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PREFACE TO THE FIFfH EDITION 

P. Roquette has been kind enough to provide me with a nice proof of 
the residue theorem for algebraic differentials udz. The- chapter "Algebraic 
Functions" has thereby been brought to a satisfactory conclusion. 

In the chapter "Topological Algebra," following Bourbaki, the completion of 
groups, rings, and fields has been carried out by means of filters without using 
the second countability axiom. 

The chapter "Linear Algebra," which is important for many applications, now 
appears at the beginning of the volume, and topological algebra is treated in the 
last chapter. The book now consists of three independent groups of three 
chapters each: 

Chapters 12-14: Linear Algebra, Algebra, Representation Theory 
Chapters 15-17: Ideal Theory 
Chapters 18-20: Fields with Valuations, Algebraic Functions, Topological 

Algebra 

This subdivision of the material is now expressed more clearly in the schematic 
guide on page xv. 

Zurich, March 1967 B. L. VAN DER WAERDEN 



FROM THE PREFACE TO THE FOURTH EDITION 

Two new chapters have been added at the beginning of the second volume: 
a chapter on algebraic functions of one variable, which goes as far as the 
Riemann-Roch theorem for arbitrary fields of constants, and a chapter on 
topological algebra, which is mainlyconcemed with the completion of topological 
groups, rings, and skew fields. I should like to thank Dr. H. R. Fischer, who 
read these two chapters in manuscript form, for many useful remarks. 

The chapter "General Ideal Theory" has been extended to include the impor­
tant theorems ot Krull on symbolic powers of prime ideals and chains of prime 
ideals. The relation of the ideal theory of integrally closed rings with valuation 
theory has been brought out more clearly. A section on antisymmetric bilinear 
forms has been added to the chapter "Linear Algebra." 

In the chapter "Algebras," more examples are given, the theory of the radical 
has been developed, following Jacobson, without a finiteness condition, and 
the fundamental ideas of Emmy Noether on direct sums and intersections of 
modules have been more strongly emphasized. It was possible to considerably 
simplify the proofs of the principal theorems by combining the methods of 
Jacobson with those of Emmy Noether. 

By omitting some material I have tried to keep the size of the book within 
reasonable bounds. Thus, the chapter "Elimination Theory" has been omitted. 
The theorem on the existence of the resultant system for homogeneous equations, 
which was formerly proved by means of elimination theory, now appears in 
Section 121 as a corollary of Hilbert's Nullstellensatz. 

Zurich, June 1959 B. L. VAN DER W AERDEN 
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Chapter 12 

LINEAR ALGEBRA 

Linear algebra deals with modules and their homomorphisms and, in particular, 
with vector spaces and the linear transformations of vector spaces. In Section 12.3 
the Fundamental Theorem of Abelian Groups is proved as an application of 
module theory. Section 12.7 deals with quadratic forms, and Sectton 12.8 with 
anti symmetric bilinear forms. 

Chapter 12 is based entirely on the theory of groups with operators (Chapter 7). 

12.1 MODULES OVER A RING 

Let 9i be a ring with identity element B, and let ID1 be a right 9t-module, that is, 
an additive group with 9t as operator domain. The elements ofm will be denoted 
by Latin letters and those of 9i by Greek letters. The composition rules are those 
of an additive group and the following: 

(a+b)A = tM+b'\ 

a(~+p.) = tM+ap, 

a· Ap, = aA· p,. 

The distributive laws imply, as usual, the same laws for subtraction, the 
multiplicative properties of the minus sign, and the fact that a product is zero if 
a factor is zero (whether it is the zero element of 9t or the zero element ofWl). 

The fact that the multipliers are written on the right is entirely arbitrary. All 
theorems to be proved also hold with the multipliers written on the left. 

The identity element of 9t need not be the identity operator; ae may be different 
from a for certain a. (For example, all the composition rules are met if we put 
QJ\ = 0 for all a and all ~.) However, it is always the case that 

a = (a-as)+ae. (12.1) 

The first term a-as is annihilated by the right factor e; the second term is re­
produced on multiplication by s. The first terms form a submodule M 0 of 9R 
which is annihilated by B and therefore also by every element 6"\ of 9t; the second 

1 



2 LINEAR ALGEBRA 

factors form a submodule IDtl for which B is the identity operator. These two 
submodules have only the zero element in common, since for any other element 
annihilation and reproduction are mutually exclusive. The representation (12.1) 
shows, moreover, that IDl is the direct sum mo +IDl l • After the uninteresting part 
IDlo ofilR is split off, we obtain a module for which B is the identity operator. We 
shall therefore assume in the following that the identity element of m is also the 
identity operator for IDl. 

If, in particular, 9t is a skew field, then IDl is a vector space over 9t in the sense 
of Section 4.1, Volume I. 

The module IDl is said to befinite over 9t if its elements can be expressed linearly 
in terms of finitely many basis elements Ul' ••• , u,.: 

UtAl + · · · + u,.A,.. (12.2) 

In this case IDl is the sum of the submodules u19t, ... ,ullm: 

-IDl = (ul 91, ..• , U,.m). (12.3) 

Instead of (12.3) we sometimes write for brevity: 

IDl = (U1' •.• , un). 

Ifin the representation (12.2) the coefficients AI, ••• ; An are uniquely determined 
by u, then 9R is called a module of linear forms over 91. In this case the sum (12.3) 
is direct: 

IDl = u191+ · · · +~nm. 
Every finite-dimensional vector space is a module of linear forms, since by 

Section 4.1 we can always choose a linearly independent basis (U1' ••• , u,.). By 
Section'4.2 the dimension n is independent of the choice of basis. 

An operator homomorphism which maps a module of linear forms IDl = 
(U1' •.. , um) into a module of linear forms m = (vI' •.. , VII) is called a linear 
transformation ofIDl into m. For such a transformation A, therefore, we have, as 
in Section 4.5, 

A(x+y) = Ax+Ay 

A(XA) = (Ax)A. 

The transformation A is completely determined if the image of each basis 
element Uk' 

AUk = L U'(Xii' 

is given. The coefficients (Xile form a matrix of the transformation A.. 
If A is a one-to-one mapping ofIDl onto 91, then there exists an inverse mapping 

A -1. We then have 
and AA- 1 = 1, 

where 1 denotes the identity. In this case the mapping A and its matrix (<X,i) are 
called invertible. 
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In the following we shall often denote the linear transformation A and its 
matrix (a:i1J by the same letter A. This is not altogether logical, but it is practical. 

12.2 MODULES OVER EUCLIDEAN RINGS. 
ELEMENTARy DIVISORS 

We now require that the ring 9t be commutative and Euclidean in the sense 
of Section 3.7. This means that to every ring element a =t= 0 there corresponds 
an "absolute value" g(a) such that g(ab) ~ g(a) and also that a process of division 
is possible. According to Section 3.7, every ideal in 9l is then a principal ideal. 
Theorem: LetIDl be a module o/linear forms over 9l with basis (u1, ••• , u,.). Then 
every suhmodule 9l ofIDl is again a module of linear forms with at most n basis 
elements. 
Proof: For the null module IDl = (0) the theorem is trivial. Suppose then that 
it is true for modules 9R with n -1 basis elements. 

If 91 consists of linear forms in U1' ••• , U" -1 only, then the theorem is true by 
the induction hypothesis. If m contains a linear form u1A1 + .. · +U"A" with 
A" =t= 0, then the set of such A" forms a right ideal in 9t which is thus a principal 
ideal (p,n) with 11-" =l= o. Therefore 9l contains a form I = U 1fLl + ... U"IL,,; by 
subtracting an appropriate multiple law of I from any other form UIA1 + .. · +u,,~, 
the last coefficient ~n can be eliminated. The linear forms of m in u1; • • • , Un-l 

which then remain form a submodule, and by the induction hypothesis this sub­
module has a linearly independent basis (11' ... , 1m _ 1) with m - 1 ~ n - I. Clearly 
m is generated by 11' · .. , 1m -1, I. 

Now 11' ••• , Im-l are already linearly independent. If there were a linear 
dependence 

11P1 + ... +Z ... -tPm-t +IP = 0 

with P =t= 0, then on equating coefficients of u" it would follow that /L,,{J = 0, 
which is impossible. . 

12.1 

12.2 

Exercises 

IfIDl is a module of integral linear forms and if the submodule m is generated 
by finitely many linear forms v" = L Ujt%ib then a basis (It, ... ,1m) with 
the properties above can be constructed in a finite number of steps. 
Using the basis (lh ... ,1m) constructed in Exercise 12.1, give a method of 
determining whether a particular linear form Utfjt + . · . + u,fln is contained 
in the module 9l, that is, whether the linear system of diophantine 
equations 

L ocik~k = fji 

is solvable in terms of integers el • 
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Theorem on Elementary Divisors: If 9l is a submodule of the module of linear 
forms Wt, then there exists a basis (Ul, ••. , ulI) ofm and a basis (VI, •.. , v,J of 
91 such that 

ei+l = O(eJ. (12.4) 

Proof: We start with arbitrary bases (uh .•. , ulI) ofIDl and (VI' ••• , v",) of 91. 
Let 

(12.S) 

In matrix notation (12.S) reads 

(VI' •• V".) = (UI ••• u,.)· A. (12.6) 

By stepwise change of basis we shall now bring the matrix A to the desired 
diagonal form 

(12.7) 

6". 

o . . .. 0 

The changes permitted are as follows: 

1. Interchange of two u or v; this effects an interchange of two rows or columns 
of A. 

2. Replacement of Ui by Ui+UjA (j =F i), whereby the ith row of A multiplie~ 
on the left by ,\ is subtracted from the jth row: 

v" = :E Uitxlk = ... +(U,+U j'\)txt,,+ · · · +Uj(CXjk-'\CX,,J+ · .• · 

3. Replacement of v" by V" - v jA (j =t= k), whereby the jth column of A multiplied 
on the right by A is subtracted from the kth column: 

v,,-vjA = :E ~j(CXi,,-CXiJA). 
We transform the matrix A using (1), (2), and (3) until the nonzero element of . 

A with smallest absolute value has the least possible absolute value. We bring this 
least element in the matrix to the site (XII by means of operation 1. I~ the other 
elements of the first column are now made as small as possible by subtracting 
appropriate multiples of the first row according to (2), then they become less 
than Itxlll in absolute value and are therefore zero. Similarly, using (3), the 
elements of the first row are made to vanish without altering the first column. 
After these operations all the elements in the entire matrix must be divisible by 
«11' for if some txi" were not divisibly by «1 b then by the division algorithm 

y =t= 0, 
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If now the first row is added to the ith row using (2) and the first column multi­
plied by fJ is subtracted from the kth column by means of (3), then the element y 
with g(y) < g«(Xi1) appears at the place (ik); this contradicts the minimality of (XII. 

Our matrix now has the appearance 

tXll 0 ... 0 
o 

A' 

o 
where all elements in A' are mUltiples of tXll. Using operations which leave the 
first row and column unaltered, we now proceed with A' as previously with A. 
The divisibility of all elements by tXll is hereby not destroyed. Finally A' acquires 
the form 

(X22 0 ... 0 
o 

A" 

o 
where all elements of A" are divisible by CX22. Continuing in this manner, we 
obtain after m steps the desired normal form (12.1). It is not possible that one of 
the matrices A, A', A", ... should consist solely of zeros before the form (12.7) 
is obtained, since this would imply that certain of the Vk were equal to zero; 
on the contrary, at each stage of the process the v form a linearly independent 
basis of 91. This completes the proof of the theorem. 
Remark 1: Operations 1 through 3 amount to multiplying the matrix A on 
the right or left by an invertible matrix with elements in m. Indeed, if (Ui', ••• , u" ') 

= (Ui' · •• , U,,)· B and (VI', ••. , Vm') = (VI' .•. , Vm)· C are new bases, then 

(Vi' • • • Vm') = (VI' • • V,JC = (Ul ... u,,)AC = (Ul' ... u,,')B- 1 AC. 

The theorem on elementary divisors is therefore equivalent to the existence of two 
invertible matrices Band C such that B- 1 A C is a matrix having the form (12.7). 
Remark 2: The reduction of the matrix A proceeds in precisely the same 
manner even if the V do not form a linearly independent system. In this case, 
however, one of the matrices A, A', A" may become the zero matrix, and we 
obtain instead of the normal form (12.7) the more general form 

el 0 

(12.8) 
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where r is the rank of A. The divisibility relations of the Bi remain the same. 
Remark 3: The k-rowed subdeterminants of the transformed matrix D = 

B- 1 AC are linear functions of the subdeterminants of A; similarly, those of 
A = BDC- 1 are linear functions of the subdeterminants of D. Hence, up to 
units the greatest common divisor 8k of the k-rowed subdeterminants of A is 
the same as for D. We easily obtain for D the value 

(k~r). 
Therefore 

(1 <k~r). (12.9) 

The 8k are called the determinant divisors of the matrix A. The ek are called the 
elementary divisors of A.1 From (12.9) it now follows that the elementary divisors 
are the quotients o/two successive determinant divisors. 
Remark 4: In the next section we shall find in another way that the elementary 
divisors are uniquely determined up to units by the matrix A. It will be shown 
that the elementary divisors (insofar as they are not units) depend only on the 
factor module SJR/5Jl., which is in turn determined by A. 

Exercise· 

12.3 Any linear system of diophantine equations 

(i = 1, ... , m) 

with integers «'ik and fj, can be brought to the form 

(i = 1, ... ,r; s, =1= 0) 

(j = r + 1, ... , m) 

(12.10) 

by unimodular transformation of the unknowns and equations. The 
conditions for the solvability of the system in terms of integers are 

Yi = O(eJ; 8 j = O. 

The '1, with i~r can be determined; the other 'YJj are arbitrary. The ek 

are linear integral functions of the arbitrary 'r} j.' . 

12.3 THE FUNDAMENTAL THEOREM OF 
ABELIAN GROUPS 

Let (fj be an Abelian group with finitely many generators; (fj is a module, and 
composition will be written additively. Ifm has an operator domain 91, then we 

lThey are often called invariant factors in the English literature (Trans.). 
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assume that 91 has an identity element which is also the identity operator; if no 
operator domain is given, we take the ring of integers as operator domain, which 
always satisfies the condition mentioned. We shall now write the operators on 
the left of the module elements. 

First let 03 be cyclic: (fj = (g). The set of /L in 9t which annihilate g is a left 
ideal a in 9i: /Llg = 0 and /L2g = 0 imply (p,1 -1L2)g = 0, and ILg = 0 implies 
KP.g = 0 for every K in 9t. To each A of 9l there corresponds a 'Ag in (\j; since 

(A+I')g = Ag+p.g 

AI' · g = A· ILg, 

this correspcndence is an operator homomorphism with respect to 9l. It follows 
therefore by the homomorphism theorem that 

or in words: a cyclic 9l-module 6j is isomorphic to the factor module of 91 by 
the annihilating left ideal of (fj. 

In the case of an ordinary cyclic group (f) we thus again obtain the result 
that ffi is isomorphic to the additive group of integers or to the group of residue 
classes modulo an integer. ,If n > 0 is the basis element of the i.deal U, then n is 
the order of the cyclic group (g) or the order of the group element g. 

The theorem just proved holds without special conditions on 9l. However, 
if 9t is commutative and Euclidean, as we shall assume in the following, then 
we can say still more. The ideal a is then a principal ideal: a = (a;). We assume 
that ex =F 0 and, if possible, split ex into two relatively prime factors: 

(X = pa 

1 = Ap+/Lu. 

If we form the cyclic groups ffil = (pg) and 632 = (ug), then ffil is annihilated 
by 0' and (fj2 by p. Since 

g = Apg+l'ug, 

(fj is the sum of ffi 1 and (fj 2. The intersection (fj 1 () ffi 2 is annihilated by both 
p and u and therefore by Ap + p.a = 1; hence (\j 1 n (fj2 = (0), and the sum is 
direct: 

(fj = (fjl +ffi 2-

If u or p can be split into further relatively prime factors, then (fj 1 or 6')2 can be 
further decomposed. The cyclic group (fj finally becomes a direct sum of cyclic 
groups which are annihilated by powers of prime numbers.2 The product of these 
prime powers ;s ex. Groups of this kind will be called prime-power groups. 

2"Prime number" is short for "prime element of the ring m." In the case of ordinary 
Abelian groups this is an ordinary prime number. 
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We now proceed to the general case in which (fj is an 9t-module with finitely 
many generators gl' .. , , gIl; the elements of m then have the form 

'\lg1 + · · . +'\,.g .. , 

If we form the module of linear forms 

Wt = (u 1, ' • • , Uri) 

with indeterminates U1' • • • , Un' then to each element L Aigi of (fj there corre­
sponds a linear form L AjUi ofIDl; the correspondence is again a module homo­
morphism, and it follows from the homomorphism theorem that 

03 ~ IDllm, 
where 9l is the submodule of those linear forms L Aiu, for which L ~igi = O. 

We again assume that 9t is Euclidean. By section 12.2 we can choose new 
bases (V1' ... ,v~ and (U1', .•. ,u .. ') (n~m) for 91 and IDl such that 

for i = 1, .. , , m 

e, + 1 = O(e,). 

The u' again correspond (under the homomorphism above) to elements hh . 0 • , hIt 
of (Do All elements 'of (fj have the form JL1hl + · · · + ",,/t,,, and such an element is 
zero if and only if 

that is, 
,..,.",+ 1 = 0 

,..,.,. = o. 
A sum ""'1 hi + · · · + ,..,.,.h,. is thus zero only if its individual terms are zero, and 
these are zero only if their coefficients il', are divisible by £, for i = 1, ..• , m 
and are zero for i = m+ 1, ... ,n. 

This may be expressed as the following theorem. 
Theorem: The group ffi is the direct sum of cyclic groups (h1) + 0 • • +(hll), and' 
the annihilating ideal of (hi) is 

(e i) for i = 1, •.• , m 

(O) for i = m + 1, ... , n. 

This is the Fundamental Theorem of Abelian Groups with Finitely Many 
Generators. 

In the case of ordinary Abelian groups the leil are the orders of the cyclic 
groups (hi)' ... , (h",), and the other groups (h", + 1)' ... , (hll) have infinite order. 

Three supplements to the theorem are still required: . 

1. Elimination of units among the e i' 
2. Further decomposition of the cyclic groups into prime-power groups. 
3. Uniqueness. 
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1. Suppose that 81, for instance, is a unit; (81) is then the unit ideal 9t and 
hence 9th1 = (0). The cyclic group 9th1 may therefore be omitted from the 
direct-sum decomposition 9thi + · · · + 9th •. 

Let the annihilating ideals (~i)' (0) which remain after elimination of units be 
written in reverse order as 01' ..• , at; then 

al = O(a, + 1)· 

2. Those groups (h.) whose annihilator is (0) are isomorphic to 91. Those 
groups whose annihilator (el) =t= (0) can be further spilt into prime-power groups, 
as was demonstrated above. The annihilating prime powers are found by factoring 
the ej. The sum of all the groups in the decomposition of ffi belonging to a prime 
number p form a group ~"consisting of those elements ofm which are annihilated 
by a sufficiently high power ]II. Hence the groups ~" are uniquely determined. 
If U denotes the sum of the groups with.4 = (0), then we haye 

(fj = L ~j,+U. 
p 

By further decomposition of the ~p the prime-power groups are again obtained; 
these are determined uniquely up to isomorphism, as we shall soon see. In each 
$" there is a uniquely determined sequence of subgroups ~",Il' ~,,, -1, • • · '~P90' 
where ~"." consists of those elements of ~p which are annihilated by p". The 
first group of this sequence is is,; the last is the zero group. 

The group U is uniquely determined up to isomorphism, since 

U ~ (fj/L ~". , 
3. Uniqueness Theorem: The annihilating ideals (11' •• • , Qq with Qt = O(Qi+1) 

for a direct sum decomposition <» = (tl + · · · +(tq are uniquely determined by 
the module (fj alone. (Or equivalently: the groups G: i are uniquely determined up 
to isomorphism.) 
Proof: The asserted uniqueness is established once we have shown that it can 
be uniquely determined how many of the ideals Qi are divisible by each prime 
power pfl of~. Indeed, if pfl divides precisely k of these ideals, then these must 
be the first k ideals 41' ... , 4t because of the divisibility property of these ideals. 
For every prime power ptl we thus know not only how many but also which 
ideals are divisible by p"; this means that for each QI we know which prime 
powers divide it. Those ideals which are divisible by arbitrarily high powers are 
zero; the others are uniquely determined by their prime factorization. 

If pfl divides the annihilator of the cyclic group [" then 

ptl-l(f,,/p,,(t, 

is a cyclic group with annihilator (p); it is therefore a simple group. On the other 
hand, if p(l does not divide the annihilating ideal of <tl, then pfl<ti = p(l-l<t, and 
therefore p(l -1(f,i/pfl(f,j = (0). It follows that ptl-l(fj/ptl(f; is the direct sum of the 
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same number of simple groups as the number k of the Qi divisible by p(l. Thus, 
k is equal to the length of the composition series for p(l-l(fj/p(l(fj and so is uniquely 
determined. 

Exercises 

12.4. Complete the last part of the above proof. 
12.5. The group U constructed in (2) above is a module of linear forms over 

the ring Z of integers, and the number of its cyclic summands is at the 
same time the rank- of (fj (rank . maximum number of linearly indepen­
dent elements over 91). 

12.6. Give a second uniqueness proof using the length of the composition 
series of the uniquely determined groups constructed in (2) and their 
factor groups. The rank of the module U (Exercise 12.5) may also be used. 

12.4 REPRESENTATIONS AND REPRESENTATION 
MODULES 

Let K be a skew field. 
A representation of a ring 0 by linear transformations or by matrices in K is a 

homomorphism 
0,.."".; .0, 

where .0 is a ring of square matrices of degree r in K. If the homomorphism is an 
isomorphism, then the representation is said to be faithful. 

A representation module of 0 with respect to K is a double module ~ having 0 

as left and K as right operator domain with the following properties. 

1. IDl is a module of linear forms over K. 

ro1 = U1K+··· +u"K. 

2. For a E 0, U EIDl, and ,\ E K, 

a'u>" = au->... (12.11) 

The last condition states that multiplication with a is an operator homo­
morphism of the K-module IDl, that is, a linear transformation. The linear trans­
formation is given by a square matrix A = (<<,J: 

a·u" = L u/X,j" 

(12.12) 

Thus, to each a of 0 there corresponds a matrix A of K. As a consequence of 
the module postulates, to the sum and product of two elements Q, b of 0 there 
correspond the sum and product of the associated linear transformations and 
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hence also of their matrices. The, correspondence a~ A is therefore a representation 
of the ring o. 

Conversely, if a representation of a ring 0 by linear transformations of a module 
ID1 of linear forms over K is given, then Wl can be made a double module on 
defining the products a· u(a E 0, U E IDl) by (12.12). We then find that all the 
properties of double modules and property (12.11) are satisfied, so that W'l is a 
representation module. 

Every representation module thus affords a representation of 0 by linear trans .. 
formations or, after choosing a K-basis (u1, ••• , un), by matrices in K; conversely, 
every representation defines a representation module. 

If we go from the basis (u1, ••• , un) to another basis (u1 I, ... , un') by 

(ul ' · · . Un') = (ul · .. uJ P, 

then the same linear transformation is represented by the matrix 

A' = P-1AP. 

To the ring elements a there now correspond new matrices A'; this is called an 
equivalent representation. Since the transition to an equivalent representation 
amounts to nothing more than the choice of another basis for the same representa­
tion module (or one operator isomorphic to it), we conclude: to isomorphic 
representation modules there correspond equivalent representations, and conversely. 

A system of linear transformations of a module of linear forms IDl, in particular 
a representation of a ring, is said to be reducible if all the transformations of the 
system take a fixed linear subspace m =f (0), =t=W'l into itself. Then ffi: is called an 
invariant subspace. When it is a question of a representation of a ring 0, if we 
interpret IDl as a double module with respect to 0 and K, then the invariant sub­
space 91 admits all the elements of 0 as left operators. From this it follows that 
a representation of a ring is reducible if and only if the associated representation 
module contains a (double) submodule 9l. 

In order to investigate the form of the matrices of a reducible representation, 
we start with a K-basis for m and enlarge it to a K-basis for IDl. Let then 

ffi:=VtK+···+v,K 

9Jl::;: vtK+···+vrK+WIK+···+wtK. 

The fact that a linear transformation takes the module m into itself means that 
the transforms of the v are expressed in terms of the valone: 

Vj' = L viPij 

(12.13) 

If we put R = (Pij), S = (aij), and T = (Tij), then the transformation is repre­
sented by the matrix 

- (R S) A = 0 T . (12.14) 
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It follows that a system of matrices is reducible if and only. if all the matrices of 
the system can simultaneously be brought to the form (12.14) by a trans/ormation 
A' = P- 1AP (choice o/a new basis). 

Equations (12.13) imply 

(VI' • • • v,') = (VI • •• v,)· R 

(W1 I ••• w/) = {Wt ••. W,)· T(mod 9l). · (12.15) 

This leads to the following observation. 
If in the case 01 a reducible representation of a ring 0 we interpret the invariant 

submodule 91 and the factor module SJR/91 themselves as representation modules, 
then the representations thus obtained are given by the components Rand T of 
(12.14). 

If we take for 91 a maximal invariant submoduleIDl'_l' in thiS"again a maximal 
invariant submodule ID'l'-2, and so on until a composition series 

IDl = IDl" in'-l, ... , 9Ro = (0) 

is obtained, then with an appropriate choice of basis the matrices of the repre­
sentation have the following appearance: 

Rl1 • • • • • Rl1 
o R22 

o . 0 Rll 

(12.16) 

. The diagonal blocks Ru provide representations belonging to the composition 
factors IDl,/IDl,-l; since these composition factors are simple double modules 
(that is, they have no invariant submodules), the associated representations are 
irreducible. The process leading to (12.16) is called reduction of a representation. 
By the Jordan-Holder theorem (Section 7.4), the composition factors are uniquely 
determined up to order and operator isomorphism. Hence the irreducible com­
ponents Ru of the reduced representation (12.16) are uniquely determined up to 
order and equivalent representations. 

Iftheu,jareabsentin(12.13), this means that (Wt, ... , w,)aswellas(vt, · :. ,vr } 

is an invariant submodule and hence that IDl is a direct sum of two invariant sub­
modules 91 and .0.. The matrix (12.14) then has the form 

A=(~ ~), 
where R belongs to the representation provided by 9l and T to that provided 
by.Q. The representation a~A is then said to decompose into the representations 
a~ Rand a-+ T. 
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If the double module rot is completely reducible in the sense of Section 7.6, 
that is, a direct sum of simple double modules, then the representation provided 
by IDl is given by matrices of the form 

R11 0 
R22 

(12.17) 

o Ru 

where the individual blocks give irreducible representations which need not 
all be distinct. Such a representation is said to be completely reducible. 

The theory of a single matrix in the next section provides examples of the 
ideas developed above. 

Exercises 

12.7. If 0 is a ring with identity and if in a representation of 0 the identity of 0 

corresponds to the identity matrix, then for the representation module 
this means that the identity element is the identity operator. Show with 
the help of a theorem of Section 12.1 that every representation of 0 

decomposes into one in which the identity element corresponds to the 
identity matrix and one in which every element of 0 is mapped onto the 
zero matrix: 

12.8. A representation is completely reducible if and only if for every invariant 
subspace 91 another such subspace .0 can be found which together with 
9t spans the space IDl:" 

12.9. If (u1', ••• , u,.') = (u1, ••• , u,JP is a homomorphism of the representa­
tion module into itself, then the matrix P commutes with all the matrices 
of the representation 

AP = PA, 
and conversely. 

12.5 NORMAL FORMS OF A MATRIX IN A 
COMMUTATIVE FIELD 

Let IDl = (u1 , ••• , un) be a module of linear forms over a commutative field 
K, and let 



14 LINEAR ALGEBRA 

be a linear transformation of IDl into itself. By introducing a new basis 

(u l' • • • Un ') = (u 1 • • • Un) P 

(where P is thus an invertible matrix in K), we wish to bring the matrix A = «(XiJ 
to a simplest possible normal form 

A' = P- 1AP. 

We interpret the powers of the matrix A as a representation of the powers of 
an indeterminate x and extend this rep res en tation to a representation of the 
polynomial ring K[x] by sending the polynomial 

f(x) = L ex.,xY 

into the matrix 

f(A) = L lX"A". -

This correspondence is a homomorphism, since the powers of A commute with 
one another and with the coefficients (Xy. 

To this representation there belongs a representation module IDl in which 
the product of a polynomial of K[x] with a'u of IDl is defined by 

(L exyx")u = L (tvA"u. 

The representation module IDl is a double module with respect to K[x];~nd K; 
since the elements of K commute with one another and with all other elements, 
they may also be written on the left of the elements of IDl: 

UA= AU. 

Therefore 9R may be interpreted simply as a K[x]-moduJe. 
Since the polynomial ring K[x] is Euclidean, the fundamental theorem of 

Section 12.3 is applicable: the module IDl is the direct sum of cyclic K[x]-modules 
(Wl)' ... , (w,) whose annihilating ideals are either zero or are each generated 
by a polynomial of K[x]. However, the case of a null ideal is excluded, since for 
each w = Wy at most n of the quantities w, XW, x2w, ... can be linearly indepen­
dent; therefore there exists a polynomiai L tXyX" =F 0 with the property that 

L cxyXYw = o. 
Each w = w" thus has an annihilating polynomial of least degree 

h(x) = f(x) = X
1c

+<%k_l X1c -
1 + .. · +<%0' 

and 

f., + 1 = O(f,). 

The quantities w, xw, ... , :xk -1 ware linearly independent over K and may 
therefore be used as a K-basis for the cyclic K[x]-module (w) = (w, XW, x 2 w, ... ). 



Normal Forms of a Matrix in a Commutative Field 15 

Thus 
Aw =xw 

Axw = X
2

W 

Ax"-lW = .xlw = -tXo ·W-1X1 ·XW-· .• -tXk_l·.xi-lW. 

The transformation A of the module (w, XW, ••• ) into itself is represented in the 
new basis by the matrix 

0 . ... 0 -a:o 
1 o ... . -«1 
0 1 

A,,= (12.18) 

o 1 -tXk-1 

These matrices are cal~ed companion matrices; to each Wy there corresponds a 
companion matrix A" of this type. Since IDl is the direct sum of the (w,,), we obtain 
thefirst normalform for the matrix A: 

Al 
A2 

A= 
(12.19) 

Ar 

the blocks A" are here companion matrices oftlte type (12.18). 

It follows from the uniqueness theorem of Section 12.3 that the polynomials 
f.,(x), and hence also the companion matrices Av, are uniquely determined by the 
module IDl. 

The blocks Ay can be still further "reduced" by representing the modules (w,,) 
as direct sums of cyclic modules whose annihilators are powers of prime poly­
nomials. The form (12.19) is retained, but the companion matrices (12.18) now 
belong to powers of prime polynomials (p(x)'Y' (second normal form). The com ... 
panion matrices are still uniquely determined up to their order in (12.19). The 
polynomials (p(x»' are sometimes called elementary divisors of the matrix A. 
The word thus has a different meaning here from its meaning in Section 12.2. 
The relation between the two concepts will emerge in Section 12.6. 

By means of the composition series for the cyclic modules (wy ) we can still 
further reduce the normal form just obtained. We shall carry this out here for the 
case in which the prime polynomials p(x) are linear; this is always the case if 
the field K is algebraically closed. Let then 

p(x) = X-A 

f(x) = (x-A)'. 
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As basis elements we use 

thus, 

or 

VI = (X-Ay-1w 

v:z = (X-A),-2W 

v, = w; 

(X-'\)Vl = 0 

(x-A)v,. = V,,-l 

AVI = XV1 = '\Vt 

Av" = xv" = MJ,,+V,,-l. 
The "block" At thus acquires the "reduced" form 

A 1 0 . 0 
o ,\ 1 

. . 1 
o . 0 ,\ 

similarly, since to each w" there belongs a A., 

A. 1 ... 0 

A, = 

1 

o · · · · l. 

(12.20) 

If these blocks are again inserted in (12.19) the third normal form is obtained. 
The "characteristic roots" A" and the degrees py of the blocks are again uniquely 
determined. 

All vectors v" belonging to the same root ,\ generate a module ~y which is 
annihilated by a power of X-A (Section 12.3); this module is called (in the 
language of vectors) the subspace belonging to the root A. The entire module ID1 
is the direct sum of such subspaces. These subspaces further contain the sequence 
of subspaces mentioned in Section 12.3 which are annihilated by (x-A)', 
(X-A)'-l, ... ,1. The vectors w annihilated by X-A, that is, those vectors for 
which 

Aw = Aw, 

are also called eigenvectors of the matrix A for the eigenvalue A.3 

3In place of these highly favored German-English hybrids, the terms "characteristic value 
(vector)", "proper value (vector)", and SO on are sometimes used (Trans.). 
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The completely reducible case (cf. Section 12.4), in which the normal form 
(12.19) has the diagonal form 

(12.21) 

o A,. 

occurs if all the e are equal to 1, that is, if all the polynomialsfv(x) from which 
the (P(x»' are obtained by prime factorization are free of mUltiple factors. Because 
of ' 

h + 1 = O(J.,), 

it is sufficient for this that the highest elementary divisor f,.(x) have no mUltiple 
factors. 

Methods for actually determining the characteristic roots and writing down 
the normal forms are given in the next section. 

Exercises 

12.10. The highest elementary divisor J,.(x) may be characterized as the poly­
nomial f(x) of least degree with the property 

f(x)'m. = 0 or f(A) = O. 

12.11. For an arbitrary matrix A in the second or third normal form, determine 
the set of all matrices which commute with A (cf. Exercise 12.9). 

12.6 ELEMENTARY DIVISORS AND 
CHARACTERISTIC FUNCTIONS 

Under the transformation 
A' = P- 1AP 

the matrix xE - A goes into 

P-l(xE-A)P = xP- 1EP-P- 1AP 

= xE-A'. 

We wish to determine the elementary divisors of the matrix xE - A in K[x] in 
the sense of Section 12.2. Since the elementary divisors are invariant under pre­
and postmultiplication with arbitrary invertible matrices, they may be found 
from xE - A' where A' has the first normal form of Section 12.5. By (12.18) and 
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(12.19), xE-A' consists of blocks of the form 

x 0 · 0 Po 
-Ix. 

o 
xE1 -A l = 

X Ph-2 
o . 0-1 X+{3h-1 

To determine the elementary divisors, we must bring this matrix to diagonal 
form. If we multiply the second through hth rows by x, x2

, ••• , x" -I, respec .. 
tively, and add these to the first row, we obtain 

o 0 . 0 f(x) 
-1 x · PI 

o· 

• X 'P,.-2 
o 0-1 X+fJ,.-1 

If the first row is brought to the bottom by interchanging rows, then only zeros 
remain under the main diagonal. By adding multiples of preceding columns to 
subsequent ones, it is very easy to replace everything above the main diagonal 
by zeros. As a result there remains 

-1 0 
-I 

-1 
o I(x) 

If all these blocks are now juxtaposed and rows and columns are interchanged 
until all the - 1 occur first on the main diagonal, we obtain the de~ired diagonal 
form 

-I o 
-I 

o f,.(x) 
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The polynomialsf.(x) together with a certain number of ones are thus the elementary 
divisors of xE - A.. 

The characteristic polynomial (characteristic function) of A 

r 

x(x) = llJy(x) 
1 

annihilates the module 9Jl, since the factorf,.(x) already does; thus 

X(A) = o. (12.22) 

The characteristic polynomial is the greatest determinant divisor of xE-A and 
is therefore equal to the determinant IxE-A\ up to a constant. It is immediate 
that the constant is bqual to one, and hence _ 

x(x) = IxE-AI· (12.23) 

The characteristic equation (12.22) for the matrix A can also be derived directly 
from (12.23). Indeed, 

and elimination of all the u from this system of equations gives (since x and 
its powers commute with the (Xi0 

x- <Xl1 - <X12· •• -<Xl .. 

or 

jxE-AI Uj = 0; 

· u· = 0 J 

that is, x(x) = IxE- AI annihilates all the U j and hence the entire module IDl, 
Q.E.D. 

According to the. preceding remarks, the coefficients of the characteristic 
function x(x) of .A. are invariant under the transformation 

A~p-1AP. 

The most important of these coefficients are the first and last: ..... 
1. The trace of A, which is the coefficient of - X- - 1 • 

S(A) = L (Xii; 

2. The norm of A, which is the coefficient of ( -l)"xo: 

N(A) = IAI. 
The roots of the characteristic function are the characteristic roots Av; these 

were introduced in the preceding section as roots of the polynomialf.(x). This 
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provides a practical method of determining the "y and finding the normal forms 
of the preceding section: we first find the", as roots of 

X(x} = rxE-AI, 

and then determine the V 1 from the linear equations [cf. (12.20)] 

AVl = ""v1-
In the case of multiple roots (e> 1) vZ J • _ • , v, are easily found from (12.20); 
it may be necessary to replace the VI belonging to the same "y by suitable linear 
combinations. 

The equation x(A) = 0 having the ~ as roots comes up rePeatedly in applica­
tions; it is sometimes called the secular equation because it occurs in the theory 
of secular perturbations. 

12.7 QUADRATIC AND HERMITIAN FORMS 

Let K be a commutative field, and let Q be a quadratic form 

Q(Xl' • · • ,x.} = L q,x,2 + L qitXiX" 
i I<i 

(12.24) 

with coefficients in K. If we put q, = qu and write Q(x) instead of Q(Xh ... , x,J, 
then (12.24) can be more briefly written as 

Q(x} = L qltX,X". 
'~k 

We now form Q(x+y), where y stands for a new sequence of indeterminates 
Y1, - • - ,Yn- Computation gives 

Q(x + y) = Q(x) + Q(y) + B(x, y), (12.25) 

where B(x, y) is a symmetric bilinear form 

B{x, y) = L b,"X;)'1: (12.26) 

with coefficients 

bu = 2qj 

bile = bid = q,,, (i<k). 

We call B(x, y) the polar form of Q(x). 
If x is linearly transformed, 

Xi = L#,JXJ' (12.27) 

then Q(x) is transformed into a new form Q'(x): 

Q(x) = Q'{x'). 
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The matrix P = ('TTl j ) is here assumed to be nonsingular. The forms Q and Q' 
are called rationally equivalent in the field K. If the mat~ix P and its inverse P - I 

belong to a ring 9t ~ K, then the forms are called equivalent in the ring 9t (for 
example, integrally equivalent if m = l is the ring of integers). 

If y is transformed just as x with the same coefficients 'TTii' 

Yi = L 'TTliY j', (12.28) 

then B(x, y) is transformed into a bilinear form B'(x', Y'): 

B(x, y) = B'(x', Y'). 

From (12.25) now follows 

Q'(x' +y') = Q'(x')+Q'(y')+B'(x', y'). (12.29) 

Thus, if B is the polar form of Q, then B' is the polar form of Q'. The con­
struction of the polar form is thus invariant with respect to linear transformation 
of the variables. 

Putting Y = x in (12.25), we obtain 

4Q(x) = 2Q(x)+B(x, x) 
or 

2Q(x) = B(x, x). (12.30) 

IT the characteristic of the field is not equal to 2, then the form Q(x) can be 
regained from B(x, x): . 

Q(x) = !B(x, x) = ! L b'~iX". 
Putting !b'l = ail, we can write the quadratic form as 

Q(x) = L a,~,xl (ail = a,el)· (12.31) 

From the coefficients b j " of the bilinear form B(x, y) we may' form the deter-
minant 

bil bI2 bI ,. 2ql qI2 qln 

q12 2q2 1':) q2n ... 
D= . 

(12.32) -

bnl b,.2 bnn qtn q211 2q,. 

We call D the determinant o/the/orm Q. If the characteristic of the base field is 
not 2, we may form the determinant 6. of the halved coefficients ai". This deter­
minant is called the discriminant of the form Q. Clearly 

D = 2"A. (12.33) 

We now investigate the behavior of the determinant D under the linear trans­
formation (12.27). If (12.27) and (12.28) are substituted into (12.26), we obtain 

B'(x', y') = L bik,11'i/"t,X J'x,', 
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and hence 
(12.34) 

where the summation extends over repeated indices. Equation (12.34) can be 
written as the matrix equation / 

B' = PtBP, (12.35) 

where pt denotes the transpose of the matrix P = (1rij). 
Forming the determinants of both sides of (12.35), we obtain 

D' = {Det(p)}l. D, (12.36) 

or in words: The determinant D is multiplied by the square of the determinant 
of the transformation. 

We shall henceforth assume th~t the characteristic of the base field is not equal 
to 2. We replace the variables Xi by the coordinates C i of a vector u and the Y i 
by the coordinates di of a vector v, and write 

I(u, v) = L aikcidk = iB(c, d); 
in particular 

feu, u) = L aikcick = Q(c). 

We now wish to, bring the quadratic form/(u, u) to simplest possible form by 
means of a linear transformation. To this end we choose a vector V1 such that 
f(Vl' v1) =t= 0, which is always possible if I is not identically zero. The equation 
f(v1, u) = 0 then defines a subspace RII - I of the vector space R,. which does not 
contain VI. In this subspace we now choose, if possible, a vector V2 such that 
f(v2,. V2) =t= 0; the equation f(V2' u) = 0 together with the preceding one then 
defines a subspace R"-2 in R"-l which does not contain V20 We continue in this 
manner until a subspace R,,-r is reached such thatf(u, u) = 0 for all u in R,,-r 
and hence alsof(u, v) = 0 for all u and v in R,,-ro It may happen that r = n; in 
this case R,. _, is the null vector space. Otherwise we choose basis vectors 
vr + 1, • • · ,v" ~rbitrarily in R" _,. We thus have 

I(Vi' Vk) = 0 

f(v i, Vi) = i'i =F 0 

f(vi,vi) = 0 

(i =F k) 

(i = 1, 0 •• , r) 

(i = r+l, ... ,n). 

If every vector v is referred to the new basis vectors VI' ••• , v"' 

v = L vjdi , 

then r 

f(v, v) = L Lf(v" vk)didk = L Yid? 
1 

The form.fhas thus been transformed, as is said, to a sum of squares. 
The vectors w or R,.-r have the property that 

f(w, u) = 0 for every u 

(12.37) 
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and are hereby characterized. "The space Rn-r and its dimension n-r are thus 
invariants of the formj. The number of negative Yi in (12.37) is called the index 
of inertia off. We shall show that this index of inertia is also an invariant off 
(Sylvester's law of inertia). 

Suppose that in relation to other basis vectors the form/has the representation 

Let us suppo~e that, say, Yb •.• , Yh are positive and y,,+ l' ..• , Yr negative and 
similarly that Y1', •. • ,Yk' are positive and i'k'+ 1, •• • , i',' negative. If now 
k> h, then the linear equations 

d1 = 0, ... , d" = 0, d" + 1 = 0, . " . , dr = 0 

would define a space of dimension greater than n - r. For a vector u of this space 
we would have feu, u) = Lh+li'id/ ~ 0 and also f(u, u) = Ll kYi'd/ 2 ~ O. 
Thus, feu, u) = 0 and all di and d/ = 0 so that u would lie in Rn -r" But this 
would imply that a space of dimension greater than n - r were contained in a 
space of dimension n-r, which is impossible. 

If all the i'i in (12.37) are positive, then the formf~s said to be positive definite 
in the case r = n and semidefinite in the case r<n. The positive definite forms are 
characterized by the fact that they have a positive value for any vector u =F 0, 
and the semidefinite forms by the fact that their value is always nonnegative. 

It follows immediately from (12.37) that a positive definite form can be 
transformed to the identity form 

E(u, u) = L di
2 

by adjoining the quantities -Ji'i to the field K. 
Hermitian/orms are analogous to quadratic forms. To consider such forms, 

we adjoin to the ordered field K a square root 8 of a negative quantity IX of K, 
for example, (J = R. To distinguish the elements of K from those of K(8), 
we shall sometimes refer to the former as "real" elements, since in applications 
K is usually the field of real numbers and 8 = .J -1. 

Every element c = a+b8 has a conjugate c = a-bO. The product cc = 
a2 

- b2
fJ2 is always real and nonnegative; it is zero only if c = O. 

A Hermitianform is defined by 

H(u, u) = L L hikCiCk (h ik = nki)· 

The value of the form H for any vector u is always real. 
If we now form 

H(U+AV, U+AV) = L L hikCiCk+A L L hikCidk+X L L hikdiCk+AX LL hikdidk , 

we find as coefficients of A the bilinear form 

H(u, v) = L L hikCtdk 
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with the property 

H(v, u) = H(u, v). 

Under a linear transformation of the Cit whereby the Ci are naturally trans­
formed by the conjugate transformation with matrix P = (1T'J)' the matrix H 
of the Hermitian form is transformed as follows: / 

H' = ptAP, 

where pt = pt is the conjugate transposed matrix. 
Our previous considerations regarding the representation of quadratic forms 

as sums of squares continue to hold unaltered for Hermitian forms. As a normal 
form we find 

r 

H(u, u) = L YiCjet 
1 

(Yi real). (12.38) 

The form H is again called positive definite if its values H(u, u) are always 
positive except for u = 0, or if r = n and Y 1, ••• , Y II are all positive. Any positive 
definite form can be transformed to the identity form 

E(u, u) = L C,Ci 

by adjoining the square roots of the y,_ 
The following discussion applies to both Hermitian and quadratic forms. 

We shall speak of Hermitian forms, but one need only choose all elements in 
K and omit all bars in order to obtain the corresponding statements for quadratic 
forms. 

We choose a fixed, preferably positive definite, Hermitian form G(u, u) of 
rank n as fundamental form and denote its coefficient matrix (giJ by G. In 
particular, if G(u, u) is the identity form, then G is the identity matrix E. Two 
vectors u and v are said to be perpendicular if G(u, v) = 0; in this case G(v, u) = 0 
also. The vectors v perpendicular to a vector u =1= 0 form a linear subspace: the 
space perpendicular to u. If G is positive definite, then G(u, u) =* 0, and hence u 
itself does not belong to its perpendicular space R,. _ 1. A system of n mutually 
perpendicular basis vectors V1' ••• , VII [as was used, for example, in deriving the 
normal form (12.38) for G(u, u)] is called a complete orthogonal system of vectors. 
The orthogonal system is said to be normalized if 

G( vi' v j) = 1. 

Those linear transformations A which have the property 

G(Au, v) = G(u, Av) (for all u and v) (12.39) 

are called Hermitian symmetric or simply symmetric. Written out explicitly, 
this condition reads: 
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or 

or 
(12.40) 

In particular, if G is the identity form, then the symmetry condition is simply 

At = A or au; = ali' 

which explains the name "symmetric." 
Those linear transformations U which leave the fundamental form G(u, u) 

invariant, 
G(AU, AU) = G(u, u) (12.41) 

are called unitary, or in the real case orthogonal. We clearly then also have 
G(Au, Av) = G(u, v). In particular, if G = E (as may always be assumed in the 
positive definite case), then the condition reads: 

.At A = E or At = A-lor AAt = E. 

Writing this out explicitly, we obtain the "orthogonality conditions" 

or equivalently 

for k =1= I 
for k = 1 

L al"djk = 8,j-

A real orthogonal transformation with determinant 1 is called a rotation. 
If a symmetric or unitary transformation A takes a nonzero vector u into a 

multiple of itself, 
Au = NJ, (12.42) 

that is, if A leaves the line generated by u invariant, then A also leaves the space 
R" _ 1 perpendicular to u invariant. 
Proof: If v belongs to R"-I' then G(u, v) = 0 and, for a symmetric trans­
formation A, 

G(u, Av) = G(Au, v) = G(Au, v) = ~G(u, v) = 0, 

whereas, for a unitary transformation A, 

G(u, Av) = G(AA -1U, Av) = G(A -lU, v) 

= G(~ -IU, v) = ~ -IG(U, v) = o. 
A vector u =1= 0 with property (12.42) is called an eigenvector of the trans­

formation A; A is called 'the associated eigenvalue. 
As we have already seen in Section 12.6, the eigenvalues are found from the 

"secular equation" 
A-CXtt - CX12 

x('\) = - CX21 A- cx22 = 0; (12.43) 
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the associated eigenvectors are found from the linear equations 

L rx.'kCk = >"Ci' 

which are equivalent to (12.42). 

(12.44) 

If we now assume that K is a real closed field (say the field of real numbers), 
and hence that K(8) is algebraically closed (cf. Section 11.5, Volume I), then the 
secular equation (12.43) always has a root >"1 in K(9) to which there corresponds 
an eigenvector e1. The space R" -1 perpendicular to el is transformed into itself 
by A, and A in R" -1 is again symmetric or unitary if it was symmetric or unitary 
.in R,.. By the same argument there then exists an eigenvector e2 in Rn- 1 whose 
perpendicular space R,. _ 2 in Rn -1 is again invariant, and so on. Continuing in 
this manner, we finally find a complete system of n linearly independent, mutually 
perpendicular eigenvectors eI' . · · , en: 

Ae" = >"vev. 

Referred to the new basis (el' ... , en), the matrix A acquires the diagonal form 

(12.45) 

This normal form is valid for both symmetric and unitary transformations by 
the preceding discussion. 

Let us now normalize the ey by the condition G(ey , ev) = 1, which is always 
possible in a real closed field K, since the square roots of the positive quantities 
G{ey , ey ) are always contained in K. Then G becomes equal to the identity form E 
when referred to the basis given by the eye If now the matrix A is symmetric, then 
Al mu~t also be symmetric and therefore identical with At t. From this it follows 
that 

or '" E K. 

The characteristic polynomial of the matrix A or Al is 

n 

x(x) = n (x - An), (12.46) 
1 

and hence: the secular equation X(>") = 0 of a symmetric matrix A has only real 
roots. 

If, in addition, the matrices A and G are real, then the eigenvectors ev are also 
real, as the solutions of the real equations (12.44). A real symmetric matrix A 
can therefore be brought to the diagonal form (12.45) by means of real matrices. 

A Hermitian form 
H(u, u) = G(u, Au) = G(Au, u) 
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is coupled with the symmetric transformation A in an invariant manner; its 
matrix is clearly 

H = GA j , 

conversely, the matrix A is determined by 

A = G-IH. 

Then H = GA is brought to diagonal form a~ong with A and G; the trans­
formed form reads: 

H(u, u) = L CyCyAy• 

We have thus proved the following. 
Any pair of Hermitian/orms G, H of which one, say G, is positive definite can 

~e brought simultaneously by a single transformation to the form 

G(u, u) = L CyCy 

H(u, u) = L CyCyAy• 

The Ay are the characteristic roots of the matrix A = G - 1 H, or equivalently the 
roots of the secular equation 

In particular, any pair of real quadratic forms of which one is positive definite 
can be brought simultaneously by a real transformation to sums of squares4 

: 

G(u, u) = L cy
2 

H(u, u) = ~ cy
2

)...y. 

Exercises 

12.12. Ifr vectors V 1, ••• , Vr generate a space Rr, then the vectors perpendicular 
to them generate a space R" _" and the whole space R" is the direct sum 
Rr+R,._, .. 

12.13. If a symmetric or unitary transformation A leaves the space Rr invariant, 
then it also leaves the space R,,-r perpendicular to it invariant. 

12.14. Every system of symmetric or unitary transformations is completely 
reducible. 

12.15. The determinant D of a unitary transformation has modulus 1, that is, 
DD = 1. The determinant of a real orthogonal transformation is ± 1. 

12.16. The unitary and likewise the real orthogonal transformations of a 
vector space into itself each form a group. 

4For a general treatmerit of the classification of pairs of quadratic forms, see L. E. Dickson, 
Modern Algebraic Theories, Chicago, 1926 (also in German by E. Bodewig, Leipzig, 1929). 
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12.8 ANTISYMMETRIC BILINEAR FORMS 

A bilinear form in Xl' ••• , x" and Yl' ... ",. with coefficients in a field K, 

is called antisymmetric if it has the following two properties: 

I{x, y) = - 1(Y, x) 

f(x, x) = o. 
In terms of the coefficients this means that 

a,,, = -a'd 
au = o. 

(12.47) 

(12.48) 

(12.49) 

(12.50) 

(12.51) 

Hnew variables xJ' and y,' are introduced in place of Xi and y" by the same 
linear transformation 

X, = LP1jx}' 

y" = LPk'Y'" 

then the form/(x, y) is transformed into a new bilinear form 

{'(x', y') = L Q'l<LPilxJ'} (Lp",y,') 
~ ", = '- aJI x J Yl 

which is again anti symmetric with coefficients given by 

aJ" = LP,'p'U'i' 
or in matrix notation 

A' = ptAP. (12.52) 

For the determinant D of the ali' we obtain from (12.52) the transformation 
fortnula 

(12.53) 

where ll. is the determinant of the transformation matrix. 

Exercise 

12.17. Show that (12.48) follows from (12.49). 

We now wish to bring the form/to simplest possible normal form by means 
of an appropriate transformation matrix P. The transformation is accomplished 
i~ several steps. 
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If f is identically zero, then without transformation f already has the normal 
form 

10 =0. 
-

If a coefficient is nonzero, then we may assume that 0 12 =1= o. We now collect 
all terms in (12.47) containing Xl: 

Xl (a12Y2 + · · · + al,J',.)· 

The terms with Yl are then 
- (a12x2 + · · · + al"x.)y I" 

In place of X2 and Y2 we introduce the new variables xi and Y~: 

xi = a12X2+· · · +al"x,. 

Y2 = al2Y2 + · · · +al,.Y,,; 

f is then written as a form in Xl' X2' X3' ••• , X. and Yl, Y2' Y3' .•• , Y •. The 
terms with Xl and YI are now simply 

I I 
XIY2- XiYl-

Suppose .that the terms containing Y2 are 

(Xl +b3X3 + · · · +b"x")Yi· 

We introduce in place of Xl and YI the new variables 

xl = Xl +b3X 3 + · " · +bnx" 

and write f as a form in x., xl, X3' • • - , XII and yJ, Yl, Y3' • • • "". There are 
now only two terms which contain xi, Xl' Yl, or Yi, namely 

~ r 

',1 " Xl.Y2- X2Yl· 

All other terms contain only X3, ••• , XII' '3' ... ,y,.. If they are all zero, we 
have the normal form 

Otherwise the process is repeated, whereby in place of X3, X4, Y3, Y4 the new 
variables xl, x .. , Y3' 14 are introduced and a term 

is split off. In this manner we finally obtain, dropping the prime, a normal form 

(12.54) 
with 

O~2k~1J. 
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In the n-dimensional vector space of vectors (c 1, ••• , ell) there is a linear 
subspace 91 defined by the equations 

f(c, y) = 0 identically in the] k 

or 
Laue, = O. 

The dimension of this subspace is n-r, where r is the rank of the matrix A. 
This,dimension is clearly an invariant of the form/under invertible linear trans­
formations of the Xi and ]t. The number r is therefore also an invariant. 

Computing the rank r for the normal formfk' we obtain 

r =2k. (12.55) 

Since r is an invariant, the rank r is also an even number for the original 
form f. Hence we have the following. 

The rank of an antisymmetric matrix A. is an even number 2k. It is equal to the 
number of terms in the normal form (12.54). 

If n is odd, the rank is necessarily less than n, and hence the determinant D 
is then equal to·zero. If, however, n = 2n1 is even, then there exist forms with 
determinant D * 0, for example, the normal form /m. Hence the determinant 
of an anti symmetric matrix with an even number of rows is not identically zero. \ 

A general antisymmetric bilinear form is obtained by taking the ail with i <k 
to be independent indeterminates and defining the others by (12.50) and (12.51). 
If n is even (n = 2m), then the determinant of this general form is different from 
zero as has just been shown. If this general form is transformed to normal form, 
the normal form (12.54) with k = m is obtained. The coefficients of the trans­
formation matrix are rational functions of the indeterminates aib and the 
determinant D' of the normal form is 1. Hence, (12.53) implies 

(12.56) 

where !l. is a rational function of the aik which may be expressed as a quotient of 
polynomials: 

~ = G. 
H 

From (12.56) and (12.57) it follows that 

DG2 = H2. 

Thus, H2 is divisible by G2 , and hence H is divisible by G: 

H= GQ. 

If this is substituted in (12.57) and (12.58), we find 

~ = Q-l 
and 

(12.57) 

(12.58) 

(12.59) 

(12.60) 
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Since D is a form of degree n = 2m it follows that Q is a form of degree m 
in the ailc- If we carry out the computation for n = 2 and n = 4, we find 

n = 2: Q = al2 

n = 4: Q = a12Q34 -a13a 24 +a14a23-

The general formula for Q was found by Pfaff. A proof may be found in a 
very instructive "Letter from the Nether World" by R. Lipschitz, Ann. of Math., 
69, 247 (1959). 

The group of linear transformations of the Xi and y" which in the case n = 2m 
, takes the normal formfm into itself is called the complex group or the syrl'lplectic 
group. For the structure of this group as well as that of the orthogonal and 
general linear groups, see J. Dielldonne, Sur les Groupes Classiques, Hermann, 
Paris, 1948. 



Chapter 13 

ALGEBRAS 

A ring ~ which is also a finite-dimensional vector space over a field P and 
satisfies the condition 

(<<u)v = u«Xv) = ex(uv) for ex E P 

is called an associative algebra or a hypercomplex system over P. If the require­
ment of associativity is dropped, we have the more general idea of a (linear) 
algebra. There are two types of nonassociative algebras which deserve special 
mention. 
1. Alternative rings in which the following restricted associative law holds: 

a(ab) = (aa)b 

b(aa) = (ba)a. 

The oldest example of a genuine alternative ring is the algebra of Cayley 
numbers; for an account of this, see M. Zorn, "Alternativkorper und Quad­
ratische Systeme", Abh. math. Sem. Univ. Hamburg, 9, 395 (1933). Alternative 
rings are important in the axiomaties of plane geometry.! For recent investiga­
tions, see R. D. Schafer, "Structure and Representation of Non-Associative 
Algebras", Bull. Arner. Math. Soc., 61, 469 (1955). 

2. Lie rings, in which the following composition laws hold: 

ab-ba = 0 

a·bc+b·ca+c·ab = o. 
The infinitesimal generators of Lie groups satisfy these rules. In the funda­

mental work ofE. Cartanl and H. Weyl3, Lie rings were studied in connection 

IR. Moufang, "Altemativkorper und Satz yom VoIlstindigen Vierseit," Abh. Math. Sem. 
Un;v. Hamburg, 9,207; see also Math. Ann., 110, 416. For further discussion, see H. Freuden­
thal, "Zur Ebenen Oktavengeometrie," Proc. Akad. Amsterdam, A 56, 195 (19S3); also A 57, 
218, 363, and A SI, lSI. 

2.E. Cartan, These, 1894. Also, H. Freudenthal, Proc. Akad. A.msterdam, A 56 (1953). 
3H. Weyt, "Darstellung Halbeinfacher Gruppen durch Lineare Transformation I-III", 

Math. Z., 23, 271 (1925), and 24, 328, 789 (1926). Also, B. L. van der Waerden, Math. Z., 37, 
446. 

32 
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with Lie groups. For recent investigations, see E. Witt. J. Reine u. Angew. Math., 
177, 152 (1937), and Abh. Math. Sem. Univ. Hamburg, 14, 289 (1941); H. 
Freudenthal, Proc. Akad. Amsterdam, A 57,369, 487 (1954); A 59, 511 (1956); 
A61, 379 (1958). 

In this book we shall restrict ourselves to associative algebras offinite dimel)sion 
over P. The word "algebra" is henceforth always meant in this restricted sense. 

13.1 DIRECT SUMS AND INTERSECTIONS 

Emmy Noether repeatedly emphasized in her lectures the importance of the 
relationship between the direct sum and intersection representations of modules. 
This idea weaves through her work in a striking manner. We shall now explain 
this relationship. We begin with multiplicative groups and then go over to the 
additive notation. 

Let a group (f) be the direct product of subgroups m:1 , ••• , ~n' This means: 

1. Each ~1 is a normal subgroup of (f); 

2. The product ~l ••• ~n is (f); 

3. If ~ i is the product of all the m j except m;, then 

~i (") ~i = (f, 

where (f consists of the identity element alone. 
From properties 1, 2, and 3 it follows by Section 7.6 that each element g of 

ffi can be uniquely represented as a product a l •.. an (ai E mil and that for 
i =t= j each element of mi commutes with every element of m j' From property 2 
it further follows that 

~i~i = 63. 

The group ~i consists of all products al ... a" in which the factor aj is equal 
to e. From this it follows that the intersection of all the ~i is equal to (f and that 
the intersection of all the ~ j withj =t= i is equal to ~i. The ~i thus have the follow­
ing three properties, which in a certain sense are dual to properties 1, 2, and 3: 

1'. Each~, is a normal subgroup offfi; 
2'. The intersection ~1 n ... n ~II is (f; 
3'. If mi is the intersection of all the ~ J except ~h then 

mi~i = (fj. 
If properties 1', 2', and 3' are satisfied, then the identity group (f is called the 

direct intersection of ~ l' ••. , 58". If, in property 2', (f is replaced by a group !> 
while (1') and (3') continue to hold, then 1) is called the direct intersection of 
~ l' • • • , ~,.. By forming the factor groups (fj IX> and ~ ,IX>, this more general case 
can be immediately reduced to the case 1) = (f. 

We shall now assume properties 1', 2', and 3' and prove properties 1, 2, 3. 
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If ~i is defined by (3'), then it follows from (2') that 

9I, "~l = <f. (13.2) 

As intersections of normal subgroups, the ~i are again normal subgroups of <D. 
We shall now show that their product is <» and that the product of all ~ j excepting 
W, is ~,. _ 

Let g be an element of OJ. By (13.1) and (13.2), (fj is the direct product of ~, 
and ~i' and g can therefore be uniquely represented as the product 

g = a.b, (aj E ~i' bi E ~,). 

Further, each element of ~i commutes with every elem,ent of fB, and so, in 
particular, with every element of ~ j U =t= i). If we form the product 

g' = a1" · -a", 

then 

g-lg' = b -10 -la ··-a 
I I 1 ." 

Since the a J commute, this may be written: 

g - 19' = b i-I a 1 • • · Qi - 1 a i + 1 • • • all" 

All the factors on the right-hand side are contained in ~l' and therefore g-lg , 
is in iB i for every i. From property 2' it now follows that 

g-lg , = e, 

and thus g' = g. Thus each element g of 6j can be represented as a product 
Qt • • - all" If g is in $" then the factor a. = e; therefore, each element of~i can 
be represented as a product, 

Hence the product of all the m j is <D, and the product of all the ~ J except ~, 
is ~i. The ~i therefore have properties 1, 2, and 3. 

From (13.1) and (13.2) it follows by the first isomorphism theorem that 

<»/fB, ~ ~,. 

In additive notation, what has been proved can be formulated as follows. 
If a module (f) is the direct_sum of sub modules ~1' •• " , ~ and if~i is the sum 

of all the Ul j with the exception Of~" then {O} is the direct intersection offa l' ••• ~II 
and ~i is the intersection of all the ~ j except ~i and conversely. Further, 
CfJ/fB i ~ ~,. 

All this is also true for groups with operators. In ring theory applications 
ffi is a ring with OJ itself as left or right operator domain. The modules ~i and 
~i are then left or right ideals in m. We are then concerned with a representation 
of a ring <» as a direct sum of left or right ideals ~l and with a corresponding 
representation of the null ideal as a direct intersection of left or right ideals fB ,. 
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The group theory notation will be retained, since in this theory each ring is 
interpreted as an additive group with itself as operator domain. 

If the mi (and hence also the ~ i) are two-sided ideals, then mL ~ j is contained 
in both ~i and m j. However, for i =f= j, ~i n ~ j is the null ideal, and hence 
~im:j = {Ole We thus have the following statement. 

If a ring (fj is the direct sum of two-sided ideals ~i' 

ffi = ~l + ... +~n' 
then the m:i are rings which annihilate one another: 

m,mj={O}. for i+j. (13.4) 

Conversely, if ffi', considered as an additive group, is the direct sum of rings 
~i which annihilate one another, then these m:i are two-sided ideals in 63. The 
proof is obvious. In this case the ring ffi (or the algebra (fj) is said to be the direct 
sum of the rings (or algebras) ~i. 

If (13.3) and· (13.4) are satisfied, then the structure of the ring (fj is determined 
~y the structure of the rings ~l in a simple manner. Indeed, if g and h are ring 
elements and if they are represented in accordance with (13.3) by the sums 

, then it follows that 

. g = gl + ... +gn 

h = hI + ... +hn' 

g+h = (gl +h1)+· · · +(gn+hn) 

gh = glh l +g2hl+··· +g,.h~; 

that is, two elements are added or multipfied by adding or multiplying their 
components. 

Exercise 

13.1. If a ring with identity is the direct sum of left ideals, 

(fj = 11 + · · · + In 

and if the decomposition of the identity is given by 

then 1· = f'C::.e · and , \!J I 

e = el + ... + en, 

e·e· = 0 , J (i =F j). 

(13.5) 

(13.6) 

(13.7) 

(13.8) 

Conversely, if (13.6), (13.7), and (13.8) are satisfied and if we define 

Ii = (fjeb 

then 6) is the direct sum of the left ideals I,. 

(13.9) 
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Similarly, if we make the definition 

I, = e,(fi, (13.10) 

then (fj is the direct sum of the right ideals lie 

13.2 EXAMPLES OF ALGEBRAS 

EXlUllJlle 1: An important example of an algebra is the complete matrix ring 
p. consisting of nxn matrices with elements in P. This algebra has rank nl. 
As basis elements we may choose the matrices Cit having a 1 in the ith row and 
kth column and zeros elsewhere. Each matrix A. with elements a'l can be repre­
sented as the sum 

L Cii«,t, 

where the summation extends over all i and k from 1 to n. The rules for the 
multiplication of the basis elements Cit are 

(i =F j) 

C.,C,t = CII". 

Bumple 2: The algebra of quaternions. Let 91 be a four-dimensional vector 
space with basis elements e, j, k, 1. Here e is taken to be the identity element, 
so that e2 = e, ej = j, and so on. Further, let 

j2 = -ea, k2 = -efJ, 

where at! and f3 are arbitrary elements of P, and let 

jk = -kj = 1. 
It then follows that 

12 = jkjk = - jjkk = - ea.{1 

jl =jjk = -eJe = -k« 

lj = -kjj = +ke« = k« 

kl = -kkj = +ef3j = jf3 

lk =jkk = -jef3 = -jfJ. 

The algebra ~ so defined is called a generalized quaternion algebra. Its elements 
are 

x = exO+jxl +kx2+1x3 (XO' Xl' X2' X3 in Pl. 
Identifying the element exo with Xa, it is seen that P is imbedded in W. 
The norm of an element x is defined as 

N(x) = xx = (exo+jx1+kx2+1x3) (exo-jXt- kX2-[X3) 

= Xo 2«X12 + {lX2 
2 + «.{JX3 

2
• 
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If this quadratic form is indefinite (that is, if it is zero for values of Xi not all 
zero), then xx can vanish for x =1= 0, and ~ has zero divisors. If the form is not 
indefinite, then every x =t= 0 has an inverse 

X-I = X(X02+tXX12 +PX2
2 +OCPX32)-1, 

and ~ is then a skew field. 
A matrix representation of the generalized quaternion algebra ~ can be 

obtained by considering ~ to be a double module with ~ as left and ~ = PU) 
as right operator domain. If we assume that - (X is not a square in P, then 

~ = P(j> = P(~) 

is a field. Then ~ itself is a two-dimensional vector space over this field; we may 
take, say, e an~ -k as basis elements. The vectors x are then 

(13.11) 

If the vectors x are multiplied on the left by an arbitrary elementy, we obtain 
a linear transformation Y of the vector space ~ which can be represented by a 
matrix. We denote this matrix by Yalso. The columns of the matrix Yare 
obtained by mUltiplying the basis elements e and -k on the left by y and writing 
the results again in the form (13.11). If, in particular, we take y equal toj, k, or I, 
then we obtain the matrices 

_ ( 0 P) 
K - -1 0' 

'Choosing ex = P = 1, we obtain Hamilton's quatemions 

x = exo+jxt +kx2+1x3 

with the composition rules 
j2 = k 2 = /2 = - 1 

jk = I, kj = -I 

kl =j, -lk = -j 

lj = k, jJ = -k. 

(13.12) 

If P is a real number field; then in the matrix representationj may be replaced 
by the imaginary unit i. We then obtain 

(
i 0) 

J = 0 -i ' (
0 i) 

L = i 0 · 

Example 3: The group ring of a finite group is obtained by taking the group 
elements u1, ••• , Un as the basis elements of an algebra. The associative law is 
necessarily satisfied. 
Example 4: The Grassmann exterior product. We start with a vector space 

IDl = UI P+··· +u"P 
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and consider the problem of defining an associative multiplication of vectors 
such that 

UU = 0 and uv+vu = o. (13.13) 

To this end, we first form purely formal products of basis vectors Uj in the natural 
order: 

(i<j<k . .. ); 

the empty product is denoted bye. These 2" products we take as basis elements 
of a vector space ~. The elements of ~ are thus all sums of the form 

efX+ L Ui(X'+ L UIJfXij+ • • • + U12 ..... fX 12 ..... • 
i i<j 

(13.14) 

Arbitrary products 
(13.15) 

are now defined as follows. If in (13.15) two indices are equal, then we set 
""be ... -= O. If all indices are distinct, they are brought into natural order ijk ... 
by a permutation, and we put 

Uabc •• o = £Uijk ••• , 

where e = + 1 if the permutation is even and - 1 if the permutation is odd. 
Finally, the product of two basis elements is defined by 

Uijk, •• UIHIr ••• = Uijk ••• IHlr .•. • (13.16) 

Two sums of the type (13.14) are multiplied by multiplying the individual terms 
according to (13.16) and adding the results. According to this definition, the 
product UaUb ••• is in fact equal to Uab. I. as required by (13.15). The composition 
rules (13.13) are clearly satisfied, and the associative law for multiplication can 
be easily demonstrated. 

With this definition of multiplication, the sums (13.14) form the Grassmann 
algebra m: going with the vectof~ace IDl; the multiplication itself is called the 
exterior product. The vector space IDl; is. imbedded in m:. The notation a A b is 
frequently used for the e~terior product of a and h. 

An equivalent definition is obtained by first forming from IDl the tensor ring 
which consists of all finite sums 

(13.17) 

in which the indices i, j, ... are unrestricted. Two such sums are called equal if 
all their coefficients are equal. It is clear how such sums are added. Multiplication 
is defined by (13.16). 

It is easily seen that addition and multiplication in the tensor ring are indepen­
dent of the choice of basis. 

In the tensor ring 1:: we now form the two-sided ideal ~ generated by products 
uu where U runs through all vectors of IDl. The ideal also contains 

(u+v) (u+v)-uu-vv = uv+vu. 
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A homomorphism of X onto ~ is obtained by sending each sum (13.17) into 
the same sum in ¥I. Under this mapping the elements of ~ are sent to the zero 

I ) 

element. Conversely, if a sum (13.17) is sent by this mapping into zero, then it 
belongs to the ideal ~. Indeed, the sum (13.17) may first be written as 

and by addition of elements of~ it can then be brought to the normal form 

e(X + L Uto', + L UiU J(XiJ + L u,u JU"exijk + · · " 
i i<j i<j<k 

which corresponds to an element (13.14) of m with the same coefficients Ct, exi' 

(Xij' •••• If this element is zero, all these coefficients are zero, and the sum (13.18) 
therefore lies in~. Thus ~ is precisely the kernel of the ring homomorphism 
T ~~, and we have 

(13.19) 

On the right-hand side of (13.19). % and ~ are independent of the choice of 
basis (uI' ... ,u,,). Up to isomorphism, m: is therefore also independent of the 
choice of basis. An invariant definition of the Grassmann algebra m is obtained 
if we define ~ directly as ~. 

Example 5: Clifford algebras. These algebras can be defined much the saine as 
- the Grassmann algebra. Let Q(x) be a quadratic form in Xl' ••• , Xn with co­

efficients in P: 

Q(Xh · · · ,x,,) = L q;x;2 + L qijx jXj • 

j i<J 

For every vector u = L Utli of IDl, the value of the form 

Q(u) = Q(Yl' · · · , Y1I) 

is then defined. Moreover, for any two vectors u and v the symmetric bilinear form 

B(u, v) = Q(u+v)-Q(u)-Q(v) 

is also defined. In particular 

Q(u,) = qi 

(i <j). 

We now wish to define a multiplication of vectors such that 

uu = Q(u) 

uv+vu = B(u, v). 

Here (13.21) is a consequence of (13.20): 

uv+vu = (u+v) (u+v)-uu-vv 

= Q(u+v)-Q(u)-Q(v) = B(u, v). 

(13.20) 

(13.2J) 
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In particular, we must have 
U,", = q, (13.22) 

u,U j+u lUt = q'j (i <j). (13.23) 

We again form a 2"-dimensionaJ vector space consisting of the sums 

ea+ ~ UttXt+ L U'Pfj+ · · · +U12 ... not:12 ••• ,.. (13.24) 
, i<j 

Arbitrary products 

u,pIPe · · · = U"be .•• (13.25) 

will now be defined. If the indices a, b, c ... are distinct and in natural order, 
then "sbe .•• is again one of our basis vectors. In all other cases the product UIlUbUe ••• 

is transformed by means of relations (13.22) and (13.23). If, for example, be 
is the first pair of adjacent indices for which b < c does not hold, then we write 
the product (13.25) as 

Ua(UbUe) • • • 

and reduce uhue by (13.22) or (13.23): 

(c = b) 

(c < b). 

The factors qb and qeb are written in front of the product. We thus have: 

Ua(UbUb) • • • = qbUIi • • • 

U.(UbUc) • • • = - U.UeU" ••• +qcbU •• • • • 

After transformation the product contains either two fewer factors or one less 
. inversion. Continuing in this manner, an expression of the form (13.24) is finally 
obtained. 

Once this meaning ofu.bc ... has been settled, the product of two basis elements 
can again be defined by (13.16) and the associative law of mUltiplication demon­
strated. This completes the definition of the Clifford algebra (t belonging to the 
fo~m Q(x). If Q is the zero form, then the Cfifford algebra becomes the Grassmann 
algebra. 

If, in (13.24), we consider only terms uij .•. which have an even number of 
indices, 

eot: + L UijIXIJ + L U'Ji,cc'JI" + · · ., 
i<i i<j<k<l 

we obtain a subalgebra called the second Clifford algebra <t+e 
An invariant definition of the algebra (£ is obtained if in the tensor ring X 

we take the ideal ~ generated by all expressions of the type 

uu-Q(u) 

and form the residue class ring CX/~. Starting with this d~finition, Chevalley4 

4C. Chevalley, The Algebraic Theory of Spinors, Columbia University Press, 1954. 
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developed the theory of Clifford algebras for arbitrary base fields. A simple 
proof that the invariant definition coincides with the definition given above can 
be found in the paper by B~ L. van der Waerden, Proc. Kon. Ned. Akad. Amsterdam, 
69, 78. 

The second Clifford algebra was used by Brauer and Weyl (Amer. J. Math., 
57, 245) to represent orthogonal transformations (that is, linear transformations 
T wi~h determinant 1 which leave the quadratic form Q-invariant) in the form 

Tu = sus- 1• 

Here u runs through the vector space Wl, and the s are elements of (t + which 
transform the space 9R into itself: 

sIDls -1 = IDl. 

We must" hereby require that the characteristic of P be different from 2 and 
that the form Q be nonsingular. In the case of characteristic 2, the situation is 
somewhat more complicated (see Chevalley, Theorem II. 3.3). 

Exercises 

13.2. The second Clifford algebra of a binary quadratic form 

Q(Xl, X2,) = Q1Xll+QllX1Xl+Q1Xl2, 

which does not split into linear factors in the base field P, is the quadratic 
extension field in which the form splits. 

13.3. The second Clifford algebra of the ternary quadratic form 

Q(Xl, Xl' Xl) = Q1X12+Q2X22+Q3X32 

is an algebra of generalized quatemions. 

13.3 PRODUCTS AND CROSSED PRODUCTS 

PRODUCTS OF VEcrOR SPACES 

Let ~ and ~ be finite-dimensional vector spaces over a field P: 

~ = U1P+··· +u,..P 

~ = V1P+··· +v"P. 

We wish to define the product ~ x~. To this end, from mn basis vectors W,t, 

where i runs from 1 to m and k from 1 to n, we form a product space 

(t = L wu;P 
I," 
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and for each u of ~ and each v of ~ define a product 

uv = <L u,a.i} (L vtflJ = L lYlIlX.tP,,· 
1,Ie 

In particular, 
U,Vt = W,t. 

All elements of (t are therefore expressions of the following type: 

W = L U ,V"" it = L Will"'''· (13.26) 
t,t I," 

These expressions are called lemors 0/ rank 2, and the product space (t is called 
a tensor space. 

Instead of (13.26) we may also write 

W = Lu,b" 
j 

(13.27) 

where the h, are el~ments of $. The space (t is therefore the direct sum of the 
subspaces u.~: 

(13.28) 

Formula (13.28) shows that the module (t is independent of the choice of 
basis in ~. The elements W of (t may be written directly in the form (13.27), 
and their addition and multiplication by elements of P defined without introducing 
a basis in~. 

We may similarly write, instead of (13.26), 

Therefore, 
(13.29) 

(13.30) 

and it is evident that the product space (t is also independent of the choice of 
basis in ~. According to (13.28), the module (t = ~ x ~ can also be formed 
if ~ is a finite .. dimensional vector space and ~ is any P-module. Similarly, 
according to (13.30), (t can be formed if 9I is an arbitrary P-module· and ~ is 
any finite dimensional vector space. 

The module product ~ x ~ can also be defined without using bases. This 
invariant definition is even meaningful if P is a commutative ring with identity 
and ~ and 58 are arbitrary P-modules, as long as the identity element of P is 
the identity operator for ~ and ~. Since we shall' here need only the case in 
which P is a field and ~ or i!3 has finite dimension, we restrict ourselves to the 
definition initially given and for the general case refer the reader to N. Bourbaki's 
Algebre multilineaire (Elements de Mathematique, Vol. II, Chap. 3; Actualites 
scient., 1044). 

In exactly the same way the product space of three or more vector spaces 

(13.31) 
can be formed. 
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PRODUcrs OF ALGEBRAS 

If 9( and ~ are algebras over P; then the module (t = ~ x ~ can be made an 
algebra by defining the products of basis elements Wit as follows: 

(13.32) 

This can be done independently of the basis in ~ by writing the elements of <t 
in the form (13.21) and definining the product by 

(L u,hi) (L U Jbj) = L uiu Jib;. 
iJ 

This may also be expressed as follows. The products u,u j of basis elements of ~ 
are formed exactly as they are defined in 91, but ~ instead of P is taken as the ring 
of coefficients. The algebra so obtained is denoted by ~. This same notation is 
used if ~ is an arbitrary ring which contains P in its center. Therefore ~ is 
quite generally an algebra with the same basis elements as ~ but with ~ as the 
ring of coefficients. . 

Oearly, 
~xiJ ~ ~x~. 

An isomorphism between.~ x ~ and ~ x ~ is indeed obtained by mapping 
u,v" onto v"u, and extending this mapping linearly to the sums (13.26). 

The product relations for complete matrix rings deserve special mention. 
Here ~ shall always denote the ring of r x r matrices with coefficients in an 
arbitrary ring ~. We have: 

~xPr"'~r 

Prx P" = Prs• 

(13.33) 

(13.34) 

To prove (13.33) we need only note that the matrices (t,l: defined in Section 13.2 
form a basis for Pre To form ~ x Pr we must take these same basis elements with 
now ~ as the ring of coefficients, but this gives precisely ~r. 

We obtain (13.34) as follows. If Pr is generated by the r2 basis elements Cik 
and P, by the S2 basis elements ejf, then Pr x Psis generated by the ,232 products 

e,i•l" = C~"C;[, 
which satisfy the composition rules 

if k =t= m 
if k = m 

or I =t= n 
and I = n. 

If we denote the rs pairs of indices ij by an index J which runs from 1 to rs, then 

and this gives the isomorphism to P rs. 

for K =+= L 
for K= L, 
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CROSSED PRODUCTS 

Let 1: be a separable, finite, normal extension field of P. The Galois group OJ 
of :E (Section 8.1) consists of all the automorphisms Si of ~ which leave the 
elements of P fixed. We shall assume that the Galois theory as well as the contents 
of Section 8.1 are known and, in particular, the fact that the order of <» is equal 
to the degree of the extension n = (~ : P). 

We denote the image of an element p of 1: under the automorphism S by ps. 
The product of Sand T (first S and then T) will now be denoted by ST and thus 

~T = (fP)T. 

The crossed product of a field 1:: with its Galois field group OJ, which was intro­
duced by E. Noether, is defined as follows. A vector space 

~ = Ul1:+··· +u.~ 

is formed by assigning to each group element S, a basis vector Uj. If the index is 
dropped and S, is denoted simply by S, then the corresponding u, is denoted 
by us. ,The vector space ~ therefore consists of all sums . 

The pr~ucts pus are now defined by the forinula 

{Jus = us~ 
and the products USUT by 

(13.35) 

(13.36) 

(13.37) 

where the factors 8s• T are for the time being arbitrary nonzero elements of~. 
Using (13.36) and (13.37), two arbitrary sums (13.35) can be multiplied by 

multiplying the individual terms, 

USP·UTY = USUTPTy = UST8S. TPTy, 

and adding the products so obtained. 

In order that the multiplication defined in terms of the system of factors 8s• T, 

be associative, it is necessary that the 8s• T satisfy the following associativity 
condition: 

(13.38) 

There is arbitrariness in the basis elements Us and therefore also in the factors 
as. T, for the Us may be replaced by 

Vs = usYs (Ys =1= 0 in 1:). 

The system of factors going with this new basis is then 

YsTYT ~ 
88 T = --os T' 

• 'YST' 

(13.39) 

(13.40) 
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Two systems of factors Ss. T and Ss. T related by (13.40) are called associated. 
Associated systems of factors thus define the same algebra ~. 

If E is the identity element of (fj, then the arbitrary factor for UE can always 
be so chosen that 

and thus 8E• E = 1. From the associative laws 

(U~BlUR = UJ.UEU~ . 

uS<u FJl iJ = (us":s)u E 

it then follows that UE is the identity element of~. The products UEfJ may there­
fore be identified with the elements f3 of 1:. 

Which elements c = L Us'Ys commute with all fJ of l:? The condition fJc = cfJ 
gives 

and therefore, since the Us are linearly independent, 

WS-f1)ys = o. 
For S = E this condition is trivially satisfied. For S =t= E there exists a p such 

that P =f= fJ and therefore 'Ys = O. Hence 

c = "EYE = i'E 
is an element of 1:. 

Thus 1:: is a maximal commutative subring of the algebra ~. 
We now determine the center of the ring ~, that is, the set of elements c of ~ 

which commute with all elements of W: 

ac = ca for all a. 

If c is a center element, then c must first of all commute with all elements of l: 
and it is therefore contained in :E. We may therefore put c = ')I. In order that i' 
commute with all the us, i'must, by (13.36), be left fixed by all automorphisms S. 
By the last theorem of Section 8.1, this is possible only if i' lies in the base field P. 
We therefore have the following statement. 

The center of m: is P. 
Algebras over P whose center is precisely P are called central over P. They 

were earlier called "normal," but this word already has too many meanings. 
We next prove the following. 

Theorem: If in any ring containing 1: the relations (13.36) .and (13.37) hold 
with 8s. T =F 0, then either all the Us are zero or they are linearly independent over 1:. 
Proof: If a Us is linearly dependent on certain other linearly independent "T' 
then (for this one S) 

(13.41) 
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.Multiplying (13.41) on the right by Ps gives 

usPS = L UT'YrPS. 
T 

Multiplying (13.41) on the left by /3, we obtain, by (13.36), 

usps = L UTPTyT• 
T 

(13.42) 

(13.43) 

Since the UT were assumed to be linearly independent, comparison of (13.42) 
and (13.43) gives 

or 

(13.44) 

Since T 9= S, we can choose fJ so that pT * ps. Then, from (13.44), "IT = o. 
hTis holds for all T occurring in (13.41), and it therefore follows that Us = o. 
From (13.37) it now follows that "ST = 0 for all T; that is, all Us are zero, Q.E.D. 

From the theorem just proved now follows: ~ is simple; that is, there are no 
two-sided ideals in 9I except for {O} and m: itself. 

Indeed, ifm is a two-sided ideal, then ~/m is a ring in which the residue classes 
Us satisfy (13.36) and (13.37); all the Us therefore either are zero or are linearly 
independent~over l:. In the first case m = ~, and in the second case m = {Ole 

Combining these results, we have: The crossed product ~ is a central simple 
algebra over P. 

CYCLIC ALGEBRAS 

If the Galois group (fj is cyclic, then the crossed product 9I is called a cyclic 
algebra. All elements Tof(fi are in this case powers of a generator S, ( 

Tk = SIc (k = 0, 1, •.• , n -1), 

and all the UT -can be chosen as powers of Us, 

U T = (US)k (k = 0, 1, ... , n -1). (13.45) 

This choice of the UT is in agreement with the previous convention of choosing 
UE to be the identity element of ~:. 

UE = (us)O = e. 

The nth power of Us is the product of the (n-I)th power and the first power. 
From this there follows by (13.27) that 

(13.46) 

where 8 is an element of~. This single element determines the entire system of 
factors, since, for i + k < n, 
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and, for i+k~n, 

(US)i·(US)k = (us)i+k-n·(us)" = (us)'+k-n·8. 

The factors aT. R are therefore equal to 1 or a depending on whether in T = Sf 
and R = Sk the sum of the exponents i + k < n or > n. 

MUltiplying (13.46) on the left or right by Us gives 

(us)n-f:" 1 = us8 = 8us. 

From this it follows by (13.36) that 

Hence 8 is invariant under the group (fj and therefore lies in P. If this is the case, 
then all of the associativity conditions (13.41) are satisfied; 8 therefore is subject 
to no conditions except 8 =1= 0 and 8 E P. 

If Us is replaced by Vs = Us')', then 

(VS)'I = (us')') (usY)· · · (usy) 

= (us)". yySySl • • • I" -1 • 

The p!oduct of all the conjugates of i' is the norm of'Y over P. It follows that 

with e = 8N(y). (13.47) 

We thus have· the following. 
As the crossed product of a cyclicfield L with its Galois group 6), a cyclic algebra 

~ is completely determined by prescribing a single element 8 =t= 0 of the base field 
P. This element can be multiplied by the norm of any arbitrary element y =t= 0 oIL 

. without changing the algebra m:. 
Following Hasse, the cyclic algebra ~ is denoted by (8, :I:, S). 
If we take for P a field of characteristic :4= 2 and for l: a quadratic extension 

field P(.J - a) and if we put 8 = - {J, then we obtain~'as the cyclic algebra precisely 
the generalized quaternion algebra of Example 2. 

The cyclic algebras, in spite of their simple structure, are very general. Indeed, 
Brauer, Hasse, and Noether have proved a "Hauptsatz" (I. Reine u. Angew. 
Math., 167,399) which states that every central division algebra over an algebraic 
number field of finite degree is a cyclic algebra. 

Exercises 

13.4. The center of a ring is again a ring. 
13.5. The complete matrix ring Pn is a central simple algebra over P. 
13.6. If all the factors 8s. T = 1, then the crossed product of ~ with m is the 

product of:E with the group ring of (b. 
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13.4 ALGEBRAS AS GROUPS WITH OPERATORS. 
MODULES AND REPRESENTATIONS 

An algebra ~, considered as an Abelian group with respect to addition, 
admits two operator domains. 

1. The field P. With this operator domain the admissible subgroups are linear 
subspaces. 

2. The algebra ~ itself, the elements of which can be considered left or right 
operators. The admissible subgroups in this case are the right ideals, the 
left ideals, and the two-sided ideals. 

We shall agree once and for all, when considering (left, right, or two-sided) 
ideals in an algebra, always to include the field P as an operator domain. This 
means that the admissible left ideals are only those subgroups which with a 
also contain not only every ra (r in ~ but also every a~ (fl in P); a ,corresponding 
statement holds for right ideals. The admissible ideals are therefore always 
linear subspaces,as well. Thus, two left ideals are operator isomorphic if there 
exists an isomorphism which, if it takes a into a, also takes ra into ra and ap 
into dfJ. A left ideal is called simple or minimal if it contains no admissible left ideals 
except itself and the null ideal. 

With this restriction of the ideal concept, the maximal and minimal conditions 
are satisfied for the ideals of an algebra. 

Every nonempty set of (right, left, or two-sided) ideals contains a maximal ideal, 
that is, an ideal which is contained in no other ideal of the set, and a minimal ideal 
which contains no other ideal o/the set. 

For by the above agreement every ideal is also a linear subspace, and in every 
nonempty set of linear spaces of rank ~ n there exists a space of greatest and a 
space of least rank. 

In order to develop the principal theorems of algebra theory under quite 
general conditions, we shall henceforth consider in this chapter not only algebras 
but also arbitrary rings 0, for which we shall assume the maximal or minimal 
condition for left or right ideals as needed. A ring 0 may be given an operator 
domain a (which assumes the role of P discussed earlier), the operators~, ,)" ... 
of which must satisfy the conditions: . 

(a+b)f1 = af1+bfJ 

(ab)p = (amb = a(bP). 

(13.48) 

(13.49) 

If such an operator domain is given, then the ideal concept will be restricted 
as above by the requirement that each ideal with a should also contain afJ (JJ in 0). 
When we wish to emphasize this explicitly, we shall speak of admissible right or 
left ideals. Only for such ideals will the maximal or minimal condition be imposed. 

We must investigate which of the ideal theory concepts, such as sums, products, 
and so OD, remain meaningful for noncommutative rings with or without 
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operator domains. First of all, it is clear that the intersection a () b and the sum 
(a, b) of two admissible right or left ideals are again admissible right or left ideals. 
A product a· b (the set of all sums Lab, a E a, bED) is, as is easily seen, an admis­
sible right ideal if the second factor is an admissible right ideal, and an admissible 
left ideal if the first factor is an admissible left ideal. The other factor may be an 
entirely arbitrary set or even a single element of 0; for example, po, the set of 
all products pa (a E b) is a right ideal if b is a right ideal. 

If Q is a left ideal and c is an arbitrary set in 0, then we can define the left 
quotients Q:C as the set of x in 0 such that 

xc S; Q. 

The left quotient is again a left ideal, since xC ~ a and yc C tl imply (x-y) 
c ~ Q and xc c a implies rxc c ra C Q for every r of o. If tl and c are both left 
ideals, then Q:C is even a two-sided ideal, since xc C Q implies xrc c C c a. 
The right quotient of two right ideals can be defined similarly, but we shall have 
no need for it. 

In order to indicate how incisive the minimal condition is, we prove the 
following theorems. 
Theorem: If 0 is a ring with the minimal condition for left ideals and a is an 
element .of 0 which is not a right zero divisor in 0, then the equation xa = b is 
solvable in 0 for every b. 
Proof: In the set of left ideals o~ (n = 1, 2, ... ) there must be a minimal one, 
say oam

• Since oa'" + 1 ~ oarn
, the case oct" + 1 C oa'" must be excluded and there­

fore oa"'+ 1 = oa"'. Thus, each product ba'" may also be written in the form ca"'+ 1 : 

ba'" = ca'" + 1 • 

Since m factors a may be canceled on the right- and left-hand'sides, it follows 
that 

b = ca; 

the equation xa = b is therefore solvable. 
Similarly we have the following. 

Theorem: /fo is a ring with the minimal conditionfor right ideals and a is not a 
left zero divisor, then ax = b is solvable. 

There now follows from both theorems: /fo is a ring without zero divisors with 
the minimal condition/or both right and left ideals,. then 0 is a skew field. 

In particular, any algebra without zero divisors is a skew field. Such algebras 
are called division algebras. 

Exercises 

13.7. For a ring with identity the above restriction of the ideal concept to 
include P or n as operator domains is not essential: Every ideal admits 
multiplication with P or Q. 
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13.8. The existence of a composition series fOT the left ideals of a ring 0 is a 
necessary and sufficient condition for the validity of the maximal and 
minimal condition fot these ideals. 

In addition to ideals of 0, we consider also a-modules, and for such modules 
!R we shall write the multipliers of 0 on the left. We call these modules left 
o-modules. If a, b, . . . are elements of 0 and u, v, ... elements of ml, then it 
is required that 

a(u+v) = au+av 

(a+h)u = au+hu 

(ab)u = a(bu). 

(13.50) 

(13.51) 

(13.52) 

If the ring 0 has an operator domain a, then it is required that IDl also admit 
the operators of n (which we shall write on the right). It is hereby required that 

(u+v)P = u~+vP 

(au)f3 = a(uf3) = (af3)u. 

(13.53) 

(13.54) 

These modules are therefore double modules (left 0- and right a-modules). 
By submodules of a module rot we shall always mean admissible submodules, 

that is, those which admit the operators of 0 and Q. A module IDl having no sub­
modules except IDl and {O} is called simple or minimal. The ring 0 is called simple 
if it is simple as a double module with 0 as right and left operator domain (and 
possibly Q as an additional operator domain), that is, if it has no (admissible) 
two-sided ideals except 1" 0 and {Ole 

M ultipIication of the elen~, ts of IDl by an element a of 0 generates an endo .. 
morphism ~ of the a-module IDl: 

au = Au. (13.55) 

To each element a of 0 there thus corresponds an endomorphism A. To the 
product ab there correspond's the product AB, and to the sum a + b there corre ... 
sponds the sum A + B, which is defined by 

(A+B)u = Au+Bu. (13.56) 

The correspondence a~A is therefore a ring homomorphism. If for f1 E {l we 
define the endomorPhism AP by 

(Af3)u = (Au)f3, (13.57) 

then to the product ap there corresponds the product AfJ. The ring homo­
morphism a-+A is therefore also an operator homomorphism with respect to O. 
A ring homomorphism with this property is called a representation of 0 (by 
endomorphlsms of the Q .. module rol). 

We have seen that every double module IDl (with 0 as left and n as right 
operator domain) provides a representation of o. Conversely, if a representation 
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a~A of 0 by endomorphisms of an a-module IDl is given and if we define the 
product au by (13.55), then IDl becomes a double module with 0 as left and n 
as right operator domain. 

If 0 is an algebra over a base field a, and thus a vector space over 0, then we 
usually consider only modules IDl which are also vector spaces over Q; that is, 
the identity of a is the identity operator. The endomorphisms are then linear 
transformations of the vector space IDl, and we are concerned with representations 
of 0 by linear transformations. 

The kernel of the homomorphism a-+A consists of elements a such that aIDl 
= {O}; that is, the kernel is the two-sided ideal {O} :IDl. If the kernel is the null 
ideal, and the homomorphism is thus an isomorphism, the representation is 
called faithful. 

The representation Q-)-A is called (as in section 12.4) reducible if the representa­
tion module IDl has a submodule 91 distinct from {O} and IDl. If no such submodule 
exists, then 9.n is simple and the representation a-+ A is called irreducible. 

If the module ID1 is completely reducible in the sense of Section 7.6, and is thu,s 
the direct sum of simple modules, then the representation is called completely 
reducible. The appearance of the matrices of a,reducible and that of a com­
pletely reducible representation were given by (12.14) and (12.17). 

Two representations of 0 are called equivalent if they are given by isomorphic 
double modules.' In the case of a finite-dimensional vector space this means 
that with the appropriate choice of basis the matrices of both representations are 
the same. 

Although these relations are very simple, they are of the greatest importance 
for the structure and ,representation theory of algebras" In Section 13.2, Example 
2 we o"Jtained a representation of the quaternions in terms of two-by-two matrices 
by cc/nsidering the quaternion algebra m: itself as a double mod1.de (with ~ as 

_ left ~nd ~ as right operator domain). 

13.5 THE LARGE AND SMALL RADICALS 

A (left or right) ideal a is called nilpotent if some power am is the null ideal {O}. 
Lenima 1: The sum (a, b) o/two nilpotent left ideals is nilpotent. 
Proof: Let am = 0" = 0" Writing out the ideal (a, b)'"+" -1, we obtain a sum 
of products each containing m+n-l factors tl or b. In such a product the factor 
a occurs at least m times or the factor b occurs at least n times. In, say, the first 
case the product has the form 

..• a"· ·a···a .•• 

with at least m factors G. Since now on ~ 0, it follows that 

.... a· .. Q ••• a··· c am. .. = {O }. 

All products are therefore {O}, and we obtain 

(a, b)1ft +" - 1 = {O}. 
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Lemma 2: Every nilpotent left (or right) ideal is contained in a nilpotent two-sided 
ideal. 
Proof: Let 1 be a nilpotent left ideal: I" = {O}. Then 10 is also nilpotent: 

(10)" = 1(01)11-1 0 ~ nn-l 0 = 1"0 = {Ole 

The right ideal (1, 10) generated by 1 is therefore the sum of two nilpotent left ideals. 
It is thus itself a nilpotent left ideal and therefore a nilpotent two-sided ideal. 

We now define the small radical m of 0 to be the union of all nilpotent two .. sided 
ideals. By Lemma 2, all nilpotent left and right ideals also lie in this union; ·91 
may therefore also be defined as the union of all nilpotent left (or right) ideals. 
It may also be said that a lies in m if a generates a nilpotent left (or right) ideal. 

If the ring 0 is an algebra or, more generally, ifo satisfies the minimal condition 
for left ideals, then the small radical m: coincides with the large radical 91, which 
will be defined presently. In this case we may therefore omit the adjective "small" 
and call 9t = m the radical of the algebra~. 

An algebra without radical, that is, an algebra whose radical is the null ideal, 
is called semisimple. The structure of semisimple algebras has been clarified by 
J. H. MacLagan-Wedderbum. His principal theorems state as follows. 
Theorem: Every semisimple algebra is the direct sum of simple algebras with 
identity, and every such simple algebra is isomorphic to a complete matrix ring 
ooer a skew field. 

E. Artin (Abh. Math. Sem. Univ. Hamburg, 5, 245) extended the theorems of 
Wedderburn to rings with the minimal condition for left ideals. Without such a 
conditi(Jn it was not possible to obtain simple structure theorems. This is because, 
as waF then already suspected, the radical 91 is too small. Various authors, 
inclurjng R. Baer and J. Levitzki, have defined larger radicals, but N. Jacobson 
was the first to obtain structure theorems for rings without radical by an appro­
priate definition of the radical 9l. The reader is referred to Jacobson's book 
Structure of Rings (19.56) for a comprehensive treatment of the entire theory. 
We shall here restrict ourselves to several main theorems. 

In his book Jacobson defines the radical m of a ring 0 as the set of all elements a 
which are represented by zero in every irreducible representation. He then 
proves that the radical 9t can also be obtained as the intersection of certain 
maximal right ideals which he calls "modular" right ideals. We can use left ideals 
in place of right ideals; this makes no difference. We shall here use the modular, 
maximal left ideals for the definition of 9t 

A left ideal is called modular if there exists an element ~ of 0 with the property 
that 

ac = a(£!) for all a EO. (13.58) 

In a certain sense the element c plays the role of a right identity mod it The 
word "modular" comes from "module," an old word for identity element. 

We now define the large radical, or briefly the radical, 9t of a ring 0 as the 
intersection of all modular, maximal left ideals 1!. If there are no modular, 
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maximal left ideals except 0 itself, then the radical is the entire ring and this 
ring is called a radical ring. 

Let 2 be a modular, maximal left ideal. The factor module o/l!. is therefore 
simple and provides an irreducible representation. The kernel of this representa­
tion is the two-sided ideal 

~ =~:o 

or the set of all a with the property that 

ao ~ it 

Property (13.60) is equivalent to 

ab E 2 for all b E o. 

(13.59) 

(13.60) 

(13.61) 

In particular it follows from (13.60) that ac E £, and hence from (13.58) a E.2. 

This holds for all a in ~; therefore, 

(13.62) 

To each ~ there belongs a ~ = 2: o. The intersection of all ~ is, by (13.62), 
contained in the intersection of all the l!. and therefore in the radical. We shall 
now show, conversely, that 9t is contained in all the ideals ~ and therefore also 
in their intersection. 

Let a be an element of 9t. We must show that (13.61) is satisfied for arbitrary 
band 2 and thus that Q lies in every left ideal 

£' = .2 : b. 

Now a lies in 0 and in all modular, maximal left ideals of o. It therefore suffices to 
show that.2' is either 0 or is modular and maximal in o. 

For fixed band 2, to each eleme~t x of 0 there correspond the product xb 
and therefore also the coset xb+.2 modulo 2. The correspondence is a module 
homomorphism. The kernel of this homomorphism is precisely .2' = .2 : b; 
therefore, 0/£' is mapped isomorphicaily into o/E. Now olE is minimal, and 
there are thus two possibilities. Either 0/2' is mapped isomorphically onto zero 
and is therefore itself zero, or 0/2' is mapped isomorphically onto 0/.2. In the 
first case £' = 0; in the second case,Q' is modular and maximal in 0 just as E. 
. Summarizing, we have the following. 

Theorem 1: The radical 9t is equal to the intersection of the two-sided ideals 
~ = .2 : 0 and is thus itself a two-sided ideal. 

We now form the factor ring 0 = o/9t To each modular, maximal left ideal 
2 of 0 there corresponds a modular, maximal ideal n = .2/9t of o. Hence we have 
the following. 
Theorem 2: The/actor ring o/9t is a ring without radical; that is, the radical 0/ 
0/91 is the null ideal. 

Rings without radical are called semisimple. Theorem 2 may therefore also 
be formulated as follows. The factor ring of 0 by the radical 9t is semisimpie. 
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Exercises 

13.9. Each left ideal .2' such that o/~' is operator isomorphic to 0/2 gives 
the same quotient: 

£!':o=£:o=~ 

13.10. Let E be a modular left ideal. Then 3 = E : 0 is a two-sided ideal 
contained in £ which contains all two-sided ideals contained in £. 

We shall later need the following theorem. 
TIIeorem 3: Any modular left ideal I =t= 0 can be extended to a maximal left 
ideal £ + 0 (which is, of course, again modular). 
Proof: Let c be an element of 0 with the property that 

ac = a(I) for all a in o. (13.63) 

The left ideal I does not contain c, We consider the set of all left ideals I' which 
contain I but not c. From these left ideals {' we choose a maximal one £. Such 
an ideal exists by Zorn's lemma (Section 9.2). This £ is modular, since it contains I. 
It is also maximal and =F O. Indeed, if E' is an ideal properly containing .s3, 
then E' contains the element c and therefore every element of 0 by (13.63). 

To investigate the relationship between the large and small radicals, we need 
thf,! expedient of a new product. 

13.6 THE STAR PRODUCT 

The star product a*b of two elements a and b of a ring 0 is defined by 

a*b = a+b-ab. 

Jacobson writes a 0 b for this and calls it "circle composition." 
The star product is associative, and zero is the identity element of star multi­

plication: 
O*a = a = a.O. 

If 0 has an identity element 1, then a*b = c may be defined by 

(I-a) (I-b) = I-c. 

A left star inverse z" of a given z is defined by 

z'.z = 0 or z' +z-z'z = 0 

or, if an identity element is present, by 

(l-z,) (I-z) = 1. 

An element z which has a left star inverse z' is called left star-regular (or left 
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quasi-regular). The concepts of a right star inverse and right star regularity are 
similarly defined by the condition z*z' = o. ~ 

An element z is called star-regular if there exists a z' which is both a left and 
right star inverse of z: 

z'*z = 0 = z*z'. 

Theorem 4: Any nilpotent element z is star-regular. 
Proof: If zm = 0 and if we put 

then z'.z = 0 = z*z'. Hence z is star-regular. 
If all elements of a left ideal I are left star-regular, then they are star-regular. 

Indeed, let z be an element of I and z' be its left star inverse, so that 

z' = z'z-z. 

Then z' lies in I and therefore has a left star inverse zIt. Hence 

and thus 

that is, z' is not only a left star inverse, but also a right star inverse of z. 
A left or right ideal all of whose elements are star .. regular is called star-regular. 

By \¥hat has just been proved, it suffices for a left ideal that all elements be left 
star-regular. The same is true for a right ideal if all the elements are right star­
regular. 
Theorem 5: The radical 9t is a star-regular left ideal which contains all star­
regular left ideals. 
Proof: Let z be an '>element of m. We must show that z has a left star inverse. 
We form the set of all elements 

xz-x, 

where x runs through the ring o. This set is a modular left ideal, where z assumes 
the role formerly played by c. If this left ideal contains z, then this means that 
there exists an x with the property that 

z = xz-x. 

From this it follows that x*z = 0, and therefore x is a left star inverse of z. If 
the modular left ideal does not contain z, then it =1= 0 and can therefore be extended 
to a modular, maximal left ideal .2 =F 0 by Theorem 3. Now z lies in 91 and 9t 
is the intersection of all modular, maximal left ideals; z is therefore contained in 
.2. Then all elements 

x = xz-(xz-x) 

also lie in 2; that is, £ is equal to 0, although it was assumed that £ =t= o. 
Each element z of m therefore has a left star inverse, and hence 9t is a star­

regular left ideal. 
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Now let I be a star-regular left ideal. We wish to show that I is contained in 
every modular, maximal left ideal ,2 and therefore also in 9l .. 

If I were not contained in .{!, then (l!~ 1) would be the entire ring 0: 

(2, 0 = o. (13.64) 

Since.2 is modular, there exists an element c with the p~operty that 

DC :5 a(.Q) for all a E o. (13.65) 

This element c must, by (13.64), admit a representation of the form y+z, where 
y is in 2 and z is in t From this it follows that 

c == z(.Q). (13.66) 

Since z lies in l, z has a star inverse z': 

z+z'-z'z = o. 
From (13.66) and (13.67) it follows that 

c+z'-z'c == 0(2), 
and hence, by (13.65), 

c == 0(£), 
which is impossible. 

(13.67) 

The equality of the left and right radicals follows easily from Theorem 5. 
Int Jeed, if the right radical 9l' is defined as the intersection of all modular, 
maximal right ideals, then 9t I is a star-regular two .. sided ideal which is therefore 
contained in 9{ by Theorem 5. Similarly, 9t is contained in 9t,. and therefore 
9t = 9t'. The radical9t can therefore be defined as the intersection of all modular, 
maximal left or right ideals or as the union of all star-regular left or right ideals. 

A left or right ideal is called a nil ideal if all its elements are nilpotent. It follows 
immediately from Theorem 4 that every nil ideal.is star-regular. From this and 
Theorem 5 we obtain the following. 
1heorem 6: All nil ideals are contained in the radical9t. 

In particular, all nilpotent ideals are contained in 9t Their union is the small 
radical 91. We therefore have the following. 
Deorem 7: The large radical9t contains the small radical 91. 

Exercise 

13.11. A left or right identity of a ring 0 cannot be star-regular and is therefore 
never contained in the radical ma 

13.7 RINGS WITH MINIMAL CONDmON 

We henceforth assume that the minimal condition for left ideals holds in o. 
Under this assumption we first prove the following theorem. 
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Theorem 8: The radical 9l is nilpotent. 
Proof: In the sequence of powers 9{m there exists a minimal ideal9t". Since 
912ft is contained in 9{", it follows that 

m2n. = 9{n. 

Of, setting 9tll = 6, that 6 2 = 6. We wish to show that 5 = {Ole 
If (5 =t= {O}, we consider the set of all left ideals ~ such that 

3c:6 

6.3 =1= {O}. 

(13.68) 

(13.69) 

This set is nonempty, since <; is such a left ideal. There thus exists a minimal 
ideal ~m with the properties (13.6.8) and (13.69). By (13.69), there exists a b in~". 
such that 6b =t= {O}. The left ideal 6b is contained in ~m and has properties 
(13 .. 68r and (13.69); therefore 6h = 3 ... There thus exists an element z in 6 
such that zb = z. Since z lies in 9t, z has a left star inverse z' by Theorem 5: 

z+z' -z'z = O. (13.70) 

Multiplying this equation on the right by b, it follows that b = 0, which 
contradic.ts the assumption that 6b + {Ole Hence 6 = {O}, and thus 91" = {Ole 

TIle small radical 9't contains all nilpotent two-sided ideals, a.nd thus m ;;2 m. 
On ' .. he other band, 91 c: 9t by Theorem 7. We thus have the following. 
n... .orem 9: The small radical 91 is equal to the radical m. 

Since 9t contains all nil ide~ls by Theorem 6, there follows the next theorem. 
1Deorem 10: All nil ideals are nilpotent. 

The factor ring o/~ is semisimple by Theorem 2. If the minimal condition for 
left ideals holds in 0, then it naturally also holds in· 0/91.. We now investigate 
quite generally the structure of semisimple rings with the minimal condition for 
left or right ideals. 
Theorem 11: Every semisimpie ring 0 with the minimal condition for left ideals 
is the direct sum of simple left ideals Ii. 
Proof: The radical of 0, that is, the null ideal~ is by definition the intersection 
of the mo.dular, maximal left ideals i!. We shall first show that the null ideal is 
the intersection' of finitely many of these .2. 

We consider the set consisting of all intersections of finitely many modular, 
maximal left ideals £. In this set there exists a minimal ideal 

1 = 21 ('\ . · ~ () E ... 

If I =+= {O}, there would exist an .2". + 1 whose intersection with I were a proper 
subset of 1.. This contradicts the min-imal property of I. Hence I = {O} and 

{O} = £1 () ... ()£. (13.71) 

If in this intersection representation an .2i occurs which contains the inter­
section of the others, then this 2, is redundant in (13.71). If all the redundant Ei 
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are deleted in (13.71), there remains finally and irreducible intersection repre­
sentation 

(13.72) 

in which no £, contains the intersection Ii of the others. The sum (£" Ii) is then 
an ideal properly containing,g. and is therefore equal to 0 since .2, is maximal: 

(2., I,) = o. (13.73) 

Equations (13.72) and (13.73) state that {O} is the direct intersection of the 
maximal left ideals 2,. From this it follows by Section 13.1 that 0 is the direct 
sum of the left ideals Ii: 

o -- 11 + · · · + 1,.. (13.74) 

From Section 13.1 we also have the operator isomorphisms 

I. ~ 0/£" (13.75) 

so that the I, are simple, since the·factor modules 0/.2, are simple. This completes 
the proof. 

By (13.74) each element a of 0 can be uniquely represented as a sum 

a = at + · . · +all (a, E I,). (13.76) 

In (13.76) we may select a particular term a, and write, in place of (13.76), 

a = a,+b, (ai E I" hi E E,). (13.77) 

The term a, is called the I,-component of a. The correspondence a~a, is an 
operator homomorphism with kernel .2,. Two elements a and a' are congruent 
(mod £i) if and only if they have the same I,-component a,e 

A ring element c with the property c2 = c is called idempotent. 'We now prove 
the following. 
lbeorem 12: With the hypotheses and notation of Theorem 11: 

Each I, is generated by an idempotent element e,: 

I, = oe" e,2 = e,; 

The elements e, are mutually annihilating: 

for i =t= k; 

The Ii-component a i of any a is obtained by mUltiplication with e,: 

The sum 

e = et+···+e" 

is the identity element of o. 

(13.78) 

(13.79) 

(13.80) 

Proof: Since.i!, i,s modular, there exists an element Cj of 0 with the property 

ac, = a(l!,) for all a. , (13.81) 
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We now decompose Cj as in (13.77): 

Cj = ei+h. (13.82) 

From this it follows that aCi has the decomposition 

aCi = aei+afi· (13.83) 

From congruence (13.81) it follows that ac, and a have the same Ii-component. 
By (13.83), therefore, < 

aj = aei- (13.84) 

This completes the proof of (13.79j. 
If a runs through the ring 0, then a, runs through the ideal Ii; hence 

Ii = oei' (13.85) 

Putting a = ej in (13.84) gives 

(13.86) 

Putting a = ek in (13.84) gives 

o = ekei (k =F i). (13.87) 

Thi!1 completes the proof of assertions a, b, and c. 
P ltting 

e=el+"'+ ell, (13.88) 
it follows from (13.84) that 

ae = ael + · · . +ae .. = a1 + · · · +a .. = a; (13.89) 

that is, e is a right identity of o. It remains only to show that e is also a left identity. 
The elements a-ea form a right ideal t. For any b we have be = b and thus 

b(a-ea) = ba-bea = ba-ba = O. 
In particular, 

(a-ea)2 =-0. 

Thus t is a null ideal and is therefore contained in the radical by Theorem 6; 
but then t is the null ideal, and so for all a we have 

a-ea = 0; 
that is, e is a left identity. 

A ring which as a left module is completely reducible-that is, the direct sum 
of simple left ideals-is called completely left-reducible. We may now combine 
Theorems 11 and 12 as follows. 

Every semisimple ring with the minimal condition for left ideals is completely 
left-reducible and has an identity element. 

The converse of this theorem is also true. 
Theorem 13: Every completely left-reducible ring with a right identity is semi­
simple and satisfies the minimal condition for left ideals. 
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Proof: Let 
(13.90) 

be the decomposition of 0 into simple left ideals, and let E, be the sum of all the 
I j except Ii. Then 0/5]" fOV Ii' and 2i is therefore maximal. If e is the identity 
element of 0, then ae = a for all a; each Ei is therefore modular. The intersection 
of the 2, is {O} by Section 13.1, and hence 0 is semisimple. 

By section 7.6, 0 has a composition series of length n. By Section 7.4, there is 
a composition series which includes any left ideal I. The section of this com­
position series from 1 to {O} has length m ~ n; this number m is called the 
length 0/1. A proper sul:'ideal l' of 1 has a smaller length than 1, since we can pass 
a composition series for I through I'. In every nonempty set of left ideals there 
exists a left ideal I" of smallest length. This I" is a ~inimal ideal of the set, since 
any proper subideal1'" would have smaller length. The minimal condition for 
left ideals therefore holds in o. 

13.8 TWO-SIDED DECOMPOSITIONS AND 
CENTER DECOMPOSITION 

1n Section 13.7 we investigated the direct-sum decomposition of a ring 0 

in terms of left ideals under particular assumptions; we now wish to see what 
can be said about decomposition in terms of two-sided ideals. 
Theorem 14: If a ring 0 with identity can be represented as the direct sum of 
directly irreducible two-sided i~eals distinct from the null ideal: 

o = al + ... +an, 

then the ideals QI are uniquely determined. 
Proof: If there is a second decomposition 

o = Cl + .. · +c'"' 
then 

Cl = OCl = (at Ch a2e1, • • • ,an( 1)· 

The sum on the right .. hand side is direct, since 

(13.91) 

Since Cl is directly indecomposable, all the products (liCI must be zero with the 
exception of a single one, say, Q.1Cl. Thus, 

C1 = (llCl ~ al" 

In the same manner we show that Q1 is contained in some Cj ,and hence 

from this it follows that i = 1 and Cl = at. Each c1 is therefore equal to some "-i. 
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This uniqueness does not hold in the case of one-sided decompositions. 
We now prove: If 0 is the direct sum of two-sided ideals ai' then the center 3 

of 0 is the direct sum of the centers 3, of the rings ai. 

3 = 31 + · · · + 311· 
Proof: Let z = Zl + · · · +z,. be an element of the center, and let x = Xl + · · · 
+ XII be an arbitrary eleplent of o~ Then zx = xz and hence 

(13.92) 

From this it follows that Z,Xi = XiZ' for all Xi in 0i so that Zi lies in the center 
of a,. Conversely, if each Z i lies in the center of ait then (13.92) holds for all X; 

hence zx = XZ, and z lies in the center of o. 
The preceding considerations hold for arbitrary rings o. We now assume that 

o is semisimple and that the minimal condition for left ideals is satisfied. Then 
o is completely left-reducible: 

o = 11 + ... +1,. (13.93) 

and has an identity element: 

e = el + ... + ell (13.94) 

IT now f l is a two-sided ideal, then each ae i is a left ideal contained in I, and is 
therefore equal to either Ii or {O}. The Ii can be ordered so that 

ael = 11, •. · , aem = 1m, Qe".+l = {O}, ... , ae,. = {OJ. 

Then II, ... , I". are contained in Q, and therefore 11 + · · · + I". is also contained 
in a. Each element a of a is equal to 

a = ae = ael + · · · +aell .. 

In this sum aem+l, ... , ae" are all zero, and the sum thus reduces to 

a = ael + . · · +ae ... 

Hence, a c: 11 + · · · + 1m, and thus 

(13.95) 

or in words: Every two-sided ideal a is the sum of a certain number of the I,. 
For the I, occurring in (13.95) we have 

aI, = ClOe, = ae, = I" 
and for the II; not occurring in (13.95), on the other hand, 

aIt = ClOe" = ae" = {Ole 

The Ii occurring in (13.95) can therefore also be characterized by the fact 
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that they are not annihilated by a: 

aI, 9= {Ole 

If an Ii has this property, then all the IJ which are operator isomorphic to Ii 
likewise have the property ali 9= {Ole Thus, if an I, occurs in (13.95), then all the 
I j isomorphic to it also occur. 

Suppose that Ih ... , Ig are isomorphic to 11 and the others are not. We assert: 
a 1 = 11 + · · · + Ig is a two-sided ideal. 
Proof: For any b E O. 

alb = a1be = al(be1 + · · 0 + ben} 

~ (a 1 be 1, • • • , a 1 be B' • • • , a 1 ben) 

~ (11' · • · , I" 0, . · . , 0) = a 1 · 

Hence al is a right ideal and therefore a two-sided ideal. 
In this ~nner a two-sided ideal at can be formed from any class of isomorphic 

Ij' Let the i~als so formed by a1' a2' · · · , aro 
Now every ~o-sided ideal a is a sum such as (13.95), and if it contains Ii it 

also contains all I j isomorphic to Ii' We thus have the following. 
Every two-sided ideal is a sum of a certain number of the two-sided ideals 

ai' 0 •• , art These are minimal two-sided ideals. The ring 0 is the direct sum of 
the ak: 

o = al + ... +ar • (13.96) 

The last assertion follows directly from (13.93). 
By Section 12.8, all the at are rings which are mutually annihilating: 

for i =F k. (13.97) 

From (13.96) and (13.97) it follows that every left or right ideal of the ring at 
is also a left or right ideal in o. For left ideals I the proof goes as follows: 

01 = (at + · · · +ar)I 

c: (all, ... , arI) 

c: (0, ... , ail, 0, ... , 0) c:: I; 

for right ideals the proofis similar. Hence every two-sided ideal in ai is a two-sided 
ideal in o. But since ai is a minimal two-sided ideal, there exist no two-sided ideals 
in ai except ai and {Ole Thus each at is a simple ring with identity element eio 

We thus obtain the next theorem. 
Theorem 15: Every semisimple ring 0 with the minimal condition/or left ideals 
is the direct sum of simple rings with identity_ 

In the case of an algebra 0, this is the first half of Wedderburn's theorem 
mentioned in Section 13.5. 

We now investigate the structure of simple rings with identity. 
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13.9 SIMPLE AND PRIMITIVE RINGS 

Let 0 be a simple ring with right identity e: 

ae = a for all a. (13.98) 

Equation (13.98) states that the null ideal is a modular left ideal. By Theorem 
3, there thus exists a modular, maximal left ideal E =F o. The factor module 0/2 
is simple and provides an irreducible representation. The kernel of this repre­
sentation is a two-sided ideal ~ which, by Equation (13.62), is contained in E 
and therefore =t= o. Since 0 is simple, ~ = {O}; this means that the representation 
provided by olE is faithful. 

A ring which has a faithful irreducible representation is called primitive. We 
thus have the following. 
Theore,m 16: A simple ring with identity is primitive. 

Wf: now investigate whether the converse is also true. 
ret 0 be a primitive ring and let IDl be a simple o-module providing a faithful 

representation of o. Let u be an element of IDl which is not annihilated by o. 
Then ou is a submodule of ID1 which is not null and therefore equal to IDl. The 
mapping x~xu defines a homomorphism of 0 onto Wl whose kernel is a left 
ideal E of o. The factor module olE is isomorphic to ID1 and therefore simple; 
this means that £ is maximal. Since ou = IDl, u must have a representation of 
the form cu: 

u = cu. 

From this it follows that au = acu for all a of o. The mapping x~xu therefore 
assigns the same element of m to the elements a and ac. It follows that 

a = ac(,Q); 
that is, .e is modular. 

Because of the isomorphism IDl '" 0/2, the representation provided by IDl is 
equivalent to that provided by olE. The kernel of the latter representation is the 
two-sided ideal 

~ = £ :0. 

Since the representation is faithful, it follows that ~ = {Ole The radical 9t of 0 

is contained in ~ by Theorem 1 ; therefore 9t = {O} and 0 is semisimple. We thus 
have the following. 
Theorem 17: A primitive ring 0 is semisimple. 

In t1?-e first part of the proof the fact that the representation is faithful was 
.not used. Only the facts that the module ID1 is simple and that all elements of m 
are not annihilated by 0 were used. We thus have the following theorem for 
arbitrary rings. ' 
Theorem 18: Every simple o-module IDl which is not annihilated by 0 is iso­
morphic to thefactor module olE % by a modular, maximal left ideal..e.lf~ is 
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the kernel of the representation provided by IDl, then the radival 9t is contained 
in ~; that is, all elements of 9t are represented by the zero element. 

We now return to the study of primitive rings. Since 0 is semisimple, it follows, 
assuming the minimal condition for the left ideals, that 0 is a direct sum of 
minimal left ideals: 

o = 11 + · · · + I,.. 
At least one Ii is not contained in 2, since otherwise the sum 0 = 11 + · · · + I,. 

would lie in 2, which is not the case. The sum (lb .2) is then equal to 0, since .2 
is maximal; the intersection I, n.2 is null, since I, is minimal. We have therefore 
the isomorphism 

olE '" I,. 
The lYJ.oduie ml is thus isomorphic to a simple left ideal I" and the representation 

provid.!d by Wl is equivalent to that provided by Ii-
Dy section 13.8, 0 is a direct sum of two-sided ideals a" which, except for a 

single one~ are all repreSented by zero in the representation provided by Ii' If 
the representation is faithful, there can be only one a,,; this means that 0 is itself 
a simple ring with identity. We thus have the following theorem. 
Theorem 19: Every primitive ring with the minimal condition for left ideals is 
simple and has an identity element. 

Combining Theorem 16 with Theorem 19, it has been shown that for rings 
with the minimal condition, and thus in partiCUlar for algebras, the properties 
"primitive" and "simple with identity" are equivalent. 

Jacobson has clarified the structure of primitive rings in general (without the 
minimal condition)'. Every primitive ring 0 can be imbedded in the ring .0 of 
linear transformations of a vector space in such a manner that .0 is the closure 
of 0 in a particular topology in .0.5 Here the vector space will be constructed, 
and the imbedding of 0 in .0 will be given. 

In this construction the endomorphism ring of an o-module plays an important 
role. The endomorphisms L of an o-module IDl are defined as mappings of IDl into 
itself with the properties 

L(u+v) = Lu+Lv 

L(au) = a(Lu). 

(13.99) 

(13.100) 

Property (13.100) implies that the mapping L commutes with the transforma­
tion A of the representation a~A provided by rot: 

LA=AL for all A. 

If Wl also has a right operator domain, then the property 

L(ufJ) = (Lu)~. (13.101) 

for all f3 in n is required in addition to properties (13.99) and (13.100). If, for 
example, Q is a field and IDl is a vector space over this field, then properties (13.99), 

5N. Jacobson, Structure of Rings (19S6)~ Chapter ll. 
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(13.100), and (13.101) imply that the endomorphisms L are linear transforma­
tions of the vector space IDl which commute with all the linear transformations 
A of the representation a~A. 

If the sum and product of endomorphisms are defined according to Section 
6.9 by 

(L+M)u = Lu+Mu 

(LM)u = L(Mu), 

then the endomorphisms form a ring, the left endormorphism ring of the module 
IDl. 

In the following it will often be expedient to write the endomorphisms as right 
,1perators A, /L, ••• and define their product by 

U(AIL) = (UA)JL. 

In place of (13.99), (13.100), and (13.101) we then have 

(u+v)A = uA+v" 

(au)A = a(tM) 

(UfJ)A = (UA)f3 for pen. 

(13.102) 

(13.103) 

(13.104) 

The right endomorphisms likewise form a ring, the right endomorphism ring 
of the o-module IDl. Whenever in this and the following section we speak simply 
of the endomQrphism ring of a module, the right endomorphism ring is always 
meant. It is anti-isomorphic to the left endomorphism ring; that is, to each left 
endomorphism L there corresponds a right endomorphism " in a one-to-one' 
manner, to the sum L+M there corresponds the sum A+JL, and to the product 
LM there corresponds the product JLA. 

The endomorphism ring of a simple a-module is a skew field K. 
The endomorphism ring naturally has an identity, the identity automorphism ,. 

We must therefore only show that each endomorphism" =t= 0 has an inverse 
A -1 • The endomorphism A maps IDl onto a submodule9RA. If A =1= 0, this submodule 
is not the null module, and it must therefore be equal to IDl. The set of elements 
mapped by " onto 0 is also a submodule ofID'l. If" 9= 0, this submodule is not IDl 
and must therefore be the null module. The endomorphism ,\ therefore maps IDl 
isomorphically onto itself. It then has an inverse automorphism ,\ -1, which is 
what we wanted to show. 

The skew field K is called the endomorphism field of the simple o-module IDl. 
Since the identity element, of K is the identity operator, IDl is a vector space over 
K. The relations 

a(u+v) = au+av 

a(u,\) = (au)A 

imply that the elements a of 0 generate linear transformations A of the vector 
space IDl. The mapping a-+A is a ring homomorphism. If the representation is 
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faithful, then the correspondence a~A is an isomorphism and the ring 0 is 
imbedded in the ring .0 of linear transformations of the vector space m. 

Exercises 

13.12. In a completely reducible representatipn of a ring 0 the radical m is 
always ·represented by zero. 

13.13. A simple ring which is not primitive is nothing other than a simple 
additive group; all the products ab are zero. 

11.14. A simple algebra without identity is a one:dimensional vector space 
alP with a1

2 = O. 

13.10 THE ENDOMORPHISM RING OF A 
DIRECT SUM 

Let IDl = roll + · · · +~,. be the direct sum of n simple modules. We wish to 
investigate the endomorphism ring of IDl. 

If an element u of IDl is decomposed into its IDl,-components: 

U = Ut+···+u,., (13.105) 

then each of the mappings u~u i is an endomorphism /(,. The sum of these endo­
morphisms is the identity,: 

Every endomorphism can be decomposed as follows: 

/At = ,/At" = (LKh) /At(LlCi) 

If we put 

then 

= L/(hf'I(I' 
11,1 

(13.106) 

(13.107) 

(13.108) 

Each of the endomorphisms Phi maps IDlh into IDlE and all the other IDl" (k =F h) 
onto zero. We may also say that ~hl is a homomorphism o/SJR" into rol" The n2 

homomorphisms "'hi in (13.108) may be chosen arbitrarily; their sum is always 
an endomorphism p" and every '" can be obtained in this manner. The decomposi­
tion of J.t into homomorphisms f£hi ofIDlh into ilR, is unique,~ since (13.107) follows 
immediately from (13.108) on multiplying on the left with ICh and on the right 
with Ki' 

If p. = L ILhl and v = L Vhi are two endomorphisms, then their sum and 
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product can easily be formed. It is to be noted that ILhiVjk is zero if i =F j. We 
obtain 

P,V = L (L JLIt iV it) · 
It,k i 

(13.109) 

(13.110) 

The JLh~ can be arranged in the form of a matrix (/Lh'). To each endomorphism 
JL there thus corresponds a matrix of homomorphisms /Llti which may be chosen 
arbitrarily; to the sum IL+v there corresponds the matrix sum, by (13.109), and 
l'Q the product /LV there corresponds the matrix product, by (13.110). 

In general, many homomorphisms .JLIt' are equal to zero. Indeed, we have the 
following theorem. 

If Mit is mapped homomorphically into 9'Jl, and the mapping is not the null opera­
tor, then it is an isomorphism of Mh onto rol,. 
Proof: The kernel of the homomorphism is a submodule of mit and hence is 
equal to {O} if 9J1,. is not mapped onto zero. The .image module is a submodule 
ofrol, and hence is equal to 9'Jl, if it is not {Ole 

From this theorem it follows that ILhi = 0 except when IDlIt ~ IDl j • If we parti­
tion the modules rol, into isomorphism classes and enumerate them so that 
roll' · · · , rolq are mutually isomorphic, likewise IDlq + 1, ••• , rolq +" and so OL, 

then the matrices (p,,.i) evidently decompose into square blocks of q, r, ... rows 
and columns while the entries outside these blocks are all zero: 

ILl! · • · /L!q 

JLql •• • f'qq 

JLq+r,q+l··· 

If we write arbitrary elements in the first block and zeros in ali the others, 
then a matrix ring El is obtained which is a subring of the original matrix ring E; 
similarly, writing zeros everywhere except in the second block gives a ring E2 , 

and so on. It is clear that each element of E can be uniquely represented as a 
sum of elements of E1 , E2 , ••• and that the elements of Eh E2 , ••• annihilate one 
another. Hence the ring E is the direct sum of mutually annihilating rings E 1, E 2, •••• 
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To determine the structure of E we have now only to study the structure of a 
single E" say E I- To the elements of E 1 there correspond the q x q matrices 

(13.111) 

of the first block. 
Here P,ll is an element of the endomorphism field K 1 ofm 1- The other elements 

pt"i do not belong to this skew field, but are rather homomorphisms ofIDlh into IDli • 

However, we can map them in a well-defined way onto the elements of .ftl by 
choosing q fixed isomorphisms 

which map IDlI' .•. , rolq onto Wl1• For ptl we choose the identity automorphism. 
To each #Lit' we now assign the element 

A -1 
hi = J'h JLhiJL, (13.112) 

which belongs to 5\1 (since /Lh -1 maps roll onto IDlh' ILh' maps Wl,. into IDl" and 
ILL maps IDl, again onto IDl1); it is clear that to a sum P,hj + Vhi corresponds again 
a sum and to the product P.h'Vllc again a product as in (13.110). Thus, to each 
matrix (13.111) there corresponds a unique matrix (Ahi) with elements in K1, to 
the sum corresponds the sum, and to the product there corresponds the product. 
Hence, El is isomorphic to the ring of all q x q matrices with elements in the 
skew field KI , the automorphism skew field of the simple module 9J't1• 

Combining these results, we obtain the following. 
Structure Theorem for Endomorphism Rings: The endomorphism ring of a 
completely reducible module IDl is the direct sum of complete ma~rix rings Ej over 
skew fields K f-

13.11 STRUCTURE THEOREMS FOR SEMISIMPLE 
AND SIMPLE RINGS 

We begin with a ring 0 having a right identity e: 

ae = a for all a. 

We consider 0 as a module with 0 itself as left operator domain and seek to 
determine the endomorphisms /L of this module. These are mappings of 0 onto 
itself with the properties 

(a+b)p, = ap.+blL 

(ab)/L = a(bp.). 
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In the case b = e, the last property gives 

aIL = a(e/L). 

The endomorphism II- is therefore generated by right multiplication with an 
element d = elL. Conversely, every such right multiplication is an endomorphism: 

(a+b)d = ad+bd 

(ab)d = a(bd). 

The endomorphisms /L thus correspond in one-to-one fashion to the elements 
d of o. Sums correspond to sums and products to products. We thus have the 
following. 

If a ring 0 with right identity e is considered as a module with 0 as left operator 
domain, then the right endomorphism ring of this module is isomorphic to the ring 
o itself. 

As an application of this theorem, we determine the structure of semisimple 
rings with the minimal condition for left ideals. By Theorem 11, such a ring is 
the direct sum of simple left ideals: 

o = 11 + ... +1,.. (13.113) 

The endomorphism ring of such a direct sum is a direct sum of complete matrix 
rings over skew fields by Section 13.10. On the other hand, 0 has an identity 
element by Section 13.7. The endomorphism ring is therefore isomorphic to the 
ring 0 itself. We thus have the following. 
Structure Theorem for Semisimple Rings: Every semisimple ring 0 with the 
minimal condition for left ideals is isomorphic to a direct sum of complete matrix 
rings over skew fields. 

If the ring 0 is simple, then there can be only one matrix ring in the direct sum. 
We thus have the following. 
Stroctore Theorem for Simple Rings: A simple ring with identity which satisfies 
the minimal condition for left ideals is isomorphic to a complete matrix ring ~" 
over a skew field K. 

The degree n of the matrices is hereby equal to the number of left ideals in 
the decomposition (13.113). Since 0 is simple, all the Ii are isomorphic. The skew 
field K is the endomorphism field of a left ideal Ii. 

If, in particular, 0 is a simple algebra over a field P, then the elements fJ of P 
generate endomorphisms x--+xfJ of the left ideal Ii; P can therefore be imbedded 
in the endomorphism field K. Further, for each endomorphism A of K, 

(xfi)A = (XA)P, 

and thus f3 commutes with each A of K; that is, P is contained in the center of K. 
Since the matrix ring K,. has only finite rank over P, K also has only finite rank 
over P; that is, K is a division algebra over P. We thus obtain the following .. 
Wedderburn Theorem: Every simple algebra is isomorphic to a complete matrix 
ring over a division algebra. ' 
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When in the future we speak of a simple algebr~, we ~hall always mean a simple 
algebra with identity and thus a complete matrix ring Kn over a skew field K. 
The multiples efl of the identity element will always be identified with the elements 
P of P. 

Exercises 

13.1 s. A direct sum of complete matrix rings over skew fields is semisimple. 
13.16. A complete matrix ring over a skew field is primitive and simple. 
13.17. A commutative semisimple ring with minimal condition is a direct sum 

of fields. 

13.12 THE BEHAVIOR OF ALGEBRAS UNDER 
EXTENSION OF THE BASE FIELD 

Let m be a semisimple algebra over the base field P. We wish to examine 
the behavior of ~ when the base field is extended to a field A, that is, to see which 
properties of m: are hereby preserved and which are lost. The investigation pro­
ceeds as follows: m: is assumed first to be a commutative field, then a skew field, 
then a simple algebra, and finally a semisimple algebra; the next more complicated 
case is always reduced back to the preceding case. All the rings considered are 
assumed to have identity elements. 

1. Jf91 is ajinite separable extensionfield ofP, then ~A has no radical regardless 
of how the field A is chosen; if, on the oiher hand, ~ is inseparable, then,/or appro­
priate choice of A, ~A has a radical. 
Proof: If ~ is separable, (J is a primitive element of ~ (Section 6.10), ~z) is 
the irreducible polynomial with root 6, and n is the degree of 9'(z), then, by 
Section 6.3, 

~ = P(8) = p+o.p+ ... +t9"-lp ~ P[z]/9'(z) 

and hence after extending the base field 

~A = A+t9A+··· +811
-

1A ~ A[z]Jcp(z). 

Since <p(z) has no multipl~ factors in A[z], there does not exist a polynomialf(z) 
such that some power of fez) is congruent to zero modulo ~z) unless fez) itself 
is congruent to zero modulo <p(z); that is, there is no nilpotent element in A[z]/~z) 
except zero. By Theorem 8, the radical of m:A consists of nilpotent elements. Since 
there are no nilpotent elements except zero, the radical is the null ideal. This 
means then that m:A is semisimple. 

On the other hand, if m: is inseparable and 8 is an inseparable element of m:, 
then ~ has the sub field P(8) and'mA has the subring A(t}) which is isomorphic 
to A[z]/cp(z) as above. If A is appropriately chosen, cp(z) has multiple roots in A, 
and there exists in A[z] a polynomial J(z) which is itself not divisible by 9'(z) 
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while some power ofJ(z) is divisible by cp(z). There thus exists a nonzero nilpotent 
element in A[z]/q>(z); hence there is also such an element in A({}), and this element 
generates a nil ideal in ~A' since in a commutative ring every nilpotent element 
generates a nil ideal. This completes the proof of the theorem. _ 

Since the roles of ~ and A are interchangeable, the first part of the theorem 
may be formulated as follows. If at least one of the fields m: and A is finite and 
separable over P, then ~ x A is semisimple. Since ~ x A is moreover commutative, 
we have: ~x A is the direct sum olfields (cf. Exercise 13.17). 

2. We now proceed to the case where ~ is a skew field K. This case can be 
reduced to the preceding commutative case by means of the following reduction 
theorem. 
Reduction Theorem: If K is a skew field over P with center Z ::> P, if further A is 
an algebra over P, and if we put 5\ = K x A and 3 = Z x A, then every two-sided 
ideal Q in St is generated by a two-sided ideal of 3. 

The reduction theorem is more easily understood if it is formulated as a module 
theorem. 

Let K be a skew field which admits certain automorphisms 0'. Let IDl be a 
module over K of finite rank: 

Wl = Zl K+··· +zqK. 

The autom~)phisms 0 of K induce automorphisms ofIDl according ~o the follow­
ing definition: 

a(ZlKl + · · · +ZqlCq) = Zl(aIC1)+ · · · +Zq(aKq). 

We now assert: every submodule Q ofIDl which admits the automorphisms 0 has a 
K-basis, each of the elements of which is taken into itself by the automorphisms. 
Proof: If (Zl' ••.• , z,) is a K-basis for Q, then by Section 4.2 it can be enlarged 
to a K-basis ofIDl by adjoining certain z" say Zr+l, ••• , Zq. Eac~ element ofIDl 
is then congruent modulo a to a linear form in Zr+l, ••• , Zq with coefficients in 
K. In particular, for i = I, 2, ... , r, 

If we put 

q 

Zi = L ZkYki (mod a). 
k==r+l 

q 

Ii = Zi - L Zt'Ykb 
k=r+l 

then the 1, are linearly independent elements of Q. Indeed, any linear relation 
between the Ii implies the same relation between Zl' ••• , Zr and these are linearly 
independent. Thus, 11, ... , I, form a K-basis for a. If an automorphism a is 
now applied to lb we obtain: 

4 

ali = Zi - L Zk(U')'ki) 
,+1 

(13.114) 
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This al, must again belong to a, and it is therefore a linear combination of the 
original I,: 

r q 

ai, = 'L1/X,J = 'LzPJ-'Lz1cLi'kjCXj. (13.115) 
1 r+1 J 

On comparing (13.114) and (13.115), we find that elj = 0 with the exception of 
«, = 1. Hence, al j = Ii as asserted. 

In order to obtain the reduction theorem from the module theorem, we take 
the inner automorphisms I(--+~K~ -1 of K for the automorphisms in the module 
theorem. Transformation with fj affects a sum ZtKl + · · · +ZqlCq in the required 
manner: it leaves the Zi unchanged and takes K; into {3KJJ-l. A two sided ideal a 
in K x A is also a two-sided K-module and admits therefore the automorphisms 
Q~~ -1. Thus a has a basis consisting of elements 'L Z,K, which are taken indi­
vidually into themselves by transformation with fJ; this means that the coefficients 
It; belong to the center Z of K. These basis elements therefore belong to 3 = 
Z x A, and this completes the proof of the reduction theorem. 
Remark: The reduction theorem remains true if an arbitrary skew field a is 
taken in place of A, provided that K has finite rank over P. Indeed, if a is a two­
sided ideal of ft = K x 0, then a as well as 5\ has finite rank over n and therefore 
has a finite a-basis (a1' ... ,as). The basis elements, when expressed in the 
form L WiKb contain only finitely many Wi which generate a finite subinodule A 
of Q. The module theorem may be applied to the product rot = K X A and the 
submodule a n IDl; we thus find a module basis for a tl IDl, and hence an ideal 
basis for a, which is invariant under the inner automorphisms of K and therefore 
belongs to Z x Q. 

Henceforth K and A shall be division algebras over P or, in particular cases, 
finite extension fields of P. From the reduction theorem we obtain the following. 

/fZ x A is simple, then K x A is also simple.JfZ x A is semisimple, and thus the 
direct sum of simple algebras, then K x A is the direct sum of the same number of 
simple algebras and is thus itself semisimple. 

Naturally, A may be replaced by its center in the same way that K is replaced 
by its center Z. 

If the product of the centers of K and A is simple or semisimple, then K x A is 
likewise simple or semisimple. In particular, K x A is semisimpie if one of the centers 
is separable over P. 

If K is central over P, that is, if Z = P, then Z x A = A is a division algebra 
and hence" simple. 

If one of the two division algebras K or A is central over P, then K x A is simple. 
3. The transition from division algebras to simple algebras, that is, to com­

plete matrix rings ~ = Kr , is easy. If A is an arbitrary skew field over P, then 

~ x A = K,. x A = K X Pr X A '" (K x A) x Pro 

If now K x A is semisimple and is thus the direct sum of complete matrix rings, 
then to obtain m x A these matrix rings must be multiplied by Pr, that is, the 
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degree of theJIlatrices must be multiplied by r. Nothing is changed as far as the 
simplicity or -semisimplicity of K x A is concerned. 

The center of ~ = Kr is equal to the center Z of K. We thus obtain the following. 
If the center Z of ~ = Kr is separable over P, then ~ x A is semisimple. If ~ 

is central over P, that is, Z = P, then ~ x A is simple however the division algebra 
A is chosen. 

From the remark following the reduction theorem it follows that the last 
result is also true for infinite skew fields A. 

4. A semisimple algebra ~ is the sum of simple algebras ~', ~., .... The 
product m: x A is obtained on multiplying the individual simple summands by A. 
If we take A to be a commutative field, we obtain the following. 

A semisimpie algebra remains semisimpie under every separable extension of 
the base field. If the centers of the simple algebras ~', m", . . . are all separable 
over P, then the semisimplicity is preserved under arbitrary extension of the base 
field. 

S. We have seen that the behavior of simple algebras under extension of 
the base field depends entirely on the behavior of the ull:derlying division algebra. 
We shall now investigate the behavior of central division algebras somewhat 
further. 

By what was proved in part 3 above, a central division algebra remains central 
and simple under every extension of the base field. It need not remain a skew 
field, but may go over into a matrix ring over a skew field. In this case we say 
that the extension of the base field effects a decomposition of the division algebra 
(a decomposition into simple left ideals). 

If K =f= P is a central division algebra, then there always exists a field extension 
which effects a decomposition of K. 

Let f1 be an element of K which does not belong to P; f1 is a root of an irreducible 
polynomial <p(x) of P[x]. The polynomial <p(x) splits in an appropriate field A; 
for example, we may take A t-tJ P(ft) such that a linear factor is split off from <p(x). 
It was previously shown that A x P(f3) ~ A[x]/q:{x); A x P(fl) therefore has zero 
divisors, and thus the larger ring A x K also has zero divisors. This ring is therefore 
no longer a skew field; it can thus only be a matrix ring K,., with r' > 1. 

Let the symbol (K : P) denote the rank of Kover P. Equating the rank over A 
of the left and right members of K x A = K~" we obtain 

(K : P) = r,2 ·(K' : A). 

The rank of K' over A is thus smaller than that of Kover P. If K' 9= A, then 
the skew field K' can also be decomposed by a further extension of the field A~ 
Then K~, goes over into a matrix ring of degree ,'r". This process cannot be 
continued indefinitely, since the ranks of the skew fields always become smaller. 
A complete decomposition is finally obtained !D which the division algebra K 
has become a matrix ring over A: 

K x A ~ Am. 
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A field A which accomplishes this is called a splitting field of the division 
algebra K. The above proof shows that there is alway~ a splitting field of finite 
degree over P ... The rank relation above now becomes 

(K : P) = ml. 

The rank of a division algebra K over its center P is thus always a square number 
ml. The number m-that is, the degree of the matrices after complete decom­
position-is called the index of the division algebra K. 

A splitting field of K is also a splitting 'field for K, and conversely, since K x A 
and Kr x A are complete matrix rings over the same skew field. 

Exercises 

13.18; A product of two simple algebras over P, of which one is a central 
algebra is simple. 

13.19. An algebraically closed extension field n of P is a splitting field for all 
central simple algebras over P. 



Chapter 14 

REPRESENTATION THEORY OF 
GROUPS AND ALGEBRAS 

14.1 STATEMENT OF THE PROBLEM 

Let 0> be a group. A representation offfJ in afield K is a group homomorphism 
which to each group element a assigns a linear transformation A of an n­
dimensional vector space over K (or, what amounts to the same thing, an n x n 
matrix A). The dimension n is called the degree of the representation. The repre­
sentation is said to be faithful if it is an isomorphism. 

Similarly, a representation of a ring 0 in K is a ring homomorphism a~A, 
where the A are again linear transformations of an n-dimensional vector space. 
This definition agrees with that given in Section 12.4. It was shown there that to 
each representation of 0 in K there corresponds a double module (0 on the left 
and K on the right), the representation module, and, conversely, every such 
representation module provides a representation. To isomorphic representation 
modules there correspond equivalent representations, and conversely. The 
representation is reducible if the' representation module possesses a proper 
submodule distinct from {O}, and it is irreducible if the module is simple. 

If 0 is an algebra over P, then it is required of the representation that the base 
field P be contained,·in the field K and that a-+A imply afi~AfJ for all f3 of P. 
For the representation module·9Jl this means that 

(afJ)u = (au)p for a E 0, f3 E P, U E IDl. 

The principal problem is to find all representations of a given group or algebra. 
The representation problem for finite groups can be reduced immediately to 
that for algebras by forming the group ring (Section 13.2) 

o = al K+· .. +a"K 

whose basis elements a1, .•. , ala are the elements of (fj. If a,~Ai is the group 
representation, then 

75 
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is a representation of the group ring 0, as is easily verified. Conversely, every 
representation of the group ring 0 in K assigns, in particular, linear transforma­
tions to the basis elements al, ••• , ala- Thus: Every representation of a finite 
group in a commutativejield K can be obtainedfrom a representation o/the group 
ring. 

In the representation theory of algebras it is usually required that the repre­
sentation field K be the same as the base field P. The general case can be reduced 
back to this special case by extending the algebra 0 to OK. If in the original repre­
sentation the matrices A1, ••• , All are assigned to the basis elements ai' · - . , ah 

of 0, then the matrix L AtPi may be assigned to an element L a,p, Wi E K) and 
the representation of 0 is thereby extended to a representation of OK. Thus every 
representation of 0 in a commutative field K can be obtained from a representation 
O/OK· 

A further restriction of the problem is obtained if the ring 0 has an identity 
element. We may then always assume that this identity element 1 is also the 
identity operator for the representation module; that is, to it is assigned the 
identity matrix in the representation. Otherwise, by Section 12.1, the representa .. 
tion module is a direct sum IDlo +ID1b where IDlo is annihilated by 0 and 1 is the 
identity operator for 9R1• The representation decomposes into two components 
of which the first consists only of null matrices, and is thus of no interest; the 
second provides a representation in which the identity element is the identity 
operator. 

An especially important representation of an algebra is the regular representa­
tion, which is obtained by interpreting 0 itself as a representation module (0 on 
the left and P on the right). The submodules are precisely the left ideals of o. 
The regular representation is completely reducible if the ring is completely left­
reducible. 

14.2 REPRESENTATION OF ALGEBRAS 

In Section 13.9 (Theorem 18) we saw that the radical 9t of an algebra 0 is 
represented by zero in every irreducible representat~on. The same naturally holds 
also for every completely reducible representation, si{tce any such representation 
is obtained from a sequence of irreducible representations. Any completely 
reducible representation of 0 may therefore be interpreted as a representation of 
the semisimple algebra 0/9t. 

The following theorem shows how all representations of a semisimple algebra­
or, more generally, of a semisimple ring with the minimal condition for left ideals­
are obtained. By Section 13.7 such a ring 0 has an identity element and is com­
pletely left-reducible; that is, it is the direct sum of simple left ideals. Every 
representation of 0 is provided by an o-module IDl. 
Principal Theorem: Let 0 be a completely left-reducible ring with identity, and 
let m be an o-module with finite basis. Let the identity of 0 be the identity operator 
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for IDl. Then ~ is the direct sum of simple a-modules. Each of these is isomorphic 
to a simple left ideal of o. 
Proof: The ring 0 is the direct sum of simple left ideals by hypothesis: 

(14.1) 

The module ID1 is assumed to have a finite o-basis (Ul' ... , us). This implies 
that 

(14.2) 

Substituting (14.1) in (14.2) gives 

m = (. · · , {,Uk' ••• ). (14.3) 

Those modules Iiuk which are null may be omitted from the sum on the 
right-hand side of(14.3). If I,uk =t= 0, then X~XUk defines an operator isomorphism 
of Ii onto Iiu1c. The :'nodules Iiu1c which are not null are'thus isomorphic to Ii and 
are therefore simple. If one of the I,uk is contained in the sum of the other such 
modules, then this term may be omitted from the sum. This process is continued 
until each remaining term I,Uk has only the zero element in common with the 
sum of the other such terms. The sum is then direct. 

The theorem also holds if a right mUltiplication domain n with the usual 
properties 

(au)fJ = a( ufJ) = (afJ)u (fJ E Q) 

is also given for 0 and IDl. In application to the representation theory of algebras, 
n is the coefficient field P of the algebra 0 and at the same time the representation 
field. If IDl is a vector space of finite dimension over P, then IDl automatically has 
a finite o-basis as required in the theorem. 

When applied to semisimple algebras, the theorem states that every repre­
sentation of such an algebra is completely reducible, and each of its irreducible 
components occurs as a component in the regular representation. The irreducible 
components of the regular repres~ntation are, according to (14.1), provided 
by the simple left ideals Ii. 

By Section 13.8, a semisimple algebra 0 is the direct sum of simple algebra.s «v: 

0= «1+···+«s. (14.4) 

The tly can be decomposed further into minimal left ideals Ii. All the Ii occurring 
in a single ay are isomorphic and thus provide the same representation. The I, 
occurring in a" are annihilated by every ap with p. =+= v: 

a,Ji c: QI'Clv = {O}. 

All such a" are the~efore represented by zero in the representation provided 
by Ii. Only «v is faithfully represented. Indeed, the kernel of t!le representation 
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of Q" is a two-sided i<leal in Clv; since Q" is simple and is not represented by zero 
alone, the kernel must be the null ideal. 

We now investigate the representation of a simple algebra which is provided 
by an arbitrary simple left ideal of this algebra. 

By Section 13.11, a simple algebra 0 with identity is isomorphic to a complete 
matrix ring over a skew field d. If Cik denote the matrices which were introduced 
in Section 13.2 as C ii' then 

A minimal left ideal I is given by 

The base field P, which is also to be the representation field, is contained in the 
center of d, and ll. has finite rank over P. 

We first consider the case A = P. The basis (CII' C21' ••• , Cnt) of I can serve 
to determine the matrices of the representation explicitly. If a = Lt, k= 1 CiktXik 

is an element of 0, then 

n " 
aCtt = L ClkCtt(X'k = L cn(Xi1,; 

i=l i=1 

thus, in the representation provided by I to the element a there corresponds the 
matrix «(Xu). The isomorphism of 0 to the complete matrix ring of matrices (CXiJ 
is thus precisely that irreducible representation which is provided by a minimal 
left ideal. 

It is to be noted that in the case a = P the matrices of the representation 
always from the complete matrix ring of degree n. This may also be expressed 
by saying that among the matrices of the representation n2 of them are linearly 
independent. 

If now ~ is a proper extension field of P: 

~ = A P+··· +A P 1 r , 

then we first form the'regular representation of d in P, whereby the matrix 
defined by 

is assigned to each fJ of 6.~ We then form 

I = Cll~+··· +cn1ll. 

= (C1 1AI P+, · · +CltAr P)+ · · · +(c.tAtP+ · · · +c"t.\rP). 
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If we represent an element c i1 • fJ of 0 with respect to this basis, we obtain 

0 ... 0 ... 0 

Ci1lJ~ 0 .. . B ... O , 

0 ... 0 ... 0 

where the zeros stand for r-rowed matrices and B occupies the kth position in the 
ith row of matrices. On summing, it follows that 

All' •• AIn 

" L CikC%lk-+ (14.5) 
i, k= 1 

Ani · · · Ann 

where the Ail are again the matrices which correspond to exik in the regular 
representation of tl. 

From the form of the irreducible representation provided by I it can also be 
found how this representation decomposes on extension of the base field P to 
a commutative extension field Q. In this extension tl goes over into a system 
~n = A x Q and the left ideal I = Clld n+' . · +CnlAn becomes 

If now tln is reducible and thus contains a proper left ideal I' , then I n also contains 
a proper ideal 

£' = CllI' + · · · +cn l1'. 

Thus, if An dec,omposes into left ideals 1', then In decomposes into the same 
number of left ideals E'. The reducibility or decomposition of the irreducible 
representation of 0 provided by Ion extension olP to n is thus completely determined 
by the reducibility or decomposition of the algebra An into left ideals. 

If A =F P, then by Section 13.12 the fi.eld n can always be chosen so that L\n 
contains zero divisors; it is therefore no longer a skew field and thus contains at 
least one proper left ideal. The representation provided by I which is irreducible 
in P then becomes reducible in O. In the case tl = P, on the other hand, the 
representation provided by I is absolutely irreducible; that is, it remains irre­
ducible under any extension of the base field. Thus ~ = P is the necessary and 
sufficient condition that the representation irreducible in P be absolutely irreducible. 

If the algebra 0 is not simple but only semisimple, and thus a direct sum of 
simple algebras al + . · · +(1s' and if I is a left ideal of all' then to find the repre-
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sentation provided by I of an- element a of 0 we must first write a as a sum 
a l +. ~. +a" pick out the component a, from this sum, and form the matrix 
corresponding to this a, according to (14.5). The other components a1, ••• , 0,-1' 

a, + 1, • • • , a. annihilate the ideal I and are thus represented by zero. 
If Ql' •• • , Q" are, say, complete matrix rings of degrees nl, ... ,n" over the 

skew fields d 1, ••• , ~, and, further, if r" is the rank of d, and!)" is the irreducible 
representation provided by a left ideal of Q" then the rank h of 0 is equal to the 
sum of the ranks of ai' ... , a. and hence 

(14.6) 

Further, by (14.5) the degree of the representation 1)" is equal to 

(14.7) 

Finally, a" decomposes into n" equivalent left ideals 1; the regular representation 
therefore contains the representation !)y precisely n, times. 

In particular, if all the 1)" are absolutely irreducible, then all r" = 1; (14.6) 
and (14.7) then simplify to 

gy = ny. (14.8) 

14.3 REPRESENTATIONS OF THE CENTER 

In an irreducible representation the center of an algebra 0 must be represented 
by matrices which commute with all other matrices of the representation. If the 
base field is algebraically closed and the ring of matrices of the representation is 
thus a complete matrix ring, then its center consists only of multiples of the 
identity matrix E; the center ofQ is thus represented by matrices of the form E«. 
The same holds for absolutely irreducible representations, since for these repre­
sentations the base field can be extended to an algebraically closed field without 
destroying the irreducibility. Hence, in an absolutely irreducible representation 
of an algebra 0 the elements. of the center are represented by multiples of the identity 
matrix. 

If 0 is itself commutative, and thus is its own center, then all matrices of an 
absolutely irreducible representation have the form Ell>". It then follows from 
the irreducibility that the representations must be of first degree~ Thus, the 
absolutely irreducible representations of a commutative algebra are o/first degree. 

A representation of 0 of first degree is a homomorphism of 0 into the represen­
tation field K. If K is commutative, then two equivalent representations are in 
fact equal; for if A = (a;) is a matrix of the representation and A is an element 
of K, then 

A -1(<<%)A = (,\ -1cxA) = . (oc). 
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It thus follows that the number of inequivalent representations 0/ a commutative 
algebra 0 of first degree in a commutative field K is equal to the number 'of distinct 
homomorphisms from 0 into K. 

Let us now return to noncommutative algebras and suppose that 0 is semi­
simple. Then 0 is the direct sum of simple algebras: 

o = at + .. · +as' 

and the center 3 of 0 is the sum of precisely the same number of fields: 

3 = 31 + · · · +3.1 (3" the center of Qy). 

The number of inequivalent, irreducible representations of 0, and likewise of 
3, is equal to the number s of the two-sided components of 0 or 3; for every such 
representation l)" of 0 is provided by a left ideal of~, and every such representa­
tion 1)~ of 3 is provided by a 3ye There are thus the same number of inequivalent, 
irreducible representations % as 0/3, and to each irreducible representation 1)" 

of 0 in which all the a1' ... , as with the exception of a" are represented by zero 
there corresponds a representation l)~ of 3 in which all the 31' . · . ,3, with the 
exception of 3" are represented by zero. 

In particular, if 0 is the sum of complete matrix rings over P, then the fields 
3" are of rank 1 and are isomorphic to P; in this case the nUmber s of irreducible 
representations ofo is thus equal to the rank of the center 3. The relation between 
the irreducible representations !.>y of 0 and the irreducible representations (of 
first degree) of 3 is very simple in this case. Indeed, in the representation 1)" 
each center element z is represented by a matrix of the form Ea., where E denotes 
the identity matrix of degree n". To each z there thus corresponds a particular ex 

(for given v), and we may write: 
tX = E>,,(z). 

The fUnction @" affords a homomorphism of the center; that is, 

0,,(y+z) = 9,,(y)+8,,(z) 

E>y(yz) = @,,(y)E>,,(z) 

8.lzfJ) = 8,,(z)· fJ. 

Under this homomorphism all the 31, ... ,3. with the exception of 3" are 
represented by zero; that is, the homomorphism 9" is precisely the first-degree 
representation of the center previously denoted by!>;. 

The representation Ely is known as soon as a P-basis for the module 3" is given; 
the identity element e" of the field 3" may be taken as such a basis. If each element 
z of 3 is written in the form 

(14.9) 

then 
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and EfJy is thus the representing matrix, that is, 

9 y(z) = PY· 
For (14.9) we may now also write: 

s 
Z = L ey0 y(z), . 

y=1 
(14.10) 

or in words: the coefficients 9 v(z) in the expansion of a center element z in terms 
of the idempotent elements ev of the center give at the same time the homomorphisms 
or representations o/first degree o/the center. 

Exercises 

14.1. The number ofrepreseotations of first degree of a commutative algebra 0 

in an algebraically closed extension field n of P is equal to the rank of 
on/91 over P, where m denotes the radical of On. 

14.2. If K is a commutative field over P, then the number of first-degree repre­
sentations of K in n is equal to the reduced field degree of Kover P. 
Here 9t = {O} if and only if K is separable over P. 

14.4 TRACES AND CHARACTERS 

The trace of an element a in the representation 1), written 

or simply S( a), 

is defined to be the trace S(A) of the matrix A corresponding to _ a in the repre­
sentation 1). The trace Sth considered as a function of the element a for fixed 1), 

is called the trace of the representation D. 
The relation 

S(P-1AP) = S(A) 

implies that equivalent representations have the same trace. 
The trace is a linear function; that is, 

S(a+b) = S(a)+S(b) 

S(afJ) = S(a)p. 

Traces of absolutely irreducible representation (or, what is the same thing, 
traces of irreducible representations in an algebraically closed field Q) are called 
characters. 1 The character of an element a in the vth irreducible representation 

1 Many authors also use the word "character" for reducible representations and then speak 
of "compound characters." This designation is avoided here, since it does not coincide with 
the older meaning of the word "character" in the special case of Abelian groups and since, 
moreover, the word "trace" conveys the meaning just as clearly. 
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1)y is denoted by 
Xy(a). 

The index v will sometimes be omitted if a fixed representation is being considered. 
In an absolutely irreducible representation 1)y of degree ny the center elements 

z are represented by diagonal matrices E. @y{z) by Section 14.3, where 0 y is a 
homomorphism of the center into the field n. The trace of the matrix E·@y(z) is 

Xy(z) = n,· E>,(z) .. (14.11) 

In particular, the identity element of 0 is represented by the identity matrix E 
whose trace is ny: 

Xy(l) = ny • 

In the following we shall require that the degree ny of the irreducible repre­
sentations not be divisible by the characteristic of the field n. We may then divide 
(14.11) by ny and obtain 

0y{z) = Xw(z). (14.12) 
n., 

In this manner the homomorphisms of the center are expressed in terms of the 
characters. 
Theorem: A completely reducible representation of an algebra 0 in a field n 
of characteristic 0 is uniquely determined up to equivalence by the traces of the 
matrices of the representation. 
Proof: If 9t is the radical of 0, then every completely reducible representation 
of 0 is also such a representation of o/'~t The traces of the matrices representing 
the elements of o/9t are known by hypothesis. Suppose that 

0/91. = a l + · · · +an ; 

let the identity elements of ah ... , an be e1, ••• en. In the irreducible representa­
tion 1>1' the elements e., is then represented by the ny·rowed identity matrix; the 
corresponding trace is thus 

while 
for p. =l= v. 

Now a completely reducible representation is known if it is known how often 
each irreducible representation 1)" occurs in it. If the representation 1)v occurs qy 

times, then the representation consists of ql blocks 1)1' q2 blocks 1)2' and so on. 
The trace of ey in this representation is then 

S(ey ) = q"ny • (14.13) 

The qy can be computed from (14.13) as soon as the traces S(ey ) are known. 
This completes the proof. 
Remark: The traces of all the elements of 0 are known if the traces of the 
basis elements ofo are known. For example, ifo is the group ring of a finite group, 
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it is only necessary to know the traces of the group elements, and the representa-­
tion is already determined. If a1' ...... , an are the basis elements and xy(aJ are 
their traces in the irreducible repreSentations, then for an arbitrary representation 

8 

S(ai) -:: L qvXy(at)· (14.14) 
"1=1 

The numbers qy are uniquely determined by the equations according to the 
theorem above. Equations (14.14) afford a computational method of decom­
posing a given completely reducible representation into irreducible components 
by computing only the traces. However, the characters of the irreducible repre­
sentations must first be known. 

14.5 REPRESENfATIONS OF FINITE GROUPS 

We begin with the following theorem. 
Maschke'S Theorem: Every representation of a finite graup (fj in a field P whose 
characteristic does not divide the order h of the group is completely reducible. 
Proof: We suppose that the representation module IDl is reducible and that 91 
is a minim~ submodule. We shall show that in can be represented as a direct 
sum 91 + ~., where ~" is again a representation module. 

As a vector space, IDl decomp,oses.according to the scheme 9t+91'; however, 
91' is not necessarily invariant under o. If y is an element of 91' and a an element 
of (D, then ay can be uniquely represented as the sum of an element of 91 and an 
element y' of 9l'; thus, . 

ay = y' (mod 91). 

For fixed a the element y' is uniquely determined by y and depends linearly on 
y: ay = y' and az == z' imply a(y+z) = y' +z' and ayfJ = y'fl for fJ E P. We 
may therefore write: 

y' = A'y; A'y = ay (mod 9l), 

where A.' is a linear transformation into 91' which depends on Q. Indeed, the A' 
form a representation of the group (D since a~A.' and h-+B' imply ab~A' B' .. 

We now put 
1 - L a-lA'y = Qy = y"; 
h Q 

y" depends linearly on y, and the y" therefore form a linear subspace 9l" = .Q91'. 
It also follows that modulo 91 

Each element of iR is therefore congruent modulo 91 not only to an element y' 
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of 91;, but also to a uniquely determined element ylt of mit; that is, we have the 
direct-sum representation 

Finally, for each element b of 6>, 

1 
by" = - L ba- 1,A'y 

h II ' 

= ! L (ab-1)-1(A'B,-1)B'y 
h 4J 

= QB'y E Q91' = 91";' 

91" is therefore transformed into itself by the operators b of ffi; that is, 9!" is a 
representation module. 

If 9l" is reducible, then it can be treated in the same way by splitting off a 
minimal submodule, and so on. A complete decomposition of the module, and 
hence of the representation, finally results. This completes the proof of Maschke's 
theore~. , 

By section 14.1, every representation of (fj can be extended to a representation 
of the group ring 

o = alP+ · · · +a,.P; 

conversely, every representation of 0 provides a representation of <» in a natural 
way. It now follows from Maschke's theorem that every representation of 0 is 
completely reducible. This is true, in particular, of the regular representation 
provided by 0 itself as the representation module. Thus 0 is the direct sum of 
minimal left ideals and is therefore semisimple by Theorem 13, Section 13.7. 
By section 14.2, the minimal left ideals of 0 give all the irreducible representations. 

.. The number of absolutely irreducible representations is equal to the rank 
of the center by Section 14.3, and the center of the group ring consists of all those 
sums 

(aA E ~, P>" E P), (14.15) 

in which conjugate group elements have the same-coefficients, as is easily seen. 
The elements conjugate to an element a form a class. If ko is the sum of the 
elements of this class, then (14.15) is a sum Qf such sums ko with coefficients in P. 
We thus have the theorem: The center o/the group ring is generated by the class 
sums ka. The rank of the center is therefore equal to the number of classes, and 
from this there foll~ws: The number o/inequivalent, absolutely irreducible repre­
sentations of a group is equal to the number 0/ classes of conjugate elements. 

By section 14.2, the relation 

n12+n22+ ... +ns2 = h 

holds' between the degrees nI' ... , nfJ of the irreducible representations. 
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One representation of first degree which is always available is the "identity 
representationU in which every group element is mapped onto 1. If there are still 
other representations of first degree, then a proper normal subgroup with an 
Abelian factor group is present, for the matrices of a representation of first 
degree commute and form an Abelian group homomorphic to the group. 
Conversely, if a proper normal subgroup with Abelian factor group is pres~nt, 
then the characters of this factor group give representations of first degree. All 
other representations are of higher degree. 
Extunple 1: The symmetric group 6 3 • There are three classes and thus three 
representations. The alternating group has two cosets 5\0 and 5\1' those of the 
even and odd substitutions. The two characters are 

and these determine the representations of first degree. Since 

n12+n22+n32 = 6, 

the third representation must have degree 2. The permutations of three vectors 
el' e2, e3 in a plane whose sum is zero give a faithful representation ot this per­
mutation group; it is easy to show that the representation is irreducible. If el 
and e2 are taken as base vectors, then the repres~tation is as follows: 

{
(I 2) el = e2 {(I 3) e1 = -el-e2 {{2 3) el = el 
(1 2) e2 = el (1 3) e2 = e2 (23) e2 = -el -e2 

{
(I 3 2) el = -el -e2 
(132)e2 = el. 

Extunple 2: The quaternion group .0.8 is the group of eight quaternions: 
± 1, ±j, ± k, ± I. It has two generators j and k which satisfy the relations 

j4 = I, kl = j2, kj = j 3k. 

There are five classes and thus five representations. The normal subgroup {I, j2 } 
has as factor group the Klein four-group whose four characters give four linear 
representations. Since 

the remaining representations must have degree 2. If we assign to the group 
elements 1, j, j2, j3, k, jk, j2 k, j3 k the quatemions 1, j, -1, - j, k, I, - k, -I, 
then we obtain a homomorphic mapping of the group ring 0 onto the field of 
quaternions; the field of quaternions must therefore occur among the two-sided 
compositipn factors of o. The decomposition of 0 in the rational base field (Q 
is therefore 

o = ttl +Q2 +03 +a4 +as, 

where ai' a2 , a3' a4 are isomorphic to CQ and as is isomorphic to the field of quater­
nions. If we go over to the algebraically closed base field (it suffices in this case 
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to adjoin i = Ff), then the field of quatemions splits and we obtain the matrix 
representation 

. (i 0) 
}--* 0 -i ' 

Example 3: The alternating group m-4 can be handled in precisely the same 
manner as the symmetric group 6 3 ; this is left to the reader. There are four 
representations of degrees 1, 1, 1, 3. 
Example 4: The symmetric group 6 4 • There are five classes and thus five 
representations. The Klein four-group {I, (12) (34), (13) (24), (14) (23)} has a 
factor group isomorphic to 6 3 for which three irreducible representations of 
degrees 1, 1, and 2 have already been found; these also give representations of 
degrees 1, 1, and 2 of 6 4 • Denoting these degrees by nl, n2, and n3, we have 

n12+n22+n32+n42+ns2 = 24, 

and hence 

n42+ns2 = 18. 

This holds only for n4 = 3 and"s = 3. If we introduce four vectors el' e2' e3, e4 
with sum zero, then the permutations of these four vectors give a faithful repre­
sentation of third degree of 6 4 • If eh e2, e3 are chosen as base vectors, then the 
representation is as follows: 

(

1 3) el = e3 
(1 3) e2 = e2 
(1 3) e3 = el 

(

1 2 3) el = e2 
(1 23) e2 = e3 
(1 2.3) e3 = e1 

etc. 

Since the representation is faithful, it cannot be reduced to representations of 
first and second degrees; it is therefore irreducible. If the matrices of this rep­
resentation corresponding to the odd substitutions are multiplied by' - 1, then 
another representation of third degree is obtained which is likewise faithful and 
therefore irreducible; it is not equivalent to the original representation, since 
its trace is different. We have thus found all the representations. 

Exercises 

14.3. The element s = L£~ a of the group ring 0 satisfies the equations 

bs = s for b- E ffi. 

What left ideal is generated by s? What representation belongs to this 
ideal? Which idempotent element is contained in this ideal? 
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14.4. If the number h of the group elements is divisible by the characteristic 
of the field, then the ideal Exercise 14.3 is nilpotent. This implies that 
the condition that the characteristic not divide h in Maschke's theorem is 
also necessary. 

14.6 GROUP CHARACI'ERS2 

THE KRONECKER PRODUcr TRANSFORMATION 

Suppose that A' and A" are linear transformations on the vector spaces 
(Ul' ••• , un) and (VI, . · • , VIII)' respectively: 

.A. 'u" = L UICX~t 
• 

~" ~ " n V J = L., V JCX)I • 
j 

We form a product space from the two vector spaces according to Section 94 
which is generated by the products u"v, and define: 

A(Ukvi) = (A 'uJ (A"vi) = L L u,v lX~koc;'. (14.16) 
i J 

The linear transformation A. on the product space thus defined is called the 
Kronecker product transformation and is denoted by A' x A". It follows from 
(14.16) that the matrix elements of A are CX;tfx.;i. The trace of A is 

L L oc~rxD = Loci,. L ocD = S(A')· S(A*); 
I j i J 

thus the trace of the product trans/orma!ion A' x A" is the product of the traces of 
the transformations A' and A". 

If two transformations B' and A' are applied successively to the u and two 
transformations BII and A" to the v, then the products UlV, undergo the trans­
formations B' x B" and A.' x A II; that is, 

(A'xA")·(B'xB") = A'B'xA"B". (14.17) 

If the matrices A', B', ... form one representation D' of a group CD and the 
matrices A", B", ... form another representation D" of the same group, then 
it follows from (14.17) that the product transformations A = A' x A", B = B' 
x B", ... again form a representation. This product representation of the repre­
sentations 1)', 1)" will be denoted by 1)' x 1)". 

2Literature: A development of the representation theory of finite groups independent of 
the theory of algebras can be found in the paper by I. Schur, "Neue Begriindung der Theorie 
der Gruppencharactere," Sitzungsber. Berlin, 1905, p. 406. A generalization of this theory to 
infinite groups has been given by J. v. Neumann, uAlmost Periodic Functions in Groups," 
Trans. Amer. Math. Soc., Vol. 36, 1934. For further literature see B. L. v. d. Waerden, 
"Gruppen von Linearen Transformationen," Ergebn. Math., Vol. IV, No.2, Berlin, 1935. 
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If we write 1)' +1)" for a reducible representation which decomposes into 
!)' and 3)" and consider equivalent representations to be the same, then the 
following relations are easily verified: 

3)' +3)" = l)" +1)' 

3)' x 3)" = 1)" x 1)' 

D' + (3)" + 1),") = (1)' + 1)") + 3:)'" 

3)' x (1)" x 1)"') = (1)' x 1)") x D'" 

1)' x (1)" + !)''') = 1)' x 1)" + 1)' xl)'" 

(1)" +1)"') x 1)' = 1)" x 1)' +3)'" x 1)'. 

In particular, if (f; is a finite group whose order is not divisible by the character­
istic of the field P, then every representation decomposes completely into 
irreducible representations l)y, and we have: 

(14.18) 

where the Clp" are nonnegative integers. In (14.18), v is not an exponent but 
rather an index. 

For the traces it follows from (14.18) that 

SA(a)'S~(a) = L CAIl'llSy(a). 
v 

If the representations are absolutely irreducible, and the traces are thus characters, 
we may aJso write: 

x).(a)· x,ia) = L c;'p,VXv(a) (first character relation). 
II 

THE CHARACTERS AS CLASS FUNCTIONS 

If a and a' are conjugate group elements, 

a' = bah-I, 

then for the representing matrices it follows that 

A.' = BAB -1 • 

Thus A and A.' have the same trace; that is, 

S(bab- 1) = S(a) 
and, in particular, 

x(bab- 1
) = x(a). 

(14.19) 

If we again combine all group elements conjugate to a into a class R", then 
each character has the same value for all elements of a class. 

If ha is the number of elements of the class 5l:a and ka is the sum of the elements 
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of this class (in the group ring 0), then the character of kG is the sum of the 
characters of the elements of the class: 

X(k,,) = h,,· X(a). 

We now assume that neither the order h of the group nor the degrees ny of the 
absolutely irreducible representations 1)'1 are divisible by the characteristic of 
the base field. As we have seen in Section 14.5, the quantities klJ generate the 
center 3 of the group ring o. By Section 14.4, the homomorphisms 0" of 3 are 
related to the characters X y by the relations 

e.(z) = x.(z); 
ny 

in particular, 

(14.20) 

The product kakb is a sum of group elements which again belongs to 3 and 
can therefore be expressed in terms of the class sums kQ with integer coefficients 

kook" = LgG"ckc• (14.21) 
c 

The homomorphism property of 0" is now expressed in the equation 

0 y(ka)·S.,(k,,) = Lga"C@y(kc), 
c 

which may be rewritten 

(14.22) 

hahbXv(a)Xy(b) = ny L gabChrXv(c) (second character relation) (14.23) 
C 

by (14.20). 
In the sums (14.21), (14.22). and (14.23), c runs through a system ofrepresenta­

tives of all classes. If we permit c to run over all group elements, then the factor 
he on the right side of (14.23) is to be omitted. Since the @y are the only homo­
morphisms of 3, the characters Xv are the only solutions of (14.23). 

CONJUGATE CHARACfERS 

For every representation a~A there is a conjugate (or contragredient) 
representation a~A' - 1, where A' is the transposed matrix of A.. Indeed, under 
this correspondence, 

ab~AB)'-l = (B'A')-l = A'-lB'-l. 

The conjugate of the conjugate representation is again the original representation. 
If the representation a--:;..A is redl:lcible, then the conjugate representation is also 
reducible, and conversely. The \conjugate of an irreducible representation is 
therefore again irreducible. 
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If we go from A to an equivalent representation p-l AP, then the conjugate 
representation goes over into 

(P- 1AP)'-1 = p'A,-lp,-l, 

and therefore likewise into an equivalent representation. 
Ifl)y' denotes the irreducible representation conjugate to 3)., and if!>.,(a) = A, 

then 

and hence 

x".(a- 1
) = x,(a) , 

since the trace of A' is equal to that of A.. The character xv' conjugate to X., is also 
denoted by x.,. 

Every character is a sum o/roots o/unity. For every element a offfi generates a 
cyclic subgroup a:: whose order m divides the order h of <n. Every irreducible 
representation 1), of ffi provides a representation of G:, and this representation 
decomposes completely into representations of first degree whose matrix elements 
are mth roots of unity. The trace of the representing matrix is the sum of the 
diagonal elements and therefore a sum of mth roots of unity-for example, 

x{a) = t01 + tV2 + · . · + tv,., (14.24) 

where' is a primitive mth root of unity. 

FURTHER CHARACfER RELATIONS 

If S(c) is the trace of the group element c in the regular representation, then 

S(c) = L n.,x.,(c), 
" 

since the regular representation contains the irreducible representation 1)., 
precisely n" times. The trace S(c) can also be computed directly. The group 
elements a1, ••• , Qh form a basis for the vector space 0 of the regular representa­
tion, and 

Terms with i = k occur only when c is equal to the identity element 1 of the 
group; in this case each i is equal to the cor~esponding k. Hence 

S(I) = h; S(c) = 0 

and therefore 

for c =t= 1, 

for c = 1 
for c =f:: 1. 

Summing (14.23) over all y and using (14.25), we obtain 

hJtbLx,(a)x,(b) = gob
I

•h. 
v 

(14.25) 

(14.26) 
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Now the number gab 
1

, whenever it occurs, indicates that a product a'b' is equal 
to 1, where a' belongs to the class 5\" and b' to the class Rb• The number is there­
fore zero if 5la and 5tb contain "no two elements inverse to one another. If such a 
pair of elements is present, say b = a - 1, then for every element a' = cac - 1 

of 5\" there is a corresponding inverse element b' = a' -1 = cbc -1 in Rb ; hence 

gab
l = ha = hb• 

Then (14.26), after division by hb' becomes 

for Slb = 5\a- 1 

for 5\, =t= 5\a-1 
(third character relation). (14.27) 

In the special case a = 1 we again obtain (14.25). 
Now let at, ... ,. as be a system of representatives of all the classes. Putting 

relation (14.27) states that the matrices X = (x"y) and Y = (1]"y) are inverse to 
one another: 

YX=E 

From (14.28) it follows that 

Of, written out explicitly, 

or Y = X- 1
• 

XY=E 

1 {I for v = P-h t h,;xy(a)x,.(a) = 0 for v =1= p.. 

(14.28) 

(14.29) 

Here a runs through a system of representatives of all the classes. If a runs over 
all group elements, then the factors ha are to be omitted. This now implies the 
orthogonality of the characters: 

for v = p, 
for v:f= p, 

(fourth character relation). (14.30) 

In particular, if p- = 0, that is, if 'X" is the character XO of the identity representation, 
then (14.30) implies 

~ X.(a) = {~ for v = 0 
for v =f= O. 

(14.31) 

The fact that the matrices X and Y are inverse to one another can be used to 
find the idempotent elements of the center which generate the simple two-sided 
ideals in 0, for by Section 14.5 we have the following expressions for the basis 
elements kiJ of the center 3: 

(14.32) 
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Multiplying by XI'(a) and summing over all classes .RQ , we obtain 

L kaXp.(a) = ep.'!!... 
~a np 

or 

14.7 THE REPRESENTATIONS OF THE 
SYMMETRIC GROUPS3 

We consider the group 6,. of permutations of n digits 1, 2, ... , n and seek 
its absolutely irreducible representations in, say, the field n of all algebraic 
numbers. It will turn out that these representations are actually rational, that is, 
are found in the field ,Q of rational numbers. 

We start with the group ring 0 = SlQ+ .. · +$lItO and consider its left ideals. 
Every such left ideal is a direct sum of minimal left ideals; these ideals provide 
the irreducible representations. Since each left ideal is generated by an idem­
potent element, we first look for the idempotent elements. 

We write the numerals 1, 2, ... , n in any order in h successive rows (h arbitrary) 
so that in the vth row there are ~" numbers and the conditions 

(

N >_ > ... >_ 
"""1="""2= ="""h 

11 

L (Xv = n 
v-I 

(14.33) 

are satisfied. We write the first elements of the h rows all under one another, 
likewise the second elements, and so on, for example, as in the following schema 
in which the points represent numerals: 

n = 7. 

Such an arrangement of the numerals 1, 2, ... , 1J we call a schema ~«. The 
index (X denotes the sequence (eXI' (X2, ••• , cXh)' The possible indices are ordered 
by the following convention: (X> fJ if the first nonvanishing difference (x" - fl" is 
positive. For example, in the case n = 5, 

(5»(4,1»(3,2»(3,1,1»(2,2,1»(2,1,1,1»(1,1,1, 1, 1). 

Given a schema ~IZ' we denote by p all those permutations which permute the 
numerals within the rows of a schema but leave the rows themselves invariant; 
similarly, we denote by q those permutations which permute. only the numerals 

31 am indebted to a conversation with J. von Neumann for the simplified proofs in the 
Frobenius theory (Sitzungsber. Berlin, 1903, p. 328) which appear in this section. 
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within the columns of a schema. For each fixed q the symbol Uq denotes the number 
+ 1 or - 1 according to whether q is an even or odd permutation. If s is any 
permutation we denote by s I:IZ the schema into which ~/I is transformed by the 
permutation s. It is easily seen that if q leaves the columns of l:« invariant, then" 
sqs-l leaves the columns of s I:/I invariant, and conversely. Finally, we put (in 
the group ring 0), for each fixed l;«, 

Sex = LP 
11 

The following rules are easily verified: 

pSIZ = SaP = S« (14.34) 

(14.35) 

From (14.34) and (14.35) it now follows that SIX and AIZ are idempotent up to a· 
factor Ju.. The additional algebraic properties of SIZ and A« follow from the 
following combinatorial lemma. 
Lemma: Let I:II and !;Il be two schemata of the above type, and let (X ~~. If in l:1Z 
there are nowhere two numerals in a single row which occur in ~p in the same 
column, then (X = fJ and the schema ~« can be transformed by a permutation of 
the form pq into the schema :Ep: 

pqI:« = ~p, 

(Here p and q refer to ~«; that is, p leaves the rows and q the columns of I:« 
invariant. ) 
Proof: ex ~ implies (Xl ~fJl' In the first row ofLG£ there are IXI numerals. If these 
same numerals in ~p are all in distinct columns, then ~p must have at least (Xl 

columns; from this it follows that (Xt ~Pl and hence (Xt = fJt. These numerals 
can all be brought into the first row of l;p by a permutation ql which leaves the 
columns of l;p invariant. 

Further, (X~ ~ implies (X2 ~~2. In the second row of ~« there are (X2 numerals. 
If these are all in distinct columns in qi ~p, then, apart from the first row, qi ~p 
must still have at least (%2 columns. This implies that (X2 ~ f32 and hence (X2 = f32-
These numerals can aU be brought into the second row of l;p by a permutation 
which leaves both the columns of ql ~JI and the first row invariant. 

Continuing in this manner, we finally obtain a schema q' ~Il = qh' · · q~qi l:1J 
whose rows coincide with those of ~«. Therefore :Eex can be transformed into 
q' l:p by a permutation p: 

The permutation q' = q;, . .. q2qi leaves the columns of l;p invariant; it therefore 
also leaves the columns of q' :Ep = P ~(X invariant. For appropriate q, then, 

q' = pq-lp -l 
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and hence 
pq - 1 P - 1 '2:, P = P 'l:.a, 

I:.p = pq Ea" Q.E.D. 

The combinateriallemma implies first of all that 

for a> fJ. (14.36) 

For by the lemma if ex> f3 there must exist a pair of numerals which occur in a 
single row of 1:ex and in a single column of '2:,,,. If t is the transposition which 
interchanges the numerals of this pair, then, by (14.34) and (14.35), 

ApSex = Aptt -1 Sri. = - ApSex, 
which gives (14.36). 

Similarly, 

for tX> fJ. 

Now all transforms of All are also annihilated by Sa.: 

for ex>{J; 

since sAilS - 1 is again an All which belongs to the permuted schema s LP' On 
multiplying by sa and summing over all s in (fj, this result implies 

or 

(rx>P)· (14.37) 

The left ideals oAp with fJ <ex are therefore annihilated by Sa.; this means that 
Sa. is represented by zero in the representation provided by oAp. On the other 
hand, Sa.Aa. 9= 0, since the coefficient of the identity element in the product 
S(JA(J does not vanish. Therefore Sa. is not represented by zero in the representation 
given by oAa.; this representation thus contains at least one irreducible component 
which occurs in no oAp with fJ < tX. This irreducible component we shall now 
determine more explicitly. 

The element Sa.Aa. = LpLqpquq has, by (14.34) and (14.35), the property 

pS«Arxquq = SrxArx. 

We now prove that up to a factor, Sa.A« is the only element with this property. 
We show: if an element a of 0 has the property 

paquq = a (14.38) 

for, all p and q, then a must have the form (Sa.AJ· y. 
Proof: We put 

(14.39) 
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Substituting (14.39) in (14.38) gives: 

L S)'s = LPsqull'Ys' (14.40) 
• s 

On the left side, only one term with pq occurs, namely ptfYJHI; on the right side 
there is also only one term containingpq, namely the term with s = 1. Equating 
coefficients gives 

Ypq = CIq'Yl' 

We now select an s which does not have the formpq. Then s~« is distinct-from 
all the pq ~« and thus by the combinatorial lemma there are two numerals i, j 
which occur in l:. in a single row and also in s L« in a single column. If t is the 
transposition of these two numerals, t = (jk), then t' = S -1 Is interchanges only 
the numerals s -lj and s -1 k which appear in the same column in s -1 s:t« = ~«. 
Therefore t is a permutation of type p, and t ' a permutation of type q .. In (14.40) 
we may therefore put p = t and q = t'; for this special s, then, 

psq = tss-Its = s 

aq = -1; 

comparison of the terms with s on the left and right in (14.40) gives 

"Is = o. 
In (14.39), therefore, only terms with s = pq, Ys = aq'Y! occur, and hence 

a = LPqaq'Y1 = (S«AJY1' Q.E.D. 
p.q 

From what has just been proved it follows immediately that for every element 
b of 0 the element S,)JA« has the form (S«AGC)y, since, for each p and each q, 

pS,jJA.qaq = S,jJA«. 
Thus 

SexoA« C (S«AJ!l. 

Putting S(J.A« = 1«, it follows that 

1«01« C S«oA« C 1,Jl. (14.41) 

We now assert that oIa. is a minimal left ideal. Indeed, if I is a ~ubideaI of olfl.' 
then it follows from (14.41) that 

/.1 s;: 1.11, 

and hence, since IGCn is a minimal O-module, either 

lexl = 1,,:0 or 1.1 = (0). 

In the first case it follows that 0/« = ola.Q c 0/«1 C I, and hence I = 0/«. In 
the second case it follows that 12 C 0/«1 = (0), and hence I = (0), since there are 
no nilpotent ideals excep~ (0). 
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The minimal left ideals 01« and alp are not operator isomorphic for (X> fJ. For 
from (14.3-1), for eX> /J, 

SfZ.Olp = SfZ.OS,Afl c: SfZ.oA, = (0), 

and hence, for each a' of ol[h 
Srfl' = O. 

If now 01« ::: olp, then it would follow that, for each a of 01«, 

Sa.a = 0; 

this, however, is not true for a = 1« = StlA«, since Sa.2 AfZ. = fa.SfZ.Aa. =F o. 
Each left ideal 01« provides an irreducible representation 1:>fZ.' and these repre­

sentations are inequivalent for distinct a. by the above remarks. 
The number of representations 1)fZ. thus found is equal to the number of solu­

tions of (14.33). This number is at the same time the number of classes of con­
jugate permutations; for each such class consists of all elements which decompose 
into cycl~s of definite lengths (Xt, (X2, ••• , eXh, and these lengths cap be ordered 
in accordance with the conditions (14.33). However, since the number of all 
inequivalent irreducible representations is given by the number of classes of 
conjugate permutations, it follows that up to equivaie!"ce the representations 1)« 

exhaust all irreducible representations of the symmetric groups 6 n • 

In the foregoing the minimal left ideals 01« were rationally determined. This 
implies the rationality of the irreducible representations (as well as of the characters). 

14.8 SEMIGROUPS OF LINEAR TRANSFORMATIONS 

We begin with a base field P and consider sets of linear transformations whose 
matrix elements belong either to P itself or to a commutative extension field A 
of P. Such a set is called a semigroup if it contains the product of any two trans­
formations of the set. The linear hull of a system of transformations over P consists 
of all linear combinations of transformations of the system with coefficients in P. 
In the following we shall consider only systems containing finitely many linearly 
independent transformations over P, whose linear hull thus has finite rank over 
P. Under these hypotheses the linear hull of a semigroup is an algebra ~. of 
finite rank over P. Each element of this algebra is a linear transformation. We 
therefore have an algebra m: over P in a definite faithful representation 1). 

The principal question of interest here is: How does an irreducible representation 
1) decompose when the field A is extended? 

We shall always assume that the representation 1) does not contain the null 
representation as a component. 

The following two theorems are basic for the theory. 
Theorem 1: If the representation 1) is completely reducible, then the algebra m: 
is semisimple. 
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Theorem 2: 1/ the representation X> is irreducible or decomposes into equivalent 
irreducible components, then ~ is simple. 
Proof of 1: If m is the radical of ut, then in every irreducible representation the 
elements of 91 are represented by zero. Since 1) is a faithful representation, it 
follows that 9t = {O}. 
Proof of 2: The algebra ~ is semisimple in any case and is thus the direct 
sum of simple algebras: Ul = al + · · · + as. In an irreducible representation all 
the (lp except for a single Q, are represented by zero according to Section 14.2. 
This fact remains in force if the representation is repeated several times. If the 
representation is faithful, then there can be only one OV' that is, the algebra ~ 
is simple. 

A theorem due to Burns'ide, which was generalized by Frobenius and Schur, 
follows immediately from Theorem 1. 
Bumside's Theorem: In an absolutely irreducible semigroup o/matrices of degree 
" there are precisely n2 linearly independent matrices. 
~eralizatioD: If a semigroup of matrices in the field A decomposes into 
absolutely irreducible components among which occur s inequivalent components 
of degrees n 1, ••• , ns, then the semigroup contains precisely 

n1
2 +n 22 + ... +ns2 

linearly independent matrices over A. 
Proof of tbe Generalization: The linear hull over A of the given semigroup is 
the sum of s complete matrix rings of degrees nl' n2, ... , ns over A and therefore 
hasrankn12+n22+ ... +ns2. 

In fields of characteristic zero we also have the following. 
Trace Theorem: If there exists a one-to-one, product .. preserving correspondence 

- between two semigroups (or, more generally, ifboth semigroups may be interpreted 
as representations of a single abstract semigroup) and if the traces of corresponding 
matrices are equal, then the two semigroups (or the two representations) are equiva-· 
lent. 
Proof: Arranging corresponding matrices A and B of the two semi groups 
in the manner 

(~ ~), (14.42) 

we obtain a new~ completely reducible semi group 9 whose linear hull is an 
algebra ~. The elements of ~ are linear combinations of the matrices (14.42) 
and thus decompose in the same manner into two components, each of which 
provides a representation of ~. The traces of these two representations are 
certain linear combinations of the traces of the original matrices A and Band 
therefore are the same for both representations. Thus (Section 14.4), the two 
representationG of ~ are equivalent. This proves the assertion. 

If A = P, the converse of Theorems 1 and 2 follows immediately by Section 
14.2. If, however, A is a proper extension field of P, then we must proceed some­
what more carefully. 
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Theorem 18: If~ is semisimple and A is separable over P, then every representa­
tion 1) of ~ in A is completely reducible. 
Theorem h: If~ is simple and central over P, then every representation ofm: in 
A decomposes into equivalent irreducible components. 
Proof: By section 14.1, every representation of ~ in A is provided by a repre­
sentation of ~ x A. If now ~ is semisimple and A is separable over P, then, by 
Section 13.12, m: x A is also semisimple, and therefore every representation of 
m. x A in A is completely reducible. If ~ is central and simple over P, then ~ x A 
is likewise simple, again by Section 13.12, and hence every representation of 
~ x A in A decomposes into equivalent irreducible components. Both assertions 
are herewith proved. 

We call a semigroup central over P if its linear hull is central, that is, if the 
center of the linear hull is equal to the base field P. 

Taking Theorems 1 and 2 into account, we may also formulate Theorems la 
and 2a as follows: 
Theorem Ib: A completely reducible semigroup of linea.r transformations in P 
remains completely reducible under every separable extension of the base field P. 
Theorem 2b: A central irreducible semigroup of linear . transformations in P 
remains irreducible or decomposes into equivalent irreducible components under 
every extension of the base field. 

The following assertion can be proved in the same way as Theorem 1 b. 
Theorem Ie: A completely reducible semigroup remains completely reducible 
under every extension of the base field if the center of the linear hull is a direct 
sum of separable fields over P. 

14.9 DOUBLE MODULES AND PRODUCTS 
OF ALGEBRAS 

We noted in Section 14.1 that every representation of a hypercomplex system 
6 in a commutative field K containing the base field P can be obtained from a 
representation of the extended system 6 K• In the language of representation 
modules, this means that every module having 6 as left and K as right multiplier 
domain may be interpreted as a left 6 K-module. The proof was based on the fact 
that if <5 = alP+· · · +aIlP, and thus 6 K = a1K+··· +a"K, and if u is an 
element of the module, then left multiplication by an element of 6 K is defined by 

Vetification of the rules for the 6 K-module presents no difficulties; essential 
use is made of commutativity only in the proof of the associative law 

(bc)u = b(cu). 

If b = QIKl and c = azKz (it clearly suffices to consider this special case), then 
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the associative law follows from the relations 

(aII<'I ·a21(2)u = (0Ia21(11<'2)U = (ala2)u(1(11<'2) 

a11(1(a21(2 ·u) = alI(1(a2UI<'2) = al(a2UI<'2)Kl = (a1a2)u(1(21(1). 

These two expressions are equal, since 1(11(2 = K21(1. 
The situation can also be saved when K is a skew field or, more generally, an 

arbitrary ring, by constructing an inverse ring K' to K, that is, a ring which is 
anti-isomorphic to K. If K is an algebra over P, then K' is also an algebra over P. 
If K is a skew field, then K I is also a skew field. 

Every module having 6 as left and K as right multiplier domain may be inter-
preted as a left (6 x K')-module. . 
Proof: Let 6 = alP+ · · · +anP so that 6 x K' = a1 K' +. · · +dnK'; we then 
define 

(14.43) 

All the rules are now easily verified. The associative law (bc)u = b(cu) follows 
from 

(all(; ·a21<'2)u = (a1a2#(1#(2)U = (ala2)u(1(21(1) 

al Ki(a2K;·u) = alKi(a2uK2) = al(a2UI<'2)Kl = (a1a2)u(K2Kl)· 

In the same way, a left (6 x K')-module may be interpreted as a left S- and 
right K-module by the definition UK = I<"u. Isomorphic (6 x K')-modules hereby 
produce isomorphic double modules, and conversely. 

These facts have many applications. Henceforth, K shall always be a division 
algebra, and 6 shall be a simple algebra with identity over P. Let at least one of 
the two algebras, 6 or K, be central over P. The product 6 x K' is then simple 
by Section 13.12. By section 14.2, all simple left (6 x K')-modules are isomorphic 
to each other and to the simple left ideals ofe> x K'. Therefore all simpie double 
modules (6 on the left and K on the right) are isomorphic. From this we have­
the following. 

All irreducible representations 0/6 in K are equivalent. 
Since 6 is simple, all these representations are faithful. Each such representation 

maps e isomorphically onto a suhring 1: of the complete matrix ring K,. Any 
two such representations S-+-Sl and S4-S2 , which map 6 onto ~1 and 1::2 , are 
equivalent. By Section 12.4, this means that there exists a fixed matrix Q, inde­
pendent of s,' which takes SI into S2: 

. (14.44) 

From this we easily obtain the following. 
Automorphism Theorem: If 7:1 and 22 are two isomorphic, simple subalgebras 
of the central simple algebra KI" then any isomorphism between 21 and 2'}, which 
leaves the elements of the hase field fixed is given by an inner automorphism of Kr 
according to (14.44). 

Indeed, any two such isomorphic algebras 1:1 and 1:2 may always be inter-
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preted as representations of a single algebra 6. If these representations are 
reducible, then they decompose into the same number of irreducible representa­
tions since their degrees are both equal to r. Since these representations are 
equivalent, the decomposable ones are also. 

As a special case we obtain the following. . 
Every automorphism of Kr which leaves the elements of the center P invariant 

is an inner automorphism. 
When speaking of isomorphisms and automorphisms of algebras with identity 

in the following, we shall always mean those which leave the elements of the base 
field P fixed. To these belong, in any case, .the inner automorphisms. 

Let 6 again be a simple algebra, and let K be a division algebra over P. Let 
one of the two algebras, 6 or K, be central. Then <; x K' is simple and is thus 
isomorphic to' a complete matrix ring fl t over a skew field 6.. We now wish to 
see what can be said about this skew field d. . 

Quite generally, d is the right endomorphism ring of a simple (6 x K')­
module which, as was remarked at the outset, may be interpreted as a double 
module (6 on the left, K on the right). Each endomorphism of the (6 x K')­
module corresponds to an endomorphism of this double module 9Jl in a one-to-one 
manner; 8,. is therefore isomorphic to the right endomorphism ring of the double 
module IDl. The inverse skew field 1l' is thus isomorphic to the left endomorphism 
ring of the double module IDl. Thus 6.' may be identified with this endomorphism 
ring. 

If the double module IDl: is interpreted as a vector space over K, then the 
elements a of 6 induce linear transformations A of this vector space: 

au = Au. 

As we have seen, 6 is isomorphic to a subring ~ of Kr under the representation 
a~A. By Section 13.9, the left endomorphisms of IDl, and thus the elements of 
6.', are those linear transformations L of this vector space which commute with 
the transformations A: 

LA =AL for all A E~. 

The ring ti' is thus the centralizer oiL in Kn that is, the ring of those matrices 
L in Kr which commute with all matrices A of ~. 

We have thus obtained the following. 
Structure Theorem for Products: Let e be a simple algebra (with identity), 
and let K be a division algebra over P. Let one of the two algebras be central over 
P, and let K' be anti-isomorphic to K. Then <5 x K' is isomorphic to a complete 
matrix ring Il t over a skew,field 1l. The only irreducible representation of 6 in 
K maps 6 faithfully onto a subring E of Kr • The centralizer ll' of E in K, is 
anti-isQmorphic to ti. 

The degree r of the representation 6-+E is the rank of the double module IDl 
over K. If 9R is interpreted as an (6 x K')-module, the the rank of this module 
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over K' is likewise r. A simple left ideal I of 6 x K' may be chosen for 9R; the 
rank of this left ideal is then 

(1 : K') = r. 

The simple ring <; x K' ~ 8., is the direct sum of t such left ideals; its rank over 
K' is therefore Ir. From this there follows the important rank relation 

... 
(1: : P) = (6 : P) = «(; x K' : K') = tr. (14.45) 

The formulation of the structure theorem is somewhat simpler if we start 
with 2 in place of (5 and consider the isomorphic algebra Ex K' instead of 
<5 x K'. We thus take in the complete matrix ring Kr a subring X, of which it is 
assumed that the matrices form an irreducible system. Further, let K or J: (or 
both) be central over P. The structure theorem then reads as follows. 
Theorem: Ex K' is isomorphic to a complete matrix ring over a skew field d. 
The centralizer ~' of }] in Kr is anti-isomorphic to ~. The rank of E over P is r. 

The requirement that .E be an irreducible system of linear transformations 
may also be relaxed. Since .E x K' is simple, each matrix representation of E in 
K is completely reducible, and the irreducible components are equivalent. By 
appropriate choice of basis, the matrices of the system X can therefore be brought 
to the form: 

A= (14.46) 

Al 

with s equal blocks Al along the diagonal. The matrices Al form an irreducible 
system .E1 to which the structure theorem above may be applied. The centralizer 
of the system E 1, which consists of matrices L1 that commute with all the 
matrices At of E1, is again a division algebra 6.' anti-isomorphic to d. The 
centralizer T of E consists of the matrices 

L= 

Ls1 • • • Lss 

where the Lik are taken from 6.'. Thus T I"tJ ~~. 
The product relation 

(X : P) (T : P) = (Kr : P) 

(14.47) 

(14.48) 

holds between the ranks of the rings E and T which commute element-wise; 
this relation is easily verified. 

It follows easily from (14.48) that the centralizer of T is again E. 
This symmetric relation between the systems E and T is basic in the "Galois 
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theory" which is developed in grer: generality in Jacobson, Structure of Rings, 
Chapters VI and VII. 

We now pass t9 some applications of the structure theorem. 
1. The structure ofK x K'. Let K be a central division algebra over P. We may 

then choose E = K and apply the structure theorem. The degree r of the matrices 
is equal to 1 in this case; the system E is trivially irreducible. The centralizer 
il' of K in K is the center P of K. Hence ~ = P also. The rank relation (14.45) 
gives 

(K : P) = t. 

We therefore obtain the result: K x K' is a complete matrix ring over the base 
field P. The degree t of the matrices is equal to the linear rank (K : P). 

2. The'maximal commutative subfields of a division algebra. Let K be a division 
algebra over P. If K is not central over P, then we choose the center Z of K as 
the new base field P. Now suppose that E is a maximal commutative subfield of 
K. The centralizer of E in K is E itself. For jf () commutes with all the elements of 
E, then the skew field Z (0) is a field, and since E is maximal 8 must be contained 
in E. 

Thus d = E, and Z x K' is ,therefore a complete matrix ring over E. The 
inverse ring to Ex K' 

KxE' = KxE = Kx 

is thus also a complete matrix ring over E; that is, E is a splitting field of K. The 
representation of Kx as a complete matrix ring E t is absolutely irreducible. In 
Section 13.12 we have called the degree t of an absolutely irreducible matrix 
representation of K in a suitable extension field E of P the index TIl of the division 
algebra K. Hence t = m and r = 1. The rank relation (14.45) now gives 

(E: P) = t = m, 

an~ we thus obtain the following. 
The maximal commutative-subfields of a division algebra K with center Pare 

splitting fields of K and their field degree (E : P) is equal to the index m oj'the 
division algebra. 

3. As an application of this theorem, we determine all division algebras over 
the field 1R. of real numbers. 

As commutative division algebras over P, we have P and P(i}, the fields of real , 
and complex numbers. We now assume that the algebra K is noncommutative. 
If Z is the center and E a maximal commutative subfield of K, then 

p c Z c E c K; (E : Z) = m; 

Since K is noncommutative, we must have m> 1. For the fields Z and E, only 
P and P(;} are possibilities. Since m> 1, E 9= Z and hence 

E = P(i), Z = P, m = 2. 

The algebra K sought can therefore only have rank m2 = 4. 
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According to the automorphism theorem, the isomorphism of P(i) which 
carries i into - i must be given by an inner automorphism of K; that is, there 
exists a k with the property 

kik- 1 = -i. (14.49) 

Since k is not contained in E = P(i), it follows that:E (k) = K; hence K = PC;, k) .. 
It follows from (14.49) that 

that is, k 2 commutes with i. Since k 2 also commutes with k, k 2 lies in the center: 
Jil = a E P. 

If it were the case that a >0, then a = b2
, 

k 2 -b2 = (k-b) (k+b) = 0 

k-b = 0 or k+b = 0, 

and hence k E P, which is impossible. Therefore, a < 0: a = - b2 (b + 0). After 
multiplying k by a real factor b -1, we may assume that k 2 = -1 without destroy­
ing the other properties of k. For i and k we therefore have the relations 

ki = -ik 

i 2 = k2 = -1. 

But these are just the properties which characterize the algebra of quaternions. 
Hence the algebra of quaternions is the only noncommutative division algebra over 
the field of real numbers. 

In the same way we can prove: every central division algebra of index 2 over the 
field 0 of rational numbers is a generalized quaternion algebra. 

4. Determination of all finite skew fields (skew fields with finitely many 
elements). . 

If K is a finite skew field, Z its center, and m the index of Kover Z, then every 
element of K is contained in a maximal commutative subfield X of degree m 
over Z. Now all commutative extensions E of degree m of a Galois field Z of 
p" elements are equivalent (they are obtained by the adjunction of all roots of the 
equation.if = X, q = p""'). These fields therefore all arise from a single one, Eo, 
by transformation with elements of K: 

.E = ICEoK-
1• 

If the zero element of K is omitted, K becomes a group (fj, Eo becomes a sub­
group ~, and E becomes a conjugate subgroup K~K -1, and these conjugate 
subgroups together make, up the entire group (fj (since every element of K is 
contained in some E). We now need the following group theory lemma. 
Lemma: A proper subgroup .fl of a finite group ffi together with its conjugates 
s.f>s - 1 cannot exhaust the entire group 6). 
Proof: Let nand Nbe the orders of,f> and 6), respectively, and letjbe the index 
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of i> so that N = j. n. If sand s' belong to the same coset s~, so that s' = sh, then 

S'~'-l = shSjh- 1s- 1 = S~-l. 

There are thus at most as many distinct S$)s-1 as there are cosets, that is, at 
mostj. If these SSjS-l (to whichi' also belongs) exhaust the group (fj, then they 
must be disjoint, for otherwise they could not supply the necessary N = j. n 
elements. Since, however, two distinct S~S-1 have the identity element in 
common, they can never be disjoint, and we have reached a contradiction. 

For our case it follows from the lemma that.f) cannot be a pro~er subgroup 
of<»; therefore~ = <» and hence K = Eo. Thus K is commutative. We have now 
proved the following. 

Every skew field with finitely many elements is commutative and thus a Galois 
field. . 

For an alternate proof of this theorem due to MacLagan-Wedderburn, see 
E. Witt, Abh. Math. Sem. Hamburg, 8, 413 (1931). 

14.10 THE SPLI,.wI'ING FIELDS OF A 
SIMPLE ALGEBRA 

It may be assumed that a simple algebra m is a complete matrix ring over a 
division algebra K: 

m: = K,. 

By Section 13.12, the splitting fields of K are at the same time splitting fields of 
~, and conversely. In studying the splitting fields we may therefore restrict our 
consideration to the division algebra K. Further, it may be assumed that the 
center of K is the base field P; K is then central over P. 

By Section 14.9, the maximal commutative subfields of K are splitting fields 
of K. There thus exist splitting fields E of finite degree over P. We therefore 
restrict ourselves henceforth to finite extension fields .E of P. 

Each such field .E can be irreducibly imbedded in Kr by Section 14.9. We 
may therefore interpret £ as an irreducible system of matrices in K, at the outset. 
If now E is a splitting field of K, then this means that Ex K' is a complete matrix 
ring over E: 

Ex K' = E. 
" 

hence 6 = E. 

The inverse ring d' is then likewise equal to E. The centralizer of E is therefore 
equal to E; that is, any element of K, which commutes with all the elements of 
E lies in E. From this it follows that E is a maximal commutative subfield (even 
a maximal commutative subring) of K,. 

Conversely, let E be a maximal commutative subfield of the matrix ring K,. 
If E is reducible, then the matrices A of the system E can be obtained by com­
bining submatrices Al in accordance with (14.46). These submatrices form a 
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system E 1 isomorphic to E which is likewise maximal. We may therefore, without 
loss of generality, assume at the beginning that the system E is irreducible. 

The centralizer ~' of E is a skew field whose elements 8 commute with all the 
elements of E. If such an element 8 were not contained in E, then E( 8) would be 
a proper extension of E in Kr , which contradicts the maximality of E. Hence 
a' = E. But then also a = E; that is, E is a splitting field of K. 

We have thus obtained the following characterization of the splitting fields. 
Every maximal commutative subfield of a complete matrix ring Kr is a splitting 

field of K; conversely, every splitting field can be represented (even irreducibly) 
as a maximal subfield of Kr • 

For the case of the irreducible imbedding of E in Kr we have from (14.45) 
the rank relation 

(E : P) = Ir. 
Here t is again the degree of the absolutely irreducible representation of K in E; 
that is, t is equal to the index m of the division algebra K. Hence 

(E: P) = mr. 

From this it follows that thefield degree of a splittingjield E of K is always divisible 
by the index m of K. The maximal commutative subfields of K are splitting fields 
of smallest possible rank m. 

We prove finally the following theorem. 
Theorem: Every central division algebra Kover P has at least one separable 
splitting field. 

For the proof we need the following lemma. 
Lemma: In a.field of characteristic,p every pI-rowed matrix A which satisfies an 
equation of the form 

(E = identity matrix) 

has a characteristic polynolnial (cf. Section 12.6) of the form 

x(x) = xP/-p 

and hence, if pI> 1, has trace zero. 

(14.50) 

Proof of the Lemma: We can adjoin the peth roots of , to the base field, and 
we may therefore assume that , = 'TJpe

• If the matrix A is interpreted as the 
matrix of a linear transformation of a vector space, then, for every vector v, 

o = (AP· - ,)v = (Ape - 'YJpe)v = (A _'T})pev. 

The elementary divisorsh,(x) of the matrix A are divisors of (x-'Y])'· by definition 
(Section 12.5), and they are therefore powers of (x - 7]). The characteristic 
polynomial X(x) is a product of the elementary divisors and is thus likewise a 
power of (x- 'YJ). Since x(x) is a polynomial of de$ree pI, it follows that 

x{x) = (X-'Y})pl = X,f _'Y}pl = xPI -p. 

Proof of the Existence of Separable Splitting Fields: Let Z be a maximal 
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separable subfield of K, and let fl. I be the centralizer of Z in K. By the structure 
theorem of Section 14.9, Z x K' is -isomorphic to a complete matrix ring at, 
where a is anti .. isomorphic to !l'. The center of Z x K' is Z x P = P, since P 
is the center of K'. Thus, the cen~er of at is also Z. The center of the complete 
matrix ring at is equal to the center of fl., and therefore the center of a' is equal 
to Z. I 

If now 8 is an element of d not belonging to Z, then Z( 8) is inseparable and, 
indeed, is of reduced degree _1, since otherwise Z(8) would contain a separable 
subfield containing Z. Therefore e satisfies an irreducible equation ()f the form 

'in Z. (14.51) 

The same is true (with pe = 1) if 8 itself lies in Z. 
If E is a maximal commutative subfield of fl.', then E over Z as base field 

- has reduced degree 1 and thus has field degree pl. And E is a splitting field of 
il' ; that is, !l' x E is a complete matrix ring over E and has degree pl. In this 
matrix representation all elements of a' have trace zero if pI> 1 by the lemma; 
if A is the matrix representing 8, then the matrix equation (14.50) follows from 
(14.51). All the matrices of a' x.E are linear combinations of matrices of a' 
with coefficients in 2, the base field of the matrix ring. All these matrices thus 
have trace zero for pI> 1. This, however, is contradicted by the fact that we are 
here concerned with the complete matrix ring. Hence pI = 1 and Z = E are the 
only remaining possibilities. Now Z is itself a maximal subfield of K and is thus a 
splitting field. 

14.11 THE BRAUER GROUP. FACTOR SYSTEMS 

We partition the central simple algebras over a fixed base field P into classes 
by assigning to a class [K] all those algebras which are isomorphic to complete 
matrix rings over the same division algebra K. 

If K and A are two such division algebras, then K x A is again central and 
simple (Section 13.12), and hence 

K x A ~ ~t. (14.52) 
It follows-from (14.52) that 

KrxAs= KxPrxAxPs ~ ~tXPrs 

= 11 X Pt X Prs = ~ X Ptrs = atrs ; 

all products Kr x As of algebras of the classes [K] and [A] therefore belong to a 
class [a]. This class is called the product of the classes [K] and [A]. Since further, 

KxA~AxK 

K x (A x r) = (K x A) x r, 
the product is commutative 'and associative. There is also an identity class: the 
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class [P] of the base field. Finally, for every class [K] there is an inverse class: 
the class [K '] of the division algebra K' anti-isomorphic to K. Thus the classes of 
central simple algebras over P form an Abelian group. This group was first studied 
by R. Brauer and is called the Brauer group of algebra classes. 

Those algebra classes having a given commutative field E over P as splitting 
field always form a subgroup of the Brauer group_ Indeed, a splitting field of K 
is, by Section 13.12, also a splitting field of the entire class [K] as well as a splitting 
field of the inverse class [K '], since K' is anti-isomorphic to K and therefore 
K' x E is also anti-isomorphic to K x E. If K and A both have the splitting field 
E, so that 

KxE ~ E
" 

AxE"'" J:t, 
then it follows that 

(KxA)xE ~ KxEt '" KxExPt 

,..., E. x P, = Ex p. x P, ~ 2." 

and thus E is also a splitting field of the product K x A and therefore of the 
entire product class [K x A]. 

By the last theorem of Section 14.10, each Brauer algebra class [K] has a 
separable splitting field, say the field P( 8). If all the conjugates of 8 are also 
adjoined, a normal, separable splitting field X is obtained. This field can be 
irreducibly represented by Section 14.10 as a maximal commutative subfield of 
a simple algebra ~ = K, which belongs to the class [K] . 

. We shall now prove: the algebra ~ is a crossed product of the field E with its 
Galois group (fj in the sense of Section 13.3. 

It follows first of all from 'Section 13.3 that E is its own centralizer in ~ = Kr; 
that is, any element of ~ which commutes with all the elements of E lies in E. 

As in Section 13.3, we denote by S, T, ... the elements of the Galois group 
(fj and by Ps the element of E which is the image of fJ under the automorphism S. 
The product ST is again defined by 

{JST = (p)T. 

The automorphisms S are generated by inner automorphisms of ~ according 
to the automorphism theorem of Section 14.9. Therefore there exists for each 
S an element Us in ~ having an inverse Us -1 in m: so that, for all P of X, 

us-1fJus = ps 
or 

(14.53) 

The element UST -1uSUT commutes with all the elements of X by (14.53) and 
is therefore itself an elemeQ-t of E. Putting , ~ 

-1 ~ 
UST USUT = aS, T, 

we obtain the multiplication rule 

UsUT = us.,.8s, T· (14.54) 
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Here aSt T =f= 0, since aSt T has an inverse UT -1us -lUST. 

The composition rules (14.53) and (14.54) are precisely the same as formulas 
(13.36) and (13.37), by which the crossed product was defined. It follows fcom+ 
these rules, as was previously proved, that the Us are linearly independent over E, 
The linear combinations of the Us with coefficients in E, 

a = L usPs, 
s 

form a ring ~1 in m:having rankn over E and thusrankn2 over P; heren = (X:P) 
is the rank of E over P. By Section 14.10, 

1J = (E : P) = rm. 

The rank of ~ = K, over P is 

r2(K : P) = r 2m2 = n2
• 

Since ~1 and ~ thus have the same rank n'l and ~1 is contained in ~, it follows 
that ~1 = ~; that is, ~ is a crossed product of the neld I with the group <». 

The fact that algebras ~ = Kr could be represented as crossed products was 
first recognized by Emmy Noether. The system {as, T} of elements as, T is there­
fore called a Noether factor set of the algebra ~ or of the algebra class [K]. The 
following assertion is clearly true. 

The structure of the algebra ~ is completely determined if the field E and the 
factor set {as. T} are known. 

The converse is not true. If ~ and J: are given, then the imbedding of J: in ~ 
is, to be sure, uniquely determined up to inner automorphisms of~, but the Us 
are not uniquely determined by the imbedding; on the contrary, according to 
(13.39), they may be replaced by 

Vs = Us"s ("s =4= 0). (14.55) 

This is the only freedom present; for it the Vs as well as the Us have property 
(14.53), 

~Vs = vsP, 

then vsUs -1 commutes with all elements fJ of I, 

~vsUs -1 = vsPus -1 = VsUs -1f3. 

If we put v SUs -1 = "s, then the "s are elements of E and we have 

Vs = "sUs· 

Replacement of the Us by the Vs implies, as we have seen in Section 13.3, 
that the factor set {as, T} is replaced by the associated factor sel {ES, T } : 

YsTYT ~ 
ES, T = --os, T· 

'YST 
(14.56) 

There is thus a one-Io-one correspondence between Brauer algebra classes [K] 
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with.afixed splittingfield which is normal and separable and the classes of associated 
factor systems {Ss, T} in E which satisfy the associativity conditions (13.38). 

Thus far we have started with a normal splitting field E. However, R. Brauer 
has shown that a factor system can be de~ned relative to a splitting field of a 
simple algebra K, which is not normal. 

Let a be a finite splitting field which need not be normal. Let {} = {}1 be a 
primitive element of a, such that a = P(b) , and let 81l(ex = 1, 2, ... , n) be the 
conjugates of 8 in an appropriate normal extension field E. 

Up to equivalence there is only one absolutely irreducible representation of 
Kr by matrices in ae Let a~A be this representation, and let a~AIl be the repre­
sentations arising from the first when the field isomorphisms b-+I} rz are applied to 
the matrix elements of the representation. Since these representations are all 
equivalent (there is also in E, up to equivalence, only one irreducible representa­
tion), there exist matrices Pa.p which transform the representation A« into Ap: 

Arz = P a./JApP afJ -1 • 

The matrix Pa.fJ may be taken in the field P(811,8p), since the two representations 
are already equivalent in this field. The P «P can further be chosen so that each 
isomorphism of P(8rz, Dp) which takesD", {}p into a conjugate pairDy, DlJ also takes 
P «fJ into P111l • For this purpose we need only select from each class of conjugate 
pairs a pair (x, /3, determine a Pap for this pair, and derive the remaining P..,IJ from 
the relevant isomorphisms. 

We now have 

All = P «pApP a.fJ - 1 = P a.pP fJ..,AyP p.., - 1 P a./I -1 

= P (J~P fJ"IP fl..., - 1 Aa.P (J..,P p.., - 1 P II/J -1. 

The matrix PrzPP/J"IPa."i -1 therefore commutes with all the matrices Arz of an 
absolutely irreducible representation, and it is therefore a multiple of the identity 
matrix 

Pa./JPPyPa..., -1 = Ca.p..,E 

P «/JP fJy = ca.fJ"IP(J'" 

(14.57) 

The Brauer factor set {crzfJ"i} is defined by (14.57). It has the following properties. 

I. ca./Jy belongs to the field P({}Il, {}p, {}"I). 
2. ca.(J"Ica.ylJ = cll(JlJCP"llJ. 

3. c:p.., = CIl'P'y' if S is an isomorphism of the field P«81l, Dp, D"I) which takes 
DIl, D/J' D'y into Drz" DIl " 8y'_ 

Property 1 follows immediately from the definition of the CaP "i , property 2 
follows from the associative law for the matrices Pa.P' and property 3 is a con­
sequence of the behavior of the Przp under the isomorphism S. 

If P a.fJ is replaced by krzflP rzfJ' where the nonzero field elements ka.fJ are required 
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to satisfy the same conjugation relations as the P(J./l' then the system of the crlfJY 
goes over into an associated factor set 

(14.58) 

On the other hand, if the representation a-+A is replaced by an equivalent 
representation a-+QAQ -1, then the Pa. are to be replaced by Qa.P«Qa. -1; it may 
be easily verified that the factor set c«/ly hereby remains unchanged. The factor 
set is thus uniquely determined up to associated sets by Kr and a alone. 

The entire theory can be constructed on the basis of either the Noether or the 
Brauer factor set. The proofs become simpler and inore transparent if both 
types of sets are used and their equivalence is demonstrated. Certain properties 
are more easily proved for the Noether set, and others are more easily proved 
for the Brauer set. We begin with the basic properties of the Brauer factor set. 

If Kr is a complete matrix ring over the base field P, and thus Kr = Pr, then 
all the PaP may be chosen equal to the identity matrix E. All the c«PY are then 
equal to 1, and it follows that thefactor set of an algebra which splits in the base 
field is associated to the identity set c«/ly = 1. 

We now seek the factor set for a direct product Kr x As. If a-+A is the irre­
ducible representation of K,. in the field A and b-+ B is that of As in the same field, 
then a representation of the product system Kr x As is obtained if ab is represented 
by the Kronecker product A x B (Section 14.6). It may easily be seen that this 
representation is irreducible by computing its degree. Indeed, if the irreducible 
representation of Kr has degree n and that of As has degree m, then Kr has rank n2 

and As has rank m2 (by the Burnside theorem, for example), and thus Kr x As 
has rank n2m2

, and the degree of the product representation is mn and thus 
coincides with the degree of the absolutely irreducible representation of Kr x As. 

We can compute the factor set of the product representation. Here A(J = 
P a.fJ -1 AfJP «fJ and Ba. = Q«/I -1 BflQtzfl imply 

Aa. x B/l = (P(JfI x Qa.fI) -1 (Afl x BfI) (P «fJ x Qa./l)' 

and thus P «/J X Q«/J are the transformation matrices of the product representation. 
It follows similarly from 

that 

(P(JfJ x Q«fJ) (Pp7 X Qpy) = ca./lyda.P'I(P«y x Q«7)· 

Hence, {ca.fJyd(l/lY} is Q factor system of the product algebra Kr x As. 
If we apply this result first to the case K x Pr = Kr , it follows, since the da./ly 

are in this case equal to 1, that the matrix ring"K,. has the same/actor set as the 
skew field K. Thus, to each Brauer algebra class there corresponds a single factor 
set up to associated sets. , 

Combining these results, we have this statement: To each element of the Brauer 
group of algebra classes with the splitting field A there corresponds a factor set 
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{C(1.fJy} }i.'hich is uniquely determined up to associated sets; to the identity element 
there hereby corresponds the identity set and to the product of two group.elements 
there corresponds the product oj" the factor sets. 

We now investigate how the Brauer factor set of an algebra behaves under 
extension of the splitting field. Let a' = P(6') be a finite separable extension 
field of ~ = P(8). Each isomorphism8' ~{}~ of the field a' induces an isomorphism 
{}~{}« of the field 6.; to each (X I there thus corresponds an oc. The representation 
a-+A of K, in 6. can be left unchanged when going over to ~/. The conjugate 
representations A(1. then also remain unchanged; that is, A~, = A« if the number 
oc corresponds to the number OC'. For the transformation matrices the correspond­
ing rule reads: P~'6' = P«fJ if the numbers (x, f3 correspond to the numbers «', {1'. 
Finally, the same simple rule holds for the factor set: C~'fJ'''I' = C"py if"the numbers 
CE', {J', ,,' correspond to the numbers oc, {1, ,)" that is, if the isomorphisms {}' -+l1~" 
IJ.' -""~" 8' ~8~" qf the field tl I induce the isomorphisms {}~{J «, li~{}fJ' li-+8"1 of the 
field t,.. 

On the basis of this rule we may always pass from an arbitrary separable 
splitting field 6. to an encompassing normal field E. The isomorphisms 8->8(1, 
of E are then the elements S, T, ... of the Galois group: {} (J = {}S, {} ~ = {}T, and 
so on. In this case the elements S, T, R may be used as indices in place of (x, fJ, ')I, 

and we can write CSt T. R in place of c(J.fJy. In this new notation rule 3 reads: 

c Q = C S • T. R SQ. TO. RQ· (14.59) 

The connection with the Noether factor set can now be established. We shall 
compute the Brauer factor set for the crossed product Kr originally defined and 
show that it is the same as the Noether factor set except for notation. 

We obtain an irreducible representation of Kr in E by interpreting Kr itself as 
a representation module. The basis elements of Kr as a right X-module are 
precisely the us- The matrix representing an element a = usP (it suffices to 
consider only these elements, since all others are sums of such elements) is 
obtained by multiplying this element by all the basis elements uT and,expanding 
the products in terms of the UT: 

(USP)UT = USUTP
T = uST8s , TfJ

T
• 

The representing matrix A therefore has the element 8s. TfJT in the Snh row 
and Tth column and has zeros elsewhere in that column. The conjugate matrix 
AR therefore has the element 

(8 Q7\R = 8R fJTR 
S, T,.., J S, T 

in the Tth column and STIh row. 
We now try to determine the matrix Pt. R which takes A into AR: 

APt. R = PI, RAR. (14.60) 

We take for PI, R the matrix which has the element 8", R in the Yth column and 
YRth row and has zeros elsewhere in" that column. Relation (14.60) is then 
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satisfied, for on the left side the element as, TRfJTR8T, R stands in the 7lh column 
and STRth row and on the right side this entry is aST,R a~,TfJTR, which is the 
same by (13.38). We have thus found PI, R. The other p~, T are obtained (by 
the agreement established in defining the PIIP) by applying the automorphisms 
S to PI' R: 

pf. Jt = Ps, d· 

The relation Ps, TPT , R = cs, T. RPS • R must be established only for the 
case S = 1, since by applying the isomorphism S the index 1 can be converted 
to S [cf. (14.59)]. We are therefore concerned only with 

or 

P l , RP~, T = CI, R, TRP1, TRe 

The left side has the element 

8ST,R~,T = 8S ,TR8T,R 

in the Sth column and STRth row; the right side has the element Ct· R TR8s TR 

at thIS place. We must therefore put " · 

(14.61) 

The Noether factor set is known from formula (14.61) as soon as the Brauer 
set is given. But the structure of the algebra K,. is determined by the Noether factor 
set. We thus have the following. 

A Brauer algebra class is uniquely determined by the splitting field fl. and the 
factor set {c«/l"l}. 

From previous consideration of the factor set of product algebras we found 
a homomorphism of the group of Brauer algebra classes with given splitting field 
4 to the group of classes of their associated factor sets. On the basis of the 
uniqueness proof just given,.it follows that this homomorphism is an isomorphism. 

It is easily checked that the associativity condition (13.38) is a consequence 
of properties 1, 2, and 3 of the cf4"" Thus, to each system of field elements cfI./ly 
with properties 1, 2, and 3 there belongs an algebra class which is represented by a 
crossed product with the factor system as. T defined by (14.61). 

The basic properties of the Brauer factor set also hold for the Noether set by 
(14.61). In particular, there is also in this case an isomorphism of the group of 
algebra classes with a fixed normal splitting field to the group of classes of their 
associated (Noether) factor sets. We make special mention of the following fact. 

The crossed product Kr is a complete matrix ring over the base field P if and 
only if its factor set as, T is associated to the identity set 

T 

8 - Cs CT 
S,T - --. 

CST 
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Exercises 

14.5. Under an extension of the base field P to a .. D extension field A the skew 
field K goes over into the simple algebra KA • Prove that the Brauer factor 
set is hereby "shortened" itt the following manner. Let the fields fl and A 
be imbedded in a common extension field and seek out among the elements 
{} .. conjugate to {} those which are still conjugate to {} with respect to the 
new base field A. The c«PY belonging to three of the 8« are retained, and 
all others are omitted. In the language of the Noether factor sets this 
states that only those 8s. T are retained for which Sand T belong to a 
fixed subgroup (which 1) of the Galois group. 

14.6. Using Exercise 14.5, answer the following question: Which subfields of 
£ are splitting fields of an algebra with the factor set 8s• T'1 

14.7. Two cyclic algebras (8, J:, S) and (€, X, S) are isomorphic if and only 
if 8 differs from .: only by a factor of a norm. In particular, (8, .E, S) is a 
complete matrix dng over P if and only ,if 8 is the norm of an element of E. 



Chapter 15 

GENERAL IDEAL THEORY OF 
COMMUTATIVE RINGS 

15.1 NOETHERIAN RINGS 

In this chapter we shall study the divisibility properties of ideals in commutative 
rings and find to what extent the simple laws which hold in, say, the ring of 
integers can be carried over to more general rings. In order to avoid complicated 
situations, it is convenient to restrict attention to rings in which each ideal has 
a finite basis. As we shall see, this condition is actually satisfied in a great many 
important cases. 

We say that the basis condition holds in a ring 0 if every ideal in 0 has a finite 
basis. Commutative rings in which the basis condition holds are called Noetherian 
rings. l 

The. basis condition holds in any field, since (0) and (1) are the only ideals. 
It is also satisfied in the ring of integers and, more generally, in any principal 
ideal ring. Of course, it also holds in any finite ring. We shall see later that the 
basis condition holds in any factor ring o/a if it holds in o. Finally, we have the 
following theorem, which goes back essentially to Hilbert. 
Theorem: lfthe basis condition holds in a ring 0 and i/o has an identity element, 
then the basis condition also holds in the polynomial ring o[x]. 
Proof: Let ~ be an ideal in o[x]. The leading coefficients of x in the polynomials 
of ~, together with zero, form an ideal. Indeed, if « and {:J are the leading co­
efficients of the polynomials a and b, 

a=«X"+··· 
b = {Jx!"+ • · ., 

and if it is assumed, say, that n~m, then 

a-bx"-m = (txX"+. · . )-(fix"+ · · .) 

= (<< -P)x"+ · · · 
IThe definition used by many authors includes, in addition, the requirement that the ring 

have an identity element (frans.). 
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is again a polynomial of 9I with leading coefficient tx - fJ or zero; similarly, if tx 

is the leading coefficient of Q, then '\tx is the leading coefficient of Nl or zero. 
Now by hypothesis this ideal (l of the leading coefficients has a basis (otl, ••. , ot,). 

Suppose that a, is the leadin_ coefficient of the polynomial 

at = (I ,x" , + · · · 
of degree nh and let n be the greatest of the finite number of integers I'l,. 

We include the polynomials a, in the basis being constructed for tIe We shall 
DOW determine what further polynomials are necessary for a basis. 

If 
f=a.xH+··· 

is a polynomial of ~.of degree N> I'l, then tx must belong to the ideal Q: 

tx = L "jot ,. 

We form the polynomial 

11 = 1-L (~,xN-.')a,. 
The coefficient of xN in this polynomial is 

tx-L Arxi = 0; 

/1 therefore has degree < N. The polynomial I can thus be replaced modulo 
(at, .. · , Qr) by a polyno~al of lower degree. We can continue in this manner 
until the degree is less than n. It is thus sufficient henceforth to consider poly­
nomials of degree < n. 

The coefficients of ~ - 1 in the polynomials of ~ of degree < n - 1, togeth~r 
with zero, form an ideal 0,.-1; let 

( <Xr + l' • • • , txJ 

be a basis for this ideal. Let «,. + I again be the leading coefficient of the polynomial 

a - l1l_ .JJ :- 1 + . . . 
r+1 - -,+IA • 

We now also include the polynomials a,.+1' ... , as in the basis. Every poly­
nomial of degree < n -1 can now be replaced modulo (ar + l' ••• ', a.) by a poly­
nomial of degree < n- 2; we have, as before, only to subtract an appropriate 
linear combination 

L~+,a,+,· 
We continue in this manner. The coefficients of xa- 2 in the polynomials of 

degree ~ n - 2 together with zero form an ideal QII- 2 whose basis elements 
ex, + 1, • • • , txt correspond to polynomials a. + 1, • • · ,at. These polynomials we 
again include in the basis. We finally arrive at the ideal Qo of the constants in Ul; 
its basis elements (txy + l' ••. , otw) belong to the polynomials a y + 1, • • . , awe 

Each polynomial of ~ must now reduce to zero modulo 

(a 1, • • • , ar, ar + 1, • • • , a., · • • , a .. + l' • • • , D,,). 
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The polynomials at, ... , aw therefore form a basis for the ideal ~, and this 
completes the proof of the theorem. 

Applying this theorem n times, we obtain the following generalization,. 
If the basis condition holds for a ring 0 with identity, then it also holds for any 

polynomial ring o[Xt, .•. ,XII] in a finite number of indeterminates Xl' .•. , XII. 

The most important special cases are the ring l [Xl' ••• , xn] of integral poly­
nomials and the polynomial ring K[x 1, ••• ,XII] with coefficients in a field K. 
All these rings are Noetherian. 

Hilbert formulated his condition only for these cases and in a form which 
may appear to be more general, as follows. 

In every subset ID1 of 0 (not only in every ideal) there exist a finit~ number of 
elements m H ••• , mr such that every element m ofIDl. can be expressed in theform 

~lml + · · · +>..,m, ('\i in 0). 

This condition is an immediate consequence of the basis condition for ideals, 
since if ~{ is the ideal generated by IDl, then m has first of all a basis 

m: = (a1, • • • , aJ. 
Each element a, (as an element of the ideal generated by IDl) depends on finitely 
many elements of IDl : 

All elements of ~ therefore depend linearly on the finitely many.mik; this holds, 
in particular, for elements of 9R. 

It is more important that the basis condition is equivalent to the following 
"ascending chain condition." . 
Ascending Chain Condition, First Formulation: If a chain ofidellis a1, O2 , a3' ... 
is given in 0 and if each Qj + 1 is a proper divisor of Qi, 

then the chain breaks off after finitely many terms. 
Or we have the following, which amounts to the same thing. 

Ascending Chain Condition, Second Formulation: Given. an ascending chain 

01' Q2' Q3' • • · , 

there exists an n such that 
all = Q,.+1 = .... 

That the ascending chain condition follows from the basis condition may be 
seen as follows. 

Let Qt, Q2, a3, ... be an infinite chain such that aj c: ai + 1. The union 1) of 
all the ideals a, is an ideal. For if a and b are contained in D, then a is in some an 
and b in some am; a and b therefore both lie in aN' where N is the larger of the 
numbers nand m, and hence a-b is also in aN and thus in D. If a is in D it is in 
some On, and hence '\a is in a,. and so in 1). 
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This ideal has a basis (alt ... ,Qr) by hypothesis. Each ai is contained in 
some ideal ani' If n is the largest of the numbers ni' then at; ... , ar all tie in a,." 
Since all the' elements of 1) depend linearly on ah ... ,ar, it follows that all 
elements of 1) are in a,. and hence 

1) = a .. = 0.,.+1 = a,.+2 = .... 
Conversely, the ascending chain condition ilnplies the basis condition. Thus, 

suppose that a is an ideal and at is any element of a. If at does not generate the 
entire ideal, then there exist elements in a which are not contained in (at); let 
Q2 be such an element. Then 

(at) c: (at, a2). 

If at and a2 still do not generate the entire ideal a, then there is a third element 
Q3 in a which is not contained in (alt a2), and so on. We thus obtain an ascending 
chain 

(at) c (aft a2 ) c (at, a2' a3) c: "', 

which must break off after a finite number (say r) of terms. This implies that 

(aI' a2' · " · , ar) = a, 
and hence a has a finite basis. 

If the ascending chain condition holds in a ring 0, then it also holds in any residue 
class ring 0/0.. 

Proof: An ideal b in o/a is a set. of residue classes. If we form the union of all 
these residue classes, we obtain an ideal b in o. Conversely, b is uniquely deter­
mined by b from 

b = b/a. 

A chain of ideals b1 c: b2 C Il3 C ••• in 0/0. thus gives rise to a chain of ideals 
b t c b 2 C b3 C ••• in 0; the last chain breaks off after a finite number of terms 
and so the first must also. 

This also proves the assertion made at the beginning of the section that the 
basis condition for 0 implies the basis condition for o/a. 

The ascending chain condition has two other formulations which are sometimes 
more convenient in applications. 
Ascending Chain Condition, Third Formulation: The Maximum Condition: If 
the ascending chain condition holds in 0, then every nonempty set o/ideals contains 
a maximal ideal, that is, an ideal which is contained in no other ideal of the set. 
Proof: Let one ideal be distinguished in every nonempty set of ideals. If now 
in a set IDl of ideals there were no maximal ideal, then every ideal of the set would 
be contained in another ideal of the set. We now find the distinguished ideal 
Qt of IDl; in the set of ideals of IDl which contain 0.1 and =t= a1 we find the distin­
guished ideal a2' and so on. We finally obtain an infinite chain 

0.1 c a2 c a3 c 

which is impossible by hypothesis. 
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Ascending Chain Condition, Fourth Statement: The Principle of Divisor Induction: 
If the ascending chain condition holds in 0 and if a property E can be proved for any 
ideal a (in particular, for the unit ideal) under the hypothesis that it is satisfied for 
all proper divisors of a, then all ideals have property E. 
Proof: Suppose that some ideal does not have property E. Then by the third 
statement of the ascending chain condition there is a maximal ideal a which 
does not have property E. Because of the maximality, all proper divisors of a 
must have property E. Therefore a also has property E; this is a contradiction. 

15.2 PRODUCTS AND QUOTIENTS OF IDEALS 

As in Section 3.6, the greatest common divisor (g.c.d.) or the sum of the ideals 
Q, b, ... is the ideal (a, b, ... ) generated by their union, and the least common 
multiple (I.e.m.) is the intersection [a, b, ... J = a (\ b .... The same notation 
as for the sum of ideals is used for ideals generated by elements and ideals, for 
example, 

(a, b) = (a, (b). 

It is obvious that (a, b) = (0, a), «a, b), c) = (a, (b, c» = (a, b, c), and so on. 
Furthermore, 

«at, a2' · · .), (b t , b2 , • • .») = (at, D2' • • • , b1, b2 , • • • ), 

or in words: a basis for the greatest common divisor is obtained by writing down 
the bases for the individual ideals one after the other. 

If the elements of an ideal a. are multiplied by the elements of an ideal b, then 
in general the products ab do not form an ideal. The ideal generated by these 
products ab is called the product of the ideals a and b and is denoted by a· 0 or 
ao. It consists of all sums L Dibi (ai in a, bi in b). 

Clearly 
Q·b = o-a 

(a-b)·c = a·(b·c); 

we may therefore compute with products of ideals as with ordinary products. 
In particular, it makes sense to speak of the powers aQ of an ideal; they are defined 
by . 

If Q = (a1' ... , aJ and b = (hi' ... , bm), then it is clear that the product 
ab is generated by the products aibk. A basis for the product is therefore obtained 
by multiplying all the basis elements of one factor with all basis elements of the other. 

In particular, for p~ncipal ideals 

(a)· (b) = (ab), 

and in this case the definition of product thus coincides with the usual one. 
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The product Q·(b) of an arbitrary ideal and a principal ideal consists of all 
products ab with a in a. We write for this simply ab or ba. 

A further rule is the "distributive law for ideals": 

·a · (b, c) = (a' b, a -c). 

The ideal a- (0, c) is generated by the products a(b + c) which, since 

a(b+c) = ab+ac, 

(1 S.l) 

all lie in (a"o, a'c); conversely, (a"b, a-c) is generated by the products ab and 
the products ac which are all contained in a-(b, c). 

Rule (IS_I) continues to hold ifin place ofb, c several ideals or even an infinite 
number occur inside the parentheses_ 

Since all products ab lie in a, it follows that 

a-b ~ a. 
and similarly 

a·b C b. 
This implies that 

a-b c [a, b] 

or: the product is divisible by the least common nzultiple_ 
In the ring of integers the product of the least common multiple and the 

greatest common divisor of two ideals a, 0 is equal to the product ao. This is not 
true in arbitrary rings; however, 

[anO]-(ll,b) ~ ob. (15.2) 
Proof: 

[a n b]'(a, b) = ([0 n o]-a, [a () 0]'0) ~ (b'a, a-b) = a-b. 

. The ideal 0 which consists of all elements of the ring under consideration is 
called the unit ideal. Of course, 

0.-0 C Q.. 

If 0 has an identity element, then conversely 

a = a'e c 0'0, 

and hence 

a-o = a. 

In this case the ideal 0 plays the role of an identity element for multiplication. 
It is generated by the identity element. 

It is always true that 
(0,0) = 0; ano = a. 

The quotient ideal a : 0, where a is an ideal, is by definition the set of all 
elements 'Y of 0 such that 

yb = O(a) for all b in b. (15.3) 
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This set is an ideal: ify and 8 both have property (15.3), then y-8 does also, and 
if y has this property, then so does rye It is assumed here that 0 is an ideal; b 
need not be an ideal, but can rather be any set or even a single element. 

From the definition 
110(0 :b) C Q. 

In the ring of integers the quotient of two principal ideals (a), (b) =+= 0 is 
formed by omitting the factors in the number a which also occur in the number b; 
for example, 

(12) : (2) = (6) 

(12) : (4) = (3) 

(12) : (8) = (3) 

(12) : (5) = (12). 

Expressed in another way: a is divided in the usual sense by the greatest common 
divisor (a, b). 

In general rings there is the corresponding rule 

a : b = 0 : (0, 0), 

which is easily proved but is not very important. 
It is clear that 0 ~ a : 0, since ev~ry element of a has property (15.3). There 

are thus two extreme cases: 

a:b = 0 and a.: b = a. 

The first case occurs, in particular, if 0 c: a, for then 

yb == O(b) = O(a). 

for any y. The second case means that y(b) == O(a) implies 'y = O(a). Therefore 
b may be canceled in the congruence yb = 0(0). In this case b is said to be 
relatively prime to 0 or simply prime to a ; however, this expression is easily 
misunderstood,-and we shall seldom use it, preferring rather to write the equation 
a : b = a explicitly. In the case of nonzero integers a and b the criterion 

yb = O(a) implies y = O(a) 

is satisfied only if a and b have no common prime factor. In general cases, 
however, the expression "relatively prime" is not symmetric; for example, if a 
is a prime ideal and b a proper divisor of Q distinct from 0, then 

a. : b = o· and hence 0 is relatively prime to 0, 

but 

b:a =0 and hence a is not relatively prime to b. 
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For example, 
(0) : (2) = (0) 

(2) : (0) = (1). 

The following rule is important: 

[01' • · · , a,] : b = [al : 0, . · · , ar : b]. 

Proof: From 

it follows that 

and conversely. 

15.1. Prove the rules: 

"b c [ai' · · · , a,] 

for every i, 

Exercises 

(a : b) : C = Q : be = (0 : c) : b 

Q : (b, c) = (a : b) n (a : c). 

15.2. Demonstrate the equivalence of the following three assertions: 

(a) Q : b1 = a and a: b2 = a 

(b) Q : [bl n b2] = a 

(c) Q : bib 1 = a. 

15.3 PRIME IDEALS AND PRIMARY IDEALS 

(15.4) 

We have already defined a prime ideal as an ideal whose residue class ring has 
no zero divisors. 

In the ring of integers every natural number a is a product of powers of distinct 
prime numbers: 

a = PI til. · .p/I,., (15.5) 

and hence every ideal (a) is a product of powers of prime ideals: 

(a) = (PI)"!' · (P,)tI,., 

In general rings we cannot expect the decomposition of the ideals to be so simple. 
For example, in the ring of integral polynomials in one indeterminate x, the 
ideal (4, x), which is not prime, has only one prime divisor (2, x) in addition to 0; 
however, the ideal (4, x) cannot be expressed as a power of (2, x). In general, 
we canJ?-ot therefore expect a product representation of the ideals but rather at 
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most a representation as an l.e.m. (intersection) with simplest possible com­
ponents2 corresponding to the representation of (a) as an l.c.m., 

(a) = [CPt (71), ••• , (pr a,.)], 

which follows from (15.5). 
The ideals (P") occurring in this representation have the following characteristic 

property: if a product ab is divisible by pa and the factor a is not, then the other 
factor b must contain at least one factor of ptl. This may also be expressed by 
saying that a power bQ must be divisible by pa. Thus 

ab = O(p") 
and 

a =1= O(p~ 

imply 

b fl = O(p"). 

Ideals with this property are called primary ideals. 
An ideal q is primary if 

ab = O(q) 

imply that there exists a e such that 

and a $ O(q) 

b' = 0 (q). 

This definition may also be stated as follows. 
If dh = 0 and d 9= 0 in the residue class ring module q, then a power btl must 

vanish. 
If dh = 0 and d 9= 0, then this means th8:t h is a zero divisor. A ring element 

b with the property that btl vanishes ~s called nilpotent. Hence we may also say: 
An ideal is primary if in its residue class ring every zero divisor is nilpotent. 

We note that this definition is but a slight modification of the definition of a 
prime ideal: in the residue class ring modulo a prime ideal every zero divisor is 
not only nilpotent but is even zero. 

We shall see that the primary ideals in general rings play the same role as 
prime powers in the ring of integers: that is, under very general conditions every 
ideal can be "represented as the intersection of primary ideals, and in this repre­
sentation the essential structure of the ideals is expressed. 

The primary ideals are not necessarily powers of prime ideals; this is shown 
by the example of the ideal (4, x) considered previously, which is easily seen 
to be primary. The converse is not true 'either: in the ring of those integral poly­
nomials aO+alx+· · · +anX-, in which at is divisible by 3 P = (3x, x2, x3), is a 

2An I.c.m. representation is in certain cases more useful than a product representation, 
namely when it is a question of whether or not an element b is divisible by an ideal m, that is, 
whether it is contained in m. If m = [at, ... , Qr1 then b belongs to m if and only if it belongs 
to all the Qv' 
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prime ideal, but 1)2 = (9x2 , 3x3 , X4, X S, x6 ) is not primary, since 

9·x2 = O(p2) 

x 2 $ O(p2) 

911 :$ 0(1)2) 

for every e. 

PROPERTIES OF PRIMARY IDEALS INDEPENDENT OF THE 
ASCENDING CHAIN CONDITION 

Theorem 1: For every primary ideal q there is a prime ideal divisor which is 
defined as follows: l' is the set of all elements b such that some power b'l lies in'q. 
Proof: First, p is an ideal: btl = O(q) implies (rb)fl = O(q), and bfl = O(q) and 
ell = O(q) imply 

(b_C)II+t1-1 = O(q), 

since either btl or ctl occurs in each summand of the expansion of (b - c) II + is -1 . 

Second, p is prime, for 
ab = 0(1') 

a =1= O(p) 

imply that there exists a e such that 

dlbfl == O(q) 

and further 

a fl $ O(q). 

Hence there exists a a such that 

b(JtI = O(q), 

and this implies that 

b == O(p). 

Third, :p is a divisor of q: 

q =O(p); 

for the elements of q certainly have the property that a pow-er lies in q. 
Here p is called the associated prime ideal of q; q is called a .primary ideal 

belonging to p. From the definition of a primary ideal we obtain the next theorem. 
Theorem 2: If ab = O(q) and a $ O(q) , then b = O(V). r 

In a sense the following is a converse of this theorem. 
Theorem 3: Ifp and q pre ideals ·which have the properties: 

(a) ab == O(q) and a $ O(q) imply b == O(p) 

(b) q = 0(1') 

(c) b = O(p) implies btl = O(q), 

then q is primary and p is its associated prime ideal. 
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Proof: Here ab == O(q) and a =$ O(q) imply [by (a) and (b)] that b'l == O(q). 
Hence q is primary. It remains to show that p ,consists of elements b such that 
a power btl is contained in q. The one half of this assertion is just (c). It remains 
then to show that btl == O(q) implies b = O(v). Let e be the smallest natural 
number for which b' == O(q). If e = 1, we are done by (b). For e> 1 we have 
b·b'l -

t == O(q), but btl -
t $ O(q); hence b == O(ll) by (a). 

In particular instances this theorem facilitates establishing the primary 
property and finding the associated prime ideal. It furthermore shows which 
properties 'uniquely determine the associated prime ideal. 

Theorem 2 also holds if a and b are replaced by ideals a and b. 
Theorem 4: ab == O(q) ana a =1= O(q) imply b == O(V). 

For ifb $ 0(1'), then there exists an element b in b w~ich is not contained in ll; 
similarly, there exists an element a in Q which does not lie in q. However, the 
product ab must lie in ao and therefore in q. This contradicts the earlier result. 

The corresponding theorem for prime ideals is proved in the same manner: 
nb == O(p) and a $ O(:p) imply b == O(:p). 

A corollary of this (obtained by applying the result h-l times) is: a" == O(p) 
implies a == 0(1'). 

Another formulation of Theorem 4 is the following: 
Theorem 4': b == O(:p) implies q : b = q. 

The residue class ring o/q contains the ideal p/q (since :p ::> q). This ideal 
consists of all nilpotent elements, and hence of all zero divisors in the case q =t= o. 

PROPERTIES OF PRIMARY IDEALS ASSUMING THE ASCENDING 
CHAIN CONDITION 

If P is the associated prime ideal of q, then a power of every element of plies 
in q. The smallest exponent required depends on the particular element and 
may increase without bound. However, if the ascending chain condition is 
assumed to hold in the ring 0, then the exponents can no longer increase without 
bound. 
Theorem 5: A power :p is divisible by q: 

p' = O(q). 

poor: Let (p J' ••• ,p,) be a basis for p, and suppose that Pi'l' ... ,Pr I,. Iiei 
m q. If we put 

then p' is generated by all products of the Pb {! at a time; in each such product at 
least one factor Pi must occur more than ei- l times, and hence at least e times. ' 
All generators of V'I therefore Jie in q, whence the assertion. 
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The following relations now hold between a primary ideal q and its associated 
prime ideal p: 

q = O(p) (15.6) 

p' = O(q). 

The smallest integer e for which these relations hold is called the exponent of 
q. In particular, the exponent is an upper bound for the exponents of the p~wers 
to which elements of p must be raised (at least) in order to obtain elements· of q. 

If q is primary, then equations (15.6) characterize the associated prime ideal p. 
For if a second prime ideal p' likewise satisfied (15.6) with an exponent e', then 

and hence:p' = :PI 

pQ ~ q ~ ll', 
p'QI ~ q ~ p , 

so that II <, ~ p' 

so that p'~ p , 

Theorem 6: Qb = O(q) and a * O(q) imply a power ba = O(q). 
Proor: It suffices to choose a = e; ab = O(q) and a $ O(q) imply as before 
that b = O(p), and hence 

bQ = O(ptl) == O(q). 

An ideal q having the property just considered is said to be strongly primary 
in contrast to the weakly primary ideals, or simply primary ideals, first defined. 
If the ascending chain condition holds, then the two concepts coincide. We have 
already seen that in this case the primary ideals are strongly primary, and the 
converse follows by specializing Q and b above to principal ideals (a) and (b). 
If the ascending chain condition does not hold, then every strongly primary 
ideal is, to be sure, also weakly primary, but the converse need not hold. See the 
review of a work by A. Walfisch, "Ober Primare Ideale," in Math. Rev., 5, 
226 (1944). 

Exercises 

15.3. The ideal a = (x2 , 2x) in the ring of integral polynomials in one variable 
x is not primary. Nevertheless, (X)2 cae (x) and (x) is a prime ideal. 

15.4. If 0 has an identity element, then 0 is itself the only primary ideal belonging 
to the prime ideal o. 

15.4 THE GENERAL DECOMPOSITION THEOREM 

Henceforth 0 shall be aNoetherian ring. Thus the basis condition, the ascending 
chain condition, the maximum condition, and the principle of divisor induction 
all hold in o. 

An ideal m is said to be reducible if it can be represented as the intersection of 
two proper divisors: 

m = Q n b, Q::> m, b·:;> m. 
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If no such representation is possible, the ideal is said to be irreducible. 
Prime ideals are examples of irreducib~e ideals, for if a prime ideal p had a 

representation 
:p = a tl 0, a => p, b => p, 

then 
aD = O(a () b) = O(p), a $ O(p), o $ O(p) , 

which is contrary to the fact that p is prime. 
The ascending chain condition now implies the following theorem. 

First Decomposition Theorem: Every ideal is the intersection of finitely many 
irreducible ideals. 
Proof: The theorem is true for irreducible ideals. Suppose then that m is 
reducible: 

m = a n 0, a::> m, b::> m. 

If the theorem is assumed to be true for aU proper divisors ofm, then it is true in 
particular for a and b; thus 

a = [il:· · · , i8] 

b = [1,,+ 1, • • • .' ir)· 

From this it follows, however, that 

m = [it, · · · ,is, i .. + l' • · · , ir1, 
and hence the theorem is also true for m. Since it is true for the unit ideal (which 
is always irreducible), it is true in general by the "principle of divisor induction." 

We proceed from the representation in terms of irreducible ideals to a repre­
sentation in terms of primary ideals by way of the following theorem. 
Theorem: Every irreducible ideal is primary. 
Proof: Suppose that m is not primary; it will be shown that m is reducible. 

Since m is not primary, there exist two elements a and b with the properties 

ab = O(m) 

b :$ O(m) 

h' =1= O(m) for any e. 
By the ascending chain condition, the sequence of quotient ideals 

m : b, m : b2
, ••• 

must eventually terminate; that is, there exists a k such that 

m : Ii' = m : bIt + 1 • 

We now assert that 
m = (m,a) " (m,obi

). (15.7) 

Both ideals on the right-hand side are divisors of m; indeed, they are even 
proper divisors, since the first contains a and the second contains bk + 1. We 
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have to show that any element common to both these ideals belongs to m. 
Such an element c, as an element of (m, ob"), has the form 

c = m+rb"; 

as an element of (m, a), it has the property 
I 

This implies 

cb == O(mb, ab) = O(m). 

mb+rbk +1 = cb = O(m) 

rbk + 1 == O(m) 

and hence, since m : b"+ 1 = m : b", 

rb" == O(m) 

c = m+rb" == O(m). 

This completes the proof of(15.7); m is therefore reducible. 
Since every ideal can be represented as the intersection of finitely many irre .. 

ducible ideals and since every irreducible ideal is primary, we have found the 
following. . 
Theorem: Every ideal can be represented as the intersection of a finite number 
of primary ideals. 

This theorem can be made still sharper. First, all redundant ideals of q, of a 
representation 

m = [q 1, • • • , qr], 

meaning all those Q i which contain the intersection of the other ideals, can be 
omitted. We thus arrive at an irredundant representation,3 that is, one in which 
no component qi contains the intersection of the remaining ideals. In such a 
representation it is still possible that several of the primary components might 
be combined to form a primary ideal, that is, that their intersection is again a 
primary ideal. The following theorems indicate when this is the case. 
Theorem i: The intersection of finitely many primary ideals belonging to the 
same prime ideal is again primary and has the same associated prime ideal. 
Theorem 2: An irredundant intersection of finitely many primary ideals not all 
belonging to the same prime ideal is not primary. 

The validity of these theorems does not depend on the ascending chain 
condition. 
Proor of Theorem 1: Let 

m = [ql'··· ,qr], 

where qh ... , qr all belong to :po We use Theorem 3 (Section 15.3). From 

ab = O(m), a:$ O(m) 

3Some authors call this a reducerl (primary) representation and require, in addition, that the 
q, have distinct associated prime ideals (Trans.). 
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it follows that 

for all v and 
ab == O(qy) 

a $ O(q\,) 

for at least one v, and hence that b == O(p). 

It is furthermore clear that 

m = O(q\,) = O(p). 

If finally b == O(p), then it follows that 

and hence 
btlu == O(qy) for all v, 

btl = O(q\,) 

b' = O(m), 

for all II 

where e = max eve All three properties listed in Theorem 3 (Section 15.3) have 
herewith been established. Hence m is primary, and p is its associated prime 
ideal. 
Proof of Theorem 2: Let 

m = [ql' · · · ,q,] (;~2) 

be an irredundant representation in which at least two of the associated prime 
ideals py are distinct. We suppose at the outset that any group of primary ideals 
with the same associated prime ideal has been combined to a single primary 
ideal. The representation remains irredundant. 

Among the finitely many prime ideals :Pv there is a minimal one, that is, one 
which does not contain any of the others. Let this ideal be PI- Since P1 does not 
contain the ideals 1'2' . - . ,1'" there exist elements a such that 

(1' = 2, 3, •.. , r), 

and hence, for sufficiently large e, 
a/I = O(qy). 

If q 1 = m, then the representation m = [q l' •.• , q,] would be reducible (indeed, 
Q2, · . · , q,. would be red~ndant). Therefore ql contains an element ql such that 

q1 =1= Oem). 
The product 

ql(a2· · -ar)' 

is contained both in ql and in Q2' ••• , q,. and hence in m. However, ql is not 
in m. Ifm were primary, this would imply that 

(a2· · · ar)(/tl = O(m) 

(a2· · · ar)lI
t1 = O(Pl)' 
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and hence, since PI is prime, that 
a., = O(Pl) 

for at least one v, contrary to the choice of the ave 
H in an irredundant representation 

m = [ql' · · · , q,] 

all the associated prime ideals llv are distinct, so that it is not possible to combine 
two or more ideals of the representation to a single primary ideal, then the 
representation is called a representation by greatest primary ideals. These greatest 
primary ideals are also called the primary components of m. 

Any irredundant representation m = [Ql, ••• ,qr] can be transformed into 
a representation by greatest primary ideals by combining those primary ideals 
belonging to the same prime ideal. This completes the proof of the following 
theorem. 
Second Decomposition Theorem: Every ideal admits .an irredundant representa- I 

lion as the intersection of finitely many- primary components. These primary 
components all have distinct associated prime ideals. 

This second decomposition theorem, proved for polynomial rings by E. Lasker 
and in general by E. Noether, is the most important result of general ideal theory. 
We shall learn some applications of this theorem in Chapter 16. In the sections 
immediately following we shall investigate what may be said about the uniqueness 
of the primary components. . 

Exercises 

15.5. Decompose the ideal (9, 3x+3) in the ring of integral polynomials in 
one indeterminate into primary components. 

15.6. For every ideal Q there is a product of powers of prime ideals Pl,t·:P2'2 
· · ·PhQk which is divisible by a and such that each ll" is a divisor of Q. 

15.7. H the ring 0 has an identity element, then every ideal Q distinct from 0 

is divisible by at least one prime ideal. 
15.8. The ideal (4, 2x, x2

) in the ring of integral polynomials in one indeter­
minate is primary but reducible. [Decomposition: (4, 2x, xl) = (4, x) 
("\ (2, x2).] 

15.5 THE FIRST UNIQUENESS THEOREM 

The decomposition ~f an ideal into primary components is not unique. 
EXlI1IIple: The ideal 

m = (x2
, xy) 

in the polynomial ring K[x, y] consists of all polynomial which are divisible 
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by X and in which the linear terms are absent. The set of all polynomials divisibly 
by (x) is the prime ideal 

ql = (x); 

the set of all polynomials- in which the linear and constant terms are absent 
is the primary ideal 

Hence 

m = [Ql, q2]· 

This is an irredundant representation, and the associated prime ideals, (x) and 
(x, y), of q1 and q2 are distinct; this is therefore also a representation by greatest 
primary ideals. But in addition to this representation there is still another: 

m = (ql' q3], 
where 

q3 = (x2
, y), 

for in order that a polynomial lie in m, it is sufficient to require that the polynomial 
be divisible by x and that it contain no linear term. If the field K is infinite, then 
there are even an infinite number of representations of this type: 

All these decompositions of m have the common feat~re that the number of 
primary components and the associated prime ideals, 

(X), (x, y), 

are the same. This is true in general. 
Fi~t Uniqueness Theorem: In two irredundant representations of an ideal m 
by primary components the number of components and the associated prime ideals 
are the same (although the components themselves need not be). 
Proof: For a primary ideal the assertion is trivial. We can therefore begin an 
induction on the number of primary components which occur in at least one 
representation. 

Let 
(15.8) 

From among all the associated prime ideals 1'1' · · · , l' b P;, ... , :P; " we choose 
a maximal one, that is, one which is contained in none of the others. Suppose 
that this is :Pi, so that it belongs to the left side of (15.8). We now assert that it 
also belongs to the right side. For otherwise we could form quotients with-respect 
to ql in (15.8): 

[ql :ql,···,q, :qt] = [q{ :Ql,···,qi, :ql]· 

Now (for all v> 1) Ql :$ O(Py), since otherwise P1 = O(P.), contrary to the 
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assumed maximality of Pl. Similarly, ql $ O(p~) for all v. By Theorem 4' (Section 
15.3), therefore, 

(v = 2, ... , 1) 

(v = I,. . . , I'). 

Since, furthermore, q 1 : q 1 = 0, it fQIlows that 

[0, Q2' • • • , q,] = [ql' · · · , qi,]· 

The right side is equal to m and so the left side is also. The 0 may be omitted, 
and hence 

The first of the two representations of (15.8) would thus be reducible, contrary 
to hypothesis. -

Every maximal prime ideal therefore belongs to both sides. 
Suppose now that I < 1'; we wish to show that 1 = l' and that (for an appro .. 

priate ordering) p~ = :py. Suppose that this has all been proved for ideals which 
can be represented by fewer than I primary components. We order the q and q' 
so that P 1 = :PI is a maximal associated prime ideal (belonging to both q 1 and ql). 

If we form quotients with respect to the product qlq~ on both sides of (15.8), 

[ql : qlq~, · · · , q, : qlq~] = [q~ : qlq~, · · · ,qt· : Q1Ql], 

then, by the same argument as before 

q" : qlql = q,,} 
q' . Q q' - q' ... 1 1 - ., 

(v> 1). 

Furthermore, since qlq. is divisible by both Ql and Q~, 

ql : qlql = 0 

q~ : (Jlq; = 0; 
and hence 

[q2, • • · ,qJ = [qi, · • • , ql,]· 

Since now an irredundant representation by primary components occurs on the 
right and left, it follows by the induction hypothesis that /' - 1 = /- 1 and 
hence I = I'. In addition, llv = :p~ in an appropriate ordering for all v> 1. Since 
Vi = PI, the proof has herewith been completed. 

The uniquely determined ideals 1'1' ... , :p, which occur as the associated 
prime ideals for an irredundant representation a = [q l' ••• , q ,] are called the 
associated prime ideals of the ideal Q. Their most important property is the 
following. 

If an ideal a is not divisible by any associated prime ideal of an ideal b, then 
b : Q = b, and conversely. 
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Proof: Let b = [ql' ... , ql] be an irredundant representation. First suppose 
that Q :$ O(:pJ for i = 1, ... , I, where :Pi belongs to q,. This implies 

ql : a = q, 

{) : Q = [ql, .. · ,qJ : Q 

= [q 1 : Q, • • • , q, : a] 

= [ql' · · · , q,] = b. 

Conversely, suppose that b : Q = o. If Q = 0(1',) for s·ome i, say a = 0(1'1), then 
it would follow that a' = O(Ql)' and hence 

a" [q2' · · · , qJ == O([ql, Q2, · · · , qJ) = O(b). 

Therefore, since a and hence a' may be canceled in any congruence (mod b), 

[q2' · · · , q,] = O(b), 

contrary to the assumption that the representation is irredundant. 
An important special case arises if a is specialized to a principal ideal (a). 
If an element a is divisible by no associated prime ideal of an ideal b, then b : a = b; 

that is, ac = O(b) always implies c = O(b). 
The general theorem can be formulated in still another manner if a is repre­

sented as the intersection of primary ideals [q;, . _ . ,q/']' Here Q is divisible 
by lli if and only if some qj is, Of, what amounts to the same thing, if some pj is 
divisible by :P i- We thus have the following. 

If no associated prime ideal of a is divisible by an associated prime ideal olb, 
then b : Q = b, and conversely. 

15.6 ISOLATED COMPONENTS AND SYMBOLIC 
POWERS 

In a commutative ring 0 let 6 be a nonempty set which with any two elements 
sand t also contains their product st. Such a set (5 is said to be multiplicatively 
closed. 

Let now m be an ideal in o. Now ms is defined to be the set of all elements x of 0 

such that sx lies in m for some s of s. 
Here ms is an ideal (and is, of course, a divisor of m). Indeed, if x and y belong 

to ms, then ax and s'y belong to m; therefore 

ss'{x-y) = s'(sx)-s(s'y) 

also belongs to m, and hence x - y belongs to ms- If x belongs to nts, then rx 
also belongs to ms. It is clear that all elements of m belong to ms-

Then ms is called the S-component ofm or the isolated component ofm deter­
mined by S. ' 
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It will henceforth be assumed that 0 is a Noetherian ring. If·the ideal m is 
represented as the intersection of primary ideals, 

(15.9) 

then the primary ideals q I can be separated into those which intersect S, that is, 
those which have at least one element in common with S, and those which do" 
not intersect S. If a qj contains an element s of ~, then the associated prime 
ideal Pi contains the same element s of S. Conversely, if Pi has an element s in 
common with S, then ql has a power sQ in common with S. 

We now enumerate the ql so that Ql' ••• , qh do not intersect the set S, while 
qh+ 1, • • - , qr do intersect S. We assert that 

(15.10) 

If h = 0, then (15.10) means simply that ms = O. . 

Proof: If x is an element of ms,. and thus sx belongs to m, then, for 1 ~ i ~ h, 

sx == O(q,), S $ O(pJ, hence x == O(q i), 

that is, x belongs to [Ql' ••• , qh]' Conversely, if x belongs to [ql' · · . , Qh] then 
if ,. > h we can select an s I in S for each i between h + 1 and r which is contained 
in qt- We now put 

In the case r = h we choose an arbitrary s in S. In both cases ax lies in all the 
qi, that is, sx lies in m and hence x belongs to ms. 

A primary component q i of m is called imbedded if the associated prime ideal 
:P i is a divisor of another associated prime ideal l' J of m; a primary component 
is said to be isolated if this is not the case. In the first case the associated prime 
ideal :P t is also said to be imbedded (imbedded in l' J); in the second case it is 
called isolated. Similarly, a subset {qa, qb' ... } or {Pa, Pb' ... } of the set of all 
Qi or Pi is said to be isolated if no Pi of the subset is a divisor of all j not belonging 
to the subset. 

For given m = [ql' ... , qr] there is a~sociated with every set S closed under 
multiplication an isolated subset {P1"'" Ph} consisting of-those Pi which 
contain no element of S. This subset is isolated, for if Pi belongs to the subset 
and is a divisor of l' J' then P J also belongs to the subset. The intersection of the 
primary ideals Ql, •.• ,qh belonging to 111' ••. , Ph is then the isolated com­
ponent as. 

An important special case arises if an isolated V I is selected, and S is taken 
to be the set of elements of 0 not contained in 1',. This set is nonempty except 
in the trivial case m = o. Every other P J contains an element not divisible by :p" 
that is, an element of S. Hence, it follows from (15.10) that 

ms = qt· 
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Now ms is uniquely determined by m and (5 and hence by m and Pi. The 
isolated Pi are also uniquely determined by m. We thus have the following. 

The isolated primary components q, in (15.9) are uniquely determined. 

Exercise 

15.9. Using the same method, prove the Second Uniqueness Theorem: the 
intersection [qQ' qb' ••• ] of an isolated set of primary components of an 
ideal m is,Uniquely determined by the associated prime ideals Va' Pb' ..•. 

SYMBOLIC POWERS 

We saw in Sectio~ 15.3 that the powers pr of a prime ideal V are not necessarily 
primary. If pr is represented as an intersection of primary components, 

pr = [q 1, ••• , qJ, 

then all the associated prime ideals 1'1' •.• , P. are divisors ofpr and hence ofp. 
If we form the product VI' ... Ps' then a power of this product is divisible by all 
the q i; it is therefore divisibly by pF and hence by p. Thus, one of the fa~tors, say 
VI' must be divisible by p. On the other hand, P 1 is a divisor of p ; therefore, 
:PI = p. 

The other Pi (i =f= 1) are proper divisors ofp. From this it follows that ql is an 
isolated primary component of pr and as such is uniquely determined. More 
precisely, ql is the isolated component psr of pr determined by S, where S is the 
set of elements of 0 not divisible by p. 

This uniquely defined primary component of pr belonging to the prime ideal 
PI = V is called, following Krull, the symbolic rth power of l' and is denoted by p(r). 

"'«.---..,. 

15.7 THEORY OF RELATIVELY PRIME IDEALS 

In the following, the ring 0 is assumed to have an identity element. This 
identity element then generates the unit ideal 0 : 

o = (1). 

Two ideals a and b are said to be relatively prime if they have no common divisor 
except 0; their greatest common divisor is then 0: 

(a, b) =7 o. 

This means that every element of 0 can be represented as the sum of an element 
of Q and an element of b. 
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For this it is necessary and sufficient that the identity element (the generator I 

of 0) admit a representation as a sum 

1= a+b 

(a in Q, b in b). It follows then that 

a = 1(b), 

a = O(a), 

b == O(b) 

b = 1 (a). 

(15.11) 

(15.12) 

If two primary ideals q 1 and q 2 are relatively prime, then their associated prime 
ideals P1 and 1'2 are also relatively prime (for any common divisor of loll and 1'2 
is also a common divisor of ql and q2). The converse is also true: ifP1 and P2 
are relatively prime, then ql and q2 are also. For 

1 = PI +P2 

implies, on raising both sides to the (e+O'-I)th power, 

1 = pr + 0" - 1 + ... + p~ + ,,- 1 ; 

choosing now e and a so large that PI (/lies in q 1 and P2 0' in Q2' it follows that each 
term of the sum on the right side is in either q1 or Q2' and hence 

1 = ql +q2. 

Theorem: If two ideals 0. andb are relatively prime, then Q : b = a andb ~ Q = b. 
Proof: (a, b) = 0 and a+b = 1. It suffices to show that Q : b c: Q. If x belongs 
to Q : b, then xb c: Q. Hence xb = O(a), so that 

x(a+b) == O(Q) 

x·1 = O(Q); 

x therefore belongs to a, Q.E.D. 
The converse is not true as may be seen by the following example in the poly­

nomial ring K[x, y]: the ideals (x) and (y) are prime to each other, but they are 
not relatively prime: 

(x,y) =+= 0 

(x) : (y) = (x) 

(y) : (x) = (y). 

If a and b are relatively prime, then congruences can be solved as in number 
theory. Let two congruences 

f(e) = O(Q) 

g(f) == O(b) (f(x), g(x) E o[x]) 

be given. We assume that each individual congruence is solvable. Let ~ = (X b ae 
solution of the first and ~ = ~ be a solution of the second congruence. We obtain 
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an element ~ which solves both congruences in the following manner. Using the 
elements a and b which satisfy both (15.11) and (15.12), we form 

e = bfX+tifJ· 

Then, == (%(a) and, == (J(b); e is therefore a solution of both congruences. 
Theorem: In the case of two relatively prime ideals the least common multiple is 
equal to the product. 
Proof: In Section 15.2. it was shown that 

ab c: a () b 

[a " b] ·.(a, b) cab. 

If now (a, b) = 0 and an identity element is present, then the second equation 
simplifies to 

a ('\ b c: ab; 
therefore 

a" b = ab, Q.E.D. 

In order to formulate this theorem for more than two pairwise relatively 
prime ideals, we must first prove a lemma. 
Lemma: Ij" a is relatively prime to b and to c, then a is -also relatively prime to 
both the product be and the intersection b ('\ e. 
Proof: From 

it follows that 

a+b = 1 

a' +c = 1 

(a+b) (a' +c) = 1 

aa' +ac+a'b+bc = 1 

a" +bc = 1, 

where a" = 00' + ac + a'b is again' an element of a. This implies 

(a, b c) = 0 

and, a fortiori, 
(0, b () c) = o. 

Both assertions are herewith proved. 
If now, b l' b2 , ••• , bn are pairwise relatively prime and if it has already been 

shown that 

then 
[01,···, bill = [h1'···' b,,-l] () b,. 

= (b 1 • • . b,. - 1) () b n 

= b 1 • • • b" - 1 • bn, 

and hence by induction we obtain the following. 
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1beorem: The least common multiple of a finite number of pairwise relatively 
prinle ideals is equal to their product. 

The previous remark on solution of congruences with respect to relatively 
prime ideals also holds for several pairwise relatively prime ideals. 

If b 1, b2 , • • • , br are pairwise relatively prime ideals, then e can always be 
determined from the congruences 

f = {3,(b,) (i = 1, 2, ... , r). 

Proof: We proceed by induction. If '1J has already been found such that 

'1J = fJ,(bJ 
then e is determined by 

(i = 1, 2, ... , r -1), 

e = 1J{[b 1, · · - , b, -1]) 

~ = P,(b,), 

which is always possible, since or is relatively prime to rbt, · - · ,0,-1]' 
Theorem: If the ascending chain condition holds in 0, then every ideal can be 
represented as the intersection of pairwue relatively prime ideals which themselves 
CIl1I1Iot be represented as lhe intersection of pairwise relatively prime proper divisors. 

Let 

m = [ql"" ,q,l 

be an irredundant representation of the given ideal m by primary ideals. Let b 1 

be the intersection of all the primary ideals which are connected with some 
fixed one of them by a chain of primary ideals which are not pairwise relatively 
prime. From the remaining ideals we form the ideals b2 , • _ • , b. successively in 
the same manner. The representation 

m -" [01' ... , bl ] (15.13) 

then has the desired properties. First, b, and b" for i =1= k are indeed relatively 
prime, since the components orb; are relatively prime to those of b.- Second, it is 
not possible to represent b1, say, as the intersection of two pairwise relatively 
prime proper divisors. For if such a repre'sentation, 

b1 = b n c = be 
(b, c) = 0, 

were possible, then every associated prime ideal ofb1 would have to be a divisor 
of be and hence either of b or c; since now all these prime ideals are connected 
with a single one among them by a chain of prime ideals which are pairwise not 
relatively prime, it follows that if one of these prime ideals divides b, ~say, then 
they all divide b and none divide e. But the primary components belonging to 
these prime ideals divide be; therefore they must divide b (since their prime ideals 
do not divide c)., From this it follows that the intersection b1 is a divisor ofb: 

b c: b1, 

contrary to the assumption that b should be a proper divisor ofo l . 
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OUf theorems imply that in place of the representation (15.13) we may also 
write a product representation 

Exercise 

15.10. The intersection (15.13»)s a direct intersection in the sense of Section 
13.1. The residue class ring o/m = 0 is a direct sum of rings adm = ai' 
each of which is isomorphic to a residue class ring o/b i • (Put Qi = 

[01' .. · ,h i - 1, bi + h • • ., bsl and apply the theorems of Section 13.1.) 

15.8 SINGLE-PRIMED IDEALS 

Let 0 again be a Noetherian ring with identity. 
The unit ideal 0 is always a prime ideal. What primary ideals belong to it? 

The answer is, only 0 itself; for if q is a primary ideal belonging to 0, then 1_ E 0 

implies 1 C! E q and hence q = o. 
If now in a representation of an ideal Q =F 0 as the intersection of primary 

ideals [q1' ... , qr] the unit ideal occurs among tbe associated prime ideals, then 
the qi belonging to it is likewise equal to 0 and is therefore redundant. If the 
representation a = [q l' .. ~ , qr] is irredundant and a =F 0, then the unit ideal does 
not occur among the associated prime ideals. 

From this there follows immediately the next statement. 
Every ideal Q =F 0 has at least one prime ideal divisor:p =F O. If the ideal a is not 

primary, then' it has at least two prime ideal divisors =t=o. 
An ideal which has no more than one prime ideal divisor in addition to 0 is 

said to be single-primed.4 By the preceding theorem, every single ... primed ideal q 
is primary. Moreover, the ~ssociated prime ideal p is maximal, since if a I =t= 0 

were a proper divisor of p, then Q' would again have a prime divisor pi =F 0 

which would also be a proper divisor of:p; q would then have two distinct prime 
divisors :p and p I different from 0, contrary to the assumption that q is single­
primed. 

Now 
pC! = O(q). (15.14) 

If:p is maximal, relation (15.14) implies, conversely, that q is single-primed. 
Indeed, if pi is any prime ideal divisor of q, then (15.14) implies that 

:pel . O(p '), 
and hence 

p = O(p'); 

therefore, either pi = P or pi = o. Thus q has only p and 0 as prime-divisors. 
4The German term einartig for such an ideal is due to Dedekind. 
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The following concepts are therefore equivalent: 

I. Single-primed ideal; 
2. Primary ideal belonging to a maximal prime ideal 11; 
3. Divisor of a power pQ of a maximal prime ideal . 

• Furthermore, if the ideal m has an isolated single-primed primary component q 
with associated prime ideal p and exponent (}, then, for every integer a > e, 

Proof: From 

and 

we conclude that 

Let now 

q = (m,l'U:>. 

m = O(q) 

:pa == O(q) 

(m, p1 = O(q). 

m = [q, Q2' • • · , qs] 

(15.15) 

(15.16) 

be a representation of m by primary components. The ideal (m, 1'1 is single­
primed and therefore primary; p is the associated prime ideal. The product 
qql · · · qs is divisible by (m, pa); since q is isolated, q2 ... qs is not divisible by p; 
therefore, q must be divisible by (m, :pC1): 

q == O(m,1'1· 

Then (15.16) and (15.17) imply (15.15). 
Corollary: For 

pa = O(q) = O(m, 11~+ 1), 

and hence 

pO' = O(m, :pC1+ 1). 

For a< e, relation (15.18) no longer holds, for if 

:ptr = (Om, :pa+l) 

for some a < e then on multiplying by p' -(1- 1 we could obtain 

:pCP -1 == O(m1)' -a -1, 1)') = O(m, q) == O(q), 

contrary to the definition of the exponent e-
The exponent e of q is therefore the least integer a so that (15.18) holds. 

(15.17) 

(15.18) 

There are integral domains 0 with identity in which (the ascending chain 
condition holds and) every nonzero prime ideal is maxiD;lal. Examples are the 
principal ideal rings (cf. Section 3.8) and certain "orders" in number and function 
fields (to be defined later) of which the ring l[J - 3] is a typical example. The ideal 
theory of these rings is especially simple. All primary ideals except the null 
ideal are single-primed, and any two distinct prime ideals =+= (0) are relatively 
prime. From this it follows that any two primary ideals =1= (0) belonging to 
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distinct prime ideals are also relatively prime. Finally, all the primary com­
ponents of an ideal are isolated and are thus uniquely determined. Thus every 
ideal distinct from the null ideal can be uniquely represented as-the intersection of 
pairwise relatively prime, single-primed primary ideals. By Section 15.7 this 
intersection is also a product: 

Q = [ql'· · ., qr] = Qtoq2·· "q" 
In principal ideal rings the primary ideals q i are powers of prime ideals. Whether 

or not this is the case in more general rings depends on a condition which we 
shall learn later, namely the condition of "integral closure." 

15.9 QUOTIENT RINGS 

In Section 3.3 we constructed a quotient field for any commutative ring without 
zero divisors. This construction can be immediately extended to commutative 
rings with zero divisors if the rings contain regular elements (elements which are 
not zero divisors). We admit only the regular elements as denominators and then 
form the ring of all quotients aJb, where a is any ring element and b any regular 
element. 

The set of admissible denominators may be still further restricted~ In a com­
mutative ring R let S be a nonempty set of regular elements which with any two 
elements sand t also contains their product st. The quotients a/s (a in R, S in S) 
then form an extension ring of R: the quotient ring R' = RIS. This concept is 
due to H. Grell (Math. Ann. Vol. 97, p. 499). 

If R' is any commutative extension ring of R, then any ideal a of R generates 
an ideal a' of R': the extended ideal of Q in R'. Conversely, the intersection of R 
with an ideal c' of R' is always an ideal in R: the contracted ideal of c' in R. The 
contracted ideals c' n R are also called distinguished ideals in R (with respect to 
R'). 

A general investigation of the concepts of extended and contracted ideals may 
be found in the work of H. Grell just mentioned. Only quotient rings will be 
treated here; in this case the situation is very simple. 

If Q is an ideal in R, then the extended ideal a' in the quotient ring R' consists 
of all quotients a/ s (a in a, sin S). If we form the contracted ideal a' () R of this a', 
then we obtain precisely the S-component as defined in Section 15.6, that is, the 
set of all x such that sx lies in Q for some s of S. 

If we start with an arbitrary ideal a' of the quotient ring R' and form the 
contracted ideal 

a = a' n R, 

then the extended ideal of a is again a'. The intersection of this extended ideal 
with R is Q, and therefore in this case Qs = Q. Conversely, if as = Q, then Q is a 
contracted ideal, namely the contracted ideal of its extended ideal a'. The distin­
guished ideals Q in R are thus characterized by the property as = Q. 
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From what has been said it follows immediately that there is a one-to-one 
correspondence between ideals Q' of R I and distinguished ideals Q of R: n is the 
contracted ideal of Q', and Q' is the extended ideal of Q. The intersection Cl' () C I 

hereby obviously corresponds to the intersection n n c. 
If the ascending chain condition for ideals holds in R, then it holds, in particular, 

for distinguished ideals and thus also for the ideals of R'. If in an intersection 
representation 

(15.19) 

we order the primary ideals q i such that only qh + l' ... , q, (or the associated 
prime ideals Ph + l' ••. ,:Pr) contain elements of S, and thus go over into the 
identity ideal of R' in the extension, then we obtain, as in Section 15.6, 

(15.20) 

The q I on the right of (15.20) has the property that qs = q, and they are there­
fore distinguished. Hence as is distinguished. From the one-to-one correspond­
ence between distinguished and extended ideals we obtain from (15.19) the repres­
entation 

(15.21) 
for the extended ideal. 

Comparison of (15.19) and (15.21) shows that in the transition from R to R' 
a reduction in the ideal balance takes place. All the ideals which contain elements 
of S, the primary ideals qh + 1, ... , q,. in this case, have the unit ideal as extended 
ideal. Only distinguished ideals Q (with the property as = a) remain undamaged 
in the extension in the sense that the original Q = Qs may be regained as a con-
tracted ideal from Q I. . 

Exercises 

15.11. If q is primary and :p is its associated prime ideal, then the extended 
ideal q' in the quotient ring R' is also primary and :p' is its associated 
prime ideal. 

15.12. If q' is a primary ideal belonging to a prime ideal p' in an arbitrary ring 
R', then in any subring R the contracted ideal q = q' n R is a primary 
ideal belonging to the prime ideal p = 13' () R. 

GENERALIZED QUOTIENT RINGS 

If S is a mUltiplicatively closed set of R which contains zero divisors but does 
not contain zero, then, following Chevalley, a generalized quotient ring can be 
defined as follows. Let n = (O)s be the S-component of the null ideal. We first 
form the residue class ring R* = R/n. The residue classes modulo n of the 
elements of S form a multiplicatively closed set S* in R* which contains no zero 
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divisors. We may now form the usual quotient ring R' = R*jS*. Its properties 
art? similar to those of the ordinary quotient ring. The extended ideal of an ideal 
a of R is, formed by first forming the image a* of a under the homomorphism 
R--+R* and then forming the ideal generated by a* in R'. The contracted ideal of 
an ideal c' of R' is similarly formed by first taking the intersection with R* and 
then forming the set of elements whose residue classes modulo n belong to this 
intersection. -

For further development of this theory the reader is referred to D. G. Northcott, 
Ideal Theory, Cambridge Tracts, in Math., Vol. 42, Section 2.7. 

15.10 THE INTERSECTION OF ALL POWERS 
OF AN IDEAL 

In the following 0 shall be a Noetherian ring with identity. The ring is caIled 
null primary if the null ideal is primary, that is, if ab = 0 implies a = 0 or b' = O. 

W. Krull has shown in a fundamental papers that in a null primary ring 0, 

and thus in an integral domain in particular, the intersection of all powers of an 
ideal a distinct from 0 is the null ideal. For a prime ideal p =t= 0 it is even the 
case that the intersection of all symbolic powers p(r) is the null ideal. Statements 
for arbitrary rings can also be obtained from these theorems. The basic ideas of 
this investigation will be presented here. 
Theorem 1: If a and b are ideals in a null primary ring 0 and if 

b ~ ab, (15.22) 
then a = 0 or b = (0). 
Proof: Let -b = (d1 , ••• ,d'I). It then follows from (15.22) that 

(15.23) 

If we put as usual ~ik = 0 for i =t= k and ali = 1, then (15.23) may be written 

L (8 ik - aik)dk = O. (15.24) 

The determinant of this linear system of equations is 

D = I-a, 

where a belongs to the ideal Q. If we multiply equation (15.24) by the subdeter .. 
minants of the kth column of the determinant D and add, we obtain 

Ddk = 0; 

from this it follows that, for any element d of the ideal b, 

(l-a)d = Dd = o. 

5W. Krull, "Primidealketten in Allgemeinen Ringbereichen," Sitzungsber. Heidelberger 
Akad., 1298, 7 Abh. 
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Hence either (I-Il)' = 0 or, if no power of (I-a) is zero, d = 0 for all d ofb. 
In the first case, 1 == O(a) and hence tl = o. In the second case, b = (0). 
TIaeorem 2: If 0 is a null primary ring and a + 0, then the intersection of all 
powers of Q is the null ideal: 

b = [a, Q%, ••• ] = (0). (15.25) 

Proof: We first show that b ~ ab. To this end we represent an as an intersection 
of primary ideals: 

ab = [q h •. • , q,]. 

For each i ab is divisible by q " and hence either b or a power art is divisible by 
q i- But b is divisible by every power a". In both cases, therefore, b ~ q i- This 
holds for every i, and it thus follows that 

b = abe 

Theorem 1 now implies that b = (0). 
For prime ideals p =F 0 we obtain a somewhat stronger theorem. 

Theorem 3: In a null primary ring the intersection of all symbolic powers p(r) 

of a prime ideal distinct from 0 is (he null ideal: 

[:p, 1'(2),1'(3), • _ .] = 0). (15.26) 

Proof: Let She the set of elements ofo not contained in p. We form the quotient 
ring os. Let the extended ideal of l' in Os be ~. The extended ideal of 11' is then 
evidently ~r_ The contracted ideal of ,~r is 

(1)')s = :p(r). 

The intersection of all the l'(r) is equal to the intersection of all the ~(r) with o. 
The intersection of all the ~(r) is the null ideal by Theorem 2. Hence, the inter­
section of all the p{r) is the null ideal. 

Theorems 1 and 2 can be extended to arbitrary rings of the types here con­
sidered. Let S be the set of all elements s = 1 - a, where a runs through all elements 
of the ideal a. The set S is multiplicatively closed; the S-component (O)s of the 
null ideal may therefore be defined as the set of x for which an equation of the 
form 

(l-a)x=O with a in a 

holds. 
Theorem 1.: b c ab implies b c (O)s. 
1beorem 2a: The intersection of all powers of a is (0)5-

The proof of Theorem la is the same as that of Theorem 1 up to the equation 

(l-a)d = O. 

From this equation it follows immediately that 

dE (0)8 for all d in b. 



The Length 0/ a Primary- Ideal. Chains of Primary Ideals in Noetherian Rings 145 

One half of Theorem 2a, namely 

[a, Q2, ••• ] c (O)s, 

is proved exactly as in The~rem 2. The other half, 

(O)s c [a, Q2, ••• ], 

is easy to prove. Indeed, jf x is in (O)s, then 

(I-a) x = 0, 

so that x = ax and hence 

x = ax = a'-x = a3x = .... 
Every power of a therefore divides x. 
Applying Theorems 1 and 2 to the residue class ring o/q by a primary ideal q, 

we obtain the following. 
Theorem Ib: 1/ q is a primary ideal and 

b = O(ab, q), 

then either (a, q) = 0 or b = O(q). 
Theorem 2b: If an element y of 0 satisfies a congruence 

y = O(Q", q) 

for every natural number n, then either (a, q) = 0 or y == O(q). 

Exercises 

(15.27) 

(15.28) 

15.13. In a Noetherian ring with identity, the intersection of the symbolic 
powers of a prime ideal l' =1= 0 is equal to (O)s. 

15.14. How do Theorems 1 b and 2b read if the primary ideal q is replaced by an 
arbitrary ideal m? (Apply Theorems la and 2a to the residue class ring 
o/m.) 

15.11 THE LENGTH OF A PRIMARY IDEAL. 
CHAINS OF PRIMARY IDEALS IN 
NOETHERIAN RINGS 

Theorems 1 and 2 (Section 15.10) and their variations were used by Krull in 
the paper previously mentioned to derive theorems on the termination of chains 
of prime ideals: 

P1 ~ pz ~ ... • 

Before we present these theorems we must first clarify the notion of the length 
of a primary ideal. 
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Let q be a primary ideal with associated prime ideal p in a Noetherian ring o. 
A sequence of primary ideals for the same p which terminates with q, 

ql ::> q2 ::» .•• ::» q, = q, 

is called a proper normal series for the primary ideal. The word "proper" empha­
sizes the fact that each successive ideal is a proper multiple of the preceding one. 

-The number I is called the length of the normal series. If the series cannot be 
further refined by inserting other primary ideals, then it is called a composition 
series for the primary ideal q. 

We shall show that every proper normal series for a primary ideal q can be 
refined to a composition series and that all composition series have the same 
length. This length is called the length of the primary ideal q. 

In the proof we need consider only' the case in which q is the null ideaL The 
general case can be reduced to this case by forming the residue class ring with 
respect to q. After forming the residue classes, all ideals are divisors of the null 
ideal q, and hence all prime ideals are divisors of p. 

The situation is still further simplified by going over to the quotient ring 
0' = 0/ S, where S is the set of all elements of 0 not contained in 1'. In the extension 
from 0 to 0' all proper divisors ofp go into the unit ideal 0', and only p gives rise 
to a prime ideal :p' distinct from o. Since every prime ideal in 0' is the extended 
ideal of a prime ideal in 0 (namely, of its contracted ideal), there is only one prime 
ideal p' in 0' with the exception of 0' itself. Thus, only a single primary ideal 
(with associated prime ideal :p') occurs in'the intersection representation of an 
ideal m' =+ 0', that is to say: In 0' every ideal with the exception of 0' itself is 
primary with associated prime ideal p'. 

Let 0' and p' henceforth be called 0 and :p for simplicity. We consider 0 as an 
additive group with 0 itself as operator domain. The admissible subgroups are 
the ideals of 0, that is, 0 itself and the priinary ideals with associated prime ideal p. 
A proper normal series in the group theory sense, 

o ::)ql ::>q2::> • • • :::>q, = (0), 

therefore gives a proper normal series for the primary ideal q I = (0) if the initial 
term 0 is omitted. 

It was shown in Chapter 6 that if there exists a composition series in a group 
with operators, then every proper normal series can be refined to a composition 
series and all composition series have the same length I. Therefore we need only 
prove that a composition series exists. 

To this end we form the normal series 

p::>:p2 ~ ... :::>p'l . (0). 

We may interpret :pk/pk+ 1 as a vector space with oIl' as operator domain. 
Since p is maximal, o/p is a field. Since pk has a finite ideal basis, the vector space 
is finite-dimensional; therefore there exists a finite composition series from :pic 
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to p1+1. Arranging these composition series in sequence for k = 1,2, ... , e- l , 
we obtain a composition series from p to (0). This completes the proof. 

Krull's theorems on chains of prime ideals all rest on the following theorem. 
Principal Ideal Theorem: If (b) =f= 0 is a principal ideal and p is an isolated 
associated prime ideal o/(b), then every proper chain of prime ideals 

P =>P1 ::> • • • 

terminates at p 1. 

Proof: Suppose that there exists a chain 

(15.29) 

By forming residue classes mod 1'2' 1'2 may be taken to be the null ideal. It is 
hereby achieved that the ring has no zero divisors. If we go over to the quotient 
ring 0/ S, where S is the set of elements of 0 not belonging to p, then all ideals not 
divisible by :p go over into the unit ideal, whereas the ideals divisible by :p of th~ 
chain (15.29) remain distinct and prime. The quotient ring, which we again 
denote by D, has an identity element and no zero divisors. Since all the associated 
prime ideals of (b), with the exception of P, have gone over into the unit ideal, 
(b) is now a primary ideal with associated prime ideal :po Thus all divisors of (b) 
with the exception of 0 are now primary ideals with associated prime ideal p. 
The ideal theory of D has become much simpler by going over to the quotient 
ring; this makes the following proof considerably easier. 

We denote the rth symbolic power of Pi by PI (r). The ideals of the chain 

(p<p, b) => (p(~),b) => ••• 

are divisors of b, and they are thus primary with associated prime ideal P by 
what has just been said. The number of distinct ideals in this chain cannot be 
greate~ than the length of.the primary ideal (b), and all the ideals of the chain 
therefore eventually become equal: 

(:p(i) , b) = (p (i + 1) , b) = ... 

Now let m > s. We first show that 

:p(i) c (bp(T), :p(i+ 1». (15.30) 

Let x be al\.element ofp(i). Then 

x E (p(r>, b) = (p(T+ 1), b), 
so that 

x = y+br 

and hel)ce 

br = x - y = O(p(i». 

Now p(i) is primary by definition, and b is not divisible by the associated 
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prime ideal PI; hence r must be divisible by l'(T). From this it follows that 

x = y+br = O(p(i+ 1), bp(j», 

,wherewith (15.30) is proved. 

By Theorem Ib (Section 15.10), it follows from (15.30) that 

P(m) c n(m+l) 
1 =1"1 , 

and hence p(r) = p(j+ 1) for m > s, that is, 

P
es) _ p(l+l) _ n(s+2) _ ••• 
1 - 1 - 1" 1 - • (15.31) 

The ring 0 has no zero divisors. The intersection of the symbolic powers of PI 
is therefore the null ideal by Theorem 3 (Section 15.10). It therefore follows from 
(15.31) that 

p(~) = (0). (15.32) 

However, p(i) is a primary ideal with associated prime ideal PI' whereas (0) 
is the prime ideal P2- This is a contradiction. A chain such as (15.29) is therefore 
impossible. 

By repeated application of the principal ideal theorem, Krull proves the 
following generalization. 

If p is an isolated associated prime ideal ofm-= (b l , •.. , br) and ifm =t= 0, 

then every proper chain of prime ideals 

(15.33) 
terminates at Pr at latest. 

This theorem applies, in particular, if 

m = q = (b1, • • • , br) 

is a primary ideal and p is the associated prime ideal. Since every ideal has a 
finite basis, the following theorem is obtained. 
'lbeorem: Every proper chain of prime ideals (15.33) breaks off after finitely 
many terms. 

For the proofs and applications to the theory of local rings, the reader is 
referred to the book Ideal Theory by Northcott. 



Chapter 16 

THEORY OF POLYNOMIAL IDEALS 

In this chapter general ideal theory will be applied to polynomial domains 
o = K[x 1, ••• , xn], where K is an arbitrary commutative field. In addition to 
general ideal theory, only the knowledge of Chapters 1 through 6 and 10 is 
assumed. 

16.1 ALGEBRAIC MANIFOLDS 

Let n be an arbitrary extension field of the base field K. A sequence ofn elements 
~l' • • • , ~n of n is called a point ~ of the affine space AII(n). A point ~ is called a 
zero of a polynomial/of 0 = K[X1' ..• ,xn] if l(g1, ..• , ~,,) = o. 

An algebraic manifold Of, as is today more commonly said, a variety M in 
A,,(Q) is defined to be the set of common zeros of a finite number of polynomials 
/1' · . · ,f,.; it is thus the set of all solutions of the equations 

11 (~) = 0, ... ,/,.(~) = o. 
If we form the ideal Q = (fh ... ,/r) from the polynomials fh · · · ,/,., we 

see that the common zeros offl' ... ,fr are zeros of an the polynomials 

f= glfl + ... +grfr 

of the ideal Q. Thus M may also be characterized as the set of common zeros of all 
polynomials of the ide,al or, as we shall also say, the zeros of the idealo. The 
fact that Q has a finite basis is-no restriction, because of the Hilbert basis theorem 
(Section 15.1). Hence a variety M consists of the zeros in AII(n) of an ideal a in 
o = K[Xl' ... , xnl. Here M is called the variety (or the zero variety) o/the ideal Q. 

A divisor of Q, that is, an ideal c containing a, defines a subvariety of M. It may 
happen, however, that distinct ideals define the same variety M. Among all such 
ideals one is singled out, namely, the set of all polynomials/which assume the 
value zero at all points of M. This set is clearly an ideal m; it is called the associated 
ideal of M. The variety of m is again, M; M is thus uniquely. determined by m, 
and conversely. 

149 
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The ascending chain condition holds in the ring o~ = K[x 1, ••• , xn] and there­
fore the maximum condition also holds (Section 15.1). From this we obtain the 
following theorem. 
Minimum Principal for Varieties: In every nonempty set of varieties M there 
exists a minimal variety M*, that is, one which contains no other variety of the set. 
Proof: Each variety M has an associated ideal m, and to distinct M belong 
distinct m. In the set of these ideals m there exists a maximal ideal m* which 
belongs to a variety M*. This variety M* is minimal in the set. 

If a polynomial/assumes the value zero at all points of a variety M we SflY 
thatf contains M (since, in fact, the variety f = 0 then contains the variety M). 
The associated ideal m of M consists of all polynomials which contain M. 

The intersection M n N of two varieties M and N is again a variety. Indeed, 
if M consists of the zeros ofa = (11' ... ,fr) and N of the zeros orb = (gh' .. ,gs)' 
then M n N consists of the zeros of the ideal 

(a, b) = (ft, • · · ,/,., gl' · · · , gs)· 

The union MV N is also a variety, It is, in fact, defined by the intersection 
a n b (or equivalently by the product a· b). To begin with, each point of the union 
is either a zero of every polynomial of a or a zero of every polynomial ofo and is 
thus in any case a zero of all the polynomials of a n b (and, in particular, of those 
of a·b). If a point ~ does not belong to the union MV N, then there exists a 
polynomialfin a and a polynomial g in 0 which are not zero at the pointf; but 
then the product fg which belongs to a n b (and also to Q. b) is not zero at the 
point ~, and therefore, is not a zero of a n b (or Q • b). The zeros of Q n b (and 
of a· b) are thus the points· of MV N, and only these. 

We now restrict our consideration, as is usual in algebraic geometry, to non­
empty varieties. 

A v~iety M which can be represented as the union of two (nonempty) proper 
subvarieties is called composite or reducible. If we wish to emphasize that both 
subvarieties can be defined by equations with coefficients in the same base field 
K, then we say that M is reducible over the base field K. A variety which is not 
reducible is said to be irreducible or indecomposable (over the base field K). 
Criterion: A variety M is irreducible over K if and only if the associated ideal 
is prime, that is, if "fg contains M" implies that f or g contains M. 
Proof: Suppose first that M is reducible: M = Ml V M 2 , where Ml and M2 
are proper subvarieties of M. In the associated ideal of M t there exists a poly­
nomialfwhich does not contain M, since otherwise we would have Ml ::::> M. 
Similarly, in the associated ideal of M2 there exists a polynomial g which does 
not contain M. The productfg contains Ml and M2 and therefore M. Thus the 
associated ideal of M is not prime. 

Suppose now that M is irreducible. If now fg were a product which contained 
M without! or g containing M, then M coulo be written as the union of two 
proper subvarieties Ml and M2 defined as follows: Ml consists of all points of 
M which satisfy the equation! = 0, and M2 of all points~9f M which satisfy the 
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equation g = o. Each point ~ of M then belongs to either Ml or M 2 , since 
f(~)g{~) = 0 implies that f(g) = 0 or g(~) = O. However, this contradicts the 
irreducibility of M. 

In the same manner we can prove the following. 
If an irreducible variety M is contained in the union of two varieties M 1 and M 2, 

then M is contained in either Ml or M 2 • 

A corresponding statement holds if M is contained in a union of M 1., ••• , Mr. 
Decomposition Theorem: Every variety M defined over K can be represented as 
the union of finitely many irreducible varieties over K. 
Proof: Suppose that there exist varieties M which cannot be represented as a 
union of irreducible varieties; then in the set of these M there is a minimal such 
variety M*. This variety must be reducible and can thus be represented as the 
union of two proper subvarieties Ml and M 2 • Since M* is minimal, M1 and M2 
can be represented as unions of irreducible varieties, but then M* can also be 
so represented, contrary to hypothesis. This completes the proof of the decom-
position theorem. · 

If the redundant terms are omitted from the decomposition 

M=/VIV···Vl 
1 2 " 

(16.1) 

then the decomposition is unique up to order. Indeed, if 

I 
M = 11 V J2 V · - · V Js (16.2) 

is a second decomposition, then 11 is contained in the union of the J i • It is therefore 
contained in a single J i which by appropriate enumeration may be taken to be 
J 1• Similarly, J 1 is contained in some lk: ' 

. 
11 C J 1 elk_ 

If now k =t= 1, then 11 would be redundant in (16.1); therefore k = 1 and 
II = J 1• In the same manner we find that 12 = J2 , • •• ,I, = Jr and r = s. This 
completes the proof of uniqueness. 

The same theorems continue to hold if we consider only the points which 
belong to a fixed subset of the affine space An(Q).l 

16.2 THE UNIVERSAL FIELD 

In classical algebraic geometry the field n from which the coordinates of the 
point ~ are taken is always the field of complex numbers. The more modern 
algebraic geometry starts with an arbitrary base field K. It is convenient to 
assume, following Andre Weil, that the extension field Q containing the co-

1See W. Habicht, uTopologische Eigenschaften Algebraischer Mannigfaltigkeiten," Math. 
Ann., Vol. 122, p. 181. On the decomposition of an irreducible variety over K under extension 
of the base field, see my paper "Ober A. Weils Neubegriindung der Algebraischen Geometrie," 
Abh. Math. Sem. Hamburg, Vol 22, p. 158. 
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ordinates of the point, is a universal field over K; that is, it is assumed first that 
o is algebraically closed and second that 0 has infinite transcendency degree over 
K. If K is given, such a universal field can be constructed by first adjoining 
infinitely many indeterminates Uh U2, ••• to K and then forming the algebraic 
closure according to Section 10.1. 

The usefulness of the universal field rests on the following theorem. 
Theorem: Any field extension K( cx 1, ••• , oc,,) obtained by adjoining finitely many 
field elements (Xl' ••• , (x" to K can be isomorphically imbedded in O. This means 
that if any n elements (Xl' ••• , «n are given in any extension field A of K, then 
there exists an isomorphism 

K(cxl' ... , a.J I'W K(a.;, ... , oc~), 

which leaves the elements of K fixed and takes IXh ••• , IX" into the elements 
«i, . · · , (X~ of O. . 
Proof: The «h ••• , «" can be enumerated so that OCh ••• , cx, are algebraically 
independent over K, while the other (Xi are algebraic over K(t%I' ••• , cxr). We now 
choose cx;, ••• oc' algebraically independent over K in O. Then there exists an 
isomorphism 

K(CXl' ••• , IX,) I'W K(cx;t ••• , (X~), (16.3) 

which leaves the elements of K fixed and takes OC1' ••• , CX r into cxl' ••• , cx; •. If 
T = n, we are finished. If r < n, then tX, + 1 is a zero of an irreducible polynomial 
cp(x) with coefficients in K(ocl' ••. , ex,). To this polynomials there corresponds a 
polynomial 9>'(x) with coefficients in K«X~, ... , ~y which has a zero IX; + 1 in O. 
By Section 18.1, the isomorphism (16.3) can be extended to an isomorphism 

(16.4) 

which takes cx, + 1 into a.~ + l' Continuing in this manner, we finally obtain the 
desired isomorphism 

K(CXl' ••• t cx,,) I'W K(cxl' ••• , cx:,). (16.5) 

16.3 THE ZEROS OF A PRIME IDEAL 

Let fl again be a universal field over the base field K, and let 0 be the poly­
nomial domain K[Xl' ... , XII]. If eh ••• '~n are elements of an arbitrary extension 
field of K, then by Section 16.2 we can always find a field isomorphism which 
takes e1 , ••• , ~" into elements of O. For the f9110wing theorems it is therefore 
of no importance whether eh ••• , ~n are assumed to be elements of n or elements 
of an arbitrary extension fielo A of K. If the e, are taken to, be elements of 0, then 
E is a point of the affine space A,,{Q). 

Such a point ~ is called a generic zero of an ideal p iff E P implies f(~) = 0 and 
conversely. The ideal p consists. precisely of the polynomialsf(x) with the property 
f(e) = o. We shall soon see that such an ideal p is necessarily prime. We shall 
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further show that each point e is a generic zero of a uniquely determined prime 
ideal p' =F 0 and that, conversely, each prime ideal p =F 0 has a generic zero g 
which is uniquely determined up to isomorphism. 
Theorem 1: If~l' ••. ' en are elements of an arbitrary extension field of K, then 
the polynomials/in 0 = K[Xl' •.• , x,Jfor whichf(~) = O/orm a prime ideal in 0 

which is distinct from 0 itself. 
Proof: The equations f(e) = 0 and g(,) = 0 imply I(e)-g(~ = 0; also, 
f(~) = 0 implies f(f)h(e) = o. The polynomials in question therefore form an . 
ideal. 

The statements f(~)g(~) = 0 and g(~) =F 0 imply f(~) = 0, since a field has no 
zero divisors. The ideal is therefore prime. Since it does not contain the identity, 
it is distinct from o. 
Example: Let ~1' ••• , ,,, be linear functions of an indeterminate t with 
coefficients in the field K: 

(16.6) 

The prime ideal then consists of all polynomialsf(xl' ... , XII) with the property 
that f( tX 1 + P 1 t, . . . , ex,. + (Jilt) vanishes identically in t, or (in geometric terms) of 
all polynomials which vanish at all points of the line which is given parametrically 
in n-dimensional space by (16.6). This example may help the reader to visualize 
all the theorems of this and the next section. 
Theore~ 2: If:p is the prime ideal of Theorem 1, then A = K(~l' ... , ,,,) is 
isomorphic to the residue class field II of 0 with respect to l' and in such a way that 
the residue classes of Xh .... , x,. correspond to the elements '1, ... , ~II. 
Proof: Let.2 be the ring of those elements of A which can be written as poly­
nomials in ~1' .... , ell. Then A = K(~l' ... , ,,,) is the quotient field of j!. We 
assign to each element/(gl' ... ,eJ of.2 the element of the residue class ring o/p 
represented by f(x l' · · · ,xJ. Since f(e) - g(e) = 0 implies f - g = O(p) or 
/ == g(l') and conversely, this correspondence is one-to-one. It is clear that sums 
and products go into sums and products. The rings E and olp are therefore 
isomorphic. The quotient fields A and II must then also be isomorphic. 

Theorem 1 states that each point, is a generic zero of a unique prime ideal p. 
Theorem 2 states that ~ is uniquely determined by p up to isomorphism. · 
Theorem 3: Every prime ideal distinct from 0 has a generic zero E in the universal 
field Q. 

Proof: We assign to the polynomials of 0 the elements of a new set 0' which 
contains the coefficient field K: to two polynomials congruent modulo p there 
corresponds the same element, to polynomials which are not congruent th~e 
correspond distinct elements, and the .elements of K correspond to themselves~ 
This is always possible, since two elements of K are congruent with respect to p 
if and only if they are equal, because :p =t= o. The elements corresponding to 

Xh • • ,XII we shall call 'i, · · · , ~IJ· 
The set 0' is mapped onto the residue class ring of 0 with respect to II in a 

one-to-one fashion. If we define addition and multiplication in 0' corresponding 
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to addition and multiplication in the residue class ring, then 0' is isomorphic to 
the residue class ring; it therefore has no zero divisors and thus admits the 
formation of a quotient field A. 

Each element of 0' corresponds to at least one polynomial f of 0 and can 
therefore be written as f(e 1, ••• , ~n). Thus, 0 = K[e1 , .•• '~IJ] and A = 
K(~l' ... , en). Then A can be isomorphically imbedded in the universal field n 
by Section 16.2; we may therefore assume that A c:: n. The element/(E1 t ••• , ~IJ) 
is zero if and only if the, polynomial f belongs to the zero residue class mod p. 
Hence ~ is a generic zero of p, and this completes the proof of Theorem 3. 

By Theorem ·3 every prime ideal p =t= 0 'has a generic zero in the universal 
field n which is uniquely determined up to isomorphism by Theorem 2. This 
point, is a zero ofp and therefore lies on the zero yariety M ofp. The associated 
ideal of M is again p, for if a polynomial/vanishes at all points of M, then, in 
particular,f(~) = 0 and hence! E p. Since the associated ideal is prime, it follows 
that M is irreducible. We thus have the following. 
Theorem 4: Each prime ideal p =t= 0 has an irreducible variety of zeros and is itself 
the associated ideal of this variety. 

If we begin with an irreducible variety M, then the associated ideal p is prime 
by Section 16.1. The zeros ofp are precisely the points of M. If e is a generic zero 
of p, then ~ is called a generic point of Mover K. Going back to the definitions, we 
see that this means the following. 

A point ~ of M is a generic point of Mover K if every equation f(~) = 0 with 
coefficients in K lvhich holds for, also holds for all points of M. 

By Theorem 3 every irreducible variety M has a generic point. Conversely, if a 
variety M has a generic point E, thenthe associated ideal of M is prime by Theorem 
1 and thus M is irreducible. We now have the followi!lg. 
Theorem S: M has a generic point over K if and only if M is irreducible over K. 

Exercise 

16.1. The ideal 
(XIX3 -X2

2
, X2X3 -XI

3
, xJ

2 
-X1

2
X 2) 

in K[Xl' X 2, X3] is prime, since it has the generic zero (t 3
, t4

, t 5
). 

16.4 THE DIMENSION 

Let t be a generic point over K of an irreducible variety M, that is, a generic 
zero of the associated prime ideal p. If r is the degree of transcendency of !he 
system {gl' ... , 'n}, then there are exactly r algebraically independent elements 
among the 'it say ~l' ••• , 'r; the others are algebraically dependent ·on these. 
We may take indeterminates t 1 , ••• , t, for the ~h ••• , ~r; all ~i are then algebraic 
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functions of these r indeterminates. The degree of transcendency remains un­
changed if the generic point is taken by a field isomorphism into another generic 
point ~; r therefore depends only on p and is called the dimension of the prime 
ideal p or of the variety M. 

The dimension of the prime ideallh3= 0 may clearly be any number from 0 to n. 
We assign dimension -1 to the unit ideal 0 which has no zeros. 

If g is a generic zero of a prime ideal+, and t' an arbitrary zero of the same 
ideal, then to each polynomial f(~) of K[g] there corresponds the polynomial 
f(~') of K[~']. Since f(~) = g(~) implies f(x) = g(x) (ll) and hence f(~') = g(~'), 
i,t follows that the correspondence f(~)~r(g') is single-valued. Since this corre­
spondence obviously takes sums to sums and products to products, it is thus a 
homomorphism: 

(16.7) 

If this correspondence is an isomorphism, then of course, ~' is also a generic zero 
of p, and conversely. 

In the case of a zero-dimensional ideal V, all the, are algebraic over K; thus 
all rational functions of , are polynomials and K(e) = K[g]. Hence K[~] is a field. 
If now ~' is again an arbitrary zero, then the homomorphism (16.7) is necessarily 
an isomorphism; indeed, a field has no other homomorphisms except those 
which are one-to-one and those which map the entire field onto the null ring. 
This implies the following theorem. 
Theorem: If a prime ideal is zero-dimensional, all its zeros are generic and 
equivalent. 2 

The coordinates ~1' ••• , ~n or g;, ... , ~~ are in this case algebraic over K. 
If we consider only zeros e or ~' in a fixed universal field Q, then all these zeros are 
conjugate over K. The number of these conjugate points in n is at most equal to 
the field degree of K(~) over K (exactly equal if K(~) is separable). Hence we have 
the following. 

A zero-dimensional irreducible variety consists of finitely many points which 
are conjugate over K. 

In particular, if the field K is already algebraically closed, then there exists 
only one zero ~ in the field K itself, and the associated ideal is 

V = (Xl-~l'···' X,.-~n)· 

Theorem: The distinct zeros of an r-dimensional prime ideal have transcen4ency 
degree < r, and if the transcendency degree is equal to r the zero is generic. 
Proof: If~' is a zero of transcendency degree s, the homomorphism (16.7) 
holds. If ~;, ... , g; are algebraically independent, then ~1' ••• , es are also; for 
any algebraic relation among the ~ would imply the same relation among the ~'. 
Hence r> s. If r = s, all the ~ are algebraically dependent on ~1' ••• , ~s. If a 
polynomial f(~) not identically zero were to go over into zero under the homo-

2This means that they can be obtained from one another by isomorphisms which leave 
the elements of the base field K fixed. 
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morphism (16.7), then in~the field K(~) the element II/could be written in the 
following special form: 

This would imply 

h(e1, • • · , es) = g(~l' • • • , eJ/(e1, • • · , e,J. 
If, under the homomorphism (16.7),/were to go into 0, then h('l' ... , 's) would 
also go into 0, that is, 

h(e1, ... , ,;) = 0, 

contrary to the assumed algebraic independence of ei, ... , ~;. Thus no nonzero 
polynomial goes into zero under the homomorphism (16.7); the homomorphism 
is therefore an isomorphism in the case r = s. This implies that e' is a generic zero. 

Any zero ~' of l' can be interpreted as a generic zero of an ideal p'. Then 
f = O(p) impliesf(~/) = 0 or,r = O(p'); p' is therefore a divisor ofp. Conversely, 
every prime divisor pi ofl' distinct from 0 can be obtained in this way, since any 
ideall" =4= 0 has a generic zero ~'. From the preceding theorem we now obtain 
the following. 

Every divisor p' o/l' has dimension r' < r; if r' = r then p' = :p. 
The dimension of an arbitrary variety is defined to be the highest of the dimen­

sions of its irreducible components. The purely one-dimensional varieties are 
called curves, the two-dimensional are called surfaces, and the (n - 1 )-dimensional 
varieties are called hypersurfaces. 

Exercises 

16.2. A principal ideal (p), where p is an indecomposable, nonconstant poly­
nomial, is an (n-l)-dimensional prime ideal. 

16.3, Conversely, every (n-I)-dimensional prime ideal is a principal ideal. 
16.4. The only n-dimensional variety in An(Q) is AnCQ) itself; the associated ideal 

is the null ideal. 

16.5 lllLBERT'S NULLSTELLENSATZ. RESULTANT 
SYSTEMS FOR HOMOGENEOUS EQUATIONS 

Every prime ideal distinct from 0 has a generic zero in the universal field Q. 

The unit ideal 0 is a prime ideal without zeros. 
We now prove more generally the following. 

lbeorem: Any ideal a = (/1, ... ,/,.) which has no zeros in n is the unit ideal. 
Proof: Suppose that there exists an ideal (l =F 0 without zeros. By the maximum 
principle there then also exists a maximal ideal m =f= 0 without zeros. This is a 
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maximal ideal and therefore prime by Section 3.6. But a prime ideal m 9= 0 has 
zeros. 

This theorem may also be formulated as follows. 
Theorem: If the polynomials /1' ... ,/r have no common zero in A,.(Q), then 

1 = glfl + · · · +gr/r. (16.8) 

This theorem is a special case of the Hilbert's Nullstellensatz, which states: 
Iff is a polynomial of K[xI' ... , XII] which vanishes at all the common zeros of 
f I, • • • ,j,. in A .. (Q), then 

(16.9) 
for some natural number q. 
Proof: The general case can be reduced to the special case just proved by an 
aritifice due to A. Rabinowitsch (Math. Ann., Vol. 102, p. 518). For f = e the 
assertion is clear. In the case! * 0 we adjoin a new variable z. The polynomials 

11, · · · ,/r, 1 - zJ 
then have no common zero in An + 1(0). By the theorem just proved, therefore, 

(16.10) 

In this identity we make the substitution z = II! and remove the resulting 
fractions by multiplying by a power If. We obtain 

Q.E.D. 

Extension of the Nullstellensatz: If the polynomials P1' ... ,Ps vanish at all the 
common zeros of fl' ... ,/,., then there exists a natural number q such that all 
products of powers of the p, of degree q belong to the ideal (fl, ... ,/,) (and 
conversely). 
Proof: We have 

]If' = O(fl' · · · ,/,.). 
Let us put 

q= (ql-l)+(q2-1)+···+(q,,-1)+I. 

Every product of powers ~I ••• p!. with hi + .. · +hs = q then contains at 
least one factor p,4i

; for otherwise h1 + · · · +hs would be at most equal to 

(ql-1)+ · · · +(q,,-l) = q-l. 

This proves the assertion. The converse is clear. 
As an application of this last theorem we shall derive the conditions which a 

system of forms (homogeneous polynomials) F1, ••• , Fr must satisfy in order 
that a nontrivial zero [one distinct from (0, ... , 0)] should exist in the field n. 

If (0, ... , 0) is the only zero, then the monomials Xl' ••• , XII vanish at all 
zeros of the ideal (Fl' ... , Fr). Thus any product of powers Xj of the Xb ••• ,XII 

of degree q is contained in the ideal 

(16.11) 
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Let the degrees of the forms F1, ••• , Fr be g l' ••• , gr' The terms of degre,e q 
on the right-hand side of (16.11) are retained if only the terms of degree q-g, 
in the Gj ; are kept and the others are omitted. We thus obtain a form Hjj of 
degree q - g I in place of G ji- Equating the members of degree q on the left and 
right in (16.11) gives . 

(16.12) 

Conversely, if equations of the form (16.12) hold for all products of powers 
Xj of degree {J, then (0, ... ,0) is the only common zero of Fl'~ ... , Fr. 

Let X"i denote the products of powers of the Xj of degree q-gi* The forms 
HJI in (16.12) are li~ear combinations of these products (with coefficients in K). 
Thus (16.12) states that all products XJ of degree q can be linearly expressed in 
terms of the products X",F,. We thus obtain the following result . 

.A. "necessary and sufficient condition that F 1, ••• , Fr have only the trivial zero 
(0, .. _ , 0) is that all products Xj of a sufficiently high degree q can be expressed 
linearly in terms of the products X",F, with coefficients in K. 

If N, is the number of products XJ of degree q, then this result may also be 
formulated as follows. 

A necessary and sufficient condition that F1, ••• , Fr have a nontrivial common 
zero is that for every q = 1, 2, .... the number of linearly independent products 
X,,,F, is less than Nq• 

If we express the products Xk,F, as linear combinations of the Xi' 

XiiF, = L a,djXj , 
j 

then for each k and i we can form a row vector 

(a,d" •. • , akiN) (N = Nt)· 

Our condition now states that among these row vectors fewer than N are linearly 
independent. This means that all determinants of N such vectors must vanish. 
Denoting these determinants by Dqh, we obtain the following. 

The conditions 
(q = 1, 2, ... ) (16.13) 

are necessary and sufficient in order that F i , ..• , F, have a nontrivial common 
zero. 

The aid) are coefficients of the forms F" The DIl" are therefore integral forms 
in the coefficients of the forms F1, ••• , Fr. 

If we assume that FI , ... , Fr are general forms of degrees gI' · .. ,gr with. 
undetermined coefficients ai' then there are infinitely many polynomials Dqh(aj) in 
these coefficients .. By Hilbert's basis theorem, however, there exist finitely many 
of these polynomials in terms of which all other may be linearly expressed (with 
integral polynomials as coefficients). If· (for special forms F1, • •• , Fr) these 
finitely many Dqh are zero, then they are all zero and the system of equations 
(16.13) is satisfied. Hence there exist finitely many integral/orms in the aJ: 

R 1(aj), •.. , R",(aJ), 
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which are all zero if and only iftheforms F1, ••• , Fr have a nontrivial common zero.3 

A system of forms R 1, ••• , Rm with the property above is called a resultant 
system for the forms F1, ••• , Fr. If the F, are linear forms, then the n-rowed 
determinants which can be formed from n of the r forms form a resultant system. 
For two forms F1 , F2 in two variables Xl, X2 the usual resultant forms a resultant 
system. Similarly, for n forms in n variables a single resultant R is sufficient. 
In this regard, see A. Hurwitz, "Ober Tragheitsformen," Ann. die Mat. 3a Serie, 
Vol. 20 (1913). 

16.6 PRIMARY IDEALS 

The main problem of ideal theory in polynomial rings is to determine whether 
a polynomial f belongs to a given ideal 

m = (fh · · · ,/,.). 

Here we do not mean a computational decision method with a finite number of 
actually performable operations, although such a procedure is always possible,4 
but rather a method which affords an insight into the structure of the ideal and 
expresses the relation between the zeros of the ideal and its element/ as clearly as 
possible. Such a method was first given by E. Lasker;' it depends on the decom­
position of ideals into primary components. 

The basic idea of the Lasker method is the following. According to the decom ... 
position theorem of Section 15.4, every ideal m can be represented as the inter­
section of primary ideals: 

m = [qh · · · , qJ. 

In order that a polynomial f belong to the ideal m, it is necessary and sufficient 
that/belong to all the primary ideals qrJ. In principle then, in order to solve the 
above problem, we have only to establish the conditions which a polynomial 
must satisfy in order that it belong to a primary ideal. 

By Section 15.3, to every primary ideal q there belongs a prime ideal p and an 
exponent e with the following properties. 

1. pCP = O(q) = O(p). 
2. fg = O(q) andf* 0(1') imply g = O(q). 
In the case q =F 0 the prime ideal in turn belongs to an irreducible variety M. 
All the zeros of q are at the same time zeros of V by property 1, and conversely. 

3This theorem, which plays an important role in algebraic geometry, is due to F. Mertens 
(Sitzungsber. Wiener Akad., Vol. 108, p. 1174). Another proof has been given by H. Kapferer 
(Sitzungsber. Bayer. Akad. Miinchen, 1929, p. 179). 

4Cf. 1. Konig, Einleitung in die Allgemeine Theorie der Aigebraischen Grossen (Leipzig, 
B. G. Teubner, 1903) and G. Hermann, "Die Frage der Endlich Vielen Schritte in der Theorie 
der Polynomideale," Math. Ann., Vol. 95, pp. 736-788. 

SEe Lasker, UZur Theorie der Moduln und Ideate," Math. Ann., 60, 20-116 (1905). 
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The variety of a primary ideal q =t= 0 is therefore irreducible and equal to the 
variety of its associated prime ideal. 

Let q be a primary ideal with associated prime ideal p and exponent e, and let 
M be its variety. If now fis a polynomial which contains M, then! = O(p) and 
hence fQ = O(q). 'lf, however, f does not contain M, then in every congruence 
modulo q the factor f may be canceled by property 2 above. These are two very 
important tools by means of which it can frequently be determined whether 
I' = O(q) or g = O(q). They can be extended immediately to arbitrary ideals 
m = [ql' ... ,qJ by means of the decomposition theorem. If lis a polynomial 
which contains the variety M ofm and if e is the greatest of the exponents of the 
primary ideals Ql' ••• , q", then it follows immediately that 

and hence 
I' == O(qJ 

fll = O(m). 

(for i = I, ... , s), 

We have thus obtained another proof of Hilbert's Nullstellensatz (Section 
16.5), which is even sharper in that it shows that the exponent e depends only on 
the ideal m. . 

If/is a polynomial which contains none of the manifolds of the primary ideals 
q l' • • • , Qs, then in any congruence 

fg = O(m) 

!may be canceled, and we conclude that 

g = O(m) 

since this is true for all primary ideals q~. The cancellation possibility can be 
briefly and precisely expressed by the equation 

m : (J) = m, 

which by Section 15.5 holds if and only if/is not divisible by any of the associated 
prime ideals PI' ... ,Ps ofm (fthus contains none of their irreducible varieties). 

Somewhat more generally, for any ideal Q, by Section 15.5, 

m:Q=m (16.14) 

if and only if Q is not divisible by any of the PI' ... , :Ps or, what is the same thing, 
if the manifold of Q contains none of the manifolds of the prime ideals PI' · · · , P--,­
This theorem is often useful in finding the- associated prime ideals PI' · · · , P s 

of an ideal m. Ifwe suspect that some prime ideal p is among the P., then we may 
take an ideal Q divisible by :p, for example, Q = p, and check to see if the relation 
(16.14) or its negation can be proved, that is, whether or not ga = O(m) implies 
g = O(m). If (16.14) holds, then P is not one of the p". 
_ The dimension of a primary ideal is defined as the dimension of the associated 
prime ideal (or the dimension of the associated variety). The dimension or 
highest dimension of any ideal Q 9= 0 is the highest of the dimensions of its primary 
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components (or of its associated prime ideals). If the dimensions of the associated 
primary ideals of a are all the same, say equal to d, then Q is called an unmixed 
d .. dimensionai ideal. 

Exercises 

16.5. The ideal (X1
2

, X2X3 + 1) is primary ~ith exponent 2 and associated prime 
ideal (Xl' X2X3 + 1). ,. 

16.6. Every power pfl of a nonconstant prime polynomial p generates an (n -1)­
dimensional primary ideal. Every nonconstant polynomial! generates an 
unmixed (n - I)-dimensional ideal. 

16.7. If:p is the prime ideal of Exercise 16~ 1, then :p2 is not primary. (The 
polynomial (X2 X3 _ X1 3)2_(X,22 -XIX3) (X32-XI2X2) has a factor Xl' 

and the other factor does not belong to :p2.) 

16.7 NOETHER'S THEOREM 

Using the primary ideal decomposition, we shall first completely solve for 
zero-dimensional ideals the problem of finding the conditions a polynomial 
must satisfy in order to belong to an ideal m. We begin with a lemma which is 
also useful in other contexts. 
Lemma: If E is an extension field af K and if f, 11' • . . ,/,. are polynomials of 
K[x] = K[XI' ... , xn], then/rom 

f == 0(/1, · · · ,/,.) in I [x] 

it follows that 

f = 0(11' • • • ,/r) in K[x]. 
Proof: Let 

f= 'Lgi/i, (16.15) 

where the gi are polynomials with coefficients in I. We express these coefficients 
linearly in terms of finitely many linearly independent elements 1, WI' W2' ••• 

of E with coefficients in K. Each term gJ; in (16.15) acquires the form 

(giO+guwl +gi2w2 +. · · )fi, 

where the Kilr. are polynomials with coefficients in K. From (16.15) it follows then 
that 

f = 'Lgioh+ W l Lgilh+ W 2 'Lgi2/;+··· 

or-since the field elements 1, W1' W2' ••• are linearly independent and the 
terms containing 1, WI' W2, ••• on the right and left must coincide-that 

Q.E.D. 
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On the basis of this tlteorem, in answe~ing the question of whether f == 
O(fl' · · · ,/,.) we may always extend the base field K, for example, by adjoining 
the zeros of the ideal if!, ... ,fr). If the congruence holds in the extended ring 
2 [x]~ then it also holds before the extension. 

Under appropriate extension of the base field a zero-dimensional variety always 
decomposes into single points; we may therefore always assume, whenever it is 
advantageous to do so, that all zero-dimensional ideals which occur have only 
a single point as a zero (rather than a system of conjugate points). 

A zero-dimensional prime ideal is maximal, since the residue class ring o/p 
is a field by Section 16.4. This implies that every zero-dimensional primary ideal 
is single-primed, for a primary ideal whose associated prime ideal is maximal 
is always single-primed by Section 15.8. It further follows from the theorems of 
~tion 15.8 that every zero-dimensional isolated primary component q of an -
ideal m can be represented by 

q = (m, pCP). 

The exponent e is here the smallest integer a with the property 

pQ = O(m, 0-+ 1). 

(16.16) 

(16.17) 

Let us now clarify the meaning of relation (16.16) in the case in which the base 
field has been extended so that the single-primed ideals q under consideration 
each have o~ly one zero a = {ab • .. ,all}. Relation (16.16) states that for 
f = O(q) it is necessary and sufficient that 

f = O(m, llCl). (16.18) 

If now m is given by a basis (fh ... ,/,.) and if we put y" = x"-a.,, then p = 
(Yl" .• ,y,J. If we suppose that all polynomials which occur are ordered accord­
ing to increasing powers of y", then :pCP consists of all those polynomials which 
contain only products of powers of the y" of degree ~ e. Relation (16.18) implies 
then that f coincides with a linear combination L g,,/v up to terms of degree ·e 
and higher. If we then suppose!l' ... ,/, to be multiplied by 1 and by all products 
of the y" of degree less than e, and if we denote by hI, ... , hk the polynomials 
formed by omitting all terms of degree > e, then (16.18) states that up to terms of 
degree > e f is a linear combination 'of hi, ... , hie. with constant coefficients. 
This is a state of affairs whose existence or, nonexistence can actually be estab-
lished in any given case (for given e,fh ... ,f,., and!). In particular, it exists if 
there are formal power series Pl(Y)' ... , Pr(y)6 such that 

f=Plil+···+Prfr.' (16.19) 

Indeed, for any value of a we can break these power series off at terms of degree 0-

and check to see if both sides coincide mod :pa. The power series criterion (16.19) 

60f course, nothing is assumed with regard to convergence. 
7This means that in a formal expansion in power products of the y" tpe two sides of ~16.19) 

coincide. 
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actually still requires too much: the two sides of(16.19) need not coincide exactly 
but rather just up to terms of degree ~ e. 

Similarly, the 'validity or nonvalidity of relation (16.17) can be determined for 
each 0': it means that all power products of degree 0' can -be represented by the 
polynomials L g,h by omitting the power products of degree > u. For given 
It, · · · ,/,. we may the~ test for each zero a the values u = 1,2, 3, ... in succession 
until a u is found for which (16.17) holds: this u is then the exponent of q. 

In the case of a zero .. dimensional ideal m all primary components are zero­
dimensional and isolated; the above criterion for / = O(q) may therefore be 
applied to all the components. If it is satisfied (or all zeros, then it follows that 
j' = O(m). This implies the following theorem. 
Theorem: If lor each zero a = {at, ... , an} 01 a zero-dimensional ideal m the 
expC!nent e is determined as the least natural number a for which (16.17) holds 
with :P = (Xl-aI, •.. , x,,-all) and if a polynomial f satisfies condition (16.18) 
for all these p, then / = O(m). 

This theorem was first formulated by Max Noether for the case m = (f1,/2)' 
where 11 and 12 are polynomials in two variables.8 This was the celebrated 
Noethersche Fundamentalsatz, which formed the basis for the "geometrical 
trend" in the theory of algebraic functions. Noether actually assumed that the 
power series condition (16.19) was satisfied at all zeros rather than the weaker 
relation (16.18). The formulation presented here, in which only the terms up to 
degree e-1 in Y1' .. ". , Y,. are required to agree, is due to Bertini,9 who also gave 
a bound for the exponent 11.10 The n-dimensional generalization is due to Lasker 
and Macaulay. Following Macaulay, we call the sufficient condition I = 
O(m, 1''') forY = O(q) the Noether condition at the point a. . 

To illustrate the application of Noether's theorem, we now treat a special 
case in which the Noether conditions turn out to be especially simple. 

Each of the polynomials 11' ... ,/r determines a manifold (hypersurface) 
f" = 0 in n-dimensional space. The polynomial f likewise determines a hyper­
surface I = o. If f splits into irreducible factors: f = P1 III P21l2 ••• , then the 
manifold/= OalsodecomposesintoirreduciblecomponentsPI = O,Pz = 0, ... , 
each of which we count as often as the exponent in the decomposition of I indi­
cates. 

H/is expanded in powers of y, = x, - a, at a point a and if the expansion begins 
with terms of order s. (s > 0) 

1= COYl
s +ClYl

s
-

1
Y2 + · · · +:croy,;'+ · · ., 

then the hypersurface f = 0 is said to have an s1'old point at a. The terms CoY 18 

+ · · · +cmy,.1l of order s also define, when set equalto zero, a hypersurface which 

8M. Noether, "Ober einen Satz aus der Theorie der Algebraischen Funktionen," Math. Ann., 
6, 351-359 (1873). 

9E. Bertini, "Zum Fundamentalsatz aus der Theorie der Algebraischen Funktionen," 
Math. Ann., ~, 447-449 (1889). 

IOSharper bounds were found by P. Dubreil, Doctoral Thesis, Paris, 1930. 
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consists solely of "straight lines" through a: the tangent cone of the hypersurface 
f = 0 at the point Q. 

The simplest case of Noether's theorem is that in which, among the hyper­
surfaces,ll = 09 ••• ,/, = 0, which determine the zero-dimensional ideal m, 
such fl = 0, ... ,/" = 0 occur which at a all have a simple point and whose 
tangent hyperplanes have only the point a in common: 

11 = C1IYl + · · · +ClnYlI+ • · · 

12 = C21Yl + · · · + C2"y,,+' · . 

In = c"lYl + · · · + c""y,. + · · · 
n 

The linear forms L c;.,J' Jl are linearly independent. 
1£-1 

H the prime ideal (x1 - at, ... ,x,,-an) is denoted by :p, then in this case 
among the linear combinations of It, ... ,/" modulo p2 (that is, neglecting terms 
of second and higher order) Y1"" ,y,. themselves occur; that is, 

(Yl' • · · ,Yn) = O((fl' ... ,/,,), p2) 

and hence 

:p = O(m, p2). 

Thus, at the point a the ideal m has an isolated primary component q witb 
exponent 1, that is, q = p. Any polynomial with the zero a is therefore divisible 
by q. 

For further special cases and applications of Noether's theorem see my 
EinfUhrung in die Aigebraische Geometrie (Grundlehren, Springer, 1939). 

16.8 REDUCTION OF MULTIDIMENSIONAL IDEALS 
TO ZERO-DIMENSIONAL IDEALS 

In this section we shall seek to extend to multidimensional ideals the theorems 
proved in Section 16.7 for zero-dimensional ideals. 

The method is as follows. If q is a primary ideal in K[x] of dimension d, :p the 
associated prime ideal, and {et , ..• , f,,} its generic zero, and if (say) ~1' • • • '~d 
are algebraically independent, then we make q and p zero-dimensional ideals by 
the substitution Xl = 'H .• • , Xd = 'd' We make this substitution in a~l poly­
nomials g of the ideal q; the polynomials q hereby go over into polynomials q' 
of K(t'i, ... , 'tI) [Xd + l' •• · , x,J which generate an ideal q'. It is clear that it 
suffices to make the substitution Xl = ~1' ••• , Xd = ~d in the b~sis polynomials 
91' · · · , q,.; the resulting polynomials qi, ... , q: then generate the ideal q': 

, (' ') q = qh···' qr · 
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The ideal q' clearly consists of the polynomials q' divided by arbitrary nonzero 
polynomials cp in ~1' • •• , ell; for the polynomials q' form an ideal in K[~1' . · · '~II' 
Xd+ 1, • • • ,x,J and in order to obtain the ideal generated in K(eh ···, ~d) 
[Xd + 1, • • • ,Xn] we have only to admit the denominators cpo 

An ideal p' arises from p in the same way that q' arises from q; in general, 
every ideal m = (/1, ... ,/,.) gives rise to an ideal m' = (11, · · · ,I;). 

Geometrically the substitution Xl = ~l' ••• , Xd = ~d means that all manifolds 
which occur are cut by the linear space Xl = ~1' ••• ,Xd = ell which passes 
through the generic point of the manifold of q. 

If/(x1, ••• , x,.) is a polynomial and iff(~l' ... ,ed' Xd+1, .•. ,XII) belongs to 
q', then by the preceding remarks 

f(f, x) = q' _ qU, x) 
CP(~1' • • • , ~,,) vA..~) 

with q(x) = O(q) , 

and hence 

q(g, x) = rp(~)f(" x). 

Because of the algebraic independence of e I, ••• , [d' this implies 

q(x) = cp(x)f(x) = O(q). 

However, cp(~) =1= 0 implies rp(x) :$ O(p); therefore 

f(x) = O(q). 

Hence, in order to decide if a polynomialf(x) belong to q, we need only investi­
gate whether the corresponding I' = I(e 1, • • · , ~ (b X" + l' · .. ,xn) belongs to 
q'. Thus q' determines q uniquely. 

We now state the following theorem. 
Theorem: The ideal q' in K([l' ... ' '4) [Xd+ 1, · · · ,xn] is primary; the asso­
ciated prime ideal is p'; the exponent ofq' is equal to that ofq; the generic zero of 
:p' is {~cI+t' ••• , ~II}' and the dimension alp' is zero. 
Proof: In order to show that q' is primary and p' is the associated prime ideal, 
it suffices to prove the following three properties. 

1. f(e, x)g(~, x) = O(q') andf(" x) :$ O(p') imply g(~, x) = O(q'). 
2. I(~, x) = O(q') impIiesf(~· x) = O(p'). 
3. f(e, x) = O(p') impliesf(~, x)Q = O(q'). 

In establishing all three properties we may assuDle thatfand q are integral in 
e., · · · , ed' for otherwise we have only to multiply by a suitable ~~). By the 
remarks above, we may everywhere replace , by x, q' by q and p' by p; then, 
for example, f(~, x) = O(q') is equivalent to f(x) = O(q), and so on. After these 
substitutions, properties 1,2, and 3 state nothing more than that q is primary and 
:p is its associated prime ideal, and this we already know. This shows at the same 
time that the exponents of q ~nd q' are the same. 
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In order to show that {~d + 1( ... , ~,,} is the generic zero of p', we must prove 
that 

1([1, · · · , ~d' '4+1' • · • , ',.) = 0, 

where / is rational in [h ••• , 'do and integral in ~d + J' ••• , e,., implies that 

I(e, x) = O(p') 

and conversely. We may again assume that/is integral in e1, ••• , 'de But then 
f(~, x) = O(:p') is equivalent to I(x) == O(p); this part of the proof is therefore 
completed simply by the remark that {[ 1 ~ ••• , ~,.} is the generic zero of V. 

The zero-dimensionality ofp' follows finally from the fact that ~d+l"'" ~n 
are algebraic over K(~l' ... , ~d)' This completes the proof of the theorem. 

In the same way we can show that if q is a primary component of the ideal 
m = (f1, ... ,/,.), then q' is a primary component of the corresponding ideal 
m' = (/{ ... ,I:). Ifq is an isolated component olm, then q' is also an isolated 
component o/m'. 

The method developed for reducing all primary ideals to zero-dimensional 
ideals affords us the means of determining whether a polynomial/belongs to a 
given ideal m = (/1' ... ,/,), assuming that the decomposition ofm into primary 
components 

m = [ql, · · · , qs] 

is given. We find for each primary component q the corresponding zero­
dimensional ideal q'and extend the field K(~l' ... , '4) so that q' decomposes into 
primary ideals q~, each having only one zero a(Y); using the methods of Section 
16.7, we then determine by means of the "Noether conditions" 

I' = (Oq', p~~), (16.20) 

if the po-Iynomial /' belongs to the ideals q~ = (q', lJ~Q) and hence also to the 
id~l q'. Since the zeros of the p~ are conjugate with respec.t to K('h · · · , ~d)' 
the 1'~ and hence also the q~ are conjugate with respect to K('1, ... , [4); it there ... 
fore suffices to investigate a single q~. for each q'. We thus need adjoin only one 
zero of each q'. Now {'d+l' ••• , 'n} is such a zero. Hence, p~ is replaced by the 
prime ideal 

l'E = (X4+1-~d+l' • • • ,X,.-~n)' 

and we may use the the more convenient condition 

I' = Oem', p/') (16.21) 

in place of condition (16.20), since (16.21) is also necessary for f = Oem), and 
(16.20) follows immediately from (16.21). Condition (16.21), which must be 
satisfied by every primary component q of m, goes by the name of the Hentzelt 
criterion or Hentzelt's Nullstellensatz. 

In particular, if q is an isolated component orm, and hence q' is also an isolated 
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component orm', then the exponent e can be determined from the condition 

l'eQ = O(m', l'~+ 1) 
as in Section 15.8. 

The real geometric meaning of primary ideals is most clearly seen from con­
ditions (16.20) for f = O(q). Membership in a primary ideal imposes certain 
conditions on the initial terms of the expansion of a polynomial f in powers of 
X1 -g1, · .. , xlI-e,. for a generic point ~ of an irreducible manifold M. For 
example, the condition may be that f should vanish at this generic point or that 
the hypersurface f = 0 at this generic point should intersect another hypersurface 
containing M, and so on. 

Exercises 

16.8. Using the method of reduction to zero-dimensional ideals, prove that 
every (n-l)-dimensional primary ideal in K[Xb ... , XII] is a principal-_ 
ideal. 

16.9. Every unmixed (n-l)-dimensional ideal in K[Xl" •. , xn] is a principal 
ideal, and conversely. 



Chapter 17 

INTEGRAL ALGEBRAIC ELEMENTS 

Historically the development of ideal theory has two starting points: the 
theory of algebraic integers and the theory of polynomial ideals. These two 
theories have, however, been developed tQ deal with entirely different problems. 
Whereas in the case of polynomial ideals the central problems have been to 
determine the zeros of an ideal and establfsh the necessary and sufficient con­
ditions for a polynomial to belong to an ideal, the theory of algebraic integers 
arises from the question of factorization. We arrive at this question through 
the following considerations, for example. 

In the ring of elements a + b~ - 5, where a and b are integers, the unique factor­
ization theorem does not hold. The number 9, for example, admits two essenti­
ally different factorizations into indecomposable factors: 1 

This fact led Dedekind (following Kummer, who -achieved unique factorization 
in cyclotomic fields by introducing certain "ideal numbers") to exte~d the 
domain of elements to that of ideals (he was the first to use this term). He was 
able to show that in this domain each ideal is equal to a uniquely determined 
product of prime ideals. Indeed, if the prime ideals 

P1 = (3, 2+v' - 5), P2 = (3,2-v'-5) 

are introduced in the case above, then 

ITbat the numbers 3 and 2± v' - 5 are indecomposable follows easily from the fact that 
their norm is 9 (cf. Section 6.11). If they were decomposable, then either both factors would 
have norm ± 3, or one factor would have norm ± 1. There is no number a + by' - 5 with norm 
± 3,. for then 

a2 +5b2 = ± 3, 

which is impossible for integers a and h. A number with norm ± 1 is necessarily one of the 
units ± 1, since 

a2 +5b2 = ± 1 

is satisfied only by a = ± 1, b = o. 

168 



Finite 9t-Modules 169 

,as is easily checked; the principal ideal (9) then has the (unique) factorization 

(9) = 1't2
1'2

2
• 

In this chapter the "classical" (Dedekind) ideal theory of the integral elements 
of a field will be presented in a modern axiomatic form due to Emmy Noether.2 

17.1 FINITE ~-MODULES 

We consider modules over a (not necessarily commutative) ring ~, that is, 
modules with m as (left) multiplier domain. The modules considered are usually 
contained either in ~ itself (and thus are left ideals in m) or in an extension ring 6. 

Afinite 9t-module is a module m which is generated by a finite module basis 
(at, ... , aj,), that is, one whose elements can be linearly expressed in terms of 
a 1, ••• , all with coefficients in ~ and with integer coefficients 

In this case we write IDl = (ai' ... , ah). 
The ascending chain condition is said to hold in a module m if every chain 

of submodules roll' unl , ••• ofIDl in which each successive one properly contains 
(divides) the preceding 

roll cIDl2 c·· ., 

breaks off after a finite number of terms. 
Theorem: If the ascending chain condition holds in IDl, then every submodule of 
IDl: has a finite basis, and conversely. 

This theorem is a generalization of the theorem of Section 15.1 concerning 
an ideal basis and the ascending chain condition. The proof is similar. To find a 
basis for a submodule m, we first choose an element al in m. If (al) = 91, we are 
through; otherwise we choose an element a2 in 9l which is not contained in (a l ). 

If (at, a2) = 91, we are through; otherwise we choose an a3' and so forth. If it 
is known that the chain of modules 

(al) c (at, a:z) c (aI' a2' a3) c·· · 

must break off after a finite number of terms, then 91 has a finite basis. 
Conversely, if every submodule ofIDl has a finite basis and if 

Wll cIDl2 c .•. 

is a chain of submodules of9R, then the union T of all the roll' is again a submodule 
and hence has a finite basis: 

2E. Noether, 66Abstrakter Aufbau der Idealtheorie in Algebraischen Zahl- und Funktionen­
korpem," Math. Ann., 96, 26-61 (1926). 
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All the a" are already contained in some IDlw of the chain; hence ~ ~ IDlQl' so that 
m = ID'lw' The chain therefore breaks off at WlQl. 

A sufficient condition for the ascending chain condition to hold in 9Jl is given 
by the following. 
Theorem: If the aacending chain conditionfor left ideals holds in 9t and ifWl is 
afinite m-module, then the ascending chain condition for m-modules holds in IDl. 

An equivalent formulation (on the basis of the preceding theorem) is the 
following. 
TIaeorem: If in 9l every left ideal has a finite ideal basis and ifIDl has a finite 
9l-module basis, then every submodule ofIDl has afinite 9t-module basis. 

The proof is entirely analogous to the proof of the Hilbert basis theorem 
(Section 15.1). Let IDl = (ai, ... , ah), and let 9l be a submodule of IDl. Every 
element of 91 can be written in the form (17.1). If in (17.1) the last 2h-/ co­
efficients (from the (1+ l)th to the 2hth) of the 2h coefficients rl, ..• , nil are all 
zero, we say that the expression has length < I. We now consid~r all expressions 
in 9l of length < I. Their lth coefficients (r, or n, -Tl) form a left ideal in 9t or in 
the ring Z of integers. This ideal has a finite basis: 

(b l1 , • • • , bzs,). 

Each b,., is the last (lth) coefficient (r, or n,_II) of a certain expression of the form 
(17.1) which we denote by B,.,: 

We assert that all these Bly (/ = 1, ... , 2,.; II = 1, ... , s,) together form a basis 
for 91. Indeed, from any element (17.1) of ~ of length I the last (/th) coefficient 
can be eliminated by subtracting a linear combination of Bh , ••• , Blsi (with 
coefficients in 91 or Z according to the value of /); this means that any such 
expression can be reduced to an expression of smaller length; this resulting 
expression can again be reduced in length in the same way until finally, by 
repeated subtraction of linear combinations of the B,y, only zero remains. Any 
element of 91 can thus be written as a linear combination of the B", Q.E.D. If 
one of the ideals (bit, ... , bls.) is the null ideal, then the corresponding B" are 
red undant in the basis. 

17.2 INTEGRAL ELEMENTS OVER A RING 

Let 91 be 'a subring of a ring X. 
An element t of ~ is said to be integral over 9t if all powers3 of t belong to a 

finite 9t-module (ai' ... , a".), that is, all powers of t can be linearly represented 
in terms of finitely many elements ai' ... , am of X in the form 

(rv E 9t, ny integers). (17.2) 

3In this section we shall always mean powers with positive exponents .. 
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In particular, every element r or 9t is integral over 9t, since T, ,2, r3, ... belong 
to the 9l-module (r). The identity element ofl:, if it exists, is also integral over 9t 

If% is a field, which thus contains the quotient field P of9t, then all powers of 
an integral element t depend linearly on finitely many elements aI' ... , am with 
coefficients in P, for P contains not only the ring 9t, but also the identity element. 
Therefore, only finitely many of the powers of t are linearly independent over P; 
t is thus algebraic over P. For this reason we also speak of integral algebraic 
elements instead of "integral elements." 

If9l is a ring in which the-ascending chain condition for left ideals holds, then 
by Section 17.1 the ascending chain condition also holds for submodules of the 
finite 9t-~odule (a1' ... ,am). In particular, a chain of modules 

(t) c: (t, t2) c . · · 

cannot consist entirely of distinct modules; that is, some power of t can be 
expressed linearly in terms of lower powers of I: 

til = rl t+··· +,,._11"-1 +n1t+··· +nh_~t-l. (17.3) 

Conversely, if t is an element of ~ which admits a representation of the form 
(17.3) with coefficients in 9t or 1. for some h, then all higher powers of t can 
successively be linearly expressed in terms of the finite number of elements t, 
12

, ••• , til -1 by means of (17 .3); t is therefore integral according to our definition. 
This proves the following theorem. 
Theorem: If the ascending chain condition for left ideals holds in the ring 9t, then 
the existence of an equation of the form (17.3) is necessary and sufficient in order 
that t be integral over 9t 

HX is a field equation, (17.3) again expresses the fact that t is algebraic. If 9t 
has an identity element, then to = 1 may be 'included among the powers of t 
and, moreover, in (17.3) the tail n1t+··· +nh_ 1 f'-1 may be omitted. In place 
of (17.3) we then have the simpler equation 

t'-r,._li"-1. · · -ro = 0, 

whose characteristic feature is that the coefficient of the highest power of t is 1. 
Examples: Algebraic integers are those algebraic numbers which are integral 
over the ring Z of ordinary integers; that is, they satisfy an equation with integer 
coefficients and leading coefficient 1. Integral algebraic functions of x l' · · . , x" 
are those functions of an algebraic extension field of K(Xl' ..• , x,,) which are 
integral over the polynomial ring K[ Xl' ••• , xJ; K is here a fixed base field. 
Absolutely integral algebraic/unctions of Xl' •.• , x" are such functions which are 
integral over the ring Z[X1' . · · , x,J. -

In a commutative ring l: the sum, difference, and product of two integral elements 
over 9t are again integral. Or: The elements in l: which are integral over 9t form a 
ring 6. 
Proof: If all powers of s can be linearly expressed in terms of a1, ... , am and 
all powers of t in terms of h1' ... , b,., then all powers of s + t, s - t, and s· t can 
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be linearly expressed in terms of at, ... , am, bt , .. ~ , b", ... , albl, a1b2, ••• , 

a,.b,.. 
If we assume the ascending chain condition for the ideals of the ring 6, then 

we can prove the theorem on the transitivity of integral dependence. 
/f6 ;s the ring of integral elements in a c01J1mutative ring l: (over a subring 9t) 

and if the element to/X is integral over 6: then t is also integral over 9t (that is, 
contained in 6). Or, expressed in another manner: If t satisfies an equation of the 
form (17.3) whose coefficients ry are integral over 91, then t itselfis integral over 9l. 
Proof: By repeated application of equation (17.3) all powers t"+.t can be linearly 
expressed in terms of I, t2

, ••• , I' -1 with coefficients which either are integers 
or are integral rational functions in the products of powers' of the rye For each 
r., there are finitely many elements of~ in terms of which all powers of ry can be 
linearly expressed with coefficients in m. or with integer coefficients; all products of 
powers of the rv can therefore be linearly expressed in terms of finitely many 
products of these finitely many elements. If we now mUltiply this finite number of 
products by I, t 2 , ••• , t' -1 and include finally, t, t2

, ••• , t" -1 as well, we again 
obtain finitely many elements in terms of which all powers of t can now be 
linearly expressed with integer coefficients or coefficients in 9t. 

A ring <5 is said to be integrally closed in an overring l: if every element of % 
which is integral over '5 is contained in 6. In particular, an integral domain 6 
which is integrally closed in its quotient field 1: is simply called integrally closed. 
As is easily seen, this means that each element t of:E, all of whose powers t' 
admit a representation as fractions with a fixed denominator from S, themselves 
belong to 6. The finite number of elements, in terms of which all powers of an 
integral t can be represented, can always be brought to a common denominator; 
conversely, if all powers of t can be expressed as fractions with.denominator s, 
then they can all be expressed linearly in terms of the element s - 1 • 

It now follows from the theorem above that if X is commutative the ring (5 
of all elements ofrx which are integral over 9l is always integrally closed in ~ if the 
ascending chain condition holds for the ideals of <5. 

This theorem can also be proved without assuming the ascending chain 
condition if, instead, it is assumed that. 9l is integrally closed in its quotient field 
P and X is a finite extension field of P. For the proof, l: is extended to a Galois 
field X' over P, and <; is extended to the ring 6' of integral elements of X'. If 
an element t is integral over 6, and hence also over 6', then so are the conjugate 
elements of t (over P), and hence also the elementary symmetric functions of 
these conjugate elements, that is, the coefficients of the defining equation of t. 
Since 9t is integrally closed, these coefficients then belong to 91; t is therefore 
integral over 9i and hence t E 6. . 

A sufficient (but by no means necessary) criterion for the integral closure of 
an integral domain is given by the following theorem. 
Theorem: An integral domain with identity in which the unique factorization 
theorem holds is integrally closed in its quotient field. 
Proof: Each element of the quotient field can be represented as a fraction alb 
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in which a and b have no common prime factor. If the denominator of all powers 
of alb can be eliminated by multiplication by a single element c, then elf, and 
hence c also, must be divisible by b" for every n. This is possible only if b is a unit 
and hence alb = ab -1 belongs to the integral domain. 

From this theorem it follows that every principal ideal ring ( in particular, the 
ring Z of integers), every polynomial ring over the ring of integers, and every 
polynomial ring over a commutative field K is integrally closed. 

Exercises 

17.1. The roots of unity of a field are always integral over every subring. 
11'.2. Which numbers of the Gaussian number field CQ(i) are integral over Z? 

Which numbers of the field CQ(e) of third roots of unity (e = -! +!-J - 3) ? 
17.3. If the integral domain m is integrally closed, then the polynomial ring 

9l[x] is also integrally closed. 

17.3 THE INTEGRAL ELEMENTS OF A FIELD 

Let 9t be an integral domain, P its quotient field, ~ a finite commutative exten­
sion field of P, and <5 the ring of elements of I: which are integral over 9l. Obviously 
IS is an extension ring of 9t. The relations between the rings 9l, <5 and the fields 
P, L may be schematically represented as follows: 

wee 
n () 
p c 1:. 

These designations will be the same throughout this section. By "integral" we 
shall always mean integral over 9t 
Examples: If 9l is the ring of ordinary integers, then P is the field of rational 
numbers, ~ is a number field (finite over P), and '5 is the ring of algebraic integers 
of the field L. 

If 9t is a polynomial ring, 9t = K[Xl' ... , xn], then P is the field of rational 
functions; ~ arises by adjunction of finitely many algebraic functions, and (5 

consists of the integral algebraic functions of the field :E; and so on. 
Our aim is to study the ideal theory of 6. To this end, as we know, we must 

first investigate the questio~ of the ascending chain condition for the ideals of 6. 
More precisely, we ask if the ascending chain condition is inherited by <; if it 
holds for 9l. By the theorems of Section 17.1, this is so if an 9l-module ba~sis 
can be found for 6. This will be our first objective. 

We begin with a 'preparatory theorem. ' 
Theorem: If CT is an element ofl:" then CT = sIr, where s E IS and r E 9t -
Proof: The element CT satisfies an equation with coefficients in P. These co-
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efficients ar~ fractions over 91. They become elements of 9t on multiplication with 
the product of their denominators: . 

roam + r 1 am - 1 + · · · + r,;. = O. 

Putting ro = r and multiplying by ,.". -1, we obtain 
. . 

(ra)m +r1(ra)m-l +r2r(ra)m-2 + . · . +r m,m-l = o. 
Thus, ra is integral over 9i. The assertion follows on putting ra = s. 

It follows from this theorem that ~ is the quotient field of 6. 
lbeorem: If an element ~ is integral, then all conjugates of~ (in a Galois extension 
field of l; over P) are also integral. 
Proof: The finitely many elements of ~ in terms of which all powers of ~ can 
be expressed go over, under an isomorphism of ~, into finitely many elements 

"-
in terms of which all powers of some conjugate of g can be linearly expressed. 

Since sums and products of integral elements are again integral, it follows that 
the elementary symmetric functions of ~ and its conjugates are integral. This 
implies the following theorem. 
Theorem: In the irreducible equation over P lvhich an integral element g satisfies, 
if the leading coefficient is chosen equal to 1, then all other coefficients are integral 
over m. In particular, if 9i is integrally closed in P, then all these coefficients are 
contained in 9l. 

In the case where ~ is integrally closed, this theorem affords the most convenient 
means of investigating whether an element ~ is integral. We no longer need form 
all equations which ~ satisfies and check to see if among them there is an equation 
with integral coefficients; it suffices rather to consider the single irreducible 
equation with leading coefficient 1. If all the coefficients of this equation are 
integral, then g is also integral; otherwise g is not integral. 

We now make the following restrictive assumptions: 

I. 9l is integrally closed in its quotient field P. 
II. The ascending chain condition/or ideals holds in 9t 

III. L is a separable extension of P. 

It follows from III by Section 6.10 that L is generated by a "primitive 
element" a : L = P(a). By the theorem above, a = sir (s E 6, r E ~); the in­
tegral element s therefore generates the field. Here s satisfies an equation of 
degree n, where n is the field degree CE/P). Each element;~ of ~ can be represented 
in the form 

(17.4) 

If in (17.4) s is replaced by its conjugates SlJ (in a Galois extension field of P 
containing ~), of which there are precisely n by $ection 6.8, then the equations 

(v = 1, 2, . . . , n) (17.5) 
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are obtained for the conjugates g" of g. The determinant of this system of eq uations 
is 

D = IS"kl = n (s~ -SIl) 
~<,.,. 

according to the Vandermonde determinant theorem. Its square is a symmetric 
function of the s" and therefore contained in P. Furthermore, since the conjugates 
8v are all distinct, D =F O. The system of equations (17.5) may therefore be solved: 

L Skye", 
ek = D ' 

where the Sk" and D are polynomials in the s" and are therefore integral over 9t 
Multi plication of this equation by n2 gives 

D2ek = LDSkyey. (17 .. 6) 
" 

If we assume now th~t e is an element of 6 and is thus integral, then the e" 
are also integral; the right side of (17.6) is therefore integral. The left side, how­
ever is an element of P. Since 9l is integrally closed in P, it follows that DOk 2 

lies in 91. If we put D2e k = rk' then ek = r kD- 2 and so, by (17.4), 

n-l 
g = L 'kD- 2Sk• 

o 

Each element e of 6 can therefore be linearly expressed in terms of D - 2 so, 
D - 28

1
, ••• , D - 2 sn -1 with coefficients in 9l. In other words: 6 is contained in 

the finite 9t-module 
c:rn. = (D- 2 0 D- 2 1 D- 2 ..n-l) ~.Jl. S , S , • • • , .) • 

The theorems of Section 17.1 now imply that 6 as well as every submodule of 
6 and, in particular, every ideal in 6 has a finite module basis over 91, or equiva­
lently, the ascending chain condition holds for -the 9l-modules and, in particular, 
.for the ideals in 6. If 9t is a principal ideal ring, then 6 and every submodule of 
6 have a linearly independent 9t-module basis. 

An 9l-order in L is a subring of ~ which contains 9l and is a finite 9i-module. 
By the above theorem (5 is an 9l-order, and every ring between 91 and (; is also. 
Conversely, it follows from the definition of integral elements that every 9l-order 
X in ~ consists solely of integral elements, that is, is contained in 6 .. Therefore 
6 may be characterized, as the largest 91-order in L. Also, 6 is called the principal 
order of the field L. When terms such as "ideals of the field," "units of the field," 
and so on are used, the ideals of 6, the units of 6, and so on are always meant. 
By Section 17.2, 6 is integrally closed in ~. 

The results of this section no longer hold for noncommutative algebras over 
P; the main difficulty is that the sum of two integral elements need not be integral. 
The set of integral elements is therefore not an order. Although every order 
consists only of integral elements, there is no principal order containing all the 
orders. Under the appropriate conditions on ~ there ate various maximal 
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9t-orders such that every 9l-order and also every integral element is contained in 
at least one maximal m"order. Concerning the ideal theory of these maximal 
9t-orders, see M. Deuring, "Algebren," Ergebn. Math., 4, No.1 (1935). 

The ascending chain condition holds in all 9t-orders of ~ by what has just 
been proved .. The decomposition and uniqueness theorems of Sections 15.4 
and 15.5 (representation of all ideals as intersections of primary ideals) therefore 
also hold for- these orders. 

This ideal theory is greatly simplified, according to the final considerations of 
Section 15.8, if every nonzero prime ideal of the order 0 is maximal. The following 
theorem indicates when this is the case. 
Theorem: If in 9t every prime ideal =1=(0) is maximal, then in every 9t-order 0 

~ prime ideal =1= (0) is also maximal. 
Proof: Let p be a prime ideal in 0 containing a nonzero element t. Now t satisfies 
an equation of least degree with coefficients in m and leading coefficient 1: 

f'+a1t'·-1 + · · · +a,. = 0 

in which a" =t= 0 since otherwise t could be canceled. It follows that all = O(t) 
= O(p), and ah therefore belongs to the intersection p n m. This intersection is 
a prime ideal in 91, for if a product of two elements of 9t belongs to m Ii :p, and 
hence to :p, then one factor must belong to p, and hence to m n p. Since a" 
belongs to the prime ideal 9t ("\ p, this prime ideal is distinct from the null ideal 
and is therefore maximal. 

If now a is a proper divisor of p and u is an element of a which does not belong 
to 13, then u satisfies an equation 

u'+b1u'-1 + .. · +b, = 0, 

and hence a congtuence of least degree 

ti'+C1t1'-1 + ... +c" = O(ll) , 

in which Ck :$ O(p), since otherwise u could be canceled. It now follows that 
c" = O(u) = 0(0); c" therefore belongs to the intersection Q n 9t without belong­
ing to p n ~. This intersection Q Ii 91 is therefore a proper divisor of p () 9t 
and is hence equal to the unit ideal9t Therefore Q contains the identity element; 
hence a = 0, Q.E.D. 

The hypotheses of this theorem are satisfied, in particular, if 9t is a principal 
ideal ring (the ring of integers, a polynomial ring in one variable). In this case 
every ideal distinct from the null and unit ideals can be uniquely represented as 
a product of relatively prime, primary ideals distinct from o. 

For the principal order 6, as we shall see, it is possible to say still more: the 
primary ideals are powers of prime ideals, and hence every ideal is the product 
of powers of prime ideals. Because of its importance for, -the theory of number 
and function fields, we shall give a direct proof of this central result of the 
"classical" Dedekind ideal theory without assuming the concept of a primary 
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ideal and the general ideal theory. This will be done in the next section by a 
method due to W. Krull.4 

Exercises 

17.4. If m is a principal ideal ring, (Wt, .•. ,wII) is a linearly independent basis 
of an order 0 (which always exists in this case), and (w<p, ... , w(~» are 
the conjugated bases in a Galois extension field of P, then the "field 
discriminant" 

D= 

is integral, rational, and no~ro. 
17.5. Let:t = P(..jd), and let 9t be integrally closed in P. Show that an element 

, = a + b,Jd is integral over 9t if and only if its trace and norm 

S(e) = e+g' = (a+b~d)+(a-b~d) = 2a 

N(~) = ,·e' = (a+b~d)(a-b~d) = a2 -b2d, 

both belong to m. 
17.6. If 9t = K[x] in Exercise 17.5 is a polynomial ring in one indeterminate 

and dis a polynomial which contains no multiple factors, then ~ = a + b..Jd 
is integral only if a and b belong to 9t 

17.7. In Exercise 17.5, if m = Z is the ring of integers and d is a square-free 
integer, then if d $ 1(4) a basis for the principal order consists of the 
numbers 1,,Jd; in the case where d = 1(4) a basis consists of the numbers 
1, (1 +.jd)/2. 

17.4 AXIOMATIC FOUNDATION OF CLASSICAL 
IDEAL THEORY 

Let 0 be an integral domain (a commutative ring without zero divisors) in 
which the following three axioms are satisfied: 

I. The ascending chain condition for ideals. 
II. All nonnull prime ideals are maximal. 

III. 0- is integrally closed in its quotient field ~ .. 

Examples of such rings are (1) the principal ideal rings; (2) the principal 
orders obtained from principal ideal rings by extension of the quotient field in 
the manner of Section 17.3 (in particular, the principal orders in number fields 
and function fields of one variable). 

4W. Krull, "Zur Theorie der Allgemeinen Zahlringe," Math. Ann., 99, 51-70 (1928). 
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The elements of ~ which are integral over a, and hence by III lie in 0, will 
be called simply integral. In particular, the identity element of:E is always in­
tegral, and so 0 is an integral domain with identity. 

In addition to the ideals of 0 (or a-modules of a), we now consider also 0-

modules in L, that is, subsets of l.: which with a and b also contain a - b, and 
with a also ra (r integral). If such an o-module has a finite module basis, then it 
is also called a/ractional ideal. If an o-module Q consists solely of integral elements 
(4 fa 0), then it is an ideal in the usual sense or, as we shall now say, an integral 
ideal. 

The sum or g.c.d. (a, b) of two o-modules a and b is (as in the case of ideals) 
the module of all sums a + b with a E a, b E b; likewise the product ab is the 
module generated by all products ab or the set of all sums L ayby • 

Sums and products of o-modules with finite bases again have finite bases, 
In the following theorems the German script letters refer exclusively to integral 

nonzero ideals in 0, while the letter p always denotes a prime ideal 9:(0). 
Lemma 1: For every ideal a there exist prime ideals :P, which are divisors of a 
and whose product is divisible by a: 

P1:P2· · 'Pr = O(a). 

Proof: If Q is prime, then the lemma is true. If Q is not prime, then there is a 
product of two principal ideals be such that 

be = O(a), b $: O(a), c :$ O(a).· 

The ideals b' = (0, a) and c' = (e, a) are proper divisors of a, and 

b'e' = (b,a)·(c,a) = (bc,ba,ae,Cl2
) == O(a). 

If we now assume that the lemma is true for the ideals b' and c', then there are 
products such that PI ... Ps == O(b') and Ps+l ••• :p, == O(c'). Then the product 
:P1 · · · PsPs+l · · · P, = O(o'-e') = O(a) , and the assertion is therefore true for Q 

also. If the lemma were false for some ideal a, then it would also not hold for one 
of the two proper divisors, b' or e' ; this divisor would again have a proper divisor 
for which the lemma were not true, and so OD. In this manner we would obtain 
an infinite chain of proper divisors, which is impossible by Axiom I. Hence the 
lemma is true for every ideal a. 
Lemma 2: Jf:p is prime, then aD = O(p) implies Q = O(:p) or b = 0(1'). 
Proof: If a =1= 0(1') and 0 $ O(p) , then there would be an element a in a and 
an element b in 0, neither of which would belong to p. The product ab would lie 
in au and therefore in p, contrary to the fact that p is prime. 

We denote by P -1 the set of all (integral or fractional) elements a such that ap 
is integral. :P -1 is clearly an a-module. 
Lemma 3: If P =1= 0, then l' -1 contains a nonintegra/ element. 
Proof: Let c be any nonzero element of p. By Lemma 1 there exists a product 
of prime ideals such that 



Axiomatic Foundation of Classical Ideal Theory 179 

We may assume that this product is irredundant; that is, there is no subproduct 
such as "2 · · · p, which is = O(c)'. Since the product PIP2 ... P, is divisible 
by", one of the factors, say 1'1' must be divisible by p and hence equal to p. 

Therefore 
:PP2· · · p, = O(c) 

:P2 • • ·Pr =*= O(c). 

There is thus an element b in P2 ... p, which does not belong to (c). For this 
element 

pb = O(l'Pl· · .1',) = O(c). 

Therefore, :pblc is integral, and so hIe lies in p -1. Since b ;$ O(e), hIe is not 
integral, Q.E.D. 
Theorem 1: If l' =f: 0, then 

"." -1 = o. 

Proof: 0 c: p -1 by definition of p -1 ; therefore, " = op ~ P -1p_ The integral 
ideal :pp --1 is thus a divisor of p and so is either equal to " or o. Suppose that 

p_p- 1 =:p. 

This would imply that "-(1' -lyz = (:pp -1)p -1 = ,,:p -1 =" and likewise 
"(,, -1)3 = :p, and so on. If then a =1= 0 is any element of P and b any element of 
" - i, then abe E :p(p -1)e is integral, and therefore all powers of b can be repre­
sented as fractions with a fixed denominator Q. It follows that b is integral. This 
holds for any b in P - 1, contrary to Lemma 3. 

We are now in a position to prove the principal theorem on factorization_ 
Theorem 2: Every ideal Q is a product of prime ideals. 
Proof: We may assume Q =1= o. Using Lemma 1, let 

(17.7) 

and let the number r be chosen as small as possible so that no shorter product 
, = O(a). Further, let l' be any prime ideal divisor of Q distinct from 0 (there exists 

at least one by Lemma 1). The product :p 1 ••• p, is then divisible by :p, and 
hence (by Lemma 2) some :P i is divisible by p; since this :P i is maximal, it follows 
that Pi = p. We may assume that Pt = ". Multiplying (17.7) by p-l,'We obtain 

P2· . ":Pr = O(p -la)' = 0(0); 

therefore p -la is an integral ideal which divides a product of fewer than r prime 
ideals. Hwe now proceed by induction on r, that is, if we assume that the theorem 
has already been proved for ideals which divide a product of fewer than r prime 
ideals =f= (0) (for ideals which divide only one prime ideal =f= (0) the theorem is 
clear), then the theorem holds, in particular, for p -1a, that is, 

-1 , , 
l' Q = "2 -" ·Ps· 

Multiplication of both sides by p gives the desired representation of Q. 
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The uniqueness of this representation follows from the next theorem. 
Theorem 3: If 0 == O(b) and 0 = Pl ... Pr' 0 = 1'i ... P~, then any prime ideal 
distinct from 0 which occurs in the representation olb also occurs in the representa­
tion of 0 and at least the same number of times. 
Proof: Let P~ =+= o. Since P; is a divisor of Q, we conclude as before that PI must 
occur among the p". Let, say, PI = Pl. Then . 

1'1 -la == 0(1'1 -10) 

1'1-10 = 1'2·· ·1'r 
n -lb - n'·· .n' 
1"" 1 - 1"2 1".9. 

H we now assume that the assertion has been proved for all smaller values of s 
(for s = 0, b = 0 it is trivial), then it follows that each of the ideals pi, ... ,p~ 
distinct from 0 occurs at least as often among the P2' ... , Pre This completes the 
proof. 
CoroDary 1: Up to the order of the factors and the factor 0 the representation 
of an ideal 0 as a product of prime ideals is unique. 
Coronary 2: Divisibility implies product representation. If a = 0(0), then 0 = be 
with integral c. 

We have only ~o take for c the product of those prime factors of 0 which 
remain after the factors of b are deleted from the representation of Q (each as 
often as it occurs in b). 

Exercise 

17.8. Decompose the principal ideals (2) and (3) in the principal order of the 
number field Z(...j - 5) into their prime ideal factors. 

17.5 CONVERSE AND EXTENSION OF RESULTS 

We saw that Theorems 2 and 3 follow from Axioms 1 to III (Section 17.4); 
these two theorems together give the unique prime factorization of ideals. This 
situation can also be inverted, as follows. 

Let 0 be an integral domain with identity element. Suppose that in 0 every integral 
ideal 0 can be represented as a product of prime ideals: 0 = 1'11'2 · · · p,; if Q is 
divisible by 0, suppose further that in any decomposition of Q every factor of a 
decomposition ofo distinct from 0 occurs and at least as often. Then Axioms I to 
III hold in o. 
Proof: The ascending chain condition (Axiom I) follows immediately from 
the fact that every integral ideal Q. = 1'1 II ••• Pr Ir has only a finite number of­
divisors b = 1'1 fI, .• . 1'rflr (0'1 ~ ei). In particular, a prime ideal P has only the 
divisors P and 0, so that Axiom II also holds. 
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To prove Axiom III (the integral closure of 0 in its quotient field :E), we assume 
that A is an element of ~ which is integral over 0 so that, say, Alii can be linearly 
expressed in terms of ).,0, ••• , '\'" -1, or equivalently, ).,,,, is contained in the 
o-module [ = (AO, ,\1, ••• , ,\'" -1). If ,\ = alb, then I can be made an integral 
ideal by multiplying with b = (b",-l). Further, I obviously satisfies the equation 
12 = 1. Multiplication by b2 gives 

(Ib)2 = (Ib)b. 
Uniqueness now implies that 

lb = b 
and hence if both sides are multiplied by (b -",+ 1), 

1=0. 
Therefore ,\ is an element of 0, Q.E.D. 

We now discuss certain extensions of Theorems 2 and 3 which likewise belong 
to the classical ideal theory. 

The fact that divisibility implies product representation makes it possible to 
find the great.t common divisor and least common mu~tiple of ideals in the 
same way as in the case of integers-that is, by prime factorization_ 

Let Q and b be two integral ideals 

a = 1'1 CPt • - -p, 'r, 
b = ll10'1. • _p,O',. 

(where in each case all prime factors are written which occur in either Q or b, 
possibly with zero exponents). ~very common divisor contains only prime 
factors Pi appearing in these sequences and with exponents ~Tb where Ti is the 
smaller of the numbers eb (Ti- The greatest common divisor (a, b) must be divisible 
by every common divisor and, in particular, by p,. Therefore, it can only be 

n 'rl ••• 1"\ 'rr 
1'" 1 ", • 

Similarly, the least common multiple (intersection) a n b of a and b is the ideal 

n 1'1 •• • n IIr 
1""1 1""r' 

where p., is the greater of the numbers eb (T,. 

'Theorem 4: 1/a == O(b), then there exists an element din b such that 

Proof: Let 
(a, d) = b. 

tl = 1'1 'J · · -Pr'r 
b = 1'1 til. • -llr'r 

We must choose d so that d is divisible by b but has no other divisors in common 
with a other than the divisors ofb. We put 

c = P1G'1+1 •• -l'rO'r+ 1 

C - C - n - n0'1 + 1. - . n .11 •• •• n"r + 1 
,- - ", - 1" 1 1" , 1"r • 
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Then Cl == O(c). There is thus an element d, which is in c, but not in c, so that 

d, = O(pjJ+l). for j =F i 

d, $ O(pj,+I). 
The sum 

d = d1 + ... +dt 

is divisible by b (since all the d, are). However, 

d = d, :$ O(pj,+l); 

and so d has no other factors in common witIut other than the factors ofb. 
Corollary 1: In the residue class ring o/a every ideal bIG is a principal ideal. 
In fact, bIG is generated by the residue class a + d. 
CoruDary l: Every ideal b has a basis (a, d) consisting of two terms, where a 9= 0 
CQIJ be chosen arbitrarily in b. 

Indeed, let a be any nonzero element ofb and let a = (a). The theorem implies 
that (a, d) = b. 

tJ 

Corollary 3: Every ideal b can be transformed into a principal ideal by multi-
plication with an ideal b which is relatively prime to a given ideal C. 

Proof: We put a = cb. The theorem above implies that 

(a, d) = b. 

Since d is divisible by b, we may put 

(d) = bb 
so, by (17.8), 

(ell, bb) = b. 

1berefore c and b must be relatively prime. 

Exercise 

(17.8) 

17.9. Let D be the ring of all quotients alb, where a and b are integral and b 
is not divisible by certain prime ideals 1'1' ... ,Pr. Then to every ideal 
G of 0 there corresponds an ideal ~ of .0 consisting of the fractions alb 
with a E Q. To the ideals 1'1' ... ,Pr there correspond the prime ideals 
1'1' · · · , Pr; all other prime ideals of 0 correspond to the unit ideal .0. 
Every ideal in .0 can be uniquely represented as a product of powers of 
the ideals P1, ... , Pre Moreover, in .0 every ideal is a principal ideal. 

17.6 FRACTIONAL IDEALS 

In Section 17.4 we called an o-module in the quotient field E a fractional ideal 
if it had a finite basis. The ideals in 0 or "integral ideals" are thus special fractional 
ideals. 
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If (at, ... , ar) is a basis of a fractional ideal, then the entire basis, and hence 
the ideal itself, can be made integral by multiplying by a suitable denominator. 

Conversely, if an o-module a can be made integral by multiplication by an 
integral element b 9= 0, then ba has a finite basis 

ba = (a I' • • • , ar) 

as an integral ideal, and from this it follows that 

a=(i'···'~} 
This proves the following theorem. 
Theorem: An o-module in 1: is a/ractional ideal if and only if it can be trans­
formed into an integral ideal by multiplication with an integral element b =F o. 

We have already seen that if a and b have finite bases then a· band (tl, b) do 
also and are therefore fractional ideals. The same also holds for the module 
quotient a : b, where a and 0 are integral ideals and b 9= (0).5 For if b :f: 0 is 
any element of 0, then 

b·(a: b) C b·(a :b) C a c: 0; 

Q : b is thus transformed into an integral ideal by multiplication with h. 
In particular, 0 : p = l' - I is a fractional ideal. 
Every integral or fraction ideal =t= (0) has an inverse. 

Proof: Let c be an integral or fractional ideal =1= (0), and let b =F 0 be chosen 
so that be is integral: 

be = a. (17.9) 

If now a = P1P2 ... Pr' then multiplying (17.9) by 1'1 -11'2 -1 ... Pr -1 gives 

(1'-1P2 -I ... Pr -Ib) C = 0 

by Theorem 1 (Section 17.4), which proves the existence of the inverse 

,-1 =1'I-I ... 1'r-1b. 

From this theorem it follows that the integral and fractional ideals :f: (0) form 
an Abelian group. 

The equation ac = b can therefore be solved uniquely for c. The solution is 
denoted by Q -lb or b/Q. 

The previous theorems now imply the following. 
Every fractional ideal can be represented as the quotient of two integral ideals: 

1'~ · · .p; 
1'1· · · p;. 

Here any ideal which occurs both in the numerator and denominator may be 
canceled. . 

SThe module quotient a:b (in 1:) is the set of all elements A in L such that ~b ~ Q. 
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£Dery fractional principal ideal (A) admits a representation as a quotient of two 
illtegral principal ideals so that no one of any r given prime ideals appears both in 
the denominator and the numerator. 
Proof: In reduced representation let 

(.\) = PI' , 'P; , 
pi·· .p~ 

and let Pl ... Pr be the r given prime ideals. If the denominator is transformed 
into a principal ideal (d) by multiplying by an ideal b relatively prime to the 
product PI · · · Pr' -then 

b ' I b' , (,\) = PI·· .p, = PI·· .1', 
bpi· · .p~ (d)' 

aDd hence 
bpi · · · p; = (Ad). 

The numerator thus also becomes a principal ideal. No one oftbe ideals PI' , , , l' 
occurs in both the numerator and the denominator. 

Exercise 

17.10. The ideal fraction Q -lb is equal to the module quotient b : a.6 

17.7 IDEAL THEORY OF ARBITRARY INTEGRALLY 
CLOSED INTEGRAL DOMAINS 

There are important integral domains which satisfy Axioms I and III of 
Section 17.4 but not Axiom II. Examples are the polynomial ring K[Xl' ... ,XII] 
in more than one variable and the ring of integral polynomials Z[Xl' . · . , xJ 
and its finite, integrally closed extensions (principal orders). In all these rings it 
happens that a prime ideal distinct from the null and unit ideals has a prime 
ideal as a proper divisor. The ideal theory of Section 17.4 therefore no longer 
holds in these rings. We shall show, however, that the main results nevertheless 
continue to hold if the equality of ideals is replaced by a relation of "quasi" 
equality" which will presently be defined. 7 

Let 0 be an integral domain which is integrally closed in its field of quotients ~. 
German letters shall henceforth denote nonzero fractional ideals, that is, 0'" 

'For further development of ideal theory in number fields, we refer the reader to the book 
by E. Heeke, Yorlesungen Uber die Theorle der Aigebraischen Zahlen, Leipzig, 1923. For ideal 
theory in function 'fields and its applications, we refer to the fundamental work of Dedeldnd 
and Weber, Crelles J., 9l, 181 (1882). 

7'Ibis theory, which was developed by the author in Math. Ann., Vol. 101 (1929), was put 
into a more polished form by E. Artin, and it is published here in this form for the first time. 
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modules in :E which become integral on multiplying by a nonzero element of o. 
The inverse 0 -1 of an ideal a is the set of all elements r of ~ such that ra is in­
tegral. 
Dejillitio,,: a is quasi-equa/ to b if a-I = b -1. In this case we write a""o. The 
relation '" is obviously reflexive, symmetric, and transitive. 

Similarly, Q is a quasi-divisor of b and b a quasi-multiple of a if a-I ~ 0 -lor, 
equivalently, if a -lb is integral. We write Q <0 or 0 >a. 

The $implest properties of the relations ~ and "" are the following. 
1. The statement a ~ 0 implies a ~ b (the proof is clear). 
2. If a is a principal ideal, a = (a), then Q ~ 0 implies that a ;;! b. For in this 

case a-I = (a-I); the hypothesis that ci-Io is integral implies that a- 1b is 
integral; that is, all elements of 0 are divisible by a. 

3. If Q <0 and 0>0, then o""b. 
4. All quasi-multiples 0 of 4, and in particular all b quasi-equal to a, have 

the propertyb c (a. - 1) -1. (A direct consequence of the fact thatba -1 is integral). 
In particular, a c (a - 1) - 1. Property 1 then implies that 0 > (a - 1) - 1. On the 

other hand, a -l(a -1) -1 is integral, so that a «a -1) -1; hence we have the 
following. 

5. 
__ .I -1)-1 Q,--\Q • 

From properties 4 and 5 it .follo~s that (n -1) -1 is the greatest ideal quasi-equal 
to a. We denote it by Q*. 

6. If a ~ 0, then at ~ bc. For (co) - 1 ca is integral, and hence (en) -1 c ~ a. - 1 

C 0 -1; therefore, (ea) -leo is integral so that ea ~ cb. -
7. If a",o, then Qe,.....,bc. (Consequence of property 6.) 
8. If a",b and c",b, then Qe""ob. (For; by property 7, aCC'loc",bb.) 
If all ideals quasi-equal to a given ideal are combined to form a class, then the 

class of the product ae depends only on the class of Q 'and the class of c, by property 
8. We may therefore define the class of the product at to be the product of the two 
classes .. 

9. The identity class for class multiplication is the class of those ideals which 
are quasi-equal to the unit ideal 0, since (to = 0 for every a. 

10. All quasi-multiples of 0, in particular all ideals of the identity class, are 
integral. (Special case of property 1: put a = 1.) As a corollary it follows that all 
ideals quasi-equal to an integral ideal are again integral. 

We now prove the most important property of the inverse: 
11. 

ao -11'.10. 

It is clear that aa -1 > 0, for aQ -1 is integral. It remains to show that Qa -1 < 0 

or (aQ -1) -1 C o. If A belongs to (aa -1) -1, then Ana -1 is integral so that 
Aa- 1 c a- 1, and hence '\?Q-l c ,\Q-l C Q-l, and so on. In general, '\"a- 1 c 
a-I, and hence ,\lIa -la is integral. If JL is any element of 0 -10 , then all powers of ,\ 
become integral on multiplication by JL • . From the integral closure of 0 it now 
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follows that" itself is integral just as in the proof of Theorem 1, Section 17.4. 
It follows from property 11 that for the class mUltiplication defined above the 

class of Q -1 represents an inverse to the class of a: the product of the claSses of 
Q and Q - 1 is the identity class. This implies the following. 
Theorem 1: The classes of quasi-equal ideals form a group. 

The following rules make it possible to" characterize quasi ... divisibility and 
quasi-equality as divisibility and equality Up to factors from the identity class. 

12. The statement a ~ b implies ae = bb with c"'o and integral b. In particular, 
it follows that a",ob. 

13. The statement a",b implies ae = bb with e~o and b",o. 
Indeed, in both cases we have a(bb- 1) = b(ab- 1). 

The greatest common divisor (a, b) is of course also a quasi-divisor both of 
Q and ofb. We now show the following property. 

14. Every common quasi-divisor of a and 0 is a quasi-divisor o€ (a, 0). For if 
( is such a quasi-divisor, then c· is a common divisor of a and b and therefore a 
divisor"of (a, b). 

Two integral ideals a and b are called quasi-relatively prime if (a, b)",o, or 
equivalently, if every common integral quasi-divisor of Q and b is quasi equal to o. 

15. If a is quasi-relatively prime to b and to C, then it is also quasi-relatively 
prime to the product Dc. For 

(4, o)'(a, c) = (a2, ac, oa, bc) c (a, be). 

The left side is ""'0, and the right side must be also. 
We now prove a result due to E. Artin. 

11Ieorem 2 (Reftuement Theorem): If two factorizations of an. integral ideal a 
are given, 

(17.10) 

then the two products can be further decomposed in such a manner that the resulting 
decompositions coincide up to the order of the factors and quasi-equality: 

0;. "",nb;." , C,,~nOA'" (17.11) 
'"' A 

Proof: Put (bt, c1) = bil' Then b1"-Jb1tb1-and Cl~OllC; by property 12. It 
follows that 011 = (bt, cl}',{b110;, b11cl) = b 11,(b; c;), and hence (bl' c;)"'o. 
Now put (b;, (2) = b12• Then oi,,-,b l2bj and C2 = b12C2 by property 12; it 
again follows that (bi, c2)""'o. We continue in this manner until finally b1 = 
b11b12 ." •• oillb and cit = 01"C~ (p, = 1, 2, ... ,n). Substituting this into (17.10), 
it follows that 

011012' · · 0lnbb2 ' • • Om~bll C;b12C2' · · 01,,(,,' 

By the group property (Theorem 1) b11 ••• ,bin may be canceled: 

b02 ' • • b ... ~c~c2· · · c~. 
Here b is quasi-relatively prime to all the c~ and hence also to the product 

-G.c2 · · • c~. But b occurs-as a factor on the left side and is therefore a quasi-
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divisor of the product c,.c2 ••• c;,. Hence b""o, and the factor b may be omitted: 

02 · '. · Om~GC2· · · c~. 
The same argument is now repeated with b2 , ••• , bm until the asserted decom­

position (11.11) is obtained. 
German letters shall henceforth denote integral nonzero ideals. We call such 

an ideal indecomposable if it is not quasi-equal to ° and if in every product repre .. 
sentation p"'tlb one of the factors belongs to the identity class; by property 12, 
this is equivalent to requiring that 1', without being quasi-equal to 0, have no 
other quasi-divisors than those which are either quasi-equal to II or quasi-equal 
to 0. 

If an indecomposable ideal p is replaced by the greatest quasi-equal ideal p*, 
then every integral proper divisor of p* is necessarily not quasi-equal to p and 
is therefore quasi-equal to o. Every ideal which is quasi-divisible by l' or p* is 
divisible by p*, by property 4. This further implies what follows. 

16. The term p. is a prime ideal. Indeed, if a product be of two principal 
ideals band c is divisible by p* and b is not divisible by p., then (b, p*) is a proper 
divisor of p. and so is quasi..equal to 0; therefore, 

C = oc"'(b, p*)c = (be, p·c) ~ (p*, p*) = ll*, 

and hence c is quasi-divisible by p. and therefore divisible by p*. 
If we assume that the ascending-chain' condit jon holds in 0, we obtain the 

following property. 
17. Every chain of integral ideals Qt > 42> •.• , where each successive ideal 

is a proper quasi-divisor of the preceding (that is, a quasi-divisor which is not 
quasi-equal), breaks off after finitely many terms. For if we replace the ideals 
41' Q2' • • • by their greatest quasi-equal ideals Q 1 *, Q2 *, ... , then we obtain a 
chain of integral ideals al· c: 42 * C ••• which must break off by the ascending 
chain condition. 

The "quasi-ascending chain condition" (property 17) can also be formulated 
as the "principle of divisor induction" (cf. Section 15.1, fourth formulation of the 
ascending chain condition). From this principle it then follows without difficulty 
that every integral ideal is quasi-equal to a' product of indecomposable ideals. 
The uniqueness of the decomposition is obtained as a special case of the refinement 
theorem (Theorem 2). 
Theorem. 3: Every nonzero integral ideal is quasi-equal to a product of indecom­
posable ideals 1'1' ... , Pr which is uniquely determined up to quasi-equality and 
the order o/the/actors. (The'PI' ... ,Pr may of course also be chosen to be the 

· -deal * • ) prIme 1 S PI , ... , Pr . 
Corollary: An ideal a .......... ll t ••• P, is quasi-divisible by b~l'i ... p; if and only 
if every factor p; occurring in the decomposition of b occurs at least as often in 
the decomposition of Q. In particular, if b is a principal ideal, then it follows 
from property 2 that quasi-divisibility implies divisibility. If we take for Q and b 
principal ideals (a) and (b), we obtain a criterion for the divisibility of a by b or 
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a criterion that ab -1 be integral. By including with the principal ideals classes 
of ideals which are not principal ideals, we have obtained a domain in which 
(by Theorem 3) unique factorization holds, and the objective of "classical ideal 
theory" is herewith attained. 

Theorem 3 also holds for fractional ideals ab -1; however, we must then admit 
negative powers 

as factors. Indeed, if 

then 
(17.12) 

and the exponents a,-b, are uniquely determined. 
In order to establish the relation of the present theory to the general ideal 

theory and to the special ideal theory of Section 17.4, we must investigate which 
prime ideals are indecomposable and which ideals are quasi-equal to o. 

We have seen that ifp is indecomposable, then 1'* is prime. We now show the 
following. 

18. No nonzero proper multiple of 1'* is prime. If 0 is such a multiple, then 
Q~p*; by property 12, ae = l'*b with ("-'0. Then b =1= O(a), since in the decom­
position of b one less prime factor occurs than in the decomposition of Q; 
simjlarly, p* .$ 0(0), and p*b = 0(0). Thus a is not prime. 

We now consider the decomposition of an arbitrary prime ideal p. Either 
p~ or in the decomposition """"PIP2 ... 1'r an indecomposable factor PI 
occurs. Then :p > PI and hence p C PI *; however, since a proper multiple of 
1'1* cannot be prime, it follows that p = p 1*. Thus p* = (p 1 *)* = P 1* = p. We 
therefore have the following property. 

19. Eyery prime ideal l' is either quasi-equal to 0 or indecomposable and equal 
- ~ the associated p*. 

In the second case P has no proper prime-ideal multiple distinct from the null 
ideal. On the other hand, in the first case we shall show that there is such a 
multiple. 

20. IT 1)"'0. then there exists an indecomposable proper prime-ideal multiple 
p. * of p. Indeed, if P =+= 0 is an element of p and (p )"'p 1 P2 · · · tJr~:P 1 *p 2 * · · · :Pr * 
is its decomposition, then irfollows from property 2 that l' 1*P2 * · · · 1'r * == O(p) 
== 0(1'), and thus some py* = O(p). Now py* =t= p, since otherwise 1',,*"'0. 

We say that a prime ideal is a higher prime ideal if it has no proper prime-ideal 
multiple distinct from the null ideal; if such a mUltiple exists we say that it is a 
lower prime ideal. We can now combine properties 18, 19, and 20 in the following. 
TIIeorem 4: Every higher prime ideal P is indecomposable and is equal to its p*; 
nery lower prime ideal is quasi-equal to o. 

From the decomposition theorem (Theorem 3) an ideal which does not belong 
to the identity class is divisible by at least one higher prime ideal l' , p*. On 
the other hand, an ideal of the identity class is not divisible by any higher prime 
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ideal. This gives a purely ideal theory characterization (that is, in the domain of 
integral ideals) of the identity class. 

In the rings studied in Section 17.4 a nonzero prime ideal is divisible only by 
itself and by 0 on the basis of Axiom II; thus, in that section there are no lower 
prime ideals but o. Since every ideal Q =1= 0 is divisible by a prime ideal distinct 
from 0 (proof: from among all the divisors of Q distinct from 0 choose a maximal 
one; since this ideal is maximal it is also prime), it follows that Q cannot be quasi­
equal to o. The identity class therefore consists of the unit ideal 0 alone. From 
property 12 it follows further that quasi-divisibility and divisibility are equivalent, 
and from this, or from 13, that quasi-equality and equality are likewise equivalent. 
Theref'Ore, the ideal theory of Section 17.4 is contained in the present theory as a 
special case. 

The connection with the general ideal theory is also easy to establish. First 
of all, it is easy to see that every prime ideal whose associated prime ideal is a 
lower ideal must be quasi-equal to o. These primary i~eals we call/ower primary 
ideals; all others we call higher primary ideals. An ideal Q is quasi-equal to 0 if 
and only if all its primary components are lower. If two ideals Q and b have the 
same higher primary components (but not necessarily the same lower com­
ponents), then they are quasi-equal. Among the ideals quasi-equal to Q there is a 
greatest ideal Q*; it is obtained by omitting.alllower primary components from 
the decomposition [ql' ... ,q,]. The decomposition and uniqueness theorems of 
this section may therefore be interpreted as neglecting all lower primary com­
ponents and considering only the higher ones. The higher primary ideals are 
each divisible by one higher prime ideal; the factorization of Theorem 2 must 
therefore involve a power o(a prime ideal; that is, every higher primary ideal is 
quasi-equal to a power of a prime ideal. 

Conversely, every power of a higher prime ideal is quasi-equal to a higher 
primary ideal.. Indeed, if Q = p' is a power of a higher prime ideal, then a is 
divisible by no higher prime ideal other than 1'; therefore, in the factorizati9n 

Q = p' = [q 1, • • • , q,] 

only one higher primary ideal occurs. If this is, say, q 1, then it follo,ws that 
a* = qt; hence Q = p' is quasi-equal to the primary ideal q1. 

Moreover, ql is precisely the rth symbolic power of the prime ideal p defined 
in Section 15.6. Thus all higher primary ideals are symbolic powers of higher 
prime ideals. 

Priifer has called the ideals Q with the property 0* = Q v-ideals. The integral 
v-ideals are just those in whose primary ideal decomposition only higher primary 
ideals occur. All principal ideals are v-ideals. In each class of quasi-equal ideals 
there is a single v-ideal Oy = Q*. If we restrict ourselves with Priifer and Krull to 
v-ideals, then the concept of quasi-equality becomes unnecessary. The main 
theorem (Theorem 3) may then be formulated as follows. 
Theorem: Every v-ideal can be represented uniquely as the intersection of symbolic 
powers :p(') of higher prime ideals. 
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Exercises 

17.11. All results of this section also hold for rings with zero divisors if the 
quotient field is replaced by the quotient ring and attention is restricted 
to ideals which are not zero divisors. 

17.12. Theorem 1 implies conversely that the ring 0 is integrally closed (cf. 
Section 17.5). 

17.13. Prove a : b,-....,.;lO -1.8 

SUMMARY OF IDEAL THEORY 

The following summary shows the significance of Axioms I (ascending chain 
condition), II (every prime ideal maximal), and III (integral closure) formulated 
in Section 16.3 for the ideal theory of integral domains. 

Axiom I implies that every ideal is an l.c.m. of primary ideals; the associated 
prime ideals arc unique. 

Axioms I and II imply that every ideal is the product of single-prime primary 
ideals; the representation is unique. 

Axioms I and III imply that every ideal is quasi-equal to a product of powers of 
prime ideals; unique up to quasi-equality. 

Axioms I, II, III imply that every ideal is a product of powers of prime ideals; 
unique. 

IFor further generalization of the results of this section, see H. Prilfer, J. Reine u. Angew. 
AlIIIIL, Vol. 168, 1932, and also P. Lorenzen, Math. Z., VoL 45, 1939. 



Chapter 18 

FIELDS WITH VALUATIONS 

18.1 VALUATIONS 

The construction of the extension field Q for a given ordered field K which 
was presented in Section 11.2 did not make full use of the ordering of the field K; 
only the ordering of the absolute values (al of the field elements a was used. It is 
thus natural to try to extend this construction to fields (other than just order 
fields) for which a fuIiction 9'<:a) with the properties of the absolute value exists. 

A field is said to have a valuation if for the elements a of K a function cp(a) is 
defined having the following properties: 

1. cp(a) is an element of an ordered field P. 
2. tp(a) > 0 for a =t= 0, 9'<:0) = o. 
3. tp(ab) = ~a)cp(b). 
4. cp(a+b)~fP(a)+cp(b). 

From properties 2 and 3 it follows immediately that 

CP(1) = 1, cp( -1) = 1, «p(a) = ~-a). 
Putting c = a+b, it follows from property 4 that 

«p(c)-cp(a) <9'<:c-a); 
similarly, 

hence 
~a)-9'<:c)<q(c-a); 

19'<:c)-9'<:a)1 <~c-a). 
Inequality 4 continues to hold if b is replaced by - b; thus 

rp(a-b) < q:(a) +9'<:b). 

Inequality 4 can be easily extended by induction to sums of n terms. 
Every field has the utrivial" valuation/ f1J{a) = 1 for a =t= 0, 9'<:0) = o. We 

shall not consider this valuation further. 
If K is ordered, then we may put 9'(a) = lal. There are, however, entirely 

different types of valuations. Let CQ be the field of rational numbers. H p is a 
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fixed prime number and each rationaJ number a =t= 0 is written in the form 

s 
a = -pia 

I 

with integers sand t not divisible by p, then 

cp,(O) = 0 

defines a valuation of CQ. Properties 1 to 3 are easy to check. In place of inequality 
4, the stronger inequality 

cpp(a+b) ~ max(cpp(a), cp,,(b)) (18.1) 
holds. For if 

a = ~p" b = ~pm 
t' v' 

with s, I, u, and v prime to p, 

and, say, cpp(b) '2:. cp,,(a), that is, n > m, then 

svp"--+tu 
a+b = pili 

tv ' 
and hence 

thus 
cpp(a+b) < cp,,(b). 

This is the p-adic valuation of CQ. 
The p-adic valuation can be easily generalized. Let 0 be an integral domain, 

K its quotient field, an~ l' a prime ideal of 0 with the following properties. 

A. All powers p, 1)2, ••• are distinct and their intersection contains only zero. 
B. If a is exactly divisible by 1'CI, that is, by:pCl but not by 1'CI+ 1, and ifb is exactly 

divisible by pll, then ab is exactly divisible by pcl + JJ. 

Here "CI denotes the set of all sums LvPvlPvl · · · PM' where all the PVIe are elements 
of 1'. In particular, p 1 = :p and 1'0 = o. In a in 0 is exactly divisible by 1'11, we 
now define 

and fP{O) = 0, 

where e is any real number > 1. The valuation is then defined for the elements of 
o and has properties 1 through 4. 

But if a valuation is defined for the elements of an integral domain, it can be 
immediately extended to the elements of the quotient field by 

(a) cp(a) 
cp b = CP{b) • 

This is well defined, since 

or ad = bc 
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Valuations 1~3 

implies 

cp(a)cp( d) = rp(b }tp( c) 
tp(a) ~c) 

or CP(b) = CP(d). 

Furthermore, the valuation cp(a/b) also has properties 1 through 4. The first 
three are obvious. Property 4 is verified as follows: 

(~ =) = rp(ad+bc) < rp(ad)+cp(bc) _ (~) . (:) 
cP b + d CP(bd) = CP(bd) - cP b +9' d • 

In this manner a valuation of the quotient field K is immediately obtained from 
the valuation of the integral domain 0 defined by the prime ideal 1'. This is called 
the :p-adic valuation of K. 

Properties A and B are satisfied, in particular, if:p is any prime ideal of an 
integral domain 0 distinct from the null and unit ideals which satisfies the three 
axioms of Section 17.4. With each such prime ideal:p there is thus assoc~ated a 
:p-adic valuation of the quotient field K. This applies then, in particular, to the 
prime ideals :p in the ring of integral quantities of an algebraic number field. This 
reveals'the close relationship between classical ideal theory a~d valuation theory. 

More generally, as in Section 17.7, we can start with an integral domain 0 

which satisfies only Axioms I and III. We then restrict our consideration to 
higher prime ideals :p in the sense of Section 17.7 and form their symbolic powers 

q = :per) 

in the sense of Section 15.6. The following properties analogous to A and B then 
hold. 

A'. The per) are all distinct and their intersection is the null ideal. 
B' .. If a is exactly divisible by p (r) and b extacly divisible by p (s), then ab is exactly 

divisible by :p(r+,s) .. 

If a is exactly divisible by :p(r), we may thus again define 

and «P(O) = o. 
A p-adic valuation is thus again obtained for each higber prime ideal :p. 

In the polynomial ring A[Xl' ... , xr] the ideal 

p = (x 1, • • • , xJ 
has properties A and B. The associated valuation <p(f) is e-s, where s is the degree 
of the term of lowest degree occurring in the polynomial f. 

Exercises 

18.1. In the definition of a valuation, drop the requirement that cp(a) should 
be nonnegative, and prove: if there exists a c in K such that «p(c) < 0, then 
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a~a) is an isomorphism of K onto a subfield of the value field P. [Prove 
that equality holds in property 4 by considering the inequality correspond­
ing to 4 for f[J(ae + be).] 

18.2. For p-adic valuations, inequality 4 can be strengthened to (18.1). 

The most important investigatioIJ.s of fields with valuations concern the case 
in which the ordering of the value field P is Archimedean. According to Exercise 
2 in Section 11.2, P can then be imbedded in the field of real" numbers. We shall 
now assume that the values tp(a) are real numbers. We assume the reader is familiar 
with (natural) logarithms of real numbers and their simplest properties as well as 
the powers a,1l of a positive number a, with arbitrary real exponents. 

We shall make use of the following lemma concerning real numbers. 
lAma·, : If tX, /J, " are positive real numbers and 

y'" < tXII+/3 
/01' every natural number v, then " ~ 1. 
Ploof: Suppose that y = 1+8,8>0. Then for ,~2,," = (1+8)"1 = 1+,,3+ 
ia{lI-l)82 + ... > 1'8+ !v(II-l)81; but for sufficiently large II, certainly 

vB> {J and !(1I-l)82 > «, 
and hence 

,," > fJ + tXV, 
contrary to hypothesis. " 

A real valuation cp(a) of a field K is called non-Archimedean if for all natural 
multiples n = 1 + 1 + · · e/+ 1 of the identity the condition . 

fJ(n) < 1 

holds. The p-adic valuation of the field CQ is non-Ai-chimedean. The fact that the 
value field is Archimedean makes no difference. 

The valuation tp of K is non-Archimedean if and only if in place of property 4 
.the ~harper inequality 

4'. rp(a+b) < max (cp(a), 9'(b» 
holds. 
Ploof: (1) If inequality 4' holds for the sum of two terms, then a corresponding 
inequality holds for the sum of n terms. In particular, for n = 1 + 1 + · · · + 1, 

,,(n) ~ max ( ... , ",(1), ... ) = 1. 

(2) If 9' is non-Archimedean, then, for v = 1, 2, 3, ... , 

(,(a+b»Y = f{(a+b)"') = tp(a"+(t")av
-

1b+··· +b",) < 
~ tp{a}Y +tp(a)Y-ltp(b)+ · · · +tp(b)" < (v+ I)MY, 

where M = max(fP(a), rp(b». From this it follows by the preceding lemma that 

9'(a+b) < 1 h -' b) M M =, ence 't'\a+ < , 

and this is 4'. 
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We shall henceforth consider inequality 4' as a characterization of a nOD­

Archimedean valuation even in the case in which the value field P is not the field 
of real numbers. As Krull has pointed out, an arbitrary ordered Abelian group 
can then be taken for the range of the valuation, since the values n~ed only be 
multiplied and compared as to magnitude, and the addition of values is not 
involved at all. 

The following remark is often useful; it applies to all non-Archimedean 
valuations in the sense just defined. 

If cp(a) and rp(b) are distinct, then equality holds in 4'. 
Proof: Suppose that cp(a»cp(b). We must show that 

fP(a+b) = cp(a). 
. Suppose that 

tp{a+b) < rp(a); 

then cp(a+b) and tp{ -b) = tp{b) would each be less than cp(a). This is contra­
dicted, however, by the inequality 

cp(a) < max(cp(a+b), «p( -b). 

It is often expedient (and customary in the literature) to introduce another 
notation for non-Archimedea-n valuations. In place of the real value cp(a) we 
consider the exponent w(a) = -log cp(a). In terms of exponents the defining 
relations for the valuation are as follows. 

1. w(a) is a real number for a =1= o. 
2. w(O) is the symbol 00. 

3. w(ab) = w(a)+w(b). 
4. w(a+b)~ min(w(a), w(b». 

We then speak of an exponential valuation. The transition to exponents is 
made possible by the fact that, because of the sharper inequality 4', the values 
cp(a) need not be added. Formation of logarithms reverses the sense of the ordering 
and replaces multiplication by addition. 
EXlUllpk: Let the elements of the field K be meromorphic functions in a 
region of the z-plane or, more generally, on a Riemann surface. We choose a 
particular point P of the Riemann surface and make the following definition. 
The value w(a) of a function a shall be a; if the function has a zero of order a; at P, 
it shall be zero if the function has a finite nonzero value there, and it shall be - a; 

if the function has a pole of order ex at P. Properties 1 through 4 are then satisfied. 
Thus to each place P there corresponds a valuation of the field K. This example 
leads us to suspect the significance of valuation theory for the theory of algebraic 
functions of a single complex variable. 

Among the exponential valuations two types are distinguished: discrete 
valuations, which are characterized by the fact that there is a smallest possible 
value w(a) of which all values w(a) are multiples (cf. the example above), and 
nondiscrete valuations, in which the values w(a) come arbitrarily close to zero. 
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Since multiples of a value w(a) are again values, nw(a) = w(a"), it follows that in 
the nondiscrete case the values w(a) are dense in the set of real numbers. 

The p-adic valuation of the rational number field is discrete; the p-adic valua­
tions are likewise discrete. 

In a field K with an exponential valuation, the elements a such that w(a) > 0 
form a ring 3. For w(a) ~ 0 and w(b) .> 0 imply w(a+b) ~ min(w(a, w(b» ~ 0 
-and w(ab) = w(a)+w(b) > o. The set:p of all elements a of K such that w(a»O 
is a prime ideal of,3. For, first of all, w(a»O and w(b»O imply w(a+b) ~ 
min(w(a), w(b»>O, and hence p is a module. Second, it follows from aEl', 
that is, w(a»O,.and w(c) > 0 that w(ca) = w(c)+w(a»O, and hence l' is an 
ideal. Finally,ab = 0 (mod p-that is, w(ab) = w(a)+w(b) > O-implies that at 
least one of the two numbers w(a) and w(b) is positive and hence that at least 
one of the two elements a and b is contained in p; l' is therefore prime. 

Here 3 is called the valuation ring correspondin.g to the valuation w. The elements 
of .3 are called integral (with respect to the valuation). An element a is said to be 
divisible by b (with respect to the valuation w) if alb is integral or if w(a) ~ w(b). 

The elements a with w(a) = 0 are the units of the ring 3. Since all elements of 
3 not belonging to p are units of~, it follows that :p is a maximal ideal of.3. 
The residue class ring 3/1' is therefore a field, the residue class field of the valuation. 
If the field K has characteristic p, then the residue class field clearly also has 
characteristic p. If K has characteristic zero, however, then the residue class field 
may have either characteristic zero (equal characteristic case) or a prime charac .. 
teristic (unequal characteristic case). The p-adic valuations are typical examples 
of. the unequal characteristic case. An example of the equal characteristic case is 
obtained by considering the field of rational functions in one variable and setting 
the exponential value of a rational function equal to the degree of the numerator 
minus the degree of the denominator. The p-adic valuations defined by the ideals 
of the polynomial ring K[x 1, ••• , xJ also belong to the equal characteristic case. 1 

Exercises 

18.3. Show that in .3 every ideal is either the set of all a such that w(a) > 8 or 
the set of all a such that w(a) > 8, where 8 is a nonnegative real number. 
In the case of a discrete valuation we need only consider the case > and 
a number 8 may be chosen which actually occurs in the set of values. 
In the case of a nondiscrete valuation, 8 is uniquely determined by the ideal. 

18.4. In the case of a discrete valuation all ideals of.3 are powers ofp, whereas 
in the case of a nondiscrete valuation all powers of p are equal to p. 

1 For further study of these ideas through a complete classification of all valuations, see the 
papers of H. Hasse, F. K. Schmidt, o. Teichmilller, and E. Witt (E. Witt, J. Reine u. Angew. 
Math., 176, 126-140 (1936) and literature cited there). For generalizations of the valuation 
concept see the papers of K. Mahler and W. Krull: K. Mahler, "Ober Pseudobewertungen," I, 
Acta Math., 66, 79-199 (1936); la, Akad. Wetensch. Amsterdam, hoc., 39, S7-6S (1936); 
n, Acta Math., 67, 51-80 (1936). W. Krull, "Allgemeine Bewertungstheorie," J. Reine u. 
Angew. Math., 167, 160-196 (1932). 
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18.2 COMPLETE EXTENSIONS 

For every field K with a valuation we can construct an extension field OK with 
a valuation in which Cauchy's convergence theorem holds by the procedure of 
Section 11.2. We shall here again assume that the values 9'(a) are real numbers. 
Afi!!zdamentaJ sequence {Oy} in K is defined by the property 

fJ>{ap-aq)<s for p>n(e), q>n(s), 

where e is an a-rbitrary positive real number. The residue class field OK is obtained 
from the ring of fundamental sequences precisely as in Section 11.2; all proofs 
carry over verbatim. The only difference is that OK' just as K, is not ordered; 
it is simply a field with a valuation. The valuation of OK is defined as follows. 
If ex is defined by the fundamental sequence {ay } then from an inequality already 
proved, 

lCP(o.,)-9J{a,J1 ~ tp(1ly-a,J, 

the values CP(a'l) also form it fundamental sequence which therefore has a limit in 
the field of real numbers. We put 

cp(ex) = w. 

All fundamental sequences with the same limit ex define the same value fl'{cx), 
and this valuation satisfies conditions 1 through 4. 

The field OK is complete in the valuation cp; that is, Cauchy's convergence 
theorem holds in OK as follows. 
Theorem: Every fundamental sequence of OK has a Iilnit in OK. 

We have called a sequence {a.,} fundamental if for every B >0 of the value field 
there exists an n such that 

for P>1J, q>n. 

In the case of a non-Archimedean valuation it is sufficient instead of this to 
require that 

for v>n(s). 

For a" - aq is the sum of fp - q f summands ay + 1 - Q" and if these all have a value 
< a then the value of the sum is likewise < e by (18.1). Thus we have the following. 

In a complete field with a non-Archimedean valuation a sequence {a,} has a 
limit if the differences ~+l-a.,form Q null sequence. 

This criterion may also be formulated as follows: for the convergence of an 
infinite series al +a2 +a3 + · .. it is necessary and sufficient that lim ~ = o. 

If we consider the field CQ of rational numbers with the valuation given by the 
usual absolute value, rp(a) = lal, then of course we obtain the field of real -
numbers as the complete extension. However, if we begin with the p-adic valua­
tion of CQ, then we obtain as complete extension the field 0" of Hensel's p-adic 
numbers. 
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The fields O2, 0 3 , Os, 07' !l11, ••• thus emerge as complete fields of the same 
status as the field of real numbers (and for number theory they are just as im­
portant). 

The elements of the field 0P' the p-adic numbers, admit a somewhat more 
convenient representation than that by fundamental sequences. We consider 
for ~ = 0, 1, 2, 3, ..• the module Wl,l consisting of those rational numbers whose 
numerators are divisible by p,l and whose denominators are not divisible by p, 
that is, those for which cp(a) ~ p-J.. We call two rational numbers congruent 
(mod pJ.) if their difference belongs to [}lA' If now {r,,} is a p-adic fundamental 
sequence of rational numbers, then for each ~ there is a n = n(~) such that 

-f ,<-1 V'\,r" - r." = P fo~ p,>n(~), v>n(~), 
that is, 

r" = ry(modp.l). 

All numbers r p. with p. > n(~) therefore belong to a single residue class 9tJ, 
modulo IDl,l. The fundamental sequence {r,,} thus defines a sequence of residue 
classes 

9to ~ 9t1 ~ 9tl ~ 9t3 ::> 9t4 ::') • • • , 

which are nested in the manner indicated. Conversely, every sequence {rl' 'r2" •• } 
which defines a sequence {9tJ,} of residue classes 9tJ, modulo rolJ, nested hi this 
manner such that 

r" is in 9tJ. for all p. > n(~) 

is always a fundamental sequence. 
In particular, if {rIll is a null sequence, then gt,\ = mt,\ is the null residue class. 

If two fundamental sequences are added, {r,,}+ {s,,} = {r,,+s,,}, then the 
associated residue classes are also added to form {9t.l +6A}. If a null sequence 
is added to a fundamental sequence, then the associated residue-class sequencc 
remains unchanged. Conversely, if two sequences {rIll and {SII} belong to the 
same residue-class sequence {\HA}' then their difference is a null sequence. There 
is thus a one-to-one correspondence between p-adic'numbers ex = lim ry and residue­
class sequences {9t).} o/the type indicated. 

This representation of p-adic numbers by residue-class sequences is the 
convenient representation to which we referred above. 'To go back from the 
representation of a p-adic number ex by a sequence of residue classes to a (par­
ticular) fundamental sequence, we have only to select an rl from each residue 
class 9tJ.: then ex = lim rl. The number ex can also be represented as an infinite 
sum by putting 

then 

and hence 

'-s rl - 0, " 
r' - s. n.l • A+1-J,- Ar' 

A co 

ex = lim LSYpv = LS.,P". 
1-+-<10 y=o y=o 

(15.2) 
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Here Sh 32 , ••• are rational numbers whose denominators are not\divisible by p. 
A p-adic limit of ordinary integers is called a p-adic integer. In terms of the 

residue classes mo, m1 , ••• this means that an integer must occur in each of 
them. In particular, in the case of a p-adic integer, 9lo is the null residue class IDlo, 
the set of all rational numbers whose denominators are not divisible by p. But 
this is also a sufficient condition for a p-adic integer: if mo is the null residue 
class modulo Wlo, then all the residue classes 9t l , m2 , ••• contain integers. 
Indeed, 9il is contained in ~o and therefore consists of numbers TIs with s $ 
O(mod pl. Solving the congruence 

sx = r(mod pAl, 
we obtain 

r sx-r 
x -- = -- = 0 (mod IDl;), 

s s 

and thus the number x belongs to the residue class mA• 

If ex is ap-adic integer, we may thus choose in the series representation (18.2) 
all the r;., and hence all the Sy also, to be ordinary integers. Therefore (18.2) is a 
power series inp with integral coefficients. Every such power series converges in 
the sense of the p-adic valuation and represents a p-adic integer. 

Every p-adic number ex with the representation {9to, 9i1, ••• } as residue classes 
can be converted to a p-adic integer by multiplication with a power of p. If ro 
is an element of the residue class mo, then after multiplying ro by some power 
p", of p the denominator pfflro will contain no factor p, and thus,o belongs to the 
null residue class modulo mo. Ifwe now expand thep-adic integerplfta, in a power 
series (18.2) with integral So, slt ... , we obtain for ex a representation with a 
finite number of negative exponents: 

(18.3) 

The representation (18.2) of the p-adic integer ex can be normalized by choosing 
for r~ the smallest nonnegative integer from the residue class 9l;.. The numbers 
911 then satisfy the condition 0 < Sy<p. Passing now from (18.2) to (18.3), we 
find that/or every p-adic number there is a uniquely determined expansion (18.3) 
with 0 ~ ay <po 

A complete ll-adic field Op, the generalization of Hensel's p-adic field, is 
likewise obtained from the p-adic valuation of a field K which is defined by a 
prime ideal p of the integral domain 0 in the manner indicated in Section 18.1. 
For example, ifp is the ideal (x- c) in the polynomial ring a[x], then Op is the ring 
of all power series 

ex = Q_lII(X-C)-IfI+ ..• +aO+al(x-c)+a2(x-c)2+... (18.4) 

with constant ely in a. The power series always converges in the sense of the 
p-adic valuation however the coefficients ay are chosen. Expressions such as 
(18.4) are called formal power series in (x- c). 
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Exercises 

18.5. Write -1 and t as 3-adic normalized power series. 
18.6. An equation f(f) = 0, where f is an integral polynomial, is solvable in 

the field 0, if and only if the congruence 

f(e} = 0 (mod p") 

has a rational solution, for every natural number n. 
18.7. Are the equations 

x 2 = -1, 

solvable in the field 0 3 ? 

It is possible that two distinct valuations cp and I/J of a field K may lead to the 
same complete extension field O. This is clearly the case if and only if every 
sequence {a,} of K which is a null sequence for the valuation fJ is also a null 
sequence for I/J and conversely. In this case, ~when lim v~CX) fJ{a,) = 0 and 
lim l'~OO .p(a..,} = 0 have the same meaning, the two valuations rp and I/J are 
called equivalent. 

In the case of the valuation tp(a) = lal of the field of complex numbers by the 
usual absolute value, an infinite number of equivalent valuations may be ob­
tained by putting fJ{a) = lal' where e is a fixed positive real number less than or 
equal to 1. Conditions 1 through 3 are trivially satisfied. Condition 4 follows 
from la+bl ~ lal+lbl by the inequality e'+8' > (e+8)' which holds for any 
two real numbers e > 0 and 8 > 0 with 0< e < 1.2 

In the case of the p-adic valuation cp,(a) of the field of rational numbers, 
every valuation Ys(a) = cp,(a)tI, where a is any fixed positive number, is an equi­
valent valuation. 

Let cp and .p be valuation of a field K. We shall show that the following three 
assertions are equivalent. 

1. q> and '" are equivalent. 
2. cp(a) < 1 implies aKa) < 1. 
3. fjJ is a power of cp, that is, .p(a) = cp(a)- for all a and fixed e> o. 

We first show that statement 1 implies 2. Here rp(a) < 1 implies that d' converges 
to zero in the sense of the valuation cp. But then tI' must also converge to zero 
in the sense of the valuation t/J. Hence tfJ(a) < 1. 

We now show that statement 2 implies 3. We note first of all that q;(a) < ~b) 
implies cp(a/b) < 1; therefore, .;<a/b) < 1 and hence t/J(a) < ;(b). Now let p be any 
fixed element of K with cp(p» 1. Then also -KP» 1. Let a be any element of K 

2(;f., for example, Hardy-Littlewood-Polya, JneqUlJlitles, Cambridge, 1934, Chapter n. 
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and let 9'<:a) = rp(p)' and t/J(a) = ;(P)". We wish to show that 8 = 8'. Let n and 
m be integers with n/m < 8 and m> O. Then 

rp(p ).,. < rp(p)' = cp(a) , hence CP(P") < q;( tI"). 

But from this it follows that 

n ~, -<a. 
m 

Since the least upper bound of all fractions n/m with n/m < 8 is precisely 8, it 
follows that 8 < 8';similarly,8' ~ 8 and hence 8 = 8'. Nowe = log;(p)/logcp(p) 
is a fixed positive number independent of a, and, since 8 = 8' for all 0, 

log tKa) = 8' log~) = 8 log KP) = 8s log CP(P) = B log ~Q), 

and thus 
t/J(a) = q;(a)·. 

That statement 3 implies 1 is clear. Hence 1, 2, and 3 are equivalent. 
If K is a field with valuation 'P and K' a field isomorphic to K with valuation tis, 

an isomorphism between K and K' is said to be continuous in both directions or 
topological if it takes qrnull sequences of K into ;-null sequences of K' and 
conversely. The fields K and K' in this case are called continuously isomorphic. 
Under a topological isomorphism, convergent sequences correspond to con­
vergent sequences and fundamental sequences to fundamental sequences. We 
thus have the following theorem. 
Tbeorem: Continuously isomorphic fields K and K' with valuations have con­
tinuously complete extensions OK and OK'. 

Exercise 

18.8. Show that among the valuations of the field of rational numbers with 
which we are familiar, namely valuation by absolute value and p-adic 
valuations, no two are equivalent. 

18.3 VALUATIONS OF THE F1Ef,D OF RATIONAL 
NUMBERS 

The following theorem, due to Ostrowski, shows that the valuations of the 
field of rational numbers with which we are already,familiar, that is, the p-adic 
valuations and absolute value, are essentially the only.possible ones. The field of 
real numbers is again taken as the value field. 
1beorem: A. nontrivial valuation cp of the field CQ of rational numbers is either 
q;(a) = laJ" with 0 < e ~ 1, and hence equivalent to the usual absolute-value 
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valuation, or it is cp(a) = rp,(a)(J with fixed prime number p ana fixed positive 
number u, and hence equivalent to a p-adic valuation. 
Proof: For every integer 

cp(n) ~ Inl -
For 

tp(n) = q;(Jnl) = cp(l + 1 +. · · + 1) < ,,(1)+CP(I)+ · · · +,,(1) = Inl-
Let a> 1 and b> 1 be any two natural numbers. We expand bY in powers of a: 

bY = CO+Cla+··· +c"tf 

c. =1= o. 
The highest power d' which occurs is at most equal to bV

: 

d' < bY, 
that is, 

Since now 

10gb 
n<v----. 

- loga 

cp(b, ~ CP(CO) + cp(ct}p{a)+ · · · +cp(cJcp(a)"< 
< a(1 +tp{a) + · · · +cp(a)' ~ a(n+ l)M" 

where M = max(l, cp(a», it follows that 

or 

rp(b)¥ < jlog b v+ 1) M(loa bfloa a)l' 

,log a 

( 
~b) )" log b 

Mlo. 6/101 a < a log a II + a. 

Hence, by the lemma of Section IS.1, 

CP(b) < Mioa b/log II, 

that is, 
cp(b) < max (1, cp(ayol 6/101~. 

c... 1: cp is Archimedean. There then exists an integer b such that CP(b» 1. 
For any other integer a> 1, if cp(a) ~ I, then from.the inequality just proved 
we would obtain the contradiction cp(b) ~ 1. Therefore, cp(a) > 1 for all integers 
a> 1. In the present case the inequality therefore reads 

rp( b) ~ tp( a)IO' b/loa II 

or 
tp(b)1/l0& b ~ ,,(a)l/lolll. 

Since we interchanged the roles of a and b, we also have 

cp(a)1/lo8 a < rp(b)l/lo, b, 
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and hence· 
9'<:a)1/101 II = CP(b)l/loa b. 

If fP{b) = h', then from this it follows that <p(a) = all. Hence 

cp(r) = Irl' 
for every rational number r = alb. Then e>O since cp(a» 1, and e < 1 since 

2' = ~2) = tp{l + 1) < CP(1) +«P(I) = 2. 

Case 2: cp is non-Archimedean. In. this case .,.,(a) ~ 1 for all integers a. The 
set of all integers a with f{J(a) < 1 is clearly an ideal in the ring of integers. This 
ideal is prime, since q;(ab) = cp(a)<p(b) < 1 implies cp(a)< 1 or q.{b)< 1. Now in 
the ring of integers every ideal is principal; in particular, every prime ideal is 
generated by a prime number. The integers a such that cp(a) < 1 are therefore 
precisely the multiples of a prime number p. Every rational number r can be 
written in the form r = (z/n}pfl with integers z and n not divisible by p. Since 
cp(z) = tp(n) = 1, it follows that tp(r) = q>(p)fI = p-~ = q>p(r)fS, where a = 
-log CP(P)/Iogp is a fixed positive number (since CP(P)< 1). The valuation q> is 
therefore equivalent to the p-adic valuation cpp. 

Having thus completely determined the valuations of the field CQ of rational 
numbers, we proceed to algebraic and transcendental extension fields. We first 
consider algebraic extensions. 

We shall here restrict ourselves mainly to non-Archimedean valuations: 
Archimedean valuations are less interesting. Indeed, Ostrowski has proved that 
a field K with an Archimedean valuation is continuously isomorphic to a field of 
complex numbers with the ordinary absolute-value valuation. For the proof we 
refer the reader to the original paper.3 

We thus set up the following program. We assume that we are given a (non­
Archimedean) valuation fP of a field K. We consider an algebraic extension 
field A of K and ask if and in how many ways the valuation cp of K can be extended 
to a valuation tI> of A. 

In Section 18.4 it will be assumed that the base field K is complete in the valua­
tion. In Section 18.5 the case of a field which is not complete will be reduced to 
the complete case by an imbedding. In Section 18.6 the results obtained will be 
used to find all Archimedean and non-Archimedean valuations of an arbitrary 
algebraic number field. 

Exercise 

18.9. If v>o(a) = lal and q>,,(a) are p-adic valuations, then the product of all 
these values for each fixed element a is equal to 1. 

3A. Ostrowski, "Ober einige Lasungen der Funktionalgleichung q;(x)rp(y) = cp(xy)," Acta 
Math., 41,271-284 (1918). Ostrowski's long paper in Math. Z., 39,296-404 (1934), is basic for 
the following discussion. 
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18.4 VALUATION OF ALGEBRAIC EXTENSION FIElDS: 
COMPLETE CASE 

Let the field K be complete with respect to the exponential valuation w(a) = 
-log cp(a); that is, Cauchy's convergence criterion holds. We wish to investigate 
how the exponential valuation can be continued to algebraic extension fields A. 

We recall that the elements a with w(a) ~ 0 are called integral and form a 
ring; the elements a with w(a»O form a prime ideal:p in this ring. 

A reducibility criterion in perfect fields due to Hensel is basic for the investiga­
tion. 

If lly is the coefficient with smallest exponential value of the polynomial 

a,.x" + all _ 1 oX" -1 + · · · + ao 

in a field with exponential valuation, then 

is a polynomial with integral coefficients, not all of which are divisible by p. A 
polynomial with this property is called primitive. 
He.sel's Lemma: Let K be complete in the exponential valuation w. Let f(x) 
be a primitive polynomial with integral coefficients in K. If go{x) and ho{x) are 
two polynomials with integral coefficients in K such that 

f(x) = go(x)ho(x) (mod l'), 

then there exist two polynomials g(x), h(x) with integral coefficients in K such that 

f(x) = g(x)h(x) 

g(x) == go(x) (mod 1') 

. h(x) = ho(x) (mod 1'), 

provided that go(x) and ho(x) are relatively prime modulo 1'. Moreover, it is possible 
to determine g(x) and h(x) so that the degree ofg(x) is equal to the degree ofgo{x) 
modulo 1'. 
Proof: Since we may simply omit coefficients in go(x) and ho{x) which are 
divisible by p without altering the hypothesis or assertion, we may assume that 
go(x) is a polynomial of degree r and that the leading coefficients of go(x) and 
ho{x) are units. Since it also makes no 'difference if we replace go(x) by (l/a)go(i) 
and ho{x) by aho{x), we may assume from the beginning that go(x) is a normalized 
polynomial of degree r; that is, its leading coefficient is 1: go(x) = x + .... 
If b is the lead'ing coefficient and s the degree of ho(x), then the leading coefficient 
of the product go(x)ho(x) is equal to b and the degree is r+s < n. We shall now 
construct the factors g(x) and h(x) in such a manner th.at g(x) is a normalized 
polynomial of degree rand h(x) is a polynomial of degree n - r. 
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All the coefficients c of the polynomialf(x)-go(x)ho(x) have positive values 
w(c) by hypothesis; let the smallest value be 81 >0. If 81 = 00, then f(x) = 
go(x)ho(x), and there is nothing more to prove. 

Since go(x) and ho(x) are relatively prime modulo p, there exist two poly­
nomials l(x) and m(x) with integral coefficients in K such that 

l(x)go(x)+m{x)ho{x) = 1 (mod pl. 
Let the smallest of the values of the coefficients in the polynomial 

l(x)go{x)+m(x)ho(x)-1 

be 82 >0. Let the smaller of the two numbers 81,82 be B, and finally let 1T be an 
element such that w('1T} = B. Then 

f(x) = go(x)ho(x) (mod 1T) 

I(x)go(x)+m(x)ho(x) == 1 (mod 17). 

(18.5) 

(18.6) 

We-now construct g(x) as the limit of a sequence of polynomials g.(x) of 
degree r which begins with go(x); similarly, we construct h(x) as the limit of a 
sequence of polynomials h,(x) of degree <n-r which begins with h~(x). Suppose 
.that g,(x) and h,(x) have already been determined so that 

gl1(x) = go(x) 

h,(x) = ho{x) 

(mod 1T) 

(mod 1'T), 

(18.7) 

(18.8) 

(18.9) 

and moreover that gy(x) = r + · .. has leading coefficient 1. In order to deter­
mine Kl1 + 1 (x) and It., + 1 (x), we put 

Then 

gy+l(X) = gl'(X)+1T,+lu(X) 

hv+l{x) = h,(X)+1TY +1V(X). 

gl1+1(x)h,+1(X)-f(x) = gl1{x)hl1(x)-f(x) + 
+ 1T\'+ 1 {g,(x)v(x) +hy(x)u(x)} +~,+ 2u(X)v(X). 

If, in accordance with (18.7), we put 

f(x) - gl1(x)k,(x) = 1t\'+ lP(X), 
then 

g, + 1 (x)h, + 1 (x) - f(x) = 1T'+ 1 {g,(x)v(x) + h.,(x)u(x) - p(x) } (mod 1T'+ 2). 

(18.10) 

(18.11) 

In order that the left side be divisible by 71"+ 2, it is sufficient that the congruence 

gl1(x)V(x) + h,(x)u(x) = p(x) (mod .".) (18.12) 
be satisfied. 

'To achieve this, we multiply the congruence (18.6) by p(x), 

p(x)1(x)go(x}+p(x)m(x)ho(x) = p(x) (mod 1T), (18.13) 
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divide p(x)m(x) by go(x) so that the remainder u(x) has degree <r, 

p(x)m(x) = q(x)go(x)+u(x), 

and substitute (18.14) into (18.13): 

{P(x)l(x) + q(x)ho(x) }go(x) + u(x)ho(x) = p(x) (mod 71'). 

(18.14) 

Then all the coefficients divisible by 'IT of the polynomial in the braces are replaced 
by 0, and so we obtain 

v(x)go(x)+u(x)ho(x) = p(x) (mod 'IT). (IS.IS) 

The desired congruence (18.12) follows from (18.15) because of(18.8) and (18.9). 
Furthermore, u(x) has degree <r, and hence, by (18.10), gy+l(X) has the same 
degree and leading term as gy(x). It remains only to show that v(x) has degree 
<n-r. If this were not the case, a highest term of degree >n would occur in 
the first term of (18.15) but not in the other terms. The coefficient of this term 
would have to be divisible by TT from (18.15), and hence the leading coefficient 
of v(x) would be divisible by 'IT. But since we have omitted all the coefficients of 
v(x) divisible by 'IT, it follows that v(x) has degree <n-r. 

From the congruence (IS.12) it follows, as we have seen above, that 

(18.16) 

From (IS.10) it follows that the coefficients of the polynomial gy+ l(X)-gl'(x) 
are divisible by 7T

v + 1 and therefore have limit zero as v~CX). From this it follows 
by Cauchy's convergence criterion that gv(x) converges to a polynomial 

g(x) = x' + ... 
as v~oo. Similarly, hy(x) converges to a polynomial hex) as v~oo. Passing to 
the limit in (IS.7), it follows finally that 

I(x) = g(x)h(x). 

From (18.8) and (18.9) it follows further that 

g(x) == go(x) (mod 1') 

hex) == ho(x) (mod 1'). 

We also obtain the following simple corollary. 
Corollary: If 

[(x) = aO+alx+··· +a,.xa 

is a polynomial irreducible over K, then 

min (w(ao), weal)' ... , w(all» = min (w(ao), w(a,.». 

For the proof we may assume that/ex) is primitive. The minimum on the left 
is then zero. If we assume that w(ao) and w(a,.} are both greater than zero, then 
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there exists an r, 0 < r < n, such that w(a,) = 0, and w(tly) > 0 for v = r + 1, ... , n. 
Then 

-

f(x) = (ao+a1x+···+a,.x')·1 (mod-p), O<r<n, 

and this implies by Hensel's lemma thatf(x) can be decomposed into a factor 
of degree r and one of degree n-r. 

Exercises 

18.10. If a polynomial f(x) = x"+all _ 1x"-1 + · · · +ao has integral co­
efficients in K and is irreducible mod :p, the f(x) is also irreducible in the 
complete field OK-

18.11. If in f(x) = x"+all _ 1x"-1+ ... +ao all coefficients 0,.-1, ... , Q o are 
divisible by:p and ao is not the product of two elements ofl', thenf(x) 
is irreducible (generalization of the Eisenstein irreducibility criterion). 

18.12. Investigate the factorization of the rationally irreducible polynomials 

in the field of 3-adic numbers. (Use Exercise 18.10, Hensel's lemma, and 
Exercise 18.11). 

The most important application of the foregoing theorem is in the proof of 
the extendability of complete exponential valuations to algebraic extensions. 
Theorem: Let K be complete with respect to the exponential valuation w, and 
let A be an algebraic extension of K. Then there exists an exponential valuation 
W of A which coincides with w on K. 
Proof: Let ~ be an element of A and let 

~"+Q"_lf'-l +. · · +ao = 0 

be the irreducible equation for f with coefficients in K. We assert that 

. 1 
W(~ = - w(ao) 

- n 

is a valuation of A (which clearly coincides with w on K). In order to prove the 
relations 

W(~) = W(e)+ W(1J) 

W(f+1]) > min (W(~, W(7J» 

for any two elements ~, '1 of A, we consider the subfield Ao = K(f, ",), which is 
of finite degree t over K, and form in this field the norm of~. By Section 6.11, 

t 
r =-, 

n 
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and hence 
w(N(~» = w(ao') = rw(ao} 

1 1 
W(t) = - w(ao = - w(N(E». 

n t 

Since N(~) = N(t)N(T})t it follows immediately that 

W(frJ) = W(~)+ W("l). 
Since 

W(e+'1) = W('1) + W (1 +~) 
and 

min (W(6. W('1» = W(71) + min ( w(~).o) 
we may restrict consideration to TJ = 1 in proving W(t+'1) ~ min (W(E), We']»~. 

Now the irreducible equation for ~+ 1 is 

(f+ 1)"+· · · +(aO-a1 +a2 _. · · +( -1),,-la,,_1 +( -1), = O. 

By the preceding theorem, 

1 
W(t'+l) = -w(aO-al+ e

.-) 

n 

= ! min (w(ao). w(l) = min (W(6. 0). 
n 

IT we pass from the exponential valuations w(a) and W(~) to the ordinary 
valuations 

tp{a) = e - w(a), (J)(e) = e - W(l), 

then the valuation of the extension field A is defined by 

cJ)(~) = ~ tp(ao) 

Of, in the case where A has a finite degree m o.ver K, by 

«I»(f) = ~ rp(N A«(». 

We note that precisely the same formula is also correct in the case of Archi­
medean valuations. The only nontrivial case is that in which K is the field of 
real numbers and A is the field of complex numbers. The valuation 

CP(() = If I , 
of K can immediately be extended to , 

cJ)(E) = lei". 
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But now, for ~ = a+bi, 

I~I = ~ a2 +b2 = ~ N(f) = v'1'?v(f)I , 
and hence 

cl>(e} = I~I' = ~ q>(N(~». 

Thus we shall henceforth treat Archimedean and non-Archimedean valuations 
together. 

Let A be of finite degree over K, and let Ul' ••• , u. be a basis of A/K. Let K 
be complete in the valuation fP. If4J is a valuation of A which coincides with fP on K, 
then a sequence 

" = 1, 2, 3, ... 

is afundamental sequence for 4> if and only if the n sequences {a~Y)} arefundamental 
sequences lor cp. 

Since the sequences {a~">} converge to a limit a, in K, it follows that A is 
complete with respect to 0. 
Proof: We prove the convergence of the sequences {a<,">} by induction. If the 
Cy have the form 

then {aiY
)} is naturally a fundamental sequence if {cy } is. Suppose that the 

assertion has been proved for all sequences {c.} of the form 

Let a sequence 

be given. If the sequence {ac.;.>} converges, then {c.,-a~>u".} is also a fundamental 
sequence; the {as")}, i <nl, converge by the induction hypothesis. Suppose that 
{a~)} were not convergent. It would then be possible to choose a sequence 
"1' nl' n3' ... such that ~a<;') - a~+nv» > 8 for all v, where e is a fixed positive 
number. The sequence 

c -c + ",-1 ~Y)_~Y+"v) ",-1 ~ 
d - • " Ry - ~ I I - ~ b(Y) 
.- (")_-'"V+8v)- i..J J")_Jv+ny)"'+U,,. - L.J I U,+U. alii am 1= 1 am am , = 1 

would then have to converge to zero, for the sequence of numerators converges 
to zero, since {c.,} is a fundamental sequence. Now 

J11-1 
d., - u". = L b\v)u, . 

• = 1 
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By the induction hypothesis, the sequences {b~")} thus converge to certain 
limits b i and 

".-1 

-Um = L b,u" 
i=l 

which contradicts the fact that "1' ... , Un is a basis of A over K. 
We prove in precisely the same manner that the sequence {cy } is a null sequence 

if and only if the sequences {tf,Y)} (i = 1, ... , n) are null sequences. 
This remark forms the basis for the proof of the following uniqueness theorem. 

11Ieorem: The continuation cJ) of the valuation rp of a complete field K to an 
algebraic extension A is uniquely determined, and indeed 

cJ)(e) = ~ q>{N(f» , 

where the norm is formed in the field K(e) and n is the degree of this field over K. 
Proof: It suffices to consider a fixed element f and the associated field K(f); 
the norms shall then always be norms in this field. If a sequence {c,,} in this 
field converges to zero (in the sense of ell) and if the c" are expressed linearly in 
terms of the basis elements Ul' ••• , Un of K(e), then the individual'coefficients 
a\') also converge to zero by the remark above; hence the norm, which is a 
homogeneous polynomial in these coefficients, also converges to zero. Suppose 
now that <J>(e)IJ<cp(N(,» or ~(~n>cp(N(,»; if we consider the element 

e" N(E) 
TJ = N(f) or '1} = y' 

then in both cases N('YJ) = 1 and <ll('YJ) < 1. It follows that lim TJ" = 0, and hence 
lim N(TJ} = 0, which contradicts N(Ti') = N('1})" = 1. 

Exercises 

18.13. An isomorphism between two fields A, A' with valuations, which are 
algebraic extensions of the complete field K, that takes the elements of 
K again into elements of K necessarily takes the valuation of A into the 
valuation of A' .. 

18.14. The field of complex numbers has only one valuation c!) which coincides 
on the field of real numbers with qJ(a) = lal·, namely <Il(a) = lal'-

18.5 VALUATION OF ALGEBRAIC EXTENSION FIELDS: 
GENERAL CASE 

Let K be an arbitrary field with a valuation, andJet A be an algebraic extension 
of K. We again inquire if and in how many ways the given valuation q> of K can 
be extended to a valuation of A. 
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We first restrict ourselves to simple extensions A = K(8) for ease of notation .. 
Let the quantity {} be a zero of an irreducible polynomial F(t) of K[t]. -

We first of all extend K to a complete field n with a valuation. We then form 
the splitting field ~ Of F(t) over O. The valuation cp of n can be uniquely extended 
to a valuation cD of:t by Section 18.4. 

By an imbedding of A in :t we mean an isomorphism a which takes A = K(8) 
into a subfield A' = K'(8') efl: and leaves the elements of the base field K fixed. 
Of course, the isomorphism u takes {} into a zero {}' of F(t) and is hereby defined. 
We now assert the following. 

Every imbedding of A in:E defines a valuation of A. For A', as a subfield of ~, 
automatically has a valuation, and this valuation is transferred from A' to A 
by the isomorphism u -1. It is clear that the valuation <I> of A so obtained is a 
continuation of the valuation ffJ of K. 

We now make the following statement. 
Every valuation 4l of A which is a continuation of the valuation <p of K can be 

obtained in the manner described above by imbedding A in l:. 
Proof: We form the complete extension of A. It contains the complete extension 
n of K and also 8; it therefore contains the field 0(8). This field can always be 
extended to a splitting field of the polynomial F which is isomorphic to the 
splitting field l:. The isomorphism takes 0(8-) into a subfield 0(8') ofL, leaves all 
the elements of Q fixed, and therefore takes the valuation of 0(8) into the only 
possible valuation of 0(8'). 

The restriction to simple extensions is not important for the proof. If finitely 
many algebraic quantities '1' ... , " are adjoined in-place of the single element/}, 
then these quantities are zeros of polynomials gl' ... ,gr of K[t]; we then take 
for ~ the splitting field of the product g 1 (t) .•. g,(t) and continue as above. 
If A is an infinite algebraic extension field of K, then we take for ~ the algebraically 
closed extension field of Q. The proof remains the same. 

We now return to the case of a simple extension and decompose the defining 
polynomial F(t) in il[t] into its irreducible factors: 

\ 

(18.17) 

Every isomorphism a of K(D) takes {} into a zero of a polynomial Fy(t). To each 
Fy(t) there corresponds an extension field Q(/}y), where {}v is some zero of Fy(t): 
which zero is of no importance, since all the zeros of an irreducible polynomial 
are conjugate. 

If an isomorphism u takes the element 8 into 8 y and leaves the elements of K 
fixed, then it takes every polynomial g( {}) into g( 8 y) and is hereby defined. All 
possible imbeddings of-A = K(8) in ~ are therefore determined by 

8-»-/}v (v = 1, ..• , s). 

This also gives all valuations: to obtain the value q, of any element 7J = g( {), 
we form the vth conjugate 
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and compute this value according to Section 18.4: 

4»('1) = "4 rp(N(,,/y», (18.18) 

where ny is the degree of the polynomial F" and the nonn is taken in the field 
0(6J. _ 

There exist precisely the same number of continuations of the valuation cp as 
there are irreducible factors of the polynomial F(t) in n[t]~ 

18.6 VALUATIONS OF ALGEBRAIC NUMBER FIET,DS 

The general theory of the preceding section is well illustrated by the example 
of an algebraic number field. 

Let A == CQ( 8) be an algebraic number field, that is, a finite extension of the 
rational number field CQ generated by adjunction of a primitive element 8. Let 
F(x) be the normalized irreducible polynomial with root 8. 

Up to equivalent valuations, the base fi~ld CQ has a single Archimedean 
valuation cp(a) = lal and, for every prime number p, a non-Archimedean valua­
tion, the p-adic valuation 

cp,(a) = p - ... , 

where m is the exponent of p in the factorization of the rational number Q. 

The field of real numbers 1R. is the perfect ~xtension field for the Archimedean 
valuation. If we adjoin i, the field becomes algebraically closed and F(x) splits 
into linear factors: 

F(x) = (x-81) (x-a2)· • • (x-8,;). 

To obtain the real decomposition, we must combine every two conjugate 
complex factors to a real quadratic factor: 

(x-a-bi) (x-a+bi) = (x-a)2+b2
• 

If r 1 is the number of real roots and r 2 the number of pairs of conjugate complex 
roots, then F(x) splits into '1 +'2 real irreducible factors. 

To each such factor there corresponds a valuation of A which is obtained by 
imbedding A in the field of real or complex numbers with an isomorphism 
which takes 8 into a real or complex root 8'1; only one of two conjugate complex 
roots need hereby be used. The isomorphism takes every function of8, 

'1 = g({J) = co+c1'+··· +C,,_l{J"-l, 

into the corresponding function of 8" : 

7f" == g(8,,) = Co + C18y+ ... +C,,_1a:- 1• 

The associated Archimedean valuation of A is therefore 
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The r 1 + r 2 Archimedean valuations' of '1] are theTe/ore given by the absolute 
values of the real and complex numbers '1Jy conjugate to T}, whereby only one of 
every two conjugate complex roots is to be taken. 

The r1 +r2 Archimedean valuations of an algebraic number field are closely 
related to the units of the field. (See B. L. van der Waerden, Abh. Math. Semi 
Hamburg, 6, 259 (1928).) 

The investigation in the p-adic case is altogether similar. The complete field 
associated with the valuation " = CP, of <Q is the field of p-adic numbers 0p. 
Let F(x) be decomposed into irreducible factors in 01': 

F(x) = F1(x)F1(x)" ·Fs(x). (18.19), 

We now adjoin a zero {}., of each of the irreducible polynomials Fy to 0" and 
construct the isomorphisms which take '1J = g( 8--) into '1]y =, g( {} y) (v = 1, ... , s). 
To these isomorPhisms correspond the valuations 

<1>,,('1]) = ~('1]y) = "4 CP(N,,{-'l,,» 

or, if we again take logarithms, 

1 
W,,('1]) = - w,(N,,(TJ.,»· 

n., 

(18.20) 

(18.21) 

The norm N,,(TJy) is here the product of all conjugates of'1J" which is obtained 
if {} y in '1Jy = g( {J y) is replaced successively by all the roots of the polynomial 
F(x). If {},,1' -8,,2, ..• are these roots, then 

(18.22) 

is a symmetric function of the roots8,,1,8y2 , ••• which can therefore be expressed 
in terms of the coefficients of F,I' We are therefore in a position to find all the 
values W,,(fJ) with the help of(18.21) as soon as the factorization (18.19) is known. 
Example: We wish to find all valuations of the quadratic number field 
A = <Q (J5). 

The definining polynomial with root {} = J5 is 

F(x) = x2 -S. 

In the field of real numbers F(x) decomposes into two real linear factors: 

F(x) = (x -J"S) (x+J5). 
There are thus two imbed dings which are obtained by identifying 8 with 

-J"S or +J5. If 
'1] = a+b8 

is an arbitrary field element, the associated valuations are 

C(Jo(TJ) = la+bJ51 
and 

(18.23) 

(18.24) 



214 FIELDS WI11I VALUATIONS 

The two Archimedean vaiuations have thus been found. Now to the p-adic 
valuations! 

The discriminant of F(x) is 20. We first separate out the prime numbers 2 and 
S which divide the discriminant. 

For all other prime numbers p F(x) is free of multiple factors. There are thus 
only two possibilities: either F(x) remains irreducible modulo p or F(x) splits 
into two linear factors modulo p. If x-c is-tone such factor, then x+c is the 
other, for the sum of both zeros of x" - 5 is zero. Thus, in the second ,case 

x2 -5 = (x-c) (x+c) (~odp) (18.25) 
5 == c2 (modp). 

Hence there exists an integer c whose square modulo p is congruent to 5. 
We say also: 5 is a quadratic residue modulo p. 

Conversely, if c2 = 5(P), then the decomposition (18.25) holds. Thus if 5 
modulo p is not a quadratic residue, then x 2 - 5 is irreducible modulo p; if, however, 
S is a quadratic residue, then x 2 - 5 decomposes modulo p into two linear lactors. 

In the first case F(x) is also p-adic irreducible; in the second case it is decom-
posable into two linear factors in Q, by Hensel's lemma. -

In the first case there is thus only one valuation belonging to the prime 
number p: 

Hwe again put 

then 

and hence 

Cf)( 7]) = ~ tp,,(N(q». 

7J = a+b{} = a+bJS, 

N(7J) = (a+bJS> (a-bJS) = a2 -Sb2
, 

<1>(7]) = .J tp,,(tr- 5b2
) 

for all prime numbers p for which 5 is not a quadratic residue. 

(18.26) 

For prime numbers p for which 5 is a quadratic residue, there is a p-adic 
decomposition by Hensel's lemma: 

x 2
- 5 = (x-,,) (x+,,). (18.27) 

1be p-adic number" is found as follows. We solve the congruence 

c2 = 5 

fint modulo p, then modulo p2, and so on. Each time there are two solutions, c 
and - c. We thus obtain two sequences of nested residue classes modulo p~ 
r, · · · · One sequence defines the p-adic number 'Y, the other the p-adic number 

-". 
The two continuations of the p-adlc valuation *pp of CQ are finally obtained 

by identifying the field generator 8 first with" and then with -)I. If we again put 

'1J = a+b/}, 
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~1('1) = tp,,(a+by) 

cl>2(7J) = f/Jp(a -by). 

(18.28) 

(18.29) 

Since the p-adic valuation "II of nil is known, 4>1 and ~2 are also known. 
We remark further that in specific cases the entire infinite sequence of residue 

classes modulo p, p2, .... is never needed; the procedure may be terminated 
after a finite number of steps. For in the case of the valuation tpp(a+by}it is only 
a question of which power of p- divides the p-adic number a+by. If it is found 
after three steps, for example, that it is divisible by p2 but not by p3, then 

tp,(a+by) = p-2. 

It remains only to consider the two divisors of the discriminant p = 2 and 
p = !S. 

In l1s F(x) = xl-5 is irreducible by the Eisenstein criterion (Exercise 18.11), 
since all coefficients after the first are divisible by 5 and the last coefficient is not 
divisible by 52. Thus (18.26) also holds for p = 5. 

In °1 the Eisenstein criterion is not applicable. If we put x = 2y+ 1, then 

x2 -5 = (2y+l)2-5 = 4(y2+y -1), 

and y2 + y-l is irreducible modulo 2. Thus, x2 - 5 is also 2-adic indecomposable, 
and (18.26) also holds for p = 2. 

Exercises 

18.15. The polynomial xl + 1 is real and 2-adic irreducible. It decomposes or 
fails to decompose modulo a prime number p depending on whether 
p = 4k+ 1 or p = 4k -1. (The mUltiplicative group of the residue class 
field GF(p) .. is cyclic of order (P-I). It does or does not contain the 
fourth roots of unity, depending on whether (p -I) is or is not divisible 
by 4.) 

18.16. Find all valuations of the field of Gaussian numbers a + hi. How many 
Archimedean valuations are there? For which prime numbers pare 
there two valuations, and for which only one? 

We have seen in Section 18.1 that there is a close relationship between classical 
ideal theory and valuation theory. We are now able to clarify this relationship. 

Let Z again be the ring of integers in the rational number field 02, and let 0 

be the ring of integral elements in the algebraic number field A. We thus have, 
as in Section 17.3, the inclusion relations 

Z c: 0 

" " CQ c A. 
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We again write exponential valuations. We thus consider valuations W of._A 
which are continuations of the p-adic valuation wI' of CQ. The definition of wI' 
is as follows: if an integer m is exactly divisible by p' and an integer 11 exactly 
divisible by p&, then 

w,(:) = r-s. 

We first prove the following statement. 
For the elements a of 0, W(a) is nonnegative. 
Suppose that W (a) were negative. As an integral element, a satisfies an equation 

(18.30) 

where the,cl are elements of Z. The left side of (18.30) would have a negative 
value 

W(d') = n W(a), 

whereas the right side would have a greater value. This is a contradiction. 
The set of the a in 0 such that W(a) > 0 is a prime ideal 1) in o. Let 'TT be an 

dement of 0 which is exactly divisible by the first power of p. If then a is exactly 
divisible by l", then, by Section 17.4, 

(18.31) 

In c there exists an element c which is not divisible by p. By (18.31) ?T" c is 
divisible by a: 

.,rc = abe (18.32) 

The left side is exactly divisible by :pr, and the factor a on the right-hand side 
isalso;thereforebisnotdivisiblebypandhenceW(b) = O.Similarly, W(c) = 0, 
and it thus follows from (18.32) that 

W(a) = W(1T') = rW(1T). (18.33) 

Since W(1T) is a positive constant, the valuation W is equivalent to the p-adic 
valuation 

Wp(a) = r. (18.34) 

We have thus already obtained a principal result, as follows. 

All non-Archimedean valuations of A are equivalent to the ll-adic valuations 
defined by prime ideals II of the ring o. To each prime ideal1-1 in 0 distinct from the 
null ideal and the unit ideal there corresponds a class of equivalent, non-Archimedean 
valuations W, and conversely. 

In the valuation W the prime number p has value 1, since W coincides on CQ 
with the p .. adic valuation wp. We now apply (18.33) to a = p. The left side is 
equal to 1, so r on the right side cannot be zero. This means that the prime ideal . 
p must occur on the right-hand side in the factorization 

(18.35) 
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say, :p = :p". Then on the right in (18.33) we have to put r = ey , and we obtain 

1 = e"W(-n). 

If we now multiply both sides of (18.33) by ey, we obtain from (18.34) 

e"W(a) = Wp(a) , (18.36) 

or in words: to obtain the normalized:p-adic valuation Wp{a)from the valuation 
W(a), all values W(a) must lJe multiplied by the eXfonent e" with which the prime 
ideal p = py occurs in (18.35). . 

The number s of distinct prime ideals occurring on the right-hand side of 
(18.35) is equal to the number of distinct continuations W of the p-adic valuation 
wp of the field 02. It is therefore equal to the number of prime factors on the right­
hand side of (18.19), which was there also denoted by s. 
Criterion for Integral Elements: An element a of the field A belongs to the ring 0 

if and only if a has a nonnegative value in every ll-adic valuation of the field A. 
We have already proved the ~'only if." Now let a = blc be an element of A, 

where band c are elements ofo. We decompose the principal ideals (b) and (c): 

(b) = Vlr! •• ·Pmrm 

(c) = P181
• • .p".8

m
• 

(18.37) 

(18.38) 

By including factors 1'0 if necessary, we may assume that the same prime ideals 
1', occur in (18.37) and (18.38). The value Wy(a) in the p-adic valuation for the 
prime ideal p" is 

W,,(a) = r"-s,,. 

If all these values are positive or zero, then the ideal (b) is divisible by (c). From 
this it follows that 

b = cd, 

and hence a = blc = d lies in 0, which was to be proved. 
The theorem just proved may also be formulated as follows. 

Theorem: The ring 0 is the intersection (J/ the valuation rings of all p ... adic 
valuations of the quotient field A where p runs through all prime ideals of the ring 
with the exceptions 0/(0) and (1). 

A similar theorem is true for arbitrary integral domains which are integral1y 
closed in their quotient fields. (See W. Krull, "Idealtheorie," Ergebn. Math., Vol. 
4, Heft 3. 

18.7 VALUATIONS OF A FIELD 4(x) OF RATIONAL 
FUNCTIONS 

Suppose that an indeterminate x is adjoined to an arbitrary field 8, the "field 
of constants." We seek all valuations of the field a(x) of rational functions such 
that all constants of 11 have value 1. 
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In particular, all s.ums 1 + 1 + . · · + 1 then have value 1; the valuation is 
therefore non-Archimedean. If we write it in exponential form, 

then, by assumption, w(a) = 0 for all constants a. 
There are two possibilities: 

1. w(f) > 0 for all polynomials I(x). 
2. There exists a polynomial I with w(f) < O. 

It may happen that all w(f) = O. In this case all quotientsflg also have value 
0, and the valuation is trivial. 

If we disregard this case, then in case 1 there exists a polynomial/with w(f) > o. 
Hwe decompose/into prime factors, then at least one prime factor has a value> 1. 

ff p(x) is this prime factor and v = W(P) its value, then any polynomial not 
divisible by p(x) has value O. For suppose that q(x) were a polynomial not 
divisible by p(x) with value> 0; then since p and q are relatively prime, we would 
have 

1 = Ap+Bq, 

where A and B are again polynomials. It would follow that 

w(Ap) = w(A)+W(P»O 

w(Bq) = w(B)+w(q»O, 

and hence from the basic property of non-Archimedean valuations that 

w(l) = w(Ap+Bq»O, 
which is impossible. 

If now [(x) is an arbitrary polynomial and we put 

lex) = p(x)"'q(x), 

where q(x) is not divisible by p(x), then we can immediately find the value of/(x): 

w(f) = mw(p)+ w(q) = mv. 

For quotients of polynomials we have, as always, 

w = (~) = ~f)-~). 
Thus, in case 1 the valuation is equivalen. to a p-adic valuation defined by the 

prime polynomial p = p(x). TheSe valuations are altogether analogous to the 
p-adic valuations of the rational number field 02. 

The case of an algebraically closed field of constants d is especially simple. 
In this case there are only linear prime polynomials: 

p(x) = x-a. 
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To each a of d there belongs precisely one prime polynomial p = x-a and 
therefore one'p-adic vaIuation. It is called the valuation belonging to the place a 
if Q is thought of as, say, a point in the complex plane. A polynomial has value 
m in this valuation if it is exactly divisible by (x - a)m or, as is also -said, if a is a 
zero of mth order of the polynomial. The same holds for a rational function 
cp = fig if the numerator is divisible by (x-a)'" and the denominator is not 
divisible by x - Q. If this situation is reversed, then rp has a "pole of mth order" 
at the place a, and the value w(rp) is -m. 

Consideration of case 1 has now been completed. We now show that in case 2, 
up to equivalent valuations, there is only one valuation, namely 

i~) = -m+n, 

where m is the degree of the numerator f and n is the degree of the denominator g. 
Proof: Let p(x) be a polynomial of lowest degree with value lV{p)<0. The 

. degree of p(x) cannot be zero, since all constants have value zero by hypothesis. 
The degree can also not be greater than 1. For if 

p(x) = aOX-+alXS-1 + · · · +an, n> 1, ao 9= 0, 

then the polynomial x, as a polynomial of lower degree, would have a value 
w(x) > 0, and therefore aoX' would have a value > O. The remaining terms, 
a1Jf!'-1 + ... + a,., as a polynomial of lower degree, would also have a value ~O. 
Therefore, the sum 

p(x) = aOx"+(a1X'-1 + · · · + an) 

would also have a value > 0, contrary to hypothesis. 
Therefore p(x) is linear: 

p(x) = x-c. 
If now 

q(x) = x-b = (x-c)+(c-b) 

is another linear polynomial, then by a previous remark 

w(q) = min (w(x-c), w(c-b» = lV{p), 

since w(x-c)<w(c-b). 
Thus all linear polynomials have the same negative value w(p) = w(q) = ~v. 
We may always go over to an equivalent valuation and choose v = I. All 

linear polynomials then have the value - 1. 
The powers XC now all have the value - k. This is not affected by a constant 

factor: 
w(~= -k. 

Finally, every polynomialf(x) is a sum of terms ~. By the previous remark, 
the value w(f) is equal to the minimum of the values of the terms: 

w(f) = -n, 

where f has degree n. This completes the proof. 
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In the case of a number field there is an essential difference between the one 
Archimedean a~d the infinitely many p-adic valuations. In the case of a function 
field, however, the valuation according to degree is of the same type as the 
p-adic valuations. This may be stated more strongly as follows.: the valuation 
according to degree can be taken into any of the p-adic valuations by means of 
a very simple field isomorphism. Indeed, if we put 

1 
X=--, 

y-c 
(18.39) 

then a quotient of polynomials of degrees m and 11 

f(x) ax'" + · · · 
«p(x) = g(x) = bx" + ... 

goes over, by the substitution (18.39) and mUltiplication of numerator and 
denominator by (y-c)-+-, into a quotient of polynomials in y whose numerator 
is exactly divisible by (y- c)- and whose denominator is exactly divisible by 
(y-c)-. The value of the quotient t/J(y) in the valuation belonging to the place c 
is therefore equal to the difference of degrees n-m. The isomorphism (18.39) 
thus transforms the valuation of the field a(x) according to degree into the 
valuation belonging to the place C of the isomorphic field dey). 

According to (18.39), to the "place" y = c there corresponds the "place" 
x = 00. The valuation according to degree is therefore called the valuation of 
the fi,mction field a(x) belonging to the place 00. By including the place 00, the 
complex plane becomes a sphere, and on the sphere all points are equivalent, 
since the linear fractional transformations 

ax+b 
Y=-­

cx+d 
(18.40) 

take any place into any other place. Clearly, (18.39) is only a special case of 
(18.40). 

We now ask which complete extension fields belong to the different "places" 
of a field. We have seen earlier (Section 18.2) that the complete extension field 
belonging to p = x - c is the field of all formal power series 

« = a_".(x-c)--+··· +aO+al(x-c)+a2(x-c)2+ .... 

The coefficients of this power series are entirely arbitrary constants. The series 
always converges in the sense of the p-adic valuation however the coefficients are 
chosen. In the sense of function theory the series need not converge if the a" 
are complex numbers: the radius of convergence may very well be zero. 

The value w(<<) of the power series above is -m if a_. is the first nonzero c0-

efficient. 
Similarly, to the place 00 there belongs the complete field of all power series 

inx- 1 : "'-

f1 = b _",x"'+ · · · +bo +b1x- 1 +b2x- 2 + · · · 



The Approximation Theorem 221 

18.8 THE APPROXIMATION THEOREM 

As previously remarked, with each valuation cp of a field K there is associated 
a limit concept: lim Qv = a means lim cp(Q,-a) = O. We immediately verify that 

a' {=o lim 
l+a" = 1 

if rp(a) < 1 

if <p(a) > 1. 

We recall that two valuations Cf> and t/J are called equivalent in lim cp(ay) = 0 
implies lim .p(ay) = 0 and conversely. 

In Section 18.2 the following equivalence criterion was proved. 
Lemma 1: Two valuations cp and .p are equivalent if cp(a) < 1 implies t/J(a) < 1. 

We next prove the second lemma. 
Lemma 2: Let 9'1, •.. , rp,. (n> 1) be a finite number of inequivalent valuations 
of the field K. Then there exists a field element a such that 

Cf>1 (a) > 1 _ and Cf>y(a) < 1 (v = 2, ... , n). 

The proof is by induction on n. First let n = 2. Since the valuations CPt and rp2 
are not equivalent, by Lemma 1 there exists a b with the properties 

and a c with the properties 

rpt(c) > 1 and CP2(C) < 1. 

The element a = b- 1c now has the desired properties: 

Assuming that the assertion is true for n -1 valuations, there exists a b such 
that 

and Cf>y(b) < 1 (v = 2, . . . , 1J - 1). 

By what was just proved for the case n = 2, there exists a c such that 

and Cf>,,(c) < 1. 

We distinguish two cases. 
Case 1: Cf>" (b) < 1. We form Q r = cbr

• Then 

and, for sufficiently large r, 

cpy(ar) < I 

We may therefore put a = are 

CP1(a,) > 1 

9'" (0,) < 1, 

(v = 2, . . . , n - 1). 
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Care 2: cp .. (b) > 1. We form 
cb' 

dr' = 1 +br • 

The sequence {dr } converges to c in the valuations CPl and fP,. and to 0 in the 
other valuations rp". Hence 

lim rpt(dr) = rpl(C) > 1 

lim 9'n{d,.) = 9',.{c) < 1 

(v = 2, ... , n - 1). 

Thus, for sufficiently large r, a = dr has the desired prope~ies: 

CPl(a) > 1 

rp,,(a) < 1 (v = 2, ... , n). 

(18.41) 

Lenuna 3: If cP 1, .... , rp" are inequivalent valuations, then there exists a field 
element b which is arbitrarily close to 1 in the valuation fPl and arbitrarily close to 
o in the valuations CP2' ••• , cp". 
Proof: The case n = 1 is trivial. In the case n > 1 we take an a with the properties 
(18.41) and form 

The sequence {br } converges to 1 in the valuation CPl and to 0 in the valuations 
"2, · · • , cp". This gives the assertion. 

After these preparations we now prove the following. 
Approximation Theorem: Let CPt, ••• , CfJ" be inequivalent valuations. Givenfield 
elements aI' ... ,a,., there exists afield element a which is arbitrarily close to a in 
the valuation cp,,: 

cp,,(a., -a) < 8 (v = 1, ..• , n). {I 8.42) 

Proof: By Lemma 3 there exist elements b.,(v = 1~ ... ,n) close to 1 in the 
valuation fPv and close to 0 in all other valuations. The sum 

a = al b1 + · · · +a"b" 

is then arbitrarily close to ay in the valuation ({Jy. 

The proof of the approximation theorem given here was taken from a lecture 
by E. Artin. 
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ALGEBRAIC FUNCTIONS OF 
ONE VARIABLE 

The classical theory of algebraic functions over the field of complex numbers 
culminates in the Riemann-Roch theorem. There are function theory, geometric, 
and algebraic proofs of this theorem. A beautiful presentation of the function 
theory method of proof using geometric ideas may be found in C. Jordan, 
Cours d' Analyse, Chapter VIII. Among the geometric methods of proof the 
metodo rapido of Severi deserves special mention. 1 The purely algebraic proof 
of Dedekind and Weber (J" Reine u. Angew. Math., Vol. 92, 1881) was simplified 
by Emmy Noether and generalized to perfect fields of constants. For arbitrary 
fields of constants the Riemann ... Roch theorem was first proved by F. K. Schmidt 
(Math. Z., Vol. 41, 1936; further literature cited there). A still simpler proof has 
been given by Andre Wei) inJ. Reine u. Angew. Math., Vol. 179, 1938; we follow 
his method here. 

19.1 SERIES EXPANSIONS IN THE UNIFORMIZING 
VARIABLE 

Let K be an algebraic function field of one variable, that is, a finite extension 
of the rational function field ~(x). The choice of the independent variable x is 
quite arbitrary: in place of x we may choose any transcendental element over A. 
We are interested only in the1 invariant properties of the function field, that is, 
those which are independent of the choice of x. 

The elements of K which are algebraic over fl. are called constants. They form 
the field of constants tl. *. The field tl. * is algebraically closed in K; that is, all 
elements of K which are algebraic over fl.* lie in fl.*. 

The starting point for the present theory of algebraic functions is the valuation 
concept. Just as in Section 18.7, only those valuations of the function field K 
will be considered in which all nonzero constants c* of A* have value ep(e*) = 1. 

IFor the latest presentation of this method, see F. Severi, Acta Pont. Accad. sa., 1952. 
The metodo rapido has also influenced the proof of Weil, which will be present~d here. 

223 
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As in Section 18.7, we see immediately, that all these valuations are non-Archi­
medean. We again write them exponentially: 

qJ(z) = e - w(z). (19.1) 

Thus w(c*) = 0 for all c* =1= 0 of ~*. 

Exercise 

19.1. If w(c) = 0 for all c * 0 of ~, then w(c*) = 0 for all c* * 0 of d*. 

By a place of the field K we mean a class of equivalent valuations. The basis 
for this somewhat curious designation will be recognized if one thinks of the 
case of the rational function field A(x) treated in Section 18.7 with the complex 
numbers as the field of constants. If one imagines the complex plane transformed 
into a sphere by adjoining a point ex> and if the points of this sphere are called 
places, then to each such place (c or 00) there corresponds precisely one class of 
equivalent valuations. According to Section 18.7, all valuations of the field of 
rational functions ~(x) are obtained in this way. 

A similar approach can be taken for an algebraic function field over the field 
of complex numbers, by considering the Riemann surface of the function field. 2 

It was shown in Section 18.1 that to each point P of this surface there belongs a 
class of equivalent valuations of the function field K. In this case also it can be 
shown3 that all valuations in which all constants c have the value w(c) = 0 are 
obtained in this way. 

In the following the theory of places and uniformizing variables will be 
developed in a purely algebraic manner without reference to the concept of a 
Riemann surface. The reader may, however, wish to think of a point on a Riemann 
surface whenever the discussion involves a "place." 

To each place, that is, to each class of equivalent valuations of the function 
field K, there corresponds by Section 18.1 a valuation ring.3 and a valuation 
ideal p consisting of all field elements z with w(z) =1= o. By Lemma 1 (Section 18.8), 
two valuations belonging to the same valuation ideal p are equivalent. Hence, 
to each valuation ideal there corresponds a single place. We shall henceforth 
denote the place by the same letter:p that is used for the valuation ideal. 

The field K is by hypothesis a fi11:ite extension of the field ~(x) of rational 
functions. All valuations of K are thus obtained by first finding all valuations of 
A(x) according to Section ]8.7 and then extending these valuations to K by 
imbedding K in all possible ways in a splitting field A of a polynomial F(t) over 
a complete field Q according to Section 18.5. The exponential valuation w of K 
can first be extended to the same type of valuation w of 0; by Section 18.4 it 

2See H. Weyl, Die Idee der Riemonnschen FIac1tet 3. Aufl. t Teubner, Stuttgart, 1955. 
3For a proof see Algebra, Vol. I, 4. to 6. Aufl., pp. 28G-282. 
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can then be extended uniquely to a valuation W of A so that, for each element z 
of A, 

cJ)(z) = ~tp{N(z» 
or, going back to the exponential valuations w and W, 

1 
W(z) = - w(NA(z», 

m 

where m is the field degree of A over O. For a given valuation w there are only a 
finite number of possibilities for the continuation W. In the classical theory 
this corresponds to the fact that over a point of the sphere there are only a finite 
number of points of the Riemann surface of the function field K. 

By Section 18.7, the valuations w of a(x) are all discrete; that is, there exists a 
least positive value Wo of which all values w(z) are multiples. The valuations W 
of K are thus again discrete. 

As before, we normalize the valu~tions W(z) by the requirement that the 
smallest positive W(z) be equal to 1. All the W(z) then become integers. The 
normalized valuation depends only on the place :p and will be denoted by Wp 
or simply by:p. For each place there is a uniformizing variable 'IT with W,,(1T) = 1. 
The integer Wp(z) is called the order of the/unction z at the place p. If it is positive 
and equal to k, then the place p is a zero of order k or a k-fold zero of the function z. 
If the order is negative and equal to - h, then the place p is a pole of order - h Qr 

an h-fold pole of the function z. 
The residue class ring.3 = 3/p is by Section 18.1 always a field: the residue 

class field of the valuation. It contains the field d * of those residue cJasses which 
are represented by constants of ~ •. Since j).* is isomorphic to a*, we may identify 
~ * with ~. and interpret .3 as an extension field of a·. The field of constants Jl * 
is in turn an extension of the base field t:,.. 

We now prove that.3 is afinite extension of a. 
Proof: Since 'IT does not belong to ~ III, '1T is transcendental over A, and hence K 
is algebraic over ~(1T). Here K arises from ~(1T) by adjunction of finitely many 
quantities; K is thus finite over a( 77-), say of degree m. 

Suppose now that there were m+ 1 residue classes WI' • • • , Will + 1 in .3 which 
were linearly independent over a. We select representatives Wl' ••• 'W".+l of 
these residue classes in ,3. These m + 1 quantities must be linearly dependent 
over Jl( 1T) .. There thus exists a relation 

fl(1T)W1 + .. · +!m+1(1T)Wm+l = 0, (19.2) 

where fl('IT), ••• '/"'+I('1T) are polynomials of 6.[1T] which are not all zero. We 
may assume that these polynomials are not all divisible by 1T. Modulo :p they 
reduce to their constant terms c 1, ... , Cm + 1; it thus follows from (19.2) that 

CIW1 + · .. +C".+lwm+l = O(p) 
or 
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contrary to the assumed linear indePendence of the w,. Therefore .3 has at most 
degree m over fl. 

It has thus been shown that .3 is finite over 4. Since a* is a subfield of.3, it 
follows that ~ * is likewise finite over 4. If 11 is algebraically closed, then ~ = 6.* 
= 4. 

We shall henceforth consider a* rather than a as 'base field and omit the 
asterisk. We thus assume that Il is algebraically closed in K. 

The degree of 3 over d will subsequently be denoted by I,l or simply by /. In 
the classical case of an algebraically closed field of constants, f = 1. 

We now wish to expand the elements z of the field K in power series in the 
uniformizing variable 1T. Let (Wl~ ••• , WI) be a basis for ~ over 11, and let w, be 
an element of the residue class Wi. If now z is an element of order b, then Z1T-

b has 
order 0 and so belongs to ,3. The following congruence then holds modulo :p: 

Z1T-
b = CIW l +. · · +c,wt<p); (19.3) 

the coefficients c, are uniquely determined elements of Il. The difference 

ZfT-
b -(Clwl + · · · +c r»,) (19.4) 

is an element of p and is thus a multiple of 'IT: 

Z1r-
b = CIW I +. · · +C,rW,+Z'1T, 

Z = (CIWI + ... +C~w,}7rb+Z',",,+l. 

The remainder z 1 = Z'1I'''+ 1 has order b+ 1 at least, and the procedure can be 
repeated. After s steps we obtain 

b+ .. -1 

Z = L (Cklwl + · · · +c&:.rW,p,t+zs, 
It=b 

where the remainder Zs has order b + s at least. 
For s~oo the remainder Zs has limit zero, and we obtain 

00 

Z = L (Ckt W l + · · · +ci,w,)"k 
t-b 

(19.5) 

with uniquely determined coefficients Cki- The initial exponent b may be negative, 
but in any case only finitely many terms with negative exponents occur in the 
series (19.5). 

The procedure can be modified so that instead of ~ any element fTb of order b 
is chosen and a congruence of the type (19.3) is written for Z1f'b -1. We then obtain 
instead of (19.5) a series expansion in the 1T,,: 

00 

Z = L (C&:lw l + · · · +c&:,wi}1I'i {19.6} 
"=6 

In (19.6) the '1I'k are abitrary but fixed functions of order k. The coefficients CI:I 

are again uniquely determined elements of Ll. 
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The approximation theorem proved in Section' 18.8 can now be formulated 
for function fields as follows. 
1beorem I: If for finitely many places finite segments 0/ the series (19.5) are 
arbitrarily prescribed, then there always exists a function z in the field K whose 
series expansion at these places begins with just these segments. 

This theorem is called the theorem of independence. 
We also have the following .. 

Theorem II: A nonconstant function'z has only finitely many zeros and poles. 
Proof: ·Every valuation W of the field K is a continuation of a valuation w 
of the field a[z). There are only two places of ~(z) at which z has a positive or 
negative order, namely the places z = 0 arid z = C/J p Only in the valuations w 
belonging to these places is w(z) =1= O. Each of these valuations w can be continued 

. in finitely many ways to valuations W of K. There are thus only finitely many 
places K with W(z) + o. 

Using the same method, we can show that every nonconstant function has at 
least one zero and at least one pole. Indeed, the valuation of d(z) belonging to 
the place z = 0 or 00 can be continued in at least one way to a valuation of K. 
From this we obtain the following. 
1beorem m: . A/unction z without a pole is a constant. 

The series expansions (19.5) and (19 .. 6) hold not only for elements of the field 
K, but also for elements of the complete field ilK. If z is such an element and b 
is its order, then Z1T- b is an element of order zero. This element can be approxi­
mated arbitrarily closely (that is, with an error of arbitrarily high order) by an 
element y of .3. In our case an approximation with an error of order 1 is already 
sufficient. For the element y we again have the congruence 

y = C1Wl + ... +c,w, (p) .. 

The difference y-(Clwl + ... +c,w,) is therefore divisible by 'IT. Since the 
difference Z1T -b - Y is likewise divisible by 71', we obtain a representation as a 
multiple of 71' for the sum of these two differences, that is, for (19.4). The reasoning 
now continues as before. 

19.2 DIVISORS AND MULTIPLES 

Let K again be an algebraic function field in one variable over the constant 
field ~. The functions of K will henceforth be denoted only by the letters, u, v, 
w, x, y, Z, {j, and 7f. 

Finitely many places p with arbitrary integral exponents d define a divisor D 
of the field K. We write D symbolically as a product of finitely many factors 

D = II pd. (19.7) 

The factors of the product may be interchanged in any manner. If an exponent 
d is zero, then the factor:pel may be omitted in D. If all the d are ~ro, then D = (1) 
is the unit divisor. If all d > 0, then D is called an integral divisor. 
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Two divisors are multiplied by adding the exponents of equal factors p. To 
each divisor D with exponents d there is an inverse divisor D -1 with exponents 
....:. d; so that D -1 D = (1). The divisors thus form an Abelian group, the divisor 
group of the field K. The individual places :p are called prime divisors. They 
generate the divisor group. 

Each function z defines a divisor 

(z) = n p4, 

where the exponent d is equal to the order of z at the place p. To a constant z 
there corresponds the unit divisor. To a product yz there corresponds the product 
of the divisors (y) and (z): 

(yz) = (y) (z). 

The degree of a prime divisor p, that is, the degree of the residue class field 
.3 = ~/p over a, will always be denoted by fas in Section 19.1. The sum of the 
degrees of the factors occurring in (19.7), 

n(D) = Ld/, 
is called the degree of the divisor D. . 

Instead of (z)D, we write simply zD. A function z is called a multiple of the 
divisor D if zD - 1 is an integral divisor, that is, if, for all places p of the field, 

(19.8) 

The multiples of a divisor D are thus those functions z which have a zero of 
mUltiplicity at least h at all places with d = h > 0, which have a pole of at most 
multiplicity k at all places with d = - k, and which are finite at all other places, 
that is, have no other poles. 

The multiples of a divisor A -1 form a a-module which will be denoted by 
D(A). We shall now show that IDl(A) has finite rank over a. / 

Let A = n 13". Since in the product there are only finitely many factors pll 
with a> 0, there are only a finite number of places p which are admissible poles 
for the multiples z of A - 1. The series expansion of z at such a place can be written 
as follows: 

z = (c- a, lWl + ..... +c- a, ,w,}n--a+ ...... ; 

here the Wi previously used have been denoted by w,. 
The number of coefficients c_ i,j belonging to the negative powers 71' - .. , ••• ,'IT- 1 

is affor the single place p; the total number for all admissible poles is therefore 

m = La/, 

where the summation extends over all places p with a>O. We assert that there 
cannot be more than m + 1 linearly independent multiples z of A-I. 

If there were m+2 such multiples Z1' ••• ,Zm+2, then we could form linear 
combinations 

(19.9) I 
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with constant coefficients and impose the condition that all coefficients of negative 
powers in the expansion of z be zero. This would make m linear conditions for 
the m+2 coefficients b l , ..... ,b",+2. Each linear condition imposed on the co­
efficients h, reduces the rank of the module of functions (19.9) by at most 1; 
the functions z which satisfy the linear conditions c _ i, j = 0 w~uld therefore 
form a module of rank at least (m+2)-m=2. But these functions z have no 
poles and are therefore constants by Section 19.1, Theorem III. The constants 
form a module of rank lover d. Hence there can be only m + 1 linearly indepen­
dent mUltiples of A -1 ; that is, the rank of 9Jl(A) is at most m + 1. 

The object of the following investigation is the determination of the rank /(A) 
ofID1(A), that is, the number of linearly independent multiples of the divisor A-I. 
Here J(A) is also called the dimension of A. For integral divisors the proof just 
given affords the inequality 

I(A) ~ n(A) + 1. (19.10) 

Now A = n p" is said to be divisible by B = n ph if AB- 1 is integral; this 
means that a > b for all p. It is clear then that 

n(A) ~ n(B) and /(A.) ~ J(B). 

We shall derive an inequality for the difference n(A)-I(A). The method is 
the same as above. Let the multiples of A -1 be 

(19.11) 

with constant coefficients bi and I = /(A). In order that the function z belong 
to 9R(B) as well as IDl(A), in the expansion 

Z = (c_ lI , l W l + ... +c- a, /W/}n--II+ .... 

the coefficients of the powers .".-a, 1T-
a+1, ••• ,.".-"-1 must all be zero. This 

gives (a-b)flinear equations for each place and thus a total of 

L (a-b)f = L af- L hf = n(A)-n(B) 

linear equations for. the coefficients bi , ••• , b, in (19.11). Each linear equation 
reduces the rank by at most 1; therefore 

or 
I(B) > /(A)-[n(A)-n(B)] 

n(A)-l(A) > n(B)-/(B). (19.12) 

Equation (19.12) holds if A is divisible by B. In particular, taking for A an 
integral divisor and B = (1), the right side of (19.12) becomes 

0-1=-1, 

and we again obtain inequality (19.10). 
The following theore~ is almost obvious .. 
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11aeorem: If Z =F 0, then meA) and Wl(zA) have the same rank: 

l(zA) = leA). 

Proof: If Yl' ... ,y, are linearly independent multiples of (zA) -1 = z -1 A-I, 
then 

Y1z, · • • , y,Z 

are linearly independent multiples of A - ~, and conversely. 
Two divisors A and zA which differ only by a factor (z) are said to be equivalent. 

We have thus proved that equivalent divisors have the same dimension. 

Exercises 

19.2. In the field K = ~(x) of rational (!lnctions let A = n pQ be a divisor. 
Show that the multiples of A -1 are given by 

z = I(x) n p{x) -a, 

where p(x) are the prime polynomials which by Section 18.7 belong to the 
prime divisors lJ distinct from Voo occurring in A. 

19.3. Using Exercise 19.2, show th~t 

leA) = n(A) + 1 

leA) = 0 

19.3 THE GENUS g 

ifn(A) > 0 

if n(A) < O. 

Let z be a nonconstant function of the field K. The divisor (z) can be repre­
sented as the quotient of two integral divisors without common prime factor p: 

(z) = CD-I. (19.13) 

Now C is called the divisor of the numerator and D the divisor of denominator 
of z. Let the degree of K over ~(z) be n. The degree of C = n pC is 

neC) = Lei 
and correspondingly for D. 

We now prove the important equality 

n(C) = n(D) = n. (19.14) 

The prime factors of C = II VC we denote by p, p', ... , and their exponents 
by c, c', . .. . An integral function u for p of the field K has a series expansion 
at the place p 

co 

U = L (aklwl + ... +akfwf}1Tk• 
o 

(19.15) 
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We break the series ~ff after the term 1T
c 
-1 ~nd thus write 

(19.16) 

we do the same for the places p', and so on. 
By the theorem of independence (Theorem I, Section 19.1), there exist cf 

functions Uki, each of whose initial segments (19.16) for the place p consists of 
the single term Wi.",t and whose initial segments for all other places p', ... are 
zero. Similarly, there exist c'f' functions U~i each of whose initial segments for 
the place p' consists of a single W~7T'k, and so on. We now assert the following. 

The cf + c'f' + · .. = n( C) functions Uk" Ukb ... are linearly independent over 
d(z). 

Suppose that there were a linear dependence 

(19.17) 

wherefki,f~i' ..• are polynomials in z. We may assume that the constant terms 
Ckb C~h • • • of these polynomials are not all zero. If we now substitute the series 
expansions (19.15) for the place p in (19.17) for Uti' Ukb ••• and z and compute 
modulo we as in (19.16), then the polynomials Iki(Z) reduce to their constant 
terms Ckl, the Uki to Wi~' and the other u;d to zero. From (19.17) we thus obtain 

c-J f 
L LCliW i17k == 0 (17). 

k=O 1=1 

Because of the uniqueness of the series expansion (19.15), this is only possible 
if all the eli = O. Similarly, all Cki = 0, and so on. We have thus reached a 
contradiction. 

From the linear independence just proved it follows that 

n > n(C). 

By replacing Z everywhere by z - 1, it can be shown in the same way that 

n ~ n(D). 

Now let (u 1, ••• , Un) be a basis for K over ~(z). We may assume that the U j 

remain finite at all places where z is finite. Indeed, if U j has a pole p where z is 
finite, then to this pole there corresponds a valuation Wp which induces a valua­
tion of the field d(z), and this is not the valuation w tX> belonging to the place 
z = 00. By Section 18.7, the valuations of the field ~(z) distinct from Woo are all 
p .. adic; that is, they belong to prime polynomials p = p(z), where p has positive 
order at the place in question. For sufficiently large d the product pdUj therefore 
no longer has a pole at p. Thus all the poles of the uj where z is finite can be 
successively removed by multiplying the basis elements uJ with suitable poly­
nomials in z. 

The poles of z are all contained in the divisor of the denominator D. For 
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sufliciently large m" "I is therefore a multiple of D --.i -1. We now choose m 
greater than all the m,: 

m ~ m, + 1 (I = 1, ..• , n). 

The L (m-mi) field elements 

z"u, (0 < p.<m-mJ 

are linearly independent over d and are multiples of D - 1ft; they are thus contained 
in m(n-). From this it follows that 

or 
L (m - mJ < leD'") < n(D'") + 1 

nm- L m, < leD'") < m·,,(D)+ I. 
Letting m go to infinity, from (19.18) we obtain 

n ~ neD), 

and hence, since it has already been shown that n > neD), 

n = n(D). 
Similarly, 

n = n(C). 

Now (19.19) and (19.20) imply 

n«z» = n(CD- 1
) = o. 

From (19.21) it further follows that 

n(zA) = neAl, 

(19.18) 

(19.~ 

(19.20) 

(19.21) 

(19.22) 

that is, equivalent divisors have not only the MmJe dimension leA) but also the same 
degree n(A). 

Substituting (19.19) into (19.18), we <?btain 

neD) · m - L m, < I(D"') 
or 

n(U')-/{U') < Lm,. (19.23),~ 

If B divides D"', then, by (19.12), 

. n(B)-I(B) < n(U')-I(U'), 
and hence, by (19.23), 

nCB) -1(B) ~ L mi· (19.24) 

Now let A be an arbitrary divisor. We wish to show that (19.24) also holds for 
A. For this it is sufficient to show that there exists a divisor u.A = B equivalent 

. to A which divides a power D"'. 
;Let P be a prime factor which occurs with positive exponent in A. == n pl. 

H all these p are poles of z, then A. itself divides un and we are done. If p is not a 
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pole of z, then as before we can find·a polynomial p = p(z) which has pt)sitive 
order at the place p. We noW multiply A by P -4 and hereby remove the factor 
p" in A. By repeating this procedure, we can remove all factors p4 with-d>O 
which do not belong to poles of z. We thus finally find a divisor B = uA equiva­
lent of , A which divides lY" and for which (19.24) holds. But then (19.24) also 
holds for A: 

n(A)-I(A) ~ t m" (19.25) 

that is, the difference n(A) -/(A) is bounded for all A. 
The least upper bound of neAl -1(A.) + 1 for all divisors A is called the genus g 

of the field K. 
For A = (I), n(A)-I(A) = 0-1, and hence g ~ O. The genus is thus a non­

negative integer which is a numerical invariant of the function field K. 
By the definition of gen.us we hav~, for all A, 

n(A)-l(A)+l ~ g 

or 

l(A) > n(A)-g+l, (19.26) 

where equality holds for at least one divisor .A.. Inequality (19.26) might well 
be called the Riemann part of the Riemann-Roch theorem. 

We put • 
I(A) = n(A)-g+ 1 + i(A) " (19.27) 

and call i(A) the speciality index of the divisor A. The divisor A is called special 
if i(A) > o. If A is not special, then n(A} -1(A} has the greatest possible value g - 1. 
There exist divisors A which are not special. Our task will be to determine the 
speciality index i(A} and so to prove the complete Riemann-Roch theorem. 

Exercises 

19.4. The field K = ~(z) of rational functions has .genus zero and prime 
divisors of degree 1. 

19.5. If K has genus zero and a prime divisor of degree 1, then K is a field of 
rational functions d(z). (Apply formula (19.26) to A = p.) 

19.4 VECTORS AND COVECTORS 

In the series expansion of the functions of a fieJd K at a place p, expressions 
such as· 

v = C1W1 + .. · +cfwf (19.28). 

appear as coefficients of the powers of 1T. These expressions form (for each 
place p) andf-dimensional vector space L, over ~. 
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The power series for the place p may be written more simply as 

. (19.29) 

or 

(19.30) 

if the dependence of the coefficients Vk on the place p is made explicit. ' 
If to each place p a power series (19.30) with arbitrary coefficients Vpk of L, 

is assigned such that in the totality of all these power series there are only finitely 
many terms with negative exponents, then the system of power series is called 
a vector V. The power series Vp are called the components of the vector V. They 
may also be defined, independently of the special choice of uniformizing variable 
7T and basic vectors Wi in (19.28), as elements of the complete extension field 
~(p) belonging to the place p. Only finitely many of these elements Vp may 
have negative order Wp(V~); otherwise they may be chosen quite arbitrarily. 

A vector V is said to be divisible by a divisor D = n pel if the series (19.30) 
at each place p begins with· wei : 

w41(Vp) ~ d for all p. 

In particular, the functions u of the field K are vectors, since each function u 
can be expanded at each place in a power series (19.30), and in all these power 
series there is altogether only a finite number of terms with negative exponents. 

Corresponding to the vector ,space L, there is a dual space D, according to 
Section 4.3. The elements of D, are linear forms on L f . 

From each v = L CiWi of L, and each (X of D, we may form a scalar product 

v . (X = C 1 (Xl + · · · + C I(X" 

In a similar way, we shall now construct the dual space of covectors corre­
sponding to the infinite-dimensional space ID of vectors V. 

If to each place :p a sequence {(X"k} (k = b, b+ 1, ... ) of elements of Df is 
assigned so that in all these sequences there is altogether only a finite number 
of negative indices k, then the system of these sequences is called a co vector A. 
The scalar product of a vector Yand a covector A is defined as follows: 

V·'\ = L L V"j·(X"k' (19.31) 
pJ+k--l 

Since there are only finitely many V"j with negative j and only finitely many 
«'1: with negative k, there are only· finitely many terms in the sum (19.31), The 
individual terms are scalar products V' (X and are thus elements of ~. 

The operator · A is a mapping of the space m of vectors V into the field of 
constants which has the following properties: 

(a) (V+ W).'\ = V"A+ W'A 
(b) (cV)",\ = c(Yo;\) 
(c) V·A = 0 if Vis divisible by a divisor D depending only on A. 
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Statements (a) and (b) are clear. To prove (c), we note that there are only 
finitely many p for which the sequence {(X~k} .begins with a negative index k = - d. 
If from these places p with exponents d we form the divisor , 

D = n pd, 
then (c) is satisfied. 

The set of all vectors V which are divisible by a divisor D is called a neighbor­
hood of zero in the vector space ~. Property (c) states that the linear functional ,\ 
maps a certain neighborhood of zero onto zero. Property (c) is therefore a type 
of continuity property. 

We now prove the following. 
Every mapping .,\ of 58 into 6. with properties (a), (b), and (c) can be defined in 

terms of sequences {a~k} in the manner indicated. 
Proof: Every vector V can be"represented as a sum of a vector divisible by D 
and finitely many vectors Vpj which in their expansion at the place p have only 
a single term V1TJ and whose other components are zero: 

( V, j)p = rnri 
for p' 9= l' or j' 9= j. 

Here, as always, v = L CiW, is an element of the vector space L f . If we apply 
the mapping .,\ to the vector VpJ just defined, then we obtain an element Vpj ·'\ 

of 6. which depends linearly on v ~nd can therefore be written as V· a, where a; 

is an element of D ,. This element ex we call apk where k is determined from 

j+k = -1. 

Since V'i is-not divisible by D, it follows thatj < d and hence k> -d; therefore, 
in the sequences {(Xpk} there is altogether only a finite number of negative indices. 
It follows further from (a) and (c) that . 

v·a = LLVpj-n = L L Vl'j-ex~k' 
" j ,,}+k=-1 

and this completes the proof. 
On the basis of this theorem, the covectors A can also be defined as mappings 

of minto fl. with properties (a), (b) and (c). This definition is invariant; that is, 
it does not depend on the choice of the Wi and 7T. 

19.5' DIFFERENTIALS. THE THEOREM ON THE 
SPECIALITY INDEX 

The speciality index i(B) will now be determined with the help of the covectors. 
We begin with two lemmas. 
Lemma: . If the divisor D is not special and if A is a multiple of D, then A is likewise 
not special. . 



236 ALOBBRAIC PUNcrIONS OF ONE VARIABLB 

Pmof: By (19.12), 
neAl-leA) ~ n(D)-I(D). 

Thus, if n(D)-I(D) already has the maximum value g-l, then n(.A)-/(A) 
must also have the maximum value g-l. 
CoroDary: Every divisor B has a multiple A which is not special. 
Proof: Suppose that D is not special. Cboose A to be a common multiple of 
B and D. The assertion now follows immediately from the lemma. 

We now put A = n p. and B = n ph. Let A be a multiple of B, so that b S a 
and !Jl(B) c meA). We assume that B is special and A. is not. Then 

I(A) = n(A)-g+1 

l(B) = n(B)-g+l+i(B). 

(19.32) 

(19.33) 

As in Section 19.2, we write I: (a-b)flinear equations which an element of 
D(.A), 

(19.34) 

must satisfy in order that it belong to !R(B). If the series expansion for u at the 
place p begins: 

u = (c -.,lWl + · · · +C -a,/w/)w-"+ · · ., (19.35) 

then the (a-b)fconditions for the place p are 

cJy= 0 (-a <j<-b, 1 <v </). (19.36) 

The C Jy of course depend on the place p. We should really write C lY(P), but we 
shall neglect to do so for ease of notation. 

If the I: (a-b)! = neAl-nCB) equations (19.36) were independent, then we 
would have -

leA) -1(B) = n(A) - nCB). 

However, by (19.32) and (19.33) the difference leA) -/(B) is smaller by a term 
. i(B) than n(A) - nCB), and hence there are i(B) linear dependencies between the 

left sides of equations (19.36); that is, there are i(B) linearly independent relations 

(19.37) 

which must be satisfied for each element u of 9R(A). . 
Equations (19.37) can be written somewhat more simply if the sum over lis 

interpreted \ as a scalar product: 

f ejv"!jv = Vj'Pj ' 
1 

Here; as always, v J = I: CjyWy, and fJ J = fJ tp) is the sequence (" jl' • • • , "il)· 
To make the connection with previous notation, we put v J = v.,j and . 

Pj{'p) =~k U+k = -1). 
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Then (19.37) becomes 

R{c J"} = L L vpj-cx.,,, = 0 (19.38) 
p 1+k--l 

with 

b<k<a-l. 

We now replace A. by a multiple 

(a' ~ a). 

Then 

IDl(B) s;; IDl(A) ~ 9Jl(A '). 

Since A', as a multiple of A, is not special, there again exist i(B) linearly inde­
pendent relations 

. R' {c Jy} = L L vpJ·a.;,t = 0 
p }+k--l 

(19.39) 

with b ~ k ~ a' -I, valid for all u of 9R(A.'). 
The relations R, or more precisely their coefficient systems {«'I:}, form a 

A-module of rank i(B). Similarly, the R' form a ~-module of rank i(B). 
If terms with k > a -1 are omitted in a relation R', then a relation R is obtained 

which is valid for all U ofIDl(A). By means of this "projection" every R' gives rise 
to an R, and the mapping R'-4-R is linear. If R' =1= 0 were to go into R = 0 
under the projection, then R' would contain only terms with k > a-I, and hence 

, < . 
-Q =J< -a. / 

Such a relation R' would hold for all u of IDl(A. '). If we again write down the 
conditions which an element of 9R(A') must satisfy in order to belong to IDl(A), 
then the relation R' would state that there was a dependency between these 
n(A ') - neAl conditions. This would imply that 

I(A') -1(A) < n(A ') -n(A), 

which is impossible, since (19.32) is valid for both A I and A. 
The mapping R'~R is therefore injective .. It maps the module of the R' iso­

morphically onto a module of the same rank i(B) in the module of the R; it is 
therefore -also surjective_ This means that each relation R can be continued in a 
unique manner to a relation R'. 
_ If now, beginning with Q, we let an exponent a' tend to infinity while always 

continuing the relation R, we obtain a uniquely determined infinite sequence 

(k = b, b+ 1, ... ). (19.40) 

The same can be done for each place p. We thus obtain a system of sequences 
(19.40) for all places :p, that is, a covector '\. The relations (19.39) may now be 
written as follows: 

u·;\ = o. (19.41) 
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The relation (19.41) holds for all u of9R(A'). But now for any function u of 
the field a divisor A' can be found which is divisible both by B and by (u- 1). 

Then uA' is integral; that is, u belong~ t~ Wl(A') and therefore (19.41) holds. 
Hence (19.41) holds/or all/unctions u of the field K. 

Since there are i(B) linearly independent relations R, there are also i(B) linearly 
independent covectors defined by (19.40) with the property (19.41). We now 
make a definition (following A. Weill. 
Definition I: A covector A with the property CI9.41} for all z of K is called a 
differential of the field K. 

The relation of the Weil differentials to the differentials of classical function 
theory will be established in Section 19.8. 
Definition 2: A covector ,\ is called a multiple of B = n pb if only «pk with 
k ~ b occur in the definition of the covector. 

From the definition of a covector it follows immediately that/or each co vector 
A there exists a divisor B such that A is a multiple 0/ B. 

Using Definitions 1 and 2, we may now combine what we have proved in this 
section in the following theorem. 
Theorem on the SpeciaHty Index: The speciality index i(B) is equal to the number 
of linearly independent differentials ,\ which are multiples of B. 
Definition 3: A differential is said to be everywhere finite or a differential of 
first kind if it is a multiple of the unit divisor (1), that is, if all the CXpk with 
negative index k are zero. 

To find the number of linearly independent differentials of first kind, we have 
only to apply the theorem on the speciality index to the divisor B = (1). Formula 
(19.27) gives 

i(l) = /(1) - n(l) + g-l 

= 1-0+g-1 = g, 

and it thus follows that the number of linearly independent differentials of first 
kind is equal to the genus g. 

We obtain another application of the theorem on the speciality index if we 
put B = C- l

, where C is an integral divisor different from (i). 'In this case 
/(B) = 0, since the only function which is a multiple of the integral divisor 
B- 1 = C is the zero function. Furthermore, nCB) = -n(C), and hence 

iCC-I) = n(C)+g-l. (19.42) 

In particular, if we choose C = :p1l, so that B = P - 11, then n( C) = nf and we 
obtain 

(19.43) 

We thus have the following theorem. 
Theorem: If/is the degree of the prime divisor:p, then there are nf+ g-llinearly 
independent differentials which are multiples olp-ll. 
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Exercises 

19.6. Let the base field a be algebraically closed. Then except for the differentials 
of first kind there is no differential which is a multiple 'of p -1; that is, 
there is no differential with only one .simple pole p. 

19.7. Under the same hypotheses there is for each n > 1 an elementary differential 
of second kind W(pll) which has a pole of order n at p. Any differential 
which is a multiple of p -II can be written as a linear combination of 
w(p2), w(p3), .. ~ ., W(pll) and the g linearly independent differentials of 
first kind . 

. 19.8. Under the same hypotheses there is for any two places P1 and P2 an 
elementary differential o/third kind w(Ptt P2) which has a simple pole at 
each of PI and P2. Any differential can be written as a linear combination 
of the elementary differentials of second and third kind and the differentials 
of first kind. -

19.6 THE RIEMANN-ROCH THEOREM 

We have now nearly reached our objective. We first define the product uA of 
a function u and a covector A. The product is defined as a linear mapping of ~ 
into a: 

V· UA = VUe A. (19.44) 

The operation ·uA obviously has properties (a), (b) and (c) of Section 19.4; 
(19.44) therefore defines a covector. 

If A is a differential, then UA is also a differential: 

V-UA = VU·A = 0 for all v. 

The following lemmas are almost obvious. 
Lemma 1: If A is a multiple of D = n pd, then V· A = 0 for all vectors V divisible 
by D -1, and conversely. 
Proof: Let the covector A be gi~en by the sequences {(X~k}. If A is\a mUltiple of D, 
then only indices with k ~ d occur in these sequences. Further, if V is given 
by the power series 

(19.45) 

and if V is divisible by D - 1, then only terms with j ~ - d occur in the power 
series (19.45). The scalar product 

V-A = L V~ja.~k 
J +k=-1 

(19.46) 

is zero, since the sumj+k can never equal -1. Conversely, if V-A = 0 for all 
V divisible by D - 1, then only terms with k ~ d can occur in the sequences 
{CX"k} and thus A is a multiple of D. 
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Lemma 2: 1/,\ is a multiple of D, then aM is a mUltiple ofuD. 
Proof: If V is divisible by D -1, then V· ~ = 0 by Lemma I; hence Vu· A = 0 
if Y" is divisible by D- 1

, that is, V· 1M = 0 if V is divisible by (uD) -1. 

Now let A be a differential. By Section 19.5, there exists a divisor D of which A 
is a multiple. Let B = :p - .. , where :p is a prime divisor of degree f. The divisor 
B- 1 D = :pnD has degree 

n(B- 1D) = n/+n(D). 

Therefore, by the Riemann part of the Riemann-Roch theorem, the number 
of linearly independent multiples II of BD -1 is 

I(B- 1D) ~ n/+n(D)-g+l. (19.47) 

If U is a multiple of BD -1, then uD is a multiple of B. By Lemma 2, uA is a 
multiple of uD, and hence u,\ is a Multiple of B. The total number of linearly 
independent differentials which are multiples of B is i(B). Hence it follows from 
(19.47) that 

nf+n(D)-g+l ~ i(B). 

For 11>0 it follows (19.43) that 

i(B) = nf+g-I. 

Substituting this into (19.48), we obtain 

n(D) ~ 2g-2. 

(19.48) 

(19.49) 

(19.50) 

The degree of the divisor D is therefore bounded above. For given ,\ there is . 
thus a maximal divisor Dl such that ~ is a multiple of Dl but it is not a multiple 
of D1:P' however p' is chosen. The uniquely determined maximal divisor DJ. of 
which ,\ is a multiple is called the divisor of the differential '\. 

We now prove the following. 
All differentials ware equal to uA, where ~ is an arbitrary fixed differential. 

Proof: Suppose that there is a differential w which is not equal to uA. Then 

uA =t= vw for all u and v =f= O. (19.51) 

We have seen in the paragraph following (19.47) above that there are at least 

nf+n(Di}-g+ 1 

linearly independent differentials u~ which are· multiples of B = l' - n. Similarly, 
~ere are at least 

nf+n(DQ)~-g+ 1 

linearly independent-differentials Vw which are multiples of B. All these differen­
tials are independent, since no linear combination of the uA is equal to a linear 
combination of the Vw. There is thus a total of 

2n/+const 
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linearly independent differentials which are multiples of B. But by (19.49) there 
are only nf+g-l such differentials. Fot large n this gives a contradiction. All 
differentials are therefore equal to uA as asserted. 

We now replace B by an arbitrary divisor A and again ask how many linearly 
independent differentials w = u" there are which are mUltiples. of A. If u" is a 
multiple of A, then ,\ is a multiple of u -1 A. The maximal divisor DAis therefore 
divisible by u -1 A, so that uD A is divisible by A, and hence u is a multiple of 
AD A -1 • Conversely, if u is a multiple of AD J. -1 , then uA is a multiple of A, since 
the argument is reversible. It therefore follows that 

i(A) = /(A -IDA). (19.52) 

Substituting this into (19.27), we obtain the following complete theorem. 
Riemann-Roch TheOrem: If A is an arbitrary divisor of the field K and A is an 
arbitrary nonzero differential, then 

/(A) = n(A)-g+I+I(A- 1DJ. 

We mention some further corollaries. 

1. Putting A = (1), we obtain, from either (19.52 or (19.53), 

I(DJ = g. 

2. Putting A = DA, we obtain, from (19.53), 

n(D;.) = 2g-2. 

(19.53) 

(19.54) 

(19.55) 

3. If" is a multiple of D, then uA is a multiple of uD and conversely. Hence if 
DA is the divisor of the differential ~, then uDA is the divisor of the differential 
uA. The divisors DO) = uDA of the differentials w = UA are thus all equivalent. 
The class of these divisors DO) is called the differential class or the canonical class. 

4. In general, a divisor class consists of all divisors uA which are equivalent to 
a divisor A. All the divisors uA of the class have the same dimension /(A) and 
the same degree n{A); l(A) is therefore called the dimension of the class and 
n(A) the degree of the class. 

The dimension of the class {A} may also be interpreted as follows. If u is 
divisible by A -1, then uA is an integral divisor. To the elements u of the module 
~(A) there thus correspond the integral divisors uA of the class {A}. Ifu!, . · . , Ur 

are linearly independent, then the divisors U 1 A, ... , u,.A are also called linearly 
independent. The rank /(A) of the module rol(A) is thus the maximum number of 
linearly independent integral divisors of the class {A}. 

5. If n(A) < 0, then there is no integral divisor equivalent to A and hence 
/(A) = o. 

6. Jf n(A»2g-2, then n(A- 1D,t}<O and hence l(A- 1D;) = 0 by 5. From 
this it follows by (19.52) that i(A) = 0, and thus a divisor A with n(A»2g-2 is 
not special. 
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Exercises 

19.9. There is only one class {A} with leA) > g and n(A) = 2g-2, namely 
the canonical class. 

19.10. An integral divisor B with I(B) > g is not special. 

This completes the development of the general theory for arbitrary base 
fields fl.. We now wish to establish the connection with the classical theory in 
which 11 is the field of complex numbers. For this purpose, we must first briefly 
consider some separability questions. 

The general Riemann-Roch theorem can be. extended alsQ to skew fields 
which are finite extensions of a field of rational functions l1(z). See E. Witt, 
uRiemann-Rochscher Satz und ,-Funktion im Hyperkomplexen," Math. A.nn., 
110, 12 (1934). 

19.7 SEP ARABLE GENERATION OF FUNCTION FIELDS 

A field K of algebraic functions in r variables is a finite extension of the field 
A(x l' ••• , X,.) of the rational functions in r algebraically independent quantities 
Xl, ••• , x,.. 

If the field K is generated from J1(Xl' ••• , X,.) by adjunction of Xr+l, • • • , Xn, 

then 

where all the Xi are algebraic functions of the independent Xl' •• - , XI'. 

For such function fields we have the following theorem. 
Theorem on Separable Generation: If the field of constants is perfect, then 
Xl' - •• , Xn can be enumerated in such a manner that all the Xi are sep.arable algebraic 
functions of the independent X 1t • • • , XI'-

Proof: We proceed by induction on n for given r. The case n = r is trivial. 
Then let n>r, and suppose that the assertion is true for A(x1, ••• ,xn - 1) .. We 
may then assume that Xl' ••• , Xn-l are separable functions of Xl' ••• , X,.. 

Here x,. is an algebraic function of Xl' ••• , XI' and so satisfies an equation 

(19.56) 

which may be assumed to be integrally rational in all the Xi' If the field elements 
Xl' .... , X,. and x,. are replaced by indeterminates Xl' ... ,Xr and X,., then 
f{Xh ••• , Xn) is irreducib~e as a polynomial in Xn. If f is decomposable as a 
polynomial in Xl' ... ,Xn, then one of the factors contains only Xl' · · · , XI'. 
Such a factor may be omitted from (19.56). We may therefore assume that! is 
irreducible as a polynomial in the Xl. 

If Xn is separa Ie over L1(X l' ... , xr), then there is nothing more to prove. If 
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XII is inseparable, then the characteristic of the field is a prime number p, and the 
polynomialf contains only powers of XII which can be written as powers of XIIP. 

If this were also the case for the powers of Xl' ... , Xr occurring in f, then 

(19.57) 

Now in a perfect field ~ every as is a pth power: 

It would then follow that 

f= (IbsXIsl···x/rXnSn)P. 

However, this is impossible, since f is irreducible. Therefore, one of the vari­
ables Xl' ... , Xr , say Xl' must occur in/with an exponent which is not divisible 
byp. 

From (19.56) it now follows that Xl is a separable algebraic function of 
x2 , ••• , x,. and XII. All the Xi are dependent on Xl' ••• , Xr and hence also on XII' 

X 2, ••• ,x,.. Since the transcendency degree of ~(Xl' ••• , XII) is equal to f, it 
follows that XII' X 2 , ••• , Xr are independent. The field d(x 1, ... , x,. -1) is separ­
able over the field ~(XI' ... , X,.), and this field is separable over ~(XII' X 2, ••• ,X,.); 
thus all the Xi are separable over ~(xm X 2 , ••• , xr). If the Xi are now renumbered 
so that the numbers 1 and n are interchanged, then the assertion follows. 

A. Weil has given necessary and sufficient conditions for separable generat~on 
in the case of imperfect fields. See my paper: "Uber Weil's Neubegrlindung der 
Algebraischen Geometrie," Abh. Math. Sem. Hamburg, 22, 158 (1958). 

~ 

19.8 DIFFERENTIALS AND INTEGRALS IN THE 
CLASSICAL CASE 

Classical function theory deals with Abelian integrals 

J wdz, 

where z is an independent variable, that is, a nonconstant function, and w is an 
arbitrary function from the field K. Change to another variable t is accomp1ished 
by the formula 

f wdz = f w: dt. 

In the algebraic theory we may omit the integral sign and consider Abelian 
differentials wdz. Change to another variable t again takes place by the formula 

dz 
wdz = w dt dt. 

In order that dzJdt be meaningful, we must hereby assume that z is separable 
over d(t) (see Section 10.5). Consideration is therefore restricted to t for which 
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the field K is separable over d(t). Such t exist if the field K is aeparably generated 
and thus, in particular, when 11 is perfect. . 

We shall assum~' for simplicity that the field of constants 6 is algebraically 
closed. Translation of the theory to the case of arbitrary complete perfect fields of 
constants is left to the reader. 

Let the variable z be chosen once and for all so that K is separable.over A{z). 
In order to investigate the behavior of a differential wdz at a place p, we choose 
a uniformizing variable 7r for this place and expand z in a power series: 

z = P(1T) = L ct.'Ir". (19.58) 

The irreducible equation F(z, 'IT) = 0 relating z to 'IT is satisfied if the power 
series P(w) is substituted for z: 

F(P(1T), 1T) = 0. (19.59) 

The left-hand side is a power series in fI', all of whose coefficients are zero. 
They remain zero if the power series is formally differentiated, where formal 
differentiation of a power series P(.,,) is'defined by 

P'{ 'IT) = L kCI;",.i -1 • 

We thus obtain, from (19.59), 

F~(z, 'Ir). P'(w) + F;(z, 1T) = 0, (19.60) 

where z has again been substituted for P(1r) and the partial derivatives of Fwith 
respect to z and'1f have been denoted by F~ and F;, respectively. 

Now F;(z,"IT) =1= 0, since 'It' is separable over ~(z). By (19.60) F:(z, 'It') cannot be 
zero, and hence z is separable over A('JT). The differential quotient dz/tbr is there­
fore defined and satisfies the equation 

F;(z, '/1')-! + F;(z, '/1') = O. (19.61) 

Comparison of (19.60) and (19.61) gives 

(19.62) 

The variable z is thus differentiable with respect to any uniformizing variable, 
and the power series for the differential quotient is found by termwise differentia­
tion of the power series for z. 

The differential wdz can now likewise be expressed in terms of the uniformizing 
variable 'JT: 

dz 
wdz = w d'JT cbr. (19.63) 

The power series for w(dz/drr) is of course found by. multiplying the power 
series for w by the power series (1~.62). Let the result be 

dz 
w dtt = L ~,,-ri'. (19.64) 
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If no negative exponents occur in the series (19.64), then the differential wdz 
is said to finite at the place p. If only exponents from a onward oCcur with non­
zero coefficients, then p is a zero of order a of the differential. If negative ex­
ponents occur, then pis apo/e of the differential. The order of a differential at the 
place:p is the smallest exponent k to which there belongs a nonzero coefficient 
«pt. All these concepts are clearly independent of the choice of the uniformizing 
variable. 

The poles of a differential wdz are to be found among the poles of wand z, 
for wdz cannot have a pole where wand z remain finite. Hence, every differential 
wdz has'only finitely many poles. 

The residue of the differential wdz at the place p is the coefficient of 11' - 1 in 
the expansion (19.63). In the classical theory the residue can be obtained by 
integrating the differential wdz over a small circle about the point p of the Riemann 
surface and dividing by 27Ti. We now prove quite generally that the residue is 
independent of the choice of the uniformizing variable. 

The power series (19.63) may be interpreted as the sum of three types of terms: 
terms with k < -1, a term with k = -1, and a power series without negative 
exponents. This power series of course has residue zero and may be disregarded. 
The term <X_fIT -1 gives the residue <X-l, and it is easily seen that the differential 

«-171' -1d11' 

likewise gives the residue a:-l when expressed in terms of a new uniformizing 
variable T. It therefore suffices to consider the terms 

7T -nd71' (n> 1) 

and show that they again give zero residue after a transformation 

'TT = '7"+a2'7"2 + · · · 

(19.65) 

(19.66) 

The transformation (19.66) can be carried out quite formally in the domain of 
power series in ". with coefficients from the integral polynomial domain of the 
indeterminates a2' a3' . .. . The integral polynomial domain can be imbedded 
in the rational polynomial domain. The rational numbers form a field of 
characteristic zero even when the original coefficient field L\ has characteristic p. 

Now the proof is easy. The differential (19.65) is the differential of the function 

( _n+l)-171'-n+l. 

If this function is expanded in terms of T, then a rational power series 

e_n+lT -
n + 1 + ... +e_1T- 1 +eO+elT +··· 

is obtained. 
The differential of this power series is a power series, in which the term T - I, 

does not occur, times d".. The residue after the transformation is therefore zero, 
as was to be proved. 
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All these considerations continue to hold if w is not a function from the field, 
but rather any power series in 17 which has only finitely many terms with negative 
exponents. 

Now let V be a vector in the sense of Section 19.4, that is, a system of power 
series V., for the individual places p. At any place p we can expand the product 

Vwdz 

in a power series and determine the residue. If 

Vp = L vpJn1 

is the p-component of the vector V and if 

dz 
W d", d.". = <L a.Pk~)d", 

is the expansion of the differential, then the residue is 

'" = L V9 j«p"· 
J+k- -1 

(19.67) 

(19.68) 

(19.69) 

Since the vector V as well as the differential wdz have only a finite number of 
poles, there is altogether only a finite number of nonzero residues rp. We may 
therefore form the sum 

L r" = L L V"j<Xp. 
p J+k--1 

This sum is precisely the scalar product of the vector V with the covector 

(19.70) 

in the sense of Section 19.4. We thus have the following result. 
Each differential wdz uniquely defines a covector ,\ such that the scalar product 

V·A is precisely the sum of the residues of the product Vwdz: 

V·~ = LT" = L L V"fXpl. (19.71) 
p J+k--l 

We now ask what becomes of the scalar product if the vector V is replaced by 
a function v from the field K. The scalar product V·A then becomes equal to the 
sum of the residues of the differential 

vwdz = utiz, 

where u is again a function from the field. 
Residue Theorem: The sum of the residues of a differential udz is always zero. 

In classical function theory this theorem follows immediately from Cauchy's 
integral theorem. Hasse4 has given a general proof which is valid in perfect 
fields of constants. A simplified version of Hasse's proof, due to P. Roquette, 
will be presented in Section 19.9. 

4H. Hasse, "Theorie der Differentiale in Algebraischen FunktionenkOrpem," J. Reine u. 
Angew. Math., 172, 5S (1934). 
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It follows from the residue theorem that the covector " defined by a differential 
wdz is a differential in the sense of Weil. 

In particular, dz defines a differential in the sense of Weil, which we shall like­
wise call dz. This differential is nonzero, since it is easy to find a vector V such 
that Vdz has a nonzero residue sum. If dz has order m at a place p, it is sufficient 
to choose the vector. V so that its component V" is equal to 17 -WI -1 and all other 
components are zero. 

From the fact that the differential defined by dz is nonzero it follows by Section 
19.6 that all differentials ware obtained from this differential by multiplication 
with functions u. In other words, all Wei! differentials are classical differentials. 

19.9 PROOF OF THE RESIDUE THEOREM 

I am indebted to a personal communication from P. Roquette for the following 
proof. The proof goes through for arbitrary perfect base fields, but it will here 
be presented only for base fields which are algebraically closed. 

Let z again be chosen so that"K is separable over ~(z). We put L = ~(z); K is 
then a finite separable extension of L, and we may put K = L({}). 

Equating the coefficients of tn - 1 and of t" on the right and left of (18.17), we 
obtain -

N({}) = n N({}~) 
S(IJ) = L S(Dy). 

(19.72) 

(19.73) 

The same formulas hold not only for the generator IJ, but also for any arbitrary 
element u of the field K. To see this, we first form the norm and trace of u in the 
field L(u). Let us denote this norm and trace by n(u) and s(u); then what we have 
previously proved for {} is now true for u: 

n(u) = n n(uy} 

s(u) = L s(uy ). 

We now apply formulas (6.21) and (6.22): 

N(u) = n(u)' 

S(u) = g·s(u), 

where g is the degree of Kover L(u). We thus obtain quite generally 

N(u) = II N(u,) 

S(u) = L S(uy ). 

(19.74) 

(19.75) 

(19.76) 

(19.77) 

(19.78) 

(19.79) 

Let us now recall how 8v and u.., are defined. By Section 18.5, all valuations 
<1>.., of K which are continuations of a given valuation cp of L are defined by im­
beddings /}-+{}Y. Each such imbedding maps the field K = L(I}) isomorphically 
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into a complete field A\' = 0(8\,). This field a" is the complete extension field of 
K for the valuation Cl>". 

Instead of valuations, we shall speak of places. Let us denote the places of the 
field K by P and those of the field L by q. If a valuation of K belonging to the place 
:p is a continuation of a valuation of L belonging to the place q, then we call :p a 
diDisor of q and write V/q. Each q has only finitely many divisors ~\" which corre­
spond to the factors F\,(t) in (18.17). To each 1'" there belongs a complete field a" 
which consists of power series with respect to a uniformizing variable n. If we 
assign to each function u its power series Uy , then we obtain the isomorphism 
8-+8" u--*u" mentioned above. 

The norm N(u\,) formed in Q\, over n is also called the local norm of u for the 
place l' and is denoted by N,,(u); similarly for the trace. Formulas (19.78) and 
(19.79) may now be written as follows: 

N(u) = n N.,(u) (19.80) 
,,/et 

S(u) = L S,(u). (19.81) 
,,/et 

A vector V over K was defined as a system of components V" one for each 
place p. We can now define the trace SV of a vector Vas a vector over L, by the 
formula 

(SV)q = L S.,(V,,). (19.82) 
,,/q 

The traces on the right-hand side are again to be formed in the complete fields 
~ = 0\" In particular, if the vector belonging to a function u is taken for V, then 
SVis equal to S(u) by (19.81). 

The trace mapping V-+SV is a linear mapping of the module ID(K) of all 
vectors over K into the module ID(L) of vectors over L. There is thus a dual 
mapping S* of the module ~*(L) of covectors over L into the module ID*(K) of 
covectors over K which is defined as follows: 

V·S·e = SV'e for all V. (19.83) 

In particular, if e is a Weil differential, that is, v· e = 0 for every v in L, then 
S*e is also a Wei! differential: 

u'S*e=SU"e=O for all u. 

We prove the residue theorem first for the field L = ~(z) of rational functions. 
Let vdz be a classical differential in L. The rational function 

f(z) 
V=-

g(z) 

can be split into a polynomial and a fractional remainder in which the numerator 
has lower degree than the denominator: 

f(z) _ () r(z) 
g(z) - q z + g(z) · 
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The differential q(z}dz has no residues. A uniformizing variable of the pole 00 

is y = Z-I, and we have 

q(z)dz = <L ctZ")dz 

= L (-Ck)y-k- 2dy, 

in which no term containing y -1 occurs. 
According to Section 5.10, the remainder can be decomposed into partial 

fractions 

;;~ = ~ {cl(z-a)-l+ ... +c.(z-a)-S}. 

It therefore suffices to prove the residue theorem for a single partial fraction 
c(z-a}-Ic. For k>l there are no residues. It therefore suffices to consider the 
differential 

c(z-a)-ldz. 

This differential has a residue c at the place a and a residue - c at the place 00. 

The sum of the residues is therefore zero, and we are through. 
The general case of the residue theorem will now be reduced to the case L = 

d(Z) just completed by means of the dual trace mapping. 
Let us denote the residue of the differential udz at the place p by res,,(udz) 

If V is a vector, we likewise denote the residue of the product Vdz at the place J 
by res.,(Vdz). I 

According to formula (19.71), the differential dz defines a covector which Wt 

denote by Adz. Thus, for each vector V, 

V·Ad,. = L res., Vdz. (19.84~ , 
We call two covectors ,\ and J1. almost equal if in the products V-'\ and V·~ 

defined by (19.31) the contributions of the individual places l' are always equal 
(for all V) except for a finite number of places p'. 
1beorem 1: There exists a Weil differential ""tlz which is almost equal to Adz. 

This ""4% is uniquely determined by this property. 
Proof: The differential dz also defines a covector Ao in the field L = L1(z) of 
rational functions. Since the residue theorem holds in L, ~o is a Weil differential. 
The dual trace S*(~o) is thus also a Wei! differential which we denote by P-dz: 

ILdz = S*("o)· 

With each place l' of K there is associated a place q of L. If the uniformizing 
variable z - a or z -1 at the place q is also a uniformizing variable for p, then the 
place l' is said to be unramifiedover L. We may then put n = z-a(or n = Z-l). 
The complete field 0" belonging to the place p is in this case simply equal to the 
field n of power series' in z-a, and the residue of a power series at the place p is 
equal to the residue at the place q. 

Almost all places, that is, all but a finite number, are unramified over L. 
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Indeed, if K = L(8) and F(z, t) is the irreducible polynomial in t with zero Ii, 
. then F(z, t) may be assumed to be a polynomial in z and t. The discriminant of 

F is a polynomial in z which has onfy finitely many zeros. For all other values 
z = a, F(a, t) decomposes into distinct prime factors: 

F(a, t) = c(t-b1)·· ·(t-bJ. 

From this it follows by Hensel's lemma (SectioQ 18.4) that F(~, t) 'splits completely 
into linear factors in the complete field of power series in z - a. In the factorization 
(18.17) all the factors Fy(t) are therefore linear, and all the fields 01' = 0(81') are 
equal to Q. But then z - a is a uniformizing variable for all the places belonging to 
these fields. All these places are therefore unramified. 

Ifp is unramified, then the place p makes the same contribution to the covectors" 
P.h and Adz. Indeed, if Vis a vector which is different from zero only at this single 
place p, then it may be assumed that V is a power series in z- a or z -1. The local 
trace of V is then equal to V itself, and 

V·f'd% = V·S*Ao = SY·'\o = Y·'\o 

= resq Vdz = res., Ydz = V·Adz-

From this it follows that f.Ldz is almost equal to Adze 

It remains to demonstrate the uniqueness of f.Ldz. We actually shall prove some­
thing more general: if two Wei! differentials ,\ and f.L are almost equal, then they are 
equal. 

We put e = A- p. and wish to show that V· e is zero for any arbitrary vector V. 
By (19.31), the scalar product V· e is a sum of contributions from the places p. 
We may hereby restrict our consideration to contributions from those p belonging 
to a finite set M, since the contributions of the other p to the covector e are zero. 
For the p in the set M we can approximate Vby a function u of K in such a manner 
that the contributions of these p to (u- V). e are zero (Section 19.1, Theorem I). 
It then follows that 

(u- V)-e = 0, 

and hence that V· e = U· e = 0, since e is a Wei! differential. This completes the 
proof of Theorem 1. 

Now let y be another element such that K is separable over ~(y). We wish to 
show that 

(19.85) 

Since both sides are Weil differentials, it suffices to show that the two side's are 
almost equaL Now J1-d1 is almost equal to Ad1, and P.dz is almost equal to Adz. It 
is therefore sufficient to show that 

(19.86) 
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This follows immediately from definition (19.84): 

dz 
V-Adz = L res., Vdz = L res., V~d dy 

v v y 

dz dz = V-·Ad = V·- Ad . 
dy)' dy Y 

Finally, we shall show that 
(19.87) 

Let :p be a place, and let y be a uniformizing variable. In Section 19.8 it was 
shown that z is separable over ~(y). Since K is separable over d(z) and ~(z) is 
separable over ~(y), it follows that K is separable over Ll(y). Furthermore, :p is 
unramified over ~(y); the p-components of Ad)' and P,dy are t~erefore equal: 

(Ad,)., = (p, dy)v· 
From this it follows that 

(Ad~)P = (~; Ad1)p = (:JLd1)p = {JLdz)P' 

Since this is true for any p, the assertion (19.87) follows. 
We thus need no longer distinguish between Adz and P,dz" Since JLdz was a Weil 

divisor, Adz is also a Weil divisor, that is, the residue theorem holds. 



Chapter 20 

TOPOLOGICAL ALGEBRA 

Topological algebra is the study of groups, rings, and skew fields which are 
also topological spaces and in which the algebraic operations are continuous in 
the sense of the topology. They are called topological groups, rings, and fields 
. or briefly T-groups, T-rings, and skew T ... fields. 

20.1 THE CONCEPT OF A TOPOLOGICAL SPACE 

A topological space is a set T in which certain subsets are distinguished as 
open sets. The open sets must have the following properties. 

I. The intersection of finitely many open sets is again open. 
II. The union of any set of open sets is again open. 

Eumple 1: Let T be any ordered set which contains more than one element. 
An open interval in T is defined by a < x < b, a < x, or x < b. An open set is a set 
which with each element y contains an open interval which contains y. 
EXIlIIIple 2: Let T be the field of complex numbers. A disk about a is defined 
by Iz-al < e. An open set is a set which with each element a contains a disk abouta. 
Example 3: The same definition holds for any field with a valuation, but we 
must now write fP(z-a) in place of Iz-al. Any field with a valuation is therefore 
a topological space. 

It follows from I that the entire space T is open, since it is the intersection of 
any empty set of open sets. Similarly, it follows from II that the empty set is 
open, since it is the union of an empty set of open sets. 

A subset Mis said to be closed in Tifits complement in Tis open. The following 
rules, which are equivalent to I and II, hold for closed sets. 

I'. The union of ajinite number of closed sets is again closed. 
II' . The intersection of a set of closed sets is again closed. 

The elements of the set T are called points of the space T. An open set which 
contains the point p is called an open neighborhood of p. Any set which contains 
an open neighborhood of p is called a neighborhood of p and is denoted by U(p). 

252 
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A subset T' of a topological space T is again a topological space if the inter­
sections of T' with the open sets of T are designated as open sets in T'. Properties 
I and II are obviously satisfied. 

The closure AI of a subset M of,Tis the intersection of all closed sets containing 
M. 

Exercises 

20.1. A point p belongs to the closure M if and only if every neighborhood of 
p contains a point of M. 

20.2. Kuratowski defines a t~pological space as a set T in which to each subset 
M there corresponds a closure M with the folloWing properties. 

(a) The closure of M u N is Ai u N .. 
(b) Ai contains M. 
(c) The closure of Sf is M. 
(d) The closure of the empty set is empty. 

He further makes the following definition: if M = M, then M is said 
to be closed; if the complement of M in T is closed, then M is called open. 
Show that Kuratowski's definition of a topological space is equivalent to 
the definition given above. 

Hint. From (a) it follows first of all that M c: N implies Ai c: N. It 
then follows from (a), (b), and (c) that Sf is the intersection of all closed 
sets N = N which contain M. Rules I'. and II'. now follow. Conversely, 
(ti), (b), (c), and (d) follow from I'. and II'. 

A set Mis called dense in Tifthe closure of Mis equal to Tor, what is the same 
thing, if every neighborhood of any point of T contains a point of M. 

20.2 NEIGHBORHOOD BASES 

A system of neighborhoods U(P) of a point p form a basis for the neighborhoods 
of p if every neighborhood of p contains a neighborhood U(P) of the system. 
For this it is sufficeint that every open neighborhood of p contain a neighborhood 
U(P) of the system. For example, the open neighborhoods of p form a basis for 
the neighborhoods of p. In our Example 1 the open intervals containingp form a 
basis for the neighborhoods of p. In Example 2 the disks about a form a basis 
for the neighborhoods of a. 

Topological spaces are frequently defined by first giving a basis for the 
neighborhoods of any point and then defining the open sets in terms of this 
basis Just as was done in our examples. To each point p we thus first assign certain 
basis sets U(P) which satisfy the following conditions. 
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Ut : For each p there are basis sets U(p), and each such set contains p. 
U2 : For any two basis sets U(P) and V(P) there is a set W(P) which is contained 

in both of them. 
The open sets M are defined in terms of these basis sets as those sets which 

with each of their points p contain an entire basis set U(p). The open sets so 
defined clearly have properties I and II; we thus have a topological space. How­
ever, in order that the basis sets U(p) be neighborhoods in the sense of this 
topology, they must satisfy a further condition. A sufficient condition is that the 
U(P) themselves be open sets. 

U3 : If q lies in U(P), then U(p) contains a basis set V(q). 
The following weaker condition is necessary and sufficient. 
U3: Each basis set U(p) contains a basis set V(P) such that for each point q 

of V(P) there is a basis set W(q) contained in U(P). 
If U; is satisfied, then a set U' can be defined in U (p) which consists of all 

points q such that a basis set W(q) is contained in U{P). This set is open and 
contains p. Thus U(P) contains an open neighborhood of p, that is, U(p) is a 
neighborhood of p. 

We no longer need the term "basis set": we shall subsequently always refer to 
the basis sets U{P) as basis neighborhoods. The set of all basis neighborhoods of 
all points p is called a neighborhood basis or a neighborhood system of the topo­
logical spaCe T. 

The concept of a neighborhood system is due to Hausdorff. He used only open 
neighborhoods. Conditions Utt U1 , and U3 are the first three neighborhood 
axioms of Hausdorff. The fourth axiom is the Hausdorff separation axiom which 
we shall formulate in Section 20.4. 

Exllltlple 4: In an n-dimensional vector space over the field of real numbers 
let a cube of edge length 2e about the vector (b h ••. , bn) be defined as the set of 
vectors (at, ... , a,,) with the property 

la,-btl <8. 

The cubes satisfy conditions U1, U2 , and U3 • The vector space is therefore a 
topological space with the cubes as neighborhood basis. 

A topological space is called discrete if all sets are open. The individual points 
then form a neighborhood system. 

Exercises 

20.3. In order that two systems of sets U(P) and V(p) define the same topo­
logical space, it is necessary and sufficient that each set U (p) contain a 
yep) and each V(p) contain a U(P). 

20.4. The topology of the vector space defined by the cubes is independent of 
the choice of basis of the vector space. 
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20.3 CONTINUITY. LIMITS 

A function p' = !(P) which maps a topological space T into a topological 
space T' is said to be continuous at the point Po if for every neighborhood U' 
of l(Po} in T' there is a neighborhood U of Po in T whose image is entirely con­
tained in U'. 

Similarly, a function!(p, q) with arguments p and q in Tl and T2 and values 
in T J , is called continuous at the point (Po, qo) if for every neighborhood W of 
f(Po, qo) there are neighborhoods U and Vof Po and qo such that/(p, q) lies in W 
if p lies iii U and q in V. 

If a function is continuous at every point, then we speak of a continuous function 
or a continuous mapping. A mapping p' = !(P) is continuous if and only if the 
pre-image of any open set U' in T' (that is, the set of elements of T whose images 
lie in U') is open in T. 

A one-to-one continuous mapping of Tonto T' which is continuous in both 
directions is called topological. A topological mapping takes open sets into open 
sets and closed sets into closed sets. 

A sequence of points {p.} in a topological space T is called convergent with 
limit p if each neighborhood U(p) contains all the points of the sequence after a 
certain index: 

p.,E U(p) for v > k. 

Only neighborhoods U(p) of a neighborhood basis of p need hereby be con­
sidered, since each neighborhood contains such a basis neighborhood. 

Exercises 

20.5. A continuous mapping preserves the limit relation. 
20.6. A continuous function of a continuous function is continuous .. 

20.4 SEPARATION AND COUNTABILITY AXIOMS 

In addition to axioms I and II, the most important topological spaces satisfy 
the following first separation axiom. 

T 1 : If p =1= q, then there exists a neighborhood of p not containing q. 
A space with property Tl is called a Tt-space. An equivalent formulation is the 

following. 
The closure of a single point consists only of the point itself. 
The second or Hausdorff separation axiom is stronger than the Tl property .. 
T 2 : /fp =+= q, then there exist neighborhoods U(p) and U(q) which are disjoint. 
If T2 is satisfied, the space is called a Hausdorff space. 
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The first countability axiom states the following. 
AI: Every point p has a countable neighborhood basis. 
We shall not need the stronger second countability axiom. 
The topological spaces which are important for our purposes all satisfy the 

first separation and countability axioms. In the case of topological groups, and 
hence also in the case of topological -rifigs and skew fields (which are additive 
groups, among other things), the second separation axiom follows as a conse-
quence of the first. \ 

In the introduction to topology given here only the necessary basic concepts 
have been mentioned. The reader who wishes to learn more about topology 
might first study the excellent textbook by Alexandroff and Hopf, Topologie I 
(Springer, Grundlehren, Band XLV, 1935) and then consult the more recent 
literature. 

Exercises 

20.7. In a Hausdorff space a sequence of points {py} can have only one limit. 
20.8. If A 1 is satisfied, then the closure of a set M consists of all limits of con­

vergent sequences {P,,} in M. The set M is closed if all these limits lie in M. 

20.5 TOPOLOGICAL GROUPS 

A topological group (or briefly a T-group) is a topological space that is at the 
same time a group in which xy is a continuous function of x and y and x -1 is a 
continuous function of x. Thus, in addition to the four group axioms and the two 
basic properties of open sets, the following two conditions are also required. 

TG I : For every neighborhood U(ab) of a product ab there exist neighborhoods 
Y(a) and W(b) such that the product V(a)W(b) is contained in U(ab). 

TG2 : For every neighborhood U(a- 1
) there exists a neighborhood V(a) such 

that V(a) -1 is contained in U(a- 1). 

Here M -1 denotes the set of inverses x -1 of the elements x of M. 
It clearly suffices to require TG1 and TG2 for the neighborhoods U of a 

neighborhood basis; also V(a) and W(b) may always be taken to be basis 
neighborhoods. 

Examples of topological groups are the following: 

(a) The additive group of real or complex numbers; 
(b) The real n-dimensional vector space (Section 20.2, Example 4); 
(c) The multiplicative group of real or complex nonzero numbers. 

Every group G becomes a discrete topological group if the discrete topology is 
adopted, that is, if all sets in G are open. ' 

For further examples see Exercise 20.10 and Section 20.7, Example s. 
Now TG l and TG l imply the following. 
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TG': For every neighborhood U(a-1b) there exist neighborhoods V(a) and 
W(b) such that V(a)-lW(b) is contained in U(a-1b). 

TG": For every neighborhood U(ab -1) there exist neighborhoods V'(a) and 
W'(b) such that V'(a) W'(b) -1 is contained in U(OO- 1). 

Exercise 

20.9. Show that either of conditions TG' or TG" alone can replace the two 
conditions TG I and TG2 • 

We now prove the following. 
A T1-group is a T2-group. 

Proof: Let a =t= b; then a- 1b =1= e. By Tl there exists a neighborhood U(a- 1b) 
which does not contain e. By TG' there exists a V(a) and W(b) such that 
V(a) -1 W(b) lies in U(a-1b) and thus does not contain e. Then V(a) and W(b) 
are disj oint. This proves T 2. 

By the same method we can prove the following. 
If in a T-group there exists a neighborhood 0/ p which does not contain q, then 

there exist two disjoint neighborhoods U(P) and U(q). Thus there also exists a 
neighborhood U(q) which does not contain p. In this case p and q are said to be 
separable. The points q which are not separable from p form the closure of the 
set {p}. 

Two T-groups G and H are called topologically isomorphic if there exists an 
isomorphism which is also a topological mapping of G onto H. 

20.6 NEIGHBORHOODS OF THE IDENTI'!'Y 

If a neighborhood basis for e is given, then all the neighborhoods of e are 
known: they are the sets U(e) which contain at least one basis neighborhood. 
Furthermore, the neighborhoods of the other points are also known, for if U(e) 
is a neighborhood of e, then aU(e) is a neighborhood of a, and all neighborhoods 
of a can be obtained in this manner. We may call aU(e) a neighborhood of e 
translated to a. 

We thus see that the topology of a T-group is completely determined if a basis 
for the neighborhoods of e is known. We denote the neighborhoods of such a 
basis by U (or also V, W, . .. ). 

What properties must the sets U have in order that G with the translated 
neighborhoods U(a) = aU(e) become a topological group? 

The following properties are in any case necessary .. 
E 1: Each U contains e (this follows from U1, Section 20.2). 
E2 : For each U there exists a V such that V· V is contained in U. 
E3: For each U there exists a V such that V-I is contained in U (this follows 

from TGl , Section 20.5). 
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E4 : Every transformed set aUa -1 contains a V. 
Es: Every intersection U n V c()ntains a W (this follows from U2 , Section 

20.2). 
Proof of E2 : For every U there exist by TG1 a V' and W' such that V'W' is 
contained in U. By U2 a Vis contained in the intersection V' ('\ W'. 
Proof of E4 : Since a -1 xa is a continuous function of x, there exists for U a V 
such that a-lVa is contained in U; hence Vis contained in aUa- 1 • 

Now suppose that in a group G a system of s~ts U is given which has properties 
E1 through Es. We form the translated sets aU and take these as basis neighbor­
hoods for the point a. These basis neighborhoods clearly have properties U1 and 
U2 (Section 20.2). We shall show that they also have the property U30 

Let U(a) = aU. By E2 there exists a V such that V· V is contained in U. If 
now x is a point of aV, then xV is contained in aVV and therefore also in aU. 
This proves U~. 

We must now prove TG l and TG2 (Section 20.5). 
Let a neighborhood ahU be given. By E2 there exists a V such that V· V is 

contained in U. By E4 there is a Win b Vb -1. Now 

aW·bV G a·bVb-1·bV= abVV c: abU, 

wherewith TG1 is proved. 
Let a neighborhood a-I U be given. By E3 there exists a V such that V- 1 is 

contained in U. There is a W.in a -1 Va by E4 • 

Now aW ~ Va, and hence 

(aW)-l c: (Va)-t = a- 1 V- 1 c a- 1 U, 

w4ich proves TG2 • 

In order to make a group a T-group, we must therefore only prescribe a 
neighborhood basis of the identity element and prove E1 through Es. 

Conditions E2 and E3 may be combined to a single condition. 
E2 +3: For every U there exists a V such that V- 1 V ~ U. 
Now E4 may be omitted in the case of Abelian groups. If they are written in 

additive notation, then the neighborhoods of zero have only three conditions 
to satisfy. 

1: Every U contains zero. 
2: For every U there exists a V such that V-V c U. 
3: Every intersection un V contains a W. 
In order that a T-group defined by neighborhoods of the identity be a T 1-

group, the following separation axiom must be satisfied. 
E6: For every a * e there exists a U which does not contain a. 
Now El and E6 may be combined to a single condition, as follows. 
E 1 + 6: The intersection of all U consists of the identity element alone. 
The corresponding condition for additive groups is the following. 
The intersection of all U consists of zero alone. 
If G is not a T1-group, then there are other elements p in addition to e in all 
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the neighborhoods of e; these elements are thus not separable from e. They 
clearly form a normal subgroup N of G. By Section 20.5, N is the closure of the 
set {e} and hence N is closed. The factor group G/ N is a T1-group. 

Exercise 

20.10. In a group G let a sequence of nested normal subgroups 

Hl';;)H2~··· 

be given. If these normal subgroups are taken as basis neighborhoods 
of the identity, then properties E 1-E5 are satisfied and G becomes a 
T-group. But E6 is satisfied only if the intersection of all the Hi consists 
of the identity alone. 

20.7 SUBGROUPS AND FACTOR GROUPS 

Every subgroup of a T-group is again a T-group. The closed subgroups are 
especially important. We first prove the following. 

An open subgroup is also closed. 
Proof: Let the subgroup H be open in G. The co sets aH are then likewise open 
in G. The union of all the cosets excepting H is thus again open. This union is 
the complement of H in G; hence H is closed. 
Example 5: Let R be the ring of all matrices with n rows and n columns over 
the field of real numbers. The units in R are those matrices A which have inverses 
A -1. These units form a group G. If a cubic neighborhood of a matrix A is defined 

. as the set of matrices B such that 

Ibik-aikl < e 

(cf. Section 20.2, Example 4), then R becomes an additive and G a multiplicative 
topological group. Let us consider the subgroup of matrices A in G whose 
determinants are positive. This subgroup is open in G; it is therefore also closed. 

Now let H be a normal subgroup of G. It will at first not be required that H be 
closed. We form the factor ~oup 

GtH = G. 

Under the homomorphism a-+ti of G onto G, the basis neighborhoods U of e 
go into certain subsets U of G which trivially satisfy conditions E 1-E5 - The sets 
U therefore define a topology in G. The mapping a~a is continuous in this 
topology; this follows directly from the definition of contin ui ty. We th us have the 
following. 

Every factor group G/H of a T-group is i1 T-group, and the mapping a~d is 
continuous . 
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We now ask under what condition the factor group satisfies the separation 
axiom TI • The answer is as follows. 

If the normal subgroup H is closed in G, then G/H is a T 1-group and conversely. 
Proof: Let H be closed in G. Every coset aH is then also closed in G. If d =1= e, 
then e does not lie in aH; that is, e is contained in the open complement of aB. 
There thus exists a neighborhood U of e which does not intersect aH. The image 
U in G then does not contain a. Thus G satisfies condition E6 ; therefore G is a 
Tt-group. 

Suppose now that G is a T1-group. The set of d * e is then an open set in G. 
Since the mapping a--+d is continuous, the pre-image of this open set is again 
open. But this pre-image ~s precisely the complement of H. Hence H is closed in G. 

Exercise 

20.11. Let H be a subgroup and N be a normal subgroup of G. If N is closed in 
G, then the intersection D = N n H is closed in H, and the natural 
isomorphism of HID to N,HIN is continuous. 

20.8 T-RINGS AND SKEW T-FIELDS 

A topological ring (or briefly a T-ring) is a topological space which is also a 
ring and in which x + y, - x, and xy are continuous functions. Instead of this, 
we may require that x- y and xy be continuous functions of x and y. Thus we 
have the following. 

TR1 : For every neighborhood U(a-b) there exist V(a) and W(b) such that 
all differences of elements of V(a) and W(b) lie in U(a-b). 

TR2 : For every neighborhood U(ab) there exist V(a) and W(b) such that all 
products of elements of V(a) and W(b) lie in U(ab). 

In the case of a skew T -field it is required in addition that X-I be a continuous 
function of x, as follows. 

TS: For every neighborhood U(a- 1
) there exists a V(a) whose inverse is 

contained in U(a -1). 
If TS is satisfied, the ring topology is said to be afield topology. 
Commutative skew T-fields are naturally called T-fields. 
A ring is an Abelian group with respect to addition. In order to define a 

topology in this group, it is sufficient by Section 20.5 to define basis neighbor­
hoods U, V, ... of zero which satisfy condition 1, 2, and 3 (Section 20.6). In 
order that multiplication also be continuous, the following condition must be 
satisfied. 

4: For Q, b, and U there exist V and W such that 

(a+ V) (b+ W) c ab+ U. 
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A topological skew field must, moreover, satisfy the following condition 
which is equivalent to TS. 

For a =t= 0 and U there exists a V such that 

(20.1) 

Putting aU = U' and Va- 1 = V', so that U = a-IU' and V = V 'a, it 
follows from (20.1) that 

a- 1(1+V')-1 c a- 1(I+U') 
or 

(l+V')-l c I+U'. (20.2) 

It therefore suffices to require (20.1) for a = 1. The axiom TS is thus equivalent 
to the following condition. 

S: For every neighborhood U of zero there exists a neighborhood V of zero 
such that 

(20.3) 

Examples of T-fields are all fields with valuations, in particular the fields of 
real, complex, and p-adic numbers as well as their subfields. 

The ring of real n by n matrices is a T-ring. A basis neighborhood of zero 
consists in this case of the matrices whose elements are less than e in absolute 
value. 

Further examples may be obtained by considering a sequence of nested two­
sided ideals. 

91 ::> 92 ::> ••• 

in a ring 0 and taking these ideals as basis neighborhoods of zero. Conditions 1 
through 4 are then satisfied. "A T1-ring is obtained if the intersection of all the 91' 
consists of zero alone. 

The ring topology defined by the sequence {9v} is called the {9y}-adic topology. 
In particular, if the 9v are powers of a prime ideal :p in a commutative ring 0, 

p ::> :p2 ::> :p3 .•. , 

then we speak of a V-adic topology. We shall later see that in many important 
cases the intersection of all the powers of p is the null ideal. In all these cases, 
then, the separation axiom Tl is satisfied. 

In Section 18.1 the sequence of powers :pv of a prime ideal:p was employed 
under very restrictive conditions to construct a valuation of the ring o. If only a 
ring topology rather than a valuation is required, then these restrictive conditions 
are unnecessary. 

Exercises 

20.12. CondiQ.on 4 can be replaced by three subconditions: 
(a) For a and U there exists a V such that aV c: u. 
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(b) For band U there exists a V such that Vb c u. 
(c) For U there exists a V such that VV ~ U. 

20.13. In the skew field of quaternions over the field of real numbers (Section 
13.2, Example 2) the neighborhoods of zero can be defined as follows: 
Ue consists of the quaternions a + hj + ck + dl whose norm 

(a-bj-ck-dl) (a+bj+ck+dl) = a2 +b2 +c2 +d2 

is less than E. Show that the quaternion field with this topology is a 
skew Tt-field. 

20.9 GROUP COMPLETION BY MEANS OF 
FUNDAMENTAL SEQUENCES . 

In Section 18.2, for a field with a valuation we constructed an extension field 
in which the Cauchy convergence theorem holds. Fundamental sequences {a,,} 
provided the means of doing this; they were characterized by the fact that for 
sufficiently large I-' and v, all - ay belongs to any neighborhood of zero. An anal­
ogous construction will now be carried out for T-groups following D. van 
Dantzig.1 

A sequence {xv} in a T-group is called a fundamental or Cauchy sequence if 
the quotients x" - 1 Xv for I-' ~ m and v ~ n lie in any given neighborhood of the 
identity element. . 

A T-group is called weakly complete if every fundamental sequenCe has a 
limit in the group. 

We set ourselves the task of extending any T-group satisfying axioms Tl and 
At to a weakly complete T-group. 

I am indebted to H. R. Fischer for the proof of the following lemma. 
Lemma: Let {xv} he a/undamental sequence. Then/or any U there exist a V 
and an m such that 

-tv: c U x" xp = for I-' ~ m. (20.4) 

Proof: Choose W so that WWW c U and m so that 

X"-IX,,EW forp,~m,v~m. 

Then, in particular, for IL ~ m, x
ll 
-lXm and xm -IX", are contained in W. By 

E. we can choose a V in Xm WXm -1. Then 

for I-' ~ m. 

From this lemma we obtain the following corollary. 
Corollary I: If {x,,} and {YIl} are fundamental sequences, then {xpy,,} is also a 
f~entalsequence. 

ID. van Dantzig, "Zur Topologischen Algebra I: Komplettierungstheorie," Math. Ann. 
107, 587 (1933). . 
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Proof: We.-ha:ve 
(X"YI')-l xvYv = YI' -l(Xp -lxv)Yp_y" -lyv' 

In the product on the right both factors are contained in arbitrarily small 
neighborhoods of e: the first factor by the lemma and the second factor by the 
definition of a fundamental sequence. The product is therefore also contained 
in any given neighborhood U of e. Then {x"y,,} is called the product of the funda .. 
mental sequences {x p} and {y p }_ 

Another corollary of the lemma is the following. 
Corollary n: If {xp} is afundamental sequence and {yp} converges to e, then 

{xp -
1ypx,,} 

also converges to e. 
Proof: By the lemma, x

ll 
- 1 Vx p C U for sufficiently large" p" and y JJ lies in V for 

sufficiently large p,; xll -lyl'XI' therefore lies in U for sufficiently large ft. 
The following completion axiom is necessary in order that G be extendable to 

a complete topological group. 
TG3 : If {x,,} is a fundamental sequence, then {xl' -I} ;s also a fundamental 

sequence. 
In an Abelian group TG3 is automatically satisfied, for if x" -Ixv lies in U, then 

x x -1 = (x -I)-IX -1 
v " v " 

also lies in U. In the general case, however, TG3 is not a consequence of the other 
axioms. 

From Corollary I and TG3 it follows immediately that the fundamental 
sequences form a group F. The identity element of the group Fis the sequence {e}. 

We now make the group F into a topological group by defining the neighbor­
hoods U of the identity element {e} as follows: U consists of all fundamental 
sequences {xv} whose elements Xl' lie in U for sufficiently large v. 

These neighborhoods U satisfy conditions E1-E5 (Section 20.6). This is obvious 
in the case of E1-E3 and E 5 , whereas E4 is precisely the lemma above: if {x,,} is 
a fundamental sequence, then there exists a V such that 

for sufficiently large /1-. 

Thus F is a topological group. In this group the sequences which converge to e 
form a subgroup, which by Corollary II is a normal subgroup N. We now prove 
that N is closed in F. 

If a fundamental sequence {xp} does not belong to N, and thus does not 
converge to e, then there exists a neighborhood U which does not contain almost 
all elements of the sequence. By E2 and E3 there exists a V such that 

VV- 1 c U. 

This V defines a neighborhood V in F consisting of all fundamental sequences 
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{y,,} almost all of whose elements y" lie in V. We now assert that the neighbor­
hood {x,,}P' of {x,,} in F is contained in the complement of N in F. 

Suppose that {xl'}"P had a fundamental sequence 

{x,,} {y,,} = {x"y,,} = {z,,} 

in common with N, where the yp almost all lie in V and {zp} converges to e. 
Almost all the z" then also lie in V; hence the 

x = z _v -1 
p #LJ /1 

almost all lie in VV- 1 and therefore in U, contrary to the definition of U. Hence, 
{x,,} V has no element in common with N. 

The complement of N in F is thus an open set; that is, N is closed in F. From 
this it follows by Section 20.7 that FIN is a TI-grOUP. 

In F the constant fundamental sequences {a} form a subgroup G' which is 
topologically isomorphic to the given group G. Because of the separation axiom 
T1, this subgroup has only the element {e} in common with N. We may identify 
the constant sequences {a} with the elements a and hence G with G'. If we now 
form cosets modulo N, then G' goes into a factor group G" which is a subgroup 
of FIN and as such is again a T-group. This T-group is topologically isomorphic 
to G' and hence also to G; it may therefore be identified with G. 

We now put FIN = G. Therefore G is imbedded in a Tl-grOUP fi. We now 
prove the following. 
Corollary m: If the fundamental sequence {x,,} defines the element x ole: then 

lim x" = x. (20.5) 

Proof: Let us denote the fundamental sequence {xl'} considered as an element 
of Fby x. Under the homomorphism which maps Fonto FIN = G, x goes into x. 
The mapping is continuous; (20.5) will therefore be proved as soon as the corre­
sponding relation is demonstrated in F: 

lim xI' = x in F. 
Relation (20.6) means 

X -1 X" is in U for sufficiently large p, 

or, by the definition of U, 

XV -1 xp is in U for sufficiently large f.L and v. 

But this is. clear, since {xl'} is a fundamental sequence. 
We are now ready to prove the main theorem. 

Corollary IV: G;s weakly complete. 

(20.6) 

The proof is entirely similar to the proof given in Section 11.2 for the real 
numbers. Let {Xl' X2, ••• } be a sequence of elements of G which satisfy the 
Cauchy convergence criterion 

for IL ~ m and JI ~ m. 
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We choose a countable basis {Ut, U2 , ••• } for the neighborhoods of e in G. For 
each UA we choose a VA such that 

VA -tvAVA, ~ U;.,. 

We may, moreQver, assume that 

V1 ::> V2 :::> V3 •••• 

The neighborhoods VA define neighborhoods PJ, in F, and these in turn 
define neigbborhoods P;., in 0. Each x" is by Corollary III a limit of a sequence 
of elements of G; corresponding to xI' we can therefore choose a Y Il in G such that 

xI' -ly Il E P". 

We now show that the y" form a fundamental sequence. We have 

-1 _ (y -1 .... \ (- -1 - ) (- -1 \ V-- -1( - -1 .... ) T7 y" Yv - " X'" X Il Xy Xl' Yl'J E IJ X Il X"" v· (20.7) 

For each ,\ there exists an m > A such that 

for I-' > m, v >m. 

From (20.7) it now follows that, for I-' >m >,\ and v > m > A, 

Yp -1yv E Vp -1 V;V., s; V}" -1 VAP). c: (JJ..' 

that is, Y" -ly" E U).,. The Yll therefore form a fundamental sequence in G. This 
fundamental sequence defines an element y of G and has the limit y by Corollary 
III. The xll have precise~y the same limit, for 

y -tx" = (y-ty,J (Y" -lXJ, 

and for sufficiently large /L both factors lie in arbitrarily small neighborhoods 
of e. The sequence {xlt} therefore has a limit in 0, and the group is weakly com­
plete. 

The Tl-grOUPS which do not satisfy tbe countability axiom At can likewise 
be completed under suitable conditions. In this case, however, following 
Bourbaki (Elements de Mathematique, Book III, Chapter III; Actualites scient.), 
Cauchy filters must be used in place of fundamental sequences both to define the 
concept of "completeness:' and to construct the complete extension. This will 
now be examined in more detail. 

Exercise 

20.14. If G satisfies axioms Tl and At, then every weakly complete subgroup 
H is closed in G. (Use Exercise 20.8.) 
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20.10 FILTERS 

Let M be a fixed set. Subsets of M will be denoted by A, B, . . . . Collections 
of such sets will be denoted by capital German letters ~, (fj, . •. . 

A collection of sets tJ is called aftller if it has the following properties. 
F 1 : Every set A which contains a set of fj belongs to lY. 
F2 : Any intersection of finitely many sets of ~ belongs to tj. 
F3: The empty set does not belong to (j. . 
From Fa it follows that M itself, as the intersection of an empty collection of 

subsets of M, also belongs to tJ. Instead of F2 we may require the following. 
F2: The intersection of two sets of lj belongs to tj. 
F;: M belongs to tJ. 

Extunple 1: The neighborhoods of a point p in a topological space M form a 
filter, the neighborhoodfilter of the point p. 

A nonempty collection of sets ~ is called a filter basis if it has the following 
properties. 

B 1: The intersection of two sets of ~ contains a set of~. 
B2 : The empty set does not belong to ~. 
If these properties are satisfied, then we can form a filter tJ which consists of 

the subsets of M which contain at least one set of~. This filter is called theftlter 
generated by~, and ~ is called a basis of the filter ~. 
EXlUllple 2: The basis neighborhoods of a point p in a topological space M 
form a basis for the neighborhood filter of p. 
EXlUllple 3: Let a sequence of elements of M be given: 

ala2a3· ... 

Omitting finitely many terms of the sequence, we form a set A from the remain­
ing terms. These sets A form a filter basis ~. The filter generated by ~ consists 
of the subsets of M which contain almost all terms of the sequence. 

Henceforth M shall be a topological group G. Let V be a neighborhood of 
the identity element e. A set A is called small of order V if all quotients x -1 y of 
elements in A lie in V: 

x- 1y E V, and hence y E xV, for x and y in A. 

We say that a set ~ contains arbitrarily small sets if for every neighborhood V 
of e there is a set A in m which is small of order V. 

A Cauchy filter is a filter which contains arbitrarily small sets. 
A Cauchy filter basis ~ in G is a basis containing arbitrarily small sets. The 

filter generated by ~ Cauchy filter basis is a Cauchy filter. 
A filter basis ~ converges to a if in every neighborhood of a there is a set A of 

~. We then write 
lim~ = a. 

In a T1-group the limit a is uniquely determined. 
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In Section 20.9 a T1-group was called weakly complete if every Cauchy sequence 
had a limit in the group. However, this concept is really useful only if the group 
satisfies the first countability axiom. In the. general case we need a stronger 
concept. We define: G is strongly complete if every Cauchy filter in G converges. 

The present concept of completeness is indeed stronger than that used 
previously: every strongly complete T':'group is weakly complete. 
Proof: Let G be strongly complete, and let {Xl'} be a fundamental sequence in G. 
The sets A obtained by omitting finitely many terms of the sequence are arbitrarily 
small by ~he definition of a Cauchy sequence. These sets form a Cauchy filter 
basis ~ which generates a Cauchy filter (j. This filter has a limit a in G. Every 
neighborhood of a contains almost all te~s Xl' of the sequence;\the sequence 
therefore has limit a in G. 

Following Bourbaki, we now prove the next statement. 
If a set D is dense in a T-group G and if every Cauchy filter basis in D converges 

to a limit in G, the G is strongly complete. 
Proof: Let (Y be a Cauchy filter in G. We must show that (Y converges. 
For every neighborhood Vof e and every set A of the filter (J we form a product 

set A V. These sets form a filter basis ~, for if AV and A' V' are two such sets, 
then the set 

(A fl A') (V () V') 

is .contained in the intersection of A Vand A' V'. We now show that ~ is a Cauchy 
filter basis. 

Let U be a neighborhood of e, and let V be a neighborhood such that V-I V V 
is contained in U. We choose A small of order V. For any two elements av and 
a'v' of A V we then have 

(av) -la'v' = v -l(a -la')v' E V-I vv c: U, 

and hence A V is small of order U. Therefore ~ is a Cauchy filter basis. 
The intersections of the product sets A V with Dare nonempty, since A contains 

at least one element a, and in every neighborhood a V of a there is at least one 
point of D. The intersections AV (\ D therefore form a Cauchy filter basis on D. 
This has a limit b in G by hypothesis. In every neighborhood of b there is a set A V 
and hence also a subset Ae = A. Therefore ~ converges to b, and this completes 
the proof. 

Exercises 

20.15. If a filter 3" converges to a, then ty- is a Cauchy filter. 
20.16. If a filter basis ~ converges to a, then the filter ty generated by ~ likewise 

converges to a, and conversely. 
20.17. A T-group which is weakly complete and satisfies the first countability 

axiom is also strongly complete. 
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Hint. Let VI' V2 , ••• be a countable neighborhood basis of e, and 
let ~ be a Cauchy filter. For each n there is a set An in the filter which is 
small of order V,.. Form the intersections 

D,. = Al n A2 n · · · n A,. 
and choose x,. in D,.. Then {x,,} is a fundamental sequence whose limit is 
also the limit of the filter (j. 

20.11 GROUP COMPLETION BY MEANS OF CAUCHY 
FILTERS 

To prepare the way for strong completion, we first prove a lemma which is 
the analogue of the lemma of Section 20.9 and is proved in a similar manner. 

Let tJ be a Cauchy filter. Then/or every neighborhood U of e a neighborhood V 
and an A in F exist such that 

for all x in A. 

Proof: Choose W so that WWW C U. Choose A so that 

for x andy in A. 

Choose a fixed y in A. Then x- 1y and y -1 X are in W if x is in A. By E4 (Section 
20.6) we may choose a VinyWy-l. Thenx-1yx ~ (x- 1y)W(y-lX) ~ WWW 
~ Ufor all x in A. 

By the product of two filters ~ and OJ we mean the filter generated by the 
products AB (A in tJ, B in m). The product is associative: 

(20.8) 

Indeed, both sides of (20.8) are equal to the filter generated by the products 
ABC (A in tj, B in 6), and C in .f,). 

I: If~ and (fj are Cauchy filters, then ty(fj is also a Cauchy filter. 
Proof: We have 

(xy) -1 X' y' = Y -1 (x -1 X ')y . (y -1 Y '). (20.9) 

H x and x' are contained in an appropriately chosen set A of ij and similarly 
y and y I are in an appropriately chosen set B of m, then x - 1 X I and y - 1 y' lie in 
arbitrarily small neighborhoods of e. By the lemma, y-l (x- 1x')y then lies in 
an arbitrarily small neighborhood U. The product (20.9) therefore lies in an 
arbitrarily small neighborhood of e, and this completes the proof. 

ll: If tj is a Cauchy filter and 6j converges to e, then tY -16)ij converges to e. 
Proof: If x and x' are contained in a set A of the filter (j and if y is contained 
in a set ~ of the filter 6), and thus by appropriate ·choice of B in an arbitrarily 
small neighborhood Y of e, then 

x- 1yx' = x- 1YX·X- 1x' 
C x-1Vx·U. (20.10) 
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By appropriate choice of V and A, x -1 VX is contained in an arbitrarily small 
neighborhood U of e by the lemma. The product (20.10) therefore lies in U' U 
and thus in an arbitrarily small neighborhood of e. 

Exercise 

20.18. The sets A which contain the element e form a Cauchy filter (f. This 
filter is the identity element of filter mUltiplication: 

(fty = ty(f = ty for all tj. 

As in'Section 20.9, we must now introduce a group-completion axiom, which is 
a stronger version of TG3 • 

GC: iffY is a Cauchy filter, then tJ -1 is also a Cauchy filter. 
This means that if the products x-1y (x and y in A E ty) are contained in 

arbitrarily small neighborhoods of e, then the products yx -1 are also contained 
in arbitrarily small neighborhoods of e. In Abelian groups this is trivial. 

The Cauchy filters form a semigro.up under multiplication in the sense that the 
first three group axioms of Section 2.1 hold. Axiom 4 does not hold in general. 
It is true that for every Cauchy filter there is an inverse Cauchy filter ~ -1, but 
the product 5 -1~ in most cases is not equal to (f. 

Let (j denote the semi group of Cauchy filters in G. We make (j into a topo­
logical space by. defining the basis neighborhoods 0 of the identity element (of; 
to each neighborhood U of e in G there corresponds a basis neighborhood 0 
defined as follows: 0 consists of all filters tj which contain at least one set A c U. 

The basis neighborhoods 0- so defined satisfy conditions E1 through £5 
(Section 20.6). For £1 -E3 and Es this is trivial; to prove E4 the lemma must be 
used. 

Exercises 

20.19. Prove E 4 • 

20.20. The filters converging to e are precisely those which lie in all neighbor­
hoods O. 

Using the neighborhoods 0, we can form translated neighborhoods tjO as 
in Section 20.6. Thus {j becomes a topological space. Product formation ~~ and 
formation of inverses ~ -1 are continuous in the sense of this topology; (j may 
therefore be designated a topological semigroup. The separation axiom T1 is not 
satisfied in general (see Exercise 20.20). 

The filters converging to e form a sU,bsemigroup IV in (i. Because of II, N is a 
normal subsemigroup in the sense that 

tJ-l~tJ c ~ 
for all (Y. 
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These properties of G and lV, together with the obvious property 

fj- 1tiER, 

suffice for the formation of the factor group 

(}/R = G. 

We need only examine the construction of the factor group in Section 2.5 to see 
that the property a- 1a = e (in our case (J-1~ = (f) was not used, but rather 
only (j-l~ER. The factor group is a genuine group: each element has a 
genuine inverse. As in Section 20.7, we see that the factor group G/R is a T­
group. There is a continuous homomorphism of C onto (;/EI = G. 

According to Exercise 20.20, IV consists precisely of those filters tj which are 
not separable from the identity element (t of the group G. Here IV is closed by 
Section 20.6, and hence (j = (JIEI is a T1-group. 

Every element x of G defines a filter lYx consisting of the sets A which contain x. 
The filter contains the set {x} and is therefore a Cauchy filter. Thus, to each 

x in G there corresponds an x = (Yx in (;. The correspondence x~x is continuous, 
and products go into products. The homomorphism (;~G takes the element x 
into an image x. There is thus a chain of continuous homomorphisms: 

(20.11) 

If two elements x and yare not separable in G, then they have the same image 
x in G, and conversely. 

Henceforth G shall be a T1-group. Any two distinct elements x and y can then 
be separated, and the mapping x~x is therefore one-to-one. Thus G is imbedded 
in G. 

Now let ~ be a Cauchy filter basis in G. Since G is imbedded in (i, we may 
interpret ~ as a filter basis in G. On the other hand, ~ generates a Cauchy filter 
tJ in G, and to this filter there corresponds an element a of G under the homo­
morphism (;~(j. We now assert the following. 

m: The filter basis ~ converges to a. _ 
Proof: By the definition of a Cauchy filter basis, for every neighborhood U 
of e there exists a set A in ~ such that 

y-1x E U 

T~is may also be written 

A- 1x c U 

for all x and y in A. 

for all x EA. 

Th~ set A \-:.1 belongs to the filter (y -1 and the set {x} to the filter x; the product 
5' -1 X therefore contains the set A -1 {x} ~ U" This means, according to the 
definition of neighborhoods 0 in (;, that 

for all x E A. 

; 
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Passing by means of the continuous homomorJ?hism f~om G to G, we find 

a-lxeU, 
and hence 

XEaO. 

We have identified x with x; it follows therefore that 

XElLU for all x E A, 
that is, 

A c aU. 
Thus, in the filter basis ~ there exist sets, A which are contained in arbitrarily 

small neighborhoods aU of a; this means that ~ converges to a and the proof 
of III is herewith complete. 

Since there is a nonempty set A in every neighborhood of a, points of G lie in 
every neighborhood of a. This means: G is dense in G. 

From this, III, and the last theorem of Section 20.10, we obtain the following. 
IV: G is strongly complete. 

Exercise 

20.21. If the first countability axiom holds in G, then it also holds in G. Each 
element of G is then the limit ~f a sequence {xv} in G, and the weak 
completion of G according to Section 20.9 produces the same result as 
the strong completion according to Section 20.11. 

20.12 TOPOLOGICAL VECTOR SPACES 

AT-module M is an additive Abelian T-group. By Section 20.6 the topology 
in M is defined by a system of neighborhoods U of zero which satisfy conditions 
1, 2, and 3 (end of Section 20.6). 

The concepts of Sections 20.9 and 20.11 carry over to additive T-groups. A 
sequence {xv} is called a fundamental sequence if the differences x JI.- Xv belong 
to any neighborhood V of zero for sufficiently large p. and v. A set A is called 
small of order V if the differences y - x (x E A, YEA) all tie in V. A filter which 
contains arbitrarily small sets is called a Cauchy filter. The module M is said, to 
be strongly complete or simply complete if every Cauchy filter in M converges. 

Since by Section 20.11 no completion axiom is required for commutative 
groups, any T1-module M can be imbedded in a complete Tt-module M. 

Now let there be an operator domain Q for M with the property 

y(a+b) = ya+yb (20.12) 

for every operator y. We assume that yx is a continuous function of x. For this 



272 TOPOLOGICAL ALGEBRA 

it is necessary and sufficient that for every U there exist a V with the property 

"V c: u. 
H a filter ij contains arbitr.arily small sets, then yty contains arbitrarily small 
sets 'Y.A; that is, ytj is again a Cauchy filter. The C9mpletion theory of Section 
20.11 may therefore be extended immediately to Tt-modules with operators; 
the complete module 1C1 again has the same operator domain O. 

It is sometimes expedient to write tty instead of ya. Then !l is called a right 
operator domain and M a right D.-module. In place of (20.12) we then have 

(a+b)y = ay+by. (20.13) 

H n is a ring, then we require, in addition to (20.13), that 

a(ft+,,) = ap+ay 

a(fJy) = {aP)y· 

(20.14) 

(20.15) 

These relations also are preserved in going over to the complete module &l. 
H n is a T-ring, then jt is required that the product xy be a continuous function 

of x and y. This property is also transferred to A1 so that M" becomes a complete 
right Q-module. 

If a is a skew field and if 
a·1 = a (20.16) 

holds in addition to the composition rules already assumed (1 is here the identity 
element of 0), then M is called a vector space over Q. If n is a skew T-field, then 
continuity of xy as a function of x and 'Y is also required. 

A simple example of a topological vector space over a skew T-field n is the 
CQlU)nicai n-dimensional vector space 0", which is defined as the set of aU ordered 
sequences of 11 elements Wi' ... , flJ of O. The multiplication of vectors by. 
elements of (1 is defined by 

CPt, · • · , {J,Jr = (fJIY' • · • , p"y). / 

A basis neighborhood U' of the zero vector consists of all vJors whose indi­
vidual coordinates fJ l' · · · , fJ" all belong to a basis nei~borhood U of zero in O. 
1be neighborhood axioms are satisfied, and addition and multiplication are 
continuous. 

If a is complete, then Q" is also complete. 
Proof: A set A of vectors W1' ... , P,,) is small of order U' if and only if the set of 
/1, for each i is small of order U. We call the set of the fJi the i-component of the 
set A. and denote it by Ai. If now a Cauchy filter 5' of sets A is given, then, for 
each i, A j forms a Cauchy filter in Q. If 0 is complete, all these Cauchy filters have 
limits 'Yi in n. There is then for each U a set A(l) whose I-component lies in Yl + U, 
a set A (2) whose 2-component lies in "2 + U, and so on up to A(II). The intersection 

A = A(1) n A(l) " • • • " A{II) 

then lies in ('Y1' ••• ,y,.)+ U'. The filter ~ thus converges to the limit (Yl' · · '" y-.J. 
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20.13 RING COMPLETION 

A T1-ring R is an additive T1-group and can therefore be extended to a strongly 
complete group 

Here 11 is the additive group of Cauchy filters, and f{ is the normal subgroup 
which consists of filters having limit zero. 

We wish to define a multiplication in J{ which makes A. a ring and IV a two­
sided ideal in this ring and such that .R. = AIEl becomes a complete T-ring. 

The neighborhoods of zero will again be denoted by U, V, W, .... We first 
prove the following. . 
Lemma: 1f~ is a Cauchy filter, then for every U there is a Wand a set A in (J 
such that 

AWe U 

Proof: There exists a U' such that 

and WA c U. 

U'+U' c: u. 
There exists a V such that 

V· V c U'. 

There is an A in tJ with the property 

X-yE V for all x andy in A. 

H y in A is fixed, then there is a W c V such that 

yW c: U' and Wy c: U'. 

Then for every x in A and z in W, 

XZ = (x-Y)Z+YZE VV+yW c: U'+U' c U, 

and hence A W c U .. Then W A c: U is proved in precisely the same way. 
From the lemma we obtain the following corollaries. 
I: If~ and (Jj are Cauchy filters, then tyOj is also a Cauchy filter. 

Proof: We have 
xy-x'y' = x(y_y')+(X-X')y'. (20.17) 

Given U, we choose V so that 

v+vc U. 

By the lemma, there is an A in (1, a B in 6), and a W such that 

WB c: V and AW c: v. 
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If now xy and x'y' are any two elements of AB (x and x' in A, y and y' in B), 
then it follows from (20.17) that 

xy-x'y' E V+ V c: U. 

Therefore 3m is a Cauchy filter. 
ll: Iffj is a Cauchy filter and <D converges to zero, then fj(fj and G>fj converge 

to zero. 
The proof of II follows immediately from the lemma. 
By I the Cauchy filters form a ring A. By II the filters converging to zero form a 

two-sided ideal fl in this ring. The factor module 

R =R/~ 
is therefore not only a complete T-module, but also a ring. 

We now prove the continuity of multiplication in A. 
m: If fj and (fj are Cauchy filters and if 0 is a basis neighborhood of zero in 

A (as defined in Section 20.11), then there exist basis neighborhoods l' and Jfr 
such that 

(20.18) 

Proof: For any x, y, v, w in R, 

(x+v) (y+w) = xy+xw+vy+vw. (20.19) 

Now let a neighborhood U of zero be given in R. We choose U I so that U I + U I 
+ U' c U; we then choose, in accordance with the lemma, an A in tJ, a B in 
6), and neighborho·ods V' and W' so that 

AV' C U' and W'B cU'. 

Finally, we.choose V C V' and W C W' so that VW cU'. It then follows from 
(20.19) that for x E A, Y E B, v E V, and WE W, 

(x+v) (y+w) E xy+ U' + U ' + U ' c: xy+ U, 
and hence 

(A+ V)(B+ W) C AB+ U. 

Then III is herewith proved. 
Thus I< is a T-ring. Therefore R. is also aT-ring; it is even a T1-ring, since the 

first separation axiom· T 1 is satisfied in it. 
Now R is complete by Section 20.11. Hence every T1-ring can be imbedded in 

a complete T1-ring. 

20.14 COMPLETION OF SKEW FIELDS 

Let S be a skew T-field which satisfies the first separation axiom. By Section 
20.13, S can be imbedded in a complete T-ring S = S/~. However ~ is not 
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necessarily a skew T-field, since the inverse of an element w =F 0 of S need not 
exist; even if it exists it need not depend continuously on w. 

The following completion axiom for skew fields is necessary and sufficient in 
order that S admit an imbedding in a complete skew T-field. 

SF: If 3' is a Cauchy filter in S which does not converge to zero, then 3' -1 is 
a basis for a Cauchy filter. 

We shall show first of all that SF is necessary when S can he imbedded in a 
complete skew T-field. A Cauchy filter ty in S under the imbedding gives rise to a 
basis for a Cauchy filter which has a limit a 9= 0 in S. The inverse filter basis tJ- 1 

then converges to a-I, since the mapping x~x -1 is continuous. Therefore tJ- 1 

is a basis for a Cauchy filter. 
Now s.uppose that SF is satisfied. We wish to show that S is a complete skew 

T-field. 
We first show that the previous axiom TS (Section 20.8) follows from SF. 
Let U be a neighborhood of zero in S. We must show that there exists a 

neighborhood V such that 
(l+V)-l c: l+U. 

The neighborhoods 1 + V of the identity form a Cauchy filter lJ which con­
verges to one and hence does not converge to .zero. By SF, tJ - 1 = ~ is then a 
basis for a Cauchy filter. The sets of ~ are 

A = (1+ V)-1, 

where zero is of course to be omitted from 1 + V. For every y =+= 0 in 1 + Vwe have 

(20.20) 

By the lemma of Section 20.13, for every U there exists a Wand an A' in 58 
such that 

A'We -u. 
This A' has the form (1 + V') -1. We now chopse V in the intersection V' 11 w. 

Then A C A' and V C W; hence 

AV CA'W C-U 

l-y-l e -U 

y-l-1 E U 

y-l E l+U. 

This holds for all y =F 0 in 1 + V, and we thus have 

(1 + V)-1 C 1 + U, 
as asserted. 

(20.21) 

We can now show that each element a =f= 0 of S has an inverse. The element a 
is the limit of a Cauchy filter ~ in S. By SF, ~ -1 is then a basis for a Cauchy 
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filter which in ~ thus has a limit b. The product ij -1 fJ has the limit ba on the 
one hand and the limit 1 on the other; hence ba = 1. 

To show that S is a skew field, by Section 20.8 we need only sh~w that for 
every basis neighborhood a of zero there exists a basis neighborhood P of 
zero such that 

(1+1')-1 c 1+0. 

The basis neighborhoods a and P arise from basis neighborhoods 0 and ft in S 
under the homomorphism S-+~. It therefore suffices to show that 

(1+ 9)-1 c 1+0. 

But this follows immediately from (20.21) if it is recalled how 0 and P are related 
to Uand V. 

We now combine these results. 
If SF is satisfied, then S is a skew T -field. Now SF is necessary and sufficient for 

the imbedding of S in a complete skew T -field. 2 

2For further studies of topological skew fields see: 
I. Kaplanski, "Topological Methods in Valuation Theory," Duke Math. J., 14, 527 (1947). 
H. J. Kowalsky and H. Dilrbaum, "Arithmetische Kennzeichnung von Korpertopologien," 

J. Reine u. Angew. Math., 191, 135 (1953). 
H. 1. Kowalsky, "Zur Topologischen Kennzeichnung von Korpem:' Math. Nachr., 9, 261 

(1953). . 
L. S. Pontrjagin, Top%gische Gruppen, Teubner, Leipzig, 1957. 
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Clifford, 39 
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Complete extension, 197 

matrix ring, 36, 51, 78 
module, 271 
orthonormal system, 26 

Completion axioms, 262, 263, 275 
of groups, 263 
of rings, 273 
of skew fields, 274 

Complex group, 31 
Components, 234 
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theory, 168 
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classical, 168 

Ideals, quasi-relatively prime, 186 
rdatively prime, 135 
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Imbedded primary component, 134 
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p-adic valuation, 192 
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Polar form, 20 
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of a differential, 245 
of order h, 225 

Polynomial, characteristic, 19 
Polynomial ideal, 149 
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symbolic, 133 
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formal, 198 

~ideal, 123 
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filters, 268 
fundamental sequences, 262 
ideals, 49, 119 
ideal classes, 185 
vector spaces, 41 

Product representation, 88 
Product space, 41 
Product transformation, 88 
Priifer, H., 190 

Quadratic residue, 214 
Quasi-ascending chain condition, 187 
Quasi-divisor, 185 
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Reducible representation, 11 

ideal, 66 
variety, 150 
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irreducible, 11 
by linear transformations, 51 
module, 11, 75 
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Residue theorem, 246 
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Severi, F., 223 
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discrete, 254 
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Submodule, SO 
Subspace, linear, SO 
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Symplectic group, 31 
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skew field, 260 
space,2S2 
vector space, 271 

Topologically isomorphic groups, 257 
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Unitary transformation, 2S 
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equivalent, 200 
non-Axchnnedean, 194 
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Waerden, B. L. van der, 32, 213 
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