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To the Student

With the hope that this work will stimulate
an interest in Engineering Mechanics
and provide an acceptable guide to its understanding.
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| PREFACE

The main purpose of this book is to provide the student with a clear and thorough
presentation of the theory and application of engineering mechanics. To achieve this
objective, this work has been shaped by the comments and suggestions of hundreds
of reviewers in the teaching profession, as well as many of the author’s students.

New to this Edition

Expanded Answer Section. The answer section in the back of the book now
includes additional information related to the solution of select Fundamental
Problems in order to offer the student some guidance in solving the problems.

Re-writing of Text Material. Some concepts have been clarified further in this
edition, and throughout the book, the accuracy has been enhanced, and important
definitions are now in boldface throughout the text to highlight their importance.

Additional Fundamental Problems. Some new fundamental problems
have been added along with their partial solutions which are given in the back of
the book.

New Photos. The relevance of knowing the subject matter is reflected by the
real-world applications depicted in the over 15 new or updated photos placed
throughout the book. These photos generally are used to explain how the relevant
principles apply to real-world situations and how materials behave under load.

New Problems. There are approximately 30% new problems that have been
added to this edition, which involve applications to many different fields of engineering.

New Videos. Three types of videos are available that are designed to enhance
the most important material in the book. Lecture videos serve to test the student’s
ability to understand concepts, example problem videos are intended to review
these problems, and fundamental problem videos guide the student in solving these
problems that are in the book. They are available for select sections in the chapters
and marked with a video icon. The videos appear in the Pearson eText and on a
companion website available for purchase at www.pearsonglobaleditions.com.
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PREFACE

Hallmark Features

Besides the new features mentioned, other outstanding features that define the
contents of the book include the following:

Organization and Approach. Each chapter is organized into well-defined
sections that contain an explanation of specific topics, illustrative example problems,
and a set of homework problems. The topics within each section are placed into
subgroups defined by boldface titles. The purpose of this is to present a structured
method for introducing each new definition or concept and to make the book
convenient for later reference and review.

Chapter Contents. Each chapter begins with an illustration demonstrating a
broad-range application of the material within the chapter. A bulleted list of the
chapter contents is provided to give a general overview of the material that will
be covered.

Emphasis on Free-Body Diagrams. Drawing a free-body diagram is
particularly important when solving problems, and for this reason this step is strongly
emphasized throughout the book. In particular, special sections and examples are
devoted to show how to draw free-body diagrams. Specific homework problems
have also been added to develop this practice.

Procedures for Analysis. A general procedure for analyzing any mechanics
problem is presented at the end of the first chapter. Then this procedure is customized
to relate to specific types of problems that are covered throughout the book. This
unique feature provides the student with a logical and orderly method to follow when
applying the theory. The example problems are solved using this outlined method in
order to clarify its numerical application. Realize, however, that once the relevant
principles have been mastered and enough confidence and judgment have been
obtained, the student can then develop his or her own procedures for solving problems.

Important Points. This feature provides a review or summary of the most
important concepts in a section and highlights the most significant points that should
be known when applying the theory to solve problems.

Fundamental Problems. These problem sets are selectively located just after
most of the example problems. They provide students with simple applications of
the concepts, and therefore, the chance to develop their problem-solving skills
before attempting to solve any of the standard problems that follow. In addition,
they can be used for preparing for exams, and they can be used at a later time when
preparing for the Fundamentals of Engineering Exam. The partial solutions are
given in the back of the book.



Conceptual Understanding. Through the use of photographs placed
throughout the book, the theory is applied in a simplified way in order to illustrate
some of its more important conceptual features and instill the physical meaning of
many of the terms used in the equations.

Homework Problems. Apart from the Fundamental and Conceptual type
problems mentioned previously, other types of problems contained in the book
include the following:

¢ Free-Body Diagram Problems. Some sections of the book contain introductory
problems that only require drawing the free-body diagram for the specific
problems within a problem set. These assignments will impress upon the student
the importance of mastering this skill as a requirement for a complete solution of
any equilibrium problem.

e General Analysis and Design Problems. The majority of problems in the book
depict realistic situations encountered in engineering practice. Some of these
problems come from actual products used in industry. It is hoped that this realism
will both stimulate the student’s interest in engineering mechanics and provide a
means for developing the skill to reduce any such problem from its physical
description to a model or symbolic representation to which the principles of
mechanics may be applied.

Throughout the book, in any set of problems, an attempt has been made to arrange
them in order of increasing difficulty except for the end of chapter review prob-
lems, which are presented in random order.

e Computer Problems. An effort has been made to include a few problems that
may be solved using a numerical procedure executed on either a desktop computer
or a programmable pocket calculator. The intent here is to broaden the student’s
capacity for using other forms of mathematical analysis without sacrificing the
time needed to focus on the application of the principles of mechanics. Problems
of this type, which either can or must be solved using numerical procedures, are
identified by a “square” symbol (H) preceding the problem number.

The many homework problems in this edition, have been placed into two different
categories. Problems that are simply indicated by a problem number have an
answer and in some cases an additional numerical result given in the back of the
book. An asterisk (*) before every fourth problem number indicates a problem
without an answer.

Accuracy. As with the previous editions, apart from the author, the accuracy of
the text and problem solutions has been thoroughly checked by Kai Beng Yap, who
was a practicing engineer, and a team of specialists at EPAM, including Georgii
Kolobov, Ekaterina Radchenko, and Artur Akberov. Thanks are also due to Keith
Steuer from Snow College and Mike Freeman, Professor Emeritus at the University
of Alabama.

PREFACE
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Contents

The book is divided into 11 chapters, in which the principles are first applied to
simple, then to more complicated situations. In a general sense, each principle is
applied first to a particle, then a rigid body subjected to a coplanar system of forces,
and finally to three-dimensional force systems acting on a rigid body.

Chapter 1 begins with an introduction to mechanics and a discussion of units.
The vector properties of a concurrent force system are introduced in Chapter 2.
This theory is then applied to the equilibrium of a particle in Chapter 3. Chapter 4
contains a general discussion of both concentrated and distributed force systems
and the methods used to simplify them. The principles of rigid-body equilibrium
are developed in Chapter 5 and then applied to specific problems involving the
equilibrium of trusses, frames, and machines in Chapter 6, and to the analysis of
internal forces in beams and cables in Chapter 7 Applications to problems involving
frictional forces are discussed in Chapter 8, and topics related to the center of
gravity and centroid are treated in Chapter 9. If time permits, sections involving
more advanced topics, indicated by stars (%), may be covered. Most of these topics
are included in Chapter 10 (area and mass moments of inertia) and Chapter 11
(virtual work and potential energy). Note that this material also provides a suitable
reference for basic principles when it is discussed in more advanced courses. Finally,
Appendix A provides a review and list of mathematical formulas needed to solve the
problems in the book.

Alternative Coverage. At the discretion of the instructor,some of the material
may be presented in a different sequence with no loss of continuity. For example, it is
possible to introduce the concept of a force and all the necessary methods of vector
analysis by first covering Chapter 2 and Section 4 (the cross product). Then after
covering the rest of Chapter 4 (force and moment systems), the equilibrium methods
of Chapters 3 and 5 can be discussed.
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Resources

e Mastering Engineering This online tutorial and assessment program allows you to integrate dynamic
homework and practice problems with automated grading of exercises from the textbook. Tutorials and many
end-of-section problems provide enhanced student feedback and optional hints. Mastering Engineering™
allows you to easily track the performance of your entire class on an assignment-by-assignment basis, or the
detailed work of an individual student. For more information visit www.masteringengineering. com.

¢ Videos Developed by the author, three different types of videos are now available to reinforce learning the
basic theory and applying the principles. The first set provides a lecture review and a self-test of the material
related to the theory and concepts presented in the book, the second set provides a self-test of the example
problems and the basic procedures used for their solution, and the third set provides an engagement for solving
the Fundamental Problems throughout the book. They are available for select sections in the chapters and marked
with a video icon. The videos appear in the Pearson eText and on a companion website available for purchase at
www.pearsonglobaleditions.com.

e Instructor’s Solutions Manual This supplement provides complete solutions supported by problem
statements and problem figures. The Instructor’s Solutions Manual is available in the Instructor Resource
Center at www.pearsonglobaleditions.com.

e PowerPoint Slides A complete set of all the figures and tables from the textbook are available in PowerPoint
format in the Instructor Resource Center at www.pearsonglobaleditions.com.
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CHAPTER ]

Cranes such as this one are required to lift extremely large loads. Their design is
based on the basic principles of statics and dynamics, which form the subject matter
of engineering mechanics.
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. CHAPTER OBJECTIVES

m To provide an introduction to the basic quantities and idealizations
of mechanics.

m To state Newton’s Laws of Motion and Gravitation.
m To review the principles for applying the S| system of units.

B To examine the standard procedures for performing numerical
calculations.

m To present a general guide for solving problems.

1.1 MECHANICS

Mechanics is a branch of the physical sciences that is concerned with the
state of rest or motion of bodies that are subjected to the action of forces.
In general, this subject can be subdivided into three branches: rigid-body
mechanics, deformable-body mechanics, and fluid mechanics. In this book
we will study rigid-body mechanics since it is a basic requirement for
the study of the mechanics of deformable bodies and the mechanics of
fluids. Furthermore, rigid-body mechanics is essential for the design and
analysis of many types of structural members, mechanical components,
or electrical devices encountered in engineering.

Rigid-body mechanics is divided into two areas: statics and dynamics.
Statics deals with the equilibrium of bodies, that is, those that are either
at rest or move with a constant velocity; whereas dynamics is concerned
with the accelerated motion of bodies. We can consider statics as a
special case of dynamics, in which the acceleration is zero; however,
statics deserves separate treatment in engineering education since many
objects are designed with the intention that they remain in equilibrium.
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CHAPTER 1

GENERAL PRINCIPLES

The subject of statics developed at
a very early time because its principles can be formulated simply from
measurements of geometry and force. For example, the writings of
Archimedes (287-212 B.C.) deal with the principle of the lever. Studies
of the pulley, inclined plane, and wrench are also recorded in ancient
writings—at times when the requirements for engineering were limited
primarily to building construction.

Since the principles of dynamics depend on an accurate measurement
of time, this subject developed much later. Galileo Galilei (1564-1642)
was one of the first major contributors to this field. His work consisted
of experiments using pendulums and falling bodies. The most significant
contributions in dynamics, however, were made by Isaac Newton
(1642-1727), who is noted for his formulation of the three fundamental
laws of motion and the law of universal gravitational attraction. Shortly
after these laws were postulated, important techniques for their
application were developed by other scientists and engineers, some of
whom will be mentioned throughout the book.

1.2 FUNDAMENTAL CONCEPTS

Before we begin our study of engineering mechanics, it is important
to understand the meaning of certain fundamental concepts and
principles.

The following four quantities are used
throughout mechanics.

Length is used to locate the position of a point in space and
thereby describe the size of a physical system. Once a standard unit of
length is defined, one can then use it to define distances and geometric
properties of a body as multiples of this unit.

Time is conceived as a succession of events. Although the
principles of statics are time independent, this quantity plays an important
role in the study of dynamics.

Mass is a measure of a quantity of matter that is used to compare
the action of one body with that of another. This property manifests itself
as a gravitational attraction between two bodies and provides a measure
of the resistance of matter to a change in velocity.

In general, force is considered as a “push” or “pull” exerted by
one body on another. This interaction can occur when there is direct
contact between the bodies, such as a person pushing on a wall, or it
can occur through a distance when the bodies are physically separated.
Examples of the latter type include gravitational, electrical, and magnetic
forces. In any case, a force is completely characterized by its magnitude,
direction, and point of application.



Models or idealizations are used in mechanics in
order to simplify application of the theory. Here we will consider three
important idealizations.

A particle has a mass, but a size that can be neglected.
For example, the size of the earth is insignificant compared to the size
of its orbit, and therefore the earth can be modeled as a particle when
studying its orbital motion. When a body is idealized as a particle,
the principles of mechanics reduce to a rather simplified form since
the geometry of the body will not be involved in the analysis of the
problem.

A rigid body can be considered as a combination of a
large number of particles in which all the particles remain at a fixed
distance from one another, both before and after applying a load.
This model is important because the body’s shape does not change
when a load is applied, and so we do not have to consider the type
of material from which the body is made. In most cases the actual
deformations occurring in structures, machines, mechanisms, and the
like are relatively small, and the rigid-body assumption is suitable for
analysis.

A concentrated force represents the effect
of a loading which is assumed to act at a point on a body. We can
represent a load by a concentrated force, provided the area over which
the load is applied is very small compared to the overall size of the
body. An example would be the contact force between a wheel and
the ground.

Steel is a common engineering material that does not deform very much under load.
Therefore, we can consider this railroad wheel to be a rigid body acted upon by the
concentrated force of the rail.
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Three forces act on the ring. Since these
forces all meet at a point, then for any
force analysis, we can assume the ring to be
represented as a particle.
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Engineering mechanics is
formulated on the basis of Newton’s three laws of motion, the validity
of which is based on experimental observation. These laws apply to the
motion of a particle as measured from a nonaccelerating reference frame.
They may be briefly stated as follows.

A particle originally at rest, or moving in a straight line with
constant velocity, tends to remain in this equilibrium state provided the
particle is not subjected to an unbalanced force, Fig. 1-1a.

F, F,
v
E——
F;
Equilibrium
(a)

A particle acted upon by an unbalanced force F
experiences an acceleration a that has the same direction as the force and
a magnitude that is directly proportional to the force, Fig. 1-1b." If the
particle has a mass m, this law may be expressed mathematically as

F = ma (1-1)

F—>() -4

Accelerated motion

(®)

The mutual forces of action and reaction between two
particles are equal, opposite, and collinear, Fig. 1-1c.

force of A on B

F—@@TF
A B f

orce of Bon A
Action-reaction
(©)
Fig. 1-1

*Stated another way, the unbalanced force acting on the particle is proportional to the time
rate of change of the particle’s linear momentum.
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Shortly after
formulating his three laws of motion, Newton postulated a law governing the
gravitational attraction between any two particles. Stated mathematically,

mym,;

r2

F=G

(1-2)

where
F = force of gravitation between the two particles
G = universal constant of gravitation; according to experimental
evidence, G = 66.73(10 ') m*/ (kg - s?)
my, m, = mass of each of the two particles
r = distance between the two particles

According to Eq. 1-2, any two particles or bodies have a
mutual attractive (gravitational) force acting between them. In the case
of a particle located at or near the surface of the earth, however, the
only gravitational force having any sizable magnitude is that between
the earth, because of its very large mass, and the particle. Consequently,
this force, called the weight, will be the only gravitational force we will
consider.

From Eq. 1-2, if the particle has a mass m; = m, and we assume the
earth is a nonrotating sphere of constant density and having a mass
m, = M,, then if r is the distance between the earth’s center and the
particle, the weight W of the particle becomes

mM,

}’2

wW=¢G

If we let g = GM,/r?, we have

W = mg (1-3)

If we allow the particle to fall downward, then neglecting air resistance,
the only force acting on the particle is its weight, and so Eq. 1-1 becomes
W = ma. Comparing this result with Eq. 1-3, we see that a = g.
In other words, g is the acceleration due to gravity. Since it depends on r,
then the weight of the particle or body is not an absolute quantity. Instead,
its magnitude depends upon the elevation where the measurement was
made. For most engineering calculations, however, g is determined at sea
level and at a latitude of 45°, which is considered the “standard location.”

1.3 THE INTERNATIONAL SYSTEM
OF UNITS

The four basic quantities—length, time, mass, and force—are not all
independent from one another; in fact, they are related by Newton’s
second law of motion, F = ma. Because of this, the units used to measure
these quantities cannot all be selected arbitrarily. The equality F = ma is
maintained only if three of the four units, called base units, are defined
and the fourth unit is then derived from the equation.

The astronaut’s weight is diminished since
she is far removed from the gravitational
field of the earth.

Refer to the companion website for Lecture
Summary and Quiz videos.
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The International System of units, abbreviated SI after the French
Systeme International d’Unités, is a modern version of the metric
system which has received worldwide recognition. As shown in Table 1-1,
the system defines length in meters (m), time in seconds (s), and mass in
kilograms (kg)." The unit of force, called a newton (N), is derived from
F = ma. Thus, 1 newton is equal to a force required to give 1 kilogram of
mass an acceleration of 1 m/s? (N = kg-m/s?). Think of this force as
Fig. 1-2 the weight of a small apple.

If the weight of a body located at the “standard location” is to
be determined in newtons, then Eq. 1-3 must be applied. Here
measurements give g = 9.806 65 m/s% however, for calculations, the
value g = 9.81 m/s? will be used. Thus,

W=mg (g=2981m/s?) (1-4)

Therefore, a body of mass 1 kg has a weight of 9.81 N, a 2-kg body weighs
19.62 N, and so on, Fig. 1-2.

TABLE 1-1 International System of Units

Quantity Length Time Mass Force
SI Units meter second kilogram
N
m s kg <kg .m >
)

*Derived unit.

Prefixes. When a numerical quantity is either very large or very
small, the SI units used to define its size may be modified by using a
prefix. Some of these prefixes used are shown in Table 1-2. Each
represents a multiple or submultiple of a unit which, if applied
successively, moves the decimal point of a numerical quantity to every
third place.* For example, 4 000 000 N = 4 000 kN (kilo-newton) = 4
MN (mega-newton), or 0.005 m = 5 mm (milli-meter). Notice that the SI
system does not include the multiple deca (10) or the submultiple centi
(0.01), which form part of the metric system. Except for some volume
and area measurements, the use of these prefixes is generally avoided in
science and engineering.

THistorically, the meter was defined as 1/10,000,000 the distance from the Equator to
the North Pole, and the kilogram is 1/1000 of a cubic meter of water.
¥The kilogram is the only base unit that is defined with a prefix.
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TABLE 1-2 Prefixes

Exponential Form Prefix S| Symbol

Multiple

1 000 000 000 10° giga G

1 000 000 10° mega M
1000 10° kilo k
Submultiple

0.001 1073 milli m
0.000 001 107° micro o
0.000 000 001 107° nano n

Rules for Use. Here are a few of the important rules that describe
the proper use of the various SI symbols:

® Quantities defined by several units which are multiples of one
another are separated by a dot to avoid confusion with prefix
notation, as indicated by N = kg-m/s’> = kg-m+s~ 2 Also, m*s
(meter-second), whereas ms (milli-second).

® The exponential power on a unit having a prefix refers to both the
unit and its prefix. For example, uN?> = (uN)? = uN - uN. Likewise,
mm? represents (mm)? = mm - mm.

® With the exception of the base unit the kilogram, in general avoid
the use of a prefix in the denominator of composite units. For
example, do not write N/mm, but rather kN /m; also, m/mg should
be written as Mm/kg.

® When performing calculations, represent the numbers in terms of
their base or derived units by converting all prefixes to powers of
10. The final result should then be expressed using a single prefix.
Also, after calculation, it is best to keep numerical values between 0.1
and 1000; otherwise, a suitable prefix should be chosen. For example,

(50 kN) (60 nm) = [50(10%*) N |[60(107°) m |
=3000(10"°) N-m = 3(10 ) N-m = 3mN-m
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1.4 NUMERICAL CALCULATIONS

Numerical work in engineering practice is most often performed by
using handheld calculators and computers. It is important, however, that
the answers to any problem be reported with justifiable accuracy using
appropriate significant figures. In this section we will discuss these topics
together with some other important aspects involved in all engineering
calculations.

The terms of any equation used to
describe a physical process must be dimensionally homogeneous; that is,
each term must be expressed in the same units. Provided this is the case,
all the terms of an equation can then be combined if numerical values
are substituted for the variables. Consider, for example, the equation
s = vt + %atz, where, in SI units, s is the position in meters, m, ¢ is time in
seconds, s, v is velocity in m /s and a is acceleration in m/s%. Regardless of
how this equation is evaluated, it maintains its dimensional homogeneity.
In the form stated, each of the three terms is expressed in meters
[m, (m/g)s, (m/srz)s'z] or solving for a,a = 2s/t> — 2v/t, the terms are
each expressed in units of m /s’ [m/sz, m/s?, (m/s)/s].

Keep in mind that problems in mechanics always involve the solution
of dimensionally homogeneous equations, and so this fact can then be
used as a partial check for algebraic manipulations of an equation.

The number of significant figures contained
in any number determines the accuracy of the number. For instance,
the number 4981 contains four significant figures. However, if zeros
occur at the end of a whole number, it may be unclear as to how many
significant figures the number represents. For example, 23 400 might
have three (234), four (2340), or five (23 400) significant figures. To avoid
these ambiguities, we will use engineering notation to report a result.
This requires that numbers be rounded off to the appropriate number
of significant digits and then expressed in multiples of (10%), such as
(10%), (10°), or (107%). For instance, if 23 400 has five significant figures,
it is written as 23.400(10%), but if it has only three significant figures, it is
written as 23.4(10°).
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If zeros occur at the beginning of a number that is less than one,
then the zeros are not significant. For example, 0.008 21 has three
significant figures. Using engineering notation, this number is expressed

as 8.21(107%). Likewise, 0.000 582 can be expressed as 0.582(1073) or
582(107°).

Rounding off a number is necessary
so that the accuracy of the result will be the same as that of the problem
data. As a general rule, any numerical figure ending in a number greater
than five is rounded up and a number less than five is not rounded up. The
rules for rounding off numbers are best illustrated by examples. Suppose
the number 3.5587 is to be rounded off to three significant figures.
Because the fourth digit (8) is greater than 5, the third number is rounded
up to 3.56. Likewise 0.5896 becomes 0.590 and 9.3866 becomes 9.39. If we
round off 1.341 to three significant figures, because the fourth digit (1)
is less than 5, then we get 1.34. Likewise 0.3762 becomes 0.376 and 9.871
becomes 9.87 There is a special case for any number that endsina 5. Asa
general rule, if the digit preceding the 5 is an even number, then this digit
is not rounded up. If the digit preceding the 5 is an odd number, then it
is rounded up. For example, 75.25 rounded off to three significant digits
becomes 75.2,0.1275 becomes 0.128, and 0.2555 becomes 0.256.

When a sequence of calculations is performed, it is
best to store the intermediate results in the calculator. In other words, do
not round off calculations until expressing the final result. This procedure
maintains precision throughout the series of steps to the final solution.
In this book we will generally round off the answers to three significant
figures since most of the data in engineering mechanics, such as geometry
and loads, may be reliably measured to this accuracy.

33
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When solving problems, do the work as
neatly as possible. Being neat will stimulate
clear and orderly thinking, and vice versa.

Refer to the companion website for Lecture
Summary and Quiz videos.

1.5 GENERAL PROCEDURE FOR

ANALYSIS

Attending a lecture, reading this book, and studying the example
problems helps, but the most effective way of learning the principles of
engineering mechanics is to solve problems. To be successful at this, it is
important to always present the work in a logical and orderly manner, as
suggested by the following sequence of steps:

Read the problem carefully and try to correlate the actual physical
situation with the theory studied.

Tabulate the problem data and draw to a large scale any necessary
diagrams.

Apply the relevant principles, generally in mathematical form. When
writing any equations, be sure they are dimensionally homogeneous.

Solve the necessary equations, and report the answer with no more
than three significant figures.

Study the answer with technical judgment and common sense to
determine whether or not it seems reasonable.

Statics is the study of bodies that are at rest or move with constant
velocity.

A particle has a mass but a size that can be neglected, and a rigid
body does not deform under load.

A force is considered as a “push” or “pull” of one body on another.
Concentrated forces are assumed to act at a point on a body.
Newton’s three laws of motion should be memorized.

Mass is measure of a quantity of matter that does not change
from one location to another. Weight refers to the gravitational
attraction of the earth on a body or quantity of mass. Its magnitude
depends upon the elevation at which the mass is located.

In the SI system the unit of force, the newton, is a derived unit.
The meter, second, and kilogram are base units.

Prefixes G, M, k, m, i, and n are used to represent large and small
numerical quantities. Their exponential size should be known,
along with the rules for using the SI units.

Perform numerical calculations with several significant figures,
and then report the final answer to three significant figures.

Algebraic manipulations of an equation can be checked in part by
verifying that the equation remains dimensionally homogeneous.

Know the rules for rounding off numbers.
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EXAMPLE 1.1

Convert 100 km/h to m/s and 24 m/s to km /h.

SOLUTION

Since 1 km = 1000 m and 1 h = 3600 s, the factors of conversion are
arranged in the following order, so that a cancellation of the units can
be applied:

100 km /1000 m\/ 1K
100km/h ===\ g ><3600s>

~100(10%) m
3600

24m/s — (24m>< 1 km )(36OOS>
o\ 4 10001 /\ 1h
86.4 (10°) km

=———— — 8. Ans.
00 86.4 km/h ns

=27.8m/s Ans.

Note: Remember to round off the final answer to three significant
figures.

EXAMPLE 1.2

Convert the density of steel 785 g/cm? to kg/m>.
SOLUTION

Using 1 kg = 1000 g and 1 m = 100 cm, and arrange the conversion
factor in such a way that g and cm?® can be canceled out.

785¢g\/ 1kg )(100 cm>3
3 =
7.85 g/lem ( g )(10005; Tm

B (iﬁﬁg)(lé;)gg)(mf;?%)

= 7.85(10°) kg/m® Ans.
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Evaluate each of the following and express with SI units having an
appropriate prefix: (a) (50 mN)(6 GN), (b) (400 mm)(0.6 MN)?,
(c) 45 MN?/900 Gg.

SOLUTION
First convert each number to base units, perform the indicated
operations, then choose an appropriate prefix.

Part (a)
(50 mN)(6 GN) = [50(107%) N][6(10°) N |

= 300(10°) N?
= 300(10°) NZ( ! EN )( ! EN )
10X /\10° N
= 300 kN? Ans.

Note: Keep in mind the convention kN> = (kN)? = 10° N2,

Part (b)

(400 mm) (0.6 MN)? = [400(1073) m ] [0.6(10°) N |2
[400(107%) m][0.36(10'2) N? ]|
144(10°) m - N?

144 Gm - N? Ans.

We can also write
1 MN\/1MN
144(10%) m - N? = 144(10°) m-N2(6>(6>
10° N /\ 100 X
= 0.144 m - MN? Ans.

Part (c)
45MN®  45(10°N)?
900 Gg  900(10°) kg
= 50(10%) N3/kg

= 50(10°%) N3< LN )3 L

10°N/ kg

= 50 kN3 /kg Ans.
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The answers to all but every fourth problem (asterisk)
are given in the back of the book.

1-1. Round off the following numbers to three significant
figures: (a) 58 342 m, (b) 68.534 s, (c) 2553 N, (d) 7555 kg.

1-2. Represent each of the following combinations of
units in the correct SI form using an appropriate prefix:
(a) Mg/mm, (b) mN /us, (c) um - Mg.

1-3. Represent each of the following combinations of
units in the correct SI form using an appropriate prefix:
(a) kN/us, (b) Mg/mN, (c) MN/(kg - ms).

*1-4. Determine the mass of an object that has a weight
of (a) 20 mN, (b) 150 kN, (c) 60 MN. Express the answer to
three significant figures.

1-5. Round off the following numbers to three significant
figures: (a) 3.455 55 m, (b) 45.556 s, (c) 5555 N, (d) 4525 kg.

1-6. Represent each of the following as a number between
0.1 and 1000 using an appropriate prefix: (a) 45 320 kN,
(b) 568(10°) mm, (c) 0.005 63 mg.

1-7. Represent each of the following combinations
of units in the correct SI form: (a) Mg/ms, (b) N/mm,

(c) mN/(kg - us).

*1-8. Representeach of the following quantitiesin the correct
SI form using an appropriate prefix: (a) 0.000 431 kg,
(b) 35.3(10%) N, (c) 0.005 32 km.

1-9. Represent each of the following combinations of
units in the correct SI form using an appropriate prefix:
(a) uMN, (b) N/um, (c) MN/ks?, (d) kN /ms.

1-10. Represent each of the following combinations of
units in the correct SI form using an appropriate prefix:
(a) m/ms, (b) ukm, (c) ks/mg, (d) km - uN.

1-11. Represent each of the following combinations of
units in the correct SI form using an appropriate prefix:
(a) GN - um, (b) kg,/um, (c) N/ks?, (d) kN /us.

#1-12. A rocket has a mass 3.529(10°) kg on earth. Specify
(a) its mass in SI units, and (b) its weight in SI units. If the
rocket is on the moon, where the acceleration due to grav-
ity is g,, = 1.61 m/s?, determine to three significant figures
(c) its weight in ST units, and (d) its mass in SI units.

1-13. Using the SI system of units, show that Eq. 1-2 is
a dimensionally homogeneous equation which gives F
in newtons. Determine to three significant figures the
gravitational force acting between two spheres that are
touching each other. The mass of each sphere is 200 kg and
the radius is 300 mm.

1-14. Evaluate each of the following and express with
an appropriate prefix: (a) (430 kg)?, (b) (0.002 mg)?, and
(c) (230 m)>.

1-15. Evaluate each of the following to three significant
figures and express each answer in SI units using an appropriate
prefix: (a) (200 kN)?, (b) (0.005 mm)?, (c) (400 m)>.

*1-16. Evaluate each of the following to three significant
figures and express each answer in SI units using an
appropriate prefix: (a) (212 mN)2 (b) (52 800 ms)?,
(c) [548(10%)]"/?ms.

1-17. Evaluate (204 mm)(0.004 57 kg)/(34.6 N) to three
significant figures and express the answer in SI units using
an appropriate prefix.

1-18. What is the weight in newtons of an object that has a
mass of (a) 8 kg, (b) 0.04 g, (c) 760 Mg?

1-19. A concrete column has a diameter of 350 mm and
a length of 2 m. If the density (mass/volume) of concrete is
2.45 Mg/m?>, determine the weight of the column.

*]1-20. Two particles have a mass of 8 kg and 12 kg,
respectively. If they are 800 mm apart, determine the force
of gravity acting between them. Compare this result with
the weight of each particle.

1-21. If a man weighs 690 newtons on earth, specify
(a) his mass in kilograms. If the man is on the moon, where
the acceleration due to gravity is g, = 1.61 m/ s2, determine
(b) his weight in newtons, and (c) his mass in kilograms.



CHAPTER =

This electric transmission tower is stabilized by cables that exert forces on the tower
at their points of connection. In this chapter we will show how to express these
forces as Cartesian vectors, and then determine their resultant.
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T ' \ Example, and Problem-
\ ) solving videos are available
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. CHAPTER OBJECTIVES

m To show how to add forces and resolve them into components

using the parallelogram law.

m To express force and position in Cartesian vector form and

explain how to determine the vector's magnitude and direction.

m To introduce the dot product in order to use it to find the angle
between two vectors or the projection of one vector onto another.

2.1 SCALARS AND VECTORS

Many physical quantities in engineering mechanics are measured using
either scalars or vectors.

A scalar is any positive or negative physical quantity that can
be completely specified by its magnitude. Examples of scalar quantities
include length, mass, and time.

A vector is any physical quantity that requires both a
magnitude and a direction for its complete description. Examples of
vectors encountered in statics are force, position, and moment. A vector
is shown graphically by an arrow, Fig. 2-1. The length of the arrow
represents the magnitude of the vector, and the angle 6 between the
vector and a fixed axis defines the direction of its line of action. The head
or tip of the arrow indicates the sense of direction of the vector.

In print, vector quantities are represented by boldface letters such as
A, and the magnitude of a vector is italicized, A. For handwritten work,
it is often convenient to denote a vector quantity by simply drawing an
arrow above it, A,

Line of actior>/

Magnitude A

0 Direction

Sense

Fig. 2-1
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2.2 VECTOR OPERATIONS

Multiplication and Division of a Vector by a Scalar. 1f
a vector is multiplied or divided by a positive scalar, its magnitude is
changed by that amount. Multiplying or dividing by a negative scalar
will also change the directional sense of the vector. Graphic examples of

these operations are shown in Fig. 2-2.

Scalar multiplication and division

Fig. 2-2

Vector Addition. When adding two vectors together it is important
to account for both their magnitudes and their directions. To do this
we must use the parallelogram law of addition. To illustrate, the two
component vectors A and B in Fig. 2-3a are added to form a resultant

vector R = A + B using the following procedure:

® First join the tails of the components at a point to make them
concurrent, Fig. 2-3b.

® From the head of B, draw a line parallel to A. Draw another line
from the head of A that is parallel to B. These two lines intersect at
point P to form the adjacent sides of a parallelogram.

® The diagonal of this parallelogram that extends to P forms R, which
then represents the resultant vector R = A + B, Fig. 2-3c.

LSS

Parallelogram law

(@) (b) (©)

Fig. 2-3




We can also add B to A, Fig.2—4a, using the triangle rule, which is a special
case of the parallelogram law, whereby vector B is added to vector A in
a “head-to-tail” fashion, i.e., by connecting the tail of B to the head of A,
Fig. 2-4b. The resultant R extends from the tail of A to the head of B. In
a similar manner, R can also be obtained by adding A to B, Fig. 2-4c. By
comparison, it is seen that vector addition is commutative;in other words,
the vectors can be added in either order,i.e., R = A + B =B + A.

R
\ B 2
B
R=A+B R=B+A
Triangle rule Triangle rule
(a) (b) (©)
Fig. 24

As a special case, if the two vectors A and B are collinear, i.c.,
both have the same line of action, the parallelogram law reduces to an
algebraic or scalar addition R = A + B, as shown in Fig. 2-5.

The resultant of the difference between two
vectors A and B of the same type may be expressed as

R =A-B=A+(-B)

This vector sum is shown graphically in Fig. 2-6. Subtraction is therefore
defined as a special case of addition, so the rules of vector addition also
apply to vector subtraction.

2.2 VECTOR OPERATIONS

R

YV

»
>

A B
R=A+B

Addition of collinear vectors

Fig. 2-5

-B
A
R’ Ao R A
B > < -B
Parallelogram law Triangle construction

Vector subtraction

Fig. 2-6
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The parallelogram law must be used to
determine the resultant of the two forces
acting on the hook.

Using the parallelogram law the supporting
force F can be resolved into components
acting along the u and v axes.

2.3 VECTOR ADDITION OF FORCES

Experimental evidence has shown that a force is a vector quantity since
it has a specified magnitude, direction, and sense and it adds according
to the parallelogram law. Two common problems in statics involve
either finding the resultant force, knowing its components, or resolving
a known force into two components. We will now describe how each of
these problems is solved using the parallelogram law.

Finding a Resultant Force. The two component forces F; and
F, acting on the pin in Fig. 2-7a are added together to form the resultant
force Fr = F; + F,, using the parallelogram law as shown in Fig. 2-7b.
From this construction, or using the triangle rule, Fig. 2-7¢, we can apply
the law of cosines or the law of sines to the triangle in order to obtain the
magnitude of the resultant force and its direction.

Fr=F +F,
(®) ©
Fig. 2-7

Finding the Components of a Force. Sometimes it is necessary
to resolve a force into two components in order to study its pulling or
pushing effect in two specific directions. For example, in Fig. 2-8a, F is to
be resolved into two components along the two members, defined by the
u and v axes. In order to determine the magnitude of each component, a
parallelogram is constructed first, by drawing lines starting from the tip
of F,one line parallel to u, and the other line parallel to ». These lines intersect
the v and u axes, forming a parallelogram. The force components F,, and F, are
established by simply joining them to the tail of F, to the intersection points
on the 1 and v axes, Fig. 2-8b. This parallelogram can be reduced to a triangle,
which represents the triangle rule, Fig. 2-8c. From this, the law of sines can be
applied to determine the unknown magnitudes of the components.
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v v
. / .
F, F
u > u >
F, F,
(a) (b) (©)
Fig. 2-8

Addition of Several Forces. If more than two forces are to be
added, successive applications of the parallelogram law can be carried out
in order to obtain the resultant force. For example, if three forces Fy, F»,
F; act at a point O, Fig.2-9, the resultant of any two of the forces is found,
say, F; + F,, and then this resultant is added to the third force, yielding
the resultant of all three forces; i.e., Fr = (F; + F,) + F;. Using the
parallelogram law to add more than two forces, as shown here, generally
requires extensive geometric and trigonometric calculation to determine
the magnitude and direction of the resultant. Instead, problems of this
type are easily solved by using the “rectangular-component method,”
which is explained in the next section.

The resultant force Fg on the hook requires
the addition of F; + F,, then this resultant is
added to F;.
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(a)

Cosine law:
C=VA%+ B> - 2AB cos ¢

Sine law:
A B C

sina sinb sinc
(©
Fig. 2-10

Refer to the companion website for Lecture
Summary and Quiz videos.

A scalar is a positive or negative number.
A vector is a quantity that has a magnitude, direction, and sense.

Multiplication or division of a vector by a scalar will change
the magnitude of the vector. The sense of the vector will
change if the scalar is negative.

Vectors are added or subtracted using the parallelogram law or
the triangle rule.

As a special case, if the vectors are collinear, the resultant is
formed by an algebraic or scalar addition.

- PROCEDURE FOR ANALYSIS

Problems that involve the addition of two forces can be solved as
follows:

Parallelogram Law.

Sketch the two “component” forces F; and F, added together
according to the parallelogram law, yielding the resultant force
Fr that forms the diagonal of the parallelogram, Fig. 2—10a.

If a force F is to be resolved into components along two axes
u and v, then start at the head of force F and construct lines
parallel to the axes, thereby forming the parallelogram, Fig. 2-10b.
The sides of the parallelogram represent the components, F,, and F,.

Label all the known and unknown force magnitudes and the angles
on the sketch and identify the two unknowns as the magnitude
and direction of F, or the magnitudes of its components.

Trigonometry.

Redraw a half portion of the parallelogram to illustrate the
triangular head-to-tail addition of the components.

From this triangle, the magnitude of the resultant force can
be determined using the law of cosines, and its direction is
determined from the law of sines. The magnitudes of two
force components are determined from the law of sines. The
formulas are given in Fig. 2-10c.
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EXAMPLE 2.1

The screw eye in Fig. 2-11a is subjected to two forces, F; and F,.
Determine the magnitude and direction of the resultant force.

360° — 2(65°
002654350

1
90° — 25° = 65°
@) (b)

SOLUTION

Parallelogram Law. The parallelogram is formed by drawing a
line from the head of F; that is parallel to F,, and another line from
the head of F, that is parallel to F;. The resultant force Fg extends to
where these lines intersect at point A, Fig. 2-11b. The two unknowns
are the magnitude of Fy and the angle 6 (theta).

Trigonometry. From the parallelogram, the vector triangle is
constructed, Fig. 2-11c. Using the law of cosines

Fr = V(100N)2 + (150N)2 — 2(100 N) (150 N)) cos 115°
= V10000 + 22500 — 30 000( —0.4226) = 212.6 N
= 213N Ans. Fig. 2-11
Applying the law of sines to determine 6,
150N 2126N 150N
= = in 115°
sinf  sin 115° Sinb = 5o Gin 1159
0 = 39.8°

Thus, the direction ¢ (phi) of Fg, measured from the horizontal, is
¢ = 39.8° + 15.0° = 54.8° Ans.
NOTE: The results seem reasonable, since Fig. 2-11b shows Fg to have a
magnitude larger than its components and a direction that is between them.
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EXAMPLE 2.2

Resolve the horizontal 600-N force in Fig. 2-12a into components
acting along the u and v axes and determine the magnitudes of these
components.

©

Fig. 2-12

SOLUTION

The parallelogram is constructed by extending a line from the head
of the 600-N force parallel to the v axis until it intersects the u axis at
point B, Fig.2-12b. The arrow from A to B represents F,,. Similarly, the
line extended from the head of the 600-N force drawn parallel to the
u axis intersects the v axis at point C, which gives F,,.

The vector addition using the triangle rule is shown in Fig.2-12¢. The two
unknowns are the magnitudes of F,, and F,. Applying the law of sines,

F, 600N

sin 120°  sin 30°
F, = 1039 N Ans.

F, 600N

sin30°  sin 30°
F, = 600N Ans.

NOTE: The result for F,, shows that sometimes a component can have a
greater magnitude than the resultant.
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EXAMPLE 2.3

Determine the magnitude of the component force F in Fig. 2-13a and
the magnitude of the resultant force Fy if Fy is directed along the
positive y axis.

y
y
F
- 200N .
45 45°/
30°4
30° 200 N
.
(a) (b) (©)
Fig. 2-13
SOLUTION

The parallelogram law of addition is shown in Fig. 2-13b, and the
triangle rule is shown in Fig. 2-13c. The magnitudes of Fr and F are
the two unknowns. They can be determined by applying the law of
sines.

F 200N

sin 60°  sin 45°
F=245N Ans.

Fr 200N

sin 75° sin 45°

Fr = 273N Ans.

47
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EXAMPLE 2.4

F, = 800N

i

(a)

o

Refer to the companion website for a self quiz of these
Example problems.

It is required that the resultant force acting on the eyebolt in Fig. 2-14a
be directed along the positive x axis and that F, have a minimum
magnitude. Determine this magnitude, the angle 6, and the
corresponding resultant force.

N\
N\
N\

(b) ()
Fig. 2-14

SOLUTION

The triangle rule for Fr = F; + F, is shown in Fig. 2-14b. Since the
magnitudes (lengths) of Fg and F, are not specified, then F, can
actually be any vector that has its head touching the line of action of
Fg, Fig. 2-14c. However, as shown, the magnitude of F, is a minimum
or the shortest length when its line of action is perpendicular to the
line of action of Fg, that is, when

6 = 90° Ans.

Since the vector addition now forms the shaded right triangle, the two
unknown magnitudes can be obtained by trigonometry.

Fr = (800 N)cos 60° = 400 N Ans.

F, = (800 N)sin 60° = 693 N Ans.
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. FUNDAMENTAL PROBLEMS

Partial solutions and answers to all Fundamental Problems are given in the back of the book. Video solutions are also available

Jor select problems on the companion website.

I2-1. Determine the magnitude of the resultant force and
its direction measured clockwise from the positive x axis.

f
45°

2 kN
6 kN Prob. F2-1

12-2. Two forces act on the hook. Determine the magnitude
of the resultant force.

Prob. F2-2

F2-3. Determine the magnitude of the resultant force and
its direction measured counterclockwise from the positive
X axis.

800N

f
30°

600 N
Prob. F2-3

12-4. Resolve the 30-N force into components along the
u and v axes, and determine the magnitude of each of these

components.
v
150 30N
30°
u
Prob. F2-4

I2-5. The force F =450 N acts on the frame. Resolve this
force into components acting along members AB and AC,
and determine the magnitude of each component.

Prob. F2-5

F2-6. If force F is to have a component along the u axis of
F,=6kN, determine the magnitude of F and the magnitude
of its component F,, along the v axis.

u
F
45°
105°
J/
v

Prob. F2-6
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. PROBLEMS

FORCE VECTORS

2-1. If 6 = 60° and F = 450 N, determine the magnitude
of the resultant force and its direction, measured
counterclockwise from the positive x axis.

2-2. If the magnitude of the resultant force is to be 500 N,
directed along the positive y axis, determine the magnitude
of force F and its direction 6.

700 N

Probs. 2-1/2

2-3. Determine the magnitude of the resultant force
Fr = F; + F, and its direction, measured clockwise from
the positive u axis.

*2-4. Resolve the force F; into components along the u
and v axes and determine the magnitudes of the components.

2-5. Resolve the force F, into components along the u and
v axes and determine the magnitudes of the components.

F,=6kN

Probs. 2-3/4/5

2-6. If Fg = 2kN and the resultant force acts along the
positive u axis, determine the magnitude of the resultant
force and the angle 6.

2-7. If the resultant force is required to act along the
positive u axis and have a magnitude of 5 kN, determine the
required magnitude of Fp and its direction 6.

Probs. 2-6/7

*2-8. Two forces are applied at the end of a screw
eye in order to remove the post. Determine the angle
0(0° =0 = 90°) and the magnitude of force F so that
the resultant force acting on the post is directed vertically
upward and has a magnitude of 750 N.




2-9. If § = 60°, determine the magnitude of the resultant
force and its direction measured clockwise from the horizontal.

2-10. Determine the angle 6 for connecting member A to
the plate so that the resultant force of F4 and Fp is directed
horizontally to the right. Also, what is the magnitude of the
resultant force?

B\ Fz=6kN

Probs. 2-9/10

2-11. Determine the magnitude of the resultant force
Fr = F; + F, and its orientation #, measured clockwise
from the positive x axis.

*2-12. Determine the magnitude of the resultant
force Fr = F; + F; and its orientation 6, measured
counterclockwise from the positive x axis.

Probs. 2-11/12

PROBLEMS 51

2-13. If 6 = 30° and T = 6 kN, determine the magnitude
of the resultant force acting on the eyebolt and its direction
measured clockwise from the positive x axis.

2-14. If 0 = 60° and T = 5 kN, determine the magnitude
of the resultant force acting on the eyebolt and its direction
measured clockwise from the positive x axis.

2-15. If the magnitude of the resultant force is to be 9 kN
directed along the positive x axis, determine the magnitude
of force T acting on the eyebolt and its angle 6.

*

Probs. 2-13/14/15

I

X

8 kN

*2-16. The pelvis P is connected to the femur F at A
using three different muscles, which exert the forces shown
on the femur. Determine the resultant force and specify its
orientation 6, measured counterclockwise from the positive x
axis.

y
120N
13 12
60 N i
8ON
30°
A t WV X
F

Prob. 2-16
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2-17. Determine the magnitude and direction of the
resultant force, Fr measured counterclockwise from
the positive x axis. Solve the problem by first finding the
resultant F' = F; + F, and then forming Fz = F’' + Fj.

2-18. Determine the magnitude and direction of the
resultant force, Fr measured counterclockwise from
the positive x axis. Solve the problem by first finding the
resultant F' = F, + F; and then forming Fx = F' + F.

y
F, = 400 N
F,=200N
90°
I
> X
(150
F,=300N

Prob. 2-17/18

2-19. Determine the magnitude and direction of the
resultant Fz = F; + F, + F; of the three forces by first
finding the resultant F' = F; + F, and then finding
Fr, =F + F,.

#2-20. Determine the magnitude and direction of the
resultant Fr = F; + F, + F; of the three forces by first
finding the resultant F' = F, + F; and then finding
Fr, =F + F,.

F2:20N

Probs. 2-19/20

2-21. Determine the magnitude of the two towing forces
Fp and F ¢ if the resultant force has a magnitude Fg = 10 kN
and is directed along the positive x axis. Set § = 15°.

2-22. [If the resultant Fi of the two forces acting on the
jet aircraft is to be directed along the positive x axis and
have a magnitude of 10 kN, determine the angle 6 of the
cable attached to the truck at B so that Fp is a minimum.
What is the magnitude of force in each cable when this
occurs?

Probs. 2-21/22

2-23. Two forces act on the screw eye. If F; = 400 N
and F, = 600N, determine the angle 6 (0° = 6 = 180°)
between them, so that the resultant force has a magnitude
of Fr = 800 N.

*2-24. Two forces F; and F, act on the screw eye. If their
lines of action are at an angle # apart and the magnitude of
each force is F; = F, = F, determine the magnitude of the
resultant force Fy and the angle between Fy and F;.

F,

F,

Probs. 2-23/24
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2-25. Determine the magnitude and direction 6 of F4 so *2-28. If the resultant force of the two tugboats is 3 kN,
that the resultant force is directed along the positive x axis directed along the positive x axis, determine the required
and has a magnitude of 1250 N. magnitude of force Fp and its direction 6.

2-26. Determine the magnitude of the resultant force acting 2-29. If Fz = 3kNand@ = 45°, determine the magnitude

on the ring at O, if F4 = 750N and 6 = 45°. What is its
direction, measured counterclockwise from the positive x axis?

of the resultant force and its direction measured clockwise
from the positive x axis.

2-30. If the resultant force of the two tugboats is required to be
directed toward the positive x axis, and Fp is to be a minimum,
determine the magnitude of Fz and Fp and the angle 6.

Probs. 2-25/26

2-27. Two forces act on the screw eye. If F = 600 N, Probs. 2-28/29/30

determine the magnitude of the resultant force and the

angle 6 if the resultant force is directed vertically upward.

2-31. Determine the magnitude of force F so that the
resultant Fg of the three forces is as small as possible. What
is the minimum magnitude of Fg?

8 kN

Probs. 2-27 Probs. 2-31
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\J

(b)
Fig. 2-15

FORCE VECTORS

2.4 ADDITION OF A SYSTEM
OF COPLANAR FORCES

When a force is resolved into two components along the x and y axes,
the components are then called rectangular components. For analytical
work we can represent these components in one of two ways, using either
scalar or Cartesian vector notation.

The rectangular components of force F shown
in Fig. 2154 are found using the parallelogram law, so that F = F, + F,.
Because these components form a right triangle, they can be

determined from
F., = Fcos# and F, = Fsin 0

Instead of using the angle 6, however, the direction of F can also be
defined using a small “slope” triangle, as in the example shown in Fig. 2-15b.
Since this triangle and the larger shaded triangle are similar, the proportional
length of the sides gives

Fo_a
F ¢

or
a
F:F(>

and
B _b
F ¢

or

e[t

Here the y component is a negative scalar since F, is directed along the
negative y axis.

It is important to keep in mind that this positive and negative
scalar notation is to be used only for calculations, not for graphical
representations in figures. Throughout the text, the head of a vector
arrow in any figure indicates the sense of the vector graphically; algebraic
signs are not used for this purpose. Thus, the vectors in Figs. 2-15a and
2-15b are designated by using boldface (vector) notation.* Whenever
italic symbols are written near vector arrows in figures, they indicate the
magnitude of the vector, which is always a positive quantity.

*Negative signs are used only in figures with boldface notation when showing equal but
opposite pairs of vectors, as in Fig. 2-2.



2.4 ADDITION OF A SYSTEM OF COPLANAR FORCES 55

It is also possible to represent
the x and y components of a force in terms of Cartesian unit vectors
i and j. They are called unit vectors because they have a dimensionless
magnitude of 1, and so they can be used to designate the directions of the
x and y axes, respectively, Fig. 2-16."

Since the magnitude of each component of F is always a positive
quantity, which is represented by the (positive) scalars F, and F,, then we
can express F as a Cartesian vector,

F=Fi+Fj

We can use either of the two
methods just described to determine the resultant of several coplanar
Jorces. To do this, each force is first resolved into its x and y components,
and then the respective components are added using scalar algebra since
they are collinear. The resultant force is then formed by adding the
resultant components using the parallelogram law. For example, consider
the three concurrent forces in Fig. 2-17a, which have x and y components
shown in Fig. 2-17b. Using Cartesian vector notation, each force is first
represented as a Cartesian vector, i.e.,

Fl = lei + Flyj
F2 = _szi + FZyj
F; = F3i — F3

The vector resultant, Fig. 2-17¢, is therefore
Fr=F +F + F;
= F i+ F,j— i+ Fyj + Fi— Fyj
= (Fix = Fye + F3 )i + (Fyy + Foy — F3)j
= (Fr)xi + (FRr)y

If scalar notation is used, then indicating the positive directions of
components along the x and y axes with symbolic arrows, we have

=+, (FR)x = Fix — Fo + F3,
+1 (Fr)y = Fiy + 5, — F3,

Notice that these are the same results as the i and j components of Fg
determined above.

*For handwritten work, unit vectors are usually indicated using a circumflex, e.g., 7 and j.
Also, realize that F, and F), in Fig. 2-16 represent the magnitudes of the components, which
are always positive scalars. The directions are defined by i and j. If instead we used scalar
notation, then Fy and F, could be positive or negative scalars, since they would account for
both the magnitude and direction of the components.

e
— >

F
TA
F,
L T X
[ F, 1 i
Fig. 2-16
y
1
X
F;
(a)
y
F2v
.| F
~ A
FZx < \NN t—”’ » le
> — X
A - F3x
\\
F3y \ A
(b)

The resultant force of the four cable forces
acting on the post can be determined by
adding algebraically the separate x and y
components of each cable force. This
resultant Fg produces the same pulling effect
on the post as all four cables.
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(Fr)y Fr
A

0

'(FR)X

(c)
Fig. 2-17 (cont.)

Refer to the companion website for Lecture
Summary and Quiz videos.

In general then, the components of the resultant force of any number
of coplanar forces can be represented by the algebraic sum of the x and y
components of all the forces, i.e.,

(FR)x = EFx

(Fr), = 3F, 2-1)

Once these components are determined, they may be sketched
along the x and y axes with their proper sense of direction, and the
resultant force can be determined from vector addition, Fig. 2-17c. From
this sketch, the magnitude of Fy is then found from the Pythagorean
theorem; that is,

Fr = V(Fg)} + (Fr)}

Also, the angle 6, which specifies the direction of the resultant force, is
determined from trigonometry:

6 = tan!

The above concepts are illustrated numerically in the examples which
follow.

The resultant of several coplanar forces can easily be
determined if an x, y coordinate system is established and the
forces are resolved into components along the axes.

The direction of each force is specified by the angle its line of
action makes with one of the axes, or by a slope triangle.

The orientation of the x and y axes is arbitrary, and their
positive direction can be specified by the Cartesian unit vectors
iandj.

The x and y components of the resultant force are simply the
algebraic addition of the components of all the coplanar forces.

The magnitude of the resultant force is determined from the
Pythagorean theorem, and when the resultant components are
sketched on the x and y axes, Fig. 2-17¢, the direction 6 of the
resultant can be determined from trigonometry.
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EXAMPLE 2.5

Determine the x and y components of F; and F, acting on the boom
shown in Fig. 2-18a. Express each force as a Cartesian vector.

SOLUTION

Scalar Notation. By the parallelogram law, F; is resolved into x and y
components, Fig. 2-18b. Since Fy, acts in the —x direction, and Fy, acts
in the + y direction, we have

Fi, = —200sin 30°N = —100 N = 100 N «— Ans.

F;, =200 cos 30°N = 173N = 173 N1 Ans.

y

The force F, is resolved into its x and y components, as shown in
Fig. 2-18c. From this “slope triangle” we could obtain the angle 6,
eg., 0= tan’l(%), and then proceed to determine the magnitudes
of the components in the same manner as for F;. The easier method,

however, consists of using proportional parts of similar triangles, i.e.,

F2x _E
260N 13

Similarly,

F, = 260 N(ﬁ) = 240N

5
F,, = 260 N(B) = 100N
Notice how the magnitude of the horizontal component, F,,, was
obtained by multiplying the force magnitude by the ratio of the
horizontal leg of the slope triangle divided by the hypotenuse;
whereas the magnitude of the vertical component, F,, was obtained
by multiplying the force magnitude by the ratio of the vertical leg
divided by the hypotenuse. Using scalar notation to represent the
components, we have

F,, = 240N = 240N — Ans.

F,, = —100N = 100N Ans.

y

Cartesian Vector Notation. Having determined the magnitudes
and directions of the components of each force, we can express each
force as a Cartesian vector.

F, = {—100i + 173j}N Ans.

F, = {240i — 100j}N Ans.

57

y
F;=200N
30°
0
SN
12
F, =260 N
(@)
y
F; =200N
X A Fy, =200 cos 30° N
\\
30°
Yo
\
\
< X

Fyy =260 (15_3) Ny

Fig. 2-18
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EXAMPLE 2.6

F, = 400N F, = 600 N
45°

30°

()

Fr
582.8 N

236.8 N

(c)
Fig. 2-19

The link in Fig. 2-19a is subjected to two forces F; and F,. Determine
the magnitude and direction of the resultant force.

SOLUTION |

Scalar Notation. First we resolve each force into its x and y
components, Fig. 2-19b, then we sum these components algebraically.

& (Fg), = SF;  (Fg), = 600 cos 30° N — 400 sin 45° N
= 2368N—
+1(Fr), = 3F); (Fg), = 600 sin 30° N + 400 cos 45° N

= 582.8N1
The resultant force, shown in Fig. 2-19¢, has a magnitude of

Fr = V/(236.8N)? + (582.8N)2
= 629N Ans.

and a direction,

582.8 N
0= tan—1(2368N) = 67.9° Ans.

SOLUTION I

Cartesian Vector Notation. From Fig. 2-19b, each force is first
expressed as a Cartesian vector.

F; = {600 cos 30°i + 600 sin 30% } N
F, = {—400 sin 45° + 400 cos 45% } N
Then,
Fr = F, + F, = (600 cos 30° N — 400 sin 45° N)i
+ (600 sin 30° N + 400 cos 45° N)j

= {236.8i + 582.8jIN

The magnitude and direction of Fi are determined in the same
manner as before.

NoTE: Comparing the two methods of solution, notice that the
use of scalar notation is more efficient since the components can
be found directly, without first having to express each force as a
Cartesian vector before adding the components. Later, however, we
will show that Cartesian vector analysis is very beneficial for solving
three-dimensional problems.
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EXAMPLE 2.7

The end of the boom O in Fig. 2-20a is subjected to three concurrent
and coplanar forces. Determine the magnitude and direction of the
resultant force.

SOLUTION

Each force is resolved into its x and y components, Fig. 2-20b.
Summing the x components, we have

B (Fr)y = SF;  (Fg)y = —400N + 250sin 45°N — 200() N
= —3832N = 3832 N«

Summing the y components yields

+1(Fg), = 2F,;  (Fg)y, = 250 cos 45°N + 200(2) N
= 296.8 N

The resultant force, shown in Fig. 2-20c, has a magnitude of

Fr = V/(-3832N)? + (296.8N)?
= 485N Ans.

From the vector addition in Fig. 2-20c, the direction angle 6 is

296.8
0 = tan_l(?m> = 37.8° Ans.

NOTE: Application of this method is more convenient, compared to
using two applications of the parallelogram law, first to add F; and F»,
then adding Fj3 to this resultant.

y
250N
200N °
45°,
5
3N .
4 N ,'
b —— X
[6) 400 N

(b)

Fig. 2-20

o

Refer to the companion website for a self quiz of these
Example problems.
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. FUNDAMENTAL PROBLEMS

12-7.  Resolve each force acting on the post into its x and y
components.

Prob. F2-7

I'2-8. Determine the magnitude and direction of the
resultant force.

400N

Prob. F2-8

I'2-9. Determine the magnitude of the resultant force
acting on the corbel and its direction 6 measured
counterclockwise from the x axis.

y

F,= 400N
F,=700N

Fy = 600 N

30°

Prob. F2-9

F2-10. If the resultant force acting on the bracket is to
be 750 N directed along the positive x axis, determine the
magnitude of F and its direction 6.

Prob. F2-10

I2-11. If the magnitude of the resultant force acting on
the bracket is to be 80 N directed along the u axis, determine
the magnitude of F and its direction 6.

Prob. F2-11

12-12. Determine the magnitude of the resultant force
and its direction 0, measured counterclockwise from the
positive x axis.

Prob. F2-12
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*2-32. Determine the magnitude of the resultant force and
its direction, measured clockwise from the positive x axis.

800 N

Prob. 2-32

2-33. Express each of the three forces acting on the
support in Cartesian vector form and determine the
magnitude of the resultant force and its direction, measured
clockwise from positive x axis.

F,=80N

Prob. 2-33

2-34. Resolve each force acting on the gusset plate into its
x and y components, and express each force as a Cartesian
vector.

2-35. Determine the magnitude of the resultant force
acting on the gusset plate and its direction, measured
counterclockwise from the positive x axis.

F3=650N
N /F2=750N
4
\\ 7
45°
X_ » ¥
IL—’-’—l_ Fy =900 N

Probs. 2-34/35

*2-36. Resolve Fy and F;, into their x and y components.

2-37. Determine the magnitude of the resultant force and its
direction measured counterclockwise from the positive x axis.

F,=250N

Probs. 2-36/37

2-38. Determine the magnitude of the resultant force and its
direction measured counterclockwise from the positive x axis.

y
Fy=8kN

Prob. 2-38
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2-39. The three forces are applied to the bracket. Determine
the range of values for the magnitude of force P so that the
resultant of the three forces does not exceed 2400 N.

y
800 N
3000 N 90°—_
60°
1z
X
Prob. 2-39

*2-40. Determine the x and y components of F; and F,.

2-41. Determine the magnitude of the resultant force and its
direction measured counterclockwise from the positive x axis.

y

45°  F,=200N

F,=150N "\

Probs. 2-40/41

2-42. 'Three forces act on the ring. Determine the range of
values for the magnitude of P so that the magnitude of the
resultant force does not exceed 2500 N. Force P is always
directed to the right.

Prob. 2-42

2-43. Express Fy, F,, and F; as Cartesian vectors.

*2-44. Determine the magnitude of the resultant force
and its direction measured counterclockwise from the
positive x axis.

Fy=625N

Probs. 2-43/44

2-45. The three concurrent forces acting on the post
produce a zero resultant force Fgz = 0. If F, = 1F;, and
F; is to be 90° from F, as shown, determine the required
magnitude of F5 expressed in terms of F; and the angle 6.

F,

F,

I

Prob. 245



2-46. Three forces act on the bracket. Determine the
magnitude and direction 6 of F; so that the resultant force

is directed along the positive x’ axis and has a magnitude
of 800 N.

247. IfF; = 300 Nand 6 = 10° determine the magnitude of
the resultant force and its direction measured counterclockwise
from the positive x’ axis.

A F,=200N

Probs. 2-46/47

*2-48. Determine the magnitude and orientation 6 of Fp
so that the resultant force is directed along the positive y
axis and has a magnitude of 1500 N.

2-49. If Fz=600N and 6 = 20°, determine the
magnitude of the resultant force and its direction measured
counterclockwise from the positive y axis.

y
Fp
F,=700N
o A
30
B .30
0

Probs. 2-48/49
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2-50. The four concentric forces act on the post.
Determine the resultant force and its direction, measured
counterclockwise from the positive x axis.

Prob. 2-50

2-51. Express Fy, F, and F; as Cartesian vectors.

*2-52. Determine the magnitude of the resultant force
and its direction, measured counterclockwise from the
positive x axis.

F=15kN
F,=26kN A0

30°

F;=36kN

Probs. 2-51/52
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2-53. Determine the resultant force acting on the hook, and
its direction measured clockwise from the positive x axis.

Prob. 2-53

2-54. Express F; and F; as Cartesian vectors.

2-55. Determine the magnitude of the resultant force and
its direction measured counterclockwise from the positive
X axis.

F=26kN 7
12 13
5
—(CF B
30°.
Fy = 30kN

Probs. 2-54/55

*2-56. Three forces act on the bracket. Determine the
magnitude and direction 6 of F so that the resultant force
is directed along the positive x’ axis and has a magnitude
of 8 kN.

2-57. If F = 5kN and 6 = 30°, determine the magnitude
of the resultant force and its direction measured
counterclockwise from the positive x axis.

Probs. 2-56/57

2-58. If the magnitude of the resultant force acting on
the bracket is to be 450 N directed along the positive u axis,
determine the magnitude of F; and its direction ¢.

2-59. If the resultant force acting on the bracket is
required to be a minimum, determine the magnitudes of F,
and the resultant force. Set ¢ = 30°.

Probs. 2-58/59
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2.5 CARTESIAN VECTORS

The operations of vector algebra, when applied to solving problems in
three dimensions, are greatly simplified if the vectors are first represented
in Cartesian vector form. In this section we will present a general method
for doing this; then in the next section we will use this method for finding
the resultant force of a system of concurrent forces.

Right-Handed Coordinate System. We will use a right-
handed coordinate system to describe the theory of vector algebra
that follows. Specifically, a rectangular coordinate system is said to be
right-handed if the thumb of the right hand points in the direction
of the positive z axis when the right-hand fingers are curled about

this axis and directed from the positive x towards the positive y axis,
Fig. 2-21.

Fig. 2-21

Z

Rectangular Components of a Vector. Ingeneral,a vector
A may have one, two, or three rectangular components along the x,
v, z coordinate axes, Fig. 2-22. These components are determined
using two successive applications of the parallelogram law; that is,
A = A"+ A, and then A" = A, + A,. Combining these equations
to eliminate A’, A is represented by the vector sum of its three
rectangular components,

A=A, +A, +A, (2-2)

Cartesian Vector Representation. In three dimensions, the hEN
set of Cartesian unit vectors, i, j, k, is used to designate the directions A, >
of the x, y, z axes, respectively, Fig. 2-23. Using these vectors the / A’
three components of A in Fig. 2-24 can be written in Cartesian vector x

form as

Fig. 2-22

A kAR

Fig. 2-24 Fig. 2-23
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Fig. 2-27

FORCE VECTORS

A=A+ Aj+ Ak (2-3)

There is a distinct advantage to writing vectors in this manner.
Separating the magnitude and direction of each component vector
will simplify the operations of vector algebra, particularly in three
dimensions.

If A is expressed as a
Cartesian vector, then its magnitude can be determined. As shown in
Fig. 2-25, from the blue right triangle, A = VVA'?> + A% and from the
gray right triangle, A’ = VA2 + Ai. Combining these equations to
eliminate A’ yields

A= VA + A+ A (2-4)

Hence, the magnitude of A is equal to the positive square root of the sum
of the squares of the magnitudes of its components.

We will define the direction of
A by the coordinate direction angles « (alpha), 8 (beta), and y (gamma),
measured between the fail of A and the positive x, y, z axes, Fig. 2-26.
Note that regardless of where A is directed, each of these angles will be
between 0° and 180°.
To determine «, B, and v, consider the projection of A onto the x,y, z
axes, Fig. 2-27 Referring to the shaded right triangles shown in the figure,
we have

cosB—A cosy = — (2-5)

These numbers are known as the direction cosines of A. Once they
have been obtained, the coordinate direction angles «, 3, y can then be
determined from the inverse cosines.

An easy way of obtaining these direction cosines is to form a unit
vector uy in the direction of A, Fig. 2-26. To do this, divide A by its
magnitude A, so that

‘1x. ‘1Y. ‘11
e I I —
i j k (2-6)

_A
A A

Uy

By comparison with Eqs. 2-5, it is seen that the i, j, k components of up
represent the direction cosines of A, 1i.e.,

u, = cos ai + cos Bj + cos vk (2-7)



Since the magnitude of u, = cosai + cos Bj + cos yk is one,
then from this equation an important relation among the direction
cosines is

cos’a + cos’ B + cos’y = 1 (2-8)

Therefore, if only two of the coordinate angles are known, the third
angle can be found using this equation.

Finally, if the magnitude and coordinate direction angles of A are
known, then A may be expressed in Cartesian vector form as

A = Auy (2-9)
= Acosai + Acos Bj + A cosyk
=Ad+ Aj+ Ak

Sometimes, the direction
of A can be specified using a horizontal angle 6 and a vertical angle
¢ (phi), such as shown in Fig. 2-28. The components of A can then be
determined by applying trigonometry first to the light blue right triangle,
which yields

A,=Acos¢ and A’ = Asing
Now applying trigonometry to the dark blue right triangle,
A, = A'cosf = Asin¢cosb
A, = A'sinf = Asin¢sin6
Therefore, A written in Cartesian vector form becomes
A =Asingcosfi+ Asingpsinfj+ Acosgpk

This equation should not be memorized; rather, it is important to
understand how the components were determined using trigonometry.

2.5

CARTESIAN VECTORS

67
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2.6 ADDITION OF CARTESIAN
VECTORS

The addition (or subtraction) of two or more vectors is greatly simplified
if the vectors are expressed in terms of their Cartesian components. For
example,if A = Ai + Ayj + Akand B = B,i + B,j + Bk, Fig.2-29,
then the resultant vector, R, has components which are the scalar sums of
the i, j, k components of A and B, i.e.,

R=A+B=(A,+B)i+ (A +B)j+ (A, + B,k

If this is generalized and applied to a system of several concurrent
forces, then the force resultant is the vector sum of all the forces in the
system and can be written as

Fr = SF = 3Fi + 3F,j + 3Fk (2-10)

Here X F,, X F,, and X F, represent the algebraic sums of the respective x,
v,z or i, j, k components of each force in the system.

Z

(A; + Bk

R

B
(A, + B)i

(A, + Byi

/

X

Fig. 2-29

- IMPORTANT POINTS

* A Cartesian vector A has i, j, k components along the x, y, z axes.
If A is known, its magnitude is A = VAZ + A} + A2

o The direction of a Cartesian vector can be defined by the three
coordinate direction angles «, B, y, measured from the positive x, y, z
axes to the il of the vector. To find these angles, formulate a unit
vector in the direction of A, ie., uy = A/A, and determine the
inverse cosines of its components. Only two of these angles are
independent of one another; the third angle is found from
cos’a + cos’ B + cos’y = 1.

Refer to the companion website for Lecture o The direction of a Cartesian vector can also be specified using a
Summary and Quiz videos. horizontal angle # and vertical angle ¢.
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EXAMPLE 2.8

Express the force F shown in Fig. 2-30a as a Cartesian vector.

SOLUTION

The angles of 60° and 45° defining the direction of F are not coordinate
direction angles. Two successive applications of the parallelogram law
are needed to resolve F into its x, y, z components. First F = F' + F,,
then F* = F, + F,, Fig.2-30b. By trigonometry, the magnitudes of the
components are

F, = 100sin 60°N = 86.6 N

F' =100 cos 60°N = 50 N

F. = F' cos45° = 50cos45°N = 354N

F, = F'sin45° = 50sin 45° N = 354 N
Realizing that F) is in the —j direction, we have

F = {354i — 354j + 86.6k} N Ans.

To show that the magnitude of this vector is indeed 100 N, apply Eq. 24,

F= VF;+ F; + F?

= V/(354)2 + (354)% + (86.6)2 = 100N

If needed, the coordinate direction angles of F can be determined
from the components of the unit vector acting in the direction of F.

F Fx. FY. FZ
U= T TRl Tk
354, 354, 866

100"~ 1007 " 100

k

= 0.354i — 0.354j + 0.866k
so that
a = cos 1(0.354) = 69.3°

B = cos }(—0.354) = 111°

y = cos 1(0.866) = 30.0°

These results are shown in Fig. 2-30c.

F=100N
60°
1 y
45°
X
(a)
z
F=100N

F=100N

Fig. 2-30
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EXAMPLE 2.9

Two forces act on the hook shown in Fig. 2-31a. Specify the magnitude
of F, and its coordinate direction angles so that the resultant force Fp

acts along the positive y axis and has a magnitude of 800 N.

y SOLUTION
To solve this problem, the resultant force Fg and its two components,
F; and F,, will each be expressed in Cartesian vector form. Then, as
shown in Fig. 2-31b, it is necessary that F = F; + F,.
Applying Eq. 2-9,

F, = F;cos aqi + Fjcos Bj + Fjcos yk

= 300 cos 45°i + 300 cos 60°j + 300 cos 120° k
F, =700 N = {212.1i + 150j — 150k }N
F, = F\i + F,,j + F,;k

Fr=800N Since Fg has a magnitude of 800 N and acts in the + j direction,
- Fr = (800N)(+j) = {800j} N
We require
Fr=F + F
800j = 212.1i + 150j — 150k + Fy.i + Fp,j + Fp k
800j = (212.1 + Fy)i + (150 + Fyy)j + (—150 + F,, )k

To satisfy this equation, the i, j, k components of Fz must be equal to
the corresponding i, j, k components of (F; + F,). Hence,

0=2121+ F,, F, = —212.1N
800 = 150 + F, F,, = 650N
0=-150 + F, F, = 150N
The magnitude of F, is thus
F, = V/(—2121N)? + (650N)? + (150 N)2
= 700 N Ans.
We can use Eq. 2-9 to determine «;, 3,, y».

—-212.1
= — = X Ans.
cos ay 200 a, = 108 ns
650
cos 3, = 7700; B, = 21.8° Ans.

150
@ CoS Yy = ﬁ; vy, = 77.6° Ans.

Refer to the companion website for a self quiz of these

Example problems. These results are shown in Fig. 2-31b.
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. FUNDAMENTAL PROBLEMS

I2-13.  Determine the coordinate direction angles of the force. I2-16. Express the force as a Cartesian vector.

Prob. F2-16

/K. o

X 30
F=75N I'2-17.  Express the force as a Cartesian vector.
Prob. F2-13 7

I'2-14. Express the force as a Cartesian vector.

z F=500N

Prob. F2-17

I2-18. Determine the resultant force acting on the hook.

Prob. F2-14

12-15. Express the force as a Cartesian vector.

Z

F=500N y

F, =800N
Prob. F2-15 Prob. F2-18
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. PROBLEMS

FORCE VECTORS

*2-60. The bolt is subjected to the force F, which has
components acting along the x, y, z axes. If the magnitude
of Fis 80 N, and a« = 60° and y = 45°, determine the
magnitudes of its components.

F
e y
F, a E
F,
X
Prob. 2-60

2-61. Determine the magnitude and coordinate direction
angles of the force F acting on the support. The component
of F in the x—y plane is 7 kN.

Prob. 2-61

2-62. The force F acts on the bracket within the octant
shown. If F = 400 N, 8 = 60°, and y = 45°, determine the
x,y, z components of F.

2-63. The force F acts on the bracket within the octant
shown. If the magnitudes of the x and z components of F
are F, = 300 N and F, = 600 N, respectively, and 8 = 60°,
determine the magnitude of F and its y component. Also,
find the coordinate direction angles « and vy.

Probs. 2-62/63

*2—-64. Determine the magnitude and coordinate direction
angles of the resultant force, and sketch this vector on the
coordinate system.

x F, = 400N

Probs. 2-64



2-65. Determine the magnitude and coordinate direction
angles of F5 so that the resultant of the three forces acts
along the positive y axis and has a magnitude of 600 N.

2-66. Determine the magnitude and coordinate direction
angles of F; so that the resultant of the three forces is zero.

F,=300N

Probs. 2-65/66

2-67. Express each force in Cartesian vector form and
then determine the resultant force. Find the magnitude and
coordinate direction angles of the resultant force.

*2-68. Determine the coordinate direction angles of F;.

F, = 500N

Probs. 2-67/68

PROBLEMS 73

2-69. The stock mounted on the lathe is subjected to a
force of 60 N. Determine the coordinate direction angle 8
and express the force as a Cartesian vector.

Probs. 2-69
2-70. The bracket is subjected to the two forces shown.
Express each force in Cartesian vector form and then
determine the resultant force Fg. Find the magnitude and
coordinate direction angles of the resultant force.

Prob. 2-70

2-71. Determine the magnitude and coordinate direction
angles of the resultant force, and sketch this vector on the
coordinate system.

z
Fr=55N |
80" 1nge
45°
y
. aNs
3
Fi = 450N

Prob. 2-71
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*2-72. Express each force as a Cartesian vector. 2-75. Specify the magnitude F; and directions a3, 35, and 73

2-73. Determine the magnitude and coordinate direction so that the resultant force of the three forces is Fx = {9]} kN.

angles of the resultant force, and sketch this vector on the
coordinate system.

F, =10kN
F;
Z 7/ 13/1]5
B/
F;=200N a3 \
F,=150N S i Y
30°
F; =12kN
F) = 90N f=a 60° y x
34 /
45°
Prob. 2-75
X

Probs. 2-72/73 . . .
*2-76. The pole is subjected to the force F, which has

components acting along the x, y, z axes as shown. If the
magnitude of F is 3 kN, 8 = 30°, and y = 75°, determine
the magnitudes of its three components.

2-74. Determine the magnitude and coordinate direction 2-71. The pole_is subjected to tEe force F WhiCE his
angles of the resultant force, and sketch this vector on the components F= 1.'5 kN and F, = 1.25kN. If B =75°
coordinate system. determine the magnitudes of F and F,.

Z

FZ

A

= F

B F
>y
o

/ F,

F,=500N

Probs. 2-74 Probs. 2-76/77



2-78. Three forces act on the ring. Determine the
magnitude and coordinate direction angles of the resultant
force.

Prob. 2-78

2-79. Determine the coordinate angle y for F, and then
express each force acting on the bracket as a Cartesian
vector.

*2-80. Determine the magnitude and coordinate direction
angles of the resultant force acting on the bracket.

Fy=450N

F,= 600N

Probs. 2-79/80

PROBLEMS 75

2-81. The pipe is subjected to the force F, which has
components acting along the x, y, z axes. If the magnitude
of Fis 12 kN, and o = 120° and y = 45°, determine the
magnitudes of its three components.

2-82. The pipe is subjected to the force F, which has
components F, = 1.5kN and F, = 1.25kN. If B = 75°,
determine the magnitude of F and F,.

Probs. 2-81/82

2-83. If the coordinate direction angles for F; are
ay = 120°,B; = 60° and y; = 45° determine the magnitude
and coordinate direction angles of the resultant force acting
on the eyebolt.

*2-84. If the coordinate direction angles for F; are
az = 120°,B; = 45°,andy; = 60°,determine the magnitude
and coordinate direction angles of the resultant force acting
on the eyebolt.

2-85. If the direction of the resultant force acting on
the eyebolt is defined by the unit vector uz, = cos 30°% +
sin 30°k, determine the coordinate direction angles of F;
and the magnitude of Fy.

F,=700N

Probs. 2-83/84/85
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Fig. 2-32

2.7 POSITION VECTORS

In this section we will introduce the concept of a position vector. It will
be shown that this vector is of importance in formulating a Cartesian
force vector directed between two points in space.

Throughout the book we will use the
convention followed in many technical texts, which requires the positive
z axis to be directed upward (the zenith direction) so that it measures the
height of an object or the altitude of a point. The x, y axes then lie in the
horizontal plane, Fig. 2-32.

Points in space are located relative to the origin of coordinates, O,
by successive measurements along the x, y, z axes. For example, the
coordinates of point A are obtained by starting at O and measuring
x4 = +4 m along the x axis, then y, = +2 m along the y axis, and finally
z4 = —6 m along the z axis,so that A(4 m,2m, —6 m).

A position vector r is defined as a fixed vector
which locates a point in space relative to another point. For example, if r
extends from the origin of coordinates, O, to point P(x, y, z), Fig. 2-33a,

then r can be expressed in Cartesian vector form as
r=xi+yj+zk

Note how the head-to-tail vector addition of the three components
yields vector r, Fig. 2-33b. Starting at the origin O, one “travels” x in the
+i direction, then y in the +j direction, and finally z in the +k direction
to arrive at point P(x, y, 7).

Z Z
» P(x,y,2) P(x,y,2)
r r
i 2k
. g y xi g y
X1
x/ x/ Yl
(a) (b)

Fig. 2-33
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In the more general case, the position vector may be directed from z
point A to point B in space, Fig. 2-34a. By the head-to-tail vector addition,
using the triangle rule, we require B(xs vis 25)
r
ryt+r=rg AXa,y4:24) "
Iy y

Solving for r and expressing r4 and rpg in Cartesian vector form yields
(2)
r=rp —rxy = (xpi +ypj + z5K) — (x4l + yaj + 24K)

or

r= (xg—xq)i+ (yg —ya)it+ (23 — z4)k (2-11)

Thus, thei,j,k components of x may be formed by taking the coordinates
of the tail of the vector A(xy,ya,z4) and subtracting them from the
corresponding coordinates of the head B(xg, yg, z5). We can also form
these components directly, Fig. 2-34b, by starting at A and moving z
through a distance of (xp — x,) along the positive x axis (+i), then
(yg — v4) along the positive y axis (+j), and finally (zz — z4) along

B
the positive z axis (+k) to get to B. / (e 2k
A

(xp = xp)i

k()’B —yaki

(b)
Fig. 2-34

If an x, y, z coordinate system is
established, then the coordinates of
two points A and B on the cable can
be determined. From this the position
vector r acting along the cable can be
formulated. Its magnitude represents
the distance from A to B, and its unit
vector, u = r/r, gives the direction
defined by «, 3, y.
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Fig. 2-35

Refer to the companion website for Lecture
Summary and Quiz videos.

2.8 FORCE VECTOR DIRECTED
ALONG A LINE

Quite often in three-dimensional statics problems, the direction of a
force is specified by two points through which its line of action passes.
Such a situation is shown in Fig. 2-35, where the force F is directed along
the cord AB. We can formulate F as a Cartesian vector by realizing that
it has the same direction and sense as the position vector r directed from
point A to point B on the cord. This common direction is specified by the
unit vectoru = r/r,and so once u is determined, then

F=ru=r")=nr (xg = xa)i + (yg = ya)i + (25 — 24)k
' <r> <\/(XB —x4)”+ (yg —ya)® + (25 — ZA)2>

Although we have represented F symbolically in Fig. 2-36, note that it
has units of force, unlike r, which has units of length.

The force F acting along the rope can
be represented as a Cartesian vector by
establishing x, y, z axes and first forming a
position vector r along the length of the rope.
Then the corresponding unit vector u = r/r
that defines the direction of both the rope
and the force can be determined. Finally, the
magnitude of the force is combined with its
direction, so that F = Fu.

- IMPORTANT POINTS

R
= '\,i'ln.

© A position vector locates one point in space relative to another
point.

o The easiest way to formulate the components of a position vector is
to determine the distance and direction that one must travel along
the x, y, z directions —going from the tail to the head of the vector.

o A force F acting in the direction of a position vector r can
be represented in Cartesian form if the unit vector u of the
position vector is determined and it is multiplied by the
magnitude of the force,i.e., F = Fu = F (r/r).
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EXAMPLE 2.10

The man shown in Fig. 2-36a pulls on the cord with a force of 350 N.
Represent this force acting on the support A as a Cartesian vector and

determine its direction.

SOLUTION

Force F is shown in Fig. 2-36b. The direction of this vector, u, is
determined from the position vector r, which extends from A to B.
Rather than using the coordinates of the end points of the cord, r can
be determined directly by noting in Fig. 2-36a that one must travel
from A {—6k} m,then {—2j} m,and finally {3i} m to get to B.Thus,

r= {3i —2j — 6k} m
The magnitude of r, which represents the length of cord AB, is
r= \/(f‘irn)2 + (—2m)?+ (-6m)>=7m

Forming the unit vector that defines the direction and sense of both
r and F, we have

gofo3,_2. 6,
r 7' 7777

Since F has a magnitude of 350 N and a direction specified by u, then
3 2 6
F=Fa= 350N)(zi—<Zj— =

u= )<7' A )

= {150i — 100j — 300k} N Ans.

The coordinate direction angles are measured between the tails of
r (or F) and the positive axes of a localized coordinate system with
origin placed at A, Fig. 2-36b. From the components of the unit vector:

3
a = cos_1<7) = 64.6° Ans.
=2
B = C051(7> = 107° Ans.
vy = cos1<_76> = 149° Ans.

NOTE: These results make sense when compared with the angles
identified in Fig. 2-36b.

s

—2 m—

7.5 m

79

I s
/F=350N
o

(b)
Fig. 2-36
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EXAMPLE 2.11

The roof is supported by two cables as shown in the photo. If the
cables exert forces F4p = 100 N and F,4 = 120 N on the wall hook
at A as shown in Fig. 2-37a, determine the resultant force acting at A.

Express the result as a Cartesian vector.

SOLUTION

The resultant force Fg is shown graphically in Fig. 2-37bh. We can
express this force as a Cartesian vector by first formulating F,p
and F,¢ as Cartesian vectors and then adding their components.
The directions of F 45 and F 4 are specified by forming unit vectors
u, g and uye along the cables. These unit vectors are obtained from

z the associated position vectors ryp and ryc. With reference to
Fig. 2-37a, to go from A to B, we must travel {—4k} m, and then
A {4i} m. Thus,
Fap=100NJ |\ Fae = 120N rap = {4i — 4k} m
4
m rag = V(4m)? + (—4m)? = 5.66m
Tap 4 . 4 )
y = — ) = .
Fap = Fas (rAB) (100N) (5.661 566
4m
F,z = {70.7i — 70.7k} N
b / AB = 1 }
2m *7/ To go from A to C, we must travel {—4k } m, then {2j} m, and finally
X {4i}. Thus,
(a)
z rAC={4i+2j—4k}m
_ \/ 2 2 _ 2 _
A rac=V((@4m) + (2m)° + (—4m)° = 6m
| Y'Yl 4. 2 . 4
F,p F,c FAC = FAC (V'AC> = (120 N) (61 + g‘] — 6k)
- = {80i + 40j — 80k} N
Tap y
Fr The resultant force is therefore

= {151i + 40j — 151k} N Ans.

(b)
Fig. 2-37
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EXAMPLE 2.12

The force in Fig. 2-38a acts on the hook. Express it as a Cartesian
vector.

B(-2m,3.464 m,3 m)
UB\ rB
=

(@) (b)

Fig. 2-38
SOLUTION
As shown in Fig. 2-38b, the coordinates for points A and B are
A(2m,0,2m)
and

4 o () 4 o é
B{—(5>5 sin 30° m, <5)5 cos 30° m, <5> Sm}

B(—2m,3.464 m,3m)

or

Therefore, to go from A to B, one must travel {—4i} m, then
{3.464j} m, and finally {1k} m.Thus,

B (r3> B {—4i + 3.464j + 1k} m
up = = \/(

B —4m)? + (3.464m)? + (1 m)?

= —0.7428i + 0.6433j + 0.1857k

Force Fp expressed as a Cartesian vector becomes

Fy = Fyup = (750 N) (—0.74281i + 0.6433j + 0.1857k) @

Refer to the companion website for a self quiz of these

= {_557i + 482j + 1391(} N Ans. Example problems.

81
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. FUNDAMENTAL PROBLEMS

I'2-19. Express the position vector r,p in Cartesian 1'2-22.  Express the force as a Cartesian vector.
vector form, then determine its magnitude and coordinate
direction angles.

E

3
<8 Prob. F2-22
2
X

Prob. F2-19

F2-23. Determine the magnitude of the resultant force

12-20. Determine the length of the rod and the position at A.
vector directed from A to B. What is the angle 6?

Prob. F2-23

Prob. F2-20

I'2-21.  Express the force as a Cartesian vector. F2-24. Determine the resultant force at A.

Prob. F2-21 Prob. F2-24
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PROBLEMS 83

2-86. Determine the lengths of wires AD, BD, and CD.
The ring at D is midway between A and B.

Prob. 2-86

2-87. Determine the magnitude and coordinate direction
angles of the resultant force acting at A.

Prob. 2-87

*2-88. The door is held opened by means of two chains. If
the tension in AB and CD is F4 = 300 N and F¢o = 250 N,
respectively, express each of these forces in Cartesian vector
form.

Prob. 2-88

2-89. Determine the length of the connecting rod AB by
first formulating a position vector from A to B and then
determining its magnitude.

Prob. 2-89
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2-90. Determine the magnitude and coordinate direction
angles of the resultant force.

Prob. 2-90

2-91. The 8-m-long cable is anchored to the ground at A.
If x = 4m and y = 2 m, determine the coordinate z to the
highest point of attachment along the column.

*2-92. The 8-m-long cable is anchored to the ground at A.
If z = 5 m, determine the location +x, +y of the support
at A. Choose a value such that x = y.

Probs. 2-91/92

2-93. At a given instant, the position of a plane at A and
a train at B are measured relative to a radar antenna at O.
Determine the distance d between A and B at this instant.
To solve the problem, formulate a position vector, directed
from A to B, and then determine its magnitude.

Prob. 2-93

2-94. If Fp = 560N and F. = 700N, determine the
magnitude and coordinate direction angles of the resultant
force acting on the flag pole.

2-95. If Fp=700N, and F. = 560N, determine the
magnitude and coordinate direction angles of the resultant
force acting on the flag pole.

Probs. 2-94/95



#2-96. Determine the magnitude and coordinate direction
angles of the resultant force acting at point A on the post.

4m

Probs. 2-96

2-97. Represent each cable force as a Cartesian vector.

2-98. Determine the magnitude and coordinate direction
angles of the resultant of the two forces acting at point A.

Probs. 2-97/98

2-99. Determine the position (x, y, 0) for fixing cable BA
so that the resultant force exerted on the pole is directed
along its axis, from B toward O. Also, what is the magnitude
of the resultant force?

PROBLEMS 85

*2-100. Determine the magnitude and coordinate direction
angles «, B, y of the resultant force acting on the pole. Set
x=4m,y =2m.

Probs. 2-99/100

2-101. Position vectors along the robotic arm from O to
B and B to A are rpp = {100i +300j + 400k} mm and
rzs = {350i + 225j — 640k } mm, respectively. Determine
the distance from O to the grip at A.

2-102. 1If rp, = {0.5i +4j + 025k} m and rpp = {0.3i +
2j + 2k} m, express rp4 as a Cartesian vector.

N

Probs. 2-101/102
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Fig. 2-39

2.9 DOT PRODUCT

Occasionally in statics one has to find the angle between two lines or the
components of a force parallel and perpendicular to a line. In two dimensions,
these problems can readily be solved by trigonometry since the geometry is
easy to visualize. In three dimensions, however, this is often difficult, and
consequently vector methods should be employed for the solution. The dot
product, which defines a particular method for “multiplying” two vectors,
can be used to solve the above-mentioned problems.

The dot product of vectors A and B, written A - B and read “A dot B,”
is defined as the product of the magnitudes of A and B and the cosine
of the angle 6 between their tails, Fig. 2-39. Expressed in equation form,

A-B = ABcos 0 (2-12)

where 0° = 0 = 180°. The dot product is often referred to as the scalar
product of vectors since the result is a scalar and not a vector.

The following three laws of operation apply.
1. Commutative law: A-B = B- A
2. Multiplication by a scalar:a (A-B) = (aA)-B = A- (aB)
3. Distributive law: A- (B + D) = (A-B) + (A-D)
If we apply Eq. 2-12, we can
find the dot product for any two Cartesian unit vectors. For example,
ici=(1)(1)cos0°=1andi-j= (1)(1)cos90° = 0. If we want to

find the dot product of two general vectors A and B that are expressed in
Cartesian vector form, then we have

AB = (Aj+ Aj+ AKk)- (B + B,j + B.k)
= A,B,(i*i) + AB,(i*j) + AB.(i-k)
+ AB(j-i) + A,B,(jj) + A,B.(j k)
i

vBy(J
+ A B,(k-i) + AZBy(k' j) + A.B.(k-k)

Carrying out the dot-product operations, the final result becomes

A'B=AB, +AB, + A.B, (2-13)

Thus, to determine the dot product of two Cartesian vectors, multiply
their corresponding x, y, z components and sum these products
algebraically. The result will be either a positive or negative scalar, or
it could be zero.
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Applications.  The dot product has two important applications. A

® The angle formed between two vectors or intersecting lines. The
angle 6 between the tails of vectors A and B in Fig. 2-39 can be ]

determined from Eq. 2-12 and written as > B
Fig. 2-39 (Repeated)

A-B

0 =cos'| ——~
Ccos (AB

) 0° =6 = 180°

Here A B is found from Eq. 2-13. As a special case, if A*B = 0,
then = cos™' 0 = 90° so that A will be perpendicular to B.

® The components of a vector parallel and perpendicular to a line.
The component of vector A parallel to or collinear with the line aa
in Fig. 2-40 is defined by A, = Acosf. This component is
sometimes referred to as the projection of A onto the line, since a
right angle is formed in the construction. If the direction of the line is
specified by the unit vector u,, then since u, = 1, we can determine
the magnitude of A, directly from the dot product (Eq. 2-12);i.e.,

A, = A-u, = Acoso.
The angle 0 between the rope and the beam
o o ) can be determined by formulating unit
Hence, the scalar projection of A along a line is determined from the  vectors along the beam and rope and then

dot product of A and the unit vector w, which defines the direction of  usingthedotproductu,-u, = (1)(1) cos 6.
the line. Notice that if this result is positive, then A, has a directional
sense which is the same as u,, whereas if A, is a negative scalar, then
A, has the opposite sense of direction to u,,.
The component A, represented as a vector is therefore

A, = A,u,

The perpendicular component of A can also be obtained, Fig. 2-40.
Since A=A,+A,, then A, = A — A, There are two
possible ways of obtaining A , . One way would be to determine
0 from the dot product, # = cos ' (A-uy/A), then A | = A sin 6.
Alternatively, if A, is known, then by the Pythagorean theorem we

can also write A | = VA> — A2

ALM

a f (3 ’T a The projection of the cable force F along

A,=Acosfu, o T the beam can be determined by first finding
the unit vector u, that defines this direction.
Fig. 2-40 Then apply the dot product, F), = F-u,,.




88

o

CHAPTER 2 FORCE VECTORS

Refer to the companion website for Lecture
Summary and Quiz videos.

EXAMPLE 2.13

The dot product is used to determine the angle between two
vectors or the projection of a vector in a specified direction.

If vectors A and B are expressed in Cartesian vector form, the
dot product is determined by multiplying the respective x, y, z
scalar components and algebraically adding the results, i.e.,
A‘B=AB,+AB,+ AB,.

From the definition of the dot product, the angle formed
between the tails of vectors A and Bis § = cos ' (A-B/AB).
The magnitude of the projection of vector A along a line aa
whose direction is specified by u, is determined from the dot
product A, = A-u,.

Determine the magnitudes of the projections of the force F in Fig. 2—41a
onto the « and v axes.

F=100N

(Fu)proj

Projections of F Components of F

(@ ®)
SOLUTION Fig. 2-41
Projections of Force. The graphical representation of the projections

is shown in Fig.2—41a. From this figure, the magnitudes of the projections
of F onto the u and v axes can be obtained by trigonometry:

(Fu)proj = (100 N))cos 45° = 70.7 N Ans.
(Fy)proj = (100 N))cos 15° = 96.6 N Ans.

NoTE: These projections are not equal to the magnitudes of the
components of force F along the u and v axes found from the
parallelogram law, Fig. 2-41b. They would only be equal if the u and v
axes were perpendicular to one another.
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EXAMPLE 2.14

The frame shown in Fig. 2-42a is subjected to a horizontal force
F = {300j} N. Determine the magnitudes of the components of this
force parallel and perpendicular to member AB.

74 Z

B F={300j}N

(a) (b)
Fig 2-42
SOLUTION
The magnitude of the projected component of F along AB is equal to

the dot product of F and the unit vector ug, which defines the direction
of AB, Fig.2-42b. Since

g 2i + 6j + 3k B _ )
ug = 2 = = 0.286i + 0.857j + 0.429k
5 V(22 + (6)*+ (3)2

then
Fup = Fcos = F-ug = (300j) - (0.286i + 0.857j + 0.429k)
= (0)(0.286) + (300)(0.857) + (0)(0.429)
=2571N Ans.
Since the result is a positive scalar, F 4 g has the same sense of direction

as ug, Fig. 2-42b.
Expressing F 45 in Cartesian vector form, we have

F.p = Fapug = (257.1 N)(0.286i + 0.857j + 0.429k)
= {73.5i + 220j + 110k} N Ans.
The perpendicular component, Fig. 2-42b, is therefore
F, =F — Fup = 300j — (73.5i + 220§ + 110k)
= {-=73.51 + 79.6§ — 110k} N

Its magnitude can be determined either from this vector or by using
the Pythagorean theorem, Fig. 2-42b:

F, = VF*— F45 = V(300N)? — (2571 N)?

= 155N Ans.

89
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EXAMPLE 2.15

(b)

(©
Fig 2-43

o

Refer to the companion website for a self quiz of these
Example problems.

The pipe in Fig. 2—43a is subjected to the force of F = 80 N. Determine
the angle 0 between F and the pipe segment BA and the projection of
F along this segment.

SOLUTION

Angle 6. First we will establish position vectors from B to A and B
to C; Fig. 2-43b. Then we will determine the angle 6 between the tails
of these two vectors.

I'pg — {_06i - O6j ol O3k} m, rgq = 0.9m

I'pc = {_09j + 0.31(} m, rgc = V 0.9m

Thus,
. —0.6)(0)+(—0.6)(—0.9)+(0.3) (0.3
g TBaTTsC _ (Z0.6)(0)+ (<0.6)(-09)+(03)(03) _ .
TBATBC 0.9V 0.9
0 = 42.5° Ans.

Projection of F. The projected component of F along BA is shown in
Fig. 2-43c. We must first formulate the unit vector along BA and force
F as Cartesian vectors.

YA =T 0.9 T3 7373
rBC _09j + 03k .
F=8IN|— ) =80 ———F— | = —75.89j + 25.30k
:le V0.9
Thus,
. 2. 2. 1
FBA = F'llBA = (_7589J + 2530]()' _El - 5 + gk
2 2 1
=0|—= ] + (=75.89)(— =) + (25.30)| —
(3)+ crse(-3)  eso(3)
= 590N Ans.

NOTE: Since 6 has been calculated, then also,
Fpy = Fcos® = 80N cos 42.5° = 59.0 N.
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. FUNDAMENTAL PROBLEMS

['2-25. Determine the angle 6 between the force and the
line AO.

F={-6i+9j+3kkN

Prob. F2-25

I'2-26.  Determine the angle 6 between the force and the
line AB.

F=0600N

Prob. F2-26
I'2-27.  Determine the angle 6 between the force and the
line OA.

1'2-28. Determine the projected component of the force
along the line OA.

Probs. F2-27/28

12-29.  Find the magnitude of the projected component of
the force along the pipe AO.

Prob. F2-29

[2-30. Determine the components of the force acting
parallel and perpendicular to the axis of the pole.

Z

Prob. F2-30

I'2-31. Determine the magnitudes of the components of the
force F = 56 N acting along and perpendicular to line AO.

Prob. F2-31
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2-103. Determine the angles 6 and ¢ between the wire
segments.

Probs. 2-103/105

*2-104. Determine the angle 6 between the two cords.

Prob. 2-104

2-105. Given the three vectors A, B, and D, show that
A-(B+D)=(A-B) + (A-D).

2-106. Determine the design angle 6 (0° = 6 = 90°) for
strut AB so that the 400-N horizontal force has a component
of 500 N directed from A towards C.What is the component
of force acting along member AB? Take ¢ = 40°.

Prob. 2-106

2-107. Determine the components of F that act along
rod AC and perpendicular to it. Point B is located at the
midpoint of the rod.

*2-108. Determine the components of F that act along
rod AC and perpendicular to it. Point B is located 3 m along
the rod from end C.

Probs. 2-107/108



2-109. Determine the magnitudes of the components of
F = 600 N acting along and perpendicular to segment DE
of the pipe assembly.

Prob. 2-109

2-110. The window is held open by cable AB. Determine
the length of the cable and express the 30-N force acting at
A along the cable as a Cartesian vector.

Prob. 2-110

PROBLEMS 93

2-111. If F = {16i + 10j — 14k} N, determine the
magnitude of the projection of F along the axis of the pole
and perpendicular to it.

2m

4 m

Prob. 2-111

*2-112. Determine the angle 6 between the two cables.

2-113. Determine the magnitude of the projection of the
force F; along cable AC.

2 ‘ 4m
0 F=70N ‘
A — %
3m ZH{\
< B 7
2m 3m
AN

Probs. 2-112/113
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2-114. A force of F = 80 N is applied to the handle of the
wrench. Determine the angle 6 between the tail of the force
and the handle AB.

Probs. 2-114

2-115. Determine the angle 0 between the sides of the
triangular plate.

#2-116 Determine the length of side BC of the triangular
plate. Solve the problem by finding the magnitude of rpc;
then check the result by first finding 6, 7 4 g, and 74 and then
using the cosine law.

4m
A
—( 0
1 mTJ .
Im 3 rr/
5m c
X
Probs. 2-115/116

2-117. Determine the angle 6 between the cables AB
and AC.

2-118. Determine the magnitude of the projection of
the force F = {400i — 200j + 500k} N acting along the
cable BA.

2-119. Determine the magnitude of the projection of
the force F = {400i — 200j + 500k} N acting along the
cable CA.

Probs. 2-117/118/119

*2-120. Determine the magnitudes of the projected
components of the force F = [60i + 12j — 40k] N along
the cables AB and AC.

2-121. Determine the angle 0 between cables AB and AC.

Probs. 2-120/121



2-122. Determine the angle 6 between BA and BC.

2-123. Determine the magnitude of the projected component
of the 3 kN force acting along the axis BC of the pipe.

X F=3kN C

Prob. 2-122/123

*2-124. Determine the magnitude of the projection of
force F = 600 N along the u axis.

F=600N
A
T
4m
4m—7/ j
A,

Prob. 2-124

PROBLEMS 95

2-125. Determine the magnitude of the projected
component of ry along r,, and the projection of r, along r;.

Prob. 2-125

2-126. Determine the projected component of the 80-N
force acting along the axis AB of the pipe.

Prob. 2-126
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2-129. Determine the magnitudes of the projection of the

2-127. Determine the angles # and ¢ made between the
axes OA of the flag pole and AB and AC, respectively, of force acting along the x and y axes.

each cable.

&\

Prob. 2-129

X
Prob. 2-127
*2-128. If the force F = 100 N lies in the plane DBEC, 2-130. Determine the magnitude of the projection of the
which is parallel to the x—z plane, and makes an angle of force acting along line OA.

10° with the extended line DB as shown, determine the
angle that F makes with the diagonal AB of the crate.

Prob. 2-130

Prob. 2-128
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A scalar is a positive or negative
number; e.g., mass and temperature.

A vector has a magnitude and
direction, where the arrowhead
represents the sense of the vector.

Multiplication or division of a vector
by a positive scalar will change only
the magnitude of the vector. If the
scalar is negative, the sense of the
vector will also change, so that it acts
in the opposite direction.

If vectors are collinear, the resultant
is simply the algebraic or scalar
addition.

R=A+B

\/

Parallelogram Law

Two forces add according to the
parallelogram law. The components
form the sides of the parallelogram
and the resultant is the diagonal.

To find the components of a force
along any two axes, extend lines from
the head of the force, parallel to the
axes, to form the components.

The force components can be added
tip-to-tail using the triangle rule,
and then the law of cosines and the
law of sines can be used to calculate
unknown values.

Fr = VF? + 2 — 2 F,F, cos 0

F, F Fr

sinf; sinf, sinOy

( Resultant
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Rectangular Components: y
Two Dimensions

Vectors F, and F, are rectangular
components of F. F

The resultant force is determined
from the algebraic sum of its
components.

(FR)x = EF)C
(FR)y = EFy y y
Fe= V(Fa)l + (Fg)? =

7 J
(FR)y
(FR)x

Y

~
FZx S e le 6

6 = tan!

Cartesian Vectors

The unit vector u has a length of 1, no
units, and it points in the direction of u=
the vector F.

|

A force can be resolved into its
Cartesian components along the x, y,
zaxessothatF = Fi + Fj + Fk.

The magnitude of F is determined NI
from the positive square root of the F=VF+F +F

sum of the squares of the magnitudes
of its components.

_ F _ Fx. Fy . sz
The coordinate direction angles =t ! + I + F

a, B, y are determined by formulating u=cosai+ cosBj+ cosyk
a unit vector in the direction of F.
The x, y, z components of u represent
cos a, cos 3, cos .
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The coordinate direction angles are
related, so that only two of the three
angles are independent of one another.

To find the resultant of a concurrent force
system, express each force as a Cartesian
vector and add the i, j, k components of
all the forces in the system.

cos’a + cos> B + cos’y = 1

Fp = 3F = SFi+ 3F,j + 3Fk

Position and Force Vectors

A position vector locates one point in
space relative to another. The easiest
way to formulate the components
of a position vector is to determine
the distance and direction that one
must travel along the x, y, and z
directions—going from the tail to the
head of the vector.

If the line of action of a force passes
through points A and B, then the
force acts in the same direction u as
the position vector r, extending from
A to B. Knowing F and u, the force
can then be expressed as a Cartesian
vector.

r = (xg — xy)i
+ (yg = yali
+ (z — za)k

(z3 — za)k

LT

_& (s —

ya)i

Dot Product

The dot product of two vectors
A and B yields a scalar. If A and B
are expressed in Cartesian vector
form, then the dot product is the sum
of the products of their x, y, and z
components.

The dot product can be used to
determine the angle between A and B.

The dot product is also used to
determine the projected component
of a vector A onto an axis aa defined
by its unit vector u,,.

A-B = ABcosf

AB, + AB, + A.B

Z

A-B
= 71 —
6 = cos ( B >

A,=Acosbu, = (A-u,)u,

N et BN

Al A
* A

A, =Acosb lTa

u,
4, q
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. REVIEW PROBLEMS

Partial solutions and answers to all Review Problems are
given in the back of the book.

R2-1. Resolve the force into components along the
u and v axes and determine the magnitudes of these
components.

F=250N

105°

Prob. R2-1

R2-2. The cable exerts a force of 250 N on the crane
boom. Express this force as a Cartesian vector.

M
i Y
70°
30° <
X
F=250N

Prob. R2-2

R2-3. Determine the magnitude of the resultant force Fg
and its direction, measured clockwise from the positive
u axis.

70°
u
30°
45°
5 F, = 300N
F,=500N Y
Prob. R2-3

R2-4. Determine the magnitude of the resultant force
acting on the gusset plate.

Prob. R24
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R2-5. Express F; and F, as Cartesian vectors. R2-7. The cable attached to the tractor at B exerts a force
of 2 kN on the framework. Express this force as a Cartesian
vector.

F] =
A
%
%
%
10m 1y F=2kN

%
%
N

20°

s m

Prob. R2-5
X
Prob. R2-7

R2-6. Determine the projection of the force F along
the pole.

R2-8. Determine the angle 6 between the edges of the
sheet-metal bracket.

F = {2i + 4 + 10k} kN T\400 mm

y T
/ 250 mm
x \

2m

/
v

T
AN

300 mm

\/4 50 mm

y
Prob. R2-6 Prob. R2-8



CHAPTER 3

When this load is lifted at constant velocity, or it is just suspended, then it is in

a state of equilibrium. In this chapter we will study equilibrium for a particle and
show how these ideas can be used to calculate the forces in cables used to hold
suspended loads.
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. CHAPTER OBJECTIVES

Lecture Summary and Quiz,
Example, and Problem-
solving videos are available
where this icon appears.

m To introduce the concept of the free-body diagram.

m To show how to apply the equations of equilibrium to solve
particle equilibrium problems.

3.1 CONDITION FOR THE
EQUILIBRIUM OF A PARTICLE

A particle is in equilibrium if it remains at rest if originally at rest, or
has a constant velocity if originally in motion. To maintain equilibrium,
it is necessary to satisfy Newton’s first law of motion, which requires the
resultant force acting on a particle to be equal to zero. This condition is
stated by the equation of equilibrium,

SF=0 (3-1)

where XF is the vector sum of all the forces acting on the particle.

Not only is Eq. 3-1 a necessary condition for equilibrium, it is also a
sufficient condition. This follows from Newton’s second law of motion,
which can be written as XF = ma. Since the force system satisfies
Eq. 3-1, then ma = 0, and therefore the particle’s acceleration a = 0.
Consequently, the particle indeed moves with constant velocity or
remains at rest.

103
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Cable is in tension

(b)
Fig. 3-1

20°

30°

(2) (b)
Fig. 3-2

3.2 THE FREE-BODY DIAGRAM

To apply the equation of equilibrium, we must account for all the
known and unknown forces (SF) which act on the particle. The best
way to do this is to make a drawing of the particle showing the
particle isolated or “free” from its surroundings. When this drawing
shows all the forces that act on the particle, it is called a free-body
diagram (FBD).

Before presenting a formal procedure as to how to draw a free-body
diagram, we will first consider three types of supports often encountered
in particle equilibrium problems.

If a linear elastic spring (or cord) having an undeformed
length /; is subjected to a force F, Fig. 3—1a, then the length / of the spring
will change by an amount s = (/ — /) that is directly proportional to the
force F. As a result, the relationship between F and s is then

F = ks (3-2)

Here k is called the spring constant or stiffness, measured in N/m. If F
pulls on the spring then s represents an elongation, whereas if F pushes
on the spring then s is a contraction.

A cable can only support a tension or
“pulling” force, and this force always acts in the direction of the
cable. In Chapter 5, it will be shown that when a cable passes over a
frictionless pulley then for any angle 6 it must have the same constant
tension 7T throughout its length in order to maintain equilibrium,
Fig. 3-1b.

If an object (or particle) rests on a smooth
surface, then the surface will exert a force N on the object that is
normal to the surface at the point of contact. For example, consider the
disk shown in Fig. 3-2a. The normal force N of the surface on the disk is
directed as shown in Fig. 3-2b.
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PROCEDURE FOR DRAWING A
FREE-BODY DIAGRAM

Since we must account for all the forces acting on the particle when
applying the equations of equilibrium, the importance of first drawing
a free-body diagram cannot be overemphasized. To construct a

free-body diagram, the following three steps are necessary. T
Draw Outlined Shape.

Imagine the particle to be isolated or cut “free” from its

surrounfhngs. Th1§ requires removing all the supports and drawing W
the particle’s outlined shape.

Show All Forces. The bucket is suspended by the cable,
Indicate on this sketch all the forces that act on the particle. and instinctively we know that for

equilibrium, the force in the cable
must equal the weight of the bucket.
By drawing a free-body diagram of

These forces can be active forces, which tend to set the particle in
motion, or they can be reactive forces, which are the result of the

constraints or supports that tend to prevent motion. To account the bucket we can understand why
for all these forces, it may be helpful to trace around the particle’s this is so. This diagram shows that
boundary, carefully noting each force acting on it. there are only two forces acting on
the bucket, namely, its weight W
Identify Each Force. and the force T of the cable, and since
. . the resultant of these forces must be

The forces that are known should be labeled with their proper equal to zero, then T = W.

magnitudes and directions. Letters are used to represent the
magnitudes and directions of forces that are unknown.

The 5-kg plate is suspended by two straps
A and B. To find the force in each strap
we should consider the free-body diagram
of the plate. As noted, the three forces
acting on it are concurrent and therefore
they can be applied to a fictitious particle at
the center of the plate.

5(9.81) N
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EXAMPLE 3.1

The 6-kg sphere in Fig. 3-3a is supported as shown. Draw a free-body
diagram of the sphere, the cord CE, and the knot at C.

(Force of cord CE
acting on sphere)

Fcr

(Forces of smooth planes

acting on sphere) (a)
NA NB
SSON SOLUTION
St graVit'y R e ) Sphere. There are fc>2ur forces acting on .the sphere,. namely, its
(b) weight, 6 kg (9.81 m/s”) = 58.9 N, the pulling or tension force of

cord CE, and the two normal forces caused by the smooth inclined
planes. The free-body diagram is shown in Fig. 3-3b.

Cord CE. When the cord CE is isolated, its free-body diagram shows
only two forces acting on it, namely, the force of the sphere and the
force of the knot at C, Fig. 3-3c. Notice that F-z shown here is equal but
opposite to that shown in Fig. 3-3b, a consequence of Newton’s third law
of action—reaction. Also, Fcr and Frc both pull on the cord and keep it in

Lt ({feee @lomel Q6o o 6ol C1F) tension so that it doesn’t collapse. For equilibrium, Frp = Fe.

A
Knot. The knot at C is subjected to three forces, Fig. 3-3d. They are
caused by the cords CBA and CE and the spring CD. As required,
the free-body diagram shows all these forces labeled with their
magnitudes and directions.

Fcpa (Force of cord CBA acting on knot)

A

Fr (Force of sphere acting on cord CE) 60°\ C
Fcp (Force of spring acting on knot)

(©

Fcr (Force of cord CE acting on knot)
(d)
Fig. 3-3
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3.3 COPLANAR FORCE SYSTEMS

If a particle is subjected to a system of coplanar forces that lie in the y
x—y plane, as in Fig. 34, then each force can be resolved into its i and j

components. For equilibrium, these forces must sum to produce a zero F,
force resultant, i.e.,

2F=0
SFi+ XFj=0
F;
F,
For this vector equation to be satisfied, the resultant force’s x and y Fig. 3-4

components must both be equal to zero. Therefore,

2F,=0
3F,=0 (3-3)

These two equations can be solved for at most two unknowns, generally
represented as angles and magnitudes of forces shown on the particle’s
free-body diagram.

When applying the equations of equilibrium, we must account for the
sense of direction of any component by using an algebraic sign which
corresponds to the arrowhead direction of the component along the
x or y axis. When the force has an unknown magnitude, then the
arrowhead sense of the force on the free-body diagram can be assumed.
If the solution yields a negative scalar for this magnitude, then this will
indicate that the sense of the force is opposite to that which was assumed.
For example, consider the free-body diagram of the particle subjected to
the two forces shown in Fig. 3-5. Here it is assumed that the unknown
force F acts to the right to maintain equilibrium. Applying the equation
of equilibrium along the x axis, we have

BSF =0; +F+ 10N =0

When this equation is solved, F = —10 N, and so the negative sign
indicates that F must act to the left, Fig. 3-5. Notice that if the +x axis in
Fig. 3-5 were directed to the left, both terms in the above equation would ~——— ——>Q——>
be negative, but again, after solving, F = —10 N, indicating that F would
have to be directed to the left. Fig. 3-5
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- IMPORTANT POINTS

The first step in solving any equilibrium problem is to draw
the particle’s free-body diagram. This requires removing all the
supports and isolating or freeing the particle from its surroundings
and then showing all the forces that act on the particle.

Equilibrium means the particle is at rest or moving at constant
velocity. In two dimensions, the necessary and sufficient conditions
for equilibrium require % F, = 0 and XF, = 0.

- PROCEDURE FOR ANALYSIS

Coplanar force equilibrium problems for a particle can be solved
using the following procedure.

Free-Body Diagram.

e Label all the known and unknown force magnitudes and
directions measured from the x, y axes.

e The directional sense of a force having an unknown magnitude
Y can be assumed.

T, Equations of Equilibrium.

e Apply the equations of equilibrium, X F, = 0 and X F, = 0.For
AQ—x convenience, arrows can be written alongside each equation to
define the positive directions.

Ty

Te e Components are positive if they are directed along a positive
The chains exert three forces on the ring axis, and negative if they are directed along a negative axis.

at A, as shown on its free-body diagram.
The ring will not move, or will move with
constant velocity, provided the summation
of these forces along the x and along the y

e If more than two unknowns exist and the problem involves
a spring, apply F = ks to relate the spring force to the

axis equals zero. If one of the three forces displacement s of the spring.
is known, the magnitudes of the other
two forces can be obtained from the two e Since the magnitude of a force is always a positive quantity,

equations of equilibrium. then if the solution for a force yields a negative result, this

indicates that its sense is the reverse of that shown on the

Refer to the companion website for Lecture free'bOdy dlagram.
Summary and Quiz videos.
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EXAMPLE 3.2

Determine the tension in cables BA and BC necessary to support the
60-kg cylinder in Fig. 3-6a.

Tpp =60 (9.81) N

60 (9.81) N

SOLUTION (b)

Free-Body Diagram. Equilibrium of the cylinder requires the
tension in cable BD to be Tgp = 60(9.81) N, Fig. 3-6b. The forces in
cables BA and BC can be determined by investigating the equilibrium
of ring B. Its free-body diagram is shown in Fig. 3-6¢. Here the
magnitudes of T, and T, are unknown, but their directions are known.

Equations of Equilibrium. Applying the equations of equilibrium y
along the x and y axes, we have

BSF, =0, Tccosds — (41, = (1)

+13F, = 0; Tcsin45° + (3)T, — 60(9.81)N = 0 2) ! il

Equation (1) can be written as 74, = 0.88397 . Substituting this into
Eq. (2) yields Typ =60 (9.81) N
Tesin45° + (2)(0.8839T¢) — 60(9.81) N = 0
so that ©
Tc = 475,66 N = 476 N Ans. Fig. 3-6
Substituting this result into either Eq. (1) or Eq. (2), we get
T, = 420N Ans.

NOTE: It is important to realize how this problem was solved. The
forces in the cables are all internal in Fig. 3—6a. By drawing the
free-body diagram of the ring, Fig. 3-6¢, we have “exposed” these
forces as “external” to the ring, and thereby have been able to obtain
the results by applying the conditions of equilibrium.

B
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EXAMPLE 3.3
y
Fc
0 Fp
. >
Y Fp= 1962 N
(b)
Fig. 3-7

EQUILIBRIUM OF A PARTICLE

Ropes AB and AC in Fig. 3-7a can each support a maximum force of
10 kN. If AB always remains horizontal, determine the smallest angle 6 to
which the 200-kg crate can be suspended before one of the ropes breaks.

(a)
SOLUTION

Free-Body Diagram. We will study the equilibrium of ring A, which
is subjected to three forces. As shown in Fig. 3-7b, the magnitude
of Fp is equal to the weight of the crate, i.e., Fp = 200 (9.81)N =
1962 N < 10 kN.

Equations of Equilibrium. Applying the equations of equilibrium
along the x and y axes,
Fg
1
cos 0 @)
+12F, =0 Fesing — 1962N = 0 (2)

LSF =0, —Fccosb + Fg=0; Fo=

From Eq. (1), Fc is always greater than Fp since cos § =< 1. Therefore,
rope AC will reach the maximum tensile force of 10 kN before rope AB.
Substituting F- = 10 kN into Eq. (2), we get

[10(10°) N]sin & — 1962 N = 0
6 = sin~1(0.1962) = 11.31° = 11.3° Ans.

The force developed in rope AB can be obtained by substituting the
values for 6 and F into Eq. (1).

s
cos 11.31°

Fz = 9.81 kN

10(10°) N =
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EXAMPLE 3.4

Determine the required length of cord AC in Fig. 3-8a so that the
8-kg lamp can be suspended in the position shown. The unstretched
length of spring ABis I’ g5 = 0.4 m, and the spring has a stiffness of
kAB = 300 N/m.

i 2m

ks =300 N/m

(a)

SOLUTION

If the force in spring AB is known, then the stretch of the spring can
be found using F = ks. From the problem geometry, it is then possible
to calculate the required length of AC.

Free-Body Diagram. The lamp has a weight W = 8(9.81) = 78.5N
and so the free-body diagram of the ring at A is shown in Fig. 3-8b.

Equations of Equilibrium. Using the x, y axes,

BSF =0; Tyg — Tyccos30° =0
+13F, = 0; Tycsin30° — 785N =0
Solving, we obtain
TAC S 1570 N
TAB = 1359N

The stretch of spring AB is therefore
Tip = kapsap, 135.9N = 300 N/m(s,3)
sap = 0.453 m
And so the stretched length is
Iap = U'ap + San
Iyp = 0.4m + 0453 m = 0.853 m
The horizontal distance from C to B, Fig. 3-8a, requires

2m = [, cos30° + 0.853 m
lAC =132m Ans.

y
Tuc
‘\30\
1 > X
A Typ
Y
785N
(b)
Fig. 3-8

o

Refer to the companion website for a self quiz of these
Example problems.
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. FUNDAMENTAL PROBLEMS

All solutions must include a free-body diagram.

F3-1. The crate has a weight of 550 N. Determine the
force in each supporting cable.

Prob. F3-1

1'3-2. The beam has a weight of 3.5 kN. Determine the
shortest cable ABC that can be used to lift it if the maximum
force the cable can sustain is 75 kN.

| 3m \
Prob. F3-2

13-3.  If the 5-kg block is suspended from the pulley B and
the sag of the cord is d =0.15 m, determine the force in cord
ABC. Neglect the size of the pulley.

i 0.4 m i

Prob. F3-3

1'3-4. The block has a mass of 5 kg and rests on the smooth
plane. Determine the unstretched length of the spring.

Prob. F3-4

F3-5. If the mass of cylinder C is 40 kg, determine the
mass of cylinder A in order to hold the assembly in the
position shown.

Prob. F3-5

3-6. Determine the tension in cables AB, BC, and CD,
necessary to support the 10-kg and 15-kg traffic lights at B
and C, respectively. Also, find the angle 6.

A D

Prob. F3-6
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. PROBLEMS

All solutions must include a free-body diagram. *3—4, If the forces are concurrent at point O, determine
the magnitudes of F and T for equilibrium. Take 6 = 90°.
3-1. Knowing the forces in members A and C, determine 3-5. Determine the force in member C and its angle 0
the forces Fp and Fp acting on members B and D that are for equilibrium. The forces are concurrent at point O. Take
required for equilibrium. The force system is concurrent at F = 8kN.
point O.
y

4 kN

Prob. 3-1

Probs. 3-4/5

3-2. The members of a truss are pin connected at joint O.
Determine the magnitudes of F; and F, for equilibrium.
Set 6 = 60°.

3-6. Determine the magnitude and direction 6 of F so
that the particle is in equilibrium.

3-3. The members of a truss are pin connected at

.. . . . y

joint O. Determine the magnitude of F; and its angle 6 for

equilibrium. Set F, = 6 kN.

8 kN
Y 30°
SKN { -
60° SkN
N [f
F

Probs. 3-2/3 Prob. 3-6
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3-7. Determine the force in cables AB and AC necessary
to support the 12-kg traffic light.

Prob. 3-7

*3-8. The bearing consists of rollers, symmetrically con-
fined within the housing. The bottom one is subjected to a
125-N force at its contact A due to the load on the shaft.
Determine the normal reactions Ng and N¢ on the bearing
at its contact points B and C for equilibrium.

3-9. If the spring DB has an unstretched length of 2 m,
determine the stiffness of the spring to hold the 40-kg crate
in the position shown.

3-10. Determine the unstretched length of DB to hold the
40-kg crate in the position shown. Take k = 180 N/m.

i 2 m 3m i

Probs. 3-9/10

3-11. The 30-kg block is supported by two springs having
the stiffness shown. Determine the unstretched length of
each spring after the block is removed.

[ 0.6 m

0.5m
kAB =12 kN/m

Prob. 3-11
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*3-12. 'The lift sling is used to hoist a container having a 3-14. Determine the stretch of each spring for
mass of 500 kg. Determine the force in each of the cables equilibrium of the 20-kg cylinder.

AB and AC as a function of 6. If the maximum tension
allowed in each cable is 5 kN, determine the shortest length
of cables AB and AC that can be used for the lift. The center

of gravity of the container is located at G. B
4m
k45 =300 N/m
A
k¢ =200 N/m
k= 400 N/m 3m
K S
e 3m —
Prob. 3-14
G
3-15. Determine the stretch in each spring for equilibrium
of the 2-kg block. The springs are shown in the equilibrium
Prob. 3-12

position.

*3-16. The unstretched length of spring AB is 3 m. If the
block is held in the equilibrium position, determine the
mass of the block at D.

3-13. Determine the force in each cord for equilibrium of
the 60-kg bucket.

Prob. 3-13 Probs. 3-15/16
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3-17. If the spring DB has an unstretched length of 2 m,
determine the stiffness of the spring to hold the 40-kg crate
in the position shown.

3-18. Determine the unstretched length of DB to hold the
40-kg crate in the position shown. Take k = 180 N/m.

Probs. 3-17/18

3-19. The spring has a stiffness of k = 800 N/m and an
unstretched length of 200 mm. Determine the force in
cables BC and BD when the spring is held in the position
shown.

400 mm

300 mm

500 mm

400 mm——

Prob. 3-19

*3-20. The springs BA and BC each have a stiffness of
500 N/m and an unstretched length of 3 m. Determine the
horizontal force F applied to the cord which is attached to
the small ring B so that the displacement of AB from the
wallisd = 1.5 m.

3-21. The springs BA and BC each have a stiffness of
500 N/m and an unstretched length of 3 m. Determine
the displacement d of the cord from the wall when a force
F = 175 N is applied to the cord.

Probs. 3-20/21

3-22. Determine the tension developed in each cord re-
quired for equilibrium of the 20-kg lamp.

3-23. Determine the maximum mass of the lamp that the
cord system can support so that no single cord develops a
tension exceeding 400 N.

D \300

Probs. 3-22/23



*3-24. The 30-kg pipe is supported at A by a system of
five cords. Determine the force in each cord for equilibrium.

3-25. Each cord can sustain a maximum tension of 500 N.
Determine the largest mass of pipe that can be supported.

Probs. 3-24/25

3-26. Determine the distances x and y for equilibrium if
F, = 800 N and F, = 1000 N.

3-27. Determine the magnitude of F; and the distance y if
x = 1.5mand F, = 1000 N.

Probs. 3-26/27
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*3-28. Determine the mass of each of the two cylinders
if they cause a sag of s = 0.5 m when suspended from the
rings at A and B. Note that s = 0 when the cylinders are
removed.

Prob. 3-28

3-29. Determine the force in each cord for equilibrium
of the 200-kg crate. Cord BC remains horizontal due to the
roller at C, and AB has a length of 1.5 m.Sety = 0.75 m.

3-30. If the 1.5-m-long cord AB can withstand a maximum
force of 3500 N, determine the force in cord BC and the
distance y so that the 200-kg crate can be supported.

Probs. 3-29/30
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3-31. Blocks D and E have a mass of 4 kg and 6 kg,
respectively. If x = 2 m, determine the force F and the sag s
for equilibrium.

*#3-32. Blocks D and E have a mass of 4 kg and 6 kg,
respectively. If F = 80 N, determine the sag s and distance x
for equilibrium.

6m

yF

Probs. 3-31/32

3-33. Determine the forces in cables AC and AB needed
to hold the 20-kg cylinder D in equilibrium. Set F = 300 N
andd = 1m.

3-34. The cylinder D has a mass of 20 kg. If a force
of F=100N is applied horizontally to the ring at A,
determine the largest dimension d so that the force in
cable AC is zero.

s

Probs. 3-33/34

3-35. If the bucket and its contents have a mass of 10 kg
and are suspended from the cable by means of a small pulley
at C, determine the location x of the pulley for equilibrium.
The cable is 6 m long.

Prob. 3-35

*3-36. A 4-kg sphere rests on the smooth parabolic surface.
Determine the normal force it exerts on the surface and the
mass m g of block B needed to hold it in the equilibrium position.

y
o,
O
T 7y = 2.5x
0.4 m
l ]
~0.4m *‘
Prob. 3-36

3-37. Cable ABC has alength of 5 m. Determine the position
x and the tension developed in ABC required for equilibrium
of the 100-kg sack. Neglect the size of the pulley at B.

‘ 35m ‘

Prob. 3-37



3-38. The wire forms a loop and passes over the small
pulleys at A, B, C, and D. If its end is subjected to a force
of P = 50N, determine the force in the wire and the
magnitude of the resultant force that the wire exerts on
each of the pulleys.

3-39. The wire forms a loop and passes over the small
pulleys at A, B, C, and D. If the maximum resultant force
that the wire can exert on each pulley is 120 N, determine
the greatest force P that can be applied to the wire as shown.

Probs. 3-38/39

*3-40. The pail and its contents have a mass of 60 kg. If
the cable is 15 m long, determine the distance y of the pulley
for equilibrium. Neglect the size of the pulley at A.

Prob. 3-40
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3-41. The load has a mass of 15 kg and is lifted by the pul-
ley system shown. Determine the force F in the cord as a
function of the angle 6. Plot the function of force F versus
the angle 6 for 0 = 6 = 90°.

Prob. 3-41

3-42. If the mass of the block at A is 20 kg, determine
the mass of the block at B and at C for equilibrium. Also,
determine the angles 6 and ¢.

‘%Sm 4m ‘

Prob. 3-42
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The joint at A is subjected to the force from
the support as well as forces from each of
the three chains. If the tire and any load on it
have a weight W, then the force at the support
will be W, and the three scalar equations
of equilibrium can be applied to the
free-body diagram of the joint in order
to determine the chain forces, Fg, Fc,
and Fp,.

Refer to the companion website for Lecture
Summary and Quiz videos.

3.4 THREE-DIMENSIONAL FORCE
SYSTEMS

In Section 3.1 we stated that the necessary and sufficient condition for
particle equilibrium is

SF=0 (3-4)

In the case of a three-dimensional force system, as in Fig. 3-9, we
can resolve the forces into their respective i, j, k components, so that
2Fi+ XF, j + XFk = 0.To satisty this equation we require

3F, =0
2F,=0 (3-5)
3F, =0

These three equations state that the algebraic sum of the components
of all the forces acting on the particle along each of the coordinate axes
must be zero. Using them we can solve for at most three unknowns,
generally represented as coordinate direction angles or magnitudes of
forces shown on the particle’s free-body diagram.

w - PROCEDURE FOR ANALYSIS

Three-dimensional force equilibrium problems for a particle can
be solved using the following procedure.

Free-Body Diagram.

e Label all the known and unknown force magnitudes and
directions measured from the x, y, z axes.

e The directional sense of a force having an unknown magnitude
can be assumed.

Equations of Equilibrium.

e Use the scalar equations of equilibrium, XF, = 0, 3F, = 0,
X F, = 0, in cases where it is easy to resolve each force into its
X,y,Z components.

e If the three-dimensional geometry appears difficult, then
first express each force on the free-body diagram as a
Cartesian vector, substitute these vectors into >F = 0, and
then set the i, the j, and the k components each equal to zero.

e [fthe solution for a force yields a negative result, this indicates that
its sense is the reverse of that shown on the free-body diagram.
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EXAMPLE 3.5

If the 450-N load in Fig. 3-10a is supported by two cables and a spring
having a stiffness k = 8 kN /m, determine the force in the cables and
the stretch of the spring for equilibrium. Cable AD lies in the x—y
plane and cable AC lies in the x—z plane.

SOLUTION
The stretch of the spring can be determined once the force in the
spring is determined.

Free-Body Diagram. The connection at A is chosen for the
equilibrium analysis since the cable forces are concurrent at this point.
The free-body diagram is shown in Fig. 3-105b.

Equations of Equilibrium. By inspection, each force can easily be
resolved into its x, y, z components, and so the three scalar equations
of equilibrium will be used. We have

SF,=0; Fpsin30°— (3)Fc=0 1)
2F, =0 —Fpcos30° + Fg =0 2)
SF, =0 (2)Fc—450N =0 3)

Solving Eq. (3) for F, then Eq. (1) for Fp, and finally Eq. (2) for Fj,
yields

Fe = 750N = 0.75 kN Ans.
Fp = 1200N = 1.2kN Ans.
Fz = 10392 N = 1.04 kN Ans.

The stretch of the spring is therefore
Fg = ksup
1.0392 kN = (8 kN/m)(s4p)
sap = 0130 m Ans.

NOTE: Since the results for all the cable forces are positive, each cable
is in tension; that is, it pulls on point A as expected, Fig. 3-10b.

450N

(b)
Fig. 3-10
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EXAMPLE 3.6

The 10-kg lamp in Fig. 3—11a is suspended from the three equal-length
cords. Determine the smallest vertical distance s from the ceiling if the
force developed in any cord is not allowed to exceed 50 N.

10(9.81) N Y

(a) (b)
Fig. 3-11

SOLUTION

Free-Body Diagram. Due to symmetry, Fig. 3-11b, the distance
DA = DB = DC = 600 mm, and also the tension 7 in each cord will
be the same, and the angle between each cord and the z axis is y.

Equation of Equilibrium. Applying the equilibrium equation along
the z axis, with 7 = 50 N, we have
>F, =0, 3[(50 N) cos y] — 10(9.81) N = 0
98.1
— -1 — o
Y = cos 150 49.16
From the shaded triangle shown in Fig. 3-11b,

tan 49.16° = 200 mm

N

s = 519 mm Ans.
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EXAMPLE 3.7

Determine the force in each cable used to support the 400-N crate
shown in Fig. 3-12a.

SOLUTION

Free-Body Diagram. Asshown in Fig. 3-12b, the free-body diagram
of point A is considered in order to “expose” the three unknown forces
in the cables.

Equations of Equilibrium. First we will express each force
as a Cartesian vector. Since the coordinates of points B and C are
B(—=0.9m, —1.2m, 2.4 m) and C(—0.9 m, 1.2 m, 2.4 m), we have

—0.9i — 1.2j + 2.4k ]

Fz=F |:
B LN (C097 + (—12) + (24)
— —0.3180Fi — 0.4240F,j + 0.8480F sk

. [ 0.9 + 1.2 + 2.4k }
LV097 + (127 + (247

= —0.3180Fqi + 0.4240Fj + 0.8480Fck
Fp = Fpi
W = {-400k} N
Equilibrium requires
2F = 0; Fz + Fc + Fp + W =10
(—0.3180Fpi — 0.4240F3j + 0.8480F3k) +
(—0.3180Fi + 0.4240Fj + 0.8480Fck) + Fpi — 400k = 0

Equating the respective i, j, k components to zero yields

SF, = 0; —0.3180F; — 0.3180F- + Fp = 0 (1)
SF, = 0; —0.4240F 5 + 0.4240F; = 0 )
SF, = 0; 0.8480F5 + 0.8480F, — 400 = 0 3)

Equation (2) states that Fg = Fc. Thus, solving Eq. (3) for Fp and F
and substituting the result into Eq. (1) to obtain Fp, we get

Fp=Fc=23585N = 236 N Ans.
Fp = 150.00N = 150 N Ans.

(2)

Fp

Fc

y

123
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EXAMPLE 3.8

Determine the tension in each cord used to support the 100-kg crate
shown in Fig. 3-13a.

SOLUTION

Free-Body Diagram. The force in each of the cords can be
determined by investigating the equilibrium of point A, Fig. 3-13b.

2 p Here the weight of the crate is W = 100(9.81) = 981 N.
C //"; . Equations of Equilibrium. Each force on the free-body diagram
¥ ! m will first be expressed as a Cartesian vector. Using Eq. 2-9 for F¢ and
120°/°\ {m noting point D(—1 m, 2 m, 2 m) for Fp, we have
A
- i Fz = Fpi
5 ’7’)‘@5 i B B
k=15 KN/myp Fo = Fccos 120°% + Fecos 135% + Fc cos 60°k
X / g
1 A = —0.5Fci — 0.707F¢j + 0.5Fck
,\n F_F[ —1i +2j + 2k J
p = 1Ip
@ V(-1 + (2 + (2
= —0.333Fpi + 0.667Fpj + 0.667Fpk
W = {-981k} N
z Equilibrium requires
Fc Fp 2F=0, FB+FC+FD+W=0
(Fpi — 0.5Fci — 0.707F¢j + 0.5Fck) +
A Y (—=0.333Fpi + 0.667Fp j + 0.667Fp k) — 981k = 0
Fp . L.
x/ Equating the respective i, j, k components to zero,
SIN SF,=0; Fz— 05F — 0333F, =0 1)
(®) SF, = 0; —0.707F¢ + 0.667Fp = 0 )
L% SIR) SF,=0; 05Fc+ 0.667Fp — 981 =0 3)

Solving Eq. 2 for Fp in terms of F and substituting this into Eq. 3
yields Fc. Fp is then determined from Eq. 2. Finally, substituting the
results into Eq. 1 gives Fg. Hence,

F-= 813N Ans.
Fp = 862N Ans.

Refer to the companion website for a self quiz of these

Example problems. FB = 694 N Ans.
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. FUNDAMENTAL PROBLEMS

All solutions must include a free-body diagram.

1'3-7. Determine the tension developed in cables AB, AC,
and AD.

D

&L
2 ‘m N

Im

Prob. F3-7

3-8, Determine the tension developed in cables AB, AC,
and AD.

x 900 N

Prob. F3-8

F3-9. Determine the magnitude of forces Fy, F,, F;, so
that the particle is held in equilibrium.

x \

f 900 N

Prob. F3-9

F3-10. Determine the tension developed in cables AB,
AC,and AD.

Prob. F3-10

113-11. Determine the tension in cables AB, AC, and AD
needed to support the 150-N crate.

Prob. F3-11
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. PROBLEMS

All solutions must include a free-body diagram.

3-43. The three cables are used to support the 40-kg
flowerpot. Determine the force developed in each cable for
equilibrium.

Prob. 3-43

*3-44. Determine the magnitudes of Fy, F,, and F; for
equilibrium of the particle.

Prob. 3-44

3-45. Determine the stretch in each of the two springs re-
quired to hold the 20-kg crate in the equilibrium position
shown. Each spring has an unstretched length of 2 m and a
stiffness of k = 300 N/m.

Prob. 3-45

3-46. If a vertical force of 2.5 kN is applied to the hook
at A, determine the tension in each of the three cables for
equilibrium. Set d = 1 m.

Prob. 3-46



3-47. Determine the tension in the cables in order to sup-
port the 100-kg crate.

*3-48. Determine the maximum mass of the crate so that
the tension developed in any cable does not exceed 3 kN.

Probs. 3-47/48

3-49. The shear leg derrick is used to haul the 200-kg net
of fish onto the dock. Determine the compressive force
along each of the legs AB and CB and the tension in the
winch cable DB. Assume the force in each leg acts along
its axis.

Prob. 3-49
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3-50. The lamp has a mass of 15 kg and is supported by a pole
AO and cables AB and AC. If the force in the pole acts along its
axis, determine the forces in AO, AB, and AC for equilibrium.

3-51. Cables AB and AC can sustain a maximum tension
of 500 N, and the pole can support a maximum compression
of 300 N. Determine the maximum weight of the lamp that
can be supported in the position shown. The force in the
pole acts along the axis of the pole.

z
1.5m

A4 /7B
2

=

4 m

Probs. 3-50/51

*3-52. If the balloon is subjected to a net uplift force of
F = 800 N, determine the tension developed in ropes AB,
AC,AD.

3-53. If each one of the ropes will break when it is subjected
to a tensile force of 450 N, determine the maximum uplift
force F the balloon can have before one of the ropes breaks.

Probs. 3-52/53
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3-54. The 25-kg flowerpot is supported at A by the three
cords. Determine the force acting in each cord.

3-55. If each cord can sustain a maximum tension of
50 N before it fails, determine the greatest weight of the
flowerpot the cords can support.

Probs. 3-54/55

*3-56. The thin ring can be adjusted vertically between
three equally long cables from which the 100-kg chandelier
is suspended. If the ring remains in the horizontal plane and
z = 600 mm, determine the tension in each cable.

3-57. 'The thin ring can be adjusted vertically between three
equally long cables from which the 100-kg chandelier is sus-
pended. If the ring remains in the horizontal plane and the
tension in each cable is not allowed to exceed 1 kN, determine
the smallest allowable distance z required for equilibrium.

Probs. 3-56/57

3-58. Determine the force in each cable needed to support
the 20-kg flowerpot.

Prob. 3-58

3-59. The triangular frame ABC can be adjusted vertically
between the three equal-length cords. If it remains in a
horizontal plane, determine the required distance s so that
the tension in each of the cords, OA, OB,and OC,equals 20 N.
The lamp has a mass of 5 kg.

Prob. 3-59
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#3-60. Determine the force in each of the three cables 3-62. Determine the force in each cable used to lift the
needed to lift the machine that has a weight of 10 kN. 9.50-Mg surge arrester at constant velocity.

Prob. 3-62

3-63. Determine the tension in cables OD and OB and
the force in strut OC, required to support the 50-kg crate.

Prob. 3-60 The spring OA has an unstretched length of 0.8 m and a
stiffness kp,4 = 1.2 kN/m. The force in the strut acts along
3-61. Determine the tension developed in the three cables the axis of the strut.

required to support the traffic light, which has a mass of
20 kg. Take h = 3.5 m.

Prob. 3-61 Prob. 3-63
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*3-64. Determine the tension in each cable for equilibrium. 3-66. The crate has a mass of 130 kg. Determine the
tension developed in each cable for equilibrium.

800 N
1A
/
D 5m /4’7
4V Cﬁf
2 m

4m‘7/B

=

Prob. 3-64
Prob. 3-66
3-65. If the maximum force in each rod can not exceed 3-67. Determine the force in each of the three cables
1500 N, determine the greatest mass of the crate that can be needed to support the tractor tread assembly, which has a
supported. mass of 8 Mg.

Prob. 3-65 Prob. 3-67
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| CHAPTER REVIEW

Particle Equilibrium F, F,

A particle is in equilibrium when it is at
rest or moves with constant velocity. This Fr=232F=0
requires that all the forces acting on the F, F,
particle produce a zero resultant force.

To account for all the forces that act on a
particle, it is necessary to draw a free-body
diagram. This diagram is an outlined shape
of the particle that shows all the forces
that act on it.

Two Dimensions

If the problem involves a linearly elastic
spring, then the stretch or compression s F = ks
of the spring can be related to the force
applied to it.

The force developed in a continuous cable
that passes over a frictionless pulley must
have a constant magnitude throughout
the cable’s length to keep the cable in
equilibrium.

The two scalar equations of force

equilibrium can be applied with reference =0

to an established x, y coordinate system. 2F,=0

Three Dimensions

If the three-dimensional geometry is SF=0

difficult to visualize, then the equilibrium

equation should be applied using a 3F, =0

Cartesian vector analysis. This requires _
2F, =0

first expressing each force on the free-body
diagram as a Cartesian vector. When the SF,=0
forces are summed and set equal to zero,
then the i, j, and k components are also
Zero.
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. REVIEW PROBLEMS

All solutions must include a free-body diagram.

R3-1. Determine the maximum mass of the engine that R3-3. If the bolt exerts a force of 300 N on the pipe in the
can be supported without exceeding a tension of 2 kN in direction shown, determine the forces F4 and Fp that the
chain AB and 2.2 kN in chain AC. smooth contacts at A and B exert on the pipe.

Prob. R3-1 Prob. R3-3

R3-4. Determine the maximum mass of the flowerpot

. . ) that can be supported without exceeding a cable tension of
R3-2. When y is zero, the springs sustain a force of 300 N. 250 N in either cable AB or AC.

Determine the magnitude of the applied vertical forces
F and —F required to pull point A away from point B a
distance of y = 0.6 m. The ends of cords CAD and CBD are
attached to rings at C and D.

y 1
k = 600 N/m

Prob. R3-2 Prob. R3-4



R3-5. Determine the magnitudes of Fy, F,, and F5 for
equilibrium of the particle.

Prob. R3-5

R3-6. If cable AB is subjected to a tension of 700 N,
determine the tension in cables AC and AD and the
magnitude of the vertical force F.

6m o 3 21

3m B

Prob. R3-6
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R3-7. The joint of a space frame is subjected to four mem-
ber forces. Member OA lies in the x—y plane and member
OB lies in the y—z plane. Determine the force acting in each
member required for equilibrium of the joint.

Prob. R3-7

R3-8. Determine the force in each cable needed to
support the load of mass 250 kg.

Prob. R3-8
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Application of force on these gears will cause them to turn, thereby producing a
rotation or a tendency for rotation. This effect is called a moment, and in this chapter
we will study how to determine the moment of a system of loadings and calculate
their resultants.




CE
—

SYSTEM

. CHAPTER OBJECTIVES

m To discuss the concept of the moment of a force and show how
to calculate it in two and three dimensions.

m To provide a method for finding the moment of a force about
a specified axis.

m To define the moment of a couple.

B To show how to find the resultant effect of a nonconcurrent
force system.

m To indicate how to reduce a simple distributed loading to a
resultant force acting at a specified location.

Lecture Summary and Quiz,
Example, and Problem-

: ; l I I A I\I I ! ; solving videos are available

where this icon appears.

4.1 MOMENT OF A FORCE—SCALAR
FORMULATION

When a force is applied to a body it will produce a tendency for the body
to rotate about a point that is not on the line of action of the force. This
tendency to rotate is sometimes called a torque, but most often it is called
the moment of a force or simply the moment. For example, consider
applying a force to the handle of the wrench used to unscrew the bolt
in Fig. 4-1a. The magnitude of the moment is directly proportional to
the magnitude of F and the perpendicular distance or moment arm d.
The larger the force or the longer the moment arm, the greater the
moment or turning effect. If the force F is applied at an angle 6 # 90°,
Fig. 4-1b, then it will be more difficult to turn the bolt since the moment
arm d' = d sinf will be smaller than d. If F is applied along the wrench,
Fig. 4-1c, its moment arm will be zero since the line of action of F will
intersect point O (the z axis). As a result, the moment of F about O is
also zero and no turning can occur.

135
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Moment axis

(a) Sense of rotation

(b)
Fig. 4-2

F,
Mo), (M0§>\
d;
2| W

Fig. 4-3

FORCE SYSTEM RESULTANTS

In general, then, if we consider the force F and point O to lie in the
shaded plane as shown in Fig. 424, then the moment M, about point O,
or about an axis passing through O and perpendicular to the plane, is a
vector quantity since it has a specified magnitude and direction.

The magnitude of My, is

M, = Fd (4-1)

where d is the moment arm or perpendicular distance from the axis at
point O to the line of action of the force. Units of moment magnitude
consist of force times distance, e.g., N - m.

The direction of My, is defined by its moment axis, which
is perpendicular to the plane that contains the force F and its moment
arm d. The right-hand rule is used to establish the sense of direction
of My, where the natural curl of the fingers of the right hand, as they
are drawn toward the palm, represent the rotation, or the tendency for
rotation caused by the moment. Doing this, the thumb will give the
directional sense of M, Fig. 4-2a. Here the moment vector is represented
three-dimensionally by a curl around an arrow. In two dimensions this
vector is represented only by the curl as in Fig. 4-2b. Since this produces
a counterclockwise rotation, the moment vector is actually directed out
of the page.

For two-dimensional problems, where all the
forces lie within the x—y plane, Fig. 4-3, the resultant moment (Mpy)o
about point O (the z axis) can be determined by finding the algebraic sum
of the moments caused by all the forces in the system. As a convention,
we will generally consider positive moments as counterclockwise since
they are directed along the positive z axis (out of the page). Clockwise
moments will be negative. Doing this, the directional sense of each
moment can be represented by a plus or minus sign. Using this sign
convention, with a symbolic curl to define the positive direction, the
resultant moment in Fig. 4-3 is therefore

(+(Mg)o = 2Fd; (Mg)o = Fidy — Fod, + Fds

If the numerical result of this sum is a positive scalar, (My) will be a
counterclockwise moment (out of the page); and if the result is negative,
(Mp) o will be a clockwise moment (into the page).



The moment of the force about point O
is Mo = Fd. But it is easier to find this
moment using My = F,(0) + Fyr = Fyr.

4.2 PRINCIPLE OF MOMENTS

A concept often used in mechanics is the principle of moments, which is
sometimes referred to as Varignon’s theorem since it was originally developed
by the French mathematician Pierre Varignon (1654-1722). It states that the
moment of a force about a point is equal to the sum of the moments of the
components of the force about the point. This theorem is easily proved using
vector analysis as shown in Sec. 4.3. Here in Fig. 44 it can be demonstrated
in two dimensions. The moment of F about point O is M, = Fd, but by

resolving F into its two rectangular components, the same moment is then

As noted by Example 4-1, using this method is generally easier than

Mo = Fyy + F,x

finding the same moment using M, = Fd.

- IMPORTANT POINTS

The moment of a force creates the tendency of a body to turn
about an axis passing through a specific point O.

Using the right-hand rule, the sense of rotation is indicated by
the curl of the fingers, and the thumb produces the sense of
direction of the moment.

The magnitude of the moment is determined from M, = Fd,
where d is called the moment arm, which represents the
perpendicular or shortest distance from point O to the line of
action of the force.

In two dimensions it is often easier to use the principle of
moments and find the moment of the force components about
point O, rather than using M, = Fd.
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I

Fig. 4-4

The force F tends to rotate the beam

clockwise about its support at A with a
moment M, = Fd,. The actual rotation
would occur only if the support at B were
removed.

Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 4.1

100 N

N\
o ] |
s |
[ 2m 1
(a)
| 2m ‘
\ |
O 1 \EEE
J [ 0.75m
77777777777777 41— 50N
(b)
> m/\
¢
O ;30"‘ 400 N
/4 ==
I
1 4 m 1 :
2 cos 30°m
(©)

EXAMPLE 4.2

For each case illustrated in Fig. 4-5, determine the moment of the
force about point O.

SOLUTION (SCALAR ANALYSIS)

The line of action of each force is extended as a dashed line in order
to establish the moment arm d. Also illustrated is the tendency of
rotation of the member as caused by the force, and the orbit of the
force about O is shown as a colored curl. Thus,

Fig.4-5a My, = (100N)(2m) = 200N -m) Ans.
Fig.4-5b My = (50N)(0.75m) = 375N -m ) Ans.
Fig.4-5¢c My = (400N)(4m + 2 cos30°m) = 229kN-m) Ans.
Fig.4-5d My = (600N)(1sin45°m) = 424 N-m Ans.
Fig.4-5¢ Mo = (7kN)(4m — 1m) = 21.0kN-m Ans.
[—2m—|
Bl —r
Im
‘ T VY pe=== «——7kN
[ 3m ‘
o \‘ ” T 4m
/ 1m 4501511345°m
600 N AN
(d) ) ()
Fig. 4-5

Force F acts at the end of the angle bracket in Fig. 4-6a. Determine
the moment of the force about point O.

400 sin 30° N

¥ 400 cos 30° N

SOLUTION
The force is resolved into its x and y components, Fig. 4-6b, then

(+ Mo = 400 sin 30° N(0.2 m) — 400 cos 30° N (0.4 m)

= —-986N:‘m =986N-m) Ans.



EXAMPLE 4.3

Determine the moment of the force in Fig. 4-7a about point O.

SOLUTION |
The moment arm d in Fig. 4-7a can be found from trigonometry.

d = (3m) sin75° = 2.898 m

Thus, d, = 3sin 30°m

My = Fd = (5kN)(2.898m) = 145kN-m ) Ans.

Since the force tends to rotate or orbit clockwise about point O, the
moment is directed into the page.

SOLUTION I

The x and y components of the force are indicated in Fig. 4-7b.
Considering counterclockwise moments as positive, and applying the
principle of moments, we have

L‘f— MO = _de}’ - Fydx

= —(5c0s45°kN)(3sin30°m) — (5sin45°kN) (3 cos 30°m)

= —145kN-m = 145kN-m ) Ans.

SOLUTION Ili

The x and y axes can be oriented parallel and perpendicular to the
rod’s axis, as shown in Fig. 4-7c. Here F, produces no moment about
point O since its line of action passes through this point. Therefore,

L‘f‘ MO = _Fydx

—(5sin75°kN) (3 m)

—145kN-m = 145kN-m) Ans.
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y

—d, = 3 cos 30° m—
F, = (5kN) cos 45°

F, = (5kN) sin 45°

X

(b)

F, = (5kN) cos 752

(©

Fig. 4-7

o

Refer to the companion website for a self quiz of these
Example problems.
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. FUNDAMENTAL PROBLEMS

F4-1. In each case, determine the moment of the force F4-3. Determine the moment of the force about point O.
about point O.

500 N 100N
5 3
0 -~ 7

S

O
S
—%

ﬁo ()
e 2m— N\ 3m—

Prob. F4-1

F4-2. 1In each case, determine the moment about point O.

19) 3m
45° >/
-1 m
600 N

(b) (c)
Prob. F4-2 Prob. F4-3



F4-4. Determine the moment of the force about point O.

S0N

45° 200 mm

LlOO mm—

Prob. F4-4

I'4-5.  Determine the moment of the force about point O.
600 N

0.25m

o

Prob. F4-5

F4-6. Determine the moment of the force about point O.

500N

45°

Prob. F4-6
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F4-7. Determine the resultant moment produced by the
forces about point O.

b so0N

300 N

Prob. F4-7

F4-8. Determine the resultant moment produced by the
forces about point O.

F, = 500N

‘ ‘ 0.3 m

i F, = 600N

Prob. F4-8

F4-9. Determine the resultant moment produced by the
forces about point O.

F,=200N %73““4# /\

Prob. F4-9
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. PROBLEMS

The man exerts the two forces on the handle of the
shovel. Determine the resultant moment of these forces
about the blade at A.

Prob. 4-1

4-2. Determine the magnitude and directional sense of
the moment of the force at A about point O.

4-3. Determine the magnitude and directional sense of
the moment of the force at A about point P.

P 520N
30°

4m 12

Probs. 4-2/3

*4-4, If 0 = 45°, determine the moment produced by the
4-kN force about point A.

4-5. If the moment produced by the 4-kN force about
point A is 10 kN - m clockwise, determine the angle 6, where
0° =6 = 90°

Probs. 4-4/5

4-6. Determine the moment of each of the three forces
about point A.

4-7. Determine the moment of each of the three forces
about point B.

F =250N 30°‘ F,=300N
A 6¢
2 m | 3m
4 m
B4 5
3
Fy= 500N

Probs. 4-6/7



*4-8. The torque wrench ABC is used to measure the
moment or torque applied to a bolt when the bolt is located
at A and a force is applied to the handle at C. The mechanic
reads the torque on the scale at B. If an extension AO of
length d is used on the wrench, determine the required scale
reading if the desired torque on the bolt at O is to be M.

b—a— ! e

Prob. 4-8

4-9. The cable exerts a force of P = 6 kN at the end of the
8-m-long crane boom. If § = 30°, determine the placement
x of the boom at B so that this force creates a maximum
moment about point O. What is this moment?

4-10. The cable exerts a force of P = 6 kN at the end of
the 8-m-long crane boom. If x = 10 m, determine the angle 6
of the boom so that this force creates a maximum moment
about point O. What is this moment?

P =6kN

Probs. 4-9/10

4-11. Determine the angle 6 at which the 500-N force
must act at A so that the moment of this force about point B
is equal to zero.

L [03m

X

500 N

~——1m i 2m

Prob. 4-11
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*4-12. A force of 80 N acts on the handle of the paper
cutter at A. If § = 60°, determine the moment created by
this force about the hinge at O. At what angle 6 should the
force be applied so that the moment it creates about point O
is a maximum (clockwise)? What is this maximum moment?

Prob. 4-12

4-13. The member is subjected to a force of F = 6 kN.
If # = 45°, determine the moment produced by F about
point A.

4-14. Determine the angle 6 (0° = 6 = 180°) of the
force F so that it produces a maximum moment and a
minimum moment about point A. Also, what are the
magnitudes of these maximum and minimum moments?

F=06kN

Probs. 4-13/14
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4-15. The connected bar BC is used to increase the lever
arm of the crescent wrench as shown. If a clockwise moment
of M, = 120 N-m is needed to tighten the bolt at A and
the force F' = 200 N, determine the required extension d in
order to develop this moment.

*4-16. The connected bar BC is used to increase the lever
arm of the crescent wrench as shown. If a clockwise moment
of M, = 120 N+ m is needed to tighten the nut at A and the
extension d = 300 mm, determine the required force F in
order to develop this moment.

Probs. 4-15/16

4-17. The 70-N force acts on the end of the pipe at B.
Determine (a) the moment of this force about point A, and
(b) the magnitude and direction of a horizontal force, applied
at C, which produces the same moment. Take 6 = 60°.

4-18. The 70-N force acts on the end of the pipe at B.
Determine the angles 6 (0° = 6 = 180°) of the force that
will produce maximum and minimum moments about
point A. What are the magnitudes of these moments?

A

Probs. 4-17/18

4-19. The tower crane is used to hoist the 2-Mg load
upward at constant velocity. The 1.5-Mg jib BD, 0.5-Mg jib
BC, and 6-Mg counterweight C have centers of mass at Gy,
G,, and Gj, respectively. Determine the resultant moment
produced by the load and the weights of the tower crane
jibs about point A and about point B.

*4-20. The tower crane is used to hoist a 2-Mg load
upward at constant velocity. The 1.5-Mg jib BD and 0.5-Mg
jib BC have centers of mass at G; and G,, respectively.
Determine the required mass of the counterweight C so that
the resultant moment produced by the load and the weights
of the tower crane jibs about point A is zero. The center of
mass for the counterweight is located at Gj.

4 m

’——k— 9.5m —

Probs. 4-19/20

4-21. Old clocks were constructed using a fusee B to drive
the gears and watch hands. The purpose of the fusee is to
increase the leverage developed by the mainspring A as it
uncoils and thereby loses some of its tension. The mainspring
can develop a torque (moment) 7y = k6, where k = 0.015
N - m/rad is the torsional stiffness and 6 is the angle of twist
of the spring in radians. If the torque Ty developed by the
fusee is to remain constant as the mainspring winds down,
and x = 10 mm when 6 = 4 rad, determine the required
radius of the fusee when 6 = 3 rad.

T
i |

2 mm

i

TS

ja)

Prob. 4-21



4.3 CROSS PRODUCT

The moment of a force will be formulated using Cartesian vectors in the
next section. Before doing this, however, it is first necessary to expand
our knowledge of vector algebra and introduce the cross-product method
of vector multiplication.

The cross product of two vectors A and B yields the vector C, which is
written

C=AXB (4-2)
and is read “C equals A cross B.”

The magnitude of C is defined as the product of the
magnitudes of A and B and the sine of the angle 6 between their tails,
where 0° = 6 = 180°. Thus,

C = ABsin 6

Vector C has a direction that is perpendicular to the
plane containing A and B such that the directional sense of C is specified
by the right-hand rule; i.e., curling the fingers of the right hand from
vector A (cross) to vector B, the thumb points in the direction of C, as
shown in Fig. 4-8.

Knowing both the magnitude and direction of C, we can therefore
write

C=AXB= (ABsinf)uc (4-3)

The terms of Eq. 4-3 are illustrated graphically in Fig. 4-8.

C=AXB

Fig. 4-8

4.3 CROSS PrRODUCT
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C=AXB

Fig. 4-9

Fig. 4-10

Fig. 4-11

The following three laws of operation apply:

® The commutative law is not valid;i.e., A X B # B X A.Rather,
AXB=-BXA

This is shown in Fig. 4-9 by using the right-hand rule. The cross
product B X A yields a vector that has the same magnitude but acts
in the opposite sense of direction to C;i.e.,,B X A = —C.

® [f the cross product is multiplied by a scalar a, it obeys the associative
law;

a(A X B) = (aA) X B=A X (aB) = (A X B)a

This property is easily shown since the magnitude of the resultant
vector (|a|AB sin 0) and its direction are the same in each case.

® The vector cross product also obeys the distributive law of addition,*
AX(B+D)=(AXB)+ (AXD)

It is important to note that proper order of these cross products must be
maintained, since they are not commutative.

Equation 4-3 may be used to find
the cross product of any pair of Cartesian unit vectors. For example, to
find i X j, the magnitude of the resultant vector is (i) (j)(sin 90°) =
(1)(1)(1) = 1, and its direction is determined using the right-hand rule,
Fig. 4-10. Here the resultant vector points in the +k direction, so that
i X j = (1)k. In a similar manner,

ixj=k ixk=-j ixi=0
iXk=i jxi=-k jxj=0
kXi=j kxj=-i kxk=0

These results should not be memorized; rather, it should be clearly
understood how each is obtained by using the right-hand rule and the
definition of the cross product. A simple scheme shown in Fig. 4-11 can
sometimes be helpful for obtaining the same results when the need arises.
If the circle is constructed as shown, then “crossing” two unit vectors in a
counterclockwise fashion around the circle yields the positive third unit
vector; e.g., k X i = j. “Crossing” clockwise, a negative unit vector is

obtained;e.g.,i X k = —j.

*See Prob. 4-24.



Let us now consider the cross product of two general vectors A and B
which are expressed in Cartesian vector form. We have

AXB=(Ai+ Aj+ AKk) X (Bi+ B)j+ Bk)
= AB,(i Xi) + AB,(i Xj) + AB_(i X k)
+ AB,(j Xi) + AyBy(j X j) + AyB.(j X k)
+ A.B,(k Xi) + A.By(k X j) + A.B.(k X k)
Carrying out the cross-product operations and combining terms yields
AXB=(A,B, — A;B,)i— (AB, —A;B,)j+ (A.B,— A,B, )k (4-4)

This equation may also be written in a more compact determinant
form as

i j k
AXB=|A, A A, (4-5)
B, B, B,

Thus, to find the cross product of A and B, it is necessary to expand a
determinant whose first row of elements consists of the unit vectors i, j,
and k and whose second and third rows represent the x, y, z components
of the two vectors A and B, respectively.”

* A determinant having three rows and three columns can be expanded using three minors,
each of which is multiplied by one of the three terms in the first row. There are four
elements in each minor, for example,
T 12
1

By definition, this determinant notation represents the terms (A;;Ay» — ApA,;), which is
simply the product of the two elements intersected by the arrow slanting downward to the
right (A1Ay,) minus the product of the two elements intersected by the arrow slanting
downward to the left (A,A,;). For a3 X 3 determinant, such as Eq. 4-5, the three minors
can be generated in accordance with the following scheme:

; = i(Asz - Asz)
By B
Remember the
/ negative sign

- (Asz - Asz)

For element i:

For element j:

For element k: =k(A,B, — A,B,)

Adding these results and noting that the j element must include the minus sign yields the
expanded form of A X B given by Eq. 4-4.

4.3

CRrOSS PrRODUCT

147
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Moment axis

(a)

Moment axis

Line of action

Fig. 4-13

FORCE SYSTEM RESULTANTS

4.4 MOMENT OF A FORCE—VECTOR
FORMULATION

The moment of a force F about point O, Fig. 4-12a, can be expressed
using the vector cross product, namely,

My =r XF (4-6)

Here r represents a position vector directed from O to any point on
the line of action of F. We will now show that indeed the moment My,
when determined by this cross product, has the proper magnitude and
direction.

The magnitude of the cross product is defined from
Eq. 4-3 as My = rF'sin 6, where the angle 0 is measured between the
tails of r and F.To establish this angle, r must be treated as a sliding vector
so that 0 can be constructed properly, Fig. 4-12b. Since the moment arm
d = rsin6, then

Mo =rFsin® = F(rsin0) = Fd
which agrees with Eq. 4-1.

The direction and sense of My in Eq. 4-6 are
determined by the right-hand rule as it applies to the cross product.
Thus, sliding r to the dashed position and curling the right-hand
fingers from r toward F, “r cross F,” the thumb is directed upward or
perpendicular to the plane containing r and F and this is in the same
direction as My, the moment of the force about point O, Fig. 4-12b.
Remember that the cross product does not obey the commutative law,
and so the order of r X F must be maintained to produce the correct
sense of direction for My,.

The cross product operation
is often used in three dimensions since the perpendicular distance or
moment arm from point O to the line of action of the force is not needed.
In other words, we can use any position vector r measured from point O
to any point on the line of action of the force F, Fig. 4-13. Thus,

M0=r1><F=r2><F:1‘3><F

Since F can be applied at any point along its line of action and still create
this same moment about point O, then F can be considered a sliding
vector. This property is called the principle of transmissibility of a force.
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If we establish x, y, z coordinate
axes, then the position vector r and force F can be expressed as Cartesian

vectors, Fig. 4-14a. Applying Eq. 4-5, we have

i j k
Mo=rtxXFE=|r, 1, r (4-7)
F, F, F

where

I'v, I'y, I, represent the x, y, z components of the position vector
drawn from point O to any point on the line of action of
the force

F,, F,, F, represent the x, y, z components of the force vector

If the determinant is expanded, then like Eq. 4-4 we have

MO = (rsz - rsz)i - (erz - rzFx)j + (ery

- nFk (4-8)
The physical meaning of these three moment components becomes
evident by studying Fig. 4-14b. For example, the i component of M, can
be determined from the moments of F,, F,, and F, about the x axis. The
component F, does not create a moment or tendency to cause turning
about the x axis since this force is parallel to the x axis. The line of action
of F, passes through point B, and so the magnitude of the moment
of F, about point A on the x axis is r F,. By the right-hand rule this
component acts in the negative i direction. Likewise, F, passes through
point C and so it contributes a moment component of r F.i about the
x axis. Thus, (M), = (r,F, — r.F,) as shown in Eq. 4-8. As an exercise,
try to establish the j and k components of My, in this manner and show
that indeed the expanded form of the determinant, Eq. 4-8, represents
the moment of F about point O. Once My, is determined, realize that it
will always be perpendicular to the shaded plane containing vectors r
and F, Fig. 4-14a.

If a body is acted
upon by a system of forces, Fig. 4-15, the resultant moment of the forces
about point O can be determined by vector addition of the moment of
each force. This resultant can be written symbolically as

(Mg)o = 2(r X F) (4-9)

F,

F;

L)

(®)
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Z
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U
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F F,

F,

0 Fig. 4-16

Refer to the companion website for Lecture
Summary and Quiz videos.

EXAMPLE 4.4

This concept was discussed in Sec. 4.1.
Recall that it states that the moment of a force about a point is equal to
the sum of the moments of the components of the force about the point.
This theorem can be proven easily using the vector cross product since
the cross product obeys the distributive law. For example, consider
the moments of the force F and two of its components about point O,
Fig. 4-16.Since F = F; + F, we have

MO:rXF:l'X(F1+F2):l'><F1+l’XF2

Force F acts at the end of the angle bracket in Fig. 4-17a. Determine
the moment of the force about point O.

SOLUTION
Using a Cartesian vector approach, the force and position vectors,
Fig. 4-17b, are

r= {04i — 02j} m
F = {400 sin 30°i — 400 cos 30°j} N
= {200.0i — 346.4j} N
The moment is therefore

i i K
My=rxF=|04 —02 0
2000 —3464 0

0i — 0j + [0.4(—346.4) — (—0.2)(200.0)]k

= {_9861(} N'm AnS.

NOTE: The scalar analysis in Example 4.2 provides a more convenient
method for analysis than this solution, since the direction of the moment
and the moment arm for each component force are easy to establish.
For this reason, this method is generally recommended for solving
problems in two dimensions, whereas a Cartesian vector analysis is
generally recommended only for solving three-dimensional problems.
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EXAMPLE 4.5

Determine the moment produced by the force F in Fig. 4-18a about
point O. Express the result as a Cartesian vector.

SOLUTION
As shown in Fig. 4-18b, either r4 or ryz can be used to determine the
moment about point O. These position vectors are

ry = {12k} m rg= {4i + 12j} m
Force F expressed as a Cartesian vector is
{4i + 12j — 12k} m

V(4m)? + (12m)* + (—12m)?
= {0.4588i + 1.376] — 1.376k } kN

F = FuAB = 2 kN

Thus
i i k
MO =TIy X F = 0 0 12
0.4588 1376 —1.376
= [0(—1.376) — 12(1.376)]i — [0(—1.376) — 12(0.4588)]j
+ [0(1.376) — 0(0.4588)]k
— {1650 + 5.51j} kN-m Ans.
or
i i k
My =1z xXF=| 4 12 0

0.4588 1376 —1.376

= [12(~1.376) — 0(1.376)]i — [4(—1.376) — 0(0.4588)]j
+ [4(1.376) — 12(0.4588)]k

= {-165i + 5.51j} kN-m Ans.

NOTE: As shown in Fig. 4-18b, M, acts perpendicular to the plane that
contains F, r 4, and rz. Had this problem been worked using M, = Fd,

(b)

notice the difficulty that would arise in obtaining the moment arm d. Fig. 4-18
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EXAMPLE 4.6

Two forces act on the rod shown in Fig. 4-19a. Determine the resultant
moment they create about the flange at O. Express the result as a
Cartesian vector.

Z

F, = {—300i + 200j + 100k} N

‘ 0.6 m
¥

X 1.2m
L BR —
1.5m——"

F, = {400i + 200j — 150k} N

(a) (b)

z SOLUTION
(M), = {45i — 60j + 90k} N - m Position vectors are directed from point O to each force as shown in
‘\//\y —30.8° Fig. 4-19b. These vectors are
( ry = {15]} m

rg = {1.2i + 1.5j — 0.6k} m
The resultant moment about O is therefore

(Mg)o = X(r X F)

Fig.4—19 :rAXFl +l‘B><F2
i j K i j K
0 1.5 0|+ (12 15 -0.6
=300 200 100 400 200 —150
[1.5(100) — 0(200)]i — [0]j + [0(200) — (1.5)(—300)]k
+[1.5(=150) — (=0.6)(200)]i — [1.2(—150) —
(—0.6) (400)]j + [1.2(200)—1.5(400)]k
— [45i — 60j + 90k} N-m Ans.

NOTE: This result is shown in Fig. 4-19¢. The coordinate direction
angles were determined from the unit vector for (My) . Realize that

) ) . the two forces tend to cause the rod to rotate about the moment axis
Refer to the companion website for a self quiz of these . . A
Example problems. in the manner shown by the curl indicated on the moment vector.



FUNDAMENTAL
PROBLEMS

F4-10. Determine the moment of force F about point O.

Express the result as a Cartesian vector.

Prob. F4-10

F4-11. Determine the moment of force F about point O.
Express the result as a Cartesian vector.

Prob. F4-11

F4-12. If Fy = {100i —120j + 75k} N and F, = {—200i +
250j + 100k } N, determine the resultant moment produced
by these forces about point O. Express the result as a
Cartesian vector.

Prob. F4-12

PROBLEMS 153

. PROBLEMS

4-22. The pipe assembly is subjected to the force of
F = {600i + 800j — 500k} N. Determine the moment of
this force about point A.

4-23. The pipe assembly is subjected to the force of
F = {600i + 800j — 500k} N. Determine the moment of
this force about point B.

Probs. 4-22/23

*4-24. 1If A, B, and D are given vectors, prove the
distributive law for the vector cross product, i.e.,
A X (B+ D)= (A XB)+ (A XD).

4-25. Prove the triple scalar product identity
A-(BXC)=(AXB)-C.

4-26. Given the three nonzero vectors A, B, and C, show
that if A-(B X C) = 0, the three vectors must lie in the
same plane.




154 CHAPTER 4 FORCE SYSTEM RESULTANTS

4-27. The man pulls on the rope with a force of F = 20 N.
Determine the moment of this force about the base of
the pole at O. Solve the problem two ways, i.e., by using a
position vector from O to A, then O to B.

*4-28. Determine the smallest force F that must be applied
to the rope in order to create a moment of M = 900 N-m
at point O.

10.5m

Probs. 4-27/28

4-29. Determine the moment of the force F about point O.
Express the result as a Cartesian vector.

4-30. Determine the moment of the force F about point P.
Express the result as a Cartesian vector.

{—6i +4j+ 8k} k

le—— 4 m—|

3m

Probs. 4-29/30

4-31. The 20-N horizontal force acts on the handle of
the socket wrench. What is the moment of this force about
point B. Specify the coordinate direction angles «, B, y of
the moment axis.

*4-32. The 20-N horizontal force acts on the handle of the
socket wrench. Determine the moment of this force about
point O. Specify the coordinate direction angles «, B, y of the
moment axis.

Probs. 4-31/32

4-33. Determine the moment of the force F about point P.
Express the result as a Cartesian vector.

P
2m
4
L y
3m O /
3m
4/
X
= {2i + 4j — 6k} k

Prob. 4-33



4-34. Determine the coordinate direction angles «, 3, y of
force F, so that the moment of F about O is zero.

4-35. Determine the moment of force F about point O.
The force has a magnitude of 800 N and coordinate direction
angles of @ = 60°, B = 120°, y = 45°. Express the result as
a Cartesian vector.

Probs. 4-34/35

*4-36. Determine the moment of the force of F = 600 N
about point A.

4-37. Determine the smallest force F that must be
applied along the rope in order to develop a moment of
M = 1500 N-m at A.

g
B 45| 4m
4m
X
\ ¥F
6m
\ c
S 6m

Probs. 4-36/37
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4-38. Force F acts perpendicular to the inclined plane.
Determine the moment produced by F about point A.
Express the result as a Cartesian vector.

4-39. Force F acts perpendicular to the inclined plane.
Determine the moment produced by F about point B.
Express the result as a Cartesian vector.

Probs. 4-38/39

*4-40. The curved rod lies in the x—y plane and has a
radius of 3 m. If a force of F = 80 N acts at its end as shown,
determine the moment of this force about point O.

4-41. The curved rod lies in the x—y plane and has a radius
of 3 m. If a force of F = 80 N acts at its end as shown,
determine the moment of this force about point B.

Probs. 4-40/41
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4-42. The pipe assembly is subjected to the 80-N force.
Determine the moment of this force about point A.

4-43. The pipe assembly is subjected to the 80-N force.
Determine the moment of this force about point B.

Probs. 4-42/43

*4-44. A 20-N horizontal force is applied perpendicular to
the handle of the socket wrench. Determine the magnitude
and the coordinate direction angles of the moment created
by this force about point O.

,_ A

W
- 4P h
SV
"““""\!

Prob. 4-44

4-45. The cable exerts a 140-N force on the telephone
pole. Determine the moment of this force about point A.
Solve the problem using two different position vectors.

Z

Prob. 4-45

4-46. A force of F = {6i — 2j + 1k} kN produces a
moment of My = {4i + 5j — 14k} kN - m about the origin,
point O. If the force acts at a point having an x coordinate
of x = 1 m, determine the y and z coordinates. Note: The
figure shows F and M in an arbitrary position.

4-47. The force F = {6i + 8j + 10k} N creates a
moment about point O of My = {—14i + &j + 2k} N-m.
If the force passes through a point having an x coordinate
of 1 m, determine the y and z coordinates of the point.
Also, realizing that M, = Fd, determine the perpendicular
distance d from point O to the line of action of F. Note: The
figure shows F and M in an arbitrary position.

-
-

/F
P
e

N

_ ~
\9 d ‘
2 y
Im
y
X
Probs. 4-46/47



*4-48. Determine the moment of each force about point A.
Add these moments and calculate the magnitude and
coordinate direction angles of the resultant moment.

F, = {30i + 20j — 30k} N

Prob. 4-48

4-49. Determine the moment about point O of each
force acting on the pipe assembly. Add these moments and
calculate the magnitude and coordinate direction angles of
the resultant moment.

F, = {30i + 20j — 30k} N

Prob. 4-49

F, = {60i — 10j — 35k} N

F, = {60i — 10j — 35k} N

PROBLEMS 157

4-50. A force F having a magnitude of F = 100 N acts
along the diagonal of the parallelepiped. Determine the
moment of F about the point A, using My = rg X F and
MA = TIc X F.

B I /
. 60 mm A

X

Prob. 4-50

M 4-51. Using a ring collar the 75-N force can act in the
vertical plane at various angles 6. Determine the magnitude
of the moment it produces about point A, plot the results
of M (ordinate) versus 6 (abscissa) for 0° = 6 = 180°, and
specify the angles that give the maximum and minimum
moment.

Prob. 4-51
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4.5 MOMENT OF A FORCE ABOUT
A SPECIFIED AXIS

Sometimes, the moment produced by a force about a specified axis must
be determined. For example, suppose the lug nut at O on the car tire in
Fig. 4-20a needs to be loosened. The force applied to the wrench will
create a tendency for the wrench and the nut to rotate about the moment
axis passing through O; however, the nut can only rotate about the y axis.
Therefore, to determine the turning effect, only the y component of the
moment is needed, and the total moment produced is not important. To

determine this component, we can use either a scalar or vector analysis.

Scalar Analysis.  To use a scalar analysis in the case of the lug nut
in Fig. 4-20a, the moment arm, or perpendicular distance from the axis
to the line of action of the force, is d, = d cos 6. Thus, the moment of F
about the y axisis M, = F'd, = F(d cos ). According to the right-hand
rule, M, is directed along the positive y axis as shown in the figure. In

general, for any axis a, the moment is

M, = Fd, (4-10)

Realize that a force will not create a moment about an axis (or turn about
an axis) if it is parallel to the axis, or if its line of action passes through
the axis.

\

(a)
Fig. 4-20

Moment axis
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To find the moment of force F in Fig. 4-20b
about the y axis using a vector analysis, we must first determine the
moment of the force about any point O on the y axis by applying Eq. 4-7,
My = r X F. The component M, along the y axis is the projection of
M,, onto the y axis. It can be found using the dot product discussed in
Chapter 2, so that M, = j-Mp = j- (r X F), where j is the unit vector
for the y axis.

We can generalize this approach by letting u, be the unit vector that
specifies the direction of the a axis shown in Fig. 4-21. Then the moment
of F about a point O on the axis is My = r X F, and the projection of
this moment onto the a axis is M, = u,- (r X F). This combination
is referred to as the scalar triple product. If the vectors are written in
Cartesian form, we have

i
M, = [u,ji + uayj + u K] |1,
F,

\;11 N BN
RIS

= uax<rsz - rsz) - ua),(erz - rzFx) + ua,(ery - rny)

This result can also be written in the form of a determinant, making it
. . *
easier to memorize.

Uy, U Ug,
M,=u,-(xXF)=1|r, 1, 1 (4-11)
F, F, F.

where

Ug, Uy, U, Tepresent the x, y, z components of the unit vector
~ defining the direction of the a axis
Tes Tys Iy represent the x, y, z components of the position
vector extended from any point O on the a axis to
any point A on the line of action of the force
F., F,, F, represent the x, y, z components of the force vector.

When M, is evaluated from Eq.4-11, it will yield a positive or negative
scalar. The sign of this scalar indicates the sense of direction of M,
along the a axis. If it is positive, then M, will have the same sense
as u,, whereas if it is negative, then M, will act opposite to u,. Once
the a axis is established, point your right-hand thumb in the direction
of M,, and the curl of your fingers will indicate the sense of twist
about the axis, Fig. 4-21.

* Expand this determinant to show that it will yield the above result.

(b)
Fig. 4-20 (cont.)

Axis of projection

Fig. 4-21
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Once M, is determined, we can then express M, as a Cartesian vector,
namely,

M, = M,u, (4-12)

The examples which follow illustrate numerical applications of the
above concepts.

- IMPORTANT POINTS

* The moment of a force about a specified axis can be determined
provided the perpendicular distance d, from the force line of
action to the axis can be determined. Then M, = Fd,,.

* No moment is produced if the force is parallel to the axis or its
line of action passes through it.

o If vector analysis is used, then M, = u,- (r X F), where u,
defines the direction of the axis and r is extended from any point
on the axis to any point on the line of action of the force.

o If M, is calculated as a negative scalar, then the sense of direction
of M, is opposite to u,.

@ Refer to the companion website for Lecture ¢ The moment M, expressed as a Cartesian vector is determined

Summary and Quiz videos. from Ma = Malla.

EXAMPLE 4.7

Determine the resultant moment of the three forces in Fig. 4-22 about
the x axis, the y axis, and the z axis.

SOLUTION

A force that is parallel to a coordinate axis or has a line of action that
passes through the axis does not produce any moment or tendency for
turning about the axis. Defining the positive direction of the moment
of a force according to the right-hand rule, as shown in the figure, we
have

M, = (300N)(0.6m) + (250N)(0.6m) + 0 = 330N-m  Ans.
M, =0~ (250N)(0.9m) — (200N)(0.6m) = —345N-m Ans.
M,=0+0- (200N)(0.6m) = —120N-m Ans.

The negative signs indicate that M, and M, act in the —y and —z
directions, respectively.
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EXAMPLE 4.8

Determine the moment M, produced by the force F in Fig. 4-23a,
which tends to rotate the rod about the AB axis.

SOLUTION
A vector analysis using M 5 = ug+ (r X F) will be considered for the
solution rather than trying to find the moment arm or perpendicular
distance from the line of action of F to the AB axis. Each of the terms
in the equation will now be identified.

Unit vector up defines the direction of the AB axis of the rod,
Fig. 4-23b, where

wy= o OHF0AN Mo 4 044m
5 V(04m)? + (02m)>

Vector r is directed from any point on the AB axis to any point on
the line of action of the force. For example, position vectors r¢ and rp
are suitable, Fig. 4-23b. (Although not shown, rz¢ or rzp can also be
used.) For simplicity, we choose rp, where

rp = {0.6i} m

The force is
F = {-300k} N

Substituting these vectors into the determinant form of the triple
product and expanding, we have

0.8944  0.4472 0
MAB :llB'(l'DXF): 0.6 0 0
0 0 —300
= 0.8944[0(—300) — 0(0)] — 0.4472[0.6(—300) — 0(0)]
+ 0[0.6(0) — 0(0)]
= 80.50 N+m
This positive result indicates that the sense of Mg is in the same

direction as ug, Fig. 4-23b.
Expressing M 45 in Fig. 4-23b as a Cartesian vector yields

M3 = M pug = (80.50 N-m) (0.8944i + 0.4472j)
= {72.0i + 36.0j} N-m Ans.
NoTE: If the axis AB is defined using a unit vector directed from B

toward A, then in the above determinant —up would have to
be used. This would lead to M,z = —80.50 N-m. Consequently,

M,z = M p(—up), and the same vector result would be obtained.

161
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EXAMPLE 4.9

Determine the magnitude of the moment of force F about segment z
OA of the pipe assembly in Fig. 4-24a.

SOLUTION
The moment of F about the OA axis is determined from
Moy = upy - (r X F), where r is a position vector extending from
any point on the OA axis to any point on the line of action of F. As
indicated in Fig. 4-24b, either rop, roc, ¥4p, OT T4 can be used. Here,
rop Will be considered since it will simplify the calculation.

The unit vector up 4, which specifies the direction of the OA axis, is

0.3i + 0.4j} m
ug, = for -4 i} = 0.6i + 0.8
roa  V(03m)? + (0.4m)?

and the position vector rgpp is

The force F expressed as a Cartesian vector is
r

F=F <CD>
T'cp

= (300N)

{0.4i — 0.4j + 02k} m
V(04m)? + (—04m)2 + (02m)?

= {200i — 200j + 100k} N
Therefore,
Mo = ups- (xrop X F) Fig. 4-24

06 08 0
0.5 0 0.5
200 —200 100

0.6[0(100) — (0.5)(—200)] — 0.8[0.5(100) — (0.5)(200)] + 0 @

Refer to the companion website for a self quiz of these

= 100 N-m Ans. Example problems.
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. FUNDAMENTAL PROBLEMS

[4-13. Determine the magnitude of the moment of the F4-17. Determine the magnitude of the moment of the
force about the y axis. 200-N force about the x axis. Solve the problem using both a
F = {30i — 20j + 50k} N scalar and a vector analysis.
Z
il
2m
3m
/Q4 m 7
X
Prob. F4-13

F4-14. Determine the magnitude of the moment of the
force F = {300i — 200j + 150k} N about the x axis.

I'4-15. Determine the magnitude of the moment of the
force F = {300i — 200j + 150k} N about the OA axis.

Prob. F4-17

F4-18. Determine the moment of force F about the x,
the y, and the z axis. Solve the problem using both a scalar
and a vector analysis.

Probs. F4-14/15

F4-16. Determine the moment of the force
F = {50i — 40j + 20k} N about the AB axis. Express the
result as a Cartesian vector.

Prob. F4-16 Prob. F4-18
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. PROBLEMS

*4-52., Determine the moment of the force F about the
diagonal AF of the rectangular block. Express the result as
a Cartesian vector.

4-53. Determine the moment of the force F about the
diagonal OD of the rectangular block. Express the result as
a Cartesian vector.

F = {—6i + 3j + 10k} N

x/43mﬁ/F

Probs. 4-52/53

4-54. Determine the moment of force F about the x, y,
and z axes. Solve the problem (a) using a Cartesian vector
approach and (b) using a scalar approach.

4-55. Determine the moment of force F about an axis
extending between O and A. Express the result as a
Cartesian vector.

F = {80i — 40j — 120k} N

Probs. 4-54/55

*4-56. The board is used to hold the end of the cross lug
wrench in the position shown when the man applies a force of
F = 100 N.Determine the magnitude of the moment produced
by this force about the x axis. Force F lies in a vertical plane.

4-57. The board is used to hold the end of the cross
lug wrench in the position shown. If a torque of 30 N-m
about the x axis is required to tighten the nut, determine
the required magnitude of the force F needed to turn the
wrench. Force F lies in a vertical plane.

Probs. 4-56/57

4-58. The lug nut on the wheel of the automobile is to be
removed using the wrench and applying the vertical force of
F = 30N at A. Determine if this force is adequate, provided
14 N-m of torque about the x axis is initially required to
turn the nut. If the 30-N force can be applied at A in any
other direction, will it be possible to turn the nut?

4-59. Solve Prob. 4-58 if the cheater pipe AB is slipped
over the handle of the wrench and the 30-N force can be
applied at any point and in any direction on the assembly.

Probs. 4-58/59



*4-60. Determine the magnitude of the moment of the
force F = {50i — 20j — 80k} N about member AB of the
tripod.

4-61. Determine the magnitude of the moment of the
force F = {50i — 20j — 80k} N about member BC of the
tripod.

4-62. Determine the magnitude of the moment of the
force F = {50i — 20j — 80k} N about member CA of the
tripod.

05m > g

Probs. 4-60/61/62

4-63. The bevel gear is subjected to the force F which
is caused from contact with another gear. Determine the
moment of this force about the y axis of the gear shaft.

F = [20i + 8 — 15k} N

Prob. 4-63
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*4-64. A horizontal force of F = {-50i}N is applied
perpendicular to the handle of the pipe wrench. Determine
the moment that this force exerts along the axis OA (z axis)
of the pipe assembly. Both the wrench and pipe assembly,
OABC, lie in the y-z plane. Suggestion: Use a scalar analysis.

4-65. Determine the magnitude of the horizontal force
F = —Fi acting on the handle of the wrench so that this
force produces a component of the moment along the
OA axis (z axis) of the pipe assembly of M, = {4k} N -m.
Both the wrench and the pipe assembly, OABC, lie in
the y-z plane. Suggestion: Use a scalar analysis.

Z

0.6 m

Probs. 4-64/65

4-66. The force of F = 30 N acts on the bracket as shown.
Determine the moment of the force about the a—a axis of
the pipe if @ = 60°, B = 60°, and y = 45°. Also, determine
the coordinate direction angles of F in order to produce the
maximum moment about the a—a axis. What is this moment?

Prob. 4-66
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4-67. Determine the moment of this force F about an
axis extending between A and C. Express the result as a
Cartesian vector.

F = {4i + 12j — 3k} kN

Prob. 4-67

*4-68. If F = 450 N, determine the magnitude of the
moment produced by this force about the x axis.

4-69. The friction at sleeve A can provide a maximum
resisting moment of 125 N - m about the x axis. Determine
the largest magnitude of force F that can be applied to the
bracket so that the bracket will not turn.

Probs. 4-68/69

4-70. The wrench A is used to hold the pipe in a stationary
position while wrench B is used to tighten the elbow fitting.
If Fg = 150 N, determine the magnitude of the moment
produced by this force about the y axis. Also, what is the
magnitude of force F4 in order to counteract this moment?

4-71. The wrench A is used to hold the pipe in a stationary
position while wrench B is used to tighten the elbow fitting.
Determine the magnitude of force Fg in order to develop a
moment of 50 N - m about the y axis. Also, what is the required
magnitude of force F 4 in order to counteract this moment?

z

50 mm

Probs. 4-70/71
*4-72. The tool is used to shut off gas valves that are
difficult to access. If the force F is applied to the handle,
determine the component of the moment created about the
z axis of the valve.

F = {—60i + 20j + 15k} N

Prob. 4-72
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A couple is defined as two parallel forces that have the same magnitude,
but opposite directions, and are separated by a perpendicular distance d,
Fig. 4-25. Since the resultant force is zero, the only effect of a couple is
to produce a rotation, or if no movement is possible, there is a tendency
for rotation.

The moment produced by a couple is called a couple moment. We can
determine its value by finding the sum of the moments of both couple
forces about any arbitrary point. For example, in Fig. 4-26, position
vectors r, and rp are directed from point O to points A and B lying on
the line of action of —F and F. The couple moment determined about O
is therefore

MZI‘BXF+1‘A><(—F)=(1'B—1'A)><F

However,xy = r4 + rorr = rpz — ry4,so that
M=rXF (4-13)

This result indicates that a couple moment is a free vector, i.c., it can
act at any point since M depends only upon the position vector r directed
between the forces and not the position vectors r, and rp, directed from
point O to the forces.

The moment of a couple, Fig. 4-27, has a
magnitude of

M = Fd (4-14)

where F'is the magnitude of one of the forces and d is the perpendicular
distance or moment arm between the forces. The direction and sense
of the couple moment are determined by the right-hand rule, where
the thumb indicates this direction when the fingers are curled with the
sense of rotation caused by the couple forces. In all cases, M will act
perpendicular to the plane containing these forces.

As noted above, the moment of a couple
can also be expressed by the vector cross product using Eq. 4-13,i.e.,

M=rxF (4-15)

Application of this equation is easily remembered if one thinks of taking
the moments of both forces about a point lying on the line of action of
one of the forces. For example, if moments are taken about point A in
Fig. 4-26, the moment of —F is zero about this point, and the moment of
F is defined from Eq. 4-15. Therefore, in the formulation r is crossed with
the force F to which it is directed.
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Equivalent Couples. TIf two couples produce a moment with the
same magnitude and direction, then these two couples are equivalent. For
example, the two couples shown in Fig. 4-28 are equivalent because each
couple moment has a magnitude of M = 30 N(0.4m) = 40N(0.3m) =
12 N - m, and each is directed into the plane of the page. Notice that larger
forces are required in the second case to create the same turning effect
about the center shaft because the hands are placed closer together. Also, if
the wheel was connected to the shaft at a point other than at its center, then
the wheel would still be subjected to the same turning effect when each
couple is applied since the 12 N - m couple is a free vector.

Resultant Couple Moment. Since couple moments are free
vectors, their resultant can be determined by moving them to a single
point and using vector addition. For example, to find the resultant of
couple moments M; and M, acting on the pipe assembly in Fig. 4-29a,
we can join their tails at point O and find the resultant couple moment,
My, = M; + M,, as shown in Fig. 4-29b.

If more than two couple moments act on the body, we may generalize
this concept and write the vector resultant as

Mg = 3(r X F) (4-16)

These concepts are illustrated numerically in the examples that follow.
In general, problems projected in two dimensions should be solved using
a scalar analysis since the moment arms and force components are easy
to determine.
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A couple moment is produced by two noncollinear forces that are
equal in magnitude but opposite in direction. Its effect is to produce
pure rotation, or tendency for rotation in a specified direction.

A couple moment is a free vector, and as a result it causes the
same rotational effect on a body regardless of where the couple
moment is applied to the body.

The moment of the two couple forces can be determined about Steering wheels today have a smaller
any point. For convenience, this point is often chosen on the line diameter than on older vehicles because

of action of one of the forces in order to eliminate the moment of power steering does not require the driver
this force about the point to apply a large couple moment to the wheel.

In three dimensions the couple moment is often determined
using the vector formulation, M = r X F, where r is directed
from any point on the line of action of one of the forces to any
point on the line of action of the other force F.

A resultant couple moment is simply the vector sum of all the
Refer to the companion website for Lecture

couple moments of the system. Summary and Quiz videos.

EXAMPLE 4.10

Determine the resultant couple moment of the three couples acting on the plate in Fig. 4-30.
‘#Fl = 08kN

F;=12kN
~d; = 1.2 m—~
F,=18kN A} ——

d:: OjTil]; -::: :

. .." .ﬁ » :
F,=18kN[ —==— ¢B

F =08 kN" F3=12%kN

Fig. 4-30
SOLUTION
As shown the perpendicular distances between each pair of couple forcesare d; = 1.2 m,d, = 0.9 m,
and d; = 1.5 m. Considering counterclockwise couple moments as positive, we have
L‘f’ MR — EM, MR = _Fldl Pr dez - F3d3
= —(0.8kN)(1.2m)+ (1.8kN)(09m) — (1.2kN)(1.5m)
—1.14kN-m = 1.14kN-m ) Ans.
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EXAMPLE 4.11

Determine the magnitude and direction of the couple moment acting
on the gear in Fig. 4-31a.

600 sin 30° N

F=600N
(@)

0.2 m

30°

F=600N

Fig. 4-31

s F=600N
30° OC“ o \30°
A A 600 cos 30°N
0.2 m
600 cos 30° N
30° A
F=600N 600 sin30°N
(b)
SOLUTION

The easiest solution requires resolving each force into its components
as shown in Fig. 4-31b. The couple moment can be determined by
summing the moments of these force components about any point,
for example, the center O of the gear or point A. If we consider
counterclockwise moments as positive, we have

(+M =32Mp; M = (600 cos 30° N) (0.2 m) — (600 sin 30° N) (0.2 m)

= 439 N-m\ Ans.
or
(+M =3IMy M = (600 cos 30°N) (0.2 m) — (600 sin 30° N) (0.2 m)
= 439 N -m} Ans.

This positive result indicates that M has a counterclockwise rotational
sense, so it is directed outward, perpendicular to the page.

NOTE: The same result can also be obtained using M = Fd, where d
is the perpendicular distance between the lines of action of the
couple forces, Fig. 4-31c. However, the computation for d is more
involved. Also, realize that the couple moment is a free vector and
can act at any point on the gear and produce the same turning effect

about point O.
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EXAMPLE 4.12

Determine the couple moment acting on the pipe shown in Fig. 4-32a.
Segment AB is directed 30° below the x—y plane.

(b)

SOLUTION | (VECTOR ANALYSIS)
The moment of the two couple forces can be found about any point. If
point O is considered, Fig. 4-32b, we have o

100N
M =r, X (—100k) + rz X (100k) N
= (0.2) X (—=100k) + (0.15 cos 30° +0.2j — 0.15 sin 30°k) X (100k) A\
= —20i — 13.0j + 20i y
= {-13.0j} N-m Ans. 100N
Tap
It is easier to take moments of the couple forces about a point lying on
the line of action of one of the forces, e.g., point A, Fig. 4-32c. In this B
case the moment of the force at A is zero, so that (c)

M = 1,z X (100k)
(0.15 cos 30°i — 0.15sin 30°k) X (100k)
= {-13.0j} N-m. Ans.

SOLUTION Il (SCALAR ANALYSIS) x
Although this problem is shown in three dimensions, the geometry
is simple enough to use the scalar equation M = Fd, where
d = 0.15 cos 30° = 0.1299 m, Fig. 4-32d. Hence, taking moments of
the forces about either point A or point B yields

M = Fd = 100N (0.1299m) = 13.0N-m
Applying the right-hand rule, M acts in the —j direction. Thus,
M = {-13.0j} N'm Ans.
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EXAMPLE 4.13

o

Refer to the companion website for a self quiz of these
Example problems.

Replace the two couples acting on the pipe assembly in Fig. 4-33a by
a resultant couple moment.

P
M 3
2

/4

(b) (0
Fig. 4-33

SOLUTION (VECTOR ANALYSIS)
The couple moment M, developed by the forces at A and B, can easily
be determined from a scalar formulation.

M; = Fd = 150N(04m) = 60N -m
By the right-hand rule, M; acts in the +i direction, Fig. 4-33b. Hence,
M; = {60i} N-m

Vector analysis will be used to determine M,, caused by forces
at C and D. If moments are calculated about point D, Fig. 4-33a,
M, = rpc X Fg, then

M, = rpe X Fe = (0.3i) x [125(2)j — 125(3)k]

(0.3i) x [100j — 75k] = 30(i X j) — 22.5(i X k)
= {22.5j + 30k} N-m

Since M; and M, are free vectors, Fig. 4-33b, they may be moved to
some arbitrary point and added vectorially, Fig. 4-33c. The resultant
couple moment becomes

Mg =M; + M, = {60i + 22,5 + 30k} N-m Ans.
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. FUNDAMENTAL PROBLEMS

F4-19. Determine the resultant couple moment acting on
the beam.

400 N 400 N
A

200N
IO.ZVm
200N

Prob. F4-19

F4-20. Determine the resultant couple moment acting on
the triangular plate.

200 N 150 N

300N

Prob. F4-20
F4-21. Determine the couple moment acting on the beam.
10 kN

5/04
3

Prob. F4-21

I'4-22. Determine the magnitude of F so that the resultant
couple moment acting on the beam is 1.5 kN - m clockwise.

Prob. F4-22

F4-23. Determine the resultant couple moment acting on
the pipe assembly.

™
(M.), = 250 N-m

Prob. F4-23

F4-24. Determine the couple moment acting on the pipe
assembly and express the result as a Cartesian vector.

Prob. F4-24
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. PROBLEMS

4-73. A clockwise couple M = 5N-m is resisted by the 4-75. Two couples act on the cantilever beam. If ' = 6 kN,
shaft of the electric motor. Determine the magnitude of the determine the resultant couple moment.

reactive forces —R and R which act at supports A and B so
that the resultant of the two couples is zero.

*4-76. Determine the required magnitude of force F, if
the resultant couple moment on the beam is to be zero..

150

Prob. 4-73
Probs. 4-75/76
4-74. The crossbar wrench is used to remove a lug nut from the
automobile wheel. The mechanic applies a couple to the wrench
such that his hands are a constant distance apart. Is it necessary
that a = b in order to produce the most effective turning of 4-71. Determine the magnitude of the forces F and —F,
the nut? Explain. Also, what is the effect of changing the shaft so that the resultant couple moment is 400 N - m clockwise.
dimension c in this regard? The forces act in the vertical plane.
600 N
250N =
.40 600 N
1m
=402 F
250 N +—
-F

Prob. 4-74 Prob. 4-77



4-78. A twist of 4 N-m is applied to the handle of the
screwdriver. Resolve this couple moment into a pair of
couple forces F exerted on the handle and P exerted on
the blade.

Prob. 4-78

4-79. The road exerts a torque of M, = 400 N-m and
Mg =200N-m on the brushes of the road sweeper.
Determine the magnitude of the couple forces that are
developed by the road on the rear wheels of the sweeper,
so that the resultant couple moment on the sweeper is zero.
What is the magnitude of these forces if the brush at B is
turned off?

Prob. 4-79
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*4-80. Two couples act on the beam. If the resultant
couple is to be zero, determine the magnitudes of P and F,
and the distance d between A and B.

Prob. 4-80

4-81. The man tries to open the valve by applying the
couple forces of F = 75N to the wheel. Determine the

couple moment produced.

4-82. If the valve can be opened with a couple moment of
25 N » m, determine the required magnitude of each couple
force which must be applied to the wheel.

O b=

Probs. 4-81/82
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4-83. Two couples act on the frame. If the resultant couple
moment is to be zero, determine the distance d between the
450-N couple forces.

*4-84. Two couples act on the frame. If d = 1.2 m,
determine the resultant couple moment by (a) summing the
moments of the two couples and (b) resolving each force
into x and y components and then summing the moments
about A of all the force components.

4-85. Two couples act on the frame. If d = 1.8 m,
determine the resultant couple moment by (a) summing the
moments of the two couples and (b) resolving each force
into x and y components and then summing the moments
about B of all the force components.

450N

Probs. 4-83/84/85
4-86. Three couple moments act on the pipe assembly.
Determine the magnitude of the resultant couple moment
if M\, = 50N-mand M; = 35N -m.

4-87. Three couple moments act on the pipe assembly.
Determine the magnitudes of M, and Mj so that the
resultant couple moment is zero.

£

120°
<~} 120°
M;
120°
M,=8)N-m
Probs. 4-86/87

*4-88. Determine the magnitude of F so that the resultant
couple moment is 12 kN - m, counterclockwise. Where on
the beam does the resultant couple moment act?

8kN 0.3 m

Prob. 4-88

4-89. Determine the resultant couple moment of the two
couples that act on the pipe assembly. The distance from A
to Bisd = 400 mm. Express the result as a Cartesian vector.

4-90. Determine the distance d between A and B so
that the resultant couple moment has a magnitude of
Mg =20N-m.

Probs. 4-89/90



4-91. If F=80N, determine the magnitude and
coordinate direction angles of the couple moment. The
pipe assembly lies in the x—y plane.

*4-92, If the magnitude of the couple moment acting on
the pipe assembly is 50 N-m, determine the magnitude
of the couple forces applied to each wrench. The pipe
assembly lies in the x—y plane.

Probs. 4-91/92

4-93. Determine the required magnitude of the couple
moments M, and Mj so that the resultant couple moment
is zero.

M, =300N -m

Prob. 4-93
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4-94. Express the moment of the couple acting on the
pipe as a Cartesian vector. What is the magnitude of this
couple moment? Take F = 125 N.

4-95. If the couple moment acting on the pipe has a
magnitude of 300 N -m, determine the magnitude of the
forces applied to the wrenches.

Probs. 4-94/95

*4-96. Express the moment of the couple acting on the
frame as a Cartesian vector. The forces are applied
perpendicular to the frame. What is the magnitude of the
couple moment? Take F = 50 N.

4-97. If the component of the couple moment along the
x axis is M, = {—20i} N-m,determine the magnitude F of
the couple forces.

Probs. 4-96/97
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4-98. Express the moment of the couple acting on the
rod in Cartesian vector form. What is the magnitude of the
couple moment?

Z

~F = {4 —3j+4Kk}kN <£

F = {~ 4i+3j — 4k} kN

Prob. 4-98

499, If M{=500N-m, M,=600N-m, and M;=
450 N-m, determine the magnitude and coordinate
direction angles of the resultant couple moment.

*4-100. Determine the required magnitude of couple
moments My, M,, and M3 so that the resultant couple
moment is M = {—300i + 450j —600k } N -m.

Probs. 4-99/100

4-101. If F;, =100N, F,=120N, and F; = 80N,
determine the magnitude and coordinate direction angles
of the resultant couple moment.

Prob. 4-101

4-102. Determine the required magnitude of F;, F,,
and F; so that the resultant couple moment is
(Mg = [50i — 45j — 20k| N-m.

Prob. 4-102
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4.7 SIMPLIFICATION OF A FORCE AND
COUPLE SYSTEM

Sometimes it is convenient to reduce a system of forces and couple
moments acting on a body to a simpler form by replacing it with an
equivalent system, consisting of a single resultant force and a resultant
couple moment. A system is equivalent if the external effects it produces
on a body are the same as those caused by the original force and couple
moment system. If the body is free to move, then the external effects
of a system refer to the translating and rotating motion of the body, or
if the body is fully supported, they refer to the reactive forces at the
supports.

For example, consider holding the stick in Fig. 4-34a, which is subjected
to the force F at point A. If we attach a pair of equal but opposite forces F
and —F at point B, which is on the line of action of F, Fig. 4-34b, we
observe that —F at B and F at A will cancel each other, leaving
only F at B, Fig. 4-34c. Force F has now been moved from A to B without
modifying its external effects on the stick; i.e., the reaction at the grip
remains the same. This demonstrates the principle of transmissibility,
which states that a force acting on a body (stick) is a sliding vector since
it can be applied at any point along its line of action.

We can also use the above procedure to move a force to a point that is
not on the line of action of the force. If F is applied perpendicular to the I
stick, as in Fig. 4-35a, then we can attach a pair of equal but opposite
forces F and —F to B, Fig. 4-35b. Force F is now applied at B, and the Fig. 4-34
other two forces, F at A and —F at B, form a couple that produces
the couple moment M = Fd, Fig. 4-35c¢. Therefore, the force F can be
moved from A to B provided a couple moment M is added to maintain
an equivalent system. This couple moment is determined by taking the
moment of F about B. Since M is actually a free vector, it can act at
any point on the stick. In each case, the systems are equivalent, which
causes a downward force F and clockwise couple moment M = Fd to
be felt at the grip.

(®)

Fig. 4-35
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Using this method,

a system of several forces and couple moments acting on a body can

be reduced to an equivalent single resultant force acting at a point O

and a resultant couple moment. For example, in Fig. 4-36a, O is not

on the line of action of Fy, and so this force can be moved to point O

provided a couple moment (Mp); = r; X F; is added to the body.

Similarly, the couple moment (M), = r, X F, should be added to the

body when we move F, to point O. Finally, since the couple moment M

is a free vector, it can just be moved to point O. By doing this, we obtain

the equivalent system shown in Fig. 4-36b, which produces the same

Il external effects on the body as that of the force and couple system

shown in Fig. 4-36a. If we sum the forces and couple moments, we obtain
% U Mo) =1 XF2  the resultant force Fr; = F; + F, and the resultant couple moment
(Mg)o =M + (Mp); + (Mp),, Fig. 4-36c.

F, Notice that Fg is independent of the location of point O since it is
simply a summation of the forces. However, (My) o depends upon this
location since the moments My and M, are determined using the position

(Mo); = r; X F; vectors r; and r,, which extend from O to each force. Also note that

(Mg)o is a free vector and can act at any point on the body, although
point O is generally chosen as its point of application.

We can now generalize the above method of reducing a force and
couple system to an equivalent resultant force Fy acting at point O and
a resultant couple moment (Mpy) by using the following two equations.

A Fp
01 FR - EF

4-17

<MR>§& (Mg)o = SM,, + SM 1)
o

The first equation states that the resultant force of the system is

equivalent to the sum of all the forces; and the second equation states

that the resultant couple moment of the system is equivalent to the sum

Fig. 4-36 of the moments of all the forces about point O, XMy, plus the sum of all

the couple moments, > M.

If the force system lies in the x—y plane and any couple moments are
perpendicular to this plane, then the above equations reduce to the
following three scalar equations.

(FR)x = EFX
Gy & 2T (4-18)
(Mg)o = XMy + ZM

Here the resultant force is determined from the vector sum of its two
components (Fg),and (Fg),.
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Force is a sliding vector, since it will create the same external
effects on a body when it is applied at any point P along its line
of action. This is called the principle of transmissibility.

A couple moment is a free vector since it will create the same
external effects on a body when it is applied at any point P on
the body.

When a force is moved to another point P that is not on its line
of action, it will create the same external effects on the body
if a couple moment is also applied to the body. The couple
moment is determined by taking the moment of the force
about point P.

- PROCEDURE FOR ANALYSIS

The following points should be kept in mind when simplifying a
force and couple moment system to an equivalent resultant force
and couple system.

Establish the coordinate axes with the origin located at point O
and the axes having a selected orientation.

Force Summation.

If the force system is coplanar, resolve each force into its x
and y components. If a component is directed along the
positive x or y axis, it represents a positive scalar; whereas if it
is directed along the negative x or y axis, it is a negative scalar.

In three dimensions, represent each force as a Cartesian vector
before summing the forces.

Moment Summation.

When determining the moments of a coplanar force system
about point O, it is generally advantageous to use the principle
of moments, i.e., determine the moments of the components of
each force, rather than the moment of the force itself.

In three dimensions use the vector cross product to determine
the moment of each force about point O. Here the position

vectors extend from O to any point on the line of action of
each force.

The weights of these traffic lights can be
replaced by their equivalent resultant force
Wr=W; + W, and a couple moment
(Mg)o = Wid, + W, d, at the support, O.
In both cases the support must provide
the same resistance to translation and
rotation in order to keep the member in the
horizontal position.

Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 4.14

Replace the force and couple system shown in Fig. 4-37a by an equivalent
resultant force and couple moment acting at point O.

y
3KN (3 kN)sin 30°
30°
— i = (3 kN)cos 30°
0lm| - .. 0.% m
%7.0 E ; ; X
0.% m 0.% m ?(5 kN)

|
;

~—0.2m— 0.3m ~—02m—f~——03m—
4INS
%(5 kN) Y

3
SkN \
4 kN 4 kN
(a) (b)
SOLUTION

Force Summation. The 3 kN and 5 kN forces are resolved into their x and y
components as shown in Fig. 4-37b. We have

B (Fp)y = SF;  (Fr)x = 3kN) cos30° + (2)(5kN) = 5.598 kN —

+1(Fg), = 2F,;  (Fr), = (3kN)sin30° — (2)(5kN) —4kN = —6.50kN = 6.50 kN
Using the Pythagorean theorem, Fig. 4-37¢, the magnitude of Fy is

Fr =V (Fg)? + (Fr)? = V(5598 kN)? + (6.50kN)? = 8.58 kN Ans

Its direction 0 is

(Fr),y 6.50 kN
= -1 = - T ) = °
6 = tan ((FR)x tan 5508 k 493 Ans.

Moment Summation. Referring to Fig. 4-37b, we have

(+ (Mg)o = TMy;

(Mg)o=(3kN)sin30°(0.2m)—(3 kN) cos 30°(0.1 m)+(2)(5kN) (0.1 m)
—(%)(5kN) (0.5m) — (4kN)(0.2m)

(Mg)o = 246 kKN-m

o
“(Fg)y ='5.598 kKN

? Y},:‘?o - = —246kN-m = 2.46 kN -m, Ans.
.\ | .o’
v\ This clockwise moment is shown in Fig. 4-37c.
Fr
(Fr)y = 630 kN NOTE: Realize that the resultant force and couple moment in Fig. 4-37c¢
© will produce the same external effects or reactions at the wall as those

Fig. 4-37 produced by the force system, Fig. 4-37a.
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EXAMPLE 4.15

Replace the force and couple system acting on the member in Fig. 4-38a
by an equivalent resultant force and couple moment acting at point O.

500 N
750N v
T 200 N (Mg)o = 37.5N‘m H
o) Im o
"l 0\ |
(3! L )| 1m ( S x
1.25 m+1.zs ma‘ E el /o |(Fr). = 300N H
200N
A / Fr
(a) (F)y = 350N (b)
Fig. 4-38

SOLUTION

Force Summation. Since the couple forces of 200 N are equal but
opposite, they produce a zero resultant force, and so it is not necessary
to consider them in the force summation. The 500-N force is resolved
into its x and y components, thus,

5 (Fr)y = 3F; (Fg): = (2)(500N) = 300N —
+1(Fg), =2F,; (Fg), = (500N)(%)-750N = =350 N = 350 N|
From Fig. 4-38b, the magnitude of Fy is

Fr = V(Fg)? + (Fr);

= V/(300N)2 + (350N)2 = 461 N Ans.
And the angle 0 is
(FRr)y 350N
6 = tan"! =tan Y =—— | =494° Ans
an <(FR)X an 300 N ns

Moment Summation. Since the couple moment is a free vector, it
can act at any point on the member. Referring to Fig. 4-38a, we have

(+ (Mg)o=32My + IM:
(Mg)o = (500N) (£)(2.5m) = (500N) (3)(1m)
— (750N)(1.25m) + 200N -m
= —375N-m =375N'm) Ans.

This clockwise moment is shown in Fig. 4-38b.

183
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EXAMPLE 4.16

Refer to the companion website for a self quiz of these
Example problems.

The structural member is subjected to a couple moment M and forces
F,; and F, in Fig. 4-39a. Replace this system by an equivalent resultant
force and couple moment acting at its base, point O.

SOLUTION (VECTOR ANALYSIS)

The three-dimensional aspects of the problem can be simplified by
using a Cartesian vector analysis. Expressing the forces and couple
moment as Cartesian vectors, we have

F, = {800k} N
Fz = (300 N)llCB

= (300 N)(rCB>

e:

{—0.15i + 0.1j} m
V(=0.15m)2 + (0.1 m)?

=300 N[ J = {—249.6i + 166.4j} N

M = —500 ()j + 500(2)k = {—400j + 300k} N-m

Force Summation.
= {—=250i + 166j — 800k} N Ans.

Moment Summation.
(Mg),=3Mp + M
(MR)OZI'C‘XF1+1'B><F2+M

i i K
(Mg), = (1k) X (—800Kk) + | =0.15 0.1 1|+ (—400j + 300k)
~2496 1664 0

= (0) + (—166.4i — 249.6j) + (—400j + 300k)
= {—166i — 650j + 300k} N+-m Ans.

The results are shown in Fig. 4-39b.
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. FUNDAMENTAL PROBLEMS

I'4-25. Replace the loading by an equivalent resultant [4-28. Replace the loading by an equivalent resultant
force and couple moment acting at point A. force and couple moment acting at point A.

s A 100N
Py

0.1 m

100 N

S0N

—200 N Prob. F4-28

14-29. Replace the loading by an equivalent resultant
force and couple moment acting at point O.

150 N

Prob. F4-25 ’\
F, = {—300i + 150§ + 200k} N

F4-26. Replace the loading by an equivalent resultant
force and couple moment acting at point A.

40N

30N

Prob. F4-29

F4-30. Replace the loading by an equivalent resultant
force and couple moment acting at point O.

Prob. F4-26 z
F, = 100N

F4-27. Replace the loading by an equivalent resultant
force and couple moment acting at point A.

900 N \30°

Prob. F4-27 Prob. F4-30
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. PROBLEMS

4-103. Replace the force system acting on the beam by an 4-107. Replace the force and couple moment system
equivalent force and couple moment at point A. acting on the beam by an equivalent resultant force and

*4-104. Replace the force system acting on the beam by couple moment at point A.

an equivalent force and couple moment at point B. *4-108. Replace the force and couple moment system
acting on the beam by an equivalent resultant force and
couple moment at point O.

3kN

Probs. 4-103/104 200N

Probs. 4-107/108

4-105. Replace the force system by an equivalent resultant

4-109. Replace the forces acting on the gear by an
force and couple moment at point O.

equivalent resultant force and couple moment acting at

4-106. Replace the force system by an equivalent resultant point O.
force and couple moment at point P.

y
455N 12
Vﬁ{
13 T
25m 2m
! ol | |
0.75m l 0.75m
T o Pl
le—1 m—|
600 N 225kN

Probs. 4-105/106 Prob. 4-109



4-110. Determine the magnitude and orientation of 6
of force F and its placement d on the beam so the loading
system is equivalent to a resultant force of 15 kN acting
vertically downward at point O and a clockwise couple
moment of 60 kN - m.

4-111. Determine the magnitude and orientation of 6
of force F and its placement d on the beam so the loading
system is equivalent to a resultant force of 20 kN acting
vertically downward at point O and a clockwise couple
moment of 80 kN - m.

SkN

) X
2KkN-m

Probs. 4-110/111

*4-112. Replace the loading system acting on the beam by
an equivalent resultant force and couple moment at point O.

y
450 N
30°
02m 200N -m
O T I X
‘ A
t=—1.5m 2m 1.5m—
200 N
Prob. 4-112
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4-113. Replace the loading system acting on the post by
an equivalent resultant force and couple moment at point A.

4-114. Replace the loading system acting on the post by
an equivalent resultant force and couple moment at point B.

500N

1500 N - o
/¥ Aa) B

A
1 3m ‘F Sm 1 2 mﬂ‘
Probs. 4-113/114

4-115. The belt passing over the pulley is subjected to
forces F; and F,, each having a magnitude of 40 N. F; acts
in the —k direction. Replace these forces by an equivalent
force and couple moment at point A. Express the result
in Cartesian vector form. Set § = (° so that F, acts in the
—j direction.

*4-116. The belt passing over the pulley is subjected
to two forces F; and F,, each having a magnitude of 40 N.
F, acts in the —k direction. Replace these forces by an
equivalent force and couple moment at point A. Express
the result in Cartesian vector form. Take 6 = 45°.

F,

Probs. 4-115/116
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4-117. Replace the force system acting on the frame by
an equivalent resultant force and couple moment acting at
point A.

400 N

Prob. 4-117

4-118. The forces F; = {—4i + 2j — 3k} kN and F, =
{3i — 4j — 2k} kN act on the end of the beam. Replace
these forces by an equivalent force and couple moment
acting at point O.

Prob. 4-118

4-119. A biomechanical model of the lumbar region of the
human trunk is shown. The forces acting on the four muscle
groups consist of Fr = 35N for the rectus, Fp = 45 N for
the oblique, F; = 23 N for the lumbar latissimus dorsi,
and Fr = 32N for the erector spinae. These loadings
are symmetric with respect to the y—z plane. Replace this
system of parallel forces by an equivalent force and couple
moment acting at the spine, point O. Express the results in
Cartesian vector form.

Prob. 4-119

*4-120. Replace the force system by an equivalent

resultant force and couple moment at point O. Take
F; = {—200i + 500j — 300k} N.

Prob. 4-120



4-121. Replace the loading by an equivalent resultant
force and couple moment at point O.

F,={2i+5j-3Kk kN

| 0.8m
F, = [8i-2K} kN

Prob. 4-121

4-122. Replace the force of F = 80 N acting on the pipe
assembly by an equivalent resultant force and couple
moment at point A.

y

Prob. 4-122

PROBLEMS 189

4-123. The forces and couple moments exerted
on the toe and heel plates of a snow ski are
F, = {—50i + 80j — 158k }N,M; = {—6i + 4j + 2k} N-m,
andF,= { —20i + 60j —250k } N,M,,={ —20i + 8j + 3k } N - m,
respectively. Replace this system by an equivalent force and
couple moment acting at point O. Express the results in
Cartesian vector form.

*4-124. The forces and couple moments exerted
on the toe and heel plates of a snow ski are
F, = {—50i + 80j — 158k}N,M, = {—6i + 4j + 2k} N-m,
andF,= { —20i +60j —250k } N,M,,= { —20i + 8j + 3k } N - m,
respectively. Replace this system by an equivalent force
and couple moment acting at point P. Express the results in
Cartesian vector form.

Probs. 4-123/124

4-125. The crate is on the ground and is to be hoisted
using the three slings shown. Replace the system of forces
acting on the slings by an equivalent resultant force and
couple moment at point O. The force F is vertical.

Prob. 4-125
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(b)
Fig. 4-40

F,

4.8 FURTHER SIMPLIFICATION OF A
FORCE AND COUPLE SYSTEM

In the preceding section, we developed a way to reduce a force and couple
moment system acting on a rigid body into an equivalent resultant force
F acting at a specific point O and a resultant couple moment, (My) .
The force system can be further reduced to an equivalent single resultant
force provided the lines of action of Fz and (My)o are perpendicular
to each other. This occurs when the force system is either concurrent,
coplanar, or parallel.

Concurrent Force System. Since a concurrent force system is
one in which the lines of action of all the forces intersect at a common
point O, Fig. 4-40a, then the force system produces no moment about
this point. As a result, the equivalent system can be represented by a
single resultant force Fr = 3F acting at O, Fig. 4-40b.

Coplanar Force System. In the case of a coplanar force system,
the lines of action of all the forces lie in the same plane, Fig. 4-41a,and so the
resultant force Fr = 3 F of this system also lies in this plane. Furthermore,
the moment of each of the forces about any point O is directed perpendicular
to this plane. Thus, the resultant moment (Mg) and resultant force Fp
will be mutually perpendicular, Fig. 4-41b. The resultant moment can be
replaced by moving the resultant force Fy a perpendicular or moment arm
distance d away from point O such that Fr produces the same moment
(Mg) o about point O, Fig. 4-41c. This distance d can be determined from
the scalar equation (My)p = Frd = SMpord = (Mg)o/Fg.

F,

(2)

Fy

(b) (©)
Fig. 4-41



4.8 FURTHER SIMPLIFICATION OF A FORCE AND COUPLE SYSTEM 191

Here the weights of the traffic lights are replaced by their resultant force W = W; + W,
which acts at a distance d = (Wd; + W,d,)/ Wg from O. Both systems are equivalent.

Parallel Force System. The parallel force system shown in
Fig. 4-42a consists of forces that are all parallel to the z axis. Thus, the
resultant force Fz = XF at point O must also be parallel to this axis,
Fig. 4-42b. The moment produced by each force lies in the plane of
the plate, and so the resultant couple moment, (My) o, will also lie in
this plane, along the moment axis a since Fr and (My) o are mutually
perpendicular. As a result, the force system can be further reduced to an
equivalent single resultant force Fg, acting through point P located on
the perpendicular b axis, Fig. 4—42c. The distance d along this axis from
point O requires (Mg)p = Frd = SMpord = SMy/Fg.

The four cable forces are all concurrent at
- l M P D R T A N T P D l N T point O on this bridge tower. Consequently
they produce no resultant moment there,
only a resultant force Fgp. Note that the

designers have positioned the cables so that
® A concurrent, coplanar, or parallel force system can always be Fy is directed along the bridge tower directly

reduced to a single resultant force acting at a specific point P. For to the support, so that it does not cause any
any other type of force system, the simplest reduction is a wrench, bending of the tower.

which consists of a resultant force and collinear couple moment
acting at a specific point P.

(a) (b) (c)
Fig. 4-42
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Fig. 4-43

FORCE SYSTEM RESULTANTS

In general, a three-dimensional force
and couple moment system will have an equivalent resultant force Fy
acting at point O and a resultant couple moment (Mgy), that are not
perpendicular to one another, as shown in Fig. 4-43a. Although a force
system such as this cannot be further reduced to an equivalent single
resultant force, the resultant couple moment (My)o can be resolved
into components parallel and perpendicular to the line of action of Fp,
Fig. 4-43a. If this appears difficult to do in three dimensions, use the
dot product to get M; = (Mg) *ug, and then M, = M — M. The
perpendicular component M ;| can be replaced if we move Fy, to point P,
a distance d from point O along the b axis, Fig. 4-43b. As shown, this
axis is perpendicular to both the a axis and the line of action of Fg. The
location of P can be determined from d = M | /Fy. Finally, because M,
is a free vector, it can be moved to point P, Fig. 4-43c. This combination
of a resultant force Fz and collinear couple moment M) will tend to
translate and rotate the body about its axis and is referred to as a wrench
or screw. A wrench is the simplest system that can represent any general
force and couple moment system acting on a body.

- PROCEDURE FOR ANALYSIS

The technique used to reduce a coplanar or parallel force system
to a single resultant force follows a similar procedure outlined in
the previous section.

e Establish the x, y, z axes and locate the resultant force Fr an
arbitrary distance away from the origin of the coordinates.

Force Summation.

e The resultant force is equal to the sum of all the forces in the system.

e For a coplanar force system, resolve each force into its x
and y components. Positive components are directed along the
positive x and y axes, and negative components are directed
along the negative x and y axes.

Moment Summation.

e The moment of the resultant force about point O is equal
to the sum of all the couple moments in the system plus the
moments of all the forces in the system about O.

e To find the location d of the resultant force from point O, use
the condition thatd = XM/ Fy.

Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 4.17

Replace the force and couple moment system acting on the beam in
Fig. 4-44a by an equivalent resultant force, and find where its line of
action intersects the beam, measured from point O.

d

_ 4
(Fr)y = 240kN (Fg), = 480 kN

(b)

Fig. 4-44

SOLUTION

Force Summation. Summing the force components,

5 (Fr)y = SF,; (Fg), = 8kN(2) = 480 kN —

+1(Fg)y = 3F,; (Fg), = —4kN + 8kN(%) = 2.40kN
From Fig. 4-44b, the magnitude of Fy is

Fr = V(480kN)2 + (240kN)? = 537kN Ans.
[he angle 6 is
2.40 kN
= -1 = 26.6° Ans.
6 = tan <4.80kN> 6.6 ns.

Moment Summation. We must equate the moment of Fy about
point O in Fig. 4-44b to the sum of the moments of the force and
couple moment system about point O in Fig. 4-44a. Since the line
of action of (Fg), passes through point O, only (Fg), produces a
moment about this point. Thus,

(+ (Mg)o = SMy; 240kN(d) = —(4kN)(1.5m) — 15kN-m

—[8kN(2)](0.5m) + [8kN(%)](45m)

d=225m Ans.
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EXAMPLE 4.18

The jib crane shown in Fig. 4-45a is subjected to three coplanar forces.

! 1m 2m gy lm | Replace this loading by an equivalent resultant force and specify
- L o iy e s where the resultant’s line of action intersects the column AB and
boom BC.
2m 5

SOLUTION
2
il / Force Summation. Resolving the 1-kN force into x and y
4 aa x components and summing the force components yields
A
& 4 (Fp). = SF,; (F). = —(1kN)(2) = 0.7kN = —13kN = 13kN —
y +1(Fg), = 2F,; (Fg),= —(1kN)(3) —03kN = -1.1kN = L1kN{
As shown by the vector addition in Fig. 4-45b,
Fr = V(13kN)? + (1.1kN)? = 1.70kN Ans.
1.1kN
4m = - m ) = ° ;
0 = tan <1.3 kN> 40.2° 7 Ans.
1.3 kN {
4K 1N i Moment Summation. Moments will be summed about point A.
v aal M ¢ = Assuming the line of action of Fy, intersects AB at a distance y from A,
= Fig. 4-45b, we have

(+ (Mg), = SMy; (13kN)(y) + (1.1kN)(0)
= (0.7kN) (2 m) — (0.3 kN) (1 m) — (1 kN) (3) 3m) + (1 kN) (2) (4 m)

y = 0.846 m Ans.

By the principle of transmissibility, Fz can be placed at a distance x
where it intersects BC, Fig. 4-45b. In this case we have

(+ (Mg), = SM,; (1.3kN)(4m) — (1.1kN)(x)
= (0.7kN) (2 m) — (0.3 kN) (1 m) — (1 kN) (3) 3m) + (1 kN) (2) (4 m)

x =373m Ans.



4.8 FURTHER SIMPLIFICATION OF A FORCE AND COUPLE SYSTEM

EXAMPLE 4.19

The slab in Fig. 4-46a is subjected to four parallel forces. Determine
the magnitude and direction of a resultant force equivalent to the
given force system, and locate its point of application on the slab.

z

400 N

195

600 N s -
3 D b
o) X y o)
Q //8“‘/ P(x,y) '/;

(a) (b)
Fig. 4-46

SOLUTION (SCALAR ANALYSIS)

Force Summation. From Fig. 4-464, the resultant force is
+1Fr =3F, Fgr= —600N + 100N — 400N — 500 N

= —1400N = 1400 N| Ans.
Moment Summation. We require the moment about the x axis of
the resultant force, Fig. 4-46b, to be equal to the sum of the moments
about the x axis of all the forces in the system, Fig. 4-46a. The moment
arms are determined from the y coordinates, since these coordinates

represent the perpendicular distances from the x axis to the lines of
action of the forces. Using the right-hand rule, we have

(MR)x = EMX;
— (1400 N)y = 600 N(0) + 100 N(5m) — 400 N(10 m) + 500 N(0)
—1400y = —3500 y = 2.50m Ans.

In a similar manner, a moment equation can be written about the
y axis using moment arms defined by the x coordinates of each force.

(Mg), = 2M,;
(1400 N)x = 600 N(8m) — 100 N(6m) + 400 N(0) + S00N(0)
1400x = 4200
x=3m Ans.

NOTE: A force of Fr = 1400 N placed at point P(3.00 m, 2.50 m) on
the slab, Fig. 4-46b, is therefore equivalent to the parallel force system

acting on the slab in Fig. 4-46a.
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EXAMPLE 4.20

(b)
Fig. 447

o

Refer to the companion website for a self quiz of these
Example problems.

Replace the force system in Fig. 4-47a by an equivalent resultant force
and specify its point of application on the pedestal.

SOLUTION

Force Summation. Here we will demonstrate a vector analysis.
Summing forces,

FR: EF,FR:FA +FB+FC
= {—12k} kKN + {—2k} kKN + {0.4k} kN
= {-2.8k} kN Ans.

Location. Moments will be summed about point O. The resultant
force Fy is assumed to act through point P (x, y, 0), Fig. 4-47b. Thus

(Mg)o = EMy;
rp X Fg = (rg X Fy) + (rp X Fp) + (rc X F¢)
(i + yj) X (—2.8k) = [(0.1i) X (—1.2K)]
+ (=010 + 0.055) X (=2K)] + [(=0.1j) X (0.4K)]
—2.8x(i X k) — 2.8y(j X k) = —0.12(i X k) + 02(i X k)
— 0.1(j X k) — 0.04(j X k)

2.8xj — 2.8yi = 0.12] — 0.20j — 0.1i — 0.04i

Equating the i and j components,

2.8y = —0.14 (1)
y = 0.05m Ans.
2.8x = —0.08 (2)
x = —0.0286 m Ans.

The negative sign indicates that the x coordinate of point P is negative.

NOTE: As demonstrated in Example 4-19, it is also possible to establish
Egs. 1 and 2 directly by summing moments about the x and y axes.
Using the right-hand rule, we have

(Mg), = 2M,; —28y = —04kN(0.1m) — 2kN(0.05m)

(MR)y =3M,;

4 2.8 =12kN(0.1m) — 2kN(0.1 m)
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. FUNDAMENTAL PROBLEMS

4-31. Replace the loading by an equivalent resultant I'4-34. Replace the loading by an equivalent resultant
force and specify where the resultant’s line of action force and specify where the resultant’s line of action
intersects the beam measured from O. intersects the member AB measured from A.
y
y 0.5m
1.5m—
500 N 500 N
250 N 0.5m
0.5m B 5
- 4
8 kN 6 KN 3
5kN
3m
Prob. F4-31
. . A
14-32. Replace the loading by an equivalent resultant S x
force and specify where the resultant’s line of action
intersects the member measured from A. Prob. F4-34
F4-35.  Replace the loading by an equivalent single resultant
200N force and specify the x and y coordinates of its line of action.
! son
‘ 1m Im———1m 30°
A
AN
3 Y 100N
Prob. F4-32
Prob. F4-35

F4-33. Replace the loading by an equivalent resultant F4-36. Replace the loading by an equivalent single
force and specify where the resultant’s line of action resultant force and specify the x and y coordinates of its line
intersects the horizontal segment of the member measured of action.

from A.

Prob. F4-33 Prob. F4-36
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. PROBLEMS

4-126. Determine the magnitude and direction 6 of force
F and its placement d on the beam so that the loading system
is equivalent to a resultant force of 12 kN acting vertically
downward at point A and a clockwise couple moment of
50 kN - m.

4-127. Determine the magnitude and direction 6 of force
F and its placement d on the beam so that the loading system
is equivalent to a resultant force of 10 kN acting vertically
downward at point A and a clockwise couple moment of
45 kN -m.

SkN
3kN

25f|24 F
7 ex
'

FodL

-~

3m i 4m 6m

Probs. 4-126/127

*4-128. Replace the loading acting on the beam by a
single resultant force. Specify where the force acts, measured
from end A.

4-129. Replace the loading acting on the beam by a single
resultant force. Specify where the force acts, measured
from B.

700 N

450 N 300 N 30°

[,
60° ‘

\ BY
A l i
o | e 4500
}——2 m— 4 m ‘ 3m |
Probs. 4-128/129

4-130. Replace the loading on the frame by a single
resultant force. Specify where its line of action intersects a
vertical line along member A B, measured from A.

4-131. Replace the loading on the frame by a single
resultant force. Specify where its line of action intersects a
horizontal line along member CB, measured from end C.

——+ f05m

yooooaNe
%
400N 1.5m &{‘
‘ | 900 N

|
‘ 400 N

| 4
A

o

Probs. 4-130/131

*4-132. Replace the loading on the frame by a single
resultant force. Specify where its line of action intersects a
vertical line along member A B, measured from A.

400 N
200N 200 N

<—0.5 m———0.5 m—
Y

600 N

1.5m

Prob. 4-132



4-133. Replace the loading on the frame by a single
resultant force. Specify where its line of action intersects
member AB, measured from A.

4-134. Replace the loading on the frame by a single
resultant force. Specify where its line of action intersects
member CD, measured from end C.

300N
250N

1m’——2m~><—3m*>‘ 5.4
B \/ 4
\ =—~—~D

Probs. 4-133/134

4-135. Replace the force system acting on the post by a
resultant force, and specify where its line of action intersects
the post AB measured from point A.

*4-136. Replace the force system acting on the post by a
resultant force, and specify where its line of action intersects
the post AB measured from point B.

Probs. 4-135/136
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4-137. The building slab is subjected to four parallel
column loadings. Determine the equivalent resultant force
and specify its location (x, y) on the slab. Take F; = 30 kN,
F, = 40 kN.

4-138. The building slab is subjected to four parallel
column loadings. Determine the equivalent resultant force
and specify its location (x, y) on the slab. Take F; = 20 kN,
F, = 50 kN.

Probs. 4-137/138

4-139. The building slab is subjected to four parallel
column loadings. Determine the equivalent resultant force
and specify its location (x, y) on the slab. Take F; = 8 kN and
F, = 9kN.

*4-140. The building slab is subjected to four parallel
column loadings. Determine F; and F; if the resultant force
acts through point (12 m, 10 m).

Probs. 4-139/140
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4-141. If F4, = 7kN and Fz = SkN, represent the force 4-145. Three parallel bolting forces act on the circular plate.

system by a resultant force, and specify its location on the Determine the resultant force, and specify its location (x, z)
x—y plane. on the plate. 4 = 900N, Fg = 450 N, and Fr = 1.80 kN.

4-142. Determine the magnitudes of F4 and Fg so that the 4-146. The three parallel bolting forces act on the circular
resultant force passes through point O. plate. If the force at A has a magnitude of F, = 900 N,

determine the magnitudes of Fgz and F¢ so that the resultant
force Fr of the system has a line of action that coincides
with the y axis. Hint: This requires XM, = 0 and M, = 0.

Probs. 4-141/142

Probs. 4-145/146

4-143. If F4, = 40kN and Fz = 35kN, determine the
magnitude of the resultant force and specify the location of
its point of application (x, y) on the slab.

4-147. The tube supports the four parallel forces.

*4-144. 1If the resultant force is required to act at the Determine the magnitudes of forces Fo and Fp acting
center of the slab, determine the magnitude of the column at C and D so that the equivalent resultant force of the force
loadings F, and F5 and the magnitude of the resultant force. system acts through the midpoint O of the tube.

Probs. 4-143/144 Prob. 4-147



*4-148. The pipe assembly is subjected to the action of a
wrench at B and a couple at A. Determine the magnitude F
of the couple forces so that the system can be simplified to a
wrench acting at point C.

Prob. 4-148

4-149. The pipe assembly is subjected to the action of a
wrench at B and a couple at A. Simplify this system to a
resultant wrench and specify the location of the wrench
along the axis of pipe CD, measured from point C. Set
F =40N.

Prob. 4-149

PROBLEMS 201

4-150. Replace the three forces acting on the plate by a
wrench. Specify the magnitude of the force and couple
moment for the wrench and the point P(x, y) where the
wrench intersects the plate.

Fj = {-300k} N

F, = {400} N

Prob. 4-150

4-151. Replace the three forces acting on the plate by a
wrench. Specify the magnitude of the force and couple
moment for the wrench and the point P(y, z) where its line
of action intersects the plate.

F,=[250k}N Fz={-400ijN y

Prob. 4-151
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| dF = dA
w = w(x)
0 o =
x | ‘
L |
(b)
w
Fg
C A
0 ="
k¥
L ‘
()
Fig. 4-48

The pile of bricks creates a uniform
distributed loading on the board.

4.9 REDUCTION OF A SIMPLE
DISTRIBUTED LOADING

Sometimes, a body may be subjected to a loading that is distributed
over its surface. For example, wind on the face of a sign, water within a
tank, or the weight of sand on the floor of a storage container all exert
distributed loadings. The pressure caused by these loadings at each point
on the surface represents the intensity of the loading. It is measured
using pascals, Pa, (or N/m?) in SI units.

Loading Along a Single Axis. The most common type of
distributed pressure loading is represented along a single axis.* For
example, consider the beam (or plate) in Fig. 4-48a that has a constant
width and is subjected to a pressure loading that varies only along the
x axis. This loading can be described by the function p = p(x) N/m?
Since it contains only one variable, x, we can represent it as a coplanar
distributed load. To do so, we must multiply it by the width b m of the
beam, so that w(x) = p(x)b N/m, Fig. 4-48b. Using the methods of
Sec. 4.8, we can replace this coplanar parallel force system with a single
equivalent resultant force Fy, Fig. 4-48c.

Magnitude of Resultant Force. The magnitude of Fy is
equivalent to the sum of all the forces in the system, Fr = XF. In
this case integration must be used since there is an infinite number of
parallel forces dF acting on the beam, Fig. 4-48b. Each dF is acting on
an element of length dx, and since w(x) is a force per unit length, then
dF = w(x) dx = dA. For the entire length L,

+{Fg = 3F, = /w(x) dx = /dA =A (4-19)
L A

Therefore, the magnitude of the resultant force is equal to the area A under
the loading diagram, Fig. 4-48c.

*The more general case of a surface loading acting on a body is considered in Sec. 9.5.
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The location x of Fr can be
determined by equating the moments of the force resultant and the
parallel force distribution about point O. Since dF produces a moment
of x dF = x [w(x) dx] about O, Fig. 4-48b, then for the entire length L,
Fig. 4-48c,

U+ (Mg)o = EMo; —XFg = —/xw(x) dx
L

Solving for X, using Eq. 4-19, we have

/wa(x)dx /Adi

X = = (4-20)

/Lw(x) dx /AdA

This coordinate X locates the geometric center or centroid of the area
under the distributed loading. In other words, the line of action of the
resultant force passes through the centroid C (geometric center) of the area
under the loading diagram, Fig. 4—48c.

When the distributed-loading diagram is in the shape of a rectangle,
triangle, or some other simple geometric form, then the centroid location
for such common shapes does not have to be determined from the above
equation. Rather it can be obtained directly from the tabulation given on
the inside back cover.

Once ¥ is determined, Fz by symmetry passes through point (x, 0) on
the surface of the beam in Fig. 4-48a. And so in three dimensions the
resultant force has a magnitude equal to the volume under the loading
curve p = p(x) and a line of action which passes through the centroid
(geometric center) of this volume.

Coplanar distributed loadings are defined by using a loading
function w = w(x) that indicates the intensity of the loading
along the length of a member. This intensity is measured in N/m.

The external effects caused by a coplanar distributed load acting
on a member can be represented by a resultant force.

This resultant is equivalent to the area under the loading
diagram, and has a line of action that passes through the centroid
or geometric center of this area.

X —

L
(©)
Fig. 4-48 (Repeated)

Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 4.21

dA = wdx 5
M ‘
L K

Determine the magnitude and location of the equivalent resultant
force acting on the shaft in Fig. 4-49a.

w
w = (60 x*)N/m 240 N/m

Fr=160N

S f—

Xx=15m

—dx ‘
2 m

(a) (®)

Fig. 4-49
SOLUTION

Since w = w(x) is given, this problem will be solved by integration.

The differential element has an area dA = w dx = 60x? dx. Applying
Eq. 4-19,

+ lFR = EF,
2m 3\ [2m 3 3
220
Fp= / dA = / 60x2 dx = 60("—) = 60(—— —)
A 0 3 /o 3 3
= 160N Ans.
The location X of Fz measured from O, Fig. 4—49b, is determined from
Eq. 4-20.
2m 4\ |2m 4 4
2% 0
/ xdA / x(60x2) dx 60("—) 60(— - —)
_ A 0 4 /1o 4 4
x = = = =
160 N 160 N 160 N
/ dA
A
=15m

Ans.

NOTE: These results can be checked by using the table on the inside
back cover, where it is shown that the formula for an exparabolic area
of length a, height b, and shape shown in Fig. 4-49a, is

ab  2m(240N/m)

__3 _3 B
A= 3 f—160Nandx—4a—4(2m) =15m
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EXAMPLE 4.22

A distributed loading of p = (800x) Pa acts over the top surface of
the beam shown in Fig. 4-50a. Determine the magnitude and location
of the equivalent resultant force.

- 7200 Pa

(@)

SOLUTION

Since the loading intensity is uniform along the width of the beam
(the y axis), the loading can be viewed in two dimensions as shown
in Fig. 4-50b. Here

w = (800x N/m?)(0.2m)
= (160x) N/m

Atx = 9m, w = 1440 N/m. Although we may again apply Eqgs. 4-19
and 4-20 as in the previous example, it is simpler to use the table on
the inside back cover.

The magnitude of the resultant force is equivalent to the area of the
triangle.

Fr = %(9 m) (1440 N/m) = 6480 N = 6.48 kN Ans.

The line of action of Fg passes through the centroid C of this triangle.
Hence,

¥=9m—%9m) =6m Ans.

The results are shown in Fig. 4-50c.

NOTE: We may also view the resultant Fy as acting through the centroid
of the volume of the loading diagram p = p(x) in Fig. 4-50a. Then
Fr intersects the x—y plane at the point (6 m, 0). Furthermore, the
magnitude of Fy is equal to the volume under this loading diagram;i.e.,

Fr =V =247200N/m?)(9m)(02m) = 648kN  Ans.

¢ w = 160x N/m 1440 N/m

Fig. 4-50
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EXAMPLE 4.23

1500 N/m The granular material exerts the distributed loading on the beam as

shown in Fig. 4-51a. Determine the magnitude and location of the
750 N/m  equivalent resultant of this load.
A B

| SOLUTION

The area of the loading diagram is a trapezoid, and therefore the

solution can be obtained directly from the area and centroid formulas

for a trapezoid listed on the inside back cover. Since these formulas

are not easily remembered, instead we will solve this problem by

using “composite” areas. Here we will divide the trapezoidal loading

into a rectangular and triangular loading as shown in Fig. 4-51b. The

magnitude of the force represented by each of these loadings is equal

to its associated area,

F; =13 m)(750 N/m) = 1125 N

X

3m F2
(®)

(3 m)(750 N/m) = 2250 N

The lines of action of these parallel forces act through the respective
centroids of their associated areas. Using the table on the inside back
cover for the triangle, we have

% =1i3m)=1m
% =1i3m)=15m

The two parallel forces F; and F, can be reduced to a single resultant
Fg. The magnitude of Fy is

+|Fgr = SF. Fp = 1125 + 2250 = 3.375(10°) N = 338kN  Ans.

We can find the location of Fy with reference to point A, Figs. 4-51b
and 4-51c. We require
[+ (Mg)a = SMy;  x(3375) = 1(1125) + 1.5(2250)
x=133m Ans.

NOTE: The trapezoidal area in Fig. 4-51a can also be divided into two
triangular areas as shown in Fig. 4-51d. In this case

F; = (3 m)(1500 N/m) = 2250 N
F, = 13 m)(750 N/m) = 1125N

and
X =33m)=1m

Xy =33m)=2m

Refer to the companion website for a self quiz of these

Example problems. Using these results, show again that Fr = 3.38 kN and x = 1.33 m.
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*4-152. Replace the distributed loading with an
equivalent resultant force, and specify its location on the
beam, measured from O.

3kN/m

3m 1.5m—

Prob. 4-152

4-153. Replace the loading by an equivalent resultant
force and specify its location on the beam, measured from A.

w
5SkN/m
2 kN/m
X
Al
_O
;— 4m ;— 2m-—=
Prob. 4-153

4-154. Replace this loading by an equivalent resultant
force and specify its location, measured from point O.

6 kN/m
4 kKN/m
0 ¥ y ¥ 'y m\
|
2m } 1.5m }
Prob. 4-154

4-155. Replace the distributed loading by an equivalent
resultant force, and specify its location on the beam,
measured from the pin at A.

4 kN/m

Prob. 4-155

*4-156. Replace the loading by an equivalent resultant
force and couple moment acting at point O.

8 kN/m
SkN/m
0| ¥ .
| S
‘F 1.5m l 0.75m } 0.75 m‘"
Prob. 4-156

4-157. Determine the length b of the triangular load and its
position a on the beam such that the equivalent resultant force
is zero and the resultant couple moment is 8 kN - m clockwise.

T
T

4m

2kN/m

Prob. 4-157
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4-158. Replace the distributed loading by an equivalent
resultant force and couple moment acting at point A.

6 kN/m 6 kN/m

3kN/m

Prob. 4-158

4-159. Replace the loading by an equivalent force and
couple moment acting at point O.

‘ e
; =)
|

7.5 m 4.5 m

6 kN/m 15 kN
vn 1111 ]
=
o
!

Prob. 4-159

*4-160. Replace the loading by a single resultant force, and
specify the location of the force measured from point O.

6KN/m 15kN

o {11
/\ Y
0O

\

N\

. A

7.5m 4.5m

Prob. 4-160

4-161. Determine the equivalent resultant force and
couple moment at point O.
w

9 kN/m

w = (3x°) kN/m

3

Prob. 4-161
4-162. The form is used to cast a concrete wall having a
width of 5 m. Determine the equivalent resultant force the wet
concrete exerts on the form AB if the pressure distribution
due to the concrete can be approximated as shown. Specify

the location of the resultant force, measured from point B.
B

Prob. 4-162
4-163. If the soil exerts a trapezoidal distribution of load on
the bottom of the footing, determine the intensities wy and w,
of this distribution needed to support the column loadings..

80 kN
60 kN

| 50 kN
2.5m 35m <+

Im

1m

Prob. 4-163



*4-164. Replace the loading on the beam by an equivalent
resultant force and specify its location, measured from point A.

2.5kN/m
1.5kN
0.5 kN/m
\d
A
| L
Prob. 4-164

4-165. Replace the loading by an equivalent resultant
force and couple moment acting at point A.

4-166. Replace the loading by a single resultant force, and
specify its location on the beam measured from point A.

400 N/m

Probs. 4-165/166

4-167. Replace the loading by an equivalent resultant
force and couple moment at point A.

1kN/m

2 kN/m

Prob. 4-167

PROBLEMS 209

*4-168. Determine the length b of the triangular load and
its position a on the beam so that the equivalent resultant
force is zero and the resultant couple moment is 8 kN - m
clockwise.

9m

Prob. 4-168

4-169. Replace the distributed loading by an equivalent
resultant force and specify where its line of action intersects
a horizontal line along member A B, measured from A.

4-170. Replace the distributed loading by an equivalent
resultant force and specify where its line of action intersects
a vertical line along member BC, measured from C.

3kN/m

2 kN/m

cdr

Probs. 4-169/170
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4-171. Replace the loading by an equivalent resultant
force and specify its location on the beam, measured from
point O.

5 kN/m 4kN/m

2kN/m

Prob. 4-171

*4-172. The loading on the bookshelf is distributed as
shown. Determine the magnitude of the equivalent resultant
location, measured from point O.

| |
LTI (LT T

1.5m 0.5 ma‘

Prob. 4-172

4-173. Determine the equivalent resultant force of the
distributed loading and its location, measured from point A.
Evaluate the integrals using Simpson’s rule.

w
w= [5x+ (16 +x2)12 kKN/m 5.07 kN/m
2 kN/m
X
AlR
<
} 3m } 1 m—

Prob. 4-173

4-174. Replace the distributed loading with an equivalent
resultant force, and specify its location on the beam
measured from point A.

W = (=% = 4x + 60) kN/m

B

6m |

Prob. 4-174

4-175. Wet concrete exerts a pressure distribution along
the wall of the form. Determine the resultant force of this
distribution and specify the height & where the bracing strut
should be placed so that it lies through the line of action of
the resultant force. The wall has a width of 5 m.

Prob. 4-175

*4-176. Replace the loading by an equivalent resultant
force and couple moment acting at point O.

w

w = wq cos (Z.x)

i L

Prob. 4-176
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CHAPTER REVIEW

Moment of Force —Scalar Definition Moment axis

A force produces a turning effect or |
moment about a point O that does
not lie on the force’s line of action. In :
scalar form, the moment magnitude
is the product of the force and the _ CTDMO
moment arm or perpendicular Mo = Fd
distance from point O to the line of d

. F o
action of the force.
The direction of the moment is defined
using the right-hand rule. M, always
acts along an axis perpendicular to the
plane containing F and d, and passes
through point O.

Principle of Moments y

Rather than finding d, it is normally
easier to resolve the force into its x F
and y components, determine the
moment of each component about
the point, and then sum the results. Mo = Fd = Fy — Fx ; e

»pMo
o

Moment of a Force — Vector Definition

Since three-dimensional geometry is
generally more difficult to visualize,
the vector cross product should be
used to determine the moment. Here
M, = r X F, where r is a vector that
extends from point O to any point A, B,
or C on the line of action of F.

MOZI'AXF:l'BXF:l'CxF

X
If the position vector r and force F are i j ok
expressed as Cartesian vectors, then _ _
the cross product can be evaluated Mo =rxXF=\r. r r
from the expansion of a determinant. e Fy F;
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Moment about an Axis

If the moment of a force F is to be
determined about an arbitrary axis a,
then for a scalar solution the moment
arm, or shortest distance d, from
the line of action of the force to the M. = Fd
axis must be used. This distance is ¢ ¢
perpendicular to both the axis and
the line of action of the force.

Note that when the line of action of F
intersects the axis, then the moment
of F about the axis is zero. Also, when
the line of action of F is parallel to
the axis, the moment of F about the u I
axis is zero. ¢

N

-

In three dimensions, the scalar triple
product should be used. Here u, is the
unit vector that specifies the direction
of the axis, and r is a position vector F,
that is directed from any point on
the axis to any point on the line of ,
action of the force. If M, is calculated
as a negative scalar, then the sense of
direction of M, is opposite to u,,.

<
i~}
<
i~}
<
)
)

<
o

=
\:11 <
e:q N‘
Neo
O

Axis of projection

Couple Moment

A couple consists of two equal
but opposite forces that act a
perpendicular distance d apart.
Couples tend to produce a rotation
without translation.

The magnitude of the couple moment M = Fd
is M = Fd, and its direction is
established using the right-hand rule.

If the vector cross product is used to
determine the moment of a couple,
then r extends from any point on the
line of action of one of the forces to
any point on the line of action of the
other force F that is used in the cross
product.

M=rXF
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Simplification of a Force and
Couple System

Any system of forces and couples can
be reduced to a single resultant force
and resultant couple moment acting
at a point. The resultant force is the
sum of all the forces in the system,
Fr = 3F, and the resultant couple
moment is equal to the sum of the
moments of all the forces about the
point O and the sum of the couple
moments, (Mg)p = My + M.

Further simplification to a single
resultant force is possible provided
the force system is concurrent,
coplanar, or parallel. To find the
location of the resultant force from a
point, it is necessary to equate the
moment of the resultant force about
the point O to the moment of the
forces and couples in the system
about the same point.

If the resultant force and couple
moment at a point are not
perpendicular to one another, then
this system can be reduced to a
wrench, which consists of the resultant
force and collinear couple moment.

Coplanar Distributed Loading

A simple distributed loading can be
represented by its resultant force,
which is equivalent to the area under
the loading curve. This resultant has
a line of action that passes through
the centroid or geometric center of
the area or volume under the loading
diagram.
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. REVIEW PROBLEMS

R4-1. Replace the force F having a magnitude of R4-3. The boom has a length of 9 m, a mass of 400 kg,

F = 500 N and acting at point A by an equivalent force and and mass center at G. If the maximum moment that can be

couple moment at point C. developed by a motor at A is M = 30 kN - m, determine the
maximum load W, having a mass center at G’, that can be
lifted.

b4
A
15m
¢ " IYF
><
X 10 m
75m Prob. R4-3
B sm y

Prob. R4-1

R4-2. Friction on the concrete surface creates a couple
moment of My = 100 N-m on the blades of the trowel.
Determine the magnitude of the couple forces so that the
resultant couple moment on the trowel is zero. The forces
lie in a horizontal plane and act perpendicular to the handle
of the trowel.

R4-4. The hood of the automobile is supported by the
strut AB, which exerts a force of F = 120 N on the hood.
Determine the moment of this force about the hinged axis y.

Prob. R4-2 Prob. R4-4



R4-5. Replace the force system acting on the frame by a
resultant force, and specify where its line of action intersects
member AB, measured from point A.

~—0.8 m— Im——
B

————X

2kN

Prob. R4-5

R4-6. Replace the distributed loading by an equivalent
resultant force, and specify its location on the beam,
measured from the pin at C.

10 kN/m

3m 3m

Prob. R4-6
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R4-7. Replace the force and couple system by an
equivalent force and couple moment at point P.

y
3m——-
8 kN'm
O P Y
\\ 3 m-—
6 kN 4kN
4m
Sm
1B3fl12 60°
5 X y
+—da
e——4m-—
Prob. R4-7

R4-8. The building slab is subjected to four parallel
column loadings. Determine the equivalent resultant
force and specify its location (x, y) on the slab. Take
F; = 30kN, F, = 40 kN.

Prob. R4-8




CHAPTER D

It is important to be able to determine the forces in the cables used to support this
boom to ensure that the boom does not fail. In this chapter we will study how to
apply equilibrium methods to determine the forces acting on the supports of a rigid
body such as this.




Lecture Summary and Quiz,

I ‘ } Example, and Problem-
\ , solving videos are available

where this icon appears.

. CHAPTER OBJECTIVES

m To develop the equations of equilibrium.

m To introduce the concept of the free-body diagram.

m To show how to solve rigid-body equilibrium problems in two
and three dimensions.

9.1 CONDITIONS FOR RIGID-BODY . F
EQUILIBRIUM \ /

In this section, we will develop both the necessary and sufficient 0. \
conditions for the equilibrium of the rigid body in Fig. 5-1a. As shown, /MZ
this body is subjected to an external force and couple moment system

that is the result of the effects of gravitational, electrical, magnetic, -—

or contact forces caused by supports or adjacent bodies. The internal s Fig. 5—1\ K,
forces caused by interactions between particles within the body are not

shown in this figure, because these forces occur in equal but opposite M, (a)

collinear pairs and hence will cancel out, a consequence of Newton’s

third law.

217
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(b)

()
Fig. 5-1 (cont.)

Using the methods of the previous chapter, the force and couple moment
system acting on a body can be reduced to an equivalent resultant force and
resultant couple moment at any arbitrary point O on or off the body, Fig.
5-1b. If these two resultants are both equal to zero, then the body is said
to be in equilibrium, which means it is at rest or will move with constant
velocity. Mathematically, the equilibrium of a body is expressed as

Fe=3F=0 (5-1)
(Mg)o =3Mp =10

The first of these equations states that the sum of the forces acting on the body
is equal to zero. The second equation states that the sum of the moments of
all the forces in the system about point O, added to all the couple moments,
is equal to zero. These two equations are not only necessary for equilibrium,
they are also sufficient. To show this, consider summing moments about
some other point, such as point A in Fig. 5-1c. We require

EMAzl'XFR+(MR)0=0

Since r # 0, this equation is satisfied if Eqs. 5-1 are satisfied, namely
FR = 0 and (MR)O =0.

When applying the equations of equilibrium, we will assume that the
body remains rigid. In reality, all bodies deform when subjected to loads;
however, most engineering materials such as steel and concrete are very
stiff and so their deformation is usually very small. Therefore, when
applying the equations of equilibrium, we can generally assume that the
body will remain rigid and not deform under the applied load without
introducing any significant error. This way the direction of the applied
forces and their moment arms with respect to a fixed reference remain
the same both before and after a load is applied.

Refer to the companion website for Lecture
Summary and Quiz videos.

EQUILIBRIUM IN TWO DIMENSIONS

In the first part of the chapter, we will consider the case where the force
system acting on a rigid body lies in or may be projected onto a single
plane and, furthermore, any couple moments acting on the body are
directed perpendicular to this plane. This type of force and couple system
is often referred to as a two-dimensional or coplanar force system. For
example, the airplane in Fig. 5-2 has a plane of symmetry through its
center axis, and so the loads acting on the airplane are symmetrical with
respect to this plane. Thus, each of the two wing tires will support the
same load T, which is represented on the side (two-dimensional) view of
the plane as 2T.



9.2 FREE-BODY DIAGRAMS

Successful application of the equations of equilibrium, which will
be discussed in Sec. 5.3, requires a complete specification of all the
known and unknown external forces that act on the body. The best
way to account for these forces is to draw a free-body diagram of the
body. This diagram is a sketch of the outlined shape of the body, which
represents it as being isolated or “free” from its surroundings, i.e., a
“free body.” On this sketch it is necessary to show all the forces and
couple moments that the supports and the surroundings exert on the
body, so that these effects can be accounted for when the equations
of equilibrium are applied. A thorough understanding of how to draw
a free-body diagram is of primary importance for solving problems in
mechanics.

Before presenting a formal procedure as
to how to draw a free-body diagram, we will first consider the various
types of reactions that occur at supports and at points of contact between
bodies subjected to coplanar force systems. As a general rule,

® A support prevents the translation of a body by exerting a force on
the body.

® A support prevents the rotation of a body by exerting a couple
moment on the body.

For example, let us consider three ways in which a horizontal member,
such as a beam, is supported at its end. One method consists of a roller
or cylinder, Fig. 5-3a. Since this support only prevents the beam from
translating in the vertical direction, the roller will only exert a force on
the beam in this direction, Fig. 5-3b.

The beam can be supported in a more restrictive manner by using a
pin, Fig. 5-3c. The pin passes through a hole in the beam and two leaves
which are fixed to the ground. Here the pin can prevent translation
of the beam in any direction ¢, Fig. 5-3d, and so the pin must exert a
force F on the beam in the opposite direction. For purposes of analysis,
it is generally easier to represent this resultant force F by its two
rectangular components F, and F,, Fig. 5-3e. Once these components are
known, then F and ¢ can be calculated.

The most restrictive way to support the beam would be to use a fixed
support as shown in Fig. 5-3f. This support will prevent both translation
and rotation of the beam. As a result, a force and couple moment must be
developed on the beam at its point of connection, Fig. 5-3g. As in the case
of the pin, the force is usually represented by its rectangular components F,
and F,,.

Table 5-1 lists other common types of supports for bodies subjected to
coplanar force systems. (In all cases the angle 6 is assumed to be known.)
Carefully study each of the symbols used to represent these supports and
the types of reactions they exert on their contacting members.

5.2 FRee-Boby DIAGRAMS

— O

e .

roller
(a)

T member
= pin

leaves
KA

pin
(©)

fixed support

() (@
Fig. 5-3
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TABLE 5-1 Supports for Rigid Bodies Subjected to Two-Dimensional Force Systems

Types of Connection Reaction Number of Unknowns
(1)
0 0 One unknown. The reaction is a tension force which acts
F away from the member in the direction of the cable.
cable
o)

7
0

o or o One unknown. The reaction is a force which acts along
the axis of the link.

F F
weightless link
3)

One unknown. The reaction is a force which acts

v perpendicular to the surface at the point of contact.
roller F

0 One unknown. The reaction is a force which acts

perpendicular to the surface at the point of contact.
F

rocker

One unknown. The reaction is a force which acts
perpendicular to the surface at the point of contact.

smooth contacting
surface

K % o ‘W One unknown. The reaction is a force which acts
g F F perpendicular to the slot.

roller or pin in
confined smooth slot

7)
: or
One unknown. The reaction is a force which acts
0 0 0 perpendicular to the rod.
F

member pin connected
to collar on smooth rod

continued
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TABLE 5-1 Continued

Types of Connection Reaction Number of Unknowns

(®) / F

g Two unknowns. The reactions are two components of
0 or ¢ force, or the magnitude and direction ¢ of the resultant
force. Note that ¢ and ¢ are not necessarily equal [usually
not, unless the rod shown is a link as in (2)].

smooth pin or hinge

</ (

©)

Two unknowns. The reactions are the couple moment and

" the force which acts perpendicular to the rod.
F
member fixed connected
to collar on smooth rod
(10)
Fy F
0 F b Three unknowns. The reactions are the couple moment
E . ; or and the two force components, or the couple moment and
M M the magnitude and direction ¢ of the resultant force.

fixed support

Typical examples of actual supports are shown in the following sequence of photos. The numbers refer to the
connection types in Table 5-1.

This concrete girder
rests on the ledge that
is assumed to act as
a smooth contacting
surface. (5)

The cable exerts a force on the bracket ~ The rocker support for this
in the direction of the cable. (1) bridge girder allows horizontal
movement so the bridge is free
to expand and contract due to a
change in temperature. (4)

The floor beams of this
building are welded
together and thus form

Typical pin support for a beam. (8) fixed connections. (10)
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As stated in Sec. 5.1, the internal forces that act
between adjacent particles in a body always occur in collinear pairs such
that they have the same magnitude and act in opposite directions (Newton’s
third law). Since these forces cancel each other, they will not create an
external effect on the body. It is for this reason that the internal forces
should not be included on the free-body diagram if the entire body is to
be considered. For example, the engine shown in Fig. 5-4a has a free-body
diagram shown in Fig. 5-4b. The internal forces between all its connected
parts, such as the screws and bolts, will cancel out because they form equal
and opposite collinear pairs. Only the external forces Ty and T, exerted by
the chains and the engine weight W, are shown on the free-body diagram.

(a) (b)

Fig. 5-4

When a body is within
a gravitational field, then each of its particles has a specified weight. It
was shown in Sec. 4.8 that such a system of forces can be reduced to a
single resultant force acting through a specified point. We refer to this
force resultant as the weight W of the body and to the location of its
point of application as the center of gravity. The methods used for its
determination will be developed in Chapter 9.

In the examples and problems that follow, if the weight of the body
is important for the analysis, this force will be reported in the problem
statement. Also, when the body is uniform or made from the same
material, the center of gravity will be located at the body’s geometric
center or centroid, however, if the body consists of a nonuniform
distribution of material, or has an unusual shape, then the location of its
center of gravity G will be given.

When an engineer performs a force analysis of
any object, he or she considers a corresponding analytical or idealized
model that gives results that approximate as closely as possible the
actual situation. To do this, careful choices have to be made so that
selection of the type of supports, the material behavior, and the object’s
dimensions can be justified. This way one can feel confident that any



design or analysis will yield results which can be trusted. In complex
cases this process may require developing several different models of the
object that must be analyzed. However, in any case, this selection process
requires both skill and experience.

The following two cases illustrate what is required to develop a proper
model. In Fig. 5-5a, the steel beam is to be used to support the three
roof joists of a building. For a force analysis it is reasonable to assume
the material (steel) is rigid since only very small deflections will occur
when the beam is loaded. A bolted connection at A will allow for any
slight rotation that occurs here when the load is applied, and so a pin
can be considered for this support. At B a roller can be considered since
this support offers no resistance to horizontal movement. Building code
is used to specify the roof loading A so that the joist loads F can be
calculated. These forces are intended to be larger than any actual loading
on the beam since they account for extreme loading cases and for
dynamic or vibrational effects. Finally, the weight of the beam is generally
neglected when it is small compared to the load the beam supports. The
idealized model of the beam is therefore shown with average dimensions
a, b, c,and d in Fig. 5-5b.

As a second case, consider the lift boom in Fig. 5-6a. By inspection, it
is supported by a pin at A and by the hydraulic cylinder BC, which can
be approximated as a weightless link. The material can be assumed rigid,
and with its density known, the weight of the boom and the location of its
center of gravity G are determined. When a design loading P is specified,
the idealized model shown in Fig. 5-6b can be used for a force analysis.
Average dimensions (not shown) are used to specify the location of the
loads and the supports.

Idealized models of specific objects will be given in some of the
examples throughout the text. In all cases, it should be realized, however,
that each case represents the reduction of a practical situation using
simplified assumptions like the ones illustrated here.

Fig. 5-6
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No equilibrium problem should be solved without first drawing
the free-body diagram, so as to account for all the forces and
couple moments that act on the body.

If a support prevents translation of a body, then the support, when
it is removed, exerts a force on the body.

If rotation is prevented, then the support, when it is removed,
exerts a couple moment on the body.

Study Table 5-1.

Internal forces are never shown on the free-body diagram since they
occur in equal but opposite collinear pairs and therefore cancel out.

The weight of a body is an external force, and its effect is
represented by a single resultant force acting through the body’s
center of gravity G.

Couple moments can be placed anywhere on the free-body
diagram since they are free vectors. Forces can act at any point
along their lines of action since they are sliding vectors.

- PROCEDURE FOR ANALYSIS

To construct a free-body diagram for a rigid body or any group of
bodies considered as a single system, the following steps should be
performed:

Draw Outlined Shape.

Imagine the body to be isolated or cut “free” from its constraints
and connections and draw (sketch) its outlined shape. Be sure to
remove all the supports from the body.

Show All Forces and Couple Moments.

Identify all the known and unknown external forces and couple
moments that act on the body. Those generally encountered are due
to (1) applied loadings, (2) reactions occurring at the supports or at
points of contact with other bodies (see Table 5-1), and (3) the weight
of the body. To account for all these effects, it may help to trace over the
boundary, carefully noting each force or couple moment acting on it.

Identify Each Loading and Give Dimensions.

The forces and couple moments that are known should be labeled
with their proper magnitudes and directions. Letters are used to
represent the magnitudes and direction angles of forces and couple
moments that are unknown. Finally, indicate the dimensions of the
body necessary for calculating the moments of forces.
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EXAMPLE 5.1

Draw the free-body diagram of the uniform beam shown in Fig. 5-7a.
The beam has a mass of 100 kg.

—2m—] 1200N

\ 6m \

(a)

SOLUTION

The free-body diagram of the beam is shown in Fig. 5-7b. Since the
support at A is fixed, the wall exerts three reactions on the beam,
denoted as A,, A, and M. The magnitudes of these reactions are
unknown, and their sense has been assumed. The weight of the beam,
W = 100(9.81) N = 981 N, acts through the beam’s center of gravity G,
which is 3 m from A since the beam is uniform.

y 1200 N

“* 2m— P
x Ay A Effect of applied

v force acting on beam
A e (— G |
Effect of fixed A ’
support acting
on beam M 3m ‘N
981 N

Effect of gravity (weight)
acting on beam

(b)
Fig. 5-7
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EXAMPLE 5.2

Fig. 5-8

EQuILIBRIUM OF A RIGID BoDY

Draw the free-body diagram of the foot lever shown in Fig. 5-8a.
The operator applies a vertical force to the pedal so that the spring is
stretched 50 mm. and the force on the link at B is 100 N.

F
-
45¢mrn
¥
V 30vmm
=3 kN/m
150 mm
(b)
F 100N
C >
B
1§0 N 45 mm
x - 30 mm
O t
=5 AR) A
150 mm
A,
(c)
SOLUTION

Byinspectionof the photo the leverisloosely bolted to the frame at A and
so this bolt acts as a pin. (See (8) in Table 5-1.) Although not shown here
the link at B is pinned at both ends and so it is like (2) in Table 5-1. After
making the proper measurements, the idealized model of the lever is
shown in Fig. 5-8b.From this, the free-body diagram is shown in Fig. 5-8c.
Since the pin at A is removed, it exerts force components A, and A,
on the lever. The link exerts a force of 100 N, acting in the direction
of the link. In addition the spring also exerts a horizontal force on the
lever. If the stiffness is measured and found to be k = 3(10°) N/m,
then since the stretch s = (50 mm) (m) = 0.05 m, using Eq. 3-2,
F, = ks = [3(10°) N/m](0.05 m) = 150 N. Finally, the operator’s
shoe applies a vertical force of F on the pedal. The dimensions of the
lever are also shown on the free-body diagram, since this information
will be useful when calculating the moments of the forces. As usual,
the senses of the unknown forces at A have been assumed. The correct
senses will become apparent after solving the equilibrium equations.
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EXAMPLE 5.3

Two smooth pipes, each having a mass of 300 kg, are supported by the
forked tines of the tractor in Fig. 5-9a. Draw the free-body diagrams
for each pipe and both pipes together.

Effect of B acting on A

Effect of sloped
blade acting on A

Effect of sloped

Effect of gravity F  fork acting on A

(weight) acting on A

SOLUTION

The idealized model from which we must draw the free-body diagrams
is shown in Fig. 5-9b. Here the pipes are identified, the dimensions
have been added, and the physical situation reduced to its simplest
form.

Removing the surfaces of contact, the free-body diagram for pipe A
is shown in Fig. 5-9c. Its weight is W = 300(9.81) N = 2943 N.
Assuming all contacting surfaces are smooth, the reactive forces T, F, R
act in a direction normal to the tangent at their surfaces of contact.

The free-body diagram of the isolated pipe B is shown in Fig. 5-9d.
Can you identify each of the three forces acting on this pipe? Note that
R representing the force of A on B, Fig. 5-9d, is equal and opposite
to R representing the force of B on A, Fig. 5-9c.

The free-body diagram of both pipes combined (“system”) is shown
in Fig. 5-9e. Here the contact force R, which acts between A and B, is
considered an internal force and hence is not shown on the free-body
diagram. That is, it represents a pair of equal but opposite collinear
forces which cancel each other.
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EXAMPLE 5.4

Draw the free-body diagram of the unloaded platform that is
suspended off the edge of the oil rig shown in Fig. 5-10a. The platform
has a mass of 200 kg.

T

709 SOLUTION
1 The idealized model of the platform will be considered in two
G 1m dimensions because by observation the loading and the dimensions
A, t — are all symmetrical about a vertical plane passing through its center,
T«1.40 m-| Fig. 5-10b.The connection at A is considered to be a pin, and the cable
A, Wi supports the platform at B. The direction of the cable and average
1962 N dimensions of the platform are listed, and the center of gravity G

has been determined. It is from this model that we have drawn the
free-body diagram shown in Fig. 5-10c. The platform’s weight is
200(9.81) = 1962 N. The supports have been removed, and the
@ force components A, and A, along with the cable force T represent

the reactions that both pins and both cables exert on the platform,
T e TSR GRS Fig. 5-10a. As a result, half their magnitudes are developed on each
Example problems. side of the platform.
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5-1. Draw the free-body diagram for the following
problems.

a) The beam in Prob. 5-10.
b) The beam in Prob. 5-11.
¢) The beam in Prob. 5-12.
d) The beam in Prob. 5-13.

5-2. Draw the free-body diagram for the following
problems.

a) The beam in Prob. 5-15.
b) The beam in Prob. 5-16.
¢) The rod in Prob. 5-17.

d) The frame in Prob. 5-18.

5-3. Draw the free-body diagram for the following
problems.

a) The rod in Prob. 5-19.

b) The lamp in Prob. 5-20.

¢) The beam in Prob. 5-21.

d) The assembly in Prob. 5-23.

*5-4, Draw the free-body diagram for the following
problems.

a) The rocker arm in Prob. 5-24.
b) The bar in Prob. 5-26.
¢) The disk in Prob. 5-30.

5-5. Draw the free-body diagram for the following
problems.

a) The clamp in Prob. 5-31.
b) The crane in Prob. 5-33.

¢) The jib crane in Prob. 5-34.
d) The strip in Prob. 5-36.

5-6. Draw the free-body diagram for the following
problems.

a) The beam in Prob. 5-38.

b) The bulk head in Prob. 5-39.
c¢) The bar in Prob. 5-40.

d) The rod in Prob. 5-42.

5-7. Draw the free-body diagram for the following
problems.

a) The boom in Prob. 5-43.

b) The beam in Prob. 5-46.

¢) The hand truck and its contents in Prob. 5-48.
d) The brake pedal in Prob. 5-52.

*5-8. Draw the free-body diagram for the following
problems.

a) The boom frame in Prob. 5-53.
b) The beam in Prob. 5-54.

¢) The rod in Prob. 5-56.

d) The crane in Prob. 5-57.

5-9. Draw the free-body diagram for the following
problems.

a) The hatch door in Prob. 5-59.
b) The rod in Prob. 5-61.
c¢) The bar in Prob. 5-63.
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9.3 EQUATIONS OF EQUILIBRIUM

In Sec. 5.1 we developed the two equations which are both necessary
and sufficient for the equilibrium of a rigid body, namely, 3F = 0 and
>M, = 0. When the body is subjected to a system of forces, which all
lie in the x—y plane, then the forces can be resolved into their x and y
components. Consequently, the conditions for equilibrium in two
dimensions then become

3F,=0
SF, =0 (5-2)
EMO =0

Here XF, and XF, represent, respectively, the algebraic sums of
the x and y components of all the forces acting on the body, and
3 M, represents the algebraic sum of all the couple moments and the
moments of all the forces about an arbitrary point O.

Alternative Sets of Equilibrium Equations. Although
Eqgs. 5-2 are most often used for solving coplanar equilibrium problems,
two alternative sets of three independent equilibrium equations may also
be used. One such set is

© SF, =0
SM,y =0 (5-3)
EMB =0

When using these equations it is required that a line passing through
points A and B is not parallel to the y axis. To show that these equations
provide the conditions for equilibrium, consider the free-body diagram
of the plate shown in Fig. 5-11a. Using the methods of Sec. 4.7 all the
forces on the free-body diagram are first replaced by an equivalent
resultant force F, = XF, and aresultant couple moment (MR) 4 = SMy,
Fig. 5-11b. If M4 = 0 is satisfied, it is necessary that (MR) 4=0.
If XF, = 0 is satisfied, then Fyp must have no component along the

x axis, and therefore it must be parallel to the y axis, Fig. 5-11c. Finally, if
2 My = 0, where B does not lie on the line of action of Fg, then F; = 0

(©)
Fig. 5-11 and therefore the plate in Fig. 5-11a must be in equilibrium.



A second alternative set of equilibrium equations is

5.3 EQUATIONS OF EQUILIBRIUM

EMA =0
EMB =0 (5_4)
EMC =0

Here it is necessary that points A, B, and C do not lie on the same line. To
show that these equations, when satisfied, ensure equilibrium, consider
again the free-body diagram in Fig. 5-11b. If M, = 0 is to be satisfied,
then <MR>A = 0. If M, = 0 is satisfied, then the line of action of Fy
passes through point C, Fig. 5-11c. Finally, if X Mg = 0 is satisfied, then
Fr = 0, and so the plate in Fig. 5-11a must be in equilibrium.

- PROCEDURE FOR ANALYSIS

Coplanar force equilibrium problems can be solved using the
following procedure.

Free-Body Diagram.

Establish the x, y coordinate axes in any suitable orientation.
Remove all supports and draw an outlined shape of the body.
Show all the forces and couple moments acting on the body.

Label all the loadings and specify their directions relative to
the x or y axis. The sense of a force or couple moment having an
unknown magnitude but known line of action can be assumed.

Indicate the dimensions of the body necessary for calculating
the moments of forces.

Equations of Equilibrium.

Apply the moment equation of equilibrium, > M, = 0, about a
point O that lies at the intersection of the lines of action of two
unknown forces. In this way, the moments of these unknowns
are zero about O, and a direct solution for the third unknown
can be determined.

When applying the force equilibrium equations, 3 F, = 0 and
2 F, = 0, orient the x and y axes along lines that will provide the
simplest resolution of the forces into their x and y components.

If the solution of the equilibrium equations yields a negative
scalar for a force or couple moment magnitude, this indicates
that the sense is opposite to that which was assumed on the
free-body diagram.

231



232 CHAPTER 5
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5.5

EQuILIBRIUM OF A RIGID BoDY

Determine the horizontal and vertical components of reaction on
the beam caused by the pin at B and the rocker at A as shown in
Fig. 5-12a. Neglect the weight of the beam.

319N

y
200N 600 sin 45° N
200 N
600 cos 45° N 0% il .
Al —r' C— X
U D| A B
~—2m ‘ 3m 2m—
A,y B,
100 N
(b)
Fig. 5-12

SOLUTION

Free-Body Diagram. The supports are removed, and the free-body
diagram of the beam is shown in Fig. 5-12b. For simplicity, the 600-N
force is represented by its x and y components as shown in Fig. 5-12b.

Equations of Equilibrium. Summing forces in the x direction yields
E3F, =0 600 cos 45°N — B, = 0
B, = 424N Ans.

A direct solution for A, can be obtained by applying the moment
equation XMy = 0 about point B.

(FEXMp=10; 100N (2m) + (600sin45°N)(5m)
—(600cos 45°N)(02m) — A,(7m) =0
A, = 319N Ans.
Summing forces in the y direction, using this result, gives
+13%F,=0; 319N — 600sin45°N — 100N — 200N + B, = 0
B, = 405N Ans.
NoTE: The support forces in Fig. 5-12b are caused by the pins that

contact the beam. The opposite forces act on the pins. For example,
Fig. 5-12¢ shows the equilibrium of the pin at A and the rocker.
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EXAMPLE 5.6

The cord shown in Fig. 5-13a supports a force of 500 N and wraps over
the frictionless pulley. Determine the tension in the cord at C and the
horizontal and vertical components of reaction at pin A.

Fig. 5-13

SOLUTION

Free-Body Diagrams. The free-body diagrams of the cord and
pulley are shown in Fig. 5-13b. Note that the principle of action, equal
but opposite reaction must be carefully observed when drawing each
of these diagrams: the cord exerts an unknown load distribution p on
the pulley at the contact surface, whereas the pulley exerts an equal
but opposite effect on the cord. For the solution, however, it is simpler
to combine the free-body diagrams of the pulley and the cord, so that
the distributed load becomes internal to this “system” and is therefore
eliminated from the analysis, Fig. 5-13c.

Equations of Equilibrium. Summing moments about point A to
eliminate A, and A, Fig. 5-13¢c, we have

(+3M,=0; 500N (0.15m) — 7(0.15m) = 0

T = 500N Ans.
Using this result,
HXZ3F, =0, —A,+500sin30°N =0

A, = 250N Ans.

+13F,=0; A, — 500N — 500cos30°N =0

A, = 933N Ans.
NOTE: From the moment equation, it is seen that the tension in the
cord remains constant as the cord passes over the pulley. (This of

course is true for any angle 6 at which the cord is directed and for any
radius r of the pulley.)

500 N

500N

233




234 CHAPTER 5 EQUILIBRIUM OF A RIGID BobDY

EXAMPLE 5.7

The member shown in Fig. 5-14a is pin connected at A and rests
against a smooth support at B. Determine the horizontal and vertical
components of reaction at the pin A.

Im

Fig. 5-14

SOLUTION

Free-Body Diagram. As shown in Fig. 5-14b, the supports
are removed and the reaction Nz must be perpendicular to the
member at B. Also, horizontal and vertical components of reaction
are represented at A. The resultant of the distributed loading is
1(1.5m)(80N/m) = 60N. It acts through the centroid of the
triangle, 1 m from A as shown.

Equations of Equilibrium. Summing moments about A, we obtain
a direct solution for Np,

(tEM,=0; —90N-m — 60N(1m) + Ng(0.75m) =0

N = 200N
Using this result,
K 3F, =0; A, —200sin30°N = 0

A, = 100N Ans.
+T2Fy=0; Ay —200cos30°N — 60N = 0

A, =233N Ans.
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EXAMPLE 5.8

The box wrench in Fig. 5-15a is used to tighten the bolt at A. If the
wrench does not turn when the load is applied to the handle, determine
the torque or moment applied to the bolt and the force of the wrench
on the bolt.

SOLUTION

Free-Body Diagram. The free-body diagram for the wrench is
shown in Fig. 5-15b. Since the bolt acts as a “fixed support,” when it is
removed it exerts force components A, and A, and a moment M, on
the wrench at A.

Equations of Equilibrium.

L5k =0, A, —52(3) N +30c0s 60°N = 0

A, = 500N Ans.
+13F=0; A, —52({5) N - 30sin60°N =0

A, =T740N Ans.

(+3M, =0; My —[52()N](0.3m) — (305sin 60°N)(0.7m) =0
M, =326 N-m Ans.

Note that M4 must be included in this moment summation. This
couple moment is a free vector and represents the twisting resistance
of the bolt on the wrench. By Newton’s third law, the wrench exerts an
equal but opposite moment or torque on the bolt. Furthermore, the
resultant force on the wrench is

F, = \V(5.00) + (74.0)2 = 741N Ans.

NOTE: Although only three independent equilibrium equations can be
written for a rigid body, it is a good practice to check the calculations
using a fourth equilibrium equation. For example, the above
computations may be verified in part by summing moments about
point C:

(+3Mc=0; [52()N](04m) + 326N-m — 740N(0.7m) =0

192N'm + 326 N-m — 51.8N-m = 0

235
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52N x 30N
(b)
Fig. 5-15
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EXAMPLE 5.9

Determine the horizontal and vertical components of reaction on
the member at the pin A, and the normal reaction at the roller B in
Fig. 5-16a.

SOLUTION

Free-Body Diagram. All the supports are removed and so the
free-body diagram is shown in Fig. 5-16b. The pin at A exerts two
components of reaction on the member, A, and A,.

on pin

support T1.14 kN

1.07 kN

—_—
1.07 kN >

member

on pin

1.14kN
(©

Fig. 5-16

Equations of Equilibrium. The reaction Ng can be obtained
directly by summing moments about point A, since A, and A, produce
no moment about A.

(+F2M, = 0;
[Npcos 30°](1.8 m) — [Npsin30°](0.6m) — 3kN(0.9m) =0
Np = 2.1448 kN = 2.14 kN Ans.
Using this result,
% SF,=0; A, — (2.1448kN)sin30° =0
A, = 1.07kN Ans.

+13F, =0; A, + (2.1448kN) cos 30° — 3kN = 0
Ay = 1.14kN Ans.

Details of the equilibrium of the pin at A are shown in Fig. 5-16c.
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EXAMPLE 5.10

The uniform smooth rod shown in Fig. 5-17a is subjected to a force
and couple moment. If the rod is supported at A by a smooth wall
and at B and C either at the top or bottom by rollers, determine the
reactions at these supports. Neglect the weight of the rod.

SOLUTION

Free-Body Diagram. Removing the supports as shown in Fig. 5-17b,
all the reactions act normal to the surfaces of contact since these
surfaces are smooth. The reactions at B and C are shown acting in the
positive y’ direction. This assumes that only the rollers located on the
bottom of the rod are used for support.

Equations of Equilibrium. Using the x, y coordinate system in
Fig. 5-17b, we have

L3F,=0;  Cpsin30° + By sin30° — A, = 0 (1)
+13F, = 0; —300N + C, cos 30° + B, cos 30° = 0 (2)
(+t2M, = 0; —B,(2m) + 4000N-m — C, (6 m)

+ (300 cos 30°N)(8m) =0 (3)

When writing the moment equation, it should be noted that the
line of action of the force component 300 sin 30° N passes through
point A, and therefore this force is not included in the moment
equation.

Solving Egs. 2 and 3 simultaneously, we obtain

B, = —1000.0 N = —1kN Ans.

C, = 13464 N = 1.35kN Ans.

Since B, is a negative scalar, the sense of B, is opposite to that shown
on the free-body diagram in Fig. 5-17b. Therefore, the top roller at B
serves as the support rather than the bottom one. Retaining the
negative sign for B, (Why?) and substituting the results into Eq. 1,
we obtain

1346.4 sin 30° N + (—1000.0sin 30°N) — A, = 0
A, = 173N Ans.
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(a)
7
2 m Y
30°
4 m ,
30° 4000N-m~(
Xj 2 m_
300N A /
A,
C,’ = < 7300
y 30° &
B,
(b)
Fig. 5-17
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EXAMPLE 5.11

The uniform truck ramp shown in Fig. 5-18a has a weight of 2000 N
and is pinned to the body of the truck at each side and held in the
position shown by the two side cables. Determine the tension in the
cables.

SOLUTION

The idealized model of the ramp, which indicates all necessary
dimensions and supports, is shown in Fig. 5-18b. Here the center of
gravity is located at the midpoint since the ramp is considered to be
uniform.

Free-Body Diagram. Removing the supports from the idealized
model, the ramp’s free-body diagram is shown in Fig. 5-18c.

Equations of Equilibrium. Summing moments about point A will
yield a direct solution for the cable tension. Using the principle of
moments, there are several ways of determining the moment of T
about A. If we use x and y components, with T applied at B, we have

(tEMy, =0; —Tcos20°(2.1sin30°m) + 7'sin 20°(2.1 cos 30° m)

(b) + 2000 N (1.5cos30°m) = 0

T =7T1246N

We can also determine the moment of T about A by resolving it into
components along and perpendicular to the ramp at B. Then the
moment of the component along the ramp will be zero about A, so
that

(+3ZM, = 0; —Tsin 10°(2.1 m) + 2000N (1.5cos 30°m) = 0

T =7T1246N

Since there are two cables supporting the ramp,

T = g = 3562.3 N = 3.56 kN Ans.

Fig. 5-18 NOTE: As an exercise, show that A, = 6695 N and A, = 4437 N.
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EXAMPLE 5.12

Determine the support reactions on the member in Fig. 5-19a. The
collar at A is fixed to the member and can slide vertically along the
vertical shaft.

900 N |

| ‘ 1.5m l 1.5m

|
- 1.5m 15m i N | ‘/\hn
s n o .
ez N Mo T4 SN m &
B
Ng

(a) (b)
Fig. 5-19

SOLUTION

Free-Body Diagram. Removing the supports, the free-body
diagram of the member is shown in Fig. 5-19b. The collar exerts a
horizontal force A, and moment M4 on the member. The reaction Np
of the roller on the member is vertical.

Equations of Equilibrium. The forces A, and Ny can be determined
directly from the force equations of equilibrium.

i>2Fx = 0; A, =0 Ans.
+T2Fy=0; Ng — 900N =0
N = 900 N Ans.

The moment M, can be determined by summing moments either
about point A or point B.

(tXM, = 0;

M4 —900N(1.5m) —500N-m + 900N [3m + (1 m) cos 45°] =0
M, = —1486 N-m = 1.49kN-m) Ans.

or

(tEMp =0, M,y+900N[1.5m + (1 m) cos45°] —500N-m =0
M, = —1486N-m = 1.49kN-m) Ans.

The negative sign indicates that M4 has the opposite sense of rotation
to that shown on the free-body diagram.
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The hydraulic cylinder AB is a typical
example of a two-force member since it is
pin connected at its ends and, provided its
weight is neglected, only the resultant pin
forces act on this member.

The link used for this railroad car brake is
a three-force member. Since the force Fp in
the tie rod at B and F from the link at C are
parallel, then for equilibrium the resultant
force F, at the pin A must also be parallel
with these two forces.

The boom and bucket on this lift is a
three-force member, provided its weight is
neglected. Here the lines of action of the
weight of the worker, W, and the force of
the two-force member (hydraulic cylinder)
at B, Fp, intersect at O. For moment
equilibrium, the resultant force at the pin A4,
F,, must also be directed towards O.

Refer to the companion website for Lecture
Summary and Quiz videos.
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9.4 TWO- AND THREE-FORCE MEMBERS

The solutions to some equilibrium problems can be simplified by
recognizing members that are subjected to only two or three forces.

Two-Force Members.  As the name implies, a two-force member
has forces applied at only two points on the member. An example of a
two-force member is shown in Fig. 5-20a. To satisfy force equilibrium, F,
and Fzymustbeequalinmagnitude,F, = Fpz = F,butoppositeindirection
(2F = 0), Fig. 5-20b. Furthermore, moment equilibrium requires that
F, and Fy share the same line of action, which can only happen if they are
directed along the line joining points A and B (XM, = 0 or XM = 0),
Fig. 5-20c. Therefore, for any two-force member to be in equilibrium, the
two forces acting on the member must have the same magnitude, act in
opposite directions, and have the same line of action, directed along the
line joining the two points where these forces act.

A FA A FA:F
B B
Fy Fy=F

(a) (b) ©

Two-force member

Fig. 5-20

Three-Force Members. If a member is subjected to only three
forces, it is called a three-force member. Moment equilibrium can be
satisfied only if the three forces form a concurrent or parallel force system.
To illustrate, consider the member in Fig. 5-21a subjected to the three
forces Fy, F,, and F;. If the lines of action of F; and F, intersect at point
O, then the line of action of F; must also pass through point O so that the
forces satisfy XM, = 0. As a special case, if the three forces are all parallel,
Fig. 5-21b, the location of the point of intersection, O, will approach infinity.

le
> T

F,
(a) (b)

O,

F, F;

Three-force member

Fig. 5-21
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EXAMPLE 5.13

The lever ABC is pin supported at A and connected to a short
link BD as shown in Fig. 5-22a. If the weight of the members is
negligible, determine the force of the pin on the lever at A.

SOLUTION

Free-Body Diagrams. As shown in Fig. 5-22b, the short link BD
is a two-force member, so the resultant forces from the pins D and B
must be equal, opposite, and collinear. Although the magnitude of the
force is unknown, the line of action is known since it passes through B
and D.

Lever ABC is a three-force member, and therefore, in order to
satisfy moment equilibrium, the three nonparallel forces acting on
it must be concurrent at O, Fig. 5-22¢. Note that the force F on the
lever at B is equal but opposite to the force F acting at B on the
link. The distance CO must be 0.5 m since the line of action of F is
known.

Equations of Equilibrium. By requiring the force system to be
concurrent at O, since 2 M, = 0, the angle # which defines the line of
action of F4 can be determined from trigonometry,

0.7
6 = tan1<04) = 60.3°

Using the x, y axes and applying the force equilibrium equations,
L5F, =0, F,c0s60.3° — Fcos45° + 400N = 0
+T2Fy =0 F,sin 60.3° — Fsin45° = 0
Solving, we get
F, = 1.07kN Ans.
F = 132kN

NOTE: We can also solve this problem by representing the force at A by
its two components A, and A, and applying ZM, = 0 to get F, then
2F, = 0,%F, = 0toget Ay and A,. Once A, and A, are determined,
we can get F4 and 6.

Fig. 5-22 :

Refer to the companion website for a self quiz of these
Example problems.

241
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. FUNDAMENTAL PROBLEMS

All solutions must include a free-body diagram.

F'5-1. Determine the horizontal and vertical components I'5-4. Determine the components of reaction at the fixed
of reaction at the supports. Neglect the thickness of the support A. Neglect the thickness of the beam.
beam. 200N 200N 200N

30°

}‘*1 mﬁLl m#l ma‘ 400 N

Prob. F5-1

F'5-2. Determine the horizontal and vertical components N
of reaction at the pin A and the reaction on the beam at C.

. Prob. F5-4

4 kN

15m | 15m | F'5-5. The 25-kg bar has a center of mass at G. If it is
’ ’ + supported by a smooth peg at C, a roller at A, and cord AB,

B determine the reactions at these supports.

Prob. F5-2

I'5-3. The truss is supported by a pin at A and a roller at B.
Determine the support reactions. Prob. F5-5

F5-6. Determine the reactions at the smooth contact
points A, B, and C on the bar.

Prob. F5-3 Prob. F5-6



. PROBLEMS

PROBLEMS
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All solutions must include a free-body diagram.

5-10. Determine the horizontal and vertical components
of reaction at the pin A and at the rocker B.

4 kN

B
9/ 30°

e

\ 6m

Prob. 5-10

5-11. Determine the reactions at the supports.

75 N/m
800N - m
y N
Iw B
=0
| s |
Prob. 5-11

*5-12. Determine the reactions at the supports.

400 N/m

3&@//(( 1/(1/

&
’ ‘

‘ 3m 3m

Prob. 5-12

5-13. Determine the reaction at fixed support A.

3kN

Prob. 5-13

>5kN~m

5-14. Determine the reactions on the beam at A and B.

900 N/m

600 N/m

Prob. 5-14

5-15. Determine the reactions at the supports.

Prob. 5-15
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*5-16. Determine the reactions at the roller B, the rocker 5-19. A uniform glass rod having a length L is placed in
C, and where the beam contacts the smooth plane at A. the smooth hemispherical bowl having a radius r. Determine
Neglect the thickness of the beam. the angle of inclination 6 for equilibrium.
800N
500N
5
3
- l 60°
A =2 S
B C
\ \ !
i 4m ~2m 6 m | B
Prob. 5-16 ’

5-17. The uniform rod AB has a mass of 40 kg. Determine
the force in the cable when the rod is in the position shown.
There is a smooth collar at A.

Prob. 5-19

*5-20. The 10-kg lamp has a center of mass at G.
Determine the horizontal and vertical components of
reaction at A, and the force in the cable BC.

Prob. 5-17
5-18. Determine the reactions at the roller A and pin B. 0.15m
‘ | 0.5m
C
0.3 m
B .
450 N G
0.4 m
Al 9
‘ A
—2m

Prob. 5-18 Prob. 5-20



5-21. If the intensity of the distributed load acting on the
beamisw = 3 kN/m,determine the reactions at the roller A
and pin B.

5-22. If the roller at A and the pin at B can support a load
up to 4 kN and 8 kN, respectively, determine the maximum
intensity of the distributed load w, measured in kN/m, so
that failure of the supports does not occur.

\ 4m |

Probs. 5-21/22

5-23. The 2.5-Mg assembly has a center of mass at G and
is hoisted with a constant velocity. Determine the force in
each cable and the distance d for equilibrium.

Prob. 5-23

PROBLEMS 245

*5-24. The operation of the fuel pump for an automobile
depends on the reciprocating action of the rocker arm ABC,
which is pinned at B and is spring loaded at A and D. When
the smooth cam C is in the position shown, determine the
horizontal and vertical components of force at the pin and
the force along the spring DF for equilibrium. The vertical
force acting on the rocker arm at A is F4 = 60 N, and at C
itis Fc = 125N.

50 mm 20 mm-~|
10 mm

Prob. 5-24

5-25. The relay regulates voltage and current. Determine
the force in the spring CD, which has a stiffness of
k = 120 N/m, so that it will allow the armature to make
contact at A in figure (a) with a vertical force of 0.4 N. Also,
determine the force in the spring when the coil is energized
and attracts the armature to E, figure (b), thereby breaking
contact at A.

0 mm50 mm, 30 mm

109~

(a) (b)
Prob. 5-25
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5-26. Determine the reactions acting on the smooth
uniform bar, which has a mass of 20 kg.

4m

A ' a0 60°

Prob. 5-26

5-27. The mobile crane is symmetrically supported by
two outriggers at A and two at B in order to relieve the
suspension of the truck upon which it rests and to provide
greater stability. If the crane boom and truck have a mass of
18 Mg and center of mass at G, and the boom has a mass
of 1.8 Mg and a center of mass at G5, determine the vertical
reactions at each of the four outriggers as a function of the
boom angle # when the boom is supporting a load having a
mass of 1.2 Mg. Plot the results measured from 6 = 0° to the
critical angle where tipping starts to occur.

Prob. 5-27

EQuILIBRIUM OF A RIGID BoDY

*5-28. Determine the smallest force P needed to pull the
50-kg roller over the smooth step. Take 6 = 30°.

5-29. Determine the magnitude and direction 6 of the
minimum force P needed to pull the 50-kg roller over the
smooth step.

Probs. 5-28/29

5-30. The disk has a mass of 10 kg. If it is suspended from
a spring having an unstretched length of 400 mm, determine
the angle 0 for equilibrium.

Prob. 5-30



5-31. The hold-down clamp exerts a compressive force of
400 N on the wood block at C. If the clamp is loosely bolted
to the bench using two symmetrically placed bolts B, one of
which is shown, determine the force along the axis of each
bolt and the vertical reaction of the bench on the clamp at A.

A B
~—150 mm 250 mm

Prob. 5-31

*5-32. The mechanism shown was thought by its inventor
to be a perpetual-motion machine. It consists of the stand A,
two smooth idler wheels B and C, and in between a uniform
hollow cylindrical ring D suspended in the manner shown.
The ring has a weight W and it was expected to revolve
in the direction indicated by the arrow. Draw a free-body
diagram of the ring and, using an appropriate equation of
equilibrium, show that it will not rotate.

Prob. 5-32

PROBLEMS 247

5-33. Thecraneliftsthe 400-kgload L.The primaryboom AB
has a mass of 1.20 Mg and a center of mass at Gy, whereas
the secondary boom BC has a mass of 0.6 Mg and a center of
mass at G,. Determine the tension in the cable BD and the
horizontal and vertical components of reaction at the pin A.

Prob. 5-33

5-34. If the jib crane has a mass of 800 kg and a center of
mass at G, and the force at its end is F = 15 kN, determine
the reactions at its bearings. The bearing at A is a journal
bearing and supports only a horizontal force, whereas the
bearing at B is a thrust bearing that supports both horizontal
and vertical components.

5-35. The crane has a mass of 800 kg and a center of mass
at G.The bearing at A is a journal bearing and can support a
horizontal force, whereas the bearing at B is a thrust bearing
that supports both horizontal and vertical components.
Determine the maximum load F that can be suspended from
its end if the bearings at A and B can sustain a maximum
resultant load of 24 kN and 34 kN, respectively.

Probs. 5-34/35
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*5-36. The rigid metal strip of negligible weight is used
as part of an electromagnetic switch. If the stiffness of the
springs at A and B is kK = 5 N/m and the strip is originally
horizontal when the springs are unstretched, determine the
smallest force F'needed to close the contact gap at C.

5-37. The rigid metal strip of negligible weight is used as
part of an electromagnetic switch. Determine the maximum
stiffness k of the springs at A and B so that the contact at C
closes when the vertical force developed there is F = 0.5 N.
Originally the strip is horizontal as shown.

50 mm i 50 mm

Probs. 5-36/37

5-38. The beam is horizontal and the springs are
unstretched when there is no load on the beam. Determine
the angle of tilt of the beam when the load is applied.

ko= 1kN/m 600 N/m

I 3m | 3m |

Prob. 5-38

EQuILIBRIUM OF A RIGID BoDY

5-39. The bulk head AD is subjected to both water and
soil-backfill pressures. Assuming AD is “pinned” to the
ground at A, determine the horizontal and vertical reactions
there and also the required tension in the ground anchor BC
necessary for equilibrium. The bulk head has a mass of 800 kg.

0.5m

118 kN/rr:X 310 kN/m

Prob. 5-39

*5-40. The bar of negligible weight is supported by two
springs, each having a stiffness k = 100 N/m. If the springs
are originally unstretched, determine the angle 6 the bar
makes with the horizontal when the 30-N force is applied
to the bar.

5-41. Determine the stiffness k& of each spring so that
the 30-N force causes the bar to tip # = 15° when the force
is applied. Originally the bar is horizontal and the springs
are unstretched. Neglect the weight of the bar.

30N

Probs. 5-40/41



5-42. The 10-kg uniform rod is pinned at end A. If it is
subjected to a couple moment of 50 N -m, determine the
smallest angle 6 for equilibrium. The spring is unstretched
when 6 = 0, and has a stiffness of kK = 60 N/m.

Prob. 5-42

5-43. The boom supports the two vertical loads. Neglect the
size of the collars at D and B and the thickness of the boom,
and determine the horizontal and vertical components of
force at the pin A and the force in cable CB. Set F; = 800 N
and F, = 350 N.

*5-44. The boom is intended to support two vertical
loads, F; and F,. If the cable CB can sustain a maximum
load of 1500 N before it fails, determine the critical loads
if F; = 2F,. Also, what is the magnitude of the maximum
reaction at pin A?

Probs. 5-43/44
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5-45. Three uniform books, each having a weight W and
length a, are stacked as shown. Determine the maximum
distance d that the top book can extend out from the bottom
one so the stack does not topple over.

Prob. 5-45

5-46. Determine the reactions at the pin A and the tension in
cord BC. Set F = 40 kN. Neglect the thickness of the beam.

5-47. If rope BC will fail when the tension becomes 50 kN,
determine the greatest vertical load F that can be applied to
the beam at B. What is the magnitude of the reaction at A
for this loading? Neglect the thickness of the beam.

26 kN

Probs. 5-46/47

*5-48. If the hand truck and its contents have a mass of
50 kg with center of gravity at G, determine the normal
reaction on both wheels and the magnitude and direction of
the minimum force required at the grip B needed to lift the
load.

Prob. 5-48
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5-49. The block has a mass of 80 kg and center of mass at G.
Determine the smooth reactions on the supporting platform
at A, B,and C.

0.8 m

03m |
Prob. 5-49

5-50. The assembly is used to support the 120-kg container

having a center of mass at G. If the spring has an unstretched

length of 250 mm and stiffness of & = 300 kN /m, determine
its height 4 and the reaction at the rollers A and B.

Prob. 5-50

5-51. The check valve is used to regulate pressure in the
pipe. If the stiffness of the spring is & = 80 kN/m and its
uncompressed length is 120 mm, determine the maximum
pressure in the tank if the lever is to remain in the horizontal
position as shown. The plug at A is circular.

150 mm

‘-7 300 mmﬂ«——‘

Prob. 5-51

EQuILIBRIUM OF A RIGID BoDY

*5-52. 'When no force is applied to the brake pedal of the
lightweight truck, the retainer spring AB keeps the pedal in
contact with the smooth brake light switch at C. If the force
on the switch is 3 N, determine the unstretched length of the
spring if the stiffness of the spring is k = 80N /m.

‘ 100 mm |
é T — L)
B k A

50 mm
1 7 l
40 mm 50"
l x
'
@
Prob. 5-52

5-53. Calculate the tension in the cable at B required
to support the load of 200 kg. The cable passes over a
frictionless pulley located at C. Neglect the size of this
pulley and weight of the boom.

200 kg

Prob. 5-53

5-54. The uniform beam has a weight W and length / and
is supported by a pin at A and a cable BC. Determine the
horizontal and vertical components of reaction at A and
the tension in the cable necessary to hold the beam in the
position shown.

Prob. 5-54
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5-55. The uniform rod has a length / and weight W. It is 5-57. The crane supports the load of 800 kg. Determine the
supported at one end A by a smooth wall and the other reactions at the supports A and B as a function of position d
end by a cord of length s which is attached to the wall. of the trolley. Plot the reactions vs.d for 0.5 m = d = 3 m.

.

Determine the placement /4 for equilibrium.

Prob. 5-57

5-58. A 10-kN load is suspended from the boom at D.
Determine the force in the hydraulic cylinder BC and the
pin reaction at A.

Prob. 5-55

#5-56. The 30-N uniform rod has a length of / =1 m.
If s = 1.5 m, determine the distance % of placement at the
end A along the smooth wall for equilibrium.

Prob. 5-58
5-59. Determine the force in the cable as a function of 0,
needed to support the 100-kg hatch door.
L C
2m B
2m
A
7 6

Prob. 5-56 Prob. 5-59
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*5-60. If d =1 m, and 0 = 30°, determine the normal 5-62. The rod BC is supported by two cords, each of

reaction at the smooth supports and the required distance length a, which are attached to the pin at A. If weights W

a for the placement of the roller if P = 600 N. Neglect the and 2W are suspended from the ends of the rod, determine

weight of the bar. the angle 6 for equilibrium, measured from the horizontal.
Express the answer in terms of a and /. Neglect the weight
of the rod.

f—— g —

Prob. 5-60

5-61. The smooth uniform rod has a mass m and is
placed on the semicircular arch and against the wall.
Show that for equilibrium the angle 6 must satisfy

sin § = 1(\/1 + 3cos?0)(d — Isin ).
r

Prob. 5-62

5-63. Determine the distance d for placement of the load P
for equilibrium of the smooth bar when it is held in the
position 6. Neglect the weight of the bar.

Prob. 5-61 Prob. 5-63



EQUILIBRIUM IN THREE DIMENSIONS
9.5 FREE-BODY DIAGRAMS

The first step in solving three-dimensional equilibrium problems, as in
the case of two dimensions, is to draw a free-body diagram. Before we
can do this, however, it is first necessary to discuss the types of reactions
that can occur at the supports.

The reactive forces and couple moments
acting at various types of supports and connections, when the members
are viewed in three dimensions, are listed in Table 5-2. It is important to
recognize the symbols used to represent each of these supports and to
understand clearly how the forces and couple moments are developed.
As in the two-dimensional case:

® A support prevents the translation of a body by exerting a force on
the body.

® A support prevents the rotation of a body by exerting a couple
moment on the body.

For example, in Table 5-2, item (4), the ball-and-socket joint prevents
any translation of the connecting member; therefore, a force must act on
the member at the point of connection. This force has three components
having unknown magnitudes, F\, F,, F,. Provided these components
are known, one can obtain the magnitude of force, F = V F )% + F 5 + F %,
and the force’s orientation defined by its coordinate direction angles
a, B,v,Eqgs.2-5." Since the connecting member is allowed to rotate freely
about any axis, no couple moment is resisted by a ball-and-socket joint.

Notice that the single bearing supports in items (5) through (7), the
single pin (8), and the single hinge (9) are shown to resist both force and
couple-moment components. If, however, these supports are used with
other bearings, pins, or hinges to hold a rigid body in equilibrium and
these supports are properly aligned when connected to the body, then
the force reactions at these supports alone are adequate for supporting
the body. In other words, the couple moments will not develop since the
body is prevented from rotating by the other supports. The reason for this
should become clear after studying the examples which follow.

* The three unknowns may also be represented as an unknown force magnitude F and
two unknown coordinate direction angles. The third direction angle is obtained using the
identity cos? @ + cos®> B8 + cos’y = 1,Eq.2-8.

5.5 FRee-Boby DIAGRAMS
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TABLE 5-2 Supports for Rigid Bodies Subjected to Three-Dimensional Force Systems

Types of Connection

Reaction

Number of Unknowns

)

cable

One unknown. The reaction is a force which acts away
from the member in the known direction of the cable.

smooth surface support

One unknown. The reaction is a force which acts
perpendicular to the surface at the point of contact.

roller

One unknown. The reaction is a force which acts
perpendicular to the surface at the point of contact.

4)

ball and socket

v
4
P4

X

Three unknowns. The reactions are three rectangular
force components.

®)

y

single journal bearing

MZT
T
S

Sl
Mx‘k/\‘ Fx

Four unknowns. The reactions are two force components,
because a journal bearing allows movement along the
axis of the shaft, and two couple-moment components
which act perpendicular to the shaft. Note: The couple
moments are generally not applied if the body is
supported elsewhere. See the examples.

continued



TABLE 5-2 Continued
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Types of Connection Reaction Number of Unknowns
(6)
-y, M, T
=
F Five unknowns. The reactions are two force and three
%j M, couple-moment compone.nts. .Note: The cou.ple moments
) ) ) M, . ‘\;ks are generally not applied if the body is supported
single journal bearing L) elsewhere. See the examples.
with square shaft
@) M . .
ZCT: Five unknowns. The reactions are three force components,
5 F, } because a thrust bearing prevents movement along the
F

single thrust bearing

axis of the shaft, and two couple-moment components.
Note: The couple moments are generally not applied
if the body is supported elsewhere. See the examples.

®) :

single smooth pin

Five unknowns. The reactions are three force and two
couple-moment components. Note: The couple moments
are generally not applied if the body is supported
elsewhere. See the examples.

(©)

single hinge

Five unknowns. The reactions are three force and two
couple-moment components. Note: The couple moments
are generally not applied if the body is supported
elsewhere. See the examples.

(10)

I

fixed support

Six unknowns. The reactions are three force and three
couple-moment components.




256 CHAPTER 5 EQUILIBRIUM OF A RiGID BobY

Typical examples of actual supports that are referenced to Table 5-2 are
shown in the following sequence of photos.

This ball-and-socket joint provides a These journal bearings are used to support
connection for the housing of an earth the drive shaft on a machine. (5)
grader to its frame. (4)

The thrust bearing supports the ends of  This pin is used to support the end of the
the shaft. (7) strut used on a tractor. (8)

Free-Body Diagrams. The general procedure for establishing
the free-body diagram of a rigid body has been outlined in Sec. 5.2.
Essentially it requires first “isolating” the body by drawing its outlined
shape. This is followed by a careful labeling of all the forces and couple
moments with reference to an established x, y, z coordinate system. As a
general rule, show the unknown components of reaction as acting on the
free-body diagram in the positive sense. In this way, if any negative values
are obtained, they will indicate that the components act in the negative
coordinate directions.



5.5 FRree-Boby DIAGRAMS

EXAMPLE 5.14

Consider the two rods and plate, along with their associated free-body
diagrams, shown in Fig. 5-23. The x, y, z axes are established on the
diagram and the unknown reaction components are indicated in the
positive sense. The weight is neglected.

257

SOLUTION

A

45N-

/

500N ‘ 500N

Properly aligned journal The force reactions developed by

bearings at A, B, C. the bearings are sufficient for
equilibrium since they prevent the
shaft from rotating about each of the
coordinate axes. No couple moments
at each bearing are developed.

1.5 kN B

Pin at A and cable BC.

15 kN B

Moment components are developed
by the pin on the rod to prevent

2.0 kN rotation about the x and z axes.

z

2.0kN

C;

Properly aligned journal bearing TBz

at A and hinge at C. Roller at B. Only force reactions are developed by

the bearing and hinge on the plate to
prevent rotation about each coordinate axis.
No moments are developed at the hinge.

Fig. 5-23
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9.6 EQUATIONS OF EQUILIBRIUM

As stated in Sec. 5.1, the conditions for equilibrium of a rigid body
subjected to a three-dimensional force system require that both the
resultant force and resultant couple moment acting on the body be equal
to zero.

Vector Equations of Equilibrium. The two conditions for
equilibrium of a rigid body may be expressed mathematically in vector
form as

SF=0

EMO =0 (5_5)

where XF is the vector sum of all the external forces acting on the body
and XMy is the sum of the couple moments and the moments of all the
forces about any point O located either on or off the body.

Scalar Equations of Equilibrium. If all the external forces and
couple moments are expressed in Cartesian vector form and substituted
into Egs. 5-5, we have

SF = 3Fi+ 3Fj+ SFk =0
SMy = SM,i+ SMj + SMk = 0

Since the i, j, and k components are independent from one another, then
these equations are satisfied provided

SF, =0
3F, =0 (5-6a)
SF, =0

and
SM,=0
M, =0 (5-6b)
SM, =0

These six scalar equilibrium equations may be used to solve for at most
six unknowns shown on the free-body diagram. Equations 5-6a require
the sum of the external force components acting in the x, y, z directions
to be zero, and Egs. 5-6b require the sum of the moment components
about the x, y, z axes to be zero.
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9.7 CONSTRAINTS AND STATICAL
DETERMINACY

To ensure the equilibrium of a rigid body, it is not only necessary to satisfy
the equations of equilibrium, but the body must also be properly held or
constrained by its supports. Some bodies may have more supports than
are necessary for equilibrium, whereas others may not have enough, or
the supports may be arranged in a particular manner that could cause the
body to move. Each of these cases will now be discussed.

When a body has redundant supports,
that is, more supports than are necessary to hold it in equilibrium, it
becomes statically indeterminate. For example, the beam in Fig. 5-24a
and the pipe assembly in Fig. 5-24b, shown together with their free-body
diagrams, are both statically indeterminate because of the additional
(or redundant) support reactions. For the beam there are five unknowns,
My, Ay, Ay, By, and C,, for which only three equilibrium equations
can be written (2F, = 0,2F, = 0, and XM, = 0, Eq. 5-2). The pipe
assembly has eight unknowns, and here there are only six equilibrium
equations, Egs. 5-6.

The additional equations needed to solve statically indeterminate
problems of the type shown in Fig. 5-24 are generally obtained from the
displacement conditions at the supports. These equations involve the
physical properties of the body which are studied in subjects dealing with
the mechanics of deformation, such as “mechanics of materials.””

400 N

200 N

(b)
Fig. 5-24

*See R. C. Hibbeler, Mechanics of Materials, 10th edition, Pearson Education/Prentice
Hall, Inc.
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Improper Constraints. Having the same number of unknown
reactive forces as available equations of equilibrium does not always
guarantee that a body will be stable when subjected to a particular
loading. For example, the pin support at A and the roller support at B for
the beam in Fig. 5-25a are placed in such a way that the lines of action of
the reactive forces are concurrent at point A. Consequently, the applied
loading P will cause the beam to rotate slightly about A, and so the beam
is improperly constrained, XM, # 0.

In three dimensions, a body will be improperly constrained if the lines
of action of all the reactive forces intersect a common axis. For example,
the reactive forces at the ball-and-socket supports at A and B in Fig. 5-25b
all intersect the axis passing through A and B. Since the moments of
these forces about A and B are all zero, then the loading P will rotate the
member about the AB axis, XM 5 # 0.

(b)
Fig. 5-25
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I

(@)

100 N /

Another way in which improper constraining leads to instability occurs
when the reactive forces are all parallel. Two- and three-dimensional
examples of this are shown in Fig. 5-26. In both cases, the body is only
partially constrained, where the summation of forces along a horizontal
axis will not be zero.

To summarize these points, a body is considered improperly
constrained if all the reactive forces intersect at a common point or
pass through a common axis, or if all the reactive forces are parallel. In

. . . ) ) . . . Stability is always an important concern
engineering practice, these situations should be avoided at all times since  when operating a crane, not only when

they will cause an unstable condition. lifting a load, but also when moving it about.
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Refer to the companion website for Lecture
Summary and Quiz videos.

Always draw the free-body diagram first when solving any
equilibrium problem.
If a support prevents translation of a body, then the support
exerts a force on the body.
If a support prevents rotation, then the support exerts a couple
moment on the body.
If a body is subjected to more unknown reactions than available
equations of equilibrium, then the problem is statically
indeterminate.
A stable body requires that the lines of action of the reactive forces
do not intersect a common axis and are not parallel to one another.

- PROCEDURE FOR ANALYSIS

Three-dimensional equilibrium problems for a rigid body can be
solved using the following procedure.

Free-Body Diagram.

e Draw an outlined shape of the body.

e Show all the forces and couple moments acting on the body.

e Establish the origin of the x, y, z axes at a convenient point
and orient the axes so that they are parallel to as many of the
external forces and moments as possible.

e Label all the loadings and specify their directions. In general,
show all the unknown components having a positive sense
along the x, y, z axes.

e Indicate the dimensions of the body necessary for calculating
the moments of forces.

Equations of Equilibrium.

e If the x, y, z force and moment components seem easy to
determine, then apply the six scalar equations of equilibrium;
otherwise use the vector equations.

e [tis not necessary that the set of axes chosen for force summation
coincide with the set of axes chosen for moment summation.

e Choose the direction of an axis for moment summation such
that it intersects the lines of action of as many unknown
forces as possible. Realize that the moments of forces passing
through points on this axis, and the moments of forces which
are parallel to the axis, will then be zero.

e If the solution of the equilibrium equations yields a negative
scalar for a force or couple moment magnitude, it indicates that
the sense is opposite to that assumed on the free-body diagram.
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EXAMPLE 5.15

The homogeneous plate shown in Fig. 5-27a has a mass of 100 kg and is
subjected to a force and couple moment along its edges. If it is supported
in the horizontal plane by a roller at A, a ball-and-socket joint at B,and a
cord at C, determine the components of reaction at these supports.

SOLUTION (SCALAR ANALYSIS)

Free-Body Diagram. There are five unknown reactions acting on
the plate, as shown in Fig. 5-27b. Each of these reactions is assumed to
act in a positive coordinate direction.

Equations of Equilibrium. Since the three-dimensional geometry
is rather simple, a scalar analysis provides a direct solution to this
problem. A force summation along each axis yields

3F,=0;, B,=0 Ans.
2F, =0; B, =0 Ans.
SF.=0;, A,+B.+Te—300N— 98N =0 )

Recall that the moment of a force about an axis is equal to the product
of the force magnitude and the perpendicular distance (moment arm)
from the line of action of the force to the axis. Also, forces that are
parallel to an axis or pass through it create no moment about the axis.
Hence, summing moments about the positive x and y axes, we have

SM,=0; Te(2m) — 981IN(1m) + B,(2m) = 0 @)

M, = 0;

300N(1.5m) + 981 N(1.5m) —B,(3m) —A, (3m)—200N-m = 0
3)

The components of the force at B can be eliminated if moments are
summed about the x" and y'" axes. We obtain

M, =0 981 N(1m) + 300N(2m) — A,(2m) =0 4)

M, = 0;

=300N(1.5m) — 98I N(1.5m) —200N-m + T¢(3m) =0 (5)

Solving Egs. 1 through 3 or the more convenient Eqs. 1,4, and 5 yields
A,=790ON B,= 217N Tc=707N Ans.

The negative sign indicates that B, acts downward.

NoOTE: The solution of this problem does not require a summation of
moments about the z axis. The plate is partially constrained since the
supports cannot prevent the plate from turning about the z axis if a
force is applied to it in the x—y plane.

<,

¥

300N 200 N - m

=)
L5 |

@
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EXAMPLE 5.16

Determine the components of reaction that the ball-and-socket joint
at A, the smooth journal bearing at B, and the roller support at C
exert on the rod assembly in Fig. 5-28a.

Fig. 5-28

SOLUTION (SCALAR ANALYSIS)

Free-Body Diagram. As shown on the free-body diagram, Fig. 5-28b,
the reactive forces of the supports will prevent the assembly from rotating
about each coordinate axis, and so the journal bearing at B only exerts
reactive forces on the member. No couple moments are required.

Equations of Equilibrium. Because all the forces are either
horizontal or vertical, it is convenient to use a scalar analysis. A direct
solution for A, can be obtained by summing forces along the y axis.

3F,=0; A, =0 Ans.
The force F can be determined directly by summing moments about
the y axis.
M, = 0; Fc(0.6m) — 900N (04m) =0

F- = 600N Ans.
Using this result, B, can be determined by summing moments about
the x axis.
M, = 0; B.(0.8m) + 600 N(1.2m) — 900 N(0.4m) =0

B, = —450N Ans.

The negative sign indicates that B, acts downward. The force B, can
be found by summing moments about the z axis.

M, = 0; -B,(0.8m) =0 B,=0 Ans.
Thus,
SF, =0, A, +0=0 A, =0 Ans.

Finally, using the results of B, and F.

SF,=0;, A,+ (—450N) + 600N — 900N = 0
A, =T750N Ans.
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EXAMPLE 5.17

The boom is used to support the 40-kg flowerpot in Fig. 5-29a.
Determine the tension developed in wires AB and AC.

N

SOLUTION (VECTOR ANALYSIS)
Free-Body Diagram. The free-body diagram of the boom is shown
in Fig. 5-29b.

Equations of Equilibrium. Here the cable forces are directed at
angles with the coordinate axes, so we will use a vector analysis.

TAB {0.6i — 1.8j + 0.9k} m
Fup = Fup P = Fup > > >
AB V(06m)? + (—1.8m)2 + (0.9m)

= ZFapi — $Fpj + 3Fpk

| Y'Yl {—O6i - 18j + O9k} m
Fuac = Facl — ) = Fac 3 > >
rac V(=06m)2 + (-1.8m)2 + (0.9m)

= —%Faci = $Faci + 3Fack

We can eliminate the force reaction at O by writing the moment
equation of equilibrium about point O.

EMO = 0, Iy X (FAB + FAC + W) =90
(1.8)) % (% Fagi = % Fapj + %FABk> + (—% Fad = 5 Facj + %FAck) + [—40(9-81)k]} =0
%
(iF +3F —3924>i+<—%F +2F >k=0
7 LAB 7 LAC d 7 LAB 74HAC
|9s | c

M, = 0; 3Fap + 3Fac — 3924 =0 (1) k%m

SM, = 0; 0=0

EMZ = O, _%FAB + %FAC =0 (2)

Solving Egs. 1 and 2 simultaneously,

FAB = FAC = 4578 N = 458 N Ans. (b)
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EXAMPLE 5.18

Rod A B shown in Fig. 5-30a is subjected to the 200-N force. Determine
the reactions at the ball-and-socket joint A and the tension in the
cables BD and BE.The collar at C is fixed to the rod.

SOLUTION (VECTOR ANALYSIS)
Free-Body Diagram. Fig. 5-30b.

Equations of Equilibrium. Representing each force on
the free-body diagram in Cartesian vector form, we have
Fy =Ad+ Ajj+ AKk
TF = TEi
Tp = Tpj
F = {200k} N
Applying the force equation of equilibrium,

(Ay + Te)i+ (Ay + Tp)j + (A, —200)k =0
SF, =0 A+ Tp =0 (1)
3F, =0 Ay +Tp =0 (2)
SF, =0 A, —200=0 3)
Summing moments about point A yields
EMAZO, rCXF+rB><(TE+TD):0

Since rc = 31, then
(051 + 1j — 1k) X (—200k) + (li +2j — 2k) X (Tg + Tpj) =0
Expanding and rearranging terms gives

(2Tp — 200)i + (—2Tp + 100)j + (Tp — 2Tx)k = 0

M, = 0 2Tp — 200 =0 4)

SM, =0; —2Tg+ 100 =0 5)

SM,=0; Tp—2Tp=0 (6)

(b) Solving Egs. 1 through 5, we get

Fig. 5-30 Tp = 100N Ans.
Tr = 50N Ans.

A, = —-50N Ans.

A, = —100N Ans.

A, =200N Ans.

NoTEe: The negative sign indicates that A, and A have a sense which
is opposite to that shown on the free-body diagram, Fig. 5-30b. Also,
notice that Egs. 1-6 can be set up directly using a scalar analysis.
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EXAMPLE 5.19

The bent rod in Fig. 5-31a is supported at A by a journal bearing,
at D by a ball-and-socket joint, and at B by a cable BC. Using only
one equilibrium equation, obtain a direct solution for the tension in
cable BC.The bearing at A is capable of exerting force components
only in the z and y directions since it is properly aligned on the
shaft. In other words, no couple moments are required at this
support.

SOLUTION (VECTOR ANALYSIS)
Free-Body Diagram. Asshown in Fig. 5-31b, there are six unknowns.

Equations of Equilibrium. The cable tension Tz may be obtained
directly by summing moments about an axis that passes through points D
and A. Why? The direction of this axis is defined by the unit vector u,
where

= —0.7071i — 0.7071j

Hence, the sum of the moments about this axis is zero provided
EMDA = U'E(r X F) = 0

Here r represents a position vector drawn from any point on the
axis DA to any point on the line of action of force F (see Eq. 4-11).
With reference to Fig. 5-31b, we can therefore write

u-(rp XTp+rg XW) =0
(—0.7071i — 0.7071j) + [ (—1j) X (T3k)
+ (—0.55) X (—981k)] =0
(—0.7071i — 0.7071j) - [(—Tp + 490.5)i] = 0
—0.7071(—Tg + 490.5) + 0 =0
Tp = 490.5 N Ans.

NOTE: Since the moment arms from the axis to Tz and W are easy to
obtain, we can also determine this result using a scalar analysis. As
shown in Fig. 5-31b,

SMpy =0; Tp(1msind5®) — 981 N(0.5msin45°) =0
Ty = 4905 N Ans.

0.5 m

(b)
Fig. 5-31

Refer to the companion website for a self quiz of these
Example problems.
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. FUNDAMENTAL PROBLEMS

F5-10. Determine the support reactions at the smooth

All solutions must include a free-body diagram. journal bearings 4, B, and C of the pipe assembly.

1'5-7. The uniform plate has a weight of 5 kN. Determine
the tension in each of the supporting cables.

Prob. F5-10

F5-11. Determine the force developed in the short
link BD, and the tension in the cords CE and CF, and the
Prob. F5-7 reactions of the ball-and-socket joint A on the block.

I'5-8.  Determine the reactions at the roller support A, the
ball-and-socket joint D, and the tension in cable BC for
the plate.

Prob. F5-11

Prob. F5-8
F5-9. The rod is supported by smooth journal bearings at ['5-12. Determine the components of reaction that the
A, B, and C and is subjected to the two forces. Determine thrust bearing A and cable BC exert on the bar.

the reactions at these supports.

Z

Prob. F5-9 Prob. F5-12
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All solutions must include a free-body diagram.

*#5-64. The cable of the tower crane is subjected to a force
of 840 N. Determine the x, y, z components of reaction at
the fixed base A.

Prob. 5-64

5-65. The uniform load has a mass of 600 kg and is lifted
using a uniform 30-kg strongback beam BAC and the four
ropes. Determine the tension in each rope and the force
that must be applied at A.

Prob. 5-65

5-66. Determine the components of reaction at the fixed
support A. The 400 N, 500 N, and 600 N forces are parallel
to the x, y, and z axes, respectively.

y
Prob. 5-66

5-67. The smooth uniform rod AB is supported by a ball-
and-socket joint at A, the wall at B,and cable BC. Determine
the components of reaction at A, the tension in the cable,
and the normal reaction at B if the rod has a mass of 20 kg.

N m\/ \{

Prob. 5-67
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*5-68. The uniform concrete slab has a mass of 2400 kg. 5-71. Determine the components of reaction acting at the
Determine the tension in each of the three parallel supporting ball-and-socket A, roller B, and cord CD.
cables when the slab is held in the horizontal plane as shown.

Z

Prob. 5-68

5-69. Determine the components of reaction at the ball-
and-socket joint A and the tension in each cable necessary for

equilibrium of the rod.
$ Prob. 5-71
2m

*5-72. Determine the tension in each cable and the
\T components of reaction at D needed to support the load.

\l\/

600 N

Prob. 5-69

5-70. Determine the components of reaction at the
ball-and-socket B and the reaction at the rollers A and C due
to the loading shown.

800 N

400 N

Prob. 5-70 Prob. 5-72
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5-73. The bent rod is supported at A, B, and C by smooth 5-75. The cart supports the uniform crate having a mass of
journal bearings. Determine the components of reaction at 85 kg. Determine the vertical reactions on the three casters
the bearings if the rod is subjected to the force F = 800 N. at A, B, and C. The caster at B is not shown. Neglect the
The bearings are in proper alignment and exert only force mass of the cart.

reactions on the rod.

A
2m
Prob. 5-75
X 30°
60°
F
Prob. 5-73
*5-76. The bent rod is supported at A, B, and C by smooth
journal bearings. Determine the magnitude of F which will
5-74. The stiff-leg derrick used on ships is supported by a cause the positive x component of reaction at the bearing C
ball-and-socket joint at D and two cables BA and BC. The to be C, =50 N. The bearings are in proper alignment and
cables are attached to a smooth collar ring at B, which allows exert only force reactions on the rod.

rotation of the derrick about z axis. If the derrick supports a
crate having a mass of 200 kg, determine the tension in the
cables and the x, y, z components of reaction at D.

2 m

X 30°
60°

X F

Prob. 5-74 Prob. 5-76
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5-77. The member is supported by a pin at A and cable BC.
Determine the components of reaction at these supports if
the cylinder has a mass of 40 kg.

Prob. 5-77

5-78. Member AB is supported by cable BC and at A by
a square rod which fits loosely through the square hole in
the collar fixed to the member as shown. Determine the
components of reaction at A and the tension in the cable
needed to hold the rod in equilibrium.

Prob. 5-78

EQuILIBRIUM OF A RIGID BoDY

5-79. Determine the components of reaction at the ball-
and-socket joint A and the tension in the supporting cables
DB and DC.

-
1.5m
B AN
e
S
D /
y Y- 1

m
1.5J m 800 N/m | A 3m
x Jkl.s mJ‘l m

. —3m

*-\

y 1 t

y

Prob. 5-79

*5-80. The forked rod is supported by a collar at A, a thrust
bearing at B, and a cable CD. Determine the tension within
cable CD, and the x, y, z components of reaction at supports A
and B. The supports at A and B are in proper alignment and
exert only force reactions on the rod.

F={50i+40j— 80Kk} N

Prob. 5-80



5-81. The member is supported by a square rod which fits
loosely through the smooth square hole of the attached
collar at A and by a roller at B. Determine the components
of reaction at these supports when the member is subjected
to the loading shown.

400 N

Prob. 5-81

5-82. The platform has a mass of 2 Mg and center of mass
located at G. If it is lifted using the three cables, determine
the force in each of the cables. Solve for each force by using
a single moment equation of equilibrium.
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5-83. The boom is supported by a ball-and-socket joint at
A and a guy wire at B. If the 5-kN loads lie in a plane which
is parallel to the x—y plane, determine the x, y, z components
of reaction at A and the tension in the cable at B.

SkNé‘éoo
3m
/ “a

Prob. 5-83

*5-84. The shaft is supported by three smooth journal
bearings at A, B, and C. Determine the components of
reaction at these bearings.

Prob. 5-82

Prob. 5-84
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5-85. Both pulleys are fixed to the shaft and as the shaft
turns with constant angular velocity, the power of pulley A
is transmitted to pulley B. Determine the horizontal tension
T in the belt on pulley B and the x, y, z components of
reaction at the journal bearing C and thrust bearing D if
60 = 0°.The bearings are in proper alignment and exert only
force reactions on the shaft.

50N

Prob. 5-85

5-86. The sign has a mass of 100 kg with center of mass at G.
Determine the x, y, z components of reaction at the ball-
and-socket joint A and the tension in wires BC and BD.

N

Prob. 5-86

EQuILIBRIUM OF A RIGID BoDY

5-87. Determine the tension in cables BD and CD and the x,
¥,z components of reaction at the ball-and-socket joint at A.

Prob. 5-87

*5-88. Both pulleys are fixed to the shaft and as the shaft
turns with constant angular velocity, the power of pulley A
is transmitted to pulley B. Determine the horizontal tension
T in the belt on pulley B and the x, y, z components of
reaction at the journal bearing C and thrust bearing D if
0 = 45°. The bearings are in proper alignment and exert
only force reactions on the shaft.

S0N

65Nl

80N

Prob. 5-88
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| CHAPTER REVIEW

Equilibrium SF=0 z K F,

A body in equilibrium is at rest or can translate SM =0 /
with constant velocity.

Two Dimensions

Before analyzing the equilibrium of a body, it
is first necessary to draw its free-body diagram.
This is an outlined shape of the body, which
shows all the forces and couple moments that act
on it.

Couple moments can be placed anywhere on a
free-body diagram since they are free vectors.
Forces can act at any point along their line of
action since they are sliding vectors. |

‘ 2m 500 N-m
Angles used to resolve forces, and dimensions A, ﬂ Fge
used to take moments of the forces, should also 1m 30°
be shown on the free-body diagram. A y 4 \,

Y
Remember that a support will exert a force on L
the body in a particular direction if it prevents *
translation of the body in that direction, and it will
exert a couple moment on the body if it prevents
rotation.

F
F y
Y A
F,
F QZ
9& o/ F, M
F
roller smooth pin or hinge fixed support
The three scalar equations of equilibrium SF. =0
can be applied when solving problems in two 2F, =0
dimensions, since the geometry is easy to My =0

visualize.
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For the most direct solution, try to sum forces 3XF, = 0;
along an axis that will eliminate as many
unknown forces as possible. Sum moments about A= P =0 A =P
a point A that passes through the line of action SM, = 0;
of as many unknown forces as possible.
Pyd, + Bydg — Pyd; = 0

_ Pydy — Py,
y dy

B

Three Dimensions

Some common types of supports and their
reactions are shown here in three dimensions.

L)LY

roller ball-and-socket fixed support

M

In three dimensions, it is often advantageous to

use a Cartesian vector analysis when applying

the equations of equilibrium. To do this, first

express each known and unknown force SF =
and couple moment shown on the free-body

diagram as a Cartesian vector. Then set the force M, =0
summation equal to zero. Take moments about a
point O that lies on the line of action of as many
unknown force components as possible. From
point O direct position vectors to each force,
and then use the cross product to determine the
moment of each force. SF. =0 SM, =0

The six scalar equations of equilibrium are

. . S, F,=0 M,=0
established by setting the respective i, j, and k 2F; M,
components of these force and moment 3F, =0 SM, =0
summations equal to zero.

Determinacy and Stability 600 N 200N

If a body is supported by a minimum number S00N
. e . 45°
of constraints to ensure equilibrium, then it is 2KN - m

statically determinate. If it has more constraints |
than required, then it is statically indeterminate. oy ORE

To properly constrain the body, the reactions Statically indeterminate,
must not all be parallel to one another or five reactions, three
concurrent.

100 N
equilibrium equations Proper constraint, statically determinate
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. REVIEW PROBLEMS

All solutions must include a free-body diagram. R5-3. Determine the reactions at the supports A and B.

R5-1. Determine the horizontal and vertical components
of reaction at the pin A and the reaction at the roller B on
the lever.

400 N/m

350

500 mm

Prob. R5-3
Prob. R5-1

R5-2. A vertical force of 400 N acts on the crankshaft.
Determine the horizontal equilibrium force P that must be
applied to the handle, and the x, y, z components of reaction
at the journal bearing A and thrust bearing B. The bearings
are properly aligned and exert only force reactions on
the shaft.

R5-4. Determine the x and z components of reaction at
the journal bearing A, and the tension in cords BC and BD.

F, = {800k} N

Prob. R5-2 Prob. R5-4
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In order to design the many parts of this lift it is required that we first know the
forces that they must support. In this chapter we will show how to analyze a
machine such as this using the equations of equilibrium.
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. CHAPTER OBJECTIVES

B To show how to determine the forces in the members of a truss
using the method of joints and the method of sections.

B To analyze the forces acting on the members of frames and
machines composed of pin-connected members.

6.1 SIMPLE TRUSSES

A truss is a structure composed of slender members joined together at their
end points. The members commonly used in construction consist of wooden
struts or metal bars. In particular, planar trusses lie in a single plane and are
often used to support roofs and bridges. The truss shown in Fig. 6-1a is an
example of a typical roof-supporting truss. Here the roof load is transmitted
to the truss at the joints by means of a series of purlins. Since this loading
acts in the same plane as the truss, Fig. 6-1b, the analysis of the forces
developed in the truss members will be two-dimensional.

T Roof truss

(®)

Fig. 6-1
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Floor beam

(@)

@

(b)
Fig. 6-3

Stringer

\j

Bridge truss
(®)
Fig. 6-2

In the case of a bridge, such as shown in Fig. 624, the load on the deck
is first transmitted to stringers, then to floor beams, and finally to the
joints of the two supporting side trusses. Like the roof truss, the bridge
truss loading is also coplanar, Fig. 6-2b.

When bridge or roof trusses extend over large distances, a rocker or
roller is commonly used for supporting one end, for example, joint A in
Figs. 6-1a and 6-2a. This type of support allows freedom for expansion
or contraction of the members due to a change in temperature or
application of loads.

Assumptions for Design. To design both the members and
the connections of a truss, it is first necessary to determine the force
developed in each member when the truss is subjected to a given loading.
To do a force analysis we will make two important assumptions:

® All loadings are applied at the joints. In most situations, such as
for bridge and roof trusses, this assumption is true. Frequently the
weight of the members is neglected because the force supported by
each member is usually much larger than its weight. However, if the
weight is to be included in the analysis, it is generally satisfactory to
apply it as a vertical force, with half of its magnitude applied at each
end of the member.

® The members are joined together by smooth pins. The joint
connections are usually formed by bolting or welding the ends of
the members to a common plate, called a gusser plate, Fig. 6-3a, or
by simply passing a large bolt or pin through each of the members,
Fig. 6-3b. We can assume these connections act as pins provided the
centerlines of the joining members are concurrent, as in Fig. 6-3.
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Because of these two assumptions, each truss member will act as a
two-force member, and therefore the force acting at each end of the
member will be directed along the axis of the member. If the force tends
to elongate the member, it is a tensile force (T), Fig. 6-4a; whereas if it
tends to shorten the member, it is a compressive force (C), Fig. 6-4b.In the
actual design of a truss it is important to state whether the force is tensile
or compressive. Often, compression members must be made thicker than
tension members because of the buckling or sudden collapse that occurs
when a member is in compression.

Simple Truss. If three members are pin connected at their ends,
they form a triangular truss that will be rigid, Fig. 6-5. Attaching two
more members and connecting them to a new joint D forms a larger
truss, Fig. 6-6. This procedure can be repeated as many times as desired
to form an even larger truss, and by doing this one forms a simple truss.

Fig. 6-5 Fig. 6-6
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The use of metal gusset plates in the
construction of these Warren trusses is
clearly evident.




282

B

» 500 N

2 m
45°
! A —t= 7o\ C
_Q._
1 2m !
(a)
B
—» 500 N

/O
l 45 F .
F,(tension) 3¢ (compression)

(®)

B
500N
457
Fpc (compression)
Fp, (tension) ©
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6.2 THE METHOD OF JOINTS

One way to determine the force in each member of a truss is to use the
method of joints. This method is based on the fact that if the entire truss
is in equilibrium, then each of its joints is also in equilibrium. Therefore,
if the free-body diagram of each joint is drawn, the force equilibrium
equations, % F, = 0and EFy = 0, can then be used to obtain the member
forces acting on each joint.

For example, consider the pin at joint B of the truss in Fig. 6-7a.
As shown on its free-body diagram, in two dimensions, Fig. 6-7b,
three forces act on the pin, namely, the S500-N force and the forces exerted
by members BA and BC. Here, F, is “pulling” on the pin, which means
that member BA is in tension; whereas Fpc is “pushing” on the pin, and
consequently member BC is in compression. These effects can also be
seen by isolating the joint with small segments of the member connected
to the pin, Fig. 6-7c. The pushing or pulling on these small segments
indicates the effect on the members being either in compression or
tension.

When using the method of joints, always start at a joint having at
least one known force and at most two unknown forces, as in Fig. 6-7b.
In this way, application of %F, = 0 and XF, = 0 yields two algebraic
equations which can be solved for the two unknowns. When applying
these equations, the correct sense of an unknown member force can be
determined using one of two possible methods.

® The correct sense of direction of an unknown member force can,
in many cases, be determined “by inspection.” For example, Fg in
Fig. 6-7b must push on the pin (compression) since its horizontal
component, Fpc sin 45°, must balance the 500-N force (XF, = 0).
Likewise, Fp, is a tensile force since it balances the vertical
component, Fgecos45° (2F, = 0). In more complicated cases,
the sense of an unknown member force can be assumed; then,
after applying the equilibrium equations, the assumed sense can
be verified from the numerical results. A positive scalar indicates
that the sense is correct, whereas a negative scalar indicates that the
sense shown on the free-body diagram must be reversed.

® Always assume the unknown member forces acting on the joint’s
free-body diagram to be in fension; i.e., the forces “pull” on the pin.
If this is done, then numerical solution of the equilibrium equations
will yield positive scalars for members in tension and negative scalars
for members in compression. Once an unknown member force is
found, use its correct magnitude and sense (T or C) on subsequent
joint free-body diagrams.



- IMPORTANT POINTS

o Simple trusses are composed of triangular elements. The
members are assumed to be pin connected at their ends and
the loads applied at the joints.

o If a truss is in equilibrium, then each of its joints is in
equilibrium. The internal forces in the members become
external forces when the free-body diagram of each joint
of the truss is drawn. A force pulling on a joint is caused by
tension in a member, and a force pushing on a joint is caused
by compression.

- PROCEDURE FOR ANALYSIS

The following procedure provides a means for analyzing a truss
using the method of joints.

e Draw the free-body diagram of a joint having at least one
known force and at most two unknown forces. (If this joint is at
one of the supports, then it may be necessary first to calculate
the external reactions at the support.)

e Orient the x and y axes such that the forces on the free-body
diagram can be easily resolved into their x and y components
and then apply the two force equilibrium equations %F, = 0
and X F, = 0. Solve for the two unknown member forces and
verify their correct sense.

e Using the calculated results, continue to analyze each of
the other joints. Remember that a member in compression
“pushes” on the joint and a member in tension “pulls” on the
joint.

6.2 THE METHOD OF JOINTS 283

The forces in the members of this simple
roof truss can be determined using the
method of joints.
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EXAMPLE 6.1

2m

(@)

L>500 N

[

Fj Fzc

(b)
7071 N
45°>3
C
FCA
CY

(©)

Fga = 500N
A
Ax<—1—> Feq = 500N
AJ’
(d)
B _ 500N

S0ON A Tension 4
<> C
S00N ¥ 500N 500 NA 500 N
500 N

(e
Fig. 6-8

Determine the force in each member of the truss shown
in Fig. 6-8a and indicate whether the members are in tension or
compression.

SOLUTION

Since we should have no more than two unknown forces at the joint
and at least one known force acting there, we will begin our analysis
at joint B.

Joint B. The free-body diagram of the joint at B is shown in
Fig. 6-8b. Applying the equations of equilibrium, we have

HKSF, =0; 500N — Fgesinds® = 0; Fge = 707.1N(C) Ans
+T2Fy = 0, FBCCOS 45° — FBA = 0, FBA = SOON(T) Ans.

Now that the force in member BC has been calculated, we can
proceed to analyze joint C to determine the force in member CA and
the support reaction at the rocker.

Joint C. From the free-body diagram, Fig. 6-8c, we have

B 3F, =0; —Fcy + 707.1cos45°N = 0; Fcy = 500N (T) Ans.
+13F, = 0; C, — 707.1sin45°N =0; C, = S00N Ans.

Joint A. Although it is not necessary, we can determine the
components of the support reactions at joint A using the results of
Fcy and Fgy. From the free-body diagram, Fig. 6-8d, we have

£ 3F, =0
+13F, = 0;

SO0N — A, = 0;
500N — A, = 0;

A, = 500N
A, = 500N

NOTE: The results of this analysis are summarized in Fig. 6-8e. Here
the free-body diagram of each joint (or pin) shows the effects of all the
connected members and external forces applied to the joint, whereas
the free-body diagram of each member shows only the effects of the
joints on the member.



EXAMPLE 6.2

Determine the forces acting in all the members of the truss shown
in Fig. 6-9a and indicate whether the members are in tension or
compression.

SOLUTION

By inspection, there are more than two unknowns at each joint. As
a result, the support reactions on the truss must first be determined.
Show that they have been correctly calculated on the free-body
diagram in Fig. 6-9b. We can now begin the analysis at joint C.

Joint C. From the free-body diagram, Fig. 6-9c,

K 3F, =0 —F¢p cos 30° + Fepsin45° = 0
+13F, =0; 15kN + Fcpsin30° — Fepcos45° = 0
These two equations must be solved simultaneously for each of the
two unknowns. A more direct solution can be obtained by applying a
force summation along an axis that is perpendicular to the direction
of the other unknown force. For example, summing forces along the

y" axis, which is perpendicular to the direction of F¢p, Fig. 6-9d, yields
a direct solution for Fcp.

+/7%F, = 0; 1.5 cos 30° kN — Fcpsin 15° = 0
Fep = 5.019kN = 5.02 kN (C) Ans,

Then,
+N\IF,. = 0;
—Fcp +5.019cos 15° — 1.5sin30° = 0; Fcp = 410kN (T) Ans.

Joint D. We can now proceed to analyze joint D. The free-body
diagram is shown in Fig. 6-9e.

£ 3F, =0; —Fpycos30° + 4.10 cos 30° kN = 0

FDA = 410 kN (T) AnS.
+13F, =0;  Fpz — 2(4.10sin30° kN) = 0

FDB = 410 kN (T) AnS.

NOTE: The force in the last member, BA,can be obtained from joint B or
joint A. As an exercise, draw the free-body diagram of joint B, sum the
forces in the horizontal direction, and show that Fg, = 0.776 kN (C).

6.2 THE METHOD OF JOINTS 285

b
3kN

1.5 kN 1.5 kN
(b)
Fep
30°°L C 5
15°
1.5 kN

3%/1)\&0"
Fp. 410 kN
(e)
Fig. 6-9
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EXAMPLE 6.3

Determine the force in each member of the truss shown in Fig. 6-10a
and indicate whether the members are in tension or compression.

400 N 400N C

——3m——

4m 4m

6 m ‘

(a) (b)

SOLUTION

Support Reactions. No joint can be analyzed until the support
reactions are determined, because each joint has at least three
unknown forces acting on it. A free-body diagram of the entire truss
is given in Fig. 6-10b. Applying the equations of equilibrium, we have

X 3F, =0 600N — C, = 0; C, = 600N
(+EMc = 0; —Ay(6m) + 400 N(3m) + 600 N(4m) = 0
A, = 600N
y +13F, = 0; 600N — 400N — C, = 0; C, =200N
The analysis can now start at either joint A or C.The choice is arbitrary

3 since there are one known and two unknown member forces acting on
Fap the pin at each of these joints.

Joint A. (Fig. 6-10c). As shown on the free-body diagram, F 3 is
assumed to be compressive and F,p is tensile. Applying the equations
of equilibrium, we have

© +13F, = 0; 600N — 2F 5 =0; Fup =750N (C) Ans
Fig. 6-10 X SF =0, Fap—32750N)=0; Fup=45N (T) Ans.

600 N
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Joint D. (Fig. 6-10d). Using the result for F,, and summing forces y
in the horizontal direction, Fig. 6-10d, we have F lF
DB DC
BSF =0; —450N + 2Fpp + 600N = 0; Fpg = —250 N N
The negative sign indicates that Fpp acts in the opposite sense to that 3
shown in Fig. 6-10d.” Hence, _ .
s >
Fpg = 250 N (T) Ans. 450N 600N

(C))

To determine Fp, we can either correct the sense of Fpp on the free-
body diagram, and then apply 3F, = 0, or apply this equation and

retain the negative sign for Fpp, i.e., y‘

+13F, =0; —Fpc— 3(=250N) = 0; Fpc =200N (C) Ans. 200N

Joint C. (Fig. 6-10e). S L CLM —
X 3F, = 0; Fep — 600N = 0; Fcg = 600N (C) Ans. TzooN
+13F, = 0; 200N — 200N = 0 (check) |

NOTE: The analysis is summarized in Fig. 6-10f, which shows the ()

free-body diagram for each joint and member.

400N 200 N
600 N Compression 600 N

B t B — -5»4—600 N
/ 250 N 200 N
2 g
% o
g
=
250 N 200N
Tension \¢
A= = » «— > 600N
T 450 N 450N D
600 N

(®)
Fig. 6-10 (cont.)

*The proper sense could have been determined by inspection, prior to applying ZF, = 0.
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6.3 ZERO-FORCE MEMBERS

Truss analysis using the method of joints is greatly simplified if we can
first identify those members which support no loading. These zero-force
members are used to increase the stability of the truss during construction
and to provide added support if the loading is changed.

The zero-force members of a truss can generally be found by inspection
of each of the joints. For example, consider the truss shown in Fig. 6-11a.
If a free-body diagram of the pin at joint A is drawn, Fig. 6-11b, it is seen
that members AB and AF are zero-force members. (We could not come
to this conclusion if we had considered the free-body diagrams of joints F
or B, simply because there are five unknowns at each of these joints.) In
a similar manner, consider the free-body diagram of joint D, Fig. 6-11c.
Here again it is seen that DC and DE are zero-force members.

To summarize, then, if only two non-collinear members form a truss
joint and no external load or support reaction is applied to the joint,
the two members must be zero-force members. The load on the truss in
Fig. 6-11a is therefore actually supported by only five members, as
shown in Fig. 6-11d.

°D
6 +\ 3F, = 0; Fpcsin§ = 0; Fpe = 0since sin 6 # 0
£ +CSF, =0 Fpp +0=0; Fpp=0
()

C

\

P

C

B
\
P

(d)
Fig. 6-11
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Now consider the truss shown in Fig. 6-12a. The free-body diagram of
the pin at joint D is shown in Fig. 6-12b. By orienting the y axis along
members DC and DE and the x axis along member DA, it is seen that
DA is a zero-force member. From the free-body diagram of joint C,
Fig. 6-12c, it can be seen that this is also the case for member CA. In general
then, if three members form a truss joint for which two of the members are
collinear, the third member is a zero-force member provided no external
force or support reaction has a component that acts along this member. The
truss shown in Fig. 6-12d is therefore suitable for supporting the load P.

P

A=

>l

>

+/2Fx:07 FDA=O
TNIF, =0; Fpe=Fpg

(a) (b)

(d)
Fig. 6-12

+ 3F, =0, Fcysinf=0; Fgy=0sincesin6 # 0;
N EFy = O, FCB = FCD

(©)

Zero-force members support no load; however, they are
necessary for stability, and are available when additional
loadings are applied to the joints of the truss. These members
can usually be identified by inspection. They occur at joints
where only two members are connected and no external load
acts along either member. Also, at joints having two collinear
members, a third member will be a zero-force member if no
external force components act along this member.

Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 6.4
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Refer to the companion website for a self quiz of these
Example problems.
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Using the method of joints, determine all the zero-force members
of the Fink roof truss shown in Fig. 6-13a. Assume all joints are pin
connected.

SkN

SOLUTION
Look for joint geometries that have three members for which two are
collinear. We have

Joint G. (Fig. 6-13b).
+13F, = 0; Fee=0 Ans.

Realize that we could not conclude that GC is a zero-force member
by considering joint C, where there are five unknowns. The fact that
GC is a zero-force member means that the 5-kN load at C must be
supported by members CB, CH, CF, and CD.

Joint D. (Fig. 6-13c).
+‘/2Fx = 0, FDF =0 Ans.
Joint F. (Fig, 6-13d).
+13F, =0;  Fpccos® =0;  Since # 90°, Fpc =0 Ans.

NOTE: If joint B is analyzed, Fig. 6-13e,

Also, Fyc must satisty 2 F, = 0, Fig. 6-13f, and therefore HC is not a
zero-force member.
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. FUNDAMENTAL PROBLEMS

All solutions must include a free-body diagram.

1'6-1. Determine the force in each member of the truss.

State if the members are in tension or compression.

Prob. F6-1

F6-2. Determine the force in each member of the truss.

State if the members are in tension or compression.

Prob. F6-2

16-3. Determine the force in members AE and DC. State
if the members are in tension or compression.

E
Q@) A9
Afe
B
l 4m 4m }
Y
8 kN

Prob. F6-3

I'6-4. Determine the greatest load P that can be applied
to the truss so that none of the members are subjected
to a force exceeding either 2 kN in tension or 1.5 kN in
compression.

Prob. F6-4

1'6-5. Identify the zero-force members in the truss.

|3kN

2m ‘

\[E 7

Prob. F6-5

16-6. Determine the force in each member of the truss.
State if the members are in tension or compression.

Prob. F6—6
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. PROBLEMS

All solutions must include a free-body diagram.

6-1. Determine the force in each member of the truss, and
state if the members are in tension or compression.

300N

Prob. 6-1

6-2. Determine the force in each member of the truss
and state if the members are in tension or compression. Set
P, =2kNand P, = 1.5kN.

6-3. Determine the force in each member of the truss
and state if the members are in tension or compression. Set
P 1= P 2 = 4 kN.

Probs. 6-2/3

*6—4. Determine the force in each member of the truss
and state if the members are in tension or compression. Set
P, = 7kN, P, = 7TkN.

6-5. Determine the force in each member of the truss
and state if the members are in tension or compression. Set
P; = 8kN, P, = 10 kN.

Probs. 6-4/5

6-6. The truss, used to support a balcony, is subjected to
the loading shown. Approximate each joint as a pin and
determine the force in each member. State whether the
members are in tension or compression.

60 kN l40 kN




6-7. Determine the force in each member of the truss and
state if the members are in tension or compression.

Dy 600N

| 6m |

Prob. 6-7

*6-8. Determine the force in each member of the truss
and state if the members are in tension or compression. Set
P, = 3kN,P, = 6kN.

6-9. Determine the force in each member of the truss
and state if the members are in tension or compression. Set
P] = 6kN,P2 = 9 kN.

E

Probs. 6-8/9

6-10. Determine the force in each member of the truss
and state if the members are in tension or compression.

4 kN

Prob. 6-10

PROBLEMS 293

6-11. Determine the force in each member of the truss
and state if the members are in tension or compression.
Assume all members are pin connected.

Im

Prob. 6-11

*6—12. Determine the zero-force members in the Pratt
roof truss. Explain your answers using appropriate joint
free-body diagrams.

12m,6@2m

Prob. 6-12
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6-13. Determine the force in each member of the truss
and state if the members are in tension or compression. Set
P = 8kN.

6-14. If the maximum force that any member can support
is 8 kN in tension and 6 kN in compression, determine the
maximum force P that can be supported at joint D.

N e

0° p /\\x
W 2\
(<)

A==

4m 4m

Probs. 6-13/14

6-15. Determine the force in each member of the truss in
terms of the load P and state if the members are in tension
Or compression.

*6-16. Members AB and BC can each support a maximum
compressive force of 3.6 kN, and members AD, DC,and BD
can support a maximum tensile force of 6.75 kN.If a = 3 m,
determine the greatest load P the truss can support.

6-17. Members AB and BC can each support a maximum
compressive force of 3.6 kN, and members AD, DC,and BD
can support a maximum tensile force of 9 kN. If a = 1.8 m,
determine the greatest load P the truss can support.

Probs. 6-15/16/17

6-18. Determine the force in each member of the truss
and state if the members are in tension or compression. Set
P; = 20kN, P, = 10 kN.

6-19. Determine the force in members AB, AG, BC, and
BG of the truss and state if the members are in tension or
compression. Set P; = 40 kN, P, = 20 kN.

Probs. 6-18/19

*6—20. Determine the force in each member of the truss
and state if the members are in tension or compression. Set
P1=10kN,P2=8kN

6-21. Determine the force in each member of the truss
and state if the members are in tension or compression. Set
P; = 8kN, P, = 12 kN.

V.

B
e
‘elm I 2m ‘

P, P,

Probs. 6-20/21



6-22. The maximum allowable tensile force in the
members of the truss is (F))yn.x = 5 kN, and the maximum
allowable compressive force is (F,)n.x = 3 kKN. Determine
the maximum magnitude of load P that can be applied to
the truss. Take d = 2 m.

B

Prob. 6-22

6-23. Determine the force in each member of the truss
and indicate whether the members are in tension or
compression. Assume that all members are pin connected.

SkN SkN SkN

Prob. 6-23

PROBLEMS 295

*6-24. Determine the force in each member of the truss in
terms of the external loading and state if the members are
in tension or compression. Take P = 2 kN.

6-25. The maximum allowable tensile force in the
members of the truss is (F))n.x = 5 kN, and the maximum
allowable compressive force is (F,)nax = 3 kN. Determine
the maximum magnitude P of the two loads that can be
applied to the truss.

P P
p) 2m Y ¢
30°
2m
2m

A B

ik o gy o m
Probs. 6-24/25

6-26. Determine the force in each member of the truss
and state if the member is in tension or compression.

Prob. 6-26
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Internal
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C
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Fig. 6-14

T
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6.4 THE METHOD OF SECTIONS

When we need to find the force in only a few members of a truss, we
can analyze the truss using the method of sections. It is based on the
principle that if the truss is in equilibrium, then any part of the truss is
also in equilibrium. For example, consider the two truss members shown
in Fig. 6-14. If the forces within the members are to be determined, then
an imaginary section, indicated by the blue line, can be used to cut each
member into two parts and thereby “expose” each internal force as
“external” to the free-body diagrams of the parts shown on the right.
Clearly, it can be seen that equilibrium requires that the member in
tension (T) be subjected to a “pull,” whereas the member in compression
(C) is subjected to a “push.”

The method of sections can also be used to “cut” or section the
members of an entire truss. If the section passes through the truss and
the free-body diagram of either of its two parts is drawn, we can then
apply the equations of equilibrium to that part to determine the member
forces at the section. Since only three independent equilibrium equations
(XF, = 0,XF, = 0,2M, = 0) can be applied to the free-body diagram
of any part, then we should try to select a section that, in general, passes
through not more than three members in which the forces are unknown.
For example, consider the truss in Fig. 6—15a. If the forces in members BC,
GC, and GF are to be determined, then section aa would be appropriate.
The free-body diagrams of the two parts are shown in Figs. 6-15b
and 6—15¢. Notice that the direction of each member force is specified from
the geometry of the truss,since the force in a member is along its axis. Also,
the member forces acting on one part of the truss are equal but opposite
to those acting on the other part—Newton’s third law. Members BC
and GC are assumed to be in fension since they are subjected to a “pull,”
whereas GF in compression since it is subjected to a “push.”

The three unknown member forces Fgc, Fgc, and Fgr can be obtained
by applying the three equilibrium equations to the free-body diagram in
Fig. 6-15b.1f, however, the free-body diagram in Fig. 6-15c¢ is considered, then
the three support reactions D,, Dy, and E, will have to be known, because
only three equations of equilibrium are available. (This, of course, is done in
the usual manner by considering a free-body diagram of the entire truss.)

B ( C D

| (o T

2m

) , 1
G . F E
2m 7‘ 2m ‘F 2m—>‘

Y1000 N
(a)
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AD

2m-—-=

]
For

()
Fig. 6-15 (cont.)

When applying the equilibrium equations, we should carefully
consider ways of writing the equations so as to yield a direct solution
for each of the unknowns, rather than having to solve simultaneous
equations. For example, using the part in Fig. 6-15b6 and summing
moments about C will yield a direct solution for Fgf since Fzc and Fg¢
create zero moment about C. Likewise, Fg- can be directly obtained
by summing moments about G. Finally, F; can be found directly from
a force summation in the vertical direction since Fsr and Fpc have
no vertical components. This ability to determine directly the force in
a particular truss member is one of the main advantages of using the
method of sections.*

As in the method of joints, there are two ways in which we can
determine the correct sense of an unknown member force:

® The correct sense can in many cases be determined “by inspection.”
For example, F is shown as a tensile force in Fig. 6-15b since moment
equilibrium about G requires that Fgzc create a moment opposite to
that of the 1000-N force. Also, F; is tensile since its vertical component
must balance the 1000-N force which acts downward. In more
complicated cases, the sense of an unknown force may be assumed. If
the solution yields a negative scalar, it indicates that the force’s sense of
direction is opposite to that shown on the free-body diagram.

® Always assume that the unknown member forces at the section are
tensile forces, i.e.,“pulling” on the member. By doing this, the numerical
solution of the equilibrium equations will yield positive scalars for
members in tension and negative scalars for members in compression.

*If the method of joints were used to determine, say, the force in member GC, it would be
necessary to analyze joints A, B, and G in sequence.

The forces in selected members of this Pratt
truss can readily be determined using the
method of sections.
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Simple trusses are often used in
the construction of large cranes
in order to reduce the weight of
the boom and tower.

Refer to the companion website for Lecture
Summary and Quiz videos.

- IMPORTANT POINT

If a trussisin equilibrium, then each of its parts is in equilibrium.
The internal forces in the members become external forces
when the free-body diagram of a part of the truss is drawn. A
force pulling on a member causes tension in the member, and a
force pushing on a member causes compression.

- PROCEDURE FOR ANALYSIS

The forces in the members of a truss may be determined by the
method of sections using the following procedure.

Free-Body Diagram.

Decide how to “cut” or section the truss through the members
where forces are to be determined.

Before isolating any part of the truss, it may first be necessary
to determine the truss’s support reactions that act on the part.
Once this is done, the three equilibrium equations will be
available to solve for member forces at the section.

Draw the free-body diagram of that part of the sectioned truss
which has the least number of forces acting on it.

Equations of Equilibrium.

Moments should be summed about a point that lies at the
intersection of the lines of action of two unknown forces, so
that the third unknown force can be determined directly from
the moment equation.

If two of the unknown forces are parallel, forces may be
summed perpendicular to their direction in order to directly
determine the third unknown force.
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EXAMPLE 6.5

Determine the force in members GE, GC, and BC of the truss
shown in Fig. 6-16a. Indicate whether the members are in tension or
compression.

SOLUTION

Section aa in Fig. 6—16a has been chosen since it cuts through the three
members whose forces are to be determined. In order to use the
method of sections, however, it is first necessary to determine the
external reactions at A or D. A free-body diagram of the entire truss
is shown in Fig. 6-16b. Applying the equations of equilibrium, we have

K 3F, =0 400N — A, = 0; A, = 400N
(+3M, = 0; —1200N(8m) — 400 N(3m) + D,(12m) = 0

D, = 900N
+13F, = 0; A, — 1200N + 900N = 0; A, = 300N

Free-Body Diagram. For the analysis the free-body diagram of the
left part of the sectioned truss will be used, since it involves the least
number of forces on it compared to the right part, Fig. 6-16c¢.

Equations of Equilibrium. Summing moments about point G
eliminates Fg;r and F; and yields a direct solution for Fpc.

(+tXMs; =0; —300N(4m) —400N(3m) + Fgc(3m) =0

Fgc = 800N (T) Ans.
Summing moments about point C, we obtain a direct solution for Fg.
(FXMc=0; —300N(@8m) + Fe(3m) =0

Feor = 800N (C) Ans.

Since Fg- and Fgr have no vertical components, summing forces in
the y direction directly yields Fg, i.e.,

+13F,=0; 300N —3Fsc=0
Fge = 500N (T) Ans.

NOTE: Here it is possible to tell, by inspection, the proper direction for
each unknown member force. For example, XM = 0 requires Fgp
to be compressive because it must balance the moment of the 300-N
force about C.

—>400N
< oD
—
<—4m—> 4m~>;—4m—»‘
1200 N

17 < E— > 400 N
3m
:lA‘ e dD
Y
A, 8 m ¥ 4m-— )
1200 N
(b)
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EXAMPLE 6.6

Determine the force in member CF of the truss shown in Fig. 6-17a.
Indicate whether the member is in tension or compression. Assume
each member is pin connected.

325 kN SkN 3kN 4.75 kN

SOLUTION

Free-Body Diagram. Section aa in Fig. 6-17a will be used since this
section will “expose” the internal force in member CF as “external”
on the free-body diagram of either the right or left portion of the truss.
It is first necessary, however, to determine the support reactions on
either the left or right side. Verify the results shown on the free-body
diagram in Fig. 6-17b.

The free-body diagram of the right part of the truss, which is the
easiest to analyze, is shown in Fig. 6-17c. There are three unknowns,
E’G7 FCF? and }TCD'

G Equations of Equilibrium. We will apply the moment
s 2*m equation about point O in order to eliminate the two
: unknowns Frg and Fcp.The location of point O measured
|
|
I
|

Frg oo F

from E can be determined from proportional triangles,i.e.,
S~ 4m  4/(4 +x) =6/(8 + x),x = 4m. Or, stated in another
Fp cos 45° cl ! . S~_ 0 ‘ manner, since the slope of member GF has a drop of 2 m
45° p Fep b “AE 3 to a horizontal distance of 4 m, and FD is 4 m, Fig. 6-17c,

— 4m 4m x —»‘ then from D to O the distance must be 8 m.
Fepsin4se Y An easy way to determine the moment of Fr about
SkN 475 kN point O is to use the principle of transmissibility and
() slide Fqr to point C, and then resolve Fqr into its two

rectangular components. We have

(+ZMp = 0;
—Fepsin 45°(12m) + (3kN)(8 m) — (4.75kN)(dm) = 0
Fer = 0589 kN (C) Ans.

6mi Fcp 0 <

<

Fig. 6-17
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EXAMPLE 6.7

Determine the force in member EB of the roof truss shown in 1000 N
Fig. 6-18a. Indicate whether the member is in tension or compression.

b E b
SOLUTION SOnIE .

Free-Body Diagrams. By the method of sections, any section that F D
passes through EB will also have to pass through three other members
for which the forces are unknown. For example, section aa passes through ]
ED,EB, FB,and AB.If a free-body diagram of the left part of this section
is considered, Fig. 6-18b, it is possible to obtain Frp by summing moments ~ [—2m—+—2m—+—2m—-—2m—
about B to eliminate the other three unknowns; however, Fg cannot be 400 N 2000 N
determined from the remaining two equilibrium equations. (a)

One possible way of obtaining Fp is first to determine Frp from
section aa, then use this result on section bb, Fig. 6-18a, which is shown
in Fig. 6-18c. Here the force system is concurrent and our sectioned free- 1000 N
body diagram is the same as the free-body diagram for the joint at E.

B A
Fp sin 30°
(®)
Fig. 6-18
Equations of Equilibrium. Inorder to determine the moment of Fzp
about point B, Fig. 6-18b, we will use the principle of transmissibility
and slide this force to point C and then resolve it into its rectangular
components as shown. Therefore,
(+2Mp = 0; 1000 N(4 m) + 3000 N(2 m) — 4000 N(4 m)
+ Fgpsin30°(4 m) = 0
Frp =3000N (C)
Considering now the free-body diagram of section bb, Fig. 6-18c, we have
5 3F, = 0; Fgpcos 30° — 3000 cos 30°N = 0
Frr=3000N (C) @
+13F, = 0; 2(3000sin30°N) — 1000N — Fgrp = 0

Refer to the companion website for a self quiz of these

FEB = 2000 N ( T ) Ans. Example problems.



302 CHAPTER 6 STRUCTURAL ANALYSIS

. FUNDAMENTAL PROBLEMS

All solutions must include a free-body diagram.

16-7. Determine the force in members BC, CF, and FE
and state if the members are in tension or compression.

I 2 m

)
- 0:0 (©) ~

2m +

30 kN 30 kN

Prob. F6-7

F6-8. Determine the force in members LK, KC, and CD
of the Pratt truss and state if the members are in tension or
compression.

Prob. F6-8

F6-9. Determine the force in members KJ, KD, and CD
of the Pratt truss and state if the members are in tension or
compression.

Prob. F6-9

F6-10. Determine the force in members EF, CF, and BC of
the truss and state if the members are in tension or compression.

30kN 30kN

Prob. F6-10

1'6-11. Determine the force in members GF, GD, and CD of
the truss and state if the members are in tension or compression.

Prob. F6-11

F6-12. Determine the force in members DC, HI, and JI
of the truss and state if the members are in tension or
compression. Suggestion: Use the sections shown.

hﬁ‘} m—»‘«Z mﬂ«Z mf3 m—»‘
G| F ‘

-2 m—}-2 m-|
Prob. F6-12
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All solutions must include a free-body diagram.

6-27. The Howe truss is subjected to the loading shown.
Determine the force in members GF, CD, and GC, and
state if the members are in tension or compression.

*6-28. The Howe truss is subjected to the loading shown.
Determine the force in members GH, BC, and BG of the
truss and state if the members are in tension or compression.

SkN

LZm —2m—~—2m

Probs. 6-27/28

2 m—»’

6-29. Determine the force in members DC, HC, and HI
of the truss and state if the members are in tension or
compression.

6-30. Determine the force in members ED, EH, and GH
of the truss and state if the members are in tension or
compression.

0 kN
40 kN
—2m—}F—2m—F—2m
EX /D
1.5m
C
Fs 5 5 e 30 kN
_-%-_ G H
1.5m
v’ i? 40 kN
1.5m
Al l

Probs. 6-29/30

6-31. Determine the force in members BC, HC, and
HG. After the truss is sectioned use a single equation of
equilibrium for the calculation of each force. State if these
members are in tension or compression.

*#6-32. Determine the force in members CD, CF, and CG
and state if these members are in tension or compression.

5kN
4 kN 4 kN
3kN
2 kN l
l B C D
A 3 . E T
\\ Slm
HO Q, F Z:m
G
~—5m 5m | S5m 5 m—
Probs. 6-31/32

6-33. Determine the force developed in members FE, EB,
and BC of the truss and state if these members are in
tension or compression.

2m 1.5m 2m

F E
2m
J—A )] )] b

) &)
5 c w8
11 kN
22 kKN
Prob. 6-33

6-34. Dectermine the force in members BC, HC, and HG
of the bridge truss and state if the members are in tension
Or compression.

18 kN

Prob. 6-34
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6-35. For the given loading, determine the force in
members CD, CJ, and KJ of the Howe roof truss and state if
the members are in tension or compression.

400 N

300N
[ & x E ]
A
N,

J 1 H
}—— 12m,6@2m ——‘
Prob. 6-35

*6-36. Determine the force in members EF, BE, BC,
and BF of the truss and state if the members are in tension or
compression. Set P; = 9kN, P, = 12 kN, and P; = 6 kN.

6-37. Dectermine the force in members BC, BE, and EF
of the truss and state if the members are in tension or
compression. Set P; = 6 kN, P, = 9kN,and P; = 12 kN.

P, F E

N
] I

~—3m + l 3m*>‘

P, P,

Probs. 6-36/37

6-38. Determine the force in members BC, CH, GH, and
CG of the truss and state if the members are in tension or
compression.

G
H F Z:m
e Q T
3m
E |
A 6\ S Q Q /e
B C D
~—4m 4m 4m 4m—
Y ' v
4 kN \ 5 kN
8 kN

Prob. 6-38

6-39. Determine the force in members CF, FG, and GC of
the truss and state if the members are in tension or compression.

10 kN
5KN o’
s/ F
30°
A oY ) (o) (o) jo E
B‘ C D
Lizm I 2m | 2m T 2m—-
Prob. 6-39

*6-40. Determine the force in members BC, FC, and FE
and state if the members are in tension or compression.

<—3m 3m i

Prob. 6—40

6-41. Determine the force in members CD, CJ, and KJ
and state if these members are in tension or compression.

6 kN

12m,6 @2 m

Prob. 6-41



6-42. Dectermine the force in members BE, EF, and CB,
and state if the members are in tension or compression.

6-43. Determine the force in members BF, BG, and AB,
and state if the members are in tension or compression.

~D
5 kN
C
— E
10 kN
4 m
B
_r o, F
10 kN
4m
_ Ap EBG

—dm—

Probs. 6-42/43

*6—-44. Determine the force in members BC, HC, and HG
and state if the members are in tension or compression.

6-45. Determine the force in members CD, CJ, GJ, and
CG and state if the members are in tension or compression.

12 kN

6 kN 9kN

Pl.Sm —15m — 15m 15m —

Probs. 6-44/45
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M 6-46. Determine the force in members GF, CF,and CD
of the roof truss and state if the members are in tension or

compression.

Prob. 6-46

6-47. Determine the force in members JK, CJ,and CD of the
truss and state if the members are in tension or compression.

*6—48. Determine the force in members HI, FI,and EF of the
truss and state if the members are in tension or compression.

Probs. 6-47/48

6—49. The truss supports the vertical load of 600 N.
Determine the force in members BC, BG, and HG as the
dimension L varies. Plot the results of F (ordinate with
tension as positive) versus L (abscissa) for0 = L < 3 m.

Prob. 6-49

600 N
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Typical roof-supporting space truss. Notice
the use of ball-and-socket joints for the
connections.

For economic reasons, large electrical
transmission towers are often constructed
using space trusses.

Refer to the companion website for Lecture
Summary and Quiz videos.

*6.9 SPACE TRUSSES

A space truss consists of members joined together at their ends to form
a stable three-dimensional structure. The simplest form of a space truss
is a tetrahedron, constructed by connecting six members together, as
shown in Fig. 6-19. Any additional members added to this basic element
would be redundant in supporting the force P. A simple space truss can
be built from this basic tetrahedral element by adding three additional
members and a joint, and continuing in this manner to form a system of
multiconnected tetrahedrons.

Assumptions for Design.  The members of a space truss may be
treated as two-force members provided the external loading is applied
at the joints and the joints consist of ball-and-socket connections. These
assumptions are justified when the welded or bolted connections of
the joined members intersect at a common point and the weight of the
members can be neglected. In cases where the weight of a member is
to be included in the analysis, it is generally satisfactory to apply it as a
vertical force, half of its magnitude applied at each end of the member.

- PROCEDURE FOR ANALYSIS

Either the method of joints or the method of sections can be used
to determine the forces developed in the members of a simple
space truss.

Method of Joints.

If the forces in all the members of the truss are to be determined,
then the method of joints is most suitable for the analysis. Here
it is necessary to apply the three equilibrium equations 3 F, = 0,
2F, = 0,2 F, = Otothe forces acting at each joint. The solution of
many simultaneous equations can be avoided if the force analysis
begins at a joint having at least one known force and at most three
unknown forces. Also, if the three-dimensional geometry of the
force system at the joint is hard to visualize, it is recommended
that a Cartesian vector analysis be used for the solution.

Method of Sections.

If only a few member forces are to be determined, the method of
sections can be used. When an imaginary section is passed through
a truss and the truss is separated into two parts, the force system
acting on one of the parts must satisfy the six equilibrium equations:
3F,=0, 3F,=0, 3F, =0, XM, =0, M, =0, 3M, =0
(Egs. 5-6). By proper choice of the section and axes for summing
forces and moments, many of the unknown member forces in a space
truss can be calculated directly, using a single equilibrium equation.
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EXAMPLE 6.8

2kN Determine the forces acting in the members of the space truss
shown in Fig. 6-20a. Indicate whether the members are in tension or
compression.

SOLUTION
Since there are one known force and three unknown forces acting at
joint A, the analysis of the truss will begin at this joint.

Joint A. (Fig. 6-20b). Expressing each force acting on the free-body
diagram of joint A as a Cartesian vector, we have

P= {4} kKN Fup = Fup] Fac= —Fuck

YAE
TAE

For equilibrium,
EFZO, P+FAB+FAC+FAE:0
—4j + Fupj — Fack + 0.577F g + 0.577F 45 — 0.577F 5k = 0

SF,=0;  0.577Fuz =0

- EFy = 0, —4 + FAB + 0577FAE =0
F
A e SF,=0;, —Fyc— 0577F; =0
P =4kN FAEx Fac=Fsp =0 Ans.
FAC FAB =4 kN (T) Ans.

Since F4p is known, joint B can be analyzed next.
Joint B.  (Fig. 6-20c).

1

Fop—==0
BE\2

1
EFy:O; _4+FCB%:O

1 1
F,=0; —2+Fgp—Fgp—=+Feg—==20

Ez BD BE\/? CB\/E

Fgp =0 Fep = 565kN(C) Fgp = 2kN (T) Ans.

The scalar equations of equilibrium can now be applied to the forces
acting on the free-body diagrams of joints D and C. Show that

FDE == FDC == FCE =0 Ans.



308 CHAPTER 6 STRUCTURAL ANALYSIS

. PROBLEMS

All solutions must include a free-body diagram.

6-50. Determine the force in each member of the space
truss and state if the members are in tension or compression.
Hint: The support reaction at E acts along member £B. Why?

Prob. 6-50
6-51. Determine the force in each member of the space truss
and state if the members are in tension or compression. The
truss is supported by ball-and-socket joints at A, B, C,and D.

Prob. 6-51

*6-52. The space truss supports a force F = [300i +
400j — S00k] N. Determine the force in each member, and
state if the members are in tension or compression.

6-53. The space truss supports a force F = {—400i +
500j + 600k} N. Determine the force in each member, and
state if the members are in tension or compression.

Probs. 6-52/53

6-54. The space truss is used to support vertical forces
at joints D, E, and F. Determine the force developed in
each member and state if the members are in tension or
compression.

{—3k} kKN

Prob. 6-54



6-55. Determine the force in members CF, CD, BC, DB,
DF, ED, BE, and AB of the space truss and state if the
members are in tension or compression.

{—2k} kN

Prob. 6-55

*6-56. Determine the force in members EF, AF,and DF of
the space truss and state if the members are in tension or
compression. The truss is supported by short links at A, B, D,
and E.

Prob. 6-56

PROBLEMS 309

6-57. Determine the force in each member of the space
truss and state if the members are in tension or compression.
The truss is supported by ball-and-socket joints at A, B,
and E. Set F = {800j } N. Hint: The support reaction at E
acts along member EC. Why?

6-58. Determine the force in each member of the space
truss and state if the members are in tension or compression.
The trussis supported by ball-and-socketjointsat A, B,and E.
SetF = {—200i + 400j } N. Hint: The support reaction at E
acts along member EC. Why?

Probs. 6-57/58

6-59. Determine the force in members BE, BC, BF, and
CE of the space truss, and state if the members are in
tension or compression.

*6—60. Determine the force in members AF, AB,AD, ED,
FD, and BD of the space truss, and state if the members are
in tension or compression.

Probs. 6-59/60
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This crane is a typical example of a
framework.

Common tools such as these pliers act as
simple machines. Here the applied force on
the handles creates a much larger force at
the jaws.

6.6 FRAMES AND MACHINES

Frames and machines are two types of structures that are often
composed of pin-connected multiforce members, i.e., members that
are subjected to more than two forces. Frames are used to support
loads, whereas machines contain moving parts and are designed to
transmit and alter the effect of forces. Provided a frame or machine
contains no more supports or members than are necessary to
prevent its collapse, the forces acting at the joints and supports can
be determined by applying the equations of equilibrium to each of
its members. Once these forces are obtained, it is then possible to
design the size of the members, connections, and supports using the
theory of mechanics of materials and an appropriate engineering
design code.

Free-Body Diagrams. 1In order to determine the forces acting
at the joints and supports of a frame or machine, the structure must be
disassembled and the free-body diagrams of its parts must be drawn. The
following important points must be observed:

® [solate each part by drawing its outlined shape. Then show all
the forces and/or couple moments that act on the part. Make
sure to label or identify each known and unknown force and
couple moment with reference to an established x, y coordinate
system. Also, indicate any dimensions used for taking moments.
As usual, the sense of an unknown force or couple moment can
be assumed.

® Jdentify all the two-force members in the structure and represent
their free-body diagrams as having two equal but opposite collinear
forces acting at their points of application. (See Sec. 5.4.) By doing
this we can avoid solving an unnecessary number of equilibrium
equations.

® Forces common to any two contacting members act with equal
magnitudes but opposite sense on the free-body diagrams of the
respective members.

The following examples graphically illustrate how to draw the free-
body diagrams of a dismembered frame or machine. In all cases, the
weight of the members is neglected.
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EXAMPLE 6.9

For the frame shown in Fig. 6-21a, draw the free-body diagram of
(a) each member, (b) the pins at B and A, and (c) the two members
connected together.

B Effect of
member BC
on the pin
B,
Effect of L\ B,
member AB
on the pin
A,
Pin B
(a) (b) (©)
SOLUTION
Part (a). By inspection, members BA and BC are not two-force Effect of
A

members. Instead, as shown on the free-body diagrams, Fig. 6-21b,
BC is subjected to a force from each of the pins at B and C and the
external force P. Likewise, AB is subjected to a force from each of the
pins at A and B and the external couple moment M. The pin forces are
represented by their x and y components.

/@ on the pin

Part (b). The pin at B is subjected to only two forces, i.e., the
force of member BC and the force of member AB. For equilibrium
these forces (or their respective components) must be equal but )
opposite, Fig. 6-21c. Notice that Newton’s third law is applied
between the pin and its connected members, i.e., the effect of the
pin on the two members, Fig. 6-21b, and the equal but opposite
effect of the two members on the pin, Fig. 6-21c. In the same
manner, there are three forces on pin A, Fig. 6-21d, caused by the
force components of member AB and each of the two pin leafs.

Part (c). The free-body diagram of both members connected
together, yet removed from the supporting pins at A and C, is shown
in Fig. 6-21e. The force components B, and B, are not shown on this
diagram since they are internal forces (Fig. 6-21b) and therefore
cancel out. Also, to be consistent when later applying the equilibrium
equations, the unknown force components at A and C in Fig. 6-21c¢ ©

must act in the same sense as those shown in Fig. 6-21b. Fig. 6-21

311

y member AB
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EXAMPLE 6.10

A constant tension in the conveyor belt is maintained by using the
device shown in Fig. 6-22a. Draw the free-body diagrams of the frame
and the cylinder (or pulley) that the belt surrounds. The suspended
block has a weight of W.

(b)

©

Y (2)

SOLUTION

The idealized model of the device is shown in Fig. 6-22b. Here the
angle 6 is assumed to be known. From this model, the free-body
diagrams of the pulley and frame are shown in Figs. 6-22¢ and 6-22d,
respectively. Note that the force components B, and B, that the pin
at B exerts on the pulley must be equal but opposite to the ones acting

on the frame. See Fig. 6-21c¢ of Example 6.9.




EXAMPLE 6.11

For the frame shown in Fig. 6-23a, draw the free-body diagrams of
(a) the entire frame including the pulleys and cords, (b) the frame
without the pulleys and cords, and (c) each of the pulleys.

500N
(@)

SOLUTION

Part (a). When the entire frame including the pulleys and cords is
considered, the interactions at the points where the pulleys and cords are
connected to the frame become pairs of internal forces which cancel each
other and therefore are not shown on the free-body diagram, Fig. 6-23b.

Part (b). When the cords and pulleys are removed, their effect on the
frame must be shown, Fig. 6-23c.

Part (c). The force components B,, B,, C,, C, of the pins on the
pulleys, Fig. 6-23d, are equal but opposite to the force components
exerted by the pins on the frame, Fig. 6-23c. See Example 6.9.

@ B

e e A, . ’ SOON 1
/
\
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500N

5; @:

(d)

500 N
(b)
Fig. 6-23

©
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EXAMPLE 6.12

Draw the free-body diagrams of the members of the backhoe, shown
in the photo, Fig. 6-24a. The bucket and its contents have a weight W.

SOLUTION

The idealized model of the assembly is shown in Fig. 6-24b. By
inspection, members AB, BC, BE,and HI are all two-force members
since they are pin connected at their end points and no other forces
act on them. The free-body diagrams of the bucket and the stick are
shown in Fig. 6-24c. Note that pin C is subjected to only two forces,
whereas the pin at B is subjected to three forces, Fig. 6-24d. The
free-body diagram of the entire assembly is shown in Fig. 6-24e.

(b)

Fig. 6-24



EXAMPLE 6.13

Draw the free-body diagram of each part of the smooth piston and
link mechanism used to crush recycled cans, Fig. 6-25a.

F=800N 30°,

/!

F=800N

(@)

SOLUTION

By inspection, member AB is a two-force member. The free-body
diagrams of the three parts are shown in Fig. 6-25b. Since the pins
at B and D connect only two parts together, the forces there are
shown as equal but opposite on the separate free-body diagrams of
their connected members. In particular, four components of force
act on the piston: D, and D, represent the effect of the pin (or
lever EBD), N,, is the resultant force of the wall support, and P is
the resultant compressive force caused by the can C.The directional
sense of each of the unknown forces is assumed, and the correct
sense will be established after the equations of equilibrium are
applied.

NOTE: A free-body diagram of the entire assembly is shown in
Fig. 6-25c. Here the forces between the components are internal and
are not shown on the free-body diagram.
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(©)

Fig. 6-25

Before proceeding, it is highly recommended that you cover the solutions
of these examples and attempt to draw the requested free-body diagrams.

When doing so, make sure the work is neat and that all the forces and

couple moments are properly labeled.

Refer to the companion website for a self quiz of these
Example problems.
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CHAPTER 6 STRUCTURAL ANALYSIS

- PROCEDURE FOR ANALYSIS

The joint reactions on frames or machines (structures) composed
of multiforce members can be determined using the following
procedure.

Free-Body Diagram.

Draw the free-body diagram of the entire frame or machine,
a portion of it, or each of its members. The choice should be
made so that it leads to the most direct solution of the problem.

Identify the two-force members. Remember that regardless
of their shape, they have equal but opposite collinear forces
acting at their ends.

When the free-body diagram of a group of members of a
frame or machine is drawn, the forces between the connected
parts of this group are internal forces and are not shown on
the free-body diagram of the group.

Forces common to two members which are in contact act with
equal magnitude but opposite sense on the respective free-body
diagrams of the members.

In many cases it is possible to tell by inspection the proper
sense of the unknown forces acting on a member; however, if
this seems difficult, the sense can be assumed.

Remember that once the free-body diagram is drawn, a
couple moment is a free vector and can act at any point on
the diagram. Also, a force is a sliding vector and can act at any
point along its line of action.

Equations of Equilibrium.

Count the number of unknowns and compare it to the total
number of equilibrium equations that are available. In two
dimensions, there are three equilibrium equations that can be
written for each member.

Sum moments about a point that lies at the intersection of the
lines of action of as many of the unknown forces as possible.

If the solution of a force or couple moment is found to be a
negative scalar, it means the sense of the force is the reverse of
that shown on the free-body diagram.




6.6

EXAMPLE 6.14

Determine the tension in the cables and also the force P required to
support the 600-N force using the frictionless pulley system shown in

Fig. 6-26a.
R
©
T
P P
T
B
P P
P 2 P
A
600 N
(a) (b)
Fig. 6-26
SOLUTION

Free-Body Diagram. A free-body diagram of each pulley including
its pin and a portion of the contacting cable is shown in Fig. 6-26b.
Since the cable is continuous, it has a constant tension P acting
throughout its length. The link connection between pulleys B and C'is
a two-force member, and therefore it has an unknown tension 7 acting
on it. Notice that the principle of action, equal but opposite reaction
must be carefully observed for forces P and T when the separate
free-body diagrams are drawn.

Equations of Equilibrium. The three unknowns are obtained as
follows:

Pulley A
+13F, = 0; 3P — 600N = 0; P =200N Ans.
Pulley B
+13F, = 0; T —2P =0; T = 400 N Ans.
Pulley C

+13F, = 0; R-2P-T=0; R = 800N Ans.

FRAMES AND MACHINES
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EXAMPLE 6.15

The 500-kg elevator car in Fig. 6-27a is being hoisted at constant
speed by motor A using the pulley system shown. Determine the force
developed in the two cables.

Y
500 (9.81) N

(a) (b)

Fig. 6-27

SOLUTION

Free-Body Diagram. We can solve this problem using the
free-body diagrams of the elevator car and pulley C, Fig. 6-27b. The
tensile forces developed in the two cables are denoted as 7 and 7.

Equations of Equilibrium. For pulley C,
+13F,=0; T,-2Ty =0 or T,=2T, (1)
For the elevator car,
+13F, =0; 3T + 2T, — 500(9.81)N =0 (2)
Substituting Eq. 1 into Eq. 2 yields

3T) + 2(2T7) — 500(9.81) N =0

T, =700.71N = 701 N Ans.
Substituting this result into Eq. 1,

T, = 2(700.71) N = 1401 N = 1.40 kN Ans.
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EXAMPLE 6.16

Determine the horizontal and vertical components of force which the
pin at C exerts on member BC of the frame in Fig. 6-28a.

SOLUTION |

Free-Body Diagrams. By inspection it can be seen that AB is a
two-force member. The free-body diagrams are shown in Fig. 6-28b.

Equations of Equilibrium. The three unknowns can be determined
by applying the three equations of equilibrium to member BC.

(+EMc = 0; 2000 N(2 m) — (Fupsin 60°)(4 m) = 0; Fyp = 11547 N
HKSF =0; 11547cos60°N — C, =0; C, = 577N Ans.
+13F, = 0; 1154.7sin 60°N — 2000N + C, =0

¢, = 1000 N Ans.

SOLUTION II

Free-Body Diagrams. If one does not recognize that AB is a two-
force member, then more work is involved in solving this problem.
The free-body diagrams are shown in Fig. 6-28c.

Equations of Equilibrium. The six unknowns are determined by
applying the three equations of equilibrium to each member.

Member AB

(+XM, = 0; B,(3sin60°m) — By(3 cos60°m) = 0 (1)
53F, =0, A,— B, =0 (2)
+13F,=0; A,—B,=0 (3)
Member BC

(+2M¢ = 0; 2000N(2m) — B,(4m) =0 (4)
XZSF, =0, B,—C, =0 5)
+1%F,=0; B, —2000N + C, =0 (6)

The results for C, and C,, can be determined by solving these equations
in the following sequence: 4, 1, 5, then 6. The results are

B, = 1000 N

B, = 577N

C,=577TN Ans.
C, = 1000 N Ans.

By comparison, Solution I is simpler since the requirement that F,z in
Fig. 6-28b be equal, opposite, and collinear at the ends of member AB
automatically satisfies Egs. 1, 2, and 3 above, and therefore eliminates the
need to write these equations. As a result, save yourself some time and effort (c)
by always identifying the two-force members before starting the analysis!
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EXAMPLE 6.17

The compound beam shown in Fig. 6-29a is pin connected at B.
Determine the components of reaction at its supports. Neglect its
weight and thickness.

10 kN 10 kN
) 8 kN

|4 4kN/m A, yAk

90 % 3 M 3
‘ary l v |a N : ,

5 I ac A l\ B, B, A

0(7;2' = T

"’f;j,v‘% 2m——2m 2m ——‘ % 2m— ‘ B,

(b)
Fig. 6-29
SOLUTION

Free-Body Diagrams. By inspection, if we consider a free-body
diagram of the entire beam A BC, there will be three unknown reactions
at A and one at C. These four unknowns cannot all be obtained from
the three available equations of equilibrium, and so for the solution it
will become necessary to separate the beam into its two members as
shown in Fig. 6-29b.

Equations of Equilibrium. The six unknowns are determined as
follows:

Segment BC

ESF. =0, B,=0

(+2Mp =0; —8kN(1m) + C,(2m) =0

+13F,=0; B,—8kN+ C,=0

Segment AB

HZ3F, =0, A, — (10kN)(3) + B, =0

(+3M, =0; M, — (10kN)($)2m) — B,(4m) =0

+13F,=0; A, — (10kN)(%) — B, =0

Solving each of these equations successively, using previously
calculated results, we obtain

A, =6kN A, =12kN M, =32kN-m Ans.

B, =0 B, = 4kN

(G ¢ kN Ans.
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EXAMPLE 6.18

The two planks in Fig. 6-30a are connected together by cable BC and

a smooth spacer DE. Determine the reactions at the smooth supports

A and F, and also find the force developed in the cable and spacer.
450 N

’-0.6 m~{~0.6 m~ Q00N

+0.6 m~|

450 N Fac |Fpp 1900 N
© F
N, [ 0.6 m+0.6 m-}--0.6 m-T ‘+0.6 m~~0.6 m=~0.6 m»T
A 17
Fgc DE Np
(b)
Fig. 6-30
SOLUTION

Free-Body Diagrams. The free-body diagram of each plank is
shown in Fig. 6-305b. It is important to apply Newton’s third law to the
interaction forces Fz- and Fpg as shown.

Equations of Equilibrium. For plank AD,

(tXM, = 0; Fpp(1.8m) — Fpe(1.2m) — 450N (0.6 m) = 0
For plank CF,
(+EMp = 0; Fpp(12m) — Fpe(1.8m) + 900N (0.6 m) = 0
Solving simultaneously,

Fpr = 630N Fpc= 720N Ans.
Using these results, for plank AD,
+12F, =0 Ny + 630N — 720N — 450N =0

N,y = 540N Ans.
And for plank CF,
+13F, = 0; Ng+ 720N — 630N — 900N = 0

Nr= 810N Ans.

NOTE: Draw the free-body diagram of the system of both planks and
apply M, = 0 to determine Nz. Then use the free-body diagram of
CEF to determine Fpg and Fp.
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EXAMPLE 6.19

4]
I

| 22m |

|
)

(a)
H
E
T,
75 (9.81) N

3

40 (9.81) N
(b)

Ql 75 (9.81) N

40 (9.81)N

()
Fig. 6-31

The 75-kg man in Fig. 6-31a attempts to lift the 40-kg uniform beam
off the roller support at B. Determine the tension developed in the
cable attached to B and the normal reaction of the man on the beam
when this is about to occur.

SOLUTION

Free-Body Diagrams. The tensile force in the cable will be denoted
as Ty. The free-body diagrams of the pulley E, the man, and the beam
are shown in Fig. 6-31b. Since the man must lift the beam off the
roller B then Ny = 0. When drawing each of these diagrams, it is very
important to apply Newton’s third law.

Equations of Equilibrium. Using the free-body diagram of pulley E,
+13F, =0, 271 —-T,=0 or T,=2T, (1)
Referring to the free-body diagram of the man using this result,
+13%F,=0; N,+ 2T, —7509.81)N=10 (2)
Summing moments about point A on the beam,

(+EM, = 0; Ty(3m) — N, (0.8 m) — [40(9.81)N] (1.5m) =0 (3)

Solving Eqgs. 2 and 3 simultaneously for 73 and N,,, then using Eq. (1)
for T,, we obtain

T, = 256N N, = 224N T, =512N Ans.

SOLUTION i

A direct solution for T} can be obtained by considering the beam, the
man, and pulley E as a single system. The free-body diagram is shown
in Fig. 6-31c. Thus,

(+3M, = 0;  274(0.8m) — [75(9.81) N](0.8 m)
—[40(9.81) N](1.5m) + T;(3m) = 0
T, = 256 N Ans.

With this result Egs. 1 and 2 can then be used to find N,, and 7.

o

Refer to the companion website for a self quiz of these
Example problems.
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EXAMPLE 6.20

The smooth disk shown in Fig. 6-32a is pinned at D and has a weight
of 90 N. Neglecting the weights of the other members, determine the
horizontal and vertical components of reaction at pins B and D.

/
w

AP

e

SOLUTION

Free-Body Diagrams. The free-body diagrams of the entire frame
and each of its members are shown in Fig. 6-32b.

Equations of Equilibrium. The eight unknowns can of course
be obtained by applying the eight equilibrium equations to each
member—three to member AB, three to member BCD, and two to
the disk. (Moment equilibrium is automatically satistied for the disk.)
If this is done, however, all the results can be obtained only from a
simultaneous solution of some of the equations. (Try it and find out.)

To avoid this situation, it is best first to determine the three support ‘ B, )
reactions on the entire frame; then, using these results, the remaining !
five equilibrium equations can be applied to two other parts in order to

solve successively for the other unknowns.

Entire Frame
(+tXM, = 0; —(90N) (0.9 m) + C(1.05m)=0 C,= 771N

L 3F =o0; A, — 711N =0 A, =771N

+13F, = 0; A, — 90N =0 A, =90.0N
Member AB

HSE =o0; 771N — B, = 0 B, =711N Auns

(+3Mg = 0; —(90.0N) (1.8 m) + Np(0.9m) =0 Nj = 180.0N

+13F, = 0; 90.0N — 180.0N + B, = 0 B, = 90.0N Ans 000N B,
Disk ®)

£SF =0; D, =0 e Fig. 6-32

+13F, =0; 180.0N — 900N - D, =0 D, =90.0N Ans
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EXAMPLE 6.21

12m

I
(9]
2

o
o
3

(@)

o

Refer to the companion website for a self quiz of these
Example problems.

The frame in Fig. 6-33a supports the 50-kg cylinder. Determine the
horizontal and vertical components of reaction at A and the force at C.

T=50(9.81) N

O FBC
\é

D,=490.5N
D, =4905N

09m

1.20 m

S0O8HN 4 |
Y
Fig. 6-33
SOLUTION

Free-Body Diagrams. The free-body diagram of pulley D, along with
the cylinder and a portion of the cord (a system), is shown in Fig. 6-33b.
Member BC is a two-force member as indicated by its free-body
diagram. The free-body diagram of member ABD is also shown.

Equations of Equilibrium. We will begin by analyzing the
equilibrium of the pulley. The moment equation of equilibrium is
automatically satisfied with 7" = 50(9.81) N, and so

£ SF =0; D, - 509.81)N =0; D, =490.5N

+13F, =0; D, —50(9.81)N =0; D, =490.5N

Using these results, Fpc can be determined by summing moments
about point A on member ABD.

(+3SM, = 0; Fge(0.6m) + 490.5N(0.9 m) — 490.5 N(1.20 m) = 0

Fge = 24525 N Ans.
Now A, and A, can be determined by summing forces.
i>EFx =0; A, —24525N —4905N =0; A, =736 N Ans
+13F, = 0; A, —4905N =0; A, =4905N Ans
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EXAMPLE 6.22

Determine the force the pins at A and B exert on the two-member
frame shown in Fig. 6-34a.
SOLUTION |
800 N
FBA FBA

800 N

A 800 N

800 N

iF BC

‘ 3m

(a) (b)

Free-Body Diagrams. By inspection AB and BC are two-force 800 N
members. Their free-body diagrams, along with that of the pulley,

are shown in Fig. 6-34b. In order to solve this problem we must 800 H Fya Fza 2 @
also include the free-body diagram of the pin at B because this pin K

connects all three members together, Fig. 6-34c. B A Fgu

Equations of Equilibrium: Apply the equations of force equilibrium Pin B Pin A
to pin B.
BSF =0, Fgy— 80N =0; Fg,=800N Ans.

800 N
+T2Fy = 0, FBC — 800N = 0, FBC = 800N Ans. Fgu

NoTE: The free-body diagram of the pin at A, Fig. 6-34d, indicates
how the force F,p is balanced by the force (F,5/2) exerted on the ‘ 3m }
pin by each of the two pin leaves. 2m

800 N

SOLUTION II

Free-Body Diagram. If we realize that AB and BC are two-force

members, then the free-body diagram of the entire frame produces ©
an easier solution, Fig. 6-34e. The force equations of equilibrium

are the same as those above. Note that moment equilibrium will be Fig. 6-34
satisfied, regardless of the radius of the pulley.
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. FUNDAMENTAL PROBLEMS

All solutions must include a free-body diagram.

16-13. Determine the force P needed to hold the 300-N Fo-15. If a 100-N force is applied to the handles of the

weight in equilibrium. pliers, determine the clamping force exerted on the smooth
pipe B and the magnitude of the resultant force that one of
the members exerts on pin A.

100 N

[ 250 mm |
100 N
Prob. F6-13 Prob. F6-15
F6-14. Determine the horizontal and vertical components F6-16. Determine the horizontal and vertical components
of reaction at pin C. of reaction at pin C.
400 N

Prob. F6-14 Prob. F6-16
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['6-17. Determine the normal force that the 500-N plate A [6-19.  Determine the components of reaction at A and B.
exerts on the 150-N plate B.

Prob. F6-19

Prob. F6-17

F6-18. Determine the force P needed to lift the load. Also,
determine the proper placement x of the hook for

e . F6-20. i i .
equilibrium. Neglect the weight of the beam. ¢-20. Determine the reactions at D

i 0.9 m ‘

15 kN
10 kN
l C
A
D
[ x —> a
3 m 3m 3 m 3 m—-
6 kKN }‘* \ \ \

Prob. F6-18 Prob. F6-20
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I'6-21. Determine the components of reaction at A and C. I'6-23. Determine the components of reaction at E.
4 kN/ m
400 N/m
m \l\l\i\%\v\ B
©) ©) ——
600 N 3
2m
3m
B
©) © . N
1.5m 1.5m
| Y
- SkN

Prob. F6-23

Prob. F6-21

F6-24. Determine the components of reaction at D and the
components of reaction the pin at A exerts on member BA.

16-22. Determine the components of reaction at C.

6 kN

Y
~
3

LI.S m——1.5m——1.5m—-—1.5 m»‘ 3m

Prob. F6-22 Prob. F6-24
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. PROBLEMS

All solutions must include a free-body diagram.

6-61. Determine the force P required to hold the 150-kg *6-64. Determine the horizontal and vertical components
crate in equilibrium. of force at pins A and C of the two-member frame.

200 N/m

i

Prob. 6—64

Prob. 6-61
6-65. Determine the force P required to hold the 50-kg

6-62. The frame is used to support the 50-kg cylinder. mass in equilibrium.

Determine the horizontal and vertical components of
reaction at A and D.

6-63. The frame is used to support the 50-kg cylinder.
Determine the force of the pin at C on member ABC and
on member CD.

Probs. 6-62/63 Prob. 6-65
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6-66. Determine the horizontal and vertical components
of force that pins A and B exert on the frame.

C 2kN/m

I 3m \
Prob. 6-66

6-67. Determine the reactions at the supports A, C, and E
of the compound beam.

12 kN
3kN/m
1 1 1 1 l 1 Y
(e Iz o O\
A B = C |D 2
~3m— 4m i 6m ! 3m
2m
Prob. 6-67

*6-68. Determine the horizontal and vertical components
of force at pins A and D.

12 kN

Prob. 6-68

6-69. Determine the resultant force at pins A, B, and C on
the three-member frame.

‘ 2m
800 N
C
200 N/m
2 m
60°
A\ Blgh— v
b,
Prob. 6-69

6-70. Determine the horizontal and vertical components
of force at pins B and C. The suspended cylinder has a mass
of 75 kg.

1.5m

Prob. 6-70



6-71. Determine the compressive force exerted on the
stone by a vertical load of 50 N applied to the toggle press.

S0N

Prob. 6-71

*6-72. If P = 75 N, determine the force F that the toggle
clamp exerts on the wooden block.

6-73. If the wooden block exerts a force of F = 600 N
on the toggle clamp, determine the force P applied to the
handle.

Probs. 6-72/73
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6-74. Determine the horizontal and vertical components
of force which the pins at A and B exert on the frame.

| 2m |
400N/m | |
1 > :
1.5m
L E
3m
3m
F RN
1.5m
) A B o J—
ol s ol s
Prob. 6-74

6-75. The two ends of the spanner wrench fit loosely into
the smooth slots of the bolt head. Determine the required
force P on the handle in order to develop a torque of
M = 50 N-m on the bolt. Also, what is the resultant force
on the pin at B?

*6-76. The two ends of the spanner wrench fit loosely into
the smooth slots of the bolt head. Determine the torque M
on the bolt and the resultant force on the pin at B when a
force of P = 80 N is applied to the handle.

250 mm 4»L70 mm»‘

Probs. 6-75/76
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6-77. The compound beam is pin supported at B and
supported by rockers at A and C.There is a hinge (pin) at D.
Determine the reactions at the supports.

2 kN/m
Ap 7\ © C
— B D
Prob. 6-77

6-78. Determine the reactions at the supports at A, E, and
B of the compound beam.

900 N/m

900 N /m
Tﬁ\ \l\'\D\,\B
5

C D_@_Eg

*3m*‘

<—3m—>—3m-—f~—4m-—<3m>

Prob. 6-78

6-79. The toggle clamp is subjected to a force F at the
handle. Determine the vertical clamping force acting at E.

Prob. 6-79

*6-80. Determine the force in members FD and DB of
the frame. Also, find the horizontal and vertical components
of reaction the pin at C exerts on member ABC and
member EDC.

G B\ -
F

6kNY ym

olD—

B / Im

A
e . @?)cl
= 2m 1 1 m%‘

Prob. 6-80



6-81. Determine the force that the smooth 20-kg cylinder
exerts on members AB and CDB. Also, what are the
horizontal and vertical components of reaction at pin A?

o

O
—r—

! 1.5m i 2m

Prob. 6-81

6-82. The hoist supports the 125-kg engine. Determine
the force this load creates along member DB and along
member FB, which contains the hydraulic cylinder H.

| 2m

Prob. 6-82
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6-83. Determine the force that the jaws J of the metal
cutters exert on the smooth cable C if 100-N forces are
applied to the handles. The jaws are pinned at £ and A,
and D and B.There is also a pin at F.

Prob. 6-83

*6-84. The symmetric coil tong supports the coil which
has a mass of 800 kg and center of mass at G. Determine
the horizontal and vertical components of force the linkage
exerts on plate DEIJH at points D and E. The coil exerts
only vertical reactions at K and L.

Prob. 6-84
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6-85. The double tree AB is used to support the loadings
applied to each of the single trees. Determine the total load
that must be supported by the chain EG and its placement d
for AB to remain horizontal.

2m

l0.4m‘0.4ml *0.6m ‘ 0.6m¢
300 N

400N 400N 300N

Prob. 6-85

6-86. The picture frame is glued together at its corners
and held in place by the 4-corner clamp. If the tension in the
adjusting screw is 14 N, determine the horizontal and vertical
components of the clamping force that member AD exerts
on the smooth joints at B and C. All connections are pins.

Prob. 6-86

6-87. The machine is used for forming metal plates. It
consists of two toggles ABC and DEF, which are operated
by the hydraulic cylinder H. The toggles push the movable
bar G forward, pressing the plate p into the cavity. If the
force which the plate exerts on the head is P = 12 kN,
determine the force F in the hydraulic cylinder when
0 = 30°.

Prob. 6-87

*6-88. The pillar crane is subjected to the crate having a
mass of 500 kg. Determine the force in the tie rod AB and
the horizontal and vertical reactions at the pin support C
when the boom is held in the position shown.

Prob. 6-88
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6-89. The pipe cutter is clamped around the pipe P. If 6-91. The clamp is used to hold the smooth strut S in
the wheel at A exerts a normal force of F4 = 80 N on the place. If the tensile force in the bolt GH is 300 N, determine
pipe, determine the normal forces of wheels B and C on the force exerted at the smooth surface at A and B.

the pipe. Also find the pin reaction on the wheel at C. The

three wheels each have a radius of 7 mm and the pipe has an

outer radius of 10 mm.

m
[N
i

=
i

Prob. 6-89 G

50 mm

Prob. 6-91

6-90. Determine the horizontal and vertical components

of force which pin C exerts on member ABC. The 600-N *6-92. Determine the force in the hydraulic cylinders EF

force is applied to the pin. and AD in order to hold the shovel in the position shown.
The load has a mass of 1.25 Mg and a center of gravity at G.
All joints are pin connected.

0.2
025 m _ 15m—F
E 30°

)
D 10°

Iﬂ@ 60° 0.5m 2m

| ¥ 600N
£ 300N

Prob. 6-90 Prob. 6-92
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6-93. The constant moment of 50 N -m is applied to the
crank shaft. Determine the compressive force P that is
exerted on the piston for equilibrium as a function of 6. Plot
the results of P (vertical axis) versus 6 (horizontal axis) for
0°=6 =90

Prob. 6-93

6-94. The gin-pole derrick is used to lift the 300-kg stone
with constant velocity. If the derrick and the block and
tackle are in the position shown, determine the horizontal
and vertical components of force at the pin support A and
the orientation 6 and tension in the guy cable BC.

Prob. 6-94

6-95. A man having a weight of 875 N attempts to hold
himself using one of the two methods shown. Determine
the total force he must exert on bar AB in each case and the
normal reaction he exerts on the platform at C. Neglect the
weight of the platform.

() (b)
Prob. 6-95

*6-96. A man having a weight of 875 N attempts to hold
himself using one of the two methods shown. Determine
the total force he must exert on bar AB in each case and
the normal reaction he exerts on the platform at C. The
platform has a weight of 150 N.

(®)

Prob. 6-96



6-97. Determine the couple moment M needed to create a
force of F = 200 N on the slider block at C.

Prob. 6-97

6-98. The nail cutter consists of the handle and the two
cutting blades. Assuming the blades are pin connected at B
and the surface at D is smooth, determine the normal
force on the fingernail when a force of 5 N is applied to the
handles as shown. The pin AC slides through a smooth hole
at A and is attached to the bottom member at C.

5N
6 mm 6 mm
[ 36 mm
A
B
W
C
5N
Prob. 6-98
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6-99. The two-member frame is pin connected at E. The
cable is attached to D, passes over the smooth peg at C,
and supports the 500-N load. Determine the horizontal and
vertical reactions at each pin.

Yy S00N

Prob. 6-99

*6-100. If the 300-kg drum has a center of mass at G,
determine the horizontal and vertical components of force
acting at pin A and the reactions on the smooth pads C and D.
The grip at B on member DAB resists both horizontal and
vertical components of force at the rim of the drum.

Prob. 6-100
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6-101. If a force of F = 350 N is applied to the handle of
the toggle clamp, determine the resulting clamping force
at A.

Prob. 6-101

6-102. Determine the force that must be developed in the
hydraulic cylinder AB in order to develop a normal force
of 4 MN in the grip. Also, determine the magnitude of the
force developed in the pin at C.

Prob. 6-102

B 6-103. Operation of exhaust and intake valves in an
automobile engine consists of the cam C, push rod DE,
rocker arm EFG which is pinned at F, and a spring and
valve,V. If the compression in the spring is 20 mm when the
valve is open as shown, determine the normal force acting
on the cam lobe at C. Assume the cam and bearings at H,
I, and J are smooth. The spring has a stiffness of 300 N /m.

25 mm

Prob. 6-103
*6-104. The double link grip is used to lift the beam.
If the beam weighs 4 kN, determine the horizontal and
vertical components of force acting on the pin at A and the
horizontal and vertical components of force that the flange
of the beam exerts on the grip at B. Assume B and F are pins.

Prob. 6-104
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6-107. Determine force P on the cable if the spring is
compressed 0.025 m when the mechanism is in the position
shown. The spring has a stiffness of k = 6 kN/m.

6-105. If a clamping force of 300 N is required at A,
determine the amount of force F that must be applied to the
handle of the toggle clamp.

E
i o
150 mm D
! 30%]
« k
200 mm
C
f = F
200 mm
4 | NAB
| 800 mm
200 mm
Prob. 6-107

Prob. 6-105

*6-108. Determine the required mass of the suspended

cylinder if the tension in the chain wrapped around the
6-106. Determine the horizontal and vertical components ere fﬁz Eiﬁ;?agngtefirr;tgnbeii 11(41\,1, Also, what is the magnitude
of force that the pins at A and B exert on the frame. P ’

4 kN
2 kN
T—zm 2m 2m —|
c Y Y | o
i <]
B
3m
3 kN _
Im
l—rs ©) G
D‘ E
3m | 3m |

Prob. 6-108

Prob. 6-106
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B 6-109. The spring has an unstretched length of 0.3 m.
Determine the angle 6 for equilibrium if the uniform bars
each have a mass of 20 kg.

6-110. The spring has an unstretched length of 0.3 m.
Determine the mass m of each uniform bar if § = 30° for
equilibrium.

Probs. 6-109/110

6-111. If the vertical force P is applied to the two-bar
mechanism, determine the equilibrium force F on the block.
Plot this magnitude as a function of #, where 0° = 6 = 90°.

Prob. 6-111

*6-112. The platform scale consists of a combination of third
and first class levers so that the load on one lever becomes the
effort that moves the next lever. Through this arrangement,
a small weight can balance a heavy object. If x = 450 mm,
determine the required mass of the counterweight S required
to balance the load having a mass of 90 kg.

6-113. The platform scale consists of a combination of third
and first class levers so that the load on one lever becomes the
effort that moves the next lever. Through this arrangement,
a small weight can balance a heavy object. If x = 450 mm,
and the mass of the counterweight § is 2 kg, determine the
mass of the load L required to maintain the balance.

100mm250mm1‘50mm
\of H
E F
o o G
C||D
> o T
150 mm L"
<—>‘F350mm7>‘ S
3 = Jp
A A

x

Probs. 6-112/113

6-114. The skid-steer loader has a mass of 1.18 Mg, and in
the position shown the center of mass is at Gy. If there is a
300-kg stone in the bucket, with center of mass at G,
determine the reactions of each pair of wheels A and B on
the ground and the force in the hydraulic cylinder CD and at
the pin E.There is a similar linkage on each side of the loader.

1.25m —

>5

o
e—

T E‘@

FAcire <4

I Sy

= e

1.5m 0.75m —

Prob. 6-114
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6-115. Member AB is supported by a ball-and-socket 6-117. The handle of the sector press is fixed to gear G,

at A and smooth collar at B. Member CD is supported by a which in turn is in mesh with the sector gear C. Note that
pin at C. Determine the x, y, z components of reaction AB is pinned at its ends to gear C and the underside of
at A and C. the table EF, which is allowed to move vertically due to

the smooth guides at £ and F. If the gears exert tangential
forces between them, determine the compressive force
developed on the cylinder S when a vertical force of 40 N is
applied to the handle of the press.

| 4N

Thisd

oB
Prob. 6-115 = — ‘
03sm o
*6-116. The four-member “A” frame is supported at A Prob. 6117

and E by smooth collars and at G by a pin. All the other
joints are ball-and-sockets. If the pin at G will fail when the
resultant force there is 800 N, determine the largest vertical
force P that can be supported by the frame. Also, what are 6-118. Member AD is supported by cable AB and a

the x, y, z force components which member BD exerts on roller at C, and fits through a smooth circular hole at D.
members EDC and ABC? The collars at A and E and the Member ED is supported by a roller at D and a pole that
pin at G only exert force components on the frame. fits in a smooth snug circular hole at E. Determine the x, y, z

components of reaction at £ and the tension in cable AB.

@y 03m
F=(-25k kN— &

Prob. 6-116 Prob. 6-118
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| CHAPTER REVIEW

Simple Truss

A simple truss consists of triangular
elements connected together by
pinned joints. The forces within
its members can be determined
by assuming the members are all
two-force members, connected Roof truss
concurrently at each joint. The
members are either in tension or
compression, or carry no force.

Method of Joints B

» 500 N
The method of joints states that if a
truss is in equilibrium, then each of }
its joints is also in equilibrium. For

a plane truss, the concurrent force
system at each joint must satisfy force
equilibrium, 2F, = 0, XF, = 0.

45°

45°
Pivy N

500N

/
45° F .
Fj, (tension) sc (compression)

Method of Sections a

gt g
The method of sections states that T
if a truss is in equilibrium, then each 2m
part of the truss is also in equilibrium. i J
Pass a section through the truss and A G . F 21
the member whose force is to be I > me
determined. Then draw the free-body Y1000 N
diagram of the sectioned part having
the least number of forces on it. —2m—
The three equilibrium equations are (Esc
. . /
available for solution.
P Y Fge
7
% 45°
——
G | For

4;2 m—
1000 N
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Space Truss

A space truss is a three-dimensional
truss built from tetrahedral elements,
and is analyzed using the same
methods as for plane trusses. The
joints are assumed to be ball-and-
socket connections.

Frames and Machines

Frames and machines are structures
that contain one or more multiforce
members, that is, members with three
or more forces or couples acting on
them. Frames are designed to support
loads, and machines transmit and
alter the effect of forces.

The forces acting at the joints of a
frame or machine can be determined
by drawing the free-body diagrams
of each of its members or parts. The
principle of action-reaction should
be carefully observed when indicating
these forces on the free-body diagram
of each adjacent member or pin. For
a coplanar force system, there are
three equilibrium equations available
for each member.

To simplify the analysis, be sure to
recognize all two-force members.
They have equal but opposite
collinear forces at their ends.

Action-reaction

2000 N

Multi-force

member

Two-force

member
2000 N
B i. C,
o o
/ |
Fup “" o

FlAB
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. REVIEW PROBLEMS

All solutions must include a free-body diagram.

R6-1. Determine the force in each member of the truss R6-3. Determine the force in each member of the truss
and state if the members are in tension or compression. and state if the members are in tension or compression.
S kN 10 kN

F

| 2m ‘ 2m |

12 kN
Prob. R6-3

Prob. R6-1

R6-4. Determine the force in member GJ and GC of the

) ) truss and state if the members are in tension or compression.
R6-2. Determine the force in members GF, FB, and BC

of the Fink truss and state if the members are in tension or
compression.

10 kN

10 kN

Prob. R6-2 Prob. R6—4
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R6-5. Determine the horizontal and vertical components R6-7. Determine the force in members AB, AD, and AC
of force that the pins A and B exert on the two-member of the space truss and state if the members are in tension or
frame. compression.

60°
400 N/mye/A—+
F = {~600k} N

Prob. R6-7

Prob. R6-5

R6-8. Determine the horizontal and vertical components
of force that the pins A and C exert on the two-member
frame.

R6-6. Determine the resultant forces at pins B and C on

member ABC of the four-member frame.
500 N/m

A/v/(l/
25 1 ﬁ B E:‘ ’
D m m
3m
4 kN/m
—>
—
) @) o) —— 3m
A B C
e
2m B ‘C
77600 N/m
F E D
D} &/ o 400 N/m
‘<—1m | 25m }

Prob. R6-6 Prob. R6-8
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The loads within the beams and columns of this building frame must first be
determined if they are to be properly designed. In this chapter we will study how
to find these internal loadings.




Lecture Summary and Quiz,

T ‘ A — Example, and Problem-
- | solving videos are available

where this icon appears.

. CHAPTER OBJECTIVES

B To use the method of sections to determine the internal loadings
in a member at a specific point.

B To show how to obtain the internal shear and moment throughout
a member and express the result graphically in the form of shear
and moment diagrams.

B To analyze the forces and the shape of cables supporting various
types of loadings.

7.1 INTERNAL LOADINGS

To design a structural member or mechanical element it is necessary to know
the loading acting within it to be sure the material can resist this loading.
Internal loadings are determined by using the method of sections. To illustrate
the method, consider finding the internal loading at point B of the cantilever
beam shown in Fig. 7-1a. If we pass an imaginary section perpendicular to
the axis of the beam through point B, and then separate the beam into two
segments, then the internal loadings acting at B will be exposed and become
external on the free-body diagram of each segment, Fig. 7-1b.

P,
P2 Pl P
2
A, My M /

(@ (b) 247
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P, P,
N o |
S fr_/
k Ny Ng
4 Vi

M Vg

Ax

(b)
Fig. 7-1 (Repeated)

The force component Ny that acts perpendicular to the cross section
is termed the normal force. The force component Vp that is tangent to
the cross section is called the shear force, and the couple moment My
is referred to as the bending moment, Fig. 7-2a. According to Newton’s
third law, these loadings must act in opposite directions on each segment,
as shown in Fig. 7-1b. They can be determined by applying the equations
of equilibrium to the free-body diagram of either segment. In this
case, however, the right segment is the better choice since it does not
involve the unknown support reactions at A. A direct solution for N is
obtained by applying X F, = 0, V is obtained from XF, = 0, and Mg
can be obtained by applying 2 Mp = 0, since the moments of Nz and Vg
about B are zero.

In three dimensions, a general resultant internal force and couple
moment resultant will act at the section. The x, y, z components of these
loadings are shown in Fig. 7-2b. Here N, is the normal force, and V,
and V, are shear force components. M, is a torsional or twisting moment,
and M, and M, are bending moment components. For most applications,
these resultant loadings will act at the geometric center or centroid (C)
In each case, the link on the backhoe is a  of the section’s cross-sectional area. Although the magnitude for each
two-force member. In the top photo it is  |oading generally will be different at various points along the axis of

subjected to both bending and a normal force ) o member, the method of sections can always be used to determine
at its center. It is more efficient to make the thei 1
eir values.

member straight, as in the bottom photo;
then only an axial force acts within the
member.

Bending moment
components T M

Normal force

Ve Torsional moment
Normal force

L —_
c —N c J
M
E 7
Shear force —y 4 . M \ ) Ve
Bending moment Y Shear force components

(a) x (b)




Sign Convention.

manner. Loadings that are opposite to these are considered negative.

- IMPORTANT POINT

For problems in two dimensions engineers
generally use a sign convention to report the three internal loadings
N, V, and M. Although this sign convention can be arbitrarily assigned, the
one that is widely accepted will be used here, Fig. 7-3. The normal force is
said to be positive if it creates tension, a positive shear force will cause the
beam segment on which it acts to rotate clockwise, and a positive bending
moment will tend to bend the segment on which it acts in a concave upward

There can be four types of resultant internal loads in a member.
They are the normal and shear forces and the bending and
torsional moments. These loadings generally vary from point
to point. They can be determined using the method of sections.

- PROCEDURE FOR ANALYSIS

The method of sections can be used to determine the internal
loadings on the cross section of a member using the following
procedure.

Support Reactions.

Before the member is sectioned, it may first be necessary to
determine its support reactions.

Free-Body Diagram.

It is important that all distributed loadings, couple moments, and
forces acting on the member be kept in their exact locations, then
pass an imaginary section through the member, perpendicular toits
axis at the point where the internal loadings are to be determined.

After the section is made, draw a free-body diagram of the
segment that has the least number of loads on it, and indicate
the components of the internal force and couple moment
resultants at the cross section acting in their positive directions
in accordance with the established sign convention.

Equations of Equilibrium.

Moments should be summed at the section. This way the
normal and shear forces at the section are eliminated, and we
can obtain a direct solution for the moment.

If the solution of the equilibrium equations yields a negative
scalar, the sense of the internal loading is then opposite to that
shown on the free-body diagram.

7.1 INTERNAL LOADINGS 349

Positive normal force

\%
A\%
T
\%
Positive shear

M M

M M
Positive moment

Fig. 7-3

Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 7.1

INTERNAL FORCES

Determine the normal force, shear force, and bending moment acting
just to the left, point B, and just to the right, point C, of the 6-kN force
on the beam in Fig. 7-4a.

16 kN

9 kKN-m

~—3m

(a)
SOLUTION

Support Reactions. The free-body diagram of the beam is shown
in Fig. 7-4b. When determining the external reactions, realize that the
9-kN - m couple moment is a free vector and therefore it can be placed
anywhere on the free-body diagram of the entire beam. Here we will
only determine A, since the left segments will be used for the analysis.

(t2XMp = 0; 9kN-m + (6kN)(6m) — A,(9m) = 0

A, = 5kN
Free-Body Diagrams. The free-body diagrams of the left segments
AB and AC of the beam are shown in Figs. 7-4c and 7—4d. In this case

the 9-kN - m couple moment is not included on these diagrams, since it
acts on the right segment.

Equations of Equilibrium.

Segment AB

K 3F, =0 Ng=0 Ans.
+13F, = 0; S5kN — Vz=0; Viz=5kN Ans.
(FEMp=0; —(5kN)3m) + Mp=0;, Mp=15kN-m Ans
Segment AC

£ 3F, =0 Ne=0 Ans.
+13F, = 0; SKN —6kN — V=0; V= —-1kN Ans.
(FEMs=0; —(5kN)3m) + M-=0; Mc=15kN-m Ans

NoTE: The negative sign indicates that V. acts in the opposite sense
to that shown on the free-body diagram. Also, the moment arm for
the 5-kN force in both cases is approximately 3 m since B and C are
“almost” coincident.
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EXAMPLE 7.2

Determine the normal force, shear force, and bending moment at
point C of the beam in Fig. 7-5a.

1200 N/m

1200 N/m
Wc

B | 15m

3m

1 15m | 15m |
(a) (b)

(600 N/m)(1.5 m)

SOLUTION 600N/m Peona,

Free-Body Diagram. It is not necessary to find the support 6_
. . . NC
OSm

reactions at A since segment BC of the beam can be used to determine
the internal loadings at C. The intensity of the distributed load at C
is determined using similar triangles from the geometry shown in (©)
Fig. 7-5b,1i.e.,
Fig. 7-5
we = (1200 N/m) <135_mm> = 600 N/m

The distributed load acting on segment BC can now be replaced by its
resultant force, and its location is indicated on the free-body diagram,
Fig. 7-5c¢.

Equations of Equilibrium.

E3F, =0 Ne=0 Ans.
+13F, =0; V¢ —3(600N/m)(1.5m) =0

Ve =450N Ans.
(+3Mc=0; —M¢— 3(600N/m)(1.5m)(0.5m) = 0

Mc= —225N-m Ans.

The negative sign indicates that M acts in the opposite sense to that

shown on the free-body diagram.
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CHAPTER 7

EXAMPLE 7.3

750 N/m

Fpc

INTERNAL FORCES

Determine the normal force, shear force, and bending moment acting

‘<—1.2m ——12m—
uuﬂumu

at point B of the two-member frame shown in Fig. 7-6a.

B

(a)

],C SOLUTION

Support Reactions. A free-body diagram of each member is
shown in Fig. 7-6b. Since CD is a two-force member, the equations of
equilibrium need to be applied only to member AC.

(+3M, =0; —(1.8kN) (12m) + (%) Fpe(24m) =0 Fpc = 1L5kN
K 3F, =0 A, + (})(15kN) =0 A, =12kN

+13F, = 0; A, —18kN + (2)(15kN) =0 A, = 0.9kN

0.9 kN

0.6 m»i«(m m-|
===--r-——--- |

(®)
Fig. 7-6

(©)

Free-Body Diagrams. Passing an imaginary section perpendicular
to the axis of member AC through point B yields the free-body
diagrams of segments AB and BC shown in Fig. 7-6¢c. When
constructing these diagrams it is important to keep the distributed
loading where it is until after the section is made. Only then can it be
replaced by a single resultant force.

Equations of Equilibrium. Applying the equations of equilibrium
to segment AB, we have

K 3F, =0 Ng —12kN =0; Ng=12kN Ans
+13F, =0; 09kN — 0.9kN — V5 = 0; V=0 Ans.

(+3Mgz=0; Mg—09kN(1.2m)+09kN (0.6m) =0
Mp = 540 N-m Ans.

NOTE: As an exercise, try to obtain these same results using segment BC.
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EXAMPLE 7.4

Determine the normal force, shear force, and bending moment acting
at point E of the frame loaded as shown in Fig. 7-7a.

600 N

(b)

SOLUTION

Support Reactions. By inspection, members AC and CD are
two-force members, Fig. 7-7b. In order to determine the internal
loadings at E, we must first determine the force R acting at the end of
member AC. To obtain it, we will analyze the equilibrium of the pin
at C.

Summing forces in the vertical direction on the pin, Fig. 7-7b, we
have

+T2Fy = 0; Rsin45° — 600 N = 0; R = 8485N

Free-Body Diagram. The free-body diagram of segment CE is
shown in Fig. 7-7c.

Equations of Equilibrium.

E3F, =0 848.5c0845°N — Vy=0; Vy=600N Auns. (©
+13F, =0; —8485sin45°N + Ng = 0; Ng = 600N  Ans. Fig. 7-7
(+F2Mg = 0; 848.5cos 45° N(0.5m) — My =0
Mg =300 N-m Ans.
NOTE: If member AC is straight (from A to C), then the shear and @

bending moment would be eliminated and only a normal force of 848.5 N

Refer to the companion website for a self quiz of these

would act within the member. Example problems.
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EXAMPLE 7.5

(b)

%

<73m4>‘

Y6376 kN

Fig. 7-8

The uniform sign shown in Fig. 7-8a has a mass of 650 kg and is
supported on the fixed column. Determine the internal loadings at A
if the maximum uniform wind loading on the sign is 900 Pa.

SOLUTION

The idealized model for the sign is shown in Fig. 7-8b. Here the
necessary dimensions are indicated. We will consider the free-body
diagram of a section above point A since it does not involve the
support reactions.

Free-Body Diagram. The sign has a weight of W = 650(9.81) N =
6376 kN, and the wind creates a resultant force of
F, = 900 N/m?*(6 m)(22.5m) = 13.5kN, which acts perpendicular
to the face of the sign. These loadings are shown on the free-body
diagram, Fig. 7-8c.

Equations of Equilibrium. Since the problem is three dimensional,
a vector analysis will be used.

SF = 0; F, — 13.5i — 6.376k = 0
F, = {13.5i + 6.38k } kN Ans.
M, = 0; M,+rXx(F,+W) =0
i Kk
M, + 0 3 5.25 =0

—-135 0 -6.376

M, = {19.1i + 70.9f — 40.5k} kN -m Ans.

NOTE: Here F, = {6.38k} kN represents the normal force, whereas
F, = {135} kN is the shear force. Also, the torsional moment is
M, = {-405k}kN-m, and the bending moment is determined
from its components M, = {19.1i}kN-m and M, = {70.9j} kN -m;

ie, Mpa= V(My; + (My); = 734kN-m.
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. FUNDAMENTAL PROBLEMS

All solutions must include a free-body diagram.

17-1. Determine the normal force, shear force, and
moment at point C.

10kN 15 kN

A

i
L 1.5m 1.5m 1.5m

Prob. F7-1

17-2. Determine the normal force, shear force, and
moment at point C.

30 kN-m l

\
AT C =

I.SmJ«LS m——1.5 m»Ll.Sm»

Prob. F7-2

F7-3. Determine the normal force, shear force, and
moment at point C.

45 kN/m

F7-4. Determine the normal force, shear force, and
moment at point C.

i} B
T C -
‘« 15m——15m—-=—15m —~—15m »‘

Prob. F7-4

F7-5. Determine the normal force, shear force, and
moment at point C.

9 kN/m

;‘ 3m | 3m |

Prob. F7-5

F7-6. Determine the normal force, shear force, and
moment at point C. Assume A is pinned and B is a roller.

T

Prob. F7-6
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. PROBLEMS

*7-4. The beam has a weight w per unit length. Determine
the internal normal force, shear force, and moment at point
C due to its weight.

All solutions must include a free-body diagram.

7-1. The structural connections transmit the loads shown
to the column. Determine the normal force, shear force, and
moment acting in the column at a section passing horizontally

through point A.
30 mm 40 mm
H% 250 mm
F
13
16 kN
) 6 kN
ki
4P J23kN 185 mm
4
4 6 kKN
A
Prob. 7-4
Lzs mm 7-5. The beam-column is fixed to the floor and supports
the load shown. Determine the normal force, shear force,
Prob. 7-1 and moment at points A and B.
7-2. Determine the internal normal force, shear force, and
moment at point C in the cantilever beam. SKN

0.2

=X

Prob. 7-2

7-3. Determine the internal normal force, shear force, and
moment at point C in the simply supported beam. Point C is
located just to the right of the 2.5-kN - m couple moment. 2m

LT

A —— 3
ﬂ9 1300 4
o ChsiN-m 2

I 2m I 2m
Prob. 7-3 Prob. 7-5

s~




PROBLEMS 357

7-6. Determine the internal normal force, shear force, and 7-9. Determine the normal force, shear force, and moment
moment at point C in the double-overhang beam. acting at point C.
8 kN
3 kN/m
5 kN/m
y sy |||
A ?
" ~ c B
‘ 125m - 075m #O.Sm{
1.Sm—r—15m—+—15m 1.5m
Prob. 7-9

Prob. 7-6

7-10. Determine the normal force, shear force, and

) ) moment at point C. Take P = 8 kN.
7-7. Determine the internal normal force, shear force, and

moment at points C and D in the simply supported beam.
Point D is located just to the left of the 5-kN force.

B
Wl |
0.1
SN " 0sm
| c A
( ) D @
§—o07sm —075m———075m—
P
Prob. 7-10

7-11. The cable will fail when subjected to a tension of
2 kN. Determine the largest vertical load P the frame will
support and calculate the normal force, shear force, and
moment at point C for this loading.

*7-8. Determine the distance a as a fraction of the beam’s
length L for locating the roller support so that the moment
in the beam at B is zero.

i S

B C

o e B
a4 L3 0.75m————0.75m
|

-l
-«

L

Prob. 7-8 Prob. 7-11
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*7-12. Determine the internal normal force, shear force,
and moment at points £ and F in the beam.

300 N/m

L»l.S m*L»l.S m»Ll.S m#«l.S m*‘

Prob. 7-12

7-13. Determine the distance a between the supports in
terms of the shaft’s length L so that the bending moment
in the symmetric shaft is zero at the shaft’s center. The
intensity of the distributed load at the center of the shaft is
wo. The supports are journal bearings.

Wo

e U T e

\ a \

L

Prob. 7-13

7-14. Determine the internal normal force, shear force,
and moment at points D and E in the two members.

Prob. 7-14

7-15. Determine the internal normal force, shear force,
and moment at points A and B in the column.

Prob. 7-15

*7-16. Determine the normal force, shear force, and
moment at point C.

4kN/m

. < ?
3m 6 m ‘

Prob. 7-16

7-17. Determine the normal force, shear force, and
moment at point C of the beam.

AFPE - —38
|
I

3m 3m

Prob. 7-17



7-18. Dectermine the internal normal force, shear force,
and moment at point D in the beam.

600 N/m

Prob. 7-18

7-19. Determine the internal normal force, shear force,

and moment at point C.

6 kN/m

Prob. 7-19

*7-20. Determine the internal normal force, shear force,

and the moment at points C and D.

m
45° 5 B
D QT INAITES
~——3m —-——3m %‘ ’

Prob. 7-20
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7-21. Determine the internal normal force, shear force,
and moment at points D and E in the overhang beam.
Point D is located just to the left of the roller support at B,
where the couple moment acts.

2 kN/m 6 kN -m
IE\ y c
2 P ! ™~
A D B E s
<73m4—‘*1.5m =1.5 m~ 3 1
SkN
Prob. 7-21

7-22. Determine the internal normal force, shear force,
and moment at point C.

0.2m 400N
T
L ”
_@_ C =
hl 5m
‘ 3m 2m ‘
Prob. 7-22

7-23. Determine the normal force, shear force, and
moment at points E and F of the compound beam. Point E
is located just to the left of the 800-N force.

300 N 1200 N
l 400 N/m
AN
3 YV VY VY ¥V Y
A O D) D) O D
E C F
15 m—~1 m>~—2 m—~1 m>1.5 m—~15 m—
Prob. 7-23
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W+ 7-24. Determine the distance a in terms of the beam’s
length L between the symmetrically placed supports A
and B so that the moment at the center of the beam is zero.

Prob. 7-24

7-25. Determine the ratio of a/b for which the shear force
will be zero at the midpoint C of the beam.

w
m y
I A\ .
ALY, C B 0.
‘ a b2 b2 a
Prob. 7-25

7-26. Dectermine the internal normal force, shear force,
and bending moment at point C.

40 kN
8 kN/m
60°
?
A
C
~—— 3m l 3m 3m %‘ ‘«
0.3m

Prob. 7-26

7-27. Determine the internal normal force, shear force,
and moment at point C.

* B E 200 N
RS- 0
=23
1m
b C l
of . 10
FIA D
leqklm 2m 800N - m
Prob. 7-27

*7-28. Determine the internal normal force, shear force,
and moment at points C and D in the simply supported
beam. Point D is located just to the left of the 10-kN
concentrated load.

10 kN

6 kN/m

° A A

C
Pl.S m-—-=~15m-—-15m—

Prob. 7-28

=L,

D
~1.5 m#

7-29. Determine the normal force, shear force, and
moment at a section passing through point D. Take
w = 150 N/m.

7-30. The beam AB will fail if the maximum internal
moment at D reaches 800 N-m or the normal force in
member BC becomes 1500 N. Determine the largest load
w it can support.

ST
R

1 4m 4 m

4m

Probs. 7-29/30



7-31. Determine the normal force, shear force, and
moment at points D and E of the frames.

Prob. 7-31

*7-32. Determine the normal force, shear force, and
moment at point D of the two-member frame.

7-33. Determine the normal force, shear force, and
moment at point E.

1.5m 1.5m
B
. =— 1.5 kN/m
D
1.5m
e
1.5m
2 kN/m ol A — Clale

Probs. 7-32/33

7-34. Determine the internal normal force, shear force,
and moment acting at points D and E of the frame.

1.£§r2m%.E I
lb 2.~

Prob. 7-34

900 N-m

\j
600 N
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7-35. Determine the normal force, shear force, and
moment at point D of the two-member frame.

*7-36. Determine the normal force, shear force, and
moment at point E of the two-member frame.

250 N/m
INEREERERRANRRNY
TFA 2m °
1.5m
LFO)C .E 300 N/m
’1 4m |

Probs. 7-35/36

7-37. Determine the internal normal force, shear force,
and moment at point D.

6 kN
Err‘_’
3
B@JT
4

=

Prob. 7-37

7-38. Determine the internal normal force, shear force,
and moment acting at points B and C on the curved rod.

A

200N

Prob. 7-38
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7-39. Determine the normal force, shear force, and
moment at point D of the two-member frame. Neglect the
thickness of the member.

Prob. 7-39

*7-40. The distributed loading w = wysin 6§, measured
per unit length, acts on the curved rod. Determine the
normal force, shear force, and moment in the rod at 0 = 45°.

7-41. Solve Prob. 7-40 for 6 = 120°.

w = W sin 6

Probs. 7-40/41

7-42. Determine the x, y, z components of loading at a
section passing through point B in the pipe assembly. Neglect
the weight of the pipe. Take F; = {200i — 100j — 400k } N
and F, = {300i — 500k} N.

7-43. Determine the x, y, z components of loading at a
section passing through point B in the pipe assembly. Neglect
the weight of the pipe. Take F; = {100i — 200j — 300k} N
and F, = {100i + 500j} N.

Probs. 7-42/43

*7-44. The strongback or lifting beam is used for materials
handling. If the suspended load has a weight of 2 kN and
a center of gravity of G, determine the placement d of the
padeyes on the top of the beam so that there is no moment
developed within the length AB of the beam. The lifting
bridle has two legs that are positioned at 45°, as shown.

0.2m
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*7.2 SHEAR AND MOMENT
EQUATIONS AND DIAGRAMS

Beams are structural members designed to support loadings applied
perpendicular to their axes. In general, they are long and straight and
have a constant cross-sectional area. They are often classified as to how
they are supported. For example, a simply supported beam is pinned
at one end and roller supported at the other, as in Fig. 7-9a, whereas a
cantilevered beam is fixed at one end and free at the other. The actual
design of a beam requires a detailed knowledge of the variation of the
internal shear force V and bending moment M acting at each point along
the axis of the beam.*

These variations of V and M along the beam’s axis can be obtained by
using the method of sections discussed in Sec. 71. In this case, however, it
is necessary to section the beam at an arbitrary distance x from one end
and then apply the equations of equilibrium to the segment having the
length x. Doing this we can then obtain V and M as functions of x.

In general, the internal shear and bending-moment functions will be
discontinuous, or their slopes will be discontinuous, at points where a
distributed load changes or where concentrated forces or couple moments
are applied. Because of this, these functions must be determined for
each segment of the beam located between any two discontinuities of
loading. For example, in Fig. 7-9a, x; is used for 0 =< x; < a, x, is used
for a < x, < b, and x5 is used for b < x3 = L. If these functions of x
are plotted, the graphs are termed the shear diagram and
bending moment diagram, Fig. 7-9b and Fig. 7-9c.

(a) (®)
Fig. 7-9

*The internal normal force is not considered for two reasons. In most cases, the loads
applied to a beam act perpendicular to the beam’s axis and hence produce only an internal
shear force and bending moment. And for design purposes, the beam’s resistance to shear,
and particularly to bending, is more important than its ability to resist a normal force.

To save on material and thereby produce
an efficient design, these beams, also called
girders, have been tapered, since the internal
moment in the beam will be larger at the
supports, or piers, than at the center of the
span.

(©
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i 1
T

Positive shear
M M
Positive moment
M M
Beam sign convention

Fig. 7-10

The shelving arms must be designed to resist
the internal loading in the arms caused by the
lumber.

INTERNAL FORCES

- IMPORTANT POINTS

Shear and moment diagrams for a beam provide graphical
descriptions of how the internal shear and moment vary
throughout the beam’s length.

To obtain these diagrams, the method of sections is used to
determine V and M as functions of x. These results are then
plotted. If the load on the beam suddenly changes, then regions
between each load must be selected to obtain each function of x.

- PROCEDURE FOR ANALYSIS

The shear and bending-moment diagrams for a beam can be
constructed using the following procedure.

Support Reactions.

Determine all the reactive forces and couple moments acting
on the beam and resolve all the forces into components acting
perpendicular and parallel to the beam’s axis.

Shear and Moment Functions.

Specify separate coordinates x having an origin at the beam’s
left end and extending to regions of the beam between
concentrated forces and/or couple moments, or where the
distributed loading is continuous.

Section the beam at each distance x and draw the free-body
diagram of one of the segments. Be sure V and M are shown
acting in their positive sense, in accordance with the sign
convention given in Fig. 7-10.

The shear V is obtained by summing forces perpendicular to
the beam’s axis, and the moment M is obtained by summing
moments about the sectioned end of the segment.

Shear and Moment Diagrams.

Plot the shear diagram (V versus x) and the moment diagram
(M versus x). If calculated values of the functions describing
V and M are positive, then these values are plotted above the
x axis, whereas negative values are plotted below the axis.




7.2 SHEAR AND MOMENT EQUATIONS AND DIAGRAMS 365

EXAMPLE 7.6

Draw the shear and moment diagrams for the shaft shown in Fig. 7-11a.
The support at A is a thrust bearing and the support at C is a journal
bearing.

SOLUTION

Support Reactions. The support reactions are shown on the shaft’s
free-body diagram, Fig. 7-11d.

Shear and Moment Functions. The shaft is sectioned at an
arbitrary distance x from point A, extending within the region AB,
and the free-body diagram of the left segment is shown in Fig. 7-11b.
The unknowns V and M are assumed to act in the positive sense on
the right-hand face of the segment according to the established sign
convention. Applying the equilibrium equations yields

+13F, = 0; V = 25kN 1)
(+EM = 0; M = 25xkN-m 2)

A free-body diagram for a left segment of the shaft extending from A
a distance x, within the region BC is shown in Fig. 7-11c. As always,
V and M are shown acting in the positive sense. Hence,

+T2Fy=0; 25kKN —5kN -V =0
V = —25kN 3)
(tEM =0; M+ 5kN(x —2m) — 25kN(x) =0
M = (10 — 2.5x) kN -m 4)

Shear and Moment Diagrams. When Egs. 1 through 4 are plotted
within the regions in which they are valid, the shear and moment diagrams
shown in Fig. 7-11d are obtained. The shear diagram indicates that the
internal shear force is always 2.5 kN (positive) within segment AB. Just to
the right of point B, the shear changes sign and remains at a constant value
of —2.5 kN for segment BC.The moment diagram starts at zero, increases
linearly to point B at x = 2 m, where M,,, = 2.5kN(2m) = 5kN-m,
and thereafter decreases back to zero.

NOTE: It is seen in Fig. 7-11d that the graphs of the shear and moment
diagrams “jump” or change abruptly where the concentrated force
acts, i.e., at points A, B, and C. This, of course, is the result of assuming
an idealization of a concentrated force and couple moment. Physically,
loads are always applied over a finite area, and if the actual load
variation could be accounted for, the shear and moment diagrams
would then be continuous over the shaft’s entire length.

(a)
A%
-
2.5kN
0=x<2m
(b)
SkN
|x—2m
Al L M
B
5%
2.5 kN

2m<x=4m

(©)

5kN
Al L 1 C
2.5kN 2.5kN
V (kN)
V=25
2 4 (m)
M (kN-m) V=-25

(d)
Fig. 7-11
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EXAMPLE 7.7

INTERNAL FORCES

6 kN/m

=0
o
(a)
3 kl\il%ka/m
o= i
=t
3

9 kN

6 kN/m
ke
9 kKN
V (kN) 2
9 V=9- 3T 18 kN
Y x(m)
520 m——
M (KN -m) E _18
M =9x — )
My =312
5.20 g *(m)

()
Fig. 7-12

Draw the shear and moment diagrams for the beam shown in
Fig. 7-12a.

SOLUTION

Support Reactions. The support reactions are shown on the beam’s
free-body diagram, Fig. 7-12c.

Shear and Moment Functions. A free-body diagram for a
left segment of the beam having a length x is shown in Fig. 7-12b.
The distributed loading acting at the end of this segment has an
intensity which is found by proportional triangles, that is, w/x = 6/9
or w = (2/3)x. The magnitude of the resultant force is equal to
%(x)(%x) = %xz.This force acts through the centroid of the distributed

loading area, a distance %x from the right end. Applying the two
equations of equilibrium yields

1
+13F, = 0; 9—§x2—V=0
x2
V=<9—3)kN (1)
1 ,/x
(+XM = 0; M+ —x*(Z)]—-9% =0
37\3
x3
M= <9x - 9)kN-m (2)

Shear and Moment Diagrams. The shear and moment diagrams
shown in Fig. 7-12¢ are obtained by plotting Eqgs. 1 and 2.
The point of zero shear can be found using Eq. 1:

x =520m

NoTE: It will be shown in Sec. 73 that this value of x happens to
represent the point on the beam where the maximum moment occurs.
Using Eq. 2, this moment is

(5.20)°

M = | 9(5.20) — kKN -m
= (350 O

= 312kN-m
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. FUNDAMENTAL PROBLEMS

17-7.  Determine the shear and moment as a function of x,
and then draw the shear and moment diagrams.

16 kN
‘i A ‘

X

3m |

Prob. F7-7

F7-8. Determine the shear and moment as a function of x,
and then draw the shear and moment diagrams.

2 kN/m
15kN-m \ ll
A
)
3m
Prob. F7-8

F7-9. Determine the shear and moment as a function of x,
and then draw the shear and moment diagrams.

6 kN/m

—
‘ 3m

Prob. F7-9

7-10. Determine the shear and moment as a function of x,
and then draw the shear and moment diagrams.

12 kN-m
v
’7 6m

Prob. F7-10

F7-11. Determine the shear and moment as a function of x,
where 0 = x < 3m and 3m < x = 6m, and then draw the
shear and moment diagrams.

30 kN-m

N
C o
-
3m

\ 3m |

Prob. F7-11

I"7-12.  Determine the shear and moment as a function of x,
where 0 = x < 3m and 3m < x =< 6m, and then draw the
shear and moment diagrams.

4 kN
12kN-m l
> Y
o = =5
— |
‘ 3m 3m ‘

Prob. F7-12
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. PROBLEMS

All solutions must include a free-body diagram.

7-45. Draw the shear and moment diagrams for the
overhang beam.

Y

c
|
\

B

Prob. 7-45

7-46. Draw the shear and moment diagrams for the beam.

1.5kN/m

Al

1 3m

Prob. 7-46

7-47. Draw the shear and moment diagrams for the shaft
(a) in terms of the parameters shown; (b) set P = 9kN,
a =2m, L = 6m. There is a thrust bearing at A and a
journal bearing at B.

Prob. 7-47

*7-48. Draw the shear and moment diagrams of the beam
(a) in terms of the parameters shown; (b) set My = 500 N - m,
L =8m.

7-49. If L = 9m, the beam will fail when the maximum
shear force is Vi, = SkN or the maximum bending
moment is M, = 2kN-m. Determine the magnitude M,
of the largest couple moments it will support.

MO MO

~ 7 —o

} L/3 | L3 | L/3—>‘

Probs. 7-48/49
7-50. Draw the shear and moment diagrams for the beam.

10 kN

Prob. 7-50

7-51. Draw the shear and moment diagrams for the beam.
SetP =30kN,a =2m,b = 4m.

—

Prob. 7-51



#7-52. Draw the shear and moment diagrams for the beam.

nnninnE
e s (:w;zN-m

7-53. Draw the shear and moment diagrams for the beam.

A (a\ = IC

N~

L

Prob. 7-53

7-54. Draw the shear and moment diagrams for the
compound beam. The beam is pin connected at £ and F.

B é C
!

LT LT L
3 3 3
Prob. 7-54

7-55. Draw the shear and moment diagrams for the beam.

LT

-ildg,.— ——- — C

e 00
I

Prob. 7-55
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*7-56. Draw the shear and moment diagrams for the
beam.Set P = 20kN,a = 1.5m, L = 6 m.

-

— N

Prob. 7-56

7-57. Draw the shear and moment diagrams for the
cantilever beam.

2kN/m

} 2m

Prob. 7-57

7-58. Draw the shear and moment diagrams for the beam.

Prob. 7-58

7-59. Draw the shear and moment diagrams for beam ABC.
There is a pin at B. Solve the problem (a) in terms of the
parameters shown; (b) set w = SkN/m,L = 12 m.

, 3L/4 l LM44

Prob. 7-59
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*#7-60. Determine the placement a of the roller support B 7-63. The semicircular rod is subjected to a distributed
so that the maximum moment within the span AB is loading w = wy sin 6. Determine the normal force, shear
equivalent to the moment at the support B. force, and moment in the rod as a function of 6.

Prob. 7-60 Prob. 7-63
7-61. Draw the shear and moment diagrams for the beam. *7-64. Draw the shear and moment diagrams for the beam.
2.4 kN/m 12 kN/m
A k°: | C AR I B
B i C A
2m 3m | ‘
3m 6 m |
Prob. 7-61 Prob. 7-64

7-62. Draw the shear and moment diagrams for the beam. 7-65. The beam will fail when the maximum internal
moment is My, Determine the position x of the

concentrated force P and its smallest magnitude that will
cause failure.

~

le—x—»

L |

‘ L

Prob. 7-62 Prob. 7-65
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7-66. Dectermine the normal force, shear force, and *#7-68. Determine the distance a between the bearings
moment in the curved rod as a function of 6. The force P in terms of the shaft’s length L so that the moment in the
acts at the constant angle ¢. symmetric shaft is zero at its center.

el 1y

Prob. 7-66 g
Prob. 7-68
7-67. The quarter circular rod lies in the horizontal plane
and supports a vertical force P at its end. Determine the
magnitudes of the components of the internal shear force,
moment, and torque acting in the rod as a function of the 7-69. Determine the normal force, shear force, and
angle 6. moment in the curved rod as a function of 6.

P

Prob. 7-67 Prob. 7-69
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*7.3 RELATIONS AMONG
DISTRIBUTED LOAD, SHEAR,
AND MOMENT

If a beam is subjected to several concentrated forces, couple moments,
and distributed loads, the method of constructing the shear and
bending moment diagrams discussed in Sec. 72 may become quite
tedious. In this section a simpler method for constructing these
diagrams is discussed—a method based on differential relations that
exist among the load, shear, and bending moment.

Distributed Load. Consider the beam in Fig. 7-13a, which is

In order to design the beam used to support ~ Subjected to an arbitrary distributed load w = w(x) and a concentrated

these power lines, it is important to first force and couple moment. In the following discussion, the distributed

draw the shear and moment diagrams for  Jog4 will be considered positive when this load acts upward as shown.

the beam. A free-body diagram for a small segment of the beam having a

length Ax and located within the region of the distributed loading is

shown in Fig. 7-13b. The internal shear force and bending moment

are assumed to act in the positive sense according to the established

sign convention. Note that both the shear and moment acting on the

right hand face must be increased by a small, finite amount in order

to keep the segment in equilibrium. The distributed loading has been

replaced by a resultant force AF = w(x)Ax that acts at a fractional

x  distance k(Ax) from the right end, where 0 < k& < 1 [for example, if
w(x) is uniform, k = 1.

Relation between the Distributed Load and Shear. Ifwe
apply the force equation of equilibrium to the segment, then

+13F, = 0; V+ wkx)Ax —(V + AV) =0
AV = w(x)Ax

Dividing by Ax, and letting Ax — 0, we get

dv
ax "
o (7-1)
(b) Slope of _ Distributed load
shear diagram intensity
Fig. 7-13
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If we rewrite this equation in the form dV = w(x) dx and perform an
integration between any two points A and B on the beam, we see that

AV = /w(x) dx
(7-2)
Changein  Areaunder
shear loading curve
Relation between the Shear and Moment. If we apply the

moment equation of equilibrium about point O in Fig. 7-13b, we get

(FIMy = 0; M + AM) — [wx)Ax]kAx — VAx — M =0

AM = VAx + kw(x)Ax?

Dividing both sides of this equation by Ax, and letting Ax — 0, yields

dM
— =V
dx
Slope of
moment diagram

(7-3)
= Shear

Notice that a maximum bending moment | M| ,,.x will occur at the point
where the slope dM/dx = 0, and this is where the shear is equal to
zZero.

If Eq. 7-3 is rewritten in the form dM = V dx and integrated between
any two points A and B on the beam, we have

AM = /de

Change in

(7-4)
Area under

moment

shear diagram

These equations do not apply at points where a concentrated force or
couple moment act since these two special cases create discontinuities in
the shear and moment diagrams.

Force. A free-body diagram of a small segment of the beam in
Fig. 7-13a, taken from under one of the forces, is shown in Fig. 7-14a.
Here force equilibrium requires

+13F, = 0; AV =F (7-5)

Since the change in shear is positive, the shear diagram will “jump”
upward when F acts upward on the beam. Likewise, the jump in shear
(AV) is downward when F acts downward.

373
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M, Couple Moment. If we remove a segment of the beam in Fig. 7-13a
mx? M+ AM that is located at the couple moment M, the free-body diagram shown
( 1[]1 3 in Fig. 7-14b results. In this case letting Ax — 0, moment equilibrium
requires
V+ AV
“Ax (+3ZM = 0; AM = M, (7-6)

b . . .. . .
®) Thus, the change in moment is positive, or the moment diagram will
Fig. 7-14 (cont.) “jump” upward if My is clockwise. Likewise, the jump AM is downward
when M, is counterclockwise.

- IMPORTANT POINTS

o The slope of the shear diagram at a point is equal to the
intensity of the distributed loading, where positive distributed
loading is upward, i.e., dV /dx = w(x).

o The change in the shear AV between two points is equal to the
area under the distributed-loading curve between the points.

o If a concentrated force acts upward on the beam, the shear will
jump upward by the same amount.

o The slope of the moment diagram at a point is equal to the
shear,i.e.,dM/dx = V.

o The change in the moment AM between two points is equal to
the area under the shear diagram between the two points.

This concrete beam is used to support the o If a clockwise couple moment acts on the beam, the shear will
deck. Its size and the placement of steel not be affected; however, the moment diagram will jump
reinforcement within it can be determined upward by the amount of the moment.

once the shear and moment diagrams have ) )

been established. o Points of zero shear represent points of maximum or minimum

moment since dM /dx = 0.

o Because two integrations of w = w(x) are involved to first
determine the change in shear, AV = f w(x)dx, then to
determine the change in moment, AM = f Vdx, then if the
loading curve w = w(x) is a polynomial of degree n, V = V(x)
will be a curve of degree n + 1,and M = M(x) will be a curve
of degree n + 2.
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EXAMPLE 7.8

Draw the shear and moment diagrams for the cantilever
beam in Fig. 7-15a.

SOLUTION
The support reactions at the fixed support B are shown in
Fig. 7-15b.

Shear Diagram. The shear at end A is —2 kN. This value
is plotted at x = 0, Fig. 7-15¢. The shear at x = 4m is
—5 kN, the reaction on the beam. Along the beam, notice
how the shear diagram is constructed by following the
slopes defined by the the loading w.

Moment Diagram. At x =0, M = 0, and at x = 4m,
M = —11kN-m. These values are plotted in Fig. 7-15d.
Notice how construction of the moment diagram is based
on knowing that its slope is equal to the shear at each
point. The change of moment from x = 0 to x = 2m is
determined from the area under the shear diagram, and so
the moment at x = 2m is

M|y—ym = M|—g +AM =0 +[-2kNQ2m)] =

This same value can be determined from the method of

sections, Fig. 7-15e.

—4kN-m

375

TS HATT
By‘= SKN

= = negative constant
p |4 slope = negative constant

N |
ki

5 /]

n
0

x (m)

©
V = negative constant
M slope = negative constant

V = negative increasing
M slope = negative increasing

M (kKN -m)
2 4
0 | \ | x (m)
=N
-11
(d)

l V =2kN
] - s
| 2m l

(e)
Fig. 7-15
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EXAMPLE 7.9

4 kN/m

w=0 w = negative constant
Vslope = 0 Vslope = negative constant

V (kN) ?j
0 ﬁ x (m)

o

W 1 1]
(©

—2

V = positive decreasing
M slope = positive decreasing

= negative constant
M slope = negative constant
M (kN -m)

/]

(d)

Draw the shear and moment diagrams for the overhang
beam in Fig. 7-16a.

SOLUTION
The support reactions are shown on the free-body diagram
in Fig. 7-16b.

Shear Diagram. Atx =0,V = —2kN,and atx = 6m,
V =0, Fig. 7-16c. The slopes are determined from the
loading and from this the shear diagram is constructed. In
particular, notice the positive jump of 10 kN at x = 4 m,
which is due to the force B, = 10 kN.

Moment Diagram. At x =0, M =0, and at x = 6m,
M = 0, Fig. 7-16d. Following the behavior of the slope
found from the shear diagram, the moment diagram is
constructed. The moment at x = 4m is found from the
area under the shear diagram.

M| —ym=M|,—g +AM = 0 + [-2kN(4m)] = —8kN-m

We can also obtain this value by using the method of
sections, as shown in Fig. 7-16e.




7.3 RELATIONS AMONG DISTRIBUTED LOAD, SHEAR, AND MOMENT

EXAMPLE 7.10

The shaft in Fig. 7-17a is supported by a thrust bearing at A and
a journal bearing at B. Draw the shear and moment diagrams.

1.8 kN/m

_ﬂﬁ
l 3.6 m l

()

SOLUTION
The support reactions are shown in Fig. 7-17b.

Shear Diagram. At x =0, V = 1.08 kN and at x = 3.6 m,
V = —2.16 kN, Fig. 7-17c. Following the slope defined by
the loading, the shear diagram is constructed. Since the shear
changes sign, the point where V = 0 must be located. To do this
we will use the method of sections. The free-body diagram of
the left segment of the shaft, sectioned at an arbitrary position
x within the region 0 = x < 3.6 m, is shown in Fig. 7-17e. Here
the intensity of the distributed load at x is w = 0.5x, which has
been found by proportional triangles, i.e., 1.8/3.6 = w/x.

Thus, for V = 0,
+13F, = 0; 1.OSkN — 1 (0.5x)(x) = 0

x =2.078m

Moment Diagram. At x =0, M =0 and at x = 3.6 m,
M = 0,Fig.7-17d.The moment diagram is constructed based on
the slope as determined from the shear diagram. The maximum
moment occurs at x = 2.078 m, where the shear is equal to zero,
since dM /dx = V = 0, Fig. 7-17e,

(+F2M = 0;
Moy + 3 [0.5(2.078)](2.078) [ (2.078) | — 1.08(2.078) = 0
My = 1.50 kN -m

NOTE: Integration, first of the loading w which is linear, produces
a shear diagram which is parabolic, and then a moment diagram
which is cubic.
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1.8 kN/m
linear —
m ¥
Al [ |B
A [ / 4
3.6m
A, =108 kNW (b) B, =216 kN
= negative increasing
% slope = negative increasing
V (kN)
parabolic
/2 08
0 (m)
\ -2.16

V = positive decreasing
M slope = positive decreasing

V' = negative increasing

M slope = negative increasing
M (kN'm)

2.08 36
(d)

705 ()

X

Ffﬂ‘

0.5x
Vv

B i l\M

A, =1.08kN

(e)
Fig. 7-17
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. FUNDAMENTAL PROBLEMS

I7-16. Draw the sh d tdi for the beam.
All solutions must include a free-body diagram. raw the shear and moment dlagrams for the beam

F7-13  Draw the shear and moment diagrams for the beam.

6 kN/m 6 kN/m
8N Y ¥ Y ¥ Y
4kN 6 kN
| l | ! 1.
=1.5m T 3m T 1.5m—
‘ ‘ A Prob. F7-16
1m i Im i 1m —-‘
Prob. F7-13

17-17.  Draw the shear and moment diagrams for the beam.

F7-14. Draw the shear and moment diagrams for the beam.

6 kN 6 kN/m

6 kN/m
T mm
A

15m 15m | ‘ 3m ‘ 3m ‘

Prob. F7-17

Prob. F7-14

F7-15.  Draw the shear and moment diagrams for the beam.
F7-18.  Draw the shear and moment diagrams for the beam.

12 kN

l | 9 kN/m

12m‘2m‘2m1 ; 3m 1 3m |

Prob. F7-15 Prob. F7-18
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All solutions must include a free-body diagram.

7-70. Draw the shear and moment diagrams for the beam.

I1m 1m—»‘

Prob. 7-70

7-71. Draw the shear and moment diagrams for the beam.

‘<—1m 2m i

Prob. 7-71

*7-72. Draw the shear and moment diagrams for the
beam. The support at A offers no resistance to vertical load.

Wo

L

| .

Prob. 7-72

7-73. Draw the shear and moment diagrams for the beam.
The supports at A and B are a thrust bearing and journal
bearing, respectively.

600 N
300N 1200 N/m
! | ]
_ml _L
| i
0.5m ‘ 1m ‘ 0.5 m~
Prob. 7-73

7-74. Draw the shear and moment diagrams for the beam.

Prob. 7-74

7-75. Draw the shear and moment diagrams for the
simply-supported beam.

2W0

Prob. 7-75
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#7-76. Draw the shear and moment diagrams for the beam.

|
A om ame2m 3m

Prob. 7-76

7-77. Draw the shear and moment diagrams for the beam.

12 kN/m

5m S5m ‘

Prob. 7-77

7-78. Draw the shear and moment diagrams for the beam.

Prob. 7-78

7-79. Draw the shear and moment diagrams for the beam.

8 kN 8 kN

15 kN/m
l 20 kN-m l
N
Al S
B i C DT
025m
Prob. 7-79

*7-80. The beam consists of three segments pin connected at
B and E. Draw the shear and moment diagrams for the beam.

9kN/m
/m@mmmmu
A T o
vt 2l m B sml
Prob. 7-80

7-81. Draw the shear and moment diagrams for the beam.
The supports at A and B are a thrust and journal bearing,
respectively.

200 N/m

FRRNNTRENY

Prob. 7-81
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7-82. Draw the shear and moment diagrams for the beam. 7-85. Draw the shear and moment diagrams for the beam.

6 kN/m 2 kN/m

2 kN/m
3kN/m
T C BT o] ‘
2 A
3m | 3m 3m ! 3m
Prob. 7-85
Prob. 7-82
7-86. Draw the shear and moment diagrams for the beam.
7-83. Draw the shear and moment diagrams for the beam.
9 kN/m 9 kN/m
4kN/m
2k0/m i
Al B
i Ty, e ————t————
e ’ | |
A I 3m | 3m
| 3m L5m—— Prob. 7-86
Prob. 7-83
7-87. Draw the shear and moment diagrams for the
. overhang beam.
*7-84. Draw the shear and moment diagrams for the beam.

6 kN

RERERRREEEEEEEEREEY

Prob. 7-84

Prob. 7-87
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#7-88. Draw the shear and moment diagrams for the beam.

9 kN/m
m\r%) 6kN-m

Prob. 7-88

7-89. Draw the shear and moment diagrams for the beam.

Prob. 7-89

7-90. Draw the shear and moment diagrams for the shaft.

The support at A is a thrust bearing and at B it is a journal
bearing.

3kN/m l

P 500 mm

300 mm

‘200m

Prob. 7-90

7-91. Draw the shear and moment diagrams for the
overhang beam.

4kN/m

Prob. 7-91

*7-92. Draw the shear and moment diagrams for the beam.

12 kN/m 6 kN

e raa N |

| P e ‘I
[

6m 1 3m

Prob. 7-92

7-93. Draw the shear and moment diagrams for the beam.

6 kN/m 6 kN/m
—
o c

1.5m T

1.5m |

Prob. 7-93



*7.4 CABLES

Flexible cables and chains combine strength with lightness and often are
used in structures for support and to transmit loads from one member
to another. When used to support suspension bridges and trolley wheels,
cables form the main load-carrying element of the structure. For these
cases the weight of the cable can be neglected because the weight is
often small compared to the load the cable will support. However, when
cables are used as transmission lines and guys for radio antennas and
derricks, the cable weight may become important and must be included
in the analysis.

Three cases will be considered in what follows. In each case we will
make the assumption that the cable is perfectly flexible and inextensible.
Due to its flexibility, the cable offers no resistance to bending, and
therefore, the tensile force acting in the cable is always tangent to the
cable at points along its length. Being inextensible, the cable has a
constant length both before and after the load is applied. As a result,
once the load is applied, the geometry of the cable remains unchanged,
and the cable or a segment of it can be treated as a rigid body.

When a cable of
negligible weight supports several concentrated loads, the cable takes the
form of several straight-line segments, each of which is subjected to a
constant tensile force. Consider, for example, the cable shown in Fig. 7-18,
where the distances &, L, L,, and L5 and the loads P; and P, are known.
The problem here is to determine the nine unknowns consisting of the
tension in each of the three segments, the four components of reaction
at A and B, and the two sags yc and yp at points C and D. For the
solution we can write two equations of force equilibrium at each of
points A, B, C, and D. This results in a total of eight equations, and
so to obtain the ninth equation, we need to know something about
the geometry of the cable. For example, if the cable’s total length L is
specified, then the Pythagorean theorem can be used to relate each of the
three segmental lengths, written in terms of 4, y¢, yp, L1, Lo, and L3, to
the total length L. Unfortunately, this type of problem cannot be solved
easily by hand. Another possibility, however, is to specify one of the sags,
either yc or yp,instead of the cable length. By doing this, the equilibrium
equations are then sufficient for obtaining the unknown forces and
the remaining sag. Once the sag at each point of loading is obtained,
the length of the cable can then be determined by trigonometry. The
following example illustrates a procedure for performing the equilibrium
analysis for a problem of this type.
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Each of the cable segments remains
approximately straight as they support
the weight of these traffic lights.




384 CHAPTER 7

EXAMPLE 7.11

INTERNAL FORCES

Determine the tension in each segment of the cable shown in
Fig. 7-19a.

SOLUTION
By inspection, there are four unknown external reactions (A, A, E,,
and E,) and four unknown cable tensions, one in each cable segment.
These eight unknowns along with the two unknown sags y and yp can
be determined from fen available equilibrium equations. One method
is to apply the force equations of equilibrium (2F, = 0, XF, = 0) to
each of the five points A through E. Here, however, we will take a
more direct approach.

Consider the free-body diagram for the entire cable, Fig. 7-19b.
Thus,

A, E,
E + — 0 _ _
A, EX_)EFX_O’ A+ E, =0
L‘l‘EME = 0,
—Ay(18m) + 4kN (15m) + 15kN (10m) + 3kN (2m) = 0
Ay = 12kN
3kN +T2Fy=0; 12kN — 4kN — 1SkN —=3kN + E, = 0
SN E, = 10kN
‘ 15 ‘kN
3m! Sm——8m 2 m Since the sag yo = 12 m is known, we will now consider the leftmost
(b) segment of a section through cable BC, Fig. 7-19c.
12 kN
A T (+FEMec=0; Ay(12m) — 12kN (8m) + 4kN (5m) = 0
A, = E, = 633kN
" £ 3F, = 0; Tgccos Ogc — 6.33kN = 0
\ +T2Fy:0, 12kN — 4 kN — TBCsiHOBCZO
> Oc

Fig. 7-19

Thus,
Opc = 51.6°

Tgc = 102 kN Ans.
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12 kN 10 kN

6.33 kN 6.33 kN

eA B

T,p 15 kN Tep
(d) (e) ()
Fig. 7-19 (cont.)

Proceeding now to analyze the equilibrium of points A, C, and E in
sequence, we have

Point A. (Fig.7-194d).

K 3F, =0 Typcos 5 — 6.33kN = 0
+13F, = 0 —Tapsinf,p + 12kN = 0
Oup = 62.2°
Tip = 13.6 kN Ans.

Point C. (Fig. 7-1%).

X 3F, =0 Tep cos O¢cp — 10.2 cos 51.6°kN = 0
+13F, = 0; Tcpsinbep + 102sin51.6°kN — 1SkN = 0

Ocp = 47.9°

Tcep = 9.44 KN Ans.

Point E. (Fig. 7-19f).

X 3F, =0 6.33kN — Tgp cos Ogp = 0
+13F, = 0 10kN — Trpsingp = 0
Opp = 57.7°
Tgp = 11.8kN Ans.

NOTE: Since the slope angles that the cable segments make with the
horizontal have all been determined, it is now possible to determine
the sags yp and yp, Fig. 7-19a, using trigonometry.
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The cable and suspenders are used to
support the uniform load of a gas pipe
which crosses the river.

Fig. 7-20

Cable Subjected to a Distributed Load. The weightless
cable shown in Fig. 7-20a is subjected to a distributed loading w = w(x)
that is measured in the x direction. The free-body diagram of a small
segment of the cable having a length As is shown in Fig. 7-20b. Since
the tensile force changes in both magnitude and direction along the
cable’s length, we will denote this change on the free-body diagram by
AT. Finally, the distributed load is represented by its resultant force
w(x)(Ax), which acts at a fractional distance k(Ax) from point O, where
0 < k < 1. Applying the equations of equilibrium, we have

K 3F, = 0; —TcosO + (T + AT) cos(6 + AP) =0
+13F, =0; —Tsin @ — w(x)(Ax) + (T + AT)sin(d + A9) =0
(+EMp = 0; w(x)(Ax)k(Ax) — Tcos6 Ay + Tsinf Ax =0

Dividing each of these equations by Ax and taking the limit as Ax — 0,
and therefore Ay — 0, A6 — 0, and AT — 0, we obtain

d(Tcos6) 0 _
BT =7

d(T sin 6) B
B e w(x) =0 (7-8)
dy = tan 6 (7-9)

dx



w(x)(Ax)

T+ AT

(b)
Fig. 7-20 (cont.)

Integrating Eq. 7-7 we have
T cos 6 = constant = Fy (7-10)

where Fy represents the horizontal component of tensile force at any
point along the cable.
Integrating Eq. 7-8 gives

Tsinh = /w(x) dx (7-11)

Dividing Eq. 7-11 by Eq. 7-10 eliminates 7. Then, using Eq. 7-9, we
can obtain the slope of the cable.

dy 1
tan 6 —E—F—H/w(x)dx

Performing a second integration yields

)= FLH ( / w(x) dx> dx (7-12)

This equation is used to determine the curve for the cable, y = f(x). The
horizontal force component F;; and the two additional constants, say C;
and C,, resulting from the integration are determined by applying the
boundary conditions for the curve.
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The cables of the suspension bridge
exert very large forces on the tower and
the foundation block, which have to be
accounted for in their design.
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EXAMPLE 7.12

The cable of a suspension bridge supports half of the uniform
road surface between the two towers at A and B, Fig. 7-21a. If this
distributed loading is w,, determine the maximum force developed
in the cable and the cable’s required length. The span length L and
sag h are known.

)

Fig. 7-21

SOLUTION

We can determine the unknowns in the problem by first finding the
equation of the curve that defines the shape of the cable using Eq.7-12.
For reasons of symmetry, the origin of coordinates has been placed at
the cable’s center. Noting that w(x) = wy, we have

1
y=F—H </w0dx)dx

Performing the two integrations gives

1 [ wyx?
y=F—H< 5 +C1X+C2) (1)

The constants of integration are determined using the boundary
conditions y = 0 at x = 0 and dy/dx = 0 at x = 0. Substituting into
Eq. 1 and its derivative yields C; = C, = 0.The equation of the curve
then becomes

Wo )

=9 2
Y =35, % )




This is the equation of a parabola. The constant F}; is obtained using
the boundary condition y = hatx = L/2.Thus,

W0L2
Fy = 3
0= g 3)
Therefore, Eq. 2 becomes
4h
Y= 2% “4)

Since Fy is known, the tension in the cable may now be determined
using Eq. 7-10, written as T = Fy/cosf. For 0 < 0 < /2, the
maximum tension will occur when 6 is maximum, i.e., at point B,
Fig. 7-21a. From Eq. 2, the slope at this point is

dl = tan 6 = mx
dx|i—p) " Fy T =1
or
N 1(W°L> (5)
=tan | ——
max 2FH
And so
Fu
Tpox = ———— 6
e COS(HmaX) ( )

Using the triangular relationship shown in Fig. 7-21b, which is based
on Eq. 5, Eq. 6 may be written as

V4F} + wiL?

Tmax = 2
Substituting Eq. 3 into this equation yields
woL LY
Tmax = T 1+ <4h) Ans.

For a differential segment of cable length ds, we can write

/ dy\?
ds = V(dx)*> + (dy)* = /1 + (dx) dx

Hence, the total length of the cable can be determined by integration.
Using Eq. 4, we have

22/ds=2/()L/21/1+<§£x>2dx )

Integrating yields

L 4hN\? L 4h
=— + (=) + —sinh! S.
N4 2[ 1 <L) 4hsmh <L)} Ans.

7.4 CABLES

Fig. 7-21 (cont.)
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Cable Subjected to Its Own Weight. When the weight of
a cable becomes important, the loading function w along the cable will
be a function of the arc length s rather than the projected length x, that
is, w = w(s), as shown in Fig. 7-22a. The free-body diagram for a small
segment As of the cable is shown in Fig. 7-22b. Applying the equilibrium
equations to the force system on this diagram, one obtains relationships
identical to those given by Eqs. 7-7 through 7-9, but with s replacing x in
Eqgs. 7-7 and 7-8. Therefore,

TcosO = Fy

Tsinf = /w(s) ds (7-13)
dy 1
A F, / w(s) ds (7-14)

To perform a direct integration of Eq. 7-14, it is necessary to replace
dy/dx by ds/dx. Since

ds = Vdx* + dy*

o fmy-,
dx dx

then
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w(s)(As)

T+ AT

(b)
Fig. 7-22 (cont.)

Therefore,

alem(fou)]

Separating the variables and integrating we obtain

_ d .
e

H

The two constants of integration, say C; and C,, are found using the
boundary conditions for the curve.

Electrical transmission towers must be
designed to support the weight of the
suspended power lines.
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EXAMPLE 7.13

INTERNAL FORCES

Determine the shape of the curve, the length, and the maximum
tension in the uniform cable shown in Fig. 7-23. The cable has a weight
per unit length of wy = 5 N/m.

SOLUTION

For reasons of symmetry, the origin of coordinates is located at the
center of the cable. The shape of the curve is expressed as y = f(x).
We can determine it by first applying Eq. 7-15, where w(s) = w,,.

_ ds
ol fos]T

Integrating the term under the integral sign, we have

ds
x =
/ [1+ (1/FR)(wes + C)*]'/?
Substitutingu = (1/Fy)(wes + Cy)sothatdu = (wy/Fy) ds,asecond
integration yields
F,
x = fH(sinh_1 u+ G)
Wo
or

x = fv};{sinh_l[};(wos + Cl)} + Cz} (1)

To evaluate the two constants note that, from Eq. 7-14,
dy 1 dy

1
= = d =8 = +
wods or (wos + Cy)

Since dy/dx = 0 ats = 0,then C; = 0. Thus,
dy  wys
o= ®
dx FH

The constant C, may be found by using the conditions = O atx = 0
in Eq. 1, in which case C, = 0. To obtain the curve, solve for s in

Eq. 1, which yields
F w
s = —W’;’ sinh<sz> 3)

Now substitute into Eq. 2, which gives

dy _ h(Wo )
dx = sin FH.X
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Hence,
FH L0 )
= —cosh{ — +
y wo cos < Fu, X (63

If the boundary condition y = 0 at x = 0 is applied, the constant
C; = —Fy/wy, and therefore

)]

This equation defines the shape of a catenary curve. The constant Fy
is obtained by using the boundary condition that y = A at x = L/2,
in which case

_Fu WoL) }
h = v {cosh( o, 1 5)
Since wy = SN/m,h = 6 m,and L = 20 m, Egs. 4 and 5 become
Py SN/m ) }
y = 5N/m {cosh( i X 1 (6)
_ Fy 50N
6m = 5N/m [cosh( F, ) 1} (7)

Equation 7 can be solved for Fj; by using a trial-and-error procedure.
The result is

Fy = 459N
and therefore the deflection curve, Eq. 6, becomes
y = 9.19[cosh(0.109x) — 1] m Ans.

Using Eq. 3, with x = 10 m, the half-length of the cable is

£ 459N h{SN/rn

> = 5N/msm 45.9N(10m)} =121 m

Hence,
F =242m Ans.

Since T = Fy/cos 6, the maximum tension occurs where 6 is
maximum, i.e.,ats = £/2 = 12.1 m. Using Eq. 2 yields

d 5S5N/m(12.1 m
ﬁ = tan g = % =132
Omax = 52.8°
And so,
Ty = Fn  _ HIN _ ooy Ans.

COS Opax  COs 52.8°
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. PROBLEMS

INTERNAL FORCES

All solutions must include a free-body diagram.

7-94. Determine the force P needed to hold the cable
in the position shown, ie., so segment BC remains
horizontal. Also, compute the sag yp and the maximum
tension in the cable.

T
VB

Y6 kN
¥ 4kN YpP

4 m 6 m 3m-—~2 m

Prob. 7-94

7-95. Determine the tension in each segment of the cable
and the cable’s total length. Set P = 400 N.

*7-96. If each cable segment can support a maximum
tension of 375 N, determine the largest load P that can be
applied.

~—0.9m ‘ 12m | 0.9 m—|

Probs. 7-95/96

7-97. The cable supports the three loads shown.
Determine the sags yg and yp of B and D.Take P; = 800 N,
P, = 500 N.

7-98. The cable supports the three loads shown.
Determine the magnitude of Py if P, = 600N andygz = 3m.
Also find sag yp.

1

Probs. 7-97/98

7-99. The cable supports the loading shown. Determine
the distance xp the force at B acts from A. Set P = 800 N.

#7-100. The cable supports the loading shown. Determine
the magnitude of the horizontal force P so that x3 = 5 m.

Probs. 7-99/100



7-101. The bridge deck has a weight per unit length of
80 kN/m. It is supported on each side by a cable. Determine
the tension in each cable at the piers A and B.

7-102. If each of the two side cables that support the
bridge deck can sustain a maximum tension of 50 MN,
determine the allowable uniform distributed load w, caused
by the weight of the bridge deck.

1000 m |

\
Al
! B
150 m I
4| _+75m
10—

(

Probs. 7-101/102

7-103. Cable ABCD supports the 120-kg uniform beam.
Determine the maximum tension in this cable and the sag
of point B.

Prob. 7-103

PROBLEMS 395

*7-104. The cable AB is subjected to a uniform loading
of 200 N/m. If the weight of the cable is neglected and the
slope angles at points A and B are 30° and 60°, respectively,
determine the curve that defines the cable shape and the
maximum tension developed in the cable.

B
!
60°
y //
A 30°
X
200 N/m
} 15m }
Prob. 7-104

7-105. If cylinders E and F have a mass of 20 kg and 40 kg,
respectively, determine the tension developed in each cable
and the sag yc.

7-106. If cylinder E has a mass of 20 kg and each cable
segment can sustain a maximum tension of 400 N, determine
the largest mass of cylinder F that can be supported. Also,
what is the sag y¢?

: FM

Probs. 7-105/106
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7-107. If the pipe has a mass per unit length of 1500 kg /m,
determine the maximum tension developed in the cable.

#7-108. If the pipe has a mass per unit length of 1500 kg/m,
determine the minimum tension developed in the cable.

Probs. 7-107/108

7-109. Determine the maximum tension developed in the
cable if it is subjected to a uniform load of 600 N/m.

y
0 T hm
— — | t

A i *

[
A Y A Y ¥ A 600 N/m
} 100 m }
Prob. 7-109

7-110. Determine the maximum uniform distributed
loading wy N/m that the cable can support if it is capable of
sustaining a maximum tension of 60 kN.

S —

Prob. 7-110

7-111. The 80-m-long chain is fixed at its ends and hoisted
at its midpoint B using a crane. If the chain has a weight of
0.5 kN/m, determine the minimum height /4 of the hook in
order to lift the chain completely off the ground. What is the
horizontal force at pin A or C when the chain is in this position?
Hint: When h is a minimum, the slope at A and C is zero.

60 m

Prob. 7-111

*7-112. 'The power line has a mass of 500 g/m. If it has a
length of 32 m between the poles, determine the maximum
tension in the line and its sag.

‘{ 29 m |

Prob. 7-112

7-113. The cable will break when the maximum tension
reaches T,,x = 10 kN. Determine the minimum sag #4 if it
supports the uniform distributed load of w = 600 N /m.

25m i
_AK ! N
1T
¥
600 N/m
Prob. 7-113



7-114. The cable has a mass of 0.5 kg/m and is 25 m long.
Determine the vertical and horizontal components of force
it exerts on the top of the tower.

A

S
N

@

ST

XX

OSSO

%

G

€N

SO
N

OO

ava
VA

1 15m 1

Prob. 7-114

7-115. The cable has a weight of 8 N/m and length of 10 m.
If the tension in the cable at C is 300 N, determine the
distance from A to C.

B ;

Prob. 7-115

*#7-116. If the side loading on the suspension bridge in
Example 712iswy = 0.75kN/mand L = 190 m,2 = 20 m,
determine the maximum tension in the cable.

7-117. 'The cable will break when the maximum tension
reaches T, = 12 kN. Determine the uniform distributed
load w required to develop this maximum tension. Set

h =6m.
75m j‘

|
L

;

IRRATRIR RN RN IY S

Prob. 7-117
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7-118. A cable has a weight of 30 N/m and is supported at
points that are 25 m apart and at the same elevation. If it has
a length of 26 m, determine the sag.

7-119. A wire has a weight of 2 N/m. If it can span 10 m
and has a sag of 1.2 m, determine the length of the wire. The
ends of the wire are supported from the same elevation.

*7-120. A cable having a weight per unit length of 0.1 kN/m
is suspended between supports A and B. Determine the
equation of the catenary curve of the cable and the cable’s
length.

| 50 m |

Prob. 7-120

7-121. The 10 kg/m cable is suspended between the
supports A and B. If the cable can sustain a maximum
tension of 1.5 kN and the maximum sag is 3 m, determine
the maximum distance L between the supports.

3m

Prob. 7-121

7-122. Show that the deflection curve of the cable
discussed in Example 713 reduces to Eq. 4 in Example 712
when the hyperbolic cosine function is expanded in terms
of a series and only the first two terms are retained. (The
answer indicates that the catenary may be replaced by
a parabola in the analysis of problems in which the sag
is small. In this case, the cable weight is assumed to be
uniformly distributed along the horizontal.)
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| CHAPTER REVIEW

Internal Loadings

If a coplanar force system acts on a
member, then in general a resultant
internal normal force N, shear force V,
and bending moment M will act at any
cross section along the member. For
two-dimensional problems the positive
directions of these loadings are shown
in the figure.

Normal force

—> N

M

Shear force
v Bending moment

The resultant internal normal force,
shear force, and bending moment
are determined using the method of
sections. To find them, the member
is sectioned at the point C where the
internal loadings are to be determined.
A free-body diagram of one of the
sectioned parts is then drawn and the
internal loadings are shown in their
positive directions.

The resultant normal force is
determined by summing forces normal
to the cross section. The resultant
shear force is found by summing
forces tangent to the cross section,
and the resultant bending moment is
found by summing moments about
the geometric center or centroid of the
cross-sectional area.

3F, =0
SF, =0
EMCZO

If the member is subjected to a
three-dimensional loading, then, in
general, a torsional moment will also
act on the cross section. It can be
determined by summing moments
about an axis that is perpendicular to
the cross section and passes through its
centroid.

b4
Bending moment |
components

Normal force
/ T orsional moment
N M
e

M &‘\’ VXA
"/\' Shear force components
x/
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Shear and Moment Diagrams L

To construct the shear and moment L e
diagrams for a member, it is necessary w
to section the member at an arbitrary v
point, located a distance x from the left o E |
end.

X2

If the external loading consists of
changes in the distributed load, or
a series of concentrated forces and
couple moments act on the member,
then different expressions for V and M
must be determined within regions
between any load discontinuities.

The unknown shear and moment are
indicated on the cross section in the
positive direction according to the

w
established sign convention, and then 0x<_|;_ l)
fle \%

the internal shear and moment are
determined as functions of x.

Each of the functions of the shear and
moment is then plotted to create the
shear and moment diagrams.
X
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Relations between Shear and Moment

It is possible to plot the shear and
moment diagrams quickly by using
the differential relationships that exist
between w and V and V and M.

The slope of the shear diagram is equal dv
to the distributed loading at any point. dx
The slope is positive if the distributed
load acts upward, and vice-versa.

The slope of the moment diagram is dM
equal to the shear at any point. The dx
slope is positive if the shear is positive,
or vice-versa.

The change in shear between any two AV = / w dx
points is equal to the area under the
distributed loading curve between the
points.

The change in the moment is equal to AM = / Vdx
the area of the shear diagram between
the points.

Cables

When a flexible and inextensible cable
is subjected to a series of concentrated
forces, then the analysis of the cable
can be performed by using the
equations of equilibrium applied to
free-body diagrams of either segments
of the cable or points of application of
the loading.

If external distributed loads or 1
the weight of the cable are to be | YV~ FTLI / / w(x) dx | dx

considered, then the shape of the cable

must be determined by first analyzing Distributed load

the forces on a differential segment

of the cable and then integrating this ds

result. The two constants,say C; and C,, X = / 1 2712

resulting from the integration are {1 + ?( / w(s) ds) ]
i

determined by applying boundary
conditions for the cable. Cable weight
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. REVIEW PROBLEMS

All solutions must include a free-body diagram.

R7-1. Determine the normal force, shear force, and
moment at points B and C in the beam.

Prob. R7-1

R7-2. Determine the normal force, shear force, and
moment at points D and E in the frame.

Prob. R7-2

R7-3. A chain is suspended between points at the same
elevation and spaced a distance of 60 m apart. If it has a
mass per unit length of 8 kg/m and the sag is 3 m, determine
the maximum tension in the chain.

R7-4. Draw the shear and moment diagrams for the beam.

80 kN/m

@#
. —

! 3m l 3m i

80 kN/m

3m 1 3m !

Prob. R7-4

R7-5. Draw the shear and moment diagrams for the beam.

2 kN/m
A
S5m } B
Prob. R7-5

R7-6. Draw the shear and moment diagrams for the beam.

50 kN-m
fﬂ%}
B

Sm | Sm

Prob. R7-6




CHAPTER &3

This brake is designed to resist the frictional forces developed by the wheel in the
most efficient manner. In this chapter we will study dry friction, and show how to
analyze friction forces for various types of engineering applications.




Lecture Summary and Quiz,
Example, and Problem-
solving videos are available
where this icon appears.

. CHAPTER OBJECTIVES

m To introduce the concept of dry friction and show how to analyze
the equilibrium of rigid bodies subjected to this force.

m To present specific applications of frictional force analysis on
wedges, screws, belts, and bearings.

m To investigate the concept of rolling resistance.

8.1 CHARACTERISTICS OF DRY
FRICTION

Friction is a force that resists the movement between two contacting
surfaces that slide relative to one another. This force always acts tangent
to the surface at the points of contact and is directed so as to oppose the
possible or existing motion between the surfaces.

In this chapter, we will study the effects of dry friction, which is
sometimes called Coulomb friction since its characteristics were studied
extensively by the French physicist Charles-Augustin de Coulomb in
1781. Dry friction occurs between the contacting surfaces of bodies when
there is no lubricating fluid.*

The heat generated by the abrasive action
of friction can be noticed when using this

grinder to sharpen a metal blade.
*Another type of friction, called fluid friction, is studied in fluid mechanics.

403
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(@)

Regardless of the weight of the rake or
shovel that is suspended, the device has
been designed so that the small roller holds
the handle in equilibrium due to frictional
forces that develop at the points of contact,
A,B,C.

w
f-a/2-1a/2+|
v P
P >
e h
= F
AF,
A L 4\#0
*IN

Resultant normal
and frictional forces

(b) (© (d)
Fig. 8-1

Theory of Dry Friction. The theory of dry friction can be
explained by considering the effects caused by pulling horizontally on a
block of uniform weight W which is resting on a rough horizontal surface
that is nonrigid or deformable, Fig. 8~1a. As shown on the free-body
diagram of the block, Fig. 8-1b, the floor exerts an uneven distribution
of both normal force AN,, and frictional force AF, along the contacting
surface. For equilibrium, the normal forces must act upward to balance
the block’s weight W, and the frictional forces act to the left to prevent
the applied force P from moving the block to the right. Close examination
of the contacting surfaces between the floor and block reveals how these
frictional and normal forces develop, Fig. 8-1c. It can be seen that many
microscopic irregularities exist between the two surfaces and, as a result,
reactive forces AR, are developed at each point of contact.* As shown,
each reactive force contributes both a frictional component AF, and a
normal component AN,,.

Equilibrium. The effect of the distributed normal and frictional
loadings is indicated by their resultants N and F on the free-body diagram,
Fig.8-1d. Notice that N acts a distance x to the right of the line of action of W,
Fig. 8-1d. This location, which coincides with the centroid or geometric
center of the normal force distribution in Fig. 815, is necessary in order
to balance the “tipping effect” caused by P. For example, if P is applied
at a height 4 from the surface, Fig. 8~1d, then moment equilibrium about
point O is satisfied if Wx = Ph orx = Ph/W.

*This explanation based only on mechanical interactions is referred to as a classical
approach. For a more complete analysis a detailed treatment of the nature of frictional
forces must also include the effects of temperature, density, cleanliness, and atomic
or molecular adhesion between the contacting surfaces, as well as the deformation and
fracture at the points of contact. See, for example, M. Nosonovsky, Mechanical Engineering,
March 2018.
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w
I Impf:nding
motion
y -
h
F,
i K2
N ;
Equilibrium ’

(e)
Fig. 8-1 (cont.)

Impending Motion. In cases where the surfaces of contact are
rather “slippery,” the frictional force F may not be great enough to
balance P, and consequently the block will tend to slip. In other words, as
Pisslowly increased, F correspondingly increases until it attains a certain
maximum value F;, called the limiting static frictional force, Fig. 8-1e.
When this value is reached, the block is in unstable equilibrium since any
further increase in P will cause the block to move. Experimentally, it has
been determined that F; is directly proportional to the resultant normal
force N. Expressed mathematically,*

Fs = /“(’SN (8_1)

where the constant of proportionality, u, (mu “sub” s), is called the
coefficient of static friction.

Thus, when the block is on the verge of sliding, the normal force N
and frictional force F, combine to create a resultant R, Fig. 8-1e. The
angle ¢, (phi “sub” s) that R; makes with N is called the angle of static
Jriction. From the figure,

F, s N _
d)s = tan_1<ﬁ> = tan_l('uN ) = tan 1/-'Ls

Typical values for u, are given in Table 8-1. As indicated, these values
will vary, since experimental testing was done under variable conditions
of roughness and cleanliness of the contacting surfaces. For applications,
therefore,itis very important that both caution and judgment be exercised
when selecting a coefficient of friction for a given set of conditions. When
a more accurate calculation of F; is required, the coefficient of friction
should be determined directly by an experiment that involves the two
contacting materials to be used.

*As noted in the previous footnote, this empirical result has very limited applications
in modern day engineering. It is used in this chapter to illustrate how friction forces are
considered for a basic equilibrium analysis.

Some objects, such as this barrel, may not be
on the verge of slipping, and therefore the
friction force F must be determined strictly
from the equations of equilibrium.

TABLE 8-1 Typical Values for p

Contact Coefficient of
Materials Static Friction (u)
Metal on ice 0.03-0.05
Wood on wood 0.30-0.70
Leather on wood 0.20-0.50
Leather on metal 0.30-0.60
Copper on copper 0.74-1.21
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Motion

h e
1Y N

R, AN, "AR, AR,

Fig. 8-2

If the magnitude of P acting on the block is increased so that
it becomes slightly greater than F;, the frictional force at the contacting
surface will drop to a smaller value F, called the kinetic frictional force.
The block will then begin to slide with increasing speed, Fig. 8-2a. As this
occurs, the block will “ride” on top of these peaks at the points of contact,
as shown in Fig. 8-2b. The continued breakdown of the nonrigid surface
is the dominant mechanism creating kinetic friction.

Experiments with sliding blocks indicate that the magnitude of the
kinetic friction force is directly proportional to the magnitude of the
resultant normal force, expressed mathematically as

Fy = mN (8-2)

Here the constant of proportionality, uy, is called the coefficient of kinetic
Sfriction. Typical values for w,; are approximately 25 percent smaller than
those listed in Table 8-1 for w.

As shown in Fig. 8-2a, in this case, the resultant force at the surface of
contact, Ry, has a line of action defined by ¢,. This angle is referred to as
the angle of kinetic friction, where

F, N
b = tanl<1\1;) = tanl('ujv) = tan ' uy

By comparison, ¢; = ¢y.
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The above effects regarding friction can be summarized by referring to
the graph in Fig. 8-3, which shows the variation of the frictional force F
versus the applied load P. Here the frictional force is categorized in three
different ways:

® Fis astatic frictional force if equilibrium is maintained.

® Fis a limiting static frictional force F; when it reaches a maximum
value needed to maintain equilibrium.

® Fis a kinetic frictional force F, when sliding occurs at the contacting
surface.

Notice also from the graph that for very large values of P or for high
speeds, aerodynamic effects will cause F; and likewise u; to begin to
decrease.

As a result of experiments
that pertain to the foregoing discussion, we can state the following rules
which apply to bodies subjected to dry friction.

® The frictional force acts tangent to the contacting surfaces in a
direction opposed to the motion or tendency for motion of one
surface relative to another.

® The maximum static frictional force F; that can be developed is
independent of the area of contact between the surfaces, provided
the normal pressure is not very low nor great enough to severely
deform or crush the surfaces between the bodies.

® The maximum static frictional force is generally greater than the
kinetic frictional force for any two surfaces of contact. However, if
one of the bodies is moving with a very low velocity over the surface
of another, F;, becomes approximately equal to F, i.e., u, = .

® When slipping at the surface of contact is about to occur, the
maximum static frictional force is proportional to the normal force,
such that F;, = u,N.

® When slipping at the surface of contact is occurring, the kinetic
frictional force is proportional to the normal force, such that
Fy = wN.

Fi

F .
No motion ‘

A\

Motion

45°
4

F

=P

407

Fig. 8-3
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8.2 PROBLEMS INVOLVING DRY
FRICTION

If a rigid body is in equilibrium when it is subjected to a system of forces
that includes the effect of friction, the force system must satisfy not only
the equations of equilibrium but also the laws that govern the frictional
forces.

In general, there are three types of
static problems involving dry friction. They can easily be classified once
free-body diagrams are drawn and the total number of unknowns are
identified and compared with the total number of available equilibrium
equations.

Problems in this category are
strictly equilibrium problems, which require the number of unknowns
to be equal to the number of available equilibrium equations. Once the
frictional forces are determined from the solution,however, their numerical
values must be checked to be sure they satisfy the inequality F = u,N;
otherwise, slipping will occur and the body will not remain in equilibrium.
A problem of this type is shown in Fig. 8~4a. Here we must determine
the frictional forces at A and C to check if the equilibrium position of the
two-member frame can be maintained. If the members are uniform and
have known weights of 100 N each, then the free-body diagrams are as
shown in Fig. 8-4b. There are six unknown force components which can
be determined strictly from the six equilibrium equations (three for each
member). Once F4, Ny, Fr, and N¢ are determined, then the members
will remain in equilibrium provided F4, = 0.3N, and F¢ =< 0.5N( are
satisfied.

In this case the total
number of unknowns will equal the total number of available equilibrium
equations plus the total number of available frictional equations, F = uN.
When motion is impending at the points of contact, then F; = u,N;
whereas if the body is slipping, then F; = w, N. For example, consider
the problem of finding the smallest angle 6 at which the 100-N bar in
Fig. 8-5a can be placed against the wall without slipping. The free-body
diagram of the bar is shown in Fig. 8-5b. Here the five unknowns are
determined from the three equilibrium equations and fwo static frictional
equations which apply at both points of contact, so that F; = 0.3 N, and
Fg = 04Njp.
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For these types
of problems, the number of unknowns will be /ess than the number of
available equilibrium equations plus the number of available frictional
equations or conditional equations for tipping. As a result, several
possibilities for motion or impending motion will exist and the problem
will involve a determination of the kind of motion which actually occurs.
For example, consider the two-member frame in Fig. 8—6a. In this problem
we wish to determine the horizontal force P needed to cause movement.
If each member has a weight of 100 N, then the free-body diagrams are
as shown in Fig. 8-6b. There are seven unknowns. For a unique solution
we must satisfy the six equilibrium equations (three for each member)
and only one of two possible static frictional equations. This means that
as P increases it will either cause slipping at A and no slipping at C, so
that £y = 0.3N,4 and F¢ = 0.5Ng; or slipping will occur at C and no
slipping at A, in which case Fr = 0.5N¢c and F4 = 0.3 N,. The actual
situation can be determined by calculating P for each case, and then
choosing the case for which P is smaller. If in both cases the same value
for P is calculated, which would be highly improbable, then slipping at
both points occurs simultaneously; i.e., the seven unknowns would have to
satisfy eight equations.

Whenever we
solve a problem such as the one in Fig. 8-4, where the friction force F is
to be an “equilibrium force” and satisfies the inequality F < u,N, then
we can assume the sense of direction of F on the free-body diagram. The
correct sense is made known after solving the equations of equilibrium
for F. If F is a negative scalar the sense of F is the reverse of that which
was assumed. This convenience of assuming the sense of F is possible
because the equilibrium equations equate to zero the components
of vectors acting in the same direction. However, in cases where the
frictional equation F = uN is used in the solution of a problem, then
this convenience of assuming the sense of F is lost, since the frictional
equation relates only the magnitudes of two perpendicular vectors.
Consequently, F must always be shown acting with its correct sense on
the free-body diagram, whenever the frictional equation is used for the
solution of a problem.

Ny

F,u

100 N

(®)
Fig. 8-6
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Depending upon where the man pushes on
the crate, it will either tip or slip.

- IMPORTANT POINTS

Friction is a tangential force that resists the movement of one
surface relative to another.

If no sliding occurs, the maximum value for the friction force is
equal to the product of the coefficient of static friction and the
normal force at the surface, F; = u,N.

If sliding occurs, then the friction force is the product of the
coefficient of kinetic friction and the normal force at the
surface, F; = u N.

There are three types of static friction problems. Each of these
problems is analyzed by first drawing the necessary free-body
diagrams, and then applying the equations of equilibrium, while
satisfying either the conditions of friction or the possibility of

tipping.
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- PROCEDURE FOR ANALYSIS

Equilibrium problems involving dry friction can be solved using
the following procedure.

Free-Body Diagrams.

Draw the necessary free-body diagrams, and unless it is stated
in the problem that impending motion or slipping occurs,
always show the frictional forces as unknowns (i.e., do not
assume F = uN).

Determine the number of unknowns and compare this with
the number of available equilibrium equations.

If there are more unknowns than equations of equilibrium, it
will be necessary to apply the frictional equation at some, if
not all, points of contact to obtain the extra equations needed
for a complete solution.

If the equation F = uN is to be used, it will be necessary to
show F acting in the correct sense of direction on the free-body
diagram.

Equations of Equilibrium and Friction.

Apply the equations of equilibrium and the necessary frictional
equations (or conditional equations if tipping is possible) and
solve for the unknowns.

If the problem involves a three-dimensional force system such
that it becomes difficult to obtain the force components or the
necessary moment arms, apply the equations of equilibrium
using Cartesian vectors.

Refer to the companion website for Lecture
Summary and Quiz videos.

411
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EXAMPLE 8.1

1962 N
P=8N  —04m—f—04m—
l |
| el
f
0.2m /
l o |
- F
f—X —]
Ne
(b)
Fig. 8-7

The uniform crate shown in Fig. 8-7a has a mass of 20 kg. If a force
P = 80N is applied to the crate, determine if it remains in equilibrium.
The coefficient of static friction is w, = 0.3.

0.8 m

(a)

SOLUTION

Free-Body Diagram. As shown in Fig. 8-7b, the resultant normal
force N must act a distance x from the crate’s centerline in order to
counteract the tipping effect caused by P. There are three unknowns,
F, N¢, and x, which can be determined strictly from the three equations
of equilibrium.

Equations of Equilibrium.

£ 3F =0; 80 cos30°N — F =0
+13F, = 0; —80sin30°N + No — 1962 N = 0
80 sin 30° N(0.4 m) — 80 cos 30° N(0.2 m) + N¢(x) = 0
Solving,
F = 693N
Nc = 2362 N

= —0.00908 m = —9.08 mm

Since x is negative it indicates the resultant normal force acts
(slightly) to the /left of the crate’s centerline. Also, the maximum
frictional force which can be developed at the surface of contact is
Fiax = usNe = 0.3(236.2 N) = 70.9N. Since F = 693N < 709N,
the crate will not slip, although it is very close to doing so.
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EXAMPLE 8.2

It is observed that when the bed of the dump truck is raised to an
angle of § = 25° the vending machines will begin to slide off the
bed, Fig. 8-8a. Determine the coefficient of static friction between a
vending machine and the surface of the truck bed.

SOLUTION

An idealized model of a vending machine resting on the truck bed
is shown in Fig. 8-8b. The dimensions have been measured and the
center of gravity has been located. We will assume that the vending
machine weighs W.

Free-Body Diagram. Asshown in Fig. 8-8c, the dimension x is used
to locate the position of the resultant normal force N. There are four
unknowns, N, F, u,, and x.

Equations of Equilibrium.

+N\IF, = 0; Wsin25° — F=0 (1)
+72F, = 0; N — Wcos 25° = 2)
(+XMp =0; —(Wsin25°)(0.75m) + Wcos25°(x) = 0 3)

Since slipping impends at § = 25°, using Eqgs. 1 and 2, we have

F, = u,N, W sin 25° = (W cos 25°)
ws = tan 25° = 0.466 Ans.

The angle of # = 25° is referred to as the angle of repose, and by
comparison, it is equal to the angle of static friction, § = ¢;. Since 0
is independent of the weight of the vending machine, then knowing 6
provides a convenient method for determining the coefficient of static
friction.

NoTE: From Eq. 3, we find x = 0.350 m. Since 0.350 m < 0.45m,
indeed the vending machine will slip down the truck bed and not tip
over. Fig. 8-8
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EXAMPLE 8.3

Al

10(9.81) N

(4m) sin 6

Ny

(2m) cos 0 ‘(2 m) cos 6

(b)
Fig. 8-9

The uniform 10-kg ladder in Fig. 8-9a rests against the smooth wall
at B, and the end A rests on the rough horizontal plane for which
the coefficient of static friction is u, = 0.3. Determine the angle of
inclination 6 of the ladder and the normal reaction at B if the ladder is
on the verge of slipping.

(a)

SOLUTION

Free-Body Diagram. As shown on the free-body diagram, Fig. 8-9b,
the frictional force F, must act to the right since impending motion at A
is to the left.

Equations of Equilibrium and Friction. Since the ladder is on the

verge of slipping, then F, = u,N4 = 0.3N4. By inspection, N4 can be
obtained directly.

+13F, = 0; Ny —100981)N=0 N, =98.1N
Using this result, F4 = 0.3(98.1 N) = 29.43 N. Now N can be found.

X 3F, = 0; 29.43N — Ny =0
Np = 2943N = 294N Ans.

Finally, the angle 6 can be determined by summing moments about
point A.

(tEM, =0 (29.43 N)(4 m)sin® — [10(9.81) N](2 m) cos6 = 0

SN0 no = 1.6667
cos 6
0 = 59.04° = 59.0° e
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EXAMPLE 8.4

Beam AB is subjected to a uniform load of 200 N/m and is supported
at B by post BC, Fig. 8-10a. If the coefficients of static friction at B
and C are ug = 0.2 and puc = 0.5, determine the force P needed to
pull the post out from under the beam. Neglect the weight of the
members and the thickness of the beam.

SOLUTION

Free-Body Diagrams. The free-body diagram of the beam is shown
in Fig. 8-10b. Applying 3 M, = 0, we obtain Nz = 400 N. This result
is shown on the free-body diagram of the post, Fig. 8-10c. Referring
to this member, the four unknowns Fp, P, F, and N are determined
from the three equations of equilibrium and one frictional equation
applied either at B or C.

Equations of Equilibrium and Friction.

HIF = 0; P—Fg—F:=0 1)
+13F, = 0; N¢ — 400N =0 Q)
(+2Mc = 0; —P(0.25m) + Fz(1m) = 0 3)

(Post Slips at B and Rotates about C.) This requires Fr = pcNcand

Fp = ugNp; Fg = 0.2(400N) = 80N
Using this result and solving Egs. 1 through 3, we obtain
P =320N
Fc=240N
Nc = 400N

Since Fr = 240 N > ucNe = 0.5(400 N) = 200 N, slipping at C occurs.
Thus the other case of movement must be investigated.

(Post Slips at C and Rotates about B.) Here Fz = ugNp and
Fc = pceNe; o= 0.5Ne 4)

Solving Egs. 1 through 4 yields

P =267N Ans.
N¢ = 400N

Fc=200N

Fp = 667N

Obviously, this case occurs first since it requires a smaller value for P.

415

e

T
A )

Fc

A
—
Z

Fig. 8-10
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Refer to the companion website for a self quiz of these
Example problems.
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EXAMPLE 8.5

(@)

3(9.81)N
309 F,ye = 1.155P

Fye = 0.5774P
se = 0.577 Y I

Nj

(b)
Fig. 8-11

Blocks A and B have a mass of 3 kg and 9 kg, respectively, and are
connected to the weightless links shown in Fig. 8~11a. Determine
the largest vertical force P that can be applied at the pin C without
causing any movement. The coefficient of static friction between the
blocks and the contacting surfaces is u, = 0.3.

SOLUTION

Free-Body Diagrams. The links are two-force members and so
the free-body diagrams of pin C and blocks A and B are shown in
Fig. 8-11b. Since the horizontal component of F, . tends to move block
A to the left, F4 must act to the right. Similarly, Fz must act to the left
to oppose the tendency of motion of block B to the right, caused by
Fpc. There are seven unknowns and six available force equilibrium
equations, two for the pin and two for each block, so that only one
frictional equation is needed.

Equations of Equilibrium and Friction. The force in links AC and
BC can be related to P by considering the equilibrium of pin C.

+13F, = 0 Fyccos30°— P = 0; Fuc = 1.155P
K 3F, =0; 1.155Psin30°— Fge = 0; Fge = 0.5774P
Using the result for F,, for block A,
£3F, =0; F,—1.155Psin30° = 0; Fy=057714P (1)
+T2Fy =0; N4—1.155Pcos30°—3(9.81N) = 0;

Ny =P+2943N (2)

Using the result for Fp, for block B,
K 3F, =0; (0.5774P) — Fz = 0;
+13F, =0; Ng—99.81)N = 0;

Fg = 0.5774P  (3)
Np = 8829 N
Movement of the system may be caused by the initial slipping of either
block A or block B. If we assume that block A slips first, then

FA = /.LSNA = 03NA (4)
Substituting Eqgs. 1 and 2 into Eq. 4,

0.5774P = 0.3(P + 29.43)
P =318N Ans.

Substituting this result into Eq. 3, we obtain Fz = 18.4 N. Since
the maximum static frictional force at B is (Fg)max = MsNp =
0.3(88.29 N) = 26.5N > Fp, block B will not slip. Thus, the above
assumption is correct. Notice that if the inequality were not satisfied,
we would have to assume slipping of block B (Fz = 0.3Np ) and then

solve for P.
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. FUNDAMENTAL PROBLEMS

All solutions must include a free-body diagram.

F8-1. Determine the friction developed between the 50-kg
crate and the ground if (a) P = 200 N, and (b) P = 400 N.
The coefficients of static and kinetic friction between the
crate and the ground are u, = 0.3 and u;, = 0.2.

Prob. F8-1

8-2.  Determine the minimum force P to prevent the 30-kg
rod AB from sliding. The contact surface at B is smooth,
whereas the coefficient of static friction between the rod and
the wall at A is u, = 0.2.

- 4m \
Prob. F8-2

I8-3. Determine the maximum force P that can be applied
without causing the two 50-kg crates to move. The coefficient of
static friction between each crate and the ground is u, = 0.25.

A B P

30°

Prob. F8-3

F8-4. If the coefficient of static friction at contact points A
and B is pu, = 0.3, determine the maximum force P that can
be applied without causing the 100-kg spool to move.

0.9 m

Prob. F8—4

F8-5. Determine the maximum force P that can be applied
without causing movement of the 100-kg crate that has a
center of gravity at G. The coefficient of static friction at the
floor is u, = 0.4.

"' i ‘r
P > 0.8 m
|

1.5m 1
1.2\m

0005 O S 0o 000 0" O EAOATHLNG
° ‘QD 00005 0 :|B 0 oo 4 9° 0‘1“ eo o
0" 05,01 0" o) ey
5 8.00% 55 8.00% S QUSRS

Prob. F8-5
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1'8-6. Determine the minimum coefficient of static friction I'8-8. If the coefficient of static friction at all contacting
between the uniform 50-kg spool and the wall so that the surfaces is u,, determine the inclination # at which the
spool does not slip. identical blocks, each of weight W, begin to slide.

Prob. F8-8
Prob. F8-6

I'8-7. Blocks A, B, and C have weights of 50 N, 25 N, and
15 N, respectively. Determine the smallest horizontal force P
that will cause impending motion. The coefficient of static
friction between A and B is u, = 0.3, between B and C,
us = 0.4, and between block C and the ground, uy' = 0.35.

1'8-9. Blocks A and B have a mass of 7 kg and 10 kg,
respectively. Using the coefficients of static friction indicated,
determine the largest force P which can be applied to the
cord without causing motion. There are pulleys at C and D.

\/

D ma =01

Prob. F8-7 Prob. F8-9
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All solutions must include a free-body diagram.

8-1. If the coefficient of static friction at A is u, = 0.4
and the collar at B is smooth so it only exerts a horizontal
force on the pipe, determine the minimum distance x so that
the bracket can support the cylinder of any mass without
slipping. Neglect the mass of the bracket.

200 mm

Prob. 8-1

8-2. Determine the maximum force P the connection can
support so that no slipping occurs between the plates. There
are four bolts used for the connection and each is tightened
so that it is subjected to a tension of 4 kN. The coefficient of
static friction between the plates is u;, = 0.4.

ST NI

Prob. 8-2

8-3. The fork lift has a weight of 12 kN and a center of
gravity at G. If the rear wheels are powered, whereas the
front wheels are free to roll, determine the maximum
number of 150-kg crates the fork lift can push forward. The
coefficient of static friction between the wheels and the
ground is u; = 0.4, and between each crate and the ground
is wy = 0.35.

% &
% :
2

0.7f m : c

*8—4. The mine car and its contents have a total mass of
6 Mg and a center of gravity at G. If the coefficient of static
friction between the wheels and the tracks is u;, = 0.4 when
the wheels are locked, find the normal force acting on the
front wheels at B and the rear wheels at A when the brakes
at both A and B are locked. Does the car move?

10 kN AR o

09m .G

\ 8/ \ A/bi5m

t— 0.6 m —|
1.5m

Prob. 8-4
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8-5. The block brake consists of a pin-connected lever and
friction block at B. The coefficient of static friction between
the wheel and the lever is u; = 0.3, and a torque of 5 N-m
is applied to the wheel. Determine if the brake can hold
the wheel stationary when the force applied to the lever is
(a) P=30N,(b) P =T70N.

400 mm

Prob. 8-5

8-6. The automobile has a mass of 2 Mg and center of
mass at G. Determine the towing force F required to move
the car if the back brakes are locked, and the front wheels
are free to roll. Take u, = 0.3.

8-7. The automobile has a mass of 2 Mg and center of
mass at G. Determine the towing force F required to move
the car. Both the front and rear brakes are locked. Take
me = 0.3.

B
~1m 1.50 m —

Probs. 8-6/7

*8-8. The pipe of weight W is to be pulled up the inclined
plane of slope « using a force P. If P acts at an angle ¢, show
that for slipping P = Wsin (a + 6)/cos(¢ + 0), where 0 is
the angle of static friction; = tan™ !u,.

8-9. Determine the angle ¢ at which the applied force P
should act on the pipe so that P is as small as possible when
pulling the pipe up the incline. What is the corresponding
value of P? The pipe weighs W and the slope « is known.
Express the answer in terms of the angle of kinetic friction,
6 = tan 'py.

Probs. 8-8/9

8-10. The block brake consists of a pin-connected lever
and friction block at B. The coefficient of static friction
between the wheel and the lever is u, = 0.3, and a torque
of 5 N-m is applied to the wheel. Determine if the brake
can hold the wheel stationary when the force applied to the
leveris (a) P = 30N, (b) P = 70 N.

400 mm

Prob. 8-10



8-11. The block brake is used to stop the wheel from
rotating when the wheel is subjected to a couple moment M,
If the coefficient of static friction between the wheel and
the block is u,, determine the smallest force P that should
be applied.

&
NN

Prob. 8-11

*8-12. The man has a mass of 40 kg. He plans to scale the
vertical crevice using the method shown. If the coefficient
of static friction between his shoes and the rock is u, = 0.4
and between his backside and the rock, u;, = 0.3, determine
the smallest horizontal force his body must exert on the
rocks in order to do this.

Prob. 8-12
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8-13. The car has a mass of 1.6 Mg and center of mass at G.
If the coefficient of static friction between the shoulder of
the road and the tires is u, = 0.4, determine the greatest
slope 6 the shoulder can have without causing the car to slip
or tip over if the car travels along the shoulder at constant
velocity.

Prob. 8-13

8-14. If a torque of M = 300 N-m is applied to the
flywheel, determine the force that must be developed in the
hydraulic cylinder CD to prevent the flywheel from rotating.
The coefficient of static friction between the friction pad
at B and the flywheel is u, = 0.4.

D
\ 0.6 m Im
30° ‘B
c(ex Y — (E
60 mm A

Prob. 8-14
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8-15. The pipe is hoisted using the tongs. If the coefficient
of static friction at A and B is w,, determine the smallest
dimension b so that any pipe of inner diameter d can be lifted.

Prob. 8-15

*8-16. The uniform hoop of weight W is suspended from
the peg at A and a horizontal force P is slowly applied at B.
If the hoop begins to slip at A when the angle is 6 = 30°,
determine the coefficient of static friction between the
hoop and the peg.

8-17. The uniform hoop of weight W is suspended from
the peg at A and a horizontal force P is slowly applied at B.
If the coefficient of static friction between the hoop and peg
is g, = 0.2, determine if it is possible for the angle # = 30°
before the hoop begins to slip.

A

B

Probs. 8-16/17

8-18. The ring has a mass of 0.5 kg and is resting on the
surface of the table. To move the ring, a normal force P from
the finger is exerted on it. Determine its magnitude when
the ring is on the verge of slipping at A. The coefficient of
static friction at A is w4 = 0.2 and at B, ug = 0.3.

A

Prob. 8-18

8-19. The spool of wire having a mass of 150 kg rests on
the ground at A and against the wall at B. Determine the
force P required to begin pulling the wire horizontally off
the spool. The coefficient of static friction between the
spool and its points of contact is u;, = 0.25.

*8-20. The spool of wire having a mass of 150 kg rests
on the ground at A and against the wall at B. Determine
the forces acting on the spool at A and B if P = 800 N.
The coefficient of static friction between the spool and the
ground at point A is u; = 0.35.The wall at B is smooth.

Probs. 8-19/20



8-21. The cylinder is confined by the brake, where u; = 0.4.
Determine the required compression in the spring in order
to resist a torque of 800 N - m on the cylinder. The spring
has a stiffness of K = 3 MN/m and an unstretched length of
60 mm. End C of member ABC slides freely along the smooth
vertical guide.

Prob. 8-21

8-22. A man attempts to support a stack of books
horizontally by applying a compressive force of F = 120 N
to the ends of the stack with his hands. If each book has a
mass of 0.95 kg, determine the greatest number of books
that can be supported in the stack. The coefficient of static
friction between his hands and a book is (Ms)h = 0.6 and
between any two books (u,), = 0.4.

F=120N

Prob. 8-22
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8-23. The block brake is used to stop the wheel from
rotating when the wheel is subjected to a couple moment
M, = 360 N - m. If the coefficient of static friction between
the wheel and the block is u, = 0.6, determine the smallest
force P that should be applied.

*8-24. Solve Prob. 8-23 if the couple moment M is
applied counterclockwise.

‘ 0.4 m

Probs. 8-23/24

8-25. Determine the minimum force P needed to push the
tube E up the incline. The tube has a mass of 75 kg and
the roller D has a mass of 100 kg. The force acts parallel
to the plane, and the coefficients of static friction at the
contacting surfaces are uy = 0.3, ug = 0.25,and puc = 0.4.
The roller and tube each have a radius of 150 mm.

Prob. 8-25
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8-26. The uniform crate resting on the dolly has a mass
of 500 kg and mass center at G. If the front casters contact
a high step, and the coefficient of static friction between
the crate and the dolly is u, = 0.45, determine the greatest
force P that can be applied without causing motion of the
crate. The dolly does not move.

Y

Prob. 8-26

8-27. 'The truck has a mass of 1.25 Mg and a center of mass
at G. Determine the greatest load it can move if (a) the truck
has rear-wheel drive while the front wheels are free to roll,
and (b) the truck has four-wheel drive. The coefficient of
static friction between the wheels and the groundis u,, = 0.5,
and between the crate and the ground, it is u. = 0.4.

*8-28. Solve Prob. 8-27 if the truck and crate are resting
on an upward 10° incline.

800 mm

Probs. 8-27/28

8-29. The 45-kg disk rests on the surface for which the
coefficient of static friction is u, = 0.2. Determine the
largest couple moment M that can be applied to the bar
without causing motion.

8-30. The 45-kg disk rests on the surface for which the
coefficient of static friction is uy = 0.15. If M = 50 N-m,
determine the friction force at A.

400 mm

Probs. 8-29/30

8-31. The friction pawl is pinned at A and rests against
the wheel at B. It allows freedom of movement when the
wheel is rotating counterclockwise about C. Clockwise
rotation is prevented due to friction of the pawl which tends
to bind the wheel. If (p,s) g = 0.6, determine the design
angle # which will prevent clockwise motion for any value
of applied moment M. Hint: Neglect the weight of the pawl
so that it becomes a two-force member.

Prob. 8-31



*8-32. Determine the magnitude of force P needed to
start towing the 40-kg crate. Also determine the location
of the resultant normal force acting on the crate, measured
from point A. Take u, = 0.3.

8-33. Determine the friction force on the 40-kg crate,
and the resultant normal force and its position x, measured
from point A, if the force is P = 300 N. Take u, = 0.5 and
M = 0.2.

P
= 2 sgy
> > A 1/3
400 mm
L LN LN 1 2001mm
A
800 mm

Probs. 8-32/33

8-34. The coefficients of static and kinetic friction
between the drum and brake bar are p; = 0.4 and p;, = 0.3,
respectively. If M = 50 N+-m and P = 85 N, determine the
horizontal and vertical components of reaction at the pin O.
Neglect the weight and thickness of the brake. The drum
has a mass of 25 kg.

8-35. The coefficient of static friction between the drum
and brake bar is pu, = 0.4. If the moment M = 35 N-m,
determine the smallest force P that needs to be applied to
the brake bar in order to prevent the drum from rotating.
Also determine the corresponding horizontal and vertical
components of reaction at pin O. Neglect the weight and
thickness of the brake bar. The drum has a mass of 25 kg.

i 300 mm i 700 mm i
\MF B
o) 125 mm
M
P

Probs. 8-34/35
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*8-36. The double-block brake mechanism is used to
prevent the wheel from turning when the wheel is subjected
to the torque of M = 5 N-m. If the coefficient of static
friction between the blocks and the wheel is u, = 0.8,
determine the smallest vertical force P applied to the handle
needed to stop the wheel.

8-37. Solve Prob. 8-36 if the torque is M =5 N-m
clockwise.

0.15m

Probs. 8-36/37

8-38. Determine the minimum force P needed to push
the tube E up the incline. The coefficients of static friction
at the contacting surfaces are uy = 0.2, ugp = 0.3, and
e = 0.4. The 100-kg roller and 40-kg tube each have a
radius of 150 mm.

Prob. 8-38
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8-39. If 6 = 30° determine the minimum coefficient 8-41. The 100-kg disk rests on a surface for which
of static friction at A and B so that equilibrium of the up = 0.2. Determine the smallest vertical force P that can
supporting frame is maintained regardless of the mass of be applied tangentially to the disk which will cause motion
the cylinder. Neglect the mass of the rods. to impend.

A
/

0.5 m

B

Prob. 8-41

Prob. 8-39

*8-40. Investigate whether the equilibrium can be
maintained. The uniform block has a mass of 500 kg, and
the coefficient of static friction is u, = 0.3.

8-42. If the coefficient of static friction at A and B is
us = 0.6, determine the maximum angle 6 so that the
frame remains in equilbrium, regardless of the mass of the
cylinder. Neglect the mass of the rods.

800 mm —|

Prob. 8-40 Prob. 8-42
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8-43. The homogenous semicylinder has a mass of 20 kg 8-45. The uniform cylindrical tank has a mass of 250 kg. If
and mass center at G. If force P is applied at the edge, and the coefficient of static friction is u, = 0.15, determine the
r = 300 mm,determine the angle 6 at which the semicylinder force P applied to the rope needed to move the tank.

is on the verge of slipping. The coefficient of static friction

between the plane and the cylinder is u; = 0.3. Also, what is

the corresponding force P for this case?

45°

o

Prob. 8-45

Prob. 8-43

*8-44. The tongs are used to suspend the 80-kg plate.

Determine the smallest coefficient of static friction to

prevent slipping of the plate. 8-46. The man has a mass of 60 kg and the crate has a
mass of 100 kg. If the coefficient of static friction between
his shoes and the ground is u;, = 0.4 and between the crate
and the ground is u. = 0.3, determine if the man is able to
move the crate using the rope-and-pulley system shown.

Prob. 8-44
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8-47. The beam AB has a negligible mass and thickness
and is subjected to a triangular distributed loading. It is
supported at one end by a pin and at the other end by a post
having a mass of 50 kg and negligible thickness. Determine
the minimum force P needed to move the post. The
coefficients of static friction at B and C are upz = 0.4 and
me = 0.2, respectively.

[[A /fm

Prob. 8-47

*8-48. The beam AB has a negligible mass and thickness
and is subjected to a triangular distributed loading. It is
supported at one end by a pin and at the other end by a post
having a mass of 50 kg and negligible thickness. Determine
the two coefficients of static friction at B and at C so that
when the magnitude of the applied force is increased to
P = 150 N, the post slips at both B and C simultaneously.

2m ‘ ! | 5.4
400 mm
300 mm
€
Prob. 8-48

8-49. Beam AB has a negligible mass and thickness, and
supports the 200-kg uniform block. It is pinned at A and rests
on the top of a post, having a mass of 20 kg and negligible
thickness. Determine the minimum force P needed to
move the post. The coefficients of static friction at B and C
are ug = 0.4 and pc = 0.2, respectively.

8-50. Beam AB has a negligible mass and thickness,
and supports the 200-kg uniform block. It is pinned at A
and rests on the top of a post, having a mass of 20 kg and
negligible thickness. Determine the two coefficients of
static friction at B and at C so that when the magnitude of
the applied force is increased to P = 300 N, the post slips at
both B and C simultaneously.

Probs. 8-49/50

8-51. The uniform crate has a mass of 150 kg. If the
coefficient of static friction between the crate and the floor
is u, = 0.2, determine whether the 85-kg man can move the
crate. The coefficient of static friction between his shoes
and the floor is s = 0.4. Assume the man only exerts a
horizontal force on the crate.

*8-52. The uniform crate has a mass of 150 kg. If the
coefficient of static friction between the crate and the floor
is gy = 0.2, determine the smallest mass of the man so he
can move the crate. The coefficient of static friction between
his shoes and the floor is w; = 0.45. Assume the man exerts
only a horizontal force on the crate.

.

—12m—

Probs. 8-51/52



8-53. Two blocks A and B, each having a mass of 6 kg,
are connected by the linkage shown. If the coefficients of
static friction at the contacting surfaces are ug = 0.8 and
ma = 0.2, determine the largest vertical force P that may be
applied to pin C without causing the blocks to slip. Neglect
the weight of the links.

P

Prob. 8-53

8-54. Two blocks A and B, each having a mass of 6 kg, are
connected by the linkage shown. If the coefficient of static
friction at the contacting surfaces is u; = 0.5, determine the
largest vertical force P that can be applied to pin C without
causing the blocks to move. Neglect the weight of the links.

Prob. 8-54

8-55. Two blocks A and B, each having a mass of 5 kg,
are connected by the linkage shown. If the coefficient
of static friction at the contacting surfaces is u, = 0.5,
determine the largest force P that can be applied to pin C of
the linkage without causing the blocks to move. Neglect the
weight of the links.

Prob. 8-55
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*8-56. The uniform pole has a weight W and is lowered
slowly from a vertical position 6 = 90° toward the
horizontal using cable AB. If the coefficient of static friction
is u, = 0.3 at C, determine the angle 6 at which the pole will
start to slip.

—am

Prob. 8-56

8-57. The uniform 5-kg rod rests on the ground at B and
against the wall at A. If the rod does not slip at B, determine
the smallest coefficient of static friction at A which will
prevent slipping at A.

/|

Prob. 8-57
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Wedges are often used to adjust the
elevation of structural or mechanical
parts. Also, they provide stability for

objects such as this pipe.

8.3 WEDGES

A wedge is a simple machine that is often used to transform an applied
force into much larger forces. Wedges can also be used to slightly move
or adjust heavy loads.

To find the forces on a wedge consider the one shown in Fig. 8-12a,
which is used to /ift the block. On the free-body diagrams in Fig. 8-12b, we
have excluded the weight of the wedge since it is usually small compared
to the weight W of the block. Since the force P causes impending motion
to the right, the frictional forces F; and F, must oppose this motion, and
the frictional force F; of the wall on the block must act downward. The
locations of the resultant normal forces are not important here, since
neither the block nor wedge will “tip.” Hence the moment equilibrium
equations will not be considered. There are seven unknowns, consisting
of the applied force P, needed to cause the impending motion, and six
normal and frictional forces. To solve, the seven available equations
consist of four force equilibrium equations, 2 F, = 0, XF, = 0, applied
to the wedge and block, and three frictional equations, FF = uN,
applied at each surface of contact.

If the block is to be lowered, then the frictional forces will all act in a
sense opposite to that shown in Fig. 8-12b. For example, if the coefficient
of friction is very small or the wedge angle 6 is large, then the applied
force P must act to the right to keep the block from moving downward.
For large coefficients of friction or small angles 6, then P will have a
reverse sense of direction in order to pull on the wedge to remove it and
lower the block. If P is not applied and friction forces hold the block in
place, then the wedge is referred to as self-locking.

W N,
F, 0
—V—
9 P F, —
<«—pA—"'
. Fy
Impending
-—= > Ny
motion
(a) (b)

Fig. 8-12
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EXAMPLE 8.6

The uniform stone in Fig. 8-13a has a mass of 500 kg and is held in
the horizontal position using a wedge at B. If the coefficient of static
friction is u, = 0.3 at the surfaces of contact, determine the minimum
force P needed to remove the wedge. Assume that the stone does not

slip at A.
4905 N
0.5m——0.5 m—|
| 1l | ’& m m ‘ Ng 70 70
— , - .
03N, 4~ Impending
< h— p motion
03N,
Nc

(a) (b)
Fig. 8-13

SOLUTION

The minimum force P requires F = u N at the surfaces of contact
with the wedge. The free-body diagrams of the stone and wedge are
shown in Fig. 8-13bh. On the wedge the friction force opposes the
impending motion, and on the stone at A, Fy = u,N4, since slipping
does not occur there. The five unknowns are determined from the
three equilibrium equations for the stone and two for the wedge.
From the free-body diagram of the stone,

(+XM, = 0; —4905N(0.5m) + (Ngcos7°N)(1 m)

+ (0.3Ngsin 7°N)(1m) = 0
Np = 2383.1N

Using this result for the wedge, we have

+13F, =0; Nc—2383.1cos 7°N — 0.3(2383.15in 7°N) = 0
N¢ = 24525N
£ SF, =0, 2383.1sin7°N — 0.3(2383.1 cos 7°N) +
P — 03(24525N) = 0
P =11549N = 1.15kN Ans.

NOTE: Since P is positive, indeed the wedge must be pulled out. If P
were zero, the wedge would remain in place (self-locking) and the
frictional forces developed at B and C would satisfy Fp < u,Np and
Fc < usNe.
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Square-threaded screws find
applications on valves, jacks,
and vises, where particularly
large forces must be developed
along the axis of the screw.

8.4 FRICTIONAL FORCES ON SCREWS

In most cases, screws are used as fasteners; however, in many types of
machines they are incorporated to transmit power or motion from one
part of the machine to another. A square-threaded screw is commonly
used for this purpose, especially when large forces are applied along its
axis. In this section, we will analyze the forces acting on square-threaded
screws. The analysis of other types of screws, such as those that have a

V-thread, is based on these same principles.
For analysis, a square-threaded screw, as in Fig. 8~14a, can be considered

a cylinder having an inclined square ridge or thread wrapped around it. If
we unwind the thread by one revolution, as shown in Fig. 8-14b, the slope
or the lead angle 6 is determined from § = tan™!(I/2zr). Here [ and 27r
are the vertical and horizontal distances between A and B, where 7 is the
mean radius of the thread. The distance / is called the lead of the screw
and it is equivalent to the distance the screw advances when it turns one
revolution.

Upward Impending Motion. Consider the case of the square-
threaded screw jack in Fig. 8-15 that is subjected to upward impending
motion caused by the applied torsional moment M.* A free-body
diagram of the entire unraveled thread h in contact with the jack can
be represented as a block, as shown in Fig. 8-16a. The force W is the
vertical force acting on the thread or the axial force applied to the shaft,
Fig. 8-15, and M/r is the resultant horizontal force produced by the
moment M about the axis of the shaft. The reaction R of the groove on
the thread has both frictional and normal components, where F = u; N.
The angle of static friction is ¢, = tan™'(F/N) = tan™ ', Applying the
force equations of equilibrium, we have

BSF, =0, M/r—Rsin(6+d)=0
+13F,=0; Rcos(6+ ¢,) —W=0

Eliminating R from these equations, we obtain

M = rWtan (6 + o) (8-3)

Fig. 8-14

(b)

*For applications, M can be developed by applying a horizontal force P at a right angle to
the end of a lever that would be fixed to the screw.
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Fig. 8-15

Self-Locking Screw. A screw is said to be self-locking if it remains
in place under any axial load W when the moment M is removed. For this
to occur, the direction of the frictional force must be reversed so that R
acts on the other side of N. Here the angle of static friction ¢; becomes
greater than or equal to 6, Fig. 8-16d. If ¢, = 6, Fig. 8-16b, then R will
act vertically to balance W, and the screw will be on the verge of winding
downward.

Downward Impending Motion, (8 > ¢,). If the screw is not
self-locking, it is necessary to apply a moment M’ to prevent the screw
from winding downward and so a horizontal force M'/r must push
against the thread, Fig. 8-16¢. Using the same procedure as before, the
magnitude M’ required to prevent this unwinding is

M' = rWtan (0 — ¢y) (8-4)

Downward Impending Motion, (¢, > 0).1f a screw is self-
locking, a moment M” must be applied to the screw in the opposite
direction to wind the screw downward (¢, > 6). This causes a
reverse horizontal force M"/r as indicated in Fig. 8-16d. In this case,
we obtain

M" = rWtan (¢; — 0) (8-5)

If motion of the screw occurs, Egs. 8-3, 8-4, and 8-5 can be applied by
simply replacing ¢, with ¢,.

Upward screw motion
(a)
w

0
R

¢’s=9n

Self-locking screw (6 = ¢g)
(on the verge of rotating downward)

(b)

Y
M’/r—b /
T
\‘_//d’s

R
-0

n

Downward screw motion (0 > ¢y)

(©)

Downward screw motion (6 < ¢y)

(d)

Fig. 8-16
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EXAMPLE 8.7

FrRICTION

The turnbuckle shown in Fig. 8-17 has a square thread with a mean
radius of 5 mm and a lead of 2 mm. If the coefficient of static friction
between the screw and the turnbuckle is w, = 0.25, determine
the moment M that must be applied to draw the end screws closer
together.

2kN

2 kN

Fig. 8-17

SOLUTION

The moment can be obtained by applying Eq. 8-3. Since friction at
two screws must be overcome, this requires

M = 2[rWtan(0 + ¢y)] (1)

Here W = 2000 N, ¢, = tan ', = tan '(0.25) = 14.04°, r = 5 mm,
and 6 = tan '(//27r) = tan (2 mm/[27(5 mm)]) = 3.64°.
Substituting these values into Eq. 1 and solving gives

M = 2[(2000 N)(5 mm) tan(14.04° + 3.64°)]

= 6374 7N-mm = 6.37N-m Ans.

NOTE: When the moment is removed, the turnbuckle will be self-
locking; i.e., it will not unscrew since ¢; > 6.
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All solutions must include a free-body diagram.

8-58. Determine the largest angle 6 that will cause the
wedge to be self-locking regardless of the magnitude of
horizontal force P applied to the blocks. The coefficient of
static friction between the wedge and the blocks is u, = 0.3.
Neglect the weight of the wedge.

Prob. 8-58

8-59. If the beam AD is loaded as shown, determine the
horizontal force P which must be applied to the wedge in
order to remove it from under the beam. The coefficients
of static friction at the wedge’s top and bottom surfaces
are wcy = 0.25 and ucp = 0.35, respectively. If P = 0, is
the wedge self-locking? Neglect the weight and size of the
wedge and the thickness of the beam.

4kN/m

ﬂ‘

3m
Prob. 8-59

*8-60. If the coefficient of static friction between the axe
and the wood is u; = 0.2, determine the smallest angle 6
of the blade which will cause the axe to be self-locking.
Neglect the weight of the axe.

Prob. 8-60

8-61. If P =250 N, determine the required minimum
compression in the spring so that the wedge will not move
to the right. Neglect the weight of A and B. The coefficient
of static friction for all contacting surfaces is w, = 0.35.
Neglect friction at the rollers.

8-62. Determine the minimum applied force P required
to move wedge A to the right. The spring is compressed a
distance of 175 mm. Neglect the weight of A and B. The
coefficient of static friction for all contacting surfaces is
ms = 0.35. Neglect friction at the rollers.

k=15kN/m—

Probs. 8-61/62

8-63. If the coefficient of static friction between all the
surfaces of contact is uy, determine the force P that must be
applied to the wedge in order to lift the brace that supports
the load F. Neglect friction between the wall and the brace.

F

Prob. 8-63
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*8-64. The wedge is used to level the member. Determine
the horizontal force P that must be applied to begin to
push the wedge forward. The coefficient of static friction
between the wedge and the two surfaces of contact is
ws = 0.2. Neglect the weight of the wedge.

2m
500 N/m

YYYYYYYYYYYYYY

A
P—
B

5°

Prob. 8-64

8-65. If the coefficient of static friction between all the
surfaces of contact is u,, determine the force P that must
be applied to the wedge in order to lift the block having a
weight W.

Prob. 8-65

8-66. The wedge has a negligible weight and a coefficient
of static friction u, = 0.35 with all contacting surfaces.
Determine the angle 6 so that it is self-locking. This requires
no slipping for any magnitude of the force P applied to the
joint.

Prob. 8-66

8-67. The hand clamp is constructed using a square-
threaded screw having a mean diameter of 36 mm, a lead
of 4 mm, and a coefficient of static friction at the screw of
s = 0.3.To tighten the screw, a force of /' = 20N is applied
perpendicular to the handle. Determine the clamping force
in the board AB.

*8-68. The hand clamp is constructed using a square-
threaded screw having a mean diameter of 36 mm, a lead
of 4 mm, and a coefficient of static friction at the screw of
u, = 0.3. If the clamping force in the board AB is 300 N,
determine the reversed force —F that must be applied
perpendicular to the handle in order to loosen the screw.

Probs. 8-67/68

8-69. If the clamping force at G is 900 N, determine the
horizontal force F that must be applied perpendicular to the
handle of the lever at E. The mean diameter and lead of
both single square-threaded screws at C and D are 25 mm
and 5 mm, respectively. The coefficient of static friction is
e = 0.3.

8-70. If a horizontal force of F = 50 N is applied
perpendicular to the handle of the lever at E, determine the
clamping force developed at G.The mean diameter and lead
of the single square-threaded screw at C and D are 25 mm
and 5 mm, respectively. The coefficient of static friction is
e = 0.3.

TZOO mm—~—200 mm 4‘

G ______Ec

B @ I A ;ol
9B o

.

125 mm

Probs. 8-69/70



8-71. Prove that the lead / must be less than 27rru, for the
jack screw shown in Fig. 8-15 to be self-locking.

*8-72. The square-threaded bolt is used to join two plates
together. If the bolt has a mean diameter of d = 20 mm
and a lead of / = 3 mm, determine the smallest torque
M required to loosen the bolt if the tension in the bolt is
T = 40 kN. The coefficient of static friction between the
threads and the bolt is u, = 0.15.

1

Prob. 8-72

8-73. Determine the clamping force on the board A if the
screw is tightened with a torque of M = 8 N - m. The square-
threaded screw has a mean radius of 10 mm and a lead of
3 mm, and the coefficient of static friction is u, = 0.35.

8-74. If the required clamping force at the board A is to
be 2 kN, determine the torque M that must be applied to
the screw to tighten it down. The square-threaded screw
has a mean radius of 10 mm and a lead of 3 mm, and the
coefficient of static friction is pg, = 0.35.

~M
N

Probs. 8-73/74
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8-75. Ifcouple forces of F = 35N are applied to the handle
of the machinist’s vise, determine the compressive force
developed in the block. Neglect friction at the bearing A.
The guide at B is smooth. The single square-threaded screw
has a mean radius of 6 mm and a lead of 8 mm, and the
coefficient of static friction is u, = 0.27.

Prob. 8-75

*8-76. The shaft has a square-threaded screw with a lead
of 9 mm and a mean radius of 15 mm. If it is in contact with
a plate gear having a mean radius of 20 mm, determine the
resisting torque M on the gear which can be overcome if a
torque of 7 N - m is applied to the shaft. The coefficient of
static friction between the gear and the screw is u, = 0.2.
Neglect friction at the bearings located at A and B.

Prob. 8-76
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8-77. The automobile jack is subjected to a vertical load
of F = 8kN. If a square-threaded screw, having a lead of
5 mm and a mean diameter of 10 mm, is used in the jack,
determine the force that must be applied perpendicular
to the handle to (a) raise the load, and (b) lower the load,;
s = 0.2. The supporting plate exerts only vertical forces at
A and B.

Prob. 8-77

8-78. Determine the horizontal force P applied
perpendicular to the handle of the jack screw necessary to
start lifting the 3-kN load. The square-threaded screw has a
lead of 5 mm and a mean diameter of 60 mm. The coefficient
of static friction for the screw is u, = 0.2.

Prob. 8-78

8-79. If a horizontal force of P =100 N is applied
perpendicular to the handle of the lever at A, determine the
compressive force F exerted on the material. Each single
square-threaded screw has a mean diameter of 25 mm and a
lead of 75 mm. The coefficient of static friction at all contacting
surfaces of the wedges is i, = 0.2, and the coefficient of static
friction at the screw is u; = 0.15.

*8-80. Determine the horizontal force P that must be
applied perpendicular to the handle of the lever at A in order
to develop a compressive force of 12 kN on the material.
Each single square-threaded screw has a mean diameter of
25 mm and a lead of 75 mm. The coefficient of static friction
at all contacting surfaces of the wedges is u, = 0.2, and the
coefficient of static friction at the screw is u; = ().15.

A

250 mm

Probs. 8-79/80

8-81. If the required clamping force at the board A is to
be 50 N, determine the force F that must be applied to the
handle to tighten the clamp. The single square-threaded
screw has a mean radius of 10 mm, a lead of 3 mm, and the
coefficient of static friction is g, = 0.35.

8-82. Determine the clamping force on the board A if the
screw of the hold-down clamp is tightened with a force of
F = 400N. The single square-threaded screw has a mean
radius of 8 mm, a lead of 2 mm, and the coefficient of static
friction is wg, = 0.3.

Probs. 8-81/82
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8.5 FRICTIONAL FORCES ON FLAT
BELTS

Whenever belt drives or band brakes are designed, it is necessary to Motion or impending
determine the frictional forces developed between the belt and its FIOUO;I of belt relative
O surrace

contacting surface. In this section we will analyze the frictional forces
acting on a flat belt, although the analysis of other types of belts, such as
the V-belt, is based on similar principles.

Consider the flat belt shown in Fig. 8-18a, which passes over a fixed
curved surface. The total angle of belt-to-surface contact in radians is 3,
and the coefficient of friction between the two surfaces is u. We wish
to determine the tension 7, in the belt, which is needed to pull the belt
counterclockwise over the surface, and thereby overcome both the
frictional forces at the surface of contact and the tension 77 in the other
end of the belt. Obviously, 7, > T;.

Frictional Analysis. A free-body diagram of the belt segment
in contact with the surface is shown in Fig. 8-18b. The normal and
frictional forces, acting at different points along the belt, will vary in both
magnitude and direction. Due to this unknown distribution, the analysis
of the problem will begin by considering a differential element of the
belt.

A free-body diagram of this element having a length ds is shown in
Fig. 8-18c. Assuming either impending motion or motion of the belt,
the magnitude of the frictional force dFF = u dN. This force opposes the
sliding motion of the belt, and so it will increase the magnitude of the
tensile force acting in the belt by dT. Applying the two force equations of (b)
equilibrium, we have

de

N+, = 0; Tcos<d20> + wdN — (T + dT) cos(2> =0
d d

+/72%F, = 0; dN — (T + dT) sin(ze) - Tsin<20) =0

Since d# is of infinitesimal size, sin(d0/2) = d6/2 and cos(df/2) = 1.
Also, the product of the two infinitesimals d7 and d6/2 may be neglected T+ dT
when compared to infinitesimals of the first order. As a result, these two
equations become

wdN = dT
and
dN = Tdf
Eliminating dN yields .
dT
7 = M do (C)



440 CHAPTER 8 FRICTION

Motion or impending
motion of belt relative

to surface

(a)
Fig. 8-18 (Repeated)

Integrating this equation between all points of contact that the belt
makes with the surface, and noting that 7 = Ty at = Qand T = T, at
0 = B, yields

22 = up
n—=
, "
Flat or V-belts are often used to transmit Solving for T,, we obtain
the torque developed by a motor to a
wheel attached to a pump, fan, or blower. T, =T, eMB (8-6)

where

T,, T\ = belttensions; T} opposes the direction of motion (or impending
motion) of the belt measured relative to the surface, while T,
acts in the direction of the relative belt motion (or impending
motion); because of friction, 7, > T

u = coefficient of static or kinetic friction between the belt and
the surface of contact

B = angle of belt-to-surface contact, measured in radians

e = 2.718 ..., base of the natural logarithm

Note that 75 is independent of the radius r of the surface, and instead
it is a function of the angle of belt to surface contact, 8. As a result, this
equation is valid for flat belts passing over any curved contacting surface.
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EXAMPLE 8.8

The maximum tension that can be developed in the cord shown in
Fig.8-19a1is 500 N.If the pulley at A is free to rotate and the coefficient
of static friction at the fixed drums B and C is u, = 0.25, determine
the largest mass of the cylinder that can be lifted by the cord.

Impending
g motion - — -
(@ o

SOLUTION 135° 5

Lifting the cylinder, which has a weight W = mg, causes the cord

to move counterclockwise over the drums, and so the maximum T,
tension 7, in the cord occurs at D. Thus, F = T, = 500 N. 500N

A section of the cord passing over the drum at B is shown in (b)

Fig. 8-19b. Since 180° = 7 rad the angle of contact between the drum

and the cordis B = (135°/180°) = 37 /4 rad. Using Eq.8-6, we have

T, = Tye¥; S00N = T,e025G/4)]

Hence,

500N 500N

= = 2774N
N25(G/47 — 1.80

T1:

Since the pulley at A is free to rotate, equilibrium requires that the
tension in the cord remains the same on both sides of the pulley.
The section of the cord passing over the drum at C is shown in
Fig. 8~19¢. The weight W < 277.4 N. Applying Eq. 8-6, we obtain Impending

motion_ — -

T, = Tie*¥; 277.4 N = We25(3/4)] o
W =1539N

135°

so that
W 1539N 2774 N
9.81 m/s?

15.7 kg Ans.

(c)
Fig. 8-19
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. PROBLEMS

All solutions must include a free-body diagram.

8-83. A cylinder having a mass of 250 kg is to be supported
by the cord that wraps over the pipe. Determine the smallest
vertical force F needed to support the load if the cord passes
(a) once over the pipe, 8 = 180°, and (b) two times over the
pipe, B = 540°. Take u, = 0.2.

*8-84. A cylinder having a mass of 250 kg is to be supported
by the cord that wraps over the pipe. Determine the largest
vertical force F that can be applied to the cord without moving
the cylinder. The cord passes (a) once over the pipe, 8 = 180°,
and (b) two times over the pipe, 8 = 540°. Take u, = 0.2.

1

Probs. 8-83/84

8-85. The truck, which has a mass of 3.4 Mg, is to be
lowered down the slope by a rope that is wrapped around a
tree. If the wheels are free to roll and the man at A can resist
a pull of 300 N, determine the minimum number of turns
the rope should be wrapped around the tree to lower the
truck at a constant speed. The coefficient of kinetic friction
between the tree and rope is p;, = 0.3.

Prob. 8-85

8-86. A force of P = 25 N is just sufficient to prevent the
20-kg cylinder from descending. Determine the required
force P to begin lifting the cylinder. The rope passes over a
rough peg with two and half turns.

Prob. 8-86

8-87. The 20-kg cylinder A and 50-kg cylinder B are
connected together using a rope that passes around a rough
peg two and a half turns. If the cylinders are on the verge of
moving, determine the coefficient of static friction between
the rope and the peg.

Prob. 8-87
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*8-88. Determine the minimum tension in the rope at 8-91. Determine the force P that must be applied to the
points A and B which is necessary to maintain equilibrium. handle of the lever so that the wheel is on the verge of
The coefficient of static friction between the rope and the turning if M = 300 N -m. The coefficient of static friction
fixed post D is u, = 0.3. The rope is wrapped only once between the belt and the wheel is u, = 0.3.

around the post. *8-92. If a force of P = 30 N is applied to the handle of

the lever, determine the largest couple moment M that can
be resisted so that the wheel does not turn. The coefficient
of static friction between the belt and the wheel is u, = 0.3.

SkN B T

Prob. 8-88

8-89. The choker sling is used to lift the smooth pipe that
has a mass of 600 kg. If the coefficient of static friction
between the loop at the end A of the sling and the rope is
s = 0.3, determine the angle 6 at the connection.

)

G

=]

=]
-

700 mm !

Probs. 8-91/92

8-93. Two 8-kg blocks are attached to a cord that passes

Prob. 8-89 over two fixed drums. If p, = 0.3 at the drums, determine

the equilibrium angle 0 the cord makes with the horizontal

8-90. If the force T} is applied to the rope at A, determine when a vertical force P = 200N is applied to the cord to
the force T, at B needed to pull the rope over the two fixed pull it downward.

drums having the angles of contact and the coefficients of
static friction shown.

0.1m 0.1m

Prob. 8-90 Prob. 8-93
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8-94. Block A has a mass of 50 kg and rests on surface for
which p, = 0.25. If the coefficient of static friction between
the cord and the fixed peg at C is u; = 0.3, determine the
greatest mass of the suspended cylinder D without causing
motion.

8-95. Block A rests on the surface for which u, = 0.25. If
the mass of the suspended cylinder D is 4 kg, determine the
smallest mass of block A so that it does not slip or tip. The
coefficient of static friction between the cord and the fixed
pegat Cis u; = 0.3.

Probs. 8-94/95

*8-96. A cable is attached to the 20-kg plate B, passes over
a fixed peg at C, and is attached to the block at A. Using the
coefficients of static friction shown, determine the smallest
mass of block A so that it will prevent sliding motion of B
down the plane.

7
g

g
.

30°

Prob. 8-96

8-97. Show that the frictional relationship between the
belt tensions, the coefficient of friction w, and the angular
contacts « and B for the V-belt is T, = TeMB/sn(«/2),

Impending
motion

i

T,

Prob. 8-97

8-98. The smooth beam is being hoisted using a rope that
is wrapped around the beam and passes through a ring at A
as shown. If the end of the rope is subjected to a tension T
and the coefficient of static friction between the rope
and ring is u; = 0.3, determine the smallest angle of 6 for
equilibrium.

Prob. 8-98



8-99. Blocks A and B have a mass of 7 kg and 10 kg,
respectively. Using the coefficients of static friction indicated,
determine the largest vertical force P which can be applied
to the cord without causing motion.

Mg = 0.3

Prob. 8-99

*8-100. Thewheelissubjectedtoatorqueof M = 50 N -m.
If the coefficient of kinetic friction between the band brake
and the rim of the wheel is u; = 0.3, determine the smallest
horizontal force P that must be applied to the lever to stop
the wheel from rotating.

Prob. 8-100

PROBLEMS 445

8-101. The belt on the portable dryer wraps around the
drum D, idler pulley A, and motor pulley B. If the motor can
develop a maximum torque of M = 0.80 N+ m, determine
the smallest spring tension required to prevent the belt from
slipping. The coefficient of static friction between the belt
and the drum and motor pulley is u, = 0.3.

Prob. 8-101

8-102. The uniform bar AB is supported by a rope that
passes over a frictionless pulley at C and a fixed peg at D.
If the coefficient of static friction between the rope and the
pegis up = 0.3, determine the smallest distance x from the
end of the bar at which a 20-N force may be placed and not
cause the bar to move.

o
C D
20N
X
AQ Op
| Im |
Prob. 8-102
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8-103. Granular material, having a density of 1.5 Mg/m?,is
transported on a conveyor belt that slides over the fixed
surface, having a coefficient of kinetic friction of u;, = 0.3.
Operation of the belt is provided by a motor that supplies a
torque M to wheel A. The wheel at B is free to turn, and the
coefficient of static friction between the wheel at A and the
belt is uy = 0.4. If the belt is subjected to a pretension of
300 N when no load is on the belt, determine the greatest
volume V of material that is permitted on the belt at any
time without allowing the belt to stop. What is the torque M
required to drive the belt when it is subjected to this
maximum load?

Prob. 8-103

*8-104. The 20-kg motor has a center of gravity at G and
is pin connected at C to maintain a tension in the drive belt.
Determine the smallest counterclockwise twist or torque M
that must be supplied by the motor to turn the disk B if
wheel A locks and causes the belt to slip over the disk.
No slipping occurs at A. The coefficient of static friction
between the belt and the disk is u, = 0.3.

{1 00 mm

Prob. 8-104

8-105. A conveyer belt is used to transfer granular
material and the frictional resistance on the top of the belt
is F = 500 N. Determine the smallest stretch of the spring
attached to the moveable axle of the idle pulley B so that the
belt does not slip at the drive pulley A when the torque M
is applied. What minimum torque M is required to keep the
belt moving? The coefficient of static friction between the
belt and the wheel at A is u, = 0.2.

=

0.1m
0.1m OQ) F=500N g
7 M
k = 4 kN/m
A
Prob. 8-105

8-106. A 10-kg cylinder D, which is attached to a small
pulley B, is placed on the cord as shown. Determine the
largest angles 6 so that the cord does not slip over the peg
at C. The cylinder at E also has a mass of 10 kg, and the
coefficient of static friction between the cord and the peg
is u, = 0.1.

Prob. 8-106
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*8.6 FRICTIONAL FORCES ON COLLAR
BEARINGS, PIVOT BEARINGS,
AND DISKS

Pivot and collar bearings are commonly used in machines to support an
axial load on a rotating shaft. Typical examples are shown in Fig. 8-20.
Provided these bearings are not lubricated, or are only partially lubricated,
the laws of dry friction may be applied to determine the moment needed
to turn the shaft when it supports an axial force.

P P
clﬁ M cl\ M
R
Pivot bearing R
(@ &,

Collar bearing

Fig. 8-20 ()

Frictional Analysis. The collar bearing on the shaft shown in
Fig. 8-21 is subjected to an axial force P and has a total bearing or
contact area 7w(R3 — R}). Provided the bearing is new and evenly
supported, then the normal pressure p on the bearing will be uniformly
distributed over this area. Since 3F, = 0, then p, measured as a force
per unit area, is p = P/m(R3 — R?).

The moment needed to cause impending rotation of the shaft can be
determined from moment equilibrium about the z axis. A differential
area element dA = (r d6)(dr), shown in Fig. 821, is subjected to both a
normal force dN = p dA and an associated frictional force,

psP

dF = ugdN = up dA = ————d
m(R} — R}) Fig. 8-21
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The motor that turns the disk of this
sanding machine develops a torque that
must overcome the frictional forces acting
on the disk.

Fig. 8-21(repeated)

The normal force does not create a moment about the axis of the shaft;
however, the frictional force does; namely, dM, = rdF. Integration is
needed to determine the applied moment M required to overcome all
the frictional forces. Therefore, for impending rotational motion,

M, =0; M—/rdFZO
A

Substituting for dF and dA and integrating over the entire bearing area,
we have

R, p2m P P R, 2
M = / r[%](rd@ dr) = % r2 dr/ do
R Jo 7(R3 — R}) 7(R3 — R}) J, 0
or

2 R%—R%)
M= puP|——"t 87
3M (R%—R% ®7)

The moment developed at the end of the shaft, when it is rotating at
constant speed, can be found by substituting u, for .

In the case of a pivot bearing, Fig. 8~20a, then R, = R and R; = 0, and
Eq. 8-7 reduces to

2
M = SuPR (8-8)

Equations 8-7 and 8-8 apply only for bearing surfaces subjected
to constant pressure. If the pressure is not uniform, a variation of the
pressure as a function of the bearing area must be determined before
integrating to obtain the moment. The following example illustrates this
situation.
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EXAMPLE 8.9

The uniform bar shown in Fig. 8-22a has a weight of 18 N. If it is
assumed that the normal pressure acting at the contacting surface
varies linearly along the length of the bar as shown, determine the
couple moment M required to rotate the bar. Assume that the bar’s
width is negligible in comparison to its length. The coefficient of static
friction is equal to u, = 0.3.

SOLUTION

A free-body diagram of the bar is shown in Fig. 8-22b. The intensity
wy of the distributed load at the center (x = 0) is determined from
vertical force equilibrium, Fig. 8-22a.

1
+13F,=0; —18N + 2[2<O.6 m)wo} =0 wy=30N/m

Since w = 0 atx = 0.6 m, the distributed load expressed as a function
of x is

X
0.6 m

w = (30 N/m)<1 — ) =30 — 50x

The magnitude of the normal force acting on a differential segment
having a length dx is therefore

dN = wdx = (30 — 50x) dx

The magnitude of the frictional force acting on the same element is
dF = p,dN = 0.3(30 — 50x) dx

Hence, the moment created by this force about the z axis is
dM = x dF = 0.3(30x — 50x?) dx

The summation of moments about the z axis of the bar is determined
by integration, which yields

0.6 m
SM, = 0; M — 2/ (0.3)(30x — 50x*) dx = 0
0

M = (9x* = 10°)[go™
M =108N-m Ans.

449
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8.7 FRICTIONAL FORCES
ON JOURNAL BEARINGS

When a shaft or axle is subjected to lateral loads, a journal bearing is
commonly used for support. Provided the bearing is not lubricated, or is
only partially lubricated, a reasonable analysis of the frictional resistance
on the bearing can be based on the laws of dry friction.

Frictional Analysis. A typical journal-bearing support is shown in
Fig. 8-23a. As the shaft rotates, the contact point A moves up the wall of
the bearing where slipping occurs. If the vertical load acting at the end of
the shaft is P, then the bearing reactive force R acting at A will be equal
and opposite to P, Fig. 8-23b. The moment needed to maintain constant
rotation of the shaft can be found by summing moments about the axis
of the shaft;i.c.,

Unwinding the cable from this spool S M, =0, M — (Rsing)r =0
requires overcoming friction from the
supporting shaft. or

M = Rrsin ¢, (8-9)

Rotation where ¢, is the angle of kinetic friction defined by tan ¢, =

/ F/N = wiN/N = . In Fig. 8-23c, it is seen that rsin ¢, = r The
dashed circle with this radius is called the friction circle, and as the
shaft rotates, the reaction R will always be tangent to it. If the bearing
is partially lubricated, w, is small, and therefore sin ¢, =~ tan ¢, = uy.
Under these conditions, a reasonable approximation to the moment
needed to overcome the frictional resistance becomes

M =~ Rr, (8-10)

This equation implies that M can be minimized by making the bearing
radius r as small as possible. For large bearings, however, this type of
journal bearing is not suitable for long service, since friction between
the shaft and bearing will eventually wear down the surfaces. Instead,
designers will incorporate “ball bearings” or “rollers” in journal bearings
to minimize frictional losses.

(a)

Fig. 8-23



8.7 FRICTIONAL FORCES ON JOURNAL BEARINGS

EXAMPLE 8.10

The 100-mm-diameter pulley shown in Fig. 8-24a fits loosely on a
10-mm-diameter shaft for which the coefficient of static friction is
s = 0.4. Determine the minimum tension 7 in the belt needed to
(a) raise the 100-kg block and (b) lower the block. Assume that no
slipping occurs between the belt and pulley, and neglect the weight of
the pulley.

100 ke T (a)
SOLUTION

Part (a). A free-body diagram of the pulley is shown in Fig. 8-24b.
When 7'=981 N, the pulley will make contact with the shaft at point P;.
As the tension T is increased, the contact point will move around
the shaft to point P, before motion impends. From the figure, the
friction circle has a radius r; = r sin ¢,. Using the simplification that
sin ¢, ~ tan ¢, =~ u, then r; = ru; =(5mm)(0.4) = 2mm, and so
summing moments about P, gives

(t2Mp, = 0; 98I N(52mm) — T(48 mm) = 0
T =1063N = 1.06k N Ans.
If a more exact analysis is used, then ¢, = tan ' 0.4 = 21.8°. Thus,

the radius of the friction circle would be ry = rsin ¢, = 5sin 21.8° =
1.86 mm. Therefore,

(+3SMp, = 0;
981 N(50 mm + 1.86 mm) — 7(50 mm — 1.86 mm) = 0
T = 1057 N = 1.06 kN Ans.

Part (b). When the block is lowered, the resultant force R acts at
point P; on the shaft as shown in Fig. 8-24c. Summing moments about
this point yields
(+2Mp, = 0; 981 N(48 mm) — 7(52 mm) = 0

T =906 N Ans.

The difference between raising and lowering the block is thus 157 N.

N Imp;nding
\ \ motion

‘ ‘

52mm 48 mm

(®)

-

L~ 77
I \d Impending

\ motion

52 mm
()
Fig. 8-24

48 mm
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iy

Rigid surface of contact

(a) w

Soft surface of contact

N (b)
N
Ny
() w
(
P
N\ /6
—/ a
A
N
(d)
Fig. 8-25

*8.8 ROLLING RESISTANCE

When a rigid cylinder rolls at constant velocity along a rigid surface, the
normal force exerted by the surface on the cylinder acts perpendicular
to the tangent at the point of contact, Fig. 8-25a. Actually, however, no
materials are perfectly rigid, and therefore the reaction of the surface on
the cylinder consists of a distribution of normal pressure. For example,
consider the cylinder to be made of a very hard material, and the surface
upon which it rolls to be relatively soft. As the cylinder of weight W rolls,
the surface material in front of the cylinder retards the motion since it is
being deformed, Fig. 8-25b, whereas the material in the rear is restored
from the deformed state, and therefore tends to push the cylinder
forward. The normal pressures acting on the cylinder in this manner
are represented in Fig. 8-25b by their resultant forces N; and N,. The
magnitude of the force of deformation, N,, and its horizontal component
is always greater than that of restoration, N,, and consequently a
horizontal driving force P must be applied to the cylinder to maintain the
motion, Fig. 8-25b.%

Rolling resistance is caused primarily by this effect, although it is also,
to a lesser degree, the result of surface adhesion and relative micro-
sliding between the surfaces of contact. Because the actual force P
needed to overcome these effects is difficult to determine, a simplified
method will be developed here to explain one way engineers have
analyzed this phenomenon. To do this, we will consider the resultant
of the entire normal pressure, N = N; + N,, acting on the cylinder,
Fig. 8-25¢. As shown in Fig. 8-25d, this force acts at an angle 6 with the
vertical. To keep the cylinder in equilibrium, i.e., rolling at a constant
rate, it is necessary that N be concurrent with the driving force P and
the weight W. Summing moments about point A gives Wa = P (r cos ).
Since the deformations are generally very small in relation to the
cylinder’s radius, cos § = 1; hence,

Wa = Pr
or
%
P~ Ta (8-11)

The distance a is termed the coefficient of rolling resistance, which has
the dimension of length. For instance, a = 0.5 mm for a wheel rolling
on a rail, both of which are made of mild steel. For hardened steel ball

*Actually, the deformation force N, causes energy to be stored in the material as its magnitude
is increased, whereas the restoration force N,, as its magnitude is decreased, allows some
of this energy to be released. The remaining energy is /ost since it is used to heat up the
surface, and if the cylinder’s weight is very large, it accounts for permanent deformation of
the surface. Work must be done by the horizontal force P to make up for this loss.



bearings on steel, a = 0.1 mm. Experimentally, though, this factor is
difficult to measure, since it depends on such parameters as the rate of
rotation of the cylinder, the elastic properties of the contacting surfaces,
and the surface finish. For this reason, little reliance is placed on the data
for determining a. The analysis presented here does, however, indicate
why a heavy load (W) offers greater resistance to motion (P) than a light
load under the same conditions. Furthermore, since Wa/r is generally
very small compared to W, the force needed to roll a cylinder over the
surface will be much less than that needed to slide it across the surface. It
is for this reason that a roller or ball bearings are often used to minimize
the frictional resistance between moving parts.

Rolling resistance of railroad wheels on the rails
is small since steel is very stiff. By comparison,
the rolling resistance of the wheels of a tractor in
a wet field is very large.

EXAMPLE 8.11

A 10-kg steel wheel shown in Fig. 8-26a has a radius of 100 mm and
rests on an inclined plane made of soft wood. If 6 is increased so that
the wheel begins to roll down the incline with constant velocity when
0 = 1.2°, determine the coefficient of rolling resistance.

SOLUTION

As shown on the free-body diagram, Fig. 8-26b, when the wheel has
impending motion, the normal reaction N acts at point A defined by
the dimension a. Resolving the weight into components parallel and
perpendicular to the incline,and summing moments about point A, yields

(t2M, = 0;
—(98.1 cos 1.2° N)(a) + (98.1 sin 1.2° N)(100 cos 1.2° mm) = 0
Solving, we obtain
a = 2.09 mm Ans.

8.8 ROLLING RESISTANCE 453
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. PROBLEMS

All solutions must include a free-body diagram.

8-107. Assuming that the variation of pressure at the
bottom of the pivot bearing is defined as p = py(R,/r),
determine the torque M needed to overcome friction if the
shaft is subjected to an axial force P. The coefficient of static
friction is w,. For the solution, it is necessary to determine py
in terms of P and the bearing dimensions R; and R,.

P

Prob. 8-107

*8-108. The collar bearing uniformly supports an axial
force of P =5 kN. If the coefficient of static friction is
s = 0.3, determine the smallest torque M required to
overcome friction.

8-109. The collar bearing uniformly supports an axial force
of P = 8 kN. If a torque of M = 200 N - m is applied to the
shaft and causes it to rotate at constant velocity, determine
the coefficient of kinetic friction at the surface of contact.

'

<—150 mm—

200 mm——+

Probs. 8-108/109

8-110. The double-collar bearing is subjected to an axial
force P = 16 kN. Assuming that collar A supports 0.75P and
collar B supports 0.25P, both with a uniform distribution
of pressure, determine the smallest torque M that must be
applied to overcome friction. Take w; = 0.2 for both collars.

-

30 mm

Prob. 8-110

8-111. The double-collar bearing is subjected to an axial
force P = 4 kN. Assuming that collar A supports 0.75P and
collar B supports 0.25P, both with a uniform distribution of
pressure, determine the maximum frictional moment M that
may be resisted by the bearing. Take u; = 0.2 for both collars.

P
¢ | M

20 mm

|

= 10 mm

F—— 30 mm —

Prob. 8-111



*8-112. Because of wearing at the edges, the pivot bearing
is subjected to a conical pressure distribution at its surface
of contact. Determine the torque M required to overcome
friction and turn the shaft, which supports an axial force P.
The coefficient of static friction is y. For the solution it is
necessary to determine the peak pressure p in terms of P
and the bearing radius R.

P

f|\M

Po

Prob. 8-112

8-113. The pivot bearing is subjected to a pressure
distribution at its surface of contact which varies as shown. If
the coefficient of static friction is u, determine the torque M
required to overcome friction if the shaft supports an axial
force P. For the solution it is necessary to determine the
peak pressure pg in terms of P and the bearing radius R.

— Tr
Po D =Po COSp

Prob. 8-113
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8-114. The corkscrew is used to remove the 15-mm-
diameter cork from the bottle. Determine the smallest
vertical force P that must be applied to the handle if the
gauge pressure in the bottle is p = 175 kPa and the cork
pushes against the sides of the bottle’s neck with a uniform
pressure of 90 kPa. The coefficient of static friction between
the bottle and the cork is u, = 0.4. Hint: The force exerted
on the bottom of the cork is F = pA,where A is the surface
area of the cork’s bottom and p is the gauge pressure.

Prob. 8-114

8-115. The conical bearing is subjected to a constant
pressure distribution at its surface of contact. If the
coefficient of static friction is u,, determine the torque M
required to overcome friction if the shaft supports an axial
force P.

P
\'l /M

Prob. 8-115
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*8-116. If the coefficient of static friction at the cone
clutch is p,, determine the smallest force P that should be
applied to the handle in order to transmit the torque M.

Prob. 8-116

8-117. The collar fits loosely around a fixed shaft that has a
radius of 50 mm. If the coefficient of kinetic friction between
the shaft and the collar is w;, = 0.3, determine the force P on
the horizontal segment of the belt so that the collar rotates
counterclockwise with a constant angular velocity. Assume
that the belt does not slip on the collar; rather, the collar slips
on the shaft. Neglect the weight and thickness of the belt and
collar. The radius, measured from the center of the collar to
the mean thickness of the belt, is 56.25 mm.

8-118. The collar fits loosely around a fixed shaft that
has a radius of 50 mm. If the coefficient of kinetic friction
between the shaft and the collar is w;, = 0.3, determine the
force P on the horizontal segment of the belt so that the
collar rotates clockwise with a constant angular velocity.
Assume that the belt does not slip on the collar; rather, the
collar slips on the shaft. Neglect the weight and thickness
of the belt and collar. The radius, measured from the center
of the collar to the mean thickness of the belt, is 56.25 mm.

&

> P

A\
100 N

Probs. 8-117/118

8-119. The 5-kg pulley has a diameter of 240 mm and the
axle has a diameter of 40 mm. If the coefficient of kinetic
friction between the axle and the pulley is w, = 0.15,
determine the vertical force P on the rope required to lift
the 80-kg block at constant velocity.

*8§-120. Solve Prob. 8-119 if the force P is applied
horizontally to the left.

120 mm
<
Y
P
Probs. 8-119/120

8-121. A disk having an outer diameter of 120 mm fits
loosely over a fixed shaft having a diameter of 30 mm. If the
coefficient of static friction between the disk and the shaft
is wy = 0.15 and the disk has a mass of 50 kg, determine the
smallest vertical force F acting on the rim which must be
applied to the disk to cause it to slip over the shaft.

E )

Prob. 8-121



8-122. If the smallest tension required to pull the belt
downward at A over the shaft Sis 74 = 500 N, determine
the coefficient of static friction between the loosely fitting
collar bushing B and the shaft. Assume that the belt does
not slip on the collar; rather, the collar slips on the shaft.

Prob. 8-122

8-123. The connecting rod is attached to the piston by
a 20-mm-diameter pin at B and to the crank shaft by a
50-mm-diameter bearing A. If the piston is moving
downwards, and the coefficient of static friction at these
points is u; = 0.2, determine the radius of the friction circle
at each connection.

*8-124. The connecting rod is attched to the piston by
a 20-mm-diameter pin at B and to the crank shaft by a
50-mm-diameter bearing A. If the piston is moving upwards,
and the coefficient of static friction at these points is
s = 0.3, determine the radius of the friction circle at each
connection.

Probs. 8-123/124

PROBLEMS 457

8-125. The pivot bearing is subjected to a parabolic
pressure distribution at its surface of contact. If the
coefficient of static friction is uy, determine the torque M
required to overcome friction and turn the shaft if it
supports an axial force P.

mb

2
7o =po(1-F2)

Prob. 8-125

8-126. The uniform disk fits loosely over a fixed shaft
having a diameter of 40 mm. If the coefficient of static
friction between the disk and the shaft is w, = 0.15,
determine the smallest vertical force P, acting on the rim,
which must be applied to the disk to cause it to slip on the
shaft. The disk has a mass of 20 kg.

150 mm

Prob. 8-126

8-127. The 5-kg skateboard rolls down the 5° slope at
constant speed. If the coefficient of kinetic friction between
the 12.5-mm-diameter axles and the wheels is w;, = 0.3,
determine the radius of the wheels. Neglect rolling
resistance of the wheels on the surface. The center of mass
for the skateboard is at G.

Prob. 8-127
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*8-128. The 1.4-Mg machine is to be moved over a level
surface using a series of rollers for which the coefficient of
rolling resistance is 0.5 mm at the ground and 0.2 mm at the
bottom surface of the machine. Determine the appropriate
diameter of the rollers so that the machine can be pushed
forward with a horizontal force of P = 250 N. Hint: Use the
result of Prob. 8-131.

Prob. 8-128

8-129. The lawn roller has a mass of 80 kg. If the arm BA
is held at an angle of 30° from the horizontal and the
coefficient of rolling resistance for the roller is 25 mm,
determine the force P needed to push the roller at constant
speed. Neglect friction developed at the axle, A, and assume
that the resultant force P acting on the handle is applied
along arm BA.

Prob. 8-129

8-130. A large stone having a mass of 500 kg is moved
along the incline using a series of 150-mm-diameter rollers
for which the coefficient of rolling resistance is 3 mm at
the ground and 4 mm at the bottom surface of the stone.
Determine the force T that will cause the stone to descend
the plane at a constant speed.

Prob. 8-130

8-131. Thecylinderis subjected to aload that has a weight
W.If the coefficients of rolling resistance for the cylinder’s
top and bottom surfaces are a, and ag, respectively,
show that a horizontal force having a magnitude of
P = [W(ay + ag)]/2r is required to move the load and
thereby roll the cylinder forward. Neglect the weight of
the cylinder.

w

Prob. 8-131
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Dry Friction

Frictional forces exist between two rough surfaces
of contact. These forces act on a body so as to
oppose its motion or tendency of motion.

A static frictional force has a maximum value
of F; = uyN, where g is the coefficient of static
friction. In this case, motion between the contacting
surfaces is impending.

If slipping occurs, then the friction force remains
essentially constant and equal to F;, = w,N. Here
. 1s the coefficient of kinetic friction.

The solution of a problem involving friction requires
first drawing the free-body diagram of the body. If
the unknowns cannot be determined strictly from
the equations of equilibrium, and the possibility of
slipping occurs, then the friction equation should
be applied at the appropriate points of contact in
order to complete the solution.

It may also be possible for slender objects, like
crates, to tip over, and this situation should also be
investigated.

Rough surface

. 4% = Z <
Z |

el

Impending slipping
F=uN

CHAPTER REVIEW

Impending

————

motion

Fy=psN

Motion
P -—-———

Fr=wmN

Tipping

T‘F
N
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Wedges

Wedges are inclined planes used to
increase the application of a force.
The two force equilibrium equations
are used to relate the forces acting on
the wedge.

An applied force P must push on the
wedge to move it to the right.

If the coefficients of friction between
the surfaces are large enough, then P
can be removed, and the wedge will
be self-locking and remain in place.

SF. =0
SF,=0

=

Impending
- = - >
motion

Screws

Square-threaded screws are used to
move heavy loads. They represent
an inclined plane, wrapped around a
cylinder.

The moment needed to turn a screw
depends upon the coefficient of
friction and the screw’s lead angle 6.

If the coefficient of friction between
the surfaces is large enough, then
when M = 0, the screw will support

M = rWtan(6 + ¢y)
Upward Impending Screw Motion
M' = rWtan(0 — ¢y)
Downward Impending Screw Motion
6> ¢,

M" = rW tan(¢, — 0)

Downward Screw Motion

. . . ¢, >0
the load without tending to turn, i.e.,
it will be self-locking.
Motion or impending
motion of belt relative
to surface
Flat Belts
The force needed to move a flat belt T, = Tie*?
over a rough curved surface depends
& p T,> T,

only on the angle of belt contact, 3,
and the coefficient of friction.
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Collar Bearings and Disks

The frictional analysis of a collar
bearing or disk requires looking at
a differential element of the contact
area. The normal force acting on this
element is determined from force
equilibrium along the shaft, and the
moment needed to turn the shaft at
a constant rate is determined from
moment equilibrium about the axis of
the shaft.

If the pressure on the surface of
a collar bearing is uniform, then
integration gives the result shown.

Journal Bearings

When a moment is applied to a
shaft in a nonlubricated or partially
lubricated journal bearing, the shaft
will tend to roll up the side of the
bearing until slipping occurs. This
defines the radius of a friction circle,
and from it the moment needed to
turn the shaft can be determined.

M = Rrsin ¢

Rotation

-

b4 P

b

Rolling Resistance

The resistance of a wheel to rolling
over a surface is caused by localized
deformation of the two materials
in contact. This causes the resultant
normal force acting on the rolling
body to be inclined so that it
provides a component that acts in
the opposite direction of the applied
force P causing the motion. One
way to analyze this effect is to use
a coefficient of rolling resistance, a,
which is determined from experiment.




462 CHAPTER 8 FRICTION

. REVIEW PROBLEMS

All solutions must include a free-body diagram.

R8-1. The uniform 60-kg crate C rests uniformly on
a 10-kg dolly D. If the front casters of the dolly at A are
locked to prevent rolling while the casters at B are free to
roll, determine the maximum force P that may be applied
without causing motion of the crate. The coefficient of static
friction between the casters and the floor is u; = 0.35 and
between the dolly and the crate, u; = 0.5.

F—06m—
P C 15m
A
0.8 m
T D
0.25m B ‘ ‘ A
‘ L—-{ 0.25m
‘ 15m |
Prob. R8-1

R8-2. The cam is subjected to a couple moment of 5 N - m.
Determine the minimum force P that should be applied to the
follower in order to hold the cam in the position shown. The
coefficient of static friction between the cam and the follower
is u = 0.4.The guide at A is smooth.

<10 mm

60¢mm

5SN-m

Prob. R8-2

R8-3. The uniform 10-kg ladder rests on the rough floor
for which the coefficient of static friction is wu, = 0.4 and
against the smooth wall at B. Determine the horizontal
force P the man must exert on the ladder in order to cause
it to move.

Prob. R8-3

R8-4. A 35-kg disk rests on an inclined surface for which
e = 0.2. Determine the maximum vertical force P that
may be applied to bar AB without causing the disk to slip
at C. Neglect the mass of the bar.

P

200mm 306 1m |

Prob. R8—4



R8-5. The jacking mechanism consists of a link that has
a square-threaded screw with a mean diameter of 12.5 mm
and a lead of 5 mm, and the coefficient of static friction is
s = 0.4. Determine the torque M that should be applied to
the screw to start lifting the load of mass 3 Mg acting at the
end of member ABC.

Prob. R8-5

R8-6. The hand cart has wheels with a diameter of 80 mm.
If a crate having a mass of 500 kg is placed on the cart so that
each wheel carries an equal load, determine the horizontal
force P that must be applied to the handle to overcome
rolling resistance. The coefficient of rolling resistance is
2 mm. Neglect the mass of the cart.

Prob. R8-6
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R8-7. The three stone blocks have masses of m, = 300 kg,
mp = 75kg, and mc = 250 kg. Determine the smallest
horizontal force P that must be applied to block C in order
to move this block. The coefficient of static friction between
the blocks is u, = 0.3, and between the floor and each
block w; = 0.5.

Prob. R8-7

R8-8. The uniform 25-kg beam is supported by the
rope that is attached to the end of the beam, wraps over
the rough peg, and is then connected to the 50-kg block.
If the coefficient of static friction between the beam and
the block, and between the rope and the peg, is u; = 0.4,
determine the maximum distance that the block can be
placed from A and still remain in equilibrium. Assume the
block will not tip.

Prob. R8-8




CHAPTER 9

When a tank of any shape is designed, it is important to be able to determine its
center of gravity, calculate its volume and surface area, and determine the forces
caused by the liquid it contains. These topics will be covered in this chapter.
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B To show how to determine the location of the center of gravity
and centroid for a body of arbitrary shape and one composed of
composite parts.

B To use the theorems of Pappus and Guldinus for finding the
surface area and volume for a body having axial symmetry.

B To present a method for finding the resultant of a general
distributed loading and to show how it applies to finding the
resultant force of a pressure loading caused by a fluid.

9.1 CENTER OF GRAVITY, CENTER OF
MASS, AND THE CENTROID OF A
BODY

Knowing the resultant or total weight of a body and its location is
important when considering the effect this force produces on the body.
The point of location is called the center of gravity, and in this section
we will show how to find it for an irregularly shaped body. We will then
extend this method to show how to find the body’s center of mass, and its
geometric center or centroid.

A body is composed of an infinite number
of particles of differential size, and so if the body is located within a
gravitational field, then each of these particles will have a weight dW.
These weights will form a parallel force system, and the resultant of this
system is the total weight of the body, which passes through a single point
called the center of gravity, G.*

*In a strict sense this is true as long as the gravity field is assumed to have the same
magnitude and direction everywhere. Although the actual force of gravity is directed
toward the center of the earth, and this force varies with its distance from the center, for
most engineering applications we can assume the gravity field has the same magnitude and
direction everywhere.
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(b)

2

(©)
Fig. 9-1

To show how to determine the location of the center of gravity, consider
the rod in Fig. 9—1a, where the segment having the weight dW is located at
the arbitrary position X. Using the methods outlined in Sec. 4.8, the total
weight of the rod is the sum of the weights of all of its particles, that is

+|lFy = 3F; W = /dW

The location of the center of gravity, measured from the y axis, is
determined by equating the moment of W about the y axis, Fig. 9-1b, to
the sum of the moments of the weights of all its particles about this same
axis. Therefore,

(Mg), = 3M,; IW = / XdW
[raw
[aw

X =

In a similar manner, if the body represents a plate, Fig. 9-1b, then a
moment balance about the x and y axes would be required to determine
the location (X,y) of point G. Finally we can generalize this idea to a
three-dimensional body, Fig. 9-1¢, and perform a moment balance about
each of these axes to locate G for any rotated position of the axes. This
results in the following equations.

I=~—— §J=r—— = (9-1)

where
X, y, 7 are the coordinates of the center of gravity G.
X, y, 7 are the coordinates of an arbitrary particle in the body.
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Center of Mass of a Body. 1In order to study the dynamic
response or accelerated motion of a body, it becomes important to locate
the body’s center of mass C,,, Fig. 9-2. This location can be determined
by substituting dW = g dm into Eqgs. 9-1. Provided g is constant, it cancels
out, and so

= j=t— =0 (9-2)

Centroid of a Volume. If the body in Fig. 9-3 is made from a
homogeneous material, then its density p (rtho) will be constant. Therefore,
a differential element of volume dV has a mass dm = p dV. Substituting
this into Egs. 9-2 and canceling out p, we obtain formulas that locate the
centroid C or geometric center of the body; namely

(9-3)

Since these equations represent a balance of the moments of the volume
of the body, then, if the volume possesses two planes of symmetry, its
centroid will lie along the line of intersection of these two planes. For
example, the cone in Fig. 94 has a centroid that lies on the y axis so
that x = 7 = 0. To find the location y we can use the second of
Eqgs. 9-3. Here, a single integration is possible if we choose a differential
element represented by a thin disk having a thickness dy and radius
r = z. Its volume is dV = wr’dy = wz>dy and its centroid is at
x=0,y=y,7=0.

Il

=
2y
=l
~=

<

Fig. 9-2

Fig. 9-3
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<

dyt-

(@)

Integration must be used to determine
the location of the center of gravity of
this lamp post due to the curvature of
the member.

(b) (©)

Centroid of an Area. If an area lies in the x—y plane and is
bounded by the curve y = f(x), as shown in Fig. 9-54, then its centroid
will be in this plane and can be determined from integrals similar to

Egs. 9-3, namely,
/ X dA / y dA
A A

F= e y=— (9-4)

/dA /dA
A A

These integrals can be evaluated by performing a single integration if we
use a rectangular strip for the differential area element. For example, if a
vertical strip is used, Fig. 9-5b, the area of the element is dA = y dx, and
its centroid is located at X = x and y = y/2. If we consider a horizontal
strip, Fig. 9-5c¢, then dA = x dy, and its centroid is located at ¥ = x/2
and y = y.

Centroid of a Line. If a line segment (or rod) lies within the x—y
plane and it can be described by a curve y = f(x), Fig. 9-6a, then its
centroid is determined from

(9-5)
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Here, the length of the differential element is given by the Pythagorean
theorem, dL. = V/(dx)* + (dy)?, which can also be written in the form

or

e e
()

Either one of these expressions can be used; however, for application,
the one that will result in a simpler integration should be selected. For
example, consider the rod in Fig. 9-6b, defined by y = 2x2. The length

of the element is dL = V1 + (dy/dx)? dx, and since dy/dx = 4x, then
dL = V1 + (4x)? dx. The centroid for this element is located at ¥ = x
andy = y.

The centroid represents the geometric center of a body. This
point coincides with the center of mass or the center of gravity
only if the material composing the body is uniform or
homogeneous.

Formulas used to locate the center of gravity or the centroid
simply represent a balance between the sum of moments of all
the parts of the system and the moment of the “resultant” for
the system.

In some cases the centroid is located at a point that is not on
the object, as in the case of a ring, where the centroid is at its
center. Also, this point will lie on any axis of symmetry for the
body, Fig. 9-7.

y

_\ dL

P
x——oC TdLde

‘ ~ dx

\

y

‘ X
(0]

(a)

Fig. 9-7
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- PROCEDURE FOR ANALYSIS

The center of gravity or centroid of an object or shape can be
determined by single integrations using the following procedure.

Differential Element.

e Select an appropriate coordinate system, specify the coordinate
axes, and then choose a differential element for integration.

e For lines the element is represented by a differential line
segment of length dL.

e For areas the element is generally a rectangle of area dA,
having a finite length and differential width.

e For volumes the element can be a circular disk of volume dV,
having a finite radius and differential thickness.

e [ocate the element so that it touches the arbitrary point (x, y, z)
on the curve that defines the boundary of the shape.

Size and Moment Arms.

e Express the length dL, area dA, or volume dV of the element
in terms of the coordinates describing the curve.

e Express the moment arms ¥, y, Z for the centroid or center of
gravity of the element in terms of the coordinates describing
the curve.

Integrations.

e Substitute the formulations for X, y, Z and dL, dA, or dV into
the appropriate equations (Egs. 9-1 through 9-5).

e Express the function in the integrand in terms of the same
variable as the differential thickness of the element.

e The limits of the integral are defined from the two extreme
locations of the element’s differential thickness, so that when
the elements are “summed” or the integration performed, the

Refer to the companion website for Lecture entire region is covered.
Summary and Quiz videos.
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EXAMPLE 9.1

Locate the centroid of the rod bent into the shape of a parabolic arc
as shown in Fig. 9-8a.

SOLUTION

Differential Element. The differential element is shown in
Fig. 9-8a. It is located on the curve at the arbitrary point (x, y).

Area and Moment Arms. The differential element of length dL
can be expressed in terms of the differentials dx and dy, Fig. 9-8b,
using the Pythagorean theorem.

— /()2 2 _ (dx :
dL = V(dx)* + (dy)” = dy) + 1ldy

Since x = y? then dx/dy = 2y. Therefore, expressing dL in terms
of y and dy, we have

dL = V(2y)* + ldy
As shown in Fig. 9-8a, the centroid of the element is located at X = x,
y =

Integrations. Applying Eq. 9-5 and using the integration formula
to evaluate the integrals, we get

Im

1m
/35 dL xV4y? + 1dy / y2Vay? + 1dy
L AL _ Jo

X = B 1m 1m

/dL V4y? + 1dy V4y? + 1dy
L 0 0

_0.6063

m = 0410 m Ans.

Im
/ydL / Vg il 0.8484
L =20 = = 0.574m Ans.

y= Im 1.479
/dL V4y? + 1dy
/L,

0

NOTE: These results for C seem reasonable when they are plotted on
Fig. 9-8a.

Im

471

(a)

dL &

dx

(b)
Fig. 9-8
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EXAMPLE 9.2

Locate the centroid of the circular wire segment shown in Fig. 9-9.

y

X =Rcos6

y =Rsin 6

Fig. 9-9

SOLUTION
Polar coordinates will be used to solve this problem since the arc is
circular.

Differential Element. A differential circular arc is selected as
shown in the figure. This element lies on the curve at (R, 6).

Length and Moment Arm. The length of the differential element
is dL = Rdf, and its centroid is located at X = Rcos 6 and
Y = Rsin 6.

Integrations. Applying Egs. 9-5 and integrating with respect to 6,
we obtain

/2 /2
/ XdL / (Rcos@)RdH R? / cos 6 db
L 0 _ 0 2R

X = = = = — Ans.

/2 /2 o
dL / R db R / do
L 0 0

/2 /2
/ y dL / (Rsin@)Rdod  R* / sin 6 d@
= __ L _ 0 _ 0 o
y = = = = — Auns.

/2 /2 T
dL / R d6 R / do
L 0 0

NOTE: As expected, the two coordinates are numerically the same due

to the symmetry of the wire.
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EXAMPLE 9.3

Determine the distance y measured from the x axis to the centroid of
the area of the triangle shown in Fig. 9-10.

y
h
y=2p-x
b (x,y)
(%)
h )
x ‘ Tdy
y
Al X
\ b \
Fig. 9-10

SOLUTION

Differential Element. Consider a rectangular element having a
thickness dy, and located in an arbitrary position so that it intersects
the boundary at (x, y), Fig. 9-10.

Area and Moment Arms. The area of the element is dA = x dy
b ~
= E(h — y) dy, and its centroid is located a distance y = y from the

X axis.

Integration. Applying the second of Eqs. 9-4 and integrating with
respect to y yields

h
N b
/AydA B /Oy{h(h—y)dy} Lo

y= = n =1
b Lbh
dA 5. _ 2
/A /0 h(h y) dy
h

= 5 A}’lS.
NoTE: This result is valid for any shape of triangle. It states that the
centroid is located at one-third the height, measured from the base of

the triangle.
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EXAMPLE 9.4

X

<

Locate the centroid for the area of a quarter circle shown in Fig. 9-11.

y
}Rda
h /&
= R, 0
R {3 ’
)7=%Rsin0 o
| 6
x
—»)?%RCOSGL—
Fig. 9-11
SOLUTION

Differential Element. Polar coordinates will be used, since the
boundary is circular. We choose the element in the shape of a triangle,
Fig. 9-11. (Actually the shape is a circular sector; however, neglecting
higher-order differentials, the element becomes triangular.) The
element intersects the curve at point (R, 6).

Area and Moment Arms. The area of the element is

R2
dA = Y{R)(R do) = —d

and using the results of Example 9.3, the centroid of the (triangular)
element is located at ¥ = 2R cos 6, § = 2R sin 6.

Integrations. Applying Egs. 9-4 and integrating with respect to 0,
we obtain

/2 %) /2
/i dA / (2R cos 0) &de <2R>/ cos 0 do
A o \3 2 3 0 4R

_ = = — Ans

7/2 12 /2 3
[ J [
4 0o 2 0
/2 %) /2
2 R 2
/} dA / (R sin 0)(149 <R>/ sin 6 df
A _Jo \3 2 3 0 4R

= = — Ans.

- /2 12 /2 3
R
/dA / —do / do
A 0o 2 0
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EXAMPLE 9.5

Locate the centroid of the area shown in Fig. 9-12a.
SOLUTION |

Differential Element. A differential element of thickness dx is
shown in Fig. 9-12a. The element intersects the curve at the arbitrary
point (x, y), and so it has a height y.

Area and Moment Arms. The area of the element is dA = y dx,
and its centroid is located at X = x,y = y/2.

Integrations. Applying Egs. 94 and integrating with respect to x yields

1m 1m
/35 dA / xy dx / x3 dx
A 0 0 ~ 0250

- _ — — — ' (a)
X = = T = = 0333 =0.75m Ans.
dA / v dx / x? dx
A 0 0
1m 1m
y dA 2)y dx x2/2)x? dx
 [yaa [Comves [ C@pee
y = = e = o 20333:0.3m Ans.y
/ dA / y dx / x? dx a
A 0 0
SOLUTION Il y=s
Differential Element. The differential element of thickness dy is dy
shown in Fig. 9-12b. The element intersects the curve at the arbitrary x,y) 4§ Im
point (x, y), and so it has a length (1 — x). T (N‘N) T
X,
Area and Moment Arms. The area of the elementis dA=(1—x) dy, y !
and its centroid is located at l
— X
%:x—k <1 x) = 1 +x, y:y X “—(1—)6)—'
2 2 1m
Integrations. Applying Eqs. 94 and integrating with respect to y, (b)
we obtain
1m 1 1m Fig. 9-12
/35 dA / [(1 +x)/2](1 — x)dy = (1 —y)dy
~_Ja 0 2Jo 0.250
X = = T = T =033 0.75 m Ans.
[ [ a-va [ a-voa
A 0 0
1m 1m
/ y dA / y(1 — x)dy v =y dy
_ A 0 0 0.100
y = = = = =03m Ans.

/AdA /Olm(l—x)dy /Olm(l—\fy)dy_o'm_ @

NOTE: Plot these results and notice that they seem reasonable. Also, . , A
. . . i Refer to the companion website for a self quiz of these
for this problem, elements of thickness dx offer a simpler solution. Example problems.
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EXAMPLE 9.6

Locate the centroid of the semi-elliptical area shown in Fig. 9-13a.

[aa
A

y y i
Af)?=x—»‘ 2 dy %+y2=1
T e (—x,y) ]
Im vy e \ i | N T
l Ty ‘ x x ! y=y
| 172 . L
a‘ ‘P dx ‘
2m 2m 2m 2m |
(a) (b)
Fig. 9-13
SOLUTION |
Differential Element. The rectangular differential element parallel
to the y axis shown shaded in Fig. 9-13a will be considered. This
element has a thickness of dx and a height of y.
Area and Moment Arms. Thus, the area is dA = y dx, and its
centroid is located at ¥ = xand y = y/2.
Integration. Since the area is symmetrical about the y axis,
x=20 Ans.
2
Applying the second of Egs. 94 with y = /1 — AL have
2m 2m 2
~ 1
/ydA / X(ydx) —/ (1 - x—)dx
_ A —2m2 2 4/ 3
y = = o = 0.424 m Ans.
/ dA / ydx A / l== dx
A —2m
SOLUTION I
Differential Element. The shaded rectangular differential element
of thickness dy and width 2x, parallel to the x axis, will be considered,
Fig. 9—13b.
Area and Moment Arms. The areais dA = 2x dy, and its centroid
isatXx =0andy = y.
Integration. Applying the second of Egs. 9-4, with x = 2V 1 — y2,
we have
1m
/}dA / y(2x dy) / 4y\V'1 — y*dy 4/3
y =2 =0 = 20 = 0424m  Ans

1m
/Zxdy /4\/1— dy
0

0
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EXAMPLE 9.7

Locate the y centroid for the paraboloid of revolution, shown in

Fig. 9-14.

z

B 2 =100y B
=y =y
(0,y,2),
100 mm
y
X
100 mm
Fig. 9-14

SOLUTION

Differential Element. An element having the shape of a thin disk
is chosen. This element has a thickness dy, it intersects the generating
curve at the arbitrary point (0, y, z), and so its radius is r = z.

Volume and Moment Arm. The volume of the element is
dV = (mz%) dy, and its centroid is located at y = y.

Integration. Applying the second of Eqgs. 9-3 and integrating with
respect to y yields

100 mm 100 mm
/} av / y(mz?) dy 10077/ y2dy
5= |4 _ Jo _ 0

100 mm - 100 mm
/ av / (wz%)dy 1007 / y dy
14 0 0

= 66.7mm Ans.

477
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EXAMPLE 9.8

Determine the location of the center of mass of the cylinder shown in
Fig. 9-15 if its density varies directly with the distance from its base,
ie.,p = 200z kg/m’.

Fig. 9-15

SOLUTION
For reasons of material symmetry,

F=y=0 Ans.
Differential Element. A disk element of radius 0.5 m and thickness
dz is chosen for integration, Fig. 9-15, since the density of the entire

element is constant for a given value of z. The element is located along
the z axis at the arbitrary point (0,0, z).

Volume and Moment Arm. The volume of the element is
dV = 7(0.5)* dz, and its centroid is located at 7 = z.

Integrations. Using the third of Eqs. 9-2 with dm = pdV and
integrating with respect to z, noting that p = 200z, we have

1m
/ ZpdV / 2(200z)[ m(0.5)* dz |
|14 _Jo

/ pdv ) / 1m(2001)77(0 5)? dz
v . '

Im
/ 22 dz
0

= ——=0.667Tm Ans.

1m
/ zdz
0

Z:
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. FUNDAMENTAL PROBLEMS

F9-1. Determine the centroid (x,y) of the area. 19-4. Locate the center of mass X of the straight rod if its
mass per unit length is given by m = 0.5(1+x?) kg.
y

1m
1m |
X Prob. F9-4
1 - .
m 119-5. Locate the centroid y of the homogeneous solid
Prob. F9—1 formed by revolving the shaded area about the y axis.

19-2. Determine the centroid (x,y) of the area.

y

_ .3

Im yex
L 1 m—

X

Prob. F9-5

Im

Prob. F9-2

F9-6. Locate the centroid z of the homogeneous solid

. o formed by revolving the shaded area about the z axis.
19-3. Determine the centroid y of the area.

" z

2m
2m y =2 % z=+(12-8y)
2m
|
\
N

/ y
—1m——1m— —L5 m%‘

Prob. F9-3 Prob. F9-6
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. PROBLEMS

9-1. Locate the center of gravity (¥, y) of the
homogeneous rod. What is its weight if it has a mass per the
unit length of 3 kg/m? Solve the problem by evaluating the
integrals using Simpson’s rule.

y =4sin (%x)

e

Prob. 9-1

9-2. Locate the center of mass of the homogeneous rod
bent into the shape of a circular arc.

30“\
300 mm \

30°

Prob. 9-2

9-3. Determine the distance y to the center of gravity of
the homogeneous rod.

L 1m-—

Prob. 9-3

*9—4. Locate the center of gravity X of the homogeneous
rod. If the rod has a weight per unit length of 100 N/m,
determine the vertical reaction at A and the x and y
components of reaction at the pin B.

9-5. Locate the center of gravity y of the homogeneous
rod.

Probs. 9-4/5
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9-6. Determine the location (X, y) of the centroid of the 9-9. Locate the centroid x of the area.

area. 9-10. Locate the centroid y of the area.

y
y=4—Ex

4m

X

N‘Q*—‘

l—— 8 m ——

Probs. 9-9/10

Prob. 9-6 )
9-11. Locate the centroid x of the area.

*9-12. Locate the centroid y of the area.

9-7. Locate the centroid y of the area.

—2 m——‘ 1

Prob. 9-7
Probs. 9-11/12

9-13. Locate the centroid x of the area.

*9-8. Locate the centroid X of the area.
9-14. Locate the centroid y of the area.

| b

Prob. 9-8 Probs. 9-13/14
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9-15. Locate the centroid X of the area. Solve the
problem by evaluating the integrals using Simpson’s rule.

*#9-16. Locate the centroid y of the area. Solve the
problem by evaluating the integrals using Simpson’s rule.

y

1m

Probs. 9-15/16
9-17. Locate the centroid x of the area. Solve the problem
by evaluating the integrals using Simpson’s rule.

B 9-18. Locate the centroid y of the area. Solve the
problem by evaluating the integrals using Simpson’s rule.

y
y =0.5¢%
X
Im
Probs. 9-17/18
W 9-19. Locate the centroid of the area.
y
y=a sin%x

L \

Prob. 9-19

*0-20. Locate the centroid x of the area.

9-21. Locate the centroid y of the area.

a |

Probs. 9-20/21

9-22. Locate the centroid (¥, y) of the exparabolic
segment of area.

-~

Prob. 9-22

9-23. Locate the centroid x of the area.

*9-24. Locate the centroid y of the area.

a |

Probs. 9-23/24



9-25. If the density at any point in the quarter circular
plate is defined by p = pyxy, where p, is a constant,
determine the mass and locate the center of mass (x, y) of
the plate. The plate has a thickness ¢.

Prob. 9-25

9-26. Locate the centroid x of the area.

9-27. Locate the centroid y of the area.

7T
= acos—x
Y a

Probs. 9-26/27

PROBLEMS 483

*9-28. Locate the centroid x of the area.

9-29. Locate the centroid y of the area.

<

h
y=gx b

y=(

b)(x_b)

a—

—

]

Probs. 9-28/29

9-30. Locate the centroid x of the area.

9-31. Locate the centroid y of the area.

100 mm 1
Y= 100"

+——100 mm ——

Probs. 9-30/31
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*9-32. Locate the center of gravity of the homogeneous 9-35. Determine the distance y to the centroid of the cone.
cantilever beam and determine the reactions at the fixed
support. The material has a density of 8 Mg/m®.

*9-36. Determine the distance y to the center of mass of
the cone. The density of the material varies linearly from
zero at the origin to pg at x = A.

h \
Prob. 9-32
Probs. 9-35/36
9-33. Locate the centroid x of the area. 9-37. Locate the centroid x of the area.
9-34. Locate the centroid y of the area. 9-38. Locate the centroid y of the area.
y
y
T - = y = asin P
a
| . .
| . |

Probs. 9-33/34 Probs. 9-37/38
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9-39. Locate the centroid y of the paraboloid. 9-41. Locate the centroid z of the volume.

<—4m—»\

Prob. 9-39

Prob. 9-41

*9-40. Locate the centroid of the volume formed by
rotating the shaded area about the aa axis.

9-42. Locate the centroid of the solid.

Prob. 9-40 Prob. 9-42
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9-43. The king’s chamber of the Great Pyramid of Giza
is located at its centroid. Assuming the pyramid to be a

1
solid, prove that this point is at 7 = n h. Suggestion: Use a

rectangular differential plate element having a thickness dz
and area (2x)(2y).

Prob. 9-43

*9-44. Locate the center of gravity for the homogeneous
half-cone.

Prob. 9-44

9-45. Determine the distance y to the centroid of the
semi-ellipsoid.

Prob. 9-45

9-46. Locate the centroid of the ellipsoid of revolution.




PROBLEMS 487

9-47. Locate the centroid z of the spherical segment. 9-49. Determine the location z of the centroid for the
tetrahedron. Suggestion: Use a triangular “plate” element
parallel to the x—y plane and of thickness dz.

Prob. 9-47 x
Prob. 9-49

*9-48. Locate the center of mass X of the hemisphere. The
density of the material varies linearly from zero at the origin O
to py at the surface. Hint: Choose a hemispherical shell
element for integration.

9-50. Locate the center of gravity y of the volume. The
material is homogeneous.

25 mm y

<50 mm-~50 mm-+|

Prob. 9-48 Prob. 9-50
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A stress analysis of this angle requires that
the centroid of its cross-sectional area be
located.

CHAPTER 9 CENTER OF GRAVITY AND CENTROID

9.2 COMPOSITE BODIES

A composite body consists of a series of connected “simpler” shaped
bodies, which may be rectangular, triangular, semicircular, etc. Such
a body can often be sectioned or divided into its composite parts and,
provided the weight and location of the center of gravity of each of
these parts are known, we can then eliminate the need for integration
to determine the center of gravity for the body. The method for doing
this follows the same procedure outlined in Sec. 9.1, and so formulas
analogous to Egs. 9-1 result. Here, however, we have a finite number of
weights and so the equations become

_ 3XW _ YW 3IW
%= y = z= (9-6)
W W SW
Here
X, 5,2 represent the coordinates of the center of gravity G of the
composite body.
X, 5,7 represent the coordinates of the center of gravity of each
composite part of the body.
SW is the sum of the weights of all the composite parts of the body, or

simply the total weight of the body.

When the body has a constant density or specific weight, the center
of gravity coincides with the centroid of the body. The centroid for
composite lines, areas, and volumes can then be found using relations
analogous to Egs. 9-6; however, the W’s are replaced by L’s, A’s, and
Vs, respectively. Centroids for common shapes of lines, areas, shells, and
volumes that often make up a composite body are given in the table on
the inside back cover.

In order to determine the force required
to tip over this concrete barrier, it is first
necessary to determine the location of its
center of gravity G. This point will lie on the
vertical axis of symmetry.
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- PROCEDURE FOR ANALYSIS

The location of the center of gravity of a body or the centroid
of a composite geometrical object represented by a line, area, or
volume can be determined using the following procedure.

Composite Parts.

e Using a sketch, divide the body or object into a finite number
of composite parts that have simpler shapes.

e Ifacomposite body has a hole, or a geometric region having no
material, then consider the composite body without the hole
and consider the hole as an additional composite part having
negative weight or size.

Moment Arms.

e Establish the coordinate axes on the sketch and determine the
coordinates ¥, ¥, z of the center of gravity or centroid of each part.

Summations.

e Determine X, y, Z by applying the center of gravity equations,
Eqgs. 9-6, or the analogous centroid equations.

e If an object is symmetrical about an axis, the centroid of the
object lies on this axis.

If desired, the calculations can be arranged in tabular form, as
indicated in the following three examples. Refer to the companion website for Lecture

Summary and Quiz videos.

The center of gravity of this water tank can
be determined by dividing it into composite
parts and applying Egs. 9-6.
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EXAMPLE 9.9

CHAPTER 9 CENTER OF GRAVITY AND CENTROID

Locate the centroid of the wire shown in Fig. 9-16a.

SOLUTION

Composite Parts. The wire is divided into three segments as shown

in Fig. 9-16b.

Moment Arms. The location of the centroid for each segment is
determined and indicated in the figure. In particular, the centroid of
segment @ is determined either by integration or by using the table on
the inside back cover.

Summations. For convenience, the calculations can be tabulated as

follows:
Segment L (mm) ¥ (mm) Y (mm) Z (mm) XL (mm?) yL (mm?) ZL (mm?)
1 7(60) = 188.5 60 —38.2 0 11 310 —7200 0
2 40 20 0 0 800 0
3 20 40 -10 0 800 —200
SL = 2485 XL = 11310 XyL = —5600 7L = —200
Thus,
SxXL 11310
%= = =455 Ans.
YTSL T 485 mm s
SyL  —5600
y=——= = =225 Ans.
YTSL T 2485 mm "
37ZL —200
7= =—— =0 Ans.
z ST 243 5 0.805 mm ns.

o

Refer to the companion website for a self quiz of these
Example problems.



EXAMPLE 9.10

Locate the centroid of the plate area shown in Fig. 9-17a.

9.2 CoMPOSITE BODIES

491

y
2m
i
1m
' X
] 2 m 3m |
(a)
Fig. 9-17 f
SOLUTION
Composite Parts. The plate is divided into three segments as shown (2)
in Fig. 9-17b. Here the area of the small rectangle ® is considered .
“negative” since it must be subtracted from the larger area @. ; m o..f ,
: 1m
Moment Arms. The location of the centroid of each segment is l ;
shown in the figure. Note that the X coordinates of @ and ® are negative. Lk 1
Summations. Taking the data from Fig. 9-17b, the calculations are
tabulated as follows: »
Segment A (mP) X(m) y(m) XA (m’) yA ()
1 13)(3) = 4.5 1 1 45 45 P98l
2 (3)3) =9 -15 15 ~135 135
3 -@Q)=-2 -25 2 5 —4 2L1
SA =115 3XA=-4 3yA =14 i
(b)
Thus,
3XA —4
X = = —— = —0.348 Ans.
T3 s m "
YA 14
y=——=—2-=122 Ans.
Y734 1S m "

NOTE: If these results are plotted in Fig. 9-174, the location of point C

seems reasonable.
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EXAMPLE

9.11

Locate the center of mass of the assembly shown in Fig. 9-18a. The
conical frustum has a density of p, = 8 Mg/m’, and the hemisphere
has a density of p, = 4 Mg/m’. There is a 25-mm-radius cylindrical
hole in the center of the frustum.

SOLUTION

Composite Parts. The assembly can be thought of as consisting of four
segments as shown in Fig. 9-18b. For the calculations, ® and @ must be
considered as “negative” segments in order that the four segments, when
added together, yield the total composite shape shown in Fig. 9-18a.

Moment Arm. Using the table on the inside back cover, the
calculations for the centroid 7 of each piece are shown in the figure.

Summations. Because of symmetry, note that
Z=7=0 Ans.

Since W = mg, and g is constant, the third of Egs. 9-6 becomes
z = XZm/2Em. The mass of each piece can be calculated from
m = pV.Also,1 Mg/m®> = 10® kg/mm?, so that

200

Segment m (kg) Z (mm) Zm (kg - mm)
1 8(107%) (%) w(50)%(200) = 4.189 50 209.440
2 4(107) (2) m(50)° = 1.047 ~18.75 —19.635
3 ~8(107%) (1) m(25)%(100) = —0.524 100 + 25 = 125 —65.450
4 —8(107%)7(25)%(100) = —1.571 50 —78.540
Sm = 3.142 SZm = 45815
z 45.815
Thus, 7= 2;’" = = 146mm Ans.
m 0
©
100 mm 25 mm

mm

200mm _ 50
4

50 mm

o 50 mm ] 7 L_‘ 9
100

mm
J 25 mm <0 Enf N
@1 3(50) = 1875 mm
(2]
(

b)
Fig. 9-18
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. FUNDAMENTAL PROBLEMS

9-7. Locate the centroid (X, y, z) of the wire bent in the
shape shown.

Prob. F9-7

1'9-8. Locate the centroid y of the beam’s cross-sectional
area.

y
150 mm |150 mm

o

|

300 mm

| :

N

25 mm 25 mm

Prob. F9-8

19-9. Locate the centroid y of the beam’s cross-sectional
area.

200_ mm
\ X
SOL:n‘m SOL:n‘m
Prob. F9-9

I9-10. Locate the centroid (x,y) of the cross-sectional
area.

——

Prob. F9-10

F9-11. Locate the center of mass (X,y,z) of the
homogeneous solid block.

Z

Prob. F9-11

F9-12. Locate the center of mass (X,y,z) of the
homogeneous solid block.

z
O.iF‘
1.5m

1.8 m

o
xﬁ\fﬁgzm% / y

Prob. F9-12
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. PROBLEMS

9-51. Determine the location (¥,y,z) of the centroid of
the homogeneous rod.

T
200¢ mm
) EZN
600 mm
100 mmI < y
Prob. 9-51

*#9-52. The truss is made from five members, each having
a length of 4 m and a mass of 7 kg/m. If the mass of the
gusset plates at the joints and the thickness of the members
can be neglected, determine the distance d to where the
hoisting cable must be attached, so that the truss does not
tip (rotate) when it is lifted.

Prob. 9-52

9-53. Locate the centroid (¥, y) of the metal cross section.
Neglect the thickness of the material and slight bends at
the corners.

50 mm 100 mm 100 mm 50 mm

Prob. 9-53

9-54. Determine the location y of the centroid C of
the “roll-formed” member. Neglect the thickness of the
material and any slight bends at the corners.

c 150 mm

f_
[ —\ELx

\ ||
F40mm i \‘/ ‘4Omm7

20 mm

Prob. 9-54



9-55. The steel and aluminum plate assembly is bolted
together and fastened to the wall. Each plate has a constant
width in the z direction of 200 mm and thickness of 20 mm.
If the density of A and B is p, = 7.85 Mg/m’, and for C,
pa = 2.71 Mg/m?, determine the location ¥ of the center of
mass. Neglect the size of the bolts.

Prob. 9-55

*9-56. Locate the center of gravity G(x, y) of the streetlight.
Neglect the thickness of each segment. The mass per unit
length of each segment is as follows: p,p = 12 kg/m,
pec = 8kg/m, pcp = Skg/m,and ppp = 2 kg/m.

Im 15m
| [T
T D E
'9%,1111
i I'm
— TC
°G(x.y)
3m
1B
4m
A
R = X

Prob. 9-56
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9-57. Determine the location y of the centroidal axis x—x
of the beam’s cross-sectional area. Neglect the size of the
corner welds at A and B for the calculation.

l ’-—150 mm —-‘

15 i | T

150 mm —{ [«—15mm

|

50 mm

Prob. 9-57

9-58. Determine the location (¥, y) of the centroid of the
rod. Neglect the rod’s thickness.

y
150 mm
100 mm
% ]
100 mm
| X
150 mm
Prob. 9-58
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9-59. Determine the location y of the centroid for the 9-62. Locate the centroid y for the beam’s cross-sectional
beam’s cross-sectional area. area.

f—
—| [~— 15 mm
(]
400 mm l
— | 8 ‘
y T |
240 mm ‘
240 mm
[ ] mm
T — 120 mm
15 mm ‘<—200 mm—»‘
Prob. 9-62

Prob.9-59 9-63. Determine the location y of the centroid C of the
beam having the cross-sectional area shown.

*9-60. Determine the distance y to the centroid of the Li 150 mm -
trapezoidal area in terms of the dimensions shown. 15 mm | IT
B
y
bl ‘ X ° ¢ l X
r 150 mm
@
T "y — —15mm
i
\ | 15 mm
| by \ T A
}‘— 100 mm —
Prob. 9-60
Prob. 9-63

*9—64. Determine the location y of the centroid of the
beam’s cross-sectional area. Neglect the size of the corner
welds at A and B for the calculation.

9-61. Locate the centroid y for the beam’s cross-sectional
area.

tlZO mD

Prob. 9-61 Prob. 9-64




9-65. Locate the centroid y of the cross-sectional area of
the beam constructed from a channel and a plate. Assume
all corners are square and neglect the size of the weld at A.

y
350 mm
10 mm
|
[~ L
‘ 325 mm 325 mm l
Prob. 9-65

9-66. Determine the location y of the centroid of the area.

<

-
|
f
IS
|

— —X
\ “ } “ \

Prob. 9-66

9-67. Determine the location y of the centroid for the
cross-sectional area.

y
25 mm »‘ % »‘ ‘& 25 mm
T a c 100 mm
i 25 mm

|
<—>‘ FlSOmm—»‘ ‘<—>

50 mm 50 mm

Prob. 9-67
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*9—68. Determine the location X of the centroid of the
solid made from a hemisphere, cylinder, and cone.

y

80 mm L 60 mm <30 mm-~|

Prob. 9-68

9-69. Determine the distance y to the centroid of the
area.

Prob. 9-69

9-70. Determine the distance y to the centroid of the
beam’s cross-sectional area.

50 mm r75 mm 75 mm| 50 mm

N

25 mm 25 mm

Prob. 9-70
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9-71. A toy skyrocket consists of a solid conical top,
pi = 600 kg/m’, a hollow cylinder, p. = 400 kg/m?, and
a stick having a circular cross section, p, = 300 kg/m’.
Determine the length of the stick, x, so that the center of
gravity G of the skyrocket is located along line aa.

9-73. Determine the location x of the centroid C of the
shaded area that is part of a circle having a radius r.

y
5 i 20 mm "
3 mm e 100 mm L |

10mm| bt
i. ) I : i > © ¥

T b6 | o

- X \ /
X
Prob. 9-71 \
Prob. 9-73

*#9-72. Determine the location (X, y) of the centroid of the
area.

9-74. Locate the centroid y for the cross-sectional area of
the angle.

1 S &/

Prob. 9-72

Prob. 9-74



9-75. Determine the distance X to the centroid of the solid
which consists of a cylinder with a hole of length # = 50 mm
bored into its base.

*#9-76. Determine the distance /& to which a hole must
be bored into the cylinder so that the center of mass of
the assembly is located at x = 64 mm. The material has a
density of 8 Mg/m®.

Probs. 9-75/76

9-77. Determine the distance y to the center of mass of
the assembly, which has a hole bored through its center. The
material has a density of 3 Mg/m>.

15 mm

20 mm

100 mm ‘

—_

" 30 mm |

Prob. 9-77

PROBLEMS 499

9-78. Locate the center of mass (X, y, z) of the
homogeneous block assembly.

Prob. 9-78

9-79. Locate the centroid z of the homogeneous solid
formed by boring a hemispherical hole into the cylinder that
is capped with a cone.

*9-80. Locate the center of mass z of the solid formed by
boring a hemispherical hole into a cylinder that is capped
with a cone. The cone and cylinder are made of materials
having densities of 780 Mg/m® and 2.70 Mg/m?, respectively.

300 mm

~
150 mm

-
400 mm

/ 150 mnN

Probs. 9-79/80

X
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9-81. Locate the center of mass z of the assembly. The *9-84. Determine the distance 7 to the center of mass of

cylinder and the cone are made from materials having the casting that is formed from a hollow cylinder having a

densities of 5 Mg/m> and 9 Mg/m?, respectively. density of 8 Mg/m® and a hemisphere having a density of
3 Mg/m’.

120 mm

Prob. 9-81

y
9-82. The assembly is made from a steel hemisphere, 4L
ps = 7.80 Mg/m3, and an  aluminum  cylinder,

pa = 270 Mg/m’. Determine the mass center of the Prob.9-84
assembly if the height of the cylinder is # = 200 mm.
9-83. The assembly is made from a steel hemisphere, 9-85. The solid is formed by boring a conical hole into the
py =780Mg/m®, and an  aluminum  cylinder, cylinder. Determine the distance to the center of gravity.
pa = 2.70 Mg/m®. Determine the height 4 of the cylinder so
that the mass center of the assembly is located at z = 160 mm.
z
S
h
//
Y/
l/
y - .
( |

Probs. 9-82/83 Prob. 9-85



9-86. The composite plate is made from both steel (A)
and brass (B) segments. Determine the mass and location
(%, y, 7) of its mass center G. Take p,, = 7.85 Mg/m’ and
ppr = 8.74 Mg/m’.

Prob. 9-86

9-87. Locate the center of mass z of the assembly.
The material has a density of p = Mg/m>. There is a
30-mm-diameter hole bored through the center.

Prob. 9-87

PROBLEMS 501

*0-88. Determine the distance # to which a 100-mm-
diameter hole must be bored into the base of the cone so
that the center of mass of the resulting shape is located at
7 = 115 mm. The material has a density of § Mg/m’.

500 mm

¥a: Sl

50 mm! 15

Prob. 9-88

9-89. Determine the distance z to the centroid of the shape
that consists of a cone with a hole of height # = 50 mm
bored into its base.

500 mm

—
Iall
<

15

Prob. 9-89
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*9.3 THEOREMS OF PAPPUS AND
GULDINUS

The two theorems of Pappus and Guldinus are used to find the surface
area and volume of any body of revolution. They were first developed by
Pappus of Alexandria during the fourth century A.D. and then restated
at a much later time by the Swiss mathematician Paul Guldin or Guldinus
(1577-1643).

-

2mr

Fig. 9-19

Surface Area. If we revolve a plane curve about an axis that does
not intersect the curve we will generate a surface area of revolution.
For example, the surface area in Fig. 9-19 is formed by revolving the
curve of length L about the horizontal axis. To determine this surface
area, consider the differential element of length dL. If this element is
revolved 27 radians about the axis, a ring having a surface area of
dA = 2arr dL will be generated. Thus, the surface area of the entire body
iSA = 27Tfr dL. However, fr dL = 7L (Eq.9-5),andso A = 2zrrL. If
instead the curve is revolved only through an angle 6 (radians), then

A = 6FL (9-7)

where

A = surface area of revolution
0 = angle of revolution measured in radians, § < 2

r = perpendicular distance from the axis of revolution
to the centroid of the generating curve

L = length of the generating curve

. . Therefore the first theorem of Pappus and Guldinus states that the
The amount of material used on this storage .
building can be estimated by using the @7€d of a surface of revolution equals the product of the length L of the
first theorem of Pappus and Guldinus to ~generating curve and the distance 07 traveled by the centroid of the curve
determine its surface area. in generating the surface area, Fig. 9-19.
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Fig. 9-20

Volume. A volume can be generated by revolving a plane area
about an axis that does not intersect the area. For example, if we revolve
the shaded area A in Fig. 9-20 about the horizontal axis, it generates
the volume shown. To determine this volume, consider revolving the
differential element of area dA 27 radians about the axis. It produces
a ring having the volume dV = 2mr dA. The entire volume is then
V =2 [r dA. However, [rdA = 7 A, Eq. 94, so that V = 2z7A. If
instead the area is only revolved through an angle 0 (radians), then

©-8)

where

V = volume of revolution

0 = angle of revolution measured in radians, § < 27

¥ = perpendicular distance from the axis of revolution to the
centroid of the generating area

A = generating area

Therefore the second theorem of Pappus and Guldinus states that
the volume of a body of revolution equals the product of the generating
area A and the distance 07 traveled by the centroid of the area in generating
the volume.

Composite Shapes. We may also apply the above two theorems
to lines or areas that are composed of a series of composite parts. In
this case the total surface area or volume generated is the addition of
the surface areas or volumes generated by each of these parts. If the
perpendicular distance from the axis of revolution to the centroid of
each part is 7, then

A = 03(FL) (9-9)
and
V = 02(7A) (9-10)

Application of the above theorems is illustrated numerically in the
following examples.

The volume of fertilizer contained within
this silo can be determined using the second
theorem of Pappus and Guldinus.

Refer to the companion website for Lecture
Summary and Quiz videos.
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EXAMPLE 9.12

Show that the surface area of a sphere is A = 47R? and its volume is
V =4%mwR%.

>
-

(.
~

(a) (b)
Fig. 9-21

SOLUTION

Surface Area. The surface area of the sphere in Fig. 9-21a is
generated by revolving a semicircular arc about the x axis. Using the
table on the inside back cover, the centroid of this arc is located at
a distance ¥ = 2R/z from the axis of revolution (x axis). Since the
centroid moves through an angle of 6§ = 27 rad to generate the
sphere, then applying Eq. 9-7 we have

2R
A = 0rL; A= 277(7)77R = 47R? Ans.

Volume. The volume of the sphere is generated by revolving the
semicircular area in Fig. 9-21b about the x axis. Using the table on the
inside back cover to locate the centroid of the area, i.e., 7 = 4R/3m,
and applying Eq. 9-8, we have

4R\ /1 4
V = 0FA; V= 277(—)(—7TR2> = gn-R3 Ans.



9.3  THEOREMS OF PAPPUS AND GULDINUS 505

EXAMPLE 9.13

Determine the surface area and volume of the full solid in Fig. 9-22a.

Z

%

25 mm
30 mm ‘
35 mm

10 mm#

1

10 mm

20 mm

(a) (b)
Fig. 9-22
SOLUTION

Surface Area. The surface area is generated by revolving the four
line segments shown in Fig. 9-22b 27 radians about the z axis. The
distances from the centroid of each segment to the z axis are also
shown in the figure. Applying Eq. 9-9 yields

A = 273FL = 27[(25 mm)(20 mm)

+ (30 mm)( \/(10 mm)? + (10 mm)2>

+ (35 mm)(30 mm) + (30 mm)(10 mm)]
= 14290 mm? = 14.3(10%) mm? Ans.

Volume. The volume of the solid is generated by revolving the two
area segments shown in Fig. 9-22¢ 27 radians about the z axis. The
distances from the centroid of each segment to the z axis are also
shown in the figure. Applying Eq. 9-10, we have

V = 273FA = 27 {(31.667 mm) %(10 mm)(10 mm)

+ (30 mm)(20 mm)(10 mm)}
= 47 648 mm® = 47.6(10%) mm® Ans.

25 mm + (3)(10 mm) = 31.667 mm

z
10 mma‘

20 mm
30 mm }

©

Refer to the companion website for a self quiz of these
Example problems.
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. FUNDAMENTAL PROBLEMS

F9-13. Determine the surface area and volume of the solid F9-15. Determine the surface area and volume of the solid
formed by revolving the shaded area 360° about the z axis. formed by revolving the shaded area 360° about the z axis.

Prob. F9-13

Prob. F9-15

9-14. Determine the surface area and volume of the solid . )
formed by revolving the shaded area 360° about the z axis. F9-16. Determlpe the surface area and volume of the SO'lld
formed by revolving the shaded area 360° about the z axis.

12m 1.5m

1.5m

0.9 m

1.5m—

Prob. F9-14 Prob. F9-16
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9-90. Determine the outside surface area of the hopper.

9-91. The hopper is filled to its top with coal. Determine
the volume of coal if the voids (air space) are 30 percent of
the volume of the hopper.

1.5m

0.2 m

Probs. 9-90/91

*#9-92. The starter for an electric motor is a full cylinder
and has the cross-sectional areas shown. If copper wiring
has a density of p.,=8.90Mg/m® and the steel frame has
a density of p,, = 7.80Mg/m’, estimate the total mass of the
starter. Neglect the size of the copper wire.

Prob. 9-92

9-93. A ring is generated by rotating the quarter circular
area about the x axis. Determine its volume.

9-94. A ring is generated by rotating the quarter circular
area about the x axis. Determine its surface area.

2a

Probs. 9-93/94

9-95. The water tank AB has a hemispherical top and
is fabricated from thin steel plate. Determine the volume
within the tank.

*9-96. The water tank AB has a hemispherical roof and is
fabricated from thin steel plate. If a liter of paint can cover
3 m? of the tank’s surface, determine how many liters are
required to coat the surface of the tank from A to B.

Probs. 9-95/96
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9-97. Determine the approximate amount of aluminum
necessary to make the funnel. It consists of a full circular
part having a thickness of 2 mm.

9-98. Determine the approximate outer surface area of
the funnel. It consists of a full circular part of negligible
thickness.

50 mm
80 mm
30 mm
|
/ '60 mm
30 mm

Probs. 9-97/98

9-99. Determine the volume of concrete needed to
construct the curb.

*#9-100. Determine the surface area of the curb. Do not
include the area of the ends in the calculation.

d 100 mm
| 1150 mm

me

150 mm

Probs. 9-99/100

9-101. Determine the surface area and the volume of the
ring formed by rotating the square about the vertical axis.

Prob. 9-101

9-102. A ring is formed by rotating the area 360° about
the X—X axes. Determine its surface area.

9-103. A ring is formed by rotating the area 360° about the
X—X axes. Determine its volume.

80 mm

=|
=

Probs. 9-102/103
*9-104. Determine the interior surface area of the brake

piston. It consists of a full circular part. Its cross section is
shown in the figure.

40 mm

60 mm

80 mm

~ }{20mm

40 mm 30 mm 20 mm

Prob. 9-104



9-105. Determine the height /4 to which liquid should be
poured into the cup so that it contacts three-fourths the
surface area on the inside of the cup. Neglect the cup’s
thickness for the calculation.

L 40 -

160 mm

Prob. 9-105

9-106. The heat exchanger radiates thermal energy at
the rate of 2500 kJ/h for each square meter of its surface
area. Determine how many joules (J) are radiated within a
5-hour period.

Prob. 9-106

9-107. Sand is piled between two walls as shown. Assume
the pile to be a quarter section of a cone and that 26 percent
of this volume is voids (air space). Use the second theorem
of Pappus-Guldinus to determine the volume of sand.

PROBLEMS 509

Prob. 9-107

*#9-108. Determine the surface area of the roof of the
structure if it is formed by rotating the parabola about the
y axis.

y =16 — (x*/16)

16 m

‘ 16 m ‘
Prob. 9-108

9-109. Using integration, determine both the area and the
centroidal distance x of the shaded area. Then, using the
second theorem of Pappus—Guldinus, determine the volume
of the solid generated by revolving the area about the y axis.

RII

Prob. 9-109




510 CHAPTER 9 CENTER OF GRAVITY AND CENTROID

*9-112. Half the cross section of the steel housing is
shown in the figure. There are six 10-mm-diameter bolt
holes around its rim. Determine its mass. The density of
steel is 785 Mg/ m°. The housing is a full circular part.

9-110. Determine the volume of an ellipsoid formed by
revolving the shaded area about the x axis using the second
theorem of Pappus—Guldinus. The area and centroid y of the
shaded area should first be obtained by using integration.

20 mm

40 mm —| }

30 mm

N
+
s
[
-

BN
aN| =

b |
J — LlOmm i

Prob. 9-112

9-113. The water tank has a paraboloid-shaped roof. If
one liter of paint can cover 3 m? of the tank, determine the
a number of liters required to coat the roof.

Prob. 9-110 y

9-111. A steel wheel has a diameter of 840 mm and a cross
section as shown in the figure. Determine the total mass of

the wheel if p = 5 Mg/m’.

Prob. 9-113

9-114. Determine the height /4 to which liquid should be
poured into the cup so that it contacts half the surface area
on the inside of the cup. Neglect the cup’s thickness for the

calculation.

A Section A-A
Prob. 9-114

Prob. 9-111
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*9.4 RESULTANT OF A GENERAL
DISTRIBUTED LOADING

In Sec. 4.9, we discussed the method used to simplify a two-dimensional
distributed loading to a single resultant force acting at a specific point. In
this section we will generalize this method to include flat surfaces that
have an arbitrary shape and are subjected to a variable load distribution.
To show how to do this, we will consider the flat plate in Fig. 9-23a,
which is subjected to the loading defined by p = p(x,y) Pa, where
1 Pa (pascal) = 1 N/m?. Knowing this function, we can determine the
resultant force Fy acting on the plate and its location (X, y), Fig. 9-23b.

Magnitude of Resultant Force. The force dF acting on the
differential area dA m? of the plate, located at the arbitrary point (x, y),
has a magnitude of dF = [p(x,y) N/m?|(dA m*) = [p(x,y) dA] N.
This result is equivalent to the differential volume element dV shown in
Fig. 9-23a. The magnitude of Fy is the sum of these differential forces
acting over the plate’s entire surface area A. Thus:

Fr = 3F, Fr = /p(x,y) dA = /dV =V (9-11)
A 14

Therefore, the magnitude of the resultant force is equal to the total volume
under the distributed-loading diagram.

Location of Resultant Force. The location (X,y) of Fg is
determined by setting the moment of Fy equal to the moments of all the
differential forces dF about the y and the x axis. From Figs. 9-23a and
9-23b, using Eq. 9-11, we get

[wwnar [xav [penaa [yav
A _Jy A 1%

X= = y= = (9-12)

[renin [a | [peni [

Hence, the line of action of the resultant force passes through the geometric
center or centroid of the volume under the distributed-loading diagram.

Fr
/ >
x7 TV
(b)
Fig. 9-23

The resultant of a wind loading that is
distributed on the front or side walls of this
building must be calculated using integration
in order to design the framework that holds
the building together.
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*¥9.9 FLUID PRESSURE

According to Pascal’s law, a fluid at rest creates a pressure p at a point
that is the same in all directions. Also, the magnitude of p, measured as
a force per unit area, depends on the specific weight y or mass density p
of the fluid, and the depth z of the point from the fluid surface. The
relationship can be expressed mathematically as

P = Y7 = pgz (9-13)

where g is the acceleration due to gravity.*

To illustrate how Eq. 9-13 is applied, consider the submerged plate
shown in Fig. 9-24. Three points on the plate have been specified. Since
point B is at depth z; from the liquid surface, the pressure at this point
has a magnitude p; = +yz;. Likewise, points C and D are both at depth z,;
hence, p, = 7yz,. In all cases, the pressure acts normal to the surface area
dA located at the specified point.

Since Eq. 9-13 defines how the pressure will vary over a surface, then
using the results of Sec. 9.4, we will be able to determine the resultant
force caused by a liquid and specify its location on the surface of a
submerged plate. Three different shapes of plates will now be considered.

*This equation is valid only for fluids that are assumed incompressible, as in the case of
most liquids. Gases are compressible fluids, and since their density changes significantly
with both pressure and temperature, Eq. 9-13 should not be used. See R.C. Hibbeler,
Fluid Mechanics,2e, Pearson Inc.



Flat Plate of Constant Width. If the plate is flat and has a
rectangular shape of constant width, Fig. 9-254, then the distribution of
pressure over the plate’s surface is represented by a trapezoidal volume
having an intensity of p; = yz; at depth z; and p, = yz, at depth z,. As
noted in Sec. 9.4, the magnitude of the resultant force Fy is equal to the
volume of this loading diagram, and Fy has a line of action that passes
through this volume’s centroid C. As a result, Fr acts on the plate at
point P, called the center of pressure.

Since the plate has a constant width, the loading distribution may also
be viewed in two dimensions, Fig. 9-25b. Here the loading intensity is
measured as a force /length and varies linearly from w; = bp; = byz; to
wy, = bp, = byz,. The magnitude of Fy in this case equals the trapezoidal
area, and Fy, has a line of action that passes through the area’s centroid C.

(a)

Fig. 9-25

9.5 FLUID PRESSURE 513

The walls of the tank must be designed
to support the pressure loading of the
liquid that is contained within it.

Liquid surface
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Liquid surface Fap

/ Liquid surface

©
Fig. 9-26

Liquid surface

(b) ¢

When a submerged plate
of constant width is curved, the pressure acting normal to the plate
continually changes both its magnitude and direction, and therefore the
calculation for the magnitude of Fy and its location P is more difficult
than for a flat plate. Three- and two-dimensional views of the loading
distribution are shown in Figs. 9-26a and 9-26b, respectively. Although
integration can be used to solve this problem, a simpler method exists.
This method requires separate calculations for the horizontal and vertical
components of Fp.

For the plate in Fig. 9-26b, the distributed loading is represented by
the equivalent loading shown in Fig. 9-26¢. Here the plate supports the
weight of liquid Wy contained within the block BDA. This force has a
magnitude Wy = (yb)(areagp,)and acts through the centroid of BDA.
In addition, there are the pressure distributions caused by the liquid
acting along the vertical and horizontal sides of this block. Along the
vertical side AD, the force F,p has a magnitude equal to the area of the
trapezoid. It acts through the centroid C4p of this area. The distributed
loading along the horizontal side AB is constant since all points lying
in this plane are at the same depth from the surface of the liquid. The
magnitude of F,p is simply the area of the rectangle. This force acts
through the centroid C 4 or at the midpoint of AB. Summing these three
forces yields Fzx = XF = F4p + F45 + W, Finally, the location of the
center of pressure P on the plate is determined by applying M = M,
which states that the moment of the resultant force about a convenient
reference point such as D or B in Fig. 9-26b is equal to the sum of the
moments of the three forces in Fig. 9-26¢ about this same point.



Flat Plate of Variable Width. The pressure distribution acting
on the surface of a flat submerged plate having a variable width is shown
in Fig. 9-27 The pressure acting on the differential area strip dA, parallel
to the x axis and at a depth z, is p = yz. Therefore the force on this
element is dF = pdA, and so dF = (yz)dA.The resultant force is

Fr= [dF =y [zdA

If the depth to the centroid C’ of the area is Z, Fig. 9-27 then f zdA = ZA.
Substituting, we have

Fr = yZA (9-14)

In other words, the magnitude of the resultant force acting on any flat
plate is equal to the product of the area A of the plate and the pressure
p = vz at the depth of the area’s centroid C". As discussed in Sec. 9.4, this
force is also equivalent to the volume under the pressure distribution.
The line of action of the resultant force passes through the centroid C of
this volume and intersects the plate at the center of pressure P, Fig. 9-27.

Fig. 9-27
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The resultant force of the water
pressure and its location on the elliptical
back plate of this tank truck must be
determined by integration.
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EXAMPLE 9.14

2m
A
wy = 29.43 kN/m ———
FR 3m
h

wp = 73.58 kN/m

(b)
2 m
A
T FRe > 3m
1.5mF;
l Im
B

4415 kN/nET i

29.43 kKN/m

Determine the magnitude and location of the resultant hydrostatic
force acting on the submerged rectangular plate A B shown in Fig. 9-28a.
The plate has a width of 1.5 m; p,, = 1000 kg/m".

SOLUTION |
The water pressures at depths A and B are

Pa = pwgza = (1000 kg/m*)(9.81 m/s*)(2 m) = 19.62 kPa
Pg = pwgzp = (1000 kg/m)(9.81 m/s?)(5 m) = 49.05 kPa

Since the plate has a constant width, the pressure loading can be
viewed in two dimensions, as shown in Fig. 9-28b. The intensities of
the load at A and B are

wy = bpy = (1.5m)(19.62 kPa) = 29.43 kN/m
wg = bpp = (1.5 m)(49.05 kPa) = 73.58 kN/m

From the table on the inside back cover, the magnitude of the resultant
force Fy created by this distributed load is

Fg = area of a trapezoid = %(3)(29.4 + 73.6) = 154.5kN Ans.
This force acts through the centroid of this area,

1 (2(29.43) + 73.58
3\ 2943 + 73.58

)(3) =129m Ans.
measured upward from B, Fig. 9-28b.

SOLUTION i

The same results can be obtained by considering two components of
Fy, defined by the triangle and rectangle shown in Fig. 9-28¢. Each
force acts through its associated centroid and has a magnitude of

Fg. = (29.43 kN/m)(3 m) = 883 kN
F, = }(4415kN/m)(3 m) = 66.2 kN
Hence,
Fp = Fg, + F, = 883 + 66.2 = 1545 kN Ans.

The location of Fy is determined by summing moments about B,
Figs. 9-28b and ¢, i.e.,

1+(Mg)p = XMp; (154.5)h = 88.3(1.5) + 66.2(1)
h=129m Ans.

NOTE: The resultant force can also be calculated using Eq. 9-14, i.e.,
Fr = yzA = (9810 N/m?)(3.5 m)(3 m)(1.5 m) = 154.5 kN.
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EXAMPLE 9.15

Determine the magnitude of the resultant hydrostatic force acting on
the surface of a seawall shaped in the form of a parabola, as shown in
Fig. 9-29a. The wall is 5 m long; p,, = 1020 kg/m’

wp = 150.1 kKN/m

(b)

Fig. 9-29

SOLUTION
The horizontal and vertical components of the resultant force will be

calculated, Fig. 9-29b. Since
ps = pwgzp = (1020 kg/m?*)(9.81 m/s?)(3 m) = 30.02 kPa

then
wg = bpp = 5m(30.02 kPa) = 150.1 kN/m

Thus,
F, = %3 m)(150.1 kN/m) = 225.1 kN

The area of the parabolic section ABC can be determined using the
formula for a parabolic area listed on the inside back cover, A = % ab.
Hence, the weight of water within this 5-m-long region is
F, = (p.gb)(area,pc)
= (1020 kg/m*)(9.81 m/s2)(5 m)[1(1 m)(3m) | = 50.0 kN
The resultant force is therefore

Fr = VF2+ F2 = V(2251 kN)? + (50.0 kN)?

= 231 kN Ans.
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EXAMPLE 9.16

Im

OF GRAVITY AND CENTROID

Determine the magnitude and location of the resultant hydrostatic
force acting on the triangular end plates of the water trough shown in
Fig. 9-30a; p,, = 1000 kg/m>.

(a)

SOLUTION

The pressure distribution acting on the end plate Eisshownin Fig.9-30b.
The magnitude of the resultant force is equal to the volume of this
loading distribution. We will solve the problem by integration.
Choosing the horizontal volume element shown in the figure, we have

dF = dV = pdA = p,gz(2x dz) = 19 620zx dz
The equation of line AB is
x =051 - 2)
Therefore, substituting and integrating with respect to z from z = 0
to z = 1 myields

1m
F=V= / dv = (19 620)z[0.5(1 — z)] dz
|4 0
1m

= 9810 (z — 2%) dz = 1635N = 1.64 kN Ans.
0

This resultant passes through the centroid of the volume. Because of
symmetry,

x=0 Ans.
Since 7 = z for the volume element, then

1m 1m
/ 7dV / 2(19 620)z[0.5(1 — z)]dz 9810 (22 — ) dz
|4 _Jo _ 0

1635 B 1635
[av
14

=05m Ans.

Z:

NOTE: We can also determine the resultant force by applying Eq. 9-14,
Fr = yzA = (9810N/m’) (1) (1 m)[3(1 m)(1 m)] = 1.64 kN.
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. FUNDAMENTAL PROBLEMS

19-17. Determine the magnitude of the hydrostatic force
acting per meter width of the wall. Water has a density of
p =1Mg/m’.

Prob. F9-17

9-18. Determine the magnitude of the hydrostatic force
acting on gate AB, which has a width of 1 m. The specific
weight of water is y = 9.81 kN/m’.

—1.5m—

Prob. F9-18

I'9-19.  Determine the magnitude of the hydrostatic force
acting on gate AB, which has a width of 1.5 m. Water has a
density of p = 1 Mg/m’.

Prob. F9-19

119-20. Determine the magnitude of the hydrostatic force
acting on gate AB, which has a width of 2 m. Water has a
density of p = 1 Mg/m’.

Prob. F9-20

F9-21. Determine the magnitude of the hydrostatic force
acting on gate AB, which has a width of 0.6 m. The specific
weight of water is y = 9.81 kN/m’.

Prob. F9-21
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. PROBLEMS

9-115. The load over the plate varies linearly along the
sides of the plate such that p = % [x(4 — y)] kPa. Determine
the resultant force and its position (¥, y) on the plate.

p

ﬁ/\l\l\ﬁﬁ\v\ "
/
4m

Prob. 9-115

8 kPa

*#9-116. The pressure loading on the plate is described by
the function p = [-240/(x + 1) + 340] Pa. Determine the
magnitude of the resultant force and the coordinates (X, y)
of the point where the line of action of the source intersects
the plate.

Prob. 9-116

9-117. The load over the plate varies linearly along the
sides of the plate such that p = (12 — 6x + 4y) kPa.
Determine the magnitude of the resultant force and the
coordinates (X, y) of the point where the line of action of
the force intersects the plate.

12 kPa

18 kPa

1.5m

2m

Prob. 9-117

9-118. A wind loading creates a positive pressure on one
side of the chimney and a negative (suction) pressure on the
other side, as shown. If this pressure loading acts uniformly
along the chimney’s length, determine the magnitude of the
resultant force created by the wind.

;,
EQ'.!_

HH

i
il
A

HHHH
)

i
Iy
G

"
]
é!

RS

iy
i

i
Prob. 9-118

9-119. The rectangular plate is subjected to a distributed
load over its entire surface. The load is defined by the
expression p = pg sin (7x/a) sin (7y/b), where prepresents
the pressure acting at the center of the plate. Determine the
magnitude and location of the resultant force acting on the
plate.

Prob. 9-119



#9-120. Determine the magnitude and location of the
resultant hydrostatic force acting on each of the cover
plates A and B. p,,= 1.0Mg/m’.

0.5m
i -~
1m e} (@)
l =] [Josm
] O O
1.25m y:

0.75m

o]

Prob. 9-120

9-121. When the tide water A subsides, the tide gate
automatically swings open to drain the marsh B. For the
condition of high tide shown, determine the horizontal
reactions developed at the hinge C and stop block D. The
length of the gate is 6 m and its heightis4 m. p,, = 1.0 Mg/m>.

Prob. 9-121

9-122. The tank is filled with water to a depth of
d = 4 m. Determine the resultant force the water
exerts on side A and side B of the tank. If oil instead
of water is placed in the tank, to what depth d should
it reach so that it creates the same resultant forces?
po = 900 kg/m? and p,, = 1000 kg/m".

Prob. 9-122

PROBLEMS 521

9-123. The concrete “gravity” dam is held in place by its
own weight. If the density of concrete is p, = 2.5 Mg/m’,
and water has a density of p, = 1.0 Mg/m’, determine
the smallest dimension d that will prevent the dam from
overturning about its end A.

Prob. 9-123

*9-124. The factor of safety for tipping of the concrete dam is
defined as the ratio of the stabilizing moment due to the dam’s
weight divided by the overturning moment about O due to
the water pressure. Determine this factor if the concrete has
a density of peone = 2.5 Mg/m® and for water p,, = 1 Mg/m’.

y

it

e 4m

Prob. 9-124

9-125. The concrete dam in the shape of a quarter circle.
Determine the magnitude of the resultant hydrostatic force
that acts on the dam per meter of length. The density of
water is p,, = 1 Mg/m>.

Prob. 9-125
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9-126. The 2-m-wide rectangular gate is pinned at its
center A and is prevented from rotating by the block at B.
Determine the reactions at these supports due to hydrostatic
pressure. p,, = 1.0 Mg/m>.

|

1.5m

Prob. 9-126

9-127. The quarter circular “gravity” dam is held in place
by its own weight. Determine the smallest possible density of
the material composing the dam so that it will be prevented
from overturning about its end A. p,, = 1.0Mg/m’.

Prob. 9-127

*9-128. The structure is used for temporary storage
of oil at sea for later loading into ships. When it is empty
the water level is at A (sea level). As oil is poured into it,
the water is displaced through exit ports at D. If the riser
EC is filled with oil, i.e., to a depth of C, determine the
height 4 to B of the oil level above sea level. p, = 900kg/m?
and p,, = 1020kg/m>.

9-129. If the structure in Prob. 9-128 is totally filled with
oil, i.e., until it reaches a depth of 58 m below sea level, how
high & will the oil level extend above sea level?

] 0™

50 m

2m-—- [

Probs. 9-128/129

9-130. The tank is filled with a liquid that has a density
of 900 kg/m?’. Determine the resultant force that it exerts
on the elliptical end plate, and the location of the center of
pressure, measured from the x axis.

y

~—lm——1 m-»‘

4y?+ x> =
‘F< m

Prob. 9-130
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CHAPTER REVIEW

Center of Gravity and Centroid

The center of gravity G represents a
point where the weight of the body
can be considered concentrated. The
distance from an axis to this point
can be determined from a balance
of moments, which requires that
the moment of the weight of all the
particles of the body about this axis
must equal the moment of the entire
weight of the body about the axis.

The center of mass will coincide with
the center of gravity provided the
acceleration of gravity is constant.

The centroid is the location of the
geometric center for the body. It is
determined in a similar manner, using a
moment balance of geometric elements
such as line, area, or volume segments.
For bodies having an arbitrary shape,
moments are summed (integrated)
using differential elements.

The center of mass will coincide with
the centroid provided the material is
homogeneous, i.e., the density of the
material is the same throughout. The
centroid will always lie on an axis of
symmetry.

X =
I
[5aw
y=—"F"
[aw
[ean
T=r—
I
X
/de /ydL /zdL
_ L — L — L
/dL /dL /dL
L L L
/EEdA /ydA 7 dA
_ A _ A — A
/dA /dA /dA
A A A
/xdv /ydv /’zdv
_ 14 — %4 — %4
/.
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Composite Body . SIW z
If the body is a composite of several 2w

shapes, each having a known location ~

for its center of gravity or centroid v = Eyl

g y ) y =

then the location of the center of W

gravity or centroid of the body N

can be determined from a discrete — W

summation using its composite parts. SW

Theorems of Pappus and Guldinus

The theorems of Pappus and Guldinus
can be used to determine the surface
area and volume of a body of
revolution.

The surface area equals the product
of the length L of the generating
curve and the distance traveled by A = 6rL
the centroid of the curve needed to
generate the area 6r.

The volume of the body equals the
product of the generating area A and
the distance traveled by the centroid
of this area needed to generate the

volume 6r. V.=ora
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General Distributed Loading

The magnitude of the resultant force
is equal to the volume under the
distributed-loading diagram. The line
of action of the resultant force passes
through the geometric center or
centroid of this volume.

Fr = /p(x,y) dA =

A

/de

<

Fluid Pressure

The pressure of a liquid at a point on
a submerged surface depends upon
the depth of the point and the density
of the liquid in accordance with
p = pgh = yh. This pressure will
create a linear distribution of loading
on a flat vertical or inclined surface.

If the surface is horizontal, then the
loading will be uniform.

The resultant force of a hydrostatic
loading can be determined by finding
the volume under the loading curve or
using Fr = yz A, where 7 is the depth
to the centroid of the plate’s surface.
The line of action of the resultant
force passes through the centroid of
the volume of the loading diagram
and acts at a point P on the plate
called the center of pressure.
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. REVIEW PROBLEMS

R9-1. Locate the centroid z of the hemisphere.

oy 4=
\

b y

e

/

Prob. R9-1

R9-2. Locate the centroid x of the area.

R9-3. Locate the centroid y of the area.

b

Probs. R9-2/3

R9-4. Locate the centroid y of the beam’s cross-sectional
area.

50 mm 50 mm

75 mm—=75 mm
25 mm ( W

R9-5. Locate the centroid of the rod.

Prob. R9-5
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R9-6. The rectangular bin is filled with coal, which creates R9-9. Determine the magnitude of the resultant
a pressure distribution along wall A that varies as shown, hydrostatic force acting per meter of length on the seawall;
ie., p = (200z'3) Pa, where z is in meters. Determine the py = 1000 kg/m>.

resultant force created by the coal, and its location,
measured from the top surface of the coal.

y
y= —4x?
e———— X
\
\
\
\
\
4m
«1 m-|
Prob. R9-9

Prob. R9-6

R9-10. The gate AB is 8 m wide. Determine the horizontal
and vertical components of force acting on the pin at B
and the vertical reaction at the smooth support A;

R9-7. A circular V-belt has an inner radius of 600 mm and 3
py = 1.0 Mg/m’.

a cross-sectional area as shown. Determine the surface area
of the belt.

R9-8. A circular V-belt has an inner radius of 600 mm and
a cross-sectional area as shown. Determine the volume of
material required to make the belt.

75 mm\ /
50 mm —f—|

25 mm 25 mm
600 mm

(4]

l—3m—

Probs. R9-7/8 Prob. R9-10
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The design of these structural members requires calculating their cross-sectional
moments of inertia. In this chapter we will discuss how this is done.
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solving videos are available
where this icon appears.

B To show how to determine the moment of inertia for an area by
integration and by using formulas.

m To introduce the product of inertia and show how to find the
maximum and minimum moments of inertia for an area.

B To discuss the mass moment of inertia.

10.1 DEFINITION OF MOMENTS OF
INERTIA FOR AREAS

Whenever a distributed load acts perpendicular to an area and its intensity
varies linearly, the calculation of the moment of the loading about an axis
will involve an integral of the form f y*dA.For example, consider the plate
in Fig. 10-1, which is submerged in a fluid and subjected to the pressure p.
As discussed in Sec. 9.5, this pressure varies linearly with depth, such that
p = vy, where vy is the specific weight of the fluid. As a result, the force
acting on the differential area dA of the plate is dFF = p dA = (yy) dA,
and so the moment of this force about the x axis is dM = y dF = yy? dA.
Integrating dM over the entire area of the plate yields M = y f y2 dA.

The integral f y% dA is sometimes referred to as the “second moment” of
the area about an axis (the x axis), but more often it is called the moment of
inertia of the area. The word “inertia” is used here since the formulation is
similar to the mass moment of inertia, f y2dm,which is a dynamical property
described in Sec. 10.8. Although for an area this integral has no physical
meaning, it often arises in formulas used in fluid mechanics, mechanics of
materials, structural mechanics, and mechanical design, and so an engineer
needs to be familiar with the methods used to determine its value.

529
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CHAPTER 10

MOMENTS OF INERTIA

By definition, the moments of inertia
of a differential area dA about the x and y axes are dI, = y*dA and
dl, = x? dA, respectively, Fig. 10-2. For the entire area A the moments of
inertia are determined by integration;i.e.,

GZ/ysz
A
2
IyZ/x dA
A

(10-1)

We can also formulate this quantity for dA about the “pole” O or z axis,
Fig. 10-2. This is referred to as the polar moment of inertia. It is defined
as dJ, = r?dA, where r is the perpendicular distance from the pole
(z axis) to the element dA. For the entire area the polar moment of inertia is

JOZ/r2 dA=1 +1 (10-2)
A

x  This relation between J, and I,, I, is possible since r?=x*+ )y

Fig. 10-2.

From the above formulations it is seen that I, I;, and J, will always
be positive since they involve the product of distance squared and
area. Furthermore, the units involve length raised to the fourth power,

e.g., m*, mm*,

10.2 PARALLEL-AXIS THEOREM FOR
AN AREA

If the moment of inertia is known about an axis passing through the
centroid of an area, then the parallel-axis theorem can be used to find
the moment of inertia of the area about any axis that is parallel to the
centroidal axis. To develop this theorem, consider finding the moment
of inertia of the shaded area shown in Fig. 10-3 about the x axis. If we
choose a differential element dA located at an arbitrary distance y’
from the centroidal x' axis, then the distance between the parallel x

x' and x' axis is d,, and so the moment of inertia of dA about the x axis is
dl, = (y' + dy)2 dA. For the entire area,

I = /(y’ —I-dy)2 dA
A

y
A
R |
| d4a
/ y
0
Fig. 10-2
y y
d,

d)’

16}

Fig. 10-3

X
=/y'2dA+2dy/y'dA+d§/dA
A A A
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The first integral represents the moment of inertia of the area about the
centroidal axis, I,.. The second integral is zero since the x’ axis passes
through the area’s centroid C;i.e., fy’ dA = y’fdA = 0O since y' = 0.
Since the third integral represents the area A, the final result is therefore

‘ I, =1, + Ad? (10-3)
A similar expression can be written for /; i.e.,
I, =1, + Ad? (10-4)

And finally, for the polar moment of inertia, since Jc = I + I,
and d’> = d? + di, we have

Jo =1Tc + Ad? (10-5)

The form of each of these three equations states that the moment of
inertia for an area about an axis is equal to its moment of inertia about
a parallel axis passing through the area’s centroid plus the product of the
area and the square of the perpendicular distance between the axes.

10.3 RADIUS OF GYRATION OF AN
AREA

The radius of gyration of an area about an axis has units of length and
is a quantity that is often used for the design of columns in structural
mechanics. Provided the areas and moments of inertia are known, the
radii of gyration are determined from the formulas

ook

*NA
]}’

k, = n (10-6)
Jo

kp = \|=2

0 A

The form of these equations is easily remembered since it is similar to
that for finding the moment of inertia for a differential area about an
axis. For example, I, = k2A; whereas for a differential area, dI, = y* dA.

In order to predict the strength and
deflection of this beam, it is necessary to
calculate the moment of inertia of the
beam’s cross-sectional area.
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(a)

(b)
Fig. 104

The moment of inertia is a geometric property of an area that
is used to determine the strength of a structural member or the
location of a resultant pressure force acting on a plate
submerged in a fluid. It is sometimes referred to as the second
moment of the area about an axis, because the distance from
the axis to each area element is squared.

If the moment of inertia of an area is known about its centroidal
axis, then the moment of inertia about a corresponding parallel
axis can be determined using the parallel-axis theorem.

- PROCEDURE FOR ANALYSIS

In most cases the moment of inertia can be determined using a
single integration. The following procedure shows two ways in
which this can be done.

e If the curve defining the boundary of the area is expressed as
y = f(x), then select a rectangular differential element such
that it has a finite length and differential width.

e The element should be located so that it intersects the curve at
the arbitrary point (x, y).

Case 1.

e Orient the element so that its length is parallel to the axis about
which the moment of inertia is calculated. This situation occurs
when the rectangular element shown in Fig. 104a is used to
determine /, for the area. Here the entire element is at a distance y
from the x axis since it has a thickness dy. Thus [, = f ysz. To
find /,,, the element is oriented as shown in Fig. 10-4b. This element
lies at the same distance x from the y axis so that I, = [xPdA.

Case 2.

e The length of the element can be oriented perpendicular to the
axis about which the moment of inertia is calculated; however,
Eq. 10-1 does not apply since all points on the element will not
lie at the same moment-arm distance from the axis. For example,
if the rectangular element in Fig. 10-4a is used to determine /,,, it
will first be necessary to calculate the moment of inertia of the
element about an axis parallel to the y axis that passes through
the element’s centroid, and then determine the moment of inertia
of the element about the y axis using the parallel-axis theorem.
Integration of this result will yield /,. See Examples 10.2 and 10.3.




10.3 RADIUS OF GYRATION OF AN AREA

EXAMPLE 10.1

Determine the moment of inertia for the area shown in Fig. 10-5 with
respect to (a) the centroidal x' axis, (b) the axis x; passing through
the base of the rectangle, and (c) the pole or z' axis perpendicular to
the x'—y’ plane and passing through the centroid C.

SOLUTION (CASE 1)

Part (a). The horizontal element shown in Fig. 10-5 is chosen for
integration. Because of its location and orientation, the entire element
is at a distance y' from the x’ axis. Here it is necessary to integrate
fromy’ = —h/2toy’ = h/2.Since dA = b dy’, then

/2

/2
L = /y’2 dA = / yAbdy') = b/ y?dy’
A —h/2 —h)2

1
Ebh3 Ans.

L

Part (b). The moment of inertia about an axis passing through the
base of the rectangle can be obtained by using the above result and
applying the parallel-axis theorem, Eq. 10-3.

I, =1, + Ad,
= Loy bh<h)2 — Lo Ans
12 2 3 "

Part (c). To obtain the polar moment of inertia about point C,
we must first obtain /,,, which is simply found by interchanging the
dimensions b and /4 in the result of part (a), i.e.,

I,

_1 3
y = 17hb

Using Eq. 10-2, the polar moment of inertia about C is therefore

_ 1
g B by F lhy = Ebh(h2 + b?) Ans.

(SIS

SIS

<—\<‘a‘ ‘47%

533
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Fig.10-5
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EXAMPLE 10.2

0 mm

e 100 mm ———

(a)

200 mm

y [E—
y? = 400x
| |
w_ Y
y J_7
—x ﬂ‘ ‘<— dx
100 mm
(b)
Fig. 10-6

Refer to the companion website for a self quiz of these

Example problems.

Determine the moment of inertia for the shaded area shown in
Fig. 10-6a about the x axis.

SOLUTION I (CASE 1)

A differential element that is parallel to the x axis, Fig. 10-6a, is chosen
for integration. It intersects the curve at the arbitrary point (x, y).
Since this element has a thickness dy, its area is dA = (100 — x) dy.
Furthermore, the element lies at the same distance y from the x axis.
Hence, integrating with respect to y, from y = 0 to y = 200 mm, we
have

200 mm
Ix=/y2 dA:/ y2(100 — x)dy
A 0

200 mm yz 200 mm y4
= 2100—>d :/ (1002—)d
/0 J ( 400) Y~ J, Y " 400) @

= 107(10°) mm* Ans.

SOLUTION Il (CASE 2)

A differential element parallel to the y axis, as shown in Fig. 10-6b,
is chosen for integration. It intersects the curve at the arbitrary point
(x, y). In this case, all points of the element do not lie at the same
distance from the x axis, and therefore the parallel-axis theorem must
be used to determine the moment of inertia of the element with respect
to this axis. For a rectangle having a base b and height %, the moment
of inertia about its centroidal axis has been determined in part (a) of
Example 10.1. There it was found that I, = 7;bh>. For the differential
element shown in Fig. 10-6b,b = dxand h = y,andso dl, = fjdx y3.
Since the centroid of the element is y = y/2 from the x axis, the
moment of inertia of the element about this axis is

(This result can also be concluded from part (b) of Example 10.1.)
Integrating with respect to x, from x = 0 to x = 100 mm, yields

100 mm1 lOOmm1
I, = / dl, = / —ydx = / —(400x)*? dx
0 3 0 3

= 107(10°) mm* Ans.



10.3 RADIUS OF GYRATION OF AN AREA

EXAMPLE 10.3

Determine the moment of inertia with respect to the x axis for the
circular area shown in Fig. 10-7a.

y
=X ————x
(=x,y) -
L X,y
dy B
y
0 —
a
B+ =
(a)

SOLUTION I (CASE 1)
Using the differential element shown in Fig. 10-7a, since dA = 2x dy,

we have
L= /y2 dA = /y2(2X)dy
A A
4

= / V2 (2Va2 = y?) dy = T

Ans.
a 4

SOLUTION II (CASE 2)

When the differential element shown in Fig. 10-7b is chosen, the
centroid for the element happens to lie on the x axis, and since
I, = llfzbh3 for a rectangle, we have

_1 3
dl, = 12dx(Zy)

2
= §y3 dx

Integrating with respect to x yields
a 4
2 Ta
Ix = /_(/13(612 - x2)3/2 dx = T
NOTE: By comparison, Solution I requires less calculation. Therefore, if

an integral using a particular element appears difficult to evaluate, try
solving the problem using an element oriented in the other direction.

Ans.
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y
¢ -y
F(xv -y)
dx
(b)
Fig. 10-7
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. FUNDAMENTAL PROBLEMS

I10-1. Determine the moment of inertia of the area about
the x axis.

Im ‘

Prob. F10-1

F10-2. Determine the moment of inertia of the area about
the x axis.

Im

Prob. F10-2

I110-3. Determine the moment of inertia of the area about
the y axis.

Im ‘

Prob. F10-3

F10-4. Determine the moment of inertia of the area about
the y axis.

Im

Prob. F10-4
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10-1. Determine the moment of inertia of the triangular
area about the x axis.

10-2. Determine the moment of inertia of the triangular
area about the y axis.

y=fk (b=

R

Probs. 10-1/2

10-3. Determine the moment of inertia about the x axis.

*10-4. Determine the moment of inertia about the y axis.

‘ |

Probs. 10-3/4

10-5. Determine the moment of inertia for the shaded
area about the x axis.

10-6. Determine the moment of inertia for the shaded
area about the y axis.

2 m l

Probs. 10-5/6

10-7. Determine the moment of inertia of the area about
the x axis.

*10-8. Determine the moment of inertia of the area about
the y axis.

80 mm — L 400 - 2
Y=s3

20 mm

Probs. 10-7/8
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10-9. Determine the radius of gyration k, of the 10-13. Determine the moment of inertia about the x axis.

arabolic area. . . . .
p 10-14. Determine the moment of inertia about the y axis.

2+ 4yt =4
y = 0.1(1600 — x2) ’ T

160 mm 1m
\ X
2m |
X
40 mm Probs. 10-13/14
Prob. 10-9
10-15. D i h f i ia for the sh
10-10. Determine the moment of inertia of the area about 0-15 etermmg the moment of inertia for the shaded
. area about the x axis.
the x axis.
y
y
2_ h?
y = b X
T y=1-x
1
Im
X I o
b 1m
Prob. 10-10 L
e 1 m-—~
10-11. Determine the moment of inertia for the shaded
Prob. 10-15

area about the x axis.

*10-12. Determine the moment of inertia for the shaded

area about the y axis. *10-16. Determine the moment of inertia for the shaded

y area about the y axis.

yv=1-x

—_

55
=

— <
Il
Oo‘»—\
kb)

s

lf—1m —

Probs. 10-11/12 Prob. 10-16



10-17. Determine the moment of inertia for the shaded
area about the x axis.

10-18. Determine the moment of inertia for the shaded
area about the y axis.

X

2m———

Probs. 10-17/18

10-19. Determine the moment of inertia of the quarter
circular area about the x axis.

X

Prob. 10-19

*10-20. Determine the moment of inertia for the area
about the y axis.

Prob. 10-20

PROBLEMS 539

10-21. Determine the moment of inertia of the equilateral
triangle about the x’ axis passing through its centroid.

a

Prob. 10-21

10-22. Determine the moment of inertia of the area about
the x axis.

10-23. Determine the moment of inertia of the area about
the y axis.

T y:2xfx2

Probs. 10-22/23

*10-24. Determine the moment of inertia for the area
about the x axis.

y
2 _ b
y=u
b b
_b 2
y ) X
x
a l
Prob. 10-24
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To design this T-beam, it is necessary to locate
the centroidal axis of its cross-sectional area,
and then find the moment of inertia of this
area about the axis.

Refer to the companion website for Lecture
Summary and Quiz videos.

10.4 MOMENTS OF INERTIA FOR
COMPOSITE AREAS

The moment of inertia for a composite area that consists of a series of
connected “simpler” parts or shapes can be determined about any axis
provided the moment of inertia of each of its parts is known or can be
determined about the axis. The following procedure outlines a method
for doing this.

- PROCEDURE FOR ANALYSIS

Composite Parts.

e Using a sketch, divide the area into its composite parts and
indicate the perpendicular distance from the centroid of each
part to the axis.

Parallel-Axis Theorem.

e If the centroidal axis for each part does not coincide with the
reference axis, the parallel-axis theorem, / = [ + Ad? must be
used to determine the moment of inertia of the part about the
axis. For the calculation of 7, use the table on the inside back
cover.

Summation.

e The moment of inertia of the entire area about the axis is
determined by summing the results of its composite parts
about this axis.

e If a composite part has an empty region or hole, its moment
of inertia is found by subtracting the moment of inertia of the
hole from the moment of inertia of the entire part including
the hole.




10.4 MOMENTS OF INERTIA FOR COMPOSITE AREAS

EXAMPLE 10.4

Determine the moment of inertia of the area shown in Fig. 10-8a
about the x axis.

% 100 mm %‘ ‘%100 mm*-<

25 mm 7j mm 75 jnm 25 mm
=<\ || 4, |
T |
75 mm 75 mm
X l x
(a) (b)
Fig. 10-8
SOLUTION

Composite Parts. The area can be obtained by subtracting the
circle from the rectangle shown in Fig. 10-8b. The centroid of each
area is located in the figure.

Parallel-Axis Theorem. The moments of inertia about the x axis are
determined using the parallel-axis theorem and the moment of inertia
formulae for circular and rectangular areas I, = mr* and I, = £bh°,
found on the inside back cover.

Circle
I, =1, + Ad>
1
= Zw(zs)“ + w(25)%(75)* = 11.4(10%) mm*
Rectangle
I, =1, + Ad>

%(100)(150)3 + (100)(150)(75)* = 112.5(10°) mm*

Summation. The moment of inertia for the area is therefore
I, = —11.4(10%) + 112.5(10°)
= 101(10°) mm* Ans.

541




542 CHAPTER 10 MOMENTS OF INERTIA

EXAMPLE 10.5

Determine the moments of inertia for the cross-sectional area of the
member shown in Fig. 10-9a about the x and y centroidal axes.

SOLUTION

Composite Parts. The cross section can be subdivided into the
three rectangular areas A, B, and D shown in Fig. 10-9b. For the
calculation, the centroid of each of these rectangles is located in

the figure.
— 100 mm Parallel-Axis Theorem. From the table on the inside back cover, or
600 mm ——| Example 10.1, the moment of inertia of a rectangle about its centroidal
(a) axisis/ = 11—2 bh? Hence,using the parallel-axis theorem for rectangles A

and D, the calculations are as follows:

Rectangles A and D

y
100 mm_| %
200 mm| 1
1]a I, =1, + Ad; = 5(100)(300)3 + (100)(300)(200)>
300 mm| e +——
250 mm = 1.425(10°) mm*
B—— x 1
T I, = I, + Ad% = —(300)(100)* + (100)(300)(250)
250 mm’ /-t Lo | 300 mm }290(109) 4
200mm | D] | - mm
H‘ F—lOO mm
Rectangle B
(b)
. 1
Fig. 10-9 I, = 5(600)(100)3 = 0.05(10%) mm*

I, = %(100)(600)3 = 1.80(10°) mm*

Summation. The moments of inertia for the entire cross section
are thus

I, = 2[1.425(10%)] + 0.05(10%)

= 2.90(10°) mm* Ans.
1, = 2[1.90(10%)] + 1.80(107)

Refer to the companion website for a self quiz of these

Example problems. =5 60( 109) mm4 Ans.
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o

F10-5. Determine the moment of inertia of the cross-
sectional area of the beam about the centroidal x and y axes.

200 mm

50 mmT

200 mm

150 mm ( 150 mm
50 mm

Prob. F10-5

['10-6. Determine the moment of inertia of the cross-
sectional area of the beam about the centroidal x and y axes.

—— [ 30 mm
2OOIIn 7 % X

7

— 71 30 mm

—

300 mm

30 mm 30 mm

Prob. F10-6

F10-7. Determine the moment of inertia of the
cross-sectional area of the channel with respect to the y axis.

y
Ny =/ \\\
50 mm Z:,E::—,
\‘/
50 mm | H /
300 mm } é *
| A /
50 mm =——|——

LZOO mmJ

Prob. F10-7

['10-8. Determine the moment of inertia of the cross-
sectional area of the T-beam with respect to the x' axis
passing through the centroid of the cross section.

150

30 mm|

Lwo mm#

Prob. F10-8
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. PROBLEMS

10-25. Determine the moment of inertia of the composite
area about the x axis.

10-26. Determine the moment of inertia of the composite
area about the y axis.

‘ 150 mm | 150 mm

100 mm

100 mm

|
300 mm % 75 mm

Probs. 10-25/26

10-27. The polar moment of inertia for the area is
Jc = 642 (10°) mm®*, about the z' axis passing through
the centroid C. The moment of inertia about the y’ axis is
264 (10%) mm*, and the moment of inertia about the x axis is
938 (10°) mm*. Determine the area A.

200 mm

Prob. 10-27

*10-28. Determine the location y of the centroid of
the channel’s cross-sectional area and then calculate the
moment of inertia of the area about this axis.

50 mm 50 mm

250 mm

50 mm

350 mm
Prob. 10-28
10-29. Determine y, which locates the centroidal axis x’

for the cross-sectional area of the T-beam, and then find the
moments of inertia /- and /...

A a—

20 mm

Prob. 10-29



10-30. Determine the moment of inertia /, of the area
about the x axis.

10-31. Determine the moment of inertia I of the area
about the y axis.

y
<100 mm»‘«lOO mm»"— 150 mm —
150 mm
150 ]1; 75 mm
1 .
o

Probs. 10-30/31

*10-32. Determine the moment of inertia of the beam’s
cross-sectional area about the x axis.

10-33. Determine the moment of inertia of the beam’s
cross-sectional area about the y axis.

Probs. 10-32/33

PROBLEMS 545

10-34. Determine the moment of inertia about the x axis.

10-35. Determine the moment of inertia about the y axis.

20 mm

ZOI%T
T

Probs. 10-34/35

*10-36. Determine the moment of inertia of the cross-
sectional area of the beam about the y axis.

10-37. Determine y, which locates the centroidal axis x’
for the cross-sectional area of the T-beam, and then find the
moment of inertia about the x’ axis.

50 mm\

250

25
mm 25 mm

Probs. 10-36/37
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10-38. Determine the distance X to the centroid for the
beam’s cross-sectional area, then find 7.

10-39. Determine the moment of inertia of the beam’s
cross-sectional area about the x axis.

Probs. 10-38/39

*#10-40. Determine the distance y to the centroid for the
beam’s cross-sectional area; then determine the moment of
inertia about the x' axis.

10-41. Determine the moment of inertia of the beam’s
cross-sectional area about the y axis.

Probs. 10-40/41

10-42. Determine the moment of inertia of the
parallelogram about the x' axis, which passes through the
centroid C of the area.

10-43. Determine the moment of inertia of the
parallelogram about the y' axis, which passes through the
centroid C of the area.

b |

—_

Probs. 10-42/43

*10-44. Determine the moment of inertia of the beam’s
cross-sectional area about the x axis.

10-45. Determine the moment of inertia of the beam’s
cross-sectional area about the y axis.

10-46. Determine the distance y to the centroid C of the
beam’sicross-sectional area and then find the moment of
inertia /- about the x’ axis.

10-47. Determine the distance x to the centroid C of the
beam’sicross-sectional area and then find the moment of
inertia /- about the y’ axis.

30 mm

140 mm

30 mm

30 mm 170 mm \‘\
X

Probs. 10-44/45/46/47



*10-48. Locate the centroid y of the cross section and
determine the moment of inertia of the section about the
x' axis.

m- I |
0.2m 0.2 m

Prob. 10-48

10-49. Determine the moment of inertia of the shaded
area about the y axis.

e

r

N

Prob. 1049

10-50. Determine the polar moment of inertia of the
shaft’s cross-sectional area about the center O.

Prob. 10-50

PROBLEMS 547

10-51. Determine the distance X to the centroid of the
beam’s cross-sectional area, then find the moment of inertia
about the y’ axis.

*10-52. Determine the moment of inertia of the beam’s
cross-sectional area about the x' axis.

40 mm

40 mm

xl
40 mm
40 mm

X

120 mm

Probs. 10-51/52

10-53. Determine the moment of inertia for the beam’s
cross-sectional area about the x' axis that passes through
the centroid C of the cross section.

Prob. 10-53
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Fig. 10-10

S W
5

ALY S

The effectiveness of this beam to resist
bending can be determined once its
moments of inertia and its product of
inertia are known.

*10.5 PRODUCT OF INERTIA FOR AN
AREA

It will be shown in the next section that the property of an area, called
the product of inertia, is required in order to determine the maximum
and minimum moments of inertia for the area. These maximum and
minimum values are important since they are needed for designing
structural and mechanical members such as beams, columns, and shafts.

The product of inertia of the area in Fig. 10-10 with respect to the x
and y axes is defined as

gy S /Axy dA (10-7)

Example 10.6 shows how we can evaluate this integral using a single
integration by choosing an element dA having a differential size or
thickness in only one direction.

Like the moment of inertia, the product of inertia has units of length
raised to the fourth power, e.g., m*, mm*. However, since x or y may be
negative, the product of inertia may either be positive, negative, or zero,
depending on the location and orientation of the coordinate axes. For
example, the product of inertia I, for an area will be zero if either the
x or y axis is an axis of symmetry for the area, as in Fig. 10-11. Here
every element dA located at point (x, y) has a corresponding element dA
located at (x, —y). Since the products of inertia for these elements
are, respectively, xy dA and —xy dA, the algebraic sum or integration
of all the elements that are chosen in this way will cancel each other.
Consequently, the product of inertia for the total area becomes zero.
It also follows from the definition of I,, that the “sign” of this quantity
depends on the quadrant where the area is located. As shown in Fig. 10-12,
if the area is rotated from one quadrant to another, the sign of I, will
change.

<
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— X —t— x —]

Fig. 10-12

Consider the shaded area shown in
Fig. 10-13, where x’ and y’ represent a set of axes passing through the
centroid of the area, and x and y represent a corresponding set of parallel
axes. Since the product of inertia of dA with respect to the x and y axes is
dl,, = (x" +d,) (y' + d,) dA,then for the entire area,

I, = /A(x’ +d)y +dy)dA
= /x’y’dA+dx/y’dAery/x’dAerxdy/dA
A A A A

The first term on the right represents the product of inertia for the
area with respect to the centroidal axes, I,-,.. The integrals in the second
and third terms are zero since the moments of the area are taken about
the centroidal axis. Realizing that the fourth integral represents the
entire area A, the parallel-axis theorem for the product of inertia then

becomes

Ly =1, + Add, (10-8)

It is important that the algebraic signs for d, and d, be maintained
when applying this equation.

<
<

’

o
=,

Fig. 10-13
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EXAMPLE 10.6

W=

(a)

b
(b)
y
h
y=px
~x Gy
(x,y) [ )
F— (b —x) —
b

(c)
Fig. 10-14

Determine the product of inertia Yx,yf for the triangle shown in
Fig. 10-14a about axes passing through its centroid C.

SOLUTION |

The differential element in Fig. 10-14b has a thickness dx, and so its
area is dA = y dx.The product of inertia of this element with respect
to the x and y axes is determined using the parallel-axis theorem.

dl,, = dl,, + dAXy
where X and y locate the centroid of the element or the origin of the
x', y" axes. (See Fig. 10-13.) Since dI,,, = 0, due to symmetry, and
X =x,y = y/2,then

_ Y\ _(h h N_ R s
dl,, =0 + (y dx)x(z) = <bx dx)x<2bx> = 2b2x dx

Integrating with respect to x from x = 0 to x = b yields

h2 b b2h2
Ixy = ﬁ x3 dx = T Ans.
0

SOLUTION II
The differential element in Fig. 10-14c has a thickness dy,
and so its area is dA = (b — x) dy. The centroid is located at

pointXx = x + (b — x)/2 = (b + x)/2,y = y.The product of inertia
of the element is then

- — b+ x
dl,, = dl,, + dAXYy =0+(b—x)dy< > )y

oW e )

Integrating with respect toy fromy = Oto y = h yields

1 [ b2 b2K>
I, == b2—2>d =
x 2/0y< 2 ) dy =3

Therefore,
Iy S fx,y, + Adxdy
o =t (32) (5))
_— = —+ = _ —
8 Ley 2 bh 3 3
- b2h?
Ly = 7 Ans.
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EXAMPLE 10.7

Determine the product of inertia for the cross-sectional area of the
member shown in Fig. 10-154a, about the x and y centroidal axes.

y
100 mm | %
200 mm
T la
300 mm| e +—— 250 mm
4
B—— X

| T

250 mm' /—* Lo | 300 mm
200 mm | D L

600 rnrj jmo " H‘ %100 e

(a) (b)
Fig. 10-15
SOLUTION

As in Example 10.5, the cross section can be subdivided into three
composite rectangular areas A, B, and D, Fig. 10-15b. The coordinates
for the centroid of each of these rectangles are shown in the figure.
Due to symmetry, the product of inertia of each rectangle is zero about
a set of x’, y’ axes that passes through the centroid of each rectangle.
Applying the parallel-axis theorem, we have

Rectangle A
I,

Loy + Ad,d,
0 + (300)(100)(—250)(200) = —1.50(10°) mm*
Rectangle B
L, =L, + Add,
=0+0=0
Rectangle D
L, = I, + Add,
= 0 + (300)(100)(250)(—200) = —1.50(10°) mm*
The product of inertia for the entire cross section is therefore
I, = —1.50(10°) + 0 — 1.50(10°) = —3.00(10°) mm*  Ans.

NoTE: This negative result occurred because rectangles A and D have
centroids located with negative x and negative y coordinates, respectively.

551
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*10.6 MOMENTS OF INERTIA FOR AN
AREA ABOUT INCLINED AXES

In structural and mechanical design, it is sometimes necessary to calculate
the moments and product of inertia /,, I, and [, for an area with respect
to a set of inclined u and v axes when the values for 6, I, I, and I,, are
known, Fig. 10-16. To do this we will use transformation equations which
relate the x, y and u, v coordinates. From the figure, these equations are

u=xcosf + ysiné

v =ycosf — xsinf

Therefore, the moments and product of inertia of dA about the u and v
axes become

dl, = v* dA = (y cos 6 — x sin 0) dA
dl, = u*dA = (xcos§ + ysin )’ dA
dl, = uvdA = (x cos 0 + ysin0)(y cos 0 — x sin ) dA

Fig. 10-16

Expanding each expression and integrating, realizing that 7, = f y2dA,
I, = J[x*dA, and L, = [ xy dA, we obtain

1, = I, cos* 0 + I,sin* § — 2I,,sin 6 cos §
I, = I,sin’ 60 + I, cos’ 0 + 21,y sin 6 cos 0

I, = I, sinfcos6 — I,sin 6 cos 6 + Ixy(cos2 6 — sin’ 0)

Using the trigonometric identities sin26 = 2sinfcosé and
cos 20 = cos’f — sin”, we can simplify these expressions, in which case

L+, I —1I

1, > F > Y cos 20 — I, sin 20
1.+ 1 1. — 1
I, = "2 Y "2 >c0s 20 + I, sin 20 (10-9)

L -1

I, sin 20 + I, cos 26

If the first and second equations are added together, we can show
that the polar moment of inertia about the z axis passing through
point O is, as expected, independent of the orientation of the u and v
axes;i.e.,

Jo=1,+ 1, =1 +1I,



10.6 MOMENTS OF INERTIA FOR AN AREA ABOUT INCLINED AXES

Equations 10-9 indicate that /,,,
I,, and I, depend on the angle of inclination, 6, of the u, v axes, and here
it is important to determine the orientation of these axes about which
the moments of inertia for the area are maximum and minimum. This
particular set of axes is called the principal axes and the corresponding
moments of inertia with respect to these axes are called the principal
moments of inertia. In general, there is a set of principal axes for every
location of point O; however, for structural and mechanical design, this
point is to be located at the centroid of the area.
The angle which defines the orientation of the principal axes can be
found by differentiating the first of Eqs. 10-9 with respect to 6 and setting
the result equal to zero.

dlu _ _Z(Ix - Iy

20 > > sin 20 — 2[,, cos 20 = 0

Therefore, at 6 = 6,

~I,,
tan20, = ——— 10-10
an 2 =0 —1)/2 (10-10)

The two roots 6, and 6,, are 90" apart, and so they each specify the
inclination of one of the principal axes. We can find the sine and cosine of
26, and 26, using the ratios from the triangles shown in Fig. 10-17 which
are based on Eq. 10-10. Substituting each ratio into the first or second of
Eqgs. 10-9 and simplifying, we obtain

y i \/(Ix - Iy>2 + ]2
min 2 2 Y (10_11)

Depending on the sign chosen, this result gives the maximum or minimum
moment of inertia for the area. Furthermore, if the trigonometric ratios
are substituted into the third of Egs. 10-9, it can be shown that 7,, = 0;
that is, the product of inertia with respect to the principal axes is zero.
Since this is the case for any symmetrical axis, it therefore follows that
any symmetrical axis represents a principal axis of inertia for the area.

553

Fig. 10-17
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EXAMPLE 10.8

(b)
Fig. 10-18

Determine the principal moments of inertia and the orientation of the
principal axes of inertia for the cross-sectional area of the member
shown in Fig. 10-18a with respect to an axis passing through the centroid.

SOLUTION

The moments and product of inertia of the cross section with respect
to the x, y axes have been determined in Examples 10.5 and 10.7. The
results are

I, = 2.90(10°) mm* I, = 5.60(10°) mm* I,, = —3.00(10°) mm*

Using Eq. 10-10, the angles of inclination of the principal axes u
and v, Fig. 10-18b, are

n2g, = — 2 _ 000 = 22
P, = L)/2 0 [2.90(10%) — 5.60(10%)]/2
20, = —65.8°and 114.2°
Thus,
0, = —32.9° and 0, = 57.1° Ans.

The principal moments of inertia with respect to these axes are
determined from Eq. 10-11. Hence,

I+ 1, L-LN\
Tngx = — i«_z )”xy

2.90(10%) + 5.60(10%)

2
2.90(10%) — 5.60(10%) 12
+ \/ { (109 > ( )] + [—3.00(10%)]?
Imax = 4.25(10%) £3.29(10°)
or
Lax = 7.54(10°) mm*  I;, = 0.960(10°) mm* Ans.

The maximum moment of inertia, I,,,, = 7.54(10%) mm*, occurs with
respect to the u axis since by inspection most of the cross-sectional
area is farthest away from this axis. Also, we can show this by
substituting the data with 6 = 57.1° into the first of Eqgs. 10-9 and

solving for /,, which will give I,,.
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*¥10.7 MOHR’S CIRCLE FOR MOMENTS
OF INERTIA

Equations 10-9 to 10-11 have a graphical solution that is convenient
to use and generally easy to remember. Squaring the first and third of
Egs. 10-9 and adding, it is found that

Ix+1y2 Ix—lyz
(Iu - T) +I,%v: <T> + Ify

Here I, I, and I, are known constants. Thus, the above equation may be
written in compact form as

2 2 _ p2
u uv
(I, —a? + 12, =R

When this equation is plotted on a set of axes that represent the respective
moment of inertia and the product of inertia, as shown in Fig. 10-19, the
resulting graph represents a circle of radius

L— 1L\
R = ) TR

and having its center located at point (a, 0), where a = (I, + 1,,)/2. The
circle so constructed is called Mohr’s circle, named after the German
engineer Otto Mohr (1835-1918).

RCLE FOR MOMENTS OF INERTIA

y
v
2
I, -1, 5
L, k= ( 2 )”"y
2N Axis for minor principal
P P I —
moment of inertia, /,;, *
A
20,
1 I,
! 1

u I, +1,
Axis for major principal 2
moment of inertia, /,,, I ax
(a) (b)

Fig. 10-19
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d v - PROCEDURE FOR ANALYSIS

The main purpose in using Mohr’s circle here is to have a
2N Axis for minor principal convenient means for finding the principal moments of inertia for
moment of inertia, I, an area. The following procedure provides a method for doing this.

Determine Iy, 1, and L.
¢ Establish the x, y axes and determine /,, /,, and I,,, Fig. 10-19a.

p x Construct the Circle.
/ jepl

e Construct a rectangular coordinate system such that the
horizontal axis represents the moment of inertia /, and the

u vertical axis represents the product of inertia /.y, Fig. 10-19b.
Axis for major principal

moment of inertia, / . . . .
max e Determine the center of the circle, O, which is located at a

(a) distance (I, + I,)/2 from the origin, and plot the reference
point A having coordinates (I, I,,). Remember, I, is always

/( I, )2 . positive, whereas I, can be either positive or negative.
/

Xy

e Connect the reference point A with the center of the circle
I, — and determine the distance OA by trigonometry. This distance
A represents the radius of the circle, Fig. 10-19b. Finally, draw the

- T circle.

Principal Moments of Inertia.

e The points where the circle intersects the / axis give the values
of the principal moments of inertia /,;, and /,,,,. Notice that,
as expected, the product of inertia will be zero at these points,

L+, Fig. 10-19b.

Principal Axes.

e To find the orientation of the major principal axis, use

(b) trigonometry to find the angle 26, measured from the radius OA
Fig. 10-19 (Repeated) to the positive I axis, Fig. 10-19b. This angle represents twice
the angle from the x axis to the axis of maximum moment of
inertia Iy, Fig. 10-19a. Both the angle on the circle, 26, , and
the angle 6, must be measured in the same sense, as shown
in Fig. 10-19. The axis for minimum moment of inertia [, is
perpendicular to the axis for /.

Using trigonometry, the above procedure can be verified to be in
accordance with the equations developed in Sec. 10.6.
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EXAMPLE 10.9

Using Mohr'’s circle, determine the principal moments of inertia and the
orientation of the major principal axes of inertia for the cross-sectional
area of the member shown in Fig. 10-20a, with respect to an axis passing

through the centroid.
y e (10%) mm*
100 mmg»‘ F
425 —1 35
400 mm < 2.90 —
9 ? 1(10%) mm*
F B
Ce—
f - / ~3.00
100 mm l
| A (2.90, —3.00)
a‘ 100 mm
[~—— 600 mm ———
(b)
(a)
SOLUTION Ixy (109) mm4
Determine /,, I, I, The moments and product of inertia have ~ Inax = 154 —

been determined in Examples 10.5 and 10.7 with respect to the = Ly = 0.960
x, y axes shown in Fig. 10-20a. The results are 7, = 2.90(10%) mm®*,
I, = 5.60(10°) mm*, and I, = —3.00(10°) mm*.

Construct the Circle. The 7 and I,, axes are shown in Fig. 10-20b.
The center of the circle, O, lies at a distance (I, + I,)/2 =
(2.90 +5.60)/2 = 425 from the origin. When the reference
point A(/,, I,,) or A(2.90,—3.00) is connected to point O, the radius OA
is determined from the triangle OBA using the Pythagorean theorem. A (2.90,-3.00)

0A = V(1.35)2 + (=3.00)> = 3.29 ©
The circle is constructed in Fig. 10-20c.

1(10°) mm*

Principal Moments of Inertia. The circle intersects the [ axis at
points (754, 0) and (0.960, 0). Hence,

Lnax = (425 + 3.29)10° = 7.54(10°) mm* Ans.
Lnin = (425 — 3.29)10° = 0.960(10”) mm* Ans. v
Principal Axes. Asshownin Fig.10-20c, the angle 26,, is determined

from the circle by measuring counterclockwise from OA to the
positive I axis. Hence, | |
. [ |BA . 4 3.00
26, = 180° — sin 1<W> = 180° — sin 1(@) = 114.2°
The principal axis for I,,,, = 7.54(10°) mm* is therefore oriented at
an angle 0, = 57.1°, measured counterclockwise, from the positive
x axis to the positive u axis. The v axis is perpendicular to this axis. The

(d)
results are shown in Fig. 10-20d. Fig. 10-20
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. PROBLEMS

10-54. Determine the product of inertia of the shaded
area with respect to the x and y axes.

y

h
,% e
X
b |
|
Prob. 10-54

10-55. Determine the product of inertia for the parabola
with respect to the x and y axes.

y
<100 mm—|
>+
200 mm
1
Y750
x
Prob. 10-55

*10-56. Determine the product of inertia of the thin strip
of area with respect to the x and y axes. The strip is oriented
at an angle 6 from the x axis. Assume that r << /.

y
\>/r&
/
<\ )

Prob. 10-56

10-57. Determine the product of inertia for the parabolic
area with respect to the x and y axes.

Y b
=L a2
Y= n

Prob. 10-57

10-58. Determine the product of inertia of the area with
respect to the x and y axes.

y

Prob. 10-58

10-59. Determine the product of inertia of the area with
respect to the x and y axes, and then use the parallel-axis
theorem to find the product of inertia of the area with
respect to the centroidal x’ and y’ axes.

’

y y
=
y=x

2m ,
X

\ C
X

4m
Prob. 10-59
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*10-60. Determine the product of inertia of the 10-63. Locate the centroid (X,y) of the beam’s cross-
parallelogram with respect to the x and y axes.

sectional area, and then determine the product of inertia of
this area with respect to the centroidal x" and y” axes.
y

Prob. 10-60

10-61. Determine the product of inertia of the shaded 300
area with respect to the x and y axes.

Prob. 10-63

*10-64. Determine the product of inertia for the beam’s
cross-sectional area with respect to the u and v axes.
Prob. 10-61

10-62. Determine the product of inertia of the shaded

area with respect to the x and y axes. Use Simpson’s rule to
evaluate the integral.

im

Prob. 10-62

Prob. 10-64
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10-65. Determine the product of inertia of the cross-
sectional area of the member with respect to the x and y axes.

100 mm-|

k100 mm- |20 mm

Prob. 10-65

10-66. Determine the product of inertia of the beam’s
cross-sectional area with respect to the x and y axes.

300

'

10 mm
100 mm

Prob. 10-66

10-67. Determine the distance y to the centroid of the
area and then calculate the moments of inertia /, and I,
of the channel’s cross-sectional area. The u and v axes have
their origin at the centroid C. For the calculation, assume all
corners to be square.

‘ 150 mm i 150 mm

Prob. 10-67

*10-68. Determine the location (X, y ) to the centroid C of
the angle’s cross-sectional area, and then determine the
product of inertia with respect to the x’ and y’ axes.

150 mm

i 150 mm

i 18 mm

Prob. 10-68



10-69. Locate the position X,y for the centroid C of the
beam’s cross-sectional area, and then determine the product
of inertia with respect to the x" and y’ axes.

10-70. Determine the product of inertia of the beam’s
cross-sectional area with respect to the x and y axes.

}‘—200 mm-——————

Probs. 10-69/70

10-71. Determine the principal moments of the composite
area with respect to a set of principal axes that have
their origin located at the centroid C. Use the equations
developed in Sec. 10.7. I, = —15.84(10°) mm*.

\ 60 rllm

80 mm

T \ 140 mm
60 mm
| ~
|
60 mm ' 60 mm—I

Prob. 10-71

PROBLEMS 561

*10-72. Determine the principal moments of inertia of
the composite area with respect to a set of principal axes
that have their origin located at the centroid C. Use the
equations developed in Sec.10.7.1,, = 15.84(10°) mm*.

10-73. Solve Prob. 10-72 using Mohr’s circle.

140 mm = 80 mm

60 mm

Probs. 10-72/73

10-74. Determine the moments of inertia /,,, I, and the
product of inertia [, for the rectangular area. The « and v
axes pass through the centroid C.

10-75. Solve Prob. 10-74 using Mohr’s circle. Hint: To
solve, find the coordinates of the point P(J,, I,,) on the
circle, measured counterclockwise from the radial line OA.
(See Fig. 10-19.) The point Q({,, —1,,,) is on the opposite
side of the circle.

)

‘ 120 mm l

Probs. 10-74/75
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*#10-76. Determine the orientation of the principal axes
having an origin at point C, and the principal moments of
inertia of the cross section about these axes.

10-77. Solve Prob. 10-76 using Mohr’s circle.

10 mm *‘ ‘k

Probs. 10-76/77

10-78. Determine the moments and product of inertia for
the shaded area with respect to the u and v axes.

10-79. Solve Prob. 10-78 using Mohr’s circle.

6\0 10 mm

X
t 10 mm

120 mm

— 120 mm—

20 mm

Probs. 10-78/79

*10-80. Determine the directions of the principal axes
with origin located at point O and the principal moments of
inertia of the area about these axes.

50 mm
150 mm
° x
150 mm ‘ ‘
‘ 50 mm ‘
Prob. 10-80

10-81. Solve Prob. 10-80 using Mohr’s circle.

10-82. Determine the directions of the principal axes with
origin located at point O, and the principal moments of
inertia for the area about these axes.

10-83. Solve Prob. 10-82 using Mohr’s circle.

100 mm

~—— 60 mm —

Probs. 10-82/83



10.8

10.8 MASS MOMENT OF INERTIA

The mass moment of inertia of a body is a measure of the body’s
resistance to angular acceleration. Since it is used in dynamics to study
rotational motion, methods for its calculation will now be discussed.

Consider the rigid body shown in Fig. 10-21. We define the mass
moment of inertia of the body about the z axis as

1= /rzdm (10-12)

Here r is the perpendicular distance from the axis to the arbitrary
element dm. Since the formulation involves r, the value of I is unique
for each axis about which it is determined. The axis which is generally
chosen, however, passes through the body’s mass center G. Common
units used for its measurement are kg m?.

If the body consists of material having a density p, then dm = p dV,
Fig. 10-22a. Substituting this into Eq. 10-12, the body’s moment of inertia

is then determined using volume elements for integration;i.e.,

I= / r’pdv (10-13)
14

For most applications, p will be a constant, and so this term may be
factored out of the integral, and the integration is then purely a function
of geometry.

I= p/ r2av (10-14)
|4

dm = pdV
(,y,2)

(a)
Fig. 10-22

Mass MOMENT OF INERTIA 563

/ N
{ I A
N ~ _| =
dm
Fig. 10-21
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Z V4

' (x,y)

‘ dz
v

Vs : ﬂ
>
odl |

= B3
S ey x/

|
(®) ©
Fig. 10-22 (cont.)

—t

- PROCEDURE FOR ANALYSIS

If a body is symmetrical with respect to an axis, as in Fig. 10-22, then
its mass moment of inertia about the axis can be determined by using
a single integration. Shell and disk elements are used for this purpose.

Shell Element.

e If a shell element having a height z, radius y, and thickness dy
is chosen for integration, Fig. 10-22b, then its volume is
dV = (2my)(z) dy.

e This element can be used in Eq. 10-13 or 10-14 for determining
the moment of inertia I, since the entire element, due to its
“thinness,” lies at the same perpendicular distance » = y from
the z axis (see Example 10.10 ).

Disk Element.

e [f a disk element having a radius y and a thickness dz is chosen
for integration, Fig. 10-22c, then its volume is dV = (my?) dz.

e In this case the element is finite in the radial direction, and
consequently its points do not all lie at the same radial distance r
from the z axis. As a result, Eqs. 10-13 or 10-14 cannot be
used to determine /,. Instead, to perform the integration using
this element, it is first necessary to determine the moment of
inertia of the element about the z axis and then integrate this
result (see Example 10.11).




10.8 Mass MOMENT OF INERTIA

EXAMPLE 10.10

Determine the mass moment of inertia of the cylinder shown in
Fig. 10-23a about the z axis. The density of the material is p.

(a) (b)
Fig. 10-23

SOLUTION

Shell Element. This problem will be solved using the shell element
in Fig. 10-23b and thus only a single integration is required. The
volume of the element is dV = (2wr)(h) dr, and so its mass is
dm = pdV = pQ2whr dr). Since the entire element lies at the same
distance r from the z axis, the moment of inertia of the element is

dl, = r>dm = p2whr? dr

Integrating over the entire cylinder yields

R
I = / P2 dm = p277h/ P dr = TR
m 0

Since the mass of the cylinder is

R
m = /dm = p27'rh/ rdr = pmhR?
m 0
then

I. = —mR? Ans.
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EXAMPLE 10.11

Determine the mass moment of inertia of the solid in Fig. 10-24a
about the y axis. Take p = 2.5 Mg/m’.

(a) (b)
Fig. 10-24

SOLUTION

Disk Element. The moment of inertia will be determined using a
disk element, as shown in Fig. 10-24b. Here the element intersects the
curve at the arbitrary point (x, y) and has a mass

dm = pdV = p(wx?) dy

Although all points on the element are not located at the same
distance from the y axis, it is still possible to determine the moment
of inertia dI, of the element about the y axis. In the previous example
it was shown that the moment of inertia of a homogeneous cylinder
about its longitudinal axis is I = JmR?, where m and R are the mass
and radius of the cylinder. Since the height of the cylinder is not
involved in this formula, we can also use this result for a disk. Thus,
for the disk element in Fig. 10-24b, we have

1 1
dl, = E(dm)x2 = E[p(wxz) dylx?

10
Substituting x = (?>y2, p = 2.5Mg/m’, and integrating with

respect to y, from y = 0 to y = 0.3 m, yields the moment of inertia
for the entire solid.

1 03m 12500 "™
iy = 5(2.5)77/ x*dy = 8—177/ y8dy = 1.06(10°) Mg-m? = 1.06 kg-m*> Ans.
0 0
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Fig. 10-25

If the moment of inertia of a body
about an axis passing through the body’s mass center is known, then the
moment of inertia about any other parallel axis can be determined by
using the parallel-axis theorem. To derive this theorem, consider the
body shown in Fig. 10-25. The z' axis passes through the mass center G,
whereas the corresponding parallel z axis lies a distance d away. Selecting
the differential element of mass dm, which is located at point (x’, y'),
and using the Pythagorean theorem, r> = (d + x')> + y'2, the moment
of inertia of the body about the z axis is

I=/r2dm=/[(d+x’)2+y'z]dm

= /(x’2+y’2)dm+2d/x’dm+d2/dm

Since r'> = x'? + y'?, the first integral represents I;. The second integral
is equal to zero, since the z' axis passes through the body’s mass center,
ie., [x' dm =% [dm = 0since ¥ = 0. Finally, the third integral is the
total mass m of the body. Therefore, the moment of inertia about the
z axis becomes

I =15+ md? (10-15)

where

I; = moment of inertia about the z’ axis passing through the mass

center G

m = mass of the body

=y
|

= distance between the parallel axes

567
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Radius of Gyration. Occasionally, the moment of inertia of a
body about a specified axis is reported in handbooks using the radius
of gyration, k. This value has units of length, and when it and the body’s
mass m are known, the moment of inertia can be determined from the
equation

I=mk* or k= % (10-16)

Note the similarity between the definition of k in this formula and r
in the equation dI = r*> dm, which defines the moment of inertia of a
differential element of mass dm of the body about an axis.

Composite Bodies. If a body is constructed from a number of
simple shapes such as disks, spheres, and rods, the moment of inertia of
the body about any axis z can be determined by adding algebraically
the moments of inertia of all the composite shapes calculated about the
same axis. Algebraic addition is necessary since a composite part must be
considered as a negative quantity if it has already been included within
another part-as in the case of a “hole” subtracted from a solid plate. Also,
the parallel-axis theorem is needed for the calculations if the center of
mass of each composite part does not lie on the z axis. For calculations, a
table of some simple shapes is given on the inside back cover.

This flywheel, which operates a metal
cutter, has a large moment of inertia about
its center. Once it begins rotating it is
difficult to stop it and therefore a uniform
motion can be effectively transferred to the
cutting blade.
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EXAMPLE 10.12

If the plate shown in Fig. 10-26a has a density of 8000 kg/m? and a
thickness of 10 mm, determine its mass moment of inertia about an
axis perpendicular to the page and passing through point O.

. %0.125 m

(@) (b)
Fig. 10-26

0.125 m

10} Thickness 0.01 m

SOLUTION

The plate consists of two composite parts, the 0.25-m-radius disk
minus a 0.125-m-radius disk, Fig. 10-26b. The moment of inertia
about O can be determined by finding the moment of inertia of each
of these parts about O and then algebraically adding the results. The
calculations are performed by using the parallel-axis theorem.

Disk. From the inside back cover, the moment of inertia of a disk
about an axis perpendicular to the plane of the disk and passing
through G is I = ymr?, and since the mass center is 0.25 m from
point O, we have

my = pgVy = 8000 kg/m? [7(0.25 m)*(0.01 m)] = 15.71 kg
(o)a = smarg + myd®
= 1(15.71 kg)(0.25 m)? + (15.71 kg)(0.25 m)?
= 1473 kg - m?
Hole. For the smaller disk (hole), we have
my, = ppV;, = 8000 kg/m?® [7(0.125 m)?(0.01 m)] = 3.93 kg
o)y = ymurh + myd?
= 1(3.93 kg)(0.125 m)? + (3.93 kg)(0.25 m)?
= 0.276 kg - m?
The moment of inertia of the plate about O is therefore
Io = (Io)a — o
= 1473 kg-m?> — 0.276 kg - m?

= 1.20kg-m? Ans.
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EXAMPLE 10.13

B

5(—2/7

G

0.6 m

AU

= -

- 03m—|—03 m*-i

Fig. 10-27

The pendulum in Fig. 10-27 consists of two thin rods each having a
mass of 5 kg. Determine the pendulum’s mass moment of inertia about
an axis passing through (a) the pin at O, and (b) the mass center G
of the pendulum.

SOLUTION

Part (a). Using the table on the inside back cover, the moment of
inertia of rod OA about an axis perpendicular to the page and passing
through the end point O of the rod is I, = $ml?. Hence,

1 1
(Ioa)o = gmlz = 3 (5kg)(06 m)? = 0.6 kg - m?

This same value can also be determined using I; = $;mi? and the
parallel-axis theorem;i.e.,

1 1
lpie = Eml2 + md? = E(S kg)(0.6 m)> + (5 kg)(0.3 m)?
= 0.6 kg m?
For rod BC we have
1 1
Voo = Emﬂ + md® = - (5kg)(0.6 m)> + (5 kg)(0.6 m)?
= 1.95 kg -m?

The moment of inertia of the pendulum about O is therefore

Ip = 0.6 + 1.95 = 2.55 kg - m? Ans.

Part (b). The mass center G will be located relative to the pin at O.
Assuming this distance to be y, Fig. 10-27 and using the formula for
determining the mass center, we have
Sym  0.3(5) + 0.6(5
y=20m _030) + 060) _ s
>m 3) + (5

The moment of inertia /; may be calculated in the same manner as /),
which requires successive applications of the parallel-axis theorem in
order to transfer the moments of inertia of rods OA and BC to G.
A more direct solution, however, involves applying the parallel-axis
theorem using the result for /, determined above;i.e.,

Iy = I + md? 2.55kg-m? = I; + (10 kg)(0.45 m)?
I; = 0.525kg - m’ Ans.
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PROBLEMS 571

*10-84. The paraboloid is formed by revolving the shaded
area around the x axis. Determine the radius of gyration k, of
the paraboloid. The density of the material is p = 5 Mg/m’.

100 mm

200 mm

Prob. 10-84

10-85. Determine the moment of inertia of the thin ring
about the z axis. The ring has a mass m.

|

R
X

Prob. 10-85

10-86. Determine the moment of inertia of the ellipsoid
with respect to the x axis and express the result in terms
of the mass m of the ellipsoid. The material has a constant
density p.

<

W e
S
+

SN
ol o
Il
—_

p

Prob. 10-86

10-87. Determine the moment of inertia of the
semi-ellipsoid with respect to the x axis and express the
result in terms of the mass m of the semi-ellipsoid. The
material has a constant density p.

x2
)

a

Prob. 10-87

*10-88. The paraboloid is formed by revolving the shaded
area around the x axis. Determine the moment of inertia
about the x axis and express the result in terms of the mass m
of the paraboloid. The material has a constant density p.

y

tl2

y2=ﬁx\
\ |

a

L

h

Prob. 10-88

10-89. Determine the moment of inertia of the
homogeneous triangular prism with respect to the y axis.
Express the result in terms of the mass m of the prism.
Hint: For integration, use thin plate elements parallel to
the x—y plane having a thickness of dz.

Z

c~Fe-a

|

h

e
bX (a/\

Prob. 10-89

y
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10-90. The solid is formed by revolving the shaded area
around the x axis. Determine the radius of gyration k. The
density of the material is p = 5 Mg/m’.

Prob. 10-90

10-91. Determine the radius of gyration k, of the solid
formed by revolving the shaded area about the x axis. The
density of the material is p.

Prob. 10-91

#10-92. Determine the moment of inertia /, of the sphere
and express the result in terms of the total mass m of the
sphere. The sphere has a constant density p.

Prob. 10-92

10-93. The hemisphere is formed by rotating the shaded
area about the y axis. Determine the moment of inertia /,,
and express the result in terms of the total mass m of the
hemisphere. The material has a constant density p.

Prob. 10-93

10-94. The right circular cone is formed by revolving the
shaded area around the x axis. Determine the moment of
inertia 7, and express the result in terms of the total mass m
of the cone. The cone has a constant density p.

]

Prob. 10-94



10-95. Determine the moment of inertia I, of the frustum
of the cone which has a conical depression. The material has
a density of p = 200 kg/m’.

z
0.2 m

Y B E—

0.8 m
0.6 m

0.4 m

Prob. 10-95

*10-96. Determine the moment of inertia of the wire
triangle about an axis perpendicular to the page and
passing through point O. Also, locate the mass center G
and determine the moment of inertia about an axis
perpendicular to the page and passing through point G. The
wire has a mass of 0.3 kg/m. Neglect the size of the ring at O.

| 100 mm |

Prob. 10-96

10-97. The pendulum consists of an 8-kg circular disk A,
a 2-kg circular disk B, and a 4-kg slender rod. Determine
the radius of gyration of the pendulum about an axis
perpendicular to the page and passing through point O.

A
B
O
&) O
1 1 1m ‘ 0.5m ‘ ‘

Prob. 10-97

PROBLEMS 573

10-98. Determine the moment of inertia of the thin plate
about an axis perpendicular to the page and passing through
the pin at O. The plate has a hole in its center. Its thickness
is 50 mm, and the material has a density of p = 50 kg/m®.

Prob. 10-98

10-99. Determine the mass moment of inertia /, of the
solid formed by revolving the shaded area around the y axis.
The total mass of the solid is 1500 kg.

4 m

Prob. 10-99
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*10-100. The slender rods have a mass of 4 kg/m.
Determine the moment of inertia of the assembly about an
axis perpendicular to the page and passing through point A.

200 mm

# 100 mm —<— 100 mm H‘

Prob. 10-100

10-101. The pendulum consists of the 3-kg slender rod and
the 5-kg thin plate. Determine the location y of the center
of mass G of the pendulum; then find the mass moment of
inertia of the pendulum about an axis perpendicular to the
page and passing through G.

<

L—lma‘

Prob. 10-101

10-102. Each of the three slender rods has a mass m.
Determine the moment of inertia of the assembly about an
axis that is perpendicular to the page and passes through
the center point O.

a

Prob. 10-102

10-103. Determine the mass moment of inertia of the thin
plate about an axis perpendicular to the page and passing
through point O. The material has a mass per unit area of
20 kg/m?.
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*10-104. Determine the mass moment of inertia of the *10-108. Determine the moment of inertia I, of the
overhung crank about the x axis. The material is steel having frustum of the cone which has a conical depression. The
a density of p = 7.85 Mg/m’. material has a density of p = 200 kg/m’.

10-105. Determine the mass moment of inertia of the
overhung crank about the x’ axis. The material is steel
having a density of p = 7.85 Mg/m®.

20mm — ¥ 200 mm
l 30 mm
I O v

|1 90 mm 600 mm
™50 mm l
X 180 mm
R 400 mm
20 mm i

800 mm
A

T ; Q 30 %nm
20 mma‘ }-S—v

0 mm

Prob. 10-108

30 mm ‘<—>‘

Probs. 10-104/105

10-109. The pendulum consists of two slender rods AB
and OC which have a mass of 3 kg/m. The thin plate has a
mass of 12 kg/m’. Determine the location y of the center
of mass G of the pendulum, then calculate the moment of
inertia of the pendulum about an axis perpendicular to the
page and passing through G.

10-106. The thin plate has a mass per unit area of
10 kg/m% Determine its mass moment of inertia about
the y axis.

10-107. The thin plate has a mass per unit area of 10 kg /m>.
Determine its mass moment of inertia about the z axis.

Probs. 10-106/107 Prob. 10-109
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| CHAPTER REVIEW

Area Moment of Inertia

The area moment of inertia represents
the second moment of the area y
about an axis. It is frequently used in
formulas related to the strength and
stability of structural members or
mechanical elements. I =

If the area shape is irregular but can
be described mathematically, then a
differential element must be selected
and integration over the entire area
must be performed to determine the
moment of inertia.

Parallel-Axis Theorem

If the moment of inertia for an area
is known about its centroidal axis, _ . 1
then its moment of inertia about a I1=1+ Ad? c
parallel axis can be determined using d
the parallel-axis theorem.

Composite Area

If an area is a composite of common

shapes, as found on the inside back - @
cover, then its moment of inertia
is equal to the algebraic sum of the
moments of inertia of each of its
parts.

Product of Inertia y Y

The product of inertia of an area is
used in formulas to determine the
orientation of an axis about which
the moment of inertia for the area is
/ xy dA
A

a maximum or minimum. I, =

d,

If the product of inertia for an area is
known with respect to its centroidal
x', y' axes, then its value can be d d,
determined with respect to any x, y
axes using the parallel-axis theorem
for the product of inertia. 9]

S~
Il

[

aQ

oy T Add,
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Principal Moments of Inertia

Provided the moments of inertia, 7,
and /,, and the product of inertia, /,,, 7 _ 2
are known, then the transformation | I, = AT ( A ) + P
formulas, or Mohr’s circle, can be min 2 2 w
used to determine the maximum and
minimum or principal moments of tan2 = ——
inertia for the area, as well as finding P —1))2
the orientation of the principal axes
of inertia.

Mass Moment of Inertia z

The mass moment of inertia is a
property of a body that measures its
resistance to a change in its rotation. = / 2 dm
It is defined as the “second moment” n

of the mass elements of the body
about an axis.

For homogeneous bodies having
axial symmetry, the mass moment of

inertia can be determined by a single I=p / rrdv
integration, using a disk or shell v
element.

The mass moment of inertia of a
composite body is determined by
using tabular values of its composite
shapes, found on the inside back
cover, along with the parallel-axis
theorem.

I =I5+ md?




578 CHAPTER 10 MOMENTS OF INERTIA

. REVIEW PROBLEMS

R10-1. Determine the moment of inertia for the area R10-3. Determine the moment of inertia for the area
about the x axis. about the x axis.

77 dy=4—x2 .

2m4-‘

Prob. R10-1

Prob. R10-3

R10-2. Determine the moment of inertia of the area
about the x axis. Use the parallel-axis theorem to find the
area moment of inertia about the x’ axis that passes through
the centroid C of the area.y = 120 mm.

R10-4. Determine the moment of inertia of the area
about the y axis.

200 mm C 77 4y =4 -2
1

Y = 200% 1m

<—&<|—>/—
I~ |

2m4>‘

Prob. R10-2 Prob. R10-4



R10-5. Determine the product of inertia of the area with
respect to the x and y axes.

Prob. R10-5

R10-6. Determine the mass moment of inertia /, of the
body and express the result in terms of the mass m of the
body. The density of the material is p.

y
y=%x+b

T 2b
b
e

a

Prob. R10-6

REVIEW PROBLEMS 579

R10-7. Determine the area moment of inertia of the
triangular area about (a) the x axis, and (b) the centroidal
X' axis.

e o= |
[eX

| b |

Prob. R10-7

R10-8. Determine the moment of inertia of the beam’s
cross-sectional area about the x axis which passes through
the centroid C.

Prob. R10-8




cHAPTER ‘1 1

Equilibrium and stability of this scissors lift as a function of its position
can be determined using the methods of work and energy, which are explained
in this chapter.




Lecture Summary and Quiz,
Example, and Problem-
solving videos are available
where this icon appears.

. CHAPTER OBJECTIVES

m To introduce the principle of virtual work and show how it
applies to finding the equilibrium configuration of a system of
pin-connected members.

B To establish the potential-energy function and use the potential-
energy method to investigate the type of equilibrium or stability
of a rigid body or system of pin-connected members.

11.1 DEFINITION OF WORK

The principle of virtual work was proposed by the Swiss mathematician
Jean Bernoulli in the eighteenth century. It provides an alternative
method for solving problems involving the equilibrium of a particle, a
rigid body, or a system of connected rigid bodies. Before we discuss this
principle, however, we must first define the work produced by a force
and by a couple moment.

Work of a Force. A force does work when it undergoes a
displacement. For example, the force F in Fig. 11-1a is given a differential
displacement dr, and if 6 is the angle between the force and this

581
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(b)
Fig. 11-1

Fig. 11-2

VIRTUAL WORK

displacement, then the component of F in the direction of the
displacement is F cos 6. The work produced by F is then defined as

dU = Fdrcos 0

This expression is also the product of the force F and the component
of displacement in the direction of the force, dr cos 0, Fig. 11-1b. If we
use the definition of the dot product (Eq. 2-12), the work can also be
written as

dU = F-dr

Notice that work is a scalar, and like other scalar quantities, it has a
magnitude that can either be positive or negative.

In the SI system, the unit of work is a joule (J), where 1J = 1 N-m.
The moment of a force has this same combination of units; however,
the concepts of moment and work are in no way related. A moment is a
vector quantity, whereas work is a scalar.

Work of a Couple Moment. The rotation of a couple moment
also produces work. Consider the rigid body in Fig. 11-2, which is acted
upon by the couple forces F and -F that produce a couple moment M
having a magnitude M = Fr. When the body undergoes the differential
displacement shown, points A and B move dr, and drg to their final
positions A" and B’, respectively.Since drg = dr, + dr’ ,this movement
can be thought of as a translation dr ., where A and B move to A’ and B”,
and a rotation about A’, where the body rotates through the angle d6
about A.The couple forces do no work during the translation dr 4 because
each force undergoes the same amount of displacement in opposite
directions, thus canceling out the work. During rotation, however, F is
displaced dr’ =r df, and so it does work dU = Fdr' = Frd#. Since
M = Fr,the work of the couple moment M is therefore

dU = Mde

If M and d6 have the same sense, the work is positive; however, if they
have the opposite sense, the work will be negative.
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Virtual Work. The definitions of the work of a force and a couple
have been presented in terms of actual movements expressed by
differential displacements having magnitudes of dr and df. Consider now
an imaginary or virtual movement of a body in static equilibrium. Here
the displacement or rotation is assumed to occur, but does not actually
exist. These movements are first-order differential quantities and will be
denoted by the symbols ér and 860 (delta r and delta ), respectively. The
virtual work done by a force having this virtual displacement is therefore

6U = Fcos 6 or (11-1)

Similarly, when a couple undergoes a virtual rotation in the plane of the
couple forces, the virtual work is

SU = M 89 (11-2)

11.2 PRINCIPLE OF VIRTUAL WORK

The principle of virtual work states that if a body is in equilibrium, then
the algebraic sum of the virtual work done by all the forces and couple
moments acting on the body is zero for any virtual displacement of the
body. Thus,

SU =0 (11-3)

For example, consider the free-body diagram of the particle (ball)
that rests on the floor, Fig. 11-3. If we “imagine” the ball to be
displaced downward a virtual amount &y, then the weight does
positive virtual work, W 8y, and the normal force does negative virtual
work, —N &y. For equilibrium the total virtual work must be zero, so that
U = W8y — Ndy = (W—N)8y = 0. Since 8y # 0, then N = W as
required by applying X F, = 0.

Q@ ®.

ZzZ —>

Fig. 11-3
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In a similar manner, we can also apply the virtual-work equation
6U = 0 to a rigid body subjected to a coplanar force system. Here,
separate virtual translations in the x and y directions, and a virtual
rotation about an axis perpendicular to the x—y plane that passes through
an arbitrary point O, will correspond to the three equilibrium equations,
2F, =0, XF, =0, and 3 My = 0. When writing these equations, it
is not necessary to include the work done by the internal forces acting
within the body since a rigid body does not deform when subjected to
an external loading, and furthermore, when the body moves through
any virtual displacement, the internal forces occur in equal but opposite
collinear pairs, so that the corresponding work done by each pair of
forces will cancel.

To demonstrate an application, consider the simply supported beam
in Fig. 11-4a. When the beam is given a virtual rotation 66 about
point B, Fig. 11-4b, the only forces that do work are P and A,. Since
8y = 186 and &y’ = (I/2) 86, the virtual-work equation for this case is
U = A(1380) — P(l/2) 660 = (A,l — PI/2) 860 = 0. Since 660 # 0, then
A, = P/2. Excluding 86, notice that the terms in parentheses actually
represent the application of 2 Mgz = 0.

P
A———————-—!'" - B
- - v
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11.3 PRINCIPLE OF VIRTUAL WORK
FOR A SYSTEM OF CONNECTED
RIGID BODIES

The method of virtual work is particularly effective for solving
equilibrium problems that involve a system of several connected rigid
bodies, such as the ones shown in Fig. 11-5. Each of these systems is said
to have only one degree of freedom since the arrangement of the links
can be completely specified using only one coordinate (¢ = )@. In other
words, with this single coordinate and the length of the members, we can,
using trigonometry, locate the position of the forces F and P.

In this book, we will only consider the application of the principle of
virtual work to systems containing one degree of freedom. Because they
are less complicated, they will serve as a way to approach the solution
of more complex problems involving systems with many degrees of
freedom. The procedure for solving problems involving a system of
frictionless connected rigid bodies follows.*

- IMPORTANT POINTS

o A force does work when it moves through a displacement in
the direction of the force. A couple moment does work when it
moves through a collinear rotation. Specifically, positive work
is done when the force or couple moment and its displacement
have the same sense of direction.

¢ The principle of virtual work is generally used to determine the
equilibrium configuration for a system of multiple connected
members.

o A virtual displacement is imaginary; i.e., it does not really
happen. It is a differential displacement that is given in the
positive direction of a position coordinate.

o Forces or couple moments that do not virtually displace do no
virtual work.

*This method of applying the principle of virtual work is sometimes called the method
of virtual displacements because a virtual displacement is applied in order to determine
an unknown force. Although it is not used here, we can also apply the principle of virtual
work as a method of virtual forces. This method is often used to apply a virtual force and
then determine the displacements of points on a deformable body. See R. C. Hibbeler,
Mechanics of Materials, Pearson, Inc.

This scissors lift has one degree
of freedom. Without the need for
dismembering the mechanism, the
force in the hydraulic cylinder AB
required to provide the lift can be
determined directly by using the
principle of virtual work.
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- PROCEDURE FOR ANALYSIS

Free-Body Diagram.

e Draw the free-body diagram of the entire system of connected
bodies and define the coordinate q.

e Sketch the “deflected position” of the system on the free-
body diagram when the system undergoes a positive virtual
displacement 8q.

Virtual Displacements.

e Indicate position coordinates s, each measured from a fixed
point on the free-body diagram. These coordinates are only
directed to the forces that do work.

e Each of these coordinate axes should be along the line of action
of the force to which it is directed, so that the virtual work in
the coordinate direction can be calculated.

e Relate each of the position coordinates s to the coordinate g;
then differentiate these expressions in order to express each
virtual displacement &s in terms of 6q.

Virtual-Work Equation.

e Write the virtual-work equation for the system assuming that,
whether possible or not, each position coordinate s undergoes
a positive virtual displacement ds. If a force or couple moment
is in the same direction as the positive virtual displacement,
the work is positive. Otherwise, it is negative.

e Express the work of each force and couple moment in the
equation in terms of 8q.

e Factor out this common displacement from all the terms, and
solve for the unknown force, couple moment, or equilibrium
position q.
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EXAMPLE 11.1

Determine the angle 6 for equilibrium of the two-member linkage
shown in Fig. 11-6a. Each member has a mass of 10 kg.

SOLUTION

Free-Body Diagram. The system has only one degree of freedom
since the location of both links can be specified by the single
coordinate, (¢ = ) 0. As shown on the free-body diagram in Fig. 11-6b,
when 6 is given a positive (clockwise) virtual rotation 56, only the
force F and the two 98.1-N weights do work. (The reactive forces D,
and D, are fixed, and B, does not displace along its line of action.)

Virtual Displacements. If the origin of coordinates is established at
the fixed pin support D, then the position of F and W can be specified
by the position coordinates xg and y,,. In order to determine the work,
note that, as required, these coordinates are along the lines of action
of their associated forces. Expressing these position coordinates in
terms of 6 and taking the derivatives yields

xpg=2(lcosf)m éxzp = —2sinh 60 m (1)

yy = 3(1sin@) m 8y, = 0.5cos 050 m (2)
Itis seen by the signs of these equations, and indicated in Fig. 11-6b, that
an increase in 6 (i.e., 60) causes a decrease in xg and an increase in y,,.

Virtual-Work Equation. If the virtual displacements 8xz and &y,
are both positive, then the forces W and F will do positive work since
the forces and their corresponding displacements have the same sense.
Hence, the virtual-work equation for the displacement 86 is

oU = 0; W éy, + Wéy, + Féxg =0 3)
Substituting Eqs. 1 and 2 into Eq. 3 in order to relate the virtual
displacements to the common virtual displacement 66 yields

98.1(0.5 cos 6 60) + 98.1(0.5 cos 0 60) + 25(—2sin 6 60) = 0

Notice that the “negative work” done by F (force in the opposite
sense to displacement) has actually been accounted for in the above
equation by the “negative sign” of Eq. 1. Factoring out the common
displacement 660 and solving for 6, noting that 660 # 0, yields

(98.1cos® — 50sin 6) 60 = 0

1
0= tan_l% = 63.0° Ans.

NoTE: If this problem had been solved using the equations of equilibrium,
it would be necessary to dismember the links and apply three scalar
equations to each link. The principle of virtual work, by means of calculus,
has eliminated this task so that the answer is obtained directly.
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EXAMPLE 11.2

(a)

Fig. 11-7

VIRTUAL WORK

Determine the required force P in Fig. 11-7a needed to maintain
equilibrium of the scissors linkage when 6 = 60° . The spring is
unstretched when 6 = 30°. Neglect the mass of the links.

SOLUTION

Free-Body Diagram. Only F; and P do work when 6 undergoes a
positive virtual displacement 66, Fig. 11-7b. For the arbitrary position 6,
the spring is stretched (0.3 m) sin § — (0.3 m) sin 30°, so that

F;, = ks = 5000 N/m [(0.3 m) sin & — (0.3 m) sin 30°]
= (1500 sin 6 — 750) N

Virtual Displacements. The position coordinates, xz and xp,
measured from the fixed point A, are used to locate F; and P. These
coordinates are along or parallel to the line of action of their
corresponding forces. Expressing xz and xp in terms of the angle 6
using trigonometry,

xp = (0.3 m) sin 0
xp = 3[(0.3m) sin #] = (0.9 m) sin 0
Differentiating, we obtain the virtual displacements of points B and D.

oxp = 0.3 cos 6 66 (1)
éxp = 0.9 cos 6 60 (2)

Virtual-Work Equation. Force P does positive work since it acts
in the same direction as its positive virtual displacement. The spring
force F; does negative work since it acts opposite to its positive virtual
displacement. Thus, the virtual-work equation becomes

oU = 0; —F,6xg + Péxp =0
—[1500 sin & — 750] (0.3 cos 6 66) + P (0.9 cos 6 60) = 0
[0.9P + 225 — 450 sin 6] cos 6 660 = O

Since cos # 66 # 0, then this equation requires
P =500sin6 — 250
When 6 = 60°,
P =500sin 60° — 250 = 183N Ans.
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EXAMPLE 11.3

If the box in Fig. 11-8a has a mass of 10 kg, determine the couple
moment M needed to maintain equilibrium when 6 = 60°. Neglect

the mass of the members. 1009.81) N

Oy

(a) (b)
Fig. 11-8
SOLUTION

Free-Body Diagram. When 6 undergoes a positive virtual
displacement 66, only the couple moment M and the weight of the box
do work, Fig. 11-8b.

Virtual Displacements. The position coordinate yz, measured from
the fixed point B,locates the weight, 10(9.81) N. Here,

ye = (045m)sin® + b
where b is a constant distance. Differentiating this equation, we obtain
6yr = 0.45 m cos 6 660 (1)

Virtual-Work Equation. For positive virtual displacements &6
and 8y, the virtual-work equation becomes

86U = 0; M 86 — [10(9.81) N]éyr = 0
Substituting Eq. 1 into this equation

M 860 — 10(9.81) N(0.45 m cos 0 86) = 0

60(M — 44.145cos 0) = 0
Since 66 # 0, then
M — 44145cos6 = 0
It is required that 6 = 60°, so that
M = 44.145 cos 60° = 22.1 N-m Ans.
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EXAMPLE

11.4

VIRTUAL WORK

The mechanism in Fig. 11-9a supports the 225-N cylinder. Determine
the angle 0 for equilibrium if the spring has an unstretched length of
0.6 m when # = 0°. Neglect the mass of the members.

SOLUTION

Free-Body Diagram. When the mechanism undergoes a positive
virtual displacement 66, Fig. 11-9b, only F; and the 225-N force do
work. Since the final length of the spring is 2(0.3 m cos 6), then

F, = ks = (3000 N/m)(0.6 m — 0.6 m cos 8) = (1800 — 1800 cos 0) N

Virtual Displacements. The position coordinates x, and xy are
established from the fixed point A to locate F; at D and at E. The
coordinate yp, also measured from A, specifies the position of the
225-N force at B. The coordinates can be expressed in terms of 6 using
trigonometry.

xp = (0.3m) cos 6
xg = 3[(0.3 m) cos 8] = (0.9 m) cos
vg = (0.6 m) sin 6

Differentiating, we obtain the virtual displacements of points D, E,
and B as

oxp = —0.3sin 0 66 (1)
oxg = —0.9sin 6 60 (2)
dyp = 0.6 cos 6 60 (3)

Virtual-Work Equation. The virtual-work equation is written as if
all virtual displacements are positive, so that

8U = 0; F,6xp + 225 8yg — F,6xp = 0
(1800 — 1800 cos 6)(—0.9 sin 6 60) + 225(0.6 cos 6 56)
— (1800 — 1800 cos 0)(—0.3 sin 6 860) = 0
660(1080 sin 6 cos # — 1080 sin § + 135cos §) = 0

Since 66 # 0, then
1080 sin 6 cos § — 1080 sin # + 135 cosd = 0
Solving by trial and error,

0 = 34.9° Ans.
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. FUNDAMENTAL PROBLEMS

F11-1. Determine the required magnitude of force P to F11-4. The linkage is subjected to a force of P = 6 kN.
maintain equilibrium of the linkage at # = 60°. Each link Determine the angle 6 for equilibrium. The spring is
has a mass of 20 kg. unstretched at & = 60°. Neglect the mass of the links.

Prob. F11-1

Prob. F11-4

F11-2. Determine the ma}gnitut}lf: O,f force P required to F11-5. Determine the angle 6§ where the 50-kg bar is in
hold the 50-kg smooth rod in equilibrium at § = 60°. equilibrium. The spring is unstretched at § = 60°.

0 k = 600 N/m
00000

Prob. F11-2 Prob. F11-5

FL-a. .The linkage is subjected to a'force of P =.2k1\.1‘ I'11-6. The scissors linkage is subjected to a force of

Determine the angle 6 for equilibrium. The spring is _ . e

unstretched when 6 = 0°. Neglect the mass of the links P = 150 N. Determine the angle 6 for equilibrium. The
eE ’ spring is unstretched at 6 = 0°. Neglect the mass of the links.

k_

Prob. F11-3 Prob. F11-6




592 CHAPTER 11 VIRTUAL WORK

. PROBLEMS

11-1. The scissors jack supports a load P. Determine the
axial force in the screw necessary for equilibrium when the
jack is in the position 6. Each of the four links has a length L
and is pin connected at its center. Points B and D can move
horizontally.

Prob. 11-1

11-2. Determine the force F'needed to lift the block having
a mass of 50 kg. Hint: Note that the coordinates s4 and sg
can be related to the constant vertical length [ of the cord.

Prob. 11-2

11-3. The assembly is used for exercise. It consist of four
pin-connected bars, each of length L, and a spring of
stiffness k and unstretched length a (<2L). If horizontal
forces P and —P are applied to the handles so that 6 is
slowly decreased, determine the angle 6 at which the
magnitude of P becomes a maximum.

Prob.11-3

*11-4. The machine shown is used for forming metal
plates. It consists of two toggles ABC and DEF, which are
operated by hydraulic cylinder BE. The toggles push the
moveable bar FC forward, pressing the plate p into the
cavity. If the force which the plate exerts on the head is
P = 8 kN, determine the force F in the hydraulic cylinder
when 6 = 30°.

M Y

Prob.11-4



11-5. If the spring is unstretched when 6 = 30°, the mass
of the cylinder is 25 kg, and the mechanism is in equilibrium
when 6 = 45°, determine the stiffness k of the spring. Rod
AB slides freely through the collar at A. Neglect the mass
of the rods.

Prob. 11-5

11-6. A 5-kg uniform serving table is supported on each
side by pairs of two identical links, AB and CD, and springs
CE. If the bowl has a mass of 1 kg, determine the angle 6
where the table is in equilibrium. The springs each have a
stiffness of k = 200N /m and are unstretched when 6§ = 90°.
Neglect the mass of the links.

11-7. A 5-kg uniform serving table is supported on
each side by pairs of two identical links, AB and CD,
and springs CE. If the bowl has a mass of 1 kg and is in
equilibrium when 6 = 45°, determine the stiffness k of each
spring. The springs are unstretched when 6 = 90°. Neglect
the mass of the links.

L 250mm 150 mm,

150 mm

Probs. 11-6/7

PROBLEMS 593

*11-8. Determine the force P that must be applied
perpendicular to the handle in order to hold the mechanism
in equilibrium for any angle 6 of rod CD. There is a couple
moment M applied to the link BA. A smooth collar attached
at A slips along rod CD.

Prob. 11-8

11-9. The bar is supported by the spring and smooth
collar that allows the spring to be always perpendicular
to the bar for any angle 6. If the unstretched length of the
spring is /y, determine the force P needed to hold the bar in
the equilibrium position 6. Neglect the weight of the bar.

Prob.11-9
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11-10. If each of the three links of the mechanism has a
mass of 4 kg, determine the angle 6 for equilibrium. The
spring, which always remains vertical, is unstretched when
6 = 0°.

M=30N-m
A

>> g
D—

k =3 kN/m

D

200 mm
~ 0
B
200 mm o C
Prob. 11-10

11-11. The thin rod of weight W rests against the smooth
wall and floor. Determine the magnitude of force P needed
to hold it in equilibrium at the angle 6.

*11-12. Determine the horizontal force F required to
maintain equilibrium of the slider mechanism when 6 = 60°.
Set M = 6 N-m.

11-13. Determine the moment M that must be applied to
the slider mechanism in order to maintain the equilibrium
position 6 = 60° when the horizontal force F = 100N is
applied at D.

Probs. 11-12/13

11-14. If the disk is subjected to a couple moment M,
determine the disk’s rotation 6 required for equilibrium.
The end of the spring wraps around the periphery of the
disk as the disk turns. The spring is originally unstretched.

Prob. 11-11

Prob. 11-14



11-15. The service window at a fast-food restaurant
consists of glass doors that open and close automatically
using a motor which supplies a torque M to each door.
The far ends, A and B, move along the horizontal guides.
If a food tray becomes stuck between the doors as shown,
determine the horizontal force the doors exert on the tray
at the position 6.

Prob. 11-15

*11-16. When 6 = 30°, the 25-kg wuniform block
compresses the two horizontal springs 100 mm. Determine
the magnitude of the applied couple moments M needed
to maintain equilibrium. Take k£ = 3 kN/m and neglect the
mass of the links.

000 Q0

Prob. 11-16
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11-17. The “Nuremberg scissors” is subjected to a
horizontal force of P = 600 N. Determine the angle 6 for
equilibrium. The spring has a stiffness of £ = 15 kN/m and
is unstretched when 6 = 15°.

11-18. The “Nuremberg scissors” is subjected to a
horizontal force of P = 600 N. Determine the stiffness k
of the spring for equilibrium when # = 60°. The spring is
unstretched when 6 = 15°.

N
AN

Probs. 11-17/18

11-19. If a force P = 40N is applied perpendicular
to the handle of the toggle press, determine the vertical
compressive force developed at C; 6 = 30°.

Prob. 11-19
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*11-20. The dumpster has a weight W and a center of
gravity at G. Determine the force in the hydraulic cylinder
needed to hold it in the general position 6.

Prob. 11-20

11-21. The spring has an unstretched length of 0.3 m.
Determine the angle 6 for equilibrium if the uniform links
each have a mass of 5 kg. Set P = 0.

11-22. The spring has an unstretched length of 0.3 m.
Determine the angle 6 for equilibrium if P = 50 N. Neglect
the weight of the links.

Probs. 11-21/22

H11-23. Themembersofthe mechanismare pinconnected.
If a vertical force of 800 N acts at A, determine the angle 6
for equilibrium. The spring is unstretched when 6 = 0°.
Neglect the mass of the links.

800N

Prob. 11-23

B *11-24. The crankshaft is subjected to a torque of
M = 50 N -m. Determine the horizontal compressive force
F applied to the piston for equilibrium when 6 = 60°.

11-25. The crankshaft is subjected to a torque of
M = 50 N -m. Determine the horizontal compressive force
F and plot the result of F (ordinate) versus 6 (abscissa) for
0° =6 = 90°.

Probs. 11-24/25



*11.4 CONSERVATIVE FORCES

When a force does work that depends only upon the initial and final
positions of the force, and it is independent of the path it travels, then the
force is referred to as a conservative force.

Consider a block of weight W that travels along the path
in Fig. 11-10a. When it is displaced up the path by an amount dr, then
the work is dU = W-dr or dU = —W(dr cos ) = —Wdy, as shown
in Fig. 11-10b. The work is negative since W acts in the opposite sense
of dy. Thus, if the block moves up from A to B, through the vertical
displacement /4, the work is

h
Uz—/Wdyz—Wh
0

The weight of a body is therefore a conservative force, since the work
done by the weight depends only on the vertical displacement of the
body, and is independent of the path along which the body travels.

Now consider the linearly elastic spring in Fig. 11-11,
which undergoes a displacement ds. The work done by the spring force
on the block is dU = —F;ds = —ks ds. The work of F; when the block is
displaced from s = s; to s = s, is therefore

U= —/ ks ds = —(%ks% - %ks%)

Here the work depends only on the spring’s initial and final positions,
s1 and s,, measured from the spring’s unstretched position. Since this
result is independent of the path taken by the block as it moves from s;
to s,, then a spring force is also a conservative force.

v v

F, |
ks#
ds

Undeformed
position

Fig. 11-11

11.4 CONSERVATIVE FORCES
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(a)

lw
te;d
dy = drcos 6 "

(b)
Fig. 11-10
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Friction. In contrast to a conservative force, consider the force of
friction exerted on a sliding body by a fixed surface. The work done by
the frictional force depends on the path; the longer the path, the greater
the work. Consequently, frictional forces are nonconservative, and some
of the work done by them is dissipated from the body in the form of heat.

*¥11.5 POTENTIAL ENERGY

w A conservative force can give the body the capacity to do work. This capacity,
measured as potential energy, depends on the location or “position” of the
ﬁ body measured relative to a fixed reference position or datum.
— Vy=+Wy

Gravitational Potential Energy. TIfabodyislocated a distance y
above a fixed horizontal reference or datum as in Fig. 11-12, the weight
of the body has positive gravitational potential energy V, since the weight
has the capacity of doing positive work when the body is moved back
8 down to the datum. Likewise, if the body is located a distance y below the
datum, V; is negative since the weight does negative work when the body
is moved back up to the datum. At the datum, V, = 0.
Measuring y as positive upward, the gravitational potential energy of
the body’s weight is therefore

Fig. 11-12 Ve=Wy (11-4)

Elastic Potential Energy. When a spring is either elongated or
compressed by an amount s from its unstretched position (the datum),
the energy stored in the spring is called elastic potential energy. It is
determined from

V, = L ks (11-5)

This energy is always a positive quantity since the spring force acting on
the attached body does positive work on the body as the force returns the
body to the spring’s unstretched position, Fig. 11-13.

Undeformed Undeformed
position position

A A £
AR

_ 4102
Vo= +5ks

Fig. 11-13



Potential Function. In the general case, if a body is subjected to
both gravitational and elastic forces, the potential energy or potential
Junction V of the body can be expressed as the algebraic sum

V=V, +V, (11-6)

where measurement of V depends on the location of the body with
respect to a selected datum in accordance with Egs. 11-4 and 11-5.

If a system of frictionless connected rigid bodies has a single degree
of freedom that can be defined by the coordinate ¢, then the potential
function for the system becomes V = V(gq). The work done by all the
weight and spring forces acting on the system as it moves from ¢ to ¢, is
measured by the difference in V;i.e.,

Ui—2 = V(q1) — V(q2) (11-7)
For example, the potential function for a system consisting of a block
supported by a spring, as in Fig. 11-14, can be expressed in terms of

the coordinate (¢ = ) y, measured from a fixed datum located at the
unstretched length of the spring. Here

V=V, +V,

= —Wy + 1ky? (11-8)
If the block moves from y; to y,, then the work of W and F; is

Ui—y = V(1) = V(32) = =W(y; — y2) + 3kyt — k3

(a)

Fig. 11-14

11.5 POTENTIAL ENERGY
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The counterweight at A balances the weight
of the deck B of this simple lift bridge. By
applying the method of potential energy
we can analyze the equilibrium state of the
bridge.

(a)

T

Fs = kyeq

(b)
Fig. 11-14 (cont.)

*11.6 POTENTIAL-ENERGY CRITERION
FOR EQUILIBRIUM

If a frictionless connected system has one degree of freedom, and its
position is defined by the coordinate g, then if it displaces from g to
q + dq, Eq.11-7 becomes

dU = V(q) — V(q + dq)
or
dU = —dV

If the system is in equilibrium and undergoes a virtual displacement 8q,
rather than an actual displacement dg, then the above equation becomes
6U = —48V. However, the principle of virtual work requires that U = 0,
and therefore, 8V = 0, and so we can write 8V = (dV/dq)dq = 0. Since
6q # 0, this expression becomes

dv
=0

o (11-9)

Hence, when a frictionless connected system of rigid bodies is in
equilibrium, the first derivative of its potential function is equal to zero.
For example, using Eq. 11-8 we can determine the equilibrium position
for the spring and block in Fig. 11-14a. We have

av
—=-W+ky=0
dy

Hence, the equilibrium position y = y. is
w
Yeq = ?

Of course, this same result can be obtained by applying 2 F, = 0 to the
forces acting on the free-body diagram of the block, Fig. 11-14b.
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*11.7 STABILITY OF EQUILIBRIUM
CONFIGURATION

The potential function V of a system can also be used to investigate the
stability of the equilibrium configuration, which is classified as stable,
neutral, or unstable.

Stable Equilibrium. A system is said to be in stable equilibrium
if the system has a tendency to return to its original position when it is
given a small displacement. The potential energy of the system in this
case is at its minimum. A simple example is shown in Fig. 11-15a. When
the disk is displaced and released, its center of gravity G will always
move (rotate) back to its equilibrium position, which is at the lowest
point of its path. This is where the potential energy of the disk is at its
minimum.

Neutral Equilibrium. A systemis said to be in neutral equilibrium
if the system still remains in equilibrium when the system is given a small
displacement away from its original position. In this case, the potential
energy of the system is constant. Neutral equilibrium is shown in
Fig. 11-15b, where a disk is pinned at G. Each time the disk is rotated, a
new equilibrium position is established and the potential energy remains
unchanged.

Unstable Equilibrium. A system is said to be in unstable
equilibrium if it has a tendency to be displaced farther away from its
original equilibrium position when it is given a small displacement.
The potential energy of this system is a maximum. An unstable
equilibrium position of the disk is shown in Fig. 11-15¢. Here the
disk will rotate away from its equilibrium position when its center of
gravity is slightly displaced. At this highest point, its potential energy
is at a maximum.

o
Ch
{o+
Stable equilibrium Neutral equilibrium  Unstable equilibrium
(a) (b) (©)

Fig. 11-15

During high winds and when going
around a curve, these sugar-cane trucks
can become unstable and tip over since
their center of gravity is high off the road
when they are fully loaded.
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&PV

\dq2>()/
v _y

dq

ch
Stable equilibrium

(a)

9eq
Unstable equilibrium

(®)

&V _
dg? av

Geq

Neutral equilibrium
(©)
Fig. 11-16

If a system has only one
degree of freedom, and its position is defined by the coordinate g, then the
potential function V for the system in terms of ¢ can be plotted, Fig. 11-16.
Provided the system is in equilibrium, then dV'/dq, which represents the
slope of this function, must be equal to zero. An investigation of stability
at the equilibrium configuration therefore requires that the second
derivative of the potential function be evaluated.

If d’V/dq” is greater than zero, Fig. 11-16a, the potential energy of
the system will be a minimum. This indicates that the equilibrium
configuration is stable. Thus,

2
av _ 0, v >0 stable equilibrium (11-10)
dq dg?

If d?V/dg® is less than zero, Fig. 11-16b, the potential energy of the
system will be a maximum. This indicates unstable equilibrium.

2
v _ 0, v <0 unstable equilibrium (11-11)
dq dg?

Finally, if d°V/dq? is equal to zero, it will be necessary to investigate
the higher order derivatives to determine the stability. The equilibrium
configuration will be stable if the first non-zero derivative is of an even
order and it is positive. Likewise, the equilibrium will be unstable if this
first non-zero derivative is an odd order or if it is an even order and
negative. If all the higher order derivatives are zero, the system is said to
be in neutral equilibrium, Fig. 11-16¢. Thus,

av. _ada*v. _dv _
dqg  dg®  dq’
This condition occurs only if the potential-energy function for the system
is constant at or around the neighborhood of g,

- =0 neutral equilibrium (11-12)

A conservative force does work that is independent of the path
through which the force moves. Examples include the weight
and the spring force.

Potential energy provides the body with the capacity to do work
when the body moves relative to a fixed position or datum.
Gravitational potential energy will be positive when the body is
above a datum, and negative when the body is below the datum.
Spring or elastic potential energy is always positive. It depends
upon the stretch or compression of the spring.

The sum of these two forms of potential energy represents
the potential function. Equilibrium requires that the first
derivative of the potential function be equal to zero. Stability
at the equilibrium position is determined from the second or
higher order derivatives of the potential function.
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- PROCEDURE FOR ANALYSIS

Using potential-energy methods, the equilibrium positions and
the stability of a body or a system of connected bodies having
a single degree of freedom can be obtained by applying the
following procedure.

Potential Function.

e Sketch the system so that it is in the arbitrary position specified
by the coordinate g.

e Establish a horizontal datum through a fixed point* and
express the gravitational potential energy V, in terms of the
weight W of each member and its vertical distance y from the
datum, V, = Wy.

e Express the elastic potential energy V, of the system in terms
of the stretch or compression, s, of any connecting spring,
V, = Lks?.

e Formulate the potential function V' = V, + V, and express the
position coordinates y and s in terms of the single coordinate g.

Equilibrium Position.

e The equilibrium position of the system is determined by taking
the first derivative of V and setting it equal to zero,dV /dg = 0.

Stability.
e Stability at the equilibrium position is determined by evaluating
the second or higher-order derivatives of V.

e If the second derivative is greater than zero, the system
is stable; if all derivatives are equal to zero, the system is in
neutral equilibrium; and if the second derivative is less than
zero, the system is unstable.

*The location of the datum is arbitrary, since only the changes or differentials
of V are required for investigation of the equilibrium position and its stability.
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EXAMPLE 11.5

The uniform link shown in Fig. 11-17a has a mass of 10 kg. If the spring
is unstretched when 6 = 0°, determine the angle 6 for equilibrium and
investigate the stability at the equilibrium position.

SOLUTION

Potential Function. The datum is established at the bottom of the
link, Fig. 11-17b. When the link is located in the arbitrary position 6,
the spring increases its potential energy and the weight decreases its
potential energy. Hence,

1
VZVE—i—VgZEksz-I—Wy

Since!/ = s + Icos@ors = I(1 — cos 9),and y = (I/2) cos 0, then

1 l
V= Eklz(l — cos 0) + W<2 cos 0)

Equilibrium Position. The first derivative of V is

awv . wL .
10 = kl*(1 — cos 0) sin 0 2 sinf = 0

or

w
l[kl(l — cos 6) — 2} sinf =0

N~

This equation is satisfied provided
sinf = 0 0= 0° Ans.

. w ) 10(9.81)
0 COS( 2ki) — 2(200)(0.6) "

Stability. The second derivative of V'is

Datum
d’v Wi
— = kI?(1 — cos ) cos 0 + ki*>sin@sin® — — cos 6
(®) de 2
2 wil
Fig. 11-17 = kl“(cos 6 — cos 20) — 5 cos 0

Substituting values for the constants, with # = 0°and § = 53.8° yields

a’v 10(9.81)(0.6
— = 200(0.6)*(cos 0° — cos 0°) — (7)()005 0°
do” |g=¢° 2
=-294<0 (unstable equilibrium) Ans.
d*v 10(9.81)(0.6
2 = 200(0.6)%*(cos 53.8° — cos 107.6°) — wcos 53.8°
0=53.8°

=469 >0 (stable equilibrium) Ans.
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EXAMPLE 11.6

If the spring AD in Fig. 11-18a has a stiffness of 18 kN /m and is unstretched
when 6 = 60°, determine the angle 6 for equilibrium. The load has a mass
of 1.5 Mg. Investigate the stability at the equilibrium position.
SOLUTION

Potential Energy. The gravitational potential energy for the load
with respect to the fixed datum, shown in Fig. 11-18b, is

V, = mgy = 1500(9.81) N[(4 m) sin & + h] = 58860sin 6 + 14 715h

where £ is a constant distance. From the geometry of the system,
the stretch of the spring when the load is on the platform is
s =(4m)cosf — (4m)cos60° = (4m)cosf — 2m.

Thus, the elastic potential energy of the system is

V, = Sks* = 4(18 000 N/m)(4 m cos § — 2 m)> = 9000(4 cos 6 — 2)*
The potential energy function for the system is therefore

V=V, +V,=5880sin6 + 14715h + 9000(4 cos § — 2)> (1)

Equilibrium. When the system is in equilibrium,

dv
i 58 860 cos 0 + 18 000(4 cos § — 2)(—4sin ) = 0

58 860 cos § — 288 000 sin 6 cos § + 144 000 sin § = 0
Since sin 260 = 2 sin 6 cos 6,
58 860 cos # — 144 000 sin 260 + 144 000 sin 6 = 0
Solving by trial and error,

0 = 28.18° and 6 = 45.51° Ans.

Stability. Taking the second derivative of Eq. 1,

d*v

e = —58 860 sin § — 288 000 cos 26 + 144 000 cos 6
Substituting 6 = 28.18° yields

d*v .

e —-60402 < 0 (Unstable equilibrium)  Ans.

And for 6 = 45.51°,

a*v
dif)z =64073 >0 (Stable equilibrium) Ans.

k= 18 kKN/m_
(a)
o
G
h
C ‘ "B |
AN y
2m {_5 (4 m)sin 0
| A /0 2m 9 D
k= 18 KN/m_ St
4 mcos 6
(b)
Fig. 11-18
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EXAMPLE 11.7

F

(a)

(R + %)cos 0
(b)

Fig. 11-19

The uniform block having a mass m rests on the top surface of the
half cylinder, Fig. 11-19a4. Show that this is a condition of unstable
equilibrium if 7 > 2R.

SOLUTION

Potential Function. The datum is established at the base of the
cylinder, Fig. 11-19b. If the block is displaced by an amount 6 from the
equilibrium position, the potential function is

V=V +V,
=0 + mgy
From Fig. 11-19b,

h
y = (R + E) cos 6 + RO sin 0
Thus,

h
V= mgKR + 5) cos 6 + Resine}

Equilibrium Position.

dv h
—=mg[—<R +5>sin0+Rsin0 +R0c050} =0

h
= mg(—zsin 0 + RO cos 9) =0
Note that # = 0° satisfies this equation.
Stability. Taking the second derivative of V yields

d’v h
) = mg(—zcose + Rcos § — R sin 0>

- «)
=-mg|l - — R
9=0° g<2

Since all the constants are positive, the block is in unstable equilibrium
provided & > 2R, because then d?V/d6*> < 0.

At = 0°,
d*v
de?
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PROBLEMS 607

11-26. If the potential energy for a conservative one-
degree-of-freedom system is expressed by the relation
V = (3y® + 2y> — 4y + 50) J, where y is given in meters,
determine the equilibrium positions and investigate the
stability at each position.

11-27. If the potential function for a one-degree-of-
freedom system is V = (10cos26 + 25sin6)J, where
0° < 6 < 180°, determine the positions for equilibrium and
investigate the stability at each of these positions.

*11-28. If the potential function for a one-degree-of-
freedom system is V=(12sin20+15cos)J, where
0° < 6 < 180°, determine the positions for equilibrium and
investigate the stability at each of these positions.

11-29. If the potential function for a one-degree-of-
freedom system is V = (8x° — 2x?> — 10) J, where x is
given in meters, determine the positions for equilibrium and
investigate the stability at each of these positions.

11-30. If the potential energy for a conservative one-
degree-of-freedom system is expressed by the relation
V = (24sin0 + 10cos 20)J,0° = § = 90°, determine the
equilibrium positions and investigate the stability at each
position.

11-31. The uniform bar has a mass of 80 kg. Determine the
angle 6 for equilibrium and investigate the stability of the
bar when it is in this position. The spring has an unstretched
length when 6 = 90°.

k = 400 N/m

Prob. 11-31

*11-32. The uniform link AB has a mass of 3 kg. The
rod BD, having negligible weight, passes through a swivel
block at C. If the spring has a stiffness of k& = 100 N/m
and is unstretched when 6 = 0°, determine the angle 6 for
equilibrium and investigate the stability at the equilibrium
position. Neglect the size of the swivel block.

Prob. 11-32

11-33. The spring of the scale has an unstretched length of
a. Determine the angle 6 for equilibrium when a weight W
is supported on the platform. Neglect the weight of the
members. What value W would be required to keep the
scale in neutral equilibrium when 6 = 0°?

Prob. 11-33
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11-34. The uniform beam has a weight W.If the contacting *11-36. Determine the angle 6 for equilibrium and
surfaces are smooth, determine the angle 6 for equilibrium. investigate the stability at this position. The bars each have
The spring is uncompressed when 6 = 90°. a mass of 3 kg and the suspended block D has a mass of

7 kg. Cord DC has a total length of 1 m.

Prob. 11-34
Prob. 11-36
11-35.  Determine the force in the spring required to 11-37. Determine the angle 6 for equilibrium and
keep .the 6—k.g rod in equilibrium when. 6 = 30°. The spring investigate the stability at this position. The bars each have
remains horizontal due to the roller guide. a mass of 10 kg and the spring has an unstretched length of
100 mm.
k =200 N/m

Prob. 11-35 Prob. 11-37



11-38. A spring with a torsional stiffness k is attached
to the hinge at B. It is unstretched when the rod assembly
is in the vertical position. Determine the weight W of the
block that results in neutral equilibrium. Hint: Establish
the potential energy function for a small angle 6, i.e.,
approximate sin =~ 0,and cos § =~ 1 — §%/2.

Prob. 11-38

11-39. The two bars each have a mass of 8 kg. Determine
the required stiffness k of the spring so that the two bars are
in equilibrium when 6 = 60°. The spring has an unstretched
length of 1 m. Investigate the stability of the system at the
equilibrium position.

Prob. 11-39

PROBLEMS 609

*11-40. The uniform rod has a mass of 100 kg. If the spring
is unstretched when 6 = 60°, determine the angle 6 for
equilibrium and investigate the stability at the equilibrium
position. The spring is always in the horizontal position due
to the roller guide at B.

Prob. 11-40

11-41. A homogeneous cone rests on top of the cylindrical
surface. Determine a relationship between the radius r
of the cylinder and the height £ of the cone for neutral
equilibrium. Hint: Establish the potential function for a
small angle 0 of tilt of the cone, i.e., approximate sin 6 ~ 6
andcos = 1 — 62/2.

‘#aa«a4

Prob. 11-41
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11-42. The truck has a mass of 20 Mg and a mass center *11-44. If the uniform rod OA has a mass of 12 kg,

at G. Determine the steepest grade 6 along which it can determine the mass m that will hold the rod in equilibrium
park without overturning and investigate the stability in this when 6 = 30°. Point C is coincident with B when OA is
position. horizontal. Neglect the size of the pulley at B.

Prob. 11-42

Prob. 11-44

11-43. Each bar has a mass per length of m,. Determine
the angles 6 and ¢ for equilibrium. The contact at A is
smooth, and both are pin connected at B.

11-45. The hemisphere has a conical cavity cut into it as
shown. Determine the depth d of the cavity in terms of 7 so
that the hemisphere balances on the pivot and remains in
neutral equilibrium.

— 2

Prob. 11-43 Prob. 11-45



11-46. The homogeneous block has a mass of 10 kg and
rests on the smooth corners of two ledges. Determine the
angle 0 for placement that will cause the block to be stable.

200 mm

200 mm

\ ‘d

150 mm——|

Prob. 11-46

11-47. 'The cylinder is made of two materials such that it
has a mass of m and a center of gravity at point G. Show
that when G lies above the centroid C of the cylinder, the
equilibrium is unstable.

Prob. 11-47

PROBLEMS 611

*11-48. The triangular block of weight W rests on the
smooth corners which are a distance a apart. If the block
has three equal sides of length d, determine the angle 6 for
equilibrium.

Prob. 11-48

11-49. The block weighs W and is supported by links AB
and BC. Determine the necessary spring stiffness k required
to hold the system in neutral equilibrium. The springs are
subjected to an initial compression F when the links are
vertical as shown.

Prob. 11-49
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| CHAPTER REVIEW

Principle of Virtual Work

The forces on a body will do virtual work 8y, 8y’ —virtual displacements
when the body undergoes an imaginary Syl _
differential displacement or rotation. d6—virtual rotation

For equilibrium, the sum of the virtual
work done by all the forces acting on the
body must be equal to zero for any virtual
displacement. This is referred to as the SU =0
principle of virtual work, and it is useful for
finding the equilibrium configuration for a
mechanism or a reactive force acting on a
series of connected members.

If the system of connected members has one
degree of freedom, then its position can be
specified by one independent coordinate,
such as 6.

To apply the principle of virtual work, it is first
necessary to use position coordinates to locate
all the forces and moments on the mechanism
that will do work when the mechanism
undergoes a virtual movement 6.

The coordinates are related to the
independent coordinate # and then these
expressions are differentiated in order to
relate the virtual coordinate displacements
to the virtual displacement 6.

Finally, the equation of virtual work is
written for the mechanism in terms of the
common virtual displacement 66, and then
it is set equal to zero. By factoring 86 out of
the equation, it is then possible to determine
either the unknown force or couple moment,
or the equilibrium position 6.
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Potential-Energy Criterion for Equilibrium

When a system is subjected only to
conservative forces, such as weight
and spring forces, then the equilibrium
configuration can be determined using the
potential-energy function V for the system.

The potential-energy function is established
by expressing the weight and spring
potential energy for the system in terms of
the independent coordinate q.

Once the potential-energy function is
formulated, its first derivative is set equal
to zero. The solution yields the equilibrium
position g for the system.

The stability of the system can be
investigated by taking the second derivative
of V.

Datum

dq

av
dq

av
dq

av
— =0
dq
dv
0, —5 >0 stable equilibrium
dq
d*v
0, ——= < 0 unstable equilibrium
dq
v _dv

= --+ =0 neutral equilibrium
dq* dg® a
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. REVIEW PROBLEMS

R11-1. The uniform links AB and BC each have a mass R11-3. The toggle joint is subjected to the load P.
of 1 kg and the cylinder has a mass of 10 kg. Determine Determine the compressive force F it creates on the
the horizontal force P required to hold the mechanism at cylinder at A as a function of 6.

0 = 45°. The spring has an unstretched length of 150 mm.

Prob. R11-1

Prob. R11-3

R11-2. The uniform bar AB has a mass of 5 kg. If the
attached spring is unstretched when 6 = 90°, use the
method of virtual work and determine the angle 6 for

equilibrium. Note that the spring always remains in the ) )
vertical position due to the roller guide. R11-4. 1If a torque of M = 50N-m is applied to the

flywheel, determine the force F applied to the ram to hold it
in the position § = 60°.

Prob. R11-2 Prob. R11-4



R11-5. The block A has a mass of 40 kg. Determine the
angle 0 for equilibrium and investigate the stability of the
mechanism in this position. The spring has a stiffness of
k = 1.5kN/m and is unstretched when 6 = 90°. Neglect
the mass of the links.

Prob. R11-5

R11-6. The spring attached to the mechanism has an
unstretched length when 6 = 90°. Determine the position 6
for equilibrium and investigate the stability of the
mechanism at this position. Disk A is pin connected to the
frame at B and has a mass of 10 kg. Neglect the weight of
the bars.

Prob. R11-6

REVIEW PROBLEMS 615

R11-7. The spring has an unstretched length of 0.3 m. Use
the method of virtual work and determine the angle 6 for
equilibrium if the uniform links each have a mass of 5 kg.

Prob. R11-7

R11-8. The uniform bar AB has a mass of 50 kg. If
both springs DE and BC are unstretched when 6 = 90°,
determine the angle 0 for equilibrium. Investigate the
stability at the equilibrium position. Both springs always act
in the horizontal position because of the roller guides at C
and E.

k=700 N/m.:
B M—>

Prob. R11-8




APPENDIX A\

MATHEMATICAL REVIEW
AND FORMULATIONS

Geometry and Trigonometry Review

The angles 6 in Fig. A-1 are equal between the transverse and two

parallel lines.
180° — 9/7<
9

A
¥

Fig. A-1

For a line and its normal, the angles 0 in Fig. A-2 are equal.

Fig. A-2

616
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For the circle in Fig. A-3, s = 6r, so that when 6 = 360° = 27 rad
then the circumference is s = 27r. Also, since 180° = 7 rad, then
6 (rad) = (7/180°)8°. The area of the circle is A = 77>

Jo |s
Fig. A-3

The sides of a similar triangle can be obtained by proportion as in
a b c
Fig. A-4,where — = — = —.
B ATRWICE T TR T ¢

For the right triangle in Fig. A-5, the Pythagorean theorem is
h= V(o) + (@)

The trigonometric functions are

o
sin @ = —
h
cos@—g
h
9]
tanf = —
a

This is easily remembered as “soh, cah, toa’; i.e., the sine is the opposite

over the hypotenuse, etc. The other trigonometric functions follow
from this.

1 h

csc = — = —
sin 0 o

1 h

secH = = —
cos 0 a

1 a

coth = = —
tan 0 o

Fig. A4

h (hypotenuse) o (opposite)

a (adjacent)

Fig. A-5
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618 APPENDIX A MATHEMATICAL REVIEW AND FORMULATIONS

Trigonometric Identities
sin 6 + cos’f = 1
sin(f + ¢) = sinf cos ¢ t cosOsin ¢

sin 20 = 2 sin 6 cos 6

cos(f = ¢) = cos B cos ¢ + sin 6 sin ¢

cos 20 = cos? 0 — sin’ 6

1+ 20 . 1 - 260
cosf = iﬂl%,anO: _1/%

_|_

1 + tan? 0 = sec? 6 1+ cot?0 = csc? 6

Quadratic Formula

-b + Vb* — dac

If ax®> + bx + ¢ = 0, thenx =
2a

Hyperbolic Functions

X —X
. et —e
sinh x =
2
e+ e
coshx = ——
2
sinh x
tanhx =
cosh x

Power-Series Expansions

. _ x3+ -1 x2+
sinx = x 3l ,CO8 X = 5

. x3 x2
smhx=x+§+ ---,coshx=1+§+

Derivatives

d ny — n—ld_u i i = d_u

T (u") = nu % (sinu) = cosu T

i(uv) = ud—v + vd—u i(cos u) = —sin ud—u

dx dx dx dx dx
L dv

i(ﬁ) - dx i(tan u) = sec’ ud—u

dx \ v v? dx dx

d B , du d . _ du

pp (cotu) = —csc’u I dr (sinh u) = cosh u T

d du d . du
E(sec u) = tan u sec e E(cosh u) = sinh o

i(csc u) = —cscu cot ud—u
dx dx



APPENDIX A MATHEMATICAL REVIEW AND FORMULATIONS 619

Integrals /x\/mdx ==Vt a)P+C

xn+1
/x”dx: +Cn # —1
n+1

1
3

/,\f,z\/x2 + a’dx = f\/(xz * a%)’

4
d. 1

/ +xb = In(a + bx) + C 2 4

s * 1§x\/x2ia2—§ln(x+ xziaz)-l—C

/ d« 1 ln{a+x\/—ab}+c
a+bx* 2/—ab la— x\—ab ’ / dx__2Va+bx
ab < 0 Va + bx b

dx
x dx 1 ) 2 NP tdal+cC
/a+bx2:2bln(bx +a)+C Vi + 42

+C

/ x% dx x a _1xVab [\/a-i—bx-l—cx2

dx 1
== — ——— = ——In
a+bx2 b b\/abtan . TGab>0 /\/a-kbx—kcx2 Ve

b
2
/mdxza,b\/(a-f—bxf-f—C +X\[C+2\/E]+C»C>O
~ —2(2a — 3bx)V(a + bx)* - sin_1< —2ex = b ) +C,c<0
/ﬂ5+mw— L e v\ e

/yv;+mw= ‘/mxw:—mw+c

2(8a% — 12abx + 15b*x*)V/(a + bx)?
105b3 +C /cosxdx =sinx + C

1 . X
/\/az—xzdx=2x az—x2+azsm1a}+C,

a>0

1
/x cos(ax) dx = —cos(ax) + gsin(ax) + C
a

2.2

1 / x? cos(ax) dx = 2fxcos(ax) + Lsin(ax) + C
/xVaz—xzdx=—3V(a2—x2)3+C a’ a’
axd — l ax + C
/xz\/az—xzdxz—Z\/(az—xz)3 CETLe

eax
2 ax —_ —
a X xe®™ dx = ax — 1)+ C
+8(x az—x2+a2s1n1a>+C,a>0 az( )

sinh x dx = coshx + C

/\/x2 + a?dx =
;{x\/xz + 4% + azln(x + Vx? + az)] + C

coshxdx = sinhx + C

— — —



Fundamental Problem
Solutions and Answers

Chapter 2
F2-1.

Fr = V(2 kN)? + (6 kN)? — 2(2 kN)(6 kN) cos 105°

= 6.798 kN = 6.80 kN
sing  sin 105° R

6kN ~ 6.798 kN’ ¢ = 5849
=45° + ¢ = 45° + 58.49° = 103°

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.
Ans.
Ans.
Ans.

Ans.

F2-2. Fxr = V2002 + 500> — 2(200)(500) cos 140°
= 666 N
F2-3. Fxr = V6002 + 800> — 2(600)(800) cos 60°
=721.11N = 721N
sina  sin 60°
= ;o =T7390°
goo 72111
¢ = a — 30° = 73.90° — 30° = 43.9°
F, 30N
P a5 " sinose  fuT 20N
F, 30 _
§n30°  sinioses LvT 1SN
Fap 450N
F2-5. =
sin 105°  sin 30°
FAB = 869 N
Fac 450N
sin 45°  sin 30°
FAC = 636 N
F 6
F2-6. = F=311kN
6 sin 30°  sin 105°
F, 6
= F, = 439 kN
sin45°  sin 105° v
F2-7.  (F), =0 (F), =300N
(F,), = —(450 N) cos 45° = —318 N
(F,), = (450 N) sin 45° = 318 N
(F), = (2)600 N = 360 N
(F3), = (3)600N = 480N
F2-8.  Fg, = 300 + 400 cos 30° — 250(%) = 446.4 N

Fg, = 400sin 30° + 250(%) = 350N
Fr = V(446.4)> + 350> = 567N
6 = tan 'y = 38.1°47
620

Ans.
Ans.

F2-9.

i>(FR)X =
(FR)x =

+ T(FR)y
(FR)y

F2-10.

F2-11.

F2-12.

F2-13.

F

¢
0

3Fy
— (700 N) cos 30° + 0 + (2) (600 N)
= —246.22N

= 3F,;

= —(700 N) sin 30° — 400 N — (%) (600 N)

= —1230N

= V(24622 N)? + (1230 N)2 = 1254 N Ans.
= tan! (55 55x) = 78.68°

= 180° + ¢ = 180° + 78.68° = 259° Ans.

L(Fr)y = XFy
750N = Fcos§ + (35)(325N) + (600 N)cos 45°
+1(Fg)y = XFy;

0= Fsing + (33)(325N) — (600 N)sin 45°
tan 0 = 0.6190 6 = 31.76° = 31.8°.A4
F=236N

Ans.
Ans.

L(Fr)y = 2Fy

(80N) cos 45° = Fcos§ + SON — (2)90N
+1(Fg)y, = 3Fy;

—(80N)sin45° = Fsin 6 — (%) (90 N)

tan 0 = 02547 6 = 1429° = 143°4  Ans.
F=625N Ans.
(Fr)y = 15(%) + 0+ 15(%) = 24kN—
(Fg), = 15(2) +20 — 15(2) = 20kN 1
Fr = 312kN Ans.
0 = 39.8° Ans.
F, = 75cos 30°sin 45° = 4593 N
F, = 75 cos 30° cos 45° = 45.93 N
F, = —75sin30° = —=37.5N
a =cos ' (1BE) =502° Ans.
B =cos I (82) = 502° Ans.
y = cos I (3E) = 120° Ans.



F2-14.

F2-15.

F2-16.

F2-17.

F2-18.

F2-19.

F2-20.

F2-21.

cos B =V1 — cos? 120° — cos? 60° = +0.7071
Require g = 135°.
F = Fuy = (500 N)(—0.5i — 0.7071j + 0.5k)

= {—250i — 354j + 250k} N Ans.

cos’a + cos?135° + cos?120° = 1
a = 60°
F = Fup = (500 N)(0.5i — 0.7071j — 0.5k)

= {250i — 354j — 250k} N Ans.
F, = (S0N)sin 45° = 3536 N
F' = (50N) cos 45° = 35.36 N
F.= (2)(3536N) = 2121 N
F, = ($)(3536N) = 2828 N
F = {-212i + 283j + 354k} N Ans.
F, = (750 N) sin 45° = 530.33 N
F' = (750 N) cos 45° = 530.33 N
F, = (530.33 N) cos 60° = 2652 N
F, = (53033 N) sin 60° = 459.3 N
F, = {265i—459j + 530k} N Ans.

Fi = (2)(500N)j + (3)(500 N)k
= {400j + 300k} N
F, = [(800 N) cos 45°] cos 30° i
+ [(800 N) cos 45°] sin 30°j
+ (800 N) sin 45° (k)
= {489.90i + 282.84j — 565.69k} N
Fr=F, + F, = {490i + 683j — 266k} N  Ans.

ryg = {—6i + 6j + 3k} m Ans.
rap = V(=6m)® + (6m)’ + 3m)> = 9m Ans.
a =132, B=482°, y =705 Ans.

ryg = {—4i+2j+4k} m Ans.
rag = V(~=4m)> + 2m)> + (4m)’> = 6m Ans.

a =cos ' (£1) =131.8°
6 = 180° — 131.8° = 48.2° Ans.
ryp = {2i +3j — 6k} m
Fup = Fapusp
= (630N) (i + 3j — %)
= {180i + 270j — 540k} N Ans.

F2-22.

F2-23.

F2-24.

F2-25.

F2-26.

F2-27.

F2-28.

FUNDAMENTAL PROBLEMS 621

F = Fu,p = 900N (—5i + §j — k)

= {—400i + 700j — 400k} N Ans.
Fz = Fpup

= (840N) (Gi — 7j — %K)

= {360i — 240j — 720k} N
Fc = Feue

= @20 N)(Fi + 5 — %K)

= {120i + 180j — 360k} N
Fr = V(480 N)? + (=60 N)? + (—1080 N)>

= 1.I8kN Ans.
Fz = Fpup

= (600 N) (i + 3 — 3k)
= {—200i + 400j — 400k} N
Fec = Fauc
= (490 N) (—5i + 3 — 7k)
= {—420i + 210j — 140k} N
Fr = Fz + Fo = {—620i + 610j — 540k} N Ans.

— 1. 2. 2
qu——§l+§J—§k

ur = —0.5345i + 0.8018j + 0.2673k

6 = cos ! (uyp -up) = 57.7° Ans.
Uyp = _%j + %k
up = ;ii - %j
0 = cos ' (uyp rup) = 68.9° Ans.
Upogq = %i + %i
upuj = upa(l) cos 6
cos ) = 1%; 0 = 67.4° Ans.
Upq = %i + %j
F = Fuy = [650j] N
FOA = F'uOA = 250N
FOA = FOA Upy = {231i + 962j} N Ans.



622

F2-29.

F2-30.

(Fa)par = Fruy = 446.41 N = 446 N Ans.
(Fa)per = V(600 N)? — (446.41 N)?
=401 N Ans.
F2-31. F =5NGi — § + k)
= {24i — 48j + 16k} N
(Fao)| = Frugo= (24i — 48j + 16k) - (3i — % — k)
= 4686 N = 469N Ans.
(Fao) . = VF2 = (Fa0)| = V(56)> — (46.86)°
=30.7N Ans.
Chapter 3
F3-1. 5 3F, =0; 2Fc — Fapcos30° =0
+13F, = 0; 3F4c + Fapsin30° — 550 = 0
Faup = 478N Ans.
Fyc = 518N Ans.
F3-2. +13F, =0; —2(7.5)sin0 + 3.5 =0
6 = 13.49°
Lapc = 2(=95%) = 3.09m Ans.
F3-3. L3F,=0; Tcos® — Tcos¢p =0
b =0
+13F, = 0; 2Tsinf — 49.05N =0
0 = tan”' ((aty) = 36.87°
T=409N Ans.
F3-4. +/3F, = 0; ¥(F,) — 5(9.81)sin45° = 0
F, = 4335N
Fy, = k(I — 15);43.35 = 200(0.5 — I)
lp = 0.283 m Ans.

SOLUTIONS AND ANSWERS

{4i+1j—-6k}m
V(@ m)2 + (1m)? + (—6m)?
= {219.78i + 54.94j — 329.67k} N
{-4j—6k}m
\/(—4 m)? + (—6m)?
—0.5547j — 0.8321k
=F-uyp = 244N Ans.

F = (400 N)

Uyo =

(FAO)pmj

F = [(—600 N) cos 60°] sin 30° i
+ [(600 N) cos 60°] cos 30° j
+ [(600 N) sin 60°] k
= {—150i + 259.81j + 519.62k} N
uy = —%i + %J + %k

F3-5.

F3-6.

F3-7.

F3-8.

F3-9.

F3-10.

+13F, = 0; (392.4N)sin30° — m,(9.81) = 0
my = 20 kg Ans.
+13F, = 0; T4psin15° — 10(9.81)N = 0
T,p = 379.03N = 379N Ans.
L3F, =0; Tye — 379.03Ncos 15° =
Tpe = 366,11 N = 366 N Ans.

3F, =0; Tepcosh — 366.11N =0
+13F, =0; Tcpsinf — 159.81)N =0

Tcp = 395N Ans.
6 =219 Ans.
Fip = FAD<;:Z) = YFupi —3Fapj + 5Fapk
SF, = 0; 2Fup — 600 =0
Fap = 900N Ans.
SF, = 0; Fpcos 30° — 2(900) = 0
Fap = 69282 N = 693N Ans.
SF =0,  1(900) + 692.825in30° — F4c = 0

Fyc = 64641N = 646N Ans.
SF, =0; Fup(%) —900=0

Fap = 1125N = 1.125kN Ans.
SF,=0; Fue(?) —1125(2) =0
Fyc = 84375N = 844N Ans.
SF, =0, Fup—84375(2) =0
Fup = 50625N = 506 N Ans.
SF,=0; [(3)R](2) +600N—F =0 (1)
3R =00 ()R - [(3)R](5) =0 @)
SF,=0, ()F+ (3)F,—900N=0 (3)
F; =776 N Ans.
F;, = 466 N Ans.
F, = 89N Ans.

Fic = Fyc {—cos 60°sin 30° i
+ cos 60° cos 30°j + sin 60° k }
= —025F,ci + 0.4330F,¢j + 0.8660F,c k

F.p = Fyp{cos 120°i + cos 120°j + cos 45°k}
—0.5F pi — 0.5F,pj + 0.7071F4p k

SF, =0; 0.4330F,c — 05F, =0

SF, = 0; 0.8660Fc + 0.7071F,p — 300 = 0
Fap = 175.74N = 176 N Ans.
Fyc = 202.92N = 203N Ans.

SF,=0; Fup — 025(202.92) — 0.5(175.74) = 0

Fup = 13860 N = 139N Ans.



F3-11. Fj = FB(IA—B>
T'aB
[ {-3i+ 15j + 1k} m J
= FB
V(=3m)® + (15m)? + (1 m)>
= —SFgi + 2 Fyj + 2 Fgk
FC = Fc<rAiC)
rac
[ {-3i — 1j + 1.5k} m J
= FC
V(=3m)® + (-1 m)? + (1.5 m)>?
= —$Fci — 3Fcj + 3 Fck
FD = FDi
W = {-150k} N
SF=0; S$F3 —SFc+ Fp=0 1)
SF,=0;3F3 —5Fc=0 )
SF, =0, 2F3+2F-—150=0 3)
Fgp = 162N Ans.
Fe=15(162N) = 242N Ans.
Fp = 346.15N = 346N Ans.
Chapter 4
F4-1.2) My = —(2)(500N)2m) = 600 N-mJ

b) My = (£)(500 N)(3m) = 1200 N-m)

F4-2.2) My = —(2)(500N)(3m — 1 m)
+(2)(500N)(1 m) = 200N -m)
b) Mo = (3)(S00N)(1m) — (%)(500 N)(3m)

3
3)
=900 N-m)
F4-3.2) (+My = —(£) (100 N)(2 m) — (2) (100 N)(5 m)
= —460N-m = 460 N-m) Ans.

b)(+Mo = [(300 N) sin 30°][0.4 m + (0.3 m) cos 45°]
— [(300 N) cos 30°][(0.3 m) sin 45°]

=367N'm Ans.
¢) (+Mp = (600 N)[4 m + (3 m)cos 45° — 1 m]
= 3.07kN-m Ans.

F4-4. (+My = —50sin60° (0.1 + 0.2 cos 45° + 0.1)
+ 50 cos 60°(0.2 sin 45°)

=112N-m Ans.
F4-5. (+M,y = 600 sin 50° (2.5) + 600 cos 50° (0.25)
=125kN-'m Ans.

F4-6. (+My = 500sin 45° (3 + 3 cos 45°)
— 500 cos 45° (3 sin 45°)
= 1.06 kN -m Ans.

FUNDAMENTAL PROBLEMS 623

F4-7.  (+(Mg)o = 2Fd;
(Mg)o = —(600 N)(1 m)
+ (500 N)[3m + (2.5 m) cos 45°]
— (300 N)[(2.5 m) sin 45°]
= 1254 N-m = 1.25kN-m Ans.

F4-8. ( +(Mg)o = XFd,
(Mo = [(2)500N] (04625 m)
— [(%)500 N](0.25 m)
— [(600 N) cos 60°](0.25 m)
— [(600 N) sin 60°](0.425 m)
= —268N'm =268 N-'m ) Ans.
F49. (+(My)o = SFd,
(Mg)o = (300 cos 30° N)(3m + 3sin 30° m)
— (300 sin 30° N)(3 cos 30° m)
+ (200 N)(3 cos 30° m)
= 130kN-m Ans.

F4-10. F = Fu,p = S00N (% — %j) = {400i — 300§} N
My =r1o4 X F = {3j} m X {400i — 300j} N
= {—1200k} N-m Ans.
or
My = rop X F = {4i} m X {400i — 300j} N

= {—1200k} N-m Ans.
F4—11. F = FuBC
4i—4j—2k}m
= 120 N|: { ] ; :|
V(@ m) + (—4m)? + (-2 m)?
= {80i — 80j — 40k} N
i j k
MO = I¢c X F = 5 0 0
80 —80 —40
= {200j — 400k} N-m Ans.
or
i j k
Myp=r; xF=|1 4 2
80 —80 —40
= {200j — 400k} N-m Ans.
F4-12. Fr=F +F,

= {(100 — 200)i + (—120 + 250)j
+ (75 + 100)k} N
= {—100i + 130j + 175k} N



624 SOLUTIONS AND ANSWERS

i j k
(MR)O = Iy X FR = 4 5 3
—-100 130 175
= {485i — 1000j + 1020k} N-m Ans.
0 1 0
F4-13. M, =j-(ry XxF)=|-3 -4 2
30 —-20 50
=210N-m Ans.
1 0 0
F4-14. M, =1i-(ropXF) = [0.3 04 —-02
300 —200 150
=20N-m Ans.
r 0.3i + 0.4} m
F4-15. up, = = = { i} = 0.6i+08j
Ta \/(0.3 m)? + (0.4 m)?
0.6 0.8 0
MOA = uOA'(l'AB X F) = 0 0 —0.2
300 —-200 150
= —-72N-m Ans.
‘MOA‘ =72N'm
r —4i + 3jlm
F4-16. u,p = 22 = { i = —08i + 0.6j
T'AB V(-4 m)2 + (3 m)2
Myp = uyp- (tac X F)
-08 06 0
=10 0 2] = —4N-m
50 —40 20
MAB = MABuAB {3 20] - 240]} N-'m AYZS.

F4-17. Scalar Analysis
The magnitudes of the force components are

F, = [200c0s120°| = 100 N
F, = 200c0s60° = 100 N

F, = 200cos45° = 14142 N
M, = _Fy(z) + F.(y)
—(100N)(0.25m) +

(141.42N) (0.3 m)

=174 N-m Ans.
Vector Analysis
1 0 0
M,=1 0 03 025 | =174N-m Ans.
—100 100 141.42

F4-18. Scalar Analysis

The magnitudes of the force components are
F, = (3)[5(500)] = 240N

F4-19

F4-20.

F4-21.

F4-22.

F4-23.

F, = 2[4(500) | = 320N
F

— 4
—5
. =32(500) = 300N

M, = —320(3) +300(2) = —360N-m  Ans.
M, = —240(3) — 300 (-2) = —120N-m  Ans.
M, = 240(2) — 320 (2) = —160N-m Ans.

Vector Analysis

F = {—240i + 320j + 300k } N
roq = {—2i +2j + 3k} m
i-(rop X F) = =360 N-m
j-(roxs XF) = —-120N-m
=k-(rps X F) = —=160N-m

s ==
||

. [ +M¢, = M, = —400(3) + 400(5) — 300(5)
—200(0.2) = =740 N-m Ans.
Also,
(+M¢, = —300(5) + 400(2) — 200(0.2)
= —740N-m Ans.
(+Mc, = 300(0.4) + 200(0.4) + 150(0.4)
=260N-m Ans.
(+Mc=10(2)(2) — 10(2)(4) = —20kN-m
=20kN-m) Ans.
(+(Mp)g = ZMp
~1.5kN-m = (2kN)(0.3 m) — F(0.9 m)
F =233kN Ans.
I {—2i + 2j + 3.5k} m
u=—=
n V(-2m)? + 2m)? + (3.5m)?
=-—Ai+ & +3k
u = -k
us = lgl - 2%]
(Mc)l = (Mc)lul
= (450N - m)( 51 + 4<J + ng)
= {—200i + 200j + 350k} N-m
M), = (M)om, = (250 N-m)(—k)
= {-250k} N-m
(M)s = (Mo)sus = (300 N-m) (53 — 75i)
= {180i — 240j} N-m
(MC)R EMU
(M, )r = {—20i — 40j + 100k} N-m Ans.



F4-24. Fz = (2)(450N)j — (2) (@50 N)k

= {360j — 270k} N

M, =r,; X Fy = |04
0 360
= [108j + 144k} N-m
Also,
M, = (ry X F4) + (rp X Fp)
i § ok
=0 0
0 -=360 270

{1
F4-25.

+|Fry = SF; Fgy =150 — £(100) = 70N
Fr = V140> + 70> = 157N Ans.
0 = tan ' ({3) = 26.6° Ans.
M+My, = SMy;
M4, = %(100)(0.4) — £ (100)(0.6) + 150(0.3)
My,=21N'm Ans.
F4-26. © Fp, = 3F; Fg, =2%(50) = 40N
+1Fg, = 3F; Fg, = —40 — 30 — 2(50)
= -100N
Fr = V(40)> + (100)*> = 108 N Ans.
6 =tan ' (L) = 682° % Ans.
(+My, = SMy;
M,, = =30(3) — 2 (50)(6) — 200
= —470N-m Ans.
F4-27. L (FR)y = 2Fg
(Fr)y = 900sin 30° = 450N —
+1(Fr)y = 2Fy;
(Fg), = —900 cos 30° — 300
= —1079.42N = 1079.42N |
Fr = V450% + 1079.42%
= 1169.47N = 1.17kN Ans.
0 = tan ' (19%2) = 674° % Ans.

i

08j + 144k} N-m

(F(MR)y = 2My;

(MR)A

= 960N-m )

03] + |04

Ans.

k
0.3
=270

Ans.

¥ Fge = 3Fy Fge =200 — 2 (100) = 140N

= 300 — 900 cos30° (0.75) — 300(2.25)
= —959.57 N-m
Ans.

FUNDAMENTAL PROBLEMS 625

F4-28. 1 (Fg), = 3Fy;
(Fg)e = 150(2) + 50 — 100(%) = 60N —
+1(Fg)y = 3Fy;
(Fg), = —150(%) — 100(3)
= 180N = 180N |
Fr = V60> + 180> = 189.74N = 190N  Ans.
6 = tanfl(%) = 71.6° 4 Ans.
(F(MR)a = ZMy;
(Mp)a = 100(3)(0.1) —100(3) 0.6) — 150(3) (03)
= —-64 =64N-m) Ans.
F4-29. Fi = SF;
Fr=F +F,
= (=300i + 150j + 200k) + (—450K)
= {—300i + 150j — 250k} N Ans.
roa =2 -0j={2}m
rop = (=1.5-0)i + (2 — 0)j + (1 — O)k
= {-15i+2j + 1k} m
(Mg)o = ZM;
(Mg)o = rop X Fi + 104 X F,
i j k i j k
=|-15 2 1|+]0 2 0
300 150 200 0 0 —450
= {—650i + 375k }N-m Ans.
F4-30. F, = {—100j} N
[ {—0.4i — 0.3k} m ]
F, = (200 N)
V(-04m)? + (0.3 m)?
= {-160i — 120k} N
M, = {-75i} N-m
Fr = {—160i — 100j — 120k} N Ans.
(Mg)o = (0.3k) x (—100j)
i i k
+1 0 05 03]+ (=750)
-160 0 —120
= {~105i — 48j + 80k} N-m Ans.
F4-31.  +|Fz = 3F; Fz =500 + 250 + 500
=1250N = 1.25kN Ans.
(+Frx = 2My;

1250(x) = 500(1) + 250(2) + 500(3)
X =2m Ans.
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F4-32. =5 (Fg), = SFy
(Fg)y = 100(2)+ 50sin 30° = 85N —
+1(Fp)y = 3F;
(Fg), = 200 + 50 cos 30° — 100(%)
= 16330 N1
Fr = V852 + 16330 = 184 N Ans.
0= tanfl(%) = 62.5° A Ans.
(+(Mp)a = TMy;
163.30(d) = 200(1) — 100(%)(2) + 50 cos 30°(3)
d=1.04m Ans.
F4-33. -5 (Fg), = SF;
(Fp), = 15(%) = 12kN—
+1(Fr)y = 2Fy;
(Fg), = =20 + 15(%) = —11kN = 11kN|
Fr = V122 + 11> = 16.3kN Ans.
0 =tan () =425 Ans.
(+(MR)y = TMy;
—11(d) = —202) — 15(§)(2) + 15(3)(6)
d = 0909 m Ans.
F4-34. L(Fg), = 3F;
(Fp)y = () SkN — 8kN
= —5kN = 5kN <
+1(Fr)y = 2Fy;
(Fg), = —6kN — (%) 5kN
= —10kN = 10kN}|
Fr= V5 + 10> = 112kN Ans.
0 = tan ! () = 63.4° Ans.
(+(Mp)a = ZM 4;
5kN(d) = 8 kN(3m) — 6 kN(0.5 m)
- [(5)5kN]@m)
- [(5)5kN]@4m)
d=02m Ans.
F4-35. +1Fx = SF,; Fgr= —400 — 500 + 100

= —800N Ans.

Mg, = SM,; =800y = —400(4) — 500(4)

y =450m Ans.

Mg, = SM,; 800x = 500(4) — 100(3)

x =2125m Ans.

F4-36. +1Fg = 3F;
Fg = —200 — 200 — 100 — 100
= —600N Ans.
MRx = EM,\';
—600y = 200(1) + 200(1) + 100(3) — 100(3)
y = —0.667 m Ans.
+Mg, = ZM,;
600x = 100(3) + 100(3) + 200(2) — 200(3)
x = 0.667 m Ans.
Chapter 5
F5-1. LSF =0, —A,+5(3) =0
A, = 3.00kN Ans.
(+3M, =0; B4 —5(2)2) —-6=0
B, = 3.50kN Ans.
+13F, =0, A, +350-5(%) =0
A, = 0.500kN Ans.
F5-2. (+3M, = 0;
Fepsin45°(1.5m) — 4kN(3m) = 0
Fep = 11.31kN = 11.3kN Ans.
T3F, =0; A, + (11.31kN)cos 45 = 0
A, = —8kN = 8kN « Ans.
+13F, = 0;
A, + (11L31kN)sin45° — 4kN = 0
A, = —4kN = 4kN | Ans.
F5-3. (+3M, = 0;
Ng[6 m + (6 m) cos 45°]
— 10kN[2m + (6 m) cos 45°]
—5kN(4m) =0
Ny = 8.047 kN = 8.05kN Ans.
L3F, =0;
(5kN)cos45° — A, =0
A, = 354kN Ans.
+13F, = 0;
A, + 8.047kN — (5kN)sin45° — 10kN = 0
A, = 549kN Ans.
F5-4. T3F,=0; —A,+ 400cos30° =0
A, =346 N Ans.
+13F, = 0;
A, — 200 — 200 — 200 — 400 sin 30° = 0
A, = —800N Ans.
(+EM, = 0;



F5-5.

F5-6.

F5-7.

F5-8.

M, — 200(2.5) — 200(3.5) — 200(4.5)
— 400 sin 30°(4.5) — 400 cos 30°(3 sin 60°) = 0

M, =390kN-m Ans.

(+2M, =0;
Ne(0.7 m) — [25(9.81) N] (0.5 m) cos 30° = 0
Nc = 15171 N = 152N Ans.
L3F, = 0;
Typcos 15° — (151.71 N) sin 30° = 0

T = 7853N = 785N Ans.
+13F, = 0;

F, + (78.53N)sin 15°
+ (151.71 N) cos 30° — 25(9.81) N = 0

F,=935N Ans.
L3F, = 0;
N sin 30° — (250 N) sin 60° = 0
Nc = 433.0N = 433N Ans.
(+2Mp = 0,

—N, sin 30°(0.15 m) — 433.0 N(0.2 m)
+ [(250 N) cos 30°](0.6 m) = 0

Ny = 5774N = 577N Ans.
+13F, = 0;
Np—5774N + (433.0 N)cos 30°
— (250 N) cos 60° =
Np = 327N Ans.
SF, =0
Ty+Tg+Tc—2-5=0
SM, = 0,
TA(3) + T¢(3) — 5(1.5) —2(3) =0
M, =0;

—Tp(4) — Te(4) + 5(2) +2(2) = 0
T,=350kN, Ty =2.50kN, Te=1.00kN Ans.

M, = 0;
600 N(0.2 m) + 900 N(0.6 m) — A.(1 m) = 0
A, = 660N Ans.
SM, =0
D.(0.8m) — 600 N(0.5m) — 900 N(0.1 m) = 0
D, =4875N Ans.
SF, =0 D, =0 Ans.
3F, =0 D, =0 Ans.
SF, =0

Tge + 660N + 487.5N — 900N — 600N = 0
TBC = 3525 N Ans.

F5-9.

F5-10.

F5-11.
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3F, =0; 400N + C, = 0;

C, = —400N Ans.
XM, =0; —C,(04m) — 600N (0.6m) =0
C, = —-900N Ans.

SM, = 0; B,(0.6m) + 600N (1.2 m)
+ (—400N)(0.4m) = 0
B, = —9333N Ans.
M, =0,
—B, (0.6 m) — (—900 N)(1.2 m)
+ (—400 N)(0.6m) = 0

B, = 1400 N Ans.
SF,=0; 1400N + (=900N) + A, = 0

A, = —500N Ans.
SE,=0; A, — 933N+ 600N =0

A, =3333N Ans.
SF, =0, B, =0 Ans.
M, =0,
C,(04m +06m)=0 C, =0 Ans.
SF,=0; A, +0=0 A,=0 Ans.

SM, = 0;C.(0.6m + 0.6m) + B.(0.6 m)
— 450 N(0.6m + 0.6m) = 0

12C, + 0.6B, — 540 = 0

M, = 0; —C,(0.6m + 0.4 m)
— B.(0.6m) + 450 N(0.6 m) = 0
~C, — 0.6B, + 270 = 0

C,=1350N B, = —1800N Ans.
SF, =0
A, + 1350N + (—1800N) — 450N = 0
A, = 900N Ans.
3F, =0, A, =0 Ans.
SM,=0; —93) + Tce(3) =0

Tce = 9kN Ans.
SM, =0, Tcn3) —63)=0

Tcr = 6 kN Ans.
M, =0; 9(4) —A. (4 —6(15) =0

A, = 6.75kN Ans.
SF,=0;, A, +6—-6=0 A, =0 Ans.
SF, =0, Tgp+9—-9+675=0

Tgp = —6.75kN Ans.
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F5-12. SF, = 0;

SOLUTIONS AND ANSWERS

A, =0
SF, =0 A, =0
SF, = 0 A, + Tye — 800 =0

SM, = 0; (M), + 0.6T5c — 800(0.6) = 0

EMy =0;0.3Tpc—800(0.15) =0 Tyc=400N Ans.
Ans.
Ans.

EMZ =0;(My), =0

,=400N (M), =240N-m
Chapter 6
F6-1. Joint A.
+13F, =0; 225kN — F,psin45° =0

Fo-2.

F6-3.

Fo6—4.

F,p = 3.182kN = 3.18 kN (C)

3F, =0, Fus— (3.182kN)cos 45° = 0
Fap = 225kN (T)

Joint B.

f3F, =0, Fgc—225kN =0

Fye = 225kN (T)

+13F, =0, Fpp=0

Joint D.

L3F, = 0;

Ans.
Ans.

Ans.

Ans.

Ans.
Ans.

Fep cos 45° + (3.182 kN) cos 45° — 4.5kN = 0

Fep = 3.182kN = 3.18 kN (T)

Joint D.

+13F, = 0; 2Fcp — 3 =0;

Fcp = 5.00 kN (T)

S3F, = 0;—F4p + 2(5.00) =0
Fup = 4.00kN (C)

Joint C.

Fgce = 5.00kN (T), Fyc = Fap =0

A, =0, A, =C,=400kN; F,p = 0
Joint A.
+1SF, = 0, -2 Fyp + 400 =0
Fur = 6.67kN(C)
Joint C.
+13F, = 0; —Fpc + 400 =0
Fpe = 4.00 kN(C)
Joint C.

+13F,=0; 2Fcos30°— P =0
Fuc = Fge = F = 5255 = 0.5774P (C)

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

F6-5.

F6-6.

Fo6-7.

Joint B.

Y 3F, = 0;0.5774P cos 60° — Fap = 0
F,p = 0.2887P (T)

Fup = 0.2887P = 2kN

P = 6.928 kN
Fyc = Fgc = 0.5774P = 1.5kN
P = 2598 kN
The smaller value of P is chosen,
P = 2598 kN = 2.60 kN Ans.
Fep=0 Ans.
Fcp =0 Ans.
F,r =0 Ans.
Fpe=0 Ans.
Joint C.
C, = 2.598 kN
+T2Fy =0 2.598 kN — Fcpsin30° = 0
Fep = 5.196 kN = 520 kN (C) Ans.
LSF, =0; (5.196kN)cos30° — Fzge =0
Fgc = 4.5kN (T) Ans.
Joint D.
+/%F, =0; Fppcos30° =0 Fgp=0 Ans
+NIYF, =0; Fpr—5196kN =0
Fpg = 5.196 kN = 5.20kN (C) Ans.
Joint B.
13F, =0, Fgpsing =0 Fpp=0 Ans.
I3F.=0; 45kN—F,3=0
F,p = 45kN (T) Ans.
Joint A.
+13F, = 0 3402kN — Fy =0
F,r = 340kN (C) Ans.
+13F, = 0; Fcpsin45° —30 — 40 =0

Fcr = 99.0kN (T) Ans.
(+EMe = 0; Fpp(2) — 402) =0

Frr = 40.0 kN (T) Ans.

( +3ZMp = 0; Fpc(2) — 30(2) — 40(4) =0



F6-8.

F6-9.

Fo-10.

F6-11.

(+2M, =0; G,(12m) — 20kN(2m)
—30kN(4m) — 40kN(6 m) = 0
G, = 3333kN
+13F, = 0; Fgc + 3333kN — 40kN = 0
Fie = 6.67kN (C)
(+3Mg = 0;
33.33kN(8m) — 40kN(2m) — Fcp(3m) = 0

Ans.

Fep = 62.22kN = 622 kN (T) Ans.
L3F, =0; Fx— 6222kN =0
Fix = 622%kN (C) Ans.

From the geometry of the truss,

¢ = tan”'(3m/2 m) = 56.31°.

(tEMg = 0;

3333kN(8m) — 40kN(2m) — Fcp(3m) =0

Fep = 622kN (T) Ans.

(+2Mp =0; 3333kN(6m) — Fg;(3m) =0
Fy; = 66.7kN (C) Ans.

+13F, = 0;

3333 kN — 40kN + Fgpsin 56.31° = 0

Fxp = 8.01 kN (T) Ans.

From the geometry of the truss,
tan p = S _ 473 b = 60°
(+XMe = 0;
Frrpsin30°(2m) + 30 kN(2m) = 0
Frr = —60kN = 60 kN (C)
(+XMp = 0;
30kN(2m) — Fepsin60° (2m) = 0
Fer = 34.64 kN = 34.6 kN (T)
(+2XMp = 0;
30kN(3 m) — 30 kN(1 m) — Fpc(3 m)tan 30° =
Fpe = 34.64 kKN = 34.6 kN (T) Ans.

Ans.

Ans.

From the geometry of the truss,
6 = tan"!' (1 m/2 m) = 26.57°
¢ =tan"' (3m/2m) = 56.31°.
The location of O can be found using similar
triangles.
Im_ 2m
2m 2m+x

4dm=2m + x

X =2m

F6-12.

F6-13.

F6-14.

F6-15.
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(+2Mg = 0;
2625 kN4 m) — 15kN(2m) — Fep(3m) = 0
Fep = 25kN (T) Ans.
(+2Mp = 0;
2625 kN(2 m) — Fgpcos26.57°(2m) = 0
Fer = 29.3kN (C) Ans.

(+3M, = 0; 15kN(4 m) — 26.25 kN(2 m)
— Fgpsin56.31°(4m) = 0

Fop = 2.253kN = 225 kN (T) Ans.
( +ZMy = 0;
Fpe(4m) + 12kN(3m) — 16kN(7m) = 0
Fpc = 19kN (C) Ans.
(+32Mp = 0;
12kN(7m) — 16 kN(3m) — Fy(4m) = 0
Fy; = 9kN (C) Ans.

( +3Me = 0; Fjcos45°(4m) + 12 kN(7 m)
~ 9kN(@dm) — 16kNGBm) = 0

Fp=0 Ans.
+13F, =0; 3P —300=0
P=100N Ans.
(+XMe = 0;
—(£)(Fap)(3) + 400(2) + 500(1) = 0
Fap = 541.67N
L3F, = 0;—C, + 2(541.67) = 0
C, = 325N Ans.
+13F, = 0; C, + £(541.67) — 400 — 500 = 0
C, = 467N Ans.

( +XM,4 = 0;100 N(250 mm) — Np(50 mm) = 0

Ng = 500N Ans.
L3F, =0; (500N)sin45° — A, =0
A, = 35355N
+13F, = 0; A, — 100N — (500 N) cos 45° = 0
A, = 45355N
F, = V/(353.55 N)? + (453.55 N)?
= 575N Ans.
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F6-16. (+3M = 0;
400(2) + 800 — Fgu (75) (1)
— Fpa (ﬁ)@) =0
F, = 84327N
LIF, = 0;C, — 84327 () = 0

.= 800N Ans.
+13F, = 0;C, + 843.27(5) — 400 = 0
C, = 133N Ans.

F6-17. Plate A:
+13F, = 0; 2T + Nyp — 500 = 0
Plate B:
+13F, = 0; 2T — Nyp — 150 = 0
T =162N, N,z = 175N Ans.

F6-18. Pulley C:
+13F, =0, T—-2P=0,T=2P

Beam:
+13F, =0, 2P+P—-6=0

P = 2kN Ans.
(+2M, = 0; 2(0.8) — 6(x) =0

x = 0333 m Ans.

F6-19. Member CD
(+2Mp =0; 600(1.5) — N¢(3) =0

Nc = 300N
Member ABC
(+XM, =0; —800 + B,(2) — (300sin45°) 4 =0
B, = 82426 = 824N Ans.
P 3F, =0; A, — 300cos45° = 0;
A, = 212N Ans.
+T2Fy =0; —A,+ 82426 — 300 sin45° = 0;
A, = 612N Ans.
F6-20. AB is a two-force member.
Member BC
(+3M, = 0; 15(3) +10(6) — Fpa($)(9) =0
Fga = 14.58kN
LSF =0, (1458)(2) — ¢, =0
C, = 875kN
+13F, =0, (1458)(%) —10-15+C, = 0;
C, = 133kN
Member CD
LSF =0 875 —-D,=0; D,=875kN Auns.

+13F, = 0 -133 + D, =0; D, = 133kN Ans.
(+3Mp = 0; =8.75(4) + Mp = 0; Mp = 35kN-m Ans.

F6-21. Entire frame
(+t=M, = 0; —600(3) — [400(3)](1.5) + Cy(3) =0

C, = 1200N Ans.
+13F,=0; A, —400(3) + 1200 = 0
A, =0 Ans.
PIF,=0; 600 - A, —C, =0
Member AB
(+=Mp = 0; 400(1.5)(0.75) — A,(3) =0
A, = 150N Ans.
C, =450N Ans.

These same results can be obtained by considering
members AB and BC.

F6-22. Entire frame
(+3ZMp =0; 250(6) — A,(6) =0
Ay, = 250N
SF=0; E.=0
+T2Fy =0; 250 =250+ E, =0; E, =0

Member BD

(+2Mp =0; 250(4.5) — B,(3) = 0;
B, = 375N

Member ABC

(+EMc =0, =250(3) + 375(1.5) + B,(2) =0
B, =9375N

LSF. =0, -C,+B,=0; C,=9375N Ans.
+13F, =0; 250 -375+ C,=0; C,=125N Ans.

F6-23. AD, CB are two-force members.
Member AB
LHEM, = 0; —[5(3)(4))(LS5) + B,(3) = 0

B, = 3kN

Since BC'is a two-force member C, = B, = 3 kN

and C, = 0 (Mp = 0).

Member EDC

(HEMp = 0; Fpa(3)(15) = 5(3) —=3(3) =0

Fpq = 20kN

3F,=0; E,—20(3) =0, E,=12kN Ans.

+13SF, =0; —E, +20(3) —5-3=0;

E, = 8kN Ans.



F6-24. AC and DC are two-force members.

Member BC
L+EMe =0, [33)®)](1) = B,(3) =0
B, = 4kN
Member BA
(+EMp =0, 6(2) —A(4) =0
A, = 3kN Ans.

+T2Fy =0, —4kN+ A, =0; A, =4kN Ans.
Entire Frame

LFEM, = 0; —6(2) — [3(3)(8))(2) + Dy(3) = 0
D, = 12kN Ans.
Since DCis a two-force member (%M = 0) then
D, =0 Ans.
Chapter 7
F7-1. (+3M, =0; B,(6) — 10(1.5) — 15(4.5) =0
B, = 13.75kN
3SF,=0; Nc=0 Ans.
+13F, =0, Vc+1375-15=0
Ve=125kN Ans.
(+EMc = 0; 13.75(3) — 15(1.5) — M =0
Mc=1875kN-m  Ans.
F7-2. (+3Mg=0; 30— 10(1.5) — A,(3) =0
A, =5kN
I3F,=0; Ne=0 Ans.
+13F,=0; 5- V=0
Ve=5kN Ans.
(t2XMc=0; Mc+30-515)=0
Mc = —225kN-m Ans.
F7-3. L3F, =0, B,=0
(+3M, =0; 452)(1) — B,(3) =0
B, = 30kN
I3F,=0; Ne=0 Ans.
+13F,=0; Vc—-30=0
Ve = 30kN Ans.
(+EMc=0;, —Mc—-30(1.5) =0
Mc= —45kN-m Ans.
F7-4. (+3M, =0; By(6) — 12(1.5) — 9(3)(4.5) =0
B, = 23.25kN
I3F,=0; Ne=0 Ans.
+13F, =0; Vc+2325-9(15) =0
Ve = —-9.75kN Ans.
(+2XMc = 0;

23.25(1.5) — 9(1.5)(0.75) — M =0
Mc=2475kN-m Ans.
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F7-5. (+3M, =0; By(6) — 5(9)(6)(3) = 0
B, = 13.5kN
I3F,=0; Nc=0 Ans.
+13F, =0; Ve+135-35(9@3) =0
Ve=20 Ans.
(+3Mc=0; 13.53) — 3(9B)(1) — M =0
Mc=27kN-m Ans.
F7-6. (+3M, = 0;
B,(6) = 3 (6)3)(2) ~ 6(3)(4.5) = 0
B, = 165kN
I3F,=0; Ne=0 Ans.
+13F,=0; Vc+165-6(3) =0
Ve =150kN Ans.
(+3Mc=0; 16.53) — 6(3)(1.5) — Mc =0
Mc=225kN-m Ans.
F7-7. +13F,=0; 6 -V =0 V =6kN
(+ZMp=0; M+18—-6x=0
M = (6x — 18)kN-m
V (kN) M (kN - m)
6
x (m) — x (m)
-3
-18
Fig. F7-7
F7-8. +13F,=0; —V-2x=0
V = (—2x) kN
(+3Mp=0; M+2x(3)-15=0
M= (15— x)kN-m
V (kN) M (kN - m)
154
3 Y
t— x (m) — x (m)
‘ 3
-6
Fig. F7-8
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F7-9. +13F,=0; —V —320)(x) =0 F7-12. Region0 = x <3m
V = —(x*>) kN +13F, =0, V=0
(+3ZMp =0; M + 32x)(x)(3) = 0 (+SMp=0; M—12=0
M= —(}x)kN-m M = 12kN-m
V (kN) M (kN-m) Region3m < x < 6m

+13%F, =0, V+4=0 V=—-4kN
(+3M,=0; 4(6 —x) —M=0

3 3 = - .
t—x (m) —— x (m) M (4(6 x)) kN-m
‘ \I V (kN) M (kN - m)
-9 -9 12
. 3 6 |
Fig. F7-9 x (m) ! — x(m)
3
F7-10. +13F,=0; -V -2=0 ‘ —4
V = —2kN
(+2My=0; M+2x=0 Fig. F7-12
M = (—2x)kN-m F13.
V (kN) M (kN-m) v &N M N - m)
0 12 12
X (m) X (m) | I x (Il’l) L L L x (m)
-2 ‘ —4 \
~10 i,
-12 _
18 —14
Fig. F7-10 -32
F7-11. Region3m = x <3m Fig. F7-13
+13F, =0, -V -5=0 V=-5kN 14
(tEMp=0; M+5x=0 V;N. N
M = (=5x) kN-m (kN) ( m)
Region 0 < x = 6m 18
+13F, =0, V+5=0 V=-5kN 6 s 3
(+3Mp =0; 5(6-x) =M =0 55 xm i x (m)
M = (56— x)) kN-m -9
V (kN) M (kN - m) o7

B Fig. F7-14

3'\6

x (m) x (m) F7-15.
_s5 _1|5 V (kN) M (kN - m)
Fig. F7-11 | 2 6 ) ‘ e
2 4 2 4 6
-10

Fig. F7-15



F7-16.
V (kN) M (kN - m)
9
L5 [\
‘ \ — x (m) x (m)
45 6
~6. 75
-9
Fig. F7-16
F7-17.
V (kN) M (kN - m)
0 9
J[\a 6 \/\
: t— x (m) T — x (m)
N 3 6
S
Fig. F7-17
F7-18.
V (kN) M (kN - m)
Jr\\| v \/\ cm
-13.5 ‘
Fig. F7-18
Chapter 8
F8-1. a) +13F,=0; N — 50(9.81) —200(3) =0
N = 610.5N
L3F, =0, F—200(%) =0
F=160N
F < Fpay = #sN = 0.3(610.5) = 183.15N,
therefore F = 160 N Ans.

b) +13F,=0; N—5009.81) —400(2) =0

N =7305N
L3F, =0, F—400(%) =0
F=320N
F > Fpax = N = 03(730.5) = 219.15N

Block slips
F = uN = 02(730.5) = 146 N Ans.
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F8-2. (+3My=0;
NA(3) + 02N 4(4) — 30(9.81)(2) = 0

Ny = 15489 N
I3F, =0, P—15489 =0
P =15489N = 155N Ans.

F8-3. Crate A
+T2Fy =0; Nyu—5009.81)=0

N4 = 490.5N
L3F, =0; T—025(490.5) =0

T =122.62N

Crate B

+13F, =0; N+ Psin30° - 50(9.81) = 0
Np = 490.5 — 0.5P

L3F, = 0;

P cos 30° — 0.25(490.5 — 0.5 P) — 122.62 = 0

P = 247N Ans.

F8-4. *3F. =0; Ny—03Nz=0

+12F, =0
Nz + 03N, + P —100(9.81) = 0
(+2My = 0;
P(0.6) — 0.3N5(0.9) — 0.3 N4(0.9) =0
N, = 175.70N Np = 585.67N
P =343N Ans.

F8-5.  If slipping occurs:
+13F, =0; N.—100(9.81)N=0; N, = 981N
L3F, =0; P—04(981) =0; P =3924N
If tipping occurs:
(+XMy = 0; —P(1.5) + 981(0.5) = 0
P =327N Ans.

F8-6.
(+2M, = 0; 490.5(0.6) — Tcos 60°(0.3 cos 60° + 0.6)

— T'sin 60° (0.3sin 60°) = 0
= 490.5N

T3 F, = 0; 490.5sin60° —
+13F,

Ny =0, Ny =4248N
=0; u(424.8) + 490.5 cos 60° — 490.5 = 0
ne = 0.577 Ans.
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F8-7. A will not move. Assume B is about to slip on C
and A, and C is stationary.
PSF, =0; P—03(50) —04(75); P=45N
Assume C is about to slip and B does not slip on
C, but is about to slip at A.
L3F, =0, P—03(50) —0.35(90) =0
P = 465N > 45N
P =45N Ans.
F8-8. A is about to move down the plane and B moves
upward.
Block A
+N3F, =0; N= Wcos6
+/3F, =0; T+ pu(Wcosf) — Wsind =0
T = Wsin6 — u,Wcos 6 (1)
Block B
+NXF, =0; N =2Wcos#
+/3F, = 0; 2T — pu,Wcos® — u(2W cos )
— Wsing =0
Substituting Eq.(1) for T in the above equation
and simplifying,
6 = tan"!5pu, Ans.
F8-9. Assume B is about to slip on A, Fg = 0.3 Np.
H3SF, =0, P—03(10)(9.81) =0
P =294N
Assume B is about to tip on A, x = 0.
(+2My, =10; 10(9.81)(0.15) — P(04) =0
P =368N
Assume A is about to slip, F4 = 0.1 N,.
+13F, =0 N —10(9.81) — 7(9.81)= 0
L3F, =0 P—0.1[7(9.81) + 10(9.81)] = 0
P =16.7N
Choose the smallest result. P = 16.7 N Ans.
Chapter 9
im
XdA 1/ y¥ dy
_ A 2./,
F9-1. x= = ™ =04m Ans.
/AdA /0 yBdy
Im
¥ dA / ¥ dy
y = A =20 ™ =0571m Ans.
/AdA /0 Y13y

F9-4.

F9-7.

1m
/%dA / x(x3 dx)
__Ja _Jo
X = - 1m
/ ¥ dx
0

[an
A

=0.8m Ans.

1m1
/}dA / ExS(x3dx)
__Ja _Jo
y= - Im
/dA / ¥ dx
A 0

= 0.286 m Ans.

fran [ LR

y= / = Zm I
A
A 0 V2

=12m Ans.

= — Ans.

= 0.667 m Ans.

/VEdV /Ozmz{zi:m - z)zdz}

o dv IR 2
/‘; /; a (4 - Z) dz

= 0786 m Ans.
_SFL 150(300) + 300(600) + 300(400)
YTUsL T 300 + 600 + 400

= 265 mm Ans.
_OSFL 0(300) + 300(600) + 600(400)
YTOSL T 300 + 600 + 400

= 323 mm Ans.
_sFL 0 0(300) + 0(600) + (—200)(400)
fTsSL T 300 + 600 + 400

= —61.5 mm Ans.



y A  150[300(50 325[50(300
P,y STA 15030060 + 325(50600)

SA 300(50) + 50(300)
= 237.5 mm Ans.
oo, oo SFA _ 1002200)(50)] + 225[50(400)]
Y7 sa 2(200)(50) + 50(400)
= 162.5 mm Ans.
OSTA 025[4(05)] + 1.75[0.5(2.5)]
B0 v =5 4(0.5) + 0.5(2.5)
= 0.827 m Ans.
SFA 2[4(05)] + 025[(0.5)(2.5)]
YTTSA T T 405) + (05)(25)
=133m Ans.
__3x v 12(7)(6)] + 4[4(2)(3)]
AL X =50 = 7206 + 40)0)
= 1.67m Ans.
_SFV 35206 + 1ER)G))
VTSV T T 200(6) + 42)(3)
=294 m Ans.
__SEV 3206 + L))
LTSV T T 2006 + 40)0)
= 2.67m Ans.
_ 3IXV
P12 ¥=

0.25[0.5(2.5)(1.8)] + 0.25|:;(1.5)(1B)(0.5)} + (1.0)|:;(1.5)(1B)(0.5)}

0.52.5)(1.8) + %(1.5)(1.8)(0.5) + %(1.5)(1.8)(0.5)

=0.391m Ans.
_ 3y V 500625
y = Sy T 36 1.39m Ans.
__XZV 2835
zZ= Sv 36 0.7875 m Ans.

F9-13. A = 273FL
= 2m[0.75(1.5) + 1.5(2) + 075V (1.5)> + (2)?]

= 377 m? Ans.

V =2m37A
= 2m[0.75(1.5)(2) + 0.5(3)(1.5)(2) ]

=188 m’ Ans.
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F9-14. A =273FL
=27[1.95V(0.9)> + (1.2)> + 2.4(1.5) + 1.95(0.9) + 1.5(2.7)]

= 77.5m? Ans.
V =2n37A

= 27[1.8(3)(0.9)(1.2) + 1.95(0.9)(1.5) |

=22.6m’ Ans.

F9-15. A = 273FL
= 2mw[0.75(1.5) + 1.5(1.8) + 225V 1.5 + 22 + 1.5(3) |

= 877 m? Ans.
V =2u3FA

= 2mw[0.75(1.5)(3.8) + 2(3)1.5(2) |

=457 m’ Ans.

F9-16. A = 2xS7L
— 27 [ X2 (70D 1 1502) + 0.75(1.5) ]
= 40.1 m? Ans.
V =2a37A
= 2[4 (7S 4 0751.5)(2)]
=212m’ Ans.

F9-17. w;, = p,ghb = 1000(9.81)(6)(1)
58.86 kN/m
Fr = $(58.76)(6) = 176.58 kN = 177kN  Ans.

F9-18. w, = v, hb = 9.81 (2)(1) = 19.62kN/m
Fr = 19.62(1.5) = 29.43 kN Ans.

F9-19. w;, = p,ghzb = 1000(9.81)(2)(1.5)
= 29.43kN/m
Fr = 5(29.43)( V(1.5 + (2)?)

= 36.8 kN Ans.

F9-20. wy = p,ghab = 1000(9.81)(3)(2)

= 58.86 kN/m
wg = pughgb = 1000(9.81)(5)(2)
= 98.1 kN/m
Fr = %(58.86 + 98.1)(2) = 157kN Ans.

F9-21. wy = y,hsb = 9.81(1.8)(0.6) = 10.59 kN/m
wp = ywhg b = 9.81(3.0)(0.6) = 17.66 kN/m
Fr = %(10.59 + 17.66) ( V(0.9)> + (1.2)%)

= 21.2kN Ans.
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Chapter 10 Chapter 11
F10-1. Fl1-1. y; = 0.75sin6 8yg = 0.75 cos 0 86
R Im . i y xc = 2(1.5) cos 0 dxc = —3sin 6 86
IXZ/Ay dA=/O y[(l—y )dy} = 0.111 m" Ans. SU = 0; 2Wsys + Péxc = 0
(294.3 cos # — 3P sin 6)86 = 0
F10-2. P =98.1cotf|y_gr = 56.6N Ans.
/ dd = / V(2 dy) = 0222 m Ans F11-2. x, = 5cosf Sx4 = —5sin 6 80
A yg = 2.5sin6 6y = 2.5 cos 0 66
F10-3. U =0,  —Pdxy + (—Wdys) =0
Im (5P sin 6 — 1226.25 cos )60 = 0
I, = /A ¥ dA = /0 2 (%) dx = 0273 m* Ans. P = 24525 cot 8]y_qy = 142N Ans
F10-4. F11-3. x5 = 0.6sin6 oxp = 0.6 cos 6 60
yc = 0.6 cos 0 éyc = —0.6sin 6 60
/ x*dA = / [ = x®3) dx ] = 0.0606 m* Ans. 8U=0; —Fy,dxp+ (—Pdyc) =0
4 —9(10%) sin 6 (0.6 cos 6 56)
F10-5. I, = [{5(50)(450°) + 0] + [{5(300)(50°) + 0] — 2000(—0.6 sin 6 86) = 0
= 383(10°) mm* Ans. sinf =0 6=0° Ans.
I, = [+ (450)(50°) + 0] —5400 cos 6 + 1200 = 0

0 =7716° = 77.2° Ans.
F11-4. x3 = 0.9cos oxg = —0.9sin 0 660
xc =2(09cosh) bxc= —1.8sin6 66

= 5 (360)(200%) — 5 (300) (140°) 8U = 0; Poxy + (~F,dxc) =0
6(10%)(—0.9 sin 6 66)

+ 2[5(50) (150%) + (150)(50)(100)?]
= 183(10°) mm* Ans.

F10-6. [

(
= 171(10°) mm* Ans. .
o . ! - 36(103)(cos 6 — 0.5)(—1.8sin6 60) = 0
I, = £ (200)(360%) — £(140)(300°) sin 6 (64 800 cos § — 37 800)50 = 0
= 463(10°) mm* Ans. sino=0  6=0 Ans.
o : 64 800 cos 6 — 37 800 = 0
F10-7. I, = 2[{5(50)(200°) + 0] 0 = 5431° = 54.3° Ans
+ [117(300)(503) + 0] F11-5. y; =25sin6 &y; = 2.5cos 6 60
= 69.8 (10°) mm* Ans. X4 =5cos6 Sx, = —5sinf 86
sU = 0; (—F,0x4) —Woys = 0
F10-8.

(15 000 sin 6 cos 6 — 7500 sin 6

IFA _15(150)(30) + 105(30)(150) 122625 cos 6)30 = 0

YTTSA T 150(30) + 30(150) b — 5633 — 563° s
Lo = 3(I + Ad®) or 0 = 9.545° = 9.55° Ans.
= [ (150)(30)° + (150)(30)(60 — 15)?] F11-6. F,, = 15000(0.6 — 0.6 cos 0)
n [1172(30)(150)3 + 30(150)(105 — 60)2] xc = 3[0.3 sin 6] dxc = 0.9 cos 0 80
vg = 2[0.3 cos 6] S8ygp = —0.6sin 6 560
- 6 4
= 27.0 (105 mm Ans.

8U=0;  Pdxc+ Fydys =0
(135 cos 6 — 5400 sin § + 5400 sin 6 cos 0)86 = 0
0 = 20.9° Ans.



Review Problem Answers

Chapter 2

R2-1. F,=129N

F, = 183N

R2-2. cos?30° + cos?70° + cos’y = 1
cosy = +0.3647
v = 68.61°or 111.39°

By inspection, y = 111.39°.

Ans.
Ans.

F = 250{cos 30°i + cos70% + cos 111.39°k} N

Ans.

Ans.
Ans.

Ans.

Ans.
Ans.
Ans.

Ans.
Ans.

Ans.
Ans.
Ans.
Ans.
Ans.

= {217i + 85.5j — 91.2k}N
R2-3. Fp = 605N
¢ = 85.4°
R2-4. Fg, =3F; Fg = 4(%) + 3@) -3-2=0
Fo =3 1y -3(2)-4(2) =0
Thus,
Fr=0
R2-5. F, = {416i — 240j + 360k} N
F, = {318j + 318k}N
R2-6. Fp,,j = 0.667 kN
R2-7. r = {15sin20°% + 15 cos 20°j — 10k} m
= {5.1303i + 14.0954j — 10k} m
r= V513032 + 14.0954> + (—10)> = 18.028 m
u= f = 02846 + 0.7819j — 0.5547k
F = Fu = {0.56% + 1.56j — 1.11k} kN
R2-8. 6 = 82.0°
Chapter 3
R3-1. m = 112kg
R3-2. F=201N
R3-3. F, = 208N,Fy = 344N
R3-4. m = 39.1kg
R3-5. F, =800N F,=14IN  F;=564N
R3-6. F,c= 130N F,, =510N F=1.06kN

Ans.

R3-7. F, =0,F, = 311N, F; = 238N
R3-8. Fcp = 3.07kN, Feq = Fep = 969N

Chapter 4

R4-1. Fy = {143i + 214j — 429k} N,
(Mg)e = {—9.64i + 2.14j — 2.14k} kN -m

R4-2. F=133N
R4-3. W = 1.63kN
R4-4. M, = {-118j} N-m
R4-5. Fr = 462kN,0 = 39.1°2,d = 0.904 m
R4-6. Fr = 450kNl,x =233 m
R4-7. Fr = 2.10kN

0 = 81.6° A

Mp = 168kN-m)
R4-8. Fr = 140kN/

y=714m

x=571m
Chapter 5

R5-1. A, = 125N, A, = 554 N, Fp = 338 N

R5-2. P =500N,A, = 679N, A, = 200N,
B, =179N,B, = 0,B, = 200N

R5-3. Nz = 957N
A, = 743N
A, =0

R5-4. A, =0
Fpp = 208N
Fge = 792N

A, =0

(My), =0

(My). =700N-m

Ans.
Ans.

Ans.
Ans.
Ans.
Ans.
Ans.
Ans.

Ans.
Ans.
Ans.

Ans.
Ans.
Ans.

Ans.

Ans.
Ans.

Ans.

Ans.
Ans.
Ans.
Ans.
Ans.
Ans.
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Chapter 6

R6-1. Joint A:

Joint B:
FBC = 4.00 kN (T)’FGB = O,

Joint D:
Fpr = 11.3kN (C), Fpc = 8.00 kN (T);

Joint E:
Frc = 8.00kN (T), Frg = 8.00 kN (C);

Joint C:
R6-2. FGF = 18.0 kN (C), FFB = 6.93 kN (T),
R6-3. Joint B:

Joint A:
Fyc =146kN (C)  Fup = 4.17kN (T)

Joint C:

Joint E:

Joint D:

Fpr = 521 kN (T)

R6-4. Fg; = 20.0kN (C), Fge = 10.0 kN (T)
R6-5. CBis a two force member.

Member AC:
A, = 300N Ay, = 804N
B, =B, =220N

R6-6. Fpp = 204kN, Fop = 4.67kN

R6-7. FAB = FAC = 1.22 kN (C),FAD = 2.47 kN (T) Ans.

R6-8. Member AB:

B, = 500 N

Member BC:

B, = 1400 N A, =250N
Member AB:

A, = 140kN

Member BC:

C, = 500N C, = 170kN

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.
Ans.

Ans.

Ans.

Ans.

Ans.

Chapter 7

R7-1. Segment DC
Nc=0 Ve=900kN M= —-625kN-m
Segment DB

Ny=0  Vz=275kN My=—1845kN-m

R7-2. Np =346N,Vp = 0,Mp = O,Ny = 0,
Ve=115N,M; = 173N 'm

R7-3. T, = 120kN

R7-4.
V (kN)
120 120
0 \ll\ \ll\ (m)
—-120 —-120
M (kKN-m)
' o~ "
—-120 —120
R7-5.
V (kN)
10
0 X
M (kKN-m)
0 | X
-5
-30
R7-6.
V (kN) M (kKN-m)

2.5
‘ : x (m) : :
o =
1.25
m_7s

=50 m

Ans.

Ans.

Ans.

Ans.

x (m)



Chapter 8
R8-1. Friction: Assuming the crate slips on dolly, then
F; = wyN,; = 0.5(588.6) = 294.3 N. Solving Eqs. (1) and (2)

P =2943N x = 0.400 m

Since x > 0.3 m, the crate tips on the dolly. If this is the case
x = 0.3 m. Solving Egs. (1) and (2) with x = 0.3 m yields
P = 220.725N F,; = 220.725N

Assuming the dolly slips at A, then Fy = uyN4 = 0.35N,4.
Substituting this value into Egs. (3), (4), and (5) and solving,
we have

N, =559N  Ny=128N

P =195.6 N = 196 N (Controls) Ans.
R8-2.
Ny = 147.06 N P =147N Ans.

R8-3. The ladder slips at A and remains in contact with
the wall: P = 490 N Ans.

R8-4. Friction: If the disk is on the verge of moving,
slipping would have to occur at point C. Hence,

Fc = p,Nc = 0.2N¢. Substituting this into Egs. (1) and (2)
and solving, we have

P=18N Ans.
N¢ = 606.60 N
R8-5. M =214N-m Ans.
R8-6. P =245N Ans.
R8-7. All blocks slip at the same time: P = 3.07 kN Ans.
R8-8. d =138m Ans.
Chapter 9
_ 3
R9-1. z= 3 Ans.
R9-2. Using an element of thickness dx,
b —
x= < Ans.
In—
a

R9-3. Using an element of thickness dx,

(b —a
= Q Ans.

<l

2ab In é
a
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R9-4. y = 87.5mm

R9-5. X =122m,y = 0.778 m,z = 0.778 m
R9-6. Fp = 143kN,z =229m

R9-7. A = 125’

R9-8. V = 0.0227 m’

RY9-9. Fp = 79.6kN

R9-10. A, = 251 MN B, = 220 MN B, = 859 kN

Chapter 10
R10-1. 7, = 0.610 m*

R10-2. I, = 914(10%) mm*, I, = 146(10°) mm*

R10-3. I, = 1.07 m*
R10-4. /, = 2.13 m*

R10-5. I, = 0.1875 m*
93

R10-6. [, = —— mb?

0-6. I, 20 mb
R10-7.

I =—
(a) I, o

_bh?

(b) v = =

R10-8. I, = 0.0954d*

Chapter 11

R11-1. P =173N

R11-2. 0 = 29.3°0or 6 = 90°
P
2tan 6

R11-4. F=512N

R11-3.

R11-5. cosf =0 0 = 90°
0 = 35.5°
12717 > 0 Stable
-201.10 <O Unstable

R11-6. Stable at 6 = 38.0°
R11-7. 0 = 15.5°and § = 85.4°
R11-8. Unstable at 6 = 6.35°, Stable at 6 = 90°

639

Ans.
Ans.
Ans.
Ans.
Ans.
Ans.
Ans.

Ans.
Ans.
Ans.
Ans.
Ans.

Ans.

Ans.

Ans.

Ans.

Ans.
Ans.

Ans.

Ans.
Ans.
Ans.
Ans.
Ans.
Ans.
Ans.
Ans.



Answers to Selected Problems

Chapter 1
1-1 a) 58.3km, b) 68.5s, c) 2.55 kN, d) 7.56 Mg
1-2 a) Gg/m, b) kN/s, ¢) mm - kg
1-3 a) GN/s,b) Gg/N, c) GN/(kg-s)
1-5 a) 3.46 m, b) 45.6 s, ¢) 5.56 kN, d) 4.52 Mg
1-6 a) 45.3 MN, b) 56.8 km, ¢) 5.63 ug
1-7 a) Gg/s,b) kN/m, c¢) kN/(kg-s)
1-9 a) N, b) MN/m, ¢) N/s%, d) MN/s
1-10 a) km/s, b) mm, ¢) Gs/kg,d) mm-N
1-11  a) kN-m, b) Gg/m, c) uN/s?, d) GN/s
113 7.41pN
1-14  a) 0.185 Mg?, b) 4 ug? ¢) 0.0122 km?
1-15 a) 0.04 MN2, b) 25 um?, c) 0.064 km?
1-17 26.9 um - kg/N
1-18 a) 78.5 N, b) 0.392 mN, c¢) 746 MN
1-19 4.63 kN
1-21 a) 70.3 kg, b) 113 N, ¢) 70.3 kg
Chapter 2
2-1 Fr = 497N, ¢ = 155°
2-2 F=960N,0 = 452°
2-3 Fr = 8.03kN, ¢ = 1.22°
2-5 (F;), = 6.00kN, (F;), = 3.11 kN
2-6 Fr = 3.92kN, 0 = 78.6°
2-7 Fp = 2.83kN, 6 = 62.0°
29 Fr = 10.8kN, ¢ = 3.16°
2-10 0 = 54.9°, Fp = 104 kN
2-11  Fp = 464N, 0 = 78.6°
2-13 Fr = 8.67kN, ¢ = 3.05°
2-14 Fr = 10.5kN

¢ =175°
2-15 T = 6.57kN

0 = 30.6°
217  Fr=25TN,¢ = 163°
2-18 Fr=25TN,¢ = 163°
2-19 Fr=192N,0 = 237°%
2-21 Fc = 451kN, Fg = 596 kN
2-22 0 = 70°, Fp = 3.42kN, Fc = 9.40 kN
2-23 0 = 755°
225 0 =543, F, = 686N
2-26 Fr = 123kN, 6 = 6.08°
2-27 Fr=920N, 0 = 36.9°
2-29 Fr = 4.01kN, ¢ = 16.2°
230 6 =90° Fz = 1kN, Fg = 1.73kN
2-31 Fr=993kN, F = 1.20kN
233 F, = {30i + 40j}N, F, = {—20.7i — 77.3j} N,

640

Fy = [30i) N, Fr = 542N, 0 = 43.5°

2-34

2-35
2-37
2-38
2-39
2-41
2-42
2-43

2-45
2-46
2-47
2-49
2-50
2-51

2-53
2-54

2-55
2-57
2-58
2-59
2-61
2-62
2-63
2-65
2-66
2-67

2-69
2-70

2-71
2-73
2-74
2-75
2-77
2-78
2-79

2-81
2-82

F; = {900i} N, F, = {530i + 530j} N,
F; = {520i — 390j} N
Fr = 196kN, 0 = 4.12°
Fr = 413N, 6 = 24.2°
Fr =125KkN, 0 = 64.1°
12226 N = P = 31735 N
Fr =217N,0 = 87.0°
0=P=162kN
F; = {680i — 510j} N, F, = {—312i — 541j} N,
F; = {—530i + 530j} N

= 117°, F; = 1.12F,
0 = 21.3° F, = 869 N
Fr=389N, ¢' = 42.7°
Fr = 839N, 0 = 14.8°
Fr = 301N,6 = 44.1°
F, = {9.64i + 11.5j} kN, F, = {—24.0i + 10.0j} kN,
F; = {31.2i — 18.0j} kN
Fr = 759N, 6 = 106°
F, = {—15.0i — 26.0j} kN,
F, = {—10.0i + 24.0j} kN
Fr = 25.1kN, 6 = 185°
Fr = 11.1kN, 6 = 47.7°
¢ = 10.9°, F, = 474N
Fr =380N,F, = 57.8N
a = 484° B = 124°,y = 60°, F = 8.08 kN
F. = —200N, F, = 200N, F, = 283N
F=TI5N,F, =387TN,a = 113°,y = 39.2°
F; = 428 N, « = 88.3°, B = 20.6°, y = 69.5°
F; = 250N, @ = 87.0°, B = 142.9°,y = 53.1°
F, = {—106i + 106j + 260k} N,
F, = {250i + 354j — 250k} N,
Fr = {144i + 460j + 9.81k} N, Fr = 482N,
a=T726°B=174°y = 88.8°
B = 120°, F = {30i — 30j + 42.4k} N
F, = {86.5i + 186j — 143k} N,
F, = {—200i + 283j + 200k} N,
Fr = {—113i + 468j + 56.0k} N, Fp = 485N,
a = 104°,8 = 15.1°,y = 83.3°
Fr=384N,a = 14.8°, B = 88.9° y = 105°
Fr=407N,a = 72.1°,8 = 82.5°,y = 19.5°
Fr=610N,a = 19.4°, 8 = 77.5°, v = 105°
F; = 9.58 kN, a3 = 15.5° B3 = 98.4°, y3 = 77.0°
F = 2.02kN, F, = 0.523 kN
Fr=581N,a = 72.5° 38 = 834° vy = 18.8°
F, = {—159i + 276j + 318k]N,
F, = {424i + 300j — 300k}N, y = 120°
F, = 6KkN, F, = 6 kN, F, = 849 kN
F = 202kN, F, = 0.523 kN



2-83 Fr=155kN, a = 82.4°, B = 37.6°, y = 53.4°
2-85 a3 = 139°%
By = 128° y; = 102°,if Fp = 387 N
By = 60.7°, y; = 64.4°if F = 1.41 kN
2-86 rap = 1.50 m
I'ep — 150m
rep — 1.73m
2-87 a = 129°
B = 90°
y = 38.7°
2-89 rag = 397 mm
2-90 Fr = 620N, a = 59.1°, B = 80.6°, y = 147°
2-91 6.63 m
2-93 d = 6.71 km
2-94 Fr = 117kN, a = 66.9°, B = 92.0°, y = 157°
2-95 Fr = 117kN,a = 68.0°, B = 96.8°,y = 157°
2-97 Fc = {—324i — 130§ + 195k} N,
Fp = {—324i + 130j + 195k} N,
Fr = {—194i + 291k} N
2-98 Fr="75TN, a = 149°, B = 90.0°, y = 59.0°
2-99 x =196m,y = 234m, Fp = 704 N
2-101  rp4 = 732 mm
2-102  rg, = {0.2i +2j — 1.75k} m
2-103 0 =74.0°,¢ = 33.9°
2-106 60 = 53.5°
FAB = 621 N
2-107 FH =99.1N,F, =592N
2-109 (FED)H = 334N, (Fgp) . = 498N
2-110  ryp = 592mm, F = {—13.2i — 17.7j + 20.3k} N
2-111 FH =407N,F, =231N
2-113 (FI)AC = 563 N
2-114 0 = 127.8°
2-115 0 =742°
2-117 60 = 19.2°
2-118 Fzy = 187N
2-119  Fgy = 162N
2-121 0 = 31.0°
2-122 0 = 142°
2-123  Fyc = 0.182kN
2-125  |rcul =2.99m, lrpcuy = 1.99m
2-126 F45 = 311N
2-127 0 = 74.4° ¢ = 554°
2-129 F,=75N,F, =260N
2-130 Fpy = 242N
Chapter 3
3-1 Fp = 490kN, Fp = 3.46 kN
3-2 F, = 9.60kN, F; = 1.83 kN
3-3 0 = 4.69°, F; = 431 kN
3-5 T = 7.66kN, 0 = 70.1°

3-6
3-7
39
3-10
3-11
3-13

3-14
3-15
317
3-18
3-19
3-21
3-22

3-23
3-25
3-26
3-27
3-29

3-30
3-31
3-33
3-34
3-35
3-37
3-38

3-39
3-41
3-42

3-43
3-45
3-46
3-47
3-49
3-50
3-51
3-53
3-54
3-55
3-57
3-58
3-59
3-61
3-62
3-63
3-65
3-66
3-67
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0 = 82.2°, F = 3.96 kN

Fap = 239N, Fye = 243N

k =176 N/m

Iy =2.03m

g = 0.452m, 'y = 0.658 m

FAF - 589N,FAC - 736N,FAB = 441 N,

Fep = S89N, Fep = 441N

Xap = 0467 m, x,c = 0.793 m, x4 = 0.490 m
Xap = 0.490m, x4 = 0.793m, x4 = 0.467 m

k = 176 N/m

Iy = 2.03m

FBD =171 N, FBC = 145N

d=156m

Fpr = 392N, Fep = 340N, Fep = 275N,
FCA = 243N

m = 20.4 kg

m = 26.7 kg

x=160m,y =2m

y=2mF, = 83N

Fpa = 3.92kN

FBC = 340 kN

Fye = 2.90kN, y = 841 mm

s =338m, F = 760N

FAC = 267 N, FAB = 08.6 N

d=242m

x=245m

x=138m,T = 687N

T = 289N, (FR)a = (Fr)p = 149N,
(FR)p = (Fr)c = 408N

P, = 147N

F = {73.6sec} N

0 = 22.5°, me = 17.7 kg, mp = 24.7 ke,

b = 26.6°

FAD = 763N,FAC = 392NaFAB = 523N
Sop = 327 mm, sp, = 218 mm

FAB = 0.980 kN, FAC = 0.463 kN, FAD = 1.55kN
= 2.94kN, Fyp = Fac = 1.96kN

Fup = 252kN, Fcg = 2.52kN, Fgp, = 3.64kN
FAO = 319N’FAB = 110N7FAC = 858N
W = 138N

Fo = 843N

FAD = FAC = 1O4N’FAB = 220N

W = 558N

z = 173 mm

FAB = 219N’FAC = FAD = 548N

s = 410 mm

Fyp = 348N, Ey,o = 413N, E,p = 174N
Fy = 281 kN, F.. = 39.8 kN, F,, = 28.1 kN
Fop = 120N, Foe = 150N, Fop = 480N
m = 88.5kg

FAD = 1.56 kN, FBD = 521 N, FCD = 1.28 kN
FAB = FAC = 166kN, FAD = 552 kN

N
S
|
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Chapter 4

4-1 MRA =190N-m§

42 My =288kN-m D

4-3 C + Mp = 3.15kN - m (Counterclockwise)

4-5 0 = 64.0°

4-6 (Mp)s = 433N-M D, (Mp), = 1.30kN-M ),
(Mp)s =800N-M )

4-7 Mg =150N-m 5, Mg = 600N-m 5, Mz = 0

4-9 (Mp)max = 48.0kNm 9, x = 9.81 m

4-10 (Mo)max = 48.0kN-m 9,
0 = 31.5°

4-11 0 = 8.53°

4-13 M, =382kN-m)

4-14 Omax = 26.6°, (M 4) max = 40.2 kN -m ),
emin = 1170’ (MA)min =0

4-15 d = 402 mm

4-17 a)My, =739N-m )
b) Fe= 822N«

4-18 Omax = 37.9°, (M 4)max = 79.8 N-m
emm = 1280 (MA)mln =0

4-19 (Mg)y = (Mg)p = 76.0kN-m

4-21 r = 13.3 mm

4-22 M, = {—110i + 70.0j — 20.0k} N-m

4-23 M = {—110i — 180j — 420k} N-m

4-27 M, = {61.2i + 81.6j} N-m

4-29 M, = {-40i — 44j — 8k} kN-m

4-30 Mp = {—60.0i — 26.0j — 32.0k} kN -m

4-31 M; = {336k} N-m,a = 90°, B = 90°,y = 180°

4-33 Mp = {-24i + 24j + 8k} kN -m

4-34 a = 55.6°,8=450° vy = 115° or a = 124°,

= 135°% v = 64.9°

4-35 M, = {163i — 346j — 360k} N -m

4-37 = 585N

4-38 M, = {1.56i — 0.750j — 1.00k} kN - m

4-39 M; = {1.00i + 0.750j — 1.56k} kN - m

4-41 M; = {—37.6i + 90.7j — 155k} N

4-42 M, = {5.39 + 13.1j + 114k} N-m

4-43 M; = {10.6i + 13.1j + 29.2k} N-m

4-45 M, = {360i + 240j} N-m

4-46 y=2m,z=1m

4-47 y=1m,z=3m,d = 1.15m

4-49 M, = {—52.0i + 24.0j — 36.0k} N-m,
M, = {—34.0i + 34.0j — 68.0k} N-m,
(Mg)po = 147N-m, a = 126°, B = 66.7°,
y = 135°

4-50 M, = {=16.0i — 32.1k} N-m

451 M = \V12.7(10% sin’0 + 22.5(10°) N-m,
Omax = 90, O = 0°, 180°

4-53 Mop = {11.3i + 11.3j — 5.67k} N-m

4-54 M,=—-720N-m, M, = 120N -m,

M,=-520N-m

4-55
4-57
4-58
4-59
4-61
4-62
4-63
4-65
4-66

4-67
4-69
4-70
471

4-73
4-74
4-75
4-77
4-78
4-79
4-81
4-82
4-83
4-85
4-86
4-87
4-89
4-90
4-91
4-93
4-94
4-95
4-97
4-98

4-99

4-101
4-102
4-103
4-105
4-106

4-107
4-109

4-110
4-111

Mo, = {—17.3i — 13.0j} N-m

F=139N

No, Yes

Yes, yes

MBC = 165N-m

MCA =226 N-m

M, =0

F=3566N

M, =437N'm, a = 33.7°, B = 90°, y = 56.3°,
M =541N-m

M, = {11.5i + 8.64j} kN-m

F=T7/1N

M, =39.0N-m, Fy, = 184 N

Fp=192N

F, =236N

R =289N

No., Changing ¢ has no effect on turning nut.
(M¢)g =520kN-m D

F=2830N

F=133N,P = 800N

F=133N,F = 267N

Mc=225N-m )

F=833N

d = 1.66m

Mgr =535N-m?

Mgr =3977N-m

M, = 80.0N-m, M3 = 80.0N-m

My = {—12.1i — 10.0j — 173k} N-m

d = 342 mm

Mec=408N-'m,a = 11.3°, 8 = 101°, vy = 90.0°
M, = 424N-m, M3 = 300 N+m

Mc = {37.5i — 25.0§) N-m, M = 451 N-m
F = 832N

F=154N
M = {—2i + 20j + 17k} kN -m,
= 263kN-m

(M)g = 1.0O4kN-m, a = 120°, g = 61.3°,

y = 136°

(Mo)g=TL9N -m, a = 44.2°, g = 131°,

F, = 872N, F, = 112N, F; = 100N

Fr =593kN, 0 = 77.8° 3, My = 348kN-m )

Fr = 365N,0 = 70.8° %, (Mg)p = 2364 N-m 9

Fr=365N,0 = 70.8° >

(Mg)p = 2.80kN-m 9

Fr=342N,0 = 43.0° %, (Mg), = 150N-m )
= 1.08kN, 0 = 682° &

Mg, = 0.901 kN +-m

F=894kN,0 = 26.6°,d = 4.5m

F=120kN,0 = 484°d = 422m

y=103°



4-113

4-114

4-115

4-117
4-118
4-119
4-121

4-122

4-123

4-125

4-126
4-127
4-129

4-130
4-131
4-133
4-134
4-135
4-137
4-138
4-139
4141
4-142
4-143
4-145
4-146
4-147
4-149

4-150

4-151

4-153
4-154
4-155
4-157
4-158
4-159
4-161
4-162
4-163

Fr = 130kN, 0 = 86.7° =,

(MR)A = 102 kN*mS

Fr = 130kN, 0 = 86.7° =,

(MR)B = 101 kN'm 5

Fr = {—40j — 40k} N,

Mz, = {—12j + 12k} N*m

Fr =938N,0 = 359°~%, (Mg), = 680N-m 5
Mgo = {0.650i + 19.75j — 9.05k} kN - m
Fr = {270k} N, (Mg)p = {—2.22i} N-m
Fr = {6i + 5j — 5k} kN,

Fp = {44.51 + 53.1j — 40.0k} N,

Mgy = {—5.39 + 13.1j + 114k} N-m
Fr = {=70.0i + 140j — 408k} N,

(Mg)o = {—26.0i + 31.0j + 14.6k} N-m
Fr = {506i — 23.2j + 1236k} N,

MRO = {—17.7i — 600j + 26.5k} N-m
F=443kN,0 = 71.6°,d = 3.52m
F=261kN,0 = 57.5°d = 2.64m

Fr = 130kN, 0 = 84.5° %,

x = 1.36 m (to the right)

Fr=35N,0 =518,y =332m

Fr =35 N,0 =51.8,d=175m
Fr=991N,6 = 63.0°2,y = 1.78 m
Fr=991N,6 = 63.0°2,x = 2.64 m
Fr=542N,0 = 10.6° ~,d = 0.827m
Fr=140kN,y = 7.14m,x = 571 m
Fr=140kN,x = 643 m,y = 729 m
Fr=35kN,y = 113m,x = 11.5m

Fr =26kN,y = 82.7mm, x = 3.85 mm
F4, = 18.0kN, Fz = 16.7kN
Fr=215kN,x =354m,y = 3.68 m

Fr =315kN,z = 134 mm, x = —35.2 mm
Fp = 735N, F- = 1.00 KN

F- = 600N, Fp, = 500N

y = 020 m, Fgy = {—40i} N,

MRW = {_30i} N *m

Fr=539N, Mr =145kN-m,x = 1.21 m,

y =359m
Fr=495N,Mr = 1.54kN-m, z = 1.16 m,
y =2.06m

Fr = 21.0kN,d = 343 m

Fr = 125kN,d = 1.54m

Fr = 150kN,d = 340 m
a=126m,b =253m

Fr =270kN |, (Mg), = 81.0kN-m )
Fr = 51.0KN |, Mg, = 914kN-m )

FR = 6.75 kN, (MR)O = 4.05 kN'm§
Fr = 107kN,Z = 2.40m

wy; = 303 kN/m, w, = 17.2kN/m

ANSWERS TO SELECTED PROBLEMS 643

4165 Fp = 1.80kN, (Mg), = 420kN-m )
4166 Fp=180kN,d =233 m
4167 Fy = 3.460 kN

MRA = 3.96 kN~mD
4169 Fp=120kN,0 = 484°2,d = 328 m
4170  Fp = 12.0kN,0 = 484°5 ,d = 3.69m
4171 Fgr =30kN,d = 410m
4173  Fr = 149kN

X=227m
4174 Fzr=360kN|,x =217m
4175 Fr=107MN,h = 1.60m
Chapter 5
510 Nz = 346kN, A, = 1.73kN, A, = 1.00 kN
511 B, =400N, A, =0, A, = 200N
513 A, =0,A4, = 675kN, M, = 4625kN-m
514 N, =218kN,B, = 0,B, = 1.88kN
515 N, = 333kN, By = 240kN, By = 133N
517  Tye = 113N
518 A, =390N,B,=0,B, = 600N
519 6 =cos '[(L + VL2 + 128¢%) /16r]
521 N, =371kN, B, = 1.86kN, B, = 8.78 kN
522  w=267kN/m
523 d=0,Fy = 17.5kN, F,5 = 19.8kN
525 a) F,=133N,b) F, = 1.96N
526 Ny =981N,A, =850N,A, = 147N
527 0 =703 N, = (29.4 — 31.35sin 6) kN,

N’ = (73.6 + 31.3sin 6) kN
529 6 =33.6° P, = 271N
530 6 =204
531  Fy=533N,N, = 667N
533 Tzp = 76.8kN, A, = 65.6kN, A, = 62.9kN
534 A, =254kN, B, = 22.8kN, B, = 254 kN
535 F=140kN
537  k=250N/m
538 6 =382°
539 F=311kN, A, = 460kN, A, = 7.85kN
541 k=116N/m
542 =246
543 Fep = 782N, A, = 625N, A, = 681N

3a

545 d=7
5-46  Fzc = 80KN, A, = S4kN, A, = 16kN
547  F=22.0kN, A, = 30.0kN, A, = 16.0kN
549 No=214N,N, = Ny = 571N
550 N, =Nz =177kNand h = 246 mm
551 P=611kPa
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5-53
5-54

5-55
5-57
5-58

5-59

5-62

5-63
5-65

5-66

5-67

5-69

5-70

5-71

5-73

5-74

5-75

5-77

5-78

5-79

5-81

ANSWERS TO SELECTED PROBLEMS

T = 8.83 kN
W cos 6

" 2sin(¢ — 6)
W cos ¢ cos 0
* T 2 sin(¢p — 0)
4 W (sin ¢ cos 6 — 2 cos ¢ sin )
7 2sin (¢ — 6)
h=V(s*-1%/3

Np ={1.57d}kN, F, = {\/2.46d2 + 61.6} kN

Fpe = 100kN; A, = 71.OKN; A, = 61.0kN

_ 490 cos 6
sin (6/2 + 45°)

/
()
6Va® — 12/4

a

d 3
cos’ 0
T =184kN, F = 6.18kN
Ay = 400N, A, = S00N, A, = 600N,
(My), = 1.22kN-m, (M,), = 750 N m,
(My), =0
Tge = 439N, Ny = 589N, A, = 589N,
A, =392N,A, = 177N
FBD = FBC = 350N,Ax = 600N,
A, =0,A, = 300N
A, =700N,B, = 0,B, =0,B, = 500N,

C, = 600N
A, =0,A,=0,A4, =200N, B, = 200N,
Tep = 300N

C, = —800N, B, = —107N, B, = 600 N,
S3.6N, A, = ~400N, A, = 800 N
Ty, = 200N, Ty = 135 kN, D, = 0.327 kN,
Dy = 131kN, D, = 458 kN

0
Il

Ni = 289N
N, =213N
Ng = 332N

Fep = 1.37kN, (M), = 785 N+m,

(My). = 589N-m, A, = 118kN, A, = 589N,

A, =0

Tpe = 1.40kN, A, = =800 N, A, = 1.20 kN,

(M4), = —600N-m, (M,), = ~120 KN -m,
(M,), = —240kN-m
A, =320kN, A, = 0, A, = —4.00 kN,

Tpp = Tpc = 431 kN

A, = 300N, A, = 500N, Ny = 400 N,
(MA) = 1.00 kN - -m, (MA) =200N-m,
(My), = 1.50kN-m

5-82 FDE = 13.1 kN, FAC = FBC = 4.09 kN

5-83 A, =0,A, = 5.00kN, A, = 16.7 kN,
Ty = 16.7kN

5-85 T =3580N;C, =87.0N;C, = 288N;
D,=0;D,=792N;D, = 580N

586  Fpp = 294N, Fze = 589N, A, = 0, A, = 589N,

= 490N
587  Typ = Tep = 117N,
= 667N, A, = 0,A, = 100

Chapter 6

61  Fpe = 400N (C), Fp, = 300N (C),
FBA =250 N (T), FBC = 200N (T),

6-2 FCB = 3.00 kN (T), FCD = 2.60 kN (C),
Fgr = 2.00kN (C), Fzs = 5.00 kN (T)

6-3  Fep = 8.00kN (T), Fep = 6.93kN (C),
Fpp = 6.93kN (C), Fpp = 4.00kN (T),
Fgr = 4.00kN (C), Fzy = 12.0kN (T)

6-5 FAD = 11.3kN (C), FAB = 8.00 kN (T),
FDB = 7.07 kN (T), FDC = 18.4 kN (C),

6-6 FAD = 84.9 kN (C), FAB = 60.0 kN (T),
FBD =40.0N (C), FBC = 60.0 kN (T),
Fpe = 141 kN (T), Fpr = 160 kN (C)

67  Fpp = 1.00kN (C), Fpc = 800N (T),
Fer = 900N (C), Fep = 800N (T),
Frg = 750N (T), Fzy = 1.75kN (C)

6-9 FAE = 9.90 kN (C), FAB = 7.00 kN (T),
Fer = 949 kN (T)

610  Fpp = 163kN (C), Fpe = 840 kN (T),
Fep = 8.77KN (T), Fep = 220 kN (T),
Fga = 3.11kN (T), Fgr = 620 kN (C),
Fry = 620 kN (T)

6-11  Fep = 22.4kN (C), Fep = 22.4kN (T),
FBA = 22.4kN (C), FBD = 20.0 kN (T),
FDE = 36.1 kN (T), FDA =0

613 Fpc = 924kN (T), Fpy = 4.62kN (C),
Fep = 924 kN (C), Feg = 924 kN (T),
Fge = 924 kN (C), Fgy = 9.24 kN (T),
Fry = 4.62kN (C)

6-14 P = 520kN

6-15 FCD = FAD = 0.687P (T),
FCB = FAB = 0.943P (C), FDB = 1.33P (T)

617 P, =38 kN



6-18

6-19

6-21

6-22
6-23

6-25
6-26

6-27

6-29

6-30

6-31

6-33

6-34

6-35

6-37

6-38

6-39

6-41

6-42

6-43
6-45

6-46

= 21.9kN (C), F4 = 13.1 kN (T),
Fye = 131kN (C), Fze = 17.5kN (T),
Feg = 312 kN (T), Frg = 11.2kN (T),
Fep = 3.12kN (C), Fep = 938 kN (C),
Fpr = 15.6 kN (C), Fpr = 125 kN (T),
Fer = 938 kN (T)

Fag = 438KkN (C), F4g = 262 kN (T),
Fge = 262 kN (C), Fgg = 35.0kN (T)
Fpr = 134 KN (T), Fpe = 6.00 kN (C),
Feg = 6.00kN (C), Fep = 0, Fpp =17.0kN (C),
Fep = 18.0kN (T), Fg, = 18.0kN (C),
Fgp = 20.0kN (T), Fy = 22.4kN (C),
Fre = 28.0kN (T)

Prax = 416 kN

Fag = 10.6 kN (C), F4y = 7.5kN (T),
Fep = 10.6 kN (T), Fgp = 7.5kN (C),
Fge = 7.50kN (C), Fg; = 7.50 kN (T),
Fre = 750 kN (T), Frp = 2.50 kN (C)
P = 130kN

FDA = 9.01 kN (C), FDB = 10.0 kN (C),
FBA = 7.50 kN (T), FCB = 12.5kN (T),
Fep = 9.01 kN (C)

.
&
|

FGF = 12.5kN (C), FCD = 6.67 kN (T), FGC =0

Fy = 42.5kN (T), Fye = 100 kN (T),

Fpe = 125kN (C)

Fye = 180kN (T), Fpz = 15.0kN (C),

Fgp = 5.00kN (C)

FHG = 29.0 kN (C), FBC = 20.5kN (T),

Fep = 671N (C), Foy = 283N (C),

Fgr = 15.0kN (C), Fze = 12.0kN (T),

Fgp = 424 kN (T)

FBC = 11.0kN (T), FGH = 11.2 kN (C),

Fep = 10kN (C), Frg = 789 kN (C),

Fep = 18.0kN (T), Fe; = 10.8 kN (T),

Fy; = 268 kN (C)

Fgp = 0, Fge = 35.4KkN (C), F43 = 45kN (T)
Fgy = 17.6 kN (C), Fey = 8.11kN (C),

Fep = 214KN (T), Feg = 7.50 kN (T)

FGF = 1.78 kN (T), FCD = 2.23 kN (C), FCF =0

6-47

6-49

6-50

6-51

6-53

6-54

6-55

6-57

6-58

6-59

6-61
6-62

6-63
6-65
6-66
6-67

6-69
6-70

6-71
6-73
6-74

6-75
6-77

6-78

6-79

ANSWERS TO SELECTED PROBLEMS
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Fix = 11.1kN (C), Fey = 1.60 kN (C),

Fep = 12.0kN (T)

FBC = —200 L, FHG = 400 L,

Fgg = —200VL*> + 9

646 kN (T), FAC = FAD = 150 kN (C),
FGC = 447 kN (T), FGD = 447 kN (C),

Fep = 6.00kN (C), Fzp = 9.00 kN (T),

FDB = 474 N (C), FDC = 146 N (T)

Fpa = 1.OSKN (T), F4p = 385N (C)

FAC = 231N (C), FCB =281 N (T)

FFA = 0, FFD = FFE = 1.73 kN (T),

9.37kN (C), Fzp = 7.79kN (T),
1.73KkN (T), Fp, = 9.37kN (C),

FDC = 7.79 kN (T), FAC = FAB = 5.20 kN (T),
Fge = 2.60kN (C)

Fep = 231 kN (T), Fye = 1.I5KN (C), Fp = 0,
FDF = 4.16 kN (C), FBE = 4.16 kN (T), FCF = 07
346 kN (T), Fup = 346 kN (C)

FAD = 686 N (T), FBD = 0, FCD = 615N (C),
Fge = 229N (T), Fyc = 343N (T),

Fap = 343N (T), Fzp = 186 N (T),

Fep = 397N (C), Fge = 148 N (T),

Fyc = 221 N (T), Fze = 295N (C)

FBE - O, FBF = 2.10 kN (T)

P = 368N

A, = 695N, A, = 245N,

D, = 695N, D, = 245N

Fep = 1.01kN, Fype = 319N

%
[s]
I

o
o
I

o
)
I

P=189N
B, = 400kN, B, = 5.33kN, A, = 400 kN,
A, = 533kN

N = 18.0kN, Nc = 450kN, A, = 0,
A, =750kN, M, = 22.5kN-m

F, = 512N, Fy = 478N, Fp = ST2N

C, = 184N, C, = 4905 N, B, = 123 kN,

B, = 920kN
Fypee = 111N

P=80N

A, =0,A, = 2.02kN, B, = 1.80kN,
B, = 2.02kN

Fy = 907N, P = 156 N
Ne = 3.00kN, Ny = 3.00kN, B, = 18.0kN,
B, =0

N = 3.60kN, Ny = 900N, A, = 0,

A, =2.70kN, M, = 810kN-m
Fr=364F
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ANSWERS TO SELECTED PROBLEMS

6-81 Ng = 343N, N = 147N, A, = 294N,
A, =196 N
6-82 Frg = 1.94kN, Fzp = 2.60 kN
6-83 Fe = 19.6 kN
6-85 Frs = 1.40kN, d = 0.857m
6-86 N =7TN, Nc = 933N
6-87 F = 6.93kN
6-89 Ng = Nec=495N,C, = 400N, C, = 29.1N
6-90 C,=—-650N;C, =0
6-91 F, = 386N, Fp = 223N
/225 — 2
6.93 P(6) = 250 V'2.25 cos” 0
sin 6 cos 6 + V2.25% — cos?6 - cos 0
6-94 T = 510kN, 6 = 30°, A, = 433 kN,
A, = 515kN
6-95 a) F=875N,Nc = 1750N
b) F=4375N, N = 4375N
6-97 M =267N-'m
6-98 Fy =262N
6-99 E, = 1.00kN, E, = 3.00kN, B, = 2.50 kN,
B, = 1.00kN, A, = 2.50kN, A, = 500 N
6-101 N, = 284N
6-102 F,p = 8.60 MN, F- = 9.78 MN
6-103 7 =9.60N
6-105 F =370N
6-106 B, = 2.67kN, B, = 4.25kN,
A, =333kN, A, = 725kN
6-107 P = 198N
6-109 0 = 23.7°
6-110 m = 26.0kg
V16 — 9sin20
o111 F:( 16 — 9sin’6 >P
tan® V16 — 9sin’0 + 3sin 6
6-113  m; = 106 kg
6-114 N, = 11.1 kN (both wheels), Ng = 3.37 kN
(both wheels) F'cp = 6.47 kN, F'p = 5.88 kN
6-115 A, =172N, A, = 115N, A, = 0,C, = 473N,
C, =619N,C, = 125N, (M), = =429 N -m,
(MC)z =0
6-117 Fg = 286N
6-118 FE,=0,E, =0,Mg = 05kN-m, Mg, =0,
Fup = 1.56 kKN
Chapter 7
7-1 Ny =-39kN,V, =0, My = -2425kN-m
7-2 NC = 0
3WOL
¢ 8
MC = _% W0L2
7-3 N¢ = —11.908 kN

Ve = —0.625 kN
My =2125kN-m

7-5

7-6
7-7

7-9

7-10
7-11
7-13
7-14

7-15

7-17
7-18

7-19

7-21

7-22
7-23

7-25
7-26

7-27
7-29
7-30
7-31

7-33
7-34

7-35
7-37

7-38

7-39
7-41

7-42

Ny = 5.00kN, V, =0, M, = 800N -m,
Ny = 7.50kN, Vg = 0, Mz = —200N-m
Ne=0,Ve=0,Mc=15kN-m

NC =0

Ve = 2.875kN
M = 656kN-m
ND =0

Vp = 1.75kN

M, = 9.75kN-m
Ne=0,Ve=11.8kN, Mo = —35.4kN-m

NC = 30 kN, VC = -8 kN, MC = 6kN-m

P = 0.533 kN, No = -2 kN, Vo = -0.533 kN,
Mc = 0.400 kKN -m

‘73

Np =0,Vp =260N, Mp = 190N -m,
Np=86.0N,Vp=0,Mr=0

V,=3kN,N, = 132kN, M, = 3.82kN-m
Vi = 3kN, Ny = 162kN, My = 143kN-m
Ne=0,Ve=500N, Mg = 135kN-m

Np = —1350N = —1.35kN

Vp = —600 N

M, = —300N-m

Ne =0,V = —1.50kN, M = 13.5kN-m

ND = 4kN, VD = 79kN,MD = *18kN'm,
Ny = 4kN,V, = 3.75kN, My = —4.875kN-m
Ne =400N, Ve = —96N, M = —144N-m
Ng =T720N, Vi = 1.12kN, M = -320 N - m,
Np=0,Vy = -124kN, My = -1.41 kN -m
a/b =1/4

Ne = —20.0kN, Vi = 70.6 kN,

Mg = —302kN-m

Ne = —1.60kN, Vo = 200N, My = 200N -m
Np = —800N, Vp = 0, M, = 1.20kN -m

w = 100 N/m

Np = —220N,V, = —220N, Mp = —549N-m,
Ng =804N,Vey=0,Mr=112N'm

N = 125kN, V; = 0, My = 1.69 kN -m

N = 220kN, Vi = 0, My = 0,

Np = —220kN, Vj, = 600N, M, = 1.20kN -m
Np = 1.26kN, V,, = 0, M;, = 500N -m

Np = —14.0kN, V,, = —4.50 kN,

My = —13.5kN-m

Ng = 283N,V = 198N, My = 45.9 N -m,
Ne =184 N, Ve = =786 N, M = =320N-m
Vi =135N, N, = 180N, M, = 270 N-m

N = —=0.957rwg, V. = —0.907rw,,

M = —0.957r%w,

N, = -500N,V, = 100N, V, = 900 N,

M, = 600 N-m, M, = -900 N - m,

M, = 400N -m



7-43

7-45

7-46

7-47

7-49
7-50

7-51

7-53

7-54

7-55

7-57

7-58

7-59

N, = —200N, V, = =300N, V. = 300 N,

M, = 450N-m, M, = =300 N - m,

M, = —150N-m

V = —aP/b,M = —aPx/b for0 = x < b;
V=P M=-Pla+b—-x)forb<x=a+b
x = 1.73m, M,,,, = 0.866 kN-m

a a
=sx<aV=(1-—|PM=|1—-——|P
Al=x<aV ( L)’ ( L)x,
a a
<x=LV=—-—|PM=Pla——
a<x 14 (L)’ (a Lx)

b)0=x <2m:V =6kN, M = (6x) kN-m
2m <x=6mV =-3kN,
M = (18 — 3x) kN-m
M, =2kN-m
V = (28 — 3x) kN,

= (28x — 1.5x*> — 114) kN-m
V = 20.0kN, M = (20.0x) kN - m for
0=x<2m,V = —10.0kN,

= (60.0 — 10.0x) KN m for2m < x = 6m
V=wL/8§ M =wLx/8for0 =x < L/2;
V =wGL — 8x)/8, M = w(—L* + 5Lx—4x%)/8
for L/2<x=L
For0 = x < L, V——(7L—18x)

M_

13 (7Lx — 9x?),For L < x < 2L,

=26L - 20, M = 2 (27Lx — 2012 — 9x?),
2 18
For2L <x =3L, V = %(417 18%),

M= %(47Lx — 9x% — 60L?)

w 2
—wx, M = —EX

0=x<aV=
a<x=2aV=w2a-— x),

w
M = 2wax — 2wa? — —x>

= (4 — 2x)kN
M = (—x* + 4x — 10)kN-m
V =750N,M =750xN-mfor0 <x <2m,
V = (375 — 1.5x) kN,
M = (—0.75x> + 3.75x — 3) kN +m for
2m<x=4m

a) V = %(n ~ 8),M = —%(4)(2 — 7Lx + 3L?)

b) V =5(105 — x), M = —2.5(x*> — 21x + 108)

7-61

7-62

7-63

7-65
7-66

7-67
7-69

7-70

7-71
7-73

7-74
7-75
7-77
7-78

7-79
7-81
7-82
7-83
7-85
7-86
7-87

7-89
7-90
7-91

7-93
7-94
7-95

7-97
7-98
7-99
7-101
7-102
7-103
7-105
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V=04kN,M = (04x) kN-m for 0 = x < 2m;
V=(52—24x) kN, M = (—1.2x> + 52x —
4.8)kN mfor2m <x =3m

- W a7z _ _ 2,2
|4 12L(4L 6Lx — 3x°),

M = —(4L2x — 3Lx? — x*), Myx = 0.0940 wL?

12L
N = wyr (sin® — 0 cos 0)/2,V = (wyr0sin 6)/2,
M = wyr*(sin @ — 6 cos 6)/2

L 4M, max

X = E, = I
N = Psin(0 + ¢),V = —Pcos (6 + ¢),
M = Pr[sin (0 + ¢) — sin ¢]
V=P,M=rPcos0, T=rP (1l — sinb)
N = (4cos O + 3sin 9)P/5,
V = (4sinf — 3cos 9)P/5,

= (4 —4cosf — 3sin6)rP/5
x=1,V=450N,M = 450 N -m,
x=3"V=-950N,M =950N-m
V =600N,M = 600 N-m
V =450N,M = -150N-m, x = 1.57,
750N, M = -300 N-m
2%,V =-375N,M =750 N-m
= —TwoL /8, Mpayx = 49w, L?/256
= 48.0kN, M.x = 96.0 kN -m

<<= <
R T

3
]
=

x=2,V=100kN,M = 20.0kN-m, x = 3",
V = —500kN, M = 35.0kN-m

Vi = —172kN, M. = 165kN-m

X =275V =0M=1356N-m

Vi = —12.8KkN, M., = 15.8kN-m

Viax = 9kN, Mpe = —19.5kN-m

Viax = 3kN, M., = 3kN-m
x=3,V=-225kN, M =2025kN-m

x=176,V=0,M =373kN-m, x = 6%,

V = 6.00kN, M = —9.00 kN - m
Vi = 120kN, M0 = —22.5kN-m
Viax = —1.98 kN, M. = 0.395 kN -m

x=3,V=-200kN,M =12.0kN-m, x = 6",
V =3.00kN,M = —6.00 kN -m

x =15V =450kN,M = —450kN-m

yg =3.53m, P = 0.8kN, Tpx = Tpr = 8.17kN
TBD = 391 N TAC = 378 N, TCD = 218 N,

Iy = 467m

yp=222m,yp = 1.55m

P, = 320N, yp = 233 m

xp = 539m

T, = 51.4MN, Ty = 48.7 MN

wo = 77.8 kN/m

T =858N,yz =1.67Tm

TAB == 413 N
Tge = 282N
ye = 3.08 m

TCD = 358 N



648

7-106 myp = 375kg, y. = 3.03m
7-107  Tp. = 594kN
7-109 T, = 1.30 MN
7-110  w, = 846 N/m
7-111 F, = 11.1kN, Fc = 11.1kN, 2 = 23.5m
7-113  h=7.09m
7-114  (F,)4 = 165N, (F;)4 = 739N
7-115 x = 8.07m
7-117  w = 1.36 kN/m
7-118 h =310m
7-119 L =104m
7-121 L, = 16.8m
Chapter 8
8-1 x=05m
8-2 P = 12.8kN
8-3 n==6
8-5 a. No

b. Yes
8-6 F =276kN
8-7 F = 579kN
8-9 ¢ =6,P= Wsin(a + 6)
8-10 a) No, b) Yes
8-11 P = Myb + psc)/pusra
8-13 0 =21.8°
8-14 FCD = 3.05 kN
8-15 b= L + d

My 2

8-17 not possible
8-18 P =144N
8-19 P = 1.14kN
8-21 8 = 5.60 mm
8-22 n=12
8-23 P =740N
8-25 P = 1.17kN
8-26 P = 1.64 kN
8-27 W, =697 kN, W, = 153 kN
8-29 M =773N-m
8-30 Fy,=714N
8-31 0 = 11.0°
8-33 Fe = 305N, Nc = 1523 N

x; = 0.79m
8-34 O, =400N, O, = 464N
8-35 P =350N,0,=945N, O, = 280N
8-37 P =0962N
8-38 P =286N
8-39 ne = 0.577
8-41 P = 654N
8-42 0 = 31.0°

ANSWERS TO SELECTED PROBLEMS

8-43
8-45
8-46
8-47
8-49
8-50
8-51
8-53
8-54
8-55
8-57
8-58
8-59
8-61
8-62

8-63

8-65

8-66
8-67
8-69
8-70
8-73
8-74
8-75
8-77
8-78
8-79
8-81
8-82
8-83

8-85
8-86
8-87
8-89
8-90
8-91
8-93
8-94
8-95
8-98
8-99
8-101
8-102
8-103
8-105
8-106

8-107

0 =395°%P =146 N

P = 612N

He can not move the crate.
P = 355N

P = 408 N

pp = 0.105, uc = 0.138
Yes

P =281N

P =239N

P =230N

pn = 0.344

0 = 334°

P = 553 kN, yes
x = 183 mm
P = 239kN

P F<(l — ud)tan o + 2/,LS>
1 —2u tan a0 — w2
P = W[2uscos a + (1 — u?)sina]/
[(1 — w?) cos a — 2pu, sin a]
0 = 38.6°

FAB = 164N

F = 667N

Fg = 674N
F=198kN

M = 8.09N-m

P =285kN

P = 96.4 N raising, P = 10.3 N lowering
P =512N

T =4.02kN, F = 11.6 kN
F=135N

P =21.8kN

a. F=131kN

b. F = 372N
Approx. 2 turns (695°)
P = 154kN

e = 0.0583

6 = 99.2°

T, = Tle(#lﬁlﬂJ-sz)

P =196N

6 = 40.1°

mp = 25.6 kg

my = 7.82kg

0 = 99.2°

P =223N
F,=854N

x = 0.384m

M =754N-m, V = 0.171 n’°
M = 50.0 N-m, x = 286 mm
By = 38.8°

1
M = P(Ry + R)



8109 w, = 0.284
8110 M =237N-'m
8111 M =161N'm
8113 M = 0.521 uRP
8114 P =200N
i " 3cosf
8117 P = 68.97N
8-118 P = 1450N
8119 P = 826N
8121 F=189N
8122  p, = 0.129 (or 0.128)
8-123 (P4 = 5.00 mm, (rp)p = 2.00 mm
8
8125 M = 13 M PR
8-126 P = 8.08N
8-127 r = 20.6mm
8129 P =967N
8130 T = 225kN
Chapter 9
9-1 W=247TN,x =1m,y = 2.06 m
9-2 X =124mm,y =0
9-3 y = 0.857m
9-5 y =0410m
o2 2
9-6 X = 7a, y = Sa
2
9.7 y ==
Y75
9-9 X=6m
9-10 y=28m
3
9-11 X = Em
3
-1 ¥==
9-13 X=7 b
3
9-14 y=—h
YT 0
9-15 x = 0.398 m
9-17 X = 0587 m
9-18 y = 0.404 m
S_am L
9-19 y = 3 ,X = >
2
9-21 y=—h
Y75
3 3
=22 X=—ay=——
9 X 4a, y 10 b
a(l +n
9-23 X = ( )

9-25

9-26

9-27

9-29

9-30
9-31

9-33

9-34

9-35

9-37

9-38
9-39
9-41

9-42

9-45

9-46
9-47
9-49

9-50

9-51
9-53
9-54
9-55
9-57
9-58
9-59
9-61
9-62
9-63
9-65

ANSWERS TO SELECTED PROBLEMS

< < =I

<= =

=

= %Por‘lf
8

Er

8

E}’

- (ﬂz;z)”

=—a

P [2or),

~<|

=< ~<| = <

all

N

[l <l <l R R = <]

<

3(n + 2)
B (4n + 1)

T 32n + 1)
=2.67m

YRS
8

Il
=
all

Il
2

I
S

Ao O w|w xo|lw <

=0,x = 124 mm
= 238 mm

= 229 mm

= 249 mm

= 79.7 mm

= 272mm

649
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9-66
9-67
9-69
9-70
9-71

9-73

9-74

9-75
9-77
9-78
9-79
9-81
9-82
9-83

9-85
9-86

9-87
9-89
9-90
9-91

9-93

9-94
9-95
9-97
9-98
9-99
9-101
9-102
9-103
9-105
9-106
9-107
9-109

9-110

9-111
9-113
9-114
9-115

9-117
9-118

9-119

ANSWERS TO SELECTED PROBLEMS

= 0.385a

= 37.5 mm
= 142 mm
= 87.5 mm

= 490 mm

rsin’ «

= <<=l =<l

=

_ sin2a

2
\/Z(le + at — t2)
2(2a — 1)
= 64.1 mm
= 58.1 mm
= 120mm, y = 305 mm, z = 73.4 mm
= 305 mm
= 754mm
= 122 mm
= 385 mm

<l

IR STERNTIEA TR T ST Y|

3
8h

= 164 kg, x = 153 mm, y = —-15 mm,
= 111 mm
= 58.1 mm
Z = 128 mm
A =471m?
V=21
m(6m +4) |

6 a
A = 72w + 11)a?
V =255m’
V = 143(10) " m®
A = 71.6(107%) m?
V =0.114 m’
A = 8mba, V = 2wba®
A = 276(10°) mm?
V = 5.43(10° mm?

N|

IR

h = 139 mm
0 =205MJ
V =1349m’

A=133m%x=06m,V =503m
2
V = g'ﬂabz

m = 138 kg

153 liters

h = 29.9 mm

Fr = 24.0kN,

X =200m,y = 1.33m

Fr=270kN,x = 0.778 m,y = 0.833 m

FR = 7Tlrp0

FR = @po,f =
T

a__»b
Y 72

9-121 C, = 46.6kN, D, = 101 kN
9-122  For water: Fg, = 157kN, Fp, = 235 kN
For oil: d = 422 m
9123 d=26lm
9125 Fz = 48.0kN
9-126 Fz = 29.4kN, F, = 235kN
9-127 p = 369 kg/m’
9129 h=773m
9-130 Fr = 6.93kN,y = —0.125m
Chapter 10
10-1 1, = Lpi’
102 [, = 5hb?
ab®
10-3 Y 3@n + 1)
10-5 I, = 0267 m*
10-6 [,=122m'
10-7 I, = 3.12(10°) mm*
109  k, = 17.9mm
2
10-10 1, = —bh®
Y15
10-11 7, = 614m*
1013 7, = %m“
T
10-14 I, = Em4
10-15 I, = 0267 m*
10-17 I, =08m*
10-18 [, = 0.571 m*
4
wr
10-19 I, =—
X 1\6/7
7o V3.
1021 [y =g =a
10-22 [, = 0305 m*
1023 [, = 1.6m*
1025 7, = 798(10°) mm*
10-26 1, = 10.3(10°) mm*
1027 A = 14.0(10°) mm?
1029  y = 525mm, I, = 16.6(10°) mm®*,
I, = 5.725(10°) mm*
10-30 7, = 1.72(10°) mm*
10-31 [, = 2.03(10°) mm*
10-33 1, = 153(10°) mm*
10-34 1, = 511(10°) mm*
10-35 [, = 90.2(10°) mm*
10-37  y = 207mm, I,, = 222(10°) mm*
10-38 X = 170 mm, I, = 722(10°) mm*
10-39 7, = 91.7(10°) mm*



10-41
10-42

10-43

10-45
10-46
10-47

10-49

10-50

10-51
10-53

10-54
10-55

10-57

10-58
10-59

10-61

10-62
10-63

10-65
10-66
10-67

10-69

10-70
10-71

10-73

10-74

10-75

10-77

10-78

10-79

I, = 122(10°) mm*

_ 1,
I, = 1§a bsin®0
0
I, = %(b2 + a’cos’h)
1, = 913(10°) mm*
y = 80.7 mm, I, = 67.6(10°) mm*
X = 61.6mm, I, = 41.2(10°) mm*
‘ 1
I, = %(6 + Esin 20 — 2sin 6 cos® 9)
S TR
J, = 0 wd 5 a

X = 68.0mm, /,, = 36.9(10°) mm*
I, = 520(10°) mm*
3

— 21,2
Ly=1cb*h
I,=0
1
Ixy = gazbz
o = 0.0625 m*
w = 107m* I, = 1.07m"
4
a
T = 280
I, = 0.511 m*
X =455 mm,y = 125 mm,
Iy = —15.1(10°) mm*
I, = 98.4(10°) mm*
I, = 17.1(10°) mm*

y = 12.5mm, I, = 5.89(10%) mm?*,
I, = 38.5(10°) mm*

= 85.0 mm, y = 35.0 mm,

= -7.50(10°) mm*
= 29.7(10°) mm*

= 10.5°, Ippax = 117(10°) mm?*,
i = 28.8(10°) mm*

Lnax = 117(10)° mm*, I,;, = 28.8(10)° mm*,

6 = 10.5°

I, = 1.28(10°) mm* 1 = 3.31(10°) mm?*,
I, = —1.75(10°) mm*
I, = 1.28(10°) mm* 1, =
I, = 3.31(10°) mm*

Lnax = 17.4(10°) mm*, I,;, = 1.84(10°) mm*
(6,)2 = 30.0° D, (9p)1 = 60.0°9

I, = 11.8(10°) mm ,11, = 5.90(10%) mm*,
I, = —5.09(10° mm*
I, = 11.8(10°) mm* 1., =
I, = 5.90(10°) mm*

-1.75(10°) mm*

-5.09(10°) mm*

ANSWERS TO SELECTED PROBLEMS 651

10-81 Imax = 638 (107%) m*, I,;;, = 91.1 (10%) m*,
0,0 = —45°0,, = 45°
10-82 6, = —27.3°, Lpay = 24 6(10%) mm?*,
Lyin = 256(106) mm*
10-83 I, = 24.6(10)° mm* I.;;, = 2.56(10)° mm®*,
6 = —27.3°
10-85 I, = mR?
2
10-86 1, = omb’
2 2
10-87 1, = omb
1
10-89 I, = gm(a2 + h?)
10-90 k., = 0.577m
n+2
1091 k, = ./ mh
2
1093 I, = gmr2
10-94 I, = 3
- X 10 mr
10-95 I, = 1.53kg-m?
10-97 k, = 0979 m
10-98 I, = 6.23kg-m?
1099 [, = 1.71(10°) kg m?
10-101 y = 1.78 m, I; = 4.45 kg - m?
1
10-102 I, = Emaz
10-103 I, = 0276 kg - m’
10-105 7, = 7.19g-m?
10-106 1, = 0.144 kg - m
10-107 I, = 0.113 kg - m?
10-109 3 = 0.888m, I; = 5.61 kg m’
Chapter 11
11-1 F =2Pcot6
11-2  F=24525N
11-3 0 = cos '(a/2L)'3
11-5 k= 1.48kN/m
11-6 6 =90° 0 = 36.1°
117 k=166 N/m
11-9 P =ka(asinb — ly)/l
11-10 6 = 23.8°,60 = 72.3°
11-11 P = %cot 0
11-13 M =433N-m
11-14 0 =17.2°
11-15 = M
2a sin 0
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11-17
11-18
11-19
11-21
11-22
11-23

11-25

11-26
11-27
11-29
11-30
11-31
11-33

ANSWERS TO SELECTED PROBLEMS

0 =412

k = 9.88kN/m
Fe= 427N

0 =242

0 =90°,0 = 33.4°
0 = 23.6°

P 500/ 0.04 cos® 6 + 0.6
(0.2 cos 0 + V0.04 cos? 6 + 0.6) sin 0

Stable at y = 0.481 m, Unstable aty = —0.925 m
Unstable at § = 38.7° or 141°, Stable at § = 90°
Unstable at x = 0, Stable at x = 0.167 m
Unstable at # = 36.9°, Stable at 6 = 90°
Unstable at 6 = 90°, Stable at § = 49.0°

6 =0°or6 = cos (W/2kL), W = 2kL

11-34

11-35
11-37

11-38

11-39
11-41
11-42
11-43
11-45
11-46
11-49

6 = sin”! (ﬂ)
2kL

F,=211N

Stable at # = 51.2°, Unstable at 6 = 4.71°
8k

V=3

k = 157 N/m, Stable at 6 = 60°

r=nh/4

Unstable at § = 23.2°

¢ =174°0 = 9.18°

d = 0.451r
Stable at § = 45°
k=W/I



Index

A distributed load reduction, 202

inclined, area about, 552-554

line of action for, 158-160, 212

mass moments of inertia for, 563-570, 577

Acceleration, dynamics and, 25
Active force, 105
Angles, 56, 6667, 86-88, 90, 98-99, 405-407, 432, 616-617

Cartesian force vectors, 6667

coordinate direction, 66, 98-99

dot product used for, 86-88, 90, 99

dry friction and, 405-407,432

formed between intersecting lines, 90

horizontal (6), 67

impending motion and, 405, 407

kinetic friction (6y), 406407

lead, 432

mathematical review of, 616-617

projection, parallel and perpendicular, 87

Pythagorean’s theorem and, 56, 87 617

resultant forces from, 56

screws, 432

static friction (6;), 405, 407

vectors and, 56, 66-67, 86-88, 90, 98-99

vertical (¢), 67

Applied force (P), 404-407 430431, 459-460
Area (A), 468,470, 474-476, 502-505, 523-524, 530-535,

540-542, 548-557,576-577

axial symmetry and rotation, 502-505, 524, 548-551,
577

centroid (C) of an, 468, 470, 474-476, 502-505, 523-524,

576
centroidal axis of, 530-531

composite bodies (shapes), 503, 524, 540-542, 576-577

inclined axis, about, 552-554
integration for, 468, 474-476, 523, 529-530
Mobhr’s circle for, 555-557
moments of inertia (/) for, 530-535, 540-542, 548-557,
576-577

Pappus and Guldinus, theorems of, 502-505, 524
parallel-axis theorem for, 530-532, 540, 549, 576
plane, volume generated revolution of, 503
polar moment of inertia, 530-531
principal moments of inertia, 553-554, 577
procedures for analysis of, 470, 532, 540
product of inertia for, 548-551, 553,576
radius of gyration of, 531
surface of revolution, 502, 504-505, 524
transformation equations for, 552, 577
volume of revolution, 503-505, 524

Associative law, 146

Axes, 158-162,202, 212, 529-535, 540-542, 548-557,563-570,

576-577
area moments of inertia for, 529-535, 548-554, 576
centroidal axis of, 530-531, 576
composite bodies, 540-542, 568-570, 576-577

Mobhr’s circle for, 555-557
moment of a force about specified, 158-162,212
moments of inertia (1), 529-535, 540-542, 552-557,
563-570,576-577
parallel-axis theorem for, 530-532, 540, 549, 567, 576
principal, 553-557,577
procedures for analysis of, 532, 556, 564
product of inertia and, 548-551, 553, 576
radius of gyration for, 531, 568
resultant forces and, 158-162, 202,212
right-hand rule for, 158-160
scalar analysis, 158,212
transformation equations for, 552
vector analysis, 159-162,212
Axial loads, friction analysis of, 447-449
Axial revolution, 502-505, 524
Axial symmetry, 502-505, 524-525
axial revolution and, 502-505, 525
centroid (C) and, 502-505, 524
composite bodies, 503
Pappus and Guldinus, theorems of, 502-505, 525
rotation and, 502-505, 525
surface area and, 502, 504-505, 525
volume and, 503-505, 525
Axis of symmetry, 469, 488-489, 524, 548-551, 553,576
area (A) of, 548-551
centroid (C) and, 469, 488-489, 524,576
parallel-axis theorem for, 549, 576
principal axes, 553
product of inertia, 548-551, 553,576

B

Ball and socket connections, 253-254, 256

Base units, 29, 31

Beams, 347-382, 398-400
bending moments (M) and, 348-349, 373-377,398
cantilevered, 347-348, 363
centroid (C), 348
couple moment (M) and, 374
distributed loads and, 372-377,400
force equilibrium, 372-373
free-body diagrams, 347-349, 398
internal forces, 347-382, 398-400
internal loads of, 347-354,372-377
method of sections for, 347-354, 364
moments, 348-349, 372-377,398
normal force (N) and, 348-349, 398
procedures for analysis of, 349, 364
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Beams (Continued)
resultant loadings, 348, 398
shear and moment diagrams, 363-366, 372-377,399-400
shear force (V) and, 348-349, 372-377,398
sign convention for, 349,399
simply supported, 363
torsional (twisting) moment, 348, 398
Bearings, 253-257, 447451, 461
axial loads, 447-449
collar, 447-449, 461
free-body diagrams, 253-257
frictional analysis of, 447-451, 461
journal, 254-256, 450451, 461
lateral loads, 450-451
pivot, 447-449, 461
rigid-body support reactions, 253-257
thrust, 255, 256
Belts (flat), frictional analysis of, 439441, 460
Bending moment diagrams, 363-366. See also Shear and
moment diagrams
Bending moments (M), 348-349, 373-377,398-400
distributed loads and, 373-377, 400
internal forces and, 348-349, 372-377,398, 400
method of sections for, 348-349
shear (V) and, 373
shear and moment diagrams, 372-377,399-400
Body at rest (zero), 218
By inspection, determination of forces, 282, 288-289

C
Cables, 104,109, 131, 220, 221, 254, 383-397,400
concentrated loads, 383-385, 400
connections, 220, 221
continuous, 131
distributed loads, 386-389, 400
equilibrium of, 104, 109, 131
flexibility of, 383
free-body diagram for, 104, 109, 131, 220, 254
inextensible, 383
internal forces of, 109, 383-397 400
sagging, 383
support reactions, 220, 254
weight of as force, 390-393, 400
Calculations, engineering importance of, 32-33
Cantilevered beam, 347-348, 363
Cartesian coordinate system, 55-58, 65-70, 76-81, 86, 98-99,
145-152,211
addition of vectors, 55-58, 68
concurrent force resultants, 55, 65-70, 99
coordinate direction angles, 6667 98-99
coplanar force resultants, 55-58

cross product for, 145-147

direction and, 66-68, 98-99, 145, 148

dot product in, 86, 99

force vector directed across a line, 78-81
horizontal angles (), 67

magnitude of, 55, 66-68, 98, 145, 148
moment of a force, calculations by, 148-152,211
position vectors (r), 76-77, 79-80, 99
rectangular components, 55-58, 65-70, 98
right-hand rule, 65, 145-146, 148

sign convention for, 146
three-dimensional systems, 65-70
two-dimensional systems, 55-58

unit vectors, 55, 65-66, 78, 98

vector formulation, 146-152, 211

vector representation, 65-66, 98-99
vertical angles (¢), 67

Cartesian vector notation, 55
Center of gravity (G),29,222,464-527

center of mass (C,,) and, 467, 524
centroid (C) as, 222,464-527

composite bodies, 488-492, 525

constant density and, 488

coplanar forces, 222

free-body diagrams of, 222

location of, 465-466, 469-478, 524
Newton’s law of gravitational attraction and, 29
procedure for analysis of, 470, 489
rigid-body equilibrium and, 222

specific weight and, 488

weight (W) and, 29, 222, 465-466, 488, 524

Center of mass (C,,), 467 470,478, 523
Center of pressure (P), 513,525
Centroid (C), 203,222, 348, 464-527

area in x—y plane, 468,470, 474-476, 523

axis of symmetry, 469, 488-489, 523

axial symmetry, 502-505, 523-524

beam cross-section location, 348

center of gravity (G) as, 222,464-527

center of mass (C,,,) of a body, 467,470, 478, 523
composite bodies, 488-492, 524

composite shapes, 503

coplanar forces, 222

distributed loads and, 511-518, 525
distributed loads, 203

flat surfaces, 511

fluid pressure and, 512-518, 525

free-body diagrams for, 222

integration for determination of, 467—478, 523
line in x-y plane, 468-473, 523

line of action for, 203, 513, 520, 525

location of, 203, 467-478, 523



mass of a body (C,,), 467,469, 478
method of sections and, 348
Pappus and Guldinus, theorems of, 502-505, 524
plates, 511-518
procedure for analysis of, 470, 489
Pythagorean’s theorem for, 469
resultant forces and, 203, 348, 511-518, 525
rigid-body equilibrium and, 222
rotation of an axis, 502-505, 524
surface area and, 502, 504-505, 524
volume, of a, 467,470, 503-505, 524
Centroidal axis, 530-531, 576
Coefficient of kinetic friction (uy), 406-407
Coefficient of rolling resistance, 452-453
Coefficient of static friction (u;), 405,407 447-448
Collar bearings, frictional analysis of, 447-449, 461
Collinear couple moment, 192
Collinear vectors, 41, 97
Commutative law, 41, 86, 146
Component vectors of a force, 40, 42-48, 97
Composite bodies, 488-492, 503, 524, 540-542, 568-570,
576-577
area (A) of, 503, 540-542, 576
axial symmetry and, 488-489, 503
center of gravity (G), 488-492, 524
centroid (C) of, 488-492, 503, 524
constant density and, 488
mass moments of inertia, 568-570, 577
moments of inertia (7), 540-542, 568-570, 576
procedure for analysis of, 489, 540
theorem of Pappus and Guldinus for parts of, 503
specific weight and, 488
weight (W) and, 488, 524
Compressive forces (C), 280-283,296-297
method of joints and, 282-283
method of sections and, 296-297
truss members, 280-281
Concentrated force, 27
Concentrated loads, 372-373, 383-385, 399-400
cables subjected to, 383-385, 400
distributed loads, 372-373
sagging from, 383
shear and moment discontinuities from, 373,399
Concurrent forces, 40, 55, 65-70, 105, 120-124, 131, 190-192,
240-241, 260
addition of vectors, 40, 65-70
Cartesian coordinate system for, 55, 65-70
constraints and, 260
equilibrium of, 108, 120-124, 131, 260
equivalent systems of, 190-192
free-body diagrams, 108, 120-124, 131
force and couple systems, simplification of, 190-192
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lines of action for, 190
procedure for analysis of, 192
resultant couple moment, 190
statical determinacy and, 260
three-dimensional systems, 65-70, 120-124, 190-192
three-force members, 240-241
two-dimensional coplanar resultants, 55
Connections, free-body diagrams of, 219-221. See also Joints;
Support reactions
Conservative forces, 597-598
friction as nonconservative, 598
spring force, 597
virtual work (U) and, 597-598
weight, 597
Constant density, center of gravity (G) and, 488
Constraints, 259-267,276
improper, 260-261, 276
procedure of analysis of, 262
redundant, 259
statical determinacy and, 259-267,276
support reactions and, 259-267
rigid-body equilibrium and, 259-267,276
Continuous cables, 131
Coordinate direction angles, 66—67, 98-99
Coordinates, 65-70, 76-80, 98-99, 585-590, 600, 612. See also
Cartesian coordinate system
Cartesian, 65-70, 76-77,79-80, 98-99
frictionless systems, 600
position, 76-77, 79-80, 585-590, 600, 612
potential energy and, 600
right-hand rule for, 65
vector representation, 65-70, 76-78
virtual work for rigid-body connections, 585-590,
600, 612
X, y, z positions, 65-66, 76, 98-99
Coplanar distributed loads, 202-206
Coplanar forces, 54-59, 98, 107-111, 131, 179-184, 190-196,
202-206,218-252,275-276
addition of systems of, 54-59, 107
Cartesian vector notation, 55
center of gravity, 222
centroid (geometric center), 222
couple moments of, 179-184, 190-196
direct solution for unknowns, 230-239, 276
direction of, 54-55, 107
distributed load reduction, 202-206
equations of equilibrium, 107 131, 230-239, 275
equilibrium of, 107-111, 131, 218-252,275-276
equivalent systems of, 179-184, 190-196
free-body diagrams, 107-111,219-228, 275
idealized models of, 222-223
internal forces and, 222
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Coplanar forces (Continued)
lines of action, 179, 190-196
magnitude of, 55, 56, 107
particles subjected to, 107-111, 131
procedure for analysis of, 108, 181, 192,224,231
rectangular components, 54-59, 98
resultant couple moment, 190
resultants, 55-59, 179-184, 190-196, 202-206
rigid bodies, 218-252,275-276
scalar notation, 54, 55
support reactions, 219-221, 275
system components, 54-59
systems, simplification of, 179-184, 190-196
two-and three-force members, 240-241
vectors for, 54-59, 98
weight and, 222
Cosine functions, 617
Cosine law, 42, 44,97
Cosines, direction of, 66—67
Coulomb friction, 403. See also Dry friction
Couple, 167
Couple moments (M), 167-172,179-184,190-196, 212-213,
217-219,374,582-583
collinear, 192
concurrent force system simplification, 190-192, 213
coplanar force system simplification, 179-184, 190-196,
212-213
distributed loading, 179-184, 190-196,212-213,374
equivalent couples, 168
equivalent systems, 179-184, 190-196, 212-213
force systems and, 167-172,217-218
free vectors, 167
internal forces and, 374
parallel force system simplification, 191-192,213
procedure for analysis of, 181, 192
resultants, 168-169, 190-196
right-hand rule for, 167
rigid bodies, equilibrium of, 217-218
rotation of, 219, 582-583
scalar formulation of, 167
shear and moment diagrams, 374
shear load (V) relationships, 374
support reactions and, 219
systems, simplification of, 179-184, 190-196, 212-213
three-dimensional systems, 179-184, 190-196, 213
translation of, 219, 582
vector formulation of, 167-172
virtual work of, 583
work of, 582
wrench, reduction of forces to, 192,213

Cross product, 145-147

Cartesian vector formulation, 146-147

direction for, 145

laws of operation, 146

magnitude for, 145

right-hand rule for, 145-146

vector multiplication using, 145-147
Curved plates, fluid pressure and, 514
Cylinders, rolling resistance of, 452-453

D
Deformation, rolling resistance and, 452,461
Derivatives, 618
Derived units, 29-31
Dimensional homogeneity, 32
Direct solution for unknowns, 230-239, 276
Direction, 39, 55-56, 66-68, 76-78, 87-90, 97-99, 105, 107,
136, 145, 148, 158-160, 167,211, 219, 407, 409, 430,
432-434, 460
axis, moment of a force about, 158-160
Cartesian coordinate vectors, 66-68, 7678, 98
Cartesian vector notation, 55
coordinate direction angles, 66—67, 98
coplanar force systems, 55-56, 107
cross product and, 145
dot product applications, 87-90
equilibrium and, 105, 107, 219
force vector along a line, 78
free-body diagrams, 105, 107,219
frictional forces, 407,409, 430, 432-434, 460
horizontal angle 6, 56
impending motion and, 432-434, 460
line of action, 39-40, 78, 99, 148, 158-160
moment of a couple, 167
moment of a force (My), 136, 148, 158-160, 211
position vectors, 76-77,99
right-hand rule for, 65, 145, 148, 158-160, 167,211
screws, impending motion of, 432-434, 460
three-dimensional systems, 66—68
translation, 219
vector sense of, 39, 55-56, 97
vertical angle ¢, 56
Direction cosines, 66—67
Disks, 447-449, 461, 564, 566, 577
frictional analysis of, 447-449, 461
mass moments of inertia, 564, 566, 577
Displacement (6), 583-590, 600, 612
frictionless systems, 600
potential energy and, 600
principle of virtual work and, 583-590, 612



procedure for analysis of, 586

rigid bodies, connected systems of, 585-590
virtual work (U) and, 583-590, 600, 612
virtual work equations for, 583-584, 586

Distributed loads, 202-206, 213, 372-377,386-389, 399-400,

511-518, 525
axis (single) loading, 202
beams subjected to, 372-377,399-400
bending moment (M) relationships, 372-377,400
cables subjected to, 386-389, 400
center of pressure (P), 512,525
centroid (C) of, 203,213, 511-518, 525
concentrated loads and, 372-373, 399-400
coplanar, 202,213
couple moment (M) relationships, 374
fluid pressure from, 512-518, 525
force equilibrium, 372-374
force system resultants, 202-206, 213
incompressible fluids, 512
internal forces, 372-377,386-389, 399—-400
linearly, 513, 525
line of action of, 203,213
loading curve for, 203,213
magnitude and, 202, 511, 525
reduction of forces, 202-206, 213
resultant forces of, 202-206, 213, 511, 525
shear and moment diagrams, 372-377,399-400
shear force (V) relationships, 372-377, 400
uniform, 372, 525

Distributive law, 86, 146, 150
Dot notation, 31

Dot product, 86-90, 99, 159

angles between intersecting lines, 87 99
applications of, 87-90

Cartesian vector formulation, 86, 99

laws of operation, 86

moment about a specified axis, 159

projections, parallel and perpendicular, 87-88, 99
unit vectors and, 86-87,99

vector angles and direction from, 86-90, 99

Dry friction, 403-463

angles (6) of, 405-406

applied force (P) and, 404-407,459-461

bearings, analysis of, 447-451, 461

belts (flat), analysis of, 439-441, 460

collar and pivot bearings, analysis of, 447-449, 461
characteristics of, 403407, 459

coefficients of (i), 405-407 459

direction of force, 407,409

disks, analysis of, 447-449, 461
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equations for friction versus equilibrium, 409-416
equilibrium and, 404-405, 409
frictional force, 404407, 450
impending motion, 405, 408-416, 432-434, 459-460
journal bearings, analysis of, 450-451, 461
kinetic force (Fy), 406407, 459
motion and, 405-416, 432-434, 447-453
problems involving, 408-416
procedure for analysis of, 411
rolling resistance and, 452-453, 461
screws, forces on, 432-434, 460
sliding and, 406416, 459
slipping and, 405, 407-409, 459
static force (Fj), 405,407,459
theory of, 404
tipping effect, balance of, 404, 459
wedges and, 430431, 460
Dynamics, study of, 24-26

E
Elastic potential energy (V,), 598
Engineering notation, 32
Equations of equilibrium, 103, 107-108, 120-124, 218,
230-239, 258, 275-276,409-416
alternative sets for, 230-231
body at rest (zero), 218
coplanar force systems, 107-108, 230-239, 275-276
direct solution, 230-239, 276
direction and, 107
frictional equations and, 409-416
magnitude and, 107
particles, 103, 107-108, 120-124
procedure for analysis using, 108, 120, 231,411
rigid bodies, 218,230-239, 275-276
scalar form, 258,275-276
three-dimensional force systems, 120-124, 258,276
two-and three-force members, 240-241
vector form, 258,276
Equilibrium, 25, 102-133, 216-277,372-373, 404-405, 409,
600-606, 613
concurrent forces, 105, 120-124, 131, 260
conditions for, 103,217-218, 230
constraints, 259-267
coplanar force systems, 107-111, 131, 218-252,275-276
direction and, 105,107,219
distributed load relationships, 372-373
free-body diagrams, 104-111, 120-124, 219-228,253-257,
275-276
friction and, 404405, 409
frictionless systems, 600
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Equilibrium (Continued)
idealized models for, 222-223
impending motion and, 409
improper constraints and, 260-261, 276
neutral, 601-602, 613
one (single) degree-of-freedom system, 602-603
particles, 102-133
potential-energy (V) criterion for, 600, 613
procedures for analysis of, 108, 120, 224,231,262, 603
redundant constraints and, 259
rigid bodies, 216-277
shear and moment diagrams, 372-373
stability of systems, 260-261, 276, 601-606, 613
stable, 601-603, 613
statical determinacy and, 259-267,276
statics and, 25
support reactions, 219-221, 253-257,259-267,275-276
three-dimensional force systems, 120-124, 131, 253-267,
276
tipping effect, balance of, 404, 459
two-and three-force members, 240-241
two-dimensional force systems, 107-111, 131
unstable, 602-603, 613
virtual work (U) and, 600-606, 613
zero condition, 103,107 131, 218
Equivalent couples, 168
Equivalent systems, 179-184, 190-196
concurrent force systems, 190-192
coplanar force systems, 179-184, 190-196
external effects of, 179
force and couple moment simplification, 179-184,
190-196
lines of action of, 179, 190-196
parallel force systems, 191-192
principle of transmissibility for, 179
procedures for analysis, 181, 192
system of force and couple moments, 180
three-dimensional systems, 179-184, 190-196
wrench, reduction to, 192
Exponential notation, 31
External effects for equivalent systems, 179
External forces, 217,283,296

E
Fixed supports, 219,221,255
Flat belts, frictional analysis of, 439441, 460
Flat plates, 511,513, 515-516, 525
constant width, 513
distributed loads on, 511, 525
fluid pressure and, 513, 515-516, 525
variable width, 515
Floor beams, truss analysis and, 280

Fluid pressure, 512-518, 525

acceleration due to gravity (g), 513
center of pressure (P), 513
centroid (C), 512-518, 525

curved plate of constant width, 514
flat plate of constant width, 513
flat plate of variable width, 515
incompressible fluids, 512

line of action, 513

Pascal’s law, 512

plates, 512-518, 525

resultant forces and, 512-518, 525

Force, 25-29, 38-215, 217-218, 222, 240-241, 279-305,

310-341, 346-463, 511-518, 525, 581-583, 585-590,
597-598

active, 105

addition of vectors, 40-48, 54-59, 68-70

applied (P), 404-407,430-431, 459-460

axis, about a specified, 158-162, 202,212

basic quantity of mechanics, 26

beams, 347-382, 398-399

bending moments (M) and, 348-349, 372-377,398, 400

by inspection, 282, 288-289

cables, 104, 109, 383-397,400

Cartesian vector notation for, 55, 76-81, 149

components of, 42-48, 54-59, 97

compressive (C), 280-283,296-297

concentrated, 27, 372-373, 383-385, 399-400

concurrent, 40, 55, 65-70, 99, 190-192, 260

conservative, 597-598

coplanar, 54-59, 98, 107-111, 131, 179-184, 190-196,
202-206,213

couple moments and, 167-172,179-184, 190-196, 212-213,
217-218

cross product, 145-147

directed along a line, 78-81

displacements from, 585-590

distributed loads, 202-206, 213, 372-377, 386-389, 400,
511-518

dot product, 86-90, 99

equilibrium and, 102-133, 217-218, 240241, 372-373

equivalent systems, reduction to, 179-184, 190-196

external, 217,283, 296

fluid pressure, 512-518, 525

frames, 310-325

free-body diagrams, 104-111, 120-124, 131, 222, 310-341,
347-349

friction as, 402-463, 598

frictional, 404—407, 459

gravitational, 29

idealized models for, 222-223

internal, 222, 296-298, 346-401



kinetic frictional (Fy), 406-407, 459

line of action, 39-40, 78, 99, 148-149, 158-160, 179,
190-196, 203,212

machines, 310-325

mechanics of, 25

method of joints and, 282-290

method of sections for, 296-301, 347-354, 364

moment (M) of, 135-139, 148-152, 158-162, 167-172,
179-184,190-199, 211-212, 348-349, 398, 400

motion and, 405-407

multiforce members, 310

Newton’s laws, 28-29

nonconservative, 598

normal (N), 104, 348-349, 398, 404-406

parallel systems, 191-192

parallelogram law for, 40, 42-44, 97

particles subjected to, 102-133

position vectors and, 76-77, 79-80, 99

principle of moments, 137-139, 150

principle of transmissibility, 148, 179

procedures for analysis of, 44, 105, 108, 181, 192, 231, 316,
349

pulleys, 104,110

reactive, 105

rectangular components, 54-70, 98-99

resultant, 40, 42-48, 55-59, 97,99, 134-215, 348-349,
511-518,525

rigid bodies, equilibrium of, 217-218, 222-223

scalar notation for, 54, 55

scalar formulation, 39, 40, 86, 97, 135-136, 158, 167,211

shear (V), 348-349, 372-377,398, 400

simplification of systems, 179-184, 190-196, 213

smooth surface contact, 104

spring (F), 104,597

springs, 104,111

static frictional (Fy), 405,407 459

structural analysis and, 279-305, 310-341, 347-354

structural members, 240-241, 279-290, 296-301, 347-382

systems of, 54-59, 134-215

tensile (7)), 280-283, 296297, 439-441

three-dimensional systems, 65-70, 76-80, 120-124, 131,
179-184, 190-196, 212

trusses, 279-305, 342-343

two-and three-force members, 240-241

unbalanced, 28

units of, 30-31

unknown, 282-287,296-301

vector formulation, 38-133, 145-152, 159-162, 167-172, 211

virtual work (U) and, 581-583, 585-590, 597-598

weight, 29, 222,390-393, 400, 597

work (W) of, 581-583

wrench, reduction to, 192
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Frames, 310-325, 343
free-body diagrams for, 310-316, 343
multiforce members of, 310, 343
procedure for analysis of, 316
structural analysis of, 310-325, 343
Free-body diagrams, 104-116, 120-124, 131, 219-228,
230-239,253-257,259-267,275-276,296-301, 310-316,
342-343,347-354, 398, 585-590
beams, 347-354, 398
cables, 104,109
center of gravity, 222
centroid (geometric center), 222, 348,398
concurrent forces, 120-124
coplanar force systems, 107-111, 131, 219-228, 230-239,
275-276
constraints, 259-267,276
direction and, 105, 107,219
equilibrium and, 104-116, 120-124, 131, 219-228, 230-239,
253-257,259-267,275-276
external forces and, 296-297
frames, 310-316, 343
idealized models of, 222-223
internal forces and, 222, 296-297 347-354, 398
machines, 310-316, 343
method of sections using, 296-301, 347-354
particle equilibrium, 104-106
procedures for analysis using, 105, 108, 120, 224,231, 262,
298,316
pulleys, 104,110
rigid bodies, 219-228, 230-239, 253-257,259-267,
275-276
smooth surface contact, 104
springs, 104,111
statical determinacy and, 259-267,276
structural analysis using, 296-301, 310-316, 342-343
support reactions, 219-221, 253-257,259-267,
275-276
three-dimensional systems, 120-124, 131, 253-257,276
trusses, 296-301
virtual work, 585-590
weight and, 222
Free vector, 167,224
Friction (F), 402-463, 598
angles (0) of, 405-406
applied force (P), 404407 430-431, 459-460
axial loads and, 447-449
bearings, analysis of, 447-451, 461
belts (flat), forces on, 439-441, 460
characteristics of, 403—407, 459
coefficients of (i), 405-407 447-448, 459
collar bearings, analysis of, 447—449, 461
Coulomb, 403
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Friction (F) (Continued)
disks, analysis of, 447-449, 461
dry, 403-463
equations for friction and equilibrium, 409-416
equilibrium and, 404-405, 409
impending motion, 405, 408-416, 432-434, 459-460
journal bearings, analysis of, 450-451, 461
kinetic force (Fy), 406-407,459
lateral loads and, 450-451
nonconservative force, as a, 598
point of contact, 403—409, 452453, 459
pivot bearings, analysis of, 447-449, 461
procedure for analysis of, 411
rolling resistance and, 452-453,461
screws, forces of, 432-434, 460
shaft rotation and, 447-451, 461
sliding and, 406416, 459
slipping and, 405, 407-409, 459
static force (Fj), 405,407,459
virtual work (U) and, 598
wedges and, 430431, 460

Frictional circle, 450

Frictional force, 404-407, 459

Frictionless systems, 600

G

Geometric center, 203,222, 348. See also Centroid (C)
Gravitational attraction, Newton’s law of, 29
Gravitational potential energy (V), 598

Gravity, see Center of gravity (G)

Gusset plate, 280-281

H
Hinge connections, 221, 253, 255-256
Hyperbolic functions, 618

|
Idealizations (models) for mechanics, 27,222-223
Impending motion, 405, 408-416, 432-434, 459-460
all points of contact, 408
angle of static friction for, 405
coefficient of static friction (uy) for, 405,459
downward, 433, 460
dry friction problems due to, 408416
equilibrium and frictional equations for, 409-416
friction and, 405, 408-416, 432-434, 459-460
no apparent, 408
points of contact, 405, 408-409
procedure for analysis of, 411
screws and, 432-434, 460
slipping, verge of, 405
tipping and, 409
upward, 432-433, 460

Inclined axes, moment of inertia for area about, 552-554
Incompressible fluids, 512
Inertia, see Moments of inertia
Integrals, 529, 619
Integration, 467-478, 511, 515, 525, 529-535, 563, 576-577
area (A), centroid of, 468, 474-476,529-535
center of mass (C,,), determination of using, 467 478
centroid (C), determination of using, 467-478, 511, 515,
525,576
distributed loads, 511, 515, 525
fluid pressure distribution from, 515, 525
line, centroid of, 468-469, 471-473

mass moments of inertia, determination of using, 563, 577

moments of inertia, determination of using, 529-535, 576
parallel-axis theorem, 530-531, 576
procedure for analysis using, 470, 532
resultant forces determined by, 511, 515
volume (V), centroid of, 467,477
volume elements for, 563

Internal forces, 222,296-297, 346-401
beams subjected to, 347-382, 398-399
bending moments (M) and, 348-349, 372-377,398, 400
cables subjected to, 383-397,400
compressive (C), 296
concentrated loads, 372-373, 383-385, 399-400
couple moment (M) and, 374
distributed loads, 372-377, 386-390, 399-400
force equilibrium, 372-373
free-body diagrams, 222, 296297 347-354, 398
method of sections and, 296297, 347-354, 364
moments (M) and, 348-349, 372-377,398-400
normal force (N) and, 348-349, 398
procedures for analysis of, 349, 364
resultant loadings, 348-349, 398
rigid-body equilibrium and, 222
shear and moment diagrams, 363-366, 372-377,399-400
shear force (V) and, 348-349, 372-377,398, 400
sign convention for, 349,399
structural members with, 296-297, 347-354, 398
tensile (T), 296
torsional (twisting) moment, 348, 398
weight, 390-393, 400

International System (SI) of units, 29-31

J
Joints, 279-282,290. See also Method of joints
equilibrium of, 282-283
loadings at, 280-281
pin connections, 280-281
procedure for analysis of, 283
truss analysis and, 279-290
unknown forces, 282-287



zero-force members, 288-290

Joules (J), unit of, 582

Journal bearings, 254-256, 450451, 461
free-body diagrams, 254-256
frictional analysis of, 450—451, 461
support reactions, 254-256

K
Kinetic frictional force (Fy), 406-407, 459

L
Lateral loads, friction analysis of, 450-451
Lead of a screw, 432
Lead angle, 432
Length, 26, 30-31, 468-473, 523
basic quantity of mechanics, 26
centroid (C) of lines, 468-473, 523
integration for, 468-469, 471-473, 523
procedure for analysis of, 470
Pythagorean theorem for, 469
units of, 30-31
Line of action, 39-40, 78, 99, 148-149, 158-160, 179, 190-196,
212,511, 513,525
centroid (C) location from, 203, 511
collinear vectors, 40
distributed loads, 511, 513, 525
fluid pressure and, 513
force and couple system simplification, 179, 190-196
force vector directed along, 78, 99
moment force-vector formulation, 148-149
moment of a force about an axis, 158-160, 212
perpendicular to force resultants, 190-196
principle of transmissibility, 148, 179
resultant force, 203, 511
vector representation of, 3940, 78, 99, 159-160
Linear elastic behavior, 104
Linear load distribution, 513, 525
Lines, centroid (C) of, 468-473. See also Length
integration for, 468-469, 471-473
procedure for analysis of, 470
Loading curve, 203,213
Loads, 202-206, 279-281, 347-354, 372-377,383-400,
447-451,511-518,525. See also Distributed loads
axial, 447-449
beams, 347-354, 372-377,398-399
cables, 383-397 400
concentrated, 372-373, 383-385, 399-400
distributed, 202-206, 372-377, 386-389, 399-400,
511-518
fluid pressure, 512-518
friction (F) and, 447451
internal, 347-354
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lateral, 450-451

linear distribution of, 513, 525
moment (M) relations with, 373-377,400
plates, 511-518, 525

resultant forces, 202-206, 511-518
reduction of distributed, 202-206
shaft rotation and, 447-451

shear (V), 372-377,398, 400
single axis representation, 202
structural analysis and, 279-281
three-dimensional, 348, 398

truss joints, 279-281

uniform, 525

units of, 202

weight, 390-393, 400

M
Machines, 310-325, 343
free-body diagrams for, 310-316, 343
multiforce members of, 310, 343
vector formulation, 38-133, 145-152, 159-162, 167-172, 211
procedure for analysis of, 316
structural analysis of, 310-325, 343
Magnitude, 39, 42-48, 54-56, 66-67, 105, 107,131, 136, 145,
148,167,202-203, 211, 511, 525
Cartesian vectors, 55, 66-68
coplanar force systems, 54-56, 107
constant, 131
couple moments, 167
cross product and, 145
distributed load reduction and, 202-203, 511, 525
equilibrium and, 105, 107
force components, 42, 44, 54-56, 105
free-body diagrams, 105, 107
integration for, 511, 525
moments and, 136, 145, 148,211
Pythagorean theorem for, 56
resultant forces, 42, 44,202-203, 511, 525
right-hand rule for, 148
sine and cosine laws for, 42, 44
vector force addition and, 42, 4448
vector representation of, 39, 42, 44, 54-56, 66
units of, 136
Mass, 26, 30,467,470, 478, 523
basic quantity of mechanics, 26
center of (C,,), 467,470,478,523
integration of, 467 478, 523
units of, 30
Mass moments of inertia, 563-570, 577
axis systems, 563-570, 577
composite bodies, 568-570, 577
disk elements, 564, 566, 577
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Mass moments of inertia (Continued)
integration for, 563,577
parallel-axis theorem for, 567
procedure for analysis of, 564
Pythagorean theorem for, 567
radius of gyration for, 568
shell elements, 564-565, 577
volume elements for integration, 563
Mathematical expressions, 616-619
Mechanics, study of, 25
Members, 240-241,279-290,296-301, 310-325, 343, 347-354,
398. See also Beams
compressive force (C), 280-282,296-297
equilibrium of forces, 240-241
frame analysis, 310-325, 343
internal loads(forces) in, 296, 347-354, 398
joint connections, 279-290
machine analysis, 310-325, 343
method of sections for, 296-301
multiforce, 310, 343
pin connections, 280-281
procedure for analysis of, 349
tensile force (T),280-281
three-force, 240-241
truss analysis, 279-290, 296-301
two-force, 240-241
unknown forces, 282-287,296-301
zero-force, 288-290
Method of joints, 282-290, 306-307, 342
compressive forces, 282-283
procedures for analysis using, 283, 306
space truss analysis, 306-307
structural analysis using, 282-290, 306-307, 342
tensile forces, 282-283
truss analysis, 282-290, 306-307, 342
unknown forces, 282-287
zero-force members for, 288-290
Method of sections, 296-301, 306, 342, 347-354, 364
beam analysis using, 347-354, 364
compressive forces (C),296-297
external forces and, 296-297
internal forces and, 296-297, 347-354
free-body diagrams for, 296-301, 347-354
procedures for analysis using, 298, 306, 349
shear and moment diagrams from, 364
space truss analysis, 306
structural analysis using, 296-301, 306, 342, 347-354
tensile forces (T), 296-297
truss analysis, 296-301, 306, 342
unknown member forces, 296-301
Models (idealizations), 27,222-223

Mohr’s circle, 555-557
Moment arm (perpendicular distance), 135-137, 158, 212
Moment axis, 136, 148, 158-162, 212
direction and, 136, 148
force about a, 158-162,212
force-vector formulation and, 148
right-hand rule for, 136, 148, 158-160
scalar analysis of, 158
vector analysis of, 159-162
Moments (M), 134-215, 348-349, 372-377,398, 400. See also
Couple moments
bending (M), 348-349, 372-377,398, 400
concentrated load discontinuities, 373
couple (M), 167-172,179-184,190-196, 212-213, 374
cross product for, 145-147
direction and, 136, 145, 148,211
distributed loads and, 202-206, 213, 372-377,400
equivalent systems, reduction to, 179-184, 190-196
force, of, 134-215
force-vector formulation, 148-152
free vector, 167
internal forces and, 348-349, 372-377, 398, 400
magnitude and, 136, 145, 148,211
normal force (N) and, 348-349
parallel force systems, 191-192
perpendicular to force resultants, 190-196
principle of moments, 137-139, 150, 211
principle of transmissibility, 148, 179
procedures for analysis of, 181, 192
right-hand rule for, 136-137
resultant forces and, 136, 149, 168-169, 202-206
scalar formulation of, 135-136, 158, 167,211
shear loads (V) and, 348-349, 372-377,400
sign convention for, 136, 146
system simplification of, 179-184, 190-196,212-213
torque, 136
torsional (twisting), 348,398
Varignon’s theorem, 137-139
vector formulation of, 148-152, 159-162, 167-172, 211
wrench, reduction of force and couple to, 192
Moments of inertia (1), 529-579
algebraic sum of, 540
area (A), 530-535, 540-542, 548-554, 576
axis of symmetry, 548-551, 563-570, 596
axis systems, 529-535, 540-542, 563-570
composite bodies, 540-542, 568-570, 576-577
disk elements, 564, 566
inclined axis, area about, 552-554
integrals, 529
integration and, 529-535
mass, 563-570, 577



Mobhr’s circle for, 555-557
parallel-axis theorem for, 530-532, 540, 549, 567,576
polar, 530-531
principle, 553-554, 556, 577
procedures for analysis of, 532, 540, 556, 564
product of inertia and, 548-551, 555-556, 576
radius of gyration for, 531, 568
shell elements, 564-565, 577
transformation equations for, 552-553, 577
Motion, 28, 405-416, 430434, 439-441, 447-453, 459-461.
See also Revolution; Shaft rotation
bearings, 447451, 461
belt drives, 439-441, 460
coefficients of friction (u) and, 405407 452-453, 459
downward, 433, 460
equilibrium and frictional equations for, 409-416
friction and, 405416, 430434, 439-441, 447-453,
459-461
impending, 405, 408-416, 432-434, 459-460
kinetic frictional force (F}), 406-407 459
Newton’s laws of, 28
points of contact, 405-409
procedure for analysis of, 411
rolling resistance and, 452453, 461
screws and, 432-434, 460
self-locking mechanisms, 430, 433
shaft rotation, 447-451, 461
sliding, 406-416, 459
slipping (impending), 405, 408-409, 459
static frictional force (Fj), 405, 407,459
upward, 432-433, 460
verge of sliding, 405
wedges, 430-431, 460
Movement, virtual, 583
Multiforce members, 310. See also Frames; Machines

N
Neutral equilibrium, 601-602
Newton, unit of, 30
Newton’s laws, 26, 28-29
dynamics and, 26
gravitational attraction, 29
motion, 28
Nonconservative force, friction as a, 598
Normal force (N), 348-349, 398, 404—406
dry friction and, 404-406
equilibrium and, 404
impending motion and, 405-406
internal forces as, 348-349, 398
method of sections for, 348-349, 398
Numerical calculations, importance of, 32-33

INDEX 663

P
Pappus and Guldinus, theorems of, 502-505, 524
axial revolution and symmetry, 502-505, 524

centroid (C) and, 502-505, 524
composite shapes, 503
surface area and, 502, 504-505, 524
volume and, 503-505, 524
Parallel-axis theorem, 530-532, 540, 549, 567,576
area (A) and, 530-532, 540, 549, 576
centroidal axis for, 530-532, 576
composite parts, 540
mass moments of inertia determined by, 567
moments of inertia determined by, 530-532, 540, 567,576
product of inertia determined by, 549, 576
Parallel force systems, 191-192, 240
equilibrium of, 240, 260-261
improper constraints, 260-261
reactive, 260-261
three-force members, 240
simplification of, 191-192
Parallelogram law, 40, 42-44, 97
Particles, 27-29, 102-133
coplanar force systems, 107-111, 131
defined, 27
equations of equilibrium, 103, 107-108, 120-124
equilibrium of, 102-133
free-body diagrams, 104-106
gravitational attraction, 29
idealized model of, 27
Newton’s laws applied to, 28-29
nonaccelerating reference of motion, 28
procedures for analysis of, 105, 120
three-dimensional force systems, 120-124, 131
two-dimensional force systems, 107-111, 131
zero condition, 103, 131
Pascal’s law, 512
Perpendicular distance (moment arm), 135-137,
158,212
Pin connections, 219-221, 223, 253, 255-256, 280-281
concurrent forces of, 280-281
coplanar systems, 219-221, 223
free-body diagrams of, 219-221,253,255-256
three-dimensional systems, 253, 255-256
truss member analysis, 280-281
Pivot bearings, frictional analysis of, 447-449
Planar truss, 279
Plates, 511-518, 525
flat of constant width, 513
distributed loads on, 511, 525
centroid (C), 511-518, 525
curved of constant width, 514
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Plates (Continued)
flat of constant width, 513
flat of variable width, 515
fluid pressure and, 512-518, 525
linear distribution on, 513, 525
resultant forces acting on, 511-518, 525
Point of contact, 403-409, 452-453, 459
friction and, 403-409, 452-453, 459
impending motion (slipping), 405, 408-409
kinetic friction and, 406-407
motion (sliding), 406407
rolling resistance and, 452-453
static friction and, 405, 407
Polar moments of inertia, 530-531
Position coordinates, 585-590, 600, 612
Position vectors (r), 76-77,79-80, 99
Cartesian vector form, 76-77,79-80, 99
head-to-tail addition, 76-77
X, ¥, z coordinates, 76, 99
Potential energy (V), 598-606, 613
elastic (V,), 598
equilibrium, criterion for, 600, 613
equilibrium configurations, 601-606
frictionless systems, 600
gravitational (V), 598
position coordinates for, 600
potential function equations, 599
procedure for analysis of, 603
single (one) degree-of-freedom systems, 599, 602-603
stability of systems and, 601-606, 613
virtual work (V) and, 598-606, 613
Power-series expansions, 618
Pressure, see Fluid pressure
Principal axes, 553-557,576
Mobhr’s circle for, 555-557
principal moment of inertia and, 553-557
procedure for analysis of, 556
product of inertia for, 553,576
Principle moments of inertia, 553-554, 556, 577
Mohr’s circle for, 555-557
principal axes, 553-554, 556,577
procedure for analysis of, 556
transformation equations for, 553, 577
Principle of moments, 137-139, 150,211
Principle of transmissibility, 148, 179
Principle of virtual work, 581, 583-590, 612
Product of inertia, 548-551, 553, 555-556, 576
axis of symmetry for, 548-551
centroid for, 549, 576
Mohr’s circle and, 555-556
parallel-axis theorem for, 549, 576
procedure for analysis of, 556
principal axes and, 553

Procedure for analysis, 34-36

Projections, parallel and perpendicular, 87-88, 99, 159
Pulleys, free-body diagram of, 104, 110, 131

Purlins, 279

Pythagorean theorem, 56, 87,469, 567,617

Q

Quadratic formula, 618

R
Radius of gyration, 531, 568
Reactive force, 105, 260-261
Rectangular components, 54-70, 98-99
coplanar force systems, 54-59, 98-99
force vectors of, 54-70, 98-99
resultant force, 55-56, 98
Resultant forces, 40, 42-48, 55-59, 65-71, 97-98, 134-215,
348-349,398, 511-518, 525
axis, moment of force about, 158-162,202,212
beams, 348-349
Cartesian vector components, 65-70
Cartesian vector notation for, 55
centroid (C) and, 203, 348, 511-518, 525
concurrent forces, 55, 65-70, 99, 190-192
coplanar forces, 55-56, 98, 179-184, 190-196
couple moments, 167-172,179-184, 190-196, 213
cross product for, 146-147
direction of, 146, 211
distributed loads, 511-518, 525
fluid pressure and, 512-518, 525
force components and, 40, 42-44, 97
force system, 55-59, 99, 134-215
integration for, 511, 525
internal forces, 348-289, 398
lines of action, 158-160, 179, 190-196, 203, 511, 513
magnitude of, 146,202,211, 511, 525
method of sections for, 348-349
moments of a force, 135-139, 149, 158-162, 211, 348-349
parallel force systems, 191-192
parallelogram law for, 40, 42-44, 97
perpendicular to moments, 190-196
plates, 511-518, 525
principle of moments, 137-139, 211
procedure for analysis of, 44, 192
reduction of distributed loads, 202-206, 213
scalar formulation of, 135-136, 158,167,211
scalar notation for, 55
system reduction for, 179-184, 190-196, 213
vector addition for, 40-44, 55-59

vector formulation of, 42-48, 97, 148-152, 167-172,211-212

vector subtraction for, 41
wrench, reduction to, 192,213



Revolution, 502-505, 524
axial symmetry and, 502-505
centroid (C) and, 502-505, 524
composite shapes, 503
Pappus and Guldinus, theorems of, 502-505, 524
plane area, 503
surface area, 502, 504-505, 524
volume from, 503-505, 524
Right-hand rule, 65, 136-137, 145-146, 148, 158-160, 167
axis, moment of a force about, 158-160
cross product direction, 145-146
force-vector formulation, 146, 148
moment of a couple, 167
moment of a force, 136-137, 158-160
three-dimensional coordinate systems, 65
Rigid bodies, 25, 27,216-277, 585-590, 600-606, 612
center of gravity, 222
centroid (geometric center), 222
conditions for, 217-218
connected systems of, 585-590, 612
constraints of, 259-267
coplanar force systems, 218-252,275-276
defined, 27
displacement (8) and, 585-590, 600, 612
equations of equilibrium for, 218, 230-239, 275-276
equilibrium of, 216-277, 600-606
external forces and, 217
force and couple systems acting on, 217-218
free-body diagrams, 219-228, 253-257,259-267,
275-276
frictionless systems, 600
idealized models of, 27,222-223
internal forces and, 222
improper constraints for, 260-261, 276
mechanics, study of, 25
position coordinates for, 585-590, 600, 612
potential energy and, 600-606
procedures for analysis of, 224,231, 262, 586, 603
redundant constraints for, 259
statical determinacy and, 259-267 276
support reactions, 219-221, 253-257,259-267,275-276
three-dimensional systems, 253-267, 276
two-and three-force members, 240-241
uniform, 222
virtual work (V) for, 585-590, 600-606, 612
weight and, 222
Rocker connections, 220, 221
Roller connections, 219-220, 223,254, 256
Rolling resistance, frictional forces and, 452-453, 461
Roof truss, 279-280, 342
Rotation, 219, 447448, 450, 461, 582-583. See also
Revolution; Shaft rotation
Rounding off numbers, 33

INDEX

S
Scalar notation, 54, 55
Scalar product, 86
Scalar triple product, 159
Scalars, 39, 40, 54, 86, 107, 135-136, 158, 167,211, 258,
275-276,582
axis, moment of force about, 158
couple moments, formulation by, 167
division of vectors by, 40
dot product and, 86
equations of equilibrium, 258, 275-276
magnitude of, 39
moment of a force, formulation by, 135-136, 158,211
multiplication of vectors by, 40, 86
negative, 54,107
torque, 135
vectors and, 39, 40, 86
work of a couple moment, 582
Screws, frictional forces on, 432-434, 460
Self-locking mechanisms, 430, 433
Sense of direction, 39
Shaft rotation, 447-451, 461
axial loads, 447-449
collar and pivot bearings, 447-449, 460
disks, 447-449, 460
frictional analysis of, 447-451, 460
frictional circle, 450
journal bearings, 450-451, 460
lateral loads, 450-451
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Shear and moment diagrams, 363-366, 372-377,399-400

beam analysis using, 363-366, 372-377,399

couple moment (M,) and, 374

discontinuities in, 373

distributed load relations and, 372-377, 400

internal forces and, 363-366, 372-377,399-400

method of sections for, 364

moment (M) relations in, 373-377,399-400

procedure for analysis of, 364

shear force (V) relations in, 372-377,399-400
Shear force (V), 348-349, 372-377,398-400

beams, 348-349, 372-377,398

bending moments (M) and, 348-349, 372-377,398, 400

concentrated load discontinuities, 373
couple moment (M,) and, 374
distributed load relations, 372-377, 400
internal forces, 348-349, 372-377,398-400
method of sections for, 348-349
shear and moment diagrams, 372-377,399—-400
Shell elements, mass moments of inertia, 564-565, 577
Significant figures, 32-33
Simple trusses, 279-281, 342
Simply supported beam, 363
Sine functions, 617
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Sine law, 42, 44,97
Single degree-of-freedom systems, 599, 602-603
Sliding, 405-416, 459-460
friction and, 405-416
kinetic frictional force (Fy), 406-407, 459
motion of, 406416
problems involving, 408-416
verge of, 405
Sliding vector, 148, 179, 224
Slipping, 405, 407416, 459
friction and, 405, 407-416, 459
impending motion of, 405, 408-409, 459
points of contact, 405, 408409
problems involving, 408-416
static frictional force (Fy), 405, 407,459
Smooth surface contact (support), 104,254
Solving problems, procedure for, 34-36
Space trusses, structural analysis of, 306-307, 343
Specific weight, center of gravity (G) and, 488
Spring constant (k), 104
Spring force (F,), virtual work and, 597
Springs, free-body diagram of, 104, 111, 131
Stable equilibrium, 601-603, 613
Stability of a system, 260-261, 276, 601-606, 613. See also
Equilibrium
equilibrium configurations for, 601-606, 613
free-body diagrams for, 260-261, 276
improper constraints and, 260-261
neutral equilibrium, 601-602, 613
one (single) degree-of-freedom system,
602-603
potential energy and, 601-606
procedure for analysis of, 603
reactive parallel forces, 260-261
rigid-body equilibrium and, 260-261, 276
stable equilibrium, 601-603, 613
statical determinacy and, 260-261, 276
unstable equilibrium, 601-603, 613
virtual work and, 601-606, 613
Static frictional force (Fj), 405,407,459
Statical determinacy, 259-267,276
equilibrium and, 259-267
procedure for analysis of, 262
improper constraints and, 260-261
indeterminacy, 259, 276
redundant constraints and, 259
rigid-body equilibrium and, 259-267,276
stability and, 260-261, 276
Statically indeterminate bodies, 259, 276
Statics, 24-37
basic quantities, 26
concentrated force, 27

equilibrium and, 25
force, 26-30
gravitational attraction, 29
historical development of, 26
idealizations, 27
length, 26,29-31
mass, 26, 29-31
mechanics study of, 24-25
motion, 28
Newton’s laws, 28-29
numerical calculations for, 32-33
particles, 27
procedure for analysis of, 34-36
rigid bodies, 27
study of, 24-37
time, 26, 30
units of measurement, 29-31
weight, 29
Stiffness factor (k), 104
Stringers, 280
Structural analysis, 278-345, 347-382
beams, 347-382
compressive forces (C), 280-283,296-297
frames, 310-325, 343
free-body diagrams, 296-301, 310-316, 342-343
internal forces and, 296-297, 347-382
machines, 310-325, 343
method of joints, 282-290, 306-307, 342
method of sections, 296-301, 306, 342, 347-354, 364
multiforce members, 310, 343
procedures for analysis of, 283,298, 306, 316, 349, 364
shear and moment diagrams for, 363-366
space trusses, 306-307, 343
tensile forces (T), 280-283,296-297
trusses, 279-309, 342-343
unknown forces, 282-287,296-301
zero-force members, 288-290
Structural members, see Members
Support reactions, 219-221, 223, 253-257,259-267,
275-276
coplanar force systems, 219-221, 223,275
free-body diagrams, 219-221, 223, 253-257,259-267,
275-276
improper constraints, 260-261
procedure for analysis of, 262
redundant constraints, 259
rigid-body equilibrium and, 219-221, 223, 253-257,
259-267
statical determinacy and, 259-267,276
three-dimensional force systems, 253-257,259-267,276
Surface area, centroid (C) and, 502, 504-505, 524
Symmetry, see Axial symmetry; Axis of symmetry



System simplification, 179-184, 190-196
concurrent force system, 190-192
coplanar force systems, 179-184, 190-196
equivalent system, reduction to, 179-184, 190-196
lines of action and, 179, 190-196
parallel force systems, 191-192
procedures for analysis, 181,192
reduction to a wrench, 192
system of force and couple moments, 180
three-dimensional systems, 179-184, 190-196

T
Tangent functions, 617
Tensile forces (T, 280-283,296-297 439-441
flat belts, 439-441
method of joints and, 282-283
method of sections and, 296-297
truss members, 280-281, 296297
Tetrahedron form, 306
Thread of a screw, 432
Three-dimensional systems, 65-70, 76-81, 86-90, 98-99,
120-124, 131, 179-184, 190-196, 253-267,276. See also
Concurrent forces
addition of vectors, 68
Cartesian coordinate system for, 65-70, 98-99
Cartesian unit vectors, 65-66, 78, 98-99
Cartesian vector representation, 65-66
concurrent forces, 65-70, 99, 120-124, 131, 190-192, 276
constraints for, 259-267,276
coordinate direction angles, 66—67, 98-99
direction angles for, 66-67
dot product for, 86-90, 99
equations of equilibrium, 120, 258,276
equilibrium of, 120-124, 131, 253-267,276
equivalent systems, 179-184, 190-196
force and couple moment system simplification, 179184,
190-196
force vectors, 65-70, 78-81, 99
free-body diagrams, 120-124, 253-257,276
magnitude of, 66
parallel system simplification, 191-192
particles, 120-124, 131
position vectors, 76—77, 79-80, 99
procedure for analysis of, 120
reactive parallel forces, 261
rectangular components, 65-70, 98-99
resultants, 65-70
right-hand rule, 65
rigid bodies, 253-267,276
statical determinacy and, 259-267,276
support reactions for, 253-257,259-267, 276
X, y, z position coordinates, 65-66, 76, 98-99

INDEX

Three-force member equilibrium, 240-241
Thrust bearing connections, 255, 256
Time, 26, 30
basic quantity of mechanics, 26
units of, 30
Tipping effect, balance of, 404, 459
Torque, 135. See also Moments (M)
Torsional (twisting) moment, 348, 398
Transformation equations, moments of inertia (/) and,
552-553,577
Translation, 219, 582
Trapezoid, distributed loading of, 206
Triangle rule, 41,97
Triangular truss, 281
Trigonometric identities, 618
Trusses, 279-309, 342-343
assumptions for design, 280-281, 306
bridges, 279-280
compressive force (C) and, 280-283,
296-297
floor beams, 280
gusset plate for, 280-281
joints, 279-290
method of joints, 282-290, 306-307, 342
method of sections, 296-301, 306, 342
planar, 279
procedures for analysis of, 283, 298, 306
purlins, 279
roof, 279-280, 342
simple, 279-281, 342
space trusses, 306-307, 343
stringers, 280
structural analysis for, 279-309, 342-343
tensile force (T) and, 280-283, 296-297
triangular, 281
zero-force members, 288-290
Two-dimensional systems, 54-59, 98, 107-111, 218-252.
See also Coplanar forces
Cartesian unit vectors, 55, 98
coplanar force vectors, 54-59, 98
free-body diagrams for, 107-111
particle equilibrium, 107-111
procedure for analysis of, 108, 224, 231
rigid-body equilibrium, 218-252
scalar notation for, 54
Two-force member equilibrium,
240-241

U

Unbalanced force, 28

Uniform distributed load, 372, 525
Uniform rigid bodies, 222

667
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Unit vector (u), 55-56, 65-66, 78, 86-87,98-99. See also
Cartesian coordinates
Cartesian vectors, 55-56, 65-66, 78, 98
dot product and, 86-87, 99
three-dimensional, 65-66, 78, 98-99
force components, 55-56
force vectors, 78, 99
Units of measurement, 29-31
base, 29, 31
derived, 29-31
International System (SI) of, 30-31
prefixes, 30
rules for use, 31
Unknown member forces, 282-287,
296-301
Unstable equilibrium, 601-603, 613

\"
Varignon’s theorem, 137-139

Vectors, 38-101, 145-152, 159-162, 167-172, 211,258,276

addition of, 40-48, 54-59, 68-70

addition of forces, 42-48, 54-59

axis, moment of a force about, 159-162

Cartesian coordinate system, 55-58, 65-70, 76-81, 98,
145-152,211

Cartesian notation for, 55

components of a force, 40, 42-48, 97

concurrent forces, 40, 55, 65-70, 99

coplanar force systems, 54-59

cross product method of multiplication, 145-147

collinear, 41, 97

couple moments, formulation by, 167-172

direction and, 39, 55-56, 6668, 145, 148

division by scalars, 40, 97

dot product, 86-90, 99, 169

equations of equilibrium, 258,276

force directed along a line, 78-81

forces and, 38-101

free, 167,224

line of action, 39-40, 78, 99, 148-149, 159-160

magnitude and, 39, 4248, 54-56, 66-68, 145, 148

moments of a force, formulation by, 148-152,
159-162,211

multiplication by scalars, 40, 86, 97

operations, 40-41

parallelogram law for, 40, 42-44,97

physical quantity requirements, 39

position (r), 76-77,79-80, 99

principle of transmissibility, 148

procedure for analysis of, 44

projections, parallel and perpendicular, 87-88, 169
rectangular components, 54-70, 98-99
resultant couple moment, 168-169
resultant of a force, 40, 42-48, 97,149
rigid-body equilibrium and, 258,276
scalar notation for, 54

scalar triple product, 159

scalars and, 39, 40, 86, 97

sliding, 148,224

subtraction of forces, 41

systems of coplanar forces, 54-59

three-dimensional systems, 65-70, 76-81, 86-90, 98-99, 276

triangle rule for, 41,97
two-dimensional systems, 54-59, 98
unit, 55-56, 65-66, 78, 86-87, 98-99

Virtual movement, 583

Virtual work (U), 580-615
conservative forces and, 597-598
couple moment, work of, 582-583
displacement (8) and, 583-590, 600, 612
equations for, 583-584, 586
equilibrium and, 600-606, 613
force (F) and, 581-582, 585-590, 597-598, 612
friction and, 598
frictionless systems, 600
movement as, 583
position coordinates for, 585-590, 600, 612
potential energy (V) and, 598-606, 613
principle of, 581, 583-590, 612
procedures for analysis using, 586, 603
rigid-bodies, connected systems of, 585-590
single (one) degree-of-freedom systems, 599, 602—-603
spring force (Fy) and, 597
stability of a system, 601-606, 613
weight (W) and, 597
work (W) of a force, 581-583

Volume (V), 467 470,477, 503-505, 523-524
axial rotation and symmetry, 503-505, 524
centroid of (C), 467,470, 477,503-505, 523-524
integration of, 467,477,523
Pappus and Guldinus, theorems of, 503-505, 524
plane area revolution and, 503
procedure for analysis of, 470

W
Wedges, 430-431, 460

Weight (W), 29,222,390-393, 400, 465-466, 488, 523-524, 597

cables subjected to own, 390-393, 400
center of gravity (G) and, 222, 465-466, 488, 523-524
composite body parts, 488, 524
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conservative force of, 597 Wrench, reduction of force and moment to,
gravitational attraction and, 29 192,213

internal force of, 390-393, 400

rigid-body equilibrium and, 222 X

virtual work (U) and, 597
Weightless link, support reactions of, 220
Work (W) of a force, 581-583. See also Virtual work
couple moment, of a, 582 Z
force, of a, 581-582 Zero condition of equilibrium, 103,131,218
virtual movement and, 583 Zero-force members, method of joints and, 288-290

X, y, z position coordinates, 65-66, 76, 98-99
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