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Preface

The availability of microdata has increased rapidly over the last decades,
and standard statistical and econometric software packages for data analysis
include ever more sophisticated modeling options. The goal of this book is to
familiarize readers with a wide range of commonly used models, and thereby
to enable them to become critical consumers of current empirical research,
and to conduct their own empirical analyses.

The focus of the book is on regression-type models in the context of large
cross-section samples. In microdata applications, dependent variables often
are qualitative and discrete, while in other cases, the sample is not randomly
drawn from the population of interest and the dependent variable is censored
or truncated. Hence, models and methods are required that go beyond the
standard linear regression model and ordinary least squares. Maximum like-
lihood estimation of conditional probability models and marginal probability
effects are introduced here as the unifying principle for modeling, estimating
and interpreting microdata relationships. We consider the limitation to max-
imum likelihood sensible, from a pedagogical point of view if the book is to
be used in a semester-long advanced undergraduate or graduate course, and
from a practical point of view because maximum likelihood estimation is used
in the overwhelming majority of current microdata research.

In order to introduce and explain the models and methods, we refer to a
number of illustrative applications. The main examples include the determi-
nants of individual fertility, the intergenerational transmission of secondary
school choices, and the wage elasticity of female labor supply. The models pre-
sented, while chosen with economic applications in mind, should be equally
relevant for other social sciences, for example, quantitative political science
and sociology, and for empirical disciplines outside of the social sciences.

The book can be used as a textbook for an advanced undergraduate, a
Master’s or a first-year Ph.D. course on the topic of microdata analysis. In
economics and related disciplines, such a course is typically offered after a
first course on linear regression analysis. Alternatively, the book can also serve
as a supplementary text to an applied microeconomics field course, such as
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those offered in the areas of labor economics, health economics, and the like.
Finally, it is intended as a reference for graduate students, researchers as well
as practitioners who encounter microdata in their work. The mathematical
prerequisites are not very high. In particular, the use of linear algebra is
minimal. On the other hand, some background in mathematical statistics is
useful although not absolutely necessary.

The book includes numerous exercises. Most of the exercises do not re-
quire the use of a computer. Rather, they typically present specific empirical
results, and the task is to assess the validity of the procedure in that particular
context and to provide a correct interpretation of the estimated parameters.
In addition, we encourage the reader to develop practical skills in applied
data analysis by re-estimating the examples we discuss, using a software of
choice. For this purpose, we have made the datasets employed available at our
homepage www.unizh.ch/sts/, both in ASCII format and in Stata 7 format.

An earlier version of the manuscript was used in a course of the same name
taught by us for several years at the economics department of the University of
Zurich. We thank the participants for numerous suggestions for improvement.
We are heavily indebted to Markus Lipp and Adrian Bruhin for careful proof-
reading, to Markus in addition for creating all the figures, and to Deborah
Bowen for improving our English.

Zurich, September 2005 Rainer Winkelmann
Stefan Boes
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Introduction

1.1 What Are Microdata?

This book is about the theory and practice of modeling microdata using statis-
tical and econometric methods, in particular regression-type models, in which
one variable is explained by a number of other variables. The defining feature
of microdata — as we understand the term — is that their main dimension is
cross-sectional, meaning that the basic sampling model is characterized by
independence between observations. This excludes pure time series applica-
tions. Hybrid cases, such as panel data, can in principle be counted among
microdata, in particular when the time dimension is short relative to the cross-
sectional one, but we decided not to include such models in this book in order
to keep the material covered manageable for a semester-long course. We rec-
ommend the textbooks by Baltagi (2005) and Hsiao (2003) for introductions
to panel data methods.

Microeconometrics

All applications included in this book, and most of the literature we draw
from, stem from the discipline of economics, reflecting our own background
and preferences. Within economics, the subject matter of this book is also
known as microeconometrics — the ensemble of econometric methods that
have been developed to study microeconomic phenomena. In microeconomet-
ric studies, the empirical analysis is motivated by an economic question, and
often such analyses start with a formal economic model or theory which is
used to determine the quantities of interest and to derive testable hypotheses.
The underlying model — in our case typically a microeconomic model where
individual decisions and behavior are a function of exogenous parameters —
offers guidance in the selection of the dependent and independent variables.
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Economic Examples

Historically, many microeconometric methods have been developed with labor
economic applications in mind. The three following examples are a reflection
of this tradition. The human capital theory, for instance, predicts a positive
relationship between wages, the dependent variable, and the level of educa-
tion as a measure of human capital, the independent variable. Similarly, the
simple static labor supply model posits that an exogenous wage rate defines
the trade-off between consumption and leisure. Under utility maximization,
the wage elasticity of labor supply, which can for example be measured by
an individual’s desired hours of work, depends on the individual preference
structure and in particular on the relative magnitude of income and substi-
tution effects, and thus, in principle, is indeterminate. Finally, anticipating
a further example that will be used later on in this chapter, the number of
children borne by a women is (or may be), among other things, a function of
her labor market opportunities and thus her education.

Do We Need a Theory?

According to one school of thought, the more closely the empirical specifica-
tion fits the underlying theoretical model, the more convincing the empirical
analysis. Only with a fully theory-based analysis, as the argument goes, do
the estimated parameters point to a well-defined economic interpretation and
only then can the results be used for policy analysis.

While we have some sympathy for this point of view, it would be a mistake
to require that all empirical analyses start with a fully fledged theoretical
model. In some cases, a formal theory does not yet exist, and in others, the
existing theories require modification. In these cases, empirical analysis has a
theory-building function. Examples of intensive empirical activity without
a well-established underlying theory are found in the current literature on
the economic determinants of individual life-satisfaction (Frey and Stutzer,
2002, Layard, 2005), the literature on evaluating the effects of active labor
market programs (Heckman, Lalonde and Smith, 1999), and the literature on
the intergenerational transmission of education and income (Solon, 1999).

Importantly, the principles and empirical methods of analyzing microdata
are largely independent of the underlying theory, if any, although the substan-
tive — rather than the statistical — interpretation of the results may critically
depend on it. Therefore, we feel justified in adhering to the principle of di-
vision of labor, i.e., focusing on the empirical models and mostly skipping
the discussion of underlying theoretical models. This conceptual separation
also underlines that the empirical methods covered in this book are not re-
stricted to economic applications. The methods presented should be equally
relevant for related social sciences, such as quantitative political science and
sociology, as well as other disciplines, including biology and life-sciences. This,
incidentally, is the reason for choosing the more general title of the book.
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On the other hand, it would be wrong to introduce a further division of
labor, one between econometric theory and data analysis. A main feature of
microdata analysis is the almost symbiotic relationship between the empirical
model and the data it is used for. Models are only defined and relevant in
relation to certain types of data. Therefore, any student or researcher work-
ing with microdata needs to develop a good grasp of the underlying data
structures as well as the associated empirical methods.

Defining Microdata

As the above remarks foreshadow, the notion of microdata that is used here
encompasses a great variety of data types and applications. The most common
situation is probably the one where microdata provide subjective or objective
information on individual units such as persons, households or firms. This
information may have been purposefully collected from surveys, or it may be
the by-product of other activities (such as keeping and administering official
tax or health records). In other instances, the observations can be a sample of
transactions, such as supermarket-scanner and auction data, or a cross-section
of countries.

The three most important features of microdata — as defined here — are
that they are cross-sectional, that they are observational, and that they of-
ten have a non-continuous measurement scale. The term “observational”
contrasts the collection of data from surveys and administrative records with
those from a (randomized) experiment. While such “experimental” data are
increasingly available in the social sciences, their use is restricted to very spe-
cific questions and applications, and the bulk of empirical work continues to
rely on non-experimental data. Observational data may be subject to system-
atic sample selection, a problem that is discussed in detail in this book.

The different possibilities of scaling a variable are discussed in any intro-
ductory statistics course. These include the distinction between continuous
and discrete variables, as well as the distinction between quantitative and
qualitative (or categorical) variables. But when it comes to regression analysis
with microdata, these distinctions are often forgotten and the linear regres-
sion model is inappropriately applied even when the dependent variable is
measured on a non-continuous scale.

Micro versus Macrodata

Finally, note that microdata and microeconometrics can be usefully contrasted
with macrodata and macroeconometrics, respectively. Macroeconometrics
denotes the methods for the empirical study of macroeconomic phenomena
based mostly on time series macrodata from national accounts. While the
micro/macro distinction is inconsequential for the classical linear regression
model — where it is largely a matter of taste and emphasis whether the model
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is written with an ¢ or with a ¢ subscript — the distinction becomes impor-
tant as soon as the standard assumptions of the linear regression model are
violated. The typical departures from the standard assumptions are very dif-
ferent, depending on whether one deals with micro- or with macro data. An
overview of the potential limitations of linear regression analysis when applied
to microdata is given in Section 1.3.

1.2 Types of Microdata

The most basic distinction among types of microdata is certainly the one be-
tween quantitative and qualitative data. The latter are also referred to as
categorical. Qualitative data are always discrete. The three types of quali-
tative data are binary, multinomial, and ordered. Quantitative data may be
discrete or continuous. The separation between discrete and continuous quan-
titative data is a gradual one. While all measurements have finite precision
and are therefore discrete in a strict sense, this may be ignored in most cases
— we then also speak of quasi-continuous data. An exception are counts, where
the discrete support should be taken into account.

Among quantitative data, one can further distinguish between data with
restricted and unrestricted range. Variables may be non-negative: for example,
many financial variables (like income), durations and counts. Alternatively,
quantitative variables may be censored, truncated, or grouped. Although both
discrete and continuous quantitative variables can be subject to censoring and
truncation in principle, we only cover the continuous case in this book. Such
variables — if used as dependent variable — are commonly referred to as limited
dependent variables. Figure 1.1 illustrates the various types of microdata
we consider in this book.

1.2.1 Qualitative Data

In practice, all these measurement types are frequently encountered in applied
empirical work. First, consider the following examples of qualitative data.

Binary Variables

A binary variable has two possible outcomes and indicates the presence or
absence of a certain property. It answers questions such as: Is a person gain-
fully employed at the day of the survey (yes/no)? Has a credit application
been approved (yes/no)? Has an apprentice been retained in the training firm
after completion of apprenticeship (yes/no)? Is a person’s willingness-to-pay
greater than the asking price (yes/no)?
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Fig. 1.1. Types of Microdata

‘ Types of Microdata ‘

Quantitative Data ‘ Qualitative Data

discrete or continuous

|
|
|
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|
|
(Chapter 4) | | (Chapter 5) (Chapter 6)
|
|
|
|
|
I
\

Binary Multinomial Ordered
Limited Dependent Variables Durations and Counts
(Chapter 7) (Chapter 8)

Multinomial Variables

A multinomial variable has three or more possible outcomes and indicates the
quality of an object using a set of mutually exclusive and exhaustive non-
ordered categories. Such variables can be used to describe the employment
status of a person (full-time / part-time / unemployed / not in labor force),
the field of study (humanities / social sciences / engineering) or the portfo-
lio structure of households (stocks only / stocks and bonds / bonds only /
none). If there are only two categories, multinomial variables reduce to binary
variables.

Ordered Variables

An ordered variable has three or more possible outcomes and indicates the
quality of an object using a set of mutually exclusive and exhaustive ordered
categories, but differences between categories are not defined. Applications in-
clude questions like: How satisfied are you with your life (completely satisfied
/ somewhat satisfied / neutral / somewhat dissatisfied / completely dissat-
isfied)? How does a credit agency evaluate a lender (AAA / AA+ / ...)?
Do you agree with the political program of the ruling party (strongly agree /
agree / neutral / disagree / strongly disagree)?



6 1 Introduction
1.2.2 Quantitative Data

The default assumptions for a quantitative dependent variable are that its
support is the real line, and that observations form a random sample of the
population. The first assumption is compatible with assuming in the linear
regression model that the dependent variable is normally distributed, condi-
tional on the regressors, since the normal distribution has support IR. The
second assumption takes away the possibility of a systematic discrepancy be-
tween the population model and what one observes once the sample has been
selected. As we will see in this book, both assumptions are frequently violated
in microdata applications, and we provide some suggestive examples here.

Non-negative Variables

Wages of workers and prices of houses are non-negative and therefore cannot
be normally distributed in a strict sense (although the normal distribution
might be a satisfactory approximation). The same holds true for durations
between events (such as the duration of unemployment, or time elapsed be-
fore an ex-convict is arrested again for a new crime). An additional feature of
duration data is their implicit relationship to an underlying stochastic process,
which explains why quite specialized methods have been developed for such
data. Another example of continuous data with restricted support — not cov-
ered in this book — are proportions or share data, where the values necessarily
lie between zero and one.

Non-negative Variables with Frequent Zeros

A common data situation is one where a continuous positive variable coexists
with a discrete cluster of observations at zero. The prime example, studied
by Tobin (1958), are the expenditures for a certain consumer good, measured
per household and per period of time (for instance day, month, or year). Such
data provide two kinds of information. First, they tell us whether a good was
purchased or not, and second, they give us the purchased quantity, provided a
positive amount of the item was purchased. From an economic point of view,
this distinction corresponds to the difference between a corner and an interior
solution to the household utility maximization problem. Thus, Wooldridge
(2002) suggests that models for this type of data be referred to as “corner
solution models”.

Truncated Variables

A variable is truncated if all observations with realizations above or below a
certain threshold are excluded from the sample. For example, if colleges only
admit students with a certain minimum SAT (Standardized Aptitude Test)
score, then the distribution of scores among admitted students is truncated
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from below at the threshold level. The consequences of truncation are that
the observed data (such as SAT scores among admitted students) are no
longer representative for the population at large (the SAT scores among all
high school graduates or college applicants), even if the sampling is otherwise
random (every student with a passing SAT score has the same chance of being
admitted). As we will see, it may nevertheless be possible to infer population
parameters from such a sample, as long as we know both the truncation point
and the distribution function of test scores in the population, up to some
unknown parameters.

Censored Variables

A variable is said to be censored if for parts of the support of the variable,
for instance the real line, only the interval rather than the actual value is ob-
served in the data. An example is top-coding of income or wealth. In Germany,
for example, social security contributions (for unemployment and health in-
surance as well as statutory pensions) are proportional to earnings up to a
ceiling, beyond which they remain constant. If such social security earnings
data report the top income, it means that the person earned at least that in-
come — and possibly much more. A special case of censored data with known
censoring points arises if earnings data are grouped, or categorical (such as
income from 0 to 500, from 501 to 1000, etc.).

Another example of censoring occurs in duration analysis. Suppose we fol-
low a sample of 15-year-old women and measure the time until first birth. If
the study terminates ten years later, then we either have seen a first birth,
in which case the duration is known, or we have not, in which case we only
know that the time until first birth is greater than ten years. This is a cen-
sored observation. In contrast to truncation, censoring does not exclude those
observations from the sample. Rather, they are retained, and their proportion
is known. The problem of censoring is that the exact value — here for the
duration until first birth — is not observed.

A more complex form of censoring arises if the censoring threshold itself is
random. For example, wages (and hours of work) are only observed for work-
ers. If workers differ systematically from non-workers, this may be a problem
if the objective is to use observed wages to predict potential wages of a ran-
domly selected person or non-worker. The traditional solution to this problem
— typically referring to the labor supply of married women — has been to ana-
lyze the decision to work in a simple economic model without unemployment,
where a woman works only if the wage offer exceeds a certain aspiration (or
“reservation”) wage (Gronau, 1974). In this case, we observe the wage which
equals the wage offer. On the other hand, if a woman is observed not to work,
we only know that the wage offers fall short of her reservation wage. Since
the reservation wage can vary from person to person, partially depending on
factors that are unobserved by the analyst, the threshold is now random.
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Count Variables

A count variable answers the question of how often an event occurred, and
the possible responses take the form of non-negative integers {0,1,2,...} (or
{0,1,2,...,n} if there is an explicit upper bound). Examples include the num-
ber of patents annually awarded to a firm, the number of casualties from air
traffic accidents per year, or the number of shares traded on a given day. An
example of a count with an explicit upper bound is the number of days a
worker does not report to work during a given week. Count data fill an in-
termediate position between qualitative and quantitative data. If the number
of counts is relatively low, the responses should be treated as categories. As
the number of counts increases, the difference between treating the counts as
discrete or as continuous becomes increasingly negligible.

These examples cover most of the topics that we will encounter throughout
this book. In applications such as these, the linear regression model tends to be
inappropriate, and we will need to consider alternative models. Some general
remarks about the shortcomings of the linear model are discussed next.

1.3 Why Not Linear Regression?

The workhorse for all applied empirical analyses of relationships between
quantitative variables is the linear regression model.

Yi = Po + brxir + ... + Bre®in + Ui (1.1)

It is easy to estimate and to interpret, and it provides optimal inference if the
standard regularity assumptions are fulfilled, namely linearity in the param-
eters, uncorrelated errors, mean independence of the error term w; and the
regressors x;;, | = 1,..., k, non-singular regressors, and homoscedasticity. Un-
der these Gauss-Markov assumptions, the ordinary least squares (OLS)
estimator is best linear unbiased. The additional assumption of normally dis-
tributed error terms has two further implications. First, the OLS estimator
is asymptotically efficient among all possible estimators. Second, the small
sample distribution of the OLS estimator is known, and exact inference can
therefore be based on t- or F-statistics.

For the following arguments, it is useful to rewrite the linear regression
model in terms of the conditional expectation function, since under the
assumption of mean independence, we obtain

E(yilz:) = Bo + Brxin + ... + BrTik (1.2)

Here, E(y;|x;) is shorthand notation for E(y;|x;1, - . ., ¢k ). Henceforth, let z; =
(1,21, ..., xi) denote the (k+1) x 1-dimensional column vector of regressors
(including a constant), where a’ is the transpose of a. Furthermore, if we define
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a conformable parameter vector 8 = (B, 51,...,0k), again a (kK + 1) x 1-
dimensional column vector, we can express the linear combination on the
right hand side of (1.2) conveniently as a scalar product, namely

E(yi|zi) = 238 (1.3)

In which sense does the linear model fail if the dependent variable is of any
one of the types described in the previous section? We will follow the above
order and start with qualitative dependent variables. If the dependent variable
is binary, coded as either 0 or 1, the linear regression can be interpreted as
a probability model, since E(y;|z;) = 0 x P(y; = 0|z;) +1 x P(y; = 1|z;) =
P(y; = 1|z;) and therefore, from (1.2), we get

P(y; = 1|z) = Bo + Brzin + ... + Brwip = 28 (1.4)

One problem in this model are the predictions: clearly, it should be the case

that 0 < P(y = 1]|z¢) < 1. However, the linearity means that this restriction
must be violated for certain values z( of the regressors. Predictions outside of
the admissible range are thus possible. Moreover, the model is heteroscedas-
tic, because the variance of a binary variable conditional on the regressors is
Var(y;|z;) = P(y; = 1)z;)[1 — P(y; = 1]z;)], which is a function of z;.

If the dependent variable is multinomial, the linear model does not make
sense at all since it is meaningless to model (or even compute) the expected
value of a multinomial variable. Regression models for multinomial variables
should rather directly model the probability distribution function. The same
considerations apply to ordered variables. Again, the numerical coding of the
outcomes is arbitrary. Any rank preserving recoding should leave the analysis
unaffected. Hence, expectations are undefined and cannot be modeled.

In contrast, count data are quantitative and therefore have well-defined
expectations. Nevertheless, the linear regression model is inappropriate as
well. The problem is threefold. First, the expectation of a count must be
non-negative. Again, this is not assured by the functional form (1.2). Second,
non-negative variables often have a non-constant variance, so that the ho-
moscedasticity assumption is violated. Admittedly, both of these points could
casewise be addressed with standard methods. For example, in the absence of
zero counts, one could take logarithms of the dependent variable to enforce
a non-negative conditional expectation. Otherwise, non-linear least squares
would be an option.

However, these quick fixes fail to address the third problem with counts, as
with all other discrete dependent variables, that each outcome has a positive
probability and it may be desirable to draw inferences about these distinct
probabilities rather than on expectations only. Therefore, the general modeling
strategy for discrete data is a shift away from conditional expectation models,
such as (1.2), towards the class of conditional probability models.

As far as using the linear regression model for continuous microdata is con-
cerned, one has to distinguish between applications that use limited dependent
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variables and those that do not. For example, if the dependent variable is con-
tinuous with support over the real line, there is no a priori argument for not
using the linear regression model. Indeed, this is the situation for which the lin-
ear regression model is best suited. If, however, the support of the dependent
variable is limited to the positive real numbers, then the model should take
this into account. Otherwise, if inference is based on the conditional expec-
tation (1.2), predictions outside of the admissible range may result. Another
related consequence, to be explored in detail later, is that marginal effects in
such models should not be constant. This is very much like in the count data
case. For example, one can take logarithms and estimate a log-linear model.
However, if zeros are important, in particular in corner solution models, other
models are required. Again, there are two desirable features. First, predic-
tions should be restricted to the support of the data, and second, probability
inferences should be possible regarding the positive mass at zero.

The argument against applying linear regression models in limited depen-
dent variable situations is a different one. Here, the basic idea is that a rela-
tionship such as (1.2) holds in the population, and we would like to estimate
the population parameters 3. However, because of censoring or truncation, it
is not advisable to take the observed sample as representative for the popu-
lation and to estimate the linear regression model directly. Such an estimator
will be biased. The reason for the failure of the estimator is that the crucial
assumption of mean independence between the error terms and the regres-
sors must fail under sample selection. As an example, consider wages that are
truncated from below because low-income individuals are not required to file
a tax return. Intuitively, if a regressor x;;, such as education, has a positive
effect on wages, a low value of this regressor means that the unobserved com-
ponent of the model must be positive and relatively large in order for the
dependent variable to exceed the truncation threshold. On the other hand,
a large value of such a regressor means that observations with smaller, or
even negative, unobserved components are retained as well. Hence, there is a
negative correlation between u; and x;; in the selected sample at hand, and
the OLS estimates systematically underestimate the population parameters.
Similar considerations apply when the dependent variable is censored.

1.4 Common Elements of Microdata Models

We now have presented more than a handful of departures from the linear
regression framework, as they are likely to be encountered by the practitioner
dealing with microdata applications. At first sight, these departures do not
seem to have much in common. But this appearance is deceiving. In fact, the
methods for modeling such data are closely interrelated and based on a com-
mon principle, namely maximum likelihood estimation. The maximum
likelihood principle is quite different from the least squares principle used to
fit a regression line to data. Here, the starting point is a parametric distribu-
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tion of the endogenous variable (or of the error term). Next, the parameters
of the distribution are specified as a function of the exogenous variables, and
finally, assuming an independent (cross-sectional) sample, the parameters of
the model are estimated by the method of maximum likelihood.

In discrete data applications, the benefit of modeling the probability dis-
tribution function directly in terms of regressors and parameters is immense.
With the emphasis shifted away from the conditional expectation function to-
wards the conditional probability function, a much richer set of inferences
becomes available. Essentially, we can analyze the ceteris paribus effect of a
change in one regressor on the entire distribution of the dependent variable. In
limited dependent variable applications, the essential role of the distributional
assumption is to tie the population model and the sample model together and
to allow inferences on population parameters to be made even if the sample
is selective (i.e., non-random).

To summarize, in microdata applications, the data are often qualitative
and discrete, while in other cases, the sample is not randomly drawn from
the population of interest. Hence, models and methods are needed that go
beyond the standard linear regression model and ordinary least squares. As
we will see, maximum likelihood is the unifying principle for modeling and
estimating microdata relationships. The purpose of this book is to motivate
and introduce these models and methods, and to illustrate them in a number
of applications. All the models discussed in this book are parametric. Non-
parametric and semiparametric models induce additional complexity both in
terms of estimation and in terms of interpretation. We refer to Pagan and
Ullah (1999) and Horowitz (1998) for examples of these methods.

1.5 Examples

The book features three examples, each of which consists of a substantive
research question and a dataset for analyzing this question. The examples are
referred to repeatedly throughout the different sections of the book. Here, we
start with a short introduction and provide some descriptive information on
the three datasets. The examples have been chosen such that each highlights a
specific methodological issue we consider typical for the analysis of microdata,
while they jointly cover much of the spectrum of modeling requirements that
can arise in applied empirical work. The examples are: the determinants of
fertility, secondary school choice, and female hours of work and wages.

1.5.1 Determinants of Fertility

While individual fertility decisions — the number of children borne by a woman,
or the number of children a women would like to have — depend on many fac-
tors, including social norms and values, marital status, health and the like,
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there has been one factor, namely the women’s education, that has been sin-
gled out for intensive empirical investigation in the past (Willis, 1974, Sander,
1992). The interest in education is easily understood. If higher education of
women leads to fewer children per woman, then we have both an explanation
for the fertility decline observed in the developed world during the second half
of the last century, and a recipe for reducing high population growth rates in
some parts of the developing world.

The empirical analysis of the determinants of fertility in this example is
based on data from the US General Social Survey (GSS), an annual or biannual
cross-section survey started in 1972. For the purpose of our analysis, we select
every fourth year, starting in 1974 and ending in 2002. The survey contains,
among other things, information on the number of children ever borne by a
woman. If we use the information as it is given, we have a count variable.
Alternatively, we can investigate the proportion of childless women, a binary
variable. Before we look at some descriptive statistics, we have to think about
how to account for the influence of age on the number of children. Clearly, age
plays a major role, since young women tend to have fewer children than older
ones, even if the eventual number of children — the so-called completed fertility
— might be the same. One way to avoid the interfering effect of age is to restrict
the analysis to older women: those beyond child-bearing age. A common cut-
off age is 40 years. Another possibility is to treat fertility observations for
younger women as censored, but this would require more elaborate methods
and complicate the descriptive analysis.

Table 1.1 shows the distribution of the fertility variable, where all observa-
tions have been pooled over the different years. All in all, the sample includes
5,150 women aged 40 or above, 14.5 percent of whom are childless, and whose
average number of children is almost 2.6.

Table 1.1. Fertility Distribution

number of children ever Frequencies

borne to women (age 40+)  Absolute Relative
0 744 14.45
1 706 13.71
2 1,368 26.56
3 1,002 19.46
4 593 11.51
5 309 6.00
6 190 3.69
7 89 1.73
8 or more 149 2.89
Total 5,150 100.00

Source: GSS, waves 1974 to 2002 (four-year intervals)
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Assume that we want to use these data to answer the following two questions:

1. Is there a downward trend in fertility? In other words, do earlier birth
cohorts have a higher fertility than later ones?

2. If there is such a trend, to what extent can it be attributed to (or ezplained
by) the rising education levels of women?

Notice here that we are looking for a statistical explanation (a compositional
effect): more educated women have fewer children; the proportion of more ed-
ucated women increases over time; hence, average fertility declines. We do not
analyze the question why more educated women have fewer children (whether
it is because of their education or for some other reason). However, many
studies have investigated this issue and there are indeed good reasons to as-
sume that education has a causal effect on fertility. Economists point out that
higher education improves the earnings position of a woman on the labor mar-
ket, and thus increases the opportunity costs of not working on the market,
i.e., of having children and working at home.

With this background, we can now return to the data and ask what type
of information should be extracted in order to shed light on the two research
questions above. The first sensible step is to investigate whether average levels
of fertility went down over time, and whether average levels of education
increased. Given access to the raw data, these quantities should be simple to
compute. There is a problem, however. From Table 1.1, we see that the last
category is coded as an open-ended “eight or more”. This is an instance of
“censoring” that will concern us in greater detail later on. For the moment,
we ignore the censoring and treat all women in this category as if they had
exactly eight children.

Under this assumption, we can conduct the necessary comparisons as in
Table 1.2 with year-by-year statistics. The first column gives the number of
women above 40 in each of the GSS surveys. The second column gives the
average number of children, whereas the third column shows the proportion
of childless women. The final column shows the average education level, here
measured by the average number of years a woman went to school.

When interpreting such data, we have to keep in mind that they are not
the true population values but that they are calculated from a random sample
of the population. Therefore, they are subject to sampling error. However,
because the observation numbers per year are quite high — they range from
a minimum of 410 observations in 1974 to a maximum of 989 observations
in 1994 — the confidence intervals for the population parameters are small, as
we see from the standard errors in parentheses. Thus, there seems to be clear
evidence of a downward trend in fertility. Also, it might be possible that this
downward trend can at least partially be explained by the increased levels of
formal education among women.
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Table 1.2. Fertility and Average Education Level by Years

No. of No. of Proportion Years of

Year observations children of childless schooling
1974 410 3.17 0.09 11.07
(0.10) (0.01) (0.16)
1978 445 2.73 0.14 11.00
(0.09) (0.02) (0.15)
1982 577 2.96 0.14 11.05
(0.09) (0.01) (0.14)
1986 470 2.70 0.16 11.34
(0.09) (0.02) (0.14)
1990 431 2.50 0.15 12.41
(0.08) (0.02) (0.15)
1994 989 2.40 0.15 12.78
(0.06) (0.01) (0.10)
1998 911 2.42 0.15 12.94
(0.06) (0.01) (0.11)
2002 917 2.36 0.16 13.25
(0.06) (0.01) (0.10)

Source: GSS, waves 1974 to 2002 (four-year intervals), standard errors in parentheses

Exercise 1.1.

e Can the mean of a discrete variable, such as the number of children,
be normally distributed? What does this imply for inference?

e Conduct a formal test of the hypothesis that the average number of
children is the same in 1974 and in 2002.

e Is the difference in education levels between 1974 and 2002
statistically significant?

There is a saying that “If the only tool you've got is a hammer, every
problem will look as a nail.” The only tool we are familiar with at this stage
is the linear regression model, so we may as well ask how a regression-based
analysis might be used to answer the two research questions. Table 1.3 shows
results for three different models. In each case, the dependent variable is the
number of children ever borne by a woman. In the first model, the number of
children is regressed on year dummies. Since a constant is included, one year
has to be chosen as reference, here, the year 1974. The second model includes
a linear time trend instead. Here, ¢t = 0 for the year 1974, ¢ = 4 for the year
1978, and so forth. Finally, the third model includes the linear trend and adds
the years of schooling as a further control variable.
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Table 1.3. Linear Regression Analysis of Fertility

Dependent variable: Number of children ever borne by a

woman
Model 1 Model 2 Model 3

linear time trend -0.026 -0.014
(0.003) (0.003)
years of schooling -0.128
(0.008)
year = 1978 -0.436
(0.129)
year = 1982 -0.211
(0.122)
year = 1986 -0.469
(0.128)
year = 1990 -0.674
(0.130)
year = 199/ -0.770
(0.111)
year = 1998 -0.748
(0.112)
year = 2002 -0.807
(0.112)
constant 3.171 3.026 4.392
(0.093) (0.056) (0.103)
R-squared 0.018 0.015 0.060
Observations 5,150

Notes: Standard errors in parentheses

Exercise 1.2.

e Discuss the regression results. Which one is the preferred model?

e What is the predicted number of children in 1982 according to
Models 1 and 2, respectively?

e How can you predict the number of children in 20007

e Is education related to fertility? Can the trends in education level
explain the observed trends in fertility?

e If you were asked to discuss the potential shortfalls of linear
regression models in such an application, what would you say?
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1.5.2 Secondary School Choice

Our second example relates to the schooling achievement of adolescents in
Germany. One peculiar feature of the German schooling system is that stu-
dents are separated relatively early into different school types, depending on
performance and perceived ability. The comprehensive primary school lasts
for four years only. After that, around the age of ten, students are placed
into one of three types of secondary school, either Hauptschule (lower sec-
ondary school), Realschule (middle secondary school) or Gymnasium (upper
secondary school). This placement seriously affects a student’s future educa-
tion and labor market prospects, as only Gymnasium provides direct access
to the country’s universities.

A frequent criticism of this system is that the tracking takes place too
early, and that it cements inequalities in education across generations. As the
argument goes, the early tracking decision — although formally based on the
recommendation of the homeroom teacher, who assesses the child’s academic
performance — is heavily influenced by the parents. First, more educated par-
ents will better prepare their children for primary school so that after four
years of formal schooling, these children may still have an advantage. Second,
they may intervene directly and influence the teacher’s recommendation, and
the teacher has little incentive to oppose such interventions.

The extent to which the mobility (or immobility) in educational attain-
ment between parents and children is high or low can only be decided based on
empirical evidence. Our example provides such evidence. The data are based
on the German Socio-Economic Panel (GSOEP), a large annual household
survey that was first collected in 1984. Specifically, we extracted a sample of
675 14-year old children born between 1980 and 1988. Of them, 29.5 percent
attended Hauptschule, 29.5 percent Realschule and 41.0 percent Gymnasium.
The following Table 1.4 shows a cross-tabulation of the school the child at-
tended and the education of the parent.

Table 1.4. Mother’s Education and School Track of Child

Educational School track at age 1/

level of mother Hauptschule Realschule Gymnasium

7-10 years 55.12 25.20 19.69 100.00
10.5-12 years 28.09 34.16 37.75 100.00
12.5-18 years 3.88 14.56 81.55 100.00

Source: GSOEP, waves 1994 to 2002
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Exercise 1.3.

e Describe the nature of the variable “school track”.

e Based on the evidence in Table 1.4, is there any evidence for a
positive relationship between the educational attainment of mother
and child? How would you formally test for the presence of such
a relationship?

e What other socio-economic factors might explain the placement of
children in the different school tracks?

e If you want to estimate the ceteris-paribus effect of the mother’s
education on the child’s school track, can you use a linear regression
model? Why, or why not?

1.5.3 Female Hours of Work and Wages

The first two examples on fertility and schooling involved discrete and quali-
tative dependent variables. In our third and final example, we encounter two
types of limited dependent variables, namely a corner solution application
and a censored variable with random censoring threshold. We do not claim
special credit for this example — in fact, the labor supply of women must be,
together with the returns to schooling, one of the most intensively studied
topics in microeconometrics. One reason for the popularity of the topic is cer-
tainly that the data required for such an analysis can be obtained from any
standard labor force survey, which have been available for many years and for
most countries. Another reason is that there is a wide variation in the labor
force participation of women over time and across countries. Understanding
the causes of this variation, and in particular the contribution of tax-, family-,
and labor market policies, is of substantive interest.

We base the analysis on the publicly available dataset by Mroz (1987).
Previous analyses of these data can also be found in the textbooks by Berndt
(1990) and Wooldridge (2002). The dataset comprises a sample of 753 married
women, 428 of whom had worked in the year prior to the interview (in 1975)
and the remaining 325 of whom had not. Among the women who had worked,
the total number of hours ranged from 12 to 4,950, with an average of 1,303
hours (or 27 hours per week, assuming a year has 48 working weeks). For
working women, the data also contain information on the hourly wage, which
is obtained by dividing annual earnings by annual hours of work. The average
hourly wage amounts to USD 4.20. The data include further information on a
number of variables that can be expected to affect hours and wages. Among
these are the age and education level of the woman, her previous labor market
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experience (measured in years of participation), her husband’s income, and
the presence of young and adolescent children in the household.

Suppose that we want to use these data in order to answer the following
research question: What is the wage elasticity of female labor supply — by
what percent will the hours of work change if the wage is increased by one
percent? A simple linear regression of hours of work on wages and some other
factors produces the following result for the Mroz data.

hours = 1,665.6 — 22.7 wage — 4.9 nwi feinc — 300.6 kidslt6 — 99.0 kidsge6
(92.2)  (11.2) (3.5) (93.4) (27.9)

n =428, R?=0.07

On the face of it, the estimated labor supply curve has a negative slope,
and the elasticity, evaluated at the mean wage and mean hours, is —22.7 X
0.042/1303 = —0.07 percent and thus very small.

But such an analysis has a number of problems. Most importantly, we do
not know the wages of women who do not work. Hence, we can only estimate
the above model with the subsample of 428 employed women. By doing so, we
ignore that a wage increase may also have an effect at the extensive margin
of labor supply: some women who did not work previously might be drawn
into the labor market as their wage offer (or potential wage) increases. If we
want to estimate the model using all observations, we need to predict the
wage for women who do not work. What should this prediction be based on?
We can model the wages as a function of other factors, such as education
and experience. However, estimating the parameters of this regression using
working women only without further adjustment is generally not a good idea,
because women have self-selected into employment — partially based on their
wages — and their wages therefore are not necessarily representative of all
women. Once we have predicted wages for non-working women, based on
a method that corrects for such self-selection, we can estimate a structural
hours of work model (“structural” here means that the wages are included as
a regressor — as opposed to a reduced-form model where wages are excluded
but the wage determinants, such as education and experience, are included
instead). But again, linear regression is inappropriate since we are now dealing
with a corner solution outcome: many women report zero hours of work, and
the estimation method should account for this discrete cluster of observations
at zero.
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Exercise 1.4.

e The minimum reported hourly wage is 12 cents. Is this a reasonable
number? What should one do about it?

e Draw a simple labor supply diagram, with consumption on the y-axis
and hours of leisure on the z-axis. What does the budget constraint
look like? How can the effect of the husband’s income and of children
at home be represented in this diagram?

e Assume you want to model participation only. What type of
dependent variable is this?

e What is the labor participation rate of women in your country?
How can you find out?

1.6 Overview of the Book

The book is composed of seven chapters in addition to this introduction. In
the next chapter, we will further motivate the probability-based approach
that underlies all models for qualitative dependent variables. Accordingly, the
concept of a conditional expectation function central to all regression
analysis is replaced by the concept of a conditional probability function.
The interpretation of such models, then, naturally can be based on what
we refer to as marginal probability effects. The chapter provides some
illustrations of these concepts, and it also reviews some basic results from
mathematical statistics and probability theory that are required in the further
analysis.

Chapter 3 introduces the theory of maximum likelihood estimation. We
believe that a correct application and interpretation of likelihood-based mod-
els requires a good grasp of the underlying method, although not necessarily
the ability to prove all the results. The chapter therefore tries to follow an
intermediate approach, covering the essential aspects of estimation and infer-
ence. In Chapter 4, the binary response model is introduced. We present the
basic probit and logit models, and discuss the estimation and interpretation
of the parameters. We also consider non-standard sampling schemes. Binary
response models only work for two response categories, so Chapter 5 intro-
duces the multinomial extensions to more than two unordered categories. If
more than two categories are ordered, this information should be taken into
account, and the ordered response models discussed in Chapter 6 show how
to do so.
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Chapter 7 deals with models for limited dependent variables. After review-
ing general results for the truncated normal distribution, we start with corner-
solution models for mixed discrete-continuous data. The focus then shifts to
censored regression models, first with known thresholds and then with random
thresholds. Finally, Chapter 8 combines the discussion of duration models and
count data models under the theme of “event history analysis”, emphasizing
the common aspects of the two types of data: whereas count data measure
the number of events during a given period of time, duration data measure
the time between them.
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From Regression to Probability Models

2.1 Introduction

In this chapter, we introduce the general principles underlying the modeling of
microdata, in particular qualitative response variables. Relative to the linear
regression framework, the key element is a change in paradigm from modeling
the conditional expectation function towards modeling the conditional
probability function. There are two main reasons for this shift in focus.
First, in many cases the expected value of a qualitative variable is simply
not defined (for ordered and multinomial responses). And second, even where
the choice exists (such as for count data that may be treated as qualitative or
quantitative), the probability-based approach provides additional information:
once the probabilities are known, the expected value is fully determined. The
opposite does not hold. We begin with an example.

Example 2.1. Fertility

Consider the data from the U.S. General Social Survey on the number of
children among women aged 40 or above. In Table 1.2 of the previous chapter,
we displayed the average number of children by survey year. Each mean can
be interpreted as an estimator for the true average in that year, and thus for
the expectation conditional on the survey year, denoted by E(y;|year;). For
example, the average number of children declined from 2.70 to 2.36 between
1986 and 2002, and this decline is statistically significant. We cannot tell
from this mean comparison, however, what changes in the fertility distribution
were responsible for the average decline. For example, the decline could result
either from an increase in the number of childless women, or from a decline in
the proportion of very large numbers of children. Depending on the practical
question one wants to answer, this might make a difference.
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In order to answer such questions, we can look at conditional relative
frequency distributions instead. Table 2.1 shows these distributions for the
years 1986 and 2002. They can be interpreted as estimators of the conditional
probability distributions f(y;|year; = 1986) and f(y;|year; = 2002). The
additional information allows for a more detailed analysis. We observe that
the proportion of childless women has not changed much — if anything, it has
declined — whereas the proportion of women with five or more children has
decreased from 18.5 to 10 percent.

Table 2.1. Conditional Relative Frequency Distributions

number of children

ever borne to women (age 40+) 1986 2002 Total
0 16.38 15.59 15.86
1 11.28 13.96 13.05
2 26.60 28.68 27.97
3 15.74 22.14 19.97
4 11.49 9.92 10.45
5 7.02 3.93 4.97
6 6.38 2.62 3.89
7 1.70 1.64 1.66
8 or more 3.40 1.53 2.16
Total 100.00 100.00 100.00

Source: General Social Survey.

The change can also be illustrated graphically, as in Figure 2.1. A Pearson
chi-squared test can be used to formally test the hypothesis of independence
between the distribution of the number of children and the survey year.

Of course, if we want to include further dimensions in the problem — for
example, account for the influence of other factors like the level of education
or the family background — a simple analysis by cross-tabulation or graph is
no longer possible. This holds true whether we consider the outcome “number
of children”, which is a count variable, or the outcome “childless” (yes/no),
which is a binary variable. In this book, we introduce general methods for
modeling conditional probabilities in such cases.
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Fig. 2.1. Relative Frequencies of Number of Children FEver Born
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2.2 Conditional Probability Functions

2.2.1 Definition

The goal of most microdata applications is to investigate the relationship be-
tween a dependent variable y; and a vector of explanatory variables x;. The
concept of a conditional expectation function (CEF) is the key element
of linear regression analysis as presented in any introductory econometrics
course. The basic idea is to model and estimate the expectation of y; condi-
tional on z;. Let

E(yilzi) = p(xi; B) (2.1)

denote the CEF of y; given z;. The conditional expectation depends on a set
of unknown parameters 3 to be estimated from the data. The linear regression
model is a special case obtained for

(i B) = =38
The conditional probability function (CPF) is defined analogously as
P(yilxi) = f(yilzi; 0) (2.2)

In many applications, the parameter vector § can be partitioned into one set
of parameters 3, which is part of the regression component — often entering via
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a linear index function 23 — and another set of auxiliary parameters
that influence other aspects of the conditional probability model and do not
interact directly with z;.
There is one important special case in which CEF and CPF coincide. If
the dependent variable is binary, y; € {0, 1}, then the conditional expectation
E(yilz:) = 0 x P(y; = 0lzi) + 1 X P(y; = ;) = P(ys = 1]a;).

2.2.2 Estimation

The shift in focus from the CEF to the CPF requires new techniques for
estimating the parameters of the model. In CEF applications, the least squares
criterion states that the (weighted or unweighted) sum of squared residuals
should be minimized. A residual is defined as the difference between the actual
(observed) outcome y; and its predicted value §;, @; = y; — §;, where g; is an
estimator of E(y;|z;). The estimator obtained by the least squares criterion is
the value 375 that minimizes S, 42, If the CEF is linear, E(y;|z;) = 28,
then we can write g; = ﬂ and u; = y; — = ﬂ

In CPF applications, the conditional expectation is often not defined.
Thus, there is no regression error and residual-based methods do not work.
Therefore, in such applications, the least squares criterion must be replaced by
a different one. As we will see, a very general method is maximum likelihood
estimation. It consists of deriving a likelihood function for the problem at
hand, and maximizing the likelihood function with respect to the unknown
parameters, which provides the maximum likelihood estimator.

What does a likelihood function look like? Our starting point is the CPF
f(yi|zi; 0) for observation i. Assume that a random sample of n pairs of ob-
servations (y;,x;), ¢ = 1,...,n, is available. Define y = (y1,...,¥yn) and
x = (z1,...,2,). Under random sampling, the joint probability function
of the observed sample can be written simply as the product over all individual
probabilities

f(ylz; 0) Hf Yilwi; 0) (2.3)

Seen as a function of the unknown parameter vector €, this is a likelihood
function. More generally, any function proportional to (2.3) is an equally well
defined likelihood function, and therefore we can write

L(0:y.x) = ch (yiles:0) (2.4)

where ¢ > 0 is a proportionality constant. The maximum likelihood estimator
éM ¢ is defined as the value of 6 that maximizes (2.4). Moreover, under some
regularity assumptions, the maximum likelihood estimator exists, is unique,
consistent and asymptotically efficient. In Chapter 3, we discuss in detail the
concept of maximum likelihood estimation.
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2.2.3 Interpretation

In a CEF model with E(y;|z;) = p(zi; 8), we are interested in how the condi-
tional expectation changes, as a function of the parameters, if an explanatory
variable increases. Similarly, in a CPF model with P(y;|x;) = f(y:|z:;6) we
want to know how the conditional probability changes, as a function of the
parameters, if an explanatory variable increases.

Formally, in CEF models, the marginal mean effect (MME) of the I-
th regressor is defined as OE(y;|x;)/0z;;. In the linear regression model, the
conditional expectation function is given by x/8 = By + S1xi1 + - .. + BrTik,
and the MME simplifies to

aE(yi|$i)

e = by (2.5)

If E(y;|x;) is non-linear in 8, the MME is not constant but rather depends
on the values of x;. In this case, it is usual in applied research to report
the MME for a “typical” individual, for example by evaluating the MME at
the sample mean of the regressors, or at the mode for a binary regressor.
Alternatively, one can define the average marginal mean effect (AMME) as
E,[0E(y;|x;)/0xy], which can be estimated consistently by averaging over
all MME’s in the sample. Some simplifications arise if the model is of the
generalized linear form E(y;|x;) = u(z}8) where u(-) is any continuous and
differentiable function of the linear index x3. In this case, the (absolute)
marginal mean effect can be written as

3E(yz‘|$z‘)

AL ()6 (26)

where p/(+) is shorthand notation for the first derivative of u(-) with re-
spect to its argument, du(z)/dz. The relative MME is defined as the ratio
[OE(yi|w:) /Oxa] [E(ys|w:).-

In a generalized linear index model, the discrete mean effect of a unit
change in one regressor (like the switch of a dummy variable from zero to one)
can be computed as

AB(yila)) = p(@}B+ B) — p(@}B)  (absolute chango) (2.7)

AEE(:;T;;) _ M(z;(i;—;)ﬂl) 1 (relative change) (2.8)
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Exercise 2.1.
Determine (i) the range of E(y;|z;), (ii) the absolute and relative
marginal mean effects for x;;, and (iii) the absolute and relative change
in E(y;|x;) for a unit change in x;; for the following CEF’s

o E(y;|x;) = exp(zif) for all z; € R

o E(y;i|zi) = exp(a}B)/[1 + exp(x}B)] for all x; € R

In many cases, the linear index form applies to transformations of the
original variables. The relevant marginal and discrete mean effects have to
be calculated then with respect to the untransformed variables, which leads
to modified expressions. For example, consider the conditional expectation
function E(y;|x;) = u(Bo + Brzi1 + B22%). The MME of x;; is then

3E(y1:|517i)

9 = 1/ (Bo + Brxi1 + Boxy) X (B1 + 2B22i1)
il

By the same reasoning, if E(y;|z;) = pu(08o + £1log(xi1) ), then

OE i | T ’
% = 1 (Bo + B1log(wir) ) x fﬂ

where log(z) denotes the natural logarithm of z, with first derivative given by
dlog(z)/dz =1/z.

An important observation is that the non-linear CEF u(z}3) implies in-
teractive effects, even in the absence of an explicit interaction term x;;T;m,,
since

32E(?/i|$i)
c’)xil&'xim

= 1" (i3)BiPm (2.9)

where p’(+) is shorthand notation for the second derivative of u(-) with respect
to its argument, d?u(z)/(dz)?. This is unlike in the linear regression model
with expectation function E(y;|z;) = 8, where cross-derivatives are zero
unless the linear index contains an interaction term.

Exercise 2.2.
Suppose you have E(y;|z;) = u(Bo + fixi1 + Bawiz + B32i1742).
e Derive the absolute and relative MME for ;7.

e Derive the cross-derivative of the CEF with respect to x;; and x;s.
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In a conditional probability model, the main quantities of interest are the
marginal probability effects (MPE’s). The MPE of the I-th exogenous
variable is defined as partial derivative OP(y;|z;)/0z;. For any given proba-
bility model, there are always as many MPE’s as there are outcomes of the
dependent variable. For example, if we consider a binary response variable,
then there are two such MPE’s, namely the marginal change of the probability
of a zero, and the marginal change of the probability of a one, as one of the
regressors changes and the others are kept constant. In general, for a quali-
tative response variable with J response categories, J distinct MPE’s can be
computed. Due to the adding-up constraints of a proper probability model,
the J MPE’s must add up to zero, so that only J — 1 MPE’s are linearly
independent.

Again, a relatively simple expression for the MPE’s is obtained if the
conditional probability model is of the linear index form (as in most of the
models in this book). In this case, we can write P(y;|z;) = f(yi|z;5), and
therefore

OP(y;|x;)

A~ [l ) (210)

where f’(-) is shorthand notation for the first derivative of f(-) with respect
to the linear index, Of (y;|x0)/0(x;5). Note that f(y;|z;5) may or may not
depend on further auxiliary parameters. As for the MME’s, we may evaluate
the MPE’s at the average of the regressors, or average over the MPE’s to
obtain effects that are unconditional on x;.

The discrete effect on the probabilities associated with a unit increase
in x;;, again under the linear index assumption, can be expressed as

AP(yilz:) = f(yil2iB8 + 1) = f(yiliB) (2.11)

In order to obtain relative effects, the two last formulas are simply divided
by f(yi|z}3). We will study these marginal and discrete probability effects
in detail later on, when we introduce the specific models. However, a general
comment can be made already based on (2.10) and (2.11): there is no reason
to assume that f(y;|z}03) must be an increasing function in the linear index.
Therefore, it is possible that both marginal and discrete probability effects
have the opposite sign to ;.
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Exercise 2.3.

Suppose you have a binary dependent variable, y; € {0,1}, with condi-
tional probability function given by

el YA 1\
Fluilzif) = (1 T exp(x;m) <1 m exp(x;m)

e Derive P(y; = 0|z;) and P(y; = 1|z;).
e Determine the absolute (relative) marginal probability effects for x;;.

e How does your answer change if you replace x;; by logx;;.

Marginal probability effects can be used to approximate the discrete
change in probabilities using the concept of differentials
OP (yi|wi)
AP (y;|x;)  ——=Ax;
(y7.| 7.) 8-Til il
and the smaller the absolute change in z;;, the better the approximation.
This concept can easily be extended to changes in two or more explanatory
variables. For example, in the case of two explanatory variables x; and z;,,
we obtain by totally differentiating
- OP (yi|x:)

OP (yi|zs

Az, 2.12
O0x; OTim v (212)

and we could ask how much both variables have to change such that the

probabilities remain the same, AP(y;|x;) = 0. Rearranging terms yields

Axyg _aP(yi|xi)/8xim
Azi 0P (yilai) /0y

(2.13)

This ratio can be interpreted as “iso-probability” curve since we ask how
much variation is needed in one regressor, Ax;, to compensate for a given
variation in another regressor, say Ax;,, = 1, such that AP(y;|z;) = 0.
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2.3 Probability and Probability Distributions

Because all of the models discussed in this book require a good knowledge
of the properties of random variables and probability distribution functions,
we provide a brief review of some central results. For more comprehensive
presentations we recommend introductions to mathematical statistics by De-
Groot (1986) and by Hogg and Craig (1989). Following the conventions in the
literature about probability and probability distributions, we use uppercase
letters in this section to denote the names of random variables (e.g., Y or X),
and lowercase letters to denote particular outcomes of the random variable
(e.g., y or x). Moreover, for notational simplicity, we drop the subscript i for
the rest of this chapter.

2.3.1 Axioms of Probability

To begin with, recall some elementary concepts from probability theory. Let {2
denote the sample space, i.e., the set of all possible elementary outcomes w; of
an experiment, and call any subset of {2 an event A. In microdata applications,
the fundamental experiment is a draw from the underlying population in order
to measure the outcome of a variable. For example, the random draw could be
from the set of all young men, in order to determine whether the selected male
attends university or not. In this case, the sample space given by {2 = {not
attending university, attending university}. In this simple example, there are
only four events (subsets of {2): the empty set, (2 itself, “the person attends
university”, and “the person does not attend university”. A priori, before the
data are drawn, we do not know the outcome of the experiment, and hence,
there is uncertainty about which outcome and which event will be observed.
Uncertainty is modeled using the concept of probability. Formally, we call any
real valued set function P(A) on the sample space {2 a probability measure,
if it fulfills the following axioms of probability

1. 0 < P(A) <1 for every event A.
2. P(2)=1.
3. If Ay, Ay, ..., Ay is a finite or infinite sequence of disjoint events, then

J J
P4 | => Py
j=1 j=1

In practice, we always work with random variables. A random variable Y
is a function whose domain of definition is the set of elementary events w;
and whose range is the set of real numbers. In the above example, we can let
Y =1 if w =“the person attends university”. A probability model consists
then of a sample space, a probability measure, and a random variable. In
practice, we start immediately from a random variable, i.e., a set of numerical
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outcomes together with their probabilities. We usually assume that a prob-
ability function depends on a set of parameters, denoted by 6. For example,
the probability of attending university (the data), given that the university
selects its students randomly on a 80/20 basis (the parameters). So far, the
model does not include any explanatory variables. In Section 2.3.4 we include
regressors in the probability model by extending it to a conditional probability
model, as the latter plays a crucial role in implementing microdata models in
the framework of maximum likelihood (see also the definition of the likelihood
function in equation (2.4)). We first review some properties of univariate and
multivariate random variables.

2.3.2 Univariate Random Variables

Consider univariate random variables first. A random variable Y is said to
be discrete if it takes a finite number of values or is countably infinite. It is
convenient to index the outcomes in increasing order and write the range of Y’
as {y1,...,ys} where y; < y;41. Examples are the set {0,1} in the case of a
binary variable with J = 2 distinct outcomes, or the set {0,1,2,3,...} in the
case of a count variable with a countably infinite number of values, J = oc.
The probability function

PY =y)=fy) ye{y,. ..y} (2.14)
has the following properties
L0< f(y) <1

2. fly) +.. + flys) =1

Consistent with the probability axioms, the first property ensures that proba-
bilities are within the unit interval, the second property states that the prob-
abilities of the J mutually exclusive outcomes add up to unity.

Exercise 2.4.
e The Poisson probability function is given by

exp(—A)AY
f(y;A):(y,) y=0,1,2,3,...

Verify that 0 < f(y; A) < 1 and that Y f(y;A\) = 1.
y=0
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Moreover, the cumulative distribution function is defined — whenever
appropriate — as

PY <y) = ny7 F(y)

y; <y

from which it follows that f(y;) = F(y;)—F(y;j—1). For multinomial outcomes,
the cumulative distribution function has no meaningful interpretation.

A continuous random variable is characterized by a set of infinitely divis-
ible outcomes. Hence, the probability associated with any particular outcome
must be zero, but we can calculate the probability that a particular outcome
falls in a certain interval. This probability is defined as the corresponding area
under the density function f(y) >0

b
Pa<y <h)= [ f)dy (2.15)

From the probability axioms it must hold that the area under the density func-
tion over the complete support must equal one, f > f y)dy = 1 Moreover7 the
cumulative density function is defined as F(y) = [’ f =PY <y)
from which we obtain an alternative expression of the 1nterval probabilities,
namely P(a <Y <b) = F(b) — F(a). Another useful property of the cumu-
lative distribution function is that P(Y > y) =1 — F(y).

Exercise 2.5.
e The density function of the exponential distribution is given by

Ae= Y for y>0

FlyA) = {O else

where A > 0. Verify that [*_ f(y; ) dy = 1.

2.3.3 Multivariate Random Variables

The concept of, and results for, multivariate random variables are essential
in the analysis of microdata because on the one hand, we deal here with
samples of observations, and on the other hand, we want to model probabilistic
relationships between variables. The former forces one to think about how the
sample is drawn from the population; the latter requires assumptions about
how the independent or explanatory variables affect the dependent variable.

As a starting point, take the joint distribution of two discrete random
variables denoted by X and Y with possible outcomes = € {z1,...,2x} and
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y € {y1,-..,ys}, respectively. We define the joint (or in this case “bivariate”)
probability function as

P(X:1'7Y:y) :f(xvy) Y€ {yl,"',yJ}a T e {xlv"'vxK} (216)

which is the joint probability that X takes the value z, and that Y takes the
value y. As before, the probability axioms require that 0 < f(z,y) < 1 and
Dow Zy f(x,y) = 1. We obtain the cumulative distribution function by taking
sums over all probabilities with values z, < x and y; <y

P(X<a,Y<y)= > > flaey)=Flzy)

Tk <z Y; <y

and the requirement of at least ordinal scale extends to both random variables,
X and Y. Of course, all these considerations can be generalized to more than
two random variables. In this case it is more convenient to use matrix notation.
However, since all ideas can be illustrated by using the simple bivariate case
we concentrate here on the latter.

Based on any joint probability function for discrete random variables, one
can obtain the univariate marginal and conditional probability functions. The
marginal probability functions of X and Y are given by

f@)=> flxy) and )= f(=y) (2.17)

whereas the conditional distributions are given by

f(z,y)

and fylz) @) (2.18)
With the definitions of conditional and marginal distributions, we can define
statistical independence as follows. Two random variables X and Y are
independent if, and only if f(z,y) = f(z)f(y) or, equivalently, X and Y are
independent if f(z|y) = f(z) or f(y|z) = f(y). If X and Y are not statisti-
cally independent, then they are called statistically dependent. Statistical
independence has two important implications. First, if we know the outcome
of X, this additional information does not change the probability of observ-
ing a particular value of Y. Second, if X and Y are independent, then any
two functions h(X) and g(Y') are independent as well. As mentioned already,
the basic sampling model in microdata applications is the random sampling
approach, which implies that observations are independent.

fzly) =
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Exercise 2.6.

Consider the following joint probability function

Y=0Y=1
X=0]2/6 1/4
X=1|1/4 1/6

e Derive the conditional expectation function E(y|z) = >_, yf(y[z).
e Are X and Y independent?

The definitions of joint, conditional and marginal density functions in the
continuous case are largely analogous. Let f(x,y) be the bivariate density
function of two continuous random variables X and Y. Then

as b2
Pa; < X <ag,by <Y < by) :/ / f(z,y)dzdy (2.19)
al b1

is the joint probability that X falls into the interval (a1, a2) and Y falls into
the interval (b1, b2). The cumulative density F'(x,y) can be obtained similarly
to the univariate case by taking integrals, now in the X and Y dimension.
Moreover, the marginal distributions are given by

fa) = /_OO Sy and  f(y) = /_°° Fe.y)de (2.20)

and the conditional distributions are defined in the same way as in (2.18).

Exercise 2.7.
e Suppose that the joint density function is of the form
flzy)=2+y 0<2x<1 0<y<l1

This distribution is sometimes referred to as a “roof” distribution.
Derive the conditional density f(y|x) and the conditional expectation
function

Blyle) = [ Tt

— 0o
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Exercises 2.6 and 2.7 are somewhat unrealistic for two reasons. First, they
do not include any parameters, although parameters are essential for econo-
metric modeling. Second, they suggest that microeconometric model-building
starts with a joint probability or density function and derives the correspond-
ing conditional function. But this is not the usual procedure. The reason is
that it is both difficult and unnecessary to specify a full joint model. It is dif-
ficult, because in more realistic set-ups there are many explanatory variables
and parameters, and except for special cases (such as if X and Y are mul-
tivariate normally distributed) the derivations may become cumbersome and
the integrals required may not even have a closed-form solution. It is unneces-
sary because one can start in many cases directly with a conditional model
and leave the joint distribution completely unspecified. For example, consider
the following factorization of a joint probability function into a conditional
and a marginal probability function

f(x,y;0,7) = fylz; 0) f(z;7)

where 6 and ~ are two types of parameters. Importantly, 6 appears only in
the conditional probability function of y|z and 7 appears only in the marginal
distribution of . This means that all the information about 6 is contained in
f(y|z;0) and f(x;0) is a constant as far as 6 is concerned. Therefore, it can
be ignored in the modeling process of the relationship between Y and X. This
simplification does not always work, for example if X is endogenous, but we
start with the assumption of exogenous regressors X.

2.3.4 Conditional Probability Models

After these preliminaries, we are now in a position to formally define what
we mean by conditional probability modeling of qualitative microdata. The
essential approach is to leave the joint distribution of Y and X unspecified.
Instead, we obtain a conditional model directly, as follows.

1. Select a simple univariate probability function P(Y = y) = f(y;6). The
main requirement for the choice of f(y;#) is that it should have the same
support as the observed variable.

2. Express the parameter 6 as a function of X to obtain a conditional prob-
ability model f(y|z;8).

This can be interpreted as follows. We want to model the data-generating
process that has created the observations of the dependent variable. This
requires us to identify and select an appropriate probability function. Finally,
we make the parameters of the selected probability function dependent on
the explanatory variables. By doing so, we obtain a conditional probability
model. This approach is best illustrated with a few examples.
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Example 2.2. Binary Responses

Suppose that Y is a binary variable. Obviously, the underlying distribution
function is a Bernoulli distribution, which is fully determined by the success
probability 7. In this case, the counter-probability is 1 —m, and the probability
function can be written compactly as

flyim)=a¥(1-m)'¥ y=0,1

In a conditional probability model, 7 is specified as a function of X. For
example, with a single explanatory variable, we could let

(z) = exp(Bo + fr)
1+ eXp(ﬁo + ﬁll')

(2.21)

in order to make sure that 0 < m(z) < 1 for arbitrary values of z € IR, and
without any restrictions on the parameter space of Gy and ;. In the general
case of k independent variables, we could instead write m(z) = exp(2’3)/[1 +
exp(z’B)]. In Chapter 4, we provide alternative specifications of 7 in terms
of the explanatory variables. But this simple example already illustrates the
basic idea. Select the Bernoulli distribution as describing appropriately the
nature of the dependent variable, and specify the parameter 7w as a function
of X, adequately taking into account its range.

Exercise 2.8.
Let Y| X be Bernoulli distributed with success probability 7(z) specified
as in (2.21) and let Bp = 0.5 and (3 = 0.8.

e Draw a graph of the function 7(x).

e What happens to m as x goes to plus/minus infinity?

e Determine P(Y =1|X =0), P(Y =0/X =0) and P(Y = 1| X =1).
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Example 2.3. Multinomial Responses

If Y is multinomial distributed with J unordered mutually exclusive outcomes,
we could select the probability function of the multinomial distribution. This
probability function has J parameters: the outcome probabilities 7; for each
outcome. The probability function can be written compactly as
flyimy, .. my) =niing? onf

where d; = 1 if y = j and d; = 0 otherwise. Note that the axioms of prob-
ability require P = 1. Thus, one parameter is defined by the others and
we can write

J
7T1=1— E Uy
j=2

In a conditional probability model, the n’s are specified as functions of X
in compliance with the adding-up restriction. In Chapter 5, we will discuss
several specifications of the parameters m;, and we will learn which specifica-
tions have what implications for the properties of the conditional probability
model.

Exercise 2.9.
Let Y| X be multinomial distributed with J = 3 unordered and mutually
exclusive outcomes.
e Suggest a specification, i.e., a functional form, of m;(x) such that
0 <mj(z) <1forall j=1,...,3 and for all € IR, and such that

3
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Example 2.4. Count Responses

Suppose that Y is a count variable distributed according to the Poisson prob-
ability function. Then we can write

exp(—A)AY
f(y;/\)(y,) y=0,1,2,3,...

An important property of the Poisson distribution is that expectation equals
variance and both are determined by one parameter, A, thus E(y) = Var(y) =
A. In order to obtain a conditional probability function, we need to observe
that A must be greater than zero for arbitrary values of X and the regression
parameters (. If we let A(x) = exp(fBy + S1z), or more generally A(z) =
exp(z’3), the functional form guarantees that this condition is fulfilled. In
Chapter 8, we present in greater detail various probability functions that can
be used for count dependent variables.

Exercise 2.10.

Suppose that Y| X is Poisson distributed with A(z) = exp(0.5+0.8z).
e Determine P(Y =0|X =0) and P(Y =0|X =1).
e Determine P(Y =2|X =0) and P(Y =2|X =1).

The essential idea behind the modeling of conditional probabilities can
be illustrated graphically as well. Figure 2.2 refers to the set-up in Exercise
2.10. If X = 1, then Y is Poisson distributed with parameter A = 1.3. If
X = 0, however, then Y is Poisson distributed with parameter A = 0.5.
Thus, we can draw bar diagrams for the two Poisson probability functions,
as in Figure 2.2. The dark gray bars plot the probability function with the
low parameter value, the light gray bars plot the probability function with
the higher parameter value. The changes in the probabilities show the effect
of an increase of the regressor X from 0 to 1. For example, if X is a binary
explanatory variable, this shows the difference in the probability function with
or without a certain attribute. This is what we usually refer to as discrete
probability effect, compare to equation (2.11). In the present case we can
see, as expected, that the probability of small outcomes decreases, and the
probability of large outcomes increases, as X changes from zero to one.
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Fig. 2.2. Predicted Poisson Probabilities
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In limited (but continuous) dependent variable models, distributional as-
sumptions are also important, albeit for different reasons. Recall from Chapter
1 that limited dependent variables are subject to censoring or truncation, or
are “naturally” limited in range. Even if the interest remains firmly focused
on the conditional expectation function, the distributional model makes it
possible to model the underlying population model based on a sample that
is non-randomly selected. In principle, continuous conditional probability (or
better, conditional density) models are constructed just as their discrete coun-
terparts. We give here just two indicative examples. First, let Y be exponen-
tially distributed with density function

fly; A) = dexp(—My) A>0 (2.22)

In this model, we could specify A as a function of the explanatory variables
by assuming A = exp(z’/3). Second, the normal linear regression model can
in fact be interpreted as a conditional density model. The density function of
the Normal(p, 0?)-distribution can be written as

fly; p,0?) = % exp l—% (3/ ; ﬂ)Q] _ %Qﬁ (%) (2.23)

where ¢ is used as a symbol for the density function of the standard normal
distribution. In the standard linear regression model, we usually specify the
conditional expectation function E(y|z) as a linear index function. Thus, we
could specify the mean parameter p of the normal distribution here as a

1
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function of the explanatory variables in exactly the same way, u(z) = 2’8,
from which we obtain the normal linear model where

fylz;0) = §¢ (y — xlﬂ) (2.24)

g

where § = (8 ¢?)’. Moreover, if we would like to model a specific form of
heteroscedasticity we could write the variance parameter o2 as a function of
explanatory variables. Of course, in the latter case we should take into account
the non-negativity constraint of a variance. But as before with qualitative de-
pendent variables, we have an idea of how the observed dependent variable
has been generated, for example by drawing from a normal distribution. Then
we specify the parameters of the density in terms of the explanatory variables,
and this yields our specification of a conditional probability model. In Chap-
ters 7 and 8, we will present a number of models in which the dependent
variable is continuous but limited in a certain way, and where we use the
distributional assumption to infer the parameters of the population from the
sample that has been drawn.

2.4 Further Exercises

Exercise 2.11 Consider the following conditional distribution of living-
space per household in Switzerland in the years 1980 and 1990:

number of rooms % of households in 1980 % of households in 1990

1 10.7 8.3
2 14.2 14.9
3 31.4 31.1
4 24.8 25.9
5 or more 18.9 19.8

Which of the following statements are supported by the data, which are
not? What are the assumptions needed?

a) The average number of rooms per household increased between 1980
and 1990.

b) The median number of rooms per household increased between 1980
and 1990.

¢) The number of households living in a flat with one room decreased
between 1980 and 1990.

d) The proportion of households living in a flat with one room decreased
between 1980 and 1990.

e) The number of rooms is exponentially distributed.

f) The number of rooms is Poisson distributed.
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Exercise 2.12 In a study of smoking behavior, a random sample of 16-
year-old males in the Canton of Zurich is asked to state the number of
cigarettes smoked per day. There are 20 responses, and the average num-
ber of cigarettes is 3.6, with standard deviation 0.7.

Which of the following statements are supported by the data, which are
not? What are the assumptions needed?

a) The average number of cigarettes consumed per day by 16-year-old
males in Canton Zurich is 3.6.

b) The average number of cigarettes consumed per day by 16-year-old
youth in Switzerland is 3.6.

¢) The average number of cigarettes consumed per day by 16-year-old
males in Canton Zurich is 7.7.

d) The average number of cigarettes consumed per day by 16-year-old
male smokers is 3.6.

Exercise 2.13 Suppose that two random variables y and z are related in
the population as in one of the following models

Model 1: y=ap+ a1z +u Model 2: logy = By + 1z + u
where log(-) denotes the natural logarithm, and u denotes a random term
with E(ulz) = 0.

a) For each of the models, determine the absolute and relative marginal
mean effect OE(y|z)/0x. Answer precisely.

b) For each of the models, determine the absolute and relative change in
E(y|x) for a unit increase in x. Answer precisely.

¢) How do your answers in a) and b) change, if you replace x by log ?

Exercise 2.14 Suppose that y is Poisson distributed with probability func-
tion f(y; A) = exp(—=A)AY/(y!), and specify a conditional probability
model by assuming that A = exp(5y + f1z).

a) Determine the absolute (relative) marginal probability effects (MPE’s)
OP(y|x)/0x for y = 0,1,2,3. Answer precisely.

b) How does your answer in a) change if you replace x by log x?
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Exercise 2.15 Let y denote a discrete random variable with probability
function given by

Y 1 2 3 4
fly) 4/10 1/10 3/10 2/10
a) Find the probabilities P(y = 2), P(y < 2), and P(y > 2).
b) Find E(y) and Var(y).

¢) Draw F(y) and find the median of y. Is the median a sensible measure
for a discrete random variable? Why (not)? Which alternatives may
be used instead?

Exercise 2.16 In the winter semester 2004/2005, a total of 23421 students
enrolled in the University of Zurich. The relative frequencies conditional
on gender are as follows:

field of study men women
theology 0.004 0.006
law 0.073 0.075
economics 0.103 0.040
medicine 0.046 0.052
vetsuisse 0.006 0.022
arts 0.174 0.289
sciences 0.058 0.050
Total 0.464 0.534

a) Describe the nature of the variable field of study.

b) Find the probability f(economics) and the conditional probability
f(economics|lwoman).

¢) Find the conditional probability f(woman|economics).

Exercise 2.17 Let y denote a continuous random variable with density func-
tion f(y) = 2y with 0 <y < 1. Find the following probabilities

a) P(y>0.3)
b) P(y > 0.4)
c) P(0.25 <y < 0.75)

Exercise 2.18 Let y denote a continuous random variable following a nor-
mal distribution with y ~ Normal(3,2).

a) Find P(y <2.5), P(y > 4), and P(|ly — 3| > 1).
b) What distribution does z = 2y + 3 have?
c) What distribution does z = 0.5(y — 3)2 have?
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Exercise 2.19 Suppose that you have a random sample y1,...,y, of size
n = 100 which has been drawn from a normally distributed population
with y; ~ Normal(35,100). Find P(7 < 34).

Exercise 2.20 Suppose that you have two continuous random variables x
and y with joint density function f(z,y) =z +y,0<z<1,0<y < 1.
Calculate Cov(z,y).

Exercise 2.21 True or False? Evaluate the following statements critically.

a)

b)

c)

d)

c)

The variance of a random variable Y with mean E(y) = p can be
expressed as Var(y) = E(y?) — .

E(xy) = E(x)E(y) is a sufficient condition for independence of two
random variables X and Y.

Let Y7 ~ Normal(p1,0%) and Yo ~ Normal(ug,03) denote two inde-
pendent and normally distributed random variables. Then Y; + 3Y5 ~
Normal(uy + 3pa, 03 + 303).

Let Y denote a Poisson distributed random variable with probabil-
ity function f(y) = exp(—2)2Y/(y!), y = 0,1,2,.... The probability
P(Y > 2)is 0.594.

The probability of observing at most one tail when flipping a fair coin
five times is 0.233.

Exercise 2.22 Assume that you have access to a survey on video games.
The data comprises 91 individuals aged 18 to 31 and contains the following
information:

=

d)

Time spent playing video games in the week prior to the survey — in
hours, no answer (-1)

Do you like to play video games? — never played (1), very much (2),
somewhat (3), not really (4), not at all (5)

How often do you play video games? — daily (1), weekly (2), monthly
(3), every semester (4)

Gender — male (1), female (2)

Age — in years

Expected end-of-school grades — from 0 to 100 points

Define a research question that you could study with the data.

Think about an appropriate probability distribution function that has
the same support as the dependent variable you chose in (a).

What parameters does the distribution function have? How would you
specify the parameters in terms of the explanatory variables?

How would you proceed with the variables?
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Exercise 2.23 Assume that you have access to data from the Child Health
and Development Studies (CHDS), a comprehensive investigation of all
pregnancies that occurred between 1960 and 1967 among women in the
Kaiser Foundation Health Plan in the San Francisco East Bay area. The
variables are:

Birth weight — in ounces, unknown (999)

Length of pregnancy — in days, unknown (999)

First born — yes (1), no (2), unknown (9)

Mother’s age — in years

Mother’s height — in inches

Mother’s prepregnancy weight — in pounds.

Smoking status of mother — not now (1), yes now (2)

a) Define a research question that you could study with the data.

b) Think about an appropriate probability distribution function that has
the same support as the dependent variable you chose in (a).

¢) What parameters does the distribution function have? How would you
specify the parameters in terms of the explanatory variables?

d) How would you proceed with the variables?
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Maximum Likelihood Estimation

3.1 Introduction

Consider the problem of estimating the unknown parameter of a population
when the population distribution is known (up to the unknown parameter or
unknown vector of parameters), and when a random sample of n observations
has been drawn from that population. Common examples are sampling from a
Bernoulli distribution with unknown parameter 7, sampling from a Pois-
son distribution with unknown parameter A, or sampling from a normal
distribution with unknown parameters p and 2. Generically, we can write
the probability or density function of y;, 7 = 1,...,n as f(y;; ), where y; is the
i-th draw from the population and 6 is the unknown parameter. Throughout
the book we assume independent sampling, i.e., the i-th draw from the popu-
lation is independent from all other draws i’ # i. Then, the joint probability
function of the sample is simply the product of the individual probability
functions:

n

Fro--um; 0) = [ ] £ 0) (3.1)

i=1

The easiest way to introduce maximum likelihood estimation is in the con-
text of such unconditional models, where there is only one variable y and no
explanatory variable z. The extension of the maximum likelihood method to
conditional models f(y;|z;;6), such as those described in the previous chap-
ter, does not change any of the fundamental principles, although some of the
implementation issues become more complex.
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3.2 Likelihood Function

In the case of a discrete random variable, equation (3.1) is the joint probabil-
ity of the sample given the parameters. In the case of a continuous random
variable, it is the joint density. Alternatively, we can interpret (3.1) not as a
function of the random sample ¥, ..., ¥y, given the parameter 6, but rather
as a function of 0 for a given random sample y1, ..., y,. When we do this, we
call (3.1) the likelihood function, and we denote it by capital L:

n n

L) = [[ L6 v) = [ F i 0) (3:2)

i=1 =1

where y = (y1,...,yn)". L(0;y;) is the likelihood contribution of the i-th ob-
servation, and L(0;y) = L(0;y1,- .., yn) is the likelihood function of the whole
sample. Equation (3.2) says that, for any given sample y, the likelihood of hav-
ing obtained the actual sample that we are using depends on the parameter
6. As the name suggests, the basic idea of maximum likelihood estimation is
to find a set of parameter estimates, say é, such that this likelihood is maxi-
mized. This principle is widely applicable. Whenever we can write down the
joint probability function of the sample we can in principle use maximum
likelihood estimation.

It now becomes important to distinguish between an estimate and an
estimator. While the maximum likelihood estimator  is a random variable
that assigns the corresponding maximizing value to each possible random
sample y1, ..., y,, and is thus a function of the data, the estimate is the value
taken by that function for a specific data set. The same distinction can be
made for the likelihood function itself, or for any function of the likelihood
function. For instance, for each point 6,, L(6,;y) is a random variable, as
are log L(6p;y) or Olog L(8,;y)/08, since all these functions depend on the
random sample that has been drawn. Of course, in practice, a single sample
is the only information we have. However, the derivation of general properties
of the maximum likelihood estimator, such as consistency or asymptotic
normality, require the analysis of the behavior of the estimator in repeated
samples, which can be conducted based on the assumption that we know the
true data generating process f(y;6o).

We conclude this section with two additional remarks. First, the definition
of the likelihood function in (3.2) is somewhat more restrictive than necessary.
Any function that is proportional to (3.1) can serve as a likelihood function,
that is, we require that L(6;y1,...,yn) = ¢ [, f(y:;0) where ¢ is any
positive proportionality constant. This is the definition given by Fisher (1922)
in his description of the method in its original form:

“The likelihood that any parameter (or set of parameters) should have
any assigned value (or set of values) is proportional to the probability
that if this were so, the totality of observations should be that ob-
served.” (Fisher, 1922, p. 310)
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Second, it is not the likelihood function itself, but rather the log-likelihood
function, that is most often used in practice. By taking logarithms of equation
(3.2) we obtain

log L(0;y) = > log f(1:; 6) (33)
=1

Since the log-likelihood function is a monotonically increasing function of
L(6;y), any maximizing value 6 of log L(6;y) must also maximize L(6;y).
Taking logarithms has (at least) two advantages. First, the likelihood function
may become extremely small or large. For qualitative data, where f(y;;0)
is a probability, and therefore 0 < f(y;;6) < 1, the product over a large
sample can easily be so small that it moves below the range of floating point
numbers that can be represented by a computer. Continuous data density
functions f(y;;0) can be greater than 1 so that extremely large values are
possible. All this is avoided by taking logarithms which converts products into
sums. Second, the mathematical manipulations required to obtain analytical
results for the value and the distribution of the maximum likelihood estimator
are much simpler when they are based on sums, as in (3.3), rather than on
products. Finally, using the log-likelihood function makes clear that neglecting
the proportionality constant c is without loss of generality. This would be an
additive term log ¢ which does not depend on 6, and therefore is irrelevant in
the maximization.

Example 3.1. Sampling from a Bernoulli Distribution (Part I)

Assume that a random sample of size n has been drawn from a Bernoulli distri-
bution with parameter 7. Then the likelihood function and the log-likelihood
function have the form
L(my) = H(l — )iy
i=1
log L(m;y) = Y (1 —y;)log(1—7) +y;logm
i=1

In order to illustrate that L(m;y1,...,¥y,) is a random variable, Figure 3.1
plots the likelihood function for two different samples of size n = 5. The
sample (0,0, 0, 1, 1) has the likelihood function Ly (7r) = (1—m)372. The sample
(0,0,1,1,1) has the likelihood function La(w) = (1 — m)%73. We see that
both likelihood functions are bell-shaped with a unique maximum. In the first
sample, where the proportions of ones is 40 percent, the maximum is reached
at m = 0.4. In the second sample, where the proportions of ones is 60 percent,
the maximum is reached at m = 0.6. This is no coincidence, as we will see
later in this chapter.



48 3 Maximum Likelihood Estimation

Fig. 3.1. Likelihood Function for the Bernoulli Example
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Figure 3.1 shows the likelihood functions for specific samples. Actually, dif-
ferent samples can have the same likelihood function. For example, the samples
(0,0,0,1,1) and (1,0,0,0,1) both have the likelihood function L (7). Since
we can assign a probability to each sample, depending on the true population
parameter 7y, we can assign a probability to each likelihood function as well.
The likelihood function L;(7) is obtained whenever there are two ones and
three zeros. The probability of such a sample is

(g) 72 (1 —mo)3

For example, if 1y = 0.5, then L;(7) has probability 10 x 0.5° = 0.31.

1

3.2.1 Score Function and Hessian Matrix

As indicated earlier, the main object of interest is not the likelihood func-
tion L(6;y) but rather the log-likelihood function log L(6;y), and its first and
second-order derivatives, dlog L(0;y)/00 and 02 log L(0;y)/0000'. The first
derivative of the log-likelihood function, dlog L(6;y)/06, is called the score
function, or simply score. We write s(6;y). The second derivative of the
log-likelihood function, 92 log L(6;y)/8006" is commonly referred to as the
Hessian matrix, or simply Hessian. We denote it as H(6;y).

In almost all applications, 6 is multidimensional — recall the basic regres-
sion framework, where there are k explanatory variables and k 4 1 regression
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parameters. Hence, as in least squares estimation, we will need to use some
definitions from multivariate calculus in order to properly define s(8;y) and
H(0;y). Assume that 6 includes a total of p parameters § = (61,...,0.,)".
Then we define s(6;y) as (p x 1) column vector with the following property:

dlog L(6; y)

00
dlog L{(6:y)

_ Olog L(6;y) 90,

o0

s(0;y)
0log L(6;y)
06,
Similarly, we define H(6;y) as the (p X p) matrix with the following property:
Plog L(6;y) 9*log L(6;y)  0%log L(0;y)

0006’

(861)2 90,00, 96,00,
) ) 9 log L(0;y) 9°logL(0;y)  0%log L(6;y)
H(0;y) = FlogLibiy) _ 90206, (962)? 90200,

9?log L(0;y) 9°logL(6yy)  0%log L(6;y)
96,00, 96,00, (06,2

Thus, the Hessian matrix collects all second-order partial derivatives on its
main diagonal, and all cross partial derivatives on the off-diagonal elements.
The Hessian matrix is by necessity symmetric, since the cross-derivatives
are invariant to the order of differentiation. Moreover, if the log-likelihood
function is concave in 6, H(f;y) is said to be negative definite. In the
scalar case, for p = 1, this simply means that the second derivative of the log-
likelihood function is negative (for a more formal definition, see for example
Greene, 2003).

Because of the additivity of terms in the log-likelihood function (3.3), the
first and second derivatives are additive functions as well. That is, we can
write

" dlog L(0; y;
s(B;9) = s(6iy)  where  s(6;y:) = %

i=1
and

- 92 log L(6; y;
H) =Y HBy)  where  H(0:y) = S5 H00)
=1

It is important to keep in mind that both score and Hessian depend on the
sample y = (y1,...,Yn) and are therefore random variables (they differ in
repeated samples). Later on, we determine the expectation of the score vector
and of the Hessian matrix, two expressions that are important in the further
analysis of maximum likelihood estimation.
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3.2.2 Conditional Models

All results mentioned so far require only minor modifications, if conditional
rather than marginal probability models are considered. Recall the examples
of conditional probability models from Chapter 2.

e y;|z; is Bernoulli distributed with parameter m; = exp(z}8)/[1+exp(x}3)].
e y;|z; is Poisson distributed with parameter \; = exp(x}03)
e y;|x; is normally distributed with parameters p; = z}3 and o2.

In order to accommodate such models within the previous framework, we have
to extend the assumption of random sampling to pairs of observations (y;, x;),
requiring that the i-th draw is independent from all other draws i’ # . All
we need to do then is to replace the marginal probability or density function
£ (y;;0) with the conditional probability or density function f(y;|x;;60) implied
by the model. Now, 6 comprises the (’s plus any other parameters of the
model, for example o2 in the case of the normal linear model. Thus, if 3 is a
(k 4+ 1) x 1 vector, then the score functions in the Bernoulli and Poisson
examples has dimension (k + 1) x 1 as well, and the Hessian matrix has
dimension (k + 1) x (k+ 1). In the case of a normal distribution, we have
the dimensions (k + 2) x 1, and (k + 2) x (k + 2), respectively.

3.2.3 Maximization

The value of 6 that maximizes L(6;y) is called the maximum likelihood
estimator (or ML estimator). We use the symbol é, or éML, if the type of
estimation procedure used is not clear from the context. Since the logarithm
is a monotonic transformation, any value § that maximizes L(6;y) also max-
imizes log L(0;y). As a starting point, consider the problem of determining 0
such that

6= log L(6: 4
arg maxlog (CH) (3.4)

Here, © denotes the parameter space in which the parameter vector 6 lies.
Usually, we will assume that @ = IRP for some p > 1. This implies that &
is unbounded, and we must live with the possibility that no ML estimator
exists, even if the log-likelihood function is continuous with respect to 6.

However, if there is an interior solution to the maximization problem (as is
almost always the case in the standard applications considered in this book),
then we will find it by solving the necessary first-order conditions for a
maximum, namely that the first derivative of the log-likelihood function, i.e.,
the score vector, is equal to zero

[ak)gallg(o’y)] - = S(é,y) =0 (3.5)
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For a necessary and sufficient condition, we require in addition that the Hes-
sian matrix

9 log L(6;y) —d
o), = 1O

is negative definite, provided there is a solution at an inner point of the pa-
rameter space ©. This maximum could be local or global. In “well-behaved”
cases — and most problems considered in this book are well-behaved in this
sense — the log-likelihood function is globally concave, from which it fol-
lows that the solution to the first-order condition gives the unique and global
maximum of the log-likelihood function.

Example 3.2. Sampling from a Bernoulli Distribution (Part IT)

Assume that a random sample of size n has been drawn from a Bernoulli
distribution, as before. The score is given by

S(W;y)zgﬁ

Solving the first-order condition

Yi —
ﬁzo
P (1l —7)
we find that
R _
SN

In the Bernoulli case, the ML estimator for the probability of a one is thus
equal to the sample mean, i.e., the proportion of ones in the sample. The
second derivative of the log-likelihood function is equal to

n

Yi 1—wi
H(my) = - - —=
=1
This term is negative for all possible samples (y1,...,y,) as long as there is

variation in y. And only in this case, an inner solution with well-defined score
function and Hessian will exist. Otherwise, if all observed values are either one
or zero, the likelihood function becomes either L(m;y) = (1—m)™ or L(m;y) =
n™. The maximizing values of m are then zero or one, respectively, which
is at the boundary of the parameter space. We say that the model predicts
the outcome perfectly. In the conditional Bernoulli model, perfect prediction
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causes a breakdown of the maximum likelihood method. For instance, if m; =
exp(z}8)/[1 + exp(z}3)], the parameter 7; cannot become zero or one for any
finite value of 3.

Now assume that a particular sample has been realized, for example
(0,0,0,1,1). Accordingly, the realization of the ML estimator # will be the
estimate m = 0.4. This situation is depicted in Figure 3.2, where the likeli-
hood and log-likelihood functions for this particular sample are plotted. The
maximum is reached at @ = 0.4. The corresponding value of the likelihood
function is 0.035, and -3.37 for the log-likelihood function.

Fig. 3.2. Likelihood and Log-Likelihood in the Bernoulli Example

L(m;y)

ffffff log L(w;)

0.035 F—3.37

- —11.78

Exercise 3.1.

e Consider a random sample of size n from a population with expo-
nential density function:

flyis A) = dexp(—Ay;) A>0, 4, >0

Find the ML estimator of A. Check the first and second-order con-
ditions for a maximum.
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Exercise 3.2.

e Consider a random sample of size n from a population with Poisson
probability function:

exp(—A)A\Yi

flyis A) = ”

A>0, 4, =0,1,2,...

Find the ML estimator of A\. Check the first and second-order con-
ditions for a maximum.

3.3 Properties of the Maximum Likelihood Estimator

In probability models, the rule of choosing parameters such that the likelihood
of observing the actual data is maximized appears eminently sensible. How-
ever, we need to study more formally, whether, and under what conditions,
such a method makes sense from a statistical point of view as well. Is the ML
estimator a good estimator to use? Is it unbiased? Is it consistent? Does it
use the information provided in the data efficiently? What is its distribution?

One important aspect of ML estimation is that the method indeed has
desirable properties and a known sampling distribution, regardless of the par-
ticulars of the probability model, as long as the model is correctly specified.
For then, the maximum likelihood estimator is

1. consistent
2. asymptotically normal
3. efficient

Consistency means that, as the sample size increases, the ML estimator
tends in probability toward the true parameter value. Moreover, for large
sample sizes, the ML estimator will have an approximate normal distri-
bution centered around the true parameter value. Finally, efficiency means
that the ML estimator will have a smaller (asymptotic) variance than other
consistent estimators (technically, other consistent uniformly asymptotically
normal estimators). We discuss what happens if the ML estimator is based
on a misspecified model in Section 3.5.4.

There is no hard and fast rule for how large the sample size should be
for these properties to be good approximations. With large cross-sectional
datasets, however, the use of asymptotic approximations is usually not an is-
sue. Little of general validity can be said about the small sample properties
of the ML estimator. In most applications, the ML estimator 0 is a non-linear
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function of the dependent variable and it will be biased in small samples. Its
distribution can be far from normal — think about the distribution of the ML
estimator 7 in a sample of size n = 5 obtained from a Bernoulli population;
the possible values taken by this estimator are (0,0.2,0.4,...,1). A common
way to investigate the small sample properties of ML estimators is by means
of Monte Carlo simulations. However, such simulations provide results for
specific parameter values only, and one cannot prove general results in this
way. For information about this issue see Gouriéroux and Monfort (1996).

3.3.1 Expected Score

A crucial property of the ML method is that E[s(8;y)], the expected score, if
evaluated at the true parameter 6y, is equal to zero. If E[s(6;y)] is a vector,
this means that each element of the vector is equal to zero. As we will see,
this zero expected score property implies consistency of the ML estimator. The
result will be formally established for the case of a continuous random variable
y because this simplifies the notation considerably. However, the result is
perfectly general, subject to a regularity condition stated below.

There are two preliminary remarks. First, we have to be clear whether we
are speaking about the score of a single observation s(8;y;) or the score of
the sample s(6;y). Since under random sampling, s(6;y) = >, s(6;v;), it is
sufficient to establish that E[s(0;y;)] = 0, and the result will follow. Second,
a density function is called regular, if

0 0
@/f(yi;ﬁ)dyi:/%f(yiﬂ)dyi

i.e., the order of integration and differentiation can be exchanged. Regularity
requires that the domain of integration is independent of #. An example in
which this condition is not satisfied arises if f(y;a) is a uniform distribution
Uniform(0,a) and we treat the upper boundary as a parameter to be esti-
mated. In all standard microeconometric models, however, regularity is always
fulfilled. Since the integral over any density function is one, it follows from
regularity that

0
%f(yﬁe)dyi =0 (3.6)

Next, we can express the expected score function using the standard rules
regarding the expectation of a function g(y) as

Els(60;y:)] = /8(9;y¢)f(yi;90)dyi

/ dlog f(yi; 0)

89 f (i 00)dy;

af yi; 0)
f 90

[ (yi; 00)dy;
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where the last equality applies the chain rule for taking derivatives of loga-
rithmic functions. In this expression, 6, is understood to be the true, albeit
unknown, parameter of the model. We see that if the expected score is evalu-
ated at the true parameter 6y, the f(y;;6p)-expressions cancel and we obtain

E[s(60; y:)] = /af(yi;e)dyi

o6 =0

0=00

The expected score for each single observation, if evaluated at the true pa-
rameter, is zero, which was to be shown. As a consequence, the expected score
vector of the full sample is zero as well.

Example 3.3. Sampling from a Bernoulli Distribution (Part III)

Assume that a random sample of size n has been drawn from a Bernoulli
distribution with true parameter my, as before. The score function has been
derived as

n
LN Yi — T
8(71.7?/) - Z 7T(1 . 7T)
=1
Taking expectations, we obtain

By) ~ 7 _ n(ro =)
m(l—m) w(l—m)

Els(my)] =)

i=1

where FE(y;) = mp. Evaluating this function of 7 at the true parameter, i.e., at
the point m = 7, we see that E[s(7; y)]r=r, = 0 as required. Figure 3.3 plots
two expected score functions for mg = 0.4 and my = 0.6, respectively. In the
case of mp = 0.4 and n = 5 we obtain (2 — 57)/[m(1 — m)] (solid line), and we
have (3 — 57)/[w(1 — )] in the case of my = 0.6 (dashed line). Observe that
the expected score is equal to zero at the true parameter value.

3.3.2 Consistency

It should now be intuitively clear why ML estimation is consistent. Under
random sampling, the score function is a sum of independent components.
By the law of large numbers, the sample score converges in probability to
its expected value as the sample size increases beyond bounds. Now, the ML
rule says to pick the ML estimator such that the sample score — and hence in
the limit the expected score — is equal to zero. Since the zero expected score
condition is only satisfied at the true parameter value, it must be the case
that in the limit 6 = 0.
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Fig. 3.3. Ezxpected Score Functions in the Bernoulli Example
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Exercise 3.3.

Consider a random sample of size n from a population with Poisson
probability function:

Flyis ) = e"’*;?)”

1
where y; = 0,1,2,... and E(y;) = Var(y;) = A, and X is the unknown
parameter that is to be estimated.

e Derive the likelihood function for A. Are there any terms that can
be dropped due to the proportionality property?

e Derive the log-likelihood function and the score for A. Confirm that
the expected score at the true parameter )\g is equal to zero.

3.3.3 Information Matrix Equality

In order to go beyond consistency and analyze the variance and the limit-
ing distribution of the ML estimator, we require some results on the Fisher
information matrix and its relationship to the second derivative of the log-
likelihood function — a matrix if 6 is a vector:
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o D%logL(Byy) <~ 0%log f(yi;0)
H0:9) = —5550 _.Z 9000’

The information matrix of a sample is simply defined as the negative expec-
tation of the Hessian matrix, algebraically

1(0) = —E[H(6;y)] (3.7)

The information matrix is important in a number of ways in the development
of maximum likelihood methodology. First, the information matrix can be
used to assess whether the likelihood function is “well behaved”. This relates
to the issue of identification that will be discussed in Section 3.5.3. A lack of
identification means that no matter how large the sample size, the information
provided by it is insufficient to estimate the parameters of interest.

Second, the information matrix is important, because it is the inverse of
the variance of the maximum likelihood estimator, a result we will derive in
Section 3.3.4. And third, it links results for maximum likelihood estimation
to an important result on the precision of estimators from general estimation
theory, the so-called Cramér Rao lower bound. This result states that,
under certain regularity conditions, the variance of a consistent estimator of a
parameter 6 will always be at least as large as I(0)~!. As a consequence, since
the maximum likelihood estimator reaches the Cramér Rao lower bound, it is
asymptotically efficient.

A final result pertaining to I(6) is the so-called information matrix
equality. This equality establishes that the information matrix can be derived
in two ways, either as minus the expected Hessian, as in equation (3.7), or
alternatively as the variance of the score function, both evaluated at the true
parameter 6. In other words,

Var(s(6o; y)] = —E[H (6o; y)] (3-8)

The derivation of the variance of the score function is based on the following
considerations. As before, f(y;;0) denotes the probability model for the i-th
observation. The Hessian matrix for this observation can be written as

H(0;y;) = 7885999;,%)
_ 0 0f(yi;0)/00
- o f(vis 0)
_ 0%f(y130)/0000"  Of (y::0)/90 Of (yi;0)
f(yis 0) f(yi; 0)? oy’

92 f (i 0) /0006 ,
= % —5(60;y:)s(0; v:)

Upon taking expectations, the first term on the right disappears since

0% (y:6)/0606" _ [ Pfws0)
l 9_90‘| _/ 9000’ dy;

F(95:0) =0

0=00
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and therefore
E[H (60 y:)] = —E[s(00; yi)s(00;y:)'] = —Var[s(6o; y:)]

as stated. The extension to the full sample score and Hessian functions follows
from the additivity of the log-likelihood function. This is the information
matrix equality.

Example 3.4. Sampling from a Bernoulli Distribution (Part IV)

Assume that a random sample of size n has been drawn from a Bernoulli
distribution with parameter 7, as before. The score function is given by
n

Yi — T

s(my) = m

=1

The variance of the score is then

R

Evaluated at the true parameter value (7 = ), this expression simplifies to

n

Varls(my)l = =070y

The Hessian matrix (here a scalar) is
(1—m)2 72
i=1

with expectation

Evaluating the expected Hessian matrix at the true parameter value, we obtain

n

E[H (o391, .., yn)] = mo(1— o)

which corresponds to the information matrix equality.
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3.3.4 Asymptotic Distribution

All three properties of the ML estimator, consistency, efficiency, and asymp-
totic normality, can be summarized in a single result about convergence in
distribution. Let § denote the ML estimator, 6 the true parameter value (we
drop the zero subscript from now on), and I(#) the information matrix of the
sample. Then

NOCEY)) 4, Normal(0,nI(6)~")

where -% stands for “converges in distribution” (see Amemiya, 1994, for an
introductory treatment of convergence concepts for random variables). If one
wants to emphasize the speed of this type of convergence, one also speaks of
“root n convergence”, since 4/n is the value one needs to multiply 6 such that
the limiting variance of \/ﬁé is a non-zero constant matrix.

For large but finite samples, we can therefore write the approximate dis-
tribution of § as

0 X Normal(0, —E[H(0;y)]™") (3.9)

We conclude that the ML estimator is normally distributed. Since the
expected value of the limiting distribution is the true parameter value 6, the
ML estimator is consistent. And since its asymptotic variance is the inverse
of the information matrix, it is asymptotically efficient.

Proof

The main steps of a proof are as follows. Consider a first-order Taylor series

approximation of s(#) around the true parameter vector 6:
s(05y) ~ s(0;y) + H(0;y)(0 - 0)

Since s(é; y) is equal to zero by virtue of the first-order condition of a maxi-
mum likelihood estimator, we have

0—0~—H(0;y) 's(6;y)

or

A 1 !
Vil -0~ (<2 HED)  Jstti)
Score function and Hessian are sums of independent components, and law of
large numbers and central limit theorems can be invoked. For increasing n,
both s(0;y) and H(6;y) converge to their first moments E[s(d;y)] = 0 and
E[H(0;y)] = —1(#). The first convergence, that of s(6;y) to E[s(0;y)], ensures
consistency of the maximum likelihood estimator. In fact, this convergence
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allows for a re-interpretation of the ML estimator as a method of moments
estimator: the estimator is the value that solves the sample equivalent to the
population moment restriction E[s(0;y)] = 0. The asymptotic distribution
follows from a central limit theorem, whereby

%s(ﬁ;y) <, Normal(0,n~11(0)) (3.10)
and therefore

\/ﬁS

In practice, 6 and thus I(6) are not known. For the purpose of inference, the
true variance covariance matrix of # can be replaced by a consistent estimator.

Vvl —0) ~ (—iH(O;y)) ) (0; ) 4, Normal(0,nI(0)™")

Exercise 3.4.

e Consider the ML estimator A = g of the Poisson parameter A. What
is the asymptotic distribution of A?

To summarize, the ML estimator has the following properties. The asymp-
totic distribution is centered at the true parameter 8 and its variance goes to
zero. Hence, we have mean squared convergence to zero and thus consistency.
As mentioned earlier, I(6)~! is the smallest variance for any consistent es-
timator (linear or not). It is the so-called Cramér-Rao lower bound. Hence,
the ML estimator is asymptotically efficient. Also, the asymptotic distribu-
tion is normal, which generates simple (asymptotic) procedures for inference.
Of course, these properties have been derived under the assumption that the
model is correctly specified, i.e., the data generating process, which comprises
the population distribution model and the assumption of random sampling,
must be valid. The researcher will usually feel more comfortable with the sec-
ond assumption than with the first. However, it provides some consolation
that, in important special cases, some or all of the desirable properties hold,
even if the model is misspecified. This is an instance of quasi-likelihood
estimation, which will be discussed in Section 3.5.4.

3.3.5 Covariance Matrix

Recall from the approximate distribution in (3.9) that the ML estimator 0 has
variance Var(0) = —E[H(0;y)]~!. First, we should clarify the nature of the
variance. If 6 is a vector, say 8 = (61, ...,6,)’, then the variance is defined as a
matrix that collects on the main diagonal all p variances Var(dy), . .. , Var(6,,),
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and on the off-diagonal the p x (p — 1) covariances Cov(él,ém) for I # m.
Thus, we can write

Var(6,) Cov(6y,60y) --- Cov(6s,6,)
0

. Cové,é Var (6 -+ Cov ,é
Var(d) — (.1 2) (62) | (.2 b)

Cov(8,,61) Cov(8,,82) ---  Var(6,)

This matrix is referred to as a variance matrix, covariance matrix or,
maybe more accurately but also somewhat cumbersomely, as a variance-
covariance matrix. It is symmetric and positive definite. The covariance
matrix is important in every econometric analysis, because it is required for
interval estimation and for hypothesis testing.

Unfortunately, Var(0) = —E[H (6; )]~ cannot be known in practice, since
it depends on the unknown true parameter 6. Nevertheless, inference can be
conducted when the true covariance matrix of 6 is replaced by a consistent
estimator. It turns out that in the case of ML estimation, three asymptotically
equivalent estimators exist. A first candidate is minus the expected Hessian,
evaluated at the ML estimate of the parameter (instead of the true value 6):

Var(8), = —E[H (8;y)] "

It is frequently the case that the Hessian matrix is a highly nonlinear function
of y, making it impossible to obtain an exact expression for the expected
value. A second alternative estimator for the covariance matrix is the inverse
of minus the actual Hessian matrix, evaluated at the maximum likelihood
estimator

Var(6)s = [~ H(8;y)]

This is the standard procedure incorporated into most of the software pack-
ages used for microeconometric models. Sometimes, even the computation of
the Hessian is complicated. However, it follows from the information matrix
equality (see Section 3.3.3) that another estimator of the covariance matrix is
the variance of the score, which can be estimated by the outer product of
the score (sometimes also referred to as outer product of the gradient)

" —1
Var(0); = lz 5(0;yi)s(6; yi)’]
i=1
The practical relevance of these results is that the three estimators are asymp-
totically equivalent, and hence one can use whatever is most convenient.
It is also possible to combine two or three of these estimators. Indeed, it
can be shown that the estimator

Var(f); = Var(6),Var(9); ' Var(9)
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has desirable properties. In particular, it is a consistent estimator of the co-
variance matrix of 6, even if the model is misspecified (the distributional
assumption is violated). In this case, 0 may or may not be a consistent es-
timator of 6. If it remains consistent, even if some aspects of the model are
misspecified, one also talks about quasi-maximum likelihood estimation
(Gouriéroux, Monfort and Trognon, 1984).

In the context of hypothesis testing, one may also consider evaluating the
above four covariance matrix estimators at the parameter under Hy, i.e., at
0 = 6y, rather than at 0. However, this does not make any difference, since 0
is a consistent estimator of 6. If Hy is true, 0 converges in probability to 6y,
and the asymptotic covariance matrix is the same, regardless of whether 6 or
0o is used to evaluate the covariance matrix.

Example 3.5. Sampling from a Bernoulli Distribution (Part V)

Assume that a random sample of size n has been drawn from a Bernoulli
distribution, as before. Recall that score and Hessian are given by

n

s(m;y) A
my) =
— m(l—m)
and
=~y 1—y
Himy) =3 -4 1ov

i=1

respectively. Therefore

Var(#); = (1 - 1)

-1
Y 1—y _(ny , (n—ny) 7177}(1_7%)
(ZIH (1—7%)2> <ﬁ2+(1—fr)2> R

Var(7)s = ( 3 W>_l - <<”y‘2"ﬁy+“ff2)_l _f(l-7)

Var(#)a

72(1 — 7)2 72(1 —7)?

since T = y. In this simple case, all three estimators are identical.
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Exercise 3.5.

e Consider the ML estimator A = g of the Poisson parameter A. Com-
pute the asymptotic variance of A using the three alternative expres-
sions.

3.4 Normal Linear Model

A leading example of ML estimation of a continuous response model is the
normal linear model. Of course, we already know very well that the regression
parameters can be estimated by ordinary least squares, without making any
distributional assumption at all. Indeed, the Gauss-Markov results do not
require the errors to be normally distributed. Still, it is instructive to obtain
the ML estimator as well, and to compare it to the OLS result. The classical
linear regression model is usually written as

vi = 1.8+ u; i=1,...,n

where z; = (1,241,...,24) 18 a (k4 1) x 1-vector of explanatory variables
and  is a conformable vector of parameters. Under the assumptions of mean
independence and homoscedasticity, the regression parameters of the model
can be estimated by ordinary least squares and the resulting estimator is
the best linear unbiased estimator. Now, we assume in addition that wu;
is normally distributed with mean 0 and variance o2. The resulting normal
linear model is in the format of a conditional probability model because it
follows from the above assumptions that

yilz; ~ Normal(x,3,0?)

We will show now how the parameters of this model, 3 and ¢2, can be es-
timated by the maximum likelihood method. The density function for each
observation can be written explicitly as

1 1 ; — / 2
Jles .%) = g e [‘2 (%) ]

Assuming a random sample of n pairs of observations (y;,x;), the log-
likelihood function is
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log L(3, 0% y,2) = Y _log f(yilzi; B,07)
i=1
- 1 [y —aiB)?
= Z —= 10g(27r) - - loga - <Z>
= 2 o

n n 1
=3 log(27) — 5 logo? — 257 Z4_1(y1- — xi3)? (3.11)
The first term on the right-hand side can be dropped, because it does not
depend on o2 or 8. Thus, it can be absorbed into the proportionality constant.

The first-order conditions for maximizing this log-likelihood are:

loglL 1
0 Og = E wiy; — 8) = 0 (3.12)
g
dlog L n 1 « !
or = _202 o § : —2iB)? = (3.13)

Note that the partial derivative 0log L/9( is a vector of dimension (k+1) x 1.
Its first element is log L/0fy = 0=2 Y 1, (yi—}[3), its second dlog L /9B =
023" i (yi — «B), and so forth. The ML estimator 3 can be determined
from the first equation, which can be rewritten as:

n n

) A
E TiYi = E x;x; 8
i=1 i=1

such that

By = (Z xzx;> <Z xz?/z) (3.14)
i=1 i=1

Here, Z _, z;x} is a (k+1)x (k+1) dimensional matrix with diagonal elements
Z?:l aczl and off-diagonal elements Z?:l ZTij1xim for I #£ m. To solve the system
of k + 1 linear equations, we make use of the concept of an inverse matrix:
A~ is the inverse of A if A=A = I, where I is a diagonal matrix with ones
on the main diagonal and zeros elsewhere (see for example Greene, 2003, for
further details). The inverse (3, J;ix;)_l exists, as long as the explanatory
variables 1,1, ...,z are linearly independent.

An inspection of the ML estimator Bz, in (3.14) shows that it is the same
as the ordinary least squares estimator. Hence, under the assumptions of the
normal linear model, and as far as the slope vector 8 is concerned, there is
no difference between maximum likelihood estimation and least squares. The
reason is that the score vector is proportional to the normal equations of the
least squares problem.
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The second parameter of the model, o2, can be estimated by maximum
likelihood as well. In order to do so, replace 8 in (3.13) by its ML estimator
3, and define the residual 4; = y; — 3. Then

n
)
>

i=1

652 =

S|

This expression differs from the familiar variance estimator, since the divisor
is n and not n —k — 1. In other words, the ML estimator makes no adjustment
for the degrees of freedom. Hence, it is biased in small samples. However, since
maximum likelihood estimation relies on asymptotic properties anyway, and
since the bias disappears quickly for large n, this is not something to worry
about.

So far, we have taken for granted that the ML estimators obtained from
the first-order conditions do indeed maximize the log-likelihood. Of course, we
should also check the second-order conditions to see whether this is the case
in the normal linear model. We need to evaluate the three second derivatives

9%*log L 1 «

Ty = o

i=1

9?log L n 1 ' oD
BT a8 T g8 2 i)

0%log L 1 —
T~ at 2 =)
i=1

Because of symmetry, % log L/(03002) = 02 log L/ (05203). Collecting terms,
we get the Hessian matrix

H(ﬁ,a2;y,x) _ 1_%2?:1 $i$§ _714 %:Z;lfz(yz_xgﬁ)Q
=51 2im1 TilYi — TiB) 5w — 56 Dy (i — T30)

The dimension of this matrix is (k +2) x (k4 2). It can be shown that it is a
negative definite matrix, provided the z;’s are well-behaved and not collinear.
In this case, the log-likelihood function of the normal linear model is globally
concave, and B and 42 are indeed the maximizing values.

The information matrix contains minus the expected values of the Hessian
matrix:

LS5 xxl 0
1(6’0,2): |:g 2161 7 " :|

204

Its inverse provides the asymptotic covariance matrix of the maximum likeli-
hood estimator in the normal linear regression model.

18,07 = [02@26%@)—1 ot |
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Finally, it follows that

(52) R Normal [(52) ; (82(2?_1mix;)1 204/11)]

An estimator of the covariance matrix can be obtained if we evaluate at the
ML estimator 62. To summarize, under the standard assumptions of the nor-
mal linear model, OLS and ML give the same estimator for 3, whereas the
estimators for o2 differ. The ML estimator 63, is biased, but consistent and
asymptotically efficient.

Exercise 3.6.

e Show that the log-likelihood function, when evaluated at the ML
estimates for 6%, and B, is equal to —0.5n(log(27)+log 63,, +1).

e Suppose a normal linear model has been fitted by ordinary least
squares using a sample of 500 observations. The sum of squared
errors is 420. Had the model been estimated by maximum likelihood
instead, what would the value of the log-likelihood function be?

We conclude with three further interesting observations about the normal
linear model. First, we see that we have an instance where the distributional
assumption is not critical for the good properties of the ML estimator. Since
ML = OLS, and since OLS does not require any distributional assumption
to establish unbiasedness and minimum variance in the class of linear unbi-
ased estimators, we can immediately conclude that the ML estimator of
is, under the assumptions of the conditional normal model, unbiased and has
minimum variance as well, even if the true distribution is not normal. Second,
we gain a bit by making the additional normality assumption, because in the
ML framework, we know that the ML estimator now has minimum variance
in the class of all consistent estimators, not only the linear ones. Third, we
should mention that the normal linear model is somewhat atypical (as were
the examples given previously for the Bernoulli model without covariates), be-
cause it is possible to obtain the ML estimator as a closed-form solution to the
first-order condition. In most microdata models, however, such a closed-form
solution is not available and numerical solution algorithms will be needed.
This, together with some other extensions, is discussed in the next section.
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3.5 Further Aspects of Maximum Likelihood Estimation

In this section, we pick up some further issues of maximum likelihood esti-
mation. We start with a discussion of the invariance property. After that, we
discuss the estimation of models with non-linear score functions using numer-
ical optimization routines. There are a number of such algorithms available,
but we focus on the Newton-Raphson method. Finally, there are situations
where the ML estimator does not exist. This may arise due to data deficiencies
or modeling deficiencies, in particular a lack of identification.

3.5.1 Invariance and Delta Method

The study of invariance refers to the behavior of ML estimators when the
model is reparameterized. Let 6 denote the ML estimator of 6. Assume that
instead of 6, we are interested in h(6), where h is an arbitrary, possibly non-
linear function. The invariance property says that the ML estimator of h(8) is
simply h(é) The intuition for this result is that ML estimation yields, under
the assumptions of the model, a consistent estimator and that, for large enough

samples, we can treat the estimator as if it were a constant.

Example 3.6. Parameter Constraints

Let ¥ = In 6 with inverse function § = exp(«}). Assume one wants to impose the
constraint that 6 is non-negative. This is achieved by parameterizing the model
in terms of ¥ (since exp(¥) is nonnegative for all ¥ € IR) and obtaining the
ML estimator for 9. The ML estimator for 6 then is 6 = exp(@). Applications
for the log transformation arise, for example, when estimating the parameter
o2 in a normal linear model, or when estimating the parameter X in a Poisson

model without covariates.

Example 3.7. Expectation of a Log-Normal Distribution

Let i = 3y be the ML estimator for the mean p of a homoscedastic nor-
mal population and a sample of size n. We know that E(4i) = p and
Elexp(f1)] = exp(u + 0.502/n). Hence, exp(fi) is a biased estimator of exp(u).
This is an exact result that holds for any sample size. However, from the
maximum likelihood point of view, we are interested in the large sample be-
havior. Clearly, exp(j1) is a consistent estimator of exp(u) since a%/n — 0 as
n increases. Therefore, invariance holds as required.
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Example 3.8. Ratio of Parameters

For another application of the invariance principle, consider the normal linear
model y = By + 1z + u. The ML estimator of the ratio 8y/0; is equal to the
ratio of the ML estimators o/ 3.

Exercise 3.7.

e Assume that y is Poisson distributed with parameter A = exp(?}).
Use the likelihood function

L.(9) = [ exp(~ exp(9)) exp(0)"

to derive the ML estimator for 9. How does it compare to the usual
ML estimator for A7

e Assume that (i and ¢ are the ML estimators of the parameter of
the normal linear model. Find the ML estimator for P(y > 0).

2

Delta Method

In order to obtain asymptotic standard errors for transformed estimators, we
can use the Delta method. For a scalar parameter 6,

Var[h(6)] = [82(;) Var[0]

For example, assume that k() = exp(d). In this case [Oh(0)/060]% = exp(20)
and it follows that @[h(é)] = eXp(Qé)\//aE[é]. If & and h are vectors, the
delta method requires computation of a quadratic form involving the vector
of derivatives of the h-function with respect to the elements of # and the
covariance matrix of #. Formally, we have

Var[h(6)] = lah(é)] Var|6)] lah(é)l (3.15)

06’ oo’
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Exercise 3.8.

Suppose a random sample of size n = 100 has been drawn from a Poisson
distribution, with sample mean equal to § = 2.0.

e Calculate the 95% confidence interval for .

—

e Determine the predicted probability P(Y = 1).

e Determine the standard error of P(?Z 1).
e What is the 95% confidence interval for P(Y = 1)?

3.5.2 Numerical Optimization

The maximum likelihood principle requires that we find the parameter values
that yield the maximum of the (log-) likelihood function. We can proceed with
the optimization using any of the following techniques:

Trial and Error
Graphical Methods
Analytical Optimization
Numerical Methods

The trial and error method is a very simple way to find the optimum of a
function. We plug in trial values of the parameters, and compare the values of
the likelihood function until we find its maximum. This method is generally
very inefficient. Nevertheless, a systematical variant called grid search is
sometimes used to get an idea about the range in which the maximum should
be. Graphical methods are of practical relevance only if the function to be
optimized is linear in the parameters (which is rarely the case), otherwise the
results are fairly inaccurate. Analytical optimization requires the use of
calculus, i.e., we set the score function equal to zero, solve for the maximizing
parameters, and evaluate the Hessian matrix. This method is very efficient.
However, in many cases a closed-form solution is not available due to the
non-linearity of the log-likelihood function.

In this section, we introduce some numerical methods for maximizing
the log-likelihood function when the first-order condition has no closed-form
solution. This is only a very basic introduction to the topic. For more details,
refer to textbooks such as Davidson and MacKinnon (1993), Gouriéroux and
Monfort (1996), and Greene (2003).

The common element of all numerical maximization algorithms is that they
are iterative, and that, departing from some more or less arbitrary starting
values, the parameter updates account for the slope and the curvature of the
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log-likelihood function at the current parameter value. If the slope is positive
for the [-th element of the score vector, then we know that choosing an update
QA;‘H > % will tend to improve the function that is to be maximized. However,
the update step should not be too large, for then one can “overshoot” the
target and move beyond the maximum of the likelihood function. Therefore,
the curvature of the log-likelihood function can be used to determine the
length of the step. If the curvature of the target function is large, the steps
should be smaller than if the curvature is small.

Numerical optimization is an art rather than a science. There is no guar-
antee that the algorithm will find the correct answer. First, the log-likelihood
function may be ill-conditioned, for example because of a lack of identifica-
tion which means that the log-likelihood is flat in some parts of the parameter
space. Second, the maximum that has been found may be a local maximum.
In this case, different starting values may lead to different “ML estimators”.
In many of the standard microdata models considered in this book, it can be
shown that the likelihood function is globally concave, and in such a case, algo-
rithms will always perform well and find (to an arbitrary degree of precision)
the unique global maximum.

The various available algorithms differ in the way that they compute the
gradient and the curvature of the log-likelihood function. In some cases, these
functions are provided in analytical form, whereas in others, they are based on
numerical approximations. This distinction may be a matter of convenience,
when one could in principle derive the analytical forms but does not do so, or of
necessity, when the gradient or even the log-likelihood has no closed-form. The
latter occurs, for example, in many models of unobserved heterogeneity or in
mixture models, where the log-likelihood function includes high-dimensional
integrals. In such cases, the optimization algorithms need to be combined with
methods of numerical integration, or, if this is not possible, with simula-
tion estimators (such as maximum simulated likelihood). Clearly, these
methods have been helped greatly by the increased computing power, and it
is fair to say that one can nowadays write down even the most complicated
likelihood function and — provided that a ML estimator exists — be rather sure
that a method of maximizing it within a reasonable amount of time can be
implemented.

As we said before, a comprehensive treatment of existing numerical opti-
mization routines would fill an entire book, and we cover only some elemen-
tary aspects of the issues typically encountered. We start with an example, in
which the score equation has no closed-form solution, and then discuss how
such models can be estimated with the Newton Raphson algorithm.
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Example 3.9. The Log-Linear Normal Model

The log-linear normal model is a non-linear regression model, where the con-
ditional model of y; given x; is a normal distribution with conditional expecta-
tion E(y;|z;) = exp(z}3) and constant variance o2. For simplification, assume
that the true o2 is known, such that we do not have to find its maximizing
value. The conditional density function can therefore be written as

. _ ex / 2
ks ) = o exo H (et ]

Given a random sample of size n, the log-likelihood of this model is
) _n n 9 1 —
log L(B; y, %) = =5 log(2) — 5 log o™ — — g = exp(;))?

and the score vector wit respect to 3 is

Olog L
op

(i) = T8 = S s — expl)] exol)
i=1

The first-order condition for a maximum of the log-likelihood function with
respect to 5, s(5;y, ) = 0, has no analytical solution.

Newton-Raphson Algorithm

A frequently used method of quadratic approximation is the Newton-
Raphson method, or algorithm. It can be motivated as follows. Given any
initial parameter estimate, say 9“0’ we can obtain a second-order approxima-
tion of log L(#) around 6°:

log L*(8) = log L(6°) + s(8°)' (6 — 6°) + %(9 — 6% H(6°)(0 — 6°) ~ log L(6)

where s(-) denotes the score and H(-) the Hessian of the log-likelihood function
(see Greene, 2003, for further details on vector and matrix differentiation).
Now, we can maximize log L*(0) (rather than log L(#)) with respect to 6,
yielding a new parameter value which we call 1. The first-order condition of
this simpler problem is

s(6°) + H(0°)(6* —6°) =0
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0" = 0° — [H(0°)] " 's(6°)

Thus, for an arbitrary starting value 6°, the Newton-Raphson updating rule
is given by

0t =0t —[H(O)]'s(8)  t=0,1,... (3.16)

The iterative procedure ends when a predefined convergence criterion is
satisfied. Possible criteria are the change in the value of the estimate 8+ — ¢,
the change in the log-likelihood values log L(#**!) — log L(#"), or the value of
the gradient at the estimate s(ét). Convergence occurs when any of these
values, or a combination of them, are close to zero (say, smaller than 10~° in
absolute value).

Figure 3.4 illustrates graphically the steps involved in the Newton-Raphson
algorithm. With an initial parameter value éo, we obtain the value of the
score function s(éo). The Hessian matrix H(éo)7 in this case simply a scalar,
is the slope of the score function evaluated at éo. The updating rule in (3.16)
requires that we divide the value of the score function at the tangency point by
the slope of the tangent, and this equals the distance 6o — 6,. But this can be
interpreted in terms of simple trigonometric relations. Specifically, the ratio of
the distance on the vertical axis, s(fp) — 0, and the distance on the horizontal
axis, éo — él, yields the slope of the secant between the two points under
consideration. Thus, the updated value 6, can also be obtained by finding the
intersection point of the tangent line with the zero line.

Fig. 3.4. The Newton-Raphson Algorithm




3.5 Further Aspects of Maximum Likelihood Estimation 73

Example 3.10. Maximizing a Third-Order Polynomial

Suppose we want to find a maximum of the function f(z) = 2® — 3z + 1. The
first and second derivatives are f/(x) = 322 — 3 and f”(x) = 6x, respectively.
We can solve the first-order condition directly to obtain the candidate values
—1 and 1. Because f”(—1) < 0, the first of the two candidate values is a local
maximum of the function. Now, suppose that we use the Newton-Raphson
algorithm instead. The update rule is

() . 3z —3

€T = T+ — =
t+1 t () 61,
Starting, for example, with xg = —2, we obtain the update sequence —2,
—1.25, —1.025, ... which converges rapidly to the local maximum. If we start

the iterations with xy = 2, however, the algorithm does not find the local
maximum but rather ends up at the local minimum.

Example 3.11. Newton-Raphson in the Log-Linear Normal Model

In order to implement the Newton-Raphson algorithm, we need to compute
the score function and the Hessian matrix and evaluate them iteratively at
the current parameter values:

0
(8 = lggL\M —qu expla} ) exp(a})

2

| " L3 il — 2exp(al ) explal )
= i=1

A numerical approximation to the solution can be found by selecting starting

values (g, for example from a linear regression of log y on z, and then updating

according to the Newton-Raphson formula, using the update fi! = gt —

H(B')~1s(B), until convergence is reached.

H(B") =

Other Optimization Algorithms

In the Newton-Raphson algorithm, the curvature — and therefore the step
length — is determined by the actual Hessian of the sample, evaluated at
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the current parameter value. If the expected Hessian is used instead, the
resulting algorithm is referred to as the method of scoring. While this is
a complication in comparison to the base method, since the expectation may
not be easy to compute, a clear computational simplification is obtained if
the Hessian is replaced by the outer product of the score, as proposed by
Berndt et al. (1974), which is referred to as the BHHH algorithm. Still
other approaches include the so-called steepest ascent method (where the
score vector is multiplied by the scalar s(3%)'s(8%)/s(8%) H(3')s(3!)), and
the quadratic hill-climbing method that corrects for the possibility that
the Hessian matrix may not be negative definite at points distant from the
optimum. Of course, if the log-likelihood function is globally concave, such a
provision is not necessary.

Depending on the application, it may also be preferable to use derivate free
algorithms, such as grid search, simplex methods, and simulated annealing,
or the EM algorithm, which is advantageous in missing data problems (see
Greene, 2003, and the references cited therein, for further details).

From a practical point of view, one should note that results might be sen-
sitive to the choice of starting values, and one should check the robustness of
the solution by providing different starting values. Dependent on the prob-
lem at hand, some algorithms work better than others, some may fail to find
the maximum, others will find the solution very fast. Thus, one should try
different algorithms and compare the results.

3.5.3 Identification

There are two distinct types of problem that may cause maximum likelihood
estimation to fail. The first one is a deficiency of the sample at hand, such
as no variation in the dependent variable or no variation in an explanatory
variable, or a combination of the two. A common manifestation of such a
combination arises when binary dependent variables and binary explanatory
variables are mixed and there is no variation in the dependent variable for a
given value of the binary explanatory variable. This leads to a perfect predic-
tion problem, and an associated unboundedness of the log-likelihood function.
See also Section 3.2.3. To remedy such a problem, one can collect more data
and hope that some useful variation arises in the additional observations.

A fundamentally different problem is that of identification, or the lack
thereof. Identification is the study of what conclusions can and cannot be
drawn in infinite samples, given specified combinations of assumptions and
types of data.

“Identification problems cannot be solved by gathering more of the
same kind of data. These inferential difficulties can be alleviated only
by invoking stronger assumptions or by initiating new sampling pro-
cesses that yield different kinds of data.” (Manski, 1995, p. 3/4)
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Identification is a general issue in any econometric model and for any esti-
mation procedure. It is not restricted to maximum likelihood estimation. The
following examples are illustrative of the types of identification failure that
may occur, and of the solution strategies for overcoming the lack of identifi-
cation.

Identification by Functional Form

Suppose that a random sample of y; is taken conditional on z; = 1, 2. This can
identify E(y;|x; = 1) and E(y;|z; = 2) but not, without further assumption,
E(yi|z; = 1.5). Identification could be achieved in two ways:

e Change the sampling scheme and sample conditional on z; = 1.5 as well.
Add the assumption that the conditional expectation function has a par-
ticular functional form, for example

E(yi|z:) = Bo + Brx;

Identification by Exclusion Restriction

In other cases, identification is achieved by imposing an exclusion restriction.
Here is an example:

E(y;|male;, female;) = By + B1 male; + B3 female;

Male; and female; are dummy variables that take the value 1 if person i
is male or female, respectively, and 0 else. In this conditional expectation
function, not all parameters 5y, 01, and (2 are identified, since male; = 1 —
female; and therefore

E(yi|male;, female;) = (8o + 1) + (B2 — 1) female;

In order to handle the identification problem, one can exclude either the con-
stant, or one of the dummy variables. Exclusion restrictions are also a key
when estimating the structural parameters from a reduced-form model in the
context of simultaneous equations, but this is not discussed further here.

Identification in Probability Models

In a probability framework, two parameters ; and 6 are said to be obser-
vationally equivalent if f(y,0;) = f(y,02) for all y. A parameter point 6y is
then identifiable if there is no other § € @ which is observationally equivalent
(Rothenberg, 1971). An example of a non-identified model, a mixture of two
normal distributions, can be found in Maddala (1983, page 300). A sufficient
condition for identification is that the information matrix —E[H(0;y)] is a
nonsingular matrix.
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3.5.4 Quasi Maximum Likelihood

The single most important drawback of maximum likelihood estimation is
that it requires the specification of a true probability model. If the specified
model is incorrect, the resulting ML estimator is inconsistent in general. This
situation reflects a classic trade-off in empirical modeling: to be able to obtain
strong results, which entails consistency, asymptotic normal distribution, and
the ability to make inferences on conditional probability effects, one must also
be prepared to make strong assumptions. The weaker the assumptions of a
model, the more robust the estimator will be with regard to model misspeci-
fication, but also the weaker the inferences one can draw. An often employed
practical approach is not to rely on a single estimate based on a single spec-
ification, but rather to employ various models. One can then perform formal
specification tests or ask informally whether the key inferences across the
different specifications are qualitatively similar.

Whether or not the ML estimator retains some of its desirable properties,
even when the underlying probability model is misspecified, needs to be in-
vestigated on a case-by-case basis. The study of the behavior of maximum
likelihood estimators under misspecification is the topic of so-called quasi-
likelihood estimation (see, for instance, White, 1982, and Gouriéroux, Mon-
fort and Trognon, 1984). Many frequently used ML estimators remain consis-
tent even if the underlying distributional assumption is violated. The leading
example is the estimation of § by maximum likelihood in the normal linear
model (Section 3.4). Since the maximum likelihood estimator is identical to
the ordinary least squares estimator, it inherits all the desirable properties of
the latter, i.e., best linear unbiasedness, which do not depend on the distribu-
tion of y;|x;. Of course, we still must require that the conditional expectation
function is correct. In fact, all of the univariate examples given in this chap-
ter, as well as the logit and Poisson regression models to be introduced in
detail later, are robust to distributional misspecification in the sense that the
(conditional) expectation can be estimated consistently, even if the chosen
distribution is the wrong one.

3.6 Testing

3.6.1 Introduction

After a model has been specified and the parameters estimated, the next step
of the econometric analysis is to conduct inference, i.e., to generalize from
the estimates obtained for the sample to the population parameters. In all the
conditional probability models considered in this book, the focus of attention
is on the index parameters that capture the effect of explanatory variables
on the conditional probabilities, although the models frequently include other
parameters as well (such as 02 in the normal linear model).
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The ultimate goal of any empirical analysis is to learn something about
the values of these parameters in the population, or functions thereof. The
ML estimator gives us point estimates. In order to obtain interval estimates
and to draw inferences on the population parameters, we need to account for
the sampling variability. Recall that the inference step requires formulating a
hypothesis and assessing whether, from a statistical point of view, the evidence
found in the data speaks strongly against this hypothesis, in which case it is
rejected. Testable hypotheses are formally equivalent to restrictions imposed
on the parameter space.

Assume that we consider ¢ such restrictions. In all generality, we can write
the null hypothesis as

HO : 0(00) =0
with alternative hypothesis
Hy: c(6°) #0

where ¢(0°) is a (¢ x 1)-vector and c(-) is any linear or nonlinear function.
The most common types of restriction in microdata applications are linear.
In the simplest case, ¢ = 1, and ¢(-) is a selection function that extracts the
[-th element from the parameter vector 6, and we can simply write

Hy: 60 =0

Another linear restriction involves linear combinations of two or more param-
eters such that

Hy: a+b6) +c6° =0

For ¢ > 1, the framework allows to test joint restrictions such as
Hy: 6) =0and 6%, =0

Finally, an example of a genuine non-linear restriction is
Hy: 60/6° =a

Whether a particular restriction is interesting or not, cannot be answered
in a general way. It depends on the economic context. Also, remember that
statistical significance is not to be confused with “economic significance” (see
McCloskey, 1985).
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Example 3.12. Wage Function

Consider the following example of a log-linear wage function
log(wage) = By + B1 exper + By exper® + f3 educ + u

In this model, each of the parameters can take a priori any value in IR. Al-
ternatively, we can consider a model where 33 = 0 such that education does
not affect wages. This is a restriction, and we can test whether it holds. If
we reject the restriction, we say that education has a “significant effect” on
wages, or simply that “education is statistically significant”. Two further ex-
amples of restrictions are 33 = 0.06, in which case the return to schooling is
approximately six percent, and (1 + 20 % 82 = 33, in which case the return for
one additional year of schooling is identical to the return of the 11th year of
labor market experience.

Example 3.13. Weibull Distribution

Consider the following two-parameter density function for a positive continu-
ous random variable y:

s A a) = Aoy Texp (—Ay®) (3.17)

This is the density function of the Weibull distribution. The Weibull dis-
tribution has some importance in the analysis of duration data. Depending
on the value of a, it can have an increasing (o > 1) or decreasing (o < 1)
hazard rate. Under the restriction that a = 1, the Weibull density function
reduces to the exponential density with constant hazard rate.

When interpreting test results, it is important to understand that tests of
restrictions are asymmetric by construction. If a restriction is rejected, then
we know that the data provide strong evidence against it. Only in 5 (or 1,
or 10) percent of all cases a restriction is rejected although it is correct. If a
restriction is not rejected, then we cannot say that the data provide strong
evidence for the validity of the restriction. The power of the test, i.e., the
probability of rejecting the restriction when it is false, can be quite low. But
with low power, the probability of not rejecting the restriction when it is false
(the “Type-II” error) is high.
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Exercise 3.9.

Spencer (1985) modeled the relationship between money demand and
the price level in the following way

my = 0o +01Y; + 02R, + 0P, +

where m; are real money balances and P; is the log of the price level.
According to some theories, the price-level elasticity of the demand for
real money balances should be zero. Spencer (1985) tests the hypothesis
6 = 0 using aggregate U.S. data for the years 1952 to 1982. He finds that
“...the hypothesis of zero price level elasticity is (...) accepted for each of
the two subperiods” and concludes that zero price elasticity “... receives
strong support” (p. 490).

e Do you agree with these statements?

ML estimation offers three general methods that can be used to test linear
or nonlinear restrictions, namely the likelihood ratio test, the score test,
and the Wald test. The basic approach for all three tests is to construct a
test statistic, derive its distribution under Hy (i.e., under the assumption that
the restriction is correct), and then compare the observed value of the test
statistic for the sample to the distribution under Hy: if what we see is unlikely
to occur given this distribution, then we reject the Hy. Here “unlikely” could,
for example, mean that values such as the observed test value or greater occur
in less than 5 percent of all cases in repeated samples.

These tests are asymptotic tests. Therefore, the relevant test distribution
is either the chi-squared or the standard normal distribution. The validity
of the inference depends on the availability of a sample of sufficient size.
The tests are asymptotically equivalent, but they differ in their small sample
properties; although the analytical forms of the small sample distributions
of the test statistics are in general unknown, they can be, and have been on
occasion, evaluated through Monte Carlo experimentation. Before we present
these tests and their properties, we need to introduce the concept of restricted
maximum likelihood estimation.

3.6.2 Restricted Maximum Likelihood

Restrictions can be imposed in the model. We call the ML estimator that
fulfills the restriction in the sample the restricted ML estimator 6,. In
general, 6, can easily be obtained by directly imposing the restriction and
then maximizing the resulting log-likelihood function over the remaining pa-
rameters. This is, for example, straightforward whenever the restrictions set
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certain parameters to some hypothesized values, such as zero. If a model is
estimated by maximum likelihood subject to a restriction, we refer to this
estimation procedure as restricted maximum likelihood.

Fig. 3.5. Unrestricted and Restricted Maximization

log L(a, B)

free maximum

constrained maximum

constraint

A schematic depiction of restricted maximum likelihood estimation is given
in Figure 3.5. Assume that the log-likelihood function has two parameters,
0 = (o, B)’, and that we consider the restriction & = 1. The figure shows both
the unrestricted and restricted maxima, and let the corresponding parameter
values denote 6, = (G Bu) and 0, = (1, Br)

The discrepancy between the unrestricted and the restricted maximum
can be expressed in three alternative ways, each of which forms the basis for
one of the three tests. First, the unrestricted ML estimator &, differs from
1. The discrepancy between the two is the basis for the Wald test. Second,
the restricted maximum log L(1, 3,) of the log-likelihood function differs from
the unrestricted maximum log L(d,, Bu) This discrepancy is the basis for the
likelihood ratio test. Third and finally, the overall (unrestricted) score function
evaluated at parameters of the restricted maximum is not equal to zero. The
discrepancy between the score and zero is the basis for the score test.

Figure 3.6 summarizes the essence of the three tests, using the simplest
possible example, where the parameter vettor @ consists of one element only.
Consider testing the hypothesis § = 6° against the alternative § # #°. This
situation is particularly simple, since the restricted model has no additional
(unrestricted) parameters that need to be estimated, and we can directly write
6, = 6y. As the Figure shows, the Wald test is based on the difference 6 — 9o,
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which should be “small” if Hy is true. If the hypothesis is true, then we know
that the expected score at #° is equal to zero. Of course, in any particular
sample, the score s(0°) will be above or below its expected value. Then, the
question is whether the observed discrepancy s(f") — 0 is “too large” to be
explained through random sampling. Finally, the likelihood ratio test is simply
twice the distance between log L(f) and log L(6°).

Fig. 3.6. Wald, Likelihood Ratio and Score Test

log L(6)

LR

log L(6°)

OWA 0
\\a\ 0 s(6)
/ Euny(s(6) =~

All three tests ultimately depend on the distance 0 — 60 as well as on the
curvature of the log likelihood function, d?log L/d#?. For a given distance, a
greater curvature is associated with a larger change in the log likelihood. In a
Wald test, the curvature is inversely related to the variance of the estimator
0. Hence, a larger curvature (in absolute value) leads to a smaller variance,
meaning that large differences 6 — 6° are less likely under Hy. In a score test,
the curvature is — via the information matrix equality — directly related to
the variance of the score s(0°). Hence, a larger curvature leads to a larger
variance, meaning that large deviations of s(6) from zero become more likely,
even if Hy is true.

3.6.3 Wald Test

1

The basic variant of the Wald test (Wald, 1943), the so-called ¢- or z-test is the
most important test in empirical practice for simple restrictions. Starting point
of this test is the approximate distribution of the unrestricted ML estimator:

0 °X Normal(0, Var(6)) (3.18)
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where Var(f) = —E[H(0;y)]~". From this distribution, we neither know 6 nor

Var (). The Wald test replaces the unknown Var(6) by a consistent estimator
\//a\r(é) (three such estimators were proposed before), and the unknown mean
6 by a hypothetical value #°. We thus obtain “the distribution of 6 under the
null hypothesis”. R A
In general, 6 is a vector of parameters. Denote the [-th element of 8 by 6;.
It follows from (3.18) that 6, is approximately univariate normally distributed

él a,gp Normal(@l, (ffll)

where the estimated variance dy; is the [-th diagonal element of the covariance
matrix. Under the restriction 6, = 6?, the approximate sampling distribution
of 6; is fully known. We can compare the evidence in the data — i.e., the
observed estimate — with this known sampling distribution to assess whether
the restriction appears valid or invalid.

For example, assume that 69 = 0. It follows that under the null hypothesis
0, ~ Normal(0,6y;), and the z-statistic is given by

0 0
r= = LR Normal(0,1)

VOA’ll S.e.

where s.e. is the estimated standard error of él. On occasion, this test statistic
is referred to as a t-statistic, although it should not be taken literally, since the
t-distribution is a small sample distribution and all inference under maximum
likelihood rests on asymptotic arguments.

There are two ways to present the results of a hypothesis test, either
through p-values or through z-values. The p-value for a two-sided test is de-
fined as 2 x [1 — @(|z|)], where |z| is the absolute value of the test statistic
and @ denotes the cumulative density function of the standard normal dis-
tribution. It gives the probability that we observe a value greater than |z|
in repeated samples. If the p-value is smaller than a pre-determined level of
significance (for example 5%), the restriction (null hypothesis) is rejected. Al-
ternatively, we can compare the z-value to the critical value of the standard
normal distribution. For example, the critical value for a two-sided test at the
5% significance level is +1.96.

Such z-scores are routinely reported in published research papers and also
produced by statistical and econometric software packages. It is important to
remember that these packages assume a particular type of restriction, namely
that the true parameter is zero. This restriction may not be relevant in some
situations. For different restrictions, different z-values need to be computed.
In applied econometrics, it is therefore customary to report standard errors
rather than z-values.

The methodology easily extends to the case of a single restriction involving
more than one parameter. Consider the linear restriction a 61 +b 63 = 0 (which
is the same as 61 = —(b/a) 02). If the restriction is true, it follows that
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aél + béz ~ Normal((), CL2011 + 2ab012 + b2022)
The z-value to test this restriction is therefore

- aél + béz
\/a2611 + 2@[)6’12 + b26'22

z

where 615 is the estimated covariance of the two parameters.

This is conceptionally straightforward. In practice, computation of the
z-value requires knowledge of the estimated covariance matrix of the ML
estimates (or at least of its relevant elements). Not all econometric software
programs allow easy access to this matrix.

The Wald test is usually introduced in a more general form that allows
for multiple restrictions (with a single restriction as a special case). The test
statistic is a quadratic form of a restriction vector and a covariance matrix
that has a chi-squared distribution when the restriction is valid. We do not
present this test here, because it is not used very frequently in practice, since
alternative tests are easier to compute. For single restrictions, the general
Wald test is equivalent to the simple z-tests and offers no extra benefit. For
multiple restrictions, it is much easier to use the likelihood ratio test. This
test is discussed next.

3.6.4 Likelihood Ratio Test

As we have just seen, it is possible to impose the restriction and estimate
the remaining parameters of the model by restricted maximum likelihood.
Denote the value of the log-likelihood function at the restricted maximum by
log L(ér)7 where the subscript “r” reminds us that the restriction has been
imposed. Denote the value of the log-likelihood function at the unrestricted

maximum by log L(6,,), where the subscript “u” stands for “unrestricted”. We
know that log L(6,) < log L(f,). Clearly, the restricted maximum is smaller
than the unrestricted one (recall Figure 3.5), and this must be so for almost all
restrictions. Only if the restriction is true in the sample (i.e., if the unrestricted
estimator happens to satisfy the restriction and 0, = éT), then will restricted
and unrestricted maxima be the same.

The drop in the log-likelihood associated with imposing restrictions is an
indicator of the disagreement between the restrictions and the data. If the
drop is sufficiently large, the restrictions are rejected. Again, let ¢ denote
the number of restrictions. The critical value for rejection comes from a Xﬁ
distribution, since it can be shown that if the restrictions are true

LRT =2(log L(0,,) —log L(6,.)) ~ x3
with ¢ degrees of freedom. The test is referred to as a likelihood ratio
test, although in fact, it involves the computation of a difference of two log-
likelihood values. The main advantage of this test is that it is easy to perform.
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It always works when a restricted and an unrestricted version of a model can
be compared. The disadvantage is that two models need to be computed
separately. This might have been an obstacle at times when computing was
expensive, but it should no longer be nowadays.

Example 3.14. The Probability of Remaining Childless

One of our example datasets concerns the fertility choices of women in the
U.S. (see Chapter 1.5.1). The dataset consists of 5,150 women aged 40 or
older in the years 1974 to 2002. Suppose we are interested in factors that
influence the probability of remaining childless. For example, we may ask a
question such as “Are more educated women (those with a higher number of
formal years of schooling) more likely to remain childless than less educated
ones?” It is easy to find economic models that predict such a connection. In
addition, social norms and individual values certainly influence the fertility
decision. Hence, race might have an effect, and also the number of siblings
of the woman herself. A time trend captures all other influences that have
changed over time but are not explicitly controlled for in the model.

Table 3.1. Probit Estimates of Fertility Decision

Model 1 Model 2 Model 3

constant -1.060 -1.166 -1.503
(0.022) (0.047) (0.116)

linear time trend 0.006 0.003
(0.002) (0.003)

years of education 0.031
(0.007)

white 0.063
(0.063)

number of siblings -0.012
(0.007)
Log-likelihood value  -2,126.9 2,123.6 2,107.1

Observations 5,150 5,150 5,150

Notes: Standard errors in parentheses.

In Table 3.1, the ML estimates from three different probit models are
shown. For now, take the probit model that can be chosen if the outcome
variable is binary (childless, yes/no) — see Chapter 4, where we provide more
details on this model and its interpretation. The most basic one, Model 1,
includes a constant only. In Model 2, a linear time trend is included. In Model
3, three additional explanatory variables were added, namely the years of
education, the race of the woman (white yes/no), and the number of siblings.

In the terminology of hypothesis testing, the three models are nested
since Model 1 is a restricted version of Model 2 (if we set the trend coefficient
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to zero), and Model 2 is a restricted version of Model 3 (if we set the three
coefficients of the additional variables to zero). As it must be the case, the log-
likelihood value increases as we move towards the least restrictive model. The
likelihood ratio test rejects the restriction if the increase of the test statistic
is unlikely to occur under Hy: the restriction is true. We have:

e Model 1 against Model 2: LRT = 6.6. The 5% critical value from a chi-
squared distribution with one degree of freedom is 3.8; therefore, the re-
striction is rejected.

e Model 2 against Model 3: LRT = 33.0. The 5% critical value from a chi-
squared distribution with three degrees of freedom is 7.8; therefore, the
restriction is rejected.

If we want to test the statistical significance of single parameters, we can use
the z-test. For example, in Model 2, the z-value of the trend coefficient is
z = 0.006/0.002 = 3, which is greater than the 5% critical value of 1.96 from
a standard normal distribution for a two-sided test. This test is, at the same
time, a test of Model 1, and the Wald and LR tests thus come to the same
conclusion. If we consider Model 3, and ask whether the number of siblings
has a significant effect on a woman’s probability of remaining childless, we
obtain a z-value of —1.57. Hence, we cannot reject the null hypothesis of no
effect, ceteris paribus.

Example 3.15. The Normal Linear Model

We have seen in Section 3.4 that the ML estimator for § in the normal lin-
ear model coincides with the least squares estimator. In standard regression
outputs, it is rarely the case that log-likelihood values or likelihood ratio test
statistics are reported alongside the usual Wald test statistics, such as an F'-
test for overall significance or z—test statistics for single parameters. However,
likelihood ratio test statistics can be derived directly from equation (3.11), the
log-likelihood function of the normal linear model, which we restate here for
convenience:

n

1
log L(8, 0%y, z) = — log(2m) — T log o — = >~ )

In order to evaluate this expression at the ML estimators B and &2, we notice
that

n

> (yi — 735)* = né®

i=1
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Therefore

log L(3, 6%y, z) = —= log(2m) — = log 62 — =

2 2 2

Moreover, let 62 denote the estimated residual variance of the unrestricted
model, and 2 denote the estimated residual variance of the restricted model,
and SSR the sum of squared residuals. The likelihood ratio test of the re-
stricted model against the unrestricted model then has a relatively simple
form:

— o (10052 — (210042
LRT =2 ( > log 67, ( 5 loga,.))

= n(logé? —log 62)

= n(log SSR, —log SSR,)

In the special case where the restricted model is the one with all regressors
excluded, we know that SSR, = SST, the total sum of squares or total
variation in the dependent variable, and therefore the likelihood ratio test
statistic can be written as a function of the coefficient of determination R? as

LRT = —nlog(1 — R?)

3.6.5 Score Test

A third, asymptotically equivalent test for a single restriction or a number of
restrictions is the score test (Rao, 1948). Recall from Chapter 3.2.1 that the
expectation of the score, evaluated at the true parameter, equals zero:

E[s(0;y)] =0
The score test is based on the limiting distribution of

n

1
T‘? T’ K3 ']‘
Z750n) Z vi) (3.19)

=1

under Hy. This is the score with respect to the entire vector ¢, but we evaluate
it at the restricted estimates 0,.. If we would evaluate it at 6, instead, then
(3.19) would be identical to zero, because this is just the first-order condition
of the ML estimator. If the restrictions imposed by the null hypothesis are
true, then (3.19) should not be statistically different from zero.

Evaluated at the true parameter vector, we know that the limiting distri-
bution of the score is a normal distribution (see also equation (3.10)) with
expectation zero and variance Var[s(0;y)]/n = —E[H(0;y)]/n. Thus, under
the null hypothesis Hy
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(st (Varls@e]\ [ s(6.sy)
= (12) (M) ()

has a chi-squared distribution with ¢ degrees of freedom. The variance
Var[s(0,;y)] can be estimated consistently by any of the three methods dis-
cussed in Chapter 3.3.5, i.e., the outer product of the gradient, minus the
actual Hessian matrix, or minus the expected Hessian matrix, all evaluated at
the restricted ML estimator 6,.. The small sample properties of the estimator
may depend on which of the three matrices is used. In contrast to the other
two test methods, the score test requires only the estimation of the restricted
model, in order to obtain the restricted parameter estimates 6,.. This may be
an advantage. On the downside, the score test requires a considerable amount

of algebra that is specific to the unrestricted model under consideration.

Example 3.16. Score Test in the Poisson Model

As an example of a score test, consider sampling from a Poisson distribution
with parameter A\, and assume a null hypothesis A\, = 1. The score of the
unrestricted model was derived earlier, and is given by

s(\;y) = i (—1 + %)

i=1
Moreover, the variance can be estimated by the sum of the squared score
contributions:

n

Varls(\;)] = > s(A;1:)?

i=1

Therefore, the score test statistic for the hypothesis A, = 1 is given by

i (=1 + %)]22 n(y —1)°

S (F1H5)7 ST Y (g - 1)?

ST =

Exercise 3.10.

e Show that for large samples the score statistic converges to the square
of the Wald z-statistic.
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3.6.6 Model Selection

The Wald, likelihood-ratio and score tests compare two models, of which one
is a restricted version of the other. We say that the two models are nested.
The restrictions we mean here are those on the possible range of values that
parameters might take. Consider a comparison of the two models

Model 1 : y;|zs1 ~ Normal(By + frxi1,0°)

Model 2 : y;|xi2 ~ Normal(Bo + Boxia, 02)

We call such two models nonnested, because none of them can be obtained as
a restricted version of the other. If we are forced nevertheless to decide which
of the two models, Model 1 or Model 2, is the preferable one — an instance of
so-called model selection — we cannot use any of the three tests discussed
previously. We rather have to look for a different approach. A similar situation
would arise for the following two models:

Model 17 : y;|zs1 ~ Normal(Bo + 611‘1'1702)

Model 2’ : ;|21 ~ Normal(exp(By + B1241), 0%)

Again, the two models are nonnested. There is no parametric restriction that
would transform (reduce) one model to the other.

A simple rule to select between two nonnested model is to estimate both
models by maximum likelihood and choose the one with the higher value of
the log-likelihood. This works well in the above examples, where the number
of parameters is the same in the two models. If the number of parameters
differs, this should be taken into account. Specifically, one can increase the
log-likelihood of any model arbitrarily by adding more and more parameters.
When comparing two models, the model with the larger number of parameters
should accordingly be penalized for this relative abundance.

There are two common penalty functions. In the so-called Akaike infor-
mation criterion, we choose the model that minimizes

AIC = —2log L() + 2p

whereas in the Schwarz information criterion, we choose the model that
minimizes

SIC = —2log L(0) + plogn

Here, p denotes the number of parameters and n is the number of observations.
Clearly, if the number of parameters is the same in the two models, as in our
two examples above, the penalty function does not matter and the choice
between the two models indeed simply comes down to choosing the model
with the higher log-likelihood function.
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3.6.7 Goodness-of-Fit

Finally, we briefly consider the issue of goodness-of-fit in maximum likeli-
hood estimation. In the standard linear models, the goodness of fit is usually
assessed by the R?, the proportion of the total variation in the dependent
variable that is explained by the model.

In many non-linear microdata models, the underlying variance decompo-
sition does not work and a standard R? measure is not available. One possible
substitute is a log-likelihood comparison of the full model (with all regressors)
and a constant-only model. Define

log L(éu)

R ondo =1— é
log L(6r)

seudo

Clearly, log L(6,,) > log L(6,.). In the case of discrete data and regular restric-
tions, we have log L(6,) < 0 and log L(6,,) < 0 such that 0 < Rgseudo <1.In
fact, the likelihood-based pseudo R? was proposed by McFadden (1974a) in
the context of conditional logit models for multinomial variables (see Chapter
5 for further details on this kind of models). It is important to note that the
pseudo R? measure does not have an interpretation as the R? in the standard
linear model. For the pseudo R?, a value near one just indicates a better model
fit than a value near zero.

For continuous data, the pseudo R? measure may not lie within the unit
interval, since the value of the log-likelihood function can be positive or neg-
ative. Moreover, a larger value of the pseudo R? measure does not necessarily
indicate a better fit.

From a practical point of view, apart from point estimates and standard
errors, one should always report the value of the log-likelihood function and
a test statistic, for example from a LR test, of the full model against the
constant-only model. These statistics can be used to evaluate formally the
statistical significance of regressors, which is in general more important than
assessing the goodness-of-fit.

3.7 Pros and Cons of Maximum Likelihood

Maximum likelihood is not the only method for estimating microdata models.
Alternative methods include

e ordinary least squares
e non-linear least squares
e (generalized) method of moments

The first method is taught in all introductory econometrics courses, the second
and third methods, while also important, are not yet standard. One justifica-
tion for concentration on maximum likelihood is its wide applicability and —
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with the exception of OLS — it is the most frequently used method for micro-
data applications in practice. Still, one needs to be aware that ML estimation
has its limitations.

Disadvantages

Specific assumptions on a parametric probability distribution are needed.
Often, theory provides little guidance on the functional form and proba-
bility model, and one has to make somewhat arbitrary assumptions.

In general, the ML estimator is not robust with respect to misspecification.
The ML estimator does not always exist, since the likelihood function may
become unbounded.

Advantages

e Convenience: all that one needs to do is to write down the likelihood
function. First and second derivatives can be obtained numerically.

e The computer produces a numerical answer (as long as the problem is well
defined, parameters are identified, etc.)

e There is a well established large sample theory (asymptotic normality,
consistency, and efficiency)
The invariance property generates flexibility in reformulating the model.
The inference is simple.
The formulation of the likelihood function forces one to carefully think
about the problem, the way the sample was generated, etc.

3.8 Further Exercises

Exercise 3.11 Assume that you have a sample of n independent observa-
tions from a Poisson distribution with density function

exp(—A\) 0¥

yi!
where E(y;) = Var(y;) = A.
a) Write down the log-likelihood function and derive the score.
Find the ML estimator of A.

flyis A) = v =0,1,2,...

Show that the expectation of the score is zero.

Does the information equality hold?

Derive the variance of the ML estimator. Does the ML estimator reach
the Cramér-Rao lower bound? Does this result hold in general?

)
)
d) Derive the Hessian and the information matrix.
)
)
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Exercise 3.12 Suppose that y;|x; is Poisson distributed with parameter \;
in a sample of n independent observations. Furthermore, assume that A;
is specified as A\; = a + Ox;.

a) Does this specification make sense?

b) Show that the first-order conditions of the ML estimators of o and 3
can be written as

. Yi — E(yz\xz) _
im1 Var(y;|x;)
i: [yi — E(yi|z)]z;

=0
Var(ys|:)

i=1

Exercise 3.13 Suppose you have sample of n independent observations from
an exponential distribution with density function

flys ) =Xe™™ 4, >0, A>0

where E(y;) = 1/ and Var(y;) = 1/\2.

a) Find the ML estimator of A. Is this estimator consistent? What is the
asymptotic distribution of A\?

b) Now, assume that you observe explanatory variables as well, and that
the conditional density of y;|z; is of exponential form with parameter
Ai = 1/(a+ Bz;). Does this specification make sense?

¢) Show that the first-order conditions of the ML estimators of o and (3
can be written as

. Yi — E(yz\xz) _
i—1 Var(y;|z;)
Xn: i — E(ys|z)]x

=0
Var(y;|z;)

i=1
Exercise 3.14 Consider ML estimation of the parameter o of the Pareto
distribution with density function

flysa) =a/y®™ a>0,y>0

a) Find the ML estimator of «.

b) Find the LR, Wald and Score test statistics for Hy : o = o against
Hy:a#d.



92 3 Maximum Likelihood Estimation

Exercise 3.15 Assume that you have a sample of n independent observa-
tions from a geometric distribution with density function

fyi;0) =0(1—0)¥ 0<6h<1, y;=0,1,2,...

a) Write down the log-likelihood function.

b) Find the ML estimator of 6.

¢) Calculate the Fisher information matrix of the sample.
)

d) What is the asymptotic variance of the ML estimator?

Exercise 3.16 Assume that you have a sample of n independent observa-
tions from a distribution with density function

fly;0) =0y 0>0,0<y; <1

K3

a) Find the ML estimator of 6.
b) Find the asymptotic distribution of the ML estimator.

Exercise 3.17 Consider a simple linear regression model without constant
and heteroscedastic error terms. Furthermore, suppose you have normally
distributed errors and a sample of n independent pairs of observations
(yi, ;) with conditional density function for each observation given by

2

1 1 (yi — P

ilzi:8,0%) = ——=——==exp | —5 | =

ful ) V2m\/o2a? 2 ( N

a) Derive the log-likelihood function and the score.
b) Find the ML estimators of 8 and o2

¢) What is the asymptotic distribution of (3’ §2)?

)

d) Compare your results with the GLS estimator. What do you conclude?

Exercise 3.18 Suppose a random sample of size n = 100 has been drawn
from a Poisson distribution, with sample mean equal to § = 2.002.

a) What is the distribution of the ML estimator A = 37
b)

¢) Determine the ML estimator for P(Y = 1).

d) Test Hy: P(Y =1)=0.30 against H; : P(Y =1) # 0.30.

Calculate a 95% confidence interval for \.

Exercise 3.19 In the literature on the economics of happiness, one often
finds statements such as “happiness is u-shaped in age”. What does this
statement mean? What type of regression specification is needed to arrive
at such a conclusion?
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Exercise 3.20 Depending on your answer to the previous exercise, can you
give a different regression specification that would allow for a u-shaped
age effect as well?

Exercise 3.21 Consider the model
log y;|x; ~ Normal(z}3, 0%)

where logy; denotes log-earnings, and the linear index is given by x8 =
Bo + B1 schooling; + B2 age; + (3 age?. How can you test whether age has
no influence on log-earnings?

Exercise 3.22 The following earnings equation has been estimated by ML
assuming normally distributed error terms:
(standard errors in parentheses)

l@ = 8.5633 + 0.3733 voc; + 0.6658 uni; + 0.1023 age; — 0.0010 age?
(0.1421) (0.0409) (0.0510) (0.0072) (0.0001)

a) Determine the age at which earnings are maximized.

b) What (if anything) can you say about the standard error of this age?
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Binary Response Models

4.1 Introduction

There can be little doubt that the logit and probit models discussed in this
chapter are used more frequently in empirical practice than any other model
for discrete or limited dependent variables. The simple reason is that binary
dependent variables — outcomes that can be characterized as being either true
or false, either one or zero — occur very frequently in real-life measurements.

Consider the following events: a person is unemployed, smokes, is childless,
has visited a doctor during the last quarter, has had an extramarital affair,
has been granted a bank loan, is willing to pay for a public project, and has
been part of a treatment group in an experiment. The list could be continued
almost indefinitely. Each of these events is, by its very definition, binary, i.e.,
it either applies or it does not apply. While microeconomic theory maintains
mostly the fiction of continuous choices within convex budget sets, reality
suggests otherwise. Most choices people make are necessarily discrete. One
either buys a car, or one does not. It is not possible to buy a fraction of a car.

Binary response models can also be useful when the original dependent
variable is multinomial, ordered, or even continuous. For example, assume
that the variable employment status is coded with four possibilities: full-time
employed (1), part-time employed (2), unemployed (3), or not in the labor
force (4). Depending on the goal of the analysis, one may want to analyze,
for example, the distinction between being employed (142) and not being
employed (3+4), or the choice between full-time and part-time employment,
conditional on employment.

As an example of an ordered variable, consider a survey question on indi-
vidual happiness where responses are integer values between zero (“completely
unhappy”) and ten (“completely happy”). From this information, one can ob-
tain a binary variable happy/unhappy by splitting the 0-10 scale into two
parts, for example at the value of five. Finally, continuous variables can be
transformed into, and therefore modeled as, binary events as well. An example
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arises in business cycle research, where events such as “downturn” or “reces-
sion” are based on an underlying continuous variable, such as gross domestic
product, or its rate of change. In such applications, where some dimension
of variation in the dependent variable is ignored, one cannot expect binary
models to be efficient. However, they may provide good first answers, the es-
timators may be robust, and they can be obtained relatively easily, as we will
show in the following.

The remainder of this chapter is organized as follows. In Section 4.2, we
start with a presentation of the models, discussing the pros and cons of the
various specifications of the conditional probability functions. From the prac-
titioner’s point of view, a good understanding of the model assumptions is
necessary, particularly with regard to a correct interpretation of parameter
estimates. In general, the interpretation of parameters is not as straightfor-
ward as in the linear model, and we devote a separate part of this section
to this issue. In Section 4.3, we show how the probit and logit models arise
in models of discrete choice, where consumers are characterized by random
utility functions.

In Section 4.4, we discuss estimation of the models by maximum likelihood,
building on the general principles derived in the previous chapter. Of course,
we do not expect anyone to actually write a program to estimate these models,
as such programs are readily available in standard software packages. Yet
some basic understanding of the estimation techniques is useful and can give
insight into why estimation sometimes fails (“perfect prediction”). Finally,
we consider various goodness-of-fit measures (Section 4.5) and estimation of
binary response models when the sample is not random (Section 4.6).
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4.2 Models for Binary Response Variables

4.2.1 General Framework
Binary response variables have a Bernoulli probability function
Flyilei) = 7" (1 —m) =% yi =0,1 (4.1)

where m; = 7(z;) is shorthand notation for P(y; = 1|x;), the conditional prob-
ability of observing outcome one, given the regressors. Note that E(y;|x;) =
0x (1 —m;)+1xm =m, so that the conditional expectation is equal to the
conditional probability of observing outcome one. Binary response models can
be distinguished by the way they parameterize 7; in terms of ;. The standard
models used in practice have in common that 7; is derived as a monotonic
transformation of a linear index function

i = G(z3) (4.2)

where 2,0 = Bo + S1xi1 + ... + Brxix is defined as before. Since m; denotes a
probability, we usually require that 0 < G(z;3) < 1. The fact that G~1(m;) is
linear is less restrictive than it might appear at first sight. Since the linearity
assumption relates to the parameters and not to the explanatory variables x;,
the latter may include logarithms, polynomials, and interactions. In fact, any
continuous function can be approximated to any desired degree of accuracy
by such a linear-in-parameters specification. One consequence of the linear
index assumption is that the partial derivative of m; with respect to the I-th
element in x;, denoted by x;;, has the form

-

o g(a ) (13)
where g(z}8) = dG(x}0)/d(z;3). From (4.3) it follows that partial derivatives
are not constant in general, but rather depend on the specific values of x;.
We have already mentioned that G(-) needs to map a real number onto the
unit interval. This is a matter of logical consistency when a probability is
to be modeled. Two such transformations are the cumulative distribution
function of the standard normal distribution (the probit model), and the
cumulative distribution function of the logistic distribution (the logit model).
If G(-) is the identity function, we obtain the linear probability model. This
model violates the requirement for logical consistency. Yet we include it in our
discussion, because it is commonly used in practice.
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4.2.2 Linear Probability Model

In the linear probability model (LPM) we use the linear regression model
to explain a binary outcome, which corresponds to the assumption that the
response probabilities are entirely determined by the linear index z}3 and the
transformation function is simply given by G(z;3) = x}3. This specifies

T = w;ﬁ = E(yi|z:) (4.4)

which is (almost) a standard linear regression model. It is special since the
dependent variable y; can take only two values, zero and one. Hence, the
implicit regression error u; = y; — ;8 can take only two values, 0 — 2} and
1 — 8. It follows that

Var(u;|x;) = (2,8)?P(y; = 0|z;) + (1 — 28)*P(y; = 1|z;)
— AP a(6) + (1~ 0P
= ziB(1 — 2;8)
Thus, the error term is heteroscedastic, which would need to be accounted
for in estimation (by least squares) in order to obtain an efficient estimator

and valid inference, either by using generalized least squares (GLS), or
by computing a heteroscedasticity consistent covariance matrix.

Exercise 4.1.

e How would you transform the model y; = ;3 + u; with y; € {0,1}
in order to perform GLS estimation?

e What does the heteroscedasticity robust covariance matrix look like?

The LPM has a number of advantages. We analyze the binary outcomes
within the familiar linear regression framework with heteroscedastic error
terms, and therefore the model is easy to estimate. Parameters can be in-
terpreted directly as marginal effects, and the approximation is good as long
as we do not move too far away from the means of the explanatory vari-
ables. The estimator does not suffer from the non-existence problem possibly
encountered in the probit and logit models (see Section 4.4.2). On the down-
side, the model does not properly restrict the range of G(z}8) = x5 to the
unit interval, as it should, because it is supposed to be a probability. There-
fore, nonsensical predictions outside the (0,1) interval are possible if extreme
values of x; are considered.
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Example 4.1. A Linear Probability Model of Being Childless

Consider again the question of whether more educated women are more likely
to remain childless than less educated women (see Example 3.14). We analyze
this question using our data from the GSS waves 1974 to 2002 (four-year
intervals). The dependent variable childless is a binary outcome equal to one
if the woman has no children, and equal to zero otherwise. The variable of
main interest is the highest year of schooling (educ). Additionally, we include
a linear time trend, and control for race (a dummy variable white) and the
number of siblings (sibs). Least squares estimation yields the following output

chmss = 0.0397 4 0.0006 time + 0.0076 educ + 0.0142 white — 0.0024 sibs
(0.0290) (0.0005) (0.0019) (0.0132) (0.0015)

n = 5,150, R2 = 0.0079

with heteroscedasticity robust standard errors in parentheses. From the es-
timates of the LPM we can see the effect of education on the probability of
being childless directly: one more year of schooling increases, ceteris paribus,
the probability of being childless by 0.76 percentage points. Now assume we
want to predict the probability of being childless. Using the above estimates,
we predict a probability of about 21.0 percent for a white woman surveyed
in 1994 with twenty years of schooling and three siblings. However, if we use
extreme values of the regressors, for example t = 0, educ = 0, white = 0,
and sibs = 23, then we predict a probability of -1.4 percent, which is clearly
nonsensical.

Exercise 4.2.

e How would you interpret the coefficient on white? Answer precisely.

e What is the predicted probability that a white woman with 12 years
of schooling and one sister (recorded in 1978) will be childless?

e Compare to a woman with the same characteristics as before but
with three sisters.

e Estimate Var(u;|z;) for both women. What do you conclude?
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4.2.3 Probit Model

The probit model has a long history in the modeling of binary outcomes;
early references can already be found in the 19th century. An overview is
given, for example, in Finney (1971). In the probit model we assume that

exp[—(t?/2)]dt (4.5)

/ / I;ﬁ 1
m; = G(x;0) = P(x 3 :/

T ( 26) ( (3 ) e m
where @ is the cumulative density function of the standard normal distribution.
@ takes the real numbers as an argument, i.e., imposing no restriction on the
linear index x}3, and maps them onto the unit interval (0,1), as required. A
graphical illustration of the probability function in the probit model is given
in Figure 4.1. In order to write the probit model in the form of a (conditional)
probability model, we simply plug (4.5) into (4.1) and obtain

Fyila:) = [@(@iB8)]" [L — B(a73)] yi =0,1

Fig. 4.1. Probability Function in the Probit Model

m = O(z)0)

i

Exercise 4.3.

e Which part of ¢(x}3) is convex and which part is concave?
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An interesting motivation of the probit model, alternatively to the me-
chanical approach above, starts with a linear model for a latent (unobserved)
continuous variable y? which is related to the linear index function and an
additive error term u,;, formally

yr = B+ u, (4.6)

Latent variables provide a powerful tool in microeconometrics. This is our first
encounter with this method; more applications will follow later on. If we were
able to observe y, this would be a normal linear regression model. Provided
that the Gauss Markov assumptions apply, the OLS estimator for 8 would be
best, linear and unbiased. However, y; is not observed, so OLS estimation is
not an option. The next step is to specify how the latent model relates to the
observed outcome. In the case of the probit model, we assume that

C[lifyf>0
YT oty <0

or, more compactly,
yi = 1(y; > 0) (4.7)

where [ is an indicator function that returns 1 if the argument is true and 0
if the argument is false. It follows that

m; = Py > 0|z;) = P(2,3 +u; > O|z;) = P(u; > —x8|x;)

At this stage, we need to make an assumption with respect to the distribution
of u;, so that we can derive the corresponding conditional probability function
for y;. If the wu;’s are independently and normally distributed with mean 0 and
variance o2, then we can proceed with

r(az k) e () =0(7)
g g

o o
The last equality follows from symmetry of the standard normal distribution.
We see that the probability depends on two parameters, 8 and o. Unfortu-
nately, this is one too many. Only the ratio /¢ is identified, but not the
single parameters 0 and o. For instance, if § and o each are multiplied by
a constant c¢, then the probability 7; remains unchanged. Hence, there are
infinitely many parameter combinations that give the same probability. They
are observationally equivalent and no amount of data can distinguish them
from each other. Therefore, we need a normalization. Typically, we let o = 1,
such that m; = @(x}3), which corresponds to the probability we stated earlier
in (4.5).

At this point, it is important to note that the latent model is just a tool to
derive the conditional probability model. Since y; is not observed, its inter-
pretation is not of interest, in general. Instead, interpretation should focus on
what we originally intended to model, namely the conditional probabilities of
observing the binary outcomes.
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4.2.4 Logit Model

An early treatment of the logit model can be found in Berkson (1944) who
considered this model in the context of estimating the effect of a continuous
treatment (injection of varying amounts of a poisonous substance) on a bi-
nary outcome (death or survival) by the subject. The conditional probability
function of the logit model is given by

Gl — o)

= HTp(x;ﬁ) = A(x}(3) (4.8)

We will use the symbol A to denote the cumulative density function of the
(standard) logistic distribution. In contrast to the probit model, choice prob-
abilities are available in closed-form, i.e., we do not have to integrate in order
to obtain the probability.

A repeatedly needed expression is the first derivative of A, i.e., the density
function of the logistic distribution. It is given by

dA(z) exp(z) exp(z)

dz 1+ exp(z)  [1+exp(2)]? exp(z) = A(z)[1 = Az)]

Despite the substantial difference in functional form, logit and probit turn out
to be very similar, and the choice between the two makes little difference in
practice. An illustration of the similarity is provided by Figure 4.2.

Fig. 4.2. Comparison of Probit and Logit Model

0.8

0.6 1

—-- normal distribution (0% = 1)

0.4 —— logistic distribution

— — normal distribution (0 = 2.56)

0.2 1




4.2 Models for Binary Response Variables 103

We can see that the logistic distribution function is flatter than the distri-
bution function of the standard normal. For example, the slope in the center of
the distribution (at 0) is A(0)(1—A(0)) = 0.25, compared to ¢(0) ~ 0.4. More-
over, the logistic distribution has a larger variance (72/3) than the standard
normal distribution.

To make the two distributions comparable, some rescaling is required.
In particular, we can consider normal distributions with non-unit variances
o2 and ask what values of 02 would make the resulting probit model most
similar to the logit model. A first thought would be to let 02 = 72/3, since
this equalizes their variances. Alternatively, we can choose o2 such that the
slopes of the two distribution functions in the middle (at the value z}8 = 0)
are equalized. The equal-slopes condition can be written as

A1~ A©0)] = ~6(0)

from which it follows directly that o = 0.4/0.25 = 1.6, and hence o2 = 2.56.
Figure 4.2 additionally plots the cdf of a normal distribution with variance
2.56, which looks very much like the logistic distribution function. As we will
see later, the factor 1.6 can be used to approzimate the parameter estimates in
the logit model, given that we have estimated a probit, by simply multiplying
the probit coefficients by 1.6.

Exercise 4.4.

e Why do we have to multiply the coefficients by 1.6 rather than divide
them by this factor?

As for the probit model, we can offer a derivation of the logit model based
on the latent variable approach. Again, let y denote the latent (unobserved)
continuous variable as specified in (4.6) with observation rule (4.7). Now as-
sume that u; has a standard logistic distribution, such that

Plus < 2) = —=PE)
1+ exp(z)
It follows that

exp(—1z40) _ exp(x;/3)
1+exp(—zi3) 1+ exp(a)f)

mi=1-—Plu < —z}f)=1-

where the last equality follows from the symmetry of the logistic distribution.
By comparing this expression with (4.8), we recognize the same conditional
probability function.
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4.2.5 Interpretation of Parameters

The probit and logit models are non-linear models since G(-) is a non-linear
function. Therefore, the parameter (3; associated with the [-th element in
x; does not directly measure the marginal effect OE(y;|z;)/0xy = Om;/0xy.
Rather, applying the chain rule of differentiation, we obtain the marginal
probability effect (MPE)

omy  dG(zip8) 0.0

where g(z;3) denotes the first derivative of G(z}/3). Strictly speaking, there
are two marginal probability effects OP(y; = 1)/0x; and OP(y; = 0)/0x,.
However, since 0P (y; = 0)/0xy = —0P(y; = 1)/0z; in the binary response
model, it is common to refer to OP(y; = 1)/0x; = Om;/Ox; as “the” MPE.
It follows that the change in the success probability due to a change in the
I-th regressor by the amount Az;; can be expressed by Amy; = [g(z;8) 5] Az
The smaller Ax;;, the better this linear approximation. The probit marginal
effects are obtained for G(z;3) = &(2}3), hence

MPEy |probit = ¢(z;0)B
The logit marginal effects are obtained for G(z;3) = A(z}3), hence
MPE“|logit = A(x;ﬁ)[l - A(m;ﬁ)}ﬁl

Three important aspects of the marginal probability effects in the probit and
logit model are

e The sign of the marginal effect is equal to the sign of 3,
o The effect is largest for 25 =0
e The effect varies among individuals

The second and third item follow since in both models, the densities peak at
zero and the MPE’s depend on z;, respectively. In practice, one often wants to
make statements about the expected effect, or the effect for a “typical” person.
Two types of expectations are possible. The first is the expected marginal
effect E,[g(«}0)]6;, which can be estimated by

ADPE =~ 3 g(e5)5) (1.10)
i=1

where AMPE stands for the average marginal probability effect. Equa-
tion (4.10) includes calculating the marginal probability effect for each individ-
ual and then averaging over the individual effects. The second is the marginal
effect for the expected explanatory variables g(E(x)’3)3;, which can be esti-
mated by ¢g(z'3)0;. Because of the non-linearity of g(-), the two expressions
are not identical. However, they may be close in practice.
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The discussion so far has implicitly assumed that the explanatory variables
are continuous. In many applications, this is the exception rather than the
rule. If explanatory variables are discrete (such as years of schooling) or even
binary (such as marital status or a treatment indicator), computing the effect
of an infinitesimal change of z;; can be highly inaccurate. Likewise, if z
is continuous, we might be interested in a change that is much larger than
required for the MPE’s to be accurate.

Fig. 4.3. Discrete versus Marginal Change in Nonlinear Models

™ = G(z)5)

G(@iB + Axqyf)

—G(xi0) lo(a18) 3] Ay
/}r i
i i ;B
i3 i + Ay
Instead, we define
Amy = G(xif + AzyBy) — G(xi3) (4.11)

as the discrete change in the probabilities associated with a discrete change
in the I-th regressor by the amount Ax;. An example is a change of x;; from
zero to one (such as if z;; was a dummy variable), or a change by one standard
deviation. Again, one can compute the average effect, or the effect for average
values. If the second method is chosen, one can also use the median value, or
the modal value (rather than the arithmetic mean) for categorical variables,
in order to define a “typical” individual. To obtain the per-unit change in
the probability, we can divide (4.11) by Az;. In Figure 4.3, we illustrate
the difference between marginal and discrete changes. The discrete change
can be obtained by taking the difference of G(-) at two distinct values, x}3
and )8 + Az 5;. By using marginal effects, we approximate this change in
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G(-) linearly. The more convex or concave the function, the more inaccurate
becomes the approximation.

Exercise 4.5.

e How can you use your answer in Exercise 4.3 to determine the range
of 3 in which the true (discrete) change is (under-) overestimated
by the approximation [g(x}3)5;|Axy?

The specific structure of the logit model offers an alternative way to de-
scribe the effect of explanatory variables. It is based on the so-called odds,
defined as P(y; = 1)/P(y; = 0). In the logit case, the odds are simply

Py, =1lz;)  m
P(y; =0lz;) 1-—m;

= exp(e/) (4.12)

Now consider the effect of a change in the [-th explanatory variable on the
odds, which can be examined in two, albeit related, ways. First, we can look
at the factor change in the odds associated with an increase in x; by Ax;;.
We have

exp(z}8 + Az ;)
exp(w;f3)

which simplifies to exp(;) if we look at a unit increase in x;;, which implies
Az = 1. The term exp((;) is also called the odds ratio. If an explanatory
variable has no effect, the associated odds ratio is unity: increasing x; by one
unit leaves the odds unchanged. Similarly, a positive (negative) coefficient
leads to an odds ratio greater (smaller) than one. Second, we can compute
the relative change in the odds if the I-th regressor increases by Az;. We
have

exp(w;f + Az ) — exp(x}3)
exp(x}f)

which can be interpreted as percentage change in the odds. Specifically, for
an unit increase in x;;, the odds change by 100 x [exp(/3;) — 1] percent. From a
practitioner’s point of view, both measures — the odds ratio and the percentage
change — incorporate the same information and are used equally often, and
the choice between them is simply a matter of taste.

Sometimes the relation (4.12) is used as the defining characteristic of the
logit model. In particular, taking logs yields log[m; /(1 —m;)] = x}3. Hence, the
logit model is one in which the logarithmic odds (or “log-odds”) are a linear
function in the parameters g.

In practice, all elements of # are unknown. They are estimated from the
data. Hence, marginal probability effects and discrete changes, just as the odds

= exp(Az;5) (4.13)

=exp(Az;5) — 1 (4.14)
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ratio and the percentage change, are estimates as well. They have (a priori,
before the sample is drawn) a sampling distribution with non-zero variance.
Estimation of marginal effects as well as their standard errors is discussed in
Section 4.4.5.

4.3 Discrete Choice Models

The probit and logit models, as discussed before, are used to model a binary
dependent variable. In many cases, the realization of this variable can be in-
terpreted as the outcome of an individual’s choice between two alternatives.
This raises the question of whether and how statistical models for binary de-
pendent variables can be related to microeconomic models of choice, based
on utility maximization subject to constraints. It turns out that such a
link can in fact be made, and the class of discrete choice models has been
developed to derive discrete probability models based on utility maximization
(McFadden, 1974a, 1981). With the help of these models it is possible to esti-
mate parameters of a utility function by observing choices made by different
individuals.

Our starting point is the utility function U(z;;,x;). Here, j = 0,1 is an
index for the alternative under consideration. The utility function can be
thought of as an indirect utility function, the parameters of which are at-
tributes of the alternative, denoted as z;;, and individual-specific character-
istics x;. An example of z;; is the price; the vector x; might include, for
example, individual income. In the simplest version, we can specify a linear
utility function with additive random error

U(zij, i) = 257 + 235 + uy j=0,1 (4.15)

Utilities have both a deterministic and a random component. The determinis-
tic part is modeled by a linear index z;;v +z}/3; that varies across individuals
and choices. The random error could stand for partial ignorance of the econo-
metrician, but it could also capture intrinsic randomness in people’s behavior.
To reflect the nature of utility in (4.15), it is common to use the name random
utility or random utility maximization when referring to the optimization
rule derived from these utilities.

(From equation (4.15), alternative 1 is chosen if it has a higher utility than
alternative 0, algebraically

221’7 + x;ﬂl + w1 > Zéo’y + x;ﬂo + uio
or, alternatively, if
w1 — wio > —(2i1 — 2i0)' vy — 37;‘(51 — fo) (4.16)

Now assume that uy; and ug; are jointly normally distributed with mean O,
variances 0% and o3, and covariance o19. Applying the rules for the linear
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combination of correlated normally distributed variables, we obtain that us —
uy ~ N(0,0%) where 0% = 0?2 — 2010 + 03.
Hence, alternative 1 is chosen with probability

P(yz = ]_‘le — 20 1.2) — & ((zzl - ZiO)//y + m;(ﬂl — ﬂO))

\/0% — 2010 +O’8

Again, we need to impose some normalizations to ensure identification. First,
we see that only the difference 3 = (31 — By can be estimated. This is in-
tuitively plausible. In our linear framework, changes in z; affect the choice
probability only inasmuch as they change the utility of one alternative more
than the utility of the other. The absolute utility levels are inconsequential
for the choice itself. For example, income might have an effect on the choice
probability by increasing the utility of driving a car (private transport) and
leaving the utility of taking public transport unchanged.

Second, we can multiply both sides of equation (4.16) by any constant
without changing the choice situation and the choice probability. Thus the
standard deviations of u;1, u;p and v and § are only identified up to scale.
Setting 07 — 2019 + 02 = 1, we obtain the estimable probit model

P(yl = ]-‘Zzl — Zi0, ZL',L) = @((Z“ — Zio)/’)/ + 1’;,6) (417)

Therefore, in practice, all one needs to do is to estimate a probit model in-
cluding two types of explanatory variables, the first being the difference in
the values of the attributes between the two alternatives for individual 4, the
second being the individual-specific characteristics. The constant of the model
can be interpreted as the relative contribution of unobserved attributes to the
utility of alternative 1. For example, if there are no individual characteristics,
a positive constant means that the average individual favors alternative 1 over
alternative 0, ceteris paribus, i.e., if the attributes are the same.

(From (4.17), we see that - can only be estimated if the choice-specific
attributes (z;1 — zip) vary across individuals. If they do not vary, we have

P(y; = 121 — 20, 2) = @(9525)

where .06 = 0§ + frzin + ... + Brzix and 55 = Bo + (21 — 20)'7y is the new
constant of the model. Hence, we cannot identify Gy and ~ separately, we can
only identify ;. The classic example of data with individual choice-specific
attributes is in transportation research, where j = 0,1 denotes the choice
between private and public transport, and z;; are things like travel time and
travel cost.

If the random component of the utility function is independently type-1
extreme value, or Gumbel, distributed with distribution function

F(a) = exp(—exp(—a))
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then the difference between two random errors u;; —u;p has a standard logistic
distribution, and the discrete choice model takes the form of the binary logit
model with
exp[(zi1 — zio)'y + 2} 0]
P(y; = 1]z;1 — zi0,x5) = ! 4.18

(yi |zi1 i0, T;) 1+ exp[(zi1 — zi0)'y + 2.0] ( )
If we let choice-specific attributes be constant across individuals, we obtain
the familiar expression of the logit model, A(x}5). In this case, as before, we
cannot identify the constant separately from ~.

Example 4.2. Contingent Valuation

One important area of application for discrete choice models is the estimation
of willingness-to-pay for public goods (Hanemann, 1984). Such studies are
based on surveys in which respondents have to choose between hypothetical
alternatives, or scenarios. This type of discrete choice experiment is also known
under the name of “contingent valuation”. In closed-end contingent valuation
surveys, people are asked whether they would be willing to contribute a certain
amount ¢; to a project or not. In open-ended contingent valuation surveys they
are asked how much they are willing to contribute. We consider the closed-end
method here. In this case, respondents can answer with either “yes” or with
“no”, and the amount is varied over respondents.

Let U;; = B1 + vt + uin and U;p = By + uip denote a person’s utility
with and without the public good, respectively. Presumably, if it is a good,
we should have that 8; > [y. Moreover, people dislike paying for it, so that
~v < 0. A person is indifferent between the choices whenever

Yt = Bo — B1 + uwin — uio
and the expected willingness-to-pay is

B(t) = — 2

Y
If we assume that the errors of the model are normally distributed, the pa-
rameters 8 = (3 — By and « can be estimated using a standard probit model,
since

P(y; = 1|t;) = ®(B + i)

Of course, the model can be extended by allowing for additional variables x;.
In this case, the willingness-to-pay is no longer constant but depends on these
other factors as well. To obtain an overall willingness-to-pay, one can then
average over the z’s.
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To summarize, the probit and logit models may be derived from economic
behavior affecting the binary choice. In this case, it is possible to estimate
parameters of an indirect utility function and to predict economic behavior if
explanatory variables change. However, we do not need to have an underlying
(micro-) economic model with behavioral interpretation (like utility maximiza-
tion under constraints). Rather, we can treat the probit and logit as statistical
models, more precisely conditional probability models, that describe the true
data generating process of binary outcomes appropriately. This explains the
more general chapter heading “Binary Response Models” instead of “Binary
Choice Models”, the latter of which is often found in the econometric litera-
ture.

4.4 Estimation

4.4.1 Maximum Likelihood

The parameters of binary response models can be estimated by the method
of maximum likelihood. Here — as elsewhere in the book, unless mentioned
otherwise — we assume random sampling. Under this assumption, the log-
likelihood function can be written as

log L(B;y, Z yi logm; + (1 — y;) log(1 — m;) (4.19)

As before, we substitute m; = G(z;8) = ®(2;3) for the probit model and

= G(z}8) = A(z}3) for the logit model. The log-likelihood function (4.19)
is essentially the same as the one in the Bernoulli model discussed in Chapter
3. The only difference is that m; is now a function of z; and 3 rather than
a constant. As a consequence, the score of the log-likelihood function has an
additional element, dm;/9f. In particular,

- (35 %

i=1

Therefore, the score vector of the binary response model can be written as

- i — G x;ﬂ ’

For the probit model, just replace G(z};8) = @(x;5) and g(z;5) = ¢(z;5). For
the logit model, one can further simplify the score (4.20) to

s(Biy,x) = [wi )] i (4.21)

i=1
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This follows, since A(z}8) = exp(«}0)/[1 + exp(x}0)], and the first-order
derivative with respect to 3 can be written as

OA(iB) _ ., ..
T = A(x; ) [1 - A(miﬁ)]xz

The maximum likelihood estimator ﬁ solves the first-order conditions for a
maximum, S(B;y,x) = 0. Setting (4.20) equal to zero defines a system of
k + 1 non-linear equations, and in general a closed-form solution for B is not
available. A numerical solution can be obtained by using iterative optimization
algorithms as discussed in Chapter 3.5.2.

Example 4.3. Probit and Logit Model of Being Childless

In Example 4.1, we obtained negative predictions from the linear probability
model. To avoid this kind of problem, we now estimate the probit and the logit
models, which explicitly take into account the requirement 0 < G(z;5) < 1.
The results are reported in Table 4.1.

Table 4.1. Probit and Logit Estimates of Fertility Decision

Dependent Variable: childless
Probit Model Logit Model

linear time trend 0.0027 0.0050
(0.0025) (0.0047)
years of education 0.0314 0.0630
(0.0071) (0.0136)
white 0.0626 0.1287
(0.0626) (0.1182)
number of siblings -0.0117 -0.0211
(0.0071) (0.0135)
constant -1.5030 -2.6764
(0.1158) (0.2251)
Log-likelihood value -2,107.11 -2,105.96
LR (x1) 39.56 41.86
Observations 5,150 5,150

Notes: Standard errors in parentheses.

Both models reject the constant-only model significantly. For example, the
1% critical value of the x3 distribution is 13.28, which is much less than the
LR test statistics of 39.56 (probit) and 41.86 (logit). We recognize the same
signs of the coefficients in both models, which implies that marginal effects
do not differ in their signs between the two models. Note that the coefficients
cannot be interpreted directly as measuring marginal effects because of the
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nonlinearity in 7. In Example 4.4, we will discuss the estimation and interpre-
tation of marginal effects in greater detail. Finally, we can multiply the probit
estimates by 1.6, for example —1.50 x 1.6 = —2.40, and roughly obtain the
logit estimates (here -2.68). Of course, the estimates do not exactly coincide
since we used this factor just as an approximation.

Exercise 4.6.

e How can you test whether education is statistically significant in
explaining the probability of being childless?

e Assume you estimated the logit model without controlling for race
(white) and the number of siblings. The log-likelihood value using this
specification is -2108.21. How can you test whether both variables
have no effect on the probability of being childless?

The simple structure of the score function in the logit model, (4. 21) gives
an interesting interpretation. Define ; = y; — A;, where A; = Az} ﬁ) Then,
the first-order conditions can be re-interpreted as a simple moment restriction

Just as for the OLS estimator, the parameter values are chosen such that the
empirical correlation between the residuals and the regressors is zero. Also, if
x; contains a constant, the solution must be such that

ory = A. Hence, the average of the predicted values is equal to the proportion
of ones in the sample. In the probit model, though, such a simple relationship
does not exist.

So far, we have only studied the necessary condition for a maximum of the
log-likelihood function. To check whether the solution to the score equation
is indeed a unique and global maximum, we also need to inspect the Hessian
matrix. Taking derivatives of (4.20) and expectations thereof, we find that

E[H(8;y,x Z o ﬁx f_x ?xiﬁ)] (4.22)

This matrix is negative semidefinite for all possible values of §. Minus its
inverse is the asymptotic covariance matrix of the ML estimator.
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This result is not a direct proof that the log-likelihood function is globally
concave in all samples, since it refers to the expectation of the Hessian. In the
logit case, the situation is simple, since the actual Hessian

H(Bsy,x) Z —A(@B)[1 = A(zif)] ]

does not depend on y, so that it coincides with (4.22). For the probit model, the
situation is a bit more complicated. But again, it can be shown that the log-
likelihood function is globally concave (for example Maddala, 1983: 63). This is
reassuring, because it means that there is a unique (global) maximum. Hence,
the solution of the first-order condition, if it exists, gives us the maximum
likelihood estimator.

Alas, there is not always a solution. Apart from the standard requirement
that the regressors are not linearly dependent, a more subtle issue can arise
in such models: one commonly referred to as “perfect prediction”. This is
discussed next.

4.4.2 Perfect Prediction

Perfect prediction can occur in connection with binary explanatory variables.
Suppose there is a regressor (call it d;) such that whenever d; = 1, the depen-
dent variable is equal to one. When d; = 0, the dependent variable is either 1
or 0. Hence, the correlation between d; and y; is not perfect; it can even be
quite low. In the context of a linear regression model, the situation would not
pose any problem.

In a logit or probit model, however, such a situation makes estimation of
the effect of d; on P(y; = 1|d;, ;) impossible. In order to understand why this
is the case, consider the log-likelihood function with d; as additional regressor

log L(3,0) Zyl log G(2 6 + 6d;) + (1 — ;) log[1 — G(z},8 + dd;)]
=1
= Z log G ()8 + 6)

di=1

+ Y gilog G(B) + (1 — yi) log[1 — G(x/3)]

where G(z}8 + 0d;) = P(x}3 + dd;) for the probit model and G(z}8 + dd;) =
Az} + dd;) for the logit model. The simplification for the first summand on
the right arises since, by assumption, y; = 1 whenever d; = 1. But considered
as a function of §, only the first term is relevant. Thus, the maximization of
the log-likelihood requires that the first term on the right-hand side becomes
as large as possible, in this case zero, which means that 6 — oco. Hence, a well
defined maximum-likelihood estimator for § in the interior of the parameter
space does not exist.
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Perfect prediction can arise in four different ways. First, y; = 1 whenever
d; = 1, as assumed so far. Second, y; = 0 whenever d; = 1, third y; = 1
whenever d; = 0, and fourth y; = 0 whenever d; = 0. In the last case, for
example, the offending term of the likelihood is

> log [1 - G(x4p)]
d;=0

which is maximized by letting the constant go to —oo.

The following remarks apply. Perfect prediction is in general not an identi-
fication problem but a problem that arises in specific samples and that usually
would disappear if one were to collect more data or another sample. Naturally,
the more likely the problem is to occur, the smaller the number of observa-
tions for which d; = 1. In the extreme, if there is only a single ¢ for which
d; = 1, perfect prediction must occur. Dummy variables with few ones typi-
cally arise in problems where dummies are used to assign group membership
and there are many groups. For example, in a model of job mobility, where
the dependent variable is 1 if a person changed the job in a given year, and 0
otherwise, we want to control for occupational status. The finer the selected
classification (one distinguishes so-called one-digit, two-digit, and three-digit
occupations), for a given data size, the fewer the number of observations in
a given occupation and the greater the probability that only non-movers are
observed within the occupation (since changing jobs is a relatively rare event).
To remedy the problem, the offending binary explanatory variable needs to
be dropped. Most econometric software packages will do this automatically
and give a warning message.

4.4.3 Properties of the Estimator

As long as the model is correctly specified, the standard results for ML esti-
mation apply. To recapitulate, the ML estimator is consistent, asymptotically
efficient, and asymptotically normally distributed. In the context of binary
response models we get the asymptotic distribution

B ~ Normal (ﬁ, —-E[H(5; wa)]il)

The formula for the expected Hessian was given in (4.22). Its estimated coun-
terpart is

SOF PR < S Ci1c)
HOw2) =2 = e B e

A major concern is the robustness of these desirable properties as some of
the model assumptions are violated. For the linear model, the consequences
of violating standard assumptions, such as endogeneity of a regressor or a
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non-standard covariance matrix of the regression error, are relatively easy to
derive, and are well understood. In particular, it is the case that the ordi-
nary least squares estimator in the standard linear model remains unbiased
even if the errors are autocorrelated or heteroscedastic. Moreover, the solu-
tion required to obtain a consistent estimator of the covariance matrix of the
estimator is relatively simple.

Unfortunately, heteroscedasticity is much more of a problem in the bi-
nary response model. The effect of heteroscedasticity in the probit model was
explored in detail by Yatchew and Griliches (1985). They show that if het-
eroscedasticity is unrelated to the explanatory variables then no bias results.
In this case just the scaling is affected, but the scaling is arbitrary anyway.
A serious problem arises, however, if the heteroscedasticity is related to the
explanatory variables. For instance, let

o7 = exp(y1 + Y2xi1)
In this case, we can write

Bp_ ap
Oi exp(71 + Y2i1)

and there is no hope that the standard probit or logit model can estimate
0B consistently. However, as long as the form of heteroscedasticity is known,
we can account for it in the log-likelihood function and, with some adequate
normalization and parameterization, get consistent estimates.

Exercise 4.7.

Assume a probit model with heteroscedasticity of known form with

o? = exp(y1 + Y2Ti1)-

e Does this specification of the variance make sense? Why (not)?
e Derive the outcome probabilities.

e Which normalization is required for identification?

Of course, endogeneity is a concern as well. If ignored, the maximum like-
lihood estimator will be inconsistent, as would be the ordinary least squares
estimator in the linear model. How to handle binary response models with
continuous and binary endogenous regressors is discussed next.
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4.4.4 Endogenous Regressors in Binary Response Models

In probit and logit applications, the assumption of exogenous regressors is
often questionable. A good example is provided by Evans and Schwab (1995),
who analyze the effect of attending a catholic school on the probability of
graduating from high school. They rightly point out that the catholic school
dummy might be endogenous:

“Consider a child whose parents care a great deal about his welfare. We
would expect this child to do well in school for two reasons. First, his
parents will see that he attends a better than expected school and will
be more willing to pay the cost for sending him to a private school. Sec-
ond, he will succeed in part because of factors that cannot be observed
but are under his parents’ control. They will spend more time reading
to him, they will stress the importance of good grades, and they will see
that he does his homework. A single-equation model would mistakenly
attribute all of this child’s success to his private school.”

(Evans and Schwab, 1995, p. 961)

In this example, the endogenous regressor is binary itself. In other appli-
cations the endogenous regressor is a continuous variable. For example, Costa
(1995) estimates a model where the retirement decision is modeled as a func-
tion of the pension benefit. The pension benefit is potentially endogenous as it
depends on past retirement decisions, and thus on the unobserved “disutility
of work”. Finally, it is also possible that the dependent variable is continuous
and the endogenous regressor is binary. This possibility is discussed later in
Chapter 7 on estimating treatment effects.

We now discuss possible approaches to estimating probit models with en-
dogenous regressors. For simplicity, we limit our discussion to models with
a single endogenous regressor, and for notational convenience, we drop the
subscript ¢ in this section. Formally, endogeneity in binary response models
can be represented in a two equation system:

Model 1: Continuous endogenous regressor

Y1 = arye + B1w1 +uy
Yo = 0121 + doo + v

The observed binary outcome is y; = I(yF > 0). The conditions for identifica-
tion are the same as those in the usual simultaneous equations model. Either
u1 and vy are independent, or else ds # 0, i.e., x5 is an instrument.



4.4 Estimation 117
Model 2: Binary endogenous regressor

y’f =1yo + fiz1 + Uy
Y5 = 0121 + d222 + V2

The observed binary outcomes are y1 = I(y; > 0) and yo = I(y5 > 0). Be-
cause of the non-linearity of the indicator function, this model is identified
even if u; and vy are correlated and do = 0.

Endogeneity in these recursive systems arises from correlation between
the two equation errors u; and vy, thus capturing for example the effect of
common omitted variables. One reason why we restrict our attention to
recursive systems is that it can be shown, for Model 2 with binary endogenous
regressor, that a full simultaneous model is logically inconsistent (Maddala,
1983, p. 119). We point out that if the first equation in Model 2 depends on the
latent index y; rather than the binary realization, then we are effectively back
to the structure of Model 1. In both models, we are interested in obtaining
consistent estimates of a1. x5 denotes a set of potential instruments.

Probit Model with Continuous Endogenous Regressor

A method for estimating Model 1 has been proposed by Rivers and Vuong
(1988). See also Wooldridge (2002) for a simple discussion of the procedure.
Assume that u; and ve are bivariate normally distributed with zero mean,
correlation p, and variances 1 and o2, respectively. Thus, u; = 61v9 + €1,
where g1 ~ Normal(0,1 — p?) (see Appendix 7.5), and we can write the first
equation conditional on vy as

Yl = arys + Bz + O1ve + €1 (4.23)

Of course, we do not know wvs, but we can replace it by an estimate. The
Rivers and Vuong (1988) two-step approach is then to estimate in Step I the
second equation by OLS to get residuals ©9. In Step 2, run a probit of i
on Yo, x1 and U9, to obtain consistent estimators of the probit equation. The
probit parameters are estimated only up to scale, with factor (1 — p?) 12,
An estimate for p is p = él&vz, where &,, is the square root of the usual error
variance estimator from the first-stage regression.

A nice feature of the Rivers and Vuong approach is that it leads to a simple
test for exogeneity. A z-test of the null hypothesis Hy : 0; = 0 tests whether
yo is exogenous. If there is evidence of endogeneity and we apply a two-
step procedure to find consistent estimators, the usual probit standard errors
are not valid. The asymptotic variance of the estimated probit parameters
needs to be adjusted to account for the first stage estimation (see Rivers and
Vuong, 1988). A closely related procedure for a Tobit model (see Chapter 7
for further details on this model) with an endogenous continuous regressor
has been developed by Smith and Blundell (1986).
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As an alternative, one might be tempted to estimate the model in a two-
stage least squares fashion, i.e., estimate the model

Y1 = a2 + iz + €

where - is the prediction from a first-stage OLS regression. If one assumes
a linear probability model, this approach works well. In the probit model,
however, the regression parameters are only estimated up to scale, and the
scaling factor, the standard deviation of €; = a1 (y2 — g2) +u1 is unknown and
cannot be estimated in this model. This method is therefore not recommended,
although one could use it to test hypotheses such as a; = 0, or obtain valid
ratios of coeflicients, since these do not depend on scaling.

Probit Model with Binary Endogenous Regressor

This is the model considered by Evans and Schwab (1995). We can write the
two-equation model compactly as

Yy = I(a1y2 + iz +up > 0) (424)
and
Yo = 1(511‘1 + oo + vy > 0), (4.25)

where u; and v are independent of z; and x5 and bivariate standard normally
distributed. If p # 0, then probit estimation of (4.24) is inconsistent for a; and
(1. Note that there is no simple reduced-form as before. Two-stage estimation
is therefore not an option. Rather, one can proceed by full-information
maximum likelihood estimation. This is described in detail in Wooldridge
(2002, p. 477). The idea is to find the expressions for the four joint probabilities
P(yr =1,y2 =1), P(yr = 0,52 = 1), P(y1 = 1,y2 = 0), and P(y, = 0,2 =
0). Due to the recursive structure of the underlying model, this is not the
same as the standard bivariate probit model, where y; = I(f121 +u1 > 0)
and yo = I (0229 + v2 > 0) and « is not estimated.

4.4.5 Estimation of Marginal Effects

In Section 4.2.5, we derived general statements of the marginal effects in binary
response models. In practice, computation of marginal effects requires that the
unknown true parameter is replaced by an estimator, here the ML estimator.
Hence, the marginal effects are random variables as well, and we are not only
interested in their point estimation, but also in sampling variability.

Let B be the ML estimator of 3. The following properties of ML estimation
can be exploited:

1. Invariance says that the ML estimator of any function h((3) is simply h(53).
For example, consider estimating the odds ratio or = exp(8) and let 3 be
the ML estimator in the logit model. Then or = exp(f).
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2. The Delta method says that

V@) = | % | | %y )L

op’ op’

This approximation improves with larger sample size. For the odds ratio
in the above example, we obtain

Var(or) = exp(23) Var(j3)
3. The function h(é) is approximately normally distributed with

h(6) % Normal (h(a),\’fa?[h(é)])

. ~ app NTl oA
or in our example or ~ Normal (or, Var(or))

We can apply these considerations to the estimation of probabilities and
marginal probability effects in the probit and logit model. Consider probabili-
ties first. To estimate probabilities, we simply replace 3 by B in the conditional
probability expressions to obtain predicted probabilities, formally

Since the idea is the same for the probit and logit model, we can use the generic
function G(z}3). Furthermore, the asymptotic variance of the prediction using
the delta rule can be derived as

Var () = [g(@i )] Var(B)lg(@;8)al)’ = g(ai)?* |2/ Var(B)z:]

As the point estimate for the prediction itself, this expression depends on the
x; vector used. For the marginal probability effects, the same principles apply.
For example, the point estimation of the marginal probability effects yields
@il = g(x;,é’)ﬁl The computation of the standard errors via the delta rule
is again feasible, although more complex. Greene (2003) provides the details.

Example 4.4. Are More Educated Women More Likely Childless?

Now, we want to interpret the results reported in Table 4.1, particularly the
estimated parameters, in order to shed some light on the research question
posed: Is there a positive relationship between being childless and the years
of education? And if so, how can we quantify this relationship?
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To begin with, we note that the estimated coefficient of education is posi-
tive, confirming our hypothesis that more educated women are more likely to
be childless. We can quantify the effect by calculating predicted probabilities
evaluated at each level of education, setting all other variables to the mean. In
Figure 4.4, we plot the results together with a 95% confidence band obtained
from the asymptotic variance derived earlier. We only show the graph for the
probit model since the logit model gives about the same shape. We see that
the probability of being childless increases from 7.3 percent for women without
schooling to 20.4 percent for women with 20 years of schooling. This increase
is statistically significant, and even if we compare the last prediction to the
prediction at the average schooling level of 12.24 years (7 = 0.142), the in-
crease remains significant. As expected, the confidence band around the mean
values is the smallest, with higher variation for the minimum and maximum
values of educ.

Fig. 4.4. Predicted Probabilities by Years of Education
7ii

0.3

95% confidence band
0.2 1

0.1+

T T T T T education

We can further investigate the changes in probabilities by calculating
marginal effects. In Table 4.2, we report the predicted linear index, evalu-
ated at the means, which is an estimator of the expected linear index. Then,
we calculate the value of the density function, g(z'3) and multiply it by the
coefficient to obtain the MPE. In the probit model we get a value of 0.0071,
in the logit model we get a value of 0.0077. This implies that an increase in
education by one unit increases the probability of being childless by about
0.71 percentage points in the probit model (0.77 in the logit).
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Table 4.2. The Effect of Education on the Probability of Being Childless

Probit Model Logit Model

Marginal Probability Effects

years of schooling (Beduc) 0.0314 0.0630
7' p -1.0699 -1.8030
9(z'B) 0.2251 0.1415
9(2'B)Bedue = MPE 0.0071 0.0077
Discrete Changes in the Predicted Probabilities
min — max 0.1315 0.1410
12 years — 16 years 0.0300 0.0331
F (standard deviation)/2 from the mean 0.0231 0.0250
Odds (Changes with Aeduc = 1)
Factor Change (Odds Ratio) 1.0651
(0.0145)
Relative Change 6.51%
(1.45%)

Notes: Mean values T = (16.748 12.245 0.841 4.277)’ for education, time trend, white and
number of siblings, respectively. For illustration purposes, we report the standard errors

(in parentheses) only for the odds ratio and the relative change.

From a practical point of view, it might be of more interest to consider a
discrete change in the probabilities associated with an increase in education
by four years, 20 years, or one standard deviation. Table 4.2 reports these
measures. For example, the change in education from the minimum (0) to the
maximum (20) years of schooling increases the probability of being childless
by about 13 or 14 percentage points (see also Figure 4.4 for the probit case).
Moreover, the change in probabilities associated with a change in schooling
from 12 to 16 years can be interpreted as the effect of attending college. Here,
this decreases the probability of having children by around three percentage
points. Finally, we can look at the odds. The odds ratio indicates that one more
year of schooling increases the odds by the factor 1.0651. Or alternatively, the
relative change in the odds due to an additional year of schooling is 6.51
percent.
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4.5 Goodness-of-Fit

A number of suggestions have been made for how to evaluate the overall
quality of a binary response model. These suggestions fall into one of two
categories. The first approach attempts to mimic the R? measure used in the
linear model, i.e., to construct a measure between zero and one, where low
values indicate a poor fit and high values indicate a good fit. The second
approach assesses the predictive performance of the model.

R? measures are not directly applicable in non-linear models such as binary
response models, since we do not have a proper variance decomposition result.
However, a number of so-called “pseudo R?” measures have been suggested.
A first one, already presented in Chapter 3.6.7, was put forward by McFadden
(1974a). He observes that for discrete response models, the value of the log-
likelihood function is always negative, so that log L(Bu) > log L(ﬁAr) implies
llog L(B,)| < |log L(3,)|. In this expression, log L(3,) is the value of the
(maximized) log-likelihood function in the constant-only model and log L(;3,,)
is the (maximized) log-likelihood value in the full model. It follows that

log L(f3.)
<l—-———>—-= 12\/IcFadden <1

log ()

The McFadden R? will be zero if the full model has no explanatory power.
In this case, all slope parameters are zero and restricted and unrestricted
models are the same. The McFadden R? will be one if the model is a perfect
predictor (then 7; = 1 whenever y; = 1 and #; = 0 whenever y; = 0), although
this upper bound cannot be reached for finite parameter values. We explicitly
indicate the measure as “McFadden R?” since other pseudo R? measures have
been proposed in the context of binary response models.

One of these is the pseudo R? measure proposed by McKelvey and Zavoina
(1975). It is based on a for the latent linear model y; = 25+ w;. In particular,
if we let g = x;ﬁA, then we can write

SSE* i W —9°)?

2 o _
BNz =SSR 1 SSE" — no® + 57 (5 — 77)?

where SSE* denotes the explained sum of squares, and SSR* denotes the
“residual” sum of squares of the latent model. For the pseudo R? in the probit
model o2 equals one, in the logit model o2 equals 72/3.

An alternative approach is to look at the proportion of correct predic-
tions. Based on the parameter estimates and the values of the explanatory
variables, we can predict whether an observation will be a “success” or a “fail-
ure”. For example, a bank needs to decide whether a credit applicant should
be classified as a “defaulter” (and therefore be denied credit), or not, based
on what the bank knows about the person, for example her credit history and
other socio-economic characteristics. Thus, it becomes important to know how
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applicants can be classified into “good” and “bad”. Obviously, the bank has
an interest in determining how well it can actually discriminate between the
two groups of customers.

In our setup, since the prediction is binary, as is the actual outcome, the
results can be summarized in a two-way contingency table. Note that this
can be done in-sample with observations taken from the actual sample, or
out-of-sample using an independent validation sample.

Table 4.3. Contingency Table for Binary Predictions

Actual
Success Failure
Model True Positives False Positives
Success (1l —a) (1-m)p
False Negatives True Negatives
Failure TQ (1-m)(1-7)

In Table 4.3, we observe that there are two types of errors. « is the prob-
ability of predicting failure for an actual success. 3 is the probability of pre-
dicting success when the actual outcome is failure. p is the probability of a
success. So far, we have not mentioned how the classification should be per-
formed once the binary response model has been estimated. The basic idea is
that we use the model to assign to each observation a “rating” r;. This can be
either the predicted probability of a success p; = f(2}3), or simply the linear
predictor x;B As a matter of fact, since the one is a monotonous function of
the other and the classification rule requires only ordinality of the rating, the
predictions will be identical. Secondly, we define an arbitrary cut-off value t,
such that ¢; = 1 if r; > t and g; = 0 else. Interestingly, we can now compute
the classification error probabilities a(t) and ((t) for all possible threshold
levels ¢ by

at)=1—-P(r>tly=1)
Bt) = P(r=>tly = 0)

Note that these are conditional probabilities, conditioned on observing either
the outcome one or the outcome zero. The unconditional probability of a
misclassification is then

P(wrong prediction; t) = ra(t) + (1 — m)B(t)

We see that minimizing the unconditional probability of a misclassification
is not that meaningful. For example, it can be the case that the outcome
“success” is very rare, i.e., P(y = 1) is close to zero. In this case, one would
tend to choose t such that 8(t) = P(r > tly = 0) is small. Since §(t) is the
error of predicting a success when we actually have a failure, this amounts to
predicting a failure for everyone (or choosing a very large t).
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The alternative is to focus on «(t) and ((t) themselves. There exists
a trade-off between these two errors: the higher «(t), the lower §(t), and
vice versa. For a given sample, and a given set of ratings and outcomes, all
(a(t),B(t)) combinations can be summarized in a so-called Receiver Op-
erating Characteristic (ROC) curve. These curves can be estimated for a
given sample, consisting of binary outcomes and ratings. The aforementioned
probabilities are then replaced by relative frequencies.

Table 4.4. Predicting Binary Outcomes

Observation  Actual Outcome  Rating ()

1 0 0.10
2 0 0.15
3 1 0.16
4 1 0.17
5 0 0.17
6 1 0.19
7 0 0.20
8 1 0.27

Consider Table 4.4 with eight observations, sorted by their rating r. The
ROC curve is constructed by considering all distinct rating values observed
in the data as cut-offs ¢, and then computing the relative frequencies f(r >
t|ly = 0) as an estimate of 5(¢), and 1 — f(r > tly = 1) as an estimate of «(t),
respectively. The estimates are listed in Table 4.5.

Table 4.5. Sensitivity and Specificity

Cut-Off Values (t) f(r>tly=0)=8 f(r>tly=1)=1—a &

0.10 4/4 4/4 0/4
0.15 3/4 4/4 0/4
0.16 2/4 4/4 0/4
0.17 2/4 3/4 1/4
0.19 1/4 2/4 2/4
0.20 1/4 1/4 3/4
0.27 0/4 1/4 3/4

For example, if the cut-off value is less than or equal to 0.1, all four actual
failures in Table 4.4 are classified as successes. Therefore, 5(0.1) = 4/4 = 1.
On the other hand, all four actual successes are classified as successes as well,
such that &(0.1) = 1—4/4 = 0. Now, if the cut-off is increased to 0.17, say, the
situation is different. Half of all actual failures have ratings below 0.17, and
thus are classified as failure. Hence, /3’ has decreased to 0.5. Using the same cut-
off value, three of the four actual successes are classified as success, so that the
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relative frequency of a false negative has increased to 0.25. Sometimes, 1 — &
is called the sensitivity of a classification, and 1 — 3 is called the specificity.
The ROC curve is obtained by plotting 1 — & against (3, as shown in Figure
4.5 for the above example.

Fig. 4.5. Receiver Operating Characteristic Curve for Artificial Data
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ROC curves can be used for two different, albeit related, purposes. First,
one can determine the optimal cut-off point to be used for classification, de-
fined as the point that minimizes the sum of the two conditional classification
error frequencies & + B Graphically, it is the point that is obtained when the
45° line is shifted in parallel to the northwest until it is just tangent to the
ROC curve. In Figure 4.5, it is the point where ¢t = 0.16, & = 0, B = 0.5, and
a+p3=005.

Second, one can assess the goodness-of-fit of a given model. The bench-
marks are a model with perfect prediction and a random model. A model
with perfect prediction is one in which the ratings of the success group and
the failure group do not overlap, i.e., the ratings of the successes are to the
right of the ratings of the failures. In this case, perfect discrimination is possi-
ble. More specifically, there exists a value ¢ such that f(r > tjly =1) =1 and
f(r > tly = 0) = 0. The associated ROC curve is determined by the points
(0/0), (0/1), and (1/1) in Figure 4.5.

In the case of complete randomness, the rating distributions of the two
groups are identical: successes do not tend to have higher rating values than
failures. Clearly, in such a case the rating is uninformative for the classifica-
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tion, and f(r > tly = 1) = f(r > tly = 0). Therefore, &+ = 1 — f(r > t|y =
1) + f(r > tly = 0) = 1. In the ROC curve, the complete randomness is rep-
resented by the 45° line. In practice, we observe intermediate cases in which
the ROC curve is located somewhere above the diagonal in the graph. The
more it moves to the northwest corner, the higher the discriminatory power.

A simple measure of fit is then the area under the ROC curve. It has
a minimum of 0.5 and a maximum of 1. The area in our example, shown in
Figure 4.5, is 0.7188. The area under the ROC curve is also a possible measure
for selecting between two alternative models producing different ratings. There
are two possibilities. First, one ROC curve dominates the other, i.e., lies to the
northeast of it. Then the decision is unambiguous and we choose the model
with the dominating ROC curve. Second, the two ROC curves intersect. Then
one can select the model with the larger area. This approach is closely related
to the problem of comparing two Lorenz curves and the Gini coefficients,
respectively.

Example 4.5. Goodness-of-Fit in the Analysis of Being Childless

In our probit and logit analysis of the fertility decision (Table 4.1), we reported
the likelihood ratio statistic of the null hypothesis that all coefficients are
zero. Thus, we compared the full model with a constant-only model and we
found significant grounds to reject the null hypothesis. This test on overall
significance can be supplemented by the goodness-of-fit measures reported in
Table 4.6.

Table 4.6. Goodness-of-Fit Measures

Probit Model Logit Model

McFadden’s R? 0.009 0.010
McKelvey and Zavoina’s R? 0.018 0.021
Area under the ROC Curve 0.5828 0.5829

These measures provide positive support for the logit model. However, it
is important to note that measures of fit provide just a rough indication of
the model that should be supported. They do not give any evidence that this
model is optimal or best.
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4.6 Non-Standard Sampling Schemes

4.6.1 Stratified Sampling

In some applications, the outcome of interest might be a rare event, hence, the
proportion of ones in the sample is very low. Consider the following example.

Example 4.6. Dutch Migration to New Zealand

Hartog and Winkelmann (2003) analyze post-war Dutch migration to New
Zealand. The Netherlands have a population of around 15 million, about two
thirds of which are of working age. In 1986, there were approximately 20,000
Dutch working-age migrants, i.e., the ratio of working-age migrants to non-
migrants is 1 to 500 and the unconditional probability of being a migrant is
0.2 percent. Thus, if a random sample of 10,000 is drawn, one would expect
only 20 migrants to be included.

There is nothing wrong with this per se, and the ML estimator in the
binary response model would be consistent. However, it turns out that one
can obtain, for a given sample size (and thus given data collection cost),
more precise parameter estimates if one oversamples the rare outcome and
undersamples the frequent outcome. In the above example, one could base the
analysis, for example, on 500 observations of migrants and 500 observations
on non-migrants.

It is costly to collect data. Therefore, it may be preferable to oversam-
ple the group with the rare outcome — which we call stratification — rather
than randomly sampling the two groups in the same proportion as in the
population. Two cases of stratified sampling need to be distinguished:

e Exogenous stratification, based on the z’s.
e Endogenous stratification, based on the y’s.

4.6.2 Exogenous Stratification

To understand the consequences of exogenous stratification on the proper-
ties of the maximum likelihood estimator, consider the joint probability func-
tion for f(y;,x;), rather than the conditional model f(y;|x;) that we usually
start with. We can always write the joint probability function as the product
of a conditional and a marginal distribution, formally

fiszi; B,7) = f(yilwi; B)h(zi;7)

for some marginal distribution h(x;;v). Here, § and ~ are two vectors of
parameters characterizing the joint probability function. Now assume we can
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separate the parameter vector of interest, 3, which is only included in the con-
ditional part, and the parameter vector  as characterizing only the marginal
distribution. For example, in the binary response model, we could have

fimi B,y) = 7 (1 — m)' " Yih(z;7)

where m; = G(}(), as before. Assuming independent observations, the like-
lihood function can be written as the product over these joint probabilities
and, after taking logs, we obtain the log-likelihood function

n

log L(B, 7y, ) = Z [yilogmi + (1 — y;) log(1 — m;) + log h(xi;7)]

=1

Importantly, as long as the density of x; does not depend on (3, it does not
affect the estimator at all. Hence, in the maximization of the log-likelihood
function over (3, the parameter vector of interest, we can neglect the term
log h(zx;;) by the proportionality assumption. Moreover, we can draw data
from a different distribution h*(z), and the estimator will still be the same.
Hence, we see that if we can find explanatory variables that have a high pre-
dictive power for the probability of observing the rare event, then we can draw
overproportionally from that segment of the population without invalidating
the inference. The only problem is that such good predictors  may not al-
ways exist. In addition, it may not be possible to tell in advance what these
regressors should be, before one actually collected the data and conducted the
analysis.

4.6.3 Endogenous Stratification

Usually, sampling based on the outcome of the endogenous variable causes the
maximum likelihood estimator to be seriously biased. However, in the logit
model, the consequences of estimation based on an endogenously stratified
sample are actually less severe. Consider the following situation: The outcome
zero is rarely, the outcome one is frequently. To save data collection cost,
observations with y; = 1 are only included in the sample with probability p.

The joint probability for the event y; = 1 and observation included in the
sample is then

pexp(zip)

P(y; = 1,in sample|z;) = ek oA

The probability of a zero is not modified, so that

1
P(yi—O\Ii)—H_Tp(xm—l—Ai

The likelihood contribution is then
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pA; __pexp(a’ph)
(1—=A:) +pAi 14 pexp(a’f)

P(y; = 1]in sample, z;) =

which can be rewritten as

, exp(lnp + 2')
P(y; = 1)in sample, ;) = T+ exp(np + /9) (4.26)

where Inp < 0. Similarly, we can obtain P(y; = 0lin sample, x;). From (4.26)
we can see that only the intercept term 3y is modified. If p is known (as would
be the case in the above example) all parameters of the original model (and
therefore also all marginal effects) can be recovered from the selected sample.
In particular, the following two steps are required:

1. Estimate a standard logit model using the reduced (endogenously strati-
fied) sample.

2. Keep the slope coefficients and subtract Inp from the estimated constant
[30 to obtain estimates for the full model.

What this result says is that if we have a sample with n; ones and n — n
zeros, where n; is large, we might as well draw a random subsample of the
ny ones, with sampling probability p, and estimate the parameters of interest
using the reduced sample. The procedure will be consistent. However, it will
not be efficient to discard part of the observations with ones if they are already
collected. The real relevance of this result refers to a situation as mentioned
in the introduction: It is costless to observe y (and thus the fraction of ones
and zeros in the underlying sample), but it is costly to collect the x variables.
Then, it is preferable, on efficiency considerations, to stratify on y and collect
data on x roughly on a 50/50 basis.

Two concluding remarks. First, this simple procedure only works for the
logit model but not for the probit model or the linear probability model.
In these other cases, the endogenous sample selection leads to a modified
likelihood function that can no longer be estimated by the base model. Second,
an intuition for the efficiency gain of a sampling scheme based on a 50/50
collection can be obtained by looking at the Hessian matrix of the logit log-
likelihood. It involves the term #(1 — &) which becomes larger (and hence
smaller when inverted) as the “average” 7 (the mean of the dependent variable
in the logit case) approaches 0.5.
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4.7 Further Exercises

Exercise 4.8 Consider ML estimation of the linear probability model
Flyiles) = (238)" (1 — 2iB)' yi = 0,1

Derive the score vector of the log-likelihood function and show that the
maximum likelihood estimator is equal to the GLS estimator. Which prob-
lems might arise?

Exercise 4.9 Suppose a binary response model that has been specified using
a Weibull distribution with probabilities

T = 1 — exp[— exp(x;3)]

This specification is also known as a complementary log-log transforma-
tion, since we can write log[—log(l — m;)] = z}0.

a) Does this specification make sense? Compare to the probit and logit
transformations.

b) Derive the marginal probability effects for x;;.

c¢) Write down the likelihood and the log-likelihood function for a sample
of n independent observations.

d) Derive the score. How can you obtain an estimate of 37

Exercise 4.10 Consider a constant-only logit model, i.e., the probability of

observing the outcome one is specified as 7 = A(3) = [1 + exp(—3)] .

a) Write down the likelihood and the log-likelihood function for a sample
of n independent observations.

b) Derive the score function and find the ML estimator of 3.

¢) Derive the Hessian matrix and verify that —E[H(8)] = nw(1 — 7).
Find the asymptotic distribution of 37

d) Let §y = 0.4 and n = 100. Test the hypothesis that an individual
chooses both alternatives with the same probability.
(i) Formulate the null hypothesis in terms of the parameter 3.
(ii) Calculate the LR test statistic.

(iii) Calculate the Score test statistic.

(iv) Calculate the Wald test statistic. (Hint: Use the more general form
of the Wald test, Wald = (3 — (o) \E[B]*l (3 — Bo), where 3 is
the value of the parameter stated in the null hypothesis. This test
statistic is asymptotically y2-distributed with degrees of freedom
equal to the number of restrictions.)

(v) Can you reject the null hypothesis at the 5% level of significance?
What do you conclude?
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Exercise 4.11 Suppose you are interested in estimating the effect of a
dummy variable d on a binary response variable y. The joint probabil-

ity

function of y and d in a random sample of size n = 100 is as follows:
d=0 0.20 0.23
d=1 0.38 0.19

Are y and d independent?

Obtain the maximum likelihood estimators for 7! = P(y; = 1|d; = 1)
and 7° = P(y; = 1|d; = 0).

Now assume that the model has been specified as a logit model, where

o explf + fudy)
mi =Py = 1di) = exp(fo + f1ds)

Exploit the ML invariance property to find the maximum likelihood
estimators for By and ;.

Exercise 4.12 Consider again the table in Exercise 4.11 and assume that
the relationship between y and d has been specified as a logit model as

B o exp(Bo + frd;)
mi = Py = 1|d;) = 1+ exp(fBo + Sidi)

Find the likelihood and the log-likelihood function of the sample.
Find the score function and the Hessian matrix?

Obtain the ML estimates of 3y and 1 by solving the first-order con-
ditions and using the information about the sample above.

Show that the ML estimates in ¢) indeed mazimize the log-likelihood
function in a).

Calculate the value of the log-likelihood function evaluated at the ML
estimates.

Verify that the ML estimator of By under the assumption #; = 0,
the restricted ML estimator, is given by 5§ = log[g/(1 — §)] where
y = (37, vi)/n. Calculate the ML estimate given the information
about the sample above.

Calculate the value of the log-likelihood function evaluated at the
restricted ML estimates.

Test the hypothesis Hy : #1 = 0 using a likelihood ratio test. Can you
reject the null hypothesis at the 5% (1%) level of significance? What
do you conclude?
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Exercise 4.13 Evans and Schwab (1995) analyze the effect of attending a
catholic school on graduation from high school. They obtain results of the
form

P(high school graduate) =

@[ 1.2 + 0.777 catholic school + 0.041 female + 0.132 black |
(0.056) (0.029) (0.045)

where asymptotic standard errors are reported in parentheses.

a)

Write down the latent model that the estimation is based upon, in-
cluding the assumptions for the error term.

What do the authors want to show by estimating such a model?

Test each of the three variables displayed for statistical significance.
What do you conclude?

What is the predicted probability that a black female student attend-
ing a public high school will graduate?

How would the predicted probability of graduation change if the black
female student went to a catholic high-school?

What is the interpretation of the difference between your answers in
d) and e)?

Without doing the computations, would you expect that the “marginal
effect” of catholic school is larger for black or for non-black students?
Why?

Formulate an alternative model that would allow you to test whether
the catholic school coefficient is the same for black and non-black
students. Explain.

Exercise 4.14 Bantle and Haisken-DeNew (2002) report the following odds
ratios from a logit regression. The dependent variable is 1 if the adoles-
cent smokes, and 0 otherwise. The authors use data from the 1999 wave of
the German Socio-Economic Panel. The estimates are based on a subset
of n = 830 observations for 16- to 19-year-old youth who live with their

parents.
Odds Ratio Standard Error
east german 1.4220 (0.2526)
gender 1.0762 (0.2116)
large city 0.8188 (0.3235)
only father smokes 3.5889 (0.6997)
only mother smokes 2.5097 (0.5851)
both mother and father smoke 4.4105 (0.7120)

further variables
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a) What do you think the authors want to prove or disprove?

b) How do you interpret the value of 4.4105 for the variable both mother
and father smoke?

¢) What is the odds ratio that results if a variable does not effect the
probability of smoking?

d) Test whether both mother and father smoke has no effect on youth
smoking.

e) Derive the logit coefficients of the model.

f) Can you compute from the information provided the probability that
a young woman living in a small West German city with non-smoking
parents smokes herself 7 If so, how? If not, why not?

Exercise 4.15 Suppose you are interested in the survival probability of pas-
sengers aboard Titanic. The dataset titanic.asc (available on the author’s
homepage) contains information about 2201 passengers, including the gen-
der, whether child or adult, the class traveled, and a binary variable indi-
cating survival. A logit model gives the following results:

Dependent variable: alive
Estimate  Standard Error

male 2,420 (0.140)
adult -1.062 (0.244)
class 2 (1=yes) -1.018 (0.195)
class 3 (1=yes) -1.778 (0.172)
class 4 (1=yes) -0.858 (0.157)
constant 3.105 (0.298)
Log-likelihood value -1,105.03

Log-likelihood value (constant only model) — -1,384.72

The mean values are given by 0.95 (male), 0.79 (adult), 0.13 (class 2), 0.32
(class 3), 0.40 (class 4).

a) Which research question could you study with such a model?

b) Write down the formal model the estimation is based upon. What
assumptions are made?

c¢) Use the invariance property and the Delta method to calculate esti-
mates and to obtain standard errors of the odds ratios.

d) Interpret the results in the light of your research question using
(i) discrete probability effects and predicted probabilities
(ii) odds ratios

e) Conduct a LR test to test the full model against a constant-only
model. What do you conclude?
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Exercise 4.16 Use the data in mroz.dta to estimate a labor force participa-
tion model using the LPM, the probit and logit models. Include nonwife
income, the years of schooling, a quadratic form in experience, age, and
the number of children (younger than six years, and between six and 18
years) as explanatory variables.

a) Estimate the three models and report your results along with the value
of the log-likelihood function (probit and logit), and an appropriate
test statistic for the null hypothesis of a constant-only model.

b) How would you interpret the coefficient of years of schooling in the
three models using
(i) marginal probability effects
(ii) discrete probability effects
(iii) predicted probabilities

c¢) Does the presence of children affect the labor force participation of
women? How can you quantify the effects (if any)?

d) Do the models have explanatory power compared to a constant-only
model?

e) Why might education be an endogenous variable in the labor force
participation?

f) Which variables might serve as instruments for the years of schooling?
Test the null hypothesis that education is exogenous. What do you
conclude?

Exercise 4.17 Consider a dataset with n = 1,000 pairs of observations
(yi,d;), where y; and d; are binary variables. Assume that you have 326
observations with y; = 0 and d; = 0, 478 observations with y; = 1 and
d; = 0, and 196 observations with y; = 1 and d; = 1. Which problem arises
if you want to estimate a probit (logit) model of y on d in this dataset?

Exercise 4.18 True or False? Evaluate the following statements critically.
a) Let m; = &(Bo+04 ,Ti—‘rﬁgl'?) with continuous regressor x;. The parame-
ter #; measures the marginal probability effect of x; on the probability
of observing the outcome 1.

b) Let m; = (8o + P1x;) with continuous regressor z; and $; > 0. The
change required in x; to increase m; from 0.4 to 0.5 is larger than the
change required in z; to increase 7; from 0.8 to 0.9.

c) Let m; = A(Bo + (1d;) with binary regressor d;. The parameter (;
measures the discrete probability effect of d; on the probability of
observing the outcome 1.

d) The linear probability model is more robust than the probit model,
since we do not require normally distributed error terms.
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Exercise 4.19 Suppose you want to analyze the determinants of secondary
school choice in Germany. Use the data in school.dta and generate a binary
variable, say gym, which equals one if the pupil attends Gymnasium, and
zero if the pupil attends Real-/Hauptschule.

a) Define a research question that you could study with the data. Which
explanatory variables would include in your analysis?

b) Estimate a probit or logit model in order to answer your research ques-
tion, and report your results along with the value of the log-likelihood
function, and an appropriate test statistic for the null hypothesis of a
constant-only model.

¢) Does the model have explanatory power compared to a constant-only
model?

d) Interpret your results using marginal or discrete probability effects,
and predicted probabilities.

e) Critically evaluate your results. Are they plausible? Which problems
might arise? Do you have all the relevant information?

Exercise 4.20 Suppose you have a logit model with 7 = P(y; = 1]z;) =
A(z;3) in the population of interest. Now suppose that you do not have
a random sample from the population, but the sample is drawn in the
following way:

e With probability ¢ you draw an observation from the conditional dis-
tribution of (y;, z;) given y; = 1.

e With probability 1 — ¢ you draw an observation from the conditional
distribution of (y;,x;) given y; = 0.

Furthermore, assume that x; is a discrete random variable. Find 7; =

P(y; = 1|z;) in the sample.
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Multinomial Response Models

5.1 Introduction

In this chapter, we turn our attention to probability models for the analysis
of multinomial data. Recall from Chapter 1.2.1 that multinomial variables
are characterized by a set of mutually exclusive and exhaustive non-ordered
categories. Multinomial dependent variables appear in a number of microdata
applications and we will start with some examples.

McFadden (1974b) considers three alternative travel modes (car, bus, and
train) and investigates the demand behavior of urban commuters. Schmidt and
Strauss (1975) analyze the effects of gender, race, education and labor mar-
ket experience on occupational attainment. They divide individuals into the
categories menial, blue collar, craft, white collar, and professional occupations.
Terza (2002) shows that alcohol abuse significantly reduces the probability of
being employed. In his study, the outcomes employed, unemployed, and out of
labor force specify the multinomial character of an individual’s employment
status. Berger (1988) examines the relationship between predicted future earn-
ings and the major field of study, distinguishing between business, liberal arts,
engineering, science, and education. Alvarez et al. (2000) study the relevance
of policy issues and the state of the economy in multiparty elections using the
1987 British general election, where British voters chose among the Conser-
vatives, the Social Democrat Party, the Liberals, and the Labour Party. Other
examples include the reasons for early retirement, industry affiliation, choice
of insurance, choice of a certain brand of beer, or the portfolio structure of
households (see Example 5.1 for possible outcomes).

In the previous chapter, we introduced the probit and logit models for
binary outcomes. In the case of a multinomial response we can still make
use of these models if we dichotomize the various outcomes. Consider, for
example, the travel mode choice of urban commuters to go to work by car,
bus, or train. In terms of binary outcomes, we could proceed in two ways.
First, we could generate a binary variable indicating, say, public transport
mode (bus or train). As a result, we would restrict our analysis to the choice
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between private and public transport. Second, we could draw two subsamples
in which we keep only observations choosing one of the alternatives car/bus
(subsample one), or one of the alternatives car/train (subsample two), and
recode the choice variable to 0/1. Begg and Gray (1986) show that estimating
these two binary logits provides consistent estimates of the parameters of the
corresponding multinomial model.

However, by dichotomizing a multinomial variable we “throw away” infor-
mation in the data, and such an estimator cannot be efficient. Therefore, we
want to explicitly model the choice across the whole range of outcomes.

Example 5.1. Multinomial Outcomes
e Reasons for early retirement
(company restructuring, health problems, personal reasons)

e Insurance choice
(low deductible, high deductible, extra insurance)

e Brand choice
(Becks, Krombacher, Heineken, Budweiser, Cardinal)
e Industry affiliation
(agriculture, manufacturing, construction, trade, services)

e Portfolio structure of households
(stocks only, stocks and bonds, bonds only, none)

Chapter 5 is organized as follows. In Section 5.2, we introduce the multino-
mial logit model and give special attention to the interpretation of parameters.
In Section 5.3, we generalize the multinomial logit model to choice-specific at-
tributes. Within the random utility framework, we present the conditional
logit model and discuss its advantages and disadvantages in economic appli-
cations. Finally, in Section 5.4, we consider several alternatives, namely the
mixed logit, the multinomial probit, and the nested logit, which circumvent
the problems of the basic models.
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5.2 Multinomial Logit Model

5.2.1 Basic Model

The simplest multinomial response model is the multinomial logit (MNL),
which is an extension of the binary logit to more than two response categories.
The MNL model can be justified either in a mechanical way or within a
discrete choice model. We restrict our attention to the former here, as the
latter will be the subject of Section 5.16.

To begin with, let us suppose that there are J unordered outcomes of the
dependent variable y;. These outcomes are coded, without loss of generality,
as 1,2,...,J. For example, a commuter might choose among J = 3 alternative
modes of transportation, including the options car (coded by 1), bus (2), and
train (3). With multinomial data, the numerical coding is entirely arbitrary.
We could also have chosen train (1), car (2), and bus (3), which reflects the
unordered nature of multinomial data, or car (10), bus (27), and train (389).

Assigning the values 1, ..., J to the outcomes simply contributes to notational
simplicity. Let
P(y; = jlo;) = mij (5.1)

denote the probability that individual ¢ chooses alternative j, given her char-
acteristics z;, where x; has dimension (k+1) x 1, as before. For each individual,
there are J such probabilities. For example, m;; might be individual ¢’s proba-
bility to commute by car, given her income, and ;2 and m;3 her probabilities
to commute by bus and train, respectively.

Now we would like to specify the relationship between the probabilities and
the vector of individual characteristics x;, more specifically, a linear index
x;B; with outcome-specific parameter vectors ;. We use outcome-specific
parameters to allow the effect of a change in one regressor to be different
for each outcome probability. A sensible specification must observe that all
probabilities lie between zero and one, and that they add up to unity. Suppose
we let

mj:M j=1,...,J (5.2)

J
2:21 exp(z}5y)

By definition of the exponential function, all probabilities are greater than
zero, and, by construction, they fulfill the requirements of being less than one
and adding up to unity over all categories. So far, the model has J parameter
vectors (1, ...,0s, each of them with k& + 1 elements. This leads to a total
number of (k + 1) x J different parameters.

In fact, it turns out that there are too many parameters in the model
and not all of them are identified. This can best be seen with some mathe-
matical rearrangements. If we divide numerator and denominator in (5.2) by
exp(z}f1), and therefore do not change the probabilities, then we obtain
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i1 = 7 !
1+ 3 exp(al(5r — 01)

. e?uﬂ@_ﬁ”) =2, (5.3)
L+ 3 explal(5, - )

Thus, the probabilities only depend on the differences between the parameter
vectors. The levels themselves are unidentified since any constant can be added
to each of the 3’s, such as 3; +d instead of 3; Vj, and this constant will cancel
out in the differencing. Hence, we might as well let 51 = 0, i.e., the parameters
of the first alternative are set to zero. This normalization yields the standard
multinomial logit model as

1
1 = 7
14+ > exp(x}Gr)
r=2
e
iy = %M%@) j=2,....J (5.4)
14+ > exp(zi3:)
r=2

Of course, the identification restriction §; = 0 is chosen arbitrarily. As an
alternative, we could have set any other 3; equal to zero. The category j with
normalization 3; = 0 is called the base category or baseline, which provides
the “reference point” for all other alternatives. The choice of base category
needs to be kept in mind when we interpret the model parameters.

5.2.2 Estimation

In order to proceed with ML estimation, we need to rewrite (5.4) as a condi-
tional probability function. Remember that each individual makes exactly one
choice since alternatives are mutually exclusive. In this case the multinomial
probability function can be written as

J
FWiless Bay .o, Br) = (min) ™ (mig) ™2 - (i)W = [ [ (i) b (5.5)
j=1

where the probabilities m;; are given by (5.4), and d;; is defined as a binary
indicator with

~J 1 if individual 7 chooses alternative j (y; = j)
Y 0 otherwise

Hence, the probability function in (5.5) can be interpreted as individual #’s
probability of observing his or her actual response.
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Assuming a sample of n independent pairs of observations (y;, z;), we can
write the log-likelihood function of the sample as

logL(ﬁZW"vﬁJayv - ZZdZ] logﬂ-’tj (56)

=1 j=1

The necessary condition for a maximum of (5.6) requires us to set the score
equal to zero. However, since each of the probabilities m;; depends on the
J —1 parameter vectors, the derivation of the score in the MNL model is more
complicated than in the binary logit (see Chapter 4.4). We will go through
its derivation step by step. The first derivative of (5.6) with respect to any of
the parameter vectors (s yields

810gL(ﬁ2a"'76J;y’ 1 8771]
i s=2,...,J 5.7
aﬂs ;; jT(',L] 8ﬂs ( )

(remember that §; = 0). Now we need to know the partial derivatives of m;;
with respect to 5. They are given by

Bs

aﬂ-ij _ 77’(1']‘7'(2'5:1?1‘ S #j

Tis(1 — T )24 s=]
since we have to distinguish whether the vector (s only appears in the de-
nominator, or in both numerator and denominator of m;;. We can plug these
partial derivatives into (5.7) and obtain

log L(fBa, - - ., B; =
15) og (ﬁQa 76J7y,$) — Z dis(l — ﬂis)xi + Z_dijﬂ-isxi

9Bs i=1 j#s
= (dis—mi)r;  s=2,...,J (5.8)
=1

The last equality follows since the d;;’s add-up to unity, and therefore d;sm;s +
> ks dijmis = ms. The score function as a vector of all first-order derivatives
does not have a closed-form solution for the 3’s, and hence numerical methods
are required to get the maximum, as presented in Chapter 3.5.2.

The sufficient condition for a maximum needs to be investigated by the
second-order and cross-derivatives of the log-likelihood function, which yield
the Hessian matrix

0 1og L(Ba, ..., B1:y,7)
aﬁsaﬁ; = _ZT‘-ZS 7715 le 822,--.,J
d pe b s = i”‘ it i T, Vs #t (5.9)

9Bs0p;
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One can show that the Hessian is negative definite, which implies that the like-
lihood function is globally concave, ensuring the uniqueness of the maximum.
If the model is correctly specified the ML estimator is consistent, efficient, and
asymptotically normal. The covariance matrix of the ML estimator can be de-
rived from the Hessian, which does not depend on y; (or d;;), and hence, its
expected value is equal to the actual value. A consistent estimator of the co-
variance matrix can be obtained by inverting the Hessian evaluated at the ML
estimates. Note that the Hessian is not block-diagonal. The cross-derivatives
are non-zero and therefore, estimation of the joint model is not equivalent to
estimating “dichotomized” logit models for one outcome at a time.

Example 5.2. Secondary School Choice

The secondary school choice of students in Germany is characterized by three
mutually exclusive schooling tracks: Hauptschule, Realschule, and Gymna-
sium. The choice of schooling track is an important determinant of the child’s
future development, and it is argued that this choice is mainly driven by the
parents and their educational level. In order to shed some empirical light on
the mobility of educational attainment, we can use a MNL model with school-
ing track (school) as a dependent variable, and analyze how the mother’s
education affects secondary school choice. We can think of various other ex-
planatory variables that should be controlled for, examples being mother’s
employment level, household income and household size, and parity. Using
the data in school.dta we get the results in Table 5.1.

We choose Hauptschule as our base category. Hence, we obtain two vectors
of parameters, one associated with Realschule and one associated with Gym-
nasium. Table 5.1 lists the ML estimates together with asymptotic standard
errors calculated by the inverse of the Hessian matrix (evaluated at the ML
estimates). We can use the information provided to test whether a coefficient
is significantly different from zero. For example, we can construct a Wald test
(or z-test) for the coefficient mother’s educational level associated with the
outcome Realschule and we obtain z = 0.303/0.079 = 3.835. The value of the
test statistic is larger than the 1% critical value of the standard normal dis-
tribution for a two-sided test (which is 2.576), and therefore, the parameter
is significantly different from zero.

Of course, we can extend the testing procedure to test whether more pa-
rameters are jointly different from zero by using a likelihood ratio test. For
example, we can test the statistical significance of all parameters (except the
constants). The appropriate LR test statistic is reported in Table 5.1 and
has a value of 225.98. Since we compare the overall model with a constant-
only model, we have to restrict 26 parameters to zero, and the test statistic
is asymptotically x2-distributed with 26 degrees of freedom. The 1% criti-
cal value of this distribution is 45.64, which is much less than the value of
the test statistic, and therefore we reject the constant-only model. Note that



5.2 Multinomial Logit Model 143

Table 5.1. Multinomial Logit Estimates of Secondary School Choice

Dependent variable: school

Base category: Hauptschule (1) (2) (3)
Realschule Gymnasium
mother’s educational level in years 0.303 0.664
(0.079) (0.081)
mother’s employment level (0/1) 0.363 0.454
(0.160) (0.168)
logarithmic household income 0.417 1.731
(0.223) (0.282)
logarithmic household size -1.226 -1.633
(0.446) (0.484)
birth order -0.118 -0.261
(0.126) (0.136)
constant -6.913 -24.454
(2.418) (3.044)
Observations 675
Log-likelihood value -619.85
LR (x36) 225.98

Notes: Standard errors in parentheses. Further controls: year dummies 1995-2002

constant-only in the context of the MNL model means that separate constants
for Realschule and Gymnasium are allowed.

So far, we have neglected the interpretation of parameters. What does
it mean if one parameter is positive or negative? What does it mean if the
parameter takes a value of 0.303, as the parameter of mother’s education in
the Realschule equation, or 1.731, as the parameter of logarithmic household
income in the Gymnasium equation? Moreover, does a positive sign of one co-
efficient imply that the explanatory variable positively affects the probability
of choosing the associated alternative? This issue will be discussed next.

Exercise 5.1.

e Can you reject (at the 5% significance level) the hypothesis that the
coefficient of birth order associated with Gymnasium is zero?

e Can you reject (at the 5% significance level) the hypothesis that the
coefficients of birth order are jointly zero?
(Hint: The log-likelihood value under this hypothesis is -621.72.)

e Calculate the pseudo R? measure proposed by McFadden (1974a).
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5.2.3 Interpretation of Parameters

Similar to the probit and logit case, the parameters in the MNL model do
not measure the effect of an explanatory variable on the outcome probabili-
ties directly due to the nonlinear form. Moreover, we have (J — 1) x (k + 1)
parameters in the model, which does not make interpretation especially easy.
We begin with two important observations. First of all, it is essential to keep
in mind which category is the base category. All coefficients need to be inter-
preted relative to the base category. And second, as with all discrete response
models, it is generally easier to argue in terms of probabilities, either by cal-
culating predictions or by investigating their changes (discrete or partial).
Furthermore, like in the binary logit model, the odds (or odds ratios) provide
an alternative means of interpretation.

The odds are in fact the simplest way to interpret the parameters in the
MNL model. The odds of alternative j versus the base category (alternative
1) can be written as

Tij / .

—= = exp(x;[3;) j=2,...,J (5.10)

i1
since the denominator of the probabilities in (5.4) cancels out. With this result,
the effect of an increase in the I-th explanatory variable by Ax;; on the odds
can be expressed in terms of the odds before and after the change. Specifically,
the factor change in the odds is

exp(x;3; + Axyfj1)
exp(; ;)

— exp(Azafi)

where 3;; is the I-th element in the parameter vector §;. It follows that for
a unit change in x;, Ax; = 1, the odds of alternative j relative to the base
category change by the factor exp(8;;), holding all other variables constant.
As in the binary logit case, we call exp(f;;) the odds ratio. For example, a
positive coeflicient 3; implies that the odds ratio is larger than one and that
increasing x; raises the probability of category j relative to the probability
of the base category. Thus, information on the sign of the coefficient alone is
uninformative; we also need to know the base category.

We can generalize the discussion to the odds of any two outcomes j versus
m and obtain

i — explai(8; — Brn) Vj £ m (5.11)

im

with factor change exp[Awz;; (55— Bmi)] for a change Az;; in the I-th element of
x;, and odds ratio exp(3j; — Bmi). Hence, increasing x;; raises the probability
of alternative j relative to the probability of alternative m if, and only if,
the parameter associated with alternative j, 3;;, is larger than the parameter
associated with alternative m, 3,,;. Therefore, in the MNL model we always
obtain relative statements.
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If we consider the relative change in the odds of alternative j versus the
base category, then we obtain

exp(xif; + AwiBj1) — exp(a;f;)
exp(@;3;)

= exp(AzyB) — 1

which simplifies to exp(8;;) —1 with a unit increase in x;;, Ax;; = 1. Moreover,
for small values of 3;;, we have exp(8;;) —1 ~ (3;;. This is an attractive feature
of the odds since we can interpret parameters directly.

A final observation about the odds in the MNL model is that taking logs in
equation (5.11) shows linearity in the logarithmic odds. Historically, the MNL
model was developed in the biometrics and statistics literature by modeling
these logarithmic odds (see for example Gurland, Lee and Dahm, 1960, for
a special case of the MNL model); early references can also be found in the
social sciences (Theil, 1969, 1970).

Exercise 5.2.

e Provide a formula that generalizes the relative change in the odds to
the comparison of any two alternatives j and m, Vj # m.

While the interpretation of parameters in terms of odds is relatively sim-
ple, we lose important information which is, in principle, directly available
and which may be of interest in empirical applications. More specifically, the
odds only provide information about the ratio of probabilities (or the changes
therein), but not about their levels. Consider the following Example 5.3.

Example 5.3. Odds versus Probabilities

Suppose we have three alternatives — car (1), bus (2) and train (3) — with
the odds “car versus train” given by pa/p1 = 3/4, and “car versus bus” given
by p3/p1 = 3/4. Since the probabilities must add up to unity, we can solve
for p; = 0.4 and ps = p3 = 0.3. Now assume that a unit increase in one
regressor changes the odds to po/p; = 3/5 and ps/p; = 2/5. Again under the
adding-up restriction, we can solve for the probabilities and obtain p; = 0.5,
p2 = 0.3, and p3 = 0.2. This implies that the probability of choosing to go by
car increases by 0.1, whereas the probability of choosing the train decreases
by 0.1, and ps remains the same.
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Exercise 5.3.

Consider Example 5.3 again. Let alternative car be the base category,
and denote the unit increase in one regressor, say the [-th element in x;,
by AIH =1.

e Calculate the odds ratios exp(fs;) and exp(fs;) by comparing the
odds before and after the change.

e Calculate the odds of bus versus train.

In the simple case of Example 5.3 with J = 3 alternatives, the calculation
of probability levels (and their changes) from the odds is tractable, but with
increasing J it becomes cumbersome. Hence, it is desirable to interpret the
parameters directly in terms of the probabilities and their changes (discrete
and partials). Unfortunately, the relationship between the parameters and
the marginal or discrete changes of probabilities in the MNL model is not as
straightforward as in the binary logit model.

First, consider the discrete change in the probabilities due to the change
in the [-th element in x; by Az;;. Formally, this can be expressed by

Amyj = P(y; = jlos + Azy) — Py = jlzi) Jj=2,...,J
173. 3. 13.
_ eip(xiﬁj +AzafBy) e);p(xzﬁj) (5.12)
1+ > exp(@ifr + Azyfr) 1+ > exp(x)3,)
r=2 r=2

The interpretation of (5.12) is as follows: Given a ceteris paribus change in x;
by Az, the probability of observing outcome j changes by Am;;. However,
the sign of the probability effect does not need to coincide with the sign of the
parameter (as in the binary logit model). For example, if the I-th element in j;
is positive, the numerator increases with increasing x;;. But the denominator
may increase even more — depending on the magnitude of 3,;, Vr # j. Hence,
the direction of the overall effect is ambiguous.

Since the sum over all probabilities must equal one, the change in one
probability is determined by the J —1 other changes. Hence, we can write the
change in 7;; simply as

J
Aﬂ-il = — Z Aﬂ'ij (513)
j=2
In order to obtain per-unit changes, we can divide the overall changes by Ax;;.
Note that the exact amount of change depends on the specific values to which

we fix the regressors. We already discussed this issue in Chapter 4 and do not
consider it further here.
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In the case of a continuous regressor, it might be more convenient to cal-
culate the marginal change in the probabilities. Algebraically, we compute
the marginal probability effect (MPE) by taking the first derivative with
respect to the variable of interest, and obtain

J
on;
MPEjy = 3% = 70y minfu
r=2

Oz
Oy J
MPEijl = WZZ = Tij [ﬂjl _Zﬂ—irﬁrl‘| _7 :2,...,J (514)
¢ r=2

where M PE;;; denotes the marginal probability effect (MPE) for individual ¢
of choosing alternative j if the I-th element in x; is increased by a small unit.
We recognize from (5.14) that the MPE of one outcome generally depends on
the probabilities (and parameters) of all other outcomes. For example, if 3j;
is positive, then the MPE does not need to be positive either, and hence, its
sign is again ambiguous.

Exercise 5.4.

J
e Show that > MPE,;; =0.
j=1

In order to obtain predicted probabilities, we can make use of the invari-
ance property of ML estimation. Since the probabilities in (5.4) are a function
of the unknown parameters, and are therefore unknown themselves, we have
to estimate them. With help of the invariance property, this reduces to sim-
ply replacing the true parameters by their ML estimates. Furthermore, we
can calculate standard errors of the prediction using the Delta method, as
discussed in detail in Chapters 3 and 4. If we consider individual predictions,
we can summarize the information by computing the mean and the standard
deviation, or the minimum and maximum predictions. We can also plot the
predicted probabilities at various levels of one explanatory variable, fixing the
others to their means (or other interesting values), and so we can examine the
effect of this variable on the probabilities.

In the same manner, i.e., using the invariance property and the Delta
method, we can estimate the odds ratios, as well as discrete and marginal
probability effects. Since probability effects depend on z;, we should summa-
rize the information either by calculating the expected effects, or by calcu-
lating the effect evaluated at the expected characteristics. The former can be
estimated by the average marginal probability effects

_ 1 e —— )
AMPEj, = gZMPEiﬂ j=1,...,J (5.15)

i=1
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where J\Yﬁiﬂ are the MPE’s defined in (5.14) evaluated at the ML estimates
Bj, V4. The latter are calculated by using (5.14) and replacing the vector of
characteristics z; by its mean values E(x;), which can be estimated by the
sample average over the x;’s.

Example 5.4. Secondary School Choice

We now want to analyze the estimation results of Example 5.2, in particu-
lar the parameter estimates in Table 5.1. We focus on the intergenerational
transmission of educational attainment, i.e., we want to know how an increase
in mother’s educational level changes, ceteris paribus, the probabilities of at-
tending Hauptschule, Realschule, and Gymnasium. From the discussion above,
we can investigate this relationship by means of predicted probabilities (or the
changes therein) as well as the odds ratios. The following tables, 5.2 and 5.3,
report the measures.

Table 5.2. Predicted Probabilities and Mother’s Educational Level

mother’s

educational level (1) (2) (3)
in years Hauptschule Realschule Gymnasium
7 0.6959 0.2448 0.0594
9 0.5085 0.3279 0.1636
10 0.4003 0.3495 0.2502
10.5 0.3464 0.3519 0.3017
11 0.2945 0.3481 0.3574
11.5 0.2459 0.3383 0.4159
12 0.2017 0.3229 0.4754
13 0.1291 0.2799 0.5910
13.5 0.1010 0.2548 0.6443
14 0.0780 0.2289 0.6932
14.5 0.0595 0.2033 0.7372
15 0.0450 0.1787 0.7763
16 0.0251 0.1348 0.8401
18 0.0073 0.0719 0.9209

Note: All other explanatory variables are fixed at their means.

In Table 5.2 we list the predicted probabilities for each level of mother’s
educational level. We can see that a child has a 69.6 percent probability of
attending Hauptschule if the mother has seven years of schooling, and if all
other explanatory variables are fixed at their means. With increasing levels of
education, the probability decreases monotonically from 69.6 to 0.7 percent,
ceteris paribus. The opposite holds for the child’s probability of attending
Gymnasium, which is at its highest 92.1 percent, if the child’s mother has
18 years of schooling (which corresponds to a doctorate). The probability of
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attending Realschule remains at around 30 percent with mother’s educational
level between seven and 14 years, but then decreases to 7.2 percent if the
child’s mother has a tertiary education. Hence, there seems to be empirical
evidence for intergenerational transmission of education. Although Table 5.2
provides an in-depth analysis of this relationship, the tabulation of predicted
probabilities by various levels of an explanatory variable becomes intractable
with large J and many distinct values of the regressor. We summarize the
information in the first part of Table 5.3.

Table 5.3. The Effect of Mother’s Education on Secondary School Choice

(1) (2) 3)
Hauptschule Realschule Gymnasium
Discrete Changes in the Predicted Probabilities
min — max -0.6886 -0.1729 0.8615
9 years — 10 years -0.1082 0.0216 0.0865
10 years — 13 years -0.2712 -0.0697 0.3408
13 years — 16 years -0.1041 -0.1450 0.2491
Marginal Changes in the Predicted Probabilities
MPE -0.0941 -0.0243 0.1183
AMPE -0.0800 -0.0091 0.0891
Odds Ratios
1.3540 1.9420
(0.1072) (0.1582)

Notes: The AMPE is calculated as in (5.15). All other effects are calculated by
fixing the explanatory variables at their means. For illustration purposes, we report

the standard errors (in parentheses) only for the odds ratio.

In particular, the change in mother’s educational level from 13 to 16 years,
which can be interpreted as the effect of an university degree, yields a decrease
in the probability of attending Hauptschule or Realschule by 24.9 percentage
points. The marginal changes are calculated in two ways, as the marginal
probability effect evaluated at the means, and as the average MPE. We can
see that the two measures differ slightly because of the nonlinearity in (5.14).
A value of 0.0891, for example, is interpreted as follows: If we increase the
years of schooling by one unit, then the probability of attending Gymnasium
increases on average by about 8.91 percentage points.

The odds ratios for comparing Realschule with Hauptschule, as well as
Gymnasium with Hauptschule, are significantly larger than one. Both can be
tested using a Wald test. We have, for example, z = (1.3540 — 1)/0.1072 =
3.3022, which is larger than 1.96, the 5% critical value of the standard nor-
mal for a two-sided test. From the point estimates, we conclude that with
one more year of schooling by the child’s mother, the probability of attend-
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ing middle or upper secondary school increases relative to the probability of
attending lower secondary school. Moreover, the factor change is larger when
comparing Gymnasium with Hauptschule than when comparing Realschule
with Hauptschule.

Exercise 5.5.

e What exactly is the difference in the interpretation of MPE and
AMPE in Table 5.37

e Calculate the odds ratio for the comparison of Realschule versus
Gymnasium.

e (alculate the odds ratios for a change in mother’s employment level
from 0 to 1 for all possible comparisons.

5.3 Conditional Logit Model

5.3.1 Introduction

The discussion so far has neglected an important aspect of multinomial re-
sponse modeling. In many applications, one is interested in how attributes
of the choice alternative affect the individual decision. A typical example ap-
pears in studies of travel demand behavior. Let the alternatives again be car,
bus, and train, and consider the choice-specific attributes

e travel time and
e cost of transport

These attributes depend on the alternative as well as on the individual him-
/herself. For example, the travel time for individual ¢ when commuting to
work by car might be 20 minutes, whereas by train, the travel time might be
35 minutes. Moreover, the travel time varies across individuals, for instance
due to the distance between home and workplace, and therefore another indi-
vidual might have travel times of 45 minutes by car and 40 minutes by train,
respectively. We denote choice-specific attributes by z;; with subscript ij to
stress the two-dimensional variation. The standard multinomial logit model,
as presented in the previous section, only allows for individual-specific charac-
teristics z; (such as income and gender), which do not vary across alternatives,
and therefore only have subscript 3.

In order to generalize the MNL model, we now demonstrate how we may
formulate a general model of choice including both individual characteristics
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and choice-specific attributes. The analysis of multinomial responses indeed
has its origin within the framework of discrete choice models, in particular
in the random utility model introduced by Thurstone (1927) and studied
by Marschak (1960) and Block and Marschak (1960), and in Luce’s theory of
individual choice behavior (Luce, 1959). McFadden (1968, 1974a) shows
how Luce’s model can be parameterized to obtain a statistical model that
can be used to analyze individual choice data, and calls this the conditional
logit (CL). This initiated an enormous literature on discrete choice modeling,
predominantly with applications in studies of travel demand behavior (see
McFadden, 1974b, or Ben-Akiva and Lerman, 1985).

5.3.2 General Model of Choice

In Chapter 4.3, we motivated binary responses within the framework of dis-
crete choice models. The basic idea was to assume the existence of a latent
variable U (z;;, z;), the indirect utility function of individual ¢ when choosing
alternative j, which is a function of individual characteristics x; and choice-
specific attributes z;;. We restricted our attention to J = 2 alternatives, how-
ever, the model can be readily extended to an arbitrary number of alternatives
J > 2. Assume that we specify a linear utility function as in equation (4.15)

with systematic part ;; = z;;v+2;3; and additive error term wu;;. As before,
the random error might capture partial ignorance of the econometrician as well
as intrinsic randomness in an individual’s behavior. Under (random) utility
maximization, an individual i chooses alternative j if, and only if, the utility
of alternative j is the largest of all utilities, formally U;; = max (U1, ..., Uis).
Making a parametric assumption on the error terms u;; produces a parametric
probability law of the multinomial outcomes. However, since

mi; = P(yi = jl@i, zi1, .., 2ig) j=1...,J
:P(Ul‘j >L{im,Vm7éj|xi,zi1,...,zu) (5.17)
it is difficult to find a parametric distribution that leads to simple algebraic
forms and does not require multiple integration. Fortunately, it can be shown
(see for example Maddala, 1983: pp. 60/61) that if the u;;’s (j = 1,...,J)
are independently and identically type-I extreme value distributed with
density function f(u) = exp(—u — exp(—u)), then

m-j:m j=1,...,J (5.18)

J
>~ exp(fhir)

r=1

In the special case of J = 2 alternatives, individual 7 chooses alternative 1 if,
and only if, U;; > U;o. Under the assumption of independent type-1 extreme
value distributed error terms, the resulting model is the binary logit model,
as stated already in equation 4.18.
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5.3.3 Modeling Conditional Logits

From the general model in (5.18) we can further investigate the relationship
between outcome probabilities and explanatory variables. Recall that p;; is
the systematic part of the utility function, which comprises a linear index of
individual characteristics z}3; and a linear index of choice-specific attributes
zgjfy. First, consider the case in which only choice-specific attributes are
available (3; = 0 Vj), such that u;; = 2;;v. For example, we want to explain
the demand for various travel modes (car, bus, train) by only including travel
time and travel cost as regressors. Then, the relevant probability model is
given by

exp(zgjv)

Ty = Py = jlzi, ., zig) = ji=1...,J (5.19)

J
2 exp(#,7)
r=

This model is called the conditional logit model as proposed by McFadden
(1968, 1974a). The model is named conditional logit (CL) since it reduces to a
logit model in the case of two alternatives, and its specific form is reminiscent
of the form of conditional probabilities. In principle, the same argument holds
for (5.18), but we will follow the usual terminology and call only (5.19) the
CL model.

It is useful for understanding the CL model to rewrite the probabilities
in (5.19) by dividing both numerator and denominator by exp(z};y). This
transformation does not change the probabilities and we obtain

exp((zi; — 2i1)"]

j=1,...,J (5.20)

7Tij =

J
; exp|(zir — 2i1)"7]

where z;; — z;1 is a comparison term of the choice attribute z;; relative to z;.
Equation (5.20) has an interesting interpretation. If each choice has the same
attribute, i.e., z;;1 = ... = z;5, then alternative j is chosen with probability
1/J. This simply reflects the idea that we have no variation to explain prefer-
ence for one of the alternatives, and hence, alternatives are chosen randomly
with equal probabilities. Moreover, we can introduce a set of choice specific
intercepts a;; with oy = 0. These intercepts measure the relative preference for
the choice of alternative j compared to alternative 1, given that all attributes
were the same. We will show later how we can include these choice-specific
intercepts in the vector z;; by defining a set of dummy variables indicating
alternatives (see Table 5.5) and how exactly we interpret the parameters ~.
In the CL model, the parameters are no longer choice-specific (y carries
no subscript 7). No normalization of « is required. This is a natural approach,
since choices are based on the attributes of the alternatives, and only these
attributes matter. For instance, we want to learn something about by how
much a ceteris paribus reduction in the travel time by bus, e.g., through the
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introduction of an express bus service, would affect the probability that this
travel mode is selected by an individual. Furthermore, we should be perfectly
aware of the implication of the ceteris paribus condition which means given
all other travel times are unchanged.

The following example, 5.5, illustrates how the data have to be arranged
in the CL model. In addition, we make clear how individual-specific charac-
teristics have to be distinguished from choice-specific attributes.

Example 5.5. Data Organization in the Conditional Logit Model

Consider a subsample of the data used in Paap and Franses (2000) to ana-
lyze the impact of marketing-mix variables on the choice of cracker brands.
Table 5.4 lists the choices made at each of the purchase occasions, i.e., in-
stances where a customer bought one of 4 cracker types available in the local
supermarket. The choice includes the three major cracker brands Sunshine,
Keebler, and Nabisco together with a category Private Label, which comprises
various local brands. The chosen alternative is indicated by a “1”. We report
the different prices as well as a dummy variable equaling one if the cracker
brand was on display. These variables vary across purchases and alternatives.
In contrast to this, an individual-specific characteristic like gender does not
vary across alternatives.

Table 5.4. Cracker Brand Choice

Cracker brand choice price on display male
i Brand (0/1) (0/1) (0/1)
1 Sunshine 0 1.03 0 1
1 Keebler 0 1.09 0 1
1 Nabisco 1 0.89 0 1
1 Private Label 0 0.78 0 1
2 Sunshine 1 0.69 1 0
2 Keebler 0 1.05 0 0
2 Nabisco 0 0.89 1 0
2 Private Label 0 0.65 0 0
3 Sunshine 0 1.05 0 0
3 Keebler 1 0.99 1 0
3 Nabisco 0 1.29 0 0
3 Private Label 0 0.59 0 0

Notes: The original dataset contains information on 3292 purchases of crackers. For

illustration purposes we display only three purchases and a hypothetical variable male.
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Now assume that only individual-specific characteristics are available
(v = 0) such that p,;; = 2}3;. For example, we want to analyze travel demand
behavior just by using the explanatory variables income, gender and age. In
this case the general model reduces to
exp(z;/3;)

”ij:P(yi:j‘xi):Ji j=1,...,J

21 exp(z}5,)

which suffers from the same identification problem as the probabilities stated
in (5.2). Hence, we need a normalization on the parameters, and we let 8; = 0.
This yields the MNL model that we have already analyzed in Section 5.2.

In many applications, both kind of regressors, choice-specific attributes
and individual characteristics, are available and of interest. Therefore, it is
useful to formulate a hybrid model of MNL and CL in which we have the
systematic part p;; = z;;7 + x;3;. From (5.18), the probabilities are given by

. exp(zi.y + x}0;)
mij = Py = jlai, zin, -5 2i0) = 7 < i (5.21)
> exp(el,y + wif)
=
for j =1,...,J. However, in this form the probabilities are unidentified since

we can add any constant d to each of the 3;’s and this term would cancel
out without changing the probabilities. Hence, we need again, as in the MNL
model, a normalization to identify all parameters. One possibility is to write
the probabilities as follows

1
T = 7
1+ > expl(zir — zi1)'v + x}6,]
r=2
) 3.
s e’;P[(% zi)"y + i) =20 (5.22)
14+ > expl(zir — zi1)'y + 2} 0r]
r=2

The probabilities in (5.22) are derived by dividing (5.21) by exp(z},y + z;51)
and setting §; = 0. With this normalization, alternative 1 is called the base
category, baseline, or reference category.

A second possibility of combining the two types of regressors, z; and z;;, is
to create a set of dummy variables, one for each alternative, and then multiply
them by the individual-specific characteristics. These interaction terms are
then choice-specific as well, and we can reduce the model to the form of the
CL model, where the z;;’s contain (true) choice-specific attributes as well as
interaction terms. For identification, we have to exclude the interaction terms
of one category, the base category. Table 5.5 shows how the data have to
be manipulated in the case of J = 5 alternatives and one individual-specific
characteristic, denoted by x;;.
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Table 5.5. Data Transformation in the Conditional Logit Model

7 Alternatives (]) di do d3s ds ds Til Tidse Tids xids xi1ds
1 1 1 0 0 0 O 20 0 0 0 0
1 2 01 0 0 O 20 20 0 0 0
1 3 0 0 1 0 O 20 0 20 0 0
1 4 0 0 0 1 O 20 0 0 20 0
1 5 0 0 0 0 1 20 0 0 0 20

The dummy variables d,,, m = 1,...,J, indicate whether m = j. The
individual-specific regressor z; has the hypothetical value 20 for each alter-
native. By multiplying x;; by d,,, m = 2,...,5, we obtain J — 1 = 4 choice-
specific attributes. Now it becomes clear why we have to exclude one inter-
action term, here the interaction with dy. If we included this term in the re-
gression, then the term ) = x;d,, = 20 would be constant across alternatives,
and therefore could not be distinguished from a constant in the model. The
category for which we drop the interaction term is called the base category.

In principle, we can generate these interaction terms with a whole vector
of explanatory variables x;. Moreover, if z; includes a constant term, which
we usually assume, then the interactions will generate the choice-specific in-
tercepts that we introduced earlier when we discussed the CL probabilities in
(5.20). Hence, in order to estimate a MNL within the framework of the CL
model we have to extend the vector of (true) choice-specific attributes, z;;, by
all interactions x;d,, for m = 2,...,J. In this way, the MNL model can be
seen as a special case of the CL model.

ML estimation of the parameters in the CL model is basically the same
as in the MNL model. The only thing we have to change, compared to the
derivation of the log-likelihood function in Section 5.2.2, is to replace the
MNL probabilities by the probabilities of the CL model. Assuming an inde-

pendent sample of size n with observations (y;, 21, - . ., 2:.7), we obtain the log-
likelihood function log L(v;y, 21, - - - , 25), the score function s(v;y, 21, - .., 27),
and the Hessian matrix H(vy;y,21,...,2) in a straightforward manner. In-

ference can be based on the well-known ML properties (asymptotic normal
distribution, invariance).

5.3.4 Interpretation of Parameters

Although the response probabilities in the CL and in the MNL have a similar
form, the interpretation of parameters in both models is very different. Con-
sider, for example, the odds. In the CL model, the general odds of comparing
two alternatives j and m are given by

Tij .

7r-j = exp(2ij — zim)"] m#j (5.23)
In (5.23), we can see that in the CL model the values of the regressors differ
but the parameter v is the same for each possible comparison. In other words,
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the difference in attributes (2;; — zim) is what matters. This has to be distin-
guished from the general odds in the MNL model, equation (5.11), in which
the individual-specific characteristics do not vary across outcomes (z; has no
subscript j), but the parameters might differ for each category. Hence, in the
MNL model the difference in parameters (3; — By, is what matters.

Exercise 5.6.

e Derive the general odds in the model with both individual-specific
characteristics and choice-specific attributes, equation (5.22). How
does your result compare to the odds in the MNL and CL model?

Likewise, we can compare the marginal probability effects in the MNL and
in the CL model. In the latter, the marginal probability effect of the I-th
element in z;; on m;; is given by

MPE;jj = 7[ = mij (1 — i) n (5.24)

The M PE;j;; describes the marginal change in the probability of outcome j
accorded to a marginal increase in the [-th attribute of the same alternative
j. It may also be of interest how the probability 7;; marginally changes if the
l-th element of any other alternative m is increased by a small unit. This can
be calculated as

87%

MPEijml = = _7Tij77im'Yl m 7é j (525)

0Zimi
Unlike in the MNL model, the sign of the parameters already gives information
about the sign of the marginal probability effects. In particular, the sign of -y,
is the same as the sign of M PE;;;;, e.g., if we estimate 4; > 0 then M PE;;;
is positive as well. In contrast, 7; and M PFE;;,,, are opposite in sign to each
other.

Predicted probabilities in the CL model are obtained, as before, by evalu-
ating (5.19) at the ML estimates and specific values of z. The same applies if
we want to estimate the odds or the MPE’s and we can use the delta method
to obtain standard errors of these measures. Based on the CL model we can
predict the choice probability for a category h that is not considered in the
estimation procedure, but for which we know a vector of attributes z;;,. This
has to be distinguished from the MNL model, which tells us something about
the choice probability of a new individual with characteristics x;.
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Example 5.6. Cracker Brand Choice: Marketing and Preferences

Paap and Franses (2000) analyze the impact of marketing-mix variables on
the choice of cracker brands. In a sample of 3,292 purchases of crackers, the
choice is among three major cracker brands — Sunshine, Keebler, and Nabisco
— and various local brands that are collected under Private Label. The dataset
contains information about the chosen brand in each purchase (brand choice)
as well as the price of all crackers and two binary variables indicating whether
the cracker brand was on special display in the shop or featured in an adver-
tisement in the newspaper. This information is available for each purchase,
and hence we have three choice specific attributes.

Suppose we want to know whether marketing-mix variables have an im-
portant impact on brand choice, or whether purchases are mainly driven by
preferences for a certain brand. Table 5.6 reports results of a CL analysis that
can be used to answer this research question.

Table 5.6. Cracker Brand Choice: A Conditional Logit Analysis

Dependent Variable: brand choice

Model 1 Model 2 Model 3
price -0.969 -3.448 -3.332
(0.084) (0.202) (0.205)
sunshine -0.559 -0.608
(0.088) (0.090)
keebler -0.008 -0.066
(0.115) (0.116)
nabisco 1.965 1.886
(0.094) (0.099)
featured 0.259
(0.101)
on display 0.144
(0.061)
Log-likelihood value -4,498.52 -3,364.90 -3,358.05
LR (Hop : constant-only model) 130.32 2,397.56 2,411.27
Observations 3,292 3,292 3,292

Model 1 starts with a simple specification with price as single explanatory
variable. The negative coefficient indicates, on the one hand, that a ceteris
paribus increase in the price of cracker brand j decreases the probability of
choosing this brand. On the other hand, the increase in the price of any other
cracker brand m increases the probability of choosing alternative j.
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However, our simple specification neglects an important aspect of cracker
brand choice. Individuals might have a preference for a certain cracker brand,
and therefore might choose this brand although it is relatively expensive.
This would imply that we underestimate the absolute price effect in Model 1,
and we should extend our analysis to allow for alternative specific intercepts.
Recall that alternative specific intercepts describe the initial preferences of
individuals. In order to include these intercepts, we choose Private Label as
base category. Model 2 displays the estimation results for this specification,
and we can see that the price effect is much more negative than before. We
may formally test the two models against each other, since Model 1 is a
restricted version of Model 2. A LR test shows a test statistic of LRT = 2 x
[—3,364.90 — (—4, 498.52)] = 2,267.24 which is much larger than conventional
critical values of a x2 distribution, and hence, we can reject Model 1.

Model 3 controls for further marketing-mix variables. Again, we can reject
the restricted Model 2 against Model 3 with a LR test. To begin with, we
can examine initial preferences of individuals. With help of the constants
of the Sunshine, Keebler, and Nabisco equations, we can predict the choice
probabilities, given all other characteristics are equal. This yields p; = 0.06,
p2 = 0.10, p3 = 0.73, and the probability of choosing a private label py = 0.11,
which implies a strong preference for Nabisco crackers.

Now it could be of interest to determine how probabilities change by the us-
age of marketing instruments. How can we investigate the effect of a marginal
increase in prices on the probabilities? Particularly, how can we interpret the
coefficient of price? Here, we have to distinguish between the change in the
probability of choosing cracker brand j if the price of j increases (own price ef-
fects), or if the price of any other alternative m increases (cross-price effects).
Table 5.7 reports all possible effects.

Table 5.7. Marginal Probability Effects

]ﬁP\E‘jm’pm‘ce x 0.1

im 2) 3) (4)
Sunshine Keebler Nabisco Private Label
m (1) Sunshine -0.0209
(2) Keebler 0.0014 -0.0206
(3) Nabisco 0.0125 0.0123 -0.0822
(4) Private Label 0.0069 0.0068 0.0574 -0.0711

Notes: All explanatory variables are fixed at their means. The predicted probabilities
evaluated at the ML estimates are p; = 0.0671, po = 0.0663, ps = 0.5579, ps = 0.3087

As expected, the probabilities of choosing brand j increases, if the own
price decreases, or if the price of competing brands increases. Note that MPE’s
in the CL model are symmetric. This means that an increase in the price of
alternative m on the probability of alternative j is the same as an increase
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in the price of j on the probability of m. How do we obtain the numbers in
Table 5.77 With equations (5.24) and (5.24) we have, for example, ]\7P\E13 =
—p1P3(—3.332) = 0.125 which is multiplied by 0.1 to obtain the change in
probabilities associated with a change in price by 0.1, or 10 cents, as prices
are measured in US dollars. Hence, the effect 0.0125 means that if the price
of Nabisco crackers increases by 10 cents, and if the prices of all competing
brands remain unchanged, then the probability of choosing Sunshine crackers
increases by 1.25 percentage points. Of course, MPE’s can also be used in
evaluating the quantitative effects of other marketing-mix variables.

Exercise 5.7.

e Calculate the MPE’s of the variable on display.
e Critically evaluate the MPE’s of on display.

5.3.5 Independence of Irrelevant Alternatives

The CL and MNL models have been criticized for making an implicit restric-
tive assumption, namely that the odds of comparing alternatives j and m
(here for the CL model)

g /

= exp((2ij — 2im)"Y)

Tim
only depend on the attributes (or parameters) of the two alternatives j and
m and not on the attributes, or even presence, of other alternatives. This
property is known as Independence of Irrelevant Alternatives (ITA).
To understand why this property may be undesirable, consider a model for
choice of transport mode (the classic “red bus, blue bus” example). Assume
that initially, the choice is between a blue bus and a car, and that the odds
are 1/1, that is, the probability of either choice is 0.5. If one were to add a
third choice to the analysis, a red bus, one would expect that the odds of
taking a blue bus against taking a car drop to say, 1/2, since customers can
be expected to perceive buses as rather similar and choose red and blue buses
on an equal basis. But in the CL model this will not happen, the odds will
remain 1/1. As a consequence, the model predicts too high a joint probability
for very similar alternatives.

The ITA property results from the specific structure of the outcome prob-
abilities. Moreover, in the general model of choice, the independence assump-
tion of error terms leads to the IIA property, and therefore, ITA is also a
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result of the decision-maker’s behavior. But this can yield serious problems.
From Chapter 3 we know that ML estimation loses all its good properties
(consistency, asymptotic efficiency, and asymptotic normality) if the model is
misspecified. Hence, if individual choices are in fact not conformable to ITA
then our model is misspecified.

A test for the validity of the ITA assumption has been developed by Haus-
man and McFadden (1984). Their basic idea is that if an alternative (or set
of alternatives) is irrelevant, exclusion of it should not change parameter esti-
mates systematically. In other words, inclusion of irrelevant alternatives leads
to consistent but inefficient estimates, whereas omitting relevant alternatives
— where “relevant” means that the remaining alternatives are not independent
of them — will cause inconsistency. This is the setup needed for a Hausman
specification test. Let 4, denote the parameter estimates from the reduced
choice set, and Var[9,] the corresponding estimated covariance matrix. Let
4¢ denote the estimates of the same parameters from the full choice set, and
\//-a\r[’?f] denote their estimated covariance matrix. It is important to know that
some parameters estimated in the full set of choices may not be identified in
the restricted choice set, in which case 4 refers to the estimates of a subvector
that is identified in both choice sets. The test statistic is given by

H = (3 — ) [Var(s,) — Var(ip)] (37 —40)

Under the null hypothesis that ITA holds, H is asymptotically x2-distributed
with degrees of freedom equal to the number of elements in 4¢. Note that we
have to conduct separate tests for each possible reduced set of alternatives.

5.4 Generalized Multinomial Response Models

In this section, we briefly present three ways to overcome the ITA problem in
the CL and MNL models. These include

e Multinomial probit models
e Mixed logit models
e Nested logit models

All these models relax the independence assumption of error terms w;j, al-
beit in very different ways. Multinomial probit models are based on a probit
specification of the choice probabilities. From Chapter 4 we know that with
binary responses, the choice between probit and logit is largely a matter of
taste. However, unlike with binary data, with multinomial response variables
the choice does make a difference since flexible correlation structures are pos-
sible. Mixed logit models extend the basic models by assuming the existence
of additional error terms. A distributional assumption with flexible cor-
relation structure then relaxes the ITA property. Finally, nested logit models
explicitly model a tree structure of choices, thereby allowing for dependen-
cies among the choice set.
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5.4.1 Multinomial Probit Model

The multinomial probit (MNP) model is frequently motivated in the gen-
eral model of choice that we presented in Section 5.3.2. Recall that under
random utility maximization, alternative j is chosen with probability

mi; = Py = jlzi, 2ty -+, 2ig) j=1,...,J
= P(Uij > Uim,Ym # jlzi, 2i1, ..., 2ig)
= P(uij — Wim > Wim — Mij, VM 7 §l@4, 21, - -0, Zig)
= P(tim — Uij < Wij — im, VM 7 §l@4, 231, -« o, Zig) (5.26)

where U;j = pij +uij = z;;7 + ;05 +ui; denotes individual 7’s indirect utility
function of alternative j. The basic idea in the MNP model is to assume that
the error terms u;; are jointly normally distributed with mean 0 and
flexible covariance matrix X'. With a total of J alternatives, the most general
form of covariance matrix is

2
0'1 .. UlJ
Z =
2
GI1" 95 ) gxag
where JJZ denotes the variance of u;;, j = 1,...,J, and 0j, denotes the

covariance of u;; and uim, Vm # j. Note that because of its symmetry, the
covariance matrix X has J(J 4+ 1)/2 unique elements — the J variances 032 and
the J(J —1)/2 covariances ¢j,,. However, not all elements in X are identified,
nor are all parameters of the utility function identified. The identification
problem in the parameters of the utility function follows from the unidentified
location of U;;. We can add any term z/d to U;; and this term will drop out in
the utility comparisons of (5.26). This implies that the [;’s are not identified
and we have to choose one category, say alternative 1, as the base category,
and set its parameter vector 31 to zero. This is analogous to the MNL model.
The identification problem in X is not that straightforward. Consider the
simple case of three alternatives where the covariance matrix looks like

o7 012 013
Z = 012 O'% 023
013 023 03
with J(J 4 1)/2 = 6 unique elements. We begin with the derivation of the
three outcome probabilities, and then discuss the identification issue. The
probability of choosing alternative 1 can be derived from (5.26) as
min = P(via1 < pi1 — paz, vis1 < i1 — Has|wi, zin, - Zi)

where vijo1 = u;0 —u;1 and vi31 = u;3 — ui1. Since the error terms are assumed
to be normally distributed with covariance matrix Y/, the differenced error
terms ;21 and v;31 are normally distributed as well with covariance matrix
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»1 ol +03—2012 07 —012— 013+ 023 - wﬁ)wg)
U%_0'12—0'13—|—0'23 U%+O’§—20’13 1) 1)

Wi Wao
The normality assumption yields to a two-dimensional integral for 7;; of the
form

Hil— M52 il — i3 (1)
i1 :/ / s (Vio1, Vis1)dvio1dys (5.27)

where qﬁél) stands for the bivariate normal density function of the differ-
enced error terms with zero mean and covariance matrix X1). The probability
of choosing alternative 2 can be derived similarly as

Tio = P(Vi12 < iz — Ha1, Vise < iz — 13| Tis Zit, - - - Zi)

where v;19 = u;1 — w2 and ;30 = u;3 — uie. As before, the differenced error
terms v;12 and v;30 are normally distributed but now with covariance matrix

»(2) — ( 0%+ 035 — 2015 03 — 012 — 093 + 013> B <w§21) w@)
02

2 2 2
— 012 — 023 + 013 05+ 05 — 2023 wg) wg)

From this, the probability of observing alternative 2 can be calculated as
Hi2 — i1 Hi2— i3 2)
T2 = / / % (Vﬂz, Vi32)dVi12dVi32 (5~28)

where ¢52) stands for the bivariate normal density function with zero mean
and covariance matrix (2. The probability of choosing the third alterna-
tive is simply m;3 = 1 — 71 — m2. We can see that estimation of the MNP
model requires evaluating two two-dimensional integrals over a bivariate nor-
mal density function, or in general J — 1 integrals of dimension (J — 1) over a
multivariate normal density with dimension J —1. The reduction in dimension
from J to J — 1 follows from the J — 1 possible comparisons of utilities.

However, not all elements in X! and X3 are identified. More specifically,
we only have three unique elements in both variances since

(1) ()

Wil = Wi

1 1 2
W§1) - Wgz) = Wgz)

o) ol = o 2
Hence, X® is fully determined by X). But the three unique elements in
XM are still not identified since the scale of utilities is not identified: we can
multiply all the U;;’s by a positive constant ¢ and this does not change the
maximizing U;;. For example, the inequality v;12 < pti2 — 41 is still fulfilled if
we multiply both sides by ¢ > 0. We solve this problem by fixing the upper-left

element in ) to one, i.e., we set wﬁ) =1, and obtain
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~ (1)
- 1 w
1) _ 12
> = ( " ~(1)> (5.29)

Wiy’ Wy

with two unique elements. Now the question arises, how we can achieve the
normalization in (5.29) from a normalization of the original covariance matrix
). It turns out that one possibility is to fix the error term covariances of
the base category to 1/2, its Variance to 1, and the variance of category 2 to
one. Formally, we let 0 = 02 1 and 012 = 013 = 1/2. In this case, we
would obtain g93 = wg) and o3 = w( ) which implies that we can recover all
non-normalized parameters in X from the elements in 1.

In general, we can identify a maximum of J(J — 1)/2 — 1 parameters in
X, which is exactly the number of unique elements in the normalized covari-
ance matrix (1 with general dimension (J — 1) x (J — 1). Hence, we have
to normalize J + 1 parameters for identification. In order to impose this nor-
malization, we fix the covariances of the base category to 1/2, its variance
to 1, and choose the second category as scale category by fixing its error
term variance to 1. In principle, we could impose any other structure on the
covariance matrix Y. Here, we have to distinguish between normalization and
restriction. A restriction is any assumption about the values of parameters or
relationships between them, whereas a normalization is a necessary condition
imposed on the parameter space to achieve identification, such that we are
able to estimate the model. We can check whether the restrictions that we
imposed are sufficient to normalize the model. This can be done by transform-
ing the stated covariance matrix X to (). If we can recover all the original
parameters in X from the elements in the transformed matrix £, then the
model is sufficiently normalized.

Having expressions for the probabilities and identified parameters, one
can set the log-likelihood function in the same manner as in Section 5.2.2. In
general, evaluation of a J — 1 dimensional integral over a joint normal density
is not a trivial task. Traditionally, it has been considered impossible if the
number of categories exceeds three. However, recent progress in computational
methods has alleviated this problem (see for example Genz, 1992, Bolduc,
1999, Train, 2003, Cappellari and Jenkins, 2003).

5.4.2 Mixed Logit Models

Mixed logit (MXL) models are the second alternative to relax the ITA as-
sumption that we consider in this book. MXL models assume that the utility
function U;; depends on a deterministic component p;;, an independently and
identically distributed random component wu;;, and, deviating from the stan-
dard model, additional random terms, grouped together in ¢;;. These terms
can be a function of the data, potentially modeling the presence of correlation
and heteroscedasticity. For notational simplicity, let the deterministic compo-
nent be determined by the CL specification j;; = zgj’y such that we can write
the random utility function as
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Uij = 257 + €ij + wij

Now let ¢; = (g1,...,€:5)" denote the vector of additional random terms
for all choices j = 1,...,J. Furthermore, assume that e; is distributed as
g; ~ f(g;; ), where f denotes a general density function with fixed param-
eters a. As in the MNL/CL case, assume that the u;;’s, j = 1,...,J, are
independently and identically type-I extreme value distributed. Therefore, in-
dividual ¢ chooses alternative j conditional on ; with probability

exp(z;;Y + €ij)
7
Zr:l exp(z;r’y + Ei?”)

Py = jlei, zits - -+, 2i7) = (5.30)

This corresponds to the probabilities specified in the standard CL model,
with additional conditioning terms &;. However, since €; is not observable, we
cannot calculate the probabilities in (5.30) for a given set of parameters. In
order to obtain probabilities that depend only on the parameters we have to
integrate out the ¢;’s. This means that we have to calculate the integral of
the conditional probability (5.30) over all possible values of ¢;, formally

exp(z;;y + €ij)
7
(©) 2p—1 €xXP(2,7 + €ir)

P(yi = jlzit, .-, zi5) = /T f(es; a)de; (5.31)

where 7'(¢;) is the support of ;. In general, this choice probability does not
have a mathematical closed-form expression that can be solved analytically.
Nevertheless, the closed-form of the conditional probability in (5.30) allows
for evaluation at different values of ; drawn from its density function f(eg;; a).
Taking an average probability over the different draws and varying o to max-
imize the log-likelihood function of the sample yields consistent and asymp-
totically normal estimates. In the literature, this method is called simulated
maximum likelihood. We do not consider these methods in greater depth
here; the interested reader is referred to Train (2003). MXL models have been
proven computationally tractable and they provide great flexibility in specifi-
cation of f(e;;a), and therefore are very attractive in empirical applications.

5.4.3 Nested Logit Models

As a third alternative, we briefly discuss nested logit models, also called
hierarchical response models. The basic idea of this class of models is to
group similar alternatives into nests within which the IIA assumption holds,
while allowing the variances to differ across these nests. To illustrate the basic
principles and refer back to the simple example in Section 5.3.5, we consider a
tree structure describing the choice between a car, a blue bus, and a red bus.
Figure 5.1 shows a possible decision tree.

In the above example, we assume that an individual first chooses between
a bus and car (or call it public and private transport), and — conditional on
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Fig. 5.1. Transport Mode Decision Tree

Choice

bus
(public transport)

car

(private transport)

P(y; = 2|bus) P(y; = 3|bus)

bus preference — the decision is between the red and the blue one. Further,
assume that utility is again given by
Uiy = ziyy + i + tij = paj + i

where j = 1,2,3 with car (1), red bus (2), blue bus (3), and the error terms
are trivariate extreme value distributed. Then, the probabilities of all three
alternatives are determined by

exp(ti1)
exp(pi1) + [exp(0~ o) + exp(o~tpiz)]@

P(y; = 1, 2i1, 2i2, 2i3) =

-1
e .
- Xplojuiz) — (5.32)
exp(o~! piz) + exp(o™ pis)
with “similarity” parameter p. If p = 1 the nested logit model reduces to the
standard CL model. Note that with these two probabilities, we can calculate
all other probabilities of interest

P(y; = 2|bus, x4, 2i2, 2i3) =

P(bus|z;, zi1, zi2, zi3) = 1 — P(y; = 1|@i, 2i1, 2zi2, 2i3)
P(y; =3y # 1,24, 22, 2zi3) = 1 — P(y; = 2|y # 1, x4, 22, %i3)

P(y; = 2|wy, 2i1, 2i2, 2i3) =
P(yz = 2|y # 1, Xy, ZiQ,Zig) . P(bUS|CE“ Zily Zi2, Zig) (533)
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For more general tree structures, joint cumulative density functions of the
generalized extreme value form have been developed. McFadden (1984)
gives a detailed treatment of hierarchical response models. In order to specify
the nested logit model, one has to partition choices and impose an appropriate
tree structure. In some applications, the partitioning is naturally given or can
be based on an underlying economic theory. But in general, the hierarchical
structure of choices is assumed by the researcher and results might be sensitive
to the particular specification. This is a possible disadvantage of nested logit
models.

5.5 Further Exercises

Exercise 5.8 Which alternative normalization could be imposed in the
MNL model with probabilities specified as in equation (5.2) in order to
identify the parameters? What consequence does this have for the inter-
pretation?

Exercise 5.9 Suppose you want to estimate a multinomial response model
in a dataset with the following response pattern:

y | (1) car (2) bus (3) train
n 26 53 31

Let 7; denote the probability of choosing transport mode j.

a) Derive the likelihood function L(my, 72, 73; y). What restriction has to
be imposed on the parameters?

b) Obtain the ML estimates of the probabilities 71, ma, and 7.

¢) Now suppose the model has been specified as a MNL model without
covariates. How many parameters does the model have? Obtain the
ML estimates of the parameters.

d) How can you obtain standard errors of the estimates in b) and c).

Exercise 5.10 Suppose you want to analyze the choices that tourists make
when selecting between different holiday destinations. To simplify the dis-
cussion assume that the choice is among the alternatives (1) Switzerland,
(2) Canary Islands, (3) Balearic Islands, and (4) North America.

a) Which variables could be important determinants of a tourist’s choice?
List at least 3 choice-specific attributes, and 3 individual-specific at-
tributes.

b) How would you estimate the effect of the regressors listed in a) on the
outcome probabilities? Which model do you use? Why?
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Exercise 5.11 Suppose you estimate a MNL model using three labor force
states: (1) employment, (2) unemployment, and (3) out of labor force. Out
of labor force is the omitted reference state. You obtain the following pa-
rameter estimates:

employment unemployment
male 3.50 2.90
age 0.10 0.008
(age)? -0.002 -0.0006
malexage -0.03 -0.02
constant -1.90 -1.40

a) True or false?
The odds of being employed relative to being out of the labor force are
(exp(3.5) — 1) x 100 percent higher for men than for women.

b) What is the predicted probability that a 20-year-old woman is em-
ployed, unemployed, and out of the labor force, respectively?

¢) What is the predicted probability that a 20-year-old man is employed,
unemployed, and out of the labor force, respectively?

d) How do you interpret the difference in b) and ¢)?

Exercise 5.12 Schmidt and Strauss (1975) apply a MNL model to predict
occupations. The occupations are classified in five groups: (1) menial work-
ers, (2) blue collar workers, (3) craft workers, (4) white collar workers, and
(5) professional workers. They obtain the following results:

blue collar  craft  white collar  professional

education -0.1238 0.0490 0.2163 0.4128
(-2.71) (0.92) (4.17) (7.59)
experience -0.0243 -0.0096 -0.0168 -0.0013
(-2.74) (-0.94) (-1.70) (-0.12)
white 1.244 2.747 2.8517 1.879
(4.46) (5.02) (5.11) (3.83)
male 0.7988 2.138 -0.8087 0.2263
(3.23) (5.34) (-3.14) (0.80)
constant 1.293 -4.086 -3.358 -6.025
(2.18) (-4.56) (-4.05) (-7.11)

Notes: Coefficients and z-ratios. Education and experience are measured in years.

a) Which category has been chosen as the base category?

b) How does the probability of being a blue collar worker change relative
to the probability of being a professional worker, given an additional
year of schooling?
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c)

d)

e)
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How does the probability of being a blue collar worker change relative
to the probability of being a menial worker, given an additional year
of schooling?

Calculate the predicted probability of each occupation for a white man
with 12 years of schooling and 25 years of experience.

Calculate the predicted probability of each occupation for a black man
with 12 years of schooling and 25 years of experience. Interpret the
differences compared to the predictions in d).

Exercise 5.13 Suppose you are interested in the location choice of firms
and its relationship to environmental regulations. Stafford (2000) uses a
dataset including 1,548 facilities in 48 states in the continental U.S. that
managed hazardous waste. A CL analysis yields the following results:

Coefficient St. Err.

demand in log(tons) -0.0065  (0.0328)
neighboring demand in log(tons) -0.0013  (0.0387)
mean corporate income tax rate -3.8463  (1.5798)
average annual wage in log(dollar) 0.4622  (0.6377)
number of production hours in log(million) 0.6784  (0.0733)
average cost of energy in log(dollar/BTU) -2.6795  (0.4289)
— if recovery system in log(dollar/BTU) 1.4003  (0.2861)
average construction cost in log(dollar) 3.6169  (0.9378)
total area in 100 million acres 0.1630  (0.1460)
population in 100 thousand people -1.1100  (0.4310)
spending on environmental programs index -0.0052  (0.0025)
stringency of environmental policies index 0.0136 (0.0065)

a)

Describe the nature of the dependent variable location choice. Why are
environmental regulations particularly interesting when considering
hazardous waste management firms?

Interpret the coefficient on the tax rate. Is the sign plausible? What
does the sign imply for the marginal probability effects?

How does an increase in the average energy costs in location j affect
the probability of choosing location 7?7 What happens if the costs in
location m # j increase?

How do the environmental policy variables affect the location decision
of hazardous waste management firms?
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Exercise 5.14 Hoffmann and Duncan (1988) study the choice of marital
and welfare status of divorced or separated women, where the choice is
between (1) remarriage, (2) remaining single with welfare receipt, and (3)
remaining single without welfare receipt. In particular, they focus on the
role of income in determining the woman’s choice, and distinguish between
exogenous income (the income available at zero hours of work) and the
after-tax wage rate. They report results of the form:

(1) 2) (3)

wage rate 1.102 1.102 1.102
(0.107) (0.107) (0.107)
husbands income -0.018 - -
(0.017) - -
AFDC income - 0.192 -
- (0.051) -
nonlabor income -0.011 - 0.215
(0.090) - (0.076)
constant -2.408 - -2.587
(0.542) - (0.499)

Notes: Standard errors in parentheses. AFDC = Aid to Females with De-
pendent Children.

a) Critically evaluate the use of a CL model. Does exogenous income vary
across alternatives? What are the components of exogenous income?
Does the after-tax wage rate vary across alternatives?

b) Why do the authors report only one coefficient for husbands income
and AFDC income? Why do they report two different coefficients for
nonlabor income and the constant?

¢) Interpret the coefficients on wage rate and AFDC income.

Exercise 5.15 Use the dataset from Greene (2003: Table F21.2) to study
the travel mode choice of individuals traveling between Sydney and Mel-
bourne. The dataset contains 210 individuals choosing among four alter-
natives: (1) air, (2) train, (3) bus, and (4) car.

a) Describe the nature of the variable travel mode choice? What explana-

tory variables are available? How are the data organized?

b) Estimate a CL model and report your results along with the value of
the maximized log-likelihood function, and a LR test statistic under
the null hypothesis of choice-specific intercepts only.

c¢) Interpret the results using discrete or marginal probability effects,
predicted probabilities, and odds ratios.

d) What problem might arise in the model above? What solution do you
propose?
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Ordered Response Models

6.1 Introduction

In Chapter 5, we discussed models for multinomial data, i.e., models in which
the response variable is characterized by more than two categorical outcomes,
and whereby the ranking of responses is purely arbitrary. In some empirical
applications, however, a multinomial choice can have an inherent ordering.
For example, in the individual questionnaire of the German Socioeconomic
Panel (GSOEP) we can find questions like the one displayed in Figure 6.1.

Fig. 6.1. Life-Satisfaction Question in the GSOEP

145. In conclusion, we would like to ask you about your satisfaction with your life in general.

IF  Please answer according to the following scale:
"0" means comple 1i: isfied ,"10" means cc

How satisfied are you with your life, all things considered?

[ 1 2 3 a4 5 6 7 8 9 10
completely completely
dissatisfied satisfied

And how do you think you will feel in five years?

0 1 2 3 4 5 6 7 8 9 10
completely completely
dissatisfied satisfied

The given answer categories range from zero to ten and have an ordinal
scale since a response “4” instead of “8” contains information — we know that
people answering a satisfaction level of “8” are happier than those answering
a level of “4” — and this information should be used for estimation.
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Ordered responses appear in various fields of research, and we illustrate
this with some examples.

Example 6.1. Ordered Responses

e Aitchison and Silvey (1957) propose an ordered response model to analyze
experiments where insects were subjected to various doses of poison and
respond, for example, with unaffected, slightly affected, moribund, or dead.

o McKelvey and Zavoina (1975) illustrate the ordered probit model with
an analysis of voting behavior which is characterized by voting against,
weakly for, or strongly for a Medicare bill.

e Winship and Mare (1984) estimate a simple model of educational trans-
mission where schooling is measured as less than 8 years, between 8 and
11 years, 12 years, or more than 18 years.

e Ederington (1985) investigates the performance of the ordered probit
model in predicting bond ratings, where industrial bond issues are rated
as Aaa, Aa, A, Baa, Ba, or B.

e Cutler and Richardson (1998) examine the relationship between different
forms of disease and self-reported health status, the latter being classified
as excellent, very good, good, fair, or poor.

e Kaiser and Spitz (2002) propose the use of ordered probit models to study
qualitative information in business surveys when respondents are asked,
for example, whether their total sales increased, remained the same, or
decreased in the preceding quarter.

In all these examples, the ordered responses are mutually exclusive and
exhaustive, such as with purely multinomial data. The additional and special
feature of an ordered response is that its answer categories can be ranked from
low to high (or vice versa), but the particular values assigned to the outcomes
remain arbitrary, as long as they preserve the order. Thus the sequence 1, 2,
3 embodies the same information as the sequence 13, 22, 27, or the sequence
-5, 11, 100. This in turn implies that ordered responses do not have origins,
or units of measurement, and that expectations, variances, and covariances
have no meaning. For notational simplicity, we adopt the convention that the
dependent variable is coded as

yi=1,2,...,J (6.1)

where “17 < “2” < ... < “J”. From a statistical point of view, we could ana-
lyze an ordered dependent variable with multinomial response models like the
ones presented in Chapter 5 since we have a multinomial dependent variable.
However, conditional probability models that ignore the ranking of responses
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are likely to give inefficient estimation results compared to models that ap-
propriately account for the additional information.

Yet we should warn the reader of a mistake that sometimes occurs in
empirical practice and which might be the result of the (conventional) coding
given in equation (6.1). In many applications, the ordinal outcomes with values
1,...,J are analyzed by using the linear regression model and ordinary least
squares. This would presume that the difference between a “1” and a “2”
is the same as the difference between a “8” and a “9”, whereas in fact, we
only have the ranking. Moreover, for example in the satisfaction response, we
cannot conclude from ordinal information that people answering a “2” are
twice as happy as people answering a “1”.

To summarize, one should think carefully about the dependent variable
under consideration. Is it really measured on an ordinal scale? If so, models
for multinomial data are feasible but inefficient since they ignore the ordering
information. The linear regression model cannot be appropriate either due to
the implicit assumption of an interval scale. The purpose of this chapter is
to introduce econometric models that take into account the special feature of
ordered responses.

The chapter proceeds as follows. In Section 6.2, we present the standard
ordered response models, the ordered probit and ordered logit models. As we
will see, the basic idea in modeling ordinal outcomes is to use a latent variable
and a threshold mechanism in the same manner as presented in Chapter 4 for
binary responses, but now with more than one constant threshold parameter.
In Section 6.3, we generalize the basic threshold mechanism by making the
thresholds themselves functions of the explanatory variables. This relaxes the
single index assumption imposed by the standard models and provides much
more flexibility for interpretation in terms of marginal probability effects. Sec-
tion 6.4 discusses an alternative, sequential mechanism, where the categories
are reached successively. Finally, we consider a special kind of ordinal data
in Section 6.5 which is referred to as interval data. In this case, an ordered
dependent variable is the result of a coarsening of data, for example due to
limitations in data availability.
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6.2 Standard Ordered Response Models

6.2.1 General Framework

Models for ordered dependent variables are usually motivated by an underly-
ing continuous but latent process y; given by

yr =28+ u; i=1,...,n (6.2)

with deterministic component z}3 (the linear index of regressors), and random
terms wu;, which are assumed to be independently and identically distributed
with distribution function F(u) with mean zero and constant variance (see,
for example, McKelvey and Zavoina, 1975). Since we cannot observe the latent
continuous variable y;, but instead observe y; with discrete values 1,...,J,
we need to find a mechanism that relates y; and y;. A sensible mechanism
accounts for the ordering information in y; and we assume that

y; =7 ifandonlyif k;_1 <y <kj j=1...,J (6.3)

This mechanism is called threshold mechanism since the J outcomes are
obtained by dividing the real line, represented by y;, into J intervals, using
J + 1 constant but unknown threshold parameters kg,...,% . In order to
ensure well-defined intervals, we need to assume ascending thresholds such
that ko < ... < kj. We code the intervals from 1 to J and account for the
ordering information since higher values of y! yield higher outcomes of y;.
The full set of outcomes, or intervals, is given by

yi =1 ifand only if ko <yl <k1 & Ko— B <u; <k —a,f

y; =2 ifand only if k1 <y <ke & kK1 —z0 <u; < ky—zi0

yi=J ifandonly if ky_1 <y <kjekrj1—zf<u; <kj—zf

where it is understood that kg = —oo0 and xk; = oo to cover the entire real
line. Hence, the number of unknown threshold parameters reduces to J — 1.
The distributional assumption on the error terms yields the conditional prob-
ability function of the latent variable, f(y;|z;) which allows for an illustrative
representation of the threshold mechanism. Figure 6.2 plots a symmetric den-
sity function f(y}|x;) with mean ;8. On the horizontal axis, we display the
latent variable y;, which is, according to the threshold mechanism in (6.3),
divided into J = 5 intervals. The utmost left interval corresponds to y; = 1,
the utmost right interval corresponds to y; = 5, respectively. In Figure 6.3, we
have basically the same representation of the threshold mechanism, but now
in terms of the error terms u;. Therefore, the density function has zero mean
and the thresholds are determined by x; — (.
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Fig. 6.2. Threshold Mechanism in Terms of y;
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Fig. 6.3. Threshold Mechanism in Terms of u;

f(uilz;)

; Ui
Ky — 233

Once the distribution function Fi(u) has been specified, the probability of
a particular outcome is determined by the area under the density function
between the relevant thresholds. For example, the probability of observing
y; = 3 is the area under f(y}|z;) between ko and k3. For y; = 1 it would be
the area in the left tail, for y; = J the area in the right tail of the density
function. In general, we can write the probabilities as

mij = P(yi = jlwi) = F(kj — 238) — F(kj—1 — ;) (6.4)

for y = 1,...,J. Note that we assumed k9 = —oo and k; = oo such that
F(—o00) = 0 and F(00) = 1. As long as the explanatory variables = contain
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an intercept, F(k; — z;3) = F|[(k; + ¢) — (2} + ¢)], where c¢ is an arbitrary
constant. From this simple rearrangement we see that the intercept in x4
cannot be distinguished from one of the threshold parameters. In order to
solve this identification problem, a normalization is required. Two possibilities
come in mind. First, we can fix one of the threshold parameters, for example
k1 = 0. Second, we can drop the constant term from the set of regressors. In
the remainder of this chapter, if not mentioned otherwise, we will assume that
x does not contain an intercept and has the dimension k& x 1. As will become
clear below, this simplifies interpretation, and it is the default option in many
software packages.

The most commonly known models for ordered responses, the ordered
probit model and the ordered logit model, can be distinguished in the way
they specify the distribution function of the error terms. In the former, it is
assumed that F(u) is the standard normal distribution, in the latter, F'(u) is
assumed to be the (standard) logistic distribution. These two models will be
the subject of the following two sections, 6.2.2 and 6.2.3.

6.2.2 Ordered Probit Model

In the ordered probit model, we assume that the error terms follow a
standard normal distribution, F'(u) = ¢(u). In this case, the probabilities
can be written as

Tij = D (rkj — 28) — P (kj—1 — 23) j=1,...,J (6.5)

The assumption of a standard normal distribution is, like in the binary probit
model, necessary to achieve identification of parameters. With general vari-
ance o2, the probabilities would be given by

! !
mj:@(W)_g,(W) i1

g g

and we see that only the ratios x; /o and 8/0 are identified. If we multiply each
of the parameters (k,3,0) by a constant ¢, this constant cancels out in the
ratios and all probabilities remain unchanged. Hence, we need a normalization
to identify the parameters and we solve this issue by setting o = 1.

Figure 6.4 illustrates, similar to Kennedy and Becker (1982), the ordered
probit model by means of a simple example with J = 3 response categories
and one explanatory variable x. The three axes describe the latent variable y7,
the explanatory variable x, and the density of the error term conditional on x,
respectively. For the moment, assume that we know the true parameter values
in the model (we will deal with the subject of estimation in Section 6.2.4).
In this example, the only slope parameter is given by 0.5, the thresholds are
given by 1 and 4. The conditional density of the error term is plotted for two
distinct values of z, x = 4 and = = 6.2, and the probabilities of observing the
outcomes y = 1,2, 3, conditional on x, are characterized by the light gray, the
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Fig. 6.4. Graphical Illustration of the Ordered Probit Model

PACHED)

dark gray, and the white shaded areas under the conditional density. Figure
6.4 visualizes that probabilities generally depend on the specific value(s) of x.
As mentioned before, they are determined by the particular areas under the
density function with fixed integration limits —oo, k1, k2, and co. But the
location of the density varies with z, and therefore the probabilities for z = 4
are different from those for x = 6.2. For example, the probability of y = 1
given x = 4 is equal to 0.159, and decreases to 0.029 for = = 6.2.

6.2.3 Ordered Logit Model

The ordered logit model can be derived in the same way as its probit
counterpart. More precisely, we specify a latent variable y; and assume that
the error terms are independently and identically logistically distributed.
The model may be illustrated graphically as in Figure 6.4 with a logistic
density function, and the probabilities are given by

mij = Ak — 238) — A(kj—1 — i) j=1,...,J (6.6)

where F(-) = A(-) is shorthand notation for the cumulative density function
of the logistic distribution.

Another way to motivate the ordered logit model is based on the odds, and
we will cover this approach in greater'detail here to explain why this model
is also known as a proportional odds model. Consider two events y; < j
and y; > j with probabilities P(y; < j|x;) and P(y; > j|x;). In a model with
J ordered outcomes there are J — 1 such comparisons. Then form the ratio of
the two probabilities
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P(y; < jlz;)

: Y g | 6.7
P(y; > jlxi) (6.7

adopting the term odds of the events y; < j versus y; > j from the previous
chapters. Now assume that the logarithmic odds are linear in the parameters,
formally

P(y; < jla;) / :
B e A =1,....J—1 6.8
og Ply: > j|o1) Kj — ;03 J ) ) ( )

which is the same as saying that

DU IIE) _ (s, 115) = expl 1) (6:9)

As before, the vector of explanatory variables x does not contain an intercept
for identification of ;. For each of the possible odds, we assume a specific
intercept x; and the ordering information in y; is accounted for by assuming
that k1 < K2 < ... < Kj_1. We choose a negative sign of =} which is arbitrary
but relates the results below to those of the latent variable approach. Note
that from (6.9) the relative odds of comparison j and comparison m do not
depend on x but only on the threshold parameters,
P(yi < jloi) /Py > jlzi) _ exp(x,)

P(y; <mlz;)/P(yi > ml|z;) B exp(Km) (6.10)

This property gives rise to the name proportional odds model.
For the purpose of formulating a conditional probability model and esti-
mation by ML we need probability expressions rather than odds. From

P(y; < jlz;) _ P(y; < jlw;)
P(y; > jlzi) 11— P(y; < jlzy)

we obtain

exp(k; — z;3)

P(y; < jlzi) =
(y: < Jle:) 1+ exp(k; — 2}0)

= A(r; — 23)

and therefore
mij = P(yi = jlos) = Py < jlos) — Py < j — 1)

= A(kj — 38) — A(kj—1 — 2i3) (6.11)

where it is understood that kg = —oo and kj = co. If we compare (6.11) with
(6.6), we notice that both probability expressions are the same. Hence, both
approaches, the latent variable and the proportional odds approach, yield the
same probability function and we call them observationally equivalent.
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6.2.4 Estimation

In order to proceed with ML estimation of the parameter vector 5 and the J—1
threshold parameters k1, ..., kj_1, we need to rewrite the general probabilities
n (6.4), or the specific ones in (6.5) and (6.6), into a conditional probability
function. We have

J
Filws By k1, k1) = (man) @ (i) = H(mj)d“ (6.12)

j=1

where d;; is defined as a binary indicator equal to one if y; = j and equal to
zero otherwise (see also Chapter 5.2.2). For a sample of n independent pairs
of observations (y;, x;), the likelihood function is given by

n J
L(ﬁ7/§17...7lﬁj_1;y’x):H ﬂ-”

Taking logarithms converts products into sums and we can write the log-
likelihood function as

log L(B, k1, ..., Kj—1;Y, ZZd” log 7;; (6.13)

i=1 j=1

For the ordered probit model we plug in the probabilities in (6.5); for the or-
dered logit we use the probabilities in (6.6). ML estimation of the parameters
yields consistent, asymptotically efficient, and asymptotically normally dis-
tributed estimators. We can use LR, Wald, and Score tests to test for general
restrictions, and the invariance property together with the Delta method for
estimation and inference of predicted probabilities, odds ratios, or marginal
probability effects, which will be discussed in the next section, 6.2.5, as dif-
ferent ways of interpreting the ordered response model.

6.2.5 Interpretation of Parameters

As with all the models discussed in this book, it is of substantial interest
to interpret the parameters of the ordered response model correctly. What
does it mean for an element in § to be “large” or “small”? It is tempting to
interpret coefficients in terms of the latent model, since this part of the model
is known from any introductory course in econometrics as the linear regression
model with dependent variable y;. However, since the variance of the error
term is normalized, 3 is only identified up to scale. Moreover, y;, being an
artificial construct, is not of interest in general. Potentially more interesting
is a comparison based on compensating variation, the variation in two
regressors such that the latent variable does not change. Let z;; denote the [-
th element in z; and §; the corresponding parameter, and let m index the m-th
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elements in both vectors x; and (3, respectively. Now consider a change in z;
and x;, at the same time, such that Ay} = 0 (and therefore all probabilities
are unchanged). This requires

Al‘il o _ﬁﬂ
Axiﬂl ﬂl

If, for example, x;; is logarithmic income and x;,, is a dummy variable in-
dicating unemployment, then the above fraction gives a trade-off ratio: the
relative increase in income required to compensate for the negative effect of
unemployment (assuming that 3; > 0 and §,, < 0).

0= 31z + BmAzim or

(6.14)

Exercise 6.1.

e In the above example, why does the fraction —3,,/0; give the relative
increase in income to compensate for unemployment?

The interpretation is moved closer to the observed outcomes y; if we take
into account the threshold parameters «;. In some applications, it could be
interesting to know how much an explanatory variable should change to reach
the next higher response category. For this purpose, one could consider the
ratio of the interval length to the parameter, (k; —k;_1)/0;. The smaller this
ratio (in absolute terms), the smaller the maximum change in z;; required to
move the response from y; = j to y; = j + 1.

However, all these measures stop short of the most natural way of in-
terpreting the parameters in conditional probability models such as ordered
response models, namely in terms of discrete or marginal probability effects.

The ceteris paribus effect of a discrete change in one explanatory variable,
say the [-th element in x;, is simply the difference between the probabilities
before and those after the change, given the values of the other variables.
Mathematically,

Ami; = P(y; = jla; + Azy) — Py = jla;)
= [F(kj —xi3 — Azafy) — F(kj_1 — 28 — Az ()]
—[F(r; = 2}B) = Flkj1 — 2}P)] (6.15)

This discrete probability effect can be illustrated graphically in two ways.
First, consider Figure 6.5 which is based on Figure 6.2. The discrete change
in z; by Axz; > 0 shifts the mean of the conditional density function of y;
to the right (given £; > 0), or to the left (given §; < 0). We plot a right
shift in f(y}|z;), thereby depicting the situation for a positive coefficient. The
change in probabilities can be analyzed by investigating the light gray and
dark gray shaded areas, where light gray indicates a decrease and dark gray
an increase in the area under the density function due to the change in x;;.
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The probabilities of observing y; = 1 (the area left of k1) and y; = 2 (the area
between k; and ks) clearly decrease since both areas decrease. The opposite
holds for the probabilities of y; = 4 and y; = 5, both probabilities clearly
increase since the relevant areas under the density function increase. In order
to determine the sign of the probability effect for category y; = 3, however, we
have to weight a negative and a positive change in the area between ko and
k3. By visual inspection, the light gray area is larger than the dark gray area
and we expect a negative probability effect for y; = 3. As we will see below, it
is a mathematical necessity that the sign of probability effects changes exactly
once when moving from small to large outcomes of y;, and that the sign is
ambiguous for the category in which the mean x}g lies.

Fig. 6.5. Shift in Density Due to a Change Azy >0 (8, >0)
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Exercise 6.2.

e Draw a diagram similar to Figure 6.5 with negative coefficient 3; < 0.

An alternative illustration of discrete probability effects is based on the
conditional density of the error term, f(u;|z;). In Figure 6.6 we plot the same
density function as in Figure 6.3, and the change Ax; > 0 now shifts the
thresholds k; — x3 to the left (again assuming a positive coefficient ;). The
change in the areas due to the change in one regressor is marked with the light
gray shaded areas. Again, the sign of the probability effects is determined by
these changes and we clearly have negative signs for y; = 1,2, clearly positive
signs for y; = 4,5, and an ambiguous effect on the probability of y; = 3.

1
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Fig. 6.6. Discrete Probability Effects in the Standard Model

f(wglz:)

_f -

|
|
Ki—aB -0 Ky — xi3

—Azy B

Exercise 6.3.

e Draw a diagram similar to Figure 6.6 with negative coefficient §; < 0.

The marginal probability effect (MPE) of the I-th element in x; can be
obtained in general form from equation (6.4), or specifically from equations
(6.5) and (6.6), by taking first derivatives,

MPEj = =2 = [f(sj1 = i) = f(s5; = 735)] b (6.16)

with density function f(z) = dF(z)/dz. In general, the MPE’s are functions
of the covariates and therefore vary across individuals. In order to calculate
average marginal probability effects (AMPE’s) we have to take expecta-
tions of (6.16) with respect to x, which is estimated consistently by replacing
G by its ML estimate B and averaging over the sample. Apart from calculat-
ing average effects, we can also report the effects evaluated at the averages or
other interesting values, and thereby obtain the effect for a “typical” person.
We discussed this issue already in Chapters 4 and 5 and therefore do not
consider it further here. The MPE can be used to approximate the discrete
change in a probability with Am;; ~ M PE;;;Az;, and the smaller the ab-
solute change in x;;, the better the approximation. Note that despite their
intuitive appeal, discrete and marginal probability effects are rarely reported
in empirical applications with ordinal data.
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Exercise 6.4.

The specific structure of the ordered logit model allows for an alternative
way of interpreting the parameters which is based on the odds given in
equation (6.9).
e Derive the factor change in the odds for a general change Azx; and
the special case Ax;; =1 (the odds ratio).

e Derive the relative change in the odds for a general change Ax;; and
the special case Ax; = 1.

e How would you interpret these measures?

Example 6.2. Secondary School Choice

In the Examples 5.2 and 5.4 we analyzed the secondary school choice of young
people in Germany by means of a MNL model, and we identified the mother’s
educational level (in years of schooling) as an important factor. This was
reflected by significantly higher probabilities of attending Gymnasium, the
highest secondary school level, compared to Realschule and Hauptschule with
increasing number of years the mother spent in formal schooling.

The dependent variable school with its three categorical outcomes incor-
porates ordering information. This results from the hierarchical structure of
the German school system, which classifies school tracks into lower secondary
school (Hauptschule), intermediate secondary school (Realschule), and upper
secondary school (Gymnasium), with better long-term educational opportuni-
ties, the higher the schooling level. Hence, we could analyze the same research
question as before with an ordered response model.

Table 6.1 displays the estimation results of the ordered probit and the
ordered logit model, respectively. For each model, we get estimates of the
regression vector (excluding a constant) and two threshold parameters 41 and
K. Since we estimated both models with ML, we can use a simple Wald test
for the hypothesis of a zero parameter value. For example, the z-statistic of
the ordered probit coefficient of mother’s educational level is equal to 9.86,
and therefore the parameter is significantly different from zero. The overall
significance is tested using the reported LR test statistics and we conclude
that both models significantly reject the model with only two thresholds.

In order to investigate the intergenerational transmission of education, we
calculate the MPE of mother’s educational level. Table 6.2 reports the MPE’s
in both models and compares them to the effects obtained in the MNL model.
All models yield approximately the same MPE’s, and on average, an increasing
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Table 6.1. Ordered Probit and Logit Estimates of Secondary School Choice

Dependent variable: school
Ordered Probit Ordered Logit

mother’s educational level in years 0.276 0.475
(0.028) (0.052)
mother’s employment level (0/1) 0.197 0.353
(0.070) (0.120)
logarithmic household income 0.662 1.165
(0.104) (0.191)
logarithmic household size -0.685 -1.187
(0.201) (0.343)
birth order -0.099 -0.160
(0.058) (0.098)
f1 9.077 15.955
(1.098) (2.024)
R2 10.012 17.521
(1.106) (2.045)
Log-likelihood value -628.62 -627.42
LR (x1s) 208.45 210.84
Observations 675 675

Notes: Standard errors in parentheses. Further controls: year dummies 1995-2002

level of mother’s schooling reduces the probability of attending Hauptschule
and Realschule, and increases the probability that a child visits Gymnasium.
More specifically, the AMPE of -0.0791 in the ordered probit model means
that if the mother has one additional year of schooling, the probability of
attending Gymnasium increases on average by about 8.65 percentage
points.

Apart from point estimates, we also report the standard errors of the
MPE’s, which can be used, for example, to test whether an effect is statistically
different from zero. Take the MPE of -0.0866 from the ordered probit model,
with standard error 0.0104 in parentheses. The ratio of both forms a z-statistic
of 8.33 and we significantly reject the null hypothesis of a zero MPE. Note
that standard errors in the ordered probit and in the ordered logit model are
roughly the same, whereas in the multinomial logit model, the standard errors
are slightly higher. This is not a proof but it supports our hypothesis that if
the dependent variable is indeed an ordered variable, then the multinomial
logit model provides consistent results, but is inefficient compared to ordered
response models.
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Table 6.2. Marginal Probability Effects of Mother’s Educational Level

Hauptschule Realschule Gymnasium
Ordered Probit
MPE -0.0866 -0.0203 0.1069
(0.0104) (0.0062) (0.0128)
AMPE -0.0791 -0.0074 0.0865
(0.0088) (0.0035) (0.0092)
Ordered Logit
MPE -0.0859 -0.0283 0.1142
(0.0107) (0.0085) (0.0142)
AMPE -0.0803 -0.0081 0.0884
(0.0092) (0.0041) (0.0089)
Multinomial Logit
MPE -0.0941 -0.0242 0.1183
(0.0145) (0.0139) (0.0163)
AMPE -0.0800 -0.0091 0.0891
(0.0127) (0.0115) (0.0098)

Notes: The MPE’s are calculated by fixing the explanatory variables at their means,
the AMPE'’s are calculated as average of the individual effects. Bootstrapped standard

errors in parentheses.

185

Exercise 6.5.

Consider the estimation results in Table 6.1. In the ordered probit model,
the value of the linear index, if evaluated at the mean of the explanatory
variables, is 9.77.

e What is, for a thus defined average child, the predicted probability
of attending Hauptschule, Realschule and Gymnasium, respectively?

e What is the ceteris paribus change in the outcome probabilities if
the mother has one additional year of schooling?

e Calculate the discrete probability changes for a change in mother’s
schooling level from 9 to 10, from 10 to 13, and from 13 to 16 years.
(Note that the mean of mother’s schooling level is 11.44 years.)




186 6 Ordered Response Models
6.2.6 Single Indices and Parallel Regression

An often-raised criticism received by the ordered probit and ordered logit
models is the implicitly imposed parallel regression assumption. This
property is best understood by inspecting the cumulative probabilities of the
events y; < 7, which are given by

In Figure 6.7 we draw three such cumulative probabilities with different
threshold values k1 < k2 < k3 and linear index 23 on the horizontal axis. Now
compare, for example, the two cumulative probability functions P(y; < 2|z;)
and P(y; < 3|a;). These functions only differ in their constant threshold values
with equal linear indices. This, in turn, implies that P(y; < 3|z;) is obtained
by a parallel shift of P(y; < 2|z;) to the right by k3 — k2 units, but the func-
tion’s shape is not changed at all. Hence, the slopes for a given value on the
vertical axis (marked by the dashed line) remain the same for each cumulative
probability, and this property is referred to as parallel regression.

Fig. 6.7. Parallel Regression Assumption

P(y; < jlw;)

Mathematically, if we fix the cumulative probabilities to a particular value,
say F(k; —x;3) = 0.5, then we must have k; —z;3=0forallj=1,...,J—1.
But in this case, the slopes of the cumulative probabilities do not vary by j
which can be seen from the first derivative with respect to x}3

OP(y; < jlz;)
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Likewise, the partial derivatives of (6.17) with respect to the [-th element in
x; are constant across j since

OP(y; < jlzs)

Bn =—f(0)5 j=1...,J—-1

The heart of the matter is the single index assumption, which means
that the linear index of regressors x3 appears as a common element in the
argument of each cumulative probability. In terms of parallel regression, this
allows us to plot all functions P(y; < j|z;) in the same diagram with the
horizontal distance determined by the difference in the constant threshold
parameters but otherwise equal functional shape.

But what implications does the single index assumption have for the in-
terpretation of parameters in terms of marginal probability effects? To pin-
point why single indices restrict the analysis of ordered responses, one should
first observe that the relative magnitude of MPE’s, i.e., the slope of the iso-
probability curve (see Chapter 2.2.3), is not allowed to vary across outcomes
and individuals:

MPEg _ B (6.18)
This ratio does not depend on j, nor does it depend on z;. In other words,
the relative marginal probability effects are constant and the same in
each part of the outcome distribution, that is for each j. It is not possible, for
example, that x; (e.g., income) is relatively more important than z;,, (e.g.,
unemployment) for low responses than it is for high ones. This property holds
for whatever choice of F(u).

A second way to illustrate the limitations of the standard models is to
examine the sign of MPE’s. With F(u) being either the standard normal or
logistic distribution, the density function f(u) is bell-shaped with maximum
at 0. It follows from equation (6.4) and Figure 6.5 that

sgn (MPE; ;) = —sgn (8) if kj_1 <z;f and k; <z;0
sgn (MPE;;;) =sgn(3) if kj_1 > 28 and k; >z} (6.19)

where sgn(z) is a function extracting the sign of z. If k;_; < 5 and k; > 3,
the sign of the MPE is indeterminate. This is referred to as single crossing
property: as one moves from the probability of the smallest outcome to the
probability of the largest outcome, the MPE’s are either first negative and then
positive, or they are first positive and then negative. A reversion is precluded
by the assumptions of the model.

Brant (1990) proposes a procedure to test the single index assumption
based on binary regressions. However, we do not consider this test further here
and discuss a more general ordered response model in the following section,
6.3, which can be used to test single indices with a familiar LR test.
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6.3 Generalized Threshold Models

Had we selected the topics of this book based on past and current practice in
empirical economic research with ordinal data only, we could have ended this
chapter here. The standard ordered probit and logit models fully dominate
the literature. The relative simplicity of these models, to which they certainly
owe their popularity, is also a problem, however. In many applications, they
may be too simple, precluding a meaningful interpretation of the parameters,
and generalized models, developed in other fields, may increasingly find their
way into mainstream econometric work as well.

6.3.1 Generalized Ordered Logit and Probit Models

The single index assumption in the ordered probit and logit models restricts
the modeling of ordered responses, in particular when considering marginal
probability effects. When searching for more flexible response patterns, one
will need to look for a richer parametric model where index functions are
allowed to vary across response categories. In this section, we present a very
flexible ordered response model that relaxes this assumption.

The basic idea is to make the threshold parameters linear functions of the
covariates (see Maddala, 1983, and Terza, 1985). Let

Hij = /~€j + {E;’YJ ] = ]., ey J (620)

where z; is a (k x 1)-dimensional vector of explanatory variables excluding a
constant, as before. Because of the assumption in (6.20), the model is referred
to as a generalized threshold model. Substitution of x;; for £; in equation
(6.4) yields

mij = F(Rj + iy — 2306) — F(Rj—1 + x3y-1 — 303)
= F(kj — xjB;) — F(Rj_1 — 238, 1) (6.21)

where (3; = 3 — 7; since we cannot identify 3 and +; separately, and it is
understood that Ko = —oo and £ = oo such that F/(—oo0) = 0 and F(c0) = 1.

Figure 6.8 illustrates the greater flexibility in modeling ordered responses.
The parameter vectors are now allowed to vary across outcomes and we have
a specific vector 3; for each threshold. Once we have specified the distribution
function F'(u), we obtain the probability of a particular outcome j by integrat-
ing over the density function f(u) with integration limits x;_1 — z}8;_1 and
kj —x;f;. Like in the standard model, two distributional assumptions come to
mind: the standard normal distribution @(u), which yields the generalized
ordered probit model and the logistic distribution A(w), which yields the
generalized ordered logit model.
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Fig. 6.8. Generalized Threshold Mechanism

fluglx)

From the probability function in (6.21) and Figure 6.8 we can see that the

model now contains J —1 parameter vectors (31, ..., 85—1 plus J—1 thresholds
K1,...,Rkj—1 that can be estimated jointly by maximum likelihood. Under the
hypothesis

HO : ﬂl =...= ﬂj_l (622)

the generalized threshold model nests the standard model. This can be used to
discriminate between the two models with a simple LR test, which implicitly
tests for the single index assumption. Clearly, the proliferation of parameters,
in particular when J is large, is a potential disadvantage of the generalized
model. However, a LR test can be conducted, and one can economize by
imposing partial restrictions, such as G2 = (3, while allowing parameters to
differ in other parts of the outcome distribution.

6.3.2 Interpretation of Parameters

The generalized threshold model prévides much more flexibility in analyzing
the effects of explanatory variables in the outcome probabilities. This can be
seen in two ways. First, consider the cumulative probability of the event y; < j
which is given by

P(y; < jloi) = F(Rj — x30;) (6.23)

In Section 6.2.6, we stated that the first derivatives of the cumulative prob-
abilities with respect to any regressor x; are equal for all 7 when fixing the
probability to a certain value. But this does not need to hold in the generalized
model since
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OP(y; < jlz;)

o G R COLT (6.24)

Even if &; — 20, is fixed Vj, §;; possibly varies across j and therefore does
not impose the parallel regression assumption. Second, consider the MPE of
one regressor x;;, which is given by

MPE;j; = f(Rj—1 — x;Bj-1)Bj-1, — f(R; — 2;5;)Bj1 (6.25)

From (6.25) it follows that the relative magnitude of marginal probability
effects, M PE,;;/M PE;;,,, no longer needs to be constant, and that MPE’s
do not need to switch the sign exactly once when moving from the lowest
category to the highest. Rather, these effects can be determined empirically.

Figure 6.9 illustrates what probability effects might look like in the gen-
eralized model. It is important to note that the shift in thresholds does not
need to be constant and in the same direction for each of the J —1 thresholds.

Fig. 6.9. Discrete Probability Effects in the Generalized Model
fuil;)

TN

7A:L‘l‘lc8jl

N

|
|
|
|
|
|
|
! 1 !
ki—zif 0 K4 — Zif4

Ui

Exercise 6.6.

e Can you make a statement about the sign and relative magnitude of
the parameters By, Bo1, B3, and By in Figure 6.97
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More specific results are obtained in the generalized ordered logit model
in which P(y; < jlz;) = A(R; — ;), and therefore the odds of y; < j versus
y; > j can be written as

Ply: < jlei) AR — 2i5;)
Py, > jlzi)  1-A(R; — 2iB;

7= exp(k; — 2i/3)) (6.26)

Equation (6.26) shows that the effects of covariates on the log-odds are now
category-specific.

As mentioned before, the flexible modeling of ordered responses with gen-
eralized thresholds does not come without costs. First, the constraint of an
ascending order of thresholds in the standard model to obtain a well-defined
probability function now extends to

Kj = @3B = ki1 — i (6.27)

Obviously, not only are the constants restricted in a hierarchical manner; the
slope parameters must also be taken into account. Second, fulfilling (6.27) to-
gether with a larger number of parameters in the model increases computation
times considerably.

Example 6.3. Income and Happiness

In the introduction of this chapter, we gave an example of a survey question
in which respondents were asked to state their satisfaction with life in general,
with answer categories ranging from completely dissatisfied “0” to completely
satisfied “10” on the eleven-point scale (see Figure 6.1). In the literature on
reported subjective well-being this variable is usually referred to as happiness.
In particular, the relationship between income and happiness in cross-sectional
studies has gained much attention in the past with the common finding that
increasing income raises a person’s happiness (see, for example, Frey and
Stutzer, 2002). Since the dependent variable is measured on an ordinal scale,
standard ordered response models are applied. However, from Section 6.2.6
we know that these models impose single indices precluding a flexible analysis
in terms of MPE’s, and it might be interesting to compare the results of the
standard models with those of the generalized alternatives.

Table 6.3. Recoding of Happiness Responses and Relative Frequencies

New scale Original scale Relative Frequencies
(1) or very unhappy “0” to “5” 0.246
(2) or unhappy “6” or “7”7 0.341
(3) or happy “g” 0.266
(4) or very happy “9” or “10” 0.147
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Using data from the German Socio-Economic Panel (GSOEP) waves 1984
to 1997, we analyze the effect of logarithmic real income on happiness. We
focus on single men and control for a second-order polynomial in age, and
two dummy variables indicating good health status and whether the person is
unemployed. For simplification, we reduce the total number of categories to
J = 4 by recoding the dependent variable as listed in Table 6.3.

Table 6.4 reports the results of the ordered logit and the generalized or-
dered logit models. Since the dependent variable has four categories, we get
three threshold parameters in the standard model, and three separate param-
eter vectors in columns (1) — (3) for the generalized model. Looking at the
estimation results, we recognize that the parameters of some variables (like
age or unemployment) do not differ much between the two models, whereas
the three income coeflicients in the generalized model change considerably
compared to the standard model. We can formally test for these differences
by conducting a likelihood ratio test. The appropriate test statistic for the null
hypothesis 51 = By = (3 is twice the difference of the log-likelihood values,
or 25.54. With a p-value of 0.004 we can clearly reject the standard model
in favor of the generalized model, and thereby reject the hypothesis of single
indices. Alternatively, we can test whether the parameters of income are the
only ones that differ across j with equal parameters for all other variables.

Table 6.4. (Generalized) Ordered Logit Estimates of Happiness Equation

Dependent variable: happiness

Ordered Generalized Ordered Logit
Logit (1) (2) 3)
logarithmic real income 0.064 0.133 0.038 -0.026
(0.058) (0.059) (0.059) (0.081)
age -0.074 -0.085 -0.064 -0.060
(0.017) (0.020 (0.018) (0.024)
age? x 1072 0.077 0.083 0.068 0.068
(0.016) (0.018 (0.016) (0.022)
good health 1.748 1.763 1.503 1.812
(0.146) (0.146 (0.158) (0.294)
unemployed -1.223 -1.210 -1.287 -1.010
(0.165) (0.182 (0.192) (0.320)
R1 -0.559 -0.222
(0.606) (0.691)
R 1.052 0.757
(0.608) (0.641)
i3 2.527 2.121
(0.610) (0.856)
Log-likelihood value -5,680.08 -5,667.31
LR 220.70 543.14
Observations 4,413 4,413

Notes: Standard errors in parentheses. Data: GSOEP 1984-1997.
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But what implications do these statistical differences in parameters have
for their interpretation? In Table 6.5, we report the MPE’s of income on hap-
piness. In the standard model, we obtain negative effects on the categories
very unhappy and unhappy, and positive effects on the categories happy and
very happy. Specifically, MPE = —0.0114 means that the probability of being
very unhappy decreases by 0.0114 percentage points if income is increased by 1
percent, given that all regressors are fixed to their means, i.e., given the char-
acteristics of an “average” individual. Similar, AMPE = 0.0078 means that
on average the probability of being very happy increases by 0.0078 percentage
points given a 1 percent increase in income.

Table 6.5. Marginal Effects of Income on Happiness

4 Categories in original scale from 0-10

0-5 6/7 8 9/10
very unhappy unhappy happy very happy
Ordered Logit
MPE -0.0114 -0.0039 0.0081 0.0073
(0.0069) (0.0024) (0.0049) (0.0044)
AMPE -0.0107 -0.0038 0.0067 0.0078
(0.0065) (0.0023)  (0.0041) (0.0047)
Generalized Ordered Logit
]\m -0.0236 0.0144 0.0121 -0.0029
(0.0077) (0.0091) (0.0100) (0.0070)
AMPE -0.0220 0.0133 0.0118 -0.0031
(0.0072) (0.0086)  (0.0097) (0.0074)
Multinomial Logit
MPE -0.0242 0.0168 0.0115 -0.0041
(0.0078) (0.0099) (0.0117) (0.0078)
AMPE -0.0224 0.0162 0.0109 -0.0048
(0.0072) (0.0095) (0.0114) (0.0082)

Notes: The MPE’s are calculated by fixing the explanatory variables at their means, the
AMPE’s are calculated as the average of the individual effects. Bootstrapped standard

errors in parentheses.

In contrast to that, the generalized model yields a negative MPE on the
highest category. For example, increasing income by 1 percent reduces the
probability of being very happy on average by -0.0031 percentage points. By
assumption, such a negative MPE is ruled out in the standard model with a
single index and positive income coefficient. Furthermore, the negative effect
on the probability of being very unhappy is higher than in the standard model,
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and the effect of income on the probability of being unhappy is positive rather
than negative.

In addition to ordered response models we also calculate the MPE’s ob-
tained from the MNL model, which turn out to be very similar to those in
the generalized threshold model with slightly higher standard errors. This
confirms our hypothesis of a violated single index assumption. We know that
the standard model is inconsistent if this assumption is not supported by
the data, and the generalized threshold model offers a consistent alternative
appropriately accounting for the ordered information in happiness responses.
The MNL model is consistent whether or not the data fulfill the single index
assumption, but inefficient when the dependent variable is indeed ordered.

Exercise 6.7.

e From the information given in Table 6.5, can you determine the
change in probabilities associated with a doubling of income? If so,
how? If not, why not?

6.4 Sequential Models

6.4.1 Modeling Conditional Transitions

In some applications, the ordinal information of the dependent variable arises
from a sequential mechanism in which categories can only be reached succes-
sively. Consider, for example, a classification of unemployment with the cat-
egories (1) short-term unemployment, (2) medium-term unemployment, and
(3) long-term unemployment, and suppose we are interested in the determi-
nants of being in one of the three states. Obviously, if a person is currently
classified in medium-term unemployment, she must have been classified in
short-term unemployment before. With the same argument, Category 3 can
only be reached if the person was classified in Categories 1 and 2 before. In
this section, we will discuss models for such ordinal outcomes which explicitly
account for the ordered and sequential information in the response variable.
The basic idea of a sequential model(Fienberg, 1980, Tutz, 1991) is
that of an underlying response mechanism starting in the first category. The
individual decides whether to stay in the first category, or to choose a higher
one. This binary decision is coded by 0/1 and yl(l) = 1 indicates whether
the process stops in the first (ca)utegory, which implies that we observe y; = 1,
1

or if the process continues, y,

;- = 0. Conditional on the continuation of the
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process, the transition from the second to the third category is determined by

y; = 2 against y; > 2, and the process stops if yl@ =1, and so on. In general,

the transition from category j to j +1 for j =1,...,J — 1 is indicated by

(6.28)

) { 1 if process stops, no transition to category j + 1
Y, =

0 if process continues, transition to category j + 1

Note that category J is chosen with probability one given that category J —1
is rejected, and therefore we do not need to model the last transition. To
summarize, we assume a conditional model of transitions, i.e., given that
category j is reached, does the process stop, or continue?

Sequential models can also be motivated by concepts of discrete duration
analysis. A common approach in the literature of grouped duration data is to
set an indicator variable equal to one if an individual exits the initial state in
a certain time interval, and zero if the individual remains in the initial state.
We will discuss these kinds of models in Chapter 8.

In order to formulate a conditional probability model for the ordered re-
sponses we start with the conditional transition probabilities. The probability
of event y; = j conditional on y; > j, i.e., conditional on “the process having
continued j — 1 times”, is assumed to be

P(y; = jlyi > j,x:) = F(oy + z53) (6.29)

where o is a category-specific constant, x;3 is the linear index of explana-
tory variables (excluding a constant), and F(+) is a monotonic transformation
mapping «; + ;5 onto the unit interval. Three special cases of this model are
prevalent in the literature, depending on the assumption about F(c; + ().

e Sequential Logit Model
with F(a; + z;3) = A(a; + x;3)
e Sequential Probit Model
with F(a; + 78) = &(a; + i)
e Proportional Hazards Model
with F(a; + 2}8) = 1 — exp(— exp(a + 2}3))

In general, sequential models differ from the threshold models as presented in
the preceding sections, 6.2 and 6.3. However, Ladra and Matthews (1985) show
the observational equivalence of the proportional hazards model and a thresh-
old model with type-I extreme value distribution F(u) = 1 — exp(— exp(u))
and single index.
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Exercise 6.8.

e (ritically evaluate a linear sequential model in which it is
assumed that F(a; + 2;0) = a; + x}0.

Once we have determined the conditional transition probabilities, the un-
conditional probabilities P(y; = j|x;), i.e., unconditional on y; > j but still
conditional on x;, are obtained from the recursive relationship

mij = P(yi = jloi) = P(yi = jlys > §,2:) P(yi > jlz:) (6.30)
In fact, it turns out that the conditional transition probabilities fully charac-
terize the probability function of y;. For example,
Ply;=1)=P(y; =1ly; > )P(y; > 1) = Py =1ly; > 1)
P(yi =2) = P(y; = 2ly; > 2)P(y; > 2)
(yi = 2lyi 2 2)[1 = P(ys = 1lys = 1)]
P(y; =3) = P(y; = 3ly; > 3)P(y; > 3)
(yi =3lyi 2 3)[1 = P(y; = 1) — P(y; = 2)]
(i =3lys 2 3)[1 = P(yi = 1y; = 1)][1 — P(y; = 2|y; = 2)]

where we dropped z; in the conditioning for notational simplicity. In general,
we can write

j—1
mi; = Pyi = jlyi = J, %) H[l = P(yi =rly; =, 2;)]
r=0
j—1
= F(a; +28) [[[1 - F(on + 2}B)] (6.31)
r=0
and it is understood that oy = —o0o such that F'(—oo) = 0. An important fea-

ture of the sequential model is that no restrictions on the parameter space are
required to ensure the existence of a proper probability function. This simpli-
fies estimation considerably. On the downside, due to the increasing number
of terms in (6.31), the calculation of marginal probability effects becomes
somewhat intractable, in particular for large J, since repeated application
of product and chain rules is required. We will discuss both issues, estima-
tion and interpretation of parameters, after the following section, 6.4.2, which
presents a useful extension of the basic model.
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6.4.2 Generalized Conditional Transition Probabilities

A natural generalization of the basic model is to assume category-specific
parameter vectors (;, again to allow for different effects on the conditional
transition probabilities. In this case, the probability of any y; = j conditional
on the process having continued j — 1 times can be specified as

P(yi = jlyi = j,wi) = Fla; + 33;) (6.32)

which yields the probability function

j—1

Ply; = jlai) = Flog +i6;) [] 1 = Floy +2i6,)] (6.:33)
r=0

Again, it is understood that ag = —oo such that F'(—oo) = 0. The equivalence

of proportional hazards and proportional odds model does not hold anymore
when parameters are different in each conditional transition.

6.4.3 Marginal Effects

The calculation of marginal probability effects in the standard or generalized
sequential model is not especially easy due to the increasing number of terms
in (6.31) and (6.33). In particular for large J, repeated product and chain
rules are required, and terms become more and more complicated. However,
it turns out that MPE’s in sequential models should be calculated successively,
starting with the first category,

MPE;;; = f(Oél + x;ﬁl)ﬂu (634)

where f(z) = dF(z)/dz. Equation (6.34) gives the approximate change in the
probability given a one-unit increase in the I-th element of x;. We directly
report the MPE of the generalized model with category-specific parameter
vector f1; the effect in the standard model can be obtained as a special case
if we replace (31 by (. For each of the j = 2,...,J remaining categories, the
MPE’s can be calculated as
j—1
MPE;j = f(o; +28)8u [[ [ = Flar +2}8,)]
r=1
j—1
— F(a;+8;) Y  MPE, (6.35)
r=1
where the MPE’s in the basic model are obtained if we let 81 = ... = (8;_1. It
follows from (6.34) and (6.35) that in the generalized sequential model, like in
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the generalized threshold model, the effects are local, as the parameter vectors
possibly (but not necessarily) vary by category.

Exercise 6.9.

e Verify the validity of equation (6.35) and that it can be used for the
MPE’s in the basic model under the restriction f; = ... = 85_1.

6.4.4 Estimation

Estimation of sequential models is more a matter of appropriately transform-
ing the dataset than of handling multiple products in the conditional prob-
ability function. From Section 6.4.1 we know that the sequential mechanism
reduces the overall model in a sequence of binary decisions, and the binary
variable indicating whether the process stops or continues in category j can
be used as dependent variable in each binary decision.

In the basic model, the parameter vector § is identical for all categories,
only the intercepts «; differ across j. In order to illustrate the data handling
for the purpose of estimation, we consider a simple artificial dataset. Let the
total number of categories be given by J = 4, and assume that two covariates
r1, T are available. The information for a total of n = 4 observations is
summarized in Table 6.6.

Table 6.6. Artificial Dataset

7 Yi Ti1 Ti2
1 2 3.2 5.4
2 1 1.1 6.8
3 4 2.5 4.2
4 3 1.7 0.3

We now expand the data such that the maximum of transitions for each
observation is related to the ordered response variable. Let a;; denote a dummy
variable indicating the transitions j = 1,...,J — 1 and index the expanded
data rows by ind. Then, the data have to be organized as in Table 6.7.

The first observation has been doubled since the process continued once
(from Category 1 to Category 2), and then stopped. The second observation
has not been expanded since y; = 1. The fourth observation has been tripled
since two transitions occurred before the process stopped. The third obser-
vation has been tripled as well although actual outcome was y3 = 4. The
reason is that reaching the last category is implied by not stopping in the
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Table 6.7. Data Organization in the Standard Sequential Model

W0

i (ind) Yi a1 2 a3 Til Tz
1(1) 2 0 I 0 0 32 54
1(2) 2 1 0 1 0 32 54
2 (1) 1 1 1 0 0 1.1 6.8
3 (1) 4 0 1 0 0 25 42
3(2) 4 0 0 1 0 25 42
3 (3) 4 0 0 0 1 25 42
4 (1) 30 1 0 0 17 03
4(2) 30 0 1 0 17 03
4 (3) 301 0 0 1 17 03

previous category, which has been indicated by setting the dummy ygg) = 0.

Now, the model can be estimated by a binary regression model, for example
the binary logit. As dependent variable we choose the binary outcome y§J ),
as explanatory variables we include the dummy variables «; (the category-
specific constants) and x1, 22, and we need to cluster the observations by 4 in
order to obtain valid standard errors.

In the generalized model, data handling is somewhat different, although
not substantially more difficult. Consider the same example as before. Taking
into account that parameters 3; now differ among the ordinal responses, we
explicitly include the expanding index for each observation in the regression.

Hence, we rewrite the data as in Table 6.8.

Table 6.8. Data Organization in the Generalized Sequential Model

o

<.
S
ISH

7 Yi T1i T24
1 1 2 0 3.2 5.2
1 2 2 1 3.2 5.2
2 1 1 1 1.1 6.8
3 1 4 0 2.5 4.2
3 2 4 0 2.5 4.2
3 3 4 0 2.5 4.2
4 1 3 0 1.7 0.2
4 2 3 0 1.7 0.2
4 3 3 1 1.7 0.2

The estimation procedure is as follows: we split estimation into J — 1
steps, i.e., we estimate J — 1 binary regression models conditional on the
particular values of ind. In the first step, we include all observations since all
observations have at least ind = 1. In the second step, we drop observations
with y; = 1, since these observations were not expanded and include only
those with ind = 2. In the third step, we also drop all observations with
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y; = 2, and so on. We call the included observations “at risk” since only
these observations might continue in the process. In each step, we use yZ(J )
as the dependent variable and include the regressors x; and x5 as well as an
intercept in the binary model, thereby getting category-specific parameters «;
and ;. The structure of the generalized sequential model allows for simply
adding up the log-likelihood values of each binary step to obtain the overall
log-likelihood. This value can be used for model selection, e.g., to discriminate

between the generalized sequential and the generalized threshold model.

6.5 Interval Data

We conclude this chapter by considering a special kind of ordered dependent
variables. As already mentioned in the introduction, the coarsening of a vari-
able, for example due to limited data availability, might produce an ordered
and discrete outcome, although the variable could, in principle, have been
measured continuously. A typical example is income data in household sur-
veys. People may find it easier to state their income class rather than their
exact income (and therefore express less reservations). Consider, for instance,
the categorization scheme in Table 6.9.

Table 6.9. Ezample of an Income Classification

Code (y;) Income class
1 y; < 30000
2 30000 < y; < 60000
3 60000 < y;° < 100000
4 100000 <

Such variables are also called interval data. Formally, this setting is
closely related to the standard ordered response models as presented in Sec-
tion 6.2. Again, a dependent variable with a relatively small number of ordered
(otherwise arbitrarily coded) outcomes is observed, and it is useful to think
of a latent model

Yl =z +u; u; ~ N(0,0?) (6.36)
describing, for example, the well-known linear model of a Mincerian earnings
function. Let Ko,...,k; denote the threshold values and assume again that
kg = —oo and k; = oo. The specific feature of interval data is that all

remaining thresholds are known as well; in the above example they are given
by k1 = 30, ke = 60’, and k3 = 100, unlike in the standard model in which
the x;’s are unknown and have to be estimated from the data.
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The latent model is converted into observed responses, using the same
classification rule as in equation (6.3). We have

mij = P(yi = jloi) = P(kj—1 <y; < Kjlz;)
= P(y; < rjlzi) — Py; < kj—1]zi) (6.37)

However, since the threshold values are known, the situation changes some-
what. Consider the probability that y; < ;,

P(y; < wjlzi) = Plu; < kj — x38|2;)
4 g
:p<wgﬁalﬂx0

o o
Kj —
:¢(Jﬁx0 (6.38)
o
where the last equality follows from the normality assumption of the error
terms. In contrast to the ordered probit model, we are now able to identify
all parameters of the latent model, i.e., we can estimate 0 as well as o.

Table 6.10. Log-Transformation of Income Classification

Code (y;) Income class Transformed income class
1 yi < 30000 logyr < 10.3
2 30000 < y; < 60000 10.3 < logy; < 11.0
3 60000 < y; < 100000 11.0 <logy; < 11.5
4 100000 < y; 115 < logy?

Of course, this method relies on the knowledge of the distribution of wu;
(and thereby that of y;). In the income example, we assumed that y, condi-
tional on z;, was normally distributed. This assumption is not realistic since
the normal distribution is symmetric, whereas income distributions tend to be
skewed to the left, with a steep increase on the left and a long right tail. More-
over, with ¥ being normally distributed, negative income values are possible.
These features can be accommodated if we let the latent model be given by

logy; =i +u;  ui~ N(0,07) (6.39)

Iflogy; is normally distributed, then y; has a log-normal distribution with
the desired features (positive, skewed to the left). In the above example, the
threshold values have to be modified and the classification scheme would look
like the one in Table 6.10. With this transformation of the threshold values,
we can apply the same principles as described in Section 6.2.
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6.6 Further Exercises

Exercise 6.10 Discuss the use of ordered response models in the following
empirical applications (see also Checkovich and Stern, 2002):

a) In what sense can the variable number of hours devoted per day to
a specific activity (such as taking care of ones elderly parents) be
interpreted as an ordinal variable?

b) Assume that a dataset contains a number of health impairment in-
dicators such as: problem getting in or out of bed (yes/no), problem
dressing (yes/no), problem eating (yes/no), etc. Such data are often
analyzed with ordered probit models — Explain.

Exercise 6.11 Derive a general expression of the score function and the
Hessian matrix in the ordered probit and the ordered logit model. How
can you obtain the ML estimators of 8 and x in both models?

Exercise 6.12 Suppose you want to estimate an ordered response model in
a dataset with the following response pattern:

y | (1) bad (2) so-so (3) good
n 26 53 31

Suppose the model has been specified as an ordered logit model with two
threshold parameters, k1 and ko, and without further covariates.

a) Derive the likelihood and log-likelihood function of the model.

b) Obtain the ML estimates of k1 and ks.

¢) Obtain the ML estimates of the outcome probabilities 1, 7o, and 3.
)

d) How can you obtain standard errors of the estimates in b) and c).

Exercise 6.13 Suppose you have a threshold model as described in Section
6.2.1 in which the error terms follow a type-I extreme value distribution?

a) Derive the probabilities of the J ordered outcomes.
b) Show that this model and the proportional hazards model (see Section

6.4.1) are observationally equivalent if the thresholds are appropriately
reparameterized.
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Exercise 6.14 Suppose you are interested in the determinants of health sta-
tus in Switzerland. In particular, you want to know how problems with
own children (measured as binary variable, 1=yes) affect a person’s health.
For your analysis you have access to data from the Swiss Household Panel
2000, which includes a variable indicating self-reported health status coded
as: (1) not in good health, (2) good health, and (3) very good health. You
estimate two ordered logit models:

Dependent variable: health status

Model 1 Model 2
problems with children -0.352 (0.136) -0.355 (0.136)
male 0.142 (0.086) 0.099 (0.088)
age -0.019 (0.003) -0.018 (0.003)
log(income) 0.399 (0.077) 0.339 (0.082)
highest education achieved (reference group compulsory school)
apprenticeship (1=yes) 0.312 (0.115)
university (2=yes) 0.376  (0.153)
K1 1.945 (0.930) 1.560 (0.975)
Ra 4.699 (0.936) 4.322  (0.980)
Log-likelihood value -2,090.87 -2,086.79
Observations 2,213 2,213

Notes: Standard errors in parentheses.

The mean values are given by 0.11 (problems with children), 0.42 (male),
48.82 (age), 11.43 (log(income)), 0.63 (apprenticeship), 0.18 (university).

a) Explain the special feature of the variable health.

b) Interpret the coefficients on problems with children, apprenticeship,
and undversity in Model 2 using discrete probability effects.

¢) Calculate the marginal probability effects of log(income) in Model
2 and use your results to calculate the approximate change in the
probabilities, given an one percent increase in income.

d) Test Model 1 against Model 2. What do you conclude?

Exercise 6.15 Human life expectancy has increased considerably over the
last century. What is the value of an additional, or for that matter any,
year of life? Recent literature in health economics recommends adjusting
for health impediments by defining a weight function d;; € (0,1). The
value of d;; is equal to one if individual 7 is in perfect health at time ¢, and
it is zero if the individual has died. Intermediate values apply to individ-
uals with impaired health, with values closer to one or to zero, depending
on the severity. The sum QALY = Zﬁo di gives the “quality-adjusted
life years”, where T; is the remaining expected lifetime.
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Exercise 6.16 The following questions relate to Kockelman and Kweon
(2002), who analyze a large sample of car accidents. The goal of their
analysis is to explain the severity of driver injuries, which are classified
into four categories: (1) no injury, (2) minor injury, (3) severe injury,
and (4) fatal injury. Consider the following results from an ordered probit

6 Ordered Response Models

This approach is exemplified in Cutler and Richardson (1997, 1998)
who use a large survey providing information on self-reported health, apart
from the incidence of a number of diseases. Answer categories include (1)
excellent, (2) very good, (3) good, (4) fair, and (5) poor. In order to obtain
QALY weights, they use the following estimation results of an ordered

probit model:

Dependent Variable: health status

Coefficient Standard Error QALY weight

arthritis -0.578 (0.010) 0.79
diabetes -0.927 (0.018) 0.66
stroke -0.692 (0.033) 0.74
asthma -0.708 (0.014) 0.74
bronchitis -0.370 (0.019) 0.86
hearing impairment  -0.200 (0.010) 0.93
paralysis -0.873 (0.034) 0.68
age -0.011 (0.0004)

age® x 104 -0.005 (0.0005)

male -0.028 (0.011)

male*age 0.010 (0.0006)

male*age? x 1072 -0.014 (0.0007)

3 -2.98 (0.010)

Ra -2.13 (0.008)

i 1,10 (0.008)

fia -0.28 (0.008)

Observations 246,625

a) Which normalization has been chosen in this estimation?

b) All the cut points are negative. Does this mean that an average person
has a high probability of reporting poor health?

¢) The QALY weights have been computed using the formula

QALY weight; =1 —

What is the implicit assumption on the value of the QALY index for
individuals below x1 (or above k4)? Critically evaluate this approach.

estimation:

—b

K4 — R1
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Dependent Variable: severity of injury

Coefficient p-value

age of driver (in years) x10~2 0.3171  0.0352
age squared x10~4 -0.1411  0.3877
male -0.2665  0.0000
police-reported alcohol involvement (1=yes) 0.2435  0.0000
driver has a past traffic

violation on record (l1=yes) -0.0877  0.0000
vehicle age (1999 — model year) x1072 0.7045  0.0000
driver driving a pick-up truck (l=yes) -0.1915  0.0000
driver driving a minivan (1=yes) -0.1549  0.0000
driver driving a SUV (1=yes) -0.2171  0.0000
driver driving a MDT (1=yes) -0.7743  0.0000
driver driving any other type of vehicle (1=yes) 0.1103  0.0000
(but not a passenger car, e.g., motorcycles, full-sized vans, or buses)
collision partner is a pickup (1=yes) 0.1458  0.0000
collision partner is a minivan (1=yes) 0.0598  0.0893
collision partner is a SUV (1=yes) 0.0935  0.0000
collision partner is a MDT (1=yes) 0.5444  0.0000
collision partner any other type of vehicle (1=Y) 0.1439  0.0000
(but not a passenger car, e.g., motorcycles, full-sized vans, or buses)
head-on crash type (1=yes) 0.5870  0.0000
rear-end crash type (l=yes) -0.1935  0.0000
rollover (1=yes) 1.0908  0.0000
left-side impact (1=yes) -0.0451  0.0032
right-side impact (1=yes) -0.1933  0.0000
1 0.0000 -
Ro 1.2290 0.0000
k3 2.3272 0.0000
Observations 65,510

Notes: SUV = sport utility vehicle; MDT = medium-duty truck.

rate?

Write down the formal model that the estimation is based upon.

Can you describe the type of accident that leads to the highest fatality

¢) Compute the predicted probability of a fatal injury for your chosen

scenario in question b).

Is it, as many people claim, dangerous to drive a sports utility vehicle?

Do you have all the information required to answer such a question?

Why or why not?



7

Limited Dependent Variables

7.1 Introduction

In this chapter, we present methods for mixed discrete and continuous — or
“limited” — dependent variables. The coexistence of discrete and continuous
aspects of a dependent variable is encountered in a wide range of different —
and at first glance unrelated — applications, see the following example, 7.1.
Upon closer inspection, however, it turns out that the formal structure of
these models is very similar, so that they can be usefully presented in a single
chapter, using a unified notation and estimation methodology.

Example 7.1. Applications

e The total hours of work in an economy can be computed as the number of
workers times the average number of hours worked per worker. How will
a wage increase affect total labor supply?

e If you try to estimate the average income of the Swiss population using
data on individual tax returns, do you think you are going to underesti-
mate or overestimate true income?

e Are wages of workers representative of potential wages of all persons?

e The observed health status may be lower among people with mandatory
health insurance than among those with additional private insurance. Can
you conclude that private insurance makes people sick?

In the first example, we have to realize that a sizeable fraction of the
working-age population does not participate in the labor market. These peo-
ple have a labor supply of zero hours. In microeconomic terminology, their
utility-maximizing choice between leisure and consumption is at the corner
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of the budget set — hence we call models for this type of situation corner
solution models. The second and third examples allude to the possibility
of a discrepancy between what we see in the data and what holds in the un-
derlying population. This is an instance of partial observability, or sample
selection. Finally, in the fourth example we face the question of whether the
assignment to health insurance is random. In that case, the effect of insurance
on health can be interpreted as a causal “treatment” effect, and the follow-up
question of what should be done — how the causal effect can be estimated —
if the assignment is non-random. This estimation problem is addressed in a
subsection on treatment effect models. To summarize, in this chapter we
distinguish between three main types of limited dependent variable models.

e Corner solution models
e Sample selection models
— Censoring
— Truncation
— Incidental censoring
o Treatment effect models
— Endogenous dummy variable
— Switching regression

7.1.1 Corner Solution Outcomes

In studies of consumer demand, one typically observes that many households
abstain from buying a certain product, or group of products, in any given
period of time. Other households buy various positive quantities. Hence, ex-
penditures are zero for a non-trivial proportion of the population, and positive
and continuous for the rest. Similarly, if we are interested in labor supply be-
havior, i.e., the number of hours of work per week, we will find that many
people work zero hours per week, while others work one, two, or more hours.

In either case, the underlying data generating process can be conceptu-
alized as arising from utility maximization under constraints, where both
interior (i.e., continuous) solutions and corner (i.e., discrete) solutions are
possible, depending on the person’s preferences and constraints. Following
Wooldridge (2002), we therefore refer to such dependent variables as corner
solution outcomes. One objective of this chapter is to formulate and de-
scribe econometric models that jointly describe a binary outcome — whether
we have a corner solution or an interior solution — and the continuous value
of the interior solution if it applies.
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7.1.2 Sample Selection Models

The common feature of sample selection models is that a standard contin-
uous regression model is assumed for the population, and the purpose of the
analysis is to draw inferences about the parameters of this underlying popula-
tion model. However, the sampling or data collection process is such that we
cannot observe the full range of the population model. Either the dependent
variable is only partially observed, or certain observations are excluded
from the sample altogether. The nature of the problem depends on the type
of selection rule, whether censoring, truncation, or incidental censoring.

With censoring, the precise value of the underlying continuous variable
is unobserved if it falls below or above a certain censoring (or threshold)
value, i.e., we know that the continuous dependent variable falls within the
censoring range, but not the exact value. The censoring value is known. In
contrast to interval data discussed in the previous chapter, the dependent
variable is fully observable in the non-censored range. An example of censoring
is information on personal wealth that has been top-coded for confidentiality
reasons. Top-coding means that the information is given in dollar amounts up
to a maximum value, and as a class indicator for all wealth amounts beyond
that maximum value. Another example of top-coding was given in Table 1.1,
where the largest category for the number of children ever borne to a woman
was listed as “8 or more”.

With truncation, the whole observation is excluded from the sample if
the underlying continuous variable falls below or above a certain truncation
point. For example, most countries have a minimum amount of earnings below
which no tax-return needs to be filed. Therefore, the distribution of earnings
obtained from tax records is truncated below this point. Without further
assumptions, we cannot use the tax distribution to estimate parameters of the
earnings distribution in the whole population. Generalizations of censoring
and truncation are obtained if the selection rule does not depend on the
outcome of the underlying continuous variable, wealth or income in the above
examples, but rather on the realization of a secondary process. This aspect
will be discussed in the section on incidental selection models.

The distinction between corner solution and sample selection models is
first and foremost a matter of interpretation. In the former type of model, the
discrete outcome is an economic choice with a meaningful interpretation in
the population. In the latter, the discrete outcome reflects a data deficiency.
It tells us that some value in the censored range has been realized, without
any way of knowing which one. As a consequence, the quantities of interest
in the two models are quite different, as we will see in detail below.

Nevertheless, the previous literature has not always been sufficiently clear
on this point. Potential confusion can arise because the log-likelihood function
is partly continuous and partly discrete in both applications, and it can even be
identical in a certain corner solution model and a certain censored regression
model — the so-called Tobit model. To avoid this confusion, we use the term
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“Tobit” only when applied to corner solution applications, as in the original
paper by Tobin (1958).

7.1.3 Treatment Effect Models

There has recently been much interest in the econometrics community in
developing and applying methods of program evaluation (see Heckman and
Vytlacil, 2005, for a recent exposition). For example, a training program is
offered to a group of unemployed persons, and one may be interested in finding
out whether the persons are better off (for example, in terms of re-employment
probability or wages) with the training than they would have been without it.
Since this type of estimation problem has much in common with analyzing the
effectiveness of a medical treatment, say, and since some of the methods were
adopted from an earlier literature in biometrics, the term “treatment effect”
has become quite common in econometrics as well, notwithstanding the fact
that related models have been used much earlier under different names. An
exemplary “treatment” considered in economic applications is, then, whether
a person participated in such a training program (d = 1), or whether he/she
did not participate (d = 0).

Interestingly from our point of view, treatment effect models thus defined
share three main features with the selection models introduced in the previ-
ous section. First, a constituent feature of a “treatment”, as defined in this
literature, is that it is binary, whereas the outcome variable is often continu-
ous. Therefore, treatment models and censored models both combine discrete
and continuous elements. Second, there is a problem of partial observability:
we cannot observe the hypothetical (or counterfactual) outcome for treated
people without the treatment. Similarly, we cannot observe the hypothetical
outcome for the control group with the treatment. And third, as censoring
may be non-random and related to the outcome of interest, it may be that
the assignment to treatment and control is not random but rather related to
the outcome as well. It should not come as too great a surprise, then, that
simple OLS often fails in treatment models, and that formal methods of es-
timating the causal effect of a treatment are closely related to the sample
selection methods. This is further discussed in Section 7.4.
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7.2 Tobin’s Corner Solution Model

7.2.1 Introduction

Consider the amount of an individual’s expenditure for health services in the
previous month, or the hours of work spent in the labor market. Such data
have two main characteristics:

1. they are non-negative
2. they have a cluster of observations at “zero”.

Therefore, a coherent econometric model should be able to account for these
two features. It should attribute a positive probability mass to the discrete
outcome “zero”, and it should exclude negative predictions. A simple linear
regression model is inappropriate in this context for the following reasons:
first, it ignores that the dependent variable, consumer expenditures, cannot
be negative. Ignoring this restriction will be inefficient. Moreover, predictions
outside of the admissible range of values are possible. Second, the linear re-
gression model imposes constant marginal effects, which is unrealistic in a
model where the dependent variable is bounded from below. Also, it is not
possible to impose the non-negativity and non-constant marginal effects by
log-transforming the dependent variable, since the logarithm of zero is not
defined. Moreover, any purely continuous data model does not account for
the cluster at zero.

The main limitation of the linear regression model therefore is that it
cannot be used to analyze the quantities of interest in such corner solution
models. While the regression is a model for the expectation E(y|z) (conditional
on z but unconditional on y being positive), in the corner solution model, we
also want to learn something about

e P(y=0|z) =1— P(y > 0|z), the probability of having zero expenditures,
and

e E(yly > 0,x2), the expected expenditures conditional on having positive
expenditures.

For notational simplicity, we will drop the individual subscript ¢ for the rest
of this chapter, if it is not necessary. By the law of iterated expectations,

E(y|z) = P(y =0|z) x 0+ P(y > 0|z) x E(yly > 0,x)
= P(y > 0|z) x E(yly > 0,z) (7.1)

Therefore, a coherent model for such data should combine both a binary
part, ensuring that 0 < P(y > 0Olz) < 1, and a positive regression part,
ensuring that E(y|ly > 0,2) > 0. For example, one could model the binary
part as a probit model and the positive part as a log-linear model. Indeed,
this suggestion was made by advocates of so-called “two-part models” (see,
for example, Duan et al., 1983).
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7.2.2 Tobit Model

The classical solution put forward by Tobin (1958) was a different one. He
proposed a model where both aspects, P(y > O|xz) and E(yly > 0,x), are
manifestations of a common underlying latent variable model for y*. Let

y =28 +u u|lr = Normal(0,0?) (7.2)

In the Tobit model, this latent model has no interesting interpretation per se;
it is a purely artificial device. The object of interest is the discrete-continuous
y, which is defined as follows:

y = max(0,y*) (7.3)

which means that y = y* if y* > 0 and y = 0 if y* < 0. The two equations
(7.2) and (7.3) fully characterize the Tobit model, and a number of properties
can be derived directly. The probability of a zero is given by

P(y = 0|z) = P(y* < 0lz) = P (” < _”{TB ‘x) —1-9¢ <”3'B> (7.4)

g g

and for positive observations, the density is

f@xmi®==¢%mem4};<yjf%>1:=i¢(y;fﬁ) (1.5

where @(-) and ¢(-) denote the cumulative density function and density func-
tion of the standard normal distribution. Given an independent sample of
observations, the two parameters ¢ and § can be estimated by maximum
likelihood, and the likelihood function is given by

n
L(B,a:y.2) = [ [ F(yi = 0)' @ = f(yi, i > 0)T =0

| _ i — I(y:>0)
1ﬂ—¢ummﬂ“’“F¢(yﬁﬂ (7.6)

=

1=
n
e o o

=
where I(-) is an indicator function that returns the value one if the statement
in parentheses is true and zero otherwise. It can be shown that the Tobit
log-likelihood function is globally concave (Olsen, 1978). The MLE is asymp-
totically normally distributed with the variance matrix given, for example, in

Maddala (1983, p. 155) and Amemiya (1985, p. 373).
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Example 7.2. Female Hours of Work

The following table shows the OLS and Tobit estimates for a dataset of 753
women, 428 of whom had positive hours of work in 1975, while the remaining
325 women did not work for pay in 1975. The data were extracted from the
Michigan Panel Study of Income Dynamics (PSID). The subsample employed
here was used by Mroz (1987), where further details can be found.

The dependent variable is the annual hours of work (standard errors in
parentheses). Here, we report estimates from a reduced-form specification,
where the explanatory variables include human capital proxies and a num-
ber of variables capturing the preferences towards leisure, and thereby the
marginal ratio of substitution between leisure and consumption. A variable
that is conspicuously missing is the wage rate. Including the wage would lead
to a structural labor supply equation. Estimation of such a structural
equation introduces additional econometric complexities — we do not observe
the wages for women who do not work — that are not accounted for by the
simple Tobit model. These will be discussed later in Section 7.3.6.

Table 7.1. Tobit and OLS Estimates of Female Hours of Work

Dependent Variable: hours of work

Tobit OLS (all)  OLS (positive)
nonwife income -8.81 -3.45 0.44
(4.46) (2.54) (3.61)
years of schooling 80.65 28.76 -22.79
(21.58) (12.95) (16.43)
years of experience 131.56 65.67 47.01
(17.28) (9.96) (14.56)
(years of experience)? -1.86 -0.70 -0.51
(0.54) (0.32) (0.44)
age -54.41 -30.51 -19.66
(7.42) (4.36) (5.89)
# kids less than 6 years -894.02 -442.09 -305.72
(111.88) (58.85) (96.45)
# kids between 6 and 18 -16.22 -32.78 -72.37
(38.64) (23.18) (30.36)
constant 965.31 1,330.48 2,056.64
(446.44) (270.78) (346.48)
o 1,122.0 750.2 725.7
R-squared 0.27 0.14
Log-likelihood value -3,819
Observations 753 753 428

Notes: Standard errors in parentheses.
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Three models were estimated. The first column gives the Tobit estimates,
the second the OLS estimates using all observations (the dependent variable
“hours” is either zero or positive) while the third column gives the OLS esti-
mates on the sample of 428 positive observations. Clearly, the point estimates
differ widely among the three models. In order to understand why this is so,
and how the parameters should be interpreted, we require additional results
on truncated normal distributions and conditional expectations in the Tobit
model which will be discussed next.

7.2.3 Truncated Normal Distribution

In order to provide a full analysis of the properties of the Tobit model, we
need to make use of some elementary statistical results related to the truncated
normal distribution. These results will be needed later on, in the discussion
of diverse sample selection models and treatment effect models as well.

Consider a random variable y with density function f(y). Let y be trun-
cated from below at a. The truncated density function f(y|y > a) is obtained
by rescaling the original density function f(y)

fly)  _ fl)
Ply>a) 1-—F(a)

flyly >a) = (7.7)

where F(a) is the cumulative density function of y at point a, so that the
density integrates to one over the range above a. Therefore, if y is normally
distributed with expected value p and variance o2, the truncated density
function can be written as

faly> 0= 2o (121) [ - (221)] (79)

where ¢ and @ are the density and cumulative density functions of the stan-
dard normal distribution, respectively.

Figure (7.1) shows three density functions: the untruncated standard nor-
mal distribution and two truncated-from-below standard normal distributions
with truncation points a = —1 and a = 0, respectively.

Expectation of Normal(0,1) Variable Conditional on Truncation

In the following, we frequently require an expression for the expectation of
a truncated normal distribution. First, consider the case of the standard
normal distribution. Let u ~ Normal(0,1). Then for any ¢
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Fig. 7.1. Density Functions of Truncated Normal Distributions
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The last equality follows since

o) = o (et ) = —uetw

and therefore

o0

/ " ) = —p(u)

C

215

The result that the conditional expectation can be written as a ratio of den-
sity ¢(c) and complementary cumulative density function 1 — &(c) depends
crucially on the distributional assumption. For distributions other than the
normal distribution, the conditional expectation does not, in general, have

such a simple expression.

7.2.4 Inverse Mills Ratio and its Properties

The quantity A\(0) = ¢(§)/P(0) for § € (—o0, ) is also known as the inverse
Mills ratio. It is defined as the ratio of density and cumulative density of

the standard normal distribution. In the present case, since ¢(c)/[1 — &(c)]

¢(—c)/P(—c), we can rewrite the central result (7.9) as
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E(ulu > ¢) = AM—¢) (7.10)

The inverse Mills ratio A(J) plays a very important role in the further devel-
opment, and therefore we will list some of its main properties here. First, it
is bounded from below at 0. This follows directly, since both the numerator
¢(9) and the denominator @(§) are non-negative quantities. Second, the in-
verse Mills ratio is also bounded from below at —d. This bound follows, since
A(6) = E(uu > —¢), where u has a standard normal distribution, and it must
be the case that an expectation is always greater or equal than its smallest
value, in this case —¢§. Combining these two results for all possible values of ¢
(positive or negative), we obtain a lower bound for the inverse Mills ratio:

A(0) > max(0, —9) (7.11)

This bound ensures that A(§) + d > 0 for all values of . Moreover, we would
like to know how A(J) changes as § increases. Direct differentiation of A\(d) =

¢(6)/9(6) gives
N (8) = —A(6)[A(8) + 4] (7.12)

This expression is always negative, which proves the result that the inverse
Mills ratio is monotonically decreasing in §. In principle, the ratio of den-
sity and distribution function can be computed for any continuous univariate
distribution F'(§). Since the inverse Mills ratio is the first derivative of the
logarithmic distribution function, it is decreasing in ¢ as long as log[F'(0)] is
concave. This property is referred to as log-concavity (Heckman and Honoré,
1990). A sufficient condition for log-concavity of a cumulative density func-
tion is log-concavity of the density itself. It is easy to verify that this sufficient
condition is fulfilled in the case of a standard normal distribution (the second
derivative of In¢(z) is -1), which is another way of showing that the inverse
Mills ratio A(4) is decreasing in 4.

In the present case, we have § = —c so that we know that E(ulu > ¢) is
monotonically increasing in c.

Exercise 7.1.

e (Calculate the expected value of a standard normal density that is
truncated below zero.

e Derive equation (7.12) explicitly.

Expectation of Normal(u,o?) Variable Conditional on Truncation

The above results generalize directly to Normal(u,o?) distributions. Since for
u ~ Normal(0, 1), we know that y = u+ou has a Normal(u, 0?) distribution,
we obtain the following conditional expectation for truncation below a:
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E(yly > a) = E(u+ oulu + ou > a)
u+aE(uu>a_u) (7.13)

o
¢(a)
1—P(a)
where a = (a — p1) /0. Often, we will require results for truncation-from-below
at zero. In this case, the expected value of the truncated variable can be
written as

=pu+o

P(—p/o)
1—&(—p/o)
o(p/o)
(o) (7-14)
= p+oA(u/o)

E(yly>0)=p+o

:u—}—o’

Fig. 7.2. Expected Value and Inverse Mills Ratio for Truncated Normal Distribution

The relationship between truncated and untruncated expectations for
truncation from below at zero, as a function of u, is depicted in Figure
7.2. Here, the point of departure is a normal distribution with unit variance
N(u,1). Therefore, E(yly > 0) = pu + A(n). We see, as it should be, that
the conditional expectation never falls below zero, even if i is negative and
large in absolute value. Clearly, the more the distribution is truncated, i.e.,
the smaller the mean p relative to the given truncation point (here 0), the
larger the discrepancy between the truncated and untruncated expectations.
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So far, all results are valid for truncation from below (from the left, a
lower bound). Similar results exist for truncation from above (from the right,
imposing an upper bound). A derivation similar to the one in (7.9) shows that

¢(a)

E(yly <a) =p - “B(a) (7.15)

Exercise 7.2.
Let u ~ Normal(0,1).

e Show that
P(c)

E(uju<c¢)=——+%

P(c)

where ¢(-) and @(-) are density and cumulative density of the stan-
dard normal distribution, respectively.

e Verify that E(u) = E(u|u < ¢)P(u < ¢) + E(ulu > ¢)P(u > ¢) = 0.

Finally, truncation obviously affects the higher-order moments of the dis-
tribution as well. For example, if y ~ Normal(u,0?), one can show that

Var(yly > a) = 0?(1 — Ma)(AMa) — a)) (7.16)

where a = (a — p) /o and A(a) = ¢(a)/P(a) as before. Therefore, a truncated
normal distribution is heteroscedastic — it has a variance that depends on
1 — even if the underlying population distribution is homoscedastic.

7.2.5 Interpretation of the Tobit Model

We are now in a position to establish the central properties of the Tobit model,
in particular the conditional expectation function (CEF) and the marginal
effects. We start with the latent model. E(y*|z) is simple — since linear in § —
but not interesting, because it lacks a meaningful substantive interpretation.
The other aspects of the model are more complicated, since they are non-linear
functions of the parameters. In particular, we can distinguish

P(y = 0x)
P(y > 0|z)
E(y|x)
E(ylz,y > 0)

All of these entities can be of substantive interest, depending on the question
one wants to address. For example, in the labor supply of women, one may
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want to find out how, say, education affects the probability of participating
in the labor force. Similarly, one can study how the expected hours among
workers, or the expected hours among all women, vary as the level of education
increases. These entities are not unrelated in the Tobit model. First, by the
basic laws of probability, P(y = O|z) = 1 — P(y > 0|z) and E(y|z) = P(y >
0lz)E(y|z,y > 0). Second, they all depend on the same basic two parameters
3 and o2. Based on the Tobit specification, we have

Ply > 0l) = &(«/8/) (7.17)

E(yly > 0,2) = 2/ + o\(2'/0) (7.18)
and

E(ylz) = (a'B/0)[a'B + oA(2'B/0)] (7.19)

The three functions (7.17) - (7.19) are plotted in Figure 7.3 against u = 2/(.
We see that E(yly > 0,2) > E(ylz) > E(y*|z). We can use the figure to
make the following observation about the slopes, and thus implicitly about
the marginal effects. For a given increase in p, for instance Ay = (; Az, where
B > 0 and Az; > 0, we see that AE(yly > 0,z) < AE(y|z) < AE(y*|x) =
Ap. The inequalities need to be reversed if p is decreased. A more formal look
at marginal effects comes next.

Fig. 7.3. Conditional Ezpectation Functions in the Tobit Model (0% = 1)
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Marginal Effects

The marginal effect for the probability of a corner solution is simply

OP(y = 0lx)

B = —0B/o)h, (7.20)

To obtain the first derivative of the conditional expectation of the Tobit
model, we make use of the result on the first derivative of the inverse Mills
ratio (7.12). Therefore

OE(yly > 0,z)

S = {1 =A@ /0) '8/ + Ma'B/o)]} (7.21)

Since the unconditional expectation in the Tobit model is given by E(y|z) =
P(y > 0jz)E(yly > 0,z), the overall marginal effect OE(y|x)/dz; can be
written in general as

OE(ylz) _ 0P(y > 0|z

D2, o2, (yly > 0,2) + P(y > O|z)

IE(yly > 0,z)
89@

(7.22)

This derivative has an interesting economic interpretation. The overall effect
is the sum of an effect at the

e extensive margin (e.g., how much more likely a person is to join the
labor force as education increases times the expected hours)

and an effect at the

e intensive margin (e.g., how much the expected hours of work increase
for workers as education increases times the probability of participation)

Under the assumptions of the Tobit model, the formula for the marginal effects
of the unconditional expectation is remarkably simple. It can be verified
by plugging in the appropriate expressions in (7.22) that

OB (y|r)

o Bi®(2'3/0) (7.23)

Hence, the overall marginal effects are just a scaled version of 3;. Moreover,
the relative marginal effects

OE(yls)/0x _ B
OE(y|x)/0xm  Bm

are constant. We also see that the larger 2/, i.e., the larger ®(2'8/0) and the
smaller the probability of a zero, the more similar the models for y and y*,
and thus the conditional expectations and the marginal probability effects.

(7.24)
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As fewer and fewer individuals are observed at the corner outcome, the Tobit
model converges to the normal linear model.

Exercise 7.3.

e Verify the validity of equation (7.23).

e What is the marginal effect of a woman’s education on the expected
number of (total) hours in the Mroz example?

7.2.6 Comparing Tobit and OLS

In this section, we show that application of the linear regression model to
corner solution problems leads to a biased estimator of 3. The reason is that
OLS estimates a linear CEF — indeed, OLS is the best linear predictor —
whereas the true model has a non-linear CEF. However, one should keep in
mind that § alone is not of great interest in the corner solution model. At
the end of the day, we are interested in marginal effects. While OLS fails to
capture the non-linearity of marginal effects, the full-sample OLS estimates
may actually provide a good approximation of the true marginal effects at the
average values of the explanatory variables.

In principle, there are two possibilities to estimate a linear regression model
for corner solution data. First, one may discard part of the sample and in-
clude only non-limit observations. Alternatively, one may use the full sample
including the observations for which y; = 0. Both approaches lead to a bias
towards zero. As we have seen previously,

OE(yly > 0, x)
and
OE(ylz)

The bias arises since OLS estimates a linear approximation of the left-hand
side marginal mean effects. An alternative way of looking at this problem is to
interpret the bias as an omitted variable problem. For example, remember
that the CEF for the positive part of the model was given by

E(y|z,y > 0) = 2’8+ oA(2'B/0) (7.27)
The error term in a regression of ¥ on x without including the second term is

v=o\a'B/o) +u
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where u is a “well-behaved” error with mean independence. However, corre-
lation between the regressor x and v exists, since = is in general correlated
with the inverse Mills ratio. The direction of the bias depends on the sign of
the correlation between the regressor x and A. As we recall from Figure 7.2,
A decreases in its argument. For positive 3;, there is a negative correlation
between z and v and the bias is downward. For negative (;, there is a positive
correlation and the bias is upward. Hence, in general we have a bias towards
zero, or attenuation bias. This result holds unambiguously for a single re-
gressor or for a set of orthogonal regressors. In other cases, cross-correlations
may complicate the analysis.

To get an idea about the magnitude of the bias, recall that the Tobit
marginal effects are given by OE(y|z)/0z; = [;P(x'F/0). The full-sample
OLS coefficients, say 4;, are direct estimates of the marginal effects. Since
the Tobit coefficients 3; are multiplied by a factor with a value between zero
and one, it will tend to be the case that |3;] > |¥;|. Moreover, the Tobit
coefficients will exceed the OLS estimates roughly by a factor of &(z/3/5),
where Z are the mean values of the explanatory variables. This approximation
is less appropriate for discrete explanatory variables, where the non-linearity
may lead to larger discrepancies.

Example 7.3. Female Hours of Work, Continued

Recall the labor supply example using data on 753 married women, 325 of
whom did not work for pay in 1975. The Tobit and OLS results were shown in
Table 7.1. Not surprisingly, we find that the Tobit estimates are much larger
(in absolute value) than the OLS estimates. This is an illustration of the bias
in the underlying 3 estimates of OLS in the corner solution case. However,
it must be emphasized again that the latent model is not of any interest per
se in this context. Most importantly, one should not think that the greater
coefficient estimates in the Tobit model must imply a greater response of the
dependent variable to changes in the independent variable in the Tobit model.
Recall the formula for the marginal effects in the Tobit model. To compare
the first and second columns, we need to consider the unconditional marginal
effect OE(y;|x;)/0x;. In the OLS model, this is simply the estimated coeffi-
cient. In the Tobit model, we have OE(y;|z;)/0x; = 8P (x;5/0). The average
adjustment factor is approximately equal to the probability of a positive ob-
servation. This probability varies from person to person, with an average of
0.65. Hence, the marginal effect of nonwifeinc for a woman with average par-
ticipation probability is (0.65) - (—8.81) = —5.7 in the Tobit model, compared
to -3.5 in the OLS model.
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7.2.7 Further Specification Issues

As always in maximum likelihood estimation, we require in general that the
model be correctly specified. In the Tobit model, this means in particular
that the errors in the latent model are normally distributed and that they
have a constant variance. Violations of these assumptions would mean that
the likelihood function is misspecified, that the formulas for the unconditional
expectation E(y|z) and the conditional expectation E(y|ly > 0,z) are wrong,
and that the estimator is no longer consistent. In this sense, OLS is much
more robust since the desirable property of unbiasedness does not depend on
the error distribution — provided mean independence holds.

One important restriction of the Tobit model is that the same process
drives the probability of a corner solution and the conditional expectation of
positive outcomes. For example, consider the labor supply application and the
question of how age affects hours of work. In the standard Tobit model, it is
precluded a priori, by functional form assumption, that a factor such as age
could, for example, reduce the probability of participation (because of early
retirement), but increase hours of work conditional on participation (i.e., older
workers might have a lower part-time rate than younger ones).

One way to evaluate the appropriateness of the Tobit model is to estimate
a simple probit model, where the binary outcome is either y =0 or y > 0. In
this model, we know that we estimate the scaled coefficients v = /0. We can
then compare 4 from the probit with the ratio of the Tobit estimates B /6. The
two will never be identical because of sampling error. But they should be in
the same order of magnitude if the Tobit model, as represented by equations
(7.2) and (7.3), is correct. It would be a worrying sign if, for instance, one of
the coefficients switched its sign.

In this case, one might instead consider the two-part model that was first
proposed by Cragg (1971). In particular, he suggested to separately estimate a
binary model for P(y = 0|z) and a truncated-at-zero model for E(y|y > 0, z).
An interesting aspect of this approach is that the standard Tobit model is
nested, and the restriction implied by it can therefore be tested by a simple
likelihood ratio test. Other two-part models that do not nest the standard
Tobit model are discussed by Duan et al. (1983).
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7.3 Sample Selection Models

7.3.1 Introduction

Sample selection models are models of partial observability. It is useful
to distinguish between two cases. Under censoring, the precise value of the
dependent variable is unobserved if it falls below or above a certain threshold
value. The partial observability may be due to things like coding, sampling
process or other factors. For the censored observations, we know that the con-
tinuous dependent variable falls in the censoring range but not the precise
value. In the non-censored range the dependent variable is fully observable.
Clearly, this is not a corner solution problem. Examples of censored dependent
variables include “top-coding” of income, age at first birth, which is censored
(unobserved) for childless women before the end of their reproductive period,
the duration of marriage or unemployment, or wage offers that are only ob-
served for workers.

With truncation, the whole observation is excluded from the sample if
the underlying variable falls below or above a certain truncation point. Both
censoring and truncation are always defined in relation to the dependent
variable, either in a univariate setting or in a regression context. The following
example illustrates the two concepts, using artificial data.

Example 7.4. Artificial Data with Censoring and Truncation

In Table 7.2, the first column shows ten pseudo-random numbers that have
been independently drawn from a Normal(0,1)-distribution. They are ar-
ranged in increasing order.

Table 7.2. Artificial Data with Right-Censoring and Truncation at One

Observation Full Sample Censored Truncated
1 -1.70 -1.70 -1.70
2 -0.80 -0.80 -0.80
3 -0.65 -0.65 -0.65
4 -0.62 -0.62 -0.62
5 -0.19 -0.19 -0.19
6 0.05 0.05 0.05
7 0.16 0.16 0.16
8 0.81 0.81 0.81
9 1.27

10 1.62 .

z -0.005 -0.367 -0.367

Suppose, instead, that observations are censored from above at one. This
means that the exact values for the two observations 9 and 10 are missing.
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It is only known that their value exceeds one. This is shown in the second
column. Despite the censoring, the sample still consists of ten observations.
This changes once we consider a sample that is truncated from above at one.
In this case, the sample only includes the eight non-truncated observations,
as seen in the third column of Table 7.2. Naturally, we find that the means of
the censored (using non-censored observations only) and truncated samples,
respectively, are smaller than the mean of the full sample.

The central insight of this chapter is that we can draw inferences on the
expectation p in the full sample, even if we can only see the censored or trun-
cated data. The crucial identifying assumption is that the distribution of
the population is known up to the parameters. In this chapter, we exclu-
sively deal with the normal distribution, although the principles and methods
directly apply to any other distribution function as well.

Example 7.5. Estimation of Population Parameters with Censoring

From the second column of Table 7.2, we know that 20 percent of the observa-
tions are non-censored, and that the censored mean is -0.367. These two pieces
of information can be used to estimate i as follows. Because of normality, we
know that

P(censored) =Py >1)=1—- (1 — ,u)
o

Hence, we can use the analogy principle to obtain estimates by considering
the corresponding sample relationship.

1—p

g

=& 1(0.8) = 0.842

and therefore i = 1—0.8426. Moreover E(yly < 1) = u—oA((1 — ) /o), and
thus

$(0.842)

i = —0.367 + 6
a T 08

= —0.367 + 0.350 6

We obtain two linear equations in two unknowns with solution g = 0.034
and & = 1.147. These are reasonably close to the true values. Alternative
identification strategies could be based on higher-order moment restrictions
(e.g., equation (7.16)).
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7.3.2 Censored Regression Model

Suppose that the population of interest follows a normal linear regression
model such that

y=a+u  ulx~ Normal(0,0?) (7.28)

where u and = are independent. The parameters of interest are the regression
parameters (. If y were observed, we could obtain the best linear and unbiased
estimator by simple OLS estimation. However, y is not fully observed. We
observe only w such that

w = max(y, ¢) (7.29)

where c is the individual censoring point. Thus, data are censored from below
at c. If ¢ = 0, for example, we have a model with censoring from below at
zero. In other words, negative values of y are not observed, but records with
negative y are kept in the sample. This situation is formally the same as
Tobin’s corner solution model in Section 7.2. However, the interpretation is
different (see Section 7.1.2), and in order to minimize confusion between these
two models, we use different notation: in the Tobit model, the linear model
is for y* while we observe y. In the censored model, the linear model is for y
while we observe w. In both cases, y is the main variable of interest.
In the censored regression model, we therefore have two possibilities:

e Either w = y, with probability

flws> elai o) = (1/0) o (227 (7.30)

g

e or w = ¢ in which case we know that y < ¢ falls in the censoring area, and
the probability of this event is

A
Ply<cz)=9 <C i ﬂ) . (7.31)
(o
With censoring from above, the observation rule needs to be rewritten as
w = min(y, ¢) (7.32)

In this case, the censoring probability is

Ply>clz)=1-@ (C _axlﬁ> . (7.33)
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Example 7.6. Regression Analysis with Censoring

The following example illustrates the effect of censoring from above at zero.
100 data pairs (y;, ;) were generated according to the following rule. First,
100 values for the regressor x; were chosen as equally spaced on the interval
(—4,+44). Second, the dependent variable y; was generated as y; = 0+ 0.5 X
r; + u; where u; is a sequence of pseudo-random numbers from a standard
normal distribution (with seed 123 in Stata). Finally, the censored variable w;
was obtained using the “min”-rule: w; = min(y;,0). The circles in Figure 7.4
represent uncensored data points, whereas the triangles show the data after
censoring.

Fig. 7.4. Simulated Data for Regression with and without Censoring

4,

If we attempt to estimate the slope parameter 8 by OLS using uncensored
observations only, we obtain a slope parameter of Bols = 0.242 (with standard
error 0.034). Clearly, this parameter is much smaller than the true parameter
of 0.5. Moreover, it has no useful interpretation (such as bestlinear predictor,
or as an approximation to a nonlinear CEF); it simply is a biased estimator,

and the direction of the bias with any censoring is"to‘w‘ards‘ zero.

>0 o o
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7.3.3 Estimation of the Censored Regression Model

The obvious estimation method for the model parameters is ML. For example,
with censoring from below at ¢; the log-likelihood function is given by

log L(3,0 Z log[ ( /5)]

yi<ci

Z ~5 {log(%r) +logo? + (7.34)

(yi — 2iP)° }
Yi>Ci U
For ¢; = 0, this is exactly the likelihood function of Tobin’s corner solution
model (see equation (7.6)). The main difference is the information transmit-
ted by the discrete part. In the corner solution model, the discrete part gives
the probability of a zero, and this specific value has a well-defined quanti-
tative meaning. In the censored regression model, however, the discrete part
describes an interval of possibilities, namely that y; takes some value below
the censoring value ¢;. This is clearly different.

Censoring from below at ¢; = 0 is a special case for which it appears almost
impossible to find a good economic application. It is much more common to
encounter a varying censoring level, possibly in combination with censoring
from above. A typical example of this combination arises in the analysis of
durations of spells, such as unemployment or time to first birth. If the ter-
minating event has not occurred at the time when the observation is made,
the true (eventual) duration is unknown and the measured duration is cen-
sored from above. Another model with varying censoring level, the so-called
incidental censoring model, is introduced in Section 7.3.5.

Example 7.7. Determinants of Time to First Birth

The duration, or “waiting time”, until first birth is an important variable in
the analysis of population dynamics. For example, if there is a general trend
of women to postpone the first birth (e.g., have a first child on average t 25
rather than at 22), this has a negative effect on current fertility levels (number
of births per thousand women, or the total fertility rate). However, this effect
may only be temporary if women eventually catch up and have the same
number of children as before.

In a cross-section of women of all ages, the duration is subject to censoring.
Suppose, that the reproductive period starts at age 14. If a women is 35 and
had her first birth at 23, we can say for sure that the duration until first
birth was nine years. However, for a woman aged 23 without a first child, we
cannot observe the duration until first birth. We only know that the duration
is greater than nine years. This observation is censored from above.

In this application, we want to estimate how education affects the time to
first birth (TFB). The general hypothesis is that longer education time, and
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the associated increased opportunity cost of time away from the labor market,
should increase the time to first birth. The data stem from the U.S. General
Social Survey for the year 2002. We keep all women aged less than 40 or with
known age at first birth, which gives a sample of 1,371 observations. There
are two types of women:

Type A: the woman had a first child and thus TFB is known (uncensored;
n = 1,154). The average TFB for uncensored observations is 8.7 years.

Type B: the woman is childless. In this case, either TF'B > age — 14 or she
remains childless (right censored; n = 217).

This is an example of a variable with varying but known censoring thresh-
old. We observe TFB|TFB < age — 14. Hence, we have two modeling op-
tions. Either, we estimate by OLS using non-censored observations only; or
we perform ML estimation of the censored model using all observations. In
this set-up, OLS should be subject to attenuation bias. Table 7.3 displays the
regression results. Since TF'B is a non-negative variable, we have applied a
log-transformation first. This is an example of a so-called “accelerated failure
time model” that will be discussed in more detail in Chapter 8 on duration
models. Here, coefficients estimate the relative marginal effects. A positive
sign means that an increase in the associated regressor leads to a postpone-
ment of first birth. For example, an additional year of schooling is predicted to
increase the time to first birth by approximately 7.7 percent. The estimated
effect in the non-censored OLS model is about 15 percent smaller.

Table 7.3. Censored Regression of Time to First Birth

Dependent Variable: log(TF B)

Censored Regression  OLS (non-censored)

years of education 0.077 0.066
(0.005) (0.005)
white 0.238 0.295
(0.036) (0.034)
number of siblings -0.012 -0.005
(0.005) (0.005)
lwed in city at age 16 0.007 -0.017
(0.030) (0.029)
immigrant 0.144 0.135
(0.046) (0.044)
Log-likelihood value -1,115.4
Observations 1,371 1,154

Notes: Standard errors in parentheses.
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7.3.4 Truncated Regression Model

As for censoring, the starting point for the truncated regression model is the
normal linear model

y=1a'p+u, ulz ~ Normal(0,c?) (7.35)

In a truncated sample, we no longer observe a random sample from the un-
derlying population. Instead, the observed sample is selected systematically,
based on the realization of the dependent variable. With truncation from
above, we only observe (y, ) if y < ¢. The probability model for the observed
data is then

glyly < c,x) = (7.36)

With truncation from below, we only observe (y,z) if y > ¢. The proba-
bility model for the observed data is then

f(ylz)

T PR (7.37)

glyly > c,x) =

These are general expressions that apply to any conditional distribution model
f(ylx). If the underlying model is normal, as assumed here, we can sub-
stitute the density and cumulative density function of the Normal(z'(3, o)-
distribution for f and F', respectively.

The consequences for OLS are the same as in the censored model, i.e., the
parameter estimates are biased towards zero. Instead, maximum likelihood
estimation yields a consistent and asymptotically efficient estimator. For ex-
ample, with truncation from below at zero, the log-likelihood function for an
independent sample of n observations can be written as

n . 7' 3)2 !
logL = Z f% [log(27r) +logo? + W} —log® <I;ﬂ) (7.38)
i=1

If it were not for the second term on the right, this would be exactly the log-
likelihood function of the normal linear regression model. $(z'3/c) is the prob-
ability that an observation is not truncated. As this probability approaches
one, the adjustment term goes to zero and the standard model is reached in
the limit.

The truncated regression model is rarely used in practice. For example, it is
applied in the Cragg (1971) model, where the positive part of the Tobit corner
solution model is estimated, based on the likelihood function (7.38), using non-
limit observations only. This approach can be used to test the assumption that
the corner-solution part and the positive part can be described well by the
same underlying latent process, with identical coefficients. Even if Tobin’s
restriction is valid, (7.38) could be used to estimate the model parameters.
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However, this clearly would be inefficient in comparison with estimating the
Tobit model using all data.

Exercise 7.4.

e In a poverty survey, only families with income of 20,000 USD or be-
low are included. What is the relationship between observed incomes
in that sample and the overall U.S. income distribution?

e The list of results for a road race only includes those participants
who finished the race within a given maximum time allowance. What
can we say about the average finishing time among all starters?

7.3.5 Incidental Censoring

A very useful and widely applicable generalization of the censoring model
arises if the censoring threshold is modeled as a random variable. This is
referred to as incidental censoring, or self-selection (Heckman, 1979).
For example, with censoring from below, we observe yly > c. So far, ¢ was a
known (although potentially variable) value. Now, we assume instead that ¢
is a random variable as well.

Example 7.8. The Distribution of Wages

Wages are, by definition, only observed for workers. Still, it is possible to
think of the wages that non-workers would receive if they decided to start
working. These are potential wages, or wage offers. Therefore, we can say
that the wage offers are equal to the observed wages of workers, whereas they
cannot be observed for non-workers. In the standard labor economic paradigm,
people choose to work if the marginal benefit of doing so (the wage times the
marginal utility from consumption) exceeds the marginal cost (the lost utility
due to time not spent on other activities, including leisure). The wage that
just equalizes marginal benefits and costs is called the reservation wage.
Therefore, the condition for observing a wage is that the wage offer w, exceeds
the reservation wage w,. Consequently, the distribution of wages of workers
is a conditional distribution f(w,|w, > w,). Since w, is in general unknown,
it is, from the econometrician’s perspective, a random variable. This is an
instance of incidental censoring, and appropriate methods are needed if one
wants to use wages of workers in order to make inferences on the unconditional
distribution of wage offers f(w,).
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When y and c are stochastic, we can rewrite the conditional model of
interest, f(yly > ¢) = f(yly — ¢ > 0), or, in general notation, f(yi|ly2 > 0).
Clearly, the standard censoring model is obtained as a special case if y; =
yo. At the other extreme, when y; and yo are stochastically independent,
flyilya > 0) = f(y1) and there is no selection problem. The censoring is
random, and again, the question arises whether the relevant quantities of the
underlying population can be estimated from the censored sample.

In order to model intermediate cases (where y; and ys are neither identical
nor independent), the standard approach is to assume that y; and yo have a
bivariate normal distribution with correlation p. This includes the polar cases
of p = 0 (independence) and identity (p = —1 or p = 1). The bivariate normal
distribution undoubtedly is a strong assumption. For generalizations, see, for
example, a model with bivariate t-distribution as in Heckman, Tobias and
Vytlacil (2003), or semi-parametric approaches as in Powell (1984).

The Regression Model

The full regression model with incidental censoring is often referred to as
the Heckman model (Heckman, 1979), who himself used the term self-
selection model. The prototypical model consists of two equations, an out-
come equation and a selection equation, together with an observation rule:

outcome equation: y1 = 2’8+ oyuy (7.39)

selection equation: Yo = 2’y + us (7.40)

where the set of explanatory variables x and z may overlap. The observation
rule is that y; is non-censored and observed for ys > 0. Moreover, u; and us
are assumed to have a standard bivariate normal distribution, independently
of x and z, with means zero, unit variances and correlation p. Thus, the
variance of y; is Var(y;) = 0’%, whereas the variance of ys is Var(ys) = 1.
This normalization is required since we observe, as in the probit model, only
two outcomes of the selection equation, namely yo > 0 (in which case y; is
observed), or y2 < 0 (in which case y; is not observed). The object of interest
is B, the marginal effect in the outcome equation.

Why not OLS?

Direct estimation of the outcome equation by OLS, using the non-censored
observations, does not lead to a consistent estimator of (3, since under the
assumptions of the model E(yi|ys > 0,2) # a'3. But what exactly is the
expected value of y; conditional on selection in this set-up?

In order to derive the answer to this question, we need a result on the
conditional expectation in a truncated bivariate normal distribution. First,
for a standard bivariate normal distribution, we know from Appendix 7.5
that E(uq|us) = pua, where p is the coefficient of correlation. Therefore
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B(u1|uz > ¢) = Bpuz|uz > ¢) = pE(uz|uz > ¢) = pl(b(qcs)@
With this result, we can now derive E(y;|y2 > 0):
E(yily2 > 0,2) = 2’3 + o1E(u1|y2 > 0, )
=12'8+ o1E(ug|ug > —2', x)
= xlﬁ + UlE(pU2|U2 > _Z/’Y,l‘) (741)

= 2'6+ o1pA(2'7)

The second term on the right can be either positive or negative, depending
on the sign of p. Thus, for example, E(y;|y2 > 0,2) > E(y1]z) if p > 0. In this
situation, we say that the sample is positively selected, since the expected
value in the sample exceeds the expected value in the population. On the
other hand, if p < 0, we speak of negative selection.

As far as OLS with non-censored observations is concerned, there are two
immediate problems. First, the estimate of the intercept (3 is biased unless
p = 0. Second, and in addition, the estimates of the slope parameters are
biased as long as x and A(z') are correlated. This is an “omitted variable
bias”-type problem. The existence — and possible direction — of such a bias,
depends on the particular application.

We illustrate this issue in the context of a classic example, the estimation
of mean wage offers (or workers’ productivity) from a sample of workers and
their wages. Possibly the first to recognize the problem of sample selection
bias in this application was Roy (1951). Heckman (1979) and Gronau (1974)
explored its implications for estimation theory. We suggest that this approach
be referred to as the “Gronau/Heckman/Roy wage model”.

Example 7.9. The Gronau/Heckman/Roy Wage Model

Let w, denote the wage offer and w, denote the reservation wage (both in log-
arithms). Wage offers and reservation wages in the population are determined
as follows:

Wo = T} Lo + Up (7.42)
wy = T, L + Uy (7.43)

where u,, u, are bivariate normally distributed, independently of z, and z,,
with means zero, variances o2 and o2, and covariance o, (see Appendix 7.5).
A person works (and the wage is observed, w = w,) as long as w, > w,. Thus

P(w, > wy |z, w) = P2 Bo + up > 2,0 + uy)
= P(uo — Up > x;’ﬁr - x;ﬂo) (744)

g
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where 0 = Var(u, — u,). For workers
E(wo|w, > wy) = E(we|w, — w, > 0)
= 2! B, + E(uo|uo — up > .8, — 2 3,) (7.45)
COV(UO, Uo — ur) A (xgﬂo - ‘T;ﬂr>
o

!

— a8, + -
We observe that x, must appear in the inverse Mills ratio, because x, affects
the wage offer, and the wage offer affects the decision to work. The sign of
the inverse Mills ratio is positive if and only if 62 — g, > 0, or, equivalently,
00/0r — por > 0. Positive selection means that average wages of workers are
higher than average wage offers of all persons. It is sufficient for positive
selection that either p,,. < 0 or o, > o,. To illustrate the latter effect, assume
that reservation wages and wage offers are perfectly correlated — this is the
single factor assumption used for example by Borjas (1999) — though not in
Borjas (1987) — in the context of immigrant wages. Then, choosing work will
tend to be favorable for above-average individuals only if their wage premium
exceeds their increase in reservation wages, i.e., if o, > 0.

Estimation of the Model

The two main estimation methods of the model are either the Heckman
twp-step method (Heckit), or full maximum likelihood. Two-step estimation
implements a moment estimator of the conditional expectation function (7.42)
in the censored sample, where the unknown A(z'v) is replaced by a consistent
estimator:

Step 1 Estimate the probit model P(y2 > 0[z) = @(z'y) and use the esti-
mated coefficient 4 to predict the inverse Mills ratio A for each observation.

Step 2: Regress y; on x and A, using the sample of non-censored observations
only.

Heckman (1979) shows that this two-step estimator is consistent, and provides
a formula for the correct standard errors of the second-stage regression. A
fully efficient estimator can be obtained by opting for the maximum likelihood
estimator instead. The caveat of potentially excessive computing cost certainly
no longer applies. In this case, the likelihood function has two elements. First,
the likelihood contribution of an individual with observed wages is given by

fyilye > 0)f(y2 > 0) = f(y1,92 > 0)
= ¢a(ur, ug > —2'y) (7.46)

o0 o
= / o (M,W) duy
—2ly ag
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where ¢o(-) is the bivariate standard normal distribution. To evaluate this
expression, the trick is to change the order of the conditioning, i.e., to work
with f(y2 > 0|y1)f(y1) rather than f(yi]y2 > 0)f(y2 > 0). The conditional
distributions of the bivariate normal are derived in Appendix 7.5. They are
normal distributions as well

usluy ~ N(puy, 1= p?)
Hence, the density functions for non-limit observations can be written as

flyr, 42 > 0) = fluz > —2"y|y1) f (1)
= f(uz < 2"yly1)f(y1) (7.47)
_g(Frten—aB)/o\ 1y —a'h
m g g
and the log-likelihood for an observation with observed y; is
1y — '8\ > ’ .-
log Lye; = —log(o) + = (yl xlﬁ) +log @ 20+ (i = 2iB)p/o
2 o V1—p?

Second, if y; is unobserved, we know that yo < 0, or, equivalently, us < —z’7.
The associated log-likelihood contribution is

log Le; = log @(—zj7) = log[1 — ®(z]7)]

Thus, the log-likelihood function of the full sample is simply

logL = Z log Le; + Z log Ly, (7.48)
y2:<0 y2: >0
Identification

In the model we distinguish between the covariates = that affect the outcome,
and the covariates z that affect the selection. Economic considerations often
dictate that all variables that affect the outcome should also affect the selec-
tion. This is certainly the case if the selection is “self-selection”, i.e., made
by the individual who should usually take the outcome into account when
making the decision.

In addition, there may be variables that affect the selection but not the
outcome. Such “instruments” are highly desirable for precise estimation, al-
though they may be difficult to find in a given dataset and application. In the
Gronau-Heckman-Roy model, all variables affecting reservation wages but not
wage offers are such instruments. Many people will find it reasonable to ex-
clude the presence of small children from the wage offer equation, although it
certainly should affect a woman’s reservation wage.

In principle, the model is identified even if the variables in z and z are the
same. However, such identification “by functional form” is not very convincing,
because it depends on the normality assumption being exactly correct.



236 7 Limited Dependent Variables

Example 7.10. Female Wages

This example is a continuation of Example 7.2, where female hours of work
were analyzed in the context of Tobin’s corner solution model. Now, we fo-
cus on wages instead, and directly estimate the Gronau-Heckman-Roy wage
model. Again, we use the Mroz (1987) dataset on 753 women from the Michi-
gan Panel Study of Income Dynamics. We only observe wages for the 428
women who work, whereas the remaining 325 wage observations are censored.
This is an instance of incidental censoring, because the reservation wage will
differ between people, depending on systematic factors including, for example,
the presence of small children, but on unobservable factors as well.

Table 7.4 shows the OLS estimates for the non-censored sample, as well
as the maximum likelihood estimates of the Heckman model. The dependent
variable is the logarithmic wage. We assume that the variables other income,
age, number of young children and number of older children affect the decision
to work, but do not affect productivity and thus also not wage offers directly.
In other words, these four factors are excluded from the wage equation.

Table 7.4. Wage Offer Equation for Married Women

Dependent Variable: In(wage)

OLS (non-censored) Maximum Likelihood

years of education 0.1075 0.1083
(0.0141) (0.0148)
years of experience 0.0416 0.0428
(0.0132) (0.0148)
(years of experience)? -0.00081 -0.0008
(0.00039) (0.0004)
constant -0.522 -0.5526
(0.1986) (0.2603)
p 0.0266
(0.1471)

Observations 428 753

Notes: Standard errors in parentheses.

The results show no evidence of a sample selection problem in estimating
the wage offer equation. The correlation coefficient has a very small ¢ statistic
(0.181), and so we cannot reject that it is zero and, by implication, that the
selected sample is representative for the whole population, i.e., that E(y; |y >
0,2) = E(y1|x). This conclusion is confirmed informally by the fact that there
are only minute differences in the estimated OLS and ML coefficients.
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Exercise 7.5.

e Based on the structure of the Gronau-Heckman-Roy model, what
does it mean in the wage model that we find no selection effect? Are
the two errors u, and w, independent or correlated?

7.3.6 Example: Estimating a Labor Supply Model

The estimation of structural labor supply functions is a methodologically de-
manding problem since corner solution outcomes and censoring occur simul-
taneously (see Killingsworth, 1983, for a survey of empirical labor supply
models). Consider the following individual-level labor supply function

h=2a2'B+yw+e¢ (7.49)

where h is hours of work, x is a vector of personal characteristics, w is the
wage rate for the individual, and € is the error term. The primary object of
interest here is v, since v x w/h is the wage elasticity of labor supply.

There are at least two problems with estimating such a labor supply equa-
tion directly: first, h is nonnegative and has a cluster at zero; this is a corner
solution issue. Second, w is unobservable for those with A = 0; this is an
instance of incidental censoring. One might be tempted to just estimate the
labor supply function using a sample of workers (i.e., those with 4 > 0). How-
ever, for the reasons discussed in this chapter, this solution does not work
because the mean independence assumption of the classical linear regression
model no longer holds. In particular, we have

E(elh > 0) = E(gle > —2'8 — yw) (7.50)

This residual has a non-zero mean, and in addition, it is correlated with x and
w. Hence there is bias in both constant and slopes. To address this problem,
we could implement a Tobit-type estimator for the sub-sample of workers, i.e.,
a truncated regression model. However, such an approach would not use the
information efficiently. Moreover, it would rest on the assumption that mean
independence between w and ¢ holds in the latent model (7.49). This would
rule out omitted variables that increase both a person’s productivity and the
hours of work.

Therefore, it is more promising to approach the estimation problem in
a general set-up, where wages are modeled simultaneously with hours in a
recursive system of equations, and where the estimation problem takes into
account that wage observations are censored, since wages are only observed
for workers. Specifically, suppose that the labor supply equation is
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W =a'y+yw+e (7.51)

with h = A* if A* > 0 and h = 0 if A* < 0. Furthermore, suppose that the
market wage equation is

w=za+u (7.52)

and that the two error terms € and u have a bivariate normal distribution
with covariance o.,.

In order to estimate this recursive system of equations, we proceed in
three steps. In the first, we substitute w = z’a + u into the labor supply
equation and estimate a reduced-form participation equation based on a
probit model. Specifically

=28+~ a+u)+e=1r6+v (7.53)

where r is the union of the set of variables in x and z and v = yu+¢. We can
just estimate this Tobit equation using the full sample of workers and non-
workers. There is no selection issue and the estimated vector of coefficients &
will be a consistent estimate of the true §. Alternatively, we could estimate
0 using a probit model with the two outcomes h* > 0 and h* < 0. Note,
however, that even if we can estimate § consistently, we cannot fully recover
the underlying coefficients of interest (8, 7, and «) because they are not
separately identified in this reduced-form equation.

In the second step, we can run an OLS wage equation on the sample of
workers, i.e., those persons who choose to participate in the labor market.
However, we need to include the inverse Mills ratio at this stage to correct for
the selectivity effect. In particular, the conditional expectation of wages for
workers can be written under the bivariate normal assumption as

$(=1"9)

E(U"U > 77”5) = puq)A == puvm

(7.54)
where we assume that the variance of v is 1 (this is the standard normalization
used in probit anyway). Since v = yu + ¢, the above conditional expectation
is not equal to zero even if u and ¢ were uncorrelated. Thus, a consistent
estimator of a can be obtained in the following manner: Use the § estimated
from stage one to predict A, using the formula above. Then, regress wages
against the vector z and the variable 5\7 using the sample of workers only.
Once we get an unbiased estimate & from stage two, we can construct an
unbiased predictor w = z’& for all persons, workers and non-workers alike.

Then, in the third step, we may run, say, a Tobit equation of A on x and .
The coefficient of w is a consistent estimator of  in the labor supply equation.
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7.4 Treatment Effect Models

7.4.1 Introduction

This chapter offers a short introduction to the treatment literature. For more
detailed discussions, see Heckman and Rob (1985), Holland (1986), Moffitt
(1991), Rubin (1974), and Wooldridge (2002, Chapter 18). At the beginning
of each evaluation, one needs to specify the outcome variable of interest, y.
Let y; be the outcome (e.g., employment, wages, crime) for an individual if
he participates in a certain social program (e.g., retraining, education, com-
munity service), and let yo be the outcome if he does not participate. The
causal effect of the treatment then is defined as y; — yo. The fundamental
problem of program evaluation is that we observe either y; or yg, but never
both. Identification of the treatment effect requires additional assumptions.

Let d denote an indicator for treatment. If d = 1, then the individual re-
ceived the treatment, if d = 0, the individual is part of the control group
and did not receive the treatment. We are not interested in individual out-
comes Yy — Yo, which differ from person to person, but rather in population
averages. The average treatment effect is defined as

ATE = E(y1 — yo) (7.55)
whereas the average treatment effect on the treated is

We can directly identify from the data E(yi|d = 1) and E(yg|d = 0) since
y =yo + d(y1 — yo), but this is not sufficient in itself to estimate the ATE or
the ATT. Consider the ATT first. By definition,

E(y1 —yold =1) = E(y1|d = 1) — E(yold = 1) (7.57)

The second term is unobserved. If we assume that the expected outcome
without treatment is the same for treatment and control group — formally,
this is mean independence between gy, and d — then we can replace the
unobserved term E(yg|ld = 1) in (7.57) by the observed term E(yg|d = 0)
and estimate the ATT in this way. The required assumption for identifying
the ATE are somewhat stronger. Here, it is not sufficient that yo and d are
independent, but we also require that y; and d are independent. This is so,
because we can write

ATE = P(d =1)E(y1 — yold = 1) + P(d = 0)E(y1 — yo|d = 0) (7.58)

Hence, we also require an estimate of E(y;|d = 0) in order to estimate the
average treatment effect.
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In a randomized experiment, treatment and outcome are by definition
independent, ATE = ATT = E(y|d = 1) — E(y|d = 0), and one can estimate
the average treatment effect by a simple regression of y on d.

Example 7.11. Randomized Experiments in Economics

Randomized experiments are the exception rather than the rule in empirical
economic and social research. One can distinguish between laboratory ex-
periments and so-called field experiments. While randomization in labora-
tory experiments is easily achieved, the scope of such experiments is limited.
People may behave differently in laboratory and “real world” settings, and
many important policy questions cannot be addressed. How will a tax, social
security or health reform affect labor supply or demand for health services?
What is the benefit of a re-training program for the participants? To answer
such questions, large-scale social field experiments have been conducted in
the U.S. and elsewhere since the 1960’s (see, for instance, Burtless, 1995, and
Heckman, 1995).

Unfortunately, there is ample evidence that genuine randomization in so-
cial experiments is very hard to achieve. When dealing with human subjects
- unlike land plots as in Fisher’s original paradigm - human interference is
likely to invalidate pure randomization. Consider the example of an active
labor market policy that is aimed at improving the re-employment probabil-
ity of the unemployed. First, some government agency has to perform the
random selection of treatment and control group (those that are denied the
treatment). Since the administrators involved often have an incentive to exag-
gerate the benefits of the program, they might find subtle ways for boycotting
the randomization by allocating “better” individuals to the treatment. Sec-
ondly, unlike in some clinical trials where true placebos exist and the subject
may be unaware of belonging to the control group, participants in social exper-
iments who are denied the treatment generally know about it, and they may
gain access to close substitutes for the experimental treatment, i.e., partake in
another training program. Again, the comparability between treatment and
control is compromised. And thirdly, when the program success is measured
over time, attrition may become a problem. If attrition rates depend on the
outcome of interest, bias may arise.

Such failure of genuine randomization is not equally likely in all field ex-
periments, though. Consider the following three recent examples for field ex-
periments where randomization may be successful.

e In order to find out whether employers’ hiring practices in the U.S. discrim-
inate against blacks, Bertrand and Mullainathan (2004) sent out thousands
of resumes to different manual and service sector job openings (advertised
in Boston and Chicago Newspapers). They randomized the names of the
applicants: e.g., Lakisha versus Emily, Jamal versus Greg, and kept the
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résumés otherwise identical. In this case, the coefficient 3 in the regression
model

callback; = a + B black name; + u;

identifies the treatment effect. They indeed found evidence of discrimina-
tion. Individuals with white-sounding given names were about twice as
likely to get callbacks.

e Fehr and Goette (2004) conducted a field experiment involving two bi-
cycle messenger companies in Zurich. In one company, messengers were
randomly selected into two groups. Each group received a temporary in-
crease in pay — the share of generated revenue — during a different week.
In the other company, nothing changed. Wage records make it possible to
estimate the treatment effect on working hours and effort. The authors
find no evidence of intertemporal substitution.

e The Progresa program in Mexico provides poor mothers in rural Mex-
ico with education grants if their children regularly attend school. It was
preceded by a genuine experiment, where communities were randomly se-
lected to participate. School attendance of eligible children increased sub-
stantially in the communities treated (Schultz, 2004).

In observational data, however, the independence assumption is not
plausible. It can be somewhat weakened by assuming that selection into treat-
ment and outcome are independent, conditional on regressors x, such that
E(yold = 1,2) = E(yold = 0,z) and E(y1|d = 1,z) = E(y1|d = 0,2). A
possible regression model then is

y=a'f+0dd+¢ (7.59)

where d and ¢ are independent, conditional on x, and ATE = 4. Of course,
other functional forms might be more appropriate. For example, if we interact
d and x, we obtain a switching regression model.

However, estimating model (7.59) by OLS is not very promising either,
since the crucial assumption of conditionally independent selection into
treatment is likely to be too strong in most applications, and So1s then is a
biased estimator of the ATE. There are several possibilities to account for
the possible correlation between d and e. One is instrumental variable
estimation, i.e., to find a variable that affects selection into treatment but not
the outcome itself. Another approach, in the spirit of this chapter, is to specify
a joint distribution for d and € — typically a bivariate normal distribution —
and estimate the parameters of the model by maximum likelihood or using
a two-step approach. We illustrate this approach in two settings, first the
endogenous binary variable model and second the switching regression model.
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7.4.2 Endogenous Binary Variable
The outcome equation is
y=2'f+dd+¢ (7.60)

where € and = are mean independent. Selection into treatment is based on the
latent model

d=1Zv+u>0) (7.61)

If we further assume that the joint distribution of v and ¢ is a bivariate
normal distribution with variance matrix

o[22
po o
then we can immediately derive the expectation of the dependent variable
conditional on treatment, since

E(ylz,d=1)=2'8+ 5+ E(e|]d = 1)

=a'B+ 6+ E(clu > —2'y) (7.62)
¢(z")
= ! 5
S T
For non-participants, the counterpart is
¢(2'7)
E d=0)=2'8— po———""— .
(ylz,d=0) =28 PTG (7.63)
The difference between participants and non-participants then is
!
E(ylz,d =1) — E(ylz,d = 0) = 6 + po 9(z) (7.64)

P(2"y)[1 — P(2"7)]

Without correction for endogeneity, the OLS coefficient on the treatment
dummy estimates this difference. If p > 0, it follows that E(y|d = 1) —E(y|d =
0) > 4. The treatment effect is overestimated by OLS; there is an upward
bias. A consistent estimator of the treatment effect can be obtained from a
Heckman-type two-stage estimator, or by full maximum likelihood estimation.
Both procedures rely on joint normality of € and .

Estimation Under Weaker Assumptions

The model with a binary endogenous variable can also be estimated under
weaker assumptions, i.e., without assuming bivariate normality of u and e¢.
There are two approaches that differ in the restrictiveness of their assump-
tions.
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1. Plug-in solution: Replace d in the outcome equation by an estimate of
E(d). For example, with the above probit-type self-selection model, one
would use @(z'9). The standard errors need to be adjusted in order to
account for the two-step estimation.

2. IV-solution: If an instrument is available, estimation can proceed by
two-stage least squares (2SLS) as usual. First, d is regressed on all
exogenous variables of the model, and second, d is substituted in the
second-stage OLS.

To understand why the first method works, marginalize the outcome equation
with respect to d:

E(y|z,d) = 2’8 + 6d + E(e|d) (7.65)
Taking expectations over d using the law of the iterated expectation, we get
E(y|z, z) = E4[E(y|z, d)] = 2'8 + 0E(d|2) + E4[E(g|d)] (7.66)

But the last term is zero, since the marginal distribution of ¢ has zero mean
by assumption. Thus we can write

y=2a'f+E(dz) +v (7.67)

where v and E(d|z) are independent. It is required for this method that E(d|z)
is correctly specified, which means in the context of this model that u has a
normal distribution. It is not required, however, that ¢ is normally distributed,
or that the joint distribution of u and ¢ is known.

Exercise 7.6.

Show that in the above model with bivariate normality of u and e, it
holds that

E(y|z,2) = P(d = 0)E(y|d = 0)+P(d = 1)E(y|d = 1) = 2’ 3+6P(z"y)

Instrumental variable estimation is even more general, since no assump-
tion about the distribution of w is required. On the other hand, we need an
instrument which, strictly speaking, is not necessary under the other two ap-
proaches.

7.4.3 Switching Regression Model

An early formulation of a switching regression model is Lee’s (1978) study
of union and non-union wages. Another example is Willis and Rosen (1979),
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who analyze the wages of people with and without college degree in such a
self-selection framework. The switching regression model is defined by two
separate equations of potential outcomes

Yo = 2'Bo + uo (7.68)
yi =201+ (7.69)

As before, yg is the outcome without treatment and y; is the outcome with
treatment. The model can thus alternatively be written as

y=1a'Bo+ (2'B1 — 2'Bo)d + up + (w1 — ug)d (7.70)

We see that this is a generalization of the endogenous dummy variable model,
since the latter is obtained if all slopes are the same, as are the errors, but
only the intercepts are allowed to differ. The average treatment effect (ATE)
in the switching regression model is defined as

E(y1 — yolz) = 2’ (61 — Bo) (7.71)
and the treatment effect on the treated is
E(yl — y()|{L',d = 1) = l'/(ﬂl — /80) + E(Ul — U()|d = 1) (772)

All treatment effects depend on x. The unconditional treatment effect is ob-
tained by taking expectations over z. Similarly, one can define a local average
treatment effect (LATE) and a marginal treatment effect (MT), see Heckman,
Tobias and Vytlacil (2003).

The switching regression model is completed by specifying the selection
into treatment. We assume as in (7.61) that

d=1I(z"v+uq>0) (7.73)

Selection bias can now arise in three different ways. Participation in the treat-
ment may be correlated with uq, i.e., the outcome in the treated state, with
ug, i.e., the outcome in the control state, or both. In the Roy model, for in-
stance, we have d = I(y1 — yo > 0) = I(u1 — ug > 2’8y — 2'31), i.e., selection
based on gains or relative advantage.

One could attempt to estimate the two equations for treatment and con-
trol separately by OLS, using the respective samples (i.e., the yy equation
is estimated using all observations that were not treated; the y; equation is
estimated using all observations that received the treatment). However, this
is unlikely to produce good results, as in each of the cases, we face a stan-
dard censored regression problem, only in this case, the problem is two-sided,
because observations that are censored in one equation (we do not see the
counterfactual outcome with treatment for those who were not treated) are
non-censored in the other, and vice versa. Accordingly, we usually have that

E(y0|1', d= 0) = LC/,BQ + E(’LL()|d = 0) 75 CL’lﬂ() (774)



7.4 Treatment Effect Models 245

Specific expressions can be obtained if we assume that ug, u; and ug have a
trivariate normal distribution. For instance,

o(2"y)

E(yilz,d =1) = 2’81 + BE(usJug > —2'y) = 2'f1 + proy B(2')

where p; is the correlation between u; and ug. Again, the parameters can be
estimated consistently by maximum likelihood, or by appropriately defined
two-step estimators.

Example 7.12. The Union/Non-Union Wage Differential

Lee (1978) assumed separate wage equations for union workers and for non-
union workers. The model is

’
Inw,; = xuﬂm + Ewi

Inwy; = 20,00 + €ni
Iz* = (50 + 51(11’111)7“' — lnwm) + 22(52 —+ v;

where g,; ~ Normal(0,02), ep; ~ Normal(0,02), v ~ Normal(0,02), and a
worker belongs to a union (and the wage is determined by the first equation) if
I7 > 0. The model is indeed an extended version of the Roy model. Selection
bias occurs, even though the errors in the three equations are independent.
This is so, because the difference Inw,; — Inw,;, and therefore the errors in
the first two equations, affect the decision of a worker to become a unionized
or a non-unionized worker, just as in the Roy model.

Lee proposes two-stage estimation of the model. In a first step, a reduced-
form selection equation is obtained after substituting the wage equations into
the selection equation:

I} = 60 + 01(2,;0ui + €ui — T3,;0ni — €ni) + 2,02 + v;
=Y +mnw; +&

where w; contains all exogenous variables in x and z. The parameters can
be estimated by probit. Since the union wage equation, conditional on union
status, is

B(1;)
Inwy; = 2,04 + ou + Nui
B(g,)
(1)
lnwni = x;ﬂm —OneT 5~ t Wi
()

where ; = 70 + 71w;, one can estimate the two equations by OLS, using
observations on the subsamples, where v; is replaced by ¥; = 4o + Jrw;.
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7.5 Appendix: Bivariate Normal Distribution

If the joint density function of two random variables (uj,us) has the form

1 1 1 [ u? 4+ u3 — 2pusus
, - = _Z 7.76
f(ul u?) o7 m €xXp { ) < 1— p2 ( )
u1 and wg are said to have a bivariate standard normal distribution.
The marginal distributions are standard normal: u; ~ Normal(0,1) and ug ~

Normal(0,1). The correlation between u; and g is given by p. The basic rule
for conditional densities is that f(u1|us) = f(u1,us)/f(usz). Since

flug) = jﬂ exp {—;ug} (7.77)

and using some simplifications, we find that the ratio f(u1,us)/f(u2) can be
written as

Flur|uz) = V%\/llﬁexp{—; (W)} (7.78)

In other words, u;|us has a normal distribution as well, and

up|ug ~ Normal(pug,1 — p?) (7.79)

The conditional expectation function of the standard bivariate normal distri-
bution is given by

E(uq|uz2) = pusg (7.80)

The results can be generalized to allow for marginal normal distributions with
non-zero means and non-unit variances. Let

Z1 = p1 +o1uy
29 = p2 + 02U
so that z; ~ Normal(py,o?) and zo ~ Normal(uz,03), and (z1,22) ~

Bivariate Normal(p, 12, 02,05, p) denotes the general bivariate normal
distribution. For the conditional expectation, we obtain

E(z1]z2) = p1 + o1E(u122)

2o
= p1+o1p <2M2>

g2

g
= p1+ P*l(22 — i2) (7.81)
g2

= i1+ 22 (22— o)
03
This result shows that under bivariate normality, it is the case that E(z1]z2) =
a + Bz, where 3 = 012/0% and o = 1 — Bpuso. Thus, the conditional expec-
tation function of the bivariate normal distribution is a linear function, or a
“linear regression”.
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7.6 Further Exercises

Exercise 7.7 Let y denote a continuous random variable with density func-
tion f(y) = 2y with 0 <y < 1. Find

a) E(y)
b) f(yly > 0.5)
¢) E(yly > 0.5)

Exercise 7.8 Let y denote a continuous random variable following a normal
distribution with y ~ Normal(3,4). Find

a) flyly >3)
b) E(yly > 3)
c) Var(yly > 3)

Exercise 7.9 Consider the latent model y* = 2’3 + u. Assume that u is
normally distributed with mean zero and variance o2. You observe y =
min(0, y*).

a) Find E(yly < 0,x).
b) Write down the likelihood function of the model.

¢) How can you obtain a two-step estimator of 37 Describe in detail the
first and the second step involved in the procedure.

Exercise 7.10 Consider the latent model y* = /8 + u. Assume that u is
normally distributed with mean zero and variance o2. You observe y =
max(t,y*) where t is a fixed and known number. Write down the likelihood
function in this situation and compare with the special case t = 0.

Exercise 7.11 In which of the following situations is it of interest to identify
the parameters of the latent model?

a) When estimating the determinants of hours of work.
b) When estimating the determinants of wage offers.

¢) When estimating the counterfactual wages of immigrants at their ori-
gin (i.e., had they not migrated).

Exercise 7.12 Suppose you consider the Tobit model for estimating the de-
terminants of individual fertility (i.e., the number of children ever born).
What are alternative models, and how do you see their respective advan-
tages and disadvantages?
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Exercise 7.13 The following table reconsiders the labor supply example,
based on the Mroz data using 753 observations from the Panel Study of
Income Dynamics. The dependent variable is the annual hours of work by
married women. The first column reprints the Tobit results from Table
7.1. The second and third columns show the results for the more flexible
Cragg model. Column 2 is a probit for zero hours versus positive hours.
Column 3 is a truncated at zero model for positive hours.

Dependent Variable: hours of work

Cragg Model

Tobit Probit  Truncated
nonwife income -8.8 -0.012 0.2
(4.5) (0.005) (5.2)
years of education 80.6 0.131 -29.9
(21.6) (0.025) (22.8)
years of experience 131.6 0.123 72.6
(17.3) (0.019) (21.2)
(years of experience)? -1.9 -0.002 -0.9
(0.5) (0.001) (0.6)
age -54.4 -0.053 -27.4
(7.4) (0.008) (8.3)
# kids less than 6 years -894.0 -0.868 -484.7
(111.9) (0.119)  (153.8)
# kids between 6 and 18 -16.2 0.036 -102.7
(38.6) (0.043) (43.5)
constant 965.3 0.270 2,123.5
(446.4) (0.509) (483.3)
o 1,122.0 850.8
(41.6) (43.8)
Log-likelihood value -3,819.0 -401.3 -3,390.6
Observations 753 753 428

Notes: Standard errors in parentheses.

a) Write down the formal models on which these estimates are based.

b)

¢) How can you test the Tobit model against the Cragg model?
)

d

Do the parameter estimates appear “plausible” to you?

What is the distribution of your test statistic, and what do you con-
clude?

Exercise 7.14 Suppose you want to estimate the effect of alcohol abuse on
wages (e.g., Hamilton and Hamilton, 1997). Which econometric frame-
work would you use? What are the potential problems that you could
encounter?
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Exercise 7.15 Use the data in mroz.dta to estimate the following linear
regression for logarithmic wages of female workers:

lwage = By + [1 educ + (o exper + (3 expersq + u
Next, generate a new variable, say clwage, such that

lwage if lwage > 0.5

clwage = {unobserved else

Now, perform OLS and censored regression, replacing lwage with clwage.
How do your estimates of the two models compare? What happens as you
increase the censoring point?

Exercise 7.16 Fertility data from the General Social Survey were intro-
duced in Chapter 1.5.1. The data provide information on the number of
children and education levels for a random sample of 5,150 women over
the years 1974 to 2002. It was mentioned then that the number of children
is censored from above at eight.

a) What does this imply for the linear least squares estimator of the
model

children = [y + (ireduc + Botime + u

b) Estimate the appropriate censored regression model and interpret your
results.

Exercise 7.17 A simple migration model posits that workers migrate if the
wage in the host country wj, exceeds the wage in the country of origin w,.
Let wages be determined as follows:

Wo = [ho + MoV
Wp, = Wh + NpV

where v is a measure of skills that are perfectly transferable and n; gives
the rate of returns to skills in country j. Assume that v ~ Normal(0,1).

a) Determine the variances, covariance and correlation of w, and wy,.

b) In terms of the Roy model, what is the condition that migrants are
positively selected, i.e., that E(wp|w, > w,) > E(wy)? Provide an
economic intuition of your result. What does it imply, for instance,
for the wages of Swedish migrants to the U.S.A.7
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7 Limited Dependent Variables

Exercise 7.18 Consider the following artificially generated data:

y1 = 0.5+ 0.5z +wuy
Y2 = 0.7+ 0.3x + us

y1 is observed whenever y; > y» + 2. x and z are drawn from a standard
uniform distribution, whereas u; and us have standard normal distribu-
tions.

Assume that the first equation is estimated using the Heckman selec-
tion model with z as an instrument. What are the probability limits of the
two parameters of the outcome equation, y; = By + 81z + uq, of the three
parameters of the selection equation, P(y; is observed) = v + y12 + Y22,
and of p and o7

Exercise 7.19 Consider the latent model

yi = 2161 +w

Y5 = w502 + uz
where the vector of error terms (u,us)” follows a bivariate normal distri-
bution. You observe (y1, Y2, 1, z2), where y; = max(0,y1*), and yo = y3

if y7 > 0 and y2 = 0 otherwise. Find the likelihood function for a sample
of n independent observations.

Exercise 7.20 A popular estimator of treatment effects is the so-called

difference-in-differences estimator. In this case, the outcome for the
treatment group (d = 1) and for the control group (d = 0) is observed
twice, once before the treatment (¢ = 0) and once after the treatment
(t = 1). The treatment effect on the treated is then

E(y1—wold=1,t =1) =E(p|d =1,t =1) —E(yold = 1,t = 1) (7.82)

where E(yogld = 1,t = 1) is the counterfactual outcome. Assume that
E(yold = 1,t = 1) — E(yold = 1,t = 0) = E(yold = 0,¢ = 1) — E(yo|d =
0,t = 0) i.e., the change for the treatment group in the absence of the
treatment would have been the same as the actual change observed for
the control group.

a) How does this assumption allow you to identify the treatment effect
in (7.82)7

b) In what sense is this assumption weaker than assuming E(yo|d = 1,t =
1) =E(yld = 0,t =1)?
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Event History Models

8.1 Introduction

The discussion so far has excluded the dimension time almost entirely from
the modeling of microdata relationships. In this chapter, we will extend our
view to models in which the dependent variable is directly related to the fac-
tor time, while maintaining the idea of cross-sectional and thus independent
observations. More specifically, we will consider two types of models, count
data and duration models. As we will see, both approaches are closely
related, and we emphasize this connection by discussing them under the com-
mon notion event history models. An event history, as we understand the
term, is a record of when, if at all, specific events occurred to an individual
over time. Count data models then describe the number of occurrences of a
particular event in a given time interval, whereas duration models describe
the time that has elapsed between occurrences of two particular events. Figure
8.1 gives an example of an individual event history with events A; 4 and
BLQ.

Fig. 8.1. Example of an Individual Event History
Al AQ B1 A3 BQ A4

S S N I Y BN

Duration analysis has its origins in what is typically referred to as survival
analysis, i.e., the study of survival times of a subject and its dependence on
a treatment and individual characteristics. For example, an experiment may
be performed in which laboratory animals are exposed to different doses of a
toxic substance. The experimenter then observes how long the animal survives
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under the different doses. Analyzing the survival time is a more complex issue
than analyzing the event “survival until 7”7, an example of a binary outcome.
Whereas for the latter question, logit or probit analysis would work, different
methods are generally needed for the former.

In economic applications, “survival” typically takes a different meaning.
A subject is observed in a specific state (being unemployed, being without
further arrest, etc.), and we call the time spent in this state an episode or
spell. A spell ends when a terminal event occurs (find a job, be arrested
again, etc.), and we want to model the duration of the spell as a function
of explanatory variables. In Figure 8.1, this could be, for example, the time
between the events By and As.

Example 8.1. Applications of Duration Data

the duration of unemployment (Lancaster, 1979)
the duration of a strike (Kennan, 1985)

e the number of months since release from prison before an ex-convict is
arrested again for a crime (Beck and Shipley, 1989)

e the time it takes to sell a house from the moment it is listed for sale
(Genesove and Mayer, 1997)

the age at first birth (Ermisch and Ogawa, 1994)

Individual event histories, as shown in Figure 8.1, allow for an alternative
method of data analysis. Instead of focusing on the survival time we could
count the occurrences of a particular event within a fixed time interval. For
example, we may examine the time until a car breaks down for the first time
(a duration variable), or instead, we may analyze the number of breakdowns
of ten-year-old cars (a count variable). In terms of Figure 8.1, the number of
events A within the fixed time interval (0,7') may be considered as a count
(in this case with an outcome of 3).

Count data models are characterized by a dependent variable that only
takes non-negative integer values, the number of occurrences. Compared to
multinomial and ordered dependent variables (see Chapters 5 and 6), the
sequence {0,1,2,...} has a quantitative meaning for counts, and therefore
cannot be replaced by any other (arbitrary) sequence of numbers. Thus, when
modeling such data, we need to take into account the implied cardinality.
Moreover, as with all discrete data models considered in this book, each pos-
sible outcome has a positive probability, and we want to continue being able to
draw inferences about these outcomes. Therefore, we will direct our attention
to the class of conditional probability models for counts.
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The following list of examples shows how diverse empirical applications of
count data can be.

Example 8.2. Applications of Count Data
e the number of patents (Hausman, Hall and Grilliches, 1984)

e the number of strikes per month in a certain industry, e.g., manufacturing
(Kennan, 1985)

e the number of airline incidents per thousand scheduled departures within
one year (Rose, 1990)

e the number of doctor visits (Winkelmann, 2004)

o the number of children born to women aged 40 to 65 (Winkelmann and
Zimmermann, 1994)

Duration and count data have attracted much interest in recent years, and
a number of very complex and highly specialized models are available for both
kinds of data. In this chapter, we confine ourselves to the basic elements and
models in duration and count data analysis. For more advanced treatments of
duration data, we refer to Kiefer (1988), Lancaster (1990), and van den Berg
(2001); for count data we recommend the textbooks by Winkelmann (2003)
and Cameron and Trivedi (1998).

This chapter is organized as follows. Section 8.2 presents the basic tools to
analyze duration data. We begin with two examples, an artificial and a real
data example, to illustrate the main concepts involved in duration analysis,
such as the hazard rate and the survivor function. We distinguish between
discrete time and continuous time duration models, and discuss several prob-
lems arising in the estimation of such models. A significant part is devoted to
the key element of duration analysis, the hazard function, and we introduce
the concepts of duration dependence and unobserved heterogeneity.

The subject of Section 8.3 is the analysis of count data. We start with
the basic count data model, the Poisson regression model. We show how the
model parameters are interpreted in terms of marginal mean and probability
effects, we estimate the model using ML methods, and point out the relation-
ship between count data and duration analysis. The remainder of this section
addresses some of the shortcomings of the Poisson regression model, such as
unobserved heterogeneity, censoring or truncation, and frequent zeros.
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8.2 Duration Models

8.2.1 Introduction

As always when contemplating a new class of models tailored to a specific data
situation, we should ask ourselves: what is different? Why are the discrete
and continuous data models studied so far, including the linear regression
model and OLS, insufficient? At first glance, “time” appears as a quite normal
dependent variable, not so different from income or the number of children.
Time, like income and children, is certainly a non-negative variable, and this
should be accounted for in modeling and estimation. But this could be done
easily using a log-transformation or a non-linear expectation function.

What, then, is so special about time? There are two points to consider.
First, censoring is ubiquitous in duration data. As an example, reconsider
Figure 8.1, where you will find that at observation time 7', the ultimate length
of the third spell of type “A”, the one lasting from Az to Ay, is unknown.
Similarly, the second spell of type “B” is ongoing at time 7. Second, and more
importantly, the expected duration is often of less substantive interest than a
related concept, the conditional exit rate, or hazard rate. This is specific to
duration data, and we will provide a formal definition below. Here, we only
give two suggestive examples why the hazard rate is of particular interest to
economists. Both are related to unemployment.

First, to study the incentive effect of temporary limited unemployment
benefits, we are interested in particular in the hazard rate around the expiry
date of the benefit. We would expect a spike at that point in time. Such an ef-
fect will be much more clearly seen in the hazard rate than in the distribution
of exit times. It cannot be seen though if looking at expectations only. Second,
a prominent hypothesis about unemployment is the “hysteresis” hypothesis:
unemployment breeds unemployment in a sense that the longer an unemploy-
ment spell lasts, the less likely it is that the person will find work again. This
hypothesis is directly related to the hazard rate. It posits that the hazard rate
should fall over time, an instance of “negative duration dependence”.

8.2.2 Basic Concepts

Duration analysis, generally speaking, is about the modeling of time spent
within a particular state until moving on to another state. The length of this
time interval is usually referred to as spell length or survival time. We dis-
tinguish between discrete and continuous survival times. In the former, we
assume that spell lengths can be measured in infinitely small units, whereas
in the latter, we assume that time is either intrinsically discrete (e.g., busi-
ness cycles) or marked off in discrete time intervals, although the underlying
process could have been measured continuously (e.g., number of years). Dura-
tions may incorporate very complex data patterns since individuals may enter
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the state of interest more than once, resulting in repeated spells, but we will
focus on the case of single spells here.

Table 8.1 illustrates some of the main concepts encountered in duration
analysis. Consider 100 individuals for whom a spell starts at ¢t = 1. It is
assumed that 20 percent of all spells end during the first period, such that at
the beginning of the second period, 80 persons remain. The proportion of spells
that end during period ¢ is called the exit rate A(t), which is also referred to
as the hazard rate. If the hazard rate stays constant at 20 percent, 16 spells
will be terminated in the second period, 12.8 spells in the third, and so forth.
We call the proportion of spells that have not been terminated before period
t the survivor function S(t). f(¢) is the (discrete) probability function for
the duration of the spell. In the above example, 20 percent of all spells last
for one period, 16 percent last for two periods, and so on. Since we assume a
constant hazard rate, the probabilities of the spell duration decline according
to a geometric distribution with f(t) = p(1 — p)*~! where A\(t) = p denotes
the constant hazard rate.

Table 8.1. An Artificial Data Example

Period Number at start Exit rate Exits during
of period period
S(t) x 100 A(t) x 100 S(t) x A(t) x 100
1 100 20 20
2 80 20 16
3 64 20 12.8
4 51.2 20 10.14

In empirical practice, hazard rates are rarely constant, and we want to
infer the shape of the hazard function from the data. Moreover, it may be
interesting to analyze the factors that determine the length of a spell. Consider
the following example, 8.3, from the General Social Survey (GSS) dataset
introduced in Chapter 1.5.1.

Example 8.3. Age at First Birth as a Duration

In 2002, the GSS sample contains information about a total of 1,517 women.
For these women, we observe, among other things, the actual age and, if
applicable, the age at first birth as retrospective information, which means
that the information is obtained by asking each woman in 2002 about an
event, here the first birth, that occurred in the past.

The variable age at first birth can be interpreted as a duration. For ex-
ample, very few births are observed before the age of 15. Thus, if we take 15
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years as a de facto starting point of the reproductive process for an average
woman, then age at first birth minus 15 is the duration until first birth. For
a 24-year-old first-time mother, for instance, this would be nine years. Age at
first birth is an important variable in demography and population economics.
For example, the first effect of increased access to higher education on female
fertility decisions is commonly a postponement of the age at first birth. The
effect on the total number of children a woman will eventually have is less
clear-cut.

In the GSS data on age at first birth, right-censoring is a potential prob-
lem. Typically, such household survey data are collected as a random sample
from the adult population. Hence, women of all ages are represented in pro-
portion to the age distribution of the population. In particular, some women
are beyond their physical child-bearing, or reproductive, period, say 40 or
45, while others are not. For the former group, we have all the information
we require. Obviously, not all women have a child and therefore age at first
birth is not defined. However, we can conduct an analysis of age at first birth
conditional on having a child, for example by computing the expected age for
different education groups, or running a regression. Unfortunately, though,
we lose many observations if we look only at older women. Moreover, if there
are important cohort effects, then the fertility behavior of younger women
is more relevant for current and future fertility trends than the completed
fertility pattern of previous cohorts. For both reasons, it may be desirable to
include women under the age of 40 as well. This immediately gives rise to a
censoring problem, as women under 40 who do not have a child may have one
at a later age. For these women, the age at first birth is a censored variable,
and excluding these observations from the analysis would lead to the same
biases that were already discussed in Chapter 7.

In Table 8.1, we have seen how many people exit a state at each point
in time — starting from a population of 100 — if the hazard rate is known.
Usually, the procedure is the opposite: we observe exit times and want to
draw inferences about the unknown underlying hazard rate. A complicating
factor is that we typically do not observe the exit times for all spells, as some
of them are right-censored. Continuing the fertility example, Table 8.2 shows
a so-called lifetable for the variable age at first birth of women in the GSS
2002. Out of a total of 1,517 women in the dataset we keep 1,371 observations
with age at first birth less than 40 years, of which 217 are censored and 1,154
are non-censored.

The hazard rate is now simply the ratio of the number of births divided
by the number at risk for a given age group, or time interval. Formally,

A(t) = n(t) (8.1)
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Table 8.2. Lifetable of Age at First Birth Among Women in the GSS

Age at Hazard Rate Survivor Function
first birth At risk  Exit/Birth  Censored A(t) S(t)
11 1,371 1 0 0.0007 0.9993
13 1,370 3 0 0.0022 0.9971
14 1,367 2 0 0.0015 0.9956
15 1,365 14 0 0.0103 0.9854
16 1,351 40 0 0.0296 0.9562
17 1,311 66 0 0.0503 0.9081
18 1,245 97 0 0.0779 0.8373
19 1,148 106 12 0.0923 0.7600
20 1,030 122 10 0.1184 0.6700
21 898 123 8 0.1370 0.5782
22 767 97 16 0.1265 0.5051
23 654 72 19 0.1101 0.4495
24 563 61 18 0.1083 0.4008
25 484 60 17 0.1240 0.3511
26 407 45 11 0.1106 0.3123
27 351 45 12 0.1282 0.2723
28 294 37 11 0.1259 0.2380
29 246 32 5 0.1301 0.2070
30 209 38 8 0.1818 0.1694
31 163 18 10 0.1104 0.1507
32 135 19 8 0.1407 0.1295
33 108 17 8 0.1574 0.1091
34 83 7 11 0.0843 0.0999
35 65 13 7 0.2000 0.0799
36 45 7 9 0.1556 0.0675
37 29 7 5 0.2414 0.0512
38 17 3 2 0.1765 0.0422
39 12 2 10 0.1667 0.0351

where n(t) denotes the number of exits, and r(t) denotes the number at risk in
t. The number at risk is affected by two types of events, one being a birth at
age t, and the other being a censoring at age ¢. For example, the risk set at age
20 includes 1,030 women. 122 of them give first birth, while 10 have not given
first birth but are not observed any further. Therefore, the risk set in the next
period, at age 21, is 1,030 — 122 — 10 = 898. The survivor function (in the
case of censoring) may be estimated by the Kaplan-Meier (or product-limit)
estimator. Formally,

$(6) = [T - M) (8.2)

s<t

The empirical survivor function S (t) is the estimated proportion of sur-
vivors at age t. For example, at age 11 it is simply one minus the exit rate at
age 11, at age 13 the proportion S(13) is estimated as S(11) times one minus
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the exit rate at age 13, and so forth. Both the hazard rate and the empirical
survivor function can be illustrated graphically as in Figures 8.2 and 8.3.

Fig. 8.2. Empirical Hazard Rates of Age at First Birth
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Fig. 8.3. Kaplan-Meier Estimator of the Survivor Function
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The Kaplan-Meier estimator presumes that the number at risk at time ¢ is
simply the number at risk at the beginning of ¢, and that censored observations
drop out of the sample at the end of ¢. This assumption is reasonable as long as
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we consider intrinsically discrete data. However, with grouped duration data
it may be more convenient to take into account that individuals will leave
during the time interval, and not at the beginning or the end. The lifetable
method adjusts the number at risk in each time interval by producing an
estimate of the average number at risk at the midpoint of the interval. For
example, if we assume that individuals leave evenly distributed over the time
interval, we can formulate an adjusted number at risk for the time interval ¢
as

Ht) = r(t) — =5 (83)

where m(t) is the number of censored observations in ¢. The within interval
exit rate is defined as A(t) = n(t)/7(t), and an estimator of the survivor func-
tion can be formulated similar to (8.2) using the adjusted exit rate. As long
as censoring does not occur, the lifetable and Kaplan-Meier estimates are the
same. However, the more observations are censored, the higher the adjusted
exit rate and thus, the more the proportion of survivors is overestimated by
the Kaplan-Meier estimator.

8.2.3 Discrete Time Duration Models

Discrete time duration models can be estimated by standard logit or probit
routines. The key element is the discrete time hazard, i.e., the probability
of exit during period ¢ conditional on being at risk in ¢. Let 7 denote the
discrete survival time with outcomes t € IN = {1,2,3,...} which can be
days, months, years, or simply an index of periods. We use the symbol 7 for
the dependent variable, emphasizing that we are modeling time. The hazard
function of 7 can be written as

it = Mti|zit) = P(T; = 4| T; > ti, 24t) (8.4)

where z;; denotes a vector of regressors, potentially varying over time. The
question is how \;; can be specified as a function of x;;, or more precisely,
as a function of the linear index z},5. Since A;; is a probability, we require a
functional form that maps z/,3 onto the unit interval. From Chapter 4, we
know two such transformations: logit and probit. In the logit case, we let

Ait

In the probit case, we would formulate the model as A;; = &(ay + 25,3). The
term o is a time-varying constant that captures duration dependence, i.e.,
how the hazard rates vary over time for constant regressors. This could be a
simple linear trend «; = d1t, a logarithmic form with a; = §; log(¢), or alter-
natively a flexible dummy specification with oy = dodi—2 +...+0y,,,. di=
given that observed exit times are 1, 2 until ¢,,,42, and d;—o indicates whether

mazx )
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t = 2, and so on. For estimation, we need to create a separate record for each
point of time at which an individual is known to be at risk. The dependent
variable takes the value 1 if the event occurs (this is the last record because
after the event, the person is no longer at risk) and 0 otherwise. Censored ob-
servations are coded as 0 until they leave the sample. To see how the dataset
needs to be organized, consider the following example, 8.4.

Example 8.4. Early Retirement

Suppose we are interested in modeling the retirement decision. Under what
conditions do men choose early retirement? Specifically, what is the influence
of health on this decision? Assume that health can be measured with a simple
indicator, where health; = 1 means “good health” and health; = 0 means
“no good health”. Table 8.3 shows a hypothetical sample of 10 men. Their
retirement age varies between 62 and 65 years. Of the 10 men, three retire at
the age of 62, one at the age of 63, one at the age of 64, three at the official
retirement age of 65, and two observations are censored. These are duration
data since we can consider the variable “time to retirement”, where ¢t = 1
means retirement at age 62, t = 2 means retirement at age 63 and so forth.
In this situation, healthgs, for example, measures the health status at age
62, which may differ from the health status at age 63, healthgs, a case of a
time-varying explanatory variable.

Table 8.3. Retirement Age and Health: Fictitious Data

7 Age Censored healthsa healthes healthga
1 62 0 0 1 1
2 65 0 1 1 1
3 63 0 1 1 0
4 62 1 1 1 1
5 64 0 0 0 0
6 65 0 1 1 1
7 62 0 0 0 0
8 62 0 1 0 1
9 63 1 0 1 1
10 65 0 1 1 0

In order to estimate a discrete time hazard rate model, the data needs to
be reorganized as indicated above. At age 62, 10 persons are at risk, three
of whom exit (retire) at that age with one observation censored. Hence, only
the remaining six observations are relevant at the next stage, when modeling
whether to retire at age 63 or not. All in all, there are 20 relevant observations
for estimation, as seen in Table 8.4. Assuming that all men have to retire
at the age of 65, the hazard rate in the last period is one and cannot be
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estimated. The dependent variable is Fxit, the explanatory variables include

the two dummy variables dg3 and dg4 to model the non-constant hazard, and
the variable health.

Table 8.4. Retirement Age and Health in Binary Data Format

Age Exit
62
62
63
64
62
63
62
62
63
64
62
63
64
62
62
62
63
62
63
64
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If we use a logit model to estimate the parameters of the model, we obtain
the following result:

A
log (1 ; ) = —0.107 — 0.443 dgs — 0.422 dgs — 1.379 health;
— it

Thus, the hazard rate declines over time. Moreover, healthy persons are less
likely to retire early than unhealthy ones.

In principle, estimation of discrete time hazard models is straightforward
(see Jenkins, 1995). However, there are a number of problems as well. First, the
resulting pooled sample may have a large dimension. In the above example,
the increase was from 10 person records to 20 person-year records. In the
GSS example on age at first birth, this procedure would lead to a total of
32,168 person-years (starting from 1,371 observations). Thus, the approach
becomes impracticable if the number of exit points is large. The finer the time
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measurement, the more observations there will be. This is one of the reasons
why continuous time models are more suitable in many situations. The other
reason is that with discrete time hazard models, we can only predict hazard
rates for times at which exits are observed. Consequently, it is not possible
either to draw inferences on average durations directly. All these concerns are
overcome if we use continuous time duration models.

8.2.4 Continuous Time Duration Models

For all conditional probability models discussed so far, we typically started
with a parametric distribution function, parameterized the model in terms
of explanatory variables, and then estimated the parameters by maximum
likelihood. We could choose the same approach for duration data. Since du-
rations are non-negative, we should start with a continuous distribution f(#)
with support over IR", such as the log-normal distribution or the exponential
distribution. More specifically, the conditional model we are thinking of has
the form f(¢;|x;). This imposes some constraints on the type of explanatory
variables we can employ. In particular, x; has no time subscript, i.e., it should
be unrelated to time and length of the duration, and is therefore called time-
invariant. This refers to a situation in which, for example, the regressors are
measured at the beginning of a spell. Relaxing this restriction is relatively
easy in discrete time duration models, but more tricky in continuous time
models and requires so-called episode splitting (see Collett, 2003: Chapter 8).

Example 8.5. The Exponential Model

The conditional probability approach can be exemplified with the exponential

distribution. We have f(t; \) = A exp(—At) and E(t) = A~!. Therefore, we may
parameterize E(t;|z;) = A\; * with \; = A\(t;|z;) = exp(2/3), which implies the
conditional probability model

f(ti|zs; B) = exp(x} ) exp[— exp(z;B)t;] (8.5)

Next, we show how to estimate § by ML when we have a sample of spells,
some of which may be ongoing and hence be right-censored.

Maximum likelihood estimation of duration models can involve quite elab-
orate procedures since, depending on the way the data are collected, non-
random sampling and partial observability are frequent problems. A major
distinction is that between stock and flow sampling. Stock sampling refers
to the analysis of spells that are ongoing at a certain point of time. Flow
sampling refers to the analysis of spells that begin at a certain point in time
(or during a certain interval of time). For example, consider the duration of
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unemployment, i.e., the time until an unemployed person is employed again.
In this case, stock sampling would mean drawing a sample of all unemployed
individuals, say on the first of January of a given year, and then seeing how
long it takes for these individuals to become reemployed. Two issues in such
samples are left-censoring, where it may be unknown to the analyst when the
unemployment spell actually started, and length-biased sampling, where long
unemployment spells will be overrepresented in the sample. While techniques
have been developed to deal with these situations, here we restrict our atten-
tion to the second type of sampling, flow sampling, as it occurs when data
are taken from inflow records into the unemployment register during a given
month. In the case of flow sampling, the only issue is right censoring, i.e., that
some spells may not have ended before the observation period ended.

Fig. 8.4. Flow Sampling With Censoring

Flow sampling is depicted in Figure 8.4. Six spells start at time ¢ = 0. This
could be any real time date, such as the first of January, 2004. The observation
window lasts until ¢.. For example, t. can be the present time. Clearly, for all
spells that have not ended before the present time, it is impossible to know
— at present — how long they will ultimately last. All that can be said about
such spells is that they lasted for a duration of at least ¢.. In Figure 8.4, the
second and the sixth spell are censored, whereas all other spells are completed.
Formally, we can write for the observed duration that

t; = min(t], t.) (8.6)

where tf is the (potentially unobserved) true duration. If the censoring time
varies across individuals, simply substitute ¢.; for ¢. in equation (8.6). The
probability that ¢; is censored can be written as
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P(t7 > telwi) =1 = F(te|zs; 8) (8.7)

For noncensored observations, we know the density f(¢;|z;; 3). Define a cen-
soring indicator d; = 1 if the observation is uncensored, and d; = 0 if the
observation is censored. Then, the conditional probability function for obser-
vation ¢ can be written as

ftilais B) 1 = F(t|as; 8)]' %

from which we obtain the log-likelihood function, assuming a sample of n
independent pairs of observations (¢;, ;)

log L(B; t, ) = Xﬁbwtm,)(—wmwawmm} (8.8)

i=1

Example 8.6. ML Estimation of the Exponential Model
Suppose that ¢; is exponentially distributed with A\; = exp(«}3). In this case

log L(f; t, x) Zd x, 8 — exp(z;B)t;] — (1 — d;) exp(z}0)t;

i=1

n
=Y dii — exp(a;f)t; (8.9)
i=1
The log-likelihood function is non-linear in the parameters, so that iterative
methods are required to obtain the maximum likelihood estimator. In the
special case where x; contains a constant only, we obtain
n
log L(B;t) = Y _ Bd; — exp(B)t;
i=1

from which it follows that

t) = Z d; — exp(f) Zti
i=1 i=1

and therefore the maximum likelihood estimator can simply be written as

b=tos (e, ) =tos (257

where n,,. is the number of non-censored observations. In this case, exp(ﬁ) is
the inverse of the ratio of the average exit time (of censored and uncensored
observations) divided by the fraction of non-censored observations in the sam-
ple. Similarly, the maximum likelihood estimator for the expected duration is
the average exit time divided by the fraction of non-censored observations. If
all observations are non-censored, this is the sample mean, as it should be.
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8.2.5 Key Element: Hazard Function

The exponential model is easy to formulate and to estimate. Nevertheless, it
is rarely used in practice. In order to understand why the exponential model is
overly restrictive and therefore of limited use in most economic applications,
a good place to start looking is the hazard function. Hazard functions were
already introduced in the context of discrete time duration models. Here, we
provide the corresponding results for continuous time duration models.

It is important to understand that one can build a duration model directly
around the hazard function, A\; = A(¢;|z;), an entity that obviously provides
more information than the conditional expectation function, as it shows the
conditional exit rates for all values of ¢. Indeed, the hazard function uniquely
determines the density function, and therefore the hazard rate fully character-
izes the conditional duration model. Let 7 > 0 denote the continuous duration
of a spell. The cumulative density function of 7 is defined as

Ft)=P(T<t) t>0 (8.10)

The survivor function shows the probability of surviving past ¢, which is
defined as the complement of the cumulative density

S(t)=1— F(t) = P(T > 1) (8.11)

Due to the relationship between survivor function and cumulative density, the
latter is sometimes referred to as failure function F'(t). The density of 7 is
the first derivative of the cumulative density function with respect to ¢

dF(t) dS(t)
)= ——F = —— =~
f®) dt dt
For any h > 0, the probability of exiting the spell during the interval [t, ¢+ h),
given survival up to time ¢, can be written as P(t < T < t+ h|T > t). The
hazard function for 7 is defined as
Pt<T <t+h|T>t
A(t) = lim DUST <tHhT 20
h—0 h

(8.12)

(8.13)

Hence, the hazard function is the limit of the probability that the spell is
completed during the interval [t,¢ + h), given that it has not been completed
before time ¢, for the limit A — 0, and thus, it is an “instantaneous exit rate”
per unit of time (rather than a proper probability). We can express the hazard
function in terms of density and cumulative density. First

Pt<T <t+h) F(t+h)—F(@)

< > = =
Pt<T <t+h|T >1t) PT =1 1= F @)

and therefore,

PG -F® 1 f0) )
A#) = fimy h —F() _1-F@) SO (8:.14)
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Because the derivative of S(t) is —f(t) it follows that

dlog S(t)
_ 1
A(t) = (8.15)
By integrating both sides, we get the integrated hazard function
t t
H(t) = / A(s)ds = / Jﬂ%f(s)ds = —log S(t) + log S(0)
0 0
= —log S(t) (8.16)

and therefore,

F(t) =1 — exp [— /0 t )\(s)ds] (8.17)

Differentiation of (8.17) gives the density of 7 as a function of the hazard
rate, and we have

F(&) = A(t)exp [ /Ot )\(s)ds] (8.18)

Therefore, all probabilities can be computed as a function of the hazard rate
with integrating over f(t) or directly using F'(¢). Moreover, once we have
specified a functional form for the hazard rate, we can also derive the survivor
function S(¢) and the integrated hazard function H(t).

Exercise 8.1.

e Suppose that you have a; < as. Derive P(7T > a9|7 > a1) and
P(a; <7 < ag|T > a7) in terms of A(¢).

Example 8.7. Constant Hazard Function

The simplest duration model is one with a constant hazard function
Alt) = A

From (8.17) we obtain

F(t) =1— exp [— /Ot Ads] =1 — exp(—\t)

which is the cumulative density of the exponential distribution. Conversely,
if 7 has an exponential distribution, its hazard is constant. An exponentially
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distributed random variable with hazard A has expected value 1/A. The hazard
function must be nonnegative - hence it is natural to model it as an exponential
function, namely

A(tilzi) = exp(x;f) (8.19)

Alternatively, the hazard function can be written as log A(¢;]x;) = x;8. With
these considerations, we may now understand why the hazard function of
the exponential model is too restrictive to be useful in practice. The two main
drawbacks discussed in the literature are as follows. First, the hazard function
is assumed to be constant over, and thus independent of, time. Second, the
hazard is fully known, once the regressors are given and the parameters are
estimated. There is no room for additional unobserved heterogeneity. The
more general duration models used in practice address one of these concerns,
or both, and we will discuss these issues next.

8.2.6 Duration Dependence

When the hazard is not constant over time, we say that the process exhibits
duration dependence. With d\(t)/dt > 0 the duration dependence is pos-
itive at time ¢. If dA(¢)/dt > 0 for all ¢, then we have monotonous positive
duration dependence. The probability of leaving the spell increases the longer
one has been in the spell. Of course, we may also have monotonous negative
duration dependence, or a hazard function that is non-monotonous in ¢.

A first possibility to model monotonous duration dependence is obtained
by formulating the logarithmic hazards as a function of regressors and loga-
rithmic survival times, formally

log A(t;|z;) = 2.8 + dlogt; (8.20)

With this assumption, the hazard function can be written as A(¢;|x;) =
exp(méﬁ)tf and the cumulative density function is given by

ti
F(t;|z;)) =1 —exp [—/ exp(x;ﬂ)séds]
0

=1—exp (—Wtf“) (8.21)
If we define @ = § + 1 and \; = exp(z}3)/«, then (8.22) simplifies to
F(ti]z;) =1 — exp (= Ait]") (8.22)
and

f(t2|1'z) = )\Z'Oltféil exp (—)\Zt;l) (823)
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This is the density function of the Weibull distribution. In order to ensure a
proper density function, we need to impose the restriction &« = §+1 > 0. In the
case of & = 1, the Weibull distribution reduces to the exponential distribution

with A; = exp(z;3). The hazard function of the Weibull distribution with
parameter o can be written as

_ f(tl|x2) oy =1 / a—1
Ati|z;) = T Rl Aiatd T = exp(x;f)t (8.24)

which can also be obtained directly from (8.20) by simply exponentiating and
replacing d by a—1. The shape of these hazard functions for different values of
« is illustrated in Figure 8.5. If & > 1 (or ¢ > 0), the hazard is monotonically
increasing and we have positive duration dependence. For a@ < 1 the hazard
rate is monotonically decreasing (negative duration dependence). The Weibull

distribution therefore offers a simple way to capture monotonous duration
dependence.

Fig. 8.5. Weibull Hazard Functions
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Other examples of parametric models with non-constant hazard functions
include

e the Gompertz distribution, where

A(t) = Xexp(qt) A>0 (8.25)
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e the log-logistic distribution, where

Yty
A= —" 50,950 (8.26)
v [1 + (wt)?]

e the log-normal distribution, where
2
1 1 (log(t)—
oo OXP [_2 ( 0 u) ]

t) = >0 8.27
) 1-@ (IOg(?—u) g (8.27)

The Gompertz model differs from the Weibull model in that logarithmic haz-
ards are assumed to be a linear function of survival times, and we may param-
eterize the model as A; = exp(z}3). With positive (negative) shape parameter
v, the hazard is monotonically increasing (decreasing) over time, and with
v = 0 the Gompertz model reduces to the exponential model with constant
hazard. The log-logistic model is usually parameterized as ¥; = exp(—z;0)
(the reason for the negative sign will become clear below) and, depending on
the shape parameter v, the hazard rate is monotonically decreasing (y > 1),
or first increasing and then decreasing (0 < v < 1). The shape of the hazard
function in the log-normal model is very similar to the log-logistic model with
0 < v < 1, and one usually assumes that the mean parameter is specified as
linear index of regressors, p; = x}0.

Proportional Hazards Models

The exponential model, the Weibull model, and the Gompertz model have
in common that they can be formulated as a proportional hazards (PH)
model. In general, a PH model can be written as

where £(-) is a nonnegative function of z; and Ao(¢;) > 0 is the so-called
baseline hazard. The baseline hazard, and therefore the nature of duration
dependence, is common to all individuals. The factor x(x;) then determines
the position of the individual hazard rate by shifting the baseline hazard
proportionally up or down. For example, in the Weibull model we have x(x;) =
exp(2}3) and A\o(t;) = t{. In particular, if we assume that x(z;) = exp(z}3),
then we can interpret 3 in terms of relative hazards for a given change in
the I-th element in x;,

NCAES = exp(Az;yi ;) (8.29)

For a unit change in x;;, Az; = 1, we obtain the factor change exp(3;) in the
relative hazards, which is also referred to as hazard ratio.
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Accelerated Failure Time Models

The log-logistic and the log-normal hazard functions cannot be classified as
PH models. Alternatively, both models may be summarized in the class of
accelerated failure time (AFT) models, for which logarithmic survival
times are expressed as a linear index of covariates and an additive error term,

logt; = 23 + u; (8.30)

A distributional assumption about u; determines the survival time distribu-
tion, and thereby the functional form of the hazard function. For example,
if error terms are normally distributed then we obtain the log-normal model,
and if the error terms follow a logistic distribution then we get the log-logistic
model. Moreover, it turns out that the Weibull model (and therefore also the
exponential model) as the only PH models can be formulated as AFT models,
if we assume extreme value distributed error terms (see, for example, Cox and
Oakes, 1971: p. 71). In order to see how AFT models accelerate the failure
time, rewrite (8.30) as

logit; = w; (8.31)

where we define 1; = exp(—z}f), as in the log-logistic model. The term ;
now changes the time scaling in the sense that if ¥; > 1, then survival times
are shortened (or failure is accelerated), and if ¢; < 1, then survival times
are lengthened. One way to interpret an AFT model is to consider the model
formulation in (8.30) directly. Here, a unit increase in the I-th regressor x;
changes the expected survival time by approximately §; x 100 percent, or by
exactly [exp(8;) — 1] x 100 percent. The term exp((;) is sometimes referred to
as a time ratio.

While these parametric models are simple to estimate and to interpret,
they may be overly restrictive and, for this reason, misspecified. Therefore,
more flexible models have been proposed, the leading example being the Cox
proportional hazards model (Cox, 1972, 1975). The regression parameters
of this model can be estimated by partial likelihood methods without even
specifying a functional form for the hazard function (see also Kalbfleisch and
Prentice, 2002, or Klein and Moeschberger, 2003). Of course, this is not very
interesting if learning something about the shape of the hazard function is
a main concern of the analysis, as is often the case in econometric applica-
tions. In such cases, the exponential model with a piecewise linear hazard
function has become increasingly popular (see Lancaster, 1990, for further
details).

Duration dependence is an issue of substantive economic interest in many
applications. This is one possible way to capture the dynamics of the under-
lying exit process. For example, in the analysis of unemployment duration,
negative duration dependence implies that the probability of finding a job
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decreases as the length of the unemployment spell increases. Reason for such
a decline can be human capital depreciation or stigma effects. In any case,
this will tend to generate a substantial fraction of long-term unemployment.

8.2.7 Unobserved Heterogeneity

Unfortunately, it is empirically difficult to separate the effects of duration de-
pendence from the effects of unobserved heterogeneity, also referred to as
frailty. One may find evidence for “spurious” duration dependence even in a
true world with constant hazard, as long as there is unobserved heterogeneity.
To understand the effect of unobserved heterogeneity in duration models, we
consider the example of the exponential duration model. Notice that in (8.19)
the hazard is fully specified once we know z; and 3. Alternatively, we could
formulate the hazard function in log-form with an additive error term ¢; as

log A(t|zi,e;) = 2B+ & (8.32)

Now, there are two sources of heterogeneity, i.e., differences in hazard rates
between observation units, one being observed and one being unobserved. In
(8.32), the random error ¢; captures the unobserved heterogeneity. For exam-
ple, such unobserved heterogeneity can arise if there are additional variables
that affect the hazard but are unobserved by the econometrician. Because we
can rephrase (8.32) as

Ati|mi, u;) = exp(z}B)u; (8.33)

where u; = exp(e;), we refer to this model as one with multiplicative het-
erogeneity. Without loss of generality, we let E(u;|z;) = 1 such that

E\(t|zi, ui)|z;] = exp(x}B)E(u;i|x;) = exp(z}3) (8.34)

We know that conditional on u;, the duration is exponentially distributed
with

F(ti|zi, u;) = 1 — exp(— exp(z}3)uit;) (8.35)

Since we do not observe u;, we have to reformulate the model in terms of
what we can observe, and the technique for doing so is to marginalize (8.35)
with respect to u;, or in other words, to integrate out the unobservables.
Let g(u;|z;) denote the density function of u; given x;, with support over
the positive real line. Then we obtain the marginal distribution function by
integrating the product of F(¢;|z;,u;) and g(u;|x;) over u;:

F(ti|z) = /OOO F(ti]ws, wi)g(uilz:)du (8.36)

In parametric models of unobserved heterogeneity, we have to specify a suit-
able density function for g(u;|z;). It turns out that the gamma distribution
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is a suitable candidate, since it leads to relatively simple derivations and
closed-form solutions. In semi-parametric models, we avoid such a parametric
assumption, and instead approximate the density of u; with discrete mass-
points. Here, we focus on the parametric case. If u; is gamma distributed
with parameters 6 > 0 and « > 0 the density function can be written as

7’ oo
g(u|z;) = mui_ e T (8.37)

where I'() is the gamma function defined as fooo 29=1e=*dz. In order to
impose the normalization E(u;|z;) = 0/v = 1, we let 6 = ~. Therefore,

0o 99
F(t;|lx;) = 1 — exp(— exp(z: B uit;)] ——ul e~ du,
(tle) = [ [1 = expl—explaiust)]

e 00 ,
=1- / exp(— exp(z}3)uit;) =—u’ e % du,
0

re)
6 o0
0 / W= Orexp( Dt gy
re) o
0 0
-1 (7 .
<<9 + exp(aj;ﬁ)ti) (8.38)

where the last equality follows because the integrand can be expanded such
that it equals the density function of a Gamma(6, 0 +exp(z}3)t;) distribution,
and hence must integrate to unity. Therefore, we obtain

F(tilz) =1—[1+ 6 exp(a}B)t;] " (8.39)
and
f(tilzi) = exp(a;B) [1 4 6" exp(a}B)t;

from which it follows that the hazard rate in the exponential model with
gamma distributed unobserved heterogeneity can be written as

f(tilws)
L — F(ti|z:)

70 (8.40)

—1

Ati|z:) = = exp(z;f) [1+ o~ exp(z;3)ti] (8.41)

For #—! — 0, we obtain the hazard function of the simple exponential model.
Note that #~! is the variance of the gamma distributed heterogeneity term
u; — hence in this degenerate case, there is no heterogeneity. For =1 > 0 the
hazard rate becomes a decreasing function of ¢;, which was to be shown. This
is an example of “spurious” duration dependence.
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Example 8.8. Unobserved Heterogeneity across Groups

The nature of unobserved heterogeneity and negative duration dependence
(declining hazard function over time) can also be depicted in a more elemen-
tary way by returning to a discrete example. Assume that the population is
composed of two groups. The first group has a hazard rate of 0.1, the second
group has a hazard rate of 0.5. Therefore, the hazard rate is constant in each
group, but there is heterogeneity. Now assume that the heterogeneity is unob-
served, and ignored by the analyst. Also assume that the two groups possess
equal weight in the population. For example, if we start out with 100 persons
from group 1 and 100 persons from group 2, there are 140 survivors after one
period. The initial hazard rate is 60/200=0.30, or 30 percent. This is shown
in Table 8.5.

Table 8.5. Unobserved Heterogeneity and Spurious Duration Dependence

Survivors Hazard Rate
Period Group 1 Group 2 Total Total
1 100 100 200 0.30
2 90 50 140 0.24
3 81 25 106 0.19
4 72.9 12.5 85.4

In the next period, the composition of the pool of survivors has changed.
Among survivors, there are 90 persons, or 64 percent, of type “low hazard”.
The remaining 50 persons are of type “high hazard”. The initial split was
50/50. Hence, what will happen is that in the next period, the average hazard
rate is lower, since the low hazard types are now overrepresented. This is
documented in the last column of Table 8.5. The average hazard drops from
30 percent to 24 percent, and then to 19 percent in the next period, when the
high hazard types have been reduced to 15 percent of the surviving population.
The important point is the following: if we think that we are confronted with
a homogeneous population, the empirical evidence will look as if there is
negative duration dependence. The hazard rate falls over time. But this is
spurious. The falling hazard rate has no behavioral interpretation; rather,
it is a direct consequence of heterogeneity that is unaccounted for, and the
resulting compositional changes.
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To return to our previous example of the duration of unemployment spells,
what happens is this: individuals with high hazard rates exit unemployment
early and then are no longer part of the risk set. As time goes on, this selection
process yields risk sets that contain individuals with lower and lower (albeit
individually constant) exit rates, and the observed hazard falls over time. It
is extremely difficult to distinguish hazard rates that are truly declining over
time from simple variation in hazard rates across individuals.

In a regression context, whether unobserved heterogeneity should be a ma-
jor concern or not, depends on the questions one wants to answer. If the main
goal of the analysis is consistent estimation of 3, then unobserved heterogene-
ity does not necessarily invalidate the estimators, as long as ¢; and z; are
independent. If the goal is to identify duration dependence, it is imperative
to properly account for unobserved heterogeneity.

Duration Dependence and Unobserved Heterogeneity

Parametric models that account for both duration dependence and unobserved
heterogeneity can be formulated as well. Our starting point is a generalized
form of the hazard function in (8.33)

Atilas, wi) = A(tila:u; (8.42)

with the hazard S\(tl|a:,) depending on observable characteristics, possibly al-
lowing for duration dependence, and the multiplicative error term u; capturing
unobserved heterogeneity. From the relationship between the hazard function,
the integrated hazard function, and the cumulative distribution of the survival
time, it follows that

F(ti|zi, u;) = exp {— /Oti 5‘(5i|$i)uid5i:| =1—exp [_ﬁ(ti‘xi)ui} (8.43)

As before, we assume that unobserved heterogeneity is distributed according
to a gamma distribution with unit expectation, and we need to integrate out
the error term w;. It can be shown that

[e%s) ~ 99
F(ti|lz;) = / 1—exp |—H(t|z)u; | ——ul e % du,
(nfre) = | 11— exp [~ Altilan)u] pgsof
. -0
—1- [1 + 9*1H(ti|xi)} (8.44)
which implies the hazard function

Altilas) = A(tilas) [1 + 9_1E[(ti|xi)] B (8.45)

Now, we have two sources of duration dependence. A “true” duration depen-
dence stemming from the hazard function A(t;|z;), which can be any of the
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hazard functions presented in Section 8.2.6, and an additional “spurious” du-
ration dependence arising from unobserved heterogeneity, which may amplify
or diminish the “true” duration dependence. In the degenerate case = — 0
(zero variance of u;) the frailty part drops out and we get a basic duration
dependence model.

Example 8.9. Age at First Birth of Women in the GSS

In this example, we analyze the variable age at first birth of women using
data drawn from the General Social Survey (GSS) in 2002. We investigated
the age at first birth already in Section 8.2.2 by means of a lifetable and the
Kaplan-Meier estimator. In Figures 8.2 and 8.3, we plotted the hazard rates
and the empirical survivor function and the inspection of both figures is an
initial step in analyzing duration data. At first, the hazard rate is flat, then
increasing with a convex shape, and finally, slightly decreasing (with a lot
of variation around the trend). Therefore, empirical evidence suggests first a
positive and then a negative duration dependence, which is a common finding
for the timing of first birth (see, for example, Morgan, 1996, Gustafsson, 2001).

Now, we want to examine the factors that affect the time until a woman
gives first birth. In particular, higher educational attainment of the mother
is known to postpone the age at first birth (Gustafsson et al., 2002), and we
want to determine whether and how the number of years in formal schooling
change the duration until first birth. Further controls include the number
of siblings, two dummy variables, white and immigrant, and two variables
indicating whether the woman was living in a family with low income (less
than average income), and whether the woman was living in a city at age
16, respectively. We report estimates from four parametric duration models,
the exponential model, the Weibull model, the log-normal model, and the
log-normal model with gamma distributed frailty.

The results are displayed in Table 8.6. First of all, note that all models are
estimated in the AFT structure for which a ceteris paribus unit increase in one
regressor z;; changes the expected duration until first birth by approximately
0B; x 100 percent. Turning to the estimated coefficients, we find that women
with a higher educational level have a higher expected duration until they give
birth to a first child. For each model, we can clearly reject the null hypothesis
of no effect. For example, in the exponential model, we have a point estimate
of 0.047 with standard error 0.011 and z-statistic of about 4.3, which is higher
than the 1% critical value of the standard normal distribution for a two-sided
test. The specific effects of one additional year of schooling on the expected
duration until first birth range between 2.6 percent (Weibull model) and 4.7
percent (exponential model).

The estimated coefficients are relatively stable when we compare the four
models. Yet, there is clear statistical evidence that the Weibull model is pre-
ferred over the exponential model. The estimated parameter & = 4.423 indi-
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Table 8.6. Duration Analysis of Age at First Birth

Dependent variable: age at first birth

Log-Normal
Exponential Weibull Log-Normal (Gamma Frailty)
years of education 0.047 0.026 0.031 0.032
(0.011) (0.002) (0.002) (0.002)
number of siblings -0.015 -0.007 -0.005 -0.003
(0.010) (0.002) (0.002) (0.002)
white 0.046 0.063 0.083 0.091
(0.072) (0.016) (0.015) (0.013)
immigrant 0.094 0.034 0.056 0.060
(0.093) (0.021) (0.019) (0.017)
low income at age 16 -0.027 0.007 -0.021 -0.038
(0.074) (0.017) (0.015) (0.014)
lived in city at age 16 0.037 0.026 0.008 -0.004
(0.061) (0.014) (0.012) (0.011)
constant 2.707 2.890 2.696 2.615
(0.170) (0.037) (0.036) (0.034)
& 4.423
(0.095)

o 0.219 0.150
(0.005) (0.006)

61 0.673
(0.076)

Observations 1,371 1,371 1,371 1,371
Log-Likelihood value -1,400.51 -258.35 -72.93 -8.70
LR 31.37 196.44 265.58 316.08
AIC 2,815.01 532.69 161.87 35.40

Notes: Standard errors in parentheses. Data: GSS 2002.

cates positive duration dependence and a likelihood ratio test between both
models clearly rejects the null hypothesis of « = 1. However, a coefficient of
larger than two in the Weibull model suggests that the hazard rate is over-
proportionally increasing over time. From Figure 8.2 we know that this is
true only for short durations, and does not hold for long durations. Hence,
we should consider a model that allows for more flexible shapes of the hazard
function. Moreover, we control for very few factors, and therefore unobserved
heterogeneity might be a serious concern. We address both issues by esti-
mating a log-normal model with and without unobserved heterogeneity. And
indeed, the log-normal model is preferred over the Weibull model, and, once
we allow for unobserved heterogeneity in the log-normal model, we also reject
the no-frailty model.

But what does this imply for the shape of the hazard function? Figure 8.6
shows four hazard functions for each of the four estimated models, evaluated
at the sample means. We can see that the exponential and the Weibull model
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describe the empirical hazard rates very insufficiently. The log-normal model
covers the hazard rates for low durations quite well, but deviates for high
durations. Only the hazard function of the log-normal model with unobserved
heterogeneity describes the hazard rates pretty well over the whole range
of durations, which is also reflected by the high value of the log-likelihood
function compared to the other models.

Fig. 8.6. Parametric versus Empirical Hazard Functions
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In Figure 8.7, we plot the hazard function of the log-normal model with
gamma frailty for two distinct values of the schooling variable, 12 and 16 years
(fixing all other regressors to their means). The graphs show that a woman
with less schooling, in this case 12 years, tends to give first birth earlier than
a woman with higher schooling (16 years), all else being equal. However, we
cannot observe a significant decline in average hazard rates, which confirms
the hypothesis that higher educational attainment postpones the age at first
birth but it does not significantly reduce the total number of children.
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Fig. 8.7. Hazard Functions by Educational Level
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Exercise 8.2.

e How would you interpret the coefficient of white in Table 8.67

e Formally test the log-normal model against the Weibull model, and
the log-normal model with gamma distributed unobserved hetero-
geneity against the log-normal model without heterogeneity using
likelihood ratio tests.
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8.3 Count Data Models

8.3.1 The Poisson Regression Model

The Poisson regression model is probably the most prominent member of the
class of count data models, i.e., models that describe the number of occur-
rences of a particular event within a fixed time interval. The Poisson model
for count data serves much the same function as the normal linear model for
continuous data: it is used as a benchmark model against which more gener-
alized (and maybe more suitable) models can be compared. Therefore, it is
important to gain a good grasp of the underlying assumptions and properties
of this standard model before turning to more general alternatives.

We start with a brief review of the Poisson distribution. Let y denote a
random variable with support IV U {0} = {0,1,2,...}, which is said to be
Poisson distributed if and only if the probability function is given by

Y
P(y:j):T A>0,7=0,1,2,... (8.46)
where j! denotes the factorial of j. In shorthand notation, we can write (8.46)
as y ~ Poisson(\). The Poisson distribution is a one-parameter distribution
and the parameter A uniquely determines mean and variance. In particular,
it can be shown that E(y) = Var(y) = A. The equality of expectation and
variance is also known as equidispersion, which is an important property of
the Poisson distribution. Unfortunately, it is frequently violated in empirical
applications, either because of overdispersion (the variance is larger than

the mean) or underdispersion (the variance is smaller than the mean).

Exercise 8.3.

e Prove that expectation and variance of a Poisson distributed random
variable are given by the parameter \.

Two further properties invoked by the Poisson distribution should be men-
tioned. First, the ratio of probabilities of two successive outcomes j and j + 1
is determined by

Ply=j) _j+1

- =0,1,2,... 8.47
Pu=itD &’ (847

If the parameter A is within the unit interval, 0 < A < 1, then this ratio is
always (Vj) greater than one, such that the probabilities are strictly decreasing
for increasing values of j. For A > 1, the probabilities are first increasing and
then decreasing. Both cases are illustrated in Figure 8.8. Second, the first
derivative of (8.47) with respect to A can be written as
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OP(y=j) e M=DN e Nt Ply=j), .
T i e (AR (8.48)

The sign of the first derivative is entirely determined by the sign of j — A. If
J < (>)A, then the probabilities decrease (increase) with increasing A. Both
properties will become important when we consider discrete and marginal
effects of regressors on the count outcomes.

Fig. 8.8. The Shape of the Poisson Distribution
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The Poisson regression model can be derived from the distribution
function stated in (8.46) by making the following two assumptions. First, we
assume that the conditional distribution of y;, given a set of regressors z;, is
Poisson distributed with parameter A\; = A(z;; §), formally

yilx; ~ Poisson()\;) (8.49)
And second, we parameterize \; in terms of x; and [ such that
i = exp(z}3) (8.50)

where 2} is the usual linear index of regressors including a constant. Both
assumptions can be combined to obtain the conditional probability function
of the Poisson regression model

exp(— exp(7;3)) exp(y;z;3)

y; =0,1,2,... (8.51)

with conditional expectation function E(y;|z;) = exp(z}8) and conditional
variance function Var(y;|z;) = exp(z;3). This implies that, by assumption,
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the Poisson model is heteroscedastic. This is a natural approach for non-
negative random variables since the lower the linear index of regressors, and
thus the expectation of y, the smaller the variance of y.

Interpretation of Parameters

The parameters of the Poisson model can be interpreted in two ways. First,
since expectations of counts are well-defined, we may interpret the parameters
in terms of marginal or discrete mean effects. And second, as with all discrete
probability models, we may interpret the parameters in terms of marginal
probability effects. The marginal mean effect is given by the first derivative
of the conditional expectation function with respect to the I-th element in z;,
algebraically

ey~ PEiAB = Elyile)f (8.52)

Equation (8.52) depends on the particular values of z;, and it may therefore
be more convenient to report the expected (or average) marginal effect, or
alternatively, the effect evaluated for a “typical” individual (for example by
fixing the regressors to their means). We already discussed this issue in the
previous chapters and do not consider it further here.

Alternatively, we may report the relative change in the expectation func-
tion associated with a small change in one regressor. We obtain

OB (yi|w:) /E(yi|z:)
0z

This expression is constant for all 4 and has the interpretation of a semi-
elasticity: if z;; increases by one unit, then §; x 100 gives the percentage
change in E(y;|x;). Moreover, if z; is in logarithmic form, then (; measures
the elasticity of the conditional expectation function with respect to x;;.

The relative change in E(y;|z;) associated with a discrete change in z;;
by Az; can be written as

E(yilzi + Avi) — E(yilz:) _ exp(@if + Azaf) — exp(x;f)
E(yi|x:) exp(z;3)
= exp(Az;yf) — 1 (8.54)
For example, if z;; is a dummy variable switching from 0 to 1, then exp(5;) —1
gives the relative impact of the dummy variable on the expected value of y.
For small values of §;, we have exp(5;) =~ .
An important observation can be drawn from the marginal mean effects.

The Poisson model implies interactive effects even in the absence of an explicit
interactive term x;x,,, since

32E(yi |$z)
0x10%im,

=0 (8.53)

= exp(2;3)BiBm = E(yi|x:) BiBm # 0
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This is unlike in the normal linear model with linear expectation function
E(yi|z;) = )8 where interactive effects are zero unless the linear index con-
tains an interactive term.

A second way to interpret the parameters in the Poisson model is to con-
sider marginal probability effects. Clearly, the focus on the whole distri-
bution of outcomes (and its response to small changes in regressors) provides
much more information than focusing solely on mean effects. In other words,
if we specify a conditional probability model for the dependent count variable,
then we should also exploit the information provided by such a model. We
obtain from (8.48)

OP(y; = jlz;)

0z = P(yi = jlz:)[j — exp(}5)] i (8.55)

As mentioned previously, the marginal probability effects follow a specific
pattern imposed by the model assumptions. Specifically, we have

sgn(OP(y; = jlzi)/0zq) = —sgn(B) if and only if j < exp(z;p)
sgn(OP(y; = jlzi)/0xq) = sgn(f) if and only if j > exp(z;p)

Hence, if we increase the value of y, starting from the lowest outcome, then
marginal probability effects are either first negative and turning to a positive
value when y crosses its expected value exp(x}3), or vice versa. This is a
single crossing property, similar to the one discussed in Chapter 6 in the
context of ordered probit and logit models.

Estimation

Assuming a sample of n independent pairs of observations (y;, z;), the speci-
fication of a conditional probability model in (8.51) allows for straightforward
application of ML methods. The log-likelihood function is

n

log L(B;y,x) = > —exp(@}B) + yiw} B — In(yi) (8.56)

=1

The first-order condition for a maximum of (8.56) requires us to set the score
function, which is given by

n

s(Biy,z) =Y [y — exp(aB)]; (8.57)

i=1

equal to zero. Since s(f3;y,x) is a non-linear function in 8, we need to solve
the first-order conditions s([?; y,x) = 0 using an iterative algorithm like the
Newton-Raphson method. The Hessian matrix in the Poisson regression model
can be written as
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n
H(By,z) = — Y exp(}B)zx]
i=1

One can show that the Hessian is negative definite such that the log-likelihood
function is globally concave, and the ML estimator B indeed maximizes (8.56).
From ML theory we know that B is consistent, asymptotically efficient and
asymptotically normal with

. -1
B8 R Normal | 8, lz exp(méﬁ)xix;] (8.58)

i=1

Since the Hessian matrix is independent of y, the expected and the actual
Hessian coincide, resulting in the following estimator of the variance

n —1
Var, (5) = lz exp(x;mwix;]
i=1

An alternative variance estimator is the variance of the score, which can be
estimated by summing over the outer product of the score

n

Vata(f) = [z@i - exp(x;@)%ix;]

i=1

Asymptotically, the two estimators \//';;“1 and \//5*2 are equivalent, as long as
the model is correctly specified, because then Var(y;|z;) = Ely; —exp(z3)]? =
exp(z;3). However, in finite samples, the two formulas generally differ.

Duration Analysis and Count Data

In the introduction, we mentioned the close relationship between count data
and duration analysis. The theoretical link between the two approaches is
provided now. Let ¢5 denote the duration between two successive events s — 1
and s, and let 7; denote the arrival time of the j-th event, which is calculated
as

=Y te j=1,2,... (8.59)

Furthermore, write N(T) for the total number of events that have occurred
within the fixed time interval (0,T"). By definition, it must hold that the prob-
ability of at most j — 1 events having occurred before T equals the probability
that the arrival time of the j-th event is greater than 7. Formally,

P(N(T) < j) = P(r; > T) = 1 — F;(T) (8.60)
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where Fj is the cumulative density function of the arrival time 7;. Moreover,
the probability that exactly j events occurred in (0,7T) is

P(N(T) =j) = P(N(T) <j+1) = P(N(T) <)
:P(Tj+1>T)7P(Tj>T)
= E(T) — Ey (T) (3.61)

Equation (8.61) characterizes the fundamental relationship between count
data and duration data. If the distribution function Fj is known for all arrival
times 7;, then the distribution of N(T') can be obtained by (8.61). In general,
the specific form of F; depends on a convolution of the underlying densities
of ts, and convolution is a rather complex operation. However, derivations
simplify considerably if we assume that waiting times are identically and in-
dependently distributed with a common distribution. For example, one can
show that exponentially distributed waiting times with constant hazard A
result in probabilities P(N(T) = j) that follow a Poisson distribution with
single parameter \.

8.3.2 Unobserved Heterogeneity

In the Poisson regression model, we assume that y;|x; is Poisson distributed
with parameter \; = exp(«}0), and A; uniquely determines mean and vari-
ance of the conditional distribution. This presumes that the analyst is able
to account for the full amount of individual heterogeneity. Once the explana-
tory variables x; and 3 are known, the conditional probability model is fully
specified. There is no room for additional, unobserved heterogeneity.

Unfortunately, given that the analyst does mot observe all relevant infor-
mation, the conditional distribution of y;|x; cannot be Poisson, and thus the
Poisson model must be misspecified. This can be seen as follows. Similar to
Section 8.2.7, we may write the Poisson parameter as

Ai = exp(z}6 + &) (8.62)

with error term ¢; capturing unobserved heterogeneity. We can rewrite the
parameter \; as

Ai = exp(3) exp(e;) = exp(}B)u; = Aiu; (8.63)

where u; = exp(g;). Now, assume that y; conditional on x; and u; is Poisson
distributed with parameter \;, and that u; is distributed independently of x;
with E(u;|z;) = 1 and Var(u;|z;) = o2. Since we observe y; and z;, but not u;,
we are interested in the distribution of y; conditional on x;, but unconditional
on u;. By the law of iterated expectations and the decomposition of variance
(see Hogg and Craig, 1978, p. 349), we obtain

E(y|z:) = Eu(\i|zi) = exp(28) E(ui|z;) = A, (8.64)
Var(y;|;) = Eu(Ni2) + Vary(Ai|a:) = A + 0202 (8.65)
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For o2 > 0, we have Var(y;|z;) > E(y:|z;). Hence, unobserved heterogene-

ity causes overdispersion, and therefore violates the equality of mean and
variance (equidispersion) in the Poisson model.

Example 8.10. Unobserved Heterogeneity across Groups

Assume two homogeneous groups of equal size in the population of interest.
Each group is characterized by a Poisson distributed random variable, denoted
by 41 and yo, with parameters \; = 0.5 and Ao = 1.5, respectively. Due to the
lack of data availability, the analyst cannot distinguish between both groups.
The results above yield

E(y) = 0.5%xE(y1) + 0.5 x E(y2)
=05%05+05%x15=1
Var(y) = 0.5 * Var(y1) + 0.5 * Var(yz)
+0.5 % (E(y1) — E(y))? + 0.5+ (E(y2) — E(y))?
=0.5%0.5+0.5% 1.5+ 0.5% (—0.5)% + 0.5 % 0.5 = 1.25
Thus, the unconditional variance of y in the population is greater than its

unconditional mean, and therefore, the population cannot be Poisson dis-
tributed.

In order to study the effect of unobserved heterogeneity on the full con-
ditional probability model (rather than the first two moments only), we need
to integrate out the unobservables w;. This requires that we know the dis-
tribution function g(u;|x;). In this case, the probability function in terms of
observables can be written as

f(yila:) = / f(yilais ui)g(uslws ) dus (8.66)
0
For instance, if f(y;|x;,u;) is of the Poisson form, we get
)\yt e e]
flues) = 2 [ v gl (867
Yi- Jo

where \; = exp(z}8). Whether or not a closed-form solution of (8.66) or (8.67)
exists crucially depends on the assumption about g(u;|z;). For example, if
u;|x; is gamma distributed with the density function given by (8.37), then we
obtain from (8.67)

AV

0o 7]
;) = = efAi“iuy"'Lu‘?_lefwuidul 8.68
f(yl| Z) ’L'/O 7 1—1(9) 7 G ( )
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In order to impose the normalization E(u;|z;) = 1, we restrict the parameters
such that v = . Therefore,
AL 0% 1 g
flyslzy) = = / e_)"’“iuff' u, e iduy
=, )

Mo go > :
A —(Ai+0)u; y1+9—1d ]

aTw ), ¢ R

N0 I(y+0)
Iy +1) I'(0) (Ai + 0)vi+?

- For st (s 0) (JL;)Q (869

where the third equality follows from an expansion of the integrand such that
it represents the density function of a Gamma(y; + 0, \; + 6) distribution,
and therefore integrates to one, and I'(y; + 1) = y;! since y; is integer-valued.
Equation (8.69) shows the probability function of the negative binomial
distribution with E(y;|z;) = \; and Var(y;|z;) = \; + 671\2.

The Negbin regression models can be derived from (8.69) for a suitable
specification of the parameter 6, with \; given by exp(z;3). Two parameter-
izations are known in the literature. The Negbin II model assumes that
#~1 = 52 is constant, such that the variance function can be written as

Var(yilz;) = exp(f) + o*[exp(xiB)]* (8.70)

This corresponds to the variance function that we obtained in (8.65). In the
Negbin I model, the parameter 6 is allowed to vary across individuals with
specification 6, ! = 52/)\; and the variance function is given by

Var(y;|z;) = (1 + %) exp(z}3) (8.71)

For 02 — 0, the Negbin regression models converge to the Poisson model,
which can be used as a basis for a LR or Wald test. Since 02 > 0, the Poisson
model is obtained as a degenerate case at the boundary of the parameter
space, which needs to be taken into account when testing such restrictions
(see Winkelmann, 2003, Chapter 3.4.1 for further details).

Example 8.11. Schooling and Fertility

In this example we investigate the effect of women’s schooling on fertility
using data from the GSS waves 1974 to 2002. The individual fertility decision
is measured by the number of children ever borne to a woman, and thus is a
count variable. We focus on women aged 40 years or older to account for the
fact that younger women may not have reached the end of their fertility, or
are still attending school. The marginal distribution of the number of children
was displayed in Table 1.1. In particular, the effect of schooling on fertility has
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attracted much interest in the past (see for example Willis, 1973), since raising
educational levels might explain the observed downward trend in fertility.
We analyze this hypothesis with three different count data models, the
standard Poisson model, and the Negbin I and II regression models to allow
for unobserved heterogeneity. Further controls include a time trend, dummy
variables indicating race (white), immigrant status, living in a city at age 16,
and having less-than-average income at age 16. Table 8.7 reports the results.

Table 8.7. Estimation Results of Fertility Decision

Dependent variable: number of children ever born to women

Poisson Negbin II Negbin I
years of education -0.0442 -0.0452 -0.0423
(0.0028) (0.0033) (0.0032)
linear time trend -0.0055 -0.0055 -0.0051
(0.0010) (0.0012) (0.0012)
white -0.1366 -0.1376 -0.1267
(0.0230) (0.0268) (0.0262)
immigrant -0.0808 -0.0791 -0.0815
(0.0276) (0.0316) (0.0314)
low income at age 16 0.0115 0.0116 0.0096
(0.0212) (0.0246) (0.0241)
lwed in city at age 16 -0.0555 -0.0549 -0.0527
(0.0190) (0.0218) (0.0216)
constant 1.7080 1.7208 1.6722
(0.0387) (0.0459) (0.0442)
o 0.1244 0.3019
(0.0107) (0.0283)
Observations 5,150 5,150 5,150
Log-likelihood value -10,116.63 -10,014.05 -10,032.33
LR of Hp : constant-only 484.28 355.04 318.49
LRof Hy: o0=0 205.17 168.62

Notes: Standard errors in parentheses. Data: GSS 1974-2002 (4-year intervals).

All models indicate that schooling has a negative effect on the number of
children. The value -0.0442 in the Poisson model can be interpreted in two
ways. First, in terms of mean effects, the increase in schooling by one year
reduces the expected number of children by about 4.42 percent. The exact
change can be calculated as [exp(—0.0442)—1] x 100 = —4.32 percent. In terms
of marginal probability effects, we need to evaluate (8.55) for each individual
and outcome. For example, consider an individual with average characteristics.
In this case, the conditional expectation is estimated as A = 2.54, and a
marginal increase in schooling increases the probability of a zero outcome by
exp(—2.54) * (—2.54) = (—0.04) = 0.0088, or 0.88 percentage points.
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The coefficients in the Negbin I and II models do not differ much from
those in the Poisson model. However, if we look at the parameter estimate of
o, then we can see that there is evidence of unobserved heterogeneity. This
can be formally tested, using the LR test statistics reported in the last row of
Table 8.7, and we reject the absence of heterogeneity (and thereby the Poisson
model) significantly. Moreover, from a statistical point of view, the Negbin II
model is preferred over the Negbin I model.

The Negbin regression models can also be interpreted in terms of marginal
mean or probability effects. In order to shed some more light on our discussion
about the effect of schooling on fertility, we choose another means of inter-
pretation. We calculate predicted probabilities for two levels of schooling, 12
and 16 years, showing the difference between a high school and a college de-
gree. The predictions of the Negbin IT model are depicted in Figure 8.9, given
that all other regressors are fixed to their means. We can see that, ceteris
paribus, the probability function differs conditional on the chosen levels, and
that higher education reduces the probability of three or more children.

Fig. 8.9. Predicted Probabilities by Educational Level
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8.3.3 Efficient versus Robust Estimation

The Negbin regression model is an example of an efficient estimation strat-
egy. If the assumptions of the Poisson model are violated because unobserved
heterogeneity is present, and the unobserved heterogeneity term is gamma
distributed independently of the regressors, then the estimation of the Negbin
model is the best way to proceed.

What would be the consequences of estimating the Poisson model instead?
As we have shown, unobserved heterogeneity causes overdispersion, violating
one of the restrictions of the Poisson distribution. However, the problem is
more general. There are many possible reasons, apart from unobserved het-
erogeneity, why the conditional variance in the Poisson model would depart
from the conditional mean. Interestingly, the consequences of such a departure
are very similar to those of heteroscedasticity in the linear regression model:
the parameter estimates remain consistent, but the usual variance matrix is
inconsistent and the estimator is inefficient.

Thus, one possible strategy is not to pursue an efficient estimation at all,
but rather use the Poisson model in combination with a corrected estima-
tor of the standard errors. The formula for such “robust” standard errors is
given, for instance, in Winkelmann (2003). The result that the parameters
of the Poisson regression model are consistently estimated under this kind
of misspecification has been derived by Hausman, Hall and Griliches (1984).
The procedure of using the Poisson estimates together with robust standard
errors is also referred to as “quasi-maximum likelihood estimation” (QML).
The potential advantage of QML over efficient alternatives is that the latter
are in general not even consistent if the assumptions underlying the efficient
estimation are violated (as it is the case if the unobserved heterogeneity term
is not gamma distributed).

8.3.4 Censoring and Truncation

While unobserved heterogeneity can be interpreted as a lack of observability
in the independent variables, we now turn our attention to limitations in the
observability of the dependent variable. More specifically, we cover two forms
of limited data observability for counts, truncation and censoring, adopting
methods from Chapter 7 for continuous dependent variables.

In the case of a truncated count variable, certain observations (y;, x;) are
omitted entirely from the sample at hand. For example, if we ask unemployed
workers about the number of unemployment spells, then we observe at least
one unemployment spell. This is an example of (left) truncation at zero. Now
suppose that we have a truncated-at-zero Poisson model. In this case, the
observed data probability function can be written as
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f(yi = 0lz:)

IS

- ‘eXp( DA yi=1,2,... (8.73)

yil[1 — exp(—\;)]

with parameter \; specified like in the regular Poisson model as A; = exp(}3).

The general form of the probability function in (8.72) can easily be modified

to account for other truncation values. Moreover, application to the Negbin

models is straightforward if we replace f by the probability function of the

negative binomial distribution.

9(Yilyi > 0,2;) = (8.72)

Exercise 8.4.

Assume that y; follows a truncated-at-zero Poisson distribution.

e Derive mean and variance of y;.

e Does the model display under-, equi-, or overdispersion?

In the case of censoring, the dependent count variable is only observed
over a limited range. A typical example arises in survey questions with top-
coding of answer categories, such as “x or more” for the number of patents
per year, which is an example of right-censoring. We can deal with a censored
count variable if we introduce an observation mechanism of the form

_J1 fory; € A={0,...,a}
cl_{() foryf e A={a+1,a+2,...} (8.74)

for some positive integer a. Here, y; denotes the count variable in the pop-
ulation of interest with probability function f(y}), and ¢; is referred to as
selection variable. We observe y; = y; if ¢; = 1, but in the case of ¢; = 0 the
only information we have is that y; > a. It follows that P(¢; = 1) = F(a),
where F(a) = >27_ f(j), and P(c; = 0) = 1 — F(a). Thus, the probability
function of the observed count variable y; can be written as

9(ilzi,ci) = f(ya) 1 — F(a)]' " (8.75)

The observation mechanism in (8.74) and the latent count are based on a
single population model, i.e., the observation rule is entirely determined by
the distribution of y and an exogenous censoring value a. This approach
can be generalized to incidental censoring if we separate the processes for the
count and the observation mechanism using a particular correlation structure
(see Terza, 1998, or Winkelmann, 1998, for further details).
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8.3.5 Hurdle and Zero-Inflated Count Data Models

The last two generalizations of the Poisson regression model that we discuss
here address a problem that appears in many empirical applications, namely
that zero outcomes are observed more frequently than is likely to be compat-
ible with the standard Poisson or Negbin regression models. Here, we speak
of “extra” or “excess zeros”.

The first of the two generalizations is the hurdle count data model.
The basic idea is to combine a binary model (indicating whether the outcome
of the count is below or above the hurdle, where the hurdle typically is set at
0/1) with a truncated count data model for outcomes above the hurdle. These
models are thus also referred to as two-part models (see also Chapter 7.2.7
for a related continuous variable model).

In the hurdle-at-zero Poisson model we assume that the statistical pro-
cess generating the outcome y; = 0 differs from the one generating positive
integers. Let f1(0; A\1;) denote the probability of a zero outcome in a Poisson
distribution with parameter Ay;. If the hurdle is crossed, i.e., for j =1,2,...,
we assume that the dependent variable follows a truncated-at-zero Poisson
distribution fa2(j]j > 0; A2;). This yields the two-part probability model

P(yl = 0|xz) = f1(0; )\11) = 6_)‘”

Pl = 1) = [t~ o] 20020

—A1i p—A2i )\J
_loetmermy, j=1,2,...
1—e 22 4l

(8.76)

where we specify A;; = exp(x}f1) and Ag; = exp(z}F2). The hurdle model
nests the standard Poisson model under the restriction 5, = 3, and therefore
a simple LR test can be conducted for model discrimination. A hurdle negative
binomial model can be constructed in a similar way (see Pohlmeier and Ulrich,
1995).

Exercise 8.5.

e Derive the conditional expectation function E(y;|x;) in the hurdle-
at-zero Poisson model.

e What are the marginal mean effects?

Example 8.12. The Determinants of Labor Mobility

The number of job changes by an individual during a given interval of time
is a typical count variable. The possible values are 0,1, ... with no obvious
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upper bound. The German Socio-Economic Panel (GSOEP) included in the
first wave a question on the total number of changes during the previous
ten years, i.e., between 1974-84. There were 1,962 observations on men aged
between 35 and 64, excluding self-employed persons and civil servants (see
Winkelmann, 2003, for a more detailed exposition of this example).

The unconditional mean number of job changes in the data is 0.540. If
the number of truly changes were Poisson distributed, this would imply a
probability of zero changes given by P(y = 0) = exp(—0.540) = 0.583, or
58.3 percent. In fact, a zero is recorded for 67.9 percent of all observations,
indicating the possible presence of excess zeros. This is confirmed by a formal
regression analysis. Table 8.8 shows the results from a Poisson and a hurdle
Poisson model, using the variables years of schooling, years labor market ex-
perience in 1974, union membership and German nationality as explanatory
variables. The likelihood ratio test statistic is, under Hy : Poisson model is
valid, chi-squared distributed with six degrees of freedom. The observed test
statistic of 232.94 has a p-value of zero.

Table 8.8. Estimation Results of Number of Job Changes

Hurdle Poisson
Poisson =~ Hurdle 0/1+  Hurdle 1+

educationx10~ -0.138 0.133 -0.600
(0.137) (0.170) (0.218)
experiencex10™! -0.770 -0.758 -0.403
(0.111) (0.148) (0.156)
experience? x 1072 0.119 0.107 0.085
(0.037) (0.048) (0.050)
unLon -0.292 -0.268 -0.167
(0.065) (0.084) (0.097)
german -0.368 -0.330 -0.206
(0.076) (0.101) (0.108)
Log-likelihood value -2,044 -1,928
Observations 1,962 1,962

Notes: Standard errors in parentheses. Data: GSOEP 1984.

Importantly, the marginal probability effects in the hurdle model differ
substantially from those in the Poisson model. The hurdle model is no longer
bound by the single-crossing property, since it can be shown that

aP i = ] [ . A i€ A 7
(yafl]lx) = P(y; = jlz;) T n 511 27»321 + (4 — Xa2i)Pau

Figure 8.10 displays the predicted probability changes associated with ten
additional years of education.

Based on the hurdle model, such an increase reduces the probability of
no job change by about 3 percentage points, whereas the Poisson model pre-
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Fig. 8.10. Marginal Probability Effects of Education: Poisson and Hurdle Poisson
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dicts an increase. Similarly, in the hurdle Poisson model, we find that more
education increases the probability of one job change, whereas the simple
Poisson model predicts a decrease. Using the hurdle model, we thus come to
conclusions with regard to marginal probability effects that are diametrically
opposed to those obtained from the Poisson model. This is a powerful illus-
tration of the idea that a sufficiently flexible model is imperative for obtaining
meaningful marginal probability effects.

Apart from a hurdle-at-zero approach, the problem of excess zeros can
be handled with a zero-inflated count data model. The basic idea in a zero-
inflated model is to introduce a binary variable ¢; indicating whether the
observation is zero (¢; = 1), or stems from a standard count data distribution
with support over the non-negative integers (¢; = 0).

Let w denote the probability of ¢; = 1 and suppose a latent count variable
y¥ that is Poisson distributed with parameter \; = exp(«}3). The observed
count y; is given by

%“{y;ifq__o (8.77)

and has probability function
e~ MY

y.l

7.

filzs) = widi + (1 — w;) i =0,1,2,... (8.78)
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where d; = I(y; = 0). Note that the probability of a zero outcome now is
P(y; = 0|z;) = w+ (1 — w)e*s, which is strictly greater than the probability
of a zero outcome in the standard Poisson model. We conclude that in the
zero-inflated model, the zero outcome arises from two types of regimes, either
from regime 1 (¢; = 1) with probability w, or from regime 2 (¢; = 0 and
y; = 0) with probability 1 —w. In contrast, the structure of the hurdle model
implies that the probability of a zero outcome is determined by a (single)
process describing this outcome.

Exercise 8.6.

e Derive the conditional expectation function E(y;|x;) in the zero-
inflated Poisson model.

8.4 Further Exercises

Exercise 8.7 Consider the case of discrete duration data with discrete haz-
ard P;; = P(t; = t|t; > t) under the assumption of inflow sampling and
right-censoring.

a) What is the likelihood contribution for a completed spell?
b) What is the likelihood contribution for a censored spell?

c¢) Derive the likelihood and the log-likelihood function for a sample of
n independent observations. What do you conclude?

Exercise 8.8 How would the likelihood function in Problem 8.7 change, if
we allowed for

a) left-truncated spell data, also referred to as “delayed entries”?

b) right-truncated spell data, also referred to as “outflow sample”?

Exercise 8.9 Compare the model formulation and the estimation method of
discrete time hazard models and sequential models as discussed in Chapter
6.4 for ordered dependent variables.
a) Where do you see similarities?

b) What are the differences?

Exercise 8.10 Derive the expectation and the variance of the gamma dis-
tribution with two parameters 6 and v as given in equation (8.37). How
do your results simplify in the special case 8 = 7



8.4 Further Exercises 295

Exercise 8.11 Verify that integrating out the unobserved heterogeneity in
equation (8.44) yields the stated expression.

Exercise 8.12 Research papers are usually subject to peer-review prior to
publication (or rejection) by an academic journal. The length of the ref-
ereeing process is a source of some controversy.

Ten manuscripts were received by an editorial office during a given
week and sent out to the referees. The following data shows the elapsed
time (in days) between the moment the manuscript was sent out and the
receipt of the referee report.

27, 51, 128, 63, 40, 47, 246, 106

Two further reports were still outstanding at the end of the observation
period (after 250 days).

a) Assume that the refereeing time is exponentially distributed. Estimate
the return rate of referee reports by maximum likelihood. Account for
the fact that two reports have not arrived yet.

b) How do you interpret the return rate? What is the expected duration
of obtaining a referee report?

Exercise 8.13 Derive the modal value(s) of the probabilities in the Poisson
model conditional on the parameter .

Exercise 8.14 Derive the conditional variance function Var(y;|z;) in the
hurdle-at-zero Poisson model.

Exercise 8.15 Assume that a random variable y; follows a truncated-at-one
Poisson distribution.

a) Derive the probability function of y;.

b) Derive mean and variance of y;. Does the truncated-at-one model
display under-, equi-, or overdispersion?

Exercise 8.16 One area where count data models can be usefully employed
is in the study of worker absenteeism. The following table shows regres-
sion results for a sample of 604 workers employed in a UK factory (see
also Barmby et al., 2001). The dependent variable is the annual number
of non-condonable absences. The explanatory variables include the clas-
sification of the worker in the sickpay scheme (A: entitled to full benefits
and bonus payments; B and C: entitled to successively reduced benefits,
no bonus payments; based on experience rating). Workers may work four-
day weeks or five-day weeks, which is captured by a dummy variable.
Four-day workers may work the same number of weekly hours (and thus
longer daily hours).
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Poisson Negative Binomial
female 0.283 0.267
(0.098) (0.108)
grade B 0.547 0.564
(0.093) (0.094)
grade C 0.710 0.718
(0.111) (0.115)
hourly wage -0.404 -0.406
(0.291) (0.270)
daily hours 0.001 -0.009
(0.024) (0.036)
five days -0.217 -0.319
(0.140) (0.151)
constant 2.850 3.018
(1.017) (0.899)
Observations 604 604
Log-likelihood value -2,955.9 -1,845.8

Notes: Standard errors in parentheses.

a) Test the Poisson model against the constant-only model and the neg-
ative binomial model.

b) Do you find large differences in the estimated coefficients? Explain.

¢) If the probability of an absence was constant on each day, what would
the expected difference in absences between five-day workers and four-
day workers be? What do you find in the data?

Exercise 8.17 Suppose you want to examine if living in a city (a binary
indicator d;) affects the number of children ever borne to a woman. Let y;
denote the number of children and assume that y;|d; is Poisson distributed
with parameter \; = exp(fy + $1d;). You have dataset with 100 women
and 40 percent are living in a city. On average, women living in a city
have 2.5 children, whereas women not living in city have 3 children.

a) Write down the log-likelihood function of the model and derive the
score function and the Hessian matrix.

b) Calculate the ML estimates of Gy and (.

¢) Write down the restricted log-likelihood function under the null hy-
pothesis that living in a city does not affect the number of children.
Calculate the ML estimates under this hypothesis.

d) Test the hypothesis of no effect using a Score test and a LR test,
respectively. What do you conclude?

e) How do your answers change if you increase the sample size to 1,000
and the proportions and sample means remain as given above?
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