable equilibrium while a convex potential energy function gives unstable S ;
equilibrium. ry .
Alternatively, buckling problems may be treated as bifurcation problems. L ;| I
Referring to Figure 3.49(a), it is clear that the tensile force will tend to restore K S
the bar to equilibrium if there is a slight displacement to the right. However, ,’, /
the same bar under the action of a compressive force, Figure 3.49(b), will
continue to fall when subjected to a slight displacement. This illustrates unstable

equilibrium.

Figures 3.50(a) and (b) illustrate a slightly more complicated example of the Figure 3.49 Examples of stable and
same phenomenon. The vertical bar is supported horizontally by two springs unstable equilibrium

of stiffness, k. If the bar of length L, is displaced a small amount, x, horizontally,

there is a displacing moment of Px about O and a restoring moment 2kxL.

Hence we get Px < 2kxL for stable equilibrium and Px > 2kxL for unstable

equilibrium.
The critical condition occurs when
Px = 2kxL
or
P, = 2kL
where P, is termed the critical load between stable and unstable equilibrium.

p

Figure 3.50 Axially loaded rigid bar with
transverse springs

P
Figure 3.51 shows a rigid bar subjected to a compressive axial load with a torsional !
spring at its base; a free-body diagram of the problem is also shown. Taking
moments about the point O, gives.
PLsin 6 = K40 L E
PL_ 6 |
K@ sin 6 E
n
: PL . : ( > O
Figure 3.52 shows a graph of T, versus 0.There is a stable region for low loads
0
and an unstable region for high loads. Below point A, the bar will return to its Figure 3.51 Rigid bar supported
equilibrium position if rotated slightly to either the right or the left. Once the load by a torsional spring
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exceeds the value at point A, then any disturbance will cause the bar to rotate along
either the right branch or the left branch of the bifurcation curve. Point A is called
the bifurcation point, at which there are three possible solutions. The associated load
at point A is called the critical (buckling) load. 8 = 0° is the trivial solution. Only
non-trivial solutions are generally of interest, i.e. for 6 # 0°.

PL
Ky
1.5
unstable unstable
A
stable stable
0.5+

—90 —60 —30 0 30 60 90
B(deg)

Figure 3.52 Variation of PL/K; with 0,

indicating stable and unstable regions

Ideal struts are assumed to be initially perfectly straight and of uniform section, and subjected
to purely axial loading. Expressions will be developed relating the critical buckling load to

the applied load, the material properties and the member dimensions, for different support
conditions of the struts. At a critical load, members that are circular or tubular in cross section
could buckle sideways in any direction. Often, compression members do not have equal
flexural rigidity, EL in all directions and there will be one axis about which the flexural rigidity
is a minimum, depending on the dimensions. The member will therefore buckle about this axis
and the I-value (second moment of area) referred to here is assumed to be the minimum value,
based on the nominal dimensions of the member.

Consider an initially straight strut with its ends free to rotate around
frictionless pins, as shown in Figure 3.53, which will be referred to as a
hinged—hinged case. The dashed line represents the initially straight strut.
The strut is now considered to be perturbed, from its initially straight
position, as shown in Figure 3.53.This perturbation is equivalent to the
movement of the marble in Figure 3.48.

The bending moment, M, depends on the deflection, y, and is hence a

function of position, x. P _>¥ - _17
H-1-p
M

The deflection, y, is related to the moment M, by the relationship

S
d2y Figure 3.54 Free-body diagram for
EI@ =M the left-hand portion of the strut

and

M = Py
Therefore,

2
% + gy =0
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or

d?y

b 2. —

e +oay=0
where

P
2 &
T E

Hence,

y = Asinax + Bcosax

In order to determine A and B, we need two boundary conditions,i.e.at x = 0,y = 0 and at
x=1Ly=0.

Therefore, B = 0 and A sin(al) = 0

The condition A = 0 results in a trivial solution, i.e. y = 0, which is the case for an undeflected

strut. Hence, the non-trivial solution is sin (a/) = 0, which gives al = nr, where n = 0, 1,2, ...

2l = P

E£I 2= 22
2,2
or pP= LU 72 bl
n = 0 gives another trivial solution, i.e. P = 0,
n =1 gives
_ w%EI

¢ 12

This is called the Euler buckling (or crippling) load, P it is the lowest load at which
buckling can occur (Euler solved this problem in 1757).
For n = 2 we have

_ 4m’EI

P 2

and this corresponds to a difterent deflected (buckling) shape of the strut.

Forn =1,y = pypatx = % and therefore A = y,,,, and the deflected shape of the strut is

given by the following expression:

Y = Vimax SIN(OX) = Yo Sin(ﬂlx)

The magnitude of y,,,, cannot be determined from the boundary conditions and it can
become arbitrarily large, leading to elastic instability of the structure. The first three buckling
mode shapes are shown in Figure 3.55. If buckling mode I is prevented from occurring by
installing a restraint (support), then the column would buckle at the next highest mode at a
critical load value that is higher than for the lower mode. The inflexion points, I, for each

d2
deflection curve have zero deflection. Recalling that the curvature 32 atan inflexion point
is zero indicates that the internal moment at these points is zero. If roller supports are put at

any other point than point I, the boundary value problem must be solved for new eigenvalues
(buckling loads) and eigenvectors (mode shapes).
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‘ L/2 L/2

— —
—
P, | .

L/3 | L/3 | L/3 |
| | |

Figure 3.55 Buckling mode shapes for a hinged-hinged
strutwithn=1,n=2andn =3

Figure 3.56 shows the deflected shape and free-body diagram for a fixed-free strut.

Figure 3.56 A fixed-free strut

d2

y = —
Eldxz =-M
Where M= Py
d?y
EIW +Py=0
d2

or 2 + OL2y =
P

2 _ 12

where o Jeli
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The solution to this differential equation is:
y = Asinax + Bcosax

At x = 0,y = 0, and therefore B = 0.

d
Atx = |, d_o}: = 0, and therefore A o cos (al) = 0

So far, the mathematical solution is practically identical to that of a free—free strut. However, the
boundary conditions are different, i.e. in this case, A = 0 or & = 0 or cos (al) = 0,leading to
trivial solutions (as before). The non-trivial solution results from taking cos (a/) = 0, which

implies that al = %

. P 2>
ie. =2 =

El 4

where n = 1,3, ...

The smallest, non-trivial, value of P occurs with n = 1, 1.e.

_ mEI
Co4r

By comparison with the hinged—hinged case, it can be seen that the solution is the same except
that ‘I’ is replaced by 20, 1.e. the fixed—free case can be treated as the hinged—hinged case for a

strut with an equivalent length of 21.

The solution procedure is the same as that for cases 1 and 2, leading to:

_ 4m?El
P=

The fixed—fixed case shows a significant increase in the buckling
capacity relative to the hinged—hinged case.

P,

_ 2.045m? EI (~ 20 EI)
& 12

~=5

This case differs from the previous examples in that a transverse force,
R, is necessary to create this mode of deformation.

E1d2y = —M
d?
but M+ Rx = Py
& PR
a2 | EIY T EIY
d’y Rx
. &y 2, — KX
1.e. 02 + oy Ll
P
2
where « Il

Figure 3.57 A fixed-fixed strut

Lm0
=
| !

I
Figure 3.58 A fixed-hinged strut

The solution to this type of differential equation consists of two parts, a homogenous solution

and a particular integral. The homogeneous solution is given by

y = Asinax + Bcosowx
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The particular integral for such second order differential equations is generally obtained by taking
P-I=y=C-flx
where
L=
2 + oy = const- f(x)

And substituting for y in the differential equation gives the solution for C. In this particular
case, f(x) = x,so that

Q2Cf3) = )

R R

C: = —

o’El P
PI_Y_Pf(X> Px

Hence, the complete solution is:

y = Asinox + Bcosax + %x
‘ S

Homogeneous solution Particular integral

There are three unknowns this time, A, B and R.Therefore, we need three boundary
conditions, i.e.at x = 0,y = 0 and so B = 0,

at x=l,y=0,andso,O=Asinal+%l
_ R
Therefore A= Psinal
Also,at x =1,
dy
ax -0
— Pﬁllnaal cosal + % =0

Therefore tanal = ol
The smallest non-trivial root to this equation is

ol = 4.493(=~1.43m)
o P op_ 2,02
WP =P =143

2
e p = 2.045;27 EI

A steel framework with four vertical legs of solid rectangular cross section (20 mm X 30 mm)
each of length 400 mm is to be used to support a platform carrying equipment. Determine the
maximum weight that the framework can support using the following assumptions:

(a) hinged—hinged connections at both ends

(b) fixed—fixed connections at both ends

(¢) hinged—fixed connections.

Assume E = 200 GPa and a yield stress of 500 MPa for the steel.
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Figure 3.59 shows a hinged—hinged strut with initial curvature, y,, and the deflected shape, y.
Deflected

shape Initial
/ shape
e R T SRR T S P <~—7p

Figure 3.59 A hinged-hinged strut with initial curvature

x I
_ . (TX . C |
Suppose that y, = & mn(T) describes the initial shape. p ¥_7
From the free-body diagram (Figure 3.60), £>M<-—P
2y —
EIM = —DPy Figure 3.60 Free-body diagram
da? for a hinged-hinged strut with
d2y 2 - initial curvature
N & 2, — T . (TX
Where ST + o7y 2 ssm( 1 )
a2 =L

~ EI
In this case there is a particular integral, as well as a homogeneous function.

Assume the particular integral is obtained by taking y = C sm(T), where C is an unknown
constant, and

substitute this into the differential equation:

—C?—;sin(ﬂ—f) + 0L2Csin(ﬁ—lx) = —?—jssin(%)

Thus the overall solution, i.e. the homogeneous function and the particular integral, is
w . (mx

el

y = Asin(ax) + Beos(ax) —7— 5~
=

The A and B values are obtained by substituting the boundary conditions

Atx=0,y=0
B=0
Atx=1Ly=0

0= Asin (al),i.e.A =0
2
B Z—ZssinT

Y
2

_7_2+0L2

2
When% = &’y = oo (exceptat x = 0 or [)

™ _ P
2 EI
_ m2EI
pP= 2

1.e.
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i.e. the initially curved strut buckles when

p=p) = 'rr;EI
85in(¥) min(%)

and = =
( Pp 1) ( P 1)
m EI P,
Therefore, the assumed initial shape has little effect on the solution, i.e.
_ @w*EI

=R

and the deflected shape, y, would be practically the same.

Eccentrically loaded struts

i i

Figure 3.61 An eccentrically loaded strut

Consider a long, slender member subjected to a slightly eccentric compressive load as shown
in Figure 3.61; the axial load is P and the eccentricity of the load is e. This form of loading will
cause the member to curve so that at a distance x from the left-hand end, the eccentricity of
the load becomes (¢ + y). The deflection, y, is related to the moment, M, by the relationship

d?y
El—=-—-M
dx?
and, x from the left-hand-end,
M= P+ y)
d?y Figure 3.62 Free-body
EI@ = —Plety) diagram for an eccentrically
loaded strut
or
d2
d—x); + oy = —a’e
where
e

The solution to this difterential equation consists of two parts, a homogeneous solution and a
particular integral. The homogeneous solution is given by

y = Asinox + Bcos o
In general the particular integral is obtained by taking
P-I=y=C-f(x)
where

d?y 5
e + ay = const. f(x)
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and then substituting into the diftferential equation for y and solving for C. In this case, the
particular integral is taken to be C, since f(x) is 1 and hence C = —e. Thus, the total solution to

the differential equation is:

y = Asinoax + Bcosax — e

In order to determine A and B, we use two boundary conditions.

Atx =0,y = 0and at =iﬂ=0
X Y and at x > dx

Thus,0 = B—e,i.e. B=¢,and 0 = Aa cos(%l) — Ba sin%l
- R
ie. etan|3
_ al) .
So, y = etan| >~ Jsin (ox) + ecos (ax) — e
al) .
y = e(tan(?)sm (ox) + cos (ax) — l)

. . N . l
The maximum deflection, y, will occur at x = 550 that,

- o)l o] o

N
or y=c¢e

Therefore, when %l = g, then y = oo

P P
2 — L L
However, a* = Tr S0 that when ol

The value of P which causes y = oo is the buckling load (or the
Euler crippling load), P, so y = 0o, when

_ w? EI
P—P[=l—2

It 1s important to note that P, is independent of e, so that the
buckling load is the same no matter how large or small the
eccentricity, so even very small eccentricities will give the same
buckling load.

Figure 3.63 shows the relationship between transverse deflection

y and the applied load ratio g for a range of eccentricity values, e.

c

1510-
——c=1
—— e =05
8 —— e =0.25
e = (.125

e = 0.0625

Figure 3.63 Variation of y with P/P. for a range
of eccentricity values
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2
General formula: P, = ™1
eff
Description Schematic Critical buckling load, P. | Effective length, Leg
Free—fixed P p.= wEl ol
L 412
E—
Hinged—hinged P, E p.= ﬂrrjf] |
| .
Hinged-hinged, > w?El
- P.= )
initially curved p CR
E—
Fixed-hinged P, E p.= 2.041132772EI 0.71
L
—
e _ 4m?El 1
Fixed-fixed P, p = - 5
L

Table 3.2 Summary of Euler buckling loads of struts

The effective length, L.g, is a measure of how much longer (and thus more unstable) a given
strut configuration appears to be in terms of critical buckling load, relative to the hinged-
hinged case. Thus, the fixed—fixed case, for example, has a shorter effective length because it is
more stable and thus appears to be shorter with respect to buckling.

Beams with both axial and transverse loads

A beam which is acted on by a compressive axial force in addition
to transversely applied loads is referred to as a beam—column.

In this section, the buckling load for such a member, under the
action of a point load at the mid span, is derived.

2

d
ForO0=sx =< %, M = Py + %Vx and M= _Eld_x); Figure 3.64 A beam—-column with a central
transverse load
d’y w P
—_£ 2, = X 2 = L
2 + ay EI 2 where « £l

The solution to this difterential equation, including using both the homogeneous

function and the particular integral, is P——r —17
Wi w ¥T><—P

yzAsm(ax)—i-Bcos(ocx)—ﬁ 5 oM
The constants A and B are obtained by using the boundary condition: Figure 3.65 A free-body diagram
for the left-hand section of the
beam-column

atx =0,y =0

B = 0 and at =iﬂ=0
and atx = 5, 7-
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giving

Therefore, the solution is
W/ sin(ow)

OLCOS2

- X

. . [ .
The maximum deflection, y,,,, Occurs at x = > 1€

. (al
w5
Ymax — 2P al
OLCOS( 2 )

1
2
al al

- - o) -4
1.6 YUIHX 2Pa an 2 2

The maximum absolute bending moment occurs at the mid-span:

_ |- _w.  al
]V[max - ’ 4 PYmax - 20 tan 2
These expressions for y, y,.« and M, become infinite when %l is a multiple of%, i.e. when

where n is an integer.

When n =1,

m2El
Pf = ZZ

i.e. the critical buckling load is unaffected by the presence of the transverse load, V.

The expression for y,,,, can be rewritten as

-l -2
Ymax ZEIOL?’ 2 2

we ] ofan($) -5

Ymax = 48E] (&1)3
2
w3
Since 13E] would be the deflection without P, it is clear that the presence of the compressive
3
force has magnified the deflection by a factor of?)(tan(%l) - (%l))/(%l) which is

al _m
2 4

have the effect of reducing the transverse deflections.

approximately equal to 1.33 for for example. By contrast, a tensile axial load would

It also follows that the bending moments in slender members can be substantially increased by
the presence of compressive axial forces.
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(1) In contrast to the classical cases considered here, actual compression members are seldom
truly pinned or completely fixed against rotation at the ends. Because of this uncertainty
regarding the fixity of the ends, struts or columns are often assumed to be pin-ended. This
procedure is conservative.

(2) The above equations are not applicable in the inelastic range, i.e. for ¢ > o, and must be

modified.

y?

(3) The critical load formulae for struts or columns are remarkable in that they do not contain
any strength property of the material and yet they determine the load-carrying capacity
of the member. The only material property required is the elastic modulus, E, which is a
measure of the stiffness of the strut.

P
/I\ 71
— yield point

<s

o, = yield stress

mYy

P

Figure 3.66 Tensile test specimen and elastic
perfectly plastic stress-strain behaviour

If we assume that the rod loading is perfectly axial, and the material can be represented by an
elastic—perfectly plastic stress—strain curve, then the plastic collapse failure would occur

in compression if 0'( = Tp) reaches -0, before the buckling load is reached. Now

2
_ mEI
P = 2
and defining the second moment of area, I, as 74
I= Ak? 9y ,
where k is the radius of gyration, gives ; o — E
: T (k)2
b _ TEAR N\
[ 12 '
and :
P, 2ER2 m2E Yielding E Buckling
oO=——"=—7=— :
A 2 (I/k)? } >
l
2 =
and [/k is the slenderness ratio. Tro—E ( le)
2 y
. . . mE
Therefore, buckl 1 fo=—3
cretore, buckiing wit occur t @ (I/k)* Figure 3.67 Plot of ¢ versus I/k indicating

. . . the buckling and plastic collapse regions
whereas plastic collapse will occur if ¢ > o,. g P P g
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Assuming that the load is to be applied eccentrically as shown in Figure 3.68, this can be
represented diagrammatically as shown in Figure 3.69.

f

e

P —‘» +——-P
Figure 3.68 Eccentrically loaded bar

0=

/ (I/k)?

'

'

'

i — -
2

| E
o,
Figure 3.69 Effect of ec/k? on the buckling
characteristics of an eccentrically loaded strut

‘We find that:
STR.aS
%A A2
| b G+t §>c)
1.€. g, = A(l + 2

Recall y = e(sec(%l) - l) for an eccentrically loaded strut

: ~__P e gl)
1.€. 0. =~ (1 + 12 sec( ) )
o
giving —g = ol
ec
1+ B sec( 2)

It should be noted that the latter equation is a non-linear equation in P since o also contains
P.The plotted results were obtained by substituting in the material yield stress for @, and then
solving for an allowable load P using known values of eccentricity e, thus:

P ec P
%=‘Z@+EWW§§»
It should also be noted that the buckling load for an eccentrically loaded strut is the same as
that for a hinged—hinged ideal strut. Therefore, the plotted results show that yield failure will

always occur first except for small eccentricities at high slenderness ratios where the yield curve
approaches the Euler buckling curve.
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A hoist is constructed using two wooden bars (E = 12.4 GPa) as shown

in Figure 3.70 and Figure 3.71. The allowable normal stress is 13.8 MPa.
Determine the maximum permissible weight 7 that can be lifted using the
hoist for the two cases: (a) L= 1.2m; (b) L = 1.5m.

D
B
B
A-—m
30°
©
B Al
L
I
w
P=WWY
Figure 3.70
50 mm 50 mm
100 mm
120 mm
Section A-A
Section B-B
Figure 3.71
Fep

AN

Fye —» [

Figure 3.72

By inspection, we see that member BC will be in compression. Thus, to determine the
maximum value of I/, we need to consider buckling failure of member BC and strength
failure of both members due to the axial stress exceeding the given allowable stress. The
internal forces in members BC and CD can be found in terms of 7. The axial stresses in
the members are then compared with the given allowable values to determine one set of
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limits on W.To determine the critical buckling load, the smaller second moment of area
about the perpendicular axes through the section centroid should be used and the upper
limit on W to prevent buckling failure can be found. The maximum value of ¥ that
satisfies the strength and buckling criteria can now be determined.

The free-body diagram for the pulley is shown in Figure 3.72, with Fj3 drawn compressive
and Fcpy as tensile. The internal axial forces are found from

Y. F,=0 = Fcpsin30=2W = Fcp=4W

YFE. =0 = Fyc=Fcpcos30 = Fyo=3.46417
The cross-sectional areas for the two members are Az = 5000 mm? and Acp =

6000 mm?2. Thus the axial stresses in terms of W can be found and these must be less than
13.8 MPa, giving two limits on I

Fep 4w
e = 7= 5000 <13.8MPa or W <=20.7kN
Fsc 3464
OBc = 2= 5000 <138MPa or W<=17.9kN

For cross section A-A, we note that

Lnin = 11—2 X 100 X 507 = 1041 666.7 mm*

Thus, for length (a),

mEl _ mw* X 12.4 X 10° X 1041 667
12007

Pcrit = L2

= 56658.8 N

Thus, a second limit on Fye is Fye < 88529 N, thus 3.464 11/

< 88529 N or W < 25.6 kN. Since this is greater than the value that causes yielding,
the yielding value will occur first, so that the maximum permissible value of ¥ for
L=12mis 17.9kN.

Then, for length (b),

mEl _ w? X 12.4 X 10° X 1041 667
15007

P =

it = 12 = 88529.4N

Thus, a second limit on Fye is Fye < 56 658.8 N, thus 3.464 1V

< 56658.8 N or I/ < 16.36 kN. Since this is less than the value that causes yielding, the
buckling value becomes limiting, so that the maximum permissible value of IV for
L=15mis 16.4kN.

Note: In case (a) the design was governed by material strength whereas in case (b)
buckling governed the design. If there were several bars of difterent lengths and cross
sectional dimensions, it would save significant time to calculate the slenderness ratio that
separates long columns from short columns, i.e. the buckling failure regime from the

2
yielding failure regime. Using 0., = 13.8 MPain 0 = (LTr/—f)‘z gives L/k = 94.2 as the
threshold ratio separating
long columns from short columns. For case (a) the slenderness ratio is 83.1, so that
it is classified as a short column and material strength governs W,,,,.. For case (b) the
slenderness ratio 1s 103.9 so that buckling governs I,
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Learning summary N

By the end of this section you should have learnt:

v Macaulay’s method for determining beam deflection in situations with axial loading;

v the meanings of and the differences between stable, unstable and neutral equilibria;

v how to determine the buckling loads for ideal struts;

v the effects of eccentric loading, initial curvature and transverse loading on the buckling loads;
v

how to include the interaction of yield behaviour with buckling and how to represent this interaction
graphically.

3.7 Shear stresses in beams

Whereas bending stresses in beams arising from transverse loading are important, transverse
(1.e. through-thickness) shear stresses due to these same loads also exist. For long slender
beams, the shear stresses can generally be neglected, and it is only necessary to do a bending
calculation for the beam. However, as the beam-span-to-depth ratio reduces, 1.e. if the beam
is shorter and thicker, shear stresses become more important and should be calculated in any
design evaluation. This can be particularly important for laminated beams, e.g. plywood or
composite beams, where the transverse shear can cause failure between individual layers (plies)
making up the beam.

In this section we will derive a general formula for calculating the shear stress distribution
through the thickness of a beam. We will then introduce the concept of shear centre which

is the point through which the resultant of the shear stresses always act. The shear centre
becomes important for beam sections that have low torsional rigidity, 1.e. can twist easily, such
as thin-walled sections. For such beams, if the resultant of the applied transverse loads does not
act through the shear centre, it can cause twisting of the beam, i.e. there is a bending—twisting
interaction in the system.The designer should avoid this situation if possible or, at least, evaluate
the degree of twisting that might take place.

Transverse shear stress distribution

The through-thickness shear force in a beam is the integral of the shear stresses over the
cross-section. In this section we will determine an expression for the shear stress distribution
(transverse 1i.e. through-thickness) at a section as a function of the shear force at that position.
Consider an element of beam length, 8x, as shown in Figure 3.73.The bending moment at x,
section AC, is M and at x + dx, section BD, is M + 8M.The direct bending stresses on AC are,

My
Oac = 71
where y = distance from the neutral surface
I = second moment of area of the section
and on BD, the bending stresses are,
(M + d3M)y
Opp = i

Thus, when the bending moment varies along the length of the beam on an element such
as ABEE also shown in Figure 3.73, there is a net axial force due to change in the bending
stresses. The force on the face FB is the integral of the bending stresses over the area FB,

(M + 8M)
Fep = Lf)/d/l
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Area A

(on

Figure 3.73 Element of beam length subjected to a varying bending moment

Similarly the force on the face EA is
M
Fgp = L TYdA
The net force to the right acting on element ABEF is the difference between these:
. _ [ M
Net force (bending) Fga = ATydA (3.29)

In order to maintain the equilibrium of ABEEF, shear stresses must act on the plane EF of
average value T, as shown in Figure 3.74. These shear stresses are complementary to the
transverse shear stresses. For positive transverse shear stresses, as shown, the complementary shear
stresses act in the positive x-direction. The net force to the right due to these complementary
shear stresses is

Net force(shear) = 7- z - dx

where z is the width of the section at that depth.

Now, the equilibrium of ABEF requires the net force due to bending to AZ/\ T complementary
balance the net force due to the complementary shear. Thus, -~
/ \ T +ve tranverse
I =1l
T2dx + |, rd4 =0 X

B

1M

Figure 3.74 Equilibrium of stresses on ABEF
T=—""%_[ ydA4
Iz dx Ja

But, in the limit,

_lim dM _dM _
ox — 0 dx dx

where S = shear force at the section

_S
== fA ydA (3.30)
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This is the general expression for transverse shear stress at any position y through the thickness.

The integral can also be written in discrete form as follows,

S
T:EAY

where A is the area of the part of the cross-section outside the position, y, at which T is
determined, and Y is the distance of the centroid of this area from the neutral axis, as

shown in Figure 3.75.

Determination of shear stress distribution for different
cross-sectional shapes

Referring to Figure 3.76 and using the discrete form for shear stress distribution,
i.e. equation (3.31) above, we have,

d B 1
A:G—)bam V4§+ﬁ§
S S (g i)
T_(bd3/12)-b(2 U PREIE
_ 6S[(dy _

T l\2) 7Y

Note the parabolic distribution of shear stress (i.e. T varies with y?), illustrated
in Figure 3.77. Also, at the top and bottom of the section, where y = *d/2,
equation (3.32) gives T = 0. As expected, there is no complementary shear stress
on the top and bottom free surfaces, therefore the transverse shear stress is also
zero at these positions.

At the neutral axis, i.e. where y = 0, equation (3.32) gives,

_6SP_ .S

T—bd34—l.5w

This is the position of maximum shear stress whose magnitude is 1.5X the average

shear stress S/bd.

(3.31)

Figure 3.75 Definition of
shear stress parameters in a
cross-section

(3.32)
b
NA J
7 Y
RN SN E— +

Figure 3.76 Rectangular cross
section

Note also that, in this analysis, the shear stress does not vary across the width of the section.

Wl]]ﬂx
U '

Figure 3.77 Shear stress distribution in a
rectangular section

Figure 3.78 shows a solid circular cross-section of a beam.To calculate the transverse shear stress
distribution in this section, we use the integral form of the shear equation, i.e. equation (3.30).
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However, because of the circular shape, it is convenient to change the
variables y and z in this equation to polar variables, R and 6.
Referring to Figure 3.78 we have

R
y1 = R sinf,
dy; = R cos0,d0; :
z; = 2R cosb, :
z = 2R cosb
and the second moment of area, | = wD*/64 = wR*/4 A/ \v d
. 1
The shear equation now becomes, 2
1
S S-4 K 2
T=—|ydA=—F7"7""— zd
17 TR 2R cos § dy 111N
Figure 3.78 Solid circular cross-section
S-4 R
YR ——— Rsin 0, 2R cos 0 - Rcos8,d0;
TR*- 2R cos 0 Jo
3 /2
= &f cos? 0, - sin 0,d0,
TR cos 0 Jo
_ 48 —cos® 0, ]“/2
TR cos O 3 0
48 s
=——cos 0
3mR?
But
y 2
cos’® =1 —sin’0 =1 — (E)
4S8 ( Y )2
T=—=|1—- |5 3.33
3mR? R (3:33)
Again, a parabolic distribution and the maximum value of T, at the neutral axis,
when y = 0 is
48 4
Tmax(aty = 0) = 31TR2 = ETQVCHIgC
In this case, T must vary across the width of the section. As can be seen in
Figure 3.79, at the free surface the shear stress must be zero. Therefore, the
complementary shear on the cross section, normal to the boundary, is also zero.
Thus, shear must be tangential to the boundary as drawn.
To determine the transverse shear stress distribution in an I-section, we need to )
consider the web and flange areas separately. Figure 3.79 §hear stress
distribution in a solid circular
Transverse shear in the web section

Figure 3.80(a) shows an I-section and the position y where we wish to determine the shear
stress. Using the discrete form of the shear stress equation we have

S L

T= A7 = A T Ayl
S(d _ d Q_d).l.(D i)]
Ib[(Z )b (2+Y)+B(2 2/ 272 F2
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and

_ BD*® (B—bd
12 12

The maximum T at y = 0:

_s[Bp2 (B— b
Tmax — Ib 8 8

At the bottom and top of the web, where y = =d/2:

S B

=g (D2 P (3.34)
of | OfF | |
D| 4| ... L |....Na Dl 4| .. N NA
|
31— )
T A, T ]

B B | 4

Figure 3.80 I-section

Transverse shear in the flange

Figure 3.80(b) shows the position y where we wish to determine the shear stress in the flange.
Again, using the discrete form of the shear stress equation we have

S

Iz

- 3ln (8- )48

zﬁ(i_ 2)
21\ 4

T Ay

Aty = D/2,7 = 0, as expected, i.e. zero shear complementary to the free surface.

Aty =d/2

_ O 2 2
T 8I(D d=)

Comparing this expression with equation (3.34), there is a step change in T from the web to
the flange of magnitude B/b, i.e. the ratio of the flange width to the web width.

Figure 3.81 shows the transverse shear stress distribution down the centre line of the section
and illustrates the step change discussed above. The shear in the flanges is small compared to the
web and the shear stress in the web is approximately uniform with vertical position. Because of
the small shear in the flanges, the average shear stress in the web is = S/bd, i.e. the shear force

divided by the area of the web.

The above distribution only applies down the centre line of the section. The shear stresses in
the flanges are small and non-uniform across the width. This must be the case as they must be
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zero at the top and bottom surfaces (i.e. free surfaces) of
the flanges. There are, however, more significant shear
stresses in the flanges, which act parallel to the flanges,
i.e. horizontally. These can be determined by a similar
analysis.

Horizontal shear in the flange

Figure 3.82 shows a small element, 8x, of [-beam over
which the bending moment changes from M to M +
OM.To determine the hidden horizontal shear stress, T,
at distance a from the edge of the flange, the equilibrium
of an element of the flange is considered. Equilibrium of
stresses acting on the element gives

M+ 3
Lﬁydfl flydA-i-Tzdx—O

_ _LMf
o Iz BX ydA

dm
dx

__if =S 4=
T= = AydA IzA

This is the same shear equation as before except that the
interpretation of the quantities 4,y and z is difterent as
shown in Figure 3.82. At a distance a from the edge of
the flange, the horizontal shear stress is given by,

oM

In the limit as dx — O, ow = -8
X

_S 1D d
T= 1 (@3) 2(2 +2)
_ Sa

= 24D + d)

7 therefore varies linearly with a from zero at the flange
edge to a maximum value at the flange centre (a = B/2),

_ SB

T 81

(D + d)

max

T is also parallel to the flange, i.e. horizontal.

We can now draw the dominant shear stresses in both the
flanges and the web. Figure 3.83 shows the distribution
of these horizontal and vertical (transverse) shear stresses.
The critical stress position is likely to be at the join of the
web and flange where both the shear and bending stresses

are high.

Tflan ge

A

T

web

[+ 44444 4]

Figure 3.81 Transverse shear stress distribution in an I-section

Complementary shear stress T

o= (M+ dM)y/I

Figure 3.82 Determining horizontal shear in the flange of an
I-section

|<—<—\/v—>->

f
f
t U
f
f

t

~ S/Bd

‘Az SB(D + d)/81
T

Figure 3.83 Shear stress distribution in the flange (horizontal)
and the web (vertical-transverse) of an I-section
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Shear centre

Consider the shear stress distribution in a symmetric, thin-walled channel section bending in
the plane of the web as shown in Figure 3.84.

‘ b
1 M \ \
¢ M + dM
- | S
NA || o N L e M NA
I
| S
I §
_ \ \

Figure 3.84 Determining shear stress distribution in a thin-walled
asymmetric channel section

For the flange at distance a from the edge, the horizontal shear stresses are,

_S o S, (d)_Sda
T= Ay =) (2)_ 21

analysed as above for the flange in an I-section.
For the web at distance y from the neutral axis, the transverse shear stresses are

_S —_Si, d_(d_ \[(d 1
T_IZAY_It[th_'_(Z )t(2+y)2]

o+ (3 - )
= — + (= —
TACCR TR
We can now draw the shear stress distribution in both the flanges and the web, as shown in
Figure 3.85(a). For this shear stress distribution, note that the shear stress in the upper flange
is in the opposite sense to that in the lower flange, i.e. there is no horizontal resultant. Also,

as there are no shear stresses on the free surfaces, the shear stresses act along the walls, i.e.
horizontal in the flanges and vertical in the web.

2

2%(1)4 + (4)2) ‘*VTI

Figure 3.85 Shear stress distribution in the flanges (horizontal) and
the web (vertical-transverse) of an asymmetric channel section

We can now look at the resultant forces arising from this shear stress distribution as shown in

Figure 3.85(b).
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The total shear force in the lower flange, Sy, is the integral of the shear stresses in this flange:

b b
S = /0 Ttda = . Sda tda

_ Sdib?
41

An equal and opposite shear force acts in the upper flange.

The shear force in the web is approximately S, i.e. the total vertical shear load assuming thin
flanges carry negligible vertical shear load.

The resultant of all the shear stresses must be the vertical shear force S, and its line of action is
distance e outside the web. Now taking moments about O in the web,

d

S'€:251§
_ Sid P
Y

It can be shown that the resultant of the shear stresses for a
section, for bending in any plane, always act through one point,

the shear centre.The shear centre always lies on an axis of pl
symmetry. For sections with two axes of symmetry, the shear

centre is at the centroid.

If the applied vertical loads do not act in the plane of the Ne, I=Ds
resultant of the shear stresses, i.e. through the shear centre, then | 7 || 7 - -&3"
there is a torsional load on the section as shown in Figure 3.86.
For arbitrary solid sections, the location of the shear centre is Y
a complicated problem. However, it is not usually important —
to determine the shear centre for solid sections because such
sections usually have a considerable torsional rigidity and twist Figure 3.86 Location of the shear centre in an
very little due to bending loads. However, for thin-walled open  asymmetric channel section

sections, which have low torsional rigidity, the position of the

shear centre may be very important.

Worked example
Shear stresses in a beam

The section shown in Figure 3.87 is g |
subjected to a vertical shear force, |
S = 50kN, acting down the vertical :

centre line, i.e. the y-axis. The second

moment of area of the section, about 1A -t
i ) 1 20

the x-axis, which passes through the

centroid of area, G, is Ve 50 -
I, = 2.31 X 10°mm*. G is positioned 14T l
14 mm below the flange. SY

IC

(a) Determine the magnitude of the
transverse (i.e. vertical) shear 20 | 4'0 | 20
stress at positions A, B, G and C |
on the vertical centre line. !

|
|

(b) Sketch the variation of the
transverse shear stress down the
vertical centre line.

all dimensions in mm

Figure 3.87 Worked example: a T-section
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In the top flange
Consider a position in the top flange, vertical distance y from the centroid, G, as shown in
Figure 3.88(a). Using the discrete form of the shear formula,

S S G4+ 1y
T= A7 = 5310080 B GET )T
S
= To2x100 (1156 = 1)
= 0.0108(1156 — y?)
At position A,y =34 . 17=0
At position B,y = 14 . 7= 10.4 N/mm? (MPa)

|-—80——|_1_ [——80——

all dimensions in mm

Figure 3.88 Determining the shear stress distribution in a T-section

In the lower section
Consider a position in the lower section, again vertical distance y from the centroid, G, as
shown in Figure 3.88(b).

At position B, there is a step change in the shear stress given by the ratio of the section
widths at this point:

T= % = 20.8 N/mm? (MPa)
At position G, i.e. the neutral axis, we can use the discrete formula for the shear stress. In
this case, to simplify calculation, the relevant area can be regarded as the area below the

neutral axis:

N R BT P
T= =AY = 5315100 40 46°40)-23

= 22.91 N/mm? (MPa)
At position C, T = 0 i.e. a free surface.

A sketch of the variation of the shear stress down the vertical centre line is now given in
Figure 3.89.

10.4MPa

0
; /
B _~20.8MPa

Bl ;
T
G \
22.91MPa

C

0

Figure 3.89 Transverse (vertical) shear stress distribution in a T-section
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Shear centre

For the thin-walled semicircular cross-section
shown in Figure 3.90, determine the position
of the shear centre (assume bending about
the axis of symmetry X-X)

Shear stress distribution

To solve this problem it is necessary to change
from a rectangular coordinate system (x-y) to a
polar coordinate system (1-0). Referring to Figure
3.90 and using the integral form of the shear stress
formula, we obtain a general expression for the
shear stress distribution parallel to the wall of the
section. Thus,

T=%Lyd/l
with y = Rcosd
dA = ds-t = Rudd
z =i

giving,

s 9
T = E./(; Rcosd - Ridd )

2
Z%j;cosd)dd)

SR2sin O

T = Ji

Now,

1= LYZMZL(RCOSG)Z'RdG't

= j; R3tcos?0d0

_ ["Rx
—j; 5 (1 + cos26)do

_R_z’t[ sin26]7T
=5 |0+t .

_ mRt

==

From (3.35) and (3.36),

mTR3t

_ 2Ssinb
T Rt

_ SR?sin®-2

Figure 3.90 A thin-walled
semicircular cross-section

Ew e

(3.35)

(3.36)
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The twisting moment (torque) associated with the above shear stress distribution for the
whole cross-section is found by taking moments about O:

a D ™
| Torque = j(‘) T'(RdG)t'R=Rt—ZS 5 sin 6 dO
[

TRt

_ 28R n_ 4SR

0 m

[—cos 0]

4

Figure 3.91 Location of the shear centre for a
thin-walled semicircular section.

\ . To counteract this twisting moment, as shown in Figure 3.91, the shear force, S, must be
applied at the shear centre, a distance e, given by,

4SR

S(e + R) ==

e=4—R—R=0‘273R
™

Learning summary

By the end of this section you should have learnt:

v/ in addition to longitudinal bending stresses, beams also carry transverse shear stresses arising
from the vertical shear loads acting within the beam;

v how to derive a general formula, in both integral and discrete form, for evaluating the distribution
of shear stresses through a cross section;

v how to determine the distribution of the shear stresses through the thickness in a rectangular,
circular and I-section beam;

v/ in an I-section, in addition to transverse vertical shear stresses in the flange and the web, more
dominant horizontal shear stresses also occur in the flange;

v/ the resultant of the shear stresses for a section always act through one point, the shear
centre;

v how to calculate the position of the shear centre;

v/ if the applied loads do not act through the shear centre, then there is a resultant torsional
load which can result in twisting of the section if the torsional rigidity is low, e.g. in thin-walled
sections.
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3.8 Thick cylinders

Introduction

Thick cylinders differ from thin cylinders in that the variation of stress through the wall
thickness is significant in thick cylinders when subjected to internal and/or external pressure,
but for thin cylinders, the variation of stress is negligible. Figure 3.92 includes drawings of thick
cylinders with closed ends and with pistons. For closed-ended, internally pressured cylinders
the axial force on the inside of the end closures produces a distribution of axial stress in the
cylinder while for cylinders with pistons the resultant axial force in the cylinder, and hence also
the axial stress, is zero.

Closed ends

| «_f__f_?_?_?_!_?_!_f_H_!/}_
RERRRRRRARED

With pistons

[TTTTFFFfes
AR RNEN!

Figure 3.92 Thick cylinders subjected to internal pressure

Analysis of thin cylinders

For an internally pressurized thin cylinder situation, it is reasonable to assume that the
variations of the stresses through the wall thickness are negligible. This results in the problem
being statically determinate, i.e. expressions for the stresses can be obtained by consideration of
equilibrium alone, as described below.

md?

204t = pdl Py = o, mdt

_pd _pR . _pd _pR
0'9 2[ ¢ . O-a

T4t 2t

o mdt

¢F¢_$£ ﬂ* ‘Ue{l ‘

md®
4

Figure 3.93 Free-body diagrams used to obtain hoop and axial stresses
in thin cylinders
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Analysis of thick cylinders

Thick cylinder problems are statically indeterminate. Therefore, in order to obtain a solution it
is necessary to consider equilibrium, compatibility and the material behaviour (stress—strain

relationship).

Assumptions:

e plane transverse sections remain plane (this is true remote from the ends);

e deformations are small;

o the material is linear elastic, homogenous and isotropic;

|‘./8Z 04(3r32)
1,0, z coordinate system

o, = radial stress

0y = hoop stress

0. = axial stress

)(r + 81300z

Figure 3.94 A thick cylinder and a free-body diagram of an element of

material within the cylinder

do,
(0‘, + %af)(r + 593052 = 0,1B652) + 205152 sin[ 3

For small 80

2

3> = o+ gpdr

Therefore:
do,
o,(r + 386 + ESr(r + 8100 = 0,/00 + 0¢drd0

b os 4+ 1’d0‘,8 N do,

ro, + o,dr ) rty,

do,

As 87—>0,d dr* — 0
r

Therefore:

(3.37)
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extension
original length

(r+ u)db —ro6

Hoop strain, gg = T (3.38)
(u + QSr) —u
. . dr du
Radial strain, g, = s " ar (3.39)
Axial strain, £, = constant (3.40)

Figure 3.95 Initial and deformed shape of
an element of material

Generalized Hooke’s law (linear elastic and isotropic)

60 = (05 — Vo, + 0) (3.41)
S %(or — v(og t+ 0.)) (3.42)
6. = 1(0. — v(o, + 0y) (3.43)

Equations (3.37) to (3.43) have seven unknowns, i.e. u, 0y, 0,, 0., €y, €, and €. which are all
functions of r, p,, p;, Ry, R;, v and E.

Substituting u = reg from equation (3.38) into equation (3.39) gives g, = %(789)

. dey
1.e. g, =gy + 4 (3.44)

Using equation (3.41) and equation (3.42) in equation (3.43) gives

doy do, do.

(g — v(o, + 0,) + é & V- vd—; (3.45)

=

(Ur - V(O'e + O-z)) =

toy|—

de,
Using equation (3.40),? = 0, then equation (3.43) gives:
_do. do, doy
T VeV

do. do, doyg
+v—
dr

(3.46)

ar ~ Var
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Substituting (3.46) in (3.45)

doy do, ) do,
(l+v)0’r=(1+v)0'e+rw—rv?—ﬂ) i _VVW
. do'e dO'V
ie. 1+ vo,=0+voy + r(1 — vz)? =l + )4

_dor dog
Oy = 0, = Vg~ (1 — V)W

Substituting into equation (3.37) from equation (3.47) gives

do, dog  do,
Vodr ) ar — "dr
ie. r( V) Ep =
d _
Ep (o, + a0y =0
1.e. o, + 0y = constant = 24, say
do,
Oy~ 0, = 1
: do,
1.e. 20, =2A —r P
. do,
1e. ] + 20,=2A4
r
1d o0y =
dr (rro) =2A4
Hence:
20_ 2A1’2 _
o, >
. —4_B
1.€. o,=4 )
and using equation (3.48) leads to
Oy = A+ V_B;

dO'e

(3.47)

(3.48)

Note that, since £, = const and 0, + 0y = const, then equation (3.43) shows that 0. = const,

i.e.it is independent of r. The value of 0. can therefore be obtained from a consideration of

axial equilibrium.

o =A—

ol

and

0'9=A+y_lg

The constants, A and B, are the so-called Lame’s constants, which are the constants of

integration, can be obtained from the boundary conditions, i.e.

at r=R,0,= —p;

at r= R, 0,= —p,
B
B

and P =A~ 32
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Hence, A and B can be determined
For closed-ended cylinders:
W(Roz - sz)o-z + TrRoZpo = "TRIZPi

. szpi - Ro2po

1.€. g. = (R02 — R,‘2>

For a solid cylinder,i.e. R; = 0

UV(V:Ri):A_ = o0

B
02
unless B = 0.

Therefore, B must be zero, since the stresses cannot be infinite, and so, for a solid cylinder, the
radial and hoop stresses are equal to each other and they are constant,

1e. g, =09=A4

Also, since a solid cylinder can only have external pressure, the constant A must equal the
external pressure.

Displacements are most conveniently obtained by using equations (3.41) and (3.43) together
with equations (3.38) and (3.40), i.e.

u 1
L 7 = E(O'e - V(O'r + 0-2))
£ = % = E(o-z — v(o, + 0y)) = constant

where [ is the cylinder length, Alis the increase in cylinder length and u is the radial
displacement at radius r.

Analysis of rotating discs

Rotating components such as flywheels and turbine discs can be regarded as thick cylinders
with body forces, as well as possible pressure loads, and represent an extension of the thick
cylinder theory discussed in the previous section.

(0’, + Ba_or', Br)(r + 813608z

Figure 3.96 Free-body diagram of an element of material within a disc
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2
. v . .
Ataradius r,v = wrand a, = o= w?r, directed towards the centre of rotation.

d
156082 + 20981@2(8—29) - ((r,, + %81’)0 + 593052 = [p(r + %’)aeazar](r + %)wz

N 5 dUVS do,
o, + 0g0r — ro, — 0,0r — 1 EP
do, do
dr dr

2
(®n? = p(r + %) drw?

r 2
Oy — O, — 1 dr = priw? + p(@) w? + prdrw?
2

Neglecting small terms, i.e. those containing &r and (82

do,

also

—u 1

&=, =f (09 — vo,)
_du_ 1

&= 4 T E (o, — voy)

Substituting for u from equation (3.50) into to equation (3.51) gives:

Loy = v0)) = £ (0, — voy)

] doy do,
1e., gy — VO, T 71 & V) T O Vo
1+v) + (% do’) =0
(0g — 0,)( v) tr dr v dr ) —
Substituting for oy — o, from equation (3.49) into equation (3.52) gives:
( L + o2 2) 1 + + ﬂ dO', =0
g, Tere ( V) +r Ep T
do, N do, . 20 4+ ﬂ do,
o TV ( V)prem "4 T 0
. d _ 2
ie., a(o'e +o)=—1+v)por

2
gy to,=—(1+ v)pr% + 24

Subtracting equation (3.49) from equation (3.53) gives:

do, _ o1 2,2
20',,+rdr = -1+ vpow 5 TP + 24
2,2

1d,, . pwr(3+w)
rdr(r g, =TS + 24

4
r’o, = —pw’(3 + v)% + A2 — B

where B is a constant of integration. Therefore,
B pw’3tv)

_ b 2
o=A—-—>5— r
r 72 8

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)
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and from equation (3.53):

2
_ B  poB+v), po(l+v)
()-(.)_AJ’_VZ—‘F 8 r- - 2 7
1+ 3v
09:A+%_p ( )1’2

Thick cylinder with pistons

A cylinder with 50 mm bore and 100 mm OD is subjected to an internal
pressure of 400 bar. The end loads are supported by pistons which seal without
restraint. Determine the distributions of stress across the cylinder wall.

p = 400 bar = 400 X 100 kPa
= 40 X 1000 kPa
= 40 N/mm?

EERRRRARE -
AR EEEY “ A

Figure 3.97

Since there is no axial load on the cylinder, then 0. = 0.
For a thick cylinder,

—4_B
o, = A 1’2
and
Og = A+ E;
r
At r = 25mm, ¢, = —40 N/mm?
- 4__B
40 =A4 - o= (3.54)
Atr=50mm, o, =0 B
0=A— 3500 (3.55)
Eliminating A from equations (3.54) and (3.55) gives:
1 1
1= 5l )
4 -1
= 5550
B = 40 X 2500
3
Substituting for B into equation (3.55) gives:
o 2500
0=A= 40X 352500
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4=3
Hence,
_ 40 | 40 X 2500 _ ﬂ( 2500)
=73t 32 s\t
and
_ 40 _ 40 X 2500 :ﬂ(l _ 2500)
93 312 3 2
At r = 25mm,
_ 40 2 _ 2
0y =3 X 5N/mm~ = 66.7 N/mm
and
_40 2 — 2
0, =5 X (—=3) N/mm* = —40 N/mm
At r = 50 mm,
gy = 43—0 X 2N/mm? = 26.7 N/mm?
and
g =0
Stress 80 -
(MPa)
60
o)
401
20 1
0 20 ' 60
(mm)
—204 a,
_40_
_60_
Figure 3.98

Worked example

Shrink/interference fit

A pair of mild steel cylinders (E = 200 GPa) of equal length have the following

dimensions:

(1) 40 mm bore and 80.06 mm outside diameter
(2) 80 mm bore and 120 mm outside diameter

i.e. there is a diametral interference of 0.06 mm. The larger cylinder is heated,
placed around, and allowed to shrink onto, the smaller cylinder. Calculate the

' stresses after assembly.
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4 Conditions

o After assembly, the radial interference pressure, p, will be the same on both cylinders,
i.e. cylinder 1 will have an external pressure, p, and cylinder 2 will have an internal
pressure, p, as indicated in Figure 3.99.

e The decrease in the outside radius of cylinder 1, i;, plus the increase in the inside

radius of cylinder 2, i,, will be equal to the radial interference, i.e.i = i;+ i.
e Axial stresses are assumed to be zero
(or negligible).
112 ti
60 mm
i
j
R |
Figure 3.99
For cylinder 1: i
1 TN
AR
and
By
atr = 20mm, o, = 0,
B, = 4004,
at r = 40 mm (no significant difference with 40.03 mm), o, = —p
202 400
TP A T e = AT Te00
4
A= - 3P
and
1600
Bi=-—3
Thus
4p 400
©@h = —3(1 - 7)
and
ap 400
(09)1 = —7(1 + 7)
u 1 1
g0 =% = L(00 — v(0, + 0,) = L(0y — v0))
At the outside of cylinder 1, r = 40 mm,
_—il = L (09 — va,)
40 ~ 200000 9 ’
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4 : ;ﬁ=;(_@)(1+ﬂ_v(l_ﬂ))
1. 40 200 000 3 1600 1600
=ik (5 &)
T 300004 4
, 2p
For cylinder 2
[ B2
’ O', = A2 7
K and
| )
f | og = Ay +
‘ ‘[ Atr= 60mm, o, = 0
B, = 3600 A,
Atr = 40mm, o, = —p
602 3600
r TP = Ay T gz = Ay = g0 A2
ie Ay = %p
- and
N 4
| B, = 3600 X Zp
Thus,
4p 3600
(0'7)2:?(1 - 2 )
and
4p 3600
(0¢)2 = ?(1 T2 )
u 1 1
&=, = E(Ue — v, + o) = E(Ue — vo,)
At the inside of cylinder 2, r = 40 mm,
to_ 1 (4_1?)(1 L 3600 _ v(l B 3600))
40 200000 \ 5 1600 1600
. . __ 8 ( 13 5_v)
e 275000004 4
%y
Buti, + i, = i = 0.03mm
2p 2p
30000 5 —3v) + m(lS + 5v) = 0.03
10p 2vp 26p 2vp
30000 10000 + 50 000 + 10000 U:08
50p + 78p
150000 U0
1.e. p= mN/rnm2 = 35.2 N/mm?

128
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4 For cylinder 1, 1007
400 80
(@)1 = —46.9(1 - 2P (©0:
60 -
(@ = —46.9(1 + 7]
40
and for cylinder 2, 204
(@), = 28.2(1 — ﬂg@)
r 1
0 80
(o) = 28.2(1 + 3?90) —207
_40_
_60_
804 (@6)1 |
i
—100-
Figure 3.100

Worked example

A turbine rotor disc with an angular
velocity of 4000 rpm has an external
diameter of 1.2m and has a 0.1 m ®= 4()00rpm/
diameter hole bored along its axis.

Determine the stress distributions
in the disc.

Key (neglect)

Take p = 7850kg/m? and v = 0.3.

B B pw(3 + v)r Shaft
o =A—-—5———F5——
r 8
B pw(l + 32 Figure 3.101
at r = 50mm, o, = 0
-9 2
O=A-— % _ Z0 S X (4000 X 2—17) (3 + 0.3) X 502 X 1073 N/mm?
50 8 60
i.e.
_ B
O=A-—- 2500 1.4204 (3.56)
at r = 600 mm, o, = 0
-9 2
L O=A-225 - 750 - 0 (4000 X 26—“5) X (3 + 03) X 6002 X 10~3N/mm?

(3.57)
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Subtracting equation (3.56) from equation (3.57)

B B _ B
5500 602 204.54 1.42
B = 511350.0
and
A = 205.95

Hence,

o, = 205.95 — 5“7# — 0.0005682
and

05 = 205.95 + 21220 — 0,000 3277
at

r=50mm, ¢, = 0 and ¢y = 409.7 N/mm?

at

r=600mm, o, = 0 and 0y = 89.6 N/mm?
The maximum o, value could be obtained by

do,
dr —

to find the r-value and then substituting this value of r into expression for o,.

0

Ty, 0, (N/mm?) )
409.7N/mm?
400
300
2
2004 172N/mm
1001 89.6N/mm?
O T T -
Figure 3.102 2y S )
Learning summary

By the end of this section you should have learnt:

v the essential differences between the stress analysis of thin and thick cylinders, leading to an
understanding of statically determinate and statically indeterminate situations;

v how to derive the equilibrium equations for an element of material in a solid body (e.g. a thick
cylinder);

v the derivation of Lame’s equations;

v/ 1o determine stresses caused by shrink-fitting one cylinder onto another;

v toinclude ‘inertia’ effects into the thick cylinder equations in order to calculate the stresses in a
rotating disc.
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3.9 Asymmetrical bending

M_o_E
’ I - Y - R’
determine stresses in a beam with a symmetrical cross section. The symmetry is usually about
an axis perpendicular to the neutral axis of the section. For a section where this symmetry
does not apply, i.e. asymmetric sections, a complication arises, making bending analysis more
difficult. In these cases, applying a bending moment about the neutral axis will, in general,
result not only in bending about that axis but also in simultaneous bending about the
perpendicular axis; there is an interaction eftect. To analyse such sections we introduce a new
geometric quantity called the product moment of area and this leads to the concept of
principal second moments of area and principal axes for the section. These are axes for
which the product moment of area is zero and the above interaction eftect during bending
does not occur. Thus, it is convenient to analyse the bending of asymmetric sections about
these axes. In this section, we will look at the theory behind this effect and develop a general
procedure for dealing with asymmetrical bending situations.

The beam bending equation has been derived and is generally used to

Second moments of area of a complex shaped cross section

Y A VA
Consider an arbitrary shaped cross section, as shown in Figure 3.103.
The centroid of area, G, is at the origin, O, of the O-x-y axes set.
A parallel axes set, O'-x'-y’, also exists, distance a and b from the
O-x-y, as shown in the figure. The centroid of area, G, is positioned

at coordinates (x',y") = (a,b) in this parallel axes set.

We know that the second moments of area, I, and I, of the section

P x
with respect to the x- and y-axes are given by, :
I.= fA y2dA .
and ; -
o' a ! x'
I, = fA x2dA Figure 3.103 Parallel axis theorem

i.e. the product of an element of area, dA, and its distance squared from the particular axis
(x or y), integrated over the full cross-sectional area, A.

The parallel axis theorem allows the calculation of the second moments of area, I and I/,
with respect to the x'- and y’-axes as follows,

I =1 + AW (3.58)

and
I, =1+ Ad? (3.59)

I. and I, are the second moments of area about a set of axes through the centroid and are
always the minimum second moments. I and I,; will always be greater because the second
terms in equations (3.58) and (3.59) are always positive as the distances between the axes, a and
b, are squared.

We now introduce a new quantity, the product moment of area, I, which is defined as,

Xy
L, = foyd.A
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L., is the summation of the elements of area times the product of their coordinates. We can now

develop the parallel axis theorem for the product moments of area as follows,

Loy = fo’y'dA = fA(x + a)(x + b)dA

=fxydA+a[ydA+bfdi+abfdA
A A A A

but fA ydA and [Adi are both zero because the origin of axes Oxy is at the centroid of area, G.

Thus,
Loy = I, + abA

(3.60)

This is the product parallel axis theorem. Again, I, is the product moment of area about a
set of axes through the centroid. In this case, I/,/, can be either positive or negative, depending

x'y"s
on the signs of a and b.

Figure 3.104 shows a section where one axis (the y-axis in this case) is an axis

of symmetry. The sum of the contributions to the product moment of area from
elements of area, dA, on opposite sides of the axis of symmetry will cancel out
because of the change of sign of the x-coordinate. Thus, in general, if a section has
an axis of symmetry, then I, is zero.

Referring to Figure 3.105, the question arising is that, given I, I, and I, for a
particular section, what are the second moments of area [, I, and [, about a set of
axes, Ouv, through the same origin but rotated through an angle, 0.

The coordinate transformation equations for rotation through an angle, 0, are
u=xcos® + ysin@
v = —xsin® + ycosO
using these equations, we can now derive the second moment of area about the
u-axis, I, as follows,

I, = fAVZdA = fA(xz sin®0 + y? cos? 0 — 2xysin O cos 0)dA

= I,sin*0 + I.cos’® — I, sin26
but
cos’f = %(l + cos 20)

and

sin @ = %(1 — cos20)
I, =5(I + I) + 5(I, — 1) cos20 — I,,sin20
Similarly, we can show that

1 1
L=5I+ 1) = 5(

v X

— I,)cos20 + I, sin 26

—xydA xydA

Figure 3.104 Symmetric section

YA

Figure 3.105 Rotation of axes

(3.61)

(3.62)

Equations (3.61) and (3.62) differ only by the signs of the last two terms, so adding them

together gives

g+5:g+g=f@MW%M:LﬂM=J
A
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This is a statement of the perpendicular axis theorem, i.c. the sum of the second moments
of area about two perpendicular axes is equal to the second moment of area about the third
perpendicular axis. In this case, the latter second moment of area 1s the polar second moment
of area, J.

Now considering the product moment of area, [,,, we have,

uvs

I, = fAuvdA = fA(xcose + ycos0)(—xsin® + ycos0)dA

= fA[—x2 cosBsin @ + y?sin 6 cos® + xy(cos’6 — sin?0)]dA
L, = 3(I, + L)sin20 + I, cos20 (3.63)

Equations (3.61), (3.62) and (3.63) enable us to calculate I,, I, and I, knowing I, I, and I, and
the angle of rotation, 0.

Now, looking more closely at equation (3.63). It 6 changes by 90°, 20 changes by 180° and
I, changes its sign but not its magnitude. Thus, since it is a continuous function of 0, I, must

» fur
have zero value.

The axes which give rise to a zero product moment are called the principal axes.
For simplicity, let us assume that x and y are the principal axes. Then,
I, =1,1,=Land I, =1,=0

where [, and [, are called the principal second moments of area

Substituting I, and I, into equations (3.61), (3.62) and (3.63) we have,

I, = %(Ip + 1)+ %(Ip — I,)cos20
I, = %(Ip + 1) — %(Ip — I,) cos 20
IW = %(Ip - Iq) sin 20

These equations can be represented by a Mohr’s circle as shown in Figure 3.106. Second
moments are plotted on the x-axis and the product moments are plotted on the y-axis.

Note The y-axis for the circle is positive upwards, unlike Mohr’s circle for stress, which is
positive downwards for shear.

Product 4
moment
L A1)
/ R
LI L c % I >
Q I, [P 27 moment
- IHV B (IV7 - Illl/)

Figure 3.106 Mohr’s circle

Point A on the circle has coordinates that correspond to the second moment and product
moment, i.e. (I, I,,), relevant to the u-axis. Point B on the circle has coordinates which

us “uv,

correspond to the second moment and product moment, i.e. (I, I, = —I,,), relevant to the

v v le')’
v-axis. These two points enable the circle to be drawn.
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The centre of the circle, C, and radius, R, are given by,

I, + 1,
centre C = 5 (3.64)
. I~ L\
radius, R = 5 +1,° (3.65)

The points P and Q on the circle correspond to the principal planes for which the product
moment of areas are zero and the second moments are the principal second moments of area, I,
and I,. Their magnitudes are given by

I, = centre + radius

and I, = centre — radius

where the centre and radius are given by equations (3.64) and (3.65).
Thus knowing I, I, and 1,,, the principal second moments of area, I, and I, can be determined.

The angle of the principal axes with respect to the u-v-axes is the angle 0, where 20 is shown
in Figure 3.106 and is given by,

in20 = bo
° R
or alternatively
IHV
tan 20 =

Key points about the Mohr’s circle for second moments of area:

(1) The positive upward direction for the product moment ensures that rotation in the Mohr’s
circle has the same sense as the rotation of the axes in space.

(2) I, and I, are both positive.

(3) If I, = I,all product moments are zero and all axes in all directions are principal axes, e.g.
this is the case for a circular section.

(4) The sign of the product moment is important. I, = f uvdA is associated with the u-axis
A

and can be positive or negative. The product moment associated with the v-axis is I, = —1,,,.

Summary of procedure for calculating the principal second moments of area and the directions of the
principal axes:

(1) Divide the cross section into subsections for which their centroid of areas and second
moments of area about their own axes can be determined.

(2) Choose a convenient set of orthogonal axes with its origin at the centroid of the full cross
section.

(3) Use the parallel axis theorem to determine the second moment of area for the full cross
section.

(4) Use a Mohr’s circle construction to determine the principal second moments of area and
the directions of the principal axes.
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Worked example B 51

Principal second moments of area ~—25.5—

i Figure 3.107 shows an asymmetric 4 iy A
=

angle cross-section. Determine: 17 10
16.46
1

— 1 —

(a) the principal second moments 37
of area Y

(b) the directions of the principal 64 1*554
axes.

=Y

=1

] All dimensions in mm

2 9.96\

10.54

10

B

Figure 3.107 Second moments of area of an
angle section

3 The section is divided into two
rectangular subsections 1 and 2.

Position of the centroid:
total area = 51 X 10 + 54 X 10 = 1050 mm?
Taking moments of the areas about the datum AA,
1050 X y = (51 X 10) X 5 + (54 X 10) X 37

7 = 21.46 mm

Taking moments of the areas about the datum BB,
1050 X x = (51 X 10) X 25.5 + (54 X 10) X 5

x = 14.96 mm

Second moments of area about a convenient set of axes:

The x and y axes are drawn as a convenient set of axes through the centroid. Using the
parallel axis theorem,

3 3
= (% +51 X 10 X 16.462) 1 (% +10 X 54 X 15.542)
= 404051 mm*
3 3
= (M +10 X 51 X 10.542) + (M +54 X 10 X 9.962)
y 12 12
— 225268 mm*

And the product parallel axis theorem,
I, = (0 + 51 X 10 X 10.54 X 16.46) + (0 + 54 X 10 X (=9.96) X (—15.54))
= 172059 mm*

Note that, in the product moment of area calculation above, the product moment of

each subsection about its own axis is zero due to the symmetry of each subsection. It

is also important that the correct sign for the coordinates of each subsection centroid

with respect to the full cross-sectional centroid are taken. Thus, for subsection 1, the
coordinates are both positive (10.54 and 16.46), while for subsection 2, they are both

negative (—9.96 and —15.54). }
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Mohr’s circle:

Product 4

moment
ligy
R
LI L c .

Ly
Q I | P 27 moment

A (404,051,172, 059)

= oy

B
(225,268, —172, 059)

Figure 3.108 Mohr’s circle

A Mohr’s circle can now be drawn to represent the axes about which I, I, and I, act, as
shown in Figure 3.108.The centre and radius are calculated as follows:

I+ 1

> Y — 314659 mm*

centre C =

I —I)?
radius R = > + I,,> = 193895 mm*

Principal second moments of area:

The principal second moments of area can now be determined from the circle as follows:

I,=C+R= 508 554 mm*

I, = C— R = 120764 mm*

and the angle, 0, of the principal axes with respect to the x-axis is given by

I
. &y 172059
sin 20 = R 193805 0.887
0 = 31.27°

From the Mohr’s circle it can be seen that the principal axis 1, i.e. the p-axis is 31.27°
clockwise from the x-axis. The principal axes can now be drawn on a sketch of the
element as shown in Figure 3.109.

v /‘1
/

G

X

6 = 31.27°

Figure 3.109 Angle of principal axes

e e

—
s

=
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Bending of beams with asymmetric sections

Figure 3.110 shows an arbitrary cross section of a beam subjected to a bending moment, M,
acting at an angle 0 to the x-axis. The origin of the x-y-axes coincides with the centroid of the
section. The bending moment has two components, M, and M,, as shown, acting about the x-
and y-axes respectively.

Note The bending moment and its components are drawn in vector form with a double
arrowhead. The right-hand screw rule defines the sense of the bending moment component as
shown in the figure inset.

v A
Assume that bending takes place about the x-axis, i.e. O-x is the neutral
axis. Then, the bending stress, o, is proportional to the distance, y, from 4
the neutral axis, or alternatively
o=cy
where ¢ 1s an arbitrary constant. NA >
X
The resultant moment about the x-axis is given by the sum of moments
of the forces acting on each elemental area in the cross section. In the
limit, this sum can be written as an integral: ERH
screw rule
M, = f o-ydA
A
— f cy-ydA Figure 3.11_0 Bending about an arbitrary
A cross-section
=c I

where I, = second moment of area about the x-axis.

But

c=0/y
M,

g I'Ay

X

which is the beam bending equation as expected.

However, there is also a resultant moment about the y-axis:

M, —f o xdA
A

= —[Ary'di

where I, = f xydA is the product moment of area
Note The negative sign arises because a positive stress results in a negative moment about the
y-axis.

Thus, in general, a moment has to be applied about the y-axis as well as the x-axis to

produce bending about the x-axis only. A positive moment is required about the y-axis to
counterbalance the negative moment set up by the stresses arising from M,. This is not the case
if I, is zero, i.e. for sections that are symmetric about the y-axis.

To ensure bending about the x-axis only, a resultant moment
M= /M3 + M;
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must be applied at an angle, 0, given by

0= tan1(%) = tanl(—_lxy)
M, L

The resultant moment is only applied about the x-axis when I, = 0.

Figure 3.111 illustrates the eftect for a z-section. If a bending moment is

applied about the x-axis only, then the stresses in the flanges will create a

resulting moment about the y-axis. Consequently, bending will take place <
about both the x- and y-axes. This is a consequence of I, not being zero for Tensile
this asymmetric section. stresses M
X
To avoid this moment coupling effect, it is usually convenient to solve > ;
bending problems by considering bending about the principal axes of a Compressive

section for which the product moment of area is zero.

Consider the arbitrary asymmetric section shown in Figure 3.112(a). O is the
centroid and O-p and O-q are the principal axes of the section. The principal
axes are inclined at an angle 0 to the x-y-axes. Components of an applied
moment M, i.e. M, and M,, act about the O-x and O-y axes respectively.
Firstly, M, and M, are resolved onto the principal directions, as illustrated in
Figure 3.112(b), giving,

M, = M, cos® + M, sin6

and

M, = —M,sin® + M, cos 6

Figure 3.112 Asymmetrical section

We can now calculate the total bending stress at any position, (p,q), which arises from these two
bending moment components and is given by

Mg My 3.66
6=, I, (3.66)

Note When p and g are both positive, i.e. in the first quadrant of the p-q axes set, a positive, M,
gives rise to a positive bending stress while a positive M, gives rise to a negative bending stress.

stresses

4

Figure 3.111 z-section
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The maximum stress in the section will occur at the extreme distance from the neutral axis. We
therefore need to determine the position/orientation of the neutral axis which can be found by

setting the bending stress, i.e. equation (3.66), to zero. Thus, the neutral axis occurs where,
M,-q  Mgp

L

o, = 0

This value for q/p defines the angle, a, of the neutral axis, with respect to the p-axis, shown in
Figure 3.112(a), as follows,

M1
o= can*l(i) = tanl( 1 p) (3.67)
p

M, -1,

Equation (3.66) can therefore be used to determine the magnitude of the stress at any position
(p,q), and equation (3.67) can be used to determine the orientation of the neutral axis and
hence the position of the maximum stress, which is at the extreme distance from the neutral
axis.

Summary of the procedure for solving asymmetrical bending problems:
(1) Determine the principal axes of the section, p and ¢, about which I, = 0.

(2) Consider bending about the principal axes, i.e. resolve bending moments onto these axes.

(3) Knowing M,, M,, I, and I, determine the general expression for the bending stress at
position (p, q) as follows,

M,~q M;p
g, = -
IP I‘i

(4) Determine the angle of the neutral axis with respect to the p-axis:

o= tan_l(i) = tan_l(Mq.Ip)
p M,-1;

(5) Evaluate the bending stress at any position in the section including the extreme positions
from the neutral axis which give the maximum bending stresses.

Worked example Vi
Asymmetrical bending 14.96 > I, =|120764 mm*
The angle section, shown in Figure A / ! 4B
3.113, with principal axes and /
principal second moments of area 21.46)~] —
indicated, is subjected to a bending G|/~ \0‘ M, ffoo Nm
moment of 300 Nm about the ) o
x-axis. o J1.27
NA 1 )

Determine: ) I, = 508554 mm*
(a) the position/orientation of the

neutral axis
(b) the bending stresses at positions C

A, B and C.

Figure 3.113 Bending about an asymmetrical
angle section
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Resolving the applied moment:

Y
M . q
31.27° T4
M, p
M
? [}

=Y

o ()

Figure 3.114 Transformation onto principal axes

Referring to Figure 3.114(a), the components of the applied bending in the p- and
g-directions are
M, = M cos(31.27) = 0.855M

M, = Msin(31.27) = 0.519M

Bending stress equation.:
The general expression for bending stress at position (p,q) is,

_M,q Mp

g, = IP Iq
~300.10°0.855¢  300.10% 0.519
T 508554 120764

= 0.5042q — 1.289%4p
Note that for p and ¢ in mm, this expression gives bending stress in N/mm?, i.e. MPa.
Orientation of the neutral axis, o, with respect to the p-axis:
M, - I
= tan_l(g) = tan_1( ‘ p)
p

M, 1,

Q
|

_ tan_1(1.2894
0.5042

= 68.64°

) = tan~(2.558)

Orientation of the neutral axis with respect to the x-axis = 68.64 — 31.27 = 37.37°.
This orientation is illustrated in Figure 3.113.

Bending stresses:

To determine the bending stresses at A, B and C, we need the p and ¢ coordinates of these
points. Referring to Figure 3.114(b), the general coordinate transformation equations for
a set of axes, p-q, inclined 0 anticlockwise from another set, x-y, are,

p=xcosO + ysin6
and
g = —xsin0 + ycos0

For this problem, the p-axis is inclined at 31.27° clockwise to the x-axis. Thus,
0 = —31.27° and the above transformation equations become

p = 0.8547x — 0.5191y
and

g = 0.5191x + 0.8547y
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‘We can now draw a table for calculating the coordinates of A, B and C as follows

Position | x | Y | P | q
A —14.96 21.46 —23.92 10.88
B 36.04 21.46 19.66 37.05
C —14.96 —42.54 9.3 —44.12

and the stresses follow from the general equation o, = 0.5042g — 1.2894p, as follows:

at A
gp = 36.33 MPa
at B
og = —6.67 MPa
at C
oc = —34.24MPa
Learning summary ~N

By the end of this section you should have learnt:

v/ an asymmetric cross section, in addition to its second moments of area about the x- and y-axes,
I, and I, possesses a geometric quantity called the product moment of area, 1,,, with respect to
these axes;

v how to calculate the second moments of area and the product moment of area about a
convenient set of axes;

v/ an asymmetric section will have a set of axes at some orientation for which the product moment of
area is zero and that these axes are called the principal axes;

v/ the second moments of area about the principal axes are called the principal second moments of
area;

v/ how to determine the second moments of area and the product moment of area about any
oriented set of axes, including the principal axes, using a Mohr’s circle construction;

v/ itis convenient to analyse the bending of a beam with an asymmetric section by resolving bending
moments onto the principal axes of the section;

v how to follow a basic procedure for analysing the bending of a beam with an asymmetric cross
section.

3.10 Strain energy

We saw in Section 3.4 how deflections of a beam can be determined by solving the
differential equation of the elastic line, using Macaulay’s method. This method is not
appropriate for more complex shaped structures or bodies or where combined loading is
applied. In this section we introduce the concept of strain energy which will enable us to
calculate deflections of complex structures. When an elastic body is subject to loading, strain
energy is stored within the body. An Italian railway engineer, called Carlo Alberto Castigliano,
derived a theorem and procedure for using the strain energy to determine deflections in
structures or bodies. Castigliano’s theorem is a powerful and flexible method for solving
deflection problems.
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Strain energy expressions

The strain energy in an elastic body is equal to the work done on the
body by the applied loads. Thus, when an elastic body is subjected

to a single applied load P, causing it to displace by a distance u at the
position of load application, as illustrated by Figure 3.115, the strain
energy (denoted by the symbol capital U) is given by,

strain energy, U = work done = f Pdu
0
For a linear elastic body,

P-u (3.68)

D=

U=

where P = final load
and u = final displacement

Load A

F S

du

Displacement in

direction of load

Figure 3.115 Strain energy given by area

under load-displacement curve

Similar expressions can be derived for moments, torques and couples. Thus, when a moment is
applied to an elastic body, causing it to rotate through an angle 0, the strain energy is given by,

U=5M-9

where M = final moment
and 6 = final angle of rotation

(3.69)

We will now use equations (3.68) and (3.69) to derive expressions for the strain energy in a

bar under tension, torsion and bending.

Figure 3.116 shows an element of the length of a bar, length 9s,

cross-sectional area, A, which is extended 8u due to a tensile load P.

The strain energy for the element, U, is given by,
dU = work done = %PBM (3.70)

Note: There are transverse strains/displacements due to Poisson’s
effect but no transverse stresses/loads. Thus, there is no work done
in the transverse direction.

Now,
. B . .. __du
strain € = extension/original length = N

Also, by Hooke’s law

_o_ P
*"ETEA
du_ P
0s EA
ou = %85
Substituting (3.71) into (3.70) gives
_
dU = SAE ds

..............

| s + du

(3.71)

(3.72)

This is the expression for strain energy in an element of bar. Thus, for a bar of length L, with

possibly varying A and E, integrating (3.72) gives

L p2
_ P
U= j(l) 2AEdS

(3.73)

Figure 3.116 Strain energy in a bar under tension
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which is the general expression for strain energy in a bar under tension. This expression can
also be used for a bar under compression.
For constant A and E,

_ L
2AE

U (3.74)

So, knowing the load, geometry and material stiffness, we can use expression (3.72) or (3.73) to
determine the strain energy in the bar.

It 1s interesting to note that, from (3.68), the strain energy per unit volume is given by.

3U _ 1Pdu 1
1 loe

ST 2 A% 2

. 1 . L
ie. 5 X stress X strain (for uniaxial stress)

Figure 3.117 Strain energy in a shaft under torsion

Figure 3.117 shows an element of the length of a shaft, length 8s, that is twisted through angle
80 due to a torque T.

The strain energy for the element, U, is given by

dU = work done = %TSG (3.75)

Now for a circular shaft of polar second moment of area, J, and shear modulus, G, the torsion
equation, gives

_ T
50 GJSS (3.76)
Substituting (3.76) into (3.75) gives,
_ T
oU = 2Gj85 (3.77)

This is the expression for strain energy in an element of the shaft. Thus, for a shaft of length L,
integrating (3.77) gives

L T2
U—fo E]ds (3.78)

which is the general expression for strain energy in a shaft under torsion, and you can see the
similarity in form with equation (3.74) for a bar under tension.
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Figure 3.118 shows an element of a straight beam, length 8s, which bends to curvature R, due
to an applied bending moment M. The angle subtended by the element of beam is 3¢, also
equal to the change in slope of the beam over 8s.

Figure 3.118 Strain energy in a beam under bending

The strain energy for the element, 3U, is given by,

dU = work done = %Mﬁd) (3.79)
M _E . .
Now, R8¢ = &s and TR the beam bending equation.
_s_M
od = R EIBS (3.80)
Substituting (3.80) into (3.79) gives,
_

SU = 578 (3.81)

Thus, for a beam of length L, integrating (3.81) gives,

Ly
M
U= /(l) —ZEldS (3.82)

i.e. the general expression for strain energy in a beam under bending, and again you can see the
similarity in form to equations (3.73) and (3.78).

The three expressions for calculating strain energy can now be summarized as follows,

L 2 L 2 L 5
P T M
Utension/compression = o 2AE ds Usorsion = f; ) fjds Uben ding = . Z—EI

ds (3.83)

In practical engineering structures, where members are relatively long and slender, strain energy
due to tension and compression can usually be neglected. Bending is usually dominant. Also,
strain energy due to shear deflections can exist but, again, it can normally be neglected.

Castigliano’s theorem

Consider an elastic body loaded by forces, P, as shown in Figure 3.119(a). The corresponding
displacements of the load points in the direction of the loads are u;. For the general non-linear
elastic case, the load—displacement curve for the ith load is shown in Figure 3.119(b).

If all forces are applied simultaneously and proportionately, the total stored strain energy, U, in
the body, is equal to the work done by the forces as follows,

U=ZU,= ZfPidui

where U, is the area under the load—displacement curve for one loading.
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o ()

Figure 3.119 (a) Elastic body subject to several loads and (b) load-
displacement curve for the ith load acting on the body; U, is the strain
energy and U; is the complementary energy

[> — [roeemses
=

We can also define the complementary energy, U*, as follows,

U= ZU,-* = qu[dP,-

where U/is the area above the load—displacement curve for one loading.

Now, consider a small increment of the load P, AP, while the other loads remain constant. This
causes an increment of the complementary strain energy, shown in Figure 3.119(b) and given by

AU = fuidP, =~ u, AP,
For the other loads, P,j # 1, P, is constant and
AU? = [udr =0
The total change in complementary strain energy is therefore,
U*= ZAUf = AU" = u,AP,
In the limit, f

AP, =0
and

__lim AU* _ aU*
“iT AP, =0 AP, oD,

(3.84)

Note that this is a partial derivative because all other loads except P; were kept constant.

Equation (3.84) is the general form of Castigliano’s theorem, which, as stated in the
introduction, is named after the Italian railway engineer, Carlo Alberto Castigliano (1847—
1884), who developed the method. His theorem states that the deflection, u;, at a given load
point i, may be obtained by differentiating the complementary strain energy, U”, with respect
to the load, P;, acting at the point.

Note that u, is the deflection at the point of application of the load, P;, in the direction of P,
and P; is independent of other loads.

Equation (3.84) applies to any non-linear elastic body. For linear elastic bodies, strain energy is
equal to the complementary strain energy as shown in Figure 3.120.Thus, for a linear elastic

body,
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Uu=u
and
_9u
“=p (3.85)
pi k
Equation (3.85) is the well-known form of Castigliano’s theorem and states that the
partial derivative of the strain energy, U, of a linear elastic system with respect
to any independent force is equal to the displacement of the structure at the [T !
point of application of the force in the direction of the force. ur
Castigliano’s theorem may be extended to include rotations due to moments and torques: I U
U 5 .
0, = M, (3.86) 7

Figure 3.120 Load-displacement

where 0; is the rotation at the point of application of the moment M; about the axis line for a linear elastic body

Of Mi‘

The above forms of Castigliano’s theorem (equations (3.85) and (3.86)) can be used to
determine deflections/displacements and rotations at a point in a body or structure where a
load or moment is applied. The procedure is as follows:

(1) Obtain expressions for the total strain energy within a structure or body in terms of the
applied loads or moments using equations (3.83).

(2) Differentiate the strain energy expressions with respect to the applied loads or moments,
as in equations (3.85) and (3.86), to determine expressions for deflections or rotations
respectively.

(3) Evaluate numerically the deflections and/or rotations.

r
(1) To determine the deflection or rotation at a point where _l___, r
a load or moment is not applied, include a dummy load M,
or moment at the point. Obtain and differentiate a strain (
energy expression incorporating the dummy load/moment,
and set the latter to zero when numerically evaluating the
deflections/rotations. Thus, to determine the horizontal tip
deflection for the structure shown in Figure 3.121(a), with
an applied vertical load, P, it is necessary to add a dummy e o
load F at the tip. Then,

S ROT

Figure 3.121 Castigliano’s theorem: (a) dummy load,
oU F, added to determine the horizontal deflection and
Up = (ﬁ) (F=0) (b) use of the zero displacement condition to solve
for unknown reaction loads and moments
(2) If the displacement or rotation at a point is restrained,
e.g. at a support as shown in Figure 3.121(b), and the
reactions are R, and M,, then,

U _
R,

U

0 and M,

0

These conditions can be used to determine the reactions R, and M,.
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Worked examples

Beam deflection
Figure 3.122 shows a simply supported beam, ABC, with a point load at the
centre of its span.

Use strain energy to derive an expression for the central deflection of the beam
(assuming bending strain energy only, no shear).

L/ 2. X L/2

: Yw

A

X B

Ry Re

<—x—>:

Figure 3.122 Simply supported beam with
point load at centre span

Reaction forces:
From symmetry,

Ry = Rc = W/2

Bending moment distribution:
Taking a section, X-X, in the part of the span, AB, and considering the left-hand part of
the beam as a free body. Moments about X-X give,

e G
=
|
b \g
[

-
L
5

Strain energy:
The strain energy stored in AB is given by,

M? e

Uns = ZEIdS “Jy 42EI
W2 [x3] /2
T 8EIL3 o
W2L3
~ 192EI
From symmetry,
Ugc = Uas
The total strain energy
. . W2L3
Utot - 2UAB - 96E[
Deflection:
The central deflection, i.e. deflection at the load, is therefore given by,
_oU _ wp?

YB = 9w T 48EI
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Dummy load

A curved beam, whose geometric form is a quadrant in the vertical plane, as
shown in Figure 3.123(a), has cross-sectional dimensions small compared with
the quadrant radius.

Figure 3.123 Curved cantilever beam with point load applied at
the free end

s e

Use strain energy to derive an expression for the horizontal and vertical
deflections of its tip due to a vertical load P.

Because of the slender nature of the curved beam, direct stress and transverse
shear strain energies may be neglected compared to bending strain energy. b

To determine the horizontal deflection, a horizontal dummy load, Q, is added
at the tip of the beam as shown in Figure 3.123(b).

Bending moment expression.:

As also shown in Figure 3.123(b), to determine the bending moment distribution, a
section X-X is taken at position B, angle ¢ from the horizontal, and equilibrium of a
section AB of the beam is considered. Taking moments about X-X,

M + PRcosd + QR(1 — sind) = 0
M = —PRcosd — QR(1 — sind) (3.87)

Note that the bending moment is a function of both the applied load, P, and the dummy
load, Q. Also, the sign of the bending moment is unimportant as it is squared in the strain
energy integral (see below).

Strain energy:

The strain energy expression is now

M, /2 [—PRcosd — QR(1 — sind))]2
U= f oEIS f 2

EIRdG  (3.88)

Note that ds = Rde¢ and that the limits of integration are 0 to /2.

Vertical displacement:

The vertical displacement is now given by differentiating equation (3.88) with respect to
the applied load P, as follows,

u, = % = é wa/Z[—PRcostb — QR(1 — sind)]| - (—Rcosd) - Rdd




<
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l

To simplify matters, the dummy load, Q, can be set to zero before the integration is
performed. We then have,

3 /2
u,,Z% . cos’> b dd

PR3 [™21
= o E(l + cos2d)dd

_ PR3[ l i ]1T/2
=551 b + 251n2¢» o

_ PR3
Y = 4RI

Horizontal displacement:
The horizontal displacement is now given by differentiating equation (3.88) with respect

to the dummy load, Q, as follows,

w/2
S ZLEIL 2[—PRcosd — QR(1 — sind)| - [—R(1 — sind)|- Rdd

u, = GQ -
Again, setting the dummy load, Q, equal to zero before integrating we have,
PR3 [T/ .
= —— il = d
Uy EI 0 COSd)( Sin d))] d)
PR3 ™2 1.
=Bl ), cosd)—Estcbdd)
PR3[ . 1 ™2
== + cos2
Il sin ¢ 4 Cos b .
_ PR’
“n T 2FEI

Note that the vertical deflection is /2 X horizontal deflection.

Combined strain energy

A circular cross section, offset cantilever, ABC, as shown in Figure 3.124(a) is
loaded at its free end by a load, P.

Figure 3.124 Offset cantilever beam with a point load applied
at the free end

Neglecting strain energy due to bending shear, derive an expression for the
vertical deflection at the load point. }
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4 In this example, section AB of the cantilever stores bending strain energy only,

226

.

while section BC stores both bending and torsional strain energy.

Strain energy in AB:
Referring to Figure 3.124(b), which shows a section, X-X, taken distance x from A, the
bending moment is obtained by considering equilibrium:

M+ Px =0 S M= —Px
The strain energy, Uyg, is given by,
_ [Mm2
Uns = 2EI
Ly p2,2
- fo 25T ¥
_rLy
~ 6EI
(note the limits O to L, for the length) ‘
Strain energy in BC: '1
Referring to Figure 3.124(c), which shows a section, X-X, in BC, taken distance x from
B, the bending moment and torque are obtained by considering equilibrium:
M+ Px =0 S M= —Px 4
T+ PE =0 - T=—-PL ’1
The strain energy, Ugc, is now given by o

_ [M fﬂ
Usc = f 2E1 " oG
L, p2.2 L P2L2
= f L dx + ’ 1
o 2EI 0 2GJ

dx

P2L,> N P?LL,
6EI 2GJ

So, the total strain energy in the cantilever is
L3+ Ly L?L,
6EI 2G]

U= Upg + Ugc = Pz[ (3.89)
Deflection of the tip:

The deflection of the tip is now given by differentiating equation (3.89) with respect to
the applied load, P, as follows,

=i]=
v 9P

L3+ Ly L?L,
6EI 2G]

u 2P[

Learning summary N

By the end of this section you should have learnt:

v/ the basic concept of strain energy stored in an elastic body under loading;

v/ 1o calculate strain energy in a body/structure arising from various types of loading, including
tension/compression, bending and torsion;

v/ Castigliano’s theorem for linear elastic bodies, which enables the deflection or rotation of a body at
a point to be calculated from strain energy expressions.
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3.11 Fatigue

Introduction

Fatigue failure of components and structures results from cyclic or repeated loading and from
the associated cyclic stresses and strains, as opposed to failure due to monotonic or static stresses
or strains, such as buckling or plastic collapse due to excessive plastic deformation. The topic of
fatigue is extremely important in mechanical engineering, since machines have moving parts,
which in turn give rise to stresses and strains that may vary with time, typically in a repetitive
fashion. For example, the axle of a car which will transmit a time-varying torque, that changes
from zero to some finite value when the car is put into gear and driven (and back to zero again
when the car is taken out of gear).

An important design consideration, with respect to fatigue, is the fact that fatigue failure can
occur at stresses that are well below the ultimate tensile strength of the material and often
below the yield strength (or 0.2% proof stress).

Basic phenomena

The failure mechanism for an initially uncracked component with a smooth (polished) surface
can be split into three parts, namely crack initiation, crack propagation and final fracture, as
follows:

Stage I crack initiation: The microstructural phenomenon

that causes the initiation of a fatigue crack is the development

of persistent slip bands at the surfaces of the specimen. These =~ Metal
persistent slip bands are the result of dislocations moving surface
along crystallographic planes, leading to both slip band

intrusions and extrusions on the surface. These act as excellent

stress concentrations and can thus lead to crack initiation.
Crystallographic slip is primarily controlled by shear stresses

rather than normal stresses so that fatigue cracks initially tend

to grow in a plane of maximum shear stress. This stage leads to

short cracks, usually only of the order of a few grains.

—0.1p f—
—— —01p
f

Stage II crack propagation: As cycling continues, the
fatigue cracks tend to coalesce and grow along planes of
maximum tensile stress range.

Figure 3.125 Persistent slip bands in ductile metals
subjected to cyclic stress

Final fracture: This occurs when the crack reaches a critical length and it results in either
ductile tearing (plastic collapse) at one extreme, or cleavage (brittle fracture) at the other.

|

Loading direction

| Stage 11

Free surface

Figure 3.126 Schematic of stages | and Il transcrystalline
microscopic fatigue crack growth
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Fatigue life analysis

In order to allow for fatigue in the analysis and design of components, a number of different
approaches are adopted, two of which are described here. The more traditional approach is
what is now referred to as the total life approach, based on laboratory tests, which are carried
out under either stress- or strain-controlled loading conditions on idealized specimens. These
tests furnish the number of loading cycles to the initiation of a ‘measurable’ crack as a function
of applied stress or strain parameters. The ‘measurability’ is dictated by the resolution accuracy
of the crack detection method employed. A typical ‘measurable’ crack is about 0.75 mm to

1 mm. The challenge of fatigue design is then to relate these test results to actual component
lives under real loading conditions.

The second approach is known as the damage tolerant approach. This approach is based on
the inclusion of fatigue as a crack growth process, taking account of the fact that all components
have inherent flaws or cracks. The development of fracture mechanics techniques to predict
crack growth has facilitated this approach as a competing technique to the total life approach.
Both of the approaches have advantages and disadvantages; the former has more appeal to design
engineers while the latter is more often used by material scientists and researchers. Nonetheless,
even in routine design, the damage tolerant approach is gaining popularity.

Total life approach

The total life approach is based on the results of stress- and

strain-controlled cyclic testing of laboratory test specimens of Test piece ain bearing

material, in order to obtain the numbers of cycles to failure as ]

a function of the applied alternating stress, for example. Figure :@ :I:l: Motor

3.127 shows a rotating bending test machine set-up. This is a

constant load amplitude machine since the load doesn’t change

even with crack growth. The specimens usually have finely Load bearing Flexible coupling
polished surfaces to minimize surface roughness eftects, which w

would particularly affect stage I growth. In this approach, no Figure 3.127 Rotating bending moment test
distinction is made between crack initiation and propagation. apparatus for fully reversed fatigue loading

Stress concentration eftects can be studied by machining in
grooves, notches or holes.

Traditionally, most fatigue testing was based on fully reversed (i.e. zero mean stress, S,, = 0),
stress-controlled conditions, and the fatigue design data was presented in the form of S—N
curves, which are either semilog or log—log plots of alternating stress, S,, against the measured
number of cycles to failure, N, where failure is defined as fracture. Some of the important stress
parameters for cyclic loading are shown in Figure 3.128.

A
+ ﬂli {I{ange mm - Smin
% T Sﬂli\X
= S
e I*— cycle ——| S "
0 >
- (R S/S) Time
Stress ratios:
A=S/S,

Figure 3.128 Notation used to describe constant load fatigue test cycles
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Figure 3.129 contains schematic representations of two typical S—N curves obtained under
load- or stress-controlled tests on smooth specimens. Figure 3.129(a) shows a continuously
sloping curve while Figure 3.129(b) shows a discontinuity or ‘knee’ in the curve. A knee is
only found in a few materials (notably low-strength steels) between 10° and 107 cycles under
non-corrosive conditions. The curves are normally drawn through the median life value

(of the scatter in IN) and thus represent 50 per cent expected failure. The fatigue life, N, is
the number of cycles of stress or strain range of a specified character that a given specimen
sustains before failure of a specified nature occurs. Fatigue strength is a hypothetical value of
stress range at failure for exactly N cycles as obtained from an S—N curve. The fatigue limit
(sometimes called the endurance limit) is the limiting value of the median fatigue strength as
N becomes very large, e.g. >108 cycles.

Log S
Log S

102 104 100 105N 108 105 107 N

Figure 3.129 Typical S-N diagrams

The alternating stress, S,, and the mean stress, S,,, are
defined in Figure 3.128. Early investigators of fatigue
assumed that only the alternating stress affected the fatigue
life of a cyclically loaded component. However, it has
since been established that the mean stress has a significant
effect on fatigue behaviour, as shown in Figure 3.130. It
can be seen that tensile mean stresses are detrimental while
compressive mean stresses are beneficial.

The effect of mean stress is commonly represented as a plot
of S, versus S, for a given fatigue life. Attempts have been

Alternating stress, S,

= compression

=0

= tension

made to develop this relationship into general relations. 10° 10* 10° 10°
Three of these common relations between allowable
alternating stress for a given life as a function of mean stress
are shown in Figure 3.131.The modified Goodman line
assumes a linear relationship between the allowable S, and
the corresponding mean stress S,,, where the slope and
intercepts are defined by the fatigue life, S,, and the material
ultimate tensile strength (UTS), S,, respectively. The Gerber
parabola employs the same end-points but, in this case, the

N

107

Gerber parabola: S, = S, (1 - (g

S

m

relation is defined by a parabola. Finally, the Soderberg line modified Goodman: S, = SC(

again assumes a linear relation, but this time the mean stress
axis end-point is taken as the yield stress, S,. The modified
Goodman line, for example, can be extended into the
compressive mean stress region to give increasing allowable

%

alternating stress with increasing compressive mean stress,
but this is normally taken to be horizontal for design
purposes and for conservatism.

Y

S S, S,

108

I
s

Soderberg line: S, = SL,(

Figure 3.130 The effect of mean stress on fatigue life

m

1 — =
SY

Figure 3.131 The effect of mean stress on fatigue life

|
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Ever since the first occurrences of fatigue failure, it has been recognized that such failures are
most commonly associated with notch-type features in components. It is impossible to avoid
notches in engineering structures, although the effects of such notches can be reduced through
appropriate design. The stress concentration associated with notch-type features leads typically
to local plastic strain, which eventually leads to fatigue cracking. Consequently, the estimation
of stress concentration factors associated with various types of notches and geometrical
discontinuities has received a lot of attention. This is typically expressed in terms of an elastic
stress concentration factor (SCF), K, which is simply the relationship between the maximum
local stress and an appropriate nominal stress:

O.F,I

K = _max

! O-nom

It was once thought that the fatigue strength of a notched component could be predicted as
the strength of a smooth component divided by the SCE However, this is not the case. The
reduction is, in fact, often less than K, and is defined by the fatigue notch factor, K, which is
defined as the ratio of the smooth fatigue strength to the notched fatigue strength:

S

a,smooth

Kf=5

a,notch
However, this fatigue notch factor is also found to &
vary with both alternating and mean stress level and Z, =
thus with number of cycles to failure. Figure 3.132 .
shows the effect of a notch, with an SCF of 3.4,
on the fatigue behaviour of a wrought aluminium
alloy, where the smooth lines are for the smooth
specimen and the dotted lines are for the notched
specimen. The table shows how the fatigue notch
factor changes with mean stress level and fatigue
life. Clearly, the fatigue notch factor increases from
3.2 to 5.7 from 10* cycles to 107 cycles at 172 MPa
mean stress, but remains unchanged between these

Alternating stress

10 1
—10

lives at 2.3 for zero mean stress. .
-100 9 100

Mean stress | 104 cycles | 107 cycles Mean stress
0 MPa 51/22 = 2.3 22/9 = 2.3
172 MPa 42/13 = 3.2 17/3 =5.7

Constant life diagrams plotted as S, versus S, also called Goodman diagrams, can be used in
design to give safe estimates of fatigue life and loads.

500

Figure 3.132 Constant life diagrams for a wrought aluminium
alloy for both smooth and notched specimens

Sﬂ
OB
f= == = factor of safety Sy
0A J
il teiane] S __SS S S, |
similar triangles — kS, S.—/S, S, kf
T 8171
f Slﬂ -----------
S S :
el = Su0 YA
T T .
kf Su b
1 kaa Sl/” Slﬂl fé)”
= s =t .
f S, S, Figure 3.133
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The Goodman line connects the endurance limit, S, (or long-life fatigue strength), to the
UTS, S,.

The fatigue strength for zero mean stress is reduced by the fatigue notch factor, K. The
stress concentration factor, K; is used if K is not known.

For static loading of a ductile component with a stress concentration, failure still occurs
when the mean stress is equal to the UTS. Failure at intermediate values of mean stress is
assumed to be given by the dotted line.

In order to avoid yield of the whole cross section of the component, the maximum
nominal stress must be less than the yield stress, S,

S

w T S < S,

This relationship gives the yield line joining S, to S,,.

The region of the diagram nearest to the origin is the ‘safe’ region (can also be extended to
include compressive yield).

A component is assessed by plotting the point corresponding to the nominal alternating
stress, S,, and the nominal mean stress, S,,, i.e. not the maximum values associated with the
notch. The factor of safety is determined from the position of the point relative to the safe/
fail boundary, i.e. factor of safety F = OB/OA.

From similar triangles:

s, s,
PR
F m

1_ Sk S,
F S S

e u

A procedure similar to that described above for long life can also be used to design for a
specified number of cycles. In this case the endurance limit and the fatigue notch factor are
replaced by the fatigue strength and the fatigue notch factor for the specified number of cycles.

Learning summary N

4
4

4

By the end of this section you should have learnt:

the various stages leading to fatigue failure;

the basis of the total life and of the damage tolerant approaches to estimating the number of
cycles to failure;

how to include the effects of mean and alternating stress on cycles to failure using the Gerber,
modified Goodman and Soderberg methods;

how to include the effect of a stress concentration on fatigue life;
the S—NN design procedure for fatigue life.

3.12 Fracture mechanics

Linear elastic fracture mechanics (LEFM)

Consider the stress concentration factor for an elliptical hole in a large, linear-elastic plate
subjected to a remote, uniaxial stress.

It can be shown that the stress concentration factor is as follows:

o _ ., 2a
E—]-i—

K, = b

231



232

An Introduction to Mechanical Engineering: Part 2

Phttttetts”

(o8

RN EENRY —e

Figure 3.134 Elliptical hole in an infinite plate

. a
Thus, as b — 0, the elliptical hole degenerates to a crack, and p 000 that the notch stress

e , o . . .
also goes to infinity (i.e. becomes singular), peilie SF provided that the material behaviour
remains linear elastic.

The root radius for an ellipse is given by

so that

g=1+2\/2
o p

and again, as the notch tip radius goes to zero, i.e. p — 0, the notch tip stress again goes to

infinity:
& o
o p

The singular (infinite) state of stress at a crack tip is one of the fundamental and most
important aspects of fracture mechanics.

Basis of the energy approach to fracture mechanics

Griffith (1921) studied the brittle fracture of glass and adopted an energy approach to solving
the problem. He reasoned that unstable crack propagation occurs only if an increment of crack
growth, da, results in more strain energy being released than is absorbed by the creation of the
new crack surfaces. This can be re-expressed as the change in strain energy dU, due to crack
extension, being greater than the energy absorbed by the creation of the new crack surfaces.
Thus, if we designate the surface energy per unit area of the crack vs, then the surface energy
associated with a crack of length 2a in a body of thickness B (as shown in the Figure 3.135) is
given by:

Ws = 4aByq

Detailed stress analysis of an elliptical hole in an infinite elastic plate has established that the

strain energy in such a body is
W= — Ta’c’B
P £

where o is the remote stress (away from the hole) and where, for plane strain and plane stress,
respectively,
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and REREREN

E' =E
Thickness B
The total system energy is thus

_ _ma’o’B
W - E, + 4aB’yS 2a

According to Griffith, the critical condition for the onset of crack growth is

dU _  mac? .
A= g tA=0 R AR SR AR
Therefore: Figure 3.135 Crack in an infinite plate
T =,

where A = 2aB is the crack area and dA denotes an incremental increase in crack area.
The total surface area of the two crack surfaces is 2A4. This relationship is conventionally
re-expressed as

G=aG.

where G is called the strain energy release rate, the crack tip driving force or the crack
extension force. G, i1s a material property, which is known as the critical strain energy release
rate, the toughness or the critical crack extension force. A high value of G, means that it is
difficult to cause unstable crack growth in the material whereas a low value means that it is
easy to make a crack grow unstably. Thus, copper, for example, has a value of G, = 10° J/m?,
whereas glass has a value of G, = 10 J/m?2. The following relationships for plane stress and plane
strain, respectively, follow from the above:

2
G= % (plane stress)
(1-v) .
G= Tﬂ'a(rz (plane strain)

Note that plane stress and plane strain are two contrasting two-dimensional assumptions that
permit simplification of three-dimensional problems to two-dimensional ones. Plane stress
corresponds physically to thin plate type situations while plane strain corresponds to thick plate
type situations. Plane strain testing of fracture leads to lower values of G,,so that the material
property value of G, for design purposes is taken as the plane strain value and is designated as
G

The critical stress that causes a crack to propagate in an unstable fashion, giving fracture, is
governed by the following relationships

ovma = | EG, (plane stress)

EG, .
oV Ta = T=2 (plane strain)

Since the terms on the right-hand side of these equations are material constants, and since the
term on the left-hand side is so common, it is usually abbreviated to the symbol, K, which is
referred to as the stress intensity factor, and the equations can be re-expressed as:

K=K
where K_is called the critical stress intensity factor or the fracture toughness. Thus:
K = JEG,

In summary, K = ov/a is called the stress intensity factor
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K. is called the fracture toughness or critical stress intensity factor
G, is called the toughness or the critical strain energy release rate. Mode I

Note: Most materials are not linear elastic up to failure. However, the energy
approach can still be used if the plastic strain is restricted to a region

very close to the crack tip; this is referred to as small-scale yielding.
reasonably \

Under these conditions, the energy release rate can still be

accurately based on a linear elastic analysis. Also, G, or Gy, now
includes a component associated with plastic deformation of the
crack tip as well as the creation of the surfaces. So far, we have

only considered the so-called mode I loading case. There
are actually three different loading modes considered in
fracture mechanics.

In general, the energy release rate under mixed-mode
loading is given by

Gow = G + G + Gy

Mode I1

Mode I-opening mode

Mode II—shearing mode Mode III
Mode III—tearing mode

Figure 3.136 Crack tip loading modes

Westergaard (1939) established the following equations for the

elastic stress field in the vicinity of a crack tip:

o. = LCOS(Q) [1 — Sin(g)sjn(ﬁ)] + non-singular terms
* 2 2 2 2 i
K;
o, = 2—;C05(%) [1 + sin(%)sin(%)] + non-singular terms
r
K

2mr
T = T2y = 0;0. = 0 (plane stress)

0. = v(o, + o)) (plane strain)

nf ) o[ eos 5] + mon-sing
Nisel 2 COS 2 COs 2 non-singular terms

xy

L Crack front

Figure 3.137 Crack tip stress fields
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K, is the mode-I stress-intensity factor (units N/m?>?) which defines the magnitude of the
elastic stress field in the vicinity of the crack tip. Similar expressions exist, in terms of Kj; and
Kjyy, for the modes II and I1I loading situations. For mixed-mode loading, the stress fields can
be added together directly. It can be seen that Kj, Kj; and Kjj; characterize the entire stress
field (and hence the strain field) in the vicinity of the crack tip. It therefore seems reasonable
to assume that, for mode I loading, for example, failure will occur when Kj reaches a critical
value K. (Kj, under plane strain conditions).

The energy approach and the stress intensity approach are equivalent. Generally, for plane stress

1
Gioul = G t Gy + Gy = E(KIZ + an + KIIIZ)

(=) 1
and for plane strain —F B replaced by I

Generally, for geometries with finite boundaries, the following expression is employed for stress
intensity factor

K; = Yovma

and similarly for Kj; and Ky, where Y is a function of the crack and component dimensions.

Material o (MN/m?) Ki(MN/m372)
mild steel 220 140-200
pressure vessel steel (HY130) 1700 170
aluminium alloys 100-600 45-23
cast iron 200-1000 20-6

Table 3.3 Typical fracture toughness values

Solutions for Y can be found in the literature for a wide range of geometries and loadings, e.g.

e H.Tada, P. Paris and G. Irwin, 1973, The stress analysis of cracks handbook, Hellertown,
Pennsylvania: DEL Research Corporation.

e G.P.Rooke and DJ. Cartwright, 1975, Compendium of stress intensity factors, HMSO.
e Y Murakani (Editor), 1987, Stress-intensity factors handbook, Oxford: Pergamon Press,
(2 volumes).

The effects of finite boundaries on expressions for stress intensity factors can be seen from the
typical expressions shown below.

o 12 T
f f f f K; —GW(secﬁ—V;)
2a a
-~ K = 7/7a (small— 2a
- o= e o) 2 |
<—W—>
TYY Yo
} 44 go K = l.lZO\/ﬁ(smallViV)
11/ —> or KI = YO-\/E
a
l—> a

— with Y= 1.99 = 0415 + 18.7 (4] — 38.48 (3

+53.85 (ﬁ/)

ARAL (1.99 = 1.12/7)
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or K= Yova

a a
<> -

e— )/ —

L4y K1=1.120'\/ﬁ(smalll/iV)

with Y= 1.99 — 0.76-% — 8.48

w

(1.99 = 1.12vm)
R
| P Thickness B
w - A[ N2 (A
| Ki =557 29(35)  —46(3p
te te
2 2
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Ky = 5y
D BW
me— Y a \1/2 a \3/2
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%%P K, = pyma
o
Kipax = 112 va
Kipiy = 1.12%\/17%/5
207
/2 2
o = [1—C 2asin2<pdcp
0 ¢
3w ma
P= Ty
Worked example
A large high carbon steel plate with a
thumbnail crack for which
Kax = 1.20V/ma
has a fracture toughness of 72 MN/m3/2
and o, = 1450 MN/m?.
Ifo = %0'),, determine the critical initial N
crack size, assuming linear elastic X
material.

Figure 3.138

(i)z +27.36

)3/2 + 218 )5/2 — 376

a
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At fracture, with

_ 2 _ 2x1450 MN
CT30 T T3 2
and
KIC = 72M3\]
m>
Then,
2x1450
72@ = 1.2x((37)) T deric
ms
Therefore,
_1 ( 72x3 )2
eric = 7 \1.2x2x1450) ™
=1.226 X 1073m
= 1.226 mm

If the material was mild steel, with

(07 = 210]\;[1—]2\] and Kjc = 200@

m

ol

Then
deie = 0.451m = 451 mm

i.e.it is much more likely to be detected during inspection!

Fatigue crack growth

It has been shown by Paris et al. (1961) that, for a wide
range of conditions, there is a log—log relationship
between crack growth rate and the stress intensity factor P BB
range during cyclic loading of cracked components. This Ap
has become the basis of the damage-tolerant approach to P,
fatigue life estimation and is widely used both in industry

and in research. Essentially, it means that crack growth

can be modelled and estimated based on knowledge

of crack and component geometry, loading conditions Figure 3.139 Variation of P (load)
and using experimentally measured crack growth data with ¢ (time)

to furnish material constants. This section describes the

basics of this approach.

-

Considering a load cycle as shown above that gives rise to a load range

AP=P,.— P

max min

(3.90)

acting on a cracked body. The load range and crack geometry give rise to a cyclic variation in
stress intensity factor, which is given by

AK = K,

max - K

min

(3.91)

Even though the stress intensity factor may be less than the critical stress intensity factor
for unstable crack growth, stable crack growth may occur if the stress intensity factor range,
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AK, is greater than an empirically determined material property called the threshold stress
intensity factor range, designated AK};. In addition, Paris showed that the subsequent crack

growth can be represented by an empirical relationship as follows:

da P m
1N = CAK)

where C and m are empirically determined material constants. This
relationship is known as the Paris equation. Fatigue crack growth
data is often plotted as the logarithm of crack growth per load cycle,
da/dN, and the logarithm of stress intensity factor range. There are
three stages. Below AKj;, no observable crack growth occurs; region
IT shows an essentially linear relationship between log(da/dN) and
log(AK), where m is the slope of the curve and C is the vertical axis
intercept; in region 111, rapid crack growth occurs and little life is
involved. Region III is primarily controlled by K, or K.

The linear regime (region II) is the region which engineering
components that fail by fatigue propagation occupy for most

of their life. Knowing the stress intensity factor expression for a
given component and loading, the fatigue crack growth life of

the component can be obtained by integrating the Paris equation
between the limits of initial crack size and final crack size.

For most materials, the constant C is found to be dependent on R,
where R is a measure of the mean stress defined as

as shown in Figure 3.141.

_ AK(MN/m3?)

(3.92)
da\ A
log (m)
da P m
N (AK)
I 11
DR S
log(AK;) log(AK)

Figure 3.140 Typical (schematic) variation of log
(da/dN) with log (AK)

1 da\ 4
Ogm

Increasing R

mild steel 4-7 3.3 6.2 >
log(AK)
316 stainless steel 4-6 3.1 6.3 . .
aluminium 1o 59 59 Figure 3.141 Effect of R on fatigue
crack growth
copper 1-3 3.9 4.3
brass 2-4 4.0 4.3-66.3
nickel 4-8 4.0 8.8
Table 3.4 Typical values of Ak, m and Ak (From Pook (1978), pp 114-35.)
The AK,, and AK (for da/dN = 10~°mm/cycle) values depend on the R-value.
Learning summary N

By the end of this section you should have learnt:
v the meaning of linear elastic fracture mechanics (LEFM);
what the three crack tip loading modes are;

4
v
v the meaning of small-scale yielding and fracture toughness;
v

components of the stress intensity factor.

the energy and stress intensity factor (Westergaard crack tip stress field) approaches to LEFM,;

the Paris equation for fatigue crack growth and the effects of the mean and alternating
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3.13 Thermal stresses

Introduction

Changes of temperature in a body cause expansion/contraction. This phenomenon is
quantified by the coefficient of thermal expansion a. In any direction, the change of length
due to a temperature change, T, is o'l where [ is the original length. Therefore, direct thermal
strain is given by:

laT
Ethermal — i =aT

For isotropic materials, o is the same for all directions and there are no thermal shear strains.

Uniform termperature change throughout an unrestrained body produces uniform strain but
no stress, i.e. free expansion/contraction in all directions.

Generalized Hooke’s law

1
e, = E(O‘x —vo, to,)) +al
1
g, = E(O'), —v(o,+ o)) t+aTl
-1 — + + aT
&, = E<O-Z 'V((Tx O-y)) a
Yy = ’rxy/G
Yy = TYZ/G
’YZ’X = TZX/G

where T'is the temperature at a point relative to some datum.

By introducing these thermal strains into the generalized Hooke’s law we can obtain solutions
to thermal stress problems, which are often very important in, for example, power and chemical
plant, aeroengines and internal combustion engines (e.g. pistons and cylinder walls).

: Centeroid
|
|
| A
?T
]
!\ Plane of
Initial symmetry

Figure 3.142

Determine deformations and stresses (small deformations)
The temperature is (assumed) purely a function of y,i.e. T'= T(y).

The coefticient of thermal expansion = o. Axial force P, and pure bending, about the z-z

axis, M, are also applied.
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Assuming o ., o,
with the length.

T~ and T, = 0 because the cross-sectional dimensions are small compared

Also

_ - Coo—dM
Toy = 0, because M does not vary with x, S S= e 0
Compatibility
Remote from the ends, strain varies linearly with y,
. ., 7
1e. g, =¢+ R

Where € is the mean strain (at y = 0) and R is the radius of curvature.

Stress—strain

S T{—_+Y}
&= tal1=et+ o

g, =EX {E + % — OLT} (3.93)

Axial equilibrium

p=fodizﬁf{ﬂl—aT}dA:55A+§fydA—EafTdA
A A R R Ja A

dA =0
IR
because y is measured from an axis passing through the centroid.
P=FEeA — EOLfA TdA (3.94)
Moment equilibrium

_ _ s+ L — s L 294 — f
M—LpodA—EL{s—FR aT}ydA EsLyM+RLyM EOLAE/dA

Now
2dA =1
K
(second moment of area, by definition)
_ EI
M= R Ea L TydA (3.95)

Worked example

A rectangular beam, width b and depth d has a temperature variation given by:

T =

——

<

=

Figure 3.143 }
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4 There is no restraint or applied loading (i.e. P = M = 0). Obtain the stress distribution.
Axial force equilibrium (equation (3.94))

P=E§A—EOLL TdA

/2 4)/2
0= E&bd — Ecxf_d T,01 — (bdy)

2 d?
/2 4 2}
s=a _
e= va% ll Fed
4 3}11/2
_ —_a _ar
e T E[Y 3d2 |-
e = %or 1,
With M = O we can obtain 1/R from the moment equilibrium (equation (3.95)) but |
from symmetry we can see that (1/R) = O. 2
'
Using equation (3.93)
UX=E{§+%—0LT} :
2 4)/2)) 1
_ 2 _ v \
E(:,’oﬂf, + O oﬂ;(l o :‘
B 4Y2 l) vy
- E"‘TO(T 3
—Ea’l;
Ap = Ed . T(1 1)_2150&?,
it = 5 o, = Eal; 3] =73

4y2

g, =0 when = ie.aty = *£0.287d

1
3
This is the stress distribution away from the ends.
At the ends, o, = 0 and there is a gradual
transition between the two.

Figure 3.144

Worked example
A rectangular beam (again b X d), but with:

2y
T—T(;X7

It is constrained so that € = 0 and 1/R = 0.

Determine the stresses and restraints.
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Figure 3.145
Axial force equilibrium (equation (3.94))
P=E€A — Ea f TdA
A

2Th a2 2Th [ y2r/2
/1‘\ Td4 = d 7[{/2)/(1)/ a d ? —d/2 -
Also,
=0 .. P=0

Moment equilibrium (equation (3.95))
_ EI
M= R EaL TydA

2'1;[9 d/2 5 27;[9[)/3r/2
fA TYdA_ d f—d/zydA_ d ? —d/2
-22[(4) - (5] -5
T d [\24) \24/] 6
Also,
—Eabd®T,
1/R =0, .. MZf

Using equation (3.93) (with € = (1/R = 0))

0'x=(§+%—ocT)= —Ea-T
2
(rx=—Eoﬂj,7Y

1.e.

Figure 3.146

—EaT, 1
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The equilibrium and compatibility equations are as for rotating discs, with o = 0, i.e.
Equilibrium (radial)

do,
g, + 4 %0 = 0 (3.96)
Compatibility
"
€)=, (2a) (3.97)
du
& =g (2b) (3.98)
. d deg
1e. g = a(rse) =gy t+ "4 (3.99)

However, the stress—strain equations now contain thermal terms.

ie. gy = %(O’e —vo,) +aT (3.100)
g = %(0‘,, —voy) + oT (3.101)

Note: Because the disc is thin, o, = 0.

Substituting (3.100) and (3.101) into (3.99) gives

(l (o0, — vaoy) + OLT) = (l (09 — vao,) + OLT) + l(

do do
2 ’) + raﬂ

E E Eldr ~ Vdr dr
doy do, dr
(1 +v)(oy — 0o, + I V4, + Eowa =0
: do,
Substitute 0y — 0, = 1 g, from (3.96)
do, doy do, dT

<1+V)VW+YTV_W,CU+Ea.rd1’_0
- d — 4L
1e. P (09 + 0,)=—Ea-r P 0
Also from (3.96):

do

0920,+1'dr

d dm—) _ o dT
rdr(Zor—f- e Ear dr

(2 do, N rd’c, N dO',,) B dT
"t Ta) T TRy

d’o, do dT
: 2 1 _r_ _ =24
i.e. 32 + 3r kP Ear ar

o =A—- % + PL
r
From (3.96):
do,

Oy = 0r+ r——
o dr
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Worked example

A steel disc with 300 mm outside
diameter, 40 mm bore diameter and
5 mm thickness is subjected to a
temperature distribution

of the following form:

200#)" c

T=(1502

where r is the radius in mm. Find the

T (°C)
200

Gidbooococoncooooccncaas

hoop stress at the bore. 20 1
Figure 3.147
The governing differential equation is:
do,  do, ar 4007 P
32 + 3r¥ = —Eocra = —Eocr1502 = 400Ea 1502
PI. = Cr? (say)
2 = r
r*-2C + 3r-2Cr = —4OOEOLW
0 . _ —50Ea
%v 1.e. C 1502
_ 4 _B_ r
F g, = A 2 50Ea 1502
'1 Boundary conditions:
. Atr=20mm, 0, =0
0=4- B —50ma 22 @)
207 150 -
Atr= 150mm, o, = 0
_,_ B 1502
Subtracting (3.103) from (3.102) gives:
N 11 400
0= Bl33550 ~ 700) * 50Ea({1 ~ 1577)
ie. B = 20 000Ea
Substituting B in (3.103) gives:
_ 20000Ea 3
A=""35500 T 50Ex = 50.88E«
5 N d°’=A—§—5OE e (@_momr)
© 9Ty 7 1507 TS T 1502
i —A+§—150E"—2—(5088+20000—'—2)E
e 96 = = “1502 ~ % = 150/)°%

(3.102)

(3.103)
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4 At r = 20:

20000 400 _
400 1SO)EOL = 98.22Ea

Oy = (50.88 4
1.e. o = 223.9 N/mm? (at r = 20 mm)

Stress
(N/mm?)

224 +

20 85 150 (mm)

|
)
E
]

—224 -

Figure 3.148 N

Thin cylinders are in common use in power and chemical plant, e.g. pipes, pressure vessels,
etc. Often temperature variations are approximately linear through the thickness. Considering
positions remote from ends, flanges, etc.

t<R1 .
= 2 :
————————————— — e — L\, T
0 !
E I Yy E V;T\\ij AT
R ! ! 2
Figure 3.149

It is convenient to consider the effect of the uniform temperature change and the temperature
gradient separately. If the cylinder is not restrained, then the uniform temperature change
causes overall dimensional changes, but no stress. The stresses due to axial restraint are easily
calculated.

For the temperature gradient we have:
Y
T= ATiz
where AT is the temperature difference across the wall.
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For a thin cylinder:

g,=0
1
€9 = E(O’g —vo.) +aoT
and
1
e. = E(O‘Z —vaoy) +aT

Remote from the ends of the cylinder sections remain plane and circular. Therefore, from
compatibility considerations (with zero mean temperature change), the hoop and axial strains
must both be zero. Therefore:

1 Y
0= E(O',e —vo,) + oc(AT);
and
1 Y
0= E(O‘z — voy) + oc(AT);
Solving, gives
__ Ea(AT) fy
ov=0.= = (1)
Learning summary N

By the end of this section you should be able to:
v understand the cause of thermal strains and how ‘thermal stresses’ are caused by thermal strains;
v include thermal strains in the generalized Hooke’s Law equations;

v include the temperature distribution within a solid component (e.g. a beam, a disc or a tube) in the
solution procedure for the stress distribution;

v understand that stress/strain equations include thermal strain terms but the equilibrium and
compatibility equations are the same whether the component is subjected to thermal loading or
not.
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Electromechanical drive
systems

UNIT OVERVIEW N\

Introduction

Characteristics of loads

Linear and rotary inertia

Geared systems

Tangentially driven loads

Steady-state characteristics of loads

Modifying steady-state characteristics of a load using a transmission
Sources of mechanical power and their characteristics

Direct current motors and their characteristics

Rectified supplies for dc motors

Inverter-fed induction motors and their characteristics

Other sources of power: pneumatics and hydraulics

Steady-state operating points and matching of loads to power sources
L J

4.1 Introduction

In many engineering situations it is necessary to design a system that involves a source of
mechanical power to drive (directly or indirectly) a mechanical load of some kind, with one

or more rotating shafts often being used within the means of transmitting the power from
source to load. Such systems can range from the very small (for instance, focusing mechanisms
within digital cameras) to the extremely large (e.g. driving the propellers of a transatlantic
liner). In all cases, it 1s essential to understand the characteristics of the load we are trying to
drive, the characteristics of the source of mechanical power that we are using to drive it, and
the need for (and function of) any transmission mechanism needed to match the characteristics
of the power source and load. This unit will therefore examine in depth the steady-state and
transient characteristics of loads and of typical sources of mechanical power used to drive them,
including electric motors and other forms of motors and engines. It is also useful to be able to
alter the characteristics of the power source in order to provide control over the way that the
overall system behaves, so the techniques by which electric motors can be controlled will be
explored in some depth.The manner in which the power source and load interact is examined,
with particular reference to how apparently incompatible characteristics can be matched, in
order to achieve stable operation in the desired manner. Although this unit draws together
topics from the disciplines of dynamics, drive systems, electrical engineering, fluid power and
mechanical design, various texts are available that follow this kind of approach in greater depth,
for example the text by Fraser and Milne (1994).
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4.2 Characteristics of loads

As hinted in the introduction, in order to arrive at an optimal decision on how to drive
a machine, it is necessary to have a full understanding of how that machine behaves as a
mechanical load. Specifically, the following questions need to be addressed:

e How hard is it to get the machine moving from rest? (friction: ‘stiction’ and Coulomb
friction)

e How hard is it to speed it up? (inertia)

e How much harder does it get to drive as we make it go faster? (torque—speed characteristics
including viscous friction and windage)

e How hard is it to make it stop when we want to? (inertia again, with some friction
considerations)

e How well do the characteristics of the machine match with those of the device we are using
to drive it, and how can we overcome any mismatch?

Some of these issues can be illustrated with reference to issues familiar to automobile drivers:

e A car filled to its maximum design capacity with heavy people is much less responsive (for
example, when pulling away from traftic lights) than when carrying only the driver. The
inertia of the load has increased and is no longer very well matched to the power
source.

e A car driven at a steady 50 mph uses considerably less petrol to travel a given distance than
one driven at the legal motorway limit of 70 mph. The steady-state torque required
from the car engine is determined (in a large part) by wind drag which is
roughly proportional to the square of the speed. (The drag force falls to something
like (50/70)% = 0.51 of its original value, though there are various other losses that show less
of a reduction.)

e [t is possible to tow quite a heavy trailer with a car as long as the driver allows for
the poorer acceleration. However, such a trailer must include its own braking system
(various mechanisms exist) because it would otherwise be difficult to stop the car/trailer
combination. The inertia of the system is no longer well matched to the braking
system (nor, for that matter to the power source).

e When a steep hill is reached, the driver must change down a gear (and probably settle for
driving at a lower speed if currently travelling fast). The engine power is limited, and
in top gear the engine is badly matched to the increased load, so to obtain the
required torque it is necessary to gear the engine down to obtain a high torque
at low speed.

4.3 Linear and rotary inertia

The concept of inertia is based upon Newton’s second law:
F = ma (4.1)

where F is the force required to cause a mass m to undergo an acceleration of a. In this context,
mass is a measure of how difficult it is to accelerate something — in other words, mass is a
measure of linear inertia.

In engineering, we are often concerned with rotational movements, and so we need to
introduce the concept of rotational inertia, in other words how difficult it is to cause
rotational acceleration in a body that is capable of rotation about an axis. This is called the
moment of inertia, a concept which was covered in Section 6.7 of Part 1 and is used within
Unit 6 of the present volume in the context of torsional vibration. It is briefly revised here for
continuity.
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Moment of inertia

To avoid confusion with electric current I, the symbol J will be used here for moment of
inertia of a body about its axis of rotation. Moment of inertia is analogous to mass in the
rotational version of Newton’s second law:

Torque = moment of inertia X angular acceleration
Le. L=Ju 4.2)

For a body B rotating about a given axis OZ (Figure 4.1), Jo7 is calculated as follows:

Joz = L@dm (4.3)

By way of a specific example, a solid cylinder or a disc of mass m and radius r
(Figure 4.2(a)) has a moment of inertia

J= %mr2 (4.4)

Figure 4.1 A body with axis of
about its axis of symmetry. rotation 0OZ

Figure 4.2 (a) Solid cylinder, (b) thin-walled tube, (c) concentrated mass at radius r from axis of rotation

By contrast, a thin-walled tube or a thin circular ring of mass m and radius r (Figure 4.2(b))
has a moment of inertia

J=mr? (4.5)
about its axis of symmetry.

Finally, a concentrated mass m being swung at radius r about a given axis (Figure 4.2(c)) has
a moment of inertia

J = mr? (4.6)
about that axis. An example of such a system would be a golf club with a heavy head and a
light handle, pivoting around the golfer’s wrist.

Inertias on the same axis are simply added together; objects with portions removed are treated
by subtracting the inertias of the ‘missing’ portions from the inertia of the overall object. For
example, the moment of inertia of a hollow cylinder of outer radius 7, and inner radius r, about
its axis (Figure 4.3) is found by subtracting the moment of inertia of the ‘missing’ inner cylinder
(of mass m;) from the moment of inertia of the solid cylinder (of mass m,):

Jhollow = Jsolid - Jlnissing
_1 2 _ 1. 2
= 21l 2l

= S(mr2plyr,2 — S(mwr2plyr?

= Jollr* = 1Y) (4.7)
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which can be expressed as:
Tholiow = %Dl(”f -1
= Zollr? = 12 + 1))
= Sityoon(rs’ + 1) (4.8)
Superficially this appears to give a different answer from the formula relating to thin-walled

cylinders (Figure 4.2(b)), but for such a cylinder r, and r; tend towards being equal as the wall
thickness tends to zero, and J,ojiow approaches the familiar value of mr?.

= Jholiow

.] solid

- Jmissing
Figure 4.3: Combining inertias

Learning summary N

By the end of this section you should have learnt:
v the similarities and differences between linear and rotational inertias and how they are analysed;
v the concept of moment of inertia;

v/ to calculate moment of inertia for simple components made up of cylinders and
tubes.

4.4 Geared systems

In order to extend the above concepts to geared systems, the concept
of a gear ratio must also be defined (Figure 4.4):
Gear ratio n = & SR - E (4.9)

N wy o L

where N; and N, are the number of teeth on the gears mounted

on the input and output shafts respectively, w; is the angular

velocity (in rad/s), a; is the angular acceleration (in rad/s?) and

L, is the torque (in Nm) for the input shaft, with corresponding

terms w, etc. referring to the output shaft. Note that equation

(4.9) is also valid if the angular velocities are expressed

consistently in other units e.g. rev/min or rev/s; this validity does

not extend to equations that involve calculations of actual values

of power. A similar argument applies to accelerations: calculations
relating inertias to accelerations must be performed using rad/s>
as the unit of angular acceleration because equation (4.2) is not

Figure 4.4 A pair of gears showing torques,
valid if units such as rev/s? are used. speeds etc
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The angular accelerations experienced by the different shafts are related in just the same way
as are the speeds (angular velocities). The last term in equation (4.9) comes from the law of
conservation of energy for a perfectly efficient geared system:

power out = power in

1e.
b(})z - Ll(.l)1 (4.10)
so that input torque L; can be calculated from L,
. Lyw, . L,
= e T (4.11)

The same theory relates to other toothed drive systems, specifically sprocket/chain systems
(such as those used in bicycles, motorcycles and some industrial situations) and toothed pulley/
belt systems, used for the camshaft drive in cars and within numerous motion control and
positioning systems in industry and within more light-duty systems such as traversing the
heads of inkjet printers and moving the scanning sensor on photocopiers. All of these may be
regarded as synchronous drives in that the drive ratios are exactly determined by the numbers
of teeth on the driving and driven components. One difference between gears and other drive
systems such as chain drives and toothed belt drives is that gears reverse the direction of drive
while belts and chains normally do not.

Worked example

A machine is driven at 35 rad/s with a torque of 30 Nm. The drive is provided
via a transmission with a 4:1 reduction ratio drive. What is the combination
of torque and speed required at the input to the transmission system? Assume
that the transmission is perfectly efficient.

For speed:
®,
n=-—
)
where n = 4, w, = 35 rad/s
) = 4wy, = 4 X 35 = 140 rad/s
For torque:
L
n= =
L,
where L, = 30 Nm
_ L 30 _
L = 14 7.5 Nm

Broadly similar analysis can be performed for friction-based drive
systems, though these are not synchronous because the components
no longer possess teeth and some degree of slippage can take place
between driving and driven components. The nominal drive ratio is
now determined by the ratio of the eftective radii (or diameters) of the
components (Figure 4.5):

n_db o o

Drive ration = — = — = =
n dy Wy QA

4.12)

The most commonly encountered friction-based transmissions are
vee belt/pulley systems (used extremely widely, an everyday example
being the drive from car engine to alternator), flat belt systems (less
widely used today; examples include belt-drive turntables used for
playing vinyl LP records), and systems based upon friction rollers

Figure 4.5 A pair of wheels coupled by friction
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(widely used at one time in audio tape and cassette recorders, and still used within fairground
and amusement rides, for example for ‘gearing’ rotating carriages to the rotation of the frame
which carries them, or to provide the impetus to swinging ‘boats’ from a motorised wheel/
tyre running on the bottom of the boat). In the cases of vee belts, flat belts etc., care must be
taken to understand the concept of the effective radius or pitch circle radius, since this may be
significantly different from any of the measurable radii of the pulley (Figure 4.6).

Figure 4.6 (a) Flat belt and (b) toothed belt showing effective radius

Worked example

A centrifugal blower needs to be driven at 3000 rev/min from a motor that
runs at 1460 rev/min. If the effective diameter of the pulley on the blower is
100 mm, what should the effective diameter of the pulley on the motor be?

. . dy
Drive ratio wEss ==
di o
where d, = 100 mm, w; = 1460 rev/min, w, = 3000 rev/min
_ @2 _ 3000 _
dy = & dy, = 1460 X 100 = 205.5 mm

An interesting variant of the friction-based drive is the variable-ratio drive.Various mechanisms are
available, including systems based on vee pulleys of variable width (and hence of variable eftective
radius), and tilting spheres contacting conical rollers (Figure 4.7) so that the spheres behave as rollers
with varying effective radii. Hydraulic variable-ratio drives also exist — see Section 4.12.

Figure 4.7 Sphere-based variable speed drive (a) set to increase speed; (b) set to decrease speed;
(c) effective radii of contact of spheres against the two cones \ L
1

Compound drive trains

In many engineering situations it is not practical to obtain the required
drive ratio via a single stage of transmission. In this case, multiple stages
are used, with the overall drive ratio being the product of the drive
ratios of each stage in the transmission system.

For example, the drive ratio of the gear train shown in Figure 4.8 is:

Dri . _NZXN4><N6_(91_0‘1 4.13
rive ratio n = NSNS SN T o (4.13)

Ly N— N,

Figure 4.8 A compound drive train
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Efficiency of geared systems

While real gears, toothed belts, chains etc. scale kinematic quantities (rotational angle, angular velocity,
angular acceleration) according to the drive ratio, frictional forces and torques result in inefficiencies, so
the ratios of torques do not in fact precisely follow the relationships given in equations (4.9) and (4.10).
These equations may therefore be rewritten to take account of the efficiency m of the drive train:

power out = efficiency X power in

1.e. Lyw, = nLjo, (4.14)
so that input torque L; can be calculated from output torque L,:
o) N
]—L22=Lal—ﬁ (4.15)

moy N o mn
Efficiency is always less than unity, so input power is always greater than output power, with the
difference being lost as heat. Typical efficiencies for geared systems may range from values close to unity
(e.g. 0.95) for well-designed single-stage gear systems, down to much lower values (less than 0.5) for
very high-ratio systems such as worm gear drives, which give a very compact reduction drive at the
expense of involving significant sliding action and frictional losses. It must be emphasized however that
kinematic quantities are unaftected by inefticiencies, so the following relationship still applies:

e S

N,
ﬁ] = P~ = & (4.16)

Gear ratio n =

In a compound gear system, the overall efficiency of the gear train is the product
of the efficiencies of each stage.

A vehicle is driven from an electric motor via the compound gear
system shown in Figure 4.9, where N; = 20, N, = 100, N; = 25,
N, = 75.The efficiency of the first stage is 94 per cent and of the N1\
second stage is 96 per cent. If the final drive requires a torque of
100 Nm at 200 rev/min, what torque and speed are required from
the motor?

Ny

N

Adapting equation (4.13) to the present situation:

: NNy ey ~
Drive ratio n = N, X Ny o N,
where w, = 200 rev/min
Wg
_ Ny Ny _ 100 _ 75
L6
= 3000 rev/min Figure 4.9 Compound gear system

Opverall efficiency is the product of efficiency of the two stages so:
n=mn Xm,=0.94 X 0.96 = 0.902 or 90.2%

Adapting equation (4.15) to the present situation gives:

L
Ll = ==
nn
where L, = 100 Nm
N> Ny 100 75
and n= N SN, T 20 X25 T 15
so that L = ﬁ = 7.39 Nm
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Inertia of a geared system \

Consider two shafts 1 and 2 (Figure 4.10) geared together with a perfectly ™
efficient transmission of gear ratio n, with shaft 2 having mounted on it a \
moment of inertia J,. Shaft 1 is driven by a motor, which causes the
shafts to accelerate with angular accelerations oy and
o, respectively.

The motor is assumed to provide a torque
L, to shaft 1. This torque is scaled up by
the gear ratio # and transmitted to shaft 2
causing inertia J, to accelerate with
angular acceleration o,. Because the shafts %’ 0Z1 L'
are geared together, the motor observes

shaft 1 as accelerating with angular

acceleration . Overall, therefore, the -

motor is providing a torque L; which is Figure 4.10 (a) An inertia driven via 0o
causing an angular acceleration a; to the gears and (b) its inertia referred to

machine being driven. As far as the motor is the input shaft

concerned, this is simply an inertia load J;" defined as:

=D 4.17

Ji= o (4.17)
where (in general) the notation J' will be used for the referred or apparent inertia typically
involving an indirectly driven inertia load. In the present case the load actually consists of
inertia J, driven via the gear train of ratio n, experiencing a torque Ln.This causes |, to
experience an angular acceleration of a,= (Ln)/], which is observed at shaft 1 as oy = a,n
= (L4#n%)/]5, It can therefore be shown that the inertia J;" experienced by the motor is given by:

NE
Ji="=3 (4.18)

n

Of particular note is the n> term, and the fact that inertias are scaled by the square of the
gear ratio, rather than the gear ratio itself, as for kinematic quantities as in equation (4.9).

By extension, a geared system with inertia J; on shaft 1 geared to shaft 2 carrying another
inertia |, (Figure 4.11) will involve the sum of J; and the referred inertia due to J,, in other
words:

Ji=h+5 (4.19)

is equivalent to:

Figure 4.11 (a) A more complex system involving geared inertia; (b) summation of inertias
referred to input shaft
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i
Worked example [

A machine (Figure 4.12) consists of two
shafts A and B, each fitted with a flywheel
of inertia J, = Jg = 1 kg.m?. Shaft B is
driven from shaft A by a gear train

of 3:1 reduction ratio.
To a blindfolded
observer, what does the system
feel like if a handle is
attached to shaft A

(i.e. what is the inertia of the
system referred to shaft A)?

Js
Jtotal =JA + ?
1+ % =1.11kg m?  (4.20) Figure 4.12 A geared system driven from shaft A

Ja = 1kgm?

N

n(= N,/Nj) = Ng/N, = 3:1 as seen by shaft A

Js = lkgm?

Ng

Worked example

The handle is instead attached to shaft
B (Figure 4.13). What does the system
feel like now (i.e. what is the
inertia of the system referred
to shaft B)?

Note that since the first shaft is now
B and the second is A, the gear ratio
n = N,/Nj is now 1:3 which is
used in the calculation as 1/3:

Ja 1
Jtotal :JB + ? =1+ (1/3)2

as seen by shaft B
_ 2 2
=1+3 =10kgm (4.21) Figure 4.13 A geared system driven from shaft B

All the above concepts are applicable to pulley/belt and sprocket/chain drivetrains.

Influence of efficiency on the apparent inertia of geared systems

It has already been shown that practical geared systems (and similar systems) are not perfectly
efficient, and this has important implications for considering the practical eftects of inertia
in such systems. For an imperfectly efficient version of the example shown earlier, torque L,
results in inertia J, experiencing a reduced torque ML;n and hence undergoing a smaller value
of angular acceleration (mL;n)/J,.Thus the ratio of torque to angular acceleration on shaft 1
can be shown to be:

L_Lk_ L _ ]

ap  mLir w7 (4.22)

Note that the true value of referred inertia J," is not affected by the inefficiency term — one cannot,
for instance, store more rotational energy in a geared flywheel by connecting it via an inefficient
gear train! However, it is useful to realize that a heavy system being accelerated via an inefficient
transmission system will appear to have a higher value of inertia than if the transmission system were
efficient. Conversely, it will appear to have a lower value of inertia when it is decelerating.
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Learning summary N

At the end of this section you should have learnt:
v/ the concept of a gear ratio;

v/ to relate angular velocities, angular accelerations and torques between input and output shafts of a
geared system (or other system involving belts, friction drives etc.);

v/ the concept of ‘referred inertia’;

v the effect of inefficiency on the transmission of torque and on the apparent value of referred inertia.

N J

4.5 Tangentially driven loads

There are numerous situations where rotational motion is converted to linear motion or vice
versa, such as:

e tangentially driven systems involving belts, chains and ropes
e vehicles, which are also a form of tangentially driven load
e screw-driven systems (e.g. machine tools, testing machines and presses)

e mechanisms for converting between rotational and reciprocating motion such as cranks and
cams.

Within the present analysis we will concern ourselves only with systems that give a constant
relationship between rotational and linear motion, namely tangentially driven and screw-driven
systems. Tangentially driven systems will be covered initially, and screw-driven systems will be
also be covered briefly, Cranks, cams etc. involve a non-uniform relationship between rotation
and displacement, and a rigorous treatment is beyond the scope of the present discussion.

There are numerous situations in engineering where a rotating shaft causes continuous linear
motion. Such situations are generally referred to as tangential drives, and examples include:

e conveyer belts
e toothed belt linear drives, e.g. the positioning of print heads on inkjet printers
e cranes, winches and hoists

e vehicles.

Indeed, any belt or chain drive involves the tangentially driven mass of the belt or chain itself.

Tangential drives via belts, chains etc.

Consider the simplest tangential load situation where a mass m

is driven by a light pulley of eftective radius r via a light belt or Observed as
cord (Figure 4.14).The inertia J' of this system referred to the

axis of the pulley is:

J = mr? (4.23)

. . . . . . L
Practical tangential drive situations involve pulleys or sprockets, e

together with belts, conveyors or chains, of non-negligible mass,

and each of these contributes to the total inertia. For instance, Pul.ley of
consider a conveyor belt of mass m carrying a load of mass M, radius r
mounted on a pair of rollers, one of which is connected to the

drive input shaft and has moment of inertia J; and radius r, with Figure 4.14 Tangentially driven mass
the second being an idler of inertia J, and radius r, (Figure 4.15).
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Figure 4.15 Conveyor belt system

Each of these contributes to the inertia J' of the system referred to the input shaft:

e the roller connected to the input shaft obviously contributes a moment of inertia J;;

e the load of mass M is driven tangentially by the first roller of radius r; so contributes Mr;

e the conveyor belt of mass m is also driven tangentially by the first roller so contributes mr;

o the idler roller is driven (via the conveyor belt) from the first roller with a pulley ratio of
ry:ry so its inertia referred to the drive input shaft is J,(r;/1)>.

Therefore, the total moment of inertia referred to the input drive shaft is:

J =T+ M+ myr? + Jo(rn/n)? (4.24)

Worked example

100 g 30g

PR

2 X 10~ kg m?
Figure 4.16 (a) Tangentially driven probe assembly showing belt and pulleys; (b) uniform
acceleration/deceleration profile

1s

A probe assembly of mass 100 g on an item of laboratory equipment is to
move 0.2m in 1 second. It is driven by a toothed belt that weighs 30 g and has
an effective radius of 20 mm where it passes over the pulleys (Figure 4.16(a)).
A uniform acceleration/deceleration (triangular) velocity profile is to be used
(Figure 4.16(b)). Each pulley has a moment of inertia of 2 X 10 ®kg.m?

(a) Calculate the inertia of the system referred to the axis of the drive pulley.

l
l
”

(b) Calculate the maximum acceleration of the probe and hence the
maximum angular acceleration of the pulley.

(c) Calculate the torque required to cause the desired acceleration.

(3) J, =2 ><.]pulley + (M + m)VZ
=2X2X107°4 (100 X 1072 4+ 30 X 1073 X 0.02> = 5.6 X 10> kgm? @}
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(b) The probe covers 0.2m in 1s divided equally between acceleration and deceleration,
therefore acceleration phase covers 0.1 m in 0.5 s from rest.

Applying s = ut + % at? gives

_2s _2X01 _
a=3 =5 T 0.8ms
Angular acceleration is therefore given by
_a _ 0.8 _ =7
«="=000 " 40rad s

(c) Torque is given by
L=]a=56X107°X 40 = 0.00224 Nm

J' is moment of inertia of vehicle

A very important type of tangentially driven referred to this axis

load is a vehicle running on a road (or rail or
other surface), and it can be useful to consider ——Jy for each wheel
the effective inertia of a vehicle referred to 7

(for example) the vehicle’s axle, or the engine’s
output shaft. There are two contributions to
the inertia J' referred to the axle of a vehicle
(Figure 4.17), ignoring inefticiencies in the

wheel/road contact, such as hysteresis in a Figure 4.17 Simplified diagram of a vehicle
rubber tyre: showing contributions to inertia referred to axle

m is mass of vehicle including wheels

e mr> where m is the overall mass of the vehicle (including the wheels) and r is the effective
radius of the wheels where they contact the road

e NJyw where N is the number of wheels and Jy is the inertia of each wheel (whether the
wheels are directly mounted on the axle or not — coupling between the wheels is provided
via their contact with the road or rail)

This gives

J' = mr?+ NJy (4.25)
In practice, the contribution due to the wheels is likely to be small compared with that of the
overall mass of the vehicle.

These provide an alternative to tangential drives where
only a small movement is desired for each

revolution of the input shaft. They are widely

used in machine tools for accurate positioning

of slideways (where they are known as

leadscrews), and within the aerospace industry

for actuation of landing gear.

Figure 4.18 System driven by a leadscrew

The apparent moment of inertia of a screw-driven system (Figure 4.18), referred to the
leadscrew axis, depends on the leadscrew pitch p, the mass M being driven and the efficiency m
of the leadscrew as well as the moment of inertia J; of the screw itself. The torque for a given
angular acceleration a of the screw is therefore:

2

L=|] + m % (4.26)

Unless the load is very heavy or the pitch is large, the biggest contribution to the total moment
of inertia is often from the inertia J; of the screw itself.
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Learning summary

By the end of this section you should have learnt:
v/ to calculate the referred inertia of a tangentially driven system
v/ the inertia behaviour of screw-driven systems.

4.6 Steady-state characteristics of loads

So far, the analysis has only considered the effects of inertia. With this theory alone, it could
be assumed that, once a machine has been accelerated to its running speed, it will carry

on running for ever with no further input of energy. Clearly this is not true, and it is now
necessary to consider the various contributions to frictional losses that tend to oppose
movement when the machine is running.

Frictional effects and losses

Three types of frictional losses are typically encountered within machines:

N
This is based on Coulomb’s well-known law for contacting bodies (Figure 4.19) E
that are able to move linearly with respect to each other, stating that the limiting >
frictional force F for two bodies experiencing contact force N is given by
F=pN (4.27) Figure 4.19 Block in contact with
a surface

In fact, two distinct regimes can be considered:

e static friction (‘stiction’), the force required to get two bodies moving with respect to each
other; in effect this is the force required to break any intermolecular or interatomic bonds
that have built up between the bodies over time;

e sliding friction or dynamic friction, a frictional force between two objects that are already
sliding over each other; this remains (in theory) constant irrespective of the relative speed of
the two objects.

In practice, the coefficients of static friction, pg, and dynamic friction, pp, tend to be noticeably
different (it takes a slightly smaller force to keep two components moving with respect to each
other, compared to the force required to get them to move). Typical values might be g =1.5
p. However, as stated above, , may be assumed to be independent of relative speed, so the
force-speed relationship may be represented graphically as shown in Figure 4.20:

FA
— MsN

[y
[y

L .
Sliding friction force is assumed

to be independent of speed

v

Figure 4.20 ‘Stiction’ and dynamic friction for linear
movement
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Mathematically, this can be represented for the static situation as:

—Fs=F< Fsforv=20 (4.28)
where
Fg = psN (4.29)
and for the dynamic situation:
F=F, for v>0 (4.30)
and
F=(—Fy for v<O0 (4.31)
where
Fp = ppN (4.32)

While components undergoing linear sliding certainly are encountered in engineering (for
example machine tool saddles moving with respect to the stationary bed, pistons sliding

in cylinders), the above concepts are equally applicable to rotational movement, and the
characteristics shown earlier may be represented graphically in Figure 4.21 and
mathematically as:

—“IssSL<=Ig for =0 (4.33)
L=L, for >0 (4.34)
and
L=(—Lp) for <0 (4.35)
k L
Ly "

Sliding (dynamic) friction torque is
assumed to be independent of speed

w

Figure 4.21 ‘Stiction’ and dynamic friction for rotational
movement

Viscous friction is caused by the shearing of a Newtonian fluid, e.g. a lubricating oil that
separates the two bodies that are ‘sliding’. Newton’s model of viscous friction states that the
shear stress on a fluid is proportional to the shear strain rate of the fluid. For a linear bearing
properly lubricated with a Newtonian fluid, this implies that the viscous friction force is
proportional to the relative velocity of the two components. For linear motion of two plates of
area A separated by distance d the force F required to maintain a relative velocity v (sometimes
known as the ‘drag force’) is:

_ Avp

F==

(4.36)

where here W is used to represent the viscosity (strictly the dynamic viscosity) of the fluid.
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This gives a simple linear relationship between force and velocity which can represented as:
F=aqv (4.37)
This can be shown graphically (Figure 4.22) as:

Fi Viscous friction force is
proportional to
relative velocity

<vy

Figure 4.22 Viscous friction for linear movement

Again, it is useful to represent this in rotational form (Figure 4.23):

Lxw (4.38)
or

L= bo (4.39)

1. s Viscous friction force is
proportional to
angular velocity

L= bhw

Figure 4.23 Viscous friction for rotational
movement

Windage is a force caused by aerodynamic eftects such as turbulence, e.g. drag on a car,
windage drag on a motor due to its cooling fan and to the ‘churning up’ of air in its casing. The
magnitude of windage force is proportional to the square of velocity, noting that the direction
of the force opposes the direction of movement.

|F| o v? (4.40)
This is represented graphically in Figure 4.24.

For a body of frontal area A moving through fluid of density p with velocity v the windage
force it experiences is:

|F| = 3pv? AC, (4.41)
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Magnitude of windage
is proportional to
velocity squared

QV

Figure 4.24 Windage for linear movement

where C; is an approximately constant value called the coefficient of drag, which depends
upon the shape of the body, and is in the order of 1 or slightly larger for ‘bluft” bodies (such as
cubes, plates etc.) going down to much lower values for aerodynamically designed, streamlined
shapes such as aircraft. Such coefticients are widely tabulated in the fluid mechanics literature
and are presented in Unit 1 of the present book. In simplified form this kind of relationship
can be represented as

|F| = ay? (4.42)
In a similar manner for rotation, torque is proportional to the square of angular velocity:

[L] x w? (4.43)
or

IL| = bw? (4.44)
This can be represented graphically in Figure 4.25.

FA
Magnitude of windage torque is
proportional to angular velocity

|L| = b0? squared

Figure 4.25 Windage for rotational movement

For linear motion, assuming motion in a positive direction:

e at rest/threshold of movement: F = Fg = static friction force

e atvelocity v: F = Fyy + av + ay?

i.e. total frictional force = Coulomb friction force + viscous friction force + windage.

For rotation in a positive direction:

e at rest/threshold of movement: L = Lg = static friction torque

e at angular velocity w: L = L, + bjo + byw?

i.e. total frictional torque = Coulomb friction torque + viscous friction torque + windage.
Note that for a tangentially-driven system the force-speed relationship can be transformed to a

rotational characteristic by substituting T'= Frand v = wr, giving (for example):

L= Fpr + a;r’o + ar’w?
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Characteristics of fans, blowers, pumps etc.

Not surprisingly, windage-type effects are the predominant contribution to the torque—speed
characteristics of rotodynamic fans and blowers. Broadly similar characteristics are also
encountered for similar devices such as centrifugal pumps, such as those encountered in many
chemical plants. It should be noted that, in approximate terms, the pressure that can be supplied
by rotodynamic pumps, blowers, fans etc. is also proportional to the square of the speed.
However, an important issue is that if the torque required to drive such a device is
proportional to the square of the speed, then the power (which is given by torque X angular
velocity) will increase with the cube of the speed. This has very important implications for
energy efficiency, in that considerable savings can be made by reducing the speed of

such devices to the minimum which will deliver the desired performance, rather than
throttling their flow rates or allowing them to supply higher pressures and flow rates than

are required.

Note that the issues surrounding the torque—speed characteristics of positive-displacement
pumps, compressors etc. are rather difterent. The torque required to drive them is dominated
by the pressure or head against which they are pumping: if this is constant (for example,

if supplying a header tank), the torque required (when averaged over a cycle) will not
change greatly with speed; if the pressure changes with flow rate, then the torque will also
change.

‘While it is clearly impossible to list all possible contributions to running characteristics, some
common examples include gravitational load, for example due to items being carried upwards
on a sloping conveyor, winched upward using a hoist, or where a vehicle is climbing a slope.
Such a contribution to load torque will be independent of speed, and can be found using
simple engineering mechanics (refer to Unit 6 of An Introduction to Mechanical Engineering:
Part 1).

Example: Torque on a high-speed rotating antenna

i

50 — Total torque
40
g
Z — Windage in 70-knot
g 304 (=100km/h) gale
g
g
FU —
§ 20 ‘ _— Windage in still air

“‘ __—Coulomb friction
10+
_— Viscous friction
0 T T T T >

0 1 2 3 4
Rotational speed (rev/second)

Figure 4.26 Contributions to torque-speed characteristics of a
high-speed rotating antenna (Adapted from Blackburn et al., 1960)

Figure 4.26 illustrates the characteristics of a system that exhibits all of the above contributions.

It is interesting to note that the windage element varies with the ambient wind speed.
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Some positive aspects of friction — it wastes energy, but is it always
a bad thing?

Coulomb friction, viscous friction and windage all involve conversion of mechanical power
into heat. Within mechanical power transmission situations this is normally undesirable as

it involves wasted energy, yet friction is usefully harnessed as an essential feature of several
engineering devices:

e Brakes, which apply a frictional torque to oppose motion, are widely used to convert
unwanted kinetic energy (for instance, in a vehicle) or potential energy (in the load of a
crane or elevator) into heat, which clearly needs to be dissipated.

e Clutches are used to provide a means of temporarily matching differing speeds while
transmitting a given value of torque. This is achieved by frictional coupling of the input shaft
to the output shaft via two contacting plates. The function of a clutch will be examined
further in Section 4.13.

e Worm gears (Figure 4.27) are widely used to provide a very large speed reduction ratio (and
torque increase) between a rapidly rotating input shaft and a much more slowly rotating
output shaft. This is achieved in much less space than would be possible via conventional
(spur or helical) gears, which would require the use of compound gearing to achieve the
required gear ratio. Unlike conventional gears, which involve primarily rolling friction
between gear teeth, worm gears involve a primarily sliding action as the screw-like worm
rotates against the flanks of the teeth of the worm wheel, driving it around. This friction
results in the undesirable feature of very low efficiency (values of 30 per cent are typical for
worm gear assemblies). However, friction also accounts for an important feature of most
worm gear systems which contrasts with conventional gear systems: provided the helix angle
of the worm is sufficiently shallow (typically corresponding to the use of as single-start or
possibly two-start worm) they can normally only transmit drive in one direction through
the power train, with the drive going only from the input shaft to the output shaft. In other
words they are self-locking if an attempt is made to provide the drive from the output shaft
to the input shaft. This makes them a particularly useful feature of devices such as hoists,
cranes, torsional testing machines etc. For example, if the drive to a worm-driven hoist fails,
the load will not descend as the worm gear assembly will lock up. Similarly, a worm-driven

torsional testing machine will retain the torsional loading

on the specimen if no input torque is applied. In both

of these cases it is said that the drive system cannot be

‘over-hauled’. There are exceptions to this: in some

cases a multistart worm is used to provide a compact

speed increase gear system. These are relatively rare in

engineering — perhaps the classic example of such a

system was within the speed-limiting governor used

in mechanical telephone dials up to the 1970s, where

a rapidly rotating centrifugal brake was operated from

the slowly turning dial via a reverse-driven worm gear

mechanism.

Figure 4.27 Worm mechanism
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Learning summary N

By the end of this section you should have learnt:
v/ the different contributions to steady-state running characteristics of loads;

v/ to express these different contributions to the load characteristics in the form of a mathematical
expression, both for linear and rotational motion;

v/ that friction can have a beneficial role in some situations as well as having a detrimental effect on

efficiency in other situations.
N Y Y,

4.7 Modifying steady-state characteristics of
a load using a transmission

In order to match the torque—speed characteristics of a load to the characteristics of the
mechanical power source that will drive it, it is often necessary to drive the load via a
transmission of some kind, which may take the form of gears, belts, chain drive etc. as described
in Section 4.4. It is therefore very useful to find the characteristics of the load referred to the
input shaft of the transmission. This is straightforwardly achieved by substituting the relations
for torque and speed given in equation (4.9) (or, if inefficiencies are taken into account, the
torque relations given in equation (4.15)) into the equation giving the load’s torque—speed
relationship. For example, consider a load with the torque—speed (or, strictly, torque—angular
velocity) characteristic as follows:

L=1ILy+ bow+ bw? (4.45)

e L e L |

S

(O]

ey

Figure 4.28 (a) Typical torque-speed curve for a directly driven machine
involving dynamic Coulomb friction, viscous friction and windage (b) family of
torque-speed curves

Such a characteristic is shown diagrammatically in Figure 4.28(a). The load is driven via a
transmission with a ratio of n:1 and an efticiency of m, and it is desired to find the characteristic
of the system expressed as the relationship between torque L’ and speed o’ at the input shaft of
the transmission. Making use of equation (4.9), w is expressed in terms of ®':

w="> (4.46)

Similarly, making use of equation (4.15), L' is expressed in terms of L as:

L

L==
nm

(4.47)
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Inserting these into equation (4.45) gives:

, 1
L = E(LD + bo + b,w?)
1 (')?
ZELD'FI?](D"_bZ n2
_ Ly o’ (w/)Z
= + b1m + b, o (4.48)

It is instructive to observe that a family of torque—speed curves (Figure 4.28(b)) can be
constructed as the ratio n is varied: a low value of n will cause the load to require high values
of torque to be provided at a relatively low range of speeds, while a large value of n will require
lower values of torque to be provided, but with the drive being at higher speeds.

It is crucial to note that changing the transmission ratio does not alter the power requirements
of the load — it merely allows the characteristics of the load to be moved to provide a better
match to those of the mechanical power source. The issue of matching of load and power
source will be explored further in Section 4.13.

Learning summary \

By the end of this section you should have learnt:

v/ to refer the torque—speed characteristics of a load to the input shaft of a transmission system in
order to obtain the characteristics observed by the mechanical power source driving it;

v/ that a transmission will affect the combination of torque and speed required to drive a load but will
not help to overcome a shortfall in the power available for providing the drive.

4.8 Sources of mechanical power and their
characteristics

In some cases, a machine will be driven manually via a handle, pedals etc., but in most cases
some other source of mechanical power will be needed. There are various categories of such
systems, and it can be useful to distinguish them. Exact terminology can vary (see Chambers
(2007) Science and Technology Dictionary for one set of formal definitions) but as a guideline:

1. The term ‘motor’ is usually used to describe a machine that causes motion or generates
mechanical power, often drawing its energy from some other easily managed form
(electrical, hydraulic, pneumatic, possibly chemical). Within the present unit, we will consider
a variety of electric, pneumatic and hydraulic motors. However, the term ‘motor” historically
also covered internal combustion engines, leading to the formal term ‘motor vehicle’ and
related terms such as ‘motorist’ etc.

2. Prime movers are devices that convert a natural source of energy into mechanical power;
these can include engines which make use of burning fuel, but could also include wind
turbines, water turbines etc.

3. The term ‘engine’ tends to be reserved for a machine that creates mechanical power
from heat energy; examples are internal combustion engines, jet engines (a form of gas
turbine), steam engines etc. Within the present discussion we will pay some attention to the
characteristics of internal combustion engines, though reference will be made to the very
different characteristics of other forms of engines.

In order to be able to design a drive system, it is important to understand how the torque
available from a source of mechanical power varies with speed. With this information it is then
possible to analyse the way in which the mechanical power source interacts with the load it is
driving.
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Characteristics of the internal combustion engine

Although there is no immediate derivation of its torque—speed characteristics, the internal
combustion engine is one of the most important prime movers. Its torque—speed characteristics
vary depending upon the position of the throttle (on a petrol engine) or the setting of the

fuel injection pumps (diesel engine). It is usual to give only the maximum torque—speed
characteristics (for a petrol engine this is known as the wide open throttle (WOT) condition); it
is not usual to give the torque—speed characteristics for different settings of the throttle etc., but
for illustrative purposes, possible curves of this type are included in Figure 4.29. (Note that it

is also usual to present internal combustion engine
characteristics such as those in Figure 4.29 in terms of a
quantity known as ‘brake mean effective pressure’, a quantity
related to torque and to the engine capacity. For simplicity,
however, graphs of torque and speed are plotted directly here.)

A particular feature of internal combustion engines is that
they cannot run in a sustained manner at low speeds: instead
they stall, a phenomenon very familiar to learner drivers!
Rather than represent the infinite set of characteristics, it

is usual to represent instead the maximum possible torque
(under wide open throttle conditions etc.) for each speed,
and to fill the area under the curve with a ‘map’ showing

the specific fuel consumption (SFC) of the engine for each
combination of torque and speed (Figure 4.30 a and b). This
gives the amount of fuel consumed by the engine per unit of
mechanical energy produced (usually expressed in g/kWh) It
may be noted that there is an optimal combination of torque
and speed (close to the maximum torque value, but well
below the maximum safe running speed) at which the engine
runs at maximum efficiency, consuming the least amount of
fuel for a given output.

Combination of

torque and speed .
d P Torque—speed characteristic under

fi ti
OT optumum wide open throttle (WOT) condition

L)  efficiency

Efficiency decreases away from
optimum operating point

(V)

Figure 4.30 (a) Features of a torque-speed-SFC map
for an internal combustion engine; (b) torque-speed-
SFC map for a 1.9-litre internal combustion engine
(adapted from Shayler et al., 1999)

Engine will not run in a
stable manner below this
speed (will stall) Torque—speed characteristic under

Ll wide open throttle (WOT) condition
/Damage may occur

above this speed

“\\
-mTTTES ~ *s__= Possible torque—
L~ SIp— 055 orque
e = v|  speed characteristics
Pid < N N A
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’ ~ ~ A
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Figure 4.29 Hypothetical set of torque-speed

characteristics for an internal combustion engine at
different throttle settings
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The great advantage of the internal combustion engine is its ready availability and
independence from other sources of power; its most obvious applications are in motor

vehicles, ships and railway locomotives. In addition, diesel engines in particular are often used
for powering generators for medium-sized communities and for standby pumping or power
generation applications. However, rather than using a prime mover such as an engine, it is often
far more appropriate to use some kind of motor which is supplied with power in the form of
electricity or pressurized fluid and delivers mechanical power locally in a controllable way.
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Learning summary

By the end of this section you should have learnt:
v the different types of mechanical power sources used within drive systems;

v/ the meaning of a torque-speed-SFC diagram for an internal combustion engine, and in particular
understand the implications of its main features.

4.9 Direct current motors and their
characteristics

Electric motors provide the drive for many mechanical systems, and generally provide the most
convenient source of power. Each type of motor has a different torque—speed characteristic
with some (e.g. dc shunt or permanent-magnet motor, or ac induction motor) providing

good running characteristics, and others (e.g. dc series motors) providing much better starting
characteristics. For each application the engineer must choose a machine that will provide

the desired torque over the full speed range of the mechanical system. This section examines
direct current (dc) motors, which are divided into five categories: shunt, series, compound,
separately excited and permanent magnet motors. Shunt motors run at relatively constant speed
and are ideal for use with conveyors, pumps, compressors and rolling mills. Series motors are
used for traction, lifts and other applications where a large starting torque is required, and can
also be used with ac supplies (when they are known as ‘universal’ motors). Compound motors
combine the characteristics of shunt and series motors, while separately excited motors provide
accurate speed control. Permanent magnet motors have similar characteristics to shunt wound
motors but make use of permanent magnets to provide the stationary magnetic field, rather
than generating the field electromagnetically.

In order to understand how dc motors work, it is necessary to have an understanding of
electromagnetism and to be familiar with the basic equations associated with such systems. These
prerequisites are covered in Part 1, Unit 5 and the reader is encouraged to refer to that material.

Because this section (along with Sections 4.10 and 4.11) overlaps the disciplines of engineering
mechanics and electrical systems, there is a conflict of notation in that mechanical engineers
use the symbol L to represent torque, while electrical engineers use L to represent inductance.
In order to avoid confusion within the present section and Sections 4.10 and 4.11, the word
‘torque’ will generally be used explicitly in preference to the use of a symbol, though the
symbol T will occasionally be used for torque within a formula. Also, the symbol n will be used
to represent speed in rev/min.

Construction of dc motors

The basic dc motor has two parts; a stationary field and a rotating armature. The field generated
either by electromagnets constructed of steel laminations, with salient poles, around which coils
are wound or by permanent magnets, which replace the poles and associated coils. Figure 4.31(a)
shows a four-pole motor with two N-poles and two S-poles (indicating north-seeking and south-
seeking poles respectively). Direct currents flow in the coils creating a static magnetic field which
links with the armature winding. The armature has circular steel laminations fixed to a central
steel shaft. Slots are cut in the outer circumference as shown in Figure 4.31(b). Also fixed to the
shaft, adjacent to the steel core is a commutator constructed of copper segments that are separated
by thin sheets of insulation. Coils are laid in the slots in the steel laminations and their ends brazed
to individual commutator segments. Carbon brushes connect the commutator to an external
electric supply. Figure 4.31(c) shows a partially completed motor.
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Coil connected Top conductor

in this slot

to commutator

Pole

Field winding

Armature Copper AN Bottom

commutater conductor

in this slot

e Armature constructed of G

Insulation stampings of sheet steel
Carbon brush
\ N\ Coil 1
o
Coil 2
Coil 3 Figure 4.31 Construction of a dc motor:

(a) cross-section through a four-pole
motor; (b) simplified diagram of a single
armature winding; (c) partially completed
motor showing relationship between

armature and stator poles
M '
‘Co‘nductor 1

\‘. m "

Carbon brush

Operation of dc motors

The simplest dc motor has two poles, an armature with
two conductors, 1 and 2, forming a single coil and a
commutator with two segments, as shown in

Figure 4.32. I

An external direct voltage source supplies a
current, Iy to the field winding. This establishes

a magnetic flux, ¢ between the‘ two poles. I, / I, \Magnctic
The ﬂux.passes through both air and steel. X nductor 2 [ flux, &
Its magnitude is a function of the field External 2y "
current, I: supply I,

b = Fn(Iy) (4.49) S I
Because the B—H (flux density vs magnetic I
field strength) characteristic for steel is Iy
non-linear the relationship between ¢ and Figure 4.32 Simplest form of dc motor showing armature and stator
I¢is also non-linear. Another direct voltage windings

supply feeds current, I, to the armature

winding via the carbon brushes. The armature current produces subsidiary magnetic fields
that circulate around the armature conductors. Figure 4.33(a) shows a cross section of the
conductors encircled by the subsidiary fields and the main field passing from the N-pole to
S-pole. The subsidiary fields interact with the main field to produce the resultant field shown
in Figure 4.33(b). This produces forces on the conductors, which create a torque on the
armature making it rotate.

By supplying current to the armature via carbon brushes and commutator the currents flowing
through the individual armature conductors reverse every time the coil is perpendicular to the
main field, maintaining the torque in the same direction. Figure 4.34(a) to (e¢) show the change
in current direction as the armature rotates. In Figure 4.34(a) and (b) the current in conductor
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Figure 4.33 Generation of forces on a pair of
conductors carrying current into the page (&)
and out of the page ()

1 flows ‘into the page’ and the current in conductor 2 flows ‘out of the page’ making the coil
rotate anticlockwise. When the coil passes the horizontal (Figure 4.34(c)) the currents in the
two conductors are reversed by the switching action of the commutator to maintain the torque
and hence the rotation in the same direction.

|
+

F 2

1 F
=

Figure 4.34 Forces on armature windings at different armature orientations

Emf induced in the armature winding

As the armature coil rotates, an emf is induced in it which tends to oppose the externally
supplied armature current, I,. The external supply voltage must overcome this emf if the
machine is to motor and deliver mechanical power through the shaft.

Figure 4.35 shows the variation in flux linkage between the main field and the coil as the latter
rotates. In Figure 4.35(a), when the coil is perpendicular to the field, there is maximum flux
linkage, ¥s,,. With only one coil this equals the flux between the poles, ¢.

N N N N
T
0
20] ¢ Ot ! 10 Op
Y y Y Y y Y Y YNY Y Y Y
2
o ° o ° o o
Maximum Zero flux Flux linkage t= =
. . 20
flux linkage linkage reverses
t=0 t= %

Figure 4.35 Variation in flux linkage between the main field and armature coil
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When the coil is parallel to the field (Figure 4.35(b)) the flux linkage is zero. As the coil
continues to rotate, the direction of flux linkage is reversed. In Figure 4.35(c) the coil is at an
angle 0 to the field. At this point

flux linkage, s = s, sin 6

Taking the time when the coil is parallel to the field (Figure 4.35(b)) to be zero and assuming
that the coil rotates at w rad/s, the time, f when the coil is at angle 0:

t=0/w
and the flux linkages, {s at that time are:
Y = s, sin wt
The emf induced in the coil 1s, according to Faraday’s law (see Part 1, Unit 5), equal to the rate
of change of flux linkages.
d¢
dt
so, the emf induced in the coil at time, t = 0/w is:

e =

e =1, ® cos ot
The coil continues to rotate to (7/2) , Figure 4.35(d), arriving at time, t = 7/(2w).
If € = average emf induced in the coil as it rotates from parallel to the field (Figure 4.35(b)) to
perpendicular to the field (Figure 4.35(d)) then:

1 /27
SZW : i, wcos wt dt
(

20

20
Sz?ll"in
but ¢, = ¢
20
sz?d)

Many machines have several pairs of poles. With two N- and two S-poles the motor shown

in Figure 4.31 has two pairs of poles. For a given speed of armature rotation, additional poles
reduce the time the coil links with flux from a particular pole. This affects the induced emf. For
a machine with p pairs of poles the coil only links with the magnetic flux from each pole for

(}%) seconds. If the flux per pole is ¢ then the average emf induced in the coil, € is given by:

2wpd
WV

In practice an armature winding will have many coils connected in series and the total emf
induced in the armature winding is given by:

e =

total emf induced = average emf induced X number of coils
in armature winding in one coil in series
E = 20pd X A,
I

Both the number of poles (2p) and the number of armature coils in series (A4,) are constant for
a particular machine, so it is convenient to combine these two parameters into a single design
constant, k, where

2pA
kzL
n
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and express the total emf induced in the armature winding, E as:

E = kdo [V] (4.50)

Torque

The electrical power delivered to the armature is converted to mechanical power, creating a
torque, which makes the armature rotate.
Assuming that there are no losses in the system:
electrical power delivered to armature = mechanical power at the shaft
P, =P, (4.51)

electrical power = armature emf X armature current

P, =EXI, (4.52)
mechanical power = torque X angular velocity
P,=TX w (4.53)
Combining equations (4.51) and (4.53)
r=la (4.54)
®

Torque = Electrical power delivered to the armature/Angular velocity

:;ul)stltutll]g (4.5()) and (4‘52) nto (454).
l()lque - kdb(x)

giving:
Torque = kdI, [Nm] (4.55)

In practice there will be some losses in the system due to friction at the bearings, windage

and iron losses in the steel core. These reduce the mechanical torque produced at the shaft.
However, as these losses are usually small, they will be ignored for the rest of this section, and it
will be assumed that the torque calculated using equation (4.55) equals the mechanical torque
delivered at the shaft.

Armature equivalent circuit

To analyse the operation of dc motors it is convenient to represent the armature winding by
the equivalent circuit shown in Figure 4.36. E is the emf induced in the armature and R, is
the armature winding resistance, which is usually quite small. The armature terminal voltage is
given by:

V. =E+ IR, (4.56)

armature current, I,

armature

Voltage resistance, R,
applied to

armature,V,

T Induced emf, E

Figure 4.36 Equivalent circuit for the armature
of a dc motor
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Types of dc motor

There are five types of dc motor:

(1) shunt motor

(2) series motor (also used with ac supplies as ‘universal motor’)
(3) compound motor

(4) separately excited motor

5

) permanent magnet motor.

These are shown in Figure 4.37.The shunt motor (a) has the field and armature windings
connected in parallel with the supply voltage. In the series motor (b) the two windings are
connected in series. Compound motors, which have two field windings, are divided into

two subcategories: the long-shunt motor (c) and the short-shunt motor (d). In the long-

shunt motor the parallel field winding, Ry, is in parallel with the series field winding, Rg and
armature in series, while in the short-shunt motor, R is in series with the parallel combination
of Rg, and armature. The separately excited motor (e) has independent voltage supplies to the
field and armature windings. The permanent magnet motor uses permanent magnets rather
than field windings to provide the stationary magnetic field.

\ Pl

2]

A I I,
£
o] Armature
Applied Ele d resistance, R,
voltage,V winding
resistance,
T Induced
Ry
emf, E

Shunt motor

o
\ Bl

A I Series field winding
Shunt f resistance, Rg
I
\Y% ﬁelfi Armature
w1.nd1ng resistance, R,
resistance,
R, T Induced
’ emf, E
Long-shunt compound motor Short-shunt compound motor
If Ia
0~
Voltage applied R, [] []Ra Voltage applied
to field winding, to armature,V,
v Q)

Separately-excited motor

Figure 4.37 Different configurations of dc motor: (a) shunt motor; (b) series motor; (c) long-
shunt compound motor; (d) short-shunt compound motor; (e) separately excited motor

The direction of rotation of any dc motor is reversed by swapping the connections to either
the armature or field windings, but not both. In the case of a permanent magnet motor, only
the armature connections exist; swapping the connections to this will reverse the motor.
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DC shunt motor

As stated above, the dc shunt motor (Figure 4.37(a)) has the armature and field windings
connected in parallel with the supply voltage. To withstand the applied voltage, the field
winding is constructed of a large number of turns of thin wire with a resistance of hundreds of
ohms. The armature winding has a large cross sectional area and a small resistance, usually less

than 10).

From equation (4.50) the emf induced in the armature winding, E is given by:
E = kdw

but from equation (4.49) ¢ is a function of the field current, I

Hence

o =~ kb =Fn(
kd versus I is normally presented as a graph, called the motor field characteristic. This graph is

used to find the motor torque versus speed characteristic. The worked example demonstrates

how.
3 A
. 40+
|
’g E 30
= = 204
.§>
10+
0 T T T T >
0 20 40
I, (A)
A
40+
304
Z
~ 204
] 10
0 T T T — 0 T T T T T >
0 20 40 0 100 200 300
L (A) o (Vsrads™!)

Figure 4.38 Characteristics of a dc motor: (a) motor field characteristic; (b) torque
versus armature current; (c) angular velocity versus armature current; (d) torque
versus angular velocity

A 220V dc shunt motor has an armature resistance of 0.8 Q and field winding
resistance of 220 Q. The motor field characteristic is shown in Figure 4.38(a).
Calculate the field current, Iy and the corresponding value for k.

The motor drives a load torque of 10 Nm. Calculate the armature current, I,

and speed, n.
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Field current, I = EV = 5—38 = 1A
f

The motor field characteristic is used to find the value of kd.
When I; = 1A, kb = 0.84Vs/rad.

With the field winding connected directly across the supply voltage, the field current, and
hence the value of kd, is constant for all loads.

Using equation (4.55)
Torque = kI,

-
L= '
when T'= 10 Nm,
_ 10 _
L = 084 — 11.8A
Using equation (4.50)
E = kdw

and substituting into equation (4.56)
= kdw + LR, (4.57)
220 = 0.84w + 11.8 X 0.8

220 = 0.84w + 9.4

220 — 9.4 _ 2106
0.84 0.84

w = 250.7 rad/s

w =

Although, we do the calculations in radians per second it is usual to express motor speed
in revolutions per minute, n, where:

_ @ _ 60w
n_ZTrX()O_ 21

rev/min

In this case, n = 2394 rev/min.

By repeating these calculations using other values of torque, the following characteristics
can be drawn:

e torque versus armature current — Figure 4.38(b)

e angular velocity versus armature current — Figure 4.38(c)

e torque versus angular velocity — Figure 4.38(d).

Figure 4.38(d) shows that, as the torque is increased, there is only a small drop in motor
speed, making the dc shunt motor ideal for driving machine tools, pumps and compressors.

From the viewpoint of the design of an electromechanical system, it is useful to express the
torque—speed relationship explicitly:

"= kdw + LR,
R, X torque

= kdw + i

275



276

An Introduction to Mechanical Engineering: Part 2

This can be rearranged as follows:

kbl KFdiw N
R, = R torque
and hence the torque can be expressed explicitly in terms of speed:
kbV  Rp*w
Torque = R — R (4.58)
Alternatively, speed may be expressed as a function of torque:
R, X torque
VoS 2 oHHe (4.59)

w = E‘ k2d>2

The constant kd (for a given value of field flux ¢) is sometimes clustered together as the
motor constant K, giving the emf E induced in the armature, or back-emf, in terms of the

angular velocity w:
E =K,

m

and the torque in terms of the current I;

Torque = K, I,

This notation will be used within the unit on control theory.

Speed control of dc shunt motors

To find a way to control the speed of a dc shunt motor we should examine equation (4.57),
which can be rearranged to give:

vV — LR,
kdp

The voltage drop across the armature winding (I,R,) is usually small compared to the supply
voltage, V. But, if the latter is fixed then the motor speed is dependent on the flux. However,
the flux is dependent on the field current. So, with the supply voltage fixed, an increase in
field circuit resistance reduces the field current, thereby reducing the flux and increasing the
speed.

w =

This is demonstrated in the following examples. The same motor is used to drive the same
load torque. In the first example, the motor is operated without additional resistance. In the

Worked example !

A 240V dc shunt motor has a field 2'.:_._.:_._.:_._.:_._.:_._.:_. ......
winding resistance, Ry of 160 Q, armature

winding resistance, R, of 0.2 and a
motor field characteristic like that
shown in Figure 4.39. The load torque

kd (Vsrad™h)

is 50 Nm. .

Calculate the field current, armature 0 | | i
current, supply current and motor 0 0.5 1.0 1.5 2.0
speed. I (A)

Figure 4.39 Motor field characteristic
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<

i

. _ V240 _ g

Field current, Ir = R~ 0 1.5A [
From motor field characteristic, Figure 4.39, when Ir = 1.5A, kb = 1.91Vs/rad »,1

Using equation (4.55)
Torque, T = kd I,

T
Armature current, I, = E

L=Tor
= 26.2A

Supply current,

L[ =1+ I

=15+ 262 = 27.7A
From equation (4.56) E=V-L R, i
=240-26.2 X 0.2 = 234.8V r:

From equation (4.50) E = kdw

W= % = % = 122.9 rad/s

n= 3070) = 1174 rev/min ,!

Worked example

L \
j_lf 150 -
|«
Rr
1% T, 1004
el
Il g
=
Re 50 1
T 0 T T T >
0 100 200 300

R, ()

o ()

Figure 4.40 (a) dc motor with shunt field winding regulator; (b) graph of
angular velocity versus regulator resistance

The dc shunt motor in the previous example has a shunt field winding
regulator connected in series with the field winding, as shown in Figure
4.40(a). The regulator resistance, R, is set at 40 Q2. The load torque is
maintained at 50 Nm. Calculate the new field current, armature current,
supply current and speed.
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Field current, Ir = R _I‘_/R = 1602T 20 = 1.2A
f T

From motor field characteristic, Figure 4.39, when I = 1.2A, kb = 1.83 Vs/rad

A . torque
rmature current, a = k(b
_ 50 _
L =7z =273A

Supply current, I, = I + I,
1.2 + 27.3 = 285A

From equation (4.56)
E=V-IL R,
=240-27.3 X 0.2 = 2345V
From equation (4.50)

E = kdw

_ E _ 2345 _
o= kb 183 128.1 rad/s
n= 307(1) = 1223 rev/min

The connection of a shunt field regulator in series with the field winding has increased
the resistance in the field winding circuit and with it the motor speed.

By repeating these calculations using various values for the regulator resistance, the graph
of angular velocity, w, versus regulator resistance, R, can be plotted as shown in Figure

4.40(b).

The graph shows that the motor speed rises as the regulator resistance is increased.

second, additional resistance is connected in series with the motor field winding.

DC series motor

A dc series motor is illustrated in Figure 4.37(b). It has the field and armature windings
connected in series, so that the same current, I flows through both windings, which have large
cross sectional areas and low resistance.

=

Worked example

A 230V dc series motor has the flux versus field current characteristic shown
in Figure 4.41(a). The motor design factor, k is 142, the armature winding
resistance, R, is 0.12 () and the field winding resistance, R¢is 0.03 ().

Calculate the speed and torque when the current is 25A.
From the equivalent circuit, Figure 4.37(b)
E=V-IR,+ R)
E=230—-1X (0.12 + 0.03) = 230 - 0.15 I
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4 When I = 25A
E = 230—-25 X 0.15 = 230 — 3.75 = 226.25V

A A
207 400 4
£ E
£ £
Y 10+ ~ 2004
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I(A) I
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(] (d)

Figure 4.41 (a) Flux versus field current characteristic; (b) torque versus
current; (c) angular velocity versus current; (d) torque versus angular velocity

From the motor field characteristic, Figure 4.41(a) when I = 25A, b = 10 mWhb.
Using equation (4.50)
we E
kedp

_ 226.25
O T2 X 10 X 102

= 159.3 rad/s

From equation (4.55)

Torque = kdI
When I = 25A
-3
Torque = 14210 ;Tm X25 _ ey

By repeating the calculations with different values of current the following graphs can be
plotted:

e torque versus current — Figure 4.41(b)
o angular velocity versus current — Figure 4.41(c)

e torque versus angular velocity — Figure 4.41(d).
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The following example shows how we can find the torque versus speed graph for this type of
motor.

If it is assumed that ¢ is proportional to I, and if the effects of resistance are neglected, then to
a first approximation:, it can be shown that

1
Torque o

or:

1
Torque o P

At low speeds dc series motors create a large torque, which reduces as the speed increases,
making this type of motor the ideal choice for lift and traction applications. Series motors
will run at very high speeds when no load is coupled to the shaft. To prevent damaging the
machines they must always be operated with permanently coupled loads.

The speed of a series motor may be controlled by a variable resistor connected in series with
the field winding. This is demonstrated in the following worked examples. The same motor is
used to drive a constant load torque. In the first example, the motor is operated without any
additional resistance. In the second example, a resistance is connected in series with the motor

windings.

The 240V dc series motor shown in Figure 4.42(a) has an armature resistance
of 0.1 and a field winding resistance of 0.05 2. The motor field characteristic
is shown in Figure 4.42(b). The motor drives a load torque of 250 Nm.
Calculate the speed.

I
—_— A A
R =005 —~*] 4001
|
T 34 g
R, = 0.1Q = 2
V=240V o =% 2007
2
1_ -
TE 0 T T > O T T T T >
0 50 100 0 50 100
— 1(A) 1(A)

o (b (]

Figure 4.42 (a) dc series motor; (b) motor field characteristic; (c) graph of torque versus
current

The first step to solving this problem is to draw the graph of torque versus current,.
This requires selecting a number of currents on the horizontal axis of Figure 4.42(b) and
for each point reading off the corresponding value of kd and calculating torque using
equation (4.55):
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Torque = kd I

For example when I = 50A

and

b = 3.12Vs/rad

Torque = 3.12 X 50 = 156 Nm

These calculations are repeated for several currents and the graph of torque, T versus

current, I (Figure 4.42
From this graph:

(c)) is plotted.

when torque = 250 Nm

I=78A
E=V-I1(R, + Ry
=240 —78 X (0.1 + 0.05) = 228.3V

From Figure 4.42(b) when I = 78 A

Using equation (4.50)

Worked example

The dc series motor in the previous example has a resistance, R, of 0.05 Q
connected in series with the armature and field windings, as shown in Figure
4.43(a). The torque remains at 250 Nm. Calculate the new speed.

o

Figure 4.43 (a) dc series motor with additional series resistance;

kd = 3.25Vs/rad

_E 2283
w = _kd) =504 70.3 rad/s
n= Gl = 671 rev/min
21T

R, 304

Ry = 0.05Q T 60-
B

R, = 0.1Q = A

20 1

(b) graph of motor speed vs. resistance for load of 250 Nm

|
L)
A
L
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l

From the torque, T, versus armature current, I, characteristic for the motor, Figure 4.42(c)
when Torque = 250 Nm, I = 78A

E=V-I(R, + R;+ R)
= 240-78 X (0.1 + 0.05 + 0.05)
= 224.4V
From Figure 4.42(b), when I = 78 A

kd = 3.25Vs/rad

_ E 2244 _
W= kb 305 69 rad/s
_ 60w

= 659 rev/min
21T

n
Connecting a resistance in series with the field and armature windings has reduced the
motor speed. With the same load torque further increases in the series resistance will
make the motor run even more slowly, as shown in Figure 4.43(b).

Series motors can be connected to ac supplies because both the armature and field windings
have relatively low inductance. They can be used for moderate- or relatively low-power high-
speed ac applications such as:

e high-speed blowers for small furnaces

e vacuum cleaners

e high-speed woodworking tools (routers).

These motors can also be used for moderate-power applications requiring good power-to-
weight ratios and high stall torques such as:

e power tools, e.g. hand-held power drills and garden tools

e clectric mixers and food processors.

Since these motors typically run at very high speeds (e.g. 5000-10 000 rev/min) it is usual to
use a large reduction drive ratio to enable them to be used to drive items such as a drill bit or
mixing agitator. A cooling fan is usually incorporated; as well as providing a means of cooling

the motor, the windage it creates acts as a mechanical load which limits the no-load speed of
the system to a safe value.

Compound motors

There are two forms of compound motor:

e long-shunt motor

e short-shunt motor.

Both motors have two field windings, the shunt-field winding, Rg, and the series-field winding,
Rg. Figure 4.37(c) and (d) show the winding connections for the long-shunt motor and short-
shunt motor respectively. In both forms of motor, the magnetic field produced by the shunt
field winding is larger than that formed by the series winding. Normally, the windings are
connected so that the two fields assist, i.e. act in the same direction. This is called cumulative
compound. The current through the shunt winding, and hence the magnetomotive force
(mmf) produced by it, are practically independent of the load, whereas, the mmf produced

by the series field winding depends on the armature current and the mechanical load. When
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the motor is on no load, the mmf produced by the series winding is negligible and the motor
performs like a shunt motor. Figure 4.44 shows a typical set of characteristics for a cumulative
compound motor. As the load current rises the mmf produced by the series field increases, and
the speed which is inversely proportional to the total mmlf, falls. At full load torque the speed
is between 0.7 and 0.9 of the no-load value. Cumulative compound motors are used where
heavy loads may be suddenly applied, for example in presses, plunger pumps and hoists.

Torque
Speed, n
Torque

Armature current, I, Armature current, I, Speed, n

o o c]

Figure 4.44 Typical characteristics for a cumulative compound motor: (a) torque vs.
armature current; (b) speed vs. armature current; (c) torque vs. speed

The difterential compound motor has the series winding connected to produce a field that
opposes that formed by the shunt winding. This type of motor has few applications and as a
consequence is rare.

Separately excited motor

The separately excited motor has the field winding and armature connected to independent
voltage supplies, as shown in Figure 4.37(e), from where it can be deduced that:

Vf = I{R{ (4.60)
and:
V.= E+ LR, (4.61)

The induced emf, E is generally far larger than the voltage drop across the armature winding,
I,R,. As a result we may ignore the latter and assume that

E=71,
But from equation (4.50) for all dc motors
E = kdw
Hence in this case
I, = kdw
Va
© =74

where k is the design constant and ¢ is the flux, which is dependent on the field current, I
If, I and hence ¢ is kept constant then

wx
sO

n oV,

That is, the motor speed is directly proportional to the armature voltage.
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Worked example

A separately excited dc motor has the motor field characteristic shown in
Figure 4.39.The field winding resistance is 200 Q. The armature winding
resistance is negligible. Calculate the motor speed when:

(a) the field voltage and the armature voltage both equal 220V

(b) the field voltage is 220 V and the armature voltage is 150 V.

220

Field current, Iy = 200 = 1.1A

From motor field characteristic kb = 1.8 Vs/rad

(a) when armature voltage, I/, = 220V

o = E
= 122.3rad/s

_ 60w
21T

n = 1168 rev/min

(b) when armature voltage, I/, = 150V

w = 115—3 = 83.3rad/s

_ 60w
21T

n = 795 rev/min

Permanent magnet motors

These motors use permanent field magnets instead of laminated poles with field windings to
provide the stationary magnetic field, &, which is now sensibly constant in value and cannot be
altered electrically. The analysis and theory of permanent magnet motors is identical to those of
shunt-wound or separately excited motors with a fixed value of field excitation, so that kd is
constant. Their characteristics may be summarized as:

e no-load speed 1s proportional to supply voltage
e torque is proportional to current
e speed falls from its no-load value with increasing torque.

Permanent magnet dc motors are not normally used for large power applications but are very
widely used within domestic and automotive applications such as:

e window winders, windscreen wipers, fans and blowers in cars

e battery-operated appliances such as electric shavers and cooling fans

e battery-operated and track-powered toys.

They are also widely used in various forms as dc servomotors within control applications.

Conventional dc servomotors are simply high-quality permanent-magnet dc motors with
wound armatures and commutators, but there are also variants such as:

e ironless motors (in which the armature windings form a rigid lightweight structure of their
own rather than being wound onto iron laminations)
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e pancake and ‘printed armature’ motors in which the ironless armatures are flat in shape

e Drushless dc motors in which the armature windings are stationary, the field magnets form a
rotor, and the switching action of the brushes and commutator is carried out by solid-state
switches.

All of these behave electrically in the same manner as the conventional dc permanent magnet
motor, even though their construction is totally different. The subject of dc permanent magnet
motors will be revisited within Unit 5 on control.

Learning summary N

By the end of this section you have learnt:
v/ the operation of dc motors;

v/ 1o derive the general torque equation;

v the different forms of dc motor;

v/ why the shunt motor produces virtually constant speed;
v/ how to vary the speed of a shunt motor;

v/ the characteristics of a series motor;

v/ how to control the speed of a series motor;

v/

why the speed of a separately excited motor is proportional to the armature voltage.

4.10 Rectified supplies for dc motors

The vast majority of power supplies around the world are alternating voltage. So to provide
the power to drive a dc motor it is often necessary to convert the alternating supply to a direct
voltage. To do this a rectifier is used.

The principles of rectification were examined in Part 1, Unit 5.

‘When an alternating (ac) voltage, Figure 4.45(a), is applied to a diode rectifier with a resistive
load, like that in Figure 4.45(b), the diode only conducts when it is forward biased (i.e. the
potential of the anode is positive with respect to the cathode).

Ohm’s law states that:
v = iR

so while the diode is conducting, the load current has a similar waveform to that of the supply
voltage but when the diode is reversed biased it cannot conduct and the current remains at
zero, producing a current waveform that comprises a series of positive half cycles, as shown in
Figure 4.45(c).

The voltage across the load resistor is called the output voltage. It has a waveform that has a
similar shape to that of the load current. Assuming that the forward volt drop across the diode,
approximately 0.7V, is small compared to the supply voltage and may be ignored, then the
average dc output voltage is given by:

m

Average dc output voltage, IV, = o

Where, 1, is the supply voltage maximum = v2 X rms supply voltage.
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Anode Cathode

ol o

Q VS[ c Gate I 1\]0 e o
thyrstor gate

triggered at
angle,

o [ [\

Figure 4.45 (a) ac supply voltage waveform; (b) rectification using a single diode (half wave
rectifier) and (c) resulting current waveform; (d) controlled rectification using a single thyristor
and (e) resulting current waveform; (f) diode bridge rectifier (full wave rectifier) and (g) resulting
current waveform; (h) thyristor bridge rectifier and (i) resulting current waveform

Replacing the diode by a thyristor, as in Figure 4.45(d), enables the user to control the output
voltage. The thyristor current is blocked in the forward direction until the thyristor gate is
triggered by a small pulse from a second, independent voltage source, as shown in Figure
4.45(e), thereby reducing the mean load current and hence output voltage to:

m

Average dc output voltage, I, = o [1 + cosa]

A disadvantage of both these rectifiers is that current can only flow through the load during
the positive half cycles of the voltage supply. For load current to flow during both the positive
and negative voltage half cycles a bridge rectifier must be used. Figure 4.45(f) shows a diode
bridge rectifier. When the supply voltage is positive, the current flows via diode Dy to the load
and back through D, During the negative half cycles D, and D3 conduct, and Dy and D, are
cut off. The load current waveform and hence output voltage is shown in Figure 4.45(g). The
mean voltage is given by:

21

m

Average dc output voltage =

This is twice as large as the output voltage for a single diode rectifier.
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The corresponding output voltage waveform for a thyristor bridge rectifier (Figure
4.45(h)) is shown in Figure 4.45(i), and the mean output voltage is given by:

m

Average dc output voltage = o [1 + cosa]

with other rectifier circuits described later in this unit it is useful to redraw the two

In order to compare the diode and thyristor bridge rectifiers (Figure 4.45(f) and (h)) g
circuit diagrams as in Figure 4.46(a) and (b) respectively. \/

V0 A
(b
IL A
N N\
(¢
InIp, A

Figure 4.46 (a) Diode bridge rectifier; (b) thyristor
bridge rectifier, both with resistive loads

Replacing the resistive load by a dc motor attects the load current waveform because
the motor has inductance. This delays current changes and inhibits the current from (d)
following directly changes in the applied voltage.

In.Ip, 4

Consider the diode bridge rectifier shown in Figure 4.46(a) but now with an inductive
load. m

The supply voltage and load voltage wavetorms (Figure 4.47(a) and (b) respectively) are
similar to those with a resistive load but the load current fluctuates, never falling to zero (e ]
as illustrated in Figure 4.47(c). The peaks in the current lag the voltage maxima, their
magnitude dependent on the ratio of load inductance, L, to resistance, R. The larger L4
this ratio the smaller is the current ripple, so that with a very high ratio of L:R the load \/.7 [\

current is virtually constant.

As with a resistive load, diodes Dy and Dy conduct when the supply voltage is L'\J

positive and D, and D3 conduct when it is negative, but the shape of the diode
current waveforms are different, see Figure 4.47(d) and (e). Figure 4.47(f) shows the 0
corresponding supply current waveform.

Figure 4.47 (a) ac supply
Figure 4.48(a) to (f) show the voltage and current waveforms for a voltage waveform;
thyristor bridge rectifier, Figure 4.46(b), but now with an inductive (b) voltage waveform after

load. Initially, thyristors Th, and Thj are conducting. :u)ll wavlt;':. rectificati:).n; p
c) resulting current in dc

Because of the high ratio of load inductance to resistance, the load current does not fall motor; (d) current in diodes
to zero when the supply voltage reaches zero. Current flow is maintained through the D1 and D4; (e) current in
two thyristors until the other thyristors are triggered at the angle, a. The output voltage diodes D3 and D2; (f) supply
will go negative during this period. current
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The mean output voltage can be found thus:

Average dc output voltage,

1

Vy=—= [/"Tﬂl Vg sin(wt)d(wf)

a

_ _mr m+o
= ’lT[ cos of]

Vrﬂ
= ?[—cos(’n + a) + cos(a)]

2V
V, = Tcosa (4.62)

The output voltage becomes negative if the delay angle, o,
is greater than 90°.

Three-phase bridge rectifiers have six devices and
produce a smoother dc output voltage than single-phase
rectifiers. Figure 4.49(a) shows a three-phase diode
rectifier with a highly inductive load. The phase voltage
and diode current waveforms are shown respectively in
Figure 4.49(b) and (c). The diodes conduct in pairs, one
in the top arm of the bridge with one in the bottom arm
of another phase; D5 with Dy, D with Dy, Dy with Dy
and so on. The dc output voltage wavetorm is shown

in Figure 4.49(d). The average dc output voltage for a
three-phase diode bridge rectifier with a highly inductive
load can be found thus:

90°
V=i L | Vansin(@)d(@0) = Viysinfor = 120°)d()
3

Let
[ Vanphl = [Vaol = [Vinl = [Vl
3V
T
3V /3
n

But Vine = V3 Vi,

[ —cos(wf) + cos(wt — 120°) ]

_ 3 Vi line (4.63)
o
where V,,}in. = maximum line voltage

= /2 X rms line voltage, Vi,

leine = \/E I/line

VA
/
o
Vod
mean f{-----v-{-----%v----
a \l('rr + (x)\ g
T\h1 and TD Th, and Th;

triggered triggered

0

ITh 1 ITh4 Lm
|

Iy Irn, 4

Figure 4.48 (a) ac supply voltage
waveform; (b) voltage waveform
from thyristor bridge rectifier;

(c) resulting current in dc motor;

(d) current in thyristors Thy and Thy;
(e) current in thyristors Ths and Thy;
(f) supply current
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ID4 I])G

Vs
3-phase supply ZISDZ Z|SD4 Ds -

VO mean

Figure 4.49 (a) Three-phase diode rectifier with a highly inductive load; (b) phase voltage
waveforms and (c) diode current waveforms; (d) dc output voltage waveform

Replacing the diodes by thyristors (Figure 4.50(a)) allows the angle at which the devices are
triggered to be delayed, thereby enabling the output voltage to be controlled. The mean dc
output voltage, /. is given by:

_ 3 Vi line

Ve osa (4.64)

where o = delay angle.

I"I"hl ITh3 IThS
Z STh Z STh Ths
A 1 3 v Vi, v

IThZ ITh4

VO mean

Figure 4.50 (a) Three-phase thyristor rectifier with a highly inductive load; (b) phase voltage
waveforms; and (c) thyristor current waveforms; (d) dc output voltage waveform for delay angle «

289



290

N R

An Introduction to Mechanical Engineering: Part 2

The mean output voltage is zero when a = 90°, and negative when the angle is greater

than 90°. As the delay angle is increased, the ripple on the output voltage becomes more
pronounced. Even so, the output voltage waveform is smoother than for the equivalent single-
phase rectifier and should be used in preference. A dc motor connected to this type of rectifier
will perform almost as well as if it were connected to a pure dc supply. Hughes (2008) has
identified two reasons for this. Firstly, the motor armature inductance smoothes the armature
current, and since the torque is directly proportional to this current, ripples in the output
torque are limited. Secondly, the armature inertia helps to inhibit variations in motor speed
caused by torque ripples.

Connecting the dc motor as a separately excited motor with the armature fed by a thyristor
bridge rectifier and the field supplied from an independent diode bridge rectifier, as shown

in Figure 4.51, enables the motor speed to be controlled by varying the thyristor triggering
angle, a.

3-phase
ac supply

L 3-phase thyristor

(controlled)
bridge

3-phase diode J

(uncontrolled)

bridge

Figure 4.51 Separately excited dc motor with the armature fed by a thyristor
bridge rectifier and the field supplied from an independent diode bridge
rectifier

It was shown earlier, see equations (4.60)and (4.61), that for a separately excited motor:
Field voltage, IF = I R¢
Armature voltage , I/, = E + I, R,
By ignoring the small armature resistance, R,
E=1,
From equation (4.50) for any dc motor:
Induced emf, E = kdw
Vi
therefore @ = b

The following example demonstrates that controlling the variation in the trigger angle, alters
the armature voltage and hence the motor speed.

Worked example

A separately excited dc motor has the motor field characteristic shown in
Figure 4.39.The field winding resistance is 500 (). The armature winding
resistance is negligible. A three-phase 415V (rms) ac supply is connected to
the motor field winding via a diode bridge rectifier. The same ac supply feeds
the motor armature via a thyristor bridge rectifier. Calculate the motor speed
when the thyristor delay angle is:

(a) 0°
(b) 45°
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From equation (4.63)

Field voltage = average output voltage from diode rectifier

_ 5 Vm.line

V="

where V. = maximum alternating voltage = v2 X rms line voltage.

In this case

Viline = V2 X 415 = 586.9V

hence
Ve = 560.5V
Field current,
Ve 560.5
I = R, 500 1.12A

From motor field characteristic, Figure 4.39, when I = 1.12A
kd = 1.8Vs/rad

Using equation (4.64):

Armature voltage = average output voltage from thyristor bridge

o 5 Vm.line

. os

where oo = delay angle in triggering the thyristors

(a) With the delay angle set at 0°

3 Vm.line
= —————cosa
I, = 560.5V
From equation (4.50)
_n
=7 &
W= % = 311.4rad/s
1= i 2974 rev/min
Tr
(b) with the delay angle set at 45°
& Vm.line
V,= ———cosa
1T
V, = 396.3V

As the average output voltage from the diode rectifier, I;is constant, Iy and kd
remain constant at 1.12A and 1.8Vs/rad respectively, the speed falls to:

Vi 3963
w = kb =18 220.2 rad/s

n = 2102 rev/min

The drop in speed is directly proportional to fall in armature voltage.

P u—

Bass 7 S )N

>,

e e

=
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Learning summary N

By the end of this section you should have learnt:

v/ to draw the current and voltage waveforms for both diode and thyristor bridge rectifiers with an
inductive load;

v/ to derive the dc output voltage for diode and thyristor bridge rectifiers with an inductive load;
v/ 1o calculate the speed of a separately excited dc motor supplied via bridge rectifiers.

J
4.11 Inverter-fed induction motors and their
characteristics
The construction and operation of a three-phase ac
induction motor connected to a fixed voltage, fixed Fabricated or R N
frequency supply was explained in detail in Part 1, Unit 5. cast steel Itunlclh i:i:hﬁw;l
It will suftice to repeat the key points here. frame vree amimaton

Induction motors are the most common motors
encountered in industry and are the most rugged type
of motor. They have two parts: an outer stationary frame
called the stator and an inner rotating part called the

Distributed three
phase windings in
slots in inner

rotor. These are shown in Figure 4.52. o circumference of
. . . laminations
The simplest form of induction motor, the two-pole
motor, has three separate coils wound in the slots on the .
. . . Aluminium or
inner circumference of the stator. The coils are mutually bars in sl
copper bars 1n s ots Castellations

displaced by 120°. The rotor has silicon steel laminations )
on end rings

keyed to a central shaft. Slots are cut in the laminations (b) act as 4 fan
into which aluminium or copper conductors are fitted. to cool rotor
The ends of the conductors are welded to aluminium end Bars welded
rings. There are no electrical connections to the rotor. to aluminium

end rings

‘When a balanced three-phase fixed frequency supply is
connected to the stator windings, currents flow in the Figure 4.52 (a) Stator and (b) rotor of a simple
coils which produce a uniform magnetic field that rotates (squirrel-cage) induction motor

at constant speed in the air gap between the stator and

the rotor. In the time it takes the currents to complete

one cycle, the magnetic field makes one revolution of

the air gap. This is illustrated in the sequence of diagrams,

Figure 4.53.

The speed at which the field rotates is called the synchronous speed, n,.. Measured in
revolutions per minute, it is related to the frequency of the stator currents, f, in hertz (Hz), as
follows.

ng = 60f

The rotating magnetic field interacts with the rotor, inducing emfs in the rotor conductors. The
latter are short-circuited by the end rings so currents flow in the conductors. These currents
create subsidiary magnetic fields around the conductors. The subsidiary fields interact with the
rotating stator field to produce forces on the rotor conductors, to create a torque on the rotor
and make it turn. This torque is called the electrical or driving torque and its magnitude is
proportional to the magnitude of the rotating magnetic field.
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A
In Iy I
<
t = 0, I at positive maximum
R
)
»>Time Y! B'
I [ I
1/31) 2/3 1/£ Om
' =]
® \_/ O
B Y
®
R
t = 1/1, (one cycle after start)
I, at positive maximum again
t = 1/3t, (1/3rd of a cycle later) (%
Iy at positive maximum t = 2/3f, I3 at positive maximum
field has moved 120 degrees clockwise Field has moved a further 120° ém
[ Fe— 1
GU
B Y
®
RY

In one cycle (360 electrical degrees)
the field has moved through
360 mechanical degrees

o

Figure 4.53 (a) Three-phase ac current waveforms; (b)-(e) sequence of energising the windings of
a two-pole induction motor

The rotor accelerates until the electrical torque produced by the currents exactly equals the
mechanical load torque on the shaft. At this point the rotor is running at a speed, #, slightly
slower than the synchronous speed. This difference in speed is expressed as a ratio and is known
as the ‘slip’ or ‘per unit slip’, s.

The small difference between the speed of the rotating field and that of the rotor is
fundamental to the operation of the induction motor.

Figure 4.54 shows a typical torque vs. slip characteristic for a two-pole motor.

When it is operating in steady-state conditions, an increase in the load torque causes the rotor
to slow down and the slip to increase. This raises the emfs induced in the rotor conductors and
the rotor currents, and creates more field distortion and more driving torque. The slip increases
until the driving torque equals the load torque, and steady conditions are re-established. For
most motors, the steady state slip varies between around 0.01 on no load and 0.10 when the
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motor is driving full load. This means that a two-pole motor connected
to a 50 Hz supply will run at a steady state speed somewhere between
45 rev/s (2700 rev/min) when s = 0.1 and 49.5 rev/s (2970 rev/min)
when s = 0.01.

For many applications these speeds are too high. Manufacturers can
reduce the synchronous speed, and hence the rotor speed, by winding
the stator coils in a way that effectively increases the number of poles in
the rotating magnetic field. This was demonstrated pictorially in Part 1.
For example, a four-pole motor, with two N-poles and two S-poles, has
a synchronous speed equal to half the supply frequency.

n, = 6072 = 30f

Connected to a 50 Hz supply the synchronous speed is 1500 rev/min,
and the rotor speed varies between around 1350 rev/min when s = 0.1
and 1485 rev/min when s = 0.01.

y
'1_;]13)( T
I~
5
S
=)
2 operating
range
1 0.75 05 0.25 0
Slip, s
0  025n, 05n, 0.75n, n
Rotor speed, n
_—

Figure 4.54 Typical torque vs. slip
characteristic for a two-pole motor

Further increases in the number of poles reduce even more the synchronous speed and with it
the rotor speed, as demonstrated in Table 4.1. Industrial induction motors are typically rated to
run at a slip value in the order of 0.04 (4 per cent).

No. of | Pairs of | Synchronous | Synchronous | Synchronous Rotor Rotor Rotor
poles | poles | speed,nsas | speedinrev/s | speedinrev/ | speedin | speedin | speedin
a fraction of when min when rev/min | rev/min | rev/min

frequency,f | f=50Hz f=50Hz when O when
s=01 | s=0.04| s=0.01

2 1 f 50 3000 2700 2880 2970

4 2 112 25 1500 1350 1440 1485

6 3 113 16.67 1000 900 960 990

8 4 f14 12.5 750 675 720 742.5

2p p flp 50/p 3000/p 2700/p 2880/p 2970/p
Table 4.1

With a fixed number of poles and fixed supply frequency the variation in rotor speed is very
limited. To operate an induction motor over a wide speed range it must be connected to a

variable frequency supply.

Inverters produce variable frequency supplies. They convert direct current
to alternating current of a chosen frequency. To understand their operation
you should consider the simple single-phase bridge inverter shown in
Figure 4.55. Diagonally opposite pairs of transistors conduct in turn.
When transistors Try and Tr, are switched on and Tr, and Trj are off, the
current flows from the positive dc rail through Try, the load and Tr, to

the negative rail, travelling through the load from left to right. When Tr,
and Try are turned on and Tr; and Tr, are switched off, the current flows
through the load in the reverse direction as it travels from the positive dc
rail to the negative. Diodes are connected in parallel with the transistors

to short-circuit the large back emfs generated when the magnetic field
reverses, that would otherwise destroy the transistors as they are turned oft.

V| =

Tr, D, Tr, D,

Figure 4.55 Single-phase bridge inverter
circuit
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By turning each diagonal pair of transistors on for slightly less than half
a cycle, the load voltage waveform shown in Figure 4.56(a) is created.
Having a short period with no current at the beginning and end of each
half cycle reduces the risk of two transistors in the same arm conducting
simultaneously and short circuiting the dc supply. The output frequency
is varied by altering the conduction times of the transistors, as illustrated
in Figure 4.56(b). A more comprehensive description of inverter
operation can be found in Hughes (2006).

To control the magnitude of the load current, pulse width modulation
(PWM) is often used. This involves the removal of a series of notches in
each half cycle to produce a waveform like that in Figure 4.57(a). One
way this is achieved is to switch Try on and off when Tr; is conducting
and to turn Tr, on and off when Tr; is on, taking precautions to avoid
two transistors on the same arm being switched on simultaneously. The
mean output voltage is then equal to:

tO n

mean output voltage = 1, = V. X 77—~
P & ! de (ton + toff)

where t,, = duration of the pulses, and ¢ = time between pulses

To alter the mean output voltage the times at which Tr, and Tr, are
switched on and off are adjusted to change the ratio

ton

(on + toff)

In more sophisticated systems, microprocessors are used to vary the
duration of the pulses and the spaces between pulses. This is shown in
Figure 4.57(b). In this case, the average output voltage is given by:

total duration of pulses in a half cycle

Mean output volage = Ve X duration of half cycle

Siton
Vdc ~ 2(ton + tof?)
For an induction motor supplied by an inverter to operate properly the
number, width and spacing of the pulses must be chosen with extreme
care and controlled by a microprocessor to make the load current
waveform resemble as closely a possible a sine wave. Looking at the
voltage waveforms in Figure 4.57, this might seem impossible. But, all
repetitive waveforms with a fixed periodic time comprise an infinite
series of sine and cosine waves of different magnitudes and frequencies,
known as a Fourier series. Most textbooks on electric circuit theory
explain how to determine the Fourier series for any waveform but we
will limit our discussion to the example of the square wave illustrated in
Figure 4.58a, for which the Fourier series begins:

) = %(sinmt + %sin?)u)t + %sinSmt + ) where w = 2mf

The first term in the bracket is a sine wave of the same frequency as the
square wave. This is called the fundamental. The other sine waves are
called harmonics. They have smaller magnitudes, and their frequencies
are multiples of the fundamental. Figure 4.58(b) shows the result of
adding the first three terms in the series. As more terms are added, the
waveform becomes closer to a square wave.

l«———— Periodic time, T’

Vik

JININIE]

IR

-~ T —

1

Periodic time, T = M

(b

Figure 4.56 Output waveforms for simple
bridge inverter circuit (a) giving a low
frequency and (b) giving a higher frequency
output

A Uil

Qi |

JLIL

Figure 4.57 PWM output waveforms with (a)
constant pulse cycle over each half-wave
and (b) variable pulse cycle
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VA

Original square wave

4 A A A
"y = % (sinwt + sin3wt + Lsin5 o)

I(r) = Vi (coswt + %(%cos 3wf) + é(écos 5 wf)

Figure 4.58 (a) Voltage waveform in the form of a square wave; (b) square wave voltage waveform
approximated by summation of fundamental and first two harmonics; (c) resulting current
waveform through an inductive load

The impedance of a motor is a combination of resistance, R and inductive reactance, X, where
Xt = 2wfL

which is directly proportional to the frequency. As a result, the reactance and hence the
impedance of the motor are both larger at the harmonic frequencies than at the fundamental
frequency. So, when a non-sinusoidal voltage, like that shown in Figure 4.58(b) is applied

to a motor the harmonic components of the current waveform are attenuated more than

the fundamental, producing a current waveform that more closely resembles a sine wave, as
illustrated in Figure 4.58(c).

In drawing these curves it was assumed that the resistance was negligible.

Even when a pulse-modulated voltage waveform, like that in Figure 4.59(a), is applied, the
current waveform is approximately sinusoidal, see Figure 4.59(b). The reader needing more
details is again directed to Hughes (2006).
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4G I(f) A
Vdc 7
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Figure 4.59 (a) Voltage waveform synthesised via pulse width modulation, and (b) resulting
current waveform through an inductive load

Three-phase variable frequency inverters are used to

supply induction motors, as shown in Figure 4.60. Three- D D D

: P - - Try 1] Try 3] Trs 5
phase inverters are similar to single-phase inverters. The
main difference is that the former has three arms to the an
latter’s two. The inverter supplies the currents to the Vae| 7 ol & DT A\~ >
motor stator windings to produce a rotating magnetic T, x ~ &K D
field in the air gap between the stator and rotor. Adjusting le

the frequency of the currents controls the rotational
speed of the field (i.e. synchronous speed), and hence the
rotor speed.

Figure 4.60 Three-phase inverter circuit

Figure 4.53 showed the stator currents and magnetic field distribution in a two-pole induction
motor at four points in a cycle. The currents were balanced, and the field had constant
magnitude and rotated at constant speed. Analysing the current distribution at each instant in
the cycle (which is beyond the scope of this book) it can be shown that the currents combine
to produce a magnetomotive force (mmf) of constant magnitude equal to

mmf = 1.5 IN
where I = stator phase current, N = turns in each phase of the stator winding.

The magnitude of the mmf is independent of frequency and equals the combined mmf drops
in the air gap between the stator and rotor, H,;/,;. and in the steel cores, Hyoilee, Where Hy,
= magnetic field strength in the air gap, [,;, = total distance flux travels through air, which is
the length of the air gap between the stator and rotor multiplied by two, as the magnetic field
has to cross the air gap twice, Hy.; = magnetic field strength in the steel cores, and [ = total

length of the magnetic path in the steel cores.

The reluctance of the air gaps is greater than that of the steel cores, so it will be assumed the
latter can be ignored, and the mmf drop in the air gaps (H,;/,;,) is directly proportional to
the mmf produced by the stator currents.

I—Iairlair x IN
The magnetic flux density, B in air is given by:
B= Mo Hair

where p, = constant, 4w X 1077 H/m
So the flux density is proportional to the mmf produced by the stator currents, then
B o IN

As the air gap between the stator and rotor is uniform it may be concluded that the air gap
flux, ¢, is also proportional to the mmf produced by the sinusoidal stator currents and will have
constant magnitude.
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When the magnetic field rotates it links with the stator windings. Figure 4.53(b) shows the
situation in a two-pole motor at time, t = 0 when maximum flux links with the red phase coil,

R-R’.

The field is rotating at the synchronous speed, n, rev/min, which related to the frequency, f, by:
ny = 60f

so the angular velocity of the field, o equals:
o = 27f

The flux linkage with a coil, { is defined as:

flux linkage = flux linking a coil X number of turns in the coil

= bN (4.65)

Taking the maximum flux linkage with the red phase coil R-R" at time, t = 0 to be s, the
general expression for the flux linkage with the red phase is given by:

P = s, cos of
According to Faraday’s law, the emf induced in a coil is:
dé
e=N ar (4.66)
so the emf induced in the red coil will equal:
e = —ol,, sin ot (4.67)

The emfs induced in the yellow and blue coils can be determined similarly. Figure 4.53(c)
shows that maximum flux linkage with the yellow phase occurs one third of a cycle (or 27/3
radians) later than the red phase, so:

flux linkages with the yellow phase coil = s, cos(wt — 2m/3)
and the induced voltage in yellow coil,
ey = —oi, sin(wt — 2m/3) (4.68)

Maximum flux linkage occurs with the blue phase, two-thirds of a cycle (or 4m/3 radians) later
than with the red coil (Figure 4.53(d)), so:

Flux linkages with the blue phase coil = {5, cos(wt — 41/3)
and the induced voltage in blue coil,
eg = —o, sin(wf — 41/3) (4.69)

Thus from equations (4.67), (4.68) and (4.69) the rms value for induced emf in each phase, E
may be found

E= e 4.70
V2 (4.70)
But @ = 27, and from equation (4.65) {s,, = Nob,,
SO
27N,
E="2-"" 4.71
> (4.71)

The induced emf in each phase of the stator in an ac induction motor opposes the applied
phase voltage, 1. If the stator winding impedance is considered to be negligible, there will be
no volt drop in the stator winding and

[El = 1V,|.
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Rearranging equation (4.71) and substituting for E

V21,
cbm - 2’1TfN (472)
Let k = constant = ToaN
Vy (4.73)

d)lﬂ = k f

The magnitude of the rotating magnetic flux is directly proportional to the applied voltage, I,
and inversely proportional to the frequency, f. To keep the magnitude of the flux constant the
frequency and the voltage must be adjusted simultaneously (Hughes, 2006).

As explained earlier, the motor torque is proportional to the magnitude of the rotating

magnetic flux. So with ¢,, = kTP (equation (4.73)) we can also say that the torque is also
proportional to the applied voltage divided by the frequency (I'/f).

When a variable frequency inverter is used to drive an induction motor, the output frequency
of the inverter is set to produce the required speed of flux rotation in the motor, i.e.
synchronous speed, and the inverter output voltage adjusted to produce full load torque.

To alter the motor speed and maintain full load torque the inverter frequency and output
voltage must be adjusted simultaneously, to keep the I”/fratio, and hence the magnetic flux,
constant (Hughes, 20006).

Figure 4.61(a) shows the eftect on the motor torque versus speed characteristics of keeping
(V/f) constant at different frequencies.

y A

Torque
Torque

Operating
range

Speed (rev/min) Base speed
Speed (rev/min)

o ()

Figure 4.61(a) Torque-speed characteristics of induction motor operated at varying frequencies with constant V/f ratio;
(b) reduced torque above ‘base speed’ where voltage is held constant as frequency increases

The simultaneous increase in inverter frequency and voltage is only possible until the voltage
reaches the rated value for the inverter and motor, as specified by the manufacturers. The frequency
at this point is called the ‘base speed’ and is usually set by manufacturers at 50 Hz or 60 Hz.

It is unsafe to operate electrical equipment above its rated voltage. If the inverter frequency

is increased above the base speed, the voltage must be held constant at its rated value and the
magnitude of the flux allowed to fall. The drop in flux reduces the emfs induced in the rotor
conductors, the currents flowing through the conductors, the forces on the conductors and hence
the torque on the rotor. As a result there is a fall in torque at frequencies above the base speed, as
shown in Figure 4.61(b). The reader needing more details is again directed to Hughes (2006).

1500 2250 3000 1500 2250 3000 3750 4500
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In the constant voltage region (i.e. when running at frequencies above the rated frequency
the torque—speed curve is less steep. Above base speed, the maximum allowable power of the
motor is constant and the allowable torque reduces inversely with the speed. Hughes (2006)
presents an interesting discussion on the limits to the torque—speed envelope for induction
motors. He suggests that the constant power region extends to around twice base speed
(limited by the peak torque available at a given frequency) and within this region the motor
may be operated at higher slips than are permitted below base speed.

All the curves in Figure 4.61(a) and (b) show a small drop in motor speed as the load torque is
increased in the normal operating range. In situations where this fall in speed is unacceptable, a
closed-loop speed control system, like that shown in Figure 4.62(a) must be used.

3ph 50 Hz supply
| | | Induction

motor

PWM

Rectifier .
inverter

A

(N}
(N}
[N
[N
[N
Control
circuit

T Tacho generator

Desired speed

o

lez\ /fZHz hH>f

Speed, n

()

Figure 4.62 (a) Closed-loop control of inverter drive; (b) frequency changed by control loop
to restore motor running speed to desired value 1, despite torque increase from T; to T,

Such systems compensate automatically for any change in motor speed by raising the inverter
output frequency as the load torque is increased. Figure 4.62(b) illustrates this. Assume that
the motor is running on no load, the torque is T} and the speed is n; (at operating point 1).
Without closed-loop speed control an increase in load torque to 15 will cause the speed to
fall to n,, (operating point 2) but with closed-loop control, the frequency will be increased

incrementally as the load torque rises to 15 to maintain the speed constant at n; (operating
point 3).
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Approximate characteristics of induction motors fed from inverters

The analysis of an induction motor was covered in Part 1 and the information can be used to
draw a torque—speed curve such as that shown in Figure 4.54. The non-linear nature of the
torque—speed equation underlying this curve makes it difficult to use this equation within drive
system calculations, so it can be convenient to derive approximate torque—speed relationships
relating to the operating region of the motor as shown in Figure 4.61. Within this range the
torque—speed characteristic of the motor is approximately linear. It was shown in equation
(5.147) in Part 1 that the torque—slip characteristics of a simple three-phase AC induction
motor are given by the following equation:

3p Ey?as

. m (4.74)

Torque =

where:

p = number of pairs of poles on stator

o = 2mf = circular frequency of mains supply (rad/s)

E, is the emf induced in each phase of the rotor winding when the rotor is stationary
X, is the rotor reactance per phase when the rotor is stationary

a = R,/ X, = ratio of resistance to reactance of rotor winding
n,— n

s = per-unit slip =

1

where n, and n are the synchronous speed and the running speed of the motor respectively.

Using equations (5.111), (5.112) and (5.116) from Part 1, the stator phase voltage 17} can be
expressed as:

N
Vl = El - EEz (4.75)
and the rotor standstill reactance per phase, referred to the stator, is:
N;?
Xl - N—22XZ (4.76)
so that equation (4.74) becomes:
T _3p Ve 4.77
OrAuE =y X + 9 (4.77)
Note also that rotor resistance per phase, referred to the stator, is:
N;?
Rl - N—22R2 (4.78)
so that a can be re-expressed as
_ & 4.79
=X (4.79)

As all quantities are henceforward only referred to the stator, the subscripts for 17}, X; and Ry
can be dropped from equations (4.77) to (4.79).

The operating region of the motor typically involves slip values in the range 1-10 per cent,
with the most common value being around 4 per cent. This is around a fifth of the typical
value of a (which is likely to be around 0.2 or 20 per cent), so that (a®> + s%) can be reasonably
approximated as a®. Noting the definitions of a, w and s, and that

_60f

ny, = —— (in rev/min)
p
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Equation (4.77) can be approximated as:

3p V%
Torque = o R (4.80)

and hence as:

13 (12 e0f
Torque = 60 2mR (f) ( » n (4.81)
or, relating the torque instead to the angular velocity of the rotor, w,, measured in rad/s:
37 (13 2mf
Torque = M(?) (7 — W, (4.82)

In practice, nearly all induction motors encountered today are squirrel-cage motors so

R will be constant but unknown. By adapting an approach described (for the constant-
frequency situation) by Wildi (1991), it is often easier to infer the approximate torque—speed
characteristics from the design data (‘nameplate data’) for the motor, involving its rated power,
P.ed 1ated speed, fi,.q, and at its rated frequency, fi,c.q, and voltage, I, .q, and to write an
expression roughly equivalent to equation (4.81) as:

frated )2 V 2(6Of )
Torque = K|\V5— | (7| |— —=n 4.83
E ( Vrated (f) p ( )
or as:
2
60K [ frated ) ( V)2(2Tff )
Torque = 5|7 | 7| |— — o, 4.84
d 2m (I/rated f p ( )
where
60p1’21 ed
K= ted
2 (6Oﬂated _ )
T rated Nyated

(Strictly speaking, equations (4.81) and (4.82) relate to drawing a straight-line tangent

(at s = 0) to the torque—speed curve, while the approach of Wildi (1991) corresponds to
drawing a straight line or chord between the points on the curve corresponding to zero slip
and rated slip. In practice, the difference between these lines is small.)

Using these equations it is now possible to generate the approximately linear regions of the
families of torque—speed curves given in Figure 4.54 and Figure 4.61:

e For the single curve shown in Figure 4.54 relating to a motor driven directly from its rated
power supply f = fied> the approximate torque—speed characteristic is simply given by
inserting the rated frequency and voltage into equation (4.83), which reduces to:

60frated )
-  _ — n
p

e For the curves relating to f < f.eq as shown in Figure 4.61(a) and the left-hand part of
Figure 4.61(b), fand 17 are varied in proportion, as described earlier within the present
section, so that their ratio remains constant, and equation (4.83) now reduces to:

60
Torque = K(Tf— n)

Torque = K ( (4.85)

(4.86)

e For the curves relating to f > f,..q as shown in the right-hand part of Figure 4.61(b), the
voltage remains at the rated value 17,4 while the frequency increases, so equation (4.83)
now reduces to:

frmd)z(@f_ )

Torque = K
q (f p

(4.87)
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e For completeness, it can be stated that for the situation where a motor is driven at its rated
frequency at reduced voltage (for example, via a variable transformer or a so-called ‘soft
starter’) equation (4.83) reduces to:

v )2 (60f ) (4.88)

- —n
[/mted p

All of these approximations are valid within the approximately linear region of the motor’s
torque—speed curve, which applies when the actual value of torque lies within the following
limit (extended from Wildi (1991) to consider varying frequency):

Torque = K(

2
Torque < (Rated torque) X (%) (71/)2 (4.89)
where:
60P,eq
Rated torque = % (4.90)

It should be emphasized that this limitation on the applicability of the linearly approximated
torque—speed characteristic does not necessarily correspond to the limitation on allowable
torque for the motor. Once again, the reader is referred to Hughes (2006) for a discussion of
the allowable operating envelope for an inverter-fed motor.

A 25kW, 415V (line-to-line voltage), 50 Hz, 1440 rev/min squirrel-cage
induction motor is fed from a variable frequency inverter. The voltage and
frequency are varied in proportion, up to the rated frequency; the voltage is
held constant above this frequency. This arrangement is used to drive a blower
that has a torque—speed characteristic given by L = 5.556 X 10~ ° n* where
torque L is in Nm and # is in rev/min. Determine the inverter frequency and
line-to-line voltage at blower speeds of 720 and 1560 rev/min.

For this motor the rated power is 25 000W and the rated speed is #,,,.q = 1440 rev/min.

It can be seen from Table 4.1 that for a rated speed of 1440 rev/min the synchronous
speed is almost certainly 1500 rev/min and hence the motor is a four-pole motor with
p = 2.Therefore:

60P, rated

K=
6Oﬁatcd _ )
Nyated

2Trnrated(

_ 60 X 25000 = 2.763 Nm min/rev

o X 1440 X (L;(SO -~ 1440)

For the blower at n = 720 rev/min:
Torque = 5.556 X 107> X 720% = 28.8 Nm

720 rev/min is below the rated speed, so V/f = V,,ccq/frated> a0d equation (4.86) applies.
This can be rearranged to give:

P (Torque )
=%\ & "
_ 2/(288 3
= %0 (—2.763 + 720) = 24.35Hz
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The rated line voltage is 415V so the rated phase voltage is 415/V3 = 239.6V
The voltage is obtained by reducing the rated voltage in proportion to the frequency:

24.35
X ——=239.6 X —(—+—=116.7V
ated _f;rated 50

so the line-to-line voltage is 116.7 X V3 = 202.1V.

V=",

It is important to check that the approximately linear operating region, and hence the
applicability of the approximate equation, have not been exceeded. Noting that the rated
phase voltage is 239.6V and the actual phase voltage is 116.7V, then using equation (4.89):

2 2
Maximum permissible torque = (Rated torque) X (J;Md ) (TV)
rated

_ 60 X 25000 . ( 50 )2(116.7
2m X 1440 "~ \239.6/) \24.24

2
) = 165.8 Nm
which is very far from being exceeded by the actual torque of 28.8 Nm.
For the blower at n = 1560 rev/min:

Torque = 5.556 X 107> X 1560? = 135.2Nm

1560 rev/min is above the rated speed, so IV = V.4, and equation (4.87) applies. This can
be rearranged to give:

Torque = T = ()()I(erw12 = K( med)zn
d of f

Multiplying by f? and rearranging gives:
fratedz
p

Inserting the values for the present problem gives:

Tf> — 60K f+ Kfiyedn = 0

2
135.2f2 — 60 X 2.763 X%f—i— 2.763 X 502 X 1560 = 135.2f2 — 207 250f + 10775700 = 0

This is a quadratic in f which has the solutions:

_ 207250 £ V2072502 — 4 X 135.2 X 10775700
f= 2 X 1352

= 53.9Hz or 1479 Hz

As the new running speed is only slightly above the rated speed of 1440 rev/min, we would
expect the frequency to be slightly above the rated frequency of 50 Hz, so the first of the
alternative solutions is clearly the correct one. Recall also that 1V = 17,,..4 = 239.6V.

Again it is important to check using equation (4.89) that applicability of the approximate
equation has not been exceeded:
frated )2( V)2

I/rated

f

Maximum permissible torque = (Rated torque) X (

25000 X( 50 )2(239.6

2
2w x 24~ \2396) (539 ) = LAy Ny

which is slightly greater than the actual torque of 135.2 Nm so the motor is (by a small
margin) within its linear region and the calculations are valid.
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Learning summary N

By the end of this section you should have learnt:
the principles of operation of an induction motor;
the operation of a simple inverter;
the principles of pulse width modulation;

v
v
v
v induction motor torque is proportional to the applied voltage divided by frequency (V,/f);
v/ at frequencies above ‘base speed’, the torque falls as the frequency increases;

v/

approximately linear torque—speed characteristics of induction motors can be obtained for
relatively low values of slip.

4.12 Other sources of power: pneumatics
and hydraulics

Electric motors (particularly de permanent magnet motors for light duties and ac induction
motors for heavier duties) are by far the most common means of providing drive to mechanical
systems. However, in certain circumstances it may be appropriate to use other means of
providing drive, notably the use of pneumatic and hydraulic drives. Electric motors are cheap,
efficient, reliable and controllable, but they can be heavy in relation to the power needed, they
can overheat or burn out if stalled, and they are not ideal for providing either very large forces
or long linear movements. Pneumatic and hydraulic actuators and transmission systems can in
some situations overcome these problems.

Pneumatics

Pneumatic actuators can be used in preference to electrical actuators for the following reasons:

e Detter power-to-weight ratio (i.e. less weight for a given power output)
e Dbetter power-to-space ratio (i.e. smaller for a given power output)

e high torque of pneumatic motor at stall, controlled via pressure and with no damage to the
motor being caused by stall

e long stroke of pneumatic cylinder.

A widely used form of pneumatic motor, used to provide continuous drive, is the vane motor,
which operates as shown in Figure 4.63.

0 Exhaust port

Inlet port
Slotted rotor

Vanes can slide in and
out of rotor

Figure 4.63 Pneumatic vane motor: (a) cutaway view and (b) simplified diagram
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Other types of pneumatic motor are based on pistons. b

The characteristics of pneumatic vane motors can be approximated as a
straight-line graph joining the high stall torque to the high no-load speed
(Figure 4.64), typically with a small elbow representing reduced torque on
start-up.

Torque

A particular advantage of pneumatic motors is that their characteristics can
easily be altered by:

e varying the pressure (which changes both the stall torque and the no-load Speed

speed) as shown in Figure 4.65(a); Figure 4.64 Characteristic of a

e throttling the inlet or the outlet (which primarily changes the no-load pneumatic vane motor
speed) as shown in Figure 4.65(b).

o 0!
Decreasing Effect of constricting
© supply pressure © (throttling) supply
% g* or exhaust
= =
Speed Speed

Figure 4.65 Effect of (a) varying the supply pressure and (b) throttling a pneumatic vane motor

Typical applications of rotary pneumatic motors include:

e pneumatic wrenches and similar devices for tightening bolts in assembly lines, tyre service
stations etc. — these exploit both the good power-to-weight ratio and the stall-tolerant
characteristics of pneumatic motors;

e bottling plant, where bottle tops need to be tightened, again exploiting the ability of
pneumatic motors to provide a pressure-limited value of stall torque without damage.

Pneumatics are also particularly useful for providing linear motion, primarily via pneumatic
cylinders. These provide moderately large forces over a stroke or displacement ranging from a
few millimetres up to the order of a metre. When used in conjunction with solenoid-operated
valves, they provide a means of obtaining rapid linear motion under electrical or computer
control, and are widely used in automated production environments. The force from a
pneumatic cylinder is given by:

F=pA (4.91)

where F is the force obtained, p is the pressure of the compressed air supply and A is the area
of the piston. In practice, the available force may be a little lower than this, due to friction
between the piston seals and the cylinder.

In order to be able to use a pneumatic motor or actuator, it is of course necessary to have

a source of compressed air. There is no pneumatic equivalent of the electricity supply grid,
although most factories, engineering laboratories etc. are often equipped with a compressed air
supply, which may be supplied centrally within the factory etc. or via local compressor units.
While details of different systems vary depending upon size, cost etc., a compressed air system
typically includes the following components (Figure 4.66):

e clectric motor (or other mechanical power source) to provide the mechanical power to the
system;

e several filters, including an inlet filter, to remove airborne particles, which may cause damage
to the compressor or actuators;
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Safety valve

Aftercooler
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Figure 4.66 Typical pneumatic system for a factory or similar installation

e compressor — typically a one- or two-stage reciprocating compressor, although other types
(e.g. screw compressors) may be used;

e a control system to ensure that the correct pressure is maintained without excessive wastage
of energy — this may be a simple pressure switch for switching the motor on and off as
required, or may involve, for instance, the lifting of the compressor’s inlet valves so that it
idles without compressing air, or may involve varying the speed of the motor;

e ‘receiver’ or pressure vessel for storing the compressed air;

e pressure relief valve, or safety valve, to prevent excessive pressure building up in the event of’
the failure of the control system;

e network of pipes to carry the compressed air around the factory;

e oil-mist lubricators to add lubricant to the air for use within motors.

Larger systems will also include a cooler and/or condenser to allow the dissipation of heat
generated by the adiabatic compression of air, and to allow the condensation of moisture from
the air as it cools after compression. An oil/water separator may also be included to avoid
contaminating the drains with lubricating oil from the compressor.

Pneumatic systems and actuators give a more intense, robust and lightweight source of power
than is achievable with electricity alone, and provide an excellent route to high-speed, low-
cost automation. However, poor design and working practices can easily lead to greater
inefticiencies than those inherent in purely electrical systems. The Carbon Trust state that
‘Of the total energy supplied to a compressor, as little as 8=10 per cent may be converted into
useful energy that can do work at the point of use’ (Carbon Trust, 2009). Reasons include

the significant proportion of the energy required for compressing air which is lost as heat, and
leakage from the air system. It has been stated that ‘35-50 per cent leakage is not uncommon’
(Carbon Trust, 2008); other issues include friction in the compressor and air motor,

pressure drops in filters etc. Careful searches for leaks, elimination of wasteful applications of
compressed air, and the use of filters with low pressure drops, can all be used to reduce the
wastage of compressed air and unnecessary use of energy. Although compressed air itself does
not cause pollution, it is important for engineers to be aware of the scope for inefficiencies,
and to be aware that the energy needs and associated cost and environmental issues involved in
air compression can be significant.
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Hydraulic systems

Hydraulic systems involve the use of liquids under very high pressure, and achieve even greater
power-to-weight and power-to-space ratios than are achievable via pneumatic systems. There
are obvious similarities with pneumatics (for example, both involve fluids under pressure, and
both can be used with cylinder actuators and rotational motors) but there are major differences
which can be summarized in Table 4.2:

Figure 4.67 Cutaway view of pneumatic cylinder

Characteristic Pneumatics Hydraulics
Working fluid air liquid (usually oil or ester)
Pressure 6-8 bar typical 50-200 bar typical, can go up to

250-700 bar or higher

Construction of
actuators

lightweight, typically from aluminium
extrusions and diecastings

much more substantial, typically
ferrous castings and steel tubing

Forces and torques
available

medium (tens of N up to around 10 kN
from linear actuators)

large (e.g. up to 10000 kN from linear
actuators)

Precision low — not usually used for precise used for precise positioning e.g. within
positioning (though some pneumatic machine tools, and under control of
control systems provide precise servo valves
control of flow etc. via the use of
feedback) — more usually used for
simple two-position operation

Stiffness not stiff because air is compressible very stiff as hydraulic fluid is virtually

incompressible — actuator becomes
rigid if inlets/outlets are blocked off, as
in the case of cranes, jacks etc.

Cost relatively low-cost relatively high-cost due to robust

construction

Power-to-weight and
power-to-space ratios

very good — makes pneumatics
suitable for power-intensive handheld
tools, for example wrenches and
grinders.

excellent — makes hydraulics suitable
for providing power locally within
aerospace applications, for example
for operating landing gear and control
surfaces in aircraft

Table 4.2

One of the major features of hydraulic systems is the ability to obtain a very large mechanical
advantage (Figure 4.68).The classic example is a hydraulic jack, where a reciprocating pump
with a small bore requires a relatively small force (but many operating strokes) to provide the
fluid to operate a cylinder of large bore which is used to raise a heavy load by a small distance.

In the context of mechanical drive systems, a pump with a small displacement (which pumps
a small amount of fluid per revolution) can be used to generate a very large force or torque
when connected to a linear or rotational actuator with a large total piston area.




Electromechanical drive systems

1000 mm

Area = A Area = 1004

Figure 4.68 Mechanical advantage produced by
simple hydraulic system

As indicated above, these are similar in concept to pneumatic cylinder
actuators but operate at much higher pressures and are consequently
much more solidly built (Figure 4.69). They may be single-acting or
double-acting, and provide a large force proportional to the pressure
supplied to them. They are widely used where a large force is required,
for example in raising and lowering the buckets of excavators and the
jibs of cranes.

Hydraulic motors are used in a variety of situations where a very

large torque is required in a given space. Examples include providing Figure 4.69 Cutaway view of a typical hydraulic
cylinder actuator (Design & Draughting

drive to the tracks of track-laying excavators, driving rollers and
Solutions Ltd - www.dds-Itd.co.uk)

other large-torque applications in industry, and within variable-speed
hydraulic drives. Hydraulic motors are typically based on the use of
pistons, and are generally radial (e.g. Figure 4.70, with the pistons
typically acting on some form of radial cam) or axial (e.g. Figure
4.71, with the pistons acting on some form of inclined plate or
swashplate).

(b

Figure 4.70 (a) Construction and (b) operation of a radial piston
hydraulic motor (Hagglunds Drives)
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Figure 4.71 Operation of an axial piston hydraulic motor (Hagglunds Drives)

Because pressure drops due to dynamic head losses are very small in comparison with the
pressures at which hydraulic systems operate, the torque—speed characteristic of a hydraulic
motor is very nearly a horizontal line corresponding to a constant torque proportional to
pressure (Figure 4.72).

L

(O]

Figure 4.72 Torque-speed characteristic of hydraulic motor

In order to power hydraulic actuators\, a pump must be used to provide a source of hydraulic
fluid at high pressure. This clearly requires a mechanical power source, which is typically

an electric motor (normally an induction motor) but can be a diesel engine. In a factory or
laboratory environment a ‘power pack’ is often used, a self-contained unit consisting of the
following components (Figure 4.73):

e clectric induction motor

o fixed-displacement pump (e.g. vane pump)
e oil reservoir

e pressure regulator (often a relief valve)

e sometimes a cooler (either a water-cooled heat exchanger, or an
air-cooled device similar to a car radiator) to dissipate the heat
generated in the pump and regulator

e filters to remove particles.

In other applications it can be convenient to use variable-
displacement pumps which allow the flow rate from the pump to be
adjusted directly, for example to allow a piece of machinery (such

as the wheels or tracks of a piece of construction machinery) to be
driven with variable speed and direction.

Figure 4.73 Hydraulic power pack showing
75 kW motor and pump, and below them the
oil storage tank
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One convenient application of hydraulics is within variable- o -
ratio drives, which behave as a ‘gearbox’ with a ratio which

is infinitely variable between given positive and negative

values. The mechanism (Figure 4.74) consists simply of a
variable-displacement pump driving a fixed-displacement

motor. With the swashplate on the pump in its neutral

position, no fluid is pumped, and the motor and output

shaft do not rotate. However, if the swashplate is moved

from neutral towards its positive or negative limit, the

motor and output shaft will rotate at speeds up to the 0
maximum rate in either direction.

Tiltable swashplate on pump  Fixed swashplate on motor

-

Motor direction reverses!

Figure 4.74 Diagram of variable-ratio drive providing an
output rotation: (a) in the forward direction; (b) in the
reverse direction

Learning summary N

By the end of this section you should have learnt:

v/ the similarities and differences between pneumatic and hydraulic systems;
v why pneumatic or hydraulic actuators might be used in preference to electric motors;
v/ the ancillary equipment needed to power pneumatic and hydraulic systems;

v how hydraulics can be used to provide a variable-ratio drive;

4

the cost and energy-efficiency issues associated with pneumatic power and compressed air.

4.13 Steady-state operating points and
matching of loads to power sources

Consideration of torque—speed characteristics of loads and engines etc. provides an opportunity
to introduce the concept of the steady-state operating point at which the motor or engine will
drive the load without acceleration or deceleration. This concept occurs widely in all branches
of engineering (mechanical, electrical, pneumatic etc.) and is closely related to the concept of
‘impedance matching’. In practice, it is often necessary to use some kind of transmission to
match the characteristics of the power source to the load, so that the power source and load
interact in an optimal manner.

Steady-state operating points

The concept of an operating point is straightforward: if the torque—speed characteristics of the
load and of the motor or engine are both known, then the combination of torque and speed at
which the motor will drive the load corresponds to the point at which the characteristics cross.
This is straightforward (and obvious) to determine graphically if the characteristics are plotted;
it can also be found if the equations of the characteristics are known, simply by expressing
torque as a function of speed for both characteristics, then equating the two expressions.
Solution of the resulting equation may or may not be possible analytically, so an iterative
numerical solution may be required.
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An issue related to the concept of operating points concerns the scenario if, at any instant, the
system is running at a speed which does not correspond to the operating point — for example
if the system is running more slowly than the steady-state running speed. Assuming (for the
purpose of the argument) that the characteristics are valid for transient (non-steady state)
conditions, it will be observed that the torque available from the engine or motor exceeds that
required by the load. In that case, the surplus torque is available for accelerating the load, which
will speed up until the steady-state running speed is approached asymptotically.

Worked example

Example of an internal 4501

combustion engine problem
400 4
(a) A naturally aspirated

diesel engine with the _ = 220
characteristic given in g 300 A
Figure 4.75 is driving a < 2504 205

ihe 5
pump at 2000 rev/min; the & — 230
pump consumes a power 2 200+ 240 4
of 30kW at this speed. 150 - %50 260

How many litres of fuel are — /

required per hour? Assume 1001

the specific gravity of the 50 - Contours of specific fuel

fuel (effectively, the density o consumption (SFC) (g/kWh) ~

in kg/litre) is 0.84. 0 500 1000 1500 2000 2500 3000 3500
(b) A sudden flood occurs, Engine speed (rev/min)

and the engine is set to Figure 4.75 Representative torque-speed-SFC

maximum injection by map for a diesel engine (adapted from Heywood,

Internal Combustion Engine Fundamentals,

the control system. If the
McGraw Hill, NY, 1988)

combined inertia of the
pump and engine is

4 kg.m?, at what rate (rev/sec?) does the system accelerate at the instant
the throttle is opened fully? You may assume that the engine and pump
characteristics both remain valid for this sudden change.

| (c) If the pump has a square-law torque—speed characteristic (i.e. torque

X proportional to speed squared) , what is the maximum speed at which the
[ A engine can drive it?

b

P

(a) Torque = 30000/(2m X 2000/60) = 143.2 Nm
Specific fuel consumption = 245 g/kWh
Mass of fuel consumed per hour = 30 X 245 = 7350 g = 7.35kg
Volume of fuel per hour 7.35/0.84 = 8.75 litres

(b) Maximum engine torque at 2000 rpm = 400 Nm
Load torque = 143.2 Nm
Excess torque for acceleration = 400 — 143.2 = 256.8 Nm
Acceleration = net torque/moment of inertia = 256.8/4 = 64.2rad/s?> = 10.2 rev/s>

(c) Assume equation of form L = ¢ N?>where L is torque in Nm, ¢ is a constant and N is
the speed in rev/min
Constant ¢ = initial torque/ (initial speed)? = 143.3/2000% = 0.000 035 8
Characteristic of pump: L = 0.000 0358 N2 (Nm)
N = 3150 rpm where this characteristic crosses the maximum torque line
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Matching of loads to power sources

It very unusual for the characteristics of a power source to match closely the requirements of

a load without the need for any kind of transmission. One example of where a direct drive is
possible is the steam railway locomotives (Figure 4.76(a)), where the pistons drive a crankshaft
that forms one of the main axles carrying the wheels, often with the cranks being integral with
the wheels. Another is a simple piston-engined aircraft (Figure 4.76(b)), where the propeller is
mounted directly on the end of the engine’s crankshaft.

Wheels

Pistons driving
crankshaft and wheels

(b

Propeller driven directly from crankshaft

Figure 4.76 Two examples of direct drive from engine to
load (a) chassis of steam locomotive; (b) piston-engined
aircraft

Contrast these two examples, respectively, with a modern diesel locomotive, where a complex
arrangement of generator and motor is used to link engine to wheels, and a ‘turboprop’ aircraft
such as a military transport plane, where the high-speed gas turbine engine is linked to the
propeller via a reduction gear.

Probably the most common challenge in matching load to power source is where the steady-
state running characteristics of the load do not cross the characteristics of the power source in a
useful manner, for instance where the power source runs too fast and does not provide enough
torque (see Figure 4.77).

In such a case it 1s straightforward to shift the torque—speed characteristic via the use of a
transmission ratio, as described in Section 4.7, so that a useful operating point can be chosen.

Load needs
large torque at
low speed

Motor supplies \
low torque at /
high speed —/\

B

Figure 4.77 Mismatched torque- Figure 4.78 Torque-speed characteristics
speed characteristics which cross at a useful operating point

e

313



An Introduction to Mechanical Engineering: Part 2

An example of such a problem might be to consider the matching of a load
such as a blower to a motor (see Figure 4.79).

3 :1 reduction

Figure 4.79 Blower driven from motor via reduction gear

Assume that the characteristics of a load are:
L=20+ 020 + 0.025w?

where L is the torque in Nm and o is its angular velocity in rad/s (both
measured at the shaft directly driving the load). The load is to be driven via
a 3:1 reduction ratio from a 5 kW induction motor whose characteristics are
approximated as:

L' =5507 — o)

The raw characteristics of the motor and load do not cross in a useful manner
(Figure 4.80)
140
120 —a— Characteristics of load

100 —— Characteristics of motor
80
60
40+
20+

0 T T LI 1
0 50 100 150 200

Angular velocity (rad/s)

Torque (Nm)

Figure 4.80 Mismatched characteristics of motor and blower load

This problem is, of course, tackled by connecting the motor and the load via the
transmission system illustrated in Figure 4.79.The torque—speed characteristics of the load
can now referred to the axis of the motor:

L'=1/3
o =30=0=n0'/3

L =20+ 020 + 0.0250°
L' =120 + 0.20 + 0.0250?)

3 3 3
= 6.667 + 0.022220" + 0.000 92590 "> (4.92)

’ 1\ 2
=10+ 022 & 0.025("’—) )
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This referred characteristic now crosses the characteristic of the motor to give a stable
operating point as shown in Figure 4.81

140 -

120 4 —m— Characteristics of load
o —— Characteristics of motor
ZE —#— Load characteristics
b 80 1 referred to motor axis
5.-« 60 - Operating point
£ 404

204
0 T T T v 1
0 50 100 150 200

Angular velocity (rad/s)
Figure 4.81 Matching of load and motor characteristics

This operating point can be found graphically as the point where the characteristics of
power source and load (referred, for instance, to the power source axis) cross. However,
if (as in the present case) the torque—speed characteristic can be expressed in the form
of an equation, the operating point can be found by equating the torques for motor and
load and solving to find the angular velocity. In the present case this solution involves
constructing and solving a quadratic equation using the standard formula:

!

Lioad = Lmotor
6.667 + 0.022220" + 0.0009259w'> = 5(50m — w’)

(6.667 — 250m) + (0.02222 + 5)0’ + 0.00092590'% = 0
0.000 925902 + 5.022 22w’ — 778.7 = 0

_ —5.02222 * V5.022222 4+ 4 X 0.0009259 X 778.7
2 X 0.0009259

!

= 150.86 rad/s (or —5575 rad/s, which is clearly incorrect)

L = 5050w — 150.86) = 31.1 Nm (4.93)

Another common situation is where it is desired to start a load from rest. If the
load does not have a large inertia, or if the mechanical power source has a large
torque at zero speed (and is not damaged by stalling or running at low speed),
this may not be a problem. However, in many practical situations, starting can

be a problem. For example, internal combustion engines will not run in a stable
manner at low speed (they stall easily, as any learner driver knows!), while large
electric motors will burn out if they are required to provide a large torque at low
speed for any length of time. Several strategies can be adopted:

e alteration of the characteristics of the mechanical power source, for example,
by driving an induction motor from an inverter so that it gives a good torque
as the frequency is raised from rest (see, for example, Figure 4.82). (Note: this
diagram assumes that the frequency is increased slowly so that the steady- Figure 4.82 Locus of operating
state operating points are reached at each value of speed. For rapid ramping points as a combined friction and
of frequency, the torque required to cause acceleration will, of course, be windage load is accelerated slowly
significant and the locus of combinations of torque and speed will not from rest using an inverter-driven
coincide with the steady-state torque—speed curve of the load.); induction motor

oA
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a clutch used to allow a mismatch in speed between mechanical power source

and load, whilst allowing a given value of torque (equal to the slippage torque

of the clutch) to be transmitted. The power source can now run at a stable

speed while the load accelerates from rest under the influence of that torque.

Examples include:

— the process of getting a car moving from rest, allowing the clutch to slip
gently as the speed of the car picks up

— the engagement of a clutch on a lathe to start the spindle (which may
carry a heavy workpiece with a large value of inertia), having earlier started
the lathe’s induction motor under no-load conditions;

the use of variable-ratio drives (for example hydraulic variable-ratio drives) to
provide a means of running up the device from rest;

choosing a mechanical power source that has a torque—speed characteristic
which 1s well suited to the differing demands of starting and running. This
involves a high torque at low speed (without damage to the power source or
any ancillary equipment, e.g. power supply, occurring due to running under
stall conditions) combined with lower torques at high speeds. Good examples
of motors with these characteristics (see Figure 4.83) include:

L4 \ Hydraulic

Pneumatic

Electric
(series)

)
Figure 4.83 Torque-speed
characteristics of motors which are
well suited to starting

O pneumatic motors
o hydraulic motors
o series-wound electric motors.

Learning summary

By the end of this section you should have learnt:
v how mechanical power sources and loads interact;
v/ how a transmission system may be used to match the power source to the load;

v/ to calculate the combination of torque and speed at which a load and power source will operate
under steady-state conditions;

v the function of a clutch with particular reference to starting a mechanical load from rest;

v why some sources of mechanical power are better suited to starting of loads than others.

N\
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Feedback and control
theory

UNIT OVERVIEW N

Introduction

Feedback and the concept of control engineering

lllustrations of modelling and block diagram concepts

The s domain: a notation borrowed from mathematics

Block diagrams and the s notation: the heater controller and tensioning system
Working with transfer functions and the s domain

Building a block diagram: part 1

Building a block diagram: part 2

Conversion of the block diagram to the transfer function of the system
Handling block diagrams with overlapping control loops

The control algorithm and proportional-integral-derivative (PID) control
Response and stability of control systems

A framework for mapping the response of control systems: the root locus method
g J

5.1 Introduction

There are numerous situations in engineering where it is desirable to provide power to a
machine in order to make it run at a chosen (and variable) speed, flow rate, pressure etc. In
many of these cases, there is a need to maintain the speed or other attribute of a system at

a fixed value despite changes to the environment in which it operates. Examples including
maintaining the speed of a car at a fixed value regardless of road gradient and wind, maintaining
the course of an aircraft regardless of the motion of the air in which the aircraft flies, and
adjusting the rotational speed of a DVD to maintain the required data rate regardless of the
changing radius at which the laser beam reads the disc.

This unit initially concentrates on the concept of feedback and control, and on the
mathematical concepts used in modelling a control system.The basic concepts are outlined
with a minimum of mathematical overhead, then the mathematical tools required to analyse
realistic situations (such as those involving dynamics) are introduced one by one until systems
can be modelled, analysed and characterized in terms of their performance and stability.

The concept of automatic control is exemplified by systems such as the cruise control on a
vehicle, which maintains a set speed regardless of gradient, wind speed etc., and the autopilot
on an aircraft, which maintains course, altitude and speed without human intervention.
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However, although control systems are now present in numerous everyday situations, they are
frequently so invisible or transparent in their operation that the user may be totally unaware
of them. For instance, modern car engines continuously take data from sensors to adjust the
engine to optimum performance regardless of ambient temperature, televisions maintain
stable pictures despite fluctuations in supply voltage and frequency, and cameras automatically
compensate for varying levels of illumination. By contrast, 30 to 40 years ago, cars were
equipped with a manually operated choke to compensate for a low engine temperature,
televisions frequently needed adjustment by the user to prevent the picture from breaking up,
and cameras needed manual setting of focus, shutter and aperture. The present unit aims to
introduce some of the concepts involved in automatic control, beginning with a simplified
approach involving a minimum of mathematics in order to examine:

feedback
block diagrams

€rror

the control algorithm.

The unit then progresses to examining some of the mathematical tools of classical control
theory that are required to analyse and understand real control systems. These tools include:

the concept of Laplace transforms to allow analysis of systems within ‘s space’

the concept of the transfer function

®
°
e analysis of initial and final behaviour and frequency response
e techniques for determining stability of a control system

°

a technique for visualizing the behaviour of a system.

This unit can only give an overview of some of the simpler topics in control engineering,
and the approach taken here is to present a variety of worked examples rather than going into
excessive depth on the theory or techniques. Numerous texts are available that cover control
engineering in more detail and from a more rigorous mathematical perspective including the
current edition of the classic text by Dort and Bishop (2008). A slightly earlier but excellent
text is that by Van de Vegte (1993).

5.2 Feedback and the concept of control
engineering

Concept, history and simple examples

Feedback may broadly be defined as the comparison of a measured physical variable
with the desired value of that variable with the aim of taking action to minimize
the difference between the measured and desired values.

The original application of feedback in control of engineering plant appears to have been the
centrifugal governor originally applied to steam power by James Watt in 1788. As the governor
rotates and the weights fly outwards, a steam valve is closed so that engine speed is maintained
at an approximately constant value. In fact, Watt’s development of the steam engine governor
was based closely on the use of a similar device invented a year earlier by the millwright
Thomas Mead for the control of the settings (but not necessarily the speed) of grinding
wheels in windmills (Bennett, 1979). Figure 5.1(a) shows one of the governors on what is
thought to be the last set of engines built by James Watt and Co. in 1882—4, still in working
order in the preserved Papplewick Pumping Station near Nottingham. At the time of writing,
there is a similar engine (also with a centrifugal governor) in working order in Wollaton Park
immediately to the north of the University of Nottingham.
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Q Governor is driven by engine at
a speed proportional to engine speed

Steam supply to
engine via valve

. Control
As speed increases,
valve reduces

T L ﬂYmasse; 1‘11:6 and /3 supply of stcam
operate linkage as linkage is
—

pulled by

/ governor

4

n Engine

Driver from

engine to
governor

Figure 5.1 (a) Governor at Papplewick pumping station; (b) schematic operation of typical centrifugal governor
(Papplewick Pumping Station Trust)

The process by which the governor operates (Figure 5.1(b)) is:

e if the engine speeds up beyond its desired speed, the masses on the governor move
outwards under centrifugal action;

e the movement of the masses is transferred, via a collar, to a control rod that slightly closes a
control valve supplying steam to the engine;

e this causes the engine to slow down;

e by means of this process, known as negative feedback (for example, where an increase
in speed results in an action which causes the speed to be reduced) the engine’s speed is
automatically maintained at a value close to the desired value.

Conversely, if the engine speed falls unexpectedly, the governor will cause the control valve to
open slightly above its current setting, causing the engine to speed up.

Since the development of the centrifugal governor, the understanding of control systems has
developed to incorporate a variety of concepts and theories. These include the application

to control of Laplace transforms, proportional-integral-derivative (PID) control, transfer
functions, stability, root locus plots etc. These developed into the discipline we now know

as classical control theory in the years during and after World War I1. The history of the
discipline is covered in depth in two books by Bennett (1979 and 1993); these topics form the
basis of the control-related material in the present unit.

The task of maintaining the constant speed of a vehicle provides an excellent example of
closed-loop control. In the case of a car without cruise control (or with the cruise control not
engaged) one aspect of the driving process is:

e aspeed is chosen (for example, the driver might choose to drive as fast as possible to reach
an appointment in time but without breaking the law) — this is taken to be the ‘demand’ for
the system;

e the current speed is measured via the speedometer, which is observed by the driver;

e the driver compares the two and assesses the difference (known technically as the error,
which is the desired value minus the measured value);
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e equipped with the skill of how to drive a car, the driver takes a decision on how to correct
the speed based on the value of error, and also based on an understanding of how well the
speed is converging to the desired value — this decision-making process is very important
even though it is probably taken for granted within a human control situation;

e the driver attempts to correct the speed by raising or lowering his foot on the accelerator
(gas) pedal;

e depending on issues such as the mass of the car, the power of the engine etc., the car will
respond by gradually increasing or decreasing its speed; if the driver is experienced, the car’s
speed will rapidly converge on the desired value, but if the driver is a learner, the speed is
very likely to oscillate about the desired value until the driver hits upon the correct position
of the accelerator.

This process is illustrated via a simple block diagram in Figure 5.2.

Corrective action

Desired Difterence (driver adjusts ' Actual
speed (error) Drivers | accelerator pedal) Engine & | ¢eed
—| Compare . > vehicle >
skill .
characteristics

Measured speed
(as observed by driver)

A

Speedometer

Figure 5.2 Block diagram of the process of driving a car

An obvious but essential point to note is that feedback is negative: for example, if the car

is travelling too fast, the driver partially releases the accelerator to allow it to slow down.
(Positive feedback is explored later in this section but would not be helpful in this situation —
it would involve the driver pressing the accelerator ever harder as the car’s speed was seen to
increase!)

This process can of course be automated, and a system for doing so (known as the cruise
control) is available in some modern cars. The control loop (Figure 5.3) remains essentially
the same as before, except that the decision-making process requiring the skill of the driver is
now replaced with the automated decision-making process (known formally as the control
algorithm) forming the heart of the cruise control system, and the actuation of the engine’s
throttle takes place under the command of the cruise control rather than via the driver’s
operation of the pedal.

Desired speed Cruise control
(set by Difterence automatically Actual
driver) (error) Cruise control adjusts throttle Engine & | greed
e decision > vehicle >
process characteristics

Speed signal sent

to cruise control

A

Speed sensor

Figure 5.3 Block diagram of a cruise control system (greatly simplified)

The control algorithm is carefully designed to take account of the way in which the car’s speed
is changing, in order to avoid over- or under-shooting the desired speed, or causing the speed
to fluctuate about its desired value.
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The fact that control systems generally employ negative feedback has already been noted — for
instance, if a car is going too fast, the corrective action involves sending a signal to slow the

car down. Although positive feedback is occasionally used to beneficial effect, it is generally
an undesirable phenomenon, as any discrepancy between desired and actual values of system
behaviour results in a signal that makes that discrepancy greater, giving a form of instability. A
powerful example of the destructive nature of positive feedback is the situation (a ‘bank run’)
which occurs when a bank starts to encounter ‘liquidity problems’, i.e. when it starts to run out
of money:

e customers begin to hear that the bank is short of cash and become worried about the
security of their savings;

o they therefore withdraw their savings from the bank so that they can keep them safely
elsewhere;

e this means that the bank has less cash, and more customers get worried about its problems;

e cven more customers withdraw their savings ...

.. and so on until either the bank fails completely (as happened numerous times in the
1930s) or the process is halted by state intervention (as in the case of Northern Rock in the
UK in 2007). Other examples include the phenomenon in electronics known as thermal
runaway, which relates to a device that turns electrical power into waste heat as a by-product
of its normal operation, and tends to do this more vigorously as its temperature rises. Unless
precautions are taken, the amount of power it converts to heat will keep increasing as its
temperature rises, in turn causing it to get hotter still, until the component burns out. An even
more catastrophic example was the Chernobyl nuclear disaster, which can be regarded as a
complex form of thermal runaway. The more the cooling water in the nuclear reactor boiled
to form steam, the more heat the nuclear reaction generated. This created yet more steam,
eventually causing a disastrous explosion.

5.3 lllustrations of modelling and block
diagram concepts

Simple example of feedback and control: modelling of a heated
system

Real control systems usually include some form of time-dependent behaviour, but it is

useful to illustrate the modelling process via a very simple control system in which time-
varying eftects are neglected. Consider a heater unit for a set of railway equipment, designed

to maintain the equipment at an elevated temperature to avoid it icing up. The railway
equipment has an exposed surface area of A = 0.5m? and a convective heat transfer coefficient
of h = 5W/m?.°C (more correctly represented as h = 5 W/m?.K). A heater provides a

power p of heat input into the railway equipment. It will be assumed for simplicity that the
temperature of the system’s surroundings is 0°C. It is easy to show that if (for example) p =
10 W and the system is allowed to settle down to a steady temperature T, the temperature
achieved (which we may regard as the output of the system) is obtained by equating the power
input p to the rate of heat loss:

p(H) = Aht(f) (5.1)
This is solved to obtain
_r0
T(f) = 1 (5.2)
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which, for the above values, gives a temperature of:

10

() = 55 x5 = 4°C (5.3)

Note that the values that are properties of the system (A and h) are constant, i.e. invariant
with time, while all variable quantities p and T are expressed in the form of functions of
time f, though in this example we will assume that such quantities have had time to settle
down to their steady-state values, or that that the thermal capacity of the system is negligibly
small. (The importance of this apparently obvious statement will become clear later as a

slightly different convention 1s normally followed in control engineering: variable quantities 1
will be expressed as a function of a complex variable s, rather than time; see section 5.4.) — | an
This very simple relationship between power input and temperature may be (trivially)

represented using a block diagram as shown in Figure 5.4. Figure 5.4

In the block diagram, the mathematical relationship between an input (in this case, power p)
and an output (actual temperature T) is shown as a ‘block’ which acts upon ‘flows’ of values or
data, specifically multiplying the input by the value of the constant contained in the block in
order to obtain the output.

Note: In Figure 5.4 the fact that the variables p and 7T are functions of time is deliberately not
shown. In fact we would never normally draw the block diagram directly with variables as

a function of time; they would instead be expressed as a function of the complex variable s
which will be introduced in Section 5.4.

Suppose that we now wish to maintain the temperature of the equipment at a given value
Tp(f). In order to automate this process, a very simple control system is introduced which drives
the heater with a power that is proportional to the difterence between the desired temperature
and the actual temperature, so that for each degree Celsius of temperature difference, an extra
power of 10 W will be supplied where this constant of proportionally will be termed the gain K
of the controller. As will be explained later, this is a very simple form of the control algorithm
(decision-making process) and is known as proportional control. It may be represented
mathematically as:

p() = K(mp() — 7(1) (5.4)

and within a block diagram as shown in Figure 5.5.

D m T~ T P
N "

T |

Figure 5.5

The block diagram in Figure 5.5 now involves not only the input setting Tp (demand
temperature), the output T (actual temperature) but now also an intermediate quantity Tp—T,
known as the ‘error’. Also visible is a ‘differencing junction’ where T is subtracted from 7. The
block diagram for the complete control system can now be assembled by ‘joining the loose
ends’ in the block diagrams for the different aspects of the system as shown in Figure 5.6.

D m T~ T K p 1 T
_;,_u Ah

Figure 5.6

Note that, because we wish to treat T as an output from the system as well as feeding it back,
a branch is introduced into the flow; no additional symbols are involved in this. The block
diagram can be simplified slightly by combining successive blocks as shown in Figure 5.7.
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Figure 5.7

Assembling the block diagram corresponds to combining equations (5.2) and (5.4) to eliminate
p(o):
1 Kip(@) — 1) _ Kmp()  K1()
7() = 24 Kap() — 7)) = — 2 = — 22— — (5.5)

It would appear that we have a circular relationship in which 7(f) appears twice. However,
equation (5.5) can be rearranged to group the 7(f) terms together:
K7(1) K) _ Kp()

T() + g = T(t)(l o)== (5.6)

It is now straightforward to rearrange this to give the output 7(f) in terms of the input
(demand) T (5):

Kmp() K
T(t) K) - (Ah + K) TD(t)

Anf1 + 4=

(5.7)

so that the error is:

() = 70 = () — T = 7o) 58)

The block diagram for the whole system can now be expressed in simplified form in .
D K

Figure 5.8, where the contents of the ‘box’ are the ratio of the output to the input. This
concept will be extended within the more complex analysis given in Section 5.4 and

5.5 and will be referred to as the transfer function. Figure 5.8

The issues of manipulating and simplifying block diagrams will be explored in detail in
Section 5.9. It is important to note that, with this simple (proportional) control algorithm,
the desired temperature is never actually reached. For example, with the above choice of gain
K = 10W/°C, the temperature T(f) settles down to the following value:

10

™0 =05 x5 + 10)

() = 0.8mp(H) (5.9)
so that a demand temperature of 5°C will result in an actual temperature of 4°C. Increasing the
gain will result in the temperature being more closely approached; for example a gain of

K = 100W/°C will result in a temperature of

B 100

T(f) = mﬁ)(t) = 0.9767p () (5.10)

being achieved, for example 4.88°C for a demand of 5°C. It will be seen later, however, that
there can be a penalty (in terms of system stability) associated with making the gain of a system
larger than necessary.

Example of feedback and control: modelling of a fibre tensioning
system

Another introductory example involves a slightly more complex control system, again with
time-related terms such as inertia being neglected, and involves only mechanical components.
Consider a purely mechanical tension control system for a filament winding machine (used for
producing fibre-reinforced composite containers) in which the dry fibres are held on a
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Brake lever
Brake drum
Fibre whose tension
is being controlled

Spool of fibre

1y /

Contact force I

Js(t)

olt)
~— \3{0) Fil)

Pre-load on braking system

Tension feedback pulley

Figure 5.9: Diagram of mechanical fibre tensioning system
(frictional forces omitted for clarity)

cardboard spool of radius r, braked via a drum of radius R and coefficient of friction w with a
force related to the fibre tension fr and to a pre-load setting fp applied to the braking system
(Figure 5.9).The concept is that the brake provides a frictional force on the drum in order to
tension the fibre, the pre-load contributes to the frictional force (and can be adjusted to vary
the tension), and the tension feedback pulley provides a mechanism for reducing the braking
force if the fibre tension becomes too large. In this system, the pre-load setting fp is the input to
the system, and the fibre tension fr is the output.

The block diagram, and hence the relationship (transfer function) between input f, and output
fr can be derived by considering each part of the system in turn.

By taking moments about the fulcrum O in a free-body diagram of the Fulcrum O
brake lever and pulley (Figure 5.10), the force fz on the brake shoe is
found from:

21fr(6) = fo(0) + Ifis() = 0
So(t) = 2fp(0) — 4fr() (5.11)
or Su() = 2(fo(d) — 2/x(9) Jolt) —>
Again we note that the length /, and for that matter quantities such as
R, rand p, are all constant, i.e. invariant with time, while all variable I

quantities fp, fr and f are expressed in the form of functions of time
t. In the present version of the example we will assume that such

t Jr(t)
quantities only change very slowly, and/or that the inertia of the JCP()_ 3‘6>
rotating components is negligibly small. The behaviour of the brake = fr(t)
lever and pulley is represented as a block diagram in Figure 5.11. Tension feedback pulley
I 2% m £ Figure 5.10 Lever and brake assembly
— 2 n (braking friction is assumed to have
= negligible moment and is omitted for clarity;
4 reaction forces at O also omitted)
Hr 4 Jr

Figure 5.11 Block diagram for lever and pulley

In the block diagram, the mathematical relationships between quantities such as the input
setting fp, the output fr (fibre tension) and intermediate quantities such as brake force fg are
shown as ‘blocks’ that act on ‘flows’ of values or data. In this particular block diagram, blocks
involving multiplication by constant factors (gains) of value 2 and 4 are evident. Also visible 1s a
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‘differencing junction’ where 4f7 is subtracted from 2fp to give fz. Again, the
fact that fp, fr and fg are functions of time is deliberately not shown; the correct
representation of time-dependent quantities within block diagrams via the

am— U]

complex variable s will be introduced in Section 5.4.
Provided that inertia effects are ignored, or that no acceleration or deceleration p .,ction ‘V“fB(t)
is occurring, the brake drum (Figure 5.12) is similarly analysed as follows: force
fT(t)r _ |~1‘fB(t)R —_ Figure 5.12 Brake drum
KRR
Jr() = = 1s(0) (5.12)

This analysis can be represented via a block diagram (Figure 5.13).

By virtue of the feedback inherent in the system, there is a circular relationship involving
fg and fr since the application of the braking force f3 results in an increase in the fibre Is RR Jr

tension fr, but the lever system results in fr acting to reduce the braking force fz. This r
simple system could be solved algebraically without further ado, but it is instructive first

to draw the complete block diagram for the system, in which the feeding-back of fr for Figure 5.13 Block diagram
for brake drum

eventual subtraction from fp is now clearly visible in Figure 5.14.

NN WR f

+ T

4 A Jr

Figure 5.14 Block diagram for fibre tensioning system

Figure 5.14 may be rearranged to bring the leftmost block inside the loop as shown in Figure
5.15, and may be further simplified into the form shown in Figure 5.16 by combining the
transfer functions of successive blocks by multiplication.

b\ A2 [ o R fr
N/

r

4 Jr

2
2fr .

o=

Figure 5.15 Block diagram of tensioning system after rearrangement

m fP B 2fT 2P~R fT
+U i S 2R Jr

+
2 i rrANR
2
Figure 5.17 Block diagram for
Figure 5.16 Block diagram of tensioning tensioning system represented
system after multiplying successive blocks using a single transfer function

The system may now be solved as follows:

R R R
Al = 25250 = 20) = 250 — 45110

R R
fT(t)(l + 4”7) =22 50 (5.13)
R
2 2R
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In this case the ratio f1(f)/fp(f) of fibre tension to pre-load force (effectively the ratio of output
force to input force) is simply 2R/ (r + 4wR), and a block diagram which represents this is
shown in Figure 5.17.

The effectiveness of the control provided by this system can now be observed for the following
parameters: ¥ = 50 mm, R = 100 mm, @ = 0.4, Fp = 2.5 N. A 20% reduction in r (to 40 mm)
as the spool of fibre unwinds results only in a 5% increase in tension from 0.95N to 1N —
without the feedback system, the change in tension would be around 20%.

If we wish to consider the inertia of the spool and brake assembly (which would be significant,
and would need to be included in the analysis in order to understand the tension in the fibre)
then the simple (time domain) mathematics described above is insufticient to express the
situation, and an additional tool is required to take account of rates of change within a system.
This will be described in the next section.

Learning summary N

By the end of this section you should have learnt:
v the concepts of closed-loop control and feedback, and their typical applications;
v the difference between positive and negative feedback;

v the concept of a block diagram representing the characteristics of a control system and the
manner in which feedback is provided.

5.4 The s domain: a notation borrowed
from mathematics

It is very difficult to analyse anything except the most elementary systems (such as the ones
described above) in the time domain. This is because practical systems involve features such

as inertia and damping, which require derivatives such as acceleration and velocity to be
incorporated into the model. In such a case, the block diagram effectively becomes a graphical
representation of a differential equation rather than a simple algebraic one. In order to tackle
such systems, analysis within classical control engineering is generally undertaken using an
adaptation of the methods of solving differential equations, using a notation based on one of
two complex variables:

— the variable known as s, involving analysis in the s domain, used for modelling continuous
control situations such as the ones covered in this chapter. This notation is closely related to
the mathematical approach involving Laplace transforms, which are just a useful way of
solving differential equations by converting them to polynomials in s;

— a different complex variable, known as z, involving analysis in the z domain, used for
modelling discrete and digital control situations. This will not be considered further in the
present chapter, but will be of interest in the case of more advanced control situations.

Within the present chapter, the behaviour of control systems and their components, including
modes of behaviour that involve derivatives and integrals with respect to time, will henceforth
be expressed in terms of the variable s. The concept of the s domain, the meaning of s as

a variable, and the relationship to Laplace transforms, can all be discouraging or confusing

to engineers whose main concern is to solve practical control problems. It is therefore
convenient here to view the variable s and the s domain as a language or notation for processes
involving integration and differentiation, rather than becoming too concerned about either

the physical meaning of s or its use as a tool for solving differential equations; there are
numerous introductions to the technique in the literature, such as Chapter 6 of the engineering




Feedback and control theory

mathematics text of Kreyszig (2006). For completeness, however, it can be stated that the
Laplace transform F(s) = £L{f(#)} of a time-domain function f(f) is defined as:

oo

Fis) = Z{f(t)} = /(I) e 'f(Hde (5.14)

where s may be interpreted as complex angular frequency, or radians per unit time. By
convention, as shown in equation (5.14), variable quantities expressed in the time domain (i.e.
as a function of time) are denoted by lowercase letters, e.g. f(f), while the quantities expressed in
the s domain are denoted by upper-case letters, e.g. F(s).

Laplace transforms of a large variety of functions are tabulated in the mathematical literature
(Kreyszig, 2006, pp 264—7; Healey, 1967). For the purpose of the present chapter, Table 5.1
may be considered to be the most useful:

Function f{(#) (valid only for t = 0; Laplace transform F(s)

assumed to by zero for t < 0)

1 Unit step function (Heaviside
function) H(®): fi) 4
fi)=0fort<0

fiy=1fort>0

(Note: definitions vary for the value of
flfort=0)

v | =

Y

Unit ramp function tH(#): flo) A —
fly=0fort<0
fl)y=tfort>0

B

3| Unit impulse function (Dirac delta 1
function) 3(»): S0 A
fi) =0fort<0
fl) = cfort=0
f) =0fort>0
(area enclosed is unity)

4 | ﬂt)K s+a
5 1= S0 I/ s(s + a)

6 le—ci-em Ao

B

~

Continued overleaf
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7 | sin) £ 4 ©
/ 24+ w?
\/
8 | cos(wi) N0 i\ /\ 2 j w2
9 ©__~trsin(wn/1 — 2) N
-2 fiH) A 2+ 2lws + o?
/\ N,
v
10 |1t sin(wt/T — 2 + &) oY w?
V1 -¢ \ 5(s? + 2Lws + 0?)
where cos¢ = (
T

Table 5.1: Laplace transforms of some commonly encountered functions

Laplace transforms also obey various rules which include the following:

(1) Laplace transforms are linear, that is they obey the principle of superposition. For example:

L{af(t) + bg(n)} = L{af(0} + L{be(D}

= aL{f(n} + bL{g(r)} = aF(s) + bG(s) (5.19)

In particular it can be seen from this example that:
e the original functions f(f) and g(r) are multiplied by the constants a and b respectively,
and so are their transforms F(s) and G(s);

e the transform of the sum of af (f) and bg(?) is the sum of their transforms.

Similarly, the transform of a difterence, e.g. af (f) — bg(f) would be aF(s) — bG(s). However,
the unwary student should note that this concept does not extend to the situation where
functions of t are multiplied together: the transform of f(£)g(f) is not the product of their
transforms, as this does not involve superposition or linear combination.

(2) The Laplace transform of a derivative is

g{df(t)

T} = sE{f()} — f(0) (5.16)
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so that, in turn, the transform of a second derivative is

d2f(¢ df(t
33{ d{g)} - Sgg{%J —f1(0) = SELD} — f1(0) = of(0) (5.17)
where f(0) is the value of d();(tt) at t = 0.

(3) The Laplace transform of an integral is

o [ | =Lt oy

(5.18)

(4) The Laplace transform of a time-shifted function, where the time axis has been changed

by a constant value 7, is as follows:

if L{fO} = F(s) then FL{f(t— 1)} = e F(s)

(5.19)

Of particular interest here is the observation that multiplication by s (and subtraction of the
initial condition, which in a control system is typically zero) represents differentiation, while
division by s represents integration. This ‘shorthand’ for these calculus operations is encountered
often in dealing with control systems. For readers familiar with the ‘operator D’ method of
solving differential equations (Kreyszig, 2006, pp. 59—61; Spencer et al, 1977, pp. 17-18 and 41),
there are significant similarities between the operator D (where multiplication by D represents
differentiation and division by D represents integration) and the way in which difterentiation and
integration in the time domain are represented respectively as multiplication and division by s.

The procedure for using Laplace transforms to solve ordinary differential equations is:

(1) with knowledge of the initial conditions, the differential equation is transformed from the

time domain to the s domain;

(2) by use of partial fractions or otherwise, the transformed equation is simplified to give the

solution in the s domain;

(3) the simplified equation is transformed back into the time domain to give the solution (in
control engineering, this step is usually not necessary and the behaviour of the system is

generally left as an expression in s).

A straightforward example illustrates the power of Laplace transforms
in solving differential equations. A system (Figure 5.18) consisting of
a spring of stiftness k in parallel with a viscous damper of constant ¢
is subjected to a constant force p(f) = ¢ beginning at time ¢ = 0. For
traceability throughout the following derivation, the forcing term is
highlighted in green, the spring term in red and the damping term
in blue, up to the point where the equations are rearranged and the
individual terms are no longer identifiable.

It will be assumed that the link joining the spring to the damper
has no significant mass. Applying equilibrium to the link:

dx(r)
dt

p(f) = kx(f) + ¢

At t=0,x=0
p(f) = 0fort <O
p(t) = qtort>0

b

A

C

Figure 5.18 Spring-damper system

(5.20)

Mathematically this load can be expressed in terms of the Heaviside step function h(f) (see item

1 in Table 5.1):
p(f) = qH()

(5.21)

x(f)
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so that the equation of motion now becomes

dx(f)
dt

gH(f) = kx(f) + ¢ (5.22)

Taking Laplace transforms (see equation (5.14)) gives
1_
N kX(s) + esX(s) — ex(0)
' (5.23)
= (k + ) X(s) — ex(0)
Rearrangement gives

x = -1 4 &0 5.24
(S)_s(k+cs) k+ ¢ (5.24)

Using partial fractions this can be expressed as

4 qc x(0)
X() = sk k(k + ) + k + cs

Inserting the initial condition that x(0) = 0, and rearranging, gives
X)) =7——77—"T/7~ (5.25)

From items 1 in Table 5.1, it is seen that the inverse transform of 1/sis 1 for t > 0, and
similarly the inverse transform of 1/(s + a) is ¢~ for t > 0; these items are of the same form
as the terms in equation (5.25). Assuming that ¢ = k/c and inserting these inverse transforms
into equation (5.25) gives the well-known solution to the problem of a spring-damper system
under a step load:

_1 _i—‘;:i( _ —7’)
x(f) = 3 .1 2 © 1—e (5.26)
Instead of using partial fractions, it is often possible to make use of more complicated inverse
transforms to get straight to the answer. For example, equation (5.25) can be expressed as:

_ 9 k/c
X() = k (5(5 + le/c)) (5.27)
From item 5 in Table 5.1, it is seen that the inverse transform of
_a
s(s + a)
is 1 —ea

Assuming as before that a = k/c and substituting this inverse transform into equation (5.27)
once again recovers the solution equation (5.26), this time without any further working being
required.

Learning summary N

By the end of this section you should have learnt:
v the concept of the Laplace transform and its role in the solution of differential equations;

v the basic rules relating to application of Laplace transforms to problems involving integration,
differentiation and time-shifting;

v how to transform a range of expressions from the time domain into the s domain.
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5.5 Block diagrams and the s notation: the
heater controller and tensioning system
examples revisited

Heater controller

The real strength of the s notation, when applied to control engineering, comes when it is used
in conjunction with block diagrams to model systems whose behaviour involves differentiation
or integration with respect to time. Revisiting the simple example of the heated system
modelled earlier, consider the heated equipment to have a mass of m = 50 kg and a specific heat
capacity of C, = 500]/kg K. Now, it is assumed that the heating power supplied and the rate of
heat loss are no longer equal (so the system is no longer in thermal equilibrium), and the net
rate of heat gain causes the temperature to increase:

dr(f)
p(t) — Aht(t) = mC,

TE (5.28)

Assuming initial conditions (i.e. assuming that T(f) is initially zero), and making use of equation
(5.16), the Laplace transtorm of this expression is

P(s) — AhT(s) = mCysT(s) (5.29)

This can be rearranged as
P(s) — Ah'T(s)

T = mC,s
p

(5.30)
The block diagram (Figure 5.19) for this aspect of the system is now slightly more complex
than before and shows the circular relationship inherent in equation (5.29), in which T(s) is
defined via a function involving T'(s) itself.

P(s) 1 T()
i mCps

L=

Figure 5.19 Block diagram relating to
heat balance of heating system

This circular relationship can be eliminated from the mathematics by straightforward
manipulation of equation (5.30):

AhT(s) mCysT(s) + ART(S)

T + mes - mes
mCpys + Ah P(s) (5.31)
o mes Iy = mes
_ 1
= T@) =

mes + Ah P(s)

‘We could use this to simplify the block diagram relating to this aspect of the problem, but
for illustrative purposes the loop in the block diagram will be left in place and will instead be
tackled within Section 5.9.

The controller still follows the same approach as in the simpler version of the problem, i.e.
the power supplied to heat the equipment is proportional to the error, which is the difference
between desired and achieved temperatures:
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p() = K(ap() — 1(9) (5.32)
This expression is very straightforward to transform to the s domain:

P(s) = K(Tp(s) — T(s)) (5.33)

and is represented by substantially the same block diagram as before

(Figure 5.20). Compare this with Figure 5.5; it is now (correctly) expressed T (s) m Tp(s) — T() K P(s)
in terms of the complex variable s. +U
Assembly of the complete block diagram now results in a diagram which T ()

involves two nested loops (Figure 5.21). Figure 5.20 Block diagram relating o

This block diagram will be simplified to a straightforward transfer function controller
(ratio of output to input in the s domain) in Section 5.9.

(O PO ) ) ()
+U mCps

) T(s) _T— Ah

Figure 5.21 Complete block diagram of heater controller system

Fibre tensioning system

Revisiting also the fibre tensioning system example, now consider the spool/brake drum
assembly to have inertia J. Also, consider that the fibre is being drawn through the system at a
velocity u(f) (which is equal to r@(f)) and acceleration du(f)/dt, so that the angular acceleration
(1) of the drum is

_ 1duy

G(t) r o dt

(5.34)

The analysis starts in almost the same manner as the static analysis of the system undertaken
earlier. Equation (5.11) is still applicable:

Ss(0) = 2(fp(9) — 2/7(1)) (5.35)
Equation (5.35) straightforwardly transforms to the s domain to give

Fy(s) = 2(Fp(s) — 2Fr(s))
or: Fy(s) = 2Fp(s) — 4F1(s) (5.36)

The block diagram for the lever is now unchanged from the version in Figure 5.11 other than
being expressed in s space (Figure 5.22).

Fo(s) 2R (O )
- L2 N/

R Fr()

Figure 5.22 Block diagram for lever system

However, introducing inertia into equation (5.12) results in an expression of the form L = J6:

C Jdu()
Sr@r — whs(OR = JO =~ = (5.37)

r
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Rearranging gives

R d
fily =B fyty + 150 (5.38)

r

Making use of equation (5.16), the Laplace transform of this expression (assuming that u(f) and
du(f)/dt are both zero initially, i.e. at = 0) is now

R
Fr(9) = T Fy(s) + SJ; 0 (5.39)

The block diagram (Figure 5.23) for the brake/drum assembly is therefore somewhat more
complex than before and now involves a summing junction.

U(s)

‘tl'&‘

BO [ ur N\ O
Figure 5.23 Block diagram of brake/
drum assembly including inertia

By combining the block diagrams for the lever and for the brake, and joining the arrows
relating to Fg(f) and Fr(f), the overall block diagram for the system can now be assembled in
Figure 5.24.

Ul(s)

<l

Fo(s) 2600 (" B [ g N\ Fi(s)
’ N/ o N/

[ 4F(s)

Fr(s)

Figure 5.24 Block diagram of tensioning system

It will no longer be possible to express the transfer function purely as a ratio of output to input,
as effectively there are now two inputs to the system (pre-load fp(f) and filament speed u(r)).

By way of introduction to the manipulation and simplification of block diagrams, note
that proceeding along the main flow of the block diagram leads to the following (circular)
expression, involving Fr(s) on both sides of the equation:

R s
Fr9) = @R — 4P + Uy

= 2Fp(s) ”—f — 4F(s) ”“—rR + U(s)S'—r] (5.40)
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Rearranging to take Fp(s) to the left-hand side of the equation gives

MR R s/

Fr(s) + 4FT(5)T = 2FP(3)T + U(s)7 (5.41)

Multiplying throughout by r gives
Fr(s)(r + 4uR) = 2Fp(s)WR + U(s)s] (5.42)
Finally, dividing throughout by (r + 4wR) gives the transfer function:

2uR Js

F1(s) = mﬂ)(g) + m U(s) (5.43)

Learning summary

By the end of this section you should have learnt:
v the use of block diagrams involving the s domain;

v the construction of the block diagram of a system involving dynamic behaviour such as
mechanical or thermal inertia.

5.6 Working with transfer functions
and the s domain

Open- and closed-loop transfer functions X

L VAN YD)

It has already been mentioned in passing that a transfer function gives the relationship
between the output and input. In general, the transfer function of a simple system (e.g. that  Figure 5.25 A block
given in Figure 5.25) is expressed as a function of s relating the Laplace transform Y(s) of the diagram representing a
output y(f) of a system divided by the Laplace transform X(s) of the input x(f), for example: ~ transfer function G(s)

_ X9 5.44
G(s) = X(s) (5.44)
L . . . XO Y()
While this is straightforward for a simple system having a block diagram G(s)
= ; . +u
consisting of a single box, practical control systems are more complex and, ~
like the example of the tensioning system, nearly always involve some form 1
of (usually negative) feedback. Such systems typically have a block diagram of H()

the form shown in Figure 5.26.

In such a system: Figure 5.26 A typical feedback loop

o G(s) typically represents the transfer function of the item of equipment
being controlled, along with the transfer function of the controller;

e H(s) typically represents the transfer function of the sensor or transducer being used to
measure the output of the system and compare it with the input or demand signal.

Two versions of the transfer function for this system can be defined:

e Open-loop transfer function. There are two conventions for this, which can be confusing
for the unwary student. For the typical system shown in Figure 5.26, the open-loop transfer
function is sometimes defined simply as G(s), the relationship between output Y(s) and
input X(s) for the condition that the feedback does not actually take place (Figure 5.27). However,
the open-loop transfer function is also sometimes defined as the relationship between the
input and the value which would be subtracted from the input, again for the condition that
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Y(s) = G(s)X(s)

no feedback actually takes place. In other words, it is sometimes X(s)

defined as G(s)H(s), the product of the transfer functions of the G
two boxes through which the signal passes on its way back to G(s)H(s) X(s)

the differencing junction: 1

H(s)

The latter version of the open-loop transfer function is of particular

interest in predicting the stability of a control system from
experimental measurements without actually causing the control
system to go unstable, and is the one which will be used later in
this chapter.

loop mode

e Closed-loop transfer function. This gives the relationship between the output of the closed-
loop control system (Figure 5.26) and its input. The closed-loop transfer function can be
derived by noting that:

Y(s) = G(9)[X(s) — H(9)Y(9)] (5.45)
Rearranging gives
Y(s) + G(s)H(s)Y(s) = Y(s)[1 + G(s)H(s)] = G(s)X(s) (5.46)
and hence
Y(s) G(s) (5.47)

X() 1+ GOHE)

which is the closed-loop transfer function of the system, the ratio of output Y(s) to input
X(s) in the s domain. The closed-loop transfer function is of particular interest in terms of
understanding the error of the system (how the actual output from the system compares
with the desired output).

In order to determine the behaviour of the output of the system, two further mathematical
tools are needed: the initial-value theorem and the final-value theorem.

Initial-value theorem

It is convenient to assume within classical control modelling that the initial state of a
given control system is known. In other words, the starting point for future behaviour is
unambiguously defined. It can usually be assumed that everything is initially at rest and in its
‘neutral’ position (i.e. all values defining the state are zero). It can be useful to check that the
transfer function, in conjunction with the inputs to the system, correctly calculates this state.
This theorem may be stated as:

1133 L) = Lim sK(s) (5.48)
Note that this finds the value of f(f) immediately after time t = 0 — in other words, an
infinitesimal amount of time is allowed for the analysis to begin and for inputs to be ‘switched
on’ (via the unit step and unit impulse functions given in items 1 and 3 of Table 5.1, for
example).

As an example, consider the spring—damper system described earlier, consisting of a spring of
stiffness k and a damper of constant ¢ in parallel, subjected to a load which is zero for t < 0 and
of value ¢ for t > 0. Mathematically this load can be expressed in terms of the Heaviside step
function H(r):

p(f) = qH() (5.49)

The Laplace transform of the Heaviside step function is given in row 1 of Table 5.1, so that
equation 5.49 transforms to:

1
s

PGs) = (5.50)

Figure 5.27 A control system operating in open
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From earlier work it was shown (equation (5.25)) that the displacement of the spring—damper
system under this load of ¢ applied at t = 0 can be expressed as

X() = & — ——— (5.51)

-

Inserting this expression into the initial-value theorem (equation (5.48)) gives

; 1 - q q S 5q
fim () = Jimg sX() = Jims| G =~ L
t—0 k(_ n S) k(k N S)
¢ c
YLHO}) k k2
s¢ tk (5.52)
_91_ q
k ]€2
oo X¢ +k
_1_1_
"t k0

Note that the very large terms involving s swamp the smaller terms such as k/¢, so that the
latter may be neglected; the zero initial displacement of the system is correctly recovered.

Now consider a simplified version of this system, which omits the damper. In this case, the
equation describing the spring is very simple:

kx(f) = p(f); x(0) = 0 (5.53)

Dividing by k, taking Laplace transforms and noting the zero initial conditions gives
1
T P(s) (5.54)

Once again the load is represented as a Heaviside step function (item 1 in Table 5.1):
p() = qH(1) (5.55)
so that

(5.56)

Combining these expressions gives the expression for displacement under the applied load:

14 q
XO=%3s" % (5.57)

Inserting this into the initial-value theorem correctly recovers the displacement of the spring
immediately after application of the load:

lim x(f) = lim sX(s) = lim s(i)
(—0+ §—00 s—o0 \ sk

(5.58)
q

k

It could usefully be argued that this example is unrealistic as the displacement has occurred
instantaneously on application of the load; in practice, of course, there would be some inertia,
but that is not modelled here.
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Final-value theorem

Although the initial-value theorem provides a useful check that initial conditions are satistied, a
potentially more useful tool is the final-value theorem, which is a method of calculating the
long-term value of the response of a system. The theorem may be stated as

tlirglo f) = lir% SF(s) (5.59)
Note that this is only applicable where the final value is constant and finite.

A straightforward example is the calculation of the displacement of the spring—damper system
after it has had a chance to settle down. Recall that

X() = é -—1— (5.60)

e

Inserting this expression into the final-value theorem correctly recovers the steady-state
displacement of the system:

- -1 —lime (L1
tlirgo x(f) = }1_{135)((5) = 11_{%5(5]@ .
k(— + s)
¢
5.61
_d 1 _4 (5-61)
k k
k(? + O)

A more sophisticated example will be given in Section 5.12.

Learning summary

By the end of this section you should have learnt:

v/ 1o simplify a block diagram containing a feedback loop to give a simplified block diagram involving
a single transfer function;

v/ to find the values of an expression in the s domain at times t = O and t = cc.

5.7 Building a block diagram: part 1

The strength of the techniques of control modelling lies in the fact that models of complete
systems can be assembled from the building blocks consisting of the models of individual
components. For each component, it is necessary to understand how the output and input are
related (in the time domain). This relationship, often in the form of a differential equation, is
then transformed into the s domain, and is then rearranged to give the transfer function of that
component. Some typical examples of components follow.

Mass

The transfer function giving the displacement of a mass in terms of a force applied to it is
obtained by transforming Newton’s second law:

d?x(1)
f(t) = ma(f) = m a2 (5.62)

Using equation (5.17) and taking Laplace transtorms gives

F(s) = ms*>X(s) — mx'(0) — msx(0) (5.63)
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where x'(0) is the value of dx/dt at t = 0. If zero initial conditions are assumed (i.e.
displacement and velocity are zero up to the instant when ¢ = 0), this simplifies to

F(s) = ms?X(s) (5.64)
This may be represented in block diagram form as shown in Figure 5.28. X(s) F(s)
— | ﬂlSz
In this context (i.e. for this form of the block diagram) the transfer function of the
mass is therefore the force divided by the displacement (where both are expressed as . .
. . Figure 5.28 Block diagram
functions of s):
for a mass
E(s)
2
X0) ms (5.65)
Sometimes, it is more convenient to consider the conversion to acceleration and the effect of
the mass as separate ‘boxes’ in the block diagram as shown in Figure 5.29.
X(s) > F(s)
— > m s —
Figure 5.29 Alternative block diagram for a mass
Alternatively, equation (5.65) may be rearranged to give the displacement caused by a particular
force:
X(s) = - F(s) (5.66)
ms? ’
The resulting block diagram is shown in Figure 5.30. X0 1 )
. . . I—— 2 >
In this context, the transfer function is now: ms
& — 1 (5.67) Figure 5.30 Another block
F(s) ms’ diagram for a mass
Spring
The mathematical model of a spring is a very straightforward statement of proportionality
(Hooke’s law):
f() = kx(d) (5.68)
Taking Laplace transforms gives an equally simple result:
F(s) = kX(s) (5.69)
so that the block diagram of a spring giving the displacement in terms of the force can
. X(s) F(s)
be drawn (Figure 5.31). —_— k ——
The transfer function is

F(s) Figure 5.31 Block diagram
9 b (5.70) for a spring

X() = £ F) (5.71)
so that the transfer function is now F(s) 1 X(s)
, 1
X 1 570 k
Fis)  k (6-72) . .
Figure 5.32 Alternative block
The resulting block diagram is shown in Figure 5.32. diagram for a spring
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Dashpot or damper

A dashpot or damper is a component that gives a reaction force proportional to the velocity
v(t) of one end relative to the other. It is described mathematically as follows:

dx ()
fl) = a(t) = ¢ a (5.73)
Taking Laplace transforms:
F(s) = esX(s) — ex(0) (5.74)
Assuming zero initial conditions, and rearranging, gives the transfer function
)
X6 cs (5.75)
or alternatively
X _ 1
O (5.76)

The block diagrams for these two alternative representations are shown in Figure 5.33(a) and (b):

© X() Hs) ° ) 1 X()

[ —> —p —

Figure 5.33 Alternative block diagrams for a damper

Flywheel or rotational inertia

Just as Newton’s law for linear motion relates force to acceleration via the equation F = ma,
the torque [ applied to a flywheel is related to that flywheel’s angular acceleration o
(= 6 = &) by the following equation, which also involves the moment of inertia J, the
rotational equivalent of mass:
I < 10)
10 = o) = 8 = 73 (5.77)

(Note that [() is used for torque rather that L(f) to be consistent with our notation that
lowercase italic letters represent variables in the time domain, while uppercase italic letters
represent variables transformed to the s domain.)

Taking Laplace transforms by applying equation (5.16) to equation (5.77) gives the following
equation in the s domain:

L(s) = Js*O(s) — JB'(0) — Js6(0) (5.78)
where O(s) = £{0(1)}, i.e. the Laplace transform of the angular position 6(f). Setting initial

conditions (angular position 0(0) and angular velocity 6'(0)) to zero, and dividing by O(s) to
rearrange the equation, gives the transfer function:
L(s)

@—(S) = J52 (5.79)

This can be represented via the block diagram shown in Figure 5.34.

O(s)

—_— _]52

L(s)

Figure 5.34 Block diagram
for an inertia load
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Alternatively, the same concept may be expressed in terms of angular velocity w(f):

. _ Ao
1) = Jolt) = Joo = J .~ (5.80)
Applying equation (5.16) gives:
L(s) = Js)(s) — Jo(0) (5.81)
Again assuming initial conditions, this gives:
L) RO | Lo,
aq = (5.82) Js
where ()(s) is the Laplace transform of angular velocity w(f). The block diagram is Figure 5.35 Alternative block
shown in Figure 5.35. diagram for a rotational
inertia load
Rotational load with viscous characteristics
This is the rotational equivalent of a dashpot, and again may be represented in terms
of the angular position or angular velocity:
do(r)
I(f) = bo(f) = bT (5.83)
This gives the transfer function
L) _
a6 b (5.84)
or
Lo _ b 5.85
oF b (5.85)
DC motor
For steady-state purposes, the characteristics of a motor are very simple: torque I(f) is
proportional to current i(f) supplied:
Iy = K,i(f) (5.86)
giving the transfer function
L) _
1) K, (5.87)

It should be noted that a constant magnetic field is assumed within the motor (for instance,
assuming the motor is of the permanent magnet type), and hence it is possible to use the single
constant K, which is equivalent to the term k¢ used within Unit 4. As a first approximation
(and especially under no-load conditions), the angular velocity w(f) is proportional to the
motor supply voltage v(f):

v()

w(l) = 2 (5.88)

m

Note that, for an ideal motor, the same constant K, appears in both equations (5.86) and
(5.88). Equation (5.88) leads to the transfer function

Q) _ 1

V) Ky

(5.89)

A more sophisticated model of the motor takes account of the fact that the speed under load
conditions depends on both the supply voltage v(f) and the torque I(f) which the motor is
providing:
v(t I(HhR
RGN S

(5.90)
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where R is the armature resistance of the motor. Note that, strictly, the torque )
in this expression includes any component of torque used for acceleration of

the motor armature as well as any provided as the useful mechanical output

from the motor.

Increasing supply voltage I/

It 1s usual to plot torque vs. speed rather than vice versa, so Equation (5.90)
may be represented as a set of torque vs. speed characteristics for a range of
supply voltages (Figure 5.36).
The Laplace transform of equation (5.90) (for zero initial conditions) is simply
V() L(s)R -

O@) = (5.91)

K K2

m m

Figure 5.36 Typical set of torque-

This situation can be represented via a block diagram (Figure 5.37). speed characteristics for a dc motor

Alternatively the torque available for driving and/or accelerating the load (and

the armature) can be represented in terms of the speed: L(s) R
— | 5
_ K, QO sz K
L(s) = 1) R (s) R (5.92)
so that the block diagram can now be drawn as in Figure 5.38. e EN ~ )
Km +U

Amplifiers and other components with gain

The situation is frequently encountered in control engineering where a signal
is amplified (made larger) using some form of amplifier. An everyday example
is the amplifier used in a home entertainment system, which takes a small Q .
signal (from a DVD player, MP3 player etc.) and makes it much larger in order L0 [y v
to drive the loudspeakers. In simple terms, an amplifier multiplies a signal (e.g. R
a voltage) by a given constant K and therefore involves a transfer function
which can be expressed as

motor

Figure 5.37 Block diagram for a dc

Vo e | K, L(s)
out _ R
= . +
e =K (5.93) /
Figure 5.38 Alternative block
The concept of a gain or constant of proportionality can be extended to diagram for a dc motor

numerous other situations, including sensors with calibration constants. A good

example is a tachogenerator, which is a speed sensing device that produces a dc voltage output
signal proportional to angular velocity. Such a device will have a certain gain in volts per unit
of angular velocity. Other examples are simple components such as resistors (which allow a
current to flow in proportion to voltage). A simple proportional gain (where the error signal is
multiplied by a constant to give the corrective action) will form one possible component of the
control algorithm to be examined in Section 5.11.

Pumps and tanks

These components are widely encountered within courses on control theory as they relate
to quantities (flow rate, liquid level) that are easily visible. The behaviour of a positive-
displacement pump is very straightforward as a first approximation: the volume flow

rate of fluid q(f) delivered is proportional to the angular velocity w(f) with a constant of
proportionality K, giving the transfer function

Q(s)

Qe K, (5.94)
The behaviour of a tank requires an understanding of its differential equation:
dh()
Gin(0) = ouelt) = A—g~ (5.95)
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where h(f) is the liquid level, A is the cross-sectional area of the tank,
and g;,(f) and g, (f) are respectively the rates of inflow to, and outflow

)

from, the tank (Figure 5.39). 14”,(0 Area
/
This results in the following expression in the s domain: | A
Qin(s) = Qouls) = AsH(s) — Ah(0) (5.96)
which, for zero initial conditions, can be represented as ;
(0
1
H(s) = 75 (Qinls) = Qouls) (5.97)
This can be represented in block diagram form (Figure 5.40). I\\ Gour(D)
Figure 5.39 Water tank showing inflow Q;,(?)
Quuls) and outflow Qqu(f)
Qm(S) 1 H(é)

o\, %

Figure 5.40 Block diagram of tank

Flow restrictions and linearization

Components such as pipe bends, orifices, valves etc. are often encountered in control systems
that involve fluid flow. It would be tempting to treat such flow restrictions as being analogous
to resistors, until it is realized that, strictly speaking, they are not linear devices. For example, an
orifice plate or valve has a pressure drop Ap(f) across it that is approximately proportional to the
square of the volume flow rate q(f):

Ap(1) = Cq(r)? (5.98)

where C is a constant depending upon the nature of the flow restriction and the density of

the fluid. It would appear superficially that it is impossible to represent such a component
within the present (linear) framework. However, in practice, many control systems operate

over a fairly narrow range of speeds, depths, flow rates etc., and it is possible to simplify the
system’s behaviour by considering small perturbations about a given operating point. This results
in behaviour that can be assumed to be linear within a small range around the operating point.
For the present (simplified) purposes, it is sufticient to assume that the flow rate ¢(r) from a tank
via a flow restriction is proportional to the height (‘head’) h(f) of liquid above the restriction:

a0 =5 (5.99)

where R is the linearized flow resistance of the restriction referred to the head of liquid. Taking
Laplace transforms results in the following expression:

Qi) = —— (5.100)

where H(s) = £L{h()}

In general, linearization is used to cope with all manner of situations where the true behaviour
of a device is non-linear, but where small perturbations around an operating point are to be
considered. Examples might include

e the relationship between liquid depth /i (head) and flow rate ¢, described above (Figure
5.41(a));

e the relationship between torque and speed of a centrifugal blower (Figure 5.41(b)).
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1 Gradient of tangent at operating point
= linearized value of 1/R

o 0

Figure 5.41 Linearization of (a) flowrate-head characteristics for a tank;
(b) torque-speed characteristics for a blower

Summing and differencing junctions

‘Within control systems, the effects of inputs and other influences are often combined via
summing and differencing junctions; such junctions have already been used freely within

the earlier examples. As another example, two flows may sum to form a larger flow (Figure

5.42(a)). The summing of the flows is represented via summing junction in a block diagram

(Figure 5.42(b)).

e l‘]z(t) Q Q)

+
Ql (5) Qtoml (5)

10 Geoal() +\_/J

Figure 5.42 (a) Summation of two flows at a pipe junction; (b) block
diagram of pipe junction represented as a summing junction

A very frequently encountered situation in control loops is the concept of negative
feedback where the measured value of a signal is compared with the desired value, and
the difference between them is known as the error. This has already been encountered
in the examples given above. In the introductory example of the cruise control, the
actual speed v(f) may be compared with the desired or demand speed v (f), so that,

in the s domain, the feedback quantity I(s) is subtracted from the demand 17(s) to
obtain the error signal E(s) (Figure 5.43).

Transfer function of a controller

o) E(9)
N

[ 7o)

Figure 5.43 Typical differencing
junction

In order to correct the error consisting of the difference between desired and actual values — G p——

of the system response, some form of controller is used. The detailed behaviour (and transter

function) of typical systems will be explored in Section 5.11, but for the present time it
will be represented simply by the symbol G.(s) (Figure 5.44).

Figure 5.44 Block diagram
of a controller

Learning summary

By the end of this section you should have learnt:

v/ the concept of a transfer function;

v/ the transfer functions of a range of simple components;
v the concept of linearization.
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5.8 Building a block diagram: part 2

By this stage, the reader should have sufficient information to be able to construct the transfer
functions (and hence draw the block diagrams) for each of the components. The remaining
challenge lies in correctly assembling the diagram for the whole system from its components.
In constructing block diagrams, it is conventional to assume that all variable quantities or signals
(such as displacement, speed etc.) are functions of s rather than time. Although each component
may itself be trivial to model, the construction of the block diagram of a system may require
careful thought, and it is not always obvious which way around a particular relationship (such as
the relationship between torque and speed of a motor) should be applied.

Required position in the form of a voltage signal

Current . Motor with — —1 | Position sensor
amplifier with m constant K, | | | with constant K|

constant K,

Load with inertia | -~

referred to the motor axis

Voltage signal giving feedback of position
Figure 5.45 Over-simplistic positioning system

Two examples of block diagram construction have already been presented within Sections 5.3
and 5.5, but it is instructive to explore the assembly of the block diagram components from
Section 5.7 via two further examples of varying complexity. A simple (and flawed) example

is a positioning system (Figure 5.45) consisting of a motor with constant K, driving a load

of inertia J, with the motor being driven via current amplifier that provides the motor with a
current of K, amperes per volt of input. Position is assumed to be sensed via a device that gives
an output of K; volts per radian of rotation of the motor. The input to the system is a demand
voltage vp(f) which is proportional to the desired position. The voltage, vp, corresponding to
the actual position is subtracted from vy, to give an error voltage, which is amplified by the
servo-amplifier to give the input current i, to the motor which will create a torque to rotate
the load with the aim of correcting the positioning error:

in(f) = K () — vp(f)) Vol \ol) = Vel) (9
K, p——
Taking Laplace transforms and assuming that all voltages etc. are initially zero: +v
Im(s) = Ka( VD(S) - VP(S» 1 Vp(s)
This may be represented within a block diagram (Figure 5.46). Figure 5.46 Block diagram of differencing

junction and amplifier for positioning
The motor will be assumed to be acting as a source of torque [(f) dependent  system

upon the current i(f) by adapting equations (5.86) and (5.87) to the present
situation and rearranging so that

Im(S) K L(S)
L(s) = K, L,(s) (5.101) "

The block diagram corresponding to this is straightforward and is shown

in Figure 5.47 Figure 5.47 Block diagram

of motor
The relationship between torque /(f) and angular position 0(f) (and hence
their transforms L(s) and ©(s)) illustrates one of the pitfalls of constructing L6 ®
a block diagram from its components. Although the block diagram for an — . Lz | 00
inertia load J is straightforward and was given earlier as Figure 5.34, it is s
necessary here to reverse the flow and invert the transfer function in order Figure 5.48 Rearranged block
to obtain O(s) in terms of L(s) (Figure 5.48). diagram of inertia
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The relationship between angular position 8(t) and the position-related voltage v,(f)

. . . . . . . O(s)
is a straightforward linear one involving the sensor constant K and, for brevity, we will — K
proceed straight to the block diagram (Figure 5.49).

p(s)

Figure 5.49 Block diagram

The complete block diagram for this system is shown in Figure 5.50.
of sensor

e B Lo [ L() ] o)
N/ ' 5

Vp(s)

K

S

Figure 5.50 Block diagram for (over-simplistic) position control system

Interestingly, this would not form a very useful control system as its response would be both
undamped and oscillatory (the control system is merely equivalent to an undamped rotational
spring acting upon the inertia load). This further illustrates the need for an eftective control
algorithm, and will be explored further in Sections 5.11 and 5.13.

Antenna (with moment \
of inertia J)

Bearing (with viscous

friction constant b) \
Input device (e.g. a dial
or adjuster) converts
desired speed wp, to a
voltage Ky, Control
system [~
(seeks to
Voltage minim.ize
signal error in

Motor

Amplifier to
drive motor

representing speed)
desired

speed Voltage signal Tachogenerator
representing measures speed
actual speed as a voltage K.w

Figure 5.51 Radar antenna on viscous bearing, with tachometer control

A more complex example is as follows. A radar antenna (or aerial) may be represented as a
viscous load with torque—speed constant b, 1.e. in order to drive it at constant angular velocity
w, a constant torque [ is required:

= bw (5.102)

It also has a moment of inertia J. It is driven by an electric motor with motor constant K, and
armature resistance R, at a speed that must be closely controlled. The desired angular velocity

is wp (which is shown for illustrative purposes in Figure 5.51 as being manually entered via an
adjuster which creates a variable voltage proportional to wp), and the actual angular velocity

w 1s measured via a tachogenerator with a constant of K Vs/rad. The system is controlled via
negative feedback with a controller with transfer function G.(s) and via a voltage amplifier with
gain K.

Consider firstly the antenna itself. In order to drive it at a given value of angular velocity w, a
constant torque [ is required, as expressed in equation (5.102), so it is straightforward to treat
the relationship between antenna torque and antenna speed in the time domain as

() = bw() (5.103)
After taking Laplace transforms this results in

L(s) = b&)(s) (5.104)

345



346

An Introduction to Mechanical Engineering: Part 2

which leads to the block diagram shown in Figure 5.52.

Q) L(s)

However, if the torque [, available from the motor for driving it exceeds the torque [
required to overcome viscous friction and maintain a steady speed, it will accelerate at the

rate (I,,— [)/], so that the equation of motion of the antenna is Figure 5.52 Block diagram
of pure viscous load

. dw()
JB0) = =5, = (0 — 10 (5.105)
This can be represented in the s domain as
JsQ(s) = L,(s) — L(s) (5.106)
which can be rearranged to give
1
O(s) = J—S(Lm(S) — L()) (5.107)
The corresponding block diagram is therefore as shown in Figure 5.53. L6
Inserting equation (5.104) into equation (5.107) gives —
| L,(s) Lo(s) = L(s) 1|2
Q) = 7 (L) = b (5.108) “/ »

) ) ) Figure 5.53 Block diagram of inertia load with
The corresponding block diagram (Figure 5.54) for the antenna, treated  gxternal drag L(s)

as a combined frictional and inertia load, can be created either directly
from equation (5.108) or by joining together the relevant flows from
Figure 5.52 and Figure 5.53.

L, (s) L,(s) = L(s) 1

o\ k
Figure 5.54 Block diagram of antenna treated as
combined frictional and inertia load

Q)

However, the antenna is driven from a motor that will provide a torque /,, that depends on the
speed w at which it is rotating:

Ky K3,
() = v() = = @) &~ (5.109)
or in the s domain:
I<m K%}l

This is shown in block diagram form in Figure 5.55.

Vo [ Ka () Lu(9)
R N/

Figure 5.55 Block diagram for motor
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The block diagram for the antenna—motor
assembly is therefore as shown in Figure 5.56.

Viscous drag

K,
But recall that this system is driven via a voltage R
amplifier from the output of a controller, which o b e
acts upon the error signal. This error signal is in _ _
turn the difference between the required speed 1(s) K, L,(s) 1 Q(s)
QOp(s) (converted into a voltage) and the voltage R +u +u Is
signal K{)(s) from the tachogenerator. This Inertia
control system driving the antenna and its motor Motor
may be represented as shown in Figure 5.57. Figure 5.56 Block diagram for antenna-motor assembly
Q) E(s Z0) v | TEof o)
— K +O © G.(s) K, antenna &
— motor
Conversion of speed Controller Amplifier
Antenna &
demand to voltage
motor
Kt
Tacho-generator
Figure 5.57 Block diagram for control system
Inserting the block diagram for the antenna and motor results in the block diagram for the
whole system (Figure 5.58). The behaviour of this system will be explored in Sections 5.12
and 5.13, though it is first necessary to convert the rather complex block diagram to a single
transfer function.
Ky b
R
00 o O\ EO co POd ol k. 1 Qs)
S a e —_
t +u R +u +u Js
Conversion of speed - Controller Amplifier Antenna viscosity
Motor . .
demand to voltage & inertia
KA
K,
Tacho-generator
Figure 5.58 Block diagram for complete antenna system
Learning summary ~

By the end of this section you should have learnt:

v to construct a block diagram for systems or subsystems based on the transfer functions of each
of its components or features;

v/ to assemble the block diagram for a complex system from the diagrams for its various
subsystems;

v/ to appreciate that distinguishing the input and output of particular processes is not always
straightforward.
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5.9 Conversion of the block diagram to the
transfer function of the system

This process is broadly based upon two rules:
(1) the multiplication of the transfer functions of successive blocks in a sequence;

(2) the simplification of the block diagram shown in Figure 5.59(a) into a single transter
function shown in Figure 5.59(b), as demonstrated in equations (5.45) to (5.47).

X0 0\ - Y() X(s) GO Y()
o oy ) 1+ G(H()

H(s)

Figure 5.59 Block diagram of a typical control loop: (a) before and (b)
after reduction to single transfer function

Essentially, this pair of actions is applied repeatedly to the feedback loops within a complex
control system, starting with the innermost loop and working outwards.

Taking first the example of the block diagram for the controlled heat transfer system (Figure
5.21), the innermost loop can be tackled by replacing G(s) with the transfer function 1/mCs
of the main flow, and H(s) with the transfer function Ah of the feedback flow. Substituting into
equation (5.47) gives:

1
G(s mC.s
1+ G((s))H(s) - : 1 ~ mC sl—i- Ah (5.111)
1+ Ah X P

mCys
giving the same result as the more lengthy manipulation within equation (5.31).

The overall block diagram then simplifies to Figure 5.60(a) and hence to Figure 5.60(b).

P() 1 1(s) 70 7\ K 7(s)
Ah + mCps + Ah + mCps

o ()

Figure 5.60 Simplified versions of block diagram for heating system

Now, the process of simplifying the structure of the block diagram is repeated. G(s) is replaced
with K/(Ah+mC,s), and H(s) with 1, since there is no transfer function associated with the
feedback flow, which simply feeds the output directly back to the differencing junction. This
manipulation results in the transfer function for the system:

T(s) G(s) K/(mCys + Ah) K

To() 1+ GOHE) 1+ K/(mCps + AR) _ mCyps + Al + K (5.112)
The error (i.e. the difference between desired and actual values of output) is:
K mCys + Ah
Tp(s) — T(s) = Tp(s) — Tp(s) (5.113)

mCos + Al + K~ PWucs+an+ K
This expression will be used further in examining steady-state error in section 5.12.

Dealing now with the radar antenna example, the innermost loop in Figure 5.58 can be
considered by replacing G(s) with the transfer function of the main flow 1/( Js) and H(s) with
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the transfer function of the feedback flow b. The identity given in ‘
equation (5.47) is then used to enable the innermost loop to be replaced 2
with a single block containing the transfer function: Tm
1/7(Js
L (5.114)
14+b/(Js) Js+b _
V1 |4 L Q
The resulting block diagram for the antenna and motor is now as ﬁ» % © () Iz i 7 e
shown in Figure 5.61. N/
Viscosity &
Motor

Applying the same principle to the next loop involves replacing G(s) inertia
with 1/( Js+b) and H(s) with K,,2/R, again giving a single block

with the transfer function

1/(Js + b) _ 1 B R
1+ K,2/[R(Js+b] Js+ b+ K,>’R RJs + Rb+ K>

Figure 5.61 Block diagram for antenna and motor
after simplification of inner loop

(5.115)

giving a further simplified block diagram for the combination of antenna and motor (Figure
5.62).

1(s) K, R

"

Q)
R RJs + Rb + K2 g

Figure 5.62 Block diagram for antenna and motor after simplification of outer loop

The resulting block diagram for the whole system is now as shown in Figure 5.63.

X (LY
i BN

Q,(s) V(s)

G K,

ORI ___ R
R RJs + Rb + K}

m

KL(s)

Kt

Figure 5.63 Block diagram for complete antenna system before combining blocks

The transfer functions of the four innermost blocks may be multiplied out to give the
following much simpler block diagram for the system (Figure 5.64).

Qp(s)

— Kt

GC (S)KBK]]
RJs + Rb + K2

Q)

K,

t

Figure 5.64 Simplified block diagram for complete antenna system

Substituting yet again for G(s) and H(s) within equation (5.47) for the remaining loop allows us
to replace that loop with the following transfer function (Figure 5.65):

GC(S) KaKm KtGC(S)KaKI‘n o GC(S) KAKID 5 116
RJs + Rb 1 K2 RJs + Rb + K,>  RJs + Rb + K.,> + K.G.(5)K,K,,, (5.116)
Qp(s) GO)K. Ky QO(s)
_— Kt 2
RJs + Rb + K,* + KG()K,K,

Figure 5.65 Elimination of loop for complete antenna system
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Finally, multiplying by the transfer function of the leftmost block results in the transfer function
for the whole system:

O KGO KKy

QpG)  RJs + Rb + K> + KG.(s)K,K,,,

(5.117)

enabling the block diagram to be reduced to a single box (Figure 5.66)

QD(S) Kth(S)KaKn Q(S)
RJs + Rb + K, * K.G.(:K,K,,

m

Figure 5.66 Final block diagram for complete antenna system

An expression can therefore be written for the error, which is the difference between the
desired value of angular velocity and the achieved value:
l - KtGC(S>KaKm

QD(S) - Q(S) - RJS + Rb + sz + KtGC(S)KaKm

QD(S)

RJs + Rb + K> + KG()K,K,, — KG (KK,
= B QD (S) (5.1 18)
RJs + Rb + K> + K.G.(s) K,K,,,

RJs + Rb + K,
= 2 Qp(s)
RJs + Rb + K,* + KG.(s)K,K,,

This expression will be used in Section 5.12 when examining the steady-state response of the
system.

Learning summary N

By the end of this section you should have learnt:

v the relationship between the transfer function of a closed-loop system and the transfer functions of
its main and feedback paths;

v the procedure for simplifying a block diagram with one or more loops in order to reduce it to a
block diagram involving a single transfer function.

5.10 Handling block diagrams with
overlapping control loops

A problem appears to arise when dealing with a block diagram including loops that are not
simply nested one inside the other, but overlap in the manner shown in Figure 5.67.

X z Y(
R.ON reys +/'\ Gy(9) Ga(9) Gy Y

A/

H(s)

Figure 5.67 Block diagram with overlapping control loops
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This is handled via a simple trick. The point at which one of the loops branches away from the
main flow of the diagram is moved, and appropriate blocks are introduced into the feedback
loop to compensate for the change in the topology of the diagram. For example, if a branch
leading to a feedback loop is moved ‘upstream’ from the original branching point, the blocks
that now lie outside the loop are now replicated within the loop itself so that the open-loop
transfer function for that loop stays the same. In the example given above, the point at which
the upper loop leaves the main flow is moved to coincide with the point at which the lower
loop leaves. However, this would involve omitting the block containing G,(s) from that control
path. That block is therefore reintroduced into the loop so that the overall transfer function for
that loop stays the same (Figure 5.68).

Hy(s) |+ G409

X(s) /_\ Y(s)
Gi(9) Ga(s) Gs(9) Gy(s)

. 2

H;(s)

Figure 5.68 Block diagram rearranged to avoid overlapping of loops

It is now straightforward to reduce this block diagram to a single transfer function in the
usual way. Replacing G(s) in equation (5.47) with Gs(s) and H(s) with H,(s)Hy(s), the inner
loop involving Gs, H, and G, can be expressed as a single transtfer function, so that the block
diagram can be drawn as shown in Figure 5.69.

X(s) ) Gy0) Y(9)
I - T GOMOGH oo

H,(s)

Figure 5.69 Block diagram redrawn to eliminate inner loop

By a similar process the remaining loop is eliminated (Figure 5.70).

X Gy(9)G5(s) Y(s)
G 1+ GOILOGK) + G G OH ) G

Figure 5.70 Block diagram redrawn to eliminate outer loop

The block diagram is now in the form of a straightforward sequence of blocks whose transfer
functions can be multiplied together to give the transfer function of the overall system (Figure

5.71).

X(s) G1(5) Ga(9) G3(5) Gy(s) Y(s)
1+ Gs()Ho(s) Gy(s) + Go(s) Gs(9) H, (5)

Figure 5.71 Block diagram redrawn in the form of
a single transfer function
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5.11 The control algorithm and proportional-
integral-derivative (PID) control

So far, only the simplest assumptions have been made regarding how the error (which may

be colloquially expressed as ‘the difference between what you want and what you get’) is
processed. The rule by which this error is processed in order to obtain the required corrective
action is known as the control algorithm and is central to the behaviour of feedback and control
systems. Ideally, the control system should:

e take more corrective action if the error is larger;
e take more corrective action if the error has persisted for a long time;
e take more corrective action if the error is getting worse (and less if it is getting better).

A very widely used control algorithm is the three-term or PID (proportional-integral-
derivative) controller, which formalizes the three kinds of decisions defined verbally above.
Specifically, it sets the corrective action to a value that depends on the sum of

e a multiple of the current value of the error;

e a multiple of the integral of the error, i.e. the value of the error integrated or accumulated
over the time since the beginning of the process;

e a multiple of the derivative of the error i.e. its rate of change with time.

Mathematically the control algorithm is defined as:

_ 1
G.(5) —-k;(1-+ Tos + 7

C

= K.+ K.Tps + o

(5.119)
where:

K. is the gain of the controller
T} is the derivative time constant (a larger time constant leads to more derivative action)
T 1s the integral time constant (a larger time constant leads to less integral action).

This is sometimes written alternatively as
K
G.(s) = K. + Kps + S (5.120)

In general, the terms within PID control have the following effects:

e proportional control alone tends to result in steady-state error, which means that the
system output never reaches the desired value, typically tending asymptotically to it;

e integral action in conjunction with proportional control tends to eliminate steady-state
error, at the expense of tending to make the system’s response oscillatory or even unstable;

e derivative action can in some circumstances damp down the tendency towards oscillatory
behaviour without reintroducing steady-state error. However, there can be pitfalls in
differentiating real signals as this procss can tend to accentuate noise. It can be preferable to
measure a derivative directly, for example as an angular velocity rather than obtaining it by
numerical differentiation.

As an example, consider the positioning system described earlier. It is straightforward to show,
from Figure 5.50, that the open-loop transfer of the position controller system is
VP(S) _ KaKmKs

Vp(s) — Js
For illustrative purposes, the values K, = 10, K, = 1A/V and K; = 1Vs/rad will be
assumed. It can be demonstrated, either analytically by reversing the application of Laplace
transforms to find the time domain solution, or by numerical simulation, for instance, using
the Simulink simulation package (www.mathworks.com/products/simulink), that the response

(5.121)
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of this system to a demand of 10V (representing a request to move by 10 radians) results in
an oscillatory response which continues forever at constant amplitude (Figure 5.72), which
is clearly not a useful response. And we have not yet considered what happens when there is
some external torque trying to move the load away from its desired position.

207
18
16
14+
124
10
8_
6
4
2
0

— Actual position
— Desired position

Angular position (radians)

0 1 2 3 4 5 6
Time (seconds)

Figure 5.72 Response of positioning system under proportional control only

Now let us replace the simple servo-amplifier driving the motor with a controller/amplifier

of gain K, and integral and derivative time constants 17 and T, and additionally introduce a
torque load Ly (s) which is applied externally to the shaft carrying the flywheel. The resulting
block diagram is shown in Figure 5.73.

Li(s)

+
O ! 1,5 L
Kr 1+ T + TDx Km
Is + U

| Vo (s) K

m

%l»A
il

Figure 5.73 Block diagram of positioning system with PID control and an external load

The open loop transfer function can no longer be expressed as a simple ration of output to
input, but for completeness the following expression can be derived:

KCKmKSTD(sZ + s =) )

1
T, Ty
Js?

Along with the values of system constants assumed earlier, the values T, = 0.5second and

Vp(s) = Vp(s) (5.122)

T; = 1second will be assumed for illustrative purposes, and a demand of 10V and an external
load of 20 Nm will be imposed at t = 0. Proportional control only (omitting both integral
and derivative term) again results in a sinusoidal response of constant amplitude similar to that
shown in Figure 5.72, this time oscillating about a mean value of 12 radians. Proportional

plus integral control only (i.e. omitting the derivative term) results in an exponentially
growing sinusoidal response (Figure 5.74). Proportional plus derivative control gives a well-
damped response rapidly settling to a steady value of 12 radians, indicating a steady-state error
of 2 radians. None of these responses is really satistactory; however, using all three terms
(proportional, integral and derivative control) results in a response that overshoots a little but
rapidly settles to the desired value of 10 radians without any steady-state error.
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307
25 A

— Desired position
— Proportional plus integral action
20+ —— Proportional plus derviative action

15 — Proportional, integral and derviative action

IR A W —

74 -

0 1 2 3 4 5 6
_5_

—104
_15_
720_

Angular position (radians)

Time (seconds)

Figure 5.74 Response of positioning system with proportional plus integral control alone (blue line and
inset), proportional plus derivative control (cyan line) and PID control (green line)

The application of difterent control algorithms to the radar antenna problem is considered in
a broadly similar manner in the next section with reference to steady-state error and dynamic
response, and the response of both of these systems is revisited yet again in Section 5.13 on the
root locus method.

Learning summary N

By the end of this section you should have learnt:

v to assemble a collection of transfer function boxes relating to separate aspects of a control system
to form a complete block diagram for that system;

to rearrange and simplify that system to find the transfer function of the system;
the importance of the control algorithm;
the purpose of the three terms in a PID controller;

DN NN

typical effects of the three contributions to PID control.

5.12 Response and stability of control
systems

In order to understand the actual behaviour of a given control system, the chosen control
algorithm must be substituted for G.(s). Once this has been performed, a number of issues can
be examined:

e [s the system stable?

e s its response oscillatory, i.e. is it overdamped or underdamped?

e [s there a steady-state error, i.e. does the actual output from the system converge to the
desired outcome, or is there a difterence that persists indefinitely?

These issues will be examined by continuing to examine the heater and radar antenna problems.

Steady-state error

Steady-state error is the difference between demand and achieved output which persists as time
becomes infinite, and is typically evaluated for one of two situations:

e astep input at t = 0, corresponding to a demand issued at t = 0 for the system to attain a
steady value;
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e 2 ramp input beginning at t = 0, corresponding to a demand for the output to increase
linearly from zero with time, i.e. for a constant rate of motion or rate of change of output.

As a link with earlier work it will be recalled that the error for the heated system under closed-
loop control was given in equation (5.113). If a step input is assumed, consisting of a demand
for a temperature T; imposed at t = 0, the demand can be expressed in the s domain (by using

line 1 of Table 5.1).

Th() = i L{H()} = - (5.123)

Inserting this into equation (5.113) and applying the final value theorem (equation (5.59))
gives the error as time tends to infinity:

T meS + Ah Ah

Steady-state error = )an(l)sTmeS FTALFT K AL+ KM (5.124)

which recovers an expression for error equivalent to equation (5.8) which was derived via the
simple, time-independent analysis, confirming that this simple proportional control algorithm
does not achieve a degree of control which eliminates steady-state error.

If, by contrast, a linearly increasing demand of 7,°C/s is imposed, beginning at t = 0, the
demand is modelled in the s space by making use of line 2 of Table 5.1:

Th(s) = REGH()} = 3 (5.125)

Attempting to calculate the steady-state error gives

T, mCys+ Ah

Steady-state error = lims—%

s—0 S mes-i-Ah + K

from which we can conclude that this simple control system will not only fail to achieve the
desired (constantly increasing) temperature, but indeed will fail even to provide a steady oftset
from the desired temperature and the error will become infinitely large with time.

Considering now the antenna problem, if proportional action K alone is assumed within
equation (5.119) so that G(s) = K, T, = 0 and T} = o, and that expression for G.(s) is
further substituted into equation (5.118) which gives the error in the antenna angular velocity,
the following expression is obtained for the error as a function of s:

RJs + Rb + K2
RJs + Rb + K> + K.K.K,K,

m

Qp(s) — Q) = QD(S)( (5.126)
Applying the final-value theorem enables the steady-state error to be calculated for the
situation where the demand Qpy(s) takes the form of a Heaviside step function at = 0 and of
magnitude ();:

_ O, RJs + Rb + K2
lim (Qp(s) — Q(s)) = lims — Rjs + Rb + K,” + KK.KK,

§—=00 s—0 N

(5.127)

_ Rb + K2, Q
“\Rb+ K?, + KK.KK, | !

which 1s a non-zero value.

The effect of proportional action alone is illustrated in Figure 5.75. For illustrative purposes, the
value of R will be taken as 1), J as 1 kgm?, b as 1 Ns/rad, K,,, and K, both as 1Vs/rad, K, as 1
and K, as 10. It is seen that the response to a demand beginning at t = 0 for a speed of

), = 10rad/s is an actual response tending asymptotically to 8.333 rad/s — a steady-state error
of 1.667rad/s correctly predicted by equation (5.127).
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12 1
— Desired angular velocity

- — Proportional action only

—_
o

— Proportional plus integral action only

Angular velocity (radians/s)
o

0 02 04 06 08 1 12 14 16 18 2

Time (seconds)
Figure 5.75 Response of radar antenna under proportional control alone and under proportional
plus integral action

By contrast, substituting the following expression (corresponding to proportional plus integral
action, but no derivative action) into equation (5.118):

G = Kc(l + TLIS) (5.128)

results in the following expression for error:

0 - 0 RJs + Rb + K,
() ~ ) = O RITF Ry + K2+ KK + 1/(Tp)]KK,

(5.129)

0 Tis(RJs + Rb + K,,?)
= () Tis(RJs + Rb + K, + KK (I + Tp)|K,K,,

_q TiRJs> + Ty(Rb + K.,%)s
= () TiRJ?®> + T{(K.K.K,K,, + Rb + K, °)s + KK.K,K,,

Therefore, substituting for {)4(s) as before and applying the final-value theorem gives the
following expression for steady-state error:

lim (@ — Q)

0 TiRJs> + Ty(Rb + K, 2)s )
= lims—

000§ (TIRJSZ + Ty(KK.K,K, + Rb + K %)s + KK.K,K,,

(5.130)

=0
In other words, inclusion of the integral term has eliminated steady-state error. This is also
shown in Figure 5.75 for an integral time constant T} of 2.8 seconds, chosen to achieve a rapid
settling time without oscillation (corresponding to critical damping) in response to a step
input. A more detailed consideration of the form of the response (oscillatory or otherwise), and
the eftect of including derivative action, are included in the discussion on dynamic response of
second-order systems contained in the next subsection.

Dynamic response

So far, we have concentrated on what happens immediately after our system experiences its
input and in the (infinitely) long term. No attempt has yet been made to quantify how the
control system behaves in the short and medium term in response to an input. We are likely to
be particularly interested in the following questions (refer to Figure 5.76 for typical responses):
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e Does the system respond monotonically to an input or does its value overshoot and oscillate
— in other words, is its response overdamped, underdamped or critically damped?

e If the response is underdamped, at what frequency does the output oscillate?

e Does the system settle down to a steady value or does the output grow increasing large
(possibly in an oscillatory manner) with time? In other words, is its response stable?

These issues are covered in significant depth in Unit 6, and an understanding of these types of
damping will be assumed here.

In practice, it is found that many systems typically exhibit behaviour analogous to a second-
order (mass—spring—damper) system, and it is instructive to answer the above questions by
relating the system’s response to that of a second-order system.

1.6 7

— Underdamped ({ = 0.2)
— Critically damped ({ = 1)
1.2 — Overdamped (§ = 2)

N / N\

0.8 1

1.4

0.6

Displacement (m)

0.4+

0.2+

0 T T T T T T T T T 1
0 2 4 6 8 10 12 14 16 18 20

Time (s)

Figure 5.76 Graphs of underdamped, critically damped and overdamped responses of a
second-order system

The key to answering the above questions lies in the closed-loop transfer function, and in
particular the characteristic equation which is obtained by setting the denominator of the
transfer function (the characteristic polynomial) to zero. However, before examining a
true control system it is instructive to examine the simple mass—spring—damper system (Figure
5.77(a)) against which we will compare a control system’s behaviour.

k
k(1)

e m  f— 1) 0 m  f—f(f)
[L -—
L ¢ dx(r)

3 —— (1) —_— — x(f)

dt

Figure 5.77 (a) Mass-spring-damper system; (b) free-body diagram of
mass

Consider the mass to be subjected to an externally applied force f(f). From the free-body
diagram of the mass under displacement x(f) (Figure 5.77(b)) and noting that Newton’s second
law states that net force is equal to mass X acceleration, the equation of motion of the mass can
be written down as

dx (1) d2x(h)

Slt) — kx(f) — ¢ ETRT (5.131)
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This can be rearranged as

B d2x(1) dx(7)
fH) = m—ag + q + kx(f) (5.132)

Taking Laplace transforms, and assuming zero initial conditions, gives
F(s) = 2mX(s) + scX(s) + kX(s) (5.133)

This can be rearranged to give the transfer function of the system:
X 1

F)  me +o+k (5.134)
However, it is instructive to rearrange it again into as

X 1/m

) 3 (5.135)

- c
2+ =5+ =
m m

The characteristic equation can now be obtained by setting the denominator equal to zero:

erlpk_y (5.136)
m o m
However, it is well known that, for a simple mass—spring damper system, the following

quantities can be defined:

e the natural frequency w, where

_ |k
0, =1 (5.137)

e the damping ratio { (pronounced ‘zeta’) where

5

¢= Vamk

The value of { gives an indication of the response of the system, giving a more precise way to
characterize the behaviours shown in Figure 5.76:

(5.138)

e If{ = 0, the system is undamped and will continue to oscillate indefinitely if it is perturbed.

o If0 < <1,the system is said to be underdamped and will exhibit overshoot and a
decaying oscillatory response when perturbed.

e If{ = 1, the system is said to be critically damped, and will exhibit a response that tends
towards its steady-state response rapidly but without oscillation (or with only a small amount

of overshoot). Kitchen — Staff Only

e If{ > 1, the system is said to be overdamped and will tend asymptotically to
its steady-state value, and may take a long time to reach a value that can be
regarded as close enough to the value desired.

An everyday example of a second-order system that could fall into any of these
categories would be a door that can open in either direction (such as a door between
sections of a factory, or between a restaurant and a kitchen) and spring-loaded to
return it to its closed position while allowing people or vehicles to push it open

in either direction without operating a latch (Figure 5.78).

T

If the sprung door is underdamped, it will swing backwards and forwards after
someone has passed through it; if it is overdamped, it will take a long time to close,
and if it is critically damped it will close rapidly without swinging backwards and
forwards. Common sense indicates that in this case, as in many practical situations, a
critically damped response gives the best compromise between obtaining a quick
response and avoiding prolonged oscillations, and this reasoning is generally Figure 5.78 An everyday example
applicable also to control systems. of a second-order system
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Note that the natural frequency is not necessarily quite the same as the frequency at which

oscillations will occur if the system is perturbed and allowed to undergo free vibration — it

is only equal to the free oscillation frequency for the undamped case ({ = 0). If the system

is underdamped, the actual frequency will be w, V(1 — {?) while if it is critically damped or
overdamped, no oscillation will occur at all.

Returning to the analysis of the second-order (mass—spring—damper) system, the characteristic
equation can now be expressed in terms of the natural frequency and damping ratio as

P+ 2os +F0,2=0 (5.139)

Second-order characteristic equations are frequently encountered in control systems, and it is
often useful to determine by inspection of the characteristic equation what its response will be.

As an example, consider again the motor-driven, viscous-damped antenna described earlier. If
proportional plus integral action is used, the closed-loop transfer function becomes

Q) KK (1 + 1/Tys) K. Ky

Qp(s)  RJs + Rb + K> + KK.(1 + 1/(Ts))K,K,,,

KK (Tis + KK,
" TiRJ?® + RbTys + K,2Tys + KK (Ts + )K,K,,

(5.140)

KK.KK,

_ m(TIS + 1)
B T'II{JS2 + (Rb + sz + KthKaKm) ’TIS + KthI<aI<m

The characteristic function (the denominator) is clearly that of a second-order system. The
transfer function can then be rearranged to get the characteristic function (the denominator)
into the form in which it appears in equation (5.135):

Q) KK KKy (Tys + 1)/(TiR])

() &+ [(Rb + K2 + KKK,Kp)/(R)]s + KKK, Kn/(TiR]) (6:141)

m.

The characteristic equation can therefore be written down by setting the denominator to zero:

s+ [(Rb + K,,» + KK.K,K,)/(R])]s + KK.K,K,/(T{R]) = 0 (5.142)
From inspection of this characteristic equation, and by comparison with equation (5.139), it is
seen that
_ | KKKK, 5.143
w, = TIR_] ( - )
and

CZRb+K%L+K&Kﬁﬁ:Rb+K£L+K&KKﬁ T (5.144)
2RJw, 2 RJKK.K,K, :

It can be seen therefore that introducing integral action has the effect of turning the system
from a first-order to a second-order one. Also, increasing the amount of integral action
(specifically, reducing T7) has the effect of reducing the damping ratio and making the system
more oscillatory. For example, with the parameters used earlier but with T} = 1, the system
becomes overdamped ({ = 1.9) and approaches the demand speed slowly (Figure 5.79),
whereas with T; = 0.01, the system is noticeably underdamped ({ = 0.19) and the speed will
fluctuate before settling down to its desired value.

If proportional-integral-derivative (PID) action is used, the corresponding analysis becomes
rather messy but eventually results in the following expressions for natural frequency and
damping ratio:

KK .K,K,
w, = (5.145)

TIRJ + ’TITDKthKaKm
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and

Rb + K2 + KK.KK

C - Z(RJ + TD KthKaKm)wn 2

_ Rb+ K}, + KKKK, \/ T,
(RJ + TDKthKle)KtKCKaKm

(5.146)

In fact, as this is a first-order system in open loop, it can be seen that derivative action actually
has no benefit in terms of increasing damping and can actually make stability worse by
reducing the value of C; this is not the case for systems with a second-order open-loop transfer
function, such as the positioning system analyzed earlier.

204
18 1 Desired angular velocity
16 - — T; = 1 second
— T; = 0.01 second
144
/\ A AN
10 —/

6
4
24

O T T T T T T T T T 1
0 2 4 6 8 10 12 14 16 18 20

Time (seconds)

AR

Angular velocity (radians/s)

Figure 5.79 Response of radar antenna system for two values of integral time constant

Frequency response for harmonic excitation

This will only be covered briefly, though it forms a more significant part of texts on control
theory. The response of a control system to a sinusoidally varying (harmonic) input can be
determined by inserting the complex quantity jw into the system’s transfer function G(s)
where j is the symbol used by engineers for the imaginary unit (the square root of —1, often
termed i by mathematicians). The result is a complex quantity whose real and imaginary parts
Re(G(jw)) and Im(G(jw)) will generally vary with the value of circular frequency w. The result
can either be left directly in complex form, or can be converted into magnitude and phase (or
modulus and argument) as follows:

|Gjw)| = (Re(G(jw))? + (Im(G(jw)))? (5.147)
and
[ Im(G(jw))
arg(G(jo)) = tan 1(%) (5.148)

Note that the argument must be placed in the correct quadrant.

This calculation process may be performed for both the open- and closed-loop situations. The
results may be plotted in two different forms:

This is actually a pair of graphs, presenting modulus and argument of G(jw) plotted against jo.
Logarithmic axes are used for both variables of the modulus plot and for the frequency axis of
the argument plot. This is useful in order to identify resonances. Figure 5.80 gives a Bode plot
for a second-order system, showing its single resonant frequency.
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Figure 5.80 Example of Bode plot for a second-order system

This is a single graph plotted on an Argand diagram (i.e. a representation of the complex
plane) that presents the locus of the points (Re(G(jw)), Im(G(jw))) as w is varied from zero to
infinity. The result is typically a spiral-like plot that approaches the origin as  tends to infinity.
Although it contains less data than the Bode plot (the dependency upon frequency is lost,
unless specific points are marked with values of w), it is particularly helpful in understanding
stability issues. Figure 5.81 shows plots for a typical second-order system and a higher-order
system.

0.005 0.005 ~

—0.015 —07005 U 0.005 0.015
—0.005

0.005 0.015

—0.01 1

—0.015

Imaginary part
Imaginary part

—0.02 1

—0. —0.

—0.03- —0.03-
Real part Real part

o (D)

Figure 5.81 Nyquist plot for (a) typical second-order system; (b) typical higher-order system
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Stability

Another very important issue is the stability of a control system. It has already been shown that
a system may respond in an underdamped, critically damped or overdamped manner. However,
it is also very important to determine whether or not a system exhibits stability, i.e. whether,
for a bounded input (such as a unit impulse or step function), the output is also bounded,
rather than (for example) undergoing oscillations which grow in amplitude with time rather
than decaying. Such behaviour can occur owing to the use of excessive gain in a controller, or
to time delays or phase lags in the controller or elsewhere in the loop.

A good example of unstable behaviour of a feedback system is the unpleasant ‘howling’ that
occurs with a public address (PA) system at a rock concert or in a lecture theatre, when the
microphone is placed too close to the loudspeaker, or if the volume control (gain) on the
amplifier is turned up too far. The result is an oscillatory response that builds up until the
maximum amplitude of the amplifier is reached.

There are three approaches to determining the stability of a control system, two of which will
be considered here (the root locus method is dealt with separately in section 5.13).

This is perhaps the easier criterion to apply theoretically, though its physical meaning is

not obvious. The closed-loop transfer function is determined as shown in Section 5.9, and
the characteristic polynomial is found. It is then necessary to discover whether or not the
characteristic function (obtained by equating the characteristic polynomial to zero) has any
roots with positive real parts, which would result in a response that would become larger
(rather than smaller) with time, and the Routh—Hurwitz criterion is a rapid way to find this
information without going to the trouble of actually finding the roots. The coefficients of the
characteristic polynomial are used as the basis of figures that are inserted into a table known as
the Routh array. Let the characteristic function take the form:

as" + a, "7V H L+ a +oas + oa (5.149)

The following table is completed:

n
S ay Ap—2 | dy—4 | dp—6
n—1
S Ap—1 Ap—3 | dy—5 | dy—7
5”72 b] bz b3
ST g o G
—4
s d1 dz
where
Ay —10,—2 — Aydy—3 Ay—10y—4 — dydy—5
b1 = s b2 = etc,
ap—1 ap—1
and
o= bya,—3 — a,—1b, o = bya,—5 — a,—1bs ote
1 = 5 2 5
by by

or more generally:

Ay —19y—2i — Apdy—2i—1
ay—1

b,:

1

o= bia, —oi—1 = a,—1bi1,

1 bl

Diagrammatically, the terms are obtained as shown in Figure 5.82.
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\ \ \

1/ \

/ | |/ \

This entry ... Is the product of ... minus the product ... all divided by
these ... of these ... this entry here

Figure 5.82 Sequence of calculating a new term in the Routh array

The number of changes of sign in the left-hand column is equal to the number of roots of the
characteristic polynomial having positive real parts. In the context of control system stability, if any of
the roots have positive real parts, the system will be unstable. We can therefore conclude that if there
are any changes in sign of the left-hand column of the Routh array, the system will be unstable.

This can be illustrated via the following example.

Worked example

Find how many positive roots the following characteristic equation has:

& — 49 — 7s* + 4453 — 21452 + 1405 + 400 = 0 (5.150)
The Routh array is as follows:
@ |1 =7 —214 400
S| —4 44 140 0
(=7) X (—4) — 1 X 44 (—214) X (—4) — 1 X 140 400 X (—4) =1 X 0
® = = —179 =400 |0
‘ (4 ) (4 ’ (4 )
L | 44X 4= (=9 x (=179 140 X 4 — (—4) X 400
s 7 = —135 2 = 540 0 0
L | (=179) X (—135) — 4 X 540 _ 400 X (—135) — 4 X 0 _
s =13 = —163 =135 = 400 0 0
540 X 163 — (—135) X 400
s (—163) = 208.7 0 0 0

There are four changes of sign in the left-hand column indicating four roots with positive real parts. In fact, this
example of the characteristic function was generated by expanding the left-hand side of the following equation:

s+ D —2)s+HEs =56 —1+3)s—1—=3)=0

(5.151)

so the roots are —1,2, —4,5,1 — 3jand 1 + 3j, with the four roots 2,5,1 — 3jand 1 + 3j all having positive
real parts. A system with this characteristic equation would clearly be extremely unstable!

This approach is more intuitive though it involves more numerical calculation. Moreover it

can be applied experimentally without actually causing the control system to go unstable. The
Nyquist plot for the open-loop (not closed-loop) transter function (including the contribution
from the feedback loop, i.e. G(s)H(s) within Figure 5.27), is plotted as shown in Figure 5.83. If
the curve encloses the point in the complex plane corresponding to the real number —1 (i.e. the
point one unit to the left of the origin, on the negative real axis) as shown in Figure 5.83(b), the

a . >

i
N
a
]

BB
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system will be unstable. The closer the curve comes to enclosing this point, the less stable the
system will be (meaning in practice that disturbances will die away more slowly).

T T
e 1
4 S =
- I\ -
< \ <
a a. Unstable: encloses —1
> . >
= ~<_J o
[x} <
g g
n o
I <
g £
= =
Real part Real part

o 0

Figure 5.83 Nyquist plots of (a) the open-loop transfer function of a stable
high-order system, showing the phase margin; (b) the open-loop transfer
function of an unstable system showing how the plot encloses the point —1

The physical interpretation to this is as follows. If the feedback signal to the differencing
junction is of opposite sign to the demand signal (or, more accurately, contains a component
which is of opposite sign), the result from the differencing junction is actually an amplification
of the input signal, and the net effect is equivalent to positive rather than negative feedback.

If the amplitude of this ‘positive feedback’ signal is less than the input, the effect is not
catastrophic as the feedback signal is still attenuated with respect to the input and each pass
through the system attenuates it further. However, if the opposite-sign (180° out-of-phase)
component of the feedback signal equals or exceeds the amplitude of the input signal, the
feedback signal will be further amplified by the system, and a larger signal will be fed back. This

implies that the signal will continue to grow and that instability will result.

The practical applicability of the Nyquist stability criterion is that the open-loop Nyquist plot
can be constructed for a real (but theoretically uncharacterized) piece of control equipment, based
on experimental response (magnitude and phase) to a sinusoidal input. The Nyquist stability
criterion provides a very useful tool for predicting the closed-loop behaviour of a piece of
apparatus without taking any risk of allowing it to become unstable. The amount by which the
feedback signal would have to be scaled to enclose —1 on the plot gives a measure of the amount
by which the gain of the controller could be increased without instability occurring. This is
known as the gain maigin and is usually expressed in dB (decibels, defined as 20 log, of the factor
by which the gain must be increased to cause instability) rather than as the factor itself.

Another useful quantity is the phase margin. This is the angle between the negative real axis of
the Nyquist plot and the point at which the curve intersects the unit circle (Figure 5.83(a)). It
represents the amount of additional phase lag needed in the control system to cause instability.

Learning summary ~

By the end of this section you should have learnt:

v the issues of response, damping and stability;

v the meaning of the terms ‘characteristic polynomial’ and ‘characteristic equation’;

v/ 1o determine the natural frequency and damping of a second-order system from the characteristic
equation;

the meaning of a Bode plot and a Nyquist plot;

the meanings of gain margin and phase margin;

the principle of the Nyquist stability criterion;

NN

to apply the Routh—Hurwitz stability criterion to a given characteristic polynomial.
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5.13 A framework for mapping the response
of control systems: the root locus
method

The response of second-order systems is straightforward to analyse
by drawing on the analogy with a mass-spring-damper system and Im(s) A

inferring the natural frequency and damping ratio, but for third- (o] o
order (and higher-order) systems, a more sophisticated method of X X
conceptualizing the response is required. A useful tool is the root

locus plot which is used for understanding the different aspects /

of a control system’s behaviour, as represented by the various
roots of the characteristic equation (which was introduced earlier
in the present section as being the equation obtained by setting
the denominator of the transfer function to zero).

The root locus method involves plotting the locations of the roots

in the complex plane (i.e. plotting their imaginary parts versus o \/\/\
their real parts) as the gain of the control system is varied, and X X" |

inferring the stability and nature of the response of the system
from the position of the roots on the resulting diagram. Before
looking in detail at the generation (and interpretation) of root Figure 5.84 Typical responses corresponding to
locus plots, it is instructive to explore the physical meaning of positions of roots in the complex plane
different types of root, which can be represented in the complex

plane, shown as (a) to (d) in Figure 5.84:

(a) positive real roots correspond to an exponentially growing (but non-oscillatory) transient
response to a disturbance (which is clearly an inherently unstable response since it does not
converge to a steady value);

(b) negative real roots correspond to an exponentially decaying, non-oscillatory response that
dies away to zero with time and can form part of a stable response;

(c) complex roots, which always occur in ‘conjugate pairs’ with equal positive and negative
imaginary parts, may have positive real parts and be of the form s = a £ i3 giving an
oscillatory response of exponentially growing amplitude — clearly another example of an
unstable response;

(d) complex roots may have negative real parts and be of the form s = —o £ i3 giving an
oscillatory response of exponentially decaying amplitude — this dies away with time, and
can again contribute to a stable response.

A simple example of a root locus plot, relating to a non-control example of a second-order
system, is the familiar example of a mass—spring—damper system discussed earlier in the
present section. It can be seen from the denominator in equation (5.134) that this system has a
characteristic function ms> + ¢s + k, which leads to the characteristic equation (5.136) given
again here for convenience:

c k

P+ =s+—=0 (5.152)

m m
For illustrative purposes let us choose mass m = 1 kg, damping constant ¢ = 10 Ns/m and allow
spring stiffness k to vary from zero to infinity so that the characteristic equation becomes

>4+ 10s+ k=0 (5.153)

With very small k, the roots are real (for k = 0, the roots are s = —10 and s = 0), and the
response to an initial input (such as a step or impulse) is heavily damped, decaying slowly but
without oscillation. As the spring constant is made larger (in this case 25 N/m) the system
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becomes critically damped, and the roots become equal Im(s) 4
but still real with the value, —5. A slightly larger value of 4
the spring constant causes the roots to break away from the
real axis to form a conjugate pair of complex roots, and the A
response becomes oscillatory. Further increases to the spring Root of s = —10 Rootofs =0 27
constant make the imaginary parts of the roots larger and for k =0 fork =0
the oscillations are faster but they do not die away any more / \ \
slowly with time. The locus of the roots as the value of k R—>— ' ' P
o N “10 -8 -6 —4 -2 Re(s)
varies is shown in Figure 5.85.
. I = —
The same concepts can be applied to control systems, whose {OOtibeconw equal (s %) |.—Roots are -2
. . S for k = 25 N/m: corresponds v complex for
behaviour may or may not be oscillatory. In practice, it is - .
to critical damping and k> 25
found that .the response .Of a system can vary between any or ‘breakout’ from real axis
all of the kinds of behaviour shown in Figure 5.84 as the gain —4+
of the controller in a closed-loop control system is varied.

In order to understand the relevance of the root locus
method to control systems, recall that a typical control system
has an open-loop transfer function G(s)H(s) as shown earlier in Figure 5.27. Furthermore, the
effect on the transfer function of closing the loop has also been demonstrated (Figure 5.26 and
equations (5.45) to (5.47)). Now let us assume that the transfer function of the main (forward)
path involves a variable gain term K, arising for example from varying the gain of a controller
lying within that forward path, and two polynomials Z5(s) and Pg(s) so that

_ ZG(5)
P(s)

Similarly the transfer function of the feedback path can be expressed in terms of two more
polynomials Z;(s) and Ppy(s):

G(s) (5.154)

H(s) = K ilj((j)) (5.155)
so that the open-loop transfer function is
 Ze0Zal) ) =2 = )~ 2,)
COHO = K0Pl ~ PO~ N 6= 206 = pDonC— 1) (5150

where P(s) = Pg(s)Py(s), Z(s) = Zg(s) Zu(s). Also, s = 24,5 = 2,... s = 2, are the roots of the
equation Z(s) = 0 and are known as the zeros of the open-loop transfer function, while

$ = p1,S = po, ... S = p,, are the roots of the equation Z(s) = 0 and are known as the poles of
the open-loop transfer function.

By inserting equations (5.154) and (5.155) into equation (5.47) giving the closed-loop transter
function in terms of G(s) and H(s), the following is obtained:

Zg(s)
K
Closed 1 for function = ——2& __ _ P9
(eN = OOp transter ftunction = 1 ¥ G(S)H(S) = 1 B KZG(S)ZH(S) (5 157)
P (s) Py(s .
KZ,;(s) Py (s) _ KZ5(s) Puls)

Po(s)Py(s) + KZg(s)Zy(s)  Pls)+ KZ(s)

The closed-loop response of the system is governed by the roots of the characteristic equation,
which once again is obtained by setting the denominator of the closed-loop transfer function
to zero:

P(s) + KZ(s) = (s = p)(s = p2)---(s = ppp) T Kls = 2)(s — 22)...(s — 3,) =0 (5.158)

Figure 5.85 Root locus plot for a mass-spring-damper
system with varying spring constant k
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Now consider three possible situations:

1)

When K is very small (i.e. K tends to zero), P(s) is much larger than KZ(s) so the
characteristic equation can be approximated as

(s = p)s = pa)eoi(s = pyy) = 0 (5.159)
whose roots are simply the open-loop poles of the system.

When K is very large (i.e. K tends to infinity) and s is not large, P(s) is much smaller than
KZ(s) so the characteristic equation can be approximated as

(= 2)6 = 2)..(s—2,)=0 (5.160)

whose roots are simply the open-loop zeros of the system. However, there will also

be some very large complex roots to the characteristic equation which (for very large
complex s) can also be approximated by expanding it out and truncating the expansions of
the two sets of brackets after the terms involving s"»~ ! and 5"z~ ! respectively:

se— s T lp = Ty = T g F K2 — 2T = 2T = 2T 2, ) = 0
(5.161)
or
s s = py = pa.. ~Py) T K27 s—2—2... —z,,) =0 (5.162)

Noting that s is assumed to be large, equation (5.156) can be further approximated (via
a binomial expansion of the form (1 —a)™' =1 + a + a>...~1 + a for small a) and
rearranged to give

S”P_”z(1 _p_ P _pﬂ + L= _Z”Z) = —K (5.163)
s s S s s S

Taking the (np — ny)th root:

Z: 1:2 F nP < <2 ZHZ
( )

np =Nz ~ (_K) Hp — Nz (5.164)

s s s s s s

Noting that (1 + @)/ =1 + a/n + a®/n> + ... = 1 + a/n for small a, and re-expressing
the (np — nz)th roots of (—K) in terms of the (np — n)th roots of (—1):

1 1
Pn < Pt <n —
5(1— 1 (&+p—2...+—"+ = .——Z))=K”P n(—1)w="  (5.165)

fip = Ny, N N N N S N

There are of course (np — ny) possible values for the (np — n)th root of (—1). Rearranging
equation (5.165) and expressing the various (np — nz)th roots of (—1) in polar form:

Pt papy, 2t 22, ! ( ((2k+1)1'r) ,.((Zk—i-l)w))
= cos|——— | tjsin|————

s + KTz

np — Ny np — Ny np — Ny

(5.166)

where k = 0 ... (np — ny, — 1). In other words, for large K, the roots of the characteristic
equation tend asymptotically to large multiples of the (np — ny)th root of —1, shifted by a
term sometimes referred to as the centroid of the poles and zeros.

When K is neither very small nor very large, the roots of the characteristic equation will
take some intermediate values which may be real or complex. The purpose of the root
locus method is to show graphically how the roots move between the open-loop poles and
the open-loop zeros or the large complex values (asymptotes).

The rules for plotting the root locus of an arbitrary closed-loop transfer function were
originally proposed in a paper by Evans (1948). They are given in detail, though in slightly
different forms and orders, in any comprehensive text on classical control theory (e.g. Dorf
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)

)

and Bishop (2008), who use a slightly diftferent convention for poles and zeros, or Van de
Vegte (1993)) and the reader is referred to such a text. A summary of the rules, with minor
differences from the approach presented here, is given on the RoyMech website, along
with a number of examples. The rules are summarized here (without further proof) to act
as a starting point, noting that this version of the rules does not cover all contingencies.

The root locus plot is symmetric about the real axis, because complex roots occur in
conjugate pairs.

The number of paths on the root locus is equal to the number of open-loop poles #np.

The paths start (for K = 0) at the open-loop poles and are normally marked on the
complex plane with X symbols.

ny, of these terminate at the open-loop zeros, which are marked on the complex plane
with O symbols.

The remaining np — ny paths do not terminate, but tend towards asymptotes oriented at
angles 0 to the real axis where
2k + 1)

ezﬂ where k = 0,1...(np — ny, — 1)

(5.167)

so that (for example) if there are five poles and two zeros there will be three asymptotes
oriented at /3, 1 and 57/3 radians (60°, 180° and 300°) to the real axis (Figure 5.86a).
Similarly, if there are five poles and one zero there will be four asymptotes oriented at 7/4,
3m/4,5m/4 and 71/4 radians (45°, 135°,225° and 315°) to the real axis (Figure 5.86b).

Im(s) A Im(s) 4
/ ’
//, 11 /// 11
7 \\ //
/ N 4
/ N 4
/ N /7
T T T = T T 5L T g
-3 -2 \\\— 1 Re(s) -3 —/2/ \t 1 Re(s)
/7 N
\ 7 N
\ 4 N\
N1 ’ e
\ 4 N\
/7

Figure 5.86 Typical asymptotes for (a) np = 5, n; =2 and (b) np = 5, ny = 1

The asymptotes radiate outwards from the point on the real axis sometimes known as the
centroid of the poles and zeros:

o n tpeotp, x5 T T2

ny,

S

(5.168)
np = Nz

Root loci can be drawn on the real axis in the regions to the left of an odd number of

poles and zeros. If there are an even number of poles and/or zeros on the real axis to the

right of a given point, no root locus is present at that point.

Where paths come together along the real axis (or converge back onto the real axis), the
values of s at the ‘breakout’ and ‘breakin’ points (collectively known as ‘singular’ points,
where there are multiple roots at a single point) are given by rearranging equation (5.158)
to give K in terms of s then solving the equation:

dK _

K=o (5.169)

Note that not all solutions to equation (5.169) will necessarily correspond to breakaway
points.
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(9) Where a path starts at a complex pole, the angle at which it leaves the pole, plus the sum
of each of the angles to the real axis (horizontal) direction of the present pole from each
of the other poles, add up to an angle (2k + 1) radians where k is a real integer (in other
words, add up to an odd multiple of ). This is best illustrated via the example shown in
Figure 5.87.

Im(s) 4

This departure angle which
we are trying to find...

E{e (s)

-..plus these angles from the poles
which can be found from geometry

...minus these angles from the zeros...

...must add up to an odd multiple
of m radians

Figure 5.87 Finding the angle of departure from a complex pole

The angles of arrival of the paths at complex zeros are found by a process that is effectively
the opposite of the above (the angle of arrival at a zero, plus the angles from the other
zeros, minus the angles from the poles adds up to an odd multiple of ).

(10) The loci cross the imaginary axes at points that can be determined by replacing s by jw
and solving. It may or may not first be necessary to find the limiting value of K for stability
(for example, by applying the R outh—Hurwitz stability criterion) before solving to find the
imaginary roots. This can be a little tedious so will not be explored in detail here, though
the worked example includes a simple illustration.

(11) Once we have plotted the root locus, the value of K can be chosen to ensure that the roots
stay well away from the right-hand part of the complex plane. If a given point on the root
locus is chosen, the corresponding value of K can be found by the product of distances of
that point from the poles divided by the product of distances of that point from the zeros:

s =l X s = pof XX s = p
|s — 2] X |s — 2] X ... X |s — 2

(5.170)

I1z|

If there are no zeros, the denominator is unity.

With the availability of computing packages such as MATLAB, root locus plots can be
drawn automatically and accurately without the need to apply the rules given above. An
online root locus plotting Java applet is available (see References). It is nonetheless useful
to be able to obtain a graphical visualization of a system’s behaviour without the need for
computational effort.

The power of the root locus method lies in the fact that an experienced control

system designer can choose a suitable point on the root locus plot that will give a good
compromise between stability and responsiveness; the corresponding value of K can then
be calculated from rule 11 above.
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Worked example

Plot the root locus of a closed-loop system having the following open-loop
transfer function:

K
(24 25 + 2)(s + 2)

G(s)H(s) = (5.171)

This can be expressed as

K
(s+1+HNE+1 =)+ 2

G()H(s) = (5.172)

which has three polesats = (=1 + j), s = (=1 — j) and s = —2, and no zeros.
Following the rules above:

(1) Symmetry about the real axis will be assumed and is satistied by the open-loop poles.
(2) There are three open-loop poles so there are three paths on the root locus plot.

(3) The paths start at the open-loop poles s = (=1 +j),s = (=1 —j) ands = —2,
which are marked on the diagram with X symbols (Figure 5.88(a))

Im(s) & Im(s) &’
s=—1+j 21 ,2{-
5= -2 X 14 X,/ 11
= =—4/3
\ : /3
T X T L= i Ki-- : >
-3 =2 -1 0] Re() -3 - —1 0 Re()
5m/3
5=—1—J/x —11 X\\—l-
=4 _2\_

This departure angle which Im(s) 4 Im(s ,/
we are trying to find ... 4
& S

... plus these angles which

can be found from geometry
» \m/4

... minus the angles from 3;1\37 0 Re(rs) =3
zeros (none in this case) ... N
... add up to  radians (could ‘ *?—11' 4

have been 3m or 57 ...) ... % “/EJ\

.. so the departure angle \

must be 7w/4
(¢ (]

Figure 5.88 (a) Location of poles; (b) asymptotes; (c) angle of departure of path from pole
(=1 + j); (d) completing the root locus plot including intersections with imaginary axis

A
X

370



Feedback and control theory

There are no zeros to be marked on the plot, so all of the paths end in asymptotes
rather than at defined positions.

np = 3,n, = 0,so there are three asymptotes at angles /3, w and 57/3 radians (or
60°, 180° and 300°) to the real axis (Figure 5.88(b))

The asymptotes radiate outwards from the point:
_(Et (T + (=2

3

[SMIEN

(5.173)

as shown in Figure 5.88(b).

The only point at which a path can be present on the real axis is to the left of the
root s = —2, because only in this region is there an odd number of poles and zeros
(in this case, only one pole and no zeros) to its right on the real axis. By enforcing
this rule it is seen that this particular path starts at the pole s = —2 and extends
infinitely along the negative real axis (Figure 5.88(c)).

There is no breakout or breakin as the paths in this case either lie on the real axis or
away from it.

The angle of departure of from the pole s = (—1 + j) (measured relative to the real
axis), plus the total of the angles of that pole from the other poles, minus the total of
the angles to that pole from the zeros, must add up to an odd multiple of . It can
be seen from Figure 5.88(c) how this is applied in the present case, with the total of
the angles simply being  itself. The other angles are (in this example) simple to find
geometrically, so the angle of departure is found as

o L W

4 2 4

By symmetry about the real axis, the angle of departure from the pole s = (—1 — ))
must be —/4.

(10) Two of the paths cross the imaginary axis after leaving the complex poles. At this

stage it is noted that (by inserting the open-loop transfer function into (5.47),
expanding the bracketed terms and rearranging) the characteristic equation of the
closed-loop system can be expressed as

SH+42+65s+4+K=0 (5.174)
Making the substitution s = jw gives
—jw® — 4w? + 6jo + 4+ K=0 (5.175)
Taking the real part of equation (5.175) and rearranging gives
60 = (5.176)

o is therefore either zero (not a valid solution) or +V6 rad/s, so the loci intersect the
imaginary axis at the points s = £V6j = *2.44j. Now taking the imaginary part of
equation (5.175), rearranging and inserting this value of w gives the value of gain for
limiting stability:

K=40>—4=4X6—4=20 (5.177)

At this stage, the root locus plot can be completed as shown in Figure 5.88(d),
with the two complex paths leaving the two complex poles at /4, crossing the
imaginary axis at £2.44/, and converging on the asymptotes at w/3 and 5m/3. A
control engineer may then choose (by eye and experience) a point on the plot for
which the gain can then be calculated from the distances of that point to the poles
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and zeros. For example, if point (0.5 + 1.65j) on the locus is chosen by eye (Figure
5.89), K is calculated as

__ product of all distances from chosen s to poles

~ product of all distances from chosen s to zeros
s+ 1= X s+ 14+ X s+ 2] 0.5+ 0.65j] X [0.5 + 2.65j| X [1.5 + 1.65j|
B 1 B 1
= 4.93 (5.178)

noting that (in this case) the denominator is simply 1 as there are no zeros.

Im(s) A

The value of K at this point ...

... is the length of these
three blue lines
multiplied together

A

Figure 5.89 Finding the gain of a system
corresponding to a point on the root locus plot

Applications of the root locus method

The root locus method can be used to explore further two of the examples from earlier in the
present unit, namely the position controller and the antenna system, with particular reference
to the stability and oscillatory response of the systems.
It has already been shown from Figure 5.50 that the open-loop transfer of the position
controller system with a simple proportional amplifier is

VP(S) _ KaKmKs

Vb (s) Js?

The root locus is very easy to plot (for varying amplifier gain) as we can immediately see:

(5.179)

e there are two poles, both of value s = 0, so there are two paths;

e s the poles are equal, they also form the breakout point;

e there are no zeros, so there are 2 — 0 = 2 asymptotes;

e the centroid of the poles is s = 0 so the asymptotes radiate from the origin at an angle

+11/2 to the real axis.

Without further ado, the root locus plot can be drawn as shown in Figure 5.90, showing the
poles of the closed-loop transfer function as the amplifier gain is increased.

This illustrates that the root locus lies in the imaginary axis — in other words, the response is
always oscillatory and is on the margin of stability, with any input resulting in a position that
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oscillates at a frequency dependent upon the amplifier gain, with the oscillations Im(s) &

never dying away. However, if as before the simple amplifier is replaced with

a PID controller/amplifier with gain K. and proportional and integral time
constants T} and T}, respectively (and this time ignoring any additional external
load), the open-loop transfer function now becomes

1 s = 0 (2 roots)

1 SR
KCKmKS(l oy s ) KoKy KKp| 8+ s 4 o \

V() Js? Js° PR

Once again, assuming, that T, = 0.5 second and T} = 1 second, and assuming

also the system parameters chosen in Section 5.11, the open-loop transfer function —1-

becomes:
Vol KKuKTp( + 25 +2)  KK,KTpl + 1+ )6 +1-))

C m

Vb() Js? Js?

This system now has:

e two zeros,at s = (—1 + j)ands = (—1 — )

e two paths that arrive at the zeros at angles that can be found in a similar way to that for
angle of departure from poles: sum of angles from zeros — sum of angles from poles comes
to (2k + 1) for integer k, i.e. an odd multiples of 7. In the case of the root at
s=(—1—j),ry k= —1soangle = —m — (w/2 — 3 X 3m/4) = 3m/4, and by symmetry
the angle of arrival at the other complex zero is —3m/4. It can also be shown that the angles
of departure from the three coincident poles at the origin are m and £ /3, though this is
not obvious from the rules already described

e one asymptote at angle T radians, radiating from the point s = 2. Im(s) 4
The root locus plot can now be drawn as shown in Figure 5.91.
It is seen that, as the gain is increased, the roots move into the right-hand

half of the plane and the system becomes unstable; however, for larger

values of K the system becomes stable again as two of the closed-loop 19

poles tend to the open-loop zeros in the left-hand half of the complex
plane (indicating decaying oscillatory responses) and the third closed-loop

—2 4

Y

Figure 5.90 Root locus plot
for positioning system with
e three poles,all at s = 0 proportional control

pole tends to —o0, indicating a rapidly decaying monotonic response. -2 -
This example shows the usefulness of being able to visualize what is

going on within a system that may initially seem to exhibit puzzling or

counterintuitive behaviour, in this case showing unstable behaviour at small

gains and becoming stable for larger gains. The practical implication of this

is shown in Figure 5.92, which shows the response for gains of 1 and 10 5

respectively.

1 Re(s)

The root locus plot can also be drawn for the radar antenna problem. Figure 5.91 Root locus plot for positioning

The block diagram in Figure 5.64 may be rearranged slightly by placing system with PID control
the common factor of K, inside the feedback loop as shown in
Figure 5.93.

After multiplying out the terms on the forward path, and substituting for proportional plus
integral action, the following open-loop transfer function is obtained:

GC<S>KtKaI<m
RJs + Rb + K2

Open loop transfer function =

K + V(T)KKKy  KKEKKy6 + 1/T)

RJs + Rb + K>  RJs(s + (Rb + K,%/R])
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90 1 - ..
— Desired position
— Gain of 1

707 — Gain of 10
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Figure 5.92 Response of positioning system with PID control for two values of gain

LN B GOKK, |90

+U RJs + Rb + K2

(016

Figure 5.93 Rearranged block diagram for complete
antenna system

This is now a second-order system with poles at s = 0 and s = —(Rb + K,,2)/R]J, and a zero
at s = —1/7T;. Using the same system constants as before, but with 77 = 0.2seconds (as this
involves more interesting behaviour than other values which are arguably more suitable), the
poles are now at s = 0 and s = —2, and the zero is at s = —5. The root locus plot shown in
Figure 5.94 can be drawn.

Im(s) 4

2 Re(s)

Figure 5.94 Root locus plot for antenna system

374



Feedback and control theory

This shows that, as the gain is increased from zero, the behaviour is initially overdamped, then
becomes (slightly) underdamped, then becomes overdamped again. Such behaviour would not
be obvious from examining the open-loop transfer function! The practical implication of this
is shown via plots for K, = 0.1 ({ = 1.48),4 ({ = 0.67) and 20 ({ = 1.1) as shown in Figure

5.95.
127
Desired angular velocity
@ 10 — Gain = 0.1
g — Gain = 4
S g — Gain = 20
-
g K, =0.1
T o K= 4
E K, =20
g
=
50
g
<

O T T T T T T T
0 0.5 1 1.5 2 2.5 3 3.5

Time (seconds)

4.5 5

g

Figure 5.95 Responses of antenna system for various values of K,

Learning summary

By the end of this section you should have learnt:
v/ to draw root locus plots and interpret them in terms of system stability and response.
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UNIT OVERVIEW N

Introduction

Natural frequencies and mode shapes

Response of damped single-degree-of-freedom systems
Response of damped multi-degree-of-freedom systems
Experimental modal analysis

Approximate methods

Vibration control techniques

6.1 Introduction

Many people encounter vibration for the first time through the music produced by stringed
and percussive instruments, or through the speakers of their radios or the earphones of their
iPods. All of these produce their sounds by vibration. While these provide pleasure to the user,
vibration in most engineering structures is something to avoid.

This unit will describe some basic causes and eftects of vibration and show you how to model
the vibration of structures mathematically.

A recurring theme is resonance. A key observation is that if the frequency of an alternating
force coincides with a resonant frequency, large amplitude vibrations will result.

Large alternating displacements often produce large alternating stresses.

It is no surprise, therefore, that resonance-induced fatigue is a major i

cause of in-service failures — normally when the effects of vibration

have not been considered adequately at the design stage. I
l /

In design, it is common to calculate the stresses due to static loads and
to use a so-called ‘factor of safety’ to make allowance for effects that
have been excluded from the analysis. An alternating force that induces
resonance can easily produce stresses that are 100 times those that a
static force of the same magnitude would give. Typical factors of ‘safety’
range from 1.5 to 4!

TR
- v

The most dramatic failure caused by resonant vibration was probably
that of the Tacoma Narrows Bridge in New York State. It collapsed in ;
truly spectacular fashion in 1940, after only four months’ use. From its Figure 6.1 Wind-induced torsional vibration of
opening, bending waves were set up if the wind speed rose and people  the Tacoma Narrows bridge shortly before it
would drive across just for the fun of the experience (Disney World collapsed
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didn’t exist in 1940!). However, on 7th November a wind speed of 42 mph produced a severe
torsional vibration. At its most extreme, the sides of the bridge were moving up and down by
over 8 m.Take a look at the video at www.tinyurl.com/2ca5mh. Seeing is believing.

Designers now understand about the vertical bending and torsional vibration that can be
caused by wind or by loads moving across bridges. Or at least they thought they did, until the
opening of the Millennium Bridge in London showed that there was still more to learn. It
was built for pedestrians and cyclists, and the designers had taken account of the vertical forces
from their feet as they walked across. A big crowd had gathered for the opening ceremony and
when they started to walk across, the bridge began to sway from side-to-side. No structure

is completely rigid and the crowd found that the bridge swayed slightly from side to side.To
help steady themselves, they moved their feet apart as they walked and in doing so exerted

a small alternating horizontal force onto the bridge with each step. The problem was that
everyone responded in the same way at the same time and the combined eftect of the forces
from all the feet was sufficient to excite a horizontal bending mode of the bridge. Take a

look at the video at www.tinyurl.com/33xeyle. The problem was cured by a combination of
viscous dampers and tuned-mass absorbers.

Section 6.2 explains how to calculate the resonant frequencies of
structures and see how structures deform when they vibrate; their
so-called ‘mode shapes’. Structures only vibrate if they are subjected
to some form of excitation and Section 6.3 considers the response
of structures that exhibit only one resonant frequency. Section 6.4
extends this to structures with many resonant frequencies. Even the
most sophisticated computer analysis has to make assumptions and
simplifications that may not reflect the actual properties of the real
structure. Section 6.5 describes how a structure’s resonant frequencies
and mode shapes can be measured experimentally. At the preliminary
stage of a design, approximate values can help determine whether
vibration is likely to be an issue, and Section 6.6 introduces some

useful techniques for obtaining these. Finally, Section 6.7 introduces Figure 6.2 The crowd of pedestrians who had
two common techniques for controlling the potentially damaging gathered for the opening of the Millennium
effects of vibration. Bridge in London caused a pronounced side-to-

side vibration when they began to walk across

6.2 Natural frequencies and mode shapes

Introduction

Anyone who has tapped a bottle or cup will know that it ‘rings’ at a characteristic frequency.
We hear a sound because the tapping has excited one or more natural frequencies. As noted in
Section 6.1, resonance-induced fatigue is a major cause of premature structural failure, and this
section discusses several ways of modelling structures so that their natural frequencies can be
calculated.

Before doing so, however, we introduce the classification of structure in terms of degrees of
freedom. These can be thought of as ‘possible motions’. The number of degrees of freedom for
a structure:

e is related to the number of resonant frequencies it has;
e affects the number of motion coordinates needed to define its position.

A rigid body can have up to six degrees of freedom: three translations and three rotations. In
addition to the six rigid body freedoms, a flexible body can have other possible motions, such
as bending and twisting, or flexibility between components.
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A key step is to decide how many degrees of freedom are appropriate. With a few exceptions
(such as a spacecraft), structures are constrained so that their freedom to move is limited. Even
s0, this can still leave perhaps thousands of possible ways in which a structure might vibrate

(its so-called modes of vibration). In most cases, we are only interested in a few of these
(possibly in only one mode) and we will look for a mathematical model that concentrates on
these and omits other possible motions. If, for example, we wanted to study the way an aircraft’s
wing vibrates when it hits an air pocket, we would ignore the fact that this also caused a light
fitting in one of the toilets to vibrate! On the other hand, if we were designing the light fitting,
we would want a mathematical model that described how it responded to motion of the panel
that it was attached to. In this case, we would probably just model the fitting and the panel, but
wouldn’t include every other part of the aircraft.

In summary, we can say that we aim to model the particular motions we are interested in. We
will start by looking at structures that can be characterized by just one type of motion. We will
then move on to those that can exhibit two or more types of motion.

The mathematical descriptions we will develop relate the motion of the structure to the forces
that cause it. Central to this process is Newton’s second law of motion. This links cause
and effect. It applies only to rigid bodies and allows us to relate the applied forces (and/or
moments) to the motion that they produce.

There are two forms: one for translation, one for rotation. These were covered in Unit 6 in
Part 1 and you may want to review that unit before proceeding.

For linear translational motion, Newton’s second law can be written as:

» »

Reesultant force in the direction of M « Absolute acceleration of
. = ass
the acceleration the centre of mass
It’s best to think of it in words, not as ‘F = ma’. In problems, you should write it down as

it’s said, noting always that it’s a vector equation. Put the forces (resolved into the vector
direction that you have chosen for acceleration) on the left of the equals sign and the mass and
acceleration terms on the right. Don’t mix the two together. ‘Mass X acceleration’ is not itself a
force. It describes the effect that the actual forces have on the mass in question.

Newton’s second law for rotational motion can be expressed as:

> _—
Resultant torque (moment) Moment of Absolute
about the axis in the = inertia about X angular
direction of the acceleration the axis acceleration

It is important to note that ‘the axis’ about which the torque is taken must be one of the
following.
e 2 fixed axis

e an ‘instantaneous centre of rotation’ (this is a point on a body that is stationary for an instant,
such as the point of contact of a tyre rolling along the road)

e the centre of mass.
No other axis is allowed.

As with the linear equation, think of the words and write it down as it’s said.

Structures with one dominant mode of vibration

Initially, we will look at structures that can be modelled with just one degree of freedom.This is
the simplest model for a vibrating structure. The model normally takes the form of a rigid body
restrained by one or more massless springs. It works well for structures with one resonance or
where one resonance dominates the vibration behaviour. It gives good insight into vibration
behaviour and is often used as a first approximation for more complicated structures.
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We will look at a number of different examples where single-degree-of-freedom dynamic
models are appropriate, but the general approach to the analysis will be the same in all cases and
will involve the following steps:

(1) Convert the physical structure into a dynamic mass—spring model.

(2) Draw a free-body diagram. Displacing the body from its equilibrium position will create
forces in the restraining springs that will try to return the body to equilibrium. The free-
body diagram can be thought of as a ‘snapshot’ of the state of the system when it has
moved away from equilibrium by a chosen amount. Drawing the free-body diagram is the
key step in the analysis and should be tackled systematically. There are three stages:

(1) Start with the system in equilibrium and draw it as a free body.To create the ‘free’
body, draw it without any of the restraining springs. The forces exerted by the springs
will be added in stage (ii1).

(i) Select a motion coordinate to describe how the system will deflect from its
equilibrium position and mark it on the diagram.

(111) Apply a positive deflection in the chosen motion coordinate, identify the forces (and/
or moments) that result and draw them on the diagram. It is critical that the positive
directions of the forces due to a positive deflection are shown correctly.

(3) Apply the appropriate form of Newton’s second law of motion to give the equation of
motion for the system.

The following pages show how steps (1), (2) and (3) can be applied to a number of examples.
You should adopt the same systematic approach using the three steps when setting up solutions.

At this stage, we will concentrate on finding the natural frequency of the systems. This is the
frequency at which a system will vibrate when displaced from equilibrium and then released.
Later, we will consider the eftects of external excitation and damping, but these are omitted for
the moment.

When we look at the effects of excitation, we will find that, for most engineering structures,
there is a maximum response if the excitation frequency coincides with the natural frequency
(which is why we need to know what its value is). This effect is called resonance and the term
resonant frequency is often used instead of natural frequency (although, strictly speaking, the
two are different as we shall see later).

If a mass m [kg] is suspended from a spring of stiffness k [N/m], it
will move down under the effect of gravity and stretch the spring
by a distance x before reaching its static equilibrium position
(Figure 6.3).

Once it 1s in equilibrium, the force in the spring (given by the

stiffness multiplied by the change of length) exactly balances the Unstrained
gravitational force on the mass and hence: osition
mg = Rkx.q k

What then happens if the mass is given a further downward
displacement, x, away from equilibrium and then released (Figure 6.4)?

The displacement x produces an additional force in the spring of kx,

as shown in Figure 6.4(b). Since we know from the static

equilibrium case that mg = kxeq, the resultant force on the mass is kx,

as shown in Figure 6.4(c). mg

Remembering that the displacement and the force are both vectors,
we see that a positive downward displacement from equilibrium Figure 6.3
produces a positive upward resultant force on the mass. This acts to

xeq

k Xeq
mg
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Unstrained Resultant
e position 0 G restoring
13 force
eq k(x + xeq) k x Equilibrium
___-___56____ T T __position
mg me
Figure 6.4

return it to its equilibrium position. At any instant, when x was negative (meaning that the
mass was above its equilibrium position), the ‘upward’ resultant force, kx, would also be negative,
telling us that the force was actually acting downwards at this instant. Since the force always acts
to return the mass to equilibrium, the term restoring force is often used.

So, what happens when the mass is displaced downwards (x positive) away from equilibrium
and then released? Initially, there will be an upward resultant force on the mass, so it will
accelerate upwards. Since downward movement has been chosen as positive, upward velocity
and upward acceleration are both negative. When the mass reaches its equilibrium position
(point A in Figure 6.5), x is zero and the resultant force and acceleration are zero as well. At
this point, the velocity has its maximum upward (i.e. negative) value. This upward velocity
carries the mass past this point and it moves above the equilibrium position. So x now becomes
negative and the resultant force then acts downwards and slows the mass down (acceleration is
downwards). At point B, the mass reaches its maximum upward (i.e. negative) displacement and
is instantaneously at rest. Since x is still negative, the resultant force continues to act downwards.
The mass passes back through the equilibrium position (point C), when it has its maximum
downward (i.e. positive) velocity. Then x becomes positive once more and the upward resultant
force slows the mass down until it reaches its original starting position (point D).

A
D — Displacement
B C — Velocity
ke
(5]
>
—
2 A B .
g C Time
[}
s
z
A A S~ b
B
]

Figure 6.5

We see that the resultant force on the mass depends only on the displacement measured from
the equilibrium position. Here, and in all other problems, the static forces in springs exactly
balance any gravitational forces on the mass under equilibrium conditions. Because they
always cancel each other, we ignore them and start at the equilibrium position and consider
displacements away from that position.
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Note: Throughout this unit, we will assume that displacements are small and that the spring
stiffnesses are constant. This means that the force in a spring varies linearly with displacement.
Such systems are called linear systems. If displacements are not small, the stiffness may vary
with displacement, but this is not considered here.

To create a mathematical model of the problem, the first step is to replace the physical system
(Figure 6.6) with a dynamic mass-spring model (Figure 6.7). In this simple case, the mass is
represented by a square block and the coil spring by a zig-zag representation.

Step 1 Dynamic mass—spring model "

Figure 6.6 Physical system

Figure 6.7

Step 2 Free-body diagram

X

(1) Remove the spring to leave the mass by itself. Figure 6.8
(i) Mark the chosen positive direction for displacement.

(111) Give the mass a positive displacement, write down the expression for the force and add it
to the diagram to show its positive direction.
Step 3 Equation of motion

Applying Newton’s second law, we write down the resultant force in the chosen direction of
motion (downwards in this example) and equate to the mass multiplied by the acceleration. Hence,

—kx = mX

This can be rearranged to give an equation in the form of a second-order ordinary differential
equation with constant coefficients.

mx + kx =0 (6.1)

Any sinusoidal function satisfies this equation, but from the earlier description of what happens
to the mass when it is displaced downwards and then released, a suitable mathematical form
would be x(f) = Xcos wt. This describes a sinusoidally varying displacement at frequency o, with
maximum deflections of X above and below the equilibrium position. The frequency of the
vibration is called the natural frequency and is the characteristic quantity that we are trying to
find. Sinusoidal displacement like this is often referred to as simple harmonic motion.

Differentiating x(f) = X cos wt, we get x = —wX sinwf and ¥ = —w?X cos t.
Substitute for x(f) and its derivatives into the equation of motion.

—mw?X coswt + kX coswt = 0
Cancelling X cos wf,
—mw?+ k=0
The natural frequency for this system is therefore given by \/% .The symbol, ,, is normally

used for the natural frequency. When substituting numerical values into the equation of
motion, ® must have the units of rad/s to make the equation consistent. However, the value
would normally be quoted (in a report, for example) using the units of Hz (hertz, or cycles per
second). The two are linked by the equation:

(,')ﬂ
fu[Hz] = > [rad/s]
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You will find that other systems have different equations of motion, but provided that we can
assume that displacements remain small, all will have the same form, namely:

Mz + Kz=0

where z is the chosen motion coordinate. Following the above analysis, we find that the natural

frequency is given by

W, = \/g [rad/s]

Hence, as soon as you’ve derived the equation of motion and obtained the coefticients of the
displacement and acceleration, you can immediately write down the expression for the natural

frequency of a system.

The system can be made to vibrate by lifting the block up (causing
the supporting beam to bend) and then releasing it, resulting in an up
and down vibration. The block will be treated as a rigid mass and the
supporting beam as a massless spring. The bending stiffness of the
beam is given by kg = TIZ Note that the symbol I, in this formula is
the second moment of area for the beam. Since displacements are
assumed to be small, we will neglect the rotation of the block caused
by the bending of the beam and consider only the vertical translation
of the mass. The example on page 402 shows one way of including the
effect of the rotation in the analysis.

Step 1 Dynamic model

X

Bending stiftness, kg

Figure 6.10

t .

Figure 6.9 Physical system

Dynamically, this case is identical to the first example and following the same procedure of
free-body diagram and equation of motion, the natural frequency will be found to be

J'l%
W, =\
m

(6.2)

The block and beam from the previous example can also be made to vibrate by rotating the
block about the axis of the support beam and then releasing it, resulting in torsional vibration.
In this case, the support beam can be modelled as a spring with torsional stiffness

G
kr = = (with units of Nm/rad). The block can again be modelled as a rigid body, but with a

L

moment of inertia I about the beam axis, which we will assume to be a fixed axis. Methods of
calculating the moment of inertia of rigid bodies are covered in Unit 6 of Part 1.

Clamp \
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Step 1 Dynamic model

Fingers show the

Angular \
/displacement \

direction of rotation

Thumb points in
the vector direction

Figure 6.11

It is convenient to use rotational vector notation in this example. As shown in Figure 6.11, the
angular displacement vector acts along the axis of rotation in a direction given by the ‘right-
hand rule’.

Step 2 Free-body diagram

If the block rotates by an angle 8, the induced torque in the support beam will be k8. 8= I

This will act in a direction to oppose the imposed rotation and to return the block to —T 17—k 0
its equilibrium position.

Step 3 Equation of motion Figure 6.12

Applying Newton’s second law for rotation, we write down the resultant torque in the
chosen direction of motion (to the left in this example) and equate to the moment of inertia
multiplied by the angular acceleration:

—k0 = 10

Rearranging,
10 + k=0

From the coefficients in the equation of motion, the natural frequency for this system is:

w, = \/% (6.3)

This example consists of a rigid, massless bar with a fixed pivot at one end and a large mass
attached at the other. The rocking motion about the pivot is restrained by two springs, one
attached to the mass and the other that is connected to the bar at point B.

Note: We will use the angular displacement of the bar about the fixed pivot as the motion
coordinate and assume that this displacement is small. This means that cos® = 1 and

sin® = tan O = 0.Taken together with the earlier assumption that stiffness values are constant,
the linear dependence of the spring forces on the motion coordinate, 8, will be maintained. As
a result, the model will give an equation of motion that is a second order ordinary differential
equation with constant coefficients.
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Step 1 Dynamic model L,

Rigid, massless
bar

Figure 6.13

Step 2 Free-body diagram K, L,0

: |

A \ B
o I\ m

!

KL O

Figure 6.14

For a positive rotation of the bar, point B will move up by L;0.This puts the spring K; into
tension, resulting in a downward force on the bar. Point C will move up by L,0, putting the
spring K, into compression and resulting in a downward force on the bar.

Step 3 Equation of motion

Taking anti-clockwise moments of the forces about the fixed pivot at A, noting that the
moment of inertia of the mass about the pivot is mL22, we get:

—K\Li0 X L; — K,L,0 X L, = mL,*0
Rearranging,
mL,”0 + (K{L,> + K,L,)0 = 0

From the coefficients of § and 6, the expression for the natural frequency is:

KL+ KL
W, = mL22 (6.4)

Lumped mass—spring systems

Many structures exhibit more than one mode of vibration, each with a different frequency. For
example, the Tacoma Narrows bridge had become known for its bending vibration almost from
the day it opened, but it was a torsional vibration excited by a particular speed of cross wind
that cause its collapse.

Some structures can be approximated by several rigid bodies connected by massless springs. The
analysis approach is an extension of the one used for single-degree-of-freedom systems, except
that each of the rigid elements will have a separate free-body diagram. Each will also have its
own equation of motion.
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In this example, the body of the caravan is assumed to behave like a rigid mass and is connected
to the axle (also assumed to be a rigid mass) by road springs in the suspension. The axle is
separated from the road by flexible tyres. The mass of the tyres and the suspension springs

is assumed to be negligible in comparison with the body and axle parts. A suitable dynamic
model for studying vertical vibration is shown below.

Caravan body (sprung mass)
k, Road springs
Axle and wheels (unsprung mass)

ky Tyres

Road

Figure 6.15

Since the body and the axle can move separately from each other, this model has two degrees
of freedom (two independent possible motions). Two coordinates are needed to describe how
the system moves: axle displacement and body displacement.

We will see that the model will predict two natural frequencies, each of which will have a
characteristic pattern of displacement, called a mode shape.

Step 1 Dynamic mass—spring model

Figure 6.16

Step 2 Free-body diagrams

Upward (positive) displacement of mass m; will put the spring k; into tension, resulting in a
downward force on the underside of the mass. The force in spring k, is given by the stiffness
multiplied by the change of length due to the displacements x; and x,. Since both have been
chosen to be positive upwards, the net change of length is the difference between them, that is
(x; — x5). The force in the spring is therefore k, (x; — x,). This is positive whenever x; > x,
that is, whenever the spring is in compression. The compressed spring will exert forces in the
direction shown in Figure 6.17.
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ky(oey = x5)
ky
ky(aeq — x5)
Xl T

ky(2y = x5)

ky %y ky x
kl% ka (g = x)
ks
Figure 6.17
We could have written the net change of length of the spring as (x, — x1) to give the force ol )
PAS )

expression as k, (x, — x4). This is positive whenever x; < x,, or whenever the spring is in

tension. With the spring in tension, the directions of the forces are reversed. Figure 6.18 Case 1 Spring in

The two cases are equivalent to each other, so both are correct. compression x; > X,
Note: The free-body diagram shows a ‘snapshot’ of the system when x; and x, are both
positive. The arrows on the diagram need to show the positive direction of the forces that each
spring exerts on the masses. The expression for each force is given by

koo = xy)
spring force = stiffness X change of length.
Take each spring in turn and ask yourself the following questions:
o What is the change of length of the spring? L
2

o Is the spring in tension or compression?

For the change of length, look at the positive displacements of the two ends of the spring. If
the direction of movement at both ends is the same (as it is in this example), the change of
length will be the difference between the individual displacements. If, however, the chosen k(205 — 24)
positive directions for the two ends of the spring are in opposite directions, the change of
length will be the sum of the individual displacements.You need to be systematic when
setting up the free-body diagrams.

Figure 6.19 Case 2 Spring
in tension x; < x,

Step 3 Equations of motion
For mass m,

—kyixy — ka(x — xp) = iy
and for mass m,,

T ko) = xp) = mpiy
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or m1551 + (kl + kz)?(fl - I€2X2 =0 (6.5)
and leééz - k2X1 + kzXz =0 (6.6)

=10

In matrix form,

ny 0
0 my

{551}+ [(’ﬁ + k) —ky

or
M]{x} + [K]{x} = {0}
where [M] and [K] are called the mass and stiftness matrices for the system.

As with single-degree-of-freedom systems, we can check for errors in the equations at this
stage. In particular,

(1) the terms in the leading diagonals of [M] and [K] are always positive;

(2) the off-diagonal terms may be positive or negative;

(3) [M] and [K] are often symmetric about the leading diagonal.

The equations are coupled: each involves both x; and x,. Physically, the coupling tells us that
if one mass moves, the other mass will also move; push the top mass down and the lower mass

moves as well. Put another way, motion of one mass cannot occur independently of the other.
Mathematically, the coupling means that the equations must be solved simultaneously.

For free vibration of the system at one of its natural frequencies, the motion of each mass will
be sinusoidal. Use as substitutions, x;(f) = X cos ot and x,(f) = X, cos wt, where X; and X
are the amplitudes of vibration of each mass.

Substituting into equations (6.5) and (6.6) and cancelling cos wt, which is a common factor in
all terms, gives

—mlmZXl + (kl + kZ)Xl - kz =0
and
_i/l120.)2X2 - I€2X1 + kzXz =0

or in matrix form

(ky + ky) — myw? —k, ] {X1} _ {0} 6.7)
—k, ky — mw? | [ X5] 10 (6.8)
or (K] — o’[M){X} = {0} (6.9)
or just
[Z]{X} = {0}
where
[Z] = [K] — o’[M]

Equation (6.9) is in the form of an eigenvalue problem; commonly presented in maths
textbooks in the form:

([A] = MBD{X} = {0}

In our vibration problem, the eigenvalues give the natural frequencies and the eigenvectors
give the corresponding mode shapes.

There are many methods of solving eigenvalue problems. In practice, most engineers will turn
to software such as Matlab, which has the necessary functions. A Matlab script for doing this is
provided on the book’s website: www.hodderplus.co.uk/mechanicalengineering. For problems
with only two or three degrees of freedom, however, the following procedure can be used.
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For a non-trivial solution of equation (6.9),
det[Z] =0
Multiplying out the determinant in this case gives

my 1412(1)4 - (m]kz + mz(k1 + kz))(})z + IQ1]€2 =0 (610)

Equation (6.10) is called the Frequency equation. For this problem, it is a quadratic in w?
and will have two roots, ®,;? and ®,,>, where ,; and w,; are the two natural frequencies of

the system and this gives us the first part of the information we are looking for.

To find the corresponding mode shapes, we substitute each root back into equation (6.7) or
(6.8) to get the relationship between X, and X,. Since equations (6.7) and (6.8) form a pair of
homogeneous equations, we cannot find unique solutions for X; and X, separately.

One way of resolving this is to make the amplitude of one mass equal to unity and then find
the amplitude of the other mass relative to this. For example, if we choose X, = 1, equation
(6.8) becomes:

(kl + kz - m2m1)X1 - k21 =0

Hence, ks

{)}g;} — k] + kz - (1)21’”1 (6.11)
1.0

X
The vector { Xl } is the required mode shape, which tells us the relative amplitude and phase
2
of the two masses.

Here is a numerical example for the caravan problem. Let m; = 70 kg, m, = 350 kg,
k; = 400 N/m and k, = 40 N/m

Natural frequencies
Substituting into equation (6.10) and solving gives ,;> = 103.7 57 and ®,,> = 6296.3572.

Hence, w,; = 10.18rad/s = 1.62Hz and w,, = 79.35rad/s = 12.63 Hz

Mode shapes
Mode 1
Put w,;> = 38.157 into equation (6.11) to give:

ol =]

In this mode, the axle and the body vibrate in phase with each other (X; and
X, are both positive values) and the amplitude of the displacement of the body feRl e P
is about 10 times that of the axle. This is because the tyres are relatively stift 1000 <.
compared with the springs in the suspension. It’s a low frequency vibration e
(1.62 Hz) and is commonly called the ‘bounce’ mode of the vehicle. A Matlab i 2= ki
script 1s included on the book’s website; that shows an animated version of the >
mode shapes, and Figure 6.20 is a still from the animation showing the positions of
the two masses at the instant that mass m, is at its uppermost displaced position. :[L g AL
Since the axle movement is small compared with that of the axle in this mode, = -

“ il = 40 i

we could have made the assumption that the tyres were effectively rigid, J
implying that the axle didn’t move. This would have given a single-degree-of- =
freedom system with the body mass supported only by the suspension springs. i
The natural frequency for this system is 1.70 Hz, which is similar to the figure of

1.62 Hz obtained above. Figure 6.20
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Mode 2
Put ®,,> = 261.85~ 2 into equation (6.11) to give:

{X1] _ {—54.09}

X5 1.0

In this mode, the axle and the body vibrate out of phase with each other (X, and
X, have opposite signs), and the amplitude of the displacement of the axle is over

50 times that of the body. It’s called a ‘wheel-hop’ mode and is at a much higher
frequency (12.6 Hz) than the bounce mode.

The previous worked example showed that the bounce mode of the caravan
could be estimated by assuming that the tyres were rigid. The second example
applies this observation to a four-wheeled vehicle to study the combined eftects
of bounce and pitch.

Step 1 The following assumptions will be made in developing the dynamic model:

1) Roll motion is not considered — pitch and vertical translation only.

The tyres are very stift, so that the axles do not move.

The shock absorbers are ignored.

Centre of mass

ka and kg are the combined stiffnesses for the front and rear springs respectively.

Eiﬁ

Figure 6.21

The body is rigid, with mass, m, and moment of inertia, I about its centre of mass.

B G A Equilibrium

4 position

Figure 6.22

A and B (the attachment points for the suspension springs) along with the centre of mass, G,

are marked on the dynamic model, which is shown in its equilibrium position.
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We will use xg (displacement of G) together with 0 (pitch angle) as motion coordinates. These
are convenient since they link directly with the two equations of motion for the body. The
vertical translation equation will need the absolute acceleration of the centre of mass and the
rotational equation will use G as the axis (there is no fixed axis on the car body) and we will
need the angular acceleration of the body.

Step 2 Free-body diagram

To draw the free-body diagram, it has been assumed that x and 8 are such that both springs
increase in length. For small 0, the increases in spring lengths are:

Xp = xg — af (6.12)
and . b . .
XB = XG + b0 ‘ ‘
With both springs in tension, the positive directions of the e

forces on the body are as shown in Figure 6.23.

. . B PN A
Step 3 Equations of motion /
For vertical translation of the centre of mass, l 9 l
.. ky x ka x
—ka(xg — aB) — kp(xg + b0) = mig BB ATA
Figure 6.23

For rotation about the centre of mass,
+kp(xg — aB)-a — ky(xg + b0) - b = I0g
Rearranging,
mXg + (kp + kg)xg + (bky — aka)d =0
and

160 + (bky — akp)xg + (aPkn + a®kg)0 = 0

5]+ [v1=1)

For a solution, put xg(f) = X cos ot and 6(f) = O cos wt.

In matrix form,

kA + kB ka - akA

m 0
ka - ClkA ﬂ2]€A + bsz

0 I

This gives,
IQA + kB - m(D2 ka - akA {&} _ 0 6.13
bky — aky  a*ks + bPhy — I;0? | O] {o} (6.13)
XG} _ [0
o atel =) 61

To find the natural frequencies, solve the frequency equation given by det[Z] = 0.

The mode shapes can be found by substituting the natural frequencies into either equation
(6.13) or (6.14). Using equation (6.13) for example:

(kA + kB - m(DQ)XG + (ka - dkA)@ =0

Let © = 1rad to give:

{XG} _ {(akA — bhy)/(kn + kg — mo?) 645

(S} 1.0
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Worked example

m = 900 kg Ig = 1000 kg m?
ks = 25kN/m kg = 10kN/m
a=1m b=2m

Natural frequencies

The frequency equation becomes

35 X 10° — 900w? —5 X% 103 _ 0
—5 X 103 25 X 10° + 40 X 10° — 1000w? | —
35 — 0.90> -5 _
or -5 -l
i
Expanding, 0.9w* — 93.5w> + 2250 = 0 é
Roots are w,;> = 37.8572 and w,,> = 66.0s™>
Hence, w,; = 0.98 Hz and w,, = 1.29Hz 2
N
i \
Mode shapes ”\fv'\:
b
Mode 1: Put ,;> = 37.8572 into equation (6.15) to give{ G} = {5'43} m
S} 1.0 J rad

X
To visualize the mode shape, { A} is more convenient. This ratio can be obtained by
using equations (6.12). Thus, ‘B

Xa| _ [X6 —aO| _ {5.43 -1X 1}: {4.43}
Xz Xg + O 543 +2 X1 7.43
Normalizing to make X = 1.0, we get:

{2] - {Oiéoo}

X, = 0.6
X - GG -

Equilibrium B
position

Figure 6.24

This ‘snapshot’ of the mode at its extreme position shows a predominant bounce motion,
with a little pitching.
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: Xa| _ —0.67}
| or from equation (6.12), [XB} = { Lo I
L]
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X _
Mode 2: Put ,,> = 66.0s™2 into equation (6.15) to give { G} = { 0'205} 1ol

(C) 1.0 rad

X G
Equilibrium B A
position
X, = -0.67
Figure 6.25

In this case, we see mainly pitching motion, with only a small displacement at the centre
of mass.

If the car was driven over a road with a gradually undulating profile (such as produced by
ground subsidence), the car will tend to bounce up and down with mode 1 dominating the
response. Alternatively, if the front wheels hit an obstruction in the road (for example, the
speed bumps used in traffic calming schemes in urban areas), it’s likely that a pitching response
dominated by mode 2 would result. We will see in Section 6.4 that the response of a structure
can be written as a combination of its modes of vibration, so in the general case, the response
will be a mixture of modes 1 and 2.

Torsional systems

Most mechanical power is transmitted via rotating shafts. Examples include the turbine—
alternator sets in power stations, the tail rotor drive in a helicopter and the propeller shaft in a
ship’s propulsion system. One of the problems for the vibration engineer is that power surges
or sudden changes in load can induce transient torsional oscillations that are superimposed on
the uniform rotation. Also, the drive torque can sometimes contain fluctuating components
that can set up steady state torsional oscillations in the system. In each case, the torsional
natural frequencies and modes shapes are required to study the behaviour.

There are two drive shafts in the V2500 engine, which powers the majority of Airbus 320
aircraft (and several others) currently in service. The main shaft transmits power from a
five-stage turbine at the rear to the fan and the first three compressor stages. The whole
assembly rotates freely, supported by three bearings. To study the torsional behaviour, the
dynamic model will assume that the fan and turbine assemblies can be treated as rigid elements
and that the mass of the shaft can be neglected.
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Figure 6.26 V2500 twin-shaft aero engine

Step 1 Dynamic mass—spring model

Fan assembly

Turbine assembly

0=
Figure 6.27

The engine rotates anti-clockwise when viewed from the front, so this has been chosen for the
positive direction of rotation for the two motion coordinates, 6 and 0.

Step 2 Free-body diagrams

0,

Figure 6.28
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If both motion coordinates are given a positive rotation, the twist in the shaft will be the
difference between the two. Hence the expression for the torque in the shaft can be written
as: k(B; — 0,). This is positive whenever 8; > 6, and results in the torque directions shown in
Figure 6.28.

Step 3 Equations of motion

For the fan, —k(0; — 6) = 1,6,
For the turbine, +k(0; — 6,) = L,
Rearranging, 1,6, + k8, — kB, = 0
and L0, — kO, + kB, = 0

In matrix form,
L 0][6 [k —k} 0, :{0}
0 IQ 62 _k k 62 0
Substitute 0;(f) = ©; cos wt and 0,(f) = O, cos wt to give
O] _ {0} (6.16)
o,] 1o 6.17)
Expanding the determinant of the coefficient matrix, the frequency equation is

1112(1)4 - k([1 + 12)(.02 =0

k - I](,l)z —k
—k k — 12(1)2

k(I + D)

. . > _ 2 _
This has, as its roots, w,;* = 0 and w ,* = LL

To find the mode shapes, substitute roots into equation (6.16) or (6.17). Using equation (6.17)
and putting O, = 1,

{91} _ ‘(k - Izwz)/lej (6.18)

0, 1.0

0,
For mode 1, ®,; = 0 and
0,

tells us that the rotor is able to rotate continuously in one direction, with no twisting of the

Shaft (9] = @2)

’ = {1} This describes a rigid body mode, which in this case

In all cases, a rigid body mode is characterized by a natural frequency equal to zero and by a
mode shape in which there is no deformation of any of the parts; in other words, the system
moves as if it were a single rigid body.

Any structure that is capable of moving without deformation (this is true of any structure not
connected to the ground) will have one (or more) rigid body modes with w, = 0. It follows
that the frequency equation will not contain a constant term. Since you can tell in advance
that this should be the case, it’s a useful check that the frequency equation is correct.

k(I + I ) —L/1
For mode 2, @, = “Tﬁand{@]}:{ 1201}
142 2 :

This mode has a non-zero frequency and the fan and turbine vibrate 180° out of phase with
each other, resulting in significant alternating twisting of the shaft.

Shaft whirl and critical speeds

Shaft whirl is a potentially destructive, self-sustaining flexural vibration observed in rotating
shafts. It occurs if the rotational frequency of the shaft coincides with a resonant frequency for
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flexural vibration. These shaft speeds are called critical speeds. A given shaft will be designed
to operate with some maximum speed. Ideally, if this maximum design speed is less than the
lowest critical speed, whirl will not be a problem. Unfortunately, this is not always possible
and it is vital to be able to calculate what the critical speeds will be. For example, the need

to minimize the mass of the drive shafts in an aero engine means that they may have critical
speeds within the operating range.

To examine the characteristics of shaft whirl behaviour, we will model the shaft as a ‘beam’
with a circular cross section in order to find its natural frequencies in flexure. The analysis
below shows that shafts potentially have an infinite number of flexural natural frequencies,
which means that they have an infinite number of critical speeds.

Flexural vibration of uniform beams

Apart from shafts, many structures exhibit beam-like vibrational behaviour. Examples include
aircraft wings, helicopter rotor blades and suspension bridge decks (all of which can vibrate
in response to aerodynamic interaction) and tall buildings, which vibrate significantly during
earthquakes. While these are more complex than uniform beams, they exhibit many of the
same characteristics and this section will provide some insight into this behaviour.

(@)

Ox

Yy
Figure 6.29

Unlike previous cases, a beam does not consist of discrete masses connected by massless
springs. Both mass and stiffness are distributed along the length. A diftferent approach is
required and we start by considering the free-body diagram of an infinitesimal element of the
beam of length dx.

> X
M oM
( S M+ I Ox M S M
v
) (=) T
S+ af‘)x y(x, 1)
Sign conventions
\

Figure 6.30

The equations derived and used in this section depend on the use of a standard sign
convention (shown in Figure 6.30) that defines the positive directions of the transverse
displacement, y(x, f), and of the shear force and bending moment. It is the same sign
convention as is used in Unit 3.

Bending moment — curvature relationship is

62)/
M = _EIW (6.19)
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Equation for vertical motion (downward motion is positive):

S 92
S - (S + an) = (pAﬁx)W
3S &y
ax — PG (©:20)

To simplify the analysis, we will neglect the rotational inertia of the element and the shear
deformation of planes of cross section. Both assumptions tend to give an over-estimate of the
natural frequencies of the beam. While this error is normally small for the first few modes, it
increases progressively when higher frequencies are evaluated.

The equation for rotational motion about an axis through the centre of mass of the element is:

dx 0S dx oM .
SZ+(S+6x8x)2_M+(M+ax8x)_o
_ _ oM
§=-5" (6.21)

Substituting for M from (6.19) into equation (6.21) and then for S in equation (6.20) we get

aty 9%y
El——= = —pAW

e (6.22)

This is the governing differential equation for the free vibration of the beam.

Equation (6.22) is a partial differential equation giving the deflection, y, which is a function of
space x and time t. The objective in solving the equation will be to find the natural frequencies
and the corresponding mode shapes.

For free vibration at a natural frequency, the displacement of any point on the beam in the
y-direction will be sinusoidal, but the amplitude of the vibration will vary along the length.
We can therefore use as a substitution,

y(x, 1) = Y(x) cos ot
Substituting into (6.22), we get
4
EI% coswt = pAw? Y(x) cos ot

dty  pAw?
o B YW

For a uniform cross section, A and I are constant and it is convenient to introduce the so-
called wavenumber, \, defined by

N = pé;”z (6.23)
to give d%/ = MY(x)
Take as solution: Y(x) = Ae*™
Thus, ot Ae® = \*Aexx
or at =4
so that ==X\ or =Fil
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The complete solution for Y(x) is therefore
Y(x) = AjeM + Aye ™™ + Ajel™ + A e M
which may be rewritten to give the more convenient form,
Y(x) = CysinAx + Cycos Ax + Cysinh Ax + C, cosh Ax (6.24)

This is a general equation giving the deflected shape of any beam of uniform cross section.
The constants C;— Cy need to be determined from the boundary conditions at the ends of
the beam. Four basic types of support are shown in Table 6.1 and other types of boundary
conditions are considered later.

Descriptive terms Boundary conditions

Built-in 9
clamped y=0 a_y =0
encastré *

Simple support | y=0
hinged 92y

pinned A M=0 . P 0

2
M=0 -V _g
dx?
Free | s
s=o0 -~ 2_g
dx°
P o
. X
Massless slider 5
s=0 ~22-¢
ax

Table 6.1 Boundary conditions for basic types of support
The following steps should be used to find the solutions for particular cases:

Step 1 Start by identifying the four boundary conditions. Use y(x,f) = Y(x) cos wf, with
equation (6.24) to express the boundary condition in terms of Y(x) and its derivatives.

Step 2 Since each of the boundary condition equations depends on C;— Cy, they can be
assembled in the form

[ZI{C} = {0} (6.25)
where {C} is a vector of the constants C;—Cy and [Z] is a coefticient matrix.
Step 3 For a valid solution, det [Z] = 0.

This gives the frequency equation and its roots will give the natural frequencies of
the beam.
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Step 4 When each root is substituted back into equation (6.25), the solution vector { C} will
define the corresponding mode shape when the values are put into equation (6.24).

Pinned—pinned sin\L =0
Clamped-clamped & free—free* COoS AL coshAL —1=0
Clamped—pinned & free—pinned* tan AL — tanh AL =0

Clamped-free cos AL coshAL+1=0

Table 6.2 Frequency equation for particular end conditions

Pinned-pinned 03 2w 3m 3 5w rw
Clamped—-clamped _
& freo_frec” 4.730 7.853 10.996 14.137 17.279 =~ (r+ 0.5
Clamped-pinned & | 5 057 | 7006 | 10210 | 13.351 | 16.493 | = (r+ 0.25)m
free—pinned
Clamped-free 1.875 4.694 7.855 10.996 14137 = (r-05m

Table 6.3 Numerical values of roots, \, L, of frequency equations.

*A free-free beam will also have two rigid body modes and a free-pinned beam one
rigid body mode, each corresponding to AL = 0.

Selecting the values of N, L from Table 6.3 for the beam of interest, the natural

N L\
frequencies can be found from equation (6.23). That is: w, = ( i3 ) 1/%

x=oA kﬂ

Figure 6.31

Step 1
The boundary conditions at x = 0 and at x = L are:
o &y
y = 0 and M = 0, the latter implying that Erei 0.

Since y(x,f) = Y(x) cos wt, the boundary conditions become

_ &£y _
Y=0 and dx2_0

From equation (6.24),
Y(x) = CysinAx + CycosAx + Cysinh Ax + Cycosh Ax

2
% = —N2C;sinAx — N> Cycos A\x + N2 Cysinh Ax + \? C, cosh Ax

Note that diesinh 0 = cosh® and die cosh® = sinh 6
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Hence, at x = 0

YO)=C, X0+ CX1+CX0+C,X1=0

2
((C:ll—xg)xzoz _)\2C1><O_)\2C2X 1 +)\2C3><O+)\2C4X 1 :0

andatx = L
Y(L) = Cysin\L + Cycos AL + Cysinh AL + C,coshAL =0

2
% = —N2C;sin\L — N> Cycos AL + N> Cysinh AL + N> C,coshAL = 0
Step 2
Assembling the four equations in matrix form gives:
0 1 0 1 (o 0 (a)
0 —\? 0 A2 C 0 b
_ _ 2l = ®) (6.26)
sin AL cosAL sinh AL cosh AL G 0 (©
—N2sinA\L  —N?cosAL  A’sinhAL  A’coshAL | (C, 0 (d)

Step 3

This is the particular form of equation (6.25) for a simply supported beam. Expanding the
determinant of the coefticient matrix and equating to zero gives the frequency equation,
so-called because the wavenumber is directly related to the frequency via equation (6.23).

—4\*sin N\Lsinh AL = 0

To identity the roots of the frequency equation, we note that a simply supported beam cannot
deflect without bending. In other words, it has no freedom to move as a rigid body and will
not, therefore, have a rigid-body mode of vibration. From equation (6.23), it follows that

N = 0 will not be a root of the frequency equation. Not only is N 7 0, but sinh AL 7 0.

The frequency equation therefore reduces to
sinAL = 0
which has roots \,L = rmforr=1,2, 3, ...

2
From equation (6.23), the natural frequencies are w, = (ﬂ) ,/% forr=1,2,3, ...

Step 4

To find the corresponding mode shapes, substitute the roots into equation (6.26) and solve for
the constants C;— Cy.

From (6.26a), G+C=0
From (6.26b), N(=C,+ C) =0
Since N, # 0, it follows that C=C=0
From (6.26¢), sin\,L-C; +sinh\,L-C; =0

Since sin\,L = 0 (the frequency equation) and sinh \,L # 0, C; = 0.

The only non-zero constant is C;. Its value is arbitrary and we normally choose C; = 1. From
equation (6.24), the mode shape expression becomes:

r

Y, (x) = sin\,x = sinTx, with r =1, 2, 3, ...

The first three mode shapes are as follows (there are animated versions on the book’s
supporting website):
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Mode #1 (r=1) Y, (x) = sin
Mode #2 (r = 2) Y, (x) = sin
Mode #3 (r = 3) Y3 (x) = sin

Figure 6.32

Figure 6.33

Consider a cantilever that is clamped at x = 0 and free at x = L.

Step 1
The boundary conditions are:
dy
At x =0, y=0 and 5—0
Atx =L M=20 : Oy _ 0
tx = L, - 92 T
d S=0 Lo 0
an - .. ax3 -

Since y(x,f) = Y(x) cos wt, the end conditions become:

dy _

Atx =0, Y=0 and A =0
X
Y &’y
Atx =1, W=O and @=O
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Step 2

Substituting from equation (6.24) we get (in matrix form),

0 1 0 1 C, 0 (a)

A 0 N 0 Gl_ Jo (b) 6.27)
—N2sinAL  —A?>cosAL  AN?sinhAL  N?coshAL | |C; 0 © ’
—N¥sinAL  —N’cosAL  N’sinhAL N coshAL | |C, 0 (d)

This is the particular version of equation (6.25) for a cantilever beam.

Step 3

The frequency equation is given by setting the determinant of the coefficients of C;—Cy
to zero. After some manipulation (and noting that a cantilever has no rigid-body modes), this
gives

1 + cosAL coshAL = 0

There are no closed-form solutions to this equation, so the roots N, L must be obtained
numerically and are given in Table 6.3 As before, the natural frequencies can be found using
equation (6.23), which is the definition of the wavenumber, .

Step 4

The mode shapes are obtained by substituting N = A, into equation (6.27) and solving for
the constants C;— Cy.

From (6.27a) and (6.27b) Cy=—Ciand C; = — G,
Thus from (6.27¢) or (6.27d)

C sin\,L + sinh \, L
27 cos\, L+ cosh\,L !

=0,C
This gives C,, Cy and Cy in terms of Cy, an arbitrary constant.
If we choose C; = 1, the mode shape becomes
Y,

(x) = sin\,x — sinhArx + g,(cos\,x — cosh Arx)

When each value of A, is used in this equation, a different deflected shape is obtained.

Mode 1

Vibration amplitude

0.0 0.2 0.4 0.6 0.8 1.0

Axial position x/L
Figure 6.34
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y
(]
<
E Mode 2
o
g
< T T T T 1
g (00 0.2 0.4 0.6 0.8 1.0
I
=
>
Axial position x/L
Figure 6.35
y
[}
<
B Mode 3
=
g
© T T 1
g (00 0.2 0.4 1.0
g
=
>
Axial position x/L
Figure 6.36
x=0 x=1L
G Mass m
M of I I,
Figure 6.37
Step 1
The boundary conditions at the clamped end are identical to the previous case. So, Y = 0 and
dY
- =0atx = 0.
dx

However, at x = L, S % 0 and M # 0. To look at the effect that the mass has on the vibration
of the beam, we use two of the basic principles of mechanics. These are

(1) compatibility of displacements
(2) equilibrium of forces and moments.

Consider first the shear force reaction between the beam and the mass.

The principle of compatibility determines that the displacement at the end of the beam is the
same as the displacement of the mass.

The principle of equilibrium of forces determines that the shear force on the beam is equal
and opposite to the force on the mass.

The free-body diagram is: S

B x—LIT ]y(L,t) l G

Figure 6.38
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Note the positive directions for the displacement coordinate and the shear force on the beam
defined by the sign convention adopted here.

We can write separate statements relating to the beam and the mass, which can then be
combined using the statement of equilibrium of forces.

For the beam For the mass
- {5 - 5]
S(O = EI ax3 x=1L S(t) = m 3x2 x=1L

But  y(x,f) = Y(x) coswt —m—> S(H) = m X (—w? Y(L) cos wf)

_ ﬁg
S(n = El(dx3 x:Lcoswt
4
Equating the shear force expressions and noting that w? = Epljl\ ,
&y m(\L)*
(@)x—L pALY Y(L) =0 (6.28)

Now consider the bending moment reaction between the beam and the mass.

The principle of compatibility determines that the slope at the end of the beam is the same as
the rotation of the mass.

The principle of equilibrium of moments determines that the bending moment on the
beam is equal and opposite to the bending moment on the mass.

The free-body diagram is:

S - |> “ Slope 6 = [%]

x=1L
Figure 6.39
For the beam For the mass
Py . . .
M(f) = —EI Pl The rotational equation of motion for the
T mass is
But y(x,f) = Y(x) cos ot 9%0
M) = Iu\ 57
1“/x=1L
_ ﬂ) o (4Y]
M(f) = EI( 32 )= oSOt Slope, 0() = ox gy ) cos ot

PO _ z(d_Y)
Therefore Froh o) P cos ot

Substituting into the equation of motion,

M(t) = — Iy »? (i—}c/) | cos ot

Equating the bending moment expressions,

d?y LuAD)* [y
(W)x:L_ I\SAL4 (_)x:L =0 (6'29)

dx
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Collecting the four boundary condition equations together, we have

YO =0  (a)

(a).=0

( d3_y) N m(NL)*
x=1L

Y(K) =0 (©

da® pAL*
d_Y) _ IuAD* (d_Y) _
(dx2 v=1  pAL* \dx eer Y ()

Step 2
To set up equation (6.25) for this system, substitute for Y(x) and its derivatives from equation (6.24).

Steps 3 and 4 then follow as in the previous examples.

Other structures with distributed mass and stiffness

The models presented in the earlier parts of this section are based on a range of assumptions
that may or may not be acceptable in particular cases. An aircraft wing, for example, will
exhibit bending modes of vibration, so the study of uniform beams gives some insight into the
behaviour that can be expected. However, a wing does not have a uniform cross section, so
the analysis will not be able to predict the natural frequencies of this structure accurately.

For this and many other structures, engineers will invariably turn to the finite element method.
There is an introduction to finite elements in Unit 3 related to obtaining displacements and
stresses due to static loads. This involves creating and solving an equation of the form:

[KITX} = {P}

[K] is a global stiffness matrix formed by combining the individual stiffness matrices of the
finite elements chosen to discretize the structure, and {P} is a vector of applied loads. {X} is
the solution vector giving the displacements at the nodes.

As well as solving static problems, most commercial finite element codes can also solve
vibration problems by calculating a mass matrix in addition to the stiffness matrix. This can be
used to set up and solve an eigenvalue problem in the form:

(IK] = o’[M){X} = {0}

This can be solved to give the natural frequencies and mode shapes for the structure.

Learning summary ~N

By the end of this section you should have learnt:

v/ a systematic approach for setting up the equations of motion for single-degree-of-freedom and
lumped mass-spring systems using the following three steps

Step 1 convert the physical structure into a dynamic mass—spring model

Step 2 draw free-body diagram(s)

Step 3 apply the appropriate form(s) of Newton’s second law of motion to give the equation(s) of
motion for the system;

v/ to obtain the natural frequency of single-degree-of-freedom systems from the coefficients in the
equation of motion;

v the equations of motion for lumped mass—-spring systems and how to obtain the natural
frequencies and the corresponding mode shapes;

v/ to set up the boundary condition equations for shaft/beam vibration problems and obtain the
frequency equation and an expression for the mode shapes.
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6.3 Response of damped single-
degree-of-freedom systems

Introduction

So far, we have looked at free vibration of systems and at their natural frequencies and mode
shapes. This section will analyse the response of single-degree-of-freedom systems to external
excitation. This takes the form either of applied forces and/or moments or of imposed
displacement on part of the system.

We will also introduce the effects of damping. Damping is the phenomenon that dissipates
energy in a structure. If there was no damping and a structure was set vibrating and then

left, the mathematics would suggest that it would carry on vibrating forever. This, of course,
is impossible and the structure would stop vibrating sooner or later. This is because all real
structures dissipate energy to a greater or lesser extent. There are many ways this can take place
and mechanisms include hysteresis effects in the material, friction between parts, aecrodynamic
interaction with the surrounding fluid and noise radiated from the surfaces. Most real damping
mechanisms are difficult to handle mathematically and we will consider one theoretical
damping model, called viscous damping and will only consider discrete dampers. These can
be pictured as a piston—cylinder device in which a viscous fluid is displaced from one side of
the piston to the other through a constriction such as an orifice. Vehicle shock absorbers are
normally based on this idea.

Fluid-filled Piston allowing flow
cylinder through constriction

\\E | .

O_ | O Diagrammatic
|

form
\_56 \_)',
Figure 6.40

In the viscous damping model, we assume that the force in the damper is proportional to the
relative velocity between the ends and acts to oppose the imposed motion. The constant of
proportionality is called the damping coefficient (normally given the symbol ¢) and has units of
N/(m/s) [or Ns/m].

Q

Hence the force opposing the motion is ¢ (x — y).

Note that dampers do not impose any stiffness on the structure; they only transmit a force if
there is relative motion between the ends. If there is no motion, there is no force.

In most engineering structures, the level of damping is low. As a result, any discrepancies
between the assumed viscous damping model and the actual damping mechanism are generally
small, so that the error introduced by our mathematical model is also small.

Equations of motion

In the examples that follow, the steps leading to the equation of motion are the same as
presented in Section 6.2 with the addition of any damping forces and any external excitation.
‘We will then look at the solution to the equation of motion for a few types of excitation.
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Step 1 Dynamic mass—spring model

Figure 6.41

Step 2 Free-body diagram

Figure 6.42

Positive (downward) displacement of the mass from its equilibrium position will put the spring
into compression, resulting in an upward force acting on the underside of the mass. Positive
(downward) velocity of the mass will compress the damper. The damper will oppose this
motion, resulting in an upward force acting on the underside of the mass.

Step 3 Equation of motion
p— kx — o= mx

or mx + cx + kx = p(f) (6.30)

Step 1 Dynamic mass—spring model

Figure 6.43
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Step 2 Free-body diagram (for small displacements)

K, L,0 cL,0
This is similar to the rocker system given as an example in Section l l
6.2, but with the addition of the damper and the applied force. 0 w\

produce upward velocity of the mass and cause the damper to
compress. The damper will oppose this motion, resulting in a
downward force acting on the top of the mass. KL

For the damper, a positive (anti-clockwise) angular velocity will l

Step 3 Equation of motion Figure 6.44
Taking moments about the fixed pivot at A, the equation of motion
is:

—K\L®- L — KL0- Ly — cL0- L, + p- L, = 1,0

Again modelling the rocker as a mass on the end of a massless bar, the moment of inertia of the
rocker about the pivot is Iy = mL,”.

Hence, on rearranging,

mL,*0 + Ly’ + (K\Ly* + K{L,")8 = p()L, (6.31)

We will make the following simplifying assumptions:
(1) The tyres are very stiff compared to the suspension springs (typically they are about ten
times stiffer).

(2) The tyres do not lose contact with the road. Taken with (1), this means that vertical
motion of the axle will follow the road profile exactly.

(3) The caravan body behaves as a rigid mass.

(4) Only vertical motion of the body is considered; pitching and rolling are ignored.

Step 1 Dynamic mass—spring model

Body

Springs and
dampers 2k

_T x
2¢ 0)
Axle J
Figure 6.45

Step 2 Free-body diagram

This is an example where the excitation is in the form of a prescribed displacement
instead of a force. With the assumption that the tyres are rigid, the road profile over which
the caravan travels exactly defines the motion (displacement and velocity) of the axle. Any

difference between the relative displacement or velocity of body and axle will give rise to

forces in the springs and dampers that will react onto the underside of the body.

Recall that the free-body diagram is a snapshot of a system when all motions (both

displacements and velocities) are positive. It shows the positive directions of the forces

that the springs and dampers exert on the mass. The force in the spring is given by Spring

force = Stiffness X Change of length. In this case, the change of length of the spring is the 2¢(F — X) 2k(r— x)
difference between the body and axle displacements, which we can write as (r — x). This

is positive whenever the axle displacement is greater than the body displacement. In this Figure 6.46
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situation, the spring will be in compression and will produce an upward force on the body.

For the damper, Damper force = Damping coefficient X Relative velocity. The relative velocity
can be written as (r — x). With positive (upward) velocities of both axle and body, the
expression for the relative velocity will be positive if the axle velocity is greater than the body
velocity. In this situation, the damper will be compressing (i.e. getting shorter). The damper
will resist this with the result that there will be an upward reaction force acting on the caravan
body.

Step 3 Equation of motion
2k(r — x) + 2c(r — x) = mx
or
mx + 2cx + 2kx = 2¢r(f) + 2kr(f) (6.32)

For any given vehicle speed, the shape of the road profile, #(f), can be measured as an
explicit function of time, so that we know exactly what the displacement of the axle will be.
Differentiating the displacement gives the axle velocity 7(f), again as an explicit function of
time. As a result, the excitation terms on the right-hand side of the equation of motion are
completely defined.

Collecting the equations of motion for the three examples, we have:

Mass—spring—damper system m¥X + cx + kx = P(f)
Rocker system mL,*0 + L0 + (K, L,> + K,L,”)0 =L,P(f)
Single-axle caravan mx + 2cx + 2kx = 2¢-#(f) + 2k-r(f)

While each of the equations is different in detail, you will see that they all share a common
mathematical form, that of a second-order ordinary differential equation with constant
coefficients. All linear, single-degree-of-freedom systems have this form, which can be
written generically as:

Mz + Cz + Kz = F(1) (6.33)
in which
z is the response coordinate
M is the coefficient of Z
C is the coefficient of 2
K is the coefticient of z and
F(f)  1s the excitation function; independent of z.

The exact form of the three coefticients and of the excitation function will depend uniquely
on the system being analysed.

The subsequent mathematical manipulation required to solve the equation of motion depends
on the nature of the excitation function and on the amount of damping in the system.
Mathematics textbooks provide comprehensive coverage of such problems, and Unit 4
presented the use of Laplace transforms for this purpose. In this unit, however, we consider
three specific cases, namely ‘free’ vibration and harmonic (sinusoidal) and arbitrary periodic
excitation.

Free vibration

If no externally applied forces or moments act on a structure, it can vibrate freely — hence the
term ‘free’ vibration. We have previously used this situation to find the natural frequency of
undamped systems. As mentioned above, the presence of damping means that any vibration
will stop sooner or later, and consequently the term ‘transient response’ is often used in place
of free vibration.
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For F(f) = 0, we can use a solution in the form, z(f) = AeM
Substituting into the equation of motion gives,

MN? AeM + C\ AeM + KAeM =0
For a non-trivial solution,

MN+CAN+K=0

so that
—C*VC*— 4KM
N = i (6.34)
The complete solution is then
2() = AjeMt + Ayet! (6.35)

The integration constants, A and A,, are found from the ‘initial conditions’ specified in the
problem. These will normally be the displacement and velocity at t = 0.

It can be seen from equation (6.34) that the roots Ny , can be either real or complex,
depending on the amount of damping present. While equation (6.35) gives a mathematically
correct description of the response, other forms relate more closely to engineering intuition
and are thus easier to interpret. Four cases with different damping levels are considered.

For zero damping, the system will oscillate with a sinusoidal waveform, although this is not
obvious from equation (6.35).

v—4KM K
= = +—— = +; /—
For C 0, )\1,2 = M =1 M

The term \/—]\_If[' is called the undamped natural frequency and is given the symbol w,,

Previously, we used the term ‘natural frequency’ for this. As we shall see later, a damped
system will have a frequency at which it will vibrate freely, so the words ‘undamped’ or
‘damped’ are used to distinguish between the two.

Returning to the general case, equation (6.35) becomes
2() = Ayel + Aye ion

This still doesn’t look much like a sinusoidal waveform. However, by using the complex
number identities,

e = cos® +isin® and e = cosH — isin0
and the fact that A; and A, are a complex conjugate pair, it can be shown that
z(f) = Beosw,t + Csin w,f (6.36)

The constants B and C are found from the initial conditions of the problem.

If the damping level is high so that C* > 4KM, the two roots, \{_,, are both real and
negative. The response, as given by equation (6.35), is the sum of two decaying exponential
functions. The constants Ay and A, are found from the initial conditions as usual.
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A special case for the roots of equation (6.34) occurs if C? = 4KM. This value of damping is
known as ‘critical damping’, which is thus given by

Coie = 2VKM (6.37)

This is an important relationship and represents the boundary between two types of response.
As we shall see in the next section, for subcritical damping the system will oscillate about

its equilibrium position before coming to rest. For high damping, the free response decays
exponentially back to its equilibrium position without oscillation.

From equation (6.34),

Ccrit
)\1 :)\2: _WE —w,

In this situation, in order to maintain distinct parts to the solution, the response is given by
2(f) = Aje™ @ + Ayte™ ! (6.38)

Note the ‘¢’ in the second term, which is needed to retain two distinct terms in the solution.

The vast majority of engineering structures possess damping levels much less than critical.
From common experience, we know that a structure left to vibrate freely will come to rest
eventually. The light damping case is thus the norm. Mathematically, this corresponds to the
case where C? < 4KM and the roots of equation (6.34) are a complex conjugate pair:

C V4KM — C?
No= “5M * YV a (6.39)

It 1s convenient to introduce the damping ratio, vy = Fitical gamping =5 \/(I;—M

Using also the expression for the undamped natural frequency, w,, equation (6.39) becomes

)\12 = —Yw, + i(,l)n\/1 - 'YZ (6.40)

Substitution into equation (6.35) gives a mathematically correct (but not very convenient)
solution.

R e .
—vyo, + iw,/1 — t -y, —iw,,/1 — t
z(t) = A1e( YOu T 10y ) + A26< YO, T 10y )

(6.41)

Again, making use of the complex exponential identities and the fact that A; and A, are a
complex conjugate pair, equation (6.41) can be rewritten as

Z(t) = e_’yw"t(Bl COS W,y [ 'YZ t+ B, sin W,y 1= Vz t) (6.42)

Equation (6.42) matches our intuition since it describes a sinusoidal waveform (indicated by
the terms in the brackets) with an exponentially decaying term at the front that will cause the
amplitude of the sinusoid to decrease. Note that the constants By and B, are both real. As an
alternative, equation (6.42) can be rewritten as

2() = Coe ¥ cos (w,/1 — v t — ) (6.43)

As with the previous cases, the two constants can be found from the initial conditions.

Note that equations (6.42) and (6.43) both show that the frequency of vibration is

o,/ 1 — ¥2. This is known as the damped natural frequency and is less than the undamped
natural frequency, w,,.
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Worked example

When at rest in equilibrium, the mass receives an impulse J of magnitude 5 Ns
applied at time, t = 0. Find the response for ¢t > 0.

Data: k = 500 N/m Free-body diagram
¢ = 20Ns/m
m=10kg k ljatt:o kx
X
X
k kx o
C
Figure 6.48
Figure 6.47

Equation of motion
—2kx — cx = m¥

or mx + cx+ 2kx =0

Note that the impulse J doesn’t appear on the free-body diagram or in the equation of
motion since it doesn’t exist for t > 0.

From the coefficients in the equation of motion, we find that w, = ”275 = 10rad/s and
Y= 5l ch = 0.1. Since the damping ratio is less than 1.0 in this problem, we can

vV 2kim
identify

that it is a case of light damping. From equation (6.42), we can write the expression for
the response as:

x(f) = e (B, cos (), t + B,sin (), 1)
where Q, = w,{/1 — > = 9.9rad/s.
First initial condition: x=0 at t=0 S B =0
Hence, x(f) = Bye Y®usin (), ¢

The second initial condition is the velocity immediately after the impulse, x;. This can
be found from the change in momentum caused by the impulse.

That is: J=m(xy — 0)
Therefore, Xy = —

Differentiating the expression for displacement gives

x = By[Q), e Yicos ), t — yw,e Yisin (), 1]

. _J _ o J
XO—m at t—O, oo m_BZ[Qn 0]
Hence B, = I and «x(f) = e Yulsin (), ¢t
’ 2 mQ“ n "
Substituting the numerical values gives x() = 0.0505¢ sin9.9¢ [m]

411



412

An Introduction to Mechanical Engineering: Part 2

Estimating damping

While the mass and stiffness of a structure can normally be calculated, the structural damping is
very difficult to predict. However, equations (6.42) and (6.43) show that the rate of decay of
the free vibration of a structure depends directly on the damping ratio, and this gives a method
of measuring damping.

In the above worked example, suppose we didn’t know the damping value, but had done an
experiment to measure the transient displacement from the impulse. Here is the measured
response waveform.

Displacement
> Il
N\

\ tl ‘}r Tw\/ N\ Time

h
The second peak occurs
one period after the first

Figure 6.49

We know that the expression for the displacement is x(f) = e Yulsin ), ¢
m{)

n

ei’ymﬂtl

The amplitude of the first peak at t = 1, is X; = m{)

n

The second peak occurs one period later and has an amplitude X, = o) e Yoult + To)

n

X
The ratio of the peaks is therefore ?1 = Yol
2

The period of the damped oscillation is T, = 2w 2w

w1 =y @
Taking logs of both sides of the expression for the ratio of the peaks, we get:
(2] =
n X = 2Ty

In this case, X; = 0.0431m and X, = 0.0229 m, so that y = 0.101 and ¢ = 20.1 Ns/m, which
compare well with the exact values of 0.1 and 20.0 respectively.

for light damping.

Note that the ratio of any two successive peaks is a constant, so there is good scope for making
several estimates of the damping ratio from a measured response waveform.

Harmonic excitation

Mz + C:+ Kz = f(t

The complete solution for z(f) consists of a particular integral and the solution to the
complementary function. The latter is simply the solution to the equivalent free vibration
problem considered earlier in this section. For non-zero damping, all these solutions decay to
zero with time and they describe the transient response of the structure due to the sudden
start of the excitation. In practice, the transient response normally decays quickly. As an
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example, the graph below shows the complete solution for the response of a single-degree-
of-freedom system due to the start of a cosine wave excitation. Near the start, we see the
decaying transient response superimposed on the particular integral solution.

bAoA s

Figure 6.50

— PI
— Total

After the transient response has decayed, we are left with the particular integral, which
continues for as long as the excitation remains. It’s normally called the steady-state response
and, in most cases, this is all we are interested in.

Method 1 Direct Substitution
Consider harmonic excitation of the form, f(f) = Fcos ot

For pure sinusoidal excitation, the response is also sinusoidal. The response has the same
frequency as the excitation, but the two are likely to have a phase difference. The key
information we want from the analysis is the amplitude of the response and its phase
relative to the excitation. A suitable expression for the response is therefore

z(f) = Zcos (ot + ) (6.44)

where 7 is the amplitude of the vibration and a is the phase angle.

To find Z and o, we substitute for z(f) and its derivatives in the equation of motion, expand
the various trigonometric terms and equate the coefficients of cos wf and sin wt. This gives

Z = £ (6.45)
V(K — Mo?)? + 0*C?
and a = tan”(%}\iﬂz) (6.46)

Note from equation (6.46) that the phase angle o is negative, indicating that the response of a
system lags the excitation.

/
— f)

— =20

gle

Figure 6.51
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Since the steady-state response to sinusoidal excitation is also sinusoidal and with the same
frequency as the excitation, the key parameters to be identified are the amplitude and phase
angle. Instead of drawing conventional time waveforms, a convenient way of showing the
amplitude and phase relationship between excitation and response is with a phasor diagram
(Figure 6.52).

Method 2 Complex algebra

This provides a mathematically convenient way of finding the amplitude and phase angle of
the response. It has the added advantage that the same mathematical approach can be extended
to more complicated (and therefore more realistic) structures, to more general forms of
excitation and to experimental testing and digital data analysis procedures.

The substitutions used are always the same; that is,

Put f(t) = Fel*! (6.47)
and 2() = Zewrto

= (ZeiYeior

= Z el (6.48)

where Z* is a complex number = Z(cosa + isina)

Differentiating 2(f), # = i Z* e and 7 = —@?Z" el

When these are substituted into the equation of motion, we get
(—Mw? + ioC + K)Z el = Fel!

F

*
Hence 2 =K = Mo + ioC
F .
or Z* = (K — M(,l)2)2 ¥ (1)2C2 [(K - M(l)2) - l(JJC]
or Z¥=a+ib
Hence Z = £
V(K = Mw?)? + o?C?
A
7k
&
£
P
é b
AT :
VF a Re;I
Figure 6.52
and = (=450

Plotting Z* and F on the complex (Argand) plane (Figure 6.52), gives the same phasor
diagram discussed before (Figure 6.53). Note that in practice, the imaginary part of Z* is
always negative. As a result, a is also negative, meaning that the response lags behind the
excitation (Figure 6.54).
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Z a / Re;l

Imaginary
Sl
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> z

Figure 6.53 Figure 6.54

Frequency response function

To see how the excitation frequency aftects the response, we will consider the frequency
response function (FRF). By definition, this is the response/unit applied force. Note that
it is used exclusively for force excitation.

Start with the general form of the equation of motion,

Mz + Cz+ Kz = f(1)
. . C _
Dividing by M and noting that M 2yw,, we get

3
74 2yw,: t+ 0lz =f(—M)

1
(w2 — ») + 2y0,0

=L 1 (6.49)

M (02 — w?) + i2vyw,w

With f() = Fe™ and 2(f) = Z*e!, Z* =

=Nl

The FREF is therefore: H(w) =

An alternative expression that emphasizes the frequency dependence is obtained by dividing
top and bottom by »2 and noting that Mw? = K gives

_Z_1 1
M= =% T RS
(D% : 'y (,')17
. . _1 1
The FRF magnitude is |H(w)| = I% (6.50)
w2\’ o’
®
and the phase angle is a = tan~! o)ﬂ (6.51)
T2
(Dﬂ

It is clear from these expressions that the response of the structure (its amplitude and phase
angle) depends on the ratio between the excitation frequency, w, and the undamped natural
frequency, w, and on the damping ratio, .

Figure 6.55 shows how the FRF amplitude and phase angle vary with both frequency ratio
and damping ratio.
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Figure 6.55 Amplitude (top) and phase angle (bottom) of FRF
plotted against frequency ratio

The graphs have been plotted for several values of damping ratio. Most structures have
damping ratios of less than 0.1 and it can be seen that the resonant peak (the maximum
response near the frequency ratio of 1.0) is large. Increasing damping will reduce the height

of this resonant peak. In the phase angle plot, we see that for low values of damping ratio,

the phase angle is close to 0° (i.e. the response is roughly in phase with the excitation) for
frequencies below the undamped natural frequency and close to —180° (roughly out-of-phase)
above the undamped natural frequency.

[
I
1

I
2 3 4

Imaginary

|F(w) x K]
/wincreasing

Figure 6.56 Imaginary part of the FRF plotted against the real part (y = 001)

—6
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The frequency giving the maximum response is called the resonant frequency. With low
damping, the resonant frequency, the undamped natural frequency and the damped natural
frequency are all virtually identical. For higher damping (look at the curve for y = 0.2), the
resonant frequency is less than the undamped natural frequency.

Each point on the real vs. imaginary plot shown above gives the phasor diagram we met before
(the arrow illustrates one particular frequency). Although this is not shown explicitly, we move
around the plot as the frequency ratio varies. Comparing this with Figure 6.56, when w = 0,
the amplitude is 1.0 and the phase angle is 0°. When w = o, the phase angle is —90° and the
response is purely imaginary. As w tends to infinity, the amplitude tends to zero and the phase
angle tends to —180°.

Worked example — Use of the frequency response function

Find the waveform of the steady-state vertical displacement of a reciprocating
air compressor (mass, m = 4000 kg) that operates at a crank speed, (), of

300 rev/min. The machine is supported on a set of four resilient mounts that
have an overall vertical stiffness of 2.5 MN/m and a damping ratio of 0.04.

The effect of the masses of the reciprocating pistons is to produce a vertical
force on the compressor given by

s() = 1.30%cos Qt + 3.0 02 cos 20t = S; cos w t + S, cos wyt

The compressor can be modelled as a rigid mass and its mounts as a spring—damper
combination as shown in Figure 6.57. Each sinusoidal term in the excitation will
produce a steady-state response that 1s sinusoidal with the same frequency as the
excitation. For example, the term S; cos wf will produce a response in the form
Xj cos(wqf + aq). We can use the frequency response function to do this.

s(9)

e

o
-

L e

Figure 6.57
Once the response to each excitation term has been found, the total response is obtained
simply by adding the two together.

For each excitation term, we have X; = H(w;) X §;so that X; = |X;| = |H(wj)| X S;
where j = 1 or 2. We can use the equations (6.50) and (6.51) to work out the FRF
magnitude and phase angle values.

Using the data given,
S = 1283 N,
S, = 2961 N,

H ()] = 6.81 X 107*mm/N, a; = —170°, X; = 0.87 mm
H ()| = 7.52 X 107> mm/N, a, = —178°, X, = 0.22mm
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Figure 6.58 Showing X, cos(w4t + a4) and X, cos(w,t + ay)
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Figure 6.59 Showing the total response by adding the two
waveforms together

The term ‘primary’ relates to the fact that the vibration frequency, w, is equal to the
rotational frequency of the crank. The ‘secondary’ component has a frequency that is
i twice the rotational frequency of the crank.

Periodic excitation

Structures are rarely subjected to pure sinusoidal excitation in their operating environment
and it may therefore seem strange that so much time is devoted to it in vibration textbooks.
In many situations, however, periodic excitation is present, a simple example being the air
compressor problem considered in the previous section.

If we consider the system shown in Figure 6.60, the normal mathematical approach for solving
the differential equation

mX + cx + kx = p(f)
is to ‘guess’ an appropriate expression for the particular integral. This was successful in the case
of sinusoidal excitation, but it can be difficult (or even impossible) for many other excitation

functions. The method used here is an extension of the approach used for the air compressor
problem.
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For a periodic waveform that repeats exactly every T seconds, Fourier series analysis or its
digital equivalent, the discrete Fourier transform (DFT), can split it into a series of sine and
cosine components. In this case, we will get

o.¢]
p() = Ay + Y [A;cos(jod) + Bysin(jo)]
j=1

where the repetition frequency, w, = %[Hz] = 2717 [rad/s].

The term in the square brackets represents a general sinusoidal wave with frequency jw,. The

steady-state response to this general term will also be sinusoidal with the same frequency and
we can calculate this using the frequency response function in much the same way that we did
for the air compressor problem. If we do this for all of the terms in the series, we can then add
all the individual responses together to give the overall response.

Figure 6.60

The process therefore is as follows:

Step 1 Use Fourier series analysis to decompose the excitation waveform into a set of
sinusoids.

We can use the complex number representation of the waveforms to good effect here.
For a typical pair of components we write

Ajcos(jwgt) + Bjsin(jw) as Pjeif‘”')[ where P; = A; + iB;
(If the DFT is used, this complex number form is calculated directly.)

Step 2 The response to this excitation can be calculated from the frequency response
function, so that

X} = H(joy) X P}
The response term, Xj*, will have the form C; + 1D; which can be interpreted as
C;cos(jogr) + Djsin(jwyf)

Step 3 Having done this for all frequencies in the excitation, all of the individual sinusoidal
responses can be summed together.

As an example, Figure 6.61 shows a periodic excitation in the form of a series of rectangular
force pulses with a repetition period of 0.25s (i.e. a repetition frequency of 4 Hz). The
response of a single-degree-of-freedom system is shown in Figure 6.62.

120
100 +

80
60 1

Excitation (N)

40-
20

0 T T T
0.0 0.2 0.4 0.6 0.8 1.0

Time (s)
Figure 6.61 The 4 Hz force pulse waveform

Figure 6.63 gives the results of Step 1 and shows the A4; (top) and B; (bottom) Fourier
coetticients of the rectangular pulses plotted against a horizontal frequency axis. In addition to
the A, at 0 Hz on the top graph, the components appear at 4 Hz, 8 Hz, 12 Hz, ... (i.e. the jw,
terms from the Fourier series, which are at integer multiples of the repetition frequency) and
some are positive, some negative. In this case, the coefficients up to j = 12 are shown.
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Figure 6.62 Response of single-degree-of-freedom system

[Note that since cos(0) = 1 and sin(0) = 0, the A, term can be seen as a special case of the
general summation when j = 0.]
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Figure 6.63 Cosine (top) and sine (bottom) coefficients of the Fourier series
expansion of the excitation waveform up to j = 12

Figure 6.64 shows the frequency response function for the system in the example, with the real

and imaginary parts plotted against frequency. The system has an undamped natural frequency
of 25 Hz and a damping ratio of 0.2.

In Step 2, we perform the complex multiplications between the FRF and excitation
components. As an example, component 5 (at 20 Hz) gives the following data.

Py = —298 +i3.77N

H((20Hz) = 0.0629 — 10.0559 mm/N
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Figure 6.64 Real and imaginary parts of the frequency response
function, natural frequency = 25Hz, damping ratio = 0.2

These points are highlighted in Figures 6.63 and 6.64. After the appropriate complex
multiplication we get

Pt = —0.376 — i0.045mm

Repeating this process by hand for a large number of components would be very laborious,
but software (such as Matlab) that is able to do the necessary complex arithmetic using the
Discrete Fourier Transform is widely available.

Component 5 is highlighted in Figure 6.65, which shows all of the C; (top) and D; (bottom)
terms plotted against frequency. These are the cosine and sine coefficients of the response
waveform, which are added together in Step 3. The resulting waveform is shown in Figure

6.62.

Figure 6.66 shows how the response waveform builds up as more terms are added. Figure
6.66(a) shows the constant term and the first three sinusoidal components (up to j = 5, or

20 Hz) and Figure 6.66(b) includes up to j = 13 (52 Hz). The waveform does not change
much once the j = 6 term (24 Hz) has been added. This is because the excitation components
are smaller above this frequency (Figure 6.63) and the FRF magnitude is also reducing (Figure
6.64).

Notes

(1) The above procedure will work for any periodic excitation.

(2) The frequency response function used here is the same expression that was derived using
pure sinusoidal excitation. We are thus able to use the result from a mathematically
convenient excitation case (but one which is not often experienced in practice) to find the
response to a more complicated (and practical) excitation.

(3) Most engineering structures have more than one resonant frequency. Provided the
frequency response function can be calculated (as explained in Section 6.4) or measured (as
in Section 6.5), the same procedure can be used.
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Figure 6.65 Real (cosine) and imaginary (sine) coefficients of the response of the system
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Figure 6.66 The summation process in Step 3: (a) terms up to j = 5; (b) terms up to j = 13
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As an example, Figure 6.67(a) shows the magnitude plot of the frequency response function
of a structure that has five resonant frequencies in the range from 0 to 350 Hz. To find the
response of this system to the same 4 Hz pulse sequence, the 3-step procedure is repeated, but
using the new frequency response function instead. The result is shown in Figure 6.67(b).

(a) 0.25
0.20 1
0.15 1
0.10 1

0.05

Magnitude of FRF (mm/N)

0.00 T T T T T 1
0 50 100 150 200 250 300

Frequency (Hz)

Response (mm)

Time (s)

Figure 6.67 (a) Magnitude plot of FRF of a five-degrees-of-freedom system and
(b) its response to the 4 Hz force pulses

Apart from some obvious differences in detail between this and the single-degree-of-freedom
response waveform, the general shape and amplitude are similar for both. The main reason
for this is that the original single-degree-of-freedom system is the same as the lowest natural
frequency of the five-degrees-of-freedom system. The single-degree-of-freedom system is
therefore a good approximation to the more complicated five-degrees-of-freedom structure.
In Section 6.6 we will discuss how we can create single-degree-of-freedom approximations to
more complicated structures.

Overall, the method is very powerful as it can be applied to any structure subjected to any
periodic excitation.

Learning summary

By the end of this section you should have learnt:

v/ 1o obtain the response of single-degree-of-freedom mass—spring-damper systems for the cases of
‘free’ vibration and for harmonic (sinusoidal) and arbitrary periodic excitation.
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6.4 Response of damped
multi-degree-of-freedom systems

Introduction

Section 6.2 covered free, undamped vibration problems in the form,

[M]{x} + [K]{x} = {0}

These were solved with the substitution, {x(f)} = {X}coswt, and led to the eigenvalue
problem,

(K] — o’[M]){X} = {0} (6.52)
Solving this gave the natural frequency, w,, and modal vectors, {X}, for each mode.

Section 6.3 discussed the forced response of damped single-degree-of-freedom systems.
This section extends this to damped systems with many degrees of freedom. The inclusion
of damping and excitation adds extra forces to the free-body diagrams and produces a set of
equations in the form,

[M]{x} + [Cl{x} + [K]{x} = {p()} (6.53)

These equations are coupled, implying that they need to be solved simultaneously. It is,
however, possible to uncouple the equations to give a set of individual second-order ordinary
differential equations, each with only one response variable. These look just like single-degree-
of-freedom equations and can be solved using the methods described in Section 6.3.

The steps involved are as follows:

Step 1 Uncouple the equations of motion to give a set of individual second-order ordinary
differential equations

Step 2 Solve each equation

Step 3 Combine the individual solutions to give the actual response of the system.

Orthogonality of modes

A property of the modal vectors of the undamped system holds the key to uncoupling
equation (6.53).

For a typical mode, r, we can rearrange equation (6.52) to give
[KI{X}, = o2 [M]{X},

Premultiplying by the transpose of a different mode shape vector, {X},, we get

(XBT KXY, = o AXT IMIEXS, (6.54)
Similarly, by starting with mode s, we can get

(X3 IKHX G = o2 {3, [MI{X, (6.55)
Since [K] and [M] are symmetric, it follows that

(X3 IKHXG = (X3 T KX, and (X7 [MI{XS, = (X [M]{XS,
Subtracting (6.55) from (6.54) gives
0= (0 = o2){X}," [M{X},

Thus, provided that , # o, (X} T [M{X), =0 (6.56)
from which it follows that (X3, T[K|{X}, =0 (6.57)
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Forr =1, (X},TIMI{XY, = M, (6.58)
which is called the modal mass (a scalar) for mode r
and (X}, TIKI{X}, = K, (6.59)

which is the modal stiffness for mode r. Together, these equations describe the property of
orthogonality for different modes of the system and they show that each individual mode
shape is unique and independent of the others.

Modal matrix and modal scaling

The so-called modal matrix, [®], is obtained by assembling all of the modal vectors, column
by column. That is,

[P] = [{ X} X} o X}, ]

Thus, column r of the modal matrix is the modal vector for mode r, with each element giving
the amplitude of the displacement in each coordinate for that mode.

Xlr
_ X2r
{X}1 - X?”
Written out long-hand, the modal matrix is:
X X2 X3
Xo1 Xy X3
[P] =

X3 Xz Xss

It is important to get a clear understanding of the notation being used here since, for example,
X3 1s not the same as Xj;. In particular, note that

the first suffix (i.e. the row number) = response coordinate number
and the second suffix (i.e. the column number) = mode number.

Thus, X3 is the response in coordinate 1 for the third mode of vibration and Xj3; is the
response in coordinate 3 for the first mode of vibration.

Using equations (6.56) to (6.59), it is easy to show that

[@"[M][®] = | M,

and

[@T[K|[®] = | K

These are the modal mass and modal stiffness matrices and it will be seen that they are both
diagonal matrices. It is these results that enable the equations of motion to be uncoupled.

Modal vectors have an arbitrary scaling. In equation (6.11), for example, the mode shape
vectors were found by setting the amplitude in one of the coordinates to 1.0. The particular
scaling adopted also affects the numerical values of the modal masses and stiffnesses. As a result,
these contain an arbitrary factor too.
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It is common to choose to scale the vectors so that all of the modal masses are equal to unity.
The benefit of this will become apparent later. Starting with an arbitrarily scaled vector

{X}, and the resulting modal mass M,, the modal vector can be scaled (or normalized) to
unit modal mass using the expression,

(X3,

N

{U}, = (6.60)

There 1s an example of this later.

One advantage of using this method of scaling is that, in addition to having all of the modal
masses equal to unity, the modal stiffness values are numerically equal to the square of the
relevant natural frequency, that is, M, = 1.0 and K, = ,? for all modes.

Forced response of an undamped multi-degree-of-freedom structure

Before considering a damped multi-degree-of-freedom structure, we will consider the
equivalent undamped problem. The coupled equations of motion are

[M]{x} + [K]{x) = {p(0); (6.61)
For step 1 of the solution process, we uncouple the equations by introducing the substitution
{x} = [P{q} (6.62)

where {q} is a vector of modal coordinates.
Substituting into equation (6.61) and premultiplying by [®]T gives
[PIMI[P]{G} + [PIT[K][Pl{q} = [P]"{p()}

Using the orthogonality properties for modal vectors and assuming that they have been scaled
to unit modal mass, we get

i) + | o? {g} = [P]"{p()} = {f()} say.
" (6.63)

Just as equation (6.61) describes the equations of motion in terms of the physical coordinates,
equation (6.63) describes the equations of motion in terms of the modal coordinates. Equation
(6.62) can be seen mathematically as a vector space transformation, taking the equations from
physical space (described by the physical displacement coordinates in {x}) to modal space
(described by the modal coordinates {q}).

Because the two matrices on the left-hand side of equation (6.63) are both diagonal matrices,
the individual equations are not coupled and each involves only one mode. The equation for a
typical mode r has the form

i+ o2q = £ (6.64)

Note that if the vectors have not been scaled to unit modal mass, the substitution of equation
(6.62) into (6.61) still results in uncoupled equations, but each then has the form

Mi'.q.i’ + qur :f;(t)

In either case, there will be as many individual equations as there are modes of the structure,
with each one involving only one of the modal coordinates.

Each equation describes a single mode of vibration and will tell us how much that mode
contributes to the overall response. This has the natural frequency w, and is subjected to
excitation defined by f,(f). Solutions for free vibration, harmonic and periodic excitation were
described in Section 6.3, and solutions using Laplace transforms are presented in Unit 4. The
fact that these are modal rather than physical space equations does not affect the mathematics.
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The solutions to the modal space equations are the responses of each individual mode of
vibration expressed in terms of the modal coordinates, ¢,(f). Finding the expressions for these
responses 1s step 2 of the solution process.

Once we have them, we can obtain the response in each of the physical coordinates by reusing

equation (6.62),
{x} = [®]{q}
This is step 3 of the solution process.

Written out longhand, these equations are

x1(f) T TP SR TIPSR I 1 0))
x(f) Upy  Hyp ot | [ga()
% (1) wyp ool 90

The response in a typical coordinate, j, is therefore

X

r

It can be seen that equation (6.65) states that the response of the structure at any instant is a

weighted sum of the individual modal vectors. The modal coordinates, ¢,(f), define how much

each mode shape contributes to the structure’s overall response at each instant.

Worked example

Find the steady-state response of each mass in the following two-degrees-of-
freedom system to a sinusoidal force of amplitude 10 N and frequency 6 Hz
applied to the 1kg mass.

X

1kN/m

——p,(f) = Py sin ot

Figure 6.68

Using the method presented in Section 6.2, the equations of motion, natural frequencies
and modal vectors are obtained first.

[1 0 {561}+[ 2000 —1000 {m}z{pl(t)}
0 2/1&2) " [=1000 2000/ |x 0

The eigenvalues are w,? = 63452 and w,” = 2366~ giving natural frequencies of
4.0 Hz and 7.7 Hz respectively.

j(t) = Z ”jrqr(t) (665)
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The corresponding mode shape vectors are

S R RIS o R

These vectors are scaled by making X, = 1.0 for each mode. Using equations (6.58) and
(6.59), the modal mass and modal stiftness values are:

M, = 2.54, M, = 9.46, K, = 1608 and K, = 22392.

Rescaling to unit modal mass using equation (6.58) gives the new modal matrix:

_ [0.460 —0.888
1= [0.628 0.325
Using the new modal matrix, the reader is left to confirm that [®]T[M][®] = [(1) (1)

0
2366

K, = 634 and K, = 2366 are numerically equal to the squares of the corresponding
natural frequencies.

From { f()} = [®]"{p(r)}, the modal forces are

A :[ 0.460  0.628 {m(t)}: 0.460 X py()
A L—0.888 0.325] 0 —0.888 X p; (1)

The modal equation for mode 1 is
g1 T ‘912(11 = fi(1)
or g1 + 634q; = 0.460p4(1) (6.66)

and that [®]T[K][®] = [634

]. As mentioned earlier, the new modal stiffnesses of

For the steady-state response, put p;(f) = 10e!! and ¢q,(f) = Q7 e’ into (6.66) with an
excitation frequency of 6 Hz to give:

o 4.60 _
Q) = 634 — (6 X 212 0.005 84
Similarly for mode 2,
o —8.88 _
Q= 2366 — (6 X 2m)> UEDa0

From equation (6.65),
{Xie"‘“’} _ [0.460 —0.888] {Qie‘“’}

X5 elot 0.628  0.325] | Q%eit
Hence, X7 =0.460 X Q] — 0.888 X Q5 = 5.66 mm
and X5 =10.628 X Q] + 0.325 X Q5 = —6.72mm

Notice that X7 is positive, showing that mass 1 moves in phase with the force applied to
it, while the negative sign for X shows that mass 2 moves 180° out of phase with the
applied force.

Repeating the exercise across a range of frequencies, the modal responses and the
displacements of the two masses are as shown in Figures 6.69 and 6.70.
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We see from the modal responses that each produces an infinite response if the excitation
frequency coincides with the relevant natural frequency (4.0 Hz and 7.7 Hz, in this case). At
frequencies in the vicinity of each natural frequency, the relative displacements of the two
masses will closely resemble the proportions given by the relevant mode shape. In the vicinity
of wy, for example, |Q}| > | Q3] so the first mode will dominate the response. The chosen
excitation frequency of 6 Hz is about midway between the two natural frequencies and we
find that the two modes make similar contributions at this frequency.

Looking at the displacements of the masses, it’s interesting to note that at about 5.5 Hz, mass 1
has a displacement amplitude of zero. This is perhaps surprising when you consider that the force
is applied to this mass. The ability to design a dynamic system that has zero displacement at the
point of force application is the basis for devices called tuned vibration absorbers. These were
used, for example, to help cure the resonant vibration problem on London’s Millennium Bridge.

Forced response of a damped structure

As with single-degree-of-freedom systems, the presence of damping complicates the analysis.
The equations of motion are

[M]{x} + [C]{x} + [K{x) = {p(0)}

In the undamped case, the equations could be uncoupled by transforming into modal space
using the modal matrix [®]. We can try the same approach here.
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For step 1, put {x} = [®]{q}, where [®] is the modal matrix of the undamped system.
Substituting into the equation of motion and premultiplying by [®]T gives
[RIMN[PI{G} + [PI[CNPIG} + [PV[KIP] {q} = [®]"{p()}

Using the orthogonality conditions for modal vectors, and assuming that they have been scaled
to unit modal mass, we get

UG} + IICIOHG) + | ©f g} = [ {p0} = (f0)}

In general, the modal damping matrix, [®]7[C][®], will not be a diagonal matrix and the
equations will not uncouple. The exception is if [C] can be written in the form

[C] = a[M] + a[K]
where a; and a, are constants. In this case, the equations will uncouple.
Engineers commonly assume that [C] does have the above form (even when it is not strictly
true), an assumption known as proportional damping. The assumption considerably
simplifies the analysis and the justification is that, since the damping in most real structures

is low, the error introduced is found to be acceptably small. If we make the assumption of
proportional damping, the modal damping matrix is

[DIT[CI[®] = 2y,w,

where v, is the damping ratio for mode r. The modal space equation for mode ris

4, + 2v,0,q9, + © 2q, = f,(t)

Steps 2 and 3 of the solution are then the same as before. An example of this is used in the
next section to find an expression for the frequency response function.

Frequency response function

The frequency response function for a multi-degree-of-freedom system can be calculated using
a simple extension of the method used in Section 6.3 for a single-degree-of-freedom system.
We will consider the case of sinusoidal excitation applied to coordinate k and find the response
in coordinate j.

Section 6.4 showed that the equations of motion can be uncoupled to give a set of equations
describing the behaviour of each mode. For mode r,

g, + 2v,0,4, + ©2q, = f(1)

The modal force vector, {f(f)}, is calculated from [®]T{p(#)}. In this case, only the kth
coordinate has excitation; all the other elements in the vector {p(f)} are zero.

[0
0

{p(0} = <pe(®) p
0

\ 0 )
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From {f()} = [P]"{p(t)}, we find that £i(r) = 1, p..(1)-

For harmonic excitation, put f,(f) = uy, P,e’® and ¢,(f) = Q¢! into the modal equation of

motion.
o = U Py
T (w2 — o)) +i2y,0,0
Upy
or 0,(t) = 73 I i,
(w7 — w7) +12vy,w,0 Pe

Combining the individual modal responses gives the response in coordinate j to be:

xj(t) = X;eiwt = Z”jrqr(t)
T
. Ujp Uy
N Z (,> — w?) + i2y,w,@ Py’

The frequency response function giving the response in coordinate j due to a unit sinusoidal
force in coordinate k is therefore:

X Ui Uy,
e Vir Pler
Hi(w) = P, Z(wr2 — o) +i2v,0,0 (6.67)

Learning summary

By the end of this section you should have learnt:

v/ to uncouple the equations of motion of a proportionally damped multi-degree-of-freedom structure
by making use of the orthogonality properties of the modal matrix;

v/ to formulate response expressions, including the frequency response function.

6.5 Experimental modal analysis

Introduction

Methods for predicting the natural frequencies and mode shapes of difterent types of structure
were discussed in Section 6.2. In each case, approximations were required to derive the model.
Moreover, none of the models was able to predict the damping level in the structure.

Experimental modal analysis tests a structure as it is, without the need for modelling
approximations. For each mode of vibration within a chosen frequency range, it identifies the
natural frequency, damping and mode shape. These are called the modal parameters.

As an example, Figure 6.71 illustrates the first bending and first torsional mode shapes obtained
from a test on a free—free beam. There are animated versions of these mode shapes on the
book’s supporting website. While many structures (such as helicopter rotor blades and lighting
columns) have beam-like characteristics, few meet the idealized conditions incorporated into
these theoretical models.

In this particular test, each mode shape has been defined in terms of the amplitude and relative
phase of the vertical motion at 18 points on the beam (9 along each edge). Each point vibrates
sinusoidally about the undisplaced (equilibrium) position, shown by the dotted lines in the
figure. Figure 6.71 itself shows ‘snapshots’ of the beam displaced when it is at one extreme of
this motion. As seen previously, some points on the beam (indicated by the chain-dashed lines)
are seen to be stationary. These are called nodal lines and are unique to each mode shape.

A common way of performing the tests is to measure a set of frequency response functions and
then find the modal parameters using a curve fitting procedure.
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First bending mode

First torsional mode

Figure 6.71

Frequency response function testing

The frequency response function (FRF) defines the response per unit applied force across a
range of frequencies. This was discussed in Section 6.3 where the FRF for a single-degree-
of-freedom system was derived. A sinusoidal force input was used and an expression for the
response displacement (expressed in terms of the steady-state amplitude and phase) was found.
The FRF for an excitation frequency ® was shown (equation (6.49)) to be:

_Z_ 1 1
Hiw) =" =74 (,> — 0?) + i2yw,0 (6.68)

where Z* is a complex number containing amplitude and phase information about the
response, F is the force amplitude, M is the coefficient of acceleration in the equation of
motion and o is the excitation frequency. The expression also contains two of the modal
parameters; w,,, which is the undamped natural frequency and vy, the damping ratio.

The amplitude and phase spectra are shown in Figure 6.72, plotted against the frequency ratio,
®/w,. These were discussed in detail in Section 6.3.

100
Frequency ratio
0 T T T 1
104 0-5
3 2 —454
x =
=2 2
[ gﬁ —90 -
1 | I3
2
<
= —1354
0 T T T 1 _180 -
0 0.5 1 1.5 2
Frequency ratio
Figure 6.72
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If a sinusoidal force was applied to a structure and the steady-state amplitude and phase of the
response was measured, one point on each graph would be found. The complete FRF plot
could be measured by repeating this test at many difterent excitation frequencies. This is called
a swept-sine test.

- A-18

T

Figure 6.73

For a single-degree-of-freedom system, there is one resonant peak. For a multi-degree-of-
freedom system, there would be several resonant peaks, but the swept-sine test would still
work.

Figure 6.73 is an example of an FRF of a multi-degree-of-freedom system. This one has five
resonant peaks, indicating five modes of vibration in the frequency range. Note that each
peak (such as the one highlighted in the box) has a related phase shift of 180°. This is the same
characteristic seen in the FRF for the single-degree-of-freedom system in Figure 6.72.

Since a single-degree-of-freedom system has only one coordinate to describe it, the response
in that coordinate tells us all we need to know. For a multi-degree-of-freedom system, the
displacement varies from point to point on the structure. At each resonance, the relative
amplitude and phase of the different points is called the mode shape and is difterent from one
resonance to the next.

Section 6.4 showed — in equation (6.67) — that the FRF for a multi-degree-of-freedom system
giving the response in coordinate j due to a unit sinusoidal force in coordinate k is:

X Wiy,
_ J — r r
Hi(w) = p, § : (®,° — 0% + i2y,0,0 (6.69)

where the summation is taken over all of the modes, r, of the structure, and w, and vy, are the
undamped natural frequency and damping ratio for mode number r. u;, and u;, are the mode
shape values in coordinates j and k for mode r.

This can be rewritten as:

(A )r
H(w) = Z (07 — w?) jj- i2v,0,0 (6.70)

The terms (Ay), = ujuy, are called ‘residues’ and are simply the product of the mode shape
values of the structure at the response and excitation positions for each mode.

433



434

An Introduction to Mechanical Engineering: Part 2

You can see that each of the five modes — i.e. each term in the summation in equation (6.70)
— is described by an expression like equation (6.68). In particular, if there was only one mode,

so that the summation in equation (6.70) had only one term, and the residue was equal to ]\L/I’

then it would be identical to equation (6.68). When deriving equation (6.69), the mode shapes

were scaled to give modal masses equal to 1.0 and this is why there is no Z\L/I term.

Measuring FRFs lies at the heart of experimental modal analysis. In principle, this can be done
by applying a known force to the structure at point k, measuring its response at point j and
then dividing one by the other. That is:

*
_N
Hyw) = (6.71)
An ‘impact test’ is a simple and effective technique for small, lightly damped structures. In
a typical set-up for such a test, the structure is excited by a tap from a special instrumented
hammer containing a force transducer. An accelerometer attached to a point on the structure

measures the response. A set-up for a test on a free—free beam is shown in Figure 6.74.

Figure 6.74 (Top) Beam supported in a cradle using rubber
bands to simulate a free-free condition An instrumented
hammer is next to the beam; (Bottom) Accelerometer
measuring the vertical response at one corner (Point #1)

The impact excites a wide range of frequencies simultaneously and the resulting transient
response is picked up by the accelerometer. Typical force and response signals are shown in
Figure 6.75.

The tap from the hammer excites many modes of the structure simultaneously. Each mode
behaves like a separate single-degree-of-freedom system and will give a transient response
consisting of a decaying sinusoidal vibration at that mode’s natural frequency. The overall
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Sl O e e _____d|

Figure 6.75 Typical force and response signals

response is the combination of the individual decaying oscillations from all of the modes in
the range. Provided that the structure behaves as a linear system, the principle of superposition
applies, and the individual modal responses will not interact with one another.

The force and response are both time domain signals, but they are clearly not sine waves as
used in the theoretical derivation of the FRF. Once digitized, the force and response signals
can, however, be analysed using the discrete Fourier transform to identify the individual
frequency components they comprise. For each pair of frequency components, dividing
response by force gives the FRF at that frequency.

(@)
i) = Ffw)

(6.72)

Doing this for all of the frequencies gives the complete FRF. An example was shown in
Figure 6.73.

Mode identification

It is apparent from equation (6.70) that the frequency response function embodies the modal
properties of the system (natural frequency, damping and mode shape). It follows that if

you can find values of (4,),, w, and 1y, for each mode that make equation (6.70) match the
measured FRF, you have a means of identifying the modal parameters. The matching can be
done by curve fitting an analytical fit function such as equation (6.70) to measured FRFs. This
is the basis for many commercial parameter identification programs.
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In the earlier example of a free—free beam, the vertical coordinate at 18 measurement points
were selected. If we used every combination of force and response coordinate, it would be
possible to measure a total of 324 (i.e. 18 X 18) separate FRFs. These tests could be put into
matrix form as:

X H, H, --- Hys||F
X2 H2,1 Hz,z T H2,18 F, (6.73)
Xig Higy Higpo --- Higas] (Fis

In this matrix, H; ; is the response in coordinate 1 due to a force applied in coordinate 2, etc.

Fortunately, it’s only necessary to measure one row or one column of the matrix of FRFs. If
we were using an impact test, we might place the accelerometer to measure the response at
coordinate 1 due to forces applied in turn at coordinates 1 to 18. Doing this would give us the
top row of the matrix.

Equation (6.70) shows that each FRF can be computed if the residue, natural frequency and
damping values are known for each mode. Conversely, the right-hand side of equation (6.70)
can be thought of as a parametric fitting curve in which the modal parameters must be selected
to give the best fit between the computed FRF and the measured one. General software
packages such as Matlab can be programmed to do the fitting and there are several dedicated
commercial programs on the market too. A variety of algorithms are used to do the curve
fitting, but a description of these is outside the scope of this book.

The frequency and damping of a mode are global properties; they are the same regardless of
the measurement positions. However, the residue for each mode, (A4;,), will be different for
each of the FRFs.

Once the curve fitting has been done for all of the FRFs, there will be residue values for each
of the measurement coordinates and for each mode. In the beam example, if we had measured
the top row of the FRF matrix, the curve fitting process would have given us the following
vector of residues for each mode:

(A A - Apish (6.74)

Recalling that the residues are simply the products of mode shape values, equation (6.74) can
be rewritten as:

L), (uy), (), (), -+ (), (ugg),} (6.75)

You can see that (1), is a common factor in every term in this case. This value can be found
provided that one of the measurements has the force applied at the same coordinate that the
response is measured at. In the example being used, this is coordinate #1. Once you have the
value of (A ),, the common factor can be found from equation (6.76).

(uy),* (), = (Al,l)r
or (), = (A1), (6.76)

Hence, the complete mode shape vector can be found from the corresponding residue vector
using equation (6.75).
(ALk)r

(), = T, (6.77)

Learning summary

By the end of this section you should have learnt:

v/ how the expression for the frequency response function for a multi-degree-of-freedom structure
can be used to identify the natural frequencies, damping and mode shapes of structures from
experimental tests.
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6.6 Approximate methods

Introduction

Often the lowest natural frequency of a structure is the most important. For example, if the
first critical speed of a shaft is above its operating speed range, whirl is avoided. It is often the
case that the first mode gives the largest displacement for a given excitation.

This section presents two methods for estimating the lowest natural frequency and shows how
single-degree-of-freedom approximations of more complex systems can be created.

Dunkerley’s method

Stanley Dunkerley developed a method of estimating the lowest critical speed of shafts. His
formula can be used to estimate the lowest natural frequency of any system.

1 1 1 1
ngw_12+m_22+...+w2+... (6.78)

n

where w, is the natural frequency of a subsystem that has only the rth mass present. The
following examples show how the formula is used.

Only mass #1 Only mass #2

Figure 6.76 Two-degree-of-freedom system and its two subsystems

The system on the left of Figure 6.78 has two masses, so there will be two subsystems, one
with only mass 1 and the other with only mass 2. The two subsystems are also shown in
Figure 6.76.

Subsystem with only mass 1 When we remove mass 2 to create this subsystem, we also
ignore the lower spring, since this is assumed to be massless. The natural frequency of the
subsystem is given by:
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Subsystem with only mass 2 Removing mass 1 leaves mass 2 supported by two springs
in series, each of stiffness k. These are equivalent to a single spring of stiffness > The natural
frequency of the subsystem is given by:

w,? =

3 ol

_k
2m

With two subsystems, Dunkerley’s formula will have two terms in the series on the right-hand
side. Substituting the subsystem results into the formula, we get

1 m . 2m _ 3m

0 kT k&

(6.79)

_ |k
Hence, =\ 3,

As a numerical example, if m = 2kg and k = 200 N/m, equation (6.79) gives the lowest
natural frequency to be 0.918 Hz. The exact answer is 0.984 Hz.

The phenomenon of shaft whirl, and a method for calculating the
whirl frequencies for plain shafts with uniform cross-sections, were
presented in Section 6.2. While this could be a good approximation
for the drive shaft on a vehicle, for example, it would not be
appropriate for the steam turbine shaft shown in Figure 6.77. This
carries several large-bladed discs that add significant mass to the
system and affect its natural frequencies and hence its whirl speeds.
Whirl can be avoided if the rotational frequency of the shaft remains
below its lowest natural frequency in flexure and Dunkerley’s
method is able to give an estimate of this.

We will look at a simplified example consisting of a uniform shaft Figure 6.77 Steam turbine shaft and discs
carrying three added masses.

Figure 6.78

Subsystem with only mass 1 present is:

Massless shaft

A

[e— X1
Figure 6.79
Since we are assuming that only mass 1 is present, we model the shaft as a massless spring.
Hence, the natural frequency for the system can be written as:

shaft stiffness at mass position, x4

w =
1 m
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For a uniform, simply supported massless shaft, the stiffness at the position of mass 1 is

3EIL

ki = x12(L — xp)?

,_ _ 3EIL
2

Hence, o) ——
U mx AL — xy)

This can be repeated with mass 2 only, and with mass 3 only, to give w,> and s> There is
also a fourth system in which all three of the added masses are removed to leave only the mass
of the shaft present. This is:

A A
Figure 6.80

For a uniform, simply supported shaft, the first natural frequency is

o = (£)2 EL
O \L) \pAa
Combining all of the frequencies using Dunkerley’s formula gives:

1 1 1 1 1
(1)22 + (,032 (1)02

For all systems, Dunkerley’s formula always gives an underestimate of the true frequency.
This is very useful, since it provides a conservative estimate for whirl calculations. Specifically,
to avoid the possibility of whirl, the lowest critical speed (i.e. the lowest natural frequency) of
the shaft must be greater than the top speed of the shaft. Therefore, if the top speed is below
the value predicted by Dunkerley’s formula, it should also be below the actual critical speed.

Rayleigh’s method

Lord Rayleigh observed that for an undamped system vibrating freely at one of its natural
frequencies, energy is conserved so that

maximum kinetic energy = maximum strain energy

This is the basis for his method. The strain and kinetic energies can be found for any structure,
provided that we know the deflected shape (i.e. the mode shape). Since we do not normally
know the exact mode shape, it is necessary to make an estimate of it. This is an important step
since the accuracy depends on making a good guess.

For systems with lumped mass and massless springs, the instantaneous kinetic energy for mass i is
=1 .2

(T)massi = 2mpXx;
For sinusoidal vibration, x;(f) = X;sin wt and x;(f) = wX cos wt. Hence the maximum kinetic

energy for mass i is

(TMAX>massi = %mi (in)Z = %wZ miXiZ (680)

where X is the amplitude of vibration for mass i based on the assumed mode shape.

The maximum strain energy in the spring

(Umax)springj = %kj (maximum change of length)? (6.81)

The totals for the complete system are given by summing the contributions of all the masses
and all the springs. Equating the strain and kinetic energies, and rearranging, gives an
expression for w?. The result can also be calculated from the mass and stiffness matrices for the
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system. That is
s TIKID)
{0} [M]{d}

where {¢} is the assumed mode shape vector.

(O]

From equation (6.78) the combined maximum kinetic energy for both masses is
TMAX == %(})2 my Xlz + %wszX22
= 302 (m X2 + my X,%)
From equation (6.81) the combined maximum strain energy for the two springs is
1 1
Unax = 2k X;? + 2ky (X) = Xp)°

Equating Ty ax and Upax, We get
2 _ k1X12 T k(X — X2)2
n M1X12 + m2X22

® (6.82)

'If we can estimate the mode shape, we will have values of X; and X, that can be substituted Figure 6.81
into this equation.

As a numerical example, take the case of m; = m, = 2kg and k; = k, = 200 N/m. For

the first mode of vibration, we would expect the two masses to vibrate in phase with each
other and for X, > X;. Given that the springs have equal stiftness, we might guess that they
both stretch by the same amount, which would suggest that X; = 1 and X, = 2 would be a
reasonable estimate.

Substituting these values into equation (6.82) gives a value for w, of 1.007 Hz. The exact
answer for this problem is 0.984 Hz, so the error is 2.3%.

The lowest mode shape often resembles the static deflection shape, so this is invariably a
good ‘guess’.

Here, noting that the bottom spring supports one mass, but the top spring carries the weight
of both masses, the static extension of the top spring will be twice that of the lower spring. As
a result, the static deflection shape is X; = 2, and X, = 3. This gives o, = 0.987 Hz, which is
an error of only 0.4%.

If we knew the exact mode shape, we would find that this gave the exact answer.

Because Rayleigh’s method imposes a deflection shape on the system, it eftectively constrains
it to vibrate in a different way from the true mode shape. As a result, Rayleigh’s method will
always give an overestimate of the natural frequency, unless you happen to guess the exact
mode shape by good fortune.

Thus, wRay]eigh = WExact

The technique to adopt is to try several possible mode shapes. The lowest of the predicted
frequencies will be the most accurate.

Rayleigh’s method can also be applied to shafts and beams. In this case, the expressions for the
maximum kinetic and strain energies are

1 L
Tvax = szj(; pA[Y(x)]? dx (6.83)
1 (Y
Upmax = 5/; El(w) dx (6.84)
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where Y(x) is the mode shape function, which defines the amplitude of vibration of the shaft/
beam along its length. Non-uniform cross sections (where A and I are functions of x) can be
analysed, as can systems of interconnected beams, and systems that include discrete masses and

springs. In each case, we sum the contribution of each element to the overall strain and kinetic

energies.

We need to guess Y(x) in order to evaluate the integrals.

The exact answer for this problem can be found by substituting the first root of the frequency
equation given in Table 6.3 into equation (6.23). This gives:

o = 3:52 [EI
n LZ pA

The main criterion for choosing the mode shape is to ensure that it satisfies the displacement
and slope conditions at the ends of the beam/shaft.

For a cantilever beam, Y = ?1_3: = 0 at x = 0. The exact mode shape (see Section 6.2) is:

sin \qL + sinh \{L
cos\;L + cosh\|L

Y;(x) = sin\jx — sinh Ajx — (cos Nyx — cosh A\jx)

It would be impossible to ‘guess’ this function, particularly when we don’t know the natural
frequency (which is needed to work out the wavenumber, ).

Choice 1 Quadratic function Y(x) = Cx?

This expression satisfies the displacement and slope conditions at the clamped end and gives a
shape that is similar to the actual mode shape.

The maximum kinetic energy is given by
1 L
0

crs
5

1.2
—2mpA><

,pACL>
“10

The maximum strain energy
1E (&Y
Unmax = Ej; EI(W) dx

1 L
=5 EI2C)?dx
0

= 2EIC2L

. . EI
2 =
Equating gives w, 20 DAL

4.47 | EI

Prediction is w, = 2 oA’ which is significantly (27%) higher than the exact value.

Choice 2 Static deflection shape Y(x) = C[(%)4 — 4(%)3 + 6(%)2]

This expression gives w, = 3'L524 ,/%, an error of less than 1%.
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Choice 3 A trigonometric function

Suitable functions can often be found by inspection, avoiding the need to calculate the static
deflection shape. For a cantilever beam, a suitable function would be:

Yx)=1— cos(%)

Using this, the prediction is w, = 3L626 %, which is 4% high.

Figure 6.82 compares each of the three approximate mode shapes with the exact expression.
The quadratic function is the least accurate shape and gives the least accurate estimate of the
natural frequency. Notice that there is greater bending in the quadratic function, resulting
in an overestimate of the strain energy. Also the displacement amplitudes are less, resulting
in an underestimate of the kinetic energy. Since we effectively divide the strain energy by
the kinetic energy (albeit without the w? term), these two factors explain why the quadratic
function gives such a high estimate. The static deflection shape is closest to the exact mode
shape and this is why it gives the most accurate estimate of the natural frequency. The
trigonometric function is a good compromise and can be found for different beams by

inspection.
A
Static shape

(5]
3 — Exact mode shape
-'é Trig function
g — Quadratic
=
g
g
=
>
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Figure 6.82 Comparison of mode shape estimate for a
cantilever beam

i3 |

A

Figure 6.83

The added masses don’t change the strain energy, but they add extra kinetic energy.
For mass at x = x, the maximum velocity is ® Y(x,)
Contribution of mass p to the kinetic energy is 7 m,[0Y(x,)]

These contributions need to be added to the kinetic energy of the shaft itself. Hence, the total
kinetic energy becomes

1 L 1
Tune = 507 [ pADWEd+ 3 SmeViP
ALL MASSES
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Single-degree-of-freedom dynamic models of complex systems

The approach is based on the observation that if the fotal strain and kinetic energies of two different
dynamic systems are identical, an exact analogue relationship will exist between the two systems. Such
systems are called dynamically equivalent systems.

In situations where the real system has many degrees of freedom, but where only one mode of
vibration is of interest, the concept provides a powerful method for producing an approximate
single-degree-of-freedom model to describe that mode of vibration. Not only are single-
degree-of-freedom models easy to analyse, but examples in this section have confirmed that
they can often give good predictions of the general behaviour of more complex systems. We
will consider only undamped systems here.

The approximate model consists of a simple mass—spring system, in which the displacement of
the mass represents the displacement of some chosen point on the real structure.

Using the concept of dynamically equivalent systems, the mass and spring stiffness of the
approximate model are chosen so that the maximum strain and kinetic energies of real and
model systems are the same.

To do this, we assume that the lowest mode of vibration is dominant and therefore defines
the deformation pattern in the structure. This is a good assumption if the system is vibrating
sinusoidally near its lowest mode of vibration, but can also work well in other cases. An
example of the latter was shown in Figure 6.67 where the response of a five-degrees-of-
freedom system to a sequence of rectangular pulses was shown for comparison with that of an
equivalent single-degree-of-freedom model.

As with Rayleigh’s method, the accuracy of the model relies on having a good estimate of the J
real structure’s mode shape. =
200 N/m =

In this example, we will find an approximate single-degree-of-freedom model to analyse the
motion of the top mass of the three-degree-of-freedom system shown in Figure 6.84.

The first step is to establish a link between the displacement of the mass in the approximate 200 N/m
single-degree-of-freedom model and some chosen point on the real system. In this case, the
obvious choice is to link the displacement of the approximate model to the displacement of
the top mass, x, since it’s the motion of this mass that we want to predict.

However, since we are assuming that the motion of the real system is given by our chosen
mode shape, not only does the approximate model predict the behaviour of the coordinate
used as the link with the real system, but we can also work out the motion of the other
coordinates since they are all linked by the assumed mode shape. In this example, it means that
once we’ve found x(f) we can get y(f) and 2(f), since each will be related to x(f) in proportion  Figure 6.84

X
to the mode shape { Y'¢.

200 N/m

The approximate model is shown in Figure 6.85, with the motion coordinate chosen as x to
match the coordinate of the top mass in the actual system.

To find the values for the mass and stiffness in the model, we equate the maximum kinetic and
strain energies in the real and approximate systems.

Equating maximum kinetic energies in the real (LHS of the equation) and model systems
(RHS of the equation), we get:

FH@X)2 + F20Y)? + $2(@Z)? = Fm@X)>

2 2 2
L AX2+2Y2 427 (6.85)

Hence,
X2 Figure 6.85
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Equating maximum strain energies in the real and model systems, we get:
1200(X — V)2 + 2200(Y — Z)? + 2200 2% = $kX>

200[((X — V)2 + (Y — 2)> + 727
k= X2

To get values for m and k, we need an estimate for the mode shape. For the lowest mode

Hence, (6.86)

shape, we expect all three masses in the real system to vibrate in phase with each other and,
since the top mass is not connected to ground, that X > Y > Z.

Choice 1 Since all springs have the same stiffness, we might guess that they all deflect by the
same amount. This implies that the mode shape would be:

14t

Substituting these values into equations (6.83) and (6.84) gives, m = 5.11 kg and
k = 66.7N/m.

X 9
Choice 2 The static deflection shape for this system is ‘Y} = 7] and substituting these values
V4 4

into equations (6.83) and (6.84) gives, m = 5.60kg and k = 71.6 N/m.

To decide which of these models is the more accurate, we can compare the natural frequencies
predicted by each one.

Choice | mikgl | kINm] | o,[H2
1 5.1 66.7 0.575
2 5.60 71.6 0.569

It can be seen that the second choice (the static deflection shape) is the more accurate since it
gives the lower estimate of the natural frequency.

F cos wt
Y

y(L, )
Figure 6.86

In the second example, we will create a single-degree-of-freedom model of a uniform
cantilever beam and use it to estimate the steady-state response at the free end due to a
sinusoidal force having a frequency near the lowest natural frequency of the beam.

There are two stages. First, we set up the approximate model and then we use it to do the
steady-state response calculation.

In this case, we choose to link the displacement of the mass in the approximate model to the
displacement at the free end of the cantilever. In terms of the chosen displacement variables,

(1) = y(L, 1)
For steady-state, sinusoidal vibration, the link can be written as
Zcoswt = Y([)coswt or Z = Y(L)

To proceed, we need to choose an expression for Y(x), the amplitude of vibration for the
cantilever. Two possibilities are considered.

lF cos wt

Figure 6.87

N
—
=



Structural vibration

Choice 1 Y(x) = Cx?
Linking this with the approximate model, Z = Y(L) = CL?

Hence, C= so that  Y(x) = 75

Z
L2
This expression for Y(x) is then used to calculate the maximum kinetic and strain energies in

the beam. By equating these to the equivalent expressions for the single-degree-of-freedom
model, we get the required mass and stiftness values.

For the kinetic energies, Tyviax = f pA[Y(x)]>dx = %mwzzz

This gives the mass for the approximate model to be m = 0.2 p AL. Note that p AL is the mass
of the beam.

) . dZY 1, .,
For the strain energies, Umax = 2 EI dx = > ~kZ*
. . . _ EI
This gives the spring stiffness for the model to be k = Ve
. . _ 447
Applying the natural frequency test to the approximate model, we find that w; = 2 | pA’

which is the same (poor) result obtained with Rayleigh’s method using this choice for Y(x).

Choice 2 Static deflection shape, Y(x) = C[(%y — 4(%)3 + 6(%)2]

Linking this expression at x = L with the coordinate for the approximate model, we get

Z=Y(L)=C[1* -4 X 13+6X 1% =3C

x\4 x\3 x\2
(B = 4(5) +olF)]
Using this expression to calculate the mass and stiffness values for the model gives the
following.

Hence, C = Z and Y(x) =

Z
3 3

m=0257pAL and k= 3. 20 Lv,

The natural frequency test in this case gives w; = 3 53 0 A’ which 1s lower than the result

from the first choice, confirming that the static deﬂectlon shape is the better approximation.

Having established the single-degree-of-freedom model, we can now use it to estimate the
steady-state response at the free end of the beam due to a sinusoidal force. The equation of
motion for the approximate model is:

mz + kz = F(t)
Making the standard substitutions, F(t) = Fe'®' and z(t) = Z"el*', we get

F

A T——

Note that since there is no damping in this model, the expression for Z* is real.

This meets the objective of finding the steady-state amplitude of the deflection at the free end
of the cantilever. However, since we have assumed that the deflected shape of the beam can
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be defined by the mode shape (that is, the function Y(x)), the expression for Z* can also tell us
the vibration amplitude at any point along its length. In the case of choice 2, this gives:

v = Z(3)" - 4(3)" + o(3)]

- s (2] ) o)

Learning summary ~

By the end of this section you should have learnt:

v/ 1o use Dunkerley’s method and Rayleigh’s method to obtain estimates of the lowest natural
frequency of structures;

v/ to create a single-degree-of-freedom approximation of a more complex structure and use it to
estimate the structure’s response.

6.7 Vibration control techniques

Introduction

Vibration isolators (also known as anti-vibration mounts) are used for reducing the
vibration transmitted from a source. They work by introducing flexibility between a
device and its support.

Case 1 In some cases, the source of vibration is within
the device and the objective is to minimize the force
transmitted to the support. Examples are a ship’s
engine that can transmit vibration to the deck
structure or a passing train that can produce
ground-borne vibration.

Case 2 In other cases, the source may be remote, but
causes the support for a device to vibrate. Here, 2
the objective is to minimize the displacement transmitted II O
to the device. Examples are a satellite mounted in II
a launch vehicle or the need to protect sensitive
laser instruments from ground-borne vibration. II H I

Spacecraft

~~——~— | Isolation
system

I launch
vehicle

AT

Figure 6.88 Satellite isolation
system
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Types of isolator

This is the most common type of isolator. Elastomers can be moulded from many different
combinations of many different materials, including natural rubber, neoprene, butyl and
silicone. A typical mount made with these materials generally employs the elastomer in shear
but many utilize compressive strain also. The mounts may employ the elastomer in a manner
that provides both shear and compressive loading for effective isolation performance in both
the horizontal as well as the vertical direction. It is relatively easy to design various degrees
of damping, shape, load—deflection characteristics and transmissibility characteristics into
elastomeric isolators. The inherent damping of elastomers is useful in preventing problems at
resonance that would be difficult to restrain if coil springs were used.

For isolation from shocks, elastomers offer some significant advantages because of the fact that
they can generally absorb more shock energy per unit weight than other forms of isolator
system.

Pneumatic isolators are air-filled, reinforced rubber bellows with mounting plates on top
and bottom. Isolators such as these can provide very low natural frequencies with small static
deflections. To provide a 1 Hz natural frequency, a steel coil spring isolator would need to
be about 600 mm long and capable of deflecting about 250 mm. It would thus be difticult to
install and would also present some lateral stability problems. Unlike most isolators, which
are passive devices, pneumatic isolators are also used with position feedback in active control
systems. This is used, for example, to maintain the height of a table for mounting optical
equipment that is sensitive to the slightest movement.

Figure 6.89

Springs may be loaded in tension but it is frequently more convenient to load them in
compression. Coil springs are used primarily for the isolation of low-frequency vibration.
Consequently, they operate with a relatively large static deflection and lateral stability may be a
problem. It can be shown that a coil spring will be stable if

lateral stiftness __ static deflection
axial stiffness working height
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Coil springs possess practically no damping, and the transmissibility at resonance 1s extremely
high. This can be overcome by the addition of friction dampers in parallel with the load-carrying
spring and these types of isolators are widely used. Another method of adding damping to a
spring is by the use of an air chamber with an orifice for metering the airflow. For applications
where all metal isolators are desired because of temperature extremes or other environmental
factors, damping can be added to a load-carrying spring by the use of metal mesh inserts.

High-frequency vibrations can be transmitted through the coils to the isolated unit. To overcome
this, one or both ends of the spring can be fitted with elastomeric pads. Conventionally, the pad
is attached to the bottom of the spring assembly, which has the added advantage of providing a
non-slip surface that frequently eliminates the need to bolt the isolator to the floor.

Transmissibility analysis

The isolators are invariably very much more flexible than the device they support, so the first
approximation is to use a single-degree-of-freedom model in which the device to be isolated
is treated as a rigid body and the isolators are represented by a spring—damper combination.
The steady-state response to harmonic excitation provides a way of characterizing the isolation
performance at different frequencies.

Case 1 Source of vibration within a device transmitting vibration to the support

We will assume that the device generates an excitation force, of amplitude P and frequency o
and use the method from Section 6.2.

Step 1 Dynamic mass—spring model 20

=

~

Figure 6.90

Step 2 Free-body diagram

~
=
—
=

Transmitted

Figure 6.91 forces
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Step 3 Equations of motion

For the device: p — kx — cx = mX
or mxX +cx +kx=p (6.87)
The transmitted force is q(t) = kx + cx (6.88)

Substitute p(t) = Pel®, q(t) = Q" el and x(f) = X el into equations (6.87) and (6.88) to
give
P

X* = (k= mod) + icw and Q" = (k +icw)X*

Eliminatine X* . g _ (k + icw)
iminating X~ we ge P~ (k— mo) +ico

Here, only the magnitude of the transmitted force is of interest and we can define force
transmissibility as

Q*

B (> + Po?)
N (k= mo?)? + Co?

(6.89)

Case 2 Vibration from the support transmitted to the device

The support vibration is defined by the displacement, y(tf) = Y cos wt.

Step 1 Dynamic mass—spring model

Figure 6.92

Step 2 Free-body diagram

k(y = x) oy = %)

/T y(®

Figure 6.93
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Step 3 Equations of motion

For the device: kly — x) + c(y — x) = m¥

or mx + cx + kx = ¢y + ky (6.90)
Substitute y(f) = Yel® and x(f) = X el into equation (6.90) to give

 (ktic)Y
(k= mw?) Ficw

*

Again, only the magnitude of the transmitted displacement is of interest and we can define
displacement transmissibility as

_ (k> + Co?)
(k= mo?)? + Pw?

(6.91)

Y

Note that the force and displacement transmissibility expressions for this mass—spring—

damper system are identical. The same is true of other physical systems when analysing the
displacements or forces applied to a given pair of coordinates (the mass and the support in this
case). Note also that equations (6.89) and (6.91) only apply to this mass—spring—damper system.
Other physical systems will have different transmissibility expressions.

The reader is left to confirm that equations (6.89) or (6.91) can be rearranged by introducing

the expressions for the natural frequency and damping ratio for the system, namely w, = %
andy = > \/;e—m The alternative expression for the transmissibility ratio is
2
2
1+ 4y wi
Tor = (6.92)

»2\? s
\/(1 w2) Ay 2

n n

This form of the transmissibility expression emphasizes the importance of the ratio of the
excitation frequency to the natural frequency in determining the effectiveness of the isolation
system in reducing vibration.

— Damping ratio 0
— Damping ratio 0.2

2
= - = Infinite d. i
o nfinite damping
=
£
R B T ettt

0 T T T T T 1

0 0.5 1 1.5 2 2.5 3

Frequency ratio

Figure 6.94 Transmissibility curves for a simple mass-spring—-damper system

The transmissibility graphs in Figure 6.94 are plotted for three different damping ratios. With
zero damping, the transmissibility is infinite if the excitation frequency coincides with the
natural frequency of the system. The main effect of increasing the damping ratio (y = 0.2 is
shown in Figure 6.94) is to reduce the maximum transmissibility in the vicinity of the natural
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frequency. At higher frequencies, the difterence between the curves is small. Theoretically
infinite damping would result in no relative movement across the damper, eftectively giving a
rigid connection between the device and its support. This, of course, is the original situation
without isolators.

It’s easy to show from equation (6.92) that T'= 1 when o/, = v2 and that it is independent
of the value of the damping ratio. This explains why the three curves intersect at this point on

the graph.

Notice that if w/w, < v2, the transmitted displacement (or force) is higher than the input.
In this case, it would be better to have no isolators and fix the device rigidly to the support!
However, if /w, > v2, the transmissibility is less than 1.0, resulting in vibration reduction.
The aim in selecting isolators is to ensure that the system operates in this isolation region.

It is convenient to define an isolation efticiency to describe the reduction in displacement (or
force) compared with the applied displacement (or force). This is:

Reduction in displacement (or force)

Isolation efficiency =

0, = — 0,
Original displacement (or force) X 100% = (1= T) X 100%

Isolator selection

This section considers the task of selecting isolators to achieve a desired reduction in vibration.
There are two constraints governing the selection: the lowest excitation frequency to be
encountered, wyy, and the maximum allowable transmissibility, Tyax-

WOMIN

The combination of Ty;ax and is marked on Figure 6.95 and represents the worst

n
case in respect of 1solation efficiency, since for any excitation frequency greater than w,, the
transmissibility will be lower than Ty ax. It is apparent from Figure 6.95 that w, must be very
much less than wyn to ensure that Ty ax will be less than 1.0 for all excitation frequencies
greater than or equal to wyn-

3_

Z

Z 27

g 1-

g

= 7—‘MAX
0 T T T 1
0 1 2 oy 3

w

Frequency ratio "

Figure 6.95 Design constraints for isolator selection

Three variables aftect the system’s dynamics; m, k and ¢, and m and k together determine w,,
The stiftness, k, is given by the set of isolators selected.

At first sight, the mass of the device may not seem to be a variable for this problem. However,

m can be increased by mounting the machine on an inertia base. This will reduce w, and
WMIN

increase and have the beneficial effect of reducing the transmissibility. Figure 6.96 gives

n
an example of an inertia base installation.
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| & 7

Machine |

Inertia base

=====

Foundation

Figure 6.96 Example of inertia base used to increase the isolated mass

In most vibration situations, it is desirable to increase damping since this limits the amplifying
effect of resonance. Here, since the system is designed to operate well above the resonant
frequency, low damping is desirable since increasing <y will increase the transmissibility in

the isolation region. Low damping is easy to achieve and most commercial isolators give a
damping ratio that is less than 0.1.

It is normal to base the design on the assumption of zero damping and, as can be seen
from the transmissibility graph in Figure 6.94, the error involved in the isolation region is
small.

It is also normal to treat each isolator independently of the others. In this case, m is the effective
mass supported by the isolator in question.

For the simple mass—spring model with zero damping,

for the isolation region where ® > w,,
IfT= TMAX at w = [N

2
2= Tyvax OMIN

2

, k L . .
Since w,* = e the required isolator stiffness is

2
5 _ mTpMaAx WmIN

k= mw, T+ Togax

(6.93)

If selecting isolators from a manufacturer’s catalogue, it is unlikely that one with precisely this
stiffness will be found. The stiffness given by equation (6.93) therefore gives the maximum
value consistent with the design requirements.

It might appear from this that any isolator would be suitable provided its stiffness was less than
this value. This is not the case, however, since there are also constraints imposed by static
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considerations. In the case of coil spring isolators, there could be installation, coil bottoming or
lateral stability problems if the static deflection is too large. With elastomeric isolators, there are
strength limitations under static load.

Manufacturers often express these constraints by specifying a maximum static deflection.
Therefore, after selecting an isolator to satisfy the maximum stiftness limit, it is necessary to
check that the static deflection limit is not exceeded.

The actual static deflection, X, is given by

mg
X, = 3 (6.94)
isolator
Alternatively, combining (6.93) and (6.94) gives
£ 1
Xo=——= |1+ 6.95
O ou’ ( TMAX) ( )

This represents the minimum static deflection consistent with the design requirements.

These equations can be incorporated into a procedure for selecting suitable isolators for an
application. The procedure is as follows:

Step 1 Find the centre of mass of the machine.
Step 2 Select the number and position of attachment points for isolators.
Step 3 Estimate the load supported by each isolator.

Step 4 For each isolator position in turn:
(a) calculate the maximum stiffness from equation (6.93);
(b) select an isolator with a lower stiftness;
(c) check that this does not exceed any static deflection limit using equation (6.94);
(

d) although this will give a satisfactory selection, it is often worth repeating (b) and
(c) with other isolators having even lower stiftness; the lower the stiffness, the
greater the isolation efficiency, so the limiting factor becomes the maximum
allowable static deflection.

Tuned vibration absorbers

Tuned vibration absorbers were mentioned in Section 6.1 as part of the solution to the
resonant vibration on the Millennium Bridge. They were also mentioned in Section 6.4 where
it was observed that it was possible to design a dynamic system that has zero displacement at
the point of force application. This section explains how this can be achieved.

Let’s look at the case of a structure that is subjected to a sinusoidal force whose frequency
is very close to a natural frequency and consider the worst-case scenario that the structure
has no damping to limit the resonant amplitude. We can model the mode in question as

the undamped single-degree-of-freedom system shown in Figure 6.97(a). For the original
system without the tuned vibration absorber, the response amplitude is given by equation

(6.45) as
Py
k— mw?

ol

As a numerical example, we will take k = 1 MN/m, m = 1000kg and P; = 1kN to get
the response spectrum shown in Figure 6.97(b). As expected, the model predicts a very large
response when the excitation frequency is close to the natural frequency. The aim of adding
the tuned vibration absorber is to reduce this response to zero.
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Figure 6.97

The tuned absorber itself is a secondary mass—spring system in which the ratio of stiffness to
mass is identical to the original system. This is attached to the original mass as shown in Figure
6.98(a). In the numerical example shown here, the ratio of the absorber mass to the original
mass, L, has been taken to be 0.01.

©

X2
Py sin wt

Displacement (mm)

X1

|
i
£

5.0 55 6.0
Frequency (Hz)

Figure 6.98

This can be analysed in exactly the same way as the worked example in Section 6.4 to give
expressions for the response of each mass. It is seen from Figure 6.98(b) that the response
amplitude X; is zero when the excitation frequency is equal to the original natural frequency.
The effect of adding the tuned absorber is to create a two-degrees-of-freedom system whose
natural frequencies lie either side of the natural frequency of the original system. A limitation
of this absorber is that it is only eftective if the excitation frequency is constant and at a
frequency very close to the natural frequency of the original system. If the excitation frequency
deviates from this, there is a strong chance of exciting one of the new natural frequencies,
since it can be seen from Figure 6.98(b) that these are only about 0.5 Hz (10%) away from the
original natural frequency. The separation of the new natural frequency can be increased by
choosing a larger value for the mass ratio, .. However, there may be limits to the amount of
mass that can be added, as for example in the case of the Millennium Bridge (Section 6.1).
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This problem can be overcome by using a damped vibration absorber that uses a damper in
parallel with the absorber spring, as in Figure 6.99(a). Note that the original structure remains
undamped. The response spectrum with the damped absorber is shown in Figure 6.99(b) using
a damping coefficient of 100 Ns/m. This has greatly reduced resonant peaks and still gives a
very low response at the original natural frequency.

o
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Figure 6.99

The modal approach to solving the equations of motion cannot be used for this problem since
they cannot be uncoupled. The equations of motion are:

X1 _ {P1(f)}

X 0

ISR L
X2 —c cl®

It will be seen that the damping matrix is not in the form [C] = a;[M] + a,[K], meaning that
we do not have proportional damping in this case. Since the equations of motion cannot be
uncoupled, they must be solved as a simultaneous pair. For sinusoidal excitation, we can still
make the usual substitutions, namely: p;(f) = P, x(f) = X7e'® and x,(f) = X5e™’. This
leads to the equations:

k(1 + ) —pk

m 0
—pk Wk

0 wm

(k(1 + p) — mo?) + ioc —wk — ioc X1 _{P1}
—pk — ioc (wk — pmw?) +ioc) | X5] L0

The responses are then given by

X1 k(1 + ) — mw?) + iwc —pk — iwc ‘1{1)1}
X5 — Wk — ioc (Wk — wmw?) + iwc 0

In practice, this problem would be solved using software such as Matlab, which has the
capability to invert complex matrices. A Matlab script based on this example is included on the
book’s supporting website.

The most common application of tuned vibration absorbers is for overhead power lines. When
wind blows across the cables, vortex shedding can induce vertical oscillations, which can cause
fatigue in the cable. This is most prevalent where the cable is supported by the transmission
pylons, and vibration absorbers are attached here to suppress the oscillations.
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Figure 6.100 Tuned vibration absorber
for overhead power lines (circled)

The absorber consists of a pair of masses, each one on the end of a short cantilever made from
cable. Bending of the cantilevers provides the required spring stiftness, and friction between
the cable strands provides damping.

Learning summary N

By the end of this section you should have learnt:

v/ how to derive the transmissibility expression that gives the ratio of transmitted force to applied
force (or of transmitted displacement to applied displacement) as a function of excitation
frequency;

v/ 1o select suitable isolators to achieve a given isolation efficiency;

v/ how tuned vibration absorbers can suppress resonant vibration in situations where sinusoidal
excitation coincides with a natural frequency of the structure.

N J




Questions

Fluid Dynamics

1.

Show that the two-dimensional velocity field

given by u = ay and v = bx satisfies the continuity
equation. Using the Navier-Stokes equations, derive
the expression for the pressure p.

The three-dimensional velocity profile for an
incompressible flow is given by

u=x>+22> and w=y>—2yz

Derive a general form of the third velocity
component, v from the 3-D continuity equation:

By neglecting the viscous and gravity terms, derive
the Bernoulli equation from the steady Navier-
Stokes equations. (Hint: choose the x-axis along the
streamline.)

For an axial flow inside a circular tube, the Reynolds
number which causes the transition to turbulence is
approximately 2300, based on the tube diameter and
average flow velocity. If the tube diameter is 4 cm
and the fluid is petrol at 20°C, find the volumetric
flow rate which causes the transition. The density and
viscosity of the petrol are p = 680 kg/m? and

B = 2.92 X 10~* kg/ms, respectively.

Determine the shape factor of the laminar boundary
layer when the velocity profile is given by:

o in(m) h _r
Uy S 5 where 1 o

A smooth flat plate 2.4 m long and 900 mm wide
moves at 6 m/s through still air. Assuming that the
boundary layer is laminar, calculate the boundary
layer thickness at the end of the plate, the wall-
shear stress halfway along, and the power required
to move the plate. What power would be required
if the boundary layer is ‘tripped’ to turbulent at the
leading edge?

10.

11.

A flow straightener is formed from perpendicular
flat metal strips to give 25 mm square passages,
which are 150 mm long. Water of kinematic
viscosity 1.21 X 10~°m?/s approaches the
straightener at 1.8 m/s. Neglecting the thickness
of the metal, calculate the displacement thickness
of the boundary layer and the velocity of the main
stream at the outlet of the straightener. Using

the Bernoulli equation, deduce the pressure drop
through the straightener.

Atmospheric boundary layers are very thick but
follow formulae very similar to those of the flat-
plate boundary layer. Consider the wind blowing

at 10 m/s at the height of 80 m above a smooth
beach, which is considered to be the thickness of the
atmospheric boundary layer. Estimate the wall-shear
stress on the beach ground. What will be the wind
velocity over your nose if:

(a) you are standing up 1.7 m off the ground?

(b) you are lying on the beach with your nose
0.17 m above the ground?

An aircraft travels at a cruising speed of 250 m/s at
10 km altitude. It has a smooth wing 7 m long and
55 m wide, which can be approximated by a flat
plate. Estimate the power required to overcome the
friction drag of this wing.

A man weighing 800 N jumps from an aircraft
flying at 1000 m altitude. The parachute’s diameter is
8m and the time of descent is 2.9 minutes. Calculate
the drag coefficient of the parachute, assuming that
terminal velocity is attained within the first few
seconds of the fall.

An electric transmission line consists of aluminium
cable of density 2670 kg/m? with 15 mm diameter.
The maximum cross-winds expected on the line are
150 km/h. Calculate the magnitude and direction of
the maximum loading on the line.
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12.

13.

14.

15.

16.

17.

A four-cup wind speed indicator of 0.7 m diameter
has a rusty centre bearing and the starting torque is
very high.These cups are made of hemispherical
shells of diameter 50 mm. Determine the starting
torque of this instrument if a free stream velocity of
4 m/s is required to initiate the rotation.You can
ignore the connecting rods and side winds on the
cups.

A 60° cone with a 30 mm base diameter is mounted
on a 200 mm long and 5 mm diameter rod, with its
apex pointing to the free stream of 45 m/s. Estimate
the total drag on this structure and the bending
moment at the root of the rod.

Icebergs can be driven at substantial speeds by the
wind. Let the iceberg be modelled by a large flat
cylinder, with its diameter D much greater than

the height L. Only the top 1/8th of the iceberg is
exposed above the sea surface. Derive the expression
for the steady iceberg speed I/ when it is driven by
the wind of velocity U.

A horizontal circular duct with a 0.3 m diameter,
20 m in length draws air at atmospheric pressure
into a centrifugal fan, which discharges the air into
a rectangular duct 0.20m X 0.25m, 50 m long and
to the atmospheric pressure. Show that the total
pressure rise across the fan is 700 N/m?. The flow
rate of the fan is 0.5 m?/s and the friction factor f
of the duct is 0.04.You should account for

the minor losses at the inlet and outlet of the

duct.

Kerosene of relative density 0.82 and kinematic
viscosity 2.3 X 10~°m?/s is to be pumped through
185 m of galvanised iron pipe (¢ = 0.15 mm) at 40
litres/s into a storage tank.The pressure at the inlet
end of the pipe is 370 kPa and the liquid level in
the storage tank is 20 m above that of the pump.
Determine the size of pipe necessary, neglecting
losses other than those due to pipe friction.

The viscous sublayer is normally less than one

per cent of the pipe diameter, therefore it is very
difficult to probe it with a finite-sized instrument.
To generate a thick viscous sublayer, one can use
glycerine as a low medium. Assume a smooth
305 mm diameter pipe, 12.2 m long, with the bulk
velocity of 18.3 m/s and the flow temperature of
20 °C. Compute the sublayer thickness of the

pipe flow and the power required if the pumping
efficiency is 70 per cent.

18.

19.

20.

21.

22,

23.

24,

25.

Ethyl alcohol at 20°K flows at 1/, = 3m/s through
0.1 m diameter drawn tube. Obtain:

(a) the head loss per 100 m of tube;
(b) the wall-shear stress; and
(c) the local velocity at r = 20 mm.

By what percentage is the head loss increased due to
the surface roughness of the tube?

A ship travels at a constant speed at sea surface. A
propeller is required to propel this ship to maintain
the steady motion, so that the thrust R from this
propeller exactly matches the resistance of the

ship. Using the m-theorem, derive a functional
relationship for R and other relevant physical
quantities.

Instead of the ship in Question 19, consider a
submarine cruising below sea surface. How would
this modity your answer? Over the submarine
surface there are a hatch cover, hand rails etc. How
could these be considered in a dimensional analysis?

Derive a relationship for the power to rotate a disk
at a constant speed in a homogeneous fluid as a
function of relevant physical quantities.

The flow through a circular pipe may be metered
from the speed of rotation of a propeller, having its
axis along the pipe centreline. Derive a relationship
between the volumetric flow rate and the rotational
speed of the propeller in terms relevant physical
quantities.

A propeller of 75 mm diameter, installed in a

150 mm diameter pipe carrying water at 42.5 litres/s
was found to rotate at 20.7 rps. If a geometrically
similar propeller of 375 mm diameter rotates at

10.9 rps in air through a pipe of 750 mm diameter,
estimate the volumetric flow rate.

A torpedo-shaped object with a 900 mm diameter is
to move in air at 60 m/s. Its drag is to be estimated
from tests in water using a half-scale model.
Determine the necessary speed of the model and the
drag of the full-scale object if the measured drag of
the model is 1140 N.

Tests on a 371.3 mm diameter centrifugal water pump
at 2134 rpm yield the data given below. What 1s the
Best efficiency point (BEP) and the specific speed of
this pump? Estimate the maximum discharge.

Qm?/s 0 .0566 113 .170 .227  .283
Hm 104 104 104 101 915 671
bhp kW 101 120 154 191 248 248
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26. A pump from the same family as in Questions 25
is built with D = 457.2mm and n = 1,500 rpm.
Find the discharge, water pressure rise and the brake
horsepower at BEP.

27. A large centrifugal pump with a non-dimensional
specific speed of 0.183 revolutions is to discharge
2m?/s of liquid against a total head of 15 m.The
kinematic viscosity of the liquid may vary between
three and six times that of water. Determine the
range of speeds and test heads for a one-quarter
scale-model investigation to be carried out in water.

Thermodynamics

1. (a) What pressure is required in a freezer
compartment evaporator coil using refrigerant
R 134a if the temperature is to be maintained at

-20°C?
(b) What is the enthalpy and entropy when the
R134a is:
(1) all iquid?
(i) all vapour?
(111) What does the change in entropy between
the two states tell you?

(c) Assuming a mass flow rate of R134a of 20g/s,
and making use of the SFEE, what heat transfer
rate occurs in the evaporator if the refrigerant
leaves at saturated gas condition (i.e. all vapour,
with no superheat) and enters at saturated liquid
condition (i.e. all liquid and no sub-cooling)?

2. An air conditioning unit draws in 0.5kg/s of

atmospheric air at 30°C and specific humidity 0.012.

(a) What is the mass flow rate of water vapour in
the air?

(b) Using the formula relating specific humidity
to partial pressure of the water vapour and
the atmospheric pressure, and assuming one
atmosphere atmospheric pressure, what is the
partial pressure of the water vapour?

(c) Find the p, of water vapour. What is the relative
humidity of the incoming air?

(d) Find the dew point corresponding to the
pressure p,. Sketch a T—v diagram showing the
process that the water vapour in atmospheric air
must go through in order to form dew. If the
air is to be issued at 20°C and 50% humidity,
determine the moisture removal rate, and the

heat transferred in the cooler and heater sections.

3. A turbine receives steam at 550°C and 200 bar.

(a) Assuming an isentropic expansion through the
turbine to a pressure of 40 bar, what is the final
temperature?

(b) The turbine actually expands to 40 bar and
330°C.What is the isentropic efficiency of that
turbine?

A power station uses the Rankine cycle between a
boiler with feedwater at 200 bar and a condenser
which is at a pressure corresponding to the saturated
water vapour at 30°C.

(a) What are the pressure and specific enthalpy in
the condenser?

(b) What are the temperature and specific enthalpy
of the saturated steam?

(¢) If the mass flow rate of the water is 100 kg/s,

what is the heat input to the steam in the
boiler?

(d) What is the work done in the pump?

(e) The Rankine cycle is modified with a superheat
steam pipe circuit prior to entering the high
pressure turbine. The cycle is also modified with
reheat after exit from the high pressure turbine
up to 550°C, before exhausting in the low
pressure turbine at the pressure of the condenser.
Given the isentropic efticiency of the low
pressure turbine is 85%, what are:

(i) specific enthalpy at turbine entry?
(1) specific enthalpy at turbine exit?
(ii1) the steam quality at exit?

(f) Knowing the pump work, the work produced
by the high pressure turbine and the low
pressure turbine work, what is:

(1) specific steam consumption?

(i) work ratio?

(a) Write the reaction equation for the
stoichiometric combustion of butane in oxygen.

(b) If the mass of butane consumed is 20 g, how
many moles of butane is this?

(c) For this 20 g of butane, what mass of O, is
consumed in the reaction?

(d) How many moles of oxygen is this?

(e) What are the masses of the gases in the
products?
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6. (a) Write the stoichiometric reaction equation for
butane in air.

(b) What is the air to fuel ratio by volume and by
mass?

(c) What are the proportions by mass and by
volume of the product gases?

(d) Determine how much air is required for the
stoichiometric combustion of propane burning
in air. Determine the AFR by mass and by
volume.

(e) The propane is burned with 30% excess air.
Determine the volume and mass fractions of’
reactants and products.

7. (a) What is the thermal resistance of a brick wall
(k = 1.5W/mK), 10 cm thick, on a room wall of
height 2.3 m and width 3.1 m?

(b) Calculate the thermal resistance of the wall given
that it has three layers: brick, insulation, brick.
Each layer is 10 cm thick, k = 1.2W/mK for the
inner brick, 0.5W/mK for the insulation and
2W/mK for the outer brick.

(c) Given that the convective heat transfer to the
wall’s inner surface is 9 W/m?2K, and on the
outer wall is 95 W/m?2K, find the thermal
resistance for the inside and outside convective
conditions, and hence for the overall wall.

(d) What is the heat transfer if the inner air is at
18°C and the outer air is at 1°C?

(e) Sketch the temperature profile through the wall.

(f) The ground at night has air blowing over it at
2°C, with a heat transfer coefficient of
20W/m?K. It also sees the night sky, which is at
—55°C.The view factor is 1 and the emissivity
of the ground is 0.9. Given the ground has
a temperature of 10°C at a depth of 3m and
conductivity of 2 W/ m?2, calculate the surface
temperature of the ground.

8. Calculate the energy release by combusting 10g of
butane (C4;H;) given the enthalpy of formation of
liquid butane at standard conditions is —147.6kJ/mol.
Assume the products contain water as vapour.

9. Butane is burned by a stove with 100% excess air at
25°C to heat up a pan of water. If the combusted
gases escape at 800K, how much heat is extracted
from the flame per kmol of fuel?

10.

11.

12,

13.

14.

‘What mass of butane is required to heat up 400g of
water from 25°C to boiling point?

(a) A heat exchanger operates with an oil with ¢, of
1.67 kJ/kgK and density 910 kg/m?, and water
with ¢, of 4.2 kJ/kgK and density 1000 kg/m?.
The oil volume flow rate is 3158 1/h and the
water flow rate is 2000 1/h. What is the capacity

rate of the oil and of the water?

(b) The water enters at 50°C and leaves at 70°C and
the oil enters at 120°C and leaves at 85°C. The
heat exchanger is of the shell and tube type with
counter-current flow. What is the logarithmic
mean temperature difference?

() What is the surface area of the heat transfer
surface within the heat exchanger if it
has an overall heat transfer coefficient of
1100W/m?K? If this is done with a tube having
diameter 12 mm, what is the length of tube in
the exchanger?

A compact heat exchanger is constructed with

a cross-flow matrix arrangement with unmixed
streams for cooling oil in an air stream. The oil
enters at 70°C and is required to leave at 30°C.The
oil density is 700kg/m?. The flow rate of oil is 5
litres per minute and it has a specific heat capacity

¢ = 1.7 kJ/kgK at 10°C and 2.5 kJ/kgK at 100°C.

(a) What is a suitable average specific heat capacity
of the oil over the working range?

(b) What is the rate of heat transfer?

A compact heat exchanger has oil exchanging
heat with water and is used to cool engine oil. The
oil mass flow rate is 50 g/s and ¢, = 1800 J/kgK.
The water mass flow rate is 60 g/s. Given that the
ingoing oil is at 130°C and the ingoing water is at
15°C:

(a) What are ¢,.;, and ¢, for this situation?

(b) What is the maximum potential heat transfer in
this situation, ¢,,,,°

(c) What is the NTU if the area is 0.5 m? and the
overall heat transfer coefficient is 800 W/m?K?

(d) What is the eftectiveness, €, and hence the actual
heat transfer?

A two-stage reciprocating air compressor, running
at four cycles per second, delivers air at 18 bar from
atmospheric air at 1.03 bar at 11°C.The dimensions
of the first stage are 100 mm diameter and 100 mm
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stroke, with a clearance length of 5 mm.Taking
the polytropic index as 1.25 for compression and
expansion processes:

(a) What is the swept volume and clearance volume
of the first stage?

(b) What is the intermediate pressure for minimum
work?

(c) What is the expansion of the clearance volume
in the first stage?

(d) What is the volumetric efticiency and hence the
mass flow rate of air?

Solid Mechanics

1.

A helicopter rotor shaft, 50 mm in diameter,
transmits a torque of 2.4 kNm and an upward tensile
lifting force of 125 kN. Determine the maximum
tensile stress, maximum compressive stress and the
maximum shear stress in the shaft.

For the purposes of analysis, a segment of a
crankshaft in a vehicle is represented as shown

in Figure Q1.The load is P = 1kN, and the
dimensions are by = 80 mm, b, = 120 mm and

by = 40 mm.The diameter of the shaft is

d = 20 mm. Determine the maximum tensile,
compressive and shear stress at point A, located on
the surface of the shaft at the z axis.

Figure Q1

Using the Tresca and von Mises yield criterion in
turn, calculate the pressure to cause yielding in a
steel cylinder, which has an 80 mm diameter and is
1 mm thick. The cylinder is closed at each end; end
effects should be neglected. Assume o, = 250 MPa.

‘What additional torque can be applied about the
axis of the cylinder in question 3 if yielding is to
occur with an internal pressure of 4.0 MPa.

b 4 L 4

5. A steel beam of rectangular section 10 mm X 30 mm

is subjected to pure bending in a plane parallel to the
30 mm faces. Ideal elastic—plastic behaviour may be
assumed. Calculate the bending moment necessary for:

(a) the onset of yield;

(b) the complete yield through the section.
Assume g, = 250 MPa.

The web and flanges of a straight I section steel

beam are 80 mm wide and 10 mm thick. The beam

is loaded in pure bending in the plane of the web
until the whole of each flange has yielded but the
whole of the web remains elastic. Calculate the
residual curvature in the unloaded beam. Assume ideal
elastic—plastic behaviour. Assume o, = 250 MPa and
E = 200 GPa.

Figure Q7 shows a simply supported beam carrying
two concentrated loads at the positions indicated.
Given that the beam has a rectangular cross-section
as shown, calculate the deflection of the beam

at a position 3 m from the left-hand end and at

a position 5m from the right-hand end.

(E steel = 200 GPa.)

lp = 10kN|P = 10kN

el

—
| 0.2

| | _ |-
All dimensions in metres

Figure Q7

Find the slope at point A and the deflection at point
B of the beam shown in Figure Q8.
(EI = 4 X 10°Nm?2)

w = 10 kN/m

A B C

? 4m l 2m
Figure Q8

A steel beam with both ends built in has an
effective span of 7.5 m and carries a concentrated
load of 60 kN at a point 4.5 m from the left-hand
end. Calculate the position and magnitude of the
maximum deflection due to this load, given that it
occurs at a point between the left-hand end

and the concentrated load. (E = 208 X 10° Nm? ;
[ =85 X 10°mm*)

Find the critical load for a steel column of
rectangular cross-section 50 X 25 mm and length
3 m for each of the following assumptions:

(a) the ends are hinged;
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11.

12.

13.

(b) the ends are built in; 14.

(c) one end is hinged and restrained from moving
horizontally, the other end is clamped.

A new tripod for a surveying instrument will 15.

consist of three equal tubular legs, hinged at the

top and resting on points at the bottom. When the
instrument is set up for use, the top hinge points are
equally spaced on a 100 mm diameter horizontal

circle, while the pointed ends are equally spaced 16

on a 1 m diameter circle. The top hinge points are
1.3 m above the level ground, on which the pointed
ends rest. The greatest expected instrument weight is
80 N. Assuming a factor of safety of 10 against elastic
buckling, select the lightest safe aluminium tube

(E = 70 GPa) from the following stock list.

Thickness (mm)  Outer diameters available (mm)

1 5,10, 15, 20, 25, 30
2 10, 15, 20, 25, 30, 40
3 15, 20, 25, 30, 40, 50

A hollow steel column, 9m long and of circular

cross-section, 90 mm outer diameter and 75 mm inner 17.

diameter is subjected to an end thrust of 30 kIN; the
line of action of the thrust is parallel to the unstrained
line of the strut, but does not coincide with it. Under
load the maximum deviation of the strut from the
straight is 80 mm. Find the eccentricity of the load
and the maximum compressive and tensile stresses.
The ends may be assumed to be hinged.

Assume E = 200 GPa

Figure Q13 shows the cross-scetion of a solid beam
which carries a vertical shear force of 100 kIN.

18.
| —
60
x R X
1 1ons 1 60
All dimensions in mm 19.
50
Figure Q13
Determine:
(a) the shear stress just above and just below X—X; 20.

(b) the shear stress at the neutral axis of the section.

(c) Sketch the shear stress distribution through the
section and state where the maximum shear
stress occurs.

Show that the difference between the maximum and
mean shear stress in the web of an I beam is Sd2/241,
where d is the height of the web.

The outer dimensions of a channel girder section
are 120 mm (web) X 50 mm (Hanges); the web and
flanges are 5 mm thick. Determine the position of
the shear centre of the section.

Find the shear centre of the beam cross-section
shown in Figure Q16 (it is much smaller than R).

narrow slit

Figure Q16

A heat exchanger consists of a cylindrical vessel
which contains 35 U-shaped tubes of 20 mm bore
and 30 mm outside diameter. The ends of these
tubes are welded into one of the flat end plates. The
total length of the tubes within the vessel is 7 m.
Calculate the hoop and axial stresses on the inside
and outside of the straight parts of the tubes, remote
from the bend and the ends, due to pressures of 10
bar in the vessel (i.e. outside the tubes) and 100 bar
inside the tubes.

A compound tube is made up of an inner steel tube,
4.51n internal diameter and 6.5 in external diameter,
on which is shrunk an outer steel tube that is 9 in
external diameter. If the radial pressure at the
common surface is 4000 Ibf/in2, find the maximum
and minimum circumferential stresses in both tubes
due to shrinkage and plot the distribution of hoop
stress across the wall of the compound tube.

A circular saw that is 5 mm thick and has a 900 mm
diameter has a bore of 100 mm. The steel, of which
the saw is made, has a density of 7800 kgm ™3, and
M = 0.3. Find the maximum speed permitted if the
hoop stress is restricted to 240 MPa. What is the
maximum value of the radial stress?

A bronze gyro-wheel has a moment of inertia of 0.4
kgm? and can be run with safety at 3000 rpm. A
larger steel wheel of similar shape is required to give
an angular momentum of 40 X 103kgm?s~! at 1800
rpm. In what ratio must all the linear dimensions
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be increased, and what elastic limit is required for 25.

the steel so that both wheels have the same factor of
safety. (Density of bronze = 8480 kgm~?; Elastic
limit of bronze = 78 MPa.)

21. Calculate the principal second moments of area and

the directions of the principal axes for the section
shown in Figure Q21.

60  All dimensions in mm

. 26.

Figure Q21

22. A 50mm X 30mm X 5mm angle is used as
a cantilever of 500 mm, with the 30 mm leg
horizontal and uppermost. A vertical load of 1000 N
is applied at the free end. Determine the position
of the neutral axis and the maximum tensile and
compressive bending stresses.

23. Calculate the maximum tensile stress and the
position of the neutral axis for the section shown in
Figure Q23, when a bending moment of 225 Nm is
applied about the x-axis in the sense shown.

vh
| | 75 |
T |

225 Nm

»-------d-ci ------------- >
( 4 C x 27.

1
1
1
1
|
4 All dimensions in mm

105
_‘4
o5l !
Figure Q23

24. Using strain energy, derive an expression for the
deflection of the load point of the beam shown in

Figure Q24. 8.

"

L/4 |

L !

Figure Q24

Calculate the deflection beneath the force for the
cantilevered bracket shown in Figure Q25. (E = 200
GPa; G = 80 GPa.)

d20mm 100N
/

Figure Q25

Derive an expression for the increase in distance
between the ends A and B of a thin bar of uniform
cross-section consisting of of a semi-circular portion
CD and two straigth portions AC and BD as shown
in Figure Q26.

If the bar is of diameter 6 mm, R is 40 mm and is to
have a spring stiffness,g of 1000 kg/m, show that

the necessary length for L is approximately 210 mm.
The bar is made from mild steel with Young’s
modulus E = 210 GPa.

1)

L
< A
~R|
B
L
p
Figure Q26

A circular connecting rod is made from a steel
having the following properties:

e UTS:950 MN/m?
e YP:800 MN/m?
e Fatigue limit: 500 MN/m?

The rod is subjected to a fully reversed axial load
of 180kN. Determine the minimum rod diameter,
allowing a factory for safety of 2, if the rod end
produces a fatigue strength reduction factor of 2.1,
where the stress concentration factor is 2.5.

A mild steel cantilever beam of circular cross-section
is subjected to a load at its free end which varies
cyclically from P to =3P as shown in Figure Q28.
Determine the maximum value of P if the fatigue
strength reduction factor for the fillet is 1.85 and

a safety factor of 2.0 is assumed. (Hint: use the
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29.

30.

31.

Goodman Diagram and apply the fatigue strength
reduction factor to the stress amplitude only.)

| 10cm
\

applied load
Figure Q28

A circular steel shaft having a transverse oil hole

is subjected to a torsional load which varies from
—100 Nm to 400 Nm (i.e. values in opposite senses).
Determine the necessary shaft diameter, assuming
that the hole causes a fatigue strength reduction
factor of 1.75 and making use of a factor of safety of
1.5. Assume the following properties for the steel:

e Ultimate tensile strength: 400 NM/m?

e Fatigue endurance limit: 260 NM/m?

A rectangular section mild steel beam with the
cross-sectional dimensions shown in Figure Q30, has
a temperature given by:

T,
T =50 cos(m) C
Find the factor of safety of the beam against yield, at a
section remote from the ends. Assume o, = 250 MPa

and E = 200 GPa.
20

: IY
40| --- - | -1

Figure Q30

A thin circular steel plate with a 400mm outside
diameter and a 200mm insider diameter has a
temperature distribution which varies approximately
linearly with r. At the bore, T'= 100°C, and at the
outside T"= 30°C. Find the growth of the bore and
the growth of the outside diameter compared with
their room temperature (20°C) values.

Electromechanical Drive Systems

1.

A machine may be regarded as consisting of the system
shown in Figure Q1, where J;= , = 0.1 kgm?,

O

N; = N3 = 20, N, = N, = 40. Find the moment of
inertia of the system referred to the input (bottom)
shaft, ignoring the inertia of the gears themselves.

Figure Q1

(Hint: there are two ways to do this. Either work
down the system, building up the contributions

to the referred inertia for each axis, or treat each
inertia separately and refer it directly to the input
shaft. Both methods are equivalent and give identical
answers.)

Part of an x-y-z positioning system consists of a
carriage which has a total mass of 6 kg and is carried
on a sliding ball-assisted carriage (Figure Q2).There
is no viscous friction and windage is negligible

but the coefficient of (Coulomb) friction for the
ball-slide may be regarded as 0.05.The carriage

is attached to a continuous toothed belt, which
passes over two pulleys of effective (pitch) diameter
20 mm, one of which is connected directly to the
motor that is used for positioning the carriage.

The total mass of the belt is 50 g. Each pulley may
be regarded as a solid cylinder with mass 10 g and
diameter 18 mm.

Carriage attached
to belt

| 6kg |

= 0.05

Pitch diameter 20 mm/"l\g )

Actual diameter 18 mm
10g
50¢g

Figure Q2
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(a) What is the moment of inertia of the system
referred to the pulley that is connected to the
motor?

(b) The carriage is required to move from one
end of the 600 mm-long bed to the other in
1 second. Assuming that this is achieved by a
period of constant acceleration over 300 mm,
followed by constant deceleration over the
remaining 300 mm, find the maximum linear
acceleration of the carriage and hence find the
maximum angular acceleration of the shaft.

(c) Find the frictional force (ignore the frictional
effect of the weight of the belt), the frictional
torque and the total torque required from
the motor in order to achieve the necessary
acceleration while overcoming the friction.

. A mass of 100 kg is moved in a straight line using
a lead screw of pitch 5 mm. As it is a ball-assisted
high-quality leadscrew, its efticiency is high (95%),
and it may be approximated as a solid cylinder of
density 7800 kgm 3, diameter 25 mm and length
2 m. What torque must be applied to the leadscrew
to accelerate the mass from rest to 0.2 m/s over a
distance of 0.5 m? Assume constant acceleration.

(Hint: work out the linear acceleration of the mass
using one of the kinematic formulae, then noting
that 2 radians of rotation equates to 0.005m

of movement, work out the angular acceleration
needed. Work out the moment of inertia of the
screw itself, then use equation 4.26 to obtain the
torque.)

. A‘penny-farthing’ (Figure Q4, a primitive type

of bicycle, having a very large front wheel driven
directly by the pedals) is being ridden by a person of
weight 80 kg. The penny-farthing has a total mass

of 20 kg, of which 8 kg is concentrated in the rim
of the front wheel. The front wheel has a radius of
0.65m.

Figure Q4

(a) Calculate the inertia of the system referred to
the axis of the wheel. Ignore the contribution to
the rotational inertia of the front wheel spokes;
also ignore the rotational inertia of the very small
rear wheel.

(b) Calculate how much torque is required at the
pedals to obtain an acceleration of 0.5 m/s?:
(1) when the penny-farthing is being ridden on
a level surface;
(1) when it is climbing a gradient of 1 in 50 or
2% (equivalent to an angle of inclination of
0.02 radian).

A vehicle has mass 1600 kg. This total includes four
wheels, each of mass 15 kg and diameter 0.7 m,
which may be regarded for inertia purposes as solid
discs.

(a) What is the moment of inertia of each wheel
about its own axis?

(b) What is the moment of inertia of the vehicle
referred to the axis of the wheels?

A mixing head for stirring a slurry has the following
torque-speed characteristic when mixing is taking
place:

L=100+ o + 0.1w?
where L is the torque in Nm and w is the angular
velocity in rad/s.
It is driven via a 50:1 worm gear of efficiency 45%
from an induction motor with the following torque-
speed characteristic in its operating region:

L' =0.10100 7 — )

where L' and @' are again in Nm and rad/s
respectively.

(a) What is the torque-speed characteristic of the
mixing head, referred to the axis of the motor
i.e. expressed as L' vs ®'?

(b) At what speed will the motor run when driving
the mixing head? Express your answer in rad/s
and rev/min.

(c) At what speed (in rad/s and rev/min) will the
mixing head itself rotate?

(d) What power does the motor produce when
driving the mixing head under load?

A floating container is pulled along a channel of
water using a chain, which is hauled using a winch
of diameter 300 mm. The drag force F on the
container is related to its speed by the following
equation:

F = 5001
where Fisin N and v is inm/s.
The winch is to be driven from a petrol engine with
the following characteristics:

L'=1+ 0.060" — 0.001w"?
which is valid within the range 100 < o <450 rad/s.
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(a) Refer the force-speed characteristics of the 10.
container to the axis of the winch.

(b) Hence, refer the force-speed characteristics of the
container to the axis of the engine for the following
combinations of gear ratio and efficiency:

i) 30:1,65%
(i1) 40:1,55%

(c) In both cases, find the combination of torque
and angular velocity at which the engine will run
when driving the winch. Hence, decide whether
either of these combinations is feasible, and which
will make the more effective use of the system.

. A 220V dc series motor has the flux vs. current
characteristic:

Flux (mWb) 16.5 | 223 | 244 | 25.0
Current (A) 20 30 45 60

The armature resistance is 0.1  and the field
resistance is 0.2 ).

The motor runs at a speed of 10 rev s~! and draws a 11.

current of 50 A.

Calculate:
(a) emfinduced in the armature;

(b) design constant, k.

The current is reduced to 30A.
(c) Calculate the new speed.

. A 240V dc shunt motor has an armature resistance

of 0.6 ) and field winding resistance of 160 {). The
motor field characteristic (¢ versus field current) is
shown in Figure Q9.

54

4 4

[S)
!

\)
!

kd(Vs/rev)

14

0 T T T T T 1
00 05 1.0 15 2.0 25 3.0
Field current, I;(A)

Figure Q9

Calculate:
(a) field current.

Given that the motor drives a constant load torque
of 10 Nm, calculate:

(b) armature current;

(c) speed.

12.

13.

A separately excited motor is rated at 25 kW, 400V,
70 A and 1000/1500 rev/min. It is operated with
the rated field voltage at speeds below 1000 rev/min
and with field weakening above 1000 rev/min.

(a) Calculate the motor constant and the armature
resistance R,.

(b) Calculate the field voltage, armature voltage
and armature current if the motor is running
at its rated power and at its maximum speed
of 1500 rev/min, taking account of armature
resistance.

(c¢) The motor is used to drive a load with the
torque-speed characteristic T'= 25 + w, where
the units of T'are Nm and those of w are
rad/s. It is desired to drive this load at 800 rev/
min. Calculate the required armature and field
voltages and the armature current drawn,
taking account of the effects of armature
resistance.

A 220Vdc series motor with an armature resistance
of 0.4 Q and a field resistance of 0.267 Q drives a
load at a speed of 520 rev min~'. The supply current
is 15A.

(a) Calculate the load torque.

(b) The load torque is doubled and the supply
current rises to 35A. Calculate:
(1) the new speed;
(11) the mechanical output power.

A 25 kW, 415V, 50 Hz, 1440 rev/min cage
induction motor is fed from a variable-frequency
supply. The voltage and frequency are varied in
proportion, with rated frequency corresponding

to rated voltage. This arrangement is used to

drive a blower which has a torque-speed
characteristic given by T'= 6 X 107° 0? where T
is in Nm and  is in rad/s. Determine the frequency
and line-to-line voltage at a blower speed of 1300
rev/min.

(a) Explain the reasons why the use of a pneumatic
motor may in some situations be preferable
to the use of an electric motor. Illustrate your
argument with proper graphs and examples
where appropriate. Explain the shortcomings of
pneumatic motors.

(b) Draw a diagram illustrating the various features
of a compressed air system, such as may be
found in a typical factory. Briefly identify the
function of each component and explain how
the air pressure in the system is controlled.



Questions

Feedback and Control Theory

1. (a) Figure Q1(a) shows a multi-loop system. Determine the overall transfer function of the
system shown in Figure Q1(a), relating the output Y, (s) to the input X(s)

H;(s)

Y(s)

u Gy(9) G5(9)

Figure Q1(a)

(b) Figure Q1(b) and Figure Q1(c) show two
block diagrams for the same system. Determine
the transfer functions G(s) and H(s) of the
block diagram shown in Figure Q1(c), that are
equivalent to those of the block diagram of

Figure Q1(b).

For the case when the controller only contains
proportional action with gain K:

(a) Draw the block diagram of the system, taking /;
to be the input and / to be the output.

(b) Determine the overall transfer function relating
h to h; and ¢q and show that the system is of first

1 order.
X0 + N - . m ; Y(s) (¢) Show the location of the closed loop pole of the
s+5 s+ 10 system in the s-plane.

17 (d) With ¢4 = 0,if A =2,R = 10 and K = 0.3 and

a constant demand level h; = I, in consistent

units, find the steady-state response in terms of /.

X(s) m Y(s) Pump
ey (X] _—
- () N
1— | ‘ ‘ | 20
H(s) l 1
Figure Q1(c) Il
Controller Area A
2. Figure Q2 shows a system for controlling the level
of liquid in a tank.The tank has a fixed cross- h(?)
sectional area A, fixed linearized flow resistance R R
for the outflow (relating the outflow to the liquid
level) and variable liquid level h(f). For this system, e - ] =
the difference between the actual level /i in the tank () + AN h(f)
and the desired level h; is used to form the error W Transducer
signal €(f), where the actual level h is measured by Figure Q2

a transducer. This error signal is fed to a controller
that drives a variable speed pump such that the

volumetric inflow rate in the tank is given by

Qi(s) = G.(s) E(s), where G(s) is the transfer
function of the controller and E(s) is the Laplace
transform of the error signal €(f). In addition, there
is an uncontrolled disturbance inflow to the tank
which is given by q4(9).

Figure Q3 shows a schematic of a system for
controlling the angular velocity €} of a cable
drum of radius R under conditions where the
cable tension T'is variable. The drum, which has
a moment of inertia Jj, is driven via n:1 speed
reduction gearing by a servo-motor with rotating
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parts having a moment of inertia Jy;.Viscous friction
of coefficient C resists the rotation of the drum.
The feedback signal 17, is derived from a tacho-
generator and is subtracted from the demand signal
K:Qp to form the error signal. The controller is

a simple proportional controller with gain K and
delivers current I to the servomotor that develops

a drive torque L.The transfer functions for the
tacho-generator and servo-motor, respectively, are as
follows:

v Ko LE Ky
QG 1+ Tes Is) 1+ Tyys

KsQp N servo-
() controller

+U motor

n:1 reduction

gearing Vo

R drum Q

I =)

viscous
friction C

Figure Q3

(a) Draw a block diagram for the system and derive
the overall transfer function relating the drum
speed () to the demand speed (), and the cable

tension 7.

(b) For the case when T = 0, determine the
order of the system and derive expressions for
appropriate parameters which characterize
completely the transient behaviour.

The block diagram in Figure Q4 represents a system
for controlling the speed of a rotor that is driven by
a field-controlled electric motor. A tacho-generator
is used to provide the feedback signal. Ty, 11, and
Tr are time constants associated with the motor,
rotor and tacho-generator respectively, and K is

a gain associated with the motor. For a particular
system, the time constants have the following
numerical values: Ty; = 0.5, T, = 1 and Tt = 0.1.

(a) Find the minimum value of K for which the
steady state error in rotor speed ({}; — ().)
following a step change in input is 2% or less.

(b) Find the maximum value of K for which the
system is stable. For this maximum value of K
determine the frequency at which the system
would oscillate if disturbed.

Motor Rotor

Q0+ K i Q.0

U 1+ Tys 1+ Tis
[

1+ Tys

Tacho-Generator

Figure Q4

5. The block diagram in Figure Q5 represents a system

tor controlling the rotational speed of an inertia
load that is driven by a diesel engine. K and T

are respectively the gain and time constant of the
fuel injector. The demand speed is w;(f) and the
actual load speed is w () (these are expressed in the
Laplace space as {);(s) and € (s) respectively).

(a) Derive an expression for the maximum value of
K for which the closed loop system is stable.

(b) Show that the steady state error in speed w;—w,
following a step change in demand is zero and
derive an expression for the steady state error
when a ramp input is applied.

(c) With reference to your answers to parts (a)
and (b), explain whether it is better for the
fuel injector time constant T to be shorter or
longer.



Questions

Fuel
Injector Engine Load
Q) + K |1 | | 1 Q,(s)
1+ Tes 1+ 5s S

Figure Q5

6. (a) Figure Q6 shows the block diagram of a system
for controlling the temperature of liquid in a tank.
For the case where the controller is a proportional
controller with transfer function G(s) = K, draw
the root locus plot for the system.

(b) To reduce steady state errors, the controller is
modified to incorporate integral action so that
the controller transfer function is now given by:

s+4)

s

Gels) = K(

Draw the root locus plot for the modified system
and comment on the practical significance of the
differences between the plots for the original and
modified systems.

Controller Tank + liquid

06+ ) oo ! 0,(9)

_/ s+02
T 1
s+ 1
Thermometer

Figure Q6

7. Figure Q7 shows a schematic of a system for
controlling the angular position (expressed in the
Laplace domain) ©(s) of a satellite dish. The dish
assembly has a moment of inertia Ji, and is driven
via n:1 speed reduction gearing by a servo motor
with rotating parts having a moment of inertia Jy;.
A viscous friction of coefficient ¢ resists the motion
of the dish assembly. The feedback signal 1/,(s) is
derived from a potentiometer and is subtracted from
the demand signal Kp®;(s), to form the error signal.
The controller is a simple proportional controller
with gain K and delivers current I to a servo-motor
that develops a drive torque Ly(s). The transfer
functions for the potentiometer and servo-motor,
respectively, are as follows:

Vols) L(s) Ky

O,) P It 14 Tys

(a) Draw a block diagram for the system and derive
the overall transfer function relating the angular
position of the dish @ (s) to the demand rotation
@i(S) .

(b) For the case when Ty; = 0, determine the
order of the system and derive expressions for
appropriate parameters which characterize
completely the transient behaviour.

n:1 reduction gearing

\ O,(s)
R =
Kp0,(5) + 3
—_— controller  f—» 5 )
= viscous
- 5 friction
4
P
|
M(X
potentiometer
Figure Q7

8. Find the numbers of positive roots of the following
equations using the Routh-Hurwitz criterion:

(@ $+42+s5—6=0
b)st = =22 =2s+4=0
(c) 8 + 4s* — 148 — 465 + 255 + 150 = 0

9. Plot the closed loop root loci for the situations
where the open loop transfer function is given
by following transfer functions combined with a
variable gain K:
s—1
@ @ T 26+2)

O T e T 6 T30 T D

Hence, for each case, determine the value of gain K
for marginal stability, and (if appropriate) the natural
frequency at marginal stability.
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Structural Vibration

1. Derive the equation of motion and hence find the
natural frequencies for the system shown in Figure

Ql.

Uniform rigid beam, mass m
moment of inertia about pivot %mL2

]
J “Small” angular
displacement, 0 I3 K

L/2 |

Figure Q1

2. A wheel (radius r, mass m, moment of inertia about
its centre I) can roll without slipping on a horizontal
plane. It is restrained by a horizontal spring (stiffness k)
attached at one end to the centre of the wheel and
at the other end to a rigid vertical wall, as in Figure
Q2. Derive the equation of motion and hence find
the natural frequency for the system.

r

N

Figure Q2

‘What would the natural frequency be if there was
no friction between the wheel and the plane?

3. Derive the equations of motion for the system in
Figure Q3. Assume that all displacements are small.

|—>x1 |—>x2 |—>x3

ky ka

Figure Q3

4. Find the natural frequencies and mode shapes for
the system in Figure Q3 when k; = 10 kN/m,
k, = 30kN/m, m; = m, = 5kg and m; = 10kg.

5. Derive the equations of motion for the system in
Figure Q5. Assume that all displacements and angles

are small.
—
A
[ [ @ ] ] ]
b 0 '/Bar with moment of inertia [
about pivot at A
m
x

Figure Q5

6. Derive the frequency equation for flexural vibration
of a uniform beam that is free at both ends and find
an expression for the mode shape function.

7. A 25mm diameter shaft, 1.5 m long, is held by
two roller bearings at one end (giving a ‘clamped’
boundary condition) and by a self-aligning ball
bearing at the other end (giving a ‘pinned’ boundary
condition). Using the roots of the appropriate
frequency equation given in Table 6.3 on page 398,
find the first three critical speeds of the shaft.

8. If'a heavily damped structure is given an initial
displacement Z  and then released from rest, find
the constants of integration and sketch the graph of
z(f) against time.

9. A critically damped structure is subjected to an
impulse such that it acquires an instantaneous initial
velocity, 1/ , while the displacement remains zero.
Show that the subsequent displacement is given by
z() = Vo te @,

10. The rigid beam shown in Figure Q10 has a moment
of inertia of 10 kgm? about the pivot at A. End C is
displaced downwards by 10 mm from its equilibrium
position and then released from rest. Find the
maximum upward displacement of C from its
equilibrium position and the elapsed time at which
this occurs.

Pivot
A B C
o) '
AC =15m 200 Ns/m 25 kN/m
AB =1.0m
Figure Q10
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11.

12.

13.

14.

Figure Q11 shows a rocker arm with moment of
inertia Io, about the pivot at O. Rubber blocks

at ends A and B can each be modelled as a spring
(stiffness, k) in parallel with a viscous damper
(damping coefhicient, ¢). The base of the block at

A 1s attached to a rigid foundation. The base of
the block at B is attached to a follower, which is
driven by a cam that gives the follower a sinusoidal
displacement of amplitude Y, and frequency .
Derive an expression for the steady-state amplitude
of the displacement at A, assuming that the angular
displacement of the bar is small.

- i |
Al ol ~8 B

[ o |
i ‘\_I_I_ / i _T y()
! Rubber
i blocks Follower !

Cam
Figure Q11

For an undamped system with n degrees of freedom,
show that the steady-state response in coordinate

Jj due to a sinusoidal force of amplitude P and
frequency w applied in coordinate k is given by

Ujy Uy

5() = [Z P

r=1

P sin ot

Use Dunkerley’s Method and Rayleigh’s Method
to estimate the lowest natural frequency of the
torsional system shown in Figure Q13.

I 21 I

2k [ L L :|

Figure Q13

A shaft with universal joints at each end has a length
of 6 m, a second moment of area of 0.00025 m* and
a mass/unit length of 75 kg/m. It carries three discs,
which can be regarded as point masses of 100, 150,
and 200 kg located 1.2, 3 and 4.8 m from the left-
hand end. Estimate the lowest critical speed using
Dunkerley’s and Rayleigh’s Methods. Take E = 207
GN/m?, p = 7800 kg/m?.

15.

16.

18.

Find a single-degree-of-freedom approximate model
to analyse the motion of the 1 kg mass in the system
in Figure Q15 when it is vibrating near its lower
natural frequency.

X X
1kN/m r 11kN/m r 21kN/1n
i S 5 OO

l—»pl () = Pysinwt
Figure Q15

Use the model from Question 15 to estimate the
steady-state response of each mass in the two-
degree-of-freedom system due to a sinusoidal force
of amplitude 10 N and frequency 3.8 Hz applied to
the 1 kg mass.

Derive the displacement transmissibility for the
system in Figure Q17.

]

C_T y(0)

Figure Q17

A compressor of mass 300 kg is to be installed on
four isolators, two at each end.The centre of mass

is 0.4 m from end A and 0.2 m from end B. In the
end elevation, the isolators are located symmetrically
with respect to the centre of mass.

Isolators are available with stiffnesses of 40, 70,
110, 180 and 290 kN/m and each has a maximum
allowable static deflection of 10 mm. Select suitable
isolators for the installation so that the isolation
efficiency is at least 70% at the normal running
speed of 870 rev/min. Estimate the actual isolation
efficiency for each of the isolators you select.
Neglect damping.
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absolute humidity 59-60
ac induction motors See induction

motors
adiabatic process 51, 96
AFR 76-77,78-79,133
air conditioning 46, 57-68
principles of operation 63
air—fuel ratio (AFR) 76-77,78-79,
133
air gap flux 297
air rich combustion 77
air standard Diesel cycle 132
air standard Otto cycle 131, 132
aircraft 313, 392394
wings 395, 404
Amagat’s law of partial volumes 71
amplifiers 341
amplitude of response 413
angle of arrival 369
angle of departure 369
angle valve 30
angular velocity, Laplace transform
340
antenna, high-speed rotating 263
antenna system See radar antenna
apparent gas constant 73
apparent molar mass 70, 73
Argand diagram 361
armature 268-269
emf induced in winding 270-272
asymmetric channel section, shear
stress distribution in 190-191
asymmetrical bending 207-217
See also second moments of
area beams with asymmetric
sections 213-217
atmospheric air 59
automatic valves 91
automotive applications, dc motors
284
autopilot 317
Avogadro number 59
axisymmetric conduction 101

back pressure turbine 129
‘bank run’ 321
base speed 299
baseball 21, 23
battery-operated appliances 284
BDC (bottom dead centre) 91
beam, with added masses 442—443
See also uniform beams
beam bending, rectangular section
with EPP 161-163
beam bending equation 150, 207
beam—columns 178-183
beam deflection 223
bending moment 395-396
bending stiffness 382
bends, low around 28-29
benzene 79-80
best-efficiency point (BEP) 45
bifurcation point 170
black body 105
black body heat transter 106
black body view factor 106
Blasius profile 10
block on cantilever beam
torsional vibration 382-383
vertical vibration 382
block diagrams 322
building 337-347
components 337-343
systems 344-347
conversion to transfer function
348-350
fibre tensioning system 325,
332-334
heater controller 322—323,
331-332, 348
with overlapping control loops
350-351
radar antenna 346, 349-350
and s domain 331-334
blowers 263, 282, 314, 342-343
bluft bodies, drag 20-22
Bode plot 360-361

bottling plant 306
bottom dead centre (BDC) 91
bounce, and pitch 389-392
bounce mode 388
boundary conditions, basic types of
support 397
boundary layer 1, 8-18
formulae for development 15
Reynolds number 8-9
tripping 18, 21
velocity profile 10-12
boundary-layer equations 16—17
brake horsepower 42, 44
brake mean eftective pressure 267
brake power (bp) 134
brake specific fuel consumption 135
brake thermal efficiency 135
brakes 264
breakin points 368
breakout points 368
brittle materials, failure 145—-146
brushless dc motors 285
Buckingham’s theorem 37-39
buckling 168—-176
compressively loaded rod 180
buildings, tall 395

calorific values 85
cameras 318
camshaft 133
cantilever beams 225-226
See also block on cantilever beam
clamped—free 400—-402
forced response 444—446
with mass at free end 402—404
mode shape estimation 441-442
capacity coefficient 44
capacity rate 115
caravan, single-axle 385-389,
407-408
carbon brushes 268, 269
carburettors 136
Carnot cycle 53, 121-122
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Carnot efficiency 55, 121
Castigliano, Carlo Alberto 217,221
Castigliano’s theorem 217,
220-222
cause, and effect 378
cavitation number 34
centrally loaded beam 159
centrifugal blower 252
centrifugal governor 318-319
centrifugal pumps 42—45, 263
cetane 132
cetane number 132
char 82
characteristic equation 357, 359,
366-367
characteristic function 359
characteristic length 104
characteristic polynomial 357
Chernobyl nuclear disaster 321
choke 318
circular cylinder, flow around 19-20
circular shafts, torsion 163-167,219
clamped—clamped beam 157-159
clearance volume 91
closed feed heaters 126, 128—129
closed-loop feedback control, cruise
control example 319-320
closed-loop speed control 300
closed systems 49
clutches 264, 316
coetticient of drag 262
coetticient of performance 68
coefhicient of thermal expansion 239
coil spring isolators 447—448
combined heat and power 129-130
combined loading 139143
bending and axial load 140
bending and torsion 141
methodology 142
pressure, axial and torsional
loading 141-142
combined mode heat transfer 101,
108
combustible gases 131
combustion 74-90
closed system 82-83, 85-87
complete 76
incomplete 76
non-standard beginning and end
conditions 85-87
non-stoichiometric 75-76
open system 83—84, 87
stoichiometric 75-76
combustion energy 82
combustion gases 46

combustion reactions 46
commutator 269
compatibility, principle of 402, 403
complementary energy 221
complementary function 412
complete intercooling 95
compound drive trains 252
compound motors 273, 282—283
cumulative 283
differential 283
compression
double-acting 90, 95
heat transfer to jacket 93
multistage 90, 94-95
single-acting 90, 95
single-stage 90
work done during 92-93
compression ignition (CI) 132
compression ignition engine 132,
133
compression stroke 133, 134
compressors 54, 263
double-acting two-stage 95
efficiency 93-94
reciprocating 417418
single-acting two-stage 95
condensing boilers 78
condensing hot reservoir 66
conduction 97-98
axisymmetric 101
conservation of energy 49
law of 47,251
constant life diagrams 230
constant pressure heat addition 132
constant of proportionality 341
constant volume heat removal 132
constant volume heating 132
continuity equation 5-6
control algorithm 320, 352
control systems
dynamic response 356—360
frequency response 360-361
root locus method applied to
366-372
stability 362-364
control volume 47-48
controller, transfer function 343
convection 99-102
mechanism 102
convective heat transfer coefficient
99
correction factor 113
correlation 102
Coulomb friction 259
counter flow 109, 112

coupled equations 387
crack extension force 233
crack initiation 227
crack propagation 227
crack tip driving force 233
crippling load 171,177,178
critical (buckling) load 170, 179
critical crack extension force
(toughness) 233,234
critical Reynolds number 7
critical speeds 395
critical strain energy release rate 233,
234
critical stress intensity factor
233-234
critically damped system 357, 358
cross-flow 113-115
cruise control 317, 319-320, 343
cup and cone failure 144
curvature 150
cycle efficiency 53
cycles 48
cylinders
See also thick cylinders
circular, flow around 19-20
thin 195

damage tolerant approach 228
damped multi-degree-of-freedom
systems 424—431
forced response 429-431
frequency response function
(FRF) 430-431
modal scaling 425-426
orthogonality of modes 424—425
damped natural frequency 410, 417
damped single-degree-of-freedom
systems 405423
equations of motion 405-408
estimating damping 412
free vibration 408—411
critical damping 410
high damping 409
light damping 410
zero damping 409
frequency response function
(FRF) 415-418,
420-421, 423
harmonic excitation 412—415
periodic excitation 418423
damped vibration absorber 455
damper 339
damping 405
critical 410
estimating 412
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high 409
identifying experimentally 431
light 410
proportional 430
damping coefticient 405
damping ratio 358, 410
Darcy friction factor 26
Darcy—Weisbach equation 26
dashpot 339
dc motors 268—285
armature equivalent circuit 272
construction 268—269
emf induced in armature winding
270-272
operation 269-270
rectified supplies for 285-292
torque 272, 340-341
transfer function 340
types 273285
dc output voltage 285-290
dc series motor 273, 278282
dc servomotors 284
dc shunt motor 273, 274-278
speed control 276278
torque—speed characteristics
275-276
decibels 364
deflection curve 149
deflector 25
degrees of freedom 377
density 83—84, 137,216
derivative time constant 352
deviatoric planes 148
devolatilization 81
dew point 60
diagonal matrices 426
diesel 132
Diesel cycle 132
Diesel engines 134, 267
performance assessment 134—137
Diesel knock 135
differencing junctions 322, 325,
343
differential equation of elastic line
150
dimensionless numbers, in
convective heat transfer
103-104
dimensions, of physical variables 38
diode bridge rectifier 286287
three-phase 288289
direct current motors See dc motors
discontinuities 150
discrete Fourier transform (DFT)

419

disk valve 29-30
displacement 407
displacement thickness 14
displacement transmissibility 450
door, sprung 358
drag, on immersed bodies 19-25
drag coefficient 15, 19, 34, 36-37
three-dimensional bodies 22
two-dimensional bodies 22
drag force 260
drive ratio 251
drive shaft, aero engine 392-394
dry air 59
dry bulb thermometer 61
dry products 78
ductile materials
failure 144-145
yielding 146
dummy load 222, 224-225
Dunkerley, Stanley 437
Dunkerley’s method 437-439
dynamic friction 259-260
dynamic response 356—360
dynamic similarity 40
dynamically equivalent systems 443

earthquakes 395

eccentrically loaded struts 176—178,
181

effect, cause and 378

effective length 178

effective radius 252

effectiveness-number of transfer
units (e-NTU) 110, 115-118

efficiency, of pump 44

eigenvalue problems 387-388

elastic crack tip stress fields 234-235

elastic instability 168—184

elastic line 149

differential equation of 150

elastic modulus See Young’s
Modulus

elastic—perfectly plastic (EPP)
159-160

elastic—plastic deformations 1441406,
159-168

elastic—plastic material behaviour
models 159-161

elastic unloading 164

elastomeric isolators 447

electric mixers 282

elliptical hole, in large plate 231-232

emission, heat 105

emissivity 105

endurance limit 229

energy audit 48
energy balance 110
energy budget 48
energy conservation See
conservation of energy

energy inventory 48
engines 266
enthalpy 50, 69
enthalpy of combustion 83—-84
enthalpy of formation 84
entropy 55,70
equation of state 50
equilibrium 48

of forces 402

of moments 403

states 168
error 319, 352
Euler buckling load 171, 177,178
Euler number 34
evaporating cold reservoir 66
evaporative cooling 58
excess air ratio 77
excitation function 408
exhaust stroke 134
experimental modal analysis 431-436
extensive properties 50

factor of safety 231, 376
Fanning friction factor 26
fans 263
fatigue 227-231
life analysis 228
fatigue crack growth 237-238
fatigue life 229
fatigue limit 229
fatigue notch factor 230
fatigue strength 229
feed heaters 126, 128—129
feedback 318
fibre tensioning system, modelling
323-326,332-334
tield current 269
final-value theorem 337
finite element method 404
fireworks 75
first law of thermodynamics 49-50
five-degrees-of-freedom system
423
fixed—fixed strut 173
fixed—free strut 172—-173
fixed-hinged strut 173-174
flange
horizontal shear in 189
transverse shear in 188—-189
flash chambers 128
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flat belt systems 251-252
flexural rigidity 150
flow restrictions 342-343
flow reversal 17
flow separation 17
flow separation point 17
flow work 50
fluids, in motion 167—-185
flux linkage 271,298
flywheel 339-340
food processors 282
force excitation 415
force transmissibility 449
forced convection 99
fouling factors 118
four-pole induction motor 294
four-stroke cycle engine 132
Fourier series 295, 419
Fourier’s law 97
fracture 227
fracture mechanics 231-238
energy approach to 232-237
fatigue crack growth 237-238
fracture toughness 233-234, 235
free-body diagram 379
free convection 99
free—fixed strut 172—-173
free—free beam, impact test 434—435
frequency, units 381
frequency equations 388, 397, 399
numerical values of roots 398
for particular end conditions 398
frequency response 360-361
frequency response function (FRF)
415-418, 420—-421, 423,
430-431
frequency response function testing
432-435
friction, positive aspects 264
friction-based drive systems 251-252
friction drag 19
friction factor 25-27
friction rollers 251-252
friction velocity 12
frictional eftects, summary 262
frictional head loss 28
frictional losses 259—262
Froude number 5, 34
fuel injection systems 136, 267
fuel oils 132
fuel rich combustion 77
fuelling systems 136
fundamental 295

gain 322, 341, 352

gain margin 364
gas constant, for mixture 69
gas mixtures 6974
gas turbine engine 392-394
gas and vapour compressors 46
gate valve 29-30
gear ratio 250, 253
geared systems 250-256
efficiency 253
influence on apparent inertia 255
inertia 254
general equation 397
generalized Hooke’s law 197,239
geometric similarity 40
Gerber parabola 229
Gibbs—Dalton law 58-61, 69
globe valve 29-30
golf ball 21
Goodman diagrams 230
Grashof number 34, 36, 104
gravimetric analysis 69—71
gravitational load 263
gross (higher) CV at constant
pressure 85
gross (higher) CV at constant
volume 85
ground source heat pumps 68

harmonic excitation 412—415
harmonics 295
head 342
head coefficient 44
heat engines 53
heat exchangers 109-119
rating 111
sizing 111
heat pumps 66—68
heat removal 132
heat transfer 96—108
calculation 110
gas mixture 74
maximum possible 115
steady-state 97
heat transfer coefficient 98, 103
heater controller 321-323, 331-332,
348, 355
Heaviside step function 329, 335
helicopters 392, 395
45° helix failure 145-146
hinged—hinged strut 170-172
with initial curvature 175-176
hoists 264
Hooke’s law 144, 338
generalized 197, 239
‘howling’ 362

humidity 58, 59

absolute 59-60

relative 60
hydraulic cylinders 309
hydraulic diameter 31

power supplies 310
hydraulic jack 308
hydraulic motors 309-310
hydraulic systems 308-311

pneumatic systems vs. 308
hydraulic variable-ratio drives

310-311

hydraulically smooth 12
hydrocarbons 75

naming 76
hydrostatic line 147
hydrostatic stress 147
hygrometry 61

[-section, shear stress distribution in
187-189
ideal gas See perfect gases
ideal intermediate pressure 96
ideal struts 170-176
ideal work done 92
imaginary boundary 48
imaginary unit 360
impact test 434—435
impedance 296
impedance matching 311
indicated mean eftective pressure
(imep) 134
indicated power (ip) 134
indicator diagram 91
induction motors 292-305
See also torque
approximate characteristics
301-304
torque 299, 302-303
torque—speed characteristics
299-300, 302-303
induction stroke 91, 133, 134
inductive reactance 296
inertia 248
scaling 254
inertia base 452
initial-value theorem 335-336
instability 321
insulating heat 46
integral time constant 352
intensive properties 50
intercooling 95
internal combustion engines 267,
312
reciprocating 131-137
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internal energy 49

of combustion 82—-83, 84
inverters 294-295

three-phase 297
ironless motors 284
irreversible processes 49
isentropic compression 132
isentropic efficiency 55, 126
isentropic expansion 132
isentropic process 51
isentropic work 55
isobaric process 51
isochoric process 51
isolation efficiency 451
isolation region 451
isolators

coil spring 447—448

elastomeric 447

pneumatic vibration 447

selection 451453
isothermal compression 93
isothermal efficiency 93
isothermal flows 2
isothermal process 51, 96
isotropic hardening 160

K-factor 28-29

Kirman’s momentum integral
equation 14

kinematic hardening 160-161

kinematic viscosity 4, 103

kinetic energy, maximum 439

knock 135

Lame’s constants 198
laminar boundary layer 10
formulae for development 15
laminar flow 7-8
Laplace transforms 326-330
of commonly encountered
functions 327-328
definition 327
linearity 328
rules obeyed 328-329
in solving difterential equations 329
laser instruments 446
lathe 316
laws of thermodynamics
first 49-50
second 49, 53-54
corollaries 53
length scale 4, 16
lift coefticient 34, 3637
linear elastic fracture mechanics
(LEFM) 231-232

linear inertia 248
linear systems 381
linearization 342-343
LMTD 110-115
load characteristics 248
See also steady-state characteristics
of loads
local Nusselt number 103
locomotives 313
logarithmic mean temperature
difference (LMTD) 110-115
logarithmic velocity profile 11
long-shunt motor 273, 282
lumped mass—spring systems
384-392, 443444

Macaulay, W.H. 151

Macaulay brackets 152

Macaulay’s convention 152

Macaulay’s method 151-153

summary 156

Mach number 34, 36

machine cycle 91

magnetic flux density 297

magnetomotive force (mmf) 282—
283,297

mass, transfer function 337-338

mass balance 5

mass fraction, and volume fraction
72,73-74

mass—spring—damper systems 357—
359, 365-366, 406, 448—451

mass—spring systems 379-382

lumped 384-392, 443-444

maximum sheer strain energy (von
Mises) yield criterion 146

maximum sheer stress (Tresca) yield
criterion 146

maximum static deflection 453

Mead, Thomas 318

mean stress, effect on fatigue life 229

mechanical efficiency 135

mechanical power, sources 266—268

metal deformation 7374

Millennium Bridge 377, 429, 454

minimum advance for best torque
(MBT) timing 136

minimum static deflection 453

minor losses 28

mitre bend 28-29

mixed stream 115

modal coordinates 426

modal damping matrix 430, 455

modal mass 425426

modal mass matrix 425

modal matrix 425

modal parameters 431

modal scaling 425-426

modal space 426

modal stiffness 425

modal stiffness matrix 425, 426

mode shape 385, 388, 398, 431
estimation 440

model testing 40—41

modes of vibration 378

modified Goodman line 229

Mohr’s circle 139—-140, 209, 212

molar analysis 71-74

molar fraction, and volume fraction

73

molar reaction equations 75

molecular mass 59

moles 58,72

Mollier diagram 126, 127

moment of inertia 248250, 382
concentrated mass 249
solid cylinder 249
thin-walled tube 249

momentum integral equation 13-16

momentum thickness 13

Moody chart 12, 26

motor field characteristic 274

motors 266, 268

multipass 113

multipoint systems 136

multistaging 94-95

nameplate data 302
natural convection 99
natural frequency 358, 379, 381—
382,431
damped 410, 417
estimating lowest 437—442
undamped 409, 417
Navier—Stokes equations 2—5
negative feedback 320, 343
net (lower) CV at constant pressure
85
net (lower) CV at constant volume
85
net pump head 42
neutral equilibrium 168
Newtonian flow 2, 4
Newtonian fluids 260
Newton’s law of cooling 99
Newton’s second law of motion
248,337,378
rotational version 249, 378
no-slip condition 1

nodal lines 431
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non-dimensional numbers 34—37

non-slip condition 8, 14

non-stoichiometric combustion
7576

normalization 426

notches 230

NTU 115

number of heat transfer units (NTU)
115

Nusselt number 103, 104

Nyquist plot 361, 363-364

Nyquist stability criterion 363—-364

octane 131

octane number 131

Ohm’s law 285

one-seventh law 10

open feed heaters 126, 128

operator D method 329

order of magnitude analysis 17

orifice plate 342

orthogonality of modes 424—425

Otto cycle 131-132

overall heat transfer coefticient 101,
112

overdamped system 357, 358

overhead power lines 455456

oxidizers 74-75

p—h diagram 67
pancake motors 285
parachute 24
paracyclic machines 48
parallel axis theorem 207
parallel flow 109, 112
Paris equation 238
partial pressures
law of 58-61, 69
and partial volumes 71
partial volumes
law of 71
and partial pressures 71
particular integral 412
pass-out turbine 129-130
per unit slip 293
perfect gases 51
periodic excitation 418423
permanent magnet motors 273,
284-285
perpendicular axis theorem 209
petrol 131
phase angle 414
phase diagrams 414
phase margin 364
phase relative to excitation 413

physical space 426
7 theorem 37-39
PID control 352-354
pipes, low around bends in 28-29
piston-engined aircraft 313
pistons 309
pitch, bounce and 389-392
plane strain 233
plane stress 233
plastic collapse 180
pneumatic cylinders 306
pneumatic systems 306—307
efficiency and energy utilisation
issues 307
hydraulic systems vs. 308
pneumatic vibration isolators 447
pneumatic wrenches 306
pneumatics 305-308
point bending moment 154-155
poles 366, 369
polytropic compression 93
polytropic process 51
positioning system 344-345,
352-354,372-373
positive displacement pumps 90, 263
positive feedback 321
potential energy
concave function 169
convex function 169
power coefficient 44
power sources, matching of loads to
313-316
power stations 47, 392
power stroke 133, 134
power tools 282
Prandtl number 34, 103
Prandtl’s boundary-layer equations
16-17
pre-ignition 135
pressure coefficient 19, 34
pressure drag 19
pressure drop, calculation 117
pressure gradient, effect 17
prime movers 266
principal axes 209
principal second moments of area
209-212
‘printed armature’ motors 285
probe assembly 257-258
process diagrams (state diagrams) 49,
52
processes 48,51
irreversible 49
reversible 49
product gas mixtures 46

product moment of area 207-208
product parallel axis theorem 208
production tolerances 135
products, combustion 83
proof stress 149
propane 7879
propeller shaft 392
properties, of systems
extensive 50
intensive 50
proportional damping 430
proportional-integral-derivative
(PID) control 352—-354
psychrometric chart 61-62
pulse width modulation (PWM)
295
pump factor 117
pumps 42—45, 54,263, 341

quality governed engines 133
quantity governed engines 133

radar antenna 345-347, 348-350,
355-356, 359-360, 373-375

radiant heat transfer 105

ramp input 355

Rankine cycle 123-124

with superheat 124-125
Rayleigh, Lord 439
Rayleigh’s method 439—442
for shafts and beams 440441

reactants 83

real boundaries 48

reciprocating compressors 90-96

reciprocating internal combustion
engines 131-137

rectifiers 285292

recuperator 109

referred inertia 255

refrigerants 46, 66

refrigeration 66—68

regenerative heating 126

regenerator 109

reheaters 125-129

relative humidity 60

representative velocity 104

residual stress 163

residues 433, 436

resistance 296

resistors 341

resonance 376, 379

resonance-induced fatigue 376

resonant frequency 379, 417

response/unit applied force 415

restoring force 380
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reversible (ideal) work done 92
reversible processes 49
Reynolds number 4, 34, 103—104
boundary layer 8-9
critical 7
living things 10
rigid bar, axially loaded 169-170
rigid body mode 394
rocker system 383-384, 406—407
rods, compressive loading 180183
root locus method 365-375
applications 372-375
mass—spring—damper system
365-366
rotating discs 199-206
rotation of axes 208—209
rotational inertia 248
rotational load, with viscous
characteristics 340
rotor 292
rotor resistance 301
rotor standstill reactance 301
roughness ratio 34
Routh array 362-363
Routh—Hurwitz criterion 362-363

s domain 326
block diagrams and 331-334
S—N design procedure 230-231
satellite isolation system 446
saturation pressure 59
saturation temperature 59
screw drives 258
second law of thermodynamics 49,
53-54
corollaries 53
second moments of area 207212
about parallel axes 207
second-order ordinary differential
equation with constant
coetticients 408
second-order systems
critically damped 357, 358
overdamped 357, 358
underdamped 357, 358
secondary flows 32
self-acting valves 90
semi-perfect gases 50-51
sensors 341
separately excited motor 273,
283-284
series mMotors
connected to ac supplies 273, 282
dc 273,278-282
SFEE See steady flow energy equation

shaft with added masses 438—439,
442443
shaft whirl 394-395, 438—439
shape factor 14-15
shear centre 184,191, 193-194
shear stress 185—194
See also transverse shear stress
distribution
complementary 185
shell-and-tube heat exchangers 109,
113
ship engine 446
shock absorbers 405
short-shunt motor 273, 282-283
shrink/interference fit 202-205
shunt motor See dc shunt motor
similarity principle 40
simple harmonic motion 381
simply supported beams 398—400
single-axle caravan 385-389,
407-408
single degree of freedom structures
378-384
See also damped single-degree-of-
freedom systems
single-degree-of-freedom dynamic
models of complex systems
443-446
single-phase bridge inverter 294-295
single-point systems 136
singular points 368
singularity functions 152, 155
method of See Macaulay’s
method
skin—friction coefficient 14
sliding friction 259-260
slip 293
small perturbations 342
small-scale yielding 234
Soderberg line 229
soft starter 303
solid/fluid boundary 107
solids, burning 81-82
spark ignition engines 132, 133-134
performance assessment 134—137
spark ignition (SI) 131
spark timing 135-136
specific fuel consumption (SFC) 267
specific heat at constant pressure 50,
69
specific heat at constant volume 50,
69
specific humidity See absolute
humidity

specific measures 50

specific speed 45
specific steam consumption (SSC)
121
spontaneous ignition 135
spring, transfer function 338
spring back 163
spring—damper system 329-330,
335-336, 337
square wave 295
stability 362-364
Nyquist criterion 363-364
Routh—Hurwitz criterion
362-363
stable equilibrium 168—169
stalling 267
standard conditions 83
starting characteristics, matching
315-316
state diagrams (process diagrams) 49,
52
static deflection shape 440
static friction (‘stiction’) 259-260
statically determinate problems 195
statically indeterminate beams
157-159
statically indeterminate problems
196
stationary field 268
stator 292
steady flow energy equation (SFEE)
48,49
steady-state characteristics of loads
259-265
matching 313-315
modifying using transmission
265-266
steady-state error 352, 354-356
steady-state heat transfer 97
steady-state operating points 311-312
steady-state response 413
steam engine 318
steam plant 129
steam power plant 47
steam railway locomotives 313
steam turbine 46, 129-130
shaft 438—439
Stefan—Boltzmann law 105-106
step input 354
stiffness matrix 404
stoichiometric combustion 75-76
strain, thermal 239
strain energy 217-226
in bar under tension 218-219
beam under bending 220
combined 225-226



Index

maximum 439
per unit volume 219
in shaft under torsion 219
strain energy release rate 233
streamlining strategy 24-25
stress
See also plane stress; shear stress;
thermal stress
residual 163
three-dimensional 147—-148
two-dimensional 147
stress concentration, effect 230
stress concentration factor (SCF) 230
stress intensity factor 233, 235
effects of finite boundaries
235-236
stress—strain curves 144
uniaxial 159-160
stress tensor 2
stroke 91
Strouhal number 34
struts 168
eccentrically loaded 176-178,
181
ideal 170-176
summing junctions 343
supercharging 136
superheated steam 124
superposition, principle of 140
surface roughness 20—22
pipes and ducts 27
suspension bridges 395
swamp cooler 58
swashplate 309
swept—sine test 433
swept volume 91
swing-check valve 30
symmetric sections 208
system, defining 47

T-section, shear stress distribution in
191-192

tachogenerator 341

Tacoma Narrows Bridge 376, 384

tangential drives 256

tangentially driven loads 256259

tanks 341-342

TDC (top dead centre) 91

televisions 318

thermal boundary layer 102

thermal capacity 103

thermal capacity rate 110

thermal conductivity 97

thermal diffusivity 103

thermal efficiency 120, 135

thermal radiation 105
thermal resistance 98-99
thermal runaway 321
thermal strain 239
thermal stress 239246
initially straight uniform beam
239-242
thin cylinders 245246
thin disc of uniform thickness
243-245
thermometers 61
thick cylinders 195-206
with body forces 199-206
compatibility 197, 200
equilibrium 196, 199-200
with pistons 201-202
stress—strain relationships 197-199,
200201
thin cylinders 195
three-dimensional stress systems
147-148
three-term control 352-354
threshold stress intensity factor range
238
throttles 54, 267
thyristor 286
thyristor bridge rectifier 286287
three-phase 289-290
top dead centre (TDC) 91
torque, inflence of inefficiency on
transmission 255
torque—slip characteristics 301
torque—speed curves 265266,
299-300, 302
torque—speed—SFC map 267
torsional load 191
torsional stiffness 382
torsional systems 392—394
total life approach 228-231
toughness 233, 234
train, ground-borne vibration 446
transfer functions 323, 334337
closed-loop 335, 357, 366
conversion of block diagrams to
348-350
open-loop 334-335, 359,
363-364, 366
of simple components 337-343
transferring heat 46
transient response 408, 412-413
transmissibility analysis 448—451
transmission ratio 265-266, 313
transverse failure 145
transverse shear stress distribution
184-186

asymmetric channel section
190-191
circular section 186—187
I[-section 187-189
rectangular section 186
T-section 191-192
Tresca yield criterion 146
tuned vibration absorbers 377, 429,
453456
turbine—alternator sets 392
turbine rotor disc 205206
turbines 42, 46, 54, 129—-130
shaft 438—439
turbocharger 136
turbomachinery 42—43
turbulent boundary layer 10-12
formulae for development 15
turbulent low 7-8
turbulent-shear stresses 32
two-degrees-of-freedom system
lowest natural frequency
estimation 437—438
mode shape estimation 440
steady-state response 427—429
two-dimensional stress systems 147
two-pole induction motor 292-294
two-stroke cycle engine 132—133

ultimate products 76

undamped multi-degree-of-freedom
structure, forced response
426-429

undamped natural frequency 409,
417

underdamped system 357, 358

uniform beams, flexural vibration
395—404

uniformly distributed load (UDL)
153-154

unit modal mass 426

‘universal motor’ 273

unmixed stream 115

unstable equilibrium 168-169

V2500 engine 392-394

vacuum cleaners 282

valve geometries 29-30

vane motor 305-306

vapour power cycles 54, 119-130
variable-ratio drives 252,316
vee belt/pulley systems 251-252
vehicle model, 2D 389-390
vehicles 258

velocity boundary layer 102
velocity profile 10-12
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velocity scale 4, 16
venturi 136
vibration control techniques
446456
viscosity 260
viscous damping 405
viscous friction 260—261
volatiles 81
voltage 285
volume fraction
and mass fraction 72, 73-74
and molar fraction 73
volumetric analysis 71-74
volumetric efficiency 93-94, 135

von Mises yield criterion 146
vortex shedding 34-35, 455

wall roughness 12—13

water, state diagram 56

water horsepower 42

‘Watt, James 318

wavenumber 396

web, transverse shear in 187—-188
Weber number 34, 36

wet bulb thermometer 61

wet products 78

wheel-hop mode 389

wide open throttle (WOT) 133,267

~StormR LG~

windage 261-262
woodworking tools 282
work 51-52

work ratio 120

work transfer, gas mixture 74
working fluid 46

worm gears 264

yield criteria 144-149
Young’s Modulus 144

z domain 326
zeros 366, 369
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