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PREFACE

This textbook, Vehicle Crash Mechanics, has grown out of a series of my lectures on vehicle
crashworthiness at the University of Michigan, Dearborn. Since 1991, these lectures have been
presented to automotive engineers from the Ford Motor Company, full service suppliers to the Ford
Motor Company, and engineers from various consulting firms.

The primary goals of this book are to provide the fundamentals of engineering mechanics and
to apply these fundamentals to the study of vehicle crashworthiness. Also the book was written to
present a number of interesting and informative ancillary topics related to vehicle crashes but
extending beyond purely fundamental theory.

In the automotive-related industry, the goal of engineering effort in the field of crashworthiness
is to satisfy, or, to the extent possible, exceed the safety requirements mandated by the Federal Motor
Vehicle Safety Standards (FMVSS) and administered by the National Highway Traffic Safety
Administration (NHTSA).

Governed as it is by strict adherence to regulations and the balancing of complex interactions
among the variables, the application of mechanics to crashworthiness is not a simple task. The
importance of understanding the fundamentals of mechanics cannot be overemphasized. In this book,
I have strived to present the fundamentals as clearly as possible, and with an aim toward applications
to problems.

This field can be subdivided into four groups: (1) Vehicle crash dynamics, (2) Computer aided
engineering, (3) Occupant impact dynamics, and (4) Design analysis and accident reconstruction. In
each of these groups, knowledge of the fundamental principles of mechanics is essential. Also, the
ability to apply such knowledge to hardware, to developmental work, or analytical modeling is
required.

First, the fundamentals, which range from particle dynamics to rigid body kinetics, are presented.
Then, Newton's Second Law, the principle of impulse and momentum, and the principle of work and
energy are applied to engineering problems. It is assumed that the reader has had courses in
mathematics through calculus and engineering statics. Formulas are presented as needed; as each one
is presented for the first time, a short derivation of the formula is provided. Throughout the book,
when analyzing vehicle tests, both the analysis of actual test results and the interpretation of
mathematical models related to the tests will be developed in parallel. This approach is done in an
orderly fashion in order to provide an insight into the parameters and interactions that influence the
results.

In the study of crashworthiness, three main elements can be defined: vehicle, occupant, and
restraints (VOR). In this book, the dynamic interactions among these three elements will be illustrated
by the use of analytical models, experimental methods, and test data from actual vehicle crash tests.
As an example, the occupant-vehicle kinematics in the restraint coupling phase and the use of the
ridedown concept are presented in both analytical and experimental terms.

The book contains seven chapters, each having an introduction which describes the objectives of
the chapter and the material to be covered.

Chapter 1 presents an overview of the crash pulse and kinematics, the kinematic principles used
in VOR analysis and digital filtering techniques which satisfy the frequency response requirements
of SAE J211. The filtering process is used to analyze vehicle, occupant, and crash sensor test data for
crash severity. Also covered are analyses of crash sensor and air bag performance for an accident
using on-board recorder data as they are related to the crash pulse analysis.
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Chapter 2 presents ways of characterizing the crash pulse. An approximation method is
developed which describes the crash pulse with a few parameters. Eight approximation methods are
presented, ranging from the Tipped Equivalent Square Wave (TESW) with two boundary conditions
to the Fourier Equivalent Wave (FEW) with or without boundary conditions. Physical significance
of crash pulse centroid and residual deformation are discussed. Use of crash pulse approximation to
the testings of an air bag crash sensor and vehicle interior-headform impact is illustrated.

Chapter 3 deals with the use of digital convolution methods for the prediction of responses of an
object in a system test such as vehicle/Hyge sled test, and in a component test such as body mount.
The basic operation of convolution theory, the derivation of the transfer function, and an algorithm
using a snow-ball effect to increase the computation efficiency are discussed. A dynamic system is
characterized by a set of FIR coefficients, i.e., a transfer function. Applications of FIR in vehicle,
occupant, and component test forward prediction (predicting the low frequency output from a high
frequency input) are presented. Applications of FIR transfer functions and inverse filtering method
yield the RIF (response inverse filtering) method, which is utilized to make backward prediction
(predicting the high frequency output from a low frequency input). Case studies on the use of transfer
functions include: (1) effect of the full-powered and depowered air bags, (2) effect of the front- and
rear-loaded crash pulses, (3) effect of the different body mounts and restraint systems, and (4) effect
of the approximated crash pulse (such as a halfsine sled test pulse) and test crash pulse.

Chapter 4 covers the basic modeling techniques using Newton's Second Law. Transient and
major model responses are formulated starting with simple models using Kelvin elements to hybrid
models using both Kelvin and Maxwell elements. Since any crash event involves impact and
excitation, the formulas derived are applicable to the analysis of model with a slack. Factors affecting
the system output, such as natural frequency, damping factor, and coefficient of restitution are
described. Applications of the closed form formulas to the VOR analysis are illustrated.

Chapter 5 covers the numerical methods applied to the response prediction. The solution to an
impact or excitation model with more than two masses and/or non-linear energy absorbers becomes
too complex to solve in closed-form. In such cases, numerical evaluation and integration techniques
are necessary to solve for the dynamic responses. In a multi-mass model, the unloading characteristics
of a spring element are as equally important as the loading characteristics. The unloading of one mass
in a model may become a loading to the neighboring masses, therefore affecting the total system
model responses. Power curve loading and unloading simulation with hysteresis energy loss and
permanent deformation are covered. To help solve some dynamic models quickly, a lumped-
parameter model, CRUSH II, is utilized. The force-deflection formulas of some simple structures are
listed for ease of determining the spring stiffness for the modeling. Some lumped-parameter models
for the full frontal, side, and frontal offset impacts are described. The basic concepts of splitting a
simple spring mass model for the frontal offset impact and the model validation are also presented.

In Chapter 6, the principle of impulse and momentum and the principle of work and energy,
derived from the Newton’s Second Law, are utilized to solve the impulsive loading problems. The
CG (center of gravity) motion theorem in the multiple vehicle collision analysis and the circle of
constant acceleration (COCA) on arigid body subjected to an eccentric loading are analyzed. Specific
design analysis is presented. The formulation of critical sliding velocity, rollover dynamics, and
detection of an incipient rollover are introduced. Methods of determining the vehicle inertia
properties, such as the CG height and the moment of inertia of a vehicle, are covered. The formulation
of the critical sliding velocity (CSV), the rollover dynamics, and detection of an incipient rollover
using a simple vehicle model are introduced.

Chapter 7 discusses vehicle and occupant impact severity and accident reconstruction
methodology. Vehicle components, such as body mounts, and engine size and location are evaluated
for their roles in the absorption of vehicle energy, deceleration, and dynamic crush. Restraint devices,
such as a pretensioner in a belt restraint system, are also evaluated for their values in reducing the
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severity of occupant impact. The test results, principles, and functions of the pretensioner are
analyzed. The use of the damage boundary curve (DBC) in assessing the vehicle, occupant, and
sensor impact is covered. In the section on accident reconstruction, the derivation of a formula used
to compute the vehicle stiffness coefficients is presented and discrepancies between the built-in
stiffness coefficients in the data base and those obtained from crash data are analyzed. The
consequences of using improper coefficients are illustrated by drawing upon real-world accident cases.

There are many aspects to vehicle crashworthiness, and it is hoped that this book will provide the
fundamentals of engineering mechanics, which can be revealing in applications and will also serve
as a helpful reference on up-to-date techniques used in this field of study.

In preparing this book I am greatly appreciative of the considerable help from my former
colleague, Mr. Calvin C. Matle, a retired Senior Research Engineer at the Ford Motor Company. His
critiques on the details of the subjects on mechanics were enlightening and the review of the entire
manuscript was not a simple task. I am grateful that Mr. Matle created several artworks for use in the
text including the car and dummy drawing on the book cover. Also, I would like to express my
sincere appreciation to Dr. Clifford C. Chou, a Senior Staff Technical Specialist at the Ford Motor
Company for his technical input and review of the manuscript. I would also like to gratefully
acknowledge Mr. Jianming Li, an outstanding senior student at the University of Michigan, Dearborn,
for his artistic skills in creating a major portion of the artwork used in this book. As inspired by those
before us, and enhanced by those among us, [ wish to extend many thanks to all of my students, my
colleagues for their contributions. Although the list is too long to mention individually, it is hoped
that those who have shared in the discussions and who have helped will accept this recognition, CRC
Press staff has been very helpful and its contributions to this endeavor are gratefully recognized.
Lastly, I am deeply indebted to my wife, Becky, for her ever-lasting patience and care over the years
while I worked on this book. I am also grateful to my daughters Dr. Caroline B. Huang and Ms. Kelly
M. Huang for their concerns and understandings; and to my nephew David C. Huang for his help
making the contents consistent.

In closing, I would like to dedicate this book to my parents who were so helpful in my life.

Matthew Hua.
(% = #)

Dearborn, Michigan, USA
May, 2002
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Example: Length (in) x 25.4 = Length ( mm);

UNIT CONVERSIONS

Length (mm) x .03937 = Length (in)

Quantity Unit X Unit X Unit
Length in 25.4 mm .03937 in
ft 3048 m 3.281 ft
Area in? 645.16 mm? 1550x 10 in?
ft? .0929 m’ 10.76 ft?
ft? 2.3x10° Acre 43500 ft?
Volume cubic yard 21.7 Bushels 1.244 ft*
in® 1.639x 10* mm’ 6.102 x 107 in®
Mass slug 14.594 kg 2.205 Ib,,
slug 32.2 Ib,, 454 kg
Moment of ft-Ib-s? 1.356 kg-m’ 7375 ft-1b-s
Inertia
1b/in’ 6.895 kPa .1450 1b/in’
Ib/ft? .0479 kPa 20.89 Ib/ft?
psi 6.895 kPa .1450 psi
Pressure Ksi 6.895 MPa 1450 Ksi
psi 6.895x 10° GPa 1.450x 10° psi
ksi 6.895x 107 GPa 145 ksi
Ib,/ft’ 16.02 kg/m’ .0624 Ib,/ft’
Force Ib, 4.448 N 2248 1b,
Moment Ib-in 1130 N-m 8.851 Ib-in
Ib-ft 1.356 N'm 7376 lb-ft
Energy inlb 113 Joule 8.85 in‘lb
kw-h 2655.18 klbs-ft 3.766x10* kw-h
m/s 2.237 mph 447 m/s
Velocity mph 1.467 fi/s 682 mph
mph 17.6 in/s 5.68x107 mph
Power watt 73755 ft-1b/s 1.356 watt
watt 1.341x107 hp 745.7 watt

Acceleration of Gravity (1g) = 32.2 ft/s* (at latitude 45° near Alpena or Gaylord, Michigan)
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CHAPTER 1
CRASH PULSE AND KINEMATICS

1.1 INTRODUCTION

A basic characteristic of a vehicle structural response in crash testing and model simulation is the
“crash signature,” commonly referred to as the crash pulse [1] (numbers refer to references at the end
of each chapter). This is the deceleration time history at a point in the vehicle during impact. The
crash pulse at a point on the rocker panel at the B-pillar is presumed to identify the significant
structural behavior and the gross motion of the vehicle in a frontal impact. Other locations, such as
the radiator and the engine, are frequently chosen to record the crash pulse for component dynamic
analysis. The nature of the crash response depends on the mass, structural stiffness, damping at that
location, and on external interactions from neighboring components. In this chapter, techniques for
analyzing the basic vehicle, occupant and restraint system interactions, digital filtering, and the crash
pulse are reviewed; also, applications of the kinematic relationships in the analysis of restraint
coupling and ridedown efficiency [2-5] are covered. Case studies involving air bag crash sensing,
deployment, and crash recorder data analysis are also presented.

1.2 VEHICLE IMPACT MODES AND CRASH DATA RECORDING

Figs. 1.1 and 1.2 show two structure types commonly found in vehicles. These types are unitized-
body and body-on-frame structures. The unitized-body vehicle has no separate frame or steel girders.
It has comparatively thin pieces of body sheet metal which are stamped into complex shapes and
welded together to provide the strength required for the chassis. The resultant structure is usually
stiffer and lighter than one using separate frame and body construction. Unitized bodies are commonly
found on small and compact vehicles.

Fig. 1.1 Unitized Body Vehicle Fig. 1.2 Body-on-Frame Vehicle

The disadvantages of unitized body construction are that (1) more road noise and vibration are
transmitted, (2) a serious safety problem is posed if rust attacks the attachment points for the engine,
transmission, or suspension, (3) repair costs for body damage are usually higher because a large
expanse of the body may have to be cut away and replaced in order to maintain structural integrity,
and (4) manufacturing costs are higher due to the need for more sophisticated metal stamping and
welding equipment. However, a unitized body using subframes supporting a powertrain or platform
chassis, plus modern rustproofing, can overcome some of these disadvantages.

Some large North American passenger cars and most trucks and sport utility vehicles (SUV) have
a separate frame and body or cab. The frame is made of heavy rectangular, or box section, steel tubes
that are welded together. The frame design includes cross members forming a series of open
rectangles which provide rigidity and powertrain support. A separate frame is heavy and not
especially rigid without the use of X-shaped bracing across the passenger compartment. Rust is not
a serious safety concern with separate frame construction.

In the body-on-frame vehicle, the body or cab is fastened to the frame by body mounts. A typical
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body mount is shown in Fig. 1.3. It consists of two rubber bushings (on top and bottom of the frame
bracket), a bolt, and a retainer. Typically, there are four body mounts on each side frame and two
front end sheet metal (FESM) mounts. Body mounts are designed to carry the horizontal impact load
in an accident and to isolate the noise, vibration, and harshness (NVH) due to road surface excitation
from entering the passenger compartment.

bolt body-side
\T structure
frame ~
bracket &,

Fig. 1.3 A Typical Body
Mount on a Body-on-Frame
Vehicle

The crash pulse, which describes the nature and severity of a vehicle crash, depends not only on
the type of structure, but also on the measurement site and the impact mode. Figs. 1.4 and 1.5 depict
typical crash sensor and accelerometer locations on a unitized body vehicle where the crash pulses are
measured.

Fig. 1.4 Crash Test Sensor and Fig. 1.5 Crash Test Sensor/Accelerometer
Accelerometer Locations Locations
1. Upper radiator support bracket 5. Centerline tunnel in passenger compartment
2. Front left/right shotguns (inside fender) 6. Front left/right frame rails
3. Left/right shotguns at spring tower 7. Left/right rockers at A-pillar
4. Steering wheel 8. Left/right rockers at B-pillar

Figs. 1.6 and 1.7 show the frontal impact crash test configurations used in a project on the
optimization of an advanced air bag sensor system [6]. The crash tests were chosen after a thorough
review of previous air bag work worldwide, accident statistics, and experience with the Ford Tempo
air bag fleet based on a real world crash investigation. Some of the tests were car-to-car tests versus
barrier and fixed pole tests. Crash data were collected on twenty-two vehicles; the tests selected
represented a broad range of accident encounters at or near the expected threshold of air bag
deployment. The threshold tests were designed to produce a vehicle barrier equivalent velocity
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(BEV)Y of about 12 mph, which is the approximate crash severity threshold at which, in the judgment
of the project engineers, an air bag should deploy.

Twenty-two vehicles in sixteen tests, as shown in Figs. 1.6 and 1.7, were used to collect the crash
pulse data. The impact speed in each test configuration was chosen so the system performance under
the air bag sensor must- or must-not- activate condition could be evaluated.

The types of impact include the following:

1. A perpendicular (90-degree) barrier
2. A low and high speed rigid pole
3. A front-to-front overlap
4. An oblique front to front (three types)
5. A vehicle front to an MDB (moving deformable barrier) perpendicular
6. A vehicle front-to-side
7. A front-to-rear
8. A bumper over-ride (or truck under-ride)
Sensor Actual ?_l;l:tsl)l' épc;g:l i
;‘:lsl:‘lbel" (S‘g;;(; Type / Configuration Number (mph) Type / Configuration
T e TR ms m
1 33 -8 ] | -8
12 105 —
13 4 ol —_—— e —_—— =
- —é - 13;3— - B"_PO-I.; —————— s 23 Taunfs“ﬂ%;w”
, 29 osertett (S 9 24 1 Sable — Sable

- _4_ - 2_6,5 F-F 25% Overlap [E,[E‘

> Sabl —_——————————— —— —— ——
Taurus Sable 14 177 Bumper Over-Ride

@m 50% Offset Right

5 252 0LF-RF. S
Taurus —» Sable 6 277 30 L.F. Corner
F. Center
[E' Taurus —» Sable
' %%3/ ?\IOHﬁ'rSORtMDB 7 375 30 RF. Corner

Side Wheel

Fig. 1.6 Crash Test Mode - 1

Fig. 1.7 Crash Test Mode - 2

1.2.1 Accelerometer Mounting and Coordinate Systems

The crash test data are recorded by accelerometers. Shown in Fig. 1.8 are the accelerometer types
and the schematic of an accelerometer model. A typical accelerometer uses either a strain gauge
mounted on a beam surface or a piezo-electric crystal. Those used in the vehicle crush zone have a
range of about +2000 g, and those at the engine, transmission, passenger compartment, and dummies,
+750 g. During crash test preparation, accelerometers with the specified ranges and sensitivities are
instrumented in the vehicle. A typical crush zone accelerometer has a sensitivity of 0.25 millivolts/g

YBEV is the vehicle speed in the rigid barrier test which yields the same crush energy absorbed by
the structure as that in the non-rigid barrier test condition.
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with a 10-volt excitation. Damage to accelerometers and pulling-off of wires from accelerometer
blocks are not uncommon in the crash tests.

x(t)

t .
y0) strain gauges piezoelectric o4
crystal
P 0| voltage
voltage —
t
— YJ( ) Y0
Y © 2
base

base

Fig. 1.8 Accelerometer Types and Schematic

The axes of a triaxial accelerometer, an assembly of three accelerometers on a mounting block,
are oriented along the vehicle axes. The initial angles of the accelerometer axes from the reference
axes should not exceed 5°. Each axis should pass within 10 mm of a prescribed mounting point, and
the center of gravity of each accelerometer should be within 30 mm of that point [7].

The coordinate systems for the vehicle and occupant are shown in Figs. 1.9 and 1.10, respectively.
The X, Y, and Z directions in the 3-dimensional reference frame are referred to as longitudinal, lateral,
and vertical directions.

head
neck

chest

chest
disp.

hip

femur

tibia

Fig. 1.9 Vehicle Coordinate System

Fig. 1.10 Occupant
Coordinate System

1.3 DIGITAL FILTERING PRACTICE PER SAE J211 AND ISO 6487

The crash test data, recorded by an accelerometer, is pre-filtered before sampling at a rolloff
frequency of 4,000 Hz. The pre-filtered data, referred to as wideband data, contains the same signal
as the raw data (the impact stress recorded by an accelerometer). This data is then sampled at a rate
of 12,500 points per second (or 0.08 milli-seconds per data point) and yields an input acceleration, A,
To obtain the signal in its useful frequency range, a digital filtering technique which satisfies the
frequency response corridor specified by SAE J211 (SAE Recommended Practice on the
"Instrumentation for Impact Tests") [8] should be used. The filtered output acceleration, designated
as A, satisfies the amplitude gain relationship shown below.

Consider an instrumentation system that has an input power of P, and an input voltage of V,, and
produces an output power of P_,, and an output voltage of V. Then, the gain G, in decibels (db), of
the system is given by
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P v2Jz
G, = 10 log,, P""’ = 10 log,, "2'/ out (1.1)
in Vil Zin

If Z,, and Z,,, the output and input impedances, respectively, are equal, Eq. (1.1) becomes
2
Vour Vour _ 4 ut
Gz = 10 log,, :’2‘ = 20 log,,, ".” = 20 log,,, A". (1.2)
i n mn

m

This formula will be used later to compute the filtered output magnitude provided that the
unfiltered input magnitude of a given frequency and the corresponding attenuation are specified.

The purpose of SAE J211 is to provide guidelines for filtering specifications and the selection
of a class of frequency response. The aim is to achieve uniformity in instrumentation practice and
in reporting test results.

The channel classes recommended by SAE J211 are shown in Table 1.1. A filter frequency-
band plot for Channel Class 60 is shown in Fig. 1.11. The frequency response corridor and limit values
in the pass band, transition band, and stop band are shown for each channel class. For example, if the
vehicle structural acceleration is used as a test measurement for total vehicle comparison, Channel
Class 60 is selected according to Table 1.1. The tolerances in the pass band for the Channel Class 60
are a=-.5to.5dbatf=10Hz; b= -1to.5dbat f; =60 Hz; and ¢ = -4 to .5 db at f (rolloff or
cutoff frequency) = 100 Hz. The upper and lower slopes in the transition band are d = -9 and e = -24
db/octave, respectively. The stop band extends downward from the ends of the transition band at
g=-30db.

The International Standard, ISO 6487 (the International Organization for Standardization), titled
“Road Vehicles — Measurement Techniques in Impact Tests — Instrumentation” was issued on May
1, 2000 as the third edition. The standard is basically the same as SAE J211, which was issued in
March 1995.

There are four channel classes in which frequency response values are specified for the passband,
transition band, and stop band. The specifications for the channel classes (or CFC, channel frequency
class) 60 and 180 are the same for both SAE J211 and ISO 6487.

Table 1.1 Band Pass Frequency Response Values For Various Channel Classes

Channel f, a, fy, b, fy» c, d e g,
Class Hz db Hz db Hz db db
db/octave

1000 0.1 S5,-.5 1 1000 @ .5,-1 1650  .5,-4 -9 -24 -30

600 0.1 5,-.5 600 S5, -1 1000 .5,-4 -9 -24 -30
180 0.1 5,-.5 180 S5, -1 300 S5,-4 1 -9 -24 | -30
60 0.1 5,-.5 60 S5,-1 100 S5,-4 | -9 -24 -30
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Fig. 1.11 SAE J211 Frequency Response Corridor

Table 1.2 Channel Class Selection - SAE J211

Typical Test Measurement Channel Class
Vehicle structural acceleration for use in:
Total vehicle comparison 60
Collision simulation (for example, impact sled) input 60
Component analysis 600
Integration for velocity or displacement 180
Barrier face force 60
Belt restraint system load 60
Occupant
Head acceleration 1000
Chest acceleration 180
deflection 180
Pelvis
acceleration 1000
forces 1000
moments 1000
Femur/knee/tibia/ankle
forces 600
moments 600
displacements 180
Sled acceleration 60
Steering column load 600
Headform acceleration 1000

The channel class selected for a particular application in Table 1.2 does not imply that all the
frequencies passed by that channel are always significant for that application. In the case of
measurements of occupant head and headform accelerations and femur force, the channel class band
pass may be higher than necessary in order to cover biomechanical uncertainties.

© 2002 by CRC Press LLC



Crash test data generally has high-frequency components above the frequency fj, (e.g., Channel
Class 1000, where fy= 1650 Hz). This can occur more often with undamped accelerometers. To
prevent these components from causing aliasing errors in the sampling process, a presampling filter
should be used. The minimal acceptable sampling rate should be at least five times the -3db
frequency of the presampling filter. Since the -3db frequency is fy (rolloff) frequency (see Table 1.1),
the minimum sampling rate for Channel Class 1000 should then be at least 5 x 1650 = 8250 Hz.

In order to derive a mathematical relationship between any two points on the frequency response
plot, the terms decibel and octave are introduced as follows:

Alexander Graham Bell defined a unit, the Bel, to measure the ability of people to hear. The
deciBel (db), one tenth of a Bel, is the most common unit used in frequency domain analysis. The
combination of ear and brain is an excellent frequency domain analyzer. The brain processes the
signal received from the ear, splits the audio frequency spectrum into different narrow bands and
determines the power present in each band.

The decibel, db, is a unit expressing the ratio of two signals of electric current, voltages,
acceleration, or sound pressure. The gain G, is equal to 20 times the common logarithm of the ratio.
From Eq. (1.2), Gy, in terms of acceleration is defined in Eq. (1.3).

4
Gy = 20 1ogloAL“’ (1.3)

in

where A, input or unfiltered acceleration,
A, output or filtered acceleration.

The octave, a term used in vibration analysis, is a frequency interval analogous to a musical
octave. Fig. 1.12 shows the arrangement of piano keys in one octave. The frequency of a typical
keynote C (C5) is 523.25 Hz. There are a total of twelve notes in one octave ranging from C, C¥,
D,...., B with the corresponding note number of j equal to 0,1,2,3,....,11. The frequency relationship

sth

between the j" note and keynote C is shown in Eq. (1.4).

. 13 6 810 13
Fo 24 57 91112

I

BCDETFGABC CTD

i
! (ol
fo= 52325 Hz i~c

Fig. 1.12 Piano Keys Covering One Octave

J

£, =/ 2, then for j =5 (F Note)

) (1.4)
fi = (523.25) 212 = 698.46 Hz
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For example, given the frequency of note C, 523.25 Hz, we like to compute the frequency of note

F. One can use j = 5 for note F in Eq. (1.4), and its frequency is then 698.46 Hz.

Since the process of filtering a crash pulse involves the attenuation of deceleration magnitudes
at different frequencies, the basic frequency relationship between any two points on the frequency
response plot should be understood. The formula given in Eq. (1.4) is derived in the next section.

1.3.1 Relationship Between Two Points in a Frequency Response Plot

In a plot of decibel vs. log of frequency, the frequency relationship between two points depends
on the number of octaves between them. To derive this relationship, let b and log fbe the vertical and
horizontal coordinates, respectively; then, a straight line equation can be defined as shown in Eq. (1.5)

in the following derivation.

Deriving the Frequency Relationship Between Two Points in a Frequency Response Plot

b=A4A+Blogf ............... 1)
where b is in db, and fis the frequency in Hz
At point 1: by =A +Blogf, ........ (@)
At point 2: b, =A +Blogf, ........ 3)

b, - b,

Substracting (2) from (3) gives: B =

logf, - log f;

log=
1
Let f,=2f, (oneoctave), and b, - b, =s (db/octave)

s
I 4

log 2 @

Substituting B from (4) into (1) yields
b=d+ -2 logf ............. (5)
log 2

At point 1: b = b,, f=f, and (5) becomes
A=b - logfy ............ 6
! log 2 e/ ©)

Substituting A from (6) into (5), then
b=b +—— (log f - log f)

log 2
b+ 5 10g L 7
1 log 2 gf1 (7

At point 2: b =b,, f=f, and (7) becomes

b, - b
(72 1) log 2 = log é
s A

1

b, - b
Let n (no. of octaves changed) = R
s

: ho_ -~ log O

then: log = = nlog 2 = log 2
h

- n

2 -2 or  f=fi2" ..... )

A
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Case Study (exercise): Frequency Response Corridor
The transition band specified by SAE J211 is shown in Fig. 1.13.
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Fig. 1.13 Case Study: Frequency Response Corridor

(1) The lower bound of the band has a slope of -24 db/octave, the frequency and output/input
ratio in decibels at point 1 being 100 Hz and -4 db. The output/input ratio in decibels at point 2 is -30
db. Compute the output/input deceleration ratio at point 1 and the frequency at point 2.

(2) The upper bound has a slope of -9 db/octave, and the frequency and output/input ratio in
decibels at the beginning point are 100 Hz and 0.5 db, respectively. The output/input ratio in decibels
at the ending point is -30 db. Compute the output/input deceleration ratio at the beginning point and
the frequency at the end point.

[Ans. (1) 0.63, 212 Hz, (2) 1.1, 1048 Hz]

1.3.2 Chebyshev and Butterworth Digital Filters

Two digital filters, commonly known as Chebyshev and Butterworth filters, are used in
processing vehicle crash test data. These filters are described by their frequency response
characteristics and compared to the frequency response corridors specified in SAE J211. The
parametric relationships between the deceleration attenuation (output/input ratio, db), f (frequency
content of the crash pulse), and f, . (rolloff frequency) are shown below in Figs. 1.14 and 1.15 for
the Butterworth and Chebyshev n™ order digital filters, respectively.

Since the frequency response curves fall within the specified frequency response corridor, both
Butterworth and Chebyshev 2™ order digital filters satisfy the SAE J211 requirements. Although
Butterworth 3™ and 4" order filters also satisfy the requirements, they tend to have higher signal
attenuation at a given frequency component than that of the Butterworth 2™ order filter as shown in
Fig. 1.14. Shown in Fig. 1.15, only the Chebyshev 2nd order filter fulfills the SAE J211 response
corridor requirement.

Note that the entire frequency plots shown in Fig. 1.14 and Fig. 1.15 are made by using the two
frequency response equations, Eq. (1.6) and Eq. (1.7), respectively. The two equations provide the
relationships between the acceleration attenuation and the normalized frequency. The normalized
frequency is defined as the component frequency of the signal normalized with respect to (w.r.t.)
either the fy frequency (rolloff) for the Butterworth filter or the f;; frequency for the Chebyshev filter
as shown in both Egs. (1.6) and (1.7), respectively. The same equations are also used to plot the
passband responses of the Butterworth and Chebyshev filters shown in the following.
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Fig. 1.15 Chebyshev n™ Order Filter

Butterworth low-pass filters are designed to have an amplitude response characteristic that is as

(1.7)

flat as possible at low frequency and decreases with increasing frequency (Fig. 1.16).
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Fig. 1.16 Butterworth n Order Passband Response Function
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On the contrary, Chebyshev filters are designed to have a relatively sharp transition from the pass
band to the stop band in the amplitude response characteristics plot as shown Fig. 1.17. This
sharpness is accomplished at the expense of ripples (waves) that are introduced into the response.
For a Chebyshev n™ order filter, there are n ripples in the passband.

" £, frequency = 60 Hz

Output/Input Ratio, db
o

5 | Bands are specified B
per SAE J211
_2 - -
-2.5 H
-3 L | el , )
0.1 1 10 100

Log Frequency, Hz

Fig. 1.17 Chebyshev n™ Order Passband Response Function

1.3.3 Filter Type, Deceleration Magnitude, and Phase Delay

The attenuation of magnitude and phase delay (angle) of deceleration depend on the filter type.
If the wideband data are to be filtered at a low rolloff frequency using a 2™ order Chebyshev filter,
such filtering alters information content, including phase angle. The resulting data filtered by
Chebyshev are then commonly scaled and/or shifted so that the observed vehicle kinematics is
compatible with that obtained from photographic film analysis. However, the use of the 2™ order
Butterworth filter does not present any phase delay problem.

Five sinusoidal pulses with a duration of 100 ms, magnitude of plus/minus 10 g and frequencies
0f40, 100, 200, 300, and 500 Hz were sampled at a rate of 12,500 Hz. The pulses were filtered using
both Chebyshev channel class 60 and Butterworth 2™ order filters with a rolloff frequency of 100 Hz.
The deceleration attenuation (output/input ratio) and phase delay were then obtained from the filtering
output and plotted on a frequency response plot as shown in Fig. 1.18. Note that the phase delay is
360°, if the filtered output is one cycle off from the sinusoidal input. It is observed that there is no
phase delay for all the pulses filtered by Butterworth. The phase delay caused by the Chebyshev filter
varies considerably depending on the component frequency of the excitation signal.

In addition to phase delay, the deceleration attenuation by the 2™ order Butterworth is greater than
that produced by the 2™ order Chebyshev filter. The difference in attenuation between the two filter
types depends on the component frequency. As shown in the upper plot in Fig. 1.18, the higher the
component frequency, the larger the attenuation difference between the two filter types.

Unless otherwise noted, the default filter type and filtering rolloff frequency are the 2™ order
Butterworth filter and 100 Hz (Channel Class 60 shown in Table 1.2), respectively. Inthe special case
where the input deceleration has a frequency component the same as the rolloff frequency, the
deceleration attenuation is then -3 db and the magnitude ratio of output deceleration (filtered) to the
input is 0.707.
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For example, given a sinusoidal pulse with a frequency of 100 Hz filtered by the Butterworth
filter with a rolloff frequency of 100 Hz, 70.7% of the peak magnitude still passes through the
filtering. Using the formulas for the Butterworth n™ order filter, the computation is shown in Eq. (1.8):

for f=100 Hz, f,»= 100 Hz

Coupus 1 L -0

ainput ]+(L)2" \/m (1.8)
J -f;'ollaﬁ

a
attenuation, db = 20 log,, —2?“ = -3 db
input
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The effects of the filter type on the deceleration magnitude and phase delay of the filtered
responses are compared using the three input pulses described in the following:

A. Single-step and multiple-step function inputs
The data set shown in Fig. 1.19 contains a step (or fast rise) input and is filtered with Channel

Class 60. The output from the Butterworth filter contains data prior to and after the actual step event
in the unfiltered data, and has no phase shift.

4 . ' ' ' '
, L T
-4 + \\ i
o))
N -8 + / i
M
-12 | step input )
________ Butterworth
————————— Chebyshev
-16 : I I I I
0 5 10 15 20 22 70
t, ms

Fig. 1.19 Filtered Response Comparison - Single-Step
Function and Channel Class 60

The data filtered by the Chebyshev filter, shown in Fig. 1.20, matches the initiation point of the
step input closely, but with considerable phase delay. Comparing the location of the peak magnitude
of the filtered pulse with the mid-point of the rectangular step input, the Chebyshev peak magnitude
is delayed by half of the duration of the step input, and the Butterworth peak occurs right at the mid-
point of the step input. Note that the peak magnitude of the Butterworth filtered output is slightly less
than that of the step input, while the peak magnitude of the Chebyshev filtered output is slightly higher
than that of the step input.

4 T T T T T

-12 [ -
step inputt
------- Butterworth
"""" Chebyshev
-16 1 1 1 1 1
0 5 10 15 20 25 30

t, ms
Fig. 1.20 Filtered Response Comparison - Multiple-Step
Function and Channel Class 60
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Applying the same analysis to the raw data of the vehicle crash pulse, the differences in the
magnitude attenuation, phase delay, and initiation point between the filtered data and raw data become
clear. Shown in Fig. 1.21, the first impulse, between 4 and 8 ms, can be approximated by a unit step
input. The relationships between the filter type, initiation point, attenuation magnitude, and phase
delay applied to the step input can also be applied to the test data analysis.

10 T T T T
0
-10
o
-30 y -
Butterworth
------- Chebyshev
"""" wideband data
—40 1 | 1 1
0 4 8 12 16 20
t, ms
Fig. 1.21 Close-Up of Filtered and Wideband Crash Pulse
Comparison

B. Vehicle crash pulse and Driver chest deceleration

The wideband crash pulse from an accelerometer on the left rocker at B-pillar of a mid-size
passenger car struck by a truck in a 58 mph full frontal test is shown in Fig. 1.22. The data set is
filtered with Channel Class 60, with a rolloff frequency of 100 Hz according to Table 1.2 on Channel
Class Selection - SAE J211. Peaks in the data sets filtered by Butterworth occur at the same time as
the peaks in the unfiltered data. However, there are considerable phase delays between the
Chebyshev-filtered and the wideband data sets. Since the deceleration attenuation by Butterworth
(2" order) is more than that by Chebyshev (2™ order), the peak magnitudes of the Butterworth filtered
data are smaller than those by Chebyshev. The peak magnitude filtered by the Butterworth, about 12.5
g in the region of T = 30 ms, is about 1g less than that of the Chebyshev.
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Fig. 1.22 Vehicle Pulse Filtered by Channel Class 60 -
Butterworth and Chebyshev
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The wideband data of driver chest deceleration in the same truck-to-car test is shown in Fig. 1.23.
The data set of chest deceleration is filtered with Channel Class 180 with a rolloff frequency of 300
Hz according to Table 1.2 on Channel Class Selection - SAE J211. The outputs filtered by both
Butterworth and Chebyshev algorithms are practically the same compared to the unfiltered data. This
is due to the fact that the frequency content in the wideband data of the chest deceleration is low and
the rolloff frequency is high. Therefore, the attenuation by the filter becomes small (see Egs. 1.6 and
1.7), and the output to input deceleration ratio approaches one.
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Fig. 1.23 Chest Decel. Filtered by Channel Class 180 -
Butterworth and Chebyshev

According to SAE J211, March 1995, Section 9.4.1 on digital filtering, the Butterworth filter
should be used for the Channel Class 180 or 60. In the same section, it also states that any filtering
algorithm can be used for Channel Class 1000 or 600 as long as the results conform to the data channel
performance requirements shown in Fig. 1.24. For simplicity, NHTSA uses the Butterworth filtering
for all four channel classes (see Table 1.3 for the Fortran subroutine), even though it is not mandatory
for channel class 600 and 1000.

Output/Input Ratio, dh Butterworth 4% Order Filter
(1200H

(2000Hz, 0.5dh)

o5 | Channel Fy Ty 2Fy
Class Hz Hz Hz
600 600 1200 (1200)
1000 1000 1650  {2000)
per SAE J211, march, '95

IS0 6487, 3rd Edition

10 100 1000 10000
Log Frequency, Hz

Fig. 1.24 Revised Transition Bands for Channel Class #3 & #4
per SAE J211, March 1995
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Table 1.3 FORTRAN SUBROUTINE - BUTTERWORTH FILTER
COMMON/T/YF(-10:2505),YY(2505)
(portion of) MAIN program: 2nd order Butterworth digital filter...
FILTER THE ENTIRE WIDEBAND DATA READ FROM THE DATA FILE
NFP =1 ! NFP: FIRST DATA POINT NUMBER
DOI=1,NPT ! NPT: NO. OF DATA POINTS
YED =YY ! YY(): ORIGINAL WIDEBAND ACCELERATION AT POINT I
ENDDO
DO 1=0,9
YF(NFP-1-1) = -YF(NFP+I)
ENDDO
DEL = .08 ! DEL: DATA STEP, 0.08 MS. (SAMPLING RATE = 12,500 POINTS/SEC)
FCUT: (Fn) CUTOFF FREQUENCY, Hz
CALL FILTER(YF(NFP-10),DEL,NFP-10,NUM,FCUT*1.25)
YF(D): FILTERED DATA POINTS, I=1,2,.., NUM
STOP
END
SUBROUTINE FILTER(Y,DEL,N1,N2,FM6DB)
SOURCE: NHTSA Crashworthiness Research, DOT.
Function: Filters data forward and backward with a second order
Butterworth algorithm, giving zero phase shift and -3dB

at FM6DB/1.25.
Principal Variables:

FM6DB

Programmer:
ASGI - C. Louie
ASGI - S. Mentzer

olololololoNoRo oo NoNoRo Q!

DIMENSION Y(N1:N2)

C  Compute filter coefficients
PI=3.141592654
WD = 2*PI*FM6DB
WA = SIN(WD*DEL/2.)/COS(WD*DEL/2.)
B0 = WA**2/(1.+SQRT(2.)*WA+WA**2)

A1,A2,B0,B1,B2 - Difference equation coefficients
YD) - Data array (pre- and post-filtered)
- Filter (-6 dB) frequency (Hz)
DEL - Time increment of data (sec)

N1 - Index of first data point

N2 - Index of last data point

X1=X0
X0=Y()
Y ( 1 ) =
BO*X0+B1*X1+B2*X2+A1*Y(I-1)+A2*Y(I-2)
202 CONTINUE
C Filter backwards

Bl =2+*B0 Y1=0.0
B2=B0 DO 203 [=N2,N2-9,-1
Y1=Y1+Y(I)
Al=-2*(WA**2-1.)/(1 +SQRT(2.)*WA+WA**2) 203 CONTINUE
Y1=Y1/10.0
A2=(-1+SQRT(2.)*WA-WA**2)/(1.+SQRT(2.) X2=0.0
FWA+WA**2) X1=Y(N2)
C  Filter forward X0 = Y(N2-1)
Y1=0.0 Y(N2) = Y1
DO 201 I=N1,N1+9 Y(N2-1) = Y1
Y1=YI+Y(D) DO 204 [=N2-2,N1,-1
201 CONTINUE X2 =XI1
Y1=Y1/10.0 X1 = X0
X2=0.0 X0 = Y(I)
X1=Y(N1) Y ( I ) =
X0 =Y(N1+1) BO*X0+B1*X1+B2*X2+A 1 ¥Y (I+1)+A2*Y (I+2
Y(N1)=Y1 204 CONTINUE
Y(NI+1) = Y1 RETURN
DO 202 I=N1+2,N2 END
X2 =XI1
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1.3.4 Moving Window Averaging and Equivalent Cutoff Frequency

The purpose of using window averaging in processing the crash test wideband (raw) data is to
reduce the total number of discrete data points and to average (filter) out the noise. A simple moving
window averaging is used for this purpose and the techniques used to integrate the new set of averaged
data points are presented. The window length, the number of data points in a window, controls the
component frequency of the crash pulse, equivalent to the effect of cutoff frequency in signal
attenuation.

1.3.4.1 Moving Window Averaging

Moving window averaging is a simple digital filtering technique that filters out noise by averaging
the data within the window length. The averaged deceleration value is then placed at the mid-point
ofthe window. By moving this window through the entire crash pulse, the total number of data points
is reduced n-fold, where n is the window length, the number of points (bites) in the window. Note
that in the raw data, the length of each bite is 0.08 ms, corresponding to a sampling rate of 12,500
points (bites) per second.

Using an accelerometer on the left frame at the A-pillar, the crash data for a light truck in a 31
mph rigid barrier impact was obtained. The data are plotted and shown in Fig. 1.25. Assume that the
window length is 50 bites and 1 bite = 0.08 ms (sampling rate=12,500 Hz); the step size (window
length), 0, is then 4 ms (50 bites/window x 0.08 ms/bite). However, the distance between the mid-
point of the first window and time zero is only half of the window step size. Any window after the
first one has the full step size. This is the distance between the mid-points of the consecutive
windows. Consequently, the first window has only a half-step, which is 2 ms.

10 T T T, T
0 q
-10
o
N N i VoAl
® _20 | ¥ I ¥ wi .
t,_, : half step
30 L t,.3 ¢ full step i
—e— Wideband data
-------- Window averaging
—40 1 1 1 1
0 4 8 12 16 20
t, ms
Fig. 1.25 Crash Test Data (Acceleration) with Moving
Window Averaging

The duration of the wide-band data shown is 20 ms, and each bite is .08 ms; therefore, the total
number of points is 20/0.08 + 1 = 251. Since the window length (step) is 50 bites or 4 ms/step, the
total number of points is reduced from 251 to 6 (251/50 + 1 = 6, or 20/4 + 1 = 6) which includes the
first point at time zero. The integration scheme using moving window averaging for crash data should
therefore use only a half step size when integrating the first data point at time zero. The full step size
should then be used when integrating points after the first one as shown in the integration scheme in
Eq. (1.9). Note that v, and d, denote the initial velocity and initial displacement (at time zero) and
0, the integration time step.
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1% and 2™ integrals, velocity and displacement:
49*' 8 4,
Vi TV V=Vt —/——, g SVt ———— 8
2 2 2 (1.9
(283" V4V
d =d, d,= 1+%g’ b = d; * 12”16

The entire wideband crash pulse of the truck frame at A-pillar in the rigid barrier 31 mph test is
shown in Fig. 1.26 along with the window averaged curve. Since the pulse duration is 150 ms, and
the data step is 0.08 ms, the total number of data points is 1,876 points. The dotted solid curve is the
window averaged curve with window length of 50 bites.
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Fig. 1.26 A Truck Crash Test Raw Data with Moving Window
Averaging

Although the number of points of the wideband data is reduced by 50 times, the first and second
integrals (relative velocity and displacement) of the window-averaged data points still retain the
integration accuracy. For practical purposes, they are identical to the integrals of the wideband data
as shown in Fig.1.27.
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Fig. 1.27 1* and 2™ Integrals of Crash Test Raw Data with
Moving Window Averaging
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1.3.4.2 Equivalent Cutoff Frequency

The moving average operation can be regarded as a low pass filtering process. It averages out
the high frequency noise. The filtering effect by window averaging depends on the window length and
is equivalent to a low pass filter with a cutoff frequency [14] given by Eq. (1.10).

_ L
© (M+1)

where

[, equivalent cutoff frequency, Hz (1.10)

/.2 sampling frequency, Hz
M: length of window in points

In the previous section, a truck crash pulse with a duration of 20 ms was used for the moving
window averaging. A window length of 50 bites (4 ms step) was used and the total number of points
after averaging was six. Since the sampling rate, f; is 12,500 Hz, and window length, M=50, the
equivalent cutoff frequency, f, is therefore equals to 12,500/[2%(50+1)] = 123 Hz.

A comparison of three curves, window averaging, the Butterworth filter at 123 Hz, and the raw
test data, is shown in Fig. 1.28. Note that the initiation point for both window averaging and the
Butterworth filtered curves occurs at about the same time, a half-step of 2 ms. Throughout the 20 ms
duration, the window averaging tends to average out the Butterworth filtered responses.

10 - ' iR '
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-10
o
R (R ' : i Lo
-30 | |
Average 50 Bites
_______ Butterworth 123Hz
,,,,,,,, Raw Test Data
-40 ' : I I
. P g 12 16 20
t, ms

Fig. 1.28 Crash Pulse Comparison between Window
Averaging and the Butterworth Filter

Instead of fixing the window length, one can compute the window length based on the required
cutoff frequency. Let the equivalent cutoff frequency, f;, be 100 Hz, for filtering the vehicle structural
deceleration. Since the sampling rate is 12,500 Hz, from Eq. (1.10), one can compute M, the window
length:

_ Lo 12,500
2f, 2x100

-1 =61 (1.11)

Using the window length of 61 bites, the body crash pulse of a mid-size vehicle struck by a truck
at 58 mph is filtered by the window averaging method. Fig. 1.29 shows the raw data of the crash pulse
overlapped with the two filtered outputs by the window averaging of 61 bites and Butterworth filter
with cutoff frequency of 100 Hz.
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Fig. 1.29 Body Pulse With Butterworth 100 Hz Cutoff and

Fig. 1.30 shows a comparison between the two filtered curves over the entire 150 ms duration.
Both curves are fairly close to each other in terms of magnitude and timing in the peaks and valleys.
Just like the Butterworth filter, the window averaging method does not possess a phase delay problem.

To properly overlay the wideband and window average data points, the averaged data point
should be placed at the mid-point of the window and the half-step should be used in the first point
integration. The location of the first half-step data point in time is critical in terms of the accuracy of

61-bite Averaging

timing and magnitude of integrals. This is especially true when the window length is long.

Due to the reduced number of data points and given the accuracy of the integral, the window
averaging technique is especially useful in obtaining a transfer function. Topics on transfer functions
are covered in Chapter 3.

The forthcoming sections describe the basic kinematic relationships, principles, and their

applications in analyzing the crash pulse data for crashworthiness study.

© 2002 by CRC Press LLC



1.4 BASIC KINEMATIC RELATIONSHIPS

Using the three basic kinematic relationships relating the deceleration, velocity, and displacement
shown below, crash test data can be further processed to yield the particle kinematics of a vehicle or
occupant in the time and displacement domain.

dx
= = ... Q
V== )
dv
= — . (2), d
a I (2), an
adx = vdv . . . . (), where (1.12)

x: displacement (change of position)

v: velocity (rate of change of displacement)
a: acceleration (rate of change of velocity)
d: differential operator

(1) and (2) of Eq. (1.12) represent the basic kinematic relationships in the time domain. By
combining (1) and (2) and eliminating the time variable, a kinematic relationship in the displacement
domain is obtained as shown in (3).

Define e: energy density (or specific energy, defined as energy per unit mass). Then

e=fadx, then de =adx = vdv, and a=£
dx (1.13)

where de: differential energy density

Note that the slope at a point on the energy versus displacement plot is the acceleration at that
point in time. The four basic kinematic variables, a, v, d, and e in the time domain are the transient
response variables. The same response variables expressed in the displacement domain offer a new
perspective in evaluating the impact severity of a crash.

Although the transient acceleration data, a(t), and displacement, x(t), are readily available from
the recorded accelerometer data and their integrals, the energy density at any given time, t, is not equal
to the product of the two quantities as shown below.

e # a(®) xx(®) (1.14)

To obtain the correct energy density, the differential energy density should be integrated over a
specified range of displacement on the acceleration versus displacement curve. The energy density
can also be computed using the velocity information shown in Eq. (1.15) where v, is the initial
velocity of a vehicle in an impact.

e = f”vdv = 2 (1.15)

1.4.1 Computing Acceleration from a Velocity-Displacement Curve

Given a velocity (v) vs. displacement (x) curve as shown in Fig. 1.31, the acceleration (a)
corresponding to any point on the curve can be computed using kinematic relationship (3) of Eq.
(1.12). Note if v and x are relative quantities, then the computed a is also a relative quantity.
Similarly, if v and x are absolute, so is a.
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Fig. 1.31 Velocity vs. Displacement Curve

The slope at point P on the v-x curve is

dvidx = (dvidi)/(dx/df) = alv = tan 0

a =v tan O (1.16)

If conventional units (a, g; v, mph; x, in) are used, then the formula becomes

opposite side

adjacent side (1.17)
(using same scale on v and x)

a=08vtan 0O, tan 0O =

Note that if the angle is to be measured off the curve and the tangent function is to be used to
compute the slope, the scales on both x and v axes have to be the same. As an example, if the scale
on the x axis is 2 inches per division, the scale on the v axis would have to be 2 mph per division, and
the measured lengths per division along x and v would have to be the same.

Case Study: A full-size passenger car was tested in a 14 mph rigid barrier test. The magnitude of the
longitudinal deceleration at the left rocker/B-pillar is shown in Fig. 1.32. (1) Plot the velocity versus
displacement curve for an unbelted occupant with respect to the vehicle, and (2) Compute the relative
acceleration of the unbelted occupant at the relative displacement of 8 inches.
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Fig. 1.32 Unbelted Occupant Relative a vs. t

In the case of a free-flying (unrestrained) occupant in the passenger compartment during a crash,
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it can be shown that the slope (deceleration) at a point on the relative occupant velocity vs. relative
displacement curve is the corresponding vehicle deceleration.

Let us define:

a, = free-flying occupant acceleration (= 0), a, = vehicle acceleration

a,,, = deceleration of occupant relative to vehicle

then a,=a,—-a,=0-a,; therefore, a,=-a,

The vehicle deceleration is equal to the negative of the free-flying occupant relative to vehicle
acceleration. The first and second integrals of the unbelted occupant acceleration with zero initial
velocity yield the relative velocity and displacement of the unbelted occupant, respectively. The
relative acceleration versus relative displacement (a vs. d), and the relative velocity versus relative
displacement (v vs. d) are shown in Figs. 1.33 and 1.34, respectively.
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Fig. 1.33 Unbelted Occupant Relative a vs. d

To illustrate the proper use of the relationship between a and v in the displacement domain plot,
two different displacement scales shown in Fig. 1.34 are used.
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10 bom e
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d, in
Fig. 1.34 Unbelted Occupant Relative Velocity vs.
Relative Displacement in Two Scales

To compute the relative acceleration at point P from the velocity vs. displacement curve, the
relative displacement and velocity at point P are found to be 8 inches and 13.7 mph, respectively.
Since the first x scale is different from y scale, the slope at point P is determined by taking the ratio
of the opposite side to the adjacent side: 6 mph/8.3 in = 0.72 mph/in. Therefore, the relative
acceleration, a, at point P, is
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opposite side
adjacent side

a=-08vtanB =08y - 0.8x13.7%(0.72) =79 g (1.18)

If the angle is to be measured from the plot to compute the tangent function, the x and y scales
would have to have the same magnitude (same length per division). A scale factor of 2.5 is used to
change the x scale such that it has the same magnitude as the y scale as shown in Fig. 1.34. The angle
of the tangent at point P from the scaled-down curve is about 36°. Therefore, the relative acceleration
at point P is then

a=08vtanB = 0.8x13.7x1an(36°) =7.9g (1.19)

The value of the relative acceleration at point P computed from the velocity versus displacement
plot is checked against that from the relative acceleration versus relative displacement plot as shown
in Fig. 1.33.

The plot of v vs. d, the relative velocity versus relative displacement, shown in Fig. 1.34 is useful
in comparing the impact severity of an unbelted occupant in different crash modes in air bag
development tests. Section 1.6.3, Occupant Kinematics in Different Test Modes, is devoted to such
an application.

A particle kinematics analysis in a two-dimensional gravitational field is described in the next
section. The example shown is a case study modified from an accident investigation where a speeding
vehicle became air borne after going over an uphill pavement.

1.4.2 Particle Kinematics in a Gravitational Field

An accident involving an airborne car is used to review the particle kinematic principles often
used in accident reconstruction. The “take-off ” speed of a vehicle accelerating on an up-hill country
road and becoming airborne (called jumping) and landing on a flat surface is to be estimated. Using
kinematic relationships, the particle kinematics problem can be formulated. The kinematic solutions
to this problem are expressed in closed-form and a trend and sensitivity analysis reveal the parametric
relationships that are useful in engineering analysis. The formulas presented here are also applicable
to the ski jump analysis on the takeoff, distance, and landing kinematic relationships.

1.4.2.1 Car Jumping and Landing

The horizontal and vertical distances, d and h, between the launching and landing sites are shown
in Fig. 1.35. The ramp angle at the takeoff is 0. Case [A]: find the minimum takeoff velocity v that
the vehicle needs to go over the obstacle, and Case [B]: find the takeoff velocity and takeoff ramp
angle, 0, needed to avoid a crash on the landing ramp where the angle is ¢ as shown, and Case [C]:
find the impact velocity of the vehicle upon reaching the landing ramp with an arbitrary angle of ¢.

y

v
~ AR —

X

Fig. 1.35 Car Jump - Particle Kinematics
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Case [A]: Minimum Velocity Needed to Go over an Obstacle

Assuming the take-off point is at the origin of a Cartesian coordinate system, the displacement
relationships for the x and y directions are shown in Eq. (1.20). Given d, h, and 0, the two unknowns
v and t can be obtained from these two equations. Note that 0 has to be greater than the elevation
angle defined by h and d, or arctangent of h/d.

[4] Solutions: minimum velocity for going over obstacle
define vehicle displacements along x and y:

xx d=vecos(@y ............ )
v h = v sin(@) - %gtz ....... 2)
solve for v by eliminating t in the equations above:
y-_4d g ... 3)
cos(0)\ 2[d tan(0) - h]
solve for t from the equation for x: (1.20)
d
= —————— e 4
v cos(0) @
Normalizing v and simplifying the expression for v:
. Vd - 1 ®)
g 2 cos(9), | tan(6) - s
Note: 6 > tan'l(ﬁ]
d

The take-off velocity, v, is normalized with respect to (w.r.t.) a fixed velocity quantity (square
root of 2gd) as shown in (5) of Eq. (1.20). Figs. 1.36-37 show the plots needed to find the take-off
velocity, v. Given the ratio of h/d and 0 in degrees, the normalized velocity multiplied by the square
root of 2gd yields the takeoff velocity v.

Example 1: Given a takeoff ramp angle 0 = 30°, d=25ft, h=5ft, determine the minimum velocity
needed for the vehicle to go over the obstacle.

Using the following data: % = 2i5 =02, and O = 30°

from Fig. 1.36 and (5) of Eq. (1.20),

Y_ - 094; therefore, v = 0.94 3x32.2x35 = 317 L1 or
\2gd sec

Jrom Fig.1.37, \/2gd=27.4 mph, then v = 0.94x27.4 =25.7 mph

(1.21)

The takeoff velocity of 37.7 ft/sec is based on a takeoff angle of 0 = 30°. However, the real
minimum takeoff velocity can be even lower than 37.7 ft/sec if a proper takeoff angle is chosen.

Fig. 1.38 shows the minimum normalized takeoff velocity at different takeoff ramp angles, 0, and
values of h/d. When 0 = 50°, the normalized velocity for h/d = 0.2 is 0.78, and the minimum takeoff
velocity is then equal to 31.3 ft/sec which is lower than 37.7 ft/sec.
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Fig. 1.38 Min. Norm. Velocity To Go Over an Obstacle

The trajectories in the two cases at the takeoff ramp angles of 30°and 50° are shown in Fig. 1.39.
For the ramp angle of 30°, the vertical velocity is zero near the top of the obstacle where it is the
highest point of the trajectory. For the ramp angle of 50°, the vertical velocity of the vehicle is
negative (on the way down) and landing occurs after the highest point of the trajectory has been
reached.
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Fig. 1.39 Trajectories with Different Ramp Angles and Velocities To
Clear an Obstacle

Case [B]: Perfect Landing Without a Crash

Given a length d, height h, and the landing ramp angle, ¢, there exists one unique set of solutions
of the takeoff velocity, v, and the takeoff ramp angle, 0. Such a solution will render a perfect landing
where the slope of the trajectory at the touch down point is the same as that of the landing ramp
surface. (13) and (14) of Eq. (1.22) determine the takeoff ramp angle and velocity required for the car
jump without having a crash landing.

[B] At landing point. y = v sin(0)s - %gt2 ..(6), x=vcos@) ...(7)
The slope of the trajectory at the landing point is the same
as that of the landing ramp; then % =—tan(p) ........... ®)

L bt e - LI
g @ gl = tan(@) . 9)

Eliminating t between (7) and (9), one gets the
constraint equation (slope =tan@) between v and 0:
tan(0) + tan(p) = — 8 ... .. (10)

[v cos(0)]
By eliminating t between (6) and (7),
the trajectory equation is obtained:

. (1.22)
y=xtan@®-&—* | ... ... (11)

2| v cos(0)

There are two contraint equations on the slope and trajectory:
unknowns, v and 0, can be solved by eliminating
the term [v cos(8))? between (10) and (11), then

2
tan(d) + % =tan(®) = ... (12)
Let coordinates at landing point be x=d, and y=h, then
2h
tan(0) = tan(¢p) -+ T e (13)

Eliminating tan(¢) between(10) and (13):

v-_4 g (14)
cos(0)\ 2[dtan(0) - A]
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Fig. 1.40 shows two cases where the landing is perfect. Case 1, where the trajectory in a thick
solid curve is plotted with a symbol “+” has a takeoff velocity of 37.7 ft/s with a takeoff ramp angle
0 =30°, and a landing ramp angle of 10°. Case 2, where the trajectory is plotted with a symbol “x”
has a takeoff velocity of 34.0 ft/s with a takeoff ramp angle 0 = 65°, and a landing ramp angle of 60°.
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Fig. 1.40 Perfect Landing Without a Crash

Case [C]: Crash Landing Velocity Computation and Perfect Landing Criterion

The velocity components along x and y at the landing point can be computed as shown in (15)
and (16) of Eq. (1.23). These velocity components can be transformed into the components along x’
(parallel to the landing ramp surface) and y’ shown in (17) and (18) of Eq. (1.23), respectively. A
simplified solution for the landing velocity along the landing ramp is shown in (22) of Eq. (1.23).

[C]: Computing Crash Landing Velocity
v,: initial velocity along x, v, velocity along y
v.=veos(®) ... (15)

v, =vsin®) -gr ... (16)
Let x'-y' be a coordinate system with x' along the landing ramp
: velocity along x'

v,
vy’: velocity along y'(perpendicular to landing ramp)
v,

=V, sin(p) + v cos(p) ........... a7
v = v, cos(p) + v, sin(¢p) ........... (18)
Substituting t = _da and (15), (16) into (18)
v cos(0)
F =y ain(@adyy - 89cos(®)
v, = v sin(0+¢) —IV os® (19) (123)
by, Y ey cos(P)f gd
Normalizing v,’ by v > sin(0 +¢) c0s(0) v2)
Substituting (g—f) by using (5) of Eq.(1.20), one gets
v
% sin(® +¢)—2cos(6)cos(¢)[tan(0)—§ ... 0
v

For a landing without a crash, v, =0, and (20) becomes
tan(@) _ tan(¢) , h

............ 21
2 2 d
Substuting v_and v, Jrom (15) and (16) into (17), one gets
v, = veos(0 + ) + gdsin(¢) 22)
vcos(0)
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For a perfect landing without a crash, the computed v,. is equal to zero. The geometric
relationship in terms of takeoff and landing ramp angles is that the ratio of height to length (h/d) are
related by (21) of Eq. (1.23). The height to distance ratio, h/d, plus one half tangent of landing ramp
angle (¢) equals one half tangent of takeoff angle (0). Since h/d is always zero or positive, the
feasible solution space for perfect landing is that the takeoff ramp angle (0) is always equal to or
greater than the landing ramp angle (¢). The only time that the takeoff ramp angle equals the landing
ramp angle is when h/d = 0, when no elevation change occurs between the takeoff and landing ramps.

A surface contour plot based on (21) of Eq. (1.23) for perfect landing is shown in Fig. 1.41. Note
that for h/d = 5/25 = 0.2 and a landing ramp angle (¢) of 10°, the takeoff angle (0) of 30° is found
from the surface contour plot. This agrees with the computation for Case #1 (the curve with a + sign)
shown in Fig. 1.40, where the landing is perfect, i.e., without a crash. The formulas presented here
are also valid for the long distance ski jump analysis. Since the elevation at the landing site is lower

than that at the takeoff point, h in (21) of Eq. (1.23) should be treated as a negative quantity.
h/d

o kNN w

¢, deg

Fig. 1.41 Geometric Relationship for Perfect Landing

1.4.3 Slipping on an Incline - Down Push and Side Push

A side impact or rollover of a vehicle is a kinematic problem involving friction. A vehicle on the
verge of impending motion on an incline is a static equilibrium problem where the frictional force
required for equilibrium equals the maximum available friction. The maximum available friction is
the product of the normal force supporting the vehicle and the static coefficient of friction. The
following case study shows the application of static equilibrium and the procedures needed for
problems such as vehicle skidding and fastener (nut and bolt) loosening.

Case Study: A uniform block of mass m is at rest on an incline at an angle 0, as shown in Fig. 1.42.

Case (1): Side push. Determine the maximum side-push force P, that can be applied to the block in
the direction shown before slipping begins. The coefficient of friction between the block and the

Side Push Down Push

Ty @

Fig. 1.42 Slipping on an Incline due to Side or Down Push

\ﬁk
AN

incline is k. Also determine the angle B between the horizontal direction of P, and the direction of
initial movement of the block. Repeat the problem for Case (2): Down push.
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Fig. 1.43 Slipping on an Incline due to Side Push

Case (1): Side push. Using the free body diagram (FBD) and the static force equilibrium in the x and
y directions, the maximum side push force that would cause the block to start sliding can be derived
as follows.

BF,=0: F, =P,

XF, = 0: F, = mg sin@

XF, =0: N = mg cosb

F (max available friction) = uN = || F1+F, (1.24)

(umg cosB) = P2+(mg sin0)*

P, = mg y/p’cos®® - sin’®

For P, >0, then p > tan@

As long as the coefficient of friction is greater than the tangent of the inclination angle, a side-
push force is required to initiate the impending motion of the block. If the inclination angle is large
enough such that the tangent of inclination angle is greater than the coefficient of friction, the block
slides down on the incline by itself without any side push force required.

The angle § between the side push direction and the direction of initial movement of the block
is defined and expressed as follows.

F .
In the x-y plane : P = tan’'—2 = tan-11"& sinf
F, P,
Substituting the expression for P, into the equation for B: (1.25)
B = tan! tan@
p? - tan’®

Case (2) Down push (along y):
Using the free body diagram (FBD) and the static force equilibrium in the x and y directions, the
maximum down push force that would cause the block to start sliding can be derived as follows.
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FBD: Down Push {alongy) y-z: 7 mg

Fig. 1.44 Slipping on an Incline due to Down Push

ZF,=0: -P, +F, - mgsin@ =0,
XF, = 0: N = mg cosO

where F, = u N = p mg cos®, P, = mg(i cosd - sinf)
For P, >0, then p > tanf

(1.26)

From the solutions for P, and P, above, the relationship between them can be obtained and is

shown as follows:
P =P pcosO® - sind
4 75N pcos® + sind
Since M <1, onegets P,< P,
pcosd + sin@

Given a coefficient of friction, |1, and an inclination angle, 0, it can be concluded that
(1) P,<P, for0< 6 < 0, where 0(angle of repose )= tan™ p
(2) P,=P, for 6 =0and 0 = 0O,
The relationship P, < P, can also be verified by the curves shown for the side and down pushes
shown in Fig. 1.45.

(1.27)

Special Cases: (1) for no inclination, 0 = 0, the normalized push P/W (where W=mg) is equal to the
coefficient of friction, p (i.e., P/W = .9 for both side push and down push when p. = 0.9 shown in the
plot); (2) for no normalized push, P/W = 0, then the inclination angle, 0, is equal to the angle of
repose, tan 'y (i.e., for p = 0.9, 0 = tan"'p = 42 deg. shown in the plot).
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Fig. 1.45 Normalized Push to Slide on an Incline
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1.4.4 Calculation of Safe Distance for Following Vehicle

Use the kinematic relationships and derive the formula below for the safe distance as a function

of initial velocities and decelerations of both leading and following vehicles [10,11].

1

I = —v
s 2b22

where

r

1
el CRER R Y I8

2b,

b,, b, : Deceleration rates
l

s

Fig. 1.46 Safe Distance

following vehicle to apply his brakes.

Special Cases: If v, = 0, the minimum safe distance needed is the braking distance to stop for the
following vehicle (the first term). If v, =v,, and b, =b,, the minimum safety distance is zero.
(This excludes the reaction times of the drivers shown in Table 1.4.)

: Safe distance

: Following driver's reaction time

The first term in the equation for 1, based on the kinematic relationship (3) in Eq. (1.12), is the
total braking distance required for the following vehicle, (2), to stop; the second term for the leading
vehicle #1. The difference of the first two terms is then the minimum safe distance needed for no
collision. The third term is the extra distance needed due to the reaction time of the driver in the

Table 1.4 Typical Braking Performances on Various Road Surfaces

Road Leading Vehicle = Trailing Vehicle Reaction
Surface = Deceleration, b, Deceleration, b, Time, Ty
m/s’ (g) m/s’ (g) s
Dry 6.5 (.606) 6.0 (.61) 1.0
Wet 6.5 (.606) 5.5(.56) 1.0
Ice 2.6 (27) 2.0(.20) 1.0

Case Study (Exercise): Radar Braking Kinematics

SNk W=

For a given set of initial traffic conditions:
Following Distance (AX), ft

Lead Vehicle Speed (V,), mph
Following Vehicle Speed (V), mph
Lead Vehicle Deceleration (A,), g
Following Vehicle Deceleration (Ay), g

of the two vehicles and the time at collision.
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Determine T, the time at which the following vehicle must brake to just avoid a crash, i.e., the two
vehicles reach the same velocity at the same position. Ifa collision is inevitable, determine the speeds




Velocity

#2 Trailing (following) vehicle
#1 e —
Leading vehicle
To ‘_ Tr_’ Time

Fig. 1.47 Radar Braking Velocity Diagram

NOTES:

(1)  Lead vehicle starts to brake at T,

(2) T includes the radar warning time and reaction time of following vehicle driver before
applying brakes

(3)  Use the velocity diagram and derive a set of closed-form kinematic relationships to solve
the problem

(4)  There are four possible kinematic combinations:
Case I: V| =V, A <A, Case2: V <V, A = A;
Case 3: V. >V, A, <AF, Case4: V| » Vi, Al = Ag

1.5 IMPACT AND EXCITATION: VEHICLE AND SLED TEST KINEMATICS

In arigid barrier test, the vehicle is subjected to a direct impact and the occupant is then excited
by the crash pulse of the passenger compartment. It is often more cost effective to test certain
components (such as an air bag, belt and steering column restraint system, or instrument panel ) on
a Hyge sled than in a rigid barrier test. In a Hyge sled test, the sled is impacted on by an accelerator
which produces a sled test pulse similar to the barrier crash pulse. The occupant is subsequently
excited by the sled pulse. Since deceleration forward in the barrier test is equal to acceleration
backward in the sled test, the effect of component design changes on the occupant responses can then
be quickly evaluated using the sled test setup.

In this section, the basic kinematic relationships applicable to vehicle and occupant impact
analysis are presented. The unbelted occupant kinematics in the vehicle compartment are analyzed
for an air bag deployment decision in a crash. How the kinematic variables, such as energy density
and its derivative, can be utilized in detecting an occupant crash severity for activating an air bag
sensor is also covered.

1.5.1 Vehicle Kinematics in a Fixed Barrier Impact
The first and second integrals of the vehicle deceleration, a, are shown below. The initial velocity
and initial displacements of the vehicle are v, and x, respectively.

dv

dt

xX=x,+vit+ f tf 'adtdt, Let x,=0, then x=vgt+ f tf ‘adtdt
tO tO tO tO

a=

, dv=adi, fv:dv = ft:adt, v=v, + ft:adt 129
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The longitudinal deceleration, a, measured at the Left/Rocker on the B-pillar of an aluminum
intensive vehicle, in a 14 mph perpendicular barrier test, is shown in Fig. 1.48.
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Fig. 1.48 Rocker B-Post Kinematics of a Mid-Size
Car in a 14 mph Rigid Barrier Test.

Plotted along with the deceleration curve are the integrated velocity and displacement. The line
segment tangent to the vehicle displacement curve at time zero is the free-flying displacement where
the slope is the vehicle initial impact velocity, v,. The maximum displacement of the vehicle (dynamic
crush) is about 10 inches and occurs at 76 ms, as shown in Fig. 1.48. The vehicle stops against the
barrier at the time of dynamic crush, then rebounds until it separates from the barrier at 115 ms. At
the time of vehicle-barrier separation, the vehicle rebound velocity becomes constant over a small
window of time and would remain constant if there were no external impulses acting on the vehicle.
The vehicle rebound velocity (or separation velocity) in this test is -3 mph and the vehicle
displacement at the separation time (static crush) is about 9 inches. Since the dynamic crush is 10
inches, the elastic rebound displacement (springback) of the vehicle structure (dynamic crush-static
crush) is 10-9 =1 inch. The coefficient of restitution (relative separation velocity / relative approach
velocity) is 3/14=0.21.

In the fixed barrier test, vehicle speed is reduced (velocity decreases) by the structural collapse,
therefore, the vehicle experiences a deceleration in the forward direction. To study the effect of
vehicle deceleration on occupant-restraint performance in the laboratory, the crash pulse is duplicated
on the sled. A schematic showing an accelerator which imparts the acceleration to the sled is shown
in Fig. 1.49. Consequently, it can be stated that “deceleration forward in a barrier test is equal to an
acceleration backward in a sled test.” The sled test is more economical than the barrier test for
studying the dynamic performance of occupant and restraint systems in an impact.

Accelerator

=S

Fig. 1.49 Sled Test Set Up

1.5.2 Unbelted Occupant Kinematics
In a fixed barrier impact, the initial velocity of a free-flying occupant is constant, v,. Therefore,
the acceleration is zero (a, = 0), and the free-flying displacement is equal to v,t. The relative
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kinematics of an unbelted occupant with respect to the vehicle are defined as follows.
a', v', x": Relative acceleration, velocity, and displacement of an unbelted occupant w.r.t. vehicle,

a,v  : Vehicle acceleration and velocity, measured with respect to inertial frame (e.g., ground)
" = a(occupant) -a(vehicle) = 0 - a = -a
vi=y, -v = —ftadt = fta’dt
tO 10

X =x0—x=v0t—x
f ! f ‘a'didt = f “Vdt
to tO tD

1.5.2.1 Kinematics Based on Accelerometer Data

The kinematic relationship between the unbelted occupant and the vehicle during a crash is
expressed in the equations above. It should be noted that the magnitude of the unbelted occupant
acceleration relative to the vehicle is equal to that of the vehicle deceleration. The kinematics of the
unbelted occupant with respect to a vehicle in a 14 mph rigid barrier test is shown in Fig. 1.50.

- f’f ‘adtdt (1.30)
t,Jt,

20 T
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Fig. 1.50 Unbelted Occupant Kinematics in a Mid-
Size Sedan 14 mph Barrier Test.

The differences between the barrier and sled test kinematic analysis are the sign of the

acceleration and initial velocity. The vehicle velocity profile in the barrier test is then parallel to that
in the sled test as shown in Fig. 1.51.

20
10
i -
-~ ) -
3 - .
50 o T
ﬁ "~.,.n _— .
N "~y aicgl, g
- sled, v
S e sled, d
o \/ Tl Cparmien
; . barrier,d
; SRarrier
-20 i
0 20 40 60 80 100 120
t, ms

Fig. 1.51 Mid-Size Sedan 14 mph Rigid Barrier and
Sled Test Kinematics
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The kinematic relationships (deceleration, velocity, displacement) between the fixed barrier and

sled tests are summarized as follows (for the in-depth analysis, see Section 4.2 of Chapter 4).

A: The sled pulse is the negative of the vehicle barrier crash pulse,

B: The sled velocity profile is a shifted barrier velocity curve, by the magnitude of the initial barrier
impact velocity, v,. At t,, , the time of dynamic crush, the sled velocity is equal to v,. The
magnitude of velocity change between time zero and t,, for both barrier and sled tests is v,,.,

C: Thesled displacement at any time t is equal to v,t - d (free-flying occupant absolute displacement
minus vehicle-barrier displacement in a fixed barrier test, see Fig. 1.52). The sled displacement
at t, is equal to v,t, - ¢, where c is the vehicle dynamic crush in the barrier test.
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Fig. 1.52 Vehicle-Barrier 14 mph Crash and Sled
(Occupant free-flight) Displacement

The sled displacement curve is useful in obtaining the timing, t, when the sled or unbelted dummy
moves a displacement of d; or obtaining the displacement when the time, t, is given. For example, it
would take an unbelted dummy 60 ms to move 5 inches in a 14 mph mid-size sedan to barrier test.
Therefore, according to the 5"-30 ms criterion, an air bag sensor system would need to activate at
60-30 = 30 ms after impact.

Assuming that the distance between the hub of steering wheel to the torso of the occupant is 15
inches, as shown in Fig. 1.53, the torso-hub contact time is about 100 ms and the relative contact
velocity is about 16.5 mph. At the time of hub contact, the unbelted occupant is still accelerating w.r.t.
the vehicle (a) at -3 g as shown in Fig. 1.51. Since the vehicle rebounds (v = 0) at 76 ms where the
torso relative velocity, v', is 14 mph, the torso contacts the hub during the rebound phase of the
vehicle. Therefore, the torso-hub contact velocity in this test is greater than the initial vehicle impact
velocity of 14 mph due to vehicle rebound. The 14 mph rigid barrier test is a threshold test condition
where an air bag deployment is warranted since there is an injury potential to an unbelted occupant
in a frontal crash at this speed or higher speeds [6].

Fig. 1.53 Dummy Seating Position
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1.5.2.2 Kinematics Based on Crash Film Records

The kinematic analysis of an unbelted crash dummy in a mid-size car in a 14 mph rigid barrier
test is compared to that based on accelerometer data. The relative displacements of the head and
shoulder targets w.r.t. the target on the rocker at B-pillar are shown in Fig. 1.54. The two curves are
fairly close to each other due to the free-flight motion of the unbelted dummy. However, due to seat
friction and minor resistance acting on the lower extremities, the upper body has a small amount of
pitching motion and moves a little bit ahead of the shoulder after 60 ms. This timing from crash film
analysis agrees fairly well with that obtained from the double integral of the accelerometer signal
shown in Fig. 1.50.
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Fig. 1.54 Unbelted Driver Motion from Crash Test Film

1.5.2.3 Vehicle Crush, Sled Displacement, and Crash Pulse Centroid

It will be shown that at any given time, the sum of the vehicle displacement and the corresponding
sled displacement (or unbelted occupant relative displacement to vehicle) equals the occupant free-
flight distance. This is evident from Eq. (1.30) in that x + x’ = v.t, where x is the vehicle
displacement (crush), x’ is the sled displacement, and vt is simply the occupant free-flight
displacement. Fig. 1.55 shows the relationship between the vehicle crush, sled displacement, and
crash pulse centroid.
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Fig. 1.55 Vehicle Crush, Sled Displacement, and Centroid

The dynamic crush of the vehicle at t, is C = 10.1 inches and the sled displacement is 8.5 inches;
these add up to 18.6 inches, the occupant free-flight displacement as shown by point F. Since the
vehicle stops momentarily at t,, (= 76 ms, at point E), the corresponding occupant relative velocity at
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t., is then the same as the initial impact velocity. Since line segment O’B is a tangent to the sled curve
OGO’ at O, and line segment OHF is a tangent to the curve OAE at O, the two line segments O'B
and OHF are parallel.

The horizontal intercept, H, of line segment CE (dynamic crush) and the slope (initial velocity),
OF, tangent to the vehicle displacement at time zero, is the area centroid of the crash pulse. It is
shown in Chapter 2 that the intercept, B, of the tangent OB and the zero displacement reference axis
is also the centroid time. The shape of a crash pulse is mainly controlled by the relative centroid
location which is the ratio of centroid time, t,, to the time of dynamic crush, t,.

The point E on the vehicle displacement curve is where the vehicle dynamic crush occurs and the
corresponding point on the sled displacement curve is O’ at t,,. It will be shown in Chapter 2 that in
general, points E and O’ do not coincide. In other words, vehicle dynamic crush does not equal the
sled displacement at t,, . Points E and O’ will coincide only when the crash pulse is symmetrical at its
centroid location. Crash pulses such as square, halfsine, haversine, and symmetrical triangular pulses
are examples of pulses where points E and O’ coincide. Recognition of such a special condition
makes the impact analysis easier. The severity of headform impact in terms of head injury criteria
(HIC) will be covered at the end of Chapter 2. The analysis is made easier because only the
displacement change of a symmetrical crash pulse, such as a halfsine pulse, is needed.

In summary, use of crash film digitized data of the unbelted occupant displacement relative to the
vehicle (or the sled displacement with zero initial velocity) provides more than just the occupant/sled
displacement information. It also provides the vehicle transient kinematics such as the displacement,
velocity, relative centroid location, and crash pulse shape.

1.6 VEHICLE AND OCCUPANT KINEMATICS IN FIXED OBJECT IMPACT

The vehicle and occupant kinematics using various threshold speeds and impact modes are
compared. Two of the modes are rigid barrier tests, one at 8 mph and one at 14 mph, and one mode
is a rigid pole test at 21 mph for a full-size passenger car. The objective is to evaluate the occupant-
vehicle impact severity in a crash where an air bag deployment decision is to be made. Shown in
Table 1.5, the 14 mph rigid barrier and 21 mph pole tests are for an air bag “must deploy” test
condition, while the 8 mph test is a “must not deploy” condition.

Table 1.5 Air Bag Deployment Threshold Tests

Vehicle Test Impact Speed/Mode
Cl1 14 mph perpendicular barrier
C2 8 mph perpendicular barrier
C3 21 mph center pole

1.6.1 Vehicle Kinematics in Different Test Modes

Three crash tests (C1, C2, C3) involving a full-size passenger car in an 8 and 14 mph
perpendicular rigid barrier test and in one 21 mph center pole test were made in order to compare the
vehicle kinematics for a fixed object impact. The compartment crash pulses obtained from the three
tests are shown in Fig. 1.56. The crash pulse duration for the 8 and 14 mph rigid barrier tests are about
the same, 125 ms, while that for the 21 mph pole test is about 170 ms. This duration is longer due to
the softer localized impact. The times of dynamic crush (the maximum crush during collision) for the
three tests can be found from the velocity and displacement curves shown in Figs. 1.57 and 1.58.
These are about 80 ms for the barrier tests and 140 ms for the pole test. For a given vehicle structure,
the crash pulse duration, and time of dynamic crush depend greatly on the crash mode. For a given
impact mode, these timings do not vary significantly with the initial impact velocity.
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1.6.2 Vehicle Energy Density

The energy density (e = energy/mass) of a vehicle during a crash can be computed by integrating
the accelerometer data, given an initial velocity. The energy density at the time of dynamic crush can
then be expressed as e = .4 v, where the unit of e is g-in, and v, mph. The formula is derived as
follows.

Given: e = f “vdv = %(v2 - v
vo

At the time of dynamic crush: v =0, then e = -0.5 vo2
For the units: e: g-in, v:mph, a:g, and x:in

then e =-04v? (1.31)
The slope on the e vs. d plot (Fig. 1.59) is
a = Q

dx

Shown in Fig. 1.59, the energy density curve for the 8 mph test has only one slope, which is the
average deceleration of the vehicle in that period. However, there exist two line segments for the 14
mph barrier and 21 mph pole tests. The slope of the second segment is higher than the slope of the
first. Therefore, the vehicle experiences a low deceleration first and then a high deceleration later due
to encountering higher structure and/or component resistance. Using the formula e = .4 v?, the total
energy density for the 8, 14 mph rigid barrier, and 21 mph rigid pole tests are 25.6, 78.4, and 176.4
g-in, respectively. The computed values based on the formula agree fairly well with those maximum
energy densities at the test dynamic crush shown in Fig. 1.59.
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Fig. 1.59 Vehicle Energy Densities in Three Crash Tests

In a localized impact test where a passenger car was crashed at a speed of 21 mph into a rigid
pole, the pre- and post-test kinematics of the engine compartment are shown in Figs. 1.60 and 1.61.
The engine bottoms out on the pole and the total vehicle crush is 34 inches with a total energy density,
e=0.4 v*=0.4x(21 mph)’ = 176.4 g-in. The pole starts interacting with the engine block at about 27
inches of penetration, where the vehicle deceleration magnitude (slope of a point on e vs. x), a,
increases from4 to 14 g. The vehicle energy density in the pole test shown in Fig. 1.59 increases from
zero at 4 inches and reaches 90 g-in at about 27 inches. Therefore, the slope of the first segment of
the e vs. x curve is 90/(27-4) = 4 g.

© 2002 by CRC Press LLC



IER

Fig. 1.60 Vehicle Front Center Pole Test Set-up

T3

Fig. 1.61 Vehicle Front Center Pole Post Test

Based on the 21 mph pole test, where the air bag system is designed to deploy, the energy density
curve can be used to interpolate the threshold test speed at which air bag deployment is not warranted.
At this threshold speed, the engine is not expected to bottom-out on the rigid pole; therefore, the
vehicle deceleration will not exceed 4 g, the initial slope of the energy density curve in the 21 mph
pole test. At this low vehicle deceleration level, air bag deployment is not warranted. Since the end
of the 4-g segment of the curve ends at about 25 inches without engine bottoming-out, the
corresponding energy density is about 76 g-in. Therefore, in the rigid pole test, the air bag must-not-
deploy test speed, v', can be computed as follows:

) e’ 76 g-in .
v o= | & = | 8T - 14 mph 1.32
4 4 P (132)

1.6.3 Occupant Kinematics in Different Test Modes

Using an initial velocity of zero in integrating the passenger compartment accelerometer data,
the free-flying occupant kinematics w.r.t. the vehicle is obtained, as shown in Figs. 1.62 and 1.63.
Using the crash data for a full-size passenger car in 8 and 14 mph perpendicular rigid barrier tests and
one 21 mph center pole test, the v-x plots show the unbelted occupant velocity w.r.t. the vehicle
before contacting the vehicle interior surface such as steering wheel/hub or instrument panel. The
total velocity change of the unbelted occupant in the 8 mph test is about 10 mph. This is due to a
vehicle rebound velocity of 2 mph. The vehicle momentarily stops against the barrier when the
occupant has moved about 5 inches and his velocity is 8 mph. After that, the vehicle rebounds from
the barrier at 2 mph. The 8 mph rigid barrier test is considered to be an air bag must-not-deploy
condition. The overall velocity changes of the 14 mph rigid barrier and 21 mph pole are larger than
that in the 8 mph test. Therefore, the 14 mph rigid barrier test and 21 mph pole are considered to be
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an air bag “must deploy” condition. Note that in the period when the unbelted occupant moves less
than 5 inches, he moves at a slower velocity in the 21 mph pole test than in the 8 mph rigid barrier test.
After that, the occupant picks up a higher speed in the 21 mph pole test than in the 8 mph test. This
is due to the engine bottoming out on the rigid pole, which accelerates the occupant forward at a
higher rate.
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Fig. 1.62 Unbelted Occupant Velocity vs. Displacement in
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Fig. 1.63 Unbelted Occupant Displacement vs. Time in
Three Crash Tests

As shown in the previous deceleration plot in Fig. 1.56, the deceleration magnitude in the 21 mph
pole test is lower than that in the 8 mph rigid barrier test before the engine bottoms out at around 80
ms. At this time, the vehicle displacement (pole penetration) is 27 inches when the vehicle
experiences a large jerk, a sudden deceleration.

Observing the v-d and d-t plots shown in Figs. 1.62 and 1.63 and at 10 inches travel (about 5
inches before impacting on the steering hub or at the midpoint of a fully deployed air bag), the
unbelted occupant relative velocity in the 21 mph pole test (Fig. 1.62) is the same as that in the 14 mph
barrier test. This observation applies equally well to a vehicle-to-vehicle offset testing. This velocity
change at 10 inches of travel gives an indication that the unbelted occupant impact severity in both
tests is about the same. Therefore, the 21 mph pole test is also considered as an air bag “must deploy”
test.
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1.7 KINEMATIC VARIABLES

A total of nine kinematic variables associated with a crash pulse are defined in Table 1.6. Since
they are related to the particle kinematic responses, some have been used in crashworthiness studies,
such as occupant-vehicle ridedown performance evaluations and air bag electronic crash sensing
algorithm development.

Table 1.6 Kinematic Variables

Kinematic Variable Unit Expression
1. Acceleration fils? a= %
2. Velocity Jils v= f adt= L4
dt
3. Displacement 1t x= f vdt = f f adtdt
da
4. Jerk /53 j= 2=
Jo =7
5. Energy Density (filsy? e=fadx=fvdv=%(v2—v02) (1.33)
X0 Vo
6. Energy Ib-ft E= %m(v2 —v02), m: mass
7. Power Ib-fils p= % =mva
8. Power Density fts? p= % =va
9. Power Rate Density (fils?)? p'= % =vj+a?

The closed-form expressions of the kinematic variables for some special pulses such as the
square, haversine, and halfsine pulses shown in Fig. 1.64 are listed in Eq. (1.34). In one particular
application, the crash pulse is mathematically represented by a Fourier series in halfsines (described
in Chapter 2) with magnitudes associated with a multiple of the fundamental frequency. The closed-
form expression for the halfsine wave power rate density (p.r.d.) offers an effective way of computing
the p.r.d. of an entire crash pulse without using numerical integrations. Representing a crash pulse
by p.r.d. serves to discriminate the crash severity of a vehicle in a crash.

a, acceleration

Square
A ™y
Haversine
0 t, time

Fig. 1.64 Special Pulses
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Square: a =A (constant)
v=At
Jj=0
p/ =vj+a2 =A2
Halfsine: a=A sinwt
v=£(1 - cos )
®
j=A® coswt
p'=vj+a?=A4?[1+coswt(1 -2cos wf)| (1.34)

Haversine: a= % (1 -cosw?)

_A[,_sinot
&)

i =% (w sinw?)

 sinw? -2 cos wf(1 - cos wr)
4

pl=vj+a2=A2|:

The power rate density (p.r.d.), kinematic variable #9 in Table 1.6, has been used in the
development of the single point sensing algorithm [12]. A modified version of kinematic variable #5,
residual energy density (r.e.d.) in the displacement domain, has been shown to be simple and effective
in analyzing air bag deployment. This is because the r.e.d. describes the energy distribution as a
function of the displacement of a free-flying body (unbelted occupant) in the vehicle compartment
[13].

1.7.1 Use of Residual Energy Density in Air Bag Sensor Activation

The method using residual energy density (r.e.d.) in air bag deployment applications [13] is
described as follows. The term residual refers to the portion of energy density content above a certain
acceleration level, a bias g, at the single-point sensing (SPS) location.

Bias g, Residual Energy Density and Threshold Window (Fig. 1.65):

Differential energy density: adx = vdv

Define:

e = energy density (energy per unit mass), (1.35)
b = constant bias g,

r.ed. = residual energy density then

e = fadx = [vdv, For v,=0 and x,=0 att=0
2

e=f0adx=f;)vdv=v7 36

re.d.= [ *(a-b)dv=ads - [bav= V?z b '

Note: v = f adt, and x = f vdt = f f adtdt
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Fig. 1.65 Sensor Activation Threshold Window

A threshold window, a slanted line segment, as shown in Fig. 1.65, is set up with a starting point
(defined by a displacement S, and r.e.d. E ) and a slope m on the r.e.d. (E, g-in) vs. displacement plot.
As the r.e.d. is computed at time t, it is checked for the intersection with the window. When
intersection occurs, the air bag sensor system is activated. The window is positioned and tilted in such
a way that (1) The r.e.d. curve for the must-not-activate test condition stays below the window, and
(2) The r.e.d. curve for the must-activate condition intersects the window at a time no later than that
specified by the sensor design criterion as described in Section 1.7.2.

An algorithm [13] based on r.e.d. is shown in the flow chart, Fig. 1.66.

1.7.2 Time Requirement for Air Bag Sensor Activation

For a test condition where an air bag deployment is warranted, the desired sensor activation time
is determined by the relative travel (displacement) of an unbelted occupant in the compartment. The
computation of sensor activation time is based on the assumption that (1) an unbelted occupant moves
forward 5 inches in the compartment before the air bag is fully deployed, (2) the time to fully inflate
the air bag is 30 ms, (3) the depth of the fully deployed air bag is 10 inches, and (4) the initial distance
between the torso and the steering hub where the air bag is packaged is 15 inches. This method of
computing the desired sensor activation time is often referred to as the ‘5"-30 ms’ criterion. This
criterion is designed to protect an unbelted occupant from moving into the zone of a deploying air bag
in a crash where the air bag deployment is warranted. The occupant free movement zone without
interacting with the deploying air bag is then 15 in -10 in=5 in.

From Fig. 1.52, the displacement plot of an unbelted occupant in a 14 mph rigid barrier impact,
the occupant has traveled 5 inches in the compartment at 60 ms. According to the ‘5"-30 ms’
criterion, the desired sensor activation time is then equal to 60 ms-30 ms = 30 ms.

1.7.3 Vehicle-Occupant-Restraint (VOR) Interaction

In a vehicle crash test, the restraint system couples the vehicle and occupant dynamic responses.
Fig. 1.67 shows the VOR interaction in a test where the vehicle is equipped with an air bag and a belt.
In a moderate to severe impact, sensors close causing the inflator to ignite and the air bag to be
inflated. After inflation, gas is vented through the openings in the air bag. In a ruling by the National
Highway Traffic Safety Administration (NHTSA), a regulation permits automobile manufacturers to
test a depowered air bag restraint system using a Hyge sled. An accelerator impacts on the sled and
imparts a generic halfsine pulse with a peak magnitude of about 17.5 g and duration of 120 ms. The
generic sled pulse simulates a crash with a total velocity change of about 30 mph. In a depowered air
bag system, both inflation pressure and mass flow rate are less than those in a full-powered air bag.
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SPS Crash Algorithm Flow Chart

Define:

-bias g

Threshold Window:
-Starting pt (Sy, E)
-Slope, m
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Signal, a(t)
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Eth = EO + m(SO-S)

Yes
Deploy the Air Bag

Fig. 1.66 A Single Point Crash Sensing Algorithm

However, the effectiveness of a driver-side air bag restraint system also depends on the design
of the steering column system. A steering column absorbs a portion of driver’s impact energy while
it strokes several inches with a loading of about 900 1b. force in a high speed frontal impact. The
steering column may be pushed rearward and then rotated upward due to dashboard intrusion. In such
a case, the steering column does not stroke as effectively as intended which may result in a high
loading on the torso.

A detailed analysis of the VOR interaction is presented in Section 1.9. The concepts of restraint
coupling, occupant response, and ridedown efficiency are covered.

A real world accident involving a full-size sedan impacting a tree is analyzed in the next section.
Since the vehicle was equipped with a crash event data recorder (flight recorder), the kinematic
analysis of the crash pulse downloaded from the flight recorder was performed in both time and
frequency domains.
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Vehicle, Occupant, and Restraint Interaction in a Sedan Equipped
with an Air Bag and a Belt at 35 mph Barrier Impact

t=0ms

Bumper contacts barrier

t=20 ms

Front crash sensor activated at
t=17 ms; 3 ms later, air bag
deployment door bursts open.
Air bag is being inflated.

t=50 ms

Air bag fully inflated at 47 ms
(full inflation time of 30 ms plus
sensor activation time of 17 ms)

t=380 ms

Air bag is deflating and
cushioning the head and torso.

Fig. 1.67 Air Bag Deployment
Sequence
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1.8 CASE STUDY: SINGLE VEHICLE-TREE IMPACT ACCIDENT

A late 1990 model year full-size passenger car (case vehicle), shown in Fig. 1.68, equipped with
a depowered air bag restraint system and a “flight recorder” was involved in a tree impact accident.
The vehicle, driven by a 20™ percentile female, inadvertently hit a street curb and then struck a tree
in a residential neighborhood on a sunny morning as shown in Fig. 1.69. The road was clear and dry
but curved. Part of the wheel rim was stripped and the side wall of the tire was punctured which
resulted in a flat tire. Subsequently, the right tire and wheel, pushed back by the tree, left a tire imprint
on the inner plastic of the right front wheel well.

0 50 100 150 200

Time, ms
: ; Fig. 1.71 Vehicle Deceleration vs. Time from
Fig. 1.70 The Driver and Bags Flight Recorder (Sampling Rate = 2k Hz)

The impact activated the air bag electronic crash sensor (ECS) inside a diagnostic control module
located on the right side near the A-pillar and floor. Subsequently, both the driver and passenger side
air bags deployed as shown in Fig. 1.70. The driver sustained no injuries. However, her right hand
received a minor abrasion and her left lower arm had a bruise due to impacting with the side door trim
panel as a result of air bag deployment. Her eyeglasses were knocked off by the air bag and fell to
the floor in front of the front passenger seat.
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1.8.1 Analysis of the Recorder Crash Data

The information from the flight recorder indicated that the electro-mechanical crash sensor (ball-
in-tube sensor) located at the top center of the radiator bracket support was not activated. Therefore,
the activation of the ECS resulted in the air bag deployment. The recorded crash data (deceleration
vs. time), which was internally filtered in the control module at a cutoff frequency of about 400 Hz
and sampled at a rate of 2000 Hz, is shown in Fig. 1.71.

The crash data of the case vehicle were compared with that of crash data for the similar type of
vehicle tested at the threshold conditions (see Table 1.7). The crash data from two rigid pole tests
conducted at low speeds are shown in Fig. 1.72. Test # 1, where the right front of the subject vehicle
hits the pole at 10 mph, is judged to be a must-not-activate condition, while Test #2, front center of
the vehicle hitting the pole at 23 mph, is a must-activate condition.

For comparing signals, all the crash pulses were filtered by a Butterworth 2™ order filter with a
cutoff frequency of 100 Hz. The impact severity of the case vehicle is closer to Test # 1 than Test #2
as shown by the deceleration plots in Fig. 1.73. The response of a similar full-size car struck by a mid-
size car head-on at a relative speed of 38 mph (Test #3) is shown in Fig. 1.74. Although the case
vehicle response is less severe than the subject vehicle in Test #3, the pulse shapes are approximately
proportional and the jerks are about the same at times up to about 110 ms when rebound occurs.

Table 1.7 Case Vehicle and Other Vehicle Test Conditions

Vehicle Description Note
Tree impact accident Control module on right cowl side
Case (car hit the right curb, then a (A-pillar) contains electronic crash
tree, on a curved street) sensor and flight data recorder
Test #1 10 mph right pole Sensor must not activate
Test #2 23 mph center pole Sensor must activate
Test #3 38 mph car-car Sensor must activate
Test #4 14 mph fixed barrier Sensor must activate

The velocity and displacement changes of an “unbelted occupant” in time and displacement
domains are shown in Figs. 1.75-1.77. Based on the velocity change, the case vehicle accident is the
least severe of all the cases considered. The relative velocity changes of the unbelted occupants at 10
inches compartment travel are less than 14 mph, a velocity change at that reference point where an air
bag deployment is desired. In the case vehicle, the longitudinal velocity change is about 7.5 mph. By
estimating the angle of the principal direction of force (PDOF) from the longitudinal axis to be about
45°, the case vehicle-tree impact velocity is then computed to be V, = 7.5/cos(45°) = 10.6 mph.
Considering the posted speed limit of 25 mph, the case vehicle can be judged to be traveling below
the speed limit. Since Test #1 is a must-not-activate condition, the case vehicle accident did not
necessarily require the air bags to deploy. Considering the belt usage by the driver and the low speed
impact, the air bag deployment decision by the ECS is not warranted.

The impact severity at the sensor location is mainly responsible for the deployment of the air bag.
The effect of the off-center (not along the vehicle center line through C.G.) impact on the off-center
crash sensing is covered in Section 6.4 of Chapter 6 on the circle of constant acceleration (COCA).
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1.8.2 Frequency Spectrum Analysis for Electronic Crash Sensing

Using a Fourier frequency spectrum analysis technique (covered in Section 2.4.1 of Chapter 2),
the spectra at the right A-pillar cowl side sensor locations in the crash of the case vehicle and the Test
#3 and #4 vehicles were compared and are shown in Fig. 1.78. Test #4, a 14 mph full frontal rigid
barrier test, has the largest power spectrum magnitude, reflecting the intensity of impact; it is the
largest among the three vehicles. This is due to the fact that the effective stiffness of the vehicle in
Test #4 and the deceleration levels are higher than those involved in the localized impacts such as for
the case and Test #3 vehicles.

The spectrum magnitudes of the case and Test #3 (car-to-car impact at 38 mph) are almost
identical beyond the frequency of 20 Hz. This explains the high frequency pulse shape similarity
between the two vehicles shown by the deceleration plots in Fig. 1.74. For frequencies below about
15 Hz, which includes the fundamental and the first few multiples of the fundamental frequency, Test
#3 has a higher spectrum magnitude than the case vehicle which can be visualized from Fig. 1.78.
Therefore, the deceleration magnitude and crash severity of the subject vehicle in Test #3 is also
higher than those of the case vehicle.

Magnitude

Test #3
2+ / : X

I
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Fig. 1.78 Fourier Power Spectrum of the Case, Tests #3 and #4

An electronic crash sensing algorithm can be implemented to count the number of oscillations of
a crash signal in a fixed time interval. It is equivalent to comparing the frequency content to a
reference value. However such an algorithm is not sufficient to discriminate the impact severity of
a crash between the case and Test #3 vehicles. An crash sensing algorithm developed to tackle such
a frequency similarity problem can be found in a patent.’ The Polynomial Windowing Algorithm was
originally developed to discriminate the side impact condition where the frontal air bag deployment
in a side struck vehicle is not warranted. In such a condition, the longitudinal velocity change is below
the deployment threshold but the frequency and magnitude of the crash pulse are high due to impulsive
loading. The impulsive loading at the onset of a crash is more prevalent in a body-on-frame vehicle
than the unitized-body vehicle. This is mainly attributed to the dynamic characteristics of the body
mounts in transmitting the frame impulse to the body where the ECS module is located (see Section
2.4.6 of Chapter 2 on body mount attenuation).

#'U.S. Patent N0.5948032: “Polynomial Windowing Algorithm for Impact Responsive
Activation,” Matthew Huang and Parag Jitendra Parikh, Sept. 7, 1999.
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1.8.3 Application of a Residual Energy Density Algorithm

The algorithm based on the integral of deceleration in the displacement domain yields the energy
density. As described in previous sections in this chapter, a residual energy density (r.e.d) algorithm
with zero bias g was tested for five impact conditions including the case vehicle accident and Test #4
where a similar car (C5) struck a rigid barrier at 14 mph. Fig. 1.79 shows the deployment window
which determines the activation timings when the r.e.d. curves of Tests #2, #3, and #4 intercept the
window. Since ther.e.d. curves of the case vehicle and Test #1 did not intercept the window, no sensor
activation is expected. The activation timings shown by the r.e.d. algorithm satisfy the 5"-30 ms
requirements for those cases which can be checked by the displacement vs. time curves in Fig. 1.75.
Note that using a bias of 2 g’s would yield the same results.
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Fig. 1.79 Residual Energy Density (red) vs. displacement

1.9 RESTRAINT COUPLING

In a crash test, accelerometers are installed on both vehicle structural components and occupant
body segments to record their dynamic responses during the crash events. The recorded data are then
used to analyze the occupant energy distribution during the crash. The effectiveness of the restraint
system in coupling the vehicle and occupant responses has been presented in the previous sections
using the occupant restraint and ridedown energy densities. To further understand the characteristics
of the restraint system, which acts as a transfer function between the vehicle and occupant, a simple
model with a constant spring stiffness, K, and restraint slack, 6, shown in Fig. 1.80, is used in the
following study.

Xo

O
Fig. 1.80 A Simple Occupant-Vehicle
Impact Model
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1.9.1 Restraint Specific Stiffness and Onset Rate of Occupant Deceleration

The restraint stiffness, force per unit of deflection, can be computed using the test data. However,
since the accelerometer is instrumented in the dummy chest, it is more convenient to use the natural
frequency to evaluate the system consisting of the torso effective mass and restraint stiffness.

The vehicle and chest decelerations of a driver in a truck in a 35 mph rigid barrier test are shown
in Fig. 1.81. Double integration of the two accelerometer data sets yield the displacements where the
difference is the chest displacement w.r.t. the vehicle. The chest deceleration is plotted against the
relative chest displacement in Fig. 1.82. A linear regression with a least square error approach was
used to approximate the chest loading curve by a straight line. The time during which the chest is
being loaded is referred to as the coupling phase. The horizontal intercept distance, 8, represents the
slack in the restraint system. It will be shown in Section 1.9.2 that the natural frequency of the
restraint system, f, is related to the slope, k, the restraint specific stiffness or restraint stiffness per unit
of effective occupant weight as follows: f (Hz) equals 3.13 times the square root of k (g/in).

0 20 40 60 80 100 120 140 160

Fig. 1.81 Truck and Chest Decelerations vs. Time in a 35 mph
Barrier Test

a0 k=372gfin t-oooooodooood b I
f=603Hz ! : : : :

0 2 4 6 B 10 12 14
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Fig. 1.82 Restraint Slack and Stiffness of an Air Bag System
in a Truck 35 mph Test
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The onset rate of the occupant deceleration, j, is the slope of the chest deceleration vs. time curve
at the time of restraint contact. The term j is also the jerk (rate of change of deceleration) at time t*,
the time that the occupant takes to move a relative distance 8. The onset rate, j, is the product of the
specific stiffness, k, and the relative restraint contact velocity, Av, (or AV). The derivation of the
formula is shown in Eq. (1.44) in Section 1.9.3. As shown in Fig. 1.83, AV is the difference between
the chest velocity and vehicle velocity at the restraint contact time, t*. The truck tested in a 35 mph
rigid barrier condition is used as an example. The corresponding AV of 7 mph and specific stiffness
of 3.72 g/in are shown in Fig. 1.83. The computed onset rate, j, of 0.458 g/ms shown in Eq. (1.37)
agrees fairly well with that from the test. The derivation of the onset rate relationship is shown in the
following sections.

a, g/v, mph/d, in
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‘ : v: vehicle

. oA
o chestg " ¢: chest
-40
0 20 40 60 80 100 120 140
t, ms

Fig. 1.83 Chest Onset Rate (j) in a Truck 35 mph
Fixed Barrier Test

Jj(onset rate)= Av_ k, where Av,=v_ -v,
Av,: restraint contact velocity
v, : chest velocity at t*, v,: vehicle velocity at t*

t*: restraint contact time, k: specific stiffness
Using the data for the truck, then (1.37)

J=(v,-v)k = (347 -27.7)mphx 118/ 3 7» &
1 mph in

=458 & - 0458 5
sec ms
Using the vehicle and occupant test data, the performance of the restraint system can be
characterized by the slack between the restraint and occupant and the restraint specific stiffness. The
transient occupant response in the restraint coupling phase can be analytically derived based on an
equivalent square wave (ESW) which approximates a test crash pulse.

1.9.2 Occupant Response in the Restraint Coupling Phase

In the simple occupant-vehicle impact model shown in Fig. 1.84, a vehicle deceleration in the
form of equivalent square wave (ESW), shown in Fig. 185, is imparted on the model. The occupant,
M,, contacts the restraint system, K, at t* after traveling a distance 0 with a relative contact velocity
of AV_. Occupant response formulas during the restraint coupling phase can then be derived.
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Let us define:
a, : occupant absolute acceleration
a, : vehicle absolute acceleration
: occupant relative to vehicle acceleration

ao/v'
V. occupant relative to vehicle velocity
X,: occupant relative to vehicle displacement

o/v
k : slope of a, vs. x,,, in the coupling phase (specific stiffness, g/in)
w : circling frequency of the restraint system, rad/sec (= 2nf)
f: restraint natural frequency, Hz
0 : restraint slack
t* : occupant-restraint contact time
t: time variable in restraint coupling phase, starting from t* as time zero

Av, : occupant-restraint contact velocity (= a, t¥)
> Xo
Xy
8
=
K d
M .
0 pO
M <

T~ N ¢
nOmnOmk
Fig. 1.84 A Sled Impact Model
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Fig. 1.85 A Constant Sled Excitation Pulse

Define an equivalent square wave (ESW) as follows:

a, = P,
where p, = ESW acceleration = constant
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The final expressions for the two unknowns, the phase angle ¢ and A, the occupant deceleration
magnitude and onset rate, are shown as follows.

Summaries of Occupant Response and Onset Rate Equations

a, = A sin(wt+p) + a, R €))
d) - tan—l _po - _.tan—l 1
(A)Avc wt*
A= —p} + @AV
Ay ax = ESW [1 - cos(wt™)] ... a haversine wave (1.38)
= ESW [1 + /1 + 2uft™)*
where Av, =pt* and t* = 2
p,

J(onset rate of occupant deceleration) = Av, w* = Av_k

Based on the definition of the specific stiffness and the relative motion between the sled and the
occupant mass, a second order differential equation in terms of occupant and sled accelerations can
be derived. The equations involving the interaction between the occupant and sled are valid in the
restraint coupling phase. What happens before the occupant contacts the restraint system is solely
determined by the sled kinematics, since the occupant is stationary.

The procedures used to derive the closed-form solution for the occupant deceleration are shown
in two steps shown in Egs. (1.39) and (1.40), respectively.

The slope of the occupant chest g versus
relative displacement curve is given by

da
° = -k, then
dxo/v
- d
a, K _ _da, _ k,
Xotv Mo dxo/v
dxo/v _ dxo/v dt - _l (139)
da dt da k
dzxo/v d dxo/v dao 1 dzao
let a, = — = -
dr? dt\ da, dt k dr?
a,=ajv +a,
1 d 2a 0 1 dzao
ao+_ =av’ or ao/v+_ =0 (2)
k g k dt?

It is assumed that the solution for the occupant relative acceleration, (a,-a,), is sinusoidal, as
shown by (1) of Eq. (1.38). The occupant relative acceleration along with the second derivative of the
occupant acceleration satisfy the equality constraint shown by (2) of Eq. (1.39). Note that the time
variable, t (a local time), is referenced as time zero when the occupant contacts the restraint. The
corresponding time variable, t'(a global time), with time zero set at the time of sled impact, is equal
to the restraint contact time plus the local time used in the restraint coupling. Therefore, t' = t* +1t.
That is, the global time is equal to the restraint contact time plus the local time.
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In the restraint coupling phase

da,, dzaw
then —2 = Aw cos(wt+d), —=Z = -4’ Sin(wt+¢p) . . (3)
dt dr?
Substituting (1) and (3) into (2) and simplifying, one gets
2
1 - % =0, ~ o =k is solution condition for (1)
Initial Conditions:
L t=0,a,=0-p, =-p, then
Eq.(1) becomes: a,, = -p, = A Sin ¢ N ()]
1I. t=0, v, =Ay,
A, [(a,-a,)dt=[4 sin(r+d)dt=-Lcos(wr+d) . . . . .(5)
®
o oatt=0  Av, - -“cos() (1.40)
()
1v: Asin ¢ = p, N ()
V: Acos ¢ = -0 Ay, N )]
P,

Dividing eq. (6) by (7): tan ¢ =

>

w Av

c

squaring both sides of equations (6) & (7) and summing up,

A4 = ‘/pj + (0 AVY?

da,, b
Set —= = Aw cos(wt+d) = 0, then of; + ¢ ==
dt 2
an = —te = Po Tl g Tl g L
AV o @ty ot wt* w '
T o g + tan—L
2 Wt
ty = - B ()]
() w

Since the two unknowns ¢ and A define the occupant relative sinusoidal acceleration, the absolute
occupant acceleration is equal to the sum of sled constant and the occupant relative sinusoidal
acceleration.

For the special case where the restraint slack, 6 = 0, then t* = 0, Av_= 0, and ¢ = -90°, and the
occupant absolute acceleration becomes a haversine as shown in (2) of Eq. (1.41). The haversine is
the output response of a simple spring-mass model subjected to an input excitation of constant
acceleration. The simple spring-mass model consists of a constant stiffness restraint system without
slack. The occupant haversine acceleration is the sum of two acceleration components. The first
component is the occupant-relative-to-vehicle (or sled) sinusoidal acceleration with phase advance of
quarter cycle (7/2) and magnitude equal to the vehicle constant acceleration. The second component
is the vehicle constant acceleration itself.
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U ! - tante = T
ot 0 2

since 8 =0, AV, =0, then

4 = ~p; + @AV = ~/p; + 0 = p,

a, = 4 sin(wt + ¢) + a, = -p, sin(w? ‘g) - p,

¢ = -tan’!

= -p,[1-cos(w?)] ... a haversine wave

1.9.3 Maximum Occupant Response, Timing, and Onset Rate

(1.41)

Given the closed-form solution of the occupant response shown by (2) of Eq. (1.41), the
maximum occupant chest response, the corresponding timing, and the onset rate of the impact model
can be derived. The approach using the specific stiffness is more direct than the method using

Newton’s second law [14]. The derivation procedures are shown in Egs. (1.42) to (1.44).

Deriving Maximum Occupant Response:

() From Eq. (1.38), a =4 +p, then

o|max

2
Byl max = P + @AV + p,,

Av, =pt*, w =2nf, and p, = ESW

a, = ESW[1 + /1 + 2nft*)]

Deriving Time at Maximum Occupant Response:

da
(D) set —=2 = Aw cos(wt+P) =0, then o, + ¢ =§
tan g = 2o - —Fo o Tl 4o il
wAv @t ot w?
T _¢ T 4 tan
;22 _ 2 wt”
& ® )
tan"x + tan"'L = g , and —tan’x = tan"!-x
x
- tanlot*
L = E  tanlor* | then f, = T B0 O
wt* 2 (&)

. T - tanlwz*

Note that 1, is measured from t*, t,=t* +
®

tg' is measured from the time of impact
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Deriving Occupant Onset Rate:

a, = 4 sin(wt+d) + a,
At restraint contact time, t' =t* or =0

d
let j = %| o = Ao cos(wt+d)|,., = Aw cos(d)

tan(p) = . cos(¢p) = __wt’ (1.44)
V1+(wt*y

and A = —,/ +(ooAV)2 P/ 1+(0p,t*Y = JT+(w1)?

Substituting A ana' cos(Q) into j, it becomes:
j = Aw cos(dp) = pt*w? = -AV,w®> = -AVk .... onset rate

1.9.4 Vehicle, Occupant, and Restraint (VOR) Analysis Charts

Two basic model parametric relationships for use in the analysis of the restraint coupling phase
[14] are listed. The relationships are for (1) Vehicle ESW and Occupant Chest G, and (2) Restraint
Specific Stiffness (see Section 1.9.2) and Natural Frequency as shown in Eq. (1.45).

2
(I): ESW (Equivalent Square Wave) = .4%

DAF = 1 + {1+Q2nft*yY, where f = —”3286k H:
n

)

t *(restraint contact time, sec) = 072 ,| ——
ESw

C.G.(maximum chest G) = ESW x DAF
(D): Let k (restraint specific stiffness) = K. % g
m

(1.45)

o (circular frequency)

K
L
m

_ g

2n 2n
For the units of: K: Ibl/in, w: Ib,
dimensional analysis on k becomes:

k (specific stiffness) = lbl/m g-= .ﬁ, since g = 386 l—';
n s

f- —"3286" - 3.13yk
T

then f (natural frequency)

1.9.4.1 3-D Contour Plots of the Occupant Response and Timing

Given a vehicle structural ESW, restraint parameters in terms of slack and natural frequency, the
trend analyses on the occupant maximum chest deceleration (or C.G., short for chest g) and
corresponding timing are performed. Figs. 1.86 and 1.87 show the 3-D surface contour plots for the
model chest g and the corresponding timing, respectively, as a function of the restraint natural
frequency, f; restraint slack, &; and equivalent square wave. The respective formula for the chest g
and timings are shown in Egs. (1.46) and (1.47), respectively.

For a given vehicle structural deceleration level, ESW, the chest g increases as the restraint
stiffness (or natural frequency) and/or slack increases as shown in Fig. 1.86. Within the practical
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ranges of the restraint stiffness and slack, the chest g is more sensitive to the restraint slack than the
stiffness. This trend is evident by comparing the slopes along the axis of restraint stiffness and the
axis of the slack on the ESW surface shown in the figure. In general, assuming no preloading on the
occupant, the chest g is at least double the ESW. In the special case where the slack is reduced to
zero, either by taking out the restraint slack or by using a pretensioner (a pyrotechnic device, assuming
the preloading on the occupant is negligible compared to the overall loading [15]), the chest g becomes
two times the ESW. The dynamic amplification factor of two, the ratio of dynamic loading to the
static loading, is the theoretical minimum that can be achieved without preloading. Similarly, given
a vehicle structural deceleration level, ESW, the chest g timing (t," becomes longer when the stiffness
(or natural frequency) decreases and/or the restraint slack increases as shown in Fig. 1.87.

a, = ESW[1 + 1 + Qnft*y]

5 (1.46)
t* = 0072, -2
ESW

C.G,g 20g
80 10
60 8
a0 ESW
20
8
/B
4 e /4 .
o b.in
f Hz 60
Fig. 1.86 Model Chest g as a Function of Restraint, f; Slack, 0;
and ESW
‘. . m - tan"lez* _
to=t" + Y o = 2nf (1.47)

Note tG' is measured from the time of impact

T

|, /Z/ 6: ]I].
f, Hz g0

Fig. 1.87 Model Chest g Time as a Function of Restraint, f;
Slack, 0; and ESW
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To prevent the sudden increase of the occupant-relative-to-vehicle contact velocity in the vehicle
rebound phase, it is desirable to have the peak chest g occur before vehicle rebounds. By doing this,
the occupant takes advantage of the ridedown, a phenomenon that will be described in Section 1.10.
Based on the model, the condition for the peak chest g to occur before vehicle rebounds is shown as
follows:

- tanle0o2*
t = t* + w <t ) where (148)
g m
®

tg': time of maximum occupant response measured from

time of vehicle impact
tx: occupant-restraint contact time
: circle frequency of restraint system
t,: time when vehicle rebounds or time at dynamic crush

1.9.4.2 Vehicle, Occupant, and Restraint (VOR) Analysis Charts

To summarize the application of the derived formulas in the occupant response analysis, four
VOR charts are shown in Figs. 1.88 to 1.91. The chart sequence starts from the upper right hand
corner as VOR(chart) #1 and goes counter-clockwise to VOR #4 at the lower right corner. They are
used to estimate the occupant-restraint contact time (t*), dynamic amplification factor (DAF), and
chest g based on the vehicle to barrier impact speed and dynamic crush from a test. The respective
formula for each chart is shown inside the chart.

The variables are defined as follows:
ESW :  vehicle equivalent square wave, g

v vehicle barrier impact velocity, mph
C vehicle dynamic crush, in

o restraint slack, in

t* restraint contact time, ms

f :  restraint natural frequency, Hz

DAF :  dynamic amplification factor

C.G. : chest g (occupant response)

VOR Chart#1 is for vehicle analysis, #2 and #3 for the restraint analysis, and #4 for the occupant
response computation.

Case Study:  Estimate the occupant response with the following conditions:
V, barrier impact speed = 30 mph
C, dynamic crush =24 in
0, occupant-restraint slack = 4 in
f, occupant-restraint natural frequency = 7 Hz.

The steps to use the VOR analysis charts are shown as follows:

Chart #1. Fig. 1.89: Draw a vertical line at C=24 in, intersect the curve with V=30 mph. Draw a
horizontal line and get the ESW, 15 g,

Chart #2. Fig. 1.88: Extend the ESW horizontal line, intersect the curve wiht 8 = 4 in. Draw a
vertical line and get the occupant restraint contact time, t* =37 ms,

Chart #3. Fig. 1.90: Extend the t* vertical line, intersect the curve with f=7 Hz. Draw a horizontal
line and get the DAF, 2.9,

Chart #4. Fig. 1.91: Extend the DAF horizontal line, intersect the curve with ESW =15 g. Draw a
vertical line and get the occupant chest g, C.G. =44 g.
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VOR (Vehicle Occupant Restraint) Analysis Charts (VOR#1 => VOR#4) - Example

30 40

t*, ms

Fig. 1.88 VOR Chart #2 — Example

DAF VOR#3
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DAF=1+/1+(2mf 19} :
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Fig. 1.90 VOR Chart #3 — Example
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Fig. 1.89 VOR Chart #1 — Example

VAR
(.G, =DAFx ESW
0 20 40 CG,g 60 80 100

Fig. 1.91 VOR Chart #4 — Example



VOR (Vehicle Occupant Restraint) Analysis Charts (VOR#1 => VOR#4)

30 40
t*, ms

Fig. 1.92 VOR Chart #2

DAF VOR #3

1
DAF=1+/1+2nf 1)}

0 10 2

s ¥ " 5

Fig. 1.94 VOR Chart #3
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Fig. 1.93 VOR Chart #1
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Using the formulas or the VOR charts, four separate tests, where the trucks impacted on the rigid
barrier at 31 mph, were examined and a trend analysis was performed. The parameters involved in
the sensitivity analysis were vehicle structural ESW (equivalent square wave), restraint slack
(longitudinal distance between the fully deployed air bag and torso), and the restraint system stiffness.
The computation of the restraint system stiffness is described in Section 1.10.2.2 and Eq. (1.58).

The test results for four light trucks in a 31 mph fixed barrier impact are shown in Table 1.8. The
tests were conducted with unbelted dummies, where only the air bag restraint system was used. The
vehicle dynamic crush and timing, equivalent square wave (ESW), and chest responses are listed. The
restraint slack and natural frequency of the restraint system in each test are computed by using linear
regression applied to the loading portion of the chest g vs. chest relative displacement curve. The
computed restraint slack, which is the horizontal distance between the initial torso position and the
fully inflated air bag surface, ranges from 0.5 to 5.4 inches. The variations in the computed slack are
mainly due to the initial dummy seating position and air bag inflation characteristics. The test chest
g’s and model prediction using the ESW and restraint parameters are shown in the last column of the
table. The trend prediction of the chest g by the model compares reasonably well with that from the
tests as shown by the histogram in Fig. 1.96.

Table 1.8 Rigid barrier tests with air bag only (unbelted dummy), V =31 mph

C, Dynamic ESW, g 0, f, Restraint Chest g
Test# Vehicle Crush, in @ Restraint Natural Fre- Test
ms Slack, in quency, Hz [Model]
T9 Truck 26.0 @ 90 14.8 5.4 6.1 46 [44]*
T1 Truck 20.5 @ 63 19.2 2.8 5.9 54 [47]
T10 Truck 20.3 @ 69 19.2 1.5 5.8 42 [43]
T11 Truck 24.1 @ 77 16.0 0.5 5.6 39 [34]

* The number in [ ] is the predicted chest g = ESW x DAF (Dynamic Amplification Factor).
k: restraint specific stiffness in the coupling phase, g/in

Model Chest Crush ESW Nat'l Slack
G G Freq.

Fig. 1.96 Comparison of Responses: Model vs. Tests
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From Table 1.8, the results of occupant chest g from the four rigid barrier tests at 31 mph with
air bag only are plotted and shown in Fig. 1.97. To compare the test chest responses with those from
the model prediction, the 3-D surface plots are superimposed. As an example, test T9, which has
=6.1 Hz, d = 5.4 inches, and chest g of 46 g, is shown as a dot in the plot. The ESW of test T9 is 14.8
g which is located between the two model ESW surfaces of 10 g and 20 g. Similarly, the ESW of the
other three tests is also within the vicinity of the two ESW values. Therefore, the trend of the model
occupant response in terms of structural deceleration level, restraint stiffness, and slack is comparable
to that of the test results.

Fig. 1.97 Chest g as a Function of Restraint, f; Slack, d; and
Four Crash Test Data

1.9.5 VOR Trend Analysis Based on Car and Truck Test Results

Two sets of test data involving a mid-size car and a truck in rigid barrier 31 mph tests were
collected and a trend analysis of the VOR (vehicle, occupant, and restraint) interactions was
performed. In each test, the chest g versus chest relative displacement was plotted, and the restraint
slack and restraint specific stiffness were then estimated by approximating a straight line to the chest
loading curve.

Fig. 1.98 shows the scattered data and a linear regression of the occupant chest g versus dynamic
crush data. The chest g of both car and truck decreases as the dynamic crush increases. Since the
larger the dynamic crush, the lower the ESW (equivalent square wave), the chest g is lower for both
car and truck tests. The trend relationship based on the linear regression analysis indicates that the
chest g has a negative correlation with dynamic crush for both car and truck.

70 ¢
N + + trulck
-+ X car
+ truck - regression
qt++ """" car - regression
60 + i
45\\\j;\\*:;\ X%X
o ~ X X X
4;)50 + T R 5
o 4 . ><‘><'>><< ...............
S §<X '
+
40

30

15 20
dynamic crush,

Fig. 1.98 Chest g vs. Dynamic Crush in 31 mph Rigid
Barrier Tests

25
in

30

Since for a given barrier test speed, the ESW (equivalent square wave) is inversely proportional
to dynamic crush, the chest g has a positive correlation with ESW. The typical DAF (dynamic
amplification factor), the ratio of chest g to the ESW, can be computed using the average values of
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chest g and dynamic crush. For the truck, using the approximate average of 55 g for chest g and 18
inches for dynamic crush (ESW=21 g), the DAF is equal to 2.6. Similarly, for the car, using 47 for
the chest g and 23 inches for the crush (ESW=16.7 g), the DAF is 2.8.
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Fig. 1.99 Chest g vs. Restraint Natural Frequency in
31 mph Rigid Barrier Tests

The relationship between the chest g and the restraint natural frequency for both car and truck is
shown in Fig. 1.99. The average restraint natural frequency is about 6 Hz and as it increases, the chest
g increases. Although the rate of increase is about the same for both car and truck, the chest g is
higher for the truck than the car. The observed relationship is best explained by the chest g equation
derived in Section 1.9.4.

The relationship between the chest g and the restraint slack, 8, for both car and truck is shown in
Fig. 1.100. Since the two sets of tests are with air bags only, the average restraint slack is larger than
that with the belt. The average slack, about 4-5 inches, has a positive correlation with the chest g.
This correlation can also be explained by the functional relationship shown in Section 1.9.4.
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Fig. 1.100 Chest g vs. Restraint Slack in 31 mph
Rigid Barrier Tests

1.10 OCCUPANT RIDEDOWN ANALYSIS AND ENERGY MANAGEMENT

In a vehicle crash test, an unbelted occupant's kinetic energy is absorbed by restraints such as an
air bag and/or knee bolster and by the vehicle structure during occupant ridedown. Both the energy
absorbed by the restraints and the ridedown energy absorbed by the structure through restraint
coupling are studied in time and displacement domains using crash test data. Using both vehicle and
occupant accelerometer data from a 31 mph truck-to-barrier impact, the restraint and ridedown energy
components were computed for the lower extremity of the occupant, e.g., the femur. Relationships
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between ridedown efficiency (p, ratio of ridedown energy to initial occupant kinetic energy) and
unbelted occupant response in air bag equipped vehicles are presented [5].

The left front unbelted occupant seating position in a vehicle-into-barrier impact is shown in Fig.
1.101. The restraint system consists of an air bag module in the steering wheel and a knee bolster
underneath the instrument panel.

refl

Fig. 1.101 Left Front Occupant Seating
Position in a Vehicle-to-Barrier Impact

Using the kinematic relationship vdv = adx, where v: velocity, d: differential operator, a:
acceleration, and x: displacement, the energy density of an occupant, e, can be expressed as follows.

e = fxodxo = xod(xv+xo/v) = erd + ers

where (1.49)
e, (ridedown energy density)= f % dx,

e, (restraint e.d.)= f Xdx,,

x, : vehicle displacements w.r.t. ground

x, : occupant displacements w.r.t. ground

x,, =X, - X occupant-vehicle relative displacement
%,: occupant deceleration

If the vehicle were infinitely stiff such that no structural deformation occurs, the occupant
ridedown energy would be zero because the vehicle displacement becomes zero in the integral. On
the other hand, if the restraint system were infinitely stiff, the restraint energy would be zero because
the occupant-vehicle relative displacement (or restraint deformation) during restraint loading becomes
zero, and all the occupant kinetic energy goes into the deforming vehicle structure.

The vehicle and left front occupant responses in the light truck test with an air bag alone (without
belt) at 31 mph are shown in Fig. 1.102. For comparison purposes, all the crash data in this study were
filtered by the second-order Butterworth filter with a cutoff frequency of 100 Hz. Due to the stiffer
front rail in the truck, the impact produces a front-loaded crash pulse with a high impulse at 22 ms.
The front-loaded crash pulse forces the occupant femur to contact the knee bolster sooner. Shown in
Fig. 1.102, the femur contacts the knee bolster at 48 ms and starts decelerating. The femur
displacement relative to the vehicle at 48 ms shown in Fig. 1.103 is about 6 inches, which is the initial
clearance between the femur and knee bolster. The maximum femur relative displacement is about
12 inches and occurs at 75 ms, about 10 ms after the truck reaches its maximum deformation of 22.5
inches. Therefore, the knee bolster deformation due to femur loading is 6 inches (=12 - 6) as shown
by the deformation range of the restraint curve in Fig. 1.104.
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Fig. 1.102 Decelerations of Driver Left Femur and Truck in 31 mph
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Fig. 1.103 Displacements of Driver Left Femur and Truck in 31 mph
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Fig. 1.104 Restraint and Ridedown Curves of Left Femur in 31 mph
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Using the femur deceleration and the double integral of the truck accelerometer data with an
initial velocity of 31 mph, the ridedown curve of the femur deceleration versus vehicle absolute
displacement (crush) is obtained. This is shown in Fig. 1.104. Because both ridedown and restraint
curves were plotted using the same femur deceleration, they have the same peak deceleration of about
55 g. The area between each of the two curves and the zero g reference line in Fig. 1.104 or the
integral of the femur deceleration over the respective displacement is the energy density as shown in
Fig. 1.105.

Restraint and RideDown Energy Density
50

o

\ RideDown _ -

g-in

| |
~ [ |
1S (=)

S S g

_250 Restraint

Energy Density,
0
(=)
j=)

0 5 10 15 20 25
Displacement, in
Fig. 1.105 Restraint and Ridedown Energy Densities of
Left Femur in 31 mph Test

Since ridedown efficiency (1) is defined as the ratio of maximum ridedown energy density to the
initial occupant kinetic energy density, the femur ridedown efficiency for a light truck can be
computed from Fig. 1.105 as follows.

e%d|
.dd . - max

W (ridedown efficiency) lv2 (1.50)
2 [

12_1 44\% 1 .

—v, == 3lmphx —| % x12 = .4(31 mph)* =385 g-in

2°° 2( P 30) 322 GLmphy g

" =% S31% ... light truck

The femur ridedown efficiency is proportional to the ridedown energy density, or the total area
under the ridedown curve shown in Fig. 1.104. The femur deceleration in the ridedown curve does
not pick up until the truck has a displacement (crush) of 20 inches, at which point the femur starts
contacting the knee bolster (at 48 ms). Since in this test, the vehicle structural deformation
accompanying the occupant ridedown is only 2.5 inches (22.5 - 20.0), the ridedown energy density
is limited and so is the ridedown efficiency. There are two basic principles that can be used to
improve the ridedown efficiency in a crash test. One is reducing the occupant-restraint contact time
(by positioning dummy closer to the instrument panel, using belt pre-tensioner, or using a more front-
loaded crash pulse), and the other is increasing the vehicle available crush space.

Note that in Fig. 1.105 for the light truck, the sum of the maximum ridedown energy density (120
g-in) and the maximum restraint energy density (260 g-in) is 380 g-in, which is not equal to the initial
kinetic energy (385 g-in) although it is very close. This is because the maximum vehicle and femur
displacements do not, in general, occur at the same time, as shown in the displacement curves in Fig.
1.103. It should be noted that the femur ridedown efficiency for a passenger car can be twice as much
as that for a truck due to a larger vehicle crush for the same test condition.
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1.10.1 Energy Density Model

An analytical model simulating the interaction between the occupant and restraint system in a
passenger compartment shown in Fig. 1.106 can be analyzed using Newton's Second Law. The
analytical expressions for the equations of motion (EOM), restraint and ridedown energy densities,
parametric sensitivity, and design constraints are presented in Egs. (1.51)-(1.53).

Equations of Motion and Energy Density of a Crash Model F Xy

A. EOM FOR VEHICLE ﬂ/\/\lfvm 3
% = -E - _Esw

M, My
-y - ESW ¢ (1.51)

_ 1 2 :
v TVt EESWt Fig. 1.106 A Crash Model

=
1l

=
1l

B. EOM FOR OCCUPANT
%,=-ESW {1-C(p)+ot *S(p)}
ES WLS'(p)Hnt “Cp)

=x,+0+ ESW{I -C(p)+wt *S(p)

x,| =—ESW {1+/1+(wt*)* }

Where  p=0(t-t*) for t >
LS , t* 26 . . . restraint contact time
M, ESW

C(p)=Cosine(p), S(p)=Sine(p)

X, =X +

(1.52)

W=

C. ENERGY DENSITY

e= fseodxo: X d(x,+x, )= fa’c‘o(dxv+dxo/) fxdx + fx dx, =e e
e,; (ridedown energy density)= f Xdx, = [%(v,~t ESW)dt

e, (vestraint energy density)= f xXdx, = f X d(x,-x,)

*2 _ _ *
Ot _i_t2+t +S(p)( Vo +t_t* +C(p) vot +L+tt*
S ESW 2

ESW)?
¢a=(ESH) ESW o> 2 o \ESW

(EST) | iraenr +((.)2t*2—1) N
e,s( w] 1-Clp)+ot *S(p)+ 28 (p)--5(2p) 153

t” t'S(p) _Cp)-1
w

(1)2

2
2|t
erd|max 7 (ESW)

vo

ESW

1O iary

1 *
. +|a|]
Maximum e,  occurs at I _t*+1t—((ot)
()

Maximum e, occurs at t, =

time of dynamic crush

ES W
€,s | (

max ()

time of X,| ..
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1.10.1.1 Equations of Motion and Energy Density of a Crash Model

A simple occupant-vehicle model, shown in Fig. 1.106, is used to study the ridedown and restraint
energy distribution and the effect of vehicle structural deformation and restraint stiffness on the
ridedown efficiency, and occupant response. The model consists of an occupant mass, restraint
stiffness, restraint slack, and a vehicle structure with a constant force level. Using the equations of
motion for a simple occupant-vehicle model [14], a set of closed-form solutions for the transient
ridedown and restraint energy densities was derived. These solutions are presented in the following
analysis. The accuracies of the transient energy density expressions have been verified using a
numerical integration technique where occupant and vehicle transient responses are used. Expressions
for the maximum ridedown and restraint energy densities and the corresponding times at which the
maximum densities occur are also shown.

1.10.1.2 Ridedown, Restraint Energy Densities, and Timings

Shown in the previous section in Eq. (1.53), the maximum ridedown energy density occurs at the
time of dynamic crush and the maximum restraint energy density occurs at the time of peak occupant
deceleration. Since the time of dynamic crush is in general different from the time of maximum
occupant response, the sum of the maximum restraint and ridedown energy densities does not add up
to the total occupant kinetic energy density. The expressions for the ridedown and restraint energy
densities are shown in Eq. (1.54) for 0 (restraint slack) greater than zero.

(A) O (restraint slack) > 0

For & (restraint slack) > 0:

*2 * -
e =0.5v2-(ESWp|_+150)_ )1
max 2 w (1)2

Define | : ridedown efficiency,
e : energy density, then

il ESWR[? 0S0)_C@)1] (1)
2 9 ® 2
0.5v, e w (1.54)
Where  p=w(t, - t*) for t >1t*
| K | 20 _ Y%
W= —, ' | = I, =
M, ESw " ESW
C(p) = Cosine(p), S(p) =Sine(p), e=.5 Voz
2 *\2
" =[M) 1+%+,/1+(wt b 4 )
max w

For the model shown in Fig. 1.106, there exist certain conditions for which the sum of the restraint
and ridedown energy densities equals the occupant initial kinetic energy density, and for the timings
when the maximum restraint and ridedown energy densities occur coincide.

(B) 0 (restraint slack) =0

When the restraint slack, 8, is equal to zero, (1) of Eq. (1.54) is simplified as shown in Eq. (1.55).
A ratio of maximum restraint energy density to the occupant initial kinetic energy density is defined
as a restraint factor (). Formula (3) of Eq. (1.55) shows the normalized relationship between the
occupant kinetic energy density, restraint energy density, and ridedown energy density. It is shown
that when & is zero, the sum of ridedown efficiency (1) and restraint factor (1) equals one. In other
words, the sum of the restraint and ridedown energy densities is equal to the occupant initial kinetic
energy density; and the time of the maximum restraint energy density (t,, time of maximum occupant
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deceleration) and the time of maximum ridedown energy density (t,,, time of dynamic crush) coincide
as shown by (6) of Eq. (1.55).

For 0 (restaint slack) = 0

€l
rs

Define: A: restraint factor, A\ = o
e

vO

t,: time of dynamic crush, t, = SW
t,: time of maximum occupant deceleration
C(p) = Cosine(p), ~ where p = ot

2 -
p=1 - EWL - )
e ©
e| =28y L @) (1.55)
max ®
Substituting (2) into (1), one gets
p=1-S5Al-Cp»)] ....... ?3)
wv,
Cp) = C(wt,) = C[ ESW) ...... “
Note:p +A =1 i [1-C(p)]=2 or Cp=-1
WV,
therefore p =T = W 5)
vo
then tg=£=m=tm ....... (6)

Using (5) of Eq. (1.55), a relationship is derived in Eq. (1.56) which shows how the occupant
restraint and vehicle structural parameters affect the timings, t,, and t,. The conditions shown in (4)
of Eq. (1.56) determine the relative magnitudes of the two timings. By adjusting the restraint and/or
structural parameters, the relative magnitudes of the two timings can be changed. Case study using
this relationship is presented in Section 1.10.2.2.
wv,

=T
ESW
Using the conventional units such as
ESW (equivalent square wave):g, v (initial velocity): mph
f (restraint natural frequency). Hz, and
o (circular natural frequency): radians/sec
Since ®w=27f, (1) becomes (in natural units)

Since

2
Po @
ESW
Converting to conventional units: (2) becomes (1.56)
fv
° =11 3
ESW ®
if < B then 1> 1,
i =5 hen 1 o=e, )
if £> 25 then 1 <1,

o
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1.10.2 Validation of Energy Density Model in High Speed Crash

A pick-up truck equipped with an air bag and belt restrained dummies was crashed into a rigid
barrier at 35 mph. Based on the test data, the ridedown and restraint energy densities of the driver
dummy can be computed. These test energy densities are then compared with those computed from
the simple model for validation.

1.10.2.1 Test Energy Densities

The vehicle compartment and left-front dummy torso decelerations and displacements from the
test results are shown in Figs. 1.107 and 1.108, respectively. The vehicle dynamic crush and
maximum occupant travel (relative to vehicle) are 25.7 and 9.5 inches, respectively. The time of
dynamic crush (t,,) is 70 ms, and the time of maximum occupant deceleration (t,) is 63 ms.

10 T T T T T T
0 .......
-10
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- -20
0]
e}
] -30
-40
torso decel
-------- vehicle decel
-50 | 1 | 1 1 1
0 20 40 60 80 100 120 140
Time, ms

Fig. 1.107 Test Decelerations of a Truck and L.F. Torso
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Fig. 1.108 Test Displacements of a Truck and L.F. Torso

The occupant restraint and ridedown curves can then be plotted. These are shown in Fig. 1.109.
Note that the plot of the restraint curve is based on the torso deceleration and relative torso-vehicle
displacement (torso travel). The restraint curve onset time (at zero-plus torso travel) is about 20 ms,
which is found from the torso and truck displacement curves shown in Fig. 1.108. At 20 ms, the chest
deceleration starts picking up as shown by the torso deceleration curve in Fig. 1.107, which is also
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reflected in Fig. 1.109. At the same time, the ridedown curve starts picking up. At this time, the
vehicle had crushed about 12 inches already. Occupant ridedown starts from this point on until the
vehicle reaches a dynamic crush of 25.7 inches.

10 T T T LI T

Torso Decel,

restraint o .
-------- ridedown it

1 | 1 I
0 5 10 15 20 25 30
Displacement, in

Fig. 1.109 Test Restraint and Ridedown Curves

The torso restraint and ridedown energy densities in the 35 mph test are then computed from Fig.
1.109. These are shown in Fig. 1.110. The computed maximum ridedown energy density is about 250
g-in and restraint energy density is about 235 g-in. Therefore, the ridedown efficiency is
250/(250+235) = 51%.
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Fig. 1.110 Test Restraint and Ridedown Energy Densities

1.10.2.2 Model Energy Densities
Since the dynamic crush of the truck in the 35 mph test is 25.7 inches, the equivalent square wave
(ESW) is computed to be:

2
ESW = .42— - 4 -19.1g (1.57)
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The comparison of the ESW with the vehicle compartment crash pulse is shown in Fig. 1.111.
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Fig. 1.111 Test and Model Comparisons of Vehicle and Torso
Decelerations

The restraint slack can be estimated from the torso deceleration onset time which is about 28 ms
from the torso deceleration curve shown in Fig. 1.111.

t* =0.072 & (units are in inches, mph, and g).
ESW 0.028 (1.58)
t* .028 sec .
5 = ESW 2 =191g (—==) =28 in
(0.072) g ( 0.072 y

The restraint specific stiffness, k, used in the test can be estimated from the test restraint curve
in the loading phase shown in Fig. 1.112. k (the slope of the line segment) is computed to be about
5.3 g/in and the restraint natural frequency, f, can then be computed as follows:

F-L K 2L\/386.4k
T

2n\N W (1.59)
here k (specific stiffness) = 5.3 glin, then
f=172Hz

Having obtained ESW, restraint slack, 8, and natural frequency, f, the occupant deceleration,
restraint and ridedown energy densities, can then be computed using the formulas shown in Egs.
(1.51)-(1.53).

The model torso deceleration, shown in Fig. 1.111, is compared to the test curve. The peak torso
deceleration is about the same, but the timing is late by 15 ms. Both test and model torso decelerations
resemble the haversine pulse. This is due to the fact that the output response of a simple crash model
subjected to a constant g-force input is a haversine.

The occupant restraint and ridedown curves for both test and model are shown in Fig. 1.112. Both
model and test curves are comparable. Since only the restraint stiffness in the model loading is
specified, the model unloading slope in the restraint curve is the same as the loading slope.

Shown in Fig. 1.113, the computed model energy densities using the closed-form formula
compare closely with those from the test. The computed model ridedown efficiency is 53 % compared
to 51 % from the test.
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Case Study: Using the pick-up truck test data analyzed in this section, verify the occupant and vehicle
response timing relationship shown in (4) of Eq. (1.56).

The pick-up truck is equipped with an air bag and belt restraint system. The restraint natural
frequency, f, has been estimated to be 7.2 Hz, as shown in Eq. (1.59). The ESW of the vehicle is 19.1
g computed in Eq. (1.57), and the barrier test speed is 35 mph.

From the formula (4) of Eq. (1.56), the right-hand side of the term [11 ESW/v,] is equal to
[11x19.1/35] = 6. Since fis 7.2 Hz, greater than [11 ESW/v ], it is expected that t, <t,. Based on
the test results shown in Figs. 1.107 and 1.108, t, and t,, from the test are 63 and 70 ms, respectively.
From Eq. (1.55) and Fig. 1.111, t, and t,, from the model are 78 and 82 ms, respectively. In both test
and model, t, <'t,, which agrees with the relationship defined by the formula (4) of Eq. (1.56).

Let us define f, to be the transition timing frequency, equal to [11 ESW/v_]. Ifthe stiffness of the
restraint system is increased beyond f,,, then the maximum occupant deceleration occurs before the
time of dynamic crush. It will be shown in Eq. (4.17) of Section 4.3.4.5 of Chapter 4 that t, is a
function of the restraint contact time t* and restraint natural frequency, f. When f increase, so does

t,.
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1.10.3 Contour Plots of Ridedown Efficiency and Occupant Response
Normalizing the maximum ridedown energy density, shown in Eq. (1.53), by the occupant energy
density, e, yields the ridedown efficiency, as shown by (1) of Eq. (1.54). For the special case where
the restraint slack is zero, the ridedown efficiency, shown by (1) of Eq. (1.55), becomes a maximum.
Shown in Fig. 1.114 is the ridedown efficiency surface contour for the truck in the 31 mph barrier
test from Section 1.10.2. The femur to instrument panel slack, 9§, is 6 inches. As ESW decreases
and/or f (restraint natural frequency) increases, the ridedown efficiency increases.

ridedown eff. o~

100
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40
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0

10
14

ESW, g

Fig. 1.114 Ridedown Efficiency Contour Plot (=6 in)

While the ESW decreases, the ridedown efficiency increases, as shown in Fig. 1.114, and the
femur deceleration decreases, as shown in Fig. 1.115. However, as the restraint natural frequency
increases, even though the ridedown efficiency increases, the femur deceleration also increases. Itcan

therefore be stated that the higher ridedown efficiency does not guarantee that the occupant response
is always lower.
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Fig. 1.115 Femur Deceleration Contour Plot (6=6 in)
From the vehicle structural point of view (considering ESW as a variable), the higher ridedown

efficiency always guarantee a lower occupant response. However, from the restraint point of view
(considering restraint natural frequency as a variable), the higher ridedown efficiency does not always
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guarantee lower occupant response.

To mitigate the effect of the restraint slack, a knee bolster air bag for example can be utilized.
By adding this, the restraint slack is quickly taken out in a crash. For cases without restraint slack,
the ridedown efficiency is the maximum for a set of design parameters such as the ESW and restraint
natural frequency, as shown in Fig. 1.116.
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Fig. 1.116 Ridedown Efficiency Contour Plot (=0 in)

The effect of the restraint natural frequency on the occupant response depends on the slack (see
B. EOM for Occupant in Eq. (1.52)). When the slack is taken out (8=0), any change in the restraint
stiffness (f) has no effect on the femur deceleration, as shown in Fig. 1.117.
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Fig. 1.117 Femur Deceleration Contour Plot (6=0 in)

In the absence of restraint slack, the magnitude of the femur deceleration becomes two times that
of the ESW. Although the restraint natural frequency does not affect the magnitude of the occupant
response when the restraint slack is zero, it nevertheless affects the restraint deformation. When the
restraint natural frequency is small, both the restraint deformation and restraint energy become large,
and the ridedown energy (initial occupant kinetic energy-restraint energy) and ridedown efficiency
become small, as shown in Fig. 1.116.

In a restraint design, the maximum component force level can be kept constant by a design
constraint. For example, the steering column can be designed to yield a constant force level with the
use of a break-away shear pin. In addition, the column can be designed to meet the varying stroking
distance requirement. As far as the air bag and inflator design, the depth (deformation) and stiffness
of a fully deployed air bag can be controlled to meet the force-deflection requirement with the use of
tethers inside the air bag and adjustment of the vent size and inflator rise rate.
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1.10.4 Restraint Design with Constant Occupant Deceleration

A simple means to achieve a constant peak occupant deceleration (a haversine pulse) is to have
zero restraint slack. This peak occupant deceleration is two times that of vehicle ESW.

Assuming a truck in a 35 mph rigid barrier test with the following data:

ESW (equivalent square wave) = 19.1 g
0 (restraint slack) = 0 inch

Find the occupant response and energy density distribution for three cases with restraint natural
frequencies (f) as shown below. Note that the case #2 frequency, 6 Hz, derived using (3) of Eq.
(1.56) for the restraint system with slack equal to zero, is termed the restraint critical frequency, f,.

ESW _ 1 19.1g
v 35mph

o

£ =11 - 6Hz (1.60)

Using Egs. (1.51)-(1.54), all the other responses can be computed for the three cases as shown
in Table 1.9. Case #2 shows that the timing, t,,, of vehicle dynamic crush coincides with the timing,
t,, of maximum occupant response, a,, and that the sum of restraint and ridedown energy densities
equals the initial occupant kinetic energy density, e.

Table 1.9 Occupant Response with Restraint Slack Equal To Zero

Case f,Hz t,ms t,ms d=x,,, in a,g ey gin e, gin e te,, g-in
#1 5 83 100 15 38.2 222 288 510
#2 6 83 83 10.4 38.2 290 200 490
#3 7 83 71 7.66 38.2 352 147 499

Formula (4) of Eq. (1.56) also shows the timing relationship between t, and t,. In this example,
the transient ridedown and restraint energy densities for the three cases are plotted and shown in Fig.
1.118. The heavy curves are for the restraint energy densities, and the thin curves, ridedown energy
densities. Note that for case #2 with a critical frequency of 6 Hz, the ridedown and restraint energy
densities add up to the total occupant kinetic energy density, e = .4 v* = .4 (35 mph)* = 490 g-in.
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Fig. 1.118 Energy Densities versus Time for 3 Cases with
Restraint Slack =0
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Fig. 1.119 shows the occupant deceleration versus relative displacement for the three cases. The
slope of each line segment represents the specific stiffness of that case. Case #1 has the softest
restraint (5 Hz) and the largest restraint deformation while case #3 (7 Hz) has the stiffest restraint and
the least deformation. However, all the three cases have the same occupant deceleration.
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60 ./',. .x"" T
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Fig. 1.119 Occupant Acceleration vs. Restraint Deformation

The relationship between the three variables, occupant deceleration (a), restraint deformation (d),
and restraint natural frequency (f), observed in Fig. 1.119 can also be derived by method in Eq. (1.61).

k k

f=L L then E-mp .. )
2n\ m m
Define a: occupant deceleration, then Ll
- E Lk ompa @ (161
m

for case #3: f=THz, d = 17.66 in, then
a = 2n x THz)?(7.66in) = 14,818 in/s®> = 383 g

The relationship between the restraint energy density (e,;) and the restraint deformation (e) can
also be derived separately from the plot shown in Fig. 1.120. The straight line segment of e, vs. d
is plotted using the data shown in Table 1.9.

300 T T T

250 | .

0 1 1 1
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Fig. 1.120 Restraint Energy Density vs. Deformation
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Since restraint energy density is the area under the a vs. d line segment shown in Fig. 1.119, the
relationship can then be derived as shown in Eq. (1.62).

A a,Ad )

€ = e

rs 2

The slope of line segment in e, vs. d plot:

a Ae

o _gsw-5 L. 2 (1.62)
2 Ad

a ~ .

G _ @8 - 4N)guin _ 195, 4 -384¢

2 (15-7.66) in

1.10.5 Design Constraint and Trade-Off

In this design example, the design limit and trade-off between the knee bolster and vehicle
structure available crush spaces are discussed. In practice, the femur deceleration or loading is not
only governed by the vehicle dynamic crush and knee bolster stiffness, but also by the knee bolster
available crush space. Assuming that the available knee bolster crush space, D, is 6 inches before it
bottoms out and the design target force level, F, is 1800 pounds, then the bolster stiffness, K, is
computed to be 300 1b/in. This knee bolster design, having the constant restraint energy force-
deflection relationship shown in Fig. 1.121, yields the same ridedown efficiency despite differences
in knee bolster deformation.

4000 T T
— F=2E/D

....... stiffness, K
- stiffness, 2K

s000 Lo stiffness, 3K
Q
~
~2000
> =
R I S -
s e e
S I e A R
& RS S Rt
~1000 F PR i
& ST e -

o ez | L 1 L ;

0 1 2 3 4 5 6
D (Deflection), 1in
Fig. 1.121 Constant Energy Knee Bolster Force vs. Deflection

The knee bolster restraint energy, E,, at this design level, the femur (w = 35 lbs) kinetic energy,
E, at the 31 mph impact, and the femur ridedown efficiency are shown by (1), (2), and (3) of Eq.
(1.63), respectively.

E, =%DF=%(6 in x 1,8001b) = 5,400 inlb . ... (1)
= The constant energy F-D curve is DF = 10,800 in-Ib
E = M(% V) = 351b (385 g-in) = 13475in-1b . ... (2) (1.63)

The ridedown efficiency is:
Ea_E - B, 13475 - 5400

=60% ....... 3)
E E 13475
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If the restraint energy remains the same and the knee bolster stiffness has to be doubled to 2K

due to limited knee bolster crush space, then the corresponding knee bolster deflection, D, and the
femur force, F, are shown in Eq. (1.64). The constant energy knee bolster force-deflection curve with
stiffness of 2K is shown in Fig. 1.121.

2E i
D= rs _ 2 x 5400 in-Ib =4.243 in

@K) | @2x300) %
n

(1.64)
The femur force is: F =(2K)D = (600 {—b) x 4.243in = 2546 Ib
in

Since this femur force exceeds both the design level of 1800 pounds and the FMVSS limit of

2250 pounds, the vehicle structure must be changed such that the vehicle ESW is decreased according
to the surface contour plot in Fig. 1.114. The trade-off between the vehicle dynamic crush and knee-
bolster available crush space is evident in the vehicle design needed to meet the safety design limit.
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CHAPTER 2
CRASH PULSE CHARACTERIZATION

2.1 INTRODUCTION

To supplement full scale dynamic testing of vehicle crashworthiness, mathematical models and
laboratory tests (such as those using a Hyge sled or a vehicle crash simulator) are frequently
employed. The objective of these tests is the prediction of changes in overall safety performance as
vehicle structural and occupant restraint parameters are varied. To achieve this objective, it is
frequently desirable to characterize vehicle crash pulses such that parametric optimization of the crash
performance can be defined. Crash pulse characterization greatly simplifies the representation of
crash pulse time histories and yet maintains as many response parameters as possible. The response
parameters used to characterize the crash pulse are those describing the physical events occurring
during the crash such as (maximum) dynamic crush, velocity change, time of dynamic crush, centroid
time, static crush, and separation (rebound) velocity. In addition, the kinematic responses of the test
such as transient acceleration, velocity, displacement in time domain, and energy absorption in the
displacement domain are compared. Frequency contents and spectrum magnitudes of harmonic pulses
in a Fourier series pulse characterization can be utilized for frequency domain analysis.

A number of crash pulse approximations and techniques have been developed for the
characterization. These are divided into two major categories according to whether or not the initial
deceleration is zero.

e Pulse approximations with non-zero initial deceleration

* Average Square Wave (ASW)

* Equivalent Square Wave (ESW)

* Tipped Equivalent Square Wave (TESW)

*  Pulse approximations with zero initial deceleration

* Fourier Equivalent Wave (FEW) and Sensitivity Analysis

* Trapezoidal Wave Approximation (TWA)

* Bi-Slope Approximation (BSA)

* Basic Harmonic Pulses

Each one of the approximation techniques is solved analytically for a closed-form formula which
satisfies certain boundary conditions based on the crash test results. Since the mechanism of each
impact involves two distinct phases, the deformation phase and the rebound phase, the boundary
conditions at the end of the deformation phase are utilized to derive the parametric relationship. The
dynamic crush and/or velocity change at the end of deformation phase are the basic boundary
conditions frequently used in the analysis.

2.2 MOMENT-AREA METHOD

Given the accelerometer output from a crash pulse, the velocity and displacement can be obtained
from the first and second integrals of the output data. However, the displacement can also be
determined directly from the accelerometer data and only the first integral by using the moment-area
method. This method yields a kinematic relationship between the maximum dynamic crush, the
corresponding velocity change, and the centroid of the crash pulse.

The centroid is the geometric center of the area defined by the acceleration curve from time zero
up to the time of dynamic crush. The centroid of a crash pulse defines the characteristic length (crush
per mph) of the structure and determines whether the crash pulse is front-loaded, even-loaded, or rear-
loaded. The shape of the crash pulse as influenced by the location of a centroid affects the occupants’
responses. The centroid method is also used in the derivation of Tipped Equivalent Square Wave
(TESW) for the crash pulse analysis described in Sections 2.3.3 and 2.3.4 of this chapter.
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2.2.1 Displacement Computation Without Integration

The moment-area method is applied to derive the displacement equation without using the double
integral of the accelerometer data. Letting the initial conditions be x =x,and v=v, att=0, the
displacement x,, the position of particle at t =t;, can then be derived. In the v-t diagram shown in
Fig. 2.1, the displacement change, x,- X, is the area under the v-t curve. The area consists of a
rectangle, v, t;, plus the area between the horizontal line v, and the velocity curve. The derivation of
the displacement formula is shown in Eq. (2.1).

v tl— i
Y1

0
0
b
da |
a ké
| °c —
dt —|: ty-t
0 t ty
Fig. 2.1 Moment-Area Method and Displacement
Equation
Y1
xl—x0=v0t1+f (¢, -Hdv N )|
vO
since dv = adt,
let t,-t=y,

differential area: dA = adt,
and t, -t = Y (horiz. location of centroid under a vs. t curve)

fvvl(tl_,)dv - ft’l(tl—t)adt = fydA 2.1)
7 (tl—t_)f:‘adt

Substituting this into (1):
X, =X, t vl o+ (tl—t)ft‘adt B )
0

where f “adt is area under the a-t curve between 0 and t,
o
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2.2.2 Centroid Time and Characteristics Length

Since the centroid time is the time at the geometric center of area of the crash pulse from time
zero to the time of dynamic crush, it can be computed using the displacement equation derived in the
previous section.

In a fixed rigid barrier impact where the initial velocity is v,, and the dynamic crush, C (x, at t,),
the centroid time is simplified as follows:

X, =x, vt +(t-1) f:ladt

where fo hadt = vi-v,=0-v =-v

C=x =0+vg + (tl—t_)(—vo) = vot_ = v, (2.2)
then, centroid time t, is simplified to

C
LL=— ... €))

v

In a general case, where a bullet vehicle impacts on a target vehicle, the centroid times of both
vehicles are the same. Using the concept of relative motion described in Section 4.7.1.1 in Chapter
4, the centroid time can be computed using Eq.(2.3) where AC is the total dynamic crush and Av, is
the relative approach velocity or the closing speed of the two vehicles.

t, = 2 (23)

From the formula derived for a rigid barrier impact, the expression for the centroid time is the
same as that for the characteristic length of the vehicle structure. For the conventional units such as
C (in), v, (mph), and t, (ms), the centroid time formula becomes:

t, = 56.8 < where

Vo (2.4)
C:in, v, mph, and t;: ms

Since C is the dynamic crush and v, is the vehicle-rigid barrier impact velocity, the ratio of C/v,
(the amount of crush per unit of impact speed, inch/mph) is defined as the characteristic length of the
vehicle structure. Based on eleven fixed barrier impact tests of a mid-size passenger car and a linear
regression analysis, the characteristic length is found to be approximately 0.92 inch/mph, the slope
of the regression line as shown in Fig. 2.2. For light trucks, the characteristic length is about 0.7
inch/mph.

The intercept of the regression line with the x-axis (velocity) is about 2 mph, at which there is no
dynamic crush. Since any impact at a low speed yields a dynamic deformation, the only case to have
zero dynamic crush is when the impact velocity is zero. This suggests that a higher order regression
curve be used if the accuracy in the low speed prediction is critical. In a study by Lundstrom [1],
about thirty mid-1960 production domestic automobiles were run into rigid barrier at speeds of 10-50
mph. The characteristic length was found to be 1.2 inch/mph and the horizontal intercept was about
8 mph. Therefore, the linear regression line is C= -8 + 1.2 V where C is the dynamic crush in inches
and V is the barrier impact velocity in mph.
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Fig. 2.2 Centroid Time of a Mid-Size Passenger Car
(slope of C vs. V line)

The significance of the characteristic length lies in the fact that it is related to the vehicle stiffness
per unit of vehicle weight (specific stiffness) which is presented in Chapter 4. Thus, the specific
stiffness (pounds/inch/pound), k/w, is inversely proportional to the square of characteristic length
(inches/mph). For example, for mid-1960 automobiles, the characteristic length is 1.2 inches/mph;
then the specific stiffness is equal to 0.555 pounds/in/pound. For a typical automobile weight of 4,000
pounds, the front end structure stiffness of the mid-1960 vehicle is then equal to 2222 pounds/inch.
For a more modern mid-size vehicle as shown in Fig. 2.2, the specific stiffness is 0.945
pounds/in/pound (use C/V=.92 in the formula for k/w in Section 4.5.1 in Chapter 4). For a typical
vehicle weight of 3500 pounds, the front end stiffness is then 3308 pounds/inch, which is stiffer than
that of the mid-1960 vehicles. In other words, modern vehicles are smaller, lighter but stiffer than
those in mid-1960.

2.2.3 Construction of Centroid Time and Residual Deformation
The centroid time can be constructed for a given displacement-time history of a crash test as
shown in Fig. 2.3.

d
C
RD A T
B
Yo
t
0 tc tm

Fig. 2.3 Centroid Location and Residual
Deformation

Residual deformation (RD) is the displacement difference between the dynamic crush (maximum
displacement) and the displacement at the centroid time. Graphically, RD can be constructed from
the transient displacement curve obtained from the single- or multiple-vehicle test.
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Given a transient displacement (crush) profile from a barrier crash test, the residual deformation
and its centroid location on the time axis can be constructed as follows.

Construction:

1. On the d-t curve, draw a slope at time zero. The slope is the initial barrier impact velocity, v,.
2. The slope intersects the horizontal line through dynamic crush, C, at A.

3. Draw a vertical line from A which intersects the displacement curve at B and time axis at t,.

4. The distance between A and B is RD.

From Section 2.2.2, the relationship between the dynamic crush, centroid time, and the initial
impact speed is shown as follows.

_ opposite side _ C

adjacent side  t, 23)

From Eq. (2.5), C/v, (a characteristic length) is also the centroid time of the crash pulse in the
deformation phase. t, is the centroid time where RD (residual deformation) is located. Shown in Fig.
2.3, RD is equal to the dynamic crush minus the vehicle displacement (or deformation) at the centroid
time. Note that Eq. (2.5) is also applicable to vehicle-to-vehicle impact where C is then the maximum
dynamic crush of the two vehicles combined and v, is the relative approach velocity (or closing
speed). Both vehicles yield the same centroid time and time at dynamic crush.

It has been found that in a rigid barrier impact, the effect of RD in reducing the occupant injury
numbers in an impact is similar to the effect of dynamic crush (see Fig. 1.98 in Section 1.9.5 in
Chapter 1). The test data of the mid-size passenger car and full-size truck in the 31 mph rigid barrier
tests are analyzed for the correlation between the chest g and RD. Shown in Fig. 2.4 is the scatter
plots of chest deceleration versus RD for both car and truck, respectively. The effect of RD in
reducing chest deceleration is more pronounced in light trucks than in passenger cars. This is because
the slope of the regression line for the truck is steeper than that of the car as shown in Fig. 2.4.

From Fig. 2.4, the mean values of the RD for the car and truck in the 31 mph tests are about 5.2
and 4.3 inches, respectively. The mean values of the dynamic crush for both car and truck from Fig.
1.98 are about 23 and 18 inches, respectively. Therefore, the percentage of RD in terms of the
dynamic crush for both car and truck is about 23%. It will be shown in the next section that for a
vehicle structure represented by a linear spring mass system which yields the halfsine transient
displacement, the RD is 16% of the dynamic crush, and the centroid time is 64% of the time of
dynamic crush (t,). In production vehicles, the typical range of the relative centroid location (ratio
of centroid time to the time of dynamic crush) is between 46 and 57% less than that of a spring mass
model (64%). However, the percentage of RD w.r.t. the dynamic crush of a production vehicle is a
few percentage points larger than that of the spring mass model (16%). The differences in the timing
and magnitude of response between the test and the spring mass model are attributed to the absence
of damping in the model. The detailed discussions on this subject are presented in Section 4.10 of
Chapter 4.

2.2.3.1 Centroid of a Quarter-Sine Pulse

The x and y coordinates of the area centroid of the quarter-sine pulse shown in Fig. 2.5 are to be
determined. The derivation steps to obtain the x and y coordinates are shown in Egs. (2.6) and (2.7),
respectively. The x coordinate of the area centroid is equal to 64% of the duration of the quarter-sine
wave. The use of centroid of a quarter-sine wave in approximating a test crash pulse and in simple
spring-mass impact modeling will be explored in this chapter and Chapter 4, respectively.
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_ f xdA
X= y where dA=ydx=(sinx)dx,

and A =fdA =[-cosx];=1-cosx
Integrating: f xdA= f “X(sinx)db,
0

one can use integration by parts(dvu=vdu+udv).
Use u=x, du=dx, and let dv=(sinx)dx, then v=-cosx

f udv=uv- f vdu=-x(cosx) + f *(cosx)dx=sinx-x(cosx) (2.6)
0
and X- xdA _ sinx—x(cosx) )
T e

For x=g, X-1 (or 64% of g)

then  RD(residual deformation)=1 —sin()?) =1-sin(1)=.16
= 16% of dynamic crush

= [yadd
Y= VB where dA =ydx

let y,(midpoint of y of the element dA) =%, then

fyesz% [y’dx  where  y=simx 2.7

1 2 1 ) 1,x 1 sin2x
o —|yedx=—|sin“xdx=—{ "(1-cos2x)dx=—| x——=

a5 il ) 4( 2 J
1

1l n, & = T
— [yYdx==(=)==, - Y= =— = 0.393
2fy 2273 8

For x=£, A=1,
2
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2.2.3.2 Residual Deformation of a Quarter-Sine

A quarter-sine displacement curve is the displacement-time history of a simple spring mass model
impacting a rigid barrier. Since the deceleration response of the spring mass model is also a halfsine,
the area centroid locations of both displacement and deceleration responses are the same. The centroid
location of the simple spring mass model response provides a reference value for those derived from
the crash test results. Residual deformation (RD) is defined as the difference between the dynamic
crush and the crush at the centroid time. Higher RD has been found to correlate well with the higher
occupant ride down efficiency and the lower occupant torso deceleration in an impact.

For a quarter-sine displacement curve, the relative centroid location, t /t,,, equals to .64 as shown
in Eq. (2.8). It has been derived in the previous section that RD = 0.16 C.

t,=—=—=—=—=Z=¢t, where

v, ®, 27 2n s 2.8)
t is the period of the sinusoidal wave )
: t, = .641,

2.3 PULSE APPROXIMATIONS WITH NON-ZERO INITIAL DECELERATION

A crash pulse is a collection of accelerometer data points recorded in a test. The duration of the
collision lasts from the time of impact (time zero) to the time of separation. The deceleration value
at both of these times is zero in any collision. In the following section concerning the crash pulse
approximations using ASW (Average Square Wave), ESW (Equivalent Square Wave), and TESW
(Tipped Equivalent Square Wave), the deceleration at time zero is non-zero. The approximation of
a crash pulse with non-zero deceleration at time zero is simpler since only one line segment needs to
be defined during the deformation phase. The number of parameters needed to define the pulse
approximation depends on the number of boundary conditions to be satisfied. It ranges from one
parameter for both the ASW and ESW approximations to two parameters for the TESW
approximation.

2.3.1 ASW (Average Square Wave)
Using kinematic relationship (2) of Eq. (1.12) in Section 1.4, we have

dt ’
Let t,, be the time of dynamic crush, C. Since the magnitude of velocity change between time
zero and t,, in the fixed barrier impact is V,, the deceleration of the average square wave, A, can
then be expressed as

Av v

a=A, =—"==" (2.10)
HCE | t,

Note that Eq. (2.10) uses consistent units, such as ain ft/s*, v, in ft/s, and C in ft.

where: A, : Average Square Wave (ASW)in g’s
v,: barrier impact speed in mph
t,,: time at dynamic crush in ms
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After converting to conventional units shown above, Eq.(2.10) becomes:

v0
A, = 45552 @.11)

tm

Since ASW is defined by the velocity change between time zero and t,, it satisfies the test
velocity boundary condition at t,. Since the energy per unit of mass (energy density) in the
deformation phase up to t,, is equal to the energy density difference between time zero and t,,, 0.5V ?,
the energy contained in the ASW up to t,, is the same as that of the test. However, the test dynamic
crush is not met in general by the ASW. Therefore, the energy density computed by the product of
ASW and its dynamic crush will be different from that in the test. The details and comparisons are
presented in the following sections.

Just as ASW satisfies only the test velocity change but not dynamic crush, ESW satisfies the test
dynamic crush but not t,,. The characteristics of ESW are described in the next section.

2.3.2 ESW (Equivalent Square Wave)
Using kinematic relationship #3 of Section 1.4, we have

adc =vady
fx adx = [V vdv (2.12)

0

There are two differential variables shown in Eq. (2.12) which are differential displacement (dx)
and differential velocity (dv). The term adx or vdv is referred to as the differential energy density,
where the time variable is not involved. Furthermore, adx is related to the differential change in
structural energy absorption and is equal to vdv, the differential change in kinetic energy of a particle.

The initial conditions at t = 0 are v = v,, X = X,= 0, and the boundary conditions (b.c.) att=t,
(time of dynamic crush) are v =0, x = C (from the test).

Let a = constant with positive magnitude, and v,=V, then the integrals yield Eq. (2.13).

V2

=527
a c (2.13)

Note the equation above uses consistent units, such as ain ft/s*>, Vin ft/s, and C in ft. Then, after
converting to conventional units, Eq. (2.13) becomes Eq. (2.14).

VZ
ESW = 4 Vel (2.14)

where ESW: Equivalent Square Wave in g’s
V: Barrier impact speed, mph
C: Dynamic crush, in

As an example, for a mid-size passenger vehicle in a barrier impact test at V = 30 mph, the
dynamic crush is C =24 inches. Using Eq. (2.14), the magnitude of ESW is then equal to 15 g. The
dynamic crush due to ESW is the same as that from the test. However, t,, the time at dynamic crush
due to ESW, is later than that in the test.
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2.3.2.1 ESW Transient Analysis

There are several parameters defining an ESW in the deformation phase and its integrals.
Assuming the deceleration in the restitution phase is a ramp extending from ESW to zero, then the
parametric relationship can be obtained for the ESW transient analysis. Given the vehicle barrier
impact speed (V), dynamic crush (C), and rebound velocity (V, ), the formulas for (ESW), time of
dynamic crush (T), rebound displacement (d,), static crush (C,=C - d,), rebound duration (AT), and
coefficient of restitution (e) can be derived as follows:

Deformation Phase (0 ~ T): The dynamic crush, C, can be derived as a function of initial velocity,
V, and time of dynamic crush, T. Note that T defined here is for ESW only and is not necessarily the
same as t,, from the test.

since a-= .5v—C2’ ........ D),
and a-= % .......... 2), (2.15)
~(1)=@Q), C=53T ......... ?3)

Using the units of g, mph, in, and ms, (3) of Eq. (2.15) becomes C = 0.0088 vT.
For a full- size car in a rigid barrier impact: T =100 ms, then C = 0.9 v, where the slope is (C/v) is 0.9
in/mph and is referred to as the characteristic length of the vehicle for the given impact mode.
For a full-size car in a rigid pole impact: T =180 ms, then, C = 1.6 v and the characteristic length is
1.6 in/mph, larger than that in the rigid barrier impact. This is due to the fact that the structure in the
pole localized impact is softer than that in the frontal barrier test.
Restitution Phase (T -~ T+aT)
The rebound displacement, d,, and rebound velocity, v,, can be obtained explicitly as follows:

Deceleration in the restitution phase: X = a + (;—;)t

t

2
here t 0 -~ AT, th ¢ = [xdr =at + (=L
where en x [x a (AT) 5
' at? -a.t?
and x = fxdt == + ()= (2.16)
| 2 AT 6
= AT)'c'dt=aZAT .. (), and
_ ATy, _ a (ATY?
d. f Xdt =3 N )

Using units of g, mph, in, ms:
Eq.(4) becomes v, = 011 a AT, Eq.(5) becomes d, = .000129a (AT)*
2
a=4 % and AT =2 e T (e: coeff. of restitution),

. d, = 00let (1) = (2),02064 (ev_cn2 .......... © (2.17)

For e=.15 T =100 ms, then d = '056
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2.3.3 Tipped Equivalent Square Wave (TESW) — Background

The general requirement for a vehicle crash pulse approximation is that (1) it should characterize
the crash pulse with the smallest possible number of parameters needed to describe the vehicle
dynamic responses, and (2) it adequately evaluates occupant response. The ASW (Average Square
Wave) satisfies the velocity change requirement at t,,, while the ESW (Equivalent Square Wave)
satisfies the test dynamic crush of the vehicle only and not necessarily the timing at test dynamic
crush. Since both the ASW and ESW require only one unknown, a constant deceleration, for
definition, they are zero-order approximations to the crash pulse. In order to satisfy simultaneously
the two boundary conditions, velocity change and dynamic crush at t,, a method using the Tipped
Equivalent Square Wave (TESW) was developed [2]. This is defined below.

The TESW is a crude approximation to the actual vehicle crash pulse and is equivalent to it only
in the sense of providing equal velocity change and dynamic crush at t=t,. The t,, signals a marked
change in the behavior of the vehicle structure from a crushing to an "unloading" condition with a
consequent marked effect upon vehicle deceleration. In the actual vehicle-to-barrier (VIB) test, t,,
can be obtained from the velocity curve where the velocity is zero. In the vehicle-to-vehicle (VTV)
test, t,, is simply the time when both vehicles reach a common velocity and the dynamic crush is
simply the maximum relative deformation of the two vehicles involved.

(1) Case Study (Exercise): Displacement Analysis of Simple Pulses

Given: A vehicle-to-barrier impact condition: x,=0 and v, =30 mph (44 ft/sec),

Compute: The vehicle displacement (crush) at t, =.091 sec for the following three special cases
using the Moment-Area Equation shown by (2) of Eq. (2.1).

Case 1: Equivalent Square Wave (ESW), a=-15 g (even-loaded)

Case 2: Rear-Loaded Triangular Wave, a=-30g (extremely rear-loaded)

Case 3: Front-Loaded Triangular Wave, a=-30g (extremely front-loaded)

The transient accelerations of the three cases are shown in Fig. 2.6. Plot the corresponding
transient velocity and displacement responses.

a8

i

5+ Rear-Toaded
,]U L
-15

E3W
_20 L
25 - Front-Loaded
-30
35 . . . . .
0 20 40 650 80 100 120

t, ms

Fig. 2.6 Even, Extremely Rear-, and Front-Loaded Pulses

(2) Case Study: Pulse Shape and Centroid Location
The test summary of the crash of a luxury passenger car into a fixed barrier is shown below:

X, (initial crush at t)) =0, v, (initial VTB velocity) = 31 mph = 545.6 in/s
x, = C (dynamic crush) =31.5 in, t,=t, (time at x,) = 93 ms =.093 sec
v, (velocity att,) =0, t,=0

Determine: the centroid time of the crash pulse (the centroid location of the area under the
deceleration curve between t, and t;) and the centroid location (t./t,).
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Derivation of Centroid Time, t :

X, =X, * VI o+ (tl—t_) f “adt
0
where f‘ladt =v, -v, =-v, = -545.6 inls
0

x, =0 +vg + (tl—t_)(—vo) = vot_

then t = ~L = 315 .058 sec
v, 545.6
- t 7
Note: t > 51, and the centroid location is tL
1

2.3.4 Derivation of TESW Parameters

(2.18)

= .624

The derivation of the TESW parameters needed to approximate the crash pulse for car-to-barrier
and car-to-car impacts is based on two boundary conditions of the vehicle test. One is the velocity
change at the time of dynamic crush shown by (1) of Eq. (2.19) and the other is the dynamic crush,
(2). To complete the rebound phase approximation, a straight line is used to represent the rebound
portion of the deceleration curve shown by rebound velocity, formula (3) of Eq. (2.19).

Let us define the TESW parameters shown in Fig. 2.7.

t, : time at vehicle dynamic crush, t.  : final separation time
av,, : velocity change up to t,, avg : velocity change in rebound phase
p0)+p@,)
Av, = ["xdt = ["pOdt = ———"¢ ....(
Vi fo % fo () 5 m (1)
c=f%mw=f%@m ............ ()
0 0 (2.19)
-t
Av, = [“¥0dt = [Yp@ydt = L p(t ... 0
R ftm ® ftmp() 2p(,,,) 3)

where p(0), p(t,): two decelerations at the end points of TESW.

ooy §

Bt R s

Y

RG]

i)

Fig. 2.7 TESW Parameters
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2.3.4.1 Deformation and Rebound Phases

The solutions to (1) and (2) of Eq. (2.19) (which define the two end points of TESW) are shown
in equations (4) and (5) of Eq. (2.20) (see the TESW Formula Derivation in Eq. (2.22)). Since in the

deformation phase, the decelerations at the two end points of TESW are negative, it can be shown that
the relative centroid location, t/t,,, of a crash pulse is located between 1/3 and 2/3 of the deformation

period, t,,.
2Av
p0) = “@t, -3t) ...
t?
. 2Av,,
p@,) = n @Be.-t) ...
tm
t %(0) - x(¢
where tc = tm + M
Av,
p0) < 0,

p@,) <0, and

Av. <0

m
From (4) and (5), one gets
2t,-3t, >0 and

3t,-t, > 0, then

v

>

[SSEES)

1
3

~
ol

and from (3) of Eq. (2.19):
tf = tm * 2..AVR
@)

(2.20)

In order to have the same rebound velocity between the test and TESW, the final time, t,, is

computed and shown in equation (7) of Eq. (2.20).

For the special case of arigid barrier impact, the displacement of the subject vehicle at t,, becomes
the dynamic crush, C, and the centroid time is then equal to C/v,, the characteristic length of the

subject vehicle.

x,) =C

Av, = -x(0) = -v,

m

from (6):
) _x(tm) _C
i Av, v,
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TESW Formula Derivation

s = B0
B@) = pO) + kt where k = M . @®)
. . . k
P = fp(t)dt = p0)t + 5’2 O e )
at t =0, p@) = %(0), where c,: integration constant
from O): ¢, =#0), - B(t) =#0) +p’(0)t+§t2 ... (10)
Substituting (8) into (10), one gets the integrals at t,;
SO + (1

B(t,) = %0) + wtm ........... 11)

_ tm . _ tole . k 2
pt,) fo B(t)dt fo %(0) + p0)t + ! ]dt

. kt3
- #0)r, + &z")tj, T, (12)

Substituting k from (8) into (10), then p(f) from (10) into
2): f () dt = f mp(dt and integrate:
0 0

o 22)
xt) = pla) = iy + P 2O 1 (13)
2Av
(W 5O < Ba) = =" (14)
(13): 2(0) + B(t,) = ti M ol (15)

Using (14) and (15) to solve for 2 unknowns p(0) and p(t,):

x(2,) _ o - 2Av,, 16
p %(0) p .... (16)

(15)-(14): B(0) = ti

m m m

: x(t,) ( tc]
Rearranging (6): i X0) =11 - - Av, ...(Q17)

m2Av "
a7 - (16): p() = ) 2’” 2t, - 3t) e @) «
2Amvm
(1): p@,) = g B, -1) 5) «

2.3.5 Construction of TESW Parameters

Given the velocity change of a vehicle in the deformation phase, the dynamic crush and the time
at dynamic crush, TESW parameters, can be computed from the equations or the graphs shown below.
It is shown that the average of the decelerations at the two end points of the TESW is equal to the
magnitude of the average deceleration, A, or the ASW (average square wave). In addition to the
average deceleration, the TESW line segment is tilted in such a way that the boundary condition at
the test dynamic crush is satisfied.
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Relationship between the TESW and ASW:

Since
2Av,,
po) = (2, - 3t)
t?
. 2Av,,
#a) = =61, - 1,)
Rearranging the two equations:
t
po) = 2Aavg[2 - 3t—°] R 01}
() = 24_ | 3 fe 1 19
@, | 37 e
where
Av,
Aavg = - e average deceleration (2.23)
t

e relative centroid location

NOTE: from (6) of Eq.(2.20):
. t,%(0) - x(t,)

t, =1,
Av,
x(t
For the rigid barrier test. t, = - ) -
Av, v,

Adding both sides of (18) and (19), one gets

_BO) + 5,

A e 5

(20)

2.3.5.1 Relationships Between TESW and ASW
Given a Av,, of 30 mph and a t,, of 68 ms, from Fig. 2.8, the average deceleration, A
to be 20 g (A,,, = Av,, /t,,).

is found

avgd

avg

30

50 55 60 65 70 75 80 85 90 95 100
tm . ms

Fig. 2.8 A, as a Function of AV and t,,
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The centroid time, constructed from the crush (displacement) vs. time curve, is found to be 37.4
ms. Since t/t, =0.55 and a vertical line through this point, shown in Fig. 2.9, intersects the two lines
for which A, ,=20g at two points. The horizontal lines through those two points give the deceleration
(to the left) of the first point of TESW, which is 14 g, and that (to the right) of the second point of
TESW, 26 g. The values of those two end points of TESW are also verified by the formula

computations shown in Eq. (2.24).

60 1]
30 i« Aavg. - 30D
: : g : :

40 i
poy, | 1=t N BT B,
g o4

20 ----- T 0\' 1 0

P :
10 = 10
1]

035 04 045 05 055 0.6 065

Fig. 2.9 TESW Deceleration as a Function of A, and t/t,,

m m

tc . tc
p0) = ZAWg(Z - 3t—) =14 g, pQ,) = ng[?'t— - 1) =26 g (2.24)

Case Study: Front and Rear Loaded Crash Pulses
A summary of test data of the prototype trucks A and B in the 31 mph rigid barrier tests is shown
below:

Truck A: Dynamic Crush Time of C Rebound velocity
Proto-type #1: C=23.7 in, t,=90.4 ms (Avg=2.67 mph)
Proto-type #2: C=23.7 in, t,=77.7 ms (Avg=1.96 mph)

Note that the prototypes have the same amount of dynamic crush but different timings.

Truck B:
Proto-type #3:  C=20.1 in, t,=74.0 ms (Avg= 5.5 mph)
Proto-type #4: C=22.6in, t,=72.9 ms (Avg= 3.3 mph)

Note that the trucks have different amounts of dynamic crush but similar timings.

Let us define the TESW parameters for the four prototype vehicles and justify the differences in
the dynamic response and crash pulse shape. The rigid barrier impact speed is v,= 31 mph and the
crash data for both trucks, dynamic crush, time of dynamic crush and rebound velocity are shown in
Table 2.1.

Using the following formulas shown in Egs. (2.25) and (2.26), where the units are in ms, inches,
mph, and g, the centroid time and average deceleration are computed and shown in Table 2.1.

3 C (in)
v, (mph)

! (2.25)
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v, (mph)

A = 4555
»g t, (ms) (2.26)

Table 2.1 Parametric Comparisons between Front- and Rear-Loaded Pulses, v, =31 mph

Prototype C,in | ESW, t., th s Ae P, P, t/t,
g ms ms g g g

#1 (Front Loaded) 23.7 16.3 43.4 90.4 15.6 17.5 13.7 | 0.48

#2 (Rear-Loaded) 23.7 16.3 43.4 71.7 18.2 11.6 247 | 0.56

#3 (Even-Loaded) 20.1 19.1 36.9 74.0 19.1 19.1 19.1 | 0.50

#4 (Rear-Loaded) 22.6 17.0 41.4 72.9 19.4 113 27.5 | 0.57

Since the relative centroid location (t/t,,) of prototype #1 is less than 0.5 and that of #2 greater
than 0.5, it can be stated that the #1 prototype structure is front-loaded and the #2 is rear-loaded. The
dynamic responses of the two prototypes are shown in Fig. 2.10. The velocity curve in the front-
loaded pulse is slightly concave upward due to the decreasing deceleration magnitude, while the
velocity curve in the rear loaded pulse is convex downward. If t, had been the same for both cases,
then the area of the velocity curve (dynamic crush) in the front-loaded crash pulse would be smaller
due to the concave-upwarded velocity curve. However, the two crash pulses of the two prototypes
yield the same amount of dynamic crush; therefore, the duration of the front-loaded crash pulse would
have no choice but to be longer as shown in Table 2.1 and Fig. 2.10 (curves for #1 are in bold). t, for
the front-loaded pulse is about 13 ms longer than that for the rear-loaded pulse.

a, g, v, mph; d, in

40

#1 : front-loaded 4o :rear-loaded

30 P e oo e o 1

___________________________

1] 20 40 60 80 100 120
t, ms

Fig. 2.10 Front- / Rear-Loaded Pulses and Integrals

Similarly, in the two prototypes of truck B, #3 (curves for #3 are in bold shown in Fig. 2.11) is
even-loaded due to the value of the relative centroid location being 0.5, and #4 is rear-loaded with
centroid location at 0.57. The times at the dynamic crush are about the same; however, the dynamic
crush of #3 (even-loaded) is about 2.4 inches shorter than that of #4 (rear-loaded). Due to the facts
that (1) the velocity curve of the even-loaded pulse is a straight line and that of rear-loaded is concave
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downward, and (2) duration up to the time of dynamic crush is about the same for the two curves, the
area under the rear-loaded velocity curve is more than that of the even loaded velocity line segment.
Consequently, the dynamic crash of the #4 prototype crash pulse yields about 2.4 inches more
dynamic crush than #3.

a, g, v, mph; d, in
40

E : even-loaded #4 - rear-loaded

30\ f

20

0 \\

iy
-10
,20 ......... —
a o~/
-30
20 40 60 a0 100 120

t, ms

Fig. 2.11 Even / Rear-Loaded Pulses and Integrals

2.3.6 Kinematic Comparisons of Test Pulse and Approximated Pulses

It will be shown in this section that (1) the magnitude of the ASW (Average Square Wave) is the
average of the decelerations at the two end points of the TESW (Tipped Equivalent Square Wave),
(2) for the rear-loaded crash pulse, the magnitude of ASW is greater than that of ESW (Equivalent
Square Wave), but the duration and dynamic crush are shorter, and (3) for the front-loaded crash pulse,
the relationships are opposite to those of the rear-loaded. It will be shown that TESW combines the
advantages of both ASW and ESW when it comes to approximating a crash pulse.

The acceleration, velocity, and displacement transient responses between the test and
approximated pulses are compared. In addition, the energy relationships between the test and
approximated crash pulses are also compared (based on the deceleration and displacement data). It
will be shown that for a rear loaded pulse, since the magnitude of ASW is greater than that of ESW,
the energy absorption computed by the product of ASW and dynamic crush from the test will be
greater than the kinetic energy input and therefore over-estimated. Conversely, for a front-loaded
pulse, the energy computed using the ASW and test dynamic crush will be underestimated. However,
the energy estimate by the product of ESW and dynamic crush will be the same as kinetic energy
input. The difference in energy estimate by the use of ASW is due to the fact that ASW is based on
velocity change rather than energy equivalence between the test and approximated pulse.

2.3.6.1 Rear-Loaded

The crash pulse at the right rocker at the B-pillar of a truck in a 35 mph rigid barrier test is
approximated by ASW, ESW, and TESW, respectively. The crash pulse and its integrals and those
of'the approximated pulses are shown in Figs. 2.12-2.14. The response comparison is shown in Table
2.2. Since the computed t, of the test pulse is 48.2 ms and t,= 83.4 ms, the relative centroid location
is 48.2/83.4 = 0.58, and the test crash pulse is rear-loaded.

It is seen from Figs. 2.12-2.14 and Table 2.2 that for a rear-loaded crash pulse, the deceleration
of ASW (19.2 g) is higher than that of ESW (16.5 g) and the loading-phase duration (t,) of ASW
(same as that in the test, 83.4 ms) is shorter than that of ESW (96.4 ms). Like the duration, the
dynamic crush of ASW (25.7 in) is also shorter than that of ESW or the test (29.7 in). Since TESW
meets the two boundary conditions of the test crash pulse (dynamic crush at t,, and velocity change
at t,,, the approximation using TESW is the best among the three approximation methods.
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Fig. 2.12 Crash Pulse Comparison (rear-loaded)
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Fig. 2.13 Velocity Comparison (rear-loaded)
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Fig. 2.14 Displacement Comparison (rear-loaded)
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Table 2.2 Rear-Loaded Crash Pulse (SUV, 35 mph Barrier Test) and Approximated Pulses

Response test ASW ESW TESW
Deceleration, g Rear-Loaded (-19.2) (-16.5) (-10.3, -28)
C (dynamic crush), 29.7 25.7¢ 29.7 29.7
t,, Time at C, ms 83.4 83.4 2%t =96.4¢ 83.4

In Fig. 2.15, the area between the deceleration versus displacement curve and the zero reference
line is the amount of energy absorbed by the structure per unit of mass. Fig. 2.16 shows the energy
density versus displacement for the test and approximated pulses. Among the three approximated
pulses, TESW approximates both the deceleration and energy density (e) versus displacement better
than ESW, and ESW better than ASW. Note that all of the approximated pulses predict the same
maximum e, €,,,.(g-in) = 0.4 v(mph)®. This is due to the fact that the velocity at dynamic crush for all

the three approximated pulses is zero. However, the dynamic crush at which e

occurs for ASW is

shorter (25.7 in) compared to the others (29.7 in), as shown in Table 2.2 and Fig. 2.16. The maximum
energy densities for the test and approximated pulses are the same as the kinetic energy density.

a4, g

d, in
Fig. 2.15 Deceleration vs. Displacement
Comparison

e, g-in
500

SRS RS e NS 122l O

S e o=
T e P R T

o e R e R

d, in
Fig. 2.16 Energy Density vs. Displacement
Comparison

¥ For ASW: Cl,w=05Vt,

¥ For ESW: t, |pew =2t =2 C/V
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For a rear-loaded pulse, the deceleration magnitude of ASW is higher than that of ESW and the
dynamic crush due to ASW is shorter than that from any one of the tests, ESW and TESW. Therefore,
for a rear-loaded test vehicle, the energy computation based on the product of ASW deceleration and
test dynamic crush will be overestimated.

2.3.6.2 Front-Loaded

In the previous case study, the crash pulse for the truck #1 crash in a 31 mph rigid barrier test was
approximated by ASW, ESW, and TESW. The crash pulse was front-loaded, since the computed
relative centroid location was 0.48. From Table 2.3, it is seen that for a front-loaded crash pulse, the
deceleration of ASW (15.6g) is lower than that of ESW (16.3g), and the loading-phase duration of
ASW (same as the test, 90.4 ms) is longer than that of ESW (86.9 ms). Note the dynamic crush of
ASW (24.6 in) is also larger than that of ESW (23.7 in) or the test.

Table 2.3 Front-Loaded Crash Pulse (SUV, 35 mph Test) and Approximated Pulses

Response Test ASW ESW TESW
Deceleration, g Front-Loaded (-15.6) (-16.3) (-17.5,-13.7)
C (Dynamic Crush), 23.7 24.6 23.7 23.7
t,, Time of C, ms 90.4 90.4 2t,=86.9 90.4

2.4 PULSE APPROXIMATIONS WITH ZERO INITIAL DECELERATION

One realizes that, in a test crash pulse, the deceleration at time zero is zero. However, in the crash
pulse approximations so far, using ASW, ESW, and TESW, the deceleration at time zero is finite.
Although the effect of an approximation with non-zero deceleration on the over-all vehicle response
is minimal, the evaluation of other responses such as g-force or energy density vs. displacement (or
crush) requires a better approximation, especially in the early portion of the time history. For
example, the evaluation of energy absorption capability of a bumper and/or front rail section of a
vehicle in a frontal impact requires a good estimate of the deceleration versus deflection data for
integration. To take into account the zero deceleration at time zero, the Fourier Equivalent Wave
(FEW), Trapezoidal Wave Approximation (TWA), and Bi-Slope Approximation (BSA) are presented.

2.4.1 Fourier Equivalent Wave (FEW)

Over one hundred years ago, Baron Jean Baptiste Joseph Fourier showed that any waveform can
be generated by adding up sine waves and that the combination of sine waves is unique for each
waveform. Given a crash pulse described by discrete data points as shown in Fig. 2.17, the
deceleration value and time at any given point j are A; and t; , respectively.

A(t), g
Aj
/|
m; N
Aj1 ’ ! .
; N
Al J—
0 t, sec
t1 tj—l tj tk

Fig. 2.17 Crash Pulse Discrete Data Points
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The slope of the line segment ending at point j is m;. The total number of discrete data points is
k, and the deceleration value at time t, is presumed to be zero. The fundamental harmonic frequency
of the crash pulse is computed using the half period of t,. The Fourier series approximation to a crash
pulse which has been derived and applied to characterize a crash pulse [2] is called the Fourier
Equivalent Wave (FEW). An n" order FEW is shown by (1) of Eq. (2.27), which consists of a 1*
order harmonic of a fundamental frequency, w, up to an n" rder harmonic of n times the fundamental
frequency, nw. The magnitude of the sine wave corresponding to the i harmonic is a.

n™ order FEW: A(f) = ﬁ:aism(imt) N (B

where -

A (?): acceleration at t, and a; i ™ coefficient of FEW

o (natural angular frequency) = 27f = tE

t;: crash pulse duration, and T (periodl; =2t, 2.27)

f(fundamental frequency) = %

2t int, int

where a, = —* Ym;|sinf —L| - sin il N )
@im)? j=t 4 L
- A

and m; = e ?3)
T
7

The Fourier Equivalent Wave is particularly useful in approximating the crash pulse using a
superposition of harmonics of various orders. Based solely on the crash pulse, preliminary FEW
coefficients, a;, can be computed using the closed-form expression shown in (2) of Eq. (2.27). By
imposing boundary conditions on the integrals such as velocity change and dynamic crush, the
preliminary FEW coefficients can then be modified by sensitivity analysis.

The frequency spectrum of some common signals can be generated by Eq. (2.27) where formula
(2) defines the spectrum amplitude of a particular frequency component. In general, given a crash
pulse signal, the estimate of the natural angular frequency, w, is based on crash pulse duration, t,. At
that time, the deceleration of the vehicle is zero. However, in a vehicle to fixed barrier impact, w can
also be estimated quickly using the formula shown in Section 4.9 of Chapter 4, w = v/c. In a simple
spring mass model, v is the initial impact speed and c is the dynamic crush of the vehicle.

2.4.2 FEW Sensitivity Analysis with Boundary Conditions

The FEW expression for the crash pulse can be further integrated to yield velocity and
displacement equations. In order to adjust the coefficients a; to meet the boundary conditions of the
test results, the two equations are further differentiated with respect to a;, which yields the following
velocity and displacement sensitivity equations.

@) = v, - LS % cos(ion - &
W i=1 £ i=1 1
l|vw% . . w4
dit) = vt oo E;?sm(z(ot) wETt (2.28)
‘- sin(iw?)
ow(# _ 1 -cos(iwr) ad(r) _ i®
da, iw ’ da, in

© 2002 by CRC Press LLC



where v, is the initial velocity at t, and the typical response variables with the boundary conditions
specified are shown in Table 2.4. In order to meet the boundary conditions, as many FEW coefficients
as the boundary conditions would have to be modified.

Table 2.4 Boundary Conditions for FEW Sensitivity Analysis

i u, Boundary

1 d(t,) displacement at t,, (dynamic crush)

2 v(t,) velocity at t,, (common velocity)

3 v(tp) velocity at t; (separation velocity)

4 d(t,) displacement at t_ (centroid displacement)
5 d(t) displacement at t; (static crush)

Let Au; be the difference between the test and original (unmodified) FEW for the response
variable i. The response variables are shown above and Au, can then be Ad(t,,), Av(t,), Av(ty), Ad(t,),
or Ad(ty), where t, and t; are times of dynamic crush and vehicle separation from the barrier,
respectively. Using the sensitivity relationships, the amount of change to the original coefficient a;,
Aa,, can then be solved using a set of simultaneous linear equations shown in Eq. (2.29). Note that
to solve as many unknowns as the conditions, the number of coefficients (M) is set equal to number
of variables (N).

Ou, |
9a;

i=1to N, j=1to M then
modified a; = original a;, + Aa,

[Aa)*! = [Au]™, where

(2.29)

The following section describes the differences between the FEW approximations with and
without the modification of the FEW coefficients.

2.4.3 Kinematics and Energy Comparison

The test and FEW approximations are compared using the transient kinematic and energy
responses for a case where a light truck was tested in a 31 mph rigid barrier crash. Table 2.5 contains
the test pulse and the FEW approximations with and without modifications to the coefficients.

The crash pulse in the left rocker at B-pillar shown in Fig. 2.18 is to be characterized by a 5"
order FEW with and without coefficient modification. Four boundary conditions, d(t,,), v(t,,), v(t;), and
d(t,), are used to modify the first four coefficients. The fundamental frequency (of the first harmonic)
is computed to be w= 5.38 Hz. The magnitude of the first harmonic, coefficient a,, dominates the
signal of the crash pulse. However, the second harmonic determines how well the FEW fits the test
responses.

The modified FEW, where the second coefficient is smaller in magnitude than that in the
unmodified FEW, has a better response fit as shown in Figs. 2.18-2.20. The 5™ order FEW gives a
double-humped approximation, a rear-loaded crash pulse which can be checked by noting that the
second hump is higher than the first. The centroid time, t,, of the crash pulse can be checked by its
location. Computing C(dynamic crush)/V (velocity change) gives a centroid time, t,, of 41 ms; since
the time of dynamic crush, t,, , is 72.8 ms, the relative centroid location, t, /t,, is 0.56. Therefore, the
crash pulse can be considered to be rear-loaded.
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Table 2.5 FEW Crash Pulses with and without Modified Coefficients

Fig. 2.18 Pulses of Truck Test at 31 mph and FEW
with and without Modification

n
n™ order FEW: A(f) = Xasin(io?)
i=1
where A(f): acceleration at t, and (2.30)
a;: i™ coefficient of FEW

o (angular frequency) = 5.38 Hz

Is coefficient a, modified?
1 no (without) yes (with)
1 -25.11 -25.23
2 -3.49 -2.90
3 -.65 -23
4 -5.24 -3.76

0 20 40 60 80 100

Fig. 2.19 Velocities of a Truck Test at 31mph and
FEW w/ and w/o Modification
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Fig. 2.20 Displacements of Truck Test at 31 mph and
FEW w/ and w/o Modification

The deceleration and energy density versus displacement curves for the test and FEW are shown
in Figs. 2.21-22, respectively. The FEW with modified coefficients appears to be better matched with
the test data than the FEW without modification. This is because the transient velocity curve (v vs.
t) of FEW with modification is better matched with the test curve than the FEW without modification.
Consequently, the energy density, e(g-in) = .4 [v,? (mph) - v? (mph)], of the FEW with modification
should also be better matched with the test data than the FEW without modification.

a, g
5

FEW w/mod |

oS R oS e i S O I

R N T

30 freemennnees e LLEDET SRR LRy SN CTTEEERE [ e

-35

Fig. 2.21 Deceleration vs. Displacement

e, g-in
100

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

¢ FEWw/0o mod

d,in

Fig. 2.22 Energy Density vs. Displacement of
Truck Test at 31 mph and FEW
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2.4.4 Use of FEW and Power Rate Density in Crash Severity Detection
In Section 1.7, Chapter 1, one of the formulated kinematic variables is power rate density (prd).
The definition of prd, p'(t), is as follows:

p'(%): power rate density of the crash pulse, A(t)

(2.31)
p'@ = v0)j@) + 4%@)

For a crash pulse which is a simple halfsine wave, the expression of power rate density is shown
as follows and plotted in Fig. 2.23.

For A(f) =sin(wf), then
(2.32)
p'(®)=1+cos(w)[1 -2cos(w?)]

A, p' (prd)

1

0 0.2 0.4 0.6 0.8 1
t
Fig. 2.23 A Simple Halfsine Wave and its Power Rate
Density (prd)

Given a set of crash pulse data, the FEW approximation yields a set of coefficients with the
corresponding frequencies expressed as multiples of fundamental frequency of a sinusoidal wave.
Using the equation above, the power rate density, p’(t), can then be computed directly from the
summation of the individual power rate densities, p;’ (i refers to the i frequency component). The
prd thus obtained by the technique described above is therefore referred to as a Fourier Transformed
Power Rate Density. The application of the technique in detecting the vehicle pole impact severity
is described in the following.

2.4.4.1 Discrimination of Pole Impact Crash Severity

Two vehicles, one mid-size (front-wheel drive) and the other full-size (rear-wheel drive), were
tested in the rigid barrier and rigid pole (8" diameter) impact conditions. There are four rigid barrier
tests, and three center pole (pole impacting at the center line of the vehicle) tests. The crash pulse
analysis using FEW with five unmodified coefficients for each test is shown in Table 2.6.
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Table 2.6 Crash Pulse Analysis using FEW

Mid-size Vehicle Full-size Vehicle
(Centerline Tunnel) (Left Rocker at B-pillar)
Test#, n A(n) -|A(m)| Test#, n A(n) -[A(m)|
Mode Mode
#1, 1 -8.21 -8.21 #1, 1 -5.66 -5.66
10 mph 8 mph
rigid barrier 2 -1.46 -1.46 rigid barrier 2 -78 -78
(w=4.55Hz) 3 80 _.80 (w=3.91Hz) 3 03 03
4 -1.47 -1.47 4 -.62 -.62
5 -1.31 -1.31 5 -.09 -.09
#2, 1 -4.77 -4.78 1
10 mph
center pole 2 26 -26 2
@=27Hz) 3 10 .10 3
4 -33 -33 4
5 -.12 -.12 5
#3 1 -10.82 | -10.82 #2, 1 -9.76  -9.76
14 mph 14 mph
rigid barrier 2 -2.23 -2.23 rigid barrier 2 -7.04 -7.04
(@=431Hz) 3 64 e @BNHD 5 05 205
4 -1.61 -1.61 4 -.70 -.70
5 -.65 -.65 5 -.83 -.83
#4, 1 -10.65 | -10.65 #3, 1 -9.96 -9.96
17 mph 21 mph
center pole 2 3.07 =3.07 center pole 2 3.92 -3.92
(w=3.15Hz) 3 1.19 -1.19 (w=2.83Hz) 3 34 34
4 -3.01 -3.01 4 23 23
5 -42 -42 5 2 -2

The structural interaction of a vehicle impacting a rigid pole is quite different from that in a rigid
barrier impact. In the pole test, there is a soft impact followed by the stiff contact between the pole
and the engine/power train subsystem. The use of Fourier analysis in rigid barrier and pole impact
crashes yields a fundamental sign difference in the FEW coefficients. In the pole test, the positive
sign of the second FEW coefficient (in bold for the #2 and #4 mid-size vehicle tests in Table 2.6)
contributes to the lower deceleration in the beginning of the crash pulse, while in the rigid barrier
impact, the sign of the second FEW coefficient is negative which makes the deceleration higher in the
beginning of the crash.
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The crash severities of these tests will be examined using the Fourier Transformed Power Rate
Density. In each vehicle test series, the low speed rigid barrier and center pole impacts are must-not-
activate conditions for the air bag sensing application and the medium speed impacts are must-activate
conditions. Shown in Fig. 2.24 are the deceleration curves of the mid-size vehicle and the
corresponding FEW approximations. Both #1, the 10 mph into a rigid barrier test, and #2, the 10 mph
center pole test, are must-not-activate conditions. Similarly, both #3, the mid-size vehicle at 14 mph
into arigid barrier , and #4, the 17 mph center pole test, are must- activate conditions, as shown in Fig.
2.25.
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Fig. 2.24 Test and FEW Decelerations at Tunnel of
Two Must-Not-Activate Tests
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Fig. 2.25 Test and FEW Decelerations at Tunnel of
Two Must-Activate Tests
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According to the 5"-30 ms criteria described in Section 1.7.2 of Chapter 1, the air bag sensor
activation times for these tests were between 30 and 40 ms. However, comparing crash pulse of the
#4 pole test with those of #1 and #2 before 40 ms, the deceleration signal of #4 was weaker. The
probable activation time due to the #4 crash pulse was somewhere between 60 and 100 ms, where the
acceleration signal was stronger. Therefore, the activation time due to the #4 crash pulse may have
been 20 ms later than the desired timing of 40 ms.

The 5" order FEW approximations for the four mid-size vehicle crash tests have been computed
using the method without meeting the test boundary conditions. The coefficients of the FEW are A(n),
n=1,..,5. These are shown in Table 2.6. By studying the coefficients in the four tests, it is found that
the A(2) and A(3) coefficients of the #4 pole test are positive and relatively large while the
corresponding coefficients of the other tests are mostly negative and relatively small. Since the A(2)
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and A(3) coefficients represent the magnitudes of the second and third harmonics in the Fourier series,
the positive coefficients yield sine waves which are 180° out of phase with those having negative
coefficients. Thus, positive A(2) and A(3) FEW coefficients tend to decrease the deceleration
magnitude in the first one-third of the crash pulse duration. The lower deceleration magnitudes for
both #2 and #4 pole tests can be seen in Figs. 2.24 and 2.25.

Using the FEW coefficients in each test and the prd (power rate density) summation formula,
p’(t), shown in Eq. (2.33), the prd of the four mid-size vehicle crash tests has been computed and is
shown in Fig. 2.26. By comparing the power rate densities of test #1, a must-not-activate test, with
test #4, a must-activate one, it is seen that the timing when #4 prd becomes greater than #1 prd occurs
around 50 ms, which is still 10 ms later than the desired timing of 40 ms.

For an n"* order FEW:

A(H = Zasin(iwd)
i=1
where
o =2nf, where
[+ fundametal frequency, Hz
D' (0): power rate density (prd) of the crash pulse, A(f) (2.33)

re = Ellp,-'(t)
where p,/'(£): prd of a sine component of i, and
(@ = v j@) + A%#) = a}(1 +cos(iwd[1 - 2cos(iw)])

prd, g

ARV

\NX /
H3
-16
#4°, \//
-20
0 20 40 60 80 100

Fig. 2.26 Power Rate Density With Original FEW
Coefficients of Four Mid-Size Tests

2.4.4.2 Use of All Negative FEW Coefficients in Pole Tests

Assuming that all the original FEW coefficients for the four tests have been given, a new power
rate density, p’(t), is defined and computed by using all-negative coefficients. Fig. 2.27 shows the
new prd, p’(t), for the four tests where the crash severities between the must-not-activate tests, #1 and
#2, and the must-activate tests, #3 and #4, are well separated up to 30 ms. A prd discrimination
threshold can then be established between the two groups such that the activation time can be tailored
to meet the 5"-30 ms criteria in either time or displacement domain.
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Fig. 2.27 Power Rate Density Curves With All-Negative
FEW Coefficients

Using the all negative FEW coefficients, the new decelerations are synthesized using the FEW
summation formula. After transformation, the original #1 and #4 crash pulses become #1' and #4',
respectively, and are shown in Fig. 2.28. Before 70 ms, the #4 deceleration magnitude is less than #1.
The conversion of the FEW coefficients A(2) and A(3) to negative values makes the magnitude of
deceleration in test #4' greater than that in test #1'.
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Fig. 2.28 Effect of All-Negative FEW Coefficients on #1'

and #4' Decelerations

The phenomenon of having a positive A(2) FEW coefficient in the rigid pole test is not incidental.
It exists not only in the front wheel drive vehicle but also in the rear wheel drive vehicle. Fig. 2.29
shows the crash pulse at the left rocker on the B-pillar of a rear wheel drive full-size vehicle for three
test conditions: #1, 8 mph rigid barrier, #2 ,14 mph rigid barrier, and #3, 21 mph pole impact test. The
computed original FEW coefficients are shown in the right column in the previous Table 2.6.
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Fig. 2.30 Power Rate Density with Original FEW
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Fig. 2.31 Power Rate Density Curves with All-Negative
FEW Coefficients
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The power rate densities based on the original FEW coefficients and the all-negative coefficients
for the three full-size vehicle tests are shown in Figs. 2.30 and 2.31, respectively. Note that in Fig.
2.31, the must-activate tests, #2' and #3', are well separated from the #1 test after the introduction of
the all-negative coefficients.

In crash severity analyses using power rate density (prd) and FEW coefficients, it has been
assumed that the FEW coefficients be given before the prd computation. The application of the
methodology to real time sensing application, however, needs to be explored further. Nevertheless,
the analysis points out the unique features of the FEW coefficients in the non-perpendicular barrier
tests where the coefficients can be manipulated and the crash severity can then be distinguished.

2.4.5 Use of Pulse Curve Length in Crash Severity Detection

An algorithm using the curve length concept to analyze vehicle crash severity is explored here.
Its purpose is to test its usefulness in discriminating non-perpendicular impacts, such as the rigid pole
test, and for meeting the desired sensor activation criteria. Since curve length of a crash pulse depends
on how the crash pulse is filtered, the use of the same filtering technique for different impact modes
is necessary. In the algorithm based on the curve length concept, it is postulated that the curve length
of the crash pulse in a “softer” impact, such as an 8"-diameter rigid pole test, is longer than that in the
perpendicular rigid barrier tests.

The computation of the curve length, AL, of a given crash pulse can be carried out using the
notations shown in Fig. 2.32 and algebraic relationships shown in Eq. (2.34):

A(D), g
Aj
/
m: N
Ajl|—————— J .
‘ Y
Al J—
0 t, sec
& bt t 7

Fig. 2.32 Crash Pulse Data Points (from Fig. 2.17)

AL: curve length of a crash pulse
AL length of line segment j

k
AL=2ALJ. where

j=1
k: no. of line segments in the crash pulse

(ALY +(A4) = At; \[1+m? (2.34)
A, = 4-4,, and At =1t

m; = —J ... slope of line segment j
t
J

The test data from the four mid-size vehicle tests shown in Table 2.6, filtered by a Butterworth

100 Hz cutoff frequency, are shown in the previous Figs. 2.24 and 2.25. These are analyzed for the
curve length comparison as shown in Fig. 2.33. Note that at any given time, #3 test, a 14 mph rigid
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barrier test, has the longest curve length. However, the curve length of #4 test, a 17 mph center pole
must-activate test, is sandwiched between the two must-not-activate tests of #1 and #2. There exists
no curve length relationship that would cause the sensor to activate for the #4 must-activate test
condition.

AL

. e
o# / ~

#2
4

0 20 40 60 a0 100
t, ms

Fig. 2.33 Pulse Curve Length vs. Time from Four Sets of
Crash Data Filtered at 100 Hz

A similar analysis was carried out using a higher Butterworth filter cutoff frequency of 300 Hz
and the curve length comparison is shown in Fig. 2.34. The curve length of each of the four tests
filtered at 300 Hz is longer than that filtered at 100 Hz. The conclusion is the same that an algorithm
using the curve length concept is not sufficient to discriminate the crash severity of the must-activate
center pole test from the other must-not-activate tests.
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Fig. 2.34 Pulse Curve Length vs. Time from Four
Sets of Crash Data Filtered at 300 Hz

2.4.6 FEW Analysis on Body Mount Attenuation

In a body-on-frame vehicle, Fig. 2.35, the body or cab is fastened to the frame by body mounts.
One type of truck body mount, shown in Fig. 2.36, consists of rubber bushings on the top and bottom
of the frame bracket, plus a bolt and retainer. A typical rubber bushing is made of Butyl, a man-made
rubber. There are four body mounts on each side frame and two front end sheet metal (FESM)
mounts. Body mounts are designed to carry the horizontal impact load in an impact, and to isolate the
noise, vibration, and harshness (NVH) from entering the passenger compartment during driving.
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o Fig. 2.36 A Typical Body Mount
Fig. 2.35 Truck Body on Frame on a Body-on-Frame Vehicle

The impact responses of the frame and body of a truck in a 31 mph rigid barrier test will be
analyzed using the FEW method. The dynamic performance of the body mounts in attenuating the
frame pulse to the body can be better understood using analyses in both the time and frequency
domains. The frame responses are shown in Figs. 2.37-2.39 and the body responses are shown in
Figs. 2.40-2.42. Note the differences in the response intensity and peak response location between
the frame and body.

2.4.6.1 Frame Impulse Attenuation by Body Mount

The frame, body, and body mount impact performances of a truck in a 31 mph rigid barrier test
are analyzed. The wideband data of the frame and body crash pulse are shown in Figs. 2.37 and 2.40,
respectively. Note the frame pulse contains higher frequency contents and magnitudes than those for
the body pulse. The filtered frame and body data sets using a Butterworth 2™-order filter at a roll-off
frequency of 100 Hz are plotted in Figs. 2.38 and 2.41. Figs. 2.39 and 2.42 show the coefficients of
FEW, which approximate the frame and body pulses, respectively. The number of coefficients, n, is
100, and the fundamental frequency, f, is equal to 2.91 Hz, which is based on the pulse duration of the
test data.

a8
160

{Wide-band |

80

O b A

-80

-160

-240 : ; : :
0 20 40 60 80 100
t, ms

Fig. 2.37 Frame Wideband Data

For comparison purposes, the filtered frame and body data sets shown in Figs. 2.38 and 2.41 are
combined and shown in Fig. 2.43. The initial frame impulse can be approximated by a halfsine with
duration and magnitude of about 7 ms and 71 g, respectively. The corresponding velocity change of
the impulse is Av=.014x7 ms x 71 g =7 mph (see the closed-form shown in Table 2.7). The impulse
frequency of 1000 ms/(2x7 ms) = 71 Hz dominates the frequency spectrum as shown in Fig. 2.39.
Due to body mount attenuation (see Section 3.5.1 in Chapter 3), only a small fraction of frame
impulse is transmitted to the body.

© 2002 by CRC Press LLC



a.g
40

Filtered (B.W. 100Hz)

20 40 60 80 100

t, ms
Fig. 2.38 Frame Data Filtered by Butterworth at 100 Hz
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Fig. 2.39 FEW Coefficients for the Frame Data

2,8
160

‘Wide-band |

BT — SRS WU S — -

-240 ; i . .
0 20 40 60 80 100
t, ms

Fig. 2.40 Body Deceleration Wideband Data

© 2002 by CRC Press LLC



Filtered (B.W. 100Hz)
R S L N — ]

20 40 60 80 100

t, ms
Fig. 2.41 Body Data Filtered by Butterworth at 100 Hz
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Fig. 2.42 FEW Coefficients for the Body Data
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Fig. 2.43 Frame and Body Filtered Crash Pulses
(Butterworth rolloff freq. = 100 Hz)
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Those FEW coefficients shown in Figs. 2.39 and 2.42 are converted to positive spectrum
magnitudes and combined in Fig. 2.44. From these figures, it is evident that the peak frame g-loading
is attenuated before it is transmitted to the body by the body mounts. Shown in Fig. 2.39, the
spectrum magnitudes of the frame, between 70 and 100 Hz, reflect the decelerations of the initial
shock impulse and the subsequent oscillatory signals. However, due to the effect of body mount
attenuation, the body does not carry any significant crash pulse components with frequency content
above 30 Hz.

magnitude, |a|
20

15

10

1]
0 20 10 60 80 100 120 140 160 180 200

Fig. 2.44 Frequency Spectrum Magnitude of Frame
and Body Filtered Crash Pulses

2.4.7 FEW Analysis on Resonance

In the previous section, FEW was used to analyze and display the frequency contents of a crash
pulse and the magnitudes of their spectra. It will be shown that the FEW approach can also be used
to identify and remove certain frequency content, such as resonant frequencies, during a component
design process. Therefore, using the FEW approach, an existing crash pulse can be re-synthesized to
include or exclude certain frequency content for the purposes of design analysis.

Since removing the resonant frequency in a Fourier Series expression is equivalent to
strengthening the component where the resonance occurs, it provides a quick way of evaluating a
crash pulse free of resonance during a component redesign process.

2.4.7.1 Air Bag Sensor Bracket Design Analysis

In evaluating the performance of an air bag system with a single point electronic crash sensor
(ECS) in a van in an 8 mph rigid barrier impact, a mounting bracket supporting the ECS module was
designed as shown in Fig. 2.45.

<==Front

Fig. 2.45 A Sensor Module bracket

© 2002 by CRC Press LLC



The bracket, a stamped sheet metal with three segments, was installed at the center line tunnel
near the dash panel. An accelerometer, mounted on top of the module, recorded the deceleration
(shown as A,(t) in Fig. 2.49).

Frequency Domain Analysis of Resonance

A FEW analysis shows the FEW coefficients, a,, of the crash pulse, where i ranges from 1 to n.
The total number of coefficients, n, used in the analysis is 100 with a fundamental frequency, w, of
4.24 Hz, as shown in Fig. 2.46. The maximum magnitude of the coefficients occurs between i = 22
and i = 25, where resonance occurs. It should be noted that the magnitude and sign of the pair of
coefficients #22 and #25 are about the same but opposite in sign; so are those of the pair of #23 and
#24. Therefore, these four coefficients as a group cancel out their effects on the signal generation,
and yield the resonance shown in the transient response.

Time Domain Analysis of Resonance

Since both ends of the bracket are fixed to the floor pan, the bracket behaves as a four-bar linkage
with flexible joints between the segments. The resonance of the bracket at about 100 Hz is mainly due
to the vibration of the flexible bracket excited at its own natural frequency.

To visualize the transient response of the resonance, the Fourier expression using the four
coefficients ranged from i = 22 to i = 25 is plotted and shown in Fig. 2.47.

3
6
®=4.24Hz - 2 a smi
A(t) = X a. sin{iwt)
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i=22 \ 1 i
a4 Resonance 22 222
23 23 -4.33
Il 24 4.56
25 3.02
8
0 50 100 150 200 250 300 350 400
i® (£, Hz)
Fig. 2.46 Coefficients of Fourier Equivalent Wave at ECS
Module
A(t) 8

20

]:/\/\/\Af\/\
ARV DA

-10

i a.
- 1
Resonance A)= Z agsin(ieot] 23 272
20 + =22 23 -4.33
w®=4.24 Hz 24 4.56
25 3.02
a0 ‘ . . ‘
0 20 40 60 80 100 120

t, ms
Fig. 2.47 Bracket 100 Hz Resonance
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Fig. 2.48 Velocity and Displacement Changes of the
Resonance A,(t)

Shown in Fig. 2.48 are the first and second integrals of the resonance deceleration. The
magnitudes of the velocity and displacement changes are fairly small even though the resonance
deceleration magnitudes are fairly large.

Since resonance is an undesirable vibration in the signal detection, the removal of the resonance
will not affect significantly the contents of the signals such as velocity and displacement changes.

2.4.7.2 Re-synthesis of a Crash Pulse Without Resonance

Re-synthesis of a crash pulse is a process in which the resonance is removed, and the crash pulse
is reconstructed using the FEW approach. Before making a new and stiffer bracket to test the ECS
performance, the original crash pulse, A(t), shown in Fig. 2.49, is decomposed into two sets, signal
A, (t) and resonance A,(t).
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Fig. 2.49 Composition of Accelerometer Data at
ECS: Signal A, and Resonance A,
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A,(t) is identified by observing the group of the FEW coefficients (i = 22 to 25) whose
magnitudes are the largest, as shown in Fig. 2.46. Note that the coefficients in the second half of the
group (i =24, 25) are approximately mirror images of those in the first half of the group (i =23, 22).
The effect of mirror imaging of the FEW coefficients of the resonance set is that the signal due to each
of the coefficients cancels out. The first and second integrals of the resonance A,(t); (velocity and
displacement changes) is very small. Therefore, the signal contribution due to the resonance is also
small.

By subtracting the resonance A,(t) from the original crash pulse A(t), the re-synthesized pulse
A, (1) is thus obtained, as shown in Fig. 2.49. The integrals of the re-synthesized pulse A,(t) are
compared with those of the original pulse (A). Comparison of the first integrals, Av, between the
original pulse, A(t), and re-synthesized pulse, A,(t), shows very little difference, as shown in Fig. 2.50,
even though a large oscillation from the resonance is removed. Similarly, the difference of the second
integrals, Ad, between the original and re-synthesized pulses is also very small. The underlying
reasons are attributed to the first and second integrals, Av and Ad, of the resonance, A,(t), which are
very small as shown in Fig. 2.50.

v, mph/d, in
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\ AV AL Ad: A
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AV A,(T) \; Ad: Ay(t)
e \
0 ‘&&%
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Fig. 2.50 Velocity and Displacement of the FEW With and
Without Resonance A,(t)

2.4.8 Trapezoidal Wave Approximation (TWA)

The deceleration of the TWA starts with zero deceleration at time zero and rises along a constant
slope, e, until it reaches a constant deceleration A at time T, as shown in Fig. 2.51. The constant
deceleration extends from T, to T,,, when the maximum deformation occurs. Since there are two
unknowns, T, and A, two equations based on two boundary conditions are needed. The two boundary
conditions for the barrier impact are (1) the velocity at T,, being equal to zero and (2) the displacement
at T, being equal to the test dynamic crush. The derivation and the solution for the two unknowns are
shown as follows. TWA is a useful crash pulse approximation when the kinematics occurring in the
beginning of test pulse duration can be well duplicated. In that early portion of the crash, structure
deformation and energy and air bag sensor crash performance can be accurately assessed by the TWA.

2.4.8.1 Deriving the Closed-form Solutions for TWA Parameters

The derivation of the TWA parameters is preceded by the kinematic relationships in the
deformation phase (Step 1). Thereafter, the boundary conditions are applied to derive the solutions
(Step 2). The two-step procedure is shown as follows.
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Trapezoidal Wave Approximation (TWA) and Kinematic Relationships—Step 1

|
| |
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Fig. 2.51 Trapezoidal Wave Approximation and Its
Integrals

Deformation Phase: 0-T,

a=e = il‘
T,
vV=y, o+ ftadt =y, + £ 235)
0 2
d=vt+ 4
6
Boundary conditions at T,:
for t=T,, then a = el| = A,
AT
e .2 1
v, =v, + 5 T; (=vo + T]’ and (2.36)
AT?
e..3 1
dl = VOTl + ETI =V0Tl + 6 ]
Trapezoidal Wave Approximation (TWA) and Kinematic Relationships—Step 2
Constant Decel: T,-T,:
‘ AT,
Vo= o+ f adt = v, + — + A(t-T)), where t > T,
T, 2
(2.37)

2 AT, AT}

L2 AT [vo - ljt + L
6

where d, is determined by the boundary conditions at T,

d=d, + fT’vdr
1
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Boundary conditions at T,:
BC#1: v=v, 6 =0,

AT,
0 :VO+T +A(Tm_T1)

T, - %(vo + AT,) « (2.38)
BC#2: d = C,
AT AT, AT?
C = +|v, - —|T, +
2 2 6

Substituting expression for T, into that for C,
and rearranging, it becomes
T2A% + 2(4v,T, -3C)4 + 4v> = 0 then

solving for the feasible solution of A : (2.39)
~(4v,T,-3C) +/(4v,T,-3C) - 4.T.
A- - <
T

m

Case Study:

A test was conducted of a mid-size passenger car in a 31 mph rigid barrier impact. The crash
pulse at the left rocker panel at the B-post is shown in Fig. 2.53. The TWA and the integrals are
shown in Figs. 2.53-55, along with those for the BSA (Bi-Slope Approximation). Note that the test
velocity and displacement boundary conditions at T, = 86.5 ms are satisfied by the TWA.

2.4.9 Bi-slope Approximation (BSA)

In the Trapezoidal Wave Approximation (TWA), there are two consecutive line segments of
which the slopes are e and zero, respectively. In the Bi-Slope Approximation (BSA) shown in Fig.
2.52, there are also two consecutive line segments but with finite slopes of e and f. Since there are
three unknowns in the BSA, the ramp-up time of T, and two slopes, e and f, it needs three boundary
conditions for a solution. In addition to the two boundary conditions for the TWA, which are the
velocity at T, equal to zero and the displacement at T,, equal to the test dynamic crush, the third
boundary condition is for the displacement at T,, the centroid time of the test crash pulse.

T Tm Tp ¢

Te
i
S

Fig. 2.52 Bi-Slope Approximation (BSA)
There are three unknowns: T, e, and f. The three boundary conditions for BSA are:

1. Velocity at T,= 0
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2. Displacement at T,, = test dynamic crush
3. Displacement at T, = test displacement at centroid time

The procedures used to determine these unknowns (A, e, f) of BSA are shown in Eq. (2.40).

_ 2_
7, - brybiAac 1ty o, ¥
2a x X
Note: A =eT, , B=A4+fT,T)
where
_ d
_4q9-p _1 &
a =214+ b = - + —
6 2| 4T
Tm Tcz [+
¢ =aly T PT, 2Tm_Tc+v_
1 17
p = — -
3 2T, (2.40)
1T, 1 4, TRAK
q = - - - ] —
21T, 2v7T, 6T,
1( T1]3 ch( Tl]z [Tc 1] Tl
y=6Tm 27\ T, T, 2T,
DR |
3 2\T
5 P R A
v,12 T, 2|T,

2.4.9.1 Comparison of Test Pulse, BSA, and TWA

The rear-loaded crash pulse of a truck in a 35 mph rigid barrier test was used in Section 2.3.6.1
for the ASW, ESW, and TESW analyses. All three approximated pulses have two boundary
conditions. The crash pulse shown in Fig. 2.12 is re-plotted and shown in Fig. 2.53 for the BSA (Bi-
Slope Approximation) analysis. The solutions of BSA which have three boundary conditions are as
follows:

T,=23.1 ms T.=48.1 ms
T, =83.4ms datT = 24in
C (dynamic crush) = 29.7 in B (deceleration at T,)) = -24.1 g

A (deceleration at T,) =-20.8 g

In the BSA, in addition to satisfying the two boundary conditions for the velocity and
displacement at T, (83.4 ms), the third boundary condition of the displacement at T, (48.1 ms) is also
satisfied, as shown in Fig. 2.55. Also shown in the figures are the responses for the Trapezoidal Wave
Approximation (TWA).

Based on the closely approximated velocity curves shown in Fig. 2.54, the comparison of energies
for the test, TWA and BSA, should be fairly close.
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Fig. 2.53 Crash Pulse Comparison between Test and BSA

(Bi-Slope Approximation)
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Fig. 2.54 Velocity Comparison between Test and BSA (Bi-

Slope Approximation)
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Fig. 2.55 Displacement Comparison between Test and BSA (Bi-Slope
Approximation)
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2.4.10 Harmonic Pulses — Background

Two harmonic pulses are used for crash pulse approximation: the halfsine and the haversine
pulses. Both of these are derived from a simple harmonic pulse but with different coordinate systems
being specified. Fig. 2.56 shows a harmonic pulse in which a sine, a cosine, and a haversine are
defined with coordinate systems a-t, a'-t', and a"-t", respectively. Since both the halfsine and haversine
start from zero magnitude (which agrees with the crash test deceleration value at time zero), they are
useful in crash pulse approximations. Normalized halfsine and haversine pulses (r,), their velocities
(r,), and the time (r,) are plotted in Fig. 2.57.

y-x Coordinate Pulse
a-t Sine
a'-t Cosine
a"-t" Haversine
a a' t"
1
0.5
0
{
0.5
"o 14" 2 3 4 5
d
Fig. 2.56 Harmonic Pulses
T.
alv
L 5N o ' )
os |- Halfsine .~ /Haversine 2% “Halfsine
Ta Iy | Iy
L1 P O SETTEEE EEDEEEEED ~ S EEEEEER SO ------------
I VAR L ]
02 f=—sfee S NHaversine NN ]
1] rv
0 0.2 0.4 0.6 0.8 1
Iy

Fig. 2.57 Normalized Halfsine, Haversine and Velocity Changes
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Table 2.7 contains the kinematic expressions and their plots shown in Figs. 2.58 and 2.59,
respectively. In addition, a triangular pulse shown in Fig. 2.60 is included as a reference. Given the
same magnitude and duration as shown in Fig. 2.61, the total velocity and displacement changes of
the halfsine pulse are about 27 and 21 percent more than those of the haversine, respectively.
However, given the same velocity change and duration, the peak magnitude of the halfsine pulse is
only about 79 percent of that of the haversine pulse as shown in Fig. 2.62.

Table 2.7 Simple Pulses and Normalized Kinematic Variables

Pulse Type Formula
% - Sin(nl)
Ap r, = — = Sin(n—
4 T
P
r, = £ = 5|1-Cos| nt
AV T (2.41)
;_ 5 58 Halfsi ' AV =13.98 4, T
R AD = 1229 4 17
a
r, = 2t = 5 |1-Cos| 20t
Ao A T
P
Vy t 1. t
r, = — = ———8in| 2n—
* AV T 2n T (242)
. AV = 10.98 A4, T
Fig. 2.59 AD = 101.5 ApT2
Haversine
t
Ap r = —A4 or 0 <t<kT
¢ kT ? f
r, = LAP Jor ET<t<T
T(1-k) (2.43)
. = Y AV = 10.984,T
Fig. 2.60 Triangle AD = 64.37(1+k)4,T?
Where t: time, sec T: total duration, sec
a,: acceleration at t A,: peak acceleration magnitude, g
v velocity at t AV: total velocity change, mph

AD: total displacement, in.
1, T, r,: normalized time, acceleration, and velocity, respectively

The triangular pulse in Figs. 2.61-2.62 has the same total velocity change as that of the haversine
pulse. The side of the triangular pulse intersects the haversine at the inflection point of the haversine,
the mid-point of the magnitude. However, the total displacement of the symmetrical triangular pulse
is about 5 percent less than that of the haversine pulse.
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Fig. 2.62 Harmonic Pulses with Same Velocity Change

2.4.11 Halfsine Approximation

The two boundary conditions for the halfsine approximation are the maximum dynamic crush,
C, and the time at dynamic crush, t,,. Since there are two constraint equations, two unknowns can be
computed: w, (circular frequency) and A, (peak halfsine magnitude). The process of deriving the
formula of the two unknowns is shown in Eq. (2.44). A case study and the construction steps needed
to apply the formula are described in Section 2.4.11.1.

The unknown term b in (5) of Eq. (2.44) can be found by using the Newton-Raphson method, as
shown in Eq. (2.45). Then the unknowns w, can be computed from the relationship b = w, t,, and
A,, (4) of Eq. (2.44), can be solved for. If the relative error, €, of the unknown b between two
successive iterations is less than .001 shown in Eq. (2.45), the current value of b is then the solution
to (5) of Eq. (2.44).

The solution process usually takes no more than three iterations to arrive at a solution. However,
the iteration process may get trapped if the initial guess is not in the range where a solution is feasible.
This is because the method requires calculation of the derivative of a function to evaluate the slope
(tangent) at a reference point. The slope at a point on the curve in the region where there is no feasible
solution can become zero at the peak or the valley and cause a computational error. It is recommended
that the function f(b) be plotted against b to understand the nature of the function and to select a proper
value for the initial guess.
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Formula Derivations for the Halfsine Approximation

a=APSin(wnt) T € ))

A
Integrating: v = ——£ Cos(w, 1) + c,
®

n

A
IC.: 1=0, v=v, then ¢, =v, + L
wn
A
v=vy,+ 2L[1-Cos(w,] . .. .. (@
(.)n
A Sin(w
Integrating: d = vyt + 2|t - M +c,
mn mn
1C.: t=0, d=0 = ¢, =0
A Sin(w ¢
and d=V0t+—PI—M N ) (2.44)
n mn '

Given: v, (initial velocity), C (dynamic crush), and t, (time of C)
solve for two unknowns, , and 4,
BC. 1: v=0 at =1, then, letting b=w,t,:
from @): 4, = @
B v
B.C. 2: d = C (dynamic crush) at t =t, then
Jfrom (3) and (4):

t _ .
le g _b=Sm® (s
z, b[1 - Cos(b)]
where t, (centroid time) = < N (V)]
Yo

Solving for Unknown Term b in (5) of Eq. (2.44):

Applying the Newton-Raphson Method:
From (5) in Eq.(2.44), a function f(b) is set as

_1_ _b-Sinb) _ L
/) =1 b[1-Cos(b)] ¢

m

F(b) = fd) _  b-Sin(b) _ 2-2Cos(b)-bSin(b)

ob  b2[1-Cos(b)] b[1 - Cos(b)]? (2.45)
, f(®) f(®)
oy =200 p = - T
b, - b;, f'®)
_ |bi+1 - bil . . .
e=—_" <.001, where 1. iteration index

i

Using a Newton-Raphson technique for the halfsine approximation, w, and A, can then be

computed from (4) and (5) of Eq. (2.44).
Based on formulas shown in Eq. (2.44), the construction steps for halfsine approximation are

listed in the following page.
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Given: v (initial velocity, ft/sec) el Halfsine: relative centroid location vs. b
= 14 mph = 20.53 ft/s, B - b SnD
C (dynamic crush, ft) = 5.86 in, T Y bacce |
t,, (time at C)=38.5 ms el i' :
Chart 1: Relative centroid L R s S
location vs. b Sl R R
[from (5) of Eq. (2.44)]. FY A
Given: C/(vt, )= .617, s : .
find b=1.96, then compute Lo e
@, (=b/t,) =50.9 rad’s, Fig. 2.63 Halfsine: Relative Centroid Location vs. b
f=w,/2n)=28.1 Hz
‘?7“,[' Halfsine: Normalized Peak Deceleration
2.5 ooeeemmnde A i 2N 1
VWn  1- cos(b)
Chart 2: Normalized peak S SN FOTUUOS WSO AU OO SOOI
deceleration el PN ]
[from (4) of Eq. (2.44)] '
Given: b= 1.96, L e
find A /(vw,) =.724, then e O s s
A=756.7 ft/s* =235 g e
b = wnty,
Fig. 2.64 Halfsine: Normalized Peak Deceleration
tl Halfsine: Normalized Timme at Peak Deceleration
Chart 3: Normalized time at fm 1 [T
peak deceleration S R R I B b tm 20|
[from (1) of Eq. (2.44)]
Given: b=1.96, e A B R e L
find t/t, = .8, then S N N O T
t,=30.9 ms.
0 0.5 1 1.5 b fﬂntm 2.5 3 3.5 4
Fig. 2.65 Halfsine Normalized Peak Deceleration
i:_m Halfsine: Normalized Deceleration at tp,
Chart 4: Normalized P Am
deceleration at t,, S I 12 D O e N M B
[from (1) of Eq. (2.44)] SN N S A A
Given: b=1.96, S . ——————,——
find A,/A,=.925, then . R
A,=21.74 ¢ B S A R S
Draw halfsine wave on top of E: L N
CI’aSh pulse 0 0.5 1 1.5 b=:vntm 2.5 3 3.5 1
Fig. 2.66 Halfsine: Normalized Deceleration at t,,
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2.4.12 Haversine Approximation

Crash pulse approximation using haversine is similar to that using halfsine, wherein the two
boundary conditions are the maximum dynamic crush, C, and the time, t,. Since there are two
constraint equations, two unknowns can be computed: w, (circular frequency) and A, (peak haversine
magnitude). The process of deriving the formulas for the two unknowns is shown in Eq. (2.46).

Derivation of Formulas for the Haversine Approximation

a-= % [1-Cos(w,®] .......... . ... .... @)

Integrating: v = >

L.C(initial condition): t=0, v=v, Then c,=v,
A Sin(w, ¢
v =y, +2Lt Sin(@,1)
2 ®,
A |42 Cos(wt
then: d = vyt + —pt—+¥
212 >

n

+c2

-A
IC: t=0, d=0, then C, = —Z,
Zmi
A A4
and d = vyt + Lt + 2 [Cos(w,H-1] ...... O] (2.46)
4 2wi
Given: v, (initial velocity), C(dynamic crush) and t,(time at C)
solve for two unknowns, , and Ap:
B.C.(boundary condition) 1: v=0 at t=t,

-2v,w,

8. 4 =—— " 10

From @) Ay = Simih) (10
BC.2:d=C att=t,

t 2 _
from (9) and (10): ¢ =1 -b"+2Cos(b) -2

t, 2b[b - Sin(b)]
where t, (centroid time) = < and

Yo

b=oawt

Using the Newton-Raphson technique for the haversine approximation, w, and A, can then be
computed from (7) and (8) of Eq. (2.46).

Based on formulas shown in Eq. (2.46), the construction steps for haversine approximation are
listed in the following page.
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Given:
v (initial velocity, ft/sec)
=31 mph =45.5 ft/s,

=1.878 ft,
t,, (time at C) = 72.8 ms
=.0728 sec

Chart 1: Relative centroid
location vs. b

[from (5) of Eq. (2.46)]
Given: C/(vt,)=.567,

find b=5.49, then compute
w, (=b/t,) =75.4 rad/s,
f=w/(2n)=12 Hz

Chart 2: Normalized peak
deceleration

[from (4) of Eq. (2.46)]
Given: b=5.49,

find A /(vw,) =.322, then
A=1104.5 ft/s?=343 ¢

Chart 3: Normalized time at
peak deceleration

[from (1) of Eq. (2.46)]
Given: b=5.49,

find t/t, = .572, then
t=41.7 ms

Chart 4: Normalized
deceleration at t,,

[(1) of Eq. (2.46)]
Given: b=5.49,

find A,/A,=.149, then
A=512¢

crash pulse.
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Fig. 2.67 Haversine: Relative Centroid Location vs. b
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Fig. 2.68 Haversine: Normalized Peak Deceleration
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Fig. 2.69 Haversine: Normalized Time at Peak
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2.4.13 Comparison of Halfsine and Haversine Pulses

A light truck, T5, was tested using a 31 mph rigid barrier condition. The crash pulse at the left
rocker at the B-pillar can be characterized by halfsine and haversine pulses. As shown in Figs.
2.71-2.73, both the halfsine and haversine produce a dynamic crush of about 23 inches at 73 ms,
which is the same as that of the test. However, the halfsine approximates the velocity and
displacement responses better than the haversine does. Also, the magnitude of the peak deceleration
of the halfsine, 27 g, is closer to that of the test than that of the haversine. The main reason for the
better approximation by the halfsine is that both the front and rear engine cross members of the light
truck frame structure are stiff. The early portion of the test crash pulse is better approximated by the
halfsine than the haversine, as shown in Fig. 2.71. Since the halfsine wave is also the transient
response (deceleration and displacement) of a simple spring mass model, the light truck structure
stiffness (force-deflection relationship) can be modeled by a simple spring-mass system. Depending
on the effective weight of the vehicle, the spring stiffness of the light truck can then be computed to
yield the specified dynamic responses.

test: haversine |

0 20 40 60 80 100
t, ms

-40

Fig. 2.71 Crash Pulse Comparison between Test, Halfsine, and
Haversine Waves

1] 20 10 60 80 100

Fig. 2.72 Velocity Comparison between Test, Halfsine, and
Haversine Waves
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‘haversine

o 20 40 60 80 100

Fig. 2.73 Displacement Comparison between Test, Halfsine, and
Haversine Waves

2.4.14 Response of Air Bag Sensor to Harmonic Pulses

A ball-in-tube (BIT) crash sensor and its components, used in an air bag equipped vehicle, are
shown in Figs. 2.74-2.75. The sensor contains a gold-plated steel ball, held in place by a magnet
located outside a plastic cylindrical housing. The ball moves forward when subjected to a deceleration
sufficient to overcome the force of magnetic attraction. The gap between the ball and spring contact
is 0.25 in and the ball bottoms out on the cap at 0.5 in. Due to the tight clearance between the ball and
cylinder (about 0.0015 inches, approximately the diameter of a human hair), the sensor is highly gas-
damped [3,4]. Being gas-damped, the sensor is not sensitive to short duration impulses, such as
hammer blows. This helps prevent inadvertent activations of the sensor.

The dynamic behavior of the gas-damped crash sensor is explained by the equation of motion of
the sensor subjected to an input excitation. The mathematical relationship between the sensor
displacement (output response) and velocity change (input excitation) is presented in the next section.

& Contact
" Spring

Fig. 2.75 Ball-in-Tube Crash Sensor
Magnet Sensing Mass Components
Fig. 2.74 An Air bag Ball-in-

Tube (BIT) Crash Sensor

To study the effect of halfsine and haversine pulses on the sensor responses, three pulses with the
specifications shown in Table 2.8 are plotted in Fig. 2.76. The three pulses were used to excite a BIT
sensor model. Pulse #1 is a haversine (T =38 ms, A, =32 g). When tested, it is required to activate
the crash sensor at a time between the mid-point and the final time of the haversine. Pulse #2 is a
halfsine with the same magnitude and duration as pulse #1; it has a total Av of 17 mph, about 27%
higher than that of pulse #1. Pulse #3 is a halfsine with the same total Av and duration as #1; it has
a peak magnitude of only 25.2 g, about 21% lower than that of pulse #1.
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Table 2.8 Specifications of Three Haversine and Halfsine Pulses

No. Pulse T, ms A, g Av, mph t*, ms Av, mph
1 Haversine 38 32 13.4 24 10
2 Halfsine 38 32 17.0 21 10
3 Halfsine 38 252 134 25 10

ag
0
N N S SN SN SR SRR D AR
e Y (Y S
S Ay 1 N S R
L T U N S SO 6“0
1 ‘ L #3 : : :

A o AN s A A P .
I ) ------- #2 L T
- | :

1] 5 10 15 20 25 30 35 40

t, ms

Fig. 2.76 Input Pulses to a BIT Model

Fig. 2.77 shows that the sensor velocity change is about 10 mph at the time of sensor activation
for all three pulses. The crash sensor is therefore categorized as a 10 mph crash sensor.

v, mph
12

0 : : : : s

P S R e P I

Fig. 2.77 Sensor Velocity Changes at Activation Times

Fig. 2.78 shows the displacement change and the activation times, t,,, of the three pulses using
a crash sensor model [3]. The activation occurs when the ball travels 0.25 inches and contacts the
springs inside the sensor housing. Pulse #2 has the shortest activation time, 21 ms, followed by pulses
#1, 24 ms, and last #3, 25 ms. Although the activation times due to the three pulses are different, the
velocity changes experienced by the sensor for the three pulses are the same.
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Fig. 2.78 Sensor Ball Displacements

Since the BIT crash sensor is highly damped, it is nearly a velocity-sensitive device. Therefore,
the displacement (output) of the ball in the sensor is approximately proportional to the sensor velocity
change (input). To compare the shape and curvature of the input velocity change and the output ball
displacement, the displacement magnitude in the three tests is amplified by 40 times and overlapped
with the velocity change. At the crash sensor calibration of 10 mph velocity change, the
corresponding sensor displacement, d, is 0.25 inches (dx40 = 10) when the sensor is activated. From
Fig. 2.79, the sensor activation times (the corresponding timings at Av = 10 mph) for #1, #2, and #3
tests are about 24, 21, and 25 ms, respectively. This shows that a relationship exists between the
velocity change (input) at the sensor location and the sensor ball displacement (output).

v, mph / d*40, in

12 ; T T T T
Sensor Acfivation: ! ! ! '
Contact T:ravel=.25 in ' ' ' h

10 Av=1l]!lnph

ﬁ ________________________________________ -
B _________________________________________________ -
F ) S R Y 7 S A R S — 4
.3 S " N S 4
#3
0 P el
1] 5 10 15 20 25 30

t, ms
Fig. 2.79 Calibration of a 10 mph Crash Sensor

2.4.14.1 Sensor Dynamic Equations
To simulate the ball-in-tube (BIT) sensor dynamics, a simple spring-mass-damper model, shown
in Fig. 2.80, is used. The equation of motion of the ball is developed in Eq.(2.47).
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TEF = ma

Frpe ~ G =m@EX) Q)

F
o O ma, C .
X=X+ £+ =3

m m
where -
X: acceleration of ball relative to the tube X

velocity of ball =
displacement of ball Y

(input excitation) deceleration of the tube

- velocity of the tube ref. frame
: mass of the ball Fig. 2.80 A Sensor
nagt TMAgMetic force acting on the ball Model

F: magnetic force at x=0

e
k: slope of magnetic force vs. x (k, a negative quantity)
c: damping coefficient

x:
x:
3
X:
m
F

!

(2.47)

2.4.14.2 Gas-Damped Sensor Mathematical Relationship

In a gas-damped crash sensor, the damping force acting on the sensing element during the crash
dominates the overall force. This is because the bias force due to the magnet is insignificant compared
to the damping force. Therefore the term due to the magnetic force, F, ., in (2) of Eq. (2.47) can be
eliminated, and the simplified equation is shown in (3) of Eq.(2.48 ).

To see the effect of input excitation on the maximum ball travel in the tube, the ball relative
velocity in (4) of Eq. (2.48) is set to zero. (5) of Eq. (2.48) shows that the maximum ball travel of a
gas-damped sensor is proportional to the input velocity change at the tube. This analytical
observation has been made by Chan [5].

mag>

F=-X+E8 ®3)
m
Integrating, this becomes

x = —[X+£x] .......... (4)
m

Set X to zero to get maximum ball travel. (2.43)

Then 0 = -[X+ £xmax]
m

therefore x__ = - Ll S 5)

max
c
2.4.15 Head Injury Criteria

The two principal criteria for head injury are the Severity Index (SI) and the head injury criterion
(HIC). The definitions of both SI and HIC are shown in Eq. (2.49).

1 ¢ o
— ft Zadt]z (t, - 1) (2.49)

- 1

T
SI = fa2-5dz = ¢, HIC = max
0 ht

The weighting factor of 2.5 is the power, n, in each equation , where a is the effective acceleration
in g’s, and t is the duration in milliseconds. Eiband [6] and Gadd [7] proposed a value of ¢ = 1000 in
which the human tolerance data are fitted by the equation. The fitted curve is referred to as the
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Wayne State Tolerance Curve. Versace [8] examined and published the detailed relationship between
the Wayne State Curve and the Severity Index. NHTSA, in response to Versace’s review, proposed
a new response variable, named HIC, which has become part of the occupant crash protection
requirements for frontal barrier crash tests.

The HIC, specified in the FMVSS 208 (Federal Motor Vehicle Safety Standard), states that the
resultant acceleration at the center of gravity of the head of a 50" percentile male dummy must be
such that the value of the HIC does not exceed 1000, where “a” is the resultant acceleration expressed
in g’s (the acceleration of gravity), and t, and t, are any two points in time (milliseconds) during the
crash separated by not more than a 36 ms interval.

Note that both t, and t, are two independent scanning times and there exists a pair of t, and t,
such that the HIC is maximized. Given a pair of t, and t,, the integral of the deceleration in Eq. (2.49)
yields the velocity change of the crash pulse in that duration. Furthermore, dividing the velocity
change by the duration (T =t,-t,) yields an average deceleration (A) in the duration, T. This average
deceleration is then raised to the power of 2.5 and multiplied by the duration to produce a HIC value.
By advancing t, while fixing t, (where t,> t;) and computing another HIC, a set of t, and t, with
maximum HIC can then be found. It has been shown by Chou and Nyquist [9] that for the maximum
HIC the deceleration values at the corresponding t, and t, are exactly equal.

Therefore, Eq.(2.49) can be rewritten as a matter of convenience as follows.

1000 = A25 T (2.50)

Eq. (2.50) is the injury threshold line shown in Fig. 2.81, the log-log plot of average acceleration
(A) versus duration (T =t, - t;). This injury threshold is the linear regression line based on the test
data of human and animal tolerance under rapid acceleration conditions. According to Eiband [6], the
potential of getting a severe head injury is high if the test condition in terms of A and T is above this
threshold line. Similarly, the potential of getting no injury or a moderate head injury is high if the test
condition in terms of A and T is below this threshold line.

HIC formula would change if different tolerance test data result in different regression lines such
as #1 and #3 in Fig. 2.81. If the #1 regression line is used as a head injury criterion, the HIC limit
would become 3780 instead of 1000 and the exponent would be 2.9 instead of 2.5.

1000 T T
100 7
<
5y
#1: 3780=TA**2.9 e
-------- #2: 1000=TA**2.5
------- #3: 276=TA**2.2
10 ! :
0.001 0.01 0.1 1

T, sec

Fig. 2.81 HIC Formula for Three Tolerance Regression Lines

Given an exponent n and a corresponding HIC expression, as shown in (1) of Eq. (2.51), the HIC
value for a sinusoidal head acceleration can then be computed by the closed formula shown in (2) of
Eq. (2.51). As an example, for n = 2.5, formula (2) becomes HIC = 0.4146 Apz'5 T for a sinusoidal
pulse, where A, is the peak magnitude of the halfsine deceleration and T is the halfsine duration.
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HIC = MTA
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t, =

where
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(2.51)

Newton-Raphson method is used to solve for W in (5), a recursive equation.
The solution of p for a given n is shown below:

For n =25, M
For n =29, K
For n =32, 7

1.0527943 radians
0.9828248
0.9386134

For simple pulses such as harmonic, triangular, and square pulses, the HIC can be computed by
a closed-form formula without using a numerical searching technique [9]. The closed-form HIC
formulas and the integrals for four simple pulses are shown in Table 2.9.

Table 2.9 Closed-Form HIC Formulas and Integrals of Four Simple Pulses[9]

A

A

A

A

0 T
Fig. 2.82 Halfsine

0 T
Fig. 2.83 Haversine

0 kT T
Fig. 2.84 Triangle

0 T
Fig. 2.85 Square

k—;’qt, 0<t<kI

. A

& %! Sm( Et) Zel1 —cos 2T A (T-1 A

g TAr 2 T HTD et ?
T(1-k)

AV,

mph 13.984,T 10.984,T 10.984,T 21.954,T

Ad,

in. 122.94,T2 101.54,7? 64.374,T*(1+k) 193.24,T2

tla 3

sec 0.1651T 025T kT 0

tza 4 +3k T

sec 0.8349T 0.75T 7 T

HIC — 041464°T 0.3034.°T 0.24644,°T AT
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2.4.15.1 HIC Topographs
(A) HIC Topograph of a Square Pulse

Given a pair of scan timings at t, and t,, a HIC value can be computed. If the deceleration versus
time data are plotted on each of the two timing axes, then a 3-D HIC surface (topograph), including
the point of the maximum HIC (with a symbol of triangle), can then be displayed. Fig. 2.86 shows
the topograph of a square crash pulse. The deceleration magnitude of the crash pulse, a, has been
multiplied by a factor of 10 in order to use the same scale as the HIC. Therefore, the vertical axis with
the caption of “HIC/ax10” represents both the HIC and head deceleration values. Since in scanning
for the maximum HIC, t, is always greater than t,, this relationship results in a flat surface with zero
HIC in the horizontal triangular base where t, is less than or equal to t,. The maximum HIC occurs
at the corner point (t, = 0 ms and t, = 36 ms) of the inclined triangular surface where the gradient is
constant. Therefore, the change in HIC with respect to the change in time is also constant.

HIC/a*10

1000
500

Fig. 2.86 HIC Topograph of a Square Pulse

(B) HIC Topographs of Other Simple and Test Pulses
Figs. 2.87-2.89 display the topographs of triangular, halfsine, and haversine pulses.

HIC/a*10

1000
500
0
-500
-1000
-1500

4 28 4
t£,, ms 323770

Fig. 2.87 HIC Topograph of a Triangular Pulse
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HIC/a*10

1000
500
0
-500
-1000

HIC/a*10

1000
500
0
-500
-1000

Fig. 2.89 HIC Topograph of a Haversine Pulse

The maximum HIC for these pulses occurs at the peak of a dome surface marked with a triangular
point symbol. Although the HIC surface around the peak is relatively flat, the gradients at the
maximum HIC are slightly negative in both t, and t, directions. Therefore, as (t, - t,) expands or

contracts, the HIC would decrease.
The head deceleration of a driver in a pick-up truck tested in a 35 mph fixed barrier condition is

shown in Fig. 2.90.

HIC/a*10

600
400
200
0
-200
-400
-600
-800

t,, ms 120 0

Fig. 2.90 HIC Topograph of a R/F Dummy in a Truck 35 mph
Barrier Test
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The duration of the head deceleration is 110 ms and the peak deceleration is -66 g (shown in the
figure as -66x10 = -660) at 77 ms. The maximum HIC from the numerical computation is 595. This
occurred between t, = 56 ms (with a circle mark) and t, = 96 ms (with a triangle mark) where the
duration is t, - t; =40 ms. The gradient around the maximum HIC is relatively small in both t, and
t, directions.

According to government regulations covering occupant protection, if the duration (t, - t,) of the
maximum HIC is more than 36 ms, then the HIC needs to be re-computed using a duration of 36 ms.
To estimate such a HIC, t, is increased from 56 to 58 ms, and t, is decreased from 96 to 94 ms so t, -
t, becomes 36 ms. The new HIC value can be estimated from the topograph if the HIC resolution is
decent. Otherwise, the closed-form HIC formula can be used.

The head deceleration versus time curve can be approximated by a haversine pulse which is
symmetrical about a vertical through the point of peak deceleration. It can be shown numerically that
HIC is approximately proportional to At, the duration between t, and t,. Since maximum At for a
haversine pulse can not exceed half of the haversine duration (see Table 2.9) and A remains the same,
the HIC is proportional to the time interval, At=t, - t,, as shown in Eq. (2.52).

25
HIC = A,” At, where At = 1,-1,

36ms _ 595x0.9 = 535

(2.52)
HICy, 35 =HIC), 4 0ms

Therefore, the estimated HIC with a duration of 36 ms is about 535.

2.4.16 Application of HIC Formula in Head Interior Impact

One of the useful applications of the closed-form HIC formulas for various simple pulses shown
in the previous section is in head interior impact. This impact testing is required by FMVSS 201
(Federal Motor Vehicle Safety Standard) to meet the vehicle upper interior impact safety requirement.
The regulation requires that the HIC value should be 1000 or less in a test where a headform of 10 1bs
impacts on various vehicle interior surfaces at a speed of 15 mph. The crush space requirement of a
padded material in the impact location therefore can be estimated by the use of the HIC formula
[10,11]. A process to normalize the head impact test data to 24 km/h provides a fair comparison
among tests and a process to assess a structure/foam padding system performance has been
undertaken by Lim, Chou, Wu, and Zhao [12].

Assuming the material stack-up in the headform impact is negligible, the maximum crush of the
material (dynamic crush) in the test is then identical to the available crush space. The closed-form
HIC expressions in terms of acceleration magnitude and duration are shown in Table 2.9. Eq. (2.53)
shows the HIC as a function of the velocity change (impact velocity) and the displacement change
(dynamic crush) for the four simple pulses such as square, halfsine, triangle, and haversine pulses.

HIC = oo AV*/S'S:  Square Halfsine Triangle(k=0.5) Haversine (2.53)
o: 0.0116 0.0148 0.0160 0.0213 '

Note that for an impact where the crash pulse is symmetrical and the impact velocity is the same
as the entire area of the crash pulse (the velocity change), the impact is perfectly inelastic, i.e., the
coefficient of restitution is equal to zero. It will be shown in Chapter 4 that the dynamic crush
(maximum crush, the double integral of the crash pulse with an initial impact velocity) is the same as
the displacement change (maximum displacement, the double integral of the crash pulse with zero
impact velocity).

The kinematic formula for the symmetrical crash pulses shown in Table 2.9 can therefore be
directly used to compute the impact responses and the HIC values.
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Fig. 2.91 shows the HIC as a function of other response variables such as dynamic crush, for a

given impact velocity of 15 mph. The minimum crush space requirement which would produce a
specified HIC value of 1000 can then be obtained from the curves in the figure.

HIC Performance of Simple Crash Pulses (15 mph)

2000 T T T T T

\ Haversine
"""" Triangle
------ Halfsine
Square

1500 | T S SN SOttt HIC limit i

©1000
sy

500

0 | V0.7 3\
0 0.5 1 1.5 2 2.5 3
d, in
Fig. 2.91 Relationship between HIC, Impact Velocity, and
Crush Space

To obtain a HIC limit of 1000, the minimum crush space or the thickness of a padded material

which yields a haversine pulse in the head form impact is 1.05 inches (27 mm); while for a square
pulse, it is only 0.7 in (18 mm). The material which produces the square pulse on the headform is
therefore considered to be the most efficient and that for the haversine pulse is the least efficient. The
HIC performances due to the halfsine and triangular pulses are inbetween those of the square and
haversine pulses.
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CHAPTER 3
CRASH PULSE PREDICTION BY CONVOLUTION METHODS

3.1 INTRODUCTION

A crash pulse is the time history of the response of a vehicle system subjected to an impact or
excitation. The dynamic characteristics of the system can be described by using a “hardware” or a
“software” model. A “hardware” model is a system consisting of masses interconnected by energy
absorbers (springs and dampers). This will be presented in Chapters 4 and 5. The present chapter
covers the use of a “software” model utilizing digital convolution theory for crash pulse prediction.
In a study by Eppinger and Chan [1], the concept of a finite impulse response (FIR) model based on
convolution theory is used to assess thoracic injury in a side impact. Using accelerometer data from
both the impacting side (rib cage) and the non-impacting side (spine) of a thorax, the torso dynamic
system is characterized by a set of FIR coefficients, i.e., a transfer function. Then, under a different
impact condition, the torso response in the non-impacting side can then be predicted by convoluting
the FIR coefficients with the accelerometer data for the impacting side of the thorax.

The basic operation of convolution theory, the derivation of the transfer function, and an
algorithm using a snow-ball effect to increase the computation efficiency are discussed. Cases are
presented which include but are not limited to the (1) Use of transfer functions in assessing the
occupant response prediction using various crash pulse approximations, (2) Characterization of truck
body mounts by FIR coefficients and the prediction of body pulses with different frame pulses, (3)
Evaluation of the performance of air bag and steering column restraint systems for both unbelted and
belted occupant responses, and (4) Assessment of sled test pulses and the prediction of its occupant
crash severity in a barrier test condition.

In body-on-frame vehicles, two types of body mounts, using man-made or natural rubbers, are
evaluated for their transient transmissibility (TT), the ability of the body mount to transfer the frame
impulse to the body. Two trucks with different body mounts and restraint systems were tested in high
speed barrier crashes. The dynamic properties of two body mounts are characterized by transfer
functions. Similarly, two restraint systems are characterized by their respective transfer functions.
The occupant response in a high speed barrier crash of one truck using the interchanged body mount
and restraint system from the other can then be predicted and the performance assessed.

Using a Kelvin model, in which the spring and damper are connected in parallel, a digital
convolution formula can be derived using the Laplace transform. The closed-form formulas in terms
of two model parameters, K (spring stiffness) and C (damping coefficient), describe the transfer
function. The dynamic properties of the components, such as air bag and body mount systems, can
then be compared for crashworthiness evaluation. Other applications of FIR transfer functions
including the development of RIF (response inverse filtering) are discussed.

RIF is based on finite impulse response (FIR) and inverse filtering (IF) methods. The accuracy
in validation and prediction via FIR transfer functions depends on the frequency content of the input
and output accelerometer data from which the transfer function is developed. The prediction accuracy
is low if the output data contain higher frequency components than the input. Taking advantage of
these forward prediction properties of FIR , the method of inverse filtering is thus utilized to develop
the RIF for the backward prediction.

The new RIF transfer function is created by the IF operation applied to the FIR transfer function.
The IF technique involves four sequential matrix operations applied to the column matrix of the FIR
coefficients. These matrix operations include transpose, multiplication, inverse, and multiplication.
The accuracy of RIF in predicting the high frequency output (such as frame impulse) with the low
frequency input (such as body excitation) has been shown to be high. One of the applications in
predicting the truck frame pulse based on an optimized or desired body pulse is illustrated.
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3.2 TRANSFER FUNCTION VIA CONVOLUTION INTEGRAL

A dynamic system can be characterized by its ability to convert a set of discrete-time data (input)
into another sequence (output). Such a conversion process shown in the S domain (Laplace
transformation) and time domain (convolution integral) in Fig. 3.1 is defined as a transfer function.

Output <::‘Transfer Function ‘ <== | Input
S-Domain: [ Y(S) |<=== <===[ X(8)

Time-

Domain: [y(m) |<== ml\zih(m)x(n-m) <==/(1)...x(n)

Fig. 3.1 A Transfer Function — A Convolution Process

A system with an input variable x and an output variable y is linear if the following conditions
are satisfied.

Condition 1: output: ay <=== input: ax
Condition 2: output: by <=== input: bx
Condition 3: output: (a+b)y <=== input: (atb)x

A system can consist of multiple subsystems. In a frontal barrier test, the front end of a vehicle
can be modeled as two subsystems, as shown in Fig. 3.2 . These are subsystem #1: frame rails (m,)
and body rocker panels (m,), connected by body mounts (k and c), and subsystem #2: upper front end
structure (m’) connected to the body (m,), through the dash panels (k' and c’).
K x!

FAWAAAAANMN—
m' |~
¥y

—1—
CF
—(m, K
t AAAAAAAAA
m, |
=N
c t

Fig. 3.2 A Dynamic System with Multiple Transfer Functions

Relative to the body (m,) response, the two subsystems (m’ and m, ) are parallel. In frontal impact
occupant kinematics analysis, multiple subsystems also exist. Subsystem #1 may represent the belt
and air bag restraint system (and the steering column for the driver side), and subsystem #2 may
represent the knee bolster, as shown in Table 3.1.

Table 3.1 A System with Multiple Transfer Functions [TF]

System [TF]’: k' and ¢’ [TF]: k and ¢

Vehicle Front Structure Upper Front End Body Mount

Occupant Restraint System Belt and Air Bag Restraint Knee Bolster
System
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Awareness of the existence of multiple transfer functions is essential in the analysis and
computation of the finite impulse response coefficients of a specific system. The relationship between
the transfer functions and the overall input and output data is described by Eq. (3.1).

y = [TF]'x’ + [TF]x 3.1

To define a transfer function, the load paths need to be identified. As an example, to accurately
compute the body mount transfer function, the input frame (m,) and output body (m,) data associated
with the load path through the body mount should be processed first before the upper structure starts
affecting the body response. This is because, in a vehicle frontal impact, the bumper comes in contact
with the barrier followed by the deformation of the front rail. Subsequently, the upper structure, such
as the shotgun and fender, may start interacting with the barrier. The upper front end structure thus
provides a separate load path to the occupant compartment (body).

The loadings acting on the upper and lower structures can be obtained from the crash test data,
such as the accelerometer data or the barrier load cell data. In computing the FIR coefficients of a
component such as the body mounts on a frame vehicle, the accelerometer data of the frame and body
in the first 20 ms after impact should be utilized. This is due to the fact that after 20 ms, the upper
structure contributes a portion of the deceleration to the body.

3.2.1 Convolution Method and Applications
The response of a linear system to a time varying input can be defined by the convolution integral
shown in Eq. (3.2).

W) = fi, h(t-)x(t)dr

where (f): the output response at time t, 3.2
x(T): the input excitation at time T, and
h(?): response at time t to an unit impulse at t=0

Similarly to the analytical simulation using the spring-damper-mass model described in Chapters
4 and 5, a model is also linear if the spring and damper forcing functions have linear relationships
with the deformation and deformation rates, respectively. A linear system can be described by a set
of finite impulse response (FIR) coefficients obtained by digital convolution theory. The relationships
between the FIR coefficients and the two model parameters, spring stiffness (or natural frequency) and
damping coefficient (or damping factor), are described in the following sections.

The FIR coefficients are useful in describing the dynamic characteristics of a system and in
predicting the system response under a different input condition. As an example, in a frontal barrier
crash, the chest deceleration and vehicle deceleration can be processed to obtain the set of FIR
coefficients which describes the dynamic characteristics of the restraint system. The set of FIR
coefficients is therefore the transfer function between the vehicle and occupant systems and represents
the dynamic characteristics of the restraint system. The transfer function can then be used to predict
occupant responses in a vehicle with a new or modified vehicle structures.

In describing the body mount dynamic behavior in light truck barrier crashes, the transfer function
of the body mount between the frame and the body (or cab) can be obtained from the accelerometer
data at the frame and body of the truck. Consequently, the body response can be predicted once given
a set of new frame accelerometer data.

The method using input and output discrete data points to obtain the FIR coefficients is described
in the following. Since the computation of the FIR coefficients is numerically intensive, an efficient
algorithm based on matrix symmetry and a technique called the “snow-ball effect” are presented. The
variables for the input, the actual and predicted outputs, and the FIR coefficients are defined as
follows:
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y(n):  predicted output at point n M: total number of FIR coefficients
y(n): actual output at point n n: adiscrete point index

x(n-m): system input at a discrete point n-m N: total number of discrete

h(m):  FIR coefficient at point m

Given a set of FIR coefficients, the predicted output is then expressed by the digital convolution
formula shown in Eq. (3.3):

y(n) = gh(m)x(n—m) (3.3)
m=1

Fig. 3.3 shows the convolution process where a set of M FIR coefficients overlaps the same
number of input discrete data points.

y(n)

atinil :

N ---m--2 1

Fig. 3.3 Input Discrete Data Points and FIR
Coefficients

The FIR coefficients are numbered from 1 to M in reverse order compared to the input discrete
data points, which are numbered from (n-m) to (n-1), with a total of M discrete points. Taking the
sums of each pair of the input data and FIR coefficient yields a predicted output, y (n), at point n,
where the corresponding input data is x(n).

Atthe beginning and the end of computation, where the number of overlapping data points is less
than the number of FIR coefficients, the values of those input data points outside the range from 1 to
N are assigned a value of zero.

3.2.2 Solution by the Least Square Error Method
Using the least square error method shown in Eq. (3.4), the steps needed to create a set of finite
impulse response (FIR) coefficients are presented below. The set of the FIR coefficients, h(m), for

the given input and output pulses can then be solved from a set of simultaneous linear equations shown
in (3) of Eq. (3.5).

M

Let the predicted response be P(n) = X h(m)x(n-m), and
m=1

e be the error between the actual and predicted responses,

then e = y(n) - ¥(n), and the sum of the error squared is (3.4)
2

N N N M N M
Ye? = XyXn) - 2Xy(n) X h(m)x(n-m) + X | X h(m) x(n-m)
n=1 n=1 n=1 m=1 n=1|m=1

To minimize e?

, Set a sensitivity coefficient to zero.
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N
X e?
n=1

= 0, the sum becomes
(m)

Letting

x(n-m) = 0

N N M
22X y(n)x(n-m) + 21| X h(m) x(n-m)
n=1 n=1|m=1
After rearrangement, one gets
N| M N
Y| X h(m) x(n-m) | x(n-m) = Xy(n)x(n-m) or:
n=1|m=1 n=1

[Ay]M [hi]lllxl - [Bi]ll'[xl
where matrices [h] and [B] are column matrices

(3.5)

4; = ]Xvix(n—i)x(n—j) ........... 1)
n=1
B, = g:y(n)x(n—i) ............. )
n=1
Then (] = [Aij]'l[Bi] .............. ?3)

Aj; is an auto-correlation matrix, which provides a comparison of a signal (x) with itself as a
function of time shift, while B; is a cross-correlation matrix, which provides a comparison of two
signals (x and y) as a function of time shift.

The time needed to compute the matrix elements of A;; and B; can be extremely long if a straight
forward (with repetitive computation of each of the matrix elements) method is used. However, an
efficient method based on the symmetry of the matrix and a “snow-ball technique” have been devised.
The method has been tested and is about 25 times faster than the repetitive computation approach.
The snow-ball method is described in the following section.

3.2.3 Matrix Properties and Snow-Ball Effect

The two sets of matrices derived from the least square error method possess certain repetitive
properties which may be computation-intensive. In Eq. (3.6), the properties related to the numerical
operation are described, and the snow-balling technique is utilized to perform the computation of the
matrix elements. Subsequently, the solutions of the FIR coefficients can be solved efficiently on a
computer.

Special Properties of Matrices A and B
Since the i" FIR coefficient is  [h] = [4,]'[B],

N N
where A, = Yx(n-)x(n-j) and B, = Xy(n)x(n-i);
n=1 n=1

Jor (n-i) >1 and (n-j) > 1 and
Due to the symmetry of the matrix A,
replace the start index n=1 by n=k,

where k is the larger of i and j. Then: (3.6)
N N

A, = Xx(n-i+)x(n—j+1) and B, = Xyn)x(n-i+1)
n=k n=k

Example: N =9, M=5, and i =95, j=5; then k=15
9
Ass = Xx(n-5+1)x(n-5+1)
n=5
= x(D)x(1) + x(2)x(2) + ... + x(5)x(5)
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The composition of each of the elements in A;; has been analyzed for the number sequence
repetition. This repetition can be eliminated from the computation to shorten computation time. The
technique used to eliminate this repetitiveness, as shown in Eq. (3.7), uses the snow-ball effect. The
process begins by computing the elements of the last column (j = m) in matrix A; then, the snow-
balling starts from the elements in the last column and generates the rest of the elements in the upper
half of the matrix. Due to the symmetry of matrix [A], the lower half of the matrix is simply: A; =
A;;. The snow-ball and straightforward techniques have been tested on a personal computer, and the
computation time difference was determined. Given N (number of data points) =250 and M (number
of FIR coefficients) = 150, the snow-ball technique was found to be 25 times faster than the straight-
forward method on the same computer.

Matrix Element Computation Methods
1) Straightforward method:
N

4; = Xx(n-x(n-j),  for i=l, j=5, N =9; then
n=1

A5 = x(0)x(-4) +x(1)x(-3) +x(2)x(-2) +x(3) x( - 1) +x(4) x(0) +
x(5)x(1) +x(6)x(2) +x(7)x(3) +x(8)x(4) +x(9)x(5),
where x(n-i) =0 for n-i <0 and
x(n-j) =0 for n-j < 0.

(3.7)

2) Snow-ball technique:
Using the previous example, where
N (no. of data points) = 9 and
M (no. of FIR coefficients) = 5
(i) Snow-ball Seed generator: Matrix elements Aij,
where i=1,2,.,M and j=M.
N
N 4; = ’gx(n—i+1)x(n—j+1) (3.9)
15 = X(5)x(1) +x(6)x(2) +...+x(9)x(5)
s = 2(4)x(1) +x(5)x(2) +... +x(8)x(5)
x(3)x(1) +x(4)x(2) +...+x(7)x(5)
45 = X(2)x(1) +x(3)x(2) +...+x(6)x(5)
ss = X(1)x(1) +x(2)x(2) +...+x(5)x(5)

~.
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Matrix Element Computation Methods (Continued)

As shown by the computation sequence from “Order” 1 to 2 in Eq. (3.9), the seed element A,
generated in Eq. (3.8), is snow-balled into the computation of A,. In the operation, only one
multiplication of a pair of numbers is executed and the product is summed up with the seed to get A,,.
Similarly, A,, is snow-balled into the computation of A, as shown in “Order” 3. By repeating the
same procedure for the other seeds, the upper half of the matrix is completed. Due to the symmetry
of the matrix, the element computation for the lower half of the matrix is not required. A Fortran
computer program based on the computation algorithm presented is listed in Table 3.2. It includes the
snow-ball technique and a subroutine using a Gaussian method [2] to solve the set of simultaneous
equations for the FIR coefficients.
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ii) Snow-balling from the seed location, A, i=5, 4, 3, 2, 1,
up in diagonal direction in the matrix Aii

4, Ay Ay Ay Ay
iy Ay Ay Ay Ao
[A,]] = g Ay Ay Ay A
Ay Ay A Ay A4S
ds; A5y As3 Agy Ass_
Order Matrix Elements
5 A = A4y + x(9x(9)
4 A,, = A5y + x(8)x(8)
3 Ay = Ay + x(Dx(7) (3.9
2 . Ay = Ay + x(6)x(6)
1 .. . Ay (seed)
9 A, = Ay + x(9)x(8)
8 <Ay = Ay, + x(8)x(7)
7 . Ay, = Ay + x(7)x(6)
6 ... A, (seed)
12 . Ay =4, + xO)x(7)
11 A4,, = Ay + x(8)x(6)
10 . Ay (seed)
14 Ay, = 4,5 + x(9)x(6)
13 . A, (seed)
15 . A5 (seed)

Table 3.2 Gaussian Routine for Determining Finite Impulse Response Coefficients (FIR)

¢ main routine if(m.gt.n) goto 2
COMMON/SOL/a(151,152),h(151) ¢ prepare a(i,j) matrix with order of m x m
dimension xy(251,2) doi=m,1,-1

write(*,"(' no. of pts (t=100ms)=',$)") il =n-i+1
read(*,*) n j=m
npb=n jl=n-j+1
step = 100./float(npb-1) a(i,j) = 0.
write(*,"(' step=',19.3)") step aij = a(i,))
pi=3.1415926 ¢ generating Seed, aij
f=10. !'hz do while (i1.gt.0 .and. j1.gt.0)
w =2*pi*f ! rad./sec, a(i,)) = a(i)) + xy(il,1)*xy(j1,1)
doi=1, npb aij = a(i,))
tms = (i-1)* step il=il-1
t=.001 * tms jl=j1-1
gin=-15 ! input data end do
gout = gin*(1.-cos(w * t)) ! output haversine end do
xy(i,1) = gin doi=2m
xy(i,2) = gout il =i-1
end do jl=m-1
2 write(*,"(' # of fir coeff.(max="i3,") =>',$)") n ¢ snow-balling from Seed A,
read(*,*) m do while (i1.gt.0)
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i2=1l+1

xyn = xy(n1,2)

j2=jl+l1 end if

i3 =n-il+1 end do

j3=n-j1+1 end do

a(il,j1) = a(i2,2) + xy(i3,1)*xy(j3,1) stop

il =1l1-1 end

jl=j1-1 subroutine gauss(n)

end do ¢ to solve for simultaneous equations [2]
end do

COMMON/SOL/a(151,152),h(151)

¢ copy upper right hand elements to the lower ¢ m=n+1
left hand due to matrix symmetry 1=n-1
doi=2,m dok=1,1
doj=1,i-1 kk = k+1
a(i,j) = a(j,1) doi=kk,n
end do qt = a(i,k)/a(k.k)
end do do j =kk,m
¢ prepare Bb(i) matrix with order of m x 1 a(i,)) = a(ij)-qt*a(k,j)
¢ storein a(ik),i=1,2,.,m; k=m+1 end do
ml =m+l end do
doi=1,m doi=kk,n
a(i,m1)=0. a(i,k)=0.
doj=1i,n end do
1=j-1+1 end do
a(i,ml) = a(i,ml) + xy(j,2)*xy(1,1) h(n) = a(n,m)/a(n,n)
end do donn=1,1
end do sum = 0.
call gauss(m) i=n-nn
¢ Compute the predicted response, xy(n,1) il =i+l
don=2, npb+1 ! Fir prediction.. do j=ii,n
nl =n-1 sum = sum-+a(i,j)*h(j)
xy(nl1,2) =0. end do
xyn=xy(nl,2) h(i) = (a(i,m)-sum)/a(i,i)
doj=1,m end do
nj =n-j return
if(nj .gt. 0) then end

xy(nl1,2) = xy(n1,2) + h(j)*xy(nj,1)

3.2.4 Case Studies: Computing Transfer Functions

The procedures described above are applied to an example where the transfer function converts
an input of square wave into an output of haversine pulse. The data sets for the input (x) and output
(y) decelerations versus time (t) are shown in Table 3.3. Shown in Fig. 3.4, the input is a constant
deceleration of -15 g and the output is a haversine wave with a duration of 100 ms and a peak

magnitude of -30 g. The total number of data points, N, is nine. The number of FIR coefficients, M,
is set to either five or nine.
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Table 3.3 Input and Output Data Sets and Generation of Matrices A; and B,

i 1 2 3 4 5 6 7 8 9

t, ms 0 12.5 25 37.5 50 62.5 75 | 87.5 | 100

X@), g -15 -15 -15 -15 -15 -15 -15 1 -15 -15

Y@), g 0 -439 | -15 | -25.61 @ -30  -25.61 -15  -4.39 0

For M (number of FIR coefficients) =5

Generation of Matrix Elements, A;;:

(i) Generating Seeds:

Ass = X(5)*X(5)+X(4)*X(4)+X(3)*X(3)+X(2)*X(2)+X(1)*X (1) = 1125.0
A =X(0)*X(5)+X(5)*X(4)+X(4)*X(3)+X(3)*X(2)+X(2)*X (1) = 1125.0
Ay = X(T)*X(5)+X(6)*X(4)+X(5)*X(3)+X(4)*X(2)+X(3)*X(1) = 1125.0
A, = X(8)*X(5)+X(7)*X(4)+X(6)*X(3)+X(5)*X(2)+X(4)*X (1) = 1125.0
A5 =X(9)*X(5)+X(8)*X(4)+X(7)*X(3)+X(6)*X(2)+X(5)*X (1) = 1125.0

(ii) Snow-balling from Seeds:

A= AtX(9)*¥X(6) =1125.0 + -15.0 * -15.0=1350.0
A, = A tX(8)*¥X(6) =1125.0 + -15.0 * -15.0=1350.0
A=A, X(9)*X(7)=1350.0 + -15.0 * -15.0=1575.0
Ay = A X(T)*¥X(6)=1125.0 + -15.0 * -15.0=1350.0
A,y = A+ X(8)*X(7)=1350.0 + -15.0 * -15.0=1575.0
A, =AtX(9)*¥X(8) =1575.0 + -15.0 * -15.0 =1800.0
A=A tX(6)*¥X(6)=1125.0 + -15.0 * -15.0=1350.0
Ay = A X(T)*X(7)=1350.0 + -15.0 * -15.0=1575.0
A,, = A +X(8)*X(8) =1575.0 + -15.0 * -15.0 =1800.0
A =A,tX(9)*¥X(9) =1800.0 + -15.0 * -15.0=2025.0

Generation of Matrix Elements, B;:

B, = y(1)*X(1)+y(2)*X(2)+. . .+y(9)*X(9) = 1800.0
B, =y(2)*X(1)+y(3)*X(2)+. . .+y(9)*X(8) = 1800.0
B, =y(3)*X(1)+y(4)*X(2)+. . .+y(9)*X(7) = 1734.1
B, =y(@)*X(1)+y(5)*X(2)+. . .+y(9)*X(6) = 1509.1
B =y(5)*X(1)+y(6)*X(2)+. . .+y(9)*X(5) = 1125.0

M =35: The computations of matrix elements, A; and B;, the FIR coefficients, and the predicted
output, 9, are shown in the Table 3.3 and Eq. (3.11). For the case where the number of FIR
coefficients is five, the matrix elements of A;; generated by the snow-balling approach are shown in
Table 3.3, as are the matrix elements of B;.

M =9: For the case where the number of FIR coefficients is equal to nine, the matrix elements of
A;;and B, are also shown in Egs. (3.10) and (3.11). Comparing the two sets of matrices, for M =5 and
M =9, it is noted that the set of matrix elements for the case of M = 5 is only a subset of the case
where M = 9. The first 5 by 5 subset matrix in the 9 by 9 matrix A is the same as that matrix A for M
= 5. The subset observation also applies to the B matrix elements.
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FIR Coefficients and Predicted Output with M =5 and 9, and N = 9

M(no. of FIR coefficients) = 5: [4]1[Ah] = [B]
2025 1800 1575 1350 1125] |A(1) 1800.0
1800 1800 1575 1350 1125||Ah(2) 1800.0
1575 1575 1575 1350 1125||h(3)| = |1734.1| and
1350 1350 1350 1350 1125||h(4) 1509.1
1125 1125 1125 1125 1125| |A(5) 1125.0

Using FIR coefficients to compute the predicted output,

y(1)=h(1)*x(1)=0
@) =h(1) *x(2) +h(2) *x(1) = -4.393
$(3)=h(1) *x(3) +h(2) xx(2) + h(3) xx(1) = ~15.000

YB=h)xx(H+hQ2)*x(3) +..

. +h(8) xx(1) = -25.607

P(5)=h(1) xx(5) +h(2) xx(4) +...
$(6)=h(1) xx(6) +h(2) *x(5) +...
(T =h(D) xx(7) +h(2) *x(6) +...
P(8)=h(1) xx(8) +h(2) *x(T) +...
$9)=h(1) xx(9) +h(2) *x(8) +...

+h(5) *x(1) = -15.000
+h(5) *x(2) = -15.000
+h(5) *x(3) = -15.000
+h(5) *x(4) = -15.000
+h(5) *x(5) = -15.000

M(no. of FIR coefficients) = 9: [4]1[A] = [B]

2025
1800
1575
1350
1125

900
675
450
| 225

where

(1)=.0

1800
1800
1575
1350
1125
900
675
450
225

FIR coefficients are: h(m), m

1575
1575
1575
1350
1125
900
675
450
225

1350
1350
1350
1350
1125
900
675
450
225

n2)= 293
h(6)=-.293

1125
1125
1125
1125
1125
900
675
450
225

900
900
900
900
900
900
675
450
225

675
675
675
675
675
675
675
450
225

n3)= 707

W(T)=-.707

450
450
450
450
450
450
450
450
225

225
225
225
225
225
225
225
225
225|

=12,..M

h(4)= .707
h(8)=-.707

(1)

h(2)
h(3)
h(4)
h(5)
h(6)
h(7)
h(8)

H(9)

(1) 0
n2)| |293
h3)| = |.707
n4)| |.707
ns)|  |.707

»a):

1800.0
1800.0
1734.1
1509.1
= [1125.0
675.0
290.9

65.9

h(5)= 293
h(9)=-.293

(3.10)

@G.11)

The two sets of FIR coefficients and the predicted outputs for M (number of FIR coefficients)
equal to five and nine are plotted and shown in Figs. 3.4 and 3.5, respectively. For the case M= 5,
the predicted output matches the actual output for the first four data points. For the case where the
number of FIR coefficients is equal to the number of data points, M = N = 9, the predicted output
matches completely the actual output as shown in Fig. 3.5.

The plot of FIR coefficients for M = 9 has a pattern of a sine wave as shown in Fig. 3.5, while
that for M = 5 has a pattern of a halfsine wave, as shown in Fig. 3.4. Note that the magnitudes of the
FIR coefficients are relative. They depend on the time step of the data points. In this example, the
time step is 12.5 ms, and the peak magnitude of the FIR coefficients shown in Fig. 3.6 is 0.7. Tt will
be shown in the next section that the magnitudes of the FIR coefficients are proportional to the data

time step.
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3.3 TRANSFER FUNCTION AND A SPRING-DAMPER MODEL

The spring-damper model shown in Fig. 3.7 when subjected to an input excitation, p(t), yields an
output response of q(t). The process of the model transforming the input to an output in either the time
domain (Fig. 3.7) or in the S domain (Fig. 3.8) is defined as a transfer function as shown in the
following.

© 2002 by CRC Press LLC



q Kk P
A
— [m, c m, |
o
t I ¢
| o |
Y <J X (J
Fig. 3.7 A spring-damper model subjected to an input
excitation, p(t).
1
g = At Y () plt-T)
7,=0
4] -
() = —2— ¢ sin[oy/1-Cr + §]
1-¢*
(3.12)
H_r2
where Y = tan’! 2ay1-¢
1-2¢2
p@), q(?): input, output decelerations at t, respectively
h(t): finite impulse response coefficient at time T,
At: fixed time step size
Q(S) H(S) P(S)
& | Transfer |[¢«——
Function
Fig. 3.8 Input P(s), Output Q(s), and
Transfer Function H(s) in S Domain
2
Hy = Q0. K0T 0
PG) 524 les + &
o o
where ®, = % . . . . undamped natural freq. (3.13)
=< ... damping factor,
cC
¢ =2mw_ . ... critical damping coefficient

3.3.1 FIR Coefficients and K-C Parameters of a Spring-Damper Model

Given an input excitation to a Kelvin model, consisting of a spring (K) and damper (C) in parallel,
the output response of the model can be obtained. By solving the second order differential equation
of the spring-damper model using the Laplace transformation, the finite impulse response (FIR)
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coefficients can be derived. The FIR coefficients are expressed by a closed-form formula in terms
of the spring and damper parameters.

The closed-form formula, commonly referred to as the digital convolution formula, is useful in
characterizing any set of transfer functions by two parameters K and C of the Kelvin spring-damper
model. The process involves the extraction of the signal by digitally filtering the FIR coefficients and
curve-fitting the signal by the closed-form FIR formula. Case studies are presented.

Derivation of FIR Coefficients From a Spring-Damper Model — Step 1
(1) Input excitation (deceleration): X=p®H ... . (@

Taking the transform: s° E'(s) = P(s), then E'(s) = i“:) .. (2
s

(Il) Output Equation of Motion: § = i(x—y)+£(aé—y) .. 3
m m
Let o, = % ..... undamped natural freq., and
¢ = < damping factor, c, = 2mw, . . . critical damping coefficient
cC

then L2 w. and £ - 2w

o

m m
Substituting the above expressions into (3) yields:
=@y + 200, e e e e e . @

Taking the Laplace Transform:
s?X(s) = WX()-¥()] + 20w, sLX($)-X(s)]
and rearranging in the form: ?(s) = H(s))?(s) N )]
20w + W
where H(s) = A (1))
52+ 20ws + o
and subsiituting (2)_ into (5), then
H = 18 - 5776 _ 06) NG
Xis) P& Ps)
where  Q(s) = L[] = s?Xs),  P(s) = LX)
Y is the Laplace Transform

(3.14)

s+ 2

Rewriting (6):  H(s) = 2o, —— 2 | ... ®)
(s + {w) +

where ® = w1 - (®  damped natural frequency . ... (9)

and taking the inverse Laplace transform of (8):

h(t) = $7H(s)]

2+&_ 2
w (2C (w,)

- 2w, \ e % sin(wt+y) . . . . (10)
(]

where J = tan’! (11)
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Derivation of FIR Coefficients From a Spring-Damper Model — Step 2
Simplifying (10) and (11) by using (9) gives:

mo “{w

k@) = e " sinfoy/1-C% + Y] R ¢ )
1-¢2
and ¥ - tan|2V1C . (13)
1-2¢2

Since O(s) = H(s)P(s), and
q() = 27O = L[HE)P()] = fo ‘h(T)p(t-T)de (3.15)

q() = At z:;)h(ri) pt-t) . . . .. ... (19
where ’

p@), q(©): input and output decelerations at time t
h(t): finite impulse response coefficient at time T,

At: fixed time step size

(14) of Eq. (3.15) is known as a digital convolution formula where p(t) and q(t) are the input and
output, respectively, in the time domain, and At h(t,) is the finite impulse response (FIR) coefficients
convoluting with the input to yield the output.

3.3.2 Transfer Functions of Special Pulses

Without a damper, { becomes zero, and the model degenerates into an undamped spring mass
model. Then, the set of FIR coefficients of the spring (k ) model is simply a sine wave, shown in Eq.
(3.16), and also the curve with legend of 10Hz/0 (zero damping) in Fig. 3.9. From Eq. 3.16, note that
the magnitude of the FIR coefficient at point m, h(m), is proportional to the time step, At.

¢ (damping coefficient) = 0, and { = 0,
From (13): { (phase angle) = 0
(12) becomes h(f) = o, sin(w, 1)
FIR coefficient at point m: h(m) = At h(f)

(3.16)

Case Study: Without Damping. A spring model with a natural frequency of 10 Hz is subjected to an
input excitation which is a constant deceleration of -15 g. Determine the transfer function as
expressed by the FIR coefficients and compute the output deceleration. The data step is set to 0.8 ms.

Without a damper in the system, the damping factor is zero. From (12) of Eq. (3.15), the peak
magnitude of h(t) is computed to be w, = 2nx(10 Hz) = 67.8 rad/sec. Since each FIR coefficient is
proportional to h(t) times one data step in seconds, the peak magnitude of the FIR coefficient is equal
to 67.8 rad/sec x 0.0008 sec=0.05 radians, as shown by the curve with zero damping in Fig. 3.9.

The peak magnitude of the FIR coefficient in this example is 0.05 radians with a data step of 0.8
ms. In the previous example, shown in Fig. 3.6, the data step is 12.5 ms and the corresponding peak
magnitude is 0.78 radians (Fig. 3.6), or 15.6 times (12.5 ms/0.8 ms = 15.6), and the peak magnitude
of 0.05 radians (Fig. 3.9), where the data step is 0.8 ms.

Using the convolution formula shown in (14) of Eq. (3.15) and At = 0.8 ms, the output
deceleration q(t) is computed and the peak output magnitude is found to be two times that of the
constant deceleration shown in Fig. 3.10.
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Fig. 3.10 Output Responses of a Spring-Damper
Model with Square Wave Input

-30

With Damping: Using the closed-form formulas, the FIR coefficients and the output can also be
computed for a system with a finite damping factor. Given a natural frequency of 10 Hz and a
damping factor of 0.3, the FIR coefficients and output response are shown in Figs. 3.9 and 3.10,
respectively. Note that the magnitudes of the coefficients start higher when the damping factor is
greater than zero. The end result from using the convolution formula is that the output response would
also start higher in a system with higher damping. The overall output response becomes a shifted and
modified haversine.

Instead of using a haversine as the output, a triangular pulse which has the same peak magnitude
and duration as the haversine will be used as the output. Note that both the haversine and triangular
outputs have the same velocity change (see Fig. 2.61). The set of FIR coefficients for transferring a
constant input to the triangular output is derived next.

Special Case: Constant Input and Triangular Output

In the previous example, the haversine pulse is replaced by a triangular pulse as output shown in
Fig. 3.11. The transfer function then becomes an integrator. The magnitude of the FIR coefficients
on both sides of the mid-point at 50 ms then becomes constant but with opposite sign as depicted in
Fig. 3.12. In this special case, the data step is 0.8 ms and the total number of FIR coefficients is the
same as the total number of data points, namely 125.
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Fig. 3.12 FIR Coefficients Transferring Constant
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According to the convolution formula, the constant magnitude of the FIR coefficients becomes
the constant integration step when the coefficients are convoluting with the constant input. Since the
integration of a constant is a ramp (or a constant slope), the output, following the ramp, reaches its
maximum magnitude when the convolution reaches the mid-point at 50 ms. After that, the second
part of the coefficients becomes negative and the predicted output magnitude starts decreasing. This
constant magnitude of FIR coefficients with opposite sign approximates the sinusoidal FIR coefficient
for the haversine output (see Figs. 3.9 and 3.12). Note that both the haversine and triangular pulses
have the same velocity change, the magnitude of FIR coefficients (.032) for the triangular output is
less than that (.05) for the haversine output.

3.4 BELTED AND UNBELTED OCCUPANT PERFORMANCE WITH AIR BAG

In establishing the transfer function for the occupant restraint system, the objectives of the study
in this section are two-fold. One is to evaluate the crash pulse approximation techniques in predicting
test occupant performance, the other, to assess the belted and unbelted left front occupant performance
in air bag equipped vehicles. Since the air bag module is attached to the steering wheel system, the
impact dynamics of the steering column in belted and unbelted occupant conditions plays an important
role in the occupant responses.

In Chapter 1, crash pulse characterization methods were developed to approximate an original
crash pulse by the use of only a few parameters. These techniques utilize only a few parameters for
crash pulse approximation and capture the major responses of a dynamic system in a test. The
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accuracy of the approximation technique in predicting the occupant response depends on the number
of parameters used.

The crash test data, such as vehicle and occupant accelerometer data, for two trucks in rigid
barrier 31 mph tests are used in this study. Table 3.4 shows the summaries of the occupants and
vehicles, truck #1 and truck #2. The data for the two trucks are used to obtain the transfer functions
of the air bag and knee bolster restraint systems, respectively. The TWA (trapezoidal wave
approximation) and FEW (Fourier equivalent wave) pulses are used as inputs to excite the occupant-
restraint systems. The transfer functions are then used to predict the responses of the occupant in the
trucks subjected to TWA and FEW pulses. The predicted occupant responses from these
approximated pulses are compared with those from the tests

Table 3.4 Vehicle and Occupant Responses in the Truck 31 mph Rigid Barrier Tests

Vehicle Torso / Femur
Truck
(type, r.e.stralnt Dy. Cr*., in ESW, g | t* restraint | Peak Decel, g DAF**
condition) @T,, ms contact @ T, ms
time,ms
#1: pickup truck, 225@73 17.1 42/46 51 @ 86/ 3.0/3.2
unbelted, w/ full- 55 @ 60
powered air bag
#2: SUV, Beltedw/ = 26.2 @ 90 14.7 15/--- 35@70/ 24/---
depowered air bag @ --

* Dy. Cr.: Dynamic Crush, in
** DAF (Dynamic Amplification Factor) = peak occupant deceleration, g/ ESW, g

3.4.1 Test Vehicle and Occupant Responses

Two trucks, one a pickup truck with a full-powered air bag for an unbelted occupant and the other
an SUV (sport utility vehicle) with a depowered air bag for a belted occupant, were tested in 31 mph
rigid barrier impacts. The essential data describing the vehicle and occupant responses are shown in
Table 3.4. Truck #1 with an equivalent square wave (ESW) of 17.1g is stiffer than Truck #2 with an
ESW of 14.7 g, and the peak torso deceleration of 51 g in Truck #1 is higher than that of 35 g in Truck
#2. The dynamic amplification factor (DAF) (ratio of the peak torso decelerations to vehicle ESW)
is 3 for Truck #1 and 2.4 for Truck #2. Occupant performance in Truck #2 is superior to that in Truck
#1 due to the lower torso g (deceleration).

Referring back to the closed-form formula shown in Section 1.9.4 of Chapter 1, the peak occupant
deceleration is a function of three factors: ESW, restraint stiffness, and restraint slack (or restraint
contact time, t*). It is shown that of these three factors, the controlling factors in the two cases are
the ESW and restraint slack.

Shown in Fig. 3.13 are curves for the torso deceleration versus torso relative displacement for
both trucks. The effective slack between the torso and the shoulder belt in the left front occupant of
Truck #2 is almost zero, while that for the Truck #1, §,, is about five inches, this being the distance
between the fully deployed air bag and the left front occupant torso. Fig. 3.14 shows that the torso
ridedown efficiencies for both trucks #1 and #2 are 7.4% and 49.0%, respectively.

The higher torso deceleration in Truck #1 is attributed to the unbelted condition. The occupant
simply freely flew into the deployed air bag. The left front occupant horizontal motion in Truck #1
forces the steering column (see Fig. 3.15) to stroke and rotate upward, resulting in head-windshield
contact.
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Fig. 3.15 A Steering Column and Local Coordinate
System

The steering column transient loadings are shown in Fig. 3.16 and summarized in Table 3.5. Note
that the higher column loadings along the three orthogonal directions result in a higher torso
deceleration in Truck #1 than in Truck #2.
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Table 3.5 Steering Column Loadings and Timings of Two Trucks, 31 mph Tests

Left Front Steering Column Loading and Bending
Truck Chest G
, @ms F, b F,, Ib F,lb  Mginlb M, in-Ib
(restraint types) @ ms @ ms @ ms @ ms @ ms
#1 (pickup truck, 51 -1937 1034 248 -2000 -1312
unbelted, w/ full- @ 86 @ 91 @ 83 @ 95 @ 49 @ 68
powered air bag)
#2 (SUV, 3-Pt. 35 -1261 512 158 -2262 766
Belted w/ de- @ 70 @86 @ 89 @75 @ 80 @76
powered air bag)

Considering the loading along the steering column itself, in the Z (longitudinal) direction, the
effective torso weight¥ (W, based on peak column loading and peak torso deceleration in the
longitudinal direction) can be computed. W for Truck #1 with an unbelted occupant is 38 pounds
as shown in Eq. (3.17). For Truck #2 with belted occupant, the resultant loading due to torso belt, air
bag, and column has to be computed before W can be estimated.

For Truck #2:
_ _column longitudinal loading _ 1937 Ib _ 38 b
4 torso longitudinal deceleration 51g
f- %\/386.4 K and K = Wk (3.17)
T

where k: restraint specific stiffness, glin
K: overall restraint stiffness, Iblin
f: restraint natural frequency, Hz

¥The instantaneous weight is based on the loading and deceleration at the same timing. The
average of instantaneous weights over the loading duration approximates the effective weight.
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W, can be used in a simple occupant-restraint model for dynamic analysis. The natural
frequency of a typical depowered air bag restraint system is about 6 Hz. The slope of the restraint
curve, shown in Fig. 3.13, is the restraint specific stiffness for Truck #2 and equals 4 g/in. Using the
formula presented in Section 1.10.2.2 of Chapter 1, the resultant stiffness of the restraint system of
Truck #2 is K= Wz k =38 x 4 =152 1b/in.

3.4.2 Truck #1: Unbelted Occupant with Full-Powered Air Bag

In this section, the restraint transfer function for Truck #1 will be computed and validated using
the test data. The occupant response subject to a TWA (trapezoidal wave approximation) will be
predicted using the test transfer function and compared with the test occupant performance.

Truck #1, with an unbelted occupant, was subjected to a rigid barrier impact at 31 mph. The
vehicle left rocker deceleration (input: X) and the torso and femur decelerations (output: y) of the left
front unbelted occupant are shown in Figs. 3.17 and 3.18, respectively. The truck rebounded at 73 ms,
and the peak torso deceleration occurred at 86 ms, after the rebounding of the truck. Having late peak
torso deceleration results in a low torso ridedown efficiency. However, due to the small slack between
the knee and knee bolster, the peak femur deceleration occurred at 60 ms, before the rebounding of
the truck.
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Fig. 3.17 Truck #1/Torso G: Test(x,y), Validation(x, §),
and FIR Prediction (Xrwa, $rwa)
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3.4.2.1 Restraint FIR Model Validation Using Test Results

The number of FIR coefficients in the transfer functions is set at 75 percent of the number of data
points. Since the data step is small, a window averaging of 14 bites is used to reduce the total number
of data points by 14 times. The total number of data points in the duration of 140 ms is then N = 140
ms/(0.08 msx14 bites) = 125 points. Then, the number of FIR coefficients is M = 0.75x125 = 93
points. The computed transfer functions (FIR models) of the air bag and knee bolster restraint systems
are shown in Fig. 3.19 and 3.20, respectively.

F}R coeff. FIR coeff.
; 14 Wﬂy RWMRWRVKAMJMH AAM’D\A} ’
T il
, ! wvw y MVWWM{"W
_50 20 40 5Ut, mSBU 100 120 140 _]00 20 40 EUt’ mSSU 100 120 140

Fig. 3.19 Truck #1: FIR Coefficients of Air Fig. 3.20 Truck #1: FIR Coefficients of Knee
Bag Restraint System Bolster Restraint System

To validate the FIR model, the test vehicle pulse (x) is convoluted with the FIR coefficients. The
predicted torso and femur outputs (¥) are found to be practically identical to those obtained in the tests
(y) as shown in Figs. 3.17 and 3.18 in the previous section.

3.4.2.2 Filtered Signals of FIR Coefficients

The signals contained in the two sets of highly oscillatory FIR coefficients, shown in Figs. 3.19
and 3.20, can be extracted by digital filtering. To improve the curve fitting between the FIR
coefficients and the filtered curve (signal), the FIR coefficients for both the air bag and knee bolster
restraints were reversed in sequence and then filtered by a Butterworth filter. The backward-filtered
signals of the two transfer functions are shown in Fig. 3.21.

. FIR coeff. (filtered)
0.06
w‘“""*\
0.04 s =
0.02 / ‘%\‘ Air Bag
f \ - Restraint

0 6.ATHZ .04 ooboe .
-0.02
Knee Bolster - \ ~  truck #1
-0.04 Restraint Ww ;
7.88Hz/.05 | f.Hz/ ¢
-0.06 i i :
20 40 60 80 100 120 140
t, ms
Fig. 3.21 Butterworth-Filtered FIR Coefficients of Truck
#1

Using formulas (12)-(14) in Eq. (3.15) and the Imbedded Random Searching (IRS) technique for
curve matching (see Chapter 5), the specific stiffness and the damping factor of the respective restraint
system can be found. As shown in Fig. 3.21, the damping factors for the air bag and knee bolster
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restraint systems are 0.04 and 0.05, respectively. The specific stiffness of the knee bolster (f=7.88
Hz) is larger than that of the air bag restraint (f = 6.47 Hz). The difference in specific stiffness can
also be checked using the loading slopes of the test restraint curves. In this particular test, the
effective slack between the torso and the fully deployed air bag is about five inches, as is the slack
between the knee (femur) and the knee bolster.

3.4.2.3 Response Prediction using TWA

Using the transfer function for the torso restraint system of Truck #1, the torso response is
predicted with the TWA crash pulse as input. The predicted occupant torso decelerations (1, ) using
TWA input (X1y,) are shown in Fig. 3.22. The peak deceleration magnitudes of both the predicted
and the test torso responses occur during the vehicle rebounding phase and result in a relative high
deceleration. However, the magnitudes of the peak femur deceleration for both the predicted and test
responses occur before vehicle stops against the rigid barrier as shown in Fig. 3.18. The parameters
describing TWA are the constant deceleration magnitude and the onset time at the beginning of the
constant deceleration. Since a constant deceleration pulse is close to an ideal crash pulse, the
predicted output occupant deceleration subjected to the TWA crash pulse yields a smaller peak
magnitude (48 g) than that of the test (51 g) (see Fig. 3.22).

ag
5
0
5t Rocker
/
10 TWA M
15 1
20
25 A
-30 Torso {TWA
35} g test —
0y 20 40 60 80 100 120 140

t, ms

Fig. 3.22 Truck #2: Test, Validation, and Prediction of
Torso Response using TWA

3.4.3 Truck #2: Belted Occupant with Depowered Air Bag

In this section, the restraint transfer function in Truck #2 will be computed and validated using
the test data. The occupant response subjected to TWA (trapezoidal wave approximation) will then
be predicted using the transfer function from the test.

In Truck #2, with a 3-point belt and an air bag system in a rigid barrier test at 31 mph, the vehicle
left rocker and left front occupant torso decelerations are shown in Fig. 3.22. The TWA (trapezoidal
wave approximation), satisfying two boundary conditions of the vehicle dynamic crush and velocity
change, is overlapped with the test crash pulse, as shown in the figure.

3.4.3.1 Restraint Transfer Function Validation

The number of FIR coefficients (not shown) for the air bag restraint system in the Truck #2 test
is also set at 75 percent of the number of data points as is the case for Truck #1. Since the data step
is small, a window averaging 14 bites is also used to reduce the total number of data points fourteen-
fold. The total number of data points and the number of FIR coefficients are greater than those for
truck #1, due to the longer duration of the crash pulse. To validate the FIR model, the test vehicle
pulse (x) is convoluted with the FIR coefficients. Similar to the Truck #1 FIR model validation
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(plotted in Fig. 3.17), the predicted torso output (§, not plotted in Fig. 3.22) for Truck #2 matches quite
well with that from the test (y).

In Fig. 3.23, the filtered signal of the FIR coefficients for Truck #2 is compared to that of Truck
#1. Due to the higher steering column loading and bending, the specific stiffness of the torso restraint
system for Truck #1 is higher than that for Truck #2. However, due to higher sliding friction
attributed to the column stroking in Truck #2, the damping factor (0.17) of the torso air bag restraint
in Truck #2 is higher than that (0.04) in Truck #1. The higher damping would have provided more
attenuation effect on the lower torso deceleration in Truck #2.
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Fig. 3.23 Filtered Signals of FIR Coeff. of Truck #1 and
#2 with Air Bag Restraints

3.4.3.2 Response Prediction Using TWA

To assess the effect of the TWA (Trapezoidal Wave Approximation) crash pulse on the occupant
response, a TWA 1is used as the input in the derived FIR model. The predicted output torso
deceleration with a TWA is compared to the test torso deceleration and shown in Fig. 3.22. The
predicted peak torso deceleration of 30 g, lower than the test torso deceleration of 36 g, occurs around
65 ms, before the vehicle comes to a stop at the rigid barrier around 90 ms.

3.4.3.3 Response Prediction Using Fourier Equivalent Wave (FEW)

A 5" order Fourier Equivalent Wave (FEW) derived from the crash pulse alone without satisfying
any test boundary conditions can be computed by Eq. (2.27) in Chapter 2. In the Truck #2 rigid
barrier 31 mph test, the FEW has been computed and is shown in Eq. (3.18) and Fig. 3.24.

Truck #2: 5 order FEW (Fourier Equivalent Wave)
5

A® = Y asin(iof) for o =538Hz
i1

i 1 2 3 4 5
iw 410 820 1230 1639 20.49
a, -2031 -3.72 -395 -93 1.22

1

(3.18)

The 5™ order FEW, shown in Fig. 3.24, exhibits a double hump wave and approximates the test
vehicle crash pulse very closely. To assess the effect of the FEW crash pulse on the occupant
response, the FEW is used as the input to the derived transfer function. The FEW predicted torso and
test torso deceleration are shown in Fig. 3.24. Both the predicted and test peak torso decelerations
occur around 70 ms. The overall profiles of the predicted and test torso deceleration match very
closely, and the peak magnitudes of the two curves are almost identical (about 35 g). In general, using
the transfer function in crash pulse prediction, the higher the order of the approximated FEW pulses
used, the more accurate the predicted output deceleration will be.
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3.5 BODY MOUNT AND TORSO RESTRAINT TRANSFER FUNCTIONS

In a body-on-frame vehicle, Fig. 3.25, the body or cab is fastened to the frame by body mounts.
One type of truck body mount, as shown in Fig. 3.26 (Type F), consists of rubber bushings on the top
and bottom of the frame bracket, a bolt, and a retainer. The rubber bushing is made of Butyl, a man-
made rubber. There are four body mounts on each side frame and two front end sheet metal (FESM)
mounts. Body mounts are designed to carry the horizontal impact load in an impact and to isolate the
noise, vibration, and harshness (NVH) from the passenger compartment during driving.
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Fig. 3.25 Two Body Mount Locations Fig. 3.26 Type F Body Mount (= Fig. 2.36)
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An alternate body mount design, Type T, consists of two concentric steel cylinders, as shown in
Fig. 3.27. The space between the two cylinders is filled with a rubber bushing consisting of natural
rubber mixed with a carbon black compound. Due to the vertical shear loading on both sides of rubber
bushing, Type T body mount is also referred to as a shear mount. Since the inner cylinder movement
is constrained by the outer cylinder, the inner cylinder bottoms out on the outer cylinder as it moves
forward. Both Types F and T body mounts are analyzed using the component test data and the spring-
mass-damper model.

3.5.1 Body Mount Characteristics and Transient Transmissibility

A body mount is a complex joint assembly where not only pre-loading due to installation torque
exists, but also shearing, axial loadings, and bending from a crash (Fig. 3.28). It has been suggested
[3,4] that body mounts provide attenuation of the frame and body decelerations. However, few
attempts have been made to investigate the mechanism of attenuation by body mounts. In this section,
the dynamic characteristics of various body mounts in the component and full vehicle tests are
described by the sets of FIR coefficients and the associated stiffness and damping properties of a
spring-mass-damper model.

The damping characteristics of two rubber bushing materials and one of steel are compared in the
frequency plots for the steady-state force transmissibility (T) (shown in Fig. 3.29). The steel has very
little damping and it resonates strongly when the ratio of the forced to natural frequency (R) is equal
to one.

For the natural rubber bushing, the force transmissibility, T, is about 9 at the resonant frequency.
Therefore, from Fig. 3.30 for T versus R, the damping factor, , for natural rubber is estimated to be
about 0.06. It is expected that the damping factor for natural rubber with a carbon black compound
for engineering application will be between 0.1 and 0.15. For Butyl rubber, the transmissibility is
about 2 and the damping factor from Fig. 3.30 is about 0.3.

The ability of a body mount to transfer the frame impulse to the body is defined as transient
transmissibility (TT)[3]. The numerical value of TT is equal to the ratio of the first peak magnitude
of the body deceleration to that of the frame deceleration. TT plays an important role in the truck
crashworthiness which affects directly the occupant compartment response. This is because the front
rail design determines the size and shape of the frame impulse, and the spring stiffness and damping
of the body mount determine how the frame impulse is transferred to the body.

T D Force Transmissihility
1K i ‘
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2 1T 1
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Fig. 3.29 Material Damping Fig. 3.30 Force Transmissibility as a Function of
Properties Damping Factor and Frequency Ratio
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Fig. 3.31 shows the accelerometer data of the frame and body at the B-Pillar of truck F (with type
F body mount) with a duration of 20 ms in a 35 mph rigid barrier test. The data were filtered by a
Butterworth 2™-order filter at a roll-off frequency of 100 Hz according to SAE J211, Instrumentation
for Impact Tests. The duration of the frame impulse lasts about 10 ms and the peak magnitude is
about -135 g at 7ms. The first peak magnitude of the body deceleration is about -35 g at 11 ms, about
4 ms later than the timing of peak frame acceleration. The TT of the body mount is then equal to
35/135 = 0.26 as shown in the figure.
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Fig. 3.31 TT of the Body Mount in Truck F

The dynamic characteristics of the body mount will be analyzed by the transfer function. It is
desirable to isolate the portion of the body deceleration which is attributed to the frame impulse only.
Shown in Fig. 3.32, the frame and body displacements at 11 ms are about 6 and 7 inches, respectively.
The corresponding body mount deformation, Ad, at 11 ms therefore is about 1 inch.

5 bod;
body mount oY

Ad / frame
b I

f

0 5 10 15 20
t, ms
Fig. 3.32 Type F Body Mount Deformation in Truck #1
35 mph test

Due to the overhang of the bumper attached to the frame, the frame deformation of 6 inches is not
large enough to cause the upper end of the structure above the frame to interact with the rigid barrier.
Since the upper structure is not contributing significant resistance or deceleration to the body in the
early portion of the crash, the excitation that generates the body pulse in that period is the frame
impulse. Thus the transfer function obtained is that of the body mount between the body and frame.
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Using a haversine pulse with a duration of AT = 10 ms as input to a Kelvin model, the TT can
be expressed as a function of body mount natural frequency (stiffness), f, and damping factor, {. Figs.
3.33 and 3.34 show the 3-D surface and constant contour plots, respectively. As either of the natural
frequency, f, and damping factor, {, increases, TT increases.

Fig. 3.33 3-D Plot of TT, a Function of f and {, Given
Haversine with AT=10 ms

TT AT= 10ms

0.7
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‘?\ 5 5 0.5
4 0.4
) 3 0.3 ¢
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0.1

1 4 7 10 13 16 790
f Hz

Fig. 3.34 Contour Plot of TT, a Function of fand (,
Given Haversine with AT = 10 ms

3.5.2 Types F and T Body Mount Transfer Functions

Truck F, equipped with a Type F body mount, was tested in a 35 mph rigid barrier condition. The
frame and body decelerations up to 20 ms with TT = 0.26 are shown in Fig. 3.31. The two
deceleration data sets are used to compute the transfer function with M (no. of FIR coefficients) = 18
and N (no. of data points) = 25. The set of FIR coefficients (transfer function) is filtered (without
reversing the data sequence) by a Butterworth 2™-order filter with a cutoff frequency of 100 Hz, as
shown in Fig. 3.35. Using the convolution integral formula to curve fit the filtered FIR coefficients,
asmoother K-C model curve is also shown in Fig. 3.35. The natural frequency and the damping factor
from the curve fitting are f=11.2 Hz and { = 0.26. The value of damping factor of the Type F body
mount is fairly close to that of the component test results.

The same procedure was applied to Truck T which was equipped with Type T body mounts. The
frame and body decelerations (curves indicated by T frame and T body) up to 20 ms are shown in Fig.
3.36. The natural frequency and the damping factor from the curve fitting are f=9.6 Hz and (= 0.15,
as shown in Fig. 3.36. As expected from the component test analysis, the damping factor for Truck
T, equipped with natural rubber body mounts, is less than that for Truck F, equipped with man-made
rubber (Butyl) body mounts.
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3.5.3 Body Response Prediction of Truck T with Type F Body Mount

In the previous section, the body mount transfer functions were derived using the frame and
rocker accelerometer data for trucks F and T, respectively. One of the most frequently asked questions
is what would the body response become if Truck T were equipped with Type F mounts. Since the
transfer function of the Type F body mount used in Truck F has been obtained, it can be used to
convolute with the frame pulse of Truck T to predict its body response.

Fig. 3.36 shows the predicted body response of Truck T with a Type F body mount installed. The
peak body deceleration has increased from a magnitude of 14 g to 26 g. Therefore, the new TT
(transient transmissibility) is equal to 26/110 = 0.24 which is twice as high as the 0.12 obtained when
the original body mount Type T was used. The increase of TT is attributed to the high damping factor
of Type F body mount. The body response is dominated by the damping due to the large velocity
change over the duration of the frame impulse.

3.5.3.1 Frame Impulse Duration and Transient Transmissibility

The TT of Truck T equipped with the Type F body mount has been estimated to be 0.24. It would
have been the same as the original obtained for Truck F, 0.26, if the duration of the frame impulse of
Truck T (AT = 8 ms) were as long as that of Truck F, 10 ms. As mentioned in the publications on
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body mounts [3,4], for a given body mount, there is a positive correlation between TT and AT. Fig.
3.37 shows the 3-D surface contour plot of TT as a function of damping factor, {, and frame
(haversine) impulse duration, AT. The natural frequency of a body mount used in generating the TT
is 8 Hz.

f=8 Hz
TT

0.4
0.3

0.1

-1 AT, ms

Fig. 3.37 3-D Contour Plot of TT in Terms of { and AT
of Frame Impulse

3.5.3.2 Testing Frame Rail for a Desired Impulse Duration

In an impact test, the frame structure produces a crash pulse that can be approximated by a
haversine pulse. Depending on the initial impact velocity, the frame deformation associated with the
peak magnitude and duration of a haversine pulse can be modified by a two-step process:

Step 1: The kinematic relationship between the peak amplitude, displacement change, and duration
of the haversine pulse has been shown in Section 2.4.15 in Chapter 2 and is plotted in Fig. 3.38. The
derivation of the relationship shown is based on the first and second integral with the initial velocity
and displacement equal to zero. This is equivalent to a test conducted on a power thruster (a pulse
generating machinery) where a test object is excited with the specified peak haversine acceleration
magnitude and duration. The resulting displacement change can then be estimated.

C = .0176 VAT - .0001 ApAT”

Fig. 3.38 Haversine Frame Crush versus Peak
Deceleration amd Duration —Impact

Step 2: By subtracting the displacement change, as shown in Fig. 3.38, from the free-flying
displacement at AT (ms) with an initial velocity of V (mph), the frame crush, C (in), can be computed
by the formula shown in Fig. 3.39.
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Fig. 3.39 Haversine Displacement versus Peak
Deceleration and Duration — Excitation

For the Truck F in the 35 mph barrier impact, the peak deceleration and duration of the frame
haversine pulse are about 135 g and 7 ms, respectively, and the frame crush isthen C=6.2 - 1.4 =
4.8 inches. For Truck T, the peak deceleration and duration are 110 g and 8 ms, and the frame crush
isC=4.9 - 0.7=4.2 inches. To increase the duration of Truck T impulse from 8 to 10 ms, the frame
crushneeded is 5 inches, an increase of about 0.8 inches. Note that in the frontal impact, the amount
of frame crush includes those due to the bumper and front frame horn which supports the bumper.

3.5.4 Torso Restraint Transfer Functions

The two trucks used in the body mount transfer function analysis in Section 3.5.2 were crash
tested in a 35 mph rigid barrier impact. The body mount transfer function in one truck (Truck F) is
used to predict the body responses of the other truck (Truck T, a prototype vehicle) for body
(compartment) crash performance comparisons. In this section, a similar study on the torso restraint
transfer function is performed to validate and predict the occupant torso responses for the prototype
truck at 35 mph impact.

Given the crash test results of Truck F, the restraint transfer functions for both the left front and
right front restraint systems can be obtained. In a new prototype truck development, the front end
structure has more available crush space while the basic restraint systems for both trucks remain
unchanged. It is imperative that the occupant responses in the new prototype truck be estimated.

By analyzing the test performance of truck F, the respective transfer function for the left and right
front occupant restraint systems can then be computed. These restraint transfer functions are then
applied to predict the occupant responses in Truck T.

3.5.4.1 Vehicle and Belted Occupant Performances in Trucks F and T

Both trucks in the 35 mph barrier impact were equipped with belt and air bag systems. Each
restraint system utilized a pyrotechnic pretensioner, a load limiter, and a web grabber in both left and
right front seating positions. Truck F had a regular air bag system, while Truck T had ARS (advanced
restraint system) dual-stage inflator systems. Thus, the restraint transfer function, obtained from the
input vehicle compartment (body) and output torso decelerations, represents the dynamic
characteristics of the restraint system in that test condition.

Figs. 3.40 and 3.41 show the vehicle and occupant responses of trucks F and T, respectively, in
the 35 mph barrier test. The higher initial acceleration magnitude of the body in Truck F makes both
the ESW (equivalent square wave) and ASW (average square wave, deceleration average of two
points on the TESW) higher than those for Truck T. Consequently, the dynamic crush of Truck F is
less than that of Truck T. Truck F is stiffer than Truck T and the left front occupant chest deceleration
is greater than that in the Truck T test.
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Fig. 3.41 Vehicle and Occupant Responses of Truck T in
a 35 mph Barrier Impact

Table 3.6 lists the structural responses of the two vehicles in terms of the tipped equivalent square
wave (TESW), relative centroid location, and dynamic crush of the left rocker panel at the B-pillar.
The crash pulse of Truck T, with relative centroid location of 0.56, is tipped more rearward than Truck
F. Truck T, which was more rear-loaded than truck F, had about 29 inches dynamic crush compared

to about 25 inches for Truck F.

Table 3.6 Tipped Equivalent Square Wave (TESW) and Dynamic Crush of Trucks F and T

Truck TESW Dynamic Crush, in
(Belted Occupant) P, o P .o TJT, T, ms @ T, ms
F, Type F body mount -18.5 -22.4 .52 97 247 @ 78
T, Type T body mount -12.1 -26.0 .56 103 28.9 @ 84
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The equivalent square wave and the left and right front occupant chest (torso) decelerations of
both trucks F and T are shown in Table 3.7. Because of the advanced restraint systems, the test chest
decelerations of both left and right front occupants in the tests are relatively low except for the left
front occupant in Truck F. Post-crash analysis of the steering column in Truck F indicates that the
steering column rotated upward and did not stroke as much as that in truck T. The high left front chest
deceleration of 51 g in truck F is attributed to the high column loading.

Table 3.7 Chest G, ESW, and DAF of Trucks F and T

Test Chest Deceleration, g DAF, Dynamic Amplification Factor
Truck ESW, g
Left Front =~ Right Front Left Front Right Front
F 51 @ 66 38 @ 88 19.8 2.6 1.9
T 34 @ 94 38 @ 90 16.9 2.0 23

Fig. 3.42 shows the left front occupant restraint and ridedown curves for both trucks in the 35
mph barrier tests. Comparison of the restraint curves (chest decelerations versus chest displacements)
indicates that Truck F has a steep second slope due to the steering column rotation. This results in
a higher column loading and higher chest deceleration (51 g) and less torso travel (12 inches) than
the torso responses (34 g and 14 inches) in Truck T.
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Fig. 3.42 Left Front Occupant Restraint and Ridedown
Curves of Both Trucks F and T

Fig. 3.43 shows the right front occupant restraint and ridedown curves for both trucks in the 35
mph barrier tests. Compared to the steering column movement, the right front air bag module is
mounted inside the instrument panel where no intrusion has occurred. Therefore, the restraint curves
of the right front occupants in both trucks are almost identical.

The ridedown efficiencies of both the left front and right front occupants in both trucks are shown
in Table 3.8. The ridedown efficiencies of the left front occupants for both trucks are the same, 47%;
however, the chest deceleration of truck T is lower due to its advanced restraint system (with a 2-stage
inflator) and a low steering column loading.
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Fig. 3.43 Right Front Occupant Restraint and Ridedown
Curves of Both Trucks F and T

Table 3.8 Occupant Ridedown Efficiencies in Both Trucks

1, Ridedown Efficiency
Truck
Left Front Right Front
F 47 % 41 %
T 47 % 44 %

Note that the ridedown efficiency does not have a direct bearing on occupant deceleration.
Higher ridedown efficiency indicates that the restraint energy is lower. However, even though the
restraint energy is the same in two tests, the occupant response such as chest deceleration may be still
different. This difference depends on the nature of the restraint force-deflection characteristics as
shown by the two left front occupant restraint curves in Fig. 3.42.

3.5.4.2 Truck T Response Prediction with Truck F Restraints

The restraint transfer functions (T.F.) for the left and right front occupants in the Truck F test,
shown in Fig. 3.44, have been computed using the respective vehicle rocker panel and occupant
deceleration data.

FIR coefl.
015 | L.F.Torso R.F. Torso

Restraint | Restraint
0.1 . ]

0.05 |
\ T L
-0.05 .
0.1 |

015 -

-0.2
0 30 60 90 120 150
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Fig. 3.44 Transfer Functions of Left and Right Torso
Restraints of Truck F
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The duration of the crash pulse is set at 150 ms where the data step is 0.08 ms. The number of
bites used for averaging is 15, which yields a new data step of 1.2 ms. The total number of points used
in the T.F. computation is then equal to N = 125 points. The number of FIR coefficients, M, is set at
75% of N. Therefore, M is equal to 93 points and the corresponding duration of the FIR coefficients
is equal to 75% of 150 ms which is 112 ms as shown in Fig. 3.44. Note that the FIR coefficients of
the left front torso restraint between 55 and 70 ms are higher than those of the right front restraint.
The difference reflects the effects of steering column loading.

In predicting the response of the left front occupant response in Truck T, the left rocker
deceleration at B-pillar of Truck T is used as the input, X, to the restraint transfer function of Truck
F. This yields the predicted left front occupant response yin Truck T, as shown in Fig. 3.45. The
predicted left front torso peak deceleration for Truck T using Truck F restraint is about 6 g higher than
that of the original Truck T test. The higher predicted Truck T torso deceleration is attributed to the
upward rotation and higher stroking load of the steering column which was present in the Truck F test
but not in the Truck T test.

4, 8
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-30 +
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Fig. 3.45 Prediction of LF Chest g in Truck T using LF
T.F. from Truck F

-b0

The effect of steering column loading on the occupant response can be better understood by
comparing the driver and passenger responses. In the passenger side (right front), only the air bag
inflator is stored inside the instrument panel. In predicting the right front occupant response for Truck
T, the right rocker deceleration at the B-pillar is used as the input, X, to the respective transfer
function and yields the predicted right front occupant response, y, as shown in Fig. 3.46.

a, §

10

30 |

R.F.Rock 5 {: Predicted
Lo RocKer

al Pulse Y- Test " R.F.Chest G
R.F.Chest G
50
0 30 60 a0 120 150
t, ms

Fig. 3.46 Prediction of Right Front Chest G in Truck T
using RF T.F. from Truck F
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The use of Truck F restraint for the right front occupant in the Truck T test yields almost the same
overall occupant response as in the original Truck T test. This agreement in the response prediction
is due to the absence of the external impulse, such as the impact by the steering column on the
occupant.

As illustrated in Fig. 3.2, there exists a dynamic system which has multiple transfer functions.
To predict the system output, the input and output data for the two subsystems need to be obtained to
compute the respective transfer function. In the case where a system consists of the air bag and belt
restraint subsystem, and the steering column subsystem, both transfer functions need to be evaluated
to make a better response prediction.

3.6 EFFECT OF SLED AND BARRIER PULSES ON OCCUPANT RESPONSE

In a laboratory test where a Hyge sled is used, the acceleration is imparted to the sled by the
impactor. The sled test pulse is designed to duplicate the crash pulse recorded at the vehicle
compartment in a test. Fig. 3.47 shows a crash pulse for a full-size sedan in a 35 mph barrier test. The
sled test pulse approximates the barrier pulse reasonably well up to about 25 ms. Thereafter, the sled
pulse missed the peaks of the double-hump in the barrier test deceleration.

a, g/v. mph/d, in
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-80
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Fig. 3.47 Kinematics of Barrier and Sled Test Pulses
with Initial Velocity

For comparison with the vehicle kinematics in a barrier test, the sled test pulse is integrated with
an initial velocity of 35 mph. As shown in Fig. 3.47, even though the barrier and sled crash pulses do
not match well, they do yield the same dynamic crush. The dynamic crush in the barrier test is 22.7
inches at 63 ms, and the centroid time is computed to be 37 ms. Since the relative centroid location
is 37/63 = 0.59 > 0.5, the test pulse is rear loaded.

Similarly, for comparison with the sled impact kinematics, the barrier test pulse is integrated with
zero initial velocity. Both the velocity and displacement curves of the barrier and sled tests shown in
Fig. 3.48 match very closely in the region of the double-hump acceleration.

Despite the similarity in both velocity and displacement responses, the difference in crash pulse
shape between the barrier and sled test conditions may result in a different occupant response. To
investigate the effect of the crash pulse shape on the occupant response, the transfer function of the
restraint system in the barrier test is computed and then the occupant response due to the sled test
pulse is predicted.

The left front (driver) occupant chest deceleration in the barrier test is shown in Fig. 3.49. Using
the accelerometer data measured at the vehicle compartment and occupant torso, the FIR coefficients
of the transfer function were computed, as shown in Fig. 3.50.
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To validate the restraint FIR Model, the vehicle rocker crash pulse is convoluted with the restraint
FIR coefficients, and the predicted FIR model chest g is overlapped with the barrier test chest g, as
shown in Fig. 3.49. Since the test and predicted chest responses are almost identical, the FIR model
is considered to be valid.

The validated restraint transfer function is used to predict the driver chest deceleration due to a
sled test pulse. The predicted driver chest deceleration, shown in Fig. 3.51, has a double-hump, where
the first hump of 53 g is larger than the second of 52 g, while the driver chest deceleration in the
barrier test has peak magnitudes of 43 and 45 g in its first and second humps, respectively. Regarding
the occupant response, the sled test pulse is more severe than the barrier test pulse. This is attributed
to the difference in the crash pulse shape since the transient velocity and displacement profiles
between the barrier and sled test pulses, shown in Figs 3.47 and 3.48, are about the same.
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Fig. 3.51 Barrier and FIR Model Chest g

3.7 OTHER APPLICATIONS

1.  Development of restraint systems using sled tests: The approach here is to obtain torso/knee
restraint transfer functions from laboratory sled or component tests and then predict the occupant
responses by convoluting the respective restraint transfer functions (such as torso restraint or knee
bolster) with the vehicle crash pulse obtained from the full frontal barrier tests.

2. Prediction of head deceleration with neck transfer function: The torso deceleration from another
test (the input) is convoluted with the neck transfer function to yield the head deceleration. The
underlying assumption is that the environmental conditions (such as dummy, belts, and air bag
restraint systems) where the neck transfer function is obtained should be similar to those where the
prediction is to be made.

3. Prediction of fuel tank motion in an angular barrier impact. Fig. 3.52 shows a schematic of a
truck with a fuel tank strapped to the left side frame rail. Assume that in a perpendicular barrier
impact, there is enough friction between the fuel tank and the two straps that both fuel tank and straps
move as one unit. Then, the fuel tank/strap transfer function can be obtained by using the left frame
rail and fuel tank strap accelerometer data as input and output, respectively. To predict the fuel tank
longitudinal motion in a 30° angular barrier at 31 mph test as shown in Fig. 3.52, the fuel tank/strap
transfer function is convoluted with the left frame rail longitudinal accelerometer data. The fuel tank
relative displacement in a 35 mph perpendicular barrier test is about 2 inches and in the right angular
barrier 30°, 1.8 inches.
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Fig. 3.52 31 MPH 30° Right Angular Barrier Test

3.8 RESPONSE INVERSE FILTERING (RIF)

In this section, a sequence of matrix operations is utilized to convert a set of finite impulse
response (FIR) coefficients into a response inverse filtering (RIF) matrix for reverse prediction [5,6].
To predict the input from output, the use of RIF is more efficient and accurate than creating a new set
of FIR. In the previous section, a method of obtaining the FIR coefficients, h(m), based on the input
and output data sets has been presented. The application of FIR coefficients is two-fold: one is to
predict a new output response given a new input excitation, and the other is to characterize the
dynamic property of the system or component by the stiffness and damping extracted from a filtered
FIR function.

The use of the time convolution method and least square error to compute the FIR coefficients,
h(m), is based on the input and output data, x(n) and y(n), respectively. In theory, the reverse process
of finding a new h(m) with x(n) and y(n) interchanged should still work. However, in practice, x(n)
and y(n) are not independent sets of numbers. Rather, they are related to the properties of the
component which connects them. For example, in a component test on a body mount of a truck, x(n)
is the frame (input) accelerometer data on the impacting side, and y(n) is the body (output)
accelerometer data measured on the non-impacting side. The output response y(n) is therefore the
filtered output of the body mount subjected to an input excitation. The magnitude and frequency
content of the output depend on the stiffness and damping properties of the body mount.

For instance, given the crash pulse of a frame rail of a truck in a frontal crash test, the response
of the body or cab can be predicted with high accuracy with a body mount transfer function. The
transfer function thus obtained serves as a low pass filter which filters out the high frequency
components of the frame pulse.

If the convolution process is reversed, such that given a body crash pulse as input and the frame
rail crash pulse as output, a set of FIR coefficients can also be derived. However, the coefficients thus
obtained become very large and act like an amplifier which yields a high frequency and magnitude
in the output.

In this section, the convolution process is utilized to obtain the FIR transfer function for the
forward prediction. The process of transforming FIR into a RIF is then described. The application
of RIF in predicting a frame pulse based on a predetermined optimal (target setting) body pulse is
presented.

3.8.1 Forward Prediction by Finite Impulse Response (FIR)
The convolution equation shown in Eq. (3.3) is repeated and shown in Eq. (3.19). The set of

finite impulse response (FIR) coefficients is represented by a variable which is a one-dimensional
array, h(n), where n ranges from 1 to M, and M is the number of FIR coefficients.

) = AElh(m) x(n-m) (3.19)
m=1
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The convolution operation shown can be expressed in matrix notation, as shown in Eq. (3.20).
The input and output data sets are represented by column matrices [X] and [Y], respectively. The
transfer function [H] is defined by a set of FIR coefficients, which are computed by the convolution
process and least square error approach as described in Section 3.2.2.

[Y™ = [HP*Y (X", where

[H] is a banded matrix with

H,=0, for i>j+M-1, j>i, (3.20)
where N> M

N: number of discrete points,
M: number of FIR coefficients

As an example of constructing the matrix [H] from the one dimensional h(m), let N be nine and
M, five. A square matrix of N by N or 9 X 9 is constructed by sliding the FIR coefficient h(1) to the
first row, followed by h(1), h(2) to the second row, and so forth. as shown in Eq. (3.21). Matrix [H]
is a banded matrix as shown in a 3-dimensional plot in Fig. 3.53. It has a banded section below the
main diagonal that is distinguished from the other sections of the matrix where the elements are zeros.

N=9, M=5: [HFY [x}*! = [yP'*!

[ A(1) .000 .000 .000 .000 .000 .000 .000 .000] [X(1)] [¥(1)]
h(2) h(1) .000 .000 .000 .000 .000 .000 .000| |X(2) Y(2)
h(3) h(?2) h(1) .000 .000 .000 .000 .000 .000| [X(3) Y(3)
h(4) h3) h(2) k(1) .000 .000 .000 .000 .000| |X(4) Y(4)
h(5) h4) h(3) R?2) k(1) 000 .000 .000 .000| | X(5)| = |¥(5)
000 A(5) h(4) h3) h(2) h(1) .000 .000 .000| |X(6) Y(6)
000 .000 A(5) h(4) h(3) h(2) h(1) .000 .000| |X(7) Y(7)
.000 .000 .000 A(5) h(4) h(3) h(2) h(1) .000| |X(8) Y(8)
| .000 .000 .000 .000 A(5) h(4) h(3) h(2) k()| |X(9)] |¥9)

(3.21)

Fig. 3.53 3D Plot of Transfer Function [H] from Body to Frame

The predicted [Y] is computed by multiplying matrices [H] and [X]. The multiplication process
is identical to that using the sum of products of pairs of h(m) and x(n-m) shown in Eq. (3.11).
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The matrix operation of [H][X]=[Y], shown in Eq. (3.21), cannot be used to compute h(m), even
if input X and output y data sets are available. In the example, shown in Egs. (3.10) and (3.11) in
Section 3.2.4, the values of h(1) for both cases where M =5 and M = 9 are zeros. Since the main
diagonal elements in the respective [H] matrix in Eq. (3.21) are zeros, the determinants for both [H]
are zeros and the matrices [H] are singular and not invertible.

3.8.2 Inverse Filtering (IF)

With the FIR coefficients generated from the convolution and least square error approaches, the
square matrix of the [H] transfer function is modified to one non-square matrix, followed by a
sequence of matrix operation to produce an expanded square matrix, [IF], an inverse filtering matrix.

Matrix [H] is expanded from the order of N x N to the that of [N+M-1] x N. By sliding FIR
coefficients to the ensuing row one column at a time, the last coefficient h(M) then appears in the last
element of the [H] matrix. at row (N+M-1) and column (N) as shown in Eq. (3.22).

N = 9, M = 5, (N+M—1) = 13: [I{](N+M—1)xN [Xijl — [Y](N+M—1)xl

[ h(1) .000 .000 .000 .000 .000 .000 .000 .000| (v |
n(2) k(1) .000 .000 .000 .000 .000 .000 .000 Y(2)
h(3) h(2) h(1) .000 .000 .000 .000 .000 .000| [X(1)] Y(3)
h(4) h(3) h(2) h(1) .000 .000 .000 .000 .000| [X(2) Y(4)
h(5) h4) h3) h(2) k(1) .000 .000 .000 .000| |X(3) Y(5)
000 A(5) h(4) h(3) h(2) k(1) .000 .000 .000| |X(4) ¥(6)
000 .000 A(5) h(4) h(3) h(2) k(1) .000 .000| |X(5)| = | ¥(7)
.000 .000 .000 A(5) h(4) h(3) h(2) h(l) .000| |X(6) ¥(8)
.000 .000 .000 .000 h(5) h(4) h(3) h(2) k()| |X(7) Y(9)
.000 .000 .000 .000 .000 A(5) h(4) h(3) h(2)||X(8)| |¥(10)
.000 .000 .000 .000 .000 .000 A(5) h(4) ()| |X(9)| |¥11)
.000 .000 .000 .000 .000 .000 .000 A(5) h(4) ¥(12)

| .000 .000 .000 .000 .000 .000 .000 .000 A(5)) Y(13),

(3.22)

To visualize the matrix [H] of 13 x 9, it is plotted as a 3D surface and is shown in Fig. 3.53. The
numbers on the axes i and j represent the row and column indices in [H]. The sections where the
peaks and valleys are located represent the width of the banded matrix.

The matrix multiplication [H] [X] shown in Eq. (3.22) yields a column matrix [Y] with an order
of (N+M-1)x1. Due to the increase in the rows of matrix [H] by M- 1, the number of [Y] elements
is also increased by M~-1. For the previous example in Table 3.4 in Section 3.2.4, where M = 5 and
N =9, then N+M-1 = 13. In this example, the FIR coefficients are h(1) =0., h(2) =0.293, h(3) =h(4)
=0.707, and h(5) = -0.707.

Since the newly developed matrix [H] is a non-square matrix, it can not be inverted. Therefore,
the transformation [X] = [H] '[Y] can not be used to predict the input [X] from the output [Y].
However, with several matrix operations on the matrix [H], an inverse filtering matrix, [IF], can be
developed to perform the transformation [X] = [IF][Y].

Eq. (3.23) shows the derivation of [IF]. It starts out with the normal transformation of [X] into
[Y] by using the forward transformation [H] shown by (1) of Eq. (3.23) followed by the multiplication
of the transpose matrix of [H] to yield a square matrix shown by (2) of Eq. (3.23). The inverse
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filtering matrix [IF] of Nx(N+M-1) order shown in (4) of Eq. (3.23) is a non-square matrix and is a
product of three matrices. However, it serves to transfer the output [Y] into input [X].

[HIX] = [Y] o ovoeee e e (1)

The order of the matrices are:
[H]: (N+M-1)xN
[X]: Nx1,
[Y]: W+M-1)x1
Multiplying both sides of (6) by the transpose of [H],
[HHIX] = [HTY] . .ovoe oo @))]
here [H\"[H] is a square matrix with an order of NxN, (3.23)
it can then be inverted, provided the matrix is non-singular.

Multiplying both sides of (7) by [HI'[H]™", one gets

[X] = (HVIHD'HPLY) . ooeoeene s 3)
Let [IF] be the inverse filtering matrix as follows
[ZF] = (HHD ' H ..ot e))
then (8) becomes

[ Nx1 _ [IF]NX(N+M—1) [Y](N+M—1)XI ..... (5)

3.8.3 Crash Pulse Prediction using FIR and RIF

Using a set of crash pulses, input [X] and output [ Y], three transfer functions are to be developed
and compared for their validation accuracy. These are (1) FIR Forward Prediction: Transferring [X]
to [Y] with [H], (2) FIR Backward Prediction: Transferring [Y] to [X] with [H]’, and (3) RIF
Backward Prediction: Transferring [Y] to [X] with [IF] (an inverse filtering matrix).

3.8.3.1 Transferring [X] to [Y] with [H].

The accelerometer data of the front frame rail and the rocker panel at B-pillar of a truck in a 31
mph rigid barrier test are shown in Fig. 3.54. Curve x (thin solid line) indicates the frame crash pulse
and curve y (thin dashed line), the rocker (body) pulse.
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Fig. 3.54 Validation on [H]: Transferring Frame (x)
Pulse to Body (y) Pulse

Using the time convolution and least square error method, the transfer function [H] can be
computed. This is shown in Fig. 3.55. The 3-D surface mapping is the plot of non-zero matrix
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elements of the banded matrix [H] transferring [X] to [Y]. To validate the matrix [H], the predicted
[Y] computed by convoluting [H] with [X] is shown as a heavy dashed line in Fig. 3.54. Since the
predicted output is almost identical to the output even though M is only about 83% of N, the transfer
function [H] is considered to be accurate and validated.

[H]: frame to body transfer function

Fig. 3.55 [H] (x=y): N=35, M=29, At=2.8ms

3.8.3.2 Transfer [Y] to [X] with [H]’

Since [H], used in transferring [X] of the frame pulse to [Y] of the body pulse, is a non-square
matrix, it cannot be inverted directly. However, using the same test data and the time convolution
principle with the least square error approach, a transfer function [H]' transferring [ Y] of body pulse
to [X] of frame pulse can then be derived.

Curve x (thick solid line) in Fig. 3.56 is the test frame crash pulse and curve y (thin solid line),
the test rocker (body) pulse. To validate the matrix [H]’, the predicted [X] evaluated by convoluting
[H] with [Y] is shown as a heavy dotted line in Fig. 3.56. The test frame pulse before 10 ms is not
predicted by the transfer function [H]’ to the satisfaction of frame engineers although the prediction
is fairly accurate afterwards.
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Fig. 3.56 Validation on [H]': Transferring Body (y)
Pulse to Frame (x) Pulse

Shown in Fig. 3.57 is the 3-D surface plot of the non-zero matrix elements of the banded matrix
[H]’ transferring [Y] to [X].
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Comparing the two 3-D surface plots for the two cases, transferring [X] to [Y] using [H] and
transferring [Y] to [X] using [H]’, there are some distinct differences between the two transfer
functions. The surface slopes are opposite to each other and the magnitudes of the FIR coefficients
are about 1,000 times different. The transfer function [H]" having very large FIR coefficients acts like
an amplifier with high oscillations.

[H]': body to frame transfer function

Fig. 3.57 [H]' (y=x): N=35, M=29, At=2.8ms

3.8.3.3 Transferring [Y] to [X] using [IF]

Having obtained the forward transfer function matrix [H], which transfers the input [X] to the
output [Y], the inverse filtering matrix [IF] obtained in Eq. (3.23) can then be used to transfer [Y] to
[X]. The previous accelerometer data sets from the truck crash test are used to derive [IF]. Curve x
(thin solid line) shown in Fig. 3.58 indicates the frame crash pulse and curve y (thin dash line), the
rocker (body) pulse. To validate the matrix [IF], the predicted [X], evaluated by convoluting [IF] with
[Y], is shown as a thin dotted line in Fig. 3.58. The test frame pulse, having large impulses before 30
ms, is practically identical to the predicted frame pulse [X]. Although the prediction is a little bit off
after 30 ms, this is not a concern because the variation in vehicle frame crush from the second integral
of the frame pulse is about 5% (1 inch difference out of dynamic crush of 20 inches), which is less
than the test variation of about 10% for a high speed 31 mph crash test.

Shown in Fig. 3.59 is the 3-D surface plot of [IF], the inverse filtering transfer function. Note that
the row and column orders have been reversed in [IF], compared to that in [H], shown in Fig. 3.55.
This is because [H] is a forward transfer function, while [IF] is a backward transfer function. The 3-D
surface plot shows that [IF] is not a banded matrix and that the magnitudes of the matrix elements
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Fig. 3.58 Validation on [IF], N=93, M=80, At=1.28ms

© 2002 by CRC Press LLC



appear to spread out through the entire matrix.

IF: body to frame inverse filtering

Fig. 3.59 [IF] Function: N=35, M=29, At=2.8ms

3.8.4 RIF Application in Frame Pulse Prediction
Case I: Target Body Pulse with High Constant Deceleration and Short Duration

The [IF] transfer function derived in the previous section and shown in Fig. 3.59 is used to predict
the frame response requirement [X], given a desired target pulse at the vehicle compartment (body),
[Y]. The target body pulse is predetermined in the early design stage to be the “optimal” pulse that
would offer a better occupant protection in a 31 mph truck barrier crash test. The thin dotted line
shown in Fig. 3.60 is the ideal target body pulse with an overshot ramp-up followed by a constant
deceleration of -~17 g. The predicted frame pulse [X] = [IF] [Y] is shown as a thick solid line in Fig.
3.60.

Observing the frame and body pulses in Fig. 3.60, it is found, as expected, that the frequency
components and magnitude of the frame pulse are higher than those of the target body pulse. The
magnitude of the predicted frame pulse at the onset (in the first 5 ms of the frame crash) is higher in
the prediction than that in the test (see Fig. 3.58).

This is due to the fact that the ramp-up portion of the target body pulse in both cases is higher
which results in the higher ramp-up frame pulse. If the target body pulse in the beginning of the crash
is a haversine, the predicted frame pulse would also be a haversine, just like those in the test shown
in Fig. 3.58.

inverse filtering prediction: [x]=[IF][y]

20 T T
-------- targ body
pred frame

. A\ %

Y
N

0 20 40 60 80 100 120
t, ms
Fig. 3.60 Frame Pulse by Inverse Filtering on the Target
Body Pulse #1 (Case I)

ay

-60
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To compare the target vehicle frame and body crushes with those of the test, four crash pulses
were double-integrated with an initial velocity of 31 mph. Fig. 3.61 compares the body and frame
displacements between the test pulse (thin dashed line for frame, thick dotted line for body) and target
pulse (thick solid line for body, thin line for frame). The results show a consistent trend for both target
pulse and test pulse. That is, the body displacement is greater than the frame displacement.

30
25 /“
20 T -
= '4}”// =
15
o
10
/- targ body
. targ franr
,,,,,,,, test fram
........ t§st body
0
0 20 40 60 80 100 120
t ms

Fig. 3.61 Body-Frame Displacements of Test and Target
Body Pulse #1 (Case I)

Case II: Target Body Pulse with Low Constant Deceleration

To check for the sensitivity of the body constant deceleration level on the frame pulse prediction,
the magnitude of the constant deceleration is reduced from 17 g to 13 g, as shown in Fig. 3.62. In
order to maintain the same velocity change of 31 mph in the deformation phase, the timing at rebound
is increased from 84 ms to 104 ms.

Using the sequence of matrix operations on FIR, [IF] transfer function can then be computed. The
predicted frame pulse is shown in Fig. 3.62. As expected, the predicted frame pulse before the ramp-
up time of 20 ms on the body remains the same as in Case I. Since the given target body pulse is
softer in Case II (13 g) than in Case I (17 g) and the transfer function of the body mount is the same
in both cases, the predicted frame crush for Case II (24.5 inches at 106 ms on the thin solid curve in
Fig. 3.63) should be larger than that for Case I (19.5 inches at 77 ms on the thin solid curve in Fig.
3.61).

inverse filtering prediction: [x]=[IF][y]

20 T T
-------- targ body
pred frame
0 F

o / """""" V\/\ """"""""""" \/\/\
20 / \V
©
-40 \/
-60
0 20 40 60 80 100 120
t, ms

Fig. 3.62 Frame Pulse by Inverse Filtering on the Target
Body Pulse #2 (Case II)
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inverse filtering prediction: [x]=[IF][y]

30
/..-v'-‘—.w
25 e P R
ey
S1s /
5 :
10
targ body
5 targ frame
"""" test fram
0 T telst body
0 20 40 60 80 100 120
t, ms
Fig. 3.63 Body-Frame Displacements of Test and Target
Body Pulse #2 (Case II)
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CHAPTER 4
BASICS OF IMPACT AND EXCITATION MODELING

4.1 INTRODUCTION

Any crash dynamic event involves impact and/or excitation. The mechanisms of impact and
excitation for full vehicle crash testing and laboratory Hyge sled testing are covered in this chapter.
A simple occupant ridedown criterion using kinematic relationships is formulated. This criterion
specifies the minimum vehicle crush space needed when a given occupant free travel space in the
compartment is specified. During the ridedown, the vehicle undergoes a deformation process which
is the first collision of the event, followed by the second collision where the occupant travels and
contacts the vehicle interior surface or restraint. It will be shown that for a satisfactory ridedown, the
relative contact speed is always less than the initial vehicle to rigid barrier impact speed.

Using a simple occupant vehicle model, the ridedown mechanism is described mathematically
and the computation of the ridedown efficiency is shown in closed-form solutions. Consequently, the
sensitivity of the occupant response to the vehicle structure and restraint parameters can be examined.
Regression analysis of the test data confirms the analytical trend prediction.

Taking advantage of closed-form solutions, the effects of physical parameters on model output
responses can be evaluated. To illustrate the application of the various mathematical models in
analyzing the vehicle impact and sled excitation dynamics, the basic concepts and solution techniques
used in deriving solutions of the models are presented. To the extent possible, closed-form solution
techniques are utilized. The use of interior space or restraint slack in the modeling requires a time
shift which makes the closed-form approach more complex. However, once the slack is taken out
during impact, the analysis of the occupant response in the restraint coupling phase is the same as the
model without slack.

The mathematical dynamic models, consisting of springs and dampers in various combinations,
are used in analyzing the VOR (vehicle, occupant, and restraint) interaction in an impact (such as
vehicle to rigid barrier and vehicle to vehicle tests) and/or excitation (such as the Hyge sled test)
conditions. Case studies involving two-parameter and three-parameter modeling for the transient
analysis are illustrated.

The occupant response performance in a vehicle subjected to various simple crash pulses are
analyzed. Given the same dynamic crush, the relative centroid location and the residual deformation
determine the shapes of the approximated crash pulses, such as ESW (equivalent square wave), TESW
(tipped equivalent square wave), and halfsine wave. The correlation between the occupant response
and the relative centroid location of a crash pulse can then be established.

4.2 IMPACT AND EXCITATION - RIGID BARRIER AND HYGE SLED TESTS

In a rigid barrier test, the vehicle is subjected to a direct impact, and the occupant is then excited
by the crash pulse of the passenger compartment. It is often more cost effective to test certain
components (such as air bags, belt and steering column restraint systems, and instrument panels) in
a Hyge sled test rather than a rigid barrier test. In a Hyge sled test, the sled is impacted by an
accelerator which produces a sled test pulse similar to the barrier crash pulse. The occupant is
subsequently excited by the sled pulse. Since deceleration forward in the barrier test is equal to
acceleration backward in the sled test, the effect of component design changes on the occupant
responses can then be quickly evaluated using the sled test setup.

The kinematic relationships (deceleration, velocity, displacement) between the fixed barrier
(a,v,d) and sled (o ,0,) tests are noted below and illustrated in Figs. 4.1 and 4.2.

1. The sled pulse is the negative of the vehicle barrier crash pulse (& = -a)

2. Thesled velocity profile, & (shown by the heavy curve in Fig. 4.1), is a barrier velocity curve

shifted by an amount of the initial barrier impact velocity, v,. At t,, the time of dynamic

m>
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crush, the sled velocity is equal to v,. The magnitude of velocity change between time zero
and t,, for both barrier and sled tests is v,.

a,g; v,mph; d, in

Vo N
Cout -
d Barrier
1]
N 6 L
= :
4 t* tm
0 20 40 t 60 80 100
, ms

Fig. 4.1 Truck Kinematics in 35 mph Barrier and Sled Tests

3. The sled displacement, o (shown by the heavy curve in Fig. 4.2), is equal to vt - d (free-
flying occupant absolute displacement minus vehicle displacement). o (sled displacement
att,)isequal to v t, - c. Shown in Fig. 4.2 is an area enclosed by the vertical lines through
t., and t, and horizontal lines through v =0 and v = -v,. At any time t, the rectangular area
equals vt and is the sum of the sled displacement (upper right portion of the area) and
vehicle crush (lower left portion of the area).

a,g; v,mph; d, in
v040
C

20

. . . tm]
0 20 40 60 80 100
t, ms

Fig. 4.2 Displacements of a Truck in 35 mph Barrier and Sled Tests

4. The vehicle dynamic crush (c) equals the sled displacement (o at t,,) if and only if the crash pulse
has a relative centroid location (t, / t,) of 0.5. The proof of this is given in Eq. (4.1).
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Define:
c: vehicle dynamic crush, t, time of c, t;: centroid time,
o: sled displacement at t,,, v vehicle impact velcocity,

c
t, = —,
vO
, c c 4.1
t, vt c+g0
for ¢ =0, then
L1
t, 2

In a truck-to-fixed barrier crash at 35 mph, the crash pulse, a, at the left rocker panel at the B-post,
has been shown in Fig. 4.1. The vehicle transient velocity and displacement in the barrier test are
shown as curves v and d, respectively. The sled transient velocity and displacement are shown as
curves & and e, respectively. The dynamic crush, ¢, is 23 inches at t,, of 75 ms. The sum of the sled
displacement and vehicle dynamic crush (o and c) is equal to v,t,, 46 inches. This particular crash
pulse has a centroid time t, of 37.5 ms, or t,=c/v,=23 inches /(35%17.6 in/sec)=.0374 sec; the relative
centroid location, t, / t, is .0374/.075 = .5. Therefore, the sled displacement at t,, is equal to the
dynamic crush.

There exists a condition where a symmetrical crash pulse, such as a halfsine or havesine pulse,
has a dynamic crush equal to the sled displacement at t,,. The condition is that the initial impact
velocity must be equal to the velocity change (area under the entire curve) of the crash pulse. The
dynamic analysis of such a crash pulse is made easier since only the integrals of such a crash pulse
without an initial velocity are necessary for the analysis. Examples are given in Section 2.4.16,
Chapter 2, where the analyses of the relationship between HIC, impact velocity, and crush space for
the vehicle interior headform impact are presented.

Fig. 4.3 shows three symmetrical crash pulses which have the same velocity change of 30 mph.
These are the haversine, front-loaded, and rear-loaded triangular pulses. The velocity changes versus
time of the three symmetrical pulses are shown in Fig. 4.4. The velocity change between the two
endpoints of each velocity curve is 30 mph. The displacement change, the area under the velocity
curve, is the smallest for the triangular front loaded pulse and is the largest for the triangular rear-
loaded pulse.

Note that in Fig. 4.4, only the haversine pulse is symmetrical about the diagonal connecting the
two end points of the velocity curve. This velocity symmetry results in the same dynamic crush (area
below the S curve) as the sled displacement (area above the S curve) att,. There are two displacement
curves for each of the three crash pulses: vehicle crush (concave downward) and sled displacement
( convex upward), as shown in Fig. 4.5. The sum of the vehicle crush and sled displacement is equal
to the occupant free-flight displacement at t,, (0.091 seconds) shown in Eq. (4.2).

Occupant free-flight displacement = v t

- (30 mph)(17.6 WS"") (0.091 sec) 4.2)
mph

= 48 in.
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Fig. 4.3 Vehicle and Sled Accelerations: Haversine and
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Fig. 4.4 Velocity vs. Time: Haversine and Triangular
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Fig. 4.5 Displacement vs. Time: Haversine and Triangular
Pulses

For the haversine pulse, the sum of the vehicle crush and sled displacement is 24 + 24 = 48
inches; for the triangular front-loaded it is 16 + 32 = 48 inches; and for the triangular rear-loaded it
is 32 + 16 =48 inches. Note that the end points of the vehicle crush and sled displacement curves for
the haversine pulse meet at the same point at t, (0.091 seconds). However, the end points for the
other two triangular pulses do not meet at the same point. This is because the haversine pulse is not

© 2002 by CRC Press LLC



only symmetrical about the vertical line through the centroid of the deceleration curve, but also is
symmetrical about the diagonal connecting the two end points of the velocity curve.

The sled displacement curve is useful in obtaining the timing, t, when the sled or unbelted dummy
moves through a displacement d or in obtaining the displacement when the time, t, is given. For
example, it would take an unbelted dummy 40 ms to move 5 inches in a 35 mph truck to barrier test,
as shown in Fig. 4.6. Therefore, according to the 5"-30 ms criterion, an air bag sensor system would

need to activate at 40 - 30 = 10 ms after impact.
d, in
40

35
a0
2

C
20

18
0 ! : ! : ! :
oy — I - R IR R -

0 o W 40 & 80 7 8|
t, ms

Fig. 4.6 Vehicle and Sled Displacements of a Truck

in 35 mph Test

4.2.1 Vehicle and Sled/Unbelted Occupant Impact Kinematics

A simple spring mass model, shown in Fig. 4.7, represents a vehicle structure in a rigid barrier
impact. An unbelted occupant displacement relative to the vehicle or the sled displacement can then
be related to vehicle crush in the barrier test. The kinematic relationships between the transient barrier
crush and sled displacement are analyzed in-depth for understanding the crash pulse characteristics.
The derivations of the formulas for the vehicle, unbelted occupants, and the vehicle and occupant
sensitivity coefficients are presented.

k/2

k/2
V—-

Fig. 4.7 A Spring-Mass Vehicle Model

4.2.1.1 A Vehicle-to-Barrier Displacement Model
The vehicle transient displacements (deformations) for three rigid barrier tests at different speeds

for a mid-size sedan (test #1, 5 mph; test #2, 14 mph; test #3, 31 mph) are shown in Fig. 4.8.
Let us define:  v,: barrier impact velocity
: vehicle structure natural frequency in radian
p: normalized time (w.r.t. t))
q: normalized vehicle displacement (w.r.t. c).
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Fig. 4.8 Displacements of a Sedan at Three Speeds in
Rigid Barrier Tests

The vehicle transient displacement curve is normalized in order to compare the vehicle-to-barrier
impact responses at different speeds. The vehicle displacement is normalized by c, dynamic crush;
and the time, by t_, the centroid time for both the model and test. The accuracy of using the sine wave
formula, q = sin(p) in estimating the test vehicle displacement in a range of test speed depends on the
timing location, p, as shown in Fig. 4.9.

1.2 X "
I S g=sin(p) .... g
; S N ; o
L RRRERRE #- tests A
(barrigr)
OB om0
T __ test mph
Y ] P H#Hl— 5 p=1t/t¢
: P HZ— 14
] ' #13--31 (=d/c
1] 05 1 p 15 2 245

Fig. 4.9 Normalized Vehicle Displacements: Model and Test
at Three Speeds

If p is located in the first one-third of t, the estimated displacement would be closer to the test
value than that in the last two-thirds of t,. To reveal the difference, the test displacement curves of
the three tests are normalized. Whenp=1,t=t,and whenp=1.56,t=pt,=1.56t, =t . Note that
for a spring mass model, where the model response is sinusoidal, the relative centroid location is t, /
t,=.64=1./1.56.

As seen in the plot, when the normalized displacement is less than 0.5 (vehicle displacement
being less than half of the dynamic crush), the model displacement matches closely that of the test.
Since the normalized vehicle displacement curves for the same vehicle are matched closely, they are
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practically test speed invariant. The mathematical derivation and application of these normalized
variable relationships are shown in the following sections.

4.2.1.2 Unbelted Occupant Kinematics

Since a vehicle-to-barrier displacement is approximated by a sinusoidal curve, an unbelted
occupant relative displacement is equal to its free-flight displacement minus the vehicle displacement.
Such a displacement is then normalized with respect to the vehicle dynamic crush.

(2) of Eq. (4.3) gives the normalized unbelted occupant displacement, a/c. q is defined as the
normalized occupant displacement, a/c, and p as the normalized time (real time normalized w.r.t.
centroid time). Centroid time occurs when p equals 1.0, as shown by (4) of Eq. (4.3). By definition,
t, = c/v,; p also represents the normalized occupant free-flight displacement w.r.t. the dynamic crush.

c=-2, o = vt - csin(wr) )
©
. a _ VY .
Dividing (1) by ¢, — = —t - sin(wY) 2
c c
v, 1
where w = —= = —. Let us define:
c 1, 4.3)
q: Normalized sled displacement, q = Ll ?3)
c
. R v, t
p: Normalized time, p = — t = 0t = " ©))
c (4
Then (2) becomes ¢q = p - sin(p) 5)

The normalized vehicle displacement, sin(p), and the normalized sled displacement, q = p -
sin(p), are shown in Fig. 4.10. The sum of the two normalized displacements becomes p [= q +
sin(p)].

1
P 1
15} _ O
d C
a sin(p) P
Barrier
. = p-sin(p)
Sled
0 0 0.5 1 1.5 2
p

Fig. 4.10 Normalized Vehicle and Sled Displacements vs.
Normalized Time
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Case (I): In a vehicle-to-barrier crash test at 14 mph, the dynamic crush is 10 inches and occurred
at 75 milliseconds, as shown in Fig. 4.8. Case (I) Estimate the time for the unbelted occupant to move
five inches in the vehicle compartment, and Case (II) assess the effect of a change in the air bag
module to occupant clearance (e.g., using a smaller air bag such as a face bag) on the sensor activation
requirement.

Case (I) Computing time at a given sled/unbelted occupant displacement

The activation time of an air bag sensor is based on how far an unbelted occupant moves before
the air bag is fully deployed. Ifthe initial clearance between the torso and air bag module is 15 inches
and the depth of a fully deployed air bag is 10 inches, the occupant should move forward 5 inches
when the air bag is fully deployed. If it takes 30 ms to fill up the air bag, the time to activate the
sensor is then the time for the unbelted occupant to move five inches minus 30 ms which is commonly
known as 5"-30 ms criterion. The computation steps are shown in Eq. (4.4).

since o =51in, and c¢ = 10 in.
q=ﬁ=i=., then
c 10

from the normalized sled displacement curve, Fig.4.10,

forq=.5, onegets p=15-= tl (4.9)
c

Since ¢, = £ - & =.041 s

v, 14x17.6 in/s
one gets t=t,p=.061ls=061ms

Therefore, in Case (I), 5"-30 ms is equal to 61 ms minus 30 ms, or 31 ms.
A pictorial comparison of the movement of the unbelted occupant relative to the vehicle between
time zero and 61 ms is shown in Fig. 4.11.

0 61 ms

Fig. 4.11 Unbelted Dummy and Vehicle Motion in a 14
mph Barrier Test

The absolute displacement of the free flying occupant is vt = (14 mph x 17.6 in/s/mph) x .061
s = 15 inches. Since in a 14 mph rigid barrier test the steering wheel rearward displacement due to
intrusion is minimal, the steering wheel absolute displacement is then equal to the vehicle crush at 61
ms which is about 10 inches (see Fig. 4.8). Therefore, the unbelted occupant moves 5 inches (=15 -
10) in the vehicle compartment before contacting the fully deployed air bag. The relative contact
velocity between the occupant and air bag at t = 61 ms can be estimated and whether an occupant
ridedown exists will be presented.

Case (IT) Effect of clearance change on sensor activation time

Fig. 4.10 can also be used to estimate the sensor activation time if the interior clearance (free
travel space) or air bag size changes. In the case of a smaller air bag or face bag, the occupant free
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travel is assumed to be 20% more than for the Full-Size bag. Then « is 6 inches instead of 5 inches.
The computation steps are shown in Eq. (4.5).

q=— = m = .6, from the normalized displacement
c
curve in Fig. 4.10 and Eq. (4.3), for q = .6, one gets (4.5)
v
p=1.6=—"t=.0176[ 14 mp Jt, then t = 65 ms
c 0in

The time for the unbelted occupant to move 6 inches is then 65 ms and the sensor activation time
becomes 35 ms instead of 31 ms, a less stringent sensor activation requirement.

4.3 RIDEDOWN EXISTENCE CRITERIA AND EFFICIENCY

In the simple vehicle and occupant model shown in Fig. 4.12, once the free travel space or
restraint slack is expended, the occupant contacts the vehicle interior surface or restraint system. To
ensure that the occupant relative contact velocity is less than the initial barrier impact speed, it will
be shown the free travel space should be less than the dynamic crush. Eq. (4.6) shows the
relationships between the ratio of contact velocity to impact speed and the ratio of free travel to
dynamic crush. Note that the same relationship exists for the ratio of contact time to time of dynamic
crush.

Two methods will be used to derive the ridedown existence criteria shown in Eq. (4.6).

Ridedown Criteria: (4.6)
For 8 <c, then vx <vy

where

v*: occupant-interior surface
contact velocity

v . initial vehicle rigid barrier

impact velocity
occupant free travel space
vehicle dynamic crush at time t,

&)

*

: time when occupant contacts restraint
: time of dynamic crush

~~ 0o

Fig. 4.12 Vehicle and Occupant Kinematics
in a Frontal Rigid Barrier Test

4.3.1 Vehicle and Occupant Transient Kinematics

The equations of motion for a simple vehicle-occupant model are reviewed. In a study by Huang
[1] on vehicle and occupant crash dynamics, a simple model with a constant force level structure and
a restraint system was used. The equations of motion for the vehicle and occupant are derived based
on the vehicle equivalent square wave (ESW). These are shown as follows.
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4.3.1.1 EOM for Vehicle
The vehicle transient kinematics in a fixed barrier impact are shown in Eq. (4.7). The vehicle
transient velocity and displacement are

%, = —5 - -ESW, i, -v,-ESWt, x,-vt- %ESWtZ @.7)

4.3.1.2 EOM for Occupant

An occupant in the passenger compartment has a restraint slack of 0 and a restraint angular
natural frequency of w. The vehicle compartment is subjected to a constant excitation of ESW. The
occupant transient kinematics [1] are shown in Eq. (4.8).

=-ESW {1-C(p) +wt*S(p)}, where C(p)=Cosine(p), S(p)=Sine(p)
ES /4 )]

[1-C(p) +wt"S(p)]
%,| =-ESW [1 +/1 +(wt )2]

Where p=w(t-t*) for t=>1t"

W= K , t¥= 28 ... restraint contact time
M, ESW

4.3.2 Derivation of Ridedown Existence Criteria
Method I uses the occupant transient velocity and displacement relationships at the time of
restraint contact. Method II uses the crash pulse relationships between the rigid barrier and sled tests.

[

x,=x, +6+ESW

4.8)

4.3.2.1 Method 1
Taking advantage of the closed-form solutions, the formulas for the vehicle and occupant shown

in Egs. (4.7) and (4.8) are rearranged to yield the ridedown existence criteria shown by (4) of Eq.
(4.9).

d=vt"-x = %ESWt*z,
20
= == e 1
ESw )
also v*=v -x% =ESWt"
_v*
1= —— e 2
ESw @

Square both sides of (1) and (2), and equate:

(v*)? = 28 (ESW) = 28 ( (4.9)
2c

where all the variables including ESW are in consistent units:
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4.3.2.2 Method 11

Using the kinematic relationships for the fixed barrier and sled impacts, where the common
variable is the crash pulse, the ridedown existence criteria can also be derived. The variables used in
the barrier impact formula are absolute quantities, while those in the sled impact formulas are relative
quantities, such as the contact velocity and free travel space. By eliminating the common variable,
the crash pulse, from the two sets of kinematic relationships, the ridedown existence criterion can be
obtained. The derivation is shown in Eq. (4.10).

Formula (4) of Eq. (4.10) shows that the normalized contact velocity (ratio of occupant-interior
surface contact velocity to the barrier impact velocity) is equal to the square root of the ratio of the free
travel space to the dynamic crush of the vehicle. Fig. 4.13 depicts graphically the ridedown existence
relationship where the normalized contact velocity, v*/v,, is less than one. Given a vehicle structure
that yields a certain dynamic crush, the normalized contact velocity decreases as the free travel space
or restraint slack decreases. Note that the relationship and plot apply also to the normalized contact
time (ratio of contact time to the time of dynamic crush, t*/t,), as shown in (4) of Eq. (4.9)

d, : initial vehicle displacement(=0)

& : occupant relative to vehicle velocity
o : occupant relative to vehicle displacement

() Vehicle Barrier Impact:
2

v
a (ESW, Equivalent Square Wave) = 2—", or
c
v, =y2ac ........... 1

(II) Sled Impact (Occupant Relative to Vehicle Kinematics):
«\2 )

Let éc=fadt=at, then oc=fadt=3t2=3 LY
2 2\ a 2a

& =+4y2a0 . ........ .. ()]
Dividing both sides of (2) by (1) yields:

& E 3) (4.10)
v, c

At the restraint contact time, o = O and & = v, then

vk ]

— == e 4

) @)

The ride@wn existence criterion is

R K )

v, \ ¢

2
v
ESW = 0.4 —°-, where ESW:g; v, mph; c: in

c
Substituting Yo . |ESW into (4), then
Je 0.4
vk = 158 VOESW ......... (6)

In order for ridedown to exist, the contact velocity, v*, must be smaller than the barrier impact
velocity, v,. The motion of the occupant can then be slowed down by the interior surface or restraint
system during the vehicle deformation phase. The physical constraint needed to achieve this ridedown
is having the interior space or restraint slack smaller than the vehicle dynamic crush. However, in the
fixed barrier crashes, the dynamic crush of a truck is frequently smaller than that of cars. In order to
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minimize the occupant impact severity, the restraint slack is frequently reduced by using the
pretensioner (either pyrotechnical or mechanical driven) for both the lap belt buckle and the shoulder
belt retractor.

v
VO 15 o, in
0.8 10 S
0.6 3 \\\\
1 2 i
0.4
— ]
0.2
0
5 10 15 20 25 30

C (dynamic crush), in

Fig. 4.13 Normalized Contact Velocity vs. Restraint
Slack (0) and Dynamic Crush (C)

4.3.3 Application of Ridedown Existence Criteria

The occupant-vehicle interior contact velocity can be estimated using the information on the
vehicle crush and the occupant interior free travel space. The occupant relative contact velocity during
a crash is a good indicator of the severity of an impact.

4.3.3.1 Case Study — High Speed Crash

A typical 30 mph rigid barrier test of a passenger car equipped with a driver side air bag would
have a dynamic crush of 24 inches. For an unbelted driver, the interior free travel space between the
torso and the fully deployed air bag is about 5 inches; using (4) of Eq. (4.10), the contact velocity
computation is shown in Eq. (4.11). The contact velocity is about half of the barrier impact velocity.

vi=v, s =30 mph > in =30 mphx(0.46) = 14 mph (4.11)
c 24 in

Therefore, the occupant would have impacted the fully-deployed air bag at a relative velocity of
14 mph. This contact velocity can also be computed using the following relationship in terms of
occupant interior free travel space (8, in) and equivalent square wave (ESW, g).

The units used in the computation of the relative contact velocity in Eq. (4.12) are the
conventional units of g, mph, inches, and pounds.

2

v

from v =v, S wd Esw-42" and
c c

eliminating v, and c, one gets

.= |2 E;SW - 158 JSESW .. .... ) 4.12)

v?2 2
For & = 5 in, and ESW = 4 22 = 4 G0mph)” _ 5,
c 24 in

then v* = 1.58/(5 in)(15 g) = 14 mph
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4.3.3.2 Case Study — Low Speed Crash

A mid-size vehicle was tested in a 14 mph rigid barrier condition. The vehicle responses are
shown in Fig. 4.14, and the unbelted occupant responses with respect to the vehicle are shown in Fig.
4.15. Determine the occupant contact velocity and timing for the following two cases:

Case 1. No belt, no air bag, 6 =15in => V*= mph, t*= ms
Case 2. No belt, w/airbag,0= 5in =>V*=_  mph,t*=  ms
a, g/v, mph/d, in a, g/v, mph/d, in
20 20
= ; —
e 15
5 aﬂ d

= N ¥
B a\/ e / 7 K

20 0 20 40 60 80 100 120 0 0 20 40 60 80 100 120
t, ms t, ms
Fig. 4.14 Vehicle Kinematics in a 14 mph Fig. 4.15 Unbelted Occupant Kinematics in a
Rigid Barrier Test 14 mph Rigid Barrier Test

4.3.4 Occupant Response Surface and Sensitivity

The response analysis of the simple vehicle model and the response sensitivity of the occupant
to the vehicle and restraint parameters are presented. The major occupant response relationships are
shown in Eq. (4.13) and the detailed derivations are listed in reference [1].

Definitions in Conventional Units:
a_: maximum occupant deceleration, g

S

E: ESW(Equivalent Square Wave) of vehicle, g
C: dynamic crush, in
O: restraint slack, in
t*: restraint contact time, sec.
v*: restraint contact velocity, mph
V. fixed barrier impact speed, mph
f 1 restraint natural frequency, Hz
y: dynamic amplification factor
vy o= 1/1+Quft*Y ... ¢))
v a,=Ey ..o 0o 2 (4.13)
a, = E [L+/1+Qnft*y] ........ 3)
V2
E=4—"2" ... ... ... 4
C @
0
1" =072, | = 5
[ 5
vi=158/0E ... ... ... ... 6)

a, = E + {E2+(0.286/v"? .. ... 0

Note: (7) is based on the following in natural units

v*=Et*, and a,=E +{E*+(2nfv*)
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4.3.4.1 Restraint Design Optimization by Response Contour Plots

Given a restraint natural frequency (e.g., 7 Hz), the occupant deceleration can be plotted in 3-D
in terms of occupant restraint contact velocity (v*) and vehicle deceleration level (ESW) as shown
inFig. 4.16. To achieve a higher crash test rating, such as the NCAP (New Car Assessment Program),
for the 35 mph frontal barrier testing, the occupant deceleration needs to be kept at around 40 g.

Fig. 4.16 Occupant Deceleration vs. Contact Velocity (v*)
and ESW

From the constant surface contour plot shown in Fig. 4.17, one can form a window where the
range of v* is between 0 mph and 10 mph, and the practical range of the truck ESW lies between 15
and 20g.

v¥*, mph

Fig. 4.17 Window of V* and ESW for Constant 40 g Occupant
Deceleration

Note that Formula (6) of Eq. 4.13 can be rearranged such that the restraint slack, 8, can be
computed to yield the desired contact velocity, v*, given the equivalent square wave, ESW, as shown
in Fig. 4.18. The option of achieving the higher NCAP rating through the window constraints on the
v* and ESW is to minimize the restraint slack. The range of restraint slack that would satisfy such
a constraint is between 0.1 and 3 inches, as shown by the rectangle on the base of the plot in Fig. 4.18.

It is not unusual to have a belt pretensioner installed in a truck in order to achieve a higher crash
rating. This is due to the fact that the ESW of a truck is relatively higher than that of a passenger car.
Therefore, reducing the occupant deceleration by controlling and reducing the restraint slack to
compensate for the higher vehicle ESW is certainly consistent with the relationship specified by the
dynamic amplification factor.
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Fig. 4.18 Restraint Slack Constraint by v* and ESW

4.3.4.2 Sensitivity of Occupant Response to ESW

The sensitivity of the occupant response to the amount of vehicle crush and the vehicle equivalent
square wave can be derived from the response formula for the occupant. From Eq. 4.13, the occupant
deceleration (chest g) is a function of ESW and dynamic amplification factor, y. By taking the partial
derivative of the occupant deceleration with respect to ESW, the sensitivity of the occupant
deceleration with respect to ESW is obtained, as shown in Eq. (4.14). It should be noted that the
dynamic amplification factor, v, is also a function of ESW. Therefore, the partial differentiation of
occupant deceleration with respect to ESW is performed on the product of two terms, ESW and y.

The sensitivity of occupant response to ESW, shown in Eq. (4.14), is a function of dynamic
amplification factor. Since the dynamic amplification factor is a function of ESW and restraint slack,
the sensitivity contour surface shown in Fig. 4.19 is plotted against these two variables. The
sensitivity increases as the restraint slack increases. However, the sensitivity decreases as the ESW
increases. For the special case where the restraint slack is reduced to zero, the sensitivity becomes
a constant, which is 2 g/g. That is, for every one g increase in ESW, the occupant deceleration is
increased by two g’s. The typical range of sensitivity for vehicles in high speed barrier crashes is
between 2.1 and 2.7. Fig. 4.20 shows the constant contour plot of the sensitivity as a function of ESW
and restraint slack.

(1) Sensitivity of Chest G w.r.t. Equivalent Square Wave:

oa 2
°o- Y where +y: Dynamic Amplification Factor (4.14)

E  2(y-1)
Aa, -
3
2.8
2
2.5
73 —g— 10
E(ESW), g in

Fig. 4.19 Chest G Sensitivity vs. ESW and Slack (0)
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Fig. 4.20 Constant Chest G Sensitivity vs. ESW and 0

4.3.4.3 Sensitivity of Occupant Response to Dynamic Crush

Similarly, the sensitivity of the occupant deceleration with respect to dynamic crush can be
derived. Shown in Eq. 4.15, the sensitivity is a function of the dynamic amplification factor and the
centroid time, t,, where t_ is equal to c/v,.

(2) Sensitivity of Chest G w.r.t. Dynamic Crush:

SRESIE
dc 20-D|| T e

Fig. 4.21 shows the occupant deceleration sensitivity w.r.t. the dynamic crush. The sensitivity
depends on the dynamic crush and restraint slack. Given a fixed barrier impact speed, restraint natural
frequency, and a restraint slack, the sensitivity is higher when the dynamic crush is lower. This
implies that the occupant deceleration sensitivity w.r.t. the dynamic crush is higher for the truck than
for the car since the truck is stiffer than the car and the dynamic crush is less at a given speed. For the
dynamic crush between 25 and 30 inches, the sensitivity is around - 1.4 g/inch at 35 mph with slack
of 5 inches and around - 1.1 g/in at 31 mph with slack of 2 inches (see surface contour plots in Figs.
4.22 and 4.23).

da 2 (4.15)

o

c

Oa,
oE

Aadg Vo=35mph f=6Hz
o AC

C,in 30
Fig. 4.21 Chest G Sensitivity vs. Dynamic Crush (C) and
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Adg  V,=31mph f=6Hz

AC T lr.f ! T ! lll.’,; 10
1241804 ¢ / 8
7 ; 1.4 T2 . 6
;’I fr . -1.7L { ,
Il.l , l.’.f 4 ln
20022 24 26 28 300
C,1n
Fig. 4.22 Constant Chest G Sensitivity vs. C and & (31
mph)
AC ! :;’ :;’ :llr 7 // 10
(- I 1
2'4;'-2.2£ 224 / 8
Jr;f Jd -1'8;_1 Py 6 _63
7 JJr .U/
J,r f: |,r f..’ / '14 4 ln
N 7 -1.2 2
.l[n’ i'ln’ jrn’ ;II ll[ II[J,IIr I JJ/
2002224 26 28 300
C,1n
Fig. 4.23 Constant Chest G Sensitivity vs. C and & (35
mph)

4.3.4.4 Statistical Regression of Test Data and Model Responses
Two sets of pre- and post-crash data of a SUV (sport utility vehicle) and a minivan were analyzed
to predict the occupant responses using a linear regression model. The tests were all conducted at the

NCAP (new car assessment program) speed of 35 mph.

L. SUV tests at NCAP 35 mph
In the linear regression analysis, the response is the chest deceleration and one of the major

independent variables is dynamic crush. The associated coefficient for the dynamic crush is -1.37.
This number is equivalent to the sensitivity coefficient derived from the physical model given in Eq.
4.10. Using the formulas in Eq. 4.13, the test data of a truck with 28 inches of dynamic crush, 6 Hz
of restraint natural frequency, and 2 inches of restraint slack yield the values of ESW, t*, and y shown
in Eq. 4.16. The sensitivity coefficient is then computed in Eq. 4.15 and is equal to - 1.28 g/in.
SJor v, =35 mph, c = 28in,
0 =2 in, and f = 6 Hz, one gets
ESW =115 &g, t* .024 secC, and 'Y(DAF) = 2.35 (416)

oa, 2 v, g )
— = -4| =] | = -1.28 gfin
de  2(y-1) c

A regression analysis of a set of crash tests using SUV to rigid barrier impact at 35 mph is
performed and has the relationship shown as follows.

Chest G =79.1 - 1.37 * (Dynamic Crush) + ... + constant
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According to the regression analysis, the change in chest deceleration with respect to that of
dynamic crush is - 1.37 g/in, which is very close to that derived by the model formula shown in Eq.
4.16. Even though the dynamic model is simple, the trend analysis based on the gross motion
relationship appears to be in the right direction.

II. Minivan tests at 35 mph

In another study, a regression analysis was performed on the occupant response using a multi-
body mathematical dynamic model. The input excitation to the model approximates the crash pulse
of a minivan test at the NCAP speed of 35 mph. The ESW (equivalent square wave) is used as one
of the independent variables and the corresponding regression coefficient is 2.49 as shown below.

Chest G = 249 *ESW + ...+419

The sensitivity coefficient of 2.49 g/g (chest g/unit of vehicle ESW in g) from the regression
equation represents a typical value for the vehicle with a unitized body with a subframe supporting
the power train. The minivans analyzed falls into this body style. The ESW for those vehicles with
a unitized body is typically less than that of the frame vehicle. Shown in the upper left corner of the
base of the 3-D plot in Fig. 4.20, the sensitivity coefficient of chest deceleration w.r.t. ESW is between
2.3 and 2.5. That is to say, for every 1 g increase in ESW, the chest deceleration increases by about
2.4 g. This sensitivity coefficient is related to the dynamic amplification factor, vy, as shown in Eq.
4.14.

4.3.4.5 Response Prediction and Ridedown Efficiency
L. Response Prediction

The model response prediction using ESW as input excitation is a first order response prediction.
Given an ESW of 15 g, restraint slack of 5 inches, and an air bag restraint system natural frequency
of 7 Hz, the restraint (air bag only) contact time, the occupant maximum deceleration, and
corresponding timing are computed as follows:

Using the equations of motion for the vehicle and occupant shown in Egs. (4.7) and (4.8),
respectively, the transient acceleration, velocity, and displacement responses for both the vehicle and
occupant can be computed and are shown in Figs. 4.24 to 4.26.

______________________________________________________________

1] 20 40 60 a0
t, ms

Fig. 4.24 Vehicle/Occupant Acceleration in a 30 mph
Test (6=5", =7 Hz)
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Fig. 4.26 Vehicle/Occupant Displacement

The velocity change is 30 mph in the vehicle deformation phase shown in Fig. 4.25, and a
coefficient of restitution of 0.15 is used for the restitution phase. The maximum occupant deceleration
occurs at 89 ms, 2 milliseconds before the vehicle reaches the dynamic crush at 91 ms.

Shown in Figs. 4.25 and 4.26 are the velocity and position plots of the vehicle and occupant. At
time zero, the position of vehicle interior surface is 5 inches ahead of the occupant which is the
occupant free travel space, 8. At t* of 42 ms, the relative displacement is zero where the restraint
coupling phase starts. The relative contact velocity, v¥*, is about 14 mph. The vehicle dynamic crush
is 24 (= 29 - 5) inches, and the rebound velocity is 4.5 mph (= 30 mph x 0.15). The maximum
occupant stopping distance (the maximum restraint deformation) is about 9 (= 38 - 29) inches and
occurred around 90 ms (see Fig. 4.26), just before the vehicle rebounds at 92 ms.

Fig. 4.27 shows the plane view of the occupant travel at three times. From t, to t*, the occupant
travels 5 inches while the air bag is being fully inflated. The occupant-restraint coupling phase starts
at the restraint contact time, t* , and ends at the time of dynamic crush, t,,.

© 2002 by CRC Press LLC



V'—‘k

i

[
ol 5 N8

Fig. 4.27 Plane View of Occupant Interior Travel at 3 Times
t,t,andt,

II. Ridedown Efficiency

Since the occupant undergoes the ridedown during the restraint coupling phase, the initial
occupant kinetic energy is diverted to one riding down along with the deforming vehicle structure, and
the other deforming the restraint system. For the details on the computation of restraint and ridedown
energy densities, the reader is referred to Section 1.10 in Chapter 1.

The closed-form formulas for the restraint and ridedown energy densities are shown in Eq. (4.18).
Using the same input data which produces the vehicle responses in Figs. 4.24 to 4.26, the ridedown
analysis is performed in Eq. (4.18). The late restraint contact time, t* = 42 ms, results in a low
ridedown, high restraint energy densities, and high chest deceleration, 47 g. The dynamic
amplification factor is y = 47/15 = 3.1 which is higher than a typical value of 2.6.

Defines:
€,y * maximum ridedown energy densitity (e.d.)

e

s maximum restraint e.d., g-in

v,: initial barrier impact speed, mph

ESW: equivalent square wave, g

t*: restraint contact time, s

t,: time of dynamic crush, s

1, time of ) s S

w: restraint circular natural frequency (2mf), radians (4.17)
S(p): sine(p), C(p): cosine(p), p:angle in radian

p=w(,t"), fort, >1t"

e: occupant initial kinetic energy density, g-in

-~ oav? - gspel@ 150 _co)-1]( 1

e 0.4v, (ESW)[ . e (386.4J G)'
_(ESW\?|, , @tV [ 1

el —( i ) L+= V1+(o1") l(—386_4) ....... ?)

4.4 BASICS OF SPRING AND DAMPER DYNAMIC MODELING

Various models, ranging from one parameter to three parameters, are used in the analysis. The
models consist of energy absorbing (EA) elements with masses connected to both ends. Since most
engineering materials exhibit viscous and elastic characteristics, the EA can be represented by a
Kelvin element, Maxwell element, or combinations of the two elements. Schematically, the masses
in the models are connected by springs and/or dampers in various arrangements. The equations of
motion (EOM) for most of the models have been solved explicitly with closed-form solutions. The
applications of such a closed-form formulas are used for single vehicle and vehicle-vehicle impact
analyses.
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4.4.1 Spring and Damper Elements

Springs and dampers are the basic energy-absorbing components in a mechanical system. Fig.
4.28 shows the basic components of spring and damper and their combinations. The Kelvin element
shown in (c) consists of spring and damper in parallel, while the Maxwell element in (d) has the two
components in series. A gas MacPherson strut, a Kelvin element, used in a suspension system, is
shown in Fig. 4.29. Note the construction of the Kelvin element, where both ends of the spring and
damper are supported by the same reference points 1 (end plate) and 2 (cylinder), respectively.

Fig. 4.28 (a) Spring, (b) Damper, (¢) Kelvin, and (d) Maxwell
Elements

Fig. 4.29 A MacPherson Strut — A
Kelvin Element

Schematic representations of the four elements are shown in Fig. 4.30. Each of the four elements
has its own dynamic properties in terms of k, spring stiffness, and ¢, damping coefficient. Each
element’s function will be shown in the derivation of equation of motion for a specific spring and
damper model.

k c
1 awwwawn—] 2 1——a—2
@) (b)
k
1Iw__|2 1 Pawwwww—T1H 2
k c
c
() (@

Fig. 4.30 Schematic Representation of Spring and
Damper Elements
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4.4.2 Properties of Viscoelastic Materials and Damping

All materials in an oscillatory systems exhibit viscoelastic behavior [2]. Some of the properties
of viscoelastic materials are (1) strain increases with time (creep) when the applied stress is held
constant, (2) stress decreases with time (relaxation) when the applied strain is held constant, (3) the
effective stiffness depends on the strain rate, (4) energy loss occurs due to hysteresis, and (5) the
coefficient of restitution is less than 1.

4.4.2.1 Equivalent Viscous Damping

Since all materials exhibit loss of energy in an oscillatory system, the equivalent viscous damping
is defined in a model to describe such a behavior. The primary effect of damping is the removal of
energy from a damped system. Such an energy loss results in the decay of amplitude of the free
vibration in the system. In steady-state forced vibration (excitation), however, the loss of energy is
replenished by energy supplied by the excitation.

There are different mechanisms which can induce damping in a system. These are internal
molecular friction, viscous fluid resistance, and sliding friction. True damping in a system is a
complex phenomenon. To provide the simplest form of describing such a phenomenon, a linear
viscous damping is used.

Even with a minimal damping present in a dynamic system subjected to an impact and/or
excitation, the damping effect on the transient (time) response can be significant. An analysis or
design involving viscoelastic materials must consider the damping phenomenon, due to their effects
on transient (time) response. In some applications, the transient response of the system subjected to
a large impulsive loading is dominated by the damping phenomenon.

The ability of a component in transmitting an impulsive loading from the input to the output is
termed transient transmissibility (TT) [3]. Crash performance of components such as body mounts
located between the frame and body (cab or pickup box) of a truck can be studied using the Kelvin
model (2-parameter model) and the standard solid model (3-parameter model). The number of
parameters is referred to as the number of spring and/or damper elements.

4.4.3 2-Mass (Vehicle-to-Vehicle) Impact Model

An impact between two masses can be represented schematically, as in Fig. 4.31. Each of the two
masses has a contact with a Kelvin element, a set of spring and damper in parallel. If the connection
between the mass and the element is a rigid contact, the element may undergo tension and
compression. If not, due to separation between the mass and element, the element can only be
subjected to compression.

ky ky
— T
C2 ¢

Fig. 4.31 Vehicle-to-Vehicle Impact
Model — Two Kelvin Elements in
Series

To simplify the analysis, the two sets of Kelvin elements can be combined into one resultant
Kelvin element as shown in Fig. 4.32. The parametric relationship between the two individual Kelvin
elements and the resultant Kelvin element can be obtained as follows.
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Fig. 4.32 Vehicle-to-Vehicle Impact Model
— A Kelvin Model

From the deformation (spring deflection) relationship, the total deformation of the combined
spring k is equal to the sum of the deformations of the two individual springs (an additive deflection
relationship). The spring force relationship can then be established as follows.

d=d1+d2 (418) i:ﬂ:ﬂ (4 19)

Similarly, by taking the time derivative of the deformation relationship, the deflection rates are
also found to be additive for the dampers. Similarly, the damping force relationship is shown as
follows.

d = dl + d2 (420) L -_°c=-_° (421)

The final relationships for the spring stiffness and damping coefficients are then established.

k k,
ey (4.22)

€16

c e ——
Py (4.23)

Note that the total force, F, exerting on m, and m, , is equal to the sum of forces exerted by the
spring, k and damper, c.

F=F_+F, (4.24)

4.4.4 Dynamic Equivalency Between Two-Mass and Effective Mass Systems

A two-mass system is shown in Fig. 4.33. Mass m, is impacted by m, at an initial relative speed
(or closing speed) of V,, where V,, =V, -V, =V . The relative displacement « is the basis for the
derivation of the response solution.

If one of the masses in the two-mass system is infinite, the system becomes a vehicle-to-barrier
(VTB) model, as shown in Fig. 4.34. The only mass moving in this system is referred to as the
effective mass, m,. The relative motion of the mass with respect to the fixed barrier is the same as the
absolute motion of the mass with respect to a fixed reference frame. In a system where there are
multiple masses involved in an impact, the analysis can be simplified by using the relative motion and
effective mass approaches. The relative displacement of the effective mass, m,, is o.
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Fig. 4.33 A Two-Mass System . .
Fig. 4.34 An Effective-Mass System

The equations of motion of the two-mass system, the relative response variables, and the
definitions of mass reduction factors and effective mass are covered. The dynamic responses of the
two-mass system and one effective mass system are summarized in Eq. (4.25).

TWO-MASS SYSTEM: %, = y, &, %, = -y, &, .... (D
where: & = -v,w,sin(w,f) ................. 2
w, = k. . . . . angular natural frequency ... ... 3)
me
m, ,
Y, = #1 mass reduction factor . .. ... ) (4.25)
m, +m,
m, .
Y, = #2 mass reduction factor . .. ... 6))
m, +m,
m,m, .
m,=——=— .. effectivemass ............. (6)
m; +m,

Using the equations of motion and the relative motion relationship, the dynamic equivalency
between the two-mass and effective-mass systems can be established. The absolute decelerations of
the two masses in the two-mass system are then computed using the mass reduction factors. In a
special case where mass m, is infinite, the effective mass shown in (6) of Eq. (4.25) then becomes m,.
The mass reduction factor for mass #1, v, , equals one, and that for mass #2, v, , equals zero.

In the effective mass system, the mass and spring stiffness are m, and k, respectively. The impact
speed remains the same as V,,. Therefore, the two systems become identical. Note that by using the
mass reduction factor relationships shown in (4) and (5) of Eq. (4.25), the relative deceleration in the
effective-mass system can be converted to the absolute decelerations of the two-mass system as shown
in (1) of Eq. (4.25). Note that the relative deceleration of mass 1 to mass 2 is the same as the
deceleration of the effective mass shown in (2) of Eq. (4.25). Also, the period T of the dynamic
responses for both systems remains the same and equals 27/w, where w, is defined by (3) of Eq.
(4.25).

4.5 VEHICLE TO BARRIER (VTB) IMPACT: SPRING-MASS MODEL

Since there is no damping in the spring-mass model being analyzed, the motion of the system is
a non-decayed oscillatory one. The absolute displacements of the two masses are x, and x,, and the
relative impact velocity and displacement between the two masses are v,, and «, respectively. The
motion of the spring-mass model is sinusoidal.

4.5.1 Model Formulation
The transient and major response relationships are shown by explicit formulas in Eq. (4.26) to
(4.28). Given the rigid barrier impact velocity and model values of mass and spring, the dynamic
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crush and the peak magnitude of the vehicle sinusoidal acceleration, A, can be computed. It can be

shown that A is twice as large as the ESW (equivalent square wave) for the same vehicle.

Let us define:

C: dynamic crush
V: initial barrier impact velocity
A: peak sinusoidal deceleration magnitude of the effective mass
w: effective weight (or W)
k: effective spring stiffness (or K)
,: circular natural frequency of the effective mass
f: wvehicle structural natural frequency, Hz
T RA_NSIENT RESPONSES:
a(f) = — sm (w,0, &) = Veos(w,?), @) = -Vw,sin(w,?)
('oe
_r . .
o, = o maximum dynamic crush
e
T, = T time at o,
2w,
Normalized Responses are: oc(t); oc(t); @)
V vV Vw

e

e

MAJOR RESPONSE FORMULAS (in natural units):

c-2 M
(')e
V=Cown, ()]
4=Vwo,=Co? €))
Eliminating ®, between (2) and (3) yields
V2
A4 =— 4
C “@
A=2nfV )

MAJOR RESPONSE FORMULAS (in conventional units):

(C:in; V: mph; A, g;
C =097V
—OSW( ]
k= 125w[ 4]’
14
Equatmg (2) to (3), then
= 08— = 2ESW
C
A4 =0297V
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Note that given the barrier impact speed of V and dynamic crush of C, the peak magnitude of
sinusoidal acceleration, A, given by formula (4) of Eq. (4.27) is twice as large as the magnitude of the
equivalent square wave (in conventional units of g, mph, and inches: ESW = 0.4 V¥/C).

4.5.2 Design and Trend Analysis
The parametric relationships between the major model dynamic responses and model parameters
are shown in the following.

4.5.2.1 Acceleration Function

From the closed-form relationships, the trend of the peak vehicle deceleration in terms of weight
and stiffness can be visualized from the surface plot shown in Fig. 4.35. The magnitude of peak
deceleration decreases as the weight increases while the peak deceleration increases as the structural
stiffness increases (note: 1 kips = 1 kilo-pounds = 1 klbs).

W, kips

Fig. 4.35 3-D Surface Plot of Peak Acceleration of a Spring-
Mass Model

4.5.2.2 Dynamic Crush Function

The trend of the dynamic crush, in terms of weight and stiffness, can be visualized in Fig. 4.36.
Opposite to the trend of the peak acceleration, the dynamic crush increases as the weight increases,
while the dynamic crush decreases as the structural stiffness increases. The opposite trend between
the acceleration and dynamic crush can be explained by the relationship shown by formula (4) of Eq.
(4.27) where the product of A and C equals to 0.8 V2. For example, for V =30 mph, C =24 in of a
vehicle in a barrier test, ESW = 0.4 V/C = 15 g, then A = 0.8 V?/C =30 g=2 x ESW.

C, in = w
. C=09V K
60 V=30 mph
40
14
iy
2 "8 K kipsfin

W, kips s

ip2

Fig. 4.36 3-D Surface Plot of Dynamic Crush as a Function of
Weight and Stiffness
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4.5.2.3 Estimating Time of Dynamic Crush, T,

In a rigid barrier impact, where the vehicle structure is represented by a spring-mass system, the
time of dynamic crush, T, can be estimated based on the period of the dynamic system. Since the
dynamic crush occurs at the quarter of the period shown in Fig. 4.37, T,, can then be expressed as a
function of the initial barrier impact speed, V, and dynamic crush, C, shown in Eq. (4.29).

cC}
N
d AN
: h
\
\
0 T ; t‘ T
\ /
N
N //
AN
-

Fig. 4.37 Time of Dynamic Crush for a Spring-Mass

System
[0 =Z, and T(period):ﬁ, .~ T =I=i=n_c
" C ® " 4 2 2V
C 2 " " (4.29)
r-=—, . T, ==T, =.64T,
14 it

Therefore, for a simple (linear) spring-mass model, the output sinusoidal deceleration response
(a quarter-cycle sine wave in the deformation phase) has a centroid time equal to 64% of the time of
dynamic crush.

For computations using the conventional units of V in mph, C in inches, and T, in milliseconds,
the following formulas should be used:

In conventional units (mph, inches, milliseconds, 1b, 1b/in):

(430)
7, -2847C 805, 71 -89| 9| |:280,|%
7 v K K

Observing the parametric relationship shown in Eq. (4.30), T,, the time of dynamic crush is
proportional to the characteristic length, C/V, but is only inversely proportional to the square root of
specific stiffness, K/W. That is to say, the specific stiffness is not a strong factor by itself compared
to characteristic length because of the square root. However, it will be shown in Chapter 5 that the
damping factor plays an important role in controlling the time of dynamic crush in addition to K/W.

The trend of the time of dynamic crush in terms of weight (W) and stiffness (K) is shown by the
3-D plot in Fig. 4.38. The timing of the dynamic crush, T,, increases as the weight increases, while
the timing decreases as the structural stiffness increases.
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Fig. 4.38 T, as a Function of Weight and Stiffness

4.5.2.4 Response Properties as a Function of V and C

Given a dynamic crush for the car and truck in a 35 mph barrier crush, four responses related to
V and C, the characteristic length, specific stiffness, time of dynamic crush, and centroid time, can be
obtained. These are shown in Table 4.1.

Table 4.1 Response Properties As A Function of V and C

Vehicle: C,in C/V, in/mph K/W, Ib/in/lb T,, ms T, ms
V=35 mph,
fixed barrier = Dynamic Characteristic Specific Time at C Centroid
Crush Length Stiffness =89 (C/V) Time
=0.8 (V/C)’ =64 T,
Car 35 1.0 0.80 89 57
Truck 28 0.8 1.25 71 46

The computed characteristic length of the subject full-size vehicle falls within the typical range
0f 0.9 to 1.1. The characteristic length, expressed in time, is also equal to the centroid time T, (time
at the area centroid of the crash pulse in deformation phase), which is 57 ms [C/V =35 in/ (35%17.6
in/s) = 0.057 sec]. The relative centroid location with respect to T, is then 57 ms/89 ms =0.64. This
confirms that the spring-mass model produces a quarter-sine acceleration response, where the relative
centroid location is 0.64.

4.5.2.5 Mass and Stiffness Ratios in Vehicle-to-Vehicle Impact

Another useful relationship that can be derived from the above is the determination of the relative
magnitude between the mass ratio and stiffness ratio of two vehicles in a collision. Knowing from
Table 4.1 that the specific stiffness of the truck is greater than that of the car, it follows that the
stiffness ratio of the truck (t) to car (c), r, will be greater than the mass ratio of the truck to car, ry,.
The proof of this relationship is shown in Eq. (4.31).
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K
Since ,

—L>_< and K>0, M>0,
t c
after interchanging K and M,, one gets
K, M,
—>—, or (4.31)
KC Mc
re >y,  Where

ry : Stiffness ratio of truck to car
ry, . mass ratio of truck to car

The relationship between the stiffness and mass ratios shown in Eq. (4.31) provides a good basis
for the determination of crash severity in a vehicle-to-vehicle impact.

4.5.3 Effect of Test Weight Change on Dynamic Responses

In the vehicle-to-rigid barrier test, the vehicle structural design may stay the same, but, due to
differences in the optional contents and/or fastened payload, the test weight may differ substantially.
Taking advantage of the closed-form formula, the sensitivity of the major dynamic responses with
respect to the change in test weight can be derived. Using conventional units and the following
definitions of variables:

W (or w):  vehicle test weight, 1b

K (ork): stiffness, Ib/in

V (orv):  vehicle-to-rigid barrier impact speed, mph
C(orc): dynamic crush, in

c=9v ¥ 1
. )
e _ 45y L @)
ow Jwk
2
k- .8w(1] 3 (432)
c
2
wk = 8| ¥
c
therefore \wk = [ Judd ©))
c
Substituting (4) into the sensitivity (2) of Eq. (4.32), (2) becomes
L 433
aw (4.33)

Case Study 1: Compute weight sensitivity on crush

A full-size passenger car was crashed in a 31 mph rigid barrier impact. The test weight was w
= 4452 1b, and the dynamic crush was ¢ = 31.5 in; compute the weight sensitivity of the dynamic

crush.

© 2002 by CRC Press LLC



Using Eq. (4.33), the change of the dynamic crush with respect to the change in the test weight
is computed as follows:

d 5535 5508 35 I

w Cw Cms B 210010 (4.34)

The change in the dynamic crush is therefore about 0.35 inches per each 100 pound increase in
test weight. Since the characteristic length of the vehicle is 1.02 in/mph (31.5 in/3 Imph), the increase
of 0.35 inches per 100 pounds weight increase is equivalent to that produced in a test with a speed
increase of one-third of a mph on the original vehicle test weight.

In two 35 mph barrier crash tests, the same model trucks with different loadings were used. The
decelerations at the rocker and B-pillar for both tests and their integrals are shown in Figs. 4.39 and
4.40, respectively.

15000 L

a, g
28 g po e el
: 35 mph bharrier
e e ATl = = = 560011b (#1)
-35.0 ! ;
6200 1b (#2) !
| (W 33% optional weight)
—45.9, : :
0.0 70.0 40.0 60.0 80.0 100.0

' t, ms
Fig. 4.39 Mass Effect on Vehicle Acceleration Response

v, d
mph
30 24 feoemeind

20 18 peovemie

10 12 -frm e poem e g e S

-10 ©

0.0 26.0 40.0 60.0 80.0 100.9
t, ms

Fig. 4.40 Mass Effect on Vehicle Velocity and
Displacement Responses

For the heavier truck (solid line), both dynamic crush and time of dynamic crush are larger than
those for the lighter truck, as shown in Table 4.2. The relative response magnitudes of the acceleration
and dynamic crush of the two vehicles are confirmed by the weight trend analysis plots shown in Figs.
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4.35 and 4.36, respectively. Shown in Fig. 4.39, the impulses of the two vehicles between 0 to 20 ms
are mainly due to the stiff front rail design and damping of the body mount. They are not considered
the decelerations of the main body of the truck. It will be shown in Chapter 5 that the impulsive
transient responses at the beginning of the crush are mainly controlled by the damping characteristics
of the body mounts, positioned between the compartment (or cab) and frame. The steady state
compartment responses, where the peak body deceleration occurs, are attributed mainly to and
controlled by the spring stiffness of the system.

Table 4.2 Weight Effects on Major Vehicle Responses in 35 mph Rigid Barrier Tests

Truck Transient State, Steady State C,in T, , ms
Weight, A,g Ay g dynamic crush = time at C
Ib peak acceleration | peak acceleration
6200 40 32.5@ 53 ms 22.5 65
(heavier)
5600 37 40 @ 43 19.7 56
(lighter)

Case Study 2: Compute the truck stiffness in a low speed impact
A truck was tested in a perpendicular barrier condition with the following data:
V =14 mph, A =19 g (rocker panel at B-post), and w = 5800 1b
Determine the structural stiffness and the dynamic crush and show the transient dynamic
responses.

Define: 4 (characteristic deceleration) = 9g _ 136 &
4 14 mph mph
2 .
Compute: % (specific stiffness) = 1.25 % = 2312 lbl;m
therefore K = Wx2312 = 5800x2.312 = 13410 lb/in (4.35)
Define: C_o9|¥_y L _ g9y in
4 K 2312 mph

therefore C = Vx.592 = 14x.592 = 8.3in

The computed dynamic crush C compares fairly well with the 8.4 inches obtained in the test film
analysis.

Case Study 3: Compute the car stiffness in a low speed impact.

Two tests were conducted using a full-size sedan with a test weight of 4200 lbs. They were tested
in 8 and 14 mph fixed barrier conditions with dynamic crushes of 6.9 and 12.2 inches, respectively.
Determine the structural stiffness and the transient response of the car in the two test conditions.

Using the formulas for the spring-mass impact model, the transient responses and model
parameters were calculated and compared to those from the tests ( Table 4.3 and Figs. 4.41-4.43).
The dynamic crushes of the model using the respective spring stiffnesses were identical to those from
the tests. The model, which has only one structural parameter, stiffness, serves the purpose of
predicting one boundary condition in the test, the dynamic crush. The times of dynamic crush between
the model and test are different, since these timings were not constrained by the spring-mass model.
The spring-mass model can be made to satisfy the time of dynamic crush of a test; however, the model
dynamic crush will then not be constrained and may be different from that in the test.

Since the values of the computed model stiffness are about the same for the two tests at different
speeds (see Table 4.3), this indicates that a linear system prevails for the test speed range of § to 14
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mph. The model transient responses are therefore proportional to the speed, which are the
characteristics of a linear system. For example, the ratios of the model peak deceleration, A (13.2 and
7.4 g), to the dynamic crush, C (12.2 and 6.9 in), at the 14 and 8 mph speeds are respectively equal
to the speed ratio of 1.75. Since the principle of superposition holds for a linear system, the model
responses at a 22 mph speed would be simply the sum of those responses at 8 and 14 mph (A =13.2
+74=20.6g,and C=122+6.9=19.1in).

Table 4.3 Model and Test Vehicle Responses at 8 and 14 mph

Speed, Car Dynamic Crush C, in @ T, Model
mph Weight, ms
w, klbs
Test Model k,klb/in | w,rad/s¢ (fHz) A, g
8 6.9 @77 6.9 @ 84 4.47 20.30 (3.23) 7.4
4.2
14 122 @ 79 122 @78 4.54 20.44 (3.25) 13.2

a,g 5 A\/
A=

o /f\ model

-10
14mph
A
teS;tl\/ mvﬁ

-15
0

20 40 60 80 100 120
t, ms

Fig. 4.41 a vs. t of a Full-Size Car in 8 and 14 mph
Barrier Tests
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Fig. 4.42 v vs. t of a Full-Size Car in 8 and 14 mph
Barrier Tests
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Fig. 4.43 d vs. t of a Full-Size Car in 8 and 14 mph
Barrier Tests

4.6 SPRING-MASS OCCUPANT MODEL SUBJECTED TO EXCITATION
In the previous section, vehicle-to-barrier impact modeling was presented. In this section, the
restrained occupant response in a sled test shown in Fig. 4.44 is presented.

tF

Fig. 4.44 An Occupant Model Subjected to An Excitation

In this section, the occupant restraint system is represented by a spring-mass model with a
restraint slack, 8. A set of closed-form solutions for the model subjected to TESW and halfsine waves
is derived. Since there is slack in the restraint system, the initial conditions of the occupant contacting
the restraint need to be determined before the occupant response closed-form solutions can be derived.
Fig. 4.45 shows the crash pulse excitation and the conditions at the time of restraint contact.

a a
a* a*
& | /v,
o tg t0 te-tt t

Fig. 4.45 Occupant Relative Kinematics at Restraint
Contact Time

Using the relative motion approach, the equations of motion of an occupant in a fixed reference
(w.r.t. the ground) and in a relative frame (w.r.t. the sled) are shown by expressions (1) and (3) in Eq.
(4.36). The procedures for deriving the closed form solutions of the occupant responses due to a
tipped equivalent square wave and a sinusoidal excitation are described in the next section.
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4.6.1 Response Solutions due to TESW and Sinusoidal Excitation

A spring-mass model with restraint slack subjected to an TESW (tipped equivalent square wave)
and sinusoidal excitations is shown in Fig. 4.46. The output responses of the model are derived in
closed-form solutions. In general, the effect of the model parameters on the occupant responses can
be described by a dynamic amplification factor (DAF).

L

Fig. 4.46 A Sled Impact Model

A simple occupant restraint model has a restraint slack of 0 and stiffness of k with an occupant
mass of m. The initial conditions at the time of occupant restraint contact (the start of the restraint
coupling phase) are shown as follows:

. time

1, time at a, .. (measured from t*)
a,: occupant deceleration

a,;: sled excitation

&: occupant decel relative to sled

w,: restraint natural frequency(=2 nf,)
E*: sled decel at t*

E : deceleration of TESW att = 0
t*: restraint contact time

J: slope of TESW

*

v*: restraint contact velocity

EOM.: YF = ma

KX,-X,-8)+C(X,-X) = MX, ..... 1) (4.36)
where
X,: absolute displacement of vehicle (sled)
X,: absolute displacement of occupant
O : restraint system slack (a constant)
Let o be the relative displacement between M, and M,

@=X-X-8 @&=X-X-6=X-X

@=X-X ... 2
Jfrom Eq.(2): io =a,- @&
substituting into (1):
cc+—oz+£oc—av ........ 3)
[ MO
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4.6.1.1 Model with TESW Excitation, (E + j t)
Eq. (4.37) shows the equation of motion of a spring mass model subjected to a TESW excitation.
d+w,o = -(E +1) 4.37)
Initial Conditions: The occupant kinematics at the time of restraint contact are shown as follows.
E*=FE +jt*
V* - Et* + lj(l’*)z
2 (4.38)
1 1. .3
8=—E@)Y +—jt
S E@Y

Formula: The solutions to the equation of motion can be solved by the method of undetermined
coefficients. The occupant transient response and maximum response formulas are shown in Egs.
(4.39) and (4.40), respectively.

OCCUPANT TRANSIENT RESPONSE:
a, =0 +a, =psin(w,t+¢) + E*+jt ....... ()]
_E*

*

Vv w,

where ¢ = tan™!

-1 (4.39)
we

. \2
v*(‘)e—L
w

e

e fr-

OCCUPANT MAJOR RESPONSES:

e = E 7+ @ P20 +E wjt, @)
T
w,p
[OV)

e

(4.40)

cos™!

Special Case #1: For j (slope of TESW) = 0, then

E = ESW (Equivalent Square Wave)
vx = ESWt*,  therefore (4.41)

al . = ESW[I +1+Q2 nft*)2]

This closed-form solution for the maximum occupant deceleration has been derived [1]. The
occupant model, having a restraint slack of & and natural frequency of f, is subjected to a constant
deceleration ESW.

Special Case #2: For 0 (restraint slack) = 0

At time zero, occupant relative contact velocity equals zero. The maximum occupant
acceleration equals the sum of two times the acceleration of the first TESW data point (E*) and the
change in TESW acceleration between time zero and time when maximum occupant acceleration
occurs. Using (2) of Eq. (4.40), the simplified occupant acceleration formula is obtained and shown
in Eq. (4.42).
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™ (4.42)

Case Study:

Two crash pulses with the same velocity change in the deformation phase are used to excite an
occupant model. One is a front-loaded and the other is a rear-loaded crash pulse. An occupant in a
sled test is restrained with an air bag and 3-point belt with a pretensioner such that the restraint slack
is about zero during the impact. Determine the occupant acceleration magnitudes due to the two
distinctive crash pulses.

The solutions to the problems are shown in Table 4.4. The front-loaded crash pulse produces
higher occupant acceleration than the rear-loaded one. The occupant without restraint slack is affected
by the magnitude of the first point and slope of a TESW line-segment as shown in (1) of Eq. (4.42).

The front-loaded crash pulse may be beneficial in reducing the time for the occupant to reach and
contact the restraint system and start the vehicle ridedown during the occupant-restraint coupling
phase. However, the front-loaded pulse may yield a higher occupant response when the restraint slack
is negligible. In the case of an even-loaded crash pulse, where the sled pulse is 17.5 g, the output
acceleration is equal to 35 g, two times the constant sled pulse acceleration.

Table 4.4 Occupant Responses Due to TESW Pulses with 6 =0

Pulse TESW 1% & 2™ o TESW Slope = Restraint Slack Ay mavs €
Shape Points ms Jj, g/ms & Natural Freq @ t,, ms
P, g P, g o, in f, Hz
Rear- 15 20 100 .05 0 7 33.7
Loaded @75
Front- 20 15 100 -.05 0 7 36.6
Loaded @069

The TESW sled pulses and transient occupant responses are shown in Fig. 4.47. As the TESW
slope increases (more rear-loaded), the occupant peak acceleration decreases.

40

35

30

T
TESW-F/L
Chest g,F/L

TESW-R/L
Chest g,R/L

25
o

20
S

15

10

5

0
0

20 40

60
t, ms

80 100

Fig. 4.47 Occupant Decelerations due to Front- and
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4.6.1.2 Sine Excitation (E sin wt)
The equation of motion of a spring mass model with a sinusoidal excitation is shown in Eq.
(4.43). E is the peak magnitude of the sinusoidal acceleration.

f+w,0 = -Esin(w #) (4.43)

Initial Conditions: The occupant kinematics at the time of restraint contact are shown as follows.
E* = Esin(wt®), v* = E[l —cos(mt*)]
®
} (4.44)

and, 6 = E [t* _sin(@?7)

w w

Response Formula: The solutions to the equation of motion which can be solved by the method of
undetermined coefficients are shown in Eq. (4.45). The output acceleration consists of three
components: complementary, particular parts of solution, and the magnitude of sinusoidal pulse, E.

a+ wezoc = -Esin(wf), the solution consists of:

a, =&, + &, - Esinfo(t+1+)], where

(S

&, _|cos(wt*) -1 sin(w, 7)  sin(wr+)cos(w,7)
E 1-r? r, 1-r2
. 2 . "

- t+t
8,  -risinfo@+ 1) s
E 1 - rﬁz,
Here r, = @ _  excitation frequency

w, restraint natural frequency
a
DAF = oo
E

Since each part of the solution contains the magnitude E, a transient DAF (dynamic amplification
factor) for the sinusoidal excitation can be explicitly defined as DAF (t) = a (t) / E. The maximum
DAF, found by searching for the maximum occupant response, is equal to DAF =a | ../ E.

Case Study 1: Occupant restraint system with a frequency ratio less than one

Given a restraint natural frequency, w, = 8 Hz, a 3-D contour surface plot of the DAF in terms

of the frequency ratio, r,,, and restraint contact time is shown in Fig. 4.48.

0 0.4 0.8 1.2 1.6 2
ra), frequency ratio

Fig. 4.48 DAF vs. Frequency Ratio and Contact Time

© 2002 by CRC Press LLC



The excitation-to-restraint natural frequency ratio, r,, in the figure ranges from 0 to 2. The
DAF(t), which is a function of time, is computed using the formula in Eq. (4.46) for the case where
the restraint natural frequency is 8 Hz. The maximum occupant deceleration is then equal to the
amplitude of the sine wave multiplied by the maximum dynamic amplification factor (DAF). The
typical structural natural frequency of a passenger car in a rigid barrier impact is about 4 Hz.
Therefore, given the value of the excitation to restraint natural frequency ratio, r, = 4/8=.5, the
corresponding DAF ranges from about 1.7 to 2.5, depending on the restraint contact time, as shown
in Fig. 4.48.

According to the surface plot shown in Fig. 4.48, the maximum DAF peaks when r is between
4 and .6. The restraint system design with a natural frequency of 8 Hz and an excitation frequency
of 4 Hz may not be an ideal combination since the frequency ratio is 4/8=.5. In studying the VOR
(vehicle, occupant, and restraint) performance shown in Section 1.9.5, Chapter 1, the average restraint
natural frequency in a 31 mph rigid barrier test is about 6 Hz. This would yield a frequency ratio of
4/6=.67 where the DAF is still on the high end.

According to the DAF surface contour plot, the DAF decreases noticeably when the frequency
ratio is above 1. With a frequency ratio of 1, both excitation and restraint natural frequency are 4 Hz,
and the DAF is about 1.5. It should be noted that the lower the restraint natural frequency, the softer
the restraint is and the interior free travel space would have to be larger.

For each value of DAF, there exists a timing, t,, where the maximum occupant acceleration,
E*DAF, occurs. Fig. 4.49 shows a 3-D plot of t, as a function of frequency ratio and restraint contact
time.

tg, ms
140
120
100
80
60 :
40 90 e o -1
70~ e .
1o e 50 1728 ¢, ms
/ / J o 010

0 0.4 0.8 1.2 1.6 2'

r frequency ratio

w’

Fig. 4.49 Time at Maximum DAF (Restraint Freq.= 8 Hz)

Case Study 2: Body mount stranded cable with frequency ratio greater than one.

In a frame vehicle, the body mount mounted on the frame supports the cab or pickup box. During
a crash, the cab tends to move forward relative to the frame due to the deformation of the mount
assembly. To prevent the excessive deformation of the body mount, a piece of stranded steel cable
is used to limit the deformation of the body mount to about 2.5 inches. In addition, the cable is used
to produce an early impulsive loading on the passenger compartment. The early impulse yields a front
loaded crash pulse which may improve the occupant ridedown efficiency, as discussed in Chapter 1.

The stranded cable is connected to the frame and rocker panel at both ends of the body mount.
The installed cable has a slack of not more than one inch. Therefore, the cable will be under sudden
dynamic loading when the body mount deforms more than one inch.

The loading conditions are described as follows. The excitation from the frame rail to the body
mount is a halfsine with a 40 Hz excitation frequency (with a pulse duration of 12.5 ms) and a peak
deceleration magnitude of 100 g. Determine whether the loading is sufficient to take up the slack.
If it does, we would like to know the effect of the sudden cable loading on the deceleration of the cab.
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From Chapter 2, Section 2.4.15, the displacement change due to halfsine loading is expressed as
Ad=1229A, T2. Given A,=E=100g,and T =.0125 seconds, then Ad = 1.92 inches. Therefore,
the halfsine loading is more than enough to take up the slack of one inch and induce a dynamic loading
on the cable.

To compute the dynamic amplification factor (DAF), the restraint contact time, t*, needs to be
computed. Given 6 = Ad = 1 inch, t* can be computed from the displacement relationship shown in
Eq. (4.44). A numerical method using a Newton-Raphson algorithm has been used, and it is found
that t* = .0093 seconds (9.3 ms).

Using the DAF formulas shown in Eq. (4.45), the maximum DAF and the corresponding time
have been obtained. The three parts of DAF, due to complementary, particular, and excitation (input)
parts, are DAF| =.199, DAF|,=.822, and DAF|, =-.771. Therefore, the total DAF is equal to .251.

The dynamic loading on the cab due to the installed cable is then equal to 100 g x .251 =25.1
g, which occurs at 21.5 ms.

Special Case: For 0 = 0, then t* = 0; a, in Eq. (4.45) becomes

. 27
sin
( ro+1
e = =-E[DAF] ....(1)
r, -1
te the time when a is maximum, is
2 1 (4.46)
t, = = e 2
£ wrtw, ftf, @
2T
sin
DAF = — 2/ ... €))

It is shown by (3) of Eq. (4.46) and Fig. 4.50 that the DAF is only a function of the excitation to
natural frequency ratio when there is no restraint slack in the system. The timing, t,, when the
maximum output acceleration occurs, is equal to the inverse of the sum of the excitation and natural
frequencies as shown by (2) of Eq. (4.46). For a typical passenger vehicle excitation frequency of 4
Hz and restraint natural frequency of 6 Hz, the peak occupant chest deceleration should therefore
occur around 1/(6+4) = .1 seconds.

T

-
A

0 0.5 1 1.5 2

r,, frequency ratio

Fig. 4.50 DAF due to Sinusoidal Excitation (8 = 0)

DAF
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Case Study: A truck has f=3 Hz (frequency of sinusoidal excitation to the cab or compartment), and
E =30 g (peak sinusoidal magnitude). The restraint system has no slack, and f,= 7 Hz (the occupant
restraint natural frequency). Then, the frequency ratio is r, = 3/7=.43. From Fig. 4.50, DAF = 1.67,
therefore, the expected maximum occupant acceleration is 1.67*30 = 50 g, which occurs at 1/(3+7)
=0.1 sec (or 100 ms).

Excitation Frequency Ratio and Dynamic [oading
An impact is a dynamic loading if the DAF is greater than one and it is a static loading if the DAF

is less than one. For the case of sinusoidal excitation to a spring-mass model without slack, the
boundary between the static and dynamic loadings can be defined by the frequency ratio, the ratio of
the sinusoidal excitation to system natural frequency.

As shown in Fig. 4.50, when the frequency is between 0.18 and 1.8, the system undergoes
dynamic loading since the corresponding DAF is greater than one.

It is a common practice to use a pretensioner in the design of a restraint system for trucks. The
purpose is to take up the restraint slack quickly and apply a limited pre-loading to the occupant to
reduce chest deceleration. In this case, the restraint slack in the modeling can be assumed to be zero.
The DAF reaches a maximum of about 1.75 when the frequency ratio is near 0.6. In order to minimize
the occupant (output) acceleration, which is the product of the magnitude of the sinusoidal pulse and
the DAF, the region in which the frequency ratio is near 0.6 should be avoided. This is especially true
for a truck, since the peak sinusoidal magnitude is fairly high compared to that of a car.

4.6.2 Model Response due to Sinusoidal Displacement Excitation

A simple spring-mass model, shown in Fig. 4.51, excited by a displacement function can be used
to model rigid barrier and/or sled test conditions. The base of the spring-mass system is driven by an
eccentric wheel which generates a sinusoidal displacement. At time zero, the wheel is rotating at a
constant velocity w, and the initial velocity of mass m is v,.

a=()

d=0
Fig. 4.51 Spring-Mass Model Under Impact and
Sinusoidal Excitation

The equations of motion and their solutions are shown in the following pages. The solutions
contain complementary and particular solutions. The complementary solution, defined by the free
vibration, yields the transient part of the total solution, while the particular solution, defined by the
force function, yields the steady state part of a total solution.

Since the system is linear, the acceleration of mass m due to the combination of impact and
excitation is the sum of the individual accelerations due to the impact and excitation, respectively.
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Definition of the System Variables and Excitation

Define:

0: displacement of pin A on disk, 0,: displacement amplitude

x: absolute displacement of mass m, o.: deflection of spring,

w: angular excitation frequency of disk, radian/sec,

w,: natural frequency of the system, r: frequency ratio of @ to w, (4.47)
x=0+0=a+8Swt, 2o =x - 3 Sot

X =6 + wd Cot £ =& - 0’8, Sot

where C: Cosine function, and Cwt = Cos(wX)
S: Sine function, and St = Sin(wf)

Solutions to the Displacement and Acceleration Equations of Motion
EOM.: &+20w,a +w§oc = -Esin(w?)
complementary solution (transient due to free vibration):
o, = C\Swz + C,Cwt
&, = 0, (C,Cot - CSwt) ................. 0
&, = -0, (4.48)

particular solution (steady state due to forced vibration):
o, = P Swt + P,Cwt

&, = WP Cot - PS0) ... 2)
. .2
&, = -0,

substitute the above into the EOM in o,
and equate the like terms:

) 2D o2
Sot:-w*P, + WP, = w*d,

Cot:-w’P, + WP, = 0

2
where P, =18 , P,=0and r== ... ... €)] (4.49)
1-1’2 we
o, = P Swt
=0 +a =CSost+ Clot+PSot ........ “
@ =26 +6&, =w(CCot - C,SohHh + PoCot .... (5)

I1.C. (Initial Conditions) at t = 0:
from (4): a=0, C,=0; from (5): &=v,, v,=Cw,+Pw,
substituting p, from (3) into v,, C; becomes

v r3s

C=—=> - e 6)

®, 1-r?
x =0 +0=0qa + @, + 8 = C;Sw,it + (P, + 0)Swt 4:50)
substituting P, from (3), C, from (6) :
into x above, and simplifying, one gets
Displacement: x = C\Swt + qSwt . ............ )

)

o

where q =p, + 90, =

1 -r2

Deceleration: X = —Clszmet -gwiSwt ... ... ®)
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Based on the displacement and deceleration solutions given by (7) and (8) of Eq. (4.50), the
solutions to the following three special cases can be derived and verified. Case (1), a translation
problem, is for rigid barrier impact condition; Case (2), a rigid body rotation problem; and Case (3),
an excitation problem where the initial impact velocity of the sled is zero. The DAF (dynamic
amplification factor) is shown by (2) of Eq. (4.52). This is the same as formula (3) of Eq. (4.46),
where the restraint slack is zero; the plot of DAF is shown in Fig. 4.50 in Section 4.6.1.2.

SPECIAL CASES:
Case (1): Impact. Rigid Barrier Test
since there is no excitation, 8, =0 and q =0, then

v v
C,=—= ... dynamic crush, x=-2Swt, and X = -v,»,50,t

we we
Case(2): v, =0 and r =0 due to (4.51)

k = o (spring is infinitively stiff) or @ < W,

r=2120, then C,=0andq =25, then
(&)

e
x = 8 Swt, %= -wd, Sot
This is a rigid body dynamics in rotation.

Case (3) Harmonic Excitation (a Halfsine): Sled Test
Assuming the initial impact velocity is zero, then v, = 0

-8, 3,
C,=0-pr-= , and q =
1 -7 1 - #2
substituting into (7) and (8), we get
3, , . w’3,
x= ——(rSot + Swt), *=- (-rSw,t + Swi)
1-r2 1-r2
define E =w250 . . .. magnitude of sinusoidal acceleration
then % = L (-rSwt + S0 ... a)
1-r2

To determine t', the time at maximum X of mass m:

set 0%X/ot to zero:

-rw,Cwt + wCwt = 0, since rw, = w, then

Cot + Cot =0, or Cwt=Cot

The solution of the time at maxium %, t', is solved using

the trigonometric relationship: Cosine(x) = Cosine(2m-x)
Copt' = Cot' = C2n-wt)), - ot =2n-wt/, and

to derive an expression for % at t= t':

Sty = S| 25| - s( ﬂ) -S@n - o) = -S(w)
W,+0 1+r

(4.52)

Substituing S(wt’) into (1), one gets
i-_E| g 27| ,g 200
1-r2 1+r 1+r
s 27
- E L genswn) - B~ - EpaF ... @)
rr-1 r-1
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4.7 VEHICLE-TO-VEHICLE (VTV) IMPACT: SPRING-MASS MODEL

In this section, the relative motion concept is applied to a vehicle-to-vehicle (VTV) impact
analysis. First, the crash pulse approximation is performed and this is followed by the excitation on
the occupant model described in Section 4.6. The same relative motion and dynamic amplification
factor (DAF) concept is also applied to the vehicle-to-vehicle impact model, where the force
deflection is elasto-plastic.

4.7.1 Crash Pulse Approximation by TESW and Sinusoidal Waves

Methods characterizing a test crash pulse using TESW (tipped equivalent square wave) and
sinusoidal waves have been presented in Chapter 2. Using those two methods, two parameters
satisfying two test boundary conditions can be specified for each of the approximations. For the
TESW, the two parameters are p, and p,, the starting and ending decelerations at time zero, at time
of dynamic crush. For the sinusoidal pulse, they are the structural natural frequency (or excitation
frequency) and amplitude.

In the following analysis, only the sinusoidal wave approximation will be covered in detail. Since
the procedures are the same, the analysis using the TESW is left for the readers as an exercise.
However, the responses using TESW will be plotted and compared with those of the sinusoidal
approximation and test pulses.

4.7.1.1 Relative Motion Analysis (An Effective Mass System)

In this section a vehicle-to-vehicle central impact involving a truck colliding with a car is used
in the vehicle-to-vehicle compatibility analysis. Shown in Fig. 4.52 is a stationary mid-size passenger
car with a test weight of 3000 Ib struck by a truck of 4920 Ib at 58 mph in a central impact. The
subsequent test analysis evaluates the crash pulse approximation techniques using the concept of the
effective mass system. The occupant-restraint model subjected to TESW and sinusoidal pulse
excitations is then used to predict the occupant responses.

Fig. 4.52 A Truck-to-Car Central Impact

The crash test decelerations at the rocker panel on the B-pillar of the truck and car are shown in
Fig. 4.53.

Fig. 4.53 Deceleration - A Two-Mass System
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The relative truck-to-car deceleration can be obtained by subtracting the acceleration of the car
from the deceleration of the truck; this is shown in Fig. 4.54. The relative deceleration of the two
vehicles is then used to construct the TESW (tipped equivalent square wave) and sinusoidal
approximated pulse. Based on the relative deceleration of the truck-to-car, as shown in Fig. 4.54, the
steps needed to compute the parameters for the construction of the sinusoidal pulse are shown as
follows.

0 30 60 90 ‘ 120 150
t, ms

Fig. 4.54 Deceleration - An Effective Mass System

Construction Steps for the Sinusoidal Wave:

Given: The crash test data of a truck impacting on a stationary passenger car at 58 mph.

v (velocity change) = 58 mph = 85 ft/s,

C (relative displacement, dynamic crush, ft) = 61 in = 5.08 ft,

t,, (time at C)=.102 sec.

Construct the sinusoidal approximation to the relative deceleration of car to truck (shown in Fig. 4.54)
using the following four steps:

I) computing natural frequency, f IT) computing amplitude, A,
Relative centroid location: C/(vt,)=.586 Given: b=2.3,

find b: from the curve in Fig. 4.55, b =2.3 From Fig. 4.56, find A /(vw,) = .6,
then compute w, (=b/t, ) =22.5 rad/s, then A =1148 ft/s’=35.6 g

f=ow,/(2n)=3.6Hz
Note: w, = ®,

< Halfsine: relative centroid location vs. b Ap Halfsine: Normalized Peak Deceleration
Vi 07 V¥Wh 3
0.65 ——— S thm =1- b(?:z‘:sbb) as \ A 1
0.6 i vwp  1-cos(h)
0.55 2
0.5
1.5
0.45
0.4 1
0.35
\
0.3 0.5
0.25
0 0.5 1 1.5 2 2.5 3 3.5 4 n[l 05 ] 15 2 25 3 18 .
s = wten ! N !
n‘m
Fig. 4.55 Halfsine: Relative Centroid . . .
& Locati b Fig. 4.56 Halfsine: Normalized Peak
ocation vs. -
Deceleration
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III) computing t,, time at peak deceleration | IV) computing A, deceleration at t,,
Given: b=2.3, From Fig. 4.57, Given: b=2.3, From Fig. 4.58,
find t/t, = .68, then t =69 ms find A /A, =.74, then A, =26¢
tl Halfsine: Normalized Time at Peak Deceleration Am Halfsine: Normalized Deceleration at t,,
tm 1 . Ap 4
% = % 0.8 %1:1 = Sin(h)
0.8 0.6
04
0.6
0.2
\\ .
PP OSSR S SR
-0.2
0.2 rrmemmmem e e - 04
-0.6
0 -0.8
0 0.5 1 1.5 2 2.5 3 35 4 o 0.5 1 1.5 2 2.5 3 35 4
LI b =¥ptm
Fig. 4.57 Halfsine: Normalized Time at Peak Fig. 4.58 Halfsine: Normalized Deceleration
Deceleration att,

4.7.1.2 Individual Vehicle Response Analysis

The peak magnitude of the sinusoidal pulse approximating the relative deceleration between the
two vehicles is A, = 35.6 g, as shown in Fig. 4.54. The computed frequency of the sinusoidal pulse
is 3.6 Hz.

Using the concept of equivalency between the two-mass and one effective mass systems described
in Section 4.4.4, the individual vehicle kinematic responses can then be computed. Let vehicle #1 be
the car, and #2, the truck; then the mass reduction factors and the individual peak decelerations of the
corresponding sinusoidal pulse are computed as follows.

m
r = ™ _ 3000 _ 61 vy, = 1 . .62, then v,=.38
m, 4920 1+r, (4.53)

X =y, 8 =.62x356 =22g, and X, =136 G

Since the individual crash pulse is equal to the relative deceleration multiplied by the respective
mass reduction factor, the crash durations of the two vehicles are the same, as shown in Fig. 4.53. The
approximated individual deceleration, velocity, and displacement, based on the sinusoidal crash pulse,
match those of the test pulses fairly closely, as shown in Figs. 4.59 - 4.62.

v, mph
60

50

0 7" Halfsine te ‘ tm 20
0 30 60 90 120 150 o 30 60 90 120 150
t. ms t. ms
Fig. 4.59 Velocity - A Two-Mass System Fig. 4.60 Velocity - An Effective Mass

System
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d7 in d, in
120 . . . i

, | =t | | , 3 te
0 30 60 0 120 150 [i} 30 60 90 120 150
t, ms : t, ms
Fig. 4.61 Displacement - A Two-Mass Fig. 4.62 Displacement - An Effective Mass
System System

4.7.2 Comparison of Sinusoidal Wave with Test Crash Pulse

Using the formulas for the sinusoidal approximation, the sinusoidal approximation can be derived.
The details are described in Section 4.7.1.1 along with the formula and curves for computation. The
parameters thus obtained are f=3.6 Hz, A,=35.6 g,t,=69 ms, A, =26 g, and t,, = 102 ms. The
sinusoidal pulse is overlapped with the crash test pulse and shown in Fig. 4.54. The sinusoidal pulse
approximates the relative crash pulse up to t,, fairly well, especially the velocity and displacement
comparisons shown in Figs. 4.60 and 4.62.

Note that no special unloading curve such as power curve unloading is used in the rebound phase
of the sinusoidal pulse. The simple extension of the sinusoidal pulse from t,, is used as the unloading
portion of the crash pulse. As noted in the velocity plot in Fig. 4.60, the separation velocity from the
sinusoidal pulse is about 7.5 mph, not as much as 10 mph from the test pulse. The coefficient of
restitution of this vehicle-to-vehicle test is about e = (10 mph/58 mph) x 100% = 17%. The
percentage of the kinetic energy dissipated by the engaging structures of the two vehicles is about (1 -
e’) x 100% = 97%. Overall, the sinusoidal approximation to the crash pulse and its integrals is
superior to TESW.

In the fixed barrier impact, the natural frequency of vehicle structure, f, is that of the impacting
vehicle alone. However, in the vehicle-to-vehicle impact it is that of the engaging structures of the
two vehicles. The crash pulses of the two vehicles have the same duration, because they have the
same natural frequency. Shown in Eq. (4.23), the natural frequency of the engaging structure is
proportional to the square root of the ratio of the effective spring stiffness to effective weight of the
two vehicles.

In the next section, the concepts of the effective mass, effective stiffness, and mass reduction
factors are defined. These concepts involving an effective mass are necessary in order to utilize the
relative motion data of the two vehicles when computing parameters which approximate the crash
pulse of the individual vehicle.

4.7.3 Truck and Car Occupant Responses due to Halfsine Excitation

In Section 4.6, the closed form formula for the occupant response due to the halfsine and TESW
pulse excitation was presented. Using the halfsine as an excitation and a set of assumed restraint
natural frequencies and restraint contact times from the test, the occupant transient response equation
shown in Eq. (4.45) can be executed. The computation yields a chest deceleration of the occupant in
the respective vehicle. After several trials, the final sets of the restraint parameters used to validate
the occupant model for the truck and car are shown in Table 4.5.
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Table 4.5 Model Parameters and Responses, for damping ¢ = 0, slack > 0

Vehicle Structure Restraint Freq. DAF Chest g
Ratio @ T, ms
A,g@ f, Hz t*, ms f, Hz r=f/f,
T,, ms
#1, Truck | 13.4 @ 69 40 8 0.45 2.22 30 @ 89
3.6
#2, Car 22.2 @ 69 33 6 0.51 1.93 43 @ 105

The test chest decelerations shown in Fig. 4.63 for the car and truck in the central impact did not
start picking up until about 30 ms for the car occupant and about 40 ms for the truck occupant. Both
the truck and car occupant response curves look more like a shifted and skewed haversine wave.

Overall, the occupant model subjected to the truck halfsine pulse approximates the test occupant
response better than that of the car as shown in Fig. 4.63. This is because the test crash pulse of the
truck, shown in Fig. 4.53, is better approximated by the halfsine wave than the crash pulse of the car.

60 T
Test driver
------- k-c model

40 TN <

e \\‘
> ol .
car “d AN
20 g
o -
R /
o

o0 truc};\‘\

0 30 60 90 120 150
t, ms

Fig. 4.63 Chest G from Test, and k-c Model w/ Halfsine
Excitation (( =0, 0 =1.1")

For comparison purposes, the restraint slack is set to zero. Assuming both vehicles were equipped
with pretensioners, the occupant responses with the same restraint system (same restraint natural
frequency) are shown in Table 4.6. Both the chest deceleration and the dynamic amplification factor
drop significantly for the respective occupant.

-40

Table 4.6 Model Parameters and Responses, for damping ¢ = 0, slack = 0

Vehicle Structure Restraint Freq. DAF Chest g
Ratio @ T, ms

A, g@T, ms f, Hz t*, ms f, Hz r=f/f,

#1, Truck 13.4 @ 69 0 8 0.45 1.69 23 @ 86

3.6
#2, Car 22.2 @ 69 0 6 0.51 1.74 39 @ 94
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4.7.4 Elasto-plastic Modeling

In an impact, vehicle m, was struck by vehicle m, at a closing speed, V,,, of 10 mph. The weights
of masses m, and m, were 1 and 2 klbs (kilo-pounds), respectively. Compute the transient
deceleration, force, and deflection developed by the spring for the following two cases:
Case (1): The spring is elastic with a combined spring stiffness, k, of 2 klbs/in,

Case (2): The spring is elasto-plastic with an elastic range of 4 inches and spring stiffness of 2
klbs/in (see Fig. 4.64).
16
r elastic |
12 | _
10 .
f, kips 8 1
elasto-plastic
6 _
/| ]
) k=2
2 i
0
0 2 1 6 8 10

d,in

Fig. 4.64 F vs. D of Elasto-Plastic Spring

The force levels in the elastic and plastic deflection ranges are shown in Fig. 4.64. The plastic
range starts from the end of the elastic range and has a constant force level of 8 klbs. The force
deflection data shown are for the loading phase. The unloading stiffness in the unloading phase for
both cases is assumed to be the same as the loading stiffness.

Case (1): The effective mass and angular natural frequency are computed in Eq. (4.54).

klbs

Given k = 2—, w, = 1kib, w, = 2kibs
in
m - Wi, 1 _ .667
Cow o tw, g g (4.54)

w = | K - |2x3864 _ 54 s
e " \'m, 667

Using the kinematic relationships between the effective mass and two-mass systems, the transient
responses of the two masses are computed in Eq. (4.55).

Motion of the effective mass:
v

a() = —Zsin(w,f) = 5.2sin(wy1), in
®

&() = v, cos(wy) = 10cos(wyf), mph
& = -v o, sin(wf) = -15.6sin(w,f), g

Motion of the two mass system: The mass reduction factors are: (4.55)
m, m
Y, = = .67, vy, = = .33
my +m, my +m,

The absolute accelerations of the two masses are:
X = y,8=-104cos(349, g, X, = -y,8= 52cos341), g
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Case (2): The modeling of the transient responses of the two-mass system with elasto-plastic force
deflection data has been executed by a general lumped-mass simulation model, CRUSH, introduced
in Chapter 5. The transient force and deflection responses for the two cases were shown in Fig. 4.65.

! ) ' E: Elastic _
I N .| E-P: Elasto-Plastic |
NERAL LD - S __—
f, kips |
DI e E s CE T E L R PR SRR PR E-Pi----- b
d. in dvs. t ;
) S s . E it e
- SO g . S =S G -
0
0 20 40 60 a0 100
t, ms

Fig. 4.65 Force/Deflection vs. Time of an Impact with
Elastic and Elasto-Plastic Springs

In the elastic case, the maximum force and deflection occur at 45 ms; while in the elasto-plastic case,
the maximum force of 8 klbs lasts from 26 to 50 ms due to constant force yielding, and maximum
deflection occurs at the end of plastic deformation at 50 ms.

The final deflections for both cases can be verified by energy considerations, as shown in Eq.
(4.56). The effective weight, W, of two masses of 1 and 2 klbs equals 0.67 klbs.

Initial kinetic energy (E, Ib-in) = energy density (e, g-in) x weight (W, 1b)
= 4V?x W = 4(10mph)? x 6701b = 26800 Ib-in
kx? _ 2000 (47 _

E (elastic energy) = " = - 16000 /b-in
For case (1): Define Ax, : (additional elastic deformation), then
AE - E-E, - %k[(4+Axe)2 -4] = 10800 (4.56)

therefore Ax, = 1.2 in, and Total elastic deformation = 4 + Ax, = 52in
For case (2): Define Axp : (additional plastic deformation), then

AE = E-E, = 8000 Axp = 10800, therefore Axp = 14 in, and

Total (elastic + plastic) deformation = 4 + 1.4 = 54in

The summaries of the transient responses for both cases are shown in Table 4.7. Among the
responses in the two cases are the maximum force and maximum deformation (dynamic crush).

Table 4.7 Transient Responses for Elastic and Elasto-Plastic Cases

Case No. Maximum Maximum Maximum Deceleration, g @ ms
Deformation, Force,
in @ ms klbs @ ms effective mass, m, (1 klbs) m, (2 klbs)
m, (.667 klbs)
1. Elastic | 5.2 @ 45 10.4 @ 45 -15.6 @ 45 -10.4 @ 45 52 @45
2. Elasto- | 5.4 @ 50 8 @ 26-50 -12 @ 26-50 -8 @ 26-50 4 @ 26-50
Plastic

© 2002 by CRC Press LLC



Figs. 4.66 and 4.67 show the transient deceleration of each of the two masses and the effective
mass for the cases with elastic and elasto-plastic springs. In both cases, the sum of the decelerations
of the two masses, m, and m,, equals the deceleration of the effective mass, m,.

0 20 40 60 80 100
t, ms

Fig. 4.66 Deceleration vs. Time of an Impact with Elastic
Spring

0 20 40 60 80 100
t, ms

Fig. 4.67 Deceleration vs. Time of an Impact with
Elasto-Plastic Spring

4.8 A MAXWELL MODEL

A system model consisting of a spring and damper in series is analyzed for its impact response
characteristics. A two-parameter model, named Maxwell model in which the spring and damper are
in series, provides a special response characteristics and is suitable for component relaxation and creep
modeling and localized vehicle impact modeling.

Depending on the damping characteristics, the Maxwell model provides a wide range of timing
where the maximum dynamic crush occurs. The timing at dynamic crush can be extended to infinity,
at which the deflection approaches an asymptote. The damping coefficient at which the Maxwell
model deflection becomes asymptotic is termed as transition damping coefficient. As far as the
deflection is concerned, it reaches a point of no return when the system damping coefficient is less
than the transition damping coefficient. It is suitable for modeling vehicle soft impacts such as for
localized pole and offset collisions where the timing at dynamic crush is fairly long.

A special system with damper and mass only is analyzed first. Its dynamics is non-oscillatory in
nature and the responses are characterized by an exponential decay function, as described in the
following section.
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4.8.1 A Damper-Mass System (without Oscillatory Motion)

Since the damper-mass system shown in Fig. 4.68 does not have a spring element, the motion is
a decayed and non-oscillatory. As shown in Eq. (4.57), the characteristic equation has a zero and
negative root which yield an exponential decay function.

— V12
my =N my
C
XZJ Xq J
xX=Xq- Xz

Fig. 4.68 A Damper-Mass System

The solutions with the impact velocity being the initial condition are shown in Eq. (4.57). The
normalized responses are obtained by using the respective factors shown in Eq. (4.58). The time
variable t can also be normalized by multiplying it by the factor ¢/m.,.

, , m, m,
The effective mass is: m, = ————
m; + m,
EOM.: m& +cé =0
. . . g _ (4.57)
Characteristic equation: s* + (c/m,) s = 0
roots: s, =0, and s, = -c/m,
General solutions: o =C e +C,e™ = C, + Cze_(dme)t
Initial conditions: #1: « (t=0) = 0, #2: 6(t=0) = v,
Responses Normalized Responses
~(c/m o ~(c/m
a:[vo/(c/me)](l—e( "’)') y=m=l—e( J!
s ~(clmpt .6 mpt (4.58)
& =v,e y=—-=e
vD
o ~(c/m )t . a _ ~(c/m )t
& = -v (c/m)e y = m - -

Shown in Fig. 4.69 are the normalized responses versus the normalized time variable.
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Fig. 4.69 Normalized Responses of a Damper-Mass System
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The velocity response decreases from 1 to zero; so does the deceleration response in a negative
sense. The displacement response, however, increases from zero to an asymptote. The asymptotic
value of the displacement is equal to the displacement normalization factor, v /(c/m,).

4.8.2 The Maxwell Spring-Damper Model

The Maxwell element consists of spring and damper elements connected in series, as shown in
Fig. 4.70. The element, massless and uni-axial, does not take into account the bending or torsion
stiffness. The end points of the element can be attached to any bodies. The Maxwell model is
suitable for modeling material responses that exhibit relaxation and creep, a time dependent
phenomena. In vehicle impact modeling, it is suited for the localized impact where the vehicle
effective stiffness is low.

,

To study the dynamic interactions between the spring and damper, a mass m attached to the
elements impacts on a rigid wall to simulate the vehicle-to-rigid barrier impact. For modeling a
component test where the component weight is negligible compared to the impactor weight, the spring
and damper elements then represent the component, such as a engine mount of a truck, and the mass
represents the impactor in a laboratory test setup.

The equations of motion, derived for the damper deflection, d_ and total deflection, d, are shown
in Eq. (4.59).

Fig. 4.70 A Maxwell Model

f(force) =f, =f. =kd, =cd,
d (deflection) = d, + d,

d =% - *@-a ) (4.59)
Cc . C

‘?z_%:_cdc @

Expressions (1) and (2) of Eq. (4.59) are the first and second order differential equations in d_ and
d, respectively. Using numerical integration, d, and d can be solved. Note that the deflections of
spring and damper are additive in the Maxwell model, as are the deflection rates, as shown in Eq.
(4.60).

d=d, +d, d=d, +d, (4.60)
4.8.3 Alternate Method: Zero Mass Between Maxwell Spring and Damper
In the previous section, the relationships between the total and individual deflection and deflection

rate were used to derive the first and second order differential equations. In this section, an alternate
method is used to derive a set of closed-form solution for a third order differential equation.
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Since the mass m in the Maxwell model by itself does not describe the motion of a point between
the spring and damper, it is proposed to put a small mass m’ between the spring and damper, as shown
in Fig. 4.71. After deriving the two sets of second-order differential equations, they are simplified by
letting mass m’ become zero. By using zero mass, the inertia effect between the spring and damper
isneglected, and the system becomes a third order differential equation which can be solved explicitly.

a

Fig. 4.71 Maxwell Model with Zero Mass
Define:

d: absolute displacement of mass m,  d’: absolute displacement of mass m’
The equations of motions are:

md =-cd-d) ...(Q), m'd =c(d-d)-kd ...(Q)
differentiating (1) and (2) w.r.t. t, and letting m’ = 0:
md =-cd-d) ...Q3), 0=cd-d)y-kd ...4
summing up both sides of (3) and (4), and rearranging:
d = ‘—Z’J' ............ (5) (4-.61)
substituting (5) into (1), and rearranging:
d+ k5. %5-0 ... .. ©)
c m

From the third order differential equation shown by (6) above, the characteristic equation and the
solutions are shown as follows.

s{s2 + ]—cs + k} =0 (4.62)
c m

The roots of the third order characteristic equation are solved as follows:
In the Maxwell model, the impacting mass may not necessarily have arebound. In this case,

2
1. when (EJ > 4£ we obtain:

c m
sy = 0, and two negative real roots, s, and s, where:
s, =a+b and 5,=a-b. Here:

2
-k k k
a=—, and b = - -=
2c 2c m
Note that s, >s, or s -5,>0 (4.63)
_ -5,t -5t St . -5, -5t —s,t
o =de +de +dye ™, & =-dse d s e dys,e
P 2 -s,t 2 -5t 2 syt
& =ds,e > +dsje " +d,s;e

For the initial conditions att = 0: o« =0, & =v, and & = 0,

v(s; + 5y Vs, -V,
the three constants are: d =——, d=——, d,=

’ 1_ b 2_7
518, 5y (8y = 8y) 8, (81 = 8,)
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2
II. when (EJ < 4£

c m
sy = 0, and two complex roots, s, and s,

s, =a+ib, s,=a-ib, where

2
a=% ana b-|% _[X) ... .. )
2c m 2c
iy (4.64)
@ =d e’ v e [d 8Bl + d,CON] ... @)

& = e®[(ad, - bd,)S(b?) + (bd, + ad)) C(b1)]

& = e|[(@®-b%d,~2abd,) (b)) +[(a® - b})d, +2 a b d,] C(b1)]

For the initial conditions att = 0: o =0, & =v, and & = 0.
. _ 2av _v-ad, _

The three constants are: d, = , d = , d,=-d,

a’+b? b

the displacement of the mass after impact increases with time and reaches an asymptotic value. The
situation is similar to that when materials exhibit relaxation or creeping after a loading is applied. For
this situation not to occur, there exists a minimum value of damping coefficient in the Maxwell model,
named the transition damping coefficient, c*. For a damping coefficient, c, greater than c*, there
exists a dynamic crush at a finite time. After reaching the dynamic crush, the mass of the system
rebounds. An extreme case is when ¢ becomes infinity; then the Maxwell model degenerates into a
simple spring mass system. The value of ¢* is derived in the following section.

4.8.4 Transition and Infinite Damping Coefficients

The responses of the Maxwell models with two distinct damping coefficients are analyzed
separately to get the response limit values. Knowing the response characteristics of the Maxwell
model with the transition and infinite damping coefficients, one can better utilize and assess the model
for its specific application.
4.8.4.1 Transition Damping Coefficient, c* The response characteristics of the Maxwell model with
the transition damping coefficient, c*, shown in Eq. (4.65) are covered in Section 4.8.5.

— 2
when L) k, c* =%. Forc<c™, L (E) >4k is satisfied. (4.65)
Jm

c c m

4.8.4.2 Infinite Damping Coefficient, c=c0

For ¢ = «, then condition II. < 45 is satisfied :
m

VS

R
~—
N

From (1) in Eq. (4.64):
a=0, b=w, and d ==Y, d =d, =0

®
Substituting into (2) in Eq. (4.64), one gets « = Y sin (w?) (4.66)
®

The lowest limits set by the Maxwell model are c and t,,:
¢ (dynamic crush) = Y

®

L1 e ,

where = — = — — in natural units

The relative displacement shown in Eq. (4.66) is the same as that of a simple spring-mass model.
This is due to the fact that the damper with an infinite damping coefficient becomes a rigid device, and
the Maxwell model degenerates into a simple spring-mass model.
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4.8.5 Model Response Characteristics with Transition Damping Coefficient

The displacement response characteristics of the Maxwell model with transition damping
coefficient, c*, are derived and compared with that of a simple spring-mass model. By doing this, one
gains further insight into the model’s limitations and capability for a softer impact, such as vehicle-to-
pole or tree impact, or the vehicle-to-vehicle offset impact.

For ¢ = cx = —“];m, then from (1) of Eq. (4.64):

a=-w, b=0, where o = k circular natural frequency
\J m

d=-2 d=-2Y and d =2~
b ® ®

Substituting into (2) of Eq. (4.64), one gets:

=2 - (QM + 2cos(b t)) e L. 3) (4.67)
® b
Since bﬁflo w -t and bhino cos(bf) = 1
(3) becomes: o. = % [2 -(wt+2) e"‘”], normalizing o by % ,
the dynamic crush of a spring-mass system:
C cl-@t+e™] @)

vie

Case Study 1:
Given the following data in a vehicle-to-rigid barrier impact:
V, =10 mph, W =20001b, and ¢ =300 lb-s/in.
Determine the transient responses of the mass and the kinematic interaction between the spring and
damper for the three cases shown in Table 4.8.

Table 4.8 Maxwell Models with Different Spring Stiffness

Case # (stiffness) k, Ib/in ¢, Ib-s/in c*, Ib-s/in Rebound
1 (stiff) 200,000 (stiff) 508.7 No
2 (regular) 30,000 (regular) 300 197.0 Yes
3 (soft) 3,000 (soft) 62.3 Yes

Using the first and second order differential equations (1) and (2) of Eq. (4.59), the individual
responses of the spring and damper can be computed.

Shown in Fig. 4.72 are the decelerations for three different levels of spring stiffness. For case #1
with a stiff spring in the Maxwell model, the initial impulse has the largest magnitude among the three
cases. The damping coefficient, ¢ = 300 lb-s/in in case #1 of Table 4.8, is less than the transition
damping coefficient, c* = 508.7 lb-s/in. The mass never rebounds, as shown by the deflection curve
in Fig. 4.73. It reaches a point of no return and settles at an asymptotic deflection. Since the total
deflection is the sum of the spring and damper deflections and since the spring is very stiff, the total
deflection of the system is attributed to the damper deflection as shown in Fig. 4.73.
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Fig. 4.72 Maxwell Model Accelerations with Damping
and Various Stiffness

Figs. 4.73-4.75 show the transient displacement (deflection) of the Maxwell model with a given
damping coefficient and three levels of spring stiffness. Again, the mass (total) displacement in each
of the three displacement plots equals the sum of spring and damper displacement.
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Fig. 4.73 Maxwell Model Deflection w/ Stiff Spring
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Fig. 4.74 Maxwell Model Deflection with Regular
Spring

© 2002 by CRC Press LLC



T T T
8 A
/// T~
5 g
N 6 total ~ spring B

3
o4+ -
[9)
9]
—
[ -
g 2 F dmnpeLx’” B

0 e L L L

0 20 40 60 80 100

Time, ms

Fig. 4.75 Maxwell Model Deflection with Soft Spring

Figs. 4.76-4.78 show the transient velocity of the Maxwell model with a given damping
coefficient and three levels of spring stiffness. Note that the mass (total) velocity in each of the three
velocity plots equals the sum of spring and damper velocities.
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Fig. 4.76 Maxwell Model Velocity with Stiff Spring
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Fig. 4.77 Maxwell Model Velocity with Regular Spring
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Case Study 2:
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Fig. 4.78 Maxwell Model Velocity with Soft Spring

A full-size passenger car was tested at 21 mph, running into a fixed rigid pole at the front center
location of the vehicle. Given are the test weight of 4500 1bs and a total pole penetration of 34 inches
at 137 ms. Compute the transition damping coefficient and plot the normalized displacement of the
Maxwell model with the transition damping coefficient.

Using the dynamic crush formula for a simple spring-mass model, the stiffness of the front
structure engaged with the pole can be estimated and is shown in Eq. (4.68)

k=o.8w(2

The timing at dynamic crush, T, =80

c

2 2
) — 0.8 %4500 7b x| 2LMPR [ _ 1373 Ibs
4in in
w —_
i 144 ms (4.68)

For a Maxwell model: The transition damping coefficient is

c* =

Jim _

2

1373 x 4500
386.4

= 63.2 Ib-sec’/in

Thus, ¢* = 63.2 Ib-sec?/in is the minimum damping coefficient required in the Maxwell model
which would yield a dynamic crush in a finite time.

Fig. 4.79 shows the normalized displacement response of a Maxwell model versus the angular
displacement in radians, wt. The expression of the normalized displacement is shown in Formula (2)

of Eq. (4.67).
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The solid curve in Fig. 4.79 is the normalized displacement response with c¢*, the transition
damping coefficient. The asymptotic value of the normalized displacement with c* is two. The other
three curves are the displacement responses of the model with damping coefficients ranging from two
to four times the value of c*. As damping, ¢ increases, the peak normalized displacement response
becomes smaller than two. Finally, it approaches one as the damping coefficient becomes infinite,
which is the displacement of a simple spring-mass model.

4.9 IMPACT ON KELVIN MODEL-VEHICLE OR COMPONENT

The Kelvin model described in Section 4.4.3 provides the basic configuration shown in Fig. 4.80
for the vehicle-to-vehicle (2-mass system), vehicle-to-barrier (one effective mass), and component
impact modeling. Since most of the vehicle structures and components fall into the underdamped
category, major efforts are focused on the underdamped system analysis and application.

K — V2
AN ————
=1
Jo0
X3 Xy
a=X;- Xz
Fig. 4.80 A Kelvin Model

4.9.1 Transient and Major Responses of Kelvin Model
The equations of motion and general solutions of the Kelvin model in an impact are shown in Eq.
(4.69) for the three systems: underdamped, critically damped, and overdamped.

UNDERDAMPED SYSTEM: (1>(>0)

EOM: &+2Cwea+w§a =0, where (= ¢

mw,

characteristic equation: s*+2(®,s +(.)§ =0

Define  B=y1-0%, roots: s,=a+ib, s,=a-ib

where a=-(w, , b=Pw,

General solution: o =e"’[c1 sin(bt) +czcos(bt)]

CRITICALLY DAMPED SYSTEM: ({=1)

roots: s, =a+ib, s,=a-ib

 C~(approaches) 1, - bt = l—Czwet ~0, ands, =5, =a (4.69)
therefore sin(bt)-bt, cos(bt)-1

General solution becomes: o. = e®[c, +c,t]

Note: For a characteristic equation
with n repeated roots, s,=5,=. . . .=a

aw=e[c;+eyt+....+c 1" 1]

OVERDAMPED SYSTEM: ({>1)
Define B = {{*-1: General solution: e.=c,e™ + c,e™
where a = (-(+B)w<0, b = (-(-P)w, <0

IC.: a(t=0)=0, &(=0)=v,
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In each damped system, there are two integration constants, ¢, and c, in the general solution. The
constants are determined based on the initial conditions of the displacement and velocity at time zero.

The normalized response plots for the three systems are shown in Figs. 4.81-4.83, respectively.
In obtaining the normalized responses, the factors used for normalization are those maximum response
magnitudes of an undamped system. The factors are expressed in terms of the impact velocity, v,, and
undamped angular natural frequency of the system, w,. In addition, the time variable, t, is normalized
by multiplying t by w,. Therefore, the normalized time variable, t, equals w, t, which is an angular
position.

The closed form solutions for the transient responses and major responses are presented in the
following sections for the three damped systems.

4.9.1.1 Underdamped System ({ < 1)

The closed-form solutions for the transient responses of an underdamped system are shown in part
(A)in Eq. (4.70) and that for the normalized transient responses of an underdamped system are shown
in part (B) in Eq. (4.70). Since both response and time variables have been normalized, the
relationship between the normalized response and the normalized time is only a function of damping
factor, ¢, and is independent of undamped natural frequency, w,. Consequently, the shapes of the
normalized response curves shown later in the case studies depend only on the damping factor of the
system.

(4) Underdamped Transient Responses:

-fw,t

o) = Lsin( l—Czwet)
1-C o,
a(t) = voe_cwet cos( 1-¢* wet) - sin( I—Czwet)

[\v]

1-¢

20%-1

& = vyw,e ot
V1-¢?

—ZCcos( l—szet)+ sin( I—Czwet)

(B) Underdamped Normalized Transient Responses:
Let us define the normalized factors:

" (4.70)
Olpm = — - . . . undamped maximum crush
®
e
&y = V,®, ... undamped maximum deceleration
T =w,t .... angular position at t, then

o) _ e gnl/1-ci)
amrrm \/1‘52

LIRS COS(\/I——CZ‘E)— ¢ sin( I—Czr)l

Vo 1_{2
0 - el ageos (10« 242-1sin(¢1-—c2r)]
norm I_CZ

The major responses of the underdamped system, such as the dynamic crush which occurs at t,
and the rebound velocity (the maximum recoverable velocity) which occurs at t, , are normalized and
shown in Eq. (4.71).
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Underdamped Major Responses:

o -
Define: normalized dynamic crush: m_ gt
(vD/ me)
. . . (Xm -7,

normalized centroid time: T,=t,®,, then T,=| —|w,=e " "

v

o
T, t,w,, angular position at dynamic crush,

T, t,w,, angular position at rebound velocity

- 1tan_1[\/1—cz), t -02¢ (4.71)

3]
3

e U o
. . am —C‘L’
normalized dynamic crush: =e "
anann
. . “r -{t
normalized static crush (at t): =2fe "7
norm
. . &r -2{t
normalized rebound velocity: — =-em
v

At t,, the time of dynamic crush, the corresponding velocity is zero. At t,, the time of rebound
velocity (or separation velocity), the corresponding deceleration is zero. Shown in Fig. 4.81 are the
transient responses of an underdamped system with (= 0.2. The major response timings are shown
by the point symbols. Note that t, is twice as long as t,.

T T
displacement

0.8 - e A ST velocity ]
ween - deceleration
0.6 .. o at tm ]
. a at tr
5 0.4 /
S 0.2
o 0 = .
ke, i
o 0.2 N
- . - o
~ -0.4 o
: | '
§ -0.6
<
-0.8

0 45 90 135 180 225 270
w .t (angle), deg.
Fig. 4.81 Normalized Responses of an Underdamped
System with (=0.2

For ¢ = 0.2, the normalized dynamic crush is 0.756, and the corresponding normalized time
(angular position) is 80.2°. The normalized separation velocity is —.57, which occurs at the angular
position of 160.4° (2 times of 80.2°). At this time, the corresponding normalized static displacement
is .229.

Since the coefficient of restitution (COR) is defined as the ratio of relative separation velocity to
the relative approach velocity, the normalized separation velocity (with respect to the relative
approach velocity of one) is therefore the same as COR, which is about 0.57.

It will be shown in the next section that COR is a function of the damping factor. Given a
damping factor of 0.2, the corresponding COR is computed to be 0.57.
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4.9.1.2 Critically Damped System ({ = 1)

The transient responses of a critically damped system are shown in Eq. (4.72). The timings, T,
and t,, for the dynamic crush and separation velocity are shown in Eq. (4.73). t, and 1, are equal to
1 and 2, respectively.

At t,, the time at dynamic crush, the corresponding velocity is zero. At t, the time at rebound
velocity (or separation velocity), the corresponding deceleration is zero. Shown in Fig. 4.82 are the
transient responses of a critically damped system with {=2. The major response timings are shown
by the point symbols.

1 T !
displacement
S velocity
o5 wene deceleration ]
T 0
s
s -0.5
kel
4]
™~
- -1
A
«
£
3
S -1.5
-2
0 45 90 135 180 225 270

o .t (angle), deg.

Fig. 4.82 Responses of a Critically Damped System with
¢=1.

Critically Damped Transient Responses:
W, 1

o) = vyte ... )
&) = vp(l-wf)e ™ ... )
&) = vy, (@,t-2)e ™ ... (3)

Let us define the normalized factors:

o, . =— .... undamped maximum crush
Pe _ ‘ 4.72)
worm = V¥, - . . undamped maximum deceleration
T =w,t .... angular position at t, then
R )
norm
O _ 1 -ter ..., )
o
L ©)
norm
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Critically Damped Major Responses: let us define:
T, 1,0, angular position at dynamic crush,
T,: 1w, angular position at rebound velocity

Differentiating (4) of Eq. (4.72) w.r.t. T, setting the
differential to zero, one gets time of dynamic crush, T, =1
o
Normalized dynamic crush: | ”_=e''= 368, and
anorm
Normalized centroid time : t, = t, ®,, then,t, = 21, = 2

(4.73)

o
Normalized static crush (at t,): L =2e? =27, and

norm

&
Normalized rebound velocity: — = -e™® = -.135
vo
4.9.1.3 Overdamped System (> 1)
With the replacement of the trigonometry functions by the hyperbolic trigonometry functions
shown in Table 4.9, the format of the closed-form solutions for the transient responses of an
overdamped system are the same as those shown in Eq. (4.69) for the underdamped system.

Table 4.9 Trigonometry Functions used for the Under- and Overdamped Kelvin Models

System Trigonometry Sine Cosine ArcTangent
Function

Underdamped Normal Sin Cos Tan"'!

Overdamped Hyperbolic Sinh Cosh Tanh™

Replacing the Sin (Sine function), Cos (Cosine function), and Tan™' (Arctangent function) by the
respective Sinh (Hyperbolic Sine function), Cosh (Hyperbolic Cosine function), and Tanh’
(Hyperbolic Arctangent function), the equations for the underdamped transient and normalized major
responses become those for the overdamped system.

For an overdamped system with { = 2, the normalized dynamic crush is .219, which occurs at the
normalized time position of 43.6°. The normalized separation velocity is —.048 which occurs at the
normalized separation time of 87.2° (2 times 43.6°). The corresponding static displacement is .191
as shown in Fig. 4.83.
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o
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(‘3 -3 -- velocity -
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4 1 L
0 45 90 135 180 225 270

ot (angle), deg.

Fig. 4.83 Normalized Responses of an Overdamped
System with (=2.
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4.9.1.4 Normalized Response Comparisons of Three Damping Systems

The normalized response versus normalized time (angular position) curves for the three Kelvin
model damping systems are compared for their response characteristics. The pulse shapes of the
normalized curves depend on the damping factor only. Four levels of damping factor are used: spring
only model with no damping, .2 (underdamped), 1. (critically damped), and 2. (overdamped).

Figs. 4.84-4.86 show the comparisons of the normalized displacement, velocity, and deceleration
with different levels of damping factor: { =0 (k only), .2, 1., 2.

Note in Fig. 4.84, the peak magnitude of the normalized displacement decreases as the damping
factor increases. The corresponding timing at the peak magnitude becomes shorter as the damping
factor decreases.

1 g <
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, N
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£ -0.6 | g=.2 %

c=1. N
-0.8 | g=2. <
k only .
-1 1 ~.
0 45 90 135 180 225 270

o .t (angle), deg.

Fig. 4.84 Normalized Displacement vs. Time w/ Four
Damping Levels

The normalized velocity curves with four damping levels are shown in Fig. 4.85. The normalized
velocity starts from 1 at time zero to 0 at the time of dynamic crush. The velocity reaches a minimum
value at the time of rebound velocity or separation velocity. Fig. 4.85 shows how the rebound
velocity, the corresponding separation time, and time at dynamic crush (when the velocity is zero)
change with the damping factor, . For the undamped system with k (spring) only, the normalized
rebound velocity is - 1, therefore, the coefficient of restitution (e) is 1. While the normalized rebound
velocity for the underdamped system with {=.2 is about -.57, therefore, ¢ = .57. For a critically
damped system with (=1, the normalized rebound velocity is found to be about -.13, therefore, e =
.13. The analytical relationship between the coefficient of restitution (e or cor) and damping factor
(0) of Kelvin’s model is described in Section 4.9.4.

.
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Fig. 4.85 Normalized Velocity vs. Time w/ Four
Damping Levels
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The normalized deceleration shown in Fig. 4.86 has a non-zero deceleration at time zero when
the Kelvin system has a non-zero damping factor. As the damping factor increases, the non-zero
initial deceleration increases, and the crash pulse become more front-loaded. The deceleration
becomes zero at the time of separation velocity.

normalized deceleration

0 45 90 135 180 225 270
ot (angle), deg.

Fig. 4.86 Normalized Deceleration vs. Time with Four
Damping Levels

4.9.2 Factors Affecting the Pulse Shape of System with Various Damping

The transient response formulas for the underdamped Kelvin model differ from those for the
overdamped in the use of trigonometric and hyperbolic functions. There exists a similarity in a power
series expansion between the trigonometric and hyperbolic functions as shown in Eq. (4.74).

, , . ¥3 x5 x7
Trigonometric (all real values ofx):  sinx =x —; +§ - 7 + ...
2 4 6 3 5 7
cosx=1-* X X o+ tanlx=x-2 X X 4 x2<))
21 41 6! 3 5 7
CRRINE (4.74)
Hyperbolic: sinhx =x +>_ + X 4+ %
3t 517 ’
4 3 5 7
coshx=1+2+2 X o tanhlx=x+2+%X X &
2! 41 6! 5 7

To visualize how the pulse shapes of the underdamped, critically damped, and overdamped Kelvin
system are formed, the transient displacement equations shown in the previous sections are plotted
without the use of the constant factors. A natural frequency of 13 Hz and damping factors of .75, 1.,
and 1.25 are used for the plotting.

Fig. 4.87 shows the pulse shape of the underdamped transient displacement o.(t) of a Kelvin
model. Itis determined by the product of exponential decayed and sinusoidal function. The critically
damped a(t) in Fig. 4.88 is determined by the product of exponential decayed and time function, vt.
The overdamped a.(t) shown in Fig. 4.89 equals the product of exponential decayed and hyperbolic
sine functions.
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The effect of damping on the peak magnitudes and timings of the transient displacements are
shown in Fig. 4.90. Given an impact of a Kelvin system, damping tends to increase resistance to the
body; therefore, the deformation is less. The timing of dynamic crush becomes shorter as damping
increases. This is because the system becomes stiffer as damping increases in the Kelvin model.
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0 0.02 0.04 0.06 0.08
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Fig. 4.90 Displ. vs. Time of a Kelvin Model with ¢

Since an exponentially decayed function is one of the two functions controlling the pulse shape
of the Kelvin transient responses, one can use a power curve function to replace the exponentially
decayed function, as shown in Eq. (4.75). A power curve function is represented by a binomial series,

shown in Eq. (4.76).

2 3 4
et ol oxe X XX (475)

2t 31 4

1-xr=1-nx+ + .. where x*<1 (4.76)

n(n-1)x? nm-1)(n-2)x°
2! 3!

For n =5 and x = 10t where t ranges from 0 to .1 sec, the maximum of x is 1. The product of
a time function and the power curve, expressed by & = ct (1-at)®, is termed an idealized power curve
and is shown in Fig. 4.91. The idealized power curve has been used by Macmillan [4] to approximate
a vehicle dynamic response.
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Fig. 4.91 Idealized Power Curve Transient Response
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4.9.3 Hysteresis Loop

The normalized acceleration vs. the normalized displacement plot, shown in Fig. 4.92, is
commonly referred to as a hysteresis loop. There are four curves shown in the plot, with damping
factors (¢) 0f 0.0, 0.2, 1., and 2.
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Fig. 4.92 Normalized Deceleration vs. Displacement
with Various

Note that in the plot of normalized responses, the shapes of the curves are controlled solely by
the damping factor. The natural frequency does not have any influence on the shape and form of the
hysteresis loop. This is because the normalized transient responses shown in part (B) of Eq. (4.70)
are a function only of the damping factor.

Since the area enclosed by the curve shown in Fig. 4.92 is the hysteresis energy loss, the
percentage of energy loss at any cyclic position can be estimated. For the cycle up to the dynamic
crush (maximum normalized displacement) or up to the static crush (at the time of separation, where
normalized acceleration is zero), the hysteresis energy loss can then be approximated.

Case Study 1: A Kelvin model is used to represent the structural property of a mid-size passenger
car in a 14 mph barrier test. The test data are:
test weight, w = 3500 1b, dynamic crush, C = 10.1 inches at t,, = 76 ms, and v=14 mph.

The vehicle stiffness and damping coefficient have been computed (using the method described
in Section 4.10) as shown in Eq. (4.77). They are k = 3099 1b/in and ¢ = 66.8 Ib-sec/in. Using the
following formulas, the natural frequency and damping factor are found to be 2.94 Hz and .2,
respectively.

Calculate relative centroid location:
I. _ Clv _ 10.1in/(14%x17.6inls) _ 5

= === 4

t, t, 076s

From Fig. 4.100 in Section 4.10, one gets { = 2 for tjt, = 54

From Fig. 4.101, one gets ft, = 222 Hz-ms for { = .2 (4.77)

f=rt/t, =223/76 = 294 Hz

From Eq. (4.83) in Section 4.10.1:

Damping Coefficient. ¢ =0.033{fw = 66.8 Ib-s/in
Stiffness: k=0.102/%w = 3099 Ib/in

Using the values of natural frequency and damping factor, the first half of the hysteresis loop is
plotted using the transient deceleration and displacement equations shown in Eq. (4.70). The model
initiation point is at (0 in,~4.7g) and the point at the end of elastic loading is (10.1 in,-9 g). Compared
to the dotted test curve shown in Fig. 4.93, the model loading curve approximates the test curve well.
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Energy Absorption By The Spring and Damper
In the loading phase, energy absorptions by the spring and damper are shown in Eq. (4.78).
E,: energy absorption by the spring only

E, = Lkx2 = 13009 b/in) (10.1 in? = 158,064 1b-in
L) 2

E: total kinetic energy
Using conventional units of 1b, mph, and in, then (4.78)
For V., = 14mph, W = 3500 b '

Then E = eW = (4 V) (W,1b) = 274,400 Ib-in
E_: energy absorption by damper
therefore E, = E-E, = 116,336 lb-in

Note that the energy absorption by the spring can also be checked by the hysteresis plot shown
in Fig. 4.92. The computation is shown in Eq. (4.79) and the computed spring energy is very close
to that of E, in Eq. (4.78)

Area of triangle covered by the line for k only:
A = %X.75><.75 = .28 units of energy density,

Each unit of energy density= product of normalized factors

v
of deceleration and displacement = (v,w)| — (4.79)
® .

. 2 .
-2 - (14mph><17.6 ’”/S) x 18 _ 57 &
mph 386.4in/s? unit

Spring energy = WxA=3500/b X( 28unitsx 157 g;”:) =153,982 Ib-in
uni

In the unloading phase, the spring returns the entire energy absorbed in the loading phase.
However, part of this elastic unloading energy is absorbed again by the damper during the rebound
phase. Since the spring and damper are under compression only during the loading, only the first
quarter of the hysteresis loop is used.

The total hysteresis energy absorbed by the damper, therefore, is the total area enclosed by the
first quarter hysteresis loop.
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The test curve is also overlapped with the model curve. Since the test curve shows a quick plastic
unloading, the Kelvin elastic unloading stiffness is modified to a plastic unloading. In this case, the
unloading stiffness is set to 15 times the loading stiffness.

As far as the rebound kinematics, Fig. 4.94 shows the velocity versus position curve plots for
cases with elastic unloading, plastic unloading, and the actual test curve. The test curves show that
about 3% of the initial kinetic energy is due to the elastic return energy and the total energy dissipation
is 97% of the initial kinetic energy. The Kelvin model with elastic loading and plastic unloading
approximates the test responses reasonably well.
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Fig. 4.94 v vs. d of Kelvin Model w/ Elastic and Plastic
Unloading and Test

Case Study 2: In a component test of the body mount of a frame vehicle, an impactor of 400 1b strikes
the body mount, which is held by a test fixture, at a speed 10 mph. The transient deformation curves
are used to extract the stiffness and damping properties of the Kelvin model representing the body
mount. Given a damping factor of .08, a mount natural frequency of 9 Hz, and the impact speed, the
acceleration versus deflection responses can be computed using the closed form formula.

Shown in Fig. 4.95 are the model responses with test speeds of 5, 10, and 15 mph. Since elastic
unloading is assumed in the model, the quick unloading observed in the test is due to the plastic
unloading. It will be shown that the initial slope of the deceleration versus deflection curve is a
function of the damping factor and natural frequency only. The impact speed controls only the
magnitudes of the deceleration and deflection responses, but not the initial slope of the curve.

g-force, g
50

P S ------------- . ----------- y
Y — SRR S Ryt S -
. S o/ 15 mphi ]
10 mph
10 F---z- R Y R R L LR R B
5 mph

0 Mo .

0 1 3 4 5

2
deflection, in

Fig. 4.95 g-d of an Engine Mount Model and Test at 10 mph
(¢=.08, =9 Hz)
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4.9.4 Coefficient of Restitution and Damping Factor ({)

In the impact of a dynamic system, the coefficient of restitution (cor) is defined as the ratio of
relative separation velocity to the relative approach velocity. During the deformation phase, the
relative approach velocity decreases from its initial value to zero due to the action of the deformation
impulse, as shown in Fig. 4.96. At the time when the relative approach velocity is zero, the maximum
dynamic crush occurs. The relative velocity in the rebound phase then increases negatively up to the
final separation (or rebound) velocity, at which time the two masses separate from each other. At the
separation time, there is no more restitution impulse acting on the masses, therefore, the relative
acceleration at the separation time is zero. The relative velocity formula for the underdamped system
(0<{<1), derived in Section 4.9.1.1, can be used to derive the relationship between the coefficient of
restitution and damping factor of the system. The relationship is shown as follows.

1

0.8

0.6

0.4

0.2

Y o4
0.2
0.4
-0.6
08

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

Fig. 4.96 Deformation and Restitution Phases of Kelvin Model
with (=2, ©.=20

At the time of separation, t = 8 the relative deceleration 6 = 0,

From Eq.(470): 2¢cos(f1-2 1)+ 28 Lein(/1-C21)=0
J1-0

Rearranging, tan(y1-{*1) =22CC7 “21_52

Using Pythagorean Theorem, one gets

cos(Y1-027)=2C%-1 . ................ 0))

_ relative separation velocity _ a(z,)
relative approach velocity v,

e [cos(y1-C%1)- ¢ sin VI-CCH] ... ) (4.80)
=
Special Cases: 1. {=0 cor=1, 2.{=1 cor=-.135

Substituting sin(y/1-{?1)=2{y/1-{?

and simplifying the expressions, we get

. Ccor

—[ ¢ cos'l(ZCz—l):|
2
cor=e WI-C L 3)
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Special Cases:

(1) For{ =0 (no damping), then cor = 1.
(1) For{ =1 (critically damped), then cor = .135
(2) For {= e (highly overdamped), then cor=0

Graphically, the relationship between the coefficient of restitution and damping factor expressed
by (3) of Eq. (4.80) is shown in Fig. 4.97.
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Damping Factor, 4
Fig. 4.97 Coefficient of Restitution as a Function of Damping
Factor of a Kelvin Model

In the Kelvin model, the elastic loading and unloading stiffness of the spring are assumed to be
the same. Consequently, the energy dissipation (hysteresis energy) during impact is attributed to
damping only. The computed coefficient of restitution based on the elastic model is higher than that
where plastic unloading occurs. In the case with plastic unloading, the unloading slope is larger than
the loading slope.

4.9.5 Contact Duration

The contact duration, t; (or separation time), of the two masses during impact includes the contact
times in the deformation and restitution phases. At the end of contact just as the two masses separate
from each other, the relative acceleration is zero and the relative separation velocity is the maximum
recoverable velocity. The condition for zero relative acceleration at separation time is derived in Eq.
(4.81) using (1) of Eq. (4.80) and t; is derived in Eq. (4.81).

since 1-Co, 1 = cos 1 (2¢2-1)

cos 1L -1) 0
1-Co,

where w, : undamped natural frequency

therefore I, =

special case: (=0 (4.81)
-1,

goos G _om L )
w, 2nf  2f

compared fo T, time of dynamic crush, in Eq.(4.27),

=21, ?3)
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Case Study 3: A Kelvin Model (shown in Fig. 4.80) is used to simulate a component test. It is
proposed to design the system such that the coefficient of restitution, e, is 0.5. Each of the two masses
weighs 400 Ibs; the spring stiffness k is 2 klb/in, and the closing speed is 15 mph. Using the effective
mass approach, (1) compute the damping coefficient ¢, (2) draw the velocity profiles of the two
masses, (3) show that the ratio of the relative separation velocity to the relative approach velocity
equals e, the coefficient of restitution, and (4) determine the contact duration. [Ans.: { =.25,f=9.9
Hz, ¢ =.0163 klb-s/in. The velocity plot is shown in Fig. 4.98].
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Fig. 4.98 Velocity Profiles for Case Study 3

4.10 DAMPING FACTOR AND NATURAL FREQUENCY FROM TESTS

In this section, the dynamic response or the crash pulse of a vehicle structure from a test is
analyzed to obtain two parameters, damping factor, {, and structure natural frequency, f. The two
unknown parameters of a vehicle structure, shown in Fig. 4.99, are solved using two closed form
formulas for the dynamic crush and time at dynamic crush.

«— V,
K
— AN
C m
—

QO O

Fig. 4.99 A Vehicle Impact (Kelvin) Model

Let us define:

K: spring stiffness

C: damping coefficient

m: mass

T, : normalized time at centroid location [see Eq. (4.71)]
T, : normalized time of dynamic crush [see Eq. (4.71)]
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