B.L. van der Waerden

Algebra

Volume I

Springer



B.L. van der Waerden

Algebra

Volume 11

Based in part on lectures by E. Artin and E. Noether

Translated by John R. Schulenberger

Springer




B.L. van der Waerden
University of Zirich (retired)

Present address:
Wiesliacher 5
(8053) Ziirich, Switzerland

Originally published in 1970 by Frederick Ungar Publishing Co., Inc., New York

Volume Il is trarislated from the German Algebra I, fifth edition, Springer-Verlag Berlin, 1967.
The work was first published with the title Moderne Algebra in 1930-1931.

Mathematics Subject Classification (2000): 00A05 01A75 12-01 13-01 15-01 16-01
ISBN 0-387-40625-5 Printed on acid-free paper.
First softcover printing, 2003.

© 1991 Springer-Verlag New York, Inc.

All rights reserved. This work may not be translated or copied in whole or in part without the written
permission of the publisher (Springer-Verlag New York, Inc., 175 Fifth Avenue, New York, NY
10010, USA), except for brief excerpts in connection with reviews or scholarly analysis. Use in
connection with any form of information storage and retrieval, electronic adaptation, computer
software, or by similar or dissimilar methodology now known or hereafter developed is forbidden.
The use in this publication of trade names, trademarks, service marks, and similar terms, even if they
are not identified as such, is not to be taken as an expression of opinion as to whether or not they are
subject to proprietary rights.

This reprint has been authorized by Springer-Verlag (Berlin/Heidelberg/New York) for sale in

the People’s Republic of China only and not for export therefrom.

987654321 SPIN 10947678
WWW.springer-ny.com

Springer-Verlag New York Berlin Heidelberg
A member of BertelsmannSpringer Science+Business Media GmbH



PREFACE TO THE FIFTH EDITION

P. Roquette has been kind enough to provide me with a nice proof of
the residue theorem for algebraic differentials udz. Thé chapter “Algebraic
Functions™ has thereby been brought to a satisfactory conclusion.

In the chapter “Topological Algebra,” following Bourbaki, the completion of
groups, rings, and fields has been carried out by means of filters without using
the second countability axiom.

The chapter “Linear Algebra,” which is important for many applications, now
appears at the beginning of the volume, and topological algebra is treated in the
last chapter. The book now consists of three independent groups of three
chapters each:

Chapters 12-14: Linear Algebra, Algebra, Representation Theory

Chapters 15-17: Ideal Theory

Chapters 18-20: Fields with Valuations, Algebraic Functions, Topological
Algebra

This subdivision of the material is now expressed more clearly in the schematic
guide on page xv.

Zurich, March 1967 B. L. VAN DER WAERDEN



FROM THE PREFACE TO THE FOURTH EDITION

Two new chapters have been added at the beginning of the second volume:
a chapter on algebraic functions of one variable, which goes as far as the
Riemann-Roch theorem for arbitrary fields of constants, and a chapter on
topological algebra, which is mainly concerned with the completion of topological
groups, rings, and skew fields. I should like to thank Dr. H. R. Fischer, who
read these two chapters in manuscript form, for many useful remarks.

The chapter ‘“General Ideal Theory’ has been extended to include the impor-
tant theorems of Krull on symbolic powers of prime ideals and chains of prime
ideals. The relation of the ideal theory of integrally closed rings with valuation
theory has been brought out more clearly. A section on antisymmetric bilinear
forms has been added to the chapter ‘‘Linear Algebra.”

In the chapter *“Algebras,” more examples are given, the theory of the radical
has been developed, following Jacobson, without a finiteness condition, and
the fundamental ideas of Emmy Noether on direct sums and intersections of
modules have been more strongly emphasized. It was possible to considerably
simplify the proofs of the principal theorems by combining the methods of
Jacobson with those of Emmy Noether.

By omitting some material I have tried to keep the size of the book within
reasonable bounds. Thus, the chapter “Elimination Theory” has been omitted.
The theorem on the existence of the resultant system for homogeneous equations,
which was formerly proved by means of elimination theory, now appears in
Section 121 as a corollary of Hilbert’s Nullstellensatz.

Zurich, June 1959 B. L. VAN DER WAERDEN



A survey of the chapters of Volumes 1 and 2 and their logical dependence.
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Chapter 12
LINEAR ALGEBRA

Linear algebra deals with modules and their homomorphisms and, in particular,
with vector spaces and the linear transformations of vector spaces. In Section 12.3
the Fundamental Theorem of Abelian Groups is proved as an application of
module theory. Section 12.7 deals with quadratic forms, and Sectfon 12.8 with
antisymmetric bilinear forms.

Chapter 12 is based entirely on the theory of groups with operators (Chapter 7).

121 MODULES OVER A RING

Let ‘R be a ring with identity element &, and let I be a right R-module, that is,
an additive group with R as operator domain. The elements of I will be denoted
by Latin letters and those of R by Greek letters. The composition rules are those
of an additive group and the following:

(@+b)A = ar+bA
aA+p) = aAtap
a = ak-p.

The distributive laws imply, as usual, the same laws for subtraction, the
multiplicative properties of the minus sign, and the fact that a product is zero if
a factor is zero (whether it is the zero element of R or the zero element of IR).

The fact that the multipliers are written on the right is entirely arbitrary. All
theorems to be proved also hold with the multipliers written on the left.

The identity element of ‘R need not be the identity operator; ge may be different
from a for certain a. (For example, all the composition rules are met if we put
a\ = O for all g and all A.) However, it is always the case that

a = (a—ae)+ae. (12.1)

The first term a—ae is annihilated by the right factor e; the second term is re-
produced on multiplication by e. The first terms form a submodule M, of M
which is annihilated by £ and therefore also by every element A of R; the second

1



2 LINEAR ALGEBRA

factors form a submodule M, for which e is the identity operator. These two
submodules have only the zero element in common, since for any other element
annihilation and reproduction are mutually exclusive. The representation (12.1)
shows, moreover, that IR is the direct sum M, +I,. After the uninteresting part
M, of M is split off, we obtain a module for which & is the identity operator. We
shall therefore assume in the following that the identity element of R is also the
identity operator for M.

If, in particular, R is a skew field, then M is a vector space over R in the sense
of Section 4.1, Volume I.

The module M is said to be finite over R if its elements can be expressed linearly

in terms of finitely many basis elements uy, ..., u,:
Ui+t u (12.2)
In this case M is the sum of the submodules 4, R, . .., ¥, N:
M= R, ..., u,N). (12.3)

Instead of (12.3) we sometimes write for brevity:
M= (uy,...,u,).

If in the representation (12.2) the coefficients A,, . .., A, are uniquely determined
by u, then M is called a module of linear forms over R. In this case the sum (12.3)
is direct:

M =u,R+- +u,R.

Every finite-dimensional vector space is a module of linear forms, since by
Section 4.1 we can always choose a linearly independent basis (u, . . . , %,). By
Section-4.2 the dimension 7 is independent of the choice of basis.

An operator homomorphism which maps a module of linear forms Ik =
(uy, . . . , u,) into a module of linear forms N = (v, . . . , v,) is called a linear
transformation of M into N. For such a transformation A, therefore, we have, as
in Section 4.5,

A(x+y) = Ax+ Ay

A(xX) = (Ax)A.

The transformation A4 is completely determined if the image of each basis
element u,,

Auk = Z Udigs

is given. The coefficients «;, form a matrix of the transformation 4.
If A is a one-to-one mapping of M onto N, then there exists an inverse mapping
A, We then have

A4 =1 and AA4~'=1,

where 1 denotes the identity. In this case the mapping 4 and its matrix (e;;) are
called invertible.
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In the following we shall often denote the linear transformation 4 and its
matrix («;,) by the same letter 4. This is not altogether logical, but it is practical.

12.2 MODULES OVER EUCLIDEAN RINGS.
ELEMENTARY DIVISORS

We now require that the ring R be commutative and Euclidean in the sense
of Section 3.7. This means that to every ring element a + 0 there corresponds
an ““absolute value” g(a) such that g(ab) = g(a) and also that a process of division
is possible. According to Section 3.7, every ideal in R is then a principal ideal.
Theorem: Let I be a module of linear forms over R with basis (uy, . . . , u,). Then
every submodule N of M is again a module of linear forms with at most n basis
elements.

Proof: For the null module M = (0) the theorem is trivial. Suppose then that
it is true for modules M with #»—1 basis elements.

If N consists of linear forms in u,, . . ., ¥,_; only, then the theorem is true by
the induction hypothesis. If ;| contains a linear form u,A, + - - - +u,A, with
A, =% 0, then the set of such A, forms a right ideal in R which is thus a principal
ideal (u,) with p, # 0. Therefore R contains a form / = up,+ - -u,p,; by
subtracting an appropriate multiple /a of / from any other form w,A; + - - - +u,A,,
the last coefficient A, can be eliminated. The linear forms of Win u,, ..., u,_,
which then remain form a submodule, and by the induction hypothesis this sub-
module has a linearly independent basis (/y, . . . , /,,~ ;) with m—1=<n—1. Clearly
Nis generated by, . .., l,—1, [

Now /,, . .., I,-, are already linearly independent. If there were a linear
dependence

L+ -+l 1B+ =0

with B + 0, then on equating coefficients of u, it would follow that p,8 = 0,
which is impossible. ‘

Exercises

12.1 If9Risamodule of integral linear forms and if the submodule N is generated
by finitely many linear forms v, = ) u;;, then a basis (I, . . ., ,) with
the properties above can be constructed in a finite number of steps.

12.2 Using the basis (4, . . ., /,,) constructed in Exercise 12.1, give a method of
determining whether a particular linear form u,8, + - - - +u,8, is contained
in the module N, that is, whether the linear system of diophantine

equations
Z apéy = B

is solvable in terms of integers ¢;.
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Theorem on Elementary Divisors: If R is a submodule of the module of linear
Jormhs IR, then there exists a basis (u,, . . . , u,) of M and a basis (vy, . . ., v,) of
N such that

V; = U
g1 = 0(e). (12.9)

Proof: We start with arbitrary bases (¥, . . ., #,) of M and (v, . . ., v,) of N.
Let

Dy = ), Uty (12.5)
In matrix notation (12.5) reads
Wy...0p) = (uy...%) A (12.6)

By stepwise change of basis we shall now bring the matrix A4 to the desired
diagonal form

€y 0 c o 0
0 -2
12.7)
. &y
0 . ...0

The changes permitted are as follows:

1. Interchange of two u or v; this effects an interchange of two rows or columns
of A. '

2. Replacement of u; by u;+u A (j # i), whereby the ith row of 4 multiplied
on the left by A is subtracted from the jth row:

v =Y Uy =+t e+ Fufap—Aag)+ o

3. Replacement of v, by v, —v;A(j + k), whereby the jth column of 4 multiplied
on the right by A is subtracted from the kth column:

V= = Y ufo— o).

We transform the matrix 4 using (1), (2), and (3) until the nonzero element of
A with smallest absolute value has the least possible absolute value. We bring this
least element in the matrix to the site «,; by means of operation 1. If the other
elements of the first column are now made as small as possible by subtracting
appropriate multiples of the first row according to (2), then they become less
than |a,,| in absolute value and are therefore zero. Similarly, using (3), the
elements of the first row are made to vanish without altering the first column.
After these operations all the elements in the entire matrix must be divisible by
a,,, for if some «;; were not divisibly by «,,, then by the division algorithm

a = ay B+, y+0, g)<g(ey).
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If now the first row is added to the ith row using (2) and the first column multi-

plied by B is subtracted from the kth column by means of (3), then the element y

with g(y) < g(a, ;) appears at the place (ik); this contradicts the minimality of «; ;.
Our matrix now has the appearance

0y 0...0
0

AI
0
where all elements in A’ are multiples of «;,. Using operations which leave the
first row and column unaltered, we now proceed with 4’ as previously with A.

The divisibility of all elements by «, , is hereby not destroyed. Finally 4’ acquires
the form

2¥] 0..-0
0

AH ?
0
where all elements of A’’ are divisible by «,,. Continuing in this manner, we
obtain after m steps the desired normal form (12.7). It is not possible that one of
the matrices A, 4’, A"’, . . . should consist solely of zeros before the form (12.7)
is obtained, since this would imply that certain of the v, were equal to zero;
on the contrary, at each stage of the process the v form a linearly independent
basis of M. This completes the proof of the theorem.

Remark 1: Operations 1 through 3 amount to multiplying the matrix A on
the right or left by an invertible matrix with elements in R. Indeed, if (%', ..., %,)

= (#4,...,4,)'Band (v,’,...,0,)= (vy,...,0,) C are new bases, then
W' . ...0.)=@y...00C =(uy...u)AC =(u;"...u,"YB~"1AC.
The theorem on elementary divisors is therefore equivalent to the existence of two
invertible matrices B and C such that B~ !AC is a matrix having the form (12.7).
Remark 2: The reduction of the matrix 4 proceeds in precisely the same
manner even if the v do not form a linearly independent system. In this case,

however, one of the matrices 4, 4’, A’’ may become the zero matrix, and we
obtain instead of the normal form (12.7) the more general form

&y 0

B™'AC = : , - (12.8)
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where r is the rank of 4. The divisibility relations of the ¢; remain the same.
Remark 3: The k-rowed subdeterminants of the transformed matrix D =
B~'AC are linear functions of the subdeterminants of A; similarly, those of
A = BDC™! are linear functions of the subdeterminants of D. Hence, up to
units the greatest common divisor 8, of the k-rowed subdeterminants of A is
the same as for D. We easily obtain for D the value

8y = &165...5 k=r).
Therefore
8y = 8;_ 18 (1<k=r). (12.9)

The 8, are called the determinant divisors of the matrix A. The ¢, are called the
elementary divisors of A.* From (12.9) it now follows that the elementary divisors
are the quotients of two successive determinant divisors.

Remark 4: In the next séction we shall find in another way that the elementary
divisors are uniquely determined up to units by the matrix 4. It will be shown
that the elementary divisors (insofar as they are not units) depend only on the
factor module IMM/N, which is in turn determined by A.

Exercise

12.3 Any linear system of diophantine equations

; a"‘fk = ﬁ‘ (i = I, . “ ey m) (12-10)
with integers a;; and 8, can be brought to the form
EMi = Vi (i=1s"-’r;8i=*:0)
0=96;, (=r+l...,m

by unimodular transformation of the unknowns and equations. The
conditions for the solvability of the system in terms of integers are

yi=0(); 8;=0.

The 7, with i<r can be determined; the other 7 ; are arbitrary. The ¢,
are linear integral functions of the arbitrary n;. '

12.3 THE FUNDAMENTAL THEOREM OF
ABELIAN GROUPS

Let & be an Abelian group with finitely many generators; ® is a module, and
composition will be written additively. If ® has an operator domain ‘R, then we

1They are often called invariant factors in the English literature (Trans.).
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assume that R has an identity element which is also the identity operator; if no
operator domain is given, we take the ring of integers as operator domain, which
always satisfies the condition mentioned. We shall now write the operators on
the left of the module elements.

First let ® be cyclic: & = (g). The set of  in R which annihilate g is a left
ideal a in R: p,g = 0 and pu,g = 0 imply (u; —p,)g = 0, and pg = O implies
xpg = 0 for every « in R. To each A of R there corresponds a Ag in ®; since

A+p)g = Ag+pg
Apg = Apg,

this correspcndence is an operator homomorphism with respect to ‘R. It follows
therefore by the homomorphism theorem that

® =~ R/a,

or in words: a cyclic R-module ® is isomorphic to the factor module of R by
the annihilating left ideal of ®.

In the case of an ordinary cyclic group ® we thus again obtain the result
that ® is isomorphic to the additive group of integers or to the group of residue
classes modulo an integer. If n>0 is the basis element of the ideal a, then # is
the order of the cyclic group (g) or the order of the group element g.

The theorem just proved holds without special conditions on ‘R. However,
if R is commutative and Euclidean, as we shall assume in the following, then
we can say still more. The ideal a is then a principal ideal: a = («). We assume
that « % 0 and, if possible, split « into two relatively prime factors:

a = po
1 = Ap+po.
If we form the cyclic groups &, = (pg) and ®, = (og), then &, is annihilated
by o and ®, by p. Since
g = Apg+pog,

® is the sum of ®, and ®,. The intersection &, N ®, is annihilated by both
p and o and therefore by Ap+po = 1; hence ®, N ®, = (0), and the sum is
direct:

@ = 61 +62.

If o or p can be split into further relatively prime factors, then ®; or &, can be
further decomposed. The cyclic group & finally becomes a direct sum of cyclic
groups which are annihilated by powers of prime numbers.* The product of these
prime powers is a. Groups of this kind will be called prime-power groups.

2“Prime number” is short for “prime element of the ring R.” In the case of ordinary
Abelian groups this is an ordinary prime number.
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We now proceed to the general case in which ® is an R-module with finitely
many generators g,, . . . , g,; the elements of ® then have the form

Al.gl."i" ot +’\ngn'
If we form the module of linear forms
Wt =(u1,...,un)

with indeterminates #,, . .., u,, then to each element ) A;g; of ® there corre-
sponds a linear form ) Au; of M; the correspondence is again a module homo-
morphism, and it follows from the homomorphism theorem that

® ~ MR,

where R is the submodule of those linear forms Y A, for which )" A\,g, = 0.
We again assume that R is Euclidean. By section 12.2 we can choose new
bases (vy, ..., 0, and (4, ..., u,") (n=m) for N and M such that

v; = eu;’ for i=1,...,m
eyy1 = 0(ey).

The u’ again correspond (under the homomorphism above) toelements 44, . . . , A,
of . All elements of ® have the form ph, + - - + +p,h,, and such an element is
zero if and only if
' papa’ ottty =00y, 0, 0,
that is,

p1 = 0(ey), Pm+1 =0

tm = O(em), ts = 0.

A sum ph,+ - - - +p,h, is thus zero only if its individual terms are zero, and
these are zero only if their coefficients u; are divisible by ¢, for i = 1,...,m
and are zero for i = m+1,...,n.

This may be expressed as the following theorem.
Theorem: The group ® is the direct sum of cyclic groups (h)+ -+ +(h,), and
the annihilating ideal of (h)) is

(e) for i=1,...,m
0) for i=m+1,...,n.

This is the Fundamental Theorem of Abelian Groups with Finitely Many
Generators.

In the case of ordinary Abelian groups the |¢;| are the orders of the cyclic
groups (h,), . . . , (h,,), and the other groups (A, +,), . . . , (A,) have infinite order.

Three supplements to the theorem are still required: '

1. Elimination of units among the ¢;.
2. Further decomposition of the cyclic groups into prime-power groups.
3. Uniqueness.
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1. Suppose that ¢, for instance, is a unit; (¢,) is then the unit ideal R and
hence Rhy = (0). The cyclic group RA; may therefore be omitted from the
direct-sum decomposition Rk, + - - - + R4,

Let the annihilating ideals (¢;), (0) which remain after elimination of units be
written in reverse order as a, . . ., a ; then

a; = 0(a;4)-

2. Those groups (h,) whose annihilator is (0) are isomorphic to R. Those
groups whose annihilator (e;) #+ (0) can be further spilt into prime-power groups,
as was demonstrated above. The annihilating prime powers are found by factoring
the ¢;. The sum of all the groups in the decomposition of ® belonging to a prime
number p form a group B, consisting of those elements of ® which are annihilated
by a sufficiently high power p®. Hence the groups B, are uniquely determined.
If U denotes the sum of the groups with a = (0), then we have

G =>93,+U.
p

By further decomposition of the B, the prime-power groups are again obtained;
these are determined uniquely up to isomorphism, as we shall soon see. In each
B, there is a uniquely determined sequence of subgroups B, ., By, -1 - « - »Bp.00
where B, , consists of those elements of B, which are annihilated by p*. The
first group of this sequence is B,; the last is the zero group.

The group U is uniquely determined up to isomorphism, since

Ux 63,
4

3. Uniqueness Theorem: The annihilating ideals A« o5 0 With a; = 0(a;44)
Jor a direct sum decomposition ® = G, + -+ +C, are umquely determined by
the module ® alone. (Or equivalently: the groups Q', are uniquelv determined up
to isomorphism.)

Proof: The asserted uniqueness is estabhshed once we have shown that it can
be uniquely determined how many of the ideals a; are divisible by each prime
power p°® of R. Indeed, if p® divides precisely k of these ideals, then these must
be the first kideals a4, . . . , a, because of the divisibility property of these ideals.
For every prime power p® we thus know not only how many but also which
ideals are divisible by p?; this means that for each a; we know which prime
powers divide it. Those ideals which are divisible by arbitrarily high powers are
zero; the others are uniquely determined by their prime factorization.

If p° divides the annihilator of the cyclic group €,;, then

" Cr°E,

is a cyclic group with annihilator (p); it is therefore a simple group. On the other
hand, if p” does not divide the annihilating ideal of €,, then p°€; = p° ', and
therefore p° ~'€,/p°C; = (0). It follows that p” ~*G/p°® is the direct sum of the
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same number of simple groups as the number k of the q; divisible by p°. Thus,
k is equal to the length of the composition series for p° ~1®/p°® and so is uniquely
determined.

Exercises

12.4. Complete the last part of the above proof.

12.5. The group U constructed in (2) above is a module of linear forms over
the ring Z of integers, and the number of its cyclic summands is at the
same time the rank of ® (rank = maximum number of linearly indepen-
dent elements over ‘R).

12.6. Give a second uniqueness proof using the length of the composition
series of the uniquely determined groups constructed in (2) and their
factor groups. The rank of the module Il (Exercise 12.5) may also be used.

124 REPRESENTATIONS AND REPRESENTATION
MODULES

Let K be a skew field.
A representation of a ring o by linear transformations or by matrices in K is a
homomorphism

o~ D,

where O is a ring of square matrices of degree » in K. If the homomorphism is an
isomorphism, then the representation is said to be faithful.

A representation module of o with respect to K is a double module It having o
as left and K as right operator domain with the following properties.

1. 9 is a module of linear forms over K.
M=u K+---+u,K.
2. Foraeon, uek, and A K,
auk = au-. (12.11)

The last condition states that multiplication with @ is an operator homo-
morphism of the K-module I, that is, a linear transformation. The linear trans-
formation is given by a square matrix 4 = (x;;):

au, =Y Uy
@Y ud, = T T w0, (12.12)

Thus, to each a of o there corresponds a matrix 4 of K. As a consequence of
the module postulates, to the sum and product of two elements a, b of o there
correspond the sum and product of the associated linear transformations and
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hence also of their matrices. The correspondence a—>A is therefore a representation
of the ring o.

Conversely, if a representation of a ring o by linear transformations of a module
IR of linear forms over K is given, then I can be made a double module on
defining the products a-u(a € o, u € M) by (12.12). We then find that all the
properties of double modules and property (12.11) are satisfied, so that I is a
representation module.

Every representation module thus affords a representation of v by linear trans-
Sormations or, after choosing a K-basis (uy, . . . , u,), by matrices in K; conversely,
every representation defines a representation module.

If we go from the basis (i, ..., u,) to another basis («,’, ..., %) by

(... 0, y=@,...u,)P,
then the same linear transformation is represented by the matrix
A= P 4P

To the ring elements a there now correspond new matrices 4°; this is called an
equivalent representation. Since the transition to an equivalent representation
amounts to nothing more than the choice of another basis for the same representa-
tion module (or one operator isomorphic to it), we conclude: fo isomorphic
representation modules there correspond equivalent representations, and conversely.

A system of linear transformations of a module of linear forms 3R, in particular
a representation of a ring, is said to be reducible if all the transformations of the
system take a fixed linear subspace R + (0), M into itself. Then N is called an
invariant subspace. When it is a question of a representation of a ring p, if we
interpret I as a double module with respect to o and K, then the invariant sub-
space N admits all the elements of p as left operators. From this it follows that
a representation of a ring is reducible if and only if the associated representation
module contains a (double) submodule N.

In order to investigate the form of the matrices of a reducible representation,
we start with a K-basis for )t and enlarge it to a K-basis for 3. Let then

N=0v,K+-- 49K
M=o, K+ -+, K+w K+---+wK.

The fact that a linear transformation takes the module R into itself means that
the transforms of the v are expressed in terms of the v alone:

vy’ = Z ViPij
Wl-" = Z viO'U-I-Z WiZU-. (12.13)

If we put R = (p;)), S = (oy;), and T = (7;)), then the transformation is repre-
sented by the matrix

e (é‘ i) (12.14)
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It follows that a system of matrices is reducible if and only if all the matrices of
the system can simultaneously be brought to the form (12.14) by a transformation
A’ = P! AP (choice of a new basis).

Equations (12.13) imply

' '...0,=(@w;...0)R
w...wYs=w;...w)T(modN). (12.15)

This leads to the following observation.
If in the case of a reducible representation of a ring o we interpret the invariant
submodule W and the factor module I[N themselves as representation modules,

then the representations thus obtained are given by the components R and T of
(12.14).

If we take for ! a maximal invariant submodule M, _ ,, in this'again a maximal
invariant submodule M, _,, and so on until a composition series

M= %bml—ls"'vmo = (0)

is obtained, then with an appropriate choice of basis the matrices of the repre-
sentation have the following appearance:

R11 ..... R”
0 R,,

(12.16)
0....0Ry,

The diagonal blocks R;; provide representations belonging to the composition
factors M, /A, _ , ; since these composition factors are simple double modules
(that is, they have no invariant submodules), the associated representations are
irreducible. The process leading to (12.16) is called reduction of a representation.
By the Jordan-Hg1der theorem (Section 7.4), the composition factors are uniquely
determined up to order and operator isomorphism. Hence the irreducible com-
ponents R,; of the reduced representation (12.16) are uniquely determined up to
order and equivalent representations.

If the o,; are absent in (12.13), thismeans that (wy, . . . , w)aswellas(vy, . . . ,0,)
is an invariant submodule and hence that I is a direct sum of two invariant sub-
modules N and Q. The matrix (12.14) then has the form

R O
4=(7 1)
where R belongs to the representation provided by N and T to that provided

by L. The representation a—>A4 is then said to decompose into the representations
a—>R and a—T.
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If the double module IR is completely reducible in the sense of Section 7.6,
that is, a direct sum of simple double modules, then the representation provided
by I is given by matrices of the form

'Rll ! 0
R22

, (12.17)

0 Ry,
where the individual blocks give irreducible representations which need not
all be distinct. Such a representation is said to be completely reducible.

The theory of a single matrix in the next section provides examples of the
ideas developed above.

Exercises

12,7. If p is a ring with identity and if in a representation of p the identity of o
corresponds to the identity matrix, then for the representation module
this means that the identity element is the identity operator. Show with
the help of a theorem of Section 12.1 that every representation of o
decomposes into one in which the identity element corresponds to the
identity matrix and one in which every element of o is mapped onto the
Zero matrix:

S 0
: 4= (0 0) ’
12.8. A representation is completely reducible if and only if for every invariant
subspace <M another such subspace T can be found which together with

N spans the space M
M= N+ Q.

129. ¥ (u,',...,u,) =,,...,u)Pis a homomorphism of the representa-
tion module into itself, then the matrix P commutes with all the matrices
of the representation

AP = PA,
and conversely.

125 NORMAL FORMS OF A MATRIX IN A
COMMUTATIVE FIELD

Let | = (uy, - . ., u,) be a module of linear forms over a commutative field
K, and let

Uy >V = Z Uiotsp
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be a linear transformation of 9 into itself. By introducing a new basis
(ull. ..u,,') = (u1 .. .u,,)P

(where P is thus an invertible matrix in K), we wish to bring the matrix 4 = («;;)
to a simplest possible normal form

\ A' = P714P.

We interpret the powers of the matrix A4 as a representation of the powers of
an indeterminate x and extend this representation to a representation of the
polynomial ring K[x] by sending the polynomial

f(x) =) ax"

into the matrix

fA) =Y a4’

This correspondence is a homomorphism, since the powers of 4 commute with
one another and with the coefficients «,.

To this representation there belongs a representation module M in which
the product of a polynomial of K[x] with a u of M is defined by

Q. axu =Y adu.

The representation module I is a double module with respect to K[x].and K;
since the elements of K commute with one another and with all other elements,
they may also be written on the left of the elements of Ik:

uX = Au.

Therefore M may be interpreted simply as a K[x]-module.

Since the polynomial ring K[x] is Euclidean, the fundamental theorem of
Section 12.3 is applicable: the module M is the direct sum of cyclic K[x]-modules
(wy), . .., (w,) whose annihilating ideals are either zero or are each generated
by a polynomial of K[x]. However, the case of a null ideal is excluded, since for
each w = w, at most n of the quantities w, xw, x*w, . . . can be linearly indepen-
dent; therefore there exists a polynomial ) «,x” # 0 with the property that

Y e x"w = 0.
Each w = w, thus has an annihilating polynomial of least degree
Ax) = f(x) = ¥ 4oy xXF T4 by,
and
Sovr1 = 0(f).

The quantities w, xw, ..., x* "!w are linearly independent over K and may
therefore be used as a K-basis for the cyclic K[x]-module (w) = (w, xw, x*w, .. ).
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Thus
Aw = xw

Axw = x*w
Axk_lw = ka = —ao'w—al'xw— st —ak_l'xk—IWo
The transformation 4 of the module (w, xw, . . .) into itself is represented in the
new basis by the matrix
0 ....0 —q
l 0 cs e » —y
01 . .
A, =1 . .. . . (12.18)

O. a s e 1 —o:k_ 1
These matrices are called companion matrices; to each w, there corresponds a

companion matrix A, of this type. Since I is the direct sum of the (w,), we obtain
the first normal form for the matrix A4:

Ay
: (12.19)

A,
the blocks A, are here companion matrices of the type (12.18).

It follows from the uniqueness theorem of Section 12.3 that the polynomials
J£x), and hence also the companion matrices A4,, are uniquely determined by the
module M.

The blocks A4, can be still further “reduced” by representing the modules (w,)
as direct sums of cyclic modules whose annihilators are powers of prime poly-
nomials. The form (12.19) is retained, but the companion matrices (12.18) now
belong to powers of prime polynomials (p(x))? (second normal form). The com-
panion matrices are still uniquely determined up to their order in (12.19). The
polynomials (p(x))? are sometimes called elementary divisors of the matrix A.
The word thus has a different meaning here from its meaning in Section 12.2.
The relation between the two concepts will emerge in Section 12.6.

By means of the composition series for the cyclic modules (w,) we can still
further reduce the normal form just obtained. We shall carry this out here for the
case in which the prime polynomials p(x) are linear; this is always the case if
the field K is algebraically closed. Let then

pix) = x=X
f) = (x=Xp.
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As basis elements we use
v, = (x—A) "1y

v, = (x—A)P 2w

v, =W,
thus,
(x=Av; =0
(x—:\)v, = Uy-1 (l<f"§o)
or
Avy = xv; = Ay

Av, = xv, = Ao, +0,_,. (12.20)
The “block™ A, thus acquires the “reduced’’ form

A1O...0
0Al

. L1
0....02x
similarly, since to each w, there belongs a A,,
A1, ..0
A, =
. |
0 ... .4
If these blocks are again inserted in (12.19) the third normal form is obtained.

The ‘“‘characteristic roots” A, and the degrees p, of the blocks are again uniguely
determined. ;

All vectors v, belonging to the same root A generate a module B8, which is
annihilated by a power of x—A (Section 12.3); this module is called (in the
language of vectors) the subspace belonging to the root A. The entire module I
is the direct sum of such subspaces. These subspaces further contain the sequence
of subspaces mentioned in Section 12.3 which are annihilated by (x—A)?,
(x—=A»~1, ..., 1. The vectors w annihilated by x—A, that is, those vectors for
which

Aw = dw,

are also called eigenvectors of the matrix A4 for the eigenvalue A.>

3In place of these highly favored German-English hybrids, the terms *‘characteristic value
(vector)”, “proper value (vector)”, and so on are sometimes used (Trans.).
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The completely reducible case (cf. Section 12.4), in which the normal form
(12.19) has the diagonal form

) (12.21)

occurs if all the g are equal to 1, that is, if all the polynomials f,(x) from which
the (p(x))? are obtained by prime factorization are free of multiple factors. Because
of ‘

f;+1 = 0(./;),

it is sufficient for this that the highest elementary divisor £,(x) have no multiple
factors.

Methods for actually determining the characteristic roots and writing down
the normal forms are given in the next section.

Exercises
12.10. The highest elementary divisor f,(x) may be characterized as the poly-
nomial f(x) of least degree with the property
SJEM =0 or f(4)=0.

12.11. For an arbitrary matrix 4 in the second or third normal form, determine
the set of all matrices which commute with A4 (cf. Exercise 12.9).

12.6 ELEMENTARY DIVISORS AND
CHARACTERISTIC FUNCTIONS

Under the transformation
A’ = P '4P
the matrix xE— A4 goes into
P Y (xE—A)P = xP"'EP—P~'4P
= xE—A'.
We wish to determine the elementary divisors of the matrix xE— 4 in K[x] in
the sense of Section 12.2. Since the elementary divisors are invariant under pre-

and postmultiplication with arbitrary invertible matrices, they may be found
from xE— A’ where A’ has the first normal form of Section 12.5. By (12.18) and
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(12.19), xE— A’ consists of blocks of the form

x0... 0 8,
-1 x. .
0...

xE,—A, =
. .. X Bh-2
0...0-1x+B_,

To determine the clementary divisors, we must bring this matrix to diagonal
form. If we multiply the second through Ath rows by x, x%, ..., x" !, respec-
tively, and add these to the first row, we obtain

00... 0 f(¥
—-1x. . B1

0-.. . . -
. . X By-2
0...0-1 x+B,,_1

If the first row is brought to the bottom by interchanging rows, then only zeros
remain under the main diagonal. By adding multiples of preceding columns to
subsequent ones, it is very easy to replace everything above the main diagonal
by zeros. As a result there remains
-1 0
-1

-1
0 S(x)
If all these blocks are now juxtaposed and rows and columns are interchanged
until all the —1 occur first on the main diagonal, we obtain the desired diagonal

form / 1 0\
-1

J1(x)

o FS)
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The polynomials f,(x) together with a certain number of ones are thus the elementary
divisors of xE— A.
The characteristic polynomial (characteristic function) of A

X(x) = I:mx)

annihilates the module IR, since the factor £,(x) already does; thus
x(4) = 0. (12.22)

The characteristic polynomial is the greatest determinant divisor of xE— 4 and
is therefore equal to the determinant |[xE— A| up to a constant. It is immediate
that the constant is equal to one, and hence

X(*) = |xE—A|. | (12.23)

The characteristic equation (12.22) for the matrix 4 can also be derived directly
from (12.23). Indeed,

~

Xy = 2 Uiy,

and elimination of 4ll the ¥ from this system of equations gives (since x and
its powers commute with the «;,)

x—azu —®g2e.s —Oy,

—0,] T Oa...X 0,
or
[xE—A|u; = 0;

that is, X(x) = |xE— A| annihilates all the #; and hence the entire module R,
Q.E.D.

According to the. preceding remarks, the coefficients of the characteristic
function x(x) of A4 are invariant under the transformation

A—>P~14AP.
The most important of these coefficients are the first and last:
1. The trace of A, which is the coefficient of —x* 1,
S(4) = Z s
2. The norm of A, which is the coefficient of (—1)"x°:
N(A) = |A|.

The roots of the characteristic function are the characteristic roots A,; these
were introduced in the preceding section as roots of the polynomial f,(x). This
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provides a practical method of determining the A, and finding the normal forms
of the preceding section: we first find the A, as roots of

X(x) = ,XE—AL
and then determine the v, from the linear equations [cf. (12.20)]

Avl = )\,UI.

In the case of multiple roots (¢>1) v,,..., v, are easily found from (12.20);
it may be necessary to replace the v, belonging to the same A, by suitable linear
combinations.

The equation x(A) = 0 having the A, as roots comes up repeatedly in applica-
tions; it is sometimes called the secular equation because it occurs in the theory
of secular perturbations.

12.7 QUADRATIC AND HERMITIAN FORMS

Let K be a commutative field, and let Q be a quadratic form
Q(xls v oy xn) = z q,x,z +‘qu“x;xk (12.24)
<

with coefficients in K. If we put ¢, = g,, and write Q(x) instead of Q(x,, ..., X,),
then (12.24) can be more briefly written as
o) = 2 qurX X

We now form Q(x+y), where y stands for a new sequence of indeterminates
Yis - « + » Yo Computation gives

2(x+y) = 2(x)+00)+ B(x, y), (12.25)
where B(x, y) is a symmetric bilinear form
B(x, y) = 2 buxiyx (12.26)
with coefficients
b, = 2¢q;

by = by = qu (i<k).

We call B(x, y) the polar form of Q(x).
If x is linearly transformed,

X3 = Z'rruxj' (‘”ij € K), . (12.27)
then Q(x) is transformed into a new form Q'(x):

o(x) = Q'(x").
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The matrix P = (=, ;) is here assumed to be nonsingular. The forms Q and Q'
are called rationally equivalent in the field K. If the matrix P and its inverse P!
belong to a ring R < K, then the forms are called equivalent in the ring R (for
example, integrally equivalent if R = Z is the ring of integers).

If y is transformed just as x with the same coefficients =, i

Yi= 2 myis (12.28)
then B(x, y) is transformed into a bilinear form B'(x’, y'):
B(x, y) = B'(x', y').
From (12.25) now follows 4
Q'(x'+y") = Q'(x)+ Q'O+ B, ). (12.29)
Thus, if B is the polar form of Q, then B’ is the polar form of Q’. The con-
struction of the polar form is thus invariant with respect to linear transformation

of the variables.
Putting y = x in (12.25), we obtain

40(x) = 2Q(x)+ B(x, x)

20(x) = B(x, x). (12.30)

If the characteristic of the field is not equal to 2, then the form Q(x) can be
regained from B(x, x): '

Q(x) = }B(x, x) = %Z byxixy.

Putting 3b,, = a;,, we can write the quadratic form as

o(x) = Z QX Xy (@ = av). (12.31)

From the coefficients b;, of the bilinear form B(x, y) we may form the deter-
minant

or

byy by, ... by, 2q, 912 --- Y1
. . . 12 29, .I.  qa

D=|" . . = . ‘ i (12.32)
bnl bn2 .. bml qlu q2u e 2qn

We call D the determinant of the form Q. If the characteristic of the base field is
not 2, we may form the determinant A of the halved coefficients a;,. This deter-
minant is called the discriminant of the form Q. Clearly
D= 2"A, (12.33)
We now investigate the behavior of the determinant D under the linear trans-
formation (12.27). If (12.27) and (12.28) are substituted into (12.26), we obtain
B'(x’,y) = Z bik"ij‘”klxj'xl'9
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and hence
by =Y bumimu, (12.34)

where the summation extends over repeated indices. Equation (12.34) can be
written as the matrix equation’
B’ = P'BP, (12.35)

where P* denotes the transpose of the matrix P = (m;)).
Forming the determinants of both sides of (12.35), we obtain

D' = {Det(P)}*- D, (12.36)

or in words: The determinant D is multiplied by the square of the determinant
of the transformation.

We shall henceforth assume that the characteristic of the base field is not equal
to 2. We replace the variables x; by the coordinates c; of a vector u and the y;
by the coordinates d; of a vector v, and write

Sfu,v) = Zazkcidk 3B(c, d);
Slu, u) = Z agcicr = Q(c).

We now wish to bring the quadratic form f(u, u) to simplest possible form by
means of a linear transformation. To this end we choose a vector v, such that
Sy, v1) + 0, which is always possible if f is not identically zero. The equation
S(vy, v) = 0 then defines a subspace R, _; of the vector space R, which does not
contain v,. In this subspace we now choose, if possible, a vector v, such that
S(v,, vy) #+ 0; the equation f(v,, u) = 0 together with the preceding one then
defines a subspace R,_, in R,_; which does not contain v,. We continue in this
manner until a subspace R,_, is reached such that f(u, ¥) = O foralluin R, _,
and hence also f(u, v) = 0 for all # and v in R, _,. It may happen that r = n; in
this case R,_, is the null vector space. Otherwise we choose basis vectors
Up41, - - - 5D, arbitrarily in R, _,. We thus have

in particular

f,v) =0 (i * k)
f,v) =y, #0 i=1,...,r
S, v) =0 G=r+1,...,n).

If every vector v is referred to the new basis vectors v,, ..., v
U= 2 Ul'di!

fw,0) = 3. Y flv, v)did,, - z::'y,-d,-z i (12.37)

n»

then

The form f'has thus been transformed, as is said, o a sum of squares.
The vectors w or R, _, have the property that

Sw,u) =0 for every u
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and are hereby characterized. The space R, _, and its dimension n—r are thus
invariants of the form f. The number of negative y, in (12.37) is called the index
of inertia of f. We shall show that this index of inertia is also an invariant of f
(Sylvester’s law of inertia).

Suppose that in relation to other basis vectors the form f'has the representation

[ = ; ‘}’i'di'z-

Let us suppose that, say, y,, . .., y, are positive and y, ., . . . , ¥, negative and
similarly that y,’,...,y," are positive and y;,, ...,y negative. If now
k> h, then the linear equations

d1=0,.-.,dh=0, dl;+1=0""’dr=0

would define a space of dimension greater than n—r. For a vector u of this space
we would have f(u, u) = Y. 7d® <0 and also f(u, u) = Y, "v,/d;* 2 0.
Thus, f(u, u) = 0 and all d; and d;" = 0 so that ¥ would lie in R,_,. But this
would imply that a space of dimension greater than n—r were contained in a
space of dimension n—r, which is impossible.

If all the v, in (12.37) are positive, then the form fis said to be positive definite
in the case r = »n and semidefinite in the case r <n. The positive definite forms are
characterized by the fact that they have a positive value for any vector u & 0,
and the semidefinite forms by the fact that their value is always nonnegative.

It follows immediately from (12.37) that a positive definite form can be
transformed to the identity form ‘

E(u,u) =Y d?

by adjoining the quantities \/y; to the field K.

Hermitian forms are analogous to quadratic forms. To consider such forms,
we adjoin to the ordered field K a square root 6 of a negative quantity « of K,
for example, 6 = ./—1. To distinguish the elements of K from those of K(8),
we shall sometimes refer to the former as “real’’ elements, since in applications
K is usually the field of real numbers and 8 = /1.

Every element ¢ = g+b6 has a conjugate ¢ = a—bf. The product éc =
a®> —b*6? is always real and nonnegative; it is zero only if ¢ = 0.

A Hermitian form is defined by

H(u, u) = Z Zhikéick (hix = hyo)-

The value of the form H for any vector u is always real.
If we now form

H@+M, u+d) = Y Y hyéiei A Y. Y hudi +3Y Y hudiey +AX Y Y hydid,,
we find as coefficients of A the bilinear form

H(u,v) = 3. ) huldy
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with the property
H(v, u) = H(u, v).

Under a linear transformation of the c¢;, whereby the ¢é; are naturally trans-
formed by the conjugate transformation with matrix P = (a,}), the matrix H
of the Hermitian form is transformed as follows:

H' = P'4P,

where PT = P* is the conjugate transposed matrix.

Our previous considerations regarding the representation of quadratic forms
as sums of squares continue to hold unaltered for Hermman forms. As a normal
form we find

HGu) =Y vicie, (v, real). (12.38)

The form H is again called positive definite if its values H(u, u) are always
positive except foru = 0, orif r = nandy,, . . ., v, are all positive. Any positive
definite form can be transformed to the identity form

E(u,u) = Z ¢i¢y

by adjoining the square roots of the y,.

The following discussion applies to both Hermitian and quadratlc forms.
We shall speak of Hermitian forms, but one need only choose all elements in
K and omit all bars in order to obtain the corresponding statements for quadratic
forms.

We choose a fixed, preferably positive definite, Hermitian form G(u, u) of
rank n as fundamental form and denote its coefficient matrix (g;,) by G. In
particular, if G(u, u) is the identity form, then G is the identity matrix E. Two
vectors u and v are said to be perpendicular if G(u, v) = 0; in this case G(v, u) = 0
also. The vectors v perpendicular to a vector » 3 0 form a linear subspace: the
space perpendicular to u. If G is positive definite, then G(u, u) % 0, and hence u
itself does not belong to its perpendicular space R,_;. A system of n mutually
perpendicular basis vectors v, . . . , v, [as was used, for example, in deriving the
normal form (12.38) for G(u, u)] is called a complete orthogonal system of vectors.
The orthogonal system is said to be normalized if

G(v 7 v J) = l .
Those linear transformations A which have the property
G(Au, v) = G(u, Av)  (for all u and v) (12.39)

are called Hermitian symmetric or simply symmetric. Written out explicitly,
this condition reads:

YN gudi e =33 Y gufauc
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or
Z gudy; = ; & jx8x1

A'G = GA. (12.40)
In particular, if G is the identity form, then the symmetry condition is simply

or

Al=A4 or a=ay,

which explains the name “‘symmetric.”
Those linear transformations U which leave the fundamental form G(u, u)

invariant,
G(Au, Au) = G(u, ) or A'GA =G, (12.41)

are called wunitary, or in the real case orthogonal. We clearly then also have
G(Au, Av) = G(u, v). In particular, if G = E (as may always be assumed in the
positive definite case), then the condition reads:

AtA=E or A'=A4"!' or AA'=E.
Writing this out explicitly, we obtain the “orthogonality conditions™

- 0 for k%1
2 utty = S = {1 for k=1
or equivalently
Y apd; =8
A real orthogonal transformation with determinant 1 is called a rotation.
If a symmetric or unitary transformation A takes a nonzero vector u into a

multiple of itself,
Au = A, (12.42)

that is, if A leaves the line generated by u invariant, then A also leaves the space
R, _, perpendicular to u invariant.
Proof: If v belongs to R,_;, then G(u, v) = 0 and, for a symmetric trans-
formation A4,

G(u, Av) = G(Au, v) = G(Au, v) = AG(u, v) =0,

whereas, for a unitary transformation 4, )
G(u, Av) = G(AA™'u, Av) = G(4 ™ *u, v)
= GA 'y, v) =27'G(y, v) = 0.

A vector u + 0 with property (12.42) is called an eigenvector of the trans-
formation A4; A is called the associated eigenvalue.

As we have already seen in Section 12.6, the eigenvalues are found from the
“secular equation”
A—ayy  —ayp ...
= 0; (12.43)

—0aq A""“zz -

xM) =
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<

the associated eigenvectors are found from the linear equations
Z a"‘ck = Aci’ (12-44)

which are equivalent to (12.42).

If we now assume that K is a real closed field (say the field of real numbers),
and hence that K(0) is algebraically closed (cf. Section 11.5, Volume I), then the
secular equation (12.43) always has a root A, in K(6) to which there corresponds
an eigenvector e;. The space R, ., perpendicular to e, is transformed into itself
by 4, and 4 in R, _, is again symmetric or unitary if it was symmetric or unitary
in R,. By the same argument there then exists an eigenvector e, in R,_, whose
perpendicular space R,_, in R, is again invariant, and so on. Continuing in
this manner, we finally find a complete system of n linearly independent, mutually
perpendicular eigenvectors ey, .. . ,e,:

Ae, = A,
Referred to the new basis (e,, . . . , €,), the matrix 4 acquires the diagonal form
A 0
A;
A, = P AP = (12.45)
0 ' A/

This normal form is valid for both symmetric and unitary transformations by
the preceding discussion.

Let us now normalize the e, by the condition G(e,, e,) = 1, which is always
possible in a real closed field K, since the square roots of the positive quantities
G(e,, e,) are always contained in K. Then G becomes equal to the identity form E
when referred to the basis given by the e,. If now the matrix 4 is symmetric, then
A, must also be symmetric and therefore identical with 4,'. From this it follows
that

A, =34, or AekK

The characteristic polynomial of the matrix 4 or 4, is

x(x) = lf[(x-A,), (12.46)

and hence: the secular equation x(A) = 0 of a symmetric matrix A has only real
roots.

If, in addition, the matrices 4 and G are real, then the eigenvectors e, are also
real, as the solutions of the real equations (12.44). A4 real symmetric matrix A
can therefore be brought to the diagonal form (12.45) by means of real matrices.

A Hermitian form

H(u, u) = G(u, Au) = G(Au, u)
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is coupled with the symmetric transformation A in an invariant manner; its
matrix is clearly
H = GA,,

conversely, the matrix A is determined by
A=G 'H.

Then H = GA is brought to diagonal form along with 4 and G; the trans-
formed form reads:
H(u,u) =) éc N,

We have thus proved the following.
Any pair of Hermitian forms G, H of which one, say G, is positive definite can
be brought simultaneously by a single transformation to the form

G(u’ u) = Z Evcv
H(u,u) =Y ¢,e,

The A, are the characteristic roots of the matrix 4 = G~1H, or equivalently the
roots of the secular equation

]Agjk‘—hjkl = 0.

In particular, any pair of real quadratic forms of which one is positive definite
can be brought simultaneously by a real transformation to sums of squares*:

G(u’ u) = Z cvz
H(u,u) =Y c]A,

Exercises

12.12. Ifrvectorsuv,, ..., v, generate a space R,, then the vectors perpendicular
' to them generate a space R, _,, and the whole space R, is the direct sum

R,+R,_,.

12.13. If a symmetric or unitary transformation A leaves the space R, invariant,
then it also leaves the space R,_, perpendicular to it invariant.

12.14. Every system of symmetric or unitary transformations is completely
reducible.

12.15. The determinant D of a unitary transformation has modulus 1, that is,
DD = 1. The determinant of a real orthogonal transformation is + 1.

12.16. The unitary and likewise the real orthogonal transformations of a
vector space into itself each form a group.

4For a general treatment of the classification of pairs of quadratic forms, see L. E. Dickson,
Modern Algebraic Theories, Chicago, 1926 (also in German by E. Bodewig, Leipzig, 1929).
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12.8 ANTISYMMETRIC BILINEAR FORMS

A bilinear form in x,..., x, and y,, ..., y, with coefficients in a field K,

Jx, ) = %aikxiyk’ (12.47)
is called antisymmetric if it has the following two properties:
S 9 = 0, %) (12.48)
f(x,x) =0. (12.49)
In terms of the coefficients this means that
a; = —ay (12.50)
a; =0. (12.51)

If new variables x,’ and y,’ are introduced in place of x; and y, by the same
linear transformation

Xy = ZPtjxj'
Y = ZPHJ’:',
then the form f(x, y) is transformed into a new bilinear form
f&Ly) = Z an(Zpux,') (Zpu)’z')
=2 an'x;'y/
which is again antisymmetric with coefficients given by

aﬂ' = Zpuaul’u
or in matrix notation

A’ = P'AP. (12.52)

For the determinant D of the a;,, we obtain from (12.52) the transformation
formula

D’ = DA?, ' (12.53)

where A is the determinant of the transformation matrix.

Exercise
12.17. Show that (12.48) follows from (12.49).

We now wish to bring the form f to simplest possible normal form by means

of an appropriate transformation matrix P. The transformation is accomplished
in several steps.
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If fis identically zero, then without transformation f already has the normal
form

f, =0,

If a coefficient is nonzero, then we may assume that g, , %+ 0. We now collect
all terms in (12.47) containing x, :

x1(agzy2+ - +a1,90)-
The terms with y, are then
—(@x2+ - +ax)y;.
In place of x, and y, we introduce the new variables x; and y;:
Xy = ayX+ 0 +ayX,
Y2 = Q1Y+ +a1,Y0;

f is then written as a form in x,;, X3, X3,...,X, and y;, 5, Va3, . . ., Vs The
terms with x, and y, are now simply

X1Y3— X34
Suppose that the terms containing y, are
| (¥ +bsx5+ -+ +b,x )3
We introduce in place of x; and y, the new variables
Xy = Xy +byxa+ - +byx,
W =y1+bsyst- - +by,

and write f as a form in xj, X3, X3,..., X, and ¥}, 3, Y3, . - . » Va- There are
now only two terms which contain xj, x3, ¥}, or y3, namely

’ (AW 4
X1Y2— X )4-

All other terms contain only xj, ..., X, Y3, .. ., ¥, If they are all zero, we
have the normal form

Ji = X\ =X

Otherwise the process is repeated, whereby in place of x3, x4, 3, ¥4 the new
variables x3, x4, y3, y4 are introduced and a term

PR A
is split off. In this manner we finally obtain, dropping the prime, a normal form

S = (e ya—x29)+ - +(X2x -1 Y2x— X225 -1) (12.54)
with
0=<2k=n.
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In the n-dimensional vector space of vectors (cy, ..., c,) there is a linear
subspace N defined by the equations

f(e,») =0  identically in the y,
or

Z a;kct = 0.

The dimension of this subspace is n—r, where r is the rank of the matrix A.

This dimension is clearly an invariant of the form f under invertible linear trans-

formations of the x; and y,. The number r is therefore also an invariant.
Computing the rank r for the normal form f;, we obtain

r =2k (12.55)

Since r is an invariant, the rank r is also an even number for the original
form f. Hence we have the following.

The rank of an antisymmetric matrix A is an even number 2k. It is equal to the
number of terms in the normal form (12.54).

If n is odd, the rank is necessarily less than n, and hence the determinant D
is then equal to-zero. If, however, n = 2m is even, then there exist forms with
determinant D #+ 0, for example, the normal form f,,. Hence the determinant
of an antisymmetric matrix with an even number of rows is not identically zero.

A general antisymmetric bilinear form is obtained by taking the a;, with i<k
to be independent indeterminates and defining the others by (12.50) and (12.51).
If nis even (n = 2m), then the determinant of this general form is different from
zero as has just been shown. If this general form is transformed to normal form,
the normal form (12.54) with k = m is obtained. The coefficients of the trans-
formation matrix are rational functions of the indeterminates a;,, and the
determinant D’ of the normal form is 1. Hence, (12.53) implies

) D=A"2 (12.56)

where A is a rational function of the a;, which may be expressed as a quotient of
polynomials:

G.
A = T | (12.57)

From (12.56) and (12.57) it follows that
DG* = H2, (12.58)
Thus, H? is divisible by G2, and hence H is divisible by G:
H = GQ.
If this is substituted in (12.57) and (12.58), we find

A=Q! (12.59)
and
D = Q2. (12.60)
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Since D is a form of degree n = 2m it follows that Q is a form of degree m
in the a;. If we carry out the computation for n = 2 and n = 4, we find

n= 2: Q = dja
n=4: Q = a,,83,—0a,30,4+0a144;3.

The general formula for Q was found by Pfaff. A proof may be found in a
very instructive “Letter from the Nether World” by R. Lipschitz, Ann. of Math.,
69, 247 (1959).

The group of linear transformations of the x; and y, which in the case n = 2m
_takes the normal form f;, into itself is called the complex group or the symplectic
group. For the structure of this group as well as that of the orthogonal and
general linear groups, see J. Dieidonné, Sur les Groupes Classiques, Hermann,
Paris, 1948.
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A ring U which is also a finite-dimensional vector space over a field P and
satisfies the condition

(c)p = u(aw) = «(uv) for oeP

is called an associative algebra or a hypercomplex system over P. If the require-
ment of associativity is dropped, we have the more general idea of a (linear)
algebra. There are two types of nonassociative algebras which deserve special
mention.

1. Alternative rings in which the following restricted associative law holds:
a(ab) = (ad)b
b(aa) = (ba)a.

The oldest example of a genuine alternative ring is the algebra of Cayley
numbers; for an account of this, see M. Zorn, “Alternativkérper und Quad-
ratische Systeme™, Abh. math. Sem. Univ. Hamburg, 9, 395 (1933). Alternative
rings are important in the axiomatics of plane geometry.! For recent investiga-
tions, see R. D, Schafer, “Structure and Representation of Non-Associative
Algebras’, Bull. Amer. Math. Soc., 61, 469 (1955).

2. Lie rings, in which the following composition laws hold:

ab—ba =0
a‘bc+b-ca+c-ab =0.

The infinitesimal generators of Lie groups satisfy these rules. In the funda-
mental work of E. Cartan? and H. Weyl®, Lie rings were studied in connection

IR. Moufang, “Alternativkérper und Satz vom Volistindigen Vierseit,” A4bh. Math. Sem.
Univ. Hamburg, 9, 207; see also Math. Ann., 110, 416. For further discussion, see H. Freuden-
thal, ““Zur Ebenen Oktavengeometrie,” Proc. Akad. Amsterdam, A 56, 195 (1953); also A 57,
218, 363, and A 58, 151.

2E. Cartan, These, 1894. Also, H. Freudenthal, Proc. Akad. Amsterdam, A 56 (1953).

3H. Weyl, “Darstellung Halbeinfacher Gruppen durch Lineare Transformation I-III”,
Math, Z., 23, 271 (1925), and 24, 328, 789 (1926). Also, B. L. van der Waerden, Math. Z., 37,
446.
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with Lie groups. For recent investigations, see E. Witt. J. Reine u. Angew. Math.,
177, 152 (1937), and Abh. Math. Sem. Univ. Hamburg, 14, 289 (1941); H.
Freudenthal, Proc. Akad. Amsterdam, A 57, 369, 487 (1954); A 59, 511 (1956);
A61, 379 (1958).

In this book we shall restrict ourselves to associative algebras of finite dimension
over P. The word ‘““algebra” is henceforth always meant in this restricted sense.

13.1 DIRECT SUMS AND INTERSECTIONS

Emmy Noether repeatedly emphasized in her lectures the importance of the
relationship between the direct sum and intersection representations of modules.
This idea weaves through her work in a striking manner. We shall now explain
this relationship. We begin with multiplicative groups and then go over to the
additive notation.

Let a group ® be the direct product of subgroups U, . .., A,. This means:

1. Each U, is a normal subgroup of ®;
2. The product %, ... %, is ®;
3. If 3B, is the product of all the U ; except U, then

AL NB; =G,

where € consists of the identity element alone.

From properties 1, 2, and 3 it follows by Section 7.6 that each element g of
® can be uniquely represented as a product q, ...a, (a,€ ;) and that for
i + j each element of U, commutes with every element of % ;. From property 2
it further follows that

QI;%,- = (5.

The group B; consists of all products 4, . . . @, in which the factor a; is equal
to e. From this it follows that the intersection of all the B, is equal to € and that
the intersection of all the B ;with j + iis equal to UA;. The B, thus have the follow-
ing three properties, which in a certain sense are dual to properties 1, 2, and 3:

1’. Each B, is a normal subgroup of ®;
2’. The intersection B, N...N B, is €;
3'. If U, is the intersection of all the B ; except B, then

QI;'?Bi = @-

If properties 1°, 2', and 3’ are satisfied, then the identity group € is called the
direct intersection of B,, ..., B,. If, in property 2’, € is replaced by a group D
while (1°) and (3) continue to hold, then D is called the direct intersection of
B, ..., B, By forming the factor groups /D and B,/D, this more general case
can be immediately reduced to the case ® = €.

We shall now assume properties 1’, 2’, and 3’ and prove properties 1, 2, 3.
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If A, is defined by (3°), then it follows from (2°) that
ANB, =E. (13.2)

Asintersections of normal subgroups, the %, are again normal subgroups of .
We shall now show that their product is & and that the product of all % ; excepting
ul is % i N .

Let g be an element of G. By (13.1) and (13.2), ® is the direct product of U,
and B;, and g can therefore be uniquely represented as the product

g = ab, (a;eU,, b;eB).

Further, each element of UA; commutes with every element of B, and so, in
particular, with every element of %; (j # ). If we form the product

g'=aa,
then
g g =b""a7""a, a,
Since the a; commute, this may be written:
g7’ =blay 048,410 00y

All the factors on the right-hand side are contained in B,, and therefore g =g’
is in B, for every i. From property 2’ it now follows that

g7'g' =e
and thus g’ = g. Thus each element g of ® can be represented as a product

a,...a, If gisin B, then the factor a; = e; therefore, each element of B, can
be represented as a product,

a,°°'8;-18141" " "4,

Hence the product of all the U; is ®, and the product of all the U; except U,
is B;. The A, therefore have properties 1, 2, and 3.
From (13.1) and (13.2) it follows by the first isomorphism theorem that

®/B, ~ A,

In additive notation, what has been proved can be formulated as follows.

If a module ® is the direct sum of submodules W,, ..., W, and if B, is the sum
of all the W ; with the exception of W, then {0} is the direct intersection of B, . . . B,
and U, is the intersection of all the B; except B, and conversely. Further,
6/B;, =~ U,

All this is also true for groups with operators. In ring theory applications
® is a ring with ® itself as left or right operator domain. The modules ¥; and
8B, are then left or right ideals in . We are then concerned with a representation
of a ring ® as a direct sum of left or right ideals %; and with a corresponding
representation of the null ideal as a direct intersection of left or right ideals B,.
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The group theory notation will be retained, since in this theory each ring is
interpreted as an additive group with itself as operator domain.

If the A, (and hence also the B,) are two-sided ideals, then W, A is contained
in both UA; and UA;. However, for i # j, A, N A; is the null ideal, and hence
A, A; = {0}. We thus have the following statement.

If a ring ® is the direct sum of two-sided ideals U,

G=UA+---+%, (13.3)
then the W, are rings which annihilate one another:
AA; = {0}  for i+ : (13.49)

Conversely, if ®, considered as an additive group, is the direct sum of rings
AU; which annihilate one another, then these U; are two-sided ideals in &. The
proof is obvious. In this case the ring ® (or the algebra ®) is said to be the direct
sum of the rings (or algebras) U,.

If (13.3) and (13.4) are satisfied, then the structure of the ring ® is determined
by the structure of the rings U, in a simple manner. Indeed, if g and A are ring
clements and if they are represented in accordance with (13.3) by the sums

g =81+ tE,
h=hy++h,

. then it follows that

g+h = (g +h)+ - +(g, +h,)
gh = gihy+ghy+ - +gh,;

that is, two elements are added or multiplied by adding or multiplying their
components.

Exercise

13.1. If a ring with identity is the direct sum of left ideals,
(5 — Il+ ‘e +In (13.5)
and if the decomposition of the identity is given by

e=¢e;+-"+e, (13.6)

then I; = ®e; and
e,z = ei (13.7)
ee; =0 (i +Jj) ‘ (13.8)
Conversely, if (13.6), (13.7), and (13.8) are satisfied and if we define
Ii = (5e;, (13.9)

then ® is the direct sum of the left ideals [,.



36  ALGEBRAS
Similarly, if we make the definition »
1, = ¢, (13.10)
then ® is the direct sum of the right ideals r;.

13.2 EXAMPLES OF ALGEBRAS

Example 1: An important example of an algebra is the complete matrix ring
P, consistinig of 7 xn matrices with elements in P. This algebra has rank n?.
As basis elements we may choose the matrices C;; having a 1 in the ith row and
kth column and zeros elsewhere. Each matrix 4 with elements «;, can be repre-
sented as the sum

z Cuoge

where the summaﬁon extends over all i and k£ from 1 to n. The rules for the
multiplication of the basis elements C;, are

CiCp=0 (i+))
CoiCix = Cure

Example 2: The algebra of quaternions. Let W be a four-dimensional vector
space with basis elements e, j, k, /. Here e is taken to be the identity element,
so that e = ¢, ¢f = j, and so on. Further, let

. jz = —éa, k* = _eﬁ:
where « and B are arbitrary elements of P, and let

jk = —-kj =1
It then follows that
I? =jkik = —jjkk = —eaf

—eak = —ka
i = —kjj = +keaxa = ka
kl = —kkj = +eBj =jB
Ik =jkk = —jef = —jB.

The algebra U so defined is called a generalized quaternion algebra. Its elements
are

I

Jl = jjk

X = exy+jx,+kx;+Ix; (x4, X5, X3, X3 in P).

Identifying the element ex,, with xg, it is seen that P is imbedded in .
The norm of an element x is defined as

N(x) = xx% = (exy+jxy +kx;+Ix3) (exy —jxy —kxy—Ix;)

= x02¢x12 +Bx22 + aﬁx32.
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If this quadratic form is indefinite (that is, if it is zero for values of x; not all
zero), then x¥ can vanish for x # 0, and U has zero divisors. If the form is not
indefinite, then every x # O has an inverse
X7 = F(xp 2 axy 2 +Bx, % +afxy?) 7
and U is then a skew field.
A matrix representation of the generalized quaternion algebra U can be

obtained by considering U to be a double module with U as left and = = P(j)
as right operator domain. If we assume that —« is not a square in P, then

Z =P(j) =P(/-a)

is a field. Then U itself is a two-dimensional vector space over this field; we may
take, say, e and —k as basis elements. The vectors x are then

x = e(xy+jxg) +(—k) (—x2+jx3). (13.11)

If the vectors x are multiplied on the left by an arbitrary element y, we obtain
a linear transformation Y of the vector space % which can be represented by a
matrix. We denote this matrix by Y also. The columns of the matrix Y are
obtained by multiplying the basis elements ¢ and —k on the left by y and writing
the results again in the form (13.11). If, in particular, we take y equal toj, &, or /,
then we obtain the matrices

J= ({) _E’.), K= (_(1’ g) L= (JO {)ﬁ). (13.12)

'Choosing « = B = 1, we obtain Hamilton’s quaternions
X = exy+jx, +kx;+1x;

with the composition rules
P=k=0r=—1

k=1 ki=—I
Kl=j, le=—j
=k jl=—k.

If P is a real number field, then in the matrix representation j may be replaced
by the imaginary unit i. We then obtain

=) k(20 =3

Example 3: The group ring of a finite group is obtained by taking the group
elements u, . . ., u, as the basis elements of an algebra. The associative law is
necessarily satisfied. ‘

Example 4: The Grassmann exterior product. We start with a vector space

M = u P+ +u,P
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and consider the problem of defining an associative multiplication of vectors
such that

uu =0 and wv+ovu=0. (13.13)

To this end, we first form purely formal products of basis vectors u; in the natural
order:

uijk__. = u,-u_,uk e (i<j<k . .);

the empty product is denoted by e. These 2" products we take as basis elements
of a vector space U. The elements of A are thus all sums of the form

ext+ Y uwpo+ Yy Y oI i of S - ST R (13.14)
i i<j
Arbitrary products

Uppe... = U, . . . (13.15)
are now defined as follows. If in (13.15) two indices are equal, then we set
Uye... = 0. If all indices are distinct, they are brought into natural order ijk . ..

by a permutation, and we put

Usbe... = EUgpk... 5

where ¢ = +1 if the permutation is even and —1 if the permutation is odd.
Finally, the product of two basis elements is defined by

Uijk.. Upgr... = Uijk...pgr... * (13.16)

Two sums of the type (13.14) are multiplied by multiplying the individual terms
according to (13.16) and adding the results. According to this definition, the
product w,u, . . . is in fact equal to u,, _as required by (13.15). The composition
rules (13.13) are clearly satisfied, and the associative law for multiplication can
be easily demonstrated.

With this definition of multiplication, the sums (13.14) form the Grassmann
algebra U going with the vector-space M ; the multiplication itself is called the
exterior product. The vector space M is. imbedded in Y. The notation a A b is
frequently used for the exterior product of a and b.

An equivalent definition is obtained by first forming from IR the fensor ring
which consists of all finite sums

eB+ D uBi+ Y u B+ Y uipBipt (13.17)

in which the indices i, j, . . . are unrestricted. Two such sums are called equal if
all their coefficients are equal. It is clear how such sums are added. Multiplication
is defined by (13.16).

It is easily seen that addition and multiplication in the tensor ring are indepen-
dent of the choice of basis.

In the tensor ring T we now form the two-sided ideal I generated by products
uu where u runs through all vectors of k. The ideal also contains

(u+v) (u+v)—uu—ovv = uw+ou.
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A homomorphism of T onto U is obtained by sending each sum (13.17) into
the same sum in . Under this mapping the elements of J are sent to the zero
element. Conversely, if a sum (13.17) is sent by this mapping into zero, then it
‘belongs to the ideal J. Indeed, the sum (13.17) may first be written as

B+ Y uBi+ Yuu,Biy+Y up Byt (13.18)

and by addition of elements of J it can then be brought to the normal form

e+ ; wey+ Y, Uittty + Zkui“j“k"‘ijk‘i' e,

i<j i<j<

which corresponds to an element (13.14) of U with the same coefficients «, «;,
a;;, . . . . If this element is zero, all these coefficients are zero, and the sum (13.18)
therefore lies in 3. Thus J is precisely the kernel of the ring homomorphism
T—A, and we have

A= I3 (13.19) -

On the right-hand side of (13.19). ¥ and J are independent of the choice of
basis (u4, . . ., #,). Up to isomorphism, U is therefore also independent of the
choice of basis. An invariant definition of the Grassmann algebra % is obtained
if we define ¥ directly as TJ.

Example 5: Clifford algebras. These algebras can be defined much the same as
the Grassmann algebra. Let Q(x) be a quadratic form in x;, ..., x, with co-
efficients in P:

Oxgp, .00y x,) = Z: qixi2+izjqijxjxi-
<

For every vector u = ), uyy; of I, the value of the form

QW) = Q1s -+ »vn)
is then defined. Moreover, for any two vectors ¥ and v the symmetric bilinear form
B(u, v) = Qu+v)—Qu)—Q(v)
is also defined. In particular
Q) = q;
B(u;, u;)) = B(uj, u) = q;; (i<j).
We now wish to define a multiplication of vectors such that
uu = Q(u) (13.20)
uv+vu = B(u, v). (13.21)
Here (13.21) is a consequence of (13.20):
uv+ovu = (u+v) (u+v)—uu—ov

¢ = Q+0)—0@)—0(v) = B, v).



40 ALGEBRAS

In particular, we must have

uu; = q; (13.22)
utuj'l"ujul = q” (i<j)- (13.23)
We again form a 2"-dimensional vector space consisting of the sums
ea+ Z U+ Z Uy j+ U s n%12, e (13.24)
i i<j
Arbitrary products
UMM, . .. = Uy, . (13.25)

will now be defined. If the indices a, b, c . .. are distinct and in natural order,
thenu,,. _isagain one of our basis vectors. In all other cases the product u,u,u, . . .
is transformed by means of relations (13.22) and (13.23). If, for example, bc
1s the first pair of adjacent indices for which b <c does not hold, then we write
the product (13.25) as

u(uyuy) - . .
and reduce u,u, by (13.22) or (13.23):
Upldp = g (c=1b)
U, = —Uup+q. (c < b).

The factors g, and g, are written in front of the product. We thus have:

u(uplty) ... = qpu, . . .
uug,) ... = —uuy ... +qply. ...

After transformation the product contains either two fewer factors or one less
"inversion. Continuing in this manner, an expression of the form (13.24) is finally
obtained.

Once this meaning of u,,. ._has been settled, the product of two basis elements
can again be defined by (13.16) and the associative law of multiplication demon-
strated. This completes the definition of the Clifford algebra € belonging to the
form Q(x). If Q is the zero form, then the Clifford algebra becomes the Grassmann
algebra.

If, in (13.24), we consider only terms u;; which have an even number of
indices,

ext Y Ut Y U@t
i<j i<j<k<li

we obtain a subalgebra called the second Clifford ulgebra § ..
An invariant definition of the algebra € is obtained if in the tensor ring I
we take the ideal I3 generated by all expressions of the type

uu— Q(w)
and form the residue class ring T/J. Starting with this definition, Chevalley*
4C. Chevalley, The Algebraic Theory of Spinors, Columbia University Press, 1954,
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developed the theory of Clifford algebras for arbitrary base fields. A simple
proof that the invariant definition coincides with the definition given above can
be found in the paper by B. L. van der Waerden, Proc. Kon. Ned. Akad. Amsterdam,
69, 78.

The second Clifford algebra was used by Brauer and Weyl (dmer. J. Math.,
57, 245) to represent orthogonal transformations (that is, linear transformations

T with determinant 1 which leave the quadratic form Q. invariant) in the form
Tu = sus™ 1.

Here u runs through the vector space I, and the s are elements of € , which
transform the space M into itself:

sSMs~ =M.

We must hereby require that the characteristic of P be different from 2 and
that the form Q be nonsingular. In the case of characteristic 2, the situation is
somewhat more complicated (see Chevalley, Theorem II. 3.3).

Exercises

13.2. The second Clifford algebra of a binary quadratic form

O(xy, X3,) = g1%y% +qy2X%1 %+ 42%5%,

which does not split into linear factors in the base field P, is the quadratic
extension field in which the form splits.
13.3. The second Clifford algebra of the ternary quadratic form

Q(xy, X35 X3) = 1%, 2 +q5%2% +qax3>

is an algebra of generalized quaternions.

13.3 PRODUCTS AND CROSSED PRODUCTS

PRODUCTS OF VECTOR SPACES
Let %A and B be finite-dimensional vector spaces over a field P:
A=uP+- +u,P
B = v,P+---+1,P.

We wish to define the product U x B. To this end, from mn basis vectors wy,,
where i runs from 1 to m and k from 1 to n, we form a product space

C=) w,P
X
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and for each u of A and each v of B define a product
uo = (L u) (L 0:By) = § Wi By

In particular,
u‘vk = W"‘.

All elements of € are therefore expressions of the following type:
w = i};‘ UDYixk = ‘Ekl WirVix (13.26)

These expressions are called tensors of rank 2, and the product space € is called
a tensor space.
Instead of (13.26) we may also write

w="Y ub, (1327
i

where the b, are elements of B. The space ¢ is therefore the direct sum of the

subspaces #,8:
C=uB+ - +u,B. (13.28)

Formula (13.28) shows that the module ¢ is independent of the choice of
basis in B. The elements w of € may be written directly in the form (13.27),
and their addition and multiplication by elements of P defined without introducing
a basis in B. :

We may similarly write, instead of (13.26),

W= a. (13.29)
Therefore, -
C= A+ -+, ‘ (13.30)

and it is evident that the product space € is also independent of the choice of
basis in UA. According to (13.28), the module € = A xB can also be formed
if A is a finite-dimensional vector space and B is any P-module. Similarly,
according to (13.30), € can be formed if % is an arbitrary P-module’and B is
any finite dimensional vector space.

The module product AxPB can also be defined without using bases. This
invariant definition is even meaningful if P is a commutative ring with identity
and A and B are arbitrary P-modules, as long as the identity element of P is
the identity operator for U and B. Since we shall here need only the case in
which P is a field and U or B has finite dimension, we restrict ourselves to the
definition initially given and for the general case refer the reader to N. Bourbaki’s
Algébre multilinéaire (Eléments de Mathématigue, Vol. II, Chap. 3; Actualités
scient., 1044).

In exactly the same way the product space of three or more vector spaces

AxBxC = (AxB)xC = Ax(Bx0C) (13.31)
can be formed.
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If A and B are algebras over P, then the module € = A xB can be made an
algebra by defining the products of basis elements w;, as follows:

waw; = () (uv) = (uu)) (v,0). (13.32)

This can be done independently of the basis in B by writing the elements of €
in the form (13.27) and definining the product by

S ub) (¥ ub) = Z,, uubb,.

This may also be expressed as follows. The products uu; of basis elements of U
are formed exactly as they are defined in W, but ‘B instead of P is taken as the ring
of coefficients. The algebra so obtained is denoted by . This same notation is
used if B is an arbitrary ring which contains P in its center. Therefore Wy is
quite generally an algebra with the same basis elements as U but with B as the
ring of coefficients.
Clearly, i
AxB = BxA.

An isomorphism between WA xB and B x A is indeed obtained by mapping
u;v, onto vu; and extending this mapping linearly to the sums (13.26).

The product relations for complete matrix rings deserve special mention.
Here 9, shall always denote the ring of r x r matrices with coefficients in an
arbitrary ring %. We have:

AxP, = A, (13.33)

P,xP,=P,,. (13.34)

To prove (13.33) we need only note that the matrices €, defined in Section 13.2
form a basis for P,. To form 9 x P, we must take these same basis elements with
now U as the ring of coefficients, but this gives precisely 21,.

We obtain (13.34) as follows. If P, is generated by the 72 basis elements C;,
and P, by the s? basis elements C}/, then P, x P, is generated by the r%s? products

’ ’”

Cu,u = Cat
which satisfy the composition rules

C.. .o C _ {0 if k+m or [*+n
1okt =mnpe = \Cyype if k=m and I=n
If we denote the rs pairs of indices ij by an index J which runs from 1 to rs, then

_ /o for K+ L
CoxCon = {cm for K= L,

and this gives the isomorphism to P,,.
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CROSSED PRODUCTS

Let X be a separable, finite, normal extension field of P. The Galois group ®
of T (Section 8.1) consists of all the automorphisms S; of = which leave the
elements of P fixed. We shall assume that the Galois theory as well as the contents
of Section 8.1 are known and, in particular, the fact that the order of  is equal
to the degree of the extension n = (= : P). .

We denote the image of an element 8 of £ under the automorphism S by g°.
The product of S and T (first S and then T") will now be denoted by ST and thus

BST = (BT,

The crossed product of a field T with its Galois field group ®, which was intro-
duced by E. Noether, is defined as follows. A vector space

A=uX+ - +uk

is formed by assigning to each group element S; a basis vector ;. If the index is
dropped and S is denoted simply by S, then the corresponding ; is denoted
by us. The vector space U therefore consists of all sums '

; uB; = Zg: usBs. (13.35)
The products Bus are now defined by the formula
‘ Bus = usp® (13.36)
and the products ugur by
Usuy = ugrds, 1, (13.37)

where the factors 85, ; are for the time being arbitrary nonzero elements of Z.
Using (13.36) and (13.37), two arbitrary sums (13.35) can be multiplied by
multiplying the individual terms,
usB-uzy = usurfly = usgds, BT
and adding the products so obtained.

In order that the multiplication defined in terms of the system of factors 8,
be associative, it is necessary that the 3y, , satisfy the following associativity
condition:

8s, &, » = O, R, D~ (13.38)

There is arbitrariness in the basis elements ug and therefore also in the factors
ds, 1, for the ug may be replaced by

Us = Ugys (‘)’s + 0in 2). (13.39)

The system of factors going with this new basis is then

85, 1 (13.40)
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Two systems of factors 85 5 and &g, 1 related by (13.40) are called associated.
Associated systems of factors thus define the same algebra 2.

If E is the identity element of ®, then the arbitrary factor for u; can always
be so chosen that

UgUp = Up,
and thus é; ; = 1. From the associative laws
(uguglur = uglugip) .
us(ugug) = (usuglug

it then follows that ug is the identity element of . The products ug8 may there-
fore be identified with the elements 8 of X,
Which elements ¢ = ) ugys commute with all 8 of £? The condition fc = ¢8

gives
z uSBgys = ZuSYSﬂs

and therefore, since the ug are linearly independent,
(Bs—lg)')’s = 0.

For S = E this condition is trivially satisfied. For S + E there exists a 8 such
that 85 + B and therefore y5 = 0. Hence

€ = UEYE = YE
is an element of X.
Thus X is a maximal commutative subring of the algebra .
We now determine the center of the ring U, that is, the set of elements ¢ of U
which commute with all elements of U:

ac = ca for all a.

If cis a center element, then ¢ must first of all commute with all elements of
and it is therefore contained in Z. We may therefore put ¢ = y. In order that y
commute with all the ug, ¥ must, by (13.36), be left fixed by all automorphisms S.
By the last theorem of Section 8.1, this is possible only if y lies in the base field P.
We therefore have the following statement.

The center of W is P.

Algebras over P whose center is precisely P are called central over P. They
were earlier called “normal,” but this word already has too many meanings.

We next prove the following.

Theorem: If in any ring containing = the relations (13.36) and (13.37) hold
with8s, v =% 0, then either all the ug are zero or they are linearly independent over Z.
Proof: If a ug is linearly dependent on certain other linearly independent u,
then (for this one S) ‘ ,
Ug = 4 Uryr- (13.41)
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Multiplying (13.41) on the right by B85 gives

ugf® = ;ury,-ﬁs. (13.42)
Multiplying (13.41) on the left by 8, we obtain, by (13.36),
usp’® = 21': uTﬁT)’T- (13.43)

Since the u, were assumed to be linearly independent, comparison of (13.42)
and (13.43) gives
Blyr = v18°

or

yr{(BT—B% = 0. (13.44)

Since T #+ S, we can choose 8 so that 87 + B5. Then, from (13.44), y; = 0.
hTis holds for all T occurring in (13.41), and it therefore follows that ug = 0.
From (13.37) it now follows that ug; = Ofor all T'; that is, all ug are zero, Q.E.D.

From the theorem just proved now follows: U is simple; that is, there are no
two-sided ideals in W except for {0} and W itself.

Indeed, if m is a two-sided ideal, then %/m is a ring in which the residue classes
ig satisfy (13.36) and (13.37); all the @ therefore either are zero or are linearly
independent over Z. In the first case m = 9, and in the second case m = {0}.

Combining these results, we have: The crossed product W is a central simple
algebra over P.

CYCLIC ALGEBRAS

If the Galois group G is cyclic, then the crossed product U is called a cyclic(
algebra. All elements T of ® are in this case powers of a generator S,

T, = S* k=01,...,n-1),
and all the u;-can be chosen as powers of wg,
ur = (ug)* k=0,1,...,n-1). (13.45)

This choice of the # is in agreement with the previous convention of choosing
ug to be the identity element of U:

ug = (u5)’ = e.
The nth power of ug is the product of the (n— 1)th power and the first power.
From this there follows by (13.27) that ‘
(ug)" = €, (13.46)

where 8 is an element of Z. This single element determines the entire system of
factors, since, for i+k <n,

(“s)‘(“s)k = (us)Hk
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and, for i+ k=n,
(us) - (us)* = (ug)'** ™" (us)" = (ug)'**~"-8.

The factors 8 are therefore equal to 1 or § depending on whether in T = S*
and R = S* the sum of the exponents i+k<n or >n.
Multiplying (13.46) on the left or right by ug gives

(l‘ls)n-l.'.1 = uss = Sus.
From this it follows by (13.36) that
§ =85,

Hence & is invariant under the group ® and therefore lies in P. If this is the case,
then all of the associativity conditions (13.41) are satisfied ; 8 therefore is subject
to no conditions except § = O and € P,

If ug is replaced by vg = ugy, then

(vs)" = (usy) (usy)- - - (usy)
= ()" ...
The product of all the conjugates of y is the norm of y over P. It follows that
(vg)"= e with e = 8N(y). (13.47)

We thus have the following.

As the crossed product of a cyclic field % with its Galois group ®, a cyclic algebra
W is completely determined by prescribing a single element 8 % 0 of the base field
P. This element can be multiplied by the norm of any arbitrary element y %= 0 of Z
without changing the algebra .

Following Hasse, the cyclic algebra 2 is denoted by (8, %, S).

If we take for P a field of characteristic +2 and for £ a quadratic extension
field P(\/ —a)and if we put 8§ = — B, then we obtain as the cyclic algebra precisely
the generalized quaternion algebra of Example 2.

The cyclic algebras, in spite of their simple structure, are very general. Indeed,
Brauer, Hasse, and Noether have proved a “Hauptsatz’ (J. Reine u. Angew.
Math., 167, 399) which states that every central division algebra over an algebraic
number field of finite degree is a cyclic algebra.

Exercises

13.4. The center of a ring is again a ring.

13.5. The complete matrix ring P, is a central simple algebra over P.

13.6. If all the factors 85 ; = 1, then the crossed product of Z with ® is the
product of X with the group ring of ®.
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A

13.4 ALGEBRAS AS GROUPS WITH OPERATORS.
MODULES AND REPRESENTATIONS

An algebra U, considered as an Abelian group with respect to addition,
admits two operator domains.

1. The field P. With this operator domain the admissible subgroups are linear
subspaces.

2. The algebra ¥ itself, the elements of which can be considered left or right
operators. The admissible subgroups in this case are the right ideals, the
left ideals, and the two-sided ideals.

We shall agree once and for all, when considering (left, right, or two-sided)
ideals in an algebra, always to include the field P as an operator domain. This
means that the admissible left ideals are only those subgroups which with a
also contain not only every ra (r in ) but also every @B (8 in P); a corresponding
statement holds for right ideals. The admissible ideals are therefore always
linear subspaces as well. Thus, two left ideals are operator isomorphic if there
exists an isomorphism which, if it takes a into 4, also takes ra into rd and af
into @B. A leftideal is called simple or minimalif it contains no admissible left ideals
except itself and the null ideal.

With this restriction of the ideal concept, the maximal and minimal condltlons
are satisfied for the ideals of an algebra.

Every nonempty set of (right, left, or two-sided) ideals contains a maximal ideal,
that is, an ideal which is contained in no other ideal of the set, and a minimal ideal
which contains no other ideal of the set.

For by the above agreement every ideal is also a linear subspace, and in every
nonempty set of linear spaces of rank <n there exists a space of greatest and a
space of least rank.

In order to develop the principal theorems of algebra theory under quite
general conditions, we shall henceforth consider in this chapter not only algebras
but also arbitrary rings o, for which we shall assume the maximal or minimal
condition for left or right ideals as needed. A ring o may be given an operator
domain Q (which assumes the role of P discussed earlier), the operators 8, v, . . .
of which must satisfy the conditions: ‘

(@a+b)8 = aB+bB (13.48)
(ab)B = (aB)b = a(bh). (13.49)

If such an operator domain is given, then the ideal concept will be restricted
as above by the requirement that each ideal with a should also contain af (8in £2).
When we wish to emphasize this explicitly, we shall speak of admissible right or
left ideals. Only for such ideals will the maximal or minimal condition be imposed.

We must investigate which of the ideal theory concepts, such as sums, products,
and so on, remain meaningful for noncommutative rings with or without



Algebras «s Groups with Operators. Modules and Represe;ltations 49

operator domains. First of all, it is clear that the infersection a N b and the sum
(a, b) of two admissible right or left ideals are again admissible right or left ideals.
A product a-b (the set of all sums ), ab, a € a, b €b) is, as is easily seen, an admis-
sible right ideal if the second factor is an admissible right ideal, and an admissible
left ideal if the first factor is an admissible left ideal. The other factor may be an
entirely arbitrary set or even a single element of o; for example, pb, the set of
all products pa (a € b) is a right ideal if b is a right ideal.

If a is a left ideal and ¢ is an arbitrary set in o, then we can define the left
quotients a:c as the set of x in p such that

X &< a.

The left quotient is again a left ideal, since x¢ £ a and y¢ £ a imply (x—y)
¢ S aand xc & a implies rxc & ra < a for every r of p. If a and ¢ are both left
ideals, then a:c is even a two-sided ideal, since x¢c £ a implies xr¢ S ¢ £ a.
The right quotient of two right ideals can be defined similarly, but we shall have
no need for it.

In order to indicate how incisive the minimal condition is, we prove the
following theorems.

Theorem: If o is a ring with the minimal condition for left ideals and a is an
element of o which is not a right zero divisor in 0, then the equation xa = b is
solvable in o for every b.

Proof: In the set of left ideals 04" (» = 1, 2, . . . ) there must be a minimal one,
say oa™. Since pa™*! g pa™, the case pa™*! < pa™ must be excluded and there-
forepa™*! = pa™. Thus, each product ba™ may also be written in the form ca™*!:

ba™ = ca™*1.
Since m factors ¢ may be canceled on the right- and left-hand sides, it follows
that

b = ca;

the equation xa = b is therefore solvable.

Similarly we have the following.
Theorem: If o is a ring with the minimal condition for right ideals and a is not a
left zero divisor, then ax = b is solvable.

There now follows from both theorems: If o is a ring without zero divisors with
the minimal condition for both right and left ideals, then o is a skew field.

In particular, any algebra without zero divisors is a skew field. Such algebras
are called division algebras.

Exercises

13.7. For a ring with identity the above restriction of the ideal concept to
include P or Q as operator domains is not essential: Every ideal admits
multiplication with P or Q.
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13.8. The existence of a composition series for the left ideals of a ring o is a
necessary and sufficient condition for the validity of the maximal and
minimal condition for these ideals.

In addition to ideals of o, we consider also p-modules, and for such modules
3R we shall write the multipliers of o on the left. We call these modules left
o-modules. If g, 4, ... are elements of p and 4, v, ... elements of M, then it
is required that

a(u+v) = au+av (13.50)
(a+b)u = au+bu (13.51)
(ab)u = a(bu). (13.52)

If the ring p has an operator domain Q, then it is required that 3N also admit
the operators of 2 (which we shall write on the right). It is hereby required that

(u+0v)B = uB+v8 (13.53)
(au)B = a(up) = (aB)u. (13.54)

These modules are therefore double modules (left o- and right Q-modules).

By submodules of a module M we shall always mean admissible submodules,
that is, those which admit the operators of p and Q. A module 9 having no sub-
modules except M and {0} is called simple or minimal. The ring o is called simple
if it is simple as a double module with p as right and left operator domain (and
possibly Q as an additional operator domain), that is, if it has no (admissible)
two-sided ideals except Xor o and {0}.

Multiplication of the elenients of 9t by an element a of p generates an endo-
morphism YU of the Q-module M:

au = Au. (13.55)

To each element a of o there thus correspondsV an endomorphism A4. To the
product ab there corresponds the product 4B, and to the sum a+ b there corre-
sponds the sum A4+ B, which is defined by

(A4+B)u = Au+ Bu. (13.56)

The correspondence g—A is therefore a ring homomorphism. If for B e Q we
define the endomorphism 4B by

(4B)u = (Au)B, (13.57)

then to the product a8 there corresponds the product 4. The ring homo-
morphism a—>A is therefore also an operator homomorphism with respect to Q.
A ring homomorphism with this property is called a representation of o (by
endomorphisms of the Q-module k).

We have seen that every double module M (with o as left and Q as right
operator domain) provides a representation of p. Conversely, if a representation
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a—A of p by endomorphisms of an Q-module M is given and if we define the
product au by (13.55), then I becomes a double module with o as left and Q
as right operator domain.

If o is an algebra over a base field Q, and thus a vector space over Q, then we
usually consider only modules 9t which are also vector spaces over Q; that is,
the identity of Q is the identity operator. The endomorphisms are then linear
transformations of the vector space I, and we are concerned with representations
of o by linear transformations.

The kernel of the homomorphism a—4 consists of elements a such that a9
= {0}; that is, the kernel is the two-sided ideal {0}:9. If the kernel is the null
ideal, and the homomorphism is thus an isomorphism, the representation is
called faithful.

The representation a—A is called (as in section 12.4) reducible if the representa-
tion module I has a submodule N distinct from {0} and 9. If no such submodule
exists, then M is simple and the representation a—A4 is called irreducible.

If the module I is completely reducible in the sense of Section 7.6, and is thus
the direct sum of simple modules, then the representation is called completely
reducible. The appearance of the matrices of a.reducible and that of a com-
pletely reducible representation were given by (12.14) and (12.17).

Two representations of o are called equivalent if they are given by isomorphic
double modules. In the case of a finite-dimensional vector space this means
that with the appropriate choice of basis the matrices of both representations are
the same.

Although these relations are very simple, they are of the greatest importance
for the structure and representation theory of algebras. In Section 13.2, Example
2 we o'tained a representation of the quaternions in terms of two-by-two matrices
by ccnsidering the quaternion algebra 2 itself as a double module (with U as
left and X as right operator domain).

13.5 THE LARGE AND SMALL RADICALS

A (left or right) ideal a is called nilpotent if some power a™ is the null ideal {0}.
Lemima 1: The sum (a, b) of two nilpotent left ideals is nilpotent.
Proof: Let a™ = b" = 0. Writing out the ideal (a, b)"*" !, we obtain a sum
of products each containing m+n— 1 factors a or b. In such a product the factor
a occurs at least m times or the factor b occurs at least n times. In, say, the first
case the product has the form
A SRRY ERR P

with at least m factors a. Since now pa < o, it follows that
c.@egeerare S @ = {0).
All products are therefore {0}, and we obtain
(a, By"**~1 = {0}
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Lemma 2: Every nilpotent left (or right) ideal is contained in a nilpotent two-sided
ideal.
Proof: Let[be a nilpotent left ideal: [* = {0}. Then [o is also nilpotent:

o) =1oD)* *oc " 1o =1 = {0}.

Theright ideal (I, Io) generated by is therefore the sum of two nilpotent left ideals.
It is thus itself a nilpotent left ideal and therefore a nilpotent two-sided ideal.

We now define the small radical it of o to be the union of all nilpotent two-sided
ideals. By Lemma 2, all nilpotent left and right ideals also lie in this union; R
may therefore also be defined as the union of all nilpotent left (or right) ideals.
It may also be said that g lies in i if a generates a nilpotent left (or right) ideal.

If the ring o is an algebra or, more generally, if p satisfies the minimal condition
for left ideals, then the small radical R coincides with the large radical R, which
will be defined presently. In this case we may therefore omit the adjective “small’’
and call R = N the radical of the algebra.

An algebra without radical, that is, an algebra whose radical is the null ideal,
is called semisimple. The structure of semisimple algebras has been clarified by
J. H. MacLagan-Wedderburn. His principal theorems state as follows.
Theorem: Every semisimple algebra is the direct sum of simple algebras with
identity, and every such simple algebra is isomorphic to a complete matrix ring
over a skew field.

E. Artin (4bh. Math. Sem. Univ. Hamburg, 5, 245) extended the theorems of
Wedderburn to rings with the minimal condition for left ideals. Without such a
conditicn it was not possible to obtain simple structure theorems. This is because,
as was then already suspected, the radical R is too small. Various authors,
including R. Baer and J. Levitzki, have defined larger radicals, but N. Jacobson
was the first to obtain structure theorems for rings without radical by an appro-
priate definition of the radical R. The reader is referred to Jacobson’s book
Structure of Rings (1956) for a comprehensive treatment of the entire theory.
We shall here restrict ourselves to several main theorems.

In his book Jacobson defines the radical R of a ring o as the set of all elements a
which are represented by zero in every irreducible representation. He then
proves that the radical R can also be obtained as the intersection of certain
maximal right ideals which he calls “modular” right ideals. We can use left ideals
in place of right ideals; this makes no difference. We shall here use the modular,
maximal left ideals for the definition of ‘R.

A left ideal is called modular if there exists an element ¢ of o with the property
that

ac=a(f) forallaceo. (13.58)

In a certain sense the element ¢ plays the role of a right identity mod £. The
word “modular” comes from “module,” an old word for identity element.

We now define the large radical, or briefly the radical, R of a ring p as the
intersection of all modular, maximal left ideals £. If there are no modular,
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maximal left ideals except o itself, then the radical is the entire ring and this
ring is called a radical ring.

Let £ be a modular, maximal left ideal. The factor module /€ is therefore
simple and provides an irreducible representation. The kernel of this representa-
tion is the two-sided ideal

B=2L:0o (13.59)
or the set of all @ with the property that
ao c L. (13.60)
Property (13.60) is equivalent to
abe g for all beo. (13.61)

In particular it follows from (13.60) that ac € £, and hence from (13.58) a € £.
This holds for all @ in P ; therefore,

Pcl (.13.62)

To each £ there belongs a P = L: 0. The intersection of all B is, by (13.62),
contained in the intersection of all the £ and therefore in the radical. We shall
now show, conversely, that R is contained in all the ideals P and therefore also
in their intersection. :

Let a be an element of R. We must show that (13.61) is satisfied for arbitrary
b and  and thus that q lies in every left ideal

Q'=2Q:5.

Now a lies in p and in all modular, maximal left ideals of o. It therefore suffices to
show that £’ is either o or is modular and maximal in .

For fixed b and &, to each element x of o there correspond the product xb
and therefore also the coset xb+ £ modulo £. The correspondence is a module
homomorphism. The kernel of this homomorphism is precisely £ = & : b;
therefore, o/’ is mapped isomorphically into o/Q. Now p/{ is minimal, and
there are thus two possibilities. Either 0/Q’ is mapped isomorphically onto zero
and is therefore itself zero, or /€’ is mapped isomorphically onto 0/L. In the
first case ' = p; in the second case £’ is modular and maximal in o just as £.

_ Summarizing, we have the following.
Theorem 1: The radical R is equal to the intersection of the two-sided ideals
B = L : 0 and is thus itself a two-sided ideal.

We now form the factor ring o = o/R. To each modular, maximal left ideal
2 of p there corresponds a modular, maximal ideal § = £/R of 5. Hence we have
the following.

Theorem 2: The factor ring ofR is a ring without radical; that is, the radical of
o/R is the null ideal.

Rings without radical are called semisimple. Theorem 2 may therefore also

be formulated as follows. The factor ring of o by the radical ‘R is semisimple.
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Exercises

13.9.  Each left ideal £’ such that o/’ is operator isomorphic to o/ gives
the same quotient:

. L :0=L:0=9P

13.10. Let Q be a modular left ideal. Then I = Q :p is a two-sided ideal
contained in € which contains all two-sided ideals contained in €.

We shall later need the following theorem,
Theorem 3: Any modular left ideal | + o can be extended to a maximal left
ideal & + o (which is, of course, again modular).
Proof: Let ¢ be an element of o with the property that

ac = a(l) forall aino. (13.63)

The left ideal | does not contain ¢. We consider the set of all left ideals [ which
contain [ but not ¢. From these left ideals [’ we choose a maximal one £. Such
an ideal exists by Zorn’s lemma (Section 9.2). This £ is modular, since it contains [.
It is also maximal and +0. Indeed, if &’ is an ideal properly containing £,
then L' contains the element ¢ and therefore every element of o by (13.63).

To investigate the relationship between the large and small radicals, we need
th:: expedient of a new product.

13.6 THE STAR PRODUCT

The star product a»b of two elements a and b of a ring o is defined by
axb = a+b—ab.

Jacobson writes a o b for this and calls it “circle composition.”
The star product is associative, and zero is the identity element of star multi-
plication:
Oxa = a = ax0.

If o has an identity element 1, then a*b = ¢ may be defined by
(1-a) (l—b) =1-—c
A left star inverse z' of a given z is defined by
z«z2=0 or z'4+z-2z=0
or, if an identity element is present, by
(1-2)(1-2)=1.

An element z which has a left star inverse z’ is called left star-regular (or left
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quasi-regular). The concepts of a right star inverse and right star regularity are
similarly defined by the condition z#z’ = 0.
An element z is called star-regular if there exists a z’ which is both a left and
right star inverse of z:
Z'sz = 0 = z»2’,

Theorem 4: Any nilpotent element z is star-regular.
Proof: If z™ = 0 and if we put

then z'«z = 0 = z+z’, Hence z is star-regular.
If all elements of a left ideal [ are left star-regular, then they are star-regular.
Indeed, let z be an element of [ and z’ be its left star inverse, so that

z2'=z'z—2z.
Then z' lies in | and therefore has a left star inverse z”. Hence

Z = 0%z = Z"%z'%z2 = 2"%0 = 2",
and thus
zxz’ = z"%2' = 0;

that is, z’ is not only a left star inverse, but also a right star inverse of z.

A left or right ideal all of whose elements are star-regular is called star-regular.
By what has just been proved, it suffices for a left ideal that all elements be left
star-regular. The same is true for a right ideal if all the elements are right star-
regular,

Theorem 5: The radical ‘R is a star-regular left ideal which contains all star-
regular left ideals.
Proof: Let z be an element of R. We must show that z has a left star inverse.
We form the set of all elements '

' Xz—X,

where x runs through the ring o. This set is a modular left ideal, where z assumes
the role formerly played by c. If this left ideal contains z, then this means that
there exists an x with the property that

zZ = XZ—X.

From this it follows that x*z = 0, and therefore x is a left star inverse of z. If
the modular left ideal does not contain z, then it %o and can therefore be extended
to a modular, maximal left ideal & + p by Theorem 3. Now z lies in R and R
is the intersection of all modular, maximal left ideals; z is therefore contained in
L. Then all elements :
x = xz—(xz2—X)

also lie in £; that is, £ is equal to o, although it was assumed that £ =+ o.
Each element z of R therefore has a left star inverse, and hence R is a star-
regular left ideal.
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Now let [ be a star-regular left ideal. We wish to show that [ is contained in
every modular, maximal left ideal £ and therefore also in R.
If | were not contained in g, then (g, I) would be the entire ring o:

&n=o (13.64)
Since £ is modular, there exists an element ¢ with the property that
ac=a(Q) forall aeop. (13.65)

This element ¢ must, by (13.64), admit a representation of the form y+ z, where
yisin L and z is in [. From this it follows that

¢ = z(). (13.66)
Since z lies in [, z has a star inverse z°:
z+2'—2'z=0. (13.67)

From (13.66) and (13.67) it follows that
’ ctz'—z'e= 0(2):
and hence, by (13.65),
¢ = (),

which is impossible.

The equality of the left and right radicals follows easily from Theorem 5.
Indeed, if the right radical R’ is defined as the intersection of all modular,
maximal right ideals, then R * is a star-regular two-sided ideal which is therefore
contained in R by Theorem 5. Similarly, R is contained in R’ and therefore
R = R’. Theradical N can therefore be defined as the intersection of all modular,
maximal left or right ideals or as the union of all star-regular left or right ideals.

A left or right ideal is called a nil ideal if all its elements are nilpotent. It follows
immediately from Theorem 4 that every nil ideal is star-regular. From this and
Theorem 5 we obtain the following.

Theorem 6: All nil ideals are contained in the radical ‘R.

In particular, all nilpotent ideals are contained in R. Their union is the smail
radical M. We therefore have the following.

Theorem 7: The large radical ‘R contains the small radical ‘R.

Exercise

13.11. A left or right identity of a ring o cannot be star-regular and is therefore
never contained in the radical R.

13.7 RINGS WITH MINIMAL CONDITION

We henceforth assume that the minimal condition for left ideals holds in o.
Under this assumption we first prove the following theorem.
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Theorem 8: The radical R is nilpotent.
Proof: In the sequence of powers R™ there exists 2 minimal ideal R*. Since
R2" is contained in K", it follows that

mZn =mn

or, setting R" = S, that G2 = S. We wish to show that S = {0}.
If © + {0}, we consider the set of all left ideals ¥ such that

Ic6 (13.68)
S + {0} (13.69)

This set is nonempty, since & is such a left ideal. There thus exists a minimal
ideal J,, with the properties {13.68) and (13.69). By (13.69), there exists a b in 3,
such that ©b + {0}. The left ideal Gb is contained in J, and has properties
(13.68) and (13.69); therefore Sb = J,,. There thus exists an element z in &
such that zb = z. Since z lies in R, z has a left star inverse z’ by Theorem 5:

z42'—22=0. (13.70)

Multiplying this equation on the right by b, it follows that & = 0, which
contradicts the assumption that ©b + {0}. Hence © = {0}, and thus R" = {0}.

The small radical ¢ contains all nilpotent two-sided ideals, and thus 9t 2 R.
On ‘he other hand, |’ = R by Theorem 7. We thus have the following.
Theorem 9: The small radical R is equal to the radical R.

Since R contains all nil ideals by Theorem 6, there follows the next theorem.
Theorem 10: Al nil ideals are nilpotent.

The factor ring o/R is semisimple by Theorem 2. If the minimal condition for
left ideals holds in o, then it naturally also holds in o/R. We now investigate
quite generally the structure of semisimple rings with the minimal condition for
left or right ideals.

Theorem 11: Every semisimple ring o with the minimal condition for left ideals
is the direct sum of simple left ideals 1.

Proof: The radical of o, that is, the null ideal, is by definition the intersection
of the modular, maximal left ideals £. We shall first show that the null ideal is
the intersection of finitely many of these €.

We consider the set consisting of all intersections of finitely many modular,
maximal left ideals £. In this set there exists a minimal ideal

[=8,n---NnQ,. -

1+ {0}, there would exist an £,, , ; whose intersection with [ were a proper
subset of [. This contradicts the minimal property of [. Hence [ = {0} and

0}=82,n---nNng, (13.71)

If in this intersection representation an £; occurs which contains the inter-
section of the others, then this £, is redundant in (13.71). If all the redundant £,
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are deleted in (13.71), there remains finally and irreducible intersection repre-
sentation
0=8n---nNng, (13.72)

in which no £, contains the intersection [; of the others. The sum (£,, [,) is then
an ideal properly containing £; and is therefore equal to o since €, is maximal:

(21, I;) = D. ’ (13.73)

Equations (13.72) and (13.73) state that {0} is the direct intersection of the
maximal left ideals £,;. From this it follows by Section 13.1 that o is the direct
sum of the left ideals |;:

o=I+-+L. (13.74)
From Section 13.1 we also have the operator isomorphisms
Iy = 0/, (13.75)

so that the [; are simple, since the factor modules 0/&; are simple. This completes
the proof.
By (13.74) each element g of o can be uniquely represented as a sum

a=a;+ - "+a, (a;€l). (13.76)
In (13.76) we may select a particular term a; and write, in place of (13.76),
a= ai+bi (ai € I‘, b‘ € 8()- (13.77)

The term a; is called the [;-component of a. The correspondence a—>g; is an
operator homomorphism with kernel £,. Two elements @ and a’ are congruent
(mod L)) if and only if they have the same [,-component a;.

A ring element ¢ with the property ¢* = c is called idempotent. We now prove
the following.

Theorem 12: With the hypotheses and notation of Theorem 11 :

Each 1, is generated by an idempotent element e;:

_ 2 _ ,.
[; = oe, e = ¢

The elements e; are mutually annihilating:

ee, =0 for i%k; (13.78)
The l,-component a; of any a is obtained by multiplication with e;:
a, = ae;; (13.79)
The sum
e=e;+- ' +e, (13.80)

is the identity element of v.
Proof: Since £, is modular, there exists an element ¢; of o with the property

ac,=a(8) foralla. . (13.81)
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We now decompose ¢; as in (13.77):

¢; = e;+f; (13.82)
From this it follows that ac; has the decomposition
ac; = ae;+af;. : (13.83)

From congruence (13.81) it follows that ac; and @ have the same [;-component.
By (13.83), therefore,
a, = ae,. (13.84)

This completes the proof of (13.79).
If a runs through the ring o, then g, runs through the ideal [;; hence

I, = oe;. (13.85)
Putting a = e; in (13.84) gives
€; = e,-z. (13.86)
Putting a = ¢, in (13.84) gives
0=ee; (k=+1i. - (13.87)
This completes the proof of assertions a, b, and c.
P itting
e=e+- - +e, (13.88)
it follows from (13.84) that . "
ae = age;+ - +ae,= a,+--*+a, = a; (13.89)

that is, e1is a right identity of p. It remains only to show that e is also a left identity.
The elements a —ea form a right ideal r. For any b we have be = b and thus

b(a—ea) = ba—bea = ba—ba = 0.
In particular,
(a—ea)® = 0.

Thus r is a null ideal and is therefore contained in the radical by Theorem 6;
but then r is the null ideal, and so for all a we have

a—ea =0;
that is, e is a left identity.

A ring which as a left module is completely reducible—that is, the direct sum
of simple left ideals—is called completely left-reducible. We may now combine
Theorems 11 and 12 as follows.

Every semisimple ring with the minimal condition for left ideals is completely
left-reducible and has an identity element.

The converse of this theorem is also true.

Theorem 13: Every completely left-reducible ring with a right identity is semi-
simple and satisfies the minimal condition for left ideals.
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Proof: Let
o=1[+--+I, (13.90)

be the decomposition of o into simple left ideals, and let €, be the sum of all the
I; except [;. Then p/¥; = I;, and £, is therefore maximal. If e is the identity
element of p, then ae = afor all a; each L, is therefore modular. The intersection
of the £, is {0} by Section 13.1, and hence p is semisimple.

By section 7.6, o has a composition series of length n. By Section 7.4, there is
a composition series which includes any left ideal 1. The section of this com-
position series from [ to {0} has length m < n; this number m is called the
lengthof 1. A proper sutideal |’ of [ has a smaller length than [, since we can pass
a composition series for [ through . In every nonempty set of left ideals there
exists a left ideal ['’ of smallest length. This ['’ is a minimal ideal of the set, since
any proper subideal [’’’ would have smaller length. The minimal condition for
left ideals therefore holds in p.

13.83 TWO-SIDED DECOMPOSITIONS AND
CENTER DECOMPOSITION

In Section 13.7 we investigated the direct-sum decomposition of a ring o
in terms of left ideals under particular assumptions; we now wish to see what
can be said about decomposition in terms of two-sided ideals.

Theorem 14: If g ring o with identity can be represented as the direct sum of
directly irreducible two-sided ideals distinct from the null ideal:

D=a;+- " +0a, (13.91)

then the ideals a, are uniquely determined.
Proof: If there is a second decomposition

0=C+" " +Cn
then
€ = 0C; = (@3€4, A5Cqs + « o5 @yCe)
The sum on the right-hand side is direct, since
Q¢ S Agy-.50, S Qe

Since ¢, is directly indecomposable, all the products a,c, must be zero with the
exception of a single one, say, a;¢,. Thus,

¢, = q4¢ & ay.
In the same manner we show that q, is contained in some ¢; ,and hence
Gsa &6

from this it follows that i = 1 and ¢; = a,. Each ¢; is therefore equal to some q;.
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This uniqueness does not hold in the case of one-sided decompositions.
We now prove: If o is the direct sum of two-sided ideals a;, then the center 3
of v is the direct sum of the centers 3, of the rings a;.

3=3u+ -+ 3w

Proof: Letz = z,+-:-+z, be an element of the center, and let x = x;+ -
+ x, be an arbitrary element of o. Then zx = xz and hence

Zy Xyt 2Ky = XyZy X2y (13.92)

From this it follows that z,x; = x,z, for all x; in a; so that z; lies in the center
of a;. Conversely, if each z; lies in the center of a;, then (13.92) holds for all x;
hence zx = xz, and z lies in the center of o.

The preceding considerations hold for arbitrary rings p. We now assume that
D is semisimple and that the minimal condition for left ideals is satisfied. Then
o is completely left-reducible :

0=1I+ -+ (13.93)
and has an identity element:

e=e+°-+e, (gel). (13.94)

If now u is a two-sided ideal, then each ae; is a left ideal contained in [; and is
therefore equal to either [; or {0}. The I; can be ordered so that

ae; = [1, veay 08y = Im’ A +1 = {0}, .oy 08, = {0}.

Then Iy, ..., [, are contained in a, and therefore [, + - - - +1,, is also contained
in a. Each element a of a is equal to

a =aqe = ae;+" " +ae,
In this sum ae,, ., . . ., ae, are all zero, and the sur;n thus reduces to
a = ae;+- - - +ae,.
Hence, a € [, + - - - +1,, and thus
a=L+ -+, (13.95)

or in words: Every two-sided ideal a is the sum of a certain number of the |,.
For the [; occurring in (13.95) we have

aI; = aoe; = ae; = I;,
and for the I, not occurring in (13.95), on the other hand,
aI,, = Q0e, = Qe = {0}.

The [; occurring in (13.95) can therefore also be characterized by the fact
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that they are not annihilated by a:
al; + {0}.

If an [; has this property, then all the I; which are operator isomorphic to I,
likewise have the property al; + {0}. Thus, if an [; occurs in (13.95), then all the
[; isomorphic to it also occur.

Suppose that [}, . . ., [, are isomorphic to I; and the others are not. We assert:
ay = ly+ -+ +1, is a two-sided ideal.

Proof: For any b €o.

alb = C(lbe = al(bel+ t +be,‘)
S (albe,_, ey albeg, oy albe,,)
S (Il,...,Ig,O,..-,O) = Q.

Hence a, is a right ideal and therefore a two-sided ideal.

In this manner a two-sided ideal q; can be formed from any class of isomorphic
I;. Let thz\idegals so formed by a;, a,,...,q,.

Now every two-sided ideal a is a sum such as (13.95), and if it contains I, it
also contains all [; isomorphic to [, We thus have the following.

Every two-sided ideal is a sum of a certain number of the two-sided ideals
Ay, - -+ » O,. These are minimal two-sided ideals. The ring o is the direct sum of
the a,: X
D=a;+ " +a, (13.96)

The last assertion follows directly from (13.93).
By Section 12.8, all the a; are rings which are mutually annihilating:

a;a;, = {0} for i+ k. (13.97)

From (13.96) and (13.97) it follows that every left or right ideal of the ring a;
is also a left or right ideal in 0. For left ideals [ the proof goes as follows:

ol =(a;+---+a)l

< (@...,ql
c@©,...,0L,0,...,01;

for right ideals the proofis similar. Hence every two-sided ideal in a; is a two-sided
ideal in p. But since a; is a minimal two-sided ideal, there exist no two-sided ideals
in q; except a; and {0}. Thus each q, is a simple ring with identity element e;.
We thus obtain the next theorem.
Theorem 15: Every semisimple ring o with the minimal condition for left ideals
is the direct sum of simple rings with identity.

In the case of an algebra o, this is the first half of Wedderburn’s theorem
mentioned in Section 13.5.

We now investigate the structure of simple rings with identity.
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13.9 SIMPLE AND PRIMITIVE RINGS

Let o be a simple ring with right identity e:
ae =a for all a. (13.98)

Equation (13.98) states that the null ideal is a modular left ideal. By Theorem
3, there thus exists a modular, maximal left ideal £ + o. The factor module o/
is simple and provides an irreducible representation. The kernel of this repre-
sentation is a two-sided ideal P which, by Equation (13.62), is contained in £
and therefore #p. Since o is simple, P = {0} ; this means that the representation
provided by o/8 is faithful.

A ring which has a faithful irreducible representation is called primitive. We
thus have the following.

Theorem 16: A simple ring with identity is primitive.

W now investigate whether the converse is also true.

Lt p be a primitive ring and let M be a simple 0-module providing a faithful
representation of p. Let u be an element of IR which is not annihilated by o.
Then pu is a submodule of M which is not null and therefore equal to M. The
mapping x—xu defines a homomorphism of o onto I whose kernel is a left
ideal £ of . The factor module 0/Q is isomorphic to I and therefore simple;
this means that £ is maximal. Since ou = I, u must have a representation of
the form cu:

u= cu.

From this it follows that au = acu for all a of o. The mapping x—xu therefore
assigns the same element of I to the elements a and ac. It follows that

a = ac(f);
that is,  is modular.

Because of the isomorphism I = o/{, the representation provided by I is
equivalent to that provided by 0/Q. The kernel of the latter representation is the
two-sided ideal

P=2L:o.

Since the representation is faithful, it follows that B = {0}. The radical R of o
is contained in B by Theorem 1; therefore R = {0} and o is semisimple. We thus
have the following. '

Theorem 17: A4 primitive ring o is semisimple.

In the first part of the proof the fact that the representation is faithful was
not used. Only the facts that the module I is simple and that all elements of IR
are not annihilated by o were used. We thus have the following theorem for
arbitrary rings. ‘

Theorem 18: FEvery simple v-module IR which is not annihilated by o is iso-
morphic to the factor module o/ of o by a modular, maximal left ideal £. If B is
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the kernel of the representation provided by IR, then the radival R is contained
in B; that is, all elements of R are represented by the zero element.

We now return to the study of primitive rings. Since o is semisimple, it follows,
assuming the minimal condition for the left ideals, that o is a direct sum of
minimal left ideals:

D= [1+"'+In-

At least one [; is not contained in £, since otherwise the sump = [, + - +I,
would lie in 2, which is not the case. The sum (I;, £) is then equal to o, since
is maximal; the intersection [; N L is null, since [; is minimal. We have therefore
the isomorphism

o/ 1.

The module I is thus isomorphic to a simple left ideal [;, and the representation
provided by IR is equivalent to that provided by 1;.

By section 13.8, p is a direct sum of two-sided ideals a, which, except for a
single one, are all represented by zero in the representation provided by I;. If
the representation is faithful, there can be only one a,; this means that o is itself
a simple ring with identity. We thus have the following theorem.

Theorem 19: Every primitive ring with the minimal condition for left ideals is
simple and has an identity element.

Combining Theorem 16 with Theorem 19, it has been shown that for rings
with the minimal condition, and thus in particular for algebras, the properties
“primitive” and “simple with identity”” are equivalent.

Jacobson has clarified the structure of primitive rings in general (without the
minimal condition). Every primitive ring o can be imbedded in the ring O of
linear transformations of a vector space in such a manner that D is the closure
of pin a particular topology in ©.° Here the vector space will be constructed,
and the imbedding of o in O will be given.

In this construction the endomorphism ring of an o-module plays an important
role. The endomorphisms L of an p-module I are defined as mappings of M into
itself with the properties

L(u+v) = Lu+ Lo (13.99)

L(au) = a(Lu). (13.100)

Property (13.100) implies that the mapping L commutes with the transforma-
tion A of the representation a—A provided by I:

LA = AL  forall 4.
If <M also has a right operator domain, then the property
L(up) = (Lu)B- (13.101)

for all B in Q is required in addition to properties (13.99) and (13.100). If, for
example, Q is a field and M is a vector space over this field, then properties (13.99),

5N. Jacobson, Structure of Rings (1956), Chapter II.
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(13.100), and (13.101) imply that the endomorphisms L are linear transforma-
tions of the vector space M which commute with all the linear transformations
A of the representation a->A4.

If the sum and product of endomorphisms are defined according to Section
6.9 by

(L+M)u = Lu+ Mu
(LM)u = L(Mu),

then the endomorphisms form a ring, the left endormorphism ring of the module
Mm.

In the following it will often be expedient to write the endomorphisms as right
aperators A, p, . . . and define their product by

u(p) = (.
In place of (13.99), (13.100), and (13.101) we then have
(u+0)A = ur+vA (13.102)
(aw)r = a(uX) (13.103)
WA = W) for Beq. (13.104)

The right endomorphisms likewise form a ring, the right endomorphism ring
of the p-module 9R. Whenever in this and the following section we speak simply
of the endomorphism ring of a module, the right endomorphism ring is always
meant. It is anti-isomorphic to the left endomorphism ring; that is, to each left
endomorphism L there corresponds a right endomorphism A in a one-to-one-
manner, to the sum L+ M there corresponds the sum A+ pu, and to the product
LM there corresponds the product uA.

The endomorphism ring of a simple o-module is a skew field K.

The endomorphism ring naturally has an identity, the identity automorphism .
We must therefore only show that each endomorphism A # 0 has an inverse
A~1, The endomorphism A maps 3% onto a submodule A, IfX + 0, this submodule
is not the null module, and it must therefore be equal to M. The set of elements
mapped by A onto 0 is also a submodule of M. If A == 0, this submodule is not M
and must therefore be the null module. The endomorphism A therefore maps
isomorphically onto itself. It then has an inverse automorphlsm A~ which is
what we wanted to show.

The skew field K is called the endomorphism field of the simple p-module IR.
Since the identity element ¢ of K is the identity operator, M is a vector space over
K. The relations

a(u+v) = au+av

a(ud) = (au)A

imply that the elements a of o generate linear transformations A of the vector
space M. The mapping a—A4 is a ring homomorphism. If the representation is
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faithful, then the correspondence a—A is an isomorphism and the ring o is
imbedded in the ring O of linear transformations of the vector space .

Exercises

13.12. In a completely reducible representation of a ring o the radical R is
always represented by zero.

13.13. A simple ring which is not primitive is nothing other than a simple
additive group; all the products ab are zero.

13.14. A simple algebra without identity is a one-dimensional vector space
a,P with a,®> = 0.

13.10 THE ENDOMORPHISM RING OF A
DIRECT SUM

Let M = M, + - -+ +M, be the direct sum of n simple modules. We wish to
investigate the endomorphism ring of .
If an element u of M is decomposed into its M,-components:

u=u+--+u, (13.105)

then each of the mappings u—u; is an endomorphism «,. The sum of these endo-
morphisms is the identity ¢:
v=Ky+ K, (13.106)

Every endomorphism can be decomposed as follows:

po= g = Q) p(Yx)

= Kh}LKl-
If we put
Kppelcy = [rpis (13.107)
then
Mm = hzi,uql;. (13.108)

Each of the endomorphisms p,; maps IR, into IR, and all the other M, (k + A)
onto zero. We may also say that u,; is a homomorphism of M, into M,. The n?
homomorphisms g, in (13.108) may be chosen arbitrarily; their sum is always
an endomorphism u, and every u cah be obtained in this manner. The decomposi-
tion of  into homomorphisms y,; of M, into M, is unique, since (13.107) follows
immediately from (13.108) on multiplying on the left with «, and on the right
with «;.

If u=Y p, and v =) v, are two endomorphisms, then their sum and
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product can easily be formed. It is to be noted that w, v, is zero if i + j. We
obtain

ptv = Z:i(ﬂm‘l“’m) (13.109)
pr =y (; ;L,,iv,-k). (13.110)

The p,,; can be arranged in the form of a matrix (p,;). To each endomorphism
. there thus corresponds a matrix of homomorphisms u,; which may be chosen
arbitrarily; to the sum u+v there corresponds the matrix sum, by (13.109), and
to the product pv there corresponds the matrix product, by (13.110).

In general, many homomorphisms yu,; are equal to zero. Indeed, we have the
foliowing theorem.

If M, is mapped homomorphically into IR, and the mapping is not the null opera-
tor, then it is an isomorphism of M, onto IN,;.

Proof: The kernel of the homomorphism is a submodule of I, and hence is
equal to {0} if I, is not mapped onto zero. The image module is a submodule
of M, and hence is equal to M, if it is not {0}.

From this theorem it follows that u,; = 0 except when IR, =~ IN,. If we parti-
tion the modules M, into isomorphism classes and enumerate them so that
M,, ..., M, are mutually isomorphic, likewise M, 4, ..., M,,,, and so or,
then the matrices (u,;) evidently decompose into square blocks of g, 7, . . . rows
and columns while the entries outside these blocks are all zero:

/ Biy- . Pyg \

Hq1 - - -Hgq

Mg+1sg+1---

Fgtr g+t ---

\ |

If we write arbitrary elements in the first block and zeros in ali the others,
then a matrix ring E, is obtained which is a subring of the original matrix ring E;
similarly, writing zeros everywhere except in the second block gives a ring E,,
and so on. It is clear that each element of E can be uniquely represented as a

sum of elements of E,, E,, . . . and that the elements of E,, E,, . . . annihilate one
another. Hence thering E is the direct sum of mutually annihilating ringsE,E,, . . . .
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To determine the structure of E we have now only to study the structure of a
single E;, say E,. To the elements of E, there correspond the g x g matrices

(5 S TRy V)

(13.111)

ql * * *Hqq

of the first block.

Here p, ; is an element of the endomorphism field K, of Mk ,. The other elements
4 do not belong to this skew field, but are rather homomorphisms of MM, into M.
However, we can map them in a well-defined way onto the elements of &, by
choosing ¢ fixed isomorphisms

Bas e v g

which map M, ..., 9, onto M,. For ,; we choose the identity automorphism.
To each u,; we now assign the element

M = P~ " it (13.112)

which belongs to K, (since u,~! maps M, onto M,, p,; maps M, into M;, and
1; maps I, again onto M, ); it is clear that to a sum pu,; +v,; corresponds again
a sum and to the product p,v;; again a product as in (13.110). Thus, to each
matrix (13.111) there corresponds a unique matrix (A,;) with elements in K, to
the sum corresponds the sum, and to the product there corresponds the product.
Hence, E, is isomorphic to the ring of all ¢ x g matrices with elements in the
skew field K, the automorphism skew field of the simple module 3%,.
Combining these results, we obtain the following.

Structure Theorem for Endomorphism Rings: The endomorphism ring of a
completely reducible module I is the direct sum of complete matrix rings E; over
skew fields K,.

13.11 STRUCTURE THEOREMS FOR SEMISIMPLE
AND SIMPLE RINGS

We begin with a ring o having a right identity e:
ae =ag forall a.

We consider o as a module with o itself as left operator domain and seek to
determine the endomorphisms p of this module. These are mappings of p onto
itself with the properties

(a+du = ap+bp

(ab)u = a(bp).
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In the case b = e, the last property gives
ap = alew).

The endomorphism p is therefore generated by right multiplication with an
element d = eu. Conversely, every such right multiplication is an endomorphism:

(a+b)d = ad+bd
(ab)d = a(bd).

The endomorphisms p thus correspond in one-to-one fashion to the elements
d of 0. Sums correspond to sums and products to products. We thus have the
following.

If a ring o with right identity e is considered as a module with o as left operator
domain, then the right endomorphism ring of this module is isomorphic to the ring
o itself.

As an application of this theorem, we determine the structure of semisimple
rings with the minimal condition for left ideals. By Theorem 11, such a ring is
the direct sum of simple left ideals:

o=10+---+L. (13.113)

The endomorphism ring of such a direct sum is a direct sum of complete matrix
rings over skew fields by Section 13.10. On the other hand, o has an identity
element by Section 13.7. The endomorphism ring is therefore isomorphic to the
ring o itself. We thus have the following.

Structure Theorem for Semisimple Rings: Every semisimple ring o with the
minimal condition for left ideals is isomorphic to a direct sum of complete matrix
rings over skew fields.

If the ring p is simple, then there can be only one matrix ring in the direct sum.
We thus have the following,

Structure Theorem for Simple Rings: A4 simple ring with identity which satisfies
the minimal condition for left ideals is isomorphic to a complete matrix ring K,
over a skew field K.

The degree n of the matrices is hereby equal to the number of left ideals in
the decomposition (13.113). Since o is simple, all the [; are isomorphic. The skew
field K is the endomorphism field of a left ideal [,.

If, in particular, p is a simple algebra over a field P, then the elements 8 of P
generate endomorphisms x—xp of the left ideal [;; P can therefore be imbedded
in the endomorphism field K. Further, for each endomorphism A of K,

(xB)A = (xA)B,

and thus 8 commutes with each A of K; that is, P is contained in the center of K.
Since the matrix ring K, has only finite rank over P, K also has only finite rank
over P; that is, K is a division algebra over P. We thus obtain the following.
Wedderburn Theorem: Every simple algebra is isomorphic to a complete matrix
ring over a division algebra. /
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When in the future we speak of a simple algebra, we shall always mean a simple
algebra with identity and thus a complete matrix ring K, over a skew field K.
The multiples ef of the identity element will always be identified with the elements
B of P,

Exercises

13.15. A direct sum of complete matrix rings over skew fields is semisimple.

13.16. A complete matrix ring over a skew field is primitive and simple.

13.17. A commutative semisimple ring with minimal condition is a direct sum
of fields.

13.12 THE BEHAVIOR OF ALGEBRAS UNDER
EXTENSION OF THE BASE FIELD

Let U be a semisimple algebra over the base field P. We wish to examine
the behavior of % when the base field is extended to a field A, that is, to see which
properties of U are hereby preserved and which are lost. The investigation pro-
ceeds as follows: U is assumed first to be a commutative field, then a skew field,
then a simple algebra, and finally a semisimple algebra ; the next more complicated
case is always reduced back to the preceding case. All the rings considered are
assumed to have identity elements.

1. IfWis afinite separable extension field of P, then W, has no radical regardless
of how the field A is chosen; if, on the other hand, Wis inseparable, then, for appro-
priate choice of A, W, has a radical.

Proof: If U is separable, 0 is a primitive element of W (Section 6.10), ¢(2) is
the irreducible polynomial with root 8, and » is the degree of ¢(z), then, by
Section 6.3,

A =P = P+IP+--- +9 1P x P[z]/p(2)

and hence after extending the base field
Wy = A+3A+ - +3 1A > AlzZ]/ 9(2).

Since ¢(z) has no multiple factors in A[z], there does not exist a polynomial f(z)
such that some power of f(z) is congruent to zero modulo ¢(z) unless f(z) itself
is congruent to zero modulo ¢(z) ; that is, there is no nilpotent element in A[z]/¢(2)
except zero. By Theorem 8, the radical of 9, consists of nilpotent elements. Since
there are no nilpotent elements except zero, the radical is the null ideal. This
means then that U, is semisimple.

On the other hand, if U is inseparable and & is an inseparable element of A,
then U has the subfield P($) and U, has the subring A(J) which is isomorphic
to A[z]/¢(z) as above. If A is appropriately chosen, ¢(z) has multiple roots in A,
and there exists in Afz] a polynomial f(z) which is itself not divisible by ¢(2)
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while some power of f(2) is divisible by ¢(z). There thus exists a nonzero nilpotent
element in A[z]/p(2); hence there is also such an element in A($), and this element
generates a nil ideal in ,, since in a commutative ring every nilpotent element
generates a nil ideal. This completes the proof of the theorem.

Since the roles of U and A are interchangeable, the first part of the theorem
may be formulated as follows. If at least one of the fields W and A is finite and
separable over P, then U x A is semisimple. Since W x A is moreover commutative,
we have: W x A is the direct sum of fields (cf. Exercise 13.17).

2. We now proceed to the case where U is a skew field K. This case can be
reduced to the preceding commutative case by means of the following reduction
theorem.

Reduction Theorem: If K is a skew field over P with center Z 2 P, if further A is
an algebra over P, and if we put R = Kx A and 3 = Z x A, then every two-sided
ideal a in R is generated by a two-sided ideal of 3.

The reduction theorem is more easily understood if it is formulated as a module
theorem.

Let K be a skew field which admits certain automorphisms o. Let I be a
module over K of finite rank:

M =z,K+-+z,K.

The autom}r‘phisms o of K induce automorphisms of % according to the follow-
ing definition:
(T(le(l + Lt -l-ZqKq) == Zl(O'KI)+ v +Zq(0"cq).

We now assert: every submodule a of W which admits the automorphisms o has a
K-basis, each of the elements of which is taken into itself by the automorphisms.
Proof: If(zy,...,z)is a K-basis for a, then by Section 4.2 it can be enlarged
to a K-basis of M by adjoining certain z,, say z, .y, . . . , z,. Each element of M
is then congruent modulo a to a linear form in z, 4, . . . , z, with coefficients in
K. In particular, for i =1, 2,...,r,

g
Zi = Zk'yki (mOd a).
k=r41

If we put

q
=2z, — sz')’kir
k=r+1

then the /, are linearly independent elements of a. Indeed, any linear relation
between the /; implies the same relation between z,, . . ., z, and these are linearly
independent. Thus, /,, ...,/ form a K-basis for a. If an automorphism o is
now applied to /;,, we obtain:

g
ol = z;— ), zi{(ovs) ' (13.114)
rl



2 ALGEBRAS

This ¢/, must again belong to a, and it is therefore a linear combination of the
Origj.nal ) -

r q
0'1‘ = leaj = ;zjaj—'gizk;‘y“aj. (13.115)

On comparing (13.114) and (13.115), we find that «; = 0 with the exception of
a; = 1. Hence, ol; = /; as asserted.

In order to obtain the reduction theorem from the module theorem, we take

the inner automorphisms «—B«B~* of K for the automorphisms in the module
theorem. Transformation with B affects a sum z;x; 4 - - - +z,4, in the required
manner : it leaves the z; unchanged and takes «; into Bx;8 1. A two sided ideal a
in Kx A is also a two-sided K-module and admits therefore the automorphisms
a—BaB 1. Thus a has a basis consisting of elements ) z;x, which are taken indi-
vidually into themselves by transformation with 8; this means that the coefficients
x; belong to the center Z of K. These basis elements therefore belong to 3 =
Z x A, and this completes the proof of the reduction theorem.
Remark: The reduction theorem remains true if an arbitrary skew field Q is
taken in place of A, provided that K has finite rank over P. Indeed, if a is a two-
sided ideal of ] = K x Q, then a as well as R has finite rank over Q and therefore
has a finite Q-basis (a,, ..., a,). The basis elements, when expressed in the
form ) w;x;, contain only finitely many w; which generate a finite submodule A
of Q. The module theorem may be applied to the product M = Kx A and the
submodule a N I ; we thus find a module basis for ¢ N IR, and hence an ideal
basis for a, which is invariant under the inner automorphisms of K and therefore
belongs to Z x Q.

Henceforth K and A shall be division algebras over P or, in particular cases,
finite extension fields of P. From the reduction theorem we obtain the following.

If Zx A is simple, then K x A is also simple. If Z x A is semisimple, and thus the
direct sum of simple algebras, then K x A is the direct sum of the same number of
simple algebras and is thus itself semisimple.

Naturally, A may be replaced by its center in the same way that K is replaced
by its center Z.

If the product of the centers of K and A is simple or semisimple, then Kx A is
likewise simple or semisimple. In particular, K x A is semisimple if one of the centers
is separable over P.

If K is central over P, that is, if Z = P, then Zx A = A is a division algebra
and hence simple.

If one of the two division algebras K or A is central over P, then K x A is simple.

3. The transition from division algebras to simple algebras, that is, to com-
plete matrix rings A = K,, is easy. If A is an arbitrary skew field over P, then

AxA=KxA=KxP,xA =z ((KxA)xP,.

If now K x A is semisimple and is thus the direct sum of complete matrix rings,
then to obtain Wx A these matrix rings must be multiplied by P,, that is, the
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degree of the matrices must be multiplied by r. Nothing is changed as far as the
simplicity or semisimplicity of K x A is concerned.

The center of A = K, is equal to the center Z of K. We thus obtain the following.

If the center Z of W = K, is separable over P, then W x A is semisimple. If N
is central over P, that is, Z = P, then W x A is simple however the division algebra
A is chosen.

From the remark following the reduction theorem it follows that the last
result is also true for infinite skew fields A.

4. A semisimple algebra U is the sum of simple algebras A, A’,.... The
product A x A is obtained on multiplying the individual simple summands by A.
If we take A to be a commutative field, we obtain the following.

A semisimple algebra remains semisimple under every separable extension of
the base field. If the centers of the simple algebras W', W', . . . are all separable
over P, then the semisimplicity is preserved under arbitrary extension of the base
field.

5. We have seen that the behavior of simple algebras under extension of
the base field depends entirely on the behavior of the underlying division algebra.
We shall now investigate the behavior of central division algebras somewhat
further.

By what was proved in part 3 above, a central division algebra remains central
and simple under every extension of the base field. It need not remain a skew
field, but may go over into a matrix ring over a skew field. In this case we say
that the extension of the base field effects a decomposition of the division algebra
(a decomposition into simple left ideals).

If K = P is a central division algebra, then there always exists a field extension
which effects a decomposition of K.

Let B be an element of K which does not belong to P; 8 is a root of an irreducible
polynomial ¢(x) of P[x]. The polynomial ¢(x) splits in an appropriate field A;
for example, we may take A = P(B) such that a linear factor is split off from ¢(x).
It was previously shown that A x P(B) =~ A[x]/¢(x); A x P(B) therefore has zero
divisors, and thus the larger ring A x K also has zero divisors. This ring is therefore
no longer a skew field; it can thus only be a matrix ring K. with r’> 1.

Let the symbol (K : P) denote the rank of K over P. Equating the rank over A
of the left and right members of Kx A = K., we obtain

(K :P) = r2-(K’ : A).

The rank of K’ over A is thus smaller than that of K over P. If K’ & A, then
the skew field K’ can also be decomposed by a further extension of the field A.
Then K. goes over into a matrix ring of degree r'r". This process cannot be
continued indefinitely, since the ranks of the skew fields always become smaller.
A complete decomposition is finally obtained in which the division algebra K
has become a matrix ring over A:

Kx A~ A,
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A field A which accomplishes this is called a splitting field of the division
algebra K. The above proof shows that there is always a splitting field of ﬁmte
degree over P. The rank relation above now becomes

(K:P) =

The rank of a division algebra K over its center P is thus always a square number
m?. The number m—that is, the degree of the matrices after complete decom-
position—is called the index of the division algebra K.

A splitting field of K is also a splitting field for K, and conversely, since K x A
and K, x A are complete matrix rings over the same skew field.

Exercises

13.18: A product of two simple algebras over P, of which one is a central
algebra is simple.

13.19. An algebraically closed extension field Q of P is a splitting field for all
central simple algebras over P.



Chapter 14

REPRESENTATION THEORY OF
GROUPS AND ALGEBRAS

14.1 STATEMENT OF THE PROBLEM

Let ® be a group. A representation of ® in a field K is a group homomorphism
which to each group element a assigns a linear transformation 4 of an »-
dimensional vector space over K (or, what amounts to the same thing, an nx n
matrix A4). The dimension # is called the degree of the representation. The repre-
sentation is said to be faithful if it is an isomorphism.

Similarly, a representation of a ring o in K is a ring homomorphism a—A4,
where the A4 are again linear transformations of an n-dimensional vector space.
This definition agrees with that given in Section 12.4. It was shown there that to
each representation of o in K there corresponds a double module (o on the left
and K on the right), the representation module, and, conversely, every such
representation module provides a representation. To isomorphic representation
modules there correspond equivalent representations, and conversely. The
representation is reducible if the representation module possesses a proper
submodule distinct from {0}, and it is irreducible if the module is simple.

If o is an algebra over P, then it is required of the representation that the base
field P be contained in the field K and that a—>A4 imply aS—Ap for all B of P.
For the representation module IR this means that

(afu= (auw)p for aco, BeP, ueM.

The principal problem is to find all representations of a given group or algebra.
The representation problem for finite groups can be reduced immediately to
that for algebras by forming the group ring (Section 13.2)

0=a;K+---+gkK
whose basis elements a4, . . ., a, are the elements of ®. If a;—A4, is the group

representation, then
Z aBi— Z AB;

75
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is a representation of the group ring o, as is easily verified. Conversely, every
representation of the group ring o in K assigns, in particular, linear transforma-
tions to the basis elements ay, ..., a,. Thus: Every representation of a finite
group in a commutative field K can be obtained from a representation of the group
ring.

In the representation theory of algebras it is usually required that the repre-
sentation field K be the same as the base field P. The general case can be reduced
back to this special case by extending the algebra o to oi. If in the original repre-
sentation the matrices 4,, . . ., 4, are assigned to the basis elements a,, ..., g,
of o, then the matrix )’ 4,8, may be assigned to an element ) 4,8, (8; € K) and
the representation of p is thereby extended to a representation of p¢. Thus every
representation of o in a commutative field K can be obtained from a representation
of vg.

A further restriction of the problem is obtained if the ring o has an identity
element. We may then always assume that this identity element 1 is also the
identity operator for the representation module; that is, to it is assigned the
identity matrix in the representation. Otherwise, by Section 12.1, the representa-
tion module is a direct sum M, +M,, where M, is annihilated by o and 1 is the
identity operator for I,. The representation decomposes into two components
of which the first consists only of null matrices, and is thus of no interest; the
second provides a representation in which the identity element is the identity
operator.

An especially important representation of an algebra is the regular representa-
tion, which is obtained by interpreting o itself as a representation module (o on
the left and P on the right). The submodules are precisely the left ideals of o.
The regular representation is completely reducible if the ring is completely left-
reducible. '

14.2 REPRESENTATION OF ALGEBRAS

In Section 13.9 (Theorem 18) we saw that the radical R of an algebra o is
represented by zero in every irreducible representation. The same naturally holds
also for every completely reducible representation, smce any such representation
is obtained from a sequence of irreducible representations. Any completely
reducible representation of o may therefore be interpreted as a representation of
the semisimple algebra o/R.

The following theorem shows how all representations of a semisimple algebra—
or, more generally, of a semisimple ring with the minimal condition for left ideals—
are obtained. By Section 13.7 such a ring o has an identity element and is com-
pletely left-reducible; that is, it is the direct sum of simple left ideals. Every
representation of p is provided by an o-module .

Principal Theorem: Let o be a completely left-reducible ring with identity, and
let M be an 0-module with finite basis. Let the identity of o be the identity operator
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Jor . Then M is the direct sum of simple o-modules. Each of these is isomorphic
to a simple left ideal of v.
Proof: The ring o is the direct sum of simple left ideals by hypothesis:

o=L+-+1. (14.1)

The module M is assumed to have a finite o-basis (u,, . . . , #,). This implies
that

M = (ouy, ..., D0u). (14.2)
Substituting (14.1) in (14.2) gives
M= (. «ay Iiuk, .o .). (14.3)

Those modules [z, which are null may be omitted from the sum on the
right-hand side of (14.3). If [,u, + 0, then x—xu, defines an operator isomorphism
of [; onto l,u;. The modules [;4, which are not null are thus isomorphic to [; and
are therefore simple. If one of the [;u, is contained in the sum of the other such
modules, then this term may be omitted from the sum. This process is continued
until each remaining term [;%, has only the zero element in common with the
sum of the other such terms. The sum is then direct.

The theorem also holds if a right multiplication domain Q with the usual

properties
(a)B = a(uB) = (@Bu  (BeQ)

is also given for p and 9. In application to the representation theory of algebras,
Q is the coefficient field P of the algebra o and at the same time the representation
field. If M is a vector space of finite dimension over P, then IR automatically has
a finite o-basis as required in the theorem.

When applied to semisimple algebras, the theorem states that every repre-
sentation of such an algebra is completely reducible, and each of its irreducible
components occurs as a component in the regular representation. The irreducible
components of the regular representation are, according to (14.1), provided
by the simple left ideals ;.

By Section 13.8, a semisimple algebra o is the direct sum of simple algebras a,:

D= a,+ " +0a, (14.4)

The a, can be decomposed further into minimal left ideals [;. All the [; occurring
in a single a, are isomorphic and thus provide the same representation. The I;
occurring in a, are annihilated by every a, with u % »:

auIi = apav = {0}'

All such a, are therefore represented by zero in the representation provided
by I,. Only q, is faithfully represented. Indeed, the kernel of the representation
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of a, is a two-sided ideal in a,; since q, is simple and is not represented by zero
alone, the kernel must be the null ideal.

We now investigate the representation of a simple algebra which is provided
by an arbitrary simple left ideal of this algebra.

By Section 13.11, a simple algebra p with identity is isomorphic to a complete
matrix ring over a skew field A. If ¢;, denote the matrices which were introduced
in Section 13.2 as Cy;, then

. -

D = ¢ A+c A+ A
A minimal left ideal [ is given by
I = 011A+021A+ Lo +c"1A.

The base field P, which is also to be the representation field, is contained in the
center of A, and A has finite rank over P.

We first consider the case A = P. The basis (¢;;, €31, - - - » ;1) Of | can serve
to determine the matrices of the representation explicitly. If a = Y " ;_; cueu
is an element of o, then

n n
acy; = _Elcikcklaik = _zlcilaik;
l= '=

thus, in the representation provided by | to the element a there corresponds the
matrix (a;;). The isomorphism of p to the complete matrix ring of matrices («;,)
is thus precisely that irreducible representation which is provided by a minimal
left ideal.

It is to be noted that in the case A = P the matrices of the representation
always from the complete matrix ring of degree n. This may also be expressed
by saying that among the matrices of the representation n? of them are linearly
independent.

If now A is a proper extension field of P:

A= A1P+"'+ArP,
then we first form the regular representation of A in P, whereby the matrix
defined by -
B’\j = Z Aiﬁij’ B = (ﬁu)
is assigned to each B of A, We then form

[=¢,0+ " +¢,A
= (e AP+ -+ AP+ (A P+ +6,1AP).
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If we represent an element c¢;; - B of o with respect to this basis, we obtain
/0...0.. .0\

cuB—>10...B...0],

\o...0...0/

where the zeros stand for r-rowed matrices and B occupies the kth position in the
ith row of matrices. On summing, it follows that

All .. 'Alil

i;_lcik“tk"* - -t (14.5)

Anl . ’Arm

where the A;, are again the matrices which correspond to «;, in the regular
representation of A.

From the form of the irreducible representation provided by I it can also be
found how this representation decomposes on extension of the base field P to
a commutative extension field Q. In this extension A goes over into a system
Aq = AxQ and the left ideal | = ¢,,Aq+ - - - +¢,;Aq becomes

I = ¢80+ - +¢, .

If now Ag isreducible and thus contains a proper leftideal I, then [ also contains
a proper ideal
Q' = Clll"‘l' v +Cn11,'

Thus, if Ag decomposes into left ideals I’, then I, decomposes into the same
number of left ideals &’. The reducibility or decomposition of the irreducible
representation of v provided by | on extension of P to Q is thus completely determined
by the reducibility or decomposition of the algebra A, into left ideals.

If A + P, then by Section 13.12 the field Q can always be chosen so that A,
contains zero divisors; it is therefore no longer a skew field and thus contains at
least one proper left ideal. The representation provided by [ which is irreducible
in P then becomes reducible in Q. In the case A = P, on the other hand, the
representation provided by [ is absolutely irreducible; that is, it remains irre-
ducible under any extension of the base field. Thus A = P is the necessary and
sufficient condition that the representation irreducible in P be absolutely irreducible.

If the algebra o is not simple but only semisimple, and thus a direct sum of
simple algebras a; + - - - +a,, and if [ is a left ideal of a,, then to find the repre-
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sentation provided by [ of an clement a of p we must first write g as a sum
a;+ '+ +a, pick out the component g, from this sum, and form the matrix
corresponding to this a, according to (14.5). The other components a,,..., a,_,,
a,.1,...,4a, annihilate the ideal | and are thus represented by zero.

If a,,...,qa, are, say, complete matrix rings of degrees n,, ..., n, over the
skew fields A,, . .., A, and, further, if r, is the rank of A, and D, is the irreducible
representation provided by a left ideal of a,, then the rank 4 of o is equal to the
sum of the ranks of a,, ..., a, and hence

S

h=Ynpr, (14.6)

1

Further, by (14.5) the degree of the representation D, is equal to

8 = Nyl (147)

Finally, a, decomposes into n, equivalent left ideals [; the regular representation
therefore contains the representation D, precisely n, times.

In particular, if all the D, are absolutely irreducible, then all r, = 1; (14.6)
and (14.7) then simplify to

h = é‘,ny"; g = n, (14.8)

14.3 REPRESENTATIONS OF THE CENTER

In an irreducible representation the center of an algebra o must be represented
by matrices which commute with all other matrices of the representation. If the
base field is algebraically closed and the ring of matrices of the representation is
thus a complete matrix ring, then its center consists only of multiples of the
identity matrix E; the center of o is thus represented by matrices of the form Ex.
The same holds for absolutely irreducible representations, since for these repre-
sentations the base field can be extended to an algebraically closed field without
destroying the irreducibility. Hence, in an absolutely irreducible representation
of an algebra o the elements.of the center are represented by multiples of the identity
matrix.

If o is itself commutative, and thus is its own center, then all matrices of an
absolutely irreducible representation have the form E,. It then follows from
the irreducibility that the representations must be of first degree. Thus, zhe
absolutely irreducible representations of a commutative algebra are of first degree.

A representation of o of first degree is a homomorphism of p into the represen-
tation field K. If K is commutative, then two equivalent representations are in
fact equal; for if 4 = () is a matrix of the representation and A is an element
of K, then

AT oA = A 7ted) = ().
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It thus follows that the number of inequivalent representations of a commutative
algebra o of first degree in a commutative field K is equal to the number of distinct
homomorphisms from o into K.

Let us now return to noncommutative algebras and suppose that p is semi-
simple. Then p is the direct sum of simple algebras:

D= a1+"'+as,
and the center 3 of p is the sum of precisely the same number of fields:
3=3:++3, (3, the center of a,).

The number of inequivalent, irreducible representations of o, and likewise of
3, is equal to the number s of the two-sided components of o or 3 ; for every such
representation D, of o is provided by a left ideal of a,, and every such representa-
tion D, of 3 is provided by a 3,. There are thus the same number of inequivalent,
irreducible representations of o as of 3, and to each irreducible representation D,
of o in which all the a,, . . ., a, with the exception of a, are represented by zero
there corresponds a representation D, of 3 in which all the 3, . . ., 3, with the
exception of 3, are represented by zero.

In particular, if o is the sum of complete matrix rings over P, then the fields
3, are of rank 1 and are isomorphic to P; in this case the number s of irreducible
representations of o is thus equal to the rank of the center 3. The relation between
the irreducible representations D, of o and the irreducible representations (of
first degree) of 3 is very simple in this case. Indeed, in the representation D,
each center element z is represented by a matrix of the form E«, where E denotes
the identity matrix of degree n,. To each z there thus corresponds a particular «
(for given v), and we may write:

a = 0,02).

The function @, affords a homomorphism of the center; that is,
0,(r+2) = 0,(0)+06,()
0,(yz) = 0,(»)0,(2)
0,(z8) = 0,(2)-8.

Under this homomorphism all the 3, ..., 3, with the exception of 3, are
represented by zero; that is, the homomorphism @, is precisely the first-degree
representation of the center previously denoted by D..

The representation ©, is known as soon as a P-basis for the module 3, is given;
the identity element e, of the field 3, may be taken as such a basis. If each element
z of 3 is written in the form

z = i e,B, (14.9)

then
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and EB, is thus the representing matrix, that is,

0,(2) = B,.

For (14.9) we may now also write:

z =é:1e,®v(z), v (14.10)

or in words: the coefficients © (z) in the expansion of a center element z in terms
of the idempotent elements e, of the center give at the same time the homomorphisms
or representations of first degree of the center.

Exercises

14.1. The number of representations of first degree of a commutative algebra o
in an algebraically closed extension field Q of P is equal to the rank of
0q/R over P, where R denotes the radical of pg.

14.2. If K is a commutative field over P, then the number of first-degree repre-
sentations of K in g is equal to the reduced field degree of K over P.
Here R = {0} if and only if K is separable over P.

144 TRACES AND CHARACTERS

The trace of an element a in the representation D, written
So(a) or simply S(a),

is defined to be the trace S(A4) of the matrix A corresponding to a in the repre-
sentation D. The trace S, considered as a function of the element a for fixed D,
is called the trace of the representation D.
The relation
S(P~'AP) = S(4)

implies that equivalent representations have the same trace.
The trace is a linear function; that is,

S(a+b) = S(a)+S(®)
S(af) = S(a)B.

Traces of absolutely irreducible representation (or, what is the same thing,
traces of irreducible representations in an algebraically closed field ) are called
chargzcters.1 The character of an element a in the vth irreducible representation

iMany authors also use the word “character” for reducible representations and then speak
of “compound characters.” This designation is avoided here, since it does not coincide with
the older meaning of the word “character” in the special case of Abelian groups and since,
moreover, the word “trace” conveys the meaning just as clearly.

E.J
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D, is denoted by
Xv(@).

The index » will sometimes be omitted if a fixed representation is being considered.

In an absolutely irreducible representation D, of degree n, the center elements
z are represented by diagonal matrices E. ©®,(z) by Section 14.3, where ©, is a
homomorphism of the center into the field Q. The trace of the matrix E-09,(2) is

x,(2) = n,"0,(2). (14.11)

In particular, the identity element of o is represented by the identity matrix E
whose trace is n,:

XV(I) = n,.

In the following we shall require that the degree n, of the irreducible repre-
sentations not be divisible by the characteristic of the field Q. We may then divide
(14.11) by n, and obtain

x2)

0s) =% (14.12)
In this manner the homomorphisms of the center are expressed in terms of the
characters.
Theorem: A completely reducible representation of an algebra v in a field Q
of characteristic 0 is uniquely determined up to equivalence by the traces of the
matrices of the representation.
Proof: If R is the radical of o, then every completely reducible representation
of o is also such a representation of 0/!R. The traces of the matrices representing
the elements of p/R are known by hypothesis. Suppose that

o/R=a;+- - +a,;

let the identity elements of a, . . ., a, be ey, . . . €,. In the irreducible representa-
tion D, the elements e, is then represented by the n,-rowed identity matrix; the
corresponding trace is thus .
Sv (ev = Ny
while
Se) =0 for u =+

Now a completely reducible representation is known if it is known how often
each irreducible representation D, occurs in it. If the representation D, occurs g,
times, then the representation consists of ¢, blocks D, ¢, blocks D,, and so on.
The trace of e, in this representation is then

S(e,) = gqn,. (14.13)

The g, can be computed from (14.13) as soon as the traces S(e,) are known.
This completes the proof.

Remark: The traces of all the elements of o are known if the traces of the
basis elements of p are known. For example, if p is the group ring of a finite group,
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it is only necessary to know the traces of the group elements, and the representa-
tion is already determined. If a,, ..., g, are the basis elements and x,(a,) are
their traces in the irreducible representations, then for an arbitrary representation

S@) = 3. 4x,@). (14.14

The numbers ¢, are uniquely determined by the equations according to the
theorem above. Equations (14.14) afford a computational method of decom-
posing a given completely reducible representation into irreducible components
by computing only the traces. However, the characters of the irreducible repre-
sentations must first be known.

14.5 REPRESENTATIONS OF FINITE GROUPS

We begin with the following theorem.

Maschke’s Theorem: Every representation of a finite graup ® in a field P whose
characteristic does not divide the order h of the group is completely reducible.
Proof: We suppose that the representation module 9 is reducible and that i
is a minimal submodule. We shall show that 9 can be represented as a direct
sum N+ N", where N” is again a representation module.

As a vector space, I decomposes according to the scheme N+ N’; however,
N’ is not necessarily invariant under o. If y is an element of N’ and a an element
of ®, then ay can be uniquely represented as the sum of an element of 9 and an
element y’ of N’; thus, '

ay=y  (modR).

For fixed a the element y’ is uniquely determined by y and depends linearly on
y:ay =y and az = 2’ imply a(y+z) = y'+z' and ayf = y'B for BeP. We
may therefore write:

y=Ay;, Ay=ay (modN),

where A’ is a linear transformation into 9)t’ which depends on a. Indeed, the 4’
form a representation of the group ® since a—+A4’ and b—B’ imply ab—>A'B’.
We now put

1 - ’ L4
Rl a Ay =0y ="

»" depends linearly on y, and the y” therefore form a linear subspace ®” = QN'.
It also follows that modulo R

1 -
y=pXalay=y.

Each element of 9 is therefore congruent modulo 9 not only to an element y’
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of N, but also to a uniquely determined element y” of N”; that is, we have the
direct-sum representation

M =RN+N".
Finally, for each element b of ®, A
by" = %Z ba~'A'y
1 -— - 7 [ 7
=22 @) 4B By

=QByeQN' =N";

N” is therefore transformed into itself by the operators b of B ; that is, N" is a
representation module.

If N” is reducible, then it can be treated in the same way by splitting off a
minimal submodule, and so on. A complete decomposition of the module, and
hence of the representation, finally results. This completes the proof of Maschke’s
theorem. ~

By section 14.1, every representation of ® can be extended to a representation
of the group ring

0 =a,P+---+a,P;

conversely, every representation of o provides a representation of ® in a natural
way. It now follows from Maschke’s theorem that every representation of o is
completely reducible. This is true, in particular, of the regular representation
provided by p itself as the representation module. Thus p is the direct sum of
minimal left ideals and is therefore semisimple by Theorem 13, Section 13.7.
By section 14.2, the minimal left ideals of p give all the irreducible representations.
- The number of absolutely irreducible representations is equal to the rank
of the center by Section 14.3, and the center of the group ring consists of all those
sums

; aA  (AAe®,preP), (14.15)

in which conjugate group elements have the same coefficients, as is easily seen.
The elements conjugate to an element a form a class. If k, is the sum of the
elements of this class, then (14.15) is a sum of such sums &, with coefficients in P.
We thus have the theorem: The center of the group ring is generated by the class
sums k,. The rank of the center is therefore equal to the number of classes, and
from this there follows: The number of inequivalent, absolutely irreducible repre-
Sentations of a group is equal to the number of classes of conjugate elements.
By section 14.2, the relation

ni+n?+---+nl=nh

holds between the degrees n,, . . . , n, of the irreducible representations.
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One representation of first degree which is always available is the “identity
representation” in which every group element is mapped onto 1. If there are still
other representations of first degree, then a proper normal subgroup with an
Abelian factor group is present, for the matrices of a representation of first
degree commute and form an Abelian group homomorphic to the group.
Conversely, if a proper normal subgroup with Abelian factor group is present,
then the characters of this factor group give representations of first degree. All
other representations are of higher degree.

Example 1: The symmetric group ©,. There are three classes and thus three
representations. The alternating group has two cosets R, and K, those of the
even and odd substitutions. The two characters are

X(Ro) =1, X(Rl) = +1
and these determine the representations of first degree. Since
n2+n2+ny% =6,

the third representation must have degree 2. The permutations of three vectors
e,, €5, e; in a plane whose sum is zero give a faithful representation of this per-
mutation group; it is easy to show that the representation is irreducible. If e,
and e, are taken as base vectors, then the representation is as follows:

{(1 2e;=e [(13)e, =—e—e {(2 3) e
(12)e;=¢€; (13)e, =¢, (23)e,

'(123) ey = e, (l 32) € = —eé;—eéy
(123)32 = —&;—6; (132)ez=el.

21
—eé1—é€;

Example 2: The quaternion group s is the group of eight quaternions:
+1, +j, £k, +1/. It has two generators j and k which satisfy the relations

j*=1, k=% ki=j%

There are five classes and thus five representations. The normal subgroup {1, j2}
has as factor group the Klein four-group whose four characters give four linear
representations. Since

n+n2+n2+n2+n? =8,

the remaining representations must have degree 2. If we assign to the group
elements 1, j, j2, j3, k, jk, j*k, j3k the quaternions 1, j, —1, —j, k, I, —k, —1,
then we obtain a homomorphic mapping of the group ring o onto the field of
quaternions; the field of quaternions must therefore occur among the two-sided
composition factors of . The decomposition of p in the rational base field @
is therefore

D= q;+a+az+a,s-t+as,

where a,, a,, a3, a, are isomorphic to @ and a5 is isomorphic to the field of quater-
nions. If we go over to the algebraically closed base field (it suffices in this case
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to adjoin i = / — 1), then the field of quaternions splits and we obtain the matrix

representation
., (i O 0 1 0 i
ok (o) (o)

Example 3: The alternating group W, can be handled in precisely the same
manner as the symmetric group &;; this is left to the reader. There are four
representations of degrees 1, 1, 1, 3.

Example 4: The symmetric group S,. There are five classes and thus five
representations. The Klein four-group {1, (12) (34), (13) (24), (14) (23)} has a
factor group isomorphic to &, for which three irreducible representations of
degrees 1, 1, and 2 have already been found; these also give representations of
degrees 1, 1, and 2 of ©,. Denoting these degrees by »,, n,, and n,, we have

n2+n2+n? +n,2+ns? = 24,
and hence
n2+ns? = 18.
This holds only for n, = 3 and n5 = 3. If we introduce four vectors ey, e,, €3, €,
with sum zero, then the permutations of these four vectors give a faithful repre-

sentation of third degree of S,. If e,, e,, e; are chosen as base vectors, then the
representation is as follows:

(12)e; = e, (13)e, = e, (14)e, = —e;—e,—e;
(l 2) e, = &4 (1 3) €y, = €, (1 4) e, = e,
(12)e; =e, (13)e; = ¢ (14)e; = ey

(123)e; = e; etc.
(l 23) e; = e,

Since the representation is faithful, it cannot be reduced to representations of
first and second degrees; it is therefore irreducible. If the matrices of this rep-
resentation corresponding to the odd substitutions are multiplied by '— 1, then
another representation of third degree is obtained which is likewise faithful and
therefare irreducible; it is not equivalent to the original representation, since
its trace is different. We have thus found all the representations.

{(1 23) e, = e,

Exercises

14.3. The element s = ), a of the group ring o satisfies the equations
bs=s for be®.

What left ideal is generated by s? What representation belongs to this
ideal? Which idempotent element is contained in this ideal?
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14.4. If the number A of the group elements is divisible by the characteristic
of the field, then the ideal Exercise 14.3 is nilpotent. This implies that
the condition that the characteristic not divide 4 in Maschke’s theorem is
also necessary.

146 GROUP CHARACTERS?

THE KRONECKER PRODUCT TRANSFORMATION

Suppose that A’ and 4" are linear transformations on the vector spaces
(ug,...,u,)and (vy,...,v,), respectively:

’ _ ’
A'uy = ; Ut

A"y =Y v
J
We form a product space from the two vector spaces according to Section 94
which is generated by the products »,v; and define:

AGp) = (A'm) (A"0) = T T 40 5 (14.16)

The linear transformation A on the product space thus defined is called the
Kronecker product transformation and is denoted by A’x A". It follows from
(14.16) that the matrix elements of A4 are «j,a;. The trace of 4 is

Zi: ,Z ooy = ; a’;r; of) = S(A4")-S(4");

thus the trace of the product transformation A’ x A" is the product of the traces of
the transformations A’ and A".

If two transformations B’ and A’ are applied successively to the # and two
transformations B" and 4" to the v, then the products «,»; undergo the trans-
formations B’ x B* and A’ x A”; that is,

(A4’xA")-(B'xB") = A'B'x A"B". ) (14.17)

If the matrices 4', B’, ... form one representation D’ of a group ® and the
matrices A", B”, ... form another representation D" of the same group, then
it follows from (14.17) that the product transformations 4 = A’x A", B =B’
x B”, ... again form a representation. This product representation of the repre-
sentations D’, D" will be denoted by D’ xD".

2Literature: A development of the representation theory of finite groups independent of
the theory of algebras can be found in the paper by 1. Schur, *“Neue Begriindung der Theorie
der Gruppencharactere,” Sitzungsber. Berlin, 1905, p. 406. A generalization of this theory to
infinite groups has been given by J. v. Neumann, “Almost Periodic Functions in Groups,”
Trans. Amer. Math. Soc., Vol. 36, 1934. For further literature see B. L. v. d. Waerden,
“Gruppen von Linearen Transformationen,” Ergebn. Math., Vol. IV, No. 2, Berlin, 1935,
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If we write D'+D" for a reducible representation which decomposes into
D’ and D" and consider equivalent representations to be the same, then the
following relations are easily verified:

D+D"=D"+D’

D'xD" =D"xD’
D'+(®"+D") = (D'+D)+D”
D'x(@"xD") = (D'xD)xD"”
D'x@D"+D") =D’ xD"+D' xD”
@"+D")xD' =D xD'+D" xD".

In particular, if ® is a finite group whose order is not divisible by the character-
istic of the field P, then every representation decomposes completely into
irreducible representations D,, and we have:

DixD, =Y . Dy (14.18)

where the c;,” are nonnegative integers. In (14.18), » is not an exponent but
rather an index.

For the traces it follows from (14.18) that
Sl(a) 'Sn(a) = Z clquv(a)'

If the representations are absolutely irreducible, and the traces are thus characters,
we may also write:

x@)x.@) =Y c;,'x.(@  (first character relation). (14.19)

THE CHARACTERS AS CLASS FUNCTIONS

If a and a’ are conjugate group elements,

a' = bab~?,
then for the representing matrices it follows that
A’ = BAB™1,

Thus A and 4’ have the same trace; that is,
S(bab™') = S(a)
and, in particular,
x(bab™") = x(a).
If we again combine all group elements conjugate to a into a class K,, then

each character has the same value for all elements of a class.
If h, is the number of elements of the class &, and &, is the sum of the elements
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of this class (in the group ring o), then the character of k, is the sum of the
characters of the elements of the class:

x(ka) = by x(a).

We now assume that neither the order 4 of the group nor the degrees n, of the
absolutely irreducible representations D, are divisible by the characteristic of
the base field. As we have seen in Section 14.5, the quantities k, generate the
center 3 of the group ring p. By Section 14.4, the homomorphisms ©, of 3 are
related to the characters y, by the relations

0,@) = X2,

nV
in particular,

0.k, = x—"fl,i"l = s x(a). (14.20)

v A4

The product k,k, is a sum of group elements which again belongs to 3 and
can therefore be expressed in terms of the class sums k, with integer coefficients

ko ky = ggab‘kc- (14.21)
The homomorphism property of ©, is now expressed in the equation
0,(k2) 0 (ks) = Xc) s Oy(k.), (14.22)
which may be rewritten

hhox(@xy(®) = 1, g°h.x(c)  (second character relation) (14.23)

by (14.20).

In the sums (14.21), (14.22). and (14.23), c runs through a system of representa-
tives of all classes. If we permit ¢ to run over all group elements, then the factor
h. on the right side of (14.23) is to be omitted. Since the @, are the only homo-
morphisms of 3, the characters y, are the only solutions of (14.23).

CONJUGATE CHARACTERS

For every representation a—>A there is a conjugate (or contragredient)
representation a—A'~ ', where A’ is the transposed matrix of 4. Indeed, under
this correspondence,

ab—>(AB)' "' = (B'A")~' = A’ 1B'"1.

The conjugate of the conjugate representation is again the original representation.
If the representation a—A is reducible, then the conjugate representation is also
reducible, and conversely. The 'conjugate of an irreducible representation is
therefore again irreducible.
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If we go from A to an equivalent representation P~ 14P, then the conjugate
representation goes over into

(P™'4Py~' = P'A’"'P Y,

and therefore likewise into an equivalent representation.
If D,  denotes the irreducible representation conjugate to ®, and if D (@) = 4,
then

D\f'(a_l) = A'9
and hence
xvka™ ) = x(a),

since the trace of 4’ is equal to that of 4. The character x,’ conjugate to x, is also
denoted by ¥,.

Every character is a sum of roots of unity. For every element a of ® generates a
cyclic subgroup € whose order m divides the order 4 of ®. Every irreducible
representation D, of ® provides a representation of €, and this representation
decomposes completely into representations of first degree whose matrix elements
are mth roots of unity. The trace of the representing matrix is the sum of the
diagonal elements and therefore a sum of mth roots of unity—for example,

x@ ="+ 24+ 0 (14.24)

where { is a primitive mth root of unity.

FURTHER CHARACTER RELATIONS

If S(c) is the trace of the group element c in the regular representation, then
S(e) = Y nx(c)
\d

since the regular representation contains the irreducible representation D,
precisely n, times. The trace S(c) can also be computed directly. The group
elements a,, . . ., a;, form a basis for the vector space o of the regular representa-
tion, and
Cai = ak.

Terms with i = k occur only when c is equal to the identity element 1 of the
group; in this case each i is equal to the corresponding k. Hence

S(1) = h; S)=0 for ¢ #+1,
and therefore

_|{h  for c=1 -
;nVXV(C) - {0 for ¢ 3 1. (14‘25)

Summing (14.23) over all , and using (14.25), we obtain
hahy 3 xv(@xyb) = gap' -h. (14.26)
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Now the number g,,!, whenever it occurs, indicates that a product a’b’ is equal
to 1, where a’ belongs to the class ], and b’ to the class &,. The number is there-
fore zero if &, and K, contain no two elements inverse to one another. If such a
pair of elements is present, say b = a~!, then for every element ¢’ = cac™!
of &, there is a corresponding inverse element b’ = a’~! = chc ™! in K,; hence

gabl = ha = hb'
Then (14.26), after division by 4,, becomes

h,,z; x(@x, () = {g i.‘g; SS:: : g“:: (third character relation). (14.27)

In the special case ¢ = 1 we again obtain (14.25).
Now let a,, . .., a, be a system of representatives of all the classes. Putting
Xou = X&)
h, _ h -
Ty = 3 %@ = 7 x0@ ),

relation (14.27) states that the matrices X = (x,,) and Y = (3,,) are inverse to
one another:

YX=E or Y=X1 (14.28)
From (14.28) it follows that
XY=E
or, written out explicitly,
1 -/n_ |1 for v=mp
Foha@n@ =y or Tk (14.29)

Here a runs through a system of representatives of all the classes. If @ runs over
all group elements, then the factors &, are to be omitted. This now implies the
orthogonality of the characters:

- _{h for v=p
Taan@ =g g oah

In particular, if p = 0, thatis, if x, is the character x, of the identity representation,
then (14.30) implies

(fourth character relation). (14.30)

h for »=0
z,,:x"(a) - {0 for v+ 0. (14.31)

The fact that the matrices X and Y are inverse to one another can be used to
find the idempotent elements of the center which generate the simple two-sided
ideals in o, for by Section 14.5 we have the following expressions for the basis
elements k, of the center 3:

ko=Y e,0,k) =Y ev’;"fxy(a). (14.32)
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Multiplying by X,(a) and summing over all classes ],, we obtain

h
k v = .
RZa X0 = e, .
or

e,= Y k2 x@™.
% h

147 THE REPRESENTATIONS OF THE
SYMMETRIC GROUPS®

We consider the group &, of permutations of » digits 1, 2, ..., »n and seek
its absolutely irreducible representations in, say, the field Q of all algebraic
numbers. It will turn out that these representations are actually rational, that is,
are found in the field Q of rational numbers.

We start with the group ring o0 = 5;Q+ - - - +5,,Q and consider its left ideals.
Every such left ideal is a direct sum of minimal left ideals; these ideals provide
the irreducible representations. Since each left ideal is generated by an idem-
potent element, we first look for the idempotent elements.

We write the numerals 1,2, . . ., nin any order in 4 successive rows (h arbitrary)
so that in the vth row there are «, numbers and the conditions

2= Zay

h
Yo, =n (14.33)
v=1

are satisfied. We write the first elements of the 4 rows all under one another,
likewise the second elements, and so on, for example, as in the following schema
in which the points represent numerals:

(g5 @z, @3) = (3, 2, 2); n="17.

Such an arrangement of the numerals 1, 2, ..., n we call a schema Z,. The
index « denotes the sequence («,, «,, . . ., &;). The possible indices are ordered
by the following convention: «> g if the first nonvanishing difference «,—8, is
positive. For example, in the case n = 5,

5)>@4, D>3,2)>G, 1, D>, 2, D>, 1,1, )>(1,1,1,1, 1.

Given a schema X,, we denote by p all those permutations which permute the
numerals within the rows of a schema but leave the rows themselves invariant;
similarly, we denote by ¢ those permutations which permute only the numerals

3] am indebted to a conversation with J. von Neumann for the simplified proofs in the
Frobenius theory (Sitzungsber. Berlin, 1903, p. 328) which appear in this section.
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within the columns of a schema. For each fixed g the symbol o, denotes the number
+1 or —1 according to whether g is an even or odd permutation. If s is any
permutation we denote by s X, the schema into which X, is transformed by the
permutation s. It is easily seen that if ¢ leaves the columns of X%, invariant, then’
sgs~! leaves the columns of s £, invariant, and conversely. Finally, we put (in
the group ring o), for each fixed %,,

Se=XP
/ P
A, = ; qo,.
The following rules are easily verified:
S, =8S.p =5, (14.39)
Age, = qA,0, = A,. (14.35)

From (14.34) and (14.35) it now follows that S, and A4, are idempotent up to a-
factor f,. The additional algebraic properties of S, and A4, follow from the
following combinatorial lemma.

Lemma: Let X, and Z; be two schemata of the above type, and let 22 8. If in X,
there are nowhere two numerals in a single row which occur in Xz in the same
column, then « = B and the schema 2, can be transformed by a permutation of
the form py into the schema Z;:

pan = Zp.

(Here p and g refer to X,; that is, p leaves the rows and g the columns of %,
invariant.)

Proof: o= implies «, =8;. In the first row of 2, there are «, numerals. If these
same numerals in X are all in distinct columns, then X, must have at least «,
columns; from this it follows that «; <8, and hence «; = B;. These numerals
can all be brought into the first row of X; by a permutation g; which leaves the
columns of X, invariant.

Further, x>8 implies o, = 8,. In the second row of X, there are o, numerals.
If these are all in distinct columns in g %, then, apart from the first row, g; %,
must still have at least «, columns. This implies that «, £8, and hence «, = B,.
These numerals can all be brought into the second row of X, by a permutation
which leaves both the columns of g; %, and the first row invariant.

Continuing in this manner, we finally obtain a schema ¢’ 2; = g; - - ¢;9; &,
whose rows coincide with those of X,. Therefore X, can be transformed into
q’ X4 by a permutation p:

q'zﬂ = pX,.
The permutation q° = gy, - - ¢;9; leaves the columns of X invariant; it therefore
also leaves the columns of ¢’ £; = p X, invariant. For appropriate g, then,

1

q' = pq~'p”
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and hence
pgTp T =p3,
zﬁ = pq za’ QED

The combinatorial lemma implies first of all that
AgS, =0  for a>8. (14.36)

For by the lemma if «> 8 there must exist a pair of numerals which occur in a
single row of Z, and in a single column of Z;. If ¢ is the transposition which
interchanges the numerals of this pair, then, by (14.34) and (14.35),

AgS, = Agtt™'S, = — 4,5,
which gives (14.36).
Similarly,
S Ag =0 for «>8.

Now all transforms of 4, are also annihilated by S,:
,, SeSAgs™ =0 for a>p;

since sA,s~" is again an 4, which belongs to the permuted schema s ) ,. On
multiplying by sQ and summing over all s in ®, this result implies

5.3 sQ)4, = (0)
or
S04, =(©0)  (a>h). (14.37)

The left ideals 04, with 8 <« are therefore annihilated by S,; this means that
S, is represented by zero in the representation provided by 04,. On the other
hand, S,4, # 0, since the coefficient of the identity element in the product
S,4, does not vanish. Therefore S, is not represented by zero in the representation
given by 04,; this representation thus contains at least one irreducible component
which occurs in no 04 with B<a. This irreducible component we shall now

determine more explicitly.
The element S,4, = ) > pqo, has, by (14.34) and (14.35), the property

pS,dago, = Sade.

We now prove that up to a factor, S,4, is the only element with this property.
We show: if an element a of v has the property

paqo, = a (14.38)
for all p and q, then a must have the form (S,4,) .

Proof: We put
a=)Y sy, (y,€Q). (14.39)
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Substituting (14.39) in (14.38) gives: _
Y. 5Ys = X, PSqogY,. (14.40)

On the left side, only one term with pg occurs, namely pgy,,; on the right side
there is also only one term containing pq, namely the term with s = 1. Equating
coefficients gives

Ypg = %Y1-

We now select an s which does not have the form pgq. Then s X, is distinct-from
all the pg 3, and thus by the combinatorial lemma there are two numerals i, j
which occur in I, in a single row and also in s Z, in a single column. If # is the
transposition of these two numerals, z = (jk), then ¢’ = s~ !5 interchanges only
the numerals s~'j and s~ 'k which appear in the same column in s "5 Z, = Z,.
Therefore ¢ is a permutation of type p, and ¢’ a permutation of type q. In (14.40)
we may therefore put p = ¢ and g = ¢’; for this special s, then,

psq=tss Ms=s
o, = —1;
comparison of the terms with s on the left and right in (14.40) gives
Ys= —Ys ¥s=0.
In (14.39), therefore, only terms with s = pg, y, = o,y, occur, and hence

a= ZPqu'h = (S 471> Q.E.D.
P

From what has just been proved it follows immediately that for every element
b of p the element S,bA4, has the form (S,4,)y, since, for each p and each g,

pSbAg0, = SpA,.
Thus
S04, € (5,4)Q.
Putting S,4, = I,, it follows that
Iol, & S,04, € I,Q. (14.41)

We now assert that o, is a minimal left ideal. Indeed, if [ is a subideal of o/,
then it follows from (14.41) that
Il € 1,9,

and hence, since 1,Q is a minimal Q-module, either
Il=1Q or Il=(0).

In the first case it follows that ol, = 0, Q < oI IS I, and hence [ = pl,. In
the second case it follows that [> € pl,l = (0), and hence [ = (0), since there are
no nilpotent ideals except (0).
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The minimal left ideals ol, and ol are not operator isomorphic for « > g. For
from (14.37), for «> 8,

S.0ly = S,08545 < S,04; = (0),

and hence, for each a’ of vlj,

Sa =0.
If now ol, = ol,, then it would follow that, for each a of oI,
S,a=0;

this, however, is not true for a = I, = S,4,, since S,%4, = f,S, 4, + 0.

Each left ideal oI, provides an irreducible representation D,, and these repre-
sentations are inequivalent for distinct « by the above remarks.
~ The number of representations D, thus found is equal to the number of solu-
tions of (14.33). This number is at the same time the number of classes of con-
jugate permutations; for each such class consists of all elements which decompose
into cycles of definite lengths «, «,, ..., «;, and these lengths can be ordered
in accordance with the conditions (14.33). However, since the number of all
inequivalent irreducible representations is given by the number of classes of
conjugate permutations, it follows that up to equivalence the representations D,
exhaust all irreducible representations of the symmetric groups S,.

In the foregoing the minimal left ideals o, were rationally determined. This
implies the rationality of the irreducible representations (as well as of the characters).

14.8 SEMIGROUPS OFl LINEAR TRANSFORMATIONS

We begin with a base field P and consider sets of linear transformations whose
matrix elements belong either to P itself or to a commutative extension field A
of P. Such a set is called a semigroup if it contains the product of any two trans-
formations of the set. The linear hull of a system of transformations over P consists
of all linear combinations of transformations of the system with coefficients in P.
In the following we shall consider only systems containing finitely many linearly
independent transformations over P, whose linear hull thus has finite rank over
P. Under these hypotheses the linear hull of a semigroup is an algebra U of
finite rank over P. Each element of this algebra is a linear transformation. We
therefore have an algebra U over P in a definite faithful representation D.

The principal question of interest here is: How does an irreducible representation
D decompose when the field A is extended?

We shall always assume that the representation ‘D does not contain the null
representation as a component.

The following two theorems are basic for the theory.

Theorem 1: If the representation D is completely reducible, then the algebra U
is semisimple.
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Theorem 2: If the representation ® is irreducible or decomposes into equivalent
irreducible components, then U is simple.
Proof of 1: If R is the radical of U, then in every irreducible representation the
elements of R are represented by zero. Since D is a faithful representation, it
follows that R = {0}.
Proof of 2: The algebra U is semisimple in any case and is thus the direct
sum of simple algebras: A = a; + - - - +a,. In an irreducible representation all
the a, except for a single a, are represented by zero according to Section 14.2.
This fact remains in force if the representation is repeated several times. If the
representation is faithful, then there can be only one a,, that is, the algebra U
is simple.

A theorem due to Burnside, which was generalized by Frobenius and Schur,
follows immediately from Theorem 1.
Burnside’s Theorem: In an absolutely irreducible semigroup of matrices of degree
n there are precisely n* linearly independent matrices.
Generalization: If a semigroup of matrices in the field A decomposes into
absolutely irreducible components among which occur s inequivalent components
of degrees n,, . . ., n, then the semigroup contains precisely

ni2+n2+---+n?

linearly independent matrices over A.
Proof of the Generalization: The linear hull over A of the given semigroup is
the sum of s complete matrix rings of degrees n,, n,, . . . , n, over A and therefore
hasrank n,2 +n,%2+ -+ - +n2.

In fields of characteristic zero we also have the following.
Trace Theorem: If there exists a one-to-one, product-preserving correspondence
between two semigroups (or, more generally, if both semigroups may be interpreted
as representations of a single abstract semigroup) and if the traces of corresponding
matrices are equal, then the two semigroups (or the two representations) are equiva-
lent. .
Proof: Arranging corresponding matrices 4 and B of the two semigroups

in the manner
A 0 ]
(O B), | (14.42)

we obtain a new, completely reducible semigroup g whose linear hull is an
algebra . The elements of A are linear combinations of the matrices (14.42)
and thus decompose in the same manner into two components, each of which
provides a representation of . The traces of these two representations are
certain linear combinations of the traces of the original matrices A and B and
therefore are the same for both representations. Thus (Section 14.4), the two
representations of 9 are equivalent. This proves the assertion.

If A = P, the converse of Theorems 1 and 2 follows immediately by Section
14.2. If, however, A is a proper extension field of P, then we must proceed some-
what more carefully.
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Theorem 1a: If U is semisimple and A is separable over P, then every representa-
tion © of Win A is completely reducible.

Theorem 2a: If U is simple and central over P, then every representation of U in
A decomposes into equivalent irreducible components.

Proof: By section 14.1, every representation of U in A is provided by a repre-
sentation of A x A. If now U is semisimple and A is separable over P, then, by
Section 13.12, A x A is also semisimple, and therefore every representation of
A x A in A is completely reducible. If ¥ is central and simple over P, then % x A
is likewise simple, again by Section 13.12, and hence every representation of
A x A in A decomposes into equivalent irreducible components. Both assertions
are herewith proved.

We call a semigroup central over P if its linear hull is central, that is, if the
center of the linear hull is equal to the base field P.

Taking Theorems 1 and 2 into account, we may also formulate Theorems la

and 2a as follows:
Theorem 1b: A completely reducible semigroup of linear transformations in P
remains completely reducible under every separable extension of the base field P.
Theorem 2b: A central irreducible semigroup of linear -transformations in P
remains irreducible or decomposes into equivalent irreducible components under
every extension of the base field.

The following assertion can be proved in the same way as Theorem 1b.
Theorem 1c: A completely reducible semigroup remains completely reducible
under every extension of the base field if the center of the linear hull is a direct
sum of separable fields over P.

149 DOUBLE MODULES AND PRODUCTS
OF ALGEBRAS

We noted in Section 14.1 that every representation of a hypercomplex system
S in a commutative field K containing the base field P can be obtained from a
representation of the extended system &g. In the language of representation
modules, this means that every module having & as left and K as right multiplier
domain may be interpreted as a left S-module. The proof was based on the fact
that if G = g,P+---+a,P, and thus S¢ = a,K+---+¢4,K, and if u is an
element of the module, then left multiplication by an element of S is defined by

(@ + -+ Fapyu = agur, + -+ +a,ux,.

Verification of the rules for the S¢-module presents no difficulties; essential
use is made of commutativity only in the proof of the associative law

(beyu = bcu).

If b = a,x, and ¢ = a,«, (it clearly suffices to consider this special case), then
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the associative law follows from the relations
(ayxy - aziex)u = (aaz1i6)u = (agaz)ux x,)

ayky(ayiyu) = ayri(aury) = ay(aucy)ey = (@ a)u(cyx,).

These two expressions are equal, since x,x; = K,y

The situation can also be saved when K is a skew field or, more generally, an
arbitrary ring, by constructing an inverse ring K’ to K, that is, a ring which is
anti-isomorphic to K. If K is an algebra over P, then K’ is also an algebra over P.
If K is a skew field, then K’ is also a skew field.

Every module having S as left and K as right multiplier domain may be inter-
preted as a left (S x K')-module. .
Proof: Let S = q,P+--:+a,P so that SxK’' = ¢;K'+ -+ +4a,K’; we then
define

(ayxi+ - +ax)u = aguxy+ - - - +a,ux,. (14.43)

All the rules are now easily verified. The associative law (bc)u = b(cu) follows
from

(@i adu = (aya e 1)u = (aa)u(xyxy)
ayri(ayrs-u) = aje(auxy) = a;(ayury)x, = (a1a2)“("2"1)-

In the same way, a left (S x K’)-module may be interpreted as a left S- and
right K-module by the definition ux = x‘u. Isomorphic (S x K')-modules hereby
produce isomorphic double modules, and conversely.

These facts have many applications. Henceforth, K shall always be a division
algebra, and S shall be a simple algebra with identity over P. Let at least one of
the two algebras, S or K, be central over P. The product & x K’ is then simple
by Section 13.12. By section 14.2, all simple left (€ x K’)-modules are isomorphic
to each other and to the simple left ideals of & x K’. Therefore all simple double
modules (& on the left and K on the right) are isomorphic. From this we have:
the following.

All irreducible representations of S in K are equivalent.

Since & is simple, all these representations are faithful. Each such representation
maps S isomorphically onto a subring X of the complete matrix ring K,. Any
two such representations s—S, and s—S,, which map & onto %, and X,, are
equivalent. By Section 12.4, this means that there exists a fixed matrix Q, inde-
pendent of s, which takes S, into S;:

S, = Q7'5,0. . (14.44)

From this we easily obtain the following.
Automorpbism Theorem: If X, and X, are two isomorphic, simple subalgebras
of the central simple algebra K,, then any isomorphism between 2 and 2, which
leaves the elements of the base field fixed is given by an inner automorphism of K,
according to (14.44).

Indeed, any two such isomorphic algebras 2, and ¥, may always be inter-
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preted as representations of a single algebra &. If these representations are
reducible, then they decompose into the same number of irreducible representa-
tions since their degrees are both equal to r. Since these representations are
equivalent, the decomposable ones are also.

As a special case we obtain the following. .

Every automorphism of K, which leaves the elements of the center P invariant
is an inner automorphism.

When speaking of isomorphisms and automorphisms of algebras with identity
in the following, we shall always mean those which leave the elements of the base
field P fixed. To these belong, in any case, the inner automorphisms.

Let S again be a simple algebra, and let K be a division algebra over P. Let
one of the two algebras, G or K, be central. Then & x K’ is simple and is thus
isomorphic to a complete matrix ring A, over a skew field A. We now wish to
see what can be said about this skew field A. ‘

Quite generally, A is the right endomorphism ring of a simple (& x K’)-
module which, as was remarked at the outset, may be interpreted as a double
module (& on the left, K on the right). Each endomorphism of the (S x K’)-
module corresponds to an endomorphism of this double module 3 in a one-to-one
manner; A is therefore isomorphic to the right endomorphism ring of the double
module M. The inverse skew field A’ is thus isomorphic to the left endomorphism
ring of the double module M. Thus A’ may be identified with this endomorphism
ring.

If the double module M is interpreted as a vector space over K, then the
elements a of & induce linear transformations A4 of this vector space:

au = Au.

As we have seen, © is isomorphic to a subring % of K, under the representation
a—A. By Section 13.9, the left endomorphisms of Ik, and thus the elements of
A’, are those linear transformations L of this vector space which commute with
the transformations A:

LAd=AL forall Aeg.

The ring A’ is thus the centralizer of X in K,, that is, the ring of those matrices
L in K, which commute with all matrices 4 of X.

We have thus obtained the following.
Structure Theorem for Products: Let S be a simple algebra (with identity),
and let K be a division algebra over P. Let one of the two algebras be central over
P, and let K’ be anti-isomorphic to K. Then S x K’ is isomorphic to a complete
matrix ring A, over a skew field A. The only irreducible representation of S in
K maps S faithfully onto a subring Z of K,. The centralizer A’ of 2 in K, is
anti-isomorphic to A.

The degree r of the representation S—Z is the rank of the double module It
over K. If I is interpreted as an (S x K')-module, the the rank of this module
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over K’ is likewise 7. A simple left ideal [ of S x K’ may be chosen for N ; the
rank of this left ideal is then

(:K)=r.

The simple ring S x K’ = A, is the direct sum of # such left ideals; its rank over
K’ is therefore ¢r. From this there follows the important rank relation

Z:P) = (G :P) = (SxK :K) =t O (1445)

The formulation of the structure theorem is somewhat simpler if we start
with 2 in place of S and consider the isomorphic algebra &' x K’ instead of
© x K’. We thus take in the complete matrix ring K, a subring Z, of which it is
assumed that the matrices form an irreducible system. Further, let K or & (or
both) be central over P. The structure theorem then reads as follows.
Theorem: Xx K’ is isomorphic to a complete matrix ring over a skew field A.
The centralizer A’ of Z in K, is anti-isomorphic to A. The rank of 2 over P isr.

The requirement that 2 be an irreducible system of linear transformations
may also be relaxed. Since 2 x K’ is simple, each matrix representation of 2’ in
K is completely reducible, and the irreducible components are equivalent. By
appropriate choice of basis, the matrices of the system 2’ can therefore be brought
to the form:

Ay

A= . , (14.46)

%
with s equal blocks 4, along the diagonal. The matrices 4, form an irreducible
system 2 to which the structure theorem above may be applied. The centralizer
of the system Z,;, which consists of matrices L; that commute with all the

matrices 4, of X, is again a division algebra A’ anti-isomorphic to A. The
centralizer T of Z consists of the matrices

Lyy...Lyg
L = . . , (14.47)

L,...L,

where the L, are taken from A’. Thus T 2 A,
The product relation
ZE:PT:P=(K,:P) (14.48)

holds between the ranks of the rings 2 and T which commute element-wise;
this relation is easily verified.

It follows easily from (14.48) that the centralizer of T is again Z.

This symmetric relation between the systems X and T is basic in the “Galois
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theory”” which is developed in gres: generality in Jacobson, Structure of Rings,
Chapters VI and VII.

We now pass to some applications of the structure theorem.

1. The structure of K x K’. Let K be a central division algebra over P. We may
then choose 2' = K and apply the structure theorem. The degree r of the matrices
is equal to 1 in this case; the system X is trivially irreducible. The centralizer
A’ of K in K is the center P of K. Hence A = P also. The rank relation (14.45)
gives

(K:P)y=1

We therefore obtain the result: K x K’ is a complete matrix ring over the base
Jield P. The degree t of the matrices is equal to the linear rank (K : P).

2. The'maximal commutative subfields of a division algebra. Let K be a division
algebra over P. If K is not central over P, then we choose the center Z of K as
the new base field P. Now suppose that 2' is a maximal commutative subfield of
K. The centralizer of X in K is 2 itself. For if § commutes with all the elements of
Z, then the skew field X (6) is a field, and since 2'is maximal 8 must be contained
in 2.

Thus A = 2, and Zx K’ is therefore a complete matrix ring over 2. The
inverse ring to 2'x K’

Kx2"=Kx2 = Kg

is thus also a complete matrix ring over 2'; that is, 2'is a splitting field of K. The
representation of Ky as a complete matrix ring 2, is absolutely irreducible. In
Section 13.12 we have called the degree ¢ of an absolutely irreducible matrix
representation of K in a suitable extension field 2 of P the index m of the division
algebra K. Hence t = m and r = 1. The rank relation (14.45) now gives

& :P)=t=m,

and we thus obtain the following.

The maximal commutative-subfields of a division algebra K with center P are
splitting fields of K and their field degree (2 : P) is equal to the index m of the
division algebra.

3. As an application of this theorem, we determine a/l division algebras over
the field R of real numbers.

As commutative division algebras over P, we have P and P(i), the fields of real
and complex numbers. We now assume that the algebra K is noncommutative.
If Z is the center and 2’ a maximal commutative subfield of K, then

PecZecXcK;, (E:Z)=m; (K:Z)=m’

Since K is noncommutative, we must have m> 1. For the fields Z and %, only
P and P(i) are possibilities. Since m>1, 2 + Z and hence
2 = P(@), Z=P, m=2,

The algebra K sought can therefore only have rank m? = 4.
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According to the automorphism theorem, the isomorphism of P(i) which
carries i into — i must be given by an inner automorphlsm of K; that is, there
exists a k with the property

kik~' = —i, (14.49)

Since k is not contained in 2’ = P(j), it follows that 2’ (k) = K; hence K = P(j, k).
It follows from (14.49) that
K*ik™* = i;

that is, k2 commutes with i. Since k2 also commutes with k k? lies in the center:
k*=aceP.
If it were the case that =0, then a = b2,

k*—b* = (k-b)(k+b) =0
k—b=0 or k+b =0,
and hence k € P, which is impossible. Therefore, a<0: a = —b? (b + 0). After

multiplying k by a real factor b ~!, we may assume that k> = —1 without destroy-
ing the other properties of k. For i and k we therefore have the relations

ki= —ik

iZ=k%=—1.

But these are just the properties which characterize the algebra of quaternions.
Hence the algebra of quaternions is the only noncommutative division algebra over
the field of real numbers.

In the same way we can prove: every central division algebra of index 2 over the
Jfield Q of rational numbers is a generalized quaternion algebra.

4. Determination of all finite skew fields (skew fields with finitely many
elements). '

If K is a finite skew field, Z its center, and m the index of K over Z, then every
element of K is contained in a maximal commutative subfield 2 of degree m
over Z. Now all commutative extensions 2’ of degree m of a Galois field Z of
P" elements are equivalent (they are obtained by the adjunction of all roots of the
equation x? = x, ¢ = p™). These fields therefore all arise from a single one, %,
by transformation with elements of K:

Z = Kz'ol('*l

If the zero element of K is omitted, K becomes a group ®, 2, becomes a sub-
group $, and X becomes a conjugate subgroup «$H« !, and these conjugate
subgroups together make up the entire group ® (since every element of K is
contained in some Z2). We now need the following group theory lemma.
Lemma: A proper subgroup ) of a finite group ® together with its conjugates
s$Hs~1 cannot exhaust the entire group ®.

Proof: Letnand N be the orders of § and ®, respectively, and let j be the index
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of § so that N = j-n. If s and s’ belong to the same coset 5§, so that s’ = sh, then

8§98’ =shHh~ s = sHs~ L.

There are thus at most as many distinct s§)s ! as there are cosets, that is, at
most j. If these s$s ! (to which §) also belongs) exhaust the group &, then they
must be disjoint, for otherwise they could not supply the necessary N = j-n
elements. Since, however, two distinct s$s~! have the identity element in
common, they can never be disjoint, and we have reached a contradiction.

For our case it follows from the lemma that § cannot be a proper subgroup
of ®; therefore § = ® and hence K = Z,. Thus K is commutative. We have now
proved the following.

Every skew field with finitely many elements is commutative and thus a Galois
Sield.

For an alternate proof of this theorem due to MacLagan-Wedderburn, see
E. Witt, Abh. Math. Sem. Hamburg, 8, 413 (1931).

1410 THE SPLITTING FIELDS OF A
SIMPLE ALGEBRA

It may be assumed that a simple algebra U is a complete matrix ring over a
division algebra K:
A = K,.

By Section 13.12, the splitting fields of K are at the same time splitting fields of
A, and conversely. In studying the splitting fields we may therefore restrict our
consideration to the division algebra K. Further, it may be assumed that the
center of K is the base field P; K is then central over P.

By Section 14.9, the maximal commutative subfields of K are splitting fields
of K. There thus exist splitting fields 2' of finite degree over P. We therefore
restrict ourselves henceforth to finite extension fields & of P.

Each such field 2 can be irreducibly imbedded in K, by Section 14.9. We
may therefore interpret 2 as an irreducible system of matrices in K, at the outset.
If now 2 is a splitting field of K, then this means that X' x K’ is a complete matrix
ring over X ’

ZxK'=2%, hence A=2.

The inverse ring A’ is then likewise equal to 2. The centralizer of 2 is therefore
equal to Z'; that is, any element of K, which commutes with all the elements of
2 lies in 2. From this it follows that % is a maximal commutative subfield (even
a maximal commutative subring) of K,.

Conversely, let 2 be a maximal commutative subfield of the matrix ring K,.
If 2 is reducible, then the matrices 4 of the system 2’ can be obtained by com-
bining submatrices 4, in accordance with (14.46). These submatrices form a
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system %, isomorphic to 2 which is likewise maximal. We may therefore, without
loss of generality, assume at the beginning that the system X is irreducible.

The centralizer A’ of 2 is a skew field whose elements § commute with all the
elements of 2. If such an element 8 were not contained in X, then 2(6) would be
a proper extension of 2 in K,, which contradicts the maximality of 2. Hence
A’ = X, But then also A = Z; that is, 2'is a splitting field of K.

We have thus obtained the following characterization of the splitting fields.

Every maximal commutative subfield of a complete matrix ring K, is a splitting
field of K; conversely, every splitiing field can be represented (even irreducibly)
as a maximal subfield of K,.

For the case of the irreducible imbedding of 2 in K, we have from (14.45)

the rank relation
(X :P)=1¢r.

Here ¢ is again the degree of the absolutely irreducible representation of K in 2
that is, ¢ is equal to the index m of the division algebra K. Hence

Z:P)=mr.

From this it follows that the field degree of a splitting field X of K is always divisible
by the index m of K. The maximal commutative subfields of K are splitting fields
of smallest possible rank m.

We prove finally the following theorem.
Theorem: FEvery central division algebra K over P has at least one separable
splitting field.

For the proof we need the following lemma.
Lemma: In a field of characteristic p every p’-rowed matrix A which satisfies an
equation of the form

AP = E{  (E = identity matrix) (14.50)

has a characteristic polynomial (cf. Section 12.6) of the form
X(x) = 2§

and hence, if pf> 1, has trace zero.

Proof of the Lemma: We can adjoin the p°th roots of { to the base field, and
we may therefore assume that { = 5. If the matrix A4 is interpreted as the
matrix of a linear transformation of a vector space, then, for every vector v,

0= (4= Do = (4" =97 = (4 —n)*"v.

The elementary divisors f,(x) of the matrix 4 are divisors of (x —7)?* by definition
(Section 12.5), and they are therefore powers of (x—m). The characteristic
polynomial x(x) is a product of the elementary divisors and is thus likewise a
power of (x— 7). Since x(x) is a polynomial of degree p’, it follows that

X(x) = (x—n)? = xP'—q?" = x?'—p.

Proof of the Existence of Separable Splitting Fields: Let Z be a maximal

-
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separable subfield of K, and let A" be the centralizer of Z in K. By the structure
theorem of Section 14.9, Z x K’ is isomorphic to a complete matrix ring A,,
where A is anti-isomorphic to A’. The center of Zx K’ is Zx P = P, since P
is the center of K’, Thus, the center of 4, is also Z. The center of the complete
matrix ring A, is equal to the center of A, and therefore the center of A’ is equal
to Z.-

If now @ is an element of A not belonging to Z, then Z(6) is inseparable and,
indeed, is of reduced degree 1, since otherwise Z(6) would contain a separable
subfield containing Z. Therefore 6 satisfies an irreducible equation of the form

o =¢, (inZ (14.51)

The same is true (with p® = 1) if 6 itself lies in Z.

If 2' is a maximal commutative subfield of A’, then 2 over Z as base field
" has reduced degree 1 and thus has field degree p”. And X is a splitting field of
A’;that is, A’ x X is a complete matrix ring over 2’ and has degree p”. In this
matrix representation all elements of A’ have trace zero if p/> 1 by the lemma;
if A is the matrix representing 6, then the matrix equation (14.50) follows from
(14.51). All the matrices of A’ x 2 are linear combinations of matrices of A’
with coefficients in 2, the base field of the matrix ring. All these matrices thus
have trace zero for p£> 1. This, however, is contradicted by the fact that we are
here concerned with the complete matrix ring. Hence p/ = 1 and Z = X are the
only remaining possibilities. Now Z is itself a maximal subfield of K and is thus a
splitting field.

1411 THE BRAUER GROUP. FACTOR SYSTEMS

We partition the central simple algebras over a fixed base field P into classes
by assigning to a class [K] all those algebras which are isomorphic to complete
matrix rings over the same division algebra K.

If K and A are two such division algebras, then K x A is again central and
simple (Section 13.12), and hence

KxA ~ A, (14.52)
It follows from (14.52) that
K,xA; = KxP,x AxP, = A, xP,
= Axptxprs = Ax Prrs = Atrs 5
all products K, x A, of algebras of the classes [K] and [A] therefore belong to a
class [A]. This class is called the product of the classes [K] and [A]. Since further,

KxA ~ AxK
Kx(AxT) =(KxA)xT,

the product is commutative 'and associative. There is also an identity class: the
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class [P] of the base field. Finally, for every class [K] there is an inverse class:
the class [K'] of the division algebra K’ anti-isomorphic to K. Thus the classes of
central simple algebras over P form an Abelian group. This group was first studied
by R. Brauer and is called the Brauer group of algebra classes.

Those algebra classes having a given commutative field 2 over P as splitting
field always form a subgroup of the Brauer group. Indeed, a splitting field of K
is, by Section 13.12, also a splitting field of the entire class [K] as well as a splitting
field of the inverse class [K'], since K’ is anti-isomorphic to K and therefore
K’x X' is also anti-isomorphic to K x 2, If K and A both have the splitting field
2, so that

KxZx2Z, AxZzDZ,
then it follows that

KxA)xZ >~ KxZ, 2 Kx2ZxP,
~ 2. xP, =2xP,xP, = X,

and thus Y is also a splitting field of the product Kx A and therefore of the
entire product class [K x A].

By the last theorem of Section 14.10, each Brauer algebra class [K] has a
separable splitting field, say the field P(6). If all the conjugates of 8 are also
adjoined, a2 normal, separable splitting field X is obtained. This field can be
irreducibly represented by Section 14.10 as a maximal commutative subfield of
a simple algebra A = K, which belongs to the class [K].

- We shall now prove: the algebra W is a crossed product of the field X with its
Galois group ® in the sense of Section 13.3.

It follows first of all from Section 13.3 that X' is its own centralizer in ¥ = K,;
that is, any element of W which commutes with all the elements of 2 lies in 2.

As in Section 13.3, we denote by S, T, ... the elements of the Galois group
® and by B° the element of X which is the image of B under the automorphism S.
The product ST is again defined by

BT = B
The automorphisms S are generated by inner automorphisms of U according

to the automorphism theorem of Section 14.9. Therefore there exists for each
S an element g in A having an inverse us~! in A so that, for all B of Z,

“s-lﬁ“s = ﬁs

Bus = ugp®. (14.53)

The element #sr ™ ‘usuy commutes with all the elements of Z by (14.53) and
is therefore itself an element of Z. Putting

or

usr tustr = ds, 15
we obtain the multiplication rule
usuy = usrds, r-. (14.54)
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Here 85, ; + 0, since 85 has an inverse uy ™~ lug™ lugy.

The composition rules (14.53) and (14.54) are precisely the same as formulas
(13.36) and (13.37), by which the crossed product was defined. It follows from -
these rules, as was previously proved, that the ug are linearly independent over 2,
The linear combinations of the ug with coefficients in 2,

a= ZS: usﬁs,

form a ring U, in WA having rank n over 2 and thus rank n? over P; heren = (Z:P)
is the rank of 2 over P. By Section 14.10,

n=(X:P)=rm.
The rank of A = K, over P is
r’(K : P) = r’m? = n?,

Since U, and U thus have the same rank n? and %, is contained in %, it follows
that A, = A; that is, A is a crossed product of the field 2 with the group &.

The fact that algebras W = K, could be represented as crossed products was
first recognized by Emmy Noether. The system {5 1} of elements 5,  is there-
fore called a Noether factor set of the algebra U or of the algebra class [K]. The
following assertion is clearly true.

The structure of the algebra W is completely determined if the field X and the
Jactor set {8g, v} are known.

The converse is not true. If A and Z are given, then the imbedding of 2'in A
is, to be sure, uniquely determined up to inner automorphisms of %, but the ug
are not uniquely determined by the imbedding; on the contrary, according to
(13.39), they may be replaced by

Us = UsYs (ys + 0). (14.55)
This is the only freedom present; for it the vg as well as the »g have property
(14.53),
ﬁvs = vSBg 3

then vgus ™! commutes with all elements 8 of Z,
Buosus™ = vsBSus™! = vgus™'B.
If we put vgug™! = yq, then the yg are elements of 2 and we have
Us = ysls-

Replacement of the ug by the vg implies, as we have seen in Section 13.3,
that the factor set {8, } is replaced by the associated factor set {eg, r}:

3s, - (14.56)

Ysr

There is thus a one-to-one correspondence between Brauer algebra classes [K]
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with a fixed splitting field which is normal and separable and the classes of associated
Jactor systems {85 1} in X which satisfy the associativity conditions (13.38).

Thus far we have started with a normal splitting field Z. However, R. Brauer
has shown that a factor system can be defined relative to a splitting field of a
simple algebra K, which is not normal.

Let A be a finite splitting field which need not be normal. Let 4 = &, be a
primitive element of A, such that A = P(9), and let 8,(« = 1, 2, ..., n) be the
conjugates of & in an appropriate normal extension field 2.

Up to equivalence there is only one absolutely irreducible representation of
K, by matrices in A. Let a—4 be this representation, and let a—A4, be the repre-
sentations arising from the first when the field isomorphisms 93—, are applied to
the matrix elements of the representation. Since these representations are all
equivalent (there is also in 2, up to equivalence, only one irreducible representa-
tion), there exist matrices P,, which transform the representation A4, into A4;:

A“ = PapApP‘!p—l.

The matrix P,z may be taken in the field P(#,, 3,), since the two representations
are already equivalent in this field. The P,; can further be chosen so that each
isomorphism of P(8,, &) which takes &, #; into a conjugate pair #,, #; also takes
P, into P,,. For this purpose we need only select from each class of conjugate
pairs a pair «, B, determine a P, for this pair, and derive the remaining P,; from
the relevant isomorphisms.

We now have

Ay = PoydsPoy™" = PoyPy,A,Pp, ™ Poy ™" . Cip -1
= aﬂPﬁfoq AaPm'Pﬂ)' Pﬁﬂ .

The matrix P,,P; P, ~' therefore commutes with all the matrices 4, of an
absolutely irreducible representation, and it is therefore a multiple of the identity
matrix

PPy, Pyt = Cpp,E (14.57)

«y

PopPpy = CapyPay-
The Brauer factor set{c,s,} is defined by (14.57). It has the following properties.

Cqp, Delongs to the field P(9,, &4, §,).

Caﬁyca'yé = caﬂécﬂyd. ]
c,fﬂy = Cppry if S is an isomorphism of the field P((&,, #;, #,) which takes
By 95,0, intod,,, &g, 3.

WA

Property 1 follows immediately from the definition of the c,4,, property 2
follows from the associative law for the matrices P,;, and property 3 is a con-
sequence of the behavior of the P,; under the isomorphism S.

If P, is replaced by k,zP,4, Where the nonzero field elements k,; are required
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to satisfy the same conjugation relations as the P,;, then the system of the c,g,
goes over into an associated factor set

, kqgk
Capy = Ig &

Capyr (14.58)

ay .
On the other hand, if the representation a—A is replaced by an equivalent
representation a—~QAQ ~!, then the P, are to be replaced by Q,P,Q,*; it may
be easily verified that the factor set c,4, hereby remains unchanged. The factor
set is thus uniquely determined up to associated sets by K, and A alone.

The entire theory can be constructed on the basis of either the Noether or the
Brauer factor set. The proofs become simpler and more transparent if both
types of sets are used and their equivalence is demonstrated. Certain properties
are more easily proved for the Noether set, and others are more easily proved
for the Brauer set. We begin with the basic properties of the Brauer factor set.

If K, is a complete matrix ring over the base field P, and thus K, = P,, then
all the P,; may be chosen equal to the identity matrix E. All the c,,, are then
equal to 1, and it follows that the factor set of an algebra which splits in the base
field is associated to the identity set c,p, = 1.

We now seek the factor set for a direct product K, x A,. If a—4 is the irre-
ducible representation of K, in the field A and b->B is that of A, in the same field,
then a representation of the product system K, x A, is obtained if ab is represented
by the Kronecker product A4 x B (Section 14.6). It may easily be seen that this
representation is irreducible by computing its degree. Indeed, if the irreducible
representation of K, has degree n and that of A, has degree m, then K, has rank n?
and A, has rank m? (by the Burnside theorem, for example), and thus K, x A,
has rank n’m?, and the degree of the product representation is mn and thus
coincides with the degree of the absolutely irreducible representation of K, x A,.

We can compute the factor set of the product representation. Here 4, =
P, 'AgP 4 and B, = Q.37 'B,Q,, imply

A, X By = (Paﬁanp)_l (Ag X Bg) (Pyg X Qup),

and thus P, x 0, are the transformation matrices of the product representation.
It follows similarly from

P,gPgy = CapyPyy and QupQsy = daﬂanv

(Paﬂ X Qaﬁ) (Pﬁy X Qﬁy) = caﬂydaﬁy(Pay X Qay)'

Hence, {c,4,d,5,} is a factor system of the product algebra K, x A,.

If we apply this result first to the case Kx P, = K, it follows, since the d,
are in this case equal to 1, that the matrix ring K, has the same factor set as the
skew field K. Thus, to each Brauer algebra class there corresponds a single factor
set up to associated sets.

Combining these results, we have this statement: To each element of the Brauer
group of algebra classes with the splitting field A there corresponds a factor set

that
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{c.py} Which is uniquely determined up to associated sets; to the identity element
there hereby corresponds the identity set and to the product of two group elements
there corresponds the product of the factor sets.

We now investigate how the Brauer factor set of an algebra behaves under
. extension of the splitting field. Let A’ = P($’) be a finite separable extension
field of A = P($). Eachisomorphism#'—>#; of the field A’ induces an isomorphism
93, of the field A; to each «’ there thus corresponds an «. The representation
a—A of K, in A can be left unchanged when going over to A’. The conjugate
representations A, then also remain unchanged; that is, 4;. = A, if the number
« corresponds to the number «’. For the transformation matrices the correspond-
ing rule reads: P,.;. = P,z if the numbers «, 8 correspond to the numbers o', 8'.
Finally, the same simple rule holds for the factor set: cy.p,» = Cyp, if the numbers
a’, B, y' correspond to the numbers «, B, vy, that is, if the isomorphisms &'—9..,
'8, 0>, of the field A’ induce the isomorphisms 9—3,, 384, 33, of the
field A. .

On the basis of this rule we may always pass from an arbitrary separable
splitting field A to an encompassing normal field 2. The isomorphisms $—>3,
of Z are then the elements S, 7, . . . of the Galois group: 8, = 95,3, =87, and
so on, In this case the elements S, T, R may be used as indices in place of «, B, v,
and we can write cs, 1,  in place of c,g,. In this new notation rule 3 reads:

CSQ' T,R= CSQ, TQ. RO" (14.59)

The connection with the Noether factor set can now be established. We shall
compute the Brauer factor set for the crossed product K, originally defined and
show that it is the same as the Noether factor set except for notation.

We obtain an irreducible representation of K, in X by interpreting K, itself as
a representation module. The basis elements of K, as a right Z-module are
precisely the ug. The matrix representing an element a = ugf (it suffices to
consider only these elements, since all others are sums of such elements) is
obtained by multiplying this element by all the basis elements %, and expanding
the products in terms of the u;:

(usBuy = usurﬁT = usr85, BT

The representing matrix A therefore has the element 85 ;87 in the STth row
and Tth column and has zeros elsewhere in that column. The conjugate matrix
AR therefore has the element

(Ss. TBI)R = 8§' TBTR

in the Tth column and STth row.
We now try to determine the matrix P, r which takes 4 into 4%:

AP, = P, pdR. (14.60)

We take for P  the matrix which has the element 8, p in the Yth column and
YRth row and has zeros elsewhere in that column. Relation (14.60) is then
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satisfied, for on the left side the element 8¢ TRﬁTRa,, g stands in the Tth column
and STRth row and on the right side this entry is 8sr 3 8% 787%, which is the
same by (13.38). We have thus found P, . The other Pg ; are obtained (by
the agreement established in defining the P,s) by applying the automorphisms
Sto Py, i

S —
Pi,r = Pg s

The relatio;l Ps. TPT, R= CS' T, RPS, R must bc establis}led Only for the
case S = 1, since by applying the isomorphism S the index 1 can be converted
to S [cf. (14.59)]. We are therefore concerned only with

Py rPr, Tk = €1, &, RP1, TR
or

Py, gPY r = ¢;, r, 18Py, TR
The left side has the element

8sr, Rag. T= 8s, msr. R

in the Sth column and STRth row; the right side has the element ¢y g, &35, rr
at this place. We must therefore put

€1, R, TR = 91, R¢ (14.61)

The Noether factor set is known from formula (14.61) as soon as the Brauer
set is given. But the structure of the algebra K, is determined by the Noether factor
set. We thus have the following.

A Brauer algebra class is uniquely determined by the splitting field A and the
JSactor set {c,,}. .

From previous consideration of the factor set of product algebras we found
a homomorphism of the group of Brauer algebra classes with given splitting field
A to the group of classes of their associated factor sets. On the basis of the
uniqueness proof just given, it follows that this homomorphism is an isomorphism.

It is easily checked that the associativity condition (13.38) is a consequence
of properties 1, 2, and 3 of the c,4,. Thus, to each system of field elements c,g,
with properties 1, 2, and 3 there belongs an algebra class which is represented by a
crossed product with the factor system 85 1 defined by (14.61).

The basic properties of the Brauer factor set also hold for the Noether set by
(14.61). In particular, there is also in this case an isomorphism of the group of
algebra classes with a fixed normal splitting field to the group of classes of their
associated (Noether) factor sets. We make special mention of the following fact.

The crossed product K, is a complete matrix ring over the base field P if and
only if its factor set 85 r is associated to the identity set

_ CSTCT
8s, 7 = .
CsT
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Exercises

Under an extension of the base field P to an extension field A the skew
field K goes over into the simple algebra K. Prove that the Brauer factor
set is hereby “shortened” in the following manner. Let the fields A and A
be imbedded in a common extension field and seek out among the elements
#, conjugate to & those which are still conjugate to & with respect to the
new base field A. The ¢,,, belonging to three of the &, are retained, and
all others are omitted. In the language of the Noether factor sets this
states that only those 8 r are retained for which S and T belong to a
fixed subgroup (which?) of the Galois group.

Using Exercise 14.5, answer the following question: Which subfields of
Z are splitting fields of an algebra with the factor set 85, ?

Two cyelic algebras (8, 2, S) and (¢, 2, S) are isomorphic if and only
if 8 differs from € only by a factor of a norm. In particular, (8, Z, S)is a
complete matrix ring over P if and only if § is the norm of an element of 2.



Chapter 15

GENERAL IDEAL THEORY OF
COMMUTATIVE RINGS

15.1 NOETHERIAN RINGS

In this chapter we shall study the divisibility properties of ideals in commutative
rings and find to what extent the simple laws which hold in, say, the ring of
integers can be carried over to more general rings. In order to avoid complicated
situations, it is convenient to restrict attention to rings in which each ideal has
a finite basis. As we shall see, this condition is actually satisfied in a great many
important cases.

We say that the basis condition holds in a ring o if every ideal in o has a finite
basis. Commutative rings in which the basis condition holds are called Noetherian
rings.!

The basis condition holds in any field, since (0) and (1) are the only ideals.
It is also satisfied in the ring of integers and, more generally, in any principal
ideal ring. Of course, it also holds in any finite ring. We shall see later that the
basis condition holds in any factor ring o/a if it holds in p. Finally, we have the
following theorem, which goes back essentially to Hilbert.

Theorem: If the basis condition holds in a ring o and if v has an identity element,
then the basis condition also holds in the polynomial ring o[x].

Proof: Let A be anideal in o[x]. The leading coeflicients of x in the polynomials
of N, together with zero, form an ideal. Indeed, if « and 8 are the leading co-
efficients of the polynomials a and b,

a= ax"’_g_-..
b=pBx"+"--,
and if it is assumed, say, that n=m, then
a—bx""" = (ax"+---)—(Bx"+++*)
= (a—P)x"+ -

1The definition used by many authors includes, in addition, the requirement that the ring
have an identity element (Trans.).

115



116 GENERAL IDEAL THEORY OF COMMUTATIVE RINGS

is again a polynomial of ¥ with leading coefficient 2 — 8 or zero; similarly, if «
is the leading coefficient of a, then A« is the leading coefficient of Aa or zero.

Now by hypothesis thisideal a of the leading coefficients has a basis («,, . . . , ).
Suppose that «; is the leading coefficient of the polynomial

ai= a‘x'i+o-u

of degree n,, and let n be the greatest of the finite number of integers n,.
We include the polynomials g, in the basis being constructed for %. We shall
now determine what further polynomials are necessary for a basis.

If
f=axN4.-:
is a polynomial of U of degree N=n, then « must belong to the ideal a:

. =Y Ao,
We form the polynomial

fi= F-Z 0",

The coefficient of xV in this polynomial is

“—‘Z Al“i = 0;
Jfi therefore has degree <N. The polynomial f can thus be replaced modulo
(a,, . .., a,) by a polynomial of lower degree. We can continue in this manner

until the degree is less than n. It is thus sufficient henceforth to consider poly-
nomials of degree <n.

The coefficients of x"~! in the polynomials of % of degree <n—1, together
with zero, form an ideal a,_,; let

(pgrsevnsag)
be a basis for this ideal. Let «, , ; again be the leading coefficient of the polynomial

Qg = oy Lo,

We now also include the polynomials a,,,, ..., a, in the basis. Every poly-
nomial of degree <n—1 can now be replaced modulo (a, .4, . . ., a,) by a poly-
nomial of degree <n—2; we have, as before, only to subtract an appropriate
linear combination

E Y W S

We continue in this manner. The coefficients of x" 2 in the polynomials of
degree <n—2 together with zero form an ideal a,_, whose basis elements
@415 - - - » & COrrespond to polynomials a, ., ..., . These polynomials we
again include in the basis. We finally arrive at the ideal a4 of the constants in % ;
its basis elements («,4;,...,2,) belong to the polynomials a,,,...,a,.
Each polynomial of % must now reduce to zero modulo

(al’--a,a‘.,a'...l’-c-,a”-oo,av+1,--.,aw)o
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The polynomials a,, ..., a, therefore form a basis for the ideal ¥, and this
completes the proof of the theorem.

Applying this theorem n times, we obtain the following generalization.

If the basis condition holds for a ring o with identity, then it also holds for any
polynomial ring o[x,, ..., x,] in a finite number of indeterminates x,, ..., X,.

The most important special cases are the ring Z [x,, . . . , x,] of integral poly-
nomials and the polynomial ring K[x,, ..., x,] with coefficients in a field K.
All these rings are Noetherian.

Hilbert formulated his condition only for these cases and in a form which
may appear to be more general, as follows.

In every subset M of o (not only in every ideal) there exist a finite number of
elements my, . . . , m, such that every element m of I can be expressed in the form

Amy+--+Am,  (Aino).

This condition is an immediate consequence of the basis condition for ideals,
since if A is the ideal generated by M, then N has first of all a basis

N=(@,...,a).

Each element g, (as an element of the ideal generated by %) depends on finitely
many elements of I :

a; = ;’\u‘mu-

All elements of U therefore depend linearly on the finitely many.m;,; this holds,
in particular, for elements of .

It is more important that the basis condition is equivalent to the following
“‘ascending chain condition.” A
Ascending Chain Condition, First Formulation: If a chain of ideals a4, a,, a;, . . .
" is given in » and if each a;, . is a proper divisor of a;,

Q; < Qi+,

then the chain breaks off after finitely many terms.
Or we have the following, which amounts to the same thing.
Ascending Chain Condition, Second Formulation: Given an ascending chain
Ay, 05,03, ...,
| PR =) PP
there exists an n such that
A= Quyy = °°°

That the ascending chain condition follows from the basis condition may be
seen as follows.

Let a,, a,, a3, . . . be an infinite chain such that a; & a;4,. The union v of
all the ideals q; is an ideal. For if @ and b are contained in v, then a is in some a,
and b in some a,,; @ and b therefore both lie in ay, where N is the larger of the
numbers n and m, and hence a—b is also in ay and thus in v. If gis in p itis in
some a,, and hence Az is in a, and so in ».
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This ideal has a basis (a,, ..., a,) by hypothesis. Each a; is contained in
some ideal a,,;. If n is the largest of the numbers »n,, then ag, . . ., a4, all lie in q,.
Since all the elements of v depend linearly on q,...,a, it follows that all
elements of v are in a, and hence

D=0,= Qgsg = Quy2 = """

Conversely, the ascending chain condition implies the basis condition. Thus,
suppose that a is an ideal and a, is any element of a. If @, does not generate the
entire ideal, then there exist elements in a which are not contained in (a,); let
a, be such an element. Then

(a)) < (a5, a,)-

If a; and a, still do not generate the entire ideal q, then there is a third element
a; in q which is not contained in (a,, a,), and so on. We thus obtain an ascending
chain

(@) < (a1, a;) < (a,a3,a3) < -+,

which must break off after a finite number (say r) of terms. This implies that

(al, az, LU ,a,) =a

and hence a has a finite basis.
If the ascending chain condition holds in a ring v, then it also holds in any residue
class ring o/a.
Proof: An ideal b in oja is a set of residue classes. If we form the union of all
these residue classes, we obtain an ideal b in . Conversely, b is uniquely deter-
mined by b from
b = b/a.

A chain of ideals b, < b, = b, = ... in o/a thus gives rise to a chain of ideals
b; < b, ©b; < ...inpo; the last chain breaks off after a finite number of terms
and so the first must also.

This also proves the assertion made at the beginning of the section that the
basis condition for p implies the basis condition for o/a.

The ascending chain condition has two other formulations which are sometimes
more convenient in applications.
Ascending Chain Condition, Third Formulation: The Maximum Condition: If
the ascending chain condition holds in o, then every nonempty set of ideals contains
a maximal ideal, that is, an ideal which is contained in no other ideal of the set.
Proof: Let one ideal be distinguished in every nonempty set of ideals. If now
in a set M of ideals there were no maximal ideal, then every ideal of the set would
be contained in another ideal of the set. We now find the distinguished ideal
a; of M; in the set of ideals of M which contajn a, and Fa, we find the distin-
guished ideal a,, and so on. We finally obtain an infinite chain

a <a<a3 <,

which is impossible by hypothesis.
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Ascending Chain Condition, Fourth Statement; The Principle of Divisor Induction:
If the ascending chain condition holds in o and if a property E can be proved for any
ideal a (in particular, for the unit ideal) under the hypothesis that it is satisfied for
all proper divisors of a, then all ideals have property E.

Proof: Suppose that some ideal does not have property E. Then by the third
statement of the ascending chain condition there is a maximal ideal a which
does not have property E. Because of the maximality, all proper divisors of a
must have property E. Therefore a also has property E; this is a contradiction.

15.2 PRODUCTS AND QUOTIENTS OF IDEALS

As in Section 3.6, the greatest common divisor (g.c.d.) or the sum of the ideals
a, b, ... is the ideal (a, b, . . .) generated by their union, and the least common
multiple (1.c.m.) is the intersection [a, b,...] = anbd.... The same notation
as for the sum of ideals is used for ideals generated by elements and ideals, for
example,

(0, b) = (a, (B)).

It is obvious that (a, b) = (b, a), ((a, b), ¢©) = (a, (b, ¢)) = (a, b, ¢), and so on.
Furthermore, '

((al, as, .. .), (bl, b2, ‘e .)) = (al, Ayy o v vy bl’ bz, . e ),

or in words: a basis for the greatest common divisor is obtained by writing down
the bases for the individual ideals one after the other.

If the elements of an ideal a are multiplied by the elements of an ideal b, then
in general the products ab do not form an ideal. The ideal generated by these
products ab is called the product of the ideals a and b and is denoted by a-b or
ab. It consists of all sums ) a;b, (¢; in a, b; in b).

Clearly

a-b=">b-a
(@b)c=a(b0);
we may therefore compute with products of ideals as with ordinary products.
In particular, it makes sense to speak of the powers a® of an ideal; they are defined
by ‘
al=q; a®!'=qal

Ifa=(a,...,a,) and b = (by,...,b,), then it is clear that the product
ab is generated by the products a;b,. 4 basis for the product is therefore obtained
by multiplying all the basis elements of one factor with all basis elements of the other.

In particular, for principal ideals

(a):(b) = (ab),

and in this case the definition of product thus coincides with the usual one.
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The product a-(d) of an arbitrary ideal and a principal ideal consists of all
products ab with a in a. We write for this simply ab or ba.
A further rule is the “distributive law for ideals”:

a-(b, ¢©) =(a'b,a-0). (15.1)
The ideal a- (b, ) is generated by the products a(b+¢) which, since
a(b+c) = ab+ac,

all lie in (a-b, a'c); conversely, (a-b, a-¢) is generated by the products ab and
the products ac which are all contained in a-(b, ¢).

Rule (15.1) continues to hold if in place of b, ¢ several ideals or even an infinite
number occur inside the parentheses.

Since all products ab lie in q, it follows that

absa
and similarly
abEb.
This implies that
a'b c [a,b]

or: the product is divisible by the least common multiple.

In the ring of integers the product of the least common multiple and the
greatest common divisor of two ideals a, b is equal to the product ab. This is not
true in arbitrary rings; however,

[a nB)-(a,b) S ab. (15.2)
Proof:
[a nB]-(a,b) = ([a N B]-a, [a N B]-b) = (b-a, a'b) = a-b.

. The ideal o which consists of all elements of the ring under consideration is
called the unit ideal. Of course,

ap Ea.
If o has an identity element, then conversely
a=aecao,
and hence
ao =aq.

In this case the ideal o plays the role of an identity element for multiplication.
It is generated by the identity element.
It is always true that
(@o)=p0; anp=a.

The quotient ideal a : b, where a is an ideal, is by definition the set of all
elements y of o such that

vb=0() forall binb. (15.3)
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This set is an ideal: if y and & both have property (15.3), then y —8 does also, and
if v has this property, then so does ry. It is assumed here that a is an ideal; b
need not be an ideal, but can rather be any set or even a single element.

From the definition

b(a:b) ca.

In the ring of integers the quotient of two principal ideals (a), (b) % 0 is
formed by omitting the factors in the number a which also occur in the number b;
for example,

(12) : ) = (6)
12): (9= Q)
(12): () = (3)
(12) : (5) = (12).

Expressed in another way: a is divided in the usual sense by the greatest common
divisor (a, b).
In general rings there is the corresponding rule

a:b=a:(aDb),

which is easily proved but is not very important.

It is clear that a S a : b, since every element of a has property (15.3). There
are thus two extreme cases:

a:b=opo and a:b =a.
The first case occurs, in particular, if b € a, for then

vb = 0(b) = 0(a).

for any y. The second case means that ¥(b) = 0(a) implies y = 0(a). Therefore
b may be canceled in the congruence yb = 0(a). In this case b is said to be
relatively prime to a or simply prime to a; however, this expression is easily
misunderstood, and we shall seldom use it, preferring rather to write the equation
a : b = a explicitly. In the case of nonzero integers a and b the criterion

yb = O(a) implies y = 0(a)

is satisfied only if ¢ and » have no common prime factor. In general cases,
however, the expression “relatively prime” is not symmetric; for example, if a
is a prime ideal and b a proper divisor of a distinct from o, then

a:b=aqa - andhence bis relatively prime to a,
but

b:a=»p and hence aq is not relatively prime to b.
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For example,
©:@=0
2 : @ =(®).
The following rule is important:
fag,....a]:b=1[a;:b,...,q, :B] (15.4)

Proof: From
¥b s lag,...0,]
it follows that
ybca; for every i,
and conversely.

Exercises

15.1. Prove the rules:
(@:B):c=a:bc=(@:c):b
a:(b,0)=(@:BN(a:0).
15.2. Demonstrate the equivalence of the foll\bwing three assertions:
(@a:b;=a and a:b, =a
(b) a:[byNDb,] =a
(¢) a:bb, =a.

15.3 PRIME IDEALS AND PRIMARY IDEALS

We have already defined a prime ideal as an ideal whose residue class ring has
no zero divisors.
In the ring of integers every natural number a is a product of powers of distinct
prime numbers:
a=p;"--p,", (15.5)

and hence every ideal (a) is a product of powers of prime ideals:

@ = ()" (@)™

In general rings we cannot expect the decomposition of the ideals to be so simple.
For example, in the ring of integral polynomials in one indeterminate x, the
ideal (4, x), which is not prime, has only one prime divisor (2, x) in addition to o;
however, the ideal (4, x) cannot be expressed as a power of (2, x). In general,
we cannot therefore expect a product representation of the ideals but rather at
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most a representation as an l.c.m. (intersection) with simplest possible com-
ponents? corresponding to the representation of (@) as an l.c.m.,

(@ =10, . ... (&™),

which follows from (15.5).

The ideals (p°) occurring in this representation have the following characteristic
property: if a product ab is divisible by p® and the factor a is not, then the other
factor b must contain at least one factor of p°. This may also be expressed by
saying that a power 5? must be divisible by p°. Thus

ab = 0(p")
and
a ¥ 0(p°)
imply
b¢ = 0(p°).

Ideals with this property are called primary ideals.
An ideal q is primary if

ab = 0(q) and a % 0(q)
imply that there exists a o such that
b =0 (q9).

This definition may also be stated as foilows.

If ab = 0 and a@ + 0 in the residue class ring module q, then a power b® must
vanish.

If @b = 0 and 4 + 0, then this means that b is a zero divisor. A ring element
b with the property that b¢ vanishes is called nilpotent. Hence we may also say:
An ideal is primary if in its residue class ring every zero divisor is nilpotent.

We note that this definition is but a slight modification of the definition of a
prime ideal: in the residue class ring modulo a prime ideal every zero divisor is
not only nilpotent but is even zero.

We shall see that the primary ideals in general rings play the same role as
prime powers in the ring of integers: that is, under very general conditions every
ideal can be represented as the intersection of primary ideals, and in this repre-
sentation the essential structure of the ideals is expressed.

The primary ideals are not necessarily powers of prime ideals; this is shown
by the example of the ideal (4, x) considered previously, which is easily seen
to be primary. The converse is not true either: in the ring of those integral poly-
nomials ao+a,x+ - -+ +a,x", in which a, is divisible by 3 p = (3x, x%, x?),is a

2An lLc.m. representation is in certain cases more useful than a product representation,
namely when it is a question of whether or not an element b is divisible by an ideal m, that is,
whether it is contained in m. If m = [ay, ..., a,] then b belongs to m if and only if it belongs
to all the a,.
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prime ideal, but p? = (9x?, 3x3, x*, x°, x%) is not primary, since

9-x* = O(p?)
x* % 0(p?)

9¢ % 0(p?)
for every o.

PROPERTIES OF PRIMARY IDEALS INDEPENDENT OF THE
ASCENDING CHAIN CONDITION

Theorem 1: For every primary ideal q there is a prime ideal divisor which is
defined as follows: p is the set of all elements b such that some power b® lies in*q.
Proof: First, p is an ideal: b¢ = 0(q) implies (rb)¢ = 0(q), and 5° = 0(q) and
¢’ = 0(q) imply

(b—cy*° ! = 0(q),

since either 42 or ¢” occurs in each summand of the expansion of (b—c)¢*° ™2,
Second, p is prime, for

ab = 0(p)
a % 0(p)
imply that there exists a ¢ such that
a’b® = 0(q)
and further
a® % 0(q). -
Hence there exists a o such that
b = 0(a),
and this implies that ,
b = 0(p).
Third, p is a divisor of g:
q = 0(p);

for the elements of q certainly have the property that a power lies in q.

Here p is called the associated prime ideal of q; q is called a primary ideal
belonging to p. From the definition of a primary ideal we obtain the next theorem.
Theorem 2: If ab = 0(q) and a % 0(q), then b = 0(p). '

In a sense the following is a converse of this theorem.

Theorem 3: If'p and q are ideals which have the properties:

(@ ab=00@q) and ax0q) imply b= 0(p)
(®) 9 = 0(p)
() b=0(p) implies b® = 0(q),

then q is primary and p is its associated prime ideal.
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Proof: Here ab = 0(q) and a £ 0(q) imply [by (@) and (b)] that b? = 0(q).
Hence q is primary. It remains to show that p consists of elements b such that
a power b? is contained in q. The one half of this assertion is just (c). It remains
then to show that b? = 0(q) implies b = 0(p). Let ¢ be the smallest natural
number for which 5¢ = 0(q). If o = 1, we are done by (b). For ¢>1 we have
b-b°~' = 0(q), but b°~! £ 0(q); hence b = 0(p) by (a).

In particular instances this theorem facilitates establishing the primary
property and finding the associated prime ideal. It furthermore shows which
properties uniquely determine the associated prime ideal.

Theorem 2 also holds if a and b are replaced by ideals a and b.

Theorem 4: ab = 0(q) and a % 0(q) imply b = 0(p).

Forif b % 0(p), then there exists an element b in b which is not contained in p;
similarly, there exists an element @ in a which does not lie in q. However, the
product ab must lie in ab and therefore in q. This contradicts the earlier result.

The corresponding theorem for prime ideals is proved in the same manner:
ab = 0(p) and a £ 0(p) imply b = O(p).

A corollary of this (obtained by applying the result A —1 times) is: a" = 0(p)
implies a = 0(p).

Another formulation of Theorem 4 is the following:

Theorem 4': b = O(p) implies q :b = q.

The residue class ring o/q contains the ideal p/q (since p = q). This ideal

consists of all nilpotent elements, and hence of all zero divisors in the case q + ».

PROPERTIES OF PRIMARY IDEALS ASSUMING THE ASCENDING
CHAIN CONDITION

If p is the associated prime ideal of g, then a power of every element of p lies
in q. The smallest exponent required depends on the particular element and
may increase without bound. However, if the ascending chain condition is

assumed to hold in the ring o, then the exponents can no longer increase without
bound.

Theorem 5: A power p is divisible by q:

p¢ = 00)-

Poof: Let (py,...,p,) be a basis for p, and suppose that p,?,...,p,* liei
rn q. If we put

then p¢ is generated by all products of the p;, ¢ at a time; in each such product at
least one factor p; must occur more than ¢;— 1 times, and hence at least o times. -
All generators of p? therefore lie in q, whence the assertion.
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The following relations now hold between a primary ideal ¢ and its associated
prime ideal p:
q = 0(p) (15.6)
p¢ = 0(g).

The smallest integer ¢ for which these relations hold is called the exponent of
g. In particular, the exponent is an upper bound for the exponents of the powers
to which elements of p must be raised (at least) in order to obtain elements of q.

If q is primary, then equations (15.6) characterize the associated prime ideal p.
For if a second prime ideal p’ likewise satisfied (15.6) with an exponent o', then

pPSqcyp, sothat p p’
p¥csqcp, sothat p'sp,
and hence p’ = p.
Theorem 6: ab = 0(q) and a % (q) imply a power B° = 0(q).
Proof: It suffices to choose o = p; ab = 0(q) and a % 0(q) imply as before
that b = 0(p), and hence
B¢ = 0(p9) = 0(q).

An ideal q having the property just considered is said to be strongly primary
in contrast to the weakly primary ideals, or simply primary ideals, first defined.
If the ascending chain condition holds, then the two concepts coincide. We have
already seen that in this case the primary ideals are strongly primary, and the
converse follows by specializing a and b above to principal ideals (@) and (b).
If the ascending chain condition does not hold, then every strongly primary
ideal is, to be sure, also weakly primary, but the converse need not hold. See the
review of a work by A, Walfisch, “Uber Primire Ideale,” in Math. Rev., 5,
226 (1944).

Exercises

15.3. Theideal a = (x?, 2x) in the ring of integral polynomials in one variable
x is not primary. Nevertheless, (x)2 © a < (x) and (x) is a prime ideal.

15.4. Ifohasanidentity element, then o is itself the only primary ideal belonging
to the prime ideal o.

154 THE GENERAL DECOMPOSITION THEOREM

Henceforth p shall be a Noetherian ring. Thus the basis condition, the ascending
chain condition, the maximum condition, and the principle of divisor induction
all hold in o.

An ideal m is said to beé reducible if it can be represented as the intersection of
two proper divisors:

‘ m=anb, a>m, bP2m
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If no such representation is possible, the ideal is said to be irreducible.
Prime ideals are examples of irreducible ideals, for if a prime ideal p had a
representation ‘
p=anb, a>p, b>p,
then
ab=0anb)=0p), a=x=0p), b= 0p),

which is contrary to the fact that p is prime.
The ascending chain condition now implies the following theorem.
First Decomposition Theorem: Every ideal is the intersection of finitely many
irreducible ideals.
Proof: The theorem is true for irreducible ideals. Suppose then that m is
reducible:
m=anb, a>m, b>m.

If the theorem is assumed to be true for all proper divisors of m, then it is true in
particular for a and b; thus

a= [il,-~-’i3]

b = [is+ls ve il']‘
From this it follows, however, that

m= [il’ R ’is’ is-l-l’ ey ir],

and hence the theorem is also true for m. Since it is true for the unit ideal (which

is always irreducible), it is true in general by the “principle of divisor induction.”
We proceed from the representation in terms of irreducible ideals to a repre-

sentation in terms of primary ideals by way of the following theorem.

Theorem: Every irreducible ideal is primary.

Proof: Suppose that m is not primary; it will be shown that m is reducible.
Since m is not primary, there exist two elements a and b with the properties

ab = O(m)
b = O(m)
b® = 0(m)  for any o.
By the ascending chain condition, the sequence of quotient ideals
m:bm:b% ...
must eventually terminate; that is, there exists a k such that

m:b=m:b+1.
We now assert that
m = (m,a) N (m,o0b"). (15.7)

Both ideals on the right-hand side are divisors of m; indeed, they are even
proper divisors, since the first contains a and the second contains 5**. We
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have to show that any element common to both these ideals belongs to m.
Such an element c, as an element of (m, 0b*), has the form

c = m+rb*;
as an element of (m, a), it has the property
/ ¢b = O(mb, ab) = O(m).
This implies
mb+rb**! = ¢b = O(m)
rb*t! = 0(m)
and hence, since m : b**! =m : &%,
rb* = 0(m)
¢ = m+rb* = 0(m).

This completes the proof of (15.7); m is therefore reducible.

Since every ideal can be represented as the intersection of finitely many irre-
ducible ideals and since every irreducible ideal is primary, we have found the
following. ,

Theorem: Every ideal can be represented as the intersection of a finite number
of primary ideals.

This theorem can be made still sharper. First, all redundant ideals of q, of a
representation

m =[q1:-",qr],

meaning all those q; which contain the intersection of the other ideals, can be
omitted. We thus arrive at an irredundant representation,® that is, one in which
no component q; contains the intersection of the remaining ideals. In such a
representation it is still possible that several of the primary components might
be combined to form a primary ideal, that is, that their intersection is again a
primary ideal. The following theorems indicate when this is the case.
Theorem 1: The intersection of finitely many primary ideals belonging to the
same prime ideal is again primary and has the same associated prime ideal.
Theorem 2: An irredundant intersection of finitely many primary ideals not all
belonging to the same prime ideal is not primary.

The validity of these theorems does not depend on the ascending chain
condition.
Proof of Theorem 1: Let

m= [Qp--':Qr']s
where q, . .., g, all belong to p. We use Theorem 3 (Section 15.3). From
ab = O(m), a %= 0(m)

3Some authors call this a reduced (primary) representation and require, in addition, that the
q; have distinct associated prime ideals (Trans.).
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it follows that
ab = 0(q,)

a = 0(q,)
for at least one v, and hence that b = 0(p).

for all v and

It is furthermore clear that
m = 0(q,) = 0(p).
If finally b = O(p), then it follows that

b = 0(q,) for all »,
and hence
b2 =0(q,) forally

b¢ = O(m),

where o = max p,. All three properties listed in Theorem 3 (Section 15.3) have
herewith been established. Hence m is primary, and p is its associated prime
ideal.

Proof of Theorem 2: Let

m=1[q,....q] (rz2)

be an irredundant representation in which at least two of the associated prime
ideals p, are distinct. We suppose at the outset that any group of primary ideals
with the same associated prime ideal has been combined to a single primary
ideal. The representation remains irredundant.

Among the finitely many prime ideals p, there is a minimal one, that is, one
which does not contain any of the others. Let this ideal be p,. Since p, does not
contain the ideals p,, ..., p,, there exist elements a such that

a, %= 0(]31)} -
a, = 0(p,) v=23...,0n,
and hence, for sufficiently large o,

ava = o(qV) M

If q, = m, then the representationm = [q,, . . . , §,] would be reducible (indeed,
Q2 . - . » q, would be redundant). Therefore g, contains an element g, such that

g4 % 0(m).
The product
q:(ay-a,)*

is contained both in g, and in @, . . ., q, and hence in m. However, q, is not
in m. If m were primary, this would imply that

(a;--4)* = O(m)
(aZ. : .a')llﬂ' = 0(3’1):
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and hence, since p, is prime, that
a, = 0(p,)

for at least one v, contrary to the choice of the a,.
If in an irredundant representation

m=[g,....,q]

all the associated prime ideals p, are distinct, so that it is not possible to combine
two or more ideals of the representation to a single primary ideal, then the
representation is called a representation by greatest primary ideals. These greatest
primary ideals are also called the primary components of m.

Any irredundant representation m = [q,, ..., q,] can be transformed into
a representation by greatest primary ideals by combining those primary ideals
belonging to the same prime ideal. This completes the proof of the following
theorem.

Second Decomposition Theorem: FEvery ideal admits an irredundant representa- |
tion as the intersection of finitely many- primary components. These primary
components all have distinct associated prime ideals.

This second decomposition theorem, proved for polynomial rings by E. Lasker
and in general by E. Noether, is the most important result of general ideal theory.
We shall learn some applications of this theorem in Chapter 16. In the sections
immediately following we shall investigate what may be said about the uniqueness
of the primary components. ’

Exercises

15.5. Decompose the ideal (9, 3x+3) in the ring of integral polynomials in
one indeterminate into primary components.

15.6. For every ideal a there is a product of powers of prime ideals p,% -p,*
+«+p,® which is divisible by a and such that each p, is a divisor of a.

15.7. 1If the ring p has an identity element, then every ideal a distinct from o
is divisible by at least one prime ideal.

15.8. The ideal (4, 2x, x?) in the ring of integral polynomials in one indeter-
minate is primary but reducible. [Decomposition: (4, 2x, x*) = (4, x)
N2, x?).]

15.5 THE FIRST UNIQUENESS THEOREM

The decomposition of an ideal into primary components is not unique.
Example: The ideal
m = (x?, xy)

in the polynomial ring K[x, y] consists of all polynomial which are divisible
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~ by x and in which the linear terms are absent. The set of all polynomials divisibly

by (x) is the prime ideal
g, = (x);
the set of all polynomials in which the linear and constant terms are absent -
is the primary ideal
az = (% xp, ¥%).
Hence

m = [q;, q2].

This is an irredundant representation, and the associated prime ideals, (x) and
(x, y), of q; and q, are distinct; this is therefore also a representation by greatest
primary ideals. But in addition to this representation there is still another:

m = (91, g3l
where
o qs = (xz’ Y )’
for in order that a polynomial lie in m, it is sufficient to require that the polynomial

be divisible by x and that it contain no linear term. If the field K is infinite, then
there are even an infinite number of representations of this type:

m=[q,q%, q¥ =% y+0).

All these decompositions of m bhave the common feature that the number of
primary components and the associated prime ideals,

(), (x, ),

are the same. This is true in general.

First Uniqueness Theorem: 1In two irredundant representations of an ideal m

by primary components the number of components and the associated primz ideals

are the same (although the components themselves need not be).

Proof: For a primary ideal the assertion is trivial. We can therefore begin an

induction on the number of primary components which occur in at least one

representation.
Let .

m=1[qy....,ql=Iq%..., arl (15.8)

From among all the associated prime ideals py, ..., Ps, P}, . - - » Prv» We choose
a maximal one, that is, one which is contained in none of the others. Suppose
that this is py, so that it belongs to the left side of (15.8). We now assert that it
also belongs to the right side. For otherwise we could form quotients with respect
to g in (15.8):

91 :q0 > qiqd =10 : G- .-, G- 2 g4l

Now (for all v>1) q, £ 0(p,), since otherwise p, = O(p,), contrary to the
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assumed maximality of p,. Similarly, q; % O(p’) for all ». By Theorem 4’ (Section
15.3), therefore,

Gy : Q1 =0y (V=2,'-"I)
q;:q1=q: ("=1’--"l’)'

Since, furthermore, q, : q; = o, it follows that

[0, s PI sql] = [qll’ v ’q;’]’

The right side is equal tom and so the left side is also. The o may be omitted,
and hence

m = [qz,...,q]

The first of the two representatlons of (15.8) would thus be redumble, contrary
to hypothesis.

Every maximal prime ideal therefore belongs to both sides.

Suppose now that I=</'; we wish to show that / = I’ and that (for an appro-
priate ordering) p, = p,. Suppose that this has all been proved for ideals which
can be represented by fewer than / primary components. We order the q and g’
so that p, = pj is a maximal associated prime ideal (belonging to both q; and ¢)).

If we form quotients with respect to the product q,q) on both sides of (15.8),

(o PR 1Y {PSRPY PR PU Y N [ PR Y {TRRR s /S 21 1)

then, by the same argument as before

q\; :Q1Q:l = C,A,,} >1).
QV :qIQI = qv

Furthermore, since q,q; is divisible by both q, and qj,
g1 : G109y = 0
a1 : G191 = 03
and hence
[q27'-'sQI] = [q&,---,q;'].

Since now an irredundant representation by primary components occurs on the
right and left, it follows by the induction hypothesis that /'—1 = /-1 and
hence [ = I’. In addition, p, = p, in an appropriate ordering for all v> 1. Since
p1 = Pi, the proof has herewith been completed.

The uniquely determined ideals py,...,p; which occur as the associated
prime ideals for an irredundant representation a = [q;, . . . , q;} are called the
associated prime ideals of the ideal a. Their most important property is the
following.

If an ideal a is not divisible by any associated prime ideal of an ideal b, then
b :a = b, and conversely.
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Proof: Letb =[q,,...,q,] be an irredundant representation. First suppose
that a & O(py) for i = 1,..., I, where p; belongs to q,. This implies

q:a=q

b:a=[qy,.-.,q]:a
=[g;:a,...,q;:q]
=[a,...,q]1 =05

Conversely, suppose thatb : a = b.Ifa = O(p,) for some i, saya = 0(p,), then
it would follow that a® = 0(q,), and hence

a®:[az, - . ., qd = 0(qy4, 92, - - -, ) = 0(D).

Therefore, since a and hence a® may be canceled in any congruence (mod b),

[az, ..., q] = 0(),

contrary to the assumption that the representation is irredundant.

An important special case arises if a is specialized to a principal ideal (a).

If an element a is divisible by no associated prime ideal of an ideal b, thenb : a = b;
that is, ac = O(b) always implies ¢ = (b).

The general theorem can be formulated in still another manner if a is repre-
sented as the intersection of primary ideals [q;, ..., q;]. Here a is divisible
by p; if and only if some g; is, or, what amounts to the same thing, if some p; is
divisible by p;- We thus have the following.

If no associated prime ideal of a is divisible by an associated prime ideal of b,
then b : a = b, and conversely.

15.6 ISOLATED COMPONENTS AND SYMBOLIC
POWERS '

In a commutative ring o let © be a nonempty set which with any two elements
s and 7 also contains their product s¢. Such a set & is said to be multiplicatively
closed.

Let now m be an ideal in p. Now 11y is defined to be the set of all elements x of o
such that sx lies in m for some s of S.

Here myg is an ideal (and is, of course, a divisor of m). Indeed, if x and y belong
to mg, then sx and s’y belong to m; therefore

ss'(x—y) = s'(sx)—s(s'y)

also belongs to m, and hence x—y belongs to mg. If x belongs to nig, then rx
also belongs to mg. It is clear that all elements of m belong to m.

Then my is called the S-component of m or the isolated component of m deter-
mined by S. -~
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It will henceforth be assumed that o is a Noetherian ring. If -the ideal m is
represented as the intersection of primary ideals,

m=[qey.-..q) (15.9)

then the primary ideals g, can be separated into those which intersect S, that is,
those which have at least one element in common with S, and those which do-
not intersect S. If a q; contains an element s of S, then the associated prime
ideal p; contains the same element s of S. Conversely, if p; has an element s in
common with S, then g, has a power s° in common with S.

We now enumerate the q; so that q;, . .., g, do not intersect the set S, while
Or+1s - - - » G, do intersect S. We assert that

Mg =g -0 Gl (15.10)

If h = 0, then (15.10) means simply that mg = o. _
Proof: If x is an element of my, and thus sx belongs to m, then, for 15ish,

sx = 0(q), s= 0(p), hence x=0(q),

that is, x belongs to [qy, - . . , g4]. Conversely, if x belongs to [qy, . . . , q;] then
if r>h we can select an s, in S for each i between k+ 1 and r which is contained
in q;. We now put

§ = Sp+1"" "5

In the case r = h we choose an arbitrary s in S. In both cases sx lies in all the
q;, that is, sx lies in m and hence x belongs to msg.

A primary component q; of m is called imbedded if the associated prime ideal
p; is a divisor of another associated prime ideal p; of m; a primary component
is said to be isolated if this is not the case. In the first case the associated prime
ideal p, is also said to be imbedded (imbedded in p,); in the second case it is
called isolated. Similarly, a subset {q,, gp, . - .} or {P., P, - . -} of the set of all
q; or p; is said to be isolated if no p; of the subset is a divisor of a p; not belonging
to the subset.

For given m = [q, . . . , q,] there is associated with every set S closed under
multiplication an isolated subset {p,,...,p,} consisting of those p; which
contain no element of S. This subset is isolated, for if p; belongs to the subset
and is a divisor of p;, then p; also belongs to the subset. The intersection of the
primary ideals q, ..., q, belonging to py,..., P, is then the isolated com-
ponent qs.

An important special case arises if an isolated p, is selected, and S is taken
to be the set of elements of o not contained in p,. This set is nonempty except
in the trivial case m = . Every other p, contains an element not divisible by p,,
that is, an element of S. Hence, it follows from (15.10) that

Ms = qi.
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Now my; is uniquely determined by m and & and hence by m and p;. The
isolated p, are also uniquely determined by m. We thus have the following.
The isolated primary components ; in (15.9) are uniquely determined.

Exercise

15.9. Using the same method, prove the Second Uniqueness Theorem: the
intersection [q,, q, - . -] of an isolated set of primary components of an
ideal m is.uniquely determined by the associated prime ideals p,, ps, - - - -

SYMBOLIC POWERS

We saw in Section 15.3 that the powers p” of a prime ideal p are not necessarily
primary. If p” is represented as an intersection of primary components,

P =M., 0q

then all the associated prime ideals p,, . . . , p, are divisors of p” and hence of p.
If we form the product p,, . . . p,, then a power of this product is divisible by all
the q;; it is therefore divisibly by p” and hence by p. Thus, one of the factors, say
P1, must be divisible by p. On the other hand, p, is a divisor of p; therefore,
P =P.

The other p; (i + 1) are proper divisors of p. From this it follows that q; is an
isolated primary component of p” and as such is uniquely determined. More
precisely, q, is the isolated component pg” of p” determined by .S, where S is the
set of elements of o not divisible by p.

This uniquely defined primary component of p” belonging to the prime ideal
p1 = piscalled, following Krull, the symbolic rth power of p and is denoted by p®.

15.7 THEORY OF RELATIVELY PRIME IDEALS

In the following, the ring o is assumed to have an identity element. This
identity element then generates the unit ideal o:

o = (1).

Two ideals a and b are said to be relatively prime if they have no common divisor
except 0; their greatest common divisor is then p:

(a9 b) = D.

This means that every element of 0 can be represented as the sum of an element
of a and an element of b.
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For this it is necessary and sufficient that the identity element (the generator
of p) admit a representation as a sum

1=a+b (15.11)
(a in q, b in b). It follows then that

a=10), b=00b) (15.12)
a=0a), b= 1la).

If two primary ideals q, and q, are relatively prime, then their associated prime
ideals p, and p, are also relatively prime (for any common divisor of py and p,
is also a common divisor of q, and q,). The converse is also true: if p; and p,
are relatively prime, then q, and q, are also. For

1=p,+p;
implies, on raising both sides to the (o +o—1)th power,
1= pf+¢r-1+ .o +Pg+a— 1;
choosing now ¢ and o so large that p,? lies in q, and p, ¢ in q,, it follows that each
term of the sum on the right side is in either q, or q,, and hence
1 =g,+q,.

Theorem: If two ideals a andb are relatively prime, thena : b = aandb :a = b.
Proof: (a,b) = o and a+b = 1. It suffices to show that a : b < a. If x belongs
to a : b, then xb £ a. Hence xb = 0(a), so that

x(a+b) = 0(a)

x+1 = 0(a);

x therefore belongs to a, Q.E.D.
The converse is not true as may be seen by the following example in the poly-

nomial ring K[x, y]: the ideals (x) and (y) are prime to each other, but they are
not relatively prime:

x,») %0
x): () =)
) : () =0).

If a and b are relatively prime, then congruences can be solved as in number

theory. Let two congruences
S = 0a)
gé) =00) (f(x), g(x)eo[x)

be given. We assume that each individual congruence is solvable. Let { = a b ae
solution of the first and £ = B be a solution of the second congruence. We obtain

7/
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an element ¢ which solves both congruences in the following manner. Using the
elements a and b which satisfy both (15.11) and (15.12), we form

¢ = ba+ap.

Then ¢ = «(a) and ¢ = B(b); ¢ is therefore a solution of both congruences.
Theorem: In the case of two relatively prime ideals the least common multiple is
equal to the product.

Proof: In Section 15.2 it was shown that

absanbd
[a nB]-(a, ) < ab.
If now (a, b) = o and an identity element is present, then the second equation
simplifies to :

anb g ab;
therefore

anb = ab, Q.E.D.

In order to formulate this theorem for more than two pairwise relatively
prime ideals, we must first prove a lemma.
Lemma: If a is relatively prime to b and to ¢, then a is-also relatively prime to
both the product bc and the intersection b N .
Proof: From

a+b =1

a+c=1
it follows that
(@a+b)(@'+c) =1

aa’+ac+a’b+bc =1
a’'+bc=1,
where a”’ = aa’+ac+a’b is again an element of a. This implies
(@b =0»o

and, a fortiori,
(a,bN¢)=0.

Both assertions are herewith proved.
If now, by, b,, ..., b, are pairwise relatively prime and if it has already been
shown that

[51, o "bn—I] =by by-1,

{by,....0,]=1[0g...,0,-41ND,
= (by"*ba-) ND,
all TR MR
and hence by induction we obtain the following.

then
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Theorem: The least common multiple of a finite number of pairwise relatively
prime ideals is equal to their product.

The previous remark on solution of congruences with respect to relatively
prime ideals also holds for several pairwise relatively prime ideals.

If by, b,,...,b, are pairwise relatively prime ideals, then ¢ can always be
determined from the congruences

E=B80) (=12...,1).
Proof: We proceed by induction. If » has already been found such that

n=806) (@(=12,...,r-1),
then ¢ is determined by
§ =1(b,,...,0._,)
¢ = B(D,),

which is always possible, since b, is relatively prime to [by, ..., b, -1]
Theorem: If the ascending chain condition holds in o, then every ideal can be
represented as the intersection of pairwise relatively prime ideals which themselves

cannot be represented as the intersection of pairwise relatively prime proper divisors.
Let

m=[qy...,0q]

be an irredundant representation of the given ideal m by primary ideals. Let b,
be the intersection of all the primary ideals which are connected with some
fixed one of them by a chain of primary ideals which are not pairwise relatively
prime. From the remaining ideals we form the ideals b,, . . . , b, successively in
the same manner. The representation

m =by,...,0] (15.13)

then has the desired properties. First, b; and b, for i & k are indeed relatively
prime, since the components of b; are relatively prime to those of b,. Second, it is
not possible to represent by, say, as the intersection of two pairwise relatively
prime proper divisors. For if such a representation,

(6,0 =o,

were possible, then every associated prime ideal of b, would have to be a divisor
of be and hence either of b or ¢; since now all these prime ideals are connected
with a single one among them by a chain of prime ideals which are pairwise not
relatively prime, it follows that if one of these prime ideals divides b, say, then
they all divide b and none divide ¢. But the primary components belonging to
these prime ideals divide bc; therefore they must divide b (since their prime ideals
do not divide ¢). From this it follows that the intersection b, is a divisor of b:

B % bl,
contrary to the assumption that b should be a proper divisor of b;.
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Our theorems imply that in place of the representation (15.13) we may also
write a product representation

m= b1b2' . .bs.

Exercise

15.10. The intersection (15.13) is a direct intersection in the sense of Section
13.1. The residue class ring p/m = p is a direct sum of rings a;/m = @,
each of which is isomorphic to a residue class ring o/b;. (Put a; =
[6ss..+50;-1,b;415-..,0,] and apply the theorems of Section 13.1.)

15.8 SINGLE-PRIMED IDEALS

Let p again be a Noetherian ring with identity.

The unit ideal p is always a prime ideal. What primary ideals belong to it?
The answer is, only p itself; for if q is a primary ideal belonging to o, then 1 €0
implies 1% € q and hence q = 0.

If now in a representation of an ideal a 3 p as the intersection of primary
ideals [q;, . . . , q,] the unit ideal occurs among the associated prime ideals, then
the g; belonging to it is likewise equal to o and is therefore redundant. If the
representation & = [qy, . . ., §,] is irredundant and a + 0, then the unit ideal does
not occur among the associated prime ideals.

From this there follows immediately the next statement.

Every ideal a + v has at least one prime ideal divisor p + 0. If the ideal a is not
primary, then it has at least two prime ideal divisors =*».

An ideal which has no more than one prime ideal divisor in addition to p is
said to be single-primed.* By the preceding theorem, every single-primed ideal q
is primary. Moreover, the associated prime ideal p is maximal, since if a’ + 0
were a proper divisor of p, then a’ would again have a prime divisor p’ * p
which would also be a proper divisor of p; q would then have two distinct prime
divisors p and p’ different from o, contrary to the assumption that q is single-
primed.

Now

pe = 0(q). (15.14)
If p is maximal, relation (15.14) implies, conversely, that q is single-primed.
Indeed, if p’ is any prime ideal divisor of q, then (15.14) implies that
p¢ = 0@,
and hence
p=0(®);
therefore, either p’ = p or p’ = 0. Thus q has only p and o as prime divisors.
4The German term einartig for such an ideal is due to Dedekind.
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The following concepts are therefore equivalent:

1. Single-primed ideal;
2. Primary ideal belonging to a maximal prime ideal p;
3. Divisor of a power p® of a maximal prime ideal.

&
Furthermore, if the ideal m has an isolated single-primed primary component q
with associated prime ideal p and exponent o, then, for every integer o2 o,

g = (m, p°). (15.15)
Proof: From
m = 0(q)
and
p? =0(q)
we conclude that
(m, p°) = 0(g)- (15.16)

Let now
m= [q’qzy"'st]

be a representation of m by primary components. The ideal (m, p?) is single-
primed and therefore primary; p is the associated prime ideal. The product
aqz - - . 5 is divisible by (m, p°); since q is isolated, g, . . . q, is not divisible by p;
therefore, g must be divisible by (m, p°):

q = 0(im, p°). (15.17)
Then (15.16) and (15.17) imply (15.15).
Corollary: For
p’ = O(q) = 0(m, p°*Y),
and hence —

p° = 0(m, p°*"). (15.18)
For o<, relation (15.18) no longer holds, for if
p7 = (Om, p**h)
for some o < p then on multiplying by p?~?~! we could obtain

pe~! = 0(mp*™7%, p%) = O(m, q) = 0(q),

contrary to the definition of the exponent p.

The exponent p of q is therefore the least integer o so that (15.18) holds.

There are integral domains o with identity in which (the ascending chain
condition holds and) every nonzero prime ideal is maximal. Examples are the
principal ideal rings (cf. Section 3.8) and certain “orders” in number and function
fields (to be defined later) of which the ring Z[,/ — 3] is a typical example. The ideal
theory of these rings is especially simple. All primary ideals except the null
ideal are single-primed, and any two distinct prime ideals +(0) are relatively
prime. From this it follows that any two primary ideals =+(0) belonging to
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distinct prime ideals are also relatively prime. Finally, all the primary com-
ponents of an ideal are isolated and are thus uniquely determined. Thus every
ideal distinct from the null ideal can be uniquely represented as the intersection of
pairwise relatively prime, single-primed primary ideals. By Section 15.7 this
intersection is also a product:

a=[a,...,0] =092,
In principal ideal rings the primary ideals q; are powers of prime ideals. Whether
or not this is the case in more general rings depends on a condition which we
shall learn later, namely the condition of “integral closure.”

15.9 QUOTIENT RINGS

In Section 3.3 we constructed a quotient field for any commutative ring without
zero divisors. This construction can be immediately extended to commutative
rings with zero divisors if the rings contain regular elements (elements which are
not zero divisors). We admit only the regular elements as denominators and then
form the ring of all quotients a/b, where a is any ring element and b any regular
element.

The set of admissible denominators may be still further restricted. In a com-
mutative ring R let S be a nonempty set of regular elements which with any two
elements s and ¢ also contains their product sz. The quotients a/s (a in R, s in S)
then form an extension ring of R: the quotient ring R’ = R/S. This concept is
due to H. Grell (Math. Ann. Vol. 97, p. 499).

If R’ is any commutative extension ring of R, then any ideal a of R generates
an ideal a’ of R’: the extended ideal of a in R’. Conversely, the intersection of R
with an ideal ¢’ of R’ is always an ideal in R: the contracted ideal of ¢’ in R. The
contracted ideals ¢’ N R are also called distinguished ideals in R (with respect to
R).

A general investigation of the concepts of extended and contracted ideals may
be found in the work of H. Grell just mentioned. Only quotient rings will be
treated here; in this case the situation is very simple.

If a is an ideal in R, then the extended ideal a’ in the quotient ring R’ consists
of all quotients a/s (ain a, sin §). If we form the contracted ideala’ N Rof thisa’,
then we obtain precisely the S-component ag defined in Section 15.6, that is, the
set of all x such that sx lies in a for some s of S.

If we start with an arbitrary ideal a’ of the quotient ring R’ and form the
contracted ideal

a=a NR,

then the extended ideal of a is again a’. The intersection of this extended ideal
with R is a, and therefore in this case a, = a. Conversely, if ag = a, thena is a
contracted ideal, namely the contracted ideal of its extended ideal a’. The distin-
guished ideals a in R are thus characterized by the property as = a.
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From what has been said it follows immediately that there is a one-to-one
correspondence between ideals a’ of R’ and distinguished ideals a of R: a is the
contracted ideal of a’, and a’ is the extended ideal of a. The intersection a’ N ¢’
hereby obviously corresponds to the intersection a N c.

If the ascending chain condition forideals holds in R, then it holds, in particular,
for distinguished ideals and thus also for the ideals of R’. If in an intersection
representation

o=\l - (s19)

we order the primary ideals q; such that only q44,, . .., q, (or the associated
prime ideals p, .4, ..., p,) contain elements of S, and thus go over into the
identity ideal of R’ in the extension, then we obtain, as in Section 15.6,

as = [qg, - - - Qal- (15.20)

The q, on the right of (15.20) has the property that q¢ = q, and they are there-
fore distinguished. Hence ag is distinguished. From the one-to-one correspond-
ence between distinguished and extended ideals we obtain from (15.19) the repres-
entation

Q' = [q'l’ tees q;:] (15.21)
for the extended ideal.

Comparison of (15.19) and (15.21) shows that in the transition from R to R’
a reduction in the ideal balance takes place. All the ideals which contain elements
of S, the primary ideals g, . ¢, . . . , , in this case, have the unit ideal as extended
ideal. Only distinguished ideals a (with the property ag = a) remain undamaged
in the extension in the sense that the original a = a5 may be regained as a con-
tracted ideal from a’. ' '

Exercises

15.11. If g is primary and p is its associated prime ideal, then the extended
ideal q' in the quotient ring R’ is also primary and p’ is its associated
prime ideal.

15.12. If q’is a primary ideal belonging to a prime ideal p’ in an arbitrary ring
R’, then in any subring R the contracted ideal g = q’ N R is a primary
ideal belonging to the prime idealp = p’ N R.

GENERALIZED QUOTIENT RINGS

If S'is a multiplicatively closed set of R which contains zero divisors but does
not contain zero, then, following Chevalley, a generalized quotient ring can be
defined as follows. Let n = (0)s be the S-component of the null ideal. We first
form the residue class ring R* = R/n. The residue classes modulo n of the
elements of S form a multiplicatively closed set S* in R* which contains no zero
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divisors. We may now form the usual quotient ring R’ = R*/S*. Its properties
are similar to those of the ordinary quotient ring. The extended ideal of an ideal -
a of R is formed by first forming the image a* of a under the homomorphism
R—R* and then forming the ideal generated by a* in R’. The contracted ideal of
an ideal ¢’ of R’ is similarly formed by first taking the intersection with R* and
then forming the set of elements whose residue classes modulo 1t belong to this
intersection. '

For further development of this theory the reader is referred to D. G. Northcott,
Ideal Theory, Cambridge Tracts, in Math., Vol. 42, Section 2.7.

15.10 THE INTERSECTION OF ALL POWERS
OF AN IDEAL

In the following o shall be a Noetherian ring with identity. The ring is called
null primary if the null ideal is primary, that is, if ab = O impliesa = Oor " = 0.

W. Krull has shown in a fundamental paper® that in a null primary ring o,
and thus in an integral domain in particular, the intersection of all powers of an
ideal a distinct from p is the null ideal. For a prime ideal p =+ p it is even the
case that the intersection of all symbolic powers p is the null ideal. Statements
for arbitrary rings can also be obtained from these theorems. The basic ideas of
this investigation will be presented here.
Theorem 1: If a and d are ideals in a null primary ring 0 and if

D < ad, (15.22)
then a = o or d = (0).
Proof: Letd = (d,,...,d,). It then follows from (15.22) that

d; = Y aud,. (15.23) .
If we put as usual §;;, = 0 for i & k and §,; = 1, then (15.23) may be written
| Y, Gu—ai)d, = 0. (15.29)
The determinant of this linear system of equations is
D=1-a,

where a belongs to the ideal a. If we multiply equation (15.24) by the subdeter-
minants of the kth column of the determinant D and add, we obtain

de == 0; B
from this it follows that, for any element d of the ideal b,
(1—a)d = Dd = 0.

SW. Krull, “Primidealketten in Allgemeinen Ringbereichen,” Sitzungsber. Heidelberger
Akad., 1298, 7 Abb.
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Hence either (1 —a)" = 0 or, if no power of (1 —a) is zero, d = 0 for all d of .
In the first case, 1 = 0(a) and hence a = o. In the second case, b = (0).
Theorem 2: If o is a null primary ring and a + 0, then the intersection of all
powers of a is the null ideal .

®=1[a,a%...] =(0). (15.25)

Proof: We first show thatd < abd. To this end we represent ad as an intersection
of primary ideals:
ab = [q‘l" . -,qr].

For each i ad is divisible by q;, and hence either d or a power a” is divisible by
q;. But d is divisible by every power a". In both cases, therefore, d < q;. This
holds for every i, and it thus follows that

b = abd.

Theorem 1 now implies that b = (0).

For prime ideals p 3 p we obtain a somewhat stronger theorem.
Theorem 3: In a null primary ring the intersection of all symbolic powers p®
of a prime ideal distinct from o is the null ideal:

[p, pPp™,...1=0). (15.26)

Proof: Let S be the set of elements of p not contained in p. We form the quotient
ring 0s. Let the extended ideal of p in og be P. The extended ideal of p” is then
evidently P". The contracted ideal of " is

®s = p©.

The intersection of all the p™ is equal to the intersection of all the P with o.
The intersection of all the P is the null ideal by Theorem 2. Hence, the inter-
section of all the p is the null ideal.

Theorems 1 and 2 can be extended to arbitrary rings of the types here con-
sidered. Let S be the set of all elements s = 1 — a, where aruns through all elements
of the ideal a. The set S is multiplicatively closed; the S-component (0)s of the
null ideal may therefore be defined as the set of x for which an equation of the
form

(1-a)x =0 withaina

holds.
Theorem la: D < ad implies d < (0)s.
Theorem 2a: The intersection of all powers of a is (0)s.
The proof of Theorem la is the same as that of Theorem 1 up to the equation

(1—a)d = 0.
From this equation it follows immediately that
de (0)g for all din .
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One half of Theorem 2a, namely

[0,0%...]1< (O)s
is proved exactly as in Theorem 2. The other half,

Os < [a, 0%, .. .},
is easy to prove. Indeed, if x is in (0)g, then

(1-a)x=0,
so that x = ax and hence
Xx=ax=ax=ax= """

Every power of a therefore divides x.

Applying Theorems 1 and 2 to the residue class ring o/q by a primary ideal q,
we obtain the following.

Theorem 1b: If q is a primary ideal and

b = Kad, q), (15.27)

then either (a, @) = 0 or d = 0(q).
Theorem 2b: If an element y of 0 satisfies a congruence

y = 0a”, q) (15.28)
Jor every natural number n, then either (a, q) = o or y = 0(q).

Exercises

15.13. In a Noetherian ring with identity, the intersection of the symbolic
powers of a prime ideal p ¥ o is equal to (0)s.

15.14. How do Theorems 1b and 2b read if the primary ideal q is replaced by an
arbitrary ideal m? (Apply Theorems la and 2a to the residue class ring
o/m.)

1511 THE LENGTH OF A PRIMARY IDEAL.
CHAINS OF PRIMARY IDEALS IN
NOETHERIAN RINGS

Theorems 1 and 2 (Section 15.10) and their variations were used by Krull in
the paper previously mentioned to derive theorems on the termination of chains
of prime ideals:

P12 Pp2°>

Before we present these theorems we must first élarify the notion of the length
of a primary ideal.
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Let q be a primary ideal with associated prime ideal p in a Noetherian ring o.
A sequence of primary ideals for the same p which terminates with q,

G =2q=2 """ =20 =0

‘is called a proper normal series for the primary ideal. The word “proper” empha-
sizes the fact that each successive ideal is a proper multiple of the preceding one.

“The number / is called the length of the normal series. If the series cannot be
further refined by inserting other primary ideals, then it is called a composition
series for the primary ideal q.

We shall show that every proper normal series for a primary ideal g can be
refined to a composition series and that all composition series have the same
length. This length is called the length of the primary ideal q.

In the proof we need consider only the case in which q is the null ideal. The
general case can be reduced to this case by forming the residue class ring with
respect to q. After forming the residue classes, all ideals are divisors of the null
ideal g, and hence all prime ideals are divisors of p.

The situation is still further simplified by going over to the quotient ring
o’ = o/S, where S'is the set of all elements of 0 not contained in p. In the extension
from o to o’ all proper divisors of p go into the unit ideal o', and only p gives rise
to a prime ideal p’ distinct from p. Since every prime ideal in o’ is the extended
ideal of a prime ideal in p (namely, of its contracted ideal), there is only one prime
ideal p’ in o’ with the exception of o’ itself. Thus, only a single primary ideal
(with associated prime ideal p’) occurs in the intersection representation of an
ideal m’ # p’, that is to say: In 0’ every ideal with the exception of o’ itself is
primary with associated prime ideal p’.

Let 0’ and p’ henceforth be called o and p for simplicity. We consider o as an
additive group with p itself as operator domain. The admissible subgroups are
the ideals of p, that is, p itself and the primary ideals with associated prime ideal p.
A proper normal series in the group theory sense,

024, 2,2 2q; = (0),

therefore gives a proper normal series for the primary ideal g, = (0) if the initial
term o is omitted.

It was shown in Chapter 6 that if there exists a composition series in a group
with operators, then every proper normal series can be refined to a composition
series and all composition series have the same length /. Therefore we need only
prove that a composition series exists.

To this end we form the normal series

popio- - Ope = (0).

We may interpret p*/p**! as a vector space with o/p as operator domain.

Since p is maximal, p/p is a field. Since p* has a finite ideal basis, the vector space
is finite-dimensional; therefore there exists a finite composition series from p*
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to p**1. Arranging these composition series in sequence fork = 1,2, ..., 0—1,
we obtain a composition series from p to (0). This completes the proof.

Krull’s theorems on chains of prime ideals all rest on the following theorem.
Principal Ideal Theorem: If (b) + o is a principal ideal and p is an isolated
associated prime ideal of (b), then every proper chain of prime ideals

p=>p=2--
terminates at p;.

Proof: Suppose that there exists a chain
PP, 2P;. (15.29)

By forming residue classes mod p,, p, may be taken to be the null ideal. It is
hereby achieved that the ring has no zero divisors. If we go over to the quotient
ring p/S, where S is the set of elements of o not belonging to p, then all ideals not
divisible by p go over into the unit ideal, whereas the ideals divisible by p of the
chain (15.29) remain distinct and prime. The quotient ring, which we again
denote by p, has an identity element and no zero divisors. Since all the associated
prime ideals of (b), with the exception of p, have gone over into the unit ideal,
(b) is now a primary ideal with associated prime ideal p. Thus all divisors of (b)
with the exception of o are now primary ideals with associated prime ideal p.
The ideal theory of p has become much simpler by going over to the quotient
ring; this makes the following proof considerably easier.

We denote the rth symbolic power of p, by p;®. The ideals of the chain

PP, 20Pb =2

are divisors of b, and they are thus primary with associated prime ideal p by
what has just been said. The number of distinct ideals in this chain cannot be
greater than the length of the primary ideal (b), and all the ideals of the chain
therefore eventually become equal:

@D 0 =@ =
Now let m=>s. We first show that
P < (Bp®, plrt D), (15.30)
Let x be an element of p{”. Then

xe (P, b) = (P70, )
so that

x=y+br with yepqth,
and hence )
‘ br = x—y = 0(pD).
Now pY” is primary by dcﬁniti;)n, and b is not divisible by' the associated
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prime ideal p, ; hence r must be divisible by p”. From this it follows that
x = y+br = 0(pT*Y, bpP),
wherewith (15.30) is proved.
By Theorem 1b (Section 15.10), it follows from (15.30) that
p(rln) c p(tln+1)’
and hence p” = p*" for m> s, that is,
P& =pUtD = pU+d — ... (15.31)

The ring o has no zero divisors. The intersection of the symbolic powers of p,
is therefore the null ideal by Theorem 3 (Section 15.10). It therefore follows from
(15.31) that

¥ = (0). (15.32)

However, p{ is a primary ideal with associated prime ideal p,, whereas (0)
is the prime ideal p,. This is a contradiction. A chain such as (15.29) is therefore
impossible. : ‘

By repeated application of the principal ideal theorem, Krull proves the
following generalization.

If p is an isolated associated prime ideal of m.= (b,,...,b,) and if m + o,
then every proper chain of prime ideals

POP;Op, > (15.33)
terminates at p, at latest.
This theorem applies, in particular, if

m=gq=(,,...,b)

is a primary ideal and p is the associated prime ideal. Since every ideal has a
finite basis, the following theorem is obtained.
Theorem: Every proper chain of prime ideals (15.33) breaks off after finitely
many terms.

For the proofs and applications to the theory of local rings, the reader is
referred to the book Ideal Theory by Northcott.



Chapter 16
THEORY OF POLYNOMIAL IDEALS

In this chapter general ideal theory will be applied to polynomial domains
p = K[x,, ..., x,], where K is an arbitrary commutative field. In addition to
general ideal theory, only the knowledge of Chapters 1 through 6 and 10 is
assumed.

161 ALGEBRAIC MANIFOLDS

Let Q be an arbitrary extension field of the base field K. A sequence of n elements
€, ..., &, of Qis called a point ¢ of the affine space A,(Q). A point ¢ is called a
zero of a polynomial f of 0 = K[x,, ..., x,] if f(¢4,...,&,) =0.

An algebraic manifold or, as is today more commonly said, a variety M in
A,(Q) is defined to be the set of common zeros of a finite number of polynomials
f1, - -+, [,; it is thus the set of all solutions of the equations

f[i®=0,...,/.©=0.

If we form the ideal a = (f,,...,f,) from the polynomials f,, ..., f, we
see that the common zeros of f}, . . ., f, are zeros of all the polynomials

f=gfit+ +8&rf

of the ideal a. Thus M may also be characterized as the set of common zeros of all
polynomials of the ideal or, as we shall also say, the zeros of the ideal v. The
fact that a has a finite basis is-no restriction, because of the Hilbert basis theorem
(Section 15.1). Hence a variety M consists of the zeros in A,(X) of an ideal a in
o = K[x,, ..., x,]- Here M is called the variety (or the zero variety) of the ideal a.

A divisor of a, that is, an ideal ¢ containing a, defines a subvariety of M. It may
happen, however, that distinct ideals define the same variety M. Among all such
ideals one is singled out, namely, the set of all polynomials f which assume the
value zero at all points of M. This setis clearly anideal m;itis called the associated
ideal of M. The variety of m is again M; M is thus uniquely. determined by m,
and conversely.

149
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The ascending chain condition holds in the ring 0 = K[x,, ..., x,] and there-

fore the maximum condition also holds (Section 15.1). From this we obtain the
following theorem.
Minimum Principal for Varieties: In every nonempty set of varieties M there
exists a minimal variety M*, that is, one which contains no other variety of the set.
Proof: Each variety M has an associated ideal m, and to distinct M belong
distinct m. In the set of these ideals m there exists a maximal ideal m* which
belongs to a variety M*. This variety M* is minimal in the set.

If a polynomial f assumes the value zero at all points of a variety M we say
that f contains M (since, in fact, the variety f = O then contains the variety M).
The associated ideal m of M consists of all polynomials which contain M.

The intersection M N N of two varieties M and N is again a variety. Indeed,
if M consists of the zeros ofa = (f,, . . . .f,)and N of the zeros of b = (g4,...,2,),
then M N N consists of the zeros of the ideal

(a’b) = (fh"'afr’gl"'-’gs)'

The union M/ N is also a variety. It is, in fact, defined by the intersection
a N b (or equivalently by the product a-b). To begin with, each point of the union
is either a zero of every polynomial of a or a zero of every polynomial of b and is
thus in any case a zero of all the polynomials of a N b (and, in particular, of those
of a-b). If a point ¢ does not belong to the union MV N, then there exists a
polynomial fin a and a polynomial g in b which are not zero at the point £; but
then the product fg which belongs to a N b (and also to a-b) is not zero at the
point £, and therefore £ is not a zero of a Nb (or a-b). The zeros of a NH (and
of a-b) are thus the points.of MV N, and only these.

We now restrict our consideration, as is usual in algebraic geometry, to non-
empty varieties. '

A variety M which can be represented as the union of two (nonempty) proper

subvarieties is called composite or reducible. If we wish to emphasize that both
subvarieties can be defined by equations with coefficients in the same base field
K, then we say that M is reducible over the base field K. A variety which is not
reducible is said to be irreducible or indecomposable (over the base field K).
Criterion: A variety M is irreducible over K if and only if the associated ideal
is prime, that is, if “fg contains M implies that f or g contains M.
Proof: Suppose first that M is reducible: M = M,V M,, where M, and M,
are proper subvarieties of M. In the associated ideal of M, there exists a poly-
nomial f which does not contain M, since otherwise we would have M, 2 M.
Similarly, in the associated ideal of M, there exists a polynomial g which does
not contain M. The product fg contains M; and M, and therefore M. Thus the
associated ideal of M is not prime.

Suppose now that M is irreducible. If now fg were a product which contained
M without f or g containing M, then M could be written as the union of two
proper subvarieties M; and M, defined as follows: M, consists of all points of
M which satisfy the equation f = 0, and M, of all points of M which satisfy the
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equation g = 0. Each point ¢ of M then belongs to either M, or M,, since
S(©)gf€) = 0 implies that f(¢) = 0 or g(€) = 0. However, this contradicts the
irreducibility of M.

In the same manner we can prove the following.

If an irreducible variety M is contained in the union of two varieties M, and M ,,
then M is contained in either M, or M.

A corresponding statement holds if M is contained in a unionof M, ..., M,.

Decomposition Theorem: Every variety M defined over K can be represented as
the union of finitely many irreducible varieties over K.
Proof: Suppose that there exist varieties M which cannot be represented as a
union of irreducible varieties; then in the set of these M there is a minimal such
variety M*. This variety must be reducible and can thus be represented as the
union of two proper subvarieties M, and M,. Since M* is minimal, M, and M,
can be represented as unions of irreducible varieties, but then M* can also be
so represented, contrary to hypothesis. This completes the proof of the decom-
position theorem. )

If the redundant terms are omitted from the decomposition

M=IIV12V"'VI,., (16-1)
then the decomposition is unique up to order. Indeed, if
M=J1VJ2V"'VJ3 (16'2)

/
is a second decomposition, then I, is contained in the union of the J;. It is therefore
contained in a single J; which by appropriate enumeration may be taken to be
J. Similarly, J; is contained in some I, :

I % Ji € I
If now k = 1, then I, would be redundant in (16.1); therefore k = 1 and
I; = J;. In the same manner we find that I, = J,,..., I, = J, and r = s. This

completes the proof of uniqueness.
The same theorems continue to hold if we consider only the points which
belong to a fixed subset of the affine space 4,(Q).!

16.2 THE UNIVERSAL FIELD

In classical algebraic geometry the field Q from which the coordinates of the
point ¢ are taken is always the field of complex numbers. The more modern
algebraic geometry starts with an arbitrary base field K. It is convenient to
assume, following André Weil, that the extension field Q containing the co-

1See W. Habicht, “Topologische Eigenschaften Algebraischer Mannigfaltigkeiten,” Math.
Ann., Vol. 122, p. 181. On the decomposition of an irreducible variety over K under extension
of the base field, see my paper “Uber A. Weils Neubegriindung der Algebraischen Geometrie,”
Abh. Math. Sem. Hamburg, Vol 22, p. 158.
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ordinates of the point ¢ is a universal field over K; that is, it is assumed first that
Q is algebraically closed and second that Q has infinite transcendency degree over
K. If K is given, such a universal field can be constructed by first adjoining
infinitely many indeterminates #,, u,, ... to K and then forming the algebraic
closure according to Section 10.1.

The usefulness of the universal field rests on the following theorem.
Theorem: Any field extension K(«, . . ., a,) obtained by adjoining finitely many
field elements «,, . . . , a, to K can be isomorphically imbedded in Q. This means
that if any » elements «,, .. ., «, are given in any extension field A of K, then
there exists an isomorphism

Klag, ..oy ) & Ko, ..oy o),

which leaves the elements of K fixed and takes «,, ..., «, into the elements
oy, ..., 0f Q. .
Proof: The«,,..., a, can be enumerated so that «,, . . ., «, are algebraically
independent over K, while the other «, are algebraic over K(ay, . . ., «,). We now
choose o, . ..’ algebraically independent over K in Q. Then there exists an
isomorphism :

(TR - (/A X (16.3)

which leaves the elements of K fixed and takes «,,...,«, into o},...,a. If
r = n, we are finished. If r <n, then «, . is a zero of an irreducible polynomial
¢(x) with coefficients in K(«;, . . ., «,). To this polynomials there corresponds a
polynomial ¢'(x) with coefficients in K(o], . . . , o) which has a zero «; ,, in Q.
By Section 18.1, the isomorphism (16.3) can be extended to an isomorphism

Kegs oo tpq) 2 Koy oo o5 0049), (16.4)

which takes «, ., into «,,,. Continuing in this manner, we finally obtain the
desired isomorphism
Kagy ooy ) = Ko, o unyal) (16.5)

16.3 THE ZEROS OF A PRIME IDEAL

Let Q again be a universal field over the base field K, and let p be the poly-
nomial domain K[x,, ..., x,]. If £, . . . ,£, are elements of an arbitrary extension
field of K, then by Section 16.2 we can always find a field isomorphism which
takes ¢,, ..., £, into elements of Q. For the following theorems it is therefore
of no importance whether £, . . ., £, are assumed to be elements of Q or elements
of an arbitrary extension field A of K. If the ¢, are taken to be elements of Q, then
£ is a point of the affine space A4,(€2).

Such a point ¢ is called a generic zero of an ideal p if f € p implies f(¢) = 0 and
conversely. The ideal p consists precisely of the polynomials f(x) with the property
J(&) = 0. We shall soon see that such an ideal p is necessarily prime. We shall
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further show that each point £ is a generic zero of a uniquely determined prime
ideal p + o and that, conversely, each prime ideal p + o has a generic zero ¢
which is uniquely determined up to isomorphism.

Theorem 1: If£,,..., ¢, are elements of an arbitrary extension field of K, then
the polynomials fino = K[x,, ..., x,] for which f(¢) = 0 form a prime ideal in o
which is distinct from o itself.

Proof: The equations f(£) =0 and g(¢) = 0 imply f(¢§)—g(¢) = 0; also,
f(€&) = 0 implies f(é)h(¢€) = 0. The polynomials in question therefore form an
ideal.

The statements f(£)g(€) = 0 and g(¢) 3 0 imply f(£) = O, since a field has no
zero divisors. The ideal is therefore prime. Since it does not contain the identity,
it is distinct from o.

Example: let £, ..., ¢, be linear functions of an indeterminate ¢ with
coefficients in the field K:

& = o+t (16.6)

The prime ideal then consists of all polynomials f(x,, . . . , x,) with the property
that f(«; +8,¢,.. ., «,+B,2) vanishes identically in ¢, or (in geometric terms) of
all polynomials which vanish at all points of the line which is given parametrically
in n-dimensional space by (16.6). This example may help the reader to visualize
all the theorems of this and the next section.
Theorem 2: If p is the prime ideal of Theorem 1, then A = K(¢,,...,¢&) is
isomorphic to the residue class field II of o with respect to p and in such a way that
the residue classes of x,, . . . , x, correspond to the elements ¢4, . . . , &,.
Proof: Let 8 be the ring of those elements of A which can be written as poly-
nomials in &, ..., £, Then A = K(¢,, ..., &) is the quotient field of £. We
assign to each element f(¢,, . . . , £,) of 8 the element of the residue class ring o/p
represented by f(xy,...,x,). Since f(§)—g(£) =0 implies f—g = 0(p) or
S = g(p) and conversely, this correspondence is one-to-one. It is clear that sums
and products go into sums and products. The rings £ and o/p are therefore
isomorphic. The quotient fields A and II must then also be isomorphic.

Theorem 1 states that each point £ is a generic zero of a unique prime ideal p.
Theorem 2 states that ¢ is uniquely determined by p up to isomorphism.
Theorem 3: Every prime ideal distinct from o has a generic zero £ in the universal
field Q.
Proof: We assign to the polynomials of o the elements of a new set o’ which
contains the coefficient field K: to two polynomials congruent modulo p there
corresponds the same element, to polynomials which are not congruent there
correspond distinct elements, and the elements of K correspond to themselves.
This is always possible, since two elements of K are congruent with respect to p
if and only if they are equal, because p + 0. The elements corresponding to
X1, -+, X, We shall call &;,...,¢&,.

The set p’ is mapped onto the residue class ring of p with respect to pin a
one-to-one fashion. If we define addition and multiplication in o’ corresponding
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to addition and multiplication in the residue class ring, then o’ is isomorphic to
the residue class ring; it therefore has no zero divisors and thus admits the
formation of a quotient field A.

Each element of o’ corresponds to at least one polynomial f of o and can
therefore be written as f(¢;,...,&,). Thus, 0 = K[¢;,...,¢,] and A =
Ky, . .., &). Then A can be isomorphically imbedded in the universal field Q
by Section 16.2; we may therefore assume that A & Q. The element f(¢,, . . ., £,)
1s zero if and only if the polynomial f belongs to the zero residue class mod p.
Hence £ is a generic zero of p, and this completes the proof of Theorem 3.

By Theorem 3 every prime ideal p ¥ o has a generic zero in the universal
field Q which is uniquely determined up to isomorphism by Theorem 2. This
point ¢ is a zero of p and therefore lies on the zero variety M of p. The associated
ideal of M is again p, for if a polynomial f vanishes at all points of M, then, in
particular, f(§) = 0 and hence f € p. Since the associated ideal is prime, it follows
that M is irreducible. We thus have the following.

Theorem 4: Each prime ideal p + o has an irreducible variety of zeros and is itself
the associated ideal of this variety.

If we begin with an irreducible variety M, then the associated ideal p is prime
by Section 16.1. The zeros of p are precisely the points of M. If £ is a generic zero
of p, then £ is called a generic point of M over K. Going back to the definitions, we
see that this means the following.

A point ¢ of M is a generic point of M over K if every equation f(¢) = 0 with
coefficients in K which holds for ¢ also holds for all points of M.

By Theorem 3 every irreducible variety M has a generic point. Conversely, if a
variety M has a generic point £, then the associated ideal of M is prime by Theorem
1 and thus M is irreducible. We now have the following.

Theorem 5: M has a generic point over K if and only if M is irreducible over K.

Exercise

16.1. The ideal

2 3 .2 2
(X153 —X3%, X3x3— %17, X3°—x,°x;)

in K[x,, x,, x5] is prime, since it has the generic zero (£3, 14, t°).

164 THE DIMENSION

Let ¢ be a generic point over K of an irreducible variety M, that is, a generic
zero of the associated prime ideal p. If r is the degree of transcendency of the
system {¢,,..., £,}, then there are exactly r algebraically independent elements
among the ¢, say £, ..., &.; the others are algebraically dependent .on these.
We may take indeterminates ¢,, . . ., ¢, for the £, . . ., &,; all £; are then algebraic
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functions of these r indeterminates. The degree of transcendency remains un-
changed if the generic point is taken by a field isomorphism into another generic
point ¢; r therefore depends only on p and is called the dimension of the prime
ideal p or of the variety M.

The dimension of the prime ideal p_# 0 may clearly be any number from O to ».
We assign dimension —1 to the unit ideal o which has no zeros.

If ¢ is a generic zero of a prime ideal p and ¢’ an arbitrary zero of the same
ideal, then to each polynomial f(¢) of K[£] there corresponds the polynomial
S(€") of K[¢']. Since f(£) = g(¢) implies f(x) = g(x) (p) and hence f(£') = g(¢"),
it follows that the correspondence f(¢)—f(£’) is single-valued. Since this corre-
spondence obviously takes sums to sums and products to products, it is thus a
homomorphism:

K[§] ~ K[¢']. : (16.7)

If this correspondence is an isomorphism, then of course, £’ is also a generic zero
of p, and conversely.

In the case of a zero-dimensional ideal p, all the ¢ are algebraic over K; thus
all rational functions of ¢ are polynomials and K(¢) = K[£]. Hence K[¢] is a field.
If now ¢’ is again an arbitrary zero, then the homomorphism (16.7) is necessarily
an isomorphism; indeed, a field has no other homomorphisms except those
which are one-to-one and those which map the entire field onto the null ring.
This implies the following theorem.

Theorem: If a prime ideal is zero-dimensional, all its zeros are generic and
equivalent.*

The coordinates £,,..., ¢, or £, ..., &, are in this case algebraic over K.
If we consider only zeros £ or ¢’ in a fixed universal field Q, then all these zeros are
conjugate over K. The number of these conjugate points in  is at most equal to
the field degree of K(¢) over K (exactly equal if K(¢) is separable). Hence we have
the following.

A zero-dimensional irreducible variety consists of finitely many points which
are conjugate over K,

In particular, if the field K is already algebraically closed, then there exists
only one zero ¢ in the field K itself, and the associated ideal is

i p= (xl_fla'-"xn—gn)'

Theorem: The distinct zeros of an r-dimensional prime ideal have transcendency
degree <r, and if the transcendency degree is equal to r the zero is generic.

Proof: If ¢ is a zero of transcendency degree s, the homomorphism (16.7)
holds. If &, ..., & are algebraically independent, then £, . . ., £ are also; for
any algebraic relation among the £ would imply the same relation among the £’
Hence r>s. If r = s, all the ¢ are algebraically dependent on £, ...,&. If a
polynomial f(£) not identically zero were to go over into zero under the homo-

2This means that they can be obtained from one another by isomorphisms which leave
the elements of the base field K fixed. ’
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morphism (16.7), then in the field K(¢) the element 1/f could be written in the
following special form:

1 g8
FEL 8 G B)

This would imply
h(fl’- . -,fs) =g(£l"":§n)f(£1" .. ,f,,)-

If, under the homomorphism (16.7), f were to go into 0, then A(¢,, . . ., £,) would
also go into 0, that is,

b ..., €) =0,

contrary to the assumed algebraic independence of £}, . . ., £.. Thus no nonzero
polynomial goes into zero under the homomorphism (16.7); the homomorphism
is therefore an isomorphism in the case r = s. This implies that ¢’ is a generic zero.

Any zero ¢’ of p can be interpreted as a generic zero of an ideal p’. Then
J = 0(p) implies f(¢") = Oorf = 0(p"); p’ is therefore a divisor of p. Conversely,
every prime divisor p’ of p distinct from o can be obtained in this way, since any
ideal p” + o has a generic zero ¢’. From the preceding theorem we now obtain
the following.

Every divisor p’ of p has dimensionr' <r; if r' = r thenp’ = p.

The dimension of an arbitrary variety is defined to be the highest of the dimen-
sions of its irreducible components. The purely one-dimensional varieties are
called curves, the two-dimensional are called surfaces, and the (n — 1)-dimensional
varieties are called hypersurfaces.

Exercises

16.2. A principal ideal (p), where p is an indecomposable, nonconstant poly-
nomial, is an (n— 1)-dimensional prime ideal.

16.3, Conversely, every (n— 1)-dimensional prime ideal is a principal ideal.

16.4. The only n-dimensional variety in 4,(Q) is A4,(Q) itself; the associated ideal
is the null ideal. i

16.5 HILBERT’S NULLSTELLENSATZ. RESULTANT
SYSTEMS FOR HOMOGENEOUS EQUATIONS

Every prime ideal distinct from o has a generic zero in the universal field Q.
The unit ideal o is a prime ideal without zeros.

We now prove more generally the following.
Theorem: Any ideal a = (fy,...,[,) which has no zeros in Q is the unit ideal.
Proof: Suppose that there exists an ideal a #+ o without zeros. By the maximum
principle there then also exists a maximal ideal m # o without zeros. This is a
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maximal ideal and therefore prime by Section 3.6. But a prime ideal m + o has
ZETOS.

This theorem may also be formulated as follows.
Theorem: If the polynomials f,, . . ., f, have no common zero in A, (), then

1=gfi+ - +&f (16.8)

This theorem is a special case of the Hilbert’s Nullstellensatz, which states:
If f is a polynomial of K[x,, . .., x,] which vanishes at all the common zeros of
S15 e« oy fy in A(Q), then

fU=hfit o Hhf, (16.9)
for some natural number q.
Proof: The general case can be reduced to the special case just proved by an
aritifice due to A. Rabinowitsch (Math. Ann., Vol. 102, p. 518). For f = 0 the
assertion is clear. In the case /' + 0 we adjoin a new variable z. The polynomials

fl,...,_f;,,l—Zf

then have no common zero in A4, . {(€2). By the theorem just proved, therefore,

1 =g1f1+"'+g,f,+g'(1—2f)- (1610)

In this identity we make the substitution z = 1/f and remove the resulting
fractions by multiplying by a power /% We obtain

fi=hfi+---+hf, Q.E.D.

Extension of the Nullstellensatz: If the polynomials p,, . . . , p, vanish at all the
common zeros of f1, . .., /f, then there exists a natural number q such that all
products of powers of the p; of degree g belong to the ideal (fy,...,f,) (and
conversely).

Proof: We have

=0y ... 1)

g=(q1—D+(,— D+ +(@,—D+1.

Every product of powers pf...pM with h,+--- +h, = q then contains at
least one factor p;%; for otherwise h; + - * - +h, would be at most equal to

(g1—D+-+(@g,—-1) =¢-1

This proves the assertion. The converse is clear.

As an application of this last theorem we shall derive the conditions which a
system of forms (homogeneous polynomials) Fy, ..., F, must satisfy in order
that a nontrivial zero [one distinct from (0, . . . , 0)] should exist in the field Q.

If 0, ...,0)is the only zero, then the monomials x,, ..., x, vanish at all
zeros of the ideal (Fy, . . ., F,). Thus any product of powers X; of the x4, .. ., x,
of degree ¢ is contained in the ideal

X;=GuFi+--+G,F,. (16.11)

Let us put
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Let the degrees of the forms F,, ..., F, beg,, ..., g, The terms of degree g
on the right-hand side of (16.11) are retained if only the terms of degree g—g,
in the G;; are kept and the others are omitted. We thus obtain a form Hj; of
degree ¢ —g, in place of G;. Equating the members of degree ¢ on the left and
right in (16.11) gives

' X;=H;Fi+- - +H,F, (16.12)

Conversely, if equations of the form (16.12) hold for all products of powers
X; of degree g, then (0, . . ., 0) is the only common zero of Fy; ..., F,.

Let X,; denote the products of powers of the x; of degree g—g;: The forms
H,; in (16.12) are linear combinations of these products (with coefficients in K).
Thus (16.12) states that all products X; of degree g can be linearly expressed in
terms of the products X,,;F;. We thus obtain the following result.

A necessary and sufficient condition that F,, ..., F, have only the trivial zero
©, ..., 0)is that all products X of a sufficiently high degree q can be expressed
linearly in terms of the products X,,F; with coefficients in K.

If N, is the number of products X; of degree g, then this result may also be
formulated as follows.

A necessary and sufficient condition that Fy, . .., F, have a nontrivial common
zero is that for every g = 1, 2, ... the number of linearly independent products
XF,is less than N,

If we express the products X;,;F; as linear combinations of the X,

XuFy = ) aw,X),
J

then for each k£ and i we can form a row vector

(@kips - - - > Guin) (N = N),).

Our condition now states that among these row vectors fewer than N are linearly
independent. This means that all determinants of N such vectors must vanish.
Denoting these determinants by D,,, we obtain the following.
The conditions
Dy=0 (@=12,...) (16.13)

are necessary and sufficient in order that F,, ..., F, have a nontrivial common
zero.

The a,; are coefficients of the forms F;. The D,, are therefore integral forms
in the coefficients of the forms Fy,..., F,.

If we assume that F,, ..., F, are general forms of degrees g;, ..., g, with
undetermined coefficients a;, then there are infinitely many polynomials D,(a;) in
these coefficients. By Hilbert’s basis theorem, however, there exist finitely many
of these polynomials in terms of which all other may be linearly expressed (with
integral polynomials as coefficients). If .(for special forms Fy, ..., F,) these
finitely many D,, are zero, then they are all zero and the system of equations
(16.13) is satisfied. Hence there exist finitely many integral forms in the a;:

Rl(aj), sy Rm(aj)s



Primary Ideals 159

which are all zero if and only if the forms F, . . . , F, have a nontrivial common zero.?

A system of forms R, ..., R, with the property above is called a resultant
system for the forms F,, ..., F,. If the F, are linear forms, then the n-rowed
determinants which can be formed from n of the r forms form a resultant system.
For two forms F,, F, in two variables x,, x, the usual resultant forms a resultant
system. Similarly, for n forms in » variables a single resultant R is sufficient.
In this regard, see A. Hurwitz, “Uber Trigheitsformen,” Ann. di. Mat. 3* Serie,
Vol. 20 (1913).

16.6 PRIMARY IDEALS

The main problem of ideal theory in polynomial rings is o determine whether
a polynomial f belongs to a given ideal

m=0y...,[ )

Here we do not mean a computational decision method with a finite number of
actually performable operations, although such a procedure is always possible,*
but rather a method which affords an insight into the structure of the ideal and
expresses the relation between the zeros of the ideal and its element f'as clearly as
possible. Such a method was first given by E. Lasker;? it depends on the decom-
position of ideals into primary components.

The basic idea of the Lasker method is the following. According to the decom-
position theorem of Section 15.4, every ideal m can be represented as the inter-
section of primary ideals:

m =[q1a'-°9qs]°

In order that a polynomial f belong to the ideal m, it is necessary and sufficient
that f belong to all the primary ideals g,. In principle then, in order to solve the
above problem, we have only to establish the conditions which a polynomial
must satisfy in order that it belong to a primary ideal.

By Section 15.3, to every primary ideal q there belongs a prime ideal p and an
exponent ¢ with the following properties.

1. p®=0(q) = Op)-
2. fg = 0(q) and /% O(p) imply g = 0(q).

In the case g % o the prime ideal in turn belongs to an irreducible variety M.
All the zeros of g are at the same time zeros of p by property 1, and conversely.

3This theorem, which plays an important role in algebraic geometry, is due to F. Mertens
(Sitzungsber. Wiener Akad., Vol. 108, p. 1174). Another proof has been given by H. Kapferer
(Sitzungsber. Bayer. Akad. Miinchen, 1929, p. 179).

4Cf. J. Konig, Einleitung in die Allgemeine Theorie der Algebraischen Grdssen (Leipzig,
B. G. Teubner, 1903) and G. Hermann, “Die Frage der Endlich Vielen Schritte in der Theorie
der Polynomideale,” Math. Ann., Vol. 95, pp. 736-788.

SE. Lasker, “Zur Theorie der Moduln und Ideale,” Math, Ann., 60, 20-116 (1905).
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The variety of a primary ideal q 0 is therefore irreducible and equal to the
variety of its associated prime ideal.

Let g be a primary ideal with associated prime ideal p and exponent g, and let

M be its variety. If now fis a polynomial which contains M, then f = 0(p) and
hence f? = 0(q). If, however, f does not contain M, then in every congruence
modulo q the factor f may be canceled by property 2 above. These are two very
important tools by means of which it can frequently be determined whether
S =0(q) or g = 0(q). They can be extended immediately to arbitrary ideals
m=[q,...,q,] by means of the decomposition theorem. If fis a polynomial
which contains the variety M of m and if p is the greatest of the exponents of the
primary ideals g, . . ., q;, then it follows immediately that

ff=00q) (for i=1,...,9),

St = 0(m).

We have thus obtained another proof of Hilbert’s Nullstellensatz (Section
16.5), which is even sharper in that it shows that the exponent ¢ depends only on
the ideal m. '

If fis a polynomial which contains none of the manifolds of the primary ideals
G - - « 5 Oy then in any congruence

and hence

Jfg = 0(m)
f may be canceled, and we conclude that
g =0(m)

since this is true for all primary ideals q,. The cancellation possibility can be
briefly and precisely expressed by the equation

m:(f)=m,

which by Section 15.5 holds if and only if fis not divisible by any of the associated
prime ideals p,, . . . , p, of m (fthus contains none of their irreducible varieties).
Somewhat more generally, for any ideal a, by Section 15.5,

m:a=m (16.14)

if and only if a is not divisible by any of the p, , . . . , p, or, what is the same thing,
if the manifold of a contains none of the manifolds of the prime ideals p,, . . . , p,.
This theorem is often useful in finding the associated prime ideals py, ..., p,
of an ideal m. If we suspect that some prime ideal p is among the p,, then we may
take an ideal q divisible by p, for example, a = p, and check to see if the relation
(16.14) or its negation can be proved, that is, whether or not ga = 0(m) implies
g = O0(m). If (16.14) holds, then p is not one of the p,.

_ The dimension of a primary ideal is defined as the dimension of the associated
prime ideal (or the dimension of the associated variety). The dimension or
highest dimension of any ideal a + o is the highest of the dimensions of its primary
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components (or of its associated prime ideals). If the dimensions of the associated
primary ideals of a are all the same, say equal to d, then q is called an unmixed
d-dimensional ideal.

Exercises

16.5. The ideal (x,2, x,x5+1) is primary Wlth exponent 2 and associated prime
ideal (x,, x3x3+1).

16.6. Every power p® of a nonconstant prime polynomial p generates an (n —1)-
dimensional primary ideal. Every nonconstant polynomial f generates an
unmixed (n— 1)-dimensional ideal.

16.7. If p is the prime ideal of Exercise 16:1, then p? is not primary. (The
polynomial (x,x3 —x;%)%—(x,% —x;x;) (x> —x,%x,) has a factor x,,
and the other factor does not belong to p2.)

16.7 NOETHER’S THEOREM

Using the primary ideal decomposition, we shall first completely solve for
zero-dimensional ideals the problem of finding the conditions a polynomial
must satisfy in order to belong to an ideal m. We begin with a lemma which is
also useful in other contexts.

Lemma: If X is an extension field of K and if f, fi, . . . , [, are polynomials of
K[x] = K[xy, ..., x,], then from

f=0fi,....n in Z[x
it follows that

fEO(.fI""’f;-) in K[JC].
Proof: Let

=Ygt (16.15)

where the g, are polynomials with coefficients in 2. We express these coefficients
linearly in terms of finitely many linearly independent elements 1, w,, w,, ...
of X with coefficients in K. Each term g, f; in (16.15) acquires the form

(Giot+8uwr+8inws+ - )f;
where the g, are polynomials with coefficients in K. From (16.15) it follows then

that
=Y gifitws ) gufitw, Y. gifi+

or—since the field elements 1, w;, w,,... are linearly independent and the
terms containing 1, w,, w,, . . . on the right and left must coincide—that

f= Zg oS> Q.E.D.
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On the basis of this theorem, in answering the question of whether f=
O0(f1, . . - »f,) we may always extend the base field K, for example, by adjoining
the zeros of the ideal (f, . . ., f;). If the congruence holds in the extended ring
2 [x], then it also holds before the extension. '

Under appropriate extension of the base field a zero-dimensional variety always
decomposes into single points; we may therefore always assume, whenever it is
advantageous to do so, that all zero-dimensional ideals which occur have only
a single point as a zero (rather than a system of conjugate points).

A zero-dimensional prime ideal is maximal, since the residue class ring o/p
is a field by Section 16.4. This implies that every zero-dimensional primary ideal
is single-primed, for a primary ideal whose associated prime ideal is maximal
is always single-primed by Section 15.8. It further follows from the theorems of
Section 15.8 that every zero-dimensional isolated primary component q of an -
ideal m can be represented by

q = (m, p°). (16.16)
The exponent p is here the smallest integer o with the property
p? = O(m, °*1), . (16.17)

Let us now clarify the meaning of relation (16.16) in the case in which the base
field has been extended so that the single-primed ideals q under consideration
each have only one zero a = {a,, ..., a,}. Relation (16.16) states that for
S = 0(q) it is necessary and sufficient that

f = 0(m, po). (16.18)

If now m is given by a basis (f},...,f,) and if we put y, = x,—a,, then p =
(1> - - - » Vo). If we suppose that all polynomials which occur are ordered accord-
ing to increasing powers of y,, then p? consists of all those polynomials which
contain only products of powers of the y, of degree = o. Relation (16.18) implies
then that f coincides with a linear combination ) g, up to terms of degree ¢
and higher. If we then suppose f1, . . . , f, to be multiplied by 1 and by all products
of the y, of degree less than ¢, and if we denote by A, . . ., h, the polynomials
formed by omitting all terms of degree = g, then (16.18) states that up to terms of
degree =p fis a linear combination of A, ..., h, With constant coefficients.
This is a state of affairs whose existence or nonexistence can actually be estab-

lished in any given case (for given g, f}, . . ., f,, and f). In particular, it exists if
there are formal power series P,(¥), . .., P{(»)® such that
f=Pifit: +Pf] (16.19)

Indeed, for any value of o we can break these power series off at terms of degree o
and check to see if both sides coincide mod p°. The power series criterion (16.19)

60Of course, nothing is assumed with regard to convergence.
7This means that in a formal expansion in power products of the y, the two sides of {16.19)
coincide.
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actually still requires too much: the two sides of (16.19) need not coincide exactly
but rather just up to terms of degree = o.

Similarly, the validity or nonvalidity of relation (16.17) can be determined for
each o: it means that all power products of degree o can-be represented by the
polynomials ) g, f, by omitting the power products of degree >o. For given
f1s - -+, f, we may then test for each zero athe valueso = 1,2, 3, . . . in succession
until a o 1s found for which (16.17) holds: this o is then the exponent of q.

In the case of a zero-dimensional ideal m all primary components are zero-

dimensional and isolated; the above criterion for f = 0(q) may therefore be
applied to all the components. If it is satisfied for all zeros, then it follows that
f = 0(m). This implies the following theorem.
Theorem: If for each zero a = {a, . . ., a,} of a zero-dimensional ideal m the
exponent g is determined as the least natural number o for which (16.17) holds
with p = (x;—ay, ..., x,—a,) and if a polynomial f satisfies condition (16.18)
Jor all these p, then f = O(m).

This theorem was first formulated by Max Noether for the case m = (f;, f3),
where f; and f, are polynomials in two variables.® This was the celebrated
Noethersche Fundamentalsatz, which formed the basis for the “geometrical
trend” in the theory of algebraic functions. Noether actually assumed that the
power series condition (16.19) was satisfied at all zeros rather than the weaker
relation (16.18). The formulation presented here, in which only the terms up to
degree o—1liny,, ..., y, are required to agree, is due to Bertini,® who also gave
a bound for the exponent °.2° The n-dimensional generalization is due to Lasker
and Macaulay. Following Macaulay, we call the sufficient condmon f=
O(m, p° for'f = 0(q) the Noether condition at the point a.

To illustrate the application of Noether’s theorem, we now treat a special
case in which the Noether conditions turn out to be especially simple.

Each of the polynomials fj, ... ,f, determines a manifold (hypersurface)
f, = 0 in n-dimensional space. The polynomial f likewise determines a hyper-
surface f = 0. If f splits into irreducible factors: f = p,% p,% ..., then the
manifold f = 0 also decomposes into irreducible componentsp, = 0,p, =0, ...,
each of which we count as often as the exponent in the decomposition of findi-
cates.

If fis expanded in powers of y, = x,—a, at a point a and if the expansion begins
with terms of order s (s=0)

f= c0y13+cly1s-1y2+ T +,cmyn’+ Tt

then the hypersurface f = 0 is said to have an s-fold point at a. The terms c,y,*
+ .- +c,y," of order s also define, when set equal to zero, a hypersurface which

8M. Noether, “Uber einen Satz aus der Theorie der Algebraischen Funktionen,” Math. Ann.,
6, 351-359 (1873).

9E. Bertini, “Zum Fundamentalsatz aus der Theorie der Algebraischen Funktionen,”
Math. Ann., 34, 447-449 (1889),

1°Sharper bounds were found by P. Dubrell, Doctoral Thesis, Paris, 1930.
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consists solely of “straight lines” through a: the fangent cone of the hypersurface
S = 0 at the point a.

The simplest case of Noether’s theorem is that in which, among the hyper-
surfaces, f; = 0,...,f, = 0, which determine the zero-dimensional ideal m,
such f; = 0,...,f, = 0 occur which at aq all have a simple point and whose
tangent hyperplanes have only the point @ in common:

Ji=cuyit eyt
Ja=cuyi+ eyt

fo= Gupib e bt
The linear forms ) c,,y, are linearly independent.
pu=1

If the prime ideal (x;—ay, ..., x,—a,) is denoted by p, then in this case
among the linear combinations of f,, . . . , f, modulo p? (that is, neglecting terms
of second and higher order) y,, ..., y, themselves occur; that is,

(yl" . !yn) = O«.fh .. "./;l)’ pZ)

and hence

p = 0(m, p?).

Thus, at the point a the ideal m has an isolated primary component q with
exponent 1, that is, ¢ = p. Any polynomial with the zero a is therefore divisible
by q.

For further special cases and applications of Noether’s theorem see my
Einfihrung in die Algebraische Geometrie (Grundlehren, Springer, 1939).

16.8 REDUCTION OF MULTIDIMENSIONAL IDEALS
TO ZERO-DIMENSIONAL IDEALS

In this section we shall seek to extend to multidimensional ideals the theorems
proved in Section 16.7 for zero-dimensional ideals.

The method is as follows. If q is a primary ideal in K[x] of dimension 4, p the
associated prime ideal, and {{,, . . ., £,} its generic zero, and if (say) £, .. . ,{,
are algebraically independent, then we make q and p zero-dimensional ideals by
the substitution x, = £,,..., x; = £, We make this substitution in all poly-
nomials g of the ideal q; the polynomials g hereby go over into polynomials ¢’
of K(é15...,&) [Xa+1> - - -5 X,] which generate an ideal q’. It is clear that it
suffices to make the substitution x, = ¢;,..., x; = £, in the basis polynomials
g1, - - - » q,; the resulting polynomials g1, . . ., ¢, then generate the ideal q’:

q' =15 9)
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The ideal q’ clearly consists of the polynomials ¢’ divided by arbitrary nonzero
polynomialsgin £, . . ., &,; for the polynomials ¢’ form an ideal in Kf¢,, . .., &,,
X441, .45 %, and in order to obtain the ideal generated in K({,,..., &)
[X44+15 ..., X,] we have only to admit the denominators ¢.

An ideal p’ arises from p in the same way that q’ arises from q; in general,
every ideal m = (fy, ..., f;) gives rise to an ideal m’' = (f1,...,/}).

Geometrically the substitution x;, = §,, ..., x; = £; means that all manifolds
which occur are cut by the linear space x;, = £,,...,x,; = £; which passes
through the generic point of the manifold of q.

If f(x,, ..., x,)is a polynomial and if f(¢;, ..., &4 X445 - - - » X,) belongs to
q’, then by the preceding remarks

fen= L 46

Wl e T AR =0,

and hence

q9(¢, x) = 9(OS ¢, x).

Because of the algebraic independence of £,, . . ., &,, this implies

g(x) = o(x)f(x) = 0(q).
However, ¢(¢) + 0 implies ¢(x) £ 0(p); therefore

S(x) = Xg).

Hence, in order to decide if a polynomial f(x) belong to q, we need only investi-
gate whether the corresponding f' = f(¢;, ..., &4 Xis+1>---5 X, belongs to
q’. Thus q’ determines q uniquely.

We now state the following theorem.
Theorem: The ideal q' in K(¢y,...,¢&0) [X4415- .5 X,] is primary; the asso-
ciated prime ideal is p'; the exponent of q’ is equal to that of q; the generic zero of
p is {é4415 - En)s and the dimension of p’ is zero.
Proof: In order to show that q’ is primary and p’ is the associated prime ideal,
it suffices to prove the following three properties.

L. f x)g(¢, x) = 0(q’) and (£, x) = O(p’) imply g(£, x) = 0(q").
2. f(¢ x) = 0(q") implies f(£. x) = 0(p).
3. [ x) = O(p") implies f(¢, x)* = 0(q").

In establishing all three properties we may assume that fand g are integral in
&, ..., &, for otherwise we have only to multiply by a suitable ¢(¢). By the
remarks above, we may everywhere replace { by x, q° by g and p’ by p; then,
for example, f(¢, x) = 0(q’) is equivalent to f(x) = 0(q), and so on. After these
substitutions, properties 1, 2, and 3 state nothing more than that g is primary and
p is its associated prime ideal, and this we already know. This shows at the same
time that the exponents of q and q’ are the same.
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In order to show that {¢,, (..., &,} is the generic zero of p’, we must prove
that

f(fls"'sfds§d+19"-s€n)=09

where f'is rational in §,, . .., ¢, and intégral in £,, |, . . ., £,, implies that

fE¢, x) = 0(p)

and conversely. We may again assume that f'is integral in £, . . ., £;. But then
J(¢ x) = 0(p) is equivalent to f(x) = 0(p); this part of the proof is therefore
completed simply by the remark that {£,, ..., &,} is the generic zero of p.

The zero-dimensionality of p’ follows finally from the fact that £;,4,..., &,
are algebraic over K(¢,, ..., £,). This completes the proof of the theorem.

In the same way we can show that if q is a primary component of the ideal
m=(fy,...,f,), then q' is a primary component of the corresponding ideal
m’ = (f]...,f;). If q is an isolated component of m, then q’ is also an isolated
component of m’. .

The method developed for reducing all primary ideals to zero-dimensional
ideals affords us the means of determining whether a polynomial f belongs to a
givenidealmm = (fy, . . ., f.), assuming that the decomposition of m into primary
components

m=[qy,...,q]

is given. We find for each primary component g the corresponding zero-
dimensional ideal g’and extend the field K(¢,, . . . , £,) so that ¢’ decomposes into
primary ideals q,, each having only one zero a("; using the methods of Section
16.7, we then determine by means of the “Noether conditions”

f=00500,  p=(an—ay .o n-a), 0 (1620)

if the polynomial /' belongs to the ideals ¢, = (q’, p,?) and hence also to the
ideal q’. Since the zeros of the p; are conjugate with respect to K(£y, ..., £,),
the p; and hence also the g, are conjugate with respect to K(¢4, . . ., £,); it there-
fore suffices to investigate a single g, for each q’. We thus need adjoin only one
zero of each q'. Now {¢,,, ..., £,}is such a zero. Hence, p, is replaced by the
prime ideal

Pe = ge1—Eas1r e -5 X— 6D,

and we may use the the more convenient condition

[ =0m’,p9 (16.21)

in place of condition (16.20), since (16.21) is also necessary for f = 0(m), and
(16.20) follows immediately from (16.21). Condition (16.21), which must be
satisfied by every primary component q of m, goes by the name of the Hentzelt
criterion or Hentzelt’s Nullstellensatz.

In particular, if  is an isolated component of i, and hence q' is also an isolated
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component of m’, then the exponent ¢ can be determined from the condition

pfe = O(m" pg+1)
as in Section 15.8.

The real geometric meaning of primary ideals is most clearly seen from con-
ditions (16.20) for f = 0(q). Membership in a primary ideal imposes certain
conditions on the initial terms of the expansion of a polynomial fin powers of
X, —€1y ..., x,— &, for a generic point ¢ of an irreducible manifold M. For
example, the condition may be that fshould vanish at this generic point or that
the hypersurface f = 0 at this generic point should intersect another hypersurface
containing M, and so on. '

Exercises

16.8. Using the method of reduction to zero-dimensional ideals, prove that
every (n— 1)-dimensional primary ideal in K[x,, ..., x,] is a principal .
ideal.

16.9. Every unmixed (n—1)-dimensional ideal in K[x,, ..., x,]} is a principal
ideal, and conversely.



Chapter 17
INTEGRAL ALGEBRAIC ELEMENTS

Historically the development of ideal theory has two starting points: the
theory of algebraic integers and the theory of polynomial ideals. These two
theories have, however, been developed to deal with entirely different problems.
Whereas in the case of polynomial ideals the central problems have been to
determine the zeros of an ideal and establish the necessary and sufficient con-
ditions for a polynomial to belong to an ideal, the theory of algebraic integers
arises from the question of factorization. We arrive at this question through
the following considerations, for example.

In the ring of elements a+ b,/ '—5, where a and b are integers, the unique factor-
ization theorem does not hold. The number 9, for example, admits two essenti-
ally different factorizations into indecomposable factors:!

9 =3-3= 24V -5 2—-V-5).

This fact led Dedekind (following Kummer, who -achieved unique factorization
in cyclotomic fields by introducing certain ‘“‘ideal numbers™) to extend the
domain of elements to that of ideals (he was the first to use this term). He was
able to show that in this domain each ideal is equal to a uniquely determined
product of prime ideals. Indeed, if the prime ideals

p1=(G2+v-=-5), p,=@3,2-v-=5)

are introduced in the case above, then

() =pp;  QC+V=3S)=p,% Q-v=3) =p3

IThat the numbers 3 and 2+ 4/ — 35 are indecomposable follows easily from the fact that
their norm is 9 (cf. Section 6.11). If they were decomposable, then either both factors would
have norm # 3, or one factor would have norm + 1. There is no number a + b4/ — § with norm
+ 3, for then

az+4+5bh2 = +3,

which is impossible for integers @ and 5. A number with norm + 1 is necessarily one of the
units + 1, since
a2+5b2 = +1

is satisfied only by a = +1, b= 0.

168
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as is easily checked; the principal ideal (9) then has the (unique) factorization
) = p’p% |

In this chapter the “classical” (Dedekind) ideal theory of the integral elements
of a field will be presented in a modern axiomatic form due to Emmy Noether.?

17.1 FINITE ®-MODULES

We consider modules over a (not necessarily commutative) ring ‘R, that is,
modules with R as (left) multiplier domain. The modules considered are usually
contained either in R itself (and thus are left ideals in R) or in an extension ring &.

A finite R-module is a module I which is generated by a finite module basis
(a,, . .., a;), that is, one whose elements can be linearly expressed in terms of
a,, ..., a, with coefficients in R and with integer coefficients

m=ra,++nat+ma,+-- - +na, (r, € R, n, integers). (17.1)

In this case we write M = (a4, . . ., a,).

The ascending chain condition is said to hold in a module I if every chain
of submodules I, M,, . . . of M in which each successive one properly contains
(divides) the preceding

ﬂﬁ 1 Cg}t 5 (= s

breaks off after a finite number of terms.
Theorem: If the ascending chain condition holds in I, then every submodule of
M has a finite basis, and conversely.

This theorem is a generalization of the theorem of Section 15.1 concerning
an ideal basis and the ascending chain condition. The proof is similar. To find a
basis for a submodule R, we first choose an element a, in RN. If (a,) = N, we are
through; otherwise we choose an element a, in ¢ which is not contained in (a,).
If (a,, a;) = N, we are through; otherwise we choose an a;, and so forth. If it
is known that the chain of modules

(a)<(ay, a;)<(ay, az, a3) <"

must break off after a finite number of terms, then M has a finite basis.
Conversely, if every submodule of 9 has a finite basis and if

M, My

is a chain of submodules of Ik, then the union T of all the M, is again a submodule
and hence has a finite basis:
8 =(a1,"-’ar)‘

2E. Noether, “Abstrakter Aufbau der Idealtheorie in Algebraischen Zahl- und Funktionen-
kdrpern,” Math. Ann., 96, 2661 (1926).
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All the a, are already contained in some I, of the chain; hence B £ M,, so that
B = M,. The chain therefore breaks off at M,,.

A sufficient condition for the ascending chain condition to hold in IR is given
by the following.

Theorem: If the ascending chain condition for left ideals holds in R and if M is
a finite ‘R-module, then the ascending chain condition for R-modules holds in M.

An equivalent formulation (on the basis of the preceding theorem) is the
following.

Theorem: If in ‘R every left ideal has a finite ideal basis and if M has a finite
R-module basis, then every submodule of I has a finite R-module basis.

The proof is entirely analogous to the proof of the Hilbert basis theorem
(Section 15.1). Let M = (a,, ..., a,), and let N be a submodule of M. Every
element of N can be written in the form (17.1). If in (17.1) the last 2h—1 co-
efficients (from the (/+ 1)th to the 2Ath) of the 24 coefficients ry, .. ., n, are all
zero, we say that the expression has length <1. We now consider all expressions
in R of length </ Their /th coefficients (r, or n;_,) form a left ideal in R or in
the ring Z of integers. This ideal has a finite basis:

(blb LI bls,)‘

Each b,, is the last (Ith) coefficient (r, or n,_,) of a certain expression of the form
(17.1) which we denote by B,,:

B, =ra+---+bya;  or =ra+-c+bua;

We assert that allthese B,, (I =1,...,2,;v = 1,...,s) together form a basis
for M. Indeed, from any element (17.1) of M of length / the last (/th) coefficient
can be eliminated by subtracting a linear combination of B,,, ..., By, (with
coefficients in R or Z according to the value of /); this means that any such
expression can be reduced to an expression of smaller length; this resulting
expression can again be reduced in length in the same way until finally, by
repeated subtraction of linear combinations of the B,,, only zero remains. Any
element of M can thus be written as a linear combination of the B,,, Q.E.D. If
one of the ideals (b,,, . . ., by,,) is the null ideal, then the corresponding B, are
redundant in the basis.

17.2 INTEGRAL ELEMENTS OVER A RING

Let R be a subring of a ring T.

An element ¢ of T is said to be integral over R if all powers® of ¢ belong to a
finite R-module (a,, . . ., a,), that is, all powers of ¢ can be linearly represented
in terms of finitely many elements q,, . . ., a, of X in the form

r=ra+ - +ra,+na,+- - n,a, (r, € R, n, integers). (17.2)

3In this section we shall always mean powers with positive exponents.
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In particular, every element r or R is integral over R, since r, 72, r%, . . . belong
to the R-module (7). The identity element of I, if it exists, is also integral over R.

If T is a field, which thus contains the quotient field P of R, then all powers of
an integral element ¢ depend linearly on finitely many elements a,, . . ., a,, with
coefficients in P, for P contains not only the ring R, but also the identity element.
Therefore, only finitely many of the powers of  are linearly independent over P;
t is thus algebraic over P. For this reason we also speak of integral algebraic
elements instead of “integral elements.”

If R is a ring in which the ascending chain condition for left ideals holds, then
by Section 17.1 the ascending chain condition also holds for submodules of the
finite R-module (a,, ..., a,). In particular, a chain of modules

HetHg -

cannot consist entirely of distinct modules; that is, some power of ¢ can be
expressed linearly in terms of lower powers of ¢:

=it P e ey P (17.3)

Conversely, if ¢ is an element of T which admits a representation of the form
(17.3) with coefficients in R or Z for some A, then all higher powers of ¢ can
successively be linearly expressed in terms of the finite number of elements ¢,
2, ..., *~! by means of (17.3); t is therefore integral according to our definition.
This proves the following theorem.

Theorem: If the ascending chain condition for left ideals holds in the ring R, then
the existence of an equation of the form (17.3) is necessary and sufficient in order
that t be integral over R.

If ¥ is a field equation, (17.3) again expresses the fact that ¢ is algebraic. If R
has an identity element, then #° = 1 may be included among the powers of ¢
and, moreover, in (17.3) the tail n,¢+- -+ +n,_,1*~! may be omitted. In place
of (17.3) we then have the simpler equation

th_rh_lth_l- .. ._ro = 0,

whose characteristic feature is that the coefficient of the highest power of 7 is 1.
Examples: Algebraic integers are those algebraic numbers which are integral
over the ring Z of ordinary integers; that is, they satisfy an equation with integer
coefficients and leading coefficient 1. Integral algebraic functions of x,, ..., x,
are those functions of an algebraic extension field of K(x,, ..., x,) which are
integral over the polynomial ring K[x,, ..., x,]; K is here a fixed base field.
Absolutely integral algebraic functions of x,, . . . , x, are such functions which are
integral over the ring Zfx,, . . ., x,). '

In a commutative ring T the sum, difference, and product of two integral elements
over R are again integral. Or: The elements in T which are integral over R form a
ring S. : -

Proof: If all powers of s can be linearly expressed in terms of ay, . . ., a, and
all powers of ¢ in terms of b,, . . ., b,, then all powers of s+1¢, s—¢, and s-¢ can
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be linearly expressed in terms of @y, ..., @y, by,...,b,,...,a:by,2,b,,...
b,

If we assume the ascending chain condition for the ideals of the ring S, then
we can prove the theorem on the transitivity of integral dependence.

If © is the ring of integral elements in a commutative ring X (over a subring R)
and if the element t of X is integral over &; then t is also integral over R (that is,
contained in S). Or, expressed in another manner: If t satisfies an equation of the
Jorm (17.3) whose coefficients r, are integral over R, then t itself is integral over R.
Proof: By repeated application of equation (17.3) all powers #*** can be linearly
expressed in terms of 7, 1%, ..., 1"~ with coefficients which either are integers
or are integral rational functions in the products of powers of the r,. For each
r, there are finitely many elements of I in terms of which all powers of 7, can be
linearly expressed with coefficients in R or with integer coefficients; all products of
powers of the r, can therefore be linearly expressed in terms of finitely many
products of these finitely many elements. If we now multiply this finite number of
products by ¢, 2, ..., "~ ! and include finally, ¢, £, ..., £* 7! as well, we again
obtain finitely many elements in terms of which all powers of ¢ can now be
linearly expressed with integer coefficients or coefficients in R.

A ring @ is said to be integrally closed in an overring T if every element of T
which is integral over S is contained in S. In particular, an integral domain &
which is integrally closed in its quotient field X is simply called integrally closed.
As is easily seen, this means that each element ¢ of Z, all of whose powers ¢
admit a representation as fractions with a fixed denominator from &, themselves
belong to &. The finite number of elements, in terms of which all powers of an
integral 7 can be represented, can always be brought to a common denominator;
conversely, if all powers of ¢ can be expressed as fractions with denominator s,
then they can all be expressed linearly in terms of the element s~ 1.

It now follows from the theorem above that if I is commutative the ring S
of all elements of T which are integral over R is always integrally closed in X if the
ascending chain condition holds for the ideals of .

This theorem can also be proved without assuming the ascending chain
condition if, instead, it is assumed that ‘R is integrally closed in its quotient field
P and T is a finite extension field of P. For the proof, T is extended to a Galois
field T’ over P, and & is extended to the ring &’ of integral elements of T'. If
an element ¢ is integral over &, and hence also over ©’, then so are the conjugate
elements of ¢ (over P), and hence also the elementary symmetric functions of
these conjugate elements, that is, the coefficients of the defining equation of ¢.
Since R is integrally closed, these coefficients then belong to R; ¢ is therefore
integral over R and hence te€ S. '

A sufficient (but by no means necessary) criterion for the integral closure of
an integral domain is given by the following theorem.

Theorem: An integral domain with identity in which the unique factorization
theorem holds is integrally closed in its quotient field.
Proof: Each element of the quotient field can be represented as a fraction a/b



The Integral Elements of a Field 173

in which a and b have no common prime factor. If the denominator of all powers
of a/b can be eliminated by multiplication by a single element ¢, then ca”, and
hence ¢ also, must be divisible by 4" for every ». This is possible only if b is a unit
and hence a/b = ab~! belongs to the integral domain.

From this theorem it follows that every principal ideal ring ( in particular, the
ring Z of integers), every polynomial ring over the ring of integers, and every
polynomial ring over a commutative field K is integrally closed.

Exercises

17.1. The roots of unity of a field are always integral over every subring.

17.2. Which numbers of the Gaussian number field Q(7) are integral over Z?
Which numbers of the field Q(g) of third roots of unity (e = —4+4/—3)?

17.3. If the integral domain R is integrally closed, then the polynomial ring
R([x] is also integrally closed.

17.3 THE INTEGRAL ELEMENTS OF A FIELD

Let R be an integral domain, P its quotient field, T a finite commutative exten-
sion field of P, and & the ring of elements of = which are integral over R. Obviously
@ is an extension ring of R. The relations between the rings R, S and the fields
P, Z may be schematically represented as follows:

we S
n N
PcZ.

These designations will be the same throughout this section. By “integral” we
shall always mean integral over R.

Examples: If R is the ring of ordinary integers, then P is the field of rational
numbers, X is a number field (finite over P), and & is the ring of algebraic integers
of the field 2.

If R is a polynomial ring, R = K[x,, ..., x,], then P is the field of rational
functions; Z arises by adjunction of finitely many algebraic functions, and S
consists of the integral algebraic functions of the field Z; and so on.

Our aim is to study the ideal theory of S. To this end, as we know, we must
first investigate the question of the ascending chain condition for the ideals of S.
More precisely, we ask if the ascending chain condition is inherited by & if it
holds for R. By the theorems of Section 17.1, this is so if an R-module basis
can be found for &. This will be our first ob_]ectxve

We begin with a preparatory theorem.

Theorem: If o is an element of Z, then o = sjr, wheresc S andreR. -
Proof: The element ¢ satisfies an equation with coefficients in P. These co-
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efficients are fractions over . They become elements of R on multiplication with
the product of their denominators: '

roo'm+r10'm—1+ M +rm = 0-
Putting r, = r and multiplying by r"~*, we obtain
(re)" (o)™~ 4 ror(ro)" 24 Hr Tt = 0.

Thus, ro is integral over ‘R. The assertion follows on putting re = s.

It follows from this theorem that X is the quotient field of &.

Theorem: Ifan element ¢ is integral, then all conjugates of ¢ (in a Galois extension
Jield of Z over P) are also integral.

Proof: The finitely many elements of X in terms of which all powers of £ can
be expressed go over, under an isomorphism of\Z, into finitely many elements
in terms of which all powers of some conjugate of ¢ can be linearly expressed.

Since sums and products of integral elements are again integral, it follows that

the elementary symmetric functions of ¢ and its conjugates are integral. This
implies the following theorem.
Theorem: In the irreducible equation over P which an integral element ¢ satisfies,
if the leading coefficient is chosen equal to 1, then all other coefficients are integral
over ‘R. In particular, if R is integrally closed in P, then all these coefficients are
contained in R.

Inthe case where R is integrally closed, this theorem affords the most convenient
means of investigating whether an element £ is integral. We no longer need form
all equations which ¢ satisfies and check to see if among them there is an equation
with integral coefficients; it suffices rather to consider the single irreducible
equation with leading coefficient 1. If all the coefficients of this equation are
integral, then ¢ is also integral; otherwise ¢ is not integral.

We now make the following restrictive assumptions:

I. R is integrally closed in its quotient field P.
II. The ascending chain condition for ideals holds in R.
III. X is a separable extension of P.

It follows from III by Section 6.10 that X is generated by a “primitive
element” o : ¥ = P(s). By the theorem above, o = s/r (s€ S, r e R); the in-
tegral clement s therefore generates the field. Here s satisfies an equation of
degree n, where n is the field degree (£/P). Each element £ of = can be represented
in the form

n—1
£ = Z oxS* (e €P). (17.9)
0

If in (17.4) s is replaced by its conjugates s, (in a Galois extension field of P
containing X), of which there are precisely # by Section 6.8, then the equations

n—1
fv = Z kavk (v = 1’ 2’ e v ey n) (17'5)
0
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are obtained for the conjugates £, of £. The determinant of this system of equations
is

D = |svk| = I—[(S/\ _Sy)
A<p

according to the Vandermonde determinant theorem. Its square is a symmetric
function of the s, and therefore contained in P. Furthermore, since the conjugates
s, are all distinct, D % 0. The system of equations (17.5) may therefore be solved:

— Z Skvgv‘
€k D

where the S}, and D are polynomials in the s, and are therefore integral over R.
Multiplication of this equation by D? gives

Dzek = ZDSI;VEV' (17'6)

If we assume now that ¢ is an element of © and is thus integral, then the £,
are also integral; the right side of (17.6) is therefore integral. The left side, how-
ever is an element of P. Since R is integrally closed in P, it follows that D,,?
lies in R. If we put D%, = r,, then g, = r,.D "2 and so, by (17.4),

n—1
¢=Y D%~
0

Each element ¢ of & can therefore be linearly expressed in terms of D~ 2s°,
D~2g', ..., D~ %" ! with coefficients in R. In other words: S is contained in
the finite R-module

M = (D%°, D2, ..., D 2",

The theorems of Section 17.1 now imply that & as well as every submodule of
S and, in particular, every ideal in S has a finite module basis over ‘R, or equiva-
lently, the ascending chain condition holds for the R-modules and, in particular,
Jor the ideals in S. If R is a principal ideal ring, then & and every submodule of
© have a linearly independent R-module basis.

An R-order in Z is a subring of  which contains R and is a finite R-module.
By the above theorem & is an R-order, and every ring between R and & is also.
Conversely, it follows from the definition of integral elements that every R-order
Z in X consists solely of integral elements, that is, is contained in &. Therefore
S may be characterized as the largest R-order in 2. Also, S is called the principal
order of the field . When terms such as ““ideals of the field,” “units of the field,”
and so on are used, the ideals of S, the units of &, and so on are always meant.
By Section 17.2, & is integrally closed in .

The results of this section no longer hold for noncommutative algebras over
P; the main difficulty is that the sum of two integral elements need not be integral.
The set of integral elements is therefore not an order. Although every order
consists only of integral elements, there is no principal order containing all the
orders. Under the appropriate conditions on X there are various maximal
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R-orders such that every R-order and also every integral element is contained in
at least one maximal R-order. Concerning the ideal theory of these maximal
R-orders, see M. Deuring, “Algebren,” Ergebn. Math., 4, No. 1 (1935).

The ascending chain condition holds in all R-orders of ¥ by what has just
been proved. The decomposition and uniqueness theorems of Sections 15.4
and 15.5 (representation of all ideals as intersections of primary ideals) therefore
also hold for-these orders.

This ideal theory is greatly simpliﬁed according to the final considerations of
Section 15.8, if every nonzero prime ideal of the order p is maxlmal The following
theorem indicates when this is the case.

Theorem: If in R every prime ideal +(0) is maximal, then in every R-order o
every prime ideal +(0) is also maximal.

Proof: Letp be a prime ideal in p containing a nonzero element ¢. Now ¢ satisfies
an equation of least degree with coefficients in R and leading coefficient 1:

a4 +a,=0

in which a, + 0 since otherwise ¢ could be canceled. It follows that g, = 0(¢)
= 0(p), and a, therefore belongs to the intersection p N R. This intersection is
a prime ideal in ‘R, for if a product of two elements of R belongs to R N p, and
hence to p, then one factor must belong to p, and hence to R N p. Since q,
belongs to the prime ideal R N p, this prime ideal is distinct from the null ideal
and is therefore maximal.

If now q is a proper divisor of p and « is an element of a which does not belong
to p, then u satisfies an equation

w+bu "ty +b; =0,
and hence a congruence of least degree
wWte T 4 e = Op),

in which ¢; £ O(p), since otherwise # could be canceled. It now follows that
¢ = 0() = K(a); ¢, therefore belongs to the intersection a N R without belong-
ing to p N R. This intersection a N R is therefore a proper divisor of p N R
and is hence equal to the unit ideal R. Therefore a contains the identity element;
hence a = o, Q.E.D.

The hypotheses of this theorem are satisfied, in particular, if R is a principal
ideal ring (the ring of integers, a polynomial ring in one variable). In this case
every ideal distinct from the null and unit ideals can be uniquely represented as
a product of relatively prime, primary ideals distinct from p.

For the principal order &, as we shall see, it is possible to say still more: the
primary ideals are powers of prime ideals, and hence every ideal is the product
of powers of prime ideals. Because of its importance for -the theory of number
and function fields, we shall give a direct proof of this central result of the
“classical” Dedekind ideal theory without assuming the concept of a primary
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ideal and the general ideal theory. This will be done in the next section by a
method due to W. Krull.*

Exercises

17.4. If R is a principal ideal ring, (wy, . .., w,) is a linearly independent basis
of an order p (which always exists in this case), and (0, ..., ©%)) are
the conjugated bases in a Galois extension field of P, then the “field
discriminant”

PR L O

D —

n)

(
w ce iy

(n)
l -

is integral, rational, and nonzero.
17.5. LetZ = P(,/d), and let R be integrally closed in P. Show that an element
¢ = a+b\/dis integral over R if and only if its trace and norm

S(¢) = £+¢ = (a+b/d)+(a—b\/d) = 2a
N = ¢-¢ = (a+b/d)(a—b\/d) = a*—b*d,

both belong to R.

17.6. If R = K[x] in Exercise 17.5 is a polynomial ring in one indeterminate
and dis a polynomial which contains no multiple factors, then ¢ = a+b,/d
is integral only if a and b belong to R.

17.7. In Exercise 17.5, if R = Z is the ring of integers and d is a square-free
integer, then if d &= 1(4) a basis for the principal order consists of the
numbers 1,\/2 ; in the case where d = 1(4) a basis consists of the numbers

1, (1+/d)/2.

174 AXIOMATIC FOUNDATION OF CLASSICAL
IDEAL THEORY

Let o be an integral domain (a commutative ring without zero divisors) in
which the following three axioms are satisfied:

I. The ascending chain condition for ideals.
II. All nonnull prime ideals are maximal.
III. p is integrally closed in its quotient field X.

Examples of such rings are (1) the principal ideal rings; (2) the principal
orders obtained from principal ideal rings by extension of the quotient field in
the manner of Section 17.3 (in particular, the principal orders in number fields
and function fields of one variable).

4W, Krull, “Zur Theorie der Allgemeinen Zahlringe,”” Math. Ann., 99, 51-70 (1928).
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The elements of X which are integral over o, and hence by III lie in o, will
be called simply integral. In particular, the identity element of X is always in-
tegral, and so p is an integral domain with identity.

In addition to the ideals of o (or p-modules of p), we now consider also o-
modules in X, that is, subsets of £ which with a and b also contain a—b, and
with a also ra (r integral). If such an p-module has a finite module basis, then it
is also called a fractional ideal. If an p-module g consists solely of integral elements
(a € 0), then it is an ideal in the usual sense or, as we shall now say, an integral
ideal.

The sum or g.c.d. (a, b) of two p-modules a and b is (as in the case of ideals)
the module of all sums a+5 with aea, b €b; likewise the product ab is the
module generated by all products ab or the set of all sums Y. a,b,.

Sums and products of p-modules with finite bases again have finite bases.

In the following theorems the German script letters refer exclusively to integral
nonzero ideals in p, while the letter p always denotes a prime ideal +(0).
Lemma 1: For every ideal a there exist prime ideals p, which are divisors of a
and whose product is divisible by a:

PP p, = Oa).

Proof: If a is prime, then the lemma is true. If a is not prime, then there is a
product of two principal ideals b¢ such that

bc=0(a), b=%00), c= 0).
The ideals b’ = (b, a) and ¢’ = (¢, a) are proper divisors of a, and
b'c’ = (B, a)- (¢, a) = (be, ba, ac, a?) = 0(a).

If we now assume that the lemma is true for the ideals b’ and ¢’, then there are
products such that p, ...p, = 0(b’) and p,+; ... P, = 0(c"). Then the product
Pi.:-PPss1...P, = 0(b’'-¢") = 0a), and the assertion is therefore true for a
also. If the lemma were false for some ideal a, then it would also not hold for one
of the two proper divisors, b’ or ¢’; this divisor would again have a proper divisor
for which the lemma were not true, and so on. In this manner we would obtain
an infinite chain of proper divisors, which is impossible by Axiom I. Hence the
lemma is true for every ideal a.
Lemma 2: If p is prime, then ab = O(p) implies a = 0(p) or b = 0(p).
Proof: If a & O(p) and b £ O(p), then there would be an element ¢ in a and
an element b in b, neither of which would belong to p. The product ab would lie
in ab and therefore in p, contrary to the fact that p is prime.

We denote by p ~! the set of all (integral or fractional) elements a such that ap
is integral. p~* is clearly an p-module.
Lemma 3: Ifp + o, then p~! contains a nonintegral element.
Proof: Let c be any nonzero element of p. By Lemma 1 there exists a product
of prime ideals such that

Pip2 P = 0(0).
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We may assume that this product is irredundant; that is, there is no subproduct

such as p,...p, which is = O(c). Since the product p;p,...p, is divisible

by p, one of the factors, say p,, must be divisible by p and hence equal to p.
Therefore

PPz P, = 0(c)
P2Pr % O(C)'

There is thus an element b in p, ... p, which does not belong to (¢). For this
element

pb = O(pp,- - -p,) = 0(c).

Therefore, pb/c is integral, and so b/c lies in p 1. Since b £ 0(c), b/c is not
integral, Q.E.D.

Theorem 1: Ifp =+ o, then
1

pp " =o.
Proof: o < p~! by definition of p~!; therefore, p = op < p~'p. The integral
ideal pp ~! is thus a divisor of p and so is either equal to p or o. Suppose that
pp~t=p.
This would imply that p-(p™")> =(pp p~' =pp ' =p and likewise
p(p 1) = p, and so on. If then a + 0 is any element of p and b any element of
p 1, then ab® e p(p ~ )¢ is integral, and therefore all powers of b can be repre-
sented as fractions with a fixed denominator a. It follows that b is integral. This
holds for any b in p !, contrary to Lemma 3.
We are now in a position to prove the principal theorem on factorlzatlon

Theorem 2: Every ideal a is a product of prime ideals.
Proof: We may assume a # p. Using Lemma 1, let

PPz P = 0@) (17.7)

and let the number r be chosen as small as possible so that no shorter product
" = 0(a). Further, let p be any prime ideal divisor of a distinct from p (there exists
at least one by Lemma 1). The product p, . ..p, is then divisible by p, and
hence (by Lemma 2) some p, is divisible by p; since this p, is maximal, it follows
that p; = p. We may assume that p, = p. Multiplying (17.7) by p ~ !, we obtain

P2 P, = 0(p ') = 0(0);

therefore p ~'a is an integral ideal which divides a product of fewer than r prime
ideals. If we now proceed by induction on r, that is, if we assume that the theorem
has already been proved for ideals which divide a product of fewer than r prime
ideals +(0) (for ideals which divide only one prime ideal +(0) the theorem is
clear), then the theorem holds, in particular, for p ~!a, that is,

| pla=ps P
Multiplication of both sides by p gives the desired representation of a.
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The uniqueness of this representation follows from the next theorem.
Theorem 3: Ifa=00b)anda =p,...p, b =pj...p,, then any prime ideal
distinct from o which occurs in the representation of b also occurs in the representa-
tion of a and at least the same number of times.

Proof: Letp) # p. Since pj is a divisor of a, we conclude as before that p| must
occur among the p,. Let, say, p, = p;. Then

p1 ~'a = 0(p, ~'b)
P la=7pyep,
P17 =92

If we now assume that the assertion has been proved for all smaller values of s
(for s = 0, b = p it is trivial), then it follows that each of the ideals p3, ..., p;
distinct from p occurs at least as often among the p,, . . . , p,. This completes the
proof.
Corollary 1: Up to the order of the factors and the factor o the representation
of an ideal a as a product of prime ideals is unique.
Corollary 2: Divisibility implies product representation. If a = (b), then a = bc
with integral c.

We have only to take for ¢ the product of those prime factors of a which
remain after the factors of b are deleted from the representation of a (each as
often as it occurs in b).

Exercise

17.8. Decompose the principal ideals (2) and (3) in the principal order of the
number field Z(,/—5) into their prime ideal factors.

17.5 CONVERSE AND EXTENSION OF RESULTS

We saw that Theorems 2 and 3 follow from Axioms 1 to III (Section 17.4);
these two theorems together give the unique prime factorization of ideals. This
situation can also be inverted, as follows.

Let o be an integral domain with identity element. Suppose that in o every integral
ideal a can be represented as a product of prime ideals: a = PP, ... P, if ais
divisible by b, suppose further that in any decomposition of a every factor of a
decomposition of B distinct from o occurs and at least as often. Then Axioms I to
IIT hold in o.

Proof: The ascending chain condition (Axiom I) follows immediately from
the fact that every integral ideal a = p,? ... p,% has only a finite number of -
divisors b = p,™* ... p,” (0;=<¢;). In particular, a prime ideal p has only the
divisors p and o, so that Axiom II also holds.



Converse and Extension of Results 181

To prove Axiom III (the integral closure of o in its quotient field ), we assume
that A is an element of  which is integral over o so that, say, A™ can be linearly
expressed in terms of A%,...,A" !, or equivalently, A" is contained in the
o-module [ = (A%, AL, ..., A1), If A = a/b, then | can be made an integral
ideal by multiplying with b = (™ '). Further, [ obviously satisfies the equation
[2 = 1. Multiplication by b? gives

(I6)* = (b)®.
Uniqueness now implies that
Ib=>b
and hence if both sides are multiplied by (b~™*?),
[=o.

Therefore A is an element of o, Q.E.D.

We now discuss certain extensions of Theorems 2 and 3 which likewise belong
to the classical ideal theory.

The fact that divisibility implies product representation makes it possible to
find the greatest common divisor and least common multiple of ideals in the
same way as in the case of integers—that is, by prime factorization.

Let a and b be two integral ideals

Q= plu i A
b =p"op,

(where in each case all prime factors are written which occur in either a or b,
possibly with zero exponents). ‘Every common divisor contains only prime
factors p; appearing in these sequences and with exponents <7, where 7, is the
smaller of the numbers g,, o;. The greatest common divisor (a, b) must be divisible
by every common divisor and, in particular, by p,. Therefore, it can only be

pl"l ree r"‘r.
Similarly, the least common multiple (intersection) a N b of a and b is the ideal
plul °t ':pr“"

where p; is the greater of the numbers g;, o;.
Theorem 4: If a = O(D), then there exists an element d in d such that

(a3 d) = D.
Proof: Let
qQ= plﬂl . .prar
b=pops  OZose).
We must choose d so that d is divisible by b but has no other divisors in common
with a other than the divisors of . We put
o1+1,, .4 Optl

R r

. — ot tl, G, , ortl
G=c:1p;=p7 P roo
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Then ¢; = 0(c). There is thus an element d; which is in ¢; but not in ¢, so that
y =0ty - for j+i
d; £ 0(py**1).

The sum
d=d+-+d,

is divisible by b (since all the d; are). However,
d=d; % 0(pj);

and so 4 has no other factors in common with a other than the factors of d.
Corollary 1: In the residue class ring o/a every ideal dla is a principal ideal.
In fact, b/a is generated by the residue class a + d. -
Corollary 2: Every ideal b has a basis (a, d) consisting of two terms, where a + 0
can be chosen arbitrarily in d.

Indeed, let a be any nonzero element of b and let @ = (a). The theorem implies
that (a, d) =b.
Corollary 3: Every ideal d can be transformed into a principal ideal by multi-
Dplication with an ideal b which is relatively prime to a given ideal ¢.
Proof: We put a = ¢d. The theorem above implies that

(a,d) =b. (17.8)
Since d is divisible by b, we may put
(d)=bd
so, by (17.8),
(cb,bd) =D

Therefore ¢ and b must be relatively prime.

Exercise

17.9. Let O be the ring of all quotients a/b, where a and b are integral and b
is not divisible by certain prime ideals p,,...,p,. Then to every ideal
a of o there corresponds an ideal U« of O consisting of the fractions a/b
with a e a. To the ideals p,, ..., p, there correspond the prime ideals
Py, - . ., Py; all other prime ideals of o correspond to the unit ideal O.
Every ideal in O can be uniquely represented as a product of powers of
the ideals p,, . . ., p,. Moreover, in D every ideal is a principal ideal.

17.6 FRACTIONAL IDEALS

In Section 17.4 we called an p-module in the quotient field X a fractional ideal
if it had a finite basis. The ideals in p or “integral ideals™ are thus special fractional
ideals.



Fractional Ideals 183

If (o4, . . ., 0,) is a basis of a fractional ideal, then the entire basis, and hence
the ideal itself, can be made integral by multiplying by a suitable denominator.

Conversely, if an p-module a can be made integral by multiplication by an
integral element b + 0, then ba has a finite basis

ba = (a;,...,a)

as an integral ideal, and from this it follows that

=(% a
-(Be2)

This proves the following theorem.
Theorem: An o-module in X is a fractional ideal if and only if it can be trans-
Jormed into an integral ideal by multiplication with an integral element b + O.

We have already seen that if a and b have finite bases then a-b and (a, b) do
also and are therefore fractional ideals. The same also holds for the module
quotient a : b, where a and b are integral ideals and b + (0).° For if b & 0 is
any element of b, then

b-(a:b)=b'(a:b)=aco;

a : b is thus transformed into an integral ideal by multiplication with b.

In particular, o : p = p ! is a fractional ideal.

Every integral or fraction ideal =(0) has an inverse.
Proof: Let ¢ be an integral or fractional ideal 3(0), and let & 3 O be chosen
so that bc is integral:

bc = a. (17.9)

If now a = p;p, . .. P, then multiplying (17.9) by p, “'p,~1...p, ! gives
P 'py”
by Theorem 1 (Section 17.4), which proves the existence of the inverse

i,

p H)c=0

¢t=p, 0

From this theorem it follows that the integral and fractional ideals #+(0) form
an Abelian group.
The equation ac = b can therefore be solved uniquely for ¢. The solution is
denoted by a~'b or b/a.
The previous theorems now imply the following.
Every fractional ideal can be represented as the quotient of two integral ideals:
PP
) A 4
Here any ideal which occurs both in the numerator and denominator may be
canceled. ‘

5The module quotient a:b (in X) is the set of all elements A in X such that AbSa.
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Every fractional principal ideal () admits a representation as a quotient of two
integral principal ideals so that no one of any r given prime ideals appears both in
the denominator and the numerator.

Proof: In reduced representation let

pipr
and let p; ... p, be the r given prime ideals. If the denominator is transformed

into a principal ideal (d) by multiplying by an ideal b relatively prime to the
product p,...p,, then .

(l\) — pl'..p.!

bpy---p; _bpi--p;
2) = = ,
D=~ @

bpi- - p; = (Ad).

The numerator thus also becomes a principal ideal. No one of the idealsp,, ,, , p
occurs in both the numerator and the denominator.

and he;nce

Exercise

17.10. The ideal fraction a ~!b is equal to the module quotient b : a.%

17.7 IDEAL THEORY OF ARBITRARY INTEGRALLY
CLOSED INTEGRAL DOMAINS

There are important integral domains which satisfy Axioms I and III of
Section 17.4 but not Axiom II. Examples are the polynomial ring K[x,, .. ., x,]
in more than one variable and the ring of integral polynomials Zfx,, ..., x,]
and its finite, integrally closed extensions (principal orders). In all these rings it
happens that a prime ideal distinct from the null and unit ideals has a prime
ideal as a proper divisor. The ideal theory of Section 17.4 therefore no longer
holds in these rings. We shall show, however, that the main results nevertheless
continue to hold if the equality of ideals is replaced by a relation of ‘“quasis
equality” which will presently be defined.”

Let o0 be an integral domain which is integrally closed in its field of quotients .
German letters shall henceforth denote nonzero fractional ideals, that is, o-

$For further development of ideal theory in number fields, we refer the reader to the book
by E. Hecke, Vorlesungen iiber die Theorie der Algebraischen Zahlen, Leipzig, 1923. For ideal
theory in function fields and its applications, we refer to the fundamental work of Dedekind
and Weber, Crelles J., 92, 181 (1882).

TThis theory, which was developed by the author in Marh. Ann., Vol. 101 (1929), was put
into a more polished form by E. Artin, and it is published here in this form for the first time.
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modules in % which become integral on multiplying by a nonzero element of p.
The inverse a™! of an ideal a is the set of all elements r of X such that ra is in-
tegral.

Definition: a is quasi-equal to b if a~' = b~ '. In this case we write a~b. The
relation ~ is obviously reflexive, symmetric, and transitive.

Similarly, a is a quasi-divisor of b and b a quasi-multiple of aifa™! < b~? or,
equivalently, if a ~'b is integral. We write a <b or b=a.

The simplest properties of the relations = and ~ are the following.

1. The statement a 2 b implies a =5 (the proof is clear).

2. If a is a principal ideal, a = (a), then a <b implies that a 2 b. For in this
case a~! = (a~'); the hypothesis that a~'b is integral implies that a~'b is
integral; that is, all elements of b are djvisible by a.

3. Ifa<b and a=b, then a~b.

4. All quasi-multiples b of a, and in particular all b quasi-equal to a, have
the propertyb < (a~ ') ~*. (A direct consequence of the fact thatba ~* is integral).

In particular, a < (a~!) L. Property 1 then implies that a=(a~!)"'. On the
other hand, a~!(a~')~*! is integral, so that a<(a~!)"!; hence we have the
following.

5.

a~@a~ "L,

From properties 4 and 5 it follows that (a ~1) ™! is the greatest ideal quasi-equal
to a. We denote it by a*.

6. If a<b, then ac<b¢. For (ca) 'ca is integral, and hence (ca)™* ¢ < a~?!
< b!; therefore, (ca) "1¢cb is integral so that ca < cb.

7. If a~b, then ac~bc. (Consequence of property 6.)

8. If a~b and c~D, then ac~bbd. (For, by property 7, ac~bc~bd.)

If all ideals quasi-equal to a given ideal are combined to form a class, then the
class of the product ac depends only on the class of a-and the class of ¢, by property
8. We may therefore define the class of the product ac to be the product of the two
classes. -

9. The identity class for class multiplication is the class of those ideals which
are quasi-equal to the unit ideal o, since ap = a for every a.

10. All quasi-multiples of o, in particular all ideals of the identity class, are
integral. (Special case of property 1: put a = 1.) As a corollary it follows that all
ideals quasi-equal to an integral ideal are again integral.

We now prove the most important property of the inverse:

11,

aa~?!

~D.

It is clear that aa ~'=p, for aa ™! is integral. It remains to show that aa~! <p
or (aa™*)"* ¢ o. If A belongs to (aa~"")"?, then Aaa~! is integral so that
A ! a !, and hence A?a”! € \a~! g a”!, and so on. In general, N"a~! <
a~1, and hence \"a " 'a is integral. If x is any element of a ™ !a, then all powers of A
become integral on multiplication by x. From the integral closure of o it now
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follows that A itself is integral just as in the proof of Theorem 1, Section 17.4.

It follows from property 11 that for the class multiplication defined above the
class of a ! represents an inverse to the class of a: the product of the classes of
a and a™! is the identity class. This implies the following.
Theorem 1: The classes of quasi-equal ideals form a group.

The following rules make it possible to characterize quasi-divisibility and
quasi-equality as divisibility and equality up to factors from the identity class.

12. The statement a =b implies ac = bd with c~p and integral d. In particular,
it follows that a~bb.

13. The statement a~b implies ac = bd with c~p and d~no.

Indeed, in both cases we have a(bb~!) = b(ab~?).

The greatest common divisor (a, b) is of course also a quasi-divisor both of
a and of b. We now show the following property.

14. Every common quasi-divisor of a and b is a quasi-divisor of (a, b). For if
¢ is such a quasi-divisor, then ¢* is a common divisor of a and b and therefore a
divisor of (a, b).

Two integral ideals a and b are called quasi-relatively prime if (a, b)~o, or
equivalently, if every common integral quasi-divisor of a and b is quasi equal to 0.

15. If a is quasi-relatively prime to b and to ¢, then it is also quasi-relatively
prime to the product b¢. For

(@, 6)(a, ©) = (a? ac, ba, be) € (a, be).

The left side is ~p, and the right side must be also.
We now prove a result due to E. Artin.
Theorem 2 (Refinement Theorem): If two factorizations of an integral ideal a
are given, A
a~blbz' . ‘b,,,NClCz' * Gy (17.10)

then the two products can be further decomposed in such a manner that the resulting
decompositions coincide up to the order of the factors and quasi-equality:

bANHbAu’ C“Nl;[b;‘“. (17.1 1)
I

Proof: Put (b, ¢;) = b;;. Then b,~b,,b;-and ¢,~b,,¢; by property 12. It
follows that b,y = (by, ¢,)~(D1,b1, B11¢1) = B14.(b] ¢3), and hence (b}, ¢j)~o.
Now put (b}, ¢;) = b;,. Then bj~b,b] and ¢, = by,¢; by property 12; it
again follows that (bj, ¢)~b. We continue in this manner until finally b; =
bllblz P b]nb and C‘, = blllc:t (’l, = 1, 2, ceay n). SUbStltuting this into (17.10),
it follows that
D11B12 " B1abbz * “Bn~b11€1D12G " Byath
By the group property (Theorem 1) b,, ..., b, may be canceled:

bbb ~tic

Here b is quasi-relatively prime to all the ¢, and hence also to the product
¢ . . . ¢,. But b occurs.as a factor on the left side and is therefore a quasi-
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divisor of the product cic} . . . ¢,. Hence d~p, and the factor d may be omitted:
bz.'. .bm,\_,c’lcz. . .c;l.

The same argument is now repeated with b,, . . . , b, until the asserted decom-
position (17.11) is obtained.

German letters shall henceforth denote integral nonzero ideals. We call such
an ideal indecomposable if it is not quasi-equal to p and if in every product repre-
sentation p~ab one of the factors belongs to the identity class; by property 12,
this is equivalent to requiring that p, without being quasi-equal to o, have no
other quasi-divisors than those which are either quasi-equal to p or quasi-equal
to n.

If an indecomposable ideal p is replaced by the greatest quasi-equal ideal p*,
then every integral proper divisor of p* is necessarily not quasi-equal to p and
is therefore quasi-equal to 0. Every ideal which is quasi-divisible by p or p* is
divisible by p*, by property 4. This further implies what follows.

16. The term p* is a prime ideal. Indeed, if a product b¢ of two principal
ideals b and c is divisible by p* and b is not divisible by p*, then (b, p*) is a proper
divisor of p* and so is quasi-equal to p; therefore,

¢ = oc~(b, p*)c = (b, p*c) 2 (p*, p*) = p*

and hence ¢ is quasi-divisible by p* and therefore divisible by p*.

If we assume that the ascending-chain condition holds in p, we obtain the
following property.

17. Every chain of integral ideals a; >a,> ..., where each successive ideal
is a proper quasi-divisor of the preceding (that is, a quasi-divisor which is not
quasi-equal), breaks off after finitely many terms. For if we replace the ideals
ay, a,, ... by their greatest quasi-equal ideals a,*, a,*, ..., then we obtain a
chain of integral ideals a,* <a,*< ... which must break off by the ascending
chain condition.

The “quasi-ascending chain condition™ (property 17) can also be formulated
as the ““principle of divisor induction” (cf. Section 15.1, fourth formulation of the
ascending chain condition). From this principle it then follows without difficulty
that every integral ideal is quasi-equal to a product of indecomposable ideals.
The uniqueness of the decomposition is obtained as a special case of the refinement
theorem (Theorem 2).

Theorem 3: Every nonzero integral ideal is quasz-equal to a product of indecom-
posable ideals py, . . ., p, which is uniquely determined up to quasi-equality and
the order of the factors. (The p,, . . ., p, may of course also be chosen to be the
prime ideals p,*, ..., p,*)

Corollary: An ideal a~p; . ..p, is quasi-divisible by b~pj . .. p; if and only
if every factor p; occurring in the decomposition of b occurs at least as often in
the decomposition of a. In particular, if b is a principal ideal, then it follows
from property 2 that quasi-divisibility implies divisibility. If we take for a and b
principal ideals (@) and (b), we obtain a criterion for the divisibility of a by b or
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a criterion that ab~! be integral. By including with the principal ideals classes
of ideals which are not principal ideals, we have obtained a domain in which
(by Theorem 3) unique factorization holds, and the objective of “classical ideal
theory” is herewith attained.

Theorem 3 also holds for fractional ideals ab ~!; however, we must then admit

negative powers
pr=(p"
as factors. Indeed, if
‘ a~p,% - -p,* and (b)~p1"’ cese rb.-’
then

ab—1~p101 -b1,, .p'ar-br’ (17.12)

and the exponents a,— b, are uniquely determined.

In order to establish the relation of the present theory to the general ideal
theory and to the special ideal theory of Section 17.4, we must investigate which
prime ideals are indecomposable and which ideals are quasi-equal to o.

We have seen that if p is indecomposable, then p* is prime. We now show the
following.

18. No nonzero proper multiple of p* is prime. If a is such a multiple, then
a2 p*; by property 12, ac = p*d with c~o. Then d * 0(a), since in the decom-
position of D one less prime factor occurs than in the decomposition of a;
similarly, p* & 0(a), and p*d = 0(a). Thus a is not prime.

We now consider the decomposition of an arbitrary prime ideal p. Either
p~no or in the decomposition p~p,;p,...p, an indecomposable factor p,
occurs. Then p=p, and hence p € p,*; however, since a proper multiple of
p,* cannot be prime, it follows that p = p,*. Thus p* = (p,*)* = p,* = p. We
therefore have the following property. )

19. Every prime ideal p is either quasi-equal to o or indecomposable and equal

" to the associated p*.

In the second case p has no proper prime-ideal multiple distinct from the null
ideal. On the other hand, in the first case we shall show that there is such a
multiple.

20. If p~p, then there exists an indecomposable proper prime-ideal multiple
p,* of p. Indeed, if p =+ Ois anelement of p and (p)~p,P;3 . . . P,~P*P2*...p,*
is its decomposition, then it follows from property 2 that p,*p,*...p,*=0(p)
= 0(p), and thus some p,* = O(p). Now p,* == p, since otherwise p,*~no.

We say that a prime ideal is a higher prime ideal if it has no proper prime-ideal
mulitiple distinct from the null ideal; if such a multiple exists we say that it is a
lower prime ideal. We can now combine properties 18, 19, and 20 in the following.
Theorem 4: Every higher prime ideal p is indecomposable and is equal to its p*;
every lower prime ideal is quasi-equal to 0.

From the decomposition theorem (Theorem 3) an ideal which does not belong
to the identity class is divisible by at least one higher prime ideal p = p*. On
the other hand, an ideal of the identity class is not divisible by any higher prime
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ideal. This gives a purely ideal theory characterization (that is, in the domain of
integral ideals) of the identity class.

In the rings studied in Section 17.4 a nonzero prime ideal is divisible only by
itself and by o on the basis of Axiom II; thus, in that section there are no lower
prime ideals but p. Since every ideal a = p is divisible by a prime ideal distinct
from o (proof:: from among all the divisors of a distinct from o choose a maximal
one; since this ideal is maximal it is also prime), it follows that a cannot be quasi-
equal to o. The identity class therefore consists of the unit ideal o alone. From
property 12 it follows further that quasi-divisibility and divisibility are equivalent,
and from this, or from 13, that quasi-equality and equality are likewise equivalent.
Therefore, the ideal theory of Section 17.4 is contained in the present theory as a
special case.

The connection with the general ideal theory is also easy to establish. First
of all, it is easy to see that every prime ideal whose associated prime ideal is a
lower ideal must be quasi-equal to 0. These primary ideals we call lower primary
ideals; all others we call higher primary ideals. An ideal a is quasi-equal to p if
and only if all its primary components are lower. If two ideals a and b have the
same higher primary components (but not necessarily the same lower com-
ponents), then they are quasi-equal. Among the ideals quasi-equal to a thereis a
greatest ideal a*; it is obtained by omitting.all lower primary companents from
the decomposition [qy, . . . , q,]. The decomposition and uniqueness theorems of
this section may therefore be interpreted as neglecting all lower primary com-
ponents and considering only the higher ones. The higher primary ideals are
each divisible by one higher prime ideal; the factorization of Theorem 2 must
therefore involve a power of a prime ideal; that is, every higher primary ideal is
quasi-equal to a power of a prime ideal.

Conversely, every power of a higher prime ideal is quasi-equal to a higher
primary ideal. Indeed, if a = p” is a power of a higher prime ideal, then d is
divisible by no higher prime ideal other than p; therefore, in the factorization

a=pr=[q1""sqr]

only one higher primary ideal occurs. If this is, say, q;, then it follaws that
a* = q,; hence a = p" is quasi-equal to the primary ideal q;.

Moreover, q, is precisely the rth symbolic power of the prime ideal p defined
in Section 15.6. Thus all higher primary ideals are symbolic powers of higher
prime ideals.

Priifer has called the ideals a with the property a* = a v-ideals. The integral
v-ideals are just those in whose primary ideal decomposition only higher primary
ideals occur. All principal ideals are v-ideals. 1n each class of quasi-equal ideals
there is a single v-ideal a, = a*. If we restrict ourselves with Priifer and Krull to
v-ideals, then the concept of quasi-equality becomes unnecessary. The main
theorem (Theorem 3) may then be formulated as follows.

Theorem: Every v-ideal can be represented uniquely as the intersection of symbolic
powers P of higher prime ideals.
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Exercises

17.11. All results of this section also hold for rings with zero divisors if the
quotient field is replaced by the quotient ring and attention is restricted
to ideals which are not zero divisors.

17.12. Theorem 1 implies conversely that the ring o is integrally closed (cf.
Section 17.5).

17.13. Prove a :b~ab~1.8

SUMMARY OF IDEAL THEORY

The following summary shows the significance of Axioms I (ascending chain
condition), II (every prime ideal maximal), and III (integral closure) formulated
in Section 16.3 for the ideal theory of integral domains.

Axiom I implies that every ideal is an l.c.m. of primary ideals; the associated
prime ideals are unique.

Axioms I and II imply that every ideal is the product of single-prime primary
ideals; the representation is unique.

Axioms I and III imply that every ideal is quasi-equal to a product of powers of
prime ideals; unique up to quasi-equality.

Axioms I, II, ITI imply that every ideal is a product of powers of prime ideals;
unique. ~

SFor further generalization of the results of this section, see H. Priifer, J. Reine u. Angew.
Math., Vol. 168, 1932, and also P. Lorenzen, Math. Z., Vol. 45, 1939,



Chapter 18
FIELDS WITH VALUATIONS

18.1 VALUATIONS

The construction of the extension field Q for a given ordered field K which
was presented in Section 11.2 did not make full use of the ordering of the field K ;
only the ordering of the absolute values |a] of the field elements a was used. It is
thus natural to try to extend this construction to fields (other than just order
fields) for which a function ¢(a) with the properties of the absolute value exists.

A field is said to have a valuation if for the elements a of K a function ¢(a) is
defined having the following properties:

1. ¢(a) is an element of an ordered field P.
2. ¢{a)>0fora + 0, p(0) = 0.

3. ¢(ab) = pa)p(b).

4. o(a+b)=¢(a)+¢(b).

From properties 2 and 3 it follows immediately that
(1) =1, (-1 =1, ¢(a) = ¢(—a).
Putting ¢ = a+b, it follows from property 4 that

() —pla) <p(c—a);
(@) —p(c) S p(c—a);

|p(c) — ()| S plc—a).
Inequality 4 continues to hold if b is replaced by —b; thus

pla—b) S p(a) +¢(b).

Inequality 4 can be easily extended by induction to sums of » terms.

Every field has the “trivial” valuation ¢(a) = 1 for a = 0, ¢(0) = 0. We
shall not consider this valuation further,

If K is ordered, then we may put ¢(a) = |a|. There are, however, entirely
different types of valuations. Let @ be the ficld of rational numbers. If p is a

similarly,

hence

191
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fixed prime number and each rational number a #+ 0 is written in the form

a=;p

with integers s and ¢ not divisible by p, then
@ =p"" @0 =0

defines a valuation of @. Properties 1 to 3 are easy to check. In place of inequality
4, the stronger inequality

pp(a+Db) < max(p,(a), ¢ (b)) (18.1)
holds. For if

s u : :
a= ;P", b= ;p"‘, with s, ¢, u, and v prime to p,

and, say, ¢,(b)2 ¢,(a), that is, n2m, then

svp” "™ +tu
fv

a+b =

and hence
ela+b)=p™  with m’'Zm;
thus
ppla+Db) g, (d).
This is the p-adic valuation of @.

The p-adic valuation can be casily generalized. Let o be an integral domain,
K its quotient field, and p a prime ideal of o with the following properties.

A. All powers p, 2, ... are distinct and their intersection contains only zero.
B. If ais exactly divisible by p°, that is, by p* but not by p**?, and if b is exactly
divisible by p®, then ab is exactly divisible by p***.

Here p” denotes the set of all sums } . p, p,>* * *P,,, Where all the p,, are clements
of p. In particular, p* = p and p® = 0. In a in p is exactly divisible by p* we
now define

gla) = e * and ¢(0) =0,
where e is any real number > 1. The valuation is then defined for the elements of
o and has properties 1 through 4.

But if a valuation is defined for the elements of an integral domain, it can be

immediately extended to the elements of the quotient field by

a\ _ 9@
()%

or ad = bc

This is well defined, since

>
QUl e



Valuations 193
implies
p(@)p(d) = plb)p(c) or —==—=.

Furthermore, the valuation ¢(a/b) also has properties 1 through 4. The first
three are obvious. Property 4 is verified as follows:

a c _¢(ad+bc)<<p(ad)+<p(bc)_ ay, (¢
9’(3*'2)‘ wod) —  9bd) -?('1;)““?(,1)'

In this manner a valuation of the quotient field K is immediately obtained from
the valuation of the integral domain o defined by the prime ideal p. This is called
the p-adic valuation of K.

Properties A and B are satisfied, in particular, if p is any prime ideal of an
integral domain o distinct from the null and unit ideals which satisfies the three
axioms of Section 17.4. With each such prime ideal p there is thus associated a
p-adic valuation of the quotient field K. This applies then, in particular, to the
prime ideals p in the ring of integral quantities of an algebraic number field. This
reveals the close relationship between classical ideal theory and valuation theory.

More generally, as in Section 17.7, we can start with an integral domain o
which satisfies only Axioms I and III. We then restrict our consideration to
higher prime ideals p in the sense of Section 17.7 and form their symbolic powers

q =p®

in the sense of Section 15.6. The following properties analogous to A and B then
hold.

A’. The p are all distinct and their intersection is the null ideal.
B’. Ifaisexactly divisible by p” and b extacly divisible by p®, then ab is exactly
divisible by p“*+*,

If a is exactly divisible by p‘”, we may thus again define
pa)=e" and ¢(0) =0.

A p-adic valuation is thus again obtained for each higher prime ideal p.
In the polynomial ring Alx,, ..., x,] the ideal

P=(Xg...,%,)

has properties A and B. The associated valuation ¢(f) is e ™%, where s is the degree
of the term of lowest degree occurring in the polynomial f.

Exercises

18.1. In the definition of a valuation, drop the requirement that ¢{(a) should
be nonnegative, and prove: if there exists a ¢ in K such that ¢(c) <0, then
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a—>¢(a) is an isomorphism of K onto a subfield of the value field P. [Prove
that equality holds in property 4 by considering the inequality correspond-
ing to 4 for p(ac+bc).]

18.2. For p-adic valuations, inequality 4 can be strengthened to (18.1).

The most important investigations of fields with valuations concern the case
in which the ordering of the value field P is Archimedean. According to Exercise
2 in Section 11.2, P can then be imbedded in the field of real numbers. We shall
now assume that the values ¢(g) are real numbers. We assume the reader is familiar
with (natural) logarithms of real numbers and their simplest properties as well as
the powers of of a positive number « with arbitrary real exponents.

We shall make use of the following lemma concerning real numbers.
Lemma: If «, B, y are positive real numbers and

y' < av+f
for every natural number v, then y < 1.
Proof: Suppose that y = 148, §>0. Then for v= 29" = (1+8)" =14mW+
P (v—18%+ ... > 8+ 3n(v—1)8%; but for sufficiently large v, certainly

w>B and Yv—1)8%>aq,

and hence -

yY'>B+av,
contrary to hypothesis.

A real valuation qu(a) of a field K is called non-Archimedean if for all natural
multiples n = 1+1+---+1 of the identity the condition

pn) <1

holds. The p-adic valuation of the field @ is non-Archimedean. The fact that the
value field is Archimedean makes no difference.

The valuation ¢ of K is non-Archimedean if and only if in place of property 4
the sharper inequality

4'. p(a+b) < max (p(a), ¢(b))
holds.
Proof: (1) If inequality 4’ holds for the sum of two terms, then a corresponding
inequality holds for the sum of # terms. In particular, forn = 14+1+4+---+1,

p(n) = max(...,¢(1),...)=1.
(2) If ¢ is non-Archimedean, then, forv =1,2,3,...,
(#a+b))" = o(@+b)") = 9@ +(,Na" "o+ +b") £
< @) +p(@) " 'p(b)+ -+ +(b)” £ v+ DM,
where M = max(g(a), ¢(b)). From this it follows by the preceding lemma that

<p(a+b)S 1
w =

hence ¢(a+bd) = M
and this is 4’.



Valuations 195

We shall henceforth consider inequality 4’ as a characterization of a non-
Archimedean valuation even in the case in which the value field P is not the field
of real numbers. As Krull has pointed out, an arbitrary ordered Abelian group
can then be taken for the range of the valuation, since the values need only be
multiplied and compared as to magnitude, and the addition of values is not
involved at all.

The following remark is often useful; it applies to all non-Archimedean
valuations in the sense just defined.

If o(a) and @(b) are distinct, then equality holds in 4'.

Proof: Suppose that ¢(a) > ¢(b). We must show that

tp(a+b) = p(a).

pla+b)<¢pla);

then p(a+b) and ¢(—b) = p(b) would each be less than ¢(a). This is contra-
dicted, however, by the inequality

¢(@) < max(p(a+b), p(—b)).

It is often expedient (and customary in the literature) to introduce another
notation for non-Archimedean valuations. In place of the real value p(a) we
consider the exponent w(a) = —log ¢(a). In terms of exponents the defining
relations for the valuation are as follows.

1. w(a) is a real number for a #+ 0.
2. w(0) is the symbol co.

3. w(ab) = w(a)+w(b).

4. w(a+b) = min(w(a), w(b)).

We then speak of an exponential valuation. The transition to exponents is
made possible by the fact that, because of the sharper inequality 4’, the values
¢(a) need not be added. Formation of logarithms reverses the sense of the ordering
and replaces multiplication by addition. ,
Example: Let the elements of the field K be meromorphic functions in a
region of the z-plane or, more generally, on a Riemann surface. We choose a
particular point P of the Riemann surface and make the following definition.
The value w(a) of a function a shall be « if the function has a zero of order « at P,
it shall be zero if the function has a finite nonzero value there, and it shall be —«
if the function has a pole of order « at P. Properties 1 through 4 are then satisfied.
Thus to each place P there corresponds a valuation of the field K. This example
leads us to suspect the significance of valuation theory for the theory of algebraic
functions of a single complex variable.

Among the exponential valuations two types are distinguished: discrete
valuations, which are characterized by the fact that there is a smallest possible
value w(a) of which all values w(a) are multiples (cf. the example above), and
nondiscrete valuations, in which the values w(a) come arbitrarily close to zero.

Suppose that
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Since multiples of a value w(a) are again values, nw(a) = w(a"), it follows that in
the nondiscrete case the values w(a) are dense in the set of real numbers.

The p-adic valuation of the rational number field is discrete; the p-adic valua-
tions are likewise discrete.

In a field K with an exponential valuation, the elements a such that w(a) = 0
form a ring J. For w(a) = 0 and w(b) = 0 imply w(a+b) = min(w(a, w(b)) = 0
‘and w(ab) = w(a)+w(b) = 0. The set p of all elements a of K such that w(a)>0
is a prime ideal of J. For, first of all, w(a)>0 and w(b)>0 imply w(a+b) =
min(w(a), w(b))>0, and hence p is a module: Second, it follows from aep,
that is, w(a)>0, and w(c) = O that w(ca) = w(c)+w(a)>0, and hence p is an
ideal. Finally, ab = 0 (mod p—that is, w(ab) = w(a) + w(b) > 0—implies that at
least one of the two numbers w(a) and w(b) is positive and hence that at least
one of the two elements a and b is contained in p; p is therefore prime.

Here Jis called the valuation ring corresponding to the valuation w.The elements
of J are called integral (with respect to the valuation). An element 4 is said to be
divisible by b (with respect to the valuation w) if a/b is integral or if w(a) = w(b).

The elements a with w(a) = 0 are the units of the ring J. Since all elements of
J not belonging to p are units of J, it follows that p is a maximal ideal of .
The residue class ring J/p is therefore a field, the residue class field of the valuation.
If the field K has characteristic p, then the residue class field clearly also has
characteristic p. If K has characteristic zero, however, then the residue class field
may have either characteristic zero (equal characteristic case) or a prime charac-
teristic (unequal characteristic case). The p-adic valuations are typical examples
of the unequal characteristic case. An example of the equal characteristic case is
obtained by considering the field of rational functions in one variable and setting
the exponential value of a rational function equal to the degree of the numerator
minus the degree of the denominator. The p-adic valuations defined by the ideals
of the polynomial ring K[x,, . . . , x,] also belong to the equal characteristic case.!

Exercises

18.3. Show that in J§ every ideal is either the set of all g such that w(g) > 38 or
the set of all a such that w(a) = 8, where 8 is a nonnegative real number.
In the case of a discrete valuation we need only consider the case = and
a number & may be chosen which actually occurs in the set of values.
In the case of a nondiscrete valuation, & is uniquely determined by the ideal.
18.4. In the case of a discrete valuation all ideals of J§ are powers of p, whereas
in the case of a nondiscrete valuation all powers of p are equal to p.
1For further study of these ideas through a complete classification of all valuations, see the
papers of H. Hasse, F. K. Schmidt, O. Teichmiiller, and E. Witt (E. Witt, J. Reine u. Angew.
Math., 176, 126-140 (1936) and literature cited there). For generalizations of the valuation
concept see the papers of K. Mahler and W. Krull: K. Mahler, “Ubeg Pseudobewertungen,” I,
Acta Math., 66, 79-199 (1936); 1a, Akad. Wetensch. Amsterdam, Proc., 39, 57-65 (1936);
II, Acta Math., 67, 51-80 (1936). W. Krull, “Allgemeine Bewertungstheorie,” J. Reine u.
Angew. Math., 167, 160-196 (1932).
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18.2 COMPLETE EXTENSIONS

For every field K with a valuation we can construct an extension field Q, with
a valuation in which Cauchy’s convergence theorem holds by the procedure of
Section 11.2. We shall here again assume that the values ¢(a) are real numbers.
A fundamental sequence {a,} in K is defined by the property

oa,—a)<e for p>nle), g>n(s),

where ¢ is an arbitrary positive real number. The residue class field Qy is obtained
from the ring of fundamental sequences precisely as in Section 11.2; all proofs
carry over verbatim. The only difference is that Qy, just as K, is not ordered;
it is simply a field with a valuation. The valuation of Qg is defined as follows.
If « is defined by the fundamental sequence {a,} then from an inequality already

proved,
lp(a,) —9(a)| < pla,—ay),

the values ¢(a,) also form a fundamental sequence which therefore has a limit in
the field of real numbers. We put

o) = w.

All fundamental sequences with the same limit « define the same value ¢(«),
and this valuation satisfies conditions 1 through 4.

The field Qg is complete in the valuation ¢; that is, Cauchy’s convergence
theorem holds in Q, as follows.
Theorem: Every fundamental sequence of Qg has a limit in Q.

We have called a sequence {a,} fundamental if for every >0 of the value field
there exists an n such that

oa,—a)<e for p>n, g>n.

In the case of a non-Archimedean valuation it is sufficient instead of this to
require that '
oa,.1—a)<e for v>n(e).

For a,—a, is the sum of |[p—¢| summands a, , ; —a,, and if these all have a value
< e then the value of the sum is likewise < e by (18.1). Thus we have the following.

In a complete field with a non-Archimedean valuation a sequence {a,} has a
limit if the differences a,,,—a, form a null sequence.

This criterion may also be formulated as follows: for the convergence of an
infinite series a,+a,+as+ - - it is necessary and sufficient that lim a, = 0.

If we consider the field @ of rational numbers with the valuation given by the
usual absolute value, ¢(a) = |a|, then of course we obtain the field of real
numbers as the complete extension. However, if we begin with the p-adic valua-
tion of @, then we obtain as complete extension the field 2, of Hensel’s p-adic
numbers.
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The fields Q,, Q,, Qs, Q,4, Q,4, . . . thus emerge as complete fields of the same
status as the field of real numbers (and for number theory they are just as im-
portant).

The clements of the field Q,, the p-adic numbers, admit a somewhat more
convenient representation than that by fundamental sequences. We consider
fora =0,1,2,3,...the module M, consisting of those rational numbers whose
numerators are divisible by p* and whose denominators are not divisible by p,
that is, those for which ¢(a) S p~*. We call two rational numbers congruent
(mod p?) if their difference belongs to ;. If now {r,} is a p-adic fundamental
sequence of rational numbers, then for each A there is a n = n(A) such that

glr,—nr) =p~* for p>n(), v>nM),
that is,
r, = r(mod p%).

All numbers r, with > n(X) therefore belong to a single residue class R,
modulo M,. The fundamental sequence {r,} thus defines a sequence of residue
classes

Ro2R,2R,OR2R> -,

which are nested in the manner indicated. Conversely, every sequence {r,,7,,...}
which defines a sequence {R,} of residue classes R, modulo M, nested in this
manner such that

r,isinR,  forall u>n(d)

is always a fundamental sequence.

In particular, if {r,} is a null sequence, then R, = M, is the null residue class.
If two fundamental sequences are added, {r,}+{s,} = {r,+s,}, then the
associated residue classes are also added to form {R;+S;,}. If a null sequence
is added to a fundamental sequence, then the associated residue-class sequence
remains unchanged. Conversely, if two sequences {r,} and {s,} belong to the
same residue-class sequence {3, }, then their difference is a null sequence. There
is thus a one-to-one correspondence between p-adic numbers o. = lim r, and residue-
class sequences {R,} of the type indicated.

This representation of p-adic numbers by residue-class sequences is the
convenient representation to which we referred above. To go back from the
representation of a p-adic number « by a sequence of residue classes to a (par-
ticular) fundamental sequence, we have only to select an r, from each residue
class R,: then « = lim r;. The number « can also be represented as an infinite
sum by putting

ry = So, Poe1—To = 5,0%;
then
Fhie1 = So+81p+8:p%+ - 5,07
and hence

A )
«=lim Y sp°'=) sp" (18.2)
A—»>0 v=0 v=0
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Here sy, 5, . . . are rational numbers whose denominators are not divisible by p.

A p-adic limit of ordinary integers is called a p-adic integer. In terms of the
residue classes Ry, R,, ... this means that an integer must occur in each of
them. In particular, in the case of a p-adic integer, R, is the null residue class 9,
the set of all rational numbers whose denominators are not divisible by p. But
this is also a sufficient condition for a p-adic integer: if R, is the null residue
class modulo 9M,, then all the residue classes R,, R,,... contain integers.
Indeed, R, is contained in R, and therefore consists of numbers r/s with s %
O(mod p). Solving the congruence

sx = r(mod p?),
we obtain

r SX—r
X — =
R

= 0 (mod M),

and thus the number x belongs to the residue class R,.

If « is a p-adic integer, we may thus choose in the series representation (18.2)
all the 7, and hence all the s, also, to be ordinary integers. Therefore (18.2) isa
power series in p with integral coefficients. Every such power series converges in
the sense of the p-adic valuation and represents a p-adic integer.

Every p-adic number « with the representation {R,, R,, . . .} as residue classes
can be converted to a p-adic integer by multiplication with a power of p. If r;
is an element of the residue class R,, then after multiplying »; by some power
P™ of p the denominator p™r;, will contain no factor p, and thus r; belongs to the
null residue class modulo M. If we now expand the p-adic integer p™« in a power
series (18.2) with integral s,, sy, ..., we obtain for « a representation with a
finite number of negative exponents:

=y "+ p " agta ptapt+. (183)

The representation (18.2) of the p-adic integer « can be normalized by choosing
for r, the smallest nonnegative integer from the residue class R;. The numbers
s, then satisfy the condition 0 £ s, <p. Passing now from (18.2) to (18.3), we
find that for every p-adic number there is a uniquely determined expansion (18.3)
with0 < a,<p.

A complete p-adic field Qp, the generalization of Hensel’s p-adic field, is
likewise obtained from the p-adic valuation of a field K which is defined by a
prime ideal p of the integral domain p in the manner indicated in Section 18.1.
Forexample, if p is the ideal (x — ¢) in the polynomial ring A[x], then Qy is the ring
of all power series

a«=a_,(x—c) "+ +ap+a,(x—c)+a(x—c)*+-+- (18.49)

with constant a, in A. The power series always converges in the sense of the
p-adic valuation however the coefficients a, are chosen. Expressions such as
(18.4) are called formal power series in (x — c).
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Exercises

18.5. Write —1 and 1 as 3-adic normalized power series.
18.6. An equation f(£) = 0, where f is an integral polynomial, is solvable in
the field Q, if and only if the congruence

J(¢) = 0(mod p")

has a rational solution ¢ for every natural number ».
18.7. Are the equations

solvable in the field Q,?

It is possible that two distinct valuations ¢ and ¢ of a field K may lead to the
same complete extension field Q. This is clearly the case if and only if every
sequence {a,} of K which is a null sequence for the valuation ¢ is also a null
sequence for ¢ and conversely. In this case, when lim v—>o ¢(a,) = 0 and
lim v—o0 y(a,) = 0 have the same meaning, the two valuations ¢ and ¢ are
called equivalent.

In the case of the valuation ¢(a) = |a| of the field of complex numbers by the
usual absolute value, an infinite number of equivalent valuations may be ob-
tained by putting ¢(a) = |a|® where g is a fixed positive real number less than or
equal to 1. Conditions 1 through 3 are trivially satisfied. Condition 4 follows
from |a+b| < |a|+ |b| by the inequality £2+8° = (e+8)¢ which holds for any
two real numbers e = 0 and § = 0 with O<p < 1.2

In the case of the p-adic valuation ¢,(a) of the field of rational numbers,
every valuation y{(a) = ¢,(a)’, where o is any fixed positive number, is an equi-
valent valuation.

Let ¢ and ¢ be valuation of a field K. We shall show that the following three
assertions are equivalent.

1. ¢ and ¢ are equivalent.
2. ¢(a)<1 implies Y(a)< 1. :
3. yis a power of ¢, that is, ¥(a@) = ¢(a)® for all q and fixed £>0.

We first show that statement 1 implies 2. Here ¢(@) < 1 implies that a” converges
to zero in the sense of the valuation ¢. But then ¢” must also converge to zero
in the sense of the valuation y. Hence y{(a) < 1.

We now show that statement 2 implies 3. We note first of all that ¢(a) < ¢(b)
implies ¢(a/b) < 1; therefore, y¥(a/b) <1 and hence ¥{a) <y{(b). Now let p be any
fixed element of K with ¢(p)> 1. Then also J(p)> 1. Let a be any element of K

2Cf,, for example, Hardy-Littlewood-Polya, Inequalities, Cambridge, 1934, Chapter IL.
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and let ¢(a) = o(p)® and yY(a) = ¥(p)*’. We wish to show that 8 = §’. Let n and
m be integers with n/m <8 and m>0. Then

ooy <p(py = (@), hence o(p")<p(a™).
But from this it follows that

n

HP)<Ha),  HoYIm<hd) =), <.

Since the least upper bound of all fractions n/m with n/m <3 is precisely 8, it
followsthatd < &';similarly,’ < 8and henced = &’. Now e = log#{p)/log¢(p)
is a fixed positive number independent of a, and, since 8 = &' for all a,

log Y(a) = 8’ log ¥(p) = & log Y(p) = 8¢ log p(p) = e log ¢(a),

and thus
Wa) = ¢(a)".

That statement 3 implies 1 is clear. Hence 1, 2, and 3 are equivalent.

If K is a field with valuation ¢ and K’ a field isomorphic to K with valuation ¢,
an isomorphism between K and K’ is said to be continuous in both directions or
topological if it takes @-null sequences of K into #-null sequences of K’ and
conversely. The fields K and K’ in this case are called continuously isomorphic.
Under a topological isomorphism, convergent sequences correspond to con-
vergent sequences and fundamental sequences to fundamental sequences. We
thus have the following theorem.

Theorem: Continuously isomorphic fields K and K’ with valuations have con-
tinuously complete extensions Qg and Q..

Exercise

18.8. Show that among the valuations of the field of rational numbers with
which we are familiar, namely valuation by absolute value and p-adic
valuations, no two are equivalent.

18.3 VALUATIONS OF THE FIELD OF RATIONAL
NUMBERS

The following theorem, due to Ostrowski, shows that the valuations of the
field of rational numbers with which we are already familiar, that is, the p-adic
valuations and absolute value, are essentially the only possible ones. The field of
real numbers is again taken as the value field.

Theorem: A nontrivial valuation ¢ of the field Q of rational numbers is either
o(a) = |a|® with 0<e < 1, and hence equivalent to the usual absolute-value
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valuation, or it is o(a) = p,(a)’ with fixed prime number p and fixed positive
number o, and hence equivalent to a p-adic valuation.
Proof: For every integer

on) £ |n].

o(n) = ¢(nl) = p(1+1+---+1) S p(D)+p(D)+" - +¢(l) = |n].
Let a>1 and b>1 be any two natural numbers. We expand 5" in powers of a:
b = co+ciat---+ca

0 = ¢,<a, ¢, ¥ 0.

For

The highest power @" which occurs is at most equal to 5":

asb,
that is,
log b
n<v .
loga
Since now

P(5”) = (co)+plc)p(a@)+ - - - +plc)p(a)” <
< al+e(@)+- - +¢(@") < aln+1)M"

where M = max(l, ap(a)), it follows that
log b
v< +1 | MUos bllog a)v
P(b) a( ioga’t )

(20 <ol v

Mos bilog loga

or

Hence, by the lemma of Section 18.1,
¢(b) < M sblose
that is,
¢(b) < max (1, p(a)'® 18 9),
Case 1: ¢ is Archimedean. There then exists an integer b such that ¢(b)> 1.
For any other integer a> 1, if ¢(a) < 1, then from the inequality just proved

we would obtain the contradiction ¢(b) < 1. Therefore, ¢(a)>1 for all mtegers
a>1. In the present case the inequality therefore reads

#E) < glayostios o

or .
¢(b)llloub < ‘P(a)lllox a

Since we interchanged the roles of @ and b, we also have
pla)iioe s < glbyres?,
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and hence -
(P(a)llloga —_ (p(b)l’lo' b.

If (b) = b° then from this it follows that ¢(a) = ¢°. Hence
o(r) = |r*

for every rational number r = a/b. Then ¢>0 since ¢(a)>1, and ¢ < 1 since

22 = ¢(2) = p(1+1) £ (1) +9(1) = 2.

Case 2: ¢ is non-Archimedean. In this case ¢(a)<1 for all integers a. The
set of all integers a with ¢(a) <1 is clearly an ideal in the ring of integers. This
ideal is prime, since @(ab) = p(a)p(b) <1 implies p(a)<1 or ¢(b)<1. Now in
the ring of integers every ideal is principal; in particular, every prime ideal is
generated by a prime number. The integers a such that ¢(a) <1 are therefore
precisely the multiples of a prime number p. Every rational number r can be
written in the form r = (z/n)p® with integers z and » not divisible by p. Since
®(2) = ¢(n) = 1, it follows that ¢(r) = ¢(p)® = p~%° = ¢,(r)°, where o=
—log ¢(p)/log p is a fixed positive number (since ¢(p)<1). The valuation ¢ is
therefore equivalent to the p-adic valuation g,.

Having thus completely determined the valuations of the field @ of rational
numbers, we proceed to algebraic and transcendental extension fields. We first
consider algebraic extensions.

We shall here restrict ourselves mainly to non-Archimedean valuations:
Archimedean valuations are less interesting. Indeed, Ostrowski has proved that
a field K with an Archimedean valuation is continuously isomorphic to a field of
complex numbers with the ordinary absolute-value valuation. For the proof we
refer the reader to the original paper.?

We thus set up the following program. We assume that we are given a (non-
Archimedean) valuation ¢ of a field K. We consider an algebraic extension
field A of K and ask if and in how many ways the valuation ¢ of K can be extended
to a valuation @ of A.

In Section 18.4 it will be assumed that the base field K is complete in the valua-
tion. In Section 18.5 the case of a field which is not complete will be reduced to
the complete case by an imbedding. In Section 18.6 the results obtained will be
used to find all Archimedean and non-Archimedean valuations of an arbitrary
algebraic number field.

Exercise

189. If o(a) = la| and ¢,(a) are p-adic valuations, then the product of all
these values for each fixed element a is equal to 1.
3A. Ostrowski, “Uber einige Lésungen der Funktionalgleichung @(x)p(y) = ¢(xy),” Acta

Math., 41, 271-284 (1918). Ostrowski’s long paper in Math. Z., 39, 296-404 (1934), is basic for
the following discussion.
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18.4 VALUATION OF ALGEBRAIC EXTENSION FIELDS:
COMPLETE CASE

Let the field K be complete with respect to the exponential valuation w(a) =
—log ¢(a); that is, Cauchy’s convergence criterion holds. We wish to investigate
how the exponential valuation can be continued to algebraic extension fields A.

We recall that the elements @ with w{a) = 0 are called integral and form a
ring; the elements a with w{@)>0 form a prime ideal p in this ring.

A reducibility criterion in perfect fields due to Hensel is basic for the investiga-
tion.

If a, is the coefficient with smallest exponential value of the polynomial

a X" +a, X" 14 4ay
in a field with exponential valuation, then

‘_zﬁx"+‘.z"_'1 x""1+...+ﬁ

av aV v
is a polynomial with integral coefficients, not all of which are divisible by p. A
polynomial with this property is called primitive.
Hensel’s Lemma: Let K be complete in the exponential valuation w. Let f(x)
be a primitive polynomial with integral coefficients in K. If go(x) and h(x) are
two polynomials with integral coefficients in K such that

J(x) = go(x)ho(x) (mod p),
then there exist two polynomials g(x), k(x) with integral coefficients in K such that

S(x) = g(x)h(x)
g(x) = go(x) (mod p)
“h(x) = ho(x) (mod p),

provided that go(x) and hy(x) are relatively prime modulo p. Moreover, it is possible
to determine g(x) and h(x) so that the degree of g(x) is equal to the degree of go(x)
modulo p.

Proof: Since we may simply omit coefficients in go(x) and hy(x) which are
divisible by p without altering the hypothesis or assertion, we may assume that
go(x) is a polynomial of degree r and that the leading coefficients of g,(x) and
hy(x) are units. Since it also makes no difference if we replace go(x) by (1/a)g(x)
and h(x) by ahy(x), we may assume from the beginning that gq(x) is a normalized
polynomial of degree r; that is, its leading coefficient is 1: go(x) = x"+ - -+
If b is the leading coefficient and s the degree of A,(x), then the leading coefficient
of the product go(x)hy(x) is equal to b and the degree is 7+s < n. We shall now
construct the factors g(x) and A(x) in such a manner that g(x) is a normalized
polynomial of degree r and h(x) is a polynomial of degree n—r.
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All the coefficients ¢ of the polynomial f(x)—go(x)ho(x) have positive values
w(c) by hypothesis; let the smallest value be 8, >0. If §; = oo, then f(x) =
8o(x)ho(x), and there is nothing more to prove.

Since go(x) and hy(x) are relatively prime modulo p, there exist two poly-
nomials /(x) and m(x) with integral coefficients in K such that

I(x)go(x) +m(x)ho(x) = 1 (mod p).
Let the smallest of the values of the coefficients in the polynomial
I(x)go(x) +m(x)ho(x) 1
be §, >0. Let the smaller of the two numbers 8,, 8, be ¢, and finally let = be an
element such that w(7r) = e. Then
S(x) = go(x)ho(x) (mod =) (18.5)
I(x)go(x) + m(x)hy(x) = 1 (mod 7). (18.6)
We -now construct g(x) as the limit of a sequence of polynomials g,(x) of
degree r which begins with go(x); similarly, we construct A(x) as the limit of a

sequence of polynomials A,(x) of degree <rn—r which begins with A,(x). Suppose
that g,(x) and A,(x) have already been determined so that

N

f(x) = g,(x)h(x) (mod="*?) (18.7)
&/(x) = go(x) (mod =) (18.8)
hy(%) = ho(%) (mod ), (18.9)

and moreover that g,(x) = x"+ - - - has leading coefficient 1. In order to deter-
mine g, , ,(x) and A, , {(x), we put

& +1(x) = &) +7"* u(x) (18.10)

hy 4 1(X) = h(x)+7"* to(x). (18.11)
Then

&y +1(¥)hy +1(x) —f(x) = g,(x)h,(x)—f(x)+
+a" " {g,(0)o(x) + hy(xyu(x) } +7 2 Zu(x)o(x).

If, in accordance with (18.7), we put

S()—g,(x)h,(x) = =+ 1p(x),
then
80+ 1M, 11D —F(0) = 7"+ {g,(90(0) + B (u(x)—p()} (mod 7"+2).
In order that the left side be divisible by #**2, it is sufficient that the congruence
&(x)v(x) +h(x)u(x) = p(x) (mod =) (18.12)

be satisfied.
To achieve this, we multiply the congruence (18.6) by p(x),

P(IKx)go(x) +p(x)m(x)ho(x) = p(x) (mod ), (18.13)
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divide p(x)m(x) by go(x) so that the remainder u(x) has degree <7,

pIM(x) = g(x)go(x)+u(x), (18.14)
and substitute (18.14) into (18.13):

{P((x) +q(x)ho(x) }go(x) +u(x)ho(x) = p(x) (mod =).

Then all the coefficients divisible by 7 of the polynomial in the braces are replaced
by 0, and so we obtain

v(x)go(x) + u(x)ho(x) = p(x) (mod =). (18.15)

The desired congruence (18.12) follows from (18.15) because of (18.8) and (18.9).
Furthermore, u(x) has degree <r, and hence, by (18.10), g, . ,(x) has the same
degree and leading term as g,(x). It remains only to show that v(x) has degree
<n—r. If this were not the case, a highest term of degree >n would occur in
the first term of (18.15) but not in the other terms. The coefficient of this term
would have to be divisible by = from (18.15), and hernce the leading coefficient
of »(x) would be divisible by =. But since we have omitted all the coefficients of
o(x) divisible by =, it follows that »(x) has degree <n—r.
From the congruence (18.12) it follows, as we have seen above, that

S(x) = g, +1(0)h, +1(x) (mod 7"*2), (18.16)

From (18.10) it follows that the coefficients of the polynomial g, ,.,(x)—g,(x)
are divisible by #**! and therefore have limit zero as »—co0. From this it follows
by Cauchy’s convergence criterion that g,(x) converges to a polynomial

g = x4+

as v—oo. Similarly, h,(x) converges to a polynomial A(x) as v—oco. Passing to
the limit in (18.7), it follows finally that

S(x) = glx)h(x).

From (18.8) and (18.9) it follows further that
g(x) = go(x) (mod p)
h(x) = ho(x) (mod p).

We also obtain the following simple corollary.
Corollary: If
Jx) = ay+ax+-- +ax"

is a polynomial irreducible over K, then
min (w(ao), w(ay), . . . , w(a,)) = min (w(dy), W(a)).

For the proof we may assume that f(x) is primitive. The minimum on the left
is then zero. If we assume that w(a,) and w(a,) are both greater than zero, then
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there exists anr, 0 <r <n, such that w(g) = 0, and w(a,)>0forv = r+1,...,n.
Then )
J®) = (@g+ax+-+++ax"):1(modp), O<r<n,

and this implies by Hensel’s lemma that f(x) can be decomposed into a factor
of degree r and one of degree n—r.

Exercises

18.10. If a polynomial f(x) = x"+a,_x""1+::++a, has integral co-
efficients in K and is irreducible mod p, the f(x) is also irreducible in the
complete field Q.

18.11. If in f(x) = x"+a,_ X"~ 1+ - +a, all coefficients a,_;,...,a, are
divisible by p and a, is not the product of two elements of p, then f(x)
is irreducible (generalization of the Eisenstein irreducibility criterion).

18.12. Investigate the factorization of the rationally irreducible polynomials

x24+1, x*+42, x*-3

in the field of 3-adic numbers. (Use Exercise 18.10, Hensel’s lemma, and
Exercise 18.11).

The most important application of the foregoing theorem is in the proof of
the extendability of complete exponential valuations to algebraic extensions.
Theorem: Let K be complete with respect to the exponential valuation w, and
let A be an algebraic extension of K. Then there exists an exponential valuation
W of A which coincides with w on K.

Proof: Let £ be an element of A and let

£+a,_ &+ +a,=0
be the irreducible equation for £ with coefficients in K. We assert that

WO = - wiao)

is a valuation of A (which clearly coincides with w on K). In order to prove the
relations

W(n) = W)+ W)
W(é+n) 2 min (W(£), W(n)
for any two elements £, 5 of A, we consider the subfield A, = K(, ), which is
of finite degree ¢ over K, and form in this field the norm of £. By Section 6.11,

NO=(Da; r= o
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and hence .
W(N(€) = wlag") = rw(ag)
WO = - wao = 1 WNE).

Since N(é9) = N(€)N(n), it follows immediately that
W(En) = WE+W()-
Since
WE+n) = W)+W (1+-§)
and
min (W(§), W(x)) = W(n)+min (W(g), 0)

we may restrict consideration ton = 1in proving W(¢é+) 2 mm (W), w»).

Now the irreducible equation for £+1 is

E+1+ - +(@o—ar+a— +(=1)"""a +(=1)) = 0.
By the preceding theorem,

W+l = %W(ao'af" r0)
> }1 min (W(ag), W@y, - - . W(ay— 1), W(1))

- %min (W(ao), W(1)) = min (W(8), 0).

If we pass from the exponential valuations w{(a) and W(¢) to the ordinary
valuations
pl@) =@,  OF) = e VO,
then the valuation of the extension field A is defined by
(@) =V plao)
or, in the case where A has a finite degree m over K, by
(&) = Vp(N ).

We note that precisely the same formula is also correct in the case of Archi-
medean valuations. The only nontrivial case is that in which K is the field of
real numbers and A is the field of complex numbers. The valuation

o(€) = [¢]*
of K can immediately be extended to .
' O(¢) = [¢]°.
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But now, for £ = a+bi,
€| = Va*+b* = VN = VIN@),

and hence ‘
() = [¢* = VN ().

Thus we shall henceforth treat Archimedean and non-Archimedean valuations
together.

Let A be of finite degree over K, and let u,, . .., u, be a basis of A/K. Let K
be complete in the valuation . If ® is a valuation of A which coincides with ¢ on K,
then a sequence

e,=aPu;+-+au, v=1273...

is a fundamental sequence for ® if and only if the n sequences {a\"} are fundamental
sequences for ¢.
Since the sequences {a{”} converge to a limit g, in K, it follows that A is
complete with respect to ©.
Proof: We prove the convergence of the sequences {a{”} by induction. If the
¢, have the form
& = a?)ub

then {a{”} is naturally a fundamental sequence if {c,} is. Suppose that the
assertion has been proved for all sequences {¢,} of the form
m-1

¢, = Z a(')ui.
i=1

Let a sequence
m
e, =Y aVu
i=1

be given. If the sequence {a{?} converges, then {c,—a{”u,,} is also a fundamental
sequence; the {a}, i <m, converge by the induction hypothesis. Suppose that
{2} were not convergent. It would then be possible to choose a sequence
ny, Nz, N3, . . . such that (@) —al’**)) > ¢ for all v, where e is a fixed positive
number. The sequence

cv__cv_'_"' _m—l a(,\')__a(lv""lv) m-1 -~

d = ——""t = gy tu =Y u+u
v ag)_a(’;.q.,,) iZI as;)_aghnv) i m ‘;1 i % ]

would then have to converge to zero, for the sequence of numerators converges
to zero, since {c,} is a fundamental sequence. Now

d,—u, =':21b$')u,.
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By the induction hypothesis, the sequences {5{”} thus converge to certain
limits b, and

m—-1
—Uy = ‘Zl b,

which contradicts the fact that u,,. .., u, is a basis of A over K,

We prove in precisely the same manner that the sequence {c, } is a null sequence
if and only if the sequences {a{”} (i = 1,.. ., n) are null sequences.

This remark forms the basis for the proof of the following uniqueness theorem.
Theorem: The continuation ® of the valuation ¢ of a complete field K to an
algebraic extension A is uniquely determined, and indeed

D(€) =V (N(©),

where the norm is formed in the field K(£) and n is the degree of this field over K.
Proof: It suffices to consider a fixed element ¢ and the associated field K(¢);
the norms shall then always be norms in this field. If a sequence {c,} in this
field converges to zero (in the sense of @) and if the ¢, are expressed linearly in
terms of the basis elements u,, . .., u, of K(§), then the individual coefficients
a” also converge to zero by the remark above; hence the norm, which is a
homogeneous polynomial in these coefficients, also converges to zero. Suppose
now that ®(¢)" <(N(§)) or P(£)" > p(N(£)); if we consider the element

N ()
N($) &’

then in both cases N(n) = 1 and ®(5) < 1. It follows that lim " = 0, and hence

lim N(n") = 0, which contradicts N(n") = N(9)' = 1.

Exercises

18.13. An isomorphism between two fields A, A’ with valuations, which are
algebraic extensions of the complete field K, that takes the elements of
K again into elements of K necessarily takes the valuation of A into the

valuation of A’.
18.14. The field of complex numbers has only one valuation ® which coincides

on the field of real numbers with ¢(a) = |a|%, namely ®(a) = |al®.

18.5 VALUATION OF ALGEBRAIC EXTENSION FIELDS:
GENERAL CASE

Let K be an arbitrary field with a valuation, and ]let A be an algebraic extension
of K. We again inquire if and in how many ways the given valuation ¢ of K can
be extended to a valuation of A.
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We first restrict ourselves to simple extensions A = K(&) for ease of notation.
Let the quantity & be a zero of an irreducible polynomial F(¢) of K[z].

We first of all extend K to a complete field Q with a valuation. We then form
the splitting field = of F(f) over Q. The valuation p of Q can be uniquely extended
to a valuation @ of T by Section 18.4.

By an imbedding of A in £ we mean an isomorphism ¢ which takes A = K(8)
into a subfield A’ = K'($) of T and leaves the elements of the base field K fixed.
Of course, the isomorphism o takes & into a zero 8’ of F(7) and is hereby defined.
We now assert the following.

Every imbedding of A in X defines a valuation of A. For A’, as a subfield of X,
automatically has a valuation, and this valuation is transferred from A’ to A
by the isomorphism ¢~ 1. It is clear that the valuation ® of A so obtained is a
continuation of the valuation ¢ of K.

We now make the following statement.

Every valuation ® of A which is a continuation of the valuation ¢ of K can be

obtained in the manner described above by imbedding A in X.
Proof: We form the complete extension of A. It contains the complete extension
Q of K and also ¢; it therefore contains the field Q(#). This field can always be
extended to a splitting field of the polynomial F which is isomorphic to the
splitting field Z. The isomorphism takes Q(#) into a subfield Q(3’) of Z, leaves all
the elements of Q fixed, and therefore takes the valuation of Q(8) into the only
possible valuation of Q(3).

The restriction to simple extensions is not important for the proof. If finitely
many algebraic quantities {,, . . ., {, are adjoined in place of the single element &,
then these quantities are zeros of polynomials g, . . ., g, of K[¢]; we then take
for X the splitting field of the product g,(?)... g(f) and continue as above.
If Ais aninfinite algebraic extension field of K, then we take for = the algebraically
closed extension field of Q. The proof remains the same.

We now return to the case of a simple extension and decompose the defining
polynomial F(f) in Q[f] into its irreducible factors:

F() = Fi()F,(1)- - - Ff). (18.17)

Every isomorphism ¢ of K(#) takes ¢ into a zero of a polynomial F,(f). To each
F,(1) there corresponds an extension field Q(#,), where &, is some zero of F(¢):
which zero is of no importance, since all the zeros of an irreducible polynomial
are conjugate.

If an isomorphism o takes the element & into &, and leaves the elements of K

fixed, then it takes every polynomial g(#) into g(3,) and is hereby defined. All
possible imbeddings of A = K() in X are therefore determined by

>89, (=1,...,9).

This also gives all valuations: to obtain the value @ of any element » = g(&),
~we form the »th conjugate
7 = &)
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and compute this value according to Section 18.4:

O(n) = Ve(N(,)), (18.18)

where n, is the degree of the polynomial F, and the norm is taken in the field
Q,). ‘ ‘

There exist precisely the same number of continuations of the valuation ¢ as
there are irreducible factors of the polynomial F(t) in Q[t].

18.6 VALUATIONS OF ALGEBRAIC NUMBER FIELDS

The general theory of the preceding section is well illustrated by the example
of an algebraic number field.

Let A = Q(¥) be an algebraic number field, that is, a finite extension of the
rational number field @ generated by adjunction of a primitive element . Let
F(x) be the normalized irreducible polynomial with root .

Up to equivalent valuations, the base field @ has a single Archimedean
valuation ¢(a) = |a| and, for every prime number p, a non-Archimedean valua-
tion, the p-adic valuation

‘Pp(a) =p -,

where m is the exponent of p in the factorization of the rational number a.

The field of real numbers R is the perfect extension field for the Archimedean
valuation. If we adjoin i, the field becomes algebraically closed and F(x) splits
into linear factors:

F(x) = (x=9) (x—83) * - (x—5,).

To obtain the real decomposition, we must combine every two conjugate
complex factors to a real quadratic factor:

(x—a—bi) (x—a+bi) = (x—a)*>+b>.

If r, is the number of real roots and r, the number of pairs of conjugate complex
roots, then F(x) splits into r, +r, real irreducible factors.

To each such factor there corresponds a valuation of A which is obtained by
imbedding A in the field of real or complex numbers with an isomorphism
which takes & into a real or complex root#,; only one of two conjugate complex
roots need hereby be used. The isomorphism takes every function of &,

7 =g = co+ef4-c+e, 97,
into the corresponding function of 9,:
n = 8(,) = co+edy+ e H N
The associated Archimedean valuation of A is therefore

O(n) = Inv] .
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The ry+r, Archimedean valuations of n are therefore given by the absolute
values of the real and complex numbers v, conjugate to n, whereby only one of
every two conjugate complex roots is to be taken.

The ry +r, Archimedean valuations of an algebraic number field are closely
related to the units of the field. (See B. L. van der Waerden, 4bh. Math. Sem.
Hamburg, 6, 259 (1928).)

The investigation in the p-adic case is altogether similar. The complete field
associated with the valuation ¢ = ¢, of @ is the field of p-adic numbers Q,.
Let F(x) be decomposed into irreducible factors in Q,:

F(x) = Fy(x)Fy(x) * - F(x). (18.19).

We now adjoin a zero &, of each of the irreducible polynomials F, to Q, and
construct the isomorphisms which take » = g(# into », = g@*) v = 1,...,s).
To these isomorphisms correspond the valuations

D,(n) = O(n,) = YV @(N,(n)) (18.20)
or, if we again take logarithms,
1
Wv("l) = n— p(Nv(nv))' (18'21)

The norm N,(n,) is here the product of all conjugates of %, which is obtained
if §, in 5, = g(#,) is replaced successively by all the roots of the polynomial
F(x). If 8,4, 8,,, . . . are these roots, then

Ny(n,) = 8®,1)-8(,2)" - (18.22)

is a symmetric function of the roots#,,,#,,, . . . which can therefore be expressed
in terms of the coefficients of F,. We are therefore in a position to find all the
values W () with the help of (18.21) as soon as the factorization (18.19) is known.
Example: We wish to find all valuations of the quadratic number field

A =Q (/5.
The definining polynomial with root & = /5 is

F(x) = x*-5.
In the field of real numbers F(x) decomposes into two real linear factors:
F(x) = (x —/5) (x++/5).

There are thus two imbeddings which are obtained by identifying & with

—/50r +,/5.If
7 = a+bd

is an arbitrary field element, the associated valuations are
go(n) = la+5,3] (18.23)

¢1(n) = |a—b./5| ' (18.24)

and
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The two Archimedean valuations have thus been found. Now to the p-adic
valuations! ‘

The discriminant of F(x) is 20. We first separate out the prime numbers 2 and
5 which divide the discriminant.

For all other prime numbers p F(x) is free of multiple factors. There are thus
only two possibilities: either F(x) remains irreducible modulo p or F(x) splits
into two linear factors modulo p. If x—c is.one such factor, then x+c¢ is the
other, for the sum of both zeros of x*—5 is zero. Thus, in the second case

x2—5 = (x—c) (x+¢) (mod p) (18.25)
S5=c? (mod p).

Hence there exists an integer ¢ whose square modulo p is congruent to 5.
We say also: 5 is a quadratic residue modulo p.

Conversely, if ¢2 = 5(p), then the decomposition (18.25) holds. Thus if’ 5
modulo p is not a quadratic residue, then x* — 5 is irreducible modulo p; if, however,
5 is a quadratic residue, then x* —5 decomposes modulo p into two linear factors.

In the first case F(x) is also p-adic irreducible; in the second case it is decom-
posable into two linear factors in (2, by Hensel’s lemma. ’

In the first case there is thus only one valuation belonging to the prime

number p:
() = Ve, (N())-
If we again put
7 = a+bd = a+b,/5,
then
N(n) = (a+b./5) (a—b\/5) = a*—5b?,
and hence

D) = Vo (a*—5b%) (18.26)

for all prime numbers p for which 5 is not a quadratic residue.
For prime numbers p for which 5 is a quadratic residue, there is a p-adic
decomposition by Hensel’s lemma:

x2—5 = (x—y) (x+9y). (18.27)
The p-adic number y is found as follows. We solve the congruence
c2=5

first modulo p, then modulo p?, and so on. Each time there are two solutions, ¢
and —c. We thus obtain two sequences of nested residue classes modulo p,
P, . ... One sequence defines the p-adic number y, the other the p-adic number
— y-

The two continuations of the p-adic valuation ¢, of @ are finally obtained
by identifying the field generator & first with y and then with — y. If we again put

= a+bd,
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then the two valuations are
(1) = pya-+by) (18.28)

Q,(n) = pla—by). (18.29)

Since the p-adic valuation ¢, of Q, is known, ®; and ®, are also known.

We remark further that in specific cases the entire infinite sequence of residue
classes modulo p, p?, ... is never needed; the procedure may be terminated
after a finite number of steps. For in the case of the valuation ¢, (a+ by)it is only
a question of which power of p divides the p-adic number a+by. If it is found
after three steps, for example, that it is divisible by p? but not by p3, then

'Pp(a+bY) = p_z'

It remains only to consider the two divisors of the discriminant p = 2 and
p=73. ‘

In Q, F(x) = x2—5 is irreducible by the Eisenstein criterion (Exercise 18.11),
since all coefficients after the first are divisible by 5 and the last coefficient is not
divisible by 52. Thus (18.26) also holds for p = 5.

In Q, the Eisenstein criterion is not applicable. If we put x = 2y+1, then

x2—5 =Qy+1)?-5 =402 +y-1),

and y? +y—1 is irreducible modulo 2. Thus, x> — 5 is also 2-adic indecomposable,
and (18.26) also holds for p = 2.

Exercises

18.15. The polynomial x?+1 is real and 2-adic irreducible. It decomposes or
fails to decompose modulo a prime number p depending on whether
p = 4k+1 or p = 4k — 1. (The multiplicative group of the residue class
" field GF(p) is cyclic of order (p—1). It does or does not contain the
fourth roots of unity, depending on whether (p —1) is or is not divisible
by 4.)
18.16. Find all valuations of the field of Gaussian numbers a+ bi. How many
Archimedean valuations are there? For which prime numbers p are
there two valuations, and for which only one?

We have seen in Section 18.1 that there is a close relationship between classical
ideal theory and valuation theory. We are now able to clarify this relationship.

Let Z again be the ring of integers in the rational number field @, and let o
be the ring of integral elements in the algebraic number field A. We thus have,
as in Section 17.3, the inclusion relations

Zco
N N
Qc A
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We again write exponential valuations. We thus consider valuations W of A
which are continuations of the p-adic valuation w, of Q. The definition of w,
is as follows: if an integer m is exactly divisible by p” and an integer »n exactly

divisible by p°, then
m
Wp ; =r—s=s.

We first prove the following statement.
For the elements a of v, W(a) is nonnegative.
Suppose that W (a) were negative. As an integral element, g satisfies an equation

ad=cd '+ +c, (18.30)

where the: ¢, are elements of Z. The left side of (18.30) would have a negative
value

W(a") = nW(a),

whereas the right side would have a greater value. This is a contradiction.

The set of the a in o such that W(a)>0 is a prime ideal p in 0. Let = be an
element of p which is exactly divisible by the first power of p. If then a is exactly
divisible by p", then, by Section 17.4,

ap = p'c. (18.31)

In ¢ there exists an element ¢ which is not divisible by p. By (18.31) "¢ is
divisible by a:
a'c = ab. (18.32)

The left side is exactly divisible by p”, and the factor a on the right-hand side
is also; therefore b is not divisible by p and hence W (b) = 0. Similarly, W(c) = 0
and it thus follows from (18.32) that

W(a) = W) = rW(n). (18.33)

Since W(r) is a positive constant, the valuation W is equivalent to the p-adic
valuation
Wpa) = r. (18.39)

We have thus already obtained a principal result, as follows.

All non-Archimedean valuations of A are equivalent to the p-adic valuations
defined by prime ideals p of the ring 0. To each prime ideal p in o distinct from the
null ideal and the unit ideal there corresponds a class of equivalent, non-Archimedean
valuations W, and conversely.

In the valuation W the prime number p has value 1, since W coincides on @
with the p-adic valuation w,. We now apply (18.33) to a = p. The left side is
equal to 1, so r on the right side cannot be zero. This means that the prime ideal
p must occur on the right-hand side in the factorization

() =po = p,* - p,™, (18.35)
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say, p = p,. Then on the right in (18.33) we have to put r = e,, and we obtain
1= e W(n).
If we now multiply both sides of (18.33) By e,, we obtain from (18.34)
e, W(a) = Wy(a), (18.36)

or in words: to obtain the normalized p-adic valuation Wy(a) from the valuation
W (a), all values W(a) must be multiplied by the exponent e, with which the prime
ideal p = p, occurs in (18.35).

The number s of distinct prime ideals occurring on the right-hand 51de of
(18.35) is equal to the number of distinct continuations W of the p-adic valuation
w, of the field @. It is therefore equal to the number of prime factors on the right-
hand side of (18.19), which was there also denoted by s.

Criterion for Integral Elements: An element a of the field A belongs to the ring o
if and only if a has a nonnegative value in every p-adic valuation of the field A.

We have already proved the “only if.”” Now let a = b/c be an element of A,

where b and ¢ are elements of 0. We decompose the principal ideals (b) and (c):

B =p* P (18.37)
() =Py Pm™ ‘ (18.38)

By including factors p? if necessary, we may assume that the same prime ideals
p, occur in (18.37) and (18.38). The value W,(a) in the p-adic valuation for the
prime ideal p, is

va(a) =TI, 5.

If all these values are positive or zero, then the ideal () is divisible by (¢). From
this it follows that
b= cd,

and hence a = b/c = d lies in 0, which was to be proved.

The theorem just proved may also be formulated as follows.
Theorem: The ring o is the intersection of the valuation rings of all p-adic
valuations of the quotient field A where p runs through all prime ideals of the ring
with the exceptions of (0) and (1).

A similar theorem is true for arbitrary integral domains which are integrally
closed in their quotient fields. (See W. Krull, “Idealtheorie,” Ergebn. Math., Vol.
4, Heft 3.

18.7 VALUATIONS OF A FIELD A(x) OF RATIONAL
FUNCTIONS

Suppose that an indeterminate x is adjoined to an arbitrary field A, the “field
of constants.” We seek all valuations of the field A(x) of rational functions such
that all constants of A have value 1.
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In particular, all sums 1+414----+41 then have value 1; the valuation is
therefore non-Archimedean. If we write it in exponential form,

p=e %

then, by assumption, w(a) = 0 for all constants a.
There are two possibilities:

1. w(f) = 0 for all polynomials f(x).
2. There exists a polynomial f with w{f)<0.

It may happen that all w(f) = 0. In this case all quotients f/g also have value
0, and the valuation is trivial. \

If we disregard this case, then in case 1 there exists a polynomial fwith w(f) > 0.
If we decompose finto prime factors, then at least one prime factor has a value > 1.

If p(x) is this prime factor and v = w(p) its value, then any polynomial not
divisible by p(x) has value 0. For suppose that g(x) were a polynomial not
divisible by p(x) with value >0; then since p and q are relatively prime, we would
have

1 = Ap+ Bg,

where A and B are again polynomials. It would follow that
wAp) = w(A)+w(p)>0
w(Bg) = w(B)+w(q)>0,
and hence from the basic property of non-Archimedean valuations that
w(l) = w(4p+ Bg)>0,

which is impossible.
If now f(x) is an arbitrary polynomial and we put

f®) = p)"g(),
where g(x) is not divisible by p(x), then we can immediately find the value of f(x):

w(f) = mwm(p)+w(g) = mo.

For quotients of polynomials we have, as always,

v= (L) = -,

Thus, in case 1 the valuation is equivalen: to a p-adic valuation defined by the
prime polynomial p = p(x). These valuations are altogether analogous to the
p-adic valuations of the rational number field @.

The case of an algebraically closed field of constants A is especially simple.
In this case there are only linear prime polynomials:

p(x) = x—a.
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To each a of A there belongs precisely one prime polynomial p = x—a and
therefore one p-adlc valuation. It is called the valuation belonging to the place a
if a is thought of as, say, a point in the complex plane. A polynomial has value
m in this valuation if it is exactly divisible by (x —a)™ or, as is also said, if a is a
zero of mth order of the polynomial. The same holds for a rational function
@ = flg if the numerator is divisible by (x—a)™ and the denominator is not
divisible by x—a. If this situation is reversed, then ¢ has a “pole of mth order”
at the place a, and the value w(p) is —m.

Consideration of case 1 has now been completed. We now show that in case 2,
up to equivalent valuations, there is only one valuation, namely

{0

where m is the degree of the numerator f and n is the degree of the denominator g.
Proof: Let p(x) be a polynomial of lowest degree with value w(p)<0. The
.degree of p(x) cannot be zero, since all constants have value zero by hypothesis.
The degree can also not be greater than 1. For if

(x) = apX"+a,x* 1+ +a,, n>l, ay + 0,

then the polynomial x, as a polynomial of lower degree, would have a value
w(x) = 0, and therefore aox” would have a value =0. The remaining terms,
a;x""'+---+a, as a polynomial of lower degree, would also have a value 20.
Therefore, the sum

p(x) = apx"+(a;x" "1+ +a,)

would also have a value >0, contrary to hypothesis.

Therefore p(x) is linear:

p(x) = x—c.
If now
g(x) = x—b = (x—c)+(c—b)
is another linear polynomial, then by a previous remark
w(g) = min (Wx—c), w(c—b)) = w(p),

since w(x —c) < w(c—Db).

Thus all linear polynomials have the same negative value w(p) = w(g) = —v.

We may always go over to an equivalent valuation and choose v = 1. All
linear polynomials then have the value —1.

The powers x* now all have the value —k. This is not affected by a constant

factor:
wax*) = —k.

Finally, every polynomial f(x) is a sum of terms ax*. By the previous remark,
the value w(f) is equal to the minimum of the values of the terms:

W(f ) = —n,
where f has degree n. This completes the proof.
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In the case of a number field there is an essential difference between the one
Archimedean and the infinitely many p-adic valuations. In the case of a function
field, however, the valuation according to degree is of the same type as the
p-adic valuations. This may be stated more strongly as follows: the valuation
according to degree can be taken into any of the p-adic valuations by means of
a very simple field isomorphism. Indeed, if we put

x= ——-l— (18.39)
y—c
then a quotient of polynomials of degrees m and »
S _axm
") =20 " b

goes over, by the substitution (18.39) and multiplication of numerator and
denominator by (y—c)™**, into a quotient of polynomials in y whose numerator
is exactly divisible by (y—c)" and whose denominator is exactly divisible by
(y—c)™. The value of the quotient ¥(y) in the valuation belonging to the place ¢
is therefore equal to the difference of degrees n—m. The isomorphism (18.39)
thus transforms the valuation of the field A(x) according to degree into the
valuation belonging to the place ¢ of the isomorphic field A(y).

According to (18.39), to the “place” y = c there corresponds the “‘place”
x = oo. The valuation according to degree is therefore called the valuation of
the function field A(x) belonging to the place . By including the place oo, the
complex plane becomes a sphere, and on the sphere all points are equivalent,
since the linear fractional transformations

ax+b

y= T d (18.40)

take any place into any other place. Clearly, (18.39) is only a special case of
(18.40).

We now ask which complete extension fields belong to the different “places”
of a field. We have seen earlier (Section 18.2) that the complete extension field
belonging to p = x—c is the field of all formal power series

@ =a_,(x—c) "+ +ag+as(x—c)+a(x—c) +--- .

The coefficients of this power series are entirely arbitrary constants. The series
always converges in the sense of the p-adic valuation however the coefficients are
chosen. In the sense of function theory the series need not converge if the a,
are complex numbers: the radius of convergence may very well be zero.

The value w{«) of the power series above is —m if a_,, is the first nonzero co-
efficient.

Similarly, to the place oo there belongs the complete field of all power series
in x~1:

B=b_, X"+ +by+byx 1 +byx"24---
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18.8 THE APPROXIMATION THEOREM

As previously remarked, with each valuation ¢ of a field K there is associated
a limit concept: lim a, = a means lim ¢(a,—a) = 0. We immediately verify that

a (=0 ife@<l
1+a" | =1 ifg(a)>1.

We recall that two valuations ¢ and i are called equivalent in lim ¢(a,) = 0
implies lim (a,) = 0 and conversely.
In Section 18.2 the following equivalence criterion was proved.
Lemma 1: Two valuations ¢ and ¢ are equivalent if p(a) <1 implies y{(a) < 1.
We next prove the second lemma.
Lemma 2: Let ¢y, ..., 9, (n>1) be a finite number of inequivalent valuations
of the field K. Then there exists a field element a such that

p;(@)>1 and ¢ (a)<1 v=2,...,n).

The proof is by induction on #. First let n = 2. Since the valuations ¢, and ¢,
are not equivalent, by Lemma 1 there exists a b with the properties

p.(0)<1 and @,(b) =1
and a c with the properties
pi(c)=21 and ¢y(c)<1.
The element a = b~ 'c now has the desired properties:
p1@>1 and ¢,(a)<1.

Assuming that the assertion is true for n—1 valuations, there exists a b such
that
e(0)>1 and ¢/(b)<1 v=2,...,n-1).

By what was just proved for the case n = 2, there exists a ¢ such that
e,(c)>1 and ¢, (c)<I.

We distinguish two cases.
Case 1: ¢, (b) < 1. We form a, = cb". Then

‘pl(ar) >1

Pa(a)<l,
and, for sufficiently large r,

ola)<1 v=2,...,n-1).

We may therefore put a = aq,.
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Case 2: o¢,(b)>1. We form
chb”
d =,
S TN
The sequence {d.} converges to c in the valuations ¢, and ¢, and to O in the
other valuations ¢,. Hence

lim ¢,(d,)) = ¢,(c)>1
lim ¢,(d) = g,(c)<1
limpd)=0 (=2,...,n—1).
Thus, for sufficiently large », a = d, has the desired properties:
pr(@)>1 (18.41)

‘Pv(a)<l (V=2,...,n).

Lemma 3: If ¢,,..., ¢, are inequivalent valuations, then there exists a field
element b which is arbitrarily close to 1 in the valuation ¢, and arbitrarily close to
0 in the valuations ¢,, . .., @,
Proof: Thecasen = 1istrivial. In the case n> 1 we take an a with the properties
(18.41) and form

a

=1+a"

The sequence {b,} converges to 1 in the valuation ¢, and to 0 in the valuations
®25 - - + » P,. This gives the assertion.

After these preparations we now prove the following.
Approximation Theorem: Let ¢,, ..., ¢, be inequivalent valuations. Given field

elements a,, . . . , a,, there exists a field element a which is arbitrarily close to a in
the valuation ¢,:

b,

ofa,—a)<e (v=1,...,n). (18.42)

Proof: By Lemma 3 there exist elements b(v=1,...,n) close to 1 in the
valuation ¢, and close to 0 in all other valuations. The sum
a=aby+:--+ayb,

is then arbitrarily close to @, in the valuation ¢,.
The proof of the approximation theorem given here was taken from a lecture
by E. Artin.



Chapter 19

ALGEBRAIC FUNCTIONS OF
ONE VARIABLE

The classical theory of algebraic functions over the field of complex numbers
culminates in the Riemann-Roch theorem. There are function theory, geometric,
and algebraic proofs of this theorem. A beautiful presentation of the function
theory method of proof using geometric ideas may be found in C. Jordan,
Cours d’Analyse, Chapter VIII. Among the geometric methods of proof the
metodo rapido of Severi deserves special mention.! The purely algebraic proof
of Dedekind and Weber (J. Reine u. Angew. Math., Vol. 92, 1881) was simplified
by Emmy Noether and generalized to perfect fields of constants. For arbitrary
fields of constants the Riemann-Roch theorem was first proved by F. K. Schmidt
(Math. Z., Vol. 41, 1936; further literature cited there). A still simpler proof has
been given by André Weil inJ. Reine u. Angew. Math., Vol. 179, 1938 ; we follow
his method here.

19.1 SERIES EXPANSIONS IN THE UNIFORMIZING
VARIABLE

Let K be an algebraic function field of one variable, that is, a finite extension
of the rational function field A(x). The choice of the independent variable x is
quite arbitrary: in place of x we may choose any transcendental element over A.
We are interested only in the.invariant properties of the function field, that is,
those which are independent of the choice of x.

The elements of K which are algebraic over A are called constants. They form
the field of constants A*. The field A* is algebraically closed in K; that is, all
elements of K which are algebraic over A* lie in A*.

The starting point for the present theory of algebraic functions is the valuation
concept. Just as in Section 18.7, only those valuations of the function field K
will be considered in which all nonzero constants c* of A* have value ¢(c*) = 1.

1For the latest presentation of this method, see F. Severi, Acta Pont. Accad. Sc';'., 1952.
The metodo rapido has also influenced the proof of Weil, which will be presented here.
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As in Section 18.7, we see immediately that all these valuations are non-Archi-
medean. We again write them exponentially:

P(z) = e™ ¥, (19.1)
Thus w(c*) = 0 for all c* + 0 of A*.

Exercise
19.1. If w(c) = O for all ¢ + 0 of A, then w(c*) = O for all c¢* + 0 of A*,

By a place of the field K we mean a class of equivalent valuations. The basis
for this somewhat curious designation will be recognized if one thinks of the
case of the rational function field A(x) treated in Section 18.7 with the complex
numbers as the field of constants. If one imagines the complex plane transformed
into a sphere by adjoining a point co and if the points of this sphere are called
places, then to each such place (¢ or co) there corresponds precisely one class of
equivalent valuations. According to Section 18.7, all valuations of the field of
rational functions A(x) are obtained in this way.

A similar approach can be taken for an algebraic function field over the field
of complex numbers, by considering the Riemann surface of the function field.?
It was shown in Section 18.1 that to each point P of this surface there belongs a
class of equivalent valuations of the function field K. In this case also it can be
shown? that all valuations in which all constants ¢ have the value w(c) = 0 are
obtained in this way.

In the following the theory of places and uniformizing variables will be
developed in a purely algebraic manner without reference to the concept of a
Riemann surface. The reader may, however, wish to think of a point on a Riemann
surface whenever the discussion involves a “place.”

To each place, that is, to each class of equivalent valuations of the function
field K, there corresponds by Section 18.1 a valuation ring J§ and a valuation
ideal p consisting of all field elements z with w(z) 3 0. By Lemma 1 (Section 18.8),
two valuations belonging to the same valuation ideal p are equivalent. Hence,
to each valuation ideal there corresponds a single place. We shall henceforth
denote the place by the same letter p that is used for the valuation ideal.

The field K is by hypothesis a finite extension of the field A(x) of rational
functions. All valuations of K are thus obtained by first finding all valuations of
A(x) according to Section 18.7 and then extending these valuations to K by
imbedding K in all possible ways in a splitting field A of a polynomial F(¢) over
a complete field Q according to Section 18.5. The exponential valuation w of K
can first be extended to the same type of valuation w of Q; by Section 18.4 it

2See H. Weyl, Die Idee der Riemannschen Flache, 3. Aufl., Teubner, Stuttgart, 1955.
3For a proof see Algebra, Vol. 1, 4. to 6. Aufl., pp. 280-282.
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can then be extended uniquely to a valuation W of A so that, for each element z

of A,
®(z) = V(N (2))

or, going back to the exponential valuations w and W,

WE) = WA,

where m is the field degree of A over Q. For a given valuation w there are only a
finite number of possibilities for the continuation W. In the classical theory
this corresponds to the fact that over a point of the sphere there are only a finite
number of points of the Riemann surface of the function field K.

By Section 18.7, the valuations w of A(x) are all discrete; that is, there exists a
least positive value w, of which all values w(z) are multiples. The valuations W
of K are thus again discrete.

As before, we normalize the valuations W(z) by the requirement that the
smallest positive W(z) be equal to 1. All the W(z) then become integers. The
normalized valuation depends only on the place p and will be denoted by Wy
or simply by p. For each place there is a uniformizing variable = with Wp(x) = 1.
The integer Wp(z) is called the order of the function z at the place p. If it is positive
and equal to k, then the place p is a zero of order k or a k-fold zero of the function z.
If the order is negative and equal to — h, then the place p is a pole of order — h or
an h-fold pole of the function z.

The residue class ring § = J/p is by Section 18.1 always a field: the residue
class field of the valuation. It contains the field A* of those residue classes which
are represented by constants of A*. Since A¥ is isomorphic to A*, we may identify
A* with A* and interpret T as an extension field of A*. The field of constants A*
is in turn an extension of the base field A.

We now prove that < is a finite extension of A.

Proof: Since = does not belong to A*, = is transcendental over A, and hence K
is algebraic over A(w). Here K arises from A(w) by adjunction of finitely many
quantities; K is thus finite over A(x), say of degree m.

Suppose now that there were m+ 1 residue classes @,, ..., @, 4, in § which
were linearly independent over A. We select representatives w,, ..., w4+, of
these residue classes in 3. These m+1 quantities must be linearly dependent
over A(w). There thus exists a relation

fimo+- +fpsi(@ope, =0, (19.2)

where fi(m), . . ., fu+1(7) are polynomials of A[] which are not all zero. We
may assume that these polynomials are not all divisible by 7. Modulo p they
reduce to their constant terms ¢y, ..., Cn4+; it thus follows from (19.2) that

CLgt -+ Cma1Wmes = 0(P)
or
1@t H 1@y =0,
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contrary to the assumed linear independence of the @;. Therefore 5 has at most
degree m over A,

It has thus been shown that T is finite over A. Since A* is a subfield of J, it
follows that A* is likewise finite over A. If A is algebraically closed, then | = A*
= A.

We shall henceforth consider A* rather than A as base field and omit the
asterisk. We thus assume that A is algebraically closed in K.

The degree of 5 over A will subsequently be denoted by f,, or simply by f. In
the classical case of an algebraically closed field of constants, f = 1.

We now wish to expand the elements z of the field K in power series in the
uniformizing variable =. Let (@, . . ., @,) be a basis for T over A, and let w, be
an element of the residue class &,. If now z is an element of order b, then z= ~> has
order 0 and so belongs to J. The following congruence then holds modulo p:

™t =y + - o dP); (19.3)
the coefficients ¢, are uniquely determined elements of A. The difference
zr P —(cywy+*+  + e w)) (19.9)
is an element of p and is thus a multiple of =:
zr” = qywy+ - Fepw 2T,
z=(crwy+ "+t 2wt
The remainder z, = z’#"*! has order b+1 at least, and the procedure can be

repeated. After s steps we obtain

b4+s—-1

z= kZb (criwy+--- +Ckfwf)7'ﬁ+2.,

where the remainder z, has order b+ s at least.
For s—c0 the remainder z, has limit zero, and we obtain

z =be(cklw1 +: 0+t (19.5)

with uniquely determined coefficients c,;. The initial exponent b may be negative,
but in any case only finitely many terms with negative exponents occur in the
series (19.5).

The procedure can be modified so that instead of #° any element #, of order b
is chosen and a congruence of the type (19.3) is written for zr, ~!. We then obtain
instead of (19.5) a series expansion in the m,:

[- o]

z =3 (crwy+ - +Cpwplm (19.6)

k=b

In (19.6) the =, are abitrary but fixed functions of order k. The coefficients ¢;;
are again uniquely determined elements of A.
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The approximation theorem proved in Section 18.8 can now be formulated
for function fields as follows.

Theorem I: If for finitely many places ﬁmte segments of the series (19.5) are
arbitrarily prescribed, then there always exists a function z in the field K whose
Series expansion at these places begins with just these segments.

This theorem is called the theorem of independence.

We also have the following.

Theorem II: A4 nonconstant functzon Z has only finitely many zeros and poles.
Proof: Every valuation W of the field K is a continuation of a valuation w
of the field A(z). There are only two places of A(z) at which z has a positive or
negative order, namely the places z = 0 and z = o0, Only in the valuations w
belonging to these places is w(z) + 0. Each of these valuations w can be continued
in finitely many ways to valuations W of K. There are thus only finitely many
places K with W(z) #% 0.

Using the same method, we can show that every nonconstant function has at
least one zero and at least one pole. Indeed, the valuation of A(z) belonging to
the place z = 0 or oo can be continued in at least one way to a valuation of K.
From this we obtain the following.

Theorem III: - A function z without a pole is a constant.

The series expansions (19.5) and (19.6) hold not only for elements of the field
K, but also for elements of the complete field Q. If z is such an element and b
is its order, then z= % is an element of order zero. This element can be approxi-
mated arbitrarily closely (that is, with an error of arbitrarily high order) by an
element y of J. In our case an approximation with an error of order 1 is already
sufficient. For the element y we again have the congruence

Y=o+ +ew,  (p)

The difference y—(c w;+ - +c,w,) is therefore divisible by #. Since the
difference zw~®—y is likewise divisible by =, we obtain a representation as a
multiple of = for the sum of these two differences, that is, for (19.4). The reasoning
now continues as before.

19.2 DIVISORS AND MULTIPLES

Let K again be an algebraic function field in one variable over the constant
field A. The functions of K will henceforth be denoted only by the letters, «, v,
w, X, ¥, z, %, and .

Finitely many places p with arbitrary integral exponents d deﬁne a divisor D
of the field K. We write D symbolically as a product of finitely many factors

D = I p“. (19.7)
The factors of the product may be interchanged in any manner. If an exponent

dis zero, then the factor p? may be omitted in D. If all the d are zero, then D = (1)
is the unit divisor. If all d = 0, then D is called an integral divisor.
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Two divisors are multiplied by adding the exponents of equal factors p. To
each divisor D with exponents d there is an inverse divisor D ~! with exponents
—d; so that D~1D = (1). The divisors thus form an Abelian group, the divisor
group of the field K. The individual places p are called prime divisors. They
generate the divisor group.

Each function z defines a divisor

() = Oy,

where the exponent d is equal to the order of z at the place p. To a constant z
there corresponds the unit divisor. To a product yz there corresponds the product

of the divisors (y) and (2):
(02) = ) @).

__ The degree of a prime divisor p, that is, the degree of the residue class field
S = J/p over A, will always be denoted by fas in Section 19.1. The sum of the
degrees of the factors occurring in (19.7),

n(D) = Y. df,

is called the degree of the divisor D. '
Instead of (z)D, we write simply zD. A function z is called a multiple of the
divisor D if zD ™! is an integral divisor, that is, if, for all places p of the field,

Wp(2) = 4. (19.8)

The multiples of a divisor D are thus those functions z which have a zero of
multiplicity at least / at all places with d = h> 0, which have a pole of at most
multiplicity k at all places with d = — k, and which are finite at all other places,
that is, have no other poles.

The multiples of a divisor A~! form a A-module which will be denoted by
MM(A). We shall now show that IM(4) has finite rank over A.

Let A = Il p°. Since in the product there are only finitely many factors p*
with a> 0, there are only a finite number of places p which are admissible poles
for the multiples z of A ~!. The series expansion of z at such a place can be written
as follows:

~.

z = (C—a, 1W1+"'+c_a,,wf)ﬂ"“+- e

here the w; previously used have been denoted by w;.
The number of coefficients c_; ; belonging to the negative powers#= ™%, ... @~
is af for the single place p; the total number for all admissible poles is therefore

m =Y df,

where the summation extends over all places p with a>0. We assert that there
cannot be more than m+ 1 linearly independent multiples z of 4.

If there were m+-2 such multiples z,, ..., z,,+2, then we could form linear
combinations

1

zZ = b121+ et +bm+22m+2 (19.9) !
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with constant coefficients and impose the condition that all coefficients of negative
powers in the expansion of z be zero. This would make m linear conditions for
the m+2 coefficients b,, . .., b, .. Each linear condition imposed on the co-
efficients b; reduces the rank of the module of functions (19.9) by at most 1;
the functions z which satisfy the linear conditions c_; ; =0 would therefore
form a module of rank at least (m+2)—m=2. But these functions z have no
poles and are therefore constants by Section 19.1, Theorem III. The constants
form a module of rank 1 over A. Hence there can be only m+ 1 linearly indepen-
dent multiples of 4~!; that is, the rank of R(4) is at most m+1.

The object of the following investigation is the determination of the rank /(4)
of M(A), that is, the number of linearly independent multiples of the divisor 4 1.
Here I(A) is also called the dimension of A. For integral divisors the proof just
given affords the inequality

KA) < n(A)+1. (19.10)

Now A4 = II p° is said to be divisible by B = 11 p® if AB~! is integral; this
means that a = b for all p. It is clear then that

n(4) = n(B) and KA) = [(B).

We shall derive an inequality for the difference n(4)—I/(4). The method is
the same as above. Let the multiples of 4~ be

z=byz,+ +bgz (19.11)

with constant coefficients b; and I = I(4). In order that the function z belong
to M(B) as well as IM(A), in the expansion

zZ = (c_,' 1W1+' i +c_a' fwf)ﬂ_‘+' v

the coefficients of the powers =%, #~°*1 ... #~%~! must all be zero. This
gives (a—b)f linear equations for each place and thus a total of

2. (a=b)f =} af— ¥ bf = n(4)—n(B)

linear equations for the coefficients 4,, ..., b; in (19.11). Each linear equation
reduces the rank by at most 1; therefore

KB) = I(A4)—[n(4)—n(B)]

n(A)—I(4) = n(B)—KB). (19.12)

Equation (19.12) holds if A4 is divisible by B. In particular, taking for 4 an
integral divisor and B = (1), the right side of (19.12) becomes

0-1= -1,

and we again obtain inequality (19.10).
The following thedrem is almost obvious.

or
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Theorem: If z % 0, then M(A) and M(zA) have the same rank:
I(zA4) = I(4).

Proof: If y,,...,y, are linearly independent multiples of (z4)~! = z"1471,
then

—

ylz, e 00 ,ylz

are linearly independent multiples of 47!, and conversely.
Two divisors 4 and zA4 which differ only by a factor (z) are said to be equivalent.
We have thus proved that equivalent divisors have the same dimension.

Exercises

19.2. In the field K = A(x) of rational functions let 4 = II p* be a divisor.
Show that the multiples of 4! are given by

z = f(x) I p(x)~",

where p(x) are the prime polynomials which by Section 18.7 belong to the
_ prime divisors p distinct from p,, occurring in 4.
19.3. Using Exercise 19.2, show that

IA) =n(A)+1  ifn(4) 20
(4) =0 if n(4) < O.

19.3 THE GENUS g

Let z be a nonconstant function of the field K. The divisor (z) can be repre-
sented as the quotient of two integral divisors without common prime factor p:

z)= CD™1, (19.13)

Now C is called the divisor of the numerator and D the divisor of denominator
of z. Let the degree of K over A(z) be n. The degree of C = Il p°is

n(C) =Y of
and correspondingly for D.
We now prove the important equality

n(C) = n(D) = n. ‘ (19.14)
The prime factors of C = II p° we denote by p, p’, . . ., and their exponents
by ¢, ¢’, ... . An integral function u for p of the field K has a series expansion

at the place p

u= (ak1W1+ e +akaf)7Tk. (19.15)

OMs



The Genus g 231

We break the series off after the term =°~ 1 and thus write
c~-1 f
u=)Y dYawm  (modn°); (19.16)
k=0 i=1

we do the same for the places p’, and so on.

By the theorem of independence (Theorem I, Section 19.1), there exist ¢f
functions u,;, each of whose initial segments (19.16) for the place p consists of
the single term w* and whose initial segments for all other places p’, ... are
zero. Similarly, there exist ¢’f” functions u;; each of whose initial segments for
the place p’ consists of a single wj='*, and so on. We now assert the following.

The cf+c'f'+ -+ = n(C) functions uy,, u;,, ... are linearly independent over
A(2).
Suppose that there were a linear dependence
Y fud 2+ Y [ikDdug+ - =0, (19.17)

where fy;, fui - - . are polynomials in z. We may assume that the constant terms
Ciis Cri» - - - Of these polynomials are not all zero. If we now substitute the series
expansions (19.15) for the place p in (19.17) for u,;, 4;;, . . . and z and compute
modulo #° as in (19.16), then the polynomials f;,(z) reduce to their constant
terms ¢;;, the u,; to wa*, and the other «;; to zero. From (19.17) we thus obtain

c-1 f
Y, deuwa =0 (=°).
k=0 i=1

Because of the uniqueness of the series expansion (19.15), this is only possible
if all the ¢;; = 0. Similarly, all ¢;; = 0, and so on. We have thus reached a
contradiction.

From the linear independence just proved it follows that

n = n(C).

By replacing z everywhere by z~, it can be shown in the same way that
n = n(D).

Now let (y, ..., u,) be a basis for K over A(z). We may assume that the u;
remain finite at all places where z is finite. Indeed, if #; has a pole p where z is
finite, then to this pole there corresponds a valuation Wy which induces a valua-
tion of the field A(z), and this is not the valuation w,, belonging to the place
z = 0. By Section 18.7, the valuations of the field A(z) distinct from w,, are all
p-adic; that is, they belong to prime polynomials p = p(z), where p has positive
order at the place in question. For sufficiently large d the product p%u; therefore
no longer has a pole at p. Thus all the poles of the u; where z is finite can be
successively removed by multiplying the basis elements u; with suitable poly-
nomials in z.

The poles of z are all contained in the divisor of the denominator D. For
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sufficiently large m;, u, is therefore a multiple of D~™i~!. We now choose m
greater than all the m;:
m2zZ m+1 i=1,...,n).

The )’ (m—m,) field elements
2y (0= p<m—m)

are linearly independent over A and are multiples of D ~™; they are thus contained
in M(D™). From this it follows that

Y (m—m) < D" < n(D")+1

x nm— Y m; £ (D™ £ m-n(D)+1. (19.18)
Letting m go to infinity, from (19.18) we obtain
n £ n(D),
and hence, since it has already been shown that n = n(D),
n = (D). (19.19)
Similarly,
n = n(C). (19.20)
Now (19.19) and (19.20) imply
n((2)) = (CD~1) =0. (19.21)
From (19.21) it further follows that
n(zA) = n(A4), (19.22)

that is, equivalent divisors have not only the same dimension I(A) but also the same
degree n(4).
Substituting (19.19) into (19.18), we obtain
n(D)-m—Y m, < (D™
or
n(D™—-ID™ £ Y m, (19.23)+
If B divides D™, then, by (19.12),

- n(B)—UB) < n(D™)—KD™),
and hence, by (19.23),

n(B)—KB) S Y. m, (19.29)

Now let 4 be an arbitrary divisor. We wish to show that (19.24) also holds for
A. For this it is sufficient to show that there exists a divisor u4 = B equivalent
" to A which divides a power D™,

Let p be a prime factor which occurs with positive exponent in 4 = II v’
If all these p are poles of z, then A itself divides D™ and we are done. If pisnot a
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pole of z, then as before we can find a polynomial p = p(z) which has positive
order at the place p. We now multiply 4 by p ~ and hereby remove the factor
p? in 4. By repeating this procedure, we can remove all factors p? with.d>0
which do not belong to poles of z. We thus finally find a divisor B = u4 equiva-
lent of A which divides D™ and for which (19.24) holds. But then (19.24) also
holds for 4: /

wA)—KA) S ¥ m,, (19.:25)

that is, the difference n(A)—I(A) is bounded for all A.

The least upper bound of n(A)—I(4)+1 for all divisors A4 is called the genus g
of the field K.

For A = (1), n(A)—l(A) = 0—1, and hence g = 0. The genus is thus a non-
negative integer which is a numerical invariant of the function field K.

By the definition of genus we have, for all 4,

mA)—A)+1 < g
or
KA) 2 n(4)—g+1, - (19.26)

where equality holds for at least one divisor .4. Inequality (19.26) might well
be called the Riemann part of the Riemann-Roch theorem.
We put ¢

KA) = n(A)—g+1+i(4) (19.27)

and call i(A) the speciality index of the divisor 4. The divisor A is called special
if i(4) > 0. If A is not special, then n(A) — /(4) has the greatest possible value g—1.
There exist divisors 4 which are not special. Our task will be to determine the
speciality index i(4) and so to prove the complete Riemann-Roch theorem.

Exercises

19.4. The field K = A(z) of rational functions has genus zero and prime
divisors of degree 1.

19.5. If K has genus zero and a prime divisor of degree 1, then K is a field of
rational functions A(z). (Apply formula (19.26) to 4 = p.)

19.4 VECTORS AND COVECTORS

In the series expansion of the functions of a field K at a place p, expressions
such as’
U= Clwl+"'+CIWf (19.28)
appear as coefficients of the powers of 7. These expressions form (for each
place p) and f~dimensional vector space L, over A,
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The power series for the place p may be written more simply as

V, =3 (19.29)
or ‘

v, =Y o, (19.30)

if the dependence of the coefficients v, on the place p is made explicit.

If to each place p a power series (19.30) with arbitrary coefficients v,, of L,
is assigned such that in the totality of all these power series there are only finitely
many terms with negative exponents, then the system of power series is called
a vector V. The power series ¥, are called the components of the vector V. They
may also be defined, independently of the special choice of uniformizing variable
# and basic vectors w; in (19.28), as elements of the complete extension field
Qu(p) belonging to the place p. Only finitely many of these elements ¥V, may
have negative order W, (V,); otherwise they may be chosen quite arbitrarily.

A vector ¥ is said to be divisible by a divisor D = T p? if the series (19.30)
at each place p begins with #°:

wy(V,) 2 d  forallp.

In particular, the functions u of the field K are vectors, since each function u
can be expanded at each place in a power series (19.30), and in all these power
series there is altogether only a finite number of terms with negative exponents.

Corresponding to the vector space L, there is a dual space D, according to
Section 4.3. The elements of D, are linear forms on L,.

From each v = ) ¢,w; of L, and each « of D, we may form a scalar product

va = C1d1+ L +Cfdf.

In a similar way, we shall now construct the dual space of covectors corre-
sponding to the infinite-dimensional space B of vectors V.

If to each place p a sequence {«,,} (k =b, b+1,...) of elements of D, is
assigned so that in all these sequences there is altogether only a finite number
of negative indices k, then the system of these sequences is called a covector A.
The scalar product of a vector V and a covector A is defined as follows:

Va=Y Y v, e (19.31)

v Jjtk=-1
Since there are only finitely many v,; with negative j and only finitely many
«,; With negative k, there are only finitely many terms in the sum (19.31). The
individual terms are scalar products »-« and are thus elements of A.
The operator -A is a mapping of the space B of vectors V into the field of
constants which has the following properties:

(@ (V+W)A=V-2A+W-A
b) (cV)-A = c(V-A) :
(o) V-a=0 if ¥ is divisible by a divisor D depending only on A.
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Statements (a) and (b) are clear. To prove (c), we note that there are only
finitely many p for which the sequence {«,, } begins with a negativeindexk = —d.
If from these places p with exponents d we form the divisor

D =T p4,
then (c) is satisfied.

The set of all vectors ¥ which are divisible by a divisor D is called a neighbor-
hood of zero in the vector space B. Property (c) states that the linear functional A
maps a certain neighborhood of zero onto zero. Property (¢) is therefore a type
of continuity property.

We now prove the following.

Every mapping X of B into A with properties (a), (b), and (c) can be defined in
terms of sequences {a,,} in the manner indicated.

Proof: Every vector ¥ can be represented as a sum of a vector divisible by D
and finitely many vectors ¥, ; which in their expansion at the place p have only
a single term vn/ and whose other components are zero:

(Voi)p = vm
(Vyidy =0  forp’+p or j +j.

Here, as always, v = ), ¢;,w, is an element of the vector space L . If we apply
the mapping -A to the vector V,; just defined, then we obtain an element ¥, ;-A
of A which depends linearly on v and can therefore be written as v-«, where «
is an element of D,. This element « we call o, Where k is determined from

j+k = —1.

Since ¥, ; is not divisible by D, it follows that j <d and hence k > —d; therefore,
in the sequences {21 } there is altogether only a finite number of negative indices.
It follows further from (a) and (c¢) that
V'Q=;;Vvi' Z g_vlw ks

and this completes the proof.

On the basis of this theorem, the covectors A can also be defined as mappings
of B into A with properties (a), (b) and (c). This definition is invariant; that is,
it does not depend on the choice of the w; and .

19.5 DIFFERENTIALS. THE THEOREM ON THE
SPECIALITY INDEX

The speciality index i(B) will now be determined with the help of the covectors.
We begin with two lemmas.
Lemma: If the divisor D is not special and if A is a multiple of D, then A is likewise
not special.
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Proof: By (19.12),
n(A)—I(A) = n(D)-ID).

Thus, if n(D)—I(D) already has the maximum value g—1, then n(A4)—I(A4)
must also have the maximum value g—1.
Corollary: Every divisor B has a multiple A which is not special.
Proof: Suppose that D is not special. Choose 4 to be a common multiple of
B and D. The assertion now follows immediately from the lemma.

We now put 4 = Il p®and B = I1 pb. Let 4 be a multiple of B, so that b < a
and MM(B) = M(A). We assume that B is special and A is not. Then

KA) = n(4)—g+1 (19.32)
B) = n(B)—g+1+i(B). (19.33)

As in Section 19.2, we write ). (2— b)f linear equations which an element of

T(A),
u = blul + +b;u1, (19.34)

must satisfy in order that it belong to IR(B). If the series expansion for u at the
place p begins:

U= (CogyWi+ " FC_gmwmr o+, - (19.35)
then the (a—b)f conditions for the place p are
¢p=0 (-aZj<—b 12v<f) (19.36)

The ¢, of course depend on the place p. We should really write c;,(p), but we
shall neglect to do so for ease of notation.
If the )’ (a—b)f = n(4)—n(B) equations (19.36) were independent, then we
would have /
KA)—U(B) = n(A)—n(B).

However, by (19.32) and (19.33) the difference /(4) —(B) is smaller by a term
. i(B) than n(A4)—n(B), and hence there are i(B) linear dependencies between the
left sides of equations (19.36); that is, there are i(B) linearly independent relations

-b-1 f
Riep} =3 3 T =0 (19.37)
P /j=-a '

which must be satisfied for each element u of IMM(A4). '
Equations (19.37) can be written somewhat more simply if the sum over f is
interpreted as a scalar product:

écjv'}'jv = v;°B;.

Here, as always, v; = Y, ¢;,W,, and B, = B(p) is the sequence (v, . . ., ¥;)).
To make the connection with previous notation, we put v; = v,;and -

Bip) = (+k = —1).
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Then (19.37) becomes
Rici} =Y Y v,;0:=0 (19.38)
P jrk=-1
with
b=<kga-1.
We now replace A by a multiple
A'=1Mp* (a'Za).
Then
M(B) € M(4) < M(4").

Since A4’, as a multiple of A, is not special, there again exist i(B) linearly inde-
pendent relations .
R'{c,—,} = z vaj'a;k = 0 (19.39)
» J+k=-1

with b < k = a’— 1, valid for all u of IM(4").

The relations R, or more precisely their coefficient systems {«,.}, form a
A-module of rank i(B). Similarly, the R’ form a A-module of rank i(B).

If terms with k > a— 1 are omitted in a relation R’, then a relation R is obtained
which is valid for all u of 9(A4). By means of this “projection” every R’ gives rise
to an R, and the mapping R'—R is linear. If R’ + 0 were to go into R =0
under the projection, then R’ would contain only terms with ¥ >a— 1, and hence

—a' L j<—a.

Such a relation R’ would hold for all # of M(A"). If we again write down the
conditions which an element of R(4") must satisfy in order to belong to MM(4),
then the relation R’ would state that there was a dependency between these
n(A")—n(A) conditions. This would imply that

K4) —KA)<n(A") —n(4),

which is impossible, since (19.32) is valid for both 4’ and 4.

The mapping R'—R is therefore injective. It maps the module of the R’ iso-
morphically onto a module of the same rank i(B) in the module of the R; it is
therefore -also surjective. This means that each relation R can be continued in a
unique manner to a relation R’

_ If now, beginning with a, we let an exponent a’ tend to infinity while always
continuing the relation R, we obtain a uniquely determined infinite sequence

{ee}  (k=b,b+1,...). (19.40)

The same can be done for each place p. We thus obtain a system of sequences
(19.40) for all places p, that is, a covector A. The relations (19.39) may now be
written as follows:

u-A=0. (19.41)
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The relation (19.41) holds for all u of M(A’). But now for any function u of
the field a divisor 4’ can be found which is divisible both by B and by (1~%).
Then uA’ is integral; that is, u belongs to M(4") and therefore (19.41) holds.
Hence (19.41) holds for all functions u of the field K.

Since there are i(B) linearly independent relations R, there are also i(B) linearly
independent covectors defined by (19.40) with the property (19.41). We now
make a definition (following A. Weil).

Definition 1: A covector A with the property (19.41) for all z of K is called a
differential of the field K.

The relation of the Weil differentials to the differentials of classical function
theory will be established in Section 19.8.

Definition 2: A covector A is called a multiple of B = I1 p® if only «,, with
k 2 b occur in the definition of the covector.

From the definition of a covector it follows immediately that for each covector
A there exists a divisor B such that A is a multiple of B.

Using Definitions 1 and 2, we may now combine what we have proved in this
section in the following theorem.

Theorem on the Speciality Index: The speciality index i(B) is equal to the number
of linearly independent differentials A which are multiples of B.

Definition 3: A differential is said to be everywhere finite or a differential of
first kind if it is a multiple of the unit divisor (1), that is, if all the «,; with
negative index k are zero.

To find the number of linearly independent differentials of first kind, we have
only to apply the theorem on the speciality index to the divisor B = (1). Formula
(19.27) gives

()= I1)-n1)+g-1
=1-0+g—-1=g,

and it thus follows that the number of linearly independent differentials of first
kind is equal to the genus g.

We obtain another application of the theorem on the speciality index if we
put B = C™!, where C is an integral divisor different from (1). In this case
I(B) = 0, since the only function which is a multiple of the integral divisor
B~1! = C is the zero function. Furthermore, n(B) = —n(C), and hence

i(C™ Y= n(C)+g—1. (19.42)
In particular, if we choose C = p*, so that B = p~*, then n(C) = nf and we
obtain .
ip™ =nf+g—1. (19.43)

We thus have the following theorem.

Theorem: Iffis the degree of the prime divisor p, then there are nf+g—1 linearly
independent differentials which are multiples of p~".
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Exercises

19.6. Letthe base field A be algebraically closed. Then except for the differentials
of first kind there is no differential which is a multiple of p ~!; that is,
there is no differential with only one simple pole p.

19.7. Under the same hypotheses there is for each n > 1 an elementary differential
of second kind «(p") which has a pole of order » at p. Any differential
which is a multiple of p ™" can be written as a linear combination of
w(p?), w(®?),..:., «(p") and the g linearly independent differentials of
first kind.

19.8. Under the same hypotheses there is for any two places p, and p, an
elementary differential of third kind «»(p,, p,) which has a simple pole at
each of p, and p,. Any differential can be written as a linear combination
of the elementary differentials of second and third kind and the differentials
of first kind. -

19.6 THE RIEMANN-ROCH THEOREM

We have now nearly reached our objective. We first define the product ui of

a function u and a covector A. The product is defined as a linear mapping of B
into A:

V.uk = Vu- A (19.44)

The operation -uA obviously has properties (a), (b) and (c¢) of Section 19.4;
(19.44) therefore defines a covector.
If A is a differential, then ul is also a differential:

vud=ovu-A=0 for all w.

The following lemmas are almost obvious.
Lemma 1: IfXis a multiple of D = 11 p%, then VX = 0 for all vectors V divisible
by D!, and conversely.
Proof: Let the covector A be given by the sequences {«,,}. If Ais a multiple of D,
then only indices with k¥ = d occur in these sequences. Further, if V is given
by the power series '
V, =3 v,m (19.45)

and if ¥ is divisible by D!, then only terms with j = —d occur in the power
series (19.45). The scalar product
V'A = Z vaapk (19.46)
F+k=-1
is zero, since the sum j+k can never equal — 1. Conversely, if VA = 0 for all

V divisible by D~!, then only terms with k = d can occur in the sequences
{o,x } and thus A is a multiple of D.
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Lemma 2: If A is a multiple of D, then u) is a multiple of uD.
Proof: If V is divisible by D!, then ¥:A = 0 by Lemma 1; hence Fu-A = 0
if Vu is divisible by D1, that is, ¥-u) = 0if V is divisible by (wD)~!.

Now let A be a differential. By Section 19.5, there exists a divisor D of which A
is a multiple. Let B = p~", where p is a prime divisor of degree f. The divisor
B~'D = p"D has degree

n(B~'D) = nf+n(D).

Therefore, by the Riemann part of the Riemann-Roch theorem, the number
of linearly independent multiples « of BD ™! is

(B~1D) = nf+n(D)—g+1. (19.47)

If u is a multiple of BD ™1, then uD is a multiple of B. By Lemma 2, uA is a
multiple of D, and hence X is a multiple of B. The total number of linearly
independent differentials which are multiples of B is i(B). Hence it follows from
(19.47) that

nf+n(D)—g+1 < i(B). (19.48)
For n>0 it follows (19.43) that
i(B) = nf+g—1. (19.49)
Substituting this into (19.48), we obtain
n(D) £ 2g-2. (19.50)

The degree of the divisor D is therefore bounded above. For given A there is -
thus a maximal divisor D, such that A is a multiple of D, but it is not a multiple
of D,p’ however p’ is chosen. The uniquely determined maximal divisor D, of
which A is a multiple is called the divisor of the differential A,

We now prove the following.

All differentials « are equal to ul, where A is an arbitrary fixed di ﬁ’erenttal
Proof: Suppose that there is a differential w which is not equal to uA. Then

Ul + vo  foralluand v & 0. (19.51)
We have seen in the paragraph following (19.47) above that there are at least
nf+n(D;)—g+1

linearly independent differentials #A which are multiples of B = p~". Similarly,
there are at least
nf+n(D,)—g+1

linearly independent- differentials vw which are multiples of B. All these differen-
tials are independent, since no linear combination of the A is equal to a linear
combination of the vw. There is thus a total of

2nf+ const
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linearly independent differentials which are multiples of B. But by (19.49) there
are only nf+g—1 such differentials. For large » this gives a contradiction. All
differentials are therefore equal to wA as asserted.

We now replace B by an arbitrary divisor 4 and again ask how many linearly
independent differentials w = uA there are which are multiples. of 4. If uA is a
multiple of 4, then A is a multiple of ¥ ™! 4. The maximal divisor D, is therefore
divisible by #~ 14, so that uD, is divisible by 4, and hence u is a multiple of
AD; ™. Conversely, if u is a multiple of AD, ™!, then uX is a multiple of A4, since
the argument is reversible. It therefore follows that

i(4) = KA1D). (19.52)

Substituting this into (19.27), we obtain the following complete theorem.
Riemann-Roch Theorem: If A is an arbitrary divisor of the field K and A is an
arbitrary nonzero differential, then

I(A) = n(A)—g+1+1A7D)). (19.53)
We mention some further corollaries.
1. Putting 4 = (1), we obtain, from either (19.52 or (19.53),
ID,) = g. (19.54)
2. Putting 4 = D,, we obtain, from (19.53),
n(D;) = 2g—2. (19.55)

3. If A is a multiple of D, then A is a multiple of #D and conversely. Hence if
D, is the divisor of the differential A, then uD, is the divisor of the differential
uA. The divisors D, = uD, of the differentials w = uA are thus all equivalent.
The class of these divisors D, is called the differential class or the canonical class.

4. In general, a divisor class consists of all divisors u4 which are equivalent to
a divisor A. All the divisors uA4 of the class have the same dimension /(4) and
the same degree n(4); I(A) is therefore called the dimension of the class and
n(A) the degree of the class.

The dimension of the class {4} may also be interpreted as follows. If u is
divisible by A ™!, then uA is an integral divisor. To the elements u of the module
M(A) there thus correspond the integral divisors u4 of the class {4 }. If uy, ..., u,
are linearly independent, then the divisors u 4, . . . , 4,4 are also called linearly
independent. The rank /(4) of the module IR(4) is thus the maximum number of
linearly independent integral divisors of the class {4}.

5. If n(4)<O0, then there is no integral divisor equivalent to 4 and hence
I(4) = 0.

6. If n(A)>2g—2, then n(4~*D,)<0 and hence (4~'D,;) = 0 by 5. From
this it follows by (19.52) that i(4) = 0, and thus a divisor A with n(4)>2g—2 is
not special.
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Exercises

19.9. There is only one class {4} with /(4) = g and n(A4) = 2g—2, namely
the canonical class.
19.10. An integral divisor B with I(B) > g is not special.

This completes the development of the general theory for arbitrary base
fields A. We now wish to establish the connection with the classical theory in
which A is the field of complex numbers. For this purpose, we must first briefly
consider some separability questions.

The general Riemann-Roch theorem can be extended also to skew fields
which are finite extensions of a field of rational functions A(z). See E. Witt,
“Riemann-Rochscher Satz und {-Funktion im Hyperkomplexen,” Math. Ann.,
110, 12 (1934).

19.7 SEPARABLE GENERATION OF FUNCTION FIELDS

A field K of algebraic functions in r variables is a finite extension of the field
A(x,, ..., x,) of the rational functions in r algebraically independent quantities
Xisoooy Xpe

If the field K is generated from A(x,, ..., x,) by adjunction of x, .4, ..., X,
then

K= A(xl, ce e s Xpy Xppgs ooy x"),

where all the x; are algebraic functions of the independent x,,..., x,.
For such function fields we have the following theorem.
Theorem on Separable Generation: If the field of constants is perfect, then
Xy, . - . 5 X, canbe enumerated in such a manner that all the x; are separable algebraic
Junctions of the independent x,, ..., X,.
Proof: We proceed by induction on » for given r. The case n = r is trivial.
Then let n>r, and suppose that the assertion is true for A(x,, ..., X,~,).- We
may then assume that x,,..., x,_, are separable functions of x,, ..., X,.
Here x,, is an algebraic function of x, . . ., x, and so satisfies an equation

S0 x.x) =0, (19.56)

which may be assumed to be integrally rational in all the x;. If the field elements
Xy, ..., X, and x, are replaced by indeterminates X,,..., X, and X,, then
f(Xy, ..., X,) is irreducible as a polynomial in X,. If fis decomposable as a
polynomial in X, ..., X,, then one of the factors contains only X,..., X,.
Such a factor may be omitted from (19.56). We may therefore assume that f is
irreducible as a polynomial in the X,.

If x, is separa le over A(x,, ..., x,), then there is nothing more to prove. If
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x, is inseparable, then the characteristic of the field is a prime number p, and the
polynomial f contains only powers of X, which can be written as powers of X,”.
If this were also the case for the powers of X, ..., X, occurring in f, then

f=Y aXp . Xrrxrn, (19.57)
Now in a perfect field A every a, is a pth power:
a, = bpr.

It would then follow that
f = (z bsXISI ot .eransn)p'

However, this is impossible, since f'is irreducible. Therefore, one of the vari-
ables X, . .., X,, say X, must occur in f with an exponent which is not divisible
by p.

From (19.56) it now follows that x, is a separable algebraic function of
X3, ..., X, and x,. All the x, are dependent on x,, . . ., x, and hence also on x,,
X3, ..., X,. Since the transcendency degree of A(x,,..., x,) is equal to 7, it
follows that x,, x,, .. ., x, are independent. The field A(x,, .. ., x,-) is separ-
able over the field A(x,, .. ., x,), and this field is separable over A(x,, X5,..., X,);
thus all the x; are separable over A(x,, x,, . . ., x,). If the x; are now renumbered
so that the numbers 1 and 7 are interchanged, then the assertion follows.

A. Weil has given necessary and sufficierit conditions for separable generation
in the case of imperfect fields. See my paper: “Uber Weil’s Neubegriindung der
Algebraischen Geometrie,” Abh. Math. Sem. Hamburg, 22, 158 (1958).

19.8 DIFFERENTIALS AND INTEGRALS IN THE
CLASSICAL CASE

Classical function theory deals with Abelian integrals
j wdz,

where z is an independent variable, that is, a nonconstant function, and w is an
arbitrary function from the field K. Change to another variable ¢ is accomplished
by the formula

dz
dz = —dt.
. Jw z fw =

In the algebraic theory we may omit the integral sign and consider Abelian
differentials wdz. Change to another variable ¢ again takes place by the formula

dz
dt

In order that dz/dt be meaningful, we must hereby assume that z is separable
over A(?) (see Section 10.5). Consideration is therefore restricted to ¢ for which

dt.

wdz = w
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the field K is separable over A(7). Such ¢ exist if the field K is separably generated
and thus, in particular, when A is perfect.

We shall assume for simplicity that the field of constants A is algebraically
closed. Translation of the theory to the case of arbitrary complete perfect fields of
constants is left to the reader.

Let the variable z be chosen once and for all so that K is separable over A(z).
In order to investigate the behavior of a differential wdz at a place p, we choose
a uniformizing variable = for this place and expand z in a power series:

z=P(m) =Y e, (19.58)

The irreducible equation F(z, #) = O relating z to = is satisfied if the power
series P(w) is substituted for z: :
F(P(m), ) = 0. (19.59)
The left-hand side is a power series in , all of whose coefficients are zero.
They remain zero if the power series is formally differentiated, where formal
differentiation of a power series P(n) is defined by

P'(m) = Y ke~ 1.
We thus obtain, from (19.59),

F,(z,7)-P'(m)+F(z,7) =0, (19.60)
where z has again been substituted for P(=) and the partial derivatives of F with
respect to z and 7 have been denoted by F, and F,, respectively.

Now F,(z, =) * 0, since = is separable over A(z). By (19.60) F.(z, #) cannot be
zero, and hence z is separable over A(w). The differential quotient dz/dx is there-
fore defined and satisfies the equation

dz
Fi(z,m) - +F{z, 7) = 0. (19.61)
Comparison of (19.60) and (19.61) gives
g;z-r = P'(m) =) keyr* ™1, (19.62)

The variable z is thus differentiable with respect to any uniformizing variable,
and the power series for the differential quotient is found by termwise differentia-
tion of the power series for z.

The differential wdz can now likewise be expressed in terms of the uniformizing
variable =:

dz
wdz = w— dnw. (19.63)
dr

The power series for w(dz/dr) is of course found by multiplying the power
series for w by the power series (19.62). Let the result be

dz
w— =Tt (19.64)
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If no negative exponents occur in the series (19.64), then the differential wdz
is said to finite at the place p. If only exponents from a onward occur with non-
zero coefficients, then p is a zero of order a of the differential. If negative ex-
ponents occur, then p is a pole of the differential. The order of a differential at the
place p is the smallest exponent &k to which there belongs a nonzero coefficient
o, All these concepts are clearly independent of the choice of the uniformizing
variable.

The poles of a differential wdz are to be found among the poles of w and z,
for wdz cannot have a pole where w and z remain finite. Hence, every differential
wdz has only finitely many poles.

The residue of the differential wdz at the place p is the coefficient of =~ ! in
the expansion (19.63). In the classical theory the residue can be obtained by
integrating the differential wdz over a small circle about the point p of the Riemann
surface and dividing by 27i. We now prove quite generally that the residue is
independent of the choice of the uniformizing variable.

The power series (19.63) may be interpreted as the sum of three types of terms:
terms with k< —1, a term with kK = —1, and a power series without negative
exponents. This power series of course has residue zero and may be disregarded.
The term « _ ;7 ! gives the residue «_;, and it is easily seen that the differential

a_ym dn

likewise gives the residue «_; when expressed in terms of a new uniformizing
variable . It therefore suffices to consider the terms

e (n>1) ' (19.65)
and show that they again give zero residue after a transformation
m=T+ari+ee
dr = (1+2a,7+ - - )dr. (19.66)

The transformation (19.66) can be carried out quite formally in the domain of
power series in = with coefficients from the integral polynomial domain of the
indeterminates a,, a,, . . . . The integral polynomial domain can be imbedded
in the rational polynomial domain. The rational numbers form a field of
characteristic zero even when the original coefficient field A has characteristic p.

Now the proof'is easy. The differential (19.65) is the differential of the function

(__n+ 1) —1p—n+1
If this function is expanded in terms of 7, then a rational power series

IR bt EERE T IR R N T Rk
is obtained.
The differential of this power series is a power series, in which the term =1,
does not occur, times dr. The residue after the transformation is therefore zero,
as was to be proved.
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All these considerations continue to hold if w is not a function from the field,
but rather any power series in 7 which has only finitely many terms with negative
exponents.

Now let ¥ be a vector in the sense of Section 19.4, that is, a system of power
series V, for the individual places p. At any place p we can expand the product

Vwdz

in a power series and determine the residue. If

V, =Y v, . (19.67)
is the p-component of the vector ¥ and if

w gf dn = (3 ap ) (19.68)
4

is the expansion of the differential, then the residue is .
r, = Z U,japk. (19.69)

J+k=-1
Since the vector V as well as the differential wdz have only a finite number of
poles, there is altogether only a finite number of nonzero residues r,. We may
therefore form the sum
Y=Y > Vp %

P Jrk=-1

This sum is precisely the scalar product of the vector ¥ with the covector

A= {a,;} (19.70)
in the sense of Section 19.4. We thus have the following result.
Each differential wdz uniquely defines a covector A such that the scalar product
VA is precisely the sum of the residues of the product Vwdz:
Va=Yr=Y Y v, (19.71)

p Jjtk=-1

We now ask what becomes of the scalar product if the vector ¥ is replaced by
a function v from the field K. The scalar product V- A then becomes equal to the
sum of the residues of the differential

owdz = udz,

where u is again a function from the field.

Residue Theorem: The sum of the residues of a differential udz is always zero.
In classical function theory this theorem follows immediately from Cauchy’s

integral theorem. Hasse* has given a general proof which is valid in perfect

fields of constants. A simplified version of Hasse’s proof, due to P. Roquette,

will be presented in Section 19.9.

4H. Hasse, “Theorie der Differentiale in Algebraischen Funktionenk&rpern,’” J. Reine u.
Angew. Math., 172, 55 (1934).
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It follows from the residue theorem that the covector A defined by a differential
wdz is a differential in the sense of Weil.

In particular, dz defines a differential in the sense of Weil, which we shall like-
wise call dz. This differential is nonzero, since it is easy to find a vector ¥ such
that Vdz has a nonzero residue sum. If dz has order m at a place p, it is sufficient
to choose the vector ¥ so that its component V, is equal to =™ ~* and all other
components are zero.

From the fact that the differential defined by dz is nonzero it follows by Section
19.6 that all differentials w are obtained from this differential by multiplication
with functions w. In other words, all Weil differentials are classical differentials.

19.9 PROOF OF THE RESIDUE THEOREM

I am indebted to a personal communication from P. Roquette for the following
proof. The proof goes through for arbitrary perfect base fields, but it will here
be presented only for base fields which are algebraically closed.

Let z again be chosen so that K is separable over A(z). We put L = A(z); K is
then a finite separable extension of L, and we may put K = L(#).

Equating the coefficients of "~ ! and of #* on the right and left of (18.17), we
obtain '

N@®) = I1 N(¥,) (19.72)
S®) =Y S@®,). (19.73)

The same formulas hold not only for the generator &, but also for any arbitrary

element u of the field K. To see this, we first form the norm and trace of  in the

field L(u). Let us denote this norm and trace by #(u) and s(x); then what we have
previously proved for & is now true for u:

n(u) = I n(u,) ' (19.74)
s(u) =Y s(u,). (19.75)
We now apply formulas (6.21) and (6.22):
N@w) = n(u)f? (19.76)
Sw) = g-s(u), (19.77)
where g is the degree of K over L(x). We thus obtain quite generally
N@w) = II N(u,) (19.78)
S@) =) Su,). (19.79)

Let us now recall how &, and u, are defined. By Section 18.5, all valuations
®, of K which are continuations of a given valuation ¢ of L are defined by im-
beddings #—>9,. Each such imbedding maps the field K = L(¢#) isomorphically
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into a complete field Q, = Q($,). This field Q, is the complete extension field of
K for the valuation @,.

Instead of valuations, we shall speak of places. Let us denote the places of the
field K by p and those of the field L by q. If a valuation of K belonging to the place
p is a continuation of a valuation of L belonging to the place q, then we callp a
divisor of q and write p/q. Each g has only finitely many divisors p,, which corre-
spond to the factors F,(f) in (18.17). To each p, there belongs a complete field Q,
which consists of power series with respect to a uniformizing variable II. If we
assign to each function u its power series u,, then we obtain the isomorphism
#—98, u—u, mentioned above.

The norm N(u,) formed in Q, over Q is also called the local norm of u for the
place p and is denoted by N,(); similarly for the trace. Formulas (19.78) and
(19.79) may now be written as follows:

N@) = I} N, () (19.80)
S@) = Y S, ). (19.81)
»lq

A vector ¥ over K was defined as a system of components V,, one for each
place p. We can now define the trace SV of a vector V as a vector over L, by the
formula

(SV), =Y. S,(V,). (19.82)
»la

The traces on the right-hand side are again to be formed in the complete fields
Q, = Q.. In particular, if the vector belonging to a function u is taken for ¥, then
SV is equal to S(») by (19.81).

The trace mapping V—SV is a linear mapping of the module Y(K) of all
vectors over K into the module Y(L) of vectors over L. There is thus a dual
mapping S* of the module 9*(L) of covectors over L into the module Y*(K) of
covectors over K which is defined as follows:

V-S* = SV-o for all V. (19.83)
In particular, if ¢is a Weil differential, that is, v-o = O for every v in L, then
S*p is also a Weil differential:
u-S*o=Su'o=0 for all u.

We prove the residue theorem first for the field L = A(z) of rational functions.
Let vdz be a classical differential in L. The rational function

) 10

g(2)
can be split into a polynomial and a fractional remainder in which the numerator
has lower degree than the denominator:

L2 -+ 0

g(z)
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The dlﬂ'erentlal q(z)dz has no residues. A uniformizing vanable of the pole oo
isy = z71, and we have

q(2)dz = (Q, cxz*)dz
. =Y (—cy~*"2dy,
in which no term containing y ~! occurs.

According to Section 5.10, the remainder can be decomposed into partial
fractions
n2)

20 Z{cl(z —a) 14 e (z—a) "0

It therefore suffices to prove the residue theorem for a single partial fraction
c(z—a)~*. For k>1 there are no residues. It therefore suffices to consider the
differential

c(z—a) 1dz.

This differential has a residue ¢ at the place a and a residue —c at the place oo.
The sum of the residues is therefore zero, and we are through.

The general case of the residue theorem will now be reduced to the case L =
A(z) just completed by means of the dual trace mapping.

Let us denote the residue of the differential udz at the place p by res,(udz)
If V is a vector, we likewise denote the residue of the product Vdz at the place §
by res,(Vdz). ,

According to formula (19.71), the differential dz defines a covector which w¢
denote by A,,. Thus, for each vector ¥,

V-dy = Y res, Viz: (19.84

We call two covectors A and p almost equal if in the products VA and V-,
defined by (19.31) the contributions of the individual places p are always equal
(for all V) except for a finite number of places p’.

Theorem 1: There exists a Weil differential p,, which is almost equal to A,,.
This p,, is uniquely determined by this property.

Proof: The differential dz also defines a covector A, in the field L = A(z) of
rational functions. Since the residue theorem holds in L, A, is a Weil differential.
The dual trace S*(A,) is thus also a Weil differential which we denote by p,, :

iz = S*(A).

With each placé p of K there is associated a place g of L. If the uniformizing
variable z—a or z ! at the place g is also a uniformizing variable for p, then the
place p is said to be unramified over L. We may thenput Il = z—a(or Il = z™1),
The complete field Q, belonging to the place p is in this case simply equal to the
field Q of power series in z—a, and the residue of a power series at the place p is
equal to the residue at the place q.

Almost all places, that is, all but a finite number, are unramified over L.
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Indeed, if K = L(#) and F(z, 7) is the irreducible polynomial in ¢ with zero &,
~ then F(z, f) may be assumed to be a polynomial in z and ¢. The discriminant of
F is a polynomial in z which has only finitely many zeros. For all other values
z = a, F(a, t) decomposes into distinct prime factors:

F(a, 1) = c(t—by) - -(t—b,).

From this it follows by Hensel’s lemma (Section 18.4) that F(z, £) splits completely
into linear factors in the complete field of power series in z— 4. In the factorization
(18.17) all the factors F,(¢f) are therefore linear, and all the fields Q, = Q(3,) are
equal to Q. But then z— g is a uniformizing variable for all the places belonging to
these fields. All these places are therefore unramified.

If p is unramified, then the place p makes the same contribution to the covectors
pe; and Ay, Indeed, if ¥ is a vector which is different from zero only at this single
place p, then it may be assumed that ¥ is a power series in z—a or z~*. The local
trace of V is then equal to ¥ itself, and

V.F'dl = V'S*Ao = SV'AO = V'Ao
= res, Vdz = res, Vdz = V' A,,.

From this it follows that y,, is almost equal to A,,.

It remains to demonstrate the uniqueness of x ;.. We actually shall prove some-
thing more general: if two Weil differentials A and p. are almost equal, then they are
equal.

We put ¢ = A—pu and wish to show that V- ¢ is zero for any arbitrary vector V.
By (19.31), the scalar product ¥ is a sum of contributions from the places p.
We may hereby restrict our consideration to contributions from those p belonging
to a finite set M, since the contributions of the other p to the covector g are zero.
For the p in the set M we can approximate ¥V by a function  of K in such a manner
that the contributions of these p to (u— V) ¢ are zero (Section 19.1, Theorem I).
It then follows that

(u_V)'Q = 0’

and hence that ¥V-o = u-¢ = 0, since p is a Weil differential. This completes the
proof of Theorem 1.

Now let y be another element such that K is separable over A(y). We wish to
show that

dz
Bz = - By (19.85)

=%

Since both sides are Weil differentials, it suffices to show that the two sides are
almost equal. Now p,, is almost equal to A;, and u,, is almost equal to A, It
is therefore sufficient to show that

Adz =

5 Aaye (19.86)
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This follows immediately from definition (19.84):

dz
V-dg, =Y. 1es, Vdz =Y res, V- dy
» > dy
dz dz
= Vd"—y'Ady = V'd—y Ady'
Finally, we shall show that
Adz = Kz (19'87)

Let p be a place, and let y be a uniformizing variable. In Section 19.8 it was
shown that z is separable over A(y). Since K is separable over A(z) and A(2) is
separable over A(y), it follows that K is separable over A(y). Furthermore, p is
unramified over A(y); the p-components of A;, and u,, are therefore equal:

(Ady)p = (F'dy)p'
From this it follows that .

d d:
(Adz)p = (d_; Ady) = (él“'dy) = (I"dz)p‘

Since this is true for any p, the assertion (19.87) follows.
We thus need no longer distinguish between A, and u,,. Since u,, was a Weil
divisor, A, is also a Weil divisor, that is, the residue theorem holds.



Chapter 20
TOPOLOGICAL ALGEBRA

Topological algebra is the study of groups, rings, and skew fields which are
also topological spaces and in which the algebraic operations are continuous in
the sense of the topology. They are called topological groups, rings, and fields
-or briefly T-groups, T-rings, and skew T-fields.

20.1 THE CONCEPT OF A TOPOLOGICAL SPACE

A topological space is a set 7 in which certain subsets are distinguished as
open sets. The open sets must have the following properties.

1.  The intersection of finitely many open sets is again open.
II. The union of any set of open sets is again open.

Example 1: let T be any ordered set which contains more than one element.
An open interval in T is defined by a<x<b, a<x, or x<b. An open set is a set
which with each element y contains an open interval which contains y.
Example 2: Let T be the field of complex numbers. A disk about g is defined
by |z—a| < e. An open set is a set which with each element a contains a disk about a.
Example 3: The same definition holds for any field with a valuation, but we
must now write ¢(z—a) in place of |z—a|. Any field with a valuation is therefore
a topological space.

It follows from I that the entire space 7 is open, since it is the intersection of
any empty set of open sets. Similarly, it follows from II that the empty set is
open, since it is the union of an empty set of open sets.

A subset M is said to be closed in Tif its complement in T'is open. The following
rules, which are equivalent to I and II, hold for closed sets.

I'.  The union of a finite number of closed sets is again closed.
II’. The intersection of a set of closed sets is again closed.

The elements of the set T are called points of the space T. An open set which
contains the point p is called an open neighborhood of p. Any set which contains
an open neighborhood of p is called a neighborhood of p and is denoted by U(p).

252
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A subset T” of a topological space T is again a topological space if the inter-
sections of 7" with the open sets of T are designated as open sets in T". Properties
I and II are obviously satisfied.

The closure M of a subset M of T'is the intersection of all closed sets containing
M.

Exercises

20.1. A point p belongs to the closure M if and only if every neighborhood of
p contains a point of M.

20.2. Kuratowski defines a topological space as a set T in which to each subset
M there corresponds a closure M with the following properties.

(a) The closure of MU Nis MU N.

(b) M contains M.

(¢) The closure of M is M.

(d) The closure of the empty set is empty.

He further makes the following definition: if M = M, then M is said
to be closed; if the complement of M in T'is closed, then M is called open.
Show that Kuratowski’s definition of a topological space is equivalent to
the definition given above.

Hint. From (a) it follows first of all that M < N implies M < N. It
then follows from (a), (b), and (c) that ¥ is the intersection of all closed
sets N = N which contain M. Rules I'. and II'. now follow. Conversely,
(d), (b), (¢), and (d) follow from I’, and II".

A set M is called dense in T if the closure of M is equal to T or, what is the same
thing, if every neighborhood of any point of T contains a point of M.

20.2 NEIGHBORHOOD BASES

A system of neighborhoods U(p) of a point p form a basis for the neighborhoods
of p if every neighborhood of p contains a neighborhood U(p) of the system.
For this it is sufficeint that every open neighborhood of p contain a neighborhood
U(p) of the system. For example, the open neighborhoods of p form a basis for
the neighborhoods of p. In our Example 1 the open intervals containing p form a
basis for the neighborhoods of p. In Example 2 the disks about a form a basis
for the neighborhoods of a.

Topological spaces are frequently defined by first giving a basis for the
neighborhoods of any point and then defining the open sets in terms of this
basis just as was done in our examples. To each point p we thus first assign certain
basis sets U(p) which satisfy the following conditions.
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U,: For each p there are basis sets U(p), and each such set contains p.

U,: For any two basis sets U(p) and V(p) there is a set W(p) which is contained
in both of them. ‘

The open sets M are defined in terms of these basis sets as those sets which
with each of their points p contain an entire basis set U(p). The open sets so
defined clearly have properties I and II; we thus have a topological space. How-
ever, in order that the basis sets U(p) be neighborhoods in the sense of this
topology, they must satisfy a further condition. A sufficient condition is that the
U(p) themselves be open sets.

Us: If q lies in U(p), then U(p) contains a basis set V(g).

The following weaker condition is necessary and sufficient.

U;: Each basis set U(p) contains a basis set V(p) such that for each point q
of V(p) there is a basis set W(q) contained in U(p).

If Uj; is satisfied, then a set U’ can be defined in U(p) which consists of all
points g such that a basis set W(q) is contained in U(p). This set is open and
contains p. Thus U(p) contains an open neighborhood of p, that is, U(p) is a
neighborhood of p.

We no longer need the term “basis set”: we shall subsequently always refer to
the basis sets U{p) as basis neighborhoods. The set of all basis neighborhoods of
all points p is called a neighborhood basis or a neighborhood system of the topo-
logical space T.

The concept of a neighborhood system is due to Hausdorff. He used only open
neighborhoods. Conditions U;, U,, and U, are the first three neighborhood
axioms of Hausdorff. The fourth axiom is the Hausdorff separation axiom which
we shall formulate in Section 20.4.

Example 4: 1In an n-dimensional vector space over the field of real numbers
let a cube of edge length 2e about the vector (by, . . ., b,) be defined as the set of
vectors (a,, ..., a,) with the property

Iai_bil <e.

The cubes satisfy conditions U, U,, and U,. The vector space is therefore a
topological space with the cubes as neighborhood basis.

A topological space is called discrete if all sets are open. The individual points
then form a neighborhood system.

Exercises

20.3. In order that two systems of sets U(p) and V(p) define the same topo-
logical space, it is necessary and sufficient that each set U(p) contain a
V(p) and each V(p) contain a U(p).

20.4. The topology of the vector space defined by the cubes is independent of
the choice of basis of the vector space.
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20.3 CONTINUITY. LIMITS

A function p’ = f(p) which maps a topological space T into a topological
space T" is said to be continuous at the point p, if for every neighborhood U’
of f(pe) in T there is a neighborhood U of p, in T whose image is entirely con-
tained in U’.

Similarly, a function f(p, q) with arguments p and g in 7y and T, and values
in T, is called continuous at the point (p,, g,) if for every neighborhood W of
S(Po> 90) there are neighborhoods U and ¥ of p, and g, such that f(p, g) liesin W
ifpliesin Uand gin V.

If a function is continuous at every point, then we speak of a continuous function
or a continuous mapping. A mapping p’ = f(p) is continuous if and only if the
pre-image of any open set U’ in T” (that is, the set of elements of T whose images
liein U’')isopenin T.

A one-to-one continuous mapping of 7 onto 7" which is continuous in both
directions is called fopological. A topological mapping takes open sets into open
sets and closed sets into closed sets.

A sequence of points {p,} in a topological space T is called convergent with
limit p if each neighborhood U(p) contains all the points of the sequence after a
certain index:

p,eU(p for vk

Only neighborhoods U(p) of a neighborhood basis of p need hereby be con-
sidered, since each neighborhood contains such a basis neighborhood.

Exercises

20.5. A continuous mapping preserves the limit relation.
20.6. A continuous function of a continuous function is continuous.

204 SEPARATION AND COUNTABILITY AXIOMS

In addition to axioms I and II, the most important topological spaces satisfy
the following first separation axiom.

Ti: If p # q, then there exists a neighborhood of p not containing q.

A space with property T is called a T,-space. An equivalent formulation is the
following.

The closure of a single point consists only of the point itself.

The second or Hausdorff separation axiom is stronger than the T; property.

T,: Ifp * q, then there exist neighborhoods U(p) and U(q) which are disjoint.

If T, is satisfied, the space is called a Hausdorff space.
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The first countability axiom states the following.

A,: Every point p has a countable neighborhood basis.

We shall not need the stronger second countability axiom.

The topological spaces which are important for our purposes all satisfy the
first separation and countability axioms. In the case of topological groups, and
hence also in the case of topological rings and skew fields (which are additive
groups, among other things), the second separation axiom follows as a conse-
quence of the first.

In the introduction to topology given here only the necessary basic concepts
have been mentioned. The reader who wishes to learn more about topology
might first study the excellent textbook by Alexandroff and Hopf, Topologie I
(Springer, Grundlehren, Band XLV, 1935) and then consult the more recent
literature.

Exercises

20.7. In a Hausdorff space a sequence of points {p,} can have only one limit.
20.8. If A, is satisfied, then the closure of a set M consists of all limits of con-
vergent sequences {p, } in M. The set M is closed if all these limits lie in M.

20.5 TOPOLOGICAL GROUPS

A topological group (or briefly a T-group) is a topological space that is at the
same time a group in which xy is a continuous function of x and y and x~!is a
continuous function of x. Thus, in addition to the four group axioms and the two
basic properties of open sets, the following two conditions are also required.

TG,: For every neighborhood U(ab) of a product ab there exist neighborhoods
V(a) and W (b) such that the product V(a)W (b) is contained in U(ab).

TG,: For every neighborhood U(a™?*) there exists a neighborhood V(a) such
that V(a)~! is contained in U(a™!).

Here M ~* denotes the set of inverses x ~! of the elements x of M.

It clearly suffices to require 7G; and TG, for the neighborhoods U of a
neighborhood basis; also V(a) and W(b) may always be taken to be basis
neighborhoods.

Examples of topological groups are the following:

(@) The additive group of real or complex numbers;
(b) The real n-dimensional vector space (Section 20.2, Example 4);
(¢) The multiplicative group of real or complex nonzero numbers.

Every group G becomes a discrete topological group if the discrete topology is
adopted, that is, if all sets in G are open. ‘

For further examples see Exercise 20.10 and Section 20.7, Example 5.

Now TG, and TG, imply the following.
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TG': For every neighborhood U(a™'b) there exist neighborhoods V(a) and
W (b) such that V(a)~' W (b) is contained in U(a™'b).

IG'': For every neighborhood U(ab™') there exist neighborhoods V'(a) and
W'(b) such that V'(@)W'(b)~! is contained in U(ab™1).

Exercise

20.9. Show that either of conditions TG’ or TG'’ alone can replace the two
conditions 7G; and TG,.

We now prove the following.

A T-group is a Ty-group.
Proof: Leta % b; then a~'b * e. By T there exists a neighborhood U(a™'b)
which does not contain e. By TG’ there exists a V(a) and W(b) such that
V(a) ! W(b) lies in U(a~*b) and thus does not contain e. Then ¥(a) and W(b)
are disjoint. This proves T,.

By the same method we can prove the following. :

If in a T-group there exists a neighborhood of p which does not contain q, then
there exist two disjoint neighborhoods U(p) and U(q). Thus there also exists a
neighborhood U(q) which does not contain p. In this case p and ¢ are said to be
separable. The points ¢ which are not separable from p form the closure of the
set {p}.

Two T-groups G and H are called topologically isomorphic if there exists an
isomorphism which is also a topological mapping of G onto H.

20.6 NEIGHBORHOODS OF THE IDENTITY

If a neighborhood basis for e is given, then all the neighborhoods of e are
known: they are the sets U(e) which contain at least one basis neighborhood.
Furthermore, the neighborhoods of the other points are also known, for if U(e)
is a neighborhood of e, then aU(e) is a neighborhood of 4, and all neighborhoods
of a can be obtained in this manner. We may call aU(e) a neighborhood of e
translated to a.

We thus see that the topology of a 7-group is completely determined if a basis
for the neighborhoods of e is known. We denote the neighborhoods of such a
basis by U (or also V, W,...).

What properties must the sets U have in order that G with the translated
neighborhoods U(a) = aU(e) become a topological group?

The following properties are in any case necessary.

E,: FEach U contains e (this follows from U, Section 20.2).

E,: For each U there exists a V such that V-V is contained in U.

E,: For each U there exists a V such that V™! is contained in U (this follows
from TG,, Section 20.5).
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E,: Every transformed set aUa™" contains a V.

Es: Every intersection U NV contains a W (this follows from U,, Section
20.2).

Proof of E,: For every U there exist by TG, a ¥’ and W’ such that V'W’ is
contained in U. By U, a V is contained in the intersection V' N W'.
Proof of E,: Since a 'xa is a continuous function of x, there exists for Ua V
such that ¢« ~'Va is contained in U; hence V is contained in aUa ™.

Now suppose that in a group G a system of sets U is given which has properties
E, through E,. We form the translated sets aU and take these as basis neighbor-
hoods for the point a. These basis neighborhoods clearly have properties U, and
U, (Section 20.2). We shall show that they also have the property Us.

Let U(a) = aU. By E, there exists a ¥ such that V- ¥ is contained in U. If
now x is a point of aV, then xV is contained in a¥V'V and therefore also in qU.
This proves Us.

We must now prove TG, and TG, (Section 20.5).

Let a neighborhood abU be given. By E, there exists a ¥ such that V-V is
contained in U. By E, thereis a Win b¥b ™. Now

aW-bV < a-bVb™1-bV = abVV < abU,

wherewith TG, is proved.

Let a neighborhood a~'U be given. By E; there exists a ¥ such that ¥ ! is
contained in U. There is a W.in a”!Va by E,.

Now aW & Va, and hence

@)y teWa l=a"V'caly,

which proves TG,.

In order to make a group a T-group, we must therefore only prescribe a
neighborhood basis of the identity element and prove E, through Ej;.

Conditions E, and E; may be combined to a single condition.

E, .3: For every U there exists a V such that V'V & U.

Now E, may be omitted in the case of Abelian groups. If they are written in
additive notation, then the neighborhoods of zero have only three conditions
to satisfy.

1: Every U contains zero.

2: For every U there exists a V such that V-V & U.

3: Every intersection U N V contains a W.

In order that a 7-group defined by neighborhoods of the identity be a T-
group, the following separation axiom must be satisfied.

E¢: For every a + e there exists a U which does not contain a.

Now E, and E; may be combined to a single condition, as follows.

E,,s: The intersection of all U consists of the identity element alone.

The corresponding condition for additive groups is the following.

The intersection of all U consists of zero alone.

If G is not a T,-group, then there are other elements p in addition to e in all
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the neighborhoods of e; these elements are thus not separable from e. They
clearly form a normal subgroup N of G. By Section 20.5, N is the closure of the
set {e} and hence N is closed. The factor group G/Nis a T;-group.

Exercise

20.10. In a group G let a sequence of nested normal subgroups
_[{1 o Hz =

be given. If these normal subgroups are taken as basis neighborhoods
of the identity, then properties E,—FE; are satisfied and G becomes a
T-group. But E; is satisfied only if the intersection of all the H; consists
of the identity alone.

20.7 SUBGROUPS AND FACTOR GROUPS

Every subgroup of a T-group is again a T-group. The closed subgroups are
especially important. We first prove the following.

An open subgroup is also closed.
Proof: Let the subgroup H be open in G. The cosets aH are then likewise open
in G. The union of all the cosets excepting H is thus again open. This union is
the complement of H in G; hence H is closed.
Example 5: Let R be the ring of all matrices with n rows and n columns over
the field of real numbers. The units in R are those matrices 4 which have inverses
A™*. These units form a group G. If a cubic neighborhood of a matrix A is defined
- as the set of matrices B such that

bi—anl<e

(cf. Section 20.2, Example 4), then R becomes an additive and G a multiplicative
topological group. Let us consider the subgroup of matrices 4 in G whose
determinants are positive. This subgroup is open in G ; it is therefore also closed.

Now let H be a normal subgroup of G. It will at first not be required that H be
closed. We form the factor group

G/H =G.

Under the homomorphism a—d of G onto G, the basis neighborhoods U of e
go into certain subsets U of G which trivially satisfy conditions E,—FEs. The sets
U therefore define a topology in G. The mapping a—4 is continuous in this
topology ; this follows directly from the definition of continuity. We thus have the
following.

Every factor group G/H of a T-group is a T-group, and the mapping a—ad is
continuous.
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We now ask under what condition the factor group satisfies the separation
axiom 7. The answer is as follows.

If the normal subgroup H is closed in G, then G/H is a T,-group and conversely.
Proof: Let H be closed in G. Every coset aH is then also closed in G. If 4 + e,
then e does not lie in aH; that is, e is contained in the open complement of aH.
There thus exists a neighborhood U of e which does not intersect aH. The image
U in G then does not contain 4. Thus G satisfies condition E; therefore G is a
T-group.

Suppose now that G is a T;-group. The set of 4 & & is then an open set in G.
Since the mapping a—d is continuous, the pre-image of this open set is again
open. But this pre-image is precisely the complement of H. Hence His closed in G.

Exercise

20.11. Let H be a subgroup and N be a normal subgroup of G. If N is closed in
G, then the intersection D = NN H is closed in H, and the natural
isomorphism of H/D to NH/N is continuous.

20.8 T-RINGS AND SKEW T-FIELDS

A topological ring (or briefly a T-ring) is a topological space which is also a
ring and in which x+y, —x, and xy are continuous functions. Instead of this,
we may require that x— y and xy be continuous functions of x and y. Thus we
have the following.

TR,: For every neighborhood U(a— b) there exist V(a) and W(b) such that
all differences of elements of V(a) and W(b) lie in U(a— D).

TR,: For every neighborhood U(ab) there exist V(a) and W(b) such that all
products of elements of V{(a) and W(b) lie in U(ab).

In the case of a skew T-field it is required in addition that x ™! be a continuous
function of x, as follows.

TS: For every neighborhood U(a™") there exists a V(a) whose inverse is
contained in U(a™1).

If TS is satisfied, the ring topology is said to be a field topology.

Commutative skew T-fields are naturally called T-fields.

A ring is an Abelian group with respect to addition. In order to define a
topology in this group, it is sufficient by Section 20.5 to define basis neighbor-
hoods U, V,... of zero which satisfy condition 1, 2, and 3 (Section 20.6). In
order that multiplication also be continuous, the following condition must be
satisfied.

4: For a, b, and U there exist V and W such that

@+V)(b+W) c ab+U.
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A topological skew field must, moreover, satisfy the following condition
which is equivalent to T'S.
For a + 0 and U there exists a V such that

(@+V) ' ga l+U. (20.1)

Putting aU= U’ and Va ! = V', so that U=q U’ and V = V'q, it
follows from (20.1) that
~ a~{(1+V) "t € a~ (14U
or
Q+vH"tg1+U. (20.2)

It therefore suffices to require (20.1) for a = 1. The axiom 7S is thus equivalent
to the following condition.

5: For every neighborhood U of zero there exists a neighborhood V of zero
such that

1+V)"* < 1+U. (20.3)

Examples of T-fields are all fields with valuations, in particular the fields of
real, complex, and p-adic numbers as well as their subfields.

The ring of real n by n matrices is a 7-ring. A basis neighborhood of zero
consists in this case of the matrices whose elements are less than & in absolute
value. ‘

Further examples may be obtained by considering a sequence of nested two-
sided ideals.

g: 262 """

in a ring o and taking these ideals as basis neighborhoods of zero. Conditions 1
through 4 are then satisfied. A T,-ring is obtained if the intersection of all the g,
consists of zero alone.

The ring topology defined by the sequence {g, } is called the {g, }-adic topology.
In particular, if the g, are powers of a prime ideal p in a commutative ring o,

p2p’2p’,
then we speak of a p-adic topology. We shall later see that in many important
cases the intersection of all the powers of p is the null ideal. In all these cases,
then, the separation axiom T, is satisfied.
In Section 18.1 the sequence of powers p* of a prime ideal p was employed
under very restrictive conditions to construct a valuation of the ring 0. If only a

ring topology rather than a valuation is required, then these restrictive conditions
are unnecessary.

Exercises

20.12. Condition 4 can be replaced by three subconditions:
(@) For a and U there exists a V such that aV & U.
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(b) For b and U there exists a ¥ such that Vb < U.
(¢) For U there exists a ¥ such that V'V ¢ U.

20.13. In the skew field of quaternions over the field of real numbers (Section
13.2, Example 2) the neighborhoods of zero can be defined as follows:
Ue consists of the quaternions a+ bj + ck +dl whose norm

(a—bj—ck—dl) (a+bj+ck+dl) = a®+b*+c*+d?

is less than e, Show that the quaternion field with this topology is a
skew T -field.

20.9 GROUP COMPLETION BY MEANS OF
FUNDAMENTAL SEQUENCES

In Section 18.2, for a field with a valuation we constructed an extension field
in which the Cauchy convergence theorem holds. Fundamental sequences {a,}
provided the means of doing this; they were characterized by the fact that for
sufficiently large x and », a,—a, belongs to any neighborhood of zero. An anal-
ogous construction will now be carried out for 7-groups following D. van
Dantzig.!

A sequence {x,} in a T-group is called a fundamental or Cauchy sequence if
the quotients x, ~!x, for x = m and v 2 n lie in any given neighborhood of the
identity element. ,

A T-group is called weakly complete if every fundamental sequence has a
limit in the group.

We set ourselves the task of extending any T-group satisfying axioms T, and
A, to a weakly complete T-group.

I am indebted to H. R. Fischer for the proof of the following lemma.

Lemma: Let {x,} be a fundamental sequence. Then for any U there exist a V
and an m such that
x, Wx,cU forpzm. (20.4)

Proof: Choose W so that WWW < U and m so that

x, 'x,e W forpzmvzm.

»

Then, in particular, for p 2 m, x,” 'x,, and x,,~'x, are contained in W. By
E, we can choose a V in x,,Wx,,~'. Then

x, 'Wx, = x, " 'x,Wx,"x,c WWWcU forpzm.

From this lemma we obtain the following corollary. (
Corollary I: If {x,} and {y,} are fundamental sequences, then {x,y,} is also a
Jundamental sequence.

1D, van Dantzig, “Zur Topologischen Algebra I: Komplettierungstheorie,” Math. Ann.
107, 587 (1933). ;
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Proof: We;ha-vc
) Ty, =y, 700 T )Y YT Y

In the product on the right both factors are contained in arbitrarily small
neighborhoods of e: the first factor by the lemma and the second factor by the
definition of a fundamental sequence. The product is therefore also contained
in any given neighborhood U of e. Then {x,y, } is called the product of the funda-
mental sequences {x,} and {y,}.

Another corollary of the lemma is the following.

Corollary II:  If {x,} is a fundamental sequence and {y,} converges to e, then

{x, 7y}

also converges to e. _
Proof: By thelemma, x,~'Vx, < U for sufficiently large u, and y, lies in V for
sufficiently large u; x,~'y,x, therefore lies in U for sufficiently large p.

The following completion axiom is necessary in order that G be extendable to
a complete topological group.

TG;: If {x,} is a fundamental sequence, then {x ~1Y js also a fundamental
sequence.

In an Abelian group TG, is automatically satisfied, for if x, ~'x, lies in U, then
— (xv—l)—lx”—l

also lies in U. In the general case, however, TG, is not a consequence of the other
axioms.

From Corollary I and TG, it follows immediately that the fundamental
sequences form a group F. The identity element of the group Fis the sequence {e}.

We now make the group F into a topological group by defining the neighbor-
hoods U of the identity element {e} as follows: U consists of all fundamental
sequences {x,} whose elements x, lie in U for sufficiently large ».

These neighborhoods U satisfy conditions E,—Es (Section 20.6). This is obvious
in the case of E,—F, and Es, whereas E, is precisely the lemma above: if {x,} is
a fundamental sequence, then there exists a ¥ such that

-1 -1
x, 'Vx,gU or VguxUx,

for sufficiently large u.

Thus Fis a topological group. In this group the sequences which converge to e
form a subgroup, which by Corollary II is a normal subgroup N. We now prove
that N is closed in F.

If a fundamental sequence {x,} does not belong to N, and thus does not
converge to e, then there exists a neighborhood U which does not contain almost
all elements of the sequence. By E, and E; there exists a ¥ such that

Vv-lc U

This V defines a neighborhood ¥ in F consisting of all fundamental sequences
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{r,} almost all of whose elements y, lie in ¥. We now assert that the neighbor-
hood {x,}V of {x,} in Fis contained in the complement of N in F.
Suppose that {x,,}V had a fundamental sequence

{x} Ol = e} = {2}

in common with N, where the y, almost all lic in ¥ and {z,} converges to e.
Almost all the z, then also lie in ¥; hence the

Xy = 2,9,
almost all liein V¥ ~! and therefore in U, contrary to the definition of U, Hence,
{x,}V has no element in common with N.

The complement of N in Fis thus an open set; that is, N is closed in F. From
this it follows by Section 20.7 that F/N is a Ty-group.

In F the constant fundamental sequences {a} form a subgroup G’ which is
topologically isomorphic to the given group G. Because of the separation axiom
T,, this subgroup has only the element {e} in common with N. We may identify
the constant sequences {a} with the elements @ and hence G with G’. If we now
form cosets modulo N, then G’ goes into a factor group G'* which is a subgroup
of F/N and as such is again a 7-group. This 7-group is topologically isomorphic
to G’ and hence also to G; it may therefore be identified with G.

We now put F/N = G. Therefore G is imbedded in a T,-group G. We now
prove the following.

Corollary IN:  If the fundamental sequence {x,} defines the element X of G then

limx, = X. (20.5)

Proof: Let us denote the fundamental sequence {x,} considered as an element
of F by X. Under the homomorphism which maps Fonto F/N = G, X goes into .
The mapping is continuous; (20.5) will therefore be proved as soon as the corre-
sponding relation is demonstrated in F:

- limx, = Xin F. (20.6)
Relation (20.6) means
X~ 1'x,is in U for sufficiently large u
or, by the definition of U,

x,”!x, is in U for sufficiently large x and v.

But this is.clear, since {x,} is a fundamental sequence.

We are now ready to prove the main theorem.
Corollary IV: G is weakly complete.

The proof is entirely similar to the proof given in Section 11.2 for the real
numbers. Let {%,, %,,...} be a sequence of elements of G which satisfy the
Cauchy convergence criterion

%,~'%,eV for p=Zm and vz m.



Group Completion by Means of Fundamental Sequences 265

We choose a countable basis {U,, U,, ...} for the neighborhoods of ¢ in G. For
each U, we choose a V; such that

V,"lv,V, e U,
We may, moreover, assume that
Vi2V,2V;s .

The neighborhoods ¥, define neighborhoods ¥, in F, and these in turn
define neighborhoods ¥, in G. Each X, is by Corollary I1I a limit of a sequence
of elements of G; corresponding to %, we can therefore choose a y, in G such that

o -1
%"y, eV,

We now show that the y, form a fundamental sequence. We have
2 =0T R ETIE)E ) eP,TE® TP, (20)

For each A there exists an m = A such that

%, 1%,eV, for p=2m v Z2m.

From (20.7) it now follows that, for p 2Zm ZAandv Z m 2 A,
yy—lyve Vu_lﬁlivv g VZ_IVAV g ﬁ).’

that is, y,~ 'y, € U,. The y, therefore form a fundamental sequence in G. This
fundamental sequence defines an element y of G and has the limit 7 by Corollary
III. The %, have precisely the same limit, for

¥R =07 0%,

and for sufficiently large p both factors lie in arbitrarily small neighborhoods
of e. The sequence {X,} therefore has a limit in G, and the group is weakly com-
plete.

The T,-groups which do not satisfy the countability axiom A4; can likewise
be completed under suitable conditions. In this case, however, following
Bourbaki (Eléments de Mathématique, Book III, Chapter III; Actualités scient.),
Cauchy filters must be used in place of fundamental sequences both to define the
concept of “completeness”’” and to construct the complete extension. This will
now be examined in more detail.

Exercise

20.14. If G satisfies axioms T and 4,, then every weakly complete subgroup
H is closed in G. (Use Exercise 20.8.)
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20.10 FILTERS

Let M be a fixed set. Subsets of M will be denoted by 4, B, ... . Collections
of such sets will be denoted by capital German letters §, ®, ... .

A collection of sets § is called a filter if it has the following properties.

F,: Every set A which contains a set of & belongs to §.

F,:  Any intersection of finitely many sets of & belongs to §.

Fy: The empty set does not belong to . '

From F, it follows that M itself, as the intersection of an empty collection of
subsets of M, also belongs to §§. Instead of F, we may require the following.

F;:  The intersection of two sets of & belongs to .

F;: M belongs to §.

Example 1: The neighborhoods of a point p in a topological space M form a
filter, the neighborhood filter of the point p.

A nonempty collection of sets B is called a filter basis if it has the following
properties.

B,: The intersection of two sets of B contains a set of B.

B,: The empty set does not belong to B.

If these properties are satisfied, then we can form a filter & which consists of
the subsets of M which contain at least one set of B. This filter is called the filter
generated by B, and B is called a basis of the filter §.

Example 2: The basis neighborhoods of a point p in a topological space M
form a basis for the neighborhood filter of p.
Example 3: Let a sequence of elements of M be given:

a1a2a3 tt .

Omitting finitely many terms of the sequence, we form a set 4 from the remain-
ing terms. These sets A form a filter basis B. The filter generated by B consists
of the subsets of M which contain almost all terms of the sequence.

Henceforth M shall be a topological group G. Let ¥ be a neighborhood of
the identity element e. A set A4 is called small of order V if all quotients x ™y of
elements in A4 lie in V:

x"1ye V, and hence y € xV, for x and y in 4.

We say that a set B contains arbitrarily small sets if for every neighborhood V
of e there is a set 4 in B which is small of order V.

A Cauchy filter is a filter which contains arbitrarily small sets.

A Cauchy filter basis B in G is a basis containing arbitrarily small sets. The
filter generated by a Cauchy filter basis is a Cauchy filter.

A filter basis B converges to a if in every neighborhood of a there is a set 4 of
B. We then write

limB = a.

In a T;-group the limit a is uniquely determined.
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In Section 20.9 a T, -group was called weakly complete if every Cauchy sequence
had a limit in the group. However, this concept is really useful only if the group
satisfies the first countability axiom. In the general case we need a stronger
concept. We define: G is strongly complete if every Cauchy filter in G converges.

The present concept of completeness is indeed stronger than that used

previously: every strongly complete T-group is weakly complete.
Proof: Let G be strongly complete, and let {x,} be a fundamental sequencein G.
The sets 4 obtained by omitting finitely many terms of the sequence are arbitrarily
small by the definition of a Cauchy sequence. These sets form a Cauchy filter
basis B which generates a Cauchy filter §. This filter has a limit a in G. Every
neighborhood of a contains almost all terms x, of the sequence; the sequence
therefore has limit ¢ in G.

Following Bourbaki, we now prove the next statement.

If aset D is dense in a T-group G and if every Cauchy filter basis in D converges
to a limit in G, the G is strongly complete.

Proof: Let & be a Cauchy filter in G. We must show that & converges.

For every neighborhood V of e and every set 4 of the filter ¥ we form a product
set AV. These sets form a filter basxs B, for if AV and A'V' are two such sets,
then the set

AnAYV TV

is contained in the intersection of AV and A'V’. We now show that B is a Cauchy
filter basis.
Let U be a neighborhood of e, and let ¥ be a neighborhood such that ¥ ~? VV
is contained in U. We choose 4 small of order ¥. For any two elements av and
v’ of AV we then have

(@) lav' = v @ W eV IVV £ U,

and hence AV is small of order U. Therefore B is a Cauchy filter basis.

The intersections of the product sets A ¥ with D are nonempty, since 4 contains
at least one element a, and in every neighborhood aV of a there is at least one
point of D. The intersections AV N D therefore form a Cauchy filter basis on D.
This has a limit b in G by hypothesis. In every neighborhood of b thereis aset AV
and hence also a subset Ae = A. Therefore & converges to b, and this completes
the proof.

Exercises

20.15. If a filter & converges to a, then § is a Cauchy filter.

20.16. If a filter basis B converges to a, then the filter § generated by B hkewnse
converges to a, and conversely.

20.17. A T-group which is weakly complete and satisfies the first countability
axiom is also strongly complete.
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Hint. Let V,, V,, ... be a countable neighborhood basis of e, and
let & be a Cauchy filter. For each n there is a set A4, in the filter which is
small of order ¥,. Form the intersections

D,=A;NA;N - N A,

and choose x, in D,. Then {x,} is a fundamental sequence whose limit is
also the limit of the filter .

20.11 GROUP COMPLETION BY MEANS OF CAUCHY
FILTERS ' '

To prepare the way for strong completion, we first prove a lemma which is
the analogue of the lemma of Section 20.9 and is proved in a similar manner.

Let & be a Cauchy filter. Then for every neighborhood U of e a neighborhood V
and an A in F exist such that

x"'Wx g U forall xin A.
Proof: Choose W so that WW W < U. Choose A so that
x“lyeW  for xand yin A.

Choose a fixed y in 4. Then x "'y and y " *x are in W if x is in A. By E, (Section
20.6) we may choose a VinyWy L. Thenx " 'Vx c (x " )WYWW(OH  'x) s WWW
< Ufor all x in A.

By the product of two filters §§ and ® we mean the filter generated by the
products AB (A4 in §&, B in ®). The product is associative:

§ 69 = F6-9H. (20.8)

Indeed, both sides of (20.8) are equal to the filter generated by the products
ABC(Ain{, Bin ®, and Cin ).

I: If § and ® are Cauchy filters, then ¥® is also a Cauchy filter.
Proof: We have

Ce)Tixy’ =TTy 0T, (20.9)

If x and x’ are contained in an appropriately chosen set 4 of § and similarly
y and y’ are in an appropriately chosen set B of ®, then x 'x’ and y 1y’ lie in
arbitrarily small neighborhoods of e. By the lemma, y~! (x~!x')y then lies in
an arbitrarily small neighborhood U. The product (20.9) therefore lies in an
arbitrarily small neighborhood of e, and this completes the proof.

I: If§ is a Cauchy filter and & converges to e, then § ~'®F converges to e.
Proof: If x and x’ are contained in a set A of the filter § and if y is contained
in a set B of the filter ®, and thus by appropriate choice of B in an arbitrarily
small neighborhood V of e, then

x"lyx' = x"tyx-x"1x’
< x~¥Vx-U. (20.10)
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By appropriate choice of ¥V and 4, x ~'VX is contained in an arbitrarily small
neighborhood U of e by the lemma. The product (20.10) therefore lies in U-U
and thus in an arbitrarily small neighborhood of e.

Exercise

20.18. The sets A which contain the element e form a Cauchy filter €. This
filter is the identity element of filter multiplication:

CF=FCE=F forall §.

As in'Section 20.9, we must now introduce a group-completion axiom, which is
a stronger version of 7G;.

GC: If§ is a Cauchy filter, then § " is also a Cauchy filter.

This means that if the products x !y (x and y in 4 € ) are contained in
arbitrarily small neighborhoods of e, then the products yx ~! are also contained
in arbitrarily small neighborhoods of e. In Abelian groups this is trivial.

The Cauchy filters form a semigroup under multiplication in the sense that the
first three group axioms of Section 2.1 hold. Axiom 4 does not hold in general.
It is true that for every Cauchy filter there is an inverse Cauchy filter &1, but
the product & ~!§ in most cases is not equal to €.

Let G denote the semigroup of Cauchy filters in G. We make G into a topo-
logical space by defining the basis neighborhoods U of the identity element &;
to each neighborhood U of e in G there corresponds a basis neighborhood U
defined as follows: U consists of all filters §§ which contain at least one set 4 < U.

The basis neighborhoods U so defined satisfy conditions E, through FEj;
(Section 20.6). For E; — E; and FE this is trivial; to prove E, the lemma must be
used.

Exercises

20.19. Prove E,.

20.20. The filters converging to e are precisely those which lie in all neighbor-
hoods U.

Using the neighborhoods U, we can form translated neighborhoods U as
in Section 20.6. Thus G becomes a topological space. Product formation @ and
formation of inverses §§ ~! are continuous in the sense of this topology; G may
therefore be designated a topological semigroup. The separation axiom T, is not
satisfied in general (see Exercise 20.20).

The filters converging to e form a subsemigroup N in G. Because of IT, N is a
normal subsemigroup in the sense that

FNF N
for all .
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These properties of G and N, together with the obvious property
F'§en,

suffice for the formation of the factor group
GIN = G.

We need only examine the construction of the factor group in Section 2.5 to see
that the property a~'a = e (in our case § ~!§ = ) was not used, but rather
only & ~'F e N. The factor group is a genuine group: each element has a
genuine inverse. As in Section 20.7, we see that the factor group G/N is a 7~
group. There is a continuous homomorphism of G onto G/N = G.

According to Exercise 20.20, N consists precisely of those filters § which are
not separable from the identity element € of the group G. Here N is closed by
Section 20.6, and hence G = G/N is a T,-group.

Every element x of G defines a filter &, consisting of the sets 4 which contain x.

The filter contains the set {x} and is therefore a Cauchy filter. Thus, to each
xin G there corresponds an £ = §, in G. The correspondence x—>£ is continuous,
and products go into products. The homomorphism G—G takes the element £
into an image . There is thus a chain of continuous homomorphisms:

X—>X—>X. ] (20.11)

If two elements x and y are not separable in G, then they have the same image
£in G, and conversely.

Henceforth G shall be a T,-group. Any two distinct elements x and y can then

be separated, and the mapping x—>% is therefore one-to-one. Thus G is imbedded
inG.
Now let B be a Cauchy filter basis in G. Since G is imbedded in G, we may
interpret B as a filter basis in G. On the other hand, B generates a Cauchy filter
% in G, and to this filter there corresponds an element & of G under the homo-
morphism G—G. We now assert the following.

IN: The filter basis B converges to a. ,

Proof: By the definition of a Cauchy filter basis, for every neighborhood U
of e there exists a set 4 in B such that

y~lxeU forall x and yin 4.
This may also be written

A 'xc U forall xedA.

The set AT belongs to the filter § ~! and the set {x} to the filter £; the product
& "% therefore contains the set 47! {x} & U. This means, according to the
definition of neighborhoods U in G, that

-F'2el0 forall xeA.
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Passing by means of the continuous homomorphism from G to G, we find
a xeU,
and hence
zeal,
We have identified % with x; it follows therefore that

xeall  forall xeA,
that is,
A cal.

Thus, in the filter basis B there exist sets 4 which are contained in arbitrarily
small neighborhoods aU of &; this means that B converges to @ and the proof
of III is herewith complete.

Since there is a nonempty set A in every neighborhood of &, points of G lie in
every neighborhood of &. This means: G is dense in G.

From this, II1, and the last theorem of Section 20.10, we obtain the following.

IV: G is strongly complete.

Exercise

20.21. If the first countability axiom holds in G, then it also holds in G. Each
element of G is then the limit of a sequence {x,} in G, and the weak
completion of G according to Section 20.9 produces the same result as
the strong completion according to Section 20.11.

20.12 TOPOLOGICAL VECTOR SPACES

A T-module M is an additive Abelian T-group. By Section 20.6 the topology
in M is defined by a system of neighborhoods U of zero which satisfy conditions
1, 2, and 3 (end of Section 20.6).

The concepts of Sections 20.9 and 20.11 carry over to additive 7-groups. A
sequence {x,} is called a fundamental sequence if the differences x,—x, belong
to any neighborhood V of zero for sufficiently large x« and v. A set A4 is called
small of order V if the differences y—x (x € 4, y € A) all lie in V. A filter which
contains arbitrarily small sets is called a Cauchy filter. The module M is said to
be strongly complete or simply complete if every Cauchy filter in M converges.

Since by Section 20.11 no completion axiom is required for commutative
groups, any T;-module M can be imbedded in a complete T;-module M.

Now let there be an operator domain Q for M with the property

y(@a+b) = ya+yb (20.12)

for every operator y. We assume that yx is a continuous function of x. For this
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it is necessary and sufficient that for every U there exist a ¥ with the property
e U

If a filter §§ contains arbitrarily small sets, then y§ contains arbitrarily small
sets yA; that is, y§ is again a Cauchy filter. The completion theory of Section
20.11 may therefore be extended immediately to T,-modules with operators;
the complete module M again has the same operator domain Q.

It is sometimes expedient to write ay instead of ya. Then Q is called a right
operator domain and M a right Q-module. In place of (20.12) we then have

(a+b)yy = ay+by. (20.13)

If Q is a ring, then we require, in addition to (20.13), that
a(B+y) = aB+ay (20.14)
a(By) = (aB)y. (20.15)

These relations also are preserved in going over to the complete module #.
If Qis a T-ring, then it is required that the product xy be a continuous function
of x and y. This property is also transferred to M so that M becomes a complete
right Q-module.
If Q is a skew field and if
al=a (20.16)

holds in addition to the composition rules already assumed (1 is here the identity
element of ), then M is called a vector space over Q. If Q is a skew T-field, then
continuity of xy as a function of x and v is also required. .

A simple example of a topological vector space over a skew T-field Q is the
canonical n-dimensional vector space ", which is defined as the set of all ordered
sequences of » elements (8;,...,8,) of Q. The multiplication of vectors by.
elements of Q is defined by

Bis-v s By = Brys ..., B

A basis neighborhood U’ of the zero vector consists of all vec{ors whose indi-
vidual coordinates 8;, . . . , B, all belong to a basis neighborhood U of zero in Q.
The neighborhood axioms are satisfied, and addition and multiplication are
continuous.
If Q is complete, then Q" is also complete.

Proof: A set Aofvectors(B,, ..., B,)issmall of order U’ if and only if the set of
B, for each i is small of order U. We call the set of the 8; the i~component of the
set A and denote it by 4;. If now a Cauchy filter § of sets A4 is given, then, for
each i, A, forms a Cauchy filter in Q. If Q is complete, all these Cauchy filters have
limits y, in Q. There is then for each U a set A" whose 1-component lies in y, + U,
a set A® whose 2-component lies in y, + U, and so on up to A™. The intersection

A=AV A AD ... 4™
then liesin (y,, . . ., y,) + U’. The filter § thus converges to the limit (y,, ..., %).

4



Ring Completion 273

20.13 RING COMPLETION

A T;-ring Ris an additive T;-group and can therefore be extended to a strongly
complete group
R = RIN.

Here R is the additive group of Cauchy filters, and N is the normal subgroup
which consists of filters having limit zero.

We wish to define a multiplication in R which makes R a ring and N a two-
sided ideal in this ring and such that & = R/N becomes a complete T-ring.

The neighborhoods of zero will again be denoted by U, ¥V, W, ... . We first
prove the following. 4
Lemma: If § is a Cauchy filter, then for every U there is a W and a set A in §
such that

AWCSU and WACU.

Proof: There exists a U’ such that
U'+U’' ¢ U
There exists a ¥ such that
V-ve U’
There is an 4 in §& with the property
x—yeV  forall xand yin A.
If yin A is fixed, then there is a W € ¥ such that
yWEU' and WycU'.
Then for every x in 4 and z in W,
xz=(x-y)z+yzeVV+yW s U'+U’ E U,

and hence AW & U. Then WA S U is proved in precisely the same way.
From the lemma we obtain the following corollaries.
I: If & and ® are Cauchy filters, then §® is also a Cauchy filter.
Proof: We have

xy—x'y" = x(y—y)+(x—x)y'. (20.17)
Given U, we choose V so that
V+Vve U
By the lemma, there is an 4 in §, a Bin ®, and a W such that
WBSV and AW E V.
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If now xy and x’y’ are any two elements of AB (x and x'in 4, y and y’ in B),
then it follows from (20.17) that

xy—x'y'eV+V < U

Therefore §® is a Caunchy filter.

I: If§ is a Cauchy filter and ® converges to zero, then F® and ®F converge
to zero.

The proof of II follows immediately from the lemma.

By I the Cauchy filters form a ring R. By II the filters converging to zero form a
two-sided ideal N in this ring. The factor module

R=RIN

is therefore not only a complete T-module, but also a ring.

We now prove the continuity of multiplication in R.

II: If & and ® are Cauchy filters and if U is a basis neighborhood of zero in
R (as defined in Section 20.11), then there exist basis neighborhoods V and W

such that
F+NG+W) c F6+0. (20.18)
Proof: For any x, y, v, win R,
(x+v) (p+w) = xp+xw+vy+ow. (20.19)

Now let a neighborhood U of zero be given in R. We choose U’sothat U'+ U"’
+ U’ < U; we then choose, in accordance with the lemma, an 4in §§, a B in
®, and neighborhoods ¥’ and W' so that

AV'S U’ and WBSU'

Finally, wechoose ¥V < V'and W S W'sothat VW & U’, It then follows from
(20.19) that for xe 4, ye B, ve V, and we W,

x+v)+wexy+U'+U'+U' S xy+ U,
and hence
(A+V)B+W) S AB+U.

Then III is herewith proved. .

Thus R is a T-ring. Therefore R is also a T-ring; it is even a T,-ring, since the
first separation axiom T} is satisfied in R.

Now R is complete by Section 20.11. Hence every T,-ring can be imbedded in
a complete T,-ring.

20.14 COMPLETION OF SKEW FIELDS

Let S be a skew T-field which satisfies the first separation axiom. By‘ Section
20.13, S can be imbedded in a complete T-ring S = $/N. However S is not
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necessarily a skew T-field, since the inverse of an element w = 0 of S need not
exist; even if it exists it need not depend continuously on w.

The following completion axiom for skew fields is necessary and sufficient in
order that S admit an imbedding in a complete skew 7-field.

SF: If ¥ is a Cauchy filter in S which does not converge to zero, then § ! is
a basis for a Cauchy filter.

We shall show first of all that SF is necessary when S can be imbedded in a
complete skew T-field. A Cauchy filter § in S under the imbedding gives rise to a
basis for a Cauchy filter which has a limit @ # 0in S. The inverse filter basis § ~*
then converges to @~ !, since the mapping x—x ! is continuous. Therefore & ~*
is a basis for a Cauchy filter.

Now suppose that SF is satisfied. We wish to show that S is a complete skew
T-field.

We first show that the previous axiom T'S (Section 20.8) follows from SF.

Let U be a neighborhood of zero in S. We must show that there exists a
neighborhood V such that

A+l i+U

The neighborhoods 1+ ¥V of the identity form a Cauchy filter § which con-
verges to one and hence does not converge to zero. By SF, § ! = Bisthen a
basis for a Cauchy filter. The sets of B are

A=(1+V)7
where zero is of course to be omitted from 1+ V. Foreveryy + 0in 1+ ¥V we have
1—y~! = y~i(y—1) € AV. (20.20)

By the lemma of Section 20.13, for every U there exists a W and an 4’ in B
such that
AWe —U.

This A’ has the form (1 4+ V') ~1. We now choose ¥ in the intersection V' N W.
Then 4 < A"and V & W; hence

AV S A'WE -U
1-y~te-U
y l-1eU
ylel+U.
This holds for all y + 0in 1+ ¥, and we thus have

A+~ c 1+, : (20.21)

as asserted.
We can now show that each element @ + 0 of § has an inverse. The element a
is the limit of a Cauchy filter & in S. By SF, § ! is then a basis for a Cauchy
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filter which in § thus has a limit . The product § ~!§ has the limit ba on the
one hand and the limit 1 on the other; hence ba = 1. )

To show that § is a skew field, by Section 20.8 we need only show that for
every basis neighborhood U of zero there exists a basis neighborhood ¥ of
zero such that

1+7)"t 140,

The basis neighborhoods U and ¥ arise from basis neighborhoods O and P in §
under the homomorphism S$->8. It therefore suffices to show that

1+?)"tc1+0.

But this follows immediately from (20.21) if it is recalled how U and ¥ are related
to Uand V.

We now combine these results.

If SF is satisfied, then S is a skew T-field. Now SF is necessary and sufficient for
the imbedding of S in a complete skew T-field.

2For further studies of topological skew fields see:

I. Kaplanski, “Topological Methods in Valuation Theory,” Duke Math. J., 14, 527 (1947).

H. J. Kowalsky and H. Diirbaum, “Arithmetische Kennzeichnung von Kdrpertopologien,”
J. Reine u. Angew. Math., 191, 135 (1953).

H. J. Kowalsky, “Zur Topologischen Kennzeichnung von Korpern,” Math. Nachr., 9, 261
(1953). '

L. S. Pontrjagin, Topologische Gruppen, Teubner, Leipzig, 1957.
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theory, 75 . Special, 233
Residue, 246 Speciality index, 233
Residue class field, 198 theorem of, 238
Residue theorem, 246 Splitting field, 74
Resuiltant system, 159 . Star inverse, 54
Riemann-Roch theorem, 241 product, 54
Riemann surface, 224 regular ideal, 55
Ring, alternative, 32 Strongly complete T-group, 267
primitive, 63 module, 271
without radical, 52 Strongly primary ideal, 126
semisimple, 53 Structure theorem for endomorphism
simple, 48 rings, 68
topological, 260 _ semisimple rings, 69
Ring completion, 273 simple rings, 69
Roquette, P., 246 products, 101
Root, characteristic, 16 Subgroups of a T-group, 259
Rotation, 25 Submodule, 50 y
Subspace, linear, 50 ,
S-component, 133 Subspacfe belonging to aroot A, 16
Scalar product, 25, 234 Sum of ideals, 119
Schafer, R. D., 32 modules, 178
Schema, 93 i’ Surface, 156
Schmidt, F. K., 223 Sylvester, 23
Schur, I., 88, 98 Smbohq power, 133
Secular equation, 20 Symmetric, 25
Semidefinite, 23 representation, 93
Semigroup, 97, 269 group, 86,93
Semisimple algebra, 52 Symplectic group, 31
Semisimple ring, 52
Separable generation, 242 T-field, 260
Separation axiom, first, 255 T-group, 256

Hausdorff, 255 strongly complete, 267
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weakly complete, 262
T-module, 271
T-ring, 260
T,-group, 256
T4-space, 255
Tangent cone, 164
Tensor, 38
of rank two, 42
Tensor ring, 38
‘Tensor space, 42
Theorem of Maschke, 84
Riemann-Roch, 241
Wedderburn, 69
Topological algebra, 252
field, 260
group, 256
isomorphism, 203
mapping, 255
module, 271
ring, 260
skew field, 260
space, 252
vector space, 271
Topologically isomorphic groups, 257
Trace of a representation, 82
matrix, 19 _
Transformation of a quadratic form, 20
Transformation to a sum of squares, 22
Transformation, linear, 2
orthogonal, 25
unitary, 25
Translated neighborhood, 257
Transitivity of integral dependence, 172
Trivial valuation, 191
Two-sided decomposition, 60
ideal, 48

Uniformizing variable, 224
Uniqueness theorem, 9
first, 131
second, 135
Unit divisor, 227
ideal, 120

Unitary transformation, 25
Universal field, 151

Unmixed d-dimensional ideal, 161
Unramified place, 249

v-ideal, 189

Valuation, 191
belonging to a place, 219
equivalent, 200
non-Archimedean, 194
p-adic, 192
ring, 196
trivial, 191

Variety, 149
composite, 150
of an ideal, 150
indecomposable, 150
irreducible, 150
reducible, 150

Vector, 234

Vector space, 272
canonical, 272

Waerden, B. L. van der, 32, 213

Walfisch, A., 126

Weakly complete T-group, 262
module, 271
primary ideal, 126

Wedderburn, J. H. M,, 52, 105
Theorem of, 62, 69

Weil, A., 151, 223,243

Weyl, H., 32, 41

Witt, E., 33, 105, 196, 242

Zero, equivalent, 155
of a differential, 245
of a function, 225
generic, 152
of order k, 225
of a prime ideal, 152

Zero variety, 149

Zorn, M., 32, 54

Zorn’s lemma, 54
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