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Preface

Because of rapid development of ICT (Information and Communication
Technologies) and progress of globalization, the current societies have
linked together in a complex manner at various levels, and there arose
various difficult problems in economy, environment, health, safety, etc.
Therefore, the elucidation, prediction, and control of such dynamic com-
plex systems are very important subjects. On the other hand, in the statis-
tical science, as a result of the development of the information criterion
AIC, various methods of statistical modeling, in particular Bayes model-
ing, have been developed. Further, with the advent of massive large-scale
database and fast parallel processors, many statistical models were de-
veloped and became in practical use.

This book aims at introducing and explaining basic methods of build-
ing models for time series. In time series modeling, we try to express the
behavior of a certain phenomenon in relation to the past values of it-
self and other covariates. Since many important phenomena in statistical
analysis are actually time series and the identification of conditional dis-
tribution of the phenomenon is an essential part of the statistical model-
ing, it is very important and useful to learn basic methods of time series
modeling. In this book, many time series models and various tools for
handling them are introduced.

The main feature of this book is to use the state space model as a
generic tool for time series modeling. Three types of recursive filtering
and smoothing methods, the Kalman filter, the non-Gaussian filter, and
the sequential Monte Carlo filter, are presented as convenient tools for
the state space models. Further, in this book, a unified approach to model
evaluation is introduced based on the entropy maximization principle ad-
vocated by Dr. Akaike. Based on this unified approach, various methods
of parameter estimation, such as the least squares method, the maximum
likelihood method, the recursive estimation for the state space models,
and the model selection by the information criterion AIC, are derived.
After introducing standard stationary time series models, such as AR
model and ARMA model, we present various nonstationary time series



X

models, such as the locally stationary AR model, the trend model, the
seasonal adjustment model, and the time-varying coefficient AR model
and nonlinear non-Gaussian models. The simulation methods are also
shown. The principal aim of the author will be achieved when readers
succeed in building models for their own real-world problems.

This book is basically the translation of the book published in
Japanese in 2005 from Iwanami Publishing Company. The first version
was published in 1993 as a volume in Iwanami Computer Science Series.
I would like to thank the Iwanami Publishing Company, in particular Mr.
U. Yoshida, for allowing me to translate and publish in English.

I would like to acknowledge the many people who contributed to
this book through collaborative research with the author. In particular,
I would like to acknowledge with sincere thanks to Hirotugu Akaike and
Will Gersch, from whom I have learned so many ideas and basis of time
series modeling. Some of the models and estimation methods are de-
veloped during the process of cooperative research with Kohei Ohtsu,
Tetsuo Takanami, and Norio Matsumoto. They also provided me with
some of the data used in this book. I have greatly influenced through
discussions with S. Konishi, D. F. Findley, H. Tong, K. Tanabe, Y.
Sakamoto, M. Ishiguro, Y. Ogata, Y. Tamura, T. Higuchi, Y. Kawasaki,
and S. Sato.

I am grateful to Prof. Subba Rao and two anonymous reviewers for
their comments and suggestions that improved the original manuscript.
I am also thankful to M. Oda for her help in preparing the manuscript of
the English version. David Grubbs patiently encouraged and supported
me throughout the preparation of this book. I express my sincere thanks
to all of these people.

Genshiro Kitagawa
Tokyo, September 2009
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Chapter 1

Introduction and Preparatory Analysis

In this chapter, various aspects of the classification of time series and the
objectives of time series modeling considered in this book are discussed.
There are various types of time series, and it is very important to find out
the characteristics of a time series by carefully looking at graphs of the
data before proceeding to the modeling and analysis phase. In the second
half of the chapter, we shall consider various ways of pre-processing time
series that will be applied before proceeding to time series modeling.
Finally, the organization of the book is described.

1.1 Time Series Data

A record of phenomenon irregularly varying with time is called time
series. As examples of time series, we may consider meteorological data
such as atmospheric pressure, temperature, rainfall and the records of
seismic waves; economic data such as stock prices and exchange rates;
medical data such as electroencephalogram and electrocardiograms, and
records of controlling cars, ships and aircraft.

As a first step in the analysis of a time series, it is important to care-
fully examine graphs of the data. These suggest various possibilities for
the next step in the analysis, together with appropriate strategies for sta-
tistical modeling.

Figure 1.1 shows several typical time series that will be analyzed
in subsequent chapters as numerical examples. The followings are the
features of the time series depicted in Figures 1.1 (a)—(i).

Plot (a) shows a time series of the yaw rate of a ship under navigation
in the Pacific Ocean, observed every second. The yaw rate fluctuates
around O degrees per second, because the ship is under the control of
course keeping system (offered by Prof. K. Ohtsu of Tokyo University
of Marine Science and Technology).

Plot (b) shows a series of annual sunspot number (Wolfer sunspot
number). Similar patterns of increase and decrease have been observed
over a cycle approximately ten years in length.

1



10

INTRODUCTION AND PREPARATORY ANALYSIS

-10

200

I I I
250 500 750 1000

(a) Ship's yaw rate data

100

40

I I I I
50 100 150 200

(b) Sunspot number data

30

20

10

2000

I I I I
100 200 300 400

(¢) Maximum temperature data

1900 —

1800 —

1700 —

1600 —

1500

I I I
50 100 150

(d) BLSALLFOOD data

Figure 1.1: Examples of various time series.
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Figure 1.1: Examples of various time series (continued).

Plot (c) shows the daily maximum temperatures for Tokyo recorded
for 16 months. Irregular fluctuations around the predominant annual pe-
riod (trend) are seen (source: Tokyo District Meteorological Observa-
tory).

Plot (d) shows the monthly time series of the number of workers en-
gaged in food industries in the United States, called the BLSALLFOOD
data. The data reveal typical features of economic time series that con-
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Figure 1.1: Examples of various time series (continued).

sists of trend and seasonal components. The trend component gradu-
ally varies and the seasonal component repeats a similar annual pattern
(source: the U.S. Bureau of Labor Statistics (BLS)).

Plot (e) shows the monthly record of wholesale hardware data, called
WHARD data. This time series reveals typical characteristics of eco-
nomic data that increase at an almost fixed rate every year, such that
the fluctuations around the trend gradually increase in magnitude over
time (source: U.S. Bureau of Labor Statistics).

Plot (f) shows the time series of East-West components of seismic
waves, recorded every 0.02 seconds. Because of the arrival of the P-wave
(primary wave) and the S-wave (secondary wave), the variance of the
series changed significantly. Moreover, it can be seen that not only the
amplitude but also the frequency of the wave vary with time (Takanami
(1991)).

Plot (g) depicts the daily closing values of the Japanese stock price
index, Nikkei 225, quoted from January 4, 1988, to December 30, 1993.
It reveals a monotone increase in values until the end of 1989, followed
by a gradual decrease with large repetitive fluctuations after the Bubble
crash in Japan in the 1990s. In the analysis of stock price data, we often
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Figure 1.1: Examples of various time series (continued).

apply various analysis methods after taking the difference of the log-
transformed data.

Plot (h) shows a bivariate time series of the groundwater level and
the atmospheric pressure that were observed at 10-minute intervals at
the observatory of the Tokai region, Japan, where a big earthquake was
predicted to occur. A part of the time series that takes values on the
horizontal axis, indicates missing observations, and some observations
that significantly deviate upward might be considered as outliers that oc-
curred due to malfunction of the observation device. To utilize the entire
information contained in time series with many missing and outlying ob-
servations recorded over many years, it is necessary to develop a method
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that can be applied to data with such missing and outlying observations
(offered by Dr. M. Takahashi and Dr. N. Matsumoto of National Institute
of Advanced Industrial Science and Technology).

Plot (i) shows a multivariate time series of a ship’s rolling, pitching
and rudder angles recorded every second while navigating across the Pa-
cific Ocean. As for the rolling and the rudder angles, both data show fluc-
tuations over a cycle of approximately 16 seconds. On the other hand, the
pitching angle varies over a shorter cycle of 10 seconds or less (offered
by Prof. K. Ohtsu of Tokyo University of Marine Science and Technol-

ogy).

1.2 Classification of Time Series

As has been shown in Figure 1.1, there is a wide variety of time series
that can be classified into several categories from various viewpoints.

Continuous time series and discrete time series

Data continuously recorded, for example, by an analog device, are
called continuous time series. On the other hand, data observed at certain
intervals of time, such as the atmospheric pressure measured hourly, are
called discrete time series.

There are two types of discrete time series; one where data observa-
tions are at equally spaced intervals and the other, where data observa-
tions are at unequally spaced intervals. Although the time series shown
in Figure 1.1 are connected continuously by solid lines, they are all dis-
crete time series. Hereafter in this book, we consider only discrete time
series recorded at equally spaced intervals, because time series that we
analyze on digital computers are usually discrete time series.

Univariate and multivariate time series

Time series consisting of a single observation at each time point as
shown in Figures 1.1(a)-1.1(g) are called univariate time series. On the
other hand, time series that are obtained by simultaneously recording
two or more phenomena as the examples depicted in Figures 1.1(h)—
1.1(1) are called multivariate time series. However, it may be difficult
to distinguish between univariate and multivariate time series from their
nature; rather the distinction is made from the analyst’s viewpoint and by
various other factors such as the measurement restriction and empirical
or theoretical knowledge about the subject. From a statistical modeling
point of view, variable selection itself is an important problem in time
series analysis.



CLASSIFICATION OF TIME SERIES 7

Stationary and nonstationary time series

A time series is a record of a phenomenon irregularly varying over
time. In time series analysis, irregularly varying time series are generally
expressed by stochastic models. In some cases, a random phenomenon
can be considered as a realization of a stochastic model with a time-
invariant structure. Such a time series is called a stationary time series.
Figure 1.1(a) is a typical example of a stationary time series.

On the other hand, if the stochastic structure of a time series itself
changes over time, it is called a nonstationary time series. As typical ex-
amples of nonstationary time series, consider the series in Figures 1.1(c),
(d), (e) and 1.1(g). It can be seen that mean values change over time in
Figures 1.1(c), (d), (e) and 1.1(g) and the fluctuation around the mean
value changes over time in Figure 1.1(f).

Gaussian and non-Gaussian time series

When a distribution of a time series follows a normal distribution,
the time series is called a Gaussian time series; otherwise, it is called a
non-Gaussian time series. Most of the models considered in this book
are Gaussian models, under the assumption that the time series follow
Gaussian distributions.

As in the case of Figure 1.1(b), the pattern of the time series is occa-
sionally asymmetric so that the marginal distribution cannot be consid-
ered as Gaussian. Even in such a situation, we may obtain an approxi-
mately Gaussian time series by an appropriate data transformation. This
method will be introduced in Section 1.4 and Section 4.5.

Linear and nonlinear time series

A time series that is expressible as the output of a linear model is
called a linear time series. In contrast, the output from a nonlinear model
is called a nonlinear time series.

Missing observations and outliers

In time series modeling of real-world problems, we sometimes need
to deal with missing observations and outliers. Some values of time se-
ries that have not been recorded for some reasons are called missing
observations in the time series; see Figure 1.1(h). Outliers (outlying ob-
servations) might occur due to extraordinary behavior of the object, mal-
function of the observation device or errors in recording. In the ground-
water level data shown in Figure 1.1(h), some data jumping upward are
considered to be outliers.



8 INTRODUCTION AND PREPARATORY ANALYSIS

1.3 Objectives of Time Series Analysis

This book presents statistical modeling methods for time series. The ob-
jectives of time series analysis considered in this book are classified into
four categories; description, modeling, prediction and signal extraction.

Description: This includes methods that effectively express or sum-
marize the characteristics of time series. By drawing figures of time
series or by computing basic descriptive statistics, such as sample
autocorrelation functions, sample autocovariance functions and peri-
odograms, we may capture essential characteristics of the time series
and get a hint for time series modeling.

Modeling: In time series modeling, we capture the stochastic struc-
ture of time series by identifying an appropriate model. Since there
are various types of time series, it is necessary to select an adequate
model class and to estimate parameters included in the model, de-
pending on the characteristics of the time series and the objective of
the time series analysis.

Prediction: In the prediction of time series, based on the correlations
over time and among the variables, we can estimate the future behav-
ior of time series by using various information extracted from current
and past observations. In particular, in this book, we shall consider
methods of prediction and simulation based on the estimated time se-
ries models.

Signal extraction: In signal extraction problems, we extract essential
signals or useful information from time series corresponding to the
objective of the analysis. To achieve that purpose, it is important to
build models based on the salient characteristics of the object and the
purpose of the analysis.

1.4 Pre-processing of Time Series

For nonstationary time series, we sometimes perform pre-processing of
the data before applying the analysis methods that are introduced later in
this book. This section treats some methods of transforming nonstation-
ary time series into approximately stationary time series. In Chapter 11
and thereinafter, however, we shall introduce various methods for mod-
eling and analyzing nonstationary time series without pre-processing or
stationalization.
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1.4.1 Transformation of variables

Some types of time series obtained by counting numbers or by measur-
ing a positive-valued process, such as the prices of goods and numbers of
people illustrated in Figures 1.1(e) and 1.1(g), share the common charac-
teristic that the variance of the series increases as the level of the series
increases. For such a situation, we may construct a new series whose
variance is almost time-invariant and whose noise distribution is closer
to the normal distribution by using the log-transformation z,, = logy,
instead of the original series yj,.

A more general Box-Cox transformation (Box and Cox (1964)) in-
cludes the log-transformation as a special case and the automatic deter-
mination of its parameter will be considered later in Section 4.8. For
time series y, that take values in (0, 1) like probabilities or ratios of the
occurrence of a certain phenomenon, we can obtain a time series z, that
takes a value in (—oo,0) by the logit transformation

Zn—10g<lf:7>. (1.1)
n

In many cases, the distribution of the transformed time series z, is
less distorted than the original time series y,, thus the modeling of the
transformed series might be more tractable.

1.4.2 Differencing

When a time series y, contains a trend as seen in Figures 1.1(c), (e) and
(g), we might study the differenced series z,, defined by (Box and Jenkins
(1970))

= AVn = Yn— Yn—1- (1.2)

This is motivated by the fact that, when y,, is a straight line expressed as
yn = a + bn, then the differenced series z, becomes a constant as

Zn = Ayn = b, (1.3)

and the slope of the straight line can be removed.

Moreover, if y, is a parabola and expressed by y, = a + bn + cn?,
then the difference of z, becomes a constant and a and b are removed as
follows

Azy = Zp—2Zu—1
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Figure 1.2: Difference of the logarithm of the Nikkei 225 data.

= Ay, — Ay,
= (b+2cn)— (b+2c(n—1))
= 2c. (1.4)

When an annual cycle is observed in time series as shown in Figure
1.1(e), we might use the difference between the time series at the present
time and one cycle before defined by

ApYn = Yn — Yn—p- (1.5)

Figure 1.2 shows the difference of the logarithm r, = logy, —
logy,—1 of the Nikkei 225 data depicted in Figure 1.1(g), which is fre-
quently utilized in the analysis of financial data in Japan. From Fig-
ure 1.2, it can be seen that the dispersion of the variation has changed
abruptly around n = 500. We shall discuss this phenomenon in detail
later in Sections 13.1 and 14.5.

1.4.3 Change from the previous month (quarter) and annual change

For economic time series as shown in Figure 1.1(e), we often consider
a change from the previous month (or quarter) and an annual change of
the original series y, defined by

=2 X, = 2 (1.6)

Yn—1 ’ Yn—p

If the time series y, is represented as the product of the trend 7, and
the noise w,, as
Yn = Tywn, (L.7)
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Figure 1.3 Change from previous month and year-over-year change of WHARD
data.

and T, evolves as T, = (1 + a)T,,_, where « is the growth rate, then the
change from the previous month can be expressed by
Yn Tywn

Wn
n = = =(1+a . (1.8)
" Yn—1 T 1wp—1 ( )anl

This means that, if the noise can be disregarded, the growth rate o can
be determined by this transformation.

On the other hand, if y, is represented as the product of a periodic
function s, with the cycle p and the noise wy,,

Yn = Sn*Wn, Sn = Sn—p (1.9)
then the annual changes x;, can be expressed by
Yn SnWn Wn

Xy = = = . (1.10)
Yn—p  Sn—pWn—p  Wn—p

This suggests that the periodic function is removed by this transforma-
tion.

Figure 1.3 shows the change from the previous month and the annual
change of the WHARD data shown in Figure 1.1(e). The trend compo-
nent is removed by the change from the previous month. On the other
hand, the annual periodic component is removed by the annual change.
By means of this transformation, significant drops are revealed in the
vicinity of n =40 and n = 100.

1.4.4 Moving average

Constructing a moving average is a simple method for smoothing time
series with random fluctuations. For a time series y,, the (2k+ 1)-th term
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moving average of y, is defined by

k
T, 2k+1 Z Vi (1.11)

When the original time series is represented by the sum of the straight
line ¢, and the noise w,, as

Yp=th+Wy, t,=a-+bn, (1.12)

where w, is an independent noise with mean 0 and variance o2, then the
moving average is given by

1 k
Tn:fn‘FZk—_Hj;kWnJrj- (1.13)

Here, since the sum of the independent noises satisfies

E[ i WnJrj] = Zk: E[wn+j] =0,

j=—k j=—k
k 2 k 5
EK L W"*") ] = Y E[0n)’] = @+ 10 (114
j=—k j=—k
Hence
1 k o?
ar<2k+1j_kwn+j> Zm. (1.15)

This shows that the mean of the moving average T, is the same as that
of #,, and the variance is reduced to 1/(2k+ 1) of the variance of noise
term wy,.

Figure 1.4 shows the original maximum temperature data in Figure
1.1(c) and its moving averages for k = 5,17 and 29. It can be seen that
the moving averages yield smoother curves as k becomes larger.

In general, the weighted moving average is defined by

k
=Y Wiyn—j, (1.16)
J=—k

k
where the weights satisfy Z wj=1landw; > 0.
j=—k
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Figure 1.4 Maximum temperature data and its moving average. Top left: original
data, top right: moving average with k =5, bottom left: k = 17, bottom right:
k=20.

If we modify the definition of a moving average by using the median
instead of the average, we obtain the (2k + 1)-th term moving median
that is defined by

T, = median {T,, 4, -, T, -, Tk }- (1.17)

The moving median can detect a change in the trend more quickly than
can the moving average.

1.5 Organization of This Book

The main aim of this book is to provide basic tools for modeling vari-
ous time series that arise for real-world problems. Chapters 2 and 3 are
basic chapters and introduce two descriptive approaches. In chapter 2,
the autocovariance and autocorrelation functions are introduced as basic
tools to describe univariate stationary time series. The cross-covariance
and cross-correlation functions are also introduced for multivariate time
series. In Chapter 3, the spectrum and the periodogram are introduced as
basic tools for the frequency domain analysis of stationary time series.
For the multivariate case, the cross spectrum and the power contribution
are also introduced.

Chapters 4 and 5 discuss the basic methods for statistical model-
ing. In Chapter 4, typical probability distributions are introduced. Then,
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based on the entropy maximization principle, the likelihood function, the
maximum likelihood method and the AIC criterion are derived. In Chap-
ter 5, under the assumption of linearity and normality of the noise, the
least squares method is derived as a convenient method for fitting various
statistical models.

Chapters 6 to 8 are concerned with ARMA and AR models. In Chap-
ter 6, the ARMA model is introduced and the impulse response func-
tion, the autocovariance function, partial autocorrelation coefficients, the
power spectrum and characteristic roots are derived from the ARMA
model. The multivariate AR model is also considered in this chapter and
the cross-spectrum and power contribution are derived. The Yule-Walker
method and the least squares method for fitting an AR model are shown
in Chapter 7. In Chapter 8, the AR model is extended to the case where
the time series is piecewise stationary and an application of the model to
the automatic determination of the change point of a time series is given.

Chapter 9 introduces the state-space model as a unified way of ex-
pressing stationary and nonstationary time series models. The Kalman
filter and smoother are shown to provide the conditional mean and vari-
ance of the unknown state vector, given the observations. It is also shown
that we can get a unified method for prediction, interpolation and param-
eter estimation by using the state-space model and the Kalman filter.

Chapters 10 to 13 show examples of the application of the state-
space model. In Chapter 10, the exact maximum likelihood method for
the ARMA model is shown. The trend models are introduced in Chapter
11. In Chapter 12, the seasonal adjustment model is introduced to de-
compose seasonal time series into several components such as the trend
and seasonal components. Chapter 13 is concerned with the modeling of
nonstationarity in the variance and covariance. Time-varying coefficient
AR models are introduced and applied to the estimation of a changing
spectrum.

Chapters 14 and 15 are concerned with nonlinear non-Gaussian state-
space models. In Chapter 14, the non-Gaussian state-space model is in-
troduced and a non-Gaussian filter and smoother are derived for state
estimation. Applications to the detection of sudden changes of the trend
component and other examples are presented. In Chapter 15, the Monte
Carlo filter and smoother are introduced as a very flexible method of fil-
tering and smoothing for very general nonlinear non-Gaussian models.

Chapter 16 shows methods for generating various random numbers
and time series that follow an arbitrarily specified time series model.

Algorithms for nonlinear optimization and the Monte Calro fil-
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ter/smoother and the derivations of the Levinson’s algorithm and the
Kalman filter are shown in Appendices.

Problems

1. What is necessary to consider when discretizing a continuous time
series?

2. Give an example of a non-Gaussian time series and describe its char-
acteristics.

3.(1) Obtain the inverse transformation of the logit transformation (1.1).

(2) Find a transformation from (a,b) to (—o0,00) and find its inverse.

4. Describe the problem in constructing a stationary time series from a
nonstationary time series by differencing.

5. Describe the problem in removing cyclic components by annual
changes.

6.(1) Show that if the true trend is a straight line, then the mean value
does not change for the three-term moving average, and that the
variance becomes 1/3 of the observed data variance.

(2) Discuss the differences between the characteristics of the moving
average filter and the moving median filter.






Chapter 2

The Covariance Function

In this chapter, the covariance and correlation functions are presented
as basic methods to represent stationary time series. The autocovariance
function is a tool to represent the relation between past and present val-
ues of time series and the cross-covariance function is to express the
relation between two time series. These covariance functions are used to
capture features of time series to estimate the spectrum and to build time
series models.

2.1 The Distribution of Time Series and Stationarity

The mean and the variance of data are frequently used as basic statistics
to capture characteristics of random phenomena. A histogram is used to
represent rough features of the data distribution. Therefore, by obtaining
the mean, the variance and the histogram, it is expected to capture some
aspects or features of the data.

Accordingly, we shall investigate whether these statistics are useful
for the analysis of time series. The upper plots (a) and (b) in Figure 2.1
illustrate the histograms of the two time series (a) a ship’s yaw rate and
(1) the ship’s rolling as shown in Figure 1.1. However, although the time
series in plot (a) of Figure 1.1 is apparently different from that in plot
() of Figure 1.1, the histogram shown in Figure 2.1 (a) is quite similar
to that shown in (b) of Figure 2.1. This means that histograms cannot
capture some aspects of the characteristics of the time series that are
visually apparent.

Figures 2.1 (c) and (d) are scatterplots obtained by putting y,_» on
the horizontal axis and y, on the vertical axis, for the yaw rate and the
ship’s roll data, respectively. Similarly, Figures 2.1(e) and (f) show scat-
terplots obtained by putting y,_4 on the horizontal axis, again with the
time series as before. The scatterplot in (c) shows that the data are dis-
tributed evenly within a circle in the vicinity of the origin and this indi-
cates that, in the case of the yaw rate, there is little correlation between

Yn and y,_o.

17
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Figure 2.1: Histograms and scatterplots of the yaw rate and rolling of a ship.
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On the other hand, the scatterplot shown in (d) are concentrated in
a neighborhood of a straight line with positive slope, indicating that y,
has significant positive correlation with y,_,. However, for the scatter-
plot (e), a negative linear relation is seen, and that indicates a negative
correlation between y, and y,_4 such a correlation is not evident at all
for the plot (f).

These examples show that, in the analysis of time series, it is not
possible to capture the essential features of time series by the marginal
distribution of y, that is obtained by ignoring the time series structure.
Consequently, it is necessary to consider not only the distribution of y,
but also the joint distribution of y, and y,_1, y, and y,,_», and in general
vn and y,_x. The properties of these joint distributions can be concisely
expressed by the use of covariance and correlation coefficients of y, and
Yn—k-

Given a time series y1, - - -, yn, the expectation of the time series yj, is
defined by

M = E(yn) (2.1)

and is called the mean value function. Here E(y) denotes the expectation
with respect to the distribution of y. The covariance of a time series at
two different times y, and y,_ is defined by

COV(ynaynfk) = E{(J’n - ”n)()’nfk - ”nfk)} (2.2)

and is called the autocovariance of the time series y,, (Box and Jenkins
(1970), Brockwell and Davis (1991)). For k = 0, we obtain the variance
of the time series at time n, Var(yy).

In this chapter, we consider the case when the mean, the variance,
and the covariance do not change over time n. That is, we assume that
for an arbitrary integer /, it holds that

E(y.) = E(u-0) (2.3)
Var(y,) = Var(y,—¢)
Cov(yn,ym) = Cov(¥n_g,Ym—t)-

A time series with these properties is called weakly stationary or covari-
ance stationary. In Chapter 8 and later, sophisticated models are intro-
duced for the analysis of general nonstationary time series for which the
mean and the covariance change with time.

If the data are distributed as a normal (Gaussian) distribution, the
characteristics of the distribution are completely determined by the
mean, the variance and the covariance. However, such an assumption



20 THE COVARIANCE FUNCTION

does not hold for many actual data. In such a situation, it is recommended
to draw a histogram of the data. The histogram might reveal a difference
in the distributions even though the two sets of data have the same mean
and variance.

Therefore, the features of a time series cannot always be captured
completely only by the mean, the variance and the covariance function.
In general, it is necessary to examine the joint probability density func-
tion of the time series y;,---,yn, i.€., f(¥1,+--,yn). For that purpose, it is
sufficient to specify the joint probability density function f(y; ,---,y; )
of y;,,---,y;, for arbitrary integers k and arbitrary time points satisfying
I <ip <-+- <lig.

In particular, when this joint distribution is a k-variate normal distri-
bution, the time series is called a Gaussian time series. The features of a
Gaussian time series can be completely captured by the mean vector and
the variance-covariance matrix.

When the distribution of a certain time series is invariant with re-
spect to a time shift and the probability distribution does not change
with time, the time series is called strongly stationary. Namely, a time
series is called strongly stationary, if its distribution function satisfies the
following relation

f(yila"'ayik):f(yil—(/,a"'ayik—(/,)a (24)

for an arbitrary time shift ¢ and arbitrary time points i, - -, .

As noted above, the properties of Gaussian distributions are com-
pletely specified by the mean, the variance and the covariance. There-
fore, for Gaussian time series, weak stationarity is equivalent to strong
stationarity.

2.2 The Autocovariance Function of Stationary Time Series

Under the assumption of stationarity, the mean value function y, of a
time series becomes a constant and does not depend on time n. Therefore,
for a stationary time series, it can be expressed as

p=E(yn), 2.5

where U is called the mean of the time series y,. Further, the covariance
of y, and y, ¢, Cov(ys,yu—_x), becomes a value that depends only on the
time difference k . Therefore, it can be expressed as

G = COV(yn»ynfk) = E{ (yn - ﬂ)(ynfk - ”)}v (2.6)
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and it is called the autocovariance function of the stationary time series
(Box and Jenkins (1970), Brockwell and Davis (1991), Shumway and
Stoffer (2000)). Here, k is called the lag or the time lag. When k = 0,
the autocovariance function is equal to the variance of y,. The autoco-
variance function is an even function, i.e., Cy = C_y, and it satisfies the
inequality |C¢| < Co.

The correlation coefficient between y, and y,_; is given by

Rk — Cov(yl’l)yl’l—k) (2'7)

)
V Var(yn)var(yn—k)
and by regarding it as a function of lag k, it is called the autocorrelation
function.
For a stationary time series, since it is the case that

Var(y,) = Var(y, ) = Co, 2.8)

the autocorrelation function is easily obtained from the autocovariance

function as
_G

=&
Example (White noise)  When a time series y, is a realization of an
uncorrelated random variable with autocovariance function

o o k=0 (2.10)
““lo k0, '

Ry 2.9)

it is called a whife noise with variance 2. Obviously, the autocorrelation
function of a white noise is givenby Ry =1, Ry =0 fork=+1,£2....

2.3 Estimation of the Autocovariance and Autocorrelation
Functions

When a stationary time series {y;,---,yn} is given, the mean , the auto-
covariance function C; and the autocorrelation function R;, are estimated
by

1 N
i = —Yy, 2.11
i N;? (2.11)
. 1 ¥ N .
G = 5 L On=B)0ns—0) (2.12)
n=k+1
R, = %, (2.13)
Co
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respectively. Here [l is called the sample mean, Cy, is the sample autoco-
variance function, and Ry, is the sample autocorrelation function.
For Gaussian process, the variance of the sample autocorrelation Ry
is given approximately by (Bartlett (1948), Box and Jenkins (1970))
p I $ 2 2p2
var(Ry) ~ ¥ Y {RI4+Rj_iRjx —4RiRjR;_ +2RiR; }. (2.14)

j=—o0

Therefore, for time series for which all the autocorrelations R; are zero
for j > m for some m, the variance of Ry, k > m is given by

var(Ry) ~ Z R} = <1+2ZR2) (2.15)

_]_700

In particular, for a white noise sequence with Ry = 0 for k > 0, the
approximate expression is simply given by

N 1
var(Ry) ~ N (2.16)

This can be used for the test of whiteness of the time series. For example,
the standard error of ﬁk is 0.1, 0.032 and 0.01 for N = 100, 1000 and
10,000, respectively.

Example (Autocorrelation functions of time series) Figure 2.2
shows the sample autocorrelation functions of the time series shown in
the Figure 1.1 (a) — (f). In the case of the stationary time series of plot (a)
of Figure 2.2, the peaks of the sample autocorrelation function rapidly
decay to 0 with a cyclic fluctuation of period 8 or 9 as the lag increases.
In the plot (b), the autocorrelation function of the log-transformed se-
ries is illustrated, because the original data reveal significant asymmetry.
The peaks of the sample autocorrelation function repeatedly appear at
an almost 10-year cycle corresponding to the approximate 10-year cy-
cle of the sunspot data, and the amplitude of the sample autocorrelation
gradually decreases as the lag increases. The amplitude of the sample au-
tocorrelation function in plot (c) shows extremely slow decay, because a
smooth annual trend is seen in Figure 1 (c). These distinct features are
common to most nonstationary time series with a drifting mean value.
For the economic time series of plot (d), a one-year cycle in the sam-
ple autocorrelation function is seen corresponding to the annual cycle
of the time series. However, the amplitude of the sample autocorrelation
function decreases more slowly than those of (b) because of the presence
of a trend in the time series. For the economic time series of plot (e), the
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(b) Sunspot number
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Figure 2.2: Sample autocorrelation functions.

value of the data increases over time and the amplitude grows along with
it. Therefore, the data have been log-transformed prior to computing the
sample autocorrelation function. For the earthquake data of plot (f), the
fluctuation of the sample autocorrelation function continues for a con-
siderably long time with an approximate 10-second cycle after a sudden

reduction in the amplitude.
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Role rate

Pitch rate

Rudder angle

Figure 2.3: Histograms and scatterplots of ship’s data.

2.4 Multivariate Time Series and Scatterplots

Simultaneous records of random phenomena fluctuating over time are
called multivariate time series. An {-variate time series is expressed as
Vo= (n(1),---,y. (€))7, where y,(j), j=1,--,£, is the j-th time series
at time n. Here v/’ denotes the transpose of the vector v.

The characteristics of a univariate time series are expressed by the
autocovariance function and the autocorrelation function. For multivari-
ate time series, it is necessary to consider the relation between different
variables.

As stated in the previous chapter, the first approach to time series
analysis is illustrating them with graphs. In the case of a multivariate
time series y, = (y4(1),---,y,(¢))7, the relation among the variables can
be understood by examining the scatterplot. The scatterplot of the time
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series y,(i) versus y,(j) is obtained by plotting the point (y,(i), y»(/))
on the 2-dimensional plane with y, (i) shown on the horizontal axis and
yn(j) on the vertical axis.

Example In Figure 2.3, off-diagonal plots show the scatterplots of the
3-variate ship’s data (roll rate, pitch rate and rudder angle) that are shown
in Figure 1.1 (i), and the diagonal plots show histograms of the time
series y,(1),y,(2) and y,(3).

Negative relations between two variables can be seen in the scatter-
plots of the roll rate and the pitch rate and also of the roll rate and the
rudder angle. On the other hand, the scatterplot of the roll rate and the
rudder angle are scattered over the whole region, which indicates that the
simultaneous correlation is negligible between these two variables.

Figure 2.4 shows the histograms and the scatterplot of the ground-
water level data and the barometric pressure shown in Figure 1.1 (h).
In the scatterplot, we see that the data points are concentrated near the
diagonal of negative inclination. From the figures, we can see that the
variation in the groundwater level corresponds closely to the variation in
the barometric pressure.

Groundwater level

Air pressure

Figure 2.4 Histograms and scatterplot of the groundwater level and barometric
pressure data.
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As shown in the above examples, the relationships between two vari-
ables can be observed in the scatterplots. As was the situation with uni-
variate time series, the relationship is not limited to the simultaneous
case. For multivariate time series, we have to consider the relations be-
tween variables of y, and y,_, i.e., y,(i) and y,_¢(j).

Therefore, to consider the relations among the multivariate time se-
ries, it is necessary to examine the scatterplots of y, (i) and y,_(j) for
all combinations of i, j, and k. To express such relations between vari-
ables with time delay, we use the cross-covariance and cross-correlation
functions that will be introduced in Section 2.5.

2.5 Cross-Covariance Function and Cross-Correlation Function

Univariate time series are characterized by the basic statistics, i.e., the
mean, the autocovariance function and the autocorrelation function. Sim-
ilarly, the mean vector, the cross-covariance function, and the cross-
correlation function are used to characterize the multivariate time series

yu= (1), (€))7
The mean of the i-th time series y, (i) is defined by

u(i) =E{y (i)}, (2.17)

where pt = (u(1),---, (€))7 is called the mean vector of the multivari-
ate time series y;,.

The covariance between the time series, y,(i), and the time series
with time lag k, y,_x(/) is defined by

Celij) = Cov(ya(i).yu-k())
= E{(n() ~p@) tns)-0()"}, @18)

where the ¢ x £ matrix
Ck(lvl) Ck(lae)
Cy = : : (2.19)
Ck(eal) Ck(&e)
is called the cross-covariance matrix of lag & (Box and Jenkins (1970),
Akaike and Nakagawa (1989), Brockwell and Davis (1991)).
Considering Cy, k= 0,1,2,---, as a function of lag k, it is called
a cross-covariance function. Here, the diagonal element Ci(i,i) of the

cross-covariance function is the autocovariance function of the i-th time
series yy(i).
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The correlation coefficient between y, (i) and y, (/) is defined by

Rk(ivj) = Cor(yn(i)vynfk(j))
Ck(la])
S (Y — (2.20)
VCo(i,i)Co(J, J)
and the ¢ x ¢ matrix
S : 2.21)

e { Re(£,1) N Rk(:é,E)J

is called the cross-correlation function.

The autocovariance function and the autocorrelation function are
even functions and satisfy C_; = C; and R_; = Ry. For the multivari-
ate time series, however, the cross-covariance function and the cross-
correlation function do not have these symmetries in general. However,
the relations

Ci=Cl', R_;=R! (2.22)

do hold, so that it is sufficient to consider C; and R, only for k > 0.

When the multivariate time series {y;(j),---,yv(j)}, j=1,---,¢, of
length N are considered, estimates of the mean (i), the cross-covariance
function Cy(i, j), and the cross-correlation function R (i, j) are obtained
by

N
ai = =Y (2.23)

=1
N
Glid) = 7 X Ou) = RO)0wsl) R 224
n=k+1
A = —=SD (2.25)
Coli-i)Co().J)

Here, the (-dimensional vector fi = (1(1),... /ft(é))T is called the sam-
ple mean vector, the £ x £ matrix G = (Ci(i, j)) and Ry = (R (i, ), k=
0,1,...,i=1,...4,j =1,...¢, are called the sample cross-covariance
function and the sample cross-correlation function, respectively.

Example (Ship data)  Figure 2.5 shows the sample cross-correlation
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Figure 2.5 Autocorrelation functions and cross-correlation functions of ship’s
data.

function of the ship’s data consisting of roll rate, pitch rate and rud-
der angle as shown in Figure 1.1 (i). The graph in the i-th row and the
J-th column shows the correlation function Ry (i, j), k=0, - - -, 50. There-
fore, the three plots with bold frames on the diagonal of Figure 2.5 show
the autocorrelation function R (i,i) and other six plots show the cross-
correlation function R (i, j).

From these figures, it can be seen that the roll rate and the rudder
angle fluctuate somewhat periodically. On the other hand, the autocorre-
lation function of the pitch rate is complicated. Furthermore, the figures
indicate a strong correlation between the roll rate and the rudder angle,
because the autocorrelation function of the roll rate is similar to that of
the rudder angle and the cross-correlation Ry (1,3) between the rudder
angle and the roll rate is very high.
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Figure 2.6 Autocorrelation functions and cross-correlation functions of the
groundwater level and barometric pressure data.

Example (Grandwater level data) Figure 2.6 shows the cross-
correlation function between the groundwater level data and the baro-
metric pressure data illustrated in Figure 1.1(h). A very strong correla-
tion between the two variables is seen.

Problems

1. Show that a weakly stationary Gaussian time series is strongly sta-
tionary.

2. Is a strongly stationary time series weakly stationary?

3. Show that the autocovariance function of a stationary time series is an
even function.

4. Obtain the autocovariance function of a time series that satisfies y, =
vy — cvp—1, Where |¢| < 1 and v, is a white noise with mean 0 and
variance 1.

5. Assuming that Cy,Cy, ..., is the autocovariance function of a station-
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ary time series, show that the matrix

G G - G

C— le Co
. KR . C1
G - C G

is positive semi-definite.

6.(1) What is the expected value of the sample autocovariance function
G2
(2) Discuss the reason that the sum is divided by N, not by N —k, in
the definition of the sample autocovariance function.
7.(1) Assuming that the time series is a Gaussian white noise, obtain the
distributions of C; and Ry.

(2) Using the results of (1), consider a method for checking whether
or not a time series is white.



Chapter 3

The Power Spectrum and the
Periodogram

In this section, the spectral analysis method is introduced as a basic tool
for stationary time series analysis. By means of spectral analysis, we
can capture the characteristics of time series by decomposing time se-
ries into trigonometric functions at each frequency and by representing
the features with the strength of each periodic component. The subjects
discussed here will lead to the definition of the power spectrum and the
periodogram of time series, computational methods, variance reduction
and smoothing methods. Moreover, an efficient method of computing pe-
riodograms is presented using fast Fourier transforms (FFT). The readers
interested in the spectral analysis of time series are referred to Brillinger
(1974), Bloomfied (1976), Akaike and Nakagawa (1989) and Brockwell
and Davis (1991).

3.1 The Power Spectrum

If the autocovariance function Cy rapidly decreases as the lag k increases

and satisfies
oo

Z |Ck| < o0,

k=—o00

we can define the Fourier transform of Cy.
The function defined on the frequency —1/2 < f < 1/2,

p(f) = Y Cre?™M, 3.1

k=—00

is called the power spectral density function or simply the power spec-
trum.

Since the autocovariance function is an even function and satisfies
Cy = C_y, the power spectrum can also be expressed as

31



32 THE POWER SPECTRUM AND THE PERIODOGRAM

Cr logp(f)
1 2
1 —
O —
0
-1 T ko T T T T f
0 10 20 0.0 0.1 02 03 04 05
(a) Autocorrelation function (b) Power spectrum
Yn
4
2 —
O —
—2 4
-4 \ \ \ n
0 50 100 150 200

(c) Simulated time series

Figure 3.1 Autocorrelation function, power spectrum, and realization of a white
noise with variance 6> = 1.

io: Crcos(2mkf) —i i Cysin(27kf)

k=—00 k=—o00

=
e
I

Y Cicos2mkf=Co+2) Cicos2mkf. (3.2)
k=—o00 k=1

The power spectrum represents a time series in terms of trigonomet-
ric functions with various frequencies and expresses the characteristics
of a time series by the magnitudes of these cyclic components. On the
other hand, if a power spectrum is given, then the autocovariance func-
tion can be obtained via the inverse Fourier transform

C, = /_i p(f)e¥ gf = /_i p(f)cos2mkf df. (3.3)
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(c) Simulated time series

Figure 3.2 Autocorrelation function, power spectrum, and realization of a first-
order AR model with a = 0.9.

Example (The power spectrum of white noise)  The autocovariance
function of a white noise is given by Cy = 6% and C; = 0 for k # 0.
Therefore, the power spectrum of a white noise becomes

p(f) = i Crcos2mkf = Co = 62, (3.4)

k=—o00

taking a constant value for any frequency f. It means that a white noise
contains cyclic components of various frequencies with the same mag-
nitude. Plots (a), (b) and (c) in Figure 3.1 show the autocorrelation func-
tion and the power spectrum of a white noise with variance 62 = 1 and
realizations of white noise generated by the simulation. The simulation
method for a time series from an assumed model will be introduced later
in Chapter 16.

Example (Power spectrum of an AR model)  Assume that wj, is a
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Figure 3.3 Autocorrelation function, power spectrum, and realization of a first-
order AR model with a = —0.9.

white noise with variance ¢2. If a time series is generated by a first-
order autoregressive model y, = ay,_1 +w,, the autocovariance function
is given by C; = 6%(1 —a?)~'al*l and then the power spectrum of this
time series can be evaluated as

2 2

o . o
|1 —ae=27if|2 1 —2acos2nf+a?’

p(f)=

(3.5)

Plots (a), (b) and (c) of Figure 3.2 show the autocorrelation func-
tion, the power spectrum and the realization, which were generated by
the simulation for a first autoregressive model with a = 0.9. Similarly,
Figure 3.3 shows the case of a first-order autoregressive model with a
negative coefficient a = —0.9. The autocorrelation function is very wig-
gly, and unlike the case of positive coefficient, the power spectrum is an
increasing function of the frequency f.

If a time series follows a second-order AR model y, = a;y,_1 +
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Figure 3.4 Autocorrelation function, power spectrum, and realization of a
second-order AR model with a; = 0.9+/3 and a = —0.81.

aryn_» + wy, the autocorrelation function satisfies

jJ—
1—612

, Ry=aiR_1 +axRy_2, (3.6)

and the power spectrum can be evaluated as

o2

p(f) = 1 — a1e—27if —_ gre—4mif|2
1 2

2
o
— . (37
1 —2ai(1 —az)cos2nf —2arcos4nf +aj+a;

Figure 3.4 shows (a) the autocorrelation function, (b) the power spec-
trum and (c) a realization, which were generated by the simulation for
a second-order AR model with a; = 0.9v/3 and a = —0.81. The auto-
correlation function is oscillatory, and the power spectrum has a peak
around at f = 0.1.
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3.2 The Periodogram

Given a time series yy,-- -, yn, the periodogram is defined by
N=1 _ . N=1
pi= Y G e~2mikfj — 6o 42 Y Cicos2mkf), (3.8)
k=—N+1 k=1

where the sample autocovariance function Cy is substituted for the auto-
covariance function Cy, of equations (3.1) and (3.2).

In the definition of the periodogram, we consider only the natural
frequencies defined by f; = j/N,j =0,---,[N/2]. Here [N/2] denotes
the maximum integer, which does not exceed N/2. An extension of the
periodogram

N—1
=Y GCe ™, -05< /<05 (39
k=—N+1

obtained by extending the domain to the continuous interval [0,1/2] is
called the sample spectrum.

In other words, the periodogram is obtained from the sample spec-
trum by restricting its domain to the natural frequencies. Corresponding
to the relations of (3.3), the following relation holds between the sample
spectrum and the sample autocovariance function,

1
ék: 21 ﬁ(f)ezmkfdf’ k:())...’N_]_ (3.10)

I

Example (Periodograms)  Figure 3.5 shows the periodograms of the
univariate time series corresponding to Figures 1.1 (a)—(f). Note that the
vertical axis here has a logarithmic scale.

Plot (a) shows the periodogram of the ship’s yaw rate. A fairly strong
periodic component with an approximate 10-second period, i.e., f = 0.1,
is observed.

Plot (b) shows the periodogram of the annual sunspot number series.
A strong periodic component with an approximate 10-year period (f =
0.1) is shown. However, because of the strong variation, other periodic
components cannot be clearly seen.

In the periodogram of the maximum temperature data shown in plot
(c), there is no apparent periodicity.

In the periodogram of the BLSALLFOOD data shown in plot (d),
a sharp peak is seen at the frequency f = 1/12 corresponding to the
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Figure 3.5: Periodograms of the data of Figure 1.1 (on a logarithmic scale).
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seasonal components. The frequencies of the other four peaks are integer
multiples of the frequency of the main peak and are considered to be the
higher harmonics of the nonlinear waveform.

Similar peaks can be seen in the WHARD data shown in plot (e), but
they are not as significant as the ones shown in plot (d).

The periodogram of seismic wave data of plot (f) shows two plateaus
around f = 0.1 and f = 0.25, and sharp peaks are seen at f = 0.07 and
f=0.1.

We note the properties of the periodogram hereafter. The peri-
odogram and the sample spectrum are asymptotically unbiased and sat-
isfy

o0
Jim E{p(£)} = p(f) = k Y. Cicos2mkf. (3.11)
=—00

This means that at each frequency f, the expectation of the sample spec-
trum converges to the true spectrum as the number of data points in-
creases. However, it does not imply the consistency of p(f), that is, the
sample spectrum p(f) does not necessarily converge to p(f) as the num-
ber of data points increases. Actually,

2p(f) . 2PUiy0)
p(f) 7 Py )

(3.12)

independently follow the x2 distribution with two degrees of freedom,
and p(0)/p(0) and p(0.5)/p(0.5) follow the x? distribution with one
degree of freedom. Therefore, the variance of the periodogram is con-
stant, independent of the sample size N. Thus the periodogram cannot
be a consistent estimator.

Example (Sample autocorrelation functions and periodograms)
Figures 3.6 (a) and (b) show the sample autocorrelation function and
the periodogram, respectively, of the realizations of white noise with a
sample size N = 200, which are generated similarly to Figure 3.1(c).
Sample autocorrelations are close to zero and are almost contained in
the confidence interval [-200~1/2,200~!/2] ~ [~0.07,0.07]. The theo-
retical spectrum of the white noise is a constant, log p(f) = 0 in this case.
However, the periodogram fluctuates sharply, indicating that it cannot be
a good estimate of the spectrum.

Figures 3.6 (c)—(f) show the sample autocorrelation functions and
the periodogram of realizations of white noise with sample sizes 800 and
3200. The sample autocorrelations Ce converge to the true value Cy, as the
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Figure 3.6 Sample autocorrelation functions and periodograms in a logarithmic

scale: sample sizes n = 200, 800, 3200.
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Figure 3.7: Raw spectra of a white noise.

data length increases. On the other hand, the amount of variation in the
periodogram does not decrease even when the data length increases and
the frequency of the variation increases in proportion to N. This suggests
that the sample spectrum will never converge to the true spectrum, even
if the data length increases without limit. This reflects the fact that the
sample spectrum is not a consistent estimator of the spectrum.

3.3 Averaging and Smoothing of the Periodogram

In this section, we shall consider a method of obtaining an estimator that
converges to the true spectrum as n increases. Instead of (3.8), define p;
by

A L71 A
pj=Co+2Y Crcos2mkf;, (3.13)
k=1

for the frequencies f; = j/2L for j =0,---,L, where L is an arbitrary
integer.

The p; defined in this way is called the raw spectrum. Figures 3.7 (a)
and (b) show the raw spectrum p; for the data shown in Figures 3.6 (c)
and (e), respectively, setting L = 200. In this case, the range of vertical
variation decreases as the number of data points increases. This suggests
that, by using a fixed lag L, the raw spectrum p; defined by (3.13) con-
verges to the true spectrum.

In the definition of the periodogram (3.8), the sample autocovari-
ances are necessary up to the lag N — 1. However, by just using a fixed
number, L — 1, of autocovariances, the raw spectrum converges to the
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Table 3.1 Variances of the periodogram and the logarithm of the periodogram
obtained from (3.8) and (3.14).

Data length N 200 800 3200

pj by (3.8) 1.006 0.998 1.010
pj by (3.14) 1.006 0.250 0.061

logp;by (3.8) 0318 0309 0315
logp; by (3.14) 0318 0.053 0.012

true spectrum as the number of data points (i.e., N) increases. On the as-
sumption that the number of data points N increases according to N = /L,
{=1,2,---, computing the raw spectrum with the maximum lag L — 1 is
equivalent to applying the following procedures.

Firstly, divide the time series yj,---,y, into N/L sub-series of length
L, y&'), . ,yp, i =1,---,N/L, namely, y&’) = Y(i—1)1+j» and a peri-
1
i A
1,---,N/L. After calculating the periodogram py), j=0,---[L/2];i=
1,--+,N/L, the averaged periodogram is obtained by averaging the N/L
estimates for each j =0,---,[L/2],

odogram p;’, j=0,---,[L/2] is obtained from each sub-series for i =

1 N/L

pjzﬁzip@. (3.14)

By this procedure, the variance of p(-i) does not change, even if the
number of data points, N, increases as ¢,2¢, - - -, L{. However, since p; is
obtained as the mean of ¢ periodograms, py)
of pj becomes 1/¢ of the variance of p(-i). Therefore, the variance of p;
converges to 0 as the number of data points N, or £ increases to infinity.

,i=1,---,¢, the variance

Table 3.1 shows the variances of the periodogram and the logarithm
of the periodogram obtained using Eqs. (3.8) and (3.14), respectively.
The variances of the periodogram obtained by Eq. (3.8) do not change as
the number of data points increases. Note that the theoretical variances
of the periodogram and the log-periodogram are 1 and 2 /6(log 10), re-
spectively. However, those obtained by (3.14) are inversely proportional
to the data length. The reduction in the variances is also seen for the log-
arithm of the periodogram. In this case, the variances are reduced even
faster.



42 THE POWER SPECTRUM AND THE PERIODOGRAM

Table 3.2: Hanning and Hamming windows.

‘Window m W() W1

Hanning 1 0.50 0.25
Hamming 1 0.54 0.23

Summarizing the above argument, although the periodogram does
not converge to the true spectrum with the increase in the number of data
points, we can obtain an estimate of the spectrum that converges to the
true spectrum by fixing the maximum lag, L, in computing the Fourier
transform (3.13).

Here, note that the raw spectrum of (3.13) does not exactly agree
with the averaged periodogram (3.14), and sometimes it might happen
that p; < 0. To prevent this situation and to guarantee the positivity of
pj, we need to compute p; by (3.14). However, in actual computation,
the raw spectrum is smoothed by using the spectral window. That is,
for a given spectral window W;, i = 0,%1,---,4+m, an estimate of the
spectrum is obtained by

m
pi=Y Wipji ji=0,1,---[L/2], (3.15)
I=—m

where p_j = p; and pj; /14 = pj1/2)—i- By properly selecting a spectral
window, we can obtain an optimal estimate of the spectrum that is always
positive and with smaller variance. Table 3.2 shows some typical spectral
windows. Note that they are symmetric, W_; = W;, and also satisfy W; >
0 to guarantee that p; > 0.

Example (Smoothed periodograms) Figure 3.8 shows the smoothed
periodograms obtained by putting L = 2v/N and applying the Hanning
window to the data shown in Figure 3.5. When the number of data points
is large, as occurs in Figures 3.8 (a) and (f), the fluctuations become
fairly small, so that reasonable estimates of the spectrum are obtained.
However, in Figures 3.8 (d) and (e), the line spectra corresponding to the
annual cycle become unclear due to the smoothing operation, although
they can be clearly detected by the original periodogram as shown in
Figure 3.5. We need to make a compromise between the smoothness of
the estimate and sensitivity to the presence of significant peaks. This
problem can be solved by efficient use of time series models as will be
shown in Chapter 6.
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Figure 3.8 Smoothed periodograms of the data shown in Figure 1.1. Horizontal
axis: frequency f, vertical axis: periodogram on a logarithmic scale, log p(f).
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3.4 Computational Method of Periodogram

The Gortzel method is known to be an effective method of calculat-
ing Fourier transforms exactly. If the Fourier cosine transform and the
Fourier sine transform of the series xo, - - -,x; 1 are computed directly,

L-1 L—1
X(f) = Z xpcos(2rnf), X (f) = Z Xpsin(2znf),
n=0 n=0

L additions and multiplications and L evaluations of trigonometric func-
tions are necessary for each calculation.

However, by adopting the Gortzel method, based on the additive
theorem for trigonometric functions, to compute the Fourier transform
X.(f) and X;(f), we only need to evaluate the trigonometric functions
twice, i.e., cos27f and sin27 f. This algorithm is based on the following
properties of the trigonometric functions. If we put ag =0, a; = 1 and
generate ap,---,ar_1 by a, = 2a,_1cos2nf —a,_,, then sin27nf and
cos2mnf can be obtained by

sin2znf = a,sin2nf, cos2nnf=a,cos2xf—a,_q,

respectively.

3.5 Computation of the Periodogram by Fast Fourier Transform

As noted in the last section, the periodogram is obtained from the dis-
crete Fourier transform of the sample autocovariance function. In gen-
eral, N? addition and multiplication operations are necessary to calculate
the discrete Fourier transform of a series of length N. Consequently, it
takes a long time to compute the discrete Fourier transform when N is
very large.

On the other hand, the fast Fourier transform (FFT) provides us with
a very efficient algorithm. If the number of data points is of the form
N = p', then this method requires approximately N p¢ necessary opera-
tions, thus reducing the number of necessary operations by a factor of
Npl/N?* = pl/N. For instance, when N = 1024 = 2!° (or N = 4096 =
212 the number of necessary operations is reduced by a factor of ap-
proximately 1/50 (or 1/170).

However, if we calculate the periodogram by the formula (3.8), i.e.,
the Fourier transform of the sample autocovariance function, N /2 op-
erations are required to obtain the sample autocovariance function Cy,
k=0,---,N — 1. Therefore, it might be more efficient to apply the FFT
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algorithm directly to the time series to obtain the periodogram. The
Fourier transform, X, of a time series yy, - - -, yy is obtained by

M=
<
=

Xj _ 67271:i(n71)j/N
n=1
N
2n(n—1)j —1
= Zyncosni—IZynsm (n=1)j
n=1
= FC;—-iFS;, (3.16)
for j=0,---,N/L.
Then the periodogram is obtained by
2 N > FC24FS?
|X| Z 7277:1 (n=1)j/N| _ j+ J

pj= N (3.17)

It can be easily confirmed that the periodogram (3.17) agrees with the
periodogram obtained using the original definition (3.8). In particular,
when the length of the time series is N = 2¢ for some integer ¢, the FFT
is readily calculable.

For a time series of general length, i.e., not expressible in the form
of N = 2f, we might use the prime number factorization: N = pfl X oo X
plm. An alternative simple way of computing the periodogram by means
of the FFT algorithm is to apply the FFT after modifying the time series
by adding (2¢ — N) zeros behind the data, to make it of length N’ = 2°.
By this method, we can obtain the same value for the sample spectrum
that is calculated by equation (3.13) for the frequencies f; = j/N’, j =

- ,N'/2.

It should be noted here that we can compute the Fourier transform for
arbitrary frequencies f by using the original definition (3.13). However,
if the data length is N, the frequencies of the periodogram obtained by
the FFT algorithm are limited to f; = k/N.

Therefore, if N # 2¢, the periodogram obtained using the FFT is eval-
uated at different frequencies from those of the periodogram obtained di-
rectly, using the definition in Section 3.2. These differences are not very
crucial when the true spectrum is continuous. However, if the true spec-
trum contains line spectra or sharp peaks, the two methods might yield
quite different results.

Figure 3.9 (a) shows the realizations of the model that has two line
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Figure 3.9 Data with line spectrum and its periodograms obtained by (3.8) and
by FFT after adding 112 zeros.

spectra defined by

yn:cos% +cosz42+wn, (3.18)
where N = 400 and w, ~ N(0,0.01). Figure 3.9 (b) shows the peri-
odogram obtained from the data yy,---,y400 for which two line spectra
are seen at the frequencies f = 0.05 and f = 0.0125 corresponding to
the two trigonometric functions of (3.18). For other frequencies that cor-
respond to the white noise w,, the periodogram fluctuates around at a
certain level.

On the other hand, Figure 3.9 (c) shows the periodogram obtained by
using the FFT after generating the data with N/ = 512 = 2° by adding
112 zeros behind yq,---,y400. In this case, the periodogram (c) looks
quite different from the periodogram (b), because the frequencies to be
calculated for the periodogram (c) have deviated from the position of the
line spectrum.
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Figure 3.10: Yaw rate data, periodogram and FFT spectrum.

Figure 3.10 (a) duplicates the ship’s yaw rate data shown in Figure
1.1 (a). Plots (b) and (c) show the periodograms obtained using the orig-
inal definition and the FFT, respectively. This example shows that, if the
spectrum is continuous and does not contain any line spectra, the peri-
odogram obtained by using FFT after adding zeros behind the data is
similar to the periodogram obtained using the original definition.

Problems

1. Verify equation (3.2), that the power spectrum can be expressed using
a cosine function.

2. Using the results of Equation 4 of Chapter 2, obtain the power spec-
trum of the time series y, = v, — c¢v,_1, when v, is a white noise with
mean 0 and variance 1.
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3. If the autocovariance function is given by G = 62(1 —a?)~'all, ver-
ify that the power spectrum can be obtained using equation (3.5).

4. Show that the power spectrum of the time series (3.8) is given by
(3.17).

5. Show the asymptotic unbiasedness of the sample spectrum, i.e., that
Tim E [p(f)] = p(f):



Chapter 4

Statistical Modeling

In the statistical analysis of time series, measurements of a phenomenon
with uncertainty are considered to be the realization of a random vari-
able that follows a certain probability distribution. Time series models
and statistical models, in general, are built to specify this probability dis-
tribution based on data. In this chapter, a basic criterion is introduced
for evaluating the closeness between the true probability distribution and
the probability distribution specified by a model. Based on this criterion,
we can derive a unified approach for building statistical models includ-
ing the maximum likelihood method and the information criterion, AIC
(Akaike (1973,1974), Sakamoto et al. (1986) and Konishi and Kitagawa
(2008)).

4.1 Probability Distributions and Statistical Models

Given a random variable Y, the probability that the event Y < y occurs,
Prob(Y <y) can be defined for all real numbers y € R. Considering this
to be a function of y, the function of y defined by

G(y) =Prob(Y <y) 4.1)

is called the probability distribution function (or distribution function) of
the random variable Y.

Random variables used in time series analysis are usually continu-
ous, and their distribution functions are expressible in integral form

G(y) = [ ;Og(t)dt, (4.2)

with a function that satisfies g(¢) > 0 for —oo < 7 < co. Here, g(x) is
called a density function. On the other hand, if the distribution function
or the density function is given, the probability that the random variable
Y satisfies a <Y < b for arbitrary a < b is obtained by

G(b) - Gla) = / ’ (). 4.3)
49



50 STATISTICAL MODELING

In statistical analysis, various distributions are used to model charac-
teristics of the data. Typical density functions are as follows:

(a) Normal distribution (Gaussian distribution). The distribution with
density function

_ 1 (x—p)?
g(x) = Wexp{— P , —co<x<oo (44
is called a normal distribution, or a Gaussian distribution, and is de-
noted by N(u,c?). The mean and variance are given by u and o2,
respectively. N(0, 1) is called the standard normal distribution.

(b) Cauchy distribution. The distribution with density function

g(x)

T

:m, —00 <X <0 4.5)

is called a Cauchy distribution. u and t> are called the location
parameter and the dispersion parameter, respectively. Note that the
square root of dispersion parameter, 7, is called the scale parameter.

(c) Pearson family of distributions. The distribution with density func-
tion
c
X)=————""——
A (T

is called the Pearson family of distributions with central parameter
u, dispersion parameter 7> and shape parameter b. The value ¢ is a
normalizing constant given by ¢ = t2*~1T'(b)/(T'(b— 3)['(1)). This
distribution agrees with the Cauchy distribution for b = 1. Moreover,
if b= (k+ 1)/2 with a positive integer &, it is called the ¢-distribution
with k degrees of freedom.

—00 < x < 00 4.6)

(d) Exponential distribution. The distribution with density function

Ae M forx>0
g(x) = 4.7)
0 forx <0
is called the exponential distribution. The mean and variance are given
by A~! and A2, respectively.
(e) x? distribution (chi-square distribution).
The distribution with density function

1 x k_q
(x)— me 2x2 fOI‘)CZO (4 8)
8\X) = 7 .

0 forx <0
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is called the x? distribution with k degrees of freedom. Especially, for
k =2, it becomes an exponential distribution. The sum of the square
of k Gaussian random variables follows the y? distribution with k
degrees of freedom.

(f) Double exponential distribution. The distribution with density func-
tion

glx)y=¢e"°¢ 4.9)

is called the double exponential distribution. The logarithm of the
exponential random variable follows the double exponential distribu-
tion.

(g) Uniform distribution. The distribution with density function

b—a *1, fora<x<b
g(x>:{< : )

0, otherwise

(4.10)

is called the uniform distribution over [a,b).

Example  Figure 4.1 shows the density functions defined in (a)—(f)
above. By the simulation methods to be discussed in Chapter 16, data
¥1,--+,yn can be generated that take various values according to the den-
sity function. The generated data are called realizations of the random
variable. Figure 4.2 shows examples of realizations with the sample size
N = 20 for the distributions of (a)—(c) and (f) above.

If a probability distribution or a density function is given, we can
generate data that follow the distribution. On the other hand, in statis-
tical analysis, when data y;,---,yy have been obtained, they are con-
sidered to be realizations of a random variable Y. That is, we assume
a random variable Y underlying the data, and when we obtain the data,
we consider them as realizations of that random variable. Here, the den-
sity function g(y) defining the random variable is called the true model.
Since this true model is usually unknown for us, given a set of data, it is
necessary to estimate the probability distribution that generates the data.
For example, we estimate the density function shown in Figure 4.1 from
the data shown in Figure 4.2. Here, the density function estimated from
data is called a statistical model and is denoted by f(y).

In ordinary statistical analysis, the probability distribution is suffi-
cient to characterize the data, whereas for time series data, we have to
consider the joint distribution f(y;,---,yn) as shown in Chapter 2. In
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Figure 4.1: Density functions of various probability distributions.
Chapter 2, we characterized the time series yj,---,yy using the sample
mean [l and the sample autocovariance function Ci. The implicit as-
sumption behind this is that the N dimensional vector y = (yy,---,yn)"

follows a multidimensional normal distribution with mean vector I =
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Figure 4.2: Realizations of various probability distributions.

(@,---, )T and variance covariance matrix
(G G O]
N G Co - Cyo
C= . . . . . 4.11)
Cuot Cva o G

This model can express an arbitrary Gaussian stationary time series
very flexibly. However, it does not achieve an efficient compression of
the information contained in the data since it requires the estimation of
N + 1 unknown parameters, éo, e ,CN_l and i, from N observations.
On the other hand, stationary time series models that will be discussed
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in Chapter 5 and later can express the covariance matrix of (4.11) using
only a small number of parameters.

4.2 K-L Information and the Entropy Maximization Principle

It is assumed that a true model generating the data is g(y) and that f(y)
is an approximating statistical model. In statistical modeling, we aim at
building a model f(y) that is “close” to the true model g(x). To achieve
this, it is necessary to define a criterion to evaluate the goodness of the
model f(y) objectively.

In this book, we use the Kullback-Leibler information (hereinafter,
abbreviated as K-L information (Kullback and Leibler (1951)))

I(g;f)=Eylog{%}=/_Zlog{%}g(y)dy (4.12)

as a criterion. Here, Ey denotes the expectation with respect to the true
density function g(y) and the last expression in (4.12) applies to a model
with a continuous probability distribution. This K-L information has the
following properties:

(i)  I(g:f) 0
(i) 1(g:f) 0 = g=r0. (4.13)

The negative of the K-L information, B(g; f) = —I(g; f), is called
the generalized (or Boltzmann) entropy. When n realizations are ob-
tained from the model distribution f(y), the entropy is approximately
1/N of the logarithm of the probability that the relative frequency dis-
tribution coincides with the true distribution g(y). Therefore, we can say
that the smaller the value of the K-L information, the closer the prob-
ability distribution f(y) is to the true distribution g(y). Statistical mod-
els approximate the true distribution g(y) based on the data yj,---,yy,
whose goodness of approximation can be evaluated by the K-L informa-
tion, I(g; f). In statistical modeling, the strategy of constructing a model
so as to maximize the entropy B(g;f) = —I(g;f) is referred to as the
entropy maximization principle (Akaike (1977)).

v

Example (Kullback-Leibler information of a normal distribution
model)  Consider the case where both the true model, g(y), and the
approximate model, f(y), are normal distributions defined by

_ 1 (y—u)?
g(y|:u762) = \/ﬁexp{— 202 }
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_ 2
folE ) = \/zlﬂﬁe"p{_(ysz) } (4.14)

In this case, since the following holds:

1og{%}—%{1ogf—2—(y_“)2+(y_€)2}, 4.15)

the K-L information is

1 2 By(Y—p)?  Ey(Y-¢§)?
_ 5{1 TS UG 5)}
2 2 £\
- %{logr_ 1O HE) } (4.16)

If the true distribution g(y) is the standard normal distribution,
N(0,1), and the model f(x) is N(0.1,1.5), then the K-L information can
be easily evaluated as I(g; ) = (log1.5—1+1.01/1.5)/2 = 0.03940.

Similar to the above example, the K-L information I(g; f) is easily
calculated, if both g and f are normal distributions. However, for the
combination of general distributions g and f, it is not always possible
to compute /(g; f) analytically. Therefore, in general, to obtain the K-L
information, we need to resort to numerical computation. To illustrate
the accuracy of numerical computation, Table 4.1 shows the K-L infor-
mation with respect to two density functions g(y) and f(y) obtained by
numerical integration over [xg, x| using the trapezoidal rule

k

Z (xi) +h(xi_1)}, 4.17)

where k is the number of nodes and

X0 = Xk

X o= xo+(u —xo)é (4.18)
h(x) = g(x)log % (4.19)

Ax = Xk — X0 )

k
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Table 4.1 K-L information for various values of x, and k. (g: normal distribution
and f: normal distribution)

Xk k Ax I(g:f) G(xk)

4.0 8 1.000 0.03974041 0.99986319
40 16 0.500 0.03962097 0.99991550
40 32 0.250 0.03958692 0.99993116
4.0 64 0.125 0.03957812 0.99993527

6.0 12 1.000 0.03939929 1.00000000
6.0 24 0500 0.03939924 1.00000000
6.0 48 0.250 0.03939924 1.00000000
6.0 96 0.125 0.03939923 1.00000000

80 16 1.000 0.03939926 1.00000000
80 32 0.500 0.03939922 1.00000000
80 64 0.250 0.03939922 1.00000000
8.0 128 0.125 0.03939922 1.00000000

Table 4.1 shows the numerically obtained K-L information (g f)
and the G(x;), obtained by integrating the density function g(y) from
—Xxi to xg, for xo =4, 6 and 8, and k = 8, 16, 32 and 64. It can be seen
from Table 4.1 that if x is set sufficiently large, a surprisingly good ap-
proximation is obtained even with such small values of k as k = 16 or
Ax = 0.5. This is because we assume that g(y) follows a normal distri-
bution, and it vanishes to 0 very rapidly as |x| becomes large. When a
density function is used for g(y) whose convergence is slower than that
of the normal distribution, the accuracy of numerical integration can be
judged by checking whether G(x) is close to one.

Table 4.2 shows the K-L information obtained by the numerical in-
tegration when g(y) is assumed to be the standard normal distribution,
and f(y) is assumed to be the standard Cauchy distribution with = 0
and 72 = 1. It can be seen that even with a large Ax, such as 0.5, we can
get very good approximations of [(g: f), obtained by using a smaller Ax,
and G(x;) is 1 even for Ax = 0.5.

4.3 Estimation of the K-L Information and Log-Likelihood

Though the K-L information was introduced as a criterion for the good-
ness of fit of a statistical model in the previous section, it is rarely used
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Table 4.2 Numerical integration for K-L information with various values of k
when g(y) is the standard normal distribution and f(y) is a Cauchy distribution.

Xk k Ax i(gvf) é(xk)

80 16 1.000 0.25620181 1.00000001
8.0 32 0500 0.25924202 1.00000000
80 64 0.250 0.25924453 1.00000000
8.0 128 0.125 0.25924453 1.00000000

directly to evaluate an actual statistical model except for the case of a
Monte Carlo experiment for which the true distribution is known. In ac-
tual statistical analysis, the true distribution is unknown and thus the
K-L information cannot be calculated. In an actual situation, the data
y1,-++,yn are obtained instead of the true distribution g(y). Hereinafter
we consider the method of estimating the K-L information of the model
f(y) by assuming that the data y;,---,yn are independently observed
from g(y) (Sakamoto et al. (1986) and Konishi and Kitagawa (2008)).

According to the entropy maximization principle, the best model can
be obtained by finding the model that maximizes B(g; f) or minimizes
I(g; f). As a first step, the K-L information can be decomposed into two
terms as

I(g;f) =Eylogg(Y)—Eylog f(Y). (4.20)

Although the first term on the right-hand side of equation (4.20) cannot
be computed unless the true distribution g(y) is given, it can be ignored
because it is a constant, independent of the model f(y). Therefore, a
model that maximizes the second term on the right-hand side signifies
a good model. This second term is called expected log-likelihood. For a
continuous model with density function f(y), it is expressible as

Eylogf(Y) = / log f(v)g(y)dy. 4.21)

The expected log-likelihood also cannot be directly calculated when
the true model g(y) is unknown. However, because data y, is generated
according to the density function g(y), due to the law of large numbers,
it is the case that

1
N

™=

log f(yn) — Eylog f(Y), (4.22)

n=1
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as the number of data points goes to infinity, i.e., N — oo.

Therefore, by maximizing the left term, ZQJ:] log f(y,), instead of
the original criterion I(g; f), we can approximately maximize the en-
tropy. When the observations are obtained independently, N times the
term on the left-hand side of (4.22) is called the log-likelihood, and it is
given by

N
€= log f(yn)- (4.23)
n=1
The quantity obtained by taking the exponential of ¢,
N
L=T]rw) (4.24)
n=1

is called the likelihood.

For models used in time series analysis, the assumption that the ob-
servations are obtained independently, does not usually hold. For such a
general situation, the likelihood is defined by using the joint distribution
of yi,---,yn as

L=f(y1,,yn) (4.25)

Equation (4.25) is a natural extension of (4.24), because it reduces to
(4.24) when independence of the observations is assumed. In this case,
the log-likelihood is obtained by

f:logL=logf(y1,~~~,yN). (4’26)

4.4 Estimation of Parameters by the Maximum Likelihood
Method

If a model contains a parameter 0 and its distribution can be expressed
as f(y) = f(y| 0 ), the log-likelihood ¢ can be considered as a function
of the parameter 0. Therefore, by expressing the parameter 6 explicitly,

N
Y logf(yal6), for independent data
=1

06) = 4.27)

n=
log f(y1,---,yn]0), otherwise

is called the log-likelihood function of 6.

Since the log-likelihood function ¢(0) evaluates the goodness of fit
of the model specified by the parameter 8, by selecting 0 so as to max-
imize ¢(6), we can determine the optimal value of the parameter of the
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parametric model, f(y| 6 ). The parameter estimation method derived by
maximizing the likelihood function or the log-likelihood function is re-
ferred to as the maximum likelihood method. The parameter estimated
by the method of maximum likelihood is called the maximum likelihood
estimate and is denoted by 6.

Under some regularity conditions, the maximum likelihood estimate
has the following properties (Huber (1967) and Konishi and Kitagawa
(2008)):

(i) The maximum likelihood estimator 6 converges in probability to 6,
as sample size N — oo.

(ii) (Central limit theorem) The distribution of v/N( — 6y) converges in
law to the normal distribution with the mean vector O and the variance
covariance matrix J~'1J as N — oo, i.e.,

VN(O —6y) — N(0,J7'1J), (4.28)

where I and J are the Fisher information matrix and the negative of
the expected Hessian with respect to 6 defined by

I = E 9 1 Y|6 9 1 Y|6 ' 4.29
= B {ggloestrion P { spioerian} . @29)
92

Example (Maximum likelihood estimate of the mean of the nor-
mal distribution model) Consider a normal distribution model with

mean U and variance 1
)2
exp{—(y K } 431)

folu) =

1
V2w 2
and estimate the mean parameter ( by the maximum likelihood method.
Given N observations, y1,---,yy, the log-likelihood function is given by
N

N 1
u) = =7 log2x ==} (ya— ). (4.32)
n=1

To maximize the log-likelihood (), it suffices to find u that mini-
mizes

N
S(u) =Y - (4.33)
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By equating the first derivative of S(i) to zero, we obtain

~—

1
N

M=

o= Va- (4.34)

n=1

A method of estimating the parameters of a model by minimizing the
sum of squares such as (4.30) is called the least squares method.

A general method of solving the least squares problem will be de-
scribed in Chapter 5. For a normal distribution model, the maximum like-
lihood estimates of the parameters often coincide with the least squares
estimates and can be solved analytically. However, the likelihood or the
log-likelihood functions of a time series model is very complicated in
general, and it is not possible to obtain maximum likelihood estimates or
even their approximate values analytically except for some models such
as the AR model in Chapter 7 and the polynomial trend model in Chapter
11.

In general, the maximum likelihood estimate of the parameter 6 of
a time series model is obtained by using a numerical optimization al-
gorithm based on the quasi-Newton method described in Appendix A.
According to this method, using the value ¢(6) of the log-likelihood and
the first derivative d¢/9 0 for a given parameter 0, the maximizer of £(6)
is automatically estimated by repeating

oL
O = 6k +7Lka_11 20

where 6y is an initial estimate of the parameter. The step width A; and
the inverse matrix H,;ll of the Hessian matrix are automatically obtained
by the algorithm.

(4.35)

Example (Maximum likelihood estimate of the Cauchy distribution
model)  Assume that ten observations are given as follows.

-1.10 -040 -0.20 -0.02 0.02
0.71 1.35 1.46 1.74 3.89

The log-likelihood of the Cauchy distribution model

1
FOlu, ) = :

o0 (330

is obtained by

10
O(u,7*) =5log7® — 10logm — Y log{(va —p)*+7*}.  (4.37)

n=1
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Table 4.3 Estimation of the parameters of the Cauchy distribution by the quasi-
Newton method.

k u 72 log-likelihood al/du o0/dt?
0 0.00000 1.00000 —19.1901 2.10968 —0.92404
1 0.38588 0.83098 —18.7140 —0.21335 —0.48655
2 034795 0.62966 —18.6536 —0.35810 0.06627
3 0.26819 0.60826 —18.6396 0.00320 —-0.01210
4 0.26752 0.60521 —18.6395 0.00000 —0.00002
5 0.26752 0.60520 —18.6395 0.00000 0.00000

The first derivatives of the log-likelihood with respect to the parameter
0 = (u,7%)7 are given by

ol 9 In—H
-2y M P 438
ou = On—u)? 472 39
al 5 09 1

= -y - 4.39
Jt? 72 Z’l (Vn — p)?+ 72 (4-39)

Table 4.3 summarizes the optimization process for obtaining the
maximum likelihood estimate of the parameters of the Cauchy distri-
bution when the initial vector is set to 8y = (0,1)”. The absolute values
of d¢/du and 9¢/dt* decrease rapidly, and the maximum likelihood
estimate is obtained with five recursions.

As noted in the above example, when the log-likelihood and the first
derivatives are obtained analytically, the maximum likelihood estimate
of the parameter of the model can be obtained by using a numerical op-
timization method. However, in time series modeling, it is difficult to
obtain the first derivative of the log-likelihood, because for many time
series models, the log-likelihood function is in a very complicated form.
For many time series models, the log-likelihood is evaluated numerically,
using a Kalman filter. Even in such cases, the maximum likelihood esti-
mate can be obtained by using the first derivative computed by numerical
differentiation of the log-likelihood. Table 4.4 shows the result of opti-
mization by this method using the log-likelihood only. The results are
almost identical with Table 4.2, and the recursion terminates in a smaller
number of iterations.
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Table 4.4 Estimation of the parameters of the Cauchy distribution by a quasi-
Newton method that uses numerical differentiation.

k u 72 log-likelihood al/du o0/dt?
0 0.00000 1.00000 —19.1901 2.10967 —0.92404
1 0.38588 0.83098 —18.7140 —0.21335 —0.48655
2 0.34795 0.62966 —18.6536 —0.35810 0.06627
3 0.26819 0.60826 —18.6396 0.00320 —0.01210
4 0.26752 0.60521 —18.6395 0.00000 —0.00000

4.5 AIC (Akaike Information Criterion)

It has been established that the log-likelihood is a natural estimator of the
expected log-likelihood and that the maximum likelihood method can be
used for estimation of the parameters of the model. Similarly, if there
are several candidate parametric models, it seems natural to estimate the
parameters by the maximum likelihood method, and then find the best
model by comparing the values of the maximum log-likelihood ¢ (é)
However, the maximum log-likelihood is not directly available for com-
parisons among several parametric models, because of bias. That is, for
the model with the maximum likelihood estimate é, the maximum log-
likelihood (N~'£(8) has a positive bias as an estimator of Ey log f(Y[0)
(see Figure 4.3 and Konishi and Kitagawa (2008)).

This bias is caused by using the same data twice for the estimation of
the parameters of the model and also for the estimation of the expected
log-likelihood for evaluation of the model.

The bias of N='¢(8) = N-'YY_logf(y,|0) as an estimate of
Eylog f(Y]8) is given by

N
CEEX{Eylogf(Y|é)—N_l Zlogf(yn|é)}. (4.40)
n=1

Note here that the maximum likelihood estimate 6 depends on the sam-
ple X and can be expressed as 6(X). And the expectation Ey is taken
with respect to X.

Then, correcting the maximum log-likelihood ¢(8) for the bias
C, N='4(8) + C becomes an unbiased estimate of the expected log-
likelihood Eylog f(Y|6). Here, as will be shown later, since the bias
is evaluated as C = —N 'k, we obtain the Akaike Information Criterion
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1
— Y logf 0
NZ g/(v,10)

E,[log f(Y[0)]

Figure 4.3 Difference between the expected log-likelihood and the log-likeli-
hood.

(AIC)

AIC —20(8)+2k

—2 (maximum log-likelihood)

+ 2 (number of parameters). 4.41)

In this book, AIC is used as a criterion for model selection (Akaike
(1973,1974), Sakamoto et al. (1986) and Konishi and Kitagawa (2008)).

Hereinafter, a brief derivation of the AIC will be shown in this sec-
tion. Readers who are not interested in the model selection criterion itself
may skip this part. For more details and other criteria, such as BIC and
GIC, the readers are referred to Konishi and Kitagawa (2008).

Here, it is assumed that the true distribution is f(y), the model dis-
tribution is g(y) and the maximum likelihood estimate of the parame-
ter O based on data X = (x,---,xy) is denoted by = 6(X). On the
other hand, the parameter 6y that maximizes the expected log-likelihood
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Eylog f(Y|0) is called the true parameter. Then, 6y satisfies

0
%EYlogf(YWO) =

On the other hand, since ® maximizes the log-likelihood function
0(6) =YN_,log f(x,]0). the following equation holds.

0 i .
By 10gf(x,,|6) =
20 =

Here, the terms in (4.37) can be decomposed into three terms (see Figure
4.3).

C = Ex{Eylogf(Y|6)—Eylogf(¥|60)}

—|—EX{Ey10gf(Y|60 1210gfx,,|60)}

+Ex{ Zlogf Xn|60) — 1Zlogf xn|9)}
G +G +C3- (4.42)

4.5.1 Evaluation of Cy

Consider the Taylor series expansion around 6y of the expected log-
likelihood Ey log f(Y|@) of the model specified by the maximum like-
lihood estimate up to the second order. Exchanging the order of the dif-
ferentiation and the expectation, we have

N 0 R
Eylogf(Y|0) =~ Eylogf(Y|6y)+ {86EY10gf(Y|60)} (6—6y)
+1(é—9 )7 o ————Eylogf(Y|60) ¢ (8 — 6p)
5 0 20007 y 108 0 0
= Eylogf(Y|6y) — E(é — Go)TJ(é —6).
Here, I and J are the Fisher information matrix and the negative of the
expected Hessian defined by (4.29) and (4.30), respectively.

Then, according to the central limit theorem (4.28), /N ( (é — 60)
follows a normal distribution with mean O and the variance-covariance
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matrix J~'1J~!. Therefore, by taking the expectation with respect to X,
it follows that

. . 1 k
Ex (0 —60)"7(60—6) = Ntrace{lrl} o (4.43)

where k is the dimension of the matrix /. Note that, if there exists 6; such
that g(y) = f(v|60). it follows that J =1, and trace {1J~'} = k (Konishi
and Kitagawa (2008)). Thus, we have an approximation to C; :

Ci =Ex {Eylog f(Y|0) —Eylogf(Y|6o)} ~ (4.44)

k
2N’
4.5.2  Evaluation of C3

By the Taylor series expansion of N~' YN log f(x,|6p) around 9, it
follows that

1 N
N Z log f(xa|60)

N
Z log f xn|9 +5 Z Ing xn|9)(60_9)

n

2
1(90— { ZaeaaeTlogf(xn|6)}(60—é).(4.45)

Since 0 is the maximum likelihood estimate, the second term on the
right-hand side becomes 0. Moreover, according to the law of large num-
bers, if N — o0, it is the case that

02 02
Z ~log f(xa]6) — Ey 7logf(Y]60) p = —J,
0000 20007

(4.46)
and we have

—~ Zlogf (x|60) ~ Zlogf xn|9)——(90—9)Tf(90—9)-

Therefore, similarly to (4.44), by taking the expectation of both
sides, we have the approximation

1 Y 1 ¥ A k
—Exd — - N (44
G EX{anllogf(onO) anllogf(xn|9)} s (44D



66 STATISTICAL MODELING
4.5.3  Evaluation of C;

Since the expectation of logf(x,|6y) becomes the expected log-
likelihood for any fixed 6y, we have

1 N
C, =Ey {Ey log f(Y|60) — N Y logf(xn|90)} =0. (4.48)
n=1

4.5.4 Evaluation of C and AIC

By summing up the three expressions (4.44), (4.47) and (4.48), we have
the approximation

L

N R k
¥ Z 10gf(x,,|6)} R (4.49)

n=1

C= EX{Eylogf(Y|é) —

and this shows that N~'¢(8) is larger than Ey log f(Y|6) by k/N on av-
erage.
Therefore, it can be seen that

N='(8)+C ~ N7 (¢(8) —k) (4.50)

is an approximately unbiased estimator of the expected log-likelihood
Eylog f(Y|0) of the maximum likelihood model. The AIC is defined by
multiplying (4.46) by —2N, i.e.,

AIC = —20(8) + 2k
= —2 (maximum log-likelihood)

+ 2 (number of parameters). (4.51)

Because minimizing the AIC is approximately equivalent to mini-
mizing the K-L information, an approximately optimal model is obtained
by selecting the model that minimizes AIC. A reasonable and automatic
model selection thus becomes possible by using this AIC.

4.6 Transformation of Data

When we draw graphs of positive valued processes, such as the number
of occurrences of a certain event, the number of people or the amount of
sales, we may find that the variance increases together with an increase
in the mean value or the distribution is highly skewed. It is difficult to
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logy,,

(a) Sunspot number

logy,,

3.6

3.4

3.2

3.0

2.8

2.6 L

(b) WHARD data

Figure 4.4 Log-transformation of the sunspot number data and the WHARD
data.

analyze such data using a simple model since the characteristics of the
data change with its level and the distribution is significantly different
from the normal distribution, unless we use the nonstationary models
described in Chapters 11, 12 and 13, or the non-Gaussian models in
Chapters 14 and 15.

Even in those cases, the variance of the log-transformed series z,, =
logy, might become almost uniform and its marginal distribution might
be reasonably approximated by a normal distribution. In Figure 4.4, it
can be seen that the highly skewed sunspot number data shown in plot
(b) of Figure 1.1 become almost symmetric after log-transformation.
Moreover, the WHARD data shown in the plot (e) of Figure 1.1 can be
transformed to a series with approximately constant variance after log-
transformation, though the variance of the original time series increases
gradually with time.

The Box-Cox transformation is well known as a generic data trans-
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formation (Box and Cox (1964)), which includes the log-transformation
as a special case

{ A7k =), if A #0
n —

(4.52)
logynv if A =0.

Ignoring a constant term, the Box-Cox transformation yields the loga-
rithm of the original series for A = 0, the inverse for A = —1 and the
square root for A = 0.5. In addition, it agrees with the original data for
A = 1. Applying the information criterion AIC to the Box-Cox transfor-
mation, we can determine the best parameter A of the Box-Cox trans-
formation (Konishi and Kitagawa (2008)). On the assumption that the
density function of the data z, = h(y,) obtained by the Box-Cox trans-
formation of data y, is given by f(z), then the density function of y, is
obtained by

g(y)=

dh
d—y‘f(h(y)) 4.53)

Here, |dh/dy| is called the Jacobian of the transform. The equation
(4.53) implies that a model for the transformed series automatically de-
termines a model for the original data. For instance, assume that the val-
ues of AICs of the normal distribution models fitted to the original data
yn and transformed data z,, are evaluated as AIC, and AIC,, respectively.
Then, it can be judged which, the original data or the transformed data,
is closer to a normal distribution by comparing the values of

N
AIC, = AIC; -2 log
i=1

dh

(4.54)

Y=Vi

with AIC,.

Namely, it will be considered that the original data are better than the
transformed data, if AIC, < AICQ, and the transformed data are better, if
AIC, > AIC.. Further, by finding a value that minimizes AIC., the opti-
mal value A of the Box-Cox transformation can be selected. However, in
actual time series modeling, we usually fit various time series models to
the Box-Cox transformation of the data. Therefore, in such a situation, it
is necessary to correct the AIC of the time series model with the Jacobian
of the Box-Cox transformation.
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Table 4.5: Various Box-Cox transforms and their AICs.

A AIC A AIC A AIC

—1.0 2365.12 | —0.2 235545 | 0.6 2370.74
—0.8 2360.46 0.0 2356.89 | 0.8 2378.55
—-0.6 2357.27 0.2 235990 | 1.0 2387.94
—-0.4 2355.59 0.4 2364.52

Example (Box-Cox transformation of the sunspot number data)
Table 4.5 shows the results of applying the Box-Cox transformation
with various values of A to the sunspot number data of Figure 1.1(b).
In this case, it can be seen that the transformation with A = —0.2, that is,
Zn=Yn 175 is the best Box-Cox transformation.

Problems

1. Given n integers {my,...,m,}, obtain the maximum likelihood esti-
mate A of the Poisson distribution model f(m|A) = e * A" /m!.
2. Given two sets of data {xi,...,x,} and {y},...,yn} that follow nor-
mal distributions,
(1) Assuming that the variances are the same, show a method of check-
ing whether the means are identical by using the AIC.
(2) Assuming that the means are the same, show a method of checking
whether the variances are identical by using the AIC.
3. Given data {yy,...,yn}, consider a method of deciding whether a
Gaussian model or a Cauchy model is better by using the AIC.
4. In tossing a coin n times, a head occurred m times.
(1) Obtain the probability of the occurrence of a head.
(2) Consider a method of deciding whether this is a fair coin, based on
the AIC.
5. Assume that the true density function is g(y) and the model is f(y|0).
If there exists 6y such that g(y) = f(y|60), show that J =1.

6. Obtain the density function of y when z = logy follows a Gaussian
distribution N (u, 62).






Chapter 5

The Least Squares Method

For many regression models and time series models that assume nor-
mality of the noise distribution, least squares estimates may often coin-
cide with or provide good approximations to the maximum likelihood
estimates of the unknown parameters. This chapter explains the House-
holder transformation as a convenient method to obtain least squares es-
timates of regression models (Golub (1965), Sakamoto et al. (1986)).
With this method, we can obtain precise estimates of the coefficients of
the model and perform order selection or variable selection based on the
information criterion AIC quite efficiently.

5.1 Regression Models and the Least Squares Method

On the assumption that y, is the objective variable and x,,, - -, X, are
the explanatory variables, a model that expresses the variation of y, by
the linear combination of the explanatory variables

m
yn:Zaixni""gn; (5.D
i=1
is called a regression model. Here, a; is called the regression coefficient
of the explanatory variable x,; and the number of explanatory variables
m is called the order of the model. Moreover, €,, a portion of the vari-
ation of y, that cannot be explained by the variation of the explanatory
variables is called the residual, and it is assumed to be an independent
random variable that follows a normal distribution with mean 0 and vari-
ance o2,

Defining the N dimensional vector y and the N x m matrix Z as

1 X110 Xim
2 X210 X2m

y=1{ . |, Z= ) ) ; (5.2)
YN XN1 XNm

71
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the regression model can be concisely expressed by the matrix-vector
representation
y=Za+E€. (5.3)

The vector y and the matrix Z are called the vector of objective vari-
ables and the matrix of explanatory variables (or design matrix), re-
spectively. a = (ay,---,an,)" is a vector of regression coefficients, and
€ = (g1,---,&y)T is a vector of residuals. The regression model (5.1)
contains the regression coefficients aj,---,a,, and the variance 62 as
parameters, and we can combine these as a vector of parameters, 8 =
(ar, - am,0)T.

When N independent observations {y,,xn1, ", Xam}> n = 1,--+,N,
are given, the likelihood and log-likelihood of the regression model be-
come functions of 8, and are given by

N
p()’n| eaxnla"'axnm) (5.4)

n=1

N
(e) = ZIng(yn|Gaxnla"'axnm)a (5.5)

n=1

~
—~

D
~

Il

respectively. Here, from equation (5.1), each term of the right-hand side
of the above equations can be expressed as

1 1 m 2
0. %1, s Xom) = (=Y ) b, 56
P()’n| yXnl, axlm) 702 exp{ 262 ())1 izlalxm> } (5.6)

1 1 m 2
10gp()’n| eaxnlv' o ,)Cnm) = —510g271702 - 27‘2 (yn - Zaixm) ’ (57)
i=1

and the log-likelihood function is given by

m 2
(yn - Z aixni> . (5.8)
=1

The maximum likelihood estimate @ = (4;,---,dm, 62)T of the pa-
rameter 6 can be obtained by finding the value of 0 that maximizes
the log-likelihood function #(0). Given any set of regression coefficients
ai,- - ,am, the maximum likelihood estimate of o2 can be obtained by
solving the normal equation

2(0) N 1 o :
ot = re o L Be) 0 69

=1

é(@)——glo 2ncz—Li
— 7% 202

n=1



HOUSEHOLDER TRANSFORMATION 73
Therefore, 62 can be easily obtained as

1 N

2
6 N Z (yn Zalxl’ll) . (5.10)

Then, substituting this into (5.8), the log-likelihood becomes a func-
tion of the regression coefficients ay, - - - ,a,, and is given by

N
é(al,m,am):——logZEO' -5 (5.11)

Since the logarithm is a monotone increasing function, the regression
coefficients ay,---,a, that maximize the log-likelihood (5.11) are ob-
tained by minimizing the variance 62 in (5.10). Thus, it can be seen that
the maximum likelihood estimates with respect to the parameters of the
regression model could be obtained by the least squares method.

5.2 The Least Squares Method Based on the Householder
Transformation

As shown in the previous section, the maximum likelihood estimates of
the regression coefficients of linear regression models can be obtained by
the least squares method that minimizes (5.10). Here, using the matrix-
vector notation of (5.2) and (5.3), the residual sum of squares can be
simply expressed as

N m 2 ) )
z(yn—zaixm) Cly-zaly = el 612
n=1 i=1

where ||y||y denotes the Euclidean norm of the N dimensional vector
y. The well-known derivation of the least squares method is to set the
partial derivative of ||y — Za||% in (5.12) with respect to the parameter a
equal to zero, which results in the normal equation ZTy =Z7"Za. Then,
solving this equation, we obtain the least squares estimates of @ by d =
(VAVARYARS

However, in actual computation, it is convenient to use the following
method based on orthogonal transformation, since it can yield accurate
estimates and it is suited for various kinds of modeling operations (Golub
(1965), Sakamoto et al. (1986)).

For any N x N orthogonal matrix U, the norm of the vector y — Za is
unchanged, even if it is transformed by U. Namely, we have that

ly—Za [y = Uy~ Za)|} = Uy~ UZal}}, (5.13)
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and this implies that the vector a that minimizes ||Uy — UZal3, is iden-
tical to the one that minimizes ||y — Za||3,. Therefore, to obtain the least
squares estimates of a, we can first apply an orthogonal transformation
to make UZ an adequate form and then find a vector a that minimizes
(5.13).

The least squares method based on (5.13) can be realized very effi-
ciently by using a Householder transformation as follows (Golub (1965),
Sakamoto et al. (1986)). First, define an N x (m + 1) matrix

=[Z]y], (5.14)

by augmenting with the vector of objective variables y to the right of the
matrix of the explanatory variables Z.

Applying a suitable Householder transformation U to the matrix X,
it can be transformed to an upper triangular matrix S as

S11 0 Sim S1,m+1

UX=S= (5.15)

Smm Sm,m+1
SmA-1,m+1

(0]

Here, since the first m rows and the (m + 1)-th rows of S correspond to
UZ and Uy in equation (5.13), respectively, we have that

- _ - 2
S1,m+1 SiIt c Sim
: . : a
) Sm,m+1 Smm
Uy —UZa|x= 5m+6m+1 -
. (0] am
L 0 J L J N
2
S1m+1 S11 ot Sim aj
. 2
: + S 1,mr1
Sm,m4-1 O Smm am m
(5.16)

It should be noted that the second term 5;%1 1.1 On the right-hand
side of (5.16) does not depend on the value of a and takes a constant
value. Therefore, the least squares estimate is obtained by finding the
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vector a = (al,m,am)T that attains the minimum of the first term,
namely 0. This shows that the least squares estimate of a is obtained
as the solution to the linear equation

S1L ot Sim ai S1mt1
= : . (5.17)
o Smm am Sm,m+1

The linear equation (5.17) can be easily solved by backward substitution,
because the matrix on the left-hand side is in upper triangular form. That

is, we can obtain a = (aj,---,an,)" by
R Smn+1
Gy = il (5.18)
smm
. (Sim+1 = Siit1div1 = = Simlm) .
a = , i=m—1,---,1.
Sii

. 2 . .
Further, since s, lmgl 18 the sum of squares of the residual vector,

the least squares estimate of the residual variance 6> of the regression
model with order m is obtained by

6, = —1—. (5.19)

5.3 Selection of Order by AIC

By substituting the estimate of the residual variance obtained from (5.19)
into (5.11), the maximum log-likelihood becomes

A N N
06) = —Elog(znexj) -5 (5.20)
The regression model with order m has m + 1 parameters, ay, - - - ,a,, and

o2. Therefore, the AIC of the regression model with order m is given by

AIC,, = =2/ é) + 2 (number of parameters)
= N(log(2m6;) +1) + 2 (m+1). (5.21)

If the upper triangular matrix S in (5.15) is given, not only the regres-
sion model with order m, but also all regression models with order less
than m can be obtained. That is, for j < m, the estimate of the residual



76 THE LEAST SQUARES METHOD

variance and the AIC of the regression model with j explanatory vari-
ables, X1, "+, Xnjs

J
Yn = Z aiXni + &n, (5.22)
=1

=

are obtained by (Sakamoto et al. (1986))

2 1 nil 2
. = — s.7 +1
J Ni:j+1 i,m
AIC; = N(log2mé7+1)+2(j+1). (5.23)

The least squares estimates of the regression coefficients can be obtained
by solving the linear equation by backward substitution,

Sip et 81 ap S1,m+1
= . (5.24)

Sji aj Sjm+1

To perform order selection using the AIC, we need to compute
AlICy,---,AlIC,, by (5.23), and to look for the order that achieves the
smallest value. Here we note that once the upper triangular matrix S is
obtained, the AICs of the regression models of all orders can be immedi-
ately computed by (5.23) without estimating the regression coefficients.
Therefore, the estimation of the regression coefficients by (5.24) is nec-
essary only for the model with the order that attains the minimum value
of the AIC.

Example (Trigonometric regression model)  Table 5.1 summarizes
the residual variances and the AICs when trigonometric regression mod-
els with various orders

m !l
Y :a—i—ijsin(ja)n)—f—chcos(ja)n)—i—sn, (5.25)
J=1 Jj=1
are fitted to the maximum temperature data shown in Figure 1.1(c).
Here, ¢ is either m or m — 1. The numbers in the right-most column
in the Table 5.1 show the differences of the AICs from the minimum
AIC value. The explanatory variables were assumed to be adopted in
the order of {1, sinwn, coswn, ---, sinkon, coskwn}. Therefore, the
parameter vector of the model with the highest order becomes 6 =
(a, by, c1y - by, ck)T. The number of regression coefficients is p = 2m
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Table 5.1 Residual variances and AICs of regression models of various orders.
p: number of regression coefficients of the model, 61%: residual variance, D-AIC:
difference of AIC

62 AIC D-AIC| p 6} AIC D-AIC

402.62 4298.23 1861.17 | 11 9.04 2475.06  38.00
60.09 337576  938.69 | 12 871 2459.04 2198
44.54 323223  795.17 | 13 870 2460.84  23.78

9.29 247554 3548 | 14 8.64 2459.36  22.30
9.29 247431 37.25 | 15 8.64 2461.00 2394
9.28 2476.14 39.08 | 16 8.42 2450.71 13.65
9.28 247794 40.87 | 17 8.40 2451.57 14.51
9.27 2479.23 42.16 | 18 8.24 2443.98 6.92
9.27 2481.22 44.16 | 19 8.10 2437.80 0.74
9.26 2483.08 46.02 | 20 8.05 2437.06 0.00
9.04 2473.11 36.05 | 21 8.05 2438.65 1.58

SV NN LW~ O|T

—_

for{ =m—1and p =2m+ 1 for £ = m. The model with the highest or-
der k = 10 has 21 explanatory variables. Since a strong annual cycle was
seen in this data, it was assumed that @ = 27/365. Table 5.1 shows the
AIC of the model with 20 explanatory variables, that is, composed of a
constant term, 10 sine components and 9 cosine components attains the
minimum. Figure 5.1 shows the original data and the regression curve
obtained using this model.

40

30

20 A

10

T T T
0 100 200 300 400

Figure 5.1 Original data and the minimum AIC regression curve for the maxi-
mum temperature data.
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5.4 Addition of Data and Successive Householder Reduction

Utilizing the properties of orthogonal transformations, it is easily pos-
sible to update the model by addition of data (Kitagawa and Akaike
(1978)). In the case of fitting a regression model to a huge data set, if
we try to store the matrix of (5.14), then the memory of the computer
might become overloaded, thus making execution impossible.

Even in this case, repeated application of the method introduced in
this section yields the upper triangular matrix in (5.13). That is, if our
computer has a memory sufficient to store the area of the L x (m+1)
matrix (here, L > m+ 1), then the upper triangular matrix S can be ob-
tained by dividing the data into several sub-data-sets with data length
less than or equal to L —m — 1.

Assuming that an upper triangular matrix S has already been obtained
from N sets of data {y,, %1, -+, Xum}> 2 =1,---,N, we could effectively
obtain a regression model from the matrix S, as shown in section (5.15).
Here, we assume that M new sets of data {y,,xu1, -, Xum}, n =N+
1,---,N+ M, are obtained. Then, in order to fit a regression model to the
entire N + M sets of data, we have to construct the (N + M) x (m+ 1)
matrix

X11 o Xim n
Xi=: U : (5.26)
XN+M,1 ° XN+M.m YN+M

instead of (5.14) and then transform this into an upper triangular matrix
by a Householder transformation § = U’X; . Inconveniently, this method
cannot utilize the results of the computation for the previous data sets,
and we need a large storage area for preparing the (N +M) x (m+1)
matrix Xj.

Since the Householder transformation is an orthogonal transforma-
tion, it can be shown that the same matrix as S’ can be obtained by build-
ing an (M +m+ 1) x (m+ 1) matrix by argumenting an M X (m+ 1)
matrix under the triangular matrix (5.15), thus:

S11 Sim Sl7m+l
Smm Sm,m+1
X,=| O Smptme |2 (5.27)
AN+1,1 7 XN+1lm  YN+1
| XN+M,1 0 XN+Mm  YN+M
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and reducing it to an upper triangular matrix by a Householder transfor-
mation.

Therefore, to perform a Householder transformation of data length
longer than L, we first obtain an upper triangular matrix S by putting
N = L, and then repeat the update of S by adding M = L —m — 1 data
elements.

On the other hand, if the upper triangular matrix S has already been
obtained from a new data set {y,,x,1, ", Xym}t, n =N+1,--- N+ M,
then we define a 2(m + 1) x (m+ 1) matrix by

X; = [ i; } , (5.28)

and by reducing it to upper triangular form, we can obtain the same ma-
trix as S’.

For M > m, since the number of rows of the matrix X3 is smaller
than the number of rows of X| and X,, the amount of computation for the
Householder transformation of X3 is significantly less than that required
for the other methods. This method will be used in Chapter 8 to fit a
locally stationary AR model.

5.5 Variable Selection by AIC

In Section 5.3, the method of selection of the order for the model by AIC
was explained. However, in that section, it was implicitly assumed that
the order of adopting the explanatory variables was provided beforehand,
and only a model of the form

J
Yn = Z aiXpi + &, (5.29)
i=1
was considered.

This method of selecting variables is quite natural for the autoregres-
sive model shown in Section 6.1 and the polynomial regression model
shown in Section 11.1. However, with respect to a multivariate regres-
sion model and multivariate time series models, the order of adopting
variables as explanatory variables is not generally provided beforehand.
Assuming that (¢;,---,,,) is an index vector that indicates the order of
adopting the explanatory variables, the optimal model could be selected
among models of the form

J
Yn =Y. aL%nt; + & (5.30)
i=1
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In this case, even if the order j is provided, there are ,,C; different
models, depending on the index vector. Such a model is called a subset
regression model. To fit subset regression models with explanatory vari-
ables in the order of ({1, -+, ¢y,), transform the upper triangular matrix S
to the matrix T that consists of m+ 1 column vectors with the numbers of
non-zero elements given by ji,-- -, ja, respectively, by the Householder
transformation. Here, ji,---, j, is the inverse function of the index vec-
tor (41,---,4m), satisfying £;, = i.

Example  For the case of m =4 and (¢1,¢5,03,04) = (2,4,3,1), it
becomes (ji, -, jm) = (4,1,3,2) and the matrix T is given by

1 h2 H3 fia 115
b1 0 13 ty by
T=1|t31 0 iz 0 135 |. (5.31)
11 0 0 0 15
0 0 0 0 135

Then, the residual variance and the AIC of the model that uses the j

explanatory variables {x,, -, xy; } are given by
) 1 m+1 5
o (617""@) = N Z limt1
i=j+1
AIC(¢y,---,4;) = Nlog2m6*(ly, -, L)) +N+2(j+1).

(5.32)
Regression coefficients are then obtained by solving the linear equation

e - iy ag, fm+1
= : (5.33)

) tj,(/,j afj i m+1

by backward substitution.

However, in actual computation, it is not necessary to exchange the
order of explanatory variables and reduce the matrix to upper triangular
form. We can easily obtain them from the upper triangular matrix 7 of
(5.31) by the following backward substitution:

~ —1
dg; = tj,(fthmel (5.34)

A —1 N N . .
ay; = tif,' (ti,InJrl —lig1de41 — _ti,fjafj)7 i=j—1,--,1L
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Problems

1. Obtain the AIC when the variance 62 is known in the regression
model in (5.1).

2. Assume that N pairs of data {x1,y; },...,{xny,yn} are given.

~

(1) Obtain the least squares estimates d and b of the second-order
polynomial regression model y, = ax2 + bx, + &, that passes
through the origin.

(2) Obtain a second-order polynomial regression model that passes
through the origin and the point (¢,0), and consider how to ob-
tain the least squares estimate of the model.






Chapter 6

Analysis of Time Series Using
ARMA Models

The features of time series can be concisely described using time series
models. In this chapter, we consider methods for obtaining the impulse
response function, the autocovariance function, the partial autocorrela-
tion (PARCOR), the power spectrum and the roots of the characteristic
equation from the univariate ARMA model (Box and Jenkins (1970),
Brockwell and Davis (1991), Shumway and Stoffer (2000)). The rela-
tions between the AR coefficients and the PARCORs are also shown.
Further, methods of obtaining the cross spectrum and the relative power
contribution based on the multivariate AR model are presented.

6.1 ARMA Model

A model that expresses a time series y, as a linear combination of past
observations y,_; and white noise v, _; is called an autoregressive mov-
ing average model (ARMA model),

m

4
Yn = Zaiyn—i + vy — Z bivn_i. (6.1)
i=1 i=1

Here, m and a; are called the autoregressive order and the autoregres-
sive coefficient (AR coefficient), respectively. Similarly, ¢ and b; denote
the moving average order and the moving average coefficient (MA co-
efficient), respectively. The AR order and the MA order (m, {) taken to-
gether are called the ARMA order. Further, we assume that v, is a white
noise that follows a normal distribution with mean 0 and variance 6% and
is independent of the past time series y,_;. That is, v, satisfies

E(vg) = O72

E(Vn) = 07,

E(vpvm) = 0, forn#m 6.2)
E(viym) = 0, forn>m.

83
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A time series y, that follows an ARMA model is called an ARMA
process. In practical terms, the most important model is an AR model
(autoregressive model) of order m that expresses the time series as a
linear combination of the past values y,_; and the white noise v, and is
obtained by putting £ =0,

m
Yn = Zaiynfi"‘vw (6.3)
i=1
On the other hand, the model obtained by putting m = 0,
‘
Yn="VYn— Z bivn—i, (6.4)
i=1

is called the moving average model (MA model) of order .
It should be noted that almost all analysis of stationary time series
can be achieved by the use of AR models.

6.2 The Impulse Response Function

Using the time shift operator (or lag operator) B defined by By, = y,_1,
the ARMA model can be expressed as

m 14
(1 - aiBi> Vo= (1 -y biB"> Vi (6.5)
i=1 i=1

Here, let the AR operator and the MA operator be defined, respectively,
by

a(B) = (1 — iaiB’), b(B) = (1 - ibiBi) ,
i=1 i=1
then the ARMA model can be concisely expressed as
a(B)yn = b(B)v,. 6.6)
Dividing both sides of (6.6) by a(B), the ARMA model can be ex-

pressed as y, = a(B)~'b(B)v,. Therefore, if we define g(B) as a formal
infinite series

¢(B)=a(B) 'b(B)= Y g5 6.7)
i=0
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the time series y, that follows the ARMA model can be expressed by a
moving average model with infinite order

(o]
B)va=Y giVai, (6.8)
i=0

i.e., a linear combination of present and past realizations of white noise
V.

The coefficients g;; i = 0,1,---, correspond to the influence of the
noise at time n = 0 to the time series at time i, and g; is called the impulse
response function of the ARMA model. Here, the impulse response g; is
obtained by the following recursive formula:

g = 1

i
8 = Zajgifj_bia i=1,2,-, (6.9)

where a; =0 for j >mand b; =0 for j > .

Example  Consider the following four models:

(a) The first order AR model: y, =0.9y,_1 4+ v,

(b) The second order AR model: y, = 0.9v/3y,_1 —0.81y,_2+ v,

(¢) The second order MA model: y, = v, — 0.9v2v, 1 +0.81v,

(d) The ARMA model with order (2,2):

Y =0.9v3y,_1 —0.81y,_24 vy —0.9v2v,_; +0.81v,_»

The plots (a), (b), (c) and (d) of Figure 6.1 show the impulse response
functions obtained from (6.9) for the four models. The impulse response
function of the MA model is non-zero only for the initial ¢ points. On the
other hand, if the model contains AR part, the impulse response function
has non-zero values although it gradually decays.

6.3 The Autocovariance Function

Taking the expectation after multiplying by y,_; on both sides of (6.1),
yields

~

E(yn iYn— k)+E VnYn— k Z Vn iYn— k (6.10)
1 i=1

Ms

E()’nyn k)

I

Here, from the expression of the ARMA model using the impulse re-
sponse given in (6.7), the covariance between the time series y,, and the
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Figure 6.1: Impulse response functions of four models.

white noise v, is given by

0 n>m

E(vnym) = ZgiE(Vanfi) = { . (6.11)
i=0

ngm_n n<m

We obtain the following equation with respect to the autocovariance
function Cy = E(ynyn_x):

m 15
Co = a@+&%—2w% (6.12)
i=1 i=1
m {
G = Zaickfi_o'zzbigifk» k=1,2,--.
i=1 i=

Therefore, if the orders m and ¢, the autoregressive and moving
average coefficients a; and b;, and the innovation variance o2 of the
ARMA model are given, we first compute the impulse response function
g1, +,8¢ by (6.9) and then obtain the autocovariance function Cy,Cy, - - -
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Figure 6.2: Autocovariance functions of the four models.

by solving (6.13). In particular, the following equation for the AR model
obtained by putting ¢ = 0 is called the Yule-Walker equation

Co

m
ZaiCi—kcz
i=1

m
G = Y aCii (6.13)
i=1

Note that, since for univariate time series, the autocovariance function
satisfies C_; = Cy, the backward model satifies the same equation.

Example Figure 6.2 shows the autocovariance functions of the four
models (a), (b), (c) and (d) shown in Figure 6.1. The autocovariance
functions of (b) and (d) indicate a damped oscillation. On the other hand,
for the MA model shown in (c), the autocovariance function becomes
C,=0fork > 2.
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6.4 The Relation Between AR Coefficients and the PARCOR

As shown in Appendix B in this book, the following relation holds be-
tween the coefficients of the AR model with order m — 1, a?’_ ! , and the
coefficient af" of the AR model with order m
a =a" —arad" !, i=1,-.m—1. (6.14)
The coefficient aj, is called the m-th PARCOR (partial autocorre-
lation coefficient). If the M PARCORs, a},---,a%, are given, repeated
application of Eq. (6.14) yields the entire set of coefficients of the AR
models with orders 2 through M. On the other hand, it can be seen from
(6.14) that, if the coefficients af', - - -, aj; of the AR model of the highest
order are given, by solving the equations

df =di " —ap(an_;+anat") (6.15)
for j =i and m — i, the coefficients of the AR model with order m — 1 are
obtained by

al'+ayar .
al =Lt (6.16)
11— (ay)
The PARCORs a%,n-,a% can be obtained by repeating the above

computation. This argument reveals that estimation of the coefficients
al',---,ay, of the AR model of order m is equivalent to estimation of the
PARCORS up to the order m, al,---,a™.

Example  Figure 6.3 shows the PARCORs of the four models (a), (b),
(c) and (d). Contrary to the autocovariance function, we have af =0 for
i > m for the AR model with order m, and they gradually decay in the
cases of the MA model and the ARMA model.

6.5 The Power Spectrum of the ARMA Process

If an ARMA model of a time series is given, the power spectrum, as
well as the autocovariance function, can be obtained. Actually, the power
spectrum of the ARMA process (6.1) can be obtained from (6.8) as

p(f) = f Cre 2™ 6.17)

k=—o00

o0
— Z E(ynyn_k)e—kaf

k=—o00
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Figure 6.3: PARCORs of the four models.

L (L)

Z Z Zg,gp Vn—jVn—k— p) s

k=—o00 j=0p=0

Here, using g, = 0 for p < 0, from (6.2), the power spectrum is ex-
pressed as

o]

p(f) = o> ) Zg gj—ke T

k—foo]
00

) Z gje il g, o 2milk=i)]
Jj=0k=—0c0

_ 2 Z Z g e—Zme 277:ipf
Jj=0p=0
2

2 Z gje it (6.18)

J=0
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Figure 6.4: Logarithm of the power spectra of the four models.

where Z?io g je’zmjf is the Fourier transform of the impulse response
function and is called the frequency response function. On the other hand,
putting B = e~ 2" in (6.7), it can be expressed as

00 m -1 L
Y gje il = {1 — Y ajemil } {1 =Y bje2mil } (6.19)
j=0 j=1 j=1

Therefore, substituting the above frequency response function into
(6.18), the power spectrum of the ARMA model is given by

1— Z bje—ijf
2 j=1
p(f)=0?—= . (6.20)
1-Y aje il
5
Example. Figure 6.4 shows the logarithm of the power spectra of

the four models. The power spectrum of the AR model with order one
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Figure 6.5: Line-like spectrum of ARMA(2.2).

does not have any peak or trough. A peak is seen in the plot (b) of the
spectrum of the second order AR model and one trough is seen in the
plot (c) of the second order MA model. On the other hand, the spectrum
of the ARMA model of order (2.2) shown in the plot (d) has both one
peak and one trough.

These examples indicate that there must be close relations between
the AR and MA orders and the number of peaks and troughs in the spec-
tra. The logarithm of the spectrum, log p(f) shown in Figure 6.4, is ex-
pressible as

log p(f) = logc?* — 2log +2log

m
1-Y aje ™!
]

14
1-— bj8727rijf
J ;

J

(6.21)
Therefore, the peak and the trough of the spectrum appear at the

local minimum of |1 — Y7, aje” /| and at the local minimum of

11— Zﬁ':] bje~ ™/ |, respectively. The number of peaks and troughs, re-
spectively, correspond to the number of roots of the AR operator and the
MA operator as will be explained in the next subsection. To express k
peaks or k troughs, the AR order or the MA order must be higher than
or equal to 2k, respectively. Moreover, the locations and the heights of
the peaks or the troughs are determined by the angles and the absolute
values of the complex roots of the characteristic equation.

In particular, when the angles of the complex roots of the AR opera-
tor coincide with those of the MA operator, a line spectrum appears. For
example, if the AR and MA coefficients of the ARMA (2.2) model are
given by

m=2, a =099v2, a,=—0.992
(=2, b =095V2, b,=-0.952



92 ANALYSIS OF TIME SERIES USING ARMA MODELS

both characteristic equations have roots at f = 0.125 ( =45 degrees), and
log p(f) has a line-like spectral peak as shown in Figure 6.5.

6.6 The Characteristic Equation

The characteristics of an ARMA model are determined by the roots of
the following two polynomial equations:

a(B)=1- i a;B' =0 (6.22)
j=1
e .
b(B)=1-Y b;B/ =0. (6.23)
j=1

Equations (6.22) and (6.23) are called the characteristic equation associ-
ated with the AR operator, and the MA operator, respectively. The roots
of these equations are called the characteristic roots. If the roots of the
characteristic equation a(B) = 0 of the AR operator all lie outside the
unit circle, the influence of noise turbulence at a certain time decays as
time progresses, and then the ARMA model becomes stationary.

On the other hand, if all roots of the characteristic equation b(B) =0
of the MA operator lie outside the unit circle, the coefficient of A; of
b(B)~! = ¥.° hiB' converges and the ARMA model can be expressed
by an AR model of infinite order as

00
Yn=— Zhiynfi + Vn. (6.24)
=1

In this case, the time series is called invertible.

As mentioned in the previous section, the positions of the roots of the
two characteristic polynomials have a close relation to the shape of the
spectrum. The peak of the spectrum (or trough) appears at f = 0 /2, if
the complex root of AR (or MA) operator is expressed in the form

z=0a+iff = re'?. (6.25)

Further, the closer the root r approaches to 1, the sharper the peak
and trough of the spectrum become. Figure 6.6 shows the positions of
the characteristic roots of the four models that have been used for the
examples in this chapter. The symbols * and 4 denote the roots of the AR
operator and the roots of the MA operator, respectively. For convenience
in illustration, the position of z~! = r~!e~ is displayed in Figure 6.6
instead of z.
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Figure 6.6 Characteristic roots. (a) AR model of order 1, (b) AR model of order
2, (¢) MA model with order 2 and (d) ARMA model with order (2,2).

6.7 The Multivariate AR Model

For multivariate time series, y, = (yu(1),--+,y,(£))7, similar to the case
of univariate time series, the model that expresses a present value of the
time series as a linear combination of past values y,,_1,---,y,—n and
white noise is called a multivariate autoregressive model (MAR model)

M
Yn = Z AmYn—m ~+ Vn, (6.26)

m=1
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where A, is the autoregressive coefficient matrix whose (i, j)-th element
is given by an(i, j), and v, is an £ dimensional white noise that satisfies

0 i1+ Oy
Ev)=| ¢ |, EwD=| @ - 1 |=w

0 oy o Oy
E(v,vl) =0, for n # m (6.27)
E(v,yl) =0, forn > m.

Here, O denotes the ¢ x ¢ matrix with O elements, and W is an ¢ x ¢
symmetric matrix satisfying o;; = 0j;. The cross-covariance function of
yu(i) and y,(j) is defined by Cy (i, j) = B{yn(i)yn—k(j) }. Then, the £ x £
matrix Cy = E(y,y’_,), the (i, j)-th component of which is Cy(i, j), is
called the cross-covariance function. Similar to the case of the univariate
time series, for the multivariate AR model, C, satisfies the Yule-Walker
equation

M

Co = Y ACj+wW (6.28)
j=1
M

G = Y AG; (k=1,2,--") (6.29)
j=1

As noted in Chapter 2, the cross-covariance function is not symmetric.
Therefore, for multivariate time series, the Yule-Walker equations for the
the backward AR model and the forward AR model are different.

The Fourier transform of the cross-covariance function Ci(s,j) is
called the cross spectral density function

psi(f) = Y, Gls,j)e ™
k=—o00
= i Ci(s,j)cos(2mkf) —i i Ci (s, j)sin(2mkf).
k=—o00 k=—oc0

(6.30)

Since the cross-covariance function is not an even function, the cross-
spectrum given by (6.30) has an imaginary part and is a complex number.
If the ¢ x ¢ matrix P(f) is defined by
pu(f) - pulf)
P(f) = : : ; (6.31)

pa(f) - pulf)
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then the relations between the cross-spectrum matrix P(f) and the cross-
covariance matrix Cy are given by

P(f)

Y Cre ™M (6.32)

k=—o00
G = / " P df. (6.33)
-2

For time series that follow the multivariate AR model, the cross-
spectrum can be obtained by (Whittle (1963))

P(f)=A()"'W@AW) ), (6.34)

where A* denotes the complex conjugate of the matrix A, and A(f) de-
notes the ¢ x ¢ matrix whose (j, k)-th component is defined by

M .
Ap(f) =Y am(j,k)e 2™ (6.35)
m=0

Here, it is assumed that ag(j, j) = —1 and ag(j,k) = 0 for j # k. Given
a frequency f, the cross spectrum is a complex number and can be ex-
pressed as

pi(f) = ap(f)e'i ), (6.36)

where

() = R+ {paN}?

9i(f) = arctan { % } '

R and I denote the real and imaginary parts of the complex number,
respectively. Then, ot (f) is called the amplitude spectrum and ¢ i (f)
is the phase spectrum. Moreover,

o (f)?
() (f)

denotes the square of the correlation coefficient between frequency com-
ponents of time series y,(j) and y,(k) at frequency f and is called the
coherency.

For convenience, A(f) ™! will be denoted as B(f) = (bjx(f)) in the

cohji(f) = (6.37)
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following. If the components of the white noise v, are mutually uncor-
related and the variance-covariance matrix becomes the diagonal matrix
W= diag{crlz, e 652}, then the power spectrum of the i-th component
of the time series can be expressed as

‘ ‘
pi(f) =Y, bij()oibii(f)* = Y 1bij(f)fPo;. (6.38)
=1 =

This indicates that the power of the fluctuation of the component
i at frequency f can be decomposed into the effects of ¢ noises, i.e.,
|bij(f)|26}. Therefore, if we define r;;(f) by

o bi(HPo;
rl](f) = T(f)a

it represents the ratio of the effect of v, () in the fluctuation of y, (i) at
frequency f.

The r;;(f) is called the relative power contribution, which is appli-
cable to the analysis of a feedback system (Akaike (1968), Akaike and
Nakagawa (1989)). However, for convenience in drawing figures, a cu-
mulative power contribution is an effective tool, which is defined by

(6.39)

J
; Y bu()oi

sy(f) = Lralf) ==
=1

_— 6.40
pii(f) (6.40)

Example  Figure 6.7 shows the cross spectra obtained by using a
three-variate AR model for the three-variate time series composed of
the yaw rate, the pitch rate and the rudder angle shown in (a) and (h) of
Figure 1.1 (N = 500 and At = 2 second) that were originally sampled
every second. Three of nine plots on the diagonal in the figure show the
logarithm of the power spectra of the yaw rate, the pitch rate and the
rudder angle, respectively. As for the power spectra of the yaw rate, the
maximum peak is seen in the vicinity of f = 0.25 (8 seconds cycle) and
for the pitch rate and the rudder angle in the vicinity of f = 0.125 (16
seconds cycle). On the other hand, three plots above the diagonal show
the absolute values of the amplitude spectra of the cross spectra, that is,
the logarithm of the amplitude spectra and three plots below the diagonal
show the phase spectra where some discontinuous jumps are seen. The
reason for this is that the phase spectra are displayed within the range
[—m, 7).
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Yaw rate Pitching Rudder angle

Yaw rate

Pitching

Rudder angle

Figure 6.7 Spectra (diagonal), amplitude spectra (above diagonal) and phase
spectra (below diagonal) for the ship data.

Figure 6.8 shows the power spectra and the coherencies. Three plots
on the diagonal show the power spectra similarly to Figure 6.7. Three
other plots above the diagonal show the coherencies. Yaw rate and pitch-
ing both have two significant peaks at the same frequencies. The peak
of the rudder angle has slightly smaller frequency than those of yaw rate
and pitching.

On the other hand, Figure 6.9 shows the power contributions. In Fig-
ure 6.9, the two plots on top, respectively, show the absolute and the
relative power contributions of the yaw rate. Here, the plots in the left
column show the absolute cumulative power contribution and the plots
in the right column show the cumulative relative power contribution. All
plots in both columns of Figure 6.9 show the contribution of the yaw rate,
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Yaw rate Pitching Rudder angle

Yaw rate

Pitching

Rudder angle

Figure 6.8: Power spectra (3 in diagonal) and coherencies.

the pitch rate and the rudder angle from the bottom to the top in each
plot, respectively. The influence of the rudder angle is clearly visible for
f < 0.13. However, the influence of the rudder angle is barely noticeable
in the vicinity of f = 0.14 and 0.23, where the dominant power of the
yaw rate is found. This is probably explained by noting that this data set
has been observed under the control of a conventional PID autopilot sys-
tem that is designed to suppress the power of variation in the frequency
area f < 0.13.

Two plots in the second row show the power contribution of the
pitching. The contribution of the rudder angle is almost 50 percent in the
vicinity of f = 0.1, where the power spectrum is strong. This is thought
to be a side effect of the steering to suppress the variation of the yaw
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Figure 6.9: Power contributions.

rate. On the other hand, actual power is very small for f > 0.14 though
a strong influence of the yaw rate is seen.

Two figures in the third row show the power contribution to the rud-
der angle. It can be seen that the influence of the yaw rate is extremely
strong in the vicinity of f = 0.12, where the main power is located.
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Moreover, it can also be seen that, in the range of f < 0.08, the con-
tribution of the yaw rate becomes greater as the frequency decreases.

Problems

1.(1) Show the stationarity condition for AR(1).
(2) Show the stationarity condition for AR(2).

2. Foran AR(1), y, = ay,—1 +Vn, va~N(0,02):

(1) Obtain the one-step-ahead prediction error variance.
(2) Obtain the two-step-ahead prediction error variance.
(3) Obtain the k-step-ahead prediction error variance.

3. Assuming that the time series follows the models shown below and
that v, follows a white noise with mean 0 and variance 62, obtain the
autocovariance function Cy.

(1) AR model of order 1: y, = —0.9y,_1+ v,

(2) AR model of order 2: y,, = 1.2y,_1 —0.6y,_2+ v,

(3) MA model of order 1: y, = v, —bv,_1

(4) ARMA model of order (1,1): y, = ay,—1 +vn—bv,_1

4. Assume that a time series follows an AR model of order 1, y, =
ayn—1+ Vn, vy ~ N(0,1).

(1) When the noise term v, is not a white noise but follows an autore-

gressive process of order 1, v, = bv,_| + w,, show that y, follows
an AR model of order 2.

(2) Obtain the autocovariance function Cy, k =0, 1,2, 3 of the contam-
inated series x,, defined by x,, = y, +wy,w, ~ N(0,0.1).

5.(1) Using the result of Problem 3 for Chapter 3 and the definition of
the power spectrum, show that the power spectrum of MA model
with order 1 can be expressed as p(f) = |1 —be~>%/|?, where the
right-hand side can be expressed as 1+ b*> — 2bcos(27xf).

(2) Using the fact that if 62 = 1, the spectrum of an AR model of order
1, v, = ay,_1 +vn, can be expressed as p(f) = (1 —2acos(2xf) +
az)*l, and show that the maximum and the minimum of the spec-
trum occurs at f =0 or f =0.5. Also, consider where the spectrum
p(f) attains its maximum.

6. For an AR model of order 2, y, = ajyn_1 + ayp—2 + v, Vi ~
N(0,06?):
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(1) Show the formula to obtain the autocovariance function Cy,Cy, ... .

(2) Show the expression to obtain the power spectrum p(f), 0 < f <
1/2.

(3) Obtain Cy, C;, C, whena; = 0.8, ap = —0.6 and ol=1.

(4) For the same case, obtain the expression for the power spectrum
p(f). Investigate for which frequency f, p(f) attains its maxi-
mum.

7. Assume that a time series y, follows an MA model of order 1; y, =
Vi —bvy_1, vy ~ N(0,1).

(1) Obtain the autocovariance function C,, k=0,1,2,3.

(2) Express the time series by an AR model.

8.(1) Obtain the variance of the k-step-ahead prediction error &, for
an MA model of order 1; y, = v, — bv,_1, vy ~ N(0,1).

(2) Express an AR model of order 1, y, = ay,_1 + v,;, using an MA
model of infinite order and obtain the variance of the k-step-ahead
prediction error variance.

(3) Using the formal expansion of the random walk model y,, =y,,_1 +
v, obtain the MA model of infinite order. Using that expression,

obtain the k-step-ahead prediction error variance of the random
walk model.






Chapter 7

Estimation of an AR Model

Among the stationary time series models discussed in the preceding
chapter, very efficient estimation methods can be derived for AR mod-
els. This chapter presents methods for estimating the parameters of the
AR model by the Yule-Walker method, the least squares method and the
PARCOR method. A method of determining the order of the AR model
using the AIC is also shown. In addition, the Yule-Walker method and
the least squares method for parameter estimation of the multivariate AR
model are shown.

7.1 Fitting an AR Model

Assuming that a time series yj,---,yy is given, we consider the problem
of fitting an autoregressive model (AR model)

Yn = aiyn—i~+ n, (7.1

m
i=1

where m denotes the order of the autoregression, a; is the autoregressive
coefficient and v,, is white noise that follows a normal distribution with
mean 0 and variance 62 (Akaike (1969), Box and Jenkins (1970), Akaike
and Nakagawa (1989), Brockwell and Davis (1991)). 62 is sometimes
called the innovation variance.

To identify an AR model, it is necessary to determine the order m
and estimate the autoregressive coefficients ay,---,a,, and the variance
o2 based on the data. In the following, these parameters will be denoted
by 6 = (ay,---,am,0>)T.

Under the assumption that the order m is given, consider the estima-
tion of the parameter 0 by the maximum likelihood method. The joint
distribution of time series y = (y1,---,yn), following the AR model, be-
comes a multivariate normal distribution. When the model (7.1) is given,
the mean vector of the autoregressive process y is 0 and the variance-

103
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covariance matrix is given by

Co (& <o Cnq
G Co o Cyoa

=1 . . . ) (7.2)
Cvo1 Gy -+ Gy

where the autocovariance function Cy, is defined by (6.12). Therefore, the
likelihood of the AR model is obtained by

L(G) = p(ylvvyN|6)

1
(27) "2 |Z| "2 exp {—zyTEly} . (1.3)

However, when the number N of data is large, the computation of the
likelihood by this method becomes difficult because it involves the inver-
sion and computation of the determinant of the N x N matrix X. To obtain
the maximum likelihood estimate of 6 that maximizes (7.3), it is neces-
sary to apply a numerical optimization method, since the likelihood is a
complicated function of the parameter 6. In general, however, the likeli-
hood of a time series model can be efficiently calculated by expressing
it as a product of conditional distributions

L(6) = pO1,-,yn|0)
= P()’la"'a}’N—1|9)P()’N|)’1>'"a)’N—lae)
'N
[TpGnlyis- yn-1,6). (7.4)

n=1

Using a Kalman filter, each term in the right hand side of (7.4) can be
efficiently and exactly evaluated, which makes it possible to compute the
exact likelihood of the ARMA model and other time series models. Such
a method will be treated in Chapter 9. When the maximum likelihood
estimate 0 of the AR model has been obtained, the AIC for the model is
defined by

AIC = -2 (maximum log-likelihood) + 2 (number of parameters)
= —21logL(8)+2(m+1). (7.5)
To select the AR order m by the minimum AIC method, we calculate
the AICs of the AR models with orders up to M, that is, AICy, - - -, AICyy,

and select the order that results in the minimum AIC value (Akaike
(1973, 1974), Sakamoto et al. (1986), Konishi and Kitagawa (2008)).
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7.2 Yule-Walker Method and Levinson’s Algorithm

As shown in Chapter 6, the autocovariance function of the AR model
(7.1) of order m satisfies the Yule-Walker equation (Akaike (1969), Box
and Jenkins (1970))

Ms

Cy = a;C; + o (7.6)

'MS

Il
MR

¢ = Yaci . (1.7)

On the other hand, once the time series has been obtained, by com-
puting the sample autocovariance functions C; and substituting them into
(7.7), we obtain a system of linear equations for the unknown autoregres-
sive coefficients ay, - -, am,

G G e G ) [a o
Ci Co o Guoa ap G
. . . . = . . (7.8)
ém—l CA‘m—Z T éO am ém

By solving this equation, the estimates d; of the AR coefficients are ob-
tained. Then, from (7.6), an estimate of the variance 67 is obtained by

m
=Co—) aCi. (7.9)
i=1
The estimates dy, - - -, d,,, and 62 obtained by this method are called

the Yule-Walker estimates. Since the variance of the prediction errors of
the AR model with coefficients a; is given by

E(vi) = E()’n_iai)’n—i)z

m m

= co—zzac+22aa,c,_,, (7.10)
i=1j=
we obtain equation (7.7) from
8E(v2) m
aai" =-2Ci+2) ajCi_;j=0. (7.11)

=1
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Therefore, we can consider that the Yule-Walker estimates obtained
by solving (7.8) after substituting C; for C; in (7.11) approximately min-
imize the variance of prediction errors. To obtain the Yule-Walker esti-
mates for an AR model of order m, it is necessary to solve a system of
linear equations with m unknowns. In addition, to select the order of the
AR model by the minimum AIC method, we need to evaluate the AIC
values of the models with orders up to M, the maximum order. Namely,
we have to estimate the coefficients by solving systems of linear equa-
tions with one unknown, ..., M unknowns.

However, with Levinson’s algorithm, these solutions can be obtained
quite efficiently. Hereinafter, the AR coefficients and the innovation vari-
ance of the AR model of order m are denoted as 4’} and 02, respectively.
Then Levinson’s algorithm is defined as follows:

1. Set 62 = Cp and AIC) = N(log2m67 + 1) +2
2. Form=1,---,M, repeat the following steps

m—1

~ A Am—1 A ) —1

(@) an = (Cm—2 ar Cm_,) (6n-1)
J=1

A am—1 Am am—1 .
(b) ar=a;""" —apa,”; fori=1,....m—1,
(© 65 =06,_{1—(an)’},

(d) AIC,, = N(log2m62+1) + 2(m+1).

In Levinson’s algorithm, the PARCOR 4 introduced in Chapter 6
plays an important role. This algorithm will be explained in detail later
in Appendix B.

7.3 Estimation of an AR Model by the Least Squares Method

In this section, the least squares method explained in Chapter 5 will be
applied to the estimation of the AR model. Putting 8 = (ay,-- -, @y, 0>)"
from (7.4), the log-likelihood of the AR model becomes

k)

N
0(0) =Y logp(yaly1,++ yn—1)- (7.12)

n=1

Here, for the AR model of order m, since the distribution of y, is spec-
ified by the values of y,_1,---,y,—, for n > m, each term in (7.12) is
given by

POnlyis - syn=1) = POnlYa—ms-- 3 Yn—1)
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1 1 i 2
- exps —=—5 | yn— Y aivn_i
702 p 262 Yn ~ iYn—i

1 1 o 2
log p(yulyt, = yn-1) = _510g2ﬂ62_m(yn_zai)’n—i)-
i=1

(7.13)

Therefore, by ignoring the initial M (M > m) terms of (7.12), the log-
likelihood of the AR model is obtained as

N-M 1 ] ?
00)=— log2rno® —=— ¥ (ya—Yaya—i)] (714
2 207, 47 i=1

(Kitagawa and Akaike (1978), Sakamoto et al. (1986), Kitagawa and
Gersch (1996)).

Similar to the case of the regression model, for arbitrarily given au-
toregressive coefficients ay, - - -, a,;,, the maximum likelihood estimate of
the variance 6> maximizing (7.14) satisfies

O) N-M 1 X m 2
o2 = 252 +2(62)2 Z <yn_;aiyni> :07 (7.15)

n=M+1

and is obtained as
S )
6" =—+ Yn — aiyn—i> . (7.16)
N—-M, 7. i=1
Substituting this into (7.14), the log-likelihood becomes a function
of the autoregressive coefficients ay, - - ,a,,

N-M ., N-M
lay,- am) = — 5 log27r62—T. (7.17)

Here, since the logarithm is a monotone increasing function, maximiza-
tion of the approximate log-likelihood (7.17) can be achieved by mini-
mizing the variance 6. This means that the approximate maximum like-
lihood estimates of the AR model can be obtained by the least squares
method. To obtain the least squares estimates of the AR models with or-
ders up to M by the Householder transformation discussed in Chapter 35,
define the matrix Z and the vector y by
Ym YmM-1 W1 YM+1
YM+1 Ym N YM+2
z=| . ) ) . ; y=1 . - (1.18)

YN—-1 YN-2 - YN-M YN
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For actual computation, construct the (N — M) x (M + 1) matrix

ym N YM+1
M1 0 M2 YM+2

X=[Z|y]=] . L : , (7.19)
YN-1 =+ YN-M YN

and transform it to an upper triangular matrix

S11 o SIM ST, M+
HX=| 5 | = . : 7.20
o | SMM  SM M+1 ’ (7.20)
SM+1,M+1
(0]

by Householder transformation.
Then, for 0 < j < M, the innovation variance and the AIC of the AR
model of order j are obtained by

1 M+1
67 = —— 5‘2M+1
L
’ N_Mi=j+1
AIC; = (N—M)(log2m67 +1)+2(j+1). (7.21)

Moreover, the least squares estimates of the autoregressive coefficients
that are the solutions of the linear equations

R DI ¥ ai S1,M+1
= : , (7.22)
Sjj aj SjM+1
can be easily obtained by backward substitution as follows:
5
aAJ _ J.M+1
Sjj
S: — 8 d __Sd
di _ i,M+1 Li+14i41 i,j 17 i:j—1,~~~,1.
Sii
7.4 Estimation of an AR Model by the PARCOR Method
Assuming that the autocovariance functions Cy,Cy,- - - are given, Levin-

son’s algorithm of Section 7.2 can be executed by using the following



THE PARCOR METHOD 109

relation between the coefficients of the AR model of order m — 1 and the
coefficients of the AR model of order m:

(7.23)

Therefore, if we can estimate the PARCOR a/)}, the other coefficients
can be automatically determined by using the above relation. In Levin-
son’s algorithm, we used the following formula for the estimation of
ar that is obtained by substituting the sample autocovariance functions
Co,-+,C, into (B.8) in the Appendix B:

_ (Ai_l) {Cm mzlam 16, J} (7.24)

In this section, we present another method of estimating PARCOR
an directly from the time series y;,---,yy without using the sample au-
tocovariance functions. First of all, let wZ’_l denote the prediction error
of the backward AR model with order m — 1:

m—1

Yo=Y, a7y w (7.25)
j=1

In the case of univariate time series, since the autocovariance func-
tion is an even function, the AR coefficients of the forward model coin-
cide with those of the backward model. Using this property, from Ap-
pendix (B.2), we have the expression

1
l)”nfm)
hwm= ). (7.26)

n—m

m—1 . m—1 .
Cn— Z aT_ Cn-j = {<Yn Z a:n Yn— j)yn m}
J=1 j=
m
Vn
m—
n

= E(v

Therefore, the left-hand side of Equation (7.26) can be approximated by

Z v lym=l, (7.27)
N mn =m+1 e
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On the other hand, from (B.4), we have

m—1 . m—1
Co— Z am C] {(yn m— Z a ynrn+j)ynm}

Jj=

E(Wzl nlq)’n m)
= E(wr )% (7.28)

n—m

Using the equality E (w) m) =E(v 1)2, various estimates of (7.26)
can be obtained corresponding to (7.28) as follows,

1 N

. W=y (7.29)
N_mn=§+l( ' m)

;{ Y o) Y (v’“)z}% (7.30)
N—m n=m+1 e n=m+1 "

1 {i w12+ Z } (7.31)
2(N—m) n=m+1 " m n=m+1

Based on these estimates, we obtain the following three estimators
of PARCOR

N N -1
n —1, m—1 —1)\2
an = Z v w;?m{ Z (w;?m)} (7.32)
n=m+1 n=m+1
1 1 i 12 i 1\2 -4
AM m— I’I‘l m— m—
R S { Y W)Y (Y } (1.33)
n=m+1 n=m+1 n=m+1
N —1
Py 1 m— 1 1
CAREYD VRSt I TS e VR U B
n=m+1 n=m+1 n=m+1
(7.34)

In addition to these estimators, we can define another estimator that
could be obtained by replacing (w’":l)2 with (v;?’l)2 in (7.32). The

n—m
estimate of PARCOR obtained by (7.32) is a regression coefficient when
the prediction error v"=1 of the forward model is regressed on the pre-
diction error w”~,} of the backward model. Moreover, the estimate of
(7.33) corresponds to the deﬁnltlon of PARCOR, since it is the correla-
tion coefficient of v*~! and w~}. The estimate of (7.34) minimizes the
mean of the variances of the forward prediction errors and the backward
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prediction errors, and consequently Burg’s algorithm based on the maxi-
mum entropy method (MEM) is obtained (Burg (1967)). The procedures
to estimate the AR model from the time series yy,- - -, yy using the PAR-
COR method are described below. Here, for simplicity, the mean value
of the time series y, is assumed to be 0.

1. Set V) = w0 =y,, for n = 1,---,N. In addition, for the AR
model of order 0, compute 68 = N-'YN_y2, and AIC, =
N(log2mé§ +1) +2.

2. Form=1,---,M, repeat the following steps (a)—(f).

(a) Estimate the PARCOR aj by any of the formulae (7.32),

(7.33) or (7.34).
(b) Obtain the AR coefficients a7, ---,4_, by (7.23).

»¥m—1
(c) Forn=m+1,--- N, obtain the forward prediction error as
m _ m—1 ~m, m—1
Vit =yl —anw
(d) Forn=m+1,---,N, obtain the backward prediction error
m _.om—1 ~my m—1
AWy = Wnem — AmVn

(e) Estimate the innovation variance of the AR model of order
mby 62 =62, {1—(am?}.
(f) Obtain AIC by AIC,, = N(log 2262 + 1) +2(m+1).

7.5 Large Sample Distribution of the Estimates

On the assumption that the time series is generated by an AR model of
order m, for large sample size n, the distribution of the estimates of the
AR parameters is approximately given by

aj~N(aj,n"'o%%), (7.35)

where X is the Toepliz matrix (7.2) generated from the autocovariance
function and 62 is the innovation variance (Brockwell and Davis (1991),
Shumway and Stoffer (2000).

On the other hand, if the time series follows AR model of order m,
and if j is larger than m, the estimated PARCOR aj-, i.e., the j-th au-
toregressive coefficient of the AR model of order j (j > m), are approxi-
mately distributed independently with varaince 1/n (Quenouille (1948),
Box and Jenkins (1970), Shumway and Stoffer (2000)), i.e.,

N
Var{aj} ~ = forj>m. (7.36)

This property can be used to check the adequacy of the estimated order
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Table 7.1 Innovation variances and AIC values of the AR models of various
orders fitted to the sunspot number data.

o2 AIC,,

m

62  AIC,| m o2  AIC,

m m

m

0.22900 317.05| 7 0.06694 46.95 |14 0.05766 26.45
8
9

0.09204 108.49 0.06573 44.73 | 15 0.05716 26.47
0.07058 49.17 0.05984 25.02 |16 0.05701 27.84
0.06959 47.90|10 0.05829 20.96 |17 0.05701 29.84
0.06868 46.85| 11 0.05793 21.52|18 0.05669 30.53
0.06815 47.08 |12 0.05780 23.02|19 0.05661 32.21
0.06805 48.72 |13 0.05766 24.47|20 0.05615 32.32

AN WD~ O[S

of the model. The relation between AIC and the estimated PARCOR is
considered in Problem 1 of this Chapter.

Example (AR modeling for sunspot number data)  Table 7.1 sum-
marizes the results of fitting AR models of orders up to 20 by the Yule-
Walker method to the logarithm of the sunspot number data shown in
Figure 1.1(b). Figure 7.1(a) shows the estimated PARCORs for orders
1,...,20. From Figure 7.1(b) that shows the change in AIC values as m
varies, it can be seen that AIC is minimized at m = 10, and for larger m
it gradually increases.

Since the sample size of the sunspot number data is n = 231, from
(7.36), the large sample standard error of the estimated PARCOR is
(231)*1/2 ~ 0.066. It can be seen that the PARCORs for m = 11,...,16
are very small compared with this standarad error that supports the order
selected by AIC.

On the other hand, plot (c) shows the spectrum obtained by the AR
model of order m = 10 that minimizes the AIC. A strong peak is seen
in the vicinity of the frequency f = 0.1, corresponding to a cycle of
approximately 10 years.

Example (AR modeling and power spectra estimated through AR
models)  Figure 7.2 (a)—(f) shows the changes of AIC, when AR mod-
els with orders 1 to 20 are fitted to the time series shown in Figure 1.1
(a)—(f) by the Yule-Walker method. Figure 7.3 shows the power spectra
of the time series obtained by the method presented in Chapter 6 using
the AIC best AR model among the orders up to 20.
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PARCOR AIC—minAIC
1.0 50
05 40 7
30
0.0 -
20
~0.5 ‘0 -
71.0 T k O LI T T - ]C
0 20 0 5 0 15 20

10 1
(a) (®)

Power Spectrum (in log scale)

Figure 7.1 Changes of PARCOR and AIC and estimated spectrum by the AIC
best AR model for the sunspot number data.

7.6 Estimation of a Multivariate AR Model by the Yule-Walker
Method

In this section, estimation methods for multivariate AR models are
shown. Hereinafter k denotes the number of variables (or dimensions) of
a multivariate time series. The parameters of the multivariate AR model
of order m
m
Yo=Y ATyu_i+vn, Vi ~N(0,V,), (7.37)
i=1
are the variance-covariance matrix V,, of the innovation v, and the AR
coefficient matrices A7, - - -, A}, (Akaike and Nakagawa (1989)).

When a multivariate AR model is given, the cross-covariance func-
tion is obtained from (6.28) and (6.29). On the other hand, using these
equations, the estimates of the parameters of the multivariate AR model
can be obtained through the sample cross-covariance function. For actual
computation, similarly to the univariate AR model, they can be deter-
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Figure 7.2: Change in AIC values, as the order varies.
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Figure 7.3: Estimated spectra by AR models with minimum AIC orders.
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mined efficiently by the following algorithms. However, for a multivari-
ate time series, the backward model is different from the forward model.
In the case of a univariate time series, the forward AR model coincides
with the backward AR model, because the autocovariance function is an
even function. But this property is not satisfied by multivariate time se-
ries. Therefore, in order to derive an efficient algorithm similar to Levin-
son’s algorithm, in addition to (7.37), we have to consider the backward
multivariate AR model
m
Yo=Y B'yuii+un, u, ~N(0,Up), (7.38)
i=1
and we need to estimate the variance-covariance matrix U, and the co-
efficients BY', as well as AY" and V,,, simultaneously (Whittle (1963)).

1. Set Vy = Uy = Cy and compute the AIC of the AR model of
order O as
AICy = N(klog2m +log |Vo| + k) +k(k+1).
2. Form=1,---,M, repeat the following steps (a)—(e).

(@ W, =Cn— er'nzillAlr'nilcm—i-

(b) Obtain the PARCOR matrices of the forward and backward
AR models by A" = WU ", and B =WV ! .

(c) Compute the AR coefficients of the forward and backward
AR models by A” = A"~! — AmB"~! and B = B"! —
BﬁAZ’l:} fori=1,....m—1.

(d) Compute the innovation variance-covariance matrices by
Viw=Co— Y1 A"C! and U,, = Cy — Y1 | B"C;.

(e) Compute the AIC value of the AR model of order m by
AIC,, = N(klog2m +10g V| 4 k) + k(k+ 1) + 2k’m.

By the above-mentioned algorithm, we compute AICy,---, AlICyy,
and select the m that results in the minimum AIC value as the best order
of the multivariate AR model. In this method, it is assumed that the au-
toregressive coefficients a,, (i, j) have common orders for all i and ;.

Example  Table 7.2 shows the results of fitting three-variate AR mod-
els of orders up to 20 by the Yule-Walker method for the ship’s data
shown in Figure 1.1. The AIC is minimized at m = 10, and increases
gradually afterward. The power spectra, the cross spectra, the coherency,
and the noise contribution, etc., that are shown in Chapter 6 are obtained
from the multivariate AR model of order m =10, which attains the min-
imum AIC value.
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Table 7.2: AICs of multivariate AR models fitted to ship’s data.

m  AIC, m  AIC, m  AIC,

7091.71 | 7 5105.83 | 14 5100.98
6238.80 | 8 509635 | 15 5113.05
527536 | 9 508791 | 16 5116.52
5173.02 | 10 5083.79 | 17 5129.42
5135.20 | 11 5093.79 | 18 5136.06
5136.63 | 12 5091.42 | 19 5143.56
5121.02 | 13 5097.98 | 20 5157.37

AN N B~ W= O

7.7 Estimation of a Multivariate AR Model by the Least Squares
Method

To obtain the least squares estimates of the parameters of a multivariate
AR model by the Householder method, we first transform the model
(7.37) to the following expression with instantaneous response:

m
Yn :Boyn+ZBiYn—i+Wn; Wn NN(07W) (7.39)
i=1
(Takanami and Kitagawa (1991), Kitagawa and Gersch (1996)). Here,
By is a lower triangular matrix whose components on and above the di-
agonal are zero, thus

0 0 e 0
bo(2,1) 0 e 0
By = . ) . - (7.40)
bo(k,1) -+ bo(k,k—1) 0
The variance-covariance matrix W is assumed to be a diagonal matrix
oz 0 - 0
) .
w=| 9 (7.41)
' 0
0 0 of

Since the model (7.39) can be expressed as

m
Yn=—Bo) 'Y Biyn—i+ (I—Bo) 'wn, (7.42)
i=1
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by putting

Ai = (I-By) 'B;

V = (I-By) 'W(I—-By)T, (7.43)

there is a one-to-one correspondence between the multivariate AR model
(7.38) and the multivariate model with instantaneous response given in

(7.39). Therefore, if the coefficient matrices By, By, - -, B, and the vari-
ances 612, N O'k2 of the model (7.39) are estimated, the multivariate AR

model will also be obtained by (7.43).

The advantage of this method is that we do not need to estimate all
of the coefficients simultaneously, since the variance-covariance matrix
W is a diagonal matrix. Namely, if we denote the coefficient matrix B; as

bl(171) bl(17k)
B = : : , (7.44)
bl(k71) bt(k7k)
the coefficients of the k models, that is, {b;(p,q), i =1,---,m, g =
1,---,k, Gg} for p =1,---,k can be estimated independently.
This method is far more computationally efficient than the method
that estimates all of the coefficients at once. To realize the above estima-

tion by the Householder method, firstly we construct an (N —m) x (km+
k) matrix

)’;{1 Y1T yl{1+l
yr€1+1 yg y,{1+2

X = : (7.45)
Yot YNem YN

and transform it to an upper triangular matrix by the Householder trans-
formation,
SIStk

S = R : (7.46)
SkmA4-k,km+k
(¢}

It should be noted here that the (km -+ 1) x (km + 1) upper-left sub-
matrix has all the necessary information to estimate the following model
for the first component:

J J
Y bi(1, Dyu—i(1) 4+ Y bi(1,K)yu—i(k) + wa.  (747)
i=1 i=1

ya(1)
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That is, for j < m, the residual variance and the AIC of the j-th order
model are obtained by

2 1 kmil 2
6;(1) = ~— Siskm 1
! N—m f= """
AIC;(1) = (N—m)(log2r67(1)+1)+2(kj+1). (7.48)
The regression coefficients ¢ = (c11,- -+, c1x, -+, ¢j1, -+, ¢ji)= (b1 (1, 1),

by (1,k),--+,bj(1,1),---,b;(1,k))T are obtained as the solutions of
the linear equations
St S1kj 11 S1 km+1
= . (7.49)
O Skjkj Ckj Skj k-1
The solutions are easily obtained by the following backward substitution:
Ckj = Skjkmt1/Skjkjs
Coi = (Stikme1 = Seigiv1Coivt — - —StikjChj)/Stii
fori=1,---,kand j=1,---,k. (7.50)

Secondly, to estimate the model for the second component of the
time series, transform the matrix (7.46) to the following form

SIU  Stgm Stkmel SUjms2  Slmtk
210 0 S2km S2kma2 o S2fmtk
S = Skm+1,km Skm4-1,km+2 " Skm+1,km+k
Skmt2jm+2 0t Skmi2dkmik |
Skim-+k km-+k
. O -
(7.51)

by an appropriate Householder transformation. Then the upper-left
(km+2) x (km—+2) sub-matrix of this matrix contains all the informa-
tion necessary for the estimation of the model for the second component.

For j < m, the innovation variance and the AIC of the j-th order
model for the second component are obtained by

2 1 kmiz 2
8@ = = Y
! N—m 45, """

AIC;(2) = (N—m)(log2m67(2)+1)+2(kj+2). (7.52)
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To obtain the regression coefficients, we define the (kj+ 1)-dimensional
vectorcby c= (b1 (2,1),++,b1(2,k), -+,bj(2,1),-+,bj(2,k),bo(2,1))T
and then solve the following system of linear equations:

S S1,kj S1km+1 Cl S1,km+2
S21 0 o 82 kj 2 82 km+2
Skj+1,kj Clkj+1 Skj+1,km+2

Repeating this procedure up to the k-th component of the time series,
we obtain the matrix

S11 S1.km Stkm+1 S1,km+k—1 S1.km+k
Sg—1,0 "t Sk—1km Sk—1kmtk—1  Sk—1jkm+k
S= Skl e Sk,km Sk km+k
Skim-+k—1,km Skimk—1,km-+k
Skm+-k m~+k
O
(7.54)

by an appropriate Householder transformation.
For j < m, the innovation variance and the AIC of the j-th order
model are obtained by

2 1 kaJ:k 2
6; (k) = —— Sikm+k
! N—m, =, "
AICj(k) = (N—m)(log2n67(k)+1)+2(kj+k). (7.55)

The regression coefficients of this model can be obtained by solving the
system of linear equations

[ 511 e S1kj Stjmsl 0 Stg—1 | [e T [ sue
Sk—1,1 t Sk—1kj Sk—1,g—1 k-1 | _ | Sk—1gq
k1 Sk Ck Sk, ’
L Srk] 1 L ¢r B Srq

©(7.56)
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where the vector c is defined by ¢ = (by (k,1),---,b1(k,k),---,bj(k,1),---,
bj(k,k),bo(k,1),--,bo(k,k—1))". Here, g = km+k and r = kj+k — 1.
This least square method has a significant advantage in that we can

select a different order for each variable to enable more flexible modeling

than the Yule-Walker method. In addition, it is also possible to specify

a time-lag for a variable with respect to other variables or to specify

a particular coefficient to be zero. A computer program for estimating

such a sophisticated model can be found in Akaike et al. (1979).

Problems

1. Consider an AR model of order m: y, = a{'y,—1 + -+ apyn—m + Vu,
vy ~N(0,62).
(1) Using the relation 62 = (1—(a)?)o2_,, show acriterion to judge

whether AR(m) is better than AR(m — 1).

(2) The PARCOR coefficients (aj: of AR(j)) are estimated by using
100 observations and are given by a% =0.9, a% = —-0.6, ag =0.3,
aﬂ =-0.1, ag = 0.15. Assuming that Cy = 1, compute 0',%,, for
m=1,...,5.

(3) Assuming the situation of (2), compute AIC,, form =1,---,5 and
determine the best order.

2. State the differences in the properties of the Yule-Walker method, the
least squares method and the PARCOR method.

3. Show a method, based on AR models, of judging whether two time
series x, and y, are independent.






Chapter 8

The Locally Stationary AR Model

Records of real-world phenomena can mostly be categorized as nonsta-
tionary time series. The simplest approach to modeling nonstationary
time series is, firstly, to partition the time interval into several subin-
tervals of appropriate size, on the assumption that the time series are
stationary on each subinterval. Secondly, by fitting an AR model to each
subinterval, we can obtain a series of models that approximate nonsta-
tionary time series. In this chapter, two modeling methods are shown for
analysis of nonstationary time series, namely, a model for roughly de-
ciding on the number of subintervals and the locations of their endpoints
and a model for precisely estimating a change point. A more sophisti-
cated time-varying coefficient AR model will be considered in Chapter
13.

8.1 Locally Stationary AR Model

It is assumed that the given time series y,---,yy is nonstationary as a
whole, but that we can consider it to be stationary on each subinterval
of an appropriately constructed partition. Such a time series that satisfies
piecewise stationarity is called a locally stationary time series (Ozaki
and Tong (1975), Kitagawa and Akaike (1978), Kitagawa and Gersch
(1996)). To be specific, k and N; are assumed to denote the number of
subintervals, and the number of observations in the i-th subinterval (N +
.-+ 4+ N = N), respectively. Actually, k and N; are unknown in practical
modeling. Therefore, in the analysis of locally stationary time series, it
is necessary to estimate the number of subintervals, k, the locations of
the dividing points and appropriate models for subintervals.

A locally stationary AR model is a nonstationary time series model,
which has the property that, on each appropriately constructed sub-
interval, it is stationary and can be modeled by an AR model on each of
these subintervals. More precisely, consider the i-th subinterval, [n;p,n;]

123
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where

i—1 i

nip = ZNj-‘rl, nil:ZNj'
j=1 j=1

For a locally stationary AR model, the time series y, follows an AR

model
mj

Yn = Zajiynfi"‘vnjv (8.1)
i=1
on the j-th subinterval, where v, ; is assumed to be white noise that satis-
fies E (vnj) =0, E(vﬁj) = Gj2 and E (v,jyp—m) =0 form =1,2,---. The
likelihood of the locally stationary AR model is given by
I’ljl

k
L= pylv 7yN H H yn|y17 : 7yn—l)~ (82)

Therefore, similar to the case of the least square method of the AR
model for stationary time series, ignoring the distributions of the first m
data points to replace Ny by N; —mj and njo with m; + 1, the likelihood
of this model can be approximated by

k 1 % nj1 mj 2
II (271362) { Z (yn Zaﬂyn z) } (8.3)
7= J

]n n/()

Here, if we consider this likelihood as a function of the number of subin-
tervals: k, the length of the j-th interval: N j, the autoregressive order: m;,
the autoregressive coefficients: a; = (aji,---,a; jm; )T and the variance of

the white noise: 0' then the log-likelihood function can be expressed as

/ (k Nj,mj,aj,cjz;j: 1 ,k)

1 nj 2
———Z{N log2no} +5 L (yn Za,,yn ,> }.(8.4)

J n= n/() =1

For arbitrarily given autoregressive coefficients a;, by equating the
first derivative of the log-likelihood with respect to GJZ to 0, we obtain

the maximum likelihood estimate of the variance GJZ as

m; 2
A]‘z—_ Z ()’n Za]l)’n l) . (8.5

J n=njo



AUTOMATIC PARTITIONING OF THE TIME INTERVAL 125

From the above, substituting this into (8.4), the log-likelihood becomes

¢ (kajvmjvajchsz;j = 1;7k)

1 & -
= —5 Zl (Nj]Og (277,'0']~) +Nj)
J:
N—m 1 & N
- 1(10g27‘t+1)—§Zleong2. (8.6)
j=1
Therefore, the maximum likelihood estimate of aji,---,djm, is ob-

tained by minimizing Gj2 using the least squares method that was de-
scribed in Chapter 5. Since the AR model on the j-th interval has m; AR
coefficients and its variance as parameters, the AIC value for the locally
stationary AR model is given by

k k
AIC = (N —my)(log2m+1)+ Y Njlogé7 +2Y (mj+1). (8.7)
j=1 j=1

The number of subintervals k, the length of the j-th subinterval N;
and the order of the AR model for the j-th interval m; are obtained by
finding the combinations that achieve the minimum AIC value among
possible candidates.

8.2 Automatic Partitioning of the Time Interval into an Arbitrary
Number of Subintervals

As shown in the previous section, the best locally stationary AR model
can, in principle, be obtained by the least squares method and AIC. How-
ever, practically speaking, it would require an enormous amount of com-
putation to find the model that minimizes the AIC by fitting locally sta-
tionary AR models for all possible combinations of numbers of subinter-
vals, k, and data lengths, Ny, ---,N;. In terms of practice, the following
procedure was developed to determine the dividing points of the locally
stationary AR model (Ozaki and Tong (1975)). Accordingly, only the
points n; = iL are considered as candidates for dividing points, while the
minimum unit L of division has been set beforehand. Then, the dividing
points of the locally stationary AR model can automatically be decided
by the following procedure.

1. Determine the basic span L and the highest order m of the AR model
that is fitted to the subinterval of the length L. Here L is set to an
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appropriate length so that an AR model of order m can be fitted on an
interval of length L.

2. Fit AR models of orders up to m to the time series yy,---,yr, and com-
pute AIC((0),-- -, AICy(m) to find AIC; = min; AICy(j). Further, set
k=1,no=m+1,n=Land Ny =L—m.

3. Fit AR models with orders up to m to the time series Yy, 11, Yy, +L
and compute AIC;(0), ---, AIC;(m) to set AIC; = min; AIC;(j).
AIC is the AIC of a new model that was obtained under the assump-
tion that the model changed at time ny; + 1. The AIC of the locally
stationary AR model that divides the interval [ny, ng; + L] into two
subintervals, [ng,, ng1] and [ng + 1, ngy + L), is given by

AICp = AICy + AIC;.

This model is called a divided model.

4. Considering Yy, ," "+, Yn,, +L to be a stationary interval, fit AR models
of orders up to m to compute AICp(0),---,AICp(m), and then put
AICp = min; AICp(j). On the assumption that the time series on the
entire interval [ngo,ng + L] is stationary, the model is called a pooled
model.

5. To judge the homogeneity of the two subintervals, compare the AICp
value of the model of step 3 above and the AICp value of the model
of step 4 above.

(a) If AICp < AICp, itis judged that a divided model is better. In this
case, ng; + 1 becomes the initial point of the current subinterval,
weputk=k+1,mo=mn_11+1, g =ng_11+L, Ny =L and
AIC, = AICp.

(b) If AICp > AICp, a pooled model is adopted. In this case, the new
subinterval [ng; + 1,1y + L] is merged with the former subinterval,
and [no,ng) + L] becomes the new current subinterval. Therefore,
we put ny = ny + L, N, = N+ L, and AICy) = AICp.

6. If we have at least L remaining additional data points, we have to
go back to step (3). Otherwise, the number of subintervals is k and
[1,n11], [r20,m21], - - -, [0, N] are the stationary subintervals.

In our approach, we fit two types of AR models whenever an addi-
tional time series of length L remains to be modeled. The process can
be efficiently carried out by the method of data augmentation shown in
Section 5.4 (Kitagawa and Akaike (1978)). In step 2, we firstly construct
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an (L —m) x (m+ 1) matrix from the initial time series; y1,-+,yr,
Ym o)1 Ym+1
Xo=|: T : , (8.8)
yL-1 = YL-m YL

and then reduce it to upper triangular form by an appropriate House-
holder transformation Hy,

S11 S1m Sl,m+l
S oo
HoXo = |: O :| = Smm  Smm+1 ’ (8.9)
Sm+1,m+1
(0]

Then, the AIC of the AR model of order j fitted to y;,---,yL is ob-
tained by

2 1 nil 2

6 () = —— Sl (8.10)
L_mi=j+llm

AICo(j) = (L—m)log62(j)+2(j+1). (8.11)

Here, and hereinafter in this chapter, we omit the term (L —m)(log2m +
1) from AIC, since this term is a constant term, irrelevant for model
selection. To execute step 3, we construct an L x (m + 1) matrix from

Yng+15" 5 Y +L

Yy o Y —mAl o Y+l
Xi=|: ol : , (8.12)

yl’lk1+L—l e Ynk1+L7m ynk1+L

and reduce it to an upper triangular matrix by a Householder transforma-
tion Hy,

ri im rl,erl
R oo
HiX, = |: (@) :| = Fmm  Tmm-1 ’ (8.13)
"m4-1,m+1
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Here, similar to step 2, the AIC of the AR model of order j fitted to
the new time series of length L is obtained by

5 1 m+1 )
61() = 7 X Time (8.14)
i=j+1
AIC,(j) = Llog6#(j)+2(j+1). (8.15)
Then,
AICp = min AICy () + min AIC, () (8.16)
J J

becomes the AIC value for the locally stationary AR model. It is assumed
that there was structural change at time ny; + 1.

Next, in order to fit an AR model to the pooled data y,,, -+, yn;, +L in
step 4, we construct the following 2(m+ 1) x (m+ 1) matrix by augment-
ing the upper triangular matrix S obtained from the data y,,, -, yn,
with the upper triangular matrix R obtained in step 3,

St o Stm Slhm+1
Smm Sm,m+1
S O Sm4-1,m+1
=) |= : , (8.17)
o Mmoo Fimtdl
Tmm  Tmm+1
L O Ym+1,m+1 |

and reduce it to upper triangular form by a Householder transformation:

tll tlm t11’n+1
r :
e = { 0 ] B tum tmms1 (8.18)
tln+1,1n+1
(0]

Then the AIC value for the AR model of order j is obtained by

() = — "f [ (8.19)
Nk+Ll:J+1 l,m“r

AICp(j) = (Ne+L)log62(j)+2(j+1). (8.20)
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oRGNAL DATA
60
40
20
0
_20 4
_40 4
-60 T T r r r
0 500 1000 1500 2000 2500
" — 410 411 — 510 511 — 610 611 — 710 711 — 1010 1011 — 1110
4 4 4 4 4 4
ZA\/\J ZA/\_j ‘1 ZAK ZA/\N\/ ‘]
0 04 0 \/\/\/\ 04 04 04
-2 - - - - -2
0.0 05 00 05 0.0 05 00 05 00 05 0.0 0.5
1111 — 1410 1411 — 1710 1711 — 2010 2011 — 2600
4 4 4 4
2 \ 2 /\,\ 2 /\N 2
0 04 0 0 /\/\\/
-2 -2 -2 -2
0.0 05 00 0.5 0.0 05 0.0 0.5

Figure 8.1 The east-west component record of seismic wave and estimated spec-
tra obtained by a locally stationary AR model.

Therefore, by finding the minimum (over j) of AICp(;), thus,

AICp = min AICh(j), 8.21)
J

we obtain the AIC value for the AR model, which was obtained under
the assumption that the structural change did not occur at time ng; + 1.

In step 5, replace the matrix S with the matrix T if AICp < AICp or
with the matrix R if AICp > AICp. Then go back to step 3.

Example (Locally stationary modeling of seismic data)  Figure 8.1
shows the results of fitting a locally stationary AR model to the east-
west component of a seismogram (N = 2600) with L = 100 and m = 10
(Takanami and Kitagawa (1991)). The record involves microtremors as
the noise and two types of seismic wave; the P-wave and the S-wave. The
power spectra shown in the figures are obtained from AR models esti-
mated on the decided stationary subintervals. Structural changes have
been detected at nine points, n =410, 510, 610, 710, 1010, 1110, 1410,
1710 and 2010. The change around n = 600 corresponds to a change in
the spectrum and the variance caused by the arrival of the P-wave. The
section n = 600 — 1000 corresponds to the P-wave. Whereas the spec-
trum during n = 600 — 700 contains a single strong periodic component,
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various periodic components with different periods are intermingled dur-
ing the latter half of the P-wave, n = 700 — 1000. The S-wave appears
after n = 1000. We can see not only a decrease in power due to the re-
duction of the amplitude but also that the main peak shifts from the low
frequency range to the high frequency range. After n = 2000, no signifi-
cant change in the spectrum could be detected.

8.3 Precise Estimation of a Change Point

In the previous sections, we have presented a method of automatically
dividing the time interval of a nonstationary time series into several
subintervals in which the time series could be regarded as stationary.
Here, we consider a method of detecting the precise time of a structural
change by assuming that a structural change of the time series y, oc-
curred within the time interval [ng,n;]. A multivariate extension of this
method is shown in Takanami and Kitagawa (1991).

Assuming that the structural change occurred at time n; ng < n < ny,
a different AR model is fitted to each subinterval [1,n — 1] and [n,N],
respectively. Then the sum of the two AIC values of the AR models fitted
to these time series yields the AIC value of a locally stationary AR model
with a structural change at time 7. To obtain a precise estimate of the time
of structural change based on the locally stationary AR models, we could
compute the AICs for all n such that ny < n < n; to find the minimum
value. With this method, because we have to estimate AR models for all
n, a huge amount of computation is required. However, we can derive
a computationally very efficient procedure for obtaining the AIC values
for all the locally stationary AR models by using the method of data
augmentation shown in Section 5.4.

According to this procedure, from the time series y1,- - -, yn,, we first
construct an (ng —m) X (m+ 1) matrix

Ym N Ym+1

Xo=| : R : , (8.22)

Yng—1 = Yng—m Yng

and reduce it to upper triangular form by a Householder transformation:

811 S1m Sl7m+l
HoXo=| > | = Co 8.23
020 = o | Smm  Smm+1 ’ (8.23)
Sm+1,m+1

0]
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Then, the AIC value for the AR model of order j fitted to the time
series 1, ,Yn, 1S obtained by

1 m+-1

P 2
= : 8.24
0o (]) no_mi:§lsz,m+lv ( )
AICo(j) = (ng—m)logbZ(j)+2(j+1). (8.25)

Therefore, on the assumption that a structural change occurred at time
no + 1, the AIC value for the best AR model on the first part of the
interval is given by
AIC) = minAICy(j). (8.26)
J

To obtain the AIC value for the AR model fitted to the augmented
data yy,---,yny+p, Where p is the number of additional data points (p >
1), we construct an (m+ p+ 1) X (m+ 1) matrix X; by augmenting the
upper triangular matrix obtained in the previous step with the new data

S11 o Sim S1,m+1
Smm Sm,m+1
X = Sm+1,m+1 ) (8.27)
Yng o Yng—m4l Yngtl
L Ynotp—1 ~"° Yno—mtp Yngtp i

and reduce it to upper triangular form by an appropriately defined House-
holder transformation H;:

rnr o 'mo Nm+1

HiX; = [ g } - R . (8.28)

Tmm  Tmm+1
"m4-1,m+1
(@]

The AIC value for the AR model of order j fitted to the augmented
data y1,- -, Yn,+p is obtained by

) 1 m+1 )
6:7(j E rs
i(J) ”0_’"4‘19,':%1 im+1s

AIC((j) = (ng—m+p)log6i(j)+2(j+1). (8.29)
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Therefore, under the assumption that the structural change occurred at
time ng+ p + 1, the AIC value for the best AR model for the first-half
interval is obtained by

AIC| = minAIC (j). (8.30)
J

Repeating this procedure, the AIC values for the AR models fitted
to the time series {yi, -, ¥ny}, {V1, s Vngsp s V1,5 ¥n }5 1y
AIC), AIC],---,AIC} can be obtained.

The AIC values for the AR models after the structural change
can similarly be obtained. With respect to the AICs of the latter-half
AR models, we first fit AR models to the data y,,11,---,yn and then
augment with p observations successively; i.e., we fit AR models to
{ynr‘rla"'7yN}7{yn|7p+1a"'7yN}7{yn|*2p+1a"'7yN}7"'7{yn0+1a"'7yN}
and compute the AIC values for the models, AIC%, AIC%A, e ,AIC%.

Then,

AIC; = AIC} + AIC; (8.31)

yields the AIC value for the locally stationary AR model on the assump-
tion that the structural change occurred at time ny + jp + 1. Therefore,
we can estimate the time point of structural change by finding the j for
which the minimum of AIC, - - -, AIC, is attained.

Example (Estimation of the arrival times of P-wave and S-wave)
Figure 8.2 shows the results of precisely examining the change points
around n = 600 and n = 1000, where the substantial changes are seen
in Figure 8.1. Plot (b) shows the enlarged part of n = 400 — 800 where
the first half might be considered as the microtremors and the latter half
might be the P-wave. In plot (a), the value of AIC obtained by (8.31)
is shown and the minimum value 3364 attained at n = 630. Accord-
ingly, it can be inferred that the P-wave arrived at a time corresponding
to n = 630.

Plot (d) shows the enlarged part of n = 800 — 1200 and the first and
the latter half of the plot are the P-wave and the S-wave, respectively.
From the value of AIC shown in plot (c), we can infer that the S-wave
arrived at a time corresponding to n = 1026. In plot (a), the AIC has
a clear minimum and the estimate of the arrival time is very accurate,
whereas plot (c) shows a gradual change in the AIC and the detection of
the arrival time of S-wave is correspondingly rather more difficult than
that of the P-wave.
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Figure 8.2: Estimation of the arrival times of the P-wave and the S-wave.
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Problems

1. Inlocally stationary AR modeling, what kind of model should we use
if the mean of the time series changes over time. State the expression
of the AIC for that model.

2. Corresponding to the time series shown in Figure 1.2, consider a lo-
cally stationary AR model for the situation where only the variance
of the time series changes over time.

3. Referring to the polynomial regression model introduced in Chapter
11, obtain the AIC of the model in which the polynomial changes
over time.

4. In Problem 2, consider models that reflect the continuity or the
smoothness of the trend.

5. Assuming that the Householder transformations for (8.22) and (8.27)
1 1
need Enom2 and E( p+ l)m2 computations, compare the amount of

computation required for an ordinary AR model and the locally sta-
tionary AR model presented in Section 8.3.



Chapter 9

Analysis of Time Series with a
State-Space Model

Various models used in time series analysis can be treated entirely within
the state-space model framework. Many problems of time series analysis
can be formulated in terms of the state estimation of a state-space model.
This chapter presents algorithms for the Kalman filter and a smoothing
algorithm for efficient state estimation. In addition, applications to the
increasing horizon prediction, interpolation and parameter estimation of
a time series are dealt with.

9.1 The State-Space Model

It is assumed that y, is an /-variate time series. The following model for
the time series is called a state-space model.

Xn = Fuxp_1+Gpvy, (system model) ©.1)
Vn Hyx, +wy, (observation model), 9.2)

where x,, is a k-dimensional unobservable vector, referred to as the state
(Anderson and Moore (1979)). v, is a system noise or a state noise, that
is, an m-dimensional white noise with mean vector zero and variance-
covariance matrix Q,. On the other hand, w,, is called observation noise;
it is assumed to be an /-dimensional Gaussian white noise with mean
vector zero and the variance-covariance matrix R,. F,, G, and H, are
k x k, k x m and £ x k matrices, respectively. Many linear models used in
time series analysis are expressible in terms of state-space models.

With respect to the concept of the state-space model, it has the fol-
lowing two interpretations. First, if we consider the observation model
of (9.2) as a regression model that expresses a mechanism for obtaining
the time series y,, then the state x, corresponds to the regression coeffi-
cients. In this case, the system model (9.1) expresses the time-change of
the regression coefficients.

On the other hand, on the assumption that x,, is considered as the un-

135
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known signal, the system model expresses the generation mechanism of
the signal, and the observation model expresses the structure of the actu-
ally observed signal, which was obtained by constructing a transformed
signal, contaminated by an additive noise.

Example (State-space representation of an AR model) Here, we
shall consider an AR model for the time series y;,

Yn = aiyn—i+ Vn, (93)

m
i=1

where a; is the AR coefficient and v, is a Gaussian white noise with
mean zero and variance 62.

Then, if the state vector is defined as x, = (Vn, Yu—1," s Yn—ms1) it
can easily be verified that there is a relation between the two states, x,
and x,,_1:

Xp =Fx,_1+Gv,. 9.4)

Here, F and G are the m x m matrix and the m dimensional vector defined
by

a a - ap 1
1 0
F= , G=1| .|, 9.5)
1 0 0
respectively.

On the other hand, since the first component of the state x, is the
observation y,, by putting H =[1 0 --- 0], we obtain the observation
model

yn = Hxy,. 9.6)

Furthermore, assigning Q = 6> and R = 0 to the variances of the sys-
tem noise and the observation noise, respectively, a state-space model
representation of the AR model can be obtained. Thus, the AR model
is a special form of the state-space model, in that the state vector x; is
completely determined by the observations until time #, and then the ob-
servation noise becomes zero.

It should be noted here that representation in terms of the state-space
model is not unique. For example, given the state-space models (9.1)
and (9.2), for any non-singular matrix 7', by defining a new state z,,, the
matrix F,, and the vectors G, and H,, by

w=Tx,, F,=TFT™', G,=TG, H,=H,T' (9.7
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we obtain a state-space model equivalent to the models (9.1) and (9.2):
in = Fnlznfl + G;/1Vn
Yn = Hy/,Zn + Wy

Next, we define the state as

- - T
Xn = (yn7yn+1|n71a e aYn+m71\n71) )

where ¥, jj,—1 = Z’}’:,»Hajyn“,j expresses the part of the one-step-
ahead predictor y, jjp—iy1 = Z;flzl @jynyi—j of y,1;, that can be deter-
mined by the observations up to time n — 1. Here, we define F, G and H
by

aq 1 1
a 0
F= , G=| .|, H=[10---0], (9.8
: 1 :
am 0 0

and, consequently, we obtain another expression of the AR model.

In general, many of the models treated in this book, such as the
ARMA model, the trend component model and the seasonal component
model, can be expressed in the form

ayg 1 1

Eo= | ™ L G=| | 09
: 1 :
i 0 bin—1,i

H; = [ciicai - Cmjil-

In actual time series analysis, a synthetic model that consists of
p components may be used. If the dimensions of the p states are
my,---,mp, respectively, with m = my + --- + m,, then by defining an
m X m matrix, an m X p matrix and an m vector

R

F:{ FpJ, G:{ GPJ, H=[H - Hy,

(9.10)
a state-space model of the time series is obtained. In this book, this state-
space model is used as the standard form.



138 ANALYSIS OF TIME SERIES WITH A STATE-SPACE MODEL

9.2 State Estimation via the Kalman Filter

A particularly important problem in state-space modeling is to estimate
the state x,, based on the observations of the time series y,. The reason
is that tasks such as prediction, interpolation and likelihood computa-
tion for the time series can be systematically analyzed by using the state
estimation.

In this section, we shall consider the problem of estimating the state
x,, at time n based on the set of observations Y; = {y;,---,y;}. In particu-
lar, for j < n, the state estimation problem is equivalent to estimation of
the future state based on the present and past observations and is called
prediction. For j = n, the problem is to estimate the current state, which
is called a filfer. On the other hand, for j > n, the problem is to estimate
a past state x; based on the observations until the present time and this is
called smoothing.

A general approach to these state estimation problems is to obtain
the conditional distribution p(x,|Y;) of the state x,. Then, as the state-
space model defined by (9.1) and (9.2) is a linear model, and moreover
the noises v,, and wy,, and the initial state xy follow normal distributions,
all these conditional distributions become normal distributions. There-
fore, to solve the problem of state estimation of the state-space model, it
is sufficient to obtain the mean vectors and the variance-covariance ma-
trices of the conditional distributions. In general, in order to obtain the
conditional joint distribution of states xp,---,x, given the observations
¥1,---,¥n, @ huge amount of computation is necessary.

However, for the state-space model, a very computationally efficient
procedure for obtaining the joint conditional distribution of the state
has been developed by means of a recursive computational algorithm.
This algorithm is known as the Kalman filter (Kalman (1960), Anderson
and Moore (1976)). In the following, the conditional expectation and the
variance-covariance matrix of the state x,, are denoted by

Xj = E(alV))
Vaj = B —xu) (0 —x0)" ] 9.11)

It is noted that only the conditional distributions with j =n — 1 (one-
step-ahead prediction) and j = n (filter) are treated in the Kalman filter
algorithm. As shown in Figure 9.1, the Kalman filter could be realized by
repeating the one-step-ahead prediction and the filter with the following
algorithm. The derivation of the Kalman filter is shown in Appendix C.
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X10 — X210 — X3j0 — X4j0 — X510 —

X1 = X2|1 — X3|)1 — X4)1 — X5 —

4

Xl|2 < X2)2 = X3)2 — X4)2 — X52 —

X1|3 <= X2|3 < X3|3 = X43 — X53 —

4

X1|4 < X2|4 < X3|4 < X44 = X54 —

4

Figure 9.1 Recursive computation by the Kalman filter and smoothing algo-
rithm. = prediction, |}: filter, «—: smoothing, — increasing horizon prediction.

[One-step-ahead prediction]

Xan—1 =  FuXp_1pn—1

Viet = FVae i1 F +GaQuGl . (9.12)
[Filter]

Ko = VipoiH, (HVien—1H, +Ry) ™!

Xajn = Xpjn—1+ Kn(Yn — HpXpjn—1) (9.13)

Van = (I = KuHp)Vapn—1-

In the algorithm for one-step-ahead prediction, the predictor (or
mean) vector x,|,_1 of x, is obtained simply by multiplying the tran-
sition matrix F, by the filter of x,_1, x,_1|,—1. Moreover, the variance-
covariance matrix V,,_1 consists of two terms; the first term expresses
the influence of the transformation by F,,, and the second shows the influ-
ence of the system noise v,. In the filter algorithm, the Kalman gain K,, is
initially obtained. The prediction error of y, and its variance-covariance
matrices are obtained as y, — HyX,,—1 and HnVn‘n_lHnT + Ry, respec-
tively. Here, the mean vector of the filter of x,, can be obtained as the
sum of the prediction vector x,,—1 and the prediction error multiplied
by the Kalman gain. Then, since x,,, can be re-expressed as

Xnjn = Knyn + (I— Kan)xn\nfla

it can be seen that x|, is a weighted sum of the new observation y, and
the predictor, x;,,—1.
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Next, V|, can be written as
Vn\n = Vnln—1 _KanVn\nfl-

Here, the second term of the right-hand side shows the improvement in
accuracy of the state estimation of x,, resulting from the information
added by the new observation y,,.

9.3 Smoothing Algorithms

The problem of smoothing is to estimate the state vector x, based on the
time series Yy, = y1,-- -,y for m > n. There are three types of smoothing
algorithm. If m = N, the smoothing algorithm estimates the state based
on the entire set of observations and is called fixed-interval smoothing. If
n=m—k, it always estimates the state k steps before, and is called fixed-
lag smoothing. If n is set to a fixed time point, e.g., n = 1, it estimates a
specific point, such as the initial state, and is called fixed-point smooth-
ing. Compared with the filtering algorithm that uses the observations up
to time n for estimation of the state x,,, fixed-interval smoothing yields a
more accurate estimate of the state x,,, by using all available data.
Fixed-interval smoothing

A, = Vn|nFnT+1Vn111|n
Xn|N = Xn|n +An(xn+l|N _xn+1|n) (9.14)
Vn|N = Vn|n +An(Vn+1|N_Vn+1\n)A;{-

As shown in this algorithm, the fixed-interval smoothing estimates,
Xpv and Vy y, can be derived from results obtained by the Kalman fil-
ter, i.., Xpn—1> Xa|n> Vaju—1 and V;, .. Therefore, to perform fixed-interval
smoothing, we initially obtain x,,—1,%ujn, Vajn—1,Vaju» n =1,--+,N by
the Kalman filter and compute xy_1y, V,—1|n through xyn, Vix back-
ward in time (see Figure 9.1). It should be noted that the initial values
xyv and Vv necessary to perform the fixed-interval smoothing algo-
rithm can be obtained by the Kalman filter.

9.4 Increasing Horizon Prediction of the State

It will be shown that by repeating one-step-ahead prediction by means of
the Kalman filter, we can perform increasing horizon prediction, that is,
to obtain x|, and V4, for k = 1,2,---. Let us consider the problem
of estimating the increasing horizon prediction, i.e., estimating the state
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Xuj for j > 1 based on the time series Y, = y1,---,y,. Firstly, the mean
vector X, 11|, and the variance-covariance matrix V,. |, of the one-step-
ahead predictor of x,,; | are obtained by the Kalman filter. Here, since the
future observation y, | is unavailable, it is assumed that ¥, ;1 = Y. In
this case, we have that x, 1,41 = Xuy1)n and Vi 11511 = Vg 1)s- There-
fore, from the one-step-ahead prediction algorithm of the Kalman filter
for the period n+ 1, we have

Xni2ln = Fn+2xn+1|n
Vo = FpsoVarinFpin + Gni2Qni2Grps. (9.15)

This means that two-step-ahead prediction can be realized by repeat-
ing the prediction step of the Kalman filter twice without the filtering
step. In general, j-step-ahead prediction based on Y, can be performed

using the relation that ¥, = Y, = --- = Y,y ;, by repeating the predic-
tion step j times. Summarizing the above, the algorithm for the increas-
ing horizon prediction x,, 41, - -, X, ; based on the observation ¥, can be

given as follows:
The increasing horizon prediction
Fori=1,---,j, repeat

Xntiln = FrHrixn-&-ifl\n
Viiin = FoiiVoricinFii + GnyiOnriGo . (9.16)

9.5 Prediction of Time Series

Future values of time series can be immediately predicted by using the
predicted state x, obtained as shown above. When Y, is given, from
the relation between the state x, and the time series y,, which is ex-
pressed by the observation model (9.2), the mean and the variance-
covariance matrix of y,,; are denoted by y,j, = E(y,+;|¥,) and
dpy jjn = Cov(yny j|Yn), respectively. Then, we can obtain the mean and
the variance-covariance matrix of the j-step-ahead predictor of the time
series y,4j by

Yntjin = E(Hpy jXntj+wWayjl¥n)
= Hui i 9.17)
dpijin = Cov(HyyjXnij+wnij|¥n)

= Hn+jC0V(xn+j|Yn)HnT+j+Hn+jcov(xn+jawn+j|yn)
+ Cov(wn+j,xn+j|Y,,)HnT+j + Cov(wpj|Yn)

= Hut Vi jinHysj+ Rosj. (9.18)
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As indicated previously, the predictive distribution of y, ; based on
the observation Y,, of the time series becomes a normal distribution with
mean y, j|, and variance-covariance matrix d, j,. These are easily ob-
tained by (9.17) and (9.18). That is, the mean of the predictor of y, ; is
given by y, j, and the standard error is given by (d,,. j|,,)1/ 2Tt should
be noted that the one-step-ahead predictor y,),—1 and d,,— of the time
series y, have already been obtained and were applied in the algorithm
for the Kalman filter (9.13).

Example (Increasing horizon prediction of BLSALLFOOD data)
Figure 9.2 shows the results of the increasing horizon prediction of the
BLSALLFOOD data, N = 156. In this prediction, the AR model was
fitted to the initial 120 observations and the estimated AR model was
used for increasing horizon prediction of the succeeding 36 observations,
Y121, -, Y156- In the estimation of the AR model, we firstly obtain a time
series with mean zero, y;; by deleting the sample mean, y of the time
series,
Yn=Yn—7,

and then the parameters of the AR model are obtained by applying the
Yule-Walker method to the time series y7],---,yx.

The increasing horizon prediction of the time series y; iln is obtained
by applying the Kalman filter to the state-space representation of the AR
model; the increasing horizon prediction value of the time series y,y ; is
then obtained by

Ynd-jln = y:+j|n +y.

Figure 9.2 shows the mean y20.4 120, j = 1,--+,36, and its &1 stan-
dard error interval y1204 j|120 & 1 /d120+ j| 120 Of the predictive distribution
obtained by this method. The actual time series is indicated by a solid
curve for n < 120 and by the symbol o for n > 120.

Plots (a), (b), (c) and (d) show the results of the increasing horizon
prediction obtained by AR models of orders m = 1,5, 10 and 15, re-
spectively. In the case of the first order AR model shown in plot (a),
the increasing horizon prediction value rapidly attenuates exponentially,
which indicates that the information on the periodic behavior of this data
is not effectively used for the prediction. In the case of m = 5 shown in
plot (b), the predictor reasonably reproduced the cyclic behavior for the
first year, but after one year passed, the predicted value rapidly decayed.
The predictors for the AR model with m = 10 reproduce the actual be-
havior of the time series relatively well. Finally, the predictors for the AR
model with m = 15 accurately reproduce the details of the wave form of
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Figure 9.2 Increasing horizon predictive distributions (bold line: mean, thin
line: & (standard deviation) and o: observed value). Orders of the AR models
are 1, 5, 10 and 15, respectively.
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the actual time series. In contrast to the one-step-ahead prediction, the
increasing horizon prediction may lead to significant differences among
the results from AR models of different assumed orders. These results
indicate that prediction by a model of improper order may yield such an
inappropriate prediction that appropriate model selection is extremely
important for the increasing horizon prediction.

9.6 Likelihood Computation and Parameter Estimation for a
Time Series Model

Assume that the state-space representation for a time series model spec-
ified by a parameter 0 is given. When the time series y, - --,yy of length
N is given, the N dimensional joint density function of yy,---,yn speci-
fied by this time series model is denoted by fy(y1,---,yn|0). Then, the
likelihood of this model is defined by

L(O) = fn(y1,---,yn|0). 9.19)

By repeatedly applying the relation

fn(ylv"'vyn|6) :fn—l(ylv'"7yn—1|6)gn(yn|yl7'"7)’;1—176)7

forn =N, N—1,---,2, the likelihood of the time series model can be
expressed as a product of conditional density functions:

N N
L(6) = [ [ gnOaly1,---,yn-1,0) = [ [ 8n(ul¥a-1,6).  (9.20)
n=1 n=1

For simplicity of notation here, we let ¥y = () (empty set) and then
fi(y1160) = g1(y1]Yo,0). By taking the logarithm of L(6), the log-
likelihood of the model is obtained as

N
£(0) =1logL(6) = Zlogg,,(yn|Yn_1,6). (9.21)
n=1
As shown in (9.17) and (9.18), since g, (y,|Y,—1, 6) is the conditional
distribution of y, given the observation Y,_; and it is, in fact, a normal
distribution with mean y,,_ and variance-covariance matrix dy,, 1, it
can be expressed as (Kitagawa and Gersch (1996))

14
1 _1
gn(yn|Yn—176) = <E) |dn\n—1| 2

1 _
X exp { —E(yn —yn|n—1)Td,,‘,1,1(yn _yn|n—l)} .(9.22)
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Therefore, by substituting this density function into (9.21), the log-
likelihood of this state-space model is obtained as

| N
0e) = —§{£N10g275+210g|dnn—1|

N

Z — Yn|n— l dn|yl, 1( — Yn|n— l)} (9.23)

Stationary time series models such as the AR models, the ARMA
models and many other nonstationary time series models such as trend
and seasonal adjustment models can be expressed in the form of linear
Gaussian state-space models. Accordingly, for such time series models,
a unified algorithm for computing the log-likelihood can be obtained by
using the Kalman filter and (9.23). The maximum likelihood estimates
of the parameters of the time series model can be obtained by maximiz-
ing this log-likelihood by a numerical optimization method, which will
be described later in Appendix C. Examples of parameter estimation for
state-space models are described in Chapter 10 to Chapter 15.

In this way, the parameters contained in the state-space model can
be estimated by numerical maximization of the log-likelihood of (9.23),
but this generally requires considerable computation. Therefore, if the
maximum likelihood estimate or a good approximation can be obtained
analytically, this method should be used for efficient estimation. For in-
stance, on the assumption that there is no missing observation in esti-
mating an AR model, we should use the Yule-Walker method, the least
squares method or the PARCOR method, which have been shown in
Chapter 7, rather than the above method. Furthermore, whenever an ex-
act maximum likelihood estimate is necessary, we should use these ap-
proximations as an initial estimate of the numerical optimization.

When maximization of the log-likelihood is necessary but there is
not such an approximation method available, we may reduce the dimen-
sion of the parameter vector to be estimated by numerical optimization.
In the state-space models (9.1) and (9.2), it is assumed that the dimen-
sion of the time series is £ = 1 and the variance of w,, is constant with
R, = 0. Then, if \7,1|,,, Vn‘n_l, Qn and R are defined by

vn|n—l = Gan\n—la vn|n = Gan\nv
0, =00y, R=1, (9.24)

then it follows that the Kalman filters (9.12) and (9.13) yield identical
results, even if those parameters are used.
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In one-step-ahead prediction, it is obvious that we can obtain iden-
tical results, even if we replace V,_,—1 and V,,_; by \7”_1‘,1_1 and
Vjn—1, respectively. In the filtering step, we have

K, = Vn|)1—1HZ(Hn‘41\n—1H; +Rn)71

&2 T =207 17 T —1

= 0 Vn|n—1Hn o (ann\n—lHn + 1)

= Vn|n—lHZ(HnVn\n—1HnT +R‘)71

= K, (9.25)

Assuming that R = 1, the obtained Kalman gain K, is identical to

K. Therefore, in the filtering step, we may use V|, and V|, instead of
Vajn and Vy ,_1. Furthermore, it can be seen that the vectors x,,_1 and
Xn|n Of the state do not change under these modifications. In summary, if
R, is time-invariant and R = ¢ is an unknown parameter, we may apply

the Kalman filter by setting R = 1. Since we then have d,,_1 = & d,,|,, 1
from (9.18), this yields

1 5 N - 1 X (Vn — In = Vnjn—1)" 1)2
e(@):_E Nlog2no +Zlogdn|n 1 G—Z d )

n=1 nin—1
(9.26)
From the likelihood equation

o 1[N 1 E Gy
W“E{?‘(GZ)ZZ P B

n=1

the maximum likelihood estimate of 67 is obtained by

N —y 1 2
_ ﬁ Z n = Inin=l) (9.28)

n|n 1

Furthermore, denoting the parameters in 8 except for the variance 62 by
6%, by substituting (9.28) for (9.26), we have

n=1

1 N
uo) =3 {Nlog27r62 +Y togdy, +N} . (9.29)

By this method, it is possible to reduce the dimension of the parame-
ter vector by one. Summarizing the above, the procedure used here is as
follows:
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. Apply the Kalman filter by putting R = 1.
. Obtain an estimate of the variance 62 by (9.28).
. Obtain the log-likelihood £(6*) by (9.29).

. Repeating the above steps (1)—(3), obtain the maximum likeli-
hood estimate 6* by maximizing the log-likelihood ¢(6*) by
means of numerical optimization.

AW N =

9.7 Interpolation of Missing Observations

In observing time series, a part of the time series might not be able to
be obtained because of unexpected factors, such as the breakdown of
the observational devices, physical constraints of the observed objects
or the observation systems. In such cases, the actual unobserved data
are called missing observations, or missing values. Even when only a
few percent of the observations are missing, the length of continuously
observed data that can be used for the analysis might become very short.
In such a situation, sometimes we may fill the missing observations with
zeros, the mean value of the time series or by linear interpolation. As can
be seen in the numerical examples following, such ad hoc interpolation
for missing observations may cause a large bias in the analysis, since it
is equivalent to arbitrarily assuming a particular model.

In this section, we shall explain a method of computing the likelihood
of the time series model and interpolating the missing observations using
the state-space model and the Kalman filter (Jones (1980), Kohn and
Ansley (1986), Kitagawa and Gersch (1996)). Applying the state-space
model of time series, it is possible to compute an exact likelihood even
when there are missing observations in the data. Thus, we can obtain
maximum likelihood estimates of unknown parameters.

Let I(n) be the set of time instances at which the time series was
actually observed. If there are no missing observations, it is obvious that
I(n) ={1,---,n}. Then, for the observations Y, = {y;|i € I(n)}, the log-
likelihood of the time series is given by

£(6) = logp(¥n|0)

= Y logp(yultu-1,6). (9.30)
n€l(N)

Since Y, = Y,,_1 holds when the observation y, is missing, as in the
case of increasing horizon prediction, the Kalman filter algorithm can
be performed by just skipping the filtering step. Namely, the predictive
distribution p(x,|Y,_1) of the state, or equivalently, the mean x,,,_; and
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the variance-covariance matrix V,,,_1, can be obtained by repeating the
prediction step for all n and the filtering step for n such that n € I(N).
Therefore, after computing y,,—1 and d,,—; by equations (9.17) and
(9.18), similarly to the preceding section, the log-likelihood of the time
series model is defined as

1
(o) = —indz(m{“"gz’r“og'd”'"”'

+ (yn_yn|nI)Tdnil(yn_ymnl)}' (9.31)

If a time series model is already given, the model can be used for
interpolation of missing observations. Similar to the likelihood com-
putation, firstly, we obtain the predictive distributions {x,j,—1, Vyjn—1}
and the filter distributions {x,,, Vy»} using the Kalman filter and skip-
ping the filtering steps. Then, we can obtain the smoothed estimates of
the missing observations by applying the fixed-interval smoothing algo-
rithm (9.14). The variance-covariance matrix of the estimate is obtained
by dyn = Hy Vi ~vHT + R,. Consequently, an estimate of the missing ob-
servation y, is obtained as y,y = Hux,y-

Thus, the results of interpolation by optimal models are significantly
different from conventional interpolations, which are generated by re-
placing missing observations with the mean or by straight-line interpo-
lation. As can be seen from this example, interpolation of the missing
observations by a particular algorithm corresponds to assuming a partic-
ular time series model, different from the true model generating the data.
Therefore, if we perform interpolation without carefully selecting the
model, it may cause significant bad effects in the subsequent analysis.
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Example (Interpolation of missing observations in BLSALLFOOD
data) Figure 9.3 shows the results of a numerical interpolation ex-
periment for the BLSALLFOOD data. Within 156 observations of data,
in total 50 observations are assumed to be missing: y41,---,y70 and
Y101,- - ,Y120- They are interpolated by AR models of orders 0, 1, 5, 10
and 15, respectively. It should be noted that order 15 is the AIC best
order. AR coefficients are obtained by maximizing the log-likelihood
defined by (9.31). Interpolation by the AR model of order 0 is equiva-
lent to replacing the missing observations with the mean of the whole
time series. Since the interpolations with the first or the 5th order AR
model cannot capture the wave pattern of the time series well, interpola-
tion with these models cannot reproduce the actual observations shown
by the symbol o. On the other hand, by using the AR model of order 10,
the cyclic behavior of the data is reproduced well. Furthermore, it can be
seen from plot (e) that the AIC best model of order 15 can reproduce the
details of the data remarkably well.

Problems

1. Show that, using the transformation (9.7), we can obtain a state-space
model, which is equivalent to the one given in (9.1) and (9.2).

2. Assume that the state-space model x,, = x,—| + vy, y» = X, +wj, for
the 1-dimensional state x, is given, where v, ~ N(0,72), w, ~ N(0, 1)
and xg ~ N(0,10?).

(1) Show the Kalman filter algorithm for this model.
(2) Show the relation between V,, 1|, and V1.

(3) If Vyju—1 — V as n — oo, show that V satisfies the equation V2
2V -2 =0.

(4) Consider the Kalman filter algorithm as n — oo (stationary
Kalman filter).

3. Let the solution of the equation V2 — 72V — 12 = 0 be denoted by
V. Obtain the variance of the one-step-ahead predictor, filter and
smoother in the steady state. For 7> = 1,0.1,0.01,0.001, evaluate
these variances.
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Figure 9.3 Interpolation of missing values (bold line: mean, thin line: £ (stan-
dard deviation) and o: observed value). Orders of the AR models are 0, 1, 5, 10

and 15.



Chapter 10

Estimation of the ARMA Model

In this chapter, a method for efficiently computing the log-likelihood of
the ARMA model is explained based on the state-space representation
and the Kalman filter technique. Applying the numerical optimization
method shown in Chapter 4, it is possible to maximize the log-likelihood.
By this procedure, the maximum likelihood estimates of the parameters
of the ARMA model can be obtained.

10.1 State-Space Representation of the ARMA Model

Assume that a stationary ARMA model (autoregressive moving average
model) of order (m,¢) (Box and Jenkins (1970), Brockwell and Davis
(1981))

m 14

Y=Y, ajYn—j+Vn— Y bjva_j (10.1)

j=1 j=1
is given. Here, v, is a Gaussian white noise with mean zero and variance

o2 and Intijn—1 is defined as

m l

ntil-1= Y, @¥n+i-j = ) Djvnricj, (10.2)
j=it1 J=i

where $,,—1 is a part of y,; that can be directly expressed by the

observations until time n — 1, y,_1, y,—2, - -, and the noise inputs until
time n, vy, V1, - - -. Then, the following relations hold:
Yn = alyn71+}7n\n72+vn-
yn+i|n—l = 4ir1Yn—-1 +5;n+i|n—2_bivn~
Jnthk—1n—1 = @&Yn—1—bk_1vn- (10.3)

Therefore, setting k = max(m, ¢+ 1) and defining the k-dimensional
state vector x,, as

Xn = Vs Fnt tnets s Inrketfna1) s (10.4)

151
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the ARMA model can be expressed in the form of a state-space model:

X, = Fx,_1+Gv,
Yn = Hxy. (10.5)

Here the &k x k matrix F and the k-dimensional vectors G and H are
defined as

aq 1 1
b,
F = a2 . G= _ (10.6)
: 1 :
ag —bi_1
H = [10 - 0],

respectively, where a; = 0 for i > m and b; =0 fori > /.

In summary, an ARMA model can be expressed by a state-space
model where the coefficient matrices F, G and H are time-invariant and
the observation noise is zero.

10.2 Initial State of an ARMA Model

In order to apply the Kalman filter to the state-space representation of the
ARMA model, it is necessary to specify the mean xg|o and the variance-
covariance matrix Vp|o of the initial state. Since xoo and Vpo express
the distribution of the filter without any observations of the time se-
ries yy,, they can be evaluated by computing the mean and the variance-
covariance matrix of x in the stationary state. Firstly, since E(v,) =0, it
is obvious that E(y,) = 0 and E(J,4,—1) = 0. Since the expected value
of x, becomes 0, the initial state vector is defined as xpjo = (0, --- ,0)7.
Next, if the (i, j)-th element of the variance-covariance matrix Vojo is
denoted by V;;, it can be obtained as

Vit = E(yoyo) =Co

Vii = Vi =E(oi—1-1)
m 14
= E{)’O(Z“jyi—l—j - Z iji—l—j>}
=i =i
m 14 5
= YaiCioii — Y, bjgjr1-i0
=i i1

Vi = E@is1-19j-1-1)
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m m m l
= Y Y apagBOi-1-pyj1-g) =), Y apbgE(i-1-pvi-1-g)
p=iq=j p=ig=j—1
{ m [ [
- Z pr“qE(Vi—l—ij—l—q)+ Z b pbgE (Vie1-pvj-1-¢)
p=i—lg=j p=i—lg=j—
m m m l 5
= Y Y apaCojpri =Y, Y, apbe8q—j—p+iC
p=iq=j p=ig=j—1
{ m 5 5 5
— Y Y bpaggp-i—gijoc+ Y, bpbpyj_ic”. (10.7)
p=i—lg=j p=i—1

Here, we note that C; and g; are the autocovariance function and the
impulse response function, respectively, of the ARMA model, which we
can obtain by the method shown in Chapter 6.

10.3 Maximum Likelihood Estimate of an ARMA Model

Using the above results for the state-space representation of the ARMA
model, we can compute the log-likelihood for the ARMA model speci-
fied by the parameter 0 = (62,ay, -+, au, b1, --,b;)" . Firstly, the initial
state xpjo and its variance-covariance matrix Vo are provided by the
method specified in the preceding section. Next, the one-step-ahead pre-
diction of the state x,,_; and its variance-covariance matrix V,,_; can
be computed by the Kalman filter for n = 1,---,N. Then, using (9.23),
the log-likelihood of the ARMA model can be obtained as

N 1 Y N yn\n 1)2
8(9):—Elog27r—§r;10gdn‘n_l ; ., (10.8)

n|n 1

where dyy—1 = HVyu_1H" and y,,_1 = Hx,,—1 (Jones (1980), Brock-
well and Davis (1981)).

The maximum likelihood estimate of the parameter vector 6 can be
obtained by maximizing the log-likelihood ¢(0) using a numerical opti-
mization method. It is noted that the variance 6 can easily be obtained
without applying a numerical optimization method by the following pro-
cedure, which is similar to the method shown in Section 9.6.

1. Apply the Kalman filter after setting 6> = 1 and obtain dyjn—1
and y,—1 forn=1,--- N.

2. Obtain the maximum likelihood estimate of &> by 62 =
N_IZ£LV=1(yn_yn\n—l)z/dn\n—b
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3. Obtain the log-likelihood function for the AR coefficients
ap,- -+ ,am, and the MA coefficients by, - -- by by ¢/ (a1, -, am, b1,
"',b[)E5(6'2,(11,'",am,bl,"',bg).

The maximum likelihood estimate of 8’ = (ay,---,am,b1,---,bs)"
can be obtained by applying a numerical optimization method to the
log-likelihood function obtained by the above-mentioned procedure. In
actual computation, however, to satisfy the stationarity and invertibility
conditions, we often apply the following transformations of the parame-
ters.

For the condition of stationarity for the AR coefficients ay,-- -, a,,,
PARCORs ¢y, - -, ¢y, should satisfy —1 < ¢; < 1foralli=1,---,m.Itcan
be seen that this condition is guaranteed, if the transformed coefficients

a; defined by |
ai—1og<l+zf>, (10.9)
-4

satisfy —oo < a; < oo foralli=1,---,m.
Conversely, for arbitrary (o, ---,o,)7 € R™, if ¢; is defined by

e% —1

— 10.10
oy (10.10)

Ci =
then it always satisfies |c;| < 1 and the corresponding AR coefficients
satisfy the stationarity condition.

On the other hand, to guarantee the invertibility condition for any
(B1,---,Be)T €R’, let d; be defined as

Bi _ 1
e
di=—/——, 10.11
1 eﬁi + 1 ( )
and formally obtain the corresponding MA coefficients by, - - -, by by con-
sidering dy,- - - ,dy to be the PARCORs.
Then, for arbitrary 68” = (0, -+, 0, B1,- -, Be)T € R™, the corre-

sponding ARMA model will always satisfy the stationarity and invert-
ibility conditions.

10.4 Initial Estimates of Parameters

The initial values of the AR and MA coefficients are necessary for nu-
merical optimization procedures to obtain the maximum likelihood esti-
mates of the parameters of the ARMA model. For AR models obtained
by setting £ = 0, the initial estimates of the AR coefficients can be rather
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Table 10.1: AIC values for ARMA models with various orders.

14
0 1 2 3 4 5

141.1 733 585 377.0 54.1
1053 64.6 1389 557 624 58.0
430 392 41.0 2287 237 250
413 411 925 148 254 21.1
405 419 270 167 14.0 229
409 428 18.6 14.3 13.9 16.8

3
T NV

Table 10.2: Log-likelihood values for ARMA models with various order.

14

0 1 2 3 4 5

0 —68.6 —33.7 252 1835 -21.0

1| -507 -293 —-654 229 222 =220

2| —185 —156 —155 -1084 —4.8 —45
m|3|—-166 —155 —40.2 —-04 —-47 —15
4| -152 —-150 —6.5 -0.4 20 -15

5| —-145 —-145 13 1.9 3.1 2.6

easily obtained by fitting AR models by the Yule-Walker or least squares
method. However, for £ > 0, we should carefully select initial values,
since the log-likelihood may have several local maxima, which accord-
ingly yield different estimates, depending on the choice of initial values.
Therefore, it should be noted that we cannot always obtain the best esti-
mates using the default initial values, which are automatically set by the
time series analysis software.

Example (Sunspot number data)  Table 10.1 shows the AIC values
when ARMA models are fitted to the logarithm of the sunspot number
data within the range 0 < m, ¢ < 5. From Table 10.1, it can be seen
that the best model is the ARMA model with m = 5 and £ = 4. On the
other hand, Table 10.2 summarizes the values of the log-likelihoods of
the fitted ARMA models £(i, j), 0 < i,j < 5. From Table 10.2, the log-
likelihood values for the ARMA models denoted in boldface, such as
£(1,2), £(3,2) and £(2,3), etc., are apparently too small compared with
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Table 10.3: Estimation of ARMA models with modified initial values.

order log-likelihood AIC

(0,4) 225 55.0
(1,2) -23.8 55.5
2,3) 122 36.4
(3,2) ~15.4 42.8
(3,4) 0.4 16.3
(4,5) 2.0 16.0
(5.5) 3.7 14.5

the values for other surrounding models. Note that the maximum log-
likelihood of the ARMA (i, j) should be larger than or equal to those
of AR (i—1,j) and AR (i,j — 1), i.e., £(i,j) > £(i—1,j) and £(i, j) >
£(i, j — 1). Therefore, this means that the log-likelihood for these models
did not converge to the global maximum from the default initial values
of the parameters.

By assuming that a3 = 0 in the ARMA (3,2) model, we can obtain
the ARMA (2,2) model. Therefore, it is expected that the maximum log-
likelihood value for the ARMA (3,2) model is larger than that of the
ARMA (2,2) model. Accordingly, the AIC values for the ARMA (i, j)
model in Table 10.1 do not increase by more than 2 compared with those
of the ARMA (i, j— 1) and ARMA (i — 1, j) models.

Therefore, if the log-likelihood value for the ARMA(i, j) violates
either £(i,j) > £(i—1,j) or £(i,j) > £(i,j — 1), then it indicates that we
could not obtain the global maximum of the log-likelihood function in
estimating the parameters of ARMA(i, j). Such log-likelihood values are
highlighted in boldface in Table 10.2.

In these cases, a better model can be always obtained by using the
coefficients of a model with a larger log-likelihood among the left and
above models in Table 10.2 as the initial values for numerical optimiza-
tion. Table 10.3 shows the log-likelihoods and the AICs of the models
obtained by using these modified initial values. It can be seen that those
initial values certainly satisfy the conditions that £(i, j) > £(i — 1, j) and
(i, j) > £(i,j— 1) for all i and j.

In the maximum likelihood estimation of the parameters of the
ARMA models, it is certain to increase the AR and MA orders gradually
by using the estimators of the lower order models. However, it should
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be also noted that even if the above-mentioned conditions are satisfied,
it is not guaranteed that the estimated parameters actually converge to
the global maxima. We often see that since the ARMA model is very
flexible and versatile, if we fit an ARMA model with large AR and MA
orders, it has a tendency to adjust itself to a small peak or trough of the
periodogram. Thus the log-likelihood has many local maxima. To avoid
using those inappropriate models in estimating ARMA models, it is rec-
ommended that the power spectrum of the estimated ARMA model be
drawn, to ensure that the estimated model converges to the global maxi-
mum.

Problems

1. Using the expression of equation (9.5), obtain the initial variance-
covariance matrix for the maximum likelihood estimates of the AR
model of order m.

2. Describe what we should check to apply the transformation (10.9) to
parameter estimation for the ARMA model.






Chapter 11

Estimation of Trends

In economic time series, we frequently face long-lasting increasing or
decreasing trends. In this chapter, we initially consider a polynomial re-
gression model to analyze time series with such tendencies. Secondly,
we shall introduce a trend model to estimate a complicated trend that we
cannot express in terms of a simple parametric model such as a poly-
nomial or trigonometric regression model. The trend component model
treated in this chapter, representing stochastic changes of parameters,
forms a framework for modeling various types of nonstationary time se-
ries that will be introduced in succeeding chapters.

11.1 The Polynomial Trend Model

The WHARD data in Figure 1.1(e) show a tendency to increase over
the entire time domain. Such a long-term tendency often seen in eco-
nomic time series such as the one depicted in Figure 1.1(e) is called
trend. Needless to say, estimating the trend of such a time series is a very
natural way of capturing the tendency of the time series and predicting
its future behavior. However, even in the case of analyzing short-term
behavior of a time series with a trend, we often analyze the time series
after removing the trend, because it is not appropriate to directly apply a
stationary time series model such as the AR model to the original series.
In this section, we shall explain the polynomial regression model as a
simple tool to estimate the trend of a time series.

For the polynomial regression model, the time series y,, is expressed
as the sum of the trend #,, and a residual w,,

Yn =1th + Wy, (11.1)

where w,, follows a Gaussian distribution with mean 0 and variance o2.
It is assumed that the trend component can be expressed as a polynomial

th = aptaix,+---+amx). (11.2)

159
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Since the above polynomial regression model is a special case of the
regression model, we can easily estimate the model by the method shown
in Chapter 5. That is, to fit a polynomial trend model, it suffices to define

the j-th explanatory variable as x,; = x,’,_l, and construct the matrix X

as

X=|1: : : (11.3)
I xy - xy In

Then, by reducing the matrix X to upper triangular form by an ap-
propriate Householder transformation U,

S11 o Sim+2

UX_[(H_ o , (11.4)
Sm+-2,m+2
O

the residual variance of the polynomial regression model of order j is
obtained as

) 1 m+2 )
i =N Y st (11.5)
i=j+2

Since the j-th order model has j+ 2 parameters, i.e., j+ 1 regression
coefficients and the variance, the AIC is obtained as

AIC; = Nlog2m67 +N+2(j +2). (11.6)

The AIC best order is then obtained by finding the minimum of the AIC;.
Given the AIC best order j, the maximum likelihood estimates do, - - -, d;
of the regression coefficients are obtained by solving the system of linear
equations

St o S+ ap S1,m+2
: = : . (11.7)
Sj+1,j+1 aj Sj+1m+2

Here, since the matrix S is in upper triangular form, this system of linear
equations can be easily solved by backward substitution.

Example (Maximum temperature data)  Table 11.1 summarizes the
residual variance 6']2 and the AIC; values of the polynomial regression
models fitted to the maximum temperature data shown in Figure 1.1(c).
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Table 11.1 Maximum temperature data: The residual variances and AIC values
of the polynomial regression models.

j 67 AIC; | j 67 AIC;

0 60.09 199655 |4 10.18 1141.74
1 58.89 198881 |5 9.64 1117.51
2 3361 171814 | 6 897 1084.22
3 2374 155126 |7 896  1085.90

Table 11.2 (Log) WHARD data: The residual variances and AIC values of the
polynomial regression models.

67 AIC; | j 67 AIC;

0.02752  =55091 | 8 0.00115 —1027.44
0.00163  —986.60 | 9 0.00112 —1029.21
0.00150  —998.22 | 10 0.00107 —1033.60
0.00149  —996.98 | 11 0.00107 —1031.65
0.00147  —-997.43 | 12 0.00106 —1031.51
0.00142 —1000.63 | 13 0.00106 —1029.62
0.00123 —1021.24 | 14 0.00105 —1029.76
0.00122 —-1019.98 | 15 0.00102 —1032.34

NN kW= O |~

As shown in Table 11.1, the AIC was minimized at order 6, although the
residual variance 612 decreases monotonically.

Similarly, Table 11.2 shows the results for the logarithm of the
WHARD data. In this example, although the residual variance decreases
as the order increases, the AIC was minimized at order 10.

Plots (a) and (b) of Figure 11.1 show the original time series and the
trends estimated using the AIC best polynomial regression models. In
plot (a) of the maximum temperature data, a gradual and smooth change
of temperature is reasonably captured by the estimated trend. Also in the
case of the logarithm of the WHARD data, plot (b) shows a generally
smoothly changing trend. In this case, however, we see that the estimated
trend changes too rapidly at the start of the series. Moreover, the abrupt
drop in sales in 1974 and 1975, which corresponds to # around 95 in plot
(b), is not clearly detected. We shall consider a method to solve these
problems later in Section 11.3.
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Figure 11.1 Trends of maximum temperature data and WHARD data estimated
by the polynomial regression model.

11.2 Trend Component Model-Model for Probabilistic Structural
Changes

The polynomial trend model treated in the previous section can be ex-
pressed as

Yu ~ N(ty,02). (11.8)

For this model, it is assumed that the time series is distributed as a nor-
mal distribution with mean value given by the polynomial #,, and constant

variance o2.

This type of parametric model can yield a good estimate of the trend,
when the actual trend is a polynomial or can be closely approximated
by a polynomial. However, in other cases, a parametric model may not
reasonably capture the characteristics of the trend or it may become too
sensitive to random noise.
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Consider a polynomial of the first order, i.e., a straight line, given by
tn:an+b, (119)

Here, if we define the time shift operator A by At, =t, —t,,_1, then we
have
At,=a, A’1,=0. (11.10)

This means that the first order polynomial is the solution of the initial
value problem for the second order difference equation

A, =0, Atg=a, ty=Db. (11.11)

In general, a polynomial of order k — 1 can be considered a solution of
the difference equation of order &,

A, = 0. (11.12)

In order to make the polynomial more flexible, we assume that A7, ~
0 instead of using the exact difference equation (11.12). This can be
achieved by introducing a stochastic difference equation of order &,

Aty = v, (11.13)

where v, is assumed to be a white noise that follows a normal distribu-
tion with mean 0 and variance 72, N(0,72). In the following, we call the
model (11.13) a trend component model (Kitagawa and Gersch (1984,
1996). Because the solution of the difference equation Az, = 0 is a
polynomial of order k — 1, the trend component model of order k can
be considered as an extension of a polynomial of order Xk — 1. When the
variance 72 of the noise is small, the realization of a trend component
model locally becomes a smooth function that resembles the polyno-
mial. However, a remarkable difference from the polynomial is that the
trend component model can express a very flexible function globally.

Example (Random walk model) For k = 1, this model becomes a
random walk model which can be defined by

fh = ta_1+va, vy ~N(0,7%). (11.14)

This model expresses that the trend is locally constant and can be ex-
pressed as t, = t,,_1.
For k = 2, the trend component model becomes

ty = 2ty 1 —tyn+Vn (11.15)
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for which it is assumed that the trend is locally a linear function and sat-
isfies t,, — 2t,_1 +t,—» ~ 0. In general, the k-th order difference operator
of the trend component model (11.13) is given by

k
A =(1-B)*=Y «Ci(-B)'. (11.16)
i=0

Therefore, using the binomial coefficient ¢; = (—1)’”rl «Ci, the trend
component model of order k can be expressed as

k
tn =Y Ciln—i+ Vn- (11.17)
o

L

Note thatc; = 1 fork=1and ¢y =2 and ¢; = —1 for k = 2. Although
these models are not stationary, they can formally be considered as AR
models of order k, by defining the state vector x, and F, G and H as

th c1 Ccy  ctoCk 1
In—1 1 0
xn: . s F: s G:
In—k+1 1 0
H=[1 0 - 0], (11.18)

thus leading to a state-space representation of the trend model,

Xn = Fxu_1+Gvy
Iy Hx,. (11.19)

Example (State-space representation of trend models) Fork=1,
the state-space model is obtained by putting

Xn=t,, F=G=H=1. (11.20)

For k = 2, the state-space models of the trend models are obtained by

ol ][] e [3] we

(11.21)
tn [ 21 B B
S T P I TR PR S R

(11.22)

1
0 )
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Note that the model (11.22) yields the canonical representation of the
trend model treated in Chapter 9. Moreover, for k = 2, the state vector
may alternatively be defined as x, = (t,, 8t,)7

11 1
F:{Ol}, G:[l], H=[10]. (11.23)

Since 61, = At, holds for this model, we can easily confirm that it is
equivalent to the model (11.21). The advantage of using this representa-
tion is that it can easily be generalized (Harvey (1989)); we can extend
the trend component model by setting

V_[:” F_[(l)i]v G‘“i]a H=[10]. (11.24)

Here, the trend component satisfies

Oty = Oth_1+vp2
Ih = i1+ 5tn—l + Va1 +Vn2 (11.25)
= tyo1+ 0t + V.

In contrast to the ordinary trend model with one-dimensional system
noise, in this case, we have At,, = 0t,, + v,,1. This extended trend model
has the characteristic of allowing both level and slope to have indepen-
dent noises, thus expressing a more flexible trend component.

11.3 Trend Model

A trend in a time series expresses a rough tendency of the phenomenon.
In other words, an actually observed time series represents a superposi-
tion of a trend and various variations around it. Here, we consider the
simplest case where the time series is expressed as

Yn =tp + Wy, (11.26)

where w,, is a white noise. This is the simplest model that expresses a
generating mechanism for observations; it can be considered as a special
form of the observation model given in Chapter 9.

To estimate the trend component 7, from the time series y,, we con-
sider the following trend model that consists of the trend component
model and the above observation model,

A, = v, (11.27)
Yo = In+ Wy (11.28)
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Here, v,, is similar to (11.13), a Gaussian white noise with mean 0 and
variance 72, and w, is a Gaussian white noise with mean 0 and variance
o’

The observation model in equation (11.28), y, = t,, +wj,, is assumed
to express the condition that the time series y, is obtained by adding an
independent noise to the trend. On the other hand, the trend component
model (11.27) expresses the change in the trend. Actual time series are
usually not as simple as this; they often require more sophisticated mod-
eling and this will be treated in the next chapter. Based on the state-space
representation of the trend component model, the state-space represen-
tation of the trend model is as follows:

x, = Fx,_1+ Gv,
Yn = Hxy + wy, (11.29)

where the state vector x,, is an appropriately defined k-dimensional vec-
tor, and F, G and H are the k x k matrix, the k-dimensional column vector
and the k-dimensional row vector determined by (11.27) and (11.28), re-
spectively. This model differs from the trend component model (11.18)
only in that it contains an additional observation noise. As an example,
for k = 2, the matrices and vectors above are defined by

tn 2 -1 R
xn_|:tn1:|’ F{l 0}, G{O}(HSO)

H=1[1 0].

Once the order k of the trend model and the variances 7> and 62 have
been specified, the smoothed estimates x|y, - - -, Xy are obtained by the
Kalman filter and the fixed-interval smoothing algorithm presented in
Chapter 9. Since the first component of the state vector is #,, the first
component of x,, v, namely, Hx,y, is the smoothed estimate of the trend

In|N-

Example (Trend of maximum temperature data) Figure 11.2
shows various estimates of the trend of the maximum temperature data
obtained by changing the variance of the system noise 72 for the first
order trend model, k = 1. The variance of the observation noise 62 is
estimated by the maximum likelihood method. Plot (a) shows the case of
72 =0.223 x 1072 The estimated trend reasonablly captures the annual
cycles of the temperature data. In plot (b) where the model is k = 1 and
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Figure 11.2 Trend of the temperature data obtained by the first order trend mod-
els.

72 = 0.223, the estimated trend reveals more detailed changes in tem-
perature. Plot (c) shows the case of k =1 and 72 =0.223 x 102. The
estimated trend just follows the observed time series.

On the other hand, Figure 11.3 shows the estimated trends ob-
tained by the models with k = 2. The estimated trend in (a) obtained
by 72 =0.321 x 1073 is too smooth and the estimated trend in (c) ob-
tained by 7> = 0.0321 becomes an undulating curve. But in plot (b), it is
evident that the estimate obtained by 72 = 0.321 x 103 yields a reason-
able trend. Comparing Figures 11.2 (a) and (b) with Figure 11.3 (b), we



168 ESTIMATION OF TRENDS
40

(a) 20 1

0 T T T T T T T T T
0 50 100 150 200 250 300 350 400 450

40
30 -
(b) 20 A

10 A

0 T T T T T T T T T

0 50 100 150 200 250 300 350 400 450

40

(c)

0 50 100 150 200 250 300 350 400 450

Figure 11.3 Trend of temperature data obtained by the second order trend mod-
els.

can see that the second order trend model yields a considerably smoother
trend. As shown in the above examples, the trend model contains the or-
der k and the variances 72 and 62 as parameters, which yield a variety of
trend estimates. To obtain a good estimate of the trend, it is necessary to
select appropriate parameters.

The estimates of the variances 7> and ¢ are obtained by the max-
imum likelihood method. Using the method shown in Subsection 9.6,
however, if the ratio A = 72 / o2 is specified, the estimate of o2 is auto-
matically obtained. Therefore, the estimate of the trend is controlled by



TREND MODEL 169

the variance ratio of the system noise and the observation noise. Here 4
is called a trade-off parameter. The order of the trend model k can be
determined by the information criterion AIC. Often for analysis, k = 2 is
used. However, for situations where the trend is variable, k = 1 may be
used instead.

Table 11.3: AIC values for trend models.

k=1 k=2
72 AIC 72 AIC
0.223x 1072 2690 | 0.321 x 10> 2556
0.223 2448 | 0.321 x 1073 2506
0.223x 102 2528 0.0321 2562

Table 11.3 summarizes the values of 7> and AIC for the models used
for Figure 11.2. AIC is minimized at 7> = 0.223 for k = 1 and at 72 =
0.321 x 1073 for k = 2. Incidentally, these estimates are obtained by the
maximum likelihood method. Comparison of the AIC values for k = 1
and k = 2 reveals that the AIC for k = 1 is significantly smaller. It should
be noted that according to the AIC, the wiggly trend obtained using k = 1
is preferable to the nicely smooth trend obtained with k = 2. This is
probably because the noise w, is assumed to be a white noise; thus, the
trend model is inappropriate for the maximum temperature data.

Figure 11.4 shows the observations, the estimated trend and the
residuals when the time series is decomposed by the model, k¥ = 2 and
72 =0.321%x1073. Obviously, the residuals reveal strong correlation and
does not seem to be a white noise sequence.

As shown in the next chapter, we can obtain a smoother trend that fits
the data better using a seasonal adjustment model by decomposing the
time series into three components; trend, AR component and observation
noise. Using a seasonal adjustment model, we can obtain a smoother
trend that better fits the data.
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Figure 11.4 Temperature data and the trend and residuals obtained by the trend
model with k =2 and ©* = 0.321 x 107>

Problems

1. According to the random walk hypothesis for stock prices, a stock
price y, follows a random walk model y,, = y,_{ + vy, v, ~ N(0,6?).
(1) Assume that y, = 17,000 and 6> = 40,000 on a certain day. Obtain
the k-days ahead prediction of the stock price and its prediction
error variance fork=1,...,5.
(2) Obtain the probability that the stock price exceeds 17,000 Yen after
4 days have passed.
(3) Do actual stock prices satisfy the random walk hypothesis? If not,
consider a modification of the model.
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(4) Estimate the trend of actual stock price data (Nikkei 225 Japanese
stock price data and software for estimating the trend is given at
the web site http://www.ism.ac.jp/ sato.)

2. Give an example of a parametric trend model other than the polyno-
mial trend model.






Chapter 12

The Seasonal Adjustment Model

The seasonal adjustment model is treated in this chapter as an example
of extensions of the trend model. Many economic time series repeat-
edly show similar patterns in the vicinity of the same season of every
year. In judging a tendency or prediction of such time series, we should
carefully take into account these characteristics to avoid misleading re-
sults. A seasonal adjustment method is developed for analyzing time se-
ries that repeat similar patterns of variation at constant intervals (Shiskin
(1976), Akaike (1980ab), Cleveland et al. (1982), Kitagawa and Gersch
(1984)). Seasonal adjustment models decompose a time series y, into
three components of trend ¢#,,, seasonal component s, and white noise w;,
to represent it as y, = t, + §,, + wy.

12.1 Seasonal Component Model

In time series, a patterned variation s, that appears repeatedly every year
is called a seasonal component. In the following, p denotes the period
length of the seasonal component. Here, we put p = 12 for monthly data
and p = 4 for quarterly data, respectively. Then, the seasonal component
s, approximately satisfies

Sn = Sp—p- (12.1)

Using the lag operator B, since s,_p is denoted as BPs,, the seasonal
component approximately satisfies

(1—BP)s, =0. (12.2)

Similar to the stochastic trend component model introduced in Chap-
ter 11, a model for the seasonal component that gradually changes with
time, is given by (Kitagawa and Gersch (1984, 1996))

(1=B")'sy=vp, vp~N(0,13). (12.3)
In particular, setting ¢ = 1, we can obtain a random walk model for the

173
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seasonal component by
Sn = Sn—p + Vn2. (12.4)

In this model, it is assumed that sp,;, n=1,2,... is a random walk for
anyi=1,...,p.

Therefore, assuming that the time series consists of the trend compo-
nent #,, the seasonal component s, and the observation noise w,, we can
obtain a basic model for seasonal adjustment as

Yn = In+8Sp+Wn, (12.5)

with the trend component model (11.15) in the previous chapter and the
above seasonal component model (12.3).

However, the apparently most natural model (12.4) for seasonal ad-
justment may not work well in practice, because the trend component
model and the seasonal component model both contain the common fac-
tor (1 —B)4, (g > 1). This can be seen by comparing the back-shift op-
erator expression of the trend model (11.18) to the seasonal component
model (12.3) with the decomposition

(1-B") =(1-B)'(1+B+---+B"").
Here, assume that ¢, is an arbitrary solution of the difference equation
(1-B)%e, =0. (12.6)

For ¢ = 1, e, is an arbitrary constant. If we define new components 7,
and s, as

!/

t, = lite,
/

sn = Sn — €n,

then they satisfy (11.15), (12.3) and

Y =ty 4 8) + Wi (12.7)

Therefore, we have infinitely many ways to decompose the time series
yielding the same noise inputs v, 1, v,» and w,,. Moreover, since the likeli-
hood of the model corresponding to those decompositions is determined
only by v,1, vy,o and wy, it is impossible to discriminate between the
goodness of the decompositions by the likelihood. Once we use compo-
nent models with common factors, we lose uniqueness of the decompo-
sition.
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A simple method to guarantee uniqueness of decomposition is to
ensure that none of the component models share any common factors.
Since 1 —B? = (1 —B)(1+B+---+ B”~!) and the sufficient condition
for (1—-BP)" =0is

(14+B+---+B"" 1) =0, (12.8)

Sy /= Su—p is attained, if
p—1
Y Bs,~0 (12.9)
i=0

is satisfied. Therefore, as a stochastic model of a seasonal component
that gradually changes with time, we may use the following model:

p—1 ) 14
<Z B’> Sn =V, V2 ~N(0,73). (12.10)
i=0

In this book, the above model is called a seasonal component model
with period p and order /. In actual analysis, except for situations where
the seasonal component shows a significant trend in its changes, the first
order model

p—1
Y si—i=vi, v ~N(0,73) (12.11)
i=0

is usually used.
To obtain a state-space representation of the seasonal component
model, initially we expand the operator in (12.9) as follows:

p—1 ¢ Lp=1)
<ZB’> =1- Y dB. (12.12)
i=0 =1

The coefficient d; is givenby d; = —1,i=1,...,p—1for{=1and d; =
—i—1,i<p—1l,andd;=i+1-2p, p<i<2(p—1)for¢=2. Since the
seasonal component model given in (12.12) is formally a special case of
an autoregressive model, the state-space representation of the seasonal
component model can be given as

Sn dy dy - dypy) 1
Sn—1 1 0

Xy = , F= , G=
Sn—b(p—1)+1 1 0

H=1[1,0,...,0]. (12.13)
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12.2 Standard Seasonal Adjustment Model

For standard seasonal adjustment, the time series y, is decomposed into
the following three components

Yn =1ty + S+ Wp, (12.14)

where t,,, s, and w, are the trend component, the seasonal component and
the observation noise, respectively. Combining the basic model (12.12)
with the trend component model and the seasonal component model, we
obtain the following standard seasonal adjustment models,

YV =ty + Sp+ Wy (observation model) (12.15)
AT (trend component model)  (12.16)

p—1 ) 14
(Z Bl> Sp = V2 (seasonal component model) (12.17)
i=0

where w,, ~ N(0,62), v,1 ~N(0,7?) and v,2 ~ N(0,73).

The above model is called the standard seasonal adjustment model.
For a seasonal adjustment model with trend order k, period p and
seasonal order £ = 1, let the (k+ p — 1) dimensional state vector be
defined by x, = (t,,,~~~,t,,,k+1,sn,sn_1,~',sn_erz)T, and define a 2-
dimensional noise vector as v, = (v ,vnz)T, and the matrices F, G and
H by

_| B O | Gt O _
F[O Fz]’ G{O Gz]’ H=[H H], (12.18)

then the state-space representation of the seasonal adjustment model is
obtained as

X, = Fx,_1+Gv,

yn = Hxn +Wn~ (1219)
Here, Fy, G; and H; are the matrices and vectors used for the state-
space representation of the trend component model, and similarly, F>,
G, and H, are the matrices and vectors used for the representation of the

seasonal component model. For instance, if k =2, ¢ =1 and p =4, then
F, G and H are defined by
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Figure 12.1 Seasonal adjustment of WHARD data by a standard seasonal ad-

Jjustment model.
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H=[10100] (12.20)

Example (Seasonal adjustment of WHARD data) Figure 12.1
shows the estimates of the trend, the seasonal and the noise components
of the logarithm of WHARD data using the standard seasonal adjust-
ment model. The maximum likelihood estimates of the parameters are
$2=0.0248,22 =0.11x 1077, 62 =0.156 x 10~3, and AIC = —728.50.
Plot (b) in Figure 12.1 shows the estimated trend component #, and
41 standard error interval. A very smooth upward trend is evident, ex-
cept for the years 1974 and 1975 where a rapid decrease in the trend is
detected, and the estimated seasonal component is very stable over the
whole interval.

Using the seasonal adjustment model, we can predict time series with
seasonal variation. Figure 12.2 shows the increasing horizon prediction
over two years, i.e., 24 observations using the initial 132 observations
by the method shown in Chapter 9. In the figure, the mean of the pre-
dictive distribution y;324 ;132 and the 1 standard error interval, i.e.,
+/di324j132 for j =1,...,24 are plotted. The actual observations are
denoted by the symbol o. In this case, very good increasing horizon pre-
diction can be attained, because the estimated trend and seasonal com-
ponents are steady. However, it should be noted that -1 standard error
interval is very wide.
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Increasing horizon prediction

3.4

3.2
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Figure 12.2: Increasing horizon prediction using a seasonal adjustment model.
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12.3 Decomposition Including a Stationary AR Component

In this section, we consider an extension of the standard seasonal adjust-
ment method (Kitagawa and Gersch (1984)). In the standard seasonal
adjustment method, the time series is decomposed into three compo-
nents, i.e., the trend component, the seasonal component and the ob-
servation noise. These components are assumed to follow the models
given in (12.15) and (12.16), and the observation noise is assumed to
be a white noise. Therefore, if a significant deviation from that assump-
tion is present, then the decomposition obtained by the standard seasonal
adjustment method might become inappropriate. Figure 12.3 shows the
decomposition of the BLSALLFOOD data of Figure 1.1(d) that was ob-
tained by the seasonal adjustment method for the model withk =2, ¢ =1
and p = 12. In this case, different from the case shown in the previous
section, the estimated trend shows a wiggle, particularly in the latter part
of the data.

Let us consider the problems when the above-mentioned wiggly
trend is obtained. Similarly to the Figure 12.2, Figure 12.4 shows the
increasing horizon prediction for the latter two years (24 observations)
of the BLSALLFOOD data based on the former 132 observations. In
this case, apparently the predicted mean y 3, j132 provides a reasonable
prediction of the actual time series yi3p;. However, it is evident that
prediction by this model is not reliable, because an explosive increase in
the size of the confidence interval is observed.

Figure 12.5 shows the overlay of 13 increasing horizon predictions
that are obtained by assuming the starting point to be n = 126,...,138,
respectively. The increasing horizon predictions starting at and before
n = 130 have significant downward bias. On the other hand, the increas-
ing horizon predictions starting at and after n = 135 have significant up-
ward bias. This is the reason that the explosive increase in the width of
the confidence interval of the increasing horizon predictions has occurred
as the lead time has increased. The stochastic trend component model
in the seasonal adjustment model can flexibly express a complex trend
component. But in the increasing horizon prediction with this model, the
predicted mean ¢, ), can simply be obtained by using the difference
equation

Aty jin = 0. (12.21)

Therefore, whether the predicted values may go up or down is de-
cided by the starting point of the trend. From these results, we see that
if the estimated trend is wiggly, it is not appropriate to use the standard
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Figure 12.3 Seasonal adjustment of BLSALLFOOD data by the standard sea-
sonal adjustment model.
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Figure 12.4 Increasing horizon prediction of BLSALLFOOD data (prediction
starting point: n = 132).
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Figure 12.5 Increasing horizon prediction of BLSALLFOOD data with floating
starting points (prediction starting point: n =126, ..., 138).

seasonal adjustment model for increasing horizon prediction.

In predicting one year or two years ahead, it is possible to obtain a
better prediction with a smoother curve by using a smaller value than the
maximum likelihood estimate for the system noise variance of the trend
component, ‘612. However, this method suffers from the following prob-
lems; it is difficult to reasonably determine ’L'12 and, moreover, prediction
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with a small lead time such as one-step-ahead prediction becomes sig-
nificantly worse than that obtained by the maximum likelihood model.

To achieve good prediction for both short and long lead times, we
consider an extension of the standard seasonal adjustment model by in-
cluding a new component p,, as

Yn = tn+ Su+ Pn+ Wa. (12.22)

Here, p, is a stationary AR component model that is assumed to follow
an AR model

m3

Pn= aiPn—i~+ Va3, (12.23)

i=1

where v,3 is assumed to be a Gaussian white noise with mean 0 and
variance 132. This model expresses a short-term variation, for instance,
the cycle of an economic time series, not a long-term tendency like the
trend component. In the model (12.22), the trend component obtained by
the standard seasonal adjustment model is further decomposed into the
smoother trend component #, and the short-term variation p,. As shown
in Chapter 9, the state-space representation of the AR model (12.22) is

obtained by defining the state vector x, = (pu, Pn—1,---,Pn—ms+1)’ and
a, a» sy 1
1 0
F3= ) , Ga=| .|, (12.24)
1 0
Hy=[1 0 - 0], 0 =17

Therefore, using the state-space representation for the composite
model shown in Chapter 9, the state-space model for the decomposition
of (12.22) is obtained by defining

£ G 0 0
F= 1) , G= 0 Gy O ,
F; | 0 0 Gs3
[ 77 0 0
H=[H H, Hy], Q=] 0 2 0 |. (1225
0 0
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Figure 12.6 Seasonal adjustment of BLSALLFOOD data by the model, including
stationary AR components.
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Example (Seasonal adjustment with stationary AR component)
Figure 12.6 shows the decomposition of BLSALLFOOD data into
trend, seasonal, stationary AR and observation noise components by this
model. The estimated trend expresses a very smooth curve similar to
Figure 12.1. On the other hand, a short-term variation is detected as
the stationary AR component and the (trend component) + (stationary
AR component) resemble the trend component of Figure 12.3. The AIC
value for this model is 1336.54, which is significantly smaller than that
of the standard seasonal adjustment model, 1369.30.

Figure 12.7 shows the increasing horizon prediction with this model
starting from n = 132. It can be seen that a good prediction was achieved
with both short and long lead times.

2000

Increasing horizon prediction
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1700 A
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1500 T T T T T T T T T T T T
0 12 24 36 48 60 72 84 96 108 120 132 144 156

Figure 12.7 Increasing horizon prediction of the BLSALLFOOD data by the
model, including stationary AR components.

12.4 Decomposition Including a Trading-Day Effect

Monthly economic time series, such as the amount of sales at a depart-
ment store, may strongly depend on the number of the days of the week
in each month, because there are marked differences in sales depending
on the days of the week. For example, a department store may have more
customers on Saturdays and Sundays or may regularly close on a specific
day of a week. A similar phenomenon can often be seen in environmental
data, for example, the daily amounts of NOyx and CO, recorded.

A trading-day adjustment has been developed to remove such
trading-day effects that depend on the number of the days of the
week (Cleveland and Devlin (1980), Hillmer (1982)). To develop a
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model-based method for trading-day adjustment, we have to develop a
proper model for the trading-day effect component (Akaike and Ishiguro
(1983), Kitagawa and Gersch (1984, 1996)). Hereinafter, the numbers
from Sunday to Saturday in the n-th data, y,, are denoted as d;,,--- ,d ;.

Note that each d; takes a value 4 or 5 for monthly data. Then the
effect of the trading-day is expressed as

;
tdy =Y Buidy;. (12.26)
i=1

The coefficient f3,; expresses the effect of the number of the i-th day
of the week on the value of y,. Here, to guarantee uniqueness of the
decomposition of the time series, we impose the restriction on it that the
sum of all coefficients amounts to 0, that is,

B+ + Bur = 0. (12.27)

Since the last coefficient is defined by B,7 = —(Bu1 + -+~ + Bus), the
trading-day effect can be expressed by using f,1, ..., B as

6
tdy = Y Buldy—dy)
i=1

Ii
™o

Bridni, (12.28)

i=1

where d,; = d;; — d; is the difference in the number of the i-th day of
the week and the number of Saturdays in the n-th month corresponding

to yu.
On the assumption that these coefficients gradually change, follow-
ing the first order trend model

ABu =20 W N(0,72), i=1,...,6, (12.29)

the state-space representation of the trading-day effect model is obtained
by

Fo = Gy = Is, Hyy = [dnla~~~7dn6]
ﬁnl Tf
Xpa = . , Q: . (1230)

Bro o
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In this representation, H,4 becomes a time-dependent vector. For sim-
plicity, the variance-covariance matrix Q is assumed to be a diagonal
matrix with equal diagonal elements. In actual analysis, however, we of-
ten assume that the coefficients are time-invariant, i.e.,

Bni = Bi, (12.31)

where we may put either Tf = 0 or G = 0 for the state-space representa-
tion of this model.
The state-space model for the decomposition of the time series

Yn =ty +Sp+ pu+tdy+wy (12.32)

can be obtained by using

Xnl Fl G] 0 0
_ | Xn2 _ 2} . 0 Gy O
In = Xn3 ’ F= F3 ’ G= 0 0 G3 ’
Xn4 F4 0 0 0
? 0 0
H=[H H, Hy Hu], 0=| 0 2 0 (12.33)
0 0 72

Example (Seasonal adjustment with trading-day effect) Figure
12.8 shows the results of the logarithm of the WHARD data, the de-
composition into the trend, the seasonal, the trading-day effect and the
noise components by the seasonal adjustment model with trading-day
effect. The estimated trend and seasonal components are similar to the
decomposition by the standard seasonal adjustment model shown in Fig-
ure 12.1. Although the extracted trading-day effect component is appar-
ently minuscule, it can be seen that the plot of seasonal component plus
trading-day effect component reproduces the details of the observed time
series. The AIC value for this model is —778.18, which is significantly
smaller than that for the standard seasonal adjustment model, —728.50.
Once the time-invariant coefficients of trading-day effects f; are esti-
mated, this can contribute to a significant increase in the accuracy of
prediction, because d,;1, - - - ,dy6 are known, even for the future.
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Figure 12.8: Trading-day adjustment for WHARD data.
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Problems

1. Describe what we should check when decomposing a time series us-
ing a seasonal adjustment model with a stationary AR component.

2. Consider a different seasonal component model from that given in
12.1.

3. In trading day adjustments, consider a model that takes into account
the following components:

(1) The effects of the weekend (Saturday and Sunday) and weekdays
are different.
(2) There are three different effects, i.e., Saturday, Sunday and the
weekdays.
4. Consider any other possible effects related to seasonal adjustments
that are not considered in this book.

5. Try seasonal adjustment of an actual time series. You may use the
WebDecomp software at website http://www.ism.ac.jp/ sato.



Chapter 13

Time-Varying Coefficient AR Model

There are two types of nonstationary time series, one with a drifting
mean value and another which has a structure that varies around the mean
value over time. In the latter type of nonstationary time series, the vari-
ance, the autocovariance function, and the power spectrum of the time
series change over time.

In this chapter, two methods are presented for the analysis of such
nonstationary time series. One is an estimation method for time-varying
variance and the other is a method for modeling the time-varying coeffi-
cient AR model. Estimation of the time-varying variance is equivalent to
the estimation of the stochastic volatility in financial time series analysis.
Early treatment of AR model with time-varying coefficients are reported
in Whittle (1965), Subba Rao (1970) and Bohlin (1976). A state-space
modeling for the time-varying AR model was introduced in Kitagawa
(1983) and Kitagawa and Gersch (1985,1996). Extension of the state-
space modeling to multivariate time series was shown in Jiang and Kita-
gawa (1993).

13.1 Time-Varying Variance Model

The time series y,, n = 1,...,N is assumed to be a Gaussian white noise
. . . . 2 . 2 _ 2
with mean 0 and time-varying variance o;;. Assuming that 65, | = 05,

if we define a transformed series s1,...,sy/2 by
2 2
sm:yZm—l+y2m7 (131)

S is distributed as a y2-distribution with 2 degrees of freedom, i.e., an
exponential distribution. Therefore, the probability density function of
Sy 18 given by

f(s) = —=e5/2", (13.2)
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The probability density function of the random variable z,, defined by
the transformation

2m = log (%) : (13.3)

may be expressed as

eZ

1 2 —logo?
g(2) = gem{z— g} = exp{(z—loga ) — elelog >}. (13.4)
This means that the transformed series z,,, can be written as
Zm = log 6% + wy, (13.5)

where w,, follows a double exponential distribution with probability den-
sity function
h(w) =exp{w—e"}. (13.6)

Therefore, an independent time series with time-varying variance is
expressed by the state-space model for the trend of the logarithm of the
variance,

Aktm = Vn
Im = Im+Wn, (137)

and the logarithm of the variance of the original time series y, is esti-
mated by obtaining the trend of the transformed series z,.

It should be noted that the distribution of the noise w,, is not Gaus-
sian. However, since the mean and the variance of the double exponential
distribution are given by —¢ = 0.57722 (Euler constant) and 7% /6, re-
spectively, we can approximate it with a Gaussian distribution as follows:

2
W ~N<—§,%>. (13.8)

(Wahba (1980) used this property in smoothing the log periodogram with
a cross-validated smoothing spline.) We can estimate the trend 7, with
the Kalman filter. Then #,,5; + ¥ with M = N/2 yields a smoothed esti-
mate of log 6,%,. In Chapter 14, an exact method of estimating the loga-
rithm of the variance will be given, by using the exact probability distri-
bution (13.6) and a non-Gaussian filter and a smoother.

So far, the transformed series defined as the mean of two consecutive
squared time series shown in equation (13.1) has been used in estimating
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Figure 13.1 Estimation of time-varying variance and standardized time series.
From top to bottom: transformed data, estimated time-varying log-variance and
the normalized time series.

the variance of the time series. This is just to make the noise distribution
g(z) closer to a Gaussian distribution, and it is not essential in estimating
the variance of the time series. In fact, if we use a non-Gaussian filter
for trend estimation, we may use the transformed series s, = yﬁ, n=

1,...,N, and with this transformation, it is not necessary to assume that
o2 . —o2
2m—1 "~ Y2m"

Example (Time-varying variance of a seismic data) Figure 13.1
depicts the transformed time series s,, obtained using the equation (13.3)
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for the seismic data shown in Figure 1.1, which are estimates of the
logarithm of the variance, log 6',,21, and the normalized time series ¥, =
Yu/ 6, /2- The parameters of the trend model used for the estimation are
the order of the trend &, with a value of 2 and the system noise variance
%2 with a value of 0.66 x 1075, By this method, we can obtain a time se-
ries with a variance roughly equal to 1, although the actual seismic data
are not a white noise.

13.2 Time-Varying Coefficient AR Model

The characteristics of stationary time series can be expressed by an au-
tocovariance function or a power spectrum. Therefore, for nonstationary
time series with a time-varying stochastic structure, it is natural to con-
sider that its autocovariance function and power spectrum change over
time. For a stationary time series, its autocovariance function and power
spectrum are characterized by selecting the orders and coefficients of
an AR model or ARMA model. Therefore, for a nonstationary time se-
ries with a time-varying stochastic structure, it is natural to consider that
these coefficients and the order of the model change with time.

In this section, an autoregressive model with time-varying coeffi-
cients for the nonstationary time series y, is modeled as

Yn = anjyn—j+ Wa, (13.9)

m
j=1

where w,, is a Gaussian white noise with mean 0 and variance 62 (Kozin
and Nakajima (1980), Kitagawa (1983)).

This model is called the time-varying coefficients AR model of order
m and a,; is called the time-varying AR coefficient with time lag j at
time n. Given the time series yy,. .., yn, this time-varying coefficients AR
model contains at least mN unknown coefficients. The difficulty with this
type of model is, therefore, that we cannot obtain meaningful estimates
by applying the maximum likelihood method or the least squares method
to the model (13.9).

To circumvent this difficulty, we apply a stochastic trend component
model to represent time-varying parameters of the AR model, similar to
the treatment of the trend model and the seasonal adjustment model. For
a trend component model, the trend component #, was assumed to be an
unknown parameter of the model; we then introduced a model for time-
change of the parameter. Since the AR coefficient a,; changes over time
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n, a constraint model
Aray; = vy, j=1,....m (13.10)

is used where A is the difference operator with respect to the time n,
defined as Aa,; = a,j — a,—1,; (Kitagawa (1983), Kitagawa and Gersch
(1985, 1996)).

In (13.10), k is assumed to be 1 or 2. The vector v, = (Vu1,. .., Vum)’
is an m-dimensional Gaussian white noise with mean vector 0 and
variance-covariance matrix Q. Since v,; and v,; are usually assumed to
be independent for i # j, O becomes a diagonal matrix with diagonal el-
ements T7;,.. ., T2,,; thus, it can be expressed as Q = diag{7?,..., 72, }.
It is assumed further in this section that 77, = --- = 72, = 7°. The ratio-
nale for the above assumption will be discussed later in Section 13.4.

Next, to estimate the AR coefficients of the time-varying AR model
(13.9) associated with the component model (13.10), we develop a cor-
responding state-space representation. For k = 1 and k = 2, the state vec-
tors are defined by x,,; = a,j and x,,; = (anj, a,,_ljj)T, respectively. Then
the time-varying coefficient AR model in equation (13.10) can be ex-
pressed as

Xnj ZF(k>xn71,j+G(k>an7 (13.11)
where F, F@ | G and G are defined as
FO [ 2 } G — [ : ] (13.12)

Here, assuming the j-th term of equation (13.9) to be the j-th component
of this model, it can be expressed as

AnjYn—j :Hr(zkj)xnja (13.13)

where H,Elj) = yp—j and H,Ezj) = (ys—;,0). Then the j-th component of
the time-varying coefficient AR model is given by a state-space model
with F®, G®) and ) as follows:

Xnj = F(k)xnfl,j‘f'G(k)an
¥
Gy = H\x,;. (13.14)
Moreover, noting that H!) = 1 and H® = (1,0), H,Skj) is given by

B =y, HO. (13.15)
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Using the above component model, a state-space representation of

the time-varying coefficients AR model is obtained as

Xn - Fxn—] +Gvn
Yn Hyxp +wy, (13.16)

where, the km x km matrix F, the km x m matrix G and the km-
dimensional vectors H,, and x,, are defined by

- FW® -
F = =I,oF®
. F(k> -
- G _
G = =1,2GWM
I G% |
H, = [H:gkl)a---aHrgkm)]:(ynfla---ayn—m)®H<k)
(anty- - yanm)7, for k=1
Xy, = ’
(anlaanfl,la--~>anmaan71,m) , for k=2
2
0 = ., R=oc" (13.17)
2

Here, I, is the m X m unit matrix and ® denotes the Kronecker prod-
uct of the matrices A and B, i.e., for the k x ¢ matrix A and the m x n
matrix B, A ® B is the km X ¢n matrix whose (i, j) component is given
by api1,41bg41,541 fori—1= pm+gq, j—1 = rl +s. Hence, the time-
varying coefficients AR model (13.9) and the component model for the
time-varying coefficients are expressible in the form of a state-space
model.

For instance, for m = 2 and k = 2, the state-space model is defined

as
anl 2 -1 0 0 ap—1,1 1 0
ap-11 | |1 0 0 O an-21 | | 0 0 Vol
an - 0 0 2 -1 an—1.2 0 1 Vn2
an—1,2 0 0 1 0 an—22 0 0
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anl
— an—1,1
Yo = (n-1,0,¥0-2,0) | +w, (13.18)
n2
L dn—12

Vi 0] [ o
(][5 &) e

The above state-space model contains several unknown parameters.
For these parameters, since the log-likelihood function can be computed
by the method presented in Chapter 9, the variance 62 of the observation
noise w, and the variance 7> of the system noise v, can be estimated by
the maximum likelihood method. The AR order m and the order k of the
smoothness can be determined by minimizing the information criterion
AIC. Given the orders m and k and the estimated variances 62 and %2,
the smoothed estimate of the state vector x,y is obtained by the fixed
interval smoothing algorithm. Then, the ((j — 1)k+ 1)/ element of the
estimated state gives the smoothed estimate of the unknown time-varying
AR coefficient d, j|y-

Storage of size mk x mk x N is necessary to obtain the smoothed esti-
mates of these time-varying AR coefficients simultaneously. If either the
AR order m or the series length N is large, the necessary memory size
may exceed the memory of the computer and may make the computa-
tion impossible. Making an assumption that the AR coefficients change
only once every r time-steps for some integer r > 1 may be the simplest
method of mitigating such memory problems of the computing facilities.
For example, if r = 20, the necessary memory size is obviously reduced
by a factor of 20. If the AR coefficients change slowly and gradually,
such an approximation has only a slight effect on the estimation of coef-
ficients. To execute the Kalman filter and smoother for » > 1, we repeat
the filtering step r times at each step of the one-step-ahead prediction.

Example (Time-varying coefficient AR models for seismic data)
Table 13.1 summarizes the AIC’s of time-varying coefficient AR models
fitted to the normalized seismic data shown in Figure 13.1, with various
orders obtained by putting r = 20.

Since the observation noise variance 62 is assumed to be a constant
in the TVCAR modeling, if the variance of the time series significantly
changes as can be observed in Figure 1.1(f), it is better to fit the model to
a transformed time series. For instance, Figure 13.1 shows that the vari-
ance of the time series is approximately homoscedastic. For this data, the
AIC was minimized at m = 8 for k =1 and m = 4 for k = 2.
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Table 13.1 AIC’s of time-varying coefficients AR models fitted to normalized
seismic data.

m k=1 k=21 m k=1 k=2
1 64925 65204 6 48319 4873.8
2 552777 56432 7 4821.6 4878.7
3 5070.0 51345 8 4805.1 4866.9
4 4820.0 48539 9 48134 4884.9
5 4846.0 4886.0 | 10 4827.1 49119
1 W 1
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- o 560 ID‘DD 1560 2060 2560 - o 560 ID‘DD 1560 2060 2560
1 1
°1 M ° /F\I\F/_/
) 500 1000 1500 2000 w0 o 500 1000 1500 2000 2500
1 1
T««WWWM“ T~
01 o
- o 560 ID‘DD 1560 2060 2560 - o 560 ID‘DD 1560 2060 2560
°1 w ° v
e 500 1000 1500 2000 w0 o 500 1000 1500 2000 2500
(a) k=1 (b) k=2

Figure 13.2 Estimated time-varying PARCOR for the normalized seismic data.
Only the first four PARCOR’s are shown. Left plots: k = 1, right plots: k = 2.
Horizontal axis: time point, vertical axis: value of PARCOR.

Figure 13.2 shows the time-varying coefficients in the case of the
TVCAR models with the AIC best fit orders m for k = 1 and k = 2. Note
that the figure depicts the time-varying PARCORs b,; for i = 1,2,3,4,
instead of the AR coefficients. The plots on the left-hand side are for
the case of k = 1 and on the right-hand side are for the case of k = 2.
From the figure, we see that the estimated coefficients vary with time
corresponding to the arrivals of the P-wave and the S-wave at n = 630
and n = 1026, respectively, which were estimated by using the locally
stationary AR model. In Figure 13.2, the estimates using k = 2 are very
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smooth. However, as is apparent in the figure, the estimates with k = 2
do not appropriately correspond to the abrupt changes of the time series
that correspond to the arrival of the P-wave and the S-wave. Compared
with this, the estimates obtained from the TVCAR model with k = 1 are
variable. According to the AIC criterion, the TVCAR model with k = 1
is considered to be a better model than that with £k = 2. In Section 13.5,
we shall consider a method for obtaining smooth estimates that has the
capacity to adapt to abrupt structural changes.

13.3 Estimation of the Time-Varying Spectrum

For a stationary AR model, the power spectrum is given by

2
p(f) = ° . -

n o
1 =YL aje=2mif

<f<s3. (13.19)

N —
N —

Therefore, in the case that the AR coefficients at time n are given by
ay;j for the time-varying coefficient AR model (13.9), the instantaneous
spectrum at time n can be defined by

62

pulf) = —— —. (13.20)
‘1 — Zanjefz””f‘
=1

Using the time-varying AR coefficients a,; introduced in the pre-
vious section, we can estimate the time-varying power spectrum as a
function of time, which is called the time-varying spectrum.

Example (Time-varying spectrum of a seismic data) Figure 13.3
illustrates the time-varying spectrum obtained from the equation (13.20).
The left plot shows the case for k = 1, and the right plot shows the case
for k = 2. In the plots of Figure 13.3, the horizontal and the vertical
axes indicate the frequency and the logarithm of the spectra, respectively,
and the slanted axis indicates time. From the figures, it can be seen that
the power of the spectrum around f = 0.25 increases with the arrival of
the P-wave. Subsequently, the power around f = 0.1 increases with the
arrival of the S-wave. After that, the peaks of the spectra gradually shift
to the right, and the spectrum eventually converges to that of the original
background motions.
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Figure 13.3: Time-varying spectra of a seismic data.

13.4 The Assumption on System Noise for the Time-Varying
Coefficient AR Model

As stated in Section 13.2, the time-varying AR coefficients can be es-
timated by approximating the time-change of AR coefficients using the
trend component models and then the TVCAR model can be expressed
in a state-space form. In the state-space model (13.17), the variance-
covariance matrix for the system noise is assumed to be a diagonal form
given by Q = diag {12, e 12}. This seems to be a very strong assump-
tion; however, in this section, it will be shown that it arises naturally,
by considering the smoothness of the frequency response function of the
AR operator.

Firstly, we consider the Fourier transform of the AR coefficients of
the TVCAR model,

m o p
A(f.n) =1=Y apje ™7, — (13.21)
=1

J

This is the frequency response function of the AR model considered as
a whitening filter. Then the time-varying spectrum of (13.20) can be ex-
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pressed as
o2
pa(f) AAE (13.22)
Since the characteristics of the power spectrum are determined by
the frequency response function A(f,n), we can obtain good estimates of
the time-varying spectrum by controlling the smoothness of A(f,n). By
considering the smoothness of A(f,n) with respect to n, we can obtain
the following models for the change over time of the AR coefficients.
Considering the k-th difference of the A(f,n) to evaluate the smoothness
of the change over time of the AR coefficients, we obtain

Ak, je=2miT, (13.23)

s

AA(f.n) =

Jj=1

Then, taking the integral of the square of AKA(f,n), we obtain

1

/71 IARA(f,n)[Pd f = Zl(Akajn)z. (13.24)
o L

Therefore, it is possible to curtail the change over time of the power
spectrum, by reducing the sum of the squares of the k-th differences
of the AR coefficients. Since the squares of the k-th differences of the
AR coefficients add up with the same weights to each term in equation
(13.24), this is equivalent to making the natural assumption that in equa-
tion (13.10),

and that
Alaj, = v, Vj ~ N(0,7%), j=1,--,m.  (13.26)

13.5 Abrupt Changes of Coefficients

For the seismic data shown in Figure 13.1, it can be seen that the behavior
of the wave form changes abruptly as a new signal arrives at a certain
time. In this case, the estimated time-varying coefficients often become
too variable or too smooth to capture the change of the characteristics as
seen in Figure 13.2.

In such a case, by applying the locally stationary AR model shown
in Chapter 8, we can obtain estimates of the change points. By using the
estimates of arrival times of a new signal, we may obtain better estimates
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of the time-varying AR coefficients. Abrupt changes are assumed to be
detected at times n = ny,...,n,. Corresponding to these points, the noise
term v,; of (13.10) takes a large negative or positive value. This indicates
that it is necessary to increase the variance 72 at the time points n =
nyy...,Np.

Precisely, when 72 is increased in this way, the absolute value of the
k-th time-difference of a,; also becomes larger. Thus, for k = 1, the co-
efficient a,; shows a stepwise behavior and produces a discontinuous
point. On the other hand, for k = 2, the slope of a,; changes abruptly
and yields a bending point. To yield a jump for a model with k > 2, it is
necessary to add noise to each component of the state vector. Therefore,
we can realize the jump either by initializing the state and the variance-
covariance matrix x,,—1 and V,,_ or by adding a large positive value
to all diagonal elements of V,|,_ for n =ny,...,n,. This method is ap-
plicable to trend estimation as well as for the time-varying coefficient
modeling.

frequency

Figure 13.4 Time-varying spectrum estimated by assuming discontinuities in the
parameters.
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Example (Time-varying spectrum with abrupt structural changes)
Figure 13.4 shows the time-varying AR coefficients and the time-varying
spectrum estimated by the model with kK = 2 and m = 4 and by assuming
that sudden jumps occur at n = 630 and at n = 1026, that correspond to
the arrivals of the P-wave and the S-wave, respectively. The estimated
coefficients jump twice at those two points but change very smoothly
elsewhere.

Moreover, from Figure 13.4, we can observe two characteristics
of the series, firstly, that the dominant frequencies gradually shift to
the right after the S-wave arrives, and secondly, that the direct current
(f = 0) component increases towards its value in the spectrum of the
background microtremors.

Problems

1. Give an example of a heteroscedastic (variance changing over time)
time series other than earthquake data.

2. Consider a method of estimating a regression model whose coeffi-
cients change over time.






Chapter 14

Non-Gaussian State-Space Model

In this chapter, we extend the state-space model to cases where the
system noise and/or the observation noise are non-Gaussian. This non-
Gaussian model is applicable when there are sudden changes in the pa-
rameters caused by structural changes of the system or by outliers in the
time series. For the general non-Gaussian models we consider here, it
may often be the case that we do not obtain good estimates of the state
by using Kalman filtering and the smoothing algorithms. Even in such
cases, however, we can derive a similar exact sequential formula to real-
ize filtering and smoothing algorithms using numerical integration.

14.1 Necessity of Non-Gaussian Models

As shown in the previous chapters, various types of time series models
can be expressed in terms of the linear-Gaussian state-space model

x, = Fx,_1+Gv,
Yo = Hx, + wy, (14.1)

where y, is the time series, x;, is the unknown state vector, and v,, and w,,
are Gaussian white noises.

The state-space model is a very useful tool for time series modeling,
since it is a natural representation of a time series model and provides us
with very efficient computational methods, such as Kalman filtering and
smoothing algorithms. Although many important time series models are
expressible as linear-Gaussian state-space models, there are some other
situations where extensions of the model are necessary, such as the case
of a nonstationary time series with time-varying stochastic structure that
sometimes contains both smooth and abrupt changes. Although a linear-
Gaussian state-space model can reasonably express gradual structural
changes of nonstationary time series, it is necessary to build a complex
model to properly address abrupt changes. To remove the influence of
outliers in the data, development of an automatic detection method for

203
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the outliers and a robust estimation procedure is necessary (West (1981),
Meinhold and Singpurwalla (1989) and Carlin et al. (1992)). In addition,
nonlinear systems and discrete processes cannot be adequately modeled
by standard linear Gaussian state-space models.

Let us consider possible solutions to these problems. In state-space
modeling, changes in the stochastic structure are often reflected by
changes in the state. Assuming a heavy-tailed distribution such as the
Cauchy distribution for the system noise v,, both smooth changes that
occur with high probability and abrupt changes that occur with low prob-
ability can be expressed by a single noise distribution.

Similarly, it is reasonable to deal with outliers in time series by us-
ing a heavy-tailed distribution for the observation noise w,. On the other
hand, if the system contains nonlinearity or if the observations are dis-
crete values, the distribution of the state vector inevitably becomes non-
Gaussian.

Therefore, as a key to the solution of problems that occur with
standard state-space modeling, a treatment of non-Gaussian state dis-
tributions is essential. In the following sections, the recursive filter and
smoothing algorithms for the estimation of the unknown states of non-
Gaussian state-space models and their applications are presented.

14.2 Non-Gaussian State-Space Models and State Estimation
Consider the following state-space model

X, = Fx,_1+Gv, (system model) (14.2)
Yo = Hx,+wy, (observation model) (14.3)

where the system noise v, and the observation noise w,, are white noises
that follow the density functions ¢(v) and r(w), respectively. In contrast
to the state-space models presented in the previous chapters, these distri-
butions are not necessarily Gaussian.

In this case, the distribution of the state vector x,, generally becomes
non-Gaussian. Consequently, the state-space model of equations (14.2)
and (14.3) is called a non-Gaussian state-space model. Clearly, this non-
Gaussian state-space model is an extension of the standard state-space
model.

As in Chapter 9, the information from the time series obtained by
time j is denoted as Y; = {yi,...,y;}. Similarly, the set of realizations
of the state x, up to time j is denoted as X; = {xi,...,x;}. Further, the
initial state vector x is assumed to be distributed according to the prob-
ability density function p(xo|Yp). Here, the state estimation problem is
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to obtain the conditional distribution of the state vector x,, given the in-
formation Y,,. There are three versions of the state estimation problem,
depending on the relation between n and m. Specifically, forn >m,n=m
and n < m, it is called the prediction problem, the filtering problem and
the smoothing problem, respectively.

For the linear-Gaussian state-space model, the Kalman filter provides
a recursive algorithm for obtaining the conditional mean and the condi-
tional variance-covariance matrix of the state vector. On the other hand,
with the general non-Gaussian state-space model, it is necessary to ob-
tain the conditional densities for state estimation.

However, for the state-space models defined by (14.2) and (14.3), by
using the relations p(x,|x,—1,Y—1) = p(xu|xn—1) and p(yp|xs, Yu—1) =
p(yn|xn), we can derive recursive formulas for obtaining the one-step-
ahead predictive distribution p(x,|¥,—1) and the filtering distribution
p(x,|¥y) as follows (Kitagawa (1987)). Note that the following algorithm
can be applied to general nonlinear state-space model (Kitagawa (1991),
Kitagawa and Gersch (1996)).

[ One-step-ahead prediction ]

o
plalVut) = / P Xn Yot )
— 00

00
/ p(xn|xn71;Ynfl)p(xn71|Yn71)dxn71

—0o0

/ PO Pine )Pt Yoo )dxn_1,  (14.4)

— 00

[ Filtering ]

p(alYn) = plalyn,Yu-1)
PO, Yo 1) p(xXn| Y1)
POnlYa-1)
POnlxn) p(xn|Ya—1)
palYa-1)

, (14.5)

where p(y,|Y,—1) is obtained as /p(y,, |%) p(xn|Y,—1)dx,. The one-step-

ahead prediction formula (14.4) is an extension of the one-step-ahead
prediction of the Kalman filter. Here, p(x,|x,—1) is the density function
of the state x,, when the previous state x,_; is given, which is deter-
mined by the system model (14.2). Therefore, if the filter p(x,_|Y,—1)
of x,_ is given, the one-step-ahead predictor p(x,|¥,—1) can be evalu-
ated. On the other hand, the filter formula (14.5) is an extension of the
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filtering step of the Kalman filter. p(y,|x,) is the conditional distribu-
tion of the observation y,, when the state x, is given. It is determined by
the observation model of (14.3). Therefore, if the predictive distribution
P(x4|Yy—1) of x, is given, then the filter density p(x,|Y,) is computable.

Next, we consider the smoothing problem. Using the equation
P(xn|xns1,YN) = p(xn|x441,Y,) that holds for the state-space models of
(14.2) and (14.3), we obtain

P Xnit|Yn) = pxap1[YN)P(Xn|Xns1,YN)
= p(xn+1|YN)p(xn|xn+17Yn)
P (X |Yn)p(x,,+1 |xna Yn)

= X, Y;
)
P(xa|Y) P (Xnt1|%0)
= plx,1Y) . (14.6)
Pl ) == T

Integration of both sides of (14.6) yields the following sequential for-
mula for the smoothing problem:

[ Smoothing formula ]

pealth) = [ plonit )

Y
_ x,,|Y / p xn+l| N (xn+1|xn) dxpy. (14.7)
xn+1|Yﬂ)

In the right-hand side of the formula (14.7), p(x,+1|x,) is determined by
the system model (14.2). On the other hand, p(x,|Y,) and p(x,+1|Y,) are
obtained by equations (14.4) and (14.5), respectively. Thus, the smooth-
ing formula (14.7) indicates that if p(x,41|Yy) is given, we can compute
PlalYh).

Since p(xy|¥x) can be obtained by filtering (14.5), by repeating the
smoothing formula (14.7) for n = N —1,...,1 in a similar way as for
the fixed interval smoothing presented in Chapter 9, we can obtain the
smoothing distributions p(xy_1|¥y),..., p(x1|¥n), successively.

14.3 Numerical Computation of the State Estimation Formula

As shown in the previous section, we can derive recursive estimation
formulas for the non-Gaussian state-space model that are natural exten-
sions of the Kalman filter. Adopting this comprehensive algorithm, we
can extensively treat various types of time series models. However, in
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the practical application of the algorithm, difficulties often arise in cal-
culating the formulas of the filter and smoother.

For a linear Gaussian state-space model, all the conditional dis-
tributions p(x,|Yy—1), p(xn|¥x) and p(x,|Yn) become normal distribu-
tions. Therefore, in that case, only the mean vectors and the variance-
covariance matrices need to be evaluated, and correspondingly (14.4),
(14.5) and (14.7) become equivalent to the ordinary Kalman filter and
the smoothing algorithms. However, since the conditional distribution
p(x,|Yj) of the state generally becomes a non-Gaussian distribution,
it cannot be specified using only the mean vector and the variance-
covariance matrix. Various algorithms have been presented, for instance,
the extended Kalman filter (Anderson and Moore (1979)) and the sec-
ond order filter, to approximate the non-Gaussian distribution by a sin-
gle Gaussian distribution with properly determined mean vector and
variance-covariance matrix. In general, however, they do not perform
well.

This section deals with the method of realizing the non-Gaussian fil-
ter and the non-Gaussian smoothing algorithm by numerically approx-
imating the non-Gaussian distributions (Kitagawa (1987)). In this ap-
proach, a non-Gaussian state density function is approximated numer-
ically using functions such as a step function, a piecewise linear func-
tion or a spline. Then, the formulas (14.4)—(14.7) can be evaluated by
numerical computation. Since this approach requires a huge amount of
computation, it used to be considered an impractical method. Nowadays,
with the development of high-speed computers, those numerical meth-
ods have become practical, at least for the low-dimensional systems.
In this section, we approximate the density functions that appeared in
(14.4), (14.5) and (14.7) by simple step functions (Kitagawa and Gersch
(1996)).

To be specific, the density function f(¢) to be approximated is de-
fined on a line: —oco < ¢ < oo. To approximate this density function by
a step function, the domain of the density function is firstly restricted
to a finite interval [fy,7;], which is then divided into d sub-intervals
fo <t} < --- <ty. Here, ty and t; are assumed to be sufficiently small
and large numbers, respectively, and for simplicity, the width of the
sub-intervals is assumed to be identical. Then the i-th point is given by
t; = to +iAt with At = (t; —to) /d. In the actual programming of the ends
of the sub-intervals, however, 7y and #; change, adapting to changes in
the location of the density function. For simplicity, however, ends of the
sub-intervals are assumed to be fixed in the following.

In a step-function approximation, the function f(¢) is approximated
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Table 14.1: Approximation of density functions.

density function approximation denotation
P(xnlYn—1) {dsto, -+~ tasp1s- - pat p(1)
P(xn|Yn) {d;t())"'atd;fla"')fd} f(t)
Pp(xalYn) {dsto, -+~ tass1, -+ sa} §()
q(V) {2d+l;tfdv"'vtd;qfdv"'qu} q(V)

by f; on the sub-interval [f;_;,]. If the function f(¢) is actually a step-
function, it is given by f; = f(#;). But in general, it may be defined by

fi=At ; f(t)dt. (14.8)

fi—1

Using those values, the step-function approximation of the function
f() is specified by {d;to,...,ts;f1,...,fa}- In the following, the ap-
proximated function is denoted by f(¢). For the numerical implemen-
tation of the non-Gaussian filter and the smoothing formula, it is neces-
sary to approximate the density functions p(x,|Y,—1), p(xn|¥s), p(xn|¥n)
and the system noise density g(v) as shown in Table 14.1. Here, it is
clear that we should use the observation noise density r(v) directly,
without discretizing it. Alternative approaches for numerical integrations
are Gauss-Hermite polynomial integration (Schnatter (1992)), a random
replacement of knots spline function approximation (Tanizaki (1993))
and Monte Carlo integration (Carlin et al. (1992), Frithwirth-Schnatter
(1994), Carter and Kohn (1993)).

In the following, we show a procedure for numerical evaluation of
the simplest one-dimensional trend model:

Xn = Xp—1+Vn,
Vn Xp + Wh. (14.9)

[ One-step-ahead prediction ]
Fori=1,...,d, compute
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d
= ArY qgijf;. (14.10)
j=1
[ Filtering ]
Fori=1,...,d, compute
- —t ] t: —t .
= o) = rOn —1)p(t;) _ r(yn z)p17 (14.11)
C o
where the normalizing constant C is obtained by
la 4
¢ = [Trtn-npwar = Y [ ron-np@ar
fo j=1 [jfl
d
=AY r(yn—1))p;. (14.12)
j=1
[ Smoothing ]
Fori=1,...,d, compute
tq H(+ — Sl
- x g(ti —u)s(u)
si=38t) = t du
p= s = f) [T
" i gt — uw)s(u)
= f(t / — du
l)]zz,l o p(u
= N-f() Y L2 (14.13)
j=1 pJ

It should be noted that, in practical computation, even after the pre-
diction step (14.10) and the smoothing (14.13), the density functions
should be normalized so that the value of the integral over the whole
interval becomes 1. This can be achieved, for example, by modifying f;
to fi/I(f), where I(f) is defined by

I(f):/df(t)dt:At(f1+"'+fd). (14.14)
fo

14.4 Non-Gaussian Trend Model

In the trend model considered in Chapter 11, in cases where the distribu-
tion of the system noise v, or the observation noise w, is non-Gaussian,
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0 100 200 300 400

Figure 14.1: Data generated by the model of (14.15).

we obtain a non-Gaussian trend model. In this section, numerical ex-
amples are given in order to explain the features of the non-Gaussian
model.

Example (Non-Gaussian trend estimation)  Figure 14.1 shows the
data generated by the following models:

0, 1<n<100
1, 101 < n <200

0, 301 <n <400

In the plot, it can be seen that the mean value function, u,, abruptly
changes three times. For estimation of a changing mean value function
with the structural changes shown in Figure 14.1, we consider the fol-
lowing first order trend model:

h = i1+
Yo =ty + Wy, (14.16)

where the observation noise w, is assumed to be Gaussian and the system
noise v, follows the type IV Pearson family of distributions:

c 1
q(vn) = 0 5 <b<oo (14.17)

Here, b and 72 denote the shape parameter and the dispersion parameter,
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Table 14.2 Non-Gaussian model with Pearson family of distributions with vari-
ous values of shape parameter b.

b 72 o6  log-likelihood  AIC

0.60 0.211x107° 1.042 —597.19 1198.38
0.75 0299x 1077 1.043 —597.39 1198.78
1.00  0.353x10~* 1.045 —597.99 1198.98
1.50 0.303x 1072  1.045 —599.13 1202.26
3.00 0.406x 10" 1.046 —600.40 1204.80
0o 0.140x 107" 1.048 —600.69 1205.38

respectively, and ¢ is a normalizing constant, which makes the value of
the integral of ¢(v) over the whole interval equal to 1 and is given by
¢ =1*=1T(b)/T($)T'(b— 1) (Johnson and Kotz (1970)). The Pearson
family of distributions can express various symmetric probability density
functions with heavier-tailed distributions than the normal distributions.
Here, the Pearson family of distributions yields the Cauchy distribution
for b = 1, the ¢ distribution with k degrees of freedom for b = (k+1)/2
and the normal distribution as b — oo.

Table 14.2 summarizes the values of the maximum likelihoods and
the AICs of the Pearson family of distributions with b = 3/k, (k =
0,...,5). Here, it is shown that the AIC is minimized at b = 0.60, and
the AIC of the normal distribution model (b = 00) is the maximum.

The plot on the left-hand side of Figure 14.2 depicts the change over
time of the smoothed distribution of the trend p(#,|Yx), obtained from
the Gaussian model (for b = c0), and the corresponding plot obtained
from the non-Gaussian model with b = 1.0 is shown on the right-hand
side. The left plot (a) shows that the distribution of the trend estimated
by the Gaussian model gradually shifts left or right with the progress of
time n. On the other hand, for the case of the non-Gaussian model shown
in the right plot (b), the estimated density is seen to be very stable with
abrupt changes at only three time points.

In Figure 14.3, the plot on the left-hand side shows the mean and the
+1,2,3 standard deviation intervals of the estimated distribution at each
time point for the Gaussian model. On the other hand, the plot on the
right-hand side shows the 0.13,2.27,15.87,50.0,84.13,97.73 and 99.87
percentile points of the estimated trend distribution that correspond to
the mean and +1,2, 3 intervals of the Gaussian distribution. Comparing
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plot (a) with (b) of Figure 14.3, it can be seen that the non-Gaussian
model yields a smoother estimate than the Gaussian model and clearly
detects jumps in the trend.

0 T T T T T —0 0 T T T T T —0
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
trend trend
(a) Gauss model (b) Cauchy model

Figure 14.2 Changes over time of the smoothed distribution of the trend. Left:
Gaussian model, right: non-Gaussian model.

oS =
? l
oS =
1 1 1

T T T T T T
0 100 200 300 400 0 100 200 300 400

(a) Gauss model (b) Cauchy model

Figure 14.3 Estimation of trend by Gaussian (left plot) and non-Gaussian (right
plot) models.
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14.5 Non-Symmetric Distribution—A Time-Varying Variance
Model

The distribution of data observed from the real world sometimes reveals
non-symmetry. This might be due to certain characteristics or nonlin-
earity of the data generating mechanism. If we apply the least squares
method to such a data set, we may obtain a biased estimate of the trend.
Thus, if the distribution of the observations is known, we may obtain a
better estimates by using a non-Gaussian distribution r(w) for filtering
and smoothing. In this section, for the estimation of the time-varying
variance, we reconsider the model treated in Section 13.1;

tm = lu—1+tVm,
Ym = Im+Wn (14.18)

Example In Chapter 13, the double exponential distribution for
the observation noise w, is approximated by a Gaussian distribution
N(—¢, ©?/6). Here, we shall compare the distribution obtained by the
Gaussian approximation with the exact distribution obtained by nu-
merical computation. Figure 14.4 shows the transformed seismic data
that are derived from the original data of Figure 1.1(f). The plotted
data set was obtained by sampling every two points after filtering by
Yn = Yn — 0.5y, and transformed by the method discussed in Section
13.1. In this chapter, since it is assumed that the time series is a white
noise, this transformation was applied in order to weaken the strong au-
tocorrelation that can be observed in the first part of the data.

Fitting the Gaussian model with 62 = 72 /6 to the data, we obtain the
maximum likelihood estimate 22 = 0.04909 and AIC = 2165.10. Figure
14.5 shows the wiggly trend estimated by this model. This is due to the
outliers in Figure 14.4, creating a large deviation that strongly affects the
estimated trend.

On the other hand, the maximum likelihood estimates of the non-
Gaussian model with a Cauchy distribution for the system noise and a
double exponential distribution for the observation noise

1
= ——— 14.19
a(x) T T2+ x2 ( )

r(x) = exp{x—e‘}
are £2 = 0.000260 and AIC = 2056.97, respectively.

From the big differences between the AIC values of the two mod-
els, it is evident that the non-Gaussian model is much better than the
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Figure 14.4: Transformed seismic data.

=

2 Z
0 - M/

0 100 200 300 400 500 600

Figure 14.5: Estimated trend (log-variance) by Gaussian model.

Gaussian model. Actually, as shown in Figure 14.6, the trend obtained
with the non-Gaussian model is smoother by far than the one obtained
by the Gaussian model and clearly detected sudden increases in the vari-
ance due to the arrivals of the P-wave and the S-wave. Moreover, the
plot of this model depicts that the observations with a large deviation
downward influence only the curve of 0.13 percent points but not that
of the 50 percent points. In summary, by non-Gaussian smoothing with
an appropriate model, we can obtain an estimate of the trend which is
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Figure 14.6: Estimated trend (log-variance) by a non-Gaussian model.

able to automatically detect a jump of the parameter but is not unduly
influenced by a non-symmetric distribution. This estimation method of
a time-varying variance can be used for the estimation of the stochastic
volatility of a financial time series.

Example (Stock price index data)  Figure 14.7 (a) shows the series
obtained by applying the method shown in Section 13.1 to the difference
of the logarithm of Nikkei 225 stock price index data. On the other hand,
Figure 14.7(b) shows the posterior distribution of the estimate of log 62
obtained as the trend of this series estimated by the non-Gaussian model
of (14.18). In addition, an estimate of the volatility is obtained from the
exponent of 1/2 of the central curve (the 50 percent curve) in plot (b),
i.e., by

exp (log67/2) = /62 = 6,

This method of estimating time-varying variance can be immediately
applied to the smoothing of the periodogram. Since the periodogram fol-
lows the )(2 distribution with 2 degrees of freedom, the series obtained
by taking the logarithm of the periodogram thus follows distributions,
which are approximately equivalent to (14.19). Therefore, the method
treated in this chapter can be applied to smoothing of the logarithm of
the periodogram as well. Moreover, using a non-Gaussian model, it is
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Figure 14.7 (a) Transformed Nikkei 225 stock price index data, (b) posterior
distribution of log 0,%, (c) estimates of volatility.
possible to estimate the time-varying variance from the transformed data
20 = log y2. (14.20)
In this case, for the density function of the observation noise, we use

the density function obtained as the logarithm of the x2 distribution with
1 degree of freedom, i.e.,

r(w) = Lexp{w_zew}. (14.21)

Here the time-varying variance can be estimated without making the as-
sumption that log Gzzm_1 = log Gzzm. Figure 14.8 shows the estimate of
log o2 obtained by applying this method to the logarithm of the differ-
ences of the Nikkei 225 stock price index data.
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Figure 14.8 The smoothed distribution obtained by the model of (14.21) for the
Nikkei 225 stock price index data.

14.6 Applications of the Non-Gaussian State-Space Model

In this section, several applications of non-Gaussian state-space model
are presented. Certain typical cases for the non-Gaussian state-space
model are dealt with in detail in this section.

14.6.1 Processing of the outliers by a mixture of Gaussian
distributions

Here, we consider outliers to follow a distribution different from the
usual noise distribution of observations. To process the outliers using
a time series, assuming that the outliers appear with probability o < 1,
we may use a mixture of Gaussian distributions for the observation noise
Wn,

r(w) = (1 — a)p(wi i, 0%) + ap(w; &, 8%). (14.22)

The Gaussian-sum filter and smoother for this Gaussian-mixture noise
model is given in Alspach and Sorenson (1972) and Kitagawa (1989,
1994). Here ¢(x; 1t,62) denotes the density function of the normal dis-
tribution with mean y and variance 6. The first and second terms on
the right-hand side express the distribution of the normal observations,
and the distribution of the outliers, respectively. In particular, by putting
& =pu =0and 82 > 62, the observation noise of the outliers is assumed
to have zero mean but possess a large variance. The Cauchy distribution
may be considered as an approximation of the above-mentioned mixture
distribution. Therefore, the outliers can be treated for example using the
Cauchy distribution or the Pearson family of distributions, which can
be used to generate a density function of the observation noise. On the
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other hand, if outliers always appear on the positive side of the time se-
ries, as shown in Figure 1.1(h) of the groundwater data, we can estimate
the trend ignoring the outliers by setting & > u and 8% = ¢2.

14.6.2 A nonstationary discrete process

Non-Gaussian models can also be applied to the smoothing of discrete
processes, for instance, nonstationary binomial distributions and Poisson
distributions. Consider the time series my,...,my that takes integer val-
ues. Assume that the probability of taking value m, at time # is given by
the Poisson distribution

— m,
e pnpn n

P(my|py) = (14.23)

m,,!

Here, p, denotes the expected frequency of the occurrences of a certain
event at a unit time. The mean of the Poisson distribution is not a constant
and gradually changes with time. Such a model is called a nonstationary
Poisson process model. As a model for the change over time of the Pois-
son mean, p,, wWe may use the trend component model p, = pp_1 + vy
Here, since p, is required to be positive, 0 < p, < co, we define a new
variable 6, = log p, and assume a trend component model. Therefore,
the model for smoothing the nonstationary Poisson process becomes

6, = 6,_1+w, (14.24)
—Pn ny

P(m|6,) = P (14.25)
my!

where p, is defined by p,, = €% The first and second models correspond
to the system model and the observation model and yield conditional
distributions of 6, and m,,, respectively. Therefore, the non-Gaussian fil-
tering method presented in this chapter can be applied to the discrete
process, and we can estimate the time-varying Poisson mean value from
the data.

Similarly, the non-Gaussian state-space model can be applied to the
smoothing of an inhomogeneous binary process. Assume that the proba-
bility of a certain event occurring m, times in the £, observations at time
n is given by the binomial distribution

en m, —m,
Flomln ) = ( my >1’" (1= pa)l . (14.26)

Here, p, is called the binomial probability and expresses the expected
number of occurrences of a certain event. In this case, if p, varies with
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time, this model is called the inhomogeneous binary process model. p,
can be estimated by the following model:

6, = 6,1+
14 _
P(mp|6,,0,) = (mn )pzl"(l—pn)[” s (14.27)
n

where p, = €% /(1 + %),

14.6.3 A direct method of estimating the time-varying variance

In Section 14.5, the time-varying variance was estimated by smoothing
the logarithm of the square of the original time series. However, it is also
possible to estimate the time-varying variance directly using the follow-
ing model:

y = Ih—1 + Vn,
Yo o~ N(O,et”). (14.28)

Since the variance always takes a positive value in this model, the
state #, can be taken as the logarithm of the variance. Here, exp(z,) be-
comes an estimate of the variance at time n. From the estimation of the
time-varying variance of the Nikkei 225 stock price index data, we can
obtain equivalent results to Figure 4.8. Here the obtained log-likelihood
values for each model are different. This is because the transformed data
are quite different in each case. As shown in Chapter 4.6, we can confirm
that these two models have exactly the same AIC values by compensat-
ing for the effect of data transformation by evaluating the Jacobian of the
transformation.

Problems
1. Discuss the advantages of using the Cauchy distribution or the two-
sided exponential (Laplace) distribution in time series modeling.
2. Verify that when y, follows a normal distribution with mean O and
variance 1, the distribution of v, = logyﬁ is given by (14.21).
3. Consider a model for which the trend follows a Gaussian distribution
with probability o and is constant with probability 1 — c.






Chapter 15

The Sequential Monte Carlo Filter

In this chapter, we consider a sequential Monte Carlo filter and smoother,
which is also called a particle filter or bootstrap filter. Distinct in charac-
ter from other numerical approximation methods, the sequential Monte
Carlo filter has been developed as a practical method for filtering and
smoothing high-dimensional nonlinear non-Gaussian state-space mod-
els. In the sequential Monte Carlo filter, an arbitrary non-Gaussian distri-
bution is approximated by many particles that can be considered to be in-
dependent realizations of the distribution. Then, a recursive filtering and
smoothing are realized by two simple manipulations of particles, namely,
the time-evolution of each particle and re-sampling, in other words, sam-
pling with replacement (Gordon et al. (1993), Kitagawa (1996), Doucet
et al. (2001)).

15.1 The Nonlinear Non-Gaussian State-Space Model and
Approximations of Distributions

In this section, we consider the following nonlinear non-Gaussian state-
space model

Xn = F(xy—1,vn) (15.1)
o = H(xn,wn), (15.2)

where y, is a time series, x, is the k-dimensional state vector, and the
models of (15.1) and (15.2) are called the system model and the obser-
vation model, respectively (Kitagawa and Gersch (1996)).

These models are generalizations of the state-space models that have
been treated in the previous chapters. The system noise v, and the ob-
servation noise w, are assumed to be ¢ dimensional and one-dimensional
white noises that follow the density functions ¢(v) and r(w), respectively.
The initial state vector xy is assumed to follow the density function py(x).
In general, the functions F and H are assumed to be nonlinear func-
tions. For the function y = H (x,w), assuming that x and y are given, w is

221
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Figure 15.1 Various approximation methods for a non-Gaussian distribution:
(a) assumed true distribution, (b) normal approximation, (c) piecewise linear
function approximation, (d) step function approximation, (e) Gaussian mixture
approximation and (f) particle realizations.

uniquely determined as w = G(y,x), where G is a differentiable function
with respect to y (Kitagawa (1996)).

As examples of nonlinear functions H (x,w) that satisfy the above-
mentioned requirements, we may consider H(x,w) = H;(x) +w and
H (x,w) = e*w, and in these cases G(y,x) are given by G(y,x) =y— H; (x)
and G(y,x) = ey, respectively. For simplicity, y, and w,, are assumed
to be one-dimensional models here. However, we can consider the natu-
ral extensions of these models to the multi-dimensional versions.

In this chapter, we consider the problem of state estimation for
the nonlinear non-Gaussian state-space model. As stated in the previ-
ous chapter, the set of observations obtained by time ¢ is denoted as
Y, = {y1,...,»}, and we consider a method of obtaining the distri-
butions based on particle approximations of the predictive distribution
p(x4|Yu—1), the filter distribution p(x,|¥,) and the smoothing distribu-
tion p(x,|Yy).

Figure 15.1 shows the effects of different methods of approximating
a non-Gaussian distribution. Plot (a) depicts the assumed true distribu-
tion that has two peaks. Plot (b) shows the approximation by a single
Gaussian distribution, which corresponds to the model approximation
by linear-Gaussian state-space models and the extended Kalman filter.
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From plot (b), it is obvious that if the true distribution has two or more
peaks or the distribution is highly skewed, a good approximation cannot
be obtained. Plots (c) and (d) show the approximation by a piecewise
linear function with 40 nodes, and by a step function with 40 nodes, re-
spectively. In the previous chapter, these approximations were applied
to the non-Gaussian filter and the smoother. In practical use, however,
we usually set the number of nodes to several hundred or more. Conse-
quently, very precise approximations to any types of distributions can be
obtained by these methods.

Plot (e) shows the Gaussian mixture approximations with five Gaus-
sian components. The faint curves depict the contributions of Gaussian
components and the bold curve depicts the Gaussian-mixture approxima-
tion obtained by summing up these Gaussian components. The Gaussian-
sum filter and the smoother can be easily obtained by this approximation.

In this chapter, distinct from the approximations discussed above,
the true distribution can be represented by using many particles in the
sequential Monte Carlo method. Each particle is considered as a realiza-
tion generated from the true distribution. Plot (f) shows 100 realizations
generated from the assumed true distribution shown in plot (a). In plot
(f), many short vertical lines above the horizontal axis are seen, which
express the location of the particles. Comparing plot (a) with plot (f), the
peaks of the density function in plot (a) correspond to the concentrated
particles in plot (f).

Figure 15.2 compares the empirical distribution functions obtained
from the realizations and the true cumulative distribution functions. Plots
(a)—(c) depict the cases of m = 10, m = 100 and m = 1000, respectively.
The true distribution function and the empirical distribution function are
illustrated with the bold curve and the fainter curve, respectively. For
m = 10, the appearance of the empirical distribution function differs
from the true distribution function; however, as the number of particles
increases to m = 100 and m = 1000, we can obtain closer approxima-
tions.

With the sequential Monte Carlo filter, the predictive distribution, the
filter distribution and the smoothing distribution are approximated by m
particles as shown in Table 15.1. The number of particles m is usually set
between 1000 and 100,000, the actual number chosen depending on the
complexity of the distribution and the required accuracy. This process is
equivalent to approximating a true cumulative distribution function by
an empirical distribution function defined using m particles.
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Figure 15.2 Comparison between the empirical distribution functions and the

true cumulative distribution functions for various numbers of particles: (a) m =
10, (b) m = 100 and (c) m = 1000.

Table 15.1 Approximations of distributions used in the sequential Monte Carlo
filter and the smoother.

Distributions Density functions App roxirqations
by particles
Predictive distribution palYuo1) (P, pimh
Filter distribution p(nlYy) (L pimy
Smoothing distribution p(xalYn) {sfql‘ z)v’ . >s;(1'\7;\)/}
Distribution of system noise ~ p(v,) {v,sl), e ,v,(lm)}
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15.2 Monte Carlo Filter

The Monte Carlo filter algorithm that is presented in this section is par-
ticularly useful to recursively generate the particles by approximating
the one-step-ahead predictive distribution and the filter distribution.

In Monte Carlo filtering, the particles { p,gl), . p,(lm)} that follow the

predictive distribution, are generated from the particles { f,$‘>, e ,@1}
used for the approximation of the filter distribution of the previous state.
Then, the realizations { f,sl), ey f,Em)} of the filter can be generated by
re-sampling the realizations { pgl) yeens p,(1m> } of the predictive distribution
(Gordon et al. (1993), Kitagawa (1996)).

15.2.1 One-step-ahead prediction

For the one-step-ahead predictive step, we assume that m particles

{ fél_)l yeees ,ET)I} can be considered as the realizations generated from
the filter distribution p(x,_1|¥,—) of the previous step x,_i, and the
particles vﬁll), . ,vﬁlm) can be considered as independent realizations of
the system noise v,,.

That is, for j = 1,...,m, it is the case that
frsi)l ~ p(xn—1|Ya—1), vﬁp ~q(v). (15.3)
Then, the particle p,(,j ) is defined by

P =F(f, W), (15.4)

n
where p,(1j ) is assumed to be a particle generated from the one-step-ahead
predictive distribution of the state x,,. (See Appendix D.)

15.2.2 Filtering

In the next step of filtering, we compute Ot,(,j >, the Bayes factor (or likeli-
hood) of the particle p,(f ) with respect to the observation y,. That is, for
j=1,...,m,

- - NEY
o = p(oulp?) = G 3m pi) ‘W

n

7 (15.5)

where G is the inverse function of H in the observation model, and
r is the probability density function of the observation noise w. Here,
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(/)

a,’”’ can be considered as a weighting factor representing the impor-
tance of the particle pgf ), Then, we obtain m particles f,S”,..., ",
by re-sampling p,(ln,..., p,S’"> with probabilities proportional to the
“likelihoods” (x,(,l), ceey Ot,gm). Namely, a new particle f,sj ) is obtained ac-
cording to
ps,l) probability Oc,(,l)/(a,(,l) 4+ a,S’"))
m=3 : (15.6)
™ probability o™ /(a{" + - + ™).
Then, { f,g”, o f,$'”>} can be considered as the realizations generated

from the filter distribution p(x,|Y,). (See Appendix D.)

15.2.3 Algorithm for the Monte Carlo filter

In summary, the following algorithm for the Monte Carlo filter is ob-
tained:

1. Generate k-dimensional random numbers f(gj )~ po(x) for j =
1,....m.
2. Repeat the following steps forn=1,...,N
(i) Forj=1,.
e Generate E dlmensmnal random numbers v} ~ q(v).
e Obtain the new particle p,(l )_F ( frsjj ! ,vSlj )).

e Evaluate the Bayes factor o) = r(G(y,,,pS,ﬁ)) ‘ gyG,, .

(ii) Generate { AR f,$’”>} by repeated re-sampling (sampling
(1)

with replacement) m times from {p, ’,

abilities proportional to {a,gl), . ol b

o p,S’"’ } with prob-

15.2.4 Likelihood of a model

The state-space models defined by (15.1) and (15.2) usually contain
some unknown parameters 0, such as the variance of the noise and the
coefficients of the nonlinear functions F' and H. When the observations
¥1,...,yn are given from (9.21), the log-likelihood of the model specified
by the parameter 0 is given by

N
Z log p(yn|Yu_1) (15.7)
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where p(y;|Yp) is taken as po(y; ). Here, using the Monte Carlo approxi-
mation of the predictive distribution,

pUlti) = /p<yn|xn>p<xn|YH>dxn
1 & 1 &

= — Y p(ulpy) f—Z o as8)
m;3 m;i3

the log-likelihood can be approximated by

N N mn ,
0) = Z log p(yu|Yn—1) = Z:llog(zl a,S”) —Nlogm.  (15.9)
n= Jj=

n=1

The maximum likelihood estimate @ of the parameter 6 is obtained
by numerically maximizing the above log-likelihood function. However,
it should be noted that the log-likelihood, which was obtained by the
Monte Carlo filter contains an inherent error due to the Monte Carlo
approximation, which consequently makes maximum likelihood estima-
tion difficult. To solve this problem, a self-organizing state-space model
is proposed, in which the unknown parameter 6 is included in the state
vector (Kitagawa (1998)). Accordingly, we can estimate the state and the
parameter simultaneously.

15.2.5 Re-sampling method

Here we consider the re-sampling method, which is indispensable to the
filtering step. The basic algorithm of the re-sampling method based on
random sampling is as follows (Kitagawa (1996)):

For j = 1,...,m, repeat the following steps (a)—(c).

(a) Generate uniform random number uﬁ, Neu [0,1].

(b) Search for i that satisfies c! Z Otn < u( /) <c! Z Otn ,
(=1

m
where C = Z Oc,(,w.
=1
(c) Obtain a particle that approximates the filter by setting f,sj ) =

Y.

It should be noted here that, the objective of resampling is
to re-express the distribution function determined by the particles
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{p'g)’ . ’p}(;n)} with weights {a,S”, s Oc,sm)} by representing the em-
pirical distribution function defined by re-sampled particles with equal
weights. Accordingly, it is not essential to perform exact random sam-
pling.

Considering the above, we can develop various modifications of the
re-sampling method with regard to sorting and random number genera-
tion. One considerable modification involves stratified sampling, that is,
dividing the interval [0, 1) into m sub-intervals and then obtaining one
particle qu ) from each sub-interval. In this case, the step (a) is replaced
by one of the following two steps:

(a-S) Generate a uniform random number u ~U ((j—1)/m,j/m],
(a-D) For fixed a € (0, 1], set u) = (j — o) /m.
o may be an arbitrarily fixed real number 0 < a < 1, e.g., 1/2, or a
uniform random number. To perform the stratified sampling rigorously,
it is necessary to take the above-mentioned steps based on the sorted

particles after sorting pS,U, AU ps,m) and Ot,El), . a,S’") according to the

magnitude of pi, ..., p{"). However, when the number of particles, n,
is large, the sorting algorithm becomes the most time-consuming step in
the Monte Carlo filtering algorithm.

Furthermore, since the objective of stratified sampling is to obtain
exactly one particle from each group of particles with total weight 1/m,
it is not necessary to sort the stratified sample. From the results of the
numerical experiment, it is evident that more accurate approximations
were obtained by stratified re-sampling than with the original random
sampling. Moreover, the numerical experiment suggests that between the
two choices (a-S) and (a-D) of stratified re-sampling algorithms, (a-D)
performs better.

15.2.6 Numerical examples

In order to exemplify how the one-step-ahead predictive distribution and
the filter distribution are approximated by particles, we consider the re-
sult of one cycle of the Monte Carlo filter, i.e., n = 1. Assume that the fol-
lowing one-dimensional linear non-Gaussian state-space model is given:

Xp = Xp—1+tVn,
Yn = Xn+Wn, (15.10)

where v, and w,, are white noises that follow the Cauchy distribution
with probability density function ¢(v) = v/0.1x~! (v +0.1)~!, and the
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standard normal distribution N(0, 1), respectively. The initial state dis-
tribution po(xp) is assumed to follow the standard normal distribution.
However, it is evident that normality of the distribution is not essential
for the Monte Carlo filtering method.

Under the above-mentioned assumptions, the one-step-ahead predic-
tive distribution p(x;|Yp) and the filter p(x;|¥;) were obtained. Here, a
small number of particles was used, that is, m was set to m = 100, in or-
der to make features of the illustrations clearly visible. In actual compu-
tations, however, we use a large number of particles for approximation.

The curve in Figure 15.3(a) shows the assumed distribution of the
initial state po(xp). The vertical lines show the locations of 100 real-
izations generated from pg(xo), and the histogram, which was obtained
from these particles, approximates the probability density function. The
bold curve in plot (b) depicts the true distribution function of the initial
state and the fainter curve shows the empirical distribution function ob-
tained from the particles shown in plot (a). Similar to these plots, plots
(c) and (d) depict the probability density function, the realizations and
the cumulative distribution, together with its empirical counterpart of
the system noise.

Plots (e) and (f) illustrate the predictive distribution, p(x;|¥y). The
curve in plot (e) shows the “true” probability function obtained by nu-
merical integration of the two density functions of plots (a) and (c). Plot
(f) shows the “true” cumulative distribution function obtained by inte-
grating the density function in plot (e). On the other hand, the vertical
lines in plot (e) indicate the location of the particles p(lj ) obtained by sub-
stituting a pair of particles shown in plots (a) and (c) into the equation
(D.4). The histogram defined by the particles p(ll)7 ety pgm) approximates
the true density function shown in plot (e). The empirical distribution
function and the true distribution function are shown in plot (f).

The curve in plot (g) shows the filter density function obtained from
the non-Gaussian filter using the equation (14.5), when the observation
y1 = 2 is given. With respect to plot (g), the particles are located in the
same place as plot (e); however, the heights of the lines are proportional
to the likelihood of the particle Oc,gj ). Different from plot (f), the cumula-
tive distribution function in plot (h) approximates the filter distribution,
although the steps of plot (h) are located identically to those of plot (f).
Plot (i) shows the locations of the particles, the histogram and the exact
filter distribution after re-sampling. Further it can be seen that the den-
sity function and the cumulative distribution function in plots (i) and (j)
are reasonable approximations to plots (g) and (h), respectively.
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Figure 15.3 One step of the Monte Carlo filter. The figures in the left-hand col-
umn illustrate the probability density functions, 100 realizations and the his-
togram, respectively, and the figures in the right-hand column depict the dis-
tribution functions and the empirical distribution functions obtained from the
realizations, respectively. (a) and (b): the initial state distributions. (c) and (d):
the system noise distribution. (e) and (f): the one-step-ahead predictive distribu-
tions. (g) and (h): the filter distributions. (i) and (j): the filter distributions after
re-sampling.




MONTE CARLO SMOOTHING METHOD 231
15.3 Monte Carlo Smoothing Method

The Monte Carlo filter method presented in the previous section, can

be further extended to create a smoothing algorithm by preserving past

particles. In the following, the vector of the particles (sgj Z,, . ,sflj‘i)T de-
notes the j-th realization from the n-dimensional joint distribution func-
tion p(x1,...,xu|¥s).

To achieve the objective of smoothing, it is necessary only to modify

Step 2(d) of the algorithm discussed in Section 15.2 as follows.

(d-S) Fori=1,...,m, by re-sampling the n-dimensional vector

(s S0 () W)Uy

T
Tt Sn a1 P )", generate (S1|n""7sn71\n’sn\n

In this modification, by re-sampling {(s{‘n_l,...,sij_)”n_l,pg,]))T,
Jj=1,...,m} with the same weights as used in step (2)(ii) of subsec-
tion 15.2.3, fixed-interval smoothing for a nonlinear non-Gaussian state-
space model can be achieved (Kitagawa (1996)).

In actual computation, however, since a finite number of particles
(m particles) is repeatedly re-sampled, the number of different parti-
cles gradually decreases and then the weights become concentrated on
a small number of particles, thus causing the shape of the distribution
to finally collapse. Consequently, in terms of the smoothing algorithm, a
modification for Step (d-S) should be carried out as follows:

(d-L) For j=1,...,m, generate (s(j) s W) ). Here, L is

n—Lin>* " n—1|n’"n|n

assumed to be a fixed integer, usually less than 30, and f,Ej ) —
E,]‘i by re-sampling (SEL)L‘"?I, ...,sﬁjjunfl,pfj)).

Then, it is interesting that this modified algorithm turns out to corre-
spond to the L-lag fixed-lag smoothing algorithm. If L is fixed too large,
the fixed-lag smoother p(x,|Y,+.) precisely approximates the fixed-
interval smoother p(x,|Yy). On the other hand, the distribution deter-
mined by xflllr), Ty ,xflr";l) 1, 1s rather remote from p(x,|Y,1). Therefore,
L should be taken not so large, i.e., L = 20 or 30.

The following example shows the results of state estimation by the
Monte Carlo filter for the artificially generated time series shown in Fig-
ure 14.1. The estimation is carried out by applying a first order trend

model;

N

Xp = Xp—1+tVn,
Yn = Xp+Wn, (15.11)
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Figure 15.4 The results of the Monte Carlo filter: (a) the exact filter distribution
using a Kalman filter.  (b) — (d) the fixed-lag (L = 20) smoothed densities ((b)
m =100, (¢) m = 1000, (d) m = 10,000) with a Monte Carlo filter.

where w,, is a Gaussian white noise with mean 0 and variance 6. For
the system noise, two models are considered, namely, a Gaussian distri-
bution and a Cauchy distribution.

Figure 15.4 (a) depicts the exact filter distribution obtained by the
Kalman filter when the system noise is Gaussian. The bold curve in the
middle shows the mean of the distribution and the three gray areas illus-
trate =10, 20 and £30 confidence intervals.

On the other hand, plots (b), (¢) and (d) show the fixed-lag (L =
20) smoothed densities obtained by using m = 100,1000 and 10,000
particles, respectively. The dark gray area shows the +10¢ interval and
the light gray area shows the +2¢ intervals. In plot (d), the £30 interval
is also shown.

For m = 100 in plot (b), although general tendencies of the distribu-
tional change of plot (a) are captured, large variation is seen which indi-
cates that the estimate is not particularly good. However, as the number
of particles increases, more accurate approximations to the “true” dis-
tribution are obtained. In particular, for m = 10,000 shown in plot (d),
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Figure 15.5 Smoothing with Cauchy distribution model: (a) The exact distribu-
tion obtained from the non-Gaussian smoothing algorithm. (b) The results of
Monte Carlo smoothing (m = 10,000).

a very good approximation of the curves are obtained except the +30
interval of which curves are slightly variable.

Figure 15.5 shows the results when the system noise is assumed to
be a Cauchy distribution. The figure on the left-hand side depicts the
“exact” results obtained using the non-Gaussian smoothing algorithm,
which was treated in Chapter 14. On the other hand, the figure on the
right-hand side depicts the results obtained by Monte Carlo smoothing
with m = 10,000 and L = 20. Although the curves are more variable
in comparison with the figure on the left-hand side, the abrupt changes
around n = 100,200 and 300 are captured in a reasonable way. Moreover,
the £30 interval is also well approximated.

15.4 Nonlinear Smoothing

The Monte Carlo filtering and smoothing algorithms can also be used for
filtering and smoothing for the nonlinear state-space model (Kitagawa
(1991)). Figures 15.6 (a) and (b) depict examples of series x, and y,
generated by the nonlinear state-space model

1 25x,_
X, = —xn_l—i—#—i—Scos(l.Zn)—l—vn,
2 X1
2
Yn = 1_6+Wn; (15.12)

where v, ~ N(0,1), w, ~ N(0,10), vo ~ N(0,5). Here, we consider the
problem of estimating the unknown state x, based on 100 observations,
yn, n =1,...,100. Because of the nonlinearity and the sinusoidal input
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Figure 15.6 Nonlinear smoothing: (a) Data yn. (b) Unknown State xn. (c)
Smoothed distribution of x, obtained by the Monte Carlo smoother.

in the system model in equation (15.12), the state x, occasionally shifts
between the positive and negative regions. However, since in the obser-
vation model, the state x;, is squared, and xﬁ contaminated with an obser-
vation noise w, is observed, it is quite difficult to discriminate between
positivity and negativity of the true state.

Itis well known that the extended Kalman filter occasionally diverges
for this model. Figure 15.6 (c) shows the smoothed posterior distribu-
tion p(x,|Yy) obtained by the Monte Calro filter and smoother. It can be
seen that a quite reasonable estimate of the state x,, is obtained with this
method.

The key to the success of the nonlinear filtering and smoothing is
that the Monte Carlo filter can reasonably express the non-Gaussian state
densities. Figure 15.7 (a) and (b), respectively, show the marginal pos-
terior state distributions p(x/|Y;;), j = —1,0,1,2, for + = 30 and 48.
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Figure 15.7 Fixed-point smoothing for t = 30 (left) and t = 48 (right). From top
to bottom, predictive distributions, filter distributions, 1-lag smoothers and 2-lag
smoothers.

For both ¢ = 30 and 438, the predictive distribution p(x;|¥;_1) and the fil-
ter distribution p(x;|Y;) are bimodal. However, in the 2-lag smoother for
t =30, p(x30|¥32), the left-half of the distribution disappeared and the
distribution becomes unimodal. The same phenomenon can be seen for
t = 48. In this case, the right peak is higher than the left one in the predic-
tive distribution. However, in the smoother distributions, the peak in the
right half domain disappears. In such a situation, the extended Kalman
filter is very likely to yield an estimate with reverse sign.

Problems

1. Consider a model for the Nikkei 225 data shown in Figure 1.1(g) that
takes into account changes in the trend and the volatility simultane-
ously.

2. In Monte Carlo filtering, how many particles should we use to in-
crease the accuracy of the estimate 10-fold.

3. For the Monte Carlo filter, if we do not restrict every particle to have
the same weight but allow some to have different weights, is it possi-
ble to develop a procedure without re-sampling?

4. Compare the amount of information required to be stored to carry out
fixed-interval smoothing and fixed-lag smoothing.






Chapter 16

Simulation

In this chapter, we first explain methods for generating random numbers
that follow various distributions. A unified method for simulating time
series is obtained by using the state-space model. Namely, a realization
of white noise can be obtain by generating random numbers that follow
a specified distribution. In modeling, a time series model is generally
considered an output of a system with a white noise input. Therefore,
if a time series model is given, we can obtain realizations of the sys-
tem by generating a time series that follows the model by using random
numbers.

16.1 Generation of Uniform Random Numbers

A sequence of independently generated numbers that follows a certain
distribution is called a sequence of random numbers or simply random
numbers. In other words, the random numbers are realizations of white
noises. A time series model represents a time series as a sequence of
realizations of a system with white noise input. Therefore, we can gen-
erate a time series by properly specifying the time series model and the
random numbers, and this method is called a simulation of a time series
model. In actual computation for simulating a time series, we usually
use pseudo-random numbers generated using an appropriate algorithm.
Normal random numbers, i.e., random numbers that follow a normal dis-
tribution, are frequently necessary for simulating time series. Such a se-
quence of random numbers is obtained by generating uniform random
numbers, and then transforming them to the specified distribution.

A well-known conventional method for generating uniform random
numbers is the linear congruence method. With this method, a sequence
of integers 11,1, - - - is generated from

Lk=al_1+c¢ (modm), (16.1)
starting from an initial integer /.
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In particular, for ¢ = 0, this method is called the multiplicative con-
gruence method. The generated integer I, takes a value in [0,m). There-
fore, I, /m is distributed on [0, 1).

However, we note here that since the period of the series generated
by this method is at most m, it is not possible to generate a sequence
of random numbers longer than m. The constants a, ¢ and m have to be
selected carefully, and examples of the combination of constants are

a=1229 ¢ =351750 m =1664501
a=1103515245 ¢=12345 m=2%
(Knuth (1997)). The latter combination were used in C language until
1990-th. It is known that if m = 27, a = 5 (mod m) and c is an odd num-
ber, then the period of the sequence generated by this algorithm attains
the possible maximum period of m, i.e., it contains all of the numbers
between 0 and m — 1 once each.
By the lagged Fibonacci method, the sequence of integers I, is gen-
erated by

Livp=lnyqg+1In (mod m), (16.2)

where m is usually set to 2X (k ia the bit length). Then the generated
series has the period at largest 2¥~1(27 — 1). In the current C language,
p=31,q=3, m="23"are used to attain the period of about 2°°.

In the generalize feedback shift register (GFSR) algorithm (Lewis
and Payne (1973)), k-dimensional vector of binary sequence is generated
by

1)1+p :Ii’lJrq@]n) (16.3)

where p > ¢ and & denotes the excusive OR operation. The integers p
and g are determined so that the polynomial X” + X7 + 1 is irreducible.
Then, the period of the sequence becomes at largest 27 — 1. Some exam-
ples of p and g are p = 521, g = 158 (period 2°2! — 1), p =521, ¢ =32
(period 22! — 1) and p = 607, g = 273 (period 26%7 — 1).

Twisted GFSR algorithm (Matsumoto and Kurita (1994)) generates
a k-dimensional binary sequence by

In+p = In+q S 1A, (16.4)

where A is a k x k regular matrix such as the companion matrix. In
the frequently used TT800 algorithm, p = 25 and ¢ = 7 are used. This
sequnce has the period of 27% — 1. Further, Matsumoto and Nishimura
(1998) developed the Mersenne twister algorithm

Intp = Intqg© Iy 1 BOLA. (16.5)
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They showed that for p = 624, by taking A and B appropriately, the gen-
erated series has a period of length 2'°37 — 1 and are distributed uni-
formly on the 623 dimensional space.

Different from these families of pseudo-random numbers that are
generated in software using certain algorithms, hardware for generat-
ing physical (hardware) random numbers has also been developed. Such
hardware can be used when more precise random numbers are neces-
sary in a simulation, because random numbers generated in this way are
supposed to be free from any cycles or correlations.

16.2 Generation of Gaussian White Noise

A realization of Gaussian white noise is obtained by generating a se-
quence of random numbers that follows a normal distribution, namely,
normal random numbers. The Box-Muller transform (Box and Muller
(1958)) for generating normal random numbers is well known. This
method applies the fact that, given two independent uniform random
numbers U; and U, on [0,1],

X1 = +/—2logU;cos2nlU,,
X, = +/—2logU;sin2nU, (16.6)

independently follow the standard normal distribution N(0, 1).

In practice, however, Marsaglia’s algorithm that follows can avoid
the explicit evaluation of sine and cosine functions and thus can generate
normal random numbers more efficiently.

1. Generate the uniform random numbers U; and Us.
2. PutV; =2U;—1and V, =2U, — 1.

3. Put S2=VZ+ V3.

4. Return to Step (1), if 2 > 1.

5

. Put X = Viy/ 22085 and X; = Vo / 225,

Figure 16.1 (a) shows 200 uniform random numbers generated by
the multiplicative congruence method of (16.1) with the initial value
Io = 1990103011. On the other hand, plot (b) shows normal random
numbers (white noise) obtained with Marsaglia’s algorithm using these
uniform random numbers. Plot (c) depicts the histogram and the sample
autocorrelation function computed from those random numbers, where
the histogram looks somewhat different from the density of the normal
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Figure 16.1 Realizations, histograms and autocorrelation functions of uniform
random numbers and white noise.
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distribution. Plot (d) shows the histogram and the sample autocorrela-
tion function, respectively, when the number of realizations is increased
to 2000. It can be seen that the histogram resembles the normal density
and that the sample autocorrelation function approaches zero.

16.3 Simulation Using a State-Space Model

Using the realizations of white noise introduced in the previous subsec-
tion, we can generate a time series that follows a given time series model.
This is called the simulation of the time series. Assume that the time se-
ries model is represented in the form of the state-space model :

Xn = Fx,_1+Gvy, (16.7)
Yo = Hxp,+wy. (16.8)

Based on this state-space model, if the initial state vector xp, and
N realizations of k-dimensional Gaussian white noise with mean 0 and
variance-covariance matrix Q, vi,...,vy, are given, the realizations of
the state vectors, x1,...,xy can be easily obtained by repeatedly substi-
tuting them into the system model of (16.7). Further, if the realizations
of ¢-dimensional Gaussian white noise with mean 0 and the variance-
covariance matrix R, wy,...,wy, are given, the time series yy,...,yy can
be generated by the observation model of (16.8).

A k-dimensional Gaussian white noise with mean 0 and variance-
covariance matrix Q can be obtained from k one-dimensional Gaussian
white noises generated by the method shown in the previous subsec-
tion. Define a k-dimensional vector u,, = (uﬁ,l), . ,u,(lk))T, where 1 is a
one-dimensional Gaussian white noise, then u,, becomes a k-dimensional
Gaussian white noise with mean vector 0 and unit variance-covariance
matrix I. Here, we assume that a k X k lower triangular matrix L such
that Q = LL” can be obtained by the Cholesky decomposition of the
positive-definite symmetric matrix Q. Then, the k-dimensional vector v,
defined by

v, = Lu, (16.9)

satisfies
E(vov!) = E(Lupul LT) = LE(uul )L = LLLLT = Q,  (16.10)

showing that v,, becomes a normal white noise with mean vector O and
the variance-covariance matrix Q.
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Figure 16.2: Simulation of a random walk model.
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Figure 16.3: Simulation of an AR model.

Example (Simulation of a random walk model)  Figure 16.2 shows
the results of the simulation for the random walk model

Xn = Xp—1+Vn,
Yn = Xp+wy, (16.11)

where the system noise v, follows the normal distribution N(0, %/6)
and the observation noise w,, is the standard Gaussian white noise that
follows N(0, 1) and the initial state is xo = 0.

Example (Simulation of an AR model)  Figure 16.3 shows the re-
sults of the simulation for the AR model with order 10 fitted to the log-
arithms of the sunspot number data. Since the state-space representation
for the AR model does not have any observation noise, we set R = 0.
Here, the initial state is set to xo = (0,...,0)” and 400 time series are
generated. To remove the effects of the O initial state, the first 200 ob-
servations are discarded and Figure 16.3 shows only the latter half of the
data.
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Figure 16.4: Simulation of a seasonal adjustment model.

Example (Simulation of a seasonal adjustment model)  Figure 16.4
shows the results of a simulation for the seasonal adjustment model.
The model is shown in Figure 12.6 with the stationary AR component
(m; =2,mp =1, m3 =2 and p = 12). As the initial state vector xg, the
vector xg|y is used for the smoothed estimate of the initial vector, which
is obtained from the actual seasonal data. Although the simulation of
the seasonal adjustment model resembles the actual time series shown
in Figure 1.1(d), it is evident that the trend component of Figure 16.4 is
considerably different from that of Figure 1.1(d).

16.4 Simulation with the Non-Gaussian State-Space Model

The method of simulation for the state-space model presented in the pre-
vious section can be easily extended to the simulation of a non-Gaussian
time series model. Consider a non-Gaussian state-space model,

X, = Fx,_1+Gvy,, (16.12)
Yn = Hxy+wy, (16.13)

where v, and w,, are not necessarily Gaussian and are distributed accord-
ing to the density functions g(v) and r(w), respectively.

For simplicity, it is assumed that the k components of v, and the ¢
components of w,, are mutually independent. To simulate the above non-
Gaussian state-space model, it is necessary to develop a method of gen-
erating realizations of white noise that follow an arbitrarily defined den-
sity function p(x). For some specific distributions, such as the Cauchy
distribution, the y? distribution and the two-sided exponential (Laplace)
distribution, they can be generated by a transformation of the uniform
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random numbers or the normal random numbers. In the following sub-
section, some examples are given.

16.4.1 x? distribution

The x? distribution with j degrees of freedom can be expressed as
X =Xi 4+ +X;, (16.14)

where Xi,---,X; are normal random variables. Therefore, to generate
random numbers that follow the y? distribution, we initially generate j
normal random numbers and then obtain x} using equation (16.14). In
particular, exponential random numbers are obtained by putting j = 2.
Further, by defining Z = log xzz, we obtain the double exponential ran-
dom numbers. Note that an exponential random number can be obtained
from a uniform random number directly by setting

v=—logu, (16.15)

given the uniform random number u. Then, the double exponential ran-
dom number is efficiently obtained by

v =log(—logu). (16.16)

16.4.2 Cauchy distribution

The density function of the Cauchy distribution that was used for the
non-Gaussian model in Chapter 14 is given by

plx) = = :

Tl)' (16.17)

To generate Cauchy random numbers, we generate a uniform random
number on [0, 1), and for u # 0.5, define v by
Vv =tanmu. (16.18)

16.4.3 Arbitrary distribution

In general, random numbers that follow an arbitrary density function
f(x) can be generated by using the inverse function of the distribution
function. The distribution function is a monotone increasing function
defined by

Flx) = /;f(t)dz, (16.19)
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Figure 16.5: Density functions of system noise and the results of the simulation.

which satisfies 0 < F(x) < 1, F(—o0) = 0, and F(co) = 1. Here, if
we obtain an inverse function G(y) = F~!(y), 0 <y < I, that satisfies
F(G(y)) =y, then G is a function from (0, 1) to (—oo,00). Therefore,
if u is a uniform random number on [0, 1), v = G(u) becomes a random
number that follows the density function f(v). Applying this method, we
can generate random numbers that follow various distributions by using
the density functions discussed in Chapter 4.

Example (Trend model with double-exponential noise) Figure
16.5 shows the results of the simulation, which were obtained by re-
placing the system noise of the random walk model in Figure 16.2 by
vn = 1y + §, where r, denotes a double exponential random number and
¢ = 0.57722 denotes the Euler constant.

For comparison, plots (a) and (b) show the density functions of the
normal distribution used in Figure 16.2 and the double exponential dis-
tribution. Even though the two density functions have the same mean and
the same variance, they have different shapes, and so different simulation
results are obtained.

As shown in Figure 16.2, simulation with the density given in plot
(a) yields symmetric movement around the trend. On the other hand, in
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Figure 16.6 Simulation of an AR model with different noise distributions: (a)
normal distribution, (b) Cauchy distribution.

plot (c) obtained by using the density in plot (b), the behavior around
the trend shows asymmetric upward and downward tendencies. We can
observe such typical asymmetric behavior of time series frequently in
financial data.

Example (AR models with Gaussian and non-Gaussian noise)  Fig-
ure 16.6 shows the simulation results for the AR model of first order:

Yo =0.9yn—1+vn. (16.20)

Here, in plots (a) and (b), v, is assumed to be the standard normal dis-
tribution N(0, 1) and the Cauchy distribution C(0, 1), respectively. Even
though the AR models are of the same order and have the same AR co-
efficients, the two time series in plots (a) and (b) appear quite different,
because the distributions of the noise v, are different. In particular, in
plot (b), the time series occasionally shows big jumps, and the width of
the fluctuation is, as a whole, more than twice as large as that of plot (a).
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Problems

1. Assume that U and V are uniform random numbers defined on [0, 1].
What distribution does W = U +V follow?

2. In the simulation of an AR model y, = ay,_1 + vy, v, ~ N(0,1), we
usually generate m + n data elements and discard the initial m realiza-
tions. How large should m be?

3. Show a method of simulating future values based on observations up
to the present time.






Appendix A

Algorithms for Nonlinear
Optimization

In this appendix, we briefly discuss algorithms for nonlinear optimiza-
tion. For simplicity, we consider the case where the objective function
f(x) is approximated by its Taylor series expansion up to the second
order:

1
F) = F() + (x—x)Tg(x*) + g(x—X*)TH(x—X*), (A.D)
where x = (x1,...,x,)" and

If(x) 2r o 9

dx| dx19x dx1 dxp
glx)= , H= . (A2)

9/ (x) r’r ... _Pf
axm 8xm 8x1 axm axm
From (A.1), we have

glx) =g(x*)+H(x—x%) (A.3)

and if x* is assumed to minimize the objective function f(x), g(x*) =0
holds and we have
gx) =H(x—x"). (A4

Therefore, if the current approximation is x, by computing H and g(x),
the solution x* is obtained as

X =x—H "g(x). (A.5)

In actual problems, the objective function f(x) is rarely expressible as a
quadratic form such as that of (A.1) and the solution x* is not obtained
by applying (A.5) only once. Moreover, because the matrix H is not
usually constant but changes depending on x, it is necessary to repeat the
recursion

X = Xp—1 —H;:_llg(xkfl), (A.6)

249
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using an appropriately determined initial value x.

This procedure is called the Newton-Raphson method. However,
since the likelihood function of the time series model is usually a very
complex function of the parameters and it is sometimes difficult to ob-
tain Hy analytically, the following algorithm, known as the quasi-Newton
method, is used (Nocedal and Wright (2006)).

1. Put k=1 and choose an initial value xp and H, ! suitably. As a default
value, we may put Hy = 1.

2. Calculate the gradient vector g(x;_1).

3. Obtain the direction vector by i, = H, k__ll glxr_1).

4. Put x; = x;_1 — MJy and find Ay, which minimizes f(x;) by a linear
search.

5. Obtain an estimate of H,:l using either the DFP formula or the BFGS
formula that follow.

[DFP formula] (Fletcher (1980))
AxAxf HkillAgkAngk_ll

H'=H !+ - -1 (A.7)
‘ U A A AglH Ag

[BFGS formula] (Broyden (1970))

AgAT\ " AgAxT\  AxAxT
Hk1—<1— Sk k>Hk_11 (1— Sk ")+ Lk (A8)
AgkAxk AxkAgk

where Ax;y =x;—x;_; and Agp = G(x) — g(xx_1)-
6. If the convergence condition is not satisfied, go back to step 2 after
setting k =k + 1.

This quasi-Newton method has the following two advantages. Firstly,
it is not necessary to compute the Hessian matrix Hy and its inverse H, !
directly. Secondly, it can usually find the minimum even when the objec-
tive function is far from being a quadratic function, since it automatically
adjusts the step width A; by a linear search. BFGS formula has an ad-
vantage the it does not require precise linear search.



Appendix B

Derivation of Levinson’s Algorithm

In this appendix, we derive the Levinson’s algorithm (Levinson (1947))
for estimating the AR coefficients for univariate time series model ef-
fectively. Whittle (1963) showed an extension of an algorithm for multi-
variate time series. However, since for multi-variate time series, the co-
efficients of the backward AR model are different from those of the for-
ward AR model, the algorithm needs to treat twice as many number of
recursions as the univariate case.

Assume that the autocovariance function G, k=0, 1, - - - is given and
that the Yule-Walker estimates of the AR model of order m — 1 have
already been obtained. In the following, since we consider AR models
with different orders, the AR coefficients, the prediction error and the
prediction error variance of the AR model of order m — 1 are denoted

by é’l"_l,...,&zl;}, v"=1 and 62|, respectively. Next, we consider a
method of efficiently obtaining Yule-Walker estimates &Y', ... , 4y, and 62

for the parameters of the AR model of order m using the estimates for
the AR model of order m — 1.
~m—1 Am—1

Since the coefficients &} ,...,a,,— satisfy the following Yule-

Walker equation of order m — 1, we have that
m—1
=Y a''Cjy, k=1,....m—1. (B.1)
j=1

m—1
n

m—1
E{vi~ly, i} = E{ (yn - a;'nlyn—J)yn—k} =0, (B.2)
=

fork=1,...,m— 1. Here, we consider a backward AR model of order
m — 1 that represents the present value of the time series y, with future

values Ynt+1y-« s Yntm—15

This means that v/ satisfies

m—1
Yo=Y, ajynsitw " (B.3)

i=1
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Then, since C_; = C; holds for a univariate time series, this backward
AR model also satisfies the same Yule-Walker equation (B.1). Therefore,
the backward prediction error w/'~! satisfies

E{an:niyn—k} {()’n m— Z a y:l—m+j)yn—k} =0, (B.4)

fork=1,. — 1. Here, we define the weighted sum of the forward
predlctlon error v’” ! and the backward prediction error w/"~ ,,11 by
— 1
in = m ! ﬁWT m

— Z ﬁ?_l)%—j ( n—m — Z Yn—erj)
=

m
wo= ¥ (@) = Ban=) ) yus = Bya-m. (B.5)

j=1
zp 18 a linear combination of y,,, y,_1,...,Vn—m and from (B.2) and (B.4),
it follows that
E{zyyn4} =0 (B.6)
for k =1,...,m — 1. Therefore, if the value of 8 is determined so that

E(z4yn—m) = 0 holds for k = m, the Yule-Walker equation of order m
will be satisfied. For that purpose, from

E(Znynfm)
m—1 ! m—1 |
= E{yn - Z aAT7 Yn—j _ﬁ< n—m — Z &’}17 ynm+j> }ynm
j=1 =1
m—1 | m—1 .
= GCun— Y ai" CmJ—B<Co—):d;” C,>0, (B.7)
Jj=1 j=1
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m _— am—1 A am—1
P=Ea; —dyd,; (B.9)
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then from (B.5) — (B.7), we have
m m
E{ <Yn_jz,_1aATynj))”nk}_ck_j;d;‘nckj =0 (B.10)

fork=1,....m
In addition, the innovation variance of the AR model with order m
can be expressed as

m
~2 A
0, = Co—ZajCj
j=1
m—1 | |
AM— AM A — A
= (Cy— Z (aj —daya,, J)Cj—amCm
j=1
m—

= 65— ( ZZH ) (B.11)

Using (B.8), it follows that C,, — ) a_ ~!'C;=a"62k_, and then 62 is

obtained as follows:

6 = Gt (1= (a)?). (B.12)






Appendix C

Derivation of the Kalman Filter
and Smoother Algorithms

In this appendix, a brief derivation of the Kalman filter (Kalman (1960))
and the fixed interval smoothing algorithm (Bierman (1977)) are given.

C.1 Kalman Filter

[ One-Step-Ahead Prediction ]
From x, = F,x,_ + G,v,, we obtain

Xn|n—1

Vn\n—l

E (xn|Yu—1)

E (Fuxn—1+ Gpvn|Ya—1)

FyE (xp-1|Ya-1)

Faxn—1jn—1, (C.1)

E (X — Xpn_1)*

E (Fy(Xn—1 — Xy 1jn—1) + Gavn)*

FyE (-1 = Xu—11a—1)*F,] +G,E (v)GL
FVi_tjn—1Fy +Gn0nGY, (C2)

where for simplicity of notation, xx” is abbreviated as x>.

[ Filter ]

Denote the prediction error of y, by &,; then from y, = H,,x,, + wy, it
can be expressed as

&n

Yn = E (yn[Yn—1)

Hyxy +wn —E (Hpxp +wy|Yy—1)

Hyxn +wy — HWE (x|, 1)
Hn(xn_xn\n—1)+wn- (C.3)
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Therefore, we have

Var(g,) = HyVyu_1H' +Ry, (C.4)
Cov(xn,€1) = Cov(xu, Hn(Xn —Xyjn—1) +wn)
= Var(x, — Xy,—1)H,
= Vo H. (C.5)

Using the facts that ¥, = {¥,—1,y,} = Y4—1 @ &, and that in the case
of the normal distribution, the conditional expectation of x,, given Y, is
expressible by orthogonal projection, it follows that

Xnln = E(xu|Y,) = Proj(x,|Y,)
= Proj(x;|Yu—1,&n)
= Proj(x,|¥,—1) + Proj(xn|€,)- (C.6)

Because Proj(x,|€,) is obtained by regressing x, on &, from (C.4) and
(C.5),

Proj(x,|&,) = Cov(xn,sn)Var(sn)*lsn
Vn\n—lHZ(HnannlenT +Rn)_lgn
= K,g,. (C.7)
Therefore, we have
Xnln = Xn|n—1 +K,€,. (C8)
In addition, from
Vn\nfl = E(xn _xn\nfl)2
= E(x —Xup +K,€,)?
= Vit Ky Var(e,)K, , (C.9)
we have
Vn|n = vn|n—l - KanVn\n—l
(I - Kan)Vn\n—l . (C.10)

C.2 Smoothing

Ont1 = Xnt1—Xn+1|n is assumed to be the prediction error of x,,, 1.
Define Z, by

Zy EYn@SnJrl @{anrlv"'»VN7Wn+17"'7WN}~
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Then, we have the decomposition

w = Proj(xs|Z,)
= Proj(x,|Y,) +Proj(x,|8,+1)
+  Proj(xu|Vasise- o, VN Wit 1y - -, WN), (C.11)

and it follows that

Proj(x,|Yn) = Xu|n
Proj (x| 8ps1) = Cov(xy, 8 1) Var(8,1) 18,1 (C.12)

Proj(x,|viti,- -y VNsWhtl,---,wn) = 0.

In addition, we have

Var(8,11) = Vgt (C.13)
Cov(xn,0n11) = Cov(xn, Fuy1(Xn — Xnjn) + Gur1Vnt1)
E (X0 — Xjn)*F
= V. (C.14)

Therefore, by putting A, = n\nFnTHV,;l] o W€ have

Zn = Xn|n +An(xn+1 _anrl\n)' (C.15)
Here, considering that Zy generates Yy, we obtain

Xyn = Proj(x,|Yn)
= Proj(Proj(x,|Zy)|¥n)
= Proj (Zn |YN)
= Xujn T An(Xnr 1N = Xt 1jn)- (C.16)

Further, using

Xn = Xn|N +AnXp i1 IN = Xn — Xn|n +Anxn+l|m (C.17)
and E{(xn —xn|N)xZ+1|N} = E{(xn —x,,‘n)x,ﬂ”n} =0, we obtain

Vn\N +AE {xn+1\Nx;{+l\N}A£ = Vnln +AE {xn+1\nx;{+l\n}A£-
(C.18)
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Here, using

E{(xn+1 _xn+1\N)xZ+1\N} =0
E{(xn _xnln)xr{-&-lln} =0,
we obtain
E{XHHWXZH\N}
= B{ 1y — Xnt + Y1) S 1y — Xt +Xr1)” }
= Vn+l|N+E{xn+1x;€+1}+2E{(xn+l|N_xn+l)xZ;+1}
= Ve +E{xixl ) — 2B { (g1 v — Xns 1) Gty — Xng1)” |
= E{nrix = Vi, (C.19)

E {1l g0 p = Bt} = Vs (C.20)
Substituting this into (C.18) yields

Van = Vg + An (Vi1 v = Vir 110 AL - (C.21)



Appendix D

Algorithm for the Monte Carlo Filter

This appendix presents a derivation of the Monte Carlo filter algorithm.
The readers are referred to Kitagawa (1996) and Doucet et al. (2001) for
details.

D.1 One-Step-Ahead Prediction

Assume that m particles {frsl)l, . rgrf)l} that can be considered as m
independent realizations from the conditional distribution p(x,_;|¥,—1)

of the state x,_;, and m particles {vﬁll)7 ... ,vﬁlm)} from the system noise
density p(v) are given. Namely, assume that
A~ plalYanr), W~ (). (D.1)
Then, it can be shown that the one-step-ahead predictive distribution
of x, is given by
p(xn|Yn— 1 )

- / / (s Xnet, Vil Yot )17, (D.2)

://p(xnlxnfl7Vn7Yn71)p(Vn|xn71;Ynfl)p(xnfl|Yn71)dxn71dvn-

Since the system noise v, is independent of past states and ob-

servations, the conditional distribution of the system noise satisfies

p(Vplxu—1,Y4—1) = p(vn). On the other hand, since x, depends only on

Xp—1 and vy, P(xn|xn71,Vn, Ynfl) = P(xn|xn71,Vn) = 6()6,, _F(xnflavn))a

and we have

pltos) = [ [ 80— Ftamr0) () p(um o )ty 1dv,

(D.3)

Therefore, when realizations {vﬁlj ) }of p(v,) and { flsj_) 1} of p(xu—1]¥Ya—1)

are given, realizations { pﬁ,j )} of p(x,4|Y,—1) are obtained by

) =F(D, ). (D.4)

n

259
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D.2 Filter

When m independent realizations pgl),..., p,(lm) of the distribution
p(xn|Y,—1) are given, it is equivalent to approximate the distribution
p(x,4|Y,—1) by the empirical distribution function

1(x,p), (D.5)

(ngE

1
P,,(x):n—1
i=1

where I(x,a) = 0 for x < a and I(x,a) = 1 otherwise. This means that
the predictive distribution p(x,|Y,_1) is approximated by the probability
function

i 1
Pr()c,,:17£,j)|l/n_1):’1—17 forj=1,...,m. (D.6)

Then, given the observation y,, the posterior distribution of x;, is ob-
tained by

Pr(x, = p2j>|Yn) = Pr(x, = pi(lj)|Yn—lvyn)

lim Pr(x, = pff),yn <y <yn+Ay|Y,_1)

Ay—0 Pr(y, <y <y, +Ay|Y,—1)
POl P )Pr(x, = pi ¥, 1)

m

Y p(alpd)Pr(x, = pi Y1)

i=1

[0/ . Oy
= — . m_ — TR . (D.7)
Z Oy’ - % Z o/
=1 =1
The cumulative distribution function
1 m . .

corresponding to this Pr(x, = p,<,j >|Yn) has jumps with jump sizes pro-

portional to Oc,sl), ceey ,Sm> given by the right-hand side of the equation

(15.9) only at the m points pﬁ,l), e ,ps,m).
Although the approximation of the distribution of the filter was ob-

tained using this expression (D.8), it is convenient to re-approximate it
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by m particles f,gl), ceey f,E’") with equal weights to perform the compu-
tation of the prediction (D.1) in the next time step. This corresponds to
representing the distribution of (D.8) by the empirical distribution func-
tion

m

1 (i)
— LI f). (D.9)

i=1
The m realizations {£",.... £/™} can be obtained by re-sampling
{pV,.... p™ with probabilities
(i)

. . (x .
Pr(fi! = pi' ) = ————s = Leem (D1O)
O + -+ 0y
D.3 Smoothing
For smooth‘ing, assume that Pr(x : S(1J|.2,,1 yes ,‘xn,l = s£j21|n—1 Y1) =
1/m and vﬁl}) ~ g(v) and define (p(lj‘i_l - ,pffll_l) as follows:
() .
s fori=1,...,n—1
(J) - l‘nflﬂ ) )
Pin-1= () () : (-1
F(sn71|n717v ), fori=n.
Then, (p(lle_l,..., pff}l_l) can be considered as a realization from the
joint distribution of (xj,...,x,) when the observation ¥,_; is given.
Next, given the observation y,, the distribution Pr(x; < p(11|2171’ ceyXny <
pff&_l Y,_1) can be updated as follows:
Pr(x; = p(lj|zl—1""7x" = P,(1J|21_1 |Y,)
= Pr(xl = P(1J|2,_1 yeresXn = P,(1J|2,_1 |Yn717yn)
C pOnlv =P =p )
p()’n|Yn71)
x Pr(x; = pgj‘ll_l,...,xn = pflj‘ll_l [Y—1)
p(ynlp,iﬂf,_l)l’r(xl = p(ﬂ\i_l Xy = pff\i_l Y1)
- (D.12)
p()’nlynfl)
() ()

Since p, , is the same as the particle p,;” of the filter algorithm

nin
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(D.5), the smoothing distribution p(xi,...,x,|¥,) can be obtained by
re-sampling m n-dimensional vectors (ng,)w . ,pijiil)T, j=1,....m

with the same weights as the filter.
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Answers to the Problems

Chapter 1

1.

It is important to select the sampling interval appropriately. If it is too
wide, it is not possible to capture the features of the continuous time
series. On the other hand, if it is too narrow, many parameters in the
modeling may be used up on nonessentials, thus preventing effective
representation of the time series. A rough rule of thumb is to set the
sampling interval as 1/5 to 1/10 of the dominant period.

(An example.) Time series obtained by recording the sales amount of
instant coffee at a store. Since values are non-negative, the distribu-
tion of the time series is asymmetric. Also this series may suddenly
increase due to discounting or due to promotion activities.

3.(1) By solving (1.1) with respect to y, we obtain y = /(1 + ¢€°).

(2) z=log{(y—a)/(b—y)}, and the inverse transformation is given
by y=(a+be?)/(1+¢).

. If the time series contains observation noise and is expressed as

yn = a+ bn + &, the difference of y, becomes Ay, =b+¢€,—€,_1.
Therefore, although the trend component is removed, the noise com-
ponents become more complex.

. The corrected value of this year is affected by the change of the trend

in the previous year. For example, if the slope of the trend increased in
the middle of the previous year, the annual rate looks as if it decreased
from the middle of this year.

6.(1) Assume that y, = T, +w,, T, = a+bn, and w, ~ N(0,06?) is a

white noise, then

N 1
T, = §(Yn71+yn+)’n+l)
1 1
= g(Tn—l+Tn+Tn+l)+§(Wn—l+Wn+Wn+l)'

Here, the first term on the right-hand side is 7;. On the other
hand, the mean of the second term is 0 and from E(w,_1 +w, +
Wy 1)? = 362, the variance becomes 62 /3.

(2) By setting the number of terms large, we can get smoother esti-
mates. On the other hand, this makes it difficult to detect sudden
structural changes and estimates may become sensitive to outlying
observations. The moving median has the opposite properties.
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Chapter 2

1.

A Gaussian distribution is completely specified by its mean and vari-
ance. Therefore, if the mean and the variance are time-invariant,
this also means that the distribution is time-invariant and becomes
strongly stationary.

. Consider a time series with a standard Cauchy distribution. Then ob-

viously, it is strongly stationary. However, since the Cauchy distribu-
tion does not have a mean or variance, the series cannot be weakly
stationary.

-G = E(n = ) Onik — 1) = EQnik — 1)On — 1) = E(yn —

W) (Yn—r — 1) = C_g. The third equality holds only for a stationary
time series yy,.

. Co = Ey2 = Ev? — 2cEv,v,_ 1+c2Evn | = 1+c% C = E(v,

cVn—1)(Vp—1— cvn,g) =—¢,C=0(k>2).

. For arbitrary a = (..., 0 ) with not all components zero,
, k ko k
aCol = Z Y aioiCij=Y Y oGE(ya—iyn-j)

lj= i=1j=1

- o)

6.(1) By taking the expectation of both sides,

N —_
E[C’k(i,j)]:% ) Culi,j) = "Gl ))
n=k+1

(2) Since the sample autocovariance function defined by (2.21) is pos-
itive semi-definite, it has the significant advantage that the esti-
mated AR models always become stationary. If N is replaced by
N —k, we can get an unbiased estimate of Cy (i — j). Instead how-
ever, we lose the advantage above of stationarity.

7.(1) When the sample size is n, Cy ~ N(0,26*/n), C; ~ N(0,06*/n),

Iék ~ N(O,I’lil).
(2) For all k, check if |ﬁk| < % holds. For example. ¢ can be set equal
to 2.
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Chapter 3
1. From the expression e 2% = cos(2mkf) — isin(27mkf), we have
(oo} [e.e]

p(f) = Z Crcos(2mkf) —i Z Cysin(2mkf) . Here, since Cy is
k=—o00 k=—o00

an even function and sin(27kf) is an odd function, Cy sin(27kf) be-

comes an odd function and the second term on the right-hand side of

the above equation becomes 0.

2. p(f) =1+C?>—2Ccos(2nf)
3.
P(f) _ Z Cre™ 2mikf _ Z a|k| —2rikf
l
k=—o00 k— 0o
o’ 1 1
= 5 —7+ T —1
1—a2 \1—aqe2mf 1 —qe?mif
o’ 1-a®> c?
1—a2 |1 _aefsz|2 - |1 —ae*Z”if|2
4,

2

N
N Z ynexp(—2mi(n—1)j/N)

N N
Z Z Ynymexp(=2mi(n—1)j/N)exp(2mi(m —1)j/N)

= |

>4 |
/—’H

N
ﬁ 22 Y. Yuyn—kexp(— 27rzk]/N)}

1 =1 n=k+1
N—1
Z vexp(—2mikj/N)

ﬁ)

5. By taking the expectation of both sides of (3.9),

N—1 . ) N—1 N—|k|
Ep()] = Y ElG]e™™ = Y —=
k=1—-N k=1—-N

N—1 ) 1 N )
Z Cke—kaf_ - Z |k|Cke—2mkf
k=1-N k=1—-N

Cke—zn'l'kf
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Chapter 4
1. The log-likelihood is given by
l= Zlogf mi|A) = Z{—K +m;logA —logm;!}.

=1
Therefore from

g—ﬁ—g{—l—l—%}——n—i—%imi—o

n
we have A = n~! Zmi.

2.(1)
A n m R R | m
Ho = ntm (;XﬂF;yi) » Hi = ;iZIXi, Hy = Z;yi»
& = — (i(x—ﬂ>2+i< —A>2>
0 ntm\ & i~ Ho i=1yl Ho)™ | »
T = ! (i(xz—ﬂl)eri(yz—ﬂz)z)
n+m\;3 i=1
Then by comparing

AIC) = (n+m)(log2mb3 +1)+2 x 2

AIC; = (n+m)(log2nty +1)+2x3

and if AICy < AIC;, then this means that we can consider the two

means to be identical.
n m

. 1 R 1 N N
() 61 =~ (xi— o), 63 = -} (i — f1o)?, AIC; = n(log 2767 +
i=1 i=1
1) + m(log2m63 + 1) +2 x 3. If AICy < AIC,, then the two
variances can be considered identical. Here, from Y22 _ |Ci| <
oo, for arbitrary € > 0, there exists an integer m that satisfies

Y iZme1 |Ck| < €/2. Then, we have

1 o0

: 2 & k
= ¥ kG| < =% |Ck|<—2kco+2 Z Gl
N, = N /= k1 NV

2m(m+1)
2

IN
=

Co+e¢
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Since by taking N sufficiently large, the first term on the right-hand
side of the equation can be made arbitrarily small, it follows that

E[p(f)] = p(f).
1

1 n n
3. Putting 1 = - Zyi, 6 = Z , the value of the AIC for
i i=1

the Gaussian distribution model is obtained by AIC) = nlog2n62 +
n—+2 x 2. On the other hand, the AIC value for the Cauchy model is
obtained by AIC; = nlogr —2nlogm — Y7 log{(yi — 1)> + 22} +
2 x 2, where fi and £ are obtained by maximizing (4.36). Then, if
AIC, < AIC,, the Gaussian model is considered to be better.

4.(1) For the binomial distribution model f(m|n,p) = ,Cpp™(1 —

p)"~™ the log-likelihood is defined by ¢(p) = log,,C,, + mlog p +
de m n—m

n—m)log(1 — p). Therefore, from — =0, — —
(n—m)log(1 ~ p) e

=0, we

obtain p =m/n.

(2) The AIC value for the model (1) is obtained by AIC; =
—2log,Cy — 2mlogp — 2(n — m)log(1 — p) + 2. On the other
hand, if we assume equal probabilities, taking p = 1/2, we ob-
tain AICy) = —2log,C,, +2nlog2. Here, if AIC) < AIC;, we can
consider that the equal probability model is better.

5. From %logf(y|9) =f(y|6)~! % we have
d? d (d
Jg2loef010) = —o <%10gf(y|9))

_d 1 df
_ L (dfY L4 f
= —solor2 (5) +roler gk

d 2 &2 f
~(Fgroer010)) +r016) Gk

Therefore,

d
;o= ok [dez o2 1016)|

- (£logf(y|9)>2 —-E {f(ylﬂ)lg}
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de d2 00
I— / d62 —ﬁ/_wf(yle)dyﬂ

6. From z = k(y) = logy, f(z) = (2m06?) ' exp{—(z — p)*/25°},
dk
and we have d_y = y_l. Therefore,

_ (logy—p)?

= 1 20

1
‘ ‘f _)'\/27w2e

Chapter 5
1. Let fi denote the maximum likelihood estimate of . Since the num-
ber of parameters is 1, the AIC is obtained by

1 n
AIC = nlog2no? — P Z(y, — [
=y

2.(1) From S =YN_, (v, — ax? — bx,)?,

ds 4l
o = —2;)5,2[@” —ax;, — bxy,)
N N N
= —Z(anyn—aZxﬁ—bei):O
n=1 n=1 n=1
ds al
b = -2 Z Xn(yn — ax; — bxy)

N N N
—Z(anyn—ang—beﬁ) =0
n=1 n=1 n=1
Solving these, we have
O Zx%)’n Zx% — Y. XnYn fo’,
a = 2 32
Zxﬁ an - (an)
Y Xuyn in - Zxﬁyn ZX?I
Yo Xl —(Xx)?

N
(2) yn = ax,(x, — b) + &,. By minimizing S = Z (yn — axﬁ — abxn)2

o

n=1
with respect to the two parameters a and b by a numerical opti-

mization procedure, we can obtain the least squares estimates.
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Chapter 6

1.(1) Putting m = 1 in equation (6.21), the stationarity condition is that
the root of 1 — a; B = 0 lies outside the unit circle. Therefore, from
|B| = |a; | > 1, we have |a;| < 1.

(2) Putting m = 2 in equation (6.21), the roots are obtained by B =
(a1 %+ y/a} +4ay) /2. Therefore, the stationarity conditions are that
a%+4a2 >0,ap<1—ajand ar < 1+a; fora%+4a2 <0,a >
—1. Therefore, the region satisfying the stationarity condition is
a triangle surrounded by three lines ap < 1 —ay, ap < 1 +a; and
a, > —1.

2.(1) o2

(2) From y,i2 = aypi1 + Vpy2 = @*yn + Vi1 + Vayo, we have
Yng2n = a’y,. Therefore, E (y,.2 —yn+2|n)2 = azEvzH —|—Evﬁ+2 =
(14d?)c?.

(3) It can be expressed as y,1x = Vuik + &1Vatk—1 + 82Varh—2+
Here, from the impulse response function of AR(1), g; = a'. Then,
since we can express Y, ykjn = &kVn + &k+1Va+1+ -, we have

E(yn+k—yn+k\n)2 = E(Vn-&-k"‘glvn-&-kfl+"'+gkflvn+l)2
= (I+gi++g1)0’
2 2(k—1)y ~2 1—a* 2
— 1 e - o = o°.
(I+a"+-+a ) -

3.(1) From Cy = —0.9C; + 1, C; = —0.9Cy, we have Cy = 0.81Cy+ 1,
Co=1/0.19=5.26,C; = 5.26 x (—0.9)%.
2) Co=25/7,C,="15/28,C3=15/14,C4 = —9/28.
(3) Co=1+b*Cy=—b,C, =0 (k> 1).
(4) Putting E[y,v,_«] = gr, we have go = 1, g1 = a — b. Therefore,
from Cy = aC) + go — bg1, C; = aCy — bgp, we have

_ 1-2ab+b?

(1—ab)(a—Db) k—1
H =

Co= - PNETD) et
1—a? k 1—a a

4.(1) Substituting v, =y, — ay,_1 into both sides of v, = bv,,_| + wy,
yields

Yn = (a+b)yn—l —aby,_>+wy,

and we obtain an AR model of order 2.
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(2) The autocovariance function of y, is given by ak(1 —a®)~!, k=
0,1,2,3. Therefore, Co = (1 —a®)~! +0.01, C; = a*(1 —a*)~ L.

5.(1) Substituting Co = 14 5% C; = —b, C, =0 and k > 1 into p(f) =

io: Cre 2™k we have p(f) = (1 +b?) — be 27 — pemif —

k=—o00
|1 _be—Zﬂ:if|2.
(2) From dp/df = —4rasin(2nf)/{1 —2acos(2nf) +a*}> = 0, we
have sin(27f) = 0. This means that the maximum (or minimum)
of the spectrum is attained either at f =0 or 1/2.Ifa > 0, ithas a
maximum at f = 0 and a minimum at f = 1/2. If a < 0, they are
the other way around.
6. Fory, =v,—bv,_1 = (1—bB)v,,since (1—bB)~' = 1+bB+b*B>+
..., we obtain an AR model of infinite order y, = —by,_| —b?y,_1 —
e + V.
7.(1) From y, 1, = —bv, and y, , = 0, we have Esir”n =1,
E(e2 ) = 1467 (k> 1),
(2) Y = Vn@n_1 +aVy_n+ -, E(g}irk‘n) = 14a+. .+ g2k,
) =k.
8.(1) From y, 1, = —bv, and y, 4}, = 0, it follws that E(£3+1\n) =1
and E(£3+k|n) =14+ (k>1).

(3) From y, = v, +v,_1 +V,_2+ -, we have E(83+k\n

(2) Since y 1k = Vnik+avprk—1+ azanrk—Z +---and Yn+kln = akvn +
a" Y,_1 + .-, it follows that Entkin = Vntk + Wppp1+ -+
a*~'v, 1. Therefore, we have E(£3+k|n) =14a>+--- a2k,

(3) Since ynik = Vark + Vark—1 + Vagpk—2 + - and y,gn = Vo +
Vn—1+ -+, wehave & gy = Virk +Vark—1 1 T Vi1 Therefore,

2 _
E(gn-‘rk\n) =k

Chapter 7
1.(1) AIC,, = N(log2n6? | +1log(1 — (a)?) +2(m+1) = AIC,,_; +
Nlog(1 — (a™)?) + 2. Therefore, if Nlog(1 — (a)?) +2 <0, i.e.,
if (a)? > 1 —e 2/, then we can conclude that AR(m) is better
than AR(m —1).
(2) 67 = (1-0.9%) x 1 =0.19, 67 = 0.1216, 67 = 0.1107, 07 =
0.1095, 652 =0.1071 (displayed up to the 4th decimal place)
(3) AIC) = 100(log2m x 14+)+2 x 1 =1285.78
AIC; =100(log2m x 0.19+1)+2x2=121.71
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AIC, = 79.09, AIC; = 71.65, AIC4 = 72.65, AICs = 72.37.
Therefore, the third order model is considered best.

2. The Yule-Walker method has the advantage that it always yields a
stationary model. On the other hand, it may have large bias, espe-
cially for small sample sizes. These properties are due to the implicit
assumption that the time series takes a value O outside the actually
observed interval. The least squares method has the advantage that
it provides us with estimates having a small bias and that it is easy
to pool additional data and perform various manipulations for fitting
a more sophisticated model. On the other hand, it has problems in
that stationarity is not guaranteed, and with parameter estimation, the
first several observations are used only for conditioning and cannot be
directly used for parameter estimation. In AR model estimation, the
PARCOR method is very efficient in terms of computation and yields
very close estimates as maximum likelihood estimates.

3. Fit a univariate AR model to each time series x,, and y,, and obtain
AIC, and AIC,, respectively. On the other hand, fit a 2-variate AR
model to (x,,y,)” and compute AIC,. Then, if AIC, + AIC, < AIC,,
X, and y, are considered independent.

Chapter 8

1. Consider an AR model y, = 4 +ay,—1 + - + amyYn—m -+ vn, which
has an additional parameter corresponding to the mean of the process.

2. Compare the following two models; the switched model N(0, o) for
n=1,...,kand N(0,0, ), and the stationary model y, ~ N(0, Gg) for

n=1,...,N. The AIC values of the models are, respectively, given
by
AIC;, = Nlog2n+klogé?+ (N —k)logé?+N+2x2
AIC) = Nlog2m+Nlogbs +N+2.

If AIC;; < AICy, it is considered that the variance changed at n =
k+1.

3. Assume that y, = ao+a1xn+~~~—|—apx5+8n forn =1,...,k, and
that y, = bo+b1x, + - +agxi + 8, forn=k+1,...,N, where &, ~
N(O,G%),SnNN(O,GZZ)

AIC = Nlog2m +klog 67 + (N —k)log67 + N+2 x (p+q+4).
4. To ensure continuity of the trend, require the parameters to satisfy

a4 ark+ -+ apkP = bo+bik+ - -+ bykA.
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To ensure smoothness of the trend, apply the further restriction
ag+2ark+-- -+ papk? =bo+2bik+-- -+ gbgk?.

Note that in computing AIC, the number of free parameters is de-
creased by 1 and 2, respectively.

. The amount of computation in fitting an ordinary AR model is
roughly Nm?/2. On the other hand, the two locally stationary AR
models need

1 —np 1

Enomz—f—%i(p—f—l)mz
1 ny—ngl
E(N_nl) 2+¥§(p+1)m2,

respectively. Therefore, the total amount of computation required is
evaluated as

1 1 —
ENm2 + E(nl —no)m* + %mz.

Even for p = 1, when the maximum of the sum of the second and
third terms is attained with a value of 3/2(ny — ng)m?, the increase in
the amount of computation is at most three times that of the original
AR model.

Chapter 9

1. Multiplying by T from the left on both sides of (9.1), we obtain T'x, =
TFuxn+ TGy, = TF, T Tx, + TG,v,. Then, putting z,, = T'x,, and
using y, = Hyx,+w, = H, T~ LTx, +w,, we can verify that we obtain
an equivalent representation.

2.(1)

Initial value : xg;0 =0, Vpo =100
Prediction : Xpln—1 = xnfl\nflavn|n71 = Vn71|n71 + 72
Filter : G, = Vn|n—l/(vn|n—l + 1),
Xnln = Xn|n—1 + Gy (yn _xn\n—l)v
Vn|n = (1 - Gn)vn\nfl = Gy.

(2) Vn+1|n = n\n—l/(vn\n—l + 1) + 2
(3) In (2), put VnJrl\n = vn|n—1 =V.
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(4) Denoting the solution of (3) by V, the variance of the filter is ob-
tained by V' =V /(V 4 1), and

Xn+1|n = Xnjn = Xn|n—1 + ( xn\nfl)

V+1

3. FromVp=V, Vi =G=V/(V+1),A=V/(V+1)/V=1/(V+1)
and Vs = Vi +A%(Vs — Vp), we obtain Vs =V /(V +2).

2| 1 0.1  0.01 0.001
Vp | 1.1618 0370 0.105 0.032
Vr | 0618 0270 0.095 0.031
Vs | 0447 0.156 0.050 0.016

Chapter 10

1. From x, = (Yu,Yn—15---,Yn—m+1)" » the (i, j)-element of Ex,x is
Eyu_it1Yn—j+1 = Ci_ . Therefore, compute the autocovariance func-
tions Cr, k=0,1,... of the AR model of order m and construct the
initial matrix by

Go Ci - GCua
G C - GCua
Voo = : ) :
Coot Cua -+ G

2. The change in the log-likelihood for the parameter transformed by
(10.9) becomes very small if the absolute value of the parameter is
large, and as a result, the optimization procedure may not work at all.
Therefore, it is suggested that the range of the transformed parameter
be restricted to some appropriately defined interval, say [—20,20].

Chapter 11
L(1) For ypix = Yntk—1+tVatk =+ =Yn + Vo1 + -+ Vn+k’ since
Ev,.i=0and Ev? = o2, we haveka‘n vy, and ESHW =ko?.

(2) From ko2 = 4 x 40,000 = 160,000, we have v/ko = 400. For the
normal distribution, the probability of a value larger than 1o is
0.16.

(3) The variance ¢ of the random walk changes over time. Therefore,
we may consider a model taking into account changes in volatility

Yn = Yn—1+ OpWn,
logo? = a+blogo? | +v, (or logo: =1logoy | +vy).
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2. We may, for example, consider a trigonometric model.
3. Omitted.

Chapter 12

1. If a characteristic root of the AR model approaches 1, discrimination
between the AR model and the trend model becomes difficult. There-
fore, it is recommended to apply some restriction so that the absolute
value of the characteristic roots of the estimated AR model does not
approach 1.

2. A seasonal component model based on a trigonometric function is
obtained by S, = ¥5_ (ajcos 2 + b;sin Z%).
3.(1) Assuming that 8,1 = B,7, Bu2 = - - = Bus, we obtain a trading day
effect with 2 parameters. In this case, the trading day effect is ex-
pressed by td, = i (d) +d.7) + Bua(dly + - +d).

(2) Assuming that B,, = --- = B,6, we obtain a trading day effect
model with 3 parameters.

4. The holiday pattern of Easter or “Golden week” in Japan changes
year by year. Therefore, it is necessary to take account of these effects
carefully. The effect of a leap year may not be completely removed
by the standard trading day adjustment.

5. Omitted.

Chapter 13
1. (Example.) Stock-price data

2. In a time-varying coefficient regression model y, = Bo, + BinXu1 +
-+ + BunXnm + €, consider, for example, a random walk model 8, =
Bjn—1 + vy for the coefficients By, Bin, .- ., Bun. This model can be
expressed as a state-space model, so as in the case of time varying
coefficient AR model, the parameter can be estimated by the Kalman
filter.

Chapter 14

1. Compared with the Gaussian distribution, they have characteristics
that the density is concentrated in the center and at the same time,
they also have heavy tails. Therefore, they are adequate for handling
sudden structural changes or outliers that occur with small probabil-
ity.

2. Fory~ N(0,1), put z=y?, x = logz. Then the probability that z takes
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a smaller value than ¢ is given by

2 2 vig2
F(t) =Prob(y" <t)= — e 2d
(t) (" <1) Nerd Y.
Differentiating with respect to ¢ yields
dF 1 1t
HN=—=——¢"2¢ 2

(a x? distribution with 1 degree of freedom.) From (4.51), the distri-
bution of the log-transform x = A(z) is given by

dh~!
dx

< I &
2 = ez

(e 2e

g(x) = ‘

f(ex) = ex\/ﬁ

3. In the trend model, define the distribution of the system noise by

(x) = 6(0) with probability 1 — o
PYI=1 N (0,7%)  with probability a ’

where 6(0) is the 6 function with mass at x = 0.

Chapter 15

1. Assuming that y, is a time series and ¢, is a trend, consider the model

th = th—1+Vn,
log G,% = log G,%,l + Uy,
Yo = In+ Opwp,

where u, ~ N(0,7?), v, ~ N(0,73), w, ~ N(0,1). Note that in this
case, the observation model is nonlinear.

2. In Monte Carlo simulation, in general, we need 100 times as many
particles to increase the accuracy by one digit.

3. Without any re-sampling step, the weights of many particles approach
to zero and the accuracy of approximation is rapidly reduced.

4. If the number of particles is m, the number of data values is N, the
dimension of the state is k and the lag is L, the fixed-interval smoother
and the fixed-lag smoother need to store m x k x N and m x k x L data
elements, respectively. Note that N > L.

Chapter 16
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1. Assume that f(x) is the density of a uniform distribution, f(x) = 1
for 0 < x <1, and 0 otherwise. Then since

by 0<x<1

S 1
g@= [ O)=y)dy= [ fla-y)dy={ 2-x 1<x<2

0 otherwise

the density function of W is a triangle.

2. Assume that yg = 1, v, = 0; then y, = @". Therefore, if we take m
such that @™ < ¢ (for example, ¢ = 1073 ), then the effect of the initial
value can be ignored. For a = 0.9,0.5,0.1, m is given by 66, 10, 5,
respectively.

3. Using the observed time series, construct the state vector x, and
then by using random numbers, we can generate X, 1,X,42,.... 10
simulate an AR model using the state given in (9.5), put x, =
()’na)’nfl yoee a)’nfm-&-l)T'
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