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Foreword 

In the Preface, the author describes how he knocked on my office door looking for 
a third supervisor after his first and second had tragically passed away. Based on his 
excellent academic record and wonderful sense of humor, it was difficult to say no; 
yet, there was lingering doubt about how saying yes might affect my own longevity. 
As it turned out saying yes left me doubly blessed: I gained both a very talented 
research associate and a treasured friend. 

As the years passed, I have admired how he established a remarkable university 
CFD research facility and how he drove the practical application of CFD not only 
in Brazil but in all of South America. Later, he was also instrumental in founding 
a commercial CFD company through which his expertise has helped clients around 
the world. 

And now we should be grateful that he has written this book. Students learning 
CFD will benefit by working their way through topics starting with the simple iterative 
solution of the conservation equation for a single variable and ending with methods to 
solve the full 3D equations of fluid flow and heat transfer using unstructured grids and 
multigrid solvers. Along this journey, concepts are carefully explained using simple 
1D examples and by applying physical insight. The reader is effectively prepared 
for important developments by often giving a preview before the full explanation 
pages or chapters later. There is even helpful advice on how to go about debugging 
a computer code. And once CFD is being applied with confidence, this book will 
remain a valuable resource on the office bookshelf. 

I thank the author for his time and energy to preserve his knowledge and advice 
for all of us in the pages of this book. 

Waterloo, ON, Canada George D. Raithby
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Preface 

I was introduced to the field of computational fluid dynamics in my Ph.D. program 
at the University of Waterloo, Canada, under the supervision of Prof. George D. 
Raithby. He is one of the world’s renowned scientists in fundamentals of CFD, 
pioneer in delivering seminal works to the scientific community. How this all started 
deserves few words. When preparing myself to go to Canada, I met Dr. Julio Militzer 
in a conference in my hometown Florianopolis. He had just arrived from his doctorate 
in Waterloo. Knowing that I was going to Waterloo, he advised me to try working 
with George Raithby, since “he is the best in the department”, he said. 

I went to Canada on May 1978 with George’s name in my mind. Due to scientific 
collaborations among universities, my supervisors were already defined: Prof. Nicoll 
and Prof. Alpay. It is unbelievable, but both of them died few months after my arrival. 
So, I ended up knocking on Prof. Raithby’s door looking for a supervisor, following 
Julio’s advice. At that time George was full of students under supervision, since he 
was in the most important moment of creative numerical developments. He kindly 
invited me for a cup of coffee in the lounge. There, he told me about the possible 
research lines such as pressure–velocity coupling, grid generation, among many 
others. Some of them, I fully understood a year or more later. 

George told me he would have to look on my profile and would see me the day 
after. Back to George’s office, the next day he told me: As you are a faculty member 
on a leave for your Ph.D. studies, and in a difficult situation right now, I am going to 
supervise you. So, let’s work. From now on, I will call you Clovis and, please, call 
me George. That day decided my professional life. 

Back to my Department of Mechanical Engineering of the Federal University of 
Santa Catarina, in 1981, I created the courses Computational Fluid Dynamics I and 
II, taught at the graduate level in mechanical engineering, and started an active life in 
teaching heat transfer, fluid mechanics and numerical fluid flow, supervising master 
and Ph.D. students in the development of numerical techniques. Up to now, around 
50 M.Sc. and 25 Ph.D. students worked with me. Perhaps, one the most significative 
results for having entered in the CFD field was the creation of the startup company 
ESSS, leaded by Clovis Jr. and Marcus Vinicius of my CFD Group at the university.
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x Preface

The company is now present in several countries and leader in South America on 
CFD and scientific software developments. 

In parallel to my academic activities, I was always involved in leading collabora-
tive research projects with major Brazilian companies, mainly in aerodynamics and 
petroleum reservoir simulation. In those areas, fundamental topics, always based on 
numerical developments, were studied along more than three decades. These engi-
neering consulting works helped me to understand the linkage among numerical 
techniques and the real engineering world of simulation and to judge up to where in 
complexity the numerical techniques should go on the solution. 

In 1995, I wrote my book on numerical fluid flow with a 2nd Edition in 2005. 
I wrote in Portuguese such that undergraduate students not mastering properly the 
English language, and not affording buy an international textbook, could benefit from 
the text in a moment in which CFD was growing and wide spreading in the academy 
and industries. It was a pioneer book written in Portuguese and well accepted by 
the scientific community. Following the trends in my teaching activities, recently, 
I made available at the SINMEC YouTube channel, two of my graduate courses, 
recorded in classroom, convection heat transfer and numerical fluid flow, of 30 h each, 
spoken in Portuguese. A third set of lectures, of about 10 h on numerical methods 
for unstructured grids, this one spoken in English, is also available on YouTube. 

However, it was always in my plans to write a book for the international commu-
nity, sharing with students, CFD professionals and analysts around the world what I 
have learned along those years in the field, particularly in the way of teaching numer-
ical fluid flow. The day-to-day at the University, added to the research projects, always 
hindered this initiative, until I decide to have 6 months leave of absence from the 
University and write it. Here it is. I am very happy to have accomplished the goal. 

As an engineer, when teaching numerical fluid flow, I always try to be with one 
foot on the physics (engineering) and the other one on the basics of the numerical 
methods. These two pillars are complementary, and they do not survive without each 
other. I believe this is the recipe for an efficient learning and for successful engineering 
simulations. This belief is fully immersed in this book, trying to offer to students and 
professionals a clean text which, hopefully, may be of enjoyable reading too. The 
goal is a compromise among simplicity and the required fundamental deepness of 
the subjects, creating the foundations for further advancements. 

Florianopolis, SC, Brazil 
July 2022 

Clovis R. Maliska 
clovis.maliska@ufsc.br 

clovis.maliska@gmail.com

mailto:clovis.maliska@ufsc.br
mailto:clovis.maliska@gmail.com
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Chapter 1 
Introduction 

1.1 Preliminaries 

The use of numerical techniques to solve complex problems in all areas of engi-
neering and physics is nowadays a reality, thanks to the rapid development of high-
speed computers with large storage capacity. Due to this computational availability, 
the development of algorithms and methods to solve the most diverse problems 
has received enormous attention of numerical analysts and engineers, which makes 
numerical techniques a topic of increasing interest for the scientific and industrial 
community. Computational Fluid Dynamics (CFD) is a topic which experienced an 
enormous growth and became a mandatory subject in undergraduate level and in 
industry, following the same path already observed in graduate studies and research. 
Moreover, the versatility and generality of numerical methods for the simulation 
of engineering fluid flow problems, and the relative simplicity of application of 
these techniques, are additional motivating factors for their use. All modern industry 
technologies, like IoT, Digital Twins, online processes control, to mention some of 
them, rely strongly on numerical simulation. The continuous growth of the avail-
able computational capacity is the main driver for those technologies. Simulation 
is mandatory in the design process of equipments, reducing dramatically costs and 
development time. 

To have a glance on the rapid growth of the computational capacity it is enough 
to remember that in the 1960/70s a super-computer costing millions of dollars to run 
CFD applications, which today can be run in personal computers, was necessary. 
In summary, it is becoming easier and easier to use numerical techniques to solve 
engineering problems, both in the academic/scientific and industrial environment, 
as the costs for the acquisition of the necessary hardware are getting cheaper and 
cheaper. This book deals with the fundamentals of the finite volume method, the 
method which is the engine of the most used packages for solving fluid flow problems 
combined with heat transfer, multiphase and turbulence.
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2 1 Introduction

1.2 Available Tools for the Engineer 

To appreciate the power of numerical simulation for solving engineering problems, let 
us comment about the capabilities of the available tools for the engineer in designing 
a product or understanding a specific physical phenomenon. Engineer have at their 
disposal, fundamentally, three tools:

. Analytical methods;

. Numerical methods (numerical experiments); and

. Laboratory experiments. 

Analytical and numerical approaches belong to the class of theoretical methods, 
since both aim at solving the partial differential equations represented by the math-
ematical model. The difference between them resides in the errors embodied in 
the solution and in their capabilities. Analytical solutions contain only errors due to 
machine calculation, the so-called machine errors. Unfortunately, analytical methods 
are applicable only to problems whose simplifying assumptions take them too far 
away from the real physical phenomenon. They are usually applied to simple geome-
tries with simple boundary conditions. Obviously, analytical solutions should not be 
discarded, and one of their important applications is precisely to validate limiting 
cases of numerical methods, and to assist in the development of more robust numerical 
methods. A significant advantage is that the solution can be obtained in closed form, 
requiring very low computational times, with no other errors besides the machine 
errors. If an analytical method is good enough to solve the problem of interest, 
such that the solution contains the answer for the engineering problem, it should be 
preferred. It is a basic rule in engineering practice to use the appropriate tool for what 
you expect from the solution. 

On the other hand, numerical solutions, supported by the powerful high-speed 
computers, is the choice in modern engineering, since complex problems, repre-
sented by systems of partial differential equations, can be attacked with great facility. 
Numerical solutions, however, are contaminated with discretization errors which are 
dependent of the size of the grid. Discretization errors are of several types, being the 
two most important the numerical diffusion and numerical oscillation. We will discuss 
them in detail, since they originate when interpolation functions are introduced in 
the discretization. 

Numerical simulation (also called numerical experiments) has, virtually, no 
restrictions, being able to solve problems with complex mathematical models with 
general boundary conditions, defined in complex geometries and releasing results 
in a time frame required in the development of new equipment or analysis. The 
time and cost of designing new equipment can be significantly reduced with the use 
of numerical simulation, compared with laboratory experiments. Currently, CFD 
tools are starting to be integrated with other numerical tools, creating an interactive 
work environment, where the final design is practically achieved through computa-
tional tools, leaving the final adjustments for the laboratory experiments. There are 
situations, for example, when the mathematical model is already known and fully
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validated, such that laboratory experiments are no longer needed, and the problem 
can be reliably solved through computers simulations, thus reducing time and costs. 

Regarding laboratory experiments, their great advantage is the fact that they can 
deal with the real configuration and real physics. It is, however, very expensive, and 
often cannot be applied for safety reasons, as is the case of heat transfer in the core of 
nuclear reactors, or because of the difficulty of reproducing the real conditions, as, 
for example, in high supersonic flows or in the simulation of oil reservoirs, in order 
to mention a few situations. In the absence of established mathematical models, it 
is often the only alternative available to the engineer or physicist. One important 
task of laboratory experiments is to help in the validation of numerical solutions. 
At the same time, complex numerical simulation push for the development of new 
experimental techniques able to measure what is simulated. It must be clear to the 
reader that besides the strong potential of numerical solutions, they do not fully 
replace laboratory experiments. They are complementary. The help of simulation 
during the product development allows to have the final product close to the ideal 
one, but before putting it in operation or launch it to the market, laboratory tests must 
be performed. 

The trend is to have increasingly sophisticated laboratory experiments in order to 
use the results to corroborate mathematical and numerical models, when investigating 
and understanding new phenomena that still need to be mathematically modeled, 
and for a final evaluation of a given product. The laboratory will, certainly, no longer 
perform the repetitive task, which will be left to the computer, generating data for 
parametric analysis. 

Therefore, what should be practiced in engineering is the proper association of 
numerical simulation with selected laboratory experiments. The combination of these 
techniques will result in a better and cheaper design. However, the ability in doing 
this requires well trained people in physics and numerical techniques. There is no 
doubt that this is the way for practicing modern engineering, in which numerical 
simulation is increasingly playing a decisive role, walking side-by-side with labora-
tory experiments. As mentioned, Industry 4.0, Digital Twins and Internet of Things 
(IoT) rely strongly on numerical simulation. Few words about the quality of the 
numerical solution is worth to be mentioned at this point. 

Considering the engineering aspects of a numerical solution, there are two distinct 
types of errors that can make the numerical solution depart from the reality of a phys-
ical problem. In the first level there are the numerical errors themselves, resulting from 
the poor solution of the mathematical model (differential equations), represented by 
discretization errors, therefore, related to the numerical method as a whole. To detect 
them, the results should be compared with other solutions, analytical or numerical, 
of the same mathematical model to verify if the differential equation was correctly 
solved. This process, that we refer in this book as numerical validation, is also known 
as verification in the international literature, and attests the quality of the numerical 
method. 

In a second level, there are the errors resulting from the use of differential equations 
(mathematical model) that do not represent with fidelity the physical phenomenon,
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called herein physical validation, also known as validation. Physical validation, there-
fore, is concerned with the fidelity of the mathematical model to be adherent to the 
physics of the problem. This requires the comparison of the numerical results with 
the real world. Therefore, a numerical tool is adequate and reliable for helping in 
solving an engineering problem when one has in hands a numerical method that 
correctly solves the differential equations, and that, faithfully, represents the phys-
ical phenomenon. It is worth remembering that it does not help, from an engineering 
point of view, to have an excellent numerical method if the mathematical model (i.e., 
the chosen differential equations) does not represent the phenomenon. Nor does it 
matter to have a good mathematical model if the numerical method cannot deliver 
to the user an accurate solution of the system of equations. 

Figure 1.1 details the two levels of validation (numerical and physical validation). 
Comparison of the numerical results with analytical results, if any, or with other 
validated numerical results characterizes numerical validation. On the other hand, 
the comparison of the numerical results with the experimental results identifies the 
physical validation. Thus, since the errors can be of different origins, whenever errors 
are detected, the procedures listed in the square boxes in this figure should be checked.

A few words about verification and validation, two denominations largely used for 
checking a broad class of systems and used in numerical simulation are here appro-
priate. A brief review of the literature brings to us several articles trying to explain 
the differences in these procedures, since both words have similar meaning in many 
languages, and they allow margin for misunderstanding. In software development, 
for example, it is said that verification is the procedure of checking if the software 
complies with the imposed specifications. And what are the imposed specifications 
of a software for solving partial differential equations? It is nothing more than the 
requirement of having a good solution of the equations. And this is, precisely, the 
numerical validation, since it checks if the numerical algorithm (the kernel of the 
software) is correctly solving the mathematical model. Validation, on the other hand, 
it is said, is the procedure of checking if the software complies with the customer 
expectation. And what is the customer expectation of a software (numerical method), 
but to guarantee that the mathematical model embodied in the software gives physi-
cally consistent results? This is exactly physical validation. Therefore, in this book 
we prefer to call numerical validation and physical validation instead of verifica-
tion and validation, since the meaning is directly understood by the words employed, 
with no ambiguity, especially in the specific case of numerical solution. If these two 
words would let clear its meaning in numerical simulation, it wouldn’t need to have 
so many papers in the literature trying to explain them. 

In this book, attention is focused on modeling problems involving fluid flow with 
or without heat transfer, which is applicable for multiphase and turbulent flows. The 
solution of these problems requires the handling of the highly nonlinear Navier– 
Stokes equations coupled with the mass conservation equation through a very intri-
cated coupling. At the same time, whenever possible, we emphasize the importance 
of not losing sight of the physics of the phenomenon being modeled, since the physics 
can help building the numerical strategies. The methods that will be studied can be 
applied for any physical problem which involves fluid flow. We will also briefly



1.2 Available Tools for the Engineer 5

MATHEMATICAL 
MODEL 

PHYSICAL 
PROBLEM 

STL
USE

R
 

NUMERICAL METHODS 

• Spatial and temporal integration 
• Nonlinearities and coupling treatment 
• Nature of the grid 
• Interpolation functions 
• Solvers 
• Choice of the grid size 
• Choice of the time step 
• Convergence criteria in iterative cycles 

EXPERIMENTAL 
SETUP 

EXPERIMENTAL METHODS 
• Experiment conception 
• Quality of the measuring 

devices 

• Data processing and 
management 

• Similarity laws 

ANALYTICAL METHODS 
• Exact solution of the partial 

differential equations 

THEORETICAL METHODS 
• Conservation laws, as momentum, mass, 

energy etc. 
• Constitutive relations, turbulence models 
• Boundary conditions 

NUMERICAL 

ANALYTICAL 

EXPERIMENTAL 

Fig. 1.1 Available tools for the engineer

discuss the use of finite volume techniques in solid mechanics, an area in which 
those methods are not frequently applied, more because of cultural factors than for 
its numerical capabilities, what has been demonstrated in several publications that it 
can solve solid mechanics problems with no numerical difficulties and with quality 
[1].
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The numerical methods available for treating these equations and other partial 
differential equations are briefly discussed. 

1.3 Classes of Numerical Methods Available 

The traditional methods for the numerical solution of partial differential equations 
are the Finite Difference Method (FDM), Finite Volume Method (FVM), and Finite 
Element Method (FEM). With the great development of numerical methods and their 
penetration into engineering, it is common to find controversial discussions about the 
effectiveness and generality of each method and comparisons between them. Many 
statements about these methods stem from the lack of knowledge of their nature and, 
therefore, a few words on this subject are important at this point. 

Historically, up to the 70 s, finite differences were always used in the fluid 
mechanics area, while finite elements were used in the structural area to solve, mainly, 
elasticity problems. These problems, from the physical point of view, are different, 
since fluid flow problems are highly nonlinear with advection terms present in the 
Navier–Stokes equations, while elasticity problems resemble purely diffusive heat 
transfer problems (elliptic), in general with linear characteristics. It was therefore 
natural that the researchers of finite differences concentrated their efforts on trying 
to master the nonlinearities of the advective terms and the difficult coupling between 
pressure and velocity, conditions not encountered in elliptic linear problems. 

For this reason, the problem of treating irregular geometries was left behind in the 
finite differences area, and the method had its entire development mainly based on 
orthogonal coordinate systems, such as Cartesian, cylindrical and spherical coordi-
nate systems. As a consequence, many people mistakenly link the finite differences 
method to orthogonal coordinate systems, when, in fact, it can be applied to any 
type of mesh, even unstructured ones, with the drawback, of course, of computing 
numerical derivatives along a coordinate axes when the mesh points are not aligned 
with these axes. Therefore, it is obvious, that it would be cumbersome to use it 
for irregular unstructured meshes. Let’s recall that the basics of finite differences 
method is just to replace the continuous operators in a partial differential equation 
by their discrete counterpart. Finite differences, as a full method for solving partial 
differential equations is no longer, or rarely used. The researchers working with finite 
differences for fluid flow problems in the late 70 s, due to its familiarity with this kind 
of physics, migrated to the finite volume approach. A major advancement in numer-
ical fluid flow took place in the mid-1970s, when orthogonal coordinate systems 
were replaced by generalized coordinate systems coincident with the boundaries 
of the domain, what allowed finite volume methods to solve problems in irregular 
geometries. Until around the 2000s it was the dominant discretization in important 
commercial packages available on the market for solving heat transfer and fluid flow 
problems. 

Finite element methods, by its way, are derived by applying a weighted residual 
statement to the elements, circumventing the requirement of having a variational
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formulation of the partial differential equation. The use of unstructured meshes was 
always the strongest point of the method. 

The picture we had until the early 1970s, therefore, was the finite volume (finite 
differences) with great experience in the area of fluids, but without the ability to 
treat irregular geometries, and finite elements skilled in the treatment of irregular 
geometries, but with difficulties to treat the advective terms present in the equations 
of motion. Early attempts to use the conventional Galerkin method for problems 
with strong advection were unsuccessful, since the classical Galerkin method with 
first order elements is only suitable for purely diffusive problems. This would be 
equivalent to the use of central differences in finite differences, which is known to 
produce oscillations in problems with dominant advection. 

In the context of finite elements, there were important improvements, employing 
other interpolation functions to allow for the adequate treatment of advective terms. 
Interpolation functions, weighting the importance of diffusive and advective effects, 
like the hybrid schemes employed in finite volumes, enabled a significant advance 
in finite element in the area of fluid flows. Later, formulations in which these func-
tions are developed along the streamline were also devised, equivalent to the skew 
schemes used in finite volumes, allowing finite elements to deal with fluid problems 
minimizing the effects of numerical diffusion. 

Finite volume methods, on the other hand, create the approximated equations by a 
balance in a control volume or, what is equivalent, integrating the partial differential 
equation in conservative form. This means that the discretized equations are the 
discrete counterpart of the differential equation, therefore, satisfying the conservation 
principles for any size of the grid. The possibility of linking the physical interpretation 
to the mathematics has had a considerable influence on the development of more 
robust numerical algorithms. Just to mention, it can be shown that the finite volume 
method is also a weighted residual approach method, the sub-domain method, in 
which the weighting function is equal to 1 in the control volume in consideration and 
zero in all others. If the equation is in its conservative form, the integration results 
in a balance of the property in the control volume. 

In the context of commercial packages for fluid flows, the finite volume method 
is still the method employed in all those with industrial penetration, with exception 
of specific niches. The preference is based on robustness, due to the conservative 
characteristics of the method, since, in fluid flow, it is very important to satisfy mass, 
momentum, energy and other properties at the discrete level. Since what is sought 
with a numerical method is the solution of a set of partial differential equation, 
which is the representation of the conservation of properties at the point level, it seems 
logical that the approximated equations should represent the conservation at the finite 
volume level. Obeying this, there will be no possibility of generation/disappearance 
of quantities, such as mass, momentum, and energy, within the domain of compu-
tation. If the conservation is satisfied only via boundary conditions, there may be 
non-physical generation/disappearance of properties within the domain, which will 
change the solution locally, or even preclude the determination of the solution. 

Developments in finite element technology, like mixed-finite element and discon-
tinuous Galerkin can assure conservation principles within the formalism of finite
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elements. Special elements are constructed such that it resembles the classic stag-
gered grid arrangement of variables, a routine practiced in the finite volume methods 
since the early 1970s. The drawback of these extended finite element method is 
that, usually, they increase the degree of freedom, requiring additional storage and 
increasing computational time and implementation complexity. 

In the context of finite volume methods there are important variants, since any 
numerical procedure that obtains its approximate equations through balances in a 
control volume is a finite volume method. Cell-center and cell-vertex methods will be 
discussed, independent of the grid type, if curvilinear or unstructured. One important 
variation of the finite volume methods is the cell-vertex method using unstructured 
grids, in which the control volumes are constructed using part of the elements created 
by the grid generator. This method deals with elements and control volumes, giving 
rise to a strong method with high grid flexibility. Within this class is the method whose 
control volumes are created by the method of medians named CVFEM-Control 
Volume-based Finite Element Method. 

This denomination, however, is ambiguous, since it conveys the reader the idea 
that it is a finite element method that uses control volumes. In fact, it is a finite volume 
method which uses the element, as used in finite element, as an entity of the method. 
In addition, it uses the same shape functions employed in finite element methods 
for interpolation and the usual element-by-element sweep to assemble the system of 
equations. Thus, perhaps, a more appropriate name for this class of methods would 
be EbFVM - Element-based Finite Volume Method, which correctly defines a finite 
volume method which uses the element to construct the control volumes. 

Still in the class of FVM, we have those whose control volumes are Voronoi 
diagrams, obtained from a Delaunay triangulation. In this case, the discretization is 
locally orthogonal and only two mesh points are required for the correct determination 
of the fluxes. It is an interesting method, but its difficulty lies on the grid generation. 
This method will be briefly discussed in this text. 

Another method that has gained space in the past decade is the Boundary Element 
Method (BEM). Its advantage is the possibility of dealing with the discretization of 
the boundary only, without the need to discretize the internal domain. The method can 
be applied when it is possible to transfer the influence of the operator from the domain 
to the boundary. Although attractive, it is a method that is still far from meeting the 
demands of the complex problems solved by the other methods. Undoubtedly, it is 
an area of research that deserves efforts and it could fit the needs for certain classes 
of problems. 

Nowadays it is observed that both methods, finite volume and finite element, 
are solving all kind of physical problems using general unstructured grids. If we 
look from a mathematical point of view, it couldn’t be different, since all numerical 
methods can be derived from the weighted residuals approach, employing different 
weighting functions. One strong point in favor of finite volumes is its conservative 
property for grids of any size, since independence of the grid size for conservation 
is mandatory. The physics must be always obeyed, not only when the grid size is 
very fine, that is, it must also be conservative when the solution contains truncation 
errors. We will return to the topic of conservation in Chap. 3.
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As a final comment about the methods, both finite elements and finite differences 
do not have the control volume as an entity in the formulation, therefore they are 
not conservative at discrete level. Finite volume techniques, on the other hand, are 
conservative at discrete level. It is worthwhile to mention that any numerical method, 
if consistent, will produce the same results when the grid size goes to zero, that is, at 
point level, situation in which all discretization errors must go to zero for all methods. 
Since one is always working with discrete grids, the conservation at discrete level is 
of utmost importance. 

1.4 Objectives and Scope of This Book 

With the enormous growth of the field of Computational Fluid Dynamics (CFD), 
many books have been published in the field. Most of them are, however, addressed 
to the researcher or the student already familiar with numerical methodologies. Some 
of them try to cover, besides the finite volume basics, other topics, such as turbulence 
and multiphase flows, for example, and the essentials of the finite volume method 
get lost in a diversity of topics. Some of them uses heavy mathematical notation and 
the meaning of the conservation equations and of the algorithms are lost. Physics, 
and even mathematics becomes hidden in the notations. Our view of the area along 
decades of teaching engineering subjects reveals that this discourage the students. 
There is still a big lack of textbooks that present the developments of the finite 
volume method in a growing complexity, in a clean structure, from the fundamentals 
of the method and reaching the latest approaches in the practice of engineering 
simulation, avoiding the need of jumping chapters and searching topics among lots 
of information, as is frequent in several textbooks in the area of CFD. 

This text aims precisely at filling this gap, allowing the learning process to evolve 
gradually up to the point of interest, writing simple computer codes to fix in the 
student’s memory the numerical topics addressed in the book. The goal is to provide a 
text that the reader can master the key points of the finite volume method, touching the 
fundamentals and felt instigated to think about them, and not just grasp an overview 
of the methodology. And, at the same time, to be an enjoyable reading. 

The text is divided in two parts: the first one is concerned with the basic concepts 
of the finite volume method, using problems represented by simple partial differ-
ential equations, but still containing all the required ingredients to understand the 
procedure. The second part presents the formulation of the finite volume method for 
general curvilinear coordinate systems and unstructured grids. Curvilinear grids are 
becoming less used because it is not as flexible as unstructured grids, however, we 
will dedicate some space because of its historical importance in computational fluid 
dynamics and its role in global and local transformation of coordinates, as auxil-
iary tools in many numerical developments. Regarding unstructured grids, it is the 
standard discretization used nowadays in fluid flow simulation, and the conventional 
finite volume method using cell-center, for general unstructured grids, and Voronoi
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diagrams will be considered. In the cell-vertex category, the Element-based Finite 
Volume Method (EbFVM) will be discussed in reasonable depth. 

In the first part of the text, for simplicity and for improving learning, the develop-
ments will be carried out using the Cartesian coordinate system, without prejudice to 
the complete understanding, since all the basic formulation serves for any coordinate 
system. Therefore, if a beginner wants to learn the fundamentals of the method it is 
enough to read the first part. The material fits for a high-level course in undergrad-
uate programs and normal one in graduate programs. The second part extends all 
knowledge of the first part to curvilinear and unstructured grids and can be a second 
course in the graduate level. This second part is dedicated to more advanced students 
and for researchers and engineers working with numerical simulation of fluid flows. 
The book is organized as follows: 

Chap. 1 discusses the importance of the numerical simulation in modern engi-
neering, and the methods currently available for solving problems in Fluid Mechanics 
and Heat Transfer. Chap. 2 discusses the physical and mathematical aspects of the 
conservation equations, presenting a didactic way to derive the conservation equa-
tions. Important issues in the derivation of the conservation equations are discussed, 
which definitely helps the reader to clearly understand the nonlinearities of the 
Navier–Stokes equations, an issue which normally remains unclear for the beginners 
in fluid mechanics. The derivation of the conservation equations in most textbooks 
are done grounded on mathematics only, and this hinders the intimacy of the reader 
with the equations. 

Chapter 3 presents the basic formulation of the finite volume method using a 
one-dimensional heat conduction problem, always trying to show that the concepts 
acquired with this simple problem are general and can be easily extended to 2D and 
3D discretization. Chap. 4 brings to the reader a brief presentation of the methods 
for solving the linear system of algebraic equations, with emphasis in one efficient 
multigrid method for accelerating the iterative solution of linear systems. 

In Chap. 5, the important problem of interpolation functions and the concepts of 
numerical diffusion and numerical oscillation are discussed. We will try to put lights 
to the understanding of these two important errors due to the interpolation functions 
used. In Chap. 6, for the sake of completeness, the discretization of a general three-
dimensional equation is performed, considering the velocity field as known. How to 
calculate the velocity field is reserved for Chap. 7, in which the key details of the 
pressure–velocity couplings will be discussed. The connection between segregated 
and simultaneous solution and these couplings will be presented. Chapter 8 presents 
a methodology for solving problems for any flow regime, while Chap. 9 discusses 
three-dimensional parabolic problems. Chapter 10 gives recommendations for those 
who are developing their codes, especially beginners and students, for testing and 
debugging, suggesting analytical solutions for comparisons, convergence criteria 
etc. Chapter 11 makes the bridge from the previous chapters to the chapters to come, 
where curvilinear and unstructured grids will be treated. 

Chapter 12 deals with methods in generalized curvilinear coordinate systems. 
Notions of coordinate transformation, metric tensor, metrics of the transformation, 
Jacobian, contravariant, covariant and physical velocities, geometrical interpretation
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of the mathematical quantities, among other concepts, are given. Global and local 
coordinate systems are briefly discussed, the former, as the basis for generalized 
coordinate methodologies, and the latter for unstructured grid and element-based 
methods. 

Chapter 13 is reserved for finite volume methods for unstructured meshes of cell-
center and cell-vertex types. In the cell-center class of methods Voronoi diagrams 
are included, while in the cell-vertex category emphasis is given on the EbFVM, 
probably the most neat and general numerical technology for treating problems with 
hybrid unstructured meshes. 

Chapter 14 is devoted for exploring an interesting similarity of the pres-
sure–velocity coupling in Navier–Stokes equations with the pressure–displacement 
coupling in poroelasticity. At the same time, it is demonstrated that finite volume 
techniques can be applied with success in solid mechanics problems keeping its 
conservative properties. 

Chapter 15 presents few results of the work performed by the author and his 
students and colleagues using generalized coordinates and unstructured meshes. The 
methodologies that will be presented in this text can be employed in a series of 
problems of practical interest. The next section seeks to present part of this universe. 

1.5 Applications of Computational Fluid Dynamics 

Fluid flow, with or without heat transfer is involved in virtually all energy produc-
tion processes, environmental phenomena, thermal equipment, aeronautical and 
aerospace engineering, reactor engineering, bioengineering, clean energy generation 
etc. And the numerical simulation of these flows plays a key role in understanding 
and quantifying the data for engineering calculations. 

Nowadays, industries are already using computers in large scale, even revolution-
izing the design in features that would be impossible with the use of the wind tunnel 
measurements only, since numerical simulation allows to execute many numerical 
experiments quickly and with a low cost. In the design of automobiles and their 
components, in rotating machinery, fire-fighting systems in large rooms, in the deter-
mination of position and size of the insufflation and ventilation in air conditioning 
environments, in the design of refrigeration equipment, CFD simulation is always 
present. 

Application in environmental engineering, as in the prediction of pollutant disper-
sion in the atmosphere and by the discharge of pollutants in rivers, lakes and soil, in 
the solution of numerous problems of multiphase flows found in the oil industry, in 
the design of combustors, boilers etc., numerical simulation is of great help to the 
analyst. The list is endless, and it just can be said that where there is an engineering 
problem, simulation is there. We may say that all processes and phenomena will be 
simulated in the future, and CFD will play an important role in this environment. 
The reader is invited to add other engineering problems to this list.
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Chapter 2 
Conservation Equations—Physical 
and Mathematical Aspects 

2.1 Introduction 

To succeed in a numerical simulation, it is mandatory to know the physics of the 
problem under analysis. And, in the case of fluid flows, understanding and knowing 
how to interpret the terms of the conservation equations is fundamental for correctly 
modelling the problem. In most textbooks of fluid mechanics, for example, when 
deriving the momentum conservation equations, the very important non-linear advec-
tive terms of these equations are hidden in the total derivative of momentum when 
applying Newton’s 2nd Law. This approach does not make clear, from a physical 
point of view, how the nonlinearities appear, since the physical interpretation of the 
total derivative is not always mastered by the beginners in fluid mechanics. 

This chapter is devoted for deriving and presenting the conservation equations 
using a strong physical appealing, seeking to show the dual role played by velocity 
in those equations. Besides that, the nature of the equation will be given, again 
based on physical grounds, instead of just classify them in a mathematical way. The 
knowledge gained in this chapter helps considerably the creation of the mathematical 
model which represents the physics. In this textbook, in spite of having a numerical 
scope, the physics and the geometric interpretation of the terms in the equations will 
be always emphasized. 

2.2 Models Formulation Levels 

Obtaining the numerical solution of any physical problem requires, initially, the 
ability to create the corresponding mathematical model. The mathematical model 
should be such that it can be solved in non-prohibitive computational times with 
results satisfying the engineering needs. Achieving this goal is not an easy task. 
Firstly, it should be decided the level at which the conservation balances should 
be done. To mention the extremes, conservation balances can be done either at the
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molecular level, originating an equation for each molecule, or over control volumes 
that may even, in certain directions, be coincident with the solution domain. At these 
extremes, the complexity of the numerical method suitable for each situation varies 
enormously. 

Table 2.1 shows the various possible levels of the model formulation. With the 
current computational availability, solving engineering problems within level 1 is 
impractical. Level 2 is also impractical, as it requires the solution of the differential 
equations for time intervals in the order of the turbulent fluctuations. At this level, 
the turbulent fluctuations are part of the true transient, and if such refined spatial and 
temporal meshes were possible, all the turbulent fluctuations in all spatial and time 
scales would be captured. Turbulence models would be no longer needed. The spatial 
meshes required, for example, for problems with Reynolds numbers of the order of 
105–107 are of the order of 3.1013–7.1017, respectively [1]. The attempts to attack 
the problem at this level, is known as DNS (Direct Numerical Simulation). These 
techniques, however, are still at the research level and are not part of the computational 
tools for the routine solution of engineering problems. Level 3 is the level in which 
the models that solve fluid flows with heat and mass transfer for practical interest are 
accommodated today. Turbulence, on these levels, is treated by adopting turbulence 
models as closures of the spatial and time-averaged Navier–Stokes equations, the 
RANS (Reynolds Averaged Navier–Stokes Equations) approach. Among the most 
widespread methods in this class, which use two partial differential equations, are 
(k − ∊) and its variants, (k − ω) and SST (Shear Stress Transport) [1]. Turbulence 
models are not in the scope of this book and the reader is referred to an existing 
extent literature on the subject. 

Table 2.1 Levels of model formulation 

Level in which balances are 
made 

Information required Type of resulting equation 

Cons. for each molecule 

L ≪ Lm 

t ≪ tm 

Molecular mass, laws of 
molecular momentum 
exchange, force fields, 
magnetic fields etc. 

One equation for each 
molecule (level 1) 

Balances in which 

tm ≪ t ≪ tt 

Lm ≪ L ≪ Lt 

Properties reflecting the 
molecular behavior, as 
μ, k, ρ  etc. 

Set of partial differential 
equations (level 2) 

Balances in which 

tt ≪ t 

Lt ≪ L 

Properties reflecting the 
molecular behavior, as 
μ, k, ρ  etc. Turbulence 
models required 

Set of partial differential 
equations (level 3) 

tm: average time of molecular collisions, tt : turbulent time scale 
t: average time in which balances are made, L: average length in which balances are made, Lm: 
molecular mean free path, Lt turbulent length scale
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Following the basic idea of [2], the derivation of the equations for conservation 
of mass, momentum, and energy is now presented, adding important physical inter-
pretation that helps the understanding of the equations. Our goal is to make the 
understanding of the non-linearities of the momentum equations as clear as possible. 

2.3 Conservation Equations 

2.3.1 Mass Conservation Equation 

Consider a fluid flow with velocity V and a system, shown in Fig. 2.1 at times t and 
t + Δt, with a constant velocity VA of the area element dA. The change of the mass 
in the system in this time interval is given by, 

m1(t + Δt) + m2(t + Δt) − m1(t) − m3(t) = Δm|system (2.1) 

Dividing by Δt,

1 

2 

3 

System at 
time t 

System at 
time 

V 

n 

VRVA 

VA 

V 

Fig. 2.1 System for deriving the conservation equations 
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m1(t + Δt) − m1(t)

Δt
− 

m3(t)

Δt 
+ 

m2(t + Δt)

Δt
= Δm

Δt

|
|
|
|
system 

(2.2) 

Recognizing from Fig. 2.1 that the regions 3 and 2 represent, respectively, the 
mass entering and leaving the control volume, and region 1 becomes the control 
volume when Δt → 0, Eq.  (2.2) can be written as 

ṁin − ṁout + Δm

Δt

|
|
|
|
system 

= Δm

Δt

|
|
|
|
CV 

(2.3) 

In a system there is no flow crossing its boundaries, therefore, the total mass inside 
a system is constant in time, or, in other words, its variation in time is zero, that is, 
(Δm/Δt)system = 0, and Eq. (2.3) results, 

ṁin − ṁout = Δm

Δt

|
|
|
|
CV 

, (2.4) 

which is exactly the mass conservation equation for a discrete control volume, that 
is, the equation used in the finite volume method. We will be back to this topic in 
Chap. 3. 

Equation (2.4) can be written in its integral form, as 

∂ 
∂t

∫

V 

ρ dV = −
∫

A 

ρ (VR.n)dA, (2.5) 

in which VR is the relative velocity, and ρ (VR.n)dA is the mass flow crossing the 
area element dA. The surface integral gives the net flow in the control volume. Using 
the divergence theorem, the surface integral is transformed in a volume integral, and 
considering a control volume of fixed shape in time, and infinitesimal, in the sense 
that the property may be considered constant in the interior of the control volume, 
the differential form of the mass conservation equation is obtained, 

∂ρ 
∂t 

+ 
∂ 
∂x 

(ρuR) + 
∂ 
∂y 

(ρvR) + 
∂ 
∂z 

(ρwR) = 0 (2.6) 

For a control volume fixed in space, the relative velocity coincides with the flow 
velocity, and the mass conservation equation results, 

∂ρ 
∂t 

+ div(ρV) = 0 (2.7) 

Equation (2.7) may also be obtained performing a mass balance for a control 
volume as shown in Fig. 2.2, which implies applying Eq. (2.4) to the control volume.



2.3 Conservation Equations 17

x 

y 
x,y,t 

u y  

x,y,t 
x 

x,y y,t 
x 

x x,y,t 
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t VC 

Fig. 2.2 Mass balance for a control volume 

This is what is commonly done in the first course in Fluid Mechanics. It is left to the 
reader this exercise. 

For the sake of simplicity, the figures describing the conservation balances in this 
chapter are drawn in 2D, but extension for 3D is quite simple. 

2.3.2 Linear Momentum Conservation Equations 

To derive the equation for linear momentum conservation, the same procedure is 
utilized. The momentum is evaluated at times t and t + Δt, and the difference is the 
variation of momentum in the system in the time interval Δt, given by 

m1V1(t + Δt) + m2V2(t + Δt) − m1V1(t) − m3V3(t) = Δ(mV)system (2.8) 

Dividing Eq. (2.8) by Δt, it results 

m1V1(t + Δt) − m1V1(t)

Δt
− 

m3V3(t)

Δt 
+ 

m2V2(t + Δt)

Δt
= Δ

Δt 
(mV)system (2.9) 

For each property in deriving the conservation equation, one needs to invoke its 
corresponding law for systems. In this case, Newton’s Second Law for a system 
says,

Δ

Δt 
(mV)system =

∑

F, (2.10)
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and the momentum conservation equation for a control volume is given by 

ṁV|in − ṁV|out +
∑

F = Δ

Δt 
(mV)CV (2.11) 

Since the idea is to derive all conservation equations using the same physical 
reasoning, it is didactic to compare Eq. (2.3) with Eq. (2.11). In both equations 
the third term in the left-hand side comes from a law for systems. In addition, in 
Eq. (2.11), ( ṁ), the mass that crosses the boundaries of the control volume carries, 
by advection, the entity V (momentum/mass) to the interior of the control volume, 
while in Eq. (2.3) it carries itself, which, by definition is the entity 1 (mass/mass). 

Recognizing that to determine ṁ the velocity field will be needed. It is exactly 
in the product ṁV which resides the strong non-linearities of the Navier–Stokes 
equation. 

Expanding this understanding for a general entity, the balance of an entity in a 
control volume by unit of time can be expressed in the usual literal form, by

(
entity 

time

)

in 

−
(
entity 

time

)

out 

+
(
entity 

time

)

generated 

= Δ

Δt 
(entity)CV 

Therefore, the net forces in Eq. (2.11) are equivalent to a generation of momentum, 
which is quite clear by the Newton’s 2nd Law. 

It helps to interpret the flow as the carrier of several properties per unit of mass. 
That is, a flow can transport (advect) momentum, energy, turbulent kinetic energy, 
dissipation of turbulent kinetic energy, chemical species, entropy etc. In particular, 
it transports itself, represented by the mass conservation equation. In this context, 
Eqs. (2.3) and (2.11) can be written for a general variable φ (entity advected/unit of 
mass), as 

ṁφ|in − ṁφ|out + ġφΔV = Δ

Δt 
(mφ)CV , (2.12) 

in which the term ġφΔV is obtained from the corresponding conservation law for 
systems for the entity in consideration, as shown in Table 2.2. 

This term, ġφΔV , for mass conservation is equal to zero, because the total mass 
inside a system does not change in time. It is

Σ
F/dV (force/unit of volume) for 

the momentum conservation when φ = u, v, or w. The expression of ġφ for the 
conservation of energy will be seen later. Equation (2.12) can also be obtained from 
a balance of φ in the control volume shown in Fig. 2.3.

Table 2.2 Parameters for Eq. (2.12) 

φ 1 u v w e 

ġΔV 0
Σ

Fx
Σ

Fy
Σ

Fz Q̇in − Ẇout 
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Fig. 2.3 Balance for a generic variable φ 

This figure helps to clarify one of the common doubts of students in performing 
a momentum balance in a control volume. For example, when realizing the balance 
for the scalar u momentum equation, one is tempted to say that no momentum enters 
by the south face, just because we are dealing with the u momentum equation. 
Here enters the concept of transporting (or advecting) and transported (or advected) 
velocity, which helps to dissipate this doubt. It is easy to recognize that as long as 
there is a v velocity (transporting), there will be u momentum (transported) entering, 
or leaving the south face, as well as there will be v momentum, and w momentum 
in a 3D case, crossing this surface. In this figure, it can be observed that the flow, 
characterized by the mass flow rate ṁ, causes a net transport of any scalar φ by 
advection into the control volume. 

Please, notice that the words entity and property are used, irrespectively, to identify 
a physical entity. Let’s not confuse with the thermophysical properties of a fluid. 

The momentum conservation equation is a vector quantity, and the three scalar 
components are, 

( ̇mu)in − ( ̇mu)out +
∑

Fx = Δ

Δt 
(mu)CV (2.13) 

( ̇mv)in − ( ̇mv)out +
∑

Fy = Δ

Δt 
(mv)CV (2.14) 

( ̇mw)in − ( ̇mw)out +
∑

Fz = Δ

Δt 
(mw)CV (2.15)
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Writing Eq. (2.11) in its integral form, 

−
∫

A 

Vρ(VR.n) dA +
∑

F = 
∂ 
∂t

∫

V 

ρVdV , (2.16) 

it is identified the term, ρ(VR.n) dA, which, as before, represents the mass flow rate 
through the area element at the boundaries of the control volume. 

The relative velocity is the responsible for the mass inflow and outflow of the 
control volume. If the control volume, for example, moves with the same velocity 
of the fluid, no mass enter or leaves the control volume. When the control volume is 
fixed, the relative velocity is equal the flow velocity. Employing again the divergence 
theorem and considering an infinitesimal control volume, Eq. (2.16) can be written 
as

Σ
F 

dV 
= ρ

[
∂V 
∂t 

+ (VR.∇)V
]

, (2.17) 

in which dV is the infinitesimal volume, and
Σ

F is still to be found as function of 
the stress tensor acting on the fluid. It should be remembered that

Σ
F is also an 

infinitesimal quantity related to the control volume dV . Expanding the right-hand 
side of this equation, and leaving it in a conservative form, one obtains, for example, 
for the components of the momentum equation,

Σ
Fx 

dV 
= 

∂ 
∂t 

(ρu) + 
∂ 
∂x 

(ρuRu) + 
∂ 
∂y 

(ρvRu) + 
∂ 
∂z 

(ρwRu)
Σ

Fy 

dV 
= 

∂ 
∂t 

(ρv) + 
∂ 
∂x 

(ρuRv) + 
∂ 
∂y 

(ρvRv) + 
∂ 
∂z 

(ρwRv)
Σ

Fz 

dV
= 

∂ 
∂t 

(ρw) + 
∂ 
∂x 

(ρuRw) + 
∂ 
∂y 

(ρvRw) + 
∂ 
∂z 

(ρwRw) (2.18) 

Notice that the left-hand side of this equation still need to be written in infinitesimal 
form as the right-hand side is. This is done with the help of Fig. 2.4. The forces, shown 
in a 2D situation for the sake of simplicity, results in the following balances

Σ
Fx 

dV 
= 

∂ 
∂x 

(τxx) + 
∂ 
∂y

(

τyx
) + Bx (2.19)

Σ
Fy 

dV 
= 

∂ 
∂x

(

τxy
) + 

∂ 
∂y

(

τyy
) + By (2.20)

The reader is invited to solve Exercise 2.7 to explore these concepts. Carrying 
out the force balances for all the coordinate directions, the three components of 
the momentum conservation equation are obtained. Since momentum is a vector 
quantity, its scalar equations for the three coordinate directions are given by
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Fig. 2.4 Forces acting on a control volume

∂ 
∂t 

(ρu) + 
∂ 
∂x 

(ρuRu) + 
∂ 
∂y 

(ρvRu) + 
∂ 
∂z 

(ρwRu) 

= 
∂ 
∂x 

(τxx) + 
∂ 
∂y

(

τyx
) + 

∂ 
∂z 

(τzx) + Bx (2.21) 

∂ 
∂t 

(ρv) + 
∂ 
∂x 

(ρuRv) + 
∂ 
∂y 

(ρvRv) + 
∂ 
∂z 

(ρwRv) 

= 
∂ 
∂x

(

τxy
) + 

∂ 
∂y

(

τyy
) + 

∂ 
∂z

(

τzy
) + By (2.22) 

∂ 
∂t 

(ρw) + 
∂ 
∂x 

(ρuRw) + 
∂ 
∂y 

(ρvRw) + 
∂ 
∂z 

(ρwRw) 

= 
∂ 
∂x 

(τxz) + 
∂ 
∂y

(

τyz
) + 

∂ 
∂z 

(τzz) + Bz (2.23) 

Equations (2.21–2.23) are known as the equations of motion and are valid for 
any fluid. The key question now is to specialize them for different fluids, what is 
done through the constitutive relations, equating the stress tensor with the defor-
mation rate. To find this relation for all fluids of practical interest is challenging for 
physicists, chemists and engineers. If no reliable constitutive relation is available, the 
simulation carried out may not be useful. For Newtonian fluids, extremely abundant 
in our environment, the constitutive relation is a simple one, relating the stress tensor 
linearly with the rate of deformation, as
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τij = −pδij + μ
(

∂ui 
∂xj 

+ 
∂uj 
∂xi

)

+ δijλdivV (2.24) 

Considering for the second coefficient of viscosity the usual relation, 

λ = −2 

3 
μ, (2.25) 

the components of the stress tensor for a Newtonian fluid are, 

τxx = −p + μ
(

∂u 

∂x 
+ 

∂u 

∂x 
− 

2 

3 
divV

)

(2.26) 

τyy = −p + μ
(

∂v 

∂y 
+ 

∂v 

∂y 
− 

2 

3 
divV

)

(2.27) 

τzz = −p + μ
(

∂w 

∂z 
+ 

∂w 

∂z 
− 

2 

3 
divV

)

(2.28) 

τxy = τyx = μ
(

∂u 

∂y 
+ 

∂v 

∂x

)

(2.29) 

τxz = τzx = μ
(

∂u 

∂z 
+ 

∂w 

∂x

)

(2.30) 

τzy = τyz = μ
(

∂w 

∂y 
+ 

∂v 

∂z

)

(2.31) 

The system comprising the mass conservation equation and the Navier–Stokes 
equations form the important set of equations for solving isothermal fluid flows. It 
is, 

∂ρ 
∂t 

+ 
∂ 
∂x 

(ρu) + 
∂ 
∂y 

(ρv) + 
∂ 

∂w 
(ρw) = 0 (2.32) 

∂ 
∂t 

(ρu) + 
∂ 
∂x 

(ρuu) + 
∂ 
∂y 

(ρvu) + 
∂ 
∂z 

(ρwu) = −  
∂p 

∂x 

+ 
∂ 
∂x

(

μ 
∂u 

∂x 
− 

2 

3 
μdivV

)

+ 
∂ 
∂y

(

μ 
∂v 

∂x

)

+ 
∂ 
∂z

(

μ 
∂w 

∂x

)

+ 
∂ 
∂x

(

μ 
∂u 

∂x

)

+ 
∂ 
∂y

(

μ 
∂u 

∂y

)

+ 
∂ 
∂z

(

μ 
∂u 

∂z

)

+ Bx (2.33) 

∂ 
∂t 

(ρv) + 
∂ 
∂x 

(ρuv) + 
∂ 
∂y 

(ρvv) + 
∂ 
∂z 

(ρwv) = −  
∂p 

∂y 

+ 
∂ 
∂x

(

μ 
∂u 

∂y

)

+ 
∂ 
∂y

(

μ 
∂v 

∂y 
− 

2 

3 
μdivV

)

+ 
∂ 
∂z

(

μ 
∂w 

∂y

)

+ 
∂ 
∂x

(

μ 
∂v 

∂x

)

+ 
∂ 
∂y

(

μ 
∂v 

∂y

)

+ 
∂ 
∂z

(

μ 
∂v 

∂z

)

+ By (2.34)
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∂ 
∂t 

(ρw) + 
∂ 
∂x 

(ρuw) + 
∂ 
∂y 

(ρvw) + 
∂ 
∂z 

(ρww) = −  
∂p 

∂z 

+ 
∂ 
∂x

(

μ 
∂u 

∂z

)

+ 
∂ 
∂y

(

μ 
∂v 

∂z

)

+ 
∂ 
∂z

(

μ 
∂w 

∂z 
− 

2 

3 
μdivV

)

+ 
∂ 
∂x

(

μ 
∂w 

∂x

)

+ 
∂ 
∂y

(

μ 
∂w 

∂y

)

+ 
∂ 
∂z

(

μ 
∂w 

∂z

)

+ Bz (2.35) 

In this system of equation resides all difficulties in solving fluid flow problems, 
represented by the non-linearities and the pressure–velocity coupling, issues that will 
be discussed in detail in the coming chapters. If μ is constant and divV = 0, the  
second line in the three above equations disappear. 

2.3.3 Energy Conservation Equation 

Referring again to Fig. 2.1, the variation of energy E (kinetical + internal) from time 
t to t+Δt is given by, 

E1(t + Δt) + E2(t + Δt) − E1(t) − E3(t) = ΔE|system, (2.36) 

or 

Ėin − Ėout + ΔE

Δt

|
|
|
|
system 

= ΔE

Δt

|
|
|
|
CV 

(2.37) 

Again, see the similarity among Eqs. (2.3) and (2.11). For the energy conservation 
equation, the ġφΔV , representing the Law for systems, is obtained from the 1st Law 
of Thermodynamics, which reads

ΔE

Δt

|
|
|
|
system 

= Q̇in − Ẇout = ġeΔV , (2.38) 

resulting in the energy conservation equation for a control volume, given by 

Q̇in − Ẇout + Ėin − Ėout = ΔE

Δt

|
|
|
|
CV 

(2.39) 

Equation (2.39) is the energy balance for the control volume, with the two first 
terms derived from the 1st Law of Thermodynamic for systems. The first one repre-
sents the heat crossing the boundaries entering in the control volume by diffusion and 
the heat “generation” inside the control volume. The usually called energy “genera-
tion”, in fact, does not exist, since energy is not created, but just transformed. Here, 
the example could be an electric current passing through a resistor transforming
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Fig. 2.5 Heat by diffusion 
+ generation 

Qdiffusion 

QG 

i 

System 

electrical energy into heat, as can be seen in Fig. 2.5. The second term represents 
the work done/received which, according to the convention adopted here, is positive 
when the work is performed by the system. In this term the work done by a shaft is 
included, or the work realized by the viscous forces over the system, among other 
forms of energy transfer between the system and the exterior. The third and fourth 
terms represent the net energy advected to the interior of the control volume. 

Defining the energy per unit of mass as e = E/m, Eq.  (2.38) can be written in its 
integral form, as 

−
∫

A 

eρ(VR.n)dA + Q̇in − Ẇout = 
∂ 
∂t

∫

V 

eρ dV (2.40) 

Following the same steps done for the momentum conservation equation, one 
obtains 

∂ 
∂t 

(ρe) + 
∂ 
∂x 

(ρuRe) + 
∂ 
∂y 

(ρvRe) + 
∂ 
∂z 

(ρwRe) = 
Q̇in − Ẇout 

dV 
(2.41) 

The left-hand side of Eq. (2.41) contains the transient and the advection terms 
written in conservative form and, in the right-hand side the diffusion and source terms, 
which will be relate to the variables of the problem, like velocity and temperature. 

It is nice to see all the similarities in the derivation of the conservation equa-
tions. It is a point which helps to understand the rationale behind the derivation and 
a strategy for seeing them as a balance for a generic variable. Re-write the mass 
conservation equation and the x component of the momentum equation (it could be 
the y component) in the same form as Eq. (2.41) to see their similarities. They are, 

∂ρ 
∂t 

+ 
∂ 
∂x 

(ρuR) + 
∂ 
∂y 

(ρvR) + 
∂ 

∂w 
(ρwR) = 0 (2.42) 

∂ 
∂t 

(ρu) + 
∂ 
∂x 

(ρuRu) + 
∂ 
∂y 

(ρvRu) + 
∂ 
∂z 

(ρwRu) =
Σ

Fx 

dV 
(2.43)
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The left-hand side shows the accumulation and the transport by the bulk flow 
(advection) of the entity in consideration by unit of mass, while the right-hand side 
is the term coming from the application of the laws for a system. It will give rise 
to the diffusion and source terms in Eq. (2.43). For the global mass conservation its 
right-hand side is zero, since mass doesn’t change inside the system. Therefore, the 
above equations can be written in the general following form, in which ġφ can be 
found in Table 2.2, 

∂ 
∂t 

(ρφ) + 
∂ 
∂x 

(ρuRφ) + 
∂ 
∂y 

(ρvRφ) + 
∂ 
∂z 

(ρwRφ) = ġφ (2.44) 

Back to the job of determining the ( ̇Qin − Ẇout)/dV term, considering again 
Fig. 2.5, the electrical resistance symbolizes any kind of energy transformation, 
named heat “generation” in our equation. The net heat entering the control volume 
is, 

Q̇in = Q̇diff + Q̇gen, (2.45) 

with the heat by diffusion given by 

Q̇diff = −
∫

A 

q.ndA = −
∫

V 

∇.qdV (2.46) 

Applying the divergence theorem and summing up the heat by diffusion and heat 
“generated”, and considering a very small control volume 

Q̇in 

dV 
= q''' − ∇.q (2.47) 

Using Eq. (2.47), the energy equation becomes, 

ρ 
De 

Dt 
= ∇.q + q''' − 

Ẇout 

dV 
(2.48) 

It is still required the determination of − Ẇout/dV , which is the work by unit of 
time made by the forces acting on a fluid flow field over the control volume. To find 
Ẇout, Fig.  2.6 depicts all terms required for the energy balance to be done. Knowing 
that − Ẇout = Ẇin, and performing the balance, the result is 

− Ẇout = τxxudydz|x+ − τxxudydz|x− + τyxudxdz
|
|
y+ − τyxudxdz

|
|
y− 

+ τzxudxdy|z+ − τzxudxdy|z− +
∑

i 

τiyvdA +
∑

i 

τizwdA 

+ (

Bx + By + Bz
)

dxdydz, (2.49)
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Fig. 2.6 Work done by the stresses 

in which the summation of forces times velocity in the y and z direction are 
represented in a compact form. 

Dividing both sides of Eq. (2.49) by  dxdydz and recalling the definition of the 
derivative, it reads, 

− 
Ẇout 

dV 
= 

∂ 
∂x 

(τxxu) + 
∂ 
∂y

(

τyxu
) + 

∂ 
∂z 

(τzxu) + Bxu 

+ 
∂ 
∂x

(

τxyv
) + 

∂ 
∂y

(

τyyv
) + 

∂ 
∂z

(

τzyv
) + Byv 

+ 
∂ 
∂x 

(τxzw) + 
∂ 
∂y

(

τyzw
) + 

∂ 
∂z 

(τzzw) + Bzw (2.50) 

The derivatives in Eq. (2.50) can be expanded, resulting in 

− 
Ẇout 

dV 
= u

[
∂ 
∂x 

(τxx) + 
∂ 
∂y

(

τyx
) + 

∂ 
∂z 

(τzx)

]

⇒ uρ 
Du 

Dt 

+ v
[

∂ 
∂x

(

τxy
) + 

∂ 
∂y

(

τyy
) + 

∂ 
∂z

(

τzy
)
]

⇒ vρ 
Dv 

Dt 

+ w
[

∂ 
∂x 

(τxz) + 
∂ 
∂y

(

τyz
) + 

∂ 
∂z 

(τzz)

]

⇒ wρ 
Dw 

Dt 

+ τxx 
∂u 

∂x 
+ τyx 

∂u 

∂y 
+ τzx 

∂u 

∂z
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+ τxy 
∂v 

∂x 
+ τyy 

∂v 

∂y 
+ τzy 

∂v 

∂z 

+ τxz 
∂w 

∂x 
+ τyz 

∂w 

∂y 
+ τzz 

∂w 

∂z 
(2.51) 

In Eq. (2.51) the terms in brackets, identified by the arrows, come from the 
momentum conservation equation and can be written as, 

uρ 
Du 

Dt 
+ vρ 

Dv 

Dt 
+ wρ 

Dw 

Dt 
= ρ 

D 

Dt

[ |V|2 
2

]

, (2.52) 

and Eq. (2.51) takes the following form, 

− 
Ẇout 

dV 
− ρ 

D 

Dt

[ |V|2 
2

]

= τxx 
∂u 

∂x 
+ τyx 

∂u 

∂y 
+ τzx 

∂u 

∂z 

+ τxy 
∂v 

∂x 
+ τyy 

∂v 

∂y 
+ τzy 

∂v 

∂z 

+ τxz 
∂w 

∂x 
+ τyz 

∂w 

∂y 
+ τzz 

∂w 

∂z 
(2.53) 

Defining the internal energy by unit of mass by 

i = e − ekinetics/mass, (2.54) 

subtracting the kinetic energy in both sides of Eq. (2.48) and using Eq. (2.54), it 
results 

ρ 
D 

Dt

[

e − 
|V|2 
2

]

= ∇.q + q''' − 
Ẇout 

dV 
− ρ 

D 

Dt

[ |V|2 
2

]

(2.55) 

The two last terms in Eq. (2.55) can be replaced by the right-hand side of Eq. (2.53), 
becoming, 

ρ 
Di 

Dt 
= −∇.q + q''' + τxx 

∂u 

∂x 
+ τyx 

∂u 

∂y 
+ τzx 

∂u 

∂z 

+ τxy 
∂v 

∂x 
+ τyy 

∂v 

∂y 
+ τzy 

∂v 

∂z 

+ τxz 
∂w 

∂x 
+ τyz 

∂w 

∂y 
+ τzz 

∂w 

∂z 
, (2.56) 

or, substituting the stress tensor given by Eqs. (2.26–2.31), it results 

ρ 
Di 

Dt 
= −∇.q + q''' − p∇.V + μΦ, (2.57) 

in which the dissipation function is given by
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Φ = 2

{(
∂u 

∂x

)2 

+
(

∂v 

∂y

)2 

+
(

∂w 

∂z

)2
}

− 
2 

3
{∇.V}2 

+
(

∂u 

∂y 
+ 

∂v 

∂x

)2 

+
(

∂v 

∂z 
+ 

∂w 

∂y

)2 

+
(

∂w 

∂x 
+ 

∂u 

∂z

)2 

(2.58) 

In terms of enthalpy the energy equation becomes 

ρ 
Dh 

Dt 
= −∇.q + q''' − 

Dp 

Dt 
+ μΦ, (2.59) 

or, in terms of the temperature and specific heat at constant pressure, cp, it reads 

ρcp 
DT 

Dt 
= ∇(k∇T ) + q''' + βT 

Dp 

Dt 
+ μΦ (2.60) 

or 

∂ 
∂t

(

ρcpT
) + 

∂ 
∂x

(

ρucpT
) + 

∂ 
∂y

(

ρvcpT
) + 

∂ 
∂z

(

ρwcpT
)

= 
∂ 
∂x

(

k 
∂T 

∂x

)

+ 
∂ 
∂y

(

k 
∂T 

∂y

)

+ 
∂ 
∂z

(

k 
∂T 

∂z

)

+ βT 
Dp 

Dt 
+ μΦ (2.61) 

We have used for our developments, up to now, the control volumes in the Cartesian 
coordinate system. However, all mathematical steps made herein can be applied to 
any irregular control volume. In Fig. 2.7 it is shown a non-Cartesian control volume, 
over which a balance of the property φ is made. The resulting equation is again 
Eq. (2.12). The balance gives, 

ṁwφw + ṁsφs − ṁeφe − ṁnφn + ġφΔV = Δ

Δt 
(mφ)P, (2.62)

in which the symbols e, w, n and s are still being used to denote the interfaces of 
the control volume centered at P. These points will be called integration points when 
irregular control volumes with any number of faces will be considered. 

Absolutely, there are no conceptual differences in the conservation equations 
written for control volumes of different shapes. The only difference is in the calcula-
tion of the mass flows across the faces of the control volume and in the determination 
of ġ φ . In Fig.  2.7, for example, since the faces are not aligned with the Cartesian 
axes, it will be no longer possible to calculate the mass flows with only one of the 
Cartesian components u, v or w. All three components will be needed simultane-
ously in the same face, giving rise to the contravariant components of the velocity 
vector, which is, in fact, the normal velocity. The use of irregular control volumes 
will be discussed in Chap. 12 and beyond. 

The system of equations comprising Eqs. (2.32–2.35) plus the energy conservation 
equation written conservative form, as
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Fig. 2.7 Balance for a 
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form the system of equation that is largely employed in engineering applications. 
In Eq. (2.63) β is the compressibility coefficient, which is zero for incompressible 
fluids. A close view of Eqs. (2.32–2.35) and Eq. (2.63) reveals that all conservation 
equations have all the same appearance and can be written in a general form as 

∂ 
∂t 

(ρφ) + 
∂ 
∂x 

(ρuφ) + 
∂ 
∂y 

(ρvφ) + 
∂ 
∂z 

(ρwφ) 

= 
∂ 
∂x

(

Γφ ∂φ 
∂x

)

+ 
∂ 
∂y

(

Γφ ∂φ 
∂y

)

+ 
∂ 
∂z

(

Γφ ∂φ 
∂z

)

+ Sφ (2.64) 

However, the energy equation, Eq. (2.63), to be cast in the form of Eq. (2.64) 
requires that the cp be removed from the transient term as well as from the advection 
terms. For certain situations, as for ideal gas and liquids, Eq. (2.63) can be written as 

∂ 
∂t 

(ρT ) + 
∂ 
∂x 

(ρuT ) + 
∂ 
∂y 

(ρvT ) + 
∂ 
∂z 

(ρwT ) 

= 
∂ 
∂x

(
k 

cp 

∂T 

∂x

)

+ 
∂ 
∂y

(
k 

cp 

∂T 

∂y

)

+ 
∂ 
∂z

(
k 

cp 

∂T 

∂z

)

+ Sφ , (2.65)
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Table 2.3 Parameters for the 
conservation equations 

Entity φ Entity/mass Transport 

coefficient Γφ 
Source term 
Sφ 

Mass 1 0 0 

x momentum u μ According to 
the problem 

y momentum v μ According to 
the problem 

z momentum w μ According to 
the problem 

Energy T k/cP According to 
the problem 

in which φ now stands for T and no longer for total energy e, internal energy (i), 
enthalpy (h) or  cpT . In Eq.  (2.64) all terms not appearing explicitly are cast in the 
source term. 

Pay attention in Table 2.3, now, for the energy equation, φ stands for T and ΓT 

stands for k/cp. In a fluid flow problem there are other scalars to be solve in the system 
of partial differential equations and, normally, they are represented by Eq. (2.64). 

These equations deserve a deeper analysis to fully understand them. The first 
term takes care of the transient of the problem which should be, in any numerical 
simulation, always maintained in the partial differential equation, even if the interest 
is only the steady state regime. If a distorted transient is employed, the time step 
serves as a relaxation parameter with physical support. The remaining terms in the 
left-hand side are the advection terms, responsible for advecting φ (property/unit of 
mass). 

Inspecting the following term, representing the advection of φ in the x direction, 

∂ 
∂x 

(ρuRφ), 

one sees that ρ uR is the mass flow by unit of area advecting the property per unit of 
mass in the bulk flow. As discussed, the strong non-linearities of the Navier–Stokes 
equation appears when φ is equal to u, v or w. When the relative velocity is equal to 
the flow velocity, for the x-momentum equation, for example, this term becomes 

∂ 
∂x 

(ρuu) 

Of course, the two velocities are the same, but is wise to “see” them as different 
entities. The first one is the carrier (advecting) velocity and the second one, the 
carried (advected) velocity. In the linear system, the advecting velocity takes part of 
the coefficients and the advected is the variable what will receive the interpolation 
function, that is, the unknown of the problem. Equation (2.64) can also represent 
other transport properties besides mass, momentum, energy, species, like turbulent
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kinetic energy and dissipation of turbulent kinetic energy when the turbulence models 
k − ε or k − ω, or some of their variants, are used. 

For compressible flows the state equation for determining pressure is written as 
function of density and temperature, as 

p = f (ρ, T ) (2.66) 

For a 3D laminar compressible flow with heat transfer, the system of partial differen-
tial equations comprises the mass conservation, three components of the momentum 
conservation, energy conservation and the state equation. If density is a function of 
temperature only, rigorously the fluid is compressible but, in this case, density is 
no longer a variable of the equation system but only a physical property dependent 
on temperature, like viscosity, for example. A problem with a constant density, or a 
function of temperature only, receives the same numerical treatment. 

2.4 Elliptic, Parabolic and Hyperbolic Problems 

2.4.1 Preliminaries 

The classification of partial differential equations in elliptic, parabolic and hyper-
bolic is normally done using the relations among the coefficients of the equation. 
Considering that heat transfer and fluid mechanics problems are described by systems 
of partial differential equations, this classification is not helpful in connecting the 
boundary conditions to the type of the equation, since they are always of mixed 
type. For instance, the conservation equations for compressible flows form a system 
of equations known as mixed hyperbolic/parabolic, if the transient terms are main-
tained, and mixed elliptic/hyperbolic, if they are neglected. It seems more didactical 
and practical not to classify the equation itself, but classify according to the mathemat-
ical nature of the equations in each coordinate direction. For example, the equation 
for a transient fluid flow considering viscous effects in all coordinate directions, is 
a parabolic equation in time and elliptic in space. Next, following this approach of 
interpreting the nature of the partial differential equations, examples are given for 
these classes of problems. 

2.4.2 Parabolic and Hyperbolic Problems 

From the numerical point of view, it is important to recognize the equations charac-
teristics, in order to take possible computational advantages, such as CPU time and 
computational storage. Therefore, it is useful to define the problems of fluid flow 
and heat transfer in problems that allow the solution to be obtained by marching
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process in a given coordinate (spatial or temporal) and those which do not allow 
such a procedure. 

It can be said that hyperbolic and parabolic problems allow the marching process, 
whilst the elliptic ones do not. In fluid flows, marching problems are those that 
need no downstream boundary conditions, that is, they depend solely upon upstream 
information. The advective terms of the Navier–Stokes equations show this behavior 
and are parabolic, thus becoming easy to understand that, if no other means of 
transport of information exists in that direction, it will be impossible that downstream 
information be transmitted upstream. Therefore, no boundary conditions will be need 
in the downstream boundary. 

Figure 2.8 shows the classical parabolic problem of two-dimensional flow over 
a flat plate. In this problem, the diffusion effects in the x direction are neglected 
and, as there are no effects due to pressure, since there are no obstacles to the 
flow, the x direction is parabolic Therefore, in the x direction, only the advective 
term remains, and no downstream boundary conditions are needed. The problem 
is, therefore, solved by marching from the initial spatial conditions and solving a 
one-dimensional elliptic problem at each station x. The solution marches as far as 
there is interest on it. The governing x momentum equation for this problem is 
given by Eq. (2.67) (Exercise 2.3), in which the pressure gradient is known. In this 
direction only a first derivative exists, and, mathematically, that is why only one 
boundary condition is required. In the other hand in the y direction the problem is 
diffusive dominated represented by a second order derivative term, which requires, 
therefore, two boundary conditions in this direction. It couldn’t be different, since 
solving a partial differential equation is just integrating it in the coordinate directions, 
originating constants that should be found using the boundary conditions.

Computationally, there is a great advantage in this treatment, since the required 
storage corresponds to only two stations: the calculation one and the upstream 
station, whilst, if the treatment were elliptic, global storage would be required. Still 
more important is the fact that the complete solution is a set of independent one-
dimensional solutions, extremely faster to be obtained than the solution involving 
all mesh points of the domain. The only one boundary condition required in x 
corresponds to the beginning of the plate. 

Therefore, according to the order of the derivatives it is also possible to identify 
if the problem is parabolic or elliptic in a given direction. The difference between 
the parabolic and the hyperbolic march is that the first one occurs along a coordinate 
direction, while the second one, along the characteristics. The difficulty of the hyper-
bolic march lies in the fact that it is not know the boundary conditions of the elliptic 
problem in the other direction(s). Therefore, in a complex 3D problem it becomes 
easier to treat the problem elliptically in all directions.
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Fig. 2.8 Boundary layer on a flat plate

2.4.3 Elliptic Problems 

Elliptic problems are those where the physical information travels in all coordinate 
directions. Diffusive and pressure effects are elliptic, which, if they are present in the 
phenomenon, require the specification of boundary conditions in both extremes of the 
axis in consideration. In a fluid flow these effects travel also in the opposite direction 
of the velocity, conferring the elliptical characteristics of the flow. Depending on how 
strong the advection is compared to diffusion, the later can be neglected, changing 
the mathematical nature of the equation in that direction. This shows the importance 
of linking the physics with the classification of the equations, since it will dictate the 
type of boundary conditions required. 

It is easy to understand, based on physics, that in a given medium, when an 
increase in temperature occurs at one point, heat will be diffused in all directions 
according to the value of the thermal conductivity. Heat diffusion, as well as mass 
and momentum diffusion, are elliptic phenomena and, therefore, require boundary 
conditions along the whole boundary of the domain, the so-called boundary value 
problem. Figure 2.9 shows, for a single axis, the influence on the domain for elliptic, 
parabolic and hyperbolic problems when a perturbation is introduced at point P in a 
fluid flow.

Diffusive terms possess second order derivatives, thus requiring boundary condi-
tions at both ends of the solution domain along the axis under consideration. Consid-
ering the x coordinate shown, a perturbation at point P affects the domain upstream
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Fig. 2.9 Parabolic, elliptic 
and hyperbolic problems
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and downstream of P, in the elliptic case; only downstream of P in the parabolic 
case; and only downstream form P and over a certain region (obviously not known), 
in the hyperbolic case. The first problem does not admit the march procedure, while 
the other two do. 

To give another example and conclude this section, consider a supersonic flow 
over a blunt body of revolution presented in Fig. 2.10, where only one plane is 
shown, for the sake of simplicity. The flow region is divided in three parts. In region 
I the velocity is constant and equal to u∞ (non-disturbed flow). Region II confines 
a flow with Mach < 1, subsonic and, thus, elliptical, and region III is supersonic 
(hyperbolic), consequently admitting a marching procedure for the solution.

Let’s begin the comments about the physics of this problem considering Euler’s 
equation, that is, without considering the viscous terms. Region II is an elliptical 
region since, due to the presence of the blunt body, the pressure wave “travels” 
contrary to flow with the local sound velocity. When the flow velocity equals the 
velocity in which the pressure information travels upstream, a shock wave is estab-
lished and, upstream from the shock, it is identified the region I, where the flow is 
undisturbed and supersonic. The higher the flow velocity, the nearer to the body the 
shock will occur. It is easy to understand that, when the flow is subsonic, incom-
pressible, there is no shock formation because the pressure wave travels contrary to 
the flow with an infinity velocity. In this case, the flow has no condition of preventing 
the propagation, due to its lower velocity and no shock is formed. 

Region III is totally supersonic. Given the inexistence of diffusive effects (inviscid 
flow) and pressure (the body does not present protuberances in this region), the 
effects propagate only downstream. This flow nature allows region III be solved by
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Fig. 2.10 Supersonic flow over a blunt body

a marching process. If viscous effects were considered, region III would exhibit the 
formation of a boundary layer next to the body. In this region, the problem is, once 
again, of marching along the body. Observing line A-B, the velocity is known at 
these points, they are u∞ (Euler equations), but it is not known the position in space 
of point B. It would be an elliptic axis if the spatial position of point B was known. 
It is located on the boundary of the shock and, logically, the position of the shock is 
what one wants to know solving this problem. 

There are two main classes of strategies for solving supersonic flows, shock fitting 
and shock capturing. In the first one the shock is treated as a discontinuity, while in 
the former the shock is captured by finding the large gradients in the domain, what 
will require very fine grids. 

Up to this point comments were done on the specific physical characteristics of 
each flow region, suggesting an adequate numerical model for each of them. Obvi-
ously, regions I, II and III may be solved as a single calculation domain, avoiding the 
separation of problems in regions whose boundaries are unknown. Solving the whole 
domain will require conditions in all boundaries, and the specific characteristics of 
the flow will be revealed by the results, including the shock. That is the usual form 
of tackling complex problems of this nature. For the sake of completeness, Fig. 2.11 
shows a typical grid that can be used for this kind of problem.

2.5 True and Distorted Transient 

The distorted transient approach, when the interest is the steady-state solution, 
is compulsory when solving fluid flow problems, since the nonlinearities and the 
coupling doesn’t allow to use large time steps. To discuss this topic let’s consider 
just one nonlinear equation, represented herein by the two-dimensional transient 
heat conduction on a plate with temperature-dependent thermal conductivity. The 
understanding can be extended to a system of transient equations. According to our
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Fig. 2.11 Curvilinear coordinate system for a blunt body

definitions, this problem is parabolic in time and elliptic in the two spatial directions. 
If we are not interested in the trtue transient solution, but only in the steady state one, 
two alternatives of tackling the problem may be employed. 

The first one is keeping the transient term in the equation, requiring the solution 
of the two-dimensional spatial problem for each time level until the steady state is 
reached obeying some specified tolerance. The size of the time step should be as large 
as to permit convergence, recalculating the matrix coefficients, which are variable 
due to the varying thermal conductivity, in each time level. The transient results, are 
distorted, by two reasons; firstly, the linear system is not solved accurately in each 
time level (for saving computational time) and, secondly, the size of the time step 
can generate a solution with no grid resolution in time. 

The second alternative is to remove the transient term from the equations. 
However, just as before, the problem must be solved using iterations, updating the 
matrix coefficients which depends on the temperature to take into account the nonlin-
earities. These successive iterations are equivalent to performing a distorted march in 
time (distorted transient) approach, which maintains the time coordinate in the equa-
tion. Relaxation is compulsory to obtain convergence, but the relaxation parameter 
is non-physical. In the other hand, dealing with a distorted transient keeping the time 
in the equations and playing with the time step is equivalent as having a physical 
relaxation parameter. It is worthwhile to mention that only few linear and simple 
problems can be solved using an infinite time step, what is equivalent as removing 
the time from the equation and solving just one linear system. 

The main learning from this discussion is that it is highly recommended to main-
tain the time coordinate in the numerical scheme, following the true or distorted 
transient, according to what is sought. Maintaining the time coordinate does not
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entail any additional numerical complication, and one should take advantage of that, 
creating numerical methods where the progress in time may be used as a relaxation 
parameter, as commented. In this way, the relaxation coefficient is kept under the 
control of the user and may be variable among the equations and among the control 
volumes. 

In a problem where only the steady state solution is sought and the transient term 
was maintained, the estimation of the variable to start the iterative procedure plays 
the role of the initial condition. 

2.6 Conclusions 

Computational Fluid Dynamics (CFD) deals with the conservation equations, like 
mass and momentum, expressing the physics in a mathematical way. The nature of 
these equations, their similarities, the non-linearities and coupling of these equa-
tions are, unfortunately matters not sufficiently considered when these equations 
are derived in most fluid mechanics and heat transfer textbooks. Because there are 
so many ways in deriving them, some of them invoke the basic laws and work 
mathematically to reach the final equations. Others perform balances, but without 
differentiating the advected and advecting velocities, of crucial importance for devel-
oping CFD algorithms and understanding fluid flows. This chapter tried to derive the 
conservation equation in a unified form, recognizing easily, in a physically base, 
how the important nonlinearities of the momentum equations appear. At the same 
time, whenever possible, it was directed for the use in CFD. The ultimate goal of 
this chapter was, definitively, eliminate all difficulties in understanding the conser-
vation equations. The chapter can be also used in any introductory course in fluid 
mechanics. 

2.7 Exercises 

2.1 To get familiarity with the conservation equations, write the system of equations 
for the following flow situations 

• Viscous incompressible; 
• Viscous compressible; 
• Inviscid Compressible (Euler equations). 

Using Eqs. (2.33–2.35), show that the source terms Su, Sv and Sw contain only 
the body forces and pressure gradient if ρ and μ are constant.

2.2 Using the same procedure done for the mass, momentum and energy conser-
vation equations, derive the mass conservation equation for species. Then, 
consider the incompressible two-dimensional flow, with heat transfer, of two



38 2 Conservation Equations—Physical and Mathematical Aspects

y 

x 2D 

U , Ti i  

Fig. 2.12 Flow between parallel plates 

species forming a single phase (dry air + water vapor, for example) with 
concentrations C1(x, y) and C2(x, y). Write the system of partial differential 
equations that needs to be solved for the determination of all variables, that is 
u, v, p, T , C1 and C2. What are the boundary conditions for these variables for 
the situation when the flow is of dry air over a water surface (pool), admitting 
the water surface to be rigid?

2.3 For the problem of incompressible two-dimensional flow between two parallel 
flat plates, according to Fig. 2.12, write, in Cartesian coordinates, the form 
of the energy equation which is adequate for the problem. Give the necessary 
boundary conditions for the cases when the velocity (or the Peclet number, to 
be more rigorous) tends to zero and to infinity 

2.4 The equation is the momentum equation for the flow over a flat plate after 
the boundary layer hypothesis were applied. According the way elliptic and 
parabolic coordinates are defined in this book, classify this equation and specify 
which are the boundary conditions required to solve it. Also, comment on the 
approach of determining the pressure gradient in such a problem. 

∂ 
∂x 

(ρuu) + 
∂ 
∂y 

(ρvu) = −  
dp 

dx 
+ 

∂ 
∂y

(

μ 
∂u 

∂y

)

, (2.67) 

2.5 For the two-dimensional heat conduction problem shown in Fig. 2.13 with a 
uniform heat generation q'''[W /m3], what restriction must be obeyed in order to 
be possible to apply a prescribed heat flux at the north face? If such restriction 
is not respected, what are the consequences from the point of view of obtaining 
the solution?

2.6 The governing equation for the vibrating movement of a spring under tension, 
fixed by its ends is given by 

∂2u 

∂t2 
= c2 

∂2u 

∂x2 
, (2.68)
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Fig. 2.13 Two-dimensional heat conduction

in which u is the displacement, t is time, x is the spatial coordinate and c is a constant. 
Classify this equation and give the necessary initial and boundary conditions for this 
problem. 

2.7 Starting from Eqs. (2.13–2.15) obtain Eq. (2.18) using a control volume 
momentum balance. This exercise is very important to understand the origin of 
the nonlinearities in the Navier–Stokes equations. 

2.8 Using the control volume shown in Fig. 2.4, obtain Eqs. (2.19) and (2.20). 
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Chapter 3 
The Finite Volume Method 

3.1 Introduction 

The previous chapters introduced the discipline known as CFD-Computational Fluid 
Dynamics, one of the numerical alternatives for solving engineering problems, and 
brought to the reader the derivation of the conservation equations based fundamen-
tally on physical knowledge, giving a general treatment for all conservation equations. 
Relevant physical and mathematical aspects of these equations were discussed. 

The objective of this chapter is to introduce the fundamentals of the finite volume 
methodology for fluid flow problems. The strategy employed is the development 
of the subject using simple differential equations in a growing level of difficulty, 
in a block-by-block construction approach, allowing undergraduate students and 
beginners to be introduced to the field of CFD without difficulties. Finite volume 
methods have a strong physical appealing and no deep mathematics involved, what 
makes the learning easy and enjoyable. A motivation for the use of finite volume 
methods based on the discrete conservation will be addressed, introducing the cell-
center and cell-vertex methods. 

With this approach in mind, this chapter presents the one-dimensional transient 
heat conduction problem as a prototype equation for demonstrating the method. With 
this equation, it will be possible to show all the integration procedure, both temporal 
and spatial, pertinent to the finite volume method, and to present the application of the 
boundary conditions for diffusive problems. For the first time interpolation function 
will be introduced and, for these problems, it can be linear (central differencing) 
without causing difficulties such as those appearing when advection is present, a 
subject of Chap. 5. The explicit, implicit, and fully implicit formulations will be 
presented when using this prototype equation. 

Linearization of the source term, structure of the matrix of coefficients, boundary 
conditions, flux continuity at interfaces, truncation errors and consistency, stability 
and convergence will be all topics covered in this Chapter. The idea is that after 
this chapter the student can write a simple code solving a transient heat conduction 
problem. The solution methods for solving the linear system are seen in Chap. 4.
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3.2 The Task of a Numerical Method 

The task of a numerical method is to solve one or more differential equations by 
replacing the existing derivatives with algebraic expressions involving the unknown 
variables. When an analytical solution is not possible, and we need to rely on a numer-
ical approximation of the differential equation, it is accepted to have the solution for 
a discrete number of points, with a certain error, hoping that the larger this number 
of points is, the closer to the exact solution our approximate (or numerical) solution 
will be. An analytical method with the ability to solve such equations would give us 
the solution in closed form, and it would then be possible to calculate the values of 
the dependent variables at the infinitesimal level, that is, for an infinite number of 
points. 

Thus, it is easy to understand that if it is decided to calculate only N values of the 
variable in the domain, there will be N unknowns, requiring N algebraic equations 
for closure, forming a system of N equations at N unknowns. If we want to make our 
calculations more precise there will be an increasing in the number of unknowns, 
and the linear system to be solved will also increase in number of equations. The 
computational effort also increases, and in an almost exponential way, what requires 
special algorithms, such as multigrid, to avoid excessive CPU time. 

Figure 3.1 exemplifies the task of the numerical method, which is to transform a 
differential equation, defined in a domain D, into a system of algebraic equations. 
To this end, the derivatives in the differential equation must be replaced by the 
discrete values of the function. Transforming the derivatives into terms that contain 
the function means integrating the differential equation, and the various ways of 
doing this is what characterizes the type of the numerical method. Our concern in 
this text will be only with the finite volume method, but others can be employed, 
such as finite differences and finite elements, for example, in spite of the former is 
rarely used. 

Numerical 
method 

D 

D 

System of algebraic equations 
A B  

Differential equation     ( ) 
( ) = 0 

Fig. 3.1 From continuous to discrete
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3.3 Why Finite Volume Methods is a Good Choice 

When a physical problem needs to be numerically approximated, and there is a 
mathematical representation of it, it is compulsory that the physics be respected in 
any level of discretization. In other words, this means that the conservation of mass, 
for example, must be satisfied independently of the size of the grid employed. To 
satisfy this rule the only alternative is to have the approximated equations (discrete 
equations) obtained through balances at the finite volumes. It is known that any 
numerical method, if consistent, will produce the same results if a very fine grid is 
used. The question is that this kind of solution is not attained due to the large memory 
and computer time required. Thus, we should be happy with a discrete level solution 
which contain discretization errors, but retains the conservation principles which, by 
no means, can be sacrificed. 

Besides the procedure of creating the approximated equations through balances, 
it is possible to obtain them by integrating the differential equations over the control 
volume in space and time if they are in conservative form. In a conservative form the 
fluxes of the property are within the sign of the derivative and, in the first integration, 
the fluxes appear at the boundaries of the control volumes, what is equivalent, there-
fore, of performing balances. Let’s use the mass conservation equation to exemplify, 
which can be written in conservative form as 

∂ 
∂t 

(ρ) + 
∂ 
∂x 

(ρu) + 
∂ 
∂y 

(ρv) + 
∂ 
∂ z 

(ρw) = 0, (3.1) 

in which it is seen that the fluxes (mass in this case) are inside the derivatives. This 
equation, expanding the derivatives, can be written as 

∂ 
∂t 

(ρ) + ρ 
∂ 
∂x 

(u) + ρ 
∂ 
∂y 

(v) + ρ 
∂ 
∂z 

(w) 

+ u 
∂ 
∂x 

(ρ) + v 
∂ 
∂y 

(ρ) + w 
∂ 
∂ z 

(ρ) = o (3.2) 

Equations (3.1) and (3.2) are, obviously, the same equations and will give the 
same results if an analytical solution would be done using either one. Numerically, 
however, they have a marked difference, since when integrating Eq. (3.2) in a numer-
ical procedure, what appears at the boundaries of the control volumes are not the 
fluxes exactly, therefore, not obeying conservation. This learning tells that we should 
try, always, in any numerical method, use a conservative form of the differential equa-
tions to be integrated. It is expected that the numerical method does not destroy this 
characteristic. Not obeying discrete conservation, besides violating the physics, may 
create convergence difficulties. 

To illustrate the connection between the approximate equations used in the finite 
volume method and the differential equations in the conservative form, consider the 
two-dimensional control volume shown in Fig. 3.2. Our interest at this point is to 
derive the differential equation representing the conservation of mass.
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Fig. 3.2 Mass conservation balance 

The mass balance, as result of the Reynolds Transport Theorem, applied to the 
elementary volume shown in Fig. 3.2 is given by, 

ṁw − ṁe + ṁs − ṁn = Δm

Δt

|
|
|
|
CV  

, (3.3) 

in which the lower-case letters at the control volume boundaries were identified 
in the previous chapter. Recall, from the undergraduate engineering lectures and 
textbooks, that the application of a conservation principle to a control volume, as 
done by Eq. (3.3), is the first step when deriving the corresponding partial differential 
equation. Translating the terms in Eq. (3.3) using the velocity field, the result is, 

ρuΔy|w − ρuΔy|e + ρvΔx |s − ρvΔx |n = Δ

Δt 
(ρΔxΔy)

|
|
|
|
CV  

, (3.4) 

in which it is implicit a unit of thickness to comply with the units of each term with 
the unit of mass flow in Eq. (3.3). Dividing Eq. (3.4) by the product ΔxΔy, it gives  

ρu|w − ρu|e
Δx

+ 
ρv|s − ρv|n

Δy
= Δρ

Δt 
, (3.5) 

which, after applying the limit for the spatial and temporal coordinates, and using 
the definition of the derivative, the differential equation for the mass conservation 
equation in conservative form is obtained, 

∂ρ 
∂t 

+ 
∂ 
∂x 

(ρu) + 
∂ 
∂ y 

(ρv) = 0 (3.6)
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It is seen, therefore, that the conservation equation for a finite volume is an inter-
mediate step to obtain the conservation equation at the infinitesimal level, that is, 
the differential equations. Therefore, the finite volume equations are the discrete 
counterpart of the differential equation. It can be also realized that the differential 
equation is a balance in a control volume with the size of a point. 

As, in practice, it is impossible to solve de balance equations for a control volume 
with the size of a point (continuous differential equation), it is physically consistent 
to solve its discrete counterpart, the finite volume equations. Refining the grid is 
equivalent to the limiting approach to the analytical solution in a physically consistent 
way. 

Now, let us go the way back to obtain the finite volume equations starting from the 
differential equation written in conservative form. Performing the integration over 
the control volume and in time, as indicated in Eq. (3.7), 

t+Δt∫

t 

e∫

w 

n∫

s

(
∂ρ 
∂t 

+ 
∂ 
∂x 

(ρu) + 
∂ 
∂y 

(ρv)

)

dxdydt  = 0, (3.7) 

and recalling that the velocities at the control volume boundaries are calculated at 
the mid-point of the face, what represents an average of the velocity on that face, one 
obtains

(
ρ t+Δt − ρ t

Δt

)

ΔxΔy + [

ρu|e − ρu|w
]

Δy + [

ρv|n − ρv|s
]

Δx = 0, (3.8) 

which is, exactly, Eq. 3.4, obtained through a mass balance in a finite volume (discrete 
level). This procedure can be applied to any other entity, like momentum or energy. 
Figure 3.3 explain the link between mathematical limiting and grid refining when the 
equations are kept in conservative form. This is the beauty of finite volume methods, 
easy to understand, easy to obtain the approximated equations which respects the 
physics at discrete levels, and robustness, all reflexes of its physical background.

By performing the integration for all control volumes, we obtain an algebraic 
equation for each control volume and, thus, the system of algebraic equations to 
be solved. The preference to obtain the approximate equations by integrating the 
differential equation comes from the fact that not all balances are easy to derive 
as was the conservation of mass. A momentum balance, for example, requires the 
identification and summation of all stresses acting on the control volume. For irregular 
control volumes, this is not an easy task, so, it is preferable to start with the differential 
equation in conservative form.
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3.4 Few Words About the Conservative Property 

It was stressed the importance of having the conservation principles obeyed at discrete 
level in a numerical simulation. Let’s see now how the finite volume method can be 
seen in the framework of the weighted residual approach when applied to the control 
volume. The statement of a weighted residual is a way of seeing all numerical methods 
under the same umbrella and helps to understand when the conservation principles 
are broken. 

When solving a partial differential equation numerically, the solution is approx-
imated. Let φ̃ be this approximation. Inserting this approximation into the partial 
differential equation a residual is obtained, as 

£( ̃φ) = R( ̃φ), (3.9) 

in which £ is the differential operator, given by, for example, 

£(φ) = 
∂ 
∂t 

(ρφ) + ∂ 
∂x j

(

ρu j φ
) + 

∂ 
∂x j

(

Γφ ∂φ 
∂x j

)

+ Sφ (3.10) 

The weighted residual approach states that the average (integral in the domain) 
of the residue weighted by an arbitrary function w is forced to zero, that is,

∫

V 

w

[

∂ 
∂t

(

ρ φ̃
)

+ ∂ 
∂x j

(

ρu j φ̃
)

+ ∂ 
∂ x j

(

Γφ ∂ φ̃ 
∂x j

)

+ Sφ

]

dV  = 0 (3.11)



3.4 Few Words About the Conservative Property 47

According to what was learned from the previous section, the integration of the 
partial differential equation in conservative form is equivalent as to perform balances 
in the control volume. Paying attention to Eq. (3.11) we can see that if w = 1 it 
reproduces the finite volume approach. In the scope of the weighted residual approach 
when w = 1 the method is called sub-domain. Therefore, any weighting function 
different from 1 destroy the conservation, since the integration no longer reproduces 
the balances and, therefore, it is not a conservative scheme. 

When w is different from 1 it gives rise of a series of method in the broad class 
called finite element methods. The most popular and widely used in the solution of 
solid mechanics problems is the Galerkin method, in which the weighting function 
(w) is the same as the interpolation functions (ψi ) used to expand the solution inside 
the element. The solution in the finite element method can be represented by 

φ̃ = 
n

∑

i=1 

ψi φi , (3.12) 

in which n is the number of nodes in the element. The functions ψ interpolate the 
values of the unknown variable φ inside the element based on the values located 
at its vertices. These interpolation functions are also called shape functions. Intro-
ducing Eq. (3.12) into Eq. (3.11), choosing the weighting function and integrating 
in the domain, it is obtained the local matrix for the element, which is assembled 
element-by-element to construct the global matrix. It is used to lower the order of 
the differential equation using integral by parts and getting the weak form. 

Discussions in the literature and internet blogs try to compare finite element, finite 
differences and finite volume methods. All methods, with their specific features, are 
suitable for solving fluid mechanics problems, and many of the arguments come from 
a lack of knowledge about the methods, specially about finite volumes. It is not rare in 
the literature to find misunderstandings between finite differences and finite volumes. 
They are completely different methods, and only in very simplified cases, they give 
rise to the same linear system. It is true that finite difference developers migrated to 
finite volumes along time and, perhaps, linked to the fact that finite differences were 
always applied for orthogonal coordinate systems, mainly Cartesian, it is said that 
finite volume method has difficulties in dealing with unstructured grids. 

This may have been true five decades ago, when finite difference and finite volume 
analysts were deeply involved in treating the nonlinearities and the difficult couplings 
of the Navier–Stokes equation, period in which they left behind the development of 
algorithms for complex geometries. 

Unstructured grids are nowadays a standard practice in cell-center as well as in 
cell-vertex finite volume methods. In the class of cell-vertex methods, the EbFVM-
Element-based Finite Volume Method has as fundamental geometrical entities the 
element (exactly as in finite element) and the control volume (entity not existing in 
finite element). 

The order of interpolation is also free to choose in both methodologies, since 
it depends solely on the order of approximation of the interpolation function. In
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EbFVM the interpolation functions are applied in the element, exactly as done in 
finite element and, therefore, any order of interpolation can be used. First order, 
second order or higher order elements can be applied, irrespectively, in EbFVM as 
well in any finite element method. Even for cell-center finite volumes, high order 
interpolation can be used, however, with a more cumbersome implementation of the 
computer code, not as clean as in finite element or EbFVM. 

But, as already stressed, the important difference of the methods lies on the local 
discrete conservation. It is our feeling that this is of utmost importance, since the 
physics must be obeyed when numerically solving a physical problem. Perhaps, this is 
the reason why all widespread commercial CFD codes used nowadays in engineering 
simulation employs finite volume methods. Finite elements, one could say, was born 
using unstructured grids and, since conservation is not a big issue when there is no 
mass flow, it is a perfect tool for solving structural problems, even if the force balances 
are not strictly respected. When conservation is required, difficulties appears. Of 
course, in finite element methods it is possible to enforce local conservation, but at 
expenses of more complex algorithms, more mathematically elaborate elements and 
more CPU time for the solution. 

As final words, it is worth to mention that it is frequently reported in the literature 
that finite volume is a particular case of finite element. In our understanding it is 
not, it is a particular case of the application of the weighted residue statement with 
weighting function equal to 1. Of course, it is free to call all methods that use the 
weighted residual statement applied to an element, as being a finite element method, 
since the element is always involved. But it is interesting to note that Galerkin, least 
squares, co-location and others, are in the same hierarchy as the finite volume method, 
or the sub-domain method, all under the umbrella of the weighted residual approach. 
In fact, the denomination finite element comes from the fact that the weighted residual 
statement is applied to finite elements, and not to the whole domain [1]. The interest 
reader in finite element is referred to the corresponding extensive literature, in which 
excellent books are encountered. 

3.5 Cell-Center and Cell-Vertex Methods 

In a finite volume technique, the construction of the control volume is made using 
the elements furnished by the grid generator. What we get from the grid generator 
are the elements defined by the coordinates of their vertices, in its simplest form. 
Depending on how dedicated the generator is, connectivity, geometric data, node 
numbering and element numbering can be furnished to the numerical method by 
the grid generator. Using the elements, two versions of the finite volume method are 
possible, cell-center and cell-vertex, with the previous one known as the conventional 
finite volume by the numerical community. 

Considering a 3D mesh generator, the minimum information provided by the 
generator is the coordinates of the 8 vertices of the element for a hexahedron, 4 
for a tetrahedron and so on. If the element is used as control volume, it is called
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a cell-center method, what means that the unknown variable is at the center of the 
element, and, of course, at the center of the control volume, as in any method. Cell, 
in this denomination, is the element, what would suggest that a better denomination 
would be an element-center method. On the other hand, if the unknowns are stored at 
the vertices of the element, the method is called cell-vertex. In a cell vertex method, 
as before, one needs to decide on the construction of the control volume based on 
the elements. One possible construction will be seen when EbFVM is described. In 
2D we have triangles and rectangles, and in 3D tetrahedra, hexagons, prisms and 
pyramids, as elements frequently used, being possible to use other type of elements. 

To exemplify the cell-center method, consider Fig. 3.4, in which the element is 
taken as the control volume. For the cell-vertex case, in Fig. 3.5 the control volume is 
constructed using part of each element which shares the same node (unknown node 
P). For the cell-center there are four fluxes to be calculated to perform the balances 
of the properties, while for the cell-vertex for each element taking part of the control 
volume, two fluxes need to be calculated and will enter the conservation equation. In 
the example of Fig. 3.5, six elements take part in the control volume, therefore, 12 
fluxes will enter the control volume balance. Details will be given when the EbFVM 
will be discussed, in Chap. 13. 

Between the cell-center and cell-vertex methods, the key difference is in the appli-
cation of boundary conditions, which will be discussed at the end of this chapter. By 
now, it is enough to recognize that in the cell-vertex method there are unknowns lying 
on the boundary, while in the cell-center there are not, what makes the application 
of boundary conditions different in the two methods.

Fig. 3.4 Cell-center 
method. Element as control 
volume
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Fig. 3.5 Cell-vertex method
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Next, let’s begin the construction of our knowledge in applying a finite volume 
method using the 1D transient heat conduction as the working equation. With this 
equation we will learn the approximation of the transient and diffusive terms. In 
Chap. 5 we will tackle the treatment of the advective term, which is the responsible 
for the main difficulties in fluid flow problems. The developments will start using 
the cell-center method, since it is better known by the scientific community. When 
boundary conditions are treated few comments will be done related to the cell-vertex. 

3.6 One Dimensional Transient Heat Diffusion 

The 1D transient heat diffusion equation with source term will be used by several 
reasons: being 1D, it is easy to deal with, it contains both time and space coordinates, 
it is a problem normally known by the beginners in heat transfer and fluid flow, and 
we will have the chance to deal with the linearization of possible source terms. The 
equation is 

∂ 
∂t 

(ρcT ) = 
∂ 
∂ x

(

k 
∂ T 
∂ x

)

+ ST , (3.13) 

which can also represent others physical transient with diffusion problems. The lower 
P index on the specific heat at constant pressure was removed to use this symbol 
as location on the grid when the equation will be integrated. The mesh employed is 
shown in Fig. 3.6, in which, just for the sake appearance, the mesh is shown with 
some dimension in the other direction.

Note that the mesh has full volumes throughout the domain, characterizing the 
cell-center method. The other choice would be to have half-volumes at the boundaries,
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with the nodal points (unknowns) on the boundaries, which would be the cell-vertex 
approach. 

Equation (3.13) is in conservative form, thus, its integration will result in approx-
imate equations that represents conservation balances at control volume level. 
Following the procedure inherent to the finite volume method, the integration of 
Eq. (3.13), indicated in Eq. (3.14), 

t+Δt∫

t 

e∫

w 

∂ 
∂t 

(ρcT ) dxdt  = 
t+Δt∫

t 

e∫

w 

∂ 
∂x

(

k 
∂ T 
∂x

)

dxdt  + 
t+Δt∫

t 

e∫

w 

S dxdt, (3.14) 

in the left-hand side in time and the right-hand side in space, reads, 

e∫

w

(

ρcT − ρo co T o
)

dx  = 
t+Δt∫

t

(

k 
∂T 

∂x

|
|
|
|
e 

− k 
∂T 

∂x

|
|
|
|
w

)

dt  + 
t+Δt∫

t

(

SpTp + Sc
)

Δx dt  

(3.15) 

The absence of upper index on the variables means they are being evaluated at 
the time level in which one wants to have the solution, that is, at t + Δt , while the 
superscript “o”, means evaluated at the “old” time level, level in which all variables 
are known. The source term was linearized, which is the highest order this term can 
be expressed, since it will take part in a linear system of algebraic equations. SP is 
evaluated at point P and may be function of T if the source term is not linear, situation 
in which it should be update during iterations. During the integration procedure, it 
should be exercised to include in the matrix coefficients as much as possible the 
relevant information of the source term and not left it entirely in the independent 
vector, in a lazy attitude [2]. Convergence is affected if the independent term in the 
linear system is to “heavy”, leaving the system more explicit, as will be seen in a
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coming section. The interpolation function in time uses two time levels, thus, it is a 
first order approximation. Of course, one could apply a second order using three-time 
levels, if desired. 

The reader is invited to dedicate special attention to what follows, since it will 
contain relevant details of the finite volume procedure. The integration of the left 
hand-side term in space, from “w” to “e” uses the temperature at the central point P, 
what assumes a linear variation inside the control volume. This integration reads, 

MP TP − Mo 
P T 

o 
P = 

1 

cP 

⎡ 

⎣ 
t+Δt∫

t

(

k 
∂ T 
∂x

|
|
|
|
e 

− k 
∂T 

∂ x

|
|
|
|
w

)

dt  

⎤ 

⎦ + 
t+Δt∫

t

(

SpTp + Sc
)

Δx dt, 

(3.16) 

in which MP is the mass contained in the control volume and cP stands for the 
specific heat at constant pressure evaluate at point P . Recall that the volume in this 
1D problem is (Δx . A) and the cross-sectional area A = 1. 

The integration in time of the fluxes at the faces of the control volume would 
requires a function stating the variation of these fluxes from time level t to t + Δt , 
such that the integration can be performed. Since we are using two time levels the 
interpolation function is linear and one needs to decide in which position in the 
time interval will the fluxes be evaluated. It is a decision that must be made based 
on the physics of the problem, as commented shortly. This choice gives rise to the 
well-known formulations in time, namely, explicit, implicit and fully implicit. The 
superscript θ identifies the point in the time interval in which the fluxes are evaluated. 

Therefore, removing the last integral of Eq. (3.16), it is obtained 

MP TP − Mo 
P T 

o 
P = 

1 

cP

[(

k 
∂T 

∂x

|
|
|
|

θ 

e 

− k 
∂T 

∂ x

|
|
|
|

θ 

w

)]

Δt + (

SpT 
θ 
p + Sc

)

ΔxΔt, (3.17) 

in which when θ = 0 gives rise to the explicit formulation, when 0 < θ < 1, 
the implicit formulation, and when θ = 1, to the fully implicit formulation, to be 
presented shortly. 

It is time now of defining the spatial interpolation, since we need to get rid of 
the temperature derivative in space. This means to specify how temperature changes 
inside the control volume, and it is worth to mention that this is the second integration 
required and, in this case, it uses central difference scheme, which assumes a linear 
variation in temperature. This is one situation in which finite differences are used as an 
auxiliary technique. Let’s keep in mind that the interpolation function for diffusive 
problems (second order derivative terms) poses no instabilities difficulties, since 
linear interpolation always suffices. Thus, using central differencing for evaluation of 
the first derivative at the interfaces of the control volume, the interpolation functions 
are
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∂T 

∂ x

|
|
|
|

θ 

e 

= 
T θ 
E − T θ 

P

Δxe 

∂T 

∂ x

|
|
|
|

θ 

w 
= 

T θ 
P − T θ 

W

Δxw 
(3.18) 

Substituting Eqs. (3.18) into Eq. (3.17), it is obtained 

MP TP − Mo 
P T 

o 
P

Δt
= 

1 

cp

[
k

Δx

|
|
|
|
e

(

T θ 
E − T θ 

P

)
]

− 
1 

cp

[
k

Δx

|
|
|
|
w

(

T θ 
P − T θ 

W

)
]

+ SpT 
θ 
PΔx + ScΔx, (3.19) 

which, after some algebraic arrangement, it becomes 

MP TP

Δt 
= 

1 

cP

(
k

Δx

)

e 

T θ 
E + 

1 

cP

(
k

Δx

)

w 
T θ 
W + 

1 

cP

[

−
(

k

Δx

)

e 

−
(

k

Δx

)

w

]

T θ 
P 

+ 
Mo 

P T 
o 
P

Δt 
+ SpT 

θ 
PΔx + ScΔx (3.20) 

Using only two time levels, the determination of the temperature, T θ 
P , inside the 

interval Δt follows a linear equation, given by T θ = θ T + (1 − θ)T o. For  the  
derivative, a first order approximation is possible, as 

∂T 

∂t 
= 

T n+1 
P − T n P

Δt
= 

TP − T o P
Δt 

, (3.21) 

following the convention for the superscripts. This approximation was already used 
in Eq. (3.15). 

Higher order interpolation may be employed, allowing to follow the transient with 
larger time steps and keeping fidelity, having in mind that the true transient requires 
a grid resolution study in time. Figure 3.7 depicts the three-time levels which can 
be used to have a second order interpolation in time. There is a general equation 
using three-time levels with different time steps sizes. For the equal step sizes, the 
approximation is given in the insert of Fig. 3.7.

3.7 Explicit, Implicit and Fully Implicit Formulations 

3.7.1 Explicit Formulation 

As Eq. (3.20) reveals, when θ = 0, that it is possible to explicit the unknown 
temperature as function of all other temperatures known from the previous time
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Fig. 3.7 Time levels for a 
second order approximation
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level. We will then have an equation for each control volume and these equations are 
uncoupled, so, the solution marches in time solving each equation, one-by-one, in 
each time level. There is no need of solving a linear system, since the equations are 
uncoupled. When all the equations were solved, it is jumped to a new time level and 
the process is repeated. Equation (3.20), applying the explicit formulation, takes the 
form 

AP TP = AeT 
o 
E + AwT 

o 
W + (Ao 

P − Ae − Aw + SPΔx)T o P + ScΔx, (3.22) 

in which the coefficients are 

AP = 
MP

Δt 
; Ao 

P = 
Mo 

P

Δt 
; Ae = 

1 

cP 

k

Δx

|
|
|
|
e 

; Aw = 
1 

cP 

k

Δx

|
|
|
|
w 

(3.23) 

It is well known that for 1D problems the condition for stability is to have the 
coefficient of T o P positive. If ρ,  cP and k are constant in the domain, SP = 0, with 
a uniform mesh, the condition for the positivity is, 

αΔt

Δx2 
≤ 

1 

2 
, (3.24) 

in which α is the thermal diffusivity. To deep the understanding of the implications 
in violating the positivity of T o P , consider the solution of the 1D problem in the grid 
shown in Fig.  3.8, in which there are four elements and five grid nodes, characterizing 
a cell-vertex configuration. This was used just for simplicity in applying the Dirichlet 
boundary conditions.1 The source term is made equal to zero and Δxe = Δxw. The

1 In fact, the difference in cell-vertex and cell-center are mainly in the application of the boundary 
conditions, since T1 and T5 are known temperatures. 
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initial condition is T = 0 for the whole domain, when, suddenly, T1 is raised to 100 
and T5 is kept in 0. We are not carrying the units of temperature, since it is immaterial 
for our purpose. The physics of this problem teach us that heat will start to penetrate 
in the domain by diffusion, heating up the whole domain until the steady state is 
reached. The steady state solution for this problem is, obviously, a linear profile, as 
depicted in Fig. 3.9, in which intermediate transient profiles are qualitatively shown. 

Considering the explicit formulation Eq. (3.20) takes the form 

TP = (1 − 2r)T o P + rT  o E + rT  o W (3.25) 

Assuming r = αΔt/Δx2 = 0.5, for simplicity, but still satisfying the criterion 
given by Eq. (3.24), it results,
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Table 3.1 Explicit solution. One dimensional problem 

Time level 0 1 2 3 4 Steady state 

Point 1 100 100 100 100 100 100 

Point 2 0 50 50 62.5 62.5 75 

Point 3 0 0 25 25 37.5 50 

Point 4 0 0 0 12.5 12.5 25 

Point 5 0 0 0 0 0 0 

TP = 
1 

2

(

T o E + T o W
)

(3.26) 

Equation (3.26) is the general equation which applies for the three unknows, as 

T2 = 
1 

2

(

T o 3 + T o 1

)

T3 = 
1 

2

(

T o 4 + T o 2

)

T4 = 
1 

2

(

T o 5 + T o 3

)

(3.27) 

Note that these equations are not coupled, since the right-hand side depend only 
on temperatures from the previous time level, all known. The procedure follows 
by marching in time with the possibility of changing the time step as the transient 
progresses. Table 3.1 presents the solution for four time levels, and it is observed that 
the heat flow advances one volume in each calculation. The numerical values of the 
temperature for the steady state solution obtained with the explicit formulation for this 
problem are 100, 75, 50, 25 and 0. This is the exact solution, and this happens because 
the interpolation function used is the exact solution of the steady state problem. 

In this case it is said that the interpolation function is exact. The spatial temperature 
distribution during the transient is not correct, since its behavior is exponential in 
space and time, and the interpolation function is kept linear. To capture the transient 
properly, meshes refined in space and in time are required. 

Inspecting Eq. (3.22), we conclude that stability was possible by keeping the coef-
ficient of T o P positive. For simple problems, as the one under analysis, this can be 
proved using von Neumann analysis [3, 4]. An important practice, thus, in explicit 
schemes, is to keep this coefficient always positive. Accuracy, what requires very 
small time steps and spatial grids, is mandatory in numerical solutions. In explicit 
formulations the time step is limited by stability, and since this limit is quite restric-
tive, accuracy, related to the refinement of the time step, is almost always satisfied. 
The reader is invited to repeat this exercise with r > 0.5 and see what happens with 
the solution. 

There is a general feeling that explicit formulation are not recommended due to its 
time step limitations, however, it depends, of course, on the physics under analysis. In 
fact, it is a formulation widely used when very fast transient should be captured, like
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in car crashing, for example. In these problems the time step required is extremely 
small, and accuracy, therefore, is in general satisfied. There are disciplines, using 
finite element methods specialized in car crashing and other fast transient phenomena, 
named “explicit transient methods”, dealing with such a kind of physics, what shows 
the importance of this formulation. 

3.7.2 Fully Implicit Formulation 

Opposed to the explicit, which calculates all fluxes on the previous time level, the 
fully implicit formulation, does that on the time level in which the solution is sought. 
Consequently, the approximate equation for each control volume becomes coupled 
with the neighboring ones on that time level. The general equation, Eq. (3.20) takes, 
then, the following form, 

AP TP = AeTE + AwTW + Ao 
P T 

o 
P + ScΔx, (3.28) 

in which 

AP = 
MP

Δt 
+ Ae + Aw − SPΔx, (3.29) 

with A e and Aw keeping the same expressions. Notice now that, in the fully implicit 
formulation, it is desirable that the SP term be negative to help the magnitude of the 
diagonal of the linear system. Linear systems with dominant diagonal are amenable 
to solution even by non-powerful solvers, such as line-by-line or even point-by-point 
iterative solvers. Since in general the formulation used is the fully implicit, one 
always should tries to linearize the source term with negative SP , despite the fact 
that in complex mathematical model it is not always possible to do that, and some 
artificial negativity need be imposed [2]. Since the last two terms on the right-hand 
side of Eq. (3.28) are known, they can be lumped together, resulting in the linear 
system that must be solved to obtain the temperature distribution in the slab for that 
time level, 

AP TP = AeTE + AwTW + BP (3.30) 

When solving a true transient iteratively, it should be kept in mind that the variable 
at the previous time level

(

T o P
)

taking part in BP can’t be changed during the iterations, 
and should be modified only when the solution is considered converged (attending a 
specified tolerance) and it is advanced to a new time level. It seems a trivial comment, 
but it is a common mistake done by beginners. 

On the other hand, when the interest is the steady solution only, we can follow the 
transient in a distorted manner, since makes no sense to solve the linear system with 
a tight tolerance in each time level if the solution is not need at those time levels.
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What is done is just iterate the linear system a couple of times and jumping to a new 
time level changing the T o P , or others variable being solved. The time step should 
be as larger as possible, enough for maintaining convergence of the process trying 
to reach the steady state solution with a minimum CPU time. Unfortunately, there 
are no mathematical rules on how many iterations or size of the time steps should 
be used. What counts, in fact, is the experience of the user in simulating fluid flows. 
It is also obvious that a direct method for solving the linear system shouldn’t be 
used, since there is no interest in accurate solutions along the distorted transient and 
a direct method would give us the exact solution of the linear system in each time 
level. 

The question which arises is: why going through a distorted transient if it is 
possible to make Δt = ∞  and solve just one linear system and get the steady state 
solution? The reason is that for the solution of complex problems which involves a 
system of partial differential equations, convergence would not be achieved. Even 
using a fully implicit formulation for every equation of the system as, normally 
the full system is solved sequentially, some explicitness is always embodied in the 
solution procedure, what precludes the use of large time steps. Using Δt = ∞  may 
work for linear and simple problems. Doing that in Eq. (3.28) and Eq. (3.29), they 
result, 

AP TP = AeTE + AwTW + ScΔx (3.31) 

with 

AP = Ae + Aw − SPΔx, (3.32) 

in which one sees that the term T o P disappeared, since the steady state solution doesn’t 
depend on temperatures at the previous time levels, but only on boundary conditions. 
This is logical, because the time no longer takes part in the equation. Keep in mind 
that the steady state solution doesn’t depend on how was the transient, any initial 
(estimated) condition, following any distorted transient will always reach the same 
steady state solution. 

Returning to the one-dimensional diffusion problem, there is no longer the possi-
bility of the negative coefficient for T o P in the fully implicit formulation. This formula-
tion gives rise to a system of equations, since the equations are now coupled together. 
In Eq. (3.28), the temperatures TE and TW are being calculated at the same time level 
as TP , which characterizes the coupling between them. For this simple equation under 
consideration, such a formulation is unconditionally stable, and the time interval is 
limited by accuracy. Note that this formulation is called fully implicit, because the 
values of the temperatures entering the diffusive flux calculation are made equal to 
the values at the end of the time interval. 

Considering again r = 1/2 the resulting system of equations for this formulation 
is given by
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T2 = 
1 

4

(

(T3 + T1) + 2T o 2

)

T3 = 
1 

4

(

(T4 + T2) + 2T o 3

)

, 

T4 = 
1 

4

(

(T5 + T3) + 2T o 4

)

(3.33) 

which is the 3 × 3 linear system that must be solved. Observe that Eq. (3.28) could 
be written as, 

AP TP = AeTE + AwTW + BP , (3.34) 

with P equal to 2, 3 and 4, for the linear system expressed by Eq. (3.33) and reproduced 
below, with a slightly different nomenclature, 

A2 
P T2 = A2 

e T3 + B2 

A3 
P T3 = A3 

eT4 + A3 
wT2 + B3 

A4 
P T4 = A4 

wT3 + B4 (3.35) 

in which the boundary conditions are, of course, included in the B 2 and B4 terms. In 
Eq. (3.35) a more rigorous notation for the coefficients was adopted, which will not be 
followed, but deserves to be explained while we are still at the beginning of the text. 
First, recognize that each of the equations forming the system (3.35) was obtained 
by applying the numerical method to a control volume of the mesh. Therefore, all 
coefficients that appear in an equation are coefficients belonging to that volume for 
which the equation was written, e.g., the coefficient A3 

P is the central coefficient 
of volume 3, while A3 

e and A
3 
w are coefficients connecting the volume 3 with their 

neighbors volumes. The superscript indicating the control volume will be omitted 
from now on, for simplicity, since there is a little chance of misunderstanding, since 
all coefficients in one equation are referred to that control volume. 

The solution of the linear system given by Eq. (3.34) or Eq.  (3.35), when solved, 
furnish the temperatures T2, T3, and T4. It should also be recognized that the system 
given by Eq. (3.33) can be written in matrix form as 

[A][T] = [B] (3.36) 

or, for the problem in consideration, 

⎛ 

⎜ 
⎝ 
1, 00 − 0, 25 0, 00 
−0, 25 1, 00 − 0, 25 
0, 00 − 0, 25 1, 00 

⎞ 

⎟ 
⎠ 

⎛ 

⎜ 
⎝ 
T2 
T3 
T4 

⎞ 

⎟ 
⎠ = 

⎛ 

⎜ 
⎝ 

B2 

B3 

B4 

⎞ 

⎟ 
⎠ (3.37) 

Note that the zeros that appear in the matrix of coefficients do not explicitly 
exist in Eqs. (3.33), because the form of writing these equations involves only the
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temperatures that are connected to the cell in question, and it was chosen to have 
just one connection in each side of the control volume. Considering T4, since it has 
no connection with T2, the connecting coefficient is, of course, zero. The same is 
true for T2 with respect to T4, what originates the zeros coefficients in the system 
(3.37). Now imagine that the grid would have not only 3 control volumes, but say, 
one hundred unknowns. It is easy to see that the coefficient matrix would have 100 
rows by 100 columns. In each row, there would be only 3 nonzero coefficients, with 
the remaining 97 being zero on that row. 

Anticipating the events of a later section of this chapter, it is worth remembering 
that when iterative methods are used to solve the linear system, we work only with 
the non-zeros of the matrix, while in direct solutions, such as Gauss elimination, for 
example, all the entries of the matrix take part in the operations. Since, in general, the 
matrices obtained when applying numerical methods are very sparse, it is advisable to 
use iterative methods to avoid operations with zeros. For the simple case shown here, 
with three equations and three unknowns, it is easy to solve the linear system directly 
by substitution. When the number of points increases considerably, efficient methods 
of solving linear systems must be employed. Note that the system (3.37) must be  
solved for each time level, because the problem under consideration is transient. If 
the steady state solution is of interest, it is enough to make r = ∞  (infinite advancing 
in time) and solve the resulting linear system. Again, for this problem, the numerical 
solution is equal to the analytical one for the reasons already stated. Recall that the 
alternative, of using Δt = ∞  may hardly work for complex systems of equation, as 
explained. 

3.7.3 Implicit Formulation 

In the implicit formulation the temperatures involved in the fluxes are neither eval-
uated at the beginning or at the end of the time step, but weighting them according 
to the interpolation function, repeated herein, 

T θ 
P = θ TP + (1 − θ )T o P (3.38) 

with the most famous algorithm being of the Crank-Nicolson, in which θ = 0.5. 
It is pertinent note that it is enough θ be non-zero for the equations to be coupled, 
characterizing the implicitness between them. The implicit formulation travels from 
the explicit to the fully implicit. When θ approaches zero, the explicitness of the 
system increases, with less influence of the matrix coefficients, being the opposite 
when it approaches unity. It is common in the literature to call the formulation with 
θ = 1 simply an implicit formulation and not fully implicit, as called here. The 
reason for this is that the majority of methods use θ = 1 for stability reasons. 

Figure 3.10 illustrates, for the three types of formulations, the connections between 
point P with its neighbors at the time level of the calculation and at the previous 
time. The figure shows that when there are connections between point P and the
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neighbors points at the level in which the solution is sought, there will be always 
the need of solving a linear system. Its left to the reader as exercise to obtain the 
coefficients, like Eq. (3.33), for the implicit case. It will be seen that the coefficients 
are a sum of two parts weighted by θ. 

Along the presentation of the formulations in time we made comments about the 
real and distorted transients. Maintaining the time coordinate in the equations is of 
utmost importance, since, even if only the steady state solution is of interest, the 
time is used as a physically consistent relaxation parameter. In fact, makes no sense 
to remove the time from the equations. Figure 3.11depicts the four alternatives for 
marching in time pointing out the important characteristics.

Fig. 3.10 Explicit, implicit 
and fully implicit 
formulations 
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Fig. 3.11 Alternatives for advancing in time 

3.8 Linearization of the Source Term 

It may happen that significant terms which does not fit as advective or diffusive 
are included in the source term. The easiest move would be to keep them as a 
constant and updating it each iteration, without an analysis about the possibility 
of linearizing it. Linearization reinforces the diagonal of the linear system and may 
prevent divergence, avoiding that the B term dominates the iterative procedure. As 
an example, a typical flow in which important effects are included in the source term 
is high-rotation flow. In such flows, the centripetal force, dependent on the azimuthal 
velocity in the radial equation of motion, and the Coriolis force dependent on the 
radial velocity in the azimuthal equation of motion, are part of the source term. These 
source terms are particularly difficult to handle because the variable that appears in 
the source term of one equation is the principal variable of the other equation. The 
source term in this case must be treated with extreme care, because the centrifugal 
and Coriolis effects are determining factors in the phenomenon [5]. Source terms 
of this nature are more complex than the case we are considering herein, where the 
variable that appears in the source term is the variable of the equation itself. 

The first rule to be followed is to take the source term as implicit as possible. 
However, often, depending on the importance of the source term, linearization alone 
is not enough, and it may be necessary to update it more frequently than the rest of 
the coefficients. Our goal is to obtain a linearization of the type
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S = SP TP + Sc, (3.39) 

in which it would appropriate to have the coefficient SP negative. Notice from 
Eq. (3.39) that SP is the slope of the straight line in a given point in a SxT plot. 
Considering the function SxT , there are two possibilities of behavior of S with T . 
The first one is when the tangent is naturally negative, characteristic presented by 
most physical problems. In this case, the recommended method of linearization [2] 
is to expand the source term in Taylor series, as 

S = S∗ + 
dS  

dT

|
|
|
|

∗ 

P 

(TP − T ∗ 
P ), (3.40) 

and finding SP and SC . The second, is when the SxT behavior has positive slope. 
In this case, it is necessary to artificially create a linearization with negative SP . It  
is not difficult to understand that this process is only possible through an increase, 
also artificial, in SC , which will imply in an increase in the independent term of the 
linear system. The following examples, taken from [2], clarify. Let the source terms 
be given by 

S = 5 − 4T (3.41) 

S = 5 − 4T 2 (3.42) 

The first one, by visual inspection or through the series expansion gives, SP = −4 
and SC = 5, while for the second expression, using the series expansion gives 
SP = −8T ∗ 

P and SC = 5+ 4(T ∗ 
P )

2. To exemplify the creation of an artificial negative 
SP , consider 

S = 3 + 7T (3.43) 

One possible linearization is SP = −2 and SC = 3 + 9T ∗ 
P . There are others, of 

course, but all of them may impair convergence, and the trade-off in these cases is the 
improvement of the diagonal of the matrix (increase the negativity of SP ) against the 
increase in SC , which may slow down convergence. It is not easy, if not impossible, 
to determine a good parameter in this situation because of the numerous factors that 
act concurrently in the process. It is always possible, of course, to make SP = 0. 
This practice, however, does not utilize the possibilities of improving the numerical 
scheme via implicit treatment of all or part of the source term. For real problems, 
with several partial differential equations and different source terms, it is difficult to 
foresee the gains. The important is to be aware of the influence the source term does 
on the linear system.
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3.9 Boundary Conditions 

3.9.1 Balances for the Boundary Volumes 

The natural way of applying boundary conditions in a finite volume method is to 
perform balances of the quantity in the volumes at the boundary, exactly as done for 
the internal control volumes. incorporating the boundary conditions in the balance. 
Therefore, continuing with our 1D transient problem, consider Fig. 3.12, in which a 
boundary control volume is shown for a cell-center construction. The flux appearing 
in the figure can be given as boundary condition or can be calculated if a Dirichlet 
condition is prescribed. Using a fully implicit formulation, the discretized equations 
reads, 

MP TP − Mo 
P T 

o 
P

Δt
= 

q ''
f 

cp 
− 

1 

cp

(
k

Δx

)

e 

(TP − TE ) (3.44) 

in which the flux, expressed by the derivatives in our general equation, Eq. (3.17), at 
the left boundary (w), was substituted by q ''

f . We can now work on the three boundary 
conditions for the diffusion problem. 

1. Prescribed Boundary Condition (Dirichlet) 

In this case the flux can be calculated by 

q ''
f = k f 

T f − TP

Δx f 
(3.45) 

in which T f is the prescribed temperature at the boundary. The flux is introduced in 
Eq. (3.44) and the final equation obtained. 

2. Prescribed Heat Flux (Neumann) 

In this case just plug into Eq. (3.44) the known value of the flux.

xexf 

Boundary 

P Eeqf'' 

Δ Δ 

Fig. 3.12 Boundary control volume. Cell-center 
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3. Convection Boundary Condition (Robin) 

This condition tells us that the heat flux by convection enter the domain by 
diffusion, as 

q ''
f = h(T∞ − T f ) = k f 

T f − TP

Δx f 
(3.46) 

in which h is the convection heat transfer coefficient and T∞ the ambient temperature. 
Isolating T f and substituting in any of the two equations, the flux is 

q ''
f =

h 

1 + hΔx f 
k f 

(T∞ − TP ), (3.47) 

which should be introduced in Eq. (3.44) to obtain the final equation in the form, 

AP TP = A eTE + BP , (3.48) 

3.9.2 Using Fictitious Volumes 

It is also possible to use fictitious volumes (or points) to help the application of 
the boundary conditions. In this approach all volumes of the domain “feel” as an 
interior control volume, and the procedure for obtaining the approximate equations 
is, therefore, the same as for the real interior control volumes. The equations for the 
fictitious points are constructed via boundary conditions. 

Figure 3.13 shows in dashed lines the fictitious control volume, arbitrarily created 
for applying the boundary conditions. The practice of using fictitious volumes is 
attractive and easy to apply. The disadvantage is the creation of new unknowns, 
increasing the size of the linear system, a situation that gets worse as the size of the 
problem increases. In a 1D problem with 1,000 unknowns, we will have only two 
fictitious volumes, representing, therefore, 0.2% of the total number of volumes. In 
a 2D situation, also with 1,000 unknowns, in a mesh of 33 × 33, approximately, we 
will have 132 fictitious volumes, representing 13.2% of the total. In three dimensions, 
for 1000 unknowns the mesh will be 10 × 10 × 10, with 600 fictitious volumes, a 
significant increase in the number of equations of the linear system. For a simple 
practical situation of a 3D mesh with 30 × 30 × 30 volumes, we would have an 
increase of about 20% in the number of equations.

With the creation of the fictitious volumes, we must create the equations for these 
volumes as a function of the existing boundary conditions. It is natural to write these 
equations in the same form as the equations for the internal volumes, such as 

AP TP = AeTE + BP , (3.49)
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Fig. 3.13 Fictitious boundary volume

in which, of course, the W grid point doesn’t exist. The coefficients of the above 
equation depend upon the type of boundary condition. For prescribe temperature 
one has, 

T f = 
TP + TE 

2 
; AP = 1; Ae = −1; BP = 2T f (3.50) 

For a prescribed heat flux, the boundary condition and coefficients are, 

q ''
f = −k f 

TE − TP 

2Δx f 
; AP = 1; Ae = 1; BP = 

2q ''
f Δx f 

k f 
, (3.51) 

and for the domain exchanging heat with the surrounding environment by convection, 
the boundary conditions and coefficients are, 

h

(

T∞ − 
TP + TE 

2

)

= k f 
(TP − TE ) 
2Δx f 

AP = 
h 

2 
+ k f 

2Δx f 
; 

Ae = k f 
2Δx f 

− 
h 

2
; 

BP = hT∞ (3.52) 

It is worth to mention that the approximated equations for the fictitious points, 
which are new unknows, irrespectively if the problem is 1D, 2D or 3D, are found 
using only two grid nodes, the fictitious and the neighbor internal control volume. 
The additional unknowns are not, necessarily, added to the linear system and can be 
solved separately in an iterative way. Firstly, based on estimate values for all points, 
internal and fictitious, the interior unknowns are solved and, secondly, in a sweep, 
the values of all fictitious points are determined, one-by-one, and the process goes 
on until a specified tolerance is achieved. For nonorthogonal grids at the boundaries 
this single connection of a fictitious point and the interior is not possible, and the 
recommended approach is to perform balances at the boundary control volumes, as 
seen in Sect. 3.9.1.
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3.9.3 About Boundary Conditions in Cell-Vertex 

We have seen the application of boundary conditions for cell-center methods, which 
means not having unknowns over the boundary and no half or a quarter of volumes 
inside the domain. The application of boundary conditions for cell-vertex construc-
tion deserves few words. Consider the 1D grid for the 1D diffusion problem under 
discussion, shown in Fig. 3.14 in which the element as well as the control volume 
are depicted. In this cell-vertex construction of the control volume, the unknowns lie 
on the boundary creating a half-control volume. 

Concerning the application of a Dirichlet boundary condition, since the unknown 
lies on the boundary, it is usual to remove this equation from the linear system. In 
this case, the apparent advantage of not being necessary to create an equation for 
the boundary volume, since T f is known, translates into the non-observance of the 
conservation, since, for the boundary half-volume, a balance was not done to obtain 
the approximated equation. 

Figure 3.15 depicts the boundary with half control volumes in gray, in a 2D 
region, that will not satisfy the conservation if all boundary conditions are of the 
Dirichlet type. For Neumann boundary conditions the flux at the boundary is given, 
and prescribing fluxes is the natural boundary condition for the finite volume method.

The conservation at the boundaries for Dirichlet boundary conditions in cell-
vertex can be circumvented when the fluxes are calculated for the elements and then 
assembled to obtain the equation for the control volume, as in EbFVM. A conser-
vation equation is created for the boundary volumes using the prescribed boundary 
condition. We will be back to this topic when cell-vertex method for unstructured 
grids will be presented.

Tf 

x 
x 
2 

Boundaries of 
the element 

Δ 
Δ 

Fig. 3.14 Dirichlet boundary condition. Cell-vertex 
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Fig. 3.15 Non-conservative 
region in 2D

Region in which conservation 
is not satisfied 

3.10 Discretization of the 3D Diffusion Equation 

There will be nothing new in this section, just the presentation, for the sake of 
completeness, of the 3D diffusion equation, given by 

∂ 
∂t 

(ρT ) = 
∂ 
∂x

(
k 

cp 

∂T 

∂ x

)

+ 
∂ 
∂y

(
k 

cp 

∂T 

∂y

)

+ 
∂ 
∂ z

(
k 

cp 

∂ T 
∂z

)

+ S (3.53) 

The same discretization that was done for the diffusion term in the x coordinate 
will now be done for the other two axis, y and z. Figure 3.16 illustrate the 3D control 
volume with the six connections to the neighboring ones, in which the cardinal points, 
as before, are used added with the Front and Back control volumes.

The integration using a fully implicit formulation, doing exactly what was done 
for the 1D problem, gives 

AP TP = AeTE + AwTW + AnTN + AsTS + A f TF + AbTB + BP (3.54) 

with the following coefficients, 

Ae = 
1 

cP 

k

Δx

|
|
|
|
e

ΔyΔz (3.55) 

Aw = 
1 

cP 

k

Δx

|
|
|
|
w

ΔyΔz (3.56)
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Fig. 3.16 Three-dimensional control volume

An = 
1 

cp 

k

Δy

|
|
|
|
n

ΔxΔz (3.57) 

As = 
1 

cp 

k

Δy

|
|
|
|
s

ΔxΔz (3.58) 

A f = 
1 

cp 

k

Δz

|
|
|
|
f

ΔxΔy (3.59) 

Ab = 
1 

cp 

k

Δz

|
|
|
|
b

ΔxΔy (3.60) 

BP = Ao 
P T 

o 
P + ScΔxΔyΔz (3.61) 

Ao 
P = 

Mo 
P

Δt 
= 

ρo

Δt
ΔxΔyΔz (3.62) 

AP = Ae + Aw + An + As + A f + Ab + 
MP

Δt 
− SPΔxΔyΔz (3.63) 

To build an adequate matrix, which can accept even weak iterative solvers, taking 
care of the diagonal is recommended. Besides the diagonal dominance, care should be
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exercised to have all the connecting coefficients positive. In finite volume techniques, 
in most of the algorithms, this is accomplished automatically. The secret is to create 
numerical schemes which follows the physics and not merely artificial numerics. One 
can appreciate in Eq. (3.63) other two relevant points, being one of them the required 
negativeness of SP or, if not possible, to keep it small compared with the other terms. 
The second one is confirming the importance of keeping the coordinate time in the 
equations, even for steady state calculations. Using small time steps increases the 
value of MP /Δt , augmenting the diagonal terms of the matrix represented by AP , 
helping the solution of the linear system. The important fact is that this is a controlled 
parameter by the numerical analyst. In Chap. 4 this matter will be considered again. 

3.11 Structure of the Matrix of Coefficients 

The structure of the matrix of coefficients resulting from the numerical approximation 
has important influences in the choice of the method for solving the linear system. 

First, remember that, whether the problem is one, two, or three-dimensional, the 
result is always a linear system. The coefficient matrix changes its structure according 
to the dimension of the problem, the ordering of the elementary volumes and the 
interpolation function. In the formulations shown, with the volumes numbered in 
order along the coordinates, the matrix is tridiagonal for one-dimensional prob-
lems, pentadiagonal for two-dimensional, and heptadiagonal for three-dimensional 
situations. 

To understand the reason for this structure, it is enough to recall that in the 
discretization of the diffusion equation, the connection of point P with its neigh-
bors appeared when numerically approximating the fluxes at the interfaces. Since 
we used a central-difference approximation, only the adjacent volumes participated 
in this approximation. As the ordering of the volumes is in sequence, if the problem 
is 1D, only two neighbors take part, resulting in an equation with only three terms. 
Therefore, the structure of the matrix is tridiagonal, with the diagonals closed to 
each other, because of the ordering. In the same 1D problem, if the approximation 
of the fluxes would involve two points in front and two points behind, we would 
have a pentadiagonal matrix, with the all five diagonals close to each other. In a 
2D problem with sequential ordering and using one points in each side of the 2D 
volume, we would again have a pentadiagonal matrix, but now with three diagonals 
together and another two apart. Figure 3.17 shows these structures for the one and 
two-dimensional situations.

It is possible to use more neighboring points to establish the link of the central 
volume P with its neighbors. There are methods that approximate the fluxes using 
polynomials involving more points. If this is done, the number of non-zeros in that row 
changes. The limit would be to use an approximation in which the volume P would 
be connected to all other volumes in the domain, which would give a full matrix 
of coefficients. High order schemes are prone to oscillation easier than schemes 
involving just few points, raising the compromise among stability and size of the grid.
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Fig. 3.17 Matrix structure. 1D and 2D

Since in an engineering problem we need to refine the grid to capture the physics, 
perhaps, it would be advantageous to have simple and stable schemes, reducing the 
truncation errors via refinement instead of with higher order approximations. 

Another important detail about the matrix is its sparsity. For the 1D problem, 
with only two neighbors used in the interpolation, considering that the mesh has 100 
volumes, we have a matrix with 10,000 entries and, in each row of just 3 non-zeros 
and 97 zeros, that is, the matrix is highly sparse. The sparsity index of the matrix 
influences in the choice of the method used to solve the linear system. If direct 
solution methods are employed, they require the handling of the non-zeros, greatly 
influencing the computation time. Quantifying the sparsity of the matrix can be done 
by the sparsity index, defined by

[

1 −
(
number o f non−zero entries 

total number o f entries

)]

Table 3.2 presents the sparsity index for three different meshes, showing that for 
a 40  × 40 mesh, which is a coarse one in practical applications, the sparsity index 
is close to 1. The same table shows the storage required when the matrix is full and 
when only the non-zeros are considered. Logically, a full matrix has zero sparsity 
index. 

Table 3.2 Sparsity index of a 
matrix 

Grid 10 × 10 20 × 20 40 × 40 
Total number of entries 1.10e4 16.10e4 256.10e4 

Non-zeros 500 2000 8000 

% of non-zeros 5 1.25 0.312 

Sparsity index 0.95 0.9875 0.9968 

Required memory (Kb) 40/2 640/8 10,240/2
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The structures discussed so far is valid for numerical approximations using struc-
tured meshes, that is, meshes whose volumes always have the same number of neigh-
bors. In unstructured discretization we can have different numbers of neighbors for 
each volume, giving matrices that are not tri, penta or heptadiagonal, but rather have 
a variable band, the so-called skyline matrices. Skyline matrices have special storage 
algorithms, SKS (skyline storage) in order to save memory, not storing the whole 
matrix. If the matrix is symmetric, as in finite element method using the weak form of 
the differential equation, just the upper diagonal is stored. The solution methods for 
linear systems with matrices of this nature are more elaborate. The use of unstructured 
discretization will be discussed in Chap. 13. 

3.12 Handling Non-linearities 

Numerical approximation of a linear partial differential equation gives rise to a linear 
system of equations whose matrix has constant coefficients. When the problem is 
nonlinear, again the approximation gives rise to a linear system of equations, but 
this time the matrix contains variable-dependent coefficients and must therefore be 
updated over iterations. 

In the case of the heat conduction problems discussed in this chapter, common 
nonlinearities are the dependence of k with T and a possible nonlinearity in the source 
term. In heat convection problems, which involve the solution of the Navier–Stokes 
equations, important nonlinearities appear. In all cases the equation is linearized, 
transferring the nonlinearity to the coefficient matrix, to be updated in the next 
iteration. It is also possible to use a Newton-like method creating the Jacobian matrix 
and solving for the variation of the unknowns. The method continues to be iterative, 
since the Jacobian matrix must be updated if the problem is non-linear. If the problem 
is linear, this class of methods finds the solution in one outer iteration. 

Note that even when considering only one differential equation, and solving the 
linear system by a direct method, the nonlinearity introduces an additional iterative 
level in the process, which is precisely the matrix update. When the solution method 
of the linear system is iterative, we may misunderstand the iterations due to the 
nonlinearities with those of the solution method of the linear system. These two loops 
of iteration should be not misinterpreted. They may be done in the same or separated 
iterative loops, depending on the problem. The conception of efficient iterative loops 
assumes importance when nonlinear and coupled systems of equations are solved, 
as is the case of CFD calculations. The physics will dictate the emphasis to give in 
each iterative loop, if on the coupling or on the nonlinearities. 

The analyst’s experience and familiarity with the physical problem will allow him 
to decide on the number of times to update the matrix compared to the iterations of 
the solution method.
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3.13 Relevant Issues When Discretizing the Equations 

The option made, in this text, to obtain the approximate equations was the finite 
volume method, i.e., the central issue is the conservation of the property at the 
discrete level. We also saw that the structure of the resulting matrix must respect 
certain criteria, like diagonal dominance and positivity of the coefficients, so that 
iterative methods can be applied. In the following, these rules [2] will be presented 
and discussed so that the reader can keep them in mind when developing his numerical 
method. 

3.13.1 Positivity of Coefficients 

The positivity of the coefficients is of fundamental importance for obtaining phys-
ically consistent solutions. To aid in this reasoning, consider a two-dimensional 
problem whose temperatures of neighboring volumes of P are greater than the 
temperature of volume P. Now imagine that the connection coefficients of P with 
its neighbors are negative and AP is positive. The correct physics of the problem 
requires the increase of TP . By the expression 

AP TP = AeTE + AwTW + AnTN + AsTS + BP , (3.64) 

which is the approximate equation for point P, there is no such guarantee, if the coef-
ficients are negative. The positivity of the coefficients also greatly helps the overall 
performance of the method, because the central coefficient, being the sum of the 
connection coefficients with the neighbors, will have diagonal dominance, and any 
iterative method can be employed. It is also important to emphasize that the existence 
of negative coefficients does not always indicate that the solution will be incorrect or 
physically inconsistent. It is possible to have numerical approximations with nega-
tive coefficients converging to correct solutions, provided that the approximation is 
consistent, as already defined. In these cases, the penalty comes from the need for 
more robust methods for solving the linear system. The possibility of the solution 
divergence is, therefore, also strongly related to the use of methods not robust enough 
for certain matrices. 

3.13.2 Fluxes Continuity at Interfaces 

Flux continuity at the interfaces says that the flow of any property (advective or 
diffusive), leaving a given control volume, should be calculated in the same way as 
the flow entering the neighboring control volume. If this does not happen, we will 
have generation/disappearance of the property at the interface, obviously changing
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Fig. 3.18 Flux continuity at 
the interfaces 
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the value of the function locally. When interpolation functions are employed that 
do not use the same polynomial fitting points for the flow leaving and entering the 
neighboring control volume, non-conservation at the boundary may appears. 

Using the equations in nonconservative form also entails problems for conserva-
tion at the elementary volume level. The advective terms, present on the left-hand 
side of Eq. (2.64), can be written in the following forms: conservative 

∂ 
∂x 

(ρuφ) + 
∂ 
∂y 

(ρvφ) + 
∂ 
∂z 

(ρwφ) (3.65) 

and non-conservative 

ρu 
∂φ 
∂x 

+ ρv 
∂φ 
∂y 

+ ρw 
∂φ 
∂z 

(3.66) 

Consider the first term of the conservative form being computed at the control 
volumes shown in Fig. 3.18. Integrating this term in the volume centered at P with 
dimensions Δx , it is obtained

∫
∂ 
∂x 

(ρuφ) dxdy  =
∫

[(ρuφ)e − (ρuφ)w] dy  = ṁeφe − ṁwφw (3.67) 

Applying the same procedure for the control volume centered in E with the same 
dimension, it is obtained

∫
∂ 
∂x 

(ρuφ) dxdy  =
∫

[(ρuφ)ee − (ρuφ)e] dy  = ṁeeφee − ṁeφe (3.68) 

Finally, let’s consider a control volume centered in “e” with dimension 2Δx . The  
result is,

∫
∂ 
∂x 

(ρuφ) dxdy  =
∫

[(ρuφ)ee − (ρuφ)w] dy  = ṁeeφee − ṁwφw (3.69) 

Summing up Eqs. (3.67) and (3.68) results in Eq. (3.69), demonstrating that at 
the interfaces of control volumes P and E there is no generation or disappearance of
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the property φ. That is, the flux leaving P enters E, and we say that the scheme is 
conservative. 

Now, let’s integrate the term 

ρu 
∂φ 
∂x 

(3.70) 

For the control volume centered in P, the integration of the flux reads,

∫

ρu 
∂φ 
∂x 

dxdy  =
∫

ρPuP (φe − φw) dy  = ρPuP φeΔy − ρPuP φwΔy (3.71) 

For the control volume centered in E,

∫

ρu 
∂φ 
∂x 

dxdy  =
∫

ρEuE (φee − φe) dy  = ρEuE φeeΔy − ρEuE φeΔy (3.72) 

And, finally, for the centered in “e”, the integral is,

∫

ρu 
∂φ 
∂ x 

dxdy  =
∫

ρeue(φee − φw) dy  = ρeueφeeΔy − ρeueφwΔy (3.73) 

Equation (3.73) clearly shows that the conservation was broken. There are, thus, 
creation and disappearance of the property at the interfaces, which may destroy 
completely the solution, since any generation or disappearance of a physical quantity 
changes the local profile of the variable. We should, therefore, always to develop 
schemes which are conservative at discrete level. This issue was already discussed, 
but this section demonstrates what happens when conservation is not obeyed. Of 
course, to have this condition imposed on the numerical scheme the concept of 
control volume must be used. 

For the diffusion terms the same comments apply. We should always have these 
terms in the form, 

∂ 
∂x

(

Γ
∂φ 
∂ x

)

(3.74) 

and not in the form,

Γ
∂2φ 
∂x2 

+ 
∂φ 
∂x 

∂Γ

∂x 
(3.75) 

The integration of Eqs. (3.74) and (3.75) will show that conservation is not 
respected. The physical properties should be evaluated at the same local in which 
the fluxes are evaluated, that is, at the interfaces.
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3.13.3 Linearization of Source Term with SP negative 

The importance of having negative SP in the linearization of the source term has been 
discussed previously in considerable depth. It suffices here to recall that negative SP 
increases the value of AP , giving the matrix a stronger diagonal dominance, which 
is extremely beneficial for convergence. On the other hand, the need for a negative 
SP is in accordance with physical processes, since these processes are in general 
limited, which would not be the case with a positive SP . The expression of the AP 

coefficient below shows that the negative SP helps in the diagonal dominance, 

AP =
∑

Anb − SPΔV (3.76) 

The possibility of creating numerical schemes where the central coefficient is 
equal, at least, to the sum of the influence coefficients of the neighboring volumes 
is a factor that also contributes to satisfy Scarborough’s criterion. The equations 
obtained, so far, with finite volume discretization satisfy this criterion. 

3.13.4 Truncation Errors 

The numerical solution of a differential equation, being discrete, has approximation 
errors that distance it from the exact solution. These errors, called truncation errors 
(TE), can be determined by using the Taylor series expansion of the function around 
a point to obtain the numerical expressions of the derivatives of the differential 
operator. This is exactly the finite difference method, which, when replacing the 
differential operator by finite differences, puts clear the truncation errors involved. 
As an example, take the one-dimensional transient diffusion equation, given by 

∂T 

∂t 
= α 

∂2T 

∂x2 
(3.77) 

The truncation error of a numerical approximation depends logically on the order 
of approximation chosen for the derivatives of the differential operator. For this, let us 
use Fig. 3.19, with the following Taylor series expansions of the temperature around 
point P 

TE = TP + 
∂T 

∂x

|
|
|
|
P

Δx + 
∂2T 

∂ x2

|
|
|
|
P

Δx2 

2! + 
∂3T 

∂x3

|
|
|
|
P

Δx3 

3! +  · · · + (3.78) 

TW = TP − 
∂T 

∂x

|
|
|
|
P

Δx + 
∂2T 

∂x2

|
|
|
|
P

Δx2 

2! − 
∂3T 

∂ x3

|
|
|
|
P

Δx3 

3! +  · · · − (3.79)
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Fig. 3.19 Truncation error analysis 

From these equations we can find the numerical approximations of the partial 
derivatives. Using Eqs. (3.78) and (3.79), we find, respectively, 

∂T 

∂x

|
|
|
|
P 

= 
TE − TP

Δx 
+ O(Δx) (3.80) 

∂T 

∂x

|
|
|
|
P 

= 
TP − TW

Δx
+ O(Δx), (3.81) 

which are the forward and backward numerical approximations of the first-order 
derivative. Note that the truncation errors are of the order of Δx . Adding Eq. (3.78) 
with Eq. (3.79), we obtain, 

∂2T 

∂x2

|
|
|
|
P 

= 
TE + TW − 2TP

Δx2
+ O(Δx)2 , (3.82) 

which is the numerical approximation for the second-order derivative using central 
differencing. In this case, the truncation error is of the order of Δx2. 

Working with the Taylor series expansions of the function, it is possible, using 
more terms of the series, to represent derivatives of any order and to determine the 
truncation errors of any numerical approximation. Of course, the higher the order of 
the derivative, and according to the desired order of truncation error, the more points 
are needed around P . The approximations given by Eqs. (3.80)–(3.82) suffices for our 
example. The interested reader can consult [3], where a complete table of numerical 
approximations of derivatives are available. Using Eq. (3.80), to obtain a similar 
equation for the first order expansion in time, 

∂T 

∂t

|
|
|
|
P 

= 
TP − T o P

Δt 
+ O(Δt), (3.83) 

and using a 2nd order approximation of the second order derivative in space, 
Eq. (3.77) results, 

∂T 

∂t 
− α 

∂2T 

∂x2 
= 

TP − T o P
Δt 

− α 
TE + TW − 2TP

Δx2
+ T E, (3.84) 

which can be written, relating the continuous and discrete operators, as
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£(φ) = L N (φ) + T E, (3.85) 

in which T E  are the truncations errors in each coordinate direction, given by, in this 
example, 

T E  = O(Δt,Δx2 ) (3.86) 

Based on this brief presentation of the discrete approximation of a continuous 
operator we could see that any order of approximation can be used, with any variable 
grid dimensions, and the resulting error can be determined using Taylor series. Just 
for a recap, recall that when integrating the heat diffusion equation using finite 
volumes, the second integration, after the conservation was satisfied, was done using 
a central differencing scheme (Eq. (3.18)). It was not mentioned the truncation error 
introduced in our interpolation at that time, and we know now it is of second order 
(Δx2), if the grid is uniform. The first three exercises of this chapter practice a little 
bit with finite differences. 

3.13.5 Consistency, Stability and Convergence 

In general, practical problems of interest in engineering and physics give rise to 
complex systems of equations about whose mathematical behavior little is known. 
When the problem governed by a single equation and linear, there are mathematical 
tools that can prove whether a given numerical approximation is stable and conver-
gent. When working with systems of nonlinear equations, usually solved sequentially, 
where delicate couplings are present, it is very difficult to prove mathematically that 
a numerical approximation is stable and convergent. It would be a wonderful gift to 
users of numerical methods if mathematical analysts could provide the conditions 
(mesh and time interval size for types of schemes) for the numerical approximations 
of coupled, nonlinear problems to be stable and convergent. 

Not having these parameters is why the task of performing numerical simulations, 
besides requiring a deep knowledge of the physics, requires experience to find the 
parameters that lead the iterative process to convergence. One of the fundamental 
requirements of a numerical approximation is that it reproduces the differential equa-
tion when the spatial and temporal mesh sizes tend to zero. That is, the truncation 
errors must tend to zero when the mesh tends to an infinite number of points. A 
numerical approximation that possesses this characteristic is said to be consistent. 
In short, the discretized equations should tend to the differential equations when the 
space and time discretization tend to zero. 

Apparently, this is an obvious question, but there are approximations in which 
the truncation errors increase with mesh refinement [3]. Fortunately, any numerical 
model developed from the equations in conservative form using finite volumes is 
consistent.
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Another required characteristic is that the numerical solution obtained be the exact 
solution of the discretized equations. This means that the solution obtained solving 
the linear systems is the exact solution of these linear systems. It sounds strange, 
but it is possible to solve a linear system and not to get the exact solution of this 
system. This is called stability. Here, several factors come into play, such as machine 
round-off errors, which keep growing and may destabilize the solution; difficulties 
in treating couplings between variables, causing some variables to evolve faster than 
others, causing instabilities etc. The issue of stability is the most serious problem in 
obtaining a numerical solution, precisely because of the lack of knowledge of the 
mathematical characteristics of the approximations. 

Consistency and stability are necessary and sufficient conditions for convergence. 
The numerical solution is convergent when it is stable and tends towards the solution 
of the differential equations when the grid in space and time is refined. 

3.14 Conclusions 

Throughout this chapter we have seen that the construction of a finite volume method 
follows a series of steps over which the numerical analyst has control. All operations 
were under control. This intimacy with the method has benefits, because the analysis 
of the numerical results can be done in light of the balances. Work at the level of 
discrete control volumes helps in detecting errors in the solution. For example, it 
is usual among finite volume practitioners, when the error persists to choose some 
control volumes in the solution domain and check, for example, the mass conser-
vation. This can be done using very coarse meshes, it is inexpensive and extremely 
helpful. All these strategies in finding code mistakes or code misconception requires 
qualified users with physical and numerical background. These are key requirements 
to perform a useful simulation. If the control volume doesn’t exist, this error finding 
procedure, of course, cannot be done. 

It is worth noting that, although we have dealt in this chapter with a one-
dimensional conduction problem, while practicing the integration using finite 
volumes, there was outlined a large quantity of details whose concepts apply for 
any numerical model developed using finite volumes. For example, the concepts of 
explicit, implicit and fully implicit formulations apply for any equation or system of 
equations. Cell-center and cell-vertex methods, structure of the coefficient matrix, 
positivity of coefficients, non-linearities, truncation errors etc. were topics described 
which apply in general for finite volume methods. 

The coming chapter deals with the solution of the linear systems obtained with 
the discretization, when, then, we will have all ingredients for developing a computer 
code to solve diffusion problems. Let’s keep in mind that the discretization of the 
diffusive term can be done using central differencing. Details of the discretization of 
advective terms is left for Chap. 5.
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3.15 Exercises 

3.1 Show that the approximation of ∂ f /∂x at point P with truncation errors of the 
order of (Δx2), for the configuration shown in Fig. 3.20, is given by, 

∂ f 
∂x

|
|
|
|
P 

= 
α2 fE − β2 fW + (β2 − α2) fP 

(αβ2 + α2β)Δx
+ O

(

Δx2
)

(3.87) 

3.2 Using the same points of Fig. 3.20, with α = β = 1, and knowing the values of 
f in P and E , and the (∂ f /∂x)W , find the value o f in W with an approximation 
of second order (Δx2). 

3.3 Obtain the following relations considering Δx and Δy equally spaced, 

∂2 f 

∂x2

|
|
|
|
i 

= 
− fi+3 + 4 fi+2 − 5 fi+1 + 2 fi

Δx2
+ O

(

Δx2
)

, (3.88) 

∂ f 
∂ x

|
|
|
|
i 

= 
− fi+2 + 8 fi+1 − 8 fi−1 + fi−2 

12Δx
+ O

(

Δx4
)

, (3.89) 

∂2 f 

∂x∂y

|
|
|
|
i j  

= 
fi+1, j+1 − fi+1, j−1 − fi−1, j+1 + fi−1, j−1 

4ΔxΔy
+ O

(

Δx2 ,Δy2
)

(3.90) 

3.4 Obtain the numerical approximation using finite differences for Eq. (3.77) for  
any θ . Refer to other literature [3, 4] to study the von Neumann stability criterion, 
and show that for any θ the criterion is: 

αΔt

Δx2 
≤ 

1 

2 − 4θ 
, (3.91) 

for θ ≤ 0.5 and 

αΔt

Δx2 
≤ ∞ (3.92) 

for 0.5 ≤ θ ≤ 1
3.5 Using a polynomial relation to approximate a function through points of 

Fig. 3.20, and considering α = β = 1, obtain ∂2 f /∂x2 evaluated at the point

x x 

W P E 

Fig. 3.20 Non-uniform mesh 
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E with the respective order of approximation. Compare your results with those 
obtained through a Taylor series.

3.6 Solve numerically Eq. (3.77) using an explicit formulation and a grid with 
unknowns over the boundary. The initial temperature is T (x) = 0 and. 
suddenly, both boundaries go to T = 1. Considering α = 1 and Δx = 1, 
use Δt = 0.25, 0.50 and 0.75 and advance the solution in time for 6 time steps 
and comment your findings. Solve the problem for steady state. 

3.7 Obtain an expression for ∂2 f /∂x2 with order of approximation of Δx4. Using  
the same expression for the second derivative of f with respect to y, write the 
approximate equation for a point P for the two-dimensional Laplace’s equation 
and sketch the structure of the matrix of coefficients. 

3.8 Solve analytically and numerically, using finite volumes and finite differences, 
the one-dimensional heat conduction problem with heat generation shown in 
Fig. 3.21, given by 

d2T 

dx2 
+ 

q 

k

''' = 0 (3.93) 

and compare the solutions. For the finite difference method, use the points 
marked by filled circles, while for the finite volume method the temperature is 
stored in the open circles. You will see that the solution using finite differences 
is exact, i.e. without truncation errors, so it is independent of the mesh size, 
whereas for finite volumes the numerical solution depends on the mesh. Explain 
the reason and make a proposition that allows to get the solution by finite 
volumes also exact. 

Obs.1 In the case of the Laplaces’s equation, the application of finite differences 
or finite volumes with central difference interpolation function, results in identical 
approximate equations when the volumes are internal.

x 

T=0 T=0 

L 

q''' 
k 

K 
= 5 

m2[ [ 

L =  m1 
x = m0.25Δ 

Fig. 3.21 Grid for Problem 3.8 
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Obs.2. Obtaining a numerical solution identical to the exact one is easy only in one-
dimensional problems. Therefore, it is always convenient to have control volumes, 
in which balances are performed that cover the entire computational domain. 

3.9 Starting from Eq. (3.93) adding the transient term, obtain the approximate 
equations for the explicit and fully implicit formulations. In the explicit formu-
lation, there are three usual ways to distort the transient. One is to advance the 
solution with the maximum Δt allowed for each cell; another is to make use 
of the newly calculated values of the variables in the same iteration; and the 
third one is to overrelax these values according to 

T n+1 = ωT ∗ + (1 − ω)T n (3.94) 

in which T* represents the value obtained from solving the linear system by any 
solver. Show that if the linear system obtained with the fully implicit formu-
lation and infinite Δt is solved point by point, the three forms of distortion of 
the explicit transient are exactly the Jacobi, Gauss–Seidel, and SOR methods, 
respectively. This exercise shows that iterative point-by-point methods for 
solving linear system take the same time as an explicit formulation, since the 
operations are similar. Hint: See the Jacobi, Gauss–Seidel and SOR methods 
in Chap. 4. 

3.10 Starting from Eq. (3.53) in two dimensions, obtain the approximate equations 
using explicit formulation. Show that the maximum possible time advance for 
the solution, according to von Neumann’s criterion, is given by

Δt ≤ 0.5/α
(

1

Δx2 
+ 

1

Δy2

)

(3.95) 

3.11 For anisotropic materials, the equation for the heat conduction in two 
dimensions reads 

∂ 
∂t 

(ρcpT ) = 
∂ 
∂x

(

k11 
∂T 

∂x 
+ k12 

∂ T 
∂y

)

+ 
∂ 
∂y

(

k21 
∂T 

∂x 
+ k22 

∂T 

∂y

)

+ q '''

(3.96) 

in which ki j  is the thermal conductivity tensor. Number the elementary volumes 
from left to right and from bottom to top; integrate the above equation using 
finite volumes with the fully implicit formulation and obtain the coefficients 
of the discretized equation. Show what the structure of the coefficient matrix 
looks like and calculate the sparsity index for a mesh of 20 × 20 volumes.
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Chapter 4 
Solution of the Linear System 

4.1 Introduction 

After the presentation of the finite volume method for approximating partial differ-
ential equations, pointing out several aspects of the formulation, this chapter is dedi-
cated for discussing few methods for solving the system of linear algebraic equations 
arising from the application of the numerical method. Considering the applications 
in computational fluid mechanics, it is worth to mention that the computation time 
required to solve a given problem is concentrated around to 60/70% in the solution 
of the linear system. Therefore, it is necessary that the user, or whoever develops 
an application for this purpose, invests in the quality of the method for solving the 
linear system. 

The methods can be classified into direct and iterative. Direct methods are all 
those that work with the full matrix and require, in one way or another, processes 
equivalent to the inversion of the matrix. Being direct, these methods do not require, 
logically, an initial estimate of the variables to obtain the solution, and it is the exact 
one. 

As seen in Sect. 3.11, the matrices obtained by applying numerical methods are 
very sparse, and because they are of large size, the operations performed in the 
inversion process work mainly with the null elements of the matrix. The computa-
tional effort is therefore very large, and this class of methods is not normally used 
in computational fluid mechanics applications. Moreover, because almost always 
the differential equations are nonlinear, the coefficient matrix of the algebraic linear 
system must be updated throughout the process, and therefore it makes no sense to 
directly (i.e., exactly) solve a linear system whose coefficients are not correct. Also, 
when the distorted transient is followed, the linear system does not need to be solved 
exactly at each time level. 

Therefore, for CFD applications, the preferred methods are the iterative ones, and 
direct methods will not be discussed. In this section two basic goals are foreseen: to 
present simple iterative methods, so that the reader’s activities in developing their
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academic codes can be carried out, and to advance a very efficient multigrid accel-
erator to work with iterative methods. The development of solvers for linear system 
is in the branch of linear algebra, a very important research topic, since the applied 
mathematicians, physicists and engineers are always looking for efficient solvers. 
When applications to large problems are needed, methods based on the multigrid 
concept should be used [1–3] By no means this chapter is intended to serve as a 
collection of several iterative solvers to be chosen by the numerical analyst. There 
are excellent libraries available online in which a myriad of solvers can be found [4]. 

4.2 Iterative Methods 

Iterative methods are those that solve the system of equations considering that the 
equations are uncoupled and using the values from the last iteration to go on with 
the solution. Therefore, they require an initial estimate to start and proceed until 
a prescribed tolerance is achieved. They are generally classified as point-by-point, 
line-by-line, or plane-by-plane. It is logical that a point-by-point iterative method 
will be a direct method if the problem has just one control volume. Similarly, the 
line-by-line method is a direct method when the problem is one-dimensional, and a 
plane-by-plane is direct for a two-dimensional problem. 

Following, some iterative methods are presented, remembering that iterative 
methods are extremely slow in their rate of convergence, especially when faced 
with large system of equations. They should be always supported by an accelerator, 
like multigrid. 

4.2.1 Jacobi 

The most known point-by-point solver is the Jacobi’s method, which solves iteratively 
the linear system visiting equation-by-equation using the known variables from the 
previous iteration level. Re-writing Eq. (3.54) in the form 

AP T 
k+1 
P =

Σ
AnbT 

k 
N B  + BP (4.1) 

the following iterative procedure applies: 

Give an initial estimate of the variables to start; 
Perform iterations in k; 
Calculate T k+1 

P using Eq. (4.1); 
Check convergence; 
Return and repeat, if tolerance is not met.
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The Jacobi’s method is of very slow convergence and requires a diagonal dominant 
matrix to attain convergence. 

4.2.2 Gauss-Seidel 

For the Gauss-Seidel Method, Eq. (3.54) is written as 

AP T 
k+1 
P =

Σ
AnbT 

k+1 
NB  + AeT 

k 
E + AnT 

k 
N + A f T k F + BP (4.2) 

This method is essentially the same as the previous one, except that it makes 
use, during the same iterative cycle, of values of variables already calculated in that 
cycle. This speeds up convergence relative to the Jacobi method, but retains all the 
difficulties of a point-by-point iterative method. The procedure is 

Give an initial estimate of the variables to start; 
Iterate in k; 
Calculate T k+1 

P by Eq. (4.2) in which a sweep was considered from back to front, 
west to east and south to north, being possible to consider as known, in the same 
sweep, the temperatures TW , TS and TB , in the 3D case. 
Check convergence; 
Return and repeat, if the criterion is not met. 

The same comments about the structure of the matrix made for the previous 
method applies here. 

4.2.3 SOR-Successive Over Relaxation 

The SOR method tries to further accelerate the convergence process of the previous 
methods. This is done by applying an overrelaxation to the values obtained with the 
Gauss-Seidel method. The iterative cycle has the following structure, 

Give an initial estimate of the variables to start; 
Iterate in k; 
Calculate T k+1 

P by 

AP T 
k+1 
P =

Σ
AnbT 

k+1 
NB  + AeT 

k 
E + AnT 

k 
N + A f T k F + BP (4.3) 

Apply over-relaxation using 

T k+1 
P = wT  k+1 

P

||
GS  + (1 − w)T k P (4.4)
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Check convergence; 
Return and repeat, if the criterion is not met. 

In Eq. (4.4) T k+1 
P

||
GS  represents the value calculated with the Gauss-Seidel 

method, Eq. (4.3), and w, the relaxation parameter. The relaxation parameter serves 
to faster advance the solution when the process is slow, or “hold” the variable, when it 
is advancing too far and can cause divergence. Recommended values of w to advance 
the solution faster are between 1.5 and 1.7, although this value is dependent on the 
mesh size. Values smaller than 1.0 under-relax the solution. For the three methods 
described above, the end of iterations can be established by checking the value of 
the residual given by, 

Rk+1 =
/Σ (

BP +
Σ

AnbT 
k+1 
NB  − AP T 

k+1 
P

)2 
(4.5) 

attending a specified tolerance. 

4.2.4 Alternating Direction Implicit Methods 

Alternating direction implicit, or line-by-line methods, solve the linear system 
sweeping the domain line-by-line, solving implicitly, or directly, on that line, and 
repeating the procedure in alternating directions. This means that if a 1D problem 
is being solved, the solution is direct, since in 1D problems one has just one line of 
control volumes. For 2D and 3D problems it becomes iterative, because it is needed 
to sweep, line-by-line all domain, keeping in the independent vector the influence 
of the neighbors control volumes which are off-line. All ADI (Alternating Direction 
Implicit) algorithms for solving 2D and 3D problems take advantage of solving the 
tridiagonal problem directly, or implicitly [5]. The Thomas’s algorithm, also known 
as the TDMA (Tri Diagonal Matrix Algorithm) [2, 6, 7] is largely used for this task. 
Of course, the discretization should obtain a tridiagonal, penta or hepta matrices such 
that the recursive relations, as will be seen, can be applied. It is worth quoting that 
implicit solution is also used in the literature as synonymous of direct solution. 

Consider Fig. 4.1 in which a 2D problem showing the line in which a TDMA 
algorithm is applied.

The equation to be solved is 

AP TP = AeTE + AwTW + AnTN + AsTS + BP (4.6) 

Since only one line will be solved the values of the variables in the north and 
south lines will be accommodated in the independent term. Equation (4.6), then, is 
written as, 

AmTm + BmTm+1 + CmTm−1 = Dm (4.7)
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Fig. 4.1 Line in which 
TDMA is applied

m-11 m Nm 1 

Values available and used in the line solution 
Line being solved 

The interest is to find a recursive relation in the form, 

Tm = PmTm+1 + Qm, (4.8) 

which permits, with the use of the boundary conditions, to sweep the line in one 
direction, from west to east, for example, calculating the P and Q parameters, and 
coming back from east to west calculating the variable, which is the desired solution. 

The TDMA algorithm is extremely simple to implement and efficient. Lowering 
one index in Eq. (4.8), one obtains 

Tm−1 = Pm−1Tm + Qm−1 (4.9) 

Substituting Eq. (4.9) into Eq. (4.7) and comparing with Eq. (4.8) the expressions 
for calculating the coefficients P and Q, are  

Pm = −Bm 

Am + Cm Pm−1 
(4.10) 

Qm = 
Dm − Cm Qm−1 

Am + Cm Pm−1 
(4.11) 

Equations (4.10) and (4.11) are recursive relation which permits, after knowing 
P1 and Q1 find all values of P and Q. Comparing the coefficients of Eqs. (4.6) and
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(4.7), it gives, 

Am = AP ; Bm = −Ae; Cm = −Aw (4.12) 

Dm = AnTN + AsTS + BP (4.13) 

Note that the line-by-line method is iterative in a 2D problem recognizing that the 
coefficient Dm must be updated, because TN and TS are unknowns and an estimate 
was used in that iteration. Alternating the direction, the coefficient become 

Am = AP ; Bm = −An; Cm = −As (4.14) 

Dm = AwTW + AeTE + BP (4.15) 

The values of P1 and Q1 are easy to infer inspecting Eqs. (4.10) and (4.11). 
Considering that the indexes grow according Fig. 4.1, the approximate equation for 
the boundary volume (volume 1) can’t depend on values of variables in the left, since 
there is no left neighbor. Thus C1 must be zero, resulting in 

P1 = −  
B1 

A1 
; Q1 = 

D1 

A1 
(4.16) 

For the other boundary volume (volume N), the approximate equation can’t 
depend on volumes at right. Therefore, BN must be zero by Eq. (4.10), what results, 
from Eq. (4.8) 

TN = QN (4.17) 

For 3D problems it is enough to add in the Dm coefficient the contribution of the 
third direction. Of course, we now have one more direction to sweep. As mentioned, 
TDMA is an efficient solver and widely used in numerical method, provided that 
the number of control volumes are not too big, in which case it would need to be 
associated with a multigrid accelerator. The TDMA algorithm can be summarized 
as follow, 

Estimate the variable for starting. 
Calculate P1 and Q1 using Eq. (4.16); 
Calculate all Pm and Qm with m from 2 to N using Eqs. (4.10) and (4.11); 
Make TN = QN ; 
Calculate the variables for points N − 1 through 1 using Eq. (4.9); 
Check the convergence. If the criterion is not satisfied, repeat or alternate the 
direction. 

In the TDMA method it is also important to observe the dominant boundary 
conditions (Dirichlet) to perform the process, in that direction, since the boundary
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Fig. 4.2 TDMA for a bank 
of lines 
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condition will more rapidly influence the interior of the domain. In three-dimensional 
problems it is possible to apply TDMA to a bank of lines, as shown in Fig. 4.2. The  
all 1D problem along z characterized in the (x, y) plane, can be swept together in 
the implicit direction (z), instead of solving one line at a time [8]. The bank of lines 
alternates in the z, x and y directions. It is also possible to choose the direction in 
which the mesh is smallest and iterate more in that direction, taking advantage of the 
recursive relationships along the smallest number of meshes. In short, one should 
choose the row bank that has the shortest possible rows. Computer implementing 
alternatives can be devised to sweep by bank of lines instead of sweeping line-by-line. 

4.2.5 Incomplete LU Decomposition 

Before talking about the incomplete LU decomposition, let’s review the exact LU 
decomposition, which recovers the matrix [A], and allows a direct solution. The 
decomposition is an operation in which a [L](lower triangular) and a [U] (upper 
triangular) matrices are determined, such that, 

[L][U]=[A] (4.18)
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Being possible to find this decomposition, the linear system can be solved in two 
steps. Still using T as variable, the original linear system can be written as, 

[A][T] = [L][U][T] =  B, (4.19) 

in which two problems can be defined, 

[U][T] = [D] (4.20) 

and 

[L][D] = [B] (4.21) 

As both systems are diagonal (upper and low), through Eq. (4.21) by a backward 
substitution [D] is found. With [D] as independent vector in Eq. (4.20) the unknown 
[T ] is obtained by a forward substitution. This is an exact solution found through an 
exact LU decomposition, what implies in a direct method of solution. However, to 
find the exact LU decomposition of a matrix is not an easy task, since the operations 
are equivalent of inverting the matrix [A] and, unless some special algorithms are 
used, the operation work with all elements of the matrix, which is practically filled 
with zeros. Gauss elimination, by the way, is a kind of LU decomposition which 
creates an upper diagonal matrix after several operations in the [A] matrix. 

In computational fluid dynamics, in which system of partial differential equations 
with nonlinearities are common, direct method doesn’t play and important rule, since 
it is frequent in the solution procedure not to solve the linear system exactly since 
it will be changed many times in the iterations cycles due to the nonlinearities. It 
would be a waste of computer time to do so. 

Based on these comments and because studying methods for solving linear 
systems is not in the scope of our text, direct methods will not be described herein. The 
point solvers and TDMA methods are good enough for those interested in building 
their own computer code for classes exercises or learning activities. 

Back to our topic of iterative methods, an alternative is to have and incomplete LU 
decomposition, thus avoiding expending to much effort in finding an exact decompo-
sition. The incomplete LU decomposition finds a L and a U which doesn’t reproduces 
the [A] matrix, but a similar one, as 

[L][U] = [A] + [A'], (4.22) 

which is, in fact, an approximation of the exact decomposition. The secret, of course, 
is to easily find the matrices [L] and [U ] such that the error in the decomposition, 
the matrix

[
A'], does not impair, or even preclude the convergence of the iterative 

process. The rationale of this iterative procedure is 

[A + A'][T]k+1 = [A + A'][T]k − {[A][T]k − [B]} (4.23)
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in which k indicates the iterative level. When the converged solution is obtained, the 
second term on the right-hand side of Eq. (4.23) goes to zero, resulting in T k+1 = T k 
Note that the matrix

[
A'] can be anyone, as it has no influence on the solution of the 

system, as expected, but it is determinant in the speed of convergence of the iterative 
method. Defining a correction for the variable T as, 

[δ]k+1 = [T]k+1 − [T]k , (4.24) 

and a residue, or the error in the solution, by 

[R]k = [A][T]k − [B] (4.25) 

Equation (4.23) results 

[A + A'][δ]k+1 = −[R]k (4.26) 

Using the decomposition [L][U] of
[
A + A'], the following system should be 

solved, 

[L][U][δ]k+1 = −[R]k (4.27) 

The solution can be obtained by two processes of successive substitutions, since 
[L] and [U] are lower and upper diagonal, respectively. Defining a new vector [V], 
it can be found by, 

[L][V] = −[R]k (4.28) 

Knowing [V] it can be solved for [δ]k+1 using 

[U][δ]k+1 = [V], (4.29) 

and, using, Eq. (4.24) to find the value for T in the next iterative level. The iterative 
process continues until the residual, calculated via Eq. (4.25), is smaller than the 
specified tolerance. These methods are quite powerful, but because they are strongly 
implicit the algorithm is no parallelizable due to its recursive structure. One of the 
pioneering methods in this category is the SIP—Strong Implicit Procedure [9], with 
many variants, being one of them the MSIP-Modified Strongly Implicit [10]. 

There are many direct methods that work only with the non-zeros of the matrix 
available in the literature. These are the so-called sparsity techniques, in which a 
direct solution of the linear system is sought in reasonable computational times and 
with storage compatible with iterative methods. The use of sparsity techniques to 
solve linear systems should also be considered by users of numerical methodologies 
[11, 12].
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4.2.6 A Note on Convergence of Iterative Methods 

The point-by-point iterative methods are techniques that can be classified as “weak” 
from the point of view of convergence of the solution. They are slow in transmitting 
information from the boundary condition to inside the domain. It is easy to realize 
that when sweeping the domain point by point, the information “travels” inside the 
domain at the rate of one mesh at each iterative cycle. This is similar, therefore, 
in having a time marching explicit solution with an equivalent Δt . In other words, 
iterative solution point-by-point is equivalent of explicit transient and, therefore, are 
restrictive. 

Recalling that during an iterative process the error embedded in a solution can 
be decomposed into a spectrum of frequency modes [1, 2], iterative methods can 
only efficiently decrease the errors whose wavelengths are equivalent to the mesh 
size. Errors with other wavelengths, are hardly reduced with that mesh, and this is 
the reason why it is needed multigrid methods to accelerate convergence. Iterative 
methods, after they have reduced the errors with wavelengths equivalent to the size 
of the grid they stall. Several filters are necessary, and the filter with the size of 
the grids, to filter up all errors. To observe this behavior, the reader is suggested to 
resolve Exercise 4.7. In these methods, it is also important to choose the sweeping 
direction properly, starting from Dirichlet boundary conditions, i.e., strong boundary 
conditions. 

The main requirement for convergence of a point-by-point solver is the diagonal 
dominance of the coefficient matrix, as discussed when discretizing the 1D equation. 
As example, consider the following problem [7], which can be understood as the 
linear system obtained from a discretization with two nodal points, 

T1 = 0.4T2 + 0.2 (4.30) 

T2 = T1 + 1, (4.31) 

in which, for the first equation, AP >
Σ

Anb and for the second equation, AP =Σ
Anb. Applying the Gauss–Seidel iterative method, the result will be T1 = 1 and 

T2 = 2, which is the exact solution obtained by a direct method. In the system 
of equations given by Eqs. (4.30) and (4.31), the first equation was chosen as the 
evolution equation for the variable T1 and the second equation for T2. If the order is 
now reversed, making the second equation the evolutionary equation for T1 and the 
first equation for T2, the following system emerges, 

T1 = T2 − 1 (4.32) 

T2 = 2.5T1 − 0.5 (4.33)
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Applying the same iterative procedure, the solution diverges, since the Scarbor-
ough criterion [7, 13] requires the following sufficient condition for convergence of 
the Gauss-Seidel iterative solver,

Σ |Anb| 
|AP | 

⎧ 
⎪⎨ 

⎪⎩ 

≤ 1 for all equations 

< 1 at least for one of the equations 

In finite volume methods, due to its physical background it generates matrices 
with diagonal dominance, as could be seen in Eq. (3.63) taking care of the negativity 
of the SP term and of the interpolation function for high Reynolds number. Of 
course, a positive SP can always be avoided, by leaving the whole source term in the 
independent term of the linear system. This may have a price to pay in convergence. 
More details about iterative methods will be given in the coming section, when 
multigrid methods are discussed. 

4.2.7 Multigrid Method 

In the previous section it was commented that point-by-point iterative methods do 
not have good convergence rates. There are two main reasons for this behavior. First, 
the anisotropy of the coefficients1 can create matrices ill-conditioned, with the large 
ratio of the largest to the smallest coefficient. This can be appreciate obtaining the 
approximation of the Laplacian of φ. This equation is, 

∂2φ 
∂x2 

+ 
∂2φ 
∂y2 

= 0 (4.34) 

Using finite differences2 the discretized equation, considering a sweep from left 
to right and south to north, in a Cartesian grid, according Fig. 4.3, is  

2φk+1 
P

[(
Δx

Δy

)2 

+ 1

]
= φk 

E + φk+1 
W +

(
Δx

Δy

)2 

φk 
N +

(
Δx

Δy

)2 

φk+1 
S (4.35)

Inspecting Eq. (4.35), it can be seen that the ratio of the coefficients connecting 
the variable in the y direction, to those connecting the variable in the x direction is of 
the order of (Δx/Δy)2. If this ratio is large,3 the south and north coefficients will be 
larger than the west and east coefficients, therefore, the approximate equation exhibits

1 We are borrowing from physics the word anisotropy for identifying a matrix with coefficients with 
a large variation in magnitude. 
2 There is no worry about conservation now. 
3 For having a clear drawing, Fig. 4.3 does not exaggerate on the aspect ratio. 
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Fig. 4.3 Grid with large 
aspect ratio

anisotropy in its coefficients [2]. The consequence is that the solution advances 
faster in the direction of the larger coefficients and slower in the other, causing the 
whole process to slow down. Therefore, a balanced or isotropic matrix is desired. A 
problem with different physical properties in each direction also produces anisotropic 
coefficients, even with a mesh with aspect ratio close to unity, since a coefficient is 
always a combination of geometry and physics. If the physics is anisotropic, it doesn’t 
help to have the grid regular, because, at the end, the coefficients will be anisotropic. 

The second reason, briefly described in the previous section, is that iterative 
methods are efficient only in reducing errors with wavelengths of the order of the mesh 
size. In the solution of a real problem one uses the finer possible grid for capturing the 
spatial variations, what means that only errors with small wavelength will be elim-
inated. A numerical solution, however, during the iterative process, contains errors 
of all wavelength, what suggests it is needed several grids to damp out all errors. 
Both effects, anisotropy of the coefficients and the ability of reducing errors with 
specified wavelength only with grids of comparable size, tell us that different grids 
(multi-grids) should be used in conjunction with iterative methods. 

The key question is: how to solve the linear system using several grids? There are 
several multigrid methods in the literature to face this task. The crucial operation in 
these methods is the agglomeration of the grids, such that multi-grids are created. In 
the geometric methods, the name is saying that, the agglomeration of the volumes is 
done based on the geometry of the mesh. In the algebraic ones the agglomeration is 
done considering the magnitude of the coefficients, trying to create isotropic matrices. 
This encompasses both effects of slow convergence, since geometry and physical 
properties appear in the coefficients. 

The basic idea of accelerating convergence by multigrid methods is to recognize 
that iterative methods can only eliminate errors with wavelengths of the order of 
the mesh size. Thus, if meshes ranging from very fine to very coarse are used, the 
errors of all frequencies (all wavelengths) will be eliminated, thus speeding up the 
convergence process. The procedure is conceptually simple, it is enough to create 
new meshes using an agglomeration process which can be geometric or algebraic. 

Consider Fig. 4.4 in which an agglomeration is realized without considering the 
physics to be solved, that is, based only in the geometry of the grid, which works 
well for isotropic physics. Since the physics to be solved in fluid mechanics problem 
are always anisotropic, the agglomeration must be done based on the magnitude of 
the coefficients.

Our goal in this section is to provide the reader with an algebraic multigrid method 
to be used in conjunction with iterative methods. To start, consider a simple problem to 
verify that the solution progress only when the errors wavelength is of the equivalent
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Fig. 4.4 Geometric agglomeration

size of the grid. Be the following 1D problem [14], 

d2 φ 
dx2 

= 0, with φ= 0 in x = 0 and x = 1, (4.36) 

whose solution is φ = 0. Let’s solve this equation numerically, iteratively, and doing 
so we need and initial estimate of the variable, which will be chosen containing errors 
of two wavelength, one of the size of the domain, while the other of the size of the 
grid following a sinusoidal shape. The exact solution lies on the x-axis, therefore 
the errors to be reduced during the iterations should bring the initial estimate to fit 
the analytical solution, which is φ = 0. Figure 4.5 shows the initial estimate with 
two error components, one of small wavelength (high frequency) created, by purpose 
with the size of the grid on the top of a large wavelength error with the size of the 
domain. The other curves appearing on the plot are the distribution of φ after several 
iterations. It is clearly seen that the error with wavelength of the side of the mesh 
rapidly disappeared, while the other error with a large wavelength will not be damped 
out with this mesh.

According to the wavelength of the remaining error, a very coarse grid would be 
the ideal one. Indeed, one point in the middle of the domain would bring the solution 
to the exact one in just one iteration. This exemplifies that one needs grids of several 
sizes to eliminate errors of all wavelengths to accelerate the convergence of iterative 
methods.
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Fig. 4.5 Errors with different wavelengths

The reader can consult the works in [2, 14–16], to mention a few. The method to be 
presented herein is the ACM-Addictive Correction Multigrid [2, 14] whose principle, 
besides the essence of the multigrid approach, maintain the conservative property in 
the agglomerated volumes created from the fine mesh. In the initial mesh, which is 
the fine one, conservation is satisfied by the finite volume technique of obtaining the 
approximate equations. 

4.2.7.1 ACM Multigrid for a Scalar Variable 

Consider the following discretized equation 

Ai 
P φ

i 
P =

Σ

nb 

Ai 
nb + Bi 

P , (4.37) 

which is the linear system to be solved in the i grid. It was introduced this upper index 
i just to refer this linear system to the i grid. Anb, as before are all the coefficients 
of volume P that connects it to its neighboring volumes nb. The idea is to obtain an 
approximate solution on the fine mesh in a few iterations to eliminate high frequency 
errors.4 

One should not iterate too much on this mesh, because, after the errors on that 
grid have been eliminated, the other errors, with a lower frequency, decrease very

4 High and low frequencies are not absolute. We are calling high frequency when related to the 
finest grid employed, usually the grid on which one is seeking for the solution. 
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Fig. 4.6 Iterative stall 
during iterations 
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slowly, and the method is said to stall, as represented in Fig. 4.6. When an iterative 
method stalls, what it is needed to do, in fact, is to modify the field of variable 
and keep iterating. But the key question is how to modify, based on what? The 
multigrid methods have the answer, which is finding a new solution on a coarse 
grid which corrects the solution of the previous grid allowing to progress in the 
iterations. The way the new linear system for the coarser grid is found is on what the 
several multigrid methods differ. The ACM creates the new linear system based on 
conservation principles in the volumes of the coarse grid. 

In the ACM procedure, an agglomeration is realized based on the magnitude of 
the coefficients to obtain a coarser grid, identified by grid I . How to obtain the linear 
system on the new agglomerated grid is now presented. 

Let φ I P be a correction made over φi 
P , as  

φ̃i 
P = φi 

P + φ I P (4.38) 

in which φ I P is found on the grid I . Recall that after obtaining φ I P and using Eq. (4.38), 
the iterations could continue on grid i considering φ̃i 

P the new estimated variables 
for the iterative process. This could be done, but to reduce all errors components one 
needs go on coarsening the grid in several levels, working always with two grids, 
i and I . Therefore, the task of the method is finding φ I P for the next coarse grid. 
Introducing φ̃i 

P into the linear system given by Eq. (4.37) it produces a residue given 
by 

r̃ i P = Bi 
P − Ai 

P (φ
i 
P + φ I P ) +

Σ

nb ∈ i 

Ai 
nb(φ

i 
N B+φ I N B  ), (4.39) 

which, after expanded, reads 

r̃ i P = Bi 
P − Ai 

P φ
i 
P +

Σ

nb ∈ i 

Ai 
nbφ

i 
N B  − Ai 

P φ I P +
Σ

nb ∈ i 

Ai 
nbφ I N B (4.40) 

Recognizing that the first three terms in the right-hand side of Eq. (4.40) is the  
residue of the φi 

P ,
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r̃ i P = r i P − Ai 
P φ I P +

Σ

nb ∈ i 

Ai 
nbφ I N B (4.41) 

To have a conservative scheme also in the coarse grid, the residue of the grid I , 
which contains several control volumes of the previous grid i , is forced to zero, as

Σ

i∈I 
r̃ i p = 0 (4.42) 

Summing up Eq. (4.40) for all i inside I , 

0 =
Σ

i∈I 
r i P −

Σ

i∈I 
Ai 
P φ I P +

Σ

i∈I

Σ

nb∈I 
Ai 
nbφ I N B  , (4.43) 

which is the linear system to be solved in grid I , given by 

AI 
P φ I P =

Σ
AI 
nbφ I N B  + BI 

P , (4.44) 

with the coefficients given by, 

AI 
nb =

Σ

i∈δ I 

Ai 
nb , δ I → boundary of I (4.45) 

AI 
P =

Σ

i∈I 
Ai 
P −

Σ

i∈ΩI 

Ai 
nb, ΩI → interior of I (4.46) 

BI 
P =

Σ

i∈I 
r i p (4.47) 

There are several key features of the multigrid technique just demonstrated, but 
two of them, very impacting, are the conservative approach used to derive the linear 
system for the coarse grid, and the calculations of the coefficients in the coarse grid, 
which uses the coefficients of the previous grid. This means that the coefficients are 
calculated only once, for the fine grid when the process starts. Other features will be 
commented at the end of this section. 

To demonstrate the use of the methodology let us use the grids shown in Figs. 4.7 
and 4.8, in which the (i) grid and the agglomerated grid (I ) are shown. For our goal, 
it does not matter how the agglomeration is done. According to the numbering on 
those figures, the control volumes 21, 27 and 33 in the fine grid are agglomerated 
into the volume 9 in the coarse grid. Therefore, all coefficients are known on the fine 
grid, since this is supposed to be the mesh on which the solution of the problem is 
sought. Using Eqs. (4.45–4.47), the coefficients on the grid I can be calculated, as 

A9 
P = A21 

P + A27 
P + A33 

P − A21 
n − A27 

n − A33 
s − A27 

s (4.48)
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A9 
e = A21 

e + A27 
e + A33 

e (4.49) 

A9 
w = A21 

w + A27 
w + A33 

w (4.50) 

A9 
n = A33 

n (4.51) 

A9 
s = A21 

s (4.52) 

B9 
P = r21 + r27 + r33 (4.53) 

The discretized equation for the volume 9 on the coarse grid can, therefore, be 
written as, 

A9 
P φ9 = A9 

eφ10 + A9 
s φ3 + A9 

wφ8 + A9 
nφ15 + B9 

P (4.54) 

Figure 4.9a tries to exemplify visually the coefficients, represented by wavy 
arrows, which connects a control volume P in grid i with its neighbors control 
volumes. In Fig. 4.9b it is shown the coefficients connecting the control volume 
P(number 9 in this example) with its neighbors. It is possible to visualize in Eq. (4.49)

Fig. 4.7 Grid i for the 
multigrid method 
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Fig. 4.9 Connections 
(coefficients) in the i and I 
grids 
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which the A9 
e is composed of the three arrows (A21 

e , A27 
e , A33 

e ) forming the east coef-
ficient which connects the volume 9 with the volume 10 in the coarse grid. The same 
is applied to the other three boundaries of volume 9. Note that the coefficients which 
are removed from the A9 

P in Eq. (4.48) are coefficients of the i volumes internal to 
grid I (4 of them in this example). 

Similar equations are obtained for all the 18 control volumes of grid I , and the 
linear system can be solved. If one wants to go further with new agglomeration the 
process is repeated until a very coarse grid is reached which may, even, allow a 
direct solution of the linear system. In the way back from the coarsest mesh, the 
solution is corrected in each grid until reaching the original grid, on which iterations 
are performed until convergence is achieved. If it stalls again, the process can be 
repeated. 

In the given example, each φi 
P needs to be corrected with the solution obtained in 

the I grid, as 

φ̃i 
21 = φi 

21 + φ I 9 
φ̃i 
27 = φi 

27 + φ I 9 , 
φ̃i 
33 = φi 

33 + φ I 9 

(4.55)
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with the same correction applied to all control volumes. The iteration on the fine grid 
could continue with this new estimate φ̃. As mentioned, the correction couldn’t be 
done in this level and go forward with a new agglomeration. Note that it is always 
used only two grids in each level. 

During the application of the multigrid accelerator it is necessary to establish a 
convergence criterion to guide the number of iterations and number of levels to be 
used, what is not an easy task, since many variables are involved. What is done is to 
monitor the normalized residue of the equations, being the normalized mass residue 
the usual choice. 

4.2.7.2 ACM Multigrid for a Vector Variable 

The multigrid can also be applied to linear system originated from simultaneous 
solution, that is, system in which the unknown is not a scalar, as considered up to 
now, but a vector. For example, let the vector [u, v,  p] be the unknowns of a 2D 
fluid flow problem whose simultaneous solution is sought. The multigrid method 
just advanced can be applied to this vector the same way it was applied to the scalar 
φ. In a vector form, Eq. (4.37) can be written as, 

⎡ 

⎣ 
Auu Auv Aup 

Avu Avv Avp 

Apu Apv App 

⎤ 

⎦ 

i 

P 

⎡ 

⎣ 
u 
v 
p 

⎤ 

⎦ 

i 

P 

= 

⎡ 

⎣ 
Bu 

Bv 

B p 

⎤ 

⎦ 

i 

P 

, (4.56) 

while the corrected variable, by 

⎡ 

⎣ 
ũ 
ṽ 
p̃ 

⎤ 

⎦ 

i 

P 

= 

⎡ 

⎣ 
u 
v 
p 

⎤ 

⎦ 

i 

P 

+ 

⎡ 

⎣ 
u 
v 
p 

⎤ 

⎦ 

I 

P 

(4.57) 

Following the same steps as done for the scalar φ, one obtains 

⎡ 

⎣ 
r̃ u 

r̃v 

r̃ p 

⎤ 

⎦ 

i 

P 

= 

⎡ 

⎣ 
ru 

rv 

r p 

⎤ 

⎦ 

i 

P 

− 

⎡ 

⎣ 
Auu Auv Aup 

Avu Avv Avp 

Apu Apv App 

⎤ 

⎦ 

i 

P 

⎡ 

⎣ 
u 
v 
p 

⎤ 

⎦ 

I 

P 

+
Σ

⎡ 

⎣ 
Auu Auv Aup 

Avu Avv Avp 

Apu Apv App 

⎤ 

⎦ 

i 

nb 

⎡ 

⎣ 
u 
v 
p 

⎤ 

⎦ 

I 

N B  

(4.58) 

Forcing the residue of the i volumes inside the I grid to be zero, and after some 
algebraic manipulation, same as done for the scalar variable, the final system of 
equation results,
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⎡ 

⎣ 
Auu Auv Aup 

Avu Avv Avp 

Apu Apv App 

⎤ 

⎦ 

I 

P 

⎡ 

⎣ 
u 
v 
p 

⎤ 

⎦ 

I 

P 

=
Σ

⎡ 

⎣ 
Auu Auv Aup 

Avu Avv Avp 

Apu Apv App 

⎤ 

⎦ 

I 

nb 

⎡ 

⎣ 
u 
v 
p 

⎤ 

⎦ 

I 

N B  

+ 

⎡ 

⎣ 
Bu 

Bv 

B p 

⎤ 

⎦ 

I 

P 
(4.59) 

which should be compared with its scalar counterpart, Eq. (4.44). Similar equations 
as done for the scalar are used to obtain AI 

nb, A
I 
P and B

I 
P . 

As discussed, the solution can proceed using several levels of grids. If just one 
or more coarse grids correcting the variables in the way back to the original grid are 
used, it is called a V cycle, as in Fig. 4.10a, b. If the problem is solved for one coarse 
grid, then back to the original one and then solve again for other levels of coarse 
grid, it called a W cycle, as in Fig. 4.10c, d. It is called a F cycle (flexible) when the 
procedure goes back and forth on several grids, as shown in Fig. 4.10e, f. 

To appreciate the types of grids generated using the algebraic and geometric 
multigrid, Fig. 4.11 shows the grid obtained solving an anisotropic heat conduction 
problem in a flat plate [17] with both approaches, algebraic ACM and geometric 
agglomeration. The base solver is Gauss-Seidel, and the computing time was close 
to ten times less using the algebraic multigrid compared to geometric. Following, 
it is shown several results, Figs. 4.12, 4.13, 4.14 and 4.15, obtained when solving a 
fluid flow in a curved duct using multigrid [14].

Figure 4.12, shows the cost by grid nodes using a line solver, the gradient conjugate 
and the multigrid accelerator, revealing an impacting reduction in the computer costs. 
Another very important results are the independence of the convergence rate with 
the number of unknowns in the problem, as can be seen in Fig. 4.13 using 25 k, 100 k 
and 400 k nodes.

Fig. 4.10 Possible cycles in 
the multigrid method 

(a) (b) 

(d) 

(e) (f) 
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Fig. 4.11 Algebraic (top) and geometric (bottom) agglomerations 
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Fig. 4.12 Cost per grid node

It is not too much to enforce that the independence of convergence rate with the 
size of the problem is of utmost importance in the CPU efforts. Figure 4.14 brings 
the comparison of the algebraic and the geometric multigrid focusing on the aspect 
ratio of the mesh dimensions, since it is a parameter which impacts the coefficients 
anisotropy. We can appreciate that the convergence rate of the algebraic method is 
superior than the geometric, which, even shows a stalling behavior when the mesh 
has large aspect ratio.
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Fig. 4.13 Convergence rate. Number of unknowns 
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Fig. 4.15 Gauss-Seidel 
versus ACM multigrid
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And, finally, it is brought a result in Fig. 4.15 comparing a Gauss-Seidel method 
working alone and with the multigrid accelerator. It is amazing the enormous differ-
ence in CPU time. Those results clearly demonstrate that in numerical simulation of 
fluid flows it is almost impossible to be competitive without a multigrid to accelerate 
the solution of the linear systems. 

4.3 Conclusions 

This chapter provided a brief discussion about the characteristics of iterative solvers 
in connection with the solution of large sparse matrix encountered in computational 
fluid dynamics Very simple point-by-point solver were presented, which can help 
students to solve simple exercises and to test their computer algorithm. One important 
line-by-line method, known as TDMA, easy to implement and efficient, which solves 
a tridiagonal matrix was also presented. Finally, as the most important part of the 
chapter, it was discussed why iterative methods fail, explaining the connection of 
the errors in the solution with the size of the grid, and presented the ACM multigrid 
method, a very robust and efficient tool for solving large linear systems of equations. 

4.4 Exercises 

4.1 Solve, using finite volumes the transient heat conduction in a fin with the 
top insulated and the base at temperature Tb, according to Fig. 4.16, with the 
following data:
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Fig. 4.16 Figure for 
Problem 4.1 

Tb 

x 

L 

h, T 8 

D 

Tb = 373 K, T∞ = 293 K, k = 10 W/mK, D = 0.01 m, h = 
5W/m2 K and α = 10−6 m2/s. 

The fin is at ambient temperature at t = 0 and suddenly its base temperature 
is raised to Tb. Don’t forget to do a grid resolution study and compare the 
numerical solution with the analytical one available in any textbook of basic 
heat transfer. For comparison make your results dimensionless. 

4.2 Solve the 2D steady state heat conduction Problem Given by 

∂2T 

∂x2 
+ 

∂2T 

∂y2 
= 0 (4.60) 

with boundary conditions as given in Fig. 4.17. Compare with the analytical 
solution given by 

T (x, y) = 
senh

(
π y 
a

)

senh
(

πb 
a

) sen
(π x 

a

)
(4.61) 

Fig. 4.17 Figure for 
Problem 4.2

b 

y 

x 

a 

T = 0 

T = 0 

T = 0 

T = sen x a 
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4.3 Solve numerically the one-dimensional transient heat conduction problem 
described by the following equation 

∂ T 
∂t 

= α 
∂2T 

∂x2 
(4.62) 

When the initial temperature distribution is 

T (x, 0) = Tosen
(π x 

L

)
, (4.63) 

the analytical solution is 

T (x, t) = Toe−αλ2 
1t sen(λ1x), with λ1 = π/L (4.64) 

and when it is Ti , constant, the analytical solution is 

T (x, t) = 
4 

π 
Ti 

∞Σ

n=1,3,5,7 

1 

n 
e−αλ2 

n t sen(λnx), with λ1 = nπ/L (4.65) 

The boundary conditions are T (0, t) = T (L , t) = 0. 
Derive the analytical expression to obtain the heat flux at the boundaries 

and compare with the heat flux numerically calculated. This is an interesting 
exercise because de refinement in time can be exercised, because one wants to 
follow the real transient for both situations. The refinement in space close to 
the base of the fin helps in calculating the heat flux more precisely. 

4.4 When the flow between parallel plates becomes fully developed, the resulting 
equation is mathematically similar to the heat conduction problem with uniform 
heat generation, 

1 

μ 
dp  

dx  
= 

d2u 

dy2 
, (4.66) 

in which dP/dx , the pressure gradient is constant, and μ is the absolute viscosity 
of the fluid. Notice that the left side of the equation plays the role of a heat 
generation in a heat conduction problem. Solve this problem numerically and 
compare the solution with the exact one. All comments made for Exercise 3.8 
apply to this problem. 

4.5 A flat plate of thickness L = 3m  has on its left face a heat flux entering the 
plate of 10 W/m2 , while on the right face a heat flux leaving the plate equal to 
20 W/m2 . There is a uniform heat generation equal to 7 W/m3 inside the plate. 
The thermal conductivity of the plate is equal to 1 W/mK.
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(a) Determine the temperature distribution, using the methods of Jacobi, 
Gauss-Seidel, S.O.R. and TDMA methods. For this situation, the problem 
has no steady state solution. Explain why. 

(b) Now, make the heat flux leaving the wall equal to 31 W/m2. Why is it not 
possible to find the solution using TDMA? Set the value of the temperature 
of the last volume on the right to 10 K and solve again. Comment. 

(c) Solve by Jacobi, Gauss-Seidel and S.O.R. methods, fixing and not fixing 
the value of the volume on the right. Analyze the behavior of the methods 
regarding the number of iterations required. 

4.6 For Problem 4.1, with 16 control volumes, and for a two-dimensional conduction 
problem, also with 16 volumes and numbered according to Fig. 4.18a, always 
using central differences, sketch the structure of the matrix of coefficients for 
the two cases. Imagine now that in obtaining the approximate equations for the 
fin problem, two volumes on the right and two volumes on the left are used in 
the equation for P , as shown in Fig. 4.18b. What does the structure of the matrix 
look like now? What is the similarity of this matrix with the two-dimensional 
problem? 

4.7 To recognize that errors in a numerical solution using iterative methods decay 
faster only when the grid has comparable size of the error wavelength, solve, 
using Gauss-Seidel, the steady state one-dimensional heat conduction problem 
given by d 2T /dx2 = 0, with boundary conditions T = 0, at x = 0 and x = L 
with an initial estimated condition of the type, 

T (x) = sen(π x)(1 + 0.1(−1)n ), (4.67) 

which represents the composition of a high and a low frequency errors, being 
n ranging in the interval [0, N ], with N being the number of nodes employed. 
The higher frequency error is, by purpose, created according to the number N 
of volumes. With the iterative process marching from left to right and a mesh

1 2  3  4  

8765 

9 10  11  12  

16151413 

(a) 

EEWW W  P  E  

(b) 

Fig. 4.18 Figure for Problem 4.6 
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of 30 volumes, N = 30, for example, plot the initial distribution according to 
Eq. (4.67) and observe that after a few iterations (3 or 4) the high-frequency 
errors will disappear and the low-frequency errors will decrease very slowly. 
Refine the mesh further and see that it gets even harder to decrease the low 
frequency errors. Use a coarse mesh, N = 3, and see how quickly the low 
frequency errors, now, decrease. 
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Chapter 5 
Advection and Diffusion—Interpolation 
Functions 

5.1 Introduction 

The previous chapters introduced the reader to the basics of the finite volume method, 
pointing out the strong characteristics of the method and providing the key tools for 
exercising the development of basic computational codes. The method was elaborated 
working with the transient, the diffusive and the source terms. No advection was 
involved. 

The most in-depth discussion was done with the transient term, what gives rise 
to the explicit, implicit, and fully implicit formulations. We were not concerned to 
emphasize the use of interpolation functions, although these have been used in the 
approximation of the transient term and the diffusive fluxes at the interfaces of the 
control volumes. It has been stressed that for the evaluation of diffusive fluxes (of 
any property), the interpolation functions can be of central differences, since it do 
not pose any stability problem for the numerical method. 

Although dealing with problems involving advection, it is not of concern, at this 
point, to know how the velocity field which carries the mass flow was obtained. It 
should be interpreted that this field is known and available. In other words, one is 
interested on how a property φ is transported by a known mass flow. Later, it will 
devote attention to methods that teach us how to numerically calculate the velocity 
and pressure fields. 

The coming section is devoted to present the general conservation equation 
pointing out the necessary interpolation functions for the advective and diffusive 
terms. Following, it is addressed the relationship that the interpolation function 
has with the physics of these terms for succeeding in the task. Along the chapter, 
types of interpolation functions will be analyzed, in the beginning, in order to build 
the knowledge piece-by-piece, for a unidimensional problem and, with the knowl-
edge gained, extrapolate to two and three dimensions. A reasonable deep discussion 
about numerical diffusion and numerical oscillation, a controversial topic in the liter-
ature, will be also on the board. The cell-center method continues being used in this 
chapter.
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5.2 The General Equation 

Before starting to deal with the interpolation functions for the advective terms, it is 
didactic integrate the general conservation for φ, , see all terms and identify the ones 
that deserves attention after the integration of the conservation equations. Initially, 
let’s consider Eq. (2.64) in its vector form, 

∂ 
∂t 

(ρφ) + ∇.(ρVφ) = ∇.(Γφ∇φ) + Sφ , (5.1) 

in which are identified, in order, the transient, advective, diffusive and source terms. 
The advective and diffusive fluxes are the vectors of the divergence operator, char-
acterizing the conservative form of the equation. Following the procedure of a finite 
volume technique, this equation is integrated in space and in time, as

∫

t

∫

V

{
∂ 
∂t 

(ρφ) + ∇.(ρVφ) = ∇.(Γφ∇φ) + Sφ

}
dV  dt, (5.2) 

Applying the divergence theorem to transform the volume integrals into surface 
integrals, linearizing the source term and substituting the surface integrals by its 
numerical counterpart, one obtains 

MP φP − Mo 
P φ

o 
P

Δt
= −

∑
i p  

(ρ(V.n)φΔs)i p+
∑
i p

(
Γφ∇φ.nΔs

)
i p

+(SP φP + SC )ΔV 

(5.3) 

Equation (5.3) can be applied in a control volume of arbitrary shape, as shown in 
Fig. 5.1, in which are identified the integration points (i p), lying at the middle of the 
surfaces, locals where the advective and diffusive fluxes are calculated. 

Fig. 5.1 General control 
volume

ip1 
ip2 

ip3 

ip4 

ip5 
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It is interesting to compare Eq. (5.3) with Eq. (3.17), which was the discrete 
equation of the 1D heat conduction problem used to introduce the finite volume 
technique. In that case, φ was T and, as it was 1D, the integration points (i p)were e and 
w, being important to recognize that the components of (∇T )i p  required by Eq. (5.3) 
were (∂T /∂x)e and (∂ T /∂x)w, which were discretized using central differencing 
scheme by Eqs. (3.18) and (3.19). No advection was considered in Eq. (3.17). 

Hence, in any finite volume discretization of fluid flow equations, φi p  and (∇φ)i p  
must be determined and, as they are required at the interfaces of the control volume, 
an interpolation function must be applied to describe the behavior of the function 
among grid points. The gradient, (∇φ)i p, poses no difficulties for its determination, 
being our efforts now devoted in finding φi p. 

5.3 The Difficulty of the Advective-Dominant Problem 

To begin the discussion of the difficulties of treating advective-dominant problems, 
let us consider the one-dimensional advection/diffusion of the entity φ without the 
transient and source terms, given by 

∂ 
∂x 

(ρuφ) = 
∂ 
∂x

(
Γφ ∂φ 

∂x

)
(5.4) 

in which φ represents a transported property by unit of mass andΓφ the corresponding 
diffusion coefficient. The 1D grid, familiar to us, is shown in Fig. 5.2. The integration 
of Eq. (5.4) gives,  

ρuφ|e − ρuφ|w = Γφ ∂φ 
∂ x

∣∣∣∣
e 

− Γφ ∂φ 
∂x

∣∣∣∣
w 

(5.5) 

in which e and w are, again, the integration points for this 1D problem. The calculation 
of the fluxes in Eq. (5.5) must be done as a function of the values at the nodes 
using an interpolation function which has the role of connecting the nodal points, 
allowing to interpolate φ at the integration points. The attempt is always to propose 
an interpolation function with the smallest possible error, that is, representing the 
local physics, and, at the same time, does not involve too many nodal points to avoid 
complex matrix structure. The ideal interpolation function would be the exact solution 
of the problem to be solved. This interpolation function, called exact, of course, is 
not available. If it was, there was no reason for solving the problem numerically. 
What is usually done is to use as interpolation functions the exact solution of some 
simplifications of the real problem or find ways of inserting in the interpolation 
functions terms which represents important parts of the physics.

The natural tendency is to choose central differencing scheme (CDS) as interpo-
lation function for all terms of the equation, taking advantage of its 2nd order accu-
racy and the involvement of only two nodal points in the calculation of each flux.
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Control volume 
for integration 
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xw xe 

Fig. 5.2 Control volume for integration

Considering constant physical properties, employing the fully implicit formulation 
and approximating the fluxes using central differences (CDS), it gives, considering 
a uniform mesh, 

ρu 
(φE + φP ) 

2
− ρu 

(φP + φW ) 
2

= Γφ (φE − φP )

Δx
− Γφ (φP − φW )

Δx 
, (5.6) 

which, after rearranging terms, take the form, 

AP φP = AeφE + AwφW , (5.7) 

with the coefficients given by, 

AP = 
2Γφ

Δx2 
(5.8) 

Ae = −  
ρu 

2Δx 
+ Γφ

Δx2 
(5.9) 

Aw = 
ρu 

2Δx 
+ Γφ

Δx2 
(5.10) 

Considering the velocity u positive, the following relation must be satisfied for 
having the Ae coefficient positive, 

ρuΔx

Γφ ≤ 2 (5.11) 

in which the parameter is recognized as the Reynolds number of the cell. Note that 
if it was the energy equation with temperature as variable, it would be the Peclet 
number, since Γφ would be k/cP in Eq. (5.11).
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When the velocity u increases, the mesh must be reduced proportionally, if the 
coefficient Ae is to be kept positive. Keeping the coefficients positive is a desired 
characteristic for any numerical method. Therefore, the use of central differences in 
the approximation of the advective terms almost always creates negative coefficients, 
because it is difficult in real problems to refine the mesh to keep ReΔx ≤ 2 for all 
meshes of the domain. 

The presence of negative coefficients immediately brings two difficulties. The first 
is associated with the nature of the iterative method used to solve the linear system. If 
the method is not robust, such as point solvers, for example, the solution may diverge. 
The second is linked to the order of approximation of the interpolation function. 
High-order approximations, such as central differences, in the advective terms, when 
these are dominant, generate instabilities, producing solutions that present numerical 
oscillations in regions of large gradients. The characteristic of these oscillations is 
shown in Fig.  5.3a, in which a pulse of φ should be reproduced numerically, but 
under and overshoots are present. 

Note that the solution showing the numerical oscillations may be a converged 
solution. The impossibility of dissipating the oscillations is a characteristic of high-
order schemes, including the central-difference approximation. 

It is relevant to point out that the existence of negative coefficients does not mean 
that it is impossible to obtain the solution. The use of robust methods to solve the 
linear system, and the way to advance the calculation procedure, allow the solution 
to be obtained, even with negative coefficients. 

The way to avoid this negative coefficient is to use another approximation for 
the advective term. A one-sided, first-order approximation, known as upwind differ-
encing scheme (UDS), for example, solves the problem. For positive u, the upwind 
approximation, that is, ue = uP and uw = uW , results in the following numerical

(a) (b) 

Solution with oscillations 
(numerical oscillation) 

Dissipated solution 
(numerical diffusion) 

xx 

Fig. 5.3 Numerical oscillation (a) and numerical diffusion (b) 
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approximation for Eq. (5.4), 

ρuφP − ρuφW = Γφ (φE − φP )

Δx
− Γφ (φP − φW )

Δx 
, (5.12) 

with the following coefficients 

AP = 
2Γφ

Δx2 
+ 

ρu

Δx 
(5.13) 

Ae = Γφ

Δx2 
(5.14) 

Aw = 
ρu

Δx 
+ Γφ

Δx2 
(5.15) 

Inspecting the coefficients, one sees they are all positive. For a negative u velocity 
the integration of Eq. (5.4) gives,  

ρuφE − ρuφP = Γφ

(
φE − φP

Δx

)
− Γφ

(
φP − φW

Δx

)
, (5.16) 

with the following coefficients, 

AP = 
2Γφ

Δx2 
− 

ρu

Δx 
(5.17) 

Ae = −  
ρu

Δx 
+ Γφ

Δx2 
(5.18) 

Aw = Γφ

Δx2 
, (5.19) 

with all coefficient positives, since u is negative. The numerical solution of the pulse 
of φ using upwind is sketched in Fig. 5.3b, disappearing the oscillations, but a new 
discretization error, called numerical diffusion, takes place. The upwind scheme is 
stable, but the price to be paid is the smearing of the large gradients in the domain. 
These two behaviors obey a physical consistency that will be discussed in a next 
section. For now, it is important to keep in mind the following three facts that will 
be discussed in more depth later in this chapter:

1. The use of central differences (CDS), and other high-order schemes, in dominant 
advection problems in which the grid is not refined enough, generally generates 
unrealistic solutions with oscillations, because they are non-dissipative schemes, 
amplifying the errors; 

2. UDS schemes produce physically coherent solutions, but have the property of 
smoothing high gradients, because they are dissipative.
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3. CDS and UDS and other interpolations schemes that will be seen are approxima-
tions of the real function, hence, they introduce discretization errors. Numerical 
diffusion and numerical oscillations are, therefore, discretization errors. 

When using these schemes care should be exercised because if the physical 
problem contains oscillations, using upwind they may be damped out. Using central 
differencing it may show up oscillations which do not exist in the real physics. 
Following, the physics behind an interpolation function is briefly discussed with the 
presentation of several 1D interpolation functions usually employed in numerical 
simulations. 

5.4 Interpolation Functions for φ 

In the previous section it was exercised two types of interpolation, CDS and UDS. In 
finite volume methods an interpolation function is needed to calculate the fluxes at 
the boundaries of the control volume which lies among two grid points. Figure 5.4 
sketches a function which represents some physical problem, and two possible 
discretization, a coarse and a refined one. In the coarse grid it is evident that the 
interpolation among two grid points using CDS (dashed line) will contain large 
errors. On the other hand, if CDS is used in the fine grid, the interpolation produces 
better results. This means that there would be no worries about interpolation func-
tions if the grid were fine enough such that CDS could be used without restrictions, 
satisfying the criterion given by Eq. (5.11). Perhaps this is what the future deserves 
for the interpolation functions in CFD simulations as the computer power increases. 

But this is not the real picture in the simulation world nowadays, in which fine 
enough grids cannot be thoroughly used, and it is needed to live with coarse meshes 
and finding ways of minimizing its effects. The interpolation function is the agent 
which can help on that. Back to Fig. 5.4, if the mesh is coarse, the physics among the 
grid points should enter the interpolation function such that the interpolated value

Fig. 5.4 Interpolation 
functions: coarse and fine 
grids 

Grid size 

Coarse grid 

Variable location (grid nodes) 

Refined grid 
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can be better calculated. This is why, as will be seen shortly, the differential equation 
to be solved is used to create the interpolation function of the problem. 

5.4.1 The Physics Behind the Interpolation Functions 

The adequacy of the CDS scheme for purely diffusive problems and the UDS scheme 
for dominant advection problems has a strong physical motivation. To interpret it, 
let us again consider Eq. (5.4) in which these two terms are present. As discussed 
in Chap. 2, the terms of a differential equation always represent the physics of the 
phenomenon, and for each term we can associate a mathematical interpretation. 
The diffusive term is elliptic, with second order derivatives and, therefore, requiring 
two boundary conditions at the extremes of the axis. This requirement means that a 
disturbance provoked in a point of the domain is transmitted (diffused) in all direc-
tions by this term. Therefore, the right-hand side of Eq. (5.4) transmits a disturbance 
equally in both directions of the x-axis. The advective term on the left-hand side of 
the equation, is of a first order derivative, is parabolic and, consequently, requires 
just one boundary condition. In fluid flows, the disturbance travels from upstream 
to downstream, and transmits disturbances only in the direction of the velocity. The 
effects of these terms logically influence the variable profile and must be considered 
when creating an interpolation function. 

To help in this analysis, the idealized problem, shown in Fig. 5.5, is useful. 
Consider a one-dimensional flow with constant velocity u with temperature at x = 0 
and x = L equal to 1 and 0, respectively. The problem is idealized, and there-
fore, should have no questioning how temperatures equal to 1 and 0 are physically 
maintained; they are boundary conditions. 

Fig. 5.5 Advection/diffusion problem
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In Eq. (5.4) consider φ equals to T1 for this 1D advection/diffusion problem. 
Consider, initially, that the velocity u is equal to zero. In this situation the fluid 

is at rest, and the problem is the same as the heat conduction in a solid plate with 
temperatures 1 and 0 at the faces. In this case only the diffusive effects remain, and 
the solution of the equation is a straight line, since the prescribed temperatures at 
x = 0 and x = 1 will have the same influence in establishing the profile within the 
domain, due to the elliptical characteristics of diffusion. The exact solution, which 
is a straight line, coincides with our physical feelings. 

The other limit happens when the velocity is very large, positive, tending to infinity. 
Our physical intuition tells us that a temperature equal to 1 will be established over the 
entire domain, since the downstream boundary condition, T = 0, will not influence 
the solution, because the diffusive effects (being small, or zero) cannot transmit 
information of the boundary conditions in the direction opposite to the flow. The 
advective effects, very strong in this direction, do not allow, and force over the entire 
domain the temperature equal to 1. 

Between these two limits there are infinite solutions where the balance between 
the diffusive and advective effects exists, as shown by the dashed line in Fig. 5.5. 

This problem teaches us that the use of central differences (CDS) is consistent for 
the diffusive terms, while the use of the one-sided approximation (UDS) is physically 
consistent for the advective term. It seems, therefore, coherent that the interpola-
tion functions in advective/diffusive problems take this physical characteristic into 
account. Thus, for an advection-dominant problem, with large positive velocity, the 
appropriate interpolation function is curve A, for dominant diffusion, curve B, and for 
intermediate situations a curve, dashed line, that has as parameter the Peclet number, 
which is nothing more than the relationship between the advective and diffusive 
fluxes [1]. The upstream value on the UDS approximation, which has total influence 
in stablishing the solution is called the donor cell, since it donates the information. 
In 1D problems the donor cell is, clearly, the upwind cell, but in 2D and 3D it is not 
easily known, and to discover from where comes the information in the flow field is 
of utmost importance for creating interpolation functions which produces positive 
coefficients. This will be seen in Chap. 13. 

5.4.2 One Dimensional Interpolation Functions 

5.4.2.1 Exponential Scheme 

As suggested in [2], the analytical solution of Eq. (5.4), serves as a family of 1D 
interpolation functions, with CDS and UDS being the limiting cases. Setting the 
position x = 0 and x = L , in Fig.  5.5, as the nodal points P and E , respectively, 
shown in Fig. 5.6, the boundary conditions for Eq. (5.4) are  given by

1 Temperature is used here just for having a familiar physical variable for analysis of diffusion and 
advection. 
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Fig. 5.6 Exponential 
interpolation functions 
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φ = φP in x = xP 
φ = φE in x = xE (5.20) 

Defining the following dimensionless variables, 

ξ = 
x − xP

Δx

(
ρ 
uΔx

Γφ

)

φ∗ = 
φ − φP 

φE − φP 
(5.21) 

the differential equation takes the form 

∂φ∗ 

∂ξ 
= 

∂2φ∗ 

∂ξ 2 
, (5.22) 

with the following boundary conditions 

φ∗ = 0 in ξ = 0 
φ∗ = 1 in ξ = Pe (5.23) 

in which the Peclet number based on Δx is 

Pe  = 
ρuΔx

Γφ (5.24) 

and the analytical solution of Eq. (5.22) is,  

φ∗ = 
eξ − 1 
ePe  − 1 

(5.25)
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As seen, Fig. 5.6 shows the two limiting cases for u positive, curves A (pure 
advection) and B (pure diffusion), and curve C for a problem in which both, advec-
tion and diffusion take place. Curve D is the pure advection situation with negative 
velocity, and curve E for the situation when both effects are present and negative 
velocity. It can be advanced that in real fluid flow problems the cell Reynolds (or 
Peclet) reaches values high enough, even in problems with moderate velocities, such 
that the solution tends to be close to the limiting upwind case. In these cases, it is 
easier to implement just upwind and not to introduce more complex relations which 
will not help in minimizing numerical diffusion. 

The interpolation function given by Eq. (5.25) allows to find the value of the 
function and its derivative (gradient) in the integration points lying on the surface of 
the control volume. For the exponential scheme, the value of φ∗

e and (∂φ∗/∂ξ )e, for  
example, are given by 

φ∗ 
e = 

e 
Pe 
2 − 1 

ePe − 1 
(5.26) 

∂φ∗ 

∂ξ

∣∣∣∣
e 

= e 
Pe 
2 

ePe − 1 
(5.27) 

If the same one-dimensional advection/diffusion problem that gave rise to the 
interpolation function is solved numerically using this interpolation function, the 
numerical solution obtained will be exact, regardless of the number of meshes 
employed. A similar observation was made in Chap. 3, in which the numerical solu-
tion of the one-dimensional steady state heat conduction in a flat plate with central 
differencing, provides the exact solution, regardless of mesh size. This happened 
because the interpolation function used (CDS) is the exact solution of the problem. 
Equation (5.21) must be used to obtain the dimensional expressions of φ. The  same  
procedure should be done to obtain the values of φ and its derivatives at w, for subse-
quent substitution in Eq. (5.5). Note that the Pe number is calculated with Δxe, for  
its evaluation at face e, and with Δxw, for face w, that is, it is a local Peclet number. 

The drawback of the exponential scheme is the computational time to evaluate 
the exponentials. Since the interpolation function depends on the velocity (Peclet), it 
will be necessary to compute exponentials for all interfaces of the control volumes. A 
variant of this method, with simplifications in the calculations, creating expressions 
that try to follow the exact solution by ranges of Peclet numbers, called Power-Law, 
is described in [3]. For completeness, the limiting cases of the exponential scheme 
are now reported. 

5.4.2.2 Central Differencing Scheme 

The CDS scheme uses a linear interpolation. Considering an equally spaced 
discretization, the values of φ at the integration points are,
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φe = 
φE + φP 

2 
; φw = 

φW + φP 

2 
(5.28) 

As consequence, the derivatives are, 

∂φ 
∂x

∣∣∣∣
e 

= 
φE − φP

Δxe 
; ∂φ 

∂ x

∣∣∣∣
w 

= 
φP − φW

Δxw 
(5.29) 

Substituting Eqs. (5.28) and (5.29) into Eq. (5.5) one obtains the coefficients given 
by Eqs. (5.8–5.10), which will be always negative regardless the sign of the velocity 
when Pe, or  Re for the momentum equation, are greater than 2. All the implications 
of this scheme have been discussed. In obtaining Eqs. (5.8–5.10) it was used equally 
spaced meshes only for convenience and not as a necessity, since the expression can 
be weighted by the grid dimensions. 

5.4.2.3 Upwind Scheme 

To avoid the appearance of negative coefficients and numerical oscillations the 
upwind scheme (UDS) is used. Now, the interpolation functions have the following 
expressions, using Fig. 5.6, 

φw = φW ; φe = φP ; u > 0 (5.30) 

φw = φP ; φe = φE ; u < 0 (5.31) 

with exactly the same coefficients as given by Eqs. (5.13–5.15) and Eqs. (5.17–5.19) 
for positive and negative u, respectively. Note that the diffusive term continued to be 
approximated by central differences. When the flow is advective-dominant it would 
be coherent to remove from the equation the diffusive term, but this is not required, 
the diffusive term will play no role in the solution and can be approximated by CDS, 
as if it was a pure diffusive problem. 

5.4.2.4 WUDS—Weighted Upstream Differencing Scheme 

In this scheme, the exact interpolation function is associated with two coefficients, α 
and β, depending on the Peclet number, and serve as weighting factors for advection 
and diffusion [4]. The values of φ and its derivative at the interfaces are written, 
taking again the east face example, are 

φe =
(
1 

2 
+ αe

)
φP +

(
1 

2 
− αe

)
φE (5.32)
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Γφ 
e 

∂φ 
∂x

∣∣∣∣
e 

= βeΓ
φ 
e

(
φE − φP

Δxe

)
(5.33) 

Inspecting the previous equations, one sees that for α = 0 and β = 1 the CDS 
scheme is recovered, while for α = 0.5 and for α = −0.5 with β = 0 for both, 
the upwind scheme for positive and negative velocities, respectively, is recovered. 
The values of these coefficients are determined using Eq. (5.25) and Eqs. (5.32) and 
(5.33) rewritten for φ∗, and applying the boundary conditions given by Eq. (5.23). 
For Eq. (5.32), one finds 

φ∗ 
e =

(
1 

2 
+ αe

)
φ∗ 
P +

(
1 

2 
− αe

)
φ∗ 
E , (5.34) 

originating the expression for αe, 

αe = 
1 

2 
− 

e 
Pe 
2 − 1 

ePe − 1 
(5.35) 

For determining βe, Eq.  (5.33) results,

Γφ 
e 

∂φ∗ 

∂ξ

∣∣∣∣
e 

= βeΓ
φ 
e 

φ∗ 
E − φ∗ 

P

Δξ 
, (5.36) 

with the expression for βe, as  

βe = Pe 
e 

Pe 
2 

ePe − 1 
, (5.37) 

in which Δξ was made equal to Peclet, according to the dimensionless variables. 
Keeping the expressions for α and β in exponential form entails the same compu-

tational difficulties already discussed for the exponential method. In [5] it is proposed 
the following expressions two avoid exponentials calculation, 

αe = Pe2 

10 + 2Pe2
(5.38) 

βe = 
1 + 0.005Pe2 

1 + 0.05Pe2
(5.39) 

recalling that in all relations involving the Peclet number the dimension is Δx . 
Substituting the relations for φe and its derivative in the e face by Eqs. (5.32) and 

(5.33), and similar equations for φw and its derivative in the w face into Eq. (5.5), 
one finds the discretized equation in the usual form, 

AP φP = AeφE + AwφW , (5.40)
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with the following coefficients 

Ae = −(ρu)e

(
1 

2 
− αe

)
+ 

βeΓ
φ 
e

Δxe 
(5.41) 

Aw = +(ρu)w

(
1 

2 
+ αw

)
+ 

βwΓ
φ 
w

Δxw 
(5.42) 

AP = Ae + Aw (5.43) 

The 1D mass conservation equation in the form, 

(ρu)e − (ρu)w = 0, (5.44) 

must be used to obtain the coefficients given by Eqs. (5.41) and (5.42). 
Figure 5.7 shows the behavior of the coefficient Ae with the velocity. The coef-

ficient will always be positive, regardless of the sign of u. For  u equal to zero, only 
the diffusive part remains in the coefficient, as it should be, while for positive and 
large u, the coefficient Ae tends to zero, as expected, since the nodal value E should 
no longer influence the value of the variable on P due to strong advection compared 
to diffusion. For the coefficient Aw the same analysis applies, i.e., it will be always 
positive, tending to zero when the velocity is increasing negatively. 

Figure 5.8 shows the plot of α and β given by Eqs. (5.35) and (5.37) and by 
the approximations given by Eqs. (5.38) and (5.39). When the Pe number increases,

Fig. 5.7 Dependence of Ae 
on the velocity 
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Fig. 5.8 Coefficients α and β 

the approximation of the advective term approaches an upstream (UDS) scheme. 
Schemes of this type, where α and β changes in the calculation domain seeking 
to “weight” the influences of convection and diffusion, are called hybrid schemes. 
While it is true that the use of such schemes avoids spatial oscillations and possible 
divergence of the solution, it is also true that, as the velocities increase, α tends to 
1/2, and the so-called numerical diffusion or false diffusion increases. 

This is a very practical 1D modified exponential scheme. It is worth remembering, 
however, that when the velocity increases, soon the coefficient α goes to 0.5 or −0.5, 
depending on the sign of the velocity. In this situation β goes to zero, but the diffusive 
term can be kept in the equation with a CDS evaluation with no consequences in the 
numerical solution. 

5.4.2.5 Quick—Quadratic Upwind Interpolation Scheme 

The Quick-Quadratic Upwind Interpolation for Convective Kinematics interpolation 
function [6], is quite widespread and an option in some commercial computational 
fluid mechanics packages. In this scheme, the idea is to increase the order of approx-
imation of the interpolation function by using a higher order polynomial. Consid-
ering Fig. 5.9, if the interest is to calculate the value of φ at integration point e, the  
expressions for positive and negative u are, respectively, 

φe = −1 

8 
φW + 

6 

8 
φP + 

3 

8 
φE (5.45) 

φe = −  
1 

8 
φEE  + 

6 

8 
φE + 

3 

8 
φP (5.46)
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Fig. 5.9 Grid points used in 
the Quick scheme 
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The weights of each point in the two previous expressions appear from the 
weighting of the coefficients of a parabola passing through points W , P and E 
when u is positive, and EE , E and P when negative. The coefficients in Eqs. (5.45) 
and (5.46) shows the influence of each point on the evaluation of φ at the integration 
point. 

It can be shown, through the Taylor series expansion, that the order of approx-
imation is Δx3. According to [7], the QUICK approximation is slightly superior 
than CDS, but both converge with second order error, and considerable differences 
between the two schemes are rarely observed. Again, it should be noticed that this 
scheme is prone to numerical oscillations. 

5.4.2.6 Deferred Correction or Explicit Correction Scheme 

An ever-present concern with the choice of interpolation function is the quality of 
the resulting matrix of coefficients. If the UDS scheme is used, the system will be 
always stable with dominant diagonal and no negative coefficients, at least when the 
donor cell is known. Therefore, it is recommended to work with a matrix with these 
characteristics but, at the same time, to use higher-order schemes than UDS. The 
following, proposed by Khosla and Rubin [8], called deferred correction, express 
the flux as, 

Fe = FUDS  
e + (

FCDS  
e − FUDS  

e

)o 
, (5.47) 

in which the upwind stabilizing part of the flux is treated implicitly and the second 
order explicitly. In Eq. (5.47), Fe is the approximation of the fluxes, and the super-
indexes UDS and CDS indicate the upwind and central differences schemes. Since 
the second term on the right-hand side is treated explicitly, hence the super-index 
“o” indicating previous iteration, the linear systems will be solved with the upwind 
formulation, having the second order correction in the independent term. It is logical 
that increasing the independent term hurts convergence, but the damage is less than 
if the equations were solved with the CDS scheme implicitly. At convergence, the 
upwind evaluations cancel each other and the CDS scheme is the one actually used. 
In Eq. (5.47), other first-order and high-order schemes can replace the upwind and 
central schemes, respectively. In other words, the linear system is solved in a stable 
way using upwind implicitly, tending to a 2nd order when convergence is achieved,
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what means that numerical oscillation may be present in the solution. There will be 
no numerical diffusion. 

5.4.3 Numerical or False Diffusion 

5.4.3.1 Preliminaries 

Recapping the effects shown schematically in Fig. 5.3, we learned that if the inter-
polation function adopted for the advective terms is central differences, there are 
two risks. The first is to experience divergence of the solution, caused by the use of 
linear solvers not suitable for the treatment of negative coefficients, and the second 
is to obtain unrealistic solutions presenting numerical oscillations, since the central 
differences scheme does not have the ability to dissipate the perturbations inherent 
to the solution process [9, 10]. 

The phenomena can be superimposed, that is, the presence of a negative coefficient 
can give rise to a disturbance that propagates without the possibility of being dissi-
pated. This perturbation can grow and make the solution diverge or it can be limited, 
establishing a converged solution, but presenting numerical oscillations (Fig. 5.3a). 
The remedy to the oscillations, while still obtaining a solution with second order accu-
racy, is to refine the mesh. On the other hand, if the interpolation used is upwind, 
the scheme is stable, always obtaining a realistic solution, but with high built-in 
dissipation, as shown in Fig. 5.3b. This dissipation occurs, logically, in the regions 
of large gradients, often destroying the solution, as is the case of capturing a shock 
wave, which must be done accurately to identify the real position of the shock. 

The use of upwind, accepting some numerical diffusion can, in some circum-
stances, be beneficial, since for many engineering situations it is better to have a 
solution, even knowing the inaccuracies, than have none. The gradient smoothing 
mechanism is equivalent to the physical diffusion process of a property and is there-
fore called numerical diffusion or false diffusion. How to interpret numerical diffu-
sion has always been controversial in the literature. In the next section it is discussed 
the existing views and how numerical diffusion is interpreted it in this text. 

5.4.3.2 Characterization of Numerical Diffusion 

For long, numerical diffusion is explained using Taylor series expansion, demon-
strating that when first order schemes, like upwind, are used it produces a term similar 
to a physical diffusion. Let us term this the mathematical way of demonstrating the 
appearance of numerical diffusion introduced by a numerical approximation. In the 
last three decades, when happened the boom of solving the Navier–Stokes equation, 
considerable work was dedicated in understanding the so-called numerical diffusion. 
As a result, there are today several interpretations of numerical diffusion, leaving 
behind the mathematical point of view. And this point of view is very important to
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Fig. 5.10 Numerical 
diffusion analysis 
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consider, since numerical diffusion is a truncation error introduced by the approxima-
tion of the advective term, and Taylor series expansion can do the job of finding this 
error. Let’s see, briefly, how to find the truncation errors when using central differ-
ence and upwind schemes. Referring to Fig. 5.10, the calculation of the advective 
flux at the integration point w is given by 

Aw = ρwuwφw, (5.48) 

in which φw should be found using φ at grid nodes. Consider now a forward and 
backward Taylor expansion series around w, given by 

φP = φw +
(

∂φ 
∂x

)
w

(
Δx 

2

)
+

(
∂2φ 
∂x2

)
w

(
Δx 

2

)2 1 

2! − O(Δx3 )... (5.49) 

φW = φw −
(

∂φ 
∂x

)
w

(
Δx 

2

)
+

(
∂2φ 
∂x2

)
w

(
Δx 

2

)2 1 

2! + O(Δx3 )... (5.50) 

Using a central differencing scheme, φw can be found using Eqs. (5.49) and (5.50), 
to give 

φw = 
φP + φW 

2
+ O(Δx2 ), (5.51) 

Using UDS for the flux calculation, φw in Eq. 5.48 should be φW . The expression 
for φw, to find the truncation error can be found from Eq. (5.50), as 

φw = φW +
(

∂φ 
∂x

)
w

(
Δx 

2

)
+ O(Δx2 ) (5.52) 

Inserting Eqs. (5.51) and (5.52) into Eq. (5.48), one at a time, gives,
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Aw = ρwuwφw = ρwuw 0.5(φP + φW )︸ ︷︷ ︸
CDS  

+O(Δx2 ), (5.53) 

and 

Aw = ρwuwφw = ρwuw

(
φW +

(
∂φ 
∂x

)
w

(
Δx 

2

))
+ O(Δx2 ), (5.54) 

which can be written, as 

Aw = ρwuwφw = ρwuw φW︸︷︷︸
UDS  

+ ρwuw

(
∂φ 
∂x

)
w

(
Δx 

2

)

︸ ︷︷ ︸
False  di  f  f  usion  

+O(Δx2 ) (5.55) 

Equation (5.55) demonstrates that when using an upwind scheme, the approxi-
mation carries a first order truncation error. It can be written as, 

Aw = ( Aw)UDS  + Γ f alse

(
∂φ 
∂x

)
w 

(5.56) 

As this term contains a first order derivative of φ it resembles a diffusion term, 
called false or numerical diffusion, which is a first order truncation error. Hence, the 
numerical diffusion is, yes, a truncation error of first order caused by the first order 
interpolation. As seen in Eq. (5.53) the central differencing scheme doesn’t introduce 
first order errors in the approximation, what means that this scheme doesn’t introduce 
numerical diffusion. It introduces possible numerical oscillation. 

The physical approach, always claimed in the developments of schemes in finite 
volume methods, has also allowed different interpretations of the numerical diffusion. 
For example, in [3] it is analyzed a 1D problem of the advection of a pulse of φ, 
shown schematically in Fig. 5.11, whose solution is numerically obtained without 
numerical diffusion and, therefore, without gradient smoothing using the upwind 
scheme. In this case, the upwind scheme gave the exact solution, and there would be 
no justification for claiming that the upwind scheme introduces numerical diffusion 
because of being of first order. The problem is a 1D stream with constant velocity 
u and the pulse is characterized by two regions with φ = 2 and φ = 1. If the fluid 
is inviscid there is no physical effect which can disturb this pulse. The differential 
equation for this problem, therefore, is 

∂ 
∂x 

(ρuφ) = 0 (5.57)

Using a 1D grid aligned with the flow and integrating Eq. (5.57), the advective 
term reads,
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Fig. 5.11 Propagation of a discontinuity in x

∂ 
∂x 

(ρuφ) = ρeueφe − ρwuwφw = 0, (5.58) 

and using φe = φP and φw = φW , what identifies an upwind scheme, and considering 
the density and the velocity constant, the solution is 

φP = φW , (5.59) 

which is the exact solution, that is, maintenance of the pulse of φ as x progresses. 
Now, consider the same physical problem defined in a 2D domain. A 1D problem 

becomes 2D in a two-dimensional frame of reference, as shown in Fig. 5.12. The  
differential equation is, therefore, 

∂ 
∂ x 

(ρuφ) + 
∂ 
∂y 

(ρvφ) = 0, (5.60)

The numerical integration gives, 

ρeueφe − ρwuwφw + ρnvnφn − ρsvsφs = 0, (5.61) 

and using upwind in each direction, the resulting discretized equation reads, 

φP = 
φW + φS 

2 
(5.62)
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Fig. 5.12 Propagation of an inclined discontinuity

The solution of the problem governed by Eqs. (5.57) and (5.60) should be the 
same, since the physical problem did not change. Only the coordinate system has 
changed, making the problem two-dimensional. However, Eq. (5.62) gives a solution 
that is different from the exact solution given by Eq. (5.59), which is φ = 1 for the 
points below the AA  line and φ = 2 for the points above. There is a diffusion of 
the property from the upper region to the lower region, called numerical diffusion 
or false diffusion, since there is no physical diffusion predicted in the differential 
equation. 

It is then said that the existence of this numerical diffusion is because the flow is 
oblique to the meshes and that there is a gradient normal to the flow direction. Why 
first order upwind approximation gives the exact solution when the grid is aligned 
with the flow? The mathematical view fails? The next section seeks to clarify these 
issues. 

5.4.3.3 Key Considerations About Numerical Diffusion 

The lack of agreement in the literature about the reasons of appearance of numerical 
diffusion, the mathematical point of view, and the numerical results encountered 
solving the pulse propagation using upwind motivates the following comments.
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(1) First, the reason why Eq. (5.57) has the numerical solution equal to the exact 
one when using upwind is because an exact interpolation function was used, in 
this case upwind, which is the solution to the problem itself. It is not because 
the mesh is aligned with the flow. The rationale should be the reverse. Because 
the flow is aligned with the grid the 1D upwind interpolation function becomes 
the analytical solution. And, for any problem, if it would be possible to have the 
analytical solution as interpolation function there would be no truncation errors 
and the numerical solution would be equal to the analytical one, regardless of 
mesh size. When the problem becomes 2D, as given by Eq. (5.60), using the 
analytical solution of this problem as interpolation function we would have 
a numerical solution also exact for the problem of Fig. 5.12, with the mesh 
inclined with respect to the velocity vector. 

Of course, the inclination of the velocity vector with the mesh aggravates the 
numerical diffusion because it is insisted in using 1D interpolation functions in 
multidimensional problems. But the grid inclination is not the essence of the 
problem. 

(2) To cite one more example, the one-dimensional advection/diffusion problem 
given by Eq. (5.4) will also have exact numerical solution, no matter the mesh 
size, if the interpolation function is that of the exponential scheme. 

(3) Therefore, if the exact interpolation function is used, that is, obtained from the 
differential equations to be solved, the numerical solution will be exact, regard-
less of the mesh size and dimensionality of the problem. Thus, the existence of 
truncation errors (i.e., inaccurate solution) is directly linked to the nature of the 
interpolation function employed. 

(4) Hence, the use of non-exact interpolation functions to approximate the advec-
tive terms generates truncation errors that may be associated with dissipative 
or non-dissipative behavior. Truncation errors originated via central-difference 
interpolation are non-dissipative, which produce the so-called numerical oscilla-
tions, while those associated with upwind interpolation functions are dissipative 
and smooth the gradients existing in the domain, producing the so-called numer-
ical diffusion, a phenomenon similar to a physical diffusion, as was seen by the 
mathematical approach. 

(5) Inaccuracies in interpolation functions will always exist and can be generated in 
several ways. One of them, and critical, is the use one-dimensional interpolation 
in 2D and 3D problems, which is the case in the problem of Fig. 5.12. 

Based on the previous comments, we conclude that the use of non-exact interpola-
tion functions gives rise to truncation errors. Such truncation errors, when associated 
with the advective terms, can be classified into dissipative and non-dissipative and 
give rise to numerical diffusion and numerical oscillation, respectively. 

It is more consistent, therefore, to define numerical diffusion as the dissipative 
truncation errors associated with the advective terms, caused by the fact that the 
interpolation function is not exact. It is logical that, in complex two and three-
dimensional problems, there will be no possibility of using an exact interpolation 
functions, because if the solution would exist to be used as interpolation function,
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there would be no reason for solving it numerically. Therefore, the solution will 
always be contaminated with numerical diffusion if the advective terms are approxi-
mated by dissipative schemes. It is possible to minimize this by creating interpolation 
functions as close as possible to the solution of the physical problem to be solved. 
This will be discussed in a coming section. 

The reader may try to conclude that a two-dimensional pure conduction problem, 
in which one-dimensional central differences are used in each direction indepen-
dently, which characterizes a non-exact interpolation function, has numerical diffu-
sion. To dispel this doubt, it should always be remembered that numerical diffusion 
appears only when dissipative schemes are associated to the advective terms. By 
its turn, numerical oscillation is present only when non-dissipative truncation errors 
are also associated with the advective terms. In the case of the 2D heat conduction 
problem truncation errors do exist, because the interpolation function is not exact, 
but they do not give rise to numerical diffusion neither to numerical oscillations, 
because there is not advective terms in the equation. This is why there are no diffi-
culties in solving numerically a two or three-dimensional heat conduction problem 
using central differences. 

Therefore, the use of central differences to approximate the advective terms elim-
inates numerical diffusion, because when using central differences, the truncation 
errors are non-dissipative, do not give rise to numerical diffusion, and can be elim-
inated by mesh refinement. An example of this is in the work of Silva [11], who 
solved the problem of the propagation of the discontinuity given by Eq. (5.60), on 
the inclined mesh, using one-dimensional central differences as interpolation func-
tion of the advective terms, obtaining a result without numerical diffusion, that is, 
without the smoothing of the discontinuity. 

Another ambiguous question in the literature is whether numerical diffusion exists 
in one-dimensional problems. For this analysis, consider again the one-dimensional 
advection/diffusion problem given by Eq. (5.4), being approximated using upwind in 
the advective term and central differences in the diffusive term. Since this interpola-
tion function is not exact and there is a dissipative scheme (upwind) associated with 
the representation of the advective term, by the definition of this text there is numer-
ical diffusion, yes, for a one-dimensional problem. To prove this, simply solve the 
problem numerically using upwind and verify that the profile will be more diffusive 
than that obtained by the exact solution when the advective term predominates. 

In two and three-dimensional advective-dominant problems, the numerical diffu-
sion is accentuated, precisely because the use of one-dimensional interpolation 
functions departs too much from the exact 3D interpolation function. 

Among numerical analysts of finite volumes there is a fairly well disseminated 
concept that numerical diffusion is fundamentally linked to the inclination of the 
velocity vector with the mesh and not to truncation errors. The non-alignment of 
the velocity vector with the mesh only makes the one-dimensional interpolation 
functions more inaccurate, as already emphasized, generating truncation errors that 
may give rise to numerical diffusion, numerical oscillation, or other errors. Numerical 
diffusion decreases with mesh refinement, and so do all other truncation errors, if



136 5 Advection and Diffusion—Interpolation Functions

Inexact interpolation functions 

Truncation errors 

Other truncation 
errors 

Dissipatives 
(numerical diffusion) 

Non-dissipatives 
(numerical oscillation) 

Truncation errors 
associated to the discretization of 

the advective terms 

Fig. 5.13 The origin of numerical oscillation and diffusion 

the approximation of the differential equation is consistent. Figure 5.13 shows the 
different truncation errors, showing the origin of numerical diffusion and oscillation. 

Finally, it should be emphasized that a good interpolation function is one that 
comes from the differential equation one is trying to solve. Therefore, transient 
effects, lateral diffusion, lateral advection, source terms should be considered, if 
possible, in designing the interpolation function. The outcome of this analysis tells 
that if it would be possible to use very fine grids, central differential schemes would 
suffice for the advection as well as diffusion terms. Remember that in this case the 
cell Peclet or Reynolds numbers would be less than 2 for a Cartesian regular grid, 
with the same implications for unstructured grids. 

In the following section, it is discussed some more interpolation functions that 
attempt to reduce numerical diffusion by working with grid points in more than one 
dimension. 

5.4.4 Two and Three-Dimensional Interpolation Functions 

Since the use of one-dimensional first-order interpolation functions causes numerical 
diffusion, and this is aggravated using them in 2D and 3D problems, the alterna-
tive, besides mesh refinement, is to create functions with the dimensionality of the 
problem. Only the basic ideas of some of them will be presented, in order to show the 
procedure of creating a multidimensional interpolation function. The literature on 
the subject is vast, and it is beyond the scope of this text to review the subject. Again, 
the developments will be made for a 2D problem, for simplicity, but the idea is the
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same for 3D problems, with the corresponding additional work for the computational 
implementation. 

5.4.4.1 SUDS and SWUDS—Skew Weighted Upstream Differencing 
Scheme 

The pioneering ideas in the development of two-dimensional interpolation functions 
were presented in [12] when it was developed two methods that create interpolation 
functions aligned with the velocity vector. To develop the scheme along the direction 
of the velocity vector allows upwind schemes to be applied, and the region which 
donates the information can be identified, even though it is not being easy to relate 
this region with grid nodes such that positive coefficients are generated. 

Since in most computer codes the mesh is fixed, and even in adaptive codes it is 
difficult to adapt the mesh to the velocity vector for all regions of the domain, it is 
natural to write the interpolation function along the velocity vector. In this way, to 
evaluate, for instance, the value of φ on the west face, as shown in Fig. 5.14, the  
values of the variable in SW and W need to participate in the interpolation function 
instead of just participating W and P , since it is the southwest region what donates 
the information. It is easy to see that the one-dimensional interpolation function can 
be applied along a coordinate s. This is the principle of the SUDS, apply an upstream 
scheme skewed with the mesh along the velocity direction. By doing this, one of the 
factors of appearance of numerical diffusion, the dealignment of the velocity vector 
with the mesh, is eliminated. Other factors must also be taken into consideration, 
such as diffusion across the flow, source terms etc. The key difficulty is to find φu 

which can’t be found just averaging the closest grid nodes. The scheme will be a 
function of 9 points in 2D and will increase the number of non-zeros in the matrix.

As pointed out more than once, the most appropriate interpolation function is 
the one obtained from a differential equation as close as possible to the equation to 
be solved. For two-dimensional problems, the two-dimensional advective/diffusive 
transport equation, without considering the source, pressure, and transient terms, 
seems to be a good alternative. Taken ρ and u as locally constant, this equation, 
written for the face w, has the form, 

(ρu)w 
∂φ 
∂x 

+ (ρv)w 
∂φ 
∂y 

= Γφ 
w

(
∂2φ 
∂ x2 

+ 
∂2φ 
∂y2

)
w 

(5.63) 

Grouping the advective terms for the s direction, 

ρV |w ∂φ 
∂s

∣∣∣∣
w 

= Γφ 
w

(
∂2φ 
∂s2 

+ 
∂2φ 
∂n2

)
w 

(5.64) 

in which n is normal to s and |V| is the magnitude of the velocity vector. The analytical 
solution of Eq. (5.64) is laborious, and a solution which admits a linear variation of 
φ along the normal to the flow is,
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Fig. 5.14 Nodal points for the SUDS scheme

φ = k1 + k2
(
y 
u 

|V| + x 
v 

|V|
)

(5.65) 

in which k1 and k2 are constants and (x, y) are measured along the normal to s in the 
integration point w.The constants are found using two out of the six grid points which 
interferes in the west face. When the gradient of φ normal do the flow is zero the 
algorithm reduces to a pure upwind. The equations of the coefficients, not shown here, 
allows to conclude that there is the possibility of negative coefficients, depending on 
the inclination of the velocity vector, again addressing the problem in finding φu . This  
scheme reduces numerical diffusion but, as expected, introduces some complexity 
to implement. Many schemes based on these ideas have been developed, seeking to 
eliminate the problem of negative coefficient, as in [13–17] 

Another method developed in [12], SWUDS–Skew Weighted Upstream Differ-
encing Scheme, also uses Eq. (5.64) and proposes a solution of the form, 

φ = A + B 

⎛ 

⎝y 
uw∣∣∣ →V

∣∣∣
+ x 

vw∣∣∣ →V
∣∣∣

⎞ 

⎠ + Ceax+by (5.66) 

in which a and b are the Peclet number, given by
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a = 
ρux

Γφ

∣∣∣
w 
; b = 

ρvy

Γφ

∣∣∣
w 

(5.67) 

In this scheme there is a balance among advection and diffusion, controlled by 
the Peclet numbers, therefore, being a weighting differential scheme. 

Huget [18], proposed two new schemes based on SUDS, the MSUS (Modified 
Skew Upstream Scheme) and the MWUS (Mass Weighting Upstream Scheme). They 
improve the results obtained by SUDS, the latter being quite stable, with no gener-
ation of negative coefficients and no oscillations in the converged solution. MWUS 
dedicates effort in finding the donor cell, the key detail for assuring positive coef-
ficients when applying the interpolation function [19, 20]. A skew scheme related 
to EbFVM, method to be seen in Chap. 13, can be seen in [21]. Investigating the 
behavior of interpolation functions and comparing them was a hot topic of research 
in the last three decades, and the literature is plenty of works which are extensions of 
the basic ones reported herein. To finalize this section the rationale behind a general 
interpolation function which works for multidimensional problems will be presented. 

5.4.4.2 General Interpolation for φ 

A general form, applicable to 2D and 3D situation follows the idea of the SWUDS, 
with a little modification in the form of calculating all other influences than upwind. 
Consider again Fig. 5.14, in which a Taylor series expansion is performed along s, 
as 

φi p  = φu + 
∂φ 
∂s

∣∣∣∣
u

Δs 

2 
+ 

∂2φ 
∂s2

∣∣∣∣
u

Δs2 

4 
+ O(Δs3 ) +  · · · +, (5.68) 

in which φi p  is the value at the integration point treated as e or w in previous 
developments in Cartesian coordinates. 

Two important quantities need to be evaluated in this expression, φu and (∂φ/∂s)u . 
The later can be determined with the help of Eq. (5.63) with the advection term written 
in the s direction, in discrete form, as

Δφ

Δs

∣∣∣∣
u 

= 
1 

ρV

[
Γ

φ 
i p

(
∂2φ 
∂x2 

+ 
∂2φ 
∂y2

)
u

]
+ Bφ (5.69) 

which is similar to Eq. (5.64), whose idea is to use the general conservation equation 
for φ to find its derivative. This equation can be approximated using finite differences, 
since it is an auxiliary equation and doesn’t need to obey the conservation principles. 
The determination of φu , since it involves the concept of the donor cell, is the key issue 
to be considered, due to the difficult of identifying what grid point, or combination of 
them, donates the information to φi p. This is a matter not easily solved in cell-center 
methods. For the element-based cell-vertex method it is possible to create schemes
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in which the donor grid point can be identified. This will be discussed when the 
Element-based Finite Volume Method will be presented in Chap. 13. 

5.4.4.3 Second Order Upwind and Muscl Schemes 

The Second Order Upwind (SOU) scheme [22] derives from the general interpolation 
function just described and can be expressed as 

φi p  = φP + (∇φ)P · r (5.70) 

in which φP and (∇φ)P are evaluated at the center of the upstream control volume 
and r is the vector joining the center of the control volume to the integration point. 
Based on the previous discussions, this scheme doesn’t guarantee positive coefficients 
because the upstream point (the donor cell) is not chosen based on the mass flow 
donating the information. 

The MUSCL—Monotonic Upstream-Centered Scheme for Conservation Laws 
[23], blends the central differencing scheme with the SOU scheme, by 

φi p  = θ(φCD)i p  + (1 − θ )(φSOU  )i p, (5.71) 

which improves the interpolation function compared to the SOU scheme. 

5.4.4.4 High Resolution Scheme 

In the high-resolution scheme [24], the magnitude of φ at the surrounding nodes are 
kept under control to avoid undershoots and overshoots. The equation, 

φi p  = φP + β(∇φ)P · r (5.72) 

uses the factor β according to the boundedness principle of Barth and Jesperson [25], 
in which φmin and φmax are calculated for the node and its surrounding ones. Then, 
for each integration point around the node, Eq. (5.72) is solved for β. The  value  
of β used is the minimum of all integration point which surrounds the node. The 
value of β is also not permitted to exceed 1. This scheme is said to be TVD for a 
one-dimensional situation [24]. In Eq. (5.72) β and ∇φ)P are taken from the upwind 
node. 

5.5 Conclusions 

The purpose of this chapter was to present the key points that should be carefully 
considered when developing or choosing the interpolation functions and explain
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their influences on the numerical solution. The main learning point was that the 
interpolation functions are responsible for the truncation errors of an approximation. 
In other words, if there would be the possibility of using the exact interpolation 
functions, the exact numerical solution of the problem would be obtained, regardless 
of the mesh size. 

Furthermore, and perhaps most importantly in the chapter, we classify the trunca-
tion errors as dissipative and non-dissipative, defining numerical diffusion as being 
errors of a dissipative character, associated with the advective terms. Therefore, 
numerical diffusion does disappear with mesh refinement, although it is possible to 
find contrary statements in the literature. 

It was also pointed out that the central-difference approximations are of a non-
dissipative character, and therefore not classified as numerical diffusion errors. Non-
dissipative errors associated with the representation of the advective terms give rise 
to numerical oscillations. 

Some widely used one-dimensional interpolation functions and the philosophy 
embedded in the construction of two and three-dimensional interpolation functions 
were also shown. A general interpolation function was also presented, suitable for 
2D and 3D problems, identifying the crucial terms to be obtained. The literature is 
vast on this topic; however, as mentioned, it is not the goal of this text to review the 
literature on the subject. For example, Total Variation Diminishing (TVD) schemes 
is a good alternative for the development of robust interpolation functions for CFD 
calculations [26–28]. 

To end this chapter let’s go back to Eq. (5.3) and recognize that both φ and ∇φ 
needs interpolation function. It was devoted the whole chapter for the interpolation 
for φ only, with the comment that the interpolation for ∇φ, besides of being easy to 
find, poses no difficulties for convergence. It will be discussed the determination of 
∇φ at the integration points when unstructured grids will be presented in the context 
of cell-center and cell-vertex methods. 

5.6 Exercises 

5.1 Explain how numerical oscillations and numerical diffusion appear in the 
solution of advective-dominant problems. 

5.2 Why does mesh refinement eliminate numerical diffusion and numerical 
oscillation? 

5.3 To verify the appearance of numerical oscillations and numerical diffusion, 
the one-dimensional convection/diffusion problem in the steady-state regime 
is extremely useful. Using a fully implicit formulation and the finite volume 
method, solve Eq. (5.4), considering as boundary conditions φ = 0 at x = 0 
and φ = 1 at x = 1, for the following situations:
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(a) Central differences for the diffusive and advective term. Gradually increase 
the velocity and observe the appearance of numerical oscillations in the 
region of large gradients, that is, near x = 1. 

(b) Upwind for the advective term and center differences for the diffusive 
term. Again, increase the velocity and observe that the captured gradient 
is dissipated, i.e., there is the appearance of numerical diffusion, even in 
this problem in which the flow is aligned with the grid. 

(c) Use as interpolation functions Eqs. (5.26) and (5.27). Vary the number of 
points of the grid and compare the numerical solution with the exact one 
given by Eq.  (5.25). Why is the solution exact regardless of the mesh size? 
Are there no more truncation errors? 

(d) Now, solve the problem using WUDS with α and β given by Eqs. (5.38) 
and (5.39). Will the numerical result again be mesh independent? Why? 
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Chapter 6 
Three-Dimensional Advection/Diffusion 
of φ 

6.1 Introduction 

The previous chapters exhibited all the necessary background to numerically solve an 
advection/diffusion problem for one-dimensional situations considering the velocity 
field known. In this chapter, for the sake of completeness, the integration of the 
equation for a three-dimensional situation is realized. The velocity field continue to 
be considered as known. There are no novelties in this chapter but the integration 
of the equation in 3D just to follow the whole process of discretization, applying an 
interpolation function seen in the previous chapter and writing all coefficients. This 
helps the student to analyze the coefficients and see the influences of geometry and 
physics on them. 

6.2 Integration of the 3D Equation for φ 

For a 3D advection/diffusion problem, Eq. (2.64) must be integrated in time and in 
space as shown in Fig. 6.1, in which, for ease of specifying the dimensions, only the 
straight lines connecting the centers of the control volumes are shown. It is already 
known that the six lower case letters identify the interfaces, or integration points, of 
the control volume centered in P , which is connected to its six neighboring control 
volumes via coefficients.

The integration of the general equation for φ, reads

(
V,t 

∂ 
∂t 

(ρφ)dV  dt  +
(
V,t 

∂ 
∂x 

(ρuφ)dV  dt  +
(
V,t 

∂ 
∂y 

(ρvφ)dV  dt  +
(
V ,t 

∂ 
∂ z 

(ρwφ)dV  dt  

=
(
V,t 

∂ 
∂x

(
Γφ ∂φ 

∂x

)
dV  dt  +

(
V,t 

∂ 
∂ y

(
Γφ ∂φ 

∂ y

)
dV  dt  +

(
V ,t 

∂ 
∂z

(
Γφ ∂φ 

∂z

)
dV  dt  +

(
V,t 

Sφ dV  dt, (6.1) 

giving,

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 
C. R. Maliska, Fundamentals of Computational Fluid Dynamics, Fluid Mechanics 
and Its Applications 135, https://doi.org/10.1007/978-3-031-18235-8_6 

145

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-18235-8_6&domain=pdf
https://doi.org/10.1007/978-3-031-18235-8_6


146 6 Three-Dimensional Advection/Diffusion of φ 

xw 

y
n 

ys 

zb 

zf 

xew 

s 

f 

b 
n 

y 

x 

z 

W 

F 

S 

E 

N 

P 

B 

e 

Fig. 6.1 Three-dimensional stencil
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θ 
s + Ṁ f φ

θ 
f − Ṁbφ

θ 
b 

= D1 
∂φ 
∂x

||||
θ 

e 

− D1 
∂φ 
∂x

||||
θ 

w 
+ D2 

∂φ 
∂y

||||
θ 

n 

− D2 
∂φ 
∂ y

||||
θ 

s 

+ D3 
∂φ 
∂z

||||
θ 

f 

− D3 
∂φ 
∂ z

||||
θ 

b 

+ L
[
Sφ

]θ 

(6.2) 

This equation is still in the general form being possible to obtain the explicit, 
implicit and fully implicit formulations according to the value of θ . The mass fluxes 
and the diffusion coefficients at the integration points are given by, 

Ṁe = ρuΔyΔz|e; Ṁw = ρuΔyΔz|w (6.3) 

Ṁn = ρvΔxΔz|n; Ṁs = ρvΔxΔz|s (6.4) 

Ṁ f = ρwΔxΔy| f ; Ṁb = ρwΔxΔy|b (6.5) 

D1e = ΓφΔyΔz
||
e; D1w = ΓφΔyΔz

||
w

(6.6)
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D2n = ΓφΔxΔz
||
n
; D2s = ΓφΔxΔz

||
s

(6.7) 

D3 f = ΓφΔxΔy
||
f ; D3b = ΓφΔxΔy

||
b (6.8) 

Rigorously, the mass fluxes at the interfaces are also evaluated in θ . However, in 
the implicit and fully implicit formulation the equation must be linearized, and the 
mass fluxes will be part of the matrix of coefficients, which are evaluated with the 
variables of the previous iteration. As the coefficients are updated, when the solution 
converges both the coefficients and the variable of the equation will be obtained at 
the same time level. For this reason, the mass flows do not carry the superscript θ . 
The term L

[
Sφ

]θ 
indicates the numerical approximation of the term in the brackets, 

and its linearization is done according to what was already learned in Chap. 3. This  
term will contain the pressure gradient when φ is the components of the velocity 
vector. Choosing the time interpolation according to what was described in Chap. 3, 

φθ = θφ  + (1 − θ )φo (6.9) 

and recalling that the absence of superscript in φ represents the time level in which 
the solution is sought (t + Δt). For the spatial interpolation one chooses the WUDS 
scheme, which furnish, for the values of the functions at the interfaces, 

φe =
(
1 

2 
+ αe

)
φP +

(
1 

2 
− αe

)
φE (6.10) 

φw =
(
1 

2 
+ αw

)
φW +

(
1 

2 
− αw

)
φP (6.11) 

φn =
(
1 

2 
+ αn

)
φP +

(
1 

2 
− αn

)
φN (6.12) 

φs =
(
1 

2 
+ αs

)
φS +

(
1 

2 
− αs

)
φP (6.13) 

φ f =
(
1 

2 
+ α f

)
φP +

(
1 

2 
− α f

)
φF (6.14) 

φb =
(
1 

2 
+ αb

)
φB +

(
1 

2 
− αb

)
φP (6.15) 

and for the gradient at the interfaces,

Γφ 
e

(
∂φ 
∂x

)
e 

= βeΓ
φ 
e

(
φE − φP

Δxe

)
(6.16)
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Γφ 
w

(
∂φ 
∂ x

)
w 

= βwΓφ 
w

(
φP − φW

Δxw

)
(6.17)

Γφ 
n

(
∂φ 
∂y

)
n 

= βnΓ
φ 
n

(
φN − φP

Δyn

)
(6.18)

Γφ 
s

(
∂φ 
∂y

)
s 

= βsΓ
φ 
s

(
φP − φS

Δys

)
(6.19)

Γ
φ 
f

(
∂φ 
∂z

)
f 

= β f Γφ 
f

(
φF − φP

Δz f

)
(6.20)

Γ
φ 
b

(
∂φ 
∂z

)
b 

= βbΓ
φ 
b

(
φP − φB

Δzb

)
(6.21) 

Substituting the values of φ and its derivatives at the integration points in Eq. (6.2), 
it becomes 

MP φP

Δt 
+ φθ 

P

[
Ṁe

(
1 

2 
+ αe

)
− Ṁw

(
1 

2 
− αw

)
+ Ṁn

(
1 

2 
+ αn

)

− Ṁs

(
1 

2 
− αs

)
+ Ṁ f

(
1 

2 
+ α f

)
− Ṁb

(
1 

2 
− αb

)
− SPΔV 
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D1β

Δx

||||
e 
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D1β

Δx

||||
w 

+ 
D2β

Δy

||||
n 
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D2β

Δy

||||
s 

+ 
D3β

Δz

||||
f 

+ 
D3β

Δz

||||
b

]

= φθ 
E

[
−

(
1 

2 
− αe

)
Ṁe + 

D1β

Δx

||||
e

]
+ φθ 

W

[(
1 

2 
+ αw

)
Ṁw + 

D1β

Δx

||||
w

]

φθ 
N

[
−

(
1 

2 
− αn

)
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D2β

Δy

||||
n

]
+ φθ 

S

[(
1 

2 
+ αs

)
Ṁs + 

D2β

Δy

||||
s

]

+ φθ 
F

[
−

(
1 

2 
− α f

)
Ṁ f + 

D3β

Δz

||||
f

]
+ φθ 

B

[(
1 

2 
+ αb

)
Ṁb + 

D3β

Δz

||||
b

]

+ 
Mo 

P φ
o 
P

Δt
+ ScΔV (6.22) 

To help in the derivation of the final discretized equation for φ, the mass conserva-
tion equation is used. Using φ = 1 in Eq. (6.2) one recovers the mass conservation, 
as 

MP − Mo 
P

Δt
+ Ṁe − Ṁw + Ṁn − Ṁs + Ṁ f − Ṁb = 0 (6.23) 

Multiplying Eq. (6.23) by  (−1) and adding it inside the brackets which multiplies 
φθ 
P , it is found
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MP

Δt 
φP + A∗ 

P φ
θ 
P = Aeφ

θ 
E + Awφθ 

W + Asφ
θ 
S + Anφ

θ 
N + A f φθ 

F 

+ Abφ
θ 
B + 

Mo 
P

Δt 
φo 
p + ScΔV (6.24) 

with the following coefficients, 

A∗ 
P = Ae + Aw + An + As + A f + Ab − SPΔV − 

MP

Δt 
+ 

Mo 
P

Δt 
(6.25) 

Ae = −
(
1 

2 
− αe

)
Ṁe + 

D1β

Δx

||||
e 

; Aw =
(
1 

2 
+ αw

)
Ṁw + 

D1β

Δx

||||
w 

(6.26) 

An = −
(
1 

2 
− αn

)
Ṁn + 

D2β

Δy

||||
n 

; As =
(
1 

2 
+ αs

)
Ṁs + 

D2β

Δy

||||
s 

(6.27) 

A f = −
(
1 

2 
− α f

)
Ṁ f + 

D3β

Δz

||||
f 

; Ab =
(
1 

2 
+ αb

)
Ṁb + 

D3β

Δz

||||
f 

(6.28) 

In Chap. 3, it was discussed the general aspects of a numerical approximation using 
finite volumes in a one-dimensional context, and the various types of formulations 
regarding the advancement of the solution in time were presented. Now, with the 
approximate equation for three-dimensional situation, with all coefficients involved, 
it is wise to return to the subject. It is now pertinent an analysis of the relationship 
between the different types of transient using explicit and implicit formulations. 

6.3 Explicit Formulation 

Equation (6.24) written for θ = 0 has the following form, clustering the neighbor 
coefficients, 

MP φP

Δt 
= φo 

P

(
Mo 

P

Δt 
− A∗ 

P

)
+

Σ
Anbφ

o 
N B  + ScΔV (6.29) 

in which, in order to guarantee the positivity of the coefficient of φo 
P , it is required 

that,

Δt ≤ 
Mo 

P 

A∗ 
P 

(6.30) 

Simplifying Eq. (6.26) for the 1D case, one finds that the coefficients Ae and Aw 
reduces to Γ/Δx . Using  Eq. (6.25) and applying the restriction given by Eq. (6.30), 
the maximum time step is given by
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αΔt

Δx2 
≤ 

1 

2 
, (6.31) 

which is the same relation obtained in Chap. 3 given by Eq.  (3.24). Equation (6.30), 
thereby, gives the general form for obtaining the maximum value of Δt that the 
explicit solution can advance in time. 

Satisfying Eq. (6.30) works for 1D and 2D linear problems. The general problem 
is almost always 3D non-linear and there is not mathematical proof of convergence 
if the restriction given by Eq. (6.30) is satisfied. Anyway, it is worth to satisfy it 
in more general cases. It is also clear that the maximum allowed advance in time 
is different from cell to cell, as shown by Eq. (6.30). Manipulating the value of Δt 
opens possibilities of advancing the solution in time following either the true or a 
distorted transient. 

6.3.1 True Transient 

When the interest is in the true transient the time step (Δt) for advancing the solution 
in time must be equal for all volumes. This is physically easy to understand, because 
the transient would be no longer true if after a sweep in the domain the variables are 
not all evaluated at same time level. So, the maximum possible Δt , is given by,

Δt | f  or all  cells = min
[
Δt |P max

]
, (6.32) 

that is, the maximum possible time step should be equal to the minimum of the 
maximums Δt allowed for each volume, as Fig. 6.2 tries to illustrate. In doing so, 
the coefficient of φo 

P will be always positive.
As pointed out in Chap. 3, the explicit formulation does not give rise to a linear 

system of equations, but rather to a set of equations that are solved one by one 
(point-by-point). Every time a sweep is performed in the domain, the solution in the 
new time level is obtained in an extremely fast computational process. This speed, 
however, is apparent, since the possible values of Δt that can be used and that keep 
the coefficients positive are rather limited by the criterion of Eq. (6.30). In other 
words, it can be said that Δt , in general, is limited by the convergence criterion, not 
by accuracy, and it is unnecessary to perform a mesh refinement study in time, i.e., 
refining Δt . As already reported in this text, the explicit formulation can be a good 
choice for very fast transients. 

6.3.2 Distorted Transient 

When only the steady-state solution is of interest, the maximumΔt possible for each 
volume can be used, advancing the solution in a distorted way, since each volume
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Fig. 6.2 Real transient–maximum time step allowed

advances differently in time. In fact, there is no longer a solution at a given time 
level, and it would be better saying that the solution is at a given iteration level. 
Logically, the steady state solution is independent of these intermediate distorted 
solutions over time. Figure 3.11, Chap. 3, shows alternatives of advancing in time. 
For a distorted transient, therefore using the maximum possible Δt for each volume, 
Eq. (6.29) results 

MP φP

Δt 
=

Σ
Anbφ

o 
N B  + ScΔV (6.33) 

In general, the explicit formulation is associated with the time coordinate. But 
that is just the general case. For example, the temperature distribution in the fully 
developed region between two flat plates is governed by 

u 

α 
∂ T 
∂x 

= 
∂2T 

∂y2 
, (6.34) 

in which u is the velocity along the x axis. This equation can be solved marching 
explicitly in x in the following manner, 

T x+Δx 
P − T x P = 

αΔx 

u

[
T x N + T x S − 2T x P

Δy2

]
, (6.35) 

or 

T x+Δx 
P = T x P

(
1 − 

2αΔx 

uΔy2

)
+ T x N 

αΔx 

uΔy2 
+ T x S 

αΔx 

uΔy2 
(6.36)
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It can be seen that the temperature at point P at position x + Δx is obtained 
as a function of known values at position x . Figure 6.3 illustrates the procedure. 
Consequently, whenever the process marches in a given coordinate, determining the 
values of the function without the need for solving linear systems, the formulation is 
explicit. In such cases, there will always be a restriction on the step size that can be 
used in the explicit coordinate. In this example, the restriction that Δx must respect 
for avoiding divergence in the explicit process is 

Δx ≤ 
uΔy2 

2α 
, (6.37) 

which should be compared with the criterion given by Eq. (6.31) and their similarities 
recognized. 

6.4 Fully Implicit Formulation 

Equation (6.24) written for θ = 1 has the following form 

AP φP = 
Mo 

P φ
o 
P

Δt 
+

Σ
AnbφN B  + ScΔV , (6.38) 

with
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AP =
Σ

Anb − Sφ 
PΔV + 

MP

Δt 
(6.39) 

Equation (6.38) is the most widely used form for solving fluid mechanics and heat 
transfer problems numerically. The fully implicit formulation is preferred because 
of the possibility, one is saying, possibility, of advancing in time with larger Δt . 
However, using the fully implicit formulation does not mean that time steps of any 
size can be used since, when a system of equations it is being solved (which is almost 
always the case), the coupling among the equations can severely limit the time step. 
Studies refiningΔt , to find the solution independent ofΔt , for that time level, should 
always be conducted. 

Again, remember that the implicit formulation gives rise to a linear system of 
equations. When the real transient is of interest, the linear system must be solved 
accurately for each time level. When adopting a distorted transient, the linear system 
should be poorly solved at each time level trying to quickly advance to the steady state 
regime, which is of interest. The other alternative is to make Δt large as possible 
(may be infinity) and obtain the steady-state solution. Repeating what has been 
pointed out in previous chapters, it makes no sense (it would be spent an unnecessary 
computational effort) to solve a distorted transient implicitly using a direct method or 
a very converged iterative solution of the linear system in each time level, as Fig. 3.11 
warns. 

As a final remark, it is remembered that when the real transient is sought, either 
explicitly or implicitly, the initial condition must be the physical condition of the 
problem. When the distorted transient is adopted (interest in the steady state solution 
only), the initial condition is an estimative of the variables to start the distorted march 
in time, or along iterations, better saying. 

6.5 Conclusions 

This chapter reunited the knowledge of the previous chapters for the discretization of 
a three-dimensional advection/diffusion equation. To have the discretization in 3D 
may be helpful for visualizing the coefficients involved in this kind of discretization 
when constructing a code for fluid flow simulations. 

The explicit and fully implicit formulation seen for a 1D were revisited extending 
to three dimensions, with key comments about the true and distorted transient. For 
example, even if only the steady state solution is sought, the complexity of the 
equations system does not allow the use an infinite time step, since there is some 
explicitness involved, especially when the segregated solution is employed. There-
fore, it was again recommended to keep the transient term in the equations. The time 
coordinate is a relaxation parameter with physics embodied and should be used when 
distorted transient is followed.
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6.6 Exercises 

6.1 Obtain Eqs. (6.29) and (6.38) with all coefficients. 
6.2 Equation (6.36) is the numerical approximation of Eq. (6.34) when the marching 

in x is made explicitly. Write a computational algorithm for calculating the 
temperatures in the domain highlighting the main loops in your code. Is there 
any linear system to be solved? 

6.3 Still considering the problem of flow between parallel flat plates, obtain now 
the equation for the fully implicit advancing in x . Are there still any restrictions 
with respect to the size of Δx while advancing the solution in x? Rewrite your 
computational algorithm to also include the implicit advance in x . Is there now 
a linear system to be solved in this algorithm? 

6.4 For the same problem, consider now the implicit advancing in x with any θ , 
greater than zero and less than 1, that is 

∂2T 

∂y2

||||
xP+θΔx 

= (1 − θ)

(
∂2T 

∂ y2

)
xP 

+ θ
(

∂2T 

∂ y2

)
xP+Δx 

(6.40) 

Find the relation among θ andΔx such that no oscillations appear, what could 
provoke divergence during the marching in x . As a special case consider a grid 
with just three grid nodes in y (and two of them on the plates) with temperatures 
TN and TS . Restarting with the differential equation and approximating only the 
term ∂2T /∂y2, the following ordinary differential equation is obtained, 

d 

dx  
(TP (x)) = −  

2α 
uΔy2 

TP (x) (6.41) 

Solve this equation to obtain TP (x). Is there any possibility of oscillation?? 
Using now the equation for any θ , determine the expression for θ which 

guarantees the “exact” solution of this simplified problem. 
6.5 Solve numerically the two-dimensional advection/diffusion problem shown in 

Fig. 6.4, where the velocity field V is known. As interpolation function, use the 
WUDS method. All data of the problem is a free choice.

This is an important problem for preparing your computer code to include, 
in Chap. 7, the determination of the velocities u and v, which in this problem 
are considered to be known. Note that the same routine you will develop to 
calculate the coefficients for T will be used for calculating the coefficients of u 
and v in Chap.7. Therefore, structure your code so that you reserve local storage 
for the variables T , u, v, and p, for the coordinates x and y, for the physical 
properties and for the coefficients. 

Make the problem dimensionless and solve for different values of PeΔx , 
PeΔy , and a/b ratio. Study the limiting cases and compare, when possible, 
the numerical solution with the analytical one. For example, for u and v equal 
to zero, the problem has the exact solution shown in Chap. 10. For insulated
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laterals and T constant at y = 0, u = constant and v = 0, the problem becomes 
one-dimensional and has exact solution. 

To generalize the problem further, consider the plate to be of small thickness 
ε with a source term as function of temperature, simulating the heat lost by 
convection by the two surfaces of the plate to an environment at T∞ with heat 
transfer coefficient h. Nothing changes from the point of view of the structure 
of the code, and the resulting model can simulate the cooling of a plate moving 
with known velocity.



Chapter 7 
Finding the Velocity 
Field—Pressure/Velocity Couplings 

7.1 Introduction 

For the developments presented so far, the velocity field has been assumed to 
be known whenever necessary. We are now prepared to study the techniques for 
obtaining the velocity field, since in any engineering simulation involving fluid flow, 
the most important and intricate solution is the fluid mechanics one. All other scalars, 
such as temperature, species concentration, turbulent kinetic energy, turbulent kinetic 
energy dissipation, and others, require the velocity field. All Computational Fluid 
Dynamics techniques, as the name suggests, is related to the solution of the mass 
conservation and momentum conservation equations. Besides the significant non-
linearities present in the advection terms, there is a strong, but subtle coupling 
between pressure and velocity. These two issues are on the kernel of the devel-
opments in computational fluid dynamics and has received an enormous amount of 
research in the last four decades, with lots of publications of articles and textbooks 
in the field. There are, however, concepts in the numerical machinery for treating 
the pressure–velocity coupling which takes time to mature for reaching a good deep 
understanding. This chapter aims to shorten this path. 

7.2 System of Equations 

A quite general system of partial differential equations which governs the flow of a 
compressible fluid with heat transfer for many engineering applications is given by 
the equations of mass, momentum and energy conservation, plus a state equation, 
given by, 

∂ρ 
∂t 

+ 
∂ 
∂x 

(ρu) + 
∂ 
∂y 

(ρv) + 
∂ 

∂w 
(ρw) = 0 (7.1)
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p = p(ρ, T ) (7.6) 

Other equations are added to this system depending on the problem under analysis. 
For example, for a turbulent flow using a RANS approach for turbulence modelling, 
two new differential equations appear, for the turbulent kinetic energy and for its 
dissipation, if the k − ε is employed. Turbulence modelling is a compulsory topic 
for simulating engineering problems, and the reader finds a good summary of the 
most used models in [1, 2] among a diverse literature in the field. For multiphase 
flows, the equations for single phase applies for each phase, that is, for a general 
multiphase flow model, there are different pressure and velocity fields and different 
temperatures and mass conservation for each phase. The crucial part of the modelling 
is to specify how mass, momentum and energy exchange between phases, since there 
are no boundary conditions in the phase’s interfaces, as the grid encompasses all 
computational domain. It is an impossible task, for example, to model each phase 
and apply boundary conditions at the interfaces. Therefore, what is learned in this 
chapter for a single phase applies for multiphase flows [3].
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In the equation system given by Eqs. (7.1–7.6) the major difficulties for the solu-
tion are restricted to Eqs. (7.1–7.4), in whose equations the nonlinearities and the 
coupling between pressure and velocity are contained. Therefore, along this chapter 
attention will be, mainly, given for this system of equations, recalling that the other 
scalars can be solved sequentially, in general, without numerical difficulties. 

According to what was seen in Chap. 3, each differential equation is represented 
by a system of linear algebraic equations obtained via discretization. Therefore, a 
system of systems of algebraic equations should be solved. 

The discretization of Eqs. (7.1–7.6), following the numerical procedures of the 
finite volume method reads, 

MP − Mo 
P

Δt
+ Ṁe − Ṁw + Ṁn − Ṁs + Ṁ f − Ṁb = 0 (7.7) 

ApuP = AeuE + AwuW + AnuN + AsuS 

+ A f uF + AbuB − L[pu]ΔV + Bu 
P (7.8) 

ApvP = AevE + AwvW + AnvN + AsvS 

+ A f vF + AbvB − L[pv]ΔV + Bv 
P (7.9) 

ApwP = AewE + AwwW + AnwN + AswS 

+ A f wF + AbwB − L[pw]ΔV + Bw 
P (7.10) 

ApTP = AeTE + AwTW + AnTN 

+ AsTS + A f TF + AbTB + BT 
P (7.11) 

p = p(ρ, T ) (7.12) 

7.2.1 About Segregated and Simultaneous Solution 

In these equations L[.] represents the numerical approximation of the term in the 
brackets, in this case the pressure gradient term. It is warned that the coefficients, 
although without different notations, may not be the same. For simplicity, it is not 
identified in the coefficients to which conservation equation they belong, as they 
appear throughout the text almost always multiplying the variable of the equation 
considered, precluding misunderstandings. 

When trying to solve these equations, the first decision to be made is about the 
nature of the solution, if segregated or simultaneous, the latter also called coupled. 
It is preferred to call simultaneous instead of coupled because even solving in a
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segregated (iterative) manner, at the end of the process, the equations are solved 
coupled. The segregated approach solves each linear system independently and, 
consequently, each variable must have its evolutive equation for the iterative solution. 
It could be said that each variable “owns” one equation. 

On the other hand, the simultaneous solution creates a single matrix involving 
all coefficients of all equations and solving all unknowns simultaneously. In this 
case, no variable “owns” any equation, and it can be said that all variables share 
the whole system. The simultaneous solution avoids having special algorithm for 
solving the segregated pressure–velocity coupling (SPVC)1 between variables, which 
is considered automatically. The nonlinearities remain, which requires updating the 
matrix of coefficients and solve it again until a predefined tolerance is attended. 
When the solution is segregated, non-linearities and coupling are the reasons for 
the iterations, while, when it is simultaneous, the reason is just because of the non-
linearities. The iteration one is talking about are not relate to the iterative solution of 
the linear system, but of the whole system of equations. 

If the alternative chosen is the simultaneous solution, the linear algebraic system 
becomes much bigger and should be solved with a robust iterative solver, perhaps 
accelerated by some multigrid algorithm. It shouldn’t be solved with a traditional 
direct solver, because this requires the storage of all coefficients, including the zeros, 
and the resulting size of the matrix is phenomenal. To have a glance on this, imagine 
a three-dimensional incompressible flow with heat transfer being solved with a mesh 
of 50,000 volumes, which is not a too large grid. There are 250,000 unknowns, 
originating a matrix with 62.5 × 109 entries, of which only 0.0028% are non-zeros. 
There is no point in trying to invert this matrix, unless a robust sparse matrix handling 
method is used, as commented in Chap. 4. 

Because of the size of the linear system, the segregated approach is still largely 
used and solves each linear system with an iterative solver supported by some accel-
erating technique, in general, multigrid. The iterative solvers require only the storage 
of the non-zero coefficients. Opting for the segregate solution the coupling between 
pressure and velocity (SPVC) appears as a difficulty, opposed to the simultaneous 
solution, in which this coupling is already considered solving all equations in a single 
equation system. 

In the segregated formulation, the nature of the flow, if compressible or incom-
pressible, has strong effects on the solution procedure. Because of this importance, 
the following section is dedicated to present the compressible and incompressible 
formulation in the context of segregated solutions.

1 The usual coupling referred in the literature due to the solution of incompressible flows in a 
segregated approach will be called in this text SPVC, to differentiate from the CPVC coupling due 
to the co-located grid. 
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7.3 Segregated Formulation. Incompressibility 

Using the segregated approach, if the fluid is compressible, that is, pressure can be 
found through the state equation, p = f (ρ, T ), all partial differential equations 
possess its evolutive variable, namely, density found from the mass conservation 
equations and velocities from the equations of motion. Still using the segregated 
alternative, the situation changes drastically when density is constant or a function 
of temperature only. Flows of gases with little or no pressure variation and flows 
of liquids with or without pressure variation fit into this class of problems. In this 
case, density is no longer a variable and turns to be a physical property, constant 
or function of temperature only, found through ρ = f (T ). Pressure, therefore, no 
longer has an evolutive equation, and the mass conservation equation no longer has 
an evolutive variable. In some way, mass conservation needs to be used for finding 
pressure. 

Consider a three-dimensional flow with heat transfer where there are five equations 
to solve: conservation of mass, an equation of motion in each coordinate direction, 
and the energy equation. The unknowns are specific mass, pressure, temperature, 
and the three components of the velocity vector. 

If ρ has considerable variation with p, then the equation of state, relating ρ to 
temperature and pressure, is the relation employed for the problem closure. The 
equation of state is then the evolution equation for pressure, while the continuity 
equation is for specific mass (density). This formulation, in which all dependent 
variables have their evolution equation, is called the compressible formulation. 
The most important class of problems using this formulation is that of high-speed 
gas flows. In these problems, it is also common to use the simultaneous solution of 
the equations, where the nature of the linearization avoids the need of updating the 
coefficient matrix [4, 5]. 

In principle, any compressible problem can be solved using the procedure given 
below by advancing the solution from time t to time t +Δt . The values of the variables 
at time t are known, either through initial conditions (true transient) or through an 
estimate that starts the iterative process (distorted transient). The steps are: 

(1) Calculate ρ at instant t + Δt using the mass conservation equation; 
(2) Find the temperature from the energy equation; 
(3) Calculate the pressure using the equation of state; 
(4) Calculate the velocities (u, v, w)  using the equations of motion for each 

direction; 
(5) Back to step 1 and advance the solution for a new time interval until it reaches 

the steady state regime according to a tolerance (true transient) or until conver-
gence is achieved (distorted transient). It should be also considered in this iter-
ative cycle the nonlinearities of the conservation equations, expressed in the 
coefficients of the algebraic equations. The iterative steps can keep the coeffi-
cients fixed and only the variables are updated during a given number of itera-
tions, or coefficients and variables can advance simultaneously. The appropriate 
procedure depends on the problem at hand.
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If density does not change significantly with pressure, but does vary considerably 
with temperature, the problem could, rigorously, still be defined as compressible. 
However, the equation of state p = f (ρ, T ) can no longer be used as an equation 
for the determination of p, because small errors made in the calculation of ρ, via the 
mass conservation equation, may produce large errors in p calculated via the relation 
p = f (ρ, T ). If this pressure field, which may contain large errors, is introduced into 
the equations of motion for obtaining the velocities, and those velocities substituted 
into mass conservation equation for calculating ρ for the next time interval, the errors 
in ρ will be augmented and serious instabilities will occur in the numerical solution 
of the system of equations. 

As density no longer depends on p, it seems logical that the equation of state be 
used to calculate ρ, depending only on T, that is, ρ = f (T ), in which T is determined 
through the energy conservation equation. The difficulty that arises is clear. In doing 
so, the equation of state becomes an equation for ρ, and pressure does not have an 
evolutive equation, its influence appearing only through its gradient in the equations 
of motion. It is easy to see that it is not enough to isolate p from one of the equations 
of motion, since the gradients in the three directions must be combined to determine 
the pressure. This is the difficulty: extracting p from the equations of motion in 
such a way that the velocities obtained satisfy the conservation of mass. The mass 
conservation equation, by its turn, does not serve as an evolution equation for any 
variable, and becomes only a restriction that must be obeyed by the velocity field. 

The challenge, thus, is to determine a pressure field that, when inserted into the 
equations of motion, results in a velocity field that satisfies the mass conservation 
equation. In other words, the fact that ρ does not vary with p introduces a great 
difficulty in dealing with the coupling between pressure and velocity. When ρ = 
cte or ρ = f (T ) the same numerical treatment applies, and this formulation is 
called incompressible. As a reminder, note that if the system of equations is solved 
simultaneously, the segregated pressure–velocity coupling problem would not exist. 

Fundamentally, the procedure for advancing the solution from time t to t + Δt is 
as follows: 

(1) Provide the initial values of the dependent variables; 
(2) Calculate T, using the energy equation; 
(3) Calculate ρ with ρ = f (T ); 
(4) Calculate p. An algorithm for this should be used. Developing these algorithms 

is the main task in the pressure–velocity coupling treatment; 
(5) Calculate the components of the velocity vector, using the equations of motion. 
(6) Check whether velocities satisfy the mass conservation equation. If they don’t 

go back to item 4 and recalculate the pressure. Iterate through items 4-5-6 until 
the mass conservation equation is satisfied. The error in the mass conservation 
is the input for correcting the pressure; 

(7) Since temperature depends on velocities, go back to item 2 and start again; 
(8) After convergence, advance to a new time level until the steady state regime is 

achieved or the desired simulation time is reached.
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Fig. 7.1 Segregated pressure–velocity coupling (SPVC) loop 

Figure 7.1 pictures the iterative process inside steps 4-5-6. The key issue in the 
iterative loop 4-5-6, is the creation of a special algorithm to treat the SPVC. It also 
seems logical that the equation of conservation of mass should be transformed into 
an equation in which the variable pressure appears. By doing so, when determining p, 
the conservation of mass will be satisfied. A few methods that use this philosophy will 
be described in Sect. 7.6. They are the well-known SIMPLE-like methods, which are 
schemes for treating the SPVC due to the segregated approach of solving the system 
of equations. 

From now on, when it is referred to the system of equation being solved it is meant 
the (u, v, w  ,  p) system. Besides the SPVC coupling, depending on the arrangement 
of the variables on the grid adopted, another type o coupling may be created. This is 
now addressed. 

7.4 Variable Arrangement on the Grid 

There are several possible alternatives for the arrangements of the variables on the 
grid, but two of them deserves be detailed. The variables may be stored all together 
using the same control volume for the balances, named the co-located arrangement, 
or they may have different control volumes, the staggered arrangement. They have 
marked differences related to algorithms implementation and to the stability of the 
pressure fields. By now it is wise to anticipate that the co-located arrangement was 
used up to the 60s, always facing pressure instabilities. The definitive elimination of 
pressure wiggles came with the clever idea of Harlow and Welch [6], creating the stag-
gered grids which completely eliminates the instabilities. However, by the 80s, with 
the need of solving more complex engineering problems in irregular geometries and 
in 3D conditions, the staggered grid could no longer be used due to its cumbersome 
implementation in unstructured grids. The co-located grid and its related difficulties, 
thus, came back to the forefront and, nowadays, all schemes used in commercial soft-
ware employ co-located arrangement supported by algorithms developed to suppress 
the pressure oscillation issue. This will be discussed in Sect. 7.5.
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7.4.1 Co-located Grid Arrangement 

The co-located arrangement has just one control volume defined on the grid with 
all variables sharing this volume. It is a very convenient arrangement helping the 
discretization process considerably. The same control volume for all variables elimi-
nates many calculations, as fluxes of all properties are calculated at the same point at 
the same face of the control volume. Variable indexing, geometric data storage, areas 
calculations in only 6 faces instead of 24 in 3D Cartesian meshes greatly simplifies the 
construction and computational implementation of the algorithm and the computer 
code. Implementation of a simultaneous solution are also not so difficulty with co-
located grids. Figure 7.2 depicts this arrangement for a 2D situation. But, as a rule, 
there is not always gains, as the co-located arrangement causes pressure oscillations, 
an undesirable and critical behavior of the solution. 

The principal reason for the appearance of oscillations is because this arrangement 
fails in promoting a strong coupling between pressure and velocity. Mass conser-
vation equation is in the center of this issue. In a finite volume formulation, it is 
necessary to calculate the mass flow at the interfaces of all control volumes. As can 
be seen in Fig. 7.2, there are no velocities available at the interfaces of the control 
volumes. It is tempting to calculate the interface velocity by a linear interpolation of 
nodal velocities, but it is well-known that this approach does not promote the desired 
coupling because a consistent pressure gradient must appear as driving force for the 
advecting velocities. Any interpolation of velocity which doesn’t involve pressure in 
a consistent way will not work. A possible reason for this decoupling and appear-
ance of the checkerboard pressure field [7] is now presented using a 1D problem as 
example, as seen in Fig. 7.3 [8]. Considering a steady state problem for simplicity, 
the mass and momentum conservation are, respectively,
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Fig. 7.2 Co-located grid arrangement 
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Fig. 7.3 One-dimensional control volume 

∂u 

∂x 
= 0 (7.13) 

∂ 
∂x 

(ρuu) = −  
∂ p 
∂x 

+ OT, (7.14) 

in which OT means other terms, like diffusion and possible source terms. 
Integrating Eq. (7.13), one gets 

ue − uw = 0, (7.15) 

and assuming a linear interpolation using nodal velocities, 

ue = 
1 

2 
(uP + uE ) (7.16) 

uw = 
1 

2 
(uP + uW ) (7.17) 

Inserting Eqs. (7.16) and (7.17) into Eq. (7.15), it reads 

uE − uW = 0 (7.18) 

The integration of the momentum equation gives, 

ṁ(uE − uW ) = A(pe − pw) + OT, (7.19) 

or
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ṁ(uE − uW ) = 
A 

2 
(pE − pW ) + OT (7.20) 

in which A, a constant, is the cross-sectional area of the duct. Inserting Eq. (7.18), 
into Eq. (7.20), the pressure gradient balances the diffusion and possibly a source 
term, disappearing its coupling with the momentum variation in the control volume, 
which is the dominant term to promote the coupling between velocity and pressure 
(mass and momentum). 

Therefore, having the velocities at the integration points not dependent of a pres-
sure gradient, as shown in Eqs. (7.16) and (7.17), it is a potential risk for decoupling. 
Besides that, in the momentum equation for the velocity at node p, according to 
Eq. (7.20), the pressure at this node doesn’t appear, with a clear sign that this velocity 
is not coupled with the pressure, originating the checkerboard pressure fields just 
described [7]. 

It is possible to see another sign of decoupling by recognizing that, independent 
of the stabilization scheme created, we always will have a set of velocity that satisfy 
mass and a set that satisfy momentum. The advecting velocities, which satisfy mass, 
are not variables of the problem (unknowns). Those velocity fields must be tightly 
coupled through a unique pressure field for stabilization. It seems logical, therefore, 
that the best scheme is the one in which the velocity that satisfies mass is the same as 
the one which satisfies momentum, eliminating the need of any interpolation. This is, 
precisely, the staggered grid arrangement. The coupling due to the co-located arrange-
ment will be named in this text CPVC (Co-located Pressure–Velocity Coupling) and 
can be avoided naturally using the staggered arrangement. It is due solely because 
of the co-located arrangement. 

If the staggered grid cannot be used as a remedy for the pressure oscillations due to 
its geometrical complexity, the idea is to create stabilization schemes, permitting the 
use of co-located grids [9–11]. The strategies for calculating the advecting velocity 
in co-located arrangement are “seen” as stabilization schemes and they will be seen 
just after the staggered arrangement is presented. 

7.4.2 Staggered Grid Arrangement 

It is important to keep in mind that CPVC happens because of the discretization, since 
there are no velocities at the interfaces for calculating the mass flow. The staggered 
grid [6] avoids this problem, since velocities are located where they are needed for the 
mass balance (Fig. 7.4). In this case, the same set of velocities that satisfy mass satisfy 
momentum. It is a perfect arrangement. If it is thought as a stabilization scheme, it is 
the best one, since it is the unique in which the advecting velocities are also unknows 
of the problem. Pressure is located staggered with respect to velocities creating a 
strong coupling, avoiding the checkerboard pressure field. Perhaps, one could say 
that the creation of this grid arrangement was one of the greatest contributions in the 
last five decades in numerical fluid flow.
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Fig. 7.4 Staggered grid arrangement 

Again, there is not always gains. Even for curvilinear coordinate systems the 
implementation is cumbersome, and in the 80s the staggered grid was practically 
abandoned. It was a turning point in fluid mechanics computation. Methods for 
promoting the pressure–velocity coupling for co-located grids started to be devel-
oped, since this type of arrangement is the standard nowadays. The current growth of 
methods using unstructured meshes (in which it is even more complicated to imple-
mented staggered grids) practically eliminated the use of this type of arrangement. 
There are recent developments using 2D unstructured meshes with staggered grids 
aiming to have a better felling of the difficulties and trying to overcome them with 
better programming and new tools [12–14]. 

For domains in which it is possible to define a Cartesian box inside, perhaps it 
would be possible to use staggered Cartesian grids joining the irregular boundary 
using unstructured grid. But, again, the flexibility will be hampered by the geometry. 

7.5 Co-located PV Coupling (CPVC) Methods 

Since almost all major commercial CFD software employs co-located grids, it is a 
significant topic to be treated. To start this Section, it is necessary to have a clear 
understanding what is meant by “pressure velocity coupling”, since this denomi-
nation is encountered in two distinct situations and raises misunderstanding among 
beginners. This topic was a major focus in CFD research in the last three decades
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but, in general, the literature doesn’t leave it clear enough, sometimes conveying to 
the reader that this coupling happens only in segregated solutions. 

When co-located grids are used there will be always the CPVC issue, doesn’t 
matter if the solution is segregated or simultaneous. This is the problem caused by 
the co-located discretization, which causes the advecting velocity not be available at 
the control volume interfaces to perform the mass balance, as seen in Sect. 7.4. 

The other situation is when the solution is segregated, that is, the linear systems 
for each differential equation are solved iteratively, briefly discussed previously. In 
this case the coupling is due to the solution procedure. Even using staggered grids, 
which eliminates the CPVC, there will be the need of methods to deal with this 
inter-equation coupling, since the equations are solved one-by-one. We will call this 
coupling as “segregated pressure–velocity coupling”, or SPVC. 

When the equations are solved in a segregated manner with co-located arrange-
ment, both couplings are present, that is, one needs a SIMPLE-like method to treat 
the SPVC, and some Rhie and Chow-like method (RC-like) or PIS-Physical Influ-
ence Scheme, for treating the CPVC. When solving in a segregated manner with a 
staggered grid, one just needs to deal with the SPVC. 

The coming section is devoted to present two general approaches [9, 11, 15] to  
deal with the CPVC, ideas which are followed by many works available in the liter-
ature. There is nothing new, but just variations over the same ideas of the pioneering 
developments reported in this text. 

7.5.1 Rhie and Chow-Like Methods 

One of the pioneering works trying to overcome the co-located PV coupling is 
reported in [9]. It was a great contribution to numerical fluid flow literature because 
in the 80s there was an enormous engineering demand for solving complex 3D prob-
lems. Staggered grid was not on the game due to its implementation complexity, so, 
co-located grid was of compulsory use. To overcome the CPVC it is just obtaining 
an interface velocity which is coupled with a local consistent pressure gradient. The 
natural choice is to obtain a pseudo momentum equation based on the neighbor 
nodal equations. This pseudo momentum equation, of course, will not take part on 
the linear system, since it is not an unknown, but will bring to the interface velocity 
all the required pressure connections for a good coupling. 

7.5.1.1 1D Representation 

The RC idea has many variants, and the following developments can be found in [8]. 
According to Fig. 7.5, what is needed is the velocity ue at the interface of the control 
volumes P and E. This velocity will enter the mass conservation, but it is not an 
unknown of the problem. It should be obtained as function of the neighbor velocities 
and pressure. The idea is to use the discretized equations for uP and uE , and based
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Fig. 7.5 One dimensional 
Rhie and Chow-like scheme 

W P E  

w euP uE 

ue 

on some average, to find a pseudo-velocity ue. The discretized momentum equation 
for the control volume centered at E is 
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in which ΔV is the volume of the control volume centered in E. For simplicity, the 
following notation is adopted, 

ûE = 1 

(AP )E

[(Σ
nb 

Anbunb

)

E 

+ BE

]
(7.22) 

and 

dE = − ΔV 

(AP )E 
(7.23) 

With these definitions Eq. (7.21) can be written as, 

uE = ûE + dE
(

∂p 

∂ x

)
E 

(7.24) 

A similar equation can be written for the control volume centered at P , as  

uP = û P + dP
(

∂p 

∂x

)
P 

(7.25) 

Equations (7.24) and (7.25) are the momentum equations discretized for control 
volumes E and P. Let’s now imagine a control volume centered at e. Its discretized 
equation would have the same form, as 

ue = ûe + de
(

∂ p 
∂x

)
e 

(7.26)
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The terms in Eq. (7.26) are not known and can be determined by averaging the 
terms of the equations written for E and P, that is, 

ûe = 
1 

2 
( ̂uP + ûE ) (7.27) 

de = 
1 

2 
(dE + dP ) (7.28) 

and for the pressure at the interface e,

(
∂p 

∂x

)
e 

= 
pE − pP 

(Δx)e 
(7.29) 

It should be observed that the last equation is an important movement in this 
derivation, since it is employed the consistent pressure gradient that drives ue. One  
could have used the average of the pressure gradients evaluated in E and P but this 
would keep the decoupling. Recall that the interface velocity ue is found through some 
average of the neighbors discretized momentum equations, being each term averaged 
in a chosen manner. Pressure gradient has no average, it is chosen as the consistent 
gradient, exactly to produce the required coupling. Substituting Eqs. (7.27–7.29) in  
Eq. (7.26), it results 

ue = 
1 

2 
( ̂uP + ûE ) + 

1 

2 
(dP + dE )

(
pE − pP 

(Δx)e

)
(7.30) 

Keeping Eq. (7.30) in this form, when expanding û P and ûE the stencil will be 
too large, involving too many surrounding nodal velocities. This can be simplified 
rewriting Eqs. (7.24) and (7.25), as 

ûE = uE − dE
(

∂p 

∂x

)
E 

û P = uP − dP
(

∂p 

∂x

)
P 

, (7.31) 

and, putting back those equations in Eq. (7.30), one gets 

ue = 
1 

2 
(uP + uE ) 

+ 
1 

2 
(dP + dE )

[(
∂p 

∂ x

)
e 

− 
1 

2

[(
∂p 

∂x

)
P 

+
(

∂p 

∂ x

)
E

])
(7.32) 

Inspecting Eq. (7.32), the first term in the right-hand side is the averaging of the 
neighbor velocities, the alternative that could have been chosen, but as known, it
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doesn’t produce the required coupling. The remaining terms is a pressure correction 
which stabilizes the solution. 

Repeating this procedure for the interface velocity uw and applying the mass 
conservation equation for this 1D problem given by Eq. (7.15), it results 

uE − uW 

2Δx 
+ 

AΔx3 

4 ṁ

(−pWW  + 4pW − 6pP + 4pE − pEE

Δx4

)
= 0, (7.33) 

The leading term in Eq. (7.33) is a CDS approximation of the first order velocity 
derivative, with would be the CDS approximation of the mass conservation equation 
without the stabilization term. The continuous operator represented by the finite 
difference of Eq. (7.33) is

(
∂u 

∂x

)
P 

+ 
AΔx3 

4 ṁ

(
∂4 p 

∂x4

)
P 

= 0, (7.34) 

which is the mass conservation for 1D added to a fourth order pressure derivative 
which acts as a stabilization term, avoiding pressure decoupling which would occur if 
only the CDS scheme would represent the mass conservation equation. It is reported 
in [8] that using Eq. (7.33) with an upwind approximation for the advection terms in 
the momentum equation there will be no decoupling at all in the pressure or velocity 
fields. Minor overshoot and undershoot may occur in regions with high gradients, but 
with small magnitudes. This stabilization term, in fact, alters the mass conservation 
equation, but it disappears quickly compared to the velocity derivative as the grid is 
refined, recovering the original mass conservation equation. In other words, the term 
reduces at a rate of Δx3 compared to the second order approximation of the velocity 
derivative. not compromising the accuracy of the solution. 

7.5.1.2 Multidimensional Representation 

Following the ideas just described, the interface velocity for multidimensional prob-
lems are easily found. The mass conservation equation for a control volume of any 
shape is

Σ
i p  

(ρV.nd A)i p  = 0 (7.35) 

The momentum conservation equation for a nodal velocity including the transient 
term can be written as 

(AP )PuP =
(Σ

nb 

Anbunb

)

P 

− ΔV

(
∂ p 
∂x

)
P 

+
(

ρ
ΔV

Δt

)
P 

uo P + BP (7.36)
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This is a general equation written for a generic control volume P and they are the 
equations for the control volumes that shares the ip interface. The term ( AP )P should 
be interpreted as the central coefficient of the discretized momentum equation located 
at the control volume centered in P, and (Anb)P are the connecting coefficients of the 
momentum equation centered at P with its neighbors. Dividing Eq. (7.36) by  (AP )P , 

uP = û P + dP
(

∂p 

∂x

)
P 

− cdPuo P , (7.37) 

with 

c = 
ρ

Δt 
(7.38) 

dP = − ΔV 

( AP )P 
(7.39) 

û P =

[(Σ
nb 

Anbunb

)
P 

+ BP

]

(AP )P 
(7.40) 

Again, following what was done for the 1D case, one assumes that the interface 
velocity uip  has the same form of Eq. (7.37), giving, 

uip  = ûip  + dip
(

∂p 

∂x

)
i p  

− cdipuo i p, (7.41) 

in which all terms with a subscript ip will be an averaging of the values from the 
equations written for the nodal velocities. To reduce the stencil Eq. (7.37) is written 
in terms of ûip, as  

ûip  =
(
uP − dP

(
∂p 

∂x

)
P 

+ cdPuo P

)
, (7.42) 

recalling that uP , for example, is an average of nodal velocities which shares the 
interface ip. Inserting Eq. (7.42) in Eq.  (7.41), results in 

uip  =
[
uP − dP

(
∂p 

∂x

)
P 

+ cdPuo P

]
+ dip

(
∂p 

∂ x

)
i p  

− cdipuo i p (7.43) 

Approximating dP
(

∂ p 
∂ x

)
P 
by dip

(
∂ p 
∂ x

)
P 
, Eq.  (7.43) becomes
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uip  = uP + dip

[(
∂p 

∂ x

)
i p  

−
(

∂p 

∂x

)
P

]
− cdip(uo i p  − uP ) (7.44) 

Inspecting Eq. (7.44) it is clear that the interface velocity that enter in the mass 
conservation equation is an average of the surrounding nodal velocities plus a pres-
sure correction which can be controlled by the value o dip. The same approach is now 
applied for the finding vi p  and wi p, and when all components of velocity are intro-
duced into mass conservation equation, one obtains an equation that involves nodal 
velocities and pressures. Together with the three momentum conservation equations 
it forms the system of four equations and four unknowns that can be solved simul-
taneously. The mass flow ṁip, which are obtained with the three components of 
velocity at the integration points, are required by all other transport equations. The 
segregated and the simultaneous solution will be discussed in coming sections with 
possible iterative schemes. 

7.5.2 PIS—Physical Influence Scheme 

What was possible to infer from the discussions made so far, is that the velocities 
at the interfaces of the control volumes, not existing at these locations due to the 
co-located arrangement, must involve for their determination a consistent pressure 
gradient. By consistent pressure gradient it is meant the one which is the driving 
force of the velocity and compatible with the mesh size. 

The natural choice for doing this is to create a pseudo momentum equation at the 
interface using the discretized momentum equation of the control volumes that share 
the same interface. This procedure brings into the interface velocity all the physical 
ingredients which helps in promoting the coupling between pressure and velocity. 
This is the philosophy of the so-called RC-like schemes presented in the previous 
section. 

The PIS-like schemes follow the same idea of introducing all physical effects, 
especially pressure, to obtain the velocity at the integration points. This is done by 
applying the partial differential equation at the integration point and discretizing it 
to obtain the velocity at this interface. To exemplify, the 1D problem [11], discussed 
when demonstrating the coupling difficulties is employed. The discretization of the 
mass conservation gives, 

ue − uw = 0 (7.45) 

Instead of using the linear interpolation as, 

ue = 
1 

2 
(uP + uE ) (7.46)
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uw = 
1 

2 
(uP + uW ) (7.47) 

which will produce conditions for uncoupling, ue and uw are found using the 
corresponding momentum equation, which, for this 1D case reads, 

ρu 
du  

dx  
= −  

dp  

dx  
+ μ 

d2u 

dx2 
(7.48) 

Applying this equation to the integration point e (see Fig. 7.5), and working 
term-by-term, one obtains 

ρu

(
du 

dx

)
e 

≈ ρuo e 
(ue − uP )

Δx
/
2 

(7.49)

(
dp  

dx

)
e 

≈ 
pE − pP

Δx 
, (7.50) 

which is the consistent pressure gradient for driving ue. For the last term,

(
μ 
d2u 

dx2

)
e 

≈ μ 
uP + uE − 2ue(

Δx
/
2
)2 (7.51) 

This is just an auxiliary equation for finding ue, therefore, it can be written in 
a non-conservative form. Introducing Eqs. (7.49–7.51) into Eq. (7.48) one gets the 
velocity at the integration point “e”, expressed as 

ue = uP

(
Pe + 2 
Pe + 4

)
+ uE

(
2 

Pe + 4

)
− Δx 

2ρuo e (1 + 4/Pe)

(
pE − pP

Δx

)
(7.52) 

having as a parameter the Peclet number, 

Pe  = 
ρuo eΔx 

μ 
(7.53) 

Limiting Eq. (7.52) for Peclet tending to zero and infinity, one obtains, respec-
tively, 

ue = (1/2)(uP + uE ) + Δx2 

8μ 
(pP − pE ) (7.54) 

ue = uP + Δx 

2ρuo e

(
pP − pE

Δx

)
(7.55)
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In the above expressions if the pressure term is removed, the approximation for 
the velocity at the integration point reduces to the usual central differencing and 
upwind schemes. 

The same procedure can be done for finding uw. Inserting them into the mass 
conservation equation, Eq. (7.45), it is obtained the mass conservation equation 
which contains the pressure gradients for stabilization, that is, avoiding decoupling. 
The expressions for Pe tending to zero and to infinity reads, respectively, 

uW − uE 

2Δx 
+ Δx2 

8μ

(
pE + pW − 2 pP

Δx2

)
= 

uW − uE 

2Δx
+ Δx2 

8μ

(
∂2 p/∂x2

)
P = 0 

(7.56) 

uW − uP

Δx
+ Δx 

2ρuo e

(
pE + pW − 2 pP

Δx2

)
= 

uW − uP

Δx 
+ Δx 

2ρuo e 

∂2 p 

∂ x2 
= 0 (7.57) 

As in the RC-like methods, the PIS algorithms work in the same way, adding, 
based on physical principles embodied in the momentum equations, a stabilization 
term for avoiding decoupling. Comments done with respect to this stabilization term 
was already presented when the RC method was discussed. Of interest is to say that 
this stabilization is required irrespective if the solution of system of equations is 
simultaneous or segregated. These methods will be always required when the grid is 
co-located. There are several works in the literature bringing modifications to speed 
up this type of algorithms. They have all the same basic idea. 

7.6 Segregated PV Coupling (SPVC) Methods 

Bringing a bit of history concerning the solution of momentum and mass conservation 
equations, the technique used, perhaps around five decades ago, was to solve the 
equations in terms of the stream function and vorticity. With this practice, a two-
dimensional incompressible flow problem, whose unknowns are the components 
of the velocity vector and pressure, is reduced to a problem of two unknowns: the 
stream function and the vorticity, and the pressure disappears from the formulation. 
Getting rid of pressure means that pressure oscillations would not appear, of course. 
It looks as a very attractive technique, but its advantages (only apparent) are just for 
two-dimensional problems. 

For three-dimensional problems, the methodology does not apply, because there 
is no definition of the stream function for three dimensions. There is the definition 
of an equivalent variable, the potential function, but this makes the problem, whose 
unknowns are, primitively, the three components of the velocity vector and the pres-
sure, in a problem with six unknowns, three components of the potential function and 
three components of the vorticity. The apparent advantage of the two-dimensional 
case is lost. Even in the 2D case, one considerable drawback is the need to provide 
boundary conditions for the vorticity, a variable with no easy physical interpretation,
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and not known as primitive boundary condition of the problem. Another drawback is 
the coupling between the stream function and the vorticity, via boundary conditions, 
making the iterative process quite unstable and of slow convergence. This approach 
is no longer used, and rarely appears in the literature a problem solved with this 
technique. 

Nowadays all effective numerical schemes use the primitive variables, that is, 
pressure and velocity, adopting methods to deal with the coupling between them, 
with emphasis on the pressure–velocity couplings that appears due to the segregated 
nature of the solution of the system of differential equations. 

This section is devoted to review the SPVC methods, that is, the coupling 
appearing when the equation system is solved in a segregated manner and when 
density is constant or a function of temperature only. It is not an exaggeration to 
remember that this coupling appears irrespective if the layout is co-located or stag-
gered. If it is staggered, the velocities at the interface of a control volume for mass 
balance are already available, and there will be no need of a RC-like or PIS-like 
method. If it is co-located, it will. 

The SPVC will be described considering that the velocities at the interfaces 
are known. For completeness, in Sects. 7.6.7 and 7.6.8, for two SPVC methods, 
SIMPLEC and PRIME, it will be shown how the velocities at the interfaces are deter-
mined if the grid is co-located. Perhaps, it would be didactic remember that inside a 
SPVC method, there will be the CPVC to be treated, if a co-located arrangement is 
used. 

There are currently several methods to deal with the SPVC. The goal of all of 
them is to create an equation for pressure that allows the iterative solution process 
to proceed, while watching closely and carefully on the mass conservation equation, 
which is not a working equation but just a restriction to be obeyed. 

Before start describing some methods, it is advisable to make clear the phys-
ical mechanism that must be observed when developing algorithms to deal with 
this coupling. The correct solution of a momentum transport problem will be 
obtained when the pressure field introduced in the Navier–Stokes equations generates 
velocities that satisfy the mass conservation equation. 

The discretized system of equations of interest are Eqs. (7.7–7.12), with the last 
equation changed to ρ = f (T ) or ρ constant. Other scalars may need to be solved, 
such as mass concentration, turbulent kinetic energy, turbulent kinetic energy dissi-
pation etc., but in what follows only the momentum and mass conservation equations 
will be considered. It is in this system in which all possible numerical difficulties are 
hidden. 

Segregated pressure–velocity coupling methods are losing their importance as 
computer resources grows and new tools for the solution of large linear systems 
become available for the engineers. This availability permits to solve the pressure 
and velocity simultaneously, avoiding, therefore, the need for segregated pressure– 
velocity coupling methods. As these methods are still used in some commercial 
applications, and they are a rich source of thinking and learning about the behavior 
of the pressure–velocity equation system, it is important to keep the topic in this 
book, which intends to be a text for learning the fundamentals of CFD.
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In the construction of any iterative procedure, the algorithm which feeds back 
the information is crucial for achieving good rate of convergence. In the case of 
the coupling in question, the mass residue, calculated using the mass conservation 
equation is the fundamental input to indicate how the new pressure field should 
be changed. At the same time, this new pressure field must, together with the new 
velocities, satisfy the equations of motion. There are several ways to “adjust” the 
variables during the iterative process until the solution of the problem is attained, 
when all conservation equations involved will be satisfied. Harlow and Welch [6], 
Chorin [16, 17], Amsden and Harlow [18], Patankar and Spalding [19] were the 
precursors in the development of methods to treat the pressure–velocity coupling. 

Based on Chorin’s ideas, many others were developed, in which, two of them, 
one because of its pioneering role and the other due to its widespread utilization in 
the scientific community will be presented herein. Once again, it is didactic to make 
clear that the creation of an algorithm for this purpose is to obtain an equation to 
advance pressure in an efficient way, since pressure does not possess one equation 
for evolution. As mentioned, with the enormous advances in computer memory and 
speed, these methods are almost falling in disuse, since the simultaneous solution is 
becoming preferable because of its robustness. There are commercial applications in 
the market which already offer to the user only the simultaneous solution approach, 
while others offer simultaneous as well as segregated. 

7.6.1 Chorin’s Method 

Just to mention one of the precursors of the methods for treating the SPVC for incom-
pressible flows, few words are devoted to one of the methods developed by Chorin 
[16, 17]. Two methods were advanced by him. The first one [16] was conceived for 
problems where only the steady-state solution was of interest. As the intermediate 
solutions along time are distorted, he used the concept of artificial compressibility, 
a widely used strategy in the past, by which the flow is treated as compressible, 
and the compressibility disappears when the steady state solution is obtained. In 
this way, the compressible formulation can be used, in which all variables have its 
evolutive equation avoiding, therefore, the SPVC. Chorin’s second method [17] can 
solve problems following the real transient. To exemplify, consider the equation of 
motion for the x direction written in the form, 

∂ 
∂t 

(ρu) + 
∂p 

∂x 
= Fxu, (7.58) 

in which ρ is constant and all terms non explicitly written are grouped in the term 
Fxu. In a specified time level u is considered known and, for the time level t + Δt 
the following equation is solved,
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∂ 
∂t 

(ρu) = Fxu (7.59) 

As the solution didn’t consider the pressure gradient, this velocity is called u∗. 
Recognizing that Fx can be decomposed into a zero-divergence and a zero-rotational 
vectors, and that the zero-rotational vector must be ∂p/∂x , the relations between u 
and u∗ and v and v∗, are  

ρu = ρu∗ − Δt 
∂p 

∂ x 
(7.60) 

ρv = ρv∗ − Δt 
∂p 

∂y 
(7.61) 

Since the pressure is not known, it must be determined such that conservation of 
mass is satisfied. The following iterative scheme was proposed by Chorin, 

pk+1 = pk − λD (7.62) 

in which D is the numerical approximation of the mass conservation equation, or the 
error in satisfying mass, λ is a relaxation parameter, and k is the iterative level within 
the time interval at which the solution is being obtained. When it converges, D goes 
to zero, and the pressure has also converged. The iterative cycle for this method can 
be written as: 

1. Obtain u* from Eq. (7.59). 
2. Correct u and v (and w if it is 3D) using Eqs. (7.60) and (7.61). 
3. Calculate p using Eq. (7.62). 
4. Iterate between items 2 and 3 until determining the velocities and pressure within 

the desired accuracy. 
5. Move  to a new  time level.  

Based on Chorin’s method, described extremely brief, methods with high impact 
on numerical fluid flow simulation in the last decades were developed. This method 
introduced the two-steps solution procedure present in almost all SPVC methods, 
that is, correcting the velocities and, as second step, correcting pressure. 

7.6.2 SIMPLE—Semi Implicit Linked Equations 

This method, widely used until recently, which historically was a turning point in 
numerical fluid flow calculations, and from which many others were derived, was 
developed by Patankar and Spalding [19]. In this procedure the pressure is also 
written as the sum of the best estimate of the available pressure, p∗, plus a correction 
p', which is calculated to satisfy the mass conservation, that is, p = p∗ + p'.
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In virtually all methods for treating pressure–velocity coupling, the calculation 
sequence involves two distinct steps, as presented in Chorin’s method: in the first, 
the velocities are corrected to satisfy the equation of conservation of mass; in the 
second, the pressure is advanced to complete the iterative cycle. Equations (7.60) and 
(7.61), which correct the estimated velocity field, are called the velocity correction 
equations, and the way they are obtained significantly influences the convergence 
rate of the iterative process. 

In the SIMPLE method, the velocity correction equations are obtained from the 
equations of motion. If a pressure field p∗ is introduced in Eqs. (7.8–7.10) they  
become, 

Apu
∗ 
P = Aeu

∗ 
E + Awu

∗ 
W + Anu

∗ 
N + Asu

∗ 
S + A f u∗ 

F 

+ Abu
∗ 
B −

(
Δp

Δx

)∗
ΔV + Bu (7.63) 

Apv
∗ 
P = Aev

∗ 
E + Awv∗ 

W + Anv
∗ 
N + Asv

∗ 
S + A f v∗ 

F 

+ Abv
∗ 
B −

(
Δp

Δy

)∗
ΔV + Bv (7.64) 

Apw
∗ 
P = Aew

∗ 
E + Aww∗ 

W + Anw
∗ 
N + Asw

∗ 
S + A f w∗ 

F 

+ Abw
∗ 
B −

(
Δp

Δz

)∗
ΔV + Bw (7.65) 

When the correct pressure field, which produces the correct velocity fields, is 
introduced in the momentum equations, they read, 

ApuP = AeuE + AwuW + AnuN + AsuS 

+ A f uF + AbuB −
(

Δp

Δx

)
ΔV + Bu (7.66) 

ApvP = AevE + AwvW + AnvN + AsvS 

+ A f vF + AbvB −
(

Δp

Δy

)
ΔV + Bv (7.67) 

ApwP = AewE + AwwW + AnwN + AswS 

+ A f wF + AbwB −
(

Δp

Δz

)
ΔV + Bw (7.68) 

Subtracting Eqs. (7.63–7.65) from Eqs. (7.66–7.68), considering the source terms 
not functions of pressure, and neglecting the differences (u − u∗), (v − v∗) and 
(w − w∗), the velocity correction equations are,
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uP = u∗ 
P −

ΔV 

AP

Δp'

Δx 
(7.69) 

vP = v∗ 
P −

ΔV 

AP

Δp'

Δy 
(7.70) 

wP = w∗ 
P −

ΔV 

AP

Δp'

Δz 
(7.71) 

in which, again, it is warned that the AP coefficients are different in each correction 
equation. The rigorous notation would be Au 

P , Av 
P , Aw 

P , but the super indexes are 
not carried because there are no chances for confusion. 

Following the 2-steps procedure, one needs to find the pressure correction field 
p'. Now, the mass conservation equation enters into play. Substituting the velocity 
correction equations given by. 

ue = u∗ 
e − du 

e (p
'
E − p'

P ) (7.72a) 

uw = u∗ 
w − du 

w( p'
P − p'

W ) (7.72b) 

vn = v∗ 
n − dv 

n (p
'
N − p'

P ) (7.72c)
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Fig. 7.6 Three-dimensional control volume 
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vs = v∗ 
s − dv 

s (p
'
P − p'

S) (7.72d) 

w f = w∗ 
f − dw 

f ( p
'
F − p'

P ) (7.72e) 

wb = w∗ 
b − dw 

b (p
'
P − p'

B) (7.72f) 

into the mass conservation equation, 

Ṁe − Ṁw + Ṁn − Ṁs + Ṁ f − Ṁb = 0 (7.73) 

the equation for p' is obtained, as 

AP p
'
P = Ae p

'
E + Aw p

'
W + As p

'
S + An p

'
N 

+ A f p'
F + Ab p

'
B − ∇.V∗, (7.74) 

in which ∇.V∗ is obtained using Eq. (7.73) applied to the velocity field V∗. The  
coefficients of Eq. (7.79) are  given by  

Ae =
(
(ΔyΔz)du 

e

)
e (7.75a) 

Aw =
(
(ΔyΔz)du 

w

)
w

(7.75b) 

An =
(
(ΔxΔz)dv 

n

)
n (7.75c) 

As =
(
(ΔxΔz)dv 

s

)
s (7.75d) 

A f =
(
(ΔxΔy)dw 

f

)
f 

(7.75e) 

Ab =
(
(ΔxΔy)dw 

b

)
b (7.75f) 

while the du 
e coefficient is written as, 

du 
e =

(
(ΔyΔz) 

AP

)
e 

(7.76) 

with all others d coefficients easily obtained by comparison. Boundary conditions 
for p' will be discussed soon, later in this chapter. 

After the solution of the linear system for p', the velocities which satisfy mass 
can be obtained using Eq. (7.72). At this point the velocity field satisfy the mass 
conservation equation. The next step is to correct the pressure by
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p = p∗ + p' (7.77) 

For the new iterative cycle, p∗ is made equal to the new p obtained with Eq. (7.77), 
and a new velocity field is calculated using the momentum equations. This procedure 
continues until convergence is attained within prescribed tolerances. 

At this point, it is important to remember that if the staggered grid arrangement 
is used, that is, pressures are located in the centers of the mass conservation control 
volumes and velocities at the surfaces of this control volume, the velocities given 
by Eq. (7.72) are already available where they are needed for mass conservation 
balance. 

This means that the CPVC is already treated. When the co-located arrangement is 
used, a way to calculate the velocities at the interfaces of the pressure control volume 
should be sought, that is a CPVC method should be devised. 

The SIMPLE method has limitations, especially with respect to the rate of conver-
gence. The advantages and limitations of this method, and others similar can be 
found in [20], where a comparative analysis of several methods for treating pres-
sure–velocity coupling is performed. In the literature it is reported several articles 
with the same goal as in [20]. Briefly, it can be advanced that the velocity correction 
equations, Eq. (7.72), have a strong simplification when deriving them, the reason 
for requiring a strong under relaxion in p', as  

p = p∗ + αp' (7.78) 

in order to obtain convergence of the system of equations. The complete iterative 
cycle for solving the pressure–velocity coupling using the SIMPLE method is, as 
follows: 

1. Estimate the velocity and pressure fields p∗. 
2. Calculate the coefficients of the momentum equations for u, v, and w. 
3. Solve the momentum equations, Eqs. (7.63–7.65) using  p∗, obtaining u∗, v∗ and 

w∗. This action involves the solution of the linear system of algebraic equations 
for each variable. 

4. Solve Eq. (7.74) and obtain p'. A linear system needs to be solved. 
5. Correct the stars velocities using Eq. (7.72), obtaining the velocity field that 

satisfies the mass conservation equation. 
6. Calculate p using Eq. (7.77) or Eq.  (7.78). 
7. Solve the conservation equations for other variables such as temperature, mass 

concentration, turbulence etc. 
8. Do p = p∗ and start over at step (2) until convergence. 

In item 7, if the values of these variables have no influence on the flow, for example, 
in forced convection heat transfer with constant physical properties, these equations 
can be solved after the flow has been calculated. 

An important detail of pressure–velocity coupling methods that use velocity 
correction equations is to remember that the solution of the problem does not depend 
on the type of the correction equations, since these are auxiliary equations and not
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part of the system of equations being solved. Their influence is on the rate of conver-
gence. For this reason, it is advisable to have correction equations that originates from 
the equations to be solved, that is, bringing the physics into the correction equations. 
The SIMPLE method was derived for steady state problems, therefore, time was not 
in the equations, which is equivalent in having an infinite time step. This means that 
the correction applied in the velocities corresponds to an infinite time step, which 
results in a large correction, which needs to be underrelaxed. 

As commented in another chapter, there are two reasons why iterations are neces-
sary when solving the system of equations in a segregated manner. The first is because 
the equations are coupled to each other, and the second is to take nonlinearities into 
account. In the procedure described above, the iterative cycle shown is playing both 
roles simultaneously, that is, it solves the coupling and at the same time advances 
the coefficients, bringing the effects of nonlinearity into each iterative cycle. 

Another possible, and widely adopted, procedure is to create two iterative cycles, 
one dealing with the pressure–velocity coupling for a fixed set of coefficients, and 
another one recalculating the coefficients. This is equivalent in doing an internal 
iteration loop between items 3 and 6 and, after this step has converged, calculating 
item 2. 

One of the advantages of the SIMPLE method is that it is not necessary to solve 
a linear system to determine the pressure. However, the rate of convergence is slow. 
An analysis of the convergence difficulties and reasons for that can be found in [20]. 

7.6.3 SIMPLER—Simple-Revisited 

Aiming to improve the convergence characteristics of the SIMPLE method, it was 
revisited, originating the SIMPLE-Revisited, or, simply, SIMPLER [7]. In this 
method the pressure is no longer found through Eq. (7.78), but a linear system is 
found for this task. The rationale behind, largely used in the past, is to play with the 
momentum conservation equations to extract pressure, since the pressure gradient is 
present in all of them. The key movement is how to reunite the momentum equations 
to extract pressure? In SIMPLER this is done using the mass conservation equation, 
that is, the momentum equations are introduced into mass conservation equation to 
obtain a discretized equation for pressure determination. 

To this end, the momentum equations are written as, 

uP = û P − ΔV 

AP

Δp

Δx 
(7.79) 

vP = v̂P − ΔV 

AP

Δp

Δy 
(7.80) 

wP = ŵP − ΔV 

AP

Δp

Δz 
(7.81)
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It is important to observe the similarities of Eqs. (7.69–7.71) and Eqs. (7.79–7.81), 
keeping in mind that the former are just velocity correction equations created for 
correcting the velocities such they conserve mass, while the later are the momentum 
equations themselves written in a compact form. The hat velocities are 

û P = 
AeuE + AwuW + AnuN + AsuS + A f uF + AbuB + Bu 

AP 
(7.82) 

v̂P = 
AevE + AwvW + AnvN + AsvS + A f vF + AbvB + Bv 

AP 
(7.83) 

ŵP = 
AewE + AwwW + AnwN + AswS + A f wF + AbwB + Bw 

AP 
(7.84) 

Note that the hat velocities are the momentum equations without the pressure 
term. Our goal now is to determine the pressure that is present in the three equations 
of motion. One way, among many, to isolate the pressure from these three equations, 
is to substitute it into the mass conservation equation. Using the equation of mass 
conservation not only does the task but it is a robust way of doing it. It is worth noting 
that in this step there is no need to satisfy the conservation of mass. This was already 
done in the previous step, when the velocities u∗, v∗ and w∗ were corrected with 
the p', which is still used for correcting the velocities, but no longer for updating 
pressure. 

Equations (7.79–7.81), written for the integration points of the mass conservation 
control volume read 

ue = ûe − du 
e ( pE − pP ) (7.85a) 

uw = ûw − du 
w(pP − pW ) (7.85b) 

vn = v̂n − dv 
n (pN − pP ) (7.85c) 

vs = v̂s − dv 
s (pP − pS) (7.85d) 

w f = ŵ f − dw 
f ( pF − pP ) (7.85e) 

wb = ŵb − dw 
b (pP − pB) (7.85f) 

Introducing them into the mass conservation equation, Eq. (7.73) one obtains an 
equation for calculating the pressure, as 

AP pP = Ae pE + Aw pW + An pN + As pS
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+ A f pF + Ab pB − ∇.
⁔

V (7.86) 

Equation (7.86) calculates the pressure for the next iteration level. The technique 
used to obtain the pressure is similar the one used for calculating p', with  Eq. (7.85) 
being similar to Eq. (7.72). However, let’s keep in mind that Eq. (7.85) are not 
velocity correction equations. The velocity field were already corrected and satisfies 
mass conservation, an operation performed in the item of velocity correction with 
p'. The solution procedure for the SIMPLER method is: 

1. Estimate the velocity and pressure fields p∗; 
2. Repeat items 2 through 5 of the SIMPLE procedure; 
3. Calculate ûe, ûw, v̂n, v̂s, ŵ f and ŵb; 
4. Calculate p using Eq. (7.86) 
5. Solve the conservation equations for other variables, such as temperature, mass 

concentration etc. 
6. Go back to item 2 and iterate until convergence. 

In this procedure, two Poisson equations, one for p and one for p', are solved. 
However, advancing p toward convergence is faster and safer. 
As a reminder, in the SIMPLE method in three dimensions, to solve the fluid flow 

problem, one has in each iterative cycle, the solution of four linear systems, for u, v, 
w and p'). In the SIMPLER method, the solution of five linear systems is required, 
the four just mentioned plus the one for p. 

7.6.4 PRIME—Pressure Implicit Momentum Explicit 

In this method [21, 22], the main motivation was to perform both steps (velocity 
correction and pressure calculation) at once. This can be achieved by using Eq. (7.86) 
not only for the pressure calculation but also to use the pressures obtained for the 
velocity correction, making it unnecessary to obtain the p' field, which in the methods 
SIMPLE and SIMPLER serve to correct the velocity field. That is, the equations of 
motion, Eq. (7.85), are also used as velocity correction equations. These equations, 
repeated for completeness, are 

ue = ûe − du 
e ( pE − pP ) (7.87a) 

uw = ûw − du 
w(pP − pW ) (7.87b) 

vn = v̂n − dv 
n (pN − pP ) (7.87c) 

vs = v̂s − dv 
s (pP − pS) (7.87d)
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w f = ŵ f − dw 
f ( pF − pP ) (7.87e) 

wb = ŵb − dw 
b (pP − pB) (7.87f) 

As pointed out, the equations for correcting the velocities can be any, and, 
therefore, can be the momentum equations themselves, as proposed by the PRIME 
method. 

It is important to note that in the PRIME method, since the velocity correction 
equations are the equations of motion themselves, the pressure field that corrects the 
velocities is the pressure solution. This is why it is said that the velocity correction 
and the pressure determination steps are done together. The algorithm of the PRIME 
method then presents the following steps 

1. Estimate the velocity fields. 
2. Calculate the coefficients of the equations of motion for u, v, and w. 
3. Calculate the velocities ûe, ûw, v̂n, v̂s, ŵ f and ŵb at the integration points of the 

control volume for pressure (mass conservation). Remember that these are not 
obtained from the solution of linear systems, but from the algebraic expressions, 
Eqs. (7.82–7.84) already presented in the SIMPLER method. 

4. Calculate p by solving Eq. (7.86). 
5. Correct the velocities using Eq. (7.87). This is not done in the SIMPLER method. 
6. Solve for other scalars that may exist in the model (temperature, mass concen-

tration, turbulence etc.) 
7. Go back to item 2 and iterate until convergence. 

Some important details of this method should be pointed out. There is no solution 
of implicit linear systems for advancing the velocities. They are advanced during 
the iterative cycle in a similar way to the Jacobi method when calculating the hat 
velocities. The word Explicit in the name of the method comes from this fact. Explicit 
in this case does not mean that the formulation is explicit, but rather that the linear 
systems for the velocities are being solved iteratively in a similar way to the Jacobi 
method. 

Only one Poisson equation is solved at each iteration cycle, and the method is 
extremely simple to implement and robust. It is highly stable and allows larger 
time steps to be used than similar methods. On the other hand, since the solution 
of the equations of motion is performed with a point-by-point iterative method, 
convergence, in principle, is slower and CPU time consuming may be higher [23]. 

Some results, using the PRIME method and its extension to all speed flows and 
co-located grids, can be seen in Chap. 15.
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7.6.5 SIMPLEC—Simple Consistent 

The SIMPLEC method [24] has identical procedure as the SIMPLE method, with 
a minor difference in the equations for correcting the velocities. In the SIMPLEC 
method, the differences u − u∗, v  − v∗, w  − w∗ are not neglected as done in the 
SIMPLE method. This looks like of a minor modification, but which has important 
consequences in convergence. Taking the velocity u as an example, consider Eqs. 
(7.63) and (7.66) written in the form, 

APu
∗ 
P =

Σ
Anbu

∗ 
N B  −

(
∂ p 
∂x

)∗
ΔV + Bu (7.88) 

APuP =
Σ

AnbuN B  −
(

∂p 

∂x

)
ΔV + Bu (7.89) 

Subtracting Eq. (7.88) from Eq.  (7.89) one gets 

APu
'
P =

Σ
Anbu

'
N B  −

(
∂p'

∂x

)
ΔV (7.90) 

in which u'
P = uP − u∗ 

P . In the SIMPLE method (uNB  − u∗ 
NB  ) are neglected and 

this is a first order difference. In the SIMPLEC for having a more robust equation 
the neglecting differences is of second order. Subtracting

Σ
Anb(u'

P ) in both sides 
of Eq. (7.90) and rearranging, one gets 

u'
P

(
AP −

Σ
Anb

)
=

Σ
Anb(u

'
N B  − u'

p) −
(

∂ p'

∂x

)
ΔV (7.91) 

The term which is now neglected are the differences in the prime velocities, and 
the velocity correction equation for the u variable becomes 

uP = u∗ 
P −

(
Δp'
Δx

)
ΔV 

AP − Σ
Anb 

, (7.92) 

or 

uP = u∗ 
P − du 

PΔp', (7.93) 

with 

du 
P =

ΔyΔz(
AP − Σ

Anb
) (7.94)
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Notice that the difference between SIMPLEC and SIMPLE is only in the expres-
sion of du 

e , in whose denominator now appears the difference between AP and
Σ

Anb, 
and not just AP , as in the SIMPLE method. This avoids the severe under-relaxation 
in p, necessary in the SIMPLE method to achieve convergence. 

The expressions for the velocities at the interfaces for the SIMPLEC method 
are therefore the same as in the SIMPLE method with the modified d. The whole 
procedure is identical. This modification, while seeming simple, deserves an analysis. 
Going back to Chap. 6, when the equations for three dimensions were developed, 
the following expression for the central coefficient was obtained, 

AP =
Σ

Anb − SPΔV + 
MP

Δt 
(7.95) 

Considering no source terms, Eq. (7.92) can be written as, 

uP = u∗ 
P −

ΔxΔyΔz 

MP

(
Δp'

Δx

)
(Δt) (7.96) 

in which the time step acts a relaxation parameter. In the original SIMPLE the 
equations were deduced for steady state which implies Δt = ∞, which means that 
the correction to be applied in u∗ 

P is very large, requiring then a sub-relaxation in p
'

represented by the parameter α in Eq. (7.78). Having the time step in the velocity 
correction, the correction applied will be consistent with the time step used in the 
simulation. It is worth to reinforce that the coordinate time must be always kept 
in the discretization of the equations. It is not a good practice, as many textbooks 
do, to teach numerical techniques dividing in two topics, one for steady state and 
another one for transient, since the coordinate time is extremely important in fluid 
flow problems, even when the only interest is the steady state solution, because of the 
difficulties, if not the impossibility, of solving the system of equations using infinite 
time step. The steady state is part of the transient and there is no numerical reason 
for treat them separated. 

7.6.6 PISO—Pressure Implicit with Split Operator 

This scheme [25] is a combination of the SIMPLE and PRIME methods, as very 
well described in [26], taking advantage of the implicitness in the solution of the 
momentum equations of the former, and the stability of the latter in advancing the 
pressure field. In the SIMPLE method, the solution of the momentum equation to 
obtain the star velocity, solving for p' and correcting the velocities to satisfy mass 
conservation, is done in each iteration cycle, as seen in items 2, 3, 4, and 5 of the 
solution procedure for SIMPLE (Sect. 7.6.2). This step in the PISO scheme is called 
predictor and is done only once. Having all velocities satisfying mass conservation via
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SIMPLE, the PRIME method enters in action. The hat velocities, given by Eqs. (7.82– 
7.84), which means the explicit solution of the momentum equation are obtained. In 
the sequence, Eq. (7.86), having as source term the divergence of the hat velocities 
is solved for pressure. 

With this pressure field the hat velocities are corrected using Eqs. (7.85a–7.85f). 
This PRIME loop can be done more than once, and then back to item 2 of the 
SIMPLE procedure. The combination of these two methods speeds up the solution 
convergence and is stable, as reported in the literature. 

All SPVC methods seen in this Sect. 7.6 can use staggered or co-located grids, 
and they were demonstrated considering staggered grids, that is, the velocities at the 
interfaces of the control volume for mass conservation were known. For the sake 
of completeness, the SIMPLEC and the PRIME method are now demonstrated for 
co-located grids, situation in which the velocities are not known at the interfaces and 
a RC-like or PIS-like should be applied. 

7.6.7 SIMPLEC for Co-located Grids 

When the colocalized arrangement is used, all variables have the same control volume 
for the balance of the properties. The difficulty that arises was intensively described in 
previous sections, which is the determination of a velocity at the integration points, 
that is, at the interface of the control volume. Somehow, these velocities must be 
obtained, and the process of obtaining them will have a marked influence on the 
robustness of the solution, and the strategies were discussed in Sect. 7.5 in which 
the CPVC was discussed. Those techniques are now applied in conjunction with 
methods that solves the SPVC and, as commented before, when solving the system 
of equations in a segregated manner and using co-located grids both, the CPVC and 
the SPVC appear. 

Therefore, for this section it would suffice to say that the interface velocity for the 
mass balance is found using one of the techniques shown in Sect. 7.5, or a similar 
one, since the remaining of the procedure is exactly the same. Perhaps, it would be 
didactic to write few words about, just for completeness. Inspecting the coefficients 
of the equation for p', given by Eq. (7.75) it is observed that the parameters di are 
required at the interfaces. They do not exist at the interfaces, because the equations 
of motion are not being solved there. The source term for the equation for p' requires 
the velocities (superscript star) at the interfaces. It must be devised, therefore, an 
efficient way to calculate u∗, v∗ and the di parameters at the interfaces, the job that 
should be done by a CPVC method. Besides the methods presented in Sect. 7.5, it is  
reported here an alternative method akin to the one presented in [9]. Following the 
methodology developed in [10], which belong to the family of the RC methods, the 
discretized equations for the volumes P and E , for the velocity u, for example, are 
given by
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(AP )Pu
∗ 
P =

Σ (
Anbu

∗ 
N B

)
P + 

Mo 
Pu

o 
P

Δt 
−

(
Δp∗
Δx

)
P

ΔV + (
Su∗ 
P

)
PΔV (7.97) 

(AP )Eu
∗ 
E =

Σ(
Anbu

∗ 
N B

)
E + 

Mo 
Eu

o 
E

Δt 
−

(
Δp∗
Δx

)
E

ΔV + (
Su∗ 
P

)
EΔV (7.98) 

These equations are written for the star velocities since these are the calculated 
velocities from the linear system for the momentum equations using the available 
pressure field p∗ which form the source term of the equation for p' in the SIMPLEC 
(or SIMPLE) method. The procedure adopted is to average the momentum equations 
to obtain a pseudo momentum equation at the interface (integration points) keeping 
a consistent pressure gradient. The resulting equation for u∗

e is 

u∗ 
e =

(AP )e 

(AP )P + ( AP )E 
(7.99) 

in which 

(AP )e =
Σ (

Anbu
∗ 
N B

)
P 

+
Σ(

Anbu
∗ 
N B

)
E 

+ (
Su∗ 
P

)
P
ΔV 

+ (
Su∗ 
P

)
EΔV + 

(Mo 
P + Mo 

E )u
o 
e

Δt
− 2

(
p∗ 
E − p∗ 

P

)
Δx

ΔV (7.100) 

Similarly, the other velocities are calculated, and the divergence of the estimated 
velocities is computed. This divergence is the source term of the equation for p'. 
The values of di that are needed in Eq. (7.72) are obtained by an arithmetic average 
between the values of di in P and in E. The iterative cycle is the same as in the SIMPLE 
and SIMPLEC methods for the staggered arrangement. It differs only in one small 
detail. In the staggered arrangement, when the velocities are corrected, they become 
the most recent estimates of the velocity field. In the collocated case, when they are 
corrected, originating velocities that satisfy mass conservation, the nodal velocities, 
which are the true variables of the problem, must also be updated to start the next 
iterative cycle. Two ways are possible. Either correct the nodal velocities with the 
given p', or, from the corrected velocities at the integration points, determine the new 
nodal velocities through an average. The first alternative proved to be more efficient 
when the SIMPLEC method was employed. This observation is probably valid for 
the SIMPLE-like methods, since for the PRIME method the second alternative was 
the most efficient. This is, probably, because the correction equations in PRIME are 
the equations of motion themselves. 

This method [10] using SIMPLEC was applied for all speed flows solving 
incompressible as well as compressible flow with Mach number up to 3.0.
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7.6.8 PRIME for Co-located Grids 

First, it should be remembered that the velocity correction equations don’t change 
when changing from staggered to co-located grids, and for the PRIME method they 
are the momentum equations. The procedure, as before, is to introduce Eq. (7.87) 
into the mass conservation equation resulting in an equation for determination of p. 
To this end, the velocities û and v̂ (considering a 2D problem) and the parameters 
d, should be evaluated at the interfaces. The velocities û and v̂ form the divergent 
of V̂, which in turn is the source term for the equation for p. Since there are no 
velocities neither coefficients stored at the interfaces, an average must be chosen 
to find them at the integration points (interfaces). The nature of this averaging is 
important, especially for the PRIME method, which uses as correction equations the 
equation of motion itself. Taking the velocity ûe as example, one has 

ue = ûe − d u e (pE − pP ), (7.101) 

in which ûe is determined by 

ûe = (1/2)
(
û P + ûE

)
, (7.102) 

or 

ûe = (1/2)
{[(Σ

AnbuN B  + Bu
)
/AP

]
P 

+
[(Σ

AnbuN B  + Bu
)
/AP

]
E

}
(7.103) 

in which Bu includes all possible source terms, except the pressure gradient term 
and d 

u 
e is 

d 
u 
e = (1/2)

(
(ΔV /APΔx)P + (ΔV /APΔx)E

)
(7.104) 

Recall that with co-located grids, for avoiding the coupling difficulties, the main 
idea is to create pseudo equations at the interfaces. In the PRIME method, since 
the correcting equations are the proper momentum equations, a RC-like method is 
automatically embodied, as can be appreciated in Eq. (7.103). The final correcting 
equations is 

ue = ûe − (1/2)
(
d 
u 
P + d u E

)
(pE − pP ) (7.105) 

Similarly, it is possible to determine ûw, v̂n , v̂s and the other two components in the 
z direction in the three-dimensional case. Knowing all these velocities at the interfaces 
and substituting them into the mass conservation equation, an equation like Eq. (7.86) 
is obtained. Once the pressure field is known, the velocity correction equations, 
Eq. (7.87), are used to determine the velocities that satisfy mass conservation. To
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obtain the velocities at the centers of the control volumes, it is enough to average 
the neighboring velocities that satisfy the mass conservation equation. There are 
other engineering applications using the PRIME method, as phase change, subsonic 
and supersonic flows, which demonstrates the good stability of the method. In all 
those problems the strong point of PRIME was its stability, being, for the problems 
tested, independent of the size of the time step, which allows the user to use any 
time interval without concern for convergence. The drawback is the poor rate of 
convergence, which deserves further studies for improving this. 

There are many other SIMPLE-like methods for dealing with segregated pressure– 
velocity coupling available in the literature. The purpose of this section is to present 
the philosophy behind the coupling methods, not a review of them. 

Following, let’s have a look on the boundary conditions, since in order to solve 
the equations for p and p' it is necessary to specify the corresponding boundary 
conditions. 

7.7 Boundary Conditions for p and p'

The boundary conditions for p and p' in SIMPLE and SIMPLER methods, respec-
tively, as recommended in [19], are obtained from Eqs. (7.69–7.71) and Eqs. (7.79– 
7.81), respectively. When velocities are prescribed at the boundaries, there is no 
corrections for these velocities, which is achieved by enforcing zero gradients of 
p and p' normal to the surfaces. This procedure is easily applicable when using 
orthogonal coordinate system, otherwise, it is not recommended, because in non-
orthogonal systems, curvilinear or unstructured, the gradient of p normal at the 
boundary cannot be expressed as a function of only two grid points, becoming a 
cumbersome implementation. Such a possibility has been investigated in [21] and 
proved to be inadequate. And, Neumann boundary condition, as is the case, requires 
that the physics be respected. Zero gradients at the boundaries means no mass fluxes 
through the boundaries and, if during the iterative procedure, even small errors in 
mass conservation for each control volume appears, there will be no convergence. In 
incompressible flows, since the level of the pressure doesn’t matter, this difficult in 
having zero pressure gradients in all boundaries can be circumvented by removing 
one equation of the linear system setting the pressure to some value. 

A general and simple alternative to the problem was proposed in [21], for non-
orthogonal curvilinear grids, also presented later in [24] for Cartesian coordinates. 

The idea is to apply for the boundary volumes the same procedure adopted for 
the internal volumes, that is, apply the mass conservation equation, respecting the 
existing boundary condition. Consider Fig. 7.7 with a prescribed velocity at the right 
boundary. Applying the mass conservation equation for the control volume centered 
at P , it reads 

Ṁe − Ṁw + Ṁn − Ṁs = 0, (7.106)
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Fig. 7.7 Prescribed velocity 
at east face 
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and only the internal mass fluxes will be substituted by the correcting equations. 
Since the mass flow Ṁe is known by boundary condition it will be in the B term and 
the discretized equation will be of the form for the control volume centered at P , 

AP p
'
P = Aw p

'
W + An p

'
N + As p

'
S + B (7.107) 

Hence, the boundary condition is incorporated in the approximate equation for 
the boundary volume. This procedure does not depend on the coordinate system 
used or the shape of the control volume, it is general, satisfies the balances also for 
the boundary volumes and does not increase the number of equations of the linear 
system, because it has no fictitious points. 

Another advantage of this procedure, and very important from the point of view of 
convergence, is the exact satisfaction of the equation of conservation of mass, because 
the prescribed velocities enter directly into the equation for that volume. The method 
of specifying the gradient of p' equal to zero creates a Neumann problem with known 
difficulties for the solution. 

A boundary condition of prescribed pressure in a flow entering the domain may 
be also possible. In this case, the treatment will depend on the type of variable 
arrangement that is being used. Considering the staggered arrangement, Fig. 7.8 
shows a control volume where, on the west face, the pressure is prescribed and equal 
to p f . The approximate equation for the volume P is obtained, as always, by doing 
a mass balance. The equations of correcting the velocities ue, vn and vs are the same 
as for internal control volume, while for uw it reads, 

uw = u∗ 
w − 

2ΔV 

AP

Δp'
P

Δx 
(7.108)

since p'
f is equal to zero because p f is prescribed and equal to p

∗ 
f and should not 

be corrected. It should be noted that the velocity uw is unknown and therefore there
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Fig. 7.8 Prescribed pressure 
at the west face
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must be an equation for it in the linear system such that u∗
w can be determined. For 

an incompressible problem, it should not be forgotten that the pressure at the outlet 
must be specified, because the pressure difference in that case establishes the mass 
flow. 

Just as a reminder, the pressure gradient in the equation for the momentum conser-
vation for uw is, in this case, (p f − pP ). If the PRIME method is being used, the 
correction equation for uw is 

uw = ûw − 
2ΔV 

AP 

( pP − p f )
Δx 

(7.109) 

in which ûw is found using its definition, given by Eq. (7.82). 

7.8 Simultaneous Solution and the Couplings 

As seen before, the main coupling existing in the conservation equations when simu-
lating engineering problems involving fluid flow is between velocity and pressure, 
that is, u, v, w,  p variables with the three equations from the momentum conserva-
tion plus mass conservation. When the solution is segregated, to solve this coupling, 
which we are calling SPVC, to distinguish from the CPVC, one needs to employ a 
SIMPLE-like method just described. Until three decades ago the segregated solution 
was almost mandatory due to the lack of memory of the computers at that time. 
The simultaneous solution eliminates the need of the SIMPLE-like methods because 
the coupling is considered when the momentum conservation equations and mass 
are solved simultaneously. This translates into robustness of the numerical solution. 
Nowadays, commercial applications can be installed on personal computers solving
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engineering problems of importance, and the simultaneous solution became a viable 
alternative. Modern commercial applications for CFD computations even no longer 
offer the alternative of solving the equations in a segregated form, and some others 
offer both possibilities, segregated and simultaneous solution. It looks like that very 
soon the segregated solution will no longer be used, and all the SIMPLE-like methods 
will no longer be needed. 

We have also seen that the important part of an algorithm to solve the segregated 
pressure–velocity coupling was to transform the mass conservation equation into an 
equation for pressure using the correcting equations for velocity. By doing this, all 
velocities disappear as active variables in the mass conservation equation and only 
pressure remains as the active variable. This form of the mass conservation equation 
is not suitable for solving the system simultaneously. In the same way, the mass 
conservation equation in its original form, in which only velocities appear is also not 
adequate, since pressure is missing. That is, a good system of equations to be solved 
simultaneously is when all variables are present in all equations. To exemplify this, 
consider the following system of algebraic equations, 

a1x + a2 y + a3z = a 
b1x + b2 y + b3z = b 
c1x + c2 y + c3z = c (7.110) 

whose linear system is, 

⎡ 

⎣a1 a2 a3 
b1 b2 b3 
c1 c2 c3 

⎤ 

⎦ 

⎡ 

⎣ 
x 
y 
z 

⎤ 

⎦ = 

⎡ 

⎣ 
a 
b 
c 

⎤ 

⎦ (7.111) 

Inspecting Eq. (7.111) one sees that there are no zero values on the diagonal, what 
helps the solution of the linear system. This simple example of an algebraic linear 
system can be extended to the system of partial differential equations of interest. The 
equation system for solving the velocity and pressure fields is given by, 
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These equations are valid for a variable viscosity μ and compressible fluids. 
Taking the u-momentum equation as example, when μ is constant and the fluid is 
incompressible, after some algebraic manipulation, the velocities v and w disappear 
from the right hand side of Eq. (7.113). Similarly, u and w disappear from Eq. (7.114), 
and u and v from Eq. (7.115). 

Considering that the underlined terms in Eq. (7.113), due to the linearization 
process, will be part of the matrix coefficients, Eq. (7.113) contains only u as active 
variable. In Eq. (7.114) only v and in Eq. (7.114) only w will be active velocities. 
A look at the mass conservation equation reveals that pressure is absent. In this 
situation the final matrix for the simultaneous solution of these equations will have 
the following structure 

⎡ 

⎢⎢⎣ 

Auu 0 0 Aup 

0 Avv 0 Avp 

0 0  Aww Awp 

Apu Apv Apw 0 

⎤ 

⎥⎥⎦ 

⎡ 

⎢⎢⎣ 

u 
v 
w 
p 

⎤ 

⎥⎥⎦ = 

⎡ 

⎢⎢⎣ 

Bu 

Bv 

Bw 

B p 

⎤ 

⎥⎥⎦ (7.116) 

It is apparent that the system (7.116) doesn’t fill the conditions of having all 
variables in all equations, but the most crucial problem is the zero on the diagonal 
due to the lack of pressure in the mass conservation equation. This system is possible 
to be solved, of course, but it is not in a preferable form. The absence of a term related 
to pressure in the mass conservation equations demonstrates the delicate coupling 
when the fluid is incompressible, since mass conservation is not an active actor in 
the system, but just a restriction that needs to be satisfied. Unfortunately, the mass 
conservation equation doesn’t help in finding the velocities, but just enforces that the 
velocities must satisfy itself. Not all equations work as a team to find the velocities. 

The condition of the system can be improved leaving on the momentum equations 
the terms with an overbar [11, 15], even if the fluid is incompressible and μ constant, 
since they will be of no effect when the solution is converged. During the iterations 
they will help in promoting a discretization in which all velocity components will 
appear in all momentum equations.



7.8 Simultaneous Solution and the Couplings 197

When the grid arrangement is co-located, the zero entry in the diagonal will be 
automatically substituted by a nonzero because it will be necessary to apply a RC-
like method, or PIS-like, to calculate the velocity at the interfaces. This stabilization 
algorithm will always involve the pressure, what inserts a nonzero entry in the diag-
onal. Since in all practical applications the grid is co-located, these zero entries in the 
diagonal will not exist. It would exist if the grid were staggered, but this arrangement 
is out of consideration in the simulation practice. 

This issue was already discussed, but now it becomes clear the help on the condi-
tioning of the matrix if the corresponding coefficient for pressure appears at the 
diagonal. With these two actions the matrix will have the following form, 

⎡ 

⎢⎢⎣ 

Auu Auv Auw Aup 

Avu Avv Avw Avp 

Awu Awv Aww Awp 

Apu Apv Apw App 
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w 
p 
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⎡ 

⎢⎢⎣ 

Bu 

Bv 

Bw 

B p 

⎤ 

⎥⎥⎦ (7.117) 

with all entries now non-zeros. The Ai j  are 4 × 4 matrices, as depicted in Fig. 7.9 
in which a 1D problem is recognized by the tridiagonal blocked matrix. This linear 
system can be also written using the Δu, Δv, Δw  and Δp as unknowns with the 
independent term being the residues of each equation. The solution of this linear 
system of equations can be solved using an iterative base solver with a multigrid 
accelerator. Since the matrix [A] contain the variables to be calculated, iterations are 
required accounting for the non-linearities. 

Fig. 7.9 Matrix for the simultaneous solution
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7.9 A Note on Boundary Conditions 

In Chap. 3, the boundary conditions for pure diffusion problems with the possible 
boundary conditions, Dirichlet Neumann and Robin, were presented. In Sect. 7.6 the 
boundary conditions for p and p' were presented in the context SPVC treatment. 
In this section, it is completed the procedures for applying the boundary conditions 
by also including problems where there is fluid flowing in and out of the control 
volumes. 

Again, the boundary conditions can be applied realizing balances for the boundary 
volumes considering the existing condition at that boundary, thus, incorporating the 
boundary events in the approximate equations. 

Fig. 7.10 shows a boundary control volume centered in p. For a 2D problem, 
considered for simplicity, the conservation equation for φ is, 

∂ 
∂t 

(ρφ) + 
∂ 
∂x 

(ρuφ) + 
∂ 
∂y 

(ρvφ) = 
∂ 
∂x

(
Γφ ∂φ 

∂ x

)
+ 

∂ 
∂y

(
Γφ ∂φ 

∂y

)
+ Sφ (7.118) 

The integration of this equation will require the advective and diffusive fluxes 
at the four faces of the control volume. In finite volume methods the fluxes are the 
natural boundary conditions, and the integration of Eq. (7.118) reveal those fluxes 
and, since the boundary condition is at the w boundary, only the underlined fluxes 
need to be specified, as in Eq. (7.119) 

· · ·  +  (ρuφ)eΔy − (ρuφ)wΔy +  · · ·  = Γφ ∂φ 
∂x e

Δy − Γφ ∂φ 
∂x w

Δy +  · · ·  (7.119)

Fig. 7.10 Boundary 
conditions at west boundary 
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Only the fluxes at the integration point w will be involved with the boundary 
condition at that face. The other internal fluxes will be the equate using the inter-
polation functions, and the resulting equation for control volume P will contain the 
boundary condition embodied. The underlined advective and diffusive fluxes by unit 
of area at face w are given by, respectively, 

A''
w = ρuφ

||
w

(7.120) 

D''
w = Γφ ∂φ 

∂x

||||
w 

(7.121) 

For the boundary conditions being exemplified, and valid for all other boundaries. 
Three conditions are of interest. 

7.9.1 Impermeable Boundary—φ Prescribed 

In this case the advective flux is equal to zero, since there is no mass flow crossing 
the boundary, and the diffusive flux is determined by,

Γφ ∂φ 
∂x

||||
w 

= Γφ 
w 

(φP − φw)

Δx/2 
(7.122) 

which must be introduced in the discretized equation, Eq. (7.119), with all other 
terms to obtain the discretized equation in the form, 

AP φP = AeφE + AnφN + AsφS + B (7.123) 

7.9.2 Impermeable Boundary—Flux of φ Prescribed 

In an impermeable boundary the advective flux is zero and the value of the prescribed 
diffusive flux is substituted directly in the discretized equation, Eq. (7.119). When φ 
is a component of the velocity vector, as the boundary is impermeable, the boundary 
conditions will be of zero velocity. If φ is temperature, one can have prescribed 
temperature or prescribe heat flux, since it is not possible to have both conditions 
applied, since it would be an overspecification of boundary conditions. The final 
equation looks like Eq. (7.123).
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7.9.3 Inflow and Outflow Boundary Conditions 

Initially, let’s consider mass entering the domain, in which it is possible to have a 
constant velocity or a distribution of velocity giving the specified mass flow. This 
means to have a specified advection flux of φ, giving by  ( ṁφ)w. This boundary 
condition has subtleties. It is always reported, including in commercial software 
manuals, that the diffusive flux can also be calculated using the prescribed φw. This  
would be done using a first order approximation using the prescribed φw and the 
closest internal grid point. 

However, if φ is prescribed at the boundary (φw), physically, it required zero 
diffusive flux, because, on the contrary, this diffusive flux would change the value 
of φ and it would become unknown at the boundary. Therefore, when there is an 
inlet flow with φw prescribed, it should be automatically specified the diffusive flux 
equal to zero at that face. If there are doubts about the specification or not of φw in 
a boundary, it is because the boundary of the domain is not well chosen. 

Physics should again guide for specifying the boundaries of the calculation 
domain, since this is one of the crucial problems in simulation, because a problem 
is almost always coupled to some other physics, which would require expanding the 
doERENmain. The clever analyst will choose the small domain possible in which it is 
possible to devise some physically consistent boundary conditions. Mathematically, 
the flux is 

ρuφ|w = prescribed, (7.124) 

it will require

Γφ ∂φ 
∂x

||||
w 

= 0 (7.125) 

For the case of mass exiting the domain, if no information is given at the outlet, 
what is in general what happens, the most used boundary conditions is the so-called 
locally parabolic boundary condition, hence, the diffusive flux should be set to zero. 
The downstream boundary condition is not needed, since the coefficient Ae will be 
zero (imagining the outgoing boundary volume to the right side of the domain), since 
an upwind type approximation should be used. If, for some reason, the value of φ 
at the boundary is required after the solution, it should be extrapolated from internal 
values. Remember that φ, in this discussion, can be the components of the velocity 
vector or temperature. For either of these cases, the form of the approximate equation 
for the boundary volume will be of the type of Eq. (7.123).
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7.9.4 General Comments About Boundary Conditions 

In the recent past the solution of fluid flow problems were in its majority done using 
segregated solution. The literature, then, gives emphasis in explaining boundary 
conditions for incompressible flows and, most of the times, considering staggered 
grids. Not too much is found about prescribed pressure boundary conditions and of 
pressure and velocity boundary condition in the same problem. Mixing the condi-
tions, if the physical characteristics are not observed, can bring serious convergence 
implications, as well as can represent physically unrealistic situations. For these 
reasons, the remainder of this section will attempt to clarify some of these issues 
considering cell-center methods with co-located variables. 

7.9.5 Incompressible Flows 

For incompressible flows, only the pressure gradient has influence on the solution, 
and the pressure level is of no importance. For example, for incompressible flow in 
a pipe of length L and cross section A, only the pressure difference between the inlet 
and outlet is sufficient to determine the mass. Any constants that are added to the 
pressure values will not change the mass flow. 

Therefore, for incompressible flows, if the inlet and outlet pressures are specified, 
the velocity cannot also be prescribed. If the pressure and velocity are prescribed at 
the inlet, pressure can’t be prescribed at the outlet, because two values for the mass 
flow would be specified. 

A widely used combination is that of a prescribed velocity at the inlet and a locally 
parabolic condition at the outlet, without setting any condition for the pressure. Since 
the solution is iterative, the pressure level adjusts automatically. If desired, one can 
also preset the value of the pressure at a point in the domain, which is equivalent to 
choosing one of the infinite solutions for the pressure that satisfy the equations of 
motion. Another condition would be specifying pressure at the inlet and outlet and 
let the mas flow to satisfy the prescribed pressure difference. 

The way the parabolic condition is mathematically written, is to impose the 
null derivative of the variables at the output. It is worth recalling that prescribing 
null derivative is equivalent to prescribed null diffusive flow of the property. This 
boundary condition becomes more real the more fully developed the flow is. Care 
should be exercised in avoid locally parabolic boundary condition in regions with 
recirculation. This is not correct, because in these regions there are important diffu-
sive effects that are not considered with this condition. The name says “boundary 
conditions” and, logically, if in the boundary chosen the values of the variables or 
fluxes are not known, it is because the boundary of the calculation domain were 
not well chosen. Figure 7.11 shows a problem indicating that it is not convenient to 
choose the boundary of the domain in regions in which diffusive effects dominates.
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Inlet boundary 
conditions 

Elliptic effects Locally 
parabolic 

Fig. 7.11 Choosing the boundary of the domain 

7.9.6 Compressible Flows 

In this section, it is considered compressible flows when density varies significantly 
with pressure. When it varies only with temperature, the problem may be considered 
incompressible from the numerical point of view, and what was already studied 
applies. For compressible flows, the relationship between density, pressure, and 
temperature, given by the equation of state, must be satisfied. For internal compress-
ible flows, as in nozzles, the boundary conditions must be given according to the 
nature of the flow at the inlet and outlet. 

For subsonic inlet and supersonic outlet flows, the inlet boundary conditions 
should be of prescribed total pressure and total temperature, with the outlet locally 
parabolic. Note that, in this case, there must be a velocity update process at the inlet, 
since the mass flow is not known but determined with the solution of the problem. 

For supersonic flows at the inlet and outlet, one can prescribe the static pres-
sure, velocity, and total temperature at the inlet. At the outlet, the locally parabolic 
condition can be employed. 

For external supersonic flows, free flow conditions are prescribed (Mach number 
and temperature) at the domain boundaries, while locally parabolic conditions are 
used at the domain outlet. It is also common, when methodologies designed for 
supersonic flows are employed, to apply the exit conditions along the characteristics.
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7.10 Conclusions 

The mail goal of this chapter was to present the techniques for the determination 
of velocity and pressure fields using finite volume methods. It is in the solution 
of the fluid mechanics problem, that is, the velocity and pressure determination, 
that the intricate numerical difficulties lie. The first of these, is the treatment of the 
SPVC resulting from the segregated process of solving the conservation equations 
for incompressible flows. It was tried to let clear the differences between the co-
located PV coupling (CPVC) and the segregated PV coupling (SPVC), issue that is 
not normally clarified in the literature. 

For the segregated solution the philosophy of SIMPLE-like methods was empha-
sized, pointing out that, besides the SPVC, the CPVC also appears when the grid is 
co-located. It was also demonstrated that the staggered grid arrangement avoids the 
CPVC, since the velocity which enters the mass conservation equation is the proper 
variable of the problem and is available at the interfaces of the control volume. 
In this arrangement the velocity field which satisfies momentum conservation also 
satisfies mass conservation. This doesn’t happen when the arrangement is co-located. 
Boundary conditions for p and p' in the context of SIMPLE-like methods, as well 
as for other variables were considered. 

Most of the methods discussed are the ones intensively used and embedded in the 
commercial applications used by CFD analysts in solving their engineering problems. 

7.11 Exercises 

7.1 The velocity correction equations in a segregated solution can be of any type, 
since they do not influence the final solution, just the convergence process. For 
a two-dimensional incompressible advective/diffusive problem, one possibility 
is to have the following correcting equations, 

u = u∗ + 
∂ϕ 
∂ x 

(7.126) 

v = v∗ + 
∂ϕ 
∂y 

(7.127) 

Obtain the equation for ϕ. What are the boundary conditions for ϕ when the 
velocity and the derivative of the velocity are prescribed as boundary condition? 

7.2 Show that the velocity correction in Exercise 7.1 does not alter the vorticity of 
the velocity field. 

7.3 Write the expressions for d 
u 
e , d 

u 
e , d 

v 
n, d 

v 
s , d 

w 
b and d 

w 
f for the SIMPLEC and 

PRIME methods for the co-located and staggered arrangement of variables. 
7.4 Find the equation for pressure employing the PRIME method.
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7.5 Considering Fig. 7.8 in which the pressure is prescribed at the boundary w. Find  
the equation for p' for the control volume P using the SIMPLEC method. 
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Chapter 8 
All Speed Flows Calculation—Coupling 
P → [V − ρ] 

8.1 Introduction 

Historically, numerical methods for fluid flow have been developed covering two 
major classes of flows: low speed (low Mach number) and high speed (high Mach 
number). Low speed flows are, in general, related to determination of pressure drop 
in ducts or convection heat transfer problems, where the interest is in determining the 
heat exchange among solid–fluid interfaces. In low speed flows of gases, with small 
pressure variations, density is considered constant or is determined as a function of 
temperature only. They all fit in the class of incompressible flows. 

High-speed flows are generally compressible, related to aerodynamics and 
aerothermodynamics problems, with large influence of pressure on density. Among 
these two limits there are the transonic flows, in which the physical behavior of the 
flow is mixed. Perhaps, due to these limits with distinct applications, the develop-
ments of numerical methods for fluid flows were done in, let’s say, different schools 
of research, the “compressible school” and the “incompressible school”, the former 
devoted to the solution of high speed flows (supersonic) while the later for low speed 
flows (subsonic). 

For compressible flows, therefore, the compressible formulation seen in Chap. 7 
can be used in a segregated or simultaneous approach for the solution of the equations 
system. The difficulty encountered with incompressible flows in which the pressure 
is no longer determined using the equation of state does not exist in the compress-
ible formulation. For incompressible flows, if it is solved in a segregated manner, a 
SIMPLE-like method is used to deal with the segregated pressure velocity coupling 
(SPVC). The target is to have methods working for all speed flows. 

Long ago both schools started to develop methods for all speed flows, but each 
one keeping their numerical roots. In the subsonic (incompressible) school the route 
followed was to extend the known SPVC methods for incompressible flows to account 
for the effects of density variations with pressure. It was learned that the CPVC 
appears when the velocity is not available at the boundaries of the control volume. 
Therefore, if a staggered grid is used for incompressible flows, there is no need to
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deal with the co-located pressure–velocity coupling. In all speed flows, density must, 
together with the velocity, be available at the interfaces to compute the mass flow 
rate. Therefore, even using a staggered grid, it will be needed an scheme (like a PIS 
method) to find density at the interfaces. 

This chapter is devoted to present an all speed flow scheme which extends segre-
gated pressure–velocity coupling methods designed for incompressible flows to 
compressible flows. 

8.2 Pressure–Velocity and Pressure-Density Coupling 

High speed flows are related, in general, to supersonic aerodynamics, whose main 
interest is the determination of the pressure coefficients on the surface to calculate 
the drag and lift forces of aerodynamic profiles in the aerospace industry. 

For low-speed flows, the basic methodologies consider that density is not a func-
tion of pressure. Logically, it is not possible to solve supersonic flow, in which 
shock waves may be present, with this methodology, because in this case density 
changes significantly with pressure. Consequently, the methods using the incom-
pressible formulation, described in Chap. 7, are not directly applicable to high-speed 
compressible flows. 

On the other hand, the basic methodology of the methods for high-speed flows 
(compressible flows) considers density as a variable and pressure found by the equa-
tion of state. Needless to say, these methods are not applicable for low-speed flows, 
in which the pressure cannot be determined by an equation of state due to numerical 
instability reasons. 

Another way to see the reasons for the limitation of the two methodologies in their 
limits, is to analyze the product ρV in the mass conservation equation. As in any 
numerical discretization in which one wants to obtain a linear system of algebraic 
equations, any product of variables must be linearized. For low-speed flows, in which 
density doesn’t change with pressure, the active variable in the mass conservation 
equation is the velocity, and density can be put in the coefficient. This means that the 
velocity will be the variable to be modified for satisfying mass conservation. Pressure 
variations changes velocities, not densities. Density was put in the coefficients, with 
its value from the previous iteration level. The linearization of ρV in this form can’t 
solve high speed flows. 

The other linearization possible is when velocity is incorporated into the coeffi-
cients and density becomes the active variable in the mass conservation equation, 
situation that will work only for high-speed flows. 

Based on the above, it seems, therefore, that what characterizes the formulation 
to be able to solve compressible and/or incompressible flows is the way the mass 
flux is linearized. There are currently two lines of cutting-edge research seeking to 
extend the methodologies to all speed flows. One which uses the numerical basis 
developed for compressible flows and the extension devises to contemplate all speed 
flows. The other considers the opposite and is the subject of the present chapter.
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8.2.1 Linearization of the Mass Flow 

Let’s consider the application of the mass conservation equation to a control volume 
in which the mass flow at east (e) face is taken as example, 

Ṁe = ρeue A (8.1) 

This term can be linearized as 

Ṁe = ρ∗ 
e ue A (8.2) 

in which the superscript (*) means evaluated at the previous iteration level. This 
linearization considers that the density is not active in the mass conservation equation 
and is, thus, suitable for solving incompressible flows only. The linearization as, 

Ṁe = ρeu
∗ 
e A (8.3) 

assumes that density will be the active variable that will change when pressure 
changes for satisfying mass conservation. None of the linearization alternatives can 
solve all speed flows. A Newton–Raphson linearization as, 

Ṁe = ρ∗ 
e ueΔy + ρeu

∗ 
eΔy − ρ∗ 

e u
∗ 
eΔy (8.4) 

keeps both density and velocity active in the mass conservation equation. An inter-
esting analysis can be done inspecting Eq. (8.4). When the incompressible limit is 
considered, the ρe in the second term in the RHS becomes ρ∗

e , therefore, cancelling 
with the last term and recovering the linearization of Eq. (8.2), that is, for the incom-
pressible limit. For high speed flows ue in the first term in the RHS is no longer 
active, and becomes u∗

e , cancelling with the third term, recovering the linearization 
for high speed flows, Eq. (8.3). The same linearization as Eq. (8.4) is applied for the 
remaining interfaces and then introduced in the mass conservation equation. 

When co-located grid is used both ue and ρe are needed at the interfaces. For 
both variables a type of RC-like, or PIS scheme should be used. For the ue velocity 
the schemes were already discussed in Chap.7. How to find ρe is now addressed. In 
Eq. (8.4) one is using the subscript e, but in fact it is a integration point i p  when 
dealing with unstructured grids. 

The general interpolation function seen in Chap. 5 when interpolation functions 
were discussed, is a PIS-like method and can be used for determining the values of 
a function at the integration points. Repeating Eq. (5.68) for a generic integration 
point (i p), which could be e, one gets 

φi p  = φu + 
∂φ 
∂s

|
|
|
|
u

Δs 

2 
+ 

∂2φ 
∂s2

Δs2 

4 
+ O(Δs3 ) + . . .  + (8.5)
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in which s is the streamwise direction. For the u component of the velocity vector, 
Eq. (8.5) becomes 

uip  = uu + 
∂u 

∂s

|
|
|
|
u

Δs 

2 
+ 

∂2u 

∂s2
Δs2 

4 
+ O(Δs3 ) + . . .  +, (8.6) 

and for the density, 

ρi p  = ρu + 
∂ρ 
∂s

|
|
|
|
u

Δs 

2 
+ 

∂2ρ 
∂s2

Δs2 

4 
+ O(Δs3 ) + . . .  + (8.7) 

In Eqs. (8.6) and (8.7) (∂u/∂s)u and (∂ρ/∂s)u are found from the momentum 
equations and mass conservation equation, respectively. For ∂ρ/∂s, expanding the 
derivatives in the mass conservation equation, it results 

∂ρ 
∂s

|
|
|
|
u 

= −  
ρ 
V 

∂u 

∂x 
, (8.8) 

in which (∂u/∂ x), considering 1D, is the divergence of the velocity vector [15]. 
As discussed in Chap. 5, the determination of uu and ρu is crucial for obtaining 

positive coefficients. These upstream values should be represented as functions of 
the nodal ones. Knowing the velocities and densities at the integration points the 
mass flow can be calculated with Eq. (8.4) and the simultaneous solution of the 
equation can be done. In this Section it will be demonstrated the application of this 
linearization in the context of a segregated solution, therefore using a SVPC, in this 
case, the SIMPLEC and PRIME. 

The proposition of this linearization for solving all speed flows was made, more 
than five decades ago, in [1, 2] but the idea, apparently, did not prosper. More recently, 
developments for Cartesian grids were made [3] and for curvilinear coordinate 
systems in [4–10]. 

8.3 Two-Dimensional All Speed Flow Discretization 

To demonstrate the application of the methodology, a 2D problem in Cartesian coor-
dinates using a segregated solution will be used, that is u, υ and p will be solved 
sequentially. It is worth remembering that the developments depend on the arrange-
ment of variables used. To our intent here, it doesn’t matter, since it is assumed that 
there are velocities at the interfaces of the control volume for mass conservation, or 
by the use of the staggered arrangement, or by the application of a PIS-like method, 
as in Chap. 6, if the arrangement is co-located. Equation (8.6) can also be used as 
alternative. Density, independently of the arrangement used, are never available at 
the control volume interfaces, since it is always located with the other scalars, like



8.3 Two-Dimensional All Speed Flow Discretization 211

temperature, concentration, kinetic and dissipation of turbulent energy among others. 
Application of Eq. (8.7) is, then, required. 

The mass conservation equation integrated in space and time, reads 

MP − Mo 
P

Δt
+ Ṁe − Ṁw + Ṁn − Ṁs = 0, (8.9) 

in which 

MP = ρPΔV 

Mo 
P = ρo 

PΔV 

Ṁe = (ρu)eΔy 

Ṁw = (ρu)wΔy 

Ṁn = (ρv)nΔx 

Ṁs = (ρv)sΔx (8.10) 

in which e, w,  n and s are the integration points (i p) for the Cartesian control 
volume under use. Using a one-dimensional upwind approximation for the density 
at interfaces 

ρe =
(
1 

2 
+ γe

)

ρP +
(
1 

2 
− γe

)

ρE (8.11) 

ρw =
(
1 

2 
+ γw

)

ρW +
(
1 

2 
− γw

)

ρP (8.12) 

ρn =
(
1 

2 
+ γn

)

ρP +
(
1 

2 
− γn

)

ρN (8.13) 

ρs =
(
1 

2 
+ γs

)

ρS +
(
1 

2 
− γs

)

ρP (8.14) 

in which γ takes the values 1/2 and −1/2, depending on whether the velocity is 
positive or negative. An upwind scheme is used for the density in order to ensure the 
positivity of the coefficients of the mass conservation equation. Neglecting the term 
(∂ρ/∂s)u in Eq. (8.7) it recovers the upwind scheme used in Eqs. (8.11–8.14). See 
Chap. 5 for similarities among γ and α. 

The procedure which now follows is identical to the one already done for the 
treatment of pressure–velocity coupling in incompressible flows, that is, one must 
replace the linearized mass fluxes which appear in the mass conservation equation 
by the correcting equations for velocity and for density, since now the coupling is 
among pressure and velocity/density. 

Initially, substituting Eq. (8.4) and the similar ones for the other three faces in 
Eq. (8.9), it is obtained the mass conservation equations with the linearized flows in
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the form, 

mρ 
P ρP + mρ 

e ρE + mρ 
wρW + mρ 

n ρN + mρ 
s ρS + mu 

e ue + mu 
wuw + mu 

nvn + mu 
s vs = bc 

(8.15) 

in which 

mρ 
P =

ΔV

Δt 
+

(
1 

2 
+ γe

)

u∗ 
eΔy −

(
1 

2 
− γw

)

u∗ 
wΔy 

+
(
1 

2 
+ γn

)

v∗ 
nΔx −

(
1 

2 
− γs

)

v∗ 
s Δx (8.16) 

and 

mρ 
e =

(
1 

2 
− γe

)

u∗ 
eΔy (8.17) 

mρ 
w = −

(
1 

2 
+ γw

)

u∗ 
wΔy (8.18) 

mρ 
n =

(
1 

2 
− γn

)

v∗ 
nΔx (8.19) 

mρ 
s = −

(
1 

2 
+ γs

)

v∗ 
s Δx (8.20) 

mu 
e =

[(
1 

2 
+ γe

)

ρ∗ 
P +

(
1 

2 
− γe

)

ρ∗ 
E

]

Δy (8.21) 

mu 
w = −

[(
1 

2 
+ γw

)

ρ∗ 
W +

(
1 

2 
− γw

)

ρ∗ 
P

]

Δy (8.22) 

mv 
n =

[(
1 

2 
+ γn

)

ρ∗ 
P +

(
1 

2 
− γn

)

ρ∗ 
N

]

Δx (8.23) 

mv 
s = −

[(
1 

2 
+ γs

)

ρ∗ 
S +

(
1 

2 
− γs

)

ρ∗ 
P

]

Δx (8.24) 

bc = ΔV

Δt 
ρo 
P + mu 

e u
∗ 
e + mu 

wu
∗ 
w + mv 

nv
∗ 
n + mv 

s v
∗ 
s (8.25) 

Next, the values of ρ, u and υ in Eq. (8.15) should be substituted by relations which 
contains the pressure, or pressure correction, transforming the mass conservation 
equation in an equation for pressure or for pressure correction. This step depends on 
the method employed for the segregated PV coupling (SPVC). These relations are 
now derived.
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8.3.1 Velocity Relations as Function of p'- SIMPLEC 

The expressions that relate velocities as a function of pressure (or p') are the well-
known velocity correction equations already seen in Chap. 7. For the SIMPLE or 
SIMPLEC method, they are obtained by subtracting the equation of motion written 
for p∗ from the equation of motion written for p and neglecting the differences 
(u − u∗) and (v − v∗). The resulting equations for the two-dimensional case, already 
seen in Chap. 7, and repeated here, are 

ue = u∗ 
e − d u e

(

Δp')
e (8.26) 

uw = u∗ 
w − d u w

(

Δp')
w

(8.27) 

vn = v∗ 
n − d v 

n

(

Δp')
n (8.28) 

vs = v∗ 
s − d v 

s

(

Δp')
s (8.29) 

8.3.2 Density Relations as Function of p'- SIMPLEC 

Similar equations which corrects the velocity must be found for correcting the 
densities. The procedure used for finding the correcting equations for the veloci-
ties involved the momentum conservation equation. It seems logical that, for finding 
a correction equation for density, it is used the equation of state. Linearizing the state 
equation as function of pressure, one obtains 

ρ = Cρ p + Bρ , (8.30) 

and writing this equation when a pressure field p∗ is applied, results 

ρ∗ = Cρ p∗ + Bρ (8.31) 

Subtracting Eq. (8.31) from Eq.  (8.30), it results 

ρ = ρ∗ + Cρ p', (8.32) 

in which p' = p − p∗. Equation (8.32) is the relation to be used for correcting the 
density as function of pressure. The density at the grid nodes can be calculated as, 

ρP = ρ∗ 
P + Cρ 

P p
'
P (8.33)
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ρE = ρ∗ 
E + Cρ 

E p
'
E (8.34) 

ρW = ρ∗ 
W + Cρ 

W p
'
W (8.35) 

ρN = ρ∗ 
N + Cρ 

N p
'
N (8.36) 

ρS = ρ∗ 
S + Cρ 

S p
'
S (8.37) 

Substituting Eqs. (8.26–8.29) and (8.33–8.37) into Eq. (8.15), the mass conser-
vation equation written in terms of p' results, 

AP p
'
P = Ae p

'
E + Aw p

'
W + An p

'
N + As p

'
S + bp'

, (8.38) 

in which the coefficients are, 

Ap 
P = mρ 

PC
ρ 
P + mu 

e d 
u 
e − mu 

wd 
u 
w + mv 

nd 
v 
n − mv 

s d 
v 
s (8.39) 

Ap 
e = −mρ 

e C
ρ 
E + mu 

e d 
u 
e (8.40) 

Ap 
w = −mρ 

wC
ρ 
W − mu 

wd 
u 
w (8.41) 

Ap 
n = −mρ 

n C
ρ 
N + mv 

nd 
v 
n (8.42) 

Ap 
s = −mρ 

s C
ρ 
S − mv 

s d 
v 
s (8.43) 

bp' = ΔV

Δt 
ρo 
P − mρ 

P ρ
∗ 
P − mρ 

e ρ
∗ 
E − mρ 

wρ∗ 
W − mρ 

n ρ
∗ 
N − mρ 

s ρ
∗ 
S (8.44) 

in which, for example, 

d 
u 
e =

(
Δy 

Au 
P

)

e 

(8.45) 

The parameter given by Eq. (8.45) was given by Eq. (7.76) in Chap. 7. There it 
carries Δz because it was derived for 3D problems, and with no overbar because the 
arrangement was staggered. Here we left it with the overbar, and it should be chosen 
according to the grid arrangement. 

Equation (8.38) has the same nature as the one already presented in last chapter 
including now the influences of the coupling among pressure and density, allowing, 
therefore, all speed flows to be solved. Knowing the initial fields of u, v,  p, T and 
ρ at t = 0, a possible solution procedure [11, 12], is
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1. The variables u, v,  p and ρ are estimated for the time level t + Δt ; 
2. With the estimated variables the coefficients of the momentum equations in the 

x and y directions are calculated; 
3. Calculate the coefficients for the p' equation 
4. Do p∗ = p and solve the linear systems for determining the u∗ and v∗ fields; 
5. Calculate the bp'

(source term for p'); 
6. Solve the p' equation and correct the u∗ and v∗ velocities using Eqs. (8.26–8.29). 

Correct the density ρ∗ using Eqs. (8.33–8.37). Calculate the new pressure field 
by p = p∗ + p'; 

Up to this point, conservation of mass has been satisfied for a given set of 
coefficients. 

7. Return to item 3 and iterate until convergence. Iterative cycles are still needed 
for the calculation of the momentum equation, for the solution of the energy 
equation and taking account the transient; 

8. Return to item 2 and iterate until convergence. 
So far, the density is that estimated in item 1 and corrected only for the 

variation in the pressure field by the approximate expression, Eq. (8.32); 
9. The coefficients of the energy equation are calculated, and a new temperature 

field is determined. 
10. Using the equation of state, a new field of density is calculated. 
11. Return to item 2 and iterate until convergence. 

The solution of the problem at t + Δt has been obtained so far. 
12. Consider the solution at t + Δt as an initial field for the new time level. 
13. Return to item 2 and iterate until the steady stated is reached. 

This transient could be distorted using the strategies already discussed in previous 
chapters to save computer time and having control of the iterative process through 
the time step size when only the steady state is of interest. 

8.3.3 Velocity/Density Relations as Function of p-PRIME 

Again, let us consider that the velocities are available at the interfaces of a volume for 
conservation of mass. This availability may be due to the staggered arrangement or 
by some CPVC method, topic already exhaustively discussed and presented. Again, 
considering a two-dimensional situation, for simplicity, the velocity correction equa-
tions are those of Chap. 7, and when written for the four faces of the control volume 
for mass conservation, are given by 

ue = u
Λ

e − d u e ( pE − pP ) (8.46) 

uw = u
Λ

w − d u w(pP − pW ) (8.47)
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vn = v
Λ

n − d v 
n(pN − pP ) (8.48) 

vs = v
Λ

s − d v 
s (pP − pS) (8.49) 

while the equation for density as function of pressure is the state equation, given by 

ρ = Cρ p + Bρ (8.50) 

Since the interest is in transforming the mass conservation equation into an 
equation for pressure, substitute the expressions for the density as a function of 
p (Eq. (8.50)) and the components of velocity into the mass conservation equa-
tion. For the PRIME method, the expressions given by Eqs. (8.46–8.49) are  the  
momentum equations themselves. Substituting them into the already linearized mass 
conservation equation, Eq. (8.4), it is obtained an equation for pressure in the form 

Ap pP = Ae pE + Aw pW + An pN + As pS + B (8.51) 

It is left to the reader, as exercise, the determination of the coefficients of Eq. 
(8.51). A possible iterative procedure follows: 

1. Considering the problem as transient, the distribution of u, v,  p, T are known 
at time t with ρ calculated by the equation of state. If a distorted transient is 
employed, these distributions are not initial conditions but estimated fields; 

2. Estimate the distribution of u, v,  p, T , with ρ again calculated by the equation 
of state, at time level t + Δt . 

3. Calculate the coefficients and source terms for the momentum equations for u 
and v. 

4. Calculate û and v̂ at the interfaces of the control volume for conservation of 
mass. It is important to repeat that these velocities contain all terms of the 
momentum conservation equations except the pressure gradient. 

5. Calculate the coefficients and the source term for the pressure equation. Solve 
Eq. (8.51) and obtain p through the solution of a linear system. 

6. Correct the velocities at the interfaces using Eqs. (8.46–8.49). 
At this point one has velocities and densities that satisfy mass conservation. 

The coefficients have not yet updated. If the arrangement is staggered, the 
correction of the velocity at the interface will correct the variable itself. If it is 
co-located, the velocity correction at the interface will not correct the variable 
itself, because it is located in the center of the control volume. The velocity at 
the center should be averaged using the corrected velocities at the interface and 
not applying the correction process to the velocities at the center of the volume. 

7. Calculate ρ using the equation of state, Eq. (8.50). 
8. Return to item 3 and iterate until convergence. 

At this point, the distribution of u, v  and T that satisfy the mass and 
momentum equations for a given temperature field is known.
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9. Calculate the coefficients for the energy equation. Solve the linear system and 
get T . Return to item 3 and iterate until convergence. 

10. Return to item 2 and advance to a new time level. 

8.4 Conclusions 

The development of methodologies for the solution of subsonic, transonic, and super-
sonic flows that employ a single numerical model, as described in this section, helps 
considerably the development of computer codes for general flows. This is a conve-
nient way to attack the problems, because often there are flows with all three velocity 
regimes simultaneously. In these cases, the method must be versatile in order to obtain 
the solution. The method presented here, developed from the concept of keeping 
velocity and density active in the mass conservation equation, through a special 
linearization of the mass flow, has been applied to a series of practical problems with 
low and high Mach numbers, representing the limits of the methodology, always 
with very good results. The transonic region requires a more refined grid than the 
subsonic and supersonic regimes for getting results of same quality. The procedure 
can be applied to segregated as well as simultaneous solutions, and the SIMPLEC 
and PRIME methods applied in the context of the former approach. 

The set of equations to be solved when fluid flow is coupled with heat transfer, is 
very rich in couplings and nonlinearities, like the velocity/temperature coupling [13, 
14]. Many other ways of treating such couplings and nonlinearities can be devised, 
and the reader is motivated to exercise his knowledge by seeking to visualize methods 
with this goal. This all-speed flow methodology was used for solving subsonic, 
transonic and supersonic flows over a blunt body, and few results are reserved for 
Chap.15. 

8.5 Exercises 

8.1. Proposing the following corrections for velocity and density, 

u = u∗ + u'

ρ = ρ∗ + ρ ' (8.52) 

obtain Eq. (8.4).
8.2. Obtain the mass conservation equation, Eq. (8.15), and set γ = 0 in Eqs. (8.11– 

8.14) and observe the signal of the coefficients. Which is the minimum value, 
in modulus, for γ to get positive coefficients? 

8.3. Another way to obtain the equation for p', Eq.  (8.38), is to directly substitute 
into the mass conservation equation, Eq. (8.9), the expressions for u, v  and 
ρ as functions of p', without using the linearization given by Eq. (8.4). The
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result will be an equation in which terms with products of p' appear, therefore, 
nonlinear. Propose a linearization for this equation. 

8.4. The boundary conditions with inlet and outlet mass flow in the domain are the 
most difficult to apply in a practical problem. Specify the boundary conditions 
that result in physically consistent problems for the following situations: 

a. Incompressible internal flow in which the pressure difference between the 
inlet and outlet is prescribed; 

b. Same, except that the mass flow rate at the inlet is known; 
c. Internal flow, subsonic at the inlet, becoming supersonic in the domain and 

back to subsonic at the outlet; 
d. Subsonic internal flow at the inlet and supersonic at the outlet; 
e. Supersonic external flow over a blunt body. 

8.5. Consider the nonlinear product VT in the energy equation. Linearize it as 
V∗T + VT ∗ − V∗T ∗ and obtain the discretized energy equation. 

8.6. Obtain the coefficients for Eqs. (8.38) and (8.51) for an internal control volume. 
Consider now a prescribed velocity as boundary condition and obtain the 
coefficients for the boundary volume in this case. 
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Chapter 9 
Two and Three-Dimensional Parabolic 
Flows 

9.1 Introduction 

Strictly speaking, it can be said that all three-dimensional problems of practical 
interest are elliptic, requiring the complete solution of the Navier–Stokes equations. 
There are, however, many problems, among them the three-dimensional flow inside 
ducts and high-momentum free jets, in which, as discussed in Chap. 2, diffusion 
effects can be neglected in one direction. The advection is, therefore, dominant and 
the problem can be treated as parabolic in that direction. 

The parabolic approximation allows a marching problem in that direction, and 
for that reason, there is no need of downstream boundary conditions. All physical 
effects that convey information opposite to the flow can’t exist if the problem is to 
be treated parabolically. Physically, the conditions that must prevail for the parabolic 
approximation to be valid are: 

1. Existence of a predominant flow direction; 
2. Negligible diffusion of momentum, mass, heat etc. in the predominant flow 

direction; 
3. The downstream pressure must not influence the upstream flow conditions. This 

condition introduces a decoupling of the pressure fields. Since the pressure effects 
are elliptic, it is necessary to decouple the pressure field in the parabolic direction 
from the pressure field in the other directions, so that the equation of motion in 
the predominant (parabolic) direction is decoupled from the equations of motion 
in the other directions. 

Condition (1) means that there must be no separation or flow recirculation in 
the predominant direction, or in other words, the velocity must always be positive. 
With respect to secondary flow (transverse to the parabolic direction), it is important 
to keep in mind that the parabolic approximation does not impose any restrictions, 
allowing it to be analyzed completely. 

The decoupling of the pressure field is obtained by writing the three-dimensional 
pressure field, as
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Fig. 9.1 Pressure decoupling in parabolic flows 

p(x, y, z) = p̂(x, y; z) + p(z) (9.1) 

in which p(z) and p̂(x, y; z) represent the average and the local variation of the 
pressure at a given section z. Figure 9.1 illustrates Eq. (9.1). The pressure in the 
cross section, p̂, is function of x and y only, but in the notation p̂(x, y; z), the  z 
coordinate is kept to clarify that p̂(x, y; z) is a two-dimensional pressure field, but 
that it changes with z, while the solution marches, plane-by-plane along z. 

It is important to note that, since the pressure fields are decoupled, a method to 
treat the pressure–velocity coupling in the parabolic direction is required. 

The iterative schemes for two and three-dimensional problems now follows. The 
equations will be written for steady state and incompressible flow. These assumptions 
bring, absolutely no prejudice to the generality of the subject discussed in this section. 

9.2 Two-Dimensional Parabolic Flows 

After the parabolic assumptions are done, this flow, considering constant fluid 
properties, has the following mathematical model, 

∂ 
∂x 

(ρuu) + 
∂ 
∂y 

(ρvu) = −  
∂ p 
∂ x 

+ 
∂ 
∂ y

(
μ 

∂u 

∂y

)
(9.2)
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∂ 
∂x 

(ρuv) + 
∂ 
∂y 

(ρvv) = −∂ p̂ 
∂y 

+ 
∂ 
∂y

(
μ 

∂v 

∂y

)
(9.3) 

∂ 
∂x 

(ρu) = −  
∂ 
∂y 

(ρv) (9.4) 

in which it was assumed that (∂ p̂/∂x) << (∂  p/∂x), and x is the parabolic direction 
in this 2D problem. The decoupling of the pressure fields according to Eq. (9.1) is,  

p(x, y) = p̂(y; x) + p(x), (9.5) 

This decoupling introduced a new unknown, p, and, as ∂ p/∂ x is unknown a new 
equation should be added to the system to get the solution. External and internal 
flows can be solved with this equation system. It is possible to show that Eq. (9.3) is  
of second order and can be discarded. If there is interest in obtaining the p̂ for some 
reason, Eq. (9.3) can be used after the velocities are calculated. 

9.2.1 External Two-Dimensional Parabolic Flows 

The classical boundary layer flow fits in this category. Considering that the pressure 
variation normal to the flow is small, since the thickness of the boundary layer is of 
order of 10−3 m for usual flow velocities, the pressure gradient inside the boundary 
layer can be calculated using Bernoulli’s equation, as 

d p 

dx  
= −ρ∞u∞ 

du∞ 

dx  
(9.6) 

Discarding Eq. (9.3) the system of equations reduces to 

∂ 
∂x 

(ρuu) + 
∂ 
∂y 

(ρvu) = ρ∞u∞ 
du∞ 

dx  
+ 

∂ 
∂y

(
μ 

∂u 

∂y

)
(9.7) 

∂ 
∂x 

(ρu) = −  
∂ 
∂y 

(ρv) (9.8) 

which can be solved for finding u and υ, since the (du∞/dx) is known. The reader 
is realizing that there are nothing new in this derivation, except that one is explicitly 
saying that in parabolic (boundary layer) flows the pressure is decoupled, allowing 
to have a parabolic problem in the predominant direction and an elliptic problem in 
the transversal direction. The numerical solution is, therefore, starting at the leading 
edge of the plate (x = 0) marching in the x direction solving a 1D elliptic problem 
in y for each x position, up to a desired downstream position. In each x position the 
elliptic problem can be solved segregated or simultaneously.
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9.2.2 Internal Two-Dimensional Parabolic Flows 

Firstly, it is instructive to recognize that the internal flow between two flat plates, 
for example, is a boundary layer problem that occurs in two plates that form the 
duct. Many authors like to classify as boundary layers only external flows, which is 
not totally correct, since a boundary layer is a thin viscous flow interacting with an 
inviscid flow. In external boundary layer one knows the velocity of this external flow, 
while in internal, it interacts with an inviscid flow (acting in the center of the duct) 
which is unknown. The entrance length of the duct is an internal boundary layer flow. 

For internal problems, therefore, there is no longer the possibility of equating the 
pressure gradient in x with the flow outside the boundary layer, since the latter also 
varies with x and is unknown. The gradient of p cannot, therefore, be eliminated, 
leaving as unknowns u, v and p. Using the mathematical model represented by Eqs. 
(9.2) and (9.4), one needs a third equation to closure the model. The closure of the 
problem is obtained through the conservation of global mass, since, for internal flows, 
the mass flow rate is known. Therefore, the system of equations is, 

∂ 
∂x 

(ρuu) + 
∂ 
∂y 

(ρvu) = −  
∂ p 
∂ x 

+ 
∂ 
∂y

(
μ 

∂u 

∂y

)
(9.9) 

∂ 
∂x 

(ρu) = −  
∂ 
∂y 

(ρv) (9.10) 

Ṁ =
(
A 
ρud A, (9.11) 

in which Ṁ is the mass flow in the duct. This problem is, again, of marching in the 
parabolic direction, and an algorithm should be devised for calculating the pressure 
gradient along the duct such that the global mass conservation, Eq. (9.11) is satisfied. 
The coupling among the velocity and the pressure gradient will be discussed in 
Sect. 9.5. It was assumed that the pressure variation in y is small, but if it necessary 
to calculate the pressure along y it is an easy matter using the y momentum equation 
with the velocities already determined. 

9.3 Three-dimensional Parabolic Flows 

9.3.1 External Three-Dimensional Parabolic Flows 

The most common external flows that can be treated parabolically are jets and plumes, 
as shown in Fig. 9.2, where only one plane is shown to simplify the visualization. 
However, care should be exercised when considering the parabolic approach, as the
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Fig. 9.2 Free-jet parabolic flow 

jet will lose momentum by incorporation of the ambient fluid, ceasing to be parabolic 
at a certain distance from the discharge. 

Pressure decoupling in the axial direction is done according to Eq. (9.1). A relevant 
detail now is to realize that the transversal equations, as done in the 2D case with 
the y momentum equation, cannot be discarded. The transversal equations in x and 
y directions must be kept in the system to find p̂, since its gradient will determine 
the distribution of u and v velocities in the transversal plane. 

It is easy to see that, even if having the velocity w calculated, it is not possible 
to extract u or v from the equation of conservation of mass, as was done in the two-
dimensional problem, because there are now three velocities involved in the equation. 
The distribution of u and v in the plane (x, y) will be given by the solution of the 
two-dimensional elliptic problem in the plane, involving the momentum conservation 
equations in the x and y directions and the local mass conservation. 

With the decoupling of the pressure field, the unknown p is replaced by two new 
variables, p̂ and p. The closure equation comes, as for the external two-dimensional 
flow, from the relationship with the undisturbed flow outside the solution region of 
the problem. For example, being a jet, the pressure along the axial direction is taken 
as constant and equal to the ambient pressure. This means that the unknown p will 
have its own relation with the free stream, which does not involve the variables of 
the problem and can, therefore be assumed to be known. This leaves the unknowns 
u, v, w and p̂, whose system of equations to be solved is, already eliminating from 
the system the gradient of p, in the case of constant free stream with a corresponding
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constant p, 
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(ρu) + 
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(ρv) = −  
∂ 
∂z 

(ρw) (9.14) 
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(ρww) = 
∂ 
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∂w 

∂x

)
+ 

∂ 
∂ y

(
μ 
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(9.15) 

The way the previous equations have been arranged is intended to emphasize 
that Eqs. (9.12–9.14) constitutes the two-dimensional elliptic problem in the (x, y) 
plane, coupled with the momentum equation in z, Eq.  (9.15). For the solution of 
the problem, Eqs. (9.12–9.15) must be discretized following what was seen in the 
previous chapters. All integrations in z, for being in the parabolic coordinate, are 
done between the calculation plane and the previous one, as shown in Fig. 9.3. For  
example, for the term ∂(ρuφ)/∂z, it will be  

z+Δz(
z 

∂ 
∂z 

(ρuφ)dz  = ρuφ|P − ρuφ|B (9.16) 

in which all quantities evaluated at B are known and take part in the independent 
term of the linear system. In this way, after the discretization process is done, the 
algebraic equation becomes, 

AP φP = AeφE + AwφW + AnφN + AsφS + BP (9.17)

Fig. 9.3 Integration in the 
parabolic direction 
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in which it is recognized that it is an elliptic 2D problem in the transversal direc-
tion. Equations (9.12), (9.13) and (9.15) will have the form of Eq. (9.17) after  
discretization. 

The techniques seen in Chap.4 for the solution of the linear system, the segregated 
and simultaneous solution seen in Chap. 7 and all comments about solutions strate-
gies apply here. This mathematical model, however, has subtle differences which 
deserves few words. A full simultaneous solution for u, v, w, p̂ is one choice, while 
a simultaneous solution for u, v and p̂, followed by the solution of a linear system 
for w, is also possible. A segregated solution for all variables can also be done, but 
the convergence rate will be slower and computer time higher. Recall that in this case 
a SIMPLE-like method for handling the coupling, for finding u, v and p̂, is required. 
A possible segregated solution procedure now follows, employing the SIMPLEC 
method. 

1. At z = 0 the values of u, υ and w are known; 
2. Advance to the plane z + Δz and estimate the values of u, υ, w and p̂. The  

values from the previous plane are adopted; 
3. Calculate the coefficients for the momentum equation in z. Solve the linear 

system to obtain w; 
4. Calculate the coefficients of the momentum equations for u and v; 
5. With the estimated p̂∗, solve the linear systems and determine u∗ and v∗; 
6. Obtain the equation for p' and solve for p'. Correct the velocities u∗ and v∗, 

using the correcting equations of the SIMPLE or SIMPLEC methods; 
7. Calculate p̂ = p̂∗ + p'; 
8. Go back to item 4 or 5 and iterate until the two-dimensional problem converges. 

The solution is not correct, because the w velocity is not correct; 
9. Go back to item 3 and iterate until convergence. At that point, the velocities 

(u, v, w) and pressure p̂ calculated for that position z, are known; 
10. Advance to a new station z and repeat the calculations advancing up to the 

required z position. 

It is instructive realize that this marching problem in z is the same marching 
problem usually done in time. The transient term in the fluid mechanics and heat 
transfer equations is a parabolic term, that is, the transient term has a first order 
derivative. In space, neglecting diffusion, it will remain a first order derivative in 
space. If it is an explicit marching in time, there will be a maximum Δt allowable 
for stability. Analogous, if it is an explicit marching in space, there will a maximum
Δz allowable. In Chap. 3 the explicit formulation was studied. 

9.3.2 Internal Three-Dimensional Parabolic Flows 

All three-dimensional flows inside straight ducts with any type of cross section 
without obstacles along the flow, can be treated with the parabolic procedure. The 
treatment is very similar to that already described for external flows. The fundamental
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difference is that it is now not possible to relate the pressure gradient in the axial 
direction to the flow outside the boundary layer, as already discussed for 2D flows. 
Therefore, (∂ p/∂z) is not known, but rather is one more unknown to be determined. 
Fortunately, the physics offers one more equation to use, which is the global mass 
conservation. 

Since the pressure gradient in the axial direction (z direction), when substituted 
into the axial momentum conservation equation must generate axial velocities that 
satisfy global mass conservation, there is a new coupling to be solved. Let us call it the 
pressure–velocity coupling in the axial direction. Then, there is a two-dimensional 
coupling in the (x, y) plane, as seen for 3D external flows, and a one-dimensional 
coupling in the z direction, both connected through the axial velocity that appears in 
both sets of equations (transversal and axial). The equation system to be solved is, 
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Ṁ =
(
A 

ρwdxdy (9.22) 

in which the Eqs. (9.18–9.20) form the mathematical model for the elliptic problem 
in (x, y) plane, same as for external flows, and Eqs. (9.21) and (9.22) the mathematical 
model for the axial direction. These two systems of equations are coupled, of course, 
but each one has its own coupling to be treated. The parabolic coupling is the novelty, 
since the elliptic one was already deeply discussed in Chap. 7. 

9.3.2.1 ( p − w) Coupling in the Parabolic Direction 

The philosophy for creating a method that handles coupling in the parabolic direction 
is the same as that employed for two and three-dimensional elliptic couplings. That 
is, in the parabolic direction, one must find the pressure gradient in that direction 
that generates velocities that satisfy the global mass conservation. The process can 
be iterative, estimating a pressure gradient and correcting the velocities so that mass 
is conserved. Such an iterative process was proposed in Patankar and Spalding [1] 
and is now described. 

Patankar and Spalding Method—(p − w) Coupling
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The same procedure applied to determine the velocity correction equations shown 
in Chap. 7 will now be employed for the equation of motion in the z direction. 
Integrating Eq. (9.21) for  the  w velocity, it gives 

APwP = AewE + AwwW + AnwN + AswS + B −
(
d p 

dz

)
ΔV (9.23) 

For an estimated pressure gradient (d p/dz)∗, Eq.  (9.23) reads 

APw
∗ 
P = Aew

∗ 
E + Aww

∗ 
W + Anw

∗ 
N + Asw

∗ 
S + B −

(
d p 

dz

)∗
ΔV (9.24) 

Subtracting Eq. (9.24) from Eq. (9.23) and neglecting the differences (w − w∗), 
one finds 

wP = w∗ 
P −

(
d p 

dz

)'
ΔV 

AP 
, (9.25) 

in which

(
d p 

dz

)
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(
d p 

dz

)∗ 
+

(
d p 

dz

)'
(9.26) 

The numerical integration of Eq. (9.22) is  

Ṁ =
Σ

ρwΔxΔy (9.27) 

Substituting Eq. (9.25) into Eq. (9.27), results

(
d p 

dz

)'
= −  

Ṁ − Ṁ∗Σ
ρ ΔV 

AP
ΔxΔy 

(9.28) 

in which Ṁ∗ is the mass flow rate calculated with the w∗ velocity that doesn’t satisfy 
the global mass conservation, Eq. (9.27). The procedure is iterative inside the cycle 
treating the (p − w) coupling. The steps are the same as in the SIMPLE method, 
which creates a correction equation subtracting the momentum equations for p∗ and 
p, and creating one equation for p' inserting the velocity correcting equation into 
mass conservation. In this problem the function is (d p/dz)'. 

Raithby and Schneider Method—( p − w) Coupling 
The method proposed in Raithby and Schneide [2] aim at eliminating the iterative 

process in the correction of the pressure gradient in the z direction, invoking the 
linearity between the velocity w and the pressure gradient in Eq. (9.23), for a given 
set of coefficients. Exploring this characteristic, it was proposed the following new 
variables
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Q = −  
d p 

dz  
; fP = 

∂wP 

∂ Q 
(9.29) 

The variable fP is obtained, according to its definition, by deriving Eq. (9.23) 
with respect to Q, with the following result, 

AP fP = Ae fE + Aw fW + An fN + As fS + ΔV (9.30) 

The numerical approximation of Eq. (9.29), gives.

ΔQ = 
d p 

dz  
− 

d p∗ 

dz  
(9.31) 

and 

fPΔQ = ΔwP = wP − w∗ 
P (9.32) 

Integrating Eq. (9.32), one obtains

ΔQ = Ṁ − Ṁ∗Σ
ρΔxΔy fP 

(9.33) 

The boundary conditions for Eq. (9.30) are obtained by inspecting Eq. (9.32). For 
prescribed velocity, there is no velocity correction, what forces fP to be zero. For 
the prescribed velocity derivative, the equation requires the derivative of fP to be 
zero. Figure 9.4 shows the strategy for correcting the pressure gradient in z without 
requiring iterations in the coupling in the parabolic direction, what is due to the linear 
relation among w and the pressure gradient.

The numerical procedure for the parabolic direction is very simple. 

1. Estimate d p
∗ 

dz  and calculate w
∗ solving the linear system given by Eq. (9.24); 

2. Find Ṁ∗ using Eq. (9.22) with w∗; 
3. Solve Eq. (9.30) for finding fP ; 
4. Calculate ΔQ using Eq. (9.33); 
5. Correct w∗ 

P using wP = w∗ 
P + fPΔQ. Global mass is then satisfied; 

6. Using Eq. (9.31) calculate the new pressure gradient. 

This procedure has no iteration in the parabolic coupling but requires the solution 
of an additional linear system for finding fP . To conclude this chapter, it is presented 
a possible iterative procedure for solving a three-dimensional parabolic internal flow. 
Say, for example, it is the flow in the entrance region of a rectangular duct. To deal 
with the pressure–velocity coupling in the elliptic (x, y) plane, the PRIME method 
is used, and in the parabolic direction, the Raithby and Schneider’s method. Let’s 
remember that the solution marches along the duct solving a 2D elliptic problem in 
each cross-section. The duct cross-section can be of any shape, and even not constant,
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Fig. 9.4 Non-iterative correction of the pressure gradient

respecting the restrictions of the model, which don’t allow flow recirculation to obey 
the parabolic approximation. 

1. At duct entrance all variables are known; 
2. Advance Δz and estimate all variables (u, v, w, p̂, p) in that plane. The values 

from the previous plane are used; 
3. Calculate the coefficients for Eq. (9.23) and with (d p/dz)∗ find w∗ (solution of 

a linear system). Calculate Ṁ∗; 
4. Determine f (solution of a linear system). Calculate ΔQ; 
5. Correct w∗ and (d p/dz)∗ using Eqs. (9.32) and (9.31), respectively; 

At this point, as the parabolic coupling is not iterative, one as the solution of the 
parabolic problem with a specified set of coefficients which involve u and v. Now,  
the elliptic problem in the plane should be solved; 

6. Calculate the coefficients for the momentum equations for u and υ; 
7. Find û, v̂ and ∇ ·  V

Λ

using the equations of Chap. 7 when the PRIME method 
was presented; 

8. Solve for the pressure p̂ using equation, Eq. (7.86), Chap. 7. Recall that p̂ here 
plays the same role as p in that equation; 

9. Correct u and υ obtaining a velocity field which satisfy local mass conservation 
for the 2D elliptic problem;
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10. The alternatives are going back to item 5 and iterate in the 2D elliptic problem 
until convergence, and then back to the problem in the parabolic direction, or 
back to item 2. There is no single rule that always works. The author’s experience 
with these problems shows that it is possible to go back to item 2 without 
iterating the elliptic coupling [3]. It is, in fact, a compromise, since it should 
iterate enough to guarantee the 2D coupling stability, but avoiding excessive 
iterations because the velocity w is not correct. In CFD one is always faced with 
this compromise, since iterations are due to couplings and non-linearities, and 
it is not easy to adequately balance the iterations in each cycle; 

11. Advance any other scalar, like temperature, concentration etc.; 
12. Since the coefficients in item 2 were calculated with estimated velocities, go 

back to item 2 and iterate until convergence is achieved; 
13. Move to a next z plane choosing Δz. This problem is parabolic and, therefore, 

the solution marches in z until it sweeps the entire domain of interest. The 
increments to be given in the z direction depend on the gradients of the variables 
with respect to z, and should be analyzed carefully. It is recommended that after 
advancing a few planes, and the singularity of the boundary conditions at the 
duct inlet has been taken into account with a finer grid, to increase the Δz to 
speed up the marching process, taking care, of course, of the accuracy of the 
solution in the various planes. If only the solution of the fully developed flow 
is of interest (recall that it is being considered the inlet region problem in a 
duct), it is possible to march with large Δz, since the fully developed solution 
will not be affected by the size of Δz during the marching. Think about the full 
similarities of this marching in z problem, with the marching in time in transient 
problems. 

The advantage of the parabolic procedure is the economy in saving storage space 
for the variables, since only the variables in two adjacent planes must be stored, 
those in the calculation plane and those in the upstream plane. Furthermore, a two-
dimensional problem is solved in each plane, instead of solving a full 3D problem. 
For example, a problem with a mesh of 400 volumes in the cross section and 100 
steps in z would, if solved elliptically, represent a linear system of 40,000 points for 
each variable. With the parabolic procedure, the solution of 100 two-dimensional 
problems with 400 volumes will be required. The difference in the computational 
effort is considerably large. 

Another possibility is to consider the problem partially elliptic, that is, to solve 
elliptically only for the pressure. The parabolic march presented in this section 
would be employed by sweeping the domain several times and updating the three-
dimensional pressure field. This is an alternative that has not been frequently 
employed in the literature.
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9.4 Conclusions 

This chapter has shown a strategy for solving fluid flows with a predominant direction, 
reducing the efforts in computational time and variable storage. Two-dimensional 
boundary layer problems can be reduced as a series of one-dimensional problem, and 
a three-dimensional problem as a series of two-dimensional ones, with a very large 
economy in computational effort. For three-dimensional flows in straight pipelines, 
and even those with moderate curvature, the parabolic approximation should be 
considered, because it allows the complete problem to be solved, without prejudice 
in the investigation of the secondary flow, as in coupled natural convection, with 
an small computation time compared to the fully elliptic solution. Jet flows and 
plumes discharged in quiet environment can also be solved, covering a large class of 
environmental problems. 

9.5 Exercises 

9.1. Solve numerically the isothermal flow problem in the inlet region of two infinite 
parallel plates with distance h between them. The mass flow rate is known at 
the inlet. Calculate the product f Re for the fully developed profile condition 
and compare it with the analytical result. Use Raithby and Schneider’s method 
to treat the pressure–velocity coupling in the parabolic direction and recognize 
that there is no need to treat the coupling in the transverse direction, since the 
velocity υ is determined from Eq. (9.10) 

9.2. For Exercise 9.1, show that if advancing the solution along the duct axis explic-
itly, there is maximum step for advancing such that the coefficients do not result 
negative. Determine this maximum. 

9.3. Obtain the coefficients of Eq. (9.17). 
9.4. Estimate the variable storage requirement for the three-dimensional, laminar, 

incompressible flow problem inside a duct when the elliptic and parabolic 
solutions are employed. 
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Chapter 10 
General Recommendations 
for Conceiving and Testing Your Code 

10.1 Introduction 

This chapter is dedicated to beginners and students of numerical fluid mechanics and 
heat transfer when they are faced with the need to write their algorithms and codes 
for the assignment or dissertations. The idea is just to have guidelines and not rules 
that are used when full commercial software is developed and tested. For these, there 
are plenty of books in software development, and validation of engineering codes is 
a quite complex activity. 

The task of developing a good computational code to numerically simulate any 
physical problem requires harmony between the use of available computational tools, 
such as languages, libraries for interface and visualization, strategies for the devel-
opment and debugging of programming errors, and the correct interpretation of the 
results as a final step. It will be inevitable for any analyst developing programs to 
be confronted with numerous errors, both in programming logic and in the incorrect 
implementation of expressions. It is said that every code with more than 100,000 lines 
has on average 5% of lines with some kind of error. Apparently, this is an absurdly 
large percentage, especially because we are almost always tempted to believe that 
our codes are error-free. 

Writing the program, testing it for logic and implementation errors, validating it 
numerically and physically are tasks that require knowledge of the physics of the 
problem and of the numerical methodology, and patience. Finding a difficult error 
requires some of a detective’s skill, checking clues, analyzing them carefully, and 
eliminating areas of the code where the error will certainly not be etc. 

There are, however, a few little rules that, although they may seem trivial, are 
often not followed by people beginning their studies in numerical fluid flow. These 
points are now described in a very general way, but they serve as a help and warning 
for the developers.
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10.2 Writing Your Code 

10.2.1 Generalities 

In the academic environment, where a given computer code is implemented step-
by-step, with the interference of several people introducing different features, its 
organization, reusability and maintenance are extremely important, but, at the same 
time, a difficult job. It is well known that one of the most frequent complaints from 
the students is the time lost reimplementing parts or even repeating the whole code, 
because the modules were not well documented or even without documentation. The 
university labs do not work as a software house, since the goal is to have students 
finishing their Master and Ph.D. works and not delivering final software products. 
However, it is mandatory to have a developing environment in which all the objects 
used in all developments are easily accessible by the developers. For example, dealing 
with unstructured grids all the geometric calculations are cumbersome to be done and 
should be ready to those implementing a new physics. Connections among elements, 
control volumes and nodes should be also available for a given grid. Modernly, 
there are resources and methodologies that help to build a computational abstraction 
suitable for reusability and maintenance of the code. 

In the current developments, it should be tried, whenever possible, to provide the 
computational codes with friendly graphical interfaces (GUI), because these greatly 
facilitate and speed up the use, both by the developer and by those who will make 
new additions to the program. A good graphical user interface is compulsory when 
you want to develop a software. For academic and research programs it is not crucial, 
but even a basic GUI helps enormously, even for the developer to restart the use of 
the code after a certain time without use. 

Object-oriented programming [1] as C++ and Phyton guide and provide the neces-
sary subsidies to build a computational implementation that allows reusability and 
facilitates the construction of a GUI. The idea that the computational design of the 
numerical core of the program is independent of the GUI, and that it is enough to 
build a GUI that encapsulates and links the class and objects, is incorrect. The way 
of conceiving, modeling and programming the numerical core, that is, its computa-
tional abstraction, with its classes and objects well-defined in function of the data 
manipulated and functionalities available in the GUI, will be a decisive factor in the 
quality, performance, and ease of constructing the GUI. 

As for visualization, the previous recommendations are even more important. The 
main concern is to avoid making the data transfer between the numerical kernel and 
the visualization application a laborious and time-consuming task each time a new 
simulation is run. This can easily occur if the input file format is inappropriate for 
the type of data being simulated, or when the type of visualization you want to obtain 
is not exactly the right visualizer used. 

To solve these problems, there are several solutions. Before any decision is made, it 
is necessary to verify that the visualizer supports the types of data manipulated by the 
numerical kernel in question: type of mesh (structured, unstructured, hybrid), mesh
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characteristics (mobile, adaptive, time-varying), types of stored properties (scalar, 
vector, tensor), position of variable storage (cell center, face center, edge center, 
vertex), features for presenting the results. 

There are cases, however, when the visualization must be performed on-line with 
the simulation, synchronized with the real-time change of simulation parameters 
(parametric analysis, optimization processes, trial and error design). In these cases, 
saving a data file and later calling up the data manually becomes impractical, and it 
is extremely suitable and convenient to build the visualization directly integrated in 
the program. That is, the visualization windows become part of the computational 
abstraction. If this level of programming is desired, the developer will need to use 
software development tools that provide objects for creating the graphical interface 
(windows, buttons, edit boxes, sliders, etc.) and the scientific visualization. 

The creation of a numerical code or a software should not be a coding-only activity. 
Coding is just one part of the many steps that exist in the creation of an application. 
Among the other steps, it can be mentioned, design, architectural project, detailed 
project, sizing, documentation, testing, debugging, validation, creation of the final 
package, and other steps specific to each development phase. Just as for the coding 
stage there is the integrated development environment and its compiler, part of the 
process known to all, for these other stages there are other tools of great importance. 
Below are some general comments on details of these tools. 

10.2.2 Coding Languages 

Traditionally, one of the first decisions that are made when developing a code is 
the choice of coding language. Making this choice as the first decision is the first 
mistake the programmer makes in the project. Several development steps that must 
be done before coding are independent of the coding language. In fact, the coding 
language should be seen merely to formalize, in a language interpretable by the 
compiler, all the design and modeling done in the previous steps, which include the 
computational abstraction. There are lots of languages available to the developer for 
writing his code. 

Currently, on the top of the list are C++ and Phyton, each one with its own advan-
tage according to the application to be created. Let’s not forget the FORTRAN 
(FORmula TRANSlator) language, created to attend the scientific programming 
needs in the 50s. Believe or not it still used today for massive computation in 
astrophysics, molecular dynamics and weather predictions, among other applica-
tions which requires HPC (High Performance Computing). FORTRAN provides 
few programming resources, thus, coding a program in FORTRAN forces the 
programmer to work at a low level of abstraction, unable to bring into the “compu-
tational world” characteristics and, especially, concepts present in the “real world”. 
Recently FORTRAN introduces some tools to have interoperability with C++, what 
gives extended life to it. In its way, C++, due to its more modern conception and 
recent major developments, allows the programmer to insert and use in his code the
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concepts on which he based his entire design and conception. It is because of these 
factors that a C++ program is said to be more readable, more organized, and easier 
to eliminate errors and to perform further maintenance and expansion. It is now in a 
level which is suitable for coding large scientific applications. 

With this picture, one could say that for CFD programing C++ would be the 
choice nowadays, while Phyton, supported by its strong and large community, also 
advocates Phyton for developing large scientific applications. Experts says if rapid 
development of your project is needed, Phyton is recommended, while if computing 
speed is the requirement, use C++. Both are object-oriented languages and can help 
in developing codes with some degrees of reusability. 

10.2.3 Tools to Aid the Development 

Besides the compiler, as a coding tool, there are other extremely useful tools for 
development. It can be mentioned the computational design, which will help, together 
with the compiler, the programmer to conceive and visualize the various parts of his 
program. The design is responsible for thinking in all parts of the program its inter-
relationships, such that a modification in one part doesn’t affect the whole program. 
Design is important even in a simple application and absolutely necessary in large 
software. Designing is when the experience in physics and numerics of the designer 
appears, especially in the design of important classes and the interrelationship among 
them. Without a clear understanding, it is impossible to create an efficient design to 
be implemented, since it will be required frequent re-design of parts. 

Online code documentation, besides being important for the programmer himself, 
is fundamental for the understanding of the code by people who will expand it. 
There are several on-line documentation tools on the market that, in addition to 
documenting what has been coded, allow high-level documents to be created from 
information inserted into the code. These documents can then be provided along with 
the program, as well as published on a website. 

Another extremely important tool when the program development is done by a 
group of programmers, is the concurrent version control. One of the most traditional 
tools on the market for this type of solution is CVS (Concurrent Version System), 
which allows different developers in a group to simultaneously encode a program 
in one or more source files. The level of flexibility provided by this kind of tool is 
extraordinary, allowing several simultaneous modifications to the same source file 
to be made by different users. The system, in turn, on demand, can unite all the 
modifications of the various programmers in a single location, called a repository, 
maintaining the integrity of all the work done by the team. In addition, the system 
can inform the changes made by each user in the various versions of the software, 
assisting in the correction of bugs introduced during the coding of new features. 

Once the coding stage is complete, the next step is to correct errors and optimize 
the code. Two tools are fundamental to help eliminate runtime errors, better known 
as bugs: a runtime debugging tool and a bug tracking and management tool.
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The runtime debugging tools help the programmer to inspect the program’s execu-
tion sequence, as well as the values of variables at any time during execution, in 
addition to identifying memory leaks due to non-deleted dynamic variables, the use 
of uninitialized variables, and other variable management errors, whether dynamic 
or static. 

The bug tracking and management tools work as a database that concentrates 
all the information discovered by users or programmers regarding the improper 
functioning of the application. These tools usually work in a network environment 
(internet or intranet) and allow bugs to be added, viewed, associated with the person 
responsible for the problematic piece of code, commented on, and finally closed after 
deletion. In this way it is possible to follow the whole “life cycle” of a bug, from its 
discovery to its correction in the code. 

The bug tracking and management tool, associated with the version control and 
online documentation tool, allows the documents of new features and deleted bugs 
to be easily created between any version of the tool. 

Finally, after the execution error elimination stage, the optimization of the program 
begins. For this activity, it is recommended the use of a tool capable of measuring 
the total processing time consumed by each function or method of the program. With 
this data, this tool can inform where the processing bottlenecks are and indicate to 
the programmer the best places to perform the optimizations. 

Once a good computational abstraction has been made and the benefits of the 
various development tools have been utilized, it is important for the beginner to 
implement his program in parts, making it grow slowly and always well tested, part 
by part. One should try to start by solving simple problems, preferably in Cartesian 
coordinates, without trying to incorporate all possible types of boundary conditions 
right from the start. The program should always be under absolute control, and as the 
various assignments are implemented and evaluated, others can be safely introduced. 

It is advisable to check whether vector and parallel processors are available in the 
available computing infrastructure in order to take advantage of these architectures, if 
desired. The important thing is to write the program knowing what kind of processor 
it will run on. A program written without care for vectorization can be executed 
on a vector processor, but logically the beneficial effects will be less than if the 
program is written with the objective of vectorization. For parallel processing, this 
recommendation is even more important. 

10.3 Running Your Application 

The testing part of a computer program requires some important initial care. The 
compilation, the convergence criteria, the analysis of the results, the search for errors 
etc. are tasks that cannot be performed without strategies. The testing process must 
be conducted in a systematic way. In the following, these points are analyzed.
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10.3.1 Compiling 

There is nothing better than using an efficient compiler. It is very uncomfortable 
not being sure whether the program has undefined variables or not, loops that you 
don’t know if they correctly cover the sweep you want, common areas of undefined 
variables etc. You should not compile the program in a non-rigorous compiler, trying 
to convince yourself that the program is correctly implemented. The chance that 
there are no errors is minimal. A rigorous compiler should always be employed in 
the initial phase. After the program has been compiled in “debug mode” (compiler 
option optimized to perform the most rigorous inspections possible) and “clean” 
both in terms of compilation errors and execution errors, you can compile it in 
“release mode” (option optimized for performance) to run it with maximum speed 
and minimum compiler overhead and memory consumption. 

The main program, on the other hand, should not be a mixture of large module 
calls and small commands. The main program should uniquely manage the execution 
sequence, giving the programmer greater visibility of the flowchart to be followed. 

10.3.2 Size of the Mesh 

After choosing the problem to be solved (it will be comments on this choice shortly), 
it should be solved on a very coarse mesh. In a two-dimensional problem one should 
not be over a 10 × 10 mesh, because this mesh is generally able to capture the physics 
of the problem and will allow to verify if the results are qualitatively correct. Unfor-
tunately, although it may seem trivial, the use of very refined meshes during testing 
is a very frequent mistake, and the consequences are many: high computational time, 
difficulty and expense of printing the results and coefficients etc. Moreover, if the 
results are examined on the screen, an excessively large mesh will cause difficulties 
to fit them into the available viewing space, and the analysis will be difficult. 

The program should be run initially with very few iterations, just those necessary to 
check that the whole iterative cycles are correct. Only after everything seems coherent 
should the number of mesh volumes and the number of iterations be increased. 

10.3.3 Convergence Criteria 

The criterion to stop the program execution is not an easy decision. There are prob-
lems that have slow convergence, and if the execution is stopped by a poorly chosen 
criterion, the solution may still be far from the converged one. The other side of the 
coin is to use a to severe criterion, which keeps the program iterating unnecessarily. 
Therefore, it is advisable to initially leave the program without a criterion (there 
should be only one safety criterion in the total number of iterations to avoid a loop)
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and have two or three solutions printed, in separate iterations, and check how the 
problem behaves. From this, a convergence criterion can be chosen. 

The choice of criterion is easy when the range of variation of the unknown is 
known, in which case even an absolute criterion can be efficient. When, however, the 
order of magnitude and the range of variation of the unknown to be determined is not 
known, the task is more difficult. A pressure field may vary, for example, between 
10−3 and 104, and a relative convergence criterion, such as the one commonly used, 
can keep a program running when everything that matters from a physical point of 
view is already settled. This is the danger of using relative criteria in fields that have 
both small and large values. 

To illustrate, imagine a variable with the minimum value 10−3 and the maximum 
value 103. Consider that in iteration k the value of φ at two points in the domain 
were 2 × 10−3 and 9 × 102, and in iteration k + 1 were 1.8 × 10−3 and 1 × 103. 
Note that the change from 2 × 10−3 to 1.8 × 10−3, compared to the magnitude of 
the variable in the domain, has no important physical meaning. However, using the 
criterion usually employed in the literature, given by
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the error found is 10−1, while for the other point it is 10−3. The result is that the 
error at the point in the domain that doesn’t have physical influence will keep the 
program running, spending a large amount of computational time unnecessarily. 
The observation tells us that, for this problem, an error of the order of 10−3 should 
terminate the iterative procedure. A criterion that avoids this problem is to determine 
the range of variation of the φ in the domain, that is, the modulus of the difference 
between the maximum and minimum values, and use this as a reference, in the form
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in which 

R = φmax − φmin (10.3) 

Using this criterion, the errors become 2 × 10−6 and 10−3, respectively, making 
the criterion of the unimportant point in the solution satisfied in advance. Notice that 
a relative criterion of the order of 10−3 now halts the calculations. 

Attention should be paid to the fact that convergence criteria are needed at several 
levels within a simulation program, but mainly to stop calculations when vari-
ables have converged, or within linear system solvers. During the process of testing 
the program, the criteria used should be loose to avoid unnecessary computation 
time. Given the delicacy of this topic and the repercussion in computer time, the 
recommendation is to be very careful when choosing convergence criteria.
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10.4 Choosing Test Problems—Finding Errors 

To numerically validated a CFD code it would be necessary to have available analyt-
ical solutions of the problems. But, of course, they are not, and the validation should 
be made by parts. At the end the entire equation is not validated, but with well-chosen 
problems, good validation can be achieved. For example, initially it is always wise 
to solve a pure conduction problem that has an analytical solution. By doing so, a 
reasonable portion of the program is checked, such as the part of the coefficients 
(diffusive part), iterative structure, solution of the linear system etc. The same can be 
done with an advection problem. In the following section some simple test problems 
with analytical and numerical solutions will be presented. 

10.4.1 Heat Conduction—2D Steady State 

There are numerous analytical solutions of two-dimensional conduction problems 
that can be used [2]. In the following, it is suggested solutions with extremely 
simple implementations. The two-dimensional conduction problem on a plate with 
prescribed temperatures, as shown in Fig. 10.1, whose differential equation is 

∂2T 

∂x2 
+ 

∂2T 

∂y2 
= 0, (10.4) 

has the following analytical solution
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Fig. 10.1 Domain for the 2D heat conduction problem 



10.4 Choosing Test Problems—Finding Errors 243
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With this problem the solution in two axes are checked. If the code is 3D, the same 
problem can be solved in the (x, z) and (y, z) planes. In doing so, the implementation 
of coefficients will be checked in all directions. 

10.4.2 Transient Heat Conduction—One Dimensional 

The solution in time, that is, the transient term can be also checked. Complex two 
and three-dimensional transient solutions with different boundary conditions exist 
in the literature [2]. For our goal, which is to verify if the implementation of the 
transient terms is correct, and if the update of the variables is being done correctly in 
the iterative cycle in time, it is sufficient to solve the transient one-dimensional heat 
conduction problem, whose differential equation is given by 

∂T 

∂t 
= α 

∂2T 

∂x2 
(10.6) 

Two problems will be analyzed [3], differing only in the initial condition. Consider 
a flat plate, infinite in the y and z directions, with thickness L, initially with a given 
temperature distribution that, at time t = 0 undergoes a transient process in which 
the temperatures of the faces x = 0 and x = L are kept at zero. For the case in which 
the initial temperature distribution is given by 

T (x, 0) = Tosen
(π x 
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)

(10.7) 

the analytical solution is 

T (x, t) = Toe−αλ2 
1t sen(λ1x) (10.8) 

in which λ1 = π/L . For the case in which the initial temperature is Ti the analytical 
solution is 
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in which λn = nπ/L 
It is also possible to derive Eq. (10.9) and obtain the heat flux to be checked 

with the heat flux numerically calculated. This is a good test because it acts on the 
derivative of the function, which loses accuracy when evaluated. By checking the 
accuracy of the heat flux calculation, one will be evaluating an important numerical
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approximation at the interface. It will be possible to verify that to obtain good results 
for the heat flux, the numerical approximation cannot be of first order, unless very 
refined meshes are used. 

It is also suggested to realize the marching in time with different time intervals, 
performing a grid resolution in time to check the accuracy of the transient calculation. 
It should be remembered that in a fully implicit formulation the time interval is 
limited by accuracy, not stability, at least for linear and simple problems. However, 
remember that in the solution of coupled, nonlinear equations, even with the fully 
implicit formulation, the time interval has limitations, not only by precision. In this 
case, the reasons are couplings and nonlinearities, which, by the mode they are 
treated, introduce explicit features to the procedure. 

10.4.3 One Dimensional Advection/Diffusion 

To begin the analysis of advection/diffusion problems, the unidimensional flow with 
a known constant velocity field is useful. This problem has already been discussed 
extensively in Chap. 5, when interpolation functions were considered. This problem 
serves to analyze the interpolation functions and their dependence on the Peclet 
number. The differential equation of the problem is 

∂ 
∂x 

(ρuφ) = 
∂ 
∂x

(

Γφ ∂φ 
∂x

)

(10.10) 

and the analytical solution, in exponential form, can be found in Chap. 5. Remember 
that the numerical diffusion error now appears, and if one is using the exact interpo-
lation function in the program, it should reproduce the analytical solution with any 
mesh. If WUDS is being used, the solution will differ very little from the exact one, 
even with coarse mesh, since the WUDS interpolation is nearly exact. 

Most likely, the program being tested is two or three-dimensional, and the test 
suggested here is a one-dimensional problem. There are no difficulties, since it is 
enough to make a mesh in the y (or y and z) direction just large enough (in general 3 
volumes suffice) and apply zero derivative conditions on the boundaries in the other 
directions. The results should be identical, and this constitutes in another test for the 
program. If the results don’t repeat along the other coordinates there are something 
wrong with the implementation. 

10.4.4 Two-Dimensional Advection/Diffusion 

When the interest is to test interpolation functions to assess the numerical diffu-
sion added by the scheme, the advection/diffusion of a pulse is recommended. The 
differential equation of this problem [4], is
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with boundary conditions given in Fig. 10.2 in which θ is the inclination of the 
velocity vector with respect to the x axis. Observe that above this line φ = 1 and 
below, φ = 0. The solution of Eq. (10.11) neglecting the diffusion along the flow 
direction is, for Δx = Δy, is  
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in which 

yc = 
L 

2 
(1 − tan θ)  

It is common, for avoiding interpolations when comparing the results, to plot the 
analytical solution along line AB, creating a mesh for the numerical solution that has 
velocities stored on the same line.
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Fig. 10.2 Advection/diffusion of a pulse 
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10.4.5 Entrance Flow Between Parallel Plates 

The isothermal fluid flow between two parallel plates can be used to test several details 
of the numerical solution. Figure 10.3 depicts the problem whose mathematical model 
is 

∂u 

∂x 
+ 

∂v 

∂y 
= 0 (10.13) 
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The boundary conditions are uniform u, and v = 0 at the inlet, and u = v = 0 
at the walls. At the outlet, the fully developed parabolic profile for u, given by 
Eq. (10.16), and v = 0 can be used, or zero derivative (locally parabolic) boundary 
conditions can also be used for both u and v. The results of the present problem and 
the characteristics of this flow will be used in the coming section. 

10.5 Observing Details of the Solution 

First, it is important to point out that it is not possible to check whether a given 
coefficient of the linear system is correct. The most that can be done is to check that 
the expression of the coefficient is apparently correctly implemented in the code. 
The absolute check of coefficients it is only possible with another code that uses the 
same methodology and the same numerical approximations. In general, such a code 
is not available. However, some extremely useful procedures in the search for errors 
involving the solution and the coefficients can be applied, and are commented on 
below.
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B C 

u =      umáx 1.5 
umáx 

u 
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Fig. 10.3 Laminar flow between parallel plates 
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10.5.1 Symmetry of the Solution 

Always explore all possibilities to observe the symmetry of the solution. In the 
flow problem between parallel plates, Fig. 10.3, we know that u A = uB and that 
vA = −vB . Pressure at A must be equal to that at B. 

The conservation of mass is one of the most important requirements in the solution. 
Therefore, it is advisable to print the residue of this equation for all control volumes. 
Remember that in order to calculate the residuals, the velocities at the interfaces 
of the volume must be used. When the arrangement is staggered, the velocities are 
already at the interfaces, and when it is co-located, they are obtained as a function 
of the velocities at the center. 

The residuals should be normalized to a reference mass flow representing the 
order of magnitude of the mass flows in the problem, usually the inlet mass flow. 
This normalized residual should be on the order of 10−6 to 10−7. The residue field 
should also be symmetric. 

In this particular problem of flow between parallel plates, using locally parabolic 
conditions at the outlet (which is recommended), the profile obtained should be that 
given by Eq. (10.16), with the velocity at the center equal to 1.5 times the mean inlet 
velocity. The u profile is, 
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= 1.5

(

1 −
( y 

h

)2
)

(10.16) 

10.5.2 The Coefficients 

Investigating the characteristics of the coefficients, relying on the physical analysis 
of the problem, is not a common practice among developers of computational codes 
for fluid flows. In general, we feel satisfied checking the expression implemented in 
the code, check if it is correctly written. But there is much more that can be extracted 
from the coefficients. And those resources need to be used when there are great 
difficulties in finding out why the program is not presenting the correct results, or 
why it is diverging. To start, it is always recommended to print (or have them at 
hand) the coefficients and the source term of the equation. It is natural to inspect 
them, since the coefficients and source term form the linear system to be solved. 

It should be verified which is the weight (importance) of each coefficient in the 
system, remembering that the coefficients have a diffusive and an advective part. If 
the scheme has an interpolation function that cancels out the diffusive term when the 
velocity increases, this will cause the coefficient to tend to zero downstream of the 
flow. Recurring to Fig. 10.3, it means to say that the coefficient Ae for the velocity 
u stored in the center of the control volume B, should be close to zero for increasing
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Table 10.1 Values of u/u 

X/Y 0.016 0.032 0.056 0.072 Fully Dev 

0.90 0.761 0.528 0.380 0.348 0.285 

0.70 1.066 1.033 0.923 0.874 0.765 

0.50 1.077 1.155 1.180 1.170 1.125 

0.30 1.055 1.154 1.256 1.288 1.365 

0.00 1.040 1.130 1.262 1.322 1.500 

velocities. On the other hand, the coefficient Aw for the same velocity should be the 
most important. 

Still about the coefficients, one should have (Aw)A = (Aw)B , ( Ae)A = ( Ae)B and 
(As)A = (An)B . 

If the rules of Chap. 5 have been followed, the coefficients should be positive 
and the central coefficient, AP , should be at least equal to the sum of the neighbors. 
Check the source term. Check its sign and magnitude. It is important in the stability 
of the solution, because it is always treated explicitly, that is, with fixed values from 
the last iteration. 

When the difficulties in finding the errors are serious and a lot of time has already 
been spent on this, it may be necessary to use a very coarse mesh and to do some 
manual calculations, checking some coefficients, source terms and mass balances. 

For the problem of flow between parallel plates, the values of u/u for four stations 
along the flow are shown below in Table 10.1 for comparison purposes. It is logical 
that the numbers given and those in the program under test may not match exactly, 
because they may have different numerical approximations, or the mesh used for 
calculation was not sufficiently refined. 

In the mesh 9 × 27 of Fig. 10.4, the vectors denote the positions where the velocity 
u/u are reported in Table 10.1. The channel has length x = 0.288 m and the results 
were obtained with Re = 20, where the Reynolds number is based on half the channel 
height. The mesh in the x direction is equally spaced.

10.5.3 Testing the Solver of the Linear System 

Nowadays, with the availability of several good libraries of solvers it is rare that a 
developer of a CFD code will write its own solver, unless it is a course assignment. 
Independently, if it is an in-house solver or from a library on the web, sometimes 
one wants to be sure that the solver we are using is giving the correct answer. The 
practice is to feed the solver with coefficients whose solution is known and check the 
output of the solver. Below is found a set of coefficients of a very simple problem, 
whose solution is independent of the size of the grid, what allows to check the results 
in the level of machine errors. The linear system is,
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The vector S1{φ1, . . . , φ9} is the solution of this problem, while the vector 
S2{φ1, . . . , φ9} is the solution if the two non zeros elements in the independent 
vector are changed from 2 to 1 and from 1 to 0. 
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10.6 Conclusions 

As already pointed out in other chapters, unfortunately, there are no theories that 
guarantee that a system of nonlinear partial differential equations solved in a segre-
gated manner, or even simultaneously, has stable iterative processes. The couplings, 
the ways of advancing the nonlinearities, the size of the time interval, the number of 
iterations in each cycle etc., are all factors that can cause the solution to diverge. 

For this reason, avoid interacting with the computer on the “changing-and-run” 
rule, hoping the changes you have done will work. Instead, make a careful and 
detailed analysis of the problem, the influence of the variables in the process, the 
weight of the coefficients etc., and the progress in finding the error will be faster than 
the trial-and-error method. Finding the errors and making the program converge is 
not an easy task when complex systems of coupled nonlinear equations are being 
solved. It is in this difficulty that the numerical knowledge and the expertise of the 
analyst is indispensable. 

About the user of a commercial CFD code, one could say that the knowledge 
embedded in a software can be divided in two main groups: numerical and physical 
knowledge. Numerical knowledge refers to the user’s ability to judge the quality 
of a mesh, to infer the behavior of a solver for a given linear system, to choose a 
suitable interpolation function, to judge which parameters should be changed when 
the solution diverges etc. The physical knowledge concerns the user’s ability to 
create his mathematical model, specify boundary conditions, interpret the simulation 
results, and accept the solution according to what is required for the engineering 
application. 

By now both, numerical and physical expertise are required by the users. The 
trend is that the numerical requirements will become, in some time, less dependent 
of the user. That is, there will be efficient algorithms to calculate the truncation 
error volume by volume and in time, refining the mesh spatially and temporally 
until the error set by the user is reached. The algorithms and solvers will be robust 
such that convergence will be almost always achieved. Perhaps computer storage and 
capacity will be so high that allow to use simple and stable numerical algorithms. 
The developing research in the numerical techniques goes in this direction. It does 
not exist at the level of commercial software yet, and so, even today, knowledge of 
the numerical methodologies built into commercial software is a requirement that 
must be met by the user. 

Physical requirements, on the other hand, will never be replaced by a “virtual 
engineer”. The user of a numerical method should always know the physics of what he 
intends to simulate. Numerical simulation is equivalent to performing an experiment 
in a laboratory. Can anyone conceive the idea of a person walking into a laboratory 
and simply taking measurements without having any notion of what he is measuring 
and for what purpose? The physical knowledge to perform a numerical experiment 
(simulation) is the same as for laboratory experiments. Otherwise, the numbers from 
the simulation or laboratory experimentation will have no application whatsoever.
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Machine learning, artificial intelligence and massive data management may train 
a computer code “to be an engineer” for a class of engineering problems, but never 
will substitute a human brain trained in physics to propose the ideal mathematical 
model for that specific problem in consideration, especially when it is a new one. 
This is my belief, perhaps I am wrong. 

Besides physics and numerics, it is recommended to always use the simplest and 
most general criterion, also used in any human activity: common sense. Without it, 
numerical simulation also becomes difficult. 
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Chapter 11 
Introducing General Grids Discretization 

11.1 Introduction 

The first 10 chapters of this book had the task of presenting the fundamentals of 
the finite volume method. The concepts discussed are general and valid for any 
finite volume method written for any coordinate system, respecting the peculiarities 
of each system. The Cartesian coordinate system was used for simplicity, but this 
system is very limited if the interest is to solve real engineering problems, where, 
almost always, the geometry is irregular. The growth of the finite volume methods 
can be divided in three major stages of discretization: orthogonal coordinate systems, 
with the Cartesian coordinates being the important representative, general curvilinear 
coordinate systems and unstructured discretization. Figure 11.1 shows these three 
levels using a 2D domain with a hole to demonstrate the difficulties of the Cartesian 
discretization. In Fig. 11.1a, it is seen that this discretization is not suitable for 
the inner boundary, with difficulties in applying boundary conditions. This type of 
discretization survived up to the 80 s, besides having works on unstructured grids 
by this time. Figure 11.1b and c follows the boundary and, therefore, are possible 
discretization for this geometry.

The discretization shown in Fig. 11.1b, which follows a generalized coordinate 
system, avoids the stair-shape control volumes at the boundary and was in the begin-
ning of the 80 s the great revolution on finite volume methods for arbitrary geometries. 
In this option, a global curvilinear coordinate system exists, and it is possible to write 
the differential equations and integrate them into this new curvilinear system. 

The discretization shown in Fig. 11.1c, which is unstructured, is preferable, since 
it adapts to very complex geometries, it is easy to generate and it is, nowadays, the 
standard practice in computational fluid dynamics. 

This chapter intends to make a bridge between the Cartesian grids and the curvi-
linear and unstructured grids, presenting the concept of element and the possibili-
ties of creating the control volumes for the finite volume integration based on the 
elements. Curvilinear and unstructured discretization are the topics of Chaps. 12 and 
13.
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(a) (b) 

(c) 

Fig. 11.1 Cartesian, curvilinear and unstructured discretization

11.2 Structured and Non-structured Grids 

When control volumes are obtained with a discretization that follows a global coor-
dinate system, as in Figs. 11.1b and 11.2a, the discretization or the resulting mesh 
is structured, since each internal volume always has the same number of neighbors. 
This definition of structured mesh, therefore, considers only geometric aspects of the 
mesh. It says that, if the volumes of the mesh have a certain construction law, always 
with the same number of neighbors, the mesh is said to be structured. In fact, what is 
most important for the numerical method is the structure of the matrix of coefficient 
resulting from the integration process. A structured mesh with its volumes ordered 
according to a global coordinate system, as shown in Fig. 11.2a, and employing an
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Fig. 11.2 Discretization: structured (a) unstructured (b) 

interpolation scheme that uses only the neighboring volumes, will give rise to a diag-
onal type coefficient matrix with 3, 5, and 7 diagonals for 1D, 2D, and 3D problems, 
respectively. 

A structured mesh can also originate matrices that do not have defined diagonals by 
just numbering the volumes randomly, or by using different interpolation schemes for 
different volumes. But it is logical that this shouldn’t be done, because whenever there 
is available a geometrically structured mesh, the numbering of the volumes should 
be done in a way as to get the most out of the structure. Structured meshes have, 
therefore, the advantages of allowing easy ordering and, consequently, obtaining 
diagonal matrices that allow to use simpler and more efficient solvers. 

Unfortunately, real problems, due to the complexity of the geometry, do not allow 
structured meshes to always be employed. Unstructured meshes then come into play. 
They are more versatile, easier to adapt, and extremely well suited to discretize 
irregular geometries with corners and bumps. In many problems, only unstructured 
meshes can adequately discretize the domain. 

They present, however, the difficulty of ordering, which, in turn, will give rise 
to non-diagonal matrices. Figure 11.2b shows a simple unstructured mesh, but one 
can see that it is difficult to choose a numbering path. The result of this ordering 
establishes the size of the bands in the matrix. For example, for the chosen ordering, 
volume 3 is connected to volumes 2, 4, 9 and 10, with a band size therefore of 2 to 10 
in that row, while volume 9 is connected to volumes 3, 5, 8, 14, and 15, with a band 
size of 3 to 15. This variation in the band size of the matrix makes it difficult to apply 
many methods for solving linear systems. In addition to the varying bandwidth, the 
number of neighbors varies from volume to volume, as was the case with volume 3, 
which has four neighbors, and volume 9, which has five. 

There are, therefore, advantages and disadvantages to each of the discretization, 
and the choice depends on the nature of the problem. In the coming chapters numerical 
models applicable to both types of grids, curvilinear and structured will be presented,
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and the characteristics of each discretization will be highlighted in due course. In 
Chap. 12 it will discussed generalized curvilinear structured meshes, presenting the 
mathematical support required, as base vectors, vector representation in the curvi-
linear system, concepts of physical and transformed planes, the transformation of the 
equations from the physical to the transformed domain and, finally, the integration of 
these equations into the transformed domain. In Chap. 13, methods for unstructured 
meshes will be presented. The element-based finite volume method (EbFVM) will 
be presented in detail, as well as its particularization for Voronoi diagrams, in which 
case the elements form a Delaunay triangulation and exhibit local orthogonality. For 
the finite volume method, it does not matter how and in what way the control volumes 
were created. The basic characteristic of this class of methods is the integration of 
equations in the conservative form over an elemental control volume. To introduce 
the reader to the geometric aspects of these methods is the purpose of this Chapter. 

11.3 The Concept of Element 

The element is not traditionally used in the finite volume method, because in this 
method it is enough to define the control volumes for integration purposes. However, 
initially defining the elements, as done in finite elements, and then relating them to 
the control volumes, allows a number of generalizations, including the creation of a 
more general computational abstraction, based on the elements, which results in an 
algorithm that can be used for any type of mesh, structured or not. 

The elements are always the product of the mesh generator. In fact, the mesh 
generator furnishes the elements, defined by the coordinates of its nodes and, later, 
in the proper grid generator or in the numerical code, the control volumes are created. 
It depends on the dedication of the grid generator, it can supply the elements, nodes 
and connectivity. Consider Fig. 11.3, in which a curvilinear structured mesh is shown 
with the definition of the element 1234. In this mesh, a local coordinate system can 
be defined for the element, but it is common to define a global coordinate system, 
(ξ,  η,  γ  ), due to its structured nature, in which the conservation equation can be 
transformed and solved in this new system. In this case, the new global coordinate 
system is related to the original (x, y, z) coordinate system through a coordinate 
transformation, as will be seen in Chap. 12.

For an unstructured mesh of triangles and quadrilaterals, as shown in Fig. 11.4, 
it can be identified the elements 1234 (quadrangular) and 235 (triangular). Note that 
the definition of the elements precedes the creation of the control volumes, which 
is done based on the elements. The element is a geometric entity that covers the 
whole computational domain without overlapping and without broken parts at the 
boundaries. In the element, it is defined a local coordinate system, since a new global 
coordinate system can’t be defined. The local coordinate system, (ξ,  η,  γ  ) is related 
to the (x, y, z) through a coordinate transformation.

The element, therefore, is an entity defined by the coordinate of its vertices. The 
grid generator can offer elements of different shapes. The most common employed
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are triangle and quadrangular in 2D, and tetrahedron, pyramid, hexahedron and prims, 
in 3D, as shown in Fig. 13.1. Figure 11.5 shows the types of elements which comes 
from the grid generator and how they can be used in the numerical discretization. 
For a 1D element we may have a linear interpolation among the two nodes, called 
a first order element. If a third node is introduced, the interpolation function will 
be quadratic, and the element is called a 2nd order element. The same applies for a 
triangular in 2D and a hexahedron for 3D.

Each new node that is introduced, it is an additional unknown to the linear system 
and a corresponding increase in CPU time, therefore, this is a question which should 
be judiciously decided. Higher order elements also increase the complexity in the
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Fig. 11.5 1D, 2D and 3D 
elements of 1st and 2nd order

First order Second order

implementation and the size of the matrix band. Wouldn’t it be wise to refine the grid 
in locals of higher gradients and use first order elements, rather than to increase the 
order of the element for the whole domain? In finite volume calculations this is the 
approach commonly used. 

Hence, considering a 3D hexahedral element coming from the grid generator 
with its eight vertices identified by the (x, y, z) coordinates, the developer of the 
numerical method will decide about the shape functions, or interpolation functions, 
for this element, which means to decide about the order of the element. 

11.4 Construction of the Control Volume 

The creation of the control volumes, as already pointed out, is done based on the 
elements. There are two basic classes of methods based on the relative geometrical 
position between the control volume and the element. The formulations in which the 
control volume is chosen as the element itself, and the variables to be determined 
are stored in the center of the element, are called cell-center, because the unknown 
variable is the center of the element. It is the classical, or traditional, finite volume 
method and, in Cartesian coordinates the integration points (i p) are symbolized by 
(e, w,  n, s, f, b). For a curvilinear coordinate system, as in Fig. 11.6, if a cell-center 
approach is used, nothing changes in terms of notation, since one still has a control 
volume with four faces (in 2D), and integration points are on the middle of the faces.

What changes, related to Cartesian system, with strong influence on the implemen-
tation of the method is the need of having all Cartesian components of the velocity 
vector at these points to obtain the normal velocities for mass flow calculations. 

If an unstructured mesh of triangles is employed and the elements are used as 
control volumes, as shown in Fig. 11.7, one has, again, the classical formulation of
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Fig. 11.6 Curvilinear grid. Cell-center

the finite volume method. For the calculation of the diffusion fluxes, for example, in 
both, Figs. 11.6 and 11.7 it will need to use the neighbor control volumes. In other 
words, fluxes in general will not be possible to be calculated on an element-based 
approach, precluding the use of a cleaner programming. 

The other class of methods, called cell vertex, with the center of the control 
volumes at the vertex of the elements (location of the unknown variable), as shown 
in Fig. 11.8 for curvilinear grids, constructs the control volume with parts of the 
elements which shares the same grid node. The control volume is constructed by 
connecting the centroids of the elements to the midpoint of their faces. Two alter-
natives are possible. In the first case, shown in Fig. 11.8a, the integration point is in 
the middle of the face. For an element-base construction it is not convenient, since

Fig. 11.7 Unstructured 
grids. Cell-center 
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Fig. 11.8 Curvilinear grids. Cell-vertex 

the integration point at the south face, for example, has no clear definition to what 
element it belongs to, if to element 1234 or element 1456. The clear definition is 
mandatory because in an element-base method all fluxes must be calculated inside a 
single element. 

In the second case, shown in Fig. 11.8b, there are two integration points on each 
face, a construction that leaves no ambiguities, since every two integration points 
of a control volume are located within the same element. In addition, the accuracy 
of the numerical scheme is increased, as the flow across the face is now calculated 
using a better discretization of the integration surface. This construction allows the 
use of the element as the geometric entity on which all calculations are performed. 
In this way, the computational implementation is facilitated, resulting in algorithms 
that are applicable to both structured and unstructured meshes. 

For unstructured meshes, the construction of the control volumes is identical, that 
is, the centroids of each element are connected to the midpoint of each face. The 
face of the control volume between the centroid and the midpoint of the element face 
houses an integration point. Figure 11.9 shows an unstructured mesh with triangular 
and quadrangular elements, where control volumes centered at nodes 3 and 4 are 
shown. Note that a triangular element will always have three integration points, and 
two of them are always used together for the fluxes balance for a given control 
volume.

A quadrangular element will always have four integration points, and, again, two 
of them are used for fluxes balance of given control volume. For example, in the 
balance for the control volume centered at node 3, two integration points from the 
triangular element 253 and two from the quadrangular element 1234 take part, in 
addition to the other integration points belonging to the other elements that also 
contribute to the volume centered at 3. These integration points are on the faces of 
the so-called sub-control (SCV), or, sub-elements, i.e. the parts of the element that 
will form the control volume. Figure 11.8b identifies the SVC1 of element 1234 that
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Fig. 11.9 Unstructured grid. 
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takes part in the balance of the control volume centered on 1, and Fig. 11.9 shows 
the SCV3 of element 1234 that takes part in the control volume centered on 3. 

This construction allows, therefore, the balance over the control volume to be done 
through a summation of flows calculated at the integration points of the elements. 
All calculations, therefore, can be done for the elements, which gives rise to the 
name of the element-based finite volume method (EbFVM), that is, a finite volume 
methodology where the basis is the element. This method will be discussed in detail 
in Chap. 13. 

Nowadays, the cell-center unstructured grid, as shown in Fig. 11.7, and the 
element-based approach, as in Fig. 11.9, are the two numerical technology mainly 
used in commercial software for the simulation of fluid flows. 

11.5 Conclusions 

The main goal of this chapter was to introduce the reader to what comes next. 
The elements in curvilinear coordinate systems and in unstructured grids with the 
corresponding creation of control volume were shown. The alternatives of using 
the element to build a cell-center method or a cell-vertex method was presented. 
The location of the integration points allowing to create element-based methods was 
outlined. By its turn, the cell-vertex method, whose control volumes are built with 
parts of the elements, allows the determination of the fluxes such that the construction 
of the global matrix can be in an element-basis.



Chapter 12 
Coordinate Transformation—General 
Curvilinear Coordinate Systems 

12.1 Introduction 

Having completed the basic presentation of the finite volume method and its funda-
mental details using Cartesian coordinates, and the introduction of curvilinear and 
unstructured grids, our next chapters seek to extend the knowledge to these two 
types of non-Cartesian discretization. Curvilinear grids are types of meshes that can 
be represented in a new global coordinate system using a transformation of coordi-
nates from the Cartesian system (x, y, z) to the new system (ξ,  η,  γ  ). This means 
that the differential equations to be solved can be transformed to this new coordi-
nate system, whose dimensions are arbitrarily chosen. The algorithms could also be 
developed using local coordinate systems.This chapter is devoted for the solution on 
the global coordinate system. 

In order to have mathematical support when working with the transformed equa-
tions, and the required basis for interpreting the terms and elements in the new system, 
let us start with a brief description of the relationships in a coordinate transformation. 
Since the finite-volume method is based on the development of physically based algo-
rithms, and such basic derivations are usually made for the Cartesian system, as done 
in the previous chapters, only with the geometric interpretation of the transformation 
it is possible to transfer this reasoning to more complex shapes. 

We have observed that the lack of these interpretations has cost to new users of 
general coordinate systems and unstructured grids, considerable learning time and 
has inhibited their ability to search for errors in computer codes. Furthermore, it 
becomes difficult to generalize and create new algorithms if the coordinate trans-
formation and its influence on the calculation of physical quantities are not well 
understood. In this chapter, therefore, it is aimed to understand geometrical aspects 
of the irregular domains and its effects on the creation of a numerical algorithm. No 
mathematical deepening will be exercised, but just the essential for the geometrical 
interpretation. Readers interested should consult classical texts on tensor calculus [1, 
2]. Those interested in expressions for the various operators in generalized curvilinear 
coordinates can consult [2, 3].
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Fig. 12.1 Curvilinear coordinate system. Mapping 

When it is possible to discretize the computational domain with a structured 
mesh, as in Fig. 12.1a, for example, the lines of the mesh form a new coordinate 
system (ξ,  η), called curvilinear or generalized. For example, if one decides to map 
an irregular physical 2D domain (Fig. 12.1a into a rectangle (into a parallelepiped 
in 3D), as in Fig. 12.1b, it may be adopted unitary increments of the coordinates in 
the new system, i.e., △ξ = △η = 1, and the computational domain loses is physical 
dimensions, being necessary to know in which parameters the information about the 
real shape and size of the domain are embedded. The metrics of the transformation 
of coordinates tell us that. 

12.2 Global Coordinate Transformation 

12.2.1 General 

In this section it is considered the situation where all elements are arranged in a 
structured way and are formed by the lines of the generalized curvilinear coordi-
nate system as shown in Fig. 12.1a with the respective mapping, or transformed, or 
computational plane, as in Fig. 12.1b. Note that element 1234 is part of a global 
coordinate system and is defined by lines ξ = 3 and ξ = 4, and lines η = 2 and 
η = 3, arbitrarily chosen. The size of △ξ and △η could be of any value, but usually 
chosen as unity. 

Figure 12.2 shows a curvilinear coordinate system (ξ,  η,  γ  ) referred to the Carte-
sian system (x, y, z) with the identification of point A on the η axis. The curvilinear 
coordinates of a point are related to the Cartesian system by a transformation equation
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Fig. 12.2 Three-dimensional curvilinear coordinate system (ξ, η, γ  )  

of the type, 

ξ = ξ(x, y, z) (12.1) 

η = η(x, y, z) (12.2) 

γ = γ (x, y, z) (12.3) 

There is a possibility that the new coordinate system may change with time, which 
would alter the functional form of Eqs. (12.1–12.3) to involve the time variable. This 
will be seen shortly in this chapter. 

The differentials in each coordinate axis are, 

dξ = ξx dx  + ξydy + ξzdz (12.4) 

dη = ηx dx  + ηydy + ηzdz (12.5) 

dγ = γx dx  + γydy + γzdz, (12.6) 

or in the matrix form, 

⎡ 

⎣ 
dξ 
dη 
dγ 

⎤ 

⎦ = 

⎡ 

⎣ 
ξx ξy ξz 

ηx ηy ηz 

γx γy γz 

⎤ 

⎦ 

⎡ 

⎣ 
dx 
dy 
dz 

⎤ 

⎦, (12.7) 

or, again, as
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⎡
dT⎤ = [A]

⎡
dF⎤ (12.8) 

in which dT and dF are the differentials in the transformed and physical domains, 
respectively. By their turn, the differentials in the physical domain are given by 

⎡ 

⎣ 
dx 
dy 
dz 

⎤ 

⎦ = 

⎡ 

⎣ 
xξ xη xγ 
yξ yη yγ 
zξ zη zγ 

⎤ 

⎦ 

⎡ 

⎣ 
dξ 
dη 
dγ 

⎤ 

⎦ (12.9) 

or

⎡
dF⎤ = [B]

⎡
dT⎤

(12.10) 

Using Eqs. (12.8) and (12.10), one finds 

A = B−1 = 1/J 

⎡ 

⎣ 
yηzγ − yγ zη −(xηzγ − xγ zη) xη yγ − xγ yη 

−(yξ zγ − yγ zξ ) xξ zγ − xγ zξ −(xξ yγ − xγ yξ ) 
yξ zη − yηzξ −(xξ zη − xηzξ ) xξ yη − xη yξ 

⎤ 

⎦ (12.11) 

Comparing A with B−1,element by element of the matrices, the metrics of the 
transformation are found, as 

ξx = 
1 

J 
(yηzγ − yγ zη) 

ξy = −  
1 

J 
(xηzγ − xγ zη) 

ξz = 
1 

J 
(xη yγ − xγ yη) (12.12) 

ηx = −  
1 

J 
(yξ zγ − yγ zξ ) 

ηy = 
1 

J 
(xξ zγ − xγ zξ ) 

ηz = −  
1 

J 
(xξ yγ − xγ yξ ) (12.13) 

γx = 
1 

J 
(yξ zη − yηzξ ) 

γy = −  
1 

J 
(xξ zη − xηzξ ) 

γz = 
1 

J 
(xξ yη − xη yξ ) (12.14) 

in which
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J = det[B] = 1 

det[A] (12.15) 

or 

J = xξ (yηzγ − yγ zη) − xη(yξ zγ − yγ zξ ) + xγ (yξ zη − yηzξ ), (12.16) 

is the Jacobian of the transformation, which has an important geometric interpreta-
tion. 

Equations (12.1–12.3) represent the transformation from the system (x, y, z) to the  
system (ξ,  η,  γ  ). The inverse function theorem, which allowed obtaining the relations 
given by Eq. (12.12–12.14) admits the existence of the inverse of the transformation 
given by 

x = x(ξ, η, γ  )  
y = y(ξ, η, γ  )  
z = z(ξ, η, γ  ), (12.17) 

in which the metrics of the inverse function are, 

xξ = J (ηyγz − γyηz) 
xη = −J (ξyγz − ξzγy) 
xγ = J (ηzξy − ξzηy) (12.18) 

yξ = −J (ηx γz − ηzγx ) 
yη = J (ξx γz − γx ξz) 
yγ = −J (ξx ηz − ξzηx ) (12.19) 

zξ = J (ηx γy − ηyγx ) 
zη = −J (ξx γy − γx ξy) 
zγ = J (ξx ηy − ξyηx ) (12.20) 

To exemplify, consider a transformation from the Cartesian to the polar coordinate 
system, given by 

r = 
/

x2 + y2 

θ = tan−1
( y 

x

)
(12.21) 

in which (r, θ,  z) represents (ξ,  η,  γ  ). It is easy to show that the inverse are the 
well-known relations,
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x = r cosθ 
y = r senθ (12.22) 

12.2.2 Length Along a Coordinate Axis 

The relations among the components of the metric tensor and lengths in a curvilinear 
system are helpful interpretations when performing balances inherent to the finite 
volume method. Considering again Fig. 12.2, let’s call the length of the segment 
along the η axis measured from the origin to the point A by d Lη. The coordinates 
(a, b, c) of the point A are given by 

a = 
∂x 

∂η
△η (12.23) 

b = 
∂y 

∂η
△η (12.24) 

c = 
∂z 

∂η
△η (12.25) 

since, along O A, △ξ and △γ are equal to zero. Using the Pythagorean theorem, one 
finds 

d Lη =
/(

∂x 

∂η

)2 

+
(

∂y 

∂η

)2 

+
(

∂z 

∂η

)2

△η (12.26) 

In a similar way, the lengths along the ξ and γ coordinates are, 

d Lξ =
/(

∂x 

∂ξ

)2 

+
(

∂y 

∂ξ

)2 

+
(

∂z 

∂ξ

)2

△ξ (12.27) 

d Lγ =
/(

∂x 

∂γ

)2 

+
(

∂ y 

∂γ

)2 

+
(

∂ z 

∂γ

)2

△γ (12.28) 

According to the definition of the metric tensor given by 

gi j  = 
∂x 

∂xi 

∂ x 

∂x j 
+ 

∂ y 

∂ xi 

∂y 

∂ x j 
+ 

∂z 

∂xi 

∂z 

∂x j 
, (12.29) 

one can see that the lengths d Lξ , d Lη and d Lγ are, respectively,
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d Lξ = 
√

g11△ξ (12.30) 

d Lη = 
√

g22△η (12.31) 

d Lγ = 
√

g33△γ , (12.32) 

that is, a length along one of the coordinate axes is related to only one component of 
the metric tensor. A generic length ds is given by 

ds2 = dx2 + dy2 + dz2 (12.33) 

Recalling the expressions for the differentials dx, dy and dz given by Eq. (12.9) 
and the definition of the metric tensor, g i j  , one finds 

ds2 = dx2 + dy2 + dz2 = 
3{

i=1 

3{
k=1 

gikdxi dxk (12.34) 

Since gi j  has nine components, a generic length will involve all components. In 
a matrix form, it reads 

gik  = 

⎡ 

⎣ 
g11 g12 g13 
g21 g22 g23 
g31 g32 g33 

⎤ 

⎦ (12.35) 

In Eq. (12.34), xi and xk represent the curvilinear coordinates or, for i = 1, 
x1 = ξ , for  i = 2, x2 = η, and for i = 3, x3 = γ . 

For orthogonal coordinate systems all cross components (i /= k) of the metric 
tensor are zero, and, for example, for the cylindrical coordinate system the diagonal 
components are 

g11 = 1 
g22 = r2 

g33 = 1 (12.36) 

12.2.3 Areas (or Volumes) in the Curvilinear System 

Considering a two-dimensional situation, for simplicity, as shown in Fig. 12.3, and 
using the expressions obtained for the 3D case, one can write,
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Fig. 12.3 Area in the 
computational domain 
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d Lξ =
/(

y2 ξ + x2 
ξ

)
△ξ = 

√
g11△ξ (12.37) 

d Lη =
/(

y2 η + x2 
η

)
△η = 

√
g22△η (12.38) 

According to Fig. 12.3, these lengths can be represented by vectors, as 

dLξ = xξ△ξ i + yξ△ξ j 

dLη = xη△η i + yη△ηj (12.39) 

The area of the parallelogram formed by these two vectors is given by the absolute 
value of the resulting vector from the cross product of them. The cross product is 

dS = 

⎡ 

⎣ 
i j k  

xξ△ξ yξ△ξ 0 
xη△η yη△η 0 

⎤ 

⎦ = k(xξ yη − xη yξ )△ξ△η, (12.40) 

and the area d S  is given by 

d S  = |dS| = (xξ yη − xη yξ )△ξ△η = J△ξ△η (12.41) 

An important geometric interpretation arises from this equation recognizing that 
the term inside the parentheses in Eq. (12.41) is the Jacobian of the transformation, 
given by 

J = (xξ yη − xη yx ), (12.42)
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y 

Fig. 12.4 Physical and computational control volume 

Therefore, 

d S

△ξ△η 
= J, (12.43) 

that is, the Jacobian represents the ratio among the physical and the transformed 
area. If △ξ = △η = 1 the value of the Jacobian is exactly the area in the physical 
domain, which can be see that it is the determinant of matrix B, Eq.  (12.9), for two 
dimensions. 

Numerically approximating Eq. (12.42) and substituting in Eq. (12.43), it is 
observed that the product △ξ△η cancel out, what means that they are of free choice. 
For a 3D transformation one gets, 

dV

△ξ△η△γ 
= J (12.44) 

It is left to the reader to demonstrate that 

J = 
√

g, (12.45) 

in which g = det
⎡
gik

⎤
. Figure 12.4 depicts the physical and the transformed domain. 

12.2.4 Basis Vectors 

When the Cartesian coordinate system is used, a vector varying with space is 
described in terms of the Cartesian components referenced to a local basis of vectors 
i, j and k. The magnitude and direction of each basis vector are the same for any 
point in space. The vectors i , j and k are unit vectors and that the magnitude of a 
component of a given vector represents a proportionality to the basis vector on that 
axis.
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Fig. 12.5 Contravariant, 
co-variant, Cartesian and 
unitary basis vectors 
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When generalized curvilinear coordinates are employed and we wish to describe 
the same vector in these coordinates, it is convenient to employ local basis vectors 
that are aligned with or normal to the coordinate lines. Since the coordinates are 
nonorthogonal, and to avoid ambiguities, there are two systems of basis vectors that 
can be used: the covariant and the contravariant. In addition to these, a unitary system 
is often employed along the covariant basis. Figure 12.5 shows these basis vectors 
together with the rectangular Cartesian basis vector system. 

12.2.4.1 Covariant Basis Vector 

Covariant basis vectors, by definition, are tangent to the coordinate lines, as shown 
in Fig. 12.6 for the case of the covariant vector tangent to the axis ξ . In this case it 
is given by 

eξ = lim
△ξ →0 

r(ξ + △ξ ) − r(ξ )
△ξ

= 
∂r 
∂ξ 

(12.46)

Knowing that the vector r is given by 

r = x i + yj + zk, (12.47)
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Fig. 12.6 Covariant basis vectors definition

the covariant basis vector, eξ results, 

eξ = 
∂x 

∂ξ 
i + 

∂y 

∂ξ 
j + 

∂ z 

∂ξ 
k (12.48) 

With an analogous procedure for the other coordinate directions, one finds 

eη = 
∂x 

∂η 
i + 

∂y 

∂η 
j + 

∂z 

∂η 
k (12.49) 

eγ = 
∂x 

∂γ 
i + 

∂ y 

∂γ 
j + 

∂ z 

∂γ 
k, (12.50) 

or, in matrix form, as 

⎡ 

⎣ 
eξ 
eη 
eγ 

⎤ 

⎦ = 

⎡ 

⎣ 
xξ yξ zξ 
xη yη zη 
xγ yγ zγ 

⎤ 

⎦ 

⎡ 

⎣ 
i 
j 
k 

⎤ 

⎦ (12.51) 

or, using the coordinate xi to denote the ξ , η and γ coordinates, as 

ei = 
∂x 

∂xi 
i + 

∂ y 

∂xi 
j + 

∂ z 

∂xi 
k (12.52) 

The recognition that covariant basis vector is tangent to generalized coordinate 
lines greatly assists the numerical analyst, since, when analyzing results of physical 
problems, it is common to calculate entities tangent to coordinate lines. It is therefore 
enough to have the basis vectors of the transformation, given by Eqs. (12.48–12.50) 
and determine the vector in the desired tangential direction. 

To exercise, consider the polar coordinate system, Eq. (12.22). The interest is in 
calculating the covariant basis vector in the θ direction. It is a vector tangent to the θ 
coordinate. Using Eqs. (12.48) and (12.49), the basis vector for these directions are
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Fig. 12.7 Covariant basis 
vectors for the polar system 
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eθ = r (−senθ i + cos θ j), (12.53) 

while, for the r direction, it is 

er = cos θ i + senθ j (12.54) 

Figure 12.7 shows for the point A, B, C and D, the basis vectors for the polar 
system obtained using Eqs. (12.53) and (12.54). Notice that eθ has module r , and er 

has unitary module. 

12.2.4.2 Contravariant Basis Vector 

The contravariant basis has its vectors normal to the coordinate surfaces, as illustrated 
in Fig. 12.8. Therefore, we must seek, for its definition, the mathematical entity that 
represents this condition. It is known that the gradient has this property. Therefore, 
the contravariant basis vectors are defined by 

eξ = ∇ξ = 
∂ξ 
∂x 

i + 
∂ξ 
∂y 

j + 
∂ξ 
∂z 

k (12.55) 

eη = ∇η = 
∂η 
∂ x 

i + 
∂η 
∂ y 

j + 
∂η 
∂ z 

k (12.56) 

eγ = ∇γ = 
∂γ 
∂x 

i + 
∂γ 
∂ y 

j + 
∂γ 
∂z 

k (12.57)
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Fig. 12.8 Contravariant 
basis vector definition 

= cte 

or, in a matrix form, as before, 

⎡ 

⎣ 
eξ 

eη 

eγ 

⎤ 

⎦ = 

⎡ 

⎣ 
ξx ξy ξz 

ηx ηy ηz 

γx γy γz 

⎤ 

⎦ 

⎡ 

⎣ 
i 
j 
k 

⎤ 

⎦ (12.58) 

It is left to the reader, as an exercise, to obtain the contravariant basis vectors for 
the polar coordinate system, as was done for the covariant basis. 

The covariant and contravariant bases vectors have been written in terms of the 
unit vectors i, j and k. These can, of course, be expressed in the covariant and 
contravariant bases. Following, these and other important relationships are collected 
[2], 

ei = 
∂x 

∂xi 
i + 

∂y 

∂xi 
j + 

∂z 

∂xi 
k (12.59) 

ei = 
∂xi 

∂x 
i + 

∂xi 

∂ y 
j + 

∂ xi 

∂z 
k (12.60) 

i = 
3{

i=1 

∂xi 

∂x 
ei = 

3{
i=1 

∂x 

∂xi 
ei (12.61) 

j = 
3{

i=1 

∂xi 

∂y 
ei = 

3{
i=1 

∂y 

∂xi 
ei (12.62) 

k = 
3{

i=1 

∂xi 

∂z 
ei = 

3{
i=1 

∂ z 

∂xi 
ei (12.63) 

ui = 1 √
gii 

ei (12.64)
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Fig. 12.9 Covariant and contravariant basis vectors 

gi j  = ei · e j (12.65) 

gi j  = ei · e j (12.66) 

In Eq. (12.64), the vector ui is unitary along the covariant basis and is obtained by 
dividing the vector ei by its modulus. Again, taking the polar system as an example, 
the vector er is already unitary and eθ has modulus r , as already seen. Therefore, 
the unitary vector uθ in the polar system is 

uθ = −senθ i + cos θ j (12.67) 

From Eq. (12.64) it is concluded that 

|ei | = 
√

gii , (12.68) 

and, therefore, it should be kept in mind that when a vector is described by its 
covariant or contravariant components, the basis vector to this representation is not 
unitary. Comparing Eqs. (12.30–12.32) with Eq. (12.68), one at a time, this fact can 
be proved. Note that in the previous equations it is always possible to recover the 
three components by making x1 = ξ , x2 = η and x3 = γ . 

To conclude this section, Fig. 12.9 shows, in the plane, a nonorthogonal curvilinear 
coordinate system and the corresponding covariant and contravariant base vectors. 

12.2.5 Vector Representation in the Curvilinear System 

There are two possible bases to represent a vector in the curvilinear ordinate system, 
the covariant and the contravariant. The third, auxiliary basis, is unitary and derived 
from the covariant.
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When representing vectors in coordinate systems whose basis vectors are not 
unitary, precaution should be taken in interpreting the meaning of a component of a 
vector. A component of a vector is a scalar that is multiplied by the basis vector to 
obtain a length. The important point is that the length is an invariant, that is, it has 
the same value for any coordinate system. For generalized coordinate systems, with 
base vectors of non-unitary modulus, this is crucial, because the scalar represented 
by the component is not physically interpretable if it is not associated with a base 
vector. The product of the value of the component by the modulus of the base vector 
results in a length which is, therefore, invariant and physically representable. 

Let V be a vector variable in space, that is V = V(x, y, z). This vector can be 
represented by 

V = V̂1u1 + V̂2u2 + V̂3u3 (12.69) 

V = V 1 e1 + V 2 e2 + V 3 e3 (12.70) 

V = V1e1 + V2e2 + V3e3 (12.71) 

which give rise to the physical, contravariant, and covariant components, as shown in 
Fig. 12.10. There is no possibility to draw on a graph with scales the magnitudes of 
the contravariant and covariant components of a vector, since those magnitudes have 
no meaning. However, if they are multiplied by their corresponding bases vectors 
the results are invariants, with physical meaning. These can be drawn and measured, 
since they represent lengths, as shown in Fig. 12.10. In fact, what is being represented, 
then, are physical components, invariants. 

Fig. 12.10 Contravariant, 
covariant and physical 
components
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Notice that the representation of the vector in the covariant basis gives the 
contravariant components of the vector. This becomes clear when it is realized that 
the contravariant components are obtained by the scalar product of the vector in ques-
tion by the corresponding contravariant basis vector. It is this operation that gives 
its name. Furthermore, it is important to note that the products V 1e1 and V1e1 have 
physical and geometrical sense because they originate lengths, while the products 
V 1e1 and V1 e 1 have no interpretation. 

The expressions for each of the components represented in a possible basis vectors 
can be obtained with the help of Eqs. (12.59) and (12.60). Thus, 

V̂i = 
√

gii V
i (12.72) 

V i = 
∂xi 

∂x 
Vx + 

∂ xi 

∂y 
Vy + 

∂xi 

∂z 
Vz (12.73) 

Vi = 
∂x 

∂xi 
Vx + 

∂y 

∂xi 
Vy + 

∂z 

∂xi 
Vz, (12.74) 

and, for the Cartesian components, 

Vx = 
3{

i=1 

∂ x 

∂xi 

V̂i √
gii 

= 
3{

i=1 

∂x 

∂xi 
V i = 

3{
i=1 

∂ xi 

∂x 
Vi (12.75) 

Vy = 
3{

i=1 

∂y 

∂xi 

V̂i √
gii 

= 
3{

i=1 

∂y 

∂xi 
V i = 

3{
i=1 

∂ xi 

∂y 
Vi (12.76) 

Vz = 
3{

i=1 

∂ z 

∂xi 

V̂i √
gii 

= 
3{

i=1 

∂z 

∂ xi 
V i = 

3{
i=1 

∂xi 

∂z 
Vi (12.77) 

As our goal is the simulation of fluid flows, at this point it is didactic to emphasize 
the importance of choosing which components of the velocity vector will take part in 
the numerical model. In the finite volume method, the balances of properties (mass, 
momentum, energy, etc.) in the elementary volume give rise to the approximate 
equations. These balances involve the quantification of the advective flows of these 
properties on the faces of the elementary volumes. The evaluation of these fluxes, 
regardless of the property in question, depends on the mass flow, since any property is 
transported by advection by the mass flow. Therefore, the evaluation of the mass flow 
at the interfaces of the elementary volumes is one of the most important operations 
performed in the algorithm, since its influence appears in all the equations to be 
solved. And this knowledge is not only applied to curvilinear grids, but in any control 
volume which is not aligned with the Cartesian system, case in which the mass flow 
is easily computed using just one component of the velocity vector. 

Consider Fig. 12.11 in which the vector V is the velocity vector. In order to 
calculate the flux of any given property by unit mass φ, it is necessary to find V.n,



12.2 Global Coordinate Transformation 279

Normal to axis x2 

x2 

x1 

x1 = cte 

e1 

x 

y 

x2 = cte 

n 

V 

V 
1 

_ 

Fig. 12.11 Projection of V in the normal to the axis x 2 

such that ρ(V.n)φ is the flux of φ per unit area and time. In this case it is considered 
n normal to the x2 axis, that is, normal to constant x1 lines. One wants to determine 
the relationship between the physical component of the velocity vector normal to the 
x2 axis and the contravariant and covariant components. 

The contravariant components V i of the velocity vector are, by definition, given 
by 

V i = V · ei (12.78) 

Using a 2D framework and taking the i = 1 as example, one gets 

V · e1 = (
V 1 e1 + V 2 e2

) · e1 = V 1 (12.79) 

Expanding the scalar product in the right-hand side of Eq. (12.78), and according 
to the nomenclature used in Fig. 12.11, 

V · e1 = |V|IIe1II cos θ = V 
1IIe1II = V 1 (12.80) 

From Eq. (12.80) and from expressions of
IIe1II and √g, given by Eqs. (12.45) and 

(12.60), respectively, one finds 

V 
1 = 

V 1
IIe1II = 

V 1 √g √
g22 

= 
J V 1 

√
g22 

= 
U √
g22 

, (12.81)
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in which, in Eqs. (12.80) and (12.81), V 
1 
is the projection of the vector V normal to 

the axis x 2, required for the calculation of the advective flux of φ. In Eq.  (12.81), U 
is called the contravariant component without metric normalization of the vector V. 
Paying attention to Eq. (12.31), in which the geometric meaning of the length

√
g22 

can be obtained, one sees that the relation among U and V 
1 
is just a length. Since 

V 
1 
is the physical component of V in the direction normal to the x 2 axis, it is found 

that U , when multiplied by △x 2 (△η in Eq. (12.31)), represents the volumetric flow 
rate across the face. 

In two dimensions, the contravariant components, without metric normalization, 
of the vector V are represented by U and V . Later in this section we will make 
use of these components, and will show that these quantities arise directly when the 
conservation equations are transformed from the physical domain (x, y, z) to the  
transformed domain (ξ,  η,  γ  ). 

It is important to recognize in Fig. 12.11 that V 
1 
, the portion of the velocity 

vector responsible for the mass flow through the face, is related to only one of 
the contravariant components of the velocity vector. That is, when it is required to 
calculate a flux normal to the x2 axis (which is a constant x 1 line), it is needed only 
V 1, and when it is needed normal to the x 1 axis (which is a constant x2 line), it is  
needed only V 2. A similar situation happens in the Cartesian system, in which, for 
calculating the advective flux normal to the constant y and x lines, one needs only v 
and u, respectively. In a generalized coordinate system, if the covariant components 

were employed, the portion responsible for the mass flow, V 
1 
, would depend on the 

two covariant components, since 

V · e1 = (
V1e1 + V2e2

) · e1 = V 
1IIe1II (12.82) 

In this case both products e1.e1 and e1.e2 are non zeros and, therefore, 

V 
1 = f (V1, V2) (12.83) 

12.2.6 Mass Flow Calculation 

It is important to bear in mind that one is talking about the velocity entity which 
enters in the mass flow computation, the so-called advecting velocity. In a moving 
control volume, it is the relative velocity which carries the mass flow in and out 
of the control volume. The advected velocity, even in a general curvilinear system, 
will continue to be the Cartesian components, by choice, since it would complicate 
severely the numerical method if one attempts to use the contravariant components 
also as advected velocity, or better saying, as the dependent variable of the problem. 
There were some initiatives of doing this in the past, but the idea didn’t prosper.
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From the point of view of constructing the numerical method, since the Cartesian 
components are always kept as dependent variables, all components (u, v, w) are 
required at the faces of the control volume for mass calculation. 

Digging a little deeper into the physical interpretation of each component of a 
vector when curvilinear coordinate systems are employed, consider Fig. 12.12, in  
which, again the velocity vector V is shown, and the coordinates x 1 and x 2 have been 
replaced by ξ and η, respectively. The interest now is to correlate the contravariant 
velocity components with the Cartesian ones, considering the physical interpretation. 
The goal is to calculate the mass flow rate through the segment AB. Bringing back to 
mind the knowledge from the basic calculus and fluid mechanics courses, this mass 
flow rate is given by 

ṁ = ρ(V · n)p AB, (12.84) 

or, 

ṁ = ρ|V| cos θ 
√

g22△η, (12.85) 

in which the representation of AB came from Eq. (12.31) which calculates the length 

of a segment over a coordinate axis, η in this case. Knowing that |V| cos θ = V 
1 
, 

according to Fig. 12.11,
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Fig. 12.12 Projection of V normal to ξ and η constant lines 
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ṁ = ρV 
1 √

g22△η, (12.86) 

or, with help of Eq. (12.81), 

ṁ = ρ J V 1△η = ρU△η (12.87) 

The beauty of this interpretation is that starting from the basic knowledge of 
physics and vector calculus, Eq. (12.84), one reaches Eq. (12.87), which involves in 
the mass flow calculation the entities of a curvilinear coordinate system, as Jacobian, 
contravariant velocity components and dimensions in the transformed plane. The 
term U△η in Eq. (12.87), withU being the contravariant velocity component without 
metric normalization, is the volumetric flow rate crossing the segment. It is shown 
again that for calculating the mass flow rate in a segment along an axis it is required 
only one component of the contravariant velocity vector. 

The segment AB could be a surface of any irregular control volume in unstructured 
grids. Therefore, it is emphasized that the learning of this section is helpful for 
creating and understanding finite volume methods in curvilinear coordinate systems, 
as well as in unstructured grids, which uses a local coordinate transformation. The 
mass flow calculation uses the same entities in control volumes of any shape. 

Still with the help of Fig. 12.12, and using the Cartesian components of the velocity 
vector and the projection of the AB segment in the x and y axis, it is easy to show 
that 

ṁ = ρ
(

u
△y

△η 
− v

△x

△η

)
△η (12.88) 

Using Eqs. (12.81) and (12.87) one finds, 

U = u
△y

△η 
− v

△x

△η 
(12.89) 

In unstructured grids, in which there are no global coordinate transformation, the 
volumetric flow rate is calculated by 

Q = u△y − v△x, (12.90) 

and the mass flow rate by 

ṁ = ρQ = ρ(u△y − v△x) (12.91) 

Equations (12.89) and (12.90) calculates the same quantity. But, in Eq. (12.90)
△x and △y should carry a sign, which is given by a convention on how to sweep 
the boundary of the control volume (counterclockwise) while in Eq. (12.89) the sign 
is given automatically by the metrics of the transformation, △x/△η and △y/△η. 
Figure 12.13 explains this, depicting a situation in which △x/△η is negative,
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resulting in a positive sign in Eq. (12.89), which is the correct one, because both the 
component u and v contribute positively to the mass flow through segment AB (see 

that the projections of u and v on the normal add up, giving rise to V 
1 
). Figure 12.14 

shows a situation in which △x/△η is positive (x grows with increasing η), resulting 
in the negative sign in the second term on the right-hand side of Eq. (12.89). This 
shows that the v component contributes negatively to the mass flow at AB, which 
can also be seen by the projections of u and v on the normal. 

Manipulating the equations, it is also possible to show that

Fig. 12.13 Projection of V 
on the normal. △x/△η 
negative 
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ρV 
1 √

g22△η = ρ 
√

g

(
u

△ξ

△x 
+ v

△ξ

△y

)
△η, (12.92) 

The expression in the parentheses of Eq. (12.92) is identified as the contravariant 
component V 1 (see Eq. (12.73). The relation among the velocity projected in the 
normal do the face (responsible for the mass flow) and the contravariant velocity 
component is only related to geometry, as 

V 
1 

V 1 
= 

√
g √

g22 
(12.93) 

To calculate the mass flow rate through a segment along ξ , by analogy, it is 
employed the other contravariant component, which is related to the projection of V 
onto the normal to the axis ξ , by  

V 
2 

V 2 
= 

√
g √

g11 
(12.94) 

The mass flow rate and the corresponding contravariant velocity component 
without metric normalization, are respectively, 

ṁ = ρ
(

v
△x

△ξ 
− u

△y

△ξ

)
△ξ 

V = v
△x

△ξ 
− u

△y

△ξ 
(12.95) 

in which the negative sign should be interpreted in the same way as previously done 
for the U component, considering now the sign of △y/△ξ . 

12.2.7 Example of a Nonorthogonal Transformation 

Learning numerical methods using generalized coordinates, or local coordinates in 
unstructured grids, becomes considerably easier when the student is familiar with all 
the parameters and metrics of the transformation. This allows how to interpret the 
terms geometrically and understanding the respective consequences on the concep-
tion and writing of the code. Finding errors in the balances of quantities is only 
possible if this ability is developed. This is what this section is about. 

For extract the maximum benefit from the following exercise, use a graph paper (or 
a software suitable for drawing and reading vector sizes) to draw the mesh and record 
all the basis vectors and components of the vector that will be represented in this non-
orthogonal system. In a real complex geometry, the transformation is always discrete, 
represented by a tabular data. For simplicity, and without prejudice of the learning
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Fig. 12.15 Example of a non-orthogonal transformation 

outcome, a two-dimensional analytic transformation will be employed. Figure 12.15 
shows the mesh, given by the following transformation, 

ξ = −0.25y + 0.25x (12.96) 

η = 0.5y + 
x 

6 
(12.97) 

The inverse of the transformation can be easily found, as 

x = 3ξ + 1.5η (12.98) 

y = −ξ + 1.5η (12.99) 

Note that if the transformation were not analytic, Eqs. (12.96–12.99) wouldn’t 
exist. Hence, the metrics given by Eq. (12.101) would be obtained numerically, by 
central differences, from the known points (x, y) of the mesh, as will be seen in 
Sect. 12.2.8. 

The metrics of the transformation are given by 

ξx = 0.25 
ξy = −0.25 

ηx = 
1 

6
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ηy = 0.5, (12.100) 

while the metrics of the inverse are, 

xξ = 3 
yξ = −1 

xη = 1.5 
yη = 1.5 (12.101) 

Using Eq. (12.16) one can find, for two dimensions, the Jacobian, given by 

J = det
[

xξ yξ 
xη yη

⎤
= 6 (12.102) 

It can be also checking the values given by Eq. (12.100) using the relation given 
by the theorem of the inverse function, 

ηx = −  
1 

J 
yξ = −  

1 

6 
(−1) = 

1 

6 

ηy = 
1 

J 
xξ = 

1 

6 
(3) = 0.5 

ξx = 
1 

J 
yη = 

1 

6 
(1.5) = 0.25 

ξy = −  
1 

J 
xη = −  

1 

6 
(1.5) = −0.25 (12.103) 

The area of the parallelogram ABC D A, shown in Fig. 12.15 can be calculated 
by 

d S

△ξ△η 
= J = 6, (12.104) 

which can be checked its dimension geometrically in Fig. 12.15 drawn in a graph 
paper. The components of the metric tensor are 

g11 = x2 
ξ + y2 ξ = γ = 10 

g22 = x2 
η + y2 η = α = 4.5 

g12 = g21 = xξ xη + yξ yη = β = 3, (12.105) 

in which one can see that the component g12 is not zero, since the system is nonorthog-
onal. All orthogonal systems have the non-diagonal entries of the metric tensor matrix 
equal to zero. In Eq. (12.105) it is named the tensor metric components by α, β and 
γ for the 2D transformation, since this nomenclature is widely used in the literature
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and will be used in this book. The γ variable cannot be confused with the coordinate 
axis of the curvilinear system. The lengths AB and C B, as already seen, are lengths 
along the η and ξ axis, respectively, and their dimension are given by, 

AB = d Lη = 
√

g22△η = 
√
4.5 

C B  = d Lξ = 
√

g11△ξ = √
10 (12.106) 

The vectors of the covariant and contravariant base don’t change in space because 
the transformation is linear among (x, y) and (ξ,  η). The vectors of the covariant 
basis are, 

eξ = 3i − j 
eη = 1.5i + 1.5j, (12.107) 

while the vectors of the contravariant basis are, 

eξ = 0.25i − 0.25j 

eη = 
1 

6 
i + 0.5j (12.108) 

Figure 12.16 shows the vector V = 6i + 3j, its components in the Cartesian and 
curvilinear coordinate systems and the corresponding contravariant and covariant 
base. The contravariant components, using Eq. (12.73), are 

V ξ = 0.25 × 6 − 0.25 × 3 = 0.75 

V η = 
1 

6 
× 6 + 0.5 × 3 = 2.5, (12.109)

resulting, for the velocity vector V represented by the contravariant velocity 
components, 

V = 0.75 eξ + 2.5 eη (12.110) 

Using Eq. (12.74), one finds the expressions for the covariant components 

Vξ = 3 × 6 − 1 × 3 = 15 
Vη = 1.5 × 6 + 1.5 × 3 = 13.5 (12.111) 

The expression for V represented by the covariant components is, therefore, 

V = 15 eξ + 13.5 eη (12.112)
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Fig. 12.16 Vector V and its 
components in a 
nonorthogonal system
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In this example, it was suggested to use a graph paper, so that all the lengths 
and the geometric meanings of the metrics could be interpreted. Influenced by the 
use of the Cartesian coordinate system, we are tempted to measure, on graph paper, 
the size of the contravariant and covariant components of the vector V. Remember 
that the length of the components which are possible to measure in a graph paper 
are its numerical value time the basis vector, as can be seen in Fig. 12.16, where it 
is shown the products V ξ eξ , V ηeη, Vξ eξ and Vηeη. These products are lengths that 
can be measured in a graph paper. There are many other relationships involving the 
components of the metric tensor that can be shown for the type of transformation 
used in this exercise. This can be practiced solving the Exercise 12.8. 

12.2.8 Calculation of the Metrics of a Transformation 

When generalized curvilinear meshes are employed, with the conservation equations 
written in the domain (ξ,  η, γ ), it will be necessary to know the metrics of the 
transformation which relates the physical to the transformed domain, that is, the 
quantities ∂x/∂ξ, ∂x/∂η, ∂y/∂ξ, ∂y/∂ξ , in two dimensions. In three dimensions 
there will be nine metrics. 

With these metrics, one can calculate the Jacobian, via Eq. (12.16), and all the 
expressions given by Eqs. (12.12–12.14). The transformation is almost never analytic, 
as in the example shown in Sect. 12.2.7 and, therefore the metrics must be calculated 
numerically. Figure 12.17 shows a curvilinear grid coming from the grid generator.
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As discussed in previous chapter, the grid generator furnishes, at least, the coordinates 
of the vertices of the element, shown shaded in Fig. 12.17. With those coordinates, 
the metrics can be calculated in any position of the element. For example, the four 
metrics at point e are, 

∂x 

∂η

IIII
e 

= 
xA − xB

△η 
∂y 

∂η

IIII
e 

= 
yA − yB

△η 
∂x 

∂ξ

IIII
e 

= 
xE − xP

△ξ 
∂y 

∂ξ

IIII
e 

= 
yE − yP

△ξ 
, (12.113) 

in which the values of x and y at points E and P are determined by interpolating the 
four neighboring x and y points. Other metrics, at different points in the domain, are 
calculated in an analogous way. An important recommendation is to always inter-
polate x and y where they are need for the metric calculation, and never average 
the metrics, since the metric are connected directly with the real size of the domain, 
and balances of the property can carry large errors in the computational domain. 
Figure 12.18 exemplifies the error that can be committed when the metrics are inter-
polated. For example, if the interest is to calculate ∂x/∂ξ at the point s the correct 
way to find it is through 

∂x 

∂ξ

IIII
s 

= 
xD − xC

△ξ 
(12.114)
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Fig. 12.17 Global coordinate system. Metrics of the transformation 
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Fig. 12.18 Metrics 
calculation 
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If △ξ = 1, the final value is 2, using the dimensions given in Fig. 12.18. If the  
metric at point s is calculated using the values of the neighbor metrics, the value will 
be 1.5, and the length of C D, which is calculated using this metric and ∂y/∂ξ , 
will be wrong, affecting mass conservation and all other conserved properties. This 
warning is point out herein because it is customary to find the metrics at the vertices 
of the element (vertices of the control volume if it is a cell-center method) and obtain 
others required metrics by interpolating the existing ones. 

12.3 Nature of the Discrete Transformation 

12.3.1 Preliminaries 

Generalized curvilinear coordinates began to be employed in the early 1970s among 
researchers of the finite difference method and were one of the most important 
steps taken by this community for the treatment of fluid flow problems in complex 
geometries. 

Probably with the primary concern of finding efficient ways to deal with the 
pressure–velocity coupling and the nonlinearities of the Navier–Stokes equations, 
little effort had been devoted by finite difference researchers to solve the issue of 
irregular geometries. Therefore, developments in the area of finite differences on 
irregular geometries were in slow pace until that decade. The use of finite differences, 
for example, became so associated with orthogonal coordinate systems that there are, 
even today, those who believe that the method only applies to these systems. It is 
often encountered in the literature that the alternative for the treatment of irregular 
geometries in numerical simulation is only through the finite element method. 

In the late 70s, with the demand from engineering for the simulation of flows in 
complex geometries, and with the experience in the treatment of fluid flows accu-
mulated by researchers in the area of finite differences, an intense research activity
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was initiated in the development of methods seeking to extend to complex problems 
the classical methodologies of conformal mapping, technique widely used in fluid 
mechanics [4], but limited to simple operators. The possibility of finding the transfor-
mation, even numerical, between the original coordinate system, usually Cartesian, 
and the generalized coordinate system coincident with the irregular geometry, allows 
the mapping of the irregular geometry, written in the system (x, y, z), into a regular 
geometry in the system (ξ,  η,  γ  ), as shown in Fig. 12.19 for two dimensions. 

Pioneering efforts to extend the use of mappings to more general situations were 
made by Winslow [5] and Chu [6]. Winslow solved magnetostatics problems using a 
transformation that maps a grid of irregular triangles onto a grid of regular triangles. 
He called the regular plane the logical plane. 

Chu [6] followed the same strategy, solving magnetohydrodynamics problems, 
presenting a numerical transformation, which he called machine transformation. 
Although Chu’s work was truly the initial milestone in the use of generalized coor-
dinates, the title given to his work probably did not reflect the importance and 
advances it contained. Barfield [7], Amsden and Hirt [8], Godunov and Prokopov [9]
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contributed in the same direction. These pioneering works, also, did not have enough 
resonance in the scientific environment at the time. 

The beginning of the stupendous development experienced by numerical methods 
using generalized coordinates are due to the works of Thompson et al. [10–12] 
who, with interesting titles in their papers, called the attention of the community 
for the great potential of the methodology. After these works, the use of generalized 
coordinates spread in an amazing way. Thompson and his colleagues applied the 
methodology, using finite differences, to two-dimensional aerodynamics problems. 

Back to Fig. 12.19, notice that the irregular geometry, defined in the physical plane, 
can change its shape without changing its representation in the transformed plane, 
which is fixed. Thus, by writing the conservation equations also in the transformed 
plane, the computational code will be written for a fixed geometry in this plane. 
Changing the geometry in the physical plane does not require changes in the compu-
tational code. Information about the physical geometry is provided to the computa-
tional code through the metrics of the transformation ξ = ξ(x, y, z), η = η(x, y, z) 
and,γ = γ (x, y, z) and their inverses, which appear in the transformed conservation 
equations. 

Generalized coordinate systems played a very important role in the numerical 
simulation for two decades. Nowadays the leading technique is the use of unstructured 
grids with its great flexibility and easiness in discretizing the domain. Curvilinear 
grids can be used in the same framework of unstructured grids, therefore, there are 
no reason for developing a specific code for this type of discretization. Structured 
meshes is required in certain situations, for example, in turbulent boundary layer 
problems. Good practices recommend always using structured meshes close to the 
wall, because good refinement for the most exact application of the law of the wall 
are only achieved with structured meshes in these regions. The use of few layers of 
structured meshes and then fill in the rest of the domain with unstructured meshes, is 
a common approach. Whenever the interest is in the calculation of fluxes at the wall, 
whether they are momentum quantities (stresses) or heat fluxes, mesh refinement on 
the wall is critical, and structured meshes are well suited for this. 

In the following sections, the use of generalized curvilinear meshes will be 
presented, starting with numerical nature of the transformation, a brief description of 
the types of mappings, the transformation of the differential to the (ξ,  η,  γ  ) system  
for a general variable φ, ending with the integration of the equation in the transformed 
domain. 

12.3.2 The Nature of the Transformation 

The example given in Sect. 12.2.7, was of an analytical transformation. In real 
problem this is rare, and the transformation is discrete, what means that the points 
in space, represented by its (x, y, z) coordinates, are related in tabular form to the 
(ξ,  η,  γ  ) points in the computational or transformed domain. Consider now the geom-
etry shown in Fig. 12.20, and the corresponding computational domain in Fig. 12.21.
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Fig. 12.20 Functional correspondence of points 1 and 2 

The arbitrary shape of the geometry precludes having an analytic transformation, but 
rather a discrete correspondence between the points on the physical and transformed 
planes. The correspondence of the point 1 and 2 are 

(ξ, η) = (3, 2) 
(x, y) = (x1, y1) 
(ξ, η) = (4, 4) 
(x, y) = (x2, y2) (12.115)

In curvilinear discretization it is possible to have different physical coordinate 
system mapping onto the same computational domain. To have a glance on these 
mappings is the goal now. We are not concerned how the curvilinear systems are 
generated, by some means the transformation in discrete form exists. 

12.3.2.1 Simply Connected Geometries 

The mapping of simply connected geometries has already been indirectly seen 
through Figs. 12.20 and 12.21. Exercising a bit more, let’s collapse points B and 
C in Fig. 12.20 to obtain a geometry shown in Fig. 12.22 (left), with the same 
transformed plane (right) as shown in Fig. 12.21. Along BC △ξ is unitary, and an
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Fig. 12.21 Normalized computational domain of Fig. 12.20

information from the coordinate transformation will calculate the physical dimension 
of BC as zero, as it should be. 

The same geometry can be discretized in different ways but having the same 
mapping. Figures 12.22 and 12.23 show a triangle being discretized with two different 
generalized coordinate systems and with the same transformed plane. The choice of 
which system is best suited for a given geometry depends on the physical problem 
that will be solved on it. This shows the versatility of creating grids with the same 
computational domain.
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Fig. 12.22 Grid for a triangle and the computational domain 
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Fig. 12.23 Grid for a triangle. Same computational domain as Fig. 12.22 
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Fig. 12.24 Grid for the circle (a) and its computational domain (b) 

To complete the examples of mappings of simply connected geometries, 
Fig. 12.24a shows a circle with a generalized discretization and, in Fig. 12.24b, 
its transformed plane. This is an example in which the mesh is very nonorthogonal 
in the vicinity of the four points A, B, C and D, chosen to divide the circle into four 
segments. At these locations, the nonorthogonality is maximal, because the lines ξ 
and η at the boundary are collinear. 

12.3.2.2 Mapping by Blocks 

In all the mappings shown so far, situations have been considered in which it is 
possible to generate a mesh whose mapping is a single, rectangular block. In such 
cases, the boundary of the physical domain is divided into four segments, two of 
which will be ξ constant lines and two η constant lines.
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Fig. 12.25 Geometry requiring multiblock discretization

Certain geometries, with sharp protuberances, for example, are not suitable for 
generating a mesh with a single-block mapping, because, as can be seen in Fig. 12.25, 
it is difficult to have the coordinate lines to discretize the protuberance efficiently, 
since the lines collapsed over each other, as can be seen by the difficult in visualizing 
the grid. To concentrate coordinate lines near the wall of the protuberance, it would 
be created a very nonorthogonal mesh with the coordinate lines almost collinear in 
the protuberance region. The solution in these cases, without the use of unstructured 
meshes, is the use of multi-blocks, solving the problem, in the case of Fig. 12.25 
for example, in two separate blocks, blocks AB E FG H I J A and I BC DE H I  , as  
in Fig. 12.26, iterating between blocks until convergence of the process is achieved. 
For each of the blocks, the entire methodology developed for single block mapping 
can be applied. The solution of one block serves as boundary condition for the other. 
Boundary conditions at the B I  and E H  are internal surfaces of one block, while 
the B E  is internal for the other block. The procedure iterates between blocks. The 
number of blocks can be any, however, too much blocks resembles an unstructured 
grid, and it is preferable to solve the problem in a full unstructured grid. 

To conclude the discussion of simply connected domain mapping, it is important 
to note that whether the mapping is single block or multiblock, the boundaries of 
the transformed domain are exactly the boundaries of the physical domain. Thus, the 
boundary conditions for the transformed plane are those that exist in the physical 
plane. 

12.3.2.3 Double and Multiple Connected Geometries 

Doubly connected geometries can be mapped into a single block or into more blocks, 
depending on their complexity. For example, Fig. 12.27a shows a doubly connected
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Fig. 12.26 Suitable grid for 
multiblock discretization of 
Fig. 12.25

A B 

C D 

E F  

GHIJ 

geometry being mapped into a single block, as shown in Fig. 12.27b. The mapping 
was made possible by “cutting” along a ξ line, connecting the inner with the outer 
boundary, “opening” the geometry at this location, and representing it in the plane 
(ξ,  η). A basic rule for mapping doubly and multiply connected geometries into a 
single block is to start in a point, sweep all boundaries, and be back to it without 
lifting the pencil from the paper. 

This process determines the required cuts. For instance, in Fig. 12.27a, it was 
started at point A, and followed the entire inner boundary, passing through B and 
arriving at C , which is point A itself. To reach the outer border without lifting the 
pencil from the paper it is necessary to cut along C D, follow the entire outer surface, 
passing through E , arriving at F and returning through the cut, until reaching point A, 
completing the process. By passing twice through the same cut, the two boundaries 
in the transformed plane are generated, as shown in Fig. 12.27b. These segments, 
C D  and AF , are coincident and, in the physical plane, they are not boundaries, but 
an internal line of the domain. It is easy to see that in the transformed plane there
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Fig. 12.27 Double connected geometry and the computational domain 
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will be no boundary conditions on these boundaries. The way to treat these boundary 
conditions is just apply the repetitive boundary condition. 

The geometry of Fig. 12.27a can be mapped, if desired, by means of blocks, using 
a discretization of the type shown in Fig. 12.28a. In this case, the outer and inner 
boundaries are divided into four segments, the same technique applied for mapping 
simply connected geometries, and mapped as shown in Fig. 12.28b. The transformed 
domain is no longer a single block. Since there are no cuts, the boundary conditions 
existing on the boundaries of the physical domain transfer exactly to the boundaries 
of the transformed domain. 

For multiply connected geometries, the procedure is the same as for doubly 
connected geometries. Here, again, one can make use of cuts, which generate a single 
rectangular computational domain, or the option of creating a computational plane 
composed of rectangular blocks. The mapping of the geometry shown in Fig. 12.29a 
in the physical plane is shown in Fig. 12.29b. 
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Fig. 12.28 Mapping keeping the hole in the computational domain 
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Fig. 12.29 Multiple connected domain (a). Transformed domain (b)



12.3 Nature of the Discrete Transformation 299

12.3.2.4 Three-dimensional Geometries 

All the concepts just seen for obtaining the transformed plane for two-dimensional 
geometries can also be applied for three-dimensional regions. The cuts, previously 
made along coordinate lines, are now made along coordinate surfaces. 

The mapping of a simply connected three-dimensional region is shown in 
Fig. 12.30. When moving from two-dimensional to three-dimensional regions, the 
difficulty of mesh generation grows considerably. When such a meshes are required, 
it means that a commercial software is behind the simulation, and those packages 
provide grid generators of quality. For academic purposes, developing and imple-
menting small codes, training in numerical methods, there are free grid generators 
available in the literature. In general, the involvement of the analyst with the grid 
is related to the quality of the grid for the problem under consideration, like refine-
ment in regions of large gradients, distortion, homogeneity and nonorthogonality of 
the control volumes. Three-dimensional grid generation involves several tools of the 
CAE environment. These tools are reunited in commercial packages prepared to feed 
the numerical simulator kernel with full integration in a standalone application. The 
satellite tools of a numerical simulator are, nowadays, extremely sophisticated and 
complete. 

If the code accepts only curvilinear structured grids, the use of multiblocks will be 
compulsory, since real engineering geometries rarely can be mapped onto a unique 
parallelepiped or in a small number of blocks. 

Figure 12.31 presents an example in which a three-dimensional mesh for a solid 
of revolution is obtained with a simple methodology. In this case with the rotation of 
a two-dimensional mesh, generated algebraically, establishing as external boundary, 
for example, a hyperbola, and as internal boundary the geometry of the body. The
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Fig. 12.30 Three-dimensional region and its mapping 
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two-dimensional mesh is generated for the geometry defined by ABC D A. This mesh 
is rotated around the axis of the body, generating the 3D control volumes. 

To better understand this mapping, Fig. 12.32(left) shows the 2D generating mesh 
and, in Fig. 12.32(right), the transformed domain. At each rotation increment in the 
two-dimensional mesh, the planes with the 2D meshes in the transformed domain are 
generated. The D A  segment rotates on itself, generating in the transformed domain 
always the repetition of this segment, while the C B  segment will coincide with 
the F E  segment after rotating 180° (when the problem does not present any flow 
symmetry, the mesh must be rotated 360°). In the transformed domain there is the 
surface C DDFC , which represents the external surface of the mesh, and the surface 
B AAE B, representing the surface of the body. On these two surfaces there are the 
free flow boundary conditions and the existing boundary conditions on the body, 
respectively. 
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Fig. 12.31 Three-dimensional grid for a body of revolution 
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For an external flow over the body with a vertical inclination (angle of attack), 
the flow is symmetric about the vertical plane. Therefore, the surfaces C D ABC  and 
F D AE F  in the transformed domain are symmetric. The surface D AA' D' D is an 
internal line in the physical domain that is transformed into a plane in the transformed 
domain and, because it is internal, does not require boundary conditions. 

12.4 Equations Written in the Curvilinear System 

The modern general purposes fluid flow simulators have a numerical structure which 
accepts all kinds of grids, among them, curvilinear structured, of course. This means 
that creating fluid simulators that use curvilinear coordinates with the conservation 
equations transformed onto the computational domain applies only in very dedicated 
niches of applications. Among them problems in which the physical geometry in 
analysis changes such that the computational domain is always the same. 

Even though, we are dedicating this section to register the important moves made 
in the area of numerical simulation, from Cartesian to unstructured, chronologically, 
and, at the same time, describing a tool that can be of interested for researchers 
in curvilinear coordinates for further studies. Besides that, this topic enriches the 
understandings of the mathematics behind a numerical discretization. 

Once obtained the new discrete coordinate system, the next step is to derive 
the approximate equations. This section presents the transformation of the partial 
differential equations from the (x, y, z) coordinate system to the curvilinear system 
(ξ,  η,  γ  ). Keep in mind that all conservation equations will be written in the new 
curvilinear system, but the dependent variables will be those of the Cartesian system. 

The transformation of the conservation equation starts from the equation in the 
Cartesian coordinate system in conservative form. The goal is to have them written 
in the curvilinear coordinate system keeping its conservative form. In vectorial form 
the conservation equations for a general variable φ are 

∂ Q 

∂t 
+ ∇.F = Sφ , (12.116) 

or, in the form, 

∂ Q 

∂t 
+ 

∂ E 

∂x 
+ 

∂ F 

∂y 
+ 

∂G 

∂z 
= Sφ , (12.117) 

in which 

F = E i + Fj + Gk (12.118) 

Q = ρφ (12.119)
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E = ρuφ − τφ ∂φ 
∂ x 

(12.120) 

F = ρvφ − τφ ∂φ 
∂y 

(12.121) 

G = ρwφ − τφ ∂φ 
∂z 

(12.122) 

in which φ is a general scalar which represents the conserved properties, like mass, 
momentum, energy, among others, andτφ represents the transport coefficient. Recall 
that the letter F without bold face is a component of the vector F and not its modulus. 
In this case the components E, F and G are the Cartesian components of the 
advective + diffusive fluxes of φ. 

The coordinate transformation required for the solution of 3D transient problems 
is, 

ξ = ξ(x, y, z, t) 
η = η(x, y, z, t) 
γ = γ (x, y, z, t) 
τ = t (12.123) 

in which the Jacobian and the spatial metrics of the transformation are the same 
given in the beginning of this Chapter, when the transformation was done without 
considering the time coordinate. Adding the following relations which involves the 
time coordinate, 

ξt = −ξx xτ − ξy yτ − ξz zτ (12.124) 

ηt = −ηx xτ − ηy yτ − ηz zτ (12.125) 

γt = −γx xτ − γy yτ − γz zτ , (12.126) 

Our goal is to transform Eq. (12.117) to the  (ξ,  η,  γ  ,  τ  ) coordinate system. Using 
the chain rule, the derivatives of the components of the fluxes, read, 

∂ E 

∂x 
= 

∂ E 

∂ξ 
ξx + 

∂ E 

∂η 
ηx + 

∂ E 

∂γ 
γx + 

∂ E 

∂τ 
τx (12.127) 

∂ F 

∂y 
= 

∂ F 

∂ξ 
ξy + 

∂ F 

∂η 
ηy + 

∂ F 

∂γ 
γy + 

∂ F 

∂τ 
τy (12.128) 

∂ G 

∂z 
= 

∂G 

∂ξ 
ξz + 

∂G 

∂η 
ηz + 

∂ G 

∂γ 
γz + 

∂G 

∂τ 
τz (12.129)
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∂ Q 

∂t 
= 

∂ Q 

∂ξ 
ξt + 

∂ Q 

∂η 
ηt + 

∂ Q 

∂γ 
γt + 

∂ Q 

∂τ 
τt (12.130) 

The last term in Eqs. (12.127–12.129) are zero, since τ is not function of x, y 
and z. Introducing these equations in Eq. (12.117) and multiplying by the Jacobian, 
it will appear terms of the type, 

∂ E 

∂ξ 
( J ξx ) , 

∂ F 

∂ξ

(
J ξy

)
, 

∂ Q 

∂τ 
( J ), etc 

To have the Jacobian and the metrics inside the derivative, searching for a 
conservative form, addition and subtraction of terms of the type 

E 
∂ 
∂ξ 

(Jξx ) , F 
∂ 
∂ξ

(
J ξy

)
, G 

∂ 
∂ξ 

(J ξz) , Q 
∂ 
∂ξ 

(J ξt ), etc 

are introduced in the equations. These terms are part of the derivative of the 
product ∂ 

∂ξ (E( J ξx )). With some algebraic manipulation, the conservative form of 
the equations appears, 

∂ 
∂τ 

(Q J  ) 

+ 
∂ 
∂ξ

(
J (ξt Q + ξx E + ξy F + ξzG)

)

+ 
∂ 
∂η

(
J (ηt Q + ηx E + ηy F + ηzG)

)

+ 
∂ 
∂γ

(
J (γt Q + γx E + γy F + γzG)

)

− Q
[

∂ 
∂ξ 

(Jξt ) + 
∂ 
∂η 

( J ηt ) + 
∂ 
∂γ 

(J γt ) + 
∂ 
∂τ 

(J )

⎤
+ 

− E
[

∂ 
∂ξ 

(J ξx ) + 
∂ 
∂η 

(J ηx ) + 
∂ 
∂γ 

( J γx )

⎤

− F
[

∂ 
∂ξ

(
J ξy

) + 
∂ 
∂η

(
J ηy

) + 
∂ 
∂γ

(
Jγy

)⎤

− G
[

∂ 
∂ξ 

( J ξz) + 
∂ 
∂η 

( Jηz) + 
∂ 
∂γ 

(J γz)

⎤
= J Sφ (12.131) 

Using the expression for the Jacobian, Eq. (12.16) and Eqs. (12.124–12.126), it is 
easy to show that all terms inside brackets are zero, with the final form of transformed 
equation, as



304 12 Coordinate Transformation—General Curvilinear Coordinate Systems

∂ 
∂τ 

(Q J  ) 

+ 
∂ 
∂ξ

(
J (ξt Q + ξx E + ξy F + ξzG)

)

+ 
∂ 
∂η

(
J (ηt Q + ηx E + ηy F + ηzG)

)

+ 
∂ 
∂γ

(
J (γt Q + γx E + γy F + γzG)

) = J Sφ (12.132) 

Recalling that the components E, F and G contains the advective and diffusive 
fluxes, Eq. (12.132) is in the divergence (conservative) form in the new coordinate 
system. Defining, 

Q̂ = Q J (12.133) 

Ê = J (ξt Q + ξx E + ξy F + ξzG) (12.134) 

F̂ = J (ηt Q + ηx E + ηy F + ηzG) (12.135) 

Ĝ = J (γt Q + γx E + γy F + γzG) (12.136) 

Ŝφ = J Sφ (12.137) 

one finds the transformed equation in compact form, as 

∂ Q̂ 

∂τ 
+ 

∂ Ê 

∂η 
+ 

∂ F̂ 

∂γ 
+ 

∂ Ĝ 

∂τ 
= Ŝφ (12.138) 

Substituting into Eq. (12.132) the relations for the components E, F and G, one 
finds the equation with the advection and diffusion terms separately, as 

∂ 
∂τ 

( Jρφ) 

+ 
∂ 
∂ξ

(
J ((ξt + ξx u + ξyv + ξzw)ρφ

)

+ 
∂ 
∂η

(
J (ηt + ηx u + ηyv + ηzw)ρφ

)

+ 
∂ 
∂γ

(
J (γt + γx u + γyv + γzw)ρφ

)

= 
∂ 
∂ξ

((
ξx 

∂φ 
∂x 

+ ξy 
∂φ 
∂y 

+ ξz 
∂φ 
∂z

)
Jτφ

)
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+ 
∂ 
∂η

((
ηx 

∂φ 
∂x 

+ ηy 
∂φ 
∂ y 

+ ηz 
∂φ 
∂z

)
Jτφ

)

+ 
∂ 
∂γ

((
γx 

∂φ 
∂x 

+ γy 
∂φ 
∂y 

+ γz 
∂φ 
∂z

)
Jτφ

)
+ J Sφ (12.139) 

Inspecting the second term in the LHS of Eq. (12.139), and based on the knowledge 
from the Cartesian system, the term which multiplies ρφ must be a velocity which 
enters in the mass flow calculation and which transports φ, the property per unit of 
mass. 

Defining the following entities, 

Ũ = J (ξt + ξx u + ξyv + ξzw) (12.140) 

Ṽ = J (ηt + ηx u + ηyv + ηzw) (12.141) 

W̃ = J (γt + γx u + γyv + γzw), (12.142) 

and using the chain rule to expand the derivatives of φ related to x, y and z, such 
that all derivatives are written in terms of the new independent variables ξ,  η  and γ , 
it is found, 

∂ 
∂τ 

(Jρφ) + 
∂ 
∂ξ

(
ρ Ũφ

)
+ 

∂ 
∂η

(
ρ Ṽ φ

)
+ 

∂ 
∂γ

(
ρ W̃ φ

)

= 
∂ 
∂ξ

((
a 

∂φ 
∂ξ 

+ d 
∂φ 
∂η 

+ e 
∂φ 
∂γ

)
Jτφ

)

+ 
∂ 
∂η

((
d 

∂φ 
∂ξ 

+ b 
∂φ 
∂η 

+ f 
∂φ 
∂γ

)
Jτφ

)

+ 
∂ 
∂γ

((
e 
∂φ 
∂ξ 

+ f 
∂φ 
∂η 

+ c 
∂φ 
∂γ

)
Jτφ

)
+ J Sφ , (12.143) 

in which, 

a = ξ 2 x + ξ 2 y + ξ 2 z (12.144) 

b = η2 
x + η2 

y + η2 
z (12.145) 

c = γ 2 x + γ 2 y + γ 2 z (12.146) 

d = ξx ηx + ξyηy + ξzηz (12.147) 

e = ξx γx + ξyγy + ξzγz (12.148)
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f = ηx γx + ηyγy + ηzγz (12.149) 

are components of the metric tensor and Ũ , Ṽ and W̃ are the contravariant 
velocity components which considers the movement of the grid with time. The 
relative velocity (the one which transport mass into the control volume) appeared 
automatically by considering the time coordinate in the transformation. 

Compare, for example, the advective term, ρ Ũ , with ρu for the Cartesian coor-
dinate system. Both represent the mass flow by unit of area, recognizing that in the 
later it is enough to use the component u for the mass flow calculation, since u is 
normal to the flow area in the Cartesian system. In the curvilinear system the mass 
flow requires the contravariant velocity component ( Ũ ) for the mass flow calculation, 
which involves u, v and w (see for instance Eq, (12.140). 

To exercise, use Eq. (12.143) to reproduce the mass conservation equation in the 
Cartesian system, in which φ = 1, J = 1, Ũ = u, Ṽ = v and W̃ = w. 

Another observation is that the diffusive term in the right-hand side of Eq. (12.143) 
requires the three Cartesian components for its calculation normal to the face of the 
control volume. This should not be a surprise, since the diffusive flux is a vector. For 
orthogonal curvilinear systems, d , e and f are zero, the cross-derivatives are all 
zero and the diffusive terms reduces to the three second order derivative terms in the 
direct directions, as in the Cartesian system. Therefore, Eq. (12.143) is the general 
equation for a scalar φ written in the curvilinear coordinate system (ξ,  η,  γ  ), since 
it encompasses all orthogonal and non-orthogonal systems. 

This transformation has a fixed computational domain. Thus, according to the 
transformation given by Eqs. (12.123), (12.143) can solve problems with moving 
mesh, keeping a fixed mesh in the transformed plane. Of course, the relative velocity 
between the flow velocity and the mesh velocity must be accounted in some term of 
the transformed equation. It is exactly in the Ũ , Ṽ and W̃ contravariant components 
that this effect is embedded, precisely in the first term in the parentheses of Eqs. 
(12.140–12.142). 

To facilitate the physical interpretation, consider the two-dimensional problem, 
in which the velocities involved are, 

Ũ = J (ξt + ξx u + ξyv) (12.150) 

Ṽ = J (ηt + ηx u + ηyv) (12.151) 

Using the metrics relation, these velocities assume the following form, 

Ũ = yη(u − xτ ) − xη(v − yτ ) (12.152) 

Ṽ = xξ (v − yτ ) − yξ (u − xτ ) (12.153)
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Recalling the definition of the contravariant velocity components without metric 
normalization for the case of fixed grids, given by 

U = yηu − xηv (12.154) 

V = xξ v − yξ u, (12.155) 

one can find the relation among Ũ and U , and Ṽ and V , as  

Ũ = U − UM (12.156) 

Ṽ = V − VM , (12.157) 

in which UM and VM are the contravariant velocity components without metric 
normalization of the grid velocity, given by 

UM = yηxτ − xη yτ (12.158) 

VM = xξ yτ − yξ xτ , (12.159) 

in which the quantities xτ and yτ are the Cartesian velocity components of the grid 
velocity in the x and y directions, respectively. In Eqs. (12.156) and (12.157), Ũ and 
Ṽ are the contravariant velocity components already considering the movement of 
the grid in the conservation balances, that is, they are the components of the relative 
velocity, the velocity which carries mass in or out of a control volume. 

Equation (12.143) can be employed to solve problems in which the mesh varies 
with time while keeping the computational plane fixed and with the dimensions of 
the elementary volumes in this plane also fixed and unitary, if desired. 

Figure 12.33 shows a moving mesh, where the Cartesian x and y components 
of the grid velocity vector for points A and B can be identified. If the mesh in the 
physical plane is moving with the same velocity of the flow, there will be no mass flow 
entering the control volumes from faces that have the same velocity as the flow, and 
therefore Ũ = Ṽ = 0. There are numerous problems, with free or specified boundary 
movement, requiring grid motion in the physical plane that can be attacked with this 
transformation.

Figure 12.34 shows a mesh in two different time levels and its respective fixed 
transformed domain. The transformation involving the time coordinate will take into 
account the change in lengths, for example from E A  to E ' A'.

The Geometric Conservation Law [13, 14], a name that catches our attention and 
is popular among finite difference analysts, is nothing more than a recommendation 
that algorithms should always be conservative, especially when moving meshes are 
employed. From a physical point of view, it is logical that the movement of the mesh 
should consistently increase or decrease the volume (m3) of the control volume.
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Fig. 12.34 Moving mesh in the physical and computational domain

For example, in a one-dimensional problem, for the same △t a displacement of 
the left side of the control volume must be the same of the right side without the 
volume changing. The volume (of the control volume) must change and respect the 
conservation of volume. When finite differences are used, in which the concept of 
control volume does not exist, care should be exercised for avoiding the creation 
what could be called “numerical volumes”, or “false volumes”. 

Still exercising the interpretation of terms of Eq. (12.143), it helps simplify it for a 
two-dimensional case by setting the parameters c , e and f to zero, and neglecting 
the advective term in the γ direction, resulting in
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∂ 
∂τ 

(ρ J φ) + 
∂ 
∂ξ

(
ρ Ũ φ

)
+ 

∂ 
∂η

(
ρ Ṽ φ

)
= 

∂ 
∂ξ

(
τφ α 

J 

∂φ 
∂ξ 

− τφ β 
J 

∂φ 
∂η

)

+ 
∂ 
∂η

(
τφ γ 

J 

∂φ 
∂η 

− τφ β 
J 

∂φ 
∂ξ

)
+ Ŝφ , (12.160) 

in which α, β and γ are the components g 22 , g 12 and g11 of the metric tensor, 
respectively, from the relations for a , b and d of Eq. (12.143) for the 2D case. The 
first term in the left-hand side takes care of the transient, while the second and third 
terms represents the advection of φ through the ξ and η faces, respectively. In the 
right hand side the diffusion of φ through ξ and η faces, and the source term. 

It is the purpose of this book, whenever possible, to link the mathematics of the 
equations with physics. Here, in which Eq. (12.160) is written in a general curvilinear 
coordinate system, whose appearance is not familiar, it is an excellent opportunity 
for exercising that. Consider φ as the scalar temperature (T ), and let’s perform a 
heat balance in a 2D control volume centered in P shown in Fig. 12.35. The control 
volume has unity dimension in the third direction. 

The heat balance gives, 

Q̇w + Q̇s − Q̇e − Q̇n + Qg△V = △(ρcpT △V )

△t

IIII
CV 

(12.161) 

in which Q̇ represents the heat flux by advection and diffusion and Qg represents a 
possible heat generation in W/m3. To exemplify the calculation of this flux, the west 
boundary is used,
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Ue 
Vn 

Lines 
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SE 

Fig. 12.35 Example. Energy balance in 2D 



310 12 Coordinate Transformation—General Curvilinear Coordinate Systems

Q̇w = (ρVn A)w
(
cpT

)
w +

(
−k 

∂T 

∂n 
A

)

w 

Recall that the velocity normal to the face is the physical contravariant velocity 

component, V 
1 
, as in Eq.  12.86. The area A is given by d Ln = √g22△η = 

√
α△η, 

which is a length along the η axis. Introducing this heat flux and the similar ones for 
the other three faces in Eq. (12.161), it is obtained 

ρV 
1 √

αcpT △η

III
w 

− ρV 
1 √

αcpT △η

III
e 
+ ρV 

2 √
γ cpT △ξ

III
s 
− ρV 

2 √
γ cpT △ξ

III
n 

− k
√

α 
∂T 

∂n
△η

IIII
w 

+ k 
√

α 
∂T 

∂n
△η

IIII
e 

− k 
√

γ 
∂T 

∂n
△ξ

IIII
s 

+ k 
√

γ 
∂T 

∂n
△ξ

IIII
n 

+ Qg J△ξ△η = 
∂ 
∂t

(
ρcp J△ξ△ηT

)
(12.162) 

Expressing the normal derivatives of T as function of ξ and η, and recalling the 
relation among V 

1 
and U and V 

2 
and V , being U and V the contravariant velocity 

components without metric normalization, and for a fixed grid in space, the final 
equation is 

J 
∂ 
∂t

(
ρcpT

) + 
∂ 
∂ξ

(
ρUcpT

) + 
∂ 
∂η

(
ρV cpT

) = 
∂ 
∂ξ

(
α 
J 

k 
∂ T 

∂ξ 
− 

β 
J 

k 
∂T 

∂η

)

+ 
∂ 
∂η

(
γ 
J 

k 
∂T 

∂η 
− 

β 
J 

k 
∂T 

∂ξ

)
+ J Qg, (12.163) 

in which α, β and γ are the components of the metric tensor in 2D, repeated here 
for convenience, 

α = x2 
η + y2 η (12.164) 

β = xξ xη + yξ yη (12.165) 

γ = x2 
ξ + y2 ξ (12.166) 

Equation (12.163) is exactly Eq. (12.160) for  φ = T . The other conservation 
equations, such as conservation of mass, momentum etc., can also be obtained by 
making the respective balances or by substituting the variable under consideration in 
the general equation. Note that the form of Eq. (12.163) is conservative, and therefore 
can be integrated over elementary volumes, generating a finite volume discretization.
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12.5 Discretization of the Transformed Equations 

In the previous section, the conservation equations were transformed from the phys-
ical domain, in this case the Cartesian domain (x, y, z), to the computational domain 
(ξ,  η,  γ  ). In this domain the control volumes are cubic regions and fixed, even if the 
grid in the physical domain moves. The transformation was performed by considering 
a general variable φ that retrieves the conservation equations for mass, momentum 
in the x, y and z directions, and energy, with φ assuming the values of 1, u, v , w 
and T , respectively. 

In this section, the discretization of the 3D equation for the general variable 
φ will be performed. The general discretized equation will be particularized for the 
momentum equation, forming the system of u, v, w, and p. This system can be solved 
simultaneously, with the remaining scalars solved segregated, or all equations can 
be solved segregated. It will be considered a cell-center method, that is, the control 
volume is the element, what is recognized as the conventional finite volume method. 
Recall that when solving the p − Vsystem simultaneously, if the grid is co-located, 
one needs to treat the co-located pressure–velocity coupling, while if it is solved 
segregated, both, the co-located and segregated couplings should be treated. 

These coupling methods were already presented and discussed in Chapter 7 and 
can be applied here with no difficulties. Just guidelines on the details of those methods 
in curvilinear coordinates will be reported. 

Re-writing Eq. (12.143) leaving explicitly the pressure term, one gets, 

∂ 
∂τ 

(Jρφ) + 
∂ 
∂ξ

(
ρ Ũ φ

)
+ 

∂ 
∂η

(
ρ Ṽ φ

)
+ 

∂ 
∂γ

(
ρ W̃φ

)

= 
∂ 
∂ξ

(
α11 

1 

J
τφ ∂φ 

∂ξ 
+ α12 

1 

J
τφ ∂φ 

∂η 
+ α13 

1 

J
τφ ∂φ 

∂γ

)

+ 
∂ 
∂η

(
α21 

1 

J
τφ ∂φ 

∂ξ 
+ α22 

1 

J
τφ ∂φ 

∂η 
+ α23 

1 

J
τφ ∂φ 

∂γ

)

+ 
∂ 
∂γ

(
α31 

1 

J
τφ ∂φ 

∂ξ 
+ α32 

1 

J
τφ ∂φ 

∂η 
+ α33 

1 

J
τφ ∂φ 

∂γ

)
− P̂φ + Ŝφ (12.167) 

in which, 

α11 = J 2 (ξ 2 x + ξ 2 y + ξ 2 z ) (12.168) 

α22 = J 2 (η2 
x + η2 

y + η2 
z ) (12.169) 

α33 = J 2 (γ 2 x + γ 2 y + γ 2 z ) (12.170) 

α31 = α13 = J 2 (γx ξx + γyξy + γzξz) (12.171)
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α32 = α23 = J 2 (ηx γx + ηyγy + ηzγz) (12.172) 

α12 = α21 = J 2 (ξx ηx + ξyηy + ξzηz) (12.173) 

All terms which contain α i j  are derived from the diffusion terms, and when 
i /= j is due to the nonorthogonality of the grid. These terms increase consider-
ably the stencil of points involved in the discretization, increasing the band of the 
linear system. For example, if all α i j  with i /= j are zero the stencil will involve 
7 control volumes, the central, and the 6 neighboring ones. When the grid is fully 
nonorthogonal, the stencil will involve 19 points. 

Adopting a fully implicit formulation with two time levels for evaluation the 
transient term, the integration in time and in the ξ,  η,  γ  directions in the control 
volume shown in Fig. 12.36, gives,  

MP φP − Mo 
P φ

o 
P

△t
+ Ṁeφe − Ṁwφw 

+ Ṁnφn − Ṁsφs + Ṁ f φ f − Ṁbφb 

=
[

D11 
∂φ 
∂ξ 

+ D12 
∂φ 
∂η 

+ D13 
∂φ 
∂γ

⎤

e 

−
[

D11 
∂φ 
∂ξ 

+ D12 
∂φ 
∂η 

+ D13 
∂φ 
∂γ

⎤

w 

+
[

D21 
∂φ 
∂ξ 

+ D22 
∂φ 
∂η 

+ D23 
∂φ 
∂γ

⎤

n 

−
[

D21 
∂φ 
∂ξ 

+ D22 
∂φ 
∂η 

+ D23 
∂φ 
∂γ

⎤

s
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Fig. 12.36 3D control volume in the (ξ, η, γ )domain
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+
[

D31 
∂φ 
∂ξ 

+ D32 
∂φ 
∂η 

+ D33 
∂φ 
∂γ

⎤

f 

−
[

D31 
∂φ 
∂ξ 

+ D32 
∂φ 
∂η 

+ D33 
∂φ 
∂γ

⎤

b 

− L
[

P̂φ
⎤

P
△V + L

[
Ŝφ

⎤
P
△V (12.174)

in which the operator L[•] represents the numerical approximation of the term inside 
the brackets. The integration procedure applied to Eq. (12.174) is the same as seen 
in Chap. 6, when the 3D advection/diffusion equation was integrated. The terms in 
Eq. (12.174) are,  

MP = ρP JP△V, Mo 
P = ρo 

P J
o 
P△V 

Ṁe =
(
ρ Ũ

)
e
△η△γ , Ṁw =

(
ρ Ũ

)
w
△η△γ 

Ṁn =
(
ρ Ṽ

)
n
△ξ△γ , Ṁs =

(
ρ Ṽ

)
s
△ξ△γ 

Ṁ f =
(
ρ W̃

)
f
△ξ△η, Ṁb =

(
ρ W̃

)
b
△ξ△η (12.175) 

and they represent, respectively, the mass inside the control volume at time levels 
t + △t and t , and the mass flow rates through the six faces of the control volume. 
Figure 12.37 shows the connections between point P , which can’t be seen is this 
figure, and its 18 neighbors control volumes, creating a matrix of the linear system 
with 19 diagonals. 

The coefficients in the diffusive terms are,

D11 = τφ α11 

J
△η△γ , D12 = τφ α12 

J
△η△γ , D13 = τφ α13 

J
△η△γ
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Fig. 12.37 Central control volume (hidden) and its 18 neighbors 
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D21 = τφ α21 

J
△ξ△γ , D22 = τφ α22 

J
△ξ△γ , D23 = τφ α23 

J
△ξ△γ 

D31 = τφ α31 

J
△ξ△η, D32 = τφ α32 

J
△ξ△η, D33 = τφ α33 

J
△ξ△η (12.176)

As a characteristic of the finite volume method the values of φ and (∂φ/∂xi ) are 
required at the integration points (e, w, n, s, f, b) for calculating the advective and 
diffusive terms at the interfaces of the control volume. Those evaluations demand the 
choice of a spatial interpolation function, topic already covered in Chap. 5, whose 
learnings apply directly for curvilinear coordinate systems. The interpolation scheme 
chosen is WUDS—Weighted Upstream Differencing Scheme, As seen in Chap. 5, 
the WUDS scheme uses the analytical solution of a 1D advection/diffusion problem 
written along a coordinate axis. 

When the coordinate system is orthogonal, the diffusive flux can be represented 
just by one derivative, the direct derivative, while for nonorthogonal coordinate 
systems, the determination of the flux requires the derivative in all coordinate axis, 
which includes the cross-derivatives. Therefore, the 1D advection/diffusion problem 
used for determining the interpolation function uses the advective flux in full, but 
just the part of the diffusive flux in that direction [15]. 

In other words, all derivatives appearing in Eq. (12.174), multiplied by Di j  , with 
i /= j , are evaluated by central differences, while those multiplied by Dii will 
have the weighting factor depending on the advective and diffusive importance in 
the process. Of course, the entire diffusive term could be approximated by central 
differences without any weighting. This is in fact what happens, as the weighting 
factor for the diffusive terms quickly tends to unity with increasing velocity. As 
discussed previously, the diffusive terms pose no difficulties for the solution, neither 
introduces numerical diffusion, and can be treated with central differencing schemes. 

To obtain the weighting factors for the WUDS scheme the following 1D problem 
is solved, 

∂ 
∂ξ

(
ρ Ũ φ

)
= 

∂ 
∂ξ

(
a11

τφ 

J 

∂φ 
∂ξ

)
(12.177) 

Following the procedures described in Chap. 5, the weighting factors α and β for 
the advective and diffusive fluxes are, respectively, 

α = r2 

(10 + 2r2) 
(12.178) 

β = 
(1 + 0.005r2) 
(1 + 0.05r2) 

, (12.179) 

in which is the ratio r = Ṁ/D is the ratio of the advective and diffusive fluxes in 
the coordinate direction.
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Knowing the weighting factors, the values and the derivatives of φ at the 
integration points become, 

φe =
(
1 

2 
+ αe

)
φP +

(
1 

2 
− αe

)
φE , φw =

(
1 

2 
+ αw

)
φW +

(
1 

2 
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)
φP 
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1 

2 
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)
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(
1 

2 
− αn

)
φN , φs =

(
1 

2 
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)
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(
1 

2 
− αs

)
φP 

φ f =
(
1 

2 
+ α f

)
φP +

(
1 

2 
− α f

)
φF , φb =

(
1 

2 
+ αb

)
φB +

(
1 

2 
− αb

)
φP 

(12.180) 

The direct derivatives, which are part of the diffusive fluxes, are 

∂φ 
∂ξ

IIII
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(φE − φP )

△ξ 
, 

∂φ 
∂ξ

IIII
w 
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IIII
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IIII
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IIII
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△γ 
, 

∂φ 
∂γ

IIII
b 

= βb 
(φP − φB)

△γ 
, (12.181) 

while the cross derivatives approximated by central differences, are 

∂φ 
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IIII
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IIII
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(12.182) 

Introducing the expressions for φ and its derivatives into Eq. (12.174), it results 

AP φP = AeφE + AwφW + AnφN + AsφS + A f φF + AbφB 

+ AneφN E  + AnwφN W  + AseφSE + AswφSW 

+ A f eφF E  + A f wφFW + A f nφF N  + A f sφF S
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+ AbeφB E  + AbwφBW + AbnφB N  + AbsφBS + B (12.183) 

or, in matrix form, as 

[A][φ] = [B] (12.184) 

The coefficients of Eq. (12.183) are,  

AP =
{

(Anb) + 
Mo 

P

△t 
(12.185) 

Ae = −  ̇Me

(
1 

2 
− αe

)
+ 

D11eβe

△ξ 
+ 

(D21n − D21s + D31 f − D31b) 
4△ξ 

(12.186) 

Aw = Ṁw

(
1 

2 
+ αw

)
+ 

D11wβw

△ξ 
+ 

(D21s − D21n + D31b − D31 f ) 
4△ξ 

(12.187) 

An = −  ̇Mn

(
1 

2 
− αn

)
+ 

D22nβn

△η 
+ 

(D12e − D12w + D32 f − D32b) 
4△η 

(12.188) 

As = Ṁs

(
1 

2 
+ αs

)
+ 

D22sβs

△η 
+ 

(D12w − D12e + D32b − D32 f ) 
4△η 

(12.189) 

A f = −  ̇M f

(
1 

2 
− α f

)
+ 

D33 f β f
△γ 

+ 
(D13e − D13w + D23n − D23s) 

4△γ 
(12.190) 

Ab = Ṁb

(
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2 
+ αb

)
+ 

D33bβb

△γ 
+ 

(D13w − D13e + D23s − D23n) 
4△γ 

, (12.191) 

The mass conservation should be introduced in the central coefficient AP , as  
done in Chap. 5, to obtain the coefficients shown above. The coefficients due to the 
nonorthogonality of the grid are given by, 
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D23s 
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D32b 
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(12.192) 

The L
[

P̂φ
⎤

P 
term, appears when φ is u, v or w, and assumes the following form 

for the three components of the momentum equations,
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L
⎡

p̂u
⎤

P = 
( pE − pW ) 

2△ξ 
(J ξx )P + 

(pN − pS) 
2△η 

(J ηx )P + 
(pF − pB) 

2△γ 
( J γx )P 

(12.193) 

L
⎡

p̂v
⎤

P = 
(pE − pW ) 

2△ξ

(
J ξy

)
P + 

(pN − pS) 
2△η

(
J ηy

)
P + 

(pF − pB ) 
2△γ

(
J γy

)
P 

(12.194) 

L
⎡

p̂w
⎤

P = 
(pE − pW ) 

2△ξ 
(J ξz)P + 

(pN − pS) 
2△η 

(J ηz)P + 
(pF − pB) 

2△γ 
(J γz)P 

(12.195) 

The parameter α has the same sign of the velocity components and varies from 
−0.5 to 0.5, while β varies from 0 to 1. These are parameters which enters in the 
interpolation functions and it possible to set β always equal to 1, letting α changing 
according to the Peclet number. The WUDS scheme, as discussed in Chap. 5, ranges 
from upwind to central differencing schemes. 

An interesting approach to avoid the 19 diagonals matrix is to treat explicitly the 
nonorthogonal terms in Eq. (12.174), leaving in the source term all coefficients Di j  

with i /= j . There are no simplifications in terms of the mathematical model, but 
only with the respect of the solution procedure. If the nonorthogonality is severe, 
the source term may have undesired effects on the convergence rate of the iterative 
procedure. As it is always attempted to generate grids orthogonal as possible, aiming 
minimizing the nonorthogonality, this can be a good choice. Doing this, the resulting 
equation resembles the equation written in Cartesian coordinates, as 

MP φP − Mo 
P φ

o 
P

△t
+ Ṁeφe − Ṁwφw 

+ Ṁnφn − Ṁsφs + Ṁ f φ f − Ṁbφb 

=
[

D11 
∂φ 
∂ξ

⎤

e 

−
[

D11 
∂φ 
∂ξ

⎤

w 

+
[

D22 
∂φ 
∂η

⎤

n 

−
[

D22 
∂φ 
∂η

⎤

s 

+
[

D33 
∂φ 
∂γ

⎤

f 

−
[

D33 
∂φ 
∂γ

⎤

b 

+ L
⎡

p̂φ
⎤

P△V + L
[

Ŝφ
⎤

P
△V (12.196) 

The stencil will be of 7 points, with the usual seven-diagonal matrix with well-
ordered diagonals, since, as the curvilinear grid is structured, the numbering of the 
control volumes follows a regular pattern. In the limit, of course, it recovers the 
Cartesian coordinate system.
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12.6 Comments on the Solution of the Equation System 

All strategies and techniques using Cartesian grids are all extended to curvilinear 
grids, considering, logically, the particularities of the curvilinear system, being the 
most important the nonorthogonality. The solution of the coupled system of equations 
can be done simultaneously or segregated. 

It is considered that the co-located grid is used, that is, all variables are stored and 
calculated at the same point, as this is the commonly used arrangement in modern 
software. How the coupling methods work is the principal issue when curvilinear 
nonorthogonal grids are employed, and this will be discussed embodied in the strategy 
for the solutions of the linear systems of equation. For this analysis let’s consider a 
2D incompressible, isothermal flow for simplicity. 

12.6.1 Simultaneous Solution 

The system of equations to be solved comprises the Navier–Stokes equations for the 
u and v and the mass conservation equation. The system is, 

MP u P − Mo 
P uo 

P

△t
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=
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∂ξ 
+ D22 

∂u 

∂η

⎤

n 

−
[

D21 
∂u 

∂ξ 
+ D22 

∂u 

∂η

⎤

s 

+ 

−
(

(pE − pW ) 
2△ξ 

(J ξx )P + 
( pN − pS) 
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( J ηx )P

)
△V (12.197) 

MP vP − Mo 
P vo 
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−
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(
J ηy
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)
△V (12.198) 

MP − Mo 
P

△t
+ Ṁe − Ṁw + Ṁn − Ṁs = 0 (12.199) 

or, identifying the contravariant velocity components, as
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MP − Mo 
P

△t
+ (ρU△η)e − (ρU△η)w + (ρV △ξ )n − (ρV △ξ )s = 0 (12.200) 

In matrix form the system given by Eqs. (12.197–12.199) reads, 

⎡ 

⎣ 
Auu 0 Aup 

0 Avv Av p  

Apu Apv 0 

⎤ 

⎦ 

⎡ 

⎣ 
u 
v 
p 

⎤ 

⎦ = 

⎡ 

⎣ 
Bu 

Bv 

B p 

⎤ 

⎦ (12.201) 

Moreover, when the solution is simultaneous, the segregated pressure–velocity 
coupling (SPVC) doesn’t exist, since the coupling among the equations is resolved 
automatically. If the grid arrangement is staggered [16], which would eliminate the 
co-located coupling (CPVC) the solution of the system could be done simultaneously 
as it is in Eqs. (12.197–12.199), represented by Eq. (12.201). 

However, staggered grids are prohibitive in 3D problems, therefore, the following 
developments consider co-located grids. 

The Rhie and Chow-like methods, already discussed in Chap. 7, are techniques 
which finds the velocity at the interfaces based on the neighbor momentum equa-
tions, creating a coupling among pressure and velocity. The method written for Carte-
sian grids is expanded to curvilinear coordinates. Besides calculating the advecting 
velocity at the interfaces, this helps to better conditioning the matrix of Eq. (12.190) 
by removing the zero entry in the diagonal of the matrix. This is true for this system 
of equation in any situation. 

The momentum equations are written for the Cartesian components and the mass 
conservation equation demands the contravariant velocity components for mass flow 
computations. Thus, the discretized contravariant velocity components should be 
written in terms of the discretized Cartesian components. For 2D, Eqs. (12.154) and 
(12.155) give these relations, repeated here for convenience, 

U = uyη − vxη (12.202) 

V = vxξ − uyξ (12.203) 

According to Fig. 12.38, the  term  (ρ U△η)e is used as example, in which the Ue 

must be calculated at the interface e. This velocity will be found using the discretized 
momentum equation for the u and v component. The discretized momentum equation 
for u at control volumes P and E are, 

(AP )E u P =
{

(AnbuN B  )P + L
[

Ŝu
⎤

P
△V + 

Mo 
P uo 

P

△t 
− L

⎡
p̂u

⎤
P△V (12.204) 

(AP )E uE =
{

(AnbuN B  )E + L
[

Ŝu
⎤

E
△V + 

Mo 
E uo 

E

△t 
− L

⎡
p̂u

⎤
E
△V (12.205)
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Fig. 12.38 Nodes used to 
find U∗

e 

P e E 

Using an average of Eqs. (12.204) and (12.205), keeping the consistent pressure 
gradient, as shown in Chap. 7, a pseudo-equation momentum equation for ue is found. 
In a similar manner, using the discretized equations for ve at control volumes P and 
E, as 

( AP )P vP =
{

(AnbvN B  )P + L
[

Ŝv
⎤

P
△V + 

Mo 
P vo 

P

△t 
− L

⎡
p̂v

⎤
P
△V, (12.206) 

( AP )E vE =
{

(AnbvN B  )E + L
[

Ŝv
⎤

E
△V + 

Mo 
E vo 

E

△t 
− L

⎡
p̂v

⎤
E△V , (12.207) 

it is obtained the pseudo-velocity for ve. With ue and ve one can find the pseudo 
contravariant velocity which enters the mass conservation equation [17]. Repeating 
the procedure for the others control volume interfaces and, introducing all pseudo 
contravariant equations in Eq. (12.200), it is obtained a modified mass conserva-
tion equation which involves the neighbor velocities and pressures, promoting the 
required coupling among pressure and velocity. This modified mass conservation 
equation added to Eqs. (12.197) and (12.198) form the linear system to be solved, 

⎡ 

⎣ 
Auu 0 Aup 

0 Avv Av p  

Apu Apv App 

⎤ 

⎦ 

⎡ 

⎣ 
u 
v 
p 

⎤ 

⎦ = 

⎡ 

⎣ 
Bu 

Bv 

B p 

⎤ 

⎦ (12.208) 

in which it is possible to see that the diagonal is now complete. In Chap. 7 it 
is explained how this modified mass conservation equation rapidly reduces to the 
original equation as the grid is refined.
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12.6.2 Segregated Solution 

By solving the system of equations in a segregated fashion, each equation is solved 
independently, assuming all other variables as known. This translates into the need 
to handle the so-called segregated pressure-velocity coupling, SPVC, which requires 
an algorithm to be created to update the velocities and pressures for the next iterative 
cycle. These are the well-known SIMPLE-like methods for handling this coupling. 
When the mesh is co-located and the solution segregated, both couplings need to be 
handled. As just seen, the CPVC is treated with a Rhie and Chow-like method [17], 
and the SPVC with SIMPLEC, or similar. Just indications of how the velocity correc-
tion equations for curvilinear meshes should be constructed are now presented, since 
the combination of the Cartesian velocities to obtain the contravariant components 
follows what was seen for the Rhie and Chow-like method. 

The mass conservation equation is again the main actor in the scheme for treating 
this coupling. At this time, it will be transformed in an equation for pressure, or 
pressure correction depending on the method, disappearing the velocities previously 
present in the mass conservation equation. Consider the SIMPLEC method, which 
uses the pressure correction P ', to illustrate. Using Chap. 7, for  the  x component of 
the momentum conservation, the velocity correction has the following form, 

ue = u∗ 
e − 

L
[

P̂ ' u
⎤

e
△ξ△η△γ 

Au 
p −

{
Au 

nb 

(12.209) 

Again, what is required in the mass conservation equation is the contravariant 
velocity component, which can be obtained using the velocity correction for ve, 
given by 

ve = v∗ 
e − 

L
[

P̂ ' v
⎤

e
△ξ△η△γ 

Av 
p −

{
Av 

nb 

, (12.210) 

which combined with Eq. (12.209) and help of Eq. (12.201) calculates theUe velocity. 
Finding Uw, Vn and Vs , and substituting them in the mass conservation equation, 
Eq. (12.200), one finds an equation for p', which will involve, in this 2D case, 9 
pressure points, instead of 4 when the grid is orthogonal, since L

[
p̂' u

⎤
and L

[
p̂' v

⎤

contain pressure derivatives in the ξ and η directions (see Eqs. (12.193–12.195)). 
The full iterative procedure is the same as seen in Chap. 7 and will not be repeated 
here. 

Any SIMPLE-like method can be applied using general curvilinear coordinates, 
since, as already mentioned, all methods analyzed in the previous chapters using 
the Cartesian system are readily extended to any control volume with attention for 
the issues that were just presented. All speed flows, discussed in Chap. 9, were
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successfully solved [17] using co-located variables and nonorthogonal coordinate 
systems. Few results are shown in Chap. 15. 

12.7 Boundary Conditions 

The application of boundary conditions of a given physical problem is one important 
part of numerical modeling. In real problems they are usually not clearly identified, 
and only detailed knowledge of the physics of the problem will allow choosing the 
best boundary condition. Knowing how to correctly choose the boundary conditions 
such that they do not destroy the quality of the solution, is part of the experience in 
solving engineering problems. 

In Chap. 7, two ways of applying boundary conditions were presented: the use of 
fictitious points and the integration of the conservation equations for the boundary 
control volumes. In this section we will only recall the second procedure, trying to 
discuss only what concerns to the use of nonorthogonal coordinates. 

The natural technique for applying boundary conditions in finite volume methods, 
and also for being consistent with the procedure adopted for internal volumes, is 
to perform balances of the physical quantity under consideration for the boundary 
volumes, incorporating the boundary condition into the approximate equation of the 
boundary volume. 

The procedure is identical to that for the internal control volumes, i.e., integrate the 
differential equation in the conservative form over the boundary volume. Consider 
Fig. 12.39, where an eastern boundary is depicted in which it will be applied boundary 
conditions. Since it is being used co-localized variables all variables are at the center 
of the control volume. Writing the advective and diffusive terms of the general 
equation given by Eq. (12.167) in 2D for  the  ξ direction, one has 

∂ 
∂ξ

(
ρ Ũ φ

)

∂ 
∂ξ

(
τφ J α11 

∂φ 
∂ξ 

+ τφ J α12 
∂φ 
∂η

)
,

in which it should be recognized that in the diffusive flux the term in the parentheses 
is the normal derivative of φ in a ξ constant surface. To obtain the discretized equation 
for the volume centered at P, in this case a boundary volume, we must integrate the 
conservation equation in this volume. For example, integrating only the advective 
and diffusive terms, as shown, it is obtained, for the advective term, 

ρ Ũ φ
III
e 
− ρ Ũ φ

III
w 

(12.211) 

and for the diffusive,
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Fig. 12.39 Boundary 
control volume
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∂ξ 
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w 

(12.212) 

For the terms evaluated in w face, the procedure is identical to that applied to the 
internal volumes, since this boundary is internal and an interpolation function applies. 
For the e face, one must substitute the advective and diffusive fluxes by the existing 
ones at the boundary. It is always helpful to remember that the application of boundary 
conditions in a finite volume methodology is always specifying the advective and 
diffusive fluxes, in any type of boundary condition. If the flux is not known, it 
should be found with the given values of the variable. The various types of boundary 
conditions are discussed below. 

12.7.1 No-Flow Boundary (ρU = 0). φ Prescribed 

For this case, the diffusive flux, i.e. the value in parentheses in Eq. (12.212), on face e 
must be approximated by employing the values of prescribed φ at the boundary. For 
example, if a distribution of φ is prescribed on the eastern boundary (ξ = constant), 
the derivatives that appear in Eq. (12.200) can be evaluated by, 

∂φ 
∂ξ

IIII
e 

= 
(φe − φP )

△ξ 
2 

(12.213) 

∂φ 
∂η

IIII
e 

= 
φne − φse 

2△η 
, (12.214)
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in which φne, φe and φse are at the boundary and, therefore, are known values. 
When Eqs. (12.213) and (12.214) are inserted in Eq. (12.212), which is part of the 
full equation, the discretized equation for the boundary control volume is obtained 
with the boundary conditions embedded. 

12.7.2 No-Flow Boundary (ρU = 0). Flux of  φ Prescribed 

Remembering that, in Eq. (12.212), the expression

(
τφ J α11 

∂φ 
∂ξ 

+ τφ J α12 
∂φ 
∂η

)

e 

is exactly the flux per unit of area crossing the east face of the control volume. So, it 
is enough to directly replace the term in parentheses by the prescribed value. 

12.7.3 Bounday With Mass Flow (ρU /= 0). Mass Entering 
With ρU Known 

Referring again to Fig. 12.39, consider a known mass influx on the east (e) face. In 
this case, there can be no diffusive flow on this face because, if there were, it would 
be affecting the upstream distribution, and therefore it would not be possible to 
prescribe the advective flow. In other words, the boundary of the calculation domain 
could not have been chosen in that position. As usual, if there is mass input at the 
boundary, for the value of φ to be prescribed, the value of the diffusive flux of φ 
must be prescribed zero. If the numerical analyst "senses" that the diffusive flux is 
important on that boundary, this means that the chosen location is not suitable for 
prescribing boundary conditions. The computational domain should be removed to a 
position where clearly boundary conditions are available, or one can apply the above 
condition knowing possible errors. It is an important task in mathematical modeling 
to properly choose the boundaries of the calculation domain and the corresponding 
boundary conditions. 

12.7.4 Boundary With Mass Flow (ρU /= 0). Mass Leaving 
With ρU Unknown 

In boundaries with mass output, the output velocity distribution is rarely known, 
and even the total mass flow rate may be unknown. In most cases, the prescribed 
condition is pressure. For these cases, the usual condition is to prescribe locally
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parabolic condition for the velocity. The values of φ at the outlet boundary are in 
general dictated by the solution of the problem and can be extrapolated from internal 
values. With respect to the diffusive flow, as the condition itself indicates, it must be 
prescribed equal to zero, and the comments made earlier again applies. 

12.8 Conclusions 

In this chapter, the coordinate transformation from the Cartesian system to a general 
curvilinear system was presented, linking its application in numerical methods. 
Emphasis was given to the geometric interpretation of the transformation relation-
ships, always seeking to make clear points that, as we understand, cause considerable 
difficulty in learning numerical methods for general control volumes. The existing 
relationship between the physical components and the covariant and contravariant 
components of a vector was emphasized, since the intimacy with these representa-
tions is mandatory for learning finite volume methods in which balances are realized 
and, therefore, fluxes need to be calculated. 

In curvilinear systems it is possible to write the conservation equations in the 
curvilinear system, allowing the solution of the equations to be obtained in the trans-
formed domain, fixed in space and even in time. The computer code, therefore, is 
written for a fixed geometry, independent of the physical domain, which can change, 
whose real dimensions are informed to the transformed equations by the metrics of 
the transformation. 

The transformation was done in its complete form, that is, involving the three 
spatial coordinates (ξ,  η,  γ  ) and t , allowing problems, in which the grid in the 
physical plane moves, to be solved also in the fixed computational plane. To write 
the conservation equations in the curvilinear system (or, in other words, in the fixed 
computational domain) has an important peculiarity from a didactic point of view, 
which is to show the automatic appearance of the grid velocity, and thus the relative 
velocity, in the advective terms. 

It was also exercised to obtain the energy equation in an arbitrary domain using the 
coordinate transformation, as well as performing an energy balance in the arbitrary 
control volume. This is the strongest way of seeing the connection among the physics 
and the mathematical relations of the coordinate transformation. 

The integration of the transformed equations was also realized in this chapter. It 
was observed that the resulting discretized equation differs from the Cartesian ones 
by the fact that the pressure and diffusive terms involve derivatives in all directions, 
leading to a 19 stencil for the discretized equations. A good alternative to avoid 
this large stencil is to carry explicitly the cross-derivative terms of the pressure and 
diffusive terms. In general, the nonorthogonality is not so severe, and the cross-
derivative terms are small compared to the one in the principal direction. 

Few words about boundary conditions were also given, pointing out that the same 
philosophy applies for all finite volume formulation, that is, applying balances of
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the quantity for the control volumes at the boundaries, incorporating the boundary 
condition in the approximate equation. 

Curvilinear coordinates system, widely known by boundary-fitted grids, still have 
room in specific niches of engineering. However, nowadays, general CFD codes 
employs unstructured grids, due to its generality and flexibility, the topic of the 
coming chapter. 

12.9 Exercises 

12.1 Obtain Eqs. (12.12–12.14) and (12.18–12.20) 
12.2 For the following orthogonal curvilinear systems, find the metrics given by 

Eq. (12.18–12.20): 

a. Cylindrical parabolic 

x = 0, 5(ξ 2 − η2 ) 
y = ξη  
z = γ 

b. Cylindrical elliptic 

x = a cosh ξ cos η 
y = asenhξ senη 
z = γ 

12.3 Find the expression for the volume of the element in the cylindrical elliptic 
coordinate system. 

12.4 Show that for the cylindrical parabolic and elliptic coordinate systems the 
components of the metric tensor g i j  with i /= j are equal to zero. 

12.5 Obtain, for a general curvilinear system the expressions of ∇φ, ∇ ·  F and 
∇2φ. 

12.6 Show that it is not possible to calculate the mass flow rate crossing an element 
of length over a coordinate line using only one component of the covariant 
velocity vector. 

12.7 Using the following nonorthogonal transformation 

ξ = 2, 5x − 5y 

η = 2x + 4y, 

obtain: 

a. the inverse of the transformation;
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b. gi j  and gi j ; 
c. the Jacobian of the transformation and of the inverse; 
d. the lengths on the coordinate lines 
e. the distance between the origin of the system and the point (0.4;0.2); 
f. the covariant and covariant base vectors; 
g. the angle between the lines ξ and η using the gi j  components. 

12.8 Consider the vector V = 0.2i + 0.4j and the coordinate system given in the 
previous exercise, and find: 

a. the Cartesian, Contravariant and Covariant components of the given 
vector; 

b. the expressions of V in the covariant and contravariant base; 
c. the value of the normal of V to the lines ξ and η in a generic point (x, y). 

12.9 Multiply Eq. (12.96) by (−1), recalculate all metrics as done in Sect. 12.2.7 
and see that the Jacobian and the value of β result negatives. Explain why 
this happens. Draw this new coordinate system and compare with the one of 
Sect. 12.2.7. 

12.10 For a 2D nonorthogonal system (ξ,  η), find (∂φ/∂n)ξ =cte and (∂φ/∂n)η=cte. 
12.11 Draw the computational domain for the grid shown in Fig. 12.40. If a heat 

conduction problem is solved in the domain, with boundary conditions of 
constant temperature prescribed at 3456 and different temperatures on the 
lower and upper sides of the rhombus, how the boundary conditions will 
be in the computational domain? Think about the numbering of the control 
volumes in the computer code and about the storage of the boundary condition 
information on the rhombus. 

12.12 Consider an incompressible isothermal fluid flow coming from the left in 
the geometry with the grid shown in Fig. 12.41. Draw the grid in the 
computational domain and specify the boundary conditions in this domain.

Fig. 12.40 Figure for 
Problem 12.11 
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54 

Fig. 12.41 Figure for Problem 12.12 

12.13 Draw three different grids fitting in a square with their respective transformed 
plane. 

12.14 For the geometry shown in Fig. 12.42, draw 5 lines ξ and 4 lines η and give 
the discrete correspondence between the coordinate points (x, y) and (ξ,  η), 
in the form given by Eq. (12.115). 

12.15 Use the elliptic coordinate system (2D) presented in Prob. 12.2 (b), with 
ξ ranging from 1 to M and η from 1 to N , where M and N are integers. 
With the analytic transformation, calculate analytically all the metrics and 
information of interest, such as g11, g22 g12, J , lengths along the coordinate 
lines ξ and η, areas etc. Now, using the points (x, y) obtained from the analytic 
transformation, calculate numerically the metrics and parameters of interest. 
Compare the results. Vary M and N . 

12.16 When solving flow problems inside straight ducts of variable cross-section, 
as shown in Fig. 12.43, it is possible to march parabolically along the duct 
axis. Thus, only two calculation sections need to be stored simultaneously.

Fig. 12.42 Figure for 
Problem 12.14
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(a) (b) 

y 

z 

x 

Fig. 12.43 Figure for Problem 12.16 

If the marching planes are parallel, even if the cross-section changes with z, 
the following coordinate transformation applies,

ξ = ξ(x, y, z) 
η = η(x, y, z) 
γ = z 

Considering the three-dimensional parabolic, laminar, incompressible flow inside 
a duct with the above characteristics, obtain the transformed equation for a generic 
variable φ, remembering that the mesh does not change with time. In the general 
equation for φ consider the advective and diffusive fluxes without source term. Show 
that the expressions for the contravariant components, without metric normalization, 
U, V and W will have the form, 

U = yηu − xηv + (yγ xη − xγ yη)w 

V = xξ v − yξ u + (xγ yξ − yγ xξ )w 

W=wJ 

12.17 The heat flux vector q is known from its Cartesian components q ''
x and 

q ''
y . Determine the amount of heat per unit of time that passes through the 

area AB.Then, using central differences, relate this flux as function of the 
temperatures at the points shown in Fig. 12.44.
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Fig. 12.44 Figure for 
problem 12.17 
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Fig. 12.45 Figure for 
problem 12.18 
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12.18 Using the two-dimensional form of Eq. (12.167) without pressure and source 
terms, obtain the approximate equation for the boundary volume P of 
Fig. 12.45. At the boundary, which has no mass flow, φ is a prescribed 
function, i.e., with known values in w, wN and wS. 
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Chapter 13 
Unstructured Grids 

13.1 Introduction 

When the computational domain is complex, with holes and protuberances, structured 
grids can still be used subdividing the domain into blocks, each one being structured. 
However, when the geometry is too complex it generates excessive number of blocks, 
requiring special algorithms to deal with the transfer of information from block-
to-block. The number of blocks can be so large that it resembles an unstructured 
grid. Thus, the alternative is to use full unstructured grids with control volumes 
of different shapes, taking advantage of the inherent flexibility. Adaption and grid 
refinement in specific regions of the domain are more easily achieved, and highly 
complex geometries can be handled. 

On the other hand, the algorithms for solving the discretized equations grow a 
bit in complexity. The methods for solving linear systems are more elaborate, since 
ordering, which is a trivial procedure in structured meshes, assumes some importance 
in unstructured meshes, because the bandwidth of the coefficient matrix is dependent 
on the nature of this ordering. In multigrid methods, the algorithm for clustering 
the volumes is also more involved if an algebraic method is employed. However, 
great flexibility and generality is attained, and unstructured grids are, nowadays, the 
discretization choice in the major CFD applications in the market. 

An unstructured discretization can consist, usually, of triangular and quadran-
gular elements in 2D, tetrahedra, hexahedra, prims and pyramids in 3D, as shown 
in Fig. 13.1. The elements can be used as control volume and agglomerated to 
obtain polyhedral grids in the context of cell-center finite volume methods, or 
using part of them in the construction of the control volume, as in cell-vertex finite 
volume methods, which will be seen in detail for the Element-based Finite Volume 
Method—EbFVM.

Historically, the use of unstructured meshes has always been associated with 
the finite element method with application in structural analysis, since this is the 
predominant area of its application. This experience has led the developers of finite 
element be pioneers in the solution of fluid flow problems [1] in unstructured grids.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 
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Fig. 13.1 Elements in 2D and 3D

Unstructured grid strategies, however remained dormant in the aerodynamics area 
until the schemes were cast in the framework of finite volume [1]. 

The use of unstructured grids, predominantly with triangular and tetrahedral 
meshes, has a clear beginning in aerodynamics with the pioneering works described 
in [2–5], among others. In solving low speed flows with heat transfer the develop-
ments started a little later, with the works reported in [6–10]. The pioneering work 
of Baliga and Patankar [6], already using the concept of elements, gained promi-
nence with the works of Raw and Schneider extending to quadrangular elements and 
using the shape functions as in finite element. A summary of these procedures can 
be found in [11] (Sect. 11.4) and a review of unstructured grid adaption can be found 
in [12]. In the last three decades the developing pace continued, making available to 
the numerical analyst a myriad of techniques for fluid flow calculations using finite 
volumes, with some of them fully validated by commercial applications. 

This chapter aims bringing to the reader the finite volumes method for unstruc-
tured meshes, covering the cell-center and cell-vertex methods. In the class of cell-
vertex methods, the EbFVM will be the focus. Voronoi diagrams, the dual of the 
Delaunay triangulation, because they have local orthogonality, offer the possibility 
of developing a formulation where only two nodal points need to be employed for 
fluxes calculation. Formulation using Voronoi diagrams will be seen in the context 
of cell-center methods. 

Again, we will try to describe the methodologies in a way that they can serve 
as a guideline for those who begin the studies in unstructured meshes having the
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knowledge of the previous fundamental chapters, without the concern to review and 
cite the variants of existing methods in the literature, which are so many and very 
easy to find online. 

Before entering in details of the cell-center and cell vertex methods, let’s point 
out two main characteristics of them, already seen in Chap. 3, but that is worth to 
recap. Inspecting Fig. 13.2a, in which the element is taken as control volume, for a 
quadrangular element, there will be four fluxes for the balance. If the elements are 
used to build the control volume, as in Figs. 11.9 and 13.2b, more fluxes will be 
involved, what improves accuracy. The second point is about boundary conditions. 
In the cell-center there is no grid nodes on the boundary and all control volumes are 
integral, and balances will be performed for all of them. The cell-vertex variant has 
grid nodes on the boundary, with the appearance of half volumes at the edges and a 
quarter of a volume at the corners in two dimensions. Dirichlet boundary conditions 
are easy to apply, but conservation will be not obeyed for the control volumes at the 
boundaries, unless some special scheme is constructed. 

The discretization of the equation will be done for a general scalar φ, given by 

∂ 
∂t 

(ρφ) + ∇.(ρV φ) = ∇.(Tφ∇φ) + Sφ , (13.1) 

Integrating in the control volume, despite of its shape,

(

V

(
∂ 
∂t 

(ρφ) + ∇.(ρ V φ) = ∇.(Tφ∇φ) + Sφ

)
dV  , (13.2)

p 

(a) (b) 

Fig. 13.2 Fluxes in the cell-center (a) and cell-vertex (b) 
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it is obtained, after using a first order approximation (interpolation in time) for the 
evaluation of the transient term, 

MP φP − Mo 
P φ

o 
P

△t
= −

{
i p

(
ρ(V .n)φ△s

)
i p  

+
{
i p

(
Tφ∇φ.n△s

)
i p  

+ (SP φP + SC )△V (13.3) 

The reader is referred to Chap. 3 to review the basic procedures of finite volume 
methods. The interpolation required in space in Eq. 13.3 are for φi p  and (∇φ)i p, the  
terms underlined in Eq. (13.3). The interpolation for φi p  was extensively discussed 
in Chap. 5, and the outcome of those considerations applies entirely here. The inter-
polation for (∇φ)i p  was exercised in Chap. 3, when the introduction to finite volume 
method was presented using the 1D heat diffusion equation. As the Cartesian coor-
dinate system was used there, the calculation of the gradient went almost unnoticed, 
since the components of the gradient of φ, (∂φ/∂ x)i p  and (∂φ/∂y)i p  was easily found. 
In unstructured grids this calculation is a little bit more elaborated, particularly in 
the cell-center methods. How to do this will be seen in the following sections. 

For the sake of simplicity, in this chapter, all pictures used in the mathematical 
developments will be done for 2D situations, despite the fact that most of the devel-
opments done by the author and colleagues were done for 3D. Few results will be 
shown in Chap. 15. Equation (13.3) will be followed, term by term, seeking its full 
discretization, starting with the cell-center methods. 

13.2 Cell-Center Methods 

13.2.1 Conventional Finite Volume Method 

13.2.1.1 Determination of (∇φ)i p  

Figure 13.3 shows an unstructured grid with evidence of a control volume coincident 
with the element, that is, a cell-center approach. The grid node P and its neighbors 
should be used for finding the gradient of φ at point P , which is, then, used for finding 
the gradient at point i p. This figure also shows that in unstructured grids the nodes 
are not aligned with the axis, precluding the calculation as done in Cartesian meshes. 
It could be possible, of course, interpolating the neighbors grid nodes on the x and 
y axis passing on point P and calculating (∂φ/∂ x)i p  and (∂φ/∂y)i p, but it would 
be a cumbersome calculation with lots of interpolations. Another alternative would 
be to calculate the direct part of the gradient in the direction joining P and N , and 
using the neighbor grid nodes to find the remaining part of the gradient in the cross 
direction [13, 14]. The basis vector seen in Chap. 12 are helpful in this calculation,
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Fig. 13.3 Gradient 
calculation. Cell-center 
method 

P 

N 

Δs
 

x 

y 

nodes 
integration point 

ϕip 

since a local nonorthogonal coordinate system (ξ, η) (not shown in Fig. 13.3) can 
be set at the integration point. The derivatives (∂φ/∂ξ )i p  and (∂φ/∂η)i p  could be 
determined, and then, (∂φ/∂ n)i p. This form of calculation recovers the two-point flux 
approximation when the grid is orthogonal, since the cross derivatives are multiplied 
by a component of the metric tensor which is zero for orthogonal systems. 

Probably, the best way and easier to automate its calculation inside the full algo-
rithm, is to apply one of the gradient recovering methods available. Three methods 
will be described, the cell-based, node-based and least-square cell-based. 

One form of the Green-Gauss’s theorem is given by,

(

V 

∇φ dV  =
(

S 

φdS, (13.4) 

in which the surface S defines a closed region in space with volume V . Applying the 
mean value theorem and replacing the integral by its discrete counterpart, one gets 

(∇φ)P ≈ 
1

△VP 

N{
i p=1 

φi p△Sip, (13.5) 

in which φi p  is the value at the centroid of the face (at the integration point) and N 
is the number of faces of the respective control volume. The values of φi p  remain to
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be found based on the values of φ at the grid nodes. Two approaches are available 
for this task, the cell-based and the vertex-based [15, 16]. 

Cell-Based Method 

For a general integration point i p, the  value of  φi p  is found as an averaging of the 
values of φ at grid nodes P and N, considering the distance of these points to the 
point i p. . If the grid is fairly homogenous a simple arithimetic average suffices (see 
Fig. 13.3). 

Knowing all φi p  belonging to the volume, Eq. (13.5) can be applied and the 
gradient at point P can be determined. The gradient of φ, (∇φ)i p, at the integration 
points can be found by an averaging of the gradients of the grid nodes. This averaging 
must take in account the non-uniformity of the grid. 

Vertex-Based Method 

The vertex-based method uses the value of φ at the vertices of the face to obtain the 
value of φ at the centroid of the face, φi p. As there are no values available at the 
vertices of the face, they are found from an interpolation of neighbor volumes that 
shares that vertex, as depicted in Fig. 13.3. The small arrows points which grid nodes 
feed the vertex. The value of φi p  is found through an average of the values at the 
vertices. To find the gradient at the center of the control volume Eq. (13.5) applies 
again. 

In three dimensions, it is common the grid generators to deliver tetrahedral 
elements, which, if a cell-center method is used, means to have one unknown for 
each tetrahedral element, what implies in a large linear system to be solved. To 
reduce the number of unknowns, the tetrahedral elements can be cast in a polyhedral 
grid. This procedure increases the number of surfaces in which fluxes will be calcu-
lated, improving accuracy. Figures 13.4 and 13.5, respectively, show a polygonal grid 
constructed with triangles for 2D, and a polyhedral grid constructed with pyramids 
in 3D. The commercial package [16] has the option of converting grids of tetrahedra 
and other elements in polyhedral grids. On the grids shown in Figs. 13.4 and 13.5, 
for 2D and 3D the gradient recovery methods just described were applied [17]. 

Fig. 13.4 Polygonal grid 
(made of triangles)

o 

Triangle 

v1 

v2 

o 
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Face 

o o 

Pyramid 

Fig. 13.5 Polyhedral grid (made of pyramids) 

Least Square Minimization 

An alternative way to reconstruct the gradient from a set of discrete values of a 
scalar variable may be done when a linear variation is assumed in the region around 
a central point. Then, a set of linear equations is obtained in which the unknowns 
are the components of the gradient. In general, there will be more equations than 
unknowns, because the unknowns are the three components of the gradient and the 
number of neighbors is almost always more than that. Therefore, the components of 
the gradient can be determined by considering an auxiliary least square problem. 

The reconstruction of the gradient with this alternative methodology is generally 
more robust than those applying Gauss’s theorem. With the least square technique, 
the gradient reconstruction of linear functions is exact and with nonlinear functions 
the approximation error tends to zero as the meshes are refined, even when they 
present severe distortions [5]. Another important aspect of this method is that for 
its application, geometric information of the mesh cells is not necessary. It is only 
necessary to know the coordinates of the points where the discrete values of the 
variable were defined. For cells adjacent to the boundaries, it is not necessary to 
consider values of the variable on the boundaries either, as happens with methods 
based on the Gauss theorem. 

To demonstrate the method, a polygonal grid, shown in Fig. 13.6, constructed with 
triangles will be used. Applying a Taylor series expansion not considering terms with 
second or higher order around point P for all its neighboring points, 

φNB  = φP + (∇φ)P△r P,NB  , (13.6)

or,

△r P,NB  (∇φ)P = φNB  − φP , (13.7)
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Fig. 13.6 Least square 
method in a polygonal grid

P 
ΔrP,NB 

NB 

in which △r P−NB  is the difference vector among the position vectors of the centroid 
of the control volume P and the centroid of the neighbor control volume NB, and 
(∇φ)P is the gradient of φ, in fact, the unknown of the equation. Applying Eq. (13.7) 
for all neighbor cells, and considering a 3D problem, the linear system becomes, 

⎛ 

⎜⎜⎜⎜⎜⎝

△x1 △y1 △z1
△x2 △y2 △z2 

. . .  

. . .

△xm △ym △zm 

⎞ 

⎟⎟⎟⎟⎟⎠ 

⎛ 

⎜⎝ 

∂φ 
∂ x 
∂φ 
∂ y 
∂φ 
∂ z 

⎞ 

⎟⎠ = 

⎛ 

⎜⎜⎜⎜⎜⎝ 

φNB1 − φP 

φNB2 − φP 

. 

. 
φNBm − φP 

⎞ 

⎟⎟⎟⎟⎟⎠ 
, (13.8) 

in which △x,△y and △z are the cartesian components of the vector △r . The linear 
system (13.8) is overdetermined, that is, there are infinite solutions, because one has 
three unknowns and five equations. There is not a single solution for this system. 
The linear system can be written as, 

Ax = b, (13.9) 

and a minimization should be found, as 

minllAx − bll 2, (13.10) 

in which the subscript in Eq. (13.10) means the Euclidian norm. This least square 
minimization problem is usually weighted by the inverse of the distance among the 
neighboring points and point P , as



13.2 Cell-Center Methods 341

⎛ 

⎜⎜⎜⎜⎜⎝ 

w1△x1 w1△y1 w1△z1 
w2△x2 w2△y2 w2△z2 

. . .  

. . .  
wm△xm wm△ym wm△zm 

⎞ 

⎟⎟⎟⎟⎟⎠ 

⎛ 

⎜⎝ 

∂φ 
∂ x 
∂φ 
∂ y 
∂φ 
∂ z 

⎞ 

⎟⎠ = 

⎛ 

⎜⎜⎜⎜⎜⎝ 

w1(φNB1 − φP ) 
w2(φNB2 − φP ) 

. 

. 
wm(φNBm − φP ) 

⎞ 

⎟⎟⎟⎟⎟⎠ 
(13.11) 

Solving this minimization problem, the components of the gradient are deter-
mined. 

13.2.1.2 Determination of φ)i p  

Perhaps it would be elucidative to recall that the need of calculating φi p  is due to the 
advective flux calculation at the interfaces of a control volume, a characteristic of 
finite volume methods. This procedure requires the interpolation among the neighbor 
nodal values of φ to obtain φi p. This topic was seen in detail in Chap. 5 and most 
of the schemes already discussed for Cartesian grids can be applied for unstruc-
tured grids. Two of the methods will be repeated here as they are more suitable for 
unstructured meshes. Recall that the key feature of an interpolation function is to 
represent, as better as possible, the physics happening from an upstream point and 
the integration point i p, where the variable should be calculated. Any interpolation 
function, independently of its fidelity with the physics, could be used, being aware of 
possible numerical diffusion or oscillations. The CDS, central differencing scheme 
[16] can be constructed, according Fig. 13.7, as  

φi p  = φP + (∇φ)P△sP (13.12) 

φi p  = φN + (∇φ)N△sN (13.13) 

Equations (13.12) and (13.13) represent the SOU (Second Order Upwind), when 
Eq. (5.67) is applied from  P to i p  and from N B  to i p, respectively. These two values 
can be used to obtain a CDS scheme, as 

φi p  = φCDS  
i p  = 

1 

2 
(φP + φN ) + 

1 

2 
(∇φP△sP + ∇φN△sN ), (13.14)

Fig. 13.7 Construction of 
interpolation schemes using 
two grid nodes 
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in which the ∇φ at points P and N are calculated as in Sect. 13.2.1. As stated in 
Chap. 5, this interpolation function doesn’t guarantee positivity of the coefficients 

The upwind interpolation, which is stable but may introduces severe numerical 
diffusion can be calculated, considering the direction of the velocity vector from P 
to i p, as  

φi p  = φUDS  
i p  = φP + (∇φ)P△sP (13.15) 

These schemes can be blended using Eq. (5.44), Chap. 5, resulting in 

φi p  = φUDS  
i p  + (

φCDS  
i p  − φUDS  

i p

)o 
(13.16) 

As indicated in Eq. (13.16), the second term in RHS is treated explicitly, that is, 
it is embedded in the independent term in the linear system, while the first term is 
treated implicitly, that is, takes part in the matrix coefficients. During the iterative 
procedure the UDS scheme stabilizes the solution and, when it converges, the explicit 
term cancels out, and the interpolation function applied was, in fact, CDS, therefore, 
absent of numerical diffusion. Oscillations, in the other hand, may appear. 

The MUSCLE scheme [18] also reported in Chap. 5, can also be applied to 
unstructured grids, as 

φ MU S  
i p  = θφCDS  

i p  + (1 − θ)
(
φSOU  
i p

)
, (13.17) 

in which φSOU  
i p is given by Eq. (13.12). The schemes reported, as they have no 

direct connection with the Cartesian system in its structure, they apply to three-
dimensional problems with unstructured grids too. The general interpolation function 
along a streamline seen in Chap. 5 generalizes several interpolation schemes already 
described. A Taylor series expansion along s for the determination of φi p  is, referring 
to Fig. 13.8, 

φi p  = φu + 
∂φ 
∂s

IIII
i p

△s + 
∂2φ 
∂s2

IIII
i p  

1 

2
△s2 + O(△s3 ) +  · · · +, (13.18) 

in which, (∂φ/∂s)i p  replaces the (∇φ)u in the similar equation, Eq. (13.12). It is 
obtained discretizing the partial differential equation for the i p  point, as 

∂φ 
∂s

IIII
i p  

= 
1 

ρV

[
T

φ 
i p

(
∂2φ 
∂x2 

+ 
∂2φ 
∂y2

)
i p

]
+ Bφ (13.19) 

in which V is the magnitude of the velocity vector in the s direction. The right-hand 
side of Eq. (13.19) contain all the local physics involved in the determination of φi p  

and can be discretized using finite differences, since in this equation there is no need 
of obeying conservation principles. In Eq. (13.18), the key issue is the determination 
of φu (point u in Fig. 13.8) which could be found by a weighted average of φA and
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Fig. 13.8 General 
interpolation function 

φB . This approach, however, doesn’t create a scheme with positive coefficients. To 
obtain positive coefficients, φu should be the donor cell, that is the cell with donates 
the physical information to the integration point. Mass weighted upstream schemes, 
as discussed in Chap. 7, does this job. 

Inserting the values of φi p  and (∇φ)i p  as functions of the grid nodes in Eq. 13.3, 
the linear system for φ can be written as 

[A][φ] = [B] (13.20) 

The methods for solving the linear system given by Eq. 13.20 can be seen in 
Chap. 4. 

In a fluid flow problem, the delicate coupling is among pressure and velocity, and 
the strategies for handling it can be in the context of a segregated or a simultaneous 
solution. These approaches were deeply discussed in Chap. 7 and flashes of the key 
issues will be repeated here. 

Considering co-located variables with segregated solution one is faced with the 
two types of coupling, the segregated (SPVC) and the co-located (CPVC) couplings. 
The former is tackled with the SIMPLE-like methods, while the latter with the RC-
like or PIS-like schemes. 

If a simultaneous solution is chosen, still with co-located variables, the segregated 
coupling (SPVC) no longer exists, remaining the co-located coupling (CPVC), which 
always exists when it is necessary to calculate the velocity at the interface of a control 
volume for mass conservation. The simultaneous solution, using a proper method for 
obtaining the advecting velocity at the interfaces (PIS or RC-like schemes), results 
in the following linear system,
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⎡ 

⎢⎢⎣ 
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p 

⎤ 
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⎡ 

⎢⎢⎣ 

Bu 

Bv 

Bw 

B p 

⎤ 

⎥⎥⎦ (13.21) 

which can be solved using an iterative solver, with a recommendation that a multigrid 
method, or other strategy for accelerating the process, should be used. A direct solver 
with a strategy for handling the non-zeros can also be applied. The reason why 
this matrix may contain all entries non-zeros depends on which velocity terms are 
left implicitly in the momentum equations. This will be discussed when the matrix 
construction for EbFVM will be shown. The term App appears due to the application 
of a RC-like method. 

13.2.1.3 Boundary Conditions 

In Chap. 12 it was dealt with cell-center methods using boundary-fitted grids, or 
general curvilinear grids, in which the control volume was of distorted arbitrary rect-
angular (or hexahedral in 3D) shape. Boundary conditions for cell-center methods 
using unstructured grids follow the same rationale, that is, the application of balances 
for the entities for the volumes at the boundaries. Prescribed temperature or fluxes 
with no boundary flow, as well as inflow and outflow boundary conditions, receive 
the same treatment as shown in Chap. 12. It is our understanding that the cell-center 
method, or conventional finite volume method was sufficiently covered when Carte-
sian and curvilinear grids were treated. The knowledge gained in the previous chap-
ters and the points raised in this section are enough ingredients to start to conceive and 
write a code for fluid flow calculations using a cell-center method using unstructured 
grids. 

13.2.2 Voronoi Diagrams 

The Voronoi diagrams, used as control volumes, are created based on the Delaunay 
triangulation. Figure 13.9 shows a Delaunay triangulation with its dual, the Voronoi 
diagrams, which exhibit a very special and desired characteristics for a grid, specif-
ically, local orthogonality. Thus, the conventional finite volume formulation for 
orthogonal grids can be easily applied to the Voronoi diagrams. Figure 13.10 shows 
a Voronoi diagram in which the following properties can be observed:

1. The line segment AB  is perpendicular to the line segment P2 and cuts P2 
exactly in its middle. These two properties are of fundamental importance in the 
discretization. The former means that a two-point flux approximation calculates 
the flux exactly, and the latter, the gradient is calculated in the middle of P2, not
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Fig. 13.9 Delaunay 
triangulation and its dual 

Fig. 13.10 Voronoi control 
volume 

requiring a weighted approximation. In addition, the interpolation of physical 
properties is done as in a homogenous grid, since a = b;

2. Any point inside the Voronoi diagram centered on P is closer to P than any 
neighboring nodal point. This characteristic is like grid uniformity; 

3. By the vertices of the triangle passes a circle. This is a construction characteristic. 

Voronoi diagrams combine the advantages of the simplicity of numerical approxi-
mations existing in a structured orthogonal system and the flexibility of unstructured 
meshes. These are all very interesting characteristic for implementing the code. 
However, as always, there are drawbacks, and the crucial one is the difficulty in
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generating the Delaunay triangulation. In 2D the issue is not too difficult to face, 
but in 3D, the efforts required are considerable. To exercise the use of the Voronoi 
diagrams a pure diffusion and a diffusion/advection problem will be discretized. 

13.2.2.1 Diffusion of a Scalar φ 

Taking as example the 2D transient diffusive equation given by, 

∂ 
∂t 

(ρφ) = 
∂ 
∂ x

(
Tφ ∂φ 

∂ x

)
+ 

∂ 
∂y

(
Tφ ∂φ 

∂y

)
+ S, (13.22) 

or 

∂ 
∂t 

(ρφ) = ∇.
(
Tφ∇φ

)+ S, (13.23) 

in which, for recovering the heat conduction equation, the transport coefficient Tφ 

will be k/cP and φ = T . Figure 13.11 depicts the control volume P and its neighbor 
points denote by NB. Linearizing the source term by S = SP φP + SC , adopting a 
fully implicit formulation and integrating Eq. (13.23) over the control volume shown 
in Fig. 13.11 and over time, as

(

V ,t 

∂ 
∂t 

(ρφ) dV  dt  =
(

V,t 

∇ · (Tφ∇φ
)
dV  dt  +

(

V,t 

(SP φ + SC ) dV  dt (13.24) 

it reads, after applying the divergence theorem, 

MP φP − MP φ
o 
P

△t
=
{
i p

(
Tφ∇φ · n△S

)
i p  + Sφ 

p φP△V + Sφ 
C△V , (13.25) 

in which MP is the mass inside the control volume.
Note that the line joining the center of the control volume P to the centers of 

the neighboring volumes NB is orthogonal to the surfaces of the control volumes, 
what allows the use of two grid nodes to calculate the flows numerically exact. The 
integration point, i p  is at the intersection of the lines connecting points P and NB, and 
the face of the control volume. Note that this point is not always in the middle of the 
face, and may even be outside the face, a situation in which the Voronoi diagram is 
called degenerated, which happens when the triangulation is not well behaved (very 
flat triangles, for example). Recognizing that Tφ∇φ · n in Eq. (13.25) is exactly the 
derivative in the normal direction, and using an approximation in central differences, 
since the problem is of pure diffusion, Eq. (13.25) becomes,
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Fig. 13.11 Local 
orthogonality

MP φP

△t 
+
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i p

(
Tφ (φP − φNB)

△S
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)
i p  

− Sφ 
p φP△V = 

Mo 
P φ

o 
P

△t 
+ Sφ 

C△V, (13.26) 

or 

ApφP =
{
pi 

AnbφNB  + B, (13.27) 

in which 

Anb =
(

Tφ △S

△L

)
i p  

(13.28) 

AP =
{

Anb − Sφ 
P△V + 

MP

△t 
(13.29) 

B = 
Mo 

pφ
o 
P

△t 
+ SC△V (13.30) 

Equation (13.29) and (6.39) are the same, the later developed in the contest of 
conventional finite volume method (cell-center) using structured grids. Now, with 
unstructured grids but locally orthogonal the formulation is the same. 

13.2.2.2 Advection/Diffusion of a Scalar φ 

In this section, problems in which a scalar is transported by advection and diffusion 
will be considered, assuming that the velocity field is known. This is the situation 
in which, after the velocity field has been calculated, the scalar fields are advanced. 
The conservation equation for φ is given by,
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∂ 
∂t 

(ρφ) + ∇  ·  (ρV φ) = ∇  · (Tφ∇φ
)+ Sφ (13.31) 

The process now is the same as in the previous section, that is, we must integrate 
Eq. (13.31) over the control volume and in time. Using the divergence theorem, the 
integration results, 

MpφP − Mo 
pφ

o 
P

△t
+
{
i p  

(ρV · n△S)o i pφi p  

=
{
i p

(
Tφ ∂φ 

∂n
△S

)
i p  

+
(
Sφ 
p φP + Sφ 

C

)
△V , (13.32) 

in which ∇φ.n can readily be substituted by ∂φ 
∂n , easily computed due to the local 

orthogonality of the grid. This term, being a diffusion term, can be approximated 
by central differencing with no difficulties in convergence. The dependent variables 
u and v are stored at the center of the control volume (grid nodes) and uip  and vip  
are obtained averaging the velocities at the grid nodes. The superscript in the second 
term means a value known from the previous time level. In this case the velocity 
is known, therefore, it has a fixed value along the iterations. Defining the velocity 
normal to the face of the control volume by Vip, positive pointing out of the surface 
of the control volume, it can be found by, 

Vip  = u△y − v△x, (13.33) 

in which the signal of △x and △y for each segment of the surface of the control 
volume is obtained by circling the area counterclockwise. The mass flow rate is 
given by, 

(ρV · n△S)i p  = (ρV△S)i p (13.34) 

For the interpolation function for φi p  the WUDS [19] is used, 

φi p  =
(
1 

2 
+ αi p

)
φP +

(
1 

2 
− αi p

)
φNB (13.35) 

in which αi p  is given by, 

αi p  = Pe2 

10 + 2Pe2
(13.36) 

with the Peclet number given by 

Pe = 
Vip  Lip

Tφ (13.37)
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Observe that in Eq. (13.35) αi p  is positive when the flow leaves the control volume 
and negative in the opposite case. For example, when αi p  is equal to 0.5, φi p  will be 
equal to φP , what characterizes an upwind scheme. The value αi p  calculated using by 
Eq. (13.36) is always positive and, thus, when programming it must be remembered 
that the signal of α is always the same of the velocity. In this case the upwind scheme 
is not applied on the direction of the velocity vector, what may cause numerical 
diffusion. 

The developments that has been done so far, have gone through the Cartesian, 
curvilinear and now Voronoi grids. The interpolation functions have always the same 
philosophy, and it just need to be adjusted to the schemes for the different grids. 

For example, it is possible to use an interpolation function along l(l is the line in 
the P − N B  direction) for the Voronoi meshes, as 

φi p  = φP + 
∂φ 
∂l

IIII
P

(
Lip  

2

)
(13.38) 

The same discussion arises again, that is, φP is used in Eq. (13.38) in place of 
φu , which should be the donor cell in order to have positive coefficients. It is also 
possible to find the streamline passing on i p, but it will not pass on P(it may, but by 
an enormous coincidence) and the upwind point, φu , would need to be found. The 
term (∂φ/∂l)P would be found applying the differential equation in analysis at the 
point P . 

Introducing the normal derivatives of φ using a central differencing scheme and 
the values of φi p  according to Eq. (13.35), one finds 

⎡ 

⎣ MP

△t 
+
{
i p

((
Tφ 

L 
+ ρV

(
1 

2 
+ α

))
△S

)
i p  

− Sφ 
p△V 

⎤ 

⎦φP 

=
{
i p

((
Tφ 

L 
− ρV

(
1 

2 
− α

))
△S

)
i p  

φNB  + 
Mo 

pφ
o 
P

△t 
+ Sφ 

C△V (13.39) 

Introducing the mass conservation equation, as 

−
{
i p  

(ρV△S)i p  − 
MP

△t 
+ 

Mo 
P

△t 
= 0, (13.40) 

into the brackets, one finds 

⎡ 

⎣{
i p

((
Tφ 

L 
− ρV

(
1 

2 
− α

))
△S

)
i p  

− Sφ 
p△V + 

Mo 
P

△t 

⎤ 

⎦φP 

=
{
i p

((
Tφ 

L 
− ρV

(
1 

2 
− α

))
△S

)
i p  

φNB  + 
Mo 

P φ
o 
P

△t 
+ Sφ 

C△V , (13.41)
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or, in the compact form, 

ApφP =
{
i p  

AnbφNB + B (13.42) 

in which, 

Anb =
((

Tφ 

L 
− ρV

(
1 

2 
− α

))
△S

)
i p  

(13.43) 

AP =
{

Anb − Sφ 
p△V + 

MP

△t 
(13.44) 

B = 
Mo 

pφ
o 
P

△t 
+ Sφ 

C△V (13.45) 

Note that Eqs. (13.42) and (13.44) are identical to Eqs. (6.38) and (6.39). The 
expression of the coefficient Anb is the same for all neighboring volumes, while for 
structured meshes defined by a system of global axes, the coefficients for the south, 
west and back faces change sign relative to the north, east and front coefficients, as 
can be seen in Eqs. (6.26)–(6.28). It is easy to see that for unstructured meshes, in 
2D, all the coefficients are as if they were coefficients Ae and An , since our local 
axis is the normal, always pointing outward, thus coincident on these two faces, with 
the x and y axes, both pointing outward from the faces. In Eq. (13.43) for each i p  
there will be a Anb calculated with information at that integration point connecting 
the control volume P with its neighboring nodal point NB. 

13.2.2.3 Calculating the Velocity Field 

To solve the discretized equations for φ, as described in the two previous sections the 
velocity field is required. We continue using 2D formulation for the sake of simplicity, 
and the system of equations to be solved, is, therefore, considering incompressible 
flow and constant viscosity, 

∂ρ 
∂t 

+ 
∂ 
∂ x 

(ρu) + 
∂ 
∂y 

(ρv) = 0 (13.46) 

∂ 
∂t 

(ρu) + 
∂ 
∂x 

(ρuu) + 
∂ 
∂y 

(ρvu) = 

− 
∂ P 
∂x 

+ 
∂ 
∂x

(
μ 

∂u 

∂x

)
+ 

∂ 
∂y

(
μ 

∂u 

∂y

)
+ Su 

(13.47)
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∂ 
∂t 

(ρv) + 
∂ 
∂x 

(ρuv) + 
∂ 
∂y 

(ρvv) = 

−∂ P 
∂ y 

+ 
∂ 
∂x

(
μ 

∂v 

∂x

)
+ 

∂ 
∂y

(
μ 

∂v 

∂y

)
+ Sv 

(13.48) 

The discretization of the mass conservation equation, Eq. (13.46), reads 

−
{
pi 

(ρV△S)pi = 
MP − Mo 

P

△t 
, (13.49) 

in which, repeating, the velocity V is the normal velocity at the boundaries of 
the control volume pointing outwards. The integration of Eqs. (13.47) and (13.48) 
follows the same steps as done with Eq. (13.31), since these equations differ only in 
the source terms. Therefore, these equations when discretized, read 

ApφP =
{
i p  

AnbφNB + B, (13.50) 

with coefficients given by Eqs. (13.43) and (13.44). The source terms now contain 
the pressure gradient, 

B = − △p

△xi 
· △V + SC△V + 

Mo 
P φ

o 
P

△t 
, (13.51) 

in which i represents x or y, when φ is equal to u or v, respectively. 
Now comes again the decision on how to solve the equations for (u, v, p), segre-

gated or simultaneously. Following the SIMPLEC [20] approach in a simplified 
format, since details of this procedure is given in Chap. 7, and remembering that the 
co-located grid is used, pseudo-equations for the u, v velocity at the integration point 
(i p) are  given by,  

uip  = u∗ 
i p  −

△p'

△x

△V(
Ap −{

Anb

)
i p  

(13.52) 

vip  = v∗ 
i p  −

△p'

△y

△V(
Ap −{

Anb

)
i p  

, (13.53) 

in which △V is the average of the control volumes that shares the same integration 
point, and Ap −{

Anb is given by Eq. (13.60). It is proposed a correction equation 
for the normal velocity at the interface. Remember, once again, that the equation 
for correcting the velocities does not interfere with the solution of the problem. 
Taking advantage of the fact that the pressures are stored along the line normal to 
the interface, the following correction equation is adequate,
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Vip  = V ∗ 
i p  −

(
p'
P − p'

NB

)
(
Ap −{

Anb

)
i p

△V 

Lip  
(13.54) 

Inserting Eq. (13.54) in the mass conservation equation, one gets 

−
{
i p  

⎛ 

⎜⎝V ∗ 
i p  −

(
p'
P − p'

NB

)
(
Ap −{

Anb

)
i p

△V 

Lip  

⎞ 

⎟⎠△Sip  = 0, (13.55) 

which, when expanded to all i p  and rearranging the terms, it is obtained the pressure 
correction as, 

Ap p
'
P =

{
Anb p

'
NB  + B, (13.56) 

in which 

Anb = △Sip△V(
AP −{

Anb

)
i p  
Lip  

(13.57) 

Ap =
{
i p  

Anb (13.58) 

B =
{(

V ∗△S
)
i p (13.59) 

The term Ap −{
Anb need to be computed at the interfaces (i p). However, the 

coefficients AP and
{

Anb are available at the nodal points. The strategy is to perform 
an average among the values at nodal point P and NB which shares the same i p, as

(
Ap −

{
Anb

)
i p  

= 
(AP )P + (AP )NB  −

{
(Anb)P −

{
(Anb)NB  

2 
(13.60) 

It was shown in [21] that the convergence rate increases if the following weighted 
average is employed,

(
Ap −

{
Anb

)
i p  

= 
2
(
(AP )P −

{
(Anb)P

)(
(AP )NB  −

{
(Anb)NB

)
(
Ap
)
P −

{
( Anb)P +

(
Ap
)
NB  −

{
(Anb)NB  

(13.61) 

Inspecting Eq. (13.55) one sees that the V ∗ 
i p  velocity are required at the interfaces. 

This means that a RC-like method is required. In [22] the following discretized 
equations are used,

(
Ap
)
Pu

∗ 
P =

{(
Anbu

∗ 
N B

)
P + 

Mo 
Pu

o 
P

△t 
+ (SC△V )P − △p∗

△x
△V (13.62)
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(
Ap
)
NBu

∗ 
NB  =

{(
Anbu

∗ 
N B

)
NB  + 

Mo 
N Bu

o 
N B

△t
+ (SC△V )NB  − △p∗

△x
△V , 
(13.63) 

to obtain the equation for the Cartesian velocity u∗ 
i p  at the interface, as 

u∗ 
i p  =

{(
Anbu∗ 

N B

)
P +

{(
Anbu∗ 

NB

)
NB+(SC△V )P + (SC△V )NB(

Ap
)
P + (AP )NB  

+ 1((
Ap
)
P +

(
Ap
)
NB

)
((

Mo 
P+Mo 

N B
△t

)
uo i p  −

(
2△p∗

△x

)
i p

△V

)
(13.64) 

In a similar manner, 

v∗ 
i p  =

{(
Anbv∗ 

NB

)
P 

+{(
Anbv∗ 

NB

)
NB

+(SC△V )P + (SC△V )NB(
Ap
)
P +

(
Ap
)
NB  

+ 1((
Ap
)
P +

(
Ap
)
NB

)
((

Mo 
P+Mo 

N B
△t

)
vo i p  −

(
2△p∗

△y

)
i p

△V

)
, (13.65) 

in which, as already seen,

△V =
[
(△V )p + (△V )NB

]
2 

(13.66) 

Using Eqs. (13.64) and (13.65), one finds 

V ∗ 
i p△Sip  = u∗ 

i p△y − v∗ 
i p△x (13.67) 

Note that the V ∗ 
i p  velocities enter in the term B in Eq. (13.56). The signal of

△x and △y need to be according to the convention adopted (sweeping the surface 
counterclockwise). For example, considering Fig. 13.12, for the segment AB, △x is 
negative, and △y, positive. For the segment BC , both negatives, and for E A, both 
positives. V ∗ 

i p  will result positive when leaving the control volume, as the convention 
adopted in this section.

Solving the linear system given by Eq. (13.56), the pressure can be correct through 
p = p∗ + p', and the velocities using Eq. (13.54). At this point a new pressure 
field and a new Vip  field which satisfy mass conservation is known. The Cartesian 
components, the dependent variables of the problem, should be now determined. It 
is possible to obtain them using Eqs. (13.52) and (13.53), but it is recommended to 
find them as average of the normal velocities which satisfy mass, remembering that 
there are infinite groups of u and v which satisfy the normal velocity. 

The last quantity to be determined is the components of the pressure gradient, 
(∂p/∂x)P and (∂ p/∂y)P , which can be determined using the methods seen in 
Sect. 13.2.1.1.
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Fig. 13.12 
Counterclockwise sweep. 
Signal convention

A possible iterative scheme for solving Eqs. (13.46–13.48), is 

1. Give the initial conditions of the problem; 
2. Advance a time step △t . Estimate the variables at that time level. The initial 

estimated values are generally used; 
3. Using Eq. (13.50) for  u and v, with the source term B given by Eq. (13.51), and 

using p∗, determine, by solving the two linear systems, the velocities u∗ and v∗ 
in the center of the control volume; 

4. Having u∗ and v∗ at the center of the control volume (Voronoi volume), we can 
determine u∗ 

i p  and v
∗ 
i p  using Eqs. (13.64) and (13.65); 

5. Solve Eq. (13.56) and obtain p'; 
6. Correct the normal velocity at the interfaces using Eq. (13.54); 
7. Obtain the pressure using p = p ∗ +p'; 
8. Obtain u and v at the center of the volumes. 

Voronoi diagrams have also been shown to be suitable for solving free boundary 
problems [21] and multiphase flow in petroleum reservoirs, among other applications. 
Some results for these classes of problems will be shown in Chap. 15. 

13.3 EbFVM—Element-based Finite Volume Method 

All cell-vertex methods build the control volume using parts of the elements which 
shares the same grid node, as depicted in Fig. 13.13. The name cell-vertex comes 
from the fact that the unknowns are in the vertices of the elements.

This method, with pioneering works developed in [6, 9], was named CVFEM-
Control Volume Finite Element Method, probably based on the facts that it uses
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Fig. 13.13 Entities of the Element-based Finite Volume Method

concepts of the finite element technique. We feel that few words about this denomi-
nation is opportune. This denomination conveys the reader the idea that it is a finite 
element method that uses control volumes, that is, a conservative finite element 
method. In fact, it is not a finite element method, but a finite volume method which 
borrows from the finite element methodology the concept of element, its geometric 
representation via shape functions and the element-by-element sweep of the domain 
for obtaining the global matrix. Therefore, it is our feeling that the method is better 
defined as Element-based Finite Volume Methods—EbFVM, name that will be used 
in this text and which is already found in the literature and used in [23]. The denom-
ination is strongly founded on the use of the elements to perform all calculations 
required for obtaining the approximated equations.
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13.3.1 Geometrical Entities 

Figure 13.13, shows a sample of an unstructured grid in which five elements are 
identified in the zoom. The following entities are depicted, the element, the sub-
element (sub-control volume), faces of the control volume, control volume and grid 
nodes. The element is defined by the coordinates of their vertices and they can be 
of triangular or quadrangular shape in 2D, or 3D elements as shown in Fig. 13.1. 
The control volume is constructed by joining the centroid of the elements with the 
centroid of the faces which shares the same node, the latter being the position in 
which the dependent variable is located. Each element is subdivided in sub-elements 
or sub-control volumes. 

This construction, in 2D, creates in each sub-control volume two faces where the 
fluxes are calculated for the balance of the conservative property. Regardless if the 
element is triangular or quadrangular, there will be two surfaces of each element that 
forms the surface of the control volume, as can be seen in Fig. 13.2b, whose control 
volume contains triangular and quadrangular elements in its construction. 

For tridimensional grids, control volumes can be constructed with different 
elements, what originates the so-called hybrid grids, or with the same element, as 
shown in Fig. 13.14, in which just tetrahedra are used. In this picture 8 tetrahedral 
elements were combined forming the control volume. Each sub-control volume has 
3 integration points, which totals 24 integration points for the whole control volume 
balance. If we were using 8 hexahedra, the resulting control volume would be a hexa-
hedron, of course, with, again, 24 integration points. Regardless the element used, 
the sub-control volume in three dimension has 3 integration points contributing for 
the balance. 

Fig. 13.14 Tetrahedral elements and the control volume
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13.3.2 Local Coordinates. Shape Functions 

In unstructured grids, in which control volumes of arbitrary shapes and with different 
number of neighbors are used, it is convenient to have a local coordinate system, 
such that all geometric representation of the elements can be done in a concise and 
general mathematical form, despite the physical size of the element, in a similar way 
as was done in Chap. 12 for curvilinear coordinates. All developments done in that 
chapter for a global coordinate transformation applies directly to the local coordinate 
transformation. 

The idea, following the techniques used in finite element methods, is to have all 
the calculations performed at element level, and the assemble of the equations using 
the contribution of each element in the control volume through a sweep in the whole 
domain in an element-base. In Fig. 13.15, it is in evidence two elements, each element 
contributing with two fluxes for the global balance at the control volume. 

Figure 13.16 shows, in two dimensions, a quadrangular and a triangular element 
in the physical and transformed domain with their respective local axis (ξ,  η). As 
the variables of the problem are located at the vertices of the element (cell-vertex 
model), a suitable way to mathematically represent all quantities inside the element, 
as function of the values at the vertices, are through the shape functions. In Chap. 3 
briefly comments were given with respect to the order of the elements, since one 
can have a triangular or quadrangular element of higher order, which means to have 
more nodes defined on the element. First order elements are easy to work with, 
and they suffice, most of the time, for numerical simulation, grounded on the fact 
that grid refinement is easier to apply than having complex elements for integration. 
Additionally, fine grids are usually required to capture the physics of the problem.

Moreover, the mathematics could be done using all equations in vector form. For 
the sake of compactness, however, it is preferable, for being didactic to present in 
2D with all terms expanded to facilitate the understanding.

Fig. 13.15 Fluxes 
contribution from two 
elements 
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Fig. 13.16 Physical and transformed domains

The shape functions, or interpolation functions, for the quadrangular element of 
first order shown in Fig. 13.16 are bilinear functions of the type, 

N1(ξ, η) = 
1 

4 
(1 + ξ)(1 + η) (13.68) 

N2(ξ, η) = 
1 

4 
(1 − ξ)(1 + η) (13.69) 

N3(ξ, η) = 
1 

4 
(1 − ξ)(1 − η) (13.70) 

N4(ξ, η) = 
1 

4 
(1 + ξ)(1 − η) (13.71) 

It is easy to infer that the shape functions are nothing more than a practical 
and clean form of the interpolation procedure for finding the values of quantities 
inside the element based on the values at its nodes. Therefore, there will be as many 
shape functions as the number of nodes of the element, and the summation of all 
shape function at any point of the element must be equal to unity [24]. This is the
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condition to be obeyed when finding the shape functions for the element. The shape 
functions are specified for a fixed computational element in the (ξ,  η) domain, with 
constant dimensions irrespective of the physical dimensions of the element, similar 
to the computational domain in curvilinear coordinates. A coordinate transformation, 
relating the local with the global coordinates, is required. Using 2D for simplicity, 

x = x(ξ, η) 
y = y(ξ, η) 

(13.72) 

ξ = ξ(x, y) 
η = η(x, y) 

(13.73) 

To better illustrate the behavior of the shape function, Fig. 13.17 plots the N1 shape 
function inside the quadrangular element. For ξ = 1, Eq.  13.70 is a linear function 
with η, while for η = 1 it is a linear function with ξ , what originates the straight 
lines in all boundaries of the element. Inside the domain it is a bilinear function, 
represented by the curved line joining vertex 1 to vertex 3. It can be checked that for 
the center of the element (ξ = η = 0), N1 = 0.25, and not 0.5 that it would be if it 
was linear. The other three shape functions have the same behavior in each vertex. 

The shape functions, therefore, weights the contribution of the nodes 1, 2, 3 and 
4 in the calculation of any quantity inside the element. This is the practical feature of 
the element, being possible to perform all calculations without the interference of the 
neighbor elements. In the conventional cell-center finite volume, a flux at an interface 
will involve the neighbor control volume, precluding an element-by-element sweep 
in the domain to obtain the global linear system. In the EbFVM, as is in finite element 
methods, local matrices for each element are constructed, and the global linear system 
is obtained by assembling the local matrices in an element-by-element approach. 

To illustrate that the local coordinate transformation has all procedures as in a 
global transformation, the right upper quadrant of Fig. 13.18 should be compared 
with the same geometric element analyzed in Fig. 12.3. For example, △Sip2 is a 
length along the η axis, the same as given by Eq. (12.27), while △Sip1 is a length

Fig. 13.17 N1 shape 
function in the transformed 
domain 
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Fig. 13.18 The element and the sub-elements (sub-control volumes) 

along the ξ axis, given by Eq. (12.26). The Jacobian, calculated, for example, at 
ξ = η = 0.5 using Eq. (12.16) gives the area (or volume in 3D) of the upper right 
quadrant of the element. These quantities will be used for the balance of the property 
in the control volume centered at node 1, the control volume which the upper right 
quadrant of element 1234 belongs to. 

Figure 13.16c shows a general triangular element in the physical plane with its 
mapping in Fig. 13.16d. In this case, the shape functions are given by 

N1 = 1 − ξ − η 
N2 = ξ 
N3 = η (13.74) 

and all features already pointed out, and valid for quadrangular elements, apply here. 
In this case the plot of the shape function in the element will be a plane passing by 
the three vertices. 

Being all quantities inside the element represented by an interpolation of the 
values at the nodes, one can write, keeping the developments in two dimensions.
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x(ξ, η) = 
N{
i=1 

Ni (ξ, η)xi 

y(ξ, η) = 
N{
i=1 

Ni (ξ, η)yi 

(13.75) 

in which N is the number of nodes of the element. The metrics of the transformation 
are, using the relations given by Eq. (13.75) 

∂x 

∂ξ 
= 

4{
i=1 

∂ Ni 

∂ξ 
xi (13.76) 

∂x 

∂η 
= 

4{
i=1 

∂ Ni 

∂η 
xi (13.77) 

∂y 

∂η 
= 

4{
i=1 

∂ Ni 

∂η 
yi (13.78) 

∂y 

∂ξ 
= 

4{
i=1 

∂ Ni 

∂ξ 
yi (13.79) 

As stated, the value of any function inside the element can be interpolated using 
the shape functions, as 

φ(ξ,  η)  = 
N{
i=1 

Ni (ξ, η)φi , (13.80) 

in which φi is the value of the variable at the nodes of the element. As in cell-center 
methods, the gradient of the variable must be calculated for the diffusive fluxes. 

13.3.3 Determination of (∇φ)i p  

The gradient of φ at the integration points is easily found by 

∂φ 
∂x 

= 
N{
i=1 

∂ Ni 

∂ x

IIII
ξ,η 

φi (13.81)
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∂φ 
∂y 

= 
N{
i=1 

∂ Ni 

∂y

IIII
ξ,η 

φi (13.82) 

The coordinate transformation is used for finding the derivatives in Eqs. (13.81) 
and (13.82), since the shape functions are function of (ξ, η). 

Using the chain rule, 

∂ Ni 

∂ξ 
= 

∂ Ni 

∂ x 
∂x 

∂ξ 
+ 

∂ Ni 

∂y 

∂y 

∂ξ 
(13.83) 

∂ Ni 

∂η 
= 

∂ Ni 

∂x 

∂x 

∂η 
+ 

∂ Ni 

∂y 

∂y 

∂η 
, (13.84) 

or in matrix form as, 

⎡ 

⎢⎢⎣ 

∂ Ni 

∂ξ 
∂ Ni 

∂η 

⎤ 

⎥⎥⎦ =
[

∂ x 
∂ξ 

∂y 
∂ξ 

∂ x 
∂η 

∂y 
∂η

]⎡ 

⎢⎢⎣ 

∂ Ni 

∂x 
∂ Ni 

∂y 

⎤ 

⎥⎥⎦ (13.85) 

whose solution is 

⎡ 

⎢⎢⎣ 

∂ Ni 

∂x 
∂ Ni 

∂y 

⎤ 

⎥⎥⎦ = 
1 

J

[
∂ y 
∂η − ∂ y 

∂ξ 
− ∂ x 

∂η 
∂x 
∂ξ

]⎡ 

⎢⎢⎣ 

∂ Ni 

∂ξ 
∂ Ni 

∂η 

⎤ 

⎥⎥⎦, (13.86) 

in which the Jacobian reads, 

J = xξ yη − xη yξ , (13.87) 

The local derivatives of the shape functions are directly obtained from Eqs. (13.68– 
13.71), as 

∂ N1 

∂ξ
= 

1 

4 
(1 + η) 

∂ N1 

∂η 
= 

1 

4 
(1 + ξ)  

∂ N2 

∂ξ 
= −  

1 

4 
(1 + η) 

∂ N2 

∂η 
= 

1 

4 
(1 − ξ)  

∂ N3 

∂ξ
= −  

1 

4 
(1 − η) 

∂ N3 

∂η 
= −  

1 

4 
(1 − ξ)  

∂ N4 

∂ξ 
= 

1 

4 
(1 − η) 

∂ N4 

∂η 
= −  

1 

4 
(1 + ξ), (13.88)
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Using the metrics of the coordinate transformation given by Eqs. (13.76–13.79), 
the derivatives of the shape functions with respect to x and y can be determined 
through Eq. (13.86) and, finally, the components of the gradient of φ, ∂φ/∂x and 
∂φ/∂y can be found using Eqs. (13.81) and (13.82). 

This gradient calculation is considerably easier when compared with the gradient 
reconstruction strategies required in the conventional cell-center finite volume 
method. The diffusive part of the flux which demands the gradient of φ is resolved 
using the gradient calculation just outlined. Later, we will discuss about the assemble 
of the global linear system. By now, it is enough to keep in mind, referring to 
Fig. 13.15, that each element will contribute with the balance in the control volume 
with two fluxes. 

Connectivity among grid nodes and elements in the global coordinate system is 
required for later assembling the equations for the control volumes in terms of the 
elements. Figure 13.19 brings this connectivity for a part of a grid, for illustration. 

Next step of the formulation is the determination of φ at the integration points, that 
is, φi p. At a first glance, we could be tempted to find φi p  using the shape functions, 
but this would be equivalent of using central differencing schemes, which leads to 
numerical oscillations if the grid is not refined enough. Therefore, for avoiding this 
drawback, the same strategies used in the formulations previously seen are applicable, 
with the major advantage that the critical issue of finding the donor cell to obtain 
positive coefficients is now possible without difficulties, due to the construction of 
the control volume based on the elements in the EbFVM.

Fig. 13.19 Elements and grid nodes connectivity 
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13.3.4 Determination of φi p  

Alternatives for interpolating the nodal values of φ was deeply discussed Chap. 5, 
mainly connected with Cartesian grids. In the first part of this chapter, the findings 
were extended to unstructured grids in the context of cell-center methods. Now, the 
task is to find the interpolation functions for methodologies which uses unstructured 
grids with cell-vertex methods. It is not surprising that all schemes already seen apply 
also here with subtle changes. 

It is also a key point recognize that almost all schemes can be derived using a Taylor 
series expansion around the integration point along a coordinate axis. It is well-known 
that the pure advective scheme in Cartesian coordinates, which says that φw = φW , 
in which w stands for i p  and φW for φu , is a Taylor series in which the second term 
in the RHS was dropped, as can be recognized inspecting Eq. (13.89). Therefore, to 
minimize numerical diffusion, the Taylor series expansion works better when done 
along the direction s of the velocity vector. An increased order of approximation can 
be obtained accounting for the term (∂φ/∂s)i p, which carries information of the local 
physics. One is talking, in fact, about Eq. (13.18), repeated her for completeness 

φi p  = φu + 
∂φ 
∂s

IIII
i p

△s + 
∂2φ 
∂s2

IIII
i p  

1 

2
△s2 + O(△s3 ) +  · · · +, (13.89) 

In this equation the derivatives of φ with respect to s is taken in the point i p, 
instead of u, since it is a locally defined point in the element. Considering a second 
order interpolation, one has 

φi p  = φu +
(

△φ

△s

)
i p  

· △s (13.90) 

It was already pointed out that in Eq. (13.90), (∂φ/∂s)i p  introduces in the inter-
polation function all the physics involved, since this term is obtained through a 
discretization of the partial differential equation in analysis. The family of schemes 
which uses Eq. (13.90) has its roots in the SUDS—Skew Upstream Differencing 
Scheme [25], a pioneering work recognizing the need of considering the interpo-
lation function along the direction of the velocity vector. Initially, let’s bring the 
application of Eq. (13.90) to the environment of EbFVM using the elements. 

Consider Fig. 13.20, in which an element is depicted with its local numbering 
1-2-3-4, the grid nodes where the unknown variables are located. Using Eq. (13.90) 
one can start obtaining the two most known approximations, upwind and central 
differencing. Neglecting the second term in the RHS it is obtained a pure upwind 
interpolation function along s, direction of the flow, that is, φi p  = φu , in which the 
upstream value is found through and interpolation among φ2 and φ3, as shown  in  
Fig. 13.20. It is known that the upwind interpolation creates a robust scheme, but, 
on the contrary, generates excessive numerical diffusion.
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Fig. 13.20 Interpolation 
function along s[9] 

A central differencing scheme can also be constructed using Eq. (13.90), finding 
φd through an interpolation among grid nodes φ1 and φ4. Knowing that,

△φ

△s

IIII
i p1 

≈ 
φd − φu 

2△s 
, (13.91) 

one finds, 

φi p1 = 
φd + φu 

2 
, (13.92) 

in which the upstream and downstream values are a function of the four grid nodes 
of the element. Of course, this is equivalent of calculating φi p1 using the shape 
functions, and these procedures are not recommended since they are only applicable 
for diffusive dominant problems, otherwise, oscillations will appear. Other schemes, 
as WUDS, QUICK and SOU, already discussed in Chap. 5, can be obtained with a 
proper evaluation of (△φ/△s)i p1 in Eq. (13.90). 

Whenever φu is calculated by employing an interpolation of only nodal points, as 
shown in Fig. 13.20 involving φ2 and φ3, the  value of  φu will be explicitly determined 
as a function of these nodal points, which are part of the linear system. When the 
inclination of the velocity vector is, for example, as shown in Fig. 13.21, φu can be 
determined with an interpolation between nodal points φ2 and φ3, and the value of 
φi p2, which is not a grid point. If we have an even steeper slope of the velocity vector, 
φu can be determined by an interpolation between φi p2 and φi p4. When the values of 
φi p  at the four integration points of the element are equated, there may be situations 
in which all integration points may be function of each other, creating a 4 × 4 linear 
system that must be solved to determine all values φi p  for the element as function of 
nodal values. The value of φ at the integration point must be function of grid points 
only.
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Fig. 13.21 Alternatives for 
determining φu [9] 

This 4 × 4 system is easily inverted, and this coupling between integration points 
is beneficial as it has a result equivalent to mesh refinement within the element [9]. 
It is always possible to relate the value at the integration point to nodal points only, 
avoiding solving the 4 × 4 system for each element. In Fig. 13.21, in the first case, φu , 
lying on the left boundary of the element would be calculated with an interpolation 
between nodes 2 and 3, and in the second case, lying on the southern boundary, with 
an interpolation between nodes 3 and 4. However, there is some losses in robustness 
with this procedure. 

If φi p  = φu , a pure upwind scheme is implied, while it is possible to create higher 
order schemes adding to the value of φu the term (∂φ/∂s) obtained from the full 
differential equation governing the phenomenon under study. For example, for the 
components of the momentum equations, this would be

△ui
△s 

= 1 

ρ|V|
(

− 
∂ P 
∂xi 

+ ∂ 
∂x j

(
μ

(
∂ui 
∂ x j 

+ 
∂u j 
∂xi

))
+ Sui

)
(13.93) 

in which |V | is the magnitude of the velocity vector along s and ui represent the 3 
components of the velocity vector. Calculating uip  using Eq. (13.90) and adding a 
second order correction to the upstream scheme using Eq. (13.93), one is introducing 
in the interpolation function terms which embodies the local physics, including 
pressure, important for the pressure–velocity coupling. To avoid misunderstanding 
in variable sub-indexes, just remember that the convention used herein states that 
φ1, φ2, . . . , φN identifies variables at grid nodes, while φi p1, φi p2, . . . , φi pN  identi-
fies variables at the integration points. For a quadrangular element, as in Fig. 13.20, 
there will be 4 nodes and 4 integration points. The number of integration points will 
be always equal to the number of grid points, irrespective of the geometry. 

Still related to Eq. (13.93), the term on the RHS needs to be approximated numer-
ically. This approximation can be done employing the shape functions, whenever 
possible. Pressure and diffusive terms exhibit elliptic behavior, but only pressure can
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be approximated using the shape functions. The second order derivatives of the diffu-
sive term can’t, because these derivatives cancel each other out. Central differencing 
approximations must then be used, properly defining the diffusion length, procedure 
that can be found in [9, 10, 26]. 

Although the determination of φi p  in this manner is a superior approach than 
simply using upwind or central differences, the determination of φu can still produce 
negative coefficients. As described in [9], these negative coefficients are of small 
magnitude and much less detrimental than the coefficients caused when central 
difference schemes are employed. There are situations, however, in which negative 
coefficients are not permitted under any circumstances, and one of such situation is 
the solution of the equations for (k − ε) or  (k − ω) for turbulent flows [9]. 

13.3.5 Family of Positive Advection Schemes 

Positiveness is a desired property in numerical schemes since it prevents the devel-
opment of non-physical spatial oscillations and the introduction of new extrema into 
the numerical solution. This is always the goal when developing advecting schemes 
in finite volume formulations. Since the pioneering work of [25] it is recognized the 
importance of considering the actual flow direction in developing advection schemes. 
Although the skewed upwind scheme proposed in [25] does not satisfy positivity 
conditions, for various problems it yields more accurate results than the simpler 
upwind scheme. Several schemes have been proposed since then in the pursuit of an 
optimal numerical approximation for the advection term in fluid flow equations. 

In [9] it is presented a scheme which guarantees positive coefficients, later 
extended in [26] for a family of schemes satisfying this property, also in the context 
of EbFVM. These schemes belong to the class of methods called Mass Weighted 
Upstream Schemes (MWUS), as it is recognized that the determination of the func-
tion at the integration points strongly rely on a correct identification of where the 
information to the integration point comes from. In other words, the correct deter-
mination of φu is what matters in order to obtain positive coefficients, for avoiding 
oscillations. 

We begin revisiting the scheme presented in [9] one of the most well-behaved 
schemes proposed in the element-based finite volume framework described in [9, 
10]. This scheme considers the skewness of the flow by measuring local mass flow 
rates required for finding the correct donor cell, to obtain the value of the variable 
at the integration point. The element-based construction of the finite volume method 
allows to develop schemes of this nature. 

Figure 13.22a shows a quadrangular element with the grid nodes (1, 2, 3 , 4) on 
the vertices, and the integration points(i p1, i p2, i p3, i p4) on the centroid of the 
faces. These integration points are on the boundary surfaces of the control volumes 
connected with this element. Figure 13.22b reports the convention for the fluxes 
calculation, which will be helpful when assembling the equations, since the flux
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Fig. 13.22 Integration points (a) and fluxes convention (b) 

which enters in a control volume leaves its neighbor one. For example, in the inte-
gration point i p2, the flux entering/leaving the control volume 1, leaves/enters the 
control volume 2. 

Inspecting the sub-control volume in the upper right quadrant of Fig. 13.23, reveals 
that there are two internal faces in whose centroids lie the integration points i p1 and 
i p2, and the grid node, φ1, related to this sub-control volume. If the interest is to find 
the value of φi p1, the mass flow influence on it can come from φ1, from  φi p2 or from 
both. As it is possible to evaluate the mass flow which crosses the surfaces, the ratio 
of the mass flows will tell us the donor cell, or, in other words, what region donate 
the information to φi p1. Therefore, is easy to equate φi p1 as a blend among these two 
variables based on the mass flow ratio, as 

φi p1 = (1 − λi p1)φ1 + λi p1φi p2, (13.94) 

in which λi p1 is a weighting factor whose value depends on the local flow direction. 
Figure 13.24 depicts three typical flow configurations accounted for in the config-

uration considered in [9]. Each configuration corresponds to some possible flow 
arrangement and is related to the mass flow ratio ṁip2/ ṁip1.

Case (a) corresponds to the condition ( ṁip2/ ṁip1) ≥ 1, which means that all fluid 
flowing through face i p1 came from surface i p2, and nothing came from the grid 
node φ1. According to what we have intensively discussed about the donor of the

Fig. 13.23 Mass flux in i p1 
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Fig. 13.24 Flow direction alternatives

information, in this case the donor is solely φi p2. Therefore the φu of φi p1 is φi p2 in 
this case. Therefore, the value of λi p1 in Eq. (13.94) must be  1. 

Case (c) is the opposite and happens when ( ṁip2/ ṁip1) ≤ 0, what requires in 
Eq. (13.94) λi p1 = 0. Pay attention that according to the convention shown in 
Fig. 13.22b, ṁip2 is negative. It is easy to realize observing Fig. 13.24 that the 
whole flow leaving the sub-control volume through both faces comes integrally from 
grid node 1. So, the donor of the information in this case is φ1, what means that the 
upstream value φu of φi p1 is φ1. 

Case (b) is the intermediate case, and happens when 0 ≤ ( ṁip2/ ṁip1) ≤ 1, what 
means that the information to φi p1 comes from φi p2 and from φ1. Equation (13.94) 
represents this situation with λi p1 = ( ṁip2/ ṁip1). The three flows configuration can 
be recovered defining 

λi p1 = max[0, min(1, ωi p1)], (13.95) 

in which 

ωi p1 = ṁip2/ ṁip1 (13.96) 

In this scheme, as mentioned, the value at the integration point can be function of 
another integration point, as in cases (a) and (b), what would require the solution of 
a 4  × 4 matrix for every element of the grid. In [9] it is argued that this 4 × 4 linear 
system can be easily inverted without penalizing the computational efforts. 

The same analysis can be generalized for the whole element using the 4-cycle 
{1, 2, 3, 4} convention [27], in which k + 1 = 1 when k = 4, whereas k − 1 = 4 
when k = 1. To avoid excessive sub-index usage, let’s define the values of φ at the 
grid nodes by φ̂, keeping φ for the integration points. Therefore, Eq. (13.94) can be 
written as,
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φk =
(

(1 − λk) ̂φk + λkφk+1, if ṁk > 0 
(1 − λk) ̂φk−1 + λkφk−1, if ṁk < 0 

, (13.97) 

and ωk by 

ωk =
(

ṁk+1 

ṁk 
, if ṁk > 0 

ṁk−1 

ṁk 
, if ṁk < 0 

(13.98) 

The parameters ω and λ are always related to the integration points, therefore, the 
sub-index k defines them properly. 

A family of positive advection schemes can be defined also considering the same 
framework previously described in [9, 10]. Advantages of that framework are two-
fold. First, it can be applied similarly to structured and unstructured grids, and second, 
it can handle properly the possible local variation of the flow velocity at element level. 
Every member of the family of schemes has a functional relationship between the 
weighting factor used in Eq. (13.97) and the mass flux ratio defined in Eq. (13.98). 
For instance, the functional relationship in [10] is given by Eq. (13.95). 

In order to a given scheme of the family be positive, it is enough that the weighting 
factor remains in the positivity region [28], defined by 

0 ≤ λk(ωk) ≤ max[0, min(1, ωk)], for − ∞  < ωk < ∞ (13.99) 

The upper limit of the positivity region, as depicted in Fig. 13.25, corresponds 
to scheme described in [10]. The lower limit, λk = 0, corresponds to the common 
upwind scheme, as we can see in Eq. (13.94) or Eq.  (13.97), for that particular 
weighting factor, the face value takes the value of the upstream node, φi p1 = φ1, 
regardless of the actual mass flux ratio. It is worth noting that all schemes in the 
family must have λk = 0 for ωk < 0 (See Fig. 13.26). 

For the problems solved, it is demonstrated that the best scheme of the family is 
the one which uses λk = ωk/(1 + ωk) Some numerical properties of the scheme and 
recommendations for the assemble of the discretized equations can be also found in 
[27].

Fig. 13.25 Positive region—Schneider and Raw scheme
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Fig. 13.26 Positive region. All schemes

There are several others advecting schemes available in the literature which works 
avoiding undershoots and overshoots in the numerical solution. In [23] the high-
resolution scheme developed for triangular unstructured grids [29] is used. This 
methodology involves computing φmin and φmax at each node using a stencil involving 
adjacent nodes, and including the node itself. Following, for each integration point 
around the node, Eq. (3.100) is solved for β to ensure that it does not undershoot or 
overshoot, 

φi p  = φP + β(∇φ)P .r (13.100) 

The nodal value for β is taken to be the minimum value of all integration point 
values surrounding the node. The value of β is also not permitted to exceed 1. This 
algorithm can be shown to be Total Variation Diminishing (TVD) when applied to 
one-dimensional situations [23]. Having all ingredients in hands, the integration of 
the conservation equations can be done. 

13.3.6 Integration of the Conservation Equations 

The system of equations of interest is the mass conservation equation, the three 
components of the momentum conservation equations and possible scalars, as 
temperature, concentration of species, saturation, kinetic energy of turbulence and 
its dissipation, among others. The important set of equations which requires careful 
treatment is composed of mass and momentum conservations, due to it intricated 
coupling. It was deserved considerable time already discussing the solution strate-
gies in previous chapters, whether segregated or simultaneous, and no more efforts 
on this topic is needed, since all what was learnt applies directly for the EbFVM. 
The partial differential equations, written in compact form, are 

∂ρ 
∂t 

+ 
∂ 

∂x j

(
ρu j

) = 0 (13.101)
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∂(ρui ) 
∂t 

+ ∂ 
∂x j

(
ρu j ui

) = −  
∂p 

∂xi 
+ ∂ 

∂x j

(
μ

(
∂ui 
∂ x j 

+ 
∂u j 
∂ xi

))
+ Sui (13.102) 

∂(ρφ) 
∂t 

+ ∂ 
∂x j

(
ρu j φ

) = ∂ 
∂x j

(
Tφ ∂φ 

∂ x j

)
+ Sφ (13.103) 

In Eq. (13.102) ui represents the three Cartesian components of the velocity 
vector, reproducing the three equations of motion. Normally, the terms denoted by 
the overbar are amalgamated in the source term, since they do not involve the principal 
variable of this equation. This is plausible when solving the equation system in a 
segregated manner, but in the simultaneous approach it is wise to have all variables 
present in all equations. Therefore, leaving this term implicitly in the integration of 
the equations helps the conditioning of the matrix, since all velocity components will 
appear in all momentum conservation equations. When μ is constant and ∇.V = 0, 
the overbar term is zero, but even in this situation this portion of the stress tensor 
should be retained in the equations. The term which can be put in the source term, 
independent of the solution procedure, is −(∂/∂xi )(2/3)μ∇.V δi i  . 

There are no changes in essence when using EbFVM compared to a conventional 
finite volume technique. All techniques integrate the partial differential equation in 
conservative form. It differs greatly in the construction of the final linear system, 
which is done in an element-by-element basis, supported by the local matrices, the 
approach learnt from finite element procedures. All calculations are done for the 
elements, creating a local matrix for each element, and the global linear system is 
constructed while sweeping the domain element-by-element. 

Considering the control volume centered at P and the corresponding elements 
used to construct the control volume, depicted in Fig. 13.27, the integration of Eqs. 
(13.101–13.103) reads, 

MP − Mo 
P

△t
+
{
i p  

(ρ V · n△S)i p  = 0 (13.104) 

MP (ui )p − Mo 
P (ui )

o 
p

△t
+
{
i p  

(ρV · n△S)i p(ui )i p  

= −
{
i p

(
pi · n△S

)
i p  +

{
i p

(
τ ∗ 
i · n△S

)
i p  

+ (SP (ui )P + SC )△V (13.105) 

MP φP − Mo 
P φ

o 
P

△t
+
{
i p  

(ρV · n△S)i pφi p  

=
{
i p

(
Tφ∇φ · n△S

)
i p  +

(
Sφ 
P φP + Sφ 

C

)
△V (13.106)
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Fig. 13.27 Generic control 
volume 

In Eq. (13.105), τ ∗ 
i is part of the stress tensor, given by, 

τ ∗ 
i = μ 

⎡ 

⎢⎢⎢⎣

(
∂u 
∂ x + ∂u 

∂ x
) (

∂u 
∂ y + ∂v 

∂ x

) (
∂u 
∂ z + ∂w 

∂x

)
(

∂u 
∂ y + ∂v 

∂ x

) (
∂v 
∂ y + ∂v 

∂ y

) (
∂v 
∂ z + ∂w 

∂ y

)
(

∂u 
∂ z + ∂w 

∂ x
) (

∂w 
∂ y + ∂v 

∂ z

) (
∂w 
∂z + ∂w 

∂ z
)

⎤ 

⎥⎥⎥⎦, (13.107) 

The scalar pressure, to be integrated following the usual procedure, can be written 
as, 

p = 

⎡ 

⎣ 
p 0 0  
0 p 0 
0 0  p 

⎤ 

⎦ (13.108) 

such that each line of Eqs. (3.107) and (13.108) enters in one of the components of 
the momentum conservation equations. 

Inspecting the integrated equations, there are several terms which need to be eval-
uated. To this end, consider Fig. 13.27, in which a general control volume, its integra-
tion surfaces, the normal and velocity vectors are shown. By convention, the normal 
is always directed outward, and the direction of integration is counterclockwise. The 
normal unit vector is, 

n =
(

△y

△S

)
i −

(
△x

△S

)
j , (13.109) 

with the scalar product among the normal and velocity vector resulting in, 

V · n△S = u△y − v△x, (13.110)
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or, applying Eq. (13.110) to all integration points in the surface of the control volume, 
it becomes,

{
i p  

(V · n△S)i p  =
{
i p  

(u△y − v△x)i p  =
{
i p

(
u j△n j

)
i p (13.111) 

in which△x and△y must always be obtained by sweeping the surface of the control 
volume counterclockwise, i.e., △x = xb − xa and △y = yb − ya , maintaining the 
resulting sign. In the second equality in Eq. (13.111), in the summation process 
in j , at each integration point, one has, for j = 1, △n1 = △y and u1 = u, and 
for j = 2,△n2 = −△x and u2 = v, reproducing the first equality. This notation 
[23] helps in programming the code, and this is the only reason for using it here. 
See that all terms present in the conservation equations, except for the source term, 
are scalar products. The others scalar products needed, besides the one given by 
Eq. (13.111), are

{
i p

(
μτ∗ 

i · n△S
)
i p  and ( pi .n)△S for the momentum equations, and{

i p

(
Tφ∇φ · n△S

)
i p  for the general scalar φ. They are, considering a 2D condition 

for simplicity,

{
i p

(
μτ ∗ 

i · n△S
)
i p  =

{
i p

(
μ

(
∂u 

∂x 
+ 

∂u 

∂x

)
△y − μ

(
∂u 

∂y 
+ 

∂v 

∂x

)
△x

)
i p  

=
{
i p

(
μ

(
∂ui 
∂x j 

+ 
∂u j 
∂xi

)
△n j

)
i p  

, (13.112) 

and for the pressure term,

{
i p

(
pi · n△S

)
i p  = (p△ni )i p, (13.113) 

which can be applied, for i = 1 and i = 2, for  the  x and y components of the 
momentum conservation equation, as

{
i p

(
pi · n△S

)
i p  =

{
i p  

(p△y)i p (13.114)

{
i p

(
pi · n△S

) = −
{
i p  

(p△x)i p (13.115) 

To find the pressure at the integration points the shape functions are employed, 
since pressure is essentially elliptic, and a bi-linear interpolation function suffices, 
as 

pip  =
{
i 

Ni
(
ξi p, ηi p

)
pi
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The discrete equations, written in compact form, are, for the mass conservation 
equation, 

MP − Mo 
P

△t
+
{
i p

(
ρu j△n j

)
i p, = 0 (13.116) 

for the momentum conservation equations, 
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(13.117) 

and, for a general scalar φ, 

MP φP − Mo 
P φ
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P
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i p

(
ρu j△n j

)o 
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P φP + Sφ 
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)
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(13.118) 

To complete the discretization, let’s recap term by term of Eq. (13.117). Term A 
represents the changing in time of the momentum quantity inside the control volume. 
A first order approximation was used for discretization. Term B is the mass flow at 
all faces of the control volume, identified by the integration point (i p) which lie on 
the centroid of the faces. 

Term C , as learned in several sections, is the most important step in obtaining 
the discrete equations, since it may introduce the pathologies known as numerical 
diffusion and numerical oscillation. In this term the velocities (advected velocities) 
at the integration points should be replaced by velocities at nodal points. The choice 
of an interpolation function which generates positive coefficients is recommended. 

Term D, due to its elliptic nature can be easily determined using the shape func-
tions. The derivatives appearing in term E need to be represented by the derivatives 
of the shape functions using the coordinate transformation. As they are diffusive 
terms, they can be obtained using the shape functions. Term F is the source term 
in which Sui P goes to the diagonal of the matrix and SC to the independent term. 
When all representations of the variables at integration points are replaced by their 
respective schemes as function of the grid nodes, the linear system is obtained. 

The strategy of the element-base method is to calculate all terms of Eq. (13.117) 
for each element. For example, for a rectangular element the values of each sub-
control volume of one element will contribute to four different control volumes.
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Therefore, when sweeping element-by-element the control volumes which shares 
this element will receive the corresponding contribution to create the coefficients of 
the linear system. An assembling procedure should, then, be created, which is not 
unique, and the efficiency depends on the code programming. Same comments hold 
for Eq. (13.118) or any other. 

13.3.7 Assembling Strategies 

To obtain the global linear system, the discretized equations for the control volumes 
could be obtained by sweeping by control volumes, gathering the data from the 
sub-control volumes (sub-element) which are required for the control volume in 
consideration. This would require, when dealing with a specified control volume, to 
get information from different elements. This is not a recommended strategy, since 
there will be a lot of duplication in the calculations. 

To exemplify, Fig. 13.28 shows the global numbering for 8 grid nodes. The flux 
at the position i p1 of the element 7654 (see Fig. 13.29) is the same flux which enters 
in the equation for the control volumes 7 and 4. If the sweeping is done via control 
volumes, this flux may be calculated twice, once when in the control volume 4, and 
later for the control volume 7. The code programming may be more cumbersome for 
avoiding double calculations without using the elements. 

Therefore, the best strategy is to sweep by elements and, what is more important, 
filling the entries of the global linear system as the sweeping goes on. Even following

Fig. 13.28 Contribution of 
element 7654 in control 
volumes 7 and 4



13.3 EbFVM—Element-based Finite Volume Method 377

Fig. 13.29 General element 
and its integration points

this strategy, good programming practices should be followed to take advantage of 
the element-by-element nature of the sweeping. 

According to Fig. 13.28 and using the proper partial differential equation to be 
solved, all data is calculated for each element. Advective and diffusive fluxes, repre-
sented by the arrows, volumes, source terms, including the transient term from the 
previous time level, are calculated for each sub-control volumes of the element. 
This process creates a N × N local matrix (being N the number of grid nodes of 
the element), whose elements feed the global matrix as the sweeping is processed. 
Considering 8 unknowns (Fig. 13.28), the line number 7, 6, 5 and 4 of the global 
matrix will receive contributions from the 4 × 4 local matrix of element 7654. 

To explore a bit more the use of the elements, consider Fig. 13.29, which is a 
general element, in which case the local number 1 correspond to the global number 7 
of Fig. 13.28. Let’s consider the integration of Eq. (13.118) in the sub-control volume 
1(SCV1) of the element 7654, region which is part of the control volume centered 
at 7. The integration gives, 

MSCV 1φ1 − Mo 
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− SP φ1△VSV C1 − SC△VSV C1 

(13.119) 

Expression (13.119) is part of the full equation for the control volume 1 (or 7 in 
the physical domain). In Eq. (13.119) φi p1 and φi p2, will be written in terms of the 
nodal values, (φ7, φ6, φ5, φ4) depending on the advection scheme employed. The 
diffusion terms, after substituting the partial derivatives with respect to x and y by
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the derivatives with respect to ξ and η using the coordinate transformation, will be 
also function of the nodal values (φ7, φ6, φ5, φ4). The same will happens with the 
sub-control volumes SCV2, SCV3 and SCV4, entering in the balances for the nodal 
point 6, 5 and 4. Those values are inserted in the global matrix when the element 
7654 is visited. 

When building the global matrix, in the line 7, there will be contribution of grid 
nodes (φ7, φ6, φ5, φ4) because of the quadrangular element 7654, a contribution of 
grid nodes 768 because of SCV1 of the neighbor triangular element, and so on. 
Therefore, the discrete equation for a control volume, which represents a line of the 
global matrix, goes being constructed adding the information of each sub-control 
volume which forms that control volume when the element-by-element sweep is 
realized. 

Observe that if the construction of the discrete equation is done in a control volume 
sweeping, each line of the matrix would be constructed at once. 

To exercise a bit more the assemble strategy, Fig. 13.30 depicts three quadrangular 
elements and the respective local matrices. Symbols are given for each element, repre-
senting in which entry of the global matrix the element contributes. As the sweep goes 
on in an element-by-element basis, it is shown in each rows and columns the contri-
bution of each element in the global matrix is. Different symbols mean that different 
elements have contributed with the equation for that node. See control volume 5, 
for example, which have received contribution of three elements represented by 
the symbol of a triangle upside down, which is the addition of the contributions of 
elements represented by symbols circle, diamond and star (elements 1, 2 and 3). In 
this configuration it is the only one control volume which receives contributions of 
all elements.

13.3.8 Boundary Conditions 

To conclude this chapter, boundary conditions are now discussed. By construction, 
cell-vertex finite volume method has grid nodes at the boundaries and the procedures 
do not differ to what was discussed in Chaps. 3 and 7 for Cartesian grids, and in 
Chap. 12 for boundary-fitted coordinates. Figure 13.31 depicts a boundary control 
volume which involves two elements sharing the nodal point P. It is equivalent, of 
course, to a half control volume for the Cartesian grid. What should be done in 
order to apply the boundary condition is to realize a balance at the boundary control 
volume, respecting the existing boundary condition.

If the condition is of Neumann type, that is, flux is prescribed at the boundary 
faces of the control volume, the value of the flux just enter the balance directly, since 
this type o boundary condition is the natural one for finite volume methods. Just for 
refreshing, when it is said that a balance is performed at the control volume level, it 
is equivalent to integrate the differential equation in conservative form. 

If the condition is of Dirichlet type, this grid node can be removed from the linear 
system but, as already stated in the previous chapters, conservation will not be obeyed
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Fig. 13.30 Elements local matrices and assembling

Fig. 13.31 Boundary 
control volume
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in all control volumes lying on the boundaries. The EbFVM construction allows 
to escape from this non-satisfaction of the conservation principles by performing 
a balance at the boundary control volume respecting the prescribed value of the 
variable. 

Consider it is known the φ distribution at the boundary, therefore, the values of 
φN1, φN2 and φP are known. This allows to find the values of φ at the integration 
points i p1 and i p2 via an average of the known values at grid nodes P, N1 and N2. 
Using these two values, a flux at these integration points can be approximated using 
the other interior nodes, and a balance can be done for the boundary control volume, 
leaving the value of the variable at node P as unknown, which will be found through 
the solution of the linear system. It is not difficult recognize that the result will be as 
if the node P was at the center of the boundary control volume in which the balance 
was done. It is equivalent of applying a boundary condition in a cell-center method 
in which the control volume would be half. Depending on the grid resolution at the 
boundaries, the calculated value will be slightly different from the one prescribed at 
the point P. This doesn’t harm the solution and conservation will be obeyed for the 
entire domain. 

Inflow and outflow boundary conditions follows the same rationale already seen 
in previous chapters. 

13.4 Conclusions 

The flexibility of using unstructured grids for the discretization of fluid flow equations 
was shown in the context of cell-center and cell vertex methods. Both methods 
are widely used in commercial applications. Cell-center methods, also called the 
conventional finite volume method, are better known by the engineering community, 
as it was used since the beginning of the major developments in computational fluid 
dynamics. The cell-vertex method that received our attention was the EbFVM— 
Element-base Finite Volume Method, also known in the literature as CVFEM— 
Control volume Finite Element Method. The EbFVM borrows from finite element 
technologies the concept of the element, which allows all calculations to be done in 
the element and the construction of local matrices used in an element-by-element 
sweep to build the global linear system. It is a very attractive methodology, as it is 
prone to an elegant and neat programming of the code because of the element-by-
element approach. This strategy favors the use of object-oriented programming in the 
context of C++. The method is, as any other finite volume method, full conservative, 
what respects the physics at discrete level and enhances robustness. 

As a learning aid, the author has recorded a series of 12 video-lessons about cell-
center and cell-vertex methods in unstructured grids which may help to follow this 
chapter. This material can be seen at the link provided in [30].
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13.5 Exercises 

13.1 Consider two elements, one of which is shown in Fig. 13.32, and the other 
one is a rectangular element defined by the points P1(5, 3), P2(0, 3)P3(0, 0), 
and P4(5, 0). Given the function φ(x, y) = (1 + x)(1 + y) defined on these 
elements, draw the transformed plane of these elements and calculate ∂φ/∂x 
and ∂φ/∂y at the point ((ξ, η) = (0, 0)), analytically and through the shape 
functions and compare the results. Why for the element in Fig. 13.32 the 
approximations by the shape functions do not agree with the analytical values? 

13.2 Find the area of the element of Fig. 13.32 through the areas of its sub-control 
volumes. 

13.3 To exercise the use of EbFVM, solve the 2D steady state heat diffusion problem 
given by Eq.  (10.4) and Fig. 13.33, with a and b of your choice, using the 
element-based volume method, finite volume method with the element as the 
control volume (cell-center) and by finite differences using the mesh formed 
by the elements. The elements are formed by a Cartesian grid. Use central 
differences in the interpolation functions for the derivatives. This problem has 
an analytical solution given by Eq. (10.5). With a mesh with 4 × 4 elements, 
compare the analytical solution with the three numerical solutions. Note that 
for the EbFVM and finite differences the points in which the temperature is 
calculated are the same, while for the conventional finite volume method the 
calculation point is in the centroid of the element (control volume) and to 
compare an interpolation of values is required. Comment about the compar-
isons. What kind of error is present? Successively, refine the mesh and observe 
what happens to the solutions. Calculate the heat flux at some point on the north 
boundary using all methods and see what happens as the grid is refined.

13.4 Our goal in this exercise is to derive the coefficients of the approximate equa-
tions for the EbFVM formulation and compare them to the conventional finite 
volume method. Figure 13.34a shows an equally spaced mesh in x and y (△x

Fig. 13.32 Figure for 
Problem 13.1 
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Fig. 13.33 Figure for 
Problem 13.3 

can be different from △y), showing the element 1234 and the neighboring 
elements contributing to the control volume centered at 1. Consider the two-
dimensional transient equation with no source term for a generic variable φ 
given by,

∂ 
∂t 

(ρφ) + 
∂ 
∂x 

(ρuφ) + 
∂ 
∂y 

(ρvφ) = 
∂ 
∂ x

(
Tφ ∂φ 
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)
+ 

∂ 
∂y

(
Tφ ∂φ 

∂y

)
(13.120)

(a) Using for the approximations of the diffusive fluxes the shape functions and for 
the advective ones, the WUDS interpolation scheme, given by, 
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)
i p1 

φ14 (13.121) 

with a similar equation for φi p4, in which α is positive for u > 0 and negative for 
u < 0. For the equation for φi p4 the signal of v is considered. Obtain Eq. (13.122), 
which corresponds to the integration for the sub-control volume 1. 
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(13.122) 

Substitute the values of φ23, φ14, φ34 and φ12 by an linear average of the nodal 
values and write the equation in the form,
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Fig. 13.34 Figure for Problem 13.4

A1φ1 = A2φ2 + A3φ3 + A4φ4 + B1, (13.123) 

and calculate the coefficients of Eq. (13.123) 

(b) Consider now the integration points in the element located as shown in 
Fig. 13.34b, which in Fig. 13.34a correspond to the open circles, creating the 
well-known situation of a single integration point in the middle of each face, 
typical of the conventional finite volume method. For the volume centered at 
1, and considering only the integration points s (i p4) and w (i p1), and using 
WUDS, obtain, integrating Eq. (13.120), using the conventional finite volume
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method, the following equation,
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in which, one is calling φW of φ2, φS of φ4 and φP of φ1. 

(c) For this new location of the integration points, starting from Eq. (13.122) and 
writing in the form of Eq. (13.123), find the following coefficients, 
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A3 = 0 (13.128) 

B1 = Mo 
1 φ
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1

/
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See that the coefficients are identical to the coefficients of Eq. (13.124), except 
the corresponding area, which now is △y and no longer △y/2. See also that the sign 
of the advective part of the coefficients A2 and A4, from Eqs. (13.126) and (13.127), 
are opposite to their counterparts in Eq. (13.124). 

(d) Take a time to look at the coefficients of Eq. (13.122) and observe that the upwind 
approximation at integration point i p1, for example, is being split between points 
2 and 3, when u is positive, what changes the diagonal of the matrix coefficients. 
What influence does this have on the possible stability of the method compared 
to when only point 2 is used? The same happens with the upwind approximation 
in y, which is split between points 3 and 4 for positive v.
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Chapter 14 
Pressure Instabilities: From 
Navier–Stokes to Poroelasticity 

14.1 Introduction 

The scope of this chapter is beyond the topic covered so far in this textbook. The 
reason for having this chapter in this book is due to the similarities between the pres-
sure–velocity coupling in the Navier–Stokes equations and the pressure–displace-
ment coupling in poroelasticity. It will be seen that the pathologies present in poroe-
lasticity with respect to instabilities in the pressure field can be solved with the same 
remedies applied to the Navier–Stokes equations five decades ago. It becomes rele-
vant to discuss this topic because the instabilities in poroelasticity are still a difficulty 
which challenges the numerical analysts in this area. 

Besides the instabilities, another issue present in the day-to-day activities of the 
aquifer management engineer or of the petroleum engineer, to name two important 
areas of application, is that this coupling is usually solved with two different methods. 
The classical finite element method, largely used in solid mechanics computations is 
used for solving the rock mechanics problem, and the finite volume method, widely 
employed in fluid flow calculations, due to its conservative behavior, is used to solve 
the flow in the porous media. This strategy employs, thus, two different numerical 
methods, two different grids and creates a cumbersome engineering workflow. Pres-
sure needs to feed the finite element algorithm for calculating the displacement and, 
in the way back, displacements should feed the flow simulator to find pressure. This 
is an iterative procedure which requires interpolation of variables if the grids are not 
the same, as usually is, for example, in petroleum engineering. It is desirable to have 
a method which solves a single linear system having as unknowns the pressure and 
the displacements, avoiding this back-and-forth among two different methodologies. 

This chapter highlights a methodology using EbFVM, the method analyzed in the 
previous chapter, for solving both physics, the fluid flow and the rock mechanics in a 
single numerical method. In doing so, it allows the prescription of the remedies used 
in Navier–Stokes to eliminate pressure instabilities in poromechanics. Only enough 
detail for explaining the scheme for suppressing oscillations will be shown. Simple 
one-dimensional problems for the Biot’s equation will be used to demonstrate the
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feasibility of using finite volumes for both physics. It is not in the scope of this book to 
deep the discussion on the numerical treatment of poroelasticity problems. This can 
be seen in [1–10]. Moreover, it is assumed that the reader has enough background in 
poroelasticity to follow the developments. There are excellent books on the topic in 
the literature [11–15], in which detailed theoretical basis can be found. An interesting 
piece of history involving the pioneering researchers in the field of poroelasticity can 
be enjoyed in [16]. 

14.2 Pressure Instabilities 

To establish the connection between the instabilities in the pressure field arising 
when solving the mass conservation equation in the Navier–Stokes equations and the 
mass conservation equation in poroelasticiy, it is advisable to briefly recapitulate this 
problem, already seen in Chap. 7. The fundamental issue that causes the decoupling 
of the pressure and velocity, and thus, instabilities, is linked to the conservation of 
mass and the co-located arrangement, in which the velocities are not available on 
the faces of the control volume to apply mass conservation. When solving a Navier– 
Stokes problem, the mass conservation equation taking part on the equation system 
is 

∂ρ 
∂t 

+ ∇  ·  (ρV ) = 0, (14.1) 

in which V is the fluid velocity and ρ the density, or specific mass. 
Considering a control volume in a porous media with rock compaction, there is 

a solid mass flow entering the control volume carrying fluid due to this compaction. 
A balance of mass fluid in this control volume gives, 

∂ 
∂t 

(ρφ) + ∇  ·  [ρ(V + φV S)] = 0 (14.2) 

in which φ is the porosity of the medium, V is the Darcy’s velocity, which is the 
fluid velocity relative to the solid, and Vs is the solid velocity due compaction. The 
Darcy’s velocity is replaced by its expression related to the pressure gradient and, 
therefore, it is not an unknown of the problem. The solid velocity, Vs , by its turn, is 
given by 

V S = 
∂u 
∂t 

, (14.3) 

in which u is the displacement vector, the unknown of the problem. Indirectly, the 
solid velocity is an unknown in a poroelasticity problem.
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What is known from the simulation of fluid flows (Navier–Stokes) is that it is 
mandatory to have a consistent1 advecting velocity at the interfaces of the control 
volume in which mass balance is performed. This is the co-located pressure–velocity 
coupling (CPVC) discussed in Chap. 7. This suggests, inspecting Eq. 14.3, that 
the displacement u, which represents the velocity of the fluid carried by the solid 
due to the compaction, must be available at the interfaces of the control volume 
too, following what happens in fluid mechanics.2 In the solution of a poroelasticity 
problem the unknowns are pressure and displacement and, consequently, a pressure– 
displacement coupling, exactly as in Navier–Stokes takes place. In poroelasticity one 
could name it co-located pressure–displacement coupling (CPDC). This means that 
all strategies used for calculating the velocity at the interfaces of a control volume for 
mass conservation in Navier–Stokes, can be applied to displacement in poroelasticity. 
Since the pathology is the same, the known remedies used in fluid mechanics apply. 

In certain physical situation the consolidation takes place in a much smaller time 
scale, such that V << V s , what implies that the solid velocity is the main actor in 
the mass conservation equation, Eq. 14.2, making the difficulties even worse. This 
condition happens in the undrained consolidation, at the beginning of the transient 
and at the interfaces of different materials, conditions in which oscillatory pressure 
fields are observed. The two remedies for the pressure oscillatory pathology are now 
described. The reader is referred to Chap. 7 for details. 

14.2.1 Remedy 1 

The first remedy is an old recipe motivated by instabilities in the pressure field when 
using co-located grid arrangement in fluid mechanics. Developed in the 60s [17] 
(see Chap. 7), the solution is the use of the staggered grid arrangement. Placing the 
velocities at the interface of the control volume makes them available for the mass 
balances. This is what promotes a tight coupling among pressure and velocity. In 
this variable arrangement, the velocity which enters in the mass conservation is the 
proper unknown velocity of the problem. Therefore, the coupling between pressure 
and velocity is treated in the best way. Recognizing the similarity [1, 2, 4–9] among 
the couplings in fluid mechanics and poroelasticity, the staggered grid approach, as 
depicted in Fig. 14.1, is the first remedy for avoiding pressure instabilities in the 
solution of the Biot’s consolidation problem.

For the purposes of this chapter the Biot’s consolidation model is used. The 
mass and momentum conservation equations, without gravity effects, governing the 
coupled fluid flow/geomechanics problem are, respectively,

1 By consistent velocity it is meant a velocity which promotes the coupling between pressure and 
velocity. In finding this velocity, pressure should enter the scheme. 
2 Fluid mechanics in this section refers to the solution of the Navier–Stokes equations, a non-porous 
media flow. 
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Fig. 14.1 Staggered grid for pressure and displacement

1 

M 

∂p 

∂t 
+ ∇  ·  (V + α V S) = q (14.4) 

∇ ·  σ − α∇ p = b (14.5) 

in which M is the Biot’s module, q is a possible source term representing a well, for 
example, V is the Darcy’s velocity and Vs the solid velocity due to the compaction. 
For the equilibrium equation (momentum equation), σ is the effective stress tensor 
[18], α is the Biot’s coefficient, p is the pressure and b stands for a possible force 
by unit of volume acting on the system. The Biot’s module and the Darcy’s equation 
are, respectively, given by 

M = [
φc f + (α − φ)cs

]−1 
(14.6) 

V = −  
k 
μ

∇ p, (14.7) 

in which k is the permeability tensor, and c f and cs are the compressibility of the 
fluid and solid, respectively. 

To demonstrate the non-appearance of instabilities when staggered grid is used, 
it is enough to work with a 1D problem [2, 4, 5]. Using Eq. (14.4) an replacing the 
divergence of the solid velocity by the time variation of displacements, and using 
Darcy’s equation, one has, for the mass conservation equation
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Fig. 14.2 Staggered grid for 
the 1D problem

(
1 

M

)
∂p 

∂t 
− ∇  ·

(
k 

μ
∇ p

)
= q − α 

∂ε 
∂t 

, (14.8) 

in which ε is the volumetric deformation. The integration of Eq. (14.8) in the control 
volume shown in Fig. 14.2 and in time, gives

△x 
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pP
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k 

μ
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∂p 

∂x

I
III
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− 
∂ p 
∂x

I
III
w

]
+ 

α

△t 
(ue − uw) = qP△x + △x 

M 

po P
△t 

+ 
α

△t 
(ue − uw)o 

(14.9) 

Inspecting Eq. (14.9) against the grid layout of Fig. 14.2, the displacements are 
available where they are required for the calculation of the solid velocity, the issue 
of utmost importance for pressure stability. The pressure gradients are calculated by 

∂p 

∂x

I
III
e 

= 
pE − pP

△x 
(14.10) 

∂p 

∂x

IIII
w 

= 
pP − pW

△x 
(14.11) 

The pressure gradients in the above equations are the responsible for driving 
the Darcy’s velocity. For unstructured grids using cell-center methods, a gradient 
recovery method should be employed, since they are not easily available as in Carte-
sian grids. In all equations reported, a constant △x is used, and when non-uniform 
grids are employed, as in one of the results to be presented, the proper local dimen-
sion should be used in the gradient approximation. Substituting Eqs. (14.10) and 
(14.11) into Eq. (14.9), the linear system to be solved for the pressure determination 
is obtained. 

To complete the integration procedure, the momentum conservation equation, 
Eq. (14.5), should be integrated in space, using the grid shown in Fig. 14.2. Now,  
due to the staggered grid, the control volume for displacement is centered in “e”. 
Neglecting the source term, the integration gives,
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σE − σP = α( pE − pP ) (14.12) 

in which the driving force for the displacement is correctly located on the grid, another 
factor contributing for the stability of the scheme, now present in the momentum 
equation. For a 1D problem the stress tensor is written as 

σE = (λ + 2G) 
∂u 

∂x

IIII
E 

≈ (λ + 2G) 
(uee − ue)

△x 
(14.13) 

σP = (λ + 2G) 
∂u 

∂x

II
II
P 

≈ (λ + 2G) 
(ue − uw)

△x 
(14.14) 

Introducing Eqs. (14.13) and (14.14) into Eq. (14.12), the linear system for the 
determination of the u displacement with the fluid pore pressure present in the equa-
tion is obtained. Therefore, one has two linear systems, one for pressure and one for 
displacement, which can be solved using several strategies, which can be classified 
generally in segregated solution and simultaneous solution. There are a considerable 
amount of literature dealing with the segregated solution in poroelasticity, specially 
using fixed-stress methods. 

To demonstrate the appearance of instabilities, the 1D problem will be solved 
using a co-located grid arrangement, according to Fig. 14.3. The mass conservation 
equation is repeated here for completeness,
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△t 
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α

△t 
(ue − uw)o 

(14.15) 

with the marked difference that, now, the displacements required at points e and 
w, at the interfaces of the control volume for mass conservation, are not available, 
requiring, therefore, some stabilization scheme, as commented and fully discussed 
in Chap. 7, when the co-located pressure–velocity coupling was addressed. 

The 1D problem considered is the Terzaghi’s column subject to a load on the 
top under undrained conditions. The top is, then, opened to atmosphere with zero 
effective pressure, while the load is kept acting. This problem has an analytical solu-
tion widely used for checking numerical methods in poroelasticity. At the surface, 
at t = 0 there is a discontinuity on the pressure variable, and the time step and 
the spatial scheme employed will dictate the behavior of the solution near the open

Fig. 14.3 Co-located grid 
for the 1D problem 



14.2 Pressure Instabilities 393

Fig. 14.4 Terzaghi’s column 

surface. This condition also happens at the interface of different materials, as will be 
seen in the two-layers Terzaghi’s column. This problem was solved with different 
number of grids and with slightly and highly non-uniform grids. 

The data used for this problem can be found in [5, 6] and the geometry of the 
problem is displayed in Fig. 14.4. 

The solution at the beginning of the transient, as shown Fig. 14.5, demonstrates 
that the model using co-located variables presents strong oscillations with completely 
wrong solution for the displacement. These results get even worse if highly non-
uniform grids are employed, as can be seen in [6]. In the same figure, using staggered 
grids no oscillations appear at all, confirming that the same remedy, that is, staggered 
grids, used in fluid mechanics, are applicable in poroelasticity. The reason for the 
oscillation is the absence of a consistent solid velocity (represented by the displace-
ments) at the boundaries of the control volume for the mass balance. Instead, a simple 
velocity averaging is used, which is known not to promote the required coupling. A 
convergence analysis, demonstrating a second order convergence rate obtained with 
the EbFVM can be found in [2, 4, 6, 10, 19].

It looks like that these instabilities are not related with incompressibility in solids 
or fluids, but just because the pressure–displacement coupling is not well treated. 
Perhaps, what is still lacking in the literature, is the recognition that what is required 
for avoiding instabilities in poroelasticity is to have the solid velocities located where 
it is needed for mass conservation. Since solid velocities are variation of displacement 
in time, therefore, what is required, in other words, is to have displacements at the 
boundaries of a mass conservation control volume. This is the perfect analogy with 
pressure–velocity coupling in Navier–Stokes. 

When other methods than finite volume, in general finite element, are used, both 
pressure and displacements are located at the same point, at the vertices of the 
element. Since there is no concept of control volume, there is not even the concept
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Fig. 14.5 Terzaghi’s column. Staggered versus co-located

of balances, and, therefore, it can’t even be said that the displacement is not stored 
where it is needed for mass balance. The consequence is that the stabilization tech-
niques used in these methods are purely mathematics, without physical reasoning 
for its construction. Perhaps this is the reason why this issue of instabilities is still a 
crucial point when solving poroelasticity using other methods than finite volumes. 

If the displacements are not stored displaced in relation to pressure, stabilization 
schemes are needed. These stabilization schemes can be physically based, as PIS, or 
mathematically constructed. 

In [10] a detailed analysis of the error approximation using Taylor series was 
performed when staggered and co-located meshes are employed. Fundamental works 
on the mathematical reasons for the appearance of instabilities in this type of problems 
can be found in [20–23], among several others. 

Some interesting findings are shown in [10, 19], in which the errors are decom-
posed into errors due to approximations in pressure and displacement, as functions 
of space and time, when applicable. For example, using co-located variables, the 
error in the momentum equation is composed of two terms, both related to the space 
coordinate, since time is absent in this equation. One part of the error is connected 
to the displacement field and the other one to the pressure field, both due to a central 
differencing scheme used. The errors are, then, coupled. 

For the mass conservation equation, the time coordinate also enters in the deter-
mination of the errors and, for co-located variables, the errors are composed of three 
terms, one related to the displacement and two related to pressure. 

For a staggered grid, the error in the mass conservation is related to pressure 
only, corresponding to the approximation in time and space. There are no errors 
connected with displacement. For the momentum conservation in a staggered grid, 
errors are related to displacement only. This allows to conclude that the staggered grid 
eliminates the errors linked with displacements in the mass conservation equation. 

It was shown in [10] that when solving a poroelasticity problem using co-located 
variables the errors are coupled, which may result in instabilities, depending on the 
coupling strength. When using staggered grids, the errors are uncoupled, promoting
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stability. A detailed convergence analysis was undertaken in [10] and the interested 
reader on the topic is invited to visit this document. 

Figure 14.6 brings a sample of the convergence analysis of the Terzaghi’s problem 
solved with staggered grids [6], depicting a second order convergence rate for both 
pressure and displacement. These results were obtained with a highly non-uniform 
grid. 

To complete the analysis, staggered grids are used in unstructured grids solving the 
Terzaghi’s problem [24, 25]. In this case, as in the Cartesian system, there will be one 
control volume for pressure (mass conservation) and another one for displacements 
(momentum conservation). A sketch of the mesh and these control volumes are shown 
in Fig. 14.7. The purpose of this study is to demonstrate that the staggered grid is 
efficient in eliminating instabilities in the pressure field in any type of grid. In the 
other hand, it is known that its use is not feasible in practice due to coding problems, 
seriously aggravated in 3D. 

Figure 14.8 shows the results for the two-layered Terzaghi’s column using unstruc-
tured grids and staggered arrangement of variables, demonstrating that no oscillations 
appear at the interface of the two materials. The conclusion is that the use of staggered 
grid suppresses the oscillations in all situations.

Fig. 14.6 Terzaghi’s problem—convergence rate 

Fig. 14.7 Staggered unstructured grid. Control volumes 
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Fig. 14.8 Terzaghi’s double layer. Unstructured grids 

The results obtained so far demonstrated that the solution of the coupled problem 
using a finite volume method for both physics and staggered grids would be the 
recommended numerical recipe for this class of problems. However, as commented, 
for real problems staggered grids is impractical, and the instabilities should be 
managed with a new approach. This is the second remedy which will be under 
analysis now. 

14.2.2 Remedy 2 

In engineering practice all finite volume simulation packages uses co-located vari-
ables. This simplifies considerably the code by having just one control volume for all 
variables, with the same fluxes calculated at the boundaries applying for all variables. 
The key issue, already deeply discussed in Chap. 7 and highlighted in the previous 
section, is the calculation of the advecting velocity at the control volume boundaries. 
In poroelasticity, the counterpart of the advecting velocity of fluid mechanics is the 
solid velocity, which is calculated by the time derivative of the displacement. There-
fore, displacements need to be calculated at the boundaries of the control volumes. 
The remedy is, again, an old strategy applied in fluid mechanics long ago, which 
uses physical reasoning to create the stabilizing scheme. In fluid mechanics the most 
known used schemes are the Rhie-and-Chow-like [26, 27] and PIS-like schemes [28, 
29]
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Fig. 14.9 One-dimensional 
co-located grid 

Again, a 1D analysis suffices for demonstrating the applicability of the PIS scheme 
[2, 4]. Consider Fig. 14.9 in which a 1D grid is show with the same control volume 
for both pressure and displacement. 

The idea behind PIS is to apply the governing equation at the integration point of 
interest and extract the variable at the interface from this equation. In the present case, 
the integration points are the east and west face of the control volume. Displacement 
is located at the point P, and should be calculated at the interfaces, required for mass 
conservation. Using a Taylor series expansion around point e one can write, 

uE ≈ ue + △x 
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Adding these equations, the variable at the interface e, reads 

ue ≈ 
uE + uP 
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∂x2

IIII
e 

(14.18) 

If the second derivative is neglected, a second order central differencing scheme is 
recovered. This would be equivalent of using the shape functions for finding ue, which 
is known, it doesn’t promote the required coupling among pressure and displacement. 
It is also not helpful to find the second derivative using the neighbor points, since 
it would become a second order central differencing. The idea is to obtain a second 
order derivative of the displacement from the governing equation. This equation, for 
the 1D problem and applied to point e, is  

∂2u 

∂x2

IIII
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= α 
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∂p 
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IIII
e 

(14.19) 

The interesting point in Eq. (14.19) is that the second derivative of the displace-
ments is replaced by material properties and by the first order pressure derivative. 
This derivative is easily available using the two neighbor points of pressure in this 1D 
case, or through a pressure gradient reconstruction in a general unstructured control 
volume. Equation (14.19), replacing the first derivative of pressure reads, 
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Substituting Eq. (14.20) into Eq. (14.18), the expression for the displacement at 
the face e of the control volume is 

ue ≈ 
uE + uP 

2
− α△x 

8(λ + 2G) 
( pE − pP ) (14.21) 

The same procedure is done for finding uw to complete the mass conservation 
equation. A physical interpretation of this equation can be seen in [2], in which the 
3D formulation is also derived using the PIS scheme. Rhie and Chow-like methods 
can also be applied for finding the displacements at the interfaces of the control 
volume for mass conservation. Those methods can be seen in Chap. 7. 

Few 3D results from [2] and available also in [4] are now addressed, just for 
the sake of illustrating the capability of the method in suppressing pressure oscilla-
tions when the PIS method is employed with co-located grids in three-dimensional 
situations. 

The problem of underground water withdrawal is of interest in the water supply of 
cities and for several applications in environmental engineering, among others. This 
geometry was first described in [30] and used in [2, 4] for validation of the numerical 
schemes, and consists of a soil with four different rocks, as shown in Fig. 14.10, 
totaling 50 m thickness and 250 m radius. 

The three-dimensional unstructured grid and a zoom identifying the region of 
the well connecting with the sand layer and the grid used for the well are shown in 
Fig. 14.11. The unstructured grid is composed of around 20.000 elements and 4000 
nodes. The well model employed was of a Peaceman type, and all numerical and 
physical data can be found in [2, 4, 30]. In [30], solving a surface load problem, both 
physics were solved in the framework of finite elements, with a mixed finite element 
for solving the fluid flow. This approach is required in order to avoid instabilities, 
since the classical Galerkin used for the rock mechanics is not adequate for the 
solution of fluid flows. The disadvantage of this alternative is that the mixed finite 
element method requires more complex elements and computer implementation and, 
certainly, additional computer time to obtain the solution.

The strategy of solving both problems with a finite volume method and a PIS 
stabilization scheme, as proposed in [2–6] has no drawbacks at all. The alternative

Fig. 14.10 Four layers rock. Water withdrawal problem [2] 
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Fig. 14.11 Unstructured grid. Water withdrawal problem [2]

of using finite volume methods for both physics can also be seen in [31, 32] in the  
context of cell-center unstructured grids. 

Figure 14.12 shows a plot of the pressure along the vertical well, in which very 
interesting physical behavior is seen. As expected, the pressure in the sand layer 
decreases due to the water production, while it remains constant in all other layers. On 
the numerical aspects the results put clear the numerical difficulties for the methods 
in capturing the effects occurring in the interface of two different materials. The 
element-based finite volume method non-stabilized produces results damaged by the 
instabilities, while using the PIS scheme the results follow the physics. In a 3D plot 
of the region, Fig. 14.13 shows the oscillations near the well transmitted inside the 
domain represented by non-continuous and blurred gray color map.

In order to verify the behavior of the PIS scheme in different grid topologies, the 
Terzaghi’s column is solved for hexahedra, tetrahedra, prims and pyramids elements 
[2]. Recall that the EbFVM construct its control volumes based on the elements. 
Despite of Terzaghi’s problem be 1D it is solved as a 3D problem, what helps in 
checking the algorithm, since all results should be constant in a z-constant plane. 
Figure 14.14 shows the geometry and the four grids employed.

Figure 14.15 depict the pressure after a certain time level for the four different 
grids, revealing the same difficulty for the scheme without stabilization to face the 
initial transient when a pressure discontinuity exists.

The appearance of instabilities in the Terzaghi’s problem with one material was 
already well documented in this section. To complete the cases in which instabilities 
appear, a two-layered Terzaghi’s column is solved, as shown in Fig. 14.16, using  
hexas and tetras as grid elements.

Figure 14.17 shows the pressure distribution along the depth of the column 
revealing strong instability at the interface of the sand and clay materials for the non-
stabilized scheme. By its turn, the solution which used PIS as stabilization scheme 
shows excellent results with no oscillations at all. Following the open circles in the 
figure it is seen that the smooth behavior could be even improved if a more refined 
grid were used.
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Fig. 14.12 Pressure instabilities near well. Water withdrawal [2] 

Fig. 14.13 Pressure instabilities near well. 3D visualization [2]

To end this chapter, Fig. 14.18 depicts the convergence rate for the Terzaghi’s 
problem with the four grids employed. It can be appreciated that both pressure and 
displacement run with a second order convergence for all grids.
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Fig. 14.14 Terzaghi’s problem. Four different grids [2]

14.3 Conclusions 

This brief chapter presented and advanced a strategy using an element-based finite 
volume method (EbFVM) for the solution of the fluid flow coupled with geome-
chanics in porous media. In the scope, it was demonstrated the origin of the oscilla-
tions in fluid pressure in certain situations in compacting porous media flows. The 
remedies to suppress these oscillations were also presented. Validation using 1D 
problems were done in Cartesian grids as well as 3D problems using element-based 
finite volume method. Due to the physical background of the stabilization method, 
no mathematical artifacts are required to obtain solutions free of oscillations. 

It was demonstrated that in a single algorithm using finite volumes for both 
physics using the same grid, it is possible to solve pressure and displacement simul-
taneously. In contrast, if other non-conservative method is used for solving both 
physics, it will require more expensive techniques to treat the fluid flow. The PIS 
method, a stabilization scheme developed on physically based principles, has demon-
strated good performance for suppressing oscillations in fluid mechanics as well as 
in poroelasticity. 

The results obtained so far solving compacting porous media flows with diverse 
boundary conditions in transient 1D, 2D and 3D situations, with grids of different 
topologies, encourage to follow this route seeking the development of a tool for the 
day-to-day of the engineers in several areas of applications.
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Fig. 14.15 Terzaghi’s problem. Instabilities in all grids
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Fig. 14.16 Two layers Terzaghi’s problem. Interface instabilities

Fig. 14.17 Terzaghi’s two-layers. EbFVM stabilized
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Fig. 14.18 Terzaghi’s problem. Convergence rate
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Chapter 15 
Applications 

15.1 Introduction 

This chapter presents some results obtained with the methodologies described in this 
text to illustrate the applications of the finite volume method for both structured and 
unstructured meshes. In the structured class, generalized curvilinear coordinates, 
or boundary-fitted grids are used, while for unstructured meshes, problems with 
triangular and quadrangular elements in 2D and 3D hybrid grids employing the 
element-based finite volume method (EbFVM) are presented. Voronoi diagram are 
also used with triangular meshes with the traditional finite volume formulation (cell 
centered method) for solving porous media flow. 

The problems were chosen due to the availability of results still in raw data files, 
allowing the generation of figures via computer and their transfer to a text editor. 
In some problems, the results presented are only qualitative, for the sole purpose of 
illustration. In others, they are mesh size dependent, and for this reason care should 
be taken if they are used for comparisons. It is recommended, if this is the objective, 
to look for the works that originated them. The few problems reported are with the 
solely purpose of demonstrating the generality and the applicability of the finite 
volume method for solving engineering problems. 

15.2 Aerodynamics 

15.2.1 All Speed Flow Over a Blunt Body 

Many problems in aerodynamics have been solved with the methodology for 
all-speed flows described in Chap. 8 [1–3]. Among them we can mention two-
dimensional flows over arbitrary bodies, flows inside nozzles with different inlet 
and outlet boundary conditions, and three-dimensional flows over blunt bodies in

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 
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all flow regimes. From all those, few results of the last mentioned problem will be 
presented. 

Figure 15.1 shows the frontal part of a blunt body showing one plane of the 3D 
grid. This grid is very easy to generate, just rotating a 2D mesh around the axis of the 
body generating the 3D mesh. The flow is symmetric in relation to a vertical plane, 
what means that a 180◦mesh is used. The all speed flow methodology employed is 
described in Chap. 8 and the flow is governed by the Navier–Stokes equations. 

Figure 15.2 shows the pressure coefficient (cp) over the body surface for a flow 
with free stream Mach number for the subsonic region equal to 0.50 and angle of 
attack of 6°. 

Fig. 15.1 Boundary-fitted grid. 3D flow over a blunt body 
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Fig. 15.2 Flow over a blunt body. Free stream Ma = 0.50
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Fig. 15.3 Planes of flow 
calculations and 
measurements 

= 90º 

= 0 

= 180º 

Results are shown for θ equal to 0◦, 90◦ and 180◦, with θ counting according to 
Fig. 15.3. It can be seen from the figure that the results are in well agreement with 
the experimental ones obtained in [4]. All expansion and compression zones on the 
surface of the body are well captured. 

It is worth remembering that the all-speed methodology employed doesn’t use any 
special schemes to deal with transonic flows, which is the most difficult flow regime 
to be solved. It is, in fact, a unique scheme applied indistinctively to all flow regimes. 
The scheme, according to the linearization of the mass flow used (see Chap. 8) adapts 
to the flow regime. 

Figure 15.4 shows the results for the free stream Mach of 0.90, again for angle of 
attack of 6◦. In this flow regime, i.e., transonic, the agreement between numerical and 
experimental data is more difficult in the regions of expansions and compressions, 
as usual. It was verified through a large number of tests that by refining the mesh, 
the numerical and experimental results get closer, what is expected. The difficulty 
in accurately capturing the phenomena in this flow regime is well known by the 
researchers due to the undefined behavior of the partial differential equations in this 
range of Mach. Shocks are weak and more difficult to be captured. Even though, the 
results are considered good.

According to this reasoning, the numerical and experimental results for high Mach 
number flows should agree much better, because in this flow the shocks are strong 
and perfectly defined. Figure 15.5 shows precisely that, and presents the results for 
a free stream Mach number equal to 3.0. One can see from this figure that the results 
compare very well, showing only a small discrepancy for θ equal to 180◦.

To complete the illustrations, Fig. 15.6 shows the spatial Mach number distribution 
in the blunt body of the previous figures for Mach = 1.15. The expansions and 
compressions suffered by the flow in the regions in which there are geometry changes 
from conical to cylindrical and vice-versa are clearly captured.
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Fig. 15.4 Flow over a blunt body. Free stream Ma = 0.90
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Fig. 15.6 Spatial Mach number distribution. Free stream Ma = 1.15 

15.2.2 Ice Accretion on Aerodynamic Profiles 

Another important application in aerodynamics is the calculation of ice accretion on 
aerodynamic devices, being wing ice accretion of special interest because lift can 
be compromised depending on the thickness of the ice layer formed. This occurs 
under certain flight conditions, when water particles in the clouds crash against the 
aircraft, creating a layer of ice with different shapes and structures. The solution to 
this problem involves first calculating the flow over the profile of interest followed 
by the application of a thermodynamic model that calculates the deposited ice layer. 
The new geometry of the airfoil is fed back to the simulator to calculate a new three-
dimensional flow, followed by the calculation of the new deposited ice distribution, 
and so on, until reaching the desired simulation time. In this way it is possible to 
verify the influence of icing on lift, and designing the anti-icing system, a mandatory 
item in aircrafts. 

Figure 15.7 shows an airfoil subjected to a flow whose thermodynamic conditions 
are favorable to icing. The ice growth profiles obtained experimentally and by the 
applications Dera1 and Lewice2 are compared against the results of Aeroicing3 [5– 
7]. The thermodynamic model that predicts ice formation can be coupled to any 
software that calculates the 3D turbulent velocity field over the aerodynamic profile.

1 DERA Defense Evaluation and Research Agency (United Kingdom). 
2 LEWICE (LEWis ICE accretion program). Developed by the Icing Branch at NASA Glenn 
Research Center. 
3 Aerocing is the application developed in the CFD Lab – SINMEC/UFSC for icing calculation in 
aerodynamic profiles in a joint project with EMBRAER S/A. 
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In the specific case of these results, the flow is determined by the panel method [5]. 
Figure 15.8 shows the grid used in the icing simulation, in which a layer of Cartesian 
grids adapts to the unstructured triangular grids used to construct the control volumes 
for the EbFVM. 
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Fig. 15.7 Ice accretion comparisons. Numerical versus experimental 

Fig. 15.8 Triangular grid for the EbFVM. Thermodynamic model
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Aerodynamic 
Ice accretion in aerodynamic profiles 

Airfoil 
Ice 

Fig. 15.9 Ice layer influence on the flow 

To end the description of this problem, Fig. 15.9 reproduces the fluid flow stream-
lines, the ice collected on the wing and the recirculation zones caused by the pertur-
bation of the ice on the flow. The aerodynamic performance of the airfoil can be 
severely prejudiced by the ice in these situations. 

15.3 Porous Media Flows 

Although porous media flows aren’t Navier–Stokes problems, to demonstrate the 
use of Voronoi grids in 2D two problems will be shown in the area of petroleum 
reservoir simulation. Unstructured Voronoi meshes were also the subject of study in 
the field of petroleum reservoir simulation in the 1990s [8–10]. As seen in Chap. 13, 
Voronoi meshes respect local orthogonality, and therefore all numerical schemes can 
be developed as an extension of the models for Cartesian meshes. 

In the following, some examples of simulating two-phase and single-phase flows 
with tracer, using Voronoi meshes, will be presented. In petroleum reservoir engi-
neering, the main goal is to determine the amount of oil recovered in the production 
wells due to the oil displacement caused by the flow of the water injected. It is a 
two-phase oil/water flow. In this 2D problem the unknowns are the pressure field 
and the saturation of water, solved using a Newton-like method. The oil saturation 
comes from the global mass conservation, while the velocities are found using the 
Darcy’s equation. 

Figure 15.10 shows a hypothetic triangular reservoir [9] with two producers and 
one injector wells. The Voronoi mesh [10] is made polar around the wells and hexag-
onal in the rest of the domain. This is an advantage of this meshing process, because 
near the wells the flow is practically radial, and the polar mesh is the most appropriate.
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The results obtained from the simulation of the two-phase flow in the triangular reser-
voir are compared with those of [11] in Fig.  15.11. The results, for mobility ratios 
10 and 50, compare very well. 

In Fig. 15.12 it is shown a petroleum reservoir with two injection wells and six 
production wells, in which one can see again the suitability of the Voronoi grids 
around the wells [12]. The polar grid is now placed in a large interior portion of
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Fig. 15.10 Voronoi discretization for a hypothetical reservoir 
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Fig. 15.12 Voronoi 
discretizationof a petroleum 
reservoir 
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the reservoir, not just in the corner of the domain, as in the previous problem. The 
physics is the same. 

In this problem a grid refinement study was performed and is shown in Fig. 15.13 
for the production wells P1, P2 and P5, using 804 and 1062 control volumes. 
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The next problem is a single-phase flow with a tracer [8]. A tracer is a substance 
injected along with the water that can be identified in the flow reaching the wells and, 
therefore, serves to study the behavior of the reservoir by observing (measured) the 
concentration of tracer in the well and inferring the path of the tracer. Of course, other 
techniques like seismic 4D and analysis of rock samples, among others, are used for 
characterizing the reservoir. The tracer doesn’t affect the flow and, therefore it is 
solved as an advection/diffusion problem in which the unknown is the concentration 
of the tracer. The validation uses a 5-spot configuration in which all boundaries are 
impermeable with the injection well containing the tracer at the one corner, and the 
production well at the opposite corner on the diagonal. 

To illustrate the tracer problem, consider the geometry shown in Fig. 15.14, where 
a hexagonal Voronoi mesh is used to discretize the geometry. A steady-state single-
phase flow is injected into well I and produced in the well P. Suddenly, a tracer is 
injected into well I. One wants to know the concentration distribution of this tracer in 
the reservoir over time. The advection/diffusion equations of the tracer in the porous 
medium must be solved. Two situations are analyzed. The first one, where the tracer 
injection is continuous, and the second, where a pulse of 0.4 PVI of the tracer is 
injected. Knowing the injection flow rate (m3/s, it is possible to find the time it takes 
for injecting some amount of PV (m3). In petroleum reservoir engineering PVI, the 
porous volume injected is used as a time coordinate. 

Figure 15.15 shows the results for the two situations compared with the exper-
imental data from [13]. The agreement is very good. This problem has also been 
solved using structured meshes. Figure 15.16 shows the results obtained with the 
Voronoi mesh and a curvilinear structured mesh. The contamination of the solution

Fig. 15.14 Tracer problem. 
Five-spot configuration 
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Fig. 15.15 Numerical versus experimental. Problem of Fig. 15.14

with numerical diffusion is much lower with the Voronoi mesh, as can be seen by 
the smearing of the pulse, probably because of the involvement of more neighboring 
volumes in the formulation for calculating the fluxes. 

To end this brief section showing applications using the finite volume algorithms 
discussed along the book, the use of tridimensional hybrid grids in petroleum reser-
voir simulation is related [14]. The only purpose is to demonstrate the applicability 
and flexibility of the EbFVM for solving 3D problems with different types of grids 
and combinations of them, as shown by the illustration in Fig. 15.17. This illustrative 
grid shows, for example, a well surrounded by a cylindrical grid connected to a poly-
hedral transitional grid, which connects to a Cartesian-like discretization. Near-well 
flows can be solved accurately with this kind of grid, task not easily accomplished 
with the usual commercial petroleum reservoir simulators due to the size of the 
control volumes near the wells. Local grid refinement is not an easy matter in those 
applications.

To demonstrate the applicability of the transitional and hybrid grids, two problems 
of a two-phase flow of oil/water in a 3D reservoir are solved. Grids consisting of 
Cartesian, pure tetrahedral (unstructured) and hybrid are used. Hybrid in this case 
is the mixture of a Cartesian grid with an unstructured grid inserted in a portion of 
the domain. The idea was to compare the software against each other due to their 
different grid topologies and to check the algorithms at the interface of the grids, 
since tetrahedra must conform with hexahedra, needing special treatment for fluxes 
calculation to keep conservation at the interface. The problem is the simulation of 
oil/water flow in a cubic reservoir.
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Fig. 15.17 A illustrative 3D hybrid grid with transitions

Figure 15.18 shows a cut of the cube in half showing the interior of the domain, 
allowing the observation of the tetras in both grids, the pure tetrahedral and the one 
with an insertion of a tetrahedral into a Cartesian grid. The boundary conditions are 
shown in Fig.  15.19 for the faces identified. At the other three faces of the domain zero 
pressure and zero saturation of water is set. For the simulator using pure Cartesian 
meshes (not shown in the figure), 42,875 volumes were used, while for the tetrahedral 
mesh simulator 46,507control volumes were employed. The number of tetrahedra 
required for this number of control volumes is much larger since, as this is not a
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cell-center method, the tetrahedra are agglomerated resulting in a smaller number of 
unknowns. 

The grid for the hybrid simulator involves an unstructured grid of 70,946 tetrahedra 
elements resulting in 11,885 vertices (number of unknowns) inserted centralized in 
the cube with Cartesian meshes, as shown in Fig. 15.18b, totalizing 49,847control 
volumes. The unknowns of the problem are pressure and water saturation and solved 
simultaneously using a GMRES solver with a SOR preconditioner. 

Figure 15.20 shows the saturation along the line shown in Fig. 15.21c, demon-
strating the good agreement among the results obtained with the simulators. One of 
the key numerical issues is this problem is the development of conservative fluxes at
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Fig. 15.18 Fully unstructured and hybrid grids 
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Fig. 15.19 Boundary conditions for the cubic reservoir 
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Fig. 15.20 Saturation along x for the three simulators. See Fig. 15.21c

the interface of control volumes, as seen in Fig. 15.22. In this case at the interface 
of the unstructured and the Cartesian meshes with conforming and non-conforming 
grids. This problem gives a real idea of the advanced numerical technologies required 
for simulating three-dimensional engineering problems with this kind of hybrid grids. 

15.4 Conclusions 

The goal of this chapter was to give a flavor of the capacity of the numerical techniques 
for simulating engineering problems, displaying some developments realized by the 
author and his colleague using the tools described in the book. Discretization using 
curvilinear coordinate system, locally orthogonal Voronoi grids and 3D unstructured 
grids for simulating several physics were presented. Navier–Stokes equation with ice 
accretion and aerodynamic flows over blunt bodies in all flow regimes were reported. 
The 3D problems using hybrid grids were not in the field of CFD, but of porous 
media flow in petroleum reservoir simulation, in which the discretization of irregular 
domains with wells is critical. The techniques presented along the textbook and these 
few demonstrative problems gives an overview of the capabilities of the numerical 
simulation using finite volume methods with unstructured grids. As pictured in the 
Introduction, the world of simulation has no boundaries. All engineering problems 
will be simulated in a near future. And finite volume techniques have an important 
role to play in this scenario.
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Fig. 15.22 Interface of Cartesian and unstructured grids
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