Chapman & Hall/CRC

Interdisciplinary Statistics Series

BAYESIAN ANALYSIS
for POPULATION
ECOLOGY

a, ﬂr

u o2 r

m

Ruth King
Byron J.T. Morgan
Olivier Gimenez
Stephen P. Brooks




BAYESIAN ANALYSIS
for POPULATION
ECOLOGY

© 2010 by Taylor and Francis Group, LLC



CHAPMAN & HALL/CRC

Interdisciplinary Statistics Series
Series editors: N. Keiding, B.J.T. Morgan, C.K. Wikle, P. van der Heijden

Published titles

AN INVARIANT APPROACHTO S. Lele and J. Richtsmeier
STATISTICAL ANALYSIS OF SHAPES

ASTROSTATISTICS G. Babu and E. Feigelson
BAYESIAN ANALYSIS FOR Ruth King, Byron J.T. Morgan,
POPULATION ECOLOGY Olivier Gimenez, and

Stephen P. Brooks

BAYESIAN DISEASE MAPPING: Andrew B. Lawson
HIERARCHICAL MODELING IN SPATIAL
EPIDEMIOLOGY

BIOEQUIVALENCE AND S. Patterson and
STATISTICS IN CLINICAL B. Jones
PHARMACOLOGY

CLINICALTRIALS IN ONCOLOGY J. Crowley, S. Green,
SECOND EDITION and J. Benedetti
CLUSTER RANDOMISED TRIALS R.. Hayes and L.H. Moulton
CORRESPONDENCE ANALYSIS M. Greenacre

IN PRACTICE, SECOND EDITION

DESIGN AND ANALYSIS OF D.L. Fairclough
QUALITY OF LIFE STUDIES
IN CLINICAL TRIALS

DYNAMICAL SEARCH L. Pronzato, H.Wynn,
and A. Zhigljavsky

GENERALIZED LATENT VARIABLE A. Skrondal and
MODELING: MULTILEVEL, S. Rabe-Hesketh
LONGITUDINAL,AND STRUCTURAL

EQUATION MODELS

GRAPHICAL ANALYSIS OF K. Basford and J. Tukey
MULTI-RESPONSE DATA

INTRODUCTIONTO M.Waterman
COMPUTATIONAL BIOLOGY:
MAPS, SEQUENCES, AND GENOMES

© 2010 by Taylor and Francis Group, LLC



Published titles

MARKOV CHAIN MONTE CARLO W. Gilks, S. Richardson,
IN PRACTICE and D. Spiegelhalter
MEASUREMENT ERROR AND P. Gustafson

MISCLASSIFICATION IN STATISTICS
AND EPIDEMIOLOGY:IMPACTS AND
BAYESIAN ADJUSTMENTS

META-ANALYSIS OF BINARY DATA D. Bohning, R. Kuhnert,
USING PROFILE LIKELIHOOD and S. Rattanasiri
STATISTICAL ANALYSIS OF GENE T. Speed

EXPRESSION MICROARRAY DATA

STATISTICAL AND COMPUTATIONAL R.Wu and M. Lin
PHARMACOGENOMICS

STATISTICS IN MUSICOLOGY ). Beran

STATISTICAL CONCEPTS J.Aitchison, J.W. Kay,
AND APPLICATIONS IN and |J. Lauder
CLINICAL MEDICINE

STATISTICAL AND PROBABILISTIC PJ. Boland

METHODS IN ACTUARIAL SCIENCE

STATISTICAL DETECTION AND P.Rogerson and |.Yamada
SURVEILLANCE OF GEOGRAPHIC

CLUSTERS

STATISTICS FOR ENVIRONMENTAL A. Bailer and W. Piegorsch

BIOLOGY AND TOXICOLOGY

STATISTICS FOR FISSION R.F. Galbraith
TRACK ANALYSIS

© 2010 by Taylor and Francis Group, LLC



Chapman & Hall/CRC
Interdisciplinary Statistics Series

BAYESIAN ANALYSIS
for POPULATION
ECOLOGY

Ruth King
Byron J.T. Morgan
Olivier Gimenez
Stephen P. Brooks

CRC Press
Taylor & Francis Group

Boca Raton London New York

CRC Press is an imprint of the
Taylor & Francis Group, an informa business

A CHAPMAN & HALL BOOK

© 2010 by Taylor and Francis Group, LLC



Chapman & Hall/CRC

Taylor & Francis Group

6000 Broken Sound Parkway N'W, Suite 300
Boca Raton, FL 33487-2742

© 2010 by Taylor and Francis Group, LLC
Chapman & Hall/CRC is an imprint of Taylor & Francis Group, an Informa business

No claim to original U.S. Government works

Printed in the United States of America on acid-free paper
10987654321

International Standard Book Number: 978-1-4398-1187-0 (Hardback)

This book contains information obtained from authentic and highly regarded sources. Reasonable efforts
have been made to publish reliable data and information, but the author and publisher cannot assume
responsibility for the validity of all materials or the consequences of their use. The authors and publishers
have attempted to trace the copyright holders of all material reproduced in this publication and apologize to
copyright holders if permission to publish in this form has not been obtained. If any copyright material has
not been acknowledged please write and let us know so we may rectify in any future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, transmit-
ted, or utilized in any form by any electronic, mechanical, or other means, now known or hereafter invented,
including photocopying, microfilming, and recording, or in any information storage or retrieval system,
without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.copyright
com (http://www.capyright. com/) or contact the Copyright Clearance Center, Inc. (CCC), 222 Rosewood
Drive, Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organization that provides licenses and
registration for a variety of users. For organizations that have been granted a photocopy license by the CCC,
a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used
only for identification and explanation without intent to infringe.

Library of Congress Cataloging-in-Publication Data

Bayesian analysis for population ecology / authors, Ruth King ... [et al.].
p. cm.
“A CRC title”
Includes bibliographical references and index.
ISBN 978-1-4398-1187-0 (hardcover : alk. paper)
1. Population biology--Mathematics. 2. Bayesian field theory. I. King, Ruth, 1977-

QH352.B38 2010
577.8’801519542--dc22 2009026637

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com

© 2010 by Taylor and Francis Group, LLC


http://www.copyright.com
http://www.copyright.com
http://www.taylorandfrancis.com
http://www.crcpress.com
http://www.copyright.com
http://www.copyright.com
http://www.crcpress.com
http://www.taylorandfrancis.com
http://www.copyright.com
http://www.copyright.com

Contents

Acknowledgments
Preface
I Introduction to Statistical Analysis of Ecological Data

1 Introduction
1.1 Population Ecology
1.2 Conservation and Management
1.3 Data and Models
1.4 Bayesian and Classical Statistical Inference
1.5 Senescence
1.6 Summary
1.7 Further Reading
1.8 Exercises

2 Data, Models and Likelihoods
2.1 Introduction
2.2 Population Data
2.3 Modelling Survival
2.4 Multi-Site, Multi-State and Movement Data
2.5 Covariates and Large Data Sets; Senescence
2.6 Combining Information
2.7 Modelling Productivity
2.8 Parameter Redundancy
2.9 Summary
2.10 Further Reading
2.11 Exercises

3 Classical Inference Based on Likelihood
3.1 Introduction
3.2 Simple Likelihoods
3.3 Model Selection
3.4 Maximising Log-Likelihoods
3.5 Confidence Regions

vii

© 2010 by Taylor and Francis Group, LLC

Xi

xiii

15
15
15
21
28
30
33
35
36
40
40
42

49
49
49
51
56
o7



viii
3.6 Computer Packages
3.7 Summary

3.8 Further Reading
3.9 Exercises

IT Bayesian Techniques and Tools

4 Bayesian Inference
4.1 Introduction
4.2 Prior Selection and Elicitation
4.3 Prior Sensitivity Analyses
4.4 Summarising Posterior Distributions
4.5 Directed Acyclic Graphs
4.6 Summary
4.7 Further Reading
4.8 Exercises

5 Markov Chain Monte Carlo
5.1 Monte Carlo Integration
5.2 Markov Chains
5.3 Markov Chain Monte Carlo
5.4 Implementing MCMC
5.5 Summary
5.6 Further Reading
5.7 Exercises

6 Model Discrimination
6.1 Introduction
6.2 Bayesian Model Discrimination
6.3 Estimating Posterior Model Probabilities
6.4 Prior Sensitivity
6.5 Model Averaging
6.6 Marginal Posterior Distributions
6.7 Assessing Temporal/Age Dependence
6.8 Improving and Checking Performance
6.9 Additional Computational Techniques
6.10 Summary
6.11 Further Reading
6.12 Exercises

7 MCMC and RIMCMC Computer Programs
7.1 R Code (MCMC) for Dipper Data
7.2 WinBUGS Code (MCMC) for Dipper Data
7.3 MCMC within the Computer Package MARK

© 2010 by Taylor and Francis Group, LLC

CONTENTS

58
61
62
62

67

69
69
75
80
85
89
93
95
96

99

99
101
101
124
141
141
142

147
147
148
152
170
172
176
178
189
192
193
194
195

199
199
205
209



CONTENTS

74
7.5
7.6
7.7
7.8

R code (RJIMCMC) for Model Uncertainty
WinBUGS Code (RIMCMC) for Model Uncertainty
Summary

Further Reading

Exercises

IIT Ecological Applications

8 Covariates, Missing Values and Random Effects

8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.9

Introduction

Covariates

Missing Values

Assessing Covariate Dependence
Random Effects

Prediction

Splines

Summary

Further Reading

9 Multi-State Models

9.1
9.2
9.3
9.4
9.5

Introduction

Missing Covariate/Auxiliary Variable Approach
Model Discrimination and Averaging

Summary

Further Reading

10 State-Space Modelling
10.1 Introduction
10.2 Leslie Matrix-Based Models
10.3 Non-Leslie-Based Models
10.4 Capture-Recapture Data
10.5 Summary
10.6 Further Reading

11 Closed Populations
11.1 Introduction
11.2 Models and Notation
11.3 Model Fitting
11.4 Model Discrimination and Averaging
11.5 Line Transects
11.6 Summary
11.7 Further Reading

Appendices

© 2010 by Taylor and Francis Group, LLC

ix
213
226
231

232
233

239

241
241
242
251
259
264
270
270
273
274

277
277
277
286
303
304

307
307
314
332
339
342
342

345
345
346
347
354
356
359
360

363



X CONTENTS

A Common Distributions 365
A.1 Discrete Distributions 365
A.2 Continuous Distributions 368

B Programming in R 375
B.1 Getting Started in R 375
B.2 Useful R Commands 376
B.3 Writing (RJ)MCMC Functions 378
B.4 R Code for Model C'/C 379
B.5 R Code for White Stork Covariate Analysis 387
B.6 Summary 398

C Programming in WinBUGS 401
C.1 WinBUGS 401
C.2 Calling WinBUGS from R 410
C.3 Summary 415

References 417

© 2010 by Taylor and Francis Group, LLC



Acknowledgments

We would like to thank all those people who have provided both moral sup-
port to each of the authors of the book and feedback on early drafts of the
manuscript. The feedback provided has been invaluable to us and helped to
improve the material contained within the book significantly. We would partic-
ularly like to thank Steve Buckland, Rachel McCrae, Charles Paxton, Chiara
Mazzetta, Jeremy Greenwood, Gary White, Leslie New and Stuart King. We
also thank here many ecologists with whom we have worked, and continue to
work, who have patiently explained to us the problems of the real world, gen-
erously provided us with data and introduced us to the rigours of field work.
An incomplete list of our ecological colleagues includes Steve Albon, Mike Har-
ris, Tim Clutton-Brock, Tim Coulson, Steve Dawson, Marco Festa-Bianchet,
Jean-Michel Gaillard, Jean-Dominique Lebreton, Alison Morris, Kelly Moyes,
Daniel Oro, Josephine Pemberton, Jill Pilkington, Giacomo Tavecchia, David
Thomson, Sarah Wanless, members of the British Trust for Ornithology, the
Royal Society for the Protection of Birds, the EURING community, the field
workers on the Kilmory deer project, the National Trust for Scotland and the
Scottish Natural Heritage, and the volunteers who work on the Soay sheep
project.

xi

© 2010 by Taylor and Francis Group, LLC



Preface

This book is written at a crucial time of climate change, when many animal
and plant populations are under threat. It is clearly therefore a very important
time for the study of population ecology, for the precise estimation of demo-
graphic rates, and application of the best methods for statistical inference and
forecasting. Modern Bayesian methods have an important role to play. The
aim of this book is to provide a comprehensive and up-to-date description
of Bayesian methods for population ecology. There is particular emphasis on
model choice and model averaging. Throughout the theory is applied to a wide
range of real case studies, and methods are illustrated using computer pro-
grams written in WinBUGS and R. Full details of the data sets analysed and
the computer programs used are provided on the book’s Web site, which can
be found at http://www.ncse.org.uk/books/bayesiar. Asterisked sections
denote that these sections may be omitted on the initial reading of the book.

The target audience for the book comprises ecologists who want to learn
about Bayesian methods and appreciate how they can be used, quantitative
ecologists, who already analyse their own data using classical methods of infer-
ence, and who would also like to be able to access the latest Bayesian methods,
and statisticians who would like to gain an overview of the challenging prob-
lems in the field of population ecology. Readers who complete the book and
who run the associated computer programs should be able to use the meth-
ods with confidence on their own problems. We have used the material of the
book in workshops held in Radolfzel (Germany), Dunedin (New Zealand), and
Cambridge (England); the last such workshop had the financial support of the
Natural Environmental Research Council. We are grateful for the valuable in-
put of workshop participants. The book may be used for a university final
year or master’s-level course in statistical ecology.
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PART I

Introduction to Statistical Analysis of
Ecological Data

This first part of the book provides an introduction to a range of differ-
ent types of ecological data. This includes a description of the data collection
processes, the form of the data collected and corresponding presentation of
the data. We focus on the particular forms of ecological data that we study
throughout the remainder of the book. We also discuss the associated models
that are typically fitted to the data and define the corresponding likelihood
functions. These models make particular assumptions regarding the underly-
ing data collection process and the system under study. The models simplify
reality, but can be very useful in focussing on the primary factors of the system
under study and in providing an understanding of the system itself.

The models and corresponding likelihood functions lay the foundations for
the remainder of the book. Within Part I of the book we consider the tra-
ditional (classical) methods of inference that are used to estimate the model
parameters. These typically include the calculation of the maximum-likelihood
estimates of parameters, using numerical optimisation algorithms. We build on
these foundations in the remainder of the book, when we develop the Bayesian
approach for fitting the same, as well as more complex, models to the data.
The likelihood will be seen to be integral to both methods of inference. In later
parts of the book we shall also undertake comparisons between the Bayesian
and traditional approaches to model-fitting and inference.

© 2010 by Taylor and Francis Group, LLC



CHAPTER 1

Introduction

1.1 Population Ecology

Population ecology is devoted to the study of individuals of the same species,
how they make up the populations in which they exist and how these pop-
ulations change over time. In population ecology we gather information on
key demographic parameters, typically relating to mortality, movement and
productivity, and use these to predict how the populations will develop in the
future. We are also interested in trying to relate demographic parameters to
external influences, such as global warming, changes in habitat and farming
practice, and changes in hunting regulations.

The emphasis in this book is on wild animals of various kinds, but the
ideas apply more widely, for example, to the study of plant populations. Fur-
thermore, the definition of population ecology given above includes human
demography, which shares the same attributes of determining vital rates, and
then using these to predict how populations will behave. At the start of the
21st century many Western populations are shrinking, as birth rates decline.
For example, the British Census of 2001 revealed that for the first time since
records began in 1841, the number of people older than 60 years of age ex-
ceeds the number aged less than 16. Combined with increased longevity, this
results in the demographic time-bomb in which more and more individuals in
retirement are effectively supported by fewer and fewer individuals of working
age. As we shall see, data on human populations are gathered in different
ways from data on wild animal populations, resulting in different statistical
methods being used. However, there are common features in the two areas;
for example, there is now currently much concern with the extinction of wild
animal species.

1.2 Conservation and Management

The Great Auk Pinguinus impennis was the last flightless seabird of the North-
ern hemisphere, and became extinct in 1844. This is just one example of the
plant and animal species that have declined in recent years, with many ei-
ther extinct or facing extinction. There is no shortage of further examples.
In America, the extinction of the Passenger Pigeon, Ectopistes migratorius,
has been well documented. Just over 100 years ago it was the most numerous
species of bird in the world, with there being more of this single species than of
all other species of North American birds in total. The last Passenger Pigeon
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4 INTRODUCTION

died on the 1st September 1914, at the age of 29. In the last 100 years, Holland
has lost half of its butterfly species. According to Kennedy (1990), Australia
has had more mammal extinctions over the past 200 years than any other con-
tinent, and that book describes over 4000 individual plant and animal species
of conservation concern. In Britain, the Royal Society for the Protection of
Birds maintains a red list of bird species that are regarded as under threat,
including having declined by more than 50% in numbers in the previous 25
years. Thus there is at present an appreciable international awareness of the
dangers facing many different species and of the need to conserve as much as
possible of the current biological diversity in both the plant and animal king-
doms. Indeed, the World Summit on Sustainable Development held in 2002
regarded the loss of species as one of the main issues to be tackled for the
future.

In contrast, some wild animal species are seen as growing too fast, and this
is currently true of red deer, Cervus elaphus, in Scotland, for example. In
such cases it may be possible to manage populations, perhaps by a program
of culling, or by inhibiting reproduction. Culling and conservation have in
common the same aim, of managing and maintaining a sustainable population
size. This is especially important in the area of fisheries, where it has long
been realised that without proper management, such as setting of quotas or
moratoria on fishing, then it is possible to fish stocks to extinction.

1.3 Data and Models

Almost by definition, population ecology is quantitative. Long-term studies
of wild animal populations result in data which need to be summarised and
suitably analysed. One approach is to construct probability models for the
population processes being studied, and then use particular methods of sta-
tistical inference in order to estimate the model parameters. Predictions can
then be based upon the models that have been fitted to the data in this way.
We now outline two examples to illustrate these ideas.

Example 1.1. European Dippers
The data of Table 1.1 are taken from Lebreton et al. (1992) and describe
the recaptures of European dippers, Cinclus cinclus, which are birds that are
typically found in fast-flowing mountain streams. Table 1.1 is called an m-
array. These data result from a small-scale study of adult birds of unknown
age which have been marked with rings which identify individuals uniquely.
In the first year of the study, 22 birds are marked and released. Of these, 11
are seen again in their first year of life, while 2 were not encountered again
until a year later. Birds that are recaptured have their rings recorded and are
then re-released. For instance, of the 60 birds released in 1982, 11 will have
been captured from the number released in 1981, and the remaining 49 birds
of the cohort will be newly marked and released.

The data are somewhat sparse, but they may be described by suitable mod-
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DATA AND MODELS 5

Table 1.1 Capture-Recapture Data for European Dippers in 1981-1986

Year of Number Year of Recapture (1981+)
Release Released 1 2 3 4 5 6
1981 22 11 2 0 0 0 0
1982 60 24 1 0 0 O
1983 78 34 2 0 0
1984 80 45 1 2
1985 88 51 0
1986 98 52

Source: Reproduced with permission from Brooks et al. (2000a, p. 366) pub-
lished by the Institute of Mathematical Statistics.

els which involve parameters which are probabilities of annual survival, ¢, and
recapture, p.

By making different assumptions regarding these parameters, we produce
different models for the data. For example, in 1983 there was a flood in the
area in which these data were gathered, and one might suppose that the flood
temporarily resulted in a reduced probability of annual survival. We can see
from Table 1.1 that years of release 1982 and 1983 result in the smallest
proportions of recaptures. Additionally, survival and recapture probabilities
might vary over time.

O

Example 1.2. Soay Sheep on Hirta

The population of Soay sheep, Ovis aries, studied on the island of Hirta in
the St. Kilda archipelago in Scotland, is one in which density of animals plays
a role in producing the fluctuations in population size, seen in Figure 1.1.

In this case the population is constrained to a relatively small area, and the
values shown in Figure 1.1 are deduced from a number of censuses taken by
ecologists walking around the island. Models for the behaviour of this popu-
lation are necessarily complicated; for example, one has to model separately
males and females, as they have quite different life styles. Also, in contrast
to the dippers, it is important to allow the model probabilities to vary with
age, as well as time. Because of the intensity with which this population is
studied, it is also possible for probabilities of annual survival to be functions of
environmental covariates, which can for instance measure the weather and the
population density, as well as individual covariates, which vary from animal
to animal, and might record the colour of coat, shape of horns, weight, and
so forth.

O

© 2010 by Taylor and Francis Group, LLC



6 INTRODUCTION
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Figure 1.1 Size of the total population of Soay sheep on Hirta, 1986-1999.

We shall now outline in quite general terms the different ways in which
statisticians fit probability models to data.

1.4 Bayesian and Classical Statistical Inference

We shall describe the methods of inference used in this book in detail in later
chapters. Our starting point is a probability model, which is designed to take
account of important aspects of the system being described. Models typically
contain parameters, and in the classical approach, parameters are regarded
as fixed quantities which need to be estimated. For any particular model and
data set, the classical approach is usually to form a likelihood, which is to
be regarded as a function of the model parameters. The likelihood is then
maximised with respect to the parameters, resulting in maximum-likelihood
estimates (MLEs) of those parameters. This is typically done for a range
of different models, and models are compared in terms of their maximised
likelihood values, or in terms of various information criteria, to be described
later. Classical inference usually depends upon the application of powerful
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BAYESIAN AND CLASSICAL STATISTICAL INFERENCE 7

results which allow statisticians to test hypotheses and construct confidence
intervals and regions. However, these procedures are usually dependent upon
asymptotic assumptions being satisfied, which means that the results of the
procedures are only valid if sample sizes are sufficiently large. The end-product
of a classical analysis is a single, best, model to describe the data, chosen from
the range of models considered. Usually little attention, if any, is paid to the
fact that the best model is only one of many, and that while it may be best
for one particular data set, an alternative model might be best for a different,
replicate data set. Additionally, the different models may well differ in the
estimates that they produce and in the predictions that result.

In the Bayesian approach, the model parameters are treated on the same
basis as the data. Thus the parameters are regarded as having distributions,
which provide information about the parameters. Before data are collected
the distributions are described as prior distributions, while after data col-
lection the distributions are described as posterior distributions. The aim of
a Bayesian analysis is to estimate the joint posterior distribution of all of
the model parameters. This is done by means of a very simple relationship,
known as Bayes’ Theorem, which is given in Chapter 4. When certain of the
parameters have particular importance, then it is their marginal posterior dis-
tribution that is the end-point of the analysis. For example, in the case of the
dippers, we might in some circumstances focus on the probability of annual
survival, while in other cases, we might concentrate on the probability of re-
capture of a live animal in any year. In the case of the Soay sheep, we might
be interested in how adult survival depends on the weights of the animals, or
on the weather, and possibly an interaction between these two features. Ex-
plicit analytic forms for the posterior distributions in any analysis are usually
not available, so instead we employ modern devices for simulating from those
distributions, and then use the simulations to provide appropriate summaries
of the posterior distributions. For example, we may estimate parameters by
obtaining sample means from the simulations, and we may estimate variation
by forming sample standard deviations from the simulations.

The Bayesian framework extends to encompass more than one model at a
time. Just as a prior distribution can be formed for model parameters, we can
also have prior distributions for alternative models, and furthermore obtain
posterior model probabilities. The model probabilities then have a direct in-
terpretation. Thus model comparisons can be made in terms of the posterior
model probabilities, in analogy with the classical approach, when comparisons
are made in terms of maximised likelihoods or information criteria. However,
a great attraction of the Bayesian approach is that once one has model proba-
bilities, then one can draw conclusions by averaging over models, rather than
focussing on a single model, which is typically the case in classical inference.
Consider, for example, two alternative models for the dipper data: in one
model there is no allowance for the flood in 1983, whereas in the other model
there is a separate survival probability for the survival in years affected by the
flood. Both models contain probabilities of survival in non-flood years, and if
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8 INTRODUCTION

one was interested in estimating the probability of surviving a non-flood year,
then using the Bayesian approach one could obtain an estimate averaged over
the two models. Averaging over models has the advantage that it takes ac-
count of the fact that several models might describe the data, with varying
degrees of accuracy. Averaged estimators can therefore be more representative
of the variation in the data, and we would expect them to be less precise than
estimators obtained from just a single model. Of course, if different models
provide interestingly different perspectives on the data, then it is important
to realise that, and not blindly average out the differences. In the example
of Soay sheep, models are far more complicated than in the case of dippers.
Because we would like our models for sheep survival to include variation with
regard to sex, age and time, there are potentially too many parameters to
be estimated. One way around this difficulty is to include age classes, within
which survival is constant over age. Different definitions of the age classes can
then readily give rise to many different alternative models, and it is useful to
be able to average over the component models, which can be numerous.

The advantages of the Bayesian approach are in fact many, and not at all
limited to being able to average over models. For instance, one does not have
to assume particular distributional forms, in order to ensure that classical
procedures work; one does not have to appeal to often dubious asymptotic
properties of maximum-likelihood estimators; one does not have to struggle
with sometimes intransigent optimisation procedures in order to maximise
likelihoods, or in some cases minimise sums of squares; one does not have to
rely on piecemeal tests of goodness-of-fit. Instead, it is possible to include prior
information in the analysis through the prior distribution, when that is felt to
be appropriate, one can gauge the goodness-of-fit of models in routine ways,
without having recourse to asymptotic considerations, and one can construct
and fit complex, realistic models to data. A fundamentally important aspect
of Bayesian analysis is the way in which it readily deals with different types of
random variation. An illustration of this comes from modelling the survival of
northern lapwings, Vanellus vanellus, which are birds of farmland which have
seen a drastic decline in numbers in Britain in recent years.

Example 1.3. Lapwings

What is plotted in Figure 1.2 is a national index, which is the result of fitting
a generalised linear model to count data from a range of sites distributed over
Britain. The counts are obtained by volunteers visiting the sites during the
breeding season, and estimating the numbers of birds present by observations
on features such as nests and bird song. The smoothing produced by the
generalised linear model is necessary because the raw site data contain large
numbers of missing values. The index is called the Common Birds Census
(CBC). It is not a proper census, but it may be regarded as an estimate of
the number of birds present on the set of sites in the CBC. As can be seen
from Figure 1.2, since the mid-1980s, the lapwing has been diminishing in
numbers. It is an indicator species for farmland birds, which means that if we
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SENESCENCE 9

can understand the reasons for the decline of the lapwing, then that might
help us to understand the reasons for the decline of other farmland birds.

1400 1600 1800
|

CBC Index
1200

o

o _|

e

o

S |

©

o

3 T T T T T T T T

1965 1970 1975 1980 1985 1990 1995 2000
Year

Figure 1.2 Common Birds Census index for lapwings over the period 1965-1999.

A symbolic representation of a model for the survival of lapwings is written
as:
survival ~ A+Y + E|

where A is a fixed factor denoting age, Y is a factor denoting a random year
effect, and F is a further random term, which might correspond to individual
variation. To fit this kind of model involving a mixture of fixed and random
effects is certainly possible using classical methods. However, as we shall see in
detail later, in Section 8.5, the Bayesian analysis is conceptually much simpler.

O

1.5 Senescence

In many human societies, we see steady increases in life expectancy over time.
In order to try and understand better this important demographic change,
it is of interest to study the effect of ageing on both the survival probability
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10 INTRODUCTION

and the reproductive success of wild animals. Age dependence in demographic
rates is of general importance and something that we shall incorporate into
models of later chapters. We therefore present one illustration here.

Example 1.4. The Survival Probabilities of Soay Sheep

Soay sheep were introduced in Example 1.2. As well as census data, the obser-
vations on Soay sheep also include life history data which allow us to estimate
probabilities of annual survival. We shall consider a Bayesian approach to
modelling the sheep life history data in Chapter 8. A first stage in the analy-
sis of Catchpole et al. (2000), which used methods of classical inference, was
to examine age dependence in annual survival. Shown in Figure 1.3 are the
classical estimates of female annual survival probabilities as a function of age.
There appears to be an indication of senescence, with survival probabilities
being smaller for the oldest animals in the study.

09t %%”‘3'69’6 ]
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Figure 1.3 Plot of estimated probability of annual survival for female sheep, as a
function of age, plotted against age. Note that year of life 10 also includes years of
life greater than 10. Also shown are estimates of one estimated standard error, above
and below the point estimate (on a logistic scale). Reproduced with permission from
Catchpole et al. (2000, p. 461) published by Wiley-Blackwell.

O

There have been several studies of the effect of ageing on both the survival
probability and the reproductive success of wild animals. The papers by Gail-
lard et al. (1994), Loison et al. (1999) and Nichols et al. (1997) emphasise
the need for such studies to be based on long-term data sets, such as that
on the Soay sheep, and we shall encounter further examples of this later. In-
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evitable difficulties arise as a result of only relatively small numbers of animals
surviving in the oldest age groups.

1.6 Summary

The aim of this chapter is to describe the fundamental concerns of population
ecology, involving the estimation of vital demographic parameters, in order
that they may be used to understand better how populations of wild animals
behave. There are parallels with human demography, though there are often
differences in how data may be collected. An abiding concern of the 21st
century lies with global warming, and its effect on all forms of life on earth.
At a local scale, changes in farming practice can also have a major influence
on wildlife. Before one can manage wild populations of living organisms, it is
first necessary to be able to measure population sizes and biological diversity,
and project how these will change in the future. The approaches of statistical
ecology are to collect suitable data, devise probability models for underlying
processes and, by fitting the models to the data, obtain the necessary estimates
and understanding. The resulting statistical inference can be conducted in
classical or Bayesian ways. The latter approach is richer than the former, and
importantly may allow more realistic models to be fitted to data. Additionally,
the Bayesian approach allows the incorporation of information that is separate
from the data collection exercise.

1.7 Further Reading

A wider ecological perspective is provided by references such as Morgan et al.
(1997), Furness and Greenwood (1993), Clutton-Brock (1988) and Clutton-
Brock et al. (1982). The book by Seber (1982) is the classical text in statisti-
cal ecology, and contains a wealth of applications and analyses of challenging
and interesting data sets, as well as much historical material. A review is
provided by Pollock (1991). More recent work can be appreciated from Pol-
lock (2000) and Schwarz and Seber (1999), Morgan and Thomson (2002) and
Senar et al. (2004). The volume by Williams et al. (2002) is encyclopedic, and
essential reading for statistical ecologists. The article by Morgan and Vialle-
font (2002) gives a number of Web sites which are rich sources of data on
birds, including discussion of motivation and sampling methods. See for ex-
ample, httn://uww hto org/ and http://www.rspb.org.uk/ (BTO stands
for British Trust for Ornithology, and RSPB refers to the Royal Society for the
Protection of Birds). The estimation of wild animal abundance is the subject
of the book by Borchers et al. (2002). The book by Caswell (2001) is the clas-
sical reference for population dynamics modelling. Regarding the estimation
of survival, analogies can be drawn with life-table analysis and other meth-
ods that are used in the analysis of human populations; for example, see Cox
and Oakes (1984). The book by Hinde (1998) provides a good introduction to
human demography. Illustrative fisheries applications are to be found in McAl-
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lister and Kirkwood (1998a) and Rivot et al. (2001). The paper by Barry et al.
(2003) provides a detailed Bayesian analysis of ring-recovery data on lapwings,
which emphasises the need to include random effects in models of this kind.
The paper by Catchpole et al. (2000) provides a detailed classical analysis
of Soay sheep data, and a Bayesian analysis of the same data, involving ex-
tensive model averaging, is provided by King et al. (2006). Capture-recapture
methods are also used in epidemiological and medical studies — see Chao et al.
(2001).

A forthcoming Bayesian revolution in population ecology has long been
anticipated, for instance by Pollock (1991) and by Seber in several publication;
see for example Schwarz and Seber (1999). More recent advocates include
Brooks et al. (2000a), Brooks et al. (2002) and Link et al. (2002). Illustrations
of applications in a variety of areas of application are given in Congdon (2003).

1.8 Exercises

1.1 Use a computer search engine to locate information for the key words:
EURING, Patuxent. In both cases, read the motivation material presented
for work in population ecology.

1.2 Consult the Web site for the Royal Society for the Protection of Birds.
Read the material available there on conservation science, with particular
reference to conservation concerns and management successes.

1.3 Explore the Web site of the Zoological Society of London, and read the
material there on the Serengeti Cheetah Project.

1.4 Read selectively from Williams et al. (2002) and Seber (1982).

1.5 The following quotation is reproduced with permission from Nichols et al.
(1997, p. 1009).

Despite the existence of many reports discussing senescence in animal popu-
lations ...the pattern of age specific mortality is well known only for Homo
sapiens. One of the reasons for this absence of knowledge stems from the small
number of older individuals from which inferences about age specific mortality
in natural populations must be drawn. Age-specific mortality rates are typi-
cally estimated for natural animal populations using marked individuals. Age
is typically known for older animals only because they were marked at some
young age at which age can be assigned unambiguously. Mortality reduces the
numbers of known-age animals from cohorts marked as young, so that the
numbers of animals available for study decrease with age. Thus, investigations
should use large samples of marked individuals and should be relatively long
in duration. Another factor limiting our knowledge of age specific mortality in
natural animal populations involves estimation methodology. Mortality esti-
mates used in the vast majority of published reviews and summary analyses of
senescence in animal populations are based on models requiring extremely re-
strictive, yet untested, assumptions related to both population dynamics and
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sampling. Capture-recapture models designed to permit reasonable inferences
about age specific survival have existed for nearly two decades, yet few long-
term field studies have taken advantage of these analytic methods to study
senescence.

Consider the issues raised here, and consult the source paper for further
information. Age can affect reproductive performance as well as survival. If
reproduction reduces the survival of a wild animal the year following giving
birth, suggest a reproduction strategy that might optimise fitness, in terms
of ensuring the largest number of offspring.

1.6 The annual survival probability estimates for the two oldest age categories
in Figure 1.3 appear to be similar. Discuss how this might arise.

1.7 Use a computer search engine to discover more about the Soay sheep re-
search program.
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CHAPTER 2

Data, Models and Likelihoods

2.1 Introduction

In this chapter we describe several ways in which population ecology data
are collected. We present a variety of illustrative data sets, to which we shall
return later in the book. For convenience, the data sets are mainly chosen to be
small, but in practice of course real data sets can be extensive. Both classical
and Bayesian methods take as their starting point the likelihood, and so we
provide several examples of likelihood construction. In these examples the
likelihood is the joint probability of the data. The classical method of forming
maximum-likelihood estimates of model parameters proceeds by regarding the
likelihood as a function of the model parameters alone, for fixed data, and then
maximising the likelihood with respect to the parameters.

The current concern regarding species decline that we discussed in Chapter
1 often stems from some kind of counting or censusing method producing
time-series of data which indicate a decline in numbers. One example of this
has already been given in Example 1.3 (and Figure 1.2). We therefore start
with a discussion of population data of this general kind.

2.2 Population Data
2.2.1 Count and Census Data

Example 2.1. Heronry Census

We start with an example of a British bird species which has been growing in
numbers in recent years, in contrast to the lapwing of Example 1.3. The grey
heron, Ardea cinerea, was, until recently, the only heron to live and breed in
Britain. It is non-migratory, and birds live and breed colonially, in heronries.
Each year there is a census of these heronries, which is used to produce an
estimate of the total number of breeding pairs of herons in Britain. The British
census of heronries was initiated by Max Nicholson, and is the longest census
of its kind in the world. Census figures are shown in Figure 2.1, taken from
Besbeas et al. (2001).

The heron’s diet includes fish, amphibians, and other species to be found
in water. If ponds freeze over then it becomes harder for herons to find the
food that they need, and this is especially true of young birds. This explains
the big dip in the graph of Figure 2.1, corresponding to the severe British
winter of 1962; shown in Figure 2.2 is a graph of the number of days below
freezing at a location in Central England, which clearly identifies the 1962

15

© 2010 by Taylor and Francis Group, LLC



16 DATA, MODELS AND LIKELITHOODS

7000

6500

6000

5500

5000

4500

N
o
=3
oS

3500

Number of Breeding Pairs of Herons

2500

1
30 40 50 60 70 80 90

Year 1900+

Figure 2.1 Estimated numbers of breeding pairs of grey herons in England and
Wales, from 1928-1998, inclusive.

winter. However, since 1962 the grey heron has recovered well from the crash
in numbers.

In this example, estimates of abundance are obtained from a national cen-
sus, which is aimed at estimating a total population size. This is in contrast to
the Common Bird Census (CBC) index for lapwings, from Example 1.3. For
the heron, national abundance is a simple consequence of survival and pro-
ductivity, as the heron does not migrate. Survival is estimated from national
ring-recovery data, and an illustration of the data that result for the heron is
given in Exercise 2.3.

O

Example 2.2. The CBC Index for Lapwings
As has already been discussed in Example 1.3, the CBC is not a census in
the same way that the heronries census is. However, it may be regarded as
an estimate of the number of birds present on the set of sites in the CBC.
The CBC has recently been replaced by a different national census method
in Britain. Both are used to examine trends in abundance of common British
birds. The lapwing’s behaviour is more complicated than that of the heron in
that it is a partial migrant — in winter certain lapwings may migrate, while
others may disperse locally.

O

© 2010 by Taylor and Francis Group, LLC



POPULATION DATA 17

50

451 g

IN
o

w
a1

(%)
o

n
a1

n
o

ol

Number of Frost Days

1 1 1 L
0 10 20 30 40 50 60 70 80 920 100

Year 1900+

Figure 2.2 Number of days in the year when the temperature fell below freezing
at a central England location, from 1900-2001, inclusive. We call this the number
of frost days in a year.

2.2.2 Statistical Methods Based on Marked Animals

The two examples given previously for determining the abundance of wild
animals estimate national population numbers and typically depend upon the
work of large numbers of volunteers. The animals are observed at a distance
and are not physically caught. An alternative approach, which is often em-
ployed for both small and large populations, involves capturing some of the
animals and marking them in some way. In certain cases the marks identify
the animals uniquely, while in others they do not. Subsequent observations on
these animals may then be used in order to estimate population sizes, as well
as demographic rates, and we shall see several illustrations of this throughout
the book.

2.2.3 Marking

An early example of the scientific marking of wild animals is due to Hans
Christian Mortensen who marked 164 starlings, Sturnus vulgaris, in Denmark
in 1899. This is regarded as the first instance of marking of wild birds for
scientific purposes; his objective was to study movement, and he had to ex-
periment with different types of metallic rings. There is now much interest
in the marking and subsequent study of wild animals. For instance, over a
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million birds are ringed each year in North America alone. At one end of the
scale, insects may be marked by means of specks of fat, while at the other
end of the scale birds and animals may be marked by radio transmitters and
tracked by satellite. The terminology of marking is varied, with marks being
sometimes described as bands, tags, or rings. Fish may be marked by PIT
tags, and then the later movement of such fish over antennae in rivers au-
tomatically provides information on where and when fish are observed alive.
PIT stands for Passive Integrated Transponder and these tags are very small
passive identification chips, essentially like bar codes, which provide unique
identification. These tags provide permanent identification, as they require no
battery. Bird rings may contain an address, so that when a dead ringed bird
is found, the location and timing of the death can be recorded if the ring is
returned to the address on the ring. Marked animals may be seen again alive,
as well as found dead, as was true of the dippers in Example 1.1. In some
cases, animals can be identified through their natural markings, as is true for
instance of the belly patterns of great crested newts, Triturus cristatus, or of
the spots on a cheetah, Acinomyz jubatus. A modern development involves
DNA matching, so that, for instance, hairs or faeces collected in the field can
be used to identify individuals.

In some cases, animals are marked shortly after birth, while in others ani-
mals are marked as adults, often of unknown age, which was also true of the
dippers of Example 1.1. The marking of animals shortly after birth is often
convenient, and it also provides a way of estimating mortality in the first
year of life. Activities such as breeding or moulting provide opportunities for
scientists to capture or recapture adult wild animals.

2.2.4 The Lincoln-Petersen Estimate of the Size of a Closed Population

Once a number of animals in a population have been marked, then observing
the numbers of marked animals in subsequent samples provides information
about the total number of animals present in the area. An illustration is
provided by a study of Nuttall’s cottontail rabbits, Sylvilagus nuttallii, in
Oregon; see Skalski et al. (1983). In this case a sample of n; = 87 rabbits were
captured and had their tails and back legs dyed. A later sample resulted in
ng = 14 captured animals, my = 7 of which were marked. This allows us to
form the Lincoln-Petersen estimate of the number of animals present in the
area.

In the two-sample study leading to the Lincoln-Petersen estimate, we sup-
pose that the two samples are taken sufficiently close together in time that
there is no movement of animals in or out of the region sampled, and that there
is no mortality or birth. This is what is regarded as a closed population, and
of interest is the unknown size, N, of that population. Let p1(p2) denote the
probability of an animal being captured at the first (second) sample. Making
appropriate assumptions of independence then allows us to derive the likeli-
hood for this two-sample situation, which we denote L(N,p1,p2|ni,na, ms),
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and is given by,
N!
(N — r)lmal(ny — ma)l(ng — ma)!
X {p1(1 = p2)}™ "2 { (1 = pr)po}2
<{(1=p1)(L = p2)}¥77,

where 7 = ny + ng — maq. It is intuitively sensible to estimate N by equating
the two sample proportions of marked animals, namely:

)777.2

L(Nap17p2|n17n27m2) (plpz

ni ma

N 7”&27

and this can be shown to be approximately the mazimum-likelihood estimate
of N; see Exercise 2.1. In fact the properties of this estimator of N can be im-
proved by means of slight modifications, resulting in the Chapman estimator,
which is given by
N (n1+1)(n2+1)
mo + 1
Applying this simple formula to the rabbit data results in:

N =164 (35.82).

— 1.

The number in parentheses after the estimate above is the estimated standard
error of the estimator, and we discuss in general how this may be calculated,
and how it can be used, in Chapter 3. In this simple example, the likelihood has
what is called a multinomial form, and later in the chapter we shall encounter
several other likelihoods that are also based on multinomial distributions; see
Appendix A.

Interesting historical information regarding the Lincoln-Petersen estimate
is given by Goudie and Goudie (2007). There has been statistical research
in this general area for many years, with an early application to estimating
the population of France undertaken by Laplace (1786). In that case the sub-
stitute for the marking of individuals was the occurrence of individuals on
a birth register. The register of births for the whole country corresponds to
the marked individuals ny, a number of parishes of known total population
size corresponds to ng, and mo was the number of births recorded there. The
simple scheme of two sampling occasions described here can be extended to
several sampling occasions, which is then known as the Schnabel census.

Example 2.3. Schnabel Census Data

Examples of real data resulting from the Schnabel census are given in lable
2.1, where f; denotes the number of animals that are caught j times. The first
two examples involve wild animals, the third involves groups of golf tees, and
the last involves taxi-cabs in Edinburgh. The sources of the data are as follows:
Meadow voles, Microtus pennsylvanicus, Pollock et al. (1990); Snowshoe hares,
Lepus americanus, collected by Burnham and Cushwa, and recorded in Otis
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Table 2.1 Four Examples of Real Data Resulting from the Schnabel Census

i fo fs fa fs fo fr fs fo fio

Hares 25 22 13 5 1 2 - - - -
Voles 18 15 8 6 5 - - - - -
Golf tees 46 28 21 13 23 14 6 11 - -
Taxi-cab 142 81 49 7 3 1 0 0 O 0

Note: The taxi-cab study had 10 sampling occasions, the hare study had 6
sampling occasions, etc.

et al. (1978, p. 36); golf tees, Borchers et al. (2002); and taxi-cabs, Carothers
(1973).

O
Given a set of real data from a Schnabel census, we can fit a range of
alternative models, using the method of maximum likelihood, and then choose
between these models in some standard way. This might be done in terms
of comparing maximised likelihoods or appropriate information criteria, for
example, and we shall see illustrations of this in Chapter 3. The first step
therefore is to construct a likelihood, and we illustrate this for the simple
homogeneous case, in which there is a constant probability of recapture p,
which is assumed not to vary over animals, or time, or in any other fashion.
When we have t sampling occasions, then if we assume independence between
those occasions, the probability that any animal is caught j times is given by
the simple binomial probability:

G)p’(l -p)'.

For distributional information see Appendix A. When a random experiment
has two outcomes, and it is repeated independently several times, then the
total number of occurrences of one of those outcomes is said to have the bino-
mial distribution. The multinomial distribution has already been encountered
in Section 2.2.4 and results when we have more than two outcomes; it is en-
countered frequently in ecology, as we shall see later. In order to estimate p,
we can condition on the fact that we are modelling just those animals that
have been counted. This, together with assuming independence of animals,
results in the following expression for the conditional likelihood:

t (i (1 —p)t—i17
L(plf):H[({Ji]g_((l—_}z)t}l : (2.1)

j=1
The denominator in each of the terms in the likelihood expression of Equa-
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tion (2.1) is the sum of the probabilities in the numerators, and is the probabil-
ity of being caught on one of the ¢ sampling occasions. Of course, we normally
collect data from the Schnabel census in order to estimate the unknown popu-
lation size, N. In order to include N in the expression for the likelihood, then
we use the following likelihood:

L(N,plf) = (]DV> f[ { G)pj(l —p)”}fj :

Jj=0

were D = 22:1 fj. See for example Morgan and Ridout (2008).

We can see that this likelihood expression involves the binomial distribution,
encountered above, as it provides the probability of j captures out of ¢ oc-
casions. We continue discussion of the Schnabel census in Example 3.3. A
Bayesian approach to estimating population size is presented in Chapter 11.

2.2.5 Transect Data

Transect sampling is a way of estimating the density of an animal population
by walking a transect line, and recording the locations of individuals from the
population seen from that line. Care must be taken that the transect line is
randomly oriented with regard to the area surveyed. For example, observations
taken from a car travelling along a fenced road could easily produce biased
estimates if one was surveying birds which used the fence for song posts. As
with much modelling in population ecology, it is necessary to make a range of
assumptions, and conclusions can depend crucially on the assumptions made.
We would expect it to be easier to detect animals close to the line than animals
far from the line, and density estimates can result based on a function which
reflects this drop-off in detection with distance. However, estimates of density
are sensitive to the assumptions made regarding the form of this function,
and so more recently methods have been devised which do not make strong
assumptions about the shape of the detection function. General theory is
given by Buckland et al. (2001), and a Bayesian approach is provided by
Karunamuni and Quinn (1995). We provide a Bayesian analysis in Section
11.5.

2.3 Modelling Survival

One of the most important aspects of demography is the estimation of survival.
In human demography, statistical methods deal with times to death, which
are sometimes censored, but usually known accurately. In dealing with marked
wild animals, there are certainly data on times of death, following the discovery
and reporting of a dead animal. However, there is typically far less precision,
compared with the human case. Wild animals experience a natural yearly
life cycle, and survival is often reported as annual survival, corresponding to
whether or not an animal survived a particular year. In some studies, there is
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no direct observation of death, as is true for instance of the dipper study of
Example 1.1.

2.3.1 Ring-Recovery Data

Ring-recovery data can result from studies on any spatial scale. The example
of Table 2.2, taken from Catchpole et al. (1999), is an illustrative subset of a
much larger data set resulting from a national study of lapwings, the subject
of Example 1.3.

Table 2.2 Recovery Data for British Lapwings Ringed Shortly after Birth during
the Years 1963-1973

Year of Number Year of Recovery — 1900+

Ringing Ringed 64 65 66 67 68 69 70 71 72 73 74
1963 1147 B3 4 1 2 1 0 0 1 0 0 0
1964 1285 66 4 3 0 1 1 0 0 0 O
1965 1106 m 1 1 1 o 2 1 1 1
1966 1615 o 4 2 1 1 1 0 0
1967 1618 1 1 5 0 0 0 1
1968 2120 9 5 4 0 2 2
1969 2003 1 9 4 3 1
1970 1963 8 4 2 0
1971 2463 4 1 1
1972 3092 8 2
1973 3442 16

Note: Ringing took place before 1st May in each year. Data provided by the
British Trust for Ornithology.

Thus, for example, in the first year of this study, 1963, a total of 1147 lap-
wings were ringed in Britain and released. Of these birds, 14 died in their first
year of life, were found and reported as dead to the British Trust for Ornithol-
ogy; 4 birds survived their first year of life, but died and were reported as dead
in their second year of life, and so on. If we assume independence of birds both
in and between years, then the appropriate probability distribution to describe
how the dead birds are distributed over the years, from any one cohort, is the
multinomial distribution, the generalisation of the binomial distribution to the
case of more than two outcomes, and already encountered in the likelihood
for the Lincoln—Petersen procedure of Section 2.2.4. The binomial distribution
has n individuals distributed over two outcomes with probabilities p and 1 —p,
and it is generalised by the multinomial distribution in which n individuals are
distributed over k > 2 outcomes, with probabilities {6;}, constrained so that

Z?:l 0; =1 (see also Appendix A.1.8). Of course what we want to do is to
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estimate probabilities, ¢, of annual survival from ring-recovery data, and this
involves writing the 6; in terms of annual survival probabilities, which means
that we also have to introduce probabilities of dead animals being found and
reported dead. We use A to model these recovery probabilities. There are many
different ways of making this reparameterisation, each resulting in a different
model. A striking feature of Table 2.2 is the relatively large numbers of birds
that are found and reported dead in their first year of life. It is a common
finding that for wild animals there is appreciable mortality in the first year
of life, and so one would certainly want to include in a model for the data of
Table 2.2, and for similar data, some form of age dependence in the survival
probabilities. The simplest way of doing this is to have a survival probability
¢1 for animals in their first year of life, and an annual survival probability ¢,
for all older animals. For such a model, if we have a constant recovery proba-
bility A, the multinomial probabilities for the case with four years of recovery,
for any cohort are:

(l_d)l)/\v Qsl(l_d)a))‘v (blqsa(l_(ba))‘a ¢1¢2(1_¢a)/\7 1_(1_¢1¢2))"

The expression 1 — (1 — ¢1¢3)\ is the probability that an animal is not found
dead after the end of the study; such animals are either alive or dead and
not reported. This term can be calculated by noting that the sum of the
multinomial probabilities must sum to unity. Thus, we calculate the final term
as one minus the sum of the other terms.

If there are T'— 1 years of recovery and m; animals reported dead in the
t'" year of the study, then the likelihood corresponding to a single cohort of
marked animals of size R will be given by

T—1
L(¢1, 00, Alm) o {(1—¢)A}™ | [[ {1077 (1 = ga)A}™

x {1 = (1 = gl 2N}, (2.2)

where we let mpr = R — EtT;ll my and denote the data by m. The missing
constant of proportionality does not involve the model parameters, and so
is omitted for simplicity. For each cohort we form a separate multinomial
likelihood, of the form of Equation (2.2), and then the likelihood for the entire
recovery table is simply the product of the multinomial likelihoods for each of
the cohorts.

More generally, and an example of the likelihood for an entire recovery
table, suppose that we consider ring-recovery data, where there are releases
in years 1,...,7 — 1 and recoveries in years 2,...,T and we assume that
the survival and recovery probabilities are both time dependent. We let ¢y
denote the probability an animal alive at time ¢ survives until time t + 1
and ) the probability that an individual that dies in the interval (¢ — 1,

is recovered at time ¢. The model parameters are then ¢ = {¢1,...,¢r_1}
and A = {Ag,..., Ar}. We let R; denote the number of animals released at
time ¢ = 1,...,7 —1 and m;; the number of animals that are released in
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year ¢ and recovered dead in the interval (j,j + 1], for i = 1,...,7 — 1 and
j=1,...,T — 1. The corresponding likelihood is given by,

T-1 (T-1 j—1 Mg
L, Alm) « ][] H[(l—dy)mlﬂml xi o, (23)

i=1 Jj=t k=i

where we use the convention that if the upper limit of a product is less than the
lower limit, the product is equal to unity. The term y; denotes the probability
that an individual released at time ¢ is not observed again in the study and
mir = R; — Z;:ll m;,;, the corresponding number of individuals released at
time ¢ and not observed again. The probability y; can be calculated using
the sum to unity constraint of the multinomial probabilities, so that it can be
expressed in the form,

T-1

j—1
Xi=1=>" [(1 =N [ ¢k‘| :
k=i

j=i

This product multinomial likelihood for ring-recovery data is maximised
to produce the maximum-likelihood estimates of the model parameters. Typ-
ically, though not always, this involves numerical optimisation of the log-
likelihood, which we cover in detail in Chapter 3.

2.3.2 Capture-Recapture Data

We have already encountered capture-recapture data in Table 1.1. As observed
earlier, a display of data in this form is often called an m-array. The form of
Table 1.1 is essentially the same as that of Table 2.2, and the modelling in this
case is basically the same as in the last section, involving a likelihood which
is a product of multinomial likelihoods, one from each cohort. In the case of
dippers, we are dealing with birds which are all adults, and so we may suppose
that they share the same common annual survival probability, ¢, ignoring in
this instance the possible effect of the flood year of 1983. With p denoting
the probability of recapture, then for a model with just these two parameters,
the multinomial probabilities corresponding to any cohort of marked birds for
just four years of recapture for a single cohort of marked animals are of the
form:
¢p7 ¢2(1 _p)p7 ¢3(1 _p)2p7 ¢4(1 _p)3p7 X

where y denotes the probability an individual is not observed again in the
study, following its release, and is given by,

4
x=1=Y ¢'p(1—p) "
t=1

The likelihood, L(¢,p|m) can then be formed and maximised to produce
the maximume-likelihood estimates, where we again use m to denote the data.
Numerical optimisation is needed, as in the application of the last section. For
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illustration, if we have just one cohort, of size R, of marked animals, released
at time t = 1 and there are m; recaptures at time ¢t + 1 = 2,..., T, then the
likelihood has the form,

T-1

L(¢,plm) o< [][¢'p(1 —p)* =™ x™, (2.4)
t=1

where mr = R — 232_11 my, and now x = 1 — ZtT:_ll ¢'p(1 — p)t=t. There is
again a missing constant term in Equation (2.4), which is once more omitted
for simplicity as it does not involve the model parameters.

More generally, suppose that there releases in years ¢ = 1,...,7 — 1, with
recaptures occurring at times j = 2,...,7. We let R; denote the number of
individuals released at time ¢ = 1,...,7 — 1 (i.e. this corresponds to the total
number of individuals released at this time, either captured for the first time
or subsequently those that are recaptured at this time). We assume that the
survival and recapture probabilities are time dependent, so that ¢; denotes
the probability that an individual alive in year t survives until year ¢ + 1, for
t=1,...,T—1 and p; denotes the recapture probability at time t =2,...,T.
The model parameters are ¢ = {¢1,...,¢7—1} and p = {pa,...,pr}. We let
m; ; denote the number of individuals released at time ¢ and next recaptured
at time j+1,fori=1,...,T—1and j =1,...,T—1. Note that, by definition,
m;; = 0 for j < 4. The corresponding likelihood can then be expressed in the
form,

T-1 (T-1 j—1 Mi,j
L(g.plm) < [T $ 1 [¢jpj+1 [T 1 —pk+1)] xi T (2.5)
i=1

j=i k=i

where x; denotes the probability an individual released at time ¢ is not ob-
served again in the study (either as a result of dying, or surviving to the end
of the study and not being observed), and m; r the corresponding number of
individuals. The y; term can once more we obtained using the sum to unity
constraints for the multinomial probabilities, given by,

T-1

-1
Xi=1->" [¢jpj+1 [Ie1 —pk+1)] :
k=i

j=i

When recapture and recovery data are presented, as in Tables 1.1 and 2.2
respectively, then it is usual to be given the cohort sizes, corresponding to
the numbers of marked animals released at each time (i.e. the R;, for i =
1,...,T —1). However, when we encounter computer code written in R and
WinBUGS, in Chapter 7 and Appendices B and C, then we shall see that
in those cases the cohort sizes are not given, but instead, and equivalently,
we are provided with the numbers of animals that are either not recovered
dead, or recaptured alive, during the periods of the studies. (i.e. the m; 1 for
i=1,...,T—1).
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2.3.3 Models for Life History Data

It would be a mistake to assume that the probability models for data arising
in population ecology are all simple binomials or multinomials, or products of
these. One elaboration which results in data which need a more complex model
arises when recovery and recapture data are recorded on the same individuals.

Example 2.4. Shags

In some cases records are made which potentially include both recovery and
recapture of the same individuals. An example of this is provided in Table 2.3,
corresponding to observations on shags, Phalacrocoraz aristotelis, observed by
Mike Harris on the Isle of May in Scotland. In this case the data take the
form of individual life-histories. A ‘1’ indicates that the corresponding bird
was captured or recaptured, a ‘2’ indicates when a bird was recovered dead
(after which the record for that bird only contains Os) and a ‘0’ denotes neither
a recovery or a recapture.

Table 2.3 Illustrations of Life-Histories for 5 Different Shags

Recapture Occasions

Cohort tl t2 tg t4 t5 t6

1 1 0 1 0 2 0
1 1 0 0 1 1
2 o 1 2 0 0 O
0o 1 0 0 1 O
0o 1. 0 0 0 O

Source: Reproduced with permission from Catchpole et al. (1998, p. 34) pub-
lished by the International Biometric Society.

Note: In the first cohort, both birds are marked at time ¢1, while in the second
cohort, the three birds are all marked at time t,.

O

Suppression of 1s (2s) in the life history (or capture-history) data results in
recovery (recapture) data alone. However, we want to use the combined data,
in order to estimate model parameters with the greatest precision. Let A be
the maximum age for an animal, and let the years of releases be denoted by
t=1,...,7—1 and years of recaptures by t = 2, ..., T, as in the last section.
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Then, for j=1,...,Aand t =1,...,T — 1, we define,

e ¢, — the annual survival probability for an animal in its j th year of life at
time t;

® pji1+41 — the capture probability of a live animal in its (j + 1) year of
life at time ¢ + 1; and

e \;; — the recovery probability of a dead animal in its j'* year of life in the
time interval [t,t + 1).

We use ¢, p and A to denote vectors/matrices containing all the survival,
recapture and recovery probabilities, as usual. It is shown by Catchpole et al.
(1998) that we can specify the likelihood in the form,

A T-1

Wi 42, w v
L. p.Am) oc TT TT {72 ™ 0yt eia (U= pasne) (1 = 6501 A 5% }

Jj=1 t=1
(2.6)
where the constant of proportionality does not involve the model parameters,
and so can be ignored. Here the term ; is the probability that an animal
observed at time ¢ in its j** year of life is not observed after this time, either
alive or dead, and it is given by the recursion,

ot =1 = (1= ¢50) At — &j[1 — (1 = pj1e+1)X5+1,41]5
with,
X;r =1, forall j=1,..., A

The likelihood is determined by four matrices constructed from the raw
data, and defined below, for j =1,..., A:

e w; — the number of animals that are recaptured at time t +1=2,...,7,
in their (j + 1) year of life;

e z;; — the number of animals that are not recaptured at time t+1=2,...,7T,
that would be in their (j 4+ 1) year of life at this time, but known to be
alive, since they are observed later in the study, either alive or dead;

e d;; — the number of animals recovered dead in the interval [¢,t+1), in their
jth year of life for t =1,..., T —1;

e v, — the number of animals that are observed for the last time at time
t=1,...,7 —1in their j'* year of life.

These matrices form a set of sufficient statistics, since they are all that
we need to retain from the data in order to evaluate the likelihood — it is
not necessary to retain all the individual life-histories, and this results in a
computational saving when the likelihood is formed. It is also attractive to see
how simple multinomial expressions for the likelihood, which arise when there
are only recovery or only recapture data, generalise to the case of integrated
data. The formulation given here is completely general, and allows a wide
range of complex models to be specified, making different assumptions about
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how various model parameters may vary with time as well as age. In fact, it was
used to produce the survival probability estimates in Figure 1.3 of Example
1.4 for Soay sheep, and will be encountered again later in the book. The
notation for life-histories given above can be generalised to describe animal
encounters are more than one site. Formulation of a likelihood in terms of
sufficient matrices extends to the case of multi-site models, which we consider
next.

2.4 Multi-Site, Multi-State and Movement Data

In Section 2.2.4 we defined a closed population as one in which there is no
birth, death, or migration. Of course many populations are open, as is true of
most of the examples of this chapter, and one way in which populations are
open is by experiencing migration. Estimates of survival probability obtained
from capture-recapture studies often do not estimate survival as such, but an
apparent survival, which is a product of probabilities of survival and fidelity to
the study area. A characteristic of the analysis of red deer capture-recapture
data by Catchpole et al. (2004) was that there it was possible to estimate the
probability of movement as well as survival. Global warming can result in frag-
mented habitat, resulting in a particular type of movement, with individuals
living and reproducing in a small number of colonies which occasionally ex-
change individuals. In this book we shall consider multi-site models, in which
individuals move between sites; recovery and recapture of marked animals
may take place at a number of different sites, and the resulting data may then
be used to estimate probabilities of movement of animals between the sites,
as well as probabilities of recovery, recapture and survival in each site. An ex-
ample of one such set of data, recording re-sightings at three different sites, is
presented in Table 2.4 for a population of Hector’s dolphins, Cephalorhynchus
hectori, around Banks Peninsula off the coast of Akaroa (near Christchurch)
on the Southern Island of New Zealand between 1985 and 1993.

An immediate consequence of multi-site models is a potential explosion in
the number of parameters to be estimated, because as well as the usual issues
of possibly incorporating time and age varying parameters, one has also to
consider whether parameters vary between sites, in addition to having pa-
rameters of movement between sites. However, whatever models one might
decide to fit and compare in the context of multi-site data, the classical ap-
proach is basically the same as when one has data from just the one site.
A particularly interesting aspect of the probability modelling of multi-site
data is how in effect scalar probabilities for single-site data are replaced by
matrices of probabilities in the multi-site generalisation, in what are called
Arnason-Schwarz models (Brownie et al. 1993, Schwarz et al. 1993).

One of the concerns of ecology is to study how wild animals regulate their
breeding. For example, as discussed in Exercise 1.5, for a relatively long-lived
animal, is it advantageous, in terms of overall fitness, to attempt to reproduce
each year, or should one skip years, taking a sabbatical from breeding, which
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Table 2.4 The Number of Hector’s Dolphins Observed and Then Re-sighted Off
Banks Peninsula, New Zealand Between 1985-1993

Number Number Re-sighted
Year Released 1986 1987 1988 1989 1990 1991 1992 1993
3 010 000 000 000 100 000 000 0OO
1985 0 000 000 000 000 OO0 000 000 o0OO
4 020 001 010 000 OO0 000 000 0OO
1 010 000 000 OO0 000 000 o0OO
1986 30 1201 100 000 00O 110 100 O0OO
5 220 000 000 OO0 000 000 0OO
9 050 010 000 200 000 O0OO
1987 34 0240 010 001 010 100 O0O0O
5 021 000 011 000 000 O0OO
5 000 010 000 000 010
1988 41 080 040 330 040 00O
2 010 000 000 000 O0OO
0 000 000 000 O0OO
1989 15 050 021 001 010
0 000 000 000 O0OO
1 000 000 000
1990 13 251 100 010
5 002 000 000
10 310 000
1991 12 123 100
9 007 001
12 111
1992 10 031
14 024

Source: Reprinted with permission from The Journal of Agricultural, Biologi-
cal, and Environmental Statistics. Copyright 1999 by the American Statistical
Association. All rights reserved. Published in Cameron et al. (1999, p. 129).

may substantially increase the chance of dying in a breeding year? Thus in
some studies it is important to be able to record whether or not an animal
is breeding that year. The theory of multi-site models also applies to multi-
state models, in which animals exist in one of several states, such as breeding
and non-breeding. King and Brooks (2003a) show how the general likelihood
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formulation for integrated recovery and recapture data, given in Equation
(2.6), extends naturally to the case of multiple sites. A Bayesian approach to
multi-site modelling is provided in Chapter 9.

2.5 Covariates and Large Data Sets; Senescence

We expect demographic parameters to vary with time, as well as with age.
Thus the potential number of models may be large. A convenient way to de-
scribe time variation can be to try to regress relevant parameters on time
varying covariates. Biologists often have measurements on a range of covari-
ates, at both the population level and individual level, but it is only relatively
recently that their incorporation into models has become feasible.

The use of covariates in mark-recapture-recovery studies dates from North
and Morgan (1979). In that paper the authors modelled the survival of grey
herons, with the annual survival probability of birds in their first year of life
(denoted by ¢) being a logistic function of the number of frost days in the
year (W) when the temperature in central England was below freezing: that
is,

logit ¢ = log {(¢/(1 — ¢)} = Bo + 51 W,
where By and [3; are parameters to be estimated from the data. Such regres-
sions are valuable, as they both suggest causes for mortality and reduce the
overall number of parameters in models, often resulting in more parsimonious
models being fitted to the data.

There are now many examples of the use of covariates in mark-recapture-
recovery work. For instance, Clobert and Lebreton (1985) provided a mark-
recapture application for starlings and Catchpole et al. (1999) modelled the
survival of Northern lapwings in terms of a range of different winter weather
measures; they also considered possible covariate dependence of both adult
survival probability and first-year survival probability, as well as the proba-
bility of reporting of a dead bird. A striking finding of the latter paper is the
decline of reporting probability of dead birds over time. Barry et al. (2003)
have included random effects by the simple addition of a random component to
the right-hand side of the above equation, and then used a Bayesian analysis;
this has already been mentioned in Example 1.3.

The only limits to the number and type of covariates to be included in
models lie in the imagination of the ecologist and the availability of data. A
popular covariate used in ecology is the North Atlantic Oscillation (NAO),
which is a measure of the pressure gradient between Stykkisholmur, Iceland
and Lisbon (Wilby et al. 1997, see www.met.rdg.ac.uk/cag/NAU). The av-
erage NAO over the winter months has been found to be a good measure of
overall winter severity, and is used, for example, by King and Brooks (2003a)
in their modelling of the survival of Soay sheep — see Example 1.4. Food avail-
ability can be an important determinant of survival, and recent declines in the
survival of British seabirds may be attributed to a corresponding decline in
customary foodstocks. This can have a consequent knock-on for conservation

© 2010 by Taylor and Francis Group, LLC


http://www.met.rdg.ac.uk
http://www.met.rdg.ac.uk

COVARIATES AND LARGE DATA SETS; SENESCENCE 31

if the birds in question then prey on other seabirds in order to survive. In some
cases it can be difficult to obtain appropriate measures of a desired covariate.
It may also be necessary to consider lagged covariates, if it is anticipated that
covariates might have a delayed effect. As a general rule, it is a good idea
to undertake a sensible preliminary selection of covariates before starting an
analysis.

Age may be an important covariate. Two prime examples result from long-
term studies of Soay sheep encountered earlier in Example 1.4 and red deer,
Cervus elaphus. Statistical analyses of mark-recapture-recovery data from
these studies are given in Catchpole et al. (2000) and Coulson et al. (2001),
for the sheep, and Catchpole et al. (2004) for the deer. In these papers the au-
thors proceed incrementally, by first of all determining appropriate age classes,
within which survival does not vary with age, with the exception of the old-
est class for the deer, when it was possible to model senescence explicitly as
a logistic function of age. To these age dependent models, the authors then
added covariates, taking each age class separately. The covariates in this case
were not just environmental, but also included population density, individual
covariates such as coat type, horn type, genetic covariates and birth weight.

In both of these applications the regressions are logistic, as was true also for
the original grey herons analysis. Different link functions could be considered,
and it is possible that if there were enough data, then there could be a prefer-
ence for using one link rather than another — see, for example, the discussion in
Morgan (1992, Chapter 4). While much of this work could be done in the com-
puter package MARK, which we discuss in Section 3.6.1, (White and Burnham
1999, see: www.cnr.colostate.edu/~ gwhite/), the authors used the MAT-
LAB programs developed by Ted Catchpole specifically for the purpose, and
available from http://condor.pems.adfa.edu.au/~s7301915/Emu/. The fol-
lowing example illustrates the results from two such analyses.

Example 2.5. Red Deer on Rum
Red deer studied on the Scottish island of Rum have detailed life history data,
dating from 1971. The age dependent survival probability graph in this case
is shown in Figure 2.3. Shown are results for both males and females, as well
as two fitted models. In one model there is a separate survival probability for
each age, whereas in the other model a particular structure, involving both
age groups and a logistic regression for senescence, is assumed. It is interesting
that although the two sexes were analysed separately, senescence appears to
occur at the same age for males and females. Males senesce faster than females.
The evidence for senescence is stronger for deer than for sheep, as deer live
longer overall. Once again, as was also true for Soay sheep in Example 1.4,
the highest age category includes all deer of that age and older.

After the introduction and selection of a range of covariates, a model for
female deer that includes age and covariate regressions is given below:

$1(P+ N+ B), ¢2, ¢3:8(R), ¢or(age+ N+ R) /v(P+Y) [ AD).
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Figure 2.3 Plot of estimated probability of annual survival for male (dashed line)
and female deer (solid line), as a function of age, plotted against age. Also shown
are estimates assuming a separate survival probability for each age for males (o) and
females (*) with associated one standard error above and below the point estimate
(on a logistic scale). Reprinted with permission from The Journal of Agricultural,
Biological, and Environmental Statistics. Copyright 2004 by the American Statistical
Association. All rights reserved. Published in Catchpole et al. (2004, p. 9).

This population is so well studied that, unusually, the recapture probability
p is unity, and so it does not feature in the model. The interpretation of
this model is that there is an annual survival probability, ¢;, for animals in
their first year of life, and this is logistically regressed on P, the population
size, and N, the average winter NAO index, as well as on birth weight B.
A separate, constant probability, ¢2, of annual survival applies to animals in
their second year of life. Animals aged 2 to 7 share the same annual survival
probability ¢s.5, which is logistically regressed on the binary covariate R,
denoting the breeding status of the hind. Animals aged at least 8 years have
an annual survival probability ¢94 which is a logistic function of the age
of the animal, NAO index, and reproductive status. In addition, the model
allows for an annual dispersal probability v, which is a logistic function of
the population density and a measure Y of the location of the animal. The
reporting probability of dead animals is a general time varying parameter,
A(t), which is not related to any covariates. The corresponding model for the
stags is similar, but differences include, for instance, an interaction between P
and N in the regression for ¢1, suggesting that a combination of poor weather
and high population density is especially life-threatening for animals in their
first year of life.

O

It is interesting to note that, for the Soay sheep and red deer data, it is
possible to include density dependence in addition to other types of covariate.
This has also been done by Jamieson and Brooks (2004b), who present a
Bayesian analysis of North American census data on 10 species of ducks.
They show that in those cases inclusion of national counts of the numbers of
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May ponds in their state-space modelling improves the estimation of density
dependence effects.

The integrated modelling of Besbeas et al. (2002), described in Section 2.6,
demonstrates how combining information from different studies may increase
the significance of covariates in logistic regressions.

2.6 Combining Information

Biologists often have multiple sources of information about a species that ini-
tially may appear to be rather separate, but that can be combined to provide
more precise estimators of survival. For example, sometimes time series of
population size estimates exist along with resighting histories.

An appealing way to combine information is through the Bayesian para-
digm, discussed in Chapter 4. An example is provided by Thomas et al. (2005),
who analyse data on the annual census of grey seal, Halichoerus grypus, pups
in Scotland. Another obvious way to combine information is through the use
of suitable covariates, as described in Section 2.5. This is made easier by the
publication of relevant data sets on the World Wide Web.

2.6.1 Same Animals, but Different Data

As well as combining information from different studies, one may be able to
perform integrated analyses of mark-recapture-recovery-resighting data mea-
sured on the same animals, and relevant work is given by Burnham (1993),
Barker (1997) and Barker (1999). Catchpole et al. (1998) analysed integrated
mark-recapture-recovery data to produce a general likelihood which demon-
strated the existence of sufficient data matrices, containing all the information
needed for modelling and analysis, and the result has already been seen ear-
lier, in Equation (2.4). They also considered the effects of analysing different
subsets of the data separately, and Table 2.5 presents their results for an il-
lustrative analysis of the survival of shags. We can see from this table that,
in this example, the recapture data are more informative than the recovery
data for the estimation of the adult annual survival probability ¢,, for which
the data from ringing adults are also more informative than the data from
marking the pulli (a term used to denote nestlings) alone. However, we note
that we need to mark the pulli (i.e. birds in their first year of life) in order to
estimate the juvenile survival probability ¢imm-

2.6.2 Different Animals and Different Data: State-Space Models

Many countries undertake regular national censuses of wild animals, with-
out considering how the resulting information might be analysed to estimate
survival. Additionally, much national effort is devoted to investigating produc-
tivity. For birds, for example, there is a range of methods available; see the
papers by Pollock and Cornelius (1988), Heisey and Nordheim (1990), Heisey
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Table 2.5 Parameter Estimates for the Shag Data Set
Recaptures Recoveries Recaptures
Parameter (live) (dead) and Recoveries

Pulli Dimm 0.602 (0.026) 0.769 (0.087)  0.712 (0.026)
®a 0.873 (0.034) 0.866 (0.093)  0.879 (0.020)

Adults ba 0.838 (0.017) 0.916 (0.092)  0.843 (0.016)
Pulli and ®imm 0.661 (0.196) 0.822 (0.042)  0.698 (0.021)
adults ba 0.864 (0.014) 0.918 (0.024)  0.866 (0.012)

Source: Reproduced with permission from Catchpole et al. (1998, p. 41) pub-
lished by the International Biometric Society.

Note: The table provides maximum-likelihood estimates, with estimated as-
ymptotic standard errors in parentheses, of annual survival probabilities ¢imm,
for the 2nd and 3rd years of life, and ¢,, from the 4th year onwards. The
columns show estimates from the live recaptures only, from the dead recover-
ies only, and from both. The rows show data from birds ringed as pulli only
(ringed as young birds after hatching), from birds ringed as adults only, and
from both.

and Nordheim (1995) and Aebischer (1999). Various authors have shown how
one can model census data, using state-space models based on Leslie matrices
which include parameters for productivity as well as survival (for example
Millar and Meyer 2000; Newman 1998; Besbeas et al. 2003). An illustration
is given below from this last paper.

A state-space model comprises two stochastic equations, a transition equa-
tion, relating the evolution of the underlying process from time ¢ — 1 to time
t, and a measurement equation, relating what is measured to the underlying
process. A typical transition equation is

(o)~ ) (), ()

Na t (ba (ba Na t—1 €a +
where N7 and N, denote the numbers of one-year-old female birds and (adult)
female birds aged > 2 years, respectively. Similarly ¢; and ¢, denote the
annual survival probabilities of birds in their first year of life and of older
birds, respectively. The parameter p here denotes the annual productivity of

females per female, and the € terms are errors, with variances which are given
by suitable Poisson and binomial expressions. Thus Var(Ny ;) = Ngi—1p¢

2.7)
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and Var(Ng ;) = (N1t—1 + Nat—1)Pa (1 — ¢ ). We use binomial distributions
when we want to represent survival or death, and Poisson distributions in
order to represent birth. In both of these cases we assume that there is no
overdispersion, though the model could be made more complex by the addition
of overdispersion in either or both of these instances. We assume no sex effect
on survival and that breeding starts at age 2. The matrix above is an example
of a Leslie matrix. If we observe (with error) only the number of adults, then
the measurement equation is,

Ny
=0 1)x ’ + 7.
Yt ( ) < Na,t ) Tt

One possibility is to assume that the observation error 7; is normally distrib-
uted, with zero mean and constant variance.

It is often the case in practice that the binomial and Poisson distributions
of the state-space model can be well approximated by normal distributions. If
normal approximations are made to the binomial and Poisson distributions,
then conveniently the Kalman filter can be used to provide a likelihood. This
likelihood is parameter redundant, due to the fact that the parameters p
and ¢, only occur together, as a product, and Besbeas et al. (2003) combine
the likelihood with a corresponding likelihood for ring-recovery data in order
to provide an integrated analysis in which productivity can be estimated.
This work has recently been extended to include models for productivity. In
a combined analysis, it is assumed that different component data sets are
independent, so that likelihoods may be multiplied together. We provide a
Bayesian analysis of state-space data in Chapter 10.

2.7 Modelling Productivity

The annual productivity of wild animals is generally more easily estimated
than either survival or movement. For mammals, for example, one can count
numbers of young born in the spring, and for birds one can observe clutch
sizes, the sizes of resulting broods that hatch and fledging rates. Many bird
species have characteristic clutch sizes that show little variation over time. For
example, Cory’s shearwaters, Calonectris diomedea, lay just one egg, whereas a
blue tit (Parus caeruleus) can have a clutch size as large as 17. However, there
can be complications. For example, account may need to be taken of animals
skipping breeding in certain years, depending on a variety of conditions; some
birds may have multiple broods, perhaps depending on the availability of
food, or the outcome of earlier broods in the same season; certain animals
may sometimes have twinned offspring. An illustration of an interesting data
set on productivity is the one obtained by J. D. Nichols and colleagues, and
modelled in Pollock and Cornelius (1988).
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Example 2.6. Mourning Dove

In this case the target species is the mourning dove, Zenaida macroura, stud-
ied in Maryland. The mourning dove is similar in appearance to the extinct
Passenger Pigeon, but smaller. In a particular area, 59 nests were located,
each containing either 1 or 2 eggs. Future observation of these nests revealed
that 25 of the nests were successful in producing nestlings; 11 corresponded
to nests first located no more than 8 days after the eggs were laid; 8 were
found when the eggs were 9 to 16 days old, and 6 were found when at least 17
days old. The remaining 34 nests failed, and did not produce any nestlings; 16
failed within 8 days of discovery, 9 failed within 9 to 16 days after discovery,
and 9 after the 16! day. Typically, nests are not located until after incubation
of the eggs has started, so that the located nests are of unknown “age.” How-
ever, a useful feature is that the combined egg incubation and fledging time
is essentially constant for mourning doves. Thus, for a nest that succeeds, one
can work back from the time of success in order to gauge the time of initiation,
whereas for failed nests, times of initiation are unknown.

O

2.8 Parameter Redundancy

In Section 2.3.1 we saw that probability models in ecology can involve a trans-
formation from a set of well-defined parameters, such as multinomial proba-
bilities {6;}, to a derived set involving parameters of interest. When we build
models involving such parameters of interest, such as age and time varying
survival probabilities, then we might be guided by ecological considerations
(such as the timing of features such as a flood, or the fact of high mortality
in the early years of life), and possibly include too many parameters in the
model. A simple example of this could occur with recapture data, when it
might not be possible to estimate separately probabilities of survival and site
fidelity, as discussed in Section 2.4. There is nothing to stop us forming like-
lihoods that contain more parameters than can be estimated from data, but
the likelihoods will be flat, and will not have a single point in the parameter
space that will uniquely maximise the likelihood. As we saw in Section 2.6.2,
and as we shall see also below, there are very simple examples when it can
be spotted immediately, from looking at the multinomial probabilities, that it
is not possible to estimate all of the model probabilities. However, there are
many cases when it is not clear whether one can or cannot estimate all the
parameters of a model. Also, even if one can estimate all model parameters
in principle, in practice missing data, such as a zero in an m-array, can mean
that in practice not all parameters can be estimated for that particular data
set. As we shall discuss in Chapter 3, in classical model selection, information
criteria, are often used to select the best classical model for a data set, and in
order to construct information criteria we need to know how many parameters
have been estimated from a data set. We start with a simple example.
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Example 2.7. The Cormack-Jolly-Seber Model

The Cormack-Jolly-Seber model (hereafter denoted CJS) extends the model
for capture-recapture data in Section 2.3.2, by allowing both survival and
recapture probabilities to vary with time. There is no age variation of para-
meters in this model, and it might therefore be useful for situations in which
animals have been marked as adults of unknown age. In practice, one might
well consider such time variation to be potentially important, and worth in-
vestigating, and indeed the CJS model is an important tool in the armoury of
the statistical ecologist. The multinomial probabilities for a study involving 3
years of marking and 3 years of recovery are shown in Table 2.6(a); for each
row we omit the final multinomial probability, which corresponds to the an-
imals that are not recaptured during the study. We now adopt the notation
that ¢; is the probability that an animal survives from occasion i to occa-
sion i 4+ 1, and p; is the probability that an animal is recaptured, if alive, on
occasion 1.

Table 2.6 Multinomial Cell Probabilities for (a) Cormack-Jolly-Seber Model for
Capture-Recapture Data and (b) Cormack-Seber Model for Capture-Recovery Data

(a)

Recapture Occasion

Release Occasion 2 3 4
1 ¢1p2 G1(1 —p2)daps  d1(1 —p2)d2(l — p3)dspa
2 ¢2p3 $2(1 — p3)¢3pa
3 3P4

(b)

Year of Recovery

Year of Birth 1-2 2-3 34
1 (I =01)A  d1(1—gd2)A  P12(1 — P3)A
2 (1—9¢1)A o1(1 — ¢2)A
3 (1—01)A

We can see immediately that the multinomial probabilities (and hence the
likelihood - equivalent to that given in Equation 2.5) can be represented by
a parameter set that is smaller by one than the original parameter set, since
the parameters ¢3 and py occur only as the product ¢sps, and so they can
be replaced by a single parameter 0§ = ¢3p4, say. The likelihood can now
be maximised to obtain unique maximum-likelihood estimates of members
of the new parameter set (including 3). What we have observed and done
here is not a feature of there having been 3 years of release and recapture.
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Exactly the same result applies if the number of years of study increases to
k > 3, but does so for both release and recapture simultaneously. It would have
been desirable to have estimated the parameters ¢y and pgi1, but without
additional information we cannot. It is, however, useful to be able to estimate
all of the other parameters in the original parameter set. What makes this an
interesting area for study, which also has repercussions for Bayesian analysis,
is that slight changes to the experimental paradigm can change the picture.
For example, if there were only 2 years of release but still 3 years of recaptures,
so that the multinomial probabilities comprise just the first two rows of Table
2.6(a , how many parameters can we now estimate in principle?

O
The paper by Catchpole and Morgan (1997) introduced the idea of para-
meter redundancy: a model based on a parameter vector 6 of dimension p is
said to be parameter redundant, with deficiency d, if it can be reparameterised
in terms of a vector of dimension p — d. Another simple, but subtler, example
of parameter redundancy occurs in the Cormack-Seber model, which was de-
veloped independently by Cormack (1970) and Seber (1971) for ring-recovery
data.

Example 2.8. Cormack-Seber Model

In this model there is a constant reporting probability A, and fully age de-
pendent survival probabilities, with ¢; now being the probability of surviving
from age i — 1 to age i. Unlike the CJS model, there is no time variation in this
model, just age variation in survival. If the animals were ringed when young,
shortly after birth, then that could motivate the use of this model, because
of the need for at least some age variation in the set of survival probabilities.
If there are 3 years of release of marked animals, and 3 subsequent years of
recovery, then the probabilities of recovery in year j, given release on occasion
i, are given by the (4, )" entry of Table 2.6(b). As with the illustration of the
CJS model probabilities, we do not present the probabilities corresponding to
animals that have not been recovered dead during the study.

This model has 4 parameters; however, we cannot estimate them all because
if we look carefully at the multinomial probabilities, then we can see that
the data can be rewritten in terms of the new parameters 51 = (1 — ¢1)A,
B2 = ¢1(1 — ¢2) A, and fs = p1¢02(1 — ¢3)A. Thus the deficiency is 1. As with
the CJS model when the number of years of release equals the number of years
of study, the deficiency remains 1 for a k-year study, for any k > 3, as is easily
checked. However, a clear difference, compared with the CJS model, is that

now none of the original parameters are estimable.
O

For a given model we need to answer the questions: how many estimable
parameters are there, and which of the parameters can we estimate? Catch-
pole and Morgan (1997) developed a technique for answering these questions,
and we illustrate their method by considering again the CJS model compris-
ing the first two rows of Table 2.6(a). A slightly modified version of their
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technique requires the calculation of a derivative matrix D, with (i, )" entry
0;01og /00, where 0; is the i'" parameter and p; is the j** overall multino-
mial cell probability, both of which can be taken in any order. When there are
no missing data, or no cells with zero entries, it is not necessary to include
in the differentiation multinomial cell probabilities corresponding to missing
birds, that have not been recaptured during the study; see Catchpole and

Morgan (1997). Here we have 8 = (¢1, ¢2, ¢3, p2, p3, p4) and
= {p1p2, d1(1 — p2)daps, ¢1(1 — p2)do(l — p3)d3pa, dap3, d2(1 — p3)Pspa} -

Thus, we obtain,

1 1 1 0 O

0 1 1 1 1

0 0 1 0 1
D= * *

I —p3 —p5 0 0

0 1 -—p5 1 —pj

0 O 1 0 1

where we denote p* = p/(1 — p) for any probability p. A computer algebra
package such as Maple or Mathematica may be used both for the above dif-
ferentiation and for each of the following steps. (For examples of Maple code
see Catchpole et al. (2002); www.ma.adfa.edu.au/ eac/Redundancy/Maple/ and
ftp:/ /ftp.ceef.cnrs-mop.fr/biom/PRM). Next we find the symbolic row rank
(that is the number of independent rows) of D. The result is 4, two less
than the number of rows, and so the deficiency is now 2. (We can see this
from inspection of D: the 3rd and last rows are identical, and we can obtain
the 2nd row by suitably combining rows 5 and 6.) Thus leaving off the last
year of release has resulted in the deficiency increasing from 1 to 2.

To find out which parameters are estimable, Catchpole et al. (1998) show
that it is sufficient to solve the equation a” D = 0. The solution is

a=a (07 _(1 _p3)v L0, _(]- _p3)’0) + b(oa _(1 _p3)70707 _(]- _p3)’ 1)

where a and b are arbitrary. According to the theory in Catchpole et al.
(2002), since a has zero entries only in the first and fourth positions, then
the only estimable parameters, from amongst the original set, are the first
and fourth, corresponding to the order in which the differentiation took place
in forming D. Thus we can only estimate the original parameters ¢; and
p2. The full set of estimable quantities can be found by solving a system of
differential equations (see Catchpole et al. 1998 and Gimenez et al. 2003);
Maple code can be obtained for solving these equations can be downloaded
from ftp://ftp.ceef.cnrs-mop.fr/biom/PRM), although in this particular case
it is easy in this example to see by inspection that the other two estimable
quantities are 41 = ¢apz and B2 = ¢2(1 — p3)dspa.

The work of this section deals exclusively with classical maximum-likelihood
estimation; however, it is will be important also for Bayesian analysis, as we
shall see in later chapters.
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2.9 Summary

Ecological data are collected in a wide variety of ways. Censusing methods
provide information on population trends, often without any physical inter-
action with the animals concerned. By contrast, information on the survival
of wild animals is often obtained through observations of previously marked
individuals, making the assumption that the marking does not interfere with
behaviour. A substantial body of statistical methodology has been developed
over the past 100 years for analysing data collected on marked animals. A rel-
atively modern development extends existing methods to cope with animals
that may move between different states and sites. Also of current interest
is the combination of data from different sources. It is possible to estimate
population sizes as well as survival, although population size estimation is not
robust with respect to violations of assumptions made in the modelling. Likeli-
hood formation is fundamental to inference in both the classical and Bayesian
frameworks. As models become more complex and realistic it is important to
be able to check that likelihood surfaces do not possess flat regions, such as
ridges, which is the result of parameter redundancy. This can be done using
symbolic algebra.

2.10 Further Reading

With regard to data collection, we can distinguish among national surveys,
which rely on the work of large numbers of volunteers, and small-scale sci-
entific studies of communities which are not widely distributed, by dedicated
observers. An example of a small-scale scientific study is to be found in Catch-
pole et al. (2001), who analysed mark-recapture-recovery data on abalone,
Haliotis rubra, and modelled survival as a function of size, estimated from a
fitted growth curve. They also extended the standard ring-recovery method-
ology to allow for the possibility that the shells from dead animals might be
recovered substantially later than the time of death.

Regarding the estimation of survival, analogies can be drawn with life-
table analysis and other methods that are used in the analysis of human
populations; for example, see Cox and Oakes (1984). What is different about
modelling the survival of wild animals, as compared with modelling survival
in human populations, is the difficulty of keeping track of marked animals in
the wild. Even with Soay sheep, for example, involving the detailed study of
a relatively small population in a restricted area, it is still difficult to account
for all deaths, and possible to miss seeing live animals. Radio-tracking data
can correspond closely to human life-time data, as long as batteries do not fail
and have reasonably long life times. Cost is a limiting factor in radio-tracking
work, and there remains the possibility that radio-marking can interfere with
the behaviour of wild animals, and then bias estimation of their demographic
rates. Because the life styles of wild animals are closely regulated by the
seasons of the year, it is natural to consider annual measures of survival,
productivity and movement, though in some cases data are available to allow
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modelling on a finer time scale. The long-term behaviour of some wild animals
is determined by attempts to optimise lifetime productivity. For example, in
terms of optimising life-time breeding success it may be advantageous for
animals to skip breeding in some years, rather than breed every year. We
shall not consider detailed models for such processes, but we will refer to
these features when appropriate.

Likelihoods may be more complex than those considered in this chapter. See
for example Morgan (2008) and the references therein. The work of Besbeas
et al. (2003) demonstrated how one can use multivariate normal approxima-
tions in order to form combined likelihoods. This can greatly simplify the
combination different sources of information, and provides a simple prescrip-
tion for the reporting of model-fitting, in order that results might, in the
future, be readily included in such an integrated modelling exercise. The work
of Brooks et al. (2004) has provided a flexible Bayesian analysis for combined
data, and demonstrated the robustness of the normal approximation approach
to the presence of small counts. Besbeas et al. (2005) have used the combined
modelling technique to investigate the effects of habitat on productivity for
Northern lapwings.

The paper by Brownie et al. (1985) showed that the parameters of models
for recoveries with age dependence in both survival and reporting probabili-
ties were estimable only if both young and adults were marked and released.
Mixing recoveries and recaptures of animals marked as young is one way to
achieve appropriate data in this instance, since the release after live recapture
of birds after their first year will correspond to data from birds marked as
adults. Note also that in similar vein, Freeman et al. (1992) investigated the
combination of ring-recovery data with information on survival obtained from
radio-marking in order to obtain estimable parameters. With regard to hetero-
geneity of recapture probability, Figure 6.4, on p. 115 of Borchers et al. (2002)
provides a graphical demonstration of negative bias due to heterogeneity.

Questions of parameter redundancy first appeared in linear models, in the
context of confounding; see for example Fisher (1935) and Yates (1937); in
factor analysis, see for example Thurstone (1947); and in structural relations,
see for example Reiersgl (1950). The first general treatment was by Rothen-
berg (1971). Other applications occur in compartment models (Bellman and
Astrom 1970), contingency tables (Goodman 1974) and Bayesian networks
(Geiger et al. 1996). A natural question to ask is whether one can extend
parameter redundancy results, such as those for the CJS model, to larger
studies with more years of data? Catchpole and Morgan (1997) and Catch-
pole and Morgan (2001) provide a simple method for extending results from
small-scale examples to arbitrarily large studies. This permits general results
to be found for classes of models. See also Catchpole et al. (1996), who prove
general theorems.

We have dealt above exclusively with parameter redundancy for classical
maximum-likelihood estimation. Bayesian analyses are usually concerned with
posterior means rather than modes and unique parameter estimates are ob-
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tained even for parameter-redundant models (see Carlin and Louis 1996, p.
203 and Brooks et al. 2000b), though prior sensitivity is often a problem in
such cases. Carlin and Louis (1996) also warn that in such cases there are
often high correlations between the parameters, which cause univariate mar-
ginal posterior summaries to be misleading. We return to a discussion of such
issues in Chapters 5 and 6. As explained above, model deficiency can also be
estimated numerically, for any given model/data combination, by evaluating
the eigenvalues of an appropriate matrix evaluated at the maximum-likelihood
estimate. This method is used in, for example, program MARK. One prob-
lem with this method is determining when an eigenvalue that is almost zero
should be counted as zero. See Viallefont et al. (1998) for more details. The
computer package M-SURGE uses the Catchpole-Morgan method, calculating
the derivative matrix D numerically, in several points in a neighbourhood of
the maximum-likelihood estimate. This has been found to work much better
than using the Hessian. Other methods are discussed in Gimenez et al. (2004).

2.11 Exercises

2.1 In the notation of Section 2.2.4, show that the maximum-likelihood estimate
of the number of animals in a region, N, is given approximately by: N =
"Tln—’;?.

2.2 The data of Table 2.7 are simulated Schnabel census data. For the simulated

data of Table 2.7(a), we obtain the maximum-likelihood estimate, p =
0.28. For the simulated data of Table 2.7(b), we get p = 0.31. Discuss
whether you think that these are sensible estimates. For case (b), we can
fit a mixture model in which p = ap; + (1 —a)pas, to correspond to the data-
generating mechanism. In this case the likelihood becomes a function of the
three parameters, o, p; and ps). When we maximise this three-parameter
likelihood, then we get the maximum-likelihood estimates, p; = 0.09, ps =
0.40, and & = 0.45. Discuss these results.
For the data in Table 2.7(b), if one uses a simple binomial model, then
the maximum-likelihood estimate of N is given by N = 102 (96.9, 109.9),
while for the model which is a mixture of two binomial distributions, the
estimate of N is N = 132 (101.3, 62139). The values in parentheses after
each of these estimates in this case correspond to 95% profile likelihood
confidence intervals for V; see Section 3.5. Discuss these results.

2.3 Extend the single-cohort likelihoods of Equations (2.2) and (2.4) to the case
of the release of several cohorts of marked animals, one for each of several
years.

2.4 Given in Table 2.8 are a subset of grey heron ring-recovery data for the
years 1975 through 1985, supplied by the British Trust for Ornithology. If
the data are described by a model with the three parameters, ¢1, ¢4, A, by
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Table 2.7 Two Sets of Simulated Schnabel Census Data

(a)

Occasion 1 2 3 4 5 6 7

Caught 32 40 35 42 23 41 31
New 32 30 17 12 8 8 6
Recaptures 0 10 18 30 15 33 25
{fj} 36 39 24 12 2 0 O

Occasion 1 2 3 4 5 6 7

Caught 38 31 32 27 31 32 34
New 38 20 12 2 9 7 10
Recaptures 0 11 20 25 22 25 24
{f;} 34 21 23 10 5 2 O

Source: This table was published in Williams et al. (2002, pp. 308, 309),
copyright Elsevier.

Note: In case (a) the data are simulated under the assumption that all 120
animals in the population share the same capture probability of p = 0.3,
whereas in case (b), half of the animals have recapture probability p = 0.15,
and the other half have recapture probability p = 0.4. The first three rows
refer, in order, to the total number of animals caught at each occasion, the
animals that are caught for the first time at each occasion, and the animals
that are caught that have been caught before. The second and third row totals
clearly sum to give the first row. The last row gives the {f;}, corresponding
to the number of animals caught j times.

considering the geometric progression of cell probabilities with regard to
dq, working across rows, devise an estimate of ¢,.

The data of Table 2.9 give average central England temperatures (Centi-
grade) for December, January, February and March in each bird year (cor-
responding to April-March). Propose a way of regressing the model para-
meters on these 4 weather covariates.

2.5 The lizard, Lacerta vivipara, has been observed on one of three sites, de-

noted by the integers 1 through 3, for 6 time periods. Thus, in this instance,
there are only live recaptures (no recoveries of dead animals), and when
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Table 2.8 Recovery Data of Grey Herons from a British National Ringing Study

Year of Number Year of Recovery — 1900+

Release Ringed 76 77 78 79 80 81 82 83 84 85 86
1975 450 29 7 3 0 1 0 o 1 1 0 1
1976 589 0O 50 7 4 1 1 0 1 1 0 O
1977 464 0 0 32 13 4 2 1 1 0 0 O
1978 237 o 0o o0 20 4 0 2 2 0 0 O
1979 434 0O 0 0 o0 32 13 12 0 3 4 O
1980 648 0o 0 0o o o0 3 13 7 0 2 1
1981 740 0o 0 0o o o0 0 4 5 6 1 O
1982 1014 o o o O 0 0 0 41 12 3 4
1983 7 o o o o o O o0 o 31 7 7
1984 1100 o 0 0o o 0O O O 0 0 63 21
1985 814 o 0 0o o o O O 0O 0 o0 49

Source: Reproduced with permission from Freeman and North (1990, p. 141)
published by the Polish Zoological Society.

Table 2.9 Average Central England Temperatures for the Months December, Jan-
uary, February and March in Each Bird Year (April-March)

Bird Year Dec Jan Feb Mar

1975 5.3 5.9 45 4.8
1976 2.0 2.8 5.2 6.9
1977 6.1 3.4 28 6.7
1978 3.9 -04 1.2 4.7
1979 5.8 2.3 5.7 4.7
1980 5.6 4.9 3.0 79
1981 0.3 2.7 4.8 6.1
1982 4.4 6.8 1.8 6.5
1983 5.7 3.9 34 438
1984 5.3 0.9 22 438
1985 6.3 3.6 —-10 49

there is a recapture, then that is denoted by the number corresponding to
the site on which the lizard is seen; a 0 indicates that the individual was
not observed at that time. The data shown in Table 2.10 have been parsed,
so that next to each observed life history is a number in parentheses, indi-
cating the number of times that life history occurs in the data set. Discuss
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Table 2.10 Lizard Life History Data, Provided by Jerome Dupuis

101000 (1) 101100 (1) 110000 (9) 110100 (4) 111000 (1) 111001 (1)
111100 (3) 111101 (1) 111110 (1) 111111 (1) 120000 (9) 200222 (1)
202002 (1) 202200 (1) 210200 (1) 211200 (1) 220000 (9) 220220 (1)
221100 (1) 222000 (1) 222200 (5) 222300 (5) 223200 (1) 233300 (1)
302200 (2) 303000 (1) 332000 (3) 330300 (1) 330303 (1) 330000 (14)
333000 (1) 333300 (5) 333303 (1) 332000 (2)

2.6

2.7

the values of parsing in this way. Provide an evaluation of the parsed data
set.

The data in Table 2.11 give the population figures for red deer stags on the
island of Rum for each year from 1957 to 1965 (data supplied by Dennis
Mollison). The figures were estimated by examining the teeth of all deer
that died from 1957 up to June 1966, and thus only include deer which
died before June 1966. As most deer are born around May to June, it is
relatively easy to allocate them to distinct age groups. Thus we can use
this table to follow each cohort: for instance, of the 133 stag calves from
1957, 104 were still alive the following summer. Provide an analysis of the
data.

A model for what are called timed species count data has the multinomial
probabilities given below, where v is the probability that the species is
present, and (1 —p) is the probability that a bird species which is present is
detected in each 10-minute interval. Here n; denotes the number of surveys
when a bird is first encountered in the (7—i)th time interval, fori = 1,...,6,
and ng is the number of surveys when a bird is never encountered.

Ne ns T n3 n2 ni o

v(1—p) v(1—p)p v(1—p)p* v(1—p)p® v(1—p)p* v(1—p)p° vp®+(1-v)

Write down the likelihood. Maximum-likelihood parameter estimates result
from maximising the likelihood as a function of the two parameters, p and v,
using numerical optimisation, and searching the two-dimensional parameter
space for the maximum. An alternative approach is to reparameterise. Show
that when the model is reparameterised in terms of @ = v(1—p°) and p then
there exists an explicit maximum-likelihood estimator for 6. Interpret 8, and
provide its estimates for the data above. Use this result to explain why the
expected frequency corresponding to ng equals the observed frequency.
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Table 2.11 Population Figures for Red Deer Stags

Year
Age 1957 1958 1959 1960 1961 1962 1963 1964 1965
0 133 136 111 78 94 39 25 16 12
1 107 104 128 103 65 44 24 14 2
2 75 98 99 124 97 54 38 23 11
3 79 74 96 98 118 80 44 33 19
4 70 78 71 96 92 108 64 36 28
5 86 69 73 66 80 74 69 41 20
6 78 82 67 52 47 46 53 46 17
7 79 66 62 45 40 36 22 29 9
8 59 71 55 46 32 34 24 16 10
9 30 42 39 29 29 23 25 17 2
10 11 20 25 23 21 18 14 15 4
11 9 8 11 13 14 8 11 9 6
12 9 5 3 3 6 3 3 4 0
13 4 4 2 0 2 3 2 2 0
14 6 2 4 1 0 1 3 2 0
15 2 4 2 4 0 0 1 3 0
16 1 1 1 1 3 0 0 1 3
17 0 0 1 1 0 1 0 0 0
18 0 0 0 0 0 0 1 0 0

2.8 One way to estimate population size, N, using data from the Schnabel
census of Example 2.3, is to estimate the probabilities of recapture from
the likelihood given in Equation (2.1), and then set

t
1—(1-p*
Discuss whether you think that this might be a sensible way to proceed.

N:

2.9 In Exercise 2.2, a model is fitted to simulated data in which the probability
of detection is written as a mixture of two binomial distributions. Give an
illustration of when you think such a model would be appropriate. Write
down the likelihood for the case of a general mixture, for k component
distributions. An alternative approach to dealing with variation in detection
probability is to suppose that it varies continuously over animals. Suggest
a way of incorporating such variation in a model.

2.10 A multi-site recovery data set is provided by Schwarz et al. (1993), relating
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Table 2.12 Numbers of Herrings Tagged and Recovered Off the West Coast of
Vancouver Island, at Two Sites, N and S

Number of Tags Recovered

Number 1946 1947 1948 1949

Year Stratum  Released S N S N S N S N
1946 S 14,921 120 26 69 12 0 4 3 0
N 13,227 30 128 5 36 1 33 0 2

1947 S 21,763 1,117 106 15 92 53 3
N 8,638 48 126 3 115 2 2

1948 S 14,798 39 96 78 5
N 17,149 4 588 7 16

1949 S 10,686 197 3
N 11,170 39 14

Source: Reproduced with permission from Schwarz et al. (1993, p. 186) pub-
lished by the International Biometric Society.

to the British Columbia herring, Clupea harengus pallasi. Recovery data of
herrings from two sites is given in Table 2.12.

Study the data and discuss how you would construct a suitable probability

model.

2.11 Compare and contrast two different ways in which the “frost days” covari-
ate of Figure 2.2 might be included as a covariate for the annual survival
probability of grey herons.
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CHAPTER 3

Classical Inference Based on Likelihood

3.1 Introduction

Although the classical and Bayesian paradigms are quite different, both take
the likelihood as their starting point. As we have seen in the last chapter, clas-
sical inference proceeds by forming likelihoods, and regarding them as func-
tions of the model parameters. The estimates of those parameters are then
obtained by finding the values of the parameters that maximise the likeli-
hoods. This typically requires numerical analysis methods in order to perform
the optimisation. The reason for the enduring success of maximum-likelihood
methods is because the estimators that result have excellent properties, which
we shall discuss later. The Bayesian paradigm is quite different, as explained
in Chapter 1. As we shall appreciate in more detail in Section 4.1, we form the
posterior distribution of the parameters by effectively multiplying the likeli-
hood by the prior distribution. In order to make appropriate comparisons
between classical and Bayesian methods, we devote this chapter to aspects of
likelihood optimisation, and the properties of the resulting estimators.

3.2 Simple Likelihoods

Every day, many statisticians use specialised computer packages for forming
and maximising likelihoods in statistical ecology. Usually these likelihoods are
functions of many parameters, and their optimisation therefore takes place
in many dimensions, when it is impossible to visualise the likelihood surfaces
that result. It is, however, useful to be able to see what likelihood surfaces
look like in simple examples, and we shall do that in this chapter. We start
by returning to the Schnabel likelihood of Equation (2.1).

Example 3.1. Schnabel Likelihood: Estimating p
We start with the Schnabel census discussed in Example 2.3. Here the likeli-
hood is given below, as the function of the single recapture probability, p;

t((pi(—p)ti) P
L(plf)=H{—(j)p( d }

1-01-p)")

For any data set resulting in the values {f;}, we can plot the likelihood as
a function of p. The resulting graphs are shown in Figure 3.1, for two of the
data sets from Table 2.1.

J=1

49
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Log-likelihood
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Figure 3.1 The log-likelihood graphs for two data sets from Table 2.1. The dotted
line corresponds to the voles data set, and the solid line corresponds to the taxi-cab
data set.

An attractive feature of both of the graphs in Figure 3.1 is that they in-
dicate a unique maximum. Furthermore, the smaller data set has the flatter
likelihood, suggesting that when data sets are small then it is more difficult to
identify precisely the parameter estimates that will maximise the likelihood
than if the data sets are larger. This point is simply formalised in maximum-
likelihood theory, and we continue this discussion later in the chapter. Even
though in this example we have an explicit expression for the maximum-
likelihood estimate, it is still interesting to be able to see the shape of the
log-likelihood.

O

Of course it is rare that we have a likelihood that is a function of a single

parameter. The next step up in complexity is to consider a two-parameter

likelihood, and therefore we now return to the capture-recapture model of
Section 2.3.2.

Example 3.2. Capture-Recapture Likelihood
The log-likelihood in the simplest example of a capture-recapture model has
just the two parameters, ¢ and p. In this case the likelihood is a surface which
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Figure 3.2 The contours of the log-likelihood surface when the two-parameter
capture-recapture model is fitted to the dipper data of Table 1.1. The location of
the optimum is denoted by *.

may be plotted as a function of the two parameters, ¢ and p, given in Figure
3.2 for the dipper data in Example 1.1. The maximum-likelihood parameter
estimates are given by p = 0.5602 and ¢ = 0.9026.

O

3.3 Model Selection

The model of Example 3.2 is only one of several that might be proposed for the
dipper data; for instance, an alternative is the CJS model, with time variation
in both of the parameters. We now need to decide on which models to fit as
well as a notation for the various alternative models that might be fitted to
the data. Then, having fitted the models to the data, we need to decide how
to choose between them.

One way of doing this is in terms of information criteria, two of which are
defined below:

AIC = —2log Lymqax + 2np,

BIC = —21og Lyyqz + nplog(n),

where log Ly, denotes the maximised log-likelihood, n,, is the number of pa-
rameters in a model, and n is the sample size. The first criterion is the Akaike
information criterion (AIC), and the second is the Bayesian information cri-
terion (BIC) - see Morgan (2008, p. 96).
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As we shall discuss below, we can also compare models in terms of their
maximised log-likelihoods, and so each of these information criteria may be
regarded as ways of penalising models with large numbers of parameters: for
any model, its maximised log-likelihood value may be made larger by the
addition of more parameters, but the addition of too many parameters may
result in both over fitting the data and loss of simplicity. Thus we can see that
for each information criterion, we want to select a model with a low value for
the information criterion, corresponding to a large maximised log-likelihood,
achieved by means of a relatively small number of parameters. The difference
between the two information criteria is that the BIC imposes a smaller penalty
on the number of parameters than the AIC.

Example 3.3. Alternative Models for Schnabel Census Data on Hares

We illustrate the use of the AIC for model selection by considering five alter-
native models for the snowshoe hare data of Table 2.1. The alternative models
are binomial (given in Section 2.2.4), beta-binomial, logistic-normal-binomial
(LNB), a mixture of two binomial distributions (2 Bins) and a mixture of a
binomial with a beta-binomial distribution (Bin + Beta-bin). These models
are discussed in detail by Morgan and Ridout (2008). The estimate of the to-
tal number of snowshoe hares and corresponding AIC statistic for each model
are provided in Table 3.1.

Table 3.1 Comparison of Models for the Snowshoe Hare Data of Table 2.1

Model np —1og Lyaq X2 N se AIC

Binomial 2 15.33 44.56 744 3.40 34.66
Beta-bin 3 12.55 5.09 90.8 16.10 31.1
LNB 3 12.42 -4.63 88.8 12.46 30.8
4
5

2 Bins 10.43 0.50 76.6 4.13 289
Bin + Beta-bin 10.41 042 77.0 456 @ 30.8

Note: For the chi-square goodness-of-fit statistics, the number of cells is 6. Also
shown are the number of parameters in each model, n,, the maximised log-
likelihood, the estimate of N, the population size, and the estimated standard
error (se).

In this case the AIC suggests that the best model is the mixture of two
binomials, though there is not a great difference between the AIC values for
several models. See also Exercises 3.9 and 3.10.

O
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3.8.1 Model Notation

Throughout the book we use a convenient shorthand notation for describing
models. We have already described the CJS model, but more generally, for
capture-recapture experiments involving animals ringed as adults of unknown
age, following Brooks et al. (2000a), we describe recapture models by means
of two components. The first component describes the recapture probabilities
and the second the survival probabilities. Recapture and survival may be
constant (C) or time dependent (T"), and in addition, with particular reference
to the dipper data of Table 1.1, we also consider a model with two constant
survival probabilities, allowing the survival probability in flood years to differ
from the survival probability in any other year; this is denoted by C2. We
therefore consider the following five models for the dipper data: C/C, C/C2,
T/C, C/T and T/T. Note that the T/T model is the CJS model already
encountered in Chapter 2, and mentioned above.

Models for ring-recovery data obtained from adult animals may also be
described by the same X /Y notation. In this case, the first letter describes the
survival probabilities and the second letter the reporting probabilities. When
ring-recovery data are obtained from animals ringed shortly after birth, models
can contain age dependence, and nearly always require a separate description
of first-year survival, compared with survival of later years, due to the typically
high mortality of wild animals in their first year of life. The model notation
that we use in this instance has three components: X/Y/Z, where X describes
first-year survival, Y describes adult survival, and Z describes the reporting
probability of dead animals. As above, we can use C' and T, but in addition we
may use Ak to denote k age classes of adult survival or of reporting probability.
Thus for example the model of Section 2.3.1, with the three parameters, A, ¢1
and ¢, can be denoted by C'/C/C'. This notation was introduced by Catchpole
et al. (1996), and is readily extended, for instance to the case of data arising
from recovery and recapture studies.

Example 3.4. Choosing a Best Model for the Dipper Data Using Information
Criteria

Selecting an initial set of models is something which would benefit from bio-
logical knowledge, and in this case the primary biological input is that there
was a flood in 1983 which might have affected the probability of surviving the
two years, 1982-1983 and 1983-1984.

We show in Table 3.2 the maximised log-likelihoods logL,,,, for each of
these models, and also the AIC, as well as the BIC criterion. Also shown in
Table 3.2 are the AAIC and ABIC values: the AAIC is just the AIC minus its
smallest value for the set of models considered, and this aids model selection
using the AIC, as the best model is readily identified as the one with a zero
AAIC, and similarly for the BIC. There is some evidence, resulting from
specific simulation studies, that favours using the BIC rather than the AIC,
but usually there is little difference in their overall performance. If several
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models have similar information criterion values, then it would indicate that
there is little difference between them; a rough rule of thumb is to regard
models as essentially indistinguishable if their information criteria differ by
less than about 2, though we note that higher values are also in use.

Table 3.2 Information Criteria and Maximised Log-Likelihoods for Five Models for
the Dipper Data

Model AIC BIC n, AAIC ABIC —logLmax

c/C 670.87  668.23 2 4.49 6.43 333.42
C/C2 666.38 66258 3 0 0.78 330.19
T/T 679.71 661.80 11 13.33 0 328.50
T/C 678.75 668.60 7 1237 6.85 332.38
c/T 674.00 663.89 7 7.62 2.09 330.00

Note: The term log L4, denotes the maximised log-likelihood. The smallest
AIC and BIC values are shown in bold.

In this example, the AIC selects the C'/C2 model as the best for the data,
whereas the BIC, imposing a smaller penalty for the CJS model with 11
parameters, indicates two best alternative models for the data, namely the
C'/C2 and the CJS model (which is the same as the T'/T model). As discussed
in Chapter 2, the CJS model is parameter redundant, and so although the
model contains 12 parameters, only 11 can be estimated from the data. If
we had incorrectly set n, = 12 in Table 3.2, that would have resulted in
BIC = 661.97, even closer to the corresponding value for the C'/C2 model,
though the difference is very small in this instance.

O
Another way of comparing models using classical statistical inference is to
use asymptotic tests, such as likelihood-ratio or score tests. See for example
Morgan (2008, Chapter 4). Asymptotic theory tells us that for a pair of nested
models, that is to say models when one model is a special case of the other
one, if we take twice the difference of the maximised model log-likelihoods,
then the result can be referred to an appropriate chi-square distribution, as a
way of judging whether the difference is significant or not. We would expect
the difference to depend to some extent on the numbers of parameters in the
two models, and in fact the degrees of freedom for the chi-square distribution
are the difference between the numbers of parameters in the two models. This
very neat theory is easily illustrated using the dipper data of Example 3.4.

Example 3.5. Selecting a Model for the Dipper Data Using Likelihood-Ratio
Tests

For models of the dipper data, model C/C is nested within model C/C2.
The second of these two models has an extra parameter, and so it is not
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surprising that it has a larger value for loglL,,4.. In this case the test statistic
for the likelihood-ratio test has the value 6.46, which is highly significant when
referred to chi-square tables on 1 degree of freedom. The conclusion is that
the extra survival probability corresponding to the flood in 1983 substantially
increases the likelihood, and so we prefer the more complex model. Similarly,
we can compare separately each of the models C/T and T/C with the CJS
model, as they are both nested inside the CJS model, and similarly we can
compare the C/C model with the CJS model. As the 5% value for a 32
distribution is 9.49, then we can see from Table 3.2 that neither of the models
C/T and T'/C is significantly improved by the CJS model, and also neither of
them improves significantly on the C/C model, which in turn is not improved
by the CJS model. This basically tells us we have no evidence in the data
to indicate general time variation in either of the basic model parameters,
relating to recapture and survival. However, there is evidence for elaborating
the model to take account of the 1983 flood, and we draw the same conclusion
as when using information criteria in the last example. As was observed in
Chapter 1, the dipper data set is a sparse one, and so there will be little power
for likelihood-ratio tests. Non-significant tests do not necessarily mean that
more complex models are inappropriate when there are sparse data.

O

Score tests are asymptotically equivalent to likelihood-ratio tests when the
null hypothesis being tested holds. Score tests have the advantage that when a
simple model is compared to a more complex model, then it is only necessary
to fit the simpler of the two models. See Morgan et al. (2007a) for further
discussion. Likelihood-ratio and score tests make the assumption that asymp-
totic results can be applied, and this is certainly questionable for the dipper
data set. Additionally, when several models are being compared using such
models, then one should adjust significance levels to take account of the fact
that multiple tests are being carried out. We note finally that the asymptotic
theory for likelihood-ratio and score tests only applies to nested models. Sim-
ply comparing models in terms of information criteria is clearly far simpler,
especially when there are very many models being considered.

Example 3.6. Recovery Data on Herring Gulls, Larus argentatus

Model selection procedures based on likelihood-ratio tests for the herring-gull
ring-recovery data set of Exercise 3.4 result in the information in 'Table 3.5.
There is much information in this table. Here we just focus on the likelihood-
ratio test results. For each model comparison we compare a simpler model
with a more complex model, within which the simpler model is nested. The
result is a likelihood-ratio (LR) statistic, which is referred to chi-square tables
on the relevant, shown, degrees of freedom (d.f.). We can see, for example, that
the T/C/C model provides a better fit to the data than the C/C/C model,
but that the T/C/C model is not appreciable better than the T'/C/T model.
A similar application to this one is given in Exercise 3.2.
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Table 3.3 Information for Assessing Relative and Absolute Goodness-of-Fit of
Models to a Particular Set of Ring-Recovery Data on Herring Gulls Ringed as Young

Model Score LR p(%) p(%)
Comparison  Statistic Statistic d.f. (score) Model AIC X2 d.f. (X?)

C/C/C 173.963.4 18 0.0
0.70 C/C/T 168.448.8 13 0.0
0.0007 T/C/C 153.832.7 13 0.2
0.05 C/Ay/C 163.448.1 17 0.0

c/C/C:C/C/T 1596  15.46
c/c/c:T/C/C 3171  30.11
C/C/C:CJAyJC 1223  12.53

T/C/C:T/C/T 453  4.42 48 T/C/T 159.426.6 8 0.1
T/C/C:T/Ay/C 1120 10.44 0.08 T/Ay/C 145.319.7 12 7.3

T/Ay/C :T/As/C 030 021 1 58 T/A3/C 1451195 11 5.3
T/Ay)C :T/AyJT 619 627 5 29 T/Ay/T 1490123 7 9.1

= ot = Ot Ot

Source: Reproduced with permission from Catchpole and Morgan (1996, p.
668) published by the International Biometric Society.

3.4 Maximising Log-Likelihoods

Only very rarely in statistical ecology can one obtain explicit expressions for
maximum-likelihood estimates. What this means is that classical inference
usually involves understanding and using numerical optimisation procedures,
designed for optimising general functions of many variables. Although modern
numerical optimisation procedures are very sophisticated, they iteratively seek
local optima, from a given starting point in the parameter space. Classical
inferential procedures rely on finding global optima, such as that in Figure 3.2
and in order to guard against finding a local optimum, it is a good idea to run
numerical optimisation procedures from a number of different starting points.
Even then, there is no guarantee that a global optimum can be obtained. In
the next sections we describe some of the features of numerical optimisation
procedures used in statistics.

3.4.1 Deterministic Procedures

The optimisation procedures that are typically used in maximising likelihoods
may be described as deterministic, which means that they iterate from a given
starting point in the parameter space, and whenever they are repeated, if they
start from the same starting point, then they always end at the same end-
point. We may distinguish three different methods that are currently used,
namely simplex search methods, quasi-Newton methods, and dynamic search
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methods. Of these, the last are the most complicated, allowing users to spec-
ify constraints on parameters. An implementation in the computer package
MATLAB, is provided by the function fmincon, and in R through the facilities
in optim. Simplex methods involve evaluating the function at selected points
on the likelihood surface, corresponding to a particular simplex in the para-
meter space. Depending on the relative magnitudes of the function values at
the points of the simplex, the simplex is changed, and the hope is that the
simplex contracts to the point corresponding to the maximum. Quasi-Newton
methods are based on the Newton-Raphson iterative method. In their simplest
forms, these methods require expressions for first- and second-order deriva-
tives of the surface being optimised, but it is possible either to evaluate these
derivatives by means of computer packages for symbolic algebra, or to use
difference approximations to the derivatives. Methods that make use of the
shape of surfaces, through exact or approximate first- and second-order deriv-
atives can be expected to converge faster than simplex methods. However,
convergence of any of these methods is not guaranteed, and they may diverge.
Numerical optimisation routines are typically written by numerical analysts
for general function minimisation. Statisticians then simply need to submit
negative log-likelihoods, when using such routines. Statisticians find it eas-
ier to try to maximise log-likelihoods, as these involve sums, rather than the
products of likelihoods. Additionally, log-likelihoods may be easier to max-
imise than likelihoods, as they change more gradually as functions of the
parameters. This is true, for example, of the log-likelihood and corresponding
likelihood corresponding to the dipper example.

3.4.2 Stochastic Procedures

A clear disadvantage of deterministic methods is that from a given starting
point their progress is determined and unvarying. Stochastic search methods
involve random searches of a surface, which means that different runs from the
same starting point can proceed quite differently. Methods based on simulated
annealing can explore a range of different optima, and so have the potential
of finding a global optimum, whatever the starting value; for more details,
see Brooks and Morgan (1995) and Morgan (2008, Chapter 3). A routine for
simulated annealing is provided in optim in the statistics package R, which is
used in Chapter 7 and described in Appendix B. An extension of methods for
classical inference that allow simulated annealing to be used to explore differ-
ent models, as well as the parameter space of individual component models
is called trans-dimensional simulated annealing, and is described by Brooks
et al. (2003a). This relates to the work of Chapter 6.

3.5 Confidence Regions

We have already seen in Figure 3.1 the effect of sample size on the shape of
a likelihood at its maximum. This feature is formally included in the asymp-
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totic properties of maximum-likelihood estimators. If a model parameter 8, of
length k, has maximume-likelihood estimator 8, then asymptotically, 8 has a
multivariate normal distribution, given by:

6 ~N©6,1(0)"),
where 1(0) is the expected information matrix given by,

82l0g(L)}
06> |’

in which E denotes expectation, taken with regard to the members of the
sample. For more detail, see Morgan (2008). Thus for scalar 6, the greater
the curvature of the log-likelihood surface, then the greater the expected in-
formation, and the greater the precision (that is the smaller the variance) of
the estimator. When maximum-likelihood estimates are presented, they are
usually presented along with their estimated standard error, obtained from
the appropriate term in the inverse of the expected information matrix. We
have seen an example of this in Section 2.6.1.

An alternative way to construct confidence regions is by taking appropri-
ate sections of profile log-likelihoods. This method can result in asymmetric
intervals and regions that reflect the shape of the log-likelihood surface away
from the maximum. How this is done is explained in Morgan (2008, Section
4.4), and illustrations were given in Exercise 2.2.

1(0) = -E {

Example 3.7. Site Occupancy

Site occupancy models are similar to those for timed species counts — see
Exercise 2.7. They result in a vector m of data, in which m, is a number
of sites where a particular species of animal has been detected y times. As
an illustration from Royle (2006), observations on the common yellow-throat
Geothlypis trichas resulted in T = 11 and

m= (14 6 7 5 3 1 4 5 3 2 0 0).

In this case we have a three-parameter model, and are able to construct a
two-parameter profile log-likelihood surface with respect to two of the model
parameters, as shown in Figure 3.3. The maximum-likelihood point estimates
of the parameters in this case are given by & = 0.3296 (0.0596), and 7 = 0.2851
(0.1272). For more discussion of this example, including how one constructs
confidence intervals and regions from profile log-likelihoods, see Morgan et al.
(2007b) and Morgan (2008).

O

3.6 Computer Packages

The paper by Catchpole (1995) advocates using the computer package MAT-
LAB for programming model-fitting in statistical ecology; the same argument
can be used for programming in the statistical package R, which we use in
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Figure 3.3 Profile log-likelihood contours and confidence regions resulting from
the common yellow-throat data. Shown are the 95% confidence region for (u,7)
together, as well as the marginal 95% interval for each parameter. The location of
the maximum-likelihood estimate is denoted by a x. Reproduced with permission
from Morgan et al. (2007b, p. 620) published by Wiley-Blackwell.

Chapter 7 and is described in Appendix B. An alternative approach is to use
specialised computer packages; for instance, for Bayesian methods the pack-
age WinBUGS is introduced in Chapter 7 and described in Appendix C. In
this section we mention three of several that are now available for analysing
various kinds of capture-recapture data. Computer packages need some sys-
tem for communicating models and model structure, and the three computer
packages considered below do this in different ways. These packages are all
freely available through the Web.

3.6.1 MARK

The package MARK is probably the most widely used computer program for
analysing data from observations on previously marked animals. This freely
available computer program can be downloaded from:

http://welcome.warnercnr.colostate.edu/ "gwhite/mark/mark.htm

The package allows users to estimate abundance as well as survival. One rea-
son for MARK’s success is its use of a database management system in order
for users to store the results from fitting many different models. Although tra-
ditionally its emphasis has been to provided classical analyses, it now also in-
cludes Bayesian facilities, which we shall describe later in Chapter 7. The facili-
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ties provided by MARK are extensive. See www.cnr.colostate.edu/~gwhite.
It has an excellent online manual and help system.

Example 3.8. Using MARK to Analyse the Dipper Data

MARK uses parameter index matrices (PIMs) to communicate model struc-
ture. For the C'//C and CJS models these are shown in Table 3.4 for the survival
parameter only. Exactly the same approach is used for the reporting parameter
(but using a different integer value, otherwise MARK will read the recapture
and survival parameters to be equal). Thus in the case of the two-parameter
model, having a 1 in each position in the PIM for the survival parameter sim-
ply means that the corresponding parameter is the same in each place in the
m-array. For the corresponding PIM for the recapture parameters, we would
typically set each value to be equal to 2, once more setting each recapture
parameter to be equal. In contrast, for the CJS model, we can see that there
is a time effect, and each year has its own parameter.

Table 3.4 Examples of PIMs for the Survival Parameters for the Dipper Data

1 1 1 1 1 1
11 1 1 1
1 1 1 1
1 1 1

1 1

1

1 2 3 4 5 6
2 3 4 5 6
3 4 5 6
4 5 6

5 6

6

Note: The first example is for the C/C model, and the second is for the CJS
model. Analogous PIMs are defined for the recapture parameters, but using
different parameter values.

Standard models, like those illustrated in Table 3.4, are available as defaults,
thus reducing further the possibility of input errors. However, it can be non-
trivial to set up the PIMs for complex examples. MARK deals with parameter
redundancy by considering particular model/data combinations, and judging
which of a set of appropriate eigenvalues are zero. As they involve subjective
judgment, numerical procedures are not as good as symbolic ones. However,
they do allow the user to investigate the combined effect of model and data,
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and it may be that full rank models might perform poorly in practice, for
particular data sets. See Catchpole et al. (2001) for an illustration of this.

O

3.6.2 Fagle

The package eagle is restricted to model-fitting and comparison for single-
site data from ring-recovery experiments. However, it is unusual in that it
communicates models through a convenient, transparent shorthand, and it
also selects models through score tests (see Section 3.3); eagle moves between
alternative models by means of a step-up system, starting with the simplest
possible model. The idea of using score tests in this way in statistical ecology
is provided by Catchpole and Morgan (1996), and provides an attractively
simple way of steering a path through a large number of alternative possible
models. The model notation is that established in Section 3.3.1, namely, a
triple of letters, X/Y/Z, where the first letter indicates the assumptions made
regarding the first-year survival of the animals, the second letter does the same
for older animals, and the third letter relates to the reporting probability of
dead animals. The letters used include, for example, C' for constant and T for
time dependent.

3.6.3 M-SURGE
Details of this package are to be found at:

http://www.cefe.cnrs.fr/biom/En/softwares.htm

This important package is designed to deal with multi-site and multi-state
data. A novel feature is that it uses exact log-likelihood derivatives in the
numerical optimisation for obtaining maximum-likelihood estimates. A new
development, E-SURGE, accounts for when the state of an animal may not
be known exactly.

3.7 Summary

Methods of classical inference based on the construction and maximisation of
likelihoods are well developed and in frequent use in population ecology. Like-
lihoods are regarded as functions of model parameters. Fisher’s information
is minus the expected Hessian matrix evaluated at the likelihood maximum,
and its inverse is used to estimate standard errors. Maximisation of likelihoods
results in maximume-likelihood parameter estimates, along with their associ-
ated measures of standard error. Profile log-likelihoods may also be used to
produce confidence intervals and regions. One can discriminate between al-
ternative models, involving different degrees of complexity, by means of score
and likelihood-ratio tests. Score tests are asymptotically equivalent to likeli-
hood ratio tests under the null hypothesis, but have the advantage that when
one is comparing two models, it is only necessary to fit the simpler of the two
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models. If a score test is significant, indicating that the more complex model
should be fitted, then it will be necessary to fit the more complex model.
However, this can then be done with confidence that the data support the
more complex model. Models may also be compared through different infor-
mation criteria, such as the Akaike and Bayes information criteria. These may
be regarded as penalising models for including too many parameters. Likeli-
hood maximisation is usually done using appropriate deterministic methods
of numerical analysis implemented on computers; packages such as R provide
a flexible range of alternative optimisation algorithms. Stochastic optimisa-
tion methods may be used to explore complex likelihood surfaces, which may
possess multiple optima. Specialised computer packages such as MARK and
M-SURGE exist for classical methods of model fitting to data in population
ecology.

3.8 Further Reading

The use of statistics in ecology is a continuing success story, due to good
communications between ecologists and statisticians, the basic classical theory
being made accessible through publications like Lebreton et al. (1992), and the
availability of user-friendly computer packages like MARK and DISTANCE.
An important feature that has not been considered in this chapter is how
to judge whether a model provides a good fit to the data. General classical
methods are described in Morgan (2008, Section 4.7); however, these often
need adapting in the analysis of ecological data, when observed numbers may
be small. For a detailed explanation of score tests, see Morgan (2008, Section
4.6) and Morgan et al. (2007a). Relevant discussion and ideas are to be found
in Catchpole et al. (1995), Freeman and Morgan (1990) and Freeman and
Morgan (1992). The general use of MATLAB for modelling mark-recapture-
recovery data is described by Catchpole et al. (1999); note that both eagle and
M-SURGE are written in MATLAB. A classical approach to model averaging,
using AICs is described by Buckland et al. (1997).

3.9 Exercises

3.1 An analysis of ring-recovery data on male mallards, Anas platyrhynchos,
ringed as young produces the maximum-likelihood estimates and standard
errors of Table 3.5. Explain the meaning of the model parameters and
discuss the results. Specify the model, both using the Catchpole-Morgan
* /% /* notation, and also through appropriate PIMs.

3.2 We wish to use methods of classical inference in order to select a model
to describe ring-recovery data on blue-winged teal, Anas discors. A sub-
set of results is given in Table 3.6, where the models are specified using
the notation of Section 3.3.1. Consider how the score tests differ from the
likelihood-ratio (LR) tests. The X2 values denote the Pearson goodness-of-
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Table 3.5 Maximum-Likelihood Parameter Estimates for a Model Fitted to Recov-
ery Data on Mallards Ringed as Young

ba = 0.69(0.02)

i (year) Xz $1i
1 0.15 (0.02)  0.44 (0.05)
2 0.28 (0.03)  0.48 (0.06)
3 0.18 (0.02)  0.58 (0.05)
4 0.22 (0.02)  0.46 (0.04)
5 0.17 (0.01)  0.42 (0.04)
6 0.24 (0.02)  0.60 (0.04)
7 0.27 (0.02)  0.59 (0.05)
8 0.24 (0.02)  0.56 (0.06)
9 0.15 (0.02)  0.29 (0.14)
Arithmetic average 0.21 0.49

Source: Reproduced with permission from Freeman and Morgan (1992, p. 222)
published by the International Biometric Society.

Table 3.6 Information for Assessing Relative and Absolute Goodness-of-Fit of
Models to a Particular Ring-Recovery Data Set on Teal Ringed as Young

Model Score LR p (%) p (%)
Comparison  Statistic Statistic d.f. (score) Model AIC X2 d.f. (X?)

C/C/C 224.3 40.23 25 2.8

Stage 1
c/c/c.c/c/T 2116 2353 11 32 C/C/T 22282324 19 22.7
c/c/c-T/C/C 5.39 571 6 50 T/C/C230.632.59 19 2.7
c/C/C:C/A2/C 240 242 1 12 C/A2/C223939.14 24 2.6

Stage 2
C/C/T :T/C/T 500 522 6 54 T/C/T229.619.11 13 12.0
C/C/T :C/Ay)T 182 184 1 18 CJ/Ay/T 222.922.76 18 20.0

Source: Reproduced with permission from Catchpole and Morgan (1996, p.
669) published by the International Biometric Society.

fit statistics. Explain how the AIC and X? values are to be used. Suggest
a suitable model for the data, giving your reasons.
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Soay sheep were encountered in Example 1.4. The annual survival prob-
abilities of female Soay sheep studied in the Village Bay area of Hirta,
the largest island of the St. Kilda archipelago, can be categorised into age
classes as follows:

¢1: first-year animals;

¢2: second-year animals;

¢q: third- through seventh-year animals;

¢s:  animals aged > 7 years.
When these parameters are logistically regressed on two environmental co-
variates, the coefficient estimates and standard errors are shown in Table
3.7. Population size is measured in hundreds of animals, and March rainfall
in hundreds of millimeters, with both the covariates mean-centered; this
means that each covariate value is replaced by that value minus the covari-
ate mean, a procedure that often improves model fitting. Provide the full
mathematical description of the survival probabilities.

Table 3.7 Maximum-Likelihood Estimates (and Standard Errors) of Logistic Re-
gression Coefficients of Covariates When a Particular Age Structured Survival Model
is Fitted to Soay Sheep Data

Covariate
Parameter  Population Size March Rainfall
01 —1.1641 (0.1349) —1.2015 (0.2499)
P2 —0.3823 (0.2110) —1.7834 (0.5291)
ba —0.2106 (0.1320) —1.4531 (0.3087)
os —0.7838 (0.2239) —1.3089 (0.4202)

Source: Reproduced with permission from Catchpole et al. (2000, p. 466)
published by Wiley-Blackwell.

3.4

On the basis of the results given, explain which variables you would retain
in the model, and consider whether your selected model might be simplified
further.

A ring-recovery data set on herring gulls, Larus argentatus, is analysed in
the computer package SURVIV, using the code below. Note that SURVIV
is the precursor of the package MARK.

cohort=3646;
62: (1-s(1))*s(12);
15:s(1)*(1-s(2))*s(12);
9:5(1)*s(2)*(1-5(3))*s(12);
7:5(1)*s(2)*s(3)*(1-s(4)) *s(12) ;
13:5(1)*s(2)*s(3)*s(4)*(1-s(5))*s(12) ;
8:5(1)*s(2)*s(3)*s(4) *s(5) *(1-5(6) ) *s(12) ;
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3.5

3.6

cohort=10748;
169: (1-s(7))*s(12) ;
67:s(7)*(1-5(2))*s(12);
29:5(7)*s(2)*(1-s(3))*s(12) ;
22:5(7)*s(2)*s(3)*(1-s5(4) ) *s(12) ;
20:5(7)*s(2)*s(3)*s(4)*(1-s(5) ) *s(12) ;

cohort=6665;
92: (1-5(8))*s(12);
64:5(8)*(1-s(2))*s(12);
27:5(8)*s(2)*(1-5(3) ) *s(12) ;
16:5(8)*s(2)*s(3)*(1-s(4))*s(12) ;

cohort=4652;
70: (1-s(9))*s(12);
21:5(9)*(1-s(2))*s(12);
15:5(9)*s(2)*(1-s(3) ) *s(12);

cohort=2983;
29: (1-s(10))*s(12);
25:5(10)*(1-s(2))*s(12);

cohort=3000;
72: (1-s(11))*s(12);

Although not fully explained here, the model notation is straightforward,
since the program is given cohort sizes, the numbers of birds ringed in each
year, the numbers of birds reported dead in each year after ringing, and then
expressions for the corresponding probabilities. Thus s(1) is the probability
of surviving the first year of life, s(12) is the reporting probability, and so
on. Write down the complete model description using the model notation
of Section 3.3.1. Write down the parameter index matrices (PIMs) for the
model. Compare and contrast the three different ways of specifying the
model, in SURVIV, eagle and MARK.

The data in Table 3.8 relate to the white stork, Ciconia ciconia, population
in Baden Wiirttemberg, Germany. The data consist of 321 capture histories
of individuals ringed as chicks between 1956 and 1971. From the 1960’s
to the 1990’s, all Western European stork populations were declining; see
Bairlein (1991). This trend is thought to be due to the result of reduced food
availability caused by severe droughts observed in the wintering ground of
storks in the Sahel region; see Schaub et al. (2005). This hypothesis has been
examined in several studies, see Kanyamibwa et al. (1990) and Barbraud
et al. (1999). Analyse the data, and suggest an appropriate probability
model. Note that we see frequent use of this example in later chapters,
especially when we consider the use of measures of rainfall in order to
describe mortality.

The data in Table 3.8 are evidently sparse. Suggest an alternative analysis,
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Table 3.8 Capture-Recapture Data for White Storks

Year of Number Year of first recapture — 1900+

Ringing Ringed 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72
1956 26 19 2 0 000OOOO0OO0OO0O0OO0OUO0OTGO0OO
1957 50 3330000 0O0O0O0O0O0O0TO0OTO
1958 53 354 00000O0O0O0O0O0O0O
1959 69 42 1.0 0 00O OO OO0 O0O0O0
1960 73 42 1.0 0 0 0 OO OO0 OO
1961 71 32 2 1 000 0O0O0O0O0
1962 64 46 2 0 0 0 0 0 O 0 O
1963 64 3 3 000 0000
1964 66 4 2 0 0 0 0 0O
1965 55 43 1 0 01 0 O
1966 60 34 1 0 0 0 O
1967 53 36 1 0 0 O
1968 51 27 2 0 0
1969 38 22 0 0
1970 33 15 1
1971 23 15

Source: Reproduced with permission from Gimenez et al. (2009a, p. 887) pub-
lished by Springer.

involving only the information on the numbers of birds released each year
and those captures in the main diagonal of the table.

3.7 Indicate how you would construct the likelihood for the ring-recovery data
and model of Section 2.3.1.

3.8 Consider how you would model the nest-record data of Example 2.6.

3.9 Construct the BIC values for the comparison of models for snowshoe hare
data in Table 3.".. and compare your conclusion based on the BIC with
those based on the AIC.

3.10 Consider how you would produce a model-averaged estimate of N from the
results of Table 3.1. See Buckland et al. (1997) for suitable discussion.
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PART II

Bayesian Techniques and Tools

In recent years there has been a huge increase in the number of publications
of Bayesian statistical analyses across all application areas. This is particularly
true for the area of statistical ecology. The potential and expected increase in
the application of Bayesian methods to this area has been foreseen (see for
example Schwarz and Seber 1999 and Ellison 2004). The recent publication
of a number of books focussing on Bayesian applications to statistical ecology
reflects the increase in the application of Bayesian techniques within this field
(McCarthy 2007; Royle and Dorazio 2008; Link and Barker 2009). Some of
the early journal publications generally providing initial work in this field con-
sidered the application to closed populations (Castledine 1981; Smith 1991),
ring-recovery data (Vounatsou and Smith 1995; Brooks et al. 2000a), capture-
recapture data (Brooks et al. 2000b) and multi-state capture-recapture data
(Dupuis 1995). We particularly focus on capture-recapture data and ring-
recovery data in this part of the book. These and other forms of data, along
with additional examples, are considered in Part IIT).

Bayesian analyses provide a flexible approach for analysing complex data,
often permitting intricate models to be fitted, and hence the identification
of fine detail contained within the data. We aim to provide the underlying
principles behind Bayesian statistics and demonstrate how these are applied
to problems in statistical ecology. The Bayesian principles are illustrated by
analyses of real data and the interpretation of the results obtained are dis-
cussed.
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CHAPTER 4

Bayesian Inference

4.1 Introduction

The Bayesian approach to statistical inference is quite different from the clas-
sical approach, though they both depend essentially upon the likelihood. As
stated in Section 1.4, in the classical approach the model parameters are re-
garded as fixed quantities that need to be estimated, and this is typically done
by finding the values of the parameters that maximise the likelihood, consid-
ered as a function of the parameters. As we have seen, this usually reduces to
a problem in numerical optimisation, often in a high dimensional space. In the
Bayesian approach, parameters are seen as variable and possessing a distribu-
tion, on the same footing as the data. Before data are collected, it is the prior
distribution that describes the variation in the parameters. After the collec-
tion of data the prior is replaced by a posterior distribution. No optimisation
is involved. As we shall see, the approach follows from a simple application of
Bayes’ Theorem, however the problem with the use of Bayes’ Theorem is that
it provides a posterior distribution for all of the model parameters jointly,
when we might be especially interested in just a subset of them. For example,
if we are interested in only a particular parameter, we want to estimate the
marginal posterior distribution for that parameter alone. In order to obtain
the marginal posterior distribution of the parameters of interest, we have to
do what we always do when seeking a marginal distribution, which is integrate
the joint posterior distribution. It is here that the difficulties typically arise
when a Bayesian analysis is undertaken. The optimisation of classical analy-
sis has been replaced by integration for the Bayesian approach. The modern
approach to Bayesian analysis is not to try to integrate the posterior joint
distribution analytically, but instead to employ special simulation procedures
which result in samples from the posterior distribution. Having simulated val-
ues from the posterior joint distribution means that one then naturally has
simulated values from the posterior marginal distribution of the parameters
of interest. This approach is called Markov chain Monte Carlo (MCMC), and
it will be described in detail in Chapter 5.

4.1.1 Very Brief History

The Bayesian approach to statistical inference, in which prior information is
combined with the information provided by the data in order to produce a
consensus, was the dominant approach for over 150 years, from its introduction

69
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in the late 18th century. However, at the turn of the 20th century, the Bayesian
approach began to fall out of favour due mainly to two distinct issues:

e The computational complexity of the Bayesian approach became too great
as more and more complex statistical problems began to be addressed.

e Researchers at the time became increasingly concerned about the subjec-
tivity of the approach, which stemmed from the inclusion of the prior in
the analysis.

Staunch opponents of the Bayesian approach began to dominate the field and,
looking for alternatives, they developed the classical approach to statistical
inference (Kotz and Johnson 1992).

With the popularity of the classical alternative, much of the 20th century
was bleak for the Bayesian. The revival of Bayesian inference was due to a
combination of new statistical innovations and the computer revolution which
suddenly made the Bayesian approach tractable once more. In particular, the
MCMC algorithm was introduced to the literature (see Chapter 5), allowing
realisations to be simulated from the posterior distribution and permitting
the necessary numerical integration. These new statistical methods made pos-
sible the analysis of far more complex processes than was previously possible
under either the Bayesian or classical paradigms. Thus, for many the choice
of Bayesian versus classical is much less a philosophical one than it is a prag-
matic one. The tools available to the Bayesian provide a far more powerful
and flexible framework for the analysis of complex stochastic processes than
the corresponding traditional ones. Thus, by adopting a Bayesian approach:

e Complex processes, several of which we consider in Part III, can be analysed
with little additional effort.

e Unrealistic assumptions and simplifications can be avoided.
e Both random effects and missing values are easily dealt with.

e Model choice and model averaging are relatively easy even with large num-
bers of models.

Many application areas, including ecology, require these characteristics of sta-
tistical inference. This has been the main driving force behind the enormous
upsurge of interest in the Bayesian approach.

4.1.2 Bayes’ Theorem

Bayesian methods date to the original paper by the Rev. Thomas Bayes (Bayes
1763) which was read to the Royal Society in 1763. Known then as inverse
probability, the approach dominated statistical thinking throughout the 19th
century until the classical methods of Neyman and Fisher began to gain promi-
nence during the 1930s (Savage 1954; Stigler 1986; Kotz and Johnson 1992).

The Bayesian approach is based upon the idea that the experimenter begins
with some prior beliefs about the system under study and then updates these
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beliefs on the basis of observed data, . This updating procedure is based
upon what is known as Bayes’ Theorem:
f(x]0)p(0)

fl) 7
in which  denotes the set of observed data, as before, and 0 is the vector
of model parameters. The function f is either the probability density func-
tion, for continuous data, or the probability mass function for discrete data,
associated with the observed data under the chosen model (conditional on
the parameter values), and p and 7 denote what are called, respectively, the
prior and posterior distributions of the parameters 8. For simplicity, we shall
refer to f as a density below. We emphasise here that we obtain a posterior
distribution for the parameters, rather than simply a single point estimate.

Note that the term f(x) is a function of only the observed data (i.e. it is
independent of the parameters, 8). Typically the term f(x) is omitted from
Bayes’ Theorem which is expressed in the form:

m(8z) o< f(|0)p(0). (4.1)
The omitted term f(z) ™! is essentially simply the normalising constant, which
is needed so that the posterior distribution 7(0|x) is a proper distribution (and
integrates to unity).

In order to undertake a Bayesian analysis, we must first define an appropri-
ate probability model, which describes the relationship between the observed
data, @, and the set of model parameters, 8, (i.e. specify f(x|0)) and in ad-
dition an appropriate prior distribution for the model parameters (i.e. specify
p(0)). Plugging the f(x|0) and p(@) terms into Bayes’ Theorem, we obtain
the posterior distribution 7(@|x). This is a new distribution for the model pa-
rameters, corresponding to our new beliefs, which formally combine our initial
beliefs represented by p with the information gained from the data through
the model. This posterior distribution is the basis for all subsequent infer-
ence within the Bayesian paradigm. The specification of prior distributions is
discussed in Section 4.2.

As described, the Bayesian approach combines the model for the data with
the prior for the parameters to form the posterior distribution of the para-
meters. This is in contrast to the classical approach which simply does away
with the prior and focuses on the model term f(x|@). Rather than inverting
f(x|@) through Bayes’ Theorem, (which requires a prior) to obtain a function
of the model parameters, the classical approach simply sets

f(0]x) = f(x]0),
where f(0|x) is referred to as the likelihood, as we have seen in the last two
chapters. Unlike 7(0|x), the likelihood is not a probability distribution and,
rather than reflecting the experimenter’s beliefs, the likelihood refers to the
relative likelihood of the observed data under the model, given the associated
parameters, 8. As we know from Part I, the classical approach typically seeks
to identify the value of the parameters that maximises this likelihood. Thus a

m(0|x) =
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point estimate is obtained for the parameters that maximises the likelihood.
Conversely, in the Bayesian framework the parameters are assumed to have
a distribution rather than a single value. We note that the term likelihood
is (perhaps a little confusingly) also generally used for the probability den-
sity function f(x|@) within the Bayesian framework, since it is of the same
mathematical form.

We now provide two examples of the application of Bayes’ Theorem. We be-
gin with the simplest example, with just a single parameter, before extending
to a two-parameter example.

Example 4.1. One-Parameter Example — Radio-Tagging Data
We consider radio-tagging data collected on individuals over a period of time.
We assume that there is no radio failure, so that at each time point we know
whether each individual in the study is alive or dead. The data corresponding
to each individual are then of the form of life histories, such as that illustrated
below:

00111200.

This particular history indicates that the individual is initially tagged at time
3, is then alive at times 4 and 5, but dies between times 5 and 6, denoted by 2.
Thus the general life-histories of Section 2.3.3 are simplified here. There is no
live recapture, and all dead birds are recovered. The data can be summarised
in the form of an me-array, as in Table 1.1, where the entries in the array
correspond to the numbers of animals that die. Since death is always recorded,
all other animals are known to be alive (contrary to the case in ring-recovery
data).

We consider a subset of the data presented by Pollock et al. (1995) relating
to canvasbacks, Aythya valisineria. In particular, we consider only those ducks
with known fate within the study area (i.e. survival to the end of the study
or recorded death). We also omit from the study any individuals that are ob-
served outside of the study area. This is an oversimplification of this particular
data set in order to provide a simple illustrative example. A summary of the
corresponding data is provided in Table 4.1.

Table 4.1 The Number of Radio-Collared Canvasbacks Released and Correspond-
ing Number Recovered Dead at Each Capture Time

Number Capture Time
Released 1 2 3 4 5 6

36 3 2 3 3 2 1

The likelihood is a function of only survival probabilities. For simplicity we
assume a constant survival probability, ¢, with a single release year. Then the
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likelihood can be expressed in the multinomial form,

7

7
T i=1"J
f(x]o) = HJ131;[

where x; denotes the number of deaths at times j = 1,...,6; x7 corresponds
to the number alive at the end of the study, and p; denotes the corresponding
cell probability of the m-array. In particular, we have,

- j=1
pi={ (L—@)¢™' j=2...6
oIt i=T

where the last term is obtained by subtraction, and corresponds to individuals
surviving until the final capture time. This expression for {p;} corresponds to
a right-truncated geometric distribution; see Exercise 4.5.

We now need to specify a prior on the parameter ¢. Without any prior
information, we specify a U[0, 1] prior on ¢, so that p(¢) =1, for 0 < ¢ < 1.
The corresponding posterior distribution for ¢ is given by,

m(dlz) o (w\qﬁ) (¢ )
= Hjllxj H?”Jxl for 0<¢ <1,
o (1=¢)" {p(1 — ¢)}"2{e*(1 — )} {¢° (1 — §)}™* x

{6'(1 = 9)}7{8°(1 — 9)} "¢ (¢°)""
— (252]7-:2(1‘*1)301 (1— ¢)E?:1 T

Now if the parameter ¢ ~ Beta(a, 3), then the probability density function
for ¢ is given by

L(a+05)

P(P) = ==y

)= T )

(see Appendix A for further details and discussion of this distribution). We

can see that m(¢|x) is of this form. Thus, we have as the posterior distribution
for ¢

(1 - ),

7

¢|x ~ Beta 1—1—2(]—1 m],l—&-z%

j=2 j=1
For the data given above, this gives the posterior distribution,
¢l ~ Beta(163,15).

This is plotted in Figure 4.1, along with the corresponding uniform prior
specified on the parameter, ¢.
Note that, more generally, if we specify the prior, ¢ ~ Beta(a, ), the

© 2010 by Taylor and Francis Group, LLC



74 BAYESIAN INFERENCE

20
|
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Density

Figure 4.1 The prior and posterior distributions of ¢ for the canvasback radio-
collared data. Note that the x-axis is only part of the range for ¢.

posterior distribution for ¢ is,

n+1 n
¢|lx ~ Beta | a + Z(] -1z, 8+ ij ,
j=2 j=1

where n is the number of capture events (note that Beta(1,1) = UJ0,1]). In
this case, the posterior distribution of the parameter is from the same family
as the prior distribution. This is a special form of prior, called a conjugate
prior (see Section 4.2.1).
O
The above example was atypical, as the model contained just the one para-
meter, and furthermore it was possible to write down explicitly, and identify,
the posterior distribution. In the next example numerical analysis is needed
in order to obtain posterior marginal distributions.

Example 4.2. Example 1.1 Revisited — Two-Parameter Model for Dipper
Data

We have already seen in Figure 3.2 the log-likelihood contours for a two-
parameter capture-recapture model applied to the dipper data of Table 1.1.
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In order to conduct a corresponding Bayesian analysis for this application, the
likelihood plays the role of the density f. In Figure 4.2 we present the likelihood
contours, the two posterior marginal distributions, one for each of the two
model parameters, and also histograms from MCMC simulations (see Chapter
5), used for estimating the two marginal distributions. The prior distribution
in this example was a product of two uniform distributions (i.e. independent
U|0, 1] distributions), so that the two parameters were independent in the prior
distribution. In order to obtain the two marginal distributions in this case it
was necessary to perform numerical integration of the posterior distribution.

1 1 30
08 @ >
20
06 0.5
04 10
02
0 0
02 04 06 08 0 8 16 08 09 1
18
12
6
0
0 05 1
30
20
10
0
0.4 06 0.8

Figure 4.2 The contours of the likelihood surface when the two-parameter capture-
recapture model is applied to the data of Table 1.1. Also shown are the two marginal
posterior distributions of the model parameters, obtained by numerical integration
of the bivariate posterior distribution, and simulations from these two marginal
distributions using MCMC.

O

4.2 Prior Selection and Elicitation

As explained above, the Bayesian analysis begins with the specification of
a model and a prior on the corresponding parameters. The specification of
this prior, and the elicitation process that determines its precise form, can be
something of a mystery for those not already acquainted with the idea, and
so we deal with this process here.

Though modern scientific thinking is much more at home with the sub-
jective interpretation and analysis of data than was previously the case, the
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incorporation of subjective information via the prior remains a focus of much
debate, especially when little or no knowledge is available. In ecological ap-
plications, the prior is a convenient means of incorporating expert opinion or
information from previous or related studies that would otherwise be ignored.
With sparse data, the role of the prior can be to enable inference to take
place on parameters that would otherwise be impossible, though with suffi-
ciently large and informative data sets the prior typically has little effect on
the results.

When one specifies priors, there are basically two situations that can be
encountered:

e there is no prior information; or

e there is prior information that needs to be expressed in the form of a
suitable probability distribution.

We begin with a discussion of a particular type of prior that is often used for
simplicity — the conjugate prior, already encountered in Example 4.1.

4.2.1 Conjugate Priors

When a posterior distribution for a model parameter has the same distribu-
tional form as the corresponding prior, then we say that the prior is conju-
gate. For example, suppose that we observe data z1,...,x,, such that each
X, YN (u,0%), where p is unknown and o2 is known. We specify a normal
prior on u, such that, u ~ N(0,7). Then the posterior distribution for p is

given by,

= 2,2
™I o°T
x~N , .

l <T2TL+O'2 72n+02>

Thus, the prior and posterior distributions for p are both normal. In other

words a normal prior distribution on the mean of a normal distribution is a

conjugate prior. Examples of additional common conjugate priors are:

e An inverse gamma (I'~1) distribution on the variance of a normal distri-
bution. Note that this is equivalent to a gamma (I') distribution on the
precision of a normal distribution, as we define precision = 1/variance;

e A gamma (T") distribution on the mean of a Poisson distribution;

e A beta distribution on the probability parameter of a binomial distribution,
or of a geometric distribution, as we have seen in Example 4.1;

e A Dirichlet distribution on the probabilities of a multinomial distribution
(a generalisation of the previous beta conjugate prior for the binomial dis-
tribution);

e A multivariate normal distribution on the mean vector of a multivariate
normal distribution (the multivariate generalisation of the univariate nor-
mal distribution);

e An inverse Wishart distribution on the covariance matrix of a multivariate
normal distribution.
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Conjugate priors have historically been used to simplify a Bayesian analy-
sis. However, with modern computational algorithms, conjugate priors are no
longer necessary in order to obtain posterior estimates. Despite this, conjugate
priors remain very common within Bayesian analyses, and can improve com-
putational efficiency. We reiterate that a prior distribution should be specified
that represents expert opinion, before collecting any data. This may be able
to be represented by a conjugate prior, but the prior should not in general be
restricted to only be of conjugate form.

We now consider a range of uninformative or vague priors that are com-
monly used when there is no prior information, before we discuss informative
priors.

4.2.2 “Flat” Priors

In the absence of any prior information on one or more model parameters,
we would normally aim to ensure that this lack of knowledge is properly
reflected in the prior. Typically, this is done by choosing a prior distribution
with a suitably wide variance (Carlin and Louis 2001; Gelman et al. 2003).
At first, it may seem that taking a flat prior that assigns equal probability to
all possible parameter values is a sensible approach. However, flat priors are
rarely invariant to reparameterisations of the model. What may appear flat for
parameters under one parameterisation may be far from flat under another.
(Note that this is similar to the classical problem of the invariance of the
concept of unbiasedness to reparameterisations of the model.) In ecological
applications many parameters of interest are probabilities (for example, of
survival, recapture, etc.). We often express these as logistic regressions such
as logit(¢r) = «a + Gt, where for instance ¢ might denote time. Placing a flat
prior on parameters o and 3 does not induce a flat prior on ¢; (see Section
8.2.1 for further discussion of this). In such circumstances, the statisticians
must decide whether they want a prior that is flat on the ¢-space or («, 5)-
space.

Another problem with flat priors is that for continuous variables these priors
are improper distributions unless bounds on the parameter space are either
naturally available (as is the case for probabilities, for example, since they are
contained in the interval [0,1]) or are imposed. Improper priors can lead to
improper posteriors which, in turn, can mean, for example, that the posterior
mean simply does not exist. On the other hand, the imposition of bounds
which are too restrictive may result in an unrealistically restricted posterior.

4.2.3 Jeffreys Prior

One solution to the reparameterisation problem is to use the Jeffreys prior
(Lindley 1965; Robert 1994). This prior attempts to minimise the amount of
influence of the prior on the posterior and is invariant to reparameterisations of
the model. It is based upon estimation of Fisher’s expected information matrix
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— the same matrix used to estimate classical standard errors (see Section 3.5).
Mathematically, suppose that we are interested in the parameter 6, and specify
¢ = h(0), where h is a bijective function. Then the prior for 6 is the same as
for ¢, when the scale is transformed. Jeffreys prior is given by,

p(0) o \/1(0]),

where I(6|x) is the Fisher Information, given in Section 3.5 as

1)) = —F [dlgd%fwm] |

However, we note that Jeffreys prior is an improper prior.

4.2.4 Hierarchical Prior

In practice most people choose vague priors that are both proper and have
large variance, see Gilks et al. (1996), and this is the default choice in computer
packages such as WinBUGS, for example (see Chapter 7 and Appendix C).
An alternative approach is to adopt a hierarchical prior structure in which the
prior parameters are assumed to be unknown and are themselves given prior
distributions. Such prior distributions are called hyper-priors. For example,
rather than writing o ~ N(0,1000), we might instead write a ~ N(0,771)
with 7 ~ T'(a, b), for suitable a and b (this is a conjugate prior for 7, as stated
above). This dilutes the influence on the posterior of any prior assumptions
made and essentially creates random effects of the model parameters as we
shall see in Example 4.12 and Section 8.5. The influence of the prior can and
always should be assessed via a sensitivity analysis and we shall also return
to this issue in Section 4.3.

4.2.5 Informative Priors

The aim of informative priors is to reflect information available to the statisti-
cian that is gained independently of the data being studied. A prior elicitation
process is often used and involves choosing a suitable family of prior distrib-
utions for each model parameter, and then attempting to find parameters for
that prior that accurately reflect the information available. This is often an
iterative process and one might begin by obtaining some idea of the range of
plausible model parameter values and then in turn using this to ascribe values
to suitable prior parameters. Plots can be made and summary statistics calcu-
lated, which can then be shown to the expert to see if they are consistent with
his/her beliefs. Any mismatches can be used to alter the prior parameters and
the process is repeated (O’Hagan 1998).

For example, Dupuis et al. (2002) consider multi-site capture-recapture-
recovery data relating to a population of mouflon. They analyse the data
using informative priors. These priors are constructed from independent radio-
tagging data of a smaller population of mouflon. Essentially, an initial Bayesian
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analysis is performed on the radio-tagging data, assuming independent uni-
form priors on the parameters. These uninformative priors are combined with
the radio-tagging data to form the posterior distribution of survival and move-
ment probabilities. This posterior distribution is then used as the prior distri-
bution for the multi-site capture-recapture data. An uninformative prior was
specified on the recapture probabilities, for which there was no information
contained in the radio-tagging data.

Note that this underlying idea of using independent data to construct an
informative prior can be viewed in another way. Suppose that we have indepen-
dent data, denoted by x1 and @x». Further, we are interested in the parameters
6. Following the idea above, we initially assume an uninformative prior for 6,
denoted by p(8), and calculate the corresponding posterior distribution of the
parameters, using only data ;. Thus, we have,

m(0|xy) o< f(21|0)p(0).

We then use this posterior distribution to be the corresponding prior dis-
tribution in the Bayesian analysis of data xs. The corresponding posterior
distribution of the parameters is given by,

7T(0|:B1,.’132) (o8 f(:]]2|0)71'(0|.’131)
o f(w2]0)f(w1]0)p(0)
= [f(=1,22/|0)p(8),

since the data &1 and xs are independent. In other words, the building up of
an informative prior from independent data is equivalent to jointly analysing
all of the data, assuming the same initial prior specified on the parameters.
Typically, it is generally easier to perform a single Bayesian analysis of all
of the data simultaneously than take the additional step of constructing the
informative prior. See, for example, Section 10.2.1 for integrated data analyses,
i.e. jointly analysing independent data sets.

Example 4.3. Example 4.1 Revisited — Radio-Tagging Data
We reconsider the radio-tagging data given in Example 4.1. Recall that there
is a single parameter, the survival probability, ¢. As this parameter is a proba-
bility, it is constrained to the interval [0, 1]. Thus an obvious prior distribution
to specify on ¢ is a beta distribution, which is defined over the interval [0, 1].
We might then elicit values for the parameters o and § by considering what
sets of values we believe are most likely for ¢. In the absence of any relevant
information (i.e. expert prior opinion), we might simply wish to assume a flat
prior over the interval [0,1] by setting o = 5 = 1.

We combine the prior specified on ¢, with the corresponding likelihood (see
Example 4.1) to obtain the posterior distribution,

o|lx ~ Beta(a+m, 3+ n),
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where,

7 6
m=Y (i—1)z; = 162; and n=Y =14
i=2 i=1
Under the uniform prior with o = § = 1, we obtain the following posterior
statistics for ¢:

e posterior mean = 0.916;
e posterior mode = 0.920;
e posterior standard deviation = 0.021.

The corresponding MLE of ¢ is readily seen to be equal to,
b= "1 —0.921.
n

The MLE of ¢ is equal to the posterior mode, since, in this case, the posterior

distribution is simply proportional to the likelihood function, assuming a uni-

form prior. Note that there is some discrepancy between the posterior mean

and mode, due to a small amount of skewness in the posterior distribution.

In examples where the this skewness is more pronounced, or where the prior

is not flat, the posterior mean and the MLE may be considerably different.
For a general Beta(a, 8) prior, the posterior mean of ¢ is given by,

a+m 1 e} m
a+m—|—,6’+n_(1 w)(a—k,@)—i_w(m—l—n)’

m+n
T a+m+8+n
In other words, the posterior mean is a weighted average of the prior mean
(a/(a+3)) and the MLE (m/(m+mn)). Note that as the number of individuals
within the study increases, the value m 4 n increases, and the weight w tends
to unity, so that the posterior mean tends to the MLE. The posterior mean
converges to the MLE irrespective of the prior parameters a and (3, though
the speed at which convergence occurs will vary with respect to the prior spec-
ification. In addition, it is straightforward to show that the posterior variance
also converges to zero as the sample size increases; see Exercise 4.6. Thus, in

the limiting case, the posterior distribution converges to a point mass at the
MLE.

where,

O

4.3 Prior Sensitivity Analyses

As discussed earlier, it is important to assess the sensitivity of key results
to the prior assumptions made. In the presence of reasonably informative
data, there should be little prior sensitivity, as the information from the data
should dominate that in the prior. Prior sensitivity in itself is not a problem,
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but extreme prior sensitivity often points to problems such as parameter re-
dundancy, discussed in Section 2.8, (see Section 4.3.1), or overly restrictive
prior assumptions.

A simple sensitivity analysis might involve increasing and decreasing the
prior variances to see what, if any, difference this makes to the posterior sta-
tistics of interest. This can be done in a fairly structured manner with perhaps
three levels of variance for each parameter and a separate analysis conducted
for each combination.

Example 4.4. Example 4.1 Revisited — Radio Tagging Data
For the radio-tagging data in Example 4.1, we can explicitly calculate the
posterior distribution for ¢. In Example 4.1, we showed that assuming a
Beta(a, 8) distribution on ¢, the corresponding posterior distribution for ¢ is
given by,

¢z ~ Beta(a + 162, 8 + 14).

The corresponding posterior mean is,

E. () = o+ 162 o+ 162
A 1624+ 414 a+ BH1TT

Thus, we can derive an explicit expression for the posterior mean, and clearly
see how the location of the posterior distribution (in terms of the mean) is
affected by different priors placed on the parameters. For example, placing a
Beta(1,1) prior (i.e. U[0,1]) prior on ¢ we obtain the posterior mean of 0.916
with lower and upper 2.5% and 97.5% quantiles of 0.871 and 0.952, respectively
(this corresponds to a 95% symmetric credible interval; see Section 4.4 for
further description of posterior summary statistics). Alternatively, suppose
that we have strong prior belief that the value of ¢ is located around 0.8, with
a specified 95% interval of (0.7, 0.9). We could represent these prior beliefs by
specifying a Beta(50,12) distribution, which has the specified distributional
characteristics (i.e. prior mean of 0.806; prior median of 0.810; 2.5% quantile
of 0.700, and 97.5% quantile of 0.894). This provides a posterior distribution
for ¢ of Beta(212,26). The corresponding posterior mean is 0.891, with lower
and upper 2.5% and 97.5% quantiles of 0.848 and 0.927, respectively. We note
that even though the prior distribution specified did not contain the posterior
mean of the parameter under a flat prior (or the MLE of the parameter),
within the central 95% interval, the corresponding posterior mean is still only
marginally less than the posterior mean under the flat prior. In addition, the
posterior mean is at the upper 97.5% prior bound. The posterior distributions
for the different priors (and prior distributions) are plotted in Figure 4.3.
Clearly, from Figure 4.3 and prior summary statistics, the Beta(50, 12) prior
is quite an informative prior specification. The corresponding posterior distri-
bution for ¢ is then “pulled” towards the values with high prior mass, with
the posterior distribution essentially providing a compromise between the in-
formation contained in the likelihood concerning ¢ and the prior specified.

O
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Figure 4.3 Posterior distribution for ¢ (in black) for Beta(1,1) prior (solid line),
Beta(50,12) prior (dashed line) and corresponding prior distributions (in grey). Note
that the x-axis is only part of the range for ¢.

Example 4.5. Dippers — Three-Parameter Model

To demonstrate how we might perform a sensitivity analysis for more complex
data, we consider the annual capture-recapture data set relating to dippers
introduced in Example 1.1. There are a total of 6 release events and 6 recapture
events. For simplicity, we consider the model C/C2 with 3 parameters: a
constant recapture probability, p; survival probability for non-flood years (at
capture times 1, 4, 5 and 6) denoted by ¢,,, and survival probability for flood
years (capture times 2 and 3), denoted by ¢¢. In the absence of any expert
prior information, we might specify a Beta(1l,1)(= UJ0,1]) prior on each of
the model parameters. To assess the sensitivity of the posterior distribution to
the priors, we might consider two alternative priors: a left-skewed and right-
skewed distribution. For example, we consider the prior Beta(1,9) on each
parameter with mean 0.1 and standard deviation 0.09; and a Beta(9,1) prior
on each parameter with mean 0.9 and standard deviation 0.09. Clearly, we
could consider the prior sensitivity by simply changing the prior on a single
parameter. However, here we consider the more extreme case, changing all the
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priors simultaneously. If the posterior distribution is insensitive to the prior
change on all the parameters, then the posterior distribution is likely to be
insensitive to changes in a single prior specification.

In this example we use an MCMC algorithm, to be described in detail in
Chapter 5, in order to obtain samples from the joint posterior distribution. The
estimated posterior distribution for each parameter is shown as a histogram
in Figure 4.4 under the different prior specifications, and compared to the
corresponding prior specified on each parameter. In addition, we present the
posterior mean and standard deviation of each of the parameters for each prior
in Table 4.2.
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Figure 4.4 The marginal posterior distributions of the parameters p, ¢, and ¢y
estimated by histograms and compared to the prior density under the different in-
dependent priors U|0, 1] (top row); Beta(1,9) (middle row); and Beta(9,1) (bottom
row).
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Table 4.2 The Posterior Mean and Standard Deviation (in Brackets) of Each Pa-
rameter under the Three Different Priors

Prior
Parameter Ulo,1] Beta(1,9) Beta(9,1)
p 0.893 (0.030) 0.842 (0.032) 0.895 (0.030)
. 0.609 (0.031) 0.605 (0.032) 0.620 (0.031)
of 0.472 (0.043) 0.451 (0.042) 0.499 (0.042)

From both Fignre 4.4 and Table 4.2 it is clear that the marginal posterior
distributions of each of the parameters, p, ¢,, and ¢, are essentially insensitive
to the prior specification. Under three quite different priors the corresponding
posterior distributions are very similar. In other words the posterior appears
to be data-driven rather than prior-driven.

O

4.3.1 Prior Sensitivity — Parameter Redundancy

The two-parameter capture-recapture model of Example 4.2 for the dippers
data can be extended so that both the recapture and annual survival probabil-
ities are functions of time. The resulting model is the CJS model, encountered
earlier in Example 2.7. We saw there that this model is parameter redundant,
as it is not possible to estimate two of its parameters, only their product.
Because of the use of a prior distribution, it can still be possible to obtain a
posterior distribution when a model is parameter redundant. An illustration
of this is provided in the next example.

Example 4.6. Prior and Posterior Distributions for the CJS Model

In Figure 4.5 we display the independent uniform prior distributions assumed
for all of the model parameters, and superimposed on them are the estimated
posterior distributions, obtained from using an MCMC algorithm, to be dis-
cussed in detail in Chapter 5. In this case the histograms have been smoothed
using kernel density estimates. Shown shaded in the figure is the amount of
overlap between the prior and posterior distributions.

Due to the parameter redundancy of the CJS model, we cannot obtain
separate maximum-likelihood estimates of the parameters ¢g and p7. We can
see from Figure 4.5 that for these two parameters there is appreciable overlap
between the marginal prior and posterior distributions, as we would expect.
There is a similar amount of overlap for the parameters ¢; and ps, and this
is because the year of release 1981, at the start of the study, had such a small
cohort of marked birds.

O
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Figure 4.5 Overlap of prior and posterior distributions for the Cormack-Jolly-Seber
model applied to the data of Table 1.1. Reproduced with permission from Gimenez
et al. (2009b, p. 1062) published by Springer.

Further discussion of this and related examples is provided by Gimenez et al.
(2009b). It is shown there that if one assumes uniform prior distributions,
then an overlap of more than 35% between prior and posterior distributions
is an indication that a parameter is not being estimated well, and that the
posterior distribution is dependent upon the prior. As a general rule for all
Bayesian work, posterior inferences should always be checked for the influence
of prior distributions (i.e. a prior sensitivity analysis performed), for exam-
ple by performing the analysis for a range of alternative prior distributions,
and considering how conclusions might change (see Section 4.3). For further
discussion, see Exercises 4.1-4.3.

4.4 Summarising Posterior Distributions

The posterior distribution is typically very complex (and often high-dimension-
al). Presenting the posterior distribution (up to proportionality) generally
provides no directly interpretable information on the parameters of interest.
Thus, the posterior distribution is often summarised via a number of sum-
mary statistics. For example, the posterior mean is the most commonly used
point estimate to summarise the “location” of the posterior distribution. This
is often justified as minimising the squared error loss function, with respect to
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the posterior distribution. However, we note that this summary statistic may
not be the most appropriate point estimate in all circumstances. In particular,
if the posterior distribution is skewed, then the mean can be highly affected
by the skewness of the distribution. In such instances the median is often used
as an alternative.

The “spread” of a distribution is often summarised via the variance or
standard deviation. However, this does not provide any information regarding
possible skewness, for example, of the posterior distribution. A more infor-
mative description is provided via credible intervals. Formally, suppose that
we are interested in the parameter 6, which has posterior distribution m(6|x).
Then, the interval (a,b) is defined as a 100(1 — a)% credible interval if,

b
}P’W(He[a,bﬂac):/ A0z =1—0a,  0<a<l.

Note that a 100(1 — a)% credible interval is not unique since, in general,
there will be many choices of a and b, such that, f:W(9|w)d9 = 1— «. For
example, see Figure 4.€, where we have two 95% credible intervals (i.e. setting
a = 0.05), denoted by [a1,b1] and [az, ba].

Often, a symmetric 100(1 —«)% credible interval (a, b) is used. This credible
interval is unique, and is defined such that,

/a 7(0)z)do = % - /bm 7(0)z)do,

— 00
i.e. the credible interval such that a corresponds to the lower 5 quantile, and
b the upper 1 — § quantile of the posterior distribution, 7(6|x).

Consider Figure 4.6, again. Both of the intervals contain 95% of the distrib-
ution (i.e. @ = 0.05), so that there is no objection to either of them. However,
what about communicating information about 87 The interval a1, b1] is clearly
more informative, since a shorter interval represents a “tighter” inference. This
motivates the following refinement of a credible interval. The interval [a, b] is
a 100(1 — a)% highest posterior density interval (HPDI) if:

1. [a,b] is a 100(1 — )% credible interval; and
2. for all ¢’ € [a,b] and 0" ¢ [a,b], w(0'|x) > 7 (0" |x).

In an obvious sense, this is the required definition for the “shortest possible”
interval having a given credible level 1 — o, and essentially centres the interval
around the mode, in the unimodal case. Clearly, if a distribution is symmetrical
about the mean, such as the normal distribution, the 100(1 — a)% symmetric
credible interval is identical to the 100(1 — «)% HPDI. In the case where the
posterior distribution is multimodal, the corresponding HPDI may consist of
several disjoint intervals. In Figure 4.6, the interval [a1, b1] = [0.35,2.57] is the
95% HPDI; and the interval [az, b2] = [0.50, 3.08] the 95% symmetric credible
interval. There is clearly quite a difference between these two 95% credible
intervals. This is as a result of the skewness of the distribution.

Note that if we have a symmetric credible interval [a, b] for a given parameter
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Figure 4.6 The density of a particular inverse gamma distribution, namely,
I'~*(5,5) and two alternative 95% credible intervals.

0, then, if we consider a bijective transformation of the parameter, such as
¢ = ¢(0), the corresponding symmetric credible interval for ¢ is given by
[g(a), g(b)], However, this is not always true for HPDIs. The corresponding
HPDI for ¢ is [g(a), g(b)], if and only if, g is a linear transformation; otherwise,
the HPDI needs to be recalculated for ¢.

Example 4.7. Example 4.1 Revisited — Radio-Tagging Data

In Example 4.1 we derived the posterior distribution for the survival parame-
ter, ¢, to be a Beta(163,15) distribution. The specification of the distribution
provides all the information needed concerning the parameter and is the most
complete description. However, the posterior information given in this distri-
butional form is typically not very informative to practitioners or ecologists.
Alternatively, we could plot the posterior distribution as in Figure 4.7, or pro-
vide posterior summary statistics. For example, a posterior mean of 0.916 with
0.021 standard deviation and 95% symmetric credible interval (0.872, 0.952).
The 95% HPDI is equal to (0.875, 0.955), which is virtually identical to the
symmetric credible interval as a result of the posterior distribution being ap-
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proximately symmetrical in shape. Note that credible intervals often provide
more information than the standard deviation, for example, as they typically
provide information on any skewness of the posterior distribution.

O

Example 4.8. Example 1.1 Revisited — Two-Parameter Model for Dipper
Data

When there is more than a single parameter, the marginal posterior distri-
butions are often reported for the different parameters. This provides infor-
mation on a single parameter, integrating out over the rest of the parameter
space. For the dipper data, recall that there are two parameters: ¢ (survival
probability) and p (recapture probability). The marginal posterior mean and
standard deviation for ¢ (integrating out over all possible values of p) are 0.56
and 0.025. Similarly, the marginal posterior mean and standard deviation for
p (integrating out over all possible values of ¢) are 0.90 and 0.029. Credible
intervals can similarly be obtained and/or the marginal posterior distributions
plotted, as in Figure 4.2. Providing only the posterior marginal distributions
provides no information regarding the relationship between the parameters. In
the case of more than one parameter, posterior credible regions can be plotted
(again see Figure 4.2). Alternatively, to provide a summary point estimate on
the relationship between the two parameters, the posterior correlation of ¢
and p can be calculated. For this example, we obtain a posterior correlation of
—0.16. As expected there is a negative relationship between the survival and
recapture probabilities (although this appears to be relatively small).

O

4.4.1 Credible Intervals versus Confidence Intervals

The difference in philosophy between the classical and Bayesian approaches to
statistical inference is well illustrated by looking at the two distinct forms of
uncertainty interval associated with the two approaches: confidence intervals
and credible intervals.

The classical interval is known as the confidence interval, as already ex-
plained in the last chapter. Given the observed data, x, the 100(1 — a)%
confidence interval [a(x), b(x)] for 6 then satisfies the statement:

P([a(x), b(x)] contains ) = 1 — «.

Since 0 is assumed fixed, it is the interval constructed from the data that is
uncertain, and its randomness derives from the stochastic nature of the data
under theoretical replications of the data collection process. The Bayesian
interval is known as the credible interval. Given data, the 100(1 — «)% credible
interval [a, b] for @ then satisfies the statement:

PO € [a,b]|z) =1 — .

Here it is 6 that is the random variable and the interval is fixed. Recall that

© 2010 by Taylor and Francis Group, LLC



DIRECTED ACYCLIC GRAPHS 89

a credible interval is not unique; there are many such intervals [a, b] such that
100(1 — a)% of the posterior distribution lies within bounds of the interval.
Furthermore, the Bayesian statistician conditions on the data observed, rather
than appealing to asymptotic properties of estimators, which may not apply
for small sample sizes.

4.5 Directed Acyclic Graphs

In this section we present a diagrammatical representation often used to ex-
press the manner in which the data, model parameters and corresponding
prior distributions are linked. These graphical models neatly summarise and
communicate complex model structures in a convenient and straightforward
way. In particular we focus on directed acyclic graphs (DAGs).

Within a DAG, the data, model parameters and prior parameters are each
represented as graphical nodes. Square nodes typically represent a fixed value
(e.g. observed data, prior parameter values) and circular nodes a parameter
to be estimated (e.g. model parameters). Relationships between these vari-
ables are then represented graphically by edges, with the direction of the
edge between the nodes denoting the directional relationship between the two
variables. A deterministic relationship is represented by a broken line, a sto-
chastic relationship with a solid line. Such graphs are usually presented as a
hierarchical structure, with the data presented at the bottom of the graph;
the variables that exert the most direct influence upon the data are placed
closest to the bottom, and those of lesser influence placed in decreasing order
up the graph. The prior parameter values are then at the uppermost level of
the graph. Thus, square nodes (for the data and prior parameter values) are
typically at the lowest and highest level of the graph. Note that the graph
is acyclic since there are no cycles in the graph between the nodes via the
directional edges. Examples of DAGs for the two examples of this chapter are
provided next.

Example 4.9. Radio-Tagging Example

We consider the simple case of the one-parameter radio-tagging data, pre-
sented in Example 4.1. The data are the number of individuals radio-tagged
and the corresponding number that die between each pair of subsequent cap-
ture events, denoted by x. The only model parameter is the survival prob-
ability, ¢. Finally, we need to specify a prior distribution on the survival
probability. As before, we specity,

¢ ~ Beta(a, §).

The corresponding DAG in Figure 4.7 provides the relationship between each
of the variables. The survival probability is a stochastic function of the prior
parameters « and (3, although we emphasise that the DAG does not specify
the exact distributional form of the relationship (only whether the relationship
is stochastic or deterministic). Similarly, the data are a stochastic function of
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the model parameter ¢, via the likelihood f(x|¢), which is of multinomial
form.

g s

\
o

X

Figure 4.7 A directed acyclic graph (DAG) for the radio-tagging data.

From Figure 4.7 we can clearly see the relationships between the para-
meters. In addition, the shape of the nodes (square or circular) also clearly
distinguishes between the fixed variables (square nodes — data and specified
prior parameters) and parameters to be estimated (circular nodes — survival
probability). The square nodes are in the lowest level of the graph (data)
and the highest level (prior parameters) encompassing the parameters to be
estimated.

O

Example 4.10. Dippers Example

We return to the dippers capture-recapture example initially presented in Ex-
ample 1.1. We consider two different possible models, and their correspond-
ing DAGs. In particular, we consider the two-parameter model, with a con-
stant survival probability over time (as given in Example 4.2) and the three-
parameter model, with a different survival probability for flood and non-flood
years (as given in Example 4.5). The data are represented by the standard m-
array and denoted by m. Then for both models, we specify a beta distribution
on the recapture probability, p. In particular,

p ~ Beta(op, Bp).

For the survival probabilities there are two possible models — a constant sur-
vival probability, ¢; or different survival probabilities relating to flood years,
¢¢ and non-flood years, ¢,. For the simpler model, with a constant survival
probability, we specify the prior:

¢ ~ Beta(ag, By)-

Similarly, for the more complex three-parameter model, we specify indepen-
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dent beta distributions on the different survival probabilities, in the form,

¢r ~ Beta(ag,,Be,); and  ¢n ~ Beta(ay,, By, )

The corresponding DAGs are presented in Figure 4.8 for the two different
models. The DAGs are clearly very similar, since the models are themselves
very similar.

(a) (b)

Figure 4.8 Directed acyclic graphs for the dippers data for (a) two-parameter
model (constant survival probability) and (b) three-parameter model (flood depen-
dent survival probability).

Example 4.11. Covariate Regression Analysis

As we have seen in Section 2.5, within the analysis of ecological data, we of-
ten wish to express the model parameters as a function of different factors, or
covariates. This approach permits the model parameters to be directly associ-
ated with the given covariates of interest. For example, survival probabilities
may be expressed as a function of resource availability or predator abundance.
We consider a particular example relating to ring-recovery data of UK lap-
wings from 1963-1998. The corresponding likelihood and further description
of this type of data are described in Section 2.3.1 (with the ring-recovery data
provided for the lapwings for 1963-1973). The regression of demographic prob-
abilities on covariates is also briefly described in Section 2.5, and considered
in greater detail in Chapter 8 (and Section 10.2). There are three parameters
within the model that we consider: ¢, the first-year survival probability; ¢,
the adult survival probability; and A, the probability of recovery of dead indi-
viduals. To explain the temporal variability of the demographic parameters,
we consider two covariates: time (t) and and fdays denoting the number of
days that the minimum temperature fell below freezing in Central England
during the winter leading up to the breeding season in year ¢ given in Figure
2.2. Here, fdays can be regarded as a (crude) measure of the harshness of
the winter (and hence also resource availability). Each of the survival para-
meters are regressed on fdays and the recovery probability on time. Thus,
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mathematically, we have,

10git ¢ = a1 + ﬁlft;
logit ¢o = aa + Bafi;
logit A = a\ + Baug,

where f; and u; denote the normalised values for the covariates fdays and
time, respectively. This model is typically denoted by:

¢1(fdays); da(fdays)/A(t).
Note that normalising covariate values are simply defined to be,

ft —E(f)

SD(f)

where E(f) denotes the sample mean of the observed covariate values; and
SD(f) the sample standard deviation of the observed covariate values. Within
Bayesian analyses, it is important that the covariates are normalised so that
(i) all covariates are on the same scale (if there is more than one covariate);
and (ii) the priors on the corresponding regression coefficient are specified on
a meaningful scale (see Borchers et al. 2010 for further discission).

We place priors on each of the regression parameters. In particular, we
specify independent normal priors of the form,

Qg ~ N(Mawa—i)5 Bi ~ N(/"ﬁwggi)v (4.2)

for i € {1,a, A}

The corresponding DAG is provided in Figure 4.9. Once more we note that
the lowest and highest levels of the DAG are represented with square nodes (of
known parameters), with all the other nodes circular, denoting parameters to
be estimated. Note that the dashed lines represent the deterministic relation-
ship between the demographic parameters (¢1, ¢, and A) and the regression
coefficients (a1, 01, @, Ba, ax and By) given in (4.2).

O

Example 4.12. Fixed Effects versus Random Effects

We once more consider the radio-tagging data presented in Example 4.1 and
discussed above. However, we now assume that the survival probability is time
dependent, so that we have parameters, ¢ = {¢1,...,d7r}. We could then
specify independent beta distributions on each of the parameters ¢, ..., ¢r.
However, we consider an alternative parameterisation and specify,

loglt (,bt = ﬁt

where (3; ~ N(«a,0?), and we specify a ~ N(jiqa,02). Typically in the ab-
sence of prior information, we might set y, = 0 and 02 = 10 (see Section
8.2.1 for further discussion of prior specification for parameters within logistic
regressions)
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Figure 4.9 A directed acyclic graph (DAG) for the UK lapwing ring-recovery data
for a logistic regression covariate analysis.

We note that we can rewrite this parameterisation in the form,
logit ¢ = o + €4,

where €; ~ N(0,0?).

Specifying a value for 02 we obtain a fixed effects model with parameters
« and € = {€1,...,er}. The corresponding DAG is given in Figure 4.10(a).
Alternatively, we could specify a hierarchical prior on o2, for example,

o? ~T7a,b).

An alternative interpretation of this hierarchical prior is that of a random
effects model, with parameters a and o2. The corresponding DAG is given in
Figure 4.10(b). Thus, in terms of the DAG, the hierarchical prior (or equiva-
lently random effects model) adds in an extra level to the graph. See Sections
4 92 4 and 8.5 for further discussion.

O

4.6 Summary

In this chapter we have described the basis for Bayesian inference, which
follows naturally from Bayes’ Theorem. In contrast to classical inference, pa-
rameters and data are considered on an equal footing, and the effect of data is
to modify distributions for parameters, which change from prior (beliefs con-
cerning the parameters before observing the data) to posterior forms (updated
beliefs regarding the parameters after observing the data). The Bayesian ap-
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Hy o’

< o’

(a) (b)

Figure 4.10 The DAG for the time dependent radio-tagging data for (a) fixed
effects model; and (b) hierarchical prior (or random effects model).

proach allows prior information to be combined formally with the information
to be obtained from the data via the likelihood. Formal elicitation methods
exist to assist experts to translate their prior knowledge into explicit prior dis-
tribution form that can be used within Bayesian analyses. However, in many
analyses, uninformative priors may be preferred. We emphasise that the pos-
terior distribution should always be assessed for prior sensitivity, even in the
case of informative priors, since their specification can sometimes be diffi-
cult to represent the prior beliefs accurately. O’'Hagan (1998) discusses how
informative prior distributions can be translated from expert prior beliefs us-
ing an iterative approach. A practical example of forming informative prior
distributions from additional external information is provided by King et al.
(2005).

Within Bayesian analyses we can calculate an expression for the correspond-
ing posterior distribution (up to proportionality). For multi-parameter mod-
els, the posterior distribution is often high-dimensional, so that direct inter-
pretation is difficult and inference difficult. This typically leads to marginal
posterior distributions being of interest, essentially integrating out the other
parameter values. Direct integration can sometimes be performed (see for ex-
ample Gelman et al. 2003), allowing the exact shape of the marginal posterior
distribution to be calculated. However, alternative computational techniques
need to be implemented when this is not the case (see Chapter 5).
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4.7 Further Reading

There are numerous publications detailing the Bayesian approach to both gen-
eral statistical problems and particular applications. For example, Lee (2004)
provides an excellent general introduction to Bayesian statistics. Additional
books that provide a wider discussion of issues and applications include Gel-
man et al. (2003), Congdon (2006) and Robert (2007). The paper by Bellhouse
(2004) provides a biography on Bayes. In addition, there are a number of re-
cent books either containing a statistical ecology application, or wholly aimed
at the Bayesian approach to statistical problems, including McCarthy (2007),
Royle and Dorazio (2008), Link and Barker (2009) and Marin and Robert
(2007). These books each focus on different aspects and ecological applica-
tions. For example, Royle and Dorazio (2008) focus on hierarchical modelling
within statistical ecology, including application areas of species richness and
occupancy models not considered within this book. An introductory reference
to Bayesian methods is the book by Lee (2004), and a historical review is
provided by Brooks (2003). More advanced topics are provided by Carlin and
Louis (2001). The classical reference for modern applied Bayesian methods,
with applications drawn from a range of different areas is Gelman et al. (2003),
while the edition by Gilks et al. (1996) illustrates the great potential for mod-
ern Bayesian methods. Bayesian state-space models are constructed in Millar
and Meyer (2000) and illustrations of hierarchical models are given by Link
et al. (2002) and Rivot and Prévost (2002); these papers provide examples of
complex probability models which are readily fitted using Bayesian methods.
O’Hagan (1998) discusses how one can incorporate prior knowledge in a prior
distribution, when that is felt to be appropriate, and a good illustration of
this is provided in Gelman et al. (2003, p. 260) in the context of a hierarchical
model in the area of pharmacokinetics. The paper by Millar (2004) presents
an analytic approach to prior sensitivity analysis; see Exercise 4.4.

Various extensions to the CJS model have been proposed. For example,
Pradel (1996) considers the estimation of recruitment into the population,
in addition to the standard estimation of removal from the population (via
death or permanent migration). Similar ideas applied in a Bayesian framework,
that consider not only survival probabilities but also birth rates, are provided
by Link and Barker (2005) and O’Hara et al. (2009). Alternatively, struc-
tured error processes have been proposed by Johnson and Hoeting (2003) for
capture-recapture data, where the demographic parameters are modelled as
an autoregressive process. Thus, this approach does not assume that survival
probabilities are independent of each other between different capture events,
but are related via a modelled process (i.e. autoregressive process). Additional
ecological areas where Bayesian methods are used include fisheries stock as-
sessment (Millar and Meyer 2000; McAllister and Kirkwood 1998b; Punt and
Hilborn 1997), site occupancy models (Kéry and Royle 2007), species richness
(Mingoti 1999 and Dorazio et al. 2006) and meta-population models for patch
occupancy (O’Hara et al. 2002 and ter Braak and Etienne 2003)
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4.8 Exercises

4.1

We continue here the discussion of overlap of prior and posterior distribu-
tions, from Example 4.6. Here and in the next exercise we use 7 to indicate
the proportion of overlap. We give in Table 4.3 the amounts of overlap of
prior and posterior distributions, illustrated in Figure 4.%. Provide a suit-
able discussion of these values; comment in particular on the suggested
threshold for 7 of 35 %.

Table 4.3 Overlap of Priors and Posteriors Values Expressed as Percentages for
the CJS Model Applied to the Dipper Data, Corresponding to Figure 4.5

Parameter T
01 53.6
b2 33.4
o3 29.2
P4 27.9
o5 27.4
o6 57.2
D2 04.7
p3 35.9
P4 28.4
D5 26.4
D6 23.4
p7 56.5

Source: Reproduced with permission from Gimenez et al. (2009b, p. 1062)
published by Springer.

Note: For all parameters U(0, 1) priors are used.

4.2

4.3

We return to the mallard recovery data discussed in Exercise 3.1. Shown in
Figure 4.11 are the prior and posterior distributions when the model fitted
has two annual survival probabilities, ¢1, corresponding to birds in their
first year of life, and ¢,, corresponding to all older birds, as well as two
corresponding recovery probabilities, A\; and A,. This model is parameter
redundant (see Section 2.8). The overlap proportions are 74, = 75.93, 7, =
10.78, 75, = 60.66, 75, = 51.33. Provide a suitable discussion, commenting
on the advisability of a Bayesian analysis of a parameter redundant model.

The herring gull data of Exercise 3.4 have been analysed by Vounatsou
and Smith 1995, using a Bayesian approach, and fitting the parameter-
redundant Cormack-Seber model of Example 2.8. Consider what form the
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Figure 4.11 Display of the prior-posterior distribution pairs for ¢1, ¢a, A1 and A,
in the parameter redundant submodel of the FM model, applied to the mallard data.
The priors for all parameters were chosen as U(0, 1) distributions. Note that scales
in panels differ. Reproduced with permission from Gimenez et al. (2009b, p. 1060)
published by Springer.

overlaps of prior and posterior distributions will take in this case, and
provide suitable discussion.

4.4 The random variable X has a N(u,o?) distribution, where o2 is known
and the parameter p has a N(v,72) distribution. Form the partial deriv-
ative Ov*/0v, where v* denotes the mean of the posterior distribution of
p. Consider how this might be used to determine the sensitivity of the
posterior distribution to the prior. (Millar 2004).

4.5 Verify the cell probabilities of the m-array given in Example 4.1. Discuss
how you might modify the model to allow the survival probability ¢ to vary
between animals.

4.6 Verify the result stated in Example 4.1 that the posterior variance converges
to zero as the sample size increases.
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4.7 Verify the conjugate forms for prior distributions given in Section 4.2.1.

4.8 In Example 4.8 it is stated that the negative correlation obtained between
the survival and recapture estimates is to be expected. Explain why this is
the case.

4.9 Discuss whether the DAG of Figure 4.9 might be appropriate for a model
of the ring-recovery data on herons in Example 2.1.

4.10 Prove that Jeffreys prior is invariant to a transformation of variables.
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CHAPTER 5

Markov Chain Monte Carlo

At the beginning of the 1990s there were two developments that provided an
enormous impetus to the development of modern Bayesian methods, namely:

e the computer revolution, which made powerful computers an affordable
reality;

e the Markov chain Monte Carlo (MCMC) algorithm was introduced to the
statistical literature (Smith and Gelfand 1992).

Before we describe MCMC in detail, we first consider the two components of
this approach: Monte Carlo integration and Markov chains.

5.1 Monte Carlo Integration

In many circumstances, we are faced with the problem of evaluating an integral
which is too complex to calculate explicitly. We recall that Bayesian inference
is based upon the estimation of posterior summaries such as the mean, and
that these require integration of the posterior density. For example, we may
wish to estimate the posterior expectation of a function ¢ (.) of a parameter,
6, given observed data x:

/ »(0)w(0|x)db

We can use the simulation technique of Monte Carlo integration to obtain an
estimate of a given integral (and hence posterior expected value). The method
is based upon drawing observations from the distribution of the variable of
interest and simply calculating the empirical estimate of the expectation. For
example, given a sample of observations, #1,..., 0" ~ 7(f|z), we can estimate

the integral
/ (07 (0|x)dx

v 3w, 6-1)

In other words, we proceed by drawing samples #',...,67 from the poste-
rior distribution and then calculating the sample mean. This is Monte Carlo
integration (Morgan 1984, p. 163)

by the average

99
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Example 5.1. Simulating Beta Random Variables Using Rejection

In Example 4.1 the posterior distribution is beta, with known parameters,
and we saw there that we have explicit expressions for the posterior mode
and mean. However, it is of interest to consider how we might simulate from
such a posterior distribution. One way to do this is to use the method of
rejection, illustrated in Figure 5.1. Here a beta density is given a rectangular
envelope, under which points are simulated uniformly and at random. We
reject those points that lie above the probability density function, and retain
the points that lie below the density function, as the x-coordinates of the latter
points have the beta distribution; see Morgan (2008). As an illustration, for
the Beta(3,2) distribution, in a simulation of 100 points in the appropriate
rectangle, 48 points are accepted, with a sample average of 0.5733, when the
population expectation is known to be 0.6.

0.45
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Figure 5.1 Illustration of a rejection method used to simulate beta random vari-
ables. The distribution shown is Beta(3,2). The x’s are rejected and the o’s are
accepted. The x-coordinates of the o’s are realisations of the random variable with
the Beta(3,2) density function.

O
For independent samples, the Law of Large Numbers ensures that

¥, = Ex[(0)] asn— oo

Independent sampling from 7(f|x) may be difficult, however Equation (5.1)
may still be used if we generate our samples, not independently, but via some
other method.

The above example concentrates on obtaining an estimate of the posterior
mean of a distribution. However, any number of posterior summary statistics
may be of interest. For example, suppose that we are interested in the posterior
probability that the parameter of interest, 8, has a value greater than 10.
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Then we can estimate P(f > 10|x) by simply calculating the proportion of
the sample from the posterior distribution for which the parameter value is
greater than 10. Alternatively, the sample obtained can be used to estimate
the density of the (marginal) posterior distribution of §. We have already seen
this done in Figures 4.4 and 4.5.

Thus, we replace the integration problem by a sampling problem, but this
creates two new problems. In general, m(f|x) represents a high-dimensional
and complex distribution from which samples would usually be difficult to
obtain. In addition, large sample sizes are often required and so powerful
computers are needed to generate these samples. So, how do we obtain a
potentially large sample from the posterior distribution, when in general, this
will be very complex and often high-dimensional? The answer is via the use
of a Markov chain.

5.2 Markov Chains

A Markov chain is simply a stochastic sequence of numbers where each value
in the sequence depends only upon the last (Gilks et al. 1996). We might
label the sequence 0°, 0%, 2, etc., where the value for #° is chosen from some
arbitrary starting distribution. In general, if we want to simulate a Markov
chain, we generate the new state of the chain, say #*T!, from some density,
dependent only on #*:

OFt ~ KC(0F,0) (= K(0]6%)).

We call K the transition kernel for the chain. The transition kernel uniquely
describes the dynamics of the chain.

Under certain conditions, that the chain is aperiodic and irreducible, the
distribution over the states of the Markov chain will converge to a stationary
distribution. Note that we shall always assume that these conditions are met.
Suppose that we have a Markov chain with stationary distribution 7(6). The
Ergodic Theorem states that,

U = %Zw(eﬁ —E(4(9))  asn— oo.

For our purposes, 7(f) = w(f|x) (i.e. the stationary distribution will be the
posterior distribution of interest).

Combining Markov chains with Monte Carlo integration results in Markov
chain Monte Carlo (MCMC).

5.3 Markov Chain Monte Carlo

MCMC methods perform Monte Carlo integration using a Markov chain to
generate observations from 7. Essentially, we construct a Markov chain (using
standard methods described below) where the updating of the parameters in
the Markov chain is performed such that the probability distribution associ-
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ated with the k*" observation gets closer and closer to 7(f|z) as k increases.
We say that the distribution of the chain converges to m and we return to the
concept of convergence later on.

MCMC therefore allows us to construct a sequence of values whose distri-
bution converges to the posterior distribution of interest (if the chain is run
for long enough). Once the chain has converged to the stationary distribution,
we can then use the sequence of values taken by the chain in order to obtain
empirical (Monte Carlo) estimates of any posterior summaries of interest, such
as posterior means. Note that we need to ensure that the Markov chain has
reached the stationary distribution before we can use the realisations to ob-
tain our Monte Carlo estimates of the posterior distributions of interest. This
means that we need to discard realisations from the start of the chain and
only use observations once the chain has converged. This initial period of the
chain is referred to as the burn-in. We return to the issue of determining the
length of the burn-in in Section 5.4.2, once we have described the general
MCMC methods. We emphasise that the beauty of MCMC is that the updat-
ing procedure remains relatively simple, no matter how complex the posterior
distribution of interest. Thus we can do the required integration by sampling
from the posterior distribution, and we can sample from the posterior by gen-
erating a Markov chain. We construct a Markov chain using an appropriate
updating scheme, but how do we do these updates? There are several standard
approaches.

5.8.1 Metropolis Hastings

A general way to construct MCMC samplers is as a form of generalised rejec-
tion sampling, where values are drawn from distributions that approximate
a target distribution and are “corrected” in order that, asymptotically, they
behave as random observations from the target distribution. This is what
happened in the rejection method of Example 5.1, and is the motivation for
methods such as the Metropolis Hastings algorithm, which sequentially draws
observations from a candidate distribution, conditional only upon the last ob-
servation, thus inducing a Markov chain. The most important aspect of such
algorithms is not the Markov property, but the fact that the approximating
candidate distributions are improved at each step in the simulation.

Most MCMC methods are special cases of the general Metropolis Hastings
(MH) scheme (Chib and Greenberg 1995), which has already been illustrated
in Example 4.2. This method is based upon the observation that given a
Markov chain with transition density (0, ¢) and exhibiting what is called
detailed balance for 7 i.e.

m(0)K(0,p) = (¢)K(9,0), (5.2)

the chain has stationary density, 7 (-).
The candidate generating distribution (or proposal distribution) typically
depends upon the current state of the chain, Bk, with this distribution denoted
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by q(¢|0k). The choice of proposal density is essentially arbitrary. However,
in general, the induced chain will not satisfy the reversibility condition of
Equation (5.2), so we introduce an acceptance function a(Ok, ¢). We then
accept the candidate observation, and set oFt = @, with probability a(@k, o);
otherwise if the candidate observation is rejected, the chain remains at 8”, so
that 8" = @*.

It can be shown that the optimal form for the acceptance function (Peskun
1973), in the sense that suitable candidates are rejected least often and com-
putational efficiency is maximised, is given by

wmem>_
7 (0 |z)a(¢]6")

In order to specify the corresponding transition kernel, suppose that the pa-
rameters 0 can take values in the set ©. (For example, suppose that 8 =
{61,...,0,}, then if each parameter is continuous and able to takes all possi-
ble real values, ©® = RP; alternatively if the parameters are all probabilities,
then © = [0,1]7). For some set A, the transition kernel is given by

(6%, ¢) = min <1

%@M:Amm@w+wmwx

where
Ku(0,¢) = q(¢(0)a(8, ¢),

and
r(a):1_/ K1 (0, 6)deb. (5.3)
6

Thus r(0) corresponds to the probability that the proposed parameter values,
¢, are rejected. The term I4(0) is simply the identity function, so that,

no={4 654

The term Ky satisfies the reversibility condition of Equation (5.2), implying
that the kernel, Py also preserves detailed balance for 7. For further discussion
see Chib and Greenberg (1995).

Thus, the MH method can be written algorithmically by generating
from 6" in a two-step procedure, as follows.

Step 1. At iteration ¢, sample ¢ ~ q(¢|0k). Here ¢ is known as the candidate
point and ¢ is known as the proposal distribution.

Step 2. With probability

ek-‘rl

wmme>
"7 (6 |2)q(¢]6")

set 0¥ = ¢ (i.e. accept the candidate point) otherwise, set okl = g*
(i.e. reject the candidate point and the state remains unchanged).

(6%, ¢) = min (1
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Steps 1 and 2 are then repeated.
The algorithm is completed with the specification of the initial parameter
values @°, which are chosen arbitrarily.

Example 5.2. Simulating Beta Random Variables Using MH
Suppose that we are interested in sampling from a Beta(a, 3) distribution;
we have already done this using rejection in Example 5.1. We shall now show
how to perform the simulation using the MH algorithm. Suppose that the
current parameter is . We simulate a candidate value ¢ from the proposal
distribution of the form,
0 ~ N(0,0°),

where o2 is to be specified. The corresponding acceptance probability is given
by, a(f, ¢) = min(1, A), where,
m(¢|®)q(0])
m(0]z)q(]0)
m(¢|x)
m(0]x)
since q(0]¢) = q(¢|0) as ¢ is a symmetric distribution

a—1¢1_ 1\B—1
_ {% 6€0,1]

A:

0 ¢ ¢[0,1]
_ { (5)7 (=) veny
0 ¢ ¢[0,1].

Note that if the candidate value ¢ is simulated outside the interval [0,1] (i.e.
¢ ¢ [0,1]), the corresponding acceptance probability for the move is simply
zero. This is easily seen by considering the form of the numerator of the accep-
tance probability. The numerator is the evaluation of the posterior distribution
at the candidate value. This value is equal to zero with both the likelihood
function and the prior density at the candidate value simply equal to zero.
However, for clarity, we explicitly state that the acceptance probability is
equal to zero for ¢ ¢ [0, 1].

As an illustration, we take a = 163 and 3 = 15, corresponding to the pos-
terior distribution for the survival probability in the radio-marking of canvas-
back ducks, considered in Example 4.1. Figure 5.2 plots the resulting output
for 0 = 0.05. Notice that the acceptance function is independent of o, but
that the value of ¢ has a significant impact upon the acceptance probability
of the chain. See Section 5.4.4 for further discussion and for improving the
efficiency of the MH algorithm via pilot tuning.

We note that one possible method for reducing the proportion of proposed
moves that are rejected is to ensure that the proposed parameter values al-
ways lie in the interval [0,1]. This can be done by specifying a (slightly) more
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Figure 5.2 Sample path for a MH algorithm for the survival probability for radio-
tagging data. The values are treated as a sample from the Beta(163,15) distribution,
with mean 0.916.

complex proposal distribution. For example, we could specify,
¢l0 ~ Ul—eq, €],
where,
€9 = min(e, 6,1 — 6).
This ensures that ¢ € [0,1]. Alternatively, we could specify,
0 ~ TN(9,0%0,1),

where TN(0,02,0,1) denotes the (truncated) normal distribution with mean
w and variance o, constrained to the interval [0,1].

The corresponding acceptance probability is given by «(6, ¢) = min(1, A),
where,

m(¢lz)q(0]9)
m(0la)q(¢]0)

- () (=)

Note that the proposal densities no longer cancel in the acceptance probability,
in general.

Typically, for parameters whose posterior distributions are near boundaries,
such constrained proposal distributions may increase the number of proposed

A
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values that are accepted. However, there is the trade-off of the additional
complexity in the acceptance probability (and possible computation time).
Note that, for simplicity, throughout this book we will generally consider the
simpler (unconstrained) proposal distributions.
O
Within the MH scheme there are a number of special cases depending upon
the (essentially arbitrary) choice of proposal distribution. We briefly discuss
some of these here.

5.8.2 Single-Update Metropolis Hastings

Typically, the posterior distribution will be high-dimensional. The above al-
gorithm has been specified in general, for the multi-dimensional case. How-
ever, the MH algorithm need not update all variables in the sample space
simultaneously. It can be used in stages, updating variables one at a time.
This is commonly called the single-update MH algorithm. Suppose that there
are p parameters. In the single-update MH algorithm, we break each itera-
tion of the algorithm into p individual updates, each using the 2-step algo-
rithm described above. Let ¢; denote a proposal distribution for candidates
in the j* coordinate direction. Typically the proposal distribution q; will not
be dependent on the other coordinate directions (i.e. the parameter values
01,...,0;-1,0541,...,0p). Thus, for simplicity, we assume the proposal distri-
bution is only dependent on the j** parameter (though the extension to all
possible parameters is straightforward). For simulating the set of parameter
values at iteration k + 1, 0k+1, given the values at iteration k, 0’“, the single
update MH algorithm can be described as follows:

Step 1(1). Propose candidate value ¢ ~ ¢ (¢1|9{“).

Define ¢, = {¢1,05,...,05}, and 0} = {0},...,6%}.
Step 2(1). Calculate the acceptance probability:

m(¢1|®)q1 (0F]91)
(67 |2)a1(¢11607)
With probability a (6%, $1) set 051 = ¢1; otherwise set 51 = %,

(0%, $1) = min <1

Step 1(j). For 1 < j < p, propose candidate value ¢; ~ g¢; (¢j|9§“).
Define ¢; = {9’f+1, - ,9;?1_11,¢j,9;?+1, . ,9’;} and
k _ gpk+1 k+1 gk gk k
0; ={07"",....071,07,07 1,....0,}.
Step 2(j). Calculate the acceptance probability:

7T(¢j|m)qg'(9f|¢j)>
" (0%]2)q; (65]0%)
With probability 04(9;?, ¢;) set 9;”1 = ¢;; otherwise set 0;”1 = 9;-“.

a(@f, ¢;) = min <1
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Step 1(p). Propose candidate value ¢, ~ qp(¢p|9’;).
Define ¢, = {0f"',..., 051 ¢,} and 6 = {0, .. 051 0%}

»Up—=1>"p

Step 2(p). Calculate the acceptance probability:
77(¢p|"”)‘]p (9'§|¢p)>
7 77(0];|w)qP(¢p|9£)

With probability (6, ¢p,) set 651 = ¢,; otherwise set 65+ = 6.
07@-‘1—1

a(@ﬁ, ¢p) = min <1

This completes a transition from 0" to . Note that when we propose
to update the j*" component of the parameter vector 8, we use the updated
values of the parameters 61,...,0;_1.

Note that we can simplify the acceptance probability for the single-update
algorithm, which may help to improve efficiency in terms of computational

expense. Let 0](2-) = {05t e ek 0%}. Hence 01(2) denotes the set
of parameter values, excluding 6#;, such that the parameters 64,...,6; have

been updated within the iteration of the Markov chain, whereas parameters
Oit1,...,0, are still to be updated within the iteration of the Markov chain.
We can then replace step 2(j) in the updating algorithm with:

Calculate the acceptance probability:
k

W(¢jkB,9(ﬁ)qv(9f|¢j)>
) k M

(0% |, 0¢;))q;(6;10%)

With probability a(6%, ¢;) set 9;”1 = ¢,;; otherwise set 95“ =0

In other words we can simplify the acceptance probability and simply calcu-
late the ratio of the full posterior conditional distribution of the parameter
evaluated at the proposed value and current value, instead of the full posterior
distribution.

a(@é?,qﬁj) = min <1

Example 5.3. Radio-Tagging Data — Two Parameters

We extend Example 4.1 to consider a two-parameter version of the model. In
particular, we produce two distinct survival probabilities: one for the proba-
bility of surviving to the first capture time, ¢1, and another for all following
times, ¢o. Thus, this model essentially allows for there to be an initial change
in the survival probability following the application of the radio-tags (for ex-
ample, we might expect this to be a decrease in survival). Without any prior
expert information, we specify independent U|0, 1] priors on ¢; and ¢2. The
corresponding multinomial cell probabilities are now given by,

1—¢1 j=1

) (1 —¢2) J=2
PI=y o1 21— ¢2) j=3,...,6

G165 > j=T
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The corresponding joint posterior distribution for both ¢; and ¢5 is given by,

(1, ¢2|lx) o< f(x|p1,P2)p (¢1,¢2)
= (H1 1xl Hp i

1= 1 ' =1
(1- <Z51)3”1 ($1[1 — ¢2])™* (Pr1d2[1 — p2])™ (P163[1 — ¢2])™
X (p13[1 — p2])*® (d103[1 — ¢2])*® ($103)""

= (1_¢1)w1¢123=211( ¢2) 5_ 2$L¢21 5(i—2)xz;
= (1= 66— o)l

It is clear that ¢; and ¢2 are independent, a posteriori, since we can write,

m(¢1, P2|x) = (¢ [®)m(d2|2).

Thus we could easily (and directly) obtain the marginal posterior distribution
for ¢1 and ¢o (or their joint distribution). However, suppose that we did not
notice this, and we wish to use the single-update MH algorithm. At iteration
k of the Markov chain, the parameters values are denoted by (¢%, ¢5). We
initially propose to update ¢; and then ¢o (though we could do this in the
reverse order if we wished — the order of updating is unimportant). We use
what is called a random walk MH step for each parameter (see Section 5.3.3),
with normal proposal distribution (see Example 5.2). We begin with proposing
a new parameter value for ¢;. We simulate,

wi|py ~ N(¢f,07),

for some proposal variance o?. The candidate value is accepted with proba-
bility, a(¢¥, w1) = min(1, A;) where,

m(wi, @5]@)q (@ |wn)
(0, ¢5l)g(wi|dF)
3

() e

0 wy ¢ [0, 1],

K

Ay

%|
o

with the proposal densities cancelling as the proposal distribution is symmetric
(see Section 5.3.3). Once again we note that if the candidate value w; lies
outside the interval [0,1], the acceptance probability is simply equal to zero
since the posterior density is equal to zero for this value. If the candidate value
is accepted, we set ¢¥! = w1; otherwise we set pF+1 = ok

We then update the parameter value for ¢, conditional on the value ¢]f+1.
We propose a candidate value for ¢, by simulating,

wa|¢ ~ N(¢5,03),

for some proposal variance ¢3. The corresponding acceptance probability is
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(@, w2) = min(1, Az), where

A (¢ i , walz)q(dh|ws)
2 k+1 k
(¢} 7¢2|w)Q(W2|¢2)
L\ /129
- [ (=) (8) 0 webu
0 we ¢ [0,1].
If the candidate value is accepted, we set d)gﬂ = wy; otherwise we set gi)g“ =

¢5.

Note that in general the acceptance probabilities will be dependent on the
other parameters in the model. Having the parameters a posteriori indepen-
dent (under independent priors) is a special case. This is not true in the
following example. O

Example 5.4. Example 2.3.1 Revisited — Ring-Recovery Data

We consider a simple ring-recovery example where there is a single cohort of
animals, with a total of T' recovery events. There are a total of R distinct
individuals observed within the study, with m; individuals recovered at time
t =1,...,T. For notational convenience we let my; denote the number of
individuals that are not recovered within the study, i.e. mpr41 = R— EiTzl my.
We assume a constant recovery and survival probability, so that there are only
two model parameters, A and ¢. The corresponding likelihood is,

T

Fimlg, ) o [T(0 A — @)™ X",

=1

where x; =1 — Z;‘;l &~ I\(1 — ¢), (see Equation 2.3).

We assume independent uniform priors on A and ¢ over the interval [0, 1].
The joint posterior distribution over A and ¢ is then proportional to the like-
lihood given above. We implement a single-update MH algorithm. Suppose
that at iteration k£ of the Markov chain, the parameter values are denoted
by A¥ and ¢*. We begin by updating the recovery probability, followed by
the survival probability within each iteration of the Markov chain. For the
recovery probability we propose the candidate value, where,

w=\+4uq,

for

u~ U[—0.1,0.1].

Thus, q(w|AF) = 1/0.2, for \¥ — 0.1 < w < A¥ +0.1. Similarly, we have that
M = w —u, so that q()\k|w)* 1/0.2, for w — 0.1 < \* < w +0.1. We accept

© 2010 by Taylor and Francis Group, LLC



110 MARKOV CHAIN MONTE CARLO
the candidate value with probability a(\*,w) = min(1, Ay),
(0", wim)g(A\*|w)

m(¢F, AF|m)q(w|AY)

f(m]¢*, w)p(d*)p(w)g(\*|w)

f(mok, Xe)p(¢F)p(AF)q(w|A*)

{ 7, (@5) tw(1=")™i (1=327 (¢F) Tw(1-¢")) "7+

Ay =

H;Tzl(((bk)i—l)\k(l_d,k))mi (1_2?:1(¢k)i—1)\k(1_¢k))mT+l S [07 1]
0
since p(w) = 1 = p(AF); and ¢(\F|w) = 5 = q(w|\F)

{ HzT:1(‘*’)mi(1_2?:1(¢k)iilw(l_¢k))mT+l
0

)

w € [0,1]
w ¢ [0,1].

If we accept the candidate value, we set A¥T1 = w: otherwise we set \Ft1 = \F.

Given the updated value for the recovery probability, we now consider the
survival probability, and implement the analogous MH updating step. In par-
ticular, we propose the candidate value,

O (IS (67 AR (1=gh)) 7T

v=0¢"+u,
where v ~ U[—0.05,0.05], so that v has proposal density q(v|¢*) = 1/0.1 for
#F —0.05 < v < ¢* 4+ 0.05. Similarly, ¢(¢*|v) = 1/0.1 for v — 0.05 < ¢F <
v 4 0.05.

We accept the candidate value with the standard acceptance probability
a(¢*,v) = min(1, A,), where,

(v, ¥ m)q(¢" 1)
m(¢F, N+t |m)q(v|ok)
Smv, X p)p(A g (¢F |v)
f(m|F, A1) p(¢F ) p(Ae+1)g(v|oF)
T )™ (10T AR (1)) T
{

Ag

(@) AR (1—gk))mi (1= 30T (¢F) P IARFL (1—gk) ) " T

since p(v) = 1 = p(¢*); and q(¢*|v) = 5 = q(v|¢*). If we accept the candidate
value we set ¢*+! = v; otherwise we set ¢F+1 = ¢t.
This completes a single iteration of the Markov chain.

O

Example 5.5. Example 1.1 Revisited — Dipper Data — Two-Parameter Model
We return to the capture-recapture data relating to the dippers, where we
have a model with just two parameters — recapture probability p and survival
probability ¢. We have already encountered the likelihood when just a single
cohort of marked birds is released, in Equation (2.4). When there are T such
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cohorts, the likelihood becomes

m|pa O(HH 1— -7 Z(bj 7’+1)m1] sz+1

1=1j5=1

where,
T

Xi=1= (p(1—py "¢/ =),
J=
and m; ; denotes the number of individuals released at time 7, subsequently
caught for the first time at time j + 1; and m; 741 denotes the number of
individuals released at time ¢ that are not observed again (recall the likelihood
expression given in Section 2.3.2).
For simplicity we once more assume independent UJ0,1] priors on each
of the parameters. We begin by initially setting the parameter values to be
0 = 0.9 and ¢° = 0.5. We then propose to update each parameter in turn,
using a normal proposal density. The order of updating the parameters at
each iteration is arbitrary, so we begin by initially updating p and then ¢.
We consider the updating step at iteration k. To update the recapture
probability, p*, we begin by proposing a new candidate value, w, such that,

w|pk ~ N(p*,0.01).

The proposal density is then given by,

v0.027 0.02
The proposed move is then accepted with the standard probability a(p”, w) =
min(1, A), where

4 = Smw, 6" )p)p(d)q(pt|w)
f(mlp*, 6% )p(p*)p(d*)q(wlp®)’
Clearly, we have some simplifications that can be made to this expression.
In particular, since we have independent priors specified on the parameters,
p(¢F) cancels in the numerator and denominator (irrespective of the prior
distribution specified on ¢). In addition, we have independent uniform priors
on the parameters, so that p(p*) = 1 = p(w) (for p¥,w € [0,1]). We also have

that,
1 (w—ph)?
k _ s s 7
qwlp®) = So00s eXp( 002

_ 1 (p" —w)?\ _
= s P (—70.02 ) = q(p*|w).

Thus, the proposal distributions also cancel in the acceptance probability. This
leaves the acceptance probability equal to the ratio of the likelihood evaluated
at the proposed and current value of the parameter. Mathematically, we have
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the acceptance probability, min(1, A), where,

F(mlw,s*)
A =  Fmpreny @01
0 w ¢ [0,1].

T T (w(1=w) = (¢!)T T ) ™id x (w, %) ™ T+
= iz [T (Pt (1—pk)T =i (@R )F =i+ 1) i x; (ph o) ™ T+1 v 1]
0 w , 1],
where,
T
Xi(p,¢) =1=Y (p(1—p) ¢ 7).
j=i
We then accept the proposed value, w, with probability a(p®,w) and set
pFt1 = w; otherwise if we reject the move, we set pF+1 = p¥.

We repeat the updating procedure, for the survival probability, given the
updated value of the recapture probability. In particular, we propose the can-
didate value,

v|k ~ N(¢*,0.01).

Thus, as for the recapture probability above, we have that,

q(v]¢*) = a(¢*|v).

The acceptance probability of the proposed value is given by a(¢F,v) =
min(1, A), where,

4~ S @t p(v)a(éF]v)
f(mlpFt, R )p(ph 1 )p(6F)q(v|o*)
T P A —ph ) =P g ) Mg 3 (ph ) 1T
) { M, T, Gy gy V€ [0 1]
0 v ¢ [0,1].

We then accept the proposed value, v, with probability a(¢F,v) and set
¢Ft1 = v; otherwise if we reject the move, we set ¢Ft1 = ¢F.

For example, using the above algorithm we run 10 iterations and provide the
current and proposed values of the parameters and corresponding acceptance
probability in Table 5.1. Note that any values that are proposed outside the
range [0,1] automatically have an acceptance probability equal to 0. Other
zero acceptance values are only equal to 0.000 to (at least) three decimal
places.

The two-dimensional trace plot for these initial 10 iterations of the Markov
chain is given in Figure 5.%. Figure 5.3(a) gives the raw trace plot and (b) the
values of the parameter values identified at each iteration number. Note that
horizontal or vertical movements correspond to only one of the proposal pa-
rameter values being accepted in the iteration (vertical for accepted proposal
values for ¢ [iterations 1, 2, 5, 6 and 9] and horizontal for p [iteration 4]);
diagonal movements correspond to both proposal parameters being accepted
within a single iteration [iteration 3]; and no movement corresponds to both
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Table 5.1 Sample Values from the MH Algorithm Above for the Parameters p and
¢ for the Dipper Data

p ¢
Iteration Acceptance Acceptance
t pt Proposed probability =~ ¢!  Proposed probability
1 0.900 1.017 0.000 0.500  0.605* 1.000
2 0.900 1.066 0.000 0.605  0.560* 1.000
3 0.900  0.946* 0.196 0.560  0.526%* 0.654
4 0.946  0.866* 0.872 0.526 0.477 0.004
5 0.866 1.031 0.000 0.526  0.544* 1.000
6 0.866 0.971 0.014 0.544  0.606* 0.496
7 0.866 0.801 0.656 0.606 0.624 0.254
8 0.866 0.996 0.000 0.606 0.690 0.000
9 0.866 0.746 0.001 0.606  0.581* 1.000
10 0.866 0.859 0.802 0.581 0.497 0.170

Note: The proposed values indicated by a * denote values that were accepted

in the Markov chain.
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Figure 5.3 Sample paths for the single-update MH algorithm for the two-parameter
dipper example; (a) raw trace plot and (b) iteration values.

proposal parameters being rejected within a single iteration [iterations 7, 8

and 10].

Running the simulations for longer, we can obtain a much larger sample of
parameter values for the joint posterior distribution. Figure 5.4(a) provides
the two-dimensional trace plot for p and ¢ simultaneously for 1000 iterations;
and Figures 5.4(b) and (c¢) the corresponding trace plots of p and ¢.
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Figure 5.4 Sample paths for the single-update MH algorithm for the two-parameter
dipper example; (a) trace plot for p and ¢ simultaneously; (b) marginal trace plot
for p; and (c) marginal trace plot for ¢.

O

Example 5.6. Covariate Regression Analysis — Lapwings

We revisit Example 4.11 where we have (m-array) ring-recovery data, m,
corresponding to the UK lapwing population. In addition, for this analysis
we logistically regress the (first-year and adult) survival probabilities on the
covariate fdays, and the recovery probability on time. In other words,

logit le,t = a1 —+ ﬂlft;
logit Qba,t = Qaq+ ﬂaft;
logit Ay = ax + Baug,

where f; and u; denote the normalised values for the covariates fdays and
time, respectively.

The parameters in the model are the regression coefficients a1, 81, Qq, Ba, x
and (. To implement the single-update MH algorithm, we cycle through each
of these regression coefficients, proposing to update each in turn. As usual,
the update order is arbitrary and so we propose to order them in the order
presented above.

Suppose that at iteration k of the Markov chain, the regression parameters
are denoted by of, B, ok, B a§ and ﬁ’j. Similarly, the corresponding demo-
graphic parameters are denoted by qb’f, qS’;, )\k, where the vector notation qSlf
denotes the set of all first-year survival probabilities for all times, and simi-
larly for ¢§ and A* at iteration i. We begin by proposing to update parameter
a1. We note that ¢, is the only demographic parameter that is a function of
this parameter. We propose a new candidate value, o, say, such that,

oy ~ N(af,07).

Thus, the proposal density q(a/|aq) is simply the normal density of the given
distribution above.
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Since ¢, is a deterministic function of a, this also induces the new values,
logit ¢} ; = a) + BY fr,
or alternatively (taking the inverse of the logit function),
exp(af + BN f1) _ 1
exp(a) + BFf)+1 1+exp(—a) —BFf)

Finally, we use ¢} to denote the full set of candidate values proposed for the
first-year survival probabilities. The corresponding acceptance probability is
given by a(a¥, o)) = min(1, A, ), where,

/
¢1,t =

(1, D, X |m)q(ar|e))
(P}, pl, X¥|m)q(e)|ay)
f(m|o), ¢k, X)p(a))
f(m|of, o, Xo)p(ak)

Note that the proposal density functions cancel in the acceptance probabil-
ity, since the normal proposal distribution is symmetrical. In addition, the
priors are specified on the regression parameters (rather than explicitly on
the demographic parameters), and so the priors for the regression parameters
appear in the acceptance probability when the posterior distribution is de-
composed into the product of the likelihood and prior. Note that since all the
other regression parameters remain the same (except for o), the prior terms
cancel in the acceptance probability, leaving only the prior on ;. As usual, if
we accept the proposed parameter value, we set ole = o ; otherwise we set

kH = of. Let the corresponding first-year survival probabilities be denoted
by @1

We then turn to the next parameter to be updated. In this example, we pro-
pose to update the parameter 31, associated again with the first-year survival
probability. We propose a candidate value,

B ~ N(BY,03).

We calculate the corresponding proposed first-year survival probabilities to
be,

Ay =

1
1+ exp(—ayt! = B fy)
Recall that we need to use the updated value of ;. The corresponding (stan-

dard) acceptance probability is of the analogous form as above, so omitting
the same steps, we have a(3%, 3]) = min(1, Ag), where,

f(m|¢), da A )p(B1)
f(m|e, éa. A )p(5})

If we accept the proposed parameter value, we set ﬁkH = B3; otherwise we

/
¢1,t =
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set ,6{”1 = (k. The corresponding first-year survival probabilities are,

E+1 _ 1

1t = 1 + eXp(—O[]erl _ f+1ft) :
We repeat the above steps for oy, 84, )\ and (), remembering always to use
the updated parameter values when moving on to the next parameter to be
updated.

O

Example 5.7. Covariate Regression Analysis — White Storks

We revisit the capture-recapture data, m, for the white stork data presented
in Exercise 3.5. We assume a constant recapture probability p, and logistically
regress the survival probability, ¢;, on a single environmental covariate, cor-
responding to the amount of rainfall at a meteorological weather station in
the Sahel (in particular, the Kita weather station). Thus, we set,

logit ¢ = Bo + Brwr,

where w; denotes the (normalised) covariate value at time ¢. In this example
we have a combination of an arbitrary (but constant) recapture probability
and a survival probability dependent on the given environmental covariate.
We specify the priors,

p ~ Beta(ap, fp);
Bi ~ N(0,07) for i =0,1.

We consider a single-update MH algorithm. Suppose that at iteration k
of the Markov chain, the parameters are p*, 3% and B¢, with corresponding
survival probabilities, d)k. We propose to update the recapture probabilities,
and then the regression coefficients. For the recapture probability, we use a
random walk MH update with a uniform proposal, so that we propose the
candidate value,

Y =p"+e
where € ~ U[—0,, 0p], and 6, is typically chosen via pilot tuning. The proposal
density is ¢(p'[p¥) = ﬁ for pk — 6, < p’ < p* + §,. Here we set § = 0.05.
Alternatively, we can write the proposal distribution for p’ in the form,

P~ UpE =8y, p" + ).

The parameter being updated is the recapture probability, and so lies within
the interval [0,1]. Thus, if p’ ¢ [0, 1], the corresponding acceptance probabil-
ity is equal to zero, i.e. we automatically reject the proposed value. Other-
wise, if p’ € [0,1], we accept the proposed value with probability, a(pt,p’) =
min(1, Ap), where,

(0, ¢ m)a(p*|p')
m(p*, ¢*[m)a(p'|p*)
f(mlp’, ¢*)p(r')
F(mlp*, ¢*)p(p*)

4 =
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and p(-) denotes the beta prior density function. Note that the prior densities
for By and 31, and proposal densities, ¢, cancel in the acceptance probability. If
the proposed value is accepted, we set p**t1 = p’; otherwise we set pF+1 = pk.

Cycling to the next parameter, we consider the intercept term, (g, of the
logistic regression expression for the survival probabilities. We once more use
a uniform proposal distribution, and propose the candidate value,

66 ~ [][/66C - 50765 +50]7

where we set §p = 0.1. We let the corresponding survival probabilities associ-
ated with the proposed candidate value be denoted by ¢’, where,

logit ¢ = fy + Brw:,

or, equivalently,
, 1
(bt = / k :
1+ exp(—5} — Byw;)
Unlike the recapture probability, the regression coefficients are not constrained

by any boundaries, and can take any value on the real line. Thus, we accept
the proposed value with probability a(3%,3)) = min(1, A¢), where,

f(m|p™, ¢ )p(5))
f(m|pE+L, é)p(Bo)’

where p(-) denotes the normal proposal density, and once more cancelling the
uniform proposal densities and priors specified on all other parameters not
being updated. Note that we use the updated value of the recapture probabil-

Ap

ity, p**1, as usual. If we accept the move, we set ,6’6”1 = (); otherwise we set
g“ = fo. In addition, we update the corresponding survival probabilities
(which are a function of the 3 parameters), setting,
1
o

Ctexp(—A5T = Bl

with standard vector notation ¢*.

Finally, there is the slope coefficient to be updated within the MCMC it-
eration (i.e. 81). This is analogous to the updating of the intercept term. We
once more use a uniform proposal density to propose the value,

By ~ UIBY — 61, B + 61],
where we set 6g = 0.1. The corresponding proposal survival probabilities are
given by ¢', such that,
, 1
by = 1+ exp(— §+1 _ﬂiwt)7

recalling that we once again use the updated value of 3y. The acceptance
probability is analogous to that obtained when updating the intercept term,
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and given by (8%, 3]) = min(1, A;), where,

f(mp**, ¢")p(B1)
f(m|pr+t, ¢ )p(BF)’
where p(-) denotes the normal prior density. If we accept the move we set
K1 — B1; otherwise we set 17! = BF.
This completes a single iteration of the MCMC algorithm. The algorithm
is repeated to obtain a sample from the posterior distribution, following con-
vergence of the Markov chain to its stationary distribution.

Ay

O

Typically, it is the single-update MH algorithm that is implemented in prac-
tice, and it generally performs well. Heuristically, the reason for this is that
any autocorrelation should be less for the individual parameters, since we only
need to propose a “good” move for one parameter for it to be accepted, with-
out regard to the other parameters. In contrast, when we consider multiple
parameter updates at the same time, a move may be rejected through being
“poor” for some parameters, but “good” for other parameters. Thus, for mul-
tiple parameter moves, we generally need to propose relatively small changes
compared with the current values, as we are forced to take a smaller proposal
variance than for single-parameter updates. However, this is not always the
case, for example, where parameters are highly correlated. In this case, using a
single-update algorithm, only small moves are accepted, as the updated para-
meter is highly dependent on the other parameters; thus we can move around
the parameter space faster if we update parameters together, rather than only
managing very small updates when individual steps are taken. Thus, some-
times it is convenient to do something that is intermediate between MH for
all parameters simultaneously and single-update MH, and update parameters
in blocks (Roberts and Sahu 1997), as we shall discuss later in Section 5.4.4.

5.3.3 Random Walk Updates

One basic and common choice is to base the proposal around the current
point 6%, for example, ¢ ~ N (6%, ¢2). This is known as a random walk (RW)
algorithm (Brooks et al. 2000a). More generally, since at iteration ¢ of the
Markov chain the parameters in the model are denoted by 6%, we then propose
the set of new parameters ¢. If g(¢|0) = f(|¢ — 0]) for some arbitrary density
f, we have a random walk MH step, since the candidate observation is of
the form 0¥t = 9% + 2, where z ~ f. There are many common choices for f,
including the uniform, normal, or ¢ distribution. Note that when the candidate
generating function is symmetric i.e. q(¢|6%)

= q(0*|¢) (as for the uniform, normal or t-distribution) the acceptance
probability reduces to:

(6%, ¢) = min <1%>

© 2010 by Taylor and Francis Group, LLC



MARKOV CHAIN MONTE CARLO 119

This special case is the original Metropolis algorithm (Brooks et al. 2000a).
Examples 5.2 through 5.7 are all examples of random walk MH updates with
symmetric proposal densities.

5.8.4 The Independence Sampler

If q(¢|6%) = f(¢), then the candidate observation is drawn independently of
the current state of the chain. In this case, the acceptance probability can be

written as: @)
k . w
(6%, ¢) = min (1, w(@k)> ,
where w(¢) = w(¢|x)/f(¢) is the importance weight function that would
be used in importance sampling given observations generated from f. The
independence sampler is not often implemented within a MH algorithm, since
the acceptance probabilities are typically much lower than for other methods,
so that the chain is slow to explore the parameter space.

5.8.5 The Gibbs Sampler

A special case of the single-update MH algorithm arises if we set the proposal
distribution for any parameter to be the conditional posterior distribution
of that parameter given the current value of the others. In this case, the
acceptance probability is always exactly 1. This is known as a Gibbs sampler
(or simply Gibbs) update (Casella and George 1992). It is attractive as it does
not require rejection.

We now give the full detail of this algorithm, due to its high usage within
Bayesian analyses. Mathematically, suppose that we have the parameters
0 = (01,...,0,) € RP, with distribution 7(6). The Gibbs sampler uses the
set of full conditional distributions of = to sample indirectly from the mar-
ginal distributions. Specifically, let 7(0;|6;) denote the induced full condi-
tional distribution of ¢;, given the values of the other components 0 =
(61,...,0i-1,0i+1,...,0,),i=1,...,7, 1 <r < p. Then, given the state of
the Markov chain at iteration k, 8% = (0%,...,0F), the Gibbs sampler succes-
sively makes random drawings from the full posterior conditional distributions
as follows:

051 is sampled from 7r(91|0](€1))

051 is sampled from  w(02|0FT 0% .. 0F)

OFt!  is sampled from  w(6;|07 ", .. 08 0N L 0F)
051 is sampled from 7r(9r|0](€:31).

This completes a transition from 0" to @**1. The transition probability for
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going from 0" to 0¥ is given by
Ka (08,0571 = [[ =071 105%", j <1 and 6%, j > 1), (5.4)
=1

and has stationary distribution .
Thus, in two dimensions a typical trajectory of the Gibbs sampler may look
something like that given in Figure 5.5.

02

93

61

Figure 5.5 Typical Gibbs sampler path in two dimensions.

Conceptually, the Gibbs sampler appears to be a rather straightforward
algorithmic procedure. Ideally, each of the conditional distributions will be
of the form of a standard distribution and suitable prior specification often
ensures that this is the case.

Example 5.8. Example 5.3 Revisited — Radio-Tagging with Two Parameters
We return to the radio-tagging data and consider the two-parameter model
introduced in Example 5.3. The joint posterior distribution (assuming inde-
pendent U[0, 1] priors) for the survival probabilities is given in the form,

(1, dalm) o (1 — d1) 1 1 =2 " (1 — ghg) Tima Pi =271,

By fixing the terms that we condition upon, we can see that the conditional
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posterior distributions are given by,

7

¢1lp2, & ~ Beta <1 + in, 1 —I—Jc1> = Beta(23,4)

i=2
#2|p1,x ~ Beta <1+Z i—2 mz,l—l—zgcl) Beta(130,12).

From the form of the posterior conditional distributions of ¢1 and ¢- it is once
more clear that the parameters are independent a posteriori (since ¢ does not
appear in the conditional distribution for ¢; and vice versa). Implementing
the Gibbs sampler algorithm, with parameters ¢} and ¢} at iteration ¢ of the
Markov chain, we begin by simulating,

it ph, & ~ Beta (23,4).

Given this updated parameter value, we update the next parameter, which in
this case is the second survival probability, ¢2. We simulate,

P51 @ ~ Beta (130,12).

This completes a single iteration of the Gibbs sampler. Note that in this
example, the algorithm simulates directly from the posterior distribution of
¢1 and ¢9, since the parameters are independent (a posteriori).

O

5.8.6 Comparison of Metropolis Hastings and Gibbs Sampler

One useful feature of the Gibbs update (beyond no longer having the accept-
reject step) is that it requires no pilot tuning of the proposal parameters,
compared to the MH algorithm. In addition, the proposal distribution is adap-
tive in that it depends upon the current state of the other parameters and so
changes from iteration to iteration rather than having at least some compo-
nents (such as the proposal variance) fixed throughout the simulation.

Gibbs updates tend to be highly efficient in terms of MCMC convergence,
but can be computationally more burdensome if sampling from the relevant
posterior conditional distributions cannot be achieved efficiently. In practice
we often use a mixture of MH and Gibbs updates. For parameters with stan-
dard conditional distributions we use Gibbs updates and, for the rest we might
use random walk MH updates. Such an algorithm is often referred to as a hy-
brid algorithm or MH within Gibbs (see Example 5.9 for an example). Since
Gibbs updates are so easy to implement (and often very efficient), we typi-
cally like to use them as often as possible. Thus, conjugate priors are often
adopted so that the posterior conditional distributions are of standard form,
and the Gibbs sampler can be easily implemented. Note that it is not essen-
tial to have a standard posterior conditional distribution in order to use the
Gibbs sampler. For example Vounatsou and Smith (1995) use a generalised
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version of the ratio-of-uniforms method in order to sample from the poste-
rior conditional distributions of the parameters from a ring-recovery model.
However, in practice with an “off-the-shelf” and easy-to-use MH algorithm,
this is typically the default updating algorithm for non-standard conditional
distributions.

Example 5.9. Metropolis Hastings with Gibbs — Capture-Recapture Dipper
Data

We consider capture-recapture data (such as the dippers), denoted by m,
where the survival probabilities are time dependent and recapture probabilities
are constant. This is denoted by C/T in the model notation described in
Section 3.3.1. We assume that there are T cohorts (i.e. T years of releases)
and also a total of T" years of recaptures. We specify the following priors on
the parameters. For the recapture probability, we specify,

p ~ Beta(oy, Bp).

Alternatively, for the survival probabilities, we use the reparameterisation,
logit ¢r = v + €,

where,

v~ N(u,o?);
e ~ N(0,7).

Finally, we assume a hierarchical prior by specifying a prior on the variance
term, 7, with,

T~ Fil(aTvﬁT)'

Note that this hierarchical prior can be regarded as a random effects model
(see Section 8.5). The corresponding DAG is given in Figure 5.6.

We consider the posterior conditional distribution for each of the parame-
ters. It is easy to show that the posterior conditional distributions of p,~y
and € = {e1,...,er} are all of non-standard form. For example, consider the
posterior conditional distribution of p. Note that the likelihood for the gen-
eral model T'/T is provided in Equation (2.5). Simplifying this to consider a
constant recapture probability is trivial. In particular, we have the likelihood
function,

T T j mi,j
fmlp,e.n)pp) o« [TTI <p(1_p)j—iH¢k> NoE
k=i

i=1j=i

where m; ; as usual denotes the number of individuals released at time 7 that
are next recaptured at time j + 1; m; 741, the number of individual released
at time ¢ that are never seen again; and x;, the probability that an individual
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Figure 5.6 The DAG for Example 5.9 for capture-recapture data and model C'/T.

is not observed again, given that it was released at time ¢ given by,

Combining the above likelihood function with the prior for p, we obtain the
posterior conditional distribution for p to be of the form,

m(plm,e,v,7) o f(mlp,€,v)p(p)

T T J Mg
< JT]I <p(1 -] d)k) Xi (1 = p)P
i=1j=i k=i

a—1430, X i (1 B=1400 i (G—)mi g T

x p —-p) Xi

The first two terms of this expression appear to be of the form of a beta
distribution, however, the y; terms also contain the parameter p. Thus, this
distribution is of non-standard form. Similar results follow for € and ~, al-
though their posterior conditional distributions could be regarded as even
more complex since they are also on the logistic link scale.

However, we now consider the posterior conditional distribution for 7. We
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have,

m(rlm,p,€,7) o f(mlp, € 7)p(e|T)p(r)
T
1 —1)? .
[T e (722 o0 o (2
VT 2T T
since the likelihood does not explicitly depend on 7

15T 2
o (@A T/2H) g (_ (zzt_l(et 1) +a7>>.

KL

T

This is the form of an inverse gamma distribution (so this is an example of a
conjugate prior). In particular, we have,

T 1<
~ F71 T o PT 5 g - 2 .
T|p76777m (O& + 2 76 + 2 t:1(€t IUJ) )

Thus, for this example, we might update the parameters p,y and € using the
MH algorithm and 7 using the Gibbs sampler.

O

5.4 Implementing MCMC

As with most numerical techniques, there are various MCMC algorithms that
can be implemented for a given problem. In addition, there are numerous
posterior summary statistics that can be used to summarise the posterior
distribution of interest. We now discuss the most common issues that arise
when implementing an MCMC algorithm, together with practical advice.

5.4.1 Posterior Summaries

We have already seen in Section 4.4 that posterior distributions are typically
summarised via a number of statistics such as the mean, standard deviation,
credible intervals, correlations, etc. Such summary statistics are easily ob-
tained from the MCMC sample as their standard empirical estimates. For
example, in order to estimate the 100(1 — )% symmetric credible interval for
parameter 6, we first order our MCMC-based sample {#* : k = 1,...,n}, and
take [01), 0] where j = an/2,1 = (1 —a)n/2 and 1) denotes the j** largest
observation of # in the sample.

There are any number of additional summary statistics that may be of inter-
est and can be estimated from the posterior sample obtained via Monte Carlo
integration. To provide a flavour of the type of statistics we can calculate, sup-
pose that we wish to estimate the posterior probability that the parameter 6
is positive (or negative), i.e. P(6 > OJx). This is easily estimated by taking
the proportion of realisations sampled from the Markov chain that are posi-
tive. Marginal density estimates are also often of interest and basic histograms
or standard kernel-smoothed empirical estimates can be used. Alternatively,
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Rao-Blackwell estimates can be used to obtain estimates of marginal densities
by taking

n
S (6165,
t=1
If the posterior conditional distribution is standard, then the density estimate,
7, is easily normalised; see for example Casella and Robert (1996) and (Robert
2007) for further discussion.

Note that the ideas presented for the single-parameter case are all directly
generalisable to the multi-parameter case. For example, point estimates can
be obtained for correlations between parameters; posterior credible intervals
generalise to posterior credible regions with dimension equal to the number
of parameters. For example, in the two-parameter case, where 8 = {01, 6>},
the 100(1 — a)% posterior credible interval is now a two-dimensional region,
R, such that,

7(0;) =

S|

]P’((Gl,ﬁg) S R|5E) =1-a.

Clearly, a computer is needed in order to plot these more complex regions.
Often, in practice, the marginal posterior density intervals may be calculated
for each single parameter, rather than the more complex higher-dimensional
density regions for the full set of parameters.

5.4.2 Run Lengths

There are two elements to be considered when determining the simulation
length:

e the time required for convergence, and

e the post-convergence sample size required for suitably small Monte Carlo
errors.

We deal with convergence assessment here: we want to determine how long it
takes for the Markov chain to converge to the target distribution. In practice,
we discard observations from the start of the chain, during the burn-in period,
and just use observations from the chain once it has converged.

The simplest method to determine the length of the burn-in period is to
look at trace plots. You can often see the individual parameters converging
from their starting position to values based around a constant mean. For
example, consider the dipper example (Example 1.1), where there are the two
parameters — survival probability, ¢, and recapture probability, p. We consider
two different chains starting at very different starting values. The first chain
begins with values, p = 0.01 and ¢ = 0.01; and the second chain starts with
values p = 0.99 and ¢ = 0.99. The same updating algorithm is used from
both starting values, namely a single-update random walk MH algorithm.
In particular, we use a normal proposal distribution with standard deviation
equal to 0.05 for each parameter. Figure 5.7 provides the corresponding trace
plots for the two simulations. Clearly it appears that convergence is achieved
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very quickly for both of the simulations, both by approximately 200 iterations.
However, we might also suggest that the posterior distribution is reached in
simulation 2 slightly faster, resulting from the initial values being closer to the
area of high posterior mass than in simulation 1. When specifying the burn-in
being used, it is best to be conservative and err on the side of overestimation
to ensure that convergence has been achieved when obtaining the sample to
be used to form Monte Carlo estimates of the parameters of interest. Thus,
for this example, we might use a burn-in of 500, or even 1000, say.

fen} [en}
= =
| |
[=) (=)
— —
Q Q
£ < £ <
[=) (=)
g =
& R
s o SRS
[al [a W)
[e=} [e=]
< =
(=] T T T T T T [<=] T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
Iteration Iteration
(a) (b)

Figure 5.7 Trace plots for ¢ (in black) and p (in grey) for (a) simulation 1, with
starting value of p = 0.01 and ¢ = 0.01 and (b) simulation 2, with starting value
p =0.99 and ¢ = 0.99.

The use of trace plots is a fairly efficient method, but it is not robust. For
example, an ad hoc interpretation of the first trace plot in Figure 5.8 might
suggest that the chain had converged after around 500 iterations. However,
when the chain is run for longer, it is clear that the chain has not converged
within these first 500 iterations.

Running several replications from different over-dispersed starting points
provides additional reassurance when one is trying to check that convergence
has been achieved. Basically, if you run the chain several times from different
starting points and they all give you the same posterior estimates then this
suggests that no major modes have been missed in any one simulation and
that each has probably converged.

This approach is formalised in the so-called Brooks-Gelman-Rubin (BGR)
diagnostic (Brooks and Gelman 1998). There are various implementations of
this diagnostic procedure, all based upon the idea of using an analysis of vari-
ance to determine whether or not there are any differences in estimates from
different replications. The simplest implementation is to compare the width
of the empirical 80% credible interval obtained from all chains combined, with
the corresponding mean within-chain interval width. Convergence is assumed
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Figure 5.8 MCMC sample paths.

when these are roughly equal, implying that all chains have roughly equal
variability, i.e. similar amounts of information. More sophisticated techniques
compare within- and between-chain variances rather than interval widths, but
the principle remains the same. For further discussion, alternative convergence
diagnostic tools and reviews of convergence diagnostics; see for example, Gel-
man and Rubin (1992), Geweke (1992), Cowles and Carlin (1996) and Gelman
(1996).

Example 5.10. Dippers — Two-Parameter Model

We implement the BGR statistic, using the width of the 80% symmetric cred-
ible interval for the dippers example for model C/C with two parameters p
and ¢ for the trace plots in Figure 5.7, discarding the first n iterations as
burn-in, for simulations of length 2n. For this example there are two chains
started from over-dispersed starting points, as described above. We then cal-
culate the statistic R (following the assumed burn-in of the first n iterations),
defined to be,

Ao width of 80% credible interval of pooled chains

mean of width of 80% credible interval of individual chains

The corresponding BGR, statistic, R, is plotted in Figure 5.9 for both the
survival probability, ¢, and recapture probability, p.
Alternatively, the BGR statistic can be reported in tabular format, for spec-
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Figure 5.9 BGR statistic for the model C/C fitted to the dipper data for (a)
survival probability, ¢, and (b) recapture probability, p.

ified values of 2n (the total number of iterations, including the first n discarded
as burn-in). These are provided in Table 5.2. Using either the plotted BGR
statistic or the tabular form we would assume that convergence has been
achieved by iteration 1000 (this is still somewhat conservative). However, it is
better to use a conservative burn-in, as discussed above.

Table 5.2 The BGR Statistic for ¢ and p for the Two-Parameter Dippers Example
for a Total of 2n Simulations with the First n Discarded as Burn-In

Total Number R Total Number R
of Iterations 10) P of Tterations 10) P
100 0.900 0.149 1100 0.981 0.995
200 1.008 1.159 1200 0.965 1.005
300 0.921 1.061 1300 0.984 1.043
400 1.051 0.960 1400 0.989 1.005
500 0.984 1.018 1500 1.004 0.962
600 1.004 0.932 1600 1.017  0.995
700 0.962 0.966 1700 0.992 0.995
800 0.946  0.969 1800 1.010 1.004
900 0.965 0.980 1900 0.980 1.018
1000 1.008 0.981 2000 0.984 1.022
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We emphasise that all of these convergence diagnostics are not foolproof, in
that they can only provide evidence of lack of convergence, rather than proof
of convergence — these are very different things!

5.4.83 Monte Carlo Errors

MCMC integration is a method of estimating statistics of interest. It is a
simulation-based estimation technique and, as such, is subject to what we call
Monte Carlo (MC) error, which decreases with increasing sample size. Monte
Carlo error essentially measures the variation you would expect to see in your
estimates if you ran multiple replications of your MCMC chain. It is related to
the autocorrelation of your chain, but if the sample size increases by a factor
n, then the Monte Carlo error decreases by a factor n'/? (Ripley 1987).
Formally, it can be shown that ergodic averages satisfy the central limit
theorem. So, for example, suppose that we wish to estimate the posterior
mean of the parameter, §. We obtain a sample 8',...,0" from the posterior
distribution, and estimate the posterior mean E,(6) by the sample mean,
6 = 15" 0" (ic. use Monte Carlo integration). Then, using the central

limit theorem, we have the result that,

0~N (]Eﬁ(o), U—2> .

n

The term 02 /n is the Monte Carlo variance, or more commonly, /o2 /n is the
Monte Carlo error.

In order to estimate the Monte Carlo error, we essentially need to estimate
o/+/n. The most common method for estimating the Monte Carlo error is
called batching (Roberts 1996). Suppose we wish to estimate the posterior
mean of @ from a sample 6, ...,0", as above, where n = mT. We divide the
sample into m batches, each of size T', where T is assumed to be sufficiently
large to provide reasonably reliable estimates of E,(#). We calculate the sam-
ple mean of each 6 for each of the m batches, which we denote by 61, ...,60,,;
and the corresponding sample variance of these mean values using,

m

1 _
e 0; —0)%.
o1 20—
i=1
This gives us the Monte Carlo variance associated with samples of size T'. To
obtain the Monte Carlo variance for the full sample (i.e. estimate o2 /n), we
divide the sample variance above by m. Thus, to estimate the Monte Carlo

error, we simply take the square root of this expression, i.e. use the formula:

mz@ -9)2.

i=1
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Example 5.11. Dippers — Two-Parameter Model

We apply this method to the C/C model for the dippers data with parameters
¢ and p. From the above convergence diagnostics, we use a conservative burn-
in of 1000 iterations and simulation 2 (starting values of 0.99). We then take
the batch sizes to be of length T" = 100 and calculate the corresponding
Monte Carlo error for the estimated posterior means for increasing numbers of
parameters. These are provided in Table 5.3. Clearly for the dippers example,
the Monte Carlo errors can be considered to be relatively very small compared
to the parameter values.

Table 5.3 The Estimated Posterior Mean and Monte Carlo Error for (a) p and (b)
¢ for the Model C'/C Fitted to the Dipper Data for a Total of n = 200,...,1000
Iterations, Using a Batch Size of T'= 100

(a) p (b) ¢
Posterior Monte Posterior Monte

n Mean Carlo Error Mean Carlo Error
200 0.897 0.0065 0.550 0.0356
300 0.894 0.0080 0.558 0.0242
400 0.893 0.0080 0.559 0.0176
500 0.896 0.0059 0.558 0.0136
600 0.893 0.0045 0.561 0.0117
700 0.895 0.0031 0.561 0.0099
800 0.895 0.0027 0.562 0.0086
900 0.896 0.0025 0.562 0.0076
1000 0.895 0.0024 0.563 0.0069

5.4.4 Improving Performance

The performance of an MCMC algorithm depends jointly on the posterior of
interest and the proposal distributions used. Since the posterior is determined
by the combination of prior and data, the performance of our algorithm can
be changed only through the proposal distributions. We consider two different
approaches for improving convergence using pilot tuning and block updates.

Pilot Tuning

With the exception of the Gibbs update, most MCMC updates require a degree
of so-called pilot tuning in order to ensure adequate convergence and accept-
able Monte Carlo errors. Firstly, the proposal distributions for the parameters
in the model are specified. For example, the specification of a normal random
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walk proposal, a uniform random walk proposal, or even an independent sam-
pler. Alternatively, for parameters which have boundaries, constrained pro-
posal distributions could be used (such as a truncated normal distribution),
to ensure that the proposed parameter values always lie within the given
boundary values (see Example 5.2). Once the proposal distribution is defined,
pilot tuning typically involves adjusting the relevant proposal variances so as
to obtain MH acceptance probabilities of between 20 and 40% (Gelman et al.
1996). In many cases this can be automated by running the algorithm for,
say, 100 or 1000 iterations, calculating the average acceptance ratio for each
parameter during that time and then increasing the corresponding proposal
variance if the acceptance probabilities are too high and decreasing the vari-
ances if the probabilities are too low. This is what is meant by pilot tuning.

Example 5.12. Pilot Tuning — Example 4.1 Revisited — Radio-Tagging Data
We consider the radio-tagging data (assuming a uniform prior) and the MH
algorithm described in Example 5.2. A random walk MH algorithm is adopted,
using a normal proposal distribution with variance parameter o2. However,
we need to specify a value for 02. We consider three possible values, o =
0.005,0.05 and 0.5 (or equivalently, o2 = 0.000025, 0.0025, 0.25). Typical trace
plots of 1000 iterations for each of these proposal parameter values are pro-
vided in Figure 5.10. The corresponding mean acceptance probabilities for the
MH updates are 0.921, 0.421 and 0.053, for ¢ = 0.005, 0.05, 0.5, respectively.
Note that none of these values of o appear to provide a mean acceptance prob-
ability between 20 and 40%, although o = 0.05 is very close. Thus, a further
step would be to consider additional values of o and repeat the process. For
example, consider o = 0.1.

86 88 90 92 94 96
L L L L L L
86 88 90 92 94 96
86 88 90 92 94 96
L L L L L L

6 260 460 660 860 10‘00 E) 260 460 660 860 10‘00 6 260 460 660 860 10‘00
Iteration Iteration Iteration

Figure 5.10 Sample paths for MH algorithms with (a) o = 0.005, (b) o = 0.05 and
(c) o =0.5.

Clearly, the specification of the value of o2 has a significant impact upon
the acceptance probability of the chain (although recall that the acceptance
probability itself is independent of ¢2). This is because the proposal with o2 =
0.05 is much closer to the target distribution, so that more sensible candidate
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values are generated and subsequently accepted. However, the proposal with
02 = 0.5, generates candidate observations too far out in the tail to come
from the target distribution (and often outside the interval [0, 1]) and these
are subsequently rejected. Conversely, the proposal with ¢ = 0.005 generates
candidate values very similar to the current value that are typically accepted,
but this means that it takes a long time to move over the parameter space.
The movement around the parameter space is often referred to as mizing.

O

Note that there is typically a trade-off between the time spent on the pilot

tuning process and the computational time of the required simulations. For

very fast computational simulations, extensive pilot tuning is often unneces-

sary, whereas for lengthy simulations, pilot tuning can be very important in
reducing the computational expense.

Block Updates*

The use of multi-parameter updates can be used to avoid especially slowly-
converging chains in the presence of high posterior correlations between pa-
rameters. If highly-correlated parameters are updated one at a time, then the
fact that one is updated whilst the others remain fixed constrains the range
of acceptable new values for the parameter being updated. This can cause
extremely slow convergence and is best overcome by updating parameters in
blocks so that highly correlated parameters are updated together (Roberts
and Sahu 1997, Rue 2001). This will usually overcome the problem, though
the specification of suitable multi-dimensional proposal distributions can be
difficult. In practice, (for continuous parameters) pilot runs can be used to
gain rough estimates of posterior means and covariances and then multivari-
ate normal approximations can be used as proposal distributions for a much
longer simulation that forms the basis for inference.

Example 5.13. Block Updates — Highly Correlated Variables

Suppose that we wish to sample from a bivariate normal distribution using
the MH algorithm. We consider two different approaches — the single-update
algorithm and the block updating algorithm (i.e. simultaneously updating
both parameters). For notational purposes, we assume the parameters are
denoted by 8 = (01,0)T, and that,

0~ NQ(H,Z),

0 1 07
“_<o)’ and Z_(m 1>'

In other words the variances of 6; and 05 are both equal to 1, and the covari-
ance (and correlation) of 8; and 65 is equal to 0.7. Thus, the parameters are
fairly strongly correlated.

We begin by considering the single-update MH algorithm. In particular we

where,
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consider a random walk updating step, using a normal proposal distribution
with variance 1 for each parameter individually. Figure 5.11 gives a sample
path of the MH algorithm for (a) the joint trace plot, (b) the marginal trace
plot for #; and (c) marginal trace plot for f2. The mean acceptance probabil-
ities for individually updating #; and 05 are both approximately 0.46.

B2
3210123
1
-3-2-1 01 2 3
02
-3-2-1 01 2 3

32101 23 0 20 40 60 80 100 0 20 40 60 80 100
Iteration x 10 Iteration x 10
Figure 5.11 Sample paths for a single-update random walk MH algorithm for a

bivariate normal distribution; (a) joint trace plot; (b) marginal trace plot for 61, and
(c) marginal trace plot for 5.

We consider an alternative block updating algorithm, where we propose to
update both #; and 05 simultaneously using a random walk bivariate normal
proposal distribution. For comparability, we assume a proposal variance of 1
for both 6; and 65, and covariance of 0.7. Figure 5.12 gives a sample path of
the parameters using the MH algorithm for (a) joint trace plot, (b) marginal
trace plot for 6; and (c) marginal trace plot for 6. The mean acceptance
probability for simultaneously #; and 65 is equal to 0.44 (so comparable to
the above mean acceptance probability for the single update MH algorithm
for updating 8; and 65). Comparing Figures 5.11 and 5.12 we can see that the
block updates appear to have better mixing properties, traversing more of the
parameter space (this is easily seen within the marginal trace plots for ; and
02).

O

Example 5.14. Block Updates — Example 1.1 Revisited — C'/C' Model for
the Dipper Data

We return to the C/C model for the dipper data with survival probability ¢
and recapture probability p. In Example 5.5 we considered a single MH up-
dating algorithm, where we updated each parameter in turn. This algorithm
appeared to perform well, with a mean acceptance probability of approxi-
mately 30% for each parameter. However, suppose that the single update MH
algorithm did not appear to perform well, as a result of highly correlated pa-
rameters. We might consider the following block updating algorithm where
we simultaneously propose to update both parameters at each iteration of the
Markov chain.
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Figure 5.12 Sample paths for block update random walk MH algorithm for a
bivariate normal distribution; (a) joint trace plot; (b) marginal trace plot for 61,
and (c) marginal trace plot for 6s.

Suppose that at iteration k of the Markov chain, the parameter values are
p* and ¢F. We then simulate a set of candidate values for these parameter
values denoted by w = (w1, w2)T. In particular we consider a bivariate normal
distribution given by,

k 2
wo ()5 %)

In other words, we specify a bivariate normal distribution, where the mean
vector is equal to the current parameter values with covariance matrix such
that the proposal variance of w; is 02 and the proposal variance of ws is
027 with covariance o,4. We specify Ug) = Ui = 0.01, for comparability with
Example 5.5. In order to specify a value for 0,4 we use an initial pilot tuning
algorithm, using the previous single-update MH algorithm given in Example
5.5. In particular, we obtain the posterior correlation of p and ¢ to be equal
to —0.16. Thus, we consider a prior correlation between the two parameters
of —0.2. This corresponds to a prior covariance of 0,4 = —0.002. Note we
consider a slightly larger magnitude for the correlation term in the proposal
distribution in an attempt to ensure that the parameter space is well explored.

The acceptance probability is given by a((p¥, #*)T, w) = min(1, A), where,
(w1, w2lm)g(p*, ¢*|w)
m(p¥, ¢F|m)q(w|p¥, o*)

Kl o € 0.1

0 w1 € [0,1] or wy & [0, 1],

A

since the proposal distribution ¢ is symmetric and cancels in the acceptance
probability; and we assume independent U|0, 1] priors for p and ¢.

Figure 5.13 gives the trace plot for the updates of p and ¢ for 1000 iterations.
This can be compared to Figure 5.3(a) for the single-update MH algorithm.
One of the differences between these two plots is that there are vertical and
horizontal lines in Figure 5.3 for the single update algorithm corresponding to
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Figure 5.13 Sample paths for the MH block updating algorithm for the two-
parameter model for the dipper data.

updating ¢ and not p, or vice versa, within a single iteration of the Markov
chain. Clearly, this does not occur for the block updating algorithm (i.e. us-
ing the bivariate normal), since either both parameters are simultaneously
proposed and accepted in an single iteration, or both remain at their cur-
rent values. As a result, in the block updating algorithm, we always obtain
diagonal lines. Note that for the block updating algorithm, we obtain a mean
acceptance probability of 0.13. This is only marginally higher than using a
MH algorithm for simultaneously updating p and ¢ using independent normal
proposal distributions (i.e. setting o, = p = 0), with a mean acceptance
probability of 0.11. In addition, for the single updating algorithm, we obtain
a mean acceptance probability of approximately 0.3 individually for p and ¢.
Thus, in this case there are more moves accepted using the single-update MH
algorithm. The reason for this is that the correlation between the parame-
ters is relatively small (a posterior correlation of —0.16). In this instance, due
to the relatively small correlation between parameters, a single update MH
algorithm, as described in Example 5.5, would appear to perform better.
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Note that for comparability, we considered proposal variances of 0.01. How-
ever, within the pilot tuning algorithm that was performed to obtain a pro-
posal covariance value for the parameters, we could equally obtain (approxi-
mate) estimates for the posterior variances for each parameter. In particular,
we obtain posterior standard deviations of (approximately) 0.03 for each para-
meter. Thus, we could also use these values within the proposal distributions.
For example, setting o7 = o7 = 0.03* and 0,y = —0.00018 (once more giving
a prior correlation of -0.2), we obtain a mean acceptance probability of 0.51.
This is significantly higher and also higher than the 20 to 40% acceptance

probability generally accepted.
O

5.4.5 Autocorrelation Functions and Thinning

The performance of the chain, in terms of mixing and exploring the parameter
space, is often initially performed by eye from trace plots, or from considera-
tion of the mean acceptance rate, if implementing a MH algorithm. However,
another useful tool is the autocorrelation function (ACF). This is simply de-
fined to be the correlation between the given parameter value in the Markov
chain separated by [ iterations. The term [ > 1 is usually referred to as lag.
Mathematically, suppose that we are interested in parameter 6, that takes
value 6% at iteration k of the Markov chain. The autocorrelation of the para-
meter at lag [ is simply defined to be cor(6*, §*+1). This is typically calculated
for values | = 1,...,lnq: and plotted on a graph. Note that the autocorrela-
tion function is always equal to 1 for the value I = 0, since cor(6*, %) = 1.

Ideally, for good mixing Markov chains, there should be a fast decrease in
the value of the autocorrelation function as the lag increases. In other words,
in the ACF plot, this would be represented by a sharp gradient at low values
of [. This would imply that there is little relationship between values of the
Markov chain within a small number of iterations. Conversely, poorly mixing
chains will typically have a very shallow gradient in the ACF plot, with high
autocorrelation values for even relatively large values of [ (say, [ > 20). For
MH algorithms, pilot tuning the parameter values or using block updates
may improve the mixing (and hence ACF plot). However, when using the
Gibbs sampler, there is no tuning involved in its implementation, so that
it is typically more difficult to adjust, however, block updating may still be
implemented.

One suggested method for reducing the autocorrelation within a Markov
chain is to simply keep every i*" iteration of the sampled values from the
Markov chain. For example, every 10th observation. This is typically referred
to as thinning. The thinned values have reduced autocorrelation, but discards
a (very) large number of sampled values. The discarded values (although pos-
sibly very highly autocorrelated) still provides information concerning the
posterior distribution. Thus thinning should only be used if there are issues
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relating to the storage and/or memory allocation of the large number of sam-
pled values.

Example 5.15. Example 4.1 Revisited — Radio-Tagging Data

We once more consider the radio-tagging data, and in particular consider the
different MH updating algorithms described in Example 5.12. Recall that a
random walk MH algorithm is used with three different proposal parameter
values for the normal distribution standard deviation: (a) ¢ = 0.005, (b)
o = 0.05 and (¢) ¢ = 0.5. Corresponding sample trace plots are given in
Figure 5.10. From visual inspection of the trace plots, it is clear that setting
o = 0.05 results in the best mixing within the Markov chain, in terms of a
reasonably high acceptance rate and exploration of the parameters space. This
is also clearly demonstrated when we consider the ACF plots of each of these
trace plots given in Figure 5.14.

ACF
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0.0 0.2 0.4 0.6 0.8 1.0
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Figure 5.14 ACEF plots of the sample paths of the MH algorithm with (a) o = 0.005,
(b) 0 = 0.05 and (c) o = 0.5 for the radio-tagging data.

Clearly, from Figure 5.14 we can see that the lowest levels of autocorrela-
tion (at all lags [ > 1), is for o = 0.05 (plot (b)). This was the algorithm that
appeared to have the best mixing properties in Example 5.12. Alternatively,
we can see that both Figures 5.14(a) and (c) both have very high levels of
autocorrelation, and are very similar to each other. However, the reasons for
the relatively high autocorrelations in plots (a) and (c) are different. For Fig-
ure 5.14(a) the proposal distribution is very tight, so that only small moves
from the current value are proposed (and generally accepted with high prob-
ability). This means that although the probability of accepting a proposed
value is high in the MH step, the distance travelled is small. Alternatively, the
high levels of autocorrelation seem in Figure 5.14(c) are a result of a small
acceptance probability in the MH step. This means that the parameter values
often remain at the same value without being updated to a new value for a
number of iterations in the Markov chain, resulting in only a small decrease
in the autocorrelation function for increasing lag.

O
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5.4.6 Model Checking — Bayesian p-values

Typically when fitting models to data, we not only wish to estimate the pa-
rameters within the model, but also assess whether the model is a good fit
to the data. The most commonly used Bayesian model-checking procedure is
the Bayesian p-value (Gelman and Meng 1996). Essentially, the underlying
principle of Bayesian p-values is to assess the predictive ability of the model
by matching predicted or imputed data against that observed. In other words,
assessing whether simulated data from the posterior distribution looks like the
data observed.

In order to calculate a Bayesian p-value, the first step involves generating
a new data set 2 from the model at each MCMC iteration, for iterations,
k = 1,...,n. In general, a discrepancy statistic D(x*,e*) is used to mea-
sure the distance between the generated data and the corresponding expected
values, e¥, at that iteration. This is compared to the discrepancy function
evaluated at the observed data value. In particular, the proportion of times
that D(x,e*) < D(x*, e*) is recorded. The Bayesian p-value is simply this
calculated value. If the model is a good fit to the data, then we would ex-
pect that the observed data should be similar to the simulated data. Thus,
we would expect the Bayesian p-value to be close to 0.5. The most commonly
used discrepancy function is probably simply the negative of the log-likelihood
function. However, alternative functions also include the Pearson chi-squared
statistic or the Freeman-Tukey statistic (see Brooks et al. 2000a for further
discussion in relation to capture-recapture data). We note that scatter plots of
the discrepancy functions D(x, ) and D(x*, e¥) may also be useful. See for
example Bayarri and Berger (1998) and Brooks et al. (2000a) for further de-
tails. Further, we note that, the Bayesian p-values are implicitly dependent on
the priors specified on the parameters. This is clearly seen since the Bayesian
p-value is calculated using a sample from the posterior distribution, which is
a function of the prior distribution (via Bayes’ Theorem). See Brooks et al.
(2000a) for further discussion.

Example 5.16. Example 1.1 Revisited — Dipper Data

To illustrate the ideas associated with Bayesian p-values, we once more con-
sider the dipper data. In particular, we consider the goodness-of-fit of the two
models, C'/C and C/C2 (i.e. the models with constant recapture and survival
probability; and constant recapture probability and separate survival proba-
bilities for flood and non-flood years). We calculate the Bayesian p-values for
these models (assuming independent uniform priors on each parameter), using
the deviance as the discrepancy function, so that D(zx,e*) = —2log f(x|0),
where 6 denotes the parameter values. The corresponding Bayesian p-values
obtained are 0.04 for model C'/C and 0.13 for model C/C2. The Bayesian
p-value for model C'/C may be regarded as small, and so we may suspect
the goodness-of-fit of this model. The corresponding Bayesian p-value scatter
plots of the discrepancy functions are provided in Figure 5.15 for models C/C

© 2010 by Taylor and Francis Group, LLC



IMPLEMENTING MCMC 139

and C/C2. The Bayesian p-values are simply the proportion of points that lie
above the line z = y.
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Figure 5.15 The Bayesian p-value scatter plot of the deviance of the observed data
versus the deviance of the simulated data for the dipper data for (a) model C/C
and (b) model C2/C. The dashed line corresponds to the line z = y.

Figure 5.15 has some interesting characteristics. In particular, the spread
of the deviance values of the simulated data (i.e. the discrepancy function
of the simulated data) is greater than that for the deviance of the observed
data (i.e. discrepancy function of the observed data). This is usually the case,
since there is the additional uncertainty relating to the simulation of data, in
addition to parameter uncertainty. Further, there appears to be a lower limit
for the deviance evaluated for the observed data. In this instance (due to the
uniform priors on the parameters), this is essentially the deviance evaluated
at the MLEs of the parameters. Note that a “limit” is not always as marked
as in the above examples and will be dependent, for example, on the choice
of the discrepancy function, and shape of the posterior distribution, including
the gradient of the distribution within the area of highest posterior mass.

O

Example 5.17. Example 4.1 Revisited — Radio-Tagging Data

We reconsider the radio-tagging data in Example 4.1. In particular we consider
two different discrepancy functions: the deviance and Freeman-Tukey statistic.
The Freeman-Tukey statistic is defined to be,

SV - Ve,
i
where e; is the expected data value. In this case, e; is the expected cell entry in
the multinomial distribution, so that e; = 36p;, where p; is the corresponding
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multinomial cell probabilities. Once more we assume a U|[0, 1] prior on the
survival parameter. The corresponding Bayesian p-value plots are given in
Figure 5.16.
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Figure 5.16 Bayesian p-value scatter plots for the radio-tagging canvasback data
using the discrepancy functions (a) deviance with corresponding Bayesian p-value
of 0.88, and (b) Freeman-Tukey (FT) statistic with Bayesian p-value of 0.91. The
dashed line corresponds to the line x = y.

Once more we have interesting patterns emerging in the Bayesian p-value
plots. The discrepancy functions of the observed data once again have a clear
limit, with the discrepancy function for the simulated data much more overdis-
persed. The Bayesian p-values are very similar for both the discrepancy func-
tions, 0.88 for the deviance function, compared to 0.91 for the Freeman-Tukey
statistic. This need not always be the case — in some cases, Bayesian p-values
can differ substantially, depending on the discrepancy function. This in itself
is an interesting point, and often motivates further investigation as to the un-
derlying reasons for these discrepancies. Gelman et al. (2003, p. 172) suggest
that an advantage of the Bayesian p-values is the ability to consider a number
of different discrepancy functions.

O

Finally, we briefly mention here an alternative model-checking algorithm
of cross-validation. This algorithm essentially involves removing one or more
observations, x;, from the data and then imputing it within the model-fitting
process to get Z;. Comparisons are then made between the imputed and cor-
responding true value and averaged over data points to get a cross-validation
statistic,

I
lz ~
CV = 7 £ xl/wz

If the model fits the data well, we would expect a cross-validation value of
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around 1. For further discussion, see for example or Gelman et al. (2003) and
Carlin and Louis (2001).

5.5 Summary

The posterior distribution is often high-dimensional and complex, so that little
inference can be obtained directly from it. However, simulation techniques
can be used to obtain a sample from the posterior distribution, which can
then be used to obtain Monte Carlo estimates of the parameters of interest.
The simulation technique most commonly used is Markov chain Monte Carlo.
Most MCMC methods are special cases of the MH scheme, a notable such
special case being Gibbs sampling. A useful approach when possible is to
include Gibbs updates within MH, an approach, which is facilitated by the
use of conjugate priors. Without fast computers, these methods would not be
computationally feasible.

Care needs to be taken when implementing the computationally intensive
techniques. Many results rely on asymptotic arguments relating to the sta-
tionary distribution of the constructed Markov chain. It is difficult to prove
conclusively that a constructed Markov chain has reached its stationary dis-
tribution, although there are a number of graphical and analytic tools that
will provide evidence of (or an indication of) lack of convergence. Although
the MH algorithm is an off-the-shelf procedure, typically some (minor) pilot
tuning is required. This can aid the convergence of the Markov chain to the
stationary distribution by having an efficient updating algorithm, shortening
the burn-in and optimising computational effort. Multiple replications of the
simulations, starting from over-dispersed starting points, is also advised to
explore a larger parameter space and to check post-burn-in convergence of
the posterior estimates obtained. Finally, Bayesian p-values permit a formal
model checking approach by essentially comparing whether the observed data
resembles data simulated from the posterior distribution.

5.6 Further Reading

There are several books that focus on the MCMC algorithm in detail, and
typically any Bayesian reference text (such as those discussed in Section 4.7)
contains some discussion of the ideas to some degree. A particularly clear
and excellent book describing MCMC and associated issues is Gamerman
(1997). Additional books worth note include Gilks et al. (1996), Robert and
Casella (2004), Givens and Hoeting (2005) and Robert (2007). These provide
an excellent general introduction to the MCMC algorithm, extending to more
advanced techniques using a variety of different applied problems. For exam-
ple, Robert and Casella (2004) and Givens and Hoeting (2005) both present
the slice sampler (Neal 2003), an alternative updating algorithm that utilises
the local conditional distribution in proposing a candidate value. This tech-
nique is less generic than the MH algorithm, but is implemented, for example,
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in the computer package WinBUGS (see Appendix C). Alternatively, Gilks
and Roberts (1996) discuss a number of methods for improving the efficiency
of MCMC updates, such as reparameterisation and direction sampling. With
particular reference to ecological data, Link and Barker (2008) consider ef-
ficient MH updates for capture-recapture data. Alternatively, for ecological
data, Newman et al. (2009) improve the MCMC mixing by integrating out a
number of parameters, thereby reducing the dimension of the posterior distri-
bution being sampled from, before implementing a MH algorithm.

Detailed implementation of MCMC algorithms for ecological data (including
the posterior conditional distributions) are also provided by Vounatsou and
Smith (1995), Brooks et al. (2000a) and Brooks et al. (2000b). For example,
Vounatsou and Smith (1995) provide a detailed description of both the use
of the Gibbs sampler (sampling from a non-standard posterior conditional
distribution) and MH algorithm for a Bayesian analysis of ring-recovery data.
Brooks et al. (2000a) present the posterior conditional distributions for both
ring-recovery data and capture-recapture data and discuss the merits of the
different updating procedures.

MCMC is the most popular approach for obtaining a sample from the
posterior distribution of interest; however, there are alternative techniques.
These include sequential importance sampling (Liu 2001) and perfect sam-
pling (Propp and Wilson 1996). These techniques are less well developed than
MCMC, and typically involve a greater amount of preparatory work before
they can be implemented. In particular, perfect sampling is typically of more
interest to theoreticians, and has not yet been developed to become a stan-
dard Bayesian tool. Any stochastic algorithm (including MCMC) relies on
the simulation of random variables from a range of statistical distributions. A
valuable resource for simulating random variables is Morgan (2008).

5.7 Exercises

5.1 Show that the Gibbs sampler is a special case of the single-update MH
algorithm, where the proposal distribution is the posterior conditional dis-
tribution of the parameter.

5.2 Classical and Bayesian analyses of integrated recapture and recovery data
on shags, ringed both as young and as adults, result in the estimates of
annual survival shown in Table 5.4. Here ¢;; is the annual survival proba-
bility of first-year birds in the i*" year of study, (and ¢, the mean first-year
survival probability, averaged over years), ¢;mm is the annual survival prob-
ability of immature birds, and ¢, is the annual survival probability of adult
birds.

For the Bayesian analysis, the prior distribution was the product of inde-
pendent U0, 1] distributions for each of the parameters in the model, and
the mean and standard deviation (SD) follow from MCMC. The classical
analysis results in the MLEs.
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Table 5.4 Parameter Estimates for the Shag Data; (a) Provides the Classical MLEs
and Standard Errors (se) and (b) Provides the Posterior Means and Standard De-
viations (SD)

(a) (b)
Estimate se Mean SD
11 0.325  0.037 b11 0.328 0.038
P12 0.439  0.035 b12 0.439 0.035
b13 0.193  0.035 P13 0.198 0.035
b14 0.732  0.064 b14 0.726  0.061
®15 0.441  0.051 ¢15 0.441 0.051
P16 0.613  0.088 b16 0.610 0.083
$17 0.397  0.076 b17 0.403  0.076
P18 0.231 0.114 $18 0.259 0.102
P19 0.767  0.083 P19 0.732  0.097
o, 0.460  0.023 &, 0.460 0.023
Gimm 0.698  0.021 Gimm  0.696  0.021
ba 0.866  0.012 b 0.864 0.013

Source: Table (a) is reproduced with permission from Catchpole et al. (1998,
p. 40) published by the International Biometric Society.

Comment on the similarities and dissimilarities between the two sets of
results.

5.3 Consider capture-recapture data with constant recapture and survival prob-
abilities, p and ¢ (i.e. model C/C).

(a) Write down an explicit expression for the posterior conditional distrib-
ution of p and ¢.

(b) Suggest how the Gibbs sampler may be implemented given the posterior
conditional distributions.

(c) Suggest an MH updating algorithm and discuss how pilot tuning may
be performed to determine the parameters in the proposal distribution.

5.4 Consider model C/C for the dippers data.

(a) The trace plot in Figure 5.17 was produced using an independent MH
algorithm with U[0, 1] proposal distribution. Describe the main proper-
ties we would expect for the corresponding ACF for the parameter ¢.

(b) Suggest alternative proposal distributions for p and ¢, assuming an in-
dependent MH updating algorithm.
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Figure 5.17 Trace plots for (a) p and (b) ¢ for model C/C for the dippers data
using an independent MH updating algorithm with U[0, 1] proposal distribution.

9.5

(¢) Consider the ACF plot given in Figure 5.1&, for parameter p using a ran-
dom walk MH algorithm with normal proposal distribution and proposal

variance, o2.

What can we say regarding the proposal variance of the MH algorithm
that resulted in the ACF plot for the MCMC output? What additional
information is useful in order to determine how we should change the
proposal variance o2 in an attempt to decrease the autocorrelation?

Consider the ring-recovery data corresponding to the lapwing data de-
scribed in Section 2.3.1, where the first-year survival probability and adult
survival probabilities are logistically regressed on fdays. So that,

P1e = o1+ Pufe
¢a7t = aa+ﬁaft7

where f; denotes the covariate value for fdays in year t. For simplicity we
consider a constant recovery probability A\. We specify independent N (0, 10)
priors on each logistic regression parameter and a U|0, 1] prior on A.

(a) Calculate the corresponding prior on the first-year survival probability
©1,¢, say, in an “average” year, where the covariate value is equal to the
mean observed covariate value, under the following situations:

(i) where the covariate values are normalised (so that the mean covariate
value is equal to 0); and

(ii) where the covariate values are unnormalised, such that the mean ob-
served covariate value is equal to 10.
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Figure 5.18 ACF plot for p for the dippers C'/C model using a random walk MH
updating algorithm with normal proposal distribution.

(b) Using a single-update random walk MH algorithm with normal proposal
density with variance parameter o2, derive the corresponding acceptance
probability for each parameter oy, 81, aq, B, and .

5.6 Consider the system where,
N¢ ~ Po(Ni—14p),

where N; denotes the number of individuals in a given area at time ¢ =
1,...,T, ¢, the survival probability and p, the productivity rate for the
population under study. The true population sizes are not observed, only
an estimate, denoted by y;, where we assume,

Yt ~ N(Nt7 02)7

for t = 1,...,T, such that 2 is known. For notational purposes, we let
y ={y1,...,yr} and are the observed data. Finally, we assume that Ny is
known.

(a) Write down the joint posterior distribution, 7(¢, p, N|y), where N =
{Ny,...,Nr}.

(b) Reparameterise the model to remove any parameter redundancy in terms
of the model parameters.

(¢) Suppose that we use a single-update random walk MH algorithm. Sug-
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gest a proposal distribution and calculate the corresponding acceptance
probabilities for each individual parameter.

(d) Suppose that we use a normal approximation to the Poisson distrib-
ution. Describe a hybrid Metropolis within Gibbs algorithm where we
update demographic parameters using a random walk MH algorithm,
and update the parameters Nq,..., Ny using a Gibbs sampler. (Explic-
itly state the posterior conditional distribution of the parameters used
in the Gibbs update).

(e) Extend the algorithm to the case where o2 is also unknown, specifying
an appropriate prior and describe the MCMC updating algorithm.

5.7 Discuss the advantages and disadvantages of using the following summary
statistics for describing the posterior distribution of the parameter of inter-
est: mean, median, variance, 95% symmetric credible interval, 95% highest
posterior density interval and correlation between pairs of parameters. In
addition, discuss the computational implications of calculating these poste-
rior summary statistics and methods for reducing memory allocation within
their calculation, if we do not wish to retain the full set of sampled values
from an MCMC algorithm.
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CHAPTER 6

Model Discrimination

6.1 Introduction

In the last chapter we formed probability models for ecological data, and
obtained estimates of the posterior distribution of the parameters. The dif-
ferent models fitted will typically be based on biological knowledge of the
system. However, in many cases there may be several competing biological
hypotheses represented by different underlying models. Typically in such cir-
cumstances, discriminating between the competing models is of particular
scientific interest. For example, consider ring-recovery data, collected from
animals that were marked as adults of unknown age, where there is simply a
survival probability (common to all animals) and a recovery probability; this
is the model C'/C of Section 3.3.1. There are potentially four different models,
dependent on whether the survival and/or recovery probability is time de-
pendent or constant over time. Each of these may be biologically plausible, a
priori, but describe different biological hypotheses, corresponding to constant
survival/recovery probabilities versus time dependent probabilities. We have
already encountered this situation in Examples 3.4 through 3.6.

In Example 2.5 we saw an example of different models for large mammals
with age dependence of the survival probabilities (for the different age groups)
dependent on a number of different covariates. The subscript notation used
there indicates age classes, and terms in brackets describe the covariate or
time dependence for each given age group. Typically, there are a number of
possible covariates that could be fitted to the data and the corresponding
posterior distributions of the parameters estimated. For example, consider
the following model for Soay sheep:

¢1(BW, P), ¢2.7(W), ¢s4 (C, N)/p1, D21 /M1, Ay (1)

This denotes that the first-year survival probability is dependent on birth
weight (BW) and population size (P); animals in years of life 2 to 7 have
a common survival probability dependent on current weight (W); all older
individual (animals in year 8 and older) have a survival probability dependent
on coat type (C) and NAO index (N). The recapture and recovery probabili-
ties are different for lambs compared to all older individuals, all of which are
constant over time except the recovery probability of sheep in years 2 of life
and above which have an arbitrary time dependence.
However, we could have fitted the alternative model:

¢1(BW, P), d2.7(W), ¢s4 (C, P)/p1,pat /A1, Aoy (1),

147
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i.e. changing the dependence of the senior sheep survival probability from the
NAO index (N) to the population size (P). In other words the second model
would correspond to the biological hypothesis that it is not the harshness of
the winter that affects their survival probability, but population size, which
could be regarded as a surrogate for the competition of the available resources.
The choice of covariates used to explain the underlying temporal and/or indi-
vidual heterogeneity can have a direct impact on the posterior distributions of
the parameters of interest and hence the corresponding interpretation of the
results. The different possible models, in terms of the covariate dependence
of the demographic parameters essentially represent competing biological hy-
potheses concerning the underlying dynamics of the system. Hence discrim-
inating between the different models allows us to discriminate between the
competing biological hypotheses. We note that discriminating between the
competing models can be regarded as an hypothesis test. For example, for
the above models, testing the dependence of the senior survival probability
on NAO index versus population size, given the observed data (and possible
prior information in the Bayesian setting). Clearly this kind of procedure is
often of particular biological interest. We note here that although the depen-
dence of the recapture and recovery probabilities on age and/or time may not
be of interest biologically, the underlying model specified for these nuisance
parameters may influence the corresponding results and interpretation for the
parameters of primary interest (i.e. estimates of regression parameters and
model selection procedure).

Typically a number of models may be deemed to be biologically plausible.
We wish to discriminate between these models that represent these biological
hypotheses in order to identify the underlying dependence structure of the
parameters, and hence increase our understanding of the system. Within the
classical framework, each individual model may be fitted to the data, and the
models compared via some criterion, such as an information criterion. We have
seen this done in Section 3.3. We shall now discuss the alternative Bayesian
ideas behind model discrimination before describing the computational tools
necessary for this approach.

6.2 Bayesian Model Discrimination

In the Bayesian framework the information criteria described in Section 3.3
no longer have a fixed value, but a distribution because the parameter vec-
tor, @, has a distribution. An information criterion (the Deviance Information
Criterion) has been suggested that takes into account the fact that 6 has a
distribution, rather than a fixed value. This approach once again considers
a trade-off between the complexity of the model and the corresponding fit
of the model to the data. A very different approach, and as we shall see a
natural extension to the construction of the posterior distribution of interest
using Bayes’ Theorem, is to consider the model itself to be a parameter within
the analysis. This approach allows us to calculate posterior model probabili-
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ties which quantitatively discriminate between competing models in an easily
interpretable manner. When appropriate, it also permits model-averaged es-
timates of parameters of interest, taking into account model uncertainty. We
shall now discuss each of these methods in turn.

6.2.1 Bayesian Information Criteria

The AIC and BIC given in Section 3.3 are defined “classically,” where the
likelihood is evaluated at the MLE of the parameters. These information cri-
teria could also be considered in the Bayesian case, in terms of calculating
their expected value, where expectation is taken with respect to the poste-
rior distribution. However, an alternative information criterion, suggested by
Spiegelhalter et al. (2002), is the Deviance Information Criterion (DIC). This
is similar to the previous information criteria, in that it discriminates between
models by considering both the fit and complexity of the models, but was de-
veloped specifically for use within the Bayesian framework. Once more the fit
of model m is evaluated in terms of the deviance, while the complexity of the
model is defined in terms of the effective number of parameters, denoted by
pp(m). We can express this effective number of parameters for model m in
the form, _
pD(m) = _2Eﬂ'(10g fm(wle)) +2 log fm(wle)a

where the expectation is with respect to the posterior distribution, and 0 is
a posterior estimate of 8. A typical choice is @ = 8 = E,(0|x), so that 8
denotes the posterior mean of the parameters 8. Thus, the effective number of
parameters is the difference between the posterior expectation of the deviance
and the deviance evaluated at the posterior mean of the parameters.

The DIC for model m can then be expressed in the form,

DICm = _2Eﬂ'(10gfm(w|0))+pD(m)a

where, once more, the expectation is with respect to the posterior distribu-
tion. The DIC can generally be easily calculated within any MCMC procedure
with practically no additional computational expense. However, we note that
the effective number of parameters, pp is dependent on the choice of . The
posterior mean is the most commonly used value for 6. By definition, the
effective number of parameters uses a posterior point estimate of the parame-
ter values (i.e. 8). This can be problematic in cases where, for example, the
posterior distribution is bimodal (which is often the case for mixture models,
for example), resulting in the mean being a very poor point estimate with
very low posterior support. In addition, in some applications, a negative ef-
fective number of parameters can be obtained, (again this is often the case
when fitting mixture models). Finally we note that the DIC cannot be used
(at least in the form given above, using the posterior mean) where the para-
meters are discrete-valued, since § will typically not be equal to one of these
discrete values. For further discussion of these and other related issues, see
Spiegelhalter et al. (2002) and Celeux et al. (2006). We note that the DIC
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is provided in both MARK and WinBUGS for standard models. However,
for the reasons discussed above, and others, the DIC cannot be calculated in
WinBUGS for mixture models or in the presence of missing information. As
a consequence, we suggest that the DIC is used very cautiously. For example,
within a preliminary or exploratory analysis of the data.

When applying the DIC, we need to fit each possible model of interest to the
data, which may be infeasible if there are a large number of possible models to
be considered. In addition, the DIC does not provide a quantitative compari-
son between competing models which is readily interpretable. A more natural
approach to Bayesian model discrimination is via posterior model probabil-
ities. These have the advantage that they are a quantitative comparison of
competing models and permit additional model averaging ideas. We discuss
posterior model probabilities next.

0.2.2 Posterior Model Probabilities

A more formal and natural approach to discriminating between competing
models within the Bayesian framework is via posterior model probabilities.
These are obtained by a simple extension to Bayes’ Theorem to take into ac-
count model uncertainty. Essentially, this alternative approach involves con-
sidering the model itself to be parameter. It allows us to compare competing
models quantitatively, and to incorporate any information concerning the rela-
tive a priori probabilities of the different models. We concentrate on this latter
approach throughout the rest of the book for discriminating among competing
models.

Within the Bayesian framework, we can consider the model itself to be a
discrete parameter to be estimated. The set of possible values that this para-
meter can take is simply the set of models deemed to be biologically plausible.
By applying Bayes’ Theorem, we can form the joint posterior distribution over
both the model and the parameters. Formally, we have,

(O, m|®) O frn (€]0r)p(Orm [ ) p(m2),

where we use a subscript on the parameters 6,, to denote the set of para-
meters in model m; fi, (x]0,,) denotes the likelihood given model m, and the
corresponding parameter values; p(0,,|m) denotes the prior distribution for
the parameters in model m; and p(m) denotes the prior probability for model
m. Thus, since we are treating the model as a parameter to be estimated, we
need to specify the corresponding prior probability function for each possible
model. Typically a parameter may be present in more than one model, for ex-
ample, a regression coefficient corresponding to a given covariate. In general,
we can specify a different set of prior distributions for the parameters in each
of the different models. However, it is common to specify (independent) priors
on the parameters such that the same prior is specified on the parameter for
each model containing that parameter. This is particularly the case when we
specify non-informative priors.
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As an example, suppose that we have ring-recovery data and we have two
different models that we want to discriminate between: C//C' and T/C. In
other words we want to test whether the survival probability was constant or
time dependent, assuming that the recovery probability is constant. For each of
these two models we need to specify the corresponding prior distributions. We
begin with the priors on the parameters for each model. Consider the model
C/C. Without any prior information, we may set ¢ ~ U[0,1] and A ~ U][0, 1].
Alternatively, consider model T'/C. Once again we might specify the priors
such that ¢; ~ U[0,1] fort =1,...,T—1, and A ~ UJ0, 1]. Finally, we need to
specify a prior for the two models C'/C and T'/C. In the absence of any strong
prior information, an obvious choice is to define the prior probability of each
model to simply be 1/2; i.e. they have the same prior support, before observing
any data. As we noted above, in practice, it is often the case that parameters
may be common to more than one model. Typically, this parameter is specified
to have the same prior distribution for each model for which it is present, as
was the case for A in the above example. However, this is not a necessary
condition, in general.

Of particular interest within this model uncertainty framework is the pos-
terior marginal distribution of the different possible models. In other words,
this is the updated support for each possible model, following the data be-
ing observed. Suppose that set of biologically plausible models is denoted by
m = (mq,...,mg). So, returning to our ring-recovery example above where
the survival and recovery probabilities are either constant over time or time
dependent, the full set of possible models is m = {C/C;C/T,T/C;T/T}.
The corresponding posterior model probability for model m;, given observed
ring-recovery data x, can be written as,

_ f(x|ms)p(m;)
EiKzl f(f'3|mi)p(77%‘)7

7 (m;|x) (6.1)

where,

£(@ i) = [ Fo 2161, )p(0r 1) (6.2)
and fp,, (2]0,,,) denotes the likelihood of the data, @, given model m,; and cor-
responding parameters 6,,,,. The marginal posterior distribution of the models
that is given in Equation (6.1) quantitatively discriminates between different
models by calculating the corresponding posterior model probability of each
model. Related (and equivalent) statistics relating to the posterior model prob-
abilities of different models are their corresponding Bayes factors.

6.2.3 Bayes Factors

Bayes factors can be used to compare two competing models, given the data
observed, . Suppose that we are comparing two models, labeled m; and ms.
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The Bayes factor of model m; against model mo can be expressed as,
m(ma|z) /7 (me|x)

p(m1)/p(ma)
where p(-) denotes the prior for the given model; and 7 (:|x) the posterior prob-
ability of the model, given the data. Thus the Bayes factor can be interpreted
as the ratio of the posterior odds to its prior odds of model m; to model mo.

Using Bayes’ Theorem, as given in Equation (6.1), we can also express the
Bayes factor in the form,

Big =

f(x|m1)
f(x|ma)’
where f(x|m) denotes the likelihood under model m (see Equation (6.2)).

Kass and Raftery (1995) give the following rule of thumb guide for inter-
preting Bayes factors:

Bis

Bayes factor Interpretation

<3 Not worth mentioning

3-20 Positive evidence for model m; compared to mo
20-150 Strong evidence for model m; compared to mo

> 150 Very strong evidence for model m; compared to mo

We shall show in Section 6.5 how we are able to use posterior model prob-
abilities in order to estimate and average parameters across all the different
plausible models, and thereby include model uncertainty into our parameter
estimation procedure. However, before we consider how to use these posterior
model probabilities (or Bayes factors) in estimating parameters of interest, we
first explain how we may calculate them.

6.3 Estimating Posterior Model Probabilities

We can write down an expression for the posterior model probabilities in the
form of an integral using Equations (6.1) and (6.2). However the integra-
tion over the parameter space in Equation (6.1) is analytically intractable in
general. There are a number of different methods that have been proposed
for estimating posterior model probabilities. Here we focus on the two most
widely used approaches: (i) Monte Carlo estimates; and (i) MCMC-type esti-
mates. We consider each of these in turn and discuss a few of the most popular
methods for implementing the approaches.

0.3.1 Monte Carlo Estimates

The Monte Carlo approach involves obtaining an estimate of Equation (6.2),
for each of the different possible models. These can then be used to combine
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with the prior model probabilities in order to obtain an estimate of the pos-
terior model probabilities, given in Equation (6.1). However, obtaining an es-
timate of the expression f(z|m;) in Equation (6.2) is non-trivial. We consider
a number of different approaches next, essentially all based on the following
principle. We can express Equation (6.2) in the form,

f(@|mi) = Ep[fm, (216)],

i.e. the expectation of the likelihood, f,, (x|@), with respect to the prior dis-
tribution p(@). (Note that we drop the subscript m; notation for the set of
parameters @ for notational convenience since it is clear from the context that
the set of parameters refers to those for model m;). We can estimate this ex-
pectation by drawing n observations from the prior distribution, denoted by
@', ..., 0" and then use the Monte Carlo estimate,

:B|ml = mel w|03

In other words we estimate the mean of the likelihood with respect to the
prior distribution by the sample mean where the parameter values are drawn
from the prior distribution (see Section 5.1).

We then estimate the posterior probability of model m; as,

m(milz) o p(mq) fi (z|my).

Thus, the estimate converges to the posterior model probability (up to pro-
portionality). We repeat this process for each model m = my,...,mg and
renormalise the estimates obtained for each model to obtain an estimate of
the corresponding posterior model probabilities.

However, the above estimate of the likelihood is generally inefficient and
very unstable, as a result of the parameters being drawn from the prior distri-
bution. The corresponding likelihood values are often very small, as the prior,
in general, is far more dispersed over the parameter space than the likelihood.
Thus, the expectation is heavily dominated by only a few sampled values, even
for large values of n, resulting in a very large variance, and the instability of
the estimate.

An alternative Monte Carlo estimate for the likelihood can be derived using
importance sampling (see Morgan 1984, p. 168). The idea here is to sample
from a distribution for which the values are in high-likelihood areas, and then
re-weight the estimate. Formally, if 8, ...,0™ are drawn from an importance
sampling distribution ¢(0), a new estimate of the expression of Equation (6.2)

is given by, _ _ _
S f (2]67)p(67) /q(67)
S p(07)/q(07)

In order to avoid the instability problems, as for estimate fl(m|ml), with
samples drawn from the prior distribution, we need to specify an importance
sampling distribution, where draws from this distribution lie in high-likelihood

Fal@|m;) =
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areas. An obvious choice for the importance sampling distribution is the pos-
terior distribution, which we can sample from using the MCMC algorithm,
in order to obtain the parameters 8, ...,8™ from the posterior distribution.
Setting the importance sampling distribution above to be the posterior dis-
tribution, the estimate of the likelihood in Equation (6.2) simplifies to the
harmonic mean, i.e.

—1
n

-~ 1 1
Fa@m) = |~ ; T e

However, this estimate is very sensitive to small likelihood values and can
once again be very unstable. This estimate actually has an infinite asymptotic
variance. There are various other (typically more complex) Markov chain esti-
mation procedures and for further details of these estimation procedures see,
for example, Kass and Raftery (1995) and Gamerman (1997, Chapter 7.2).

Example 6.1. Dippers Continued

We consider the capture-recapture data relating to the dipper data set de-
scribed in Example 1.1 and given in Table 1.1. There are a number of com-
peting biological models that we wish to discriminate between, and these are
denoted by T/T, T/C, C/C and C/C2. Without any prior information, we
specify independent U|0, 1] priors on each of the recapture and survival prob-
abilities in each model. Finally, we specify an equal prior probability on each
of the four models.

A sample of size 100,000 is drawn from the prior distribution and used to
obtain estimates of the posterior probabilities (using fl) for each individual
model, and presented in Table 6.1. Clearly, there appears to be very strong
posterior support for a constant recapture probability over time. In addition,
there is positive evidence to support the C'2 model of survival (flood dependent
survival probability) compared to a constant survival probability over time,
with a Bayes factor of 3.88. This is the same conclusion drawn from classical
analysis in Example 3.2 though of course in that case it was limited to just
the single best model. See Brooks et al. (2000a) for further discussion of this
data set and related issues.

O
The Monte Carlo estimates are the easiest to program and conceptualise.
However, they are often very inefficient and do not always converge within
a feasible number of iterations. In addition, each individual model needs to
be considered in turn, which may be infeasible when there are a large num-
ber of models. In such instances search algorithms can be implemented to
reduce the number of possible models considered. We describe the most com-
mon algorithm of this type, Occam’s window, before discussing more general
approaches, which allows us to calculate feasibly the posterior model proba-
bilities of all possible models.
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Table 6.1 Posterior Model Probabilities for Four Models for the Dipper Data Set,
Assuming Independent U|[0, 1] Priors on Each Recapture and Survival Probability

Posterior
Model Probability
T/T 0.000
T/C 0.000
c/C 0.205

c/c2 0.795

Source: Reproduced with permission from Brooks et al. (2000a, p. 368) pub-
lished by the Institute of Mathematical Statistics.

Occam’s Window*

Even if we can obtain estimates of the posterior model probabilities for each
model, using the Monte Carlo estimates discussed previously, the number of
possible models may be prohibitively large. An approach to overcome this
is suggested by Madigan and Raftery (1994), using Occam’s window as a
selection algorithm to reduce the number of possible models to be considered.

The search algorithm involves initially obtaining a subset of models A’, say,
that reasonably predict the data. The set is defined to be,

o= fo Btrtrele)) )

m(milz)

for some predefined constant c¢. The constant ¢ is generally chosen subjectively,
with values between 10 and 100 in most cases considered adequate. Thus
the models with very small posterior model probabilities, given the data, are
excluded. The set is then refined by removing further models for which a
nested model has larger support. So that if we define the set,

B = {mi : there exists m; € A';m; C my; M > 1} ,
(m|x)

then the overall set of models to be considered within the analysis is defined
to be A = A'"\B (i.e. the models that are in A", but not B).

The algorithm suggested by Madigan and Raftery (1994) for obtaining the
set A involves pairwise comparisons of nested models; the search algorithm
involves both adding and removing terms from the given model. The main
principle is that if in a comparison a larger model is proposed and accepted,
then the smaller model, and all nested models, are rejected. For comparing
two models, the posterior odds ratios are compared. If the posterior model
probability is larger for the smaller model, then the larger model is rejected.
However, for the smaller model to be rejected in favour of the larger model,
there needs to be more substantial support. If the ratio is inconclusive, in that
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it falls between the values needed to reject either of the models, i.e. it falls in
Occam’s window, neither model is rejected.

Once the set of possible models has been obtained, the posterior model
probabilities can be estimated, using the approaches outlined above. Thus,
this approach assumes that we can feasibly estimate the posterior model prob-
abilities, which in practice may not always be the case. In addition we limit
ourselves to a smaller class of models.

We now consider an alternative method for estimating the posterior model
probabilities, which does not restrict the class of models. This involves con-
structing a Markov chain over model space, such that the stationary distribu-
tion provides a posterior distribution for the models. Thus a Markov chain is
constructed with stationary distribution 7(m, 6,,|x), i.e. the joint posterior of
the models and parameters. The parameters 8, can then be integrated out in
the Markov chain to estimate the corresponding posterior model probabilities,
and the parameters within each model are estimated from the single chain.
We now discuss how we may construct such a Markov chain in more detail.

6.3.2 Reversible Jump MCMC

We have a posterior distribution (over parameter and model space) defined
up to proportionality:

(O, m|@) o f (2|0, m)p(Om|m)p(m).

If we can sample from this posterior distribution, then we are able to obtain
posterior estimates of summary statistics of interest. However, the distribution
is too complex to sample from directly, and so we consider an MCMC-type ap-
proach. Recall that the basic idea is simply to construct a Markov chain with
stationary distribution equal to 7. If we run the Markov chain long enough,
then realisations of the Markov chain can be regarded as a (dependent) sam-
ple from the posterior distribution and used to estimate posterior summary
statistics of interest. In particular, the posterior model probabilities can be
estimated as the proportion of time that the chain is in the given model.
However, there is an additional problem here in terms of how we construct a
Markov chain. We need the Markov chain to move over both parameter and
model space. To move over the parameter space (given the model) we can use
the MH algorithm described in Section 5.3. However, different models gener-
ally have a different number of parameters, and so moving between models
can involve a change in the dimension of the Markov chain. As a result we
cannot use the MH algorithm, since this is only defined for moves which do
not alter the dimension of the Markov chain, i.e. for moves that do not alter
the number of parameters. Thus we need to consider an alternative algorithm.

The reversible jump (RJ) MCMC algorithm (Green 1995) allows us to con-
struct a Markov chain with stationary distribution equal to the joint posterior
distribution of both models and parameters, m(m, 0,,|x). This algorithm can
be seen as an extension of the MH algorithm. Thus, the algorithm is ideally
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suited to model discrimination problems where we wish to explore both pa-
rameter and model space simultaneously. Note that we are able to traverse
the posterior model space, in terms of the models and corresponding parame-
ters, in a single Markov chain. Within each iteration of the Markov chain, the
algorithm involves two steps:

Step 1. Update the parameters, 8,,, conditional on the model using the MH
algorithm, and

Step 2. Update the model, m, conditional on the current parameter values
using the RIMCMC algorithm described below.

The posterior model probabilities can be simply estimated as the proportion
of time that the constructed Markov chain is in any given model, effectively
integrating out over the parameters in the model, 6,,, (as required for Equation
(6.2)). Note that the standard MCMC issues also apply here, such as using
an appropriate burn-in for the Markov chain, considering prior sensitivity
analyses, etc. We now describe the reversible jump step for updating the
model within the Markov chain in more detail.

6.3.3 RJ Updating Step

The RJ step of the algorithm involves two steps:

Step 1. Proposing to move to a different model with some given parameter
values, and

Step 2. Accepting this proposed move with some probability.

Thus, the general structure of the RJ step is the same as for the MH algorithm.
We initially describe the reversible jump step for a simple example, before

describing the more general structure of the reversible jump step for proposing

to move between nested models, and finally presenting the general algorithm.

Example 6.2. Testing for a Covariate in Logistic Regression

To motivate the general idea we initially consider a simple example (which we
will revisit for more complex RIMCMC move types throughout this section).
Suppose that the underlying model for a time dependent survival probability
¢; is unknown and that there are two possible models:

Model m1: logit ¢y = [o;
Model mo:  logit ¢y = By + Prys.

The parameters (g, and (1 (for model ms), are to be estimated and y; denotes
some time varying covariate. For each step of the MCMC algorithm we first
update each parameter, conditional on the model, using the MH algorithm (i.e.
update Gy if the chain is in model my, and update Gy and (7 if the chain is in
model mg); then we update the model, conditional on the current parameter
values of the Markov chain, using the RJ algorithm. We only describe the
updating of the model here and consider each step of the RJ algorithm in
turn.
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Step 1: Propose New Model

Suppose that at iteration k, the Markov chain is in state (8, m)y, where 8 =
{Bo} and m = m;. Since there are only two possible models, we always propose
to move to the alternative model. We propose to move to model m’ = myg,
with parameter values 8’ = {3}, 3, }. We set,

By = Do

pLo= u
where u ~ ¢(u), i.e. we simulate a value of u from some (arbitrary) proposal
distribution ¢ which has the same (or larger) support as (3.

Step 2: Accept/Reject Step

We accept the proposed model move to state (8',m') and set (8, m)py1 =

(', m’) with probability min(1, A), where,

(0, m/|z)P(m|m’) ’5(%751)
8(/605 U)

where P(m|m’) denotes the probability of proposing to move to model m,

given the current state of the chain is m/, and vice versa (which in this case

is always equal to one), and the final expression denotes a Jacobian which is
given by,

A= 206, mle)P(m'[m)q(w)

)

98y 98y
’ 9(Bo, 1) o 9o
9(Bo, u) B, ap,
ou ou

1 0
e

(The Jacobian is often denoted by |.J| for simplicity). Otherwise, if we reject
the proposed move, we set, (0,m)x11 = (6, m)g.

For the reverse move, where we propose to move from state (0', m’ ), to state
(6, m), (so effectively removing the parameter 5] from the model), we set,

u =
Bo = Po.
Note that this reverse move is completely determined given the move from
model my to model mo, as described above. This move is then accepted with
probability min(1, A~!), where A is given above.
O

Example 6.3. Dippers Continued

We return to the capture-recapture data relating to dippers (see Example 1.1),
and for illustration simply focus on the model for the survival probabilities
(assuming a constant recapture probability). In particular we are interested
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in whether the survival probability of the dippers is different for flood years
versus non-flood years. Thus, there are just two different models that we wish
to consider:

Model m; (C): ¢
Model mo (02) Q/)fy(bny

where, as before, ¢ denotes a constant survival probability over time (model
m1), and ¢y and ¢, denote the survival probability in flood and non-flood
years (model ms). We can regard these models as nested, with model m;
as the special case where ¢ = ¢,. As noted above, we assume a constant
recapture probability over time, and as this is not of interest, we omit this
parameter in our description of the reversible jump update. As above, suppose
that at iteration k of the Markov chain, the state is denoted by (8, m);. We
begin by considering the move from the smaller to the larger model. Thus,
we assume that m = my and @ = {¢}. As there are only two models, as
above, we always propose to move to the alternative model, where m’ = mao,
and P(m|m’) = P(m/|m) = 1. The parameters in the proposed model are
0' = {¢, ¢}, }. We need to define the bijective function g. (A bijective function
is simply a one-to-one and onto function so that every point is mapped to only
a single value, and all values in the range of possible values are mapped to by
the function). One possible function would be to set,

P = ¢+ u;

(b{n, = ¢ —u,
where u has some proposal density ¢g. In other words, we set the new survival
probabilities for flood and non-flood years to be a simple perturbation from
the current value, where the perturbation is of the same magnitude but of
opposite signs for the two new parameters. A typical choice for the proposal
distribution of u might be,

u~ Ul—¢, €,

where € is chosen via pilot tuning (typically set to be relatively small); or,

w~ N(0,0%),

where 0?2 is also chosen via appropriate pilot tuning. Note that both of these
proposal distributions are symmetrical, but this need not be the case. In ad-
dition, they may result in proposed values for qb’f and ¢!, that are outside the
range [0, 1], in which case the model move is accepted with probability zero,
(i.e. is automatically rejected). Alternative proposal distributions can be de-
fined such that new proposed values for survival probabilities are constrained
to the interval [0, 1], for example,

u ~ U[—6¢, 6¢],

where,
€4 = min(e, ¢, 1 — @),
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and where € is once again chosen via pilot tuning (see Example 5.2 for fur-
ther discussion of such proposal distributions). An alternative approach is to
parameterise models on the logistic scale. Clearly, constraining the proposed
parameter values to be in the interval [0,1] introduces more complex pro-
posal distributions ¢. Typically, if the posterior distribution of the parameters
values is sufficiently away from the parameter boundaries, then the simpler
proposal distributions should work well, given sensible pilot tuning; however,
if the posterior distribution is close to the boundaries, the acceptance proba-
bilities of the model moves (and hence mixing within the Markov chains) may
be improved by adapting the more complex proposal distributions.

Given, the proposal distribution for u, we finally need to calculate the Ja-
cobian in order to obtain the acceptance probability of the model move. The
Jacobian is calculated as:

’ ’ % 09,
‘ 8( o ¢n) _ 9¢ 99
(¢, u) ¢} a¢l,
ou ou
1 1
o ‘ -1 1| 2.

We accept the proposed model move with probability min(1, A), where,
(0, m/|x)P(m|m’) ‘6( s bn)
(8, m2)P(m/m)a(u) | (6, u)
27m(0",m/ |x)
(0, ml@)q(u)’

A

after substituting in the Jacobian calculated above and the corresponding
posterior probabilities for moving between the different models. If we accept
the move, we set (8, m),+1 = (6',m'); otherwise we set (6, m)x+1 = (0, m).
Note that, (as for the MH algorithm), if ¢, ¢ [0,1] or ¢;, ¢ [0, 1], the term A
is simply equal to zero, since both the likelihood function and corresponding
prior evaluated at the parameter values in the proposed move are both equal
to zero (and hence the acceptance probability is also zero).

Finally, the reverse move is completely defined given the bijective function
g above. So, suppose that the current values of the chain are 8’ = {¢/;, ¢/}
and m’, as given above. We propose to move to model m with parameters
0 = {¢} and u. The inverse of the bijective function, g~ is specified such
that,

1

¢ = §(¢}+¢;);
1

o= -8,

The move is then accepted with probability min(1, A=1), for A given above.
We implement the reversible jump algorithm above using a normal proposal
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distribution for the reversible jump step, with 02 = 0.01. This value was chosen
via pilot tuning. The simulations are run for 20,000 iterations, with the first
10% discarded as burn-in. The trace plots for the parameters p, ¢,, and ¢y
and the model itself are given in Figure 6.1 (model m; denotes C'/C and
model mg, C/C2) and suggest that the burn-in is very conservative. Clearly,
there appears to be good mixing both within models and between models.
The posterior probabilities for models C/C' and C/C2 are 0.217 and 0.783,
respectively. These are very similar to those obtained using the Monte Carlo
approach in Example 6.1 (allowing for Monte Carlo error).
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Figure 6.1 Trace plots for (a) recapture probability; (b) survival probability for
non-flood years; (c) survival probability for flood years; and (d) model indicator,
where model 1 is C'//C' and model 2 is C/C2.
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Example 6.4. Covariate Analysis — White Storks

We extend the above ideas and once more consider capture-recapture data,
x, relating to the white stork data, initially described in Exercise 3.5. We
assume a constant recapture probability p, and logistically regress the survival
probabilities on a number of different covariates, but where there is uncertainty
in the covariate dependence. There are a total of 10 covariates, corresponding
to the amount of rainfall at 10 different locations in the Sahel. Notationally,
we let cov;; denote the covariate value for location ¢ = 1,...,10 at time
t=1,...,T—1. Note that we normalise the covariate values for each individual
region. For the saturated model, the survival probability at time ¢ is given by,

10
logit ¢ = (o + Zﬁicovi,t-

i=1
Submodels are defined by setting (; values equal to zero, so that the sur-
vival probability is not dependent on the corresponding i*" covariate. For
convenience, we let the model be denoted by m = {i : 5; # 0} and set
B,, = {08 : i = 0,...,10}. For example, suppose that the survival proba-
bility is dependent on covariates 1, 2 and 9. The logistic regression parame-
ters in this model are 3,, = {00, b1, 52,9 }. Thus, the model is denoted by
m = {0,1,2,9}. Note that 3,,, necessarily defines the model m, however, it is
useful to use the separate notation.

Within the RIMCMC algorithm, we initially update each parameter in the
model (i.e. p and 3;, such that i € m or equivalently, the values of ; # 0 for
1 =0,...,10). We use the analogous updating algorithm described in Example
5.7. We then update the model using the RJ step. As usual we consider the
two distinct steps: proposing the new model, and the accept/reject step.

Step 1: Propose New Model

At iteration k of the Markov chain, we let the current state of the chain be
equal to (6, m)g, where 8 = {p, 3}. We randomly select r € [1,2,...,10]. If
r ¢ m (i.e. survival probability is independent of covariate r, so that 8, =
0) we propose to add the covariate dependence; else if r € m (i.e. survival
probability is dependent on covariate r, so that 3, # 0), we propose to remove
the covariate dependence. (Note that if we wanted to perform model selection
on the intercept term as well, we simply randomly select r € [0,1,...,10].)
We initially consider the first case, where r € m (or equivalently, 3, = 0). The
proposed model is given by m’ = m U r, and the parameters in the proposed
model are denoted by 8’ = {p’, 3}, where,

/

p =D
gl = B for i #r
B = u,
where u ~ g(u), for proposal density ¢. In particular, we set,
u~ N(0,02).
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Note that for this example, we set 02 = 0.5 (for r = 1,...,10).
Alternatively, suppose that 3, # 0. Then, we have the proposed model
m/ = m\r with corresponding parameter values 8’ = {p’, 3'}, where,

p =D

B = Bi fori#r
u = f

B. = 0.

Step 2: Accept/Reject Step

We begin with the first case above, for r ¢ m, where the current value of the
parameter 3, = 0, and we propose to add the covariate dependence to the
survival probability. We accept this proposed model move with the standard
probability min(1, A), where,

7(60',m'|z)P(m|m’) 06’

4 (0, m|x)P(m/|m)q(u) ’8(0, u)

)

where P(m’|m) = P(m|m’) = {5; and the Jacobian is equal to unity, since the

function describing the relationship between the current and proposed para-
meters is equal to the identity function. Thus, we can simplify the acceptance
probability to be equal to,

7(0',m'|x)
(60, m|x)q(u)
f (|0, m")p(B;)

f(x)0,m)q(u)
where u = (3, q(-) is the corresponding normal density with proposal variance
02 and cancelling the prior densities for the parameters that are not updated
within the RJ step.

Alternatively, in the second case, where r € m, or equivalently, 3, # 0, the
corresponding acceptance probability is equal to min(1, B), where,

f (|6, m")q(u)
f(x|@,m)p(B,

It can be seen that B = 1/A (allowing for the notational differences within
the model moves).

A

B

O

6.3.4 General (Nested) RJ Updates

We again describe the RJ step, but using a more general notation for moving
between nested models, to allow, for example, for moving between models that
differ by more than a single parameter or for more general proposal schemes
for the parameters. In order to illustrate the general method we will revisit
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Example 6.2 above where there is essentially a variable selection problem.
We extend the set of possible models by considering an additional covariate,
denoted by z;. Thus, we consider 4 possible models:

Model mi: logit ¢y = [So;

Model mo:  logit ¢; = B+ 1y

Model ms3:  logit ¢; = [Bo + Bz

Model my: logit ¢ = Bo+ Biy: + PBazt.

Thus, once again we have a general nested structure for the set of possible
models, so that we can explore all possible models by simply moving between
nested models. However, note that models my and mgs are not nested. We
will return to the general RIMCMC algorithm for moving between such non-
nested models in Section 6.3.5.

More generally, suppose that at iteration k of the Markov chain, the chain
is in state (@, m);. Without loss of generality we propose to move to state
(', m’). Let the number of parameters in model m be denoted by n, and the
number of parameters in model m’ by n/. Generally, there may be several
different move types that can be used to move between the different models.
These are often in the form of adding or deleting a given number of parame-
ters from the model and we give several examples of these in Sections 6.7,
9.3 and 11.4. Typically, there are a number of possible models that we may
propose to move to, and we propose to move to each of these with some pre-
defined probability. We let the probability of proposing to move to model
m/, given that the chain is in model m, by P(m’|m). For example, for the
above covariate example, we have m = {m1,...,m4}. Suppose that m = m;.
We could consider three different possible moves: to models mgo, ms, or my.
We have, effectively, already described a RJIMCMC algorithm for moving to
models mo or mg, since this only involves adding a single parameter to the
model. However, we need to define the probability of moving to all of the
models. For example, we may propose to move to each of these models with
equal probability, i.e. P(m;|mq) = % for i = 2,...,4. We repeat this process,
conditional on each model that the chain may be in, with the restriction that
proposed moves are only between nested models. Thus, this would mean that
P(m;|my) = % for s = 1,...,3. However, models my and ms are non-nested,
so that under the restriction of only moving between nested models, we may
specify, P(mi|ma) = P(ma|ms) = § and P(mi|mg) = P(malms) = 3; but
]P’(m2|m3) = ]P’(m3|m2) = 0.

Now, suppose that the proposed move increases the dimension of the model,
so that n’ > n (we shall consider the alternative case later). For example,
suppose that the current state of the Markov chain is model m1, and that we
propose to move to model my. Then n = 1 and n’ = 3. In general, we generate
p = n’ —n random variables u from some given distribution ¢(u). We then
set the new vector parameter 8’ as some known bijective (i.e. one-to-one and
onto) function of the current parameters, 8, and generated random variables
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u. Thus, 8 = g(0,u), for some known bijective function g. We accept this
proposed model update with probability,

a(6,0") = min(1, A),

where

A 7(m/, 0'|z)P(m|m’) 06’ ‘

w(m, Olx)P(m’|m)q(u) ‘ 9(0,u)
The final term is simply the Jacobian defined to be,

o0y 90y, 00,
801 801 801
s0y o0, 99,
} 80/ ’ 90, 90, 90,
9(0,u) o0, o0, 00,
Ouy Ouy Ouy
o0y 00, . 90,
Ouyp Ouyp Ouyp

The reverse move from model m’ to model m is deterministically defined,
given the bijective function g. In other words, (8,u) = g=1(8'). The corre-
sponding acceptance probability of the reverse move is simply

a(6',8) = min <1, %) ,

for A given above.

Example 6.5. Example 6.2 Extended

Returning to our covariate example above, we propose to move from model
m = my to model m’ = my, such that p = 2. In the notation of the model
move described, 8 = {8o}, u = {u1,u2}, and the parameters in the proposed
model my are given by 8" = {3, 3], 35}. We define the bijective function g,
such that,

By = Bo
51 = u
By = us.

This is simply an identity function for g, and hence the corresponding Jacobian
|J| = 1 (compare with the calculation of the Jacobian of Example 6.2). Finally,
we need to define the proposal distribution for the parameters u. A typical
choice would be to set independent proposal distributions u; ~ N(0,c?) for
i = 1,2. In other words each u; is independently normally distributed about
mean 0 (corresponding to no covariate dependence) with some variance o2,

chosen via pilot tuning. This completely defines the reversible jump move given
the current and proposed models (i.e. the bijective function g and proposal
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distribution ¢). The corresponding acceptance probability is min(1, A), where

m(m/, 0'|z)P(m|m’)

4 = 7(m, O|z)P(m/|m)q(u1, usz)’

where g(u1, u2) denotes the (joint) proposal normal density function of u; and
uo. This is simply equal to the product of the normal density functions for u;
and usg, since we defined the proposal distributions to be independent. Clearly,
this may not be the case in general. If we accept the proposed move we set
(0, m)k+1 = (0',m'); otherwise we set (6, m)rr1 = (6, m).

Conversely, the reverse move is completely defined, given the above descrip-
tion. So, let the current state of the chain be (6’,m’), where 8’ = {3}, 31, 35}
and m’ = my4. Given that we propose to move to model m = m, we set,

Bo = B
u =
U2 = /657

and accept the proposed move with probability, min(1, A=!), where 4 is given
above.

O
For further implementational issues concerning the reversible jump proce-
dure, see for example Richardson and Green (1997). We emphasise that once
the model move has been described for increasing the number of parameters in
the model, then the reverse move for moving to a model with a reduced number
of parameters is completely determined to ensure the reversibility constraints.
The RJ algorithm described is restricted to moves between nested models, for
the given proposal distribution for the parameters. More general RJ updates
are possible, and we briefly describe these next.

6.3.5 General (Non-Nested) RJ Updates*

The RJ algorithm described above is a special case of the general reversible
jump algorithm that can be implemented for moves between any two different
models (i.e. they need not be nested). For example, we may wish to propose
model moves that simultaneously add and remove a number of covariates
from the current model. Such a move does not fit into the nested framework
described above. The structure of this general RJ update within the Markov
chain is identical to before:

Step 1: propose a new model with given parameter values, and
Step 2: accept/reject the model move.

Thus we begin with the first step. Suppose that at iteration k the Markov
chain is in model m with parameters (6, m); and that we propose to move
to state (6’,m’). To do this, we define a (bijective) function g, such that,
(0',u') = g(0,u), where u and u' are sets of random variables with density
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function g(u) and ¢'(u'), respectively. We accept this proposed move with
probability min(1, A), where,
(0", m'|z)P(m|m’)q (w') ‘3(9'#’)

A= (0, m|z)P(m’|m)q(u) | 9(6,u)

)

where P(m|m’) denotes the probability of proposing to move from model m
to model m/. If the move is accepted, we set (6, m)r11 = (6',m'); otherwise
we set (0, m)+1 = (0, m);. Note that the formula given is not as complicated
as it may appear!

We discuss the term P(m/|m) in more detail for clarity. Recall that we treat
the model as a discrete parameter, so that the term P(m’|m) is simply the
proposal distribution for this discrete parameter. Thus within the RIMCMC
algorithm, we need to specify the probability of moving between each pair of
models (these probabilities need not be symmetrical). Typically, we often pro-
pose to only move to “neighbouring” models, and set the probability of moving
to any other model as equal to zero. Then we may move to each neighbouring
model with equal probability. Clearly, as the number of neighbouring models
will typically differ for the different models, then the probability function is
not symmetric in general (i.e. P(m’|m) # P(m|m’)). Alternatively, we may
propose to move to any possible model, but this is typically only used when
the number of models is small. We emphasise that it is typically not the
setting up of the probability of moving between the different models that is
important in achieving efficient RJ algorithms, but instead the specification
of the proposal distributions ¢ and ¢’. As such, we discuss the construction of
efficient proposal distributions in further detail in Section 6.3.6. However, we
initially present a couple of examples of the general RJ algorithm.

Example 6.6. Covariate Analysis Continued
We revisit the covariate analysis, where there are 2 possible covariates, and
hence a total of four possible models. We now consider moving between mod-
els, which simultaneously adds and removes a parameter within the same
model move. So, in the notation of Example 6.5, we are moving between
models mo and mg. Thus, we now consider moving between each of the four
possible models with equal probability, i.e. P(m;|m;) = % for i # j. To demon-
strate the model move between non-nested models, suppose that at iteration
k of the Markov chain the state of the chain is (6, m), where m = my and
0 = {fBo, 51}. We propose to move to each other model with equal probabil-
ity, and we randomly choose to move to model m’ = mg3, with parameters
0" = {3, B4}. This is a non-nested model move.

We initially define u = {u} and w’ = {u'}. We then define the bijective
function g, such that,

By = Bo
By = u
U/ = 51 .
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Finally, we need to define the corresponding proposal distributions, denoted
by q and ¢, for u and «’. In particular, we assume that these are both indepen-
dent normal distributions, each with mean 0 and standard deviation o and ¢,
respectively. This once more completely defines the reversible jump move. The
bijective function g is simply the identity function, so that the correspond-
ing Jacobian is equal to unity. The corresponding acceptance probability for
moving between models m = mo and m’ = mg is simply, min(1, A), where

(6, m'|z)q' (u')

A= = mlz)aw)

since P(m|m’) = 3 = P(m/|m), and the Jacobian is equal to unity. We note
that in this example, the number of parameters in models m and m’ are the
same. Thus, the reversible jump algorithm reduces to the MH algorithm (using
an independent proposal distribution).

O

Example 6.7. Ring-Recovery Data

To provide a further illustrative example we also describe the corresponding
application to ring-recovery models, where there is uncertainty with respect
to the time dependence of the survival and recovery probabilities, where we
assume that there is only a single survival and recovery probability for all ages
for simplicity. The set of possible models is m = {C/C, C/T, T/C, T/T}.
Suppose that m = C/T. We consider two possible move types which involves
either adding or removing the time dependence for either the survival prob-
ability or the recovery probability. This could be done in a number of ways.
One way to do this would be to propose to change the time dependence on the
survival probability with probability p for 0 < p < 1; otherwise we propose to
change the time dependence of the recovery probabilities. In other words, we
choose m’ = T'/T with probability p; otherwise m’ = C/C with probability
1 — p. The value of p is arbitrary and set by the statistician, with a typical
choice being p = 0.5. Note that we only propose to move between nested
models, however, due to the form of the function g, the example falls into the
general RJ case. We let n and n’ denote the number of parameters in model
m and m’, respectively.

Now, suppose that the proposed move increases the dimension of the model,
so that n’ > n. We shall consider the alternative case later. For our example,
this means that m’ = T/T. We let the set of parameters in model m be
denoted by 6 = {¢, \1,...,Ar_1}, and the parameters in model m’ be 8" =
{1, s 1, A, oAy} Thus, n = 14+ (T'—1) = T and n/ = 2(T —
1). To define the bijective function g we also introduce the parameters u =
{u1,...,ur_1} and v’ = {v'}. We set,

A= N i=1,..., T —1;
o = u i=1,...,T —1;
u o= o
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Once again, this is essentially defining the bijective function g to be the iden-
tity function, so that the corresponding Jacobian is simply equal to unity.
Finally, to complete the specification of the model move, we need to define
the proposal distributions for w and w’, denoted by ¢(u) and ¢'(u'), respec-
tively. Now, since u and u’ are set equal to probabilities, proposal values
outside the range [0, 1] will result in an acceptance probability of 0 for the
model move. Thus natural proposal distributions for w and u’ are simply in-
dependent beta distributions for each of the parameters. Specification of the
corresponding proposal parameters for these independent beta distributions
completely specifies the model move. Then the acceptance probability for the
model move is the standard expression, min(1, A), where,

(8, |2l ()
A= 720, mlz B Im)gw)

where ¢ and ¢’ denote the independent beta proposal distributions, P(m|m') =
p = P(m/|m), and omitting the Jacobian term in this instance, since it is equal
to unity.

The reverse move follows in the standard way. Suppose that the current
model is m’ with parameters 8’. We use the bijective function described above,
so that we propose the values, 6 such that,

i = A\ i=1,...,T —1;
up = ¢ i=1,...,T—1;
o = u.

We accept the move with probability min(1, A~!) for A given above.
O
See Section 6.7 for a further example using this general updating algorithm.
For further implementational details of the use of the RIMCMC algorithm in
the context of ecological models see, for example, King and Brooks (2002a,b;
2003b) and King et al. (2006, 2008).

In practice several model updates may be performed within each iteration
of the Markov chain. For example, for the covariate example, we may cycle
through each individual covariate and propose to add/remove each covari-
ate independently. For the ring-recovery data, within each iteration we could
propose to update the time dependence on the survival probability; then fol-
lowing the completion of the model update (i.e. either accept or reject the
move), propose to update the time dependence of the recovery probabilities.
Further worked examples are given for the reversible jump step in Examples
6.11, 6.12, 8.3, 9.2, 9.3, 10.3 and Section 11.4 for a number of different types
of model moves, and these examples discuss different aspects of the algorithm,
including prior specification, interpretation of the results, and the description
of posterior summary estimates, often of interest within statistical analyses.

The reversible jump algorithm in the presence of model uncertainty has
the advantage that the acceptance probability is easy to calculate for a given
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proposed move. In addition, irrespective of the number of possible models
within an analysis, only a single chain needs to be run in order to obtain
both the estimates of the posterior model probabilities and of the parameters
within those models. Thus, this approach can be implemented even when
consideration of all possible models individually is not feasible. Essentially,
time is spent exploring the models with reasonable posterior support given
the observed data, and models not supported by the data (and priors) are not
well explored. However, we note that in order to implement the RJIMCMC
algorithm it is not possible to specify improper priors on parameters on which
there is model uncertainty (i.e. parameters that are not common to all models),
and obtain estimates of the corresponding posterior model probabilities. In
other words, for parameters on which there is model uncertainty, proper priors
need to be specified. This can be clearly seen from the form of the acceptance
probability for the RJ step, since this contains the prior density function,
which is not defined for improper priors (i.e. has an infinite normalisation
constant).

6.3.6 Constructing Proposal Distributions

Typically, the larger the number of parameters that two models differ by, the
more difficult it is to construct sensible model moves, in terms of defining the
proposal distribution ¢, such that the corresponding acceptance probability is
“reasonable.” This is most intuitive to understand if we consider the simple
nested case where we propose to move to a model with a larger number of
parameters. For each additional parameter in the proposed model, we need to
simulate a value for the parameter, from some proposal distribution. However,
each of these parameter values needs to be in an area of relatively high pos-
terior mass in order for the acceptance probability to be “reasonable” (i.e. for
the numerator to be relatively high). Alternatively, if we specify the proposal
distribution of these parameters to be very highly concentrated on the pos-
terior mode of the parameters, say, then the denominator of the acceptance
probability can be very high due to the evaluation of the proposal densities,
resulting in a (relatively) low acceptance rate. The same reasoning essentially
applies for non-nested models. Thus, once more (as with the MH algorithm),
there is typically a trade-off between the size of the model move, and the cor-
responding acceptance probability. As a result of the (often) complex proposal
distributions that need to be constructed for model moves, we have described
some ideas for “larger” model moves in the real examples that we will consider
in Sections 6.7 and 8.4.

6.4 Prior Sensitivity

Care should be taken in specifying the priors on the parameters p(@|m) in
the presence of model uncertainty, since these priors can have a significant
impact on the corresponding posterior model probabilities, a feature known
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as Lindley’s paradox. A prior sensitivity analysis should always be performed
for a number of reasonable (i.e. sensible) priors and compared.

Example 6.8. Dippers Revisited

Consider the previous dippers example. Brooks et al. (2000a) consider two
alternative priors for the model parameters and compare these with the uni-
form priors used previously (denoted prior 1). In particular, they consider
a Beta(1,9) prior on each survival probability and U[0, 1] on the recapture
probability (prior 2); and a Beta(1,9) prior on all survival and recapture
probabilities (prior 3). Note that the Beta(1,9) prior has a mean of 0.1 and
standard deviation of 0.09. Thus this beta prior could be regarded as quite
extreme, and is used here for illustrative purposes. The posterior distribu-
tions of the parameters, conditional on any models C'/C and C/C2 (i.e. the
models with some posterior support), appear to be largely insensitive to the
prior specification (see Example 4.5 for particular discussion of model C'/C2).
However, this is not the case for the posterior model probabilities given in
Table 6.2.

Table 6.2 The Posterior Model Probabilities of the Different Models for the Dipper
Dataset under the Three Different Priors

Posterior Probability
Model Prior 1 Prior 2 Prior 3

T/T 0.000 0.003 0.000
T/C 0.000 0.003 0.000
c/C 0.205 0.951 1.000
c/Cc2  0.795 0.004 0.000

Source: Reproduced with permission from Brooks et al. (2000a, p. 368) pub-
lished by the Institute of Mathematical Statistics.

Thus, there are significant changes to the posterior probabilities under pri-
ors 2 and 3, compared to prior 1. In this case, this is essentially a result of an
inconsistency between the prior specified on the parameters and the posterior
distribution of the parameters. For example, for model C'/C2, (under uniform
priors) the posterior means of ¢ and ¢, are 0.472 and 0.609, with posterior
standard deviations 0.043 and 0.031, respectively. These are significantly dif-
ferent from the prior distributions specified on the parameters in priors 2 and
3, and leads to the prior sensitivity in the posterior model probabilities. As-
suming equal prior model probabilities, the posterior model probabilities can
be seen to be proportional to the integral of the likelihood with respect to the
prior — see Equations (6.1) and (6.2). Alternatively, we can interpret this as
taking the expected likelihood value, with respect to the prior — see Equation
(6.1), and is the motivation behind Monte Carlo estimates. Thus, when there
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is a conflict between the prior distributions specified on the parameter and
the information contained in the data via the likelihood, the integration (or
averaging) is essentially performed over unlikely parameter values (given the
data), and so naturally penalises models with larger numbers of “conflicting”
parameters. Thus the model C2 is penalised more than model C. Conversely,
for prior 1 (U0, 1] on all parameters), there is reasonable (relative) prior sup-
port on all parameter values supported by the data via the likelihood, so that
within the integration, this likelihood has a greater contribution.

Alternatively, and more heuristically, we can understand the change in pos-
terior model probabilities as follows. The priors specified represent our initial
beliefs concerning the parameters before observing any data. Given the data
that we observe, we then update these prior beliefs. Under priors 2 and 3, we
essentially have fairly strong prior beliefs. Prior 2 corresponds to the (prior)
belief that the survival probabilities are low; whereas prior 3 corresponds to
the (prior) belief that the recapture and survival probabilities are all low.
Given the data that we observe, we update our beliefs on the parameters and
these are now very different from our prior beliefs. Thus, we could think of a
level of surprise of the expert in terms of his/her change in beliefs, given the
data that are observed. Increasing the number of conflicting parameters in the
model will increase the level of surprise of the expert, (acting in some cumula-
tive manner). In this way the corresponding relative posterior probability for
models with larger numbers of conflicting parameters will be reduced. Thus for
the dipper example, since model C' has only a single survival parameter and
model C2 two survival parameters, when placing the conflicting Beta(1,9)
prior on the survival probabilities, model C' has larger posterior support than
C2. For prior 1 (U[0,1]), there is no such conflict between the initial beliefs
on the parameters and the information contained in the data. Thus, we favour
model C2 that appears to fit the data better (in terms of the likelihood) than
model C.

O

Clearly, within any Bayesian analysis, the priors need to be specified in

a sensible manner (see Section 4.2). In addition, a prior sensitivity analysis

should always be conducted for both the parameters and models (when there

is model uncertainty). Once again, there is a trade-off between the information

contained in the data and the priors specified on the parameters. However,

typically, for the reasons discussed above, the posterior model probabilities

may often be more sensitive to the prior specification than the posterior dis-
tribution of the parameters themselves.

6.5 Model Averaging

Bayesian model averaging obtains an estimate of a parameter, based on all
plausible models, taking into account both parameter and model uncertainty
(see, for example, Hoeting et al. 1999, Brooks et al. 2000a, King et al. 2008b
and King and Brooks 2008). Thus, model averaging can overcome the prob-
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lem associated with different plausible models giving different parameter esti-
mates. Essentially, the model averaging approach obtains a single parameter
estimate based on all plausible models by weighting each according to their
corresponding posterior model probability, and so allows us to incorporate
model uncertainty into the estimate of the parameter. Formally, the model-
averaged posterior distribution of some parameter vector 8 common to all
models m;, i =1,..., K is given by,

m(0)x) = Zw 0)x, m;)m(m;|x).
=1

For further details see for example, Hoeting et al. (1999) and Madigan and
Raftery (1994).

Example 6.9. Dippers Revisited

We once more reconsider the dipper data set, as in Example 6.1. We assume
uniform priors over both parameter and model space, i.e. U[0, 1] priors on each
parameter in the model and a prior probability of 1/4 for models T/T, T/C,
C/C and C/C2. There are only two models with posterior support greater
than 0.000 — model C'/C2 and C'/C with posterior probability 0.795 and 0.205,
respectively (see Table 6.1). Consider the model-averaged survival probability
for both flood years, ¢ and non-flood years, ¢,,. The model-averaged posterior
distribution for the survival probability in flood years (¢¢) and non-flood years
is given in Figure 6.2.
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Figure 6.2 Histogram of the (model-averaged) sample from the posterior distribu-
tion for (a) survival probabilities in non-flood years, ¢, and (b) survival probabilities
in flood years, ¢f; and corresponding estimate of the posterior distribution for the
parameter, conditional on each model (grey for model C/C and black for model

C/C2).
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Clearly, we can see that there is some (mild) bimodality for the flood years,
with the left mode corresponding to the estimate under model C'/C2 and the
right mode for the estimate under model C'/C, but still significant overlap be-
tween the posterior distributions, conditional on the given model. In addition,
the posterior distribution for C'/C2 has more weight on the model-averaged
distribution of the parameter, reflecting the higher posterior probability as-
sociated with this model, compared to C/C. The posterior mean of ¢y is
0.472 and 0.561 under models C'/C2 and C/C, respectively. The correspond-
ing model-averaged mean for the survival probability in flood years is,

Er(¢f) = (0.795 x 0.472) + (0.205 x 0.561)
0.490.

Similarly, the corresponding model-averaged variance for ¢ can be obtained,
given the expected value of (b?c under both models. Then, we have the model-
averaged estimate of ¢7 is,

E(¢%) = (0.795 x 0.225) + (0.205 x 0.315) = 0.243.

So that the posterior model-averaged variance of (b?c is,

Varr(dy) = Ex(63) — (Ex(63))?
= 0.003,

corresponding to a standard deviation of 0.056. Thus, we note that the stan-
dard deviation for the model-averaged estimate for ¢; is greater than the
corresponding standard deviation for ¢; under the individual models (0.025
and 0.031 for models C/C and C/C2, respectively). This reflects the addi-
tional uncertainty with respect to the model, in addition to the parameter.

O

Note that parameters should only be averaged over different models when
the interpretation of the parameter in the different models is the same. For
example, suppose that we specify the survival probability as a function of a
number of covariates, where there is prior uncertainty relating to the covariates
present in the model. Then the survival probability has the same interpreta-
tion within each possible model (although the set of covariates that it is a
deterministic function of may vary), and hence a model-averaged estimate of
the survival probability takes into account both the parameter uncertainty
and model uncertainty, with respect to covariate dependence. However, now
consider the regression coefficient of one of the possible covariates. The inter-
pretation of this coefficient is different, depending on whether the covariate
is present in the model or not. If the covariate is present in the model, then
the regression coefficient describes how the survival probability is related to
the given covariate; however, if the covariate is not present in the model, then
there is no relationship between the survival probability and the covariate
value (the regression coefficient is identically equal to zero). Thus, it does not
make sense to provide a model-averaged estimate of the regression coefficient
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over all models; although it does make sense to provide a model-averaged esti-
mate of the regression coefficient, conditional on the covariate being present in
the model. In this instance, the averaging takes into account the uncertainty
relating to the parameter and the dependence of the survival probabilities on
all the other covariate values.

The reversible jump algorithm described above is able to calculate these
model-averaged estimates of the parameters within the Markov chain. They
can simply be obtained as the estimates of the parameters, irrespective of the
model that the chain is in, i.e. we sum out over the different models. Thus,
the reversible jump procedure obtains parameter estimates under individual
models, together with the posterior model probabilities and finally model-
averaged parameter estimates, all within a single chain.

Important Comments

Model averaging should always be undertaken with some thought (i.e. common
sense). For example, consider the (extreme but highly demonstrative) case
where there are only two plausible models, each having (approximately) equal
posterior support. Suppose that the corresponding posterior distribution of the
parameter 8, common to both models, is given by Figure 6.3. In other words,
the posterior distribution (averaged over models) is distinctly bimodal, with
no overlap between the different modes.

One mode of the distribution corresponds to the posterior distribution of
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Figure 6.3 The bimodal model-averaged posterior distribution of a parameter.

© 2010 by Taylor and Francis Group, LLC



176 MODEL DISCRIMINATION

the parameter given one of the possible models, and the other mode the pos-
terior distribution from the alternative model. Using the posterior mean of
the parameter, conditional on the model gives a good representation of the lo-
cation of the parameter within the individual models. However, clearly taking
the posterior model-averaged mean of # is not a good summary description
of the posterior distribution of #. A better description would be the marginal
density or at least the HPDI if a summary statistic is required. In this exam-
ple, it is the use of the summary statistic that is at fault, rather than the idea
of model averaging. This is nothing new, since the problem can occur within
any Bayesian analysis when any parameter has a non-unimodal distribution.
However, multimodal posterior distributions of parameters are more common
within model averaging, since it is possible that the posterior distribution of
the parameter may differ between the models with reasonable posterior sup-
port. Finally, we note that in some cases, identifying the reason for somewhat
different parameter estimates for different models with reasonable posterior
support can itself be of interest. Different models may make different predic-
tions for good reasons.

6.6 Marginal Posterior Distributions

Typically in the presence of complex model structures and/or model discrim-
ination on a number of different parameters, marginal posterior results are
presented. For example, we may be interested in the posterior probability
that the survival probability is dependent on a given covariate (irrespective
of the presence/absence of other covariates). These marginal posterior results
can help in understanding the complex posterior distribution over the model
space. However, only considering the marginal posterior distributions can also
obscure intricate details, in the presence of strong correlated results. For ex-
ample, consider the perhaps conceptually easier case, where there are two pa-
rameters, #; and 6, which are highly correlated. For illustration we consider a
bivariate normal distribution with mean zero, variance one, and correlation of
0.9. In this example, the joint distribution is given in Figure 6.4(a). In addition,
the marginal distributions for §; and 6, are given in Figure 6.4(b). Clearly,
presenting only the marginal distribution of the parameters individually does
not capture the correlation structure between the parameters.

This is the identical issue that we can have when considering only the pos-
terior marginal model probabilities — recall that the model is considered to be
a parameter. We consider this issue further in the following example.

Example 6.10. Lapwings

Consider the analysis conducted by King et al. (2008b) relating to the UK lap-
wing population (see Example 1.3), which investigates their declining number
in recent years. Here we omit the details of the analysis and simply present
the posterior results obtained for two demographic parameters: adult survival
probabilities ¢, and productivity rate p. The parameters are possibly depen-
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Figure 6.4 (a) The joint posterior distribution of 61 and 62; and (b) the marginal
posterior distribution of #; and 02 (they are identical in this case).

dent on two covariates: fdays (a measure of the harshness of the winter, in
terms of the number of days below feezing at a location in central England;
see Figure 2.2) and year (both covariates are normalised as usual). Table 6.3
gives the corresponding posterior marginal probability that these parameters
are dependent on each of the covariates, using the standard notation that
terms in brackets represent the covariate dependence present.

Table 6.3 The Marginal Posterior Probabilities for ¢, and p

(a) Adult Survival — ¢, (b) Productivity — p
Posterior Posterior
Model probability Model probability
oo (fdays,t) 0.518 p(t) 0.457
da(fdays) 0.452 o 0.448
a(t) 0.016 p(fdays) 0.053
o 0.015 p(fdays,t) 0.042

Source: Reproduced with permission from King et al. (2008b, p. 622) published
by Wiley-Blackwell.

Thus, there is clearly strong evidence that ¢, is dependent on fdays. How-
ever, there appears to be a reasonable amount of uncertainty as to whether ¢,
and p are time dependent. However, presenting these marginal models masks
the intricate detail underneath. Now consider the joint posterior probability
for ¢, and p. The two models with largest support are presented in Table
6.4. When we consider the joint distribution, it is clear that there is strong

© 2010 by Taylor and Francis Group, LLC



178 MODEL DISCRIMINATION

evidence that either ¢, is time dependent or p is time dependent (but not
both). Both of the time dependence relationships (when present) are negative.
Thus, using these data alone, the declining population appears to be related
to either a decline in adult survival probability, or a decline in productivity.
However, there is not enough information in the data to discriminate between
these biological hypotheses. This intricate detail cannot be identified using
the marginal distributions given in Table 6.2 alone.

Table 6.4 The Joint Marginal Posterior Probabilities for ¢, and p

Posterior
Model Probability

ba(fdays,t)/p 0.443
ba(fdays)/p(t) 0.418

O
For further illustration of the above ideas and to provide additional ex-
amples of applying the methods to different forms of data, we now consider
a number of real examples. For each, we discuss the form of the data, the
formulation of the set of biologically plausible models, provide brief details
of the implementation of the RIMCMC algorithm, and provide sample out-
put results and their corresponding interpretation. We note that the details
of these examples may be rather complex, and may be useful for reference if
implementing similar approaches in practice, but may not be of primary in-
terest for understanding. As a result, the implementational details have been
marked with an asterisk (*).

6.7 Assessing Temporal/Age Dependence

We consider the issue of model discrimination and the RJ algorithm where
we have uncertainty in relation to the time dependence of the demographic
parameters for mark-recapture-recovery data. We will then extend this to the
case where there is additional uncertainty in relation to the age structure of the
parameters. To illustrate the ideas we consider the mark-recapture-recovery
data relating to the population of shags on the Isle of May, Scotland, discussed
in Example 2.4. For this example, there is overall uncertainty in terms of the
age and time dependence of the survival, recapture and recovery probabilities.
We begin by considering the time dependence of these parameters.

Example 6.11. Shags — Time Dependence
We consider the annual mark-recapture-recovery data from 1982 to 1991. See
Example 2.4, Section 2.6.1, Catchpole et al. (1998) and King and Brooks
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(2002b) for a detailed description of the data. The survival, recapture and
recovery probabilities may or may not be dependent on time, and this is
unknown a priori. We will initially assume that the age structure of the para-
meters is known and is as follows:

G1, $2:3, Pay /D1, D2, P3, Pay /A1, A2:3, Aag

Shags are described as pulli in their first year of life, immature in years 2 and
3, and adults thereafter. Adult birds correspond to the breeding population,
whereas immature birds typically spend time away from the Isle of May, before
they return to breed. We assume a full age dependence for the recapture
probabilities, but a pulli, immature and adult age structure for the survival
and recovery probabilities. However, there is uncertainty relating to the time
dependence for each of these parameters.

Prior Specification

We begin by considering the set of biologically plausible models. Without any
prior information, we allow each individual parameter to be either constant
or dependent on each year of the study. This results in a total of 2'° = 1024
possible models. Thus, it is probably just about plausible to consider each
individual model, but this would be very time consuming! We shall use the
RJ algorithm to explore these possible models, letting the data determine the
set of models with largest support. Within the Bayesian framework, we need
to specify both priors on the parameters in each model, and the corresponding
priors for the models themselves, in terms of the time dependence. Without
any strong prior information, we specify an equal prior probability for each
model — this once again corresponds to a prior probability of 0.5 that each
parameter is time dependent independently of each other. For each model, we
specify a U|0, 1] for each parameter within the model.

RIMCMC Algorithm*

One possible RIMCMC algorithm for exploring the model and parameter
space and estimating the corresponding posterior model probabilities and pos-
terior parameter estimates would be the following. Within each iteration of
the Markov chain we:

1. Cycle though each parameter in the model, updating each using a MH
random walk (though clearly alternative updates could be used);

2. Consider each parameter ¢1,pa.3,..., 44+ in turn and update the corre-
sponding time dependence, i.e. add time dependence if the parameter is
constant, otherwise remove the time dependence if it is present, using a RJ
step.

Once more we only describe the updating algorithm between different models.,

i.e. adding/removing time dependence. Without loss of generality we shall

consider updating the model for ¢;. We initially consider the case where the

current model has only a single parameter for ¢;. We propose to move to the
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model with parameters ¢ (¢) for t = 1,...,T — 1, which has a total of T — 1
parameters.

One possible updating algorithm is as follows. Suppose that at iteration k
of the Markov chain, the current state of the chain is (8, m);. We propose to
move to model m/ with the set of parameter values @', such that the first-year
survival probability is time dependent. Thus, we need to propose new values
for the first-year survival probability at each time of the study, and we shall
use the general RJ algorithm to do this in a similar way to that described in
Example 6.7 for the ring-recovery example. For simplicity we assume that all
other survival, recapture and recovery parameter values remain the same. For
this model move we need to introduce random variables « and u’, such that,

(0", u') = g(6,u),

where g is a bijective function. In particular we let u = (u(1),...,u(T — 1))
and simulate values for the set of random variables u, from some proposal
density ¢. For example, we may simulate u(t) ~ U[0, 1], independently for
t=1,...,T — 1. We then propose the new parameter values,

¢1(t) = u(t).

Finally, we need to specify the random variables w’. For this case, u' = v/,
where 1 is simulated from some distribution with proposal density ¢’ within
the reverse move (i.e. from model m’ to model m). For example, we may
specify v’ ~ UJ0,1]. The final specification of the model move relates to the
relationship between the current first-year survival probability, ¢; and the
random variable u':

u’ = ¢1.
The function g is then completely specified. Recall that all other parameter
values remain the same within the proposed model move, so that g essentially
corresponds to the identity function for those parameters.
The corresponding acceptance probability for the model move is the stan-
dard form of min(1, A), where,

A W(G',m'|$)P(m|m')Q'(u')‘3(9/,U')
(0, m|x)P(m/|m)q(u) | 0(0,u)
f (2]6)
fm(|6)

since P(m|m’) = P(m'|m) = 1; q(u) = 1 = ¢'(v'); p(8') = p(@) = 1 and
the Jacobian is equal to unity since g is the identify function. If the move is
accepted, we set, (8, m)ry1 = (6',m’); otherwise we set (8, m)r11 = (8, m)y.

Alternatively, for the reverse move, suppose that the chain is in model m/’
(with a time dependent first-year survival probability) with parameters 8’. We
propose to remove the time dependence for the first-year survival probability
(but keeping all other parameter values the same), and we denote this pro-
posed model by m. We simulate a new parameter value v’ from with proposal
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density ¢’, and set the proposed constant first-year survival probability to be,
o1 =,

Finally, we set,
u(t) = ¢1(t),

fort =1,...,T—1. The corresponding acceptance probability for the proposed
move is min(1, A~1), where A is given above.

Improving the RIMCMC' Algorithm*

The above proposed updating algorithm is somewhat naive, and will typically
be very inefficient. The reason for this can be seen if we consider the form of
the acceptance rate. The probability of accepting the model move is simply the
ratio of the likelihood functions evaluated at the proposed parameter values
in model m’ and the current parameter values in model m. However, we are
proposing T' — 1 new first-year survival probabilities, each simulated indepen-
dently from a UJ0, 1] distribution. Thus it is likely that the likelihood function
(conditional on the other parameter values) is highly peaked in the (7' — 1)-
dimensional parameter space corresponding to the first-year time dependent
survival probabilities. Thus, the probability of simultaneously proposing the
T — 1 values for the time dependent survival probabilities such that they lie
in the region of the (T — 1)-dimensional space with high likelihood values is
very small.

An alternative approach is to consider a different proposal distribution for
the new parameter values. In other words, defining a different ¢ and ¢’. The
idea is to specify these proposal densities in such a way that the corresponding
simulated proposal values are in areas of high posterior mass. For example,
one approach would be to define,

u(t) ~ N(u(t), o7),

independently for each t = 1,...,T—1, for some prespecified p(t) and o%. Note
that since we set ¢4 (t) = u(t), we could also consider using a truncated normal
distribution, in order to ensure that the proposed parameter values lie within
the interval [0, 1]. Alternatively, we could use a beta distribution with given
mean and variance. Otherwise, if we retain the normal distribution, it means
that if we simulate any value outside this interval, the corresponding move
has zero acceptance probability. Once again there is the trade-off between
simplicity and efficiency. However, for this method we need to set the values
of u(t) and o%. One approach that often works well in practice is to consider an
initial pilot run, where we consider the saturated model (i.e. each parameter
fully time dependent). We then use the posterior mean of each parameter as
the proposal mean, u(t), within the RJ update. Clearly, this assumes that
the parameter values are fairly consistent among the different models — an
assumption that is often reasonably valid. The proposal variance o can be
obtained via pilot tuning, or a similar approach used as for the proposal mean.
Typically, defining the variance term o? is less important than setting the
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proposal mean, as it is the location of the parameters that is more important.
Finally, we need to specify the proposal density ¢’, for the parameter u’. We
consider a similar approach and set,

u' ~ N(u,03),

for some predefined values p and 3. We could use a similar approach as
above, and use a pilot run using the smallest model (i.e. no time dependence)
to obtain a value for the proposal mean, u, for each of the parameters. Alter-
natively, we could simply set,

=
=5 ;N(t%

where p(t) is the corresponding proposal mean defined above for the demo-
graphic parameter.

Once more we consider the move where we propose to add in the time de-
pendence for the first-year survival probabilities. Using the improved proposal
distribution, the corresponding acceptance probability of the move is given by
min(1, A), where
m(0',m/|z)q (u')

A= 0. mla)g(uw)

]

such that the proposal distributions, ¢ and ¢’, are the densities of the normal
distributions described above. The corresponding acceptance probability for
the reverse move follows similarly.

Results

The posterior probabilities that each of the model parameters are dependent
on time are provided in Table 6.5. Clearly, we can see that there is strong
evidence for time dependence or time independence for the majority of the
parameters, with the only exception being adult survival probabilities. We
can also estimate the (model-averaged) posterior estimates of the parameters.
These are provided in Table 6.¢. There are reasonably similar posterior distrib-
utions for adult survival probabilities for times 2 through 9 with a significantly
lower estimate at time 1. For the marginal model with a constant adult survival
probability, the corresponding posterior mean is 0.861 with standard deviation
0.013. This would suggest that the evidence for temporal dependence in the
survival probability is primarily led by the difference in survival of adult birds
in the first year of the study compared with later years, and hence the reason
for the uncertainty in the presence or absence of temporal dependence of this
probability. Clearly, if this was of particular interest it could be investigated
further. For example, omitting the first year of the data for the adults and
re-running the analysis. Alternatively, for the recapture probabilities, with so
much marginal posterior mass placed on a single model, it is obvious that
model averaging makes little difference from simply using the single marginal
model. However, from Table 6.6 we observe that the recapture probabilities
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for birds in their third year differ quite substantially between years, roughly
decreasing and increasing in line with those observed for adults. Finally, there
is no evidence of temporal heterogeneity for the recovery probabilities, which
is clearly seen within the model-averaged estimates.

Table 6.5 The (Marginal) Posterior Probability that Each of the Model Parameters
is Time Dependent

Posterior Probability of

Parameter Time Dependence
P 1.000
92,3 0.002
ba 0.537
P1 0.000
D2 0.000
D3 1.000
D4 1.000
A1 0.024
A2,3 0.000
Aa 0.006

There are clearly many alternative proposals that could be used. We have
simply presented one possibility that worked well in practice for the shags
data set as an illustration of the more general RJ update, and provided some
insight into the difficulties that can arise and associated ideas for improving
the efficiency of the algorithm. We note further that it is possible to simul-
taneously update other parameter values within this RJ step. For example, if
parameter values are highly correlated, we may want to do this to improve
the acceptance rates. If this is done, we simply need to add the corresponding
proposal densities to the acceptance probability, analogous to terms within
the MH algorithm. We discuss further implementational details relating to
the RIMCMC algorithm in Section 6.8.

O

Example 6.12. Shags — Age Dependence

In Example 6.11, we assumed that the underlying age dependence of the de-
mographic parameters was known a priori. We remove this assumption here
and extend the above algorithm to the case where we do not know either the
age structure or the time dependence of the parameters a priori.
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Table 6.6 The Posterior Model-Averaged Mean and Standard Deviation for the
Survival, Recapture and Recovery Probabilities for Shags in Years 1-3 and Adults
(Denoted by a) and Year

Survival Probabilities

Year of Life

Year 1 2 3 a
1 0.508 (0.064) - 0.718 (0.141)
2 0.674 (0.055)  0.557 (O 026) 0.867 (0.030)
3 0.350 (0.069)  0.557 (0.026) 0.557 (O 026) 0.890 (0.048)
4 0.893 (0.031)  0.557 (0.026) 0.557 (0.026) 0.835 (0.043)
5 0.645 (0.062)  0.557 (0.026) 0.557 (0.026) 0.834 (0.040)
6 0.893 (0.040)  0.557 (0.026) 0.557 (0.026) 0.903 (0.044)
7 0.849 (0.040)  0.557 (0.026) 0.557 (0.026) 0.901 (0.041)
8 0.579 (0.092)  0.557 (0.026) 0.557 (0.026) 0.874 (0.027)
9 0.902 (0.064)  0.557 (0.026) 0.557 (0.026) 0.885 (0.034)

Recapture Probabilities
Year of Life

Year 1 2 3 a
2 0.0007 (0.0004) - 0.439 (0.086)
3 0.0007 (0.0004) 0.009 (O 002) 0.486 (0.040)
4 0.0007 (0.0004) 0.009 (0.002) 0.039 (0 016) 0.064 (0.015)
5 0.0007 (0.0004) 0.009 (0.002) 0.007 (0.005) 0.015 (0.006)
6 0.0007 (0.0004) 0.009 (0.002) 0.020 (0.020) 0.089 (0.012)
7 0.0007 (0.0004) 0.009 (0.002) 0.105 (0.021) 0.283 (0.022)
8 0.0007 (0.0004) 0.009 (0.002) 0.006 (0.006) 0.020 (0.004)
9 0.0007 (0.0004) 0.009 (0.002) 0.073 (0.023) 0.202 (0.020)
10 0.0007 (0.0004) 0.009 (0.002) 0.021 (0.009) 0.137 (0.016)

Recovery Probabilities
Year of Life

Year 1 2 3 a
1 0.194 (0.038) - 0.093 (0.017)
2 0.200 (0.071)  0.040 (O 005) 0.096 (0.046)
3 0.191 (0.024)  0.040 (0.005) 0.040 (O 005) 0.092 (0.019)
4 0.197 (0.063)  0.040 (0.005) 0.040 (0.005) 0.094 (0.027)
5 0.195 (0.046)  0.040 (0.005) 0.040 (0.005) 0.093 (0.025)
6 0.193 (0.051)  0.040 (0.005) 0.040 (0.005) 0.093 (0.027)
7 0.192 (0.044)  0.040 (0.005) 0.040 (0.005) 0.094 (0.030)
8 0.190 (0.034)  0.040 (0.005) 0.040 (0.005) 0.095 (0.042)
9 0.190 (0.041)  0.040 (0.005) 0.040 (0.005) 0.094 (0.029)
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Prior Specification

We first need to define the set of plausible models, taking into account the fact
that there may be both age and time dependence. We do this in a two-step
approach. First, we consider the marginal age structure of the parameters.
For the recapture and recovery probabilities, we allow all possible combina-
tions of age dependence. This gives a total of 16 possible models for the age
structure. However, for the survival probabilities we consider a more restric-
tive set of plausible models for biological reasons. In particular, we impose
the constraint that only what we term consecutively aged animals can have
a common survival probability. For example, the model with marginal age
structure ¢1 = @3, P2, day (i.e. shags in their first and third year having a
common survival probability, and different from the second-year and adult
survival probabilities) is deemed to be implausible. This results in a total of
10 possible age structures for the survival probabilities. Conditional on the
age structure for each set of demographic parameters, we allow each of the
parameters to be either constant over time or arbitrarily time dependent. We
then have a total of 477,144 distinct and biologically plausible models between
which we wish to discriminate. Typically, the set of plausible models will be
determined via prior biological information, and different structures will be
considered plausible for different systems.

In the absence of any prior information, we assume that any biologically
plausible model seems no more likely than any other, and place a flat (uni-
form) prior over all models permissible within the framework described above.
(Essentially we specify a prior probability of zero for any other model). For
each model, we specify a U[0, 1] prior on each of the parameters.

RIMCMC Algorithm*

As usual, we consider a combination of MH updates for the parameters and
RJ updates for the model moves within the constructed Markov chain in order
to explore the joint posterior distribution over parameter and model space.
Within each iteration of the Markov chain, we perform the same RJIMCMC
update moves as described above, conditional on the age structure. We con-
sider an additional RJ move for each set of survival, recapture and recovery
probabilities, to update the underlying age structure of the parameters. With-
out loss of generality, here we consider the recapture probabilities.

We propose only to combine age groups that have the same year dependence
structure. Thus, to retain the reversibility of the Markov chain, when we split
a set of ages; the new sets will have the same year dependence structure as
the initial set. This simplifies the between-model move whilst in this example
still providing a rapidly mixing chain. There are therefore two types of model
moves for age structures: one which replaces a single parameter by two new
ones (when we have no year dependence for that particular parameter and
age group) and one which replaces T'— 1 parameters by 2(T — 1) new ones
(when we have full time dependence for that parameter). Both moves are
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performed similarly, and for simplicity of notation, we shall consider splitting
the age dependence {1,2}, i.e. parameter p; 2, which we initially assume to
be constant over time. This can be regarded as a nested model structure, and
so we use the nested RIMCMC-type update.

Within the Markov chain, suppose that at iteration k the state of the chain
is (8, m)x. We propose to move to model m’, with parameter values 8’ using
the following algorithm. We propose a split move (i.e. add an age group) or
a merge move (i.e. combine two age groups) with equal probability. Suppose
that given the current age group for the recapture probabilities we propose to
split the age group into two new age groups, where we choose each possible
set of new age groups with equal probability. Alternatively, if we propose a
merge move, we choose two age groups to be merged with equal probability.
For illustration, we suppose that we choose to make a split move for the
parameter p; . There is only one possible model we can propose, which has
a distinct recapture probability for age 1 and age 2, denoted by p} and p5.
One possible update would be to propose values for these new parameters by
setting,

Pio= Pt
p’g = D12~ U,
where,
u~ N(0,0%),

for some value of o2 chosen via pilot tuning. Essentially we are simply defining

the new parameter values to be slightly perturbed from their current value.

All the other recapture, recovery and survival probabilities remain the same.
We accept this model move with probability min(1, A), where,

7(m’,0'|z)P(m|m’) 06’

A= 7(m, 8]z)P(m’|m)q(u) ’a(e, )

The probabilities P(m|m’) and P(m/|m) are calculated from the algorithm
used to decide the model move. Additionally, we need to calculate the Jacobian
term. We have that,

opy _, _ Orh
8171,2 8171,2
Similarly,
Iy 9ph
=1 =—1.
ou ’ ou
Thus, when there is no time dependence the Jacobian is,
11
} ! ’ 2,

Alternatively, if the initial recapture probability was time dependent (i.e.
p1,2(t)), we would have a vector of u = (u(l),...,u(T — 1)) and propose
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the new parameter values,

pi(t) = pia(t) +ut);
p2(t) = p12(t) —u(t),
where,
u(t) ~ N(0,0%),
for t = 2,...,T. Using the analogous argument, the corresponding Jacobian
is equal to 271,

The reverse move is completely defined by this algorithm. For example,
suppose that the current state of the chain is (8’,m'), and that we propose to
combine the recapture probability for the first and second year shags. Their
current values are p| and ph, respectively. We propose the new parameter
value,

1
MQ=§M+%)

(The analogous result holds if these parameters were time dependent). The
corresponding acceptance rate is again, min(1, A=!) for A given above.

We note that if any model moves are proposed that do not retain the re-
versibility conditions, then the move is automatically rejected (i.e. accepted
with probability 0). For example, proposing to combine the first and sec-
ond age groups for the recapture probabilities, when the current model has
p1,p2(t), or when we propose to split an age group that contains only a single
age, such as p;.

Additional types of model moves are possible. For example, we could pro-
pose to change the age structure of the recapture probabilities, keeping the
total number of age groups the same. If we also retain the time dependence
structure for the different age groups, this model move does not change the
number of parameters in the model. The corresponding RJ step for such a
move simply reduces to the MH algorithm, with standard acceptance proba-
bility (see Section 6.3.5 for an example of this).

Results

There are a number of different results that may be of interest, depending on
the biological question(s) of interest. For example, identifying the age and time
dependence for each of the parameters, the marginal age and time dependence
for the survival probabilities (irrespective of the recapture and recovery prob-
abilities) and the (model-averaged) estimates for the survival probabilities.
For illustration, we present a variety of the different possible results (given
the above questions of interest).

Table 6.7 provides the models with the largest posterior support identified
within the Bayesian analysis. It can be clearly seen that the models iden-
tified with largest support are all neighbouring. In particular the marginal
model for the recapture probabilities is the same for all of the models identi-
fied. This is more clearly seen if we consider the marginal models for each of
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the parameters. These are given in Table 6.8. Typically, models with largest
posterior support will be directly neighbouring models, although this is not
necessarily the case (for example, see Example 6.10). From Table 6.8, there
appears to be some uncertainty relating to the time dependence for adult

Table 6.7 Posterior Model Probabilities for the Most Probable Models, where the
Age Dependence is given in Subscripts (for Years of Life 1-3 and then Adults,
denoted by a), and Time Dependence Denoted by (¢) for the Given Parameters

Model Parameters Posterior
Survival Recapture Recovery  Probability
1(t), p2,3, Palt) P1,P2,p3(t), pa(t) A1, X235 Aa 0.309
1(t), 92,3, Pa P1,P2,P3(1), Pa(t) A1, A23, A 0.205
$1(t), b2, P3.a P1,P2,P3(1), Pa(t)  A1,3, A2, Aa 0.126
O1(t), d2, O3, a(t)  p1,D2,p3(t),Pa(t) A1, A23,Aa 0.047

Table 6.8 The Models for the Survival, Recapture and Recovery Parameters with
Marginal Posterior Support Greater than 5%

Posterior
Survival Model Probability
d1(t), 92,3, da(t) 0.366
b1(t), $2.3, ba 0.219
¢1(t)a¢27¢3,a 0.142
$1(t), P2, b3, Pa(t) 0.140
1(t), d2, P3, Pa 0.092
Recapture
P1, P2, P3(t), pa(t) 0.996
Recovery
A1, A2.3, Aq 0.597
A1,3, A2, Aq 0.182
)\17)\2; A3,(1 0.070
A1, A2, Az, Ag 0.053

Source: Reproduced with permission from King and Brooks (2002b, p. 846)
published by the International Biometric Society.
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survival probability, with an overall posterior marginal probability of 55% of
time dependence. This is consistent with the previous analysis in Example
6.11, where we assumed an underlying age structure for the model, as we
would expect particularly due to the similarity of models identified (in terms
of age dependence assumed).

Note that more generally, we may wish to explain the time dependence
within the different age groups via a number of covariates. The above ideas
can be simply extended, combining the reversible jump-type updates for the
different model moves. This is discussed in some detail by King et al. (2006,
2008a) for the Soay sheep data; see Example 1.2.

O

6.8 Improving and Checking Performance

The RIMCMC algorithm is currently the most widely used algorithm to si-
multaneously explore both parameter and model space, in the presence of
model uncertainty. However, typically, the acceptance probabilities for the re-
versible jump moves are lower than those for MH updates. In the presence
of model uncertainty, longer simulations are often needed in order to (i) ex-
plore the joint model and parameter space, and (ii) obtain convergence in the
posterior estimates of interest, including posterior model probabilities and/or
model-averaged estimates of interest. However, a significant bonus is that only
a single Markov chain needs to be constructed, irrespective of the number of
models, since the chain moves over the model space itself, depending on the
observed data. Clearly, with increasing numbers of models, it is likely that
convergence will be correspondingly slower and longer simulations will need
to be run. As a result of the general increase in length of simulations needed,
using efficient reversible jump updating algorithms is important, particularly
for large model spaces, or complex and computationally intensive likelihood
expressions. We initially describe some convergence diagnostic issues, before
discussing the development of efficient RIMCMC algorithms in more detail.

6.8.1 Convergence Diagnostic Tools

The convergence diagnostic tools described in Section 5.4.2 are now more dif-
ficult to apply in the presence of model uncertainty. Convergence needs to be
achieved over both the parameter and model spaces. In addition, care needs to
be taken when looking at parameter convergence, since not all parameters are
now common to all models. The BGR statistic can be applied to parameters
that are common to all models, and considered for the model-averaged esti-
mate of the parameter. See Brooks and Guidici (2000) for further discussion
of the use of convergence diagnostic tests in the presence of model uncertainty.
We once again comment that longer simulations are typically needed to ensure
convergence, since both the parameter and model spaces need to be explored.
Pragmatically, a number of Markov chains should be run starting from over-
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dispersed parameter values and also from different models, and the posterior
results obtained compared. For example, chains can be started in the smallest
and largest models from a number of different starting points. In addition, a
number of different updating algorithms can be implemented and the results
compared.

We again emphasise that there are no tests to prove that convergence has
been achieved, any tests applied can only demonstrate that a chain has not
converged.

6.8.2 Efficient RIMCMC Algorithms

The development of generic efficient reversible jump algorithms has proven to
be somewhat elusive. However, a number of techniques have been developed
that may significantly improve the mixing between models. We discuss a few
of these ideas here, though there are many others within the literature.

Saturated Proposals

Typically, when models differ by a large number of parameters, constructing
the Markov chain such that it is able to move between the different models can
be difficult and require extensive pilot tuning. We have already met one idea in
Section 6.11, where we use the saturated model to obtain posterior estimates
for each of the parameters, and use these within the proposal distribution
of the RJ algorithm. However, we note that this algorithm may not always
work, in that it assumes that the parameter estimates are similar between
models. In addition, poor precision of the posterior estimates in the saturated
model may be obtained. When there are only a small number of models, pilot
Markov chains can be run in each model to obtain posterior estimates of all
of the parameters for each individual model, and these used in the proposal
distributions, when proposing to move to a given model. However, clearly, this
approach is not feasible for larger model spaces.

Intermediate Models

One alternative to the pilot tuning ideas above is to consider the introduc-
tion of intermediate models. These are models that are not within the set
of plausible models but can be seen to lie between these models. For exam-
ple, consider the simple case where we are interested in a model where the
survival probabilities are regressed on up to two covariates, with a possible
further interaction between the covariates. The set of possible models is:

Model 1:  logit ¢(t) = «;

Model 2:  logit ¢(t) = o + Byy;
Model 3:  logit ¢(t) = a + vzy;
Model 4:  logit ¢(t) = a + Byr + vzt
(t)

Model 5:  logit ¢(t) = a + By + vz + 0(yr X 21).
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If we consider an RJ updating procedure that only allows the addition/deletion
of a single regression coefficient between neighbouring models, then we can
only move to model 5 from model 4. Thus, this could in principle lead to poor
mixing over the model space within the chain. Note that in practice for such
a simple example with reasonable proposal distributions, mixing should be
reasonable, but this simple example demonstrates the ideas well. One possible
approach is to consider more complex model updates; for example, propos-
ing to add/remove up to two regression coefficients within a single update.
However, we consider adding additional intermediate models to improve the
mixing. In particular, we could consider the three additional models:

Model 6*:  logit ¢(t) = o+ By + 0(yr X 2¢);

Model 7*:  logit ¢(t) = o+ vzr + 6(ye X z1);

Model 8*:  logit ¢(t) = o+ 6(ys X 2¢).
These three models are given stars in order to differentiate them from the
plausible models above. Typically, such models are not biologically plausible
and so not considered within an analysis (in other words, we specify a prior
probability of zero for such models). However, if we introduce them into the
set of models that the RJ algorithm can explore, it is now much easier to
move between all the models. For example, assuming we only add/remove a
single parameter, model 5 can now be proposed when the chain is in models
4, 6* and 7*. In order to obtain estimates of the corresponding posterior dis-
tribution of interest, we simply remove the realisations of the chain for which
the chain is in models 6*, 7* and 8* and hence only retain the realisations
from models 1 through 5. Clearly, there is a trade-off here between the mix-
ing of the Markov chain and the proportion of observations that need to be
discarded from the posterior distribution. For example, we may not wish to
include model 8* in the set of intermediate models, as mixing may not be sig-
nificantly improved with the inclusion of this model. Note that this approach is
particularly appropriate when considering a variable selection problem within
the package WinBUGS (see Chapter 7 and Appendix C), when restrictions
cannot be placed on the models. See Example 10.4 and Gimenez et al. (2009a)
for a further example of using this approach in WinBUGS where the order of
the density dependence is unknown a priori.

Simulated/Importance Tempering

The idea of simulated tempering has been proposed to improve the mixing
in poorly-performing Markov chains (Marinari and Parisi 1992; Geyer and
Thompson 1995). The basic idea involves introducing an auxiliary variable or
temperature, denoted by k € [0, 1], to the posterior distribution and consider-
ing the tempered distribution,

e (0|x) = 7(]z)".

Note that for simplicity we write the posterior distribution over only the pa-
rameter space, but the idea immediately generalises to additional model space
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(in the presence of model uncertainty). Clearly, when k& = 1, this tempered
distribution is equal to the posterior distribution of interest. Conversely small
values of k, flatten the posterior distribution, so that it is easier to move around
the parameter and/or model space. Simulated tempering involves construct-
ing the joint posterior distribution over the parameters (and models) and
temperature parameter, so that,

(0, k|x) < 7 (0]x)p(k).

Realisations from the posterior distribution 7(8|x) are obtained by taking
the posterior conditional distribution, when k = 1. In practice, simulated
tempering involves extensive pilot tuning so that the chain mixes well over
the temperature and parameter space. In addition, this method can be fairly
inefficient with a large number of realisations discarded (i.e. when k # 1).
An extension of this method, to improve the efficiency of the algorithm, is to
use the tempered distribution as the proposal distribution in an importance
sampling algorithm, thus not discarding any realisations of the Markov chain
(Jennison 1993; Neal 1996; Neal 2001; Gramacy et al. 2009). Note that Gra-
macy et al. (2009) call this method Importance Tempering and apply this
method to the shags example in Section 6.12 and compare the approach with
the previous RIMCMC algorithm used.

6.9 Additional Computational Techniques

The development of generic efficient algorithms for RIMCMC has been dif-
ficult. Additional approaches not described above also include Brooks et al.
(2003b), who considered the form of the acceptance probability itself, in order
to choose the proposal parameters. However, this can be difficult to imple-
ment, particularly where the likelihood is complex. Alternatively, Al-Awadhi
et al. (2004) and Green and Mira (2001) propose stochastic algorithms which
do not simply use the initial proposed value of the parameters. In the former
case, a secondary Markov chain is implemented to modify the initial proposal
before making any acceptance decision, while in the latter, given that a move
is rejected, an alternative move is proposed, conditional on the proposal(s) al-
ready rejected. However, within all the algorithms there is generally a trade-off
between the computational expense of the reversible jump updating procedure
and the improvement to the mixing of the chain.

The RIJIMCMC algorithm is not the only approach for estimating poste-
rior model probabilities. Carlin and Chib (1995) proposed a method where a
supermodel is used that contains every possible parameter within the set of
proposed models. Each possible parameter is updated at each iteration of the
Markov chain. If the parameter is not in the current model, then the posterior
distribution of the parameter is simply equal to the corresponding prior distri-
bution. This method can be seen as a special case of the RIMCMC algorithm
(in the same way that the MH algorithm is a special case). However, the per-
formance of this method is often poor, and the posterior results obtained can
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be highly influenced by the priors specified on the parameters not even present
in the model, due to very poor mixing and lack of convergence. An alternative
approach for moving between models has been proposed by Stephens (2000),
where a birth-death process is used to move between models of different di-
mensions. The idea essentially involves each parameter of the model being
represented by a point. The parameters in the model are allowed to vary by
new parameters being born, while existing parameters may die, within a con-
tinuous time frame. This continuous time process is run for a fixed interval
within each MCMC iteration, with the parameters for the model updated as
usual in each iteration of the Markov chain. If the birth and death rates of the
parameters take a particular form, then the Markov chain has the required
joint posterior distribution defined over both the parameters and models.

An alternative approach for discriminating between different competing
models has been suggested by Gelfand and Ghosh (1998). Essentially, they
propose the use of a posterior predictive loss function in order to discriminate
between competing models. The underlying idea for this approach is to choose
the model which minimises an expected loss function with respect to the cor-
responding posterior predictive distribution. Although this approach removes
the issue of improper priors on the parameters on which we wish to perform
model selection, once again all possible models need to be fitted to the data.
In addition, model averaging is again not possible.

6.10 Summary

This chapter addresses the issue of model uncertainty. We show how a simple
extension of Bayes’ Theorem allows us to incorporate the model uncertainty
within a formal and rigorous Bayesian framework. This results in the for-
mation of a joint posterior distribution over both the parameter and model
spaces. However, this distribution is typically very complex and little inference
can be directly obtained. The most common approach to dealing with this dis-
tribution is to once more appeal to the ideas associated with MCMC and use
an extension of this algorithm (the reversible jump step) to sample from the
distribution and obtain posterior summary statistics of interest. In particular,
we estimate the posterior probability associated with each model (or equiva-
lently Bayes factors of competing models), which quantitatively discriminates
between the competing models. The appeal of the RIMCMC algorithm is that
only a single Markov chain needs to be constructed, irrespective of the num-
ber of possible models within the system. It is then the data (and priors) that
inform the Markov chain regarding which models are supported and which
are not. This approach also allows model-averaged estimates of parameters
to be obtained, simultaneously incorporating both the parameter and model
uncertainty within the estimate.

The reversible jump algorithm is typically more difficult to implement than
the standard MCMC algorithm. This is as a result of (i) having to add/remove
parameters when moving between different models so that a different type of
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move is needed (and often significant pilot tuning), and (ii) keeping track of
the models within the algorithm.

There are a number of issues to be aware of when calculating posterior model
probabilities and conducting model averaging. These include the sensitivity
of the posterior model probabilities on the priors for the parameters, the
appropriateness of model averaging on the given parameter of interest, and
the efficient implementation of the RJ algorithm. Typically, greater care needs
to be taken when implementing an RJ algorithm in the presence of model
uncertainty in order to (i) ensure the posterior estimates have converged, and
(ii) all results are interpreted correctly. Due to the complexity of the posterior
distribution being summarised in the presence of model uncertainty, intricate
detail can often be missed, so that additional care should be taken when
producing, for example, marginal estimates (see Section 6.6).

6.11 Further Reading

The issue of model uncertainty is a long standing problem. The paper by
Chatfield (1995) concludes that “model uncertainty is present in most real
problems. Yet statisticians have given the topic little attention ...it is time
for statisticians to stop pretending that model uncertainty does not exist, and
to give due regard to the computer-based revolution in model-formulation
which has taken place.” Chatfield also observes that Bayesian model aver-
aging is not without its problems; in particular, an averaged model loses the
simplicity of its components. The paper by Hoeting et al. (1999) provides a re-
view of Bayesian model averaging, with a range of interesting examples. Most
standard books that include a description of MCMC algorithms, also include
the extension to the RIMCMC algorithm and discuss model averaging (see,
for example, Gamerman 1997, Givens and Hoeting 2005, Robert 2007, and
Robert and Casella 2004). A variety of different examples are provided within
such texts, including variable selection problems (for example, in regression
problems); mixture models and autoregressive processes. In addition, a review
of different methods for comparing competing models is given by O’Hara and
Silanpaa (2009) for variable selection problems (including additional proposed
methods).

In the classical context, trans-dimensional simulated annealing (TDSA;
Brooks et al. 2003a) may also be used to explore large model spaces based on
criteria such as the AIC. In particular, Brooks et al. (2003a) apply the TDSA
approach to the shags capture-recapture-recovery data presented in Section
6.7 where there is potentially both age and time dependence for the model
parameters (survival, recapture and recovery probabilities). Interestingly, the
model identified with optimal AIC statistic is the same model with highest
posterior support. King and Brooks (2004b) extend these ideas to the case
of multi-site data (see Chapter 9) in the presence of possible time and/or lo-
cation dependence with additional catch-effort information, applied to data
from a population of Hector’s dolphins.
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6.12 Exercises

6.1 Table 6.9 provides the DIC values for four different models fitted to the
dippers data, under three different prior specifications. Prior 1 corresponds
to U0, 1] priors specified on each parameter; prior 2 to a U0, 1] prior on the
recapture probabilities and a Beta(1,9) prior on the survival probabilities;
and prior 3 to a Beta(1,9) prior specified on each survival and recapture
probability.

Table 6.9 The DIC Values for the Dippers Data under Four Different Models and
Three Different Prior Specifications on Each of the Parameters

Prior Specification
Model Prior1 Prior 2 Prior 3

T/T 730 781  105.9
T/C 693 744 760
c/C 667 669 698
c/C2 620 625 650

Compare and contrast these results with those presented in Table 6.2 (in
Example 6.8) which provides the corresponding posterior model probabili-
ties for each of these models, given the different prior specifications. Discuss
the advantages and disadvantages of using these different approaches.

6.2 Consider capture-recapture data with constant recapture probability p and
time dependent survival probability ¢, logistically regressed on covariate
zt, at time ¢, so that,

10g1t (,bt = o+ ﬂzt.
We wish to consider two competing hypotheses, P, (5 < 0) (hypothesis 1)
against P.(8 > 0) (hypothesis 2), where P, denotes the posterior proba-
bility of the given event.

(a) Describe a Monte Carlo estimate for these posterior probabilities, given
a set of sampled values from the posterior distribution of 3 obtained via
an MCMC algorithm.

(b) Suppose that we specify a prior distribution on 3 of the form, 8 ~
N(u,0?). Obtain an expression for the prior probability that 3 < 0 and
B > 0, (denoted by P,(8 < 0) and P,(8 > 0)), in terms of the normal
cumulative distribution function, ®.

(c) Hence, show that when p = 0, the Bayes factor reduces to the ratio,

P.(8 <0)

BF:W.
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6.3 Consider the results presented by Brooks et al. (2000a) for the blue-winged
teal ring-recovery data. Four models are considered, and we use the X/Y/Z
notation described in Section 3.3.1. We extend the notation to allow for age
dependent (adult) survival probabilities, denoted by A within the notation.
The four models considered and the corresponding posterior model prob-
abilities are given in Table 6.10. We assume independent U|0, 1] priors for
each survival and recovery probability and a prior probability of % for each
model.

Table 6.10 The Posterior Model Probabilities for Four Models Fitted to the Blue-
Winged Teal Ring-Recovery Data Ringed from 1961-1967 and Recovered from 1962—
1973

Model C/A/C T/A/C TJ/AJT CJC/T
Posterior probability ~ 0.009  0.054  0.000  0.937

Source: Reproduced with permission from Brooks et al. (2000a, p. 361) pub-
lished by the Institute of Mathematical Statistics.

(a) Write down the set of parameters for each of the different models.

(b) Calculate the Bayes factor for time dependent recovery probabilities
compared to a time independent recovery probability.

(c) Calculate the Bayes factor for age dependent adult survival probability
against a constant adult survival probability over all adult individuals.

(d) Suggest an additional model that it might be sensible to fit to the data
in light of the results presented for these four models.

6.4 Show that the MH algorithm is a special case of the RJ algorithm, where
there is no dimensional change in the parameters.

6.5 Consider the two standard models C/C and C/T for capture-recapture
data. An RJ step for moving between the two models is given in terms of
the following move from model C/C with parameters p and ¢ to model C/T

with parameters p’, ¢}, ..., ¢}_; as follows. We propose the new parameter
values:

o=

o = ¢ where i is randomly simulated from

the set of values 1,...,7T —1;

(in other words P(i = k) = = for k=1,...,T — 1)
P = o+uy for j =1,...,T — 1 such that j # 1,
where u; ~ N(0,0?).

(a) Calculate the Jacobian for this proposed model move.
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(b) Assuming independent UJ0, 1] priors are specified on each demographic
parameter in each model, calculate the acceptance probability for moving
from model C/C to C/T using the above model move.

(¢) In order to satisfy the reversibility constraints for the RJ move, describe
the reverse move from model C'/T to model C/C, and provide the cor-
responding acceptance probability.

6.6 Consider the following RJ updating algorithm for the dippers data, for mov-
ing between the two models C'/C and C/C2 (compare with the model move
proposed in Example 6.3). Suppose that the current state of the Markov
chain is model C'/C with parameters p and ¢. We propose to move to model
C/C2 with parameters, p’, ¢;, and ¢/ (denoting survival probabilities for
non-flood and flood years, respectively), using the following bijection:

/ !/
p=u Uy =7p
/ !/
(bn = U2 Uy = (b
/
¢j = us,
where u = {uy,u2,us} and v’ = {u},us} are simulated from proposal

distributions ¢(u) and ¢’'(u’), respectively.

a) duggest two possible proposal distributions, g and ¢°, and discuss whic
Suggest t ibl 1 distributi d ¢, and di hich
may perform better, providing a justification.

(b) Calculate the corresponding acceptance probability for the model move
described.

(¢) Describe the model move from model C/C2 to model C/C and give the
corresponding acceptance probability.
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CHAPTER 7

MCMC and RIMCMC Computer
Programs

In this chapter we present computer programs written in R and WinBUGS
for MCMC and RJMCMC analyses, with illustrations provided by the dipper
and white stork examples of earlier chapters. In addition we describe the
MCMC facilities in the statistical ecology computer package MARK. Detailed
introductions to both R and WinBUGS are provided in Appendices B and
C, respectively. We recommend that the computer programs are downloaded
from the Web site and read in conjunction with the explanations provided
within the text for additional clarity and understanding. We begin with an
MCMC analysis of model C/C for the dipper data set. Computer timings
refer to a 1.8-Ghz computer.

7.1 R Code (MCMCO) for Dipper Data

We return to model C/C for the dipper data set of Example 1.1. The MH
algorithm is given in Example 5.5 and we now provide the corresponding R-
code, using the same single-update MH random walk algorithm with normal
proposal distribution for both the recapture and survival probabilities.

The computer code is divided into three distinct sections: reading in the
data values along with the prior and proposal parameters, performing the
MCMC simulations, and outputting the results. The overall code is simply
these parts placed together, in order, to provide a single R function. A detailed
explanation, including a line-by-line description, of the program is provided
in Section B.4 of Appendix B. We consider these three parts in their natural
order.

Figure 7.1 provides the name of the function being defined and reads in
the data and prior/proposal values. Thus, Rdippercode is a function of two
input parameters: nt — the number of iterations; and nburn — the length
of the burn-in. In Figure 7.2 we present the main structure of the MCMC
simulations, but call two subroutines — one for calculating the log-likelihood
value and another for performing the MH updating step. The R commands
for doing the postprocessing and outputting of the simulations are given in
Figure 7.3 to complete the main part of the code.

The two subroutines are provided in Figures 7.4 and 7.5. The first subrou-
tine, calclikhood, calculates the log-likelihood (as given in Equation (2.5))
evaluated at given values for the recapture and recovery probabilities (i.e.

199
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HHEFHHR R R RS
# Define the function with input parameters:
# nt = number of iterations; nburn = burn-in

Rdippercode <- function(nt,nburn){

# Define the parameter values:
# ni = number of release years; nj = number of recapture years
# nparam = maximum number of parameters

ni =6

nj =6

nparam = 2

# Read in the data:
data <- matrix(c(
11,2,0,0,0,0,9,
0,24,1,0,0,0,35,
0,0,34,2,0,0,42,
0,0,0,45,1,2,32,
0,0,0,0,51,0,37,
0,0,0,0,0,52,46) ,nrow=ni,byrow=T)

# Read in the priors:

alpha <- c(1,1)
beta <- c(1,1)

# Parameters for MH updates (standard deviation for normal random walk):

delta <- ¢(0.05,0.05)

Figure 7.1 R code for the dipper data: setting up the data and reading in the prior
and proposal parameter values.

given parameter values); the second subroutine, updateparam, performs the
random walk single-update MH update using a normal proposal distribution.

7.1.1 Running the R Dipper Code

To run the dipper code in R for 10,000 iterations, with a burn-in of 1000
iterations, we write:

> dip <- dippercodeMHnorm(10000,1000)
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IR
# Set initial parameter values:

param <- ¢(0.9,0.5)

# Calculate log-likelihood for initial state using function
# "calclikhood":

likhood <- calclikhood(ni, nj, data, param)

# Define itns - array to store sample from posterior distribution;
# output - vector for parameter values and associated log-likelihood:

itns <- array(0, dim=c(nt, nparam))
output <- dim(nparam+1)

# MCMC updates - MH algorithm - cycle through each iteration:
for (t in 1:nt){
# Update the parameters in the model using function "updateparam":

output <- updateparam(nparam,param,ni,nj,data,likhood,
alpha,beta,delta)

# Set parameter values and log-likelihood to be the output from
# the MH step:

param <- output[1:nparam]
likhood <- output [nparam+1]

for (i in 1:nparam) {
itns[t,i] <- param[i]

}

Figure 7.2 R the main code for the dipper data for the MCMC iterations, calling
two separate subroutines for calculating the log-likelihood and performing the MH
step.

The 10,000 simulations took approximately 50 seconds to run. The com-
mand places the output from the function dippercodeMHnorm into the array
dip. The first column of this array contains the set of p values and the sec-
ond column the set of ¢ values. If the assignment command <- is not used,
the output is printed to the screen, which is clearly not desirable in MCMC
simulations. However, the posterior mean and standard deviation of the pa-
rameters are outputted to the screen, due to the cat commands contained
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HHHEHEEE
# Remove the burn-in from the simulations and calculate the mean and
# standard deviation of the parameters

subitns <- itns[(nburn+1):nt,]

mn <- array(O,nparam)
std <- array(0,nparam)

for (i in 1:nparam) {
mn[i] <- mean(subitns[,i])
std[i] <- sd(subitns[,il))

# Output the posterior mean and standard deviation of the parameters
# following burn-in to the screen:

cat("Posterior summary estimates for each model: ", "\n")
cat("\n")

cat("mean (SD)", "\n")

cat("p: ", "\n")

cat(mn[1], " (", stdf1], ™", "\n")

cat("\n")

cat("phi: ", "\n")

cat(mn([2], " (", std[2], ")", "\n")

# Output the sample from posterior distribution and close the function:

itns

}

Figure 7.3 R Code for the Dipper Data Describing the Outputting of the Parameter
Values Stored in the Array itns.

within the function (see the code in Figure 7.3). When running the above
programs we obtain the following output to the screen:

Posterior summary estimates for each model:

mean (SD)
p: 0.8962453 ( 0.02940489 )

phi: 0.5623169 ( 0.02538913 )

It is explained in Section B.4.4 of Appendix B how we can obtain trace
plots, as well as histograms and kernel density plots, such as those in Figure
7.6, and also calculate Monte Carlo error.
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IR
# This function calculates the log-likelihood of capture-recapture data

calclikhood <- function(ni, nj, data, param){

# Set up the arrays for parameters (phi and p), cell probabilities (q)
# Set parameter values for each year of the study likhood to be zero

phi <- array(0,nj)
p <- array(0,nj)
q <- array(0,dim=c(ni,nj+1))
for (i in 1:nj) {

pli] <- param[1]

philil <- param[2] }
likhood <- 0

# Calculate multinomial cell probabilities and log-likelihood value
for (i in 1:ni){
# For diagonal elements:

qli,i] <- phil[il*p[i]
likhood <- likhood + datali,i]l*log(qli,il)

# Calculate the elements above the diagonal:
if (1 <= (nj-») {
for (j in (i+1):nj) {
qli,j] <- prod(phi[i:j])*prod(1-p[i:(j-1)1)*p[j]
likhood <- likhood + datali,jl*log(qli,jl) } }
# Probability of an animal never being seen again
qli,nj+1] <- 1 - sum(qli,i:njl)
likhood <- likhood + datali,nj+1]*log(ql[i,nj+1])
}

# Output the log-likelihood value:

likhood
}

Figure 7.4 R code for calculating the log-likelihood value for capture-recapture
data. Note that phi[i] = ¢; and p[i] = pi41 fori =1,...,nj.
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Y
# Function for performing single-update MH algorithm:

updateparam <- function(nparam,param,ni,nj,data,likhood,alpha,beta,
delta){

for (i in 1:nparam) {

# Keep a record of the current parameter value being updated
# Propose a new value using a random walk from normal proposal

oldparam <- param[i]
param[i] <- rnorm(1l, param[i], delta[il])

# If proposed value is in [0,1] calculate acceptable probability
if (param[i] >= 0 & param[i] <= 1) {
newlikhood <- calclikhood(ni, nj, data, param)

# In acceptance probability include likelihood and prior contributions
# (proposal contributions cancel since it is a symmetric distribution)

num <- newlikhood + log(dbeta(param[i],alphal[i],betal[i]))
den <- likhood + log(dbeta(oldparam,alphali] ,betali]))

A <- min(1,exp(num-den))
}
else { A <- 0}

# Simulate a random number in [0,1] and accept move with probability A;
# else reject move and return parameter value to previous value

u <- runif (1)

if (u <= A) { likhood <- newlikhood }
else { param[i] <- oldparam }

# Set the values to be outputted from the function to be the
# parameter values and log-likelihood value. Then output the values.
output <- c(param, likhood)

output

Figure 7.5 R code for the MH step for updating p and ¢ for capture-recapture data.
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Figure 7.6 Histograms for sampled observations of the posterior distributions of
(a) p and (b) ¢ for the dipper data under model C/C'. Plots (c) and (d) provide the
corresponding kernel density estimates.

7.2 WinBUGS Code (MCMC) for Dipper Data

We now demonstrate how to use the WinBUGS package to fit model C/C to
the dipper data set. WinBUGS code is provided in Figures 7.7 and 7.8 for
the three components: model specification, data and initial values. Detailed
instructions of how to run WinBUGS code are provided in Appendix C.

In Figure 7.7, we define priors for the survival and recapture probabilities,
by using the symbol ~ which means distributed as. As above we define the
size of the data set through the number of years of release (ni) and number
of years of recapture (nj).

Also in Figure 7.7 is the likelihood for the C'/C model; this code is similar
to that used in R, and so we omit a detailed description.

As shown in Figure 7.8, the data are stored in a 1ist, which is an R-type
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HH=HIH I
# WinBUGS model specification (likelihood and priors)

model {

# Set constant recapture and survival probabilities and
# pl as 1 - recapture probability

for (i in 1 : nj) {
pli]l <- param[1]
phil[i] <- param[2]
pil[il <- 1-p[i]

# Define priors for p = param[1] and phi = param[2] (beta priors)

param[1] ~ dbeta(1,1)
param[2] ~ dbeta(1,1)

# Define the likelihood:
for (i in 1 : ni){
mli, 1 : (nj + 1] ~ dmulti(qli, 1, r[il)

# Calculate the no. of birds released each year (see input data)
for (1 in 1 : ni){
r[i] <- sum(m[i, 1) }

# Calculate the multinomial cell probabilities
# Calculate the diagonal, above diagonal and below diagonal elements:

for (i in 1 : ni){
qli, il <- philil*pl[il
for(j in (i+1) : nj ){
qli,jl <- prod(phili:jl)*prod(p1l[i: (j-1)1)*p[j]

}

for(j in 1 : (i - 1)){
qli, jl <-0

}

# Probability of an animal not being seen again
qli, nj + 1] <- 1 - sum(qli, 1:njl)
X

Figure 7.7 WinBUGS code providing the model specification for the dipper data
set. Note that phi[i] = ¢; and p[i] = piy1 for i = 1,...,nj.
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IR
# Data Set: dippers

list(ni=6,nj=6,m=structure(.Data=c(

11,2,0,0,0,0,9,

0,24,1,0,0,0,35,
0,0,34,2,0,0,42,
0,0,0,45,1,2,32,
0,0,0,0,51,0,37,
0,0,0,0,0,52,46

), .Dim=c(6,7)))

# Initial values

list(param=c(0.1,0.1))
list(param=c(0.5,0.5))
list(param=c(0.9,0.9))

Figure 7.8 WinBUGS code for the data and initial sets of starting values for the
dipper data set. Here m denotes the cell entries of the m-array with the final column
detailing the number of birds that are released in the given year and not observed
again.

object. It has three components, with ni the number of years of release, nj
the number of years of recapture, and the capture-recapture m-array which
is put into the matrix m. Note that the definition of a matrix requires using
the WinBUGS specific function structure and defining the dimension of the
matrix with .Dim.

Three independent simulations are initially run for 10,000 iterations each,
using the Update Tool (see Section C.1.1 in Appendix C). The corresponding
trace plot of the full MCMC simulation is obtained using the history button
within the Sample Monitor Tool;see Figure 7.9 for one of the Markov chains.
The trace plots suggest that convergence is very rapid (and are very similar
for each of the three chains run), and we use a conservative burn-in of 1000
iterations for each chain.

The autocorrelation plots for the survival and recapture probabilities in
Figure 7.10 show that the dependence between iterations in the sampled values
is negligible. In addition, the BGR convergence diagnostic for both the survival
and recapture probabilities is less than 1.2.

To summarise the posterior distribution for the parameter we use the but-
ton stats in the Sample Monitor Tool, which provides a table of posterior
means, standard deviations and other summary statistics. WinBUGS outputs
these summary statistics as in Figure 7.11. Note that within this WinBUGS
output, the summary statistics are given for all the chains combined, although
it is also possible to obtain the individual output summary statistics for each
individual MCMC simulation. The corresponding associated kernel density
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Figure 7.9 The trace plot of the parameters (a) p and (b) ¢ produced in WinBUGS
using the history button within the Sample Monitor Tool.
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Figure 7.10 The autocorrelation plot of the parameters p (top panel) and ¢ (bot-
tom panel) produced in WinBUGS using the autocor button within the Sample
Monitor Tool.
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node mean sd MC error 2.5/, median 97.5), start sample
P 0.8955 0.02905 1.862E-4 0.8327 0.8979 0.9452 1001 27000
phi 0.5616 0.02493 1.582E-4 0.5131 0.5614 0.6106 1001 27000

Figure 7.11 WinBUGS output summarising posterior distributions for the dipper
data set. sd denotes the standard deviation; 2.5% and 97.5% the lower and upper
limits of the 95% symmetric credible interval; and MC error the Monte Carlo error.

estimates of the marginal densities of p and ¢ can also be obtained within
WinBUGS (using the density button in the Sample Monitor Tool — see
Section C.1.1 in Appendix C).

7.3 MCMC within the Computer Package MARK

The computer package MARK (White and Burnham 1999) is a standard tool
for analysing capture-recapture-recovery data within the classical framework,
as described in Section 3.6.1. The package conducts Bayesian analyses via the
MCMC tool. Downloadable help files can also be obtained using corresponding
links from the MARK Web site, and also within the Help toolbar command
within MARK. We provide a brief overview for using this MCMC facility
within MARK, for those generally familiar with the package.

The MCMC function is found within the Run window and can be used for the
capture-recapture-recovery models where there is an explicit expression for the
likelihood. To perform a Bayesian analysis simply click the MCMC Estimation
box when setting up the model, when this is done a v* will appear in the box.
To continue, press the 0K to Run button in the bottom right of the window.
This will open up another window containing a number of additional MCMC-
related input values, including:

Random Number Seed — the default is zero, which will set the random seed as
the function of the time. For a repeatable set of MCMC simulations, with
a fixed seed, we simply change this input to a non-zero parameter.

Number of tune-in samples — the number of iterations for which pilot tun-
ing is performed in the MCMC simulations; the default value is 4000.

Number of burn-in samples — the burn-in of the MCMC simulations; de-
fault value is 1000 (following the pilot tuning).

Number of samples to store — the number of iterations to run post-burn-
in; default value is equal to 10,000.

Name of binary file to store samples — the name of the file that stores
the MCMC iteration values which can be used for further post-processing
(in particular using coda); the default file name is MCMC. BIN.

Default SD of normal proposal distribution — the MCMC algorithm
uses a normal random walk MH updating algorithm with the initial stan-
dard deviation inputted (note that this is an initial step size, as it is updated
within the initial pilot tuning steps); the default value is 0.5.
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The same window also requires a prior specification and possible conver-
gence diagnostics. We consider each in turn, starting with the prior specifica-
tion. A link function is used for each of the demographic parameters, and it is
assumed that in general a logit link function will be used, although alternative
link functions, such as log, loglog, and complementary loglog link functions
are available. Priors are specified on the link scale. For example, suppose that
we specify,

logit ¢ = ft.
Within MARK, the prior is specified on 8 = {f1,...,0r}. It is possible

to either specify a prior on B (Prior Distributions for Parameters not
included in Hyperdistributions), or a hyper-prior (i.e. hierarchical prior)
on B (Hyperdistribution Specification). Taking a standard prior (i.e.
non-hyper-prior) there are two possible prior specifications: an (improper)
uniform prior over the real line (this is described in MARK as No prior --
Prior Ratio = 1); and a normal prior. The default prior is a N(0,1.752)
for each parameter (note that the prior standard deviation is specified within
MARK), and is chosen as this induces a near UJ0, 1] prior on the correspond-
ing (back-transformed) demographic parameter (i.e. ¢ in the above example).
See Sections 8.2.1 and 11.3.1 for further discussion of this issue. However a
general prior mean and variance can be specified, either for all parameters,
or for each individual parameter using Specify Prior Individually. This
opens a new window for which a normal prior mean and variance needs to be
specified for each individual parameter. Alternatively, a normal hyper-prior
can be specified allowing for random effects. For example, suppose that we
specify the logistic link function as given above. The default hyper-prior is of
the form, 8; ~ N(u,0?), such that u ~ N(m,v) and 02 ~ I'"1(a, 3), and
where m, v, « and [ are to be specified. The default is a N(0,100) for u
and I'~1(0.001,0.001) for 0. However, it is possible to use a more complex
multivariate normal hyper-prior, via the specification of a variance-covariance
matrix, by checking the box Variance-covariance matrix specified. This
permits the specification of a general covariance matrix, with priors specified
on the correlation between the () variables, typically denoted by rho. A
uniform prior is assumed for the correlation rho, where the lower and upper
bounds are to be specified. The default is a U[—1, 1] prior. Note that using this
prior specification, it is possible to specify a positive (or negative) correlation
between variables (by setting either the lower or upper bound to be zero).
However, care should be taken if using this approach, since it implies a 100%
prior probability (and hence 100% posterior probability) that the correlation
between the parameter is positive (or negative), irrespective of the information
in the data. Thus, if one is considering using such a prior, a prior sensitivity
analysis is highly recommended. Finally, we note that this hyper-prior specifi-
cation permits an autocorrelation structure to be specified over the §; values,
for example, by specifying a given covariance matrix. Alternatively, a prior
can be specified on the correlation between sets of different parameters (such
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as survival probabilities and productivity rates). See the help file on MCMC VC
Matrix for further discussion and examples of covariance matrices.

Finally, there are the options to conduct convergence diagnostics on the
MCMC algorithm. The default option is to run only a single chain and not
perform any convergence diagnostics. However, there are two additional op-
tions: the use of gibbsit (Raftery and Lewis 1996) which can be used to
determine the number of iterations necessary to obtain reliable posterior es-
timates (see Brooks and Roberts 1999 for further discussion), and running
multiple replications to obtain a convergence diagnostic statistic (here the
number of chains needs to be specified; the default is 10, the minimum num-
ber recommended by Gelman 1996). Note that this convergence diagnostic is
not the same as the BGR statistic described in Section 5.4.2, but uses the
same underlying principles. In particular, the BGR approach calculates the
statistic, R, by comparing the 80% credible intervals between multiple repli-
cations, whereas the statistic used in MARK compares posterior means across
the multiple replications (see Gelman 1996 for further mathematical details).

MARK also provides output that can be read into the computer packages
SAS or R for additional post-processing. In particular, the help file on MCMC
Binary File, provides detailed instructions and R code (that can be cut-and-
pasted in R) for converting the output binary file for use with the coda package
in R). The coda package can be used to obtain additional posterior summary
estimates, graphical plots, etc.

Example 7.1. Dippers - Model C/C

We once more consider the dipper data, described in Section 1.1. The pack-
age MARK contains the dipper data as an example data set. Note that for
the dipper data included in MARK, an additional covariate corresponding to
gender is also recorded, so that there are two groups of the recapture and
survival parameters, corresponding to these groups. We assume homogeneous
model parameters over gender. The corresponding PIMs for the model C/C
are provided in Section 3.6.1, where we simply set the PIM corresponding
to the survival and recapture parameters to be the same for each group (i.e.
gender).

Using the default settings for the MCMC iterations the simulations are run
for a total of 15,000 iterations, with the first 4000 iterations used to perform
the pilot tuning; the next 1000 iterations are used as burn-in (no posterior
samples can be used during the pilot tuning stage or burn-in period). The
posterior summary estimates are then obtained from the final 10,000 iterations
of the MCMC algorithm.

The summary output file from MARK is automatically opened (as a .TMP
file that typically opens in Notepad). This output file can then be saved.
We present a sample from the output file here, but additional information,
such as the input parameter values used, are also included in this output. In
particular, posterior estimates of the demographic parameters and parameters
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on the link function (logit function in this case) are outputted. For example,
for the parameters on the link function we obtain the results below:

LOGIT Link Function Parameters of {C/C}

Parameter Mean Standard Dev. Median Mode Jumps (%) Jump Size
1:Phi 0.2516602  0.1022698 0.2500919 0.2458287  57.9 0.15190
2:p 2.1858579  0.3113999 2.1704407 2.1503734 29.8 1.17098

The first column provides the parameter and columns 2 through 5 the pos-
terior summary estimates (mean, standard deviation, median and mode). The
penultimate column provides the proportion of MH updates accepted and the
final column the (updated) normal proposal standard deviation used following
the tune-in period of the Markov chain (i.e. these are the pilot tuned values).

Of further interest are the parameter estimates of the survival and recapture
parameters. These are also outputted below those for the parameters in the
link function. For the above simulation these are:

Real Function Parameters of {C/C}

Parameter Mean Standard Dev. Median Mode
1:Phi 0.5623160 0.0251749 0.5628134 0.5635279
2:p 0.8951465 0.0296459 0.8976971 0.9100282

Parameter 2.5th Percntile 5th Percntile 10th Percntile 20th Percntile

1:Phi 0.5111098 0.5202796 0.5300319 0.5409107
2:p 0.8300242 0.8433405 0.8559984 0.8715489

Parameter 80th Percntile 90th Percntile 95th Percntile 97.5th Percntile

1:Phi 0.5834665 0.5947611 0.6037405 0.6104707
2:p 0.9206446 0.9309148 0.9389251 0.9451724

These are the posterior mean, standard deviation, median, mode and (2.5, 5,
10, 20, 80, 90, 95, 97.5) percentiles for the survival and recapture probabilities
(note that the percentiles are also presented for the link functions, but these
are omitted for brevity).

Finally, we can use the R code provided in MARK to convert the binary
output file into a format for using the package coda in R. This permits us to
obtain trace plots, autocorrelation plots, additional posterior summary esti-
mates, etc. Note that the MCMC values outputted relate only to those post
burn-in. For example, the function HPDinterval provides the highest poste-
rior density interval (HPDI) (see Section 4.4). The 95% HPDI for p and ¢ are
returned as (0.845,0.950) and (0.514,0.608), respectively. Comparing these
with the 95% symmetric credible interval obtained from the MARK output,
we note that they are very similar. This is as a result of the marginal posterior
distributions for the parameters being largely symmetrical in shape.

O
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The MCMC simulations within MARK are very fast to perform and can be
implemented without intricate knowledge of underlying MCMC algorithms
themselves. However, as with most computer packages designed to perform
particular analyses, there are limitations. For example, the prior specifica-
tion is restricted to normal distributions (or an unbounded uniform prior)
on the parameters of the link function, and can only be performed when the
likelihood function can be explicitly calculated. The set of possible models
in MARK (with defined likelihood) is extensive (including, for example, for
capture-recapture data, ring-recovery data, closed populations and multi-state
data), however, the MCMC simulations are limited to the standard models in
MARK.

7.4 R code (RJIMCMUC) for Model Uncertainty

We illustrate R code for RIMCMC through variable selection for the white
stork application of Exercise 3.5 and discussed in Example 6.4. The matching
MCMC analysis for a fixed model where the survival probability is logistically
regressed on a single covariate is given in Section B.5 of Appendix B. The set
of possible covariates we consider corresponds to the rainfall at 10 different
locations. For the model which includes all the covariates, we set,

10

logit ¢y = By + Z Bicovi ¢,

i=1

where cov;; corresponds to the i*" (normalised) covariate value at time ¢.
Allowing for all possible combinations of covariates to be present in the model,
there are a total of 219 = 1024 possible models.

We present the code in sections, relating to the different parts of the RJM-
CMC algorithm.

7.4.1 Main Code

The basis of the RIMCMC code is very similar to that of the standard MCMC
algorithm, with an additional subroutine for performing the RJ step. However,
there are also additional minor coding issues that need to be addressed. We
consider three distinct parts of the main code: reading in of the data and
specification of the prior parameter value, the (RJ)MCMC iterations, and
outputting the results.

Part I: Reading in the Data and Prior Parameter Values

The reading in of the capture-recapture m-array and its dimensions is the same
as given in Figure B.3 of Appendix B. Thus we omit these from the code given
in Figure 7.12, which defines the function, storkcodeRJ, and reads in the data
values.

The number of possible covariates (ncov) is defined to be 10, so that the
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HHEFHHR R R RS
# Define the function with input parameters:
# nt - number of iterations; nburn - burn-in

storkcodeRJ <- function(nt,nburn){

# nparam = maximum number of parameters
# ncov = maximum number of covariates

nparam = 12
ncov = 10

# Read in the covariate values:

cov <- matrix(c(
0.73,-0.70, 0.61, 0.79, 1
0.41, 0.82,-0.23, 2.04, 0.27,
0.84, 2.44, 0.03, 1.04, O

1 .28, 1.75, 0.17,-0.73,

1 .

0
-0.24, 0.86, 1.77,-0.15,-0.41, 0.79,-

0

0

1

.32, 0
.13, 1.89,-0.27,

0
0
0. 0

0.40, 0.93, 0.79, 0.74,
0.72,-0.33, 0.41,-0.01, 0.42,-0.50,-0.45,-0.52,-0.92, 0.44,
-0.49,-0.31,-0.13,-0.48, 1.30,-0.77, 1.45,-0.02, 0.13, 0.05,
-0.55,-0.12,-1.10, 1.72, 0.66,-1.56,-0.06, 0.02, 0.07, 3.22,
-1.64, 0.27, 1.38,-0.83,-0.07,-1.21, 1.35,-0.91,-0.01,-0.47,
1.12, 0.96, 0.02,-0.02,-0.16, 0.80,-0.98, 1.20,-0.13, 0.09,
-0.22, 0.19, 0.58, 0.14,-0.23, 1.08, 0.86, 0.61, 1.11,-0.70,
-0.40,-1.54, 1.22,-0.71, 0.09,-0.44,-1.22, 0.20, 0.01,-0.07,
0.94,-1.26,-1.57, 0.50, 0.40,-1.43, 1.23, 0.29, 1.38,-1.02,
1.52,-0.72, 0.32,

-2.45, 0.46,-1.82,-0.62,-2.76,-0.65, 0.03,-
1.00,-0.91,-0.563,-0.88,-0.06, 0.09,-0.34,-0.62,-1.48,-0.70,
-0.32, 0.09,-0.16,-1.00, 0.21, 0.40,-1.05,-0.15, 0.33,-0.84,
0.55,-0.93,-0.48,-1.52,-1.55,-0.11,-1.94,-2.10,-1.81,-0.36),
nrow=16,byrow=T)

probmodel <- array(O,nparam”2)
model <- array(0,dim=c(nparam”2,ncov))

Figure 7.12 (Partial) R code for the RIMCMC algorithm relating to the white
storks.

total number of possible parameters (nparam) is equal to 12, corresponding
to pand B = {0o,...,010}- We read the set of covariate values into the array
cov. The (i, )" element of cov corresponds to the amount of rainfall in year
i at weather station j. The covariate values have already been normalised per
region (i.e. for the columns of cov).

We define two arrays, probmodel, which will be used to calculate the pos-
terior probability for each model, and model, which will be used as a model
identifier (i.e. it will identify which covariates are present in the model, for
each possible model). These two arrays are defined to simplify the calcula-
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tion of the posterior model probabilities and in identifying the corresponding
model.

We need to specify the priors for each of the parameters. The correspond-
ing R code for this and the proposal parameters for the RIMCMC algorithm
are given in Figure 7.12. Note that the prior for p is specified as before (i.e.
p ~ Beta(ay, Bp)), and omitted from Figure 7.13 for brevity. We consider inde-
pendent normal priors on each regression coefficient parameter. In particular
we specify, 3; ~ N(u;,0?), for i =0,...,10, independently of each other. The
values for y; are read in to mu, and for o2 into sig2. For this example, we set
wi =0 and o2 = 0.5 for i = 0,...,10. Finally, for the prior specification, we
define the vector sig to be the prior standard deviations (by taking the square
root of the prior variance terms in sig2). In the case of model uncertainty, we
also need to specify a prior on each possible model. We do this by specifying
the (independent) marginal prior probability that each regression coefficient
(Bo, - - -, B10) is present in the model. These are read into the vector prob. Note
that the first element of prob, corresponding to the prior probability that the
intercept term, [y, is non-zero is equal to 1. In other words, we always assume
that Gy is present in the model. (This could be relaxed by changing this prior
probability). All other 3 terms are present with probability 1/2.

Following the specification of the prior, we set the proposal parameters in
the MH and RJ steps. The vector delta corresponds to the proposal parame-
ters for the MH step; and rjmu and rjsig2 (or rjsig) the proposal parameters
for the RJ step. We use a single-update MH step with uniform proposal dis-
tribution for each parameter. For the parameter p, we propose a candidate
value uniformly within £0.05 of the current value; for each regression coeffi-
cient, we propose a candidate value uniformly within £0.1, given the values
set for delta. This is the same updating algorithm used in Example 5.7 for
the white stork data, but now we allow for more than a single covariate value,
a straightforward extension of the given algorithm. Finally, we read in the
proposal parameters for the RJ step. In particular, within the RJ step, if we
propose to add in the parameter (3; to the model, we propose the candidate
value,

Bi ~ N (i, 7).
The values for o, .. ., 110 are represented by the vector rjmu; and o, ..., 0%,
by the vector rjsig2. Note that we have specified the RJ proposal means
and variances to include the proposal parameters corresponding to [y, for
generality, even though for our model, we assume that this intercept term is
always present.

Part II: RIMCMC' Simulations

The second part of the R code given in Figure 7.14 performs the RIMCMC
iterations for the given problem. As usual this begins with specifying the initial
values for each of the parameters, placing them in the vector param. The first
element of param corresponds to p, while the i** element corresponds to the
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# Read in priors and proposal parameter values for MH and RJ steps

# Normal priors (mean and variance) on regression coefficients:

mu <- ¢(0,0,0,0,0,0,0,0,0,0,0)
sig2 <- ¢(10,10,10,10,10,10,10,10,10,10,10)
sig <- sqrt(sig2)

# Specify independent prior probabilities on each
# regression coefficient being present (including beta_0):
# We specify with probability 1 that the intercept beta_0O is present.

prob <- ¢(1,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5)
# Parameters for MH updates (uniform random walk)
delta <- ¢(0.05,0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1)

# Parameters for RJ updates for beta_0O to beta_10
# (Normal proposal distribution)

rjmu <- <¢(0,0,0,0,0,0,0,0,0,0,0)
rjsig2 <- ¢(0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5)
rjsig <- sqrt(rjsig2)

Figure 7.13 R code providing the prior parameter values for 3 and the MH and
RJ step proposal parameters, relating to the white stork.

parameter 3;_o for ¢ = 2,...,12. Thus, for this example, we set the initial
parameter values,

p=20.9; Bo =0.7; B4 =0.3; B; =0fori=1,2,3,5,...,10.

Note that these initial parameter values also implicitly set the initial model,
in terms of the covariate dependence on the survival rate. In particular, the
non-zero elements of param correspond to the parameters that are present in
the model. Conversely, the elements of param set equal to zero correspond
to the parameters that are not present in the model. Thus, in this exam-
ple, we have the model p/¢(4), i.e. a constant recapture probability and the
survival probability as a function of the intercept term (8p) and covariate
4 (with corresponding parameter ;). We always assume that the intercept
term is present and so do not include this in the model notation. Note that
the first element of param (i.e. p) is always non-zero, and more specifically,
in the interval [0, 1]. In addition, we always assume an intercept term [, so
that the second element of param is also non-zero. We also define the vectors
probparam, suml and sum2, which will be used to calculate posterior model
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Y
# Set initial parameter values and calculate log-likelihood

param <- ¢(0.9,0.7,0,0,0,0.3,0,0,0,0,0,0)

probparam <- array(O,nparam)

suml <- array(0,nparam)

sum2 <- array(0,nparam)

likhood <- calclikhood(ni, nj, data, param, nparam, cov, Ncov)
output <- dim(nparam+1)

# RIMCMC updates: cycle through each iteration:
for (t in 1:nt){

# Update the parameters in the model using function "updateparam",
# setting parameter and log-likelihood values to current states:

output <- updateparam(nparam, param, ncov, cov, ni, nj,
data, likhood, alphap, betap, mu, sig, delta)

param <- output[1:nparam]

likhood <- output[nparam+1]

# Update the covariates in the model using function "updatemodel",
# setting parameter and log-likelihood values to current states:

output <- updatemodel(nparam, param, ncov, cov, ni, nj,
data, likhood, mu, sig, prob, rjmu, rjsig)

param <- output[1:nparam]

likhood <- output[nparam+1]

# To calculate what model the chain is in:
bin <- calcmodel(ncov,param)

# Record the set of parameter values:
for (i in 1:nparam) {

itns[t,i] <- param[i]

}

Figure 7.14 R code specifying the initial parameter values and performing the
RJMCMC iterations.

probabilities and (model-averaged) posterior means and variances of the pa-
rameters (conditional on the parameter being present in the model).

We include the standard loop over the number of iterations to be performed.
We call the function updateparam which performs the MH updating of the
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parameters. The additional function, updatemodel, performs the RJ step,
updating the model. As usual, after each of these functions, we set param to
be the updated parameter values, and likhood to be the corresponding log-
likelihood evaluated at these values. We add in another command following the
RJ step, where we call the new function calcmodel. This function calculates
the model number and is placed into bin, where the models are numbered
from 1,...,1024 (see Section 7.4.4).

Part III: Outputting the Results

Following the completion of the loop over the number of iterations, we can cal-
culate posterior summary statistics of interest from the set of stored parameter
values in itns. The corresponding R code is given in Figure 7.15. Conditional
on a parameter being present in the model, we calculate the sum of each
parameter value, suml, and the sum of the square of the parameter value,
sum2, in order to calculate the posterior model-averaged mean and variance.
In addition, we record the number of times that each parameter is non-zero
in probparan (in order to calculate the marginal posterior probability of each
covariate being present). Recall that a non-zero parameter value corresponds
to the parameter being present in the model, whereas if the parameter value
is zero, the parameter is not present in the model. The model indicator has
already been stored in bin, and so at the end of each iteration, we increase
the number of times the chain has visited the model bin by 1, storing this in
the vector probmodel. Finally, for ease of interpretation when outputting the
results, we keep a record of the presence or absence of each regression coef-
ficient (i, ..., 010 for each model. This only needs to be calculated the first
time the model is visited within the Markov chain, and is stored in model.
For example, for the model defined for ¢ from the initial parameter value, i.e.
@#(4) (survival probability only dependent on covariate 4), the corresponding
value for model would be,

00010000O0O.

As we assume that the intercept, Gy is always present we do not include this
within the model array. However, if we considered model uncertainty on [y,
we simply extend the array model with an additional column at the beginning
indicating a 0/1, corresponding to whether 3y is absent/present in the model.

Figure 7.16 provides the final R commands for the code, outputting the
posterior summary statistics and the set of simulated parameter values in
itns. The posterior (model-averaged) mean (mn) and standard deviation (std)
of the regression coefficients are calculated, conditional on the parameter being
present in the model. For example, for the posterior mean, we simply calculate
the sample mean, conditional on the parameter being present in the model.
This is simply the sum of the parameter values (conditional on the parameter
being present in the model, and denoted by sum1[i]), divided by the number
of times the chain is in the model (probparam[i]), for ¢ = 1,...,nparam.
Similarly, we estimate the posterior standard deviation by the sample standard
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IR
# To calculate posterior marginal probability.

if (¢t >= (aburn+1)) {
for (i in 1l:nparam) {
if (param[i] != 0) {
suml[i] <- sum1[i] + param[i]
sum2[i] <- sum2[i] + param[i]~2
probparam[i] <- probparam[i] + 1
}
}
probmodel[bin] <- probmodel[bin] + 1

# To update the model probability and record the model:

if (probmodel[bin] == 1) {
for (i in 1:ncov) {
if (param[i+2] != 0) {
model [bin,i] <- 1
}

Figure 7.15 R code for obtaining summary statistics of interest, including posterior
means, variances and model probabilities.

deviation. However, for ease of calculation we use the following (analogous)
functional form for calculating the sample standard deviation, but taking into
account that we are conditioning on the parameter being present in the model.
Generally, for the parameter, 6, say, the sample standard deviation is given
by,

s= ni . (Z(Gt)Q - n§2> (7.1)

t=1

where 6% denotes the value of the parameter 6 at iteration k (post-burn-
in), and (6) denotes the sample mean of these 6 values. Note that for the
regression coefficients we consider the posterior mean and standard deviation
of the parameter values conditional on them being present in the model (i.e.
non-zero).

For each possible parameter, we use the cat command to print to the screen
the corresponding posterior probability that the parameter is in the model,
and the corresponding posterior (model-averaged) mean and standard devia-
tion (conditional on the parameter being present in the model). Finally, we
print the representation of the model and the corresponding posterior proba-
bility. The models are represented by a series of 0’s and 1’s, denoting which
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I
# Calculate posterior mean and standard deviation of each parameter
# (conditional on being present in the model)

for (i in 1:nparam) {
mn[i] <- suml[i]/probparam[i]
std[i] <- sqrt((sum2[i] - probparam[i]*mn[i]~2)/(probparam[i]-1))

# Output the posterior mean and standard deviation of the parameters
# following burn-in to the screen:

cat("Estimates for parameters, conditional on being present:","\n")
Cat(ll\nll)

cat("mean(SD)", "\n")

cat("P: |l, l|\nll)

cat(mn[1], " (", std[1], ")", "\n")

for (i in 2:nparam) {

cat("\n")
cat("beta_", (i-2), " Prob:", probparam[i]/(nt-nburn), "\n")
if (probparam[i] != 0) {
cat(mn[i], " (", stdl[il, "™)", "\n")
}
}
cat("\n")
cat("Overall model Posterior probability")
cat("\n")

for (i in 1:(2"ncov)) {
if ((probmodel[i]/(nt-nburn)) >= 0.01) {
cat (model[i,], " : ", probmodel[i]/(nt-nburn), "\n")
}

# Output the sample from the posterior distribution:

itns

}

Figure 7.16 R code for outputting the posterior summary statistics of interest, in-
cluding the model-averaged posterior mean and standard deviation of each parame-
ter (conditional on being present in the model), marginal posterior model probability
for each parameter and finally the posterior probability of each model.

covariates are present in the model. As the number of possible models is fairly
large (1024), we only print out those models that have a posterior probability
equal to or greater than 0.01.

© 2010 by Taylor and Francis Group, LLC



R CODE (RJIMCMC) FOR MODEL UNCERTAINTY 221
7.4.2 Subroutine — Calculating Log-Likelihood Function — calclikhood

The calculation of the log-likelihood is given in Figure 7.17, and is very similar
to the log-likelihood given in Figure B.7 (in Appendix B), where there is only
a single covariate for the white stork data. Recall that if the covariate is not
in the model, the corresponding regression coefficient is equal to zero, and
so does not contribute to the calculation of expr. The survival probability is
then calculated by taking the inverse of the logit function of expr, i.e.

1

hi[i] = logit™'(expr) = ———.
2 git~ " (expr) T+ oxp(—expr)
The remainder of the log-likelihood, given the specification of the recapture
and survival probabilities is given in Figure 7.4, and hence is omitted for
brevity. However, we note that we add an additional input parameter ncov
to the function as an additional argument (corresponding to the number of

possible covariates).

I
# This function calculates the log-likelihood of capture-recapture data

calclikhood <- function(ni, nj, data, param, nparam, cov, ncov){

# Set the recapture/survival probabilities for each year of the study:

for (i in 1:nj) {
expr <- sum(param[2],param[3:nparam]*cov[i,1:ncov])
phili] <- 1/(1+exp(-expr))

pli] <- param[1]

Figure 7.17 R code for calculating the log-likelihood function for a logistic lin-
ear regression for the survival probabilities. The remainder of the log-likelihood is
already given in Figure 7.4, and is omitted for brevity.

7.4.8 Subroutine — MH Updating Algorithm — updateparam

The MH subroutine only updates the parameters that are in the current model.
The easiest way to implement this is to cycle through all parameters (as usual),
but add in a condition statement (i.e. if command) that the parameter is only
updated if it is non-zero (and hence present in the model). The corresponding
R commands to implement this are illustrated in Figure 7.18 using the if
statement. The updating of a parameter (conditional on the model) is standard
(see Figure B.8 in Appendix B for the single covariate case) and so is omitted
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IR
# MH updating step:

updateparam <- function(nparam, param, ncov, cov, ni, nj, data,
likhood, alphap, betap, mu, sig, delta){

# Cycle through each parameter in turn and propose to update using
# random walk MH with uniform proposal density:

for (i in 1:nparam) {
# Update the parameter if present in model (i.e. not equal to zero)

if (param[i] != 0) {

Figure 7.18 R code for the MH updating step, in the presence of model uncertainty,
so that only the parameters in the model are updated within the step (i.e. all non-
zero parameters). The remainder of the MH step is analogous to that presented in
Figure B.8.

for brevity. Note that, as for the subroutine calclikhood, we do need to
include ncov in the argument of the subroutine updateparam.

7.4.4 Subroutine — Model Identification — calcmodel

Within the RIMCMC code, it is convenient to label the possible models from
1,...,1024 in some manner. The easiest way to do this is to express the model
using binary form, and then calculate the corresponding numerical interpre-
tation of the binary digits plus 1. For each covariate, i = 1,...,10, we set the
it" binary digit to be equal to 0 if the covariate is absent; or 1 if the covari-
ate is present. For example, for the model where the survival probability is
dependent on covariates 2 and 4, i.e. ¢(2,4), the binary form is given by,

010100000 O0.

This is the same model identification scheme as used in WinBUGS (see Section
7.5). The corresponding numerical interpretation of this model (with units as
the left-hand-most element) is given as 6. Thus the model number is 6+1 = 7.
In other words, if we let y; denote the i*" binary element (corresponding to
the i*" covariate), the corresponding model number is calculated as,

10
1+ g2
=1
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We need to include the 1 to correspond to the model with no covariates
present. If we omit this 1, then this model has model number 0, so that if
we visit this model within the RIMCMC simulations, we try to update the
parameter probparam[0], and R will return an error message as elements of
vectors and matrices have to be a positive integer. The function in R that
performs the calculation of the model identifying number is given in Figure
7.19, and follows the ideas above. However, in the calculation of the model
number, we identify whether each covariate is in the model by determining
whether the corresponding regression coefficient is non-zero.

IR
# Function for calculating the model (uses form of binary conversion)

calcmodel <- function(ncov,param){
bin <- 1

for (i in 1:ncov) {
if (param[i+2] !'= 0) {
bin <- bin + 2°(i-1)
}
}

# Output model number (as binary conversion)

bin

}

Figure 7.19 R code for identifying the corresponding model number given the pa-
rameter values.

7.4.5 Subroutine — RJ Updating Algorithm — updatemodel

Finally we consider the RJ subroutine that performs the updating of the model
within each iteration of the Markov chain. The RJ updating step is described
in Example 6.4. The corresponding R code that implements the RJ step is
given in Figure 7.20.

We begin by randomly selecting a parameter to be updated: we randomly
sample from the set of integers, 3,...,12 using the function sample. This cor-
responds to sampling from a discrete uniform distribution. (Note that if we
wished to perform model selection on the intercept term we would simulate
from the set of integers 2,...,12). We let the sampled value be equal to r. We
propose to add the rth parameter to the model if it is absent (i.e. param[r] =
0), or remove the parameter from the model if it is present (i.e. param[r] #
0), but also keeping a record of the current value in oldparam. If we propose
to add the parameter (i.e. add the corresponding covariate dependence to the

© 2010 by Taylor and Francis Group, LLC



224

MCMC AND RJIMCMC COMPUTER PROGRAMS

Y
# Function for updating the model:

updatemodel <- function(nparam, param, ncov, cov, ni, nj, data,

likhood, mu, sig, prob, rjmu, rjsig){

# Propose parameter to be added/removed and record current value
# If covariate is not in model, propose candidate value (normal)

r <- sample(3:12,1)
oldparam <- param[r]
if (param[r] == 0) {
param[r] <- rnorm(1, rjmulr-1], rjsiglr-1])

}
else {

param[r] <- 0

# Calculate the acceptance probability:

newlikhood <- calclikhood(ni, nj, data, param, nparam, cov, ncov)

if (param[r] !'= 0) {

num
den

num
den

else {
num
den

num
den

}

newlikhood + log(dnorm(param([r],mulr-1],sig[r-1]))
likhood + log(dnorm(param[r],rjmulr-1],rjsiglr-11))

num + log(prob[r-1]) # Prior for covariate present
den + log(l-prob[r-1]) # Prior for covariate absent
newlikhood + log(dnorm(oldparam,rjmul[r-1],rjsiglr-11))

likhood + log(dnorm(oldparam,mul[r-1],sig[r-1]))

num + log(l-prob[r-1]) # Prior for covariate absent
den + log(prob[r-1]) # Prior for covariate present

# Acceptance probability of RJ step:

A <- min(1,exp(num-den))

u <- runif(1)

if (u <= A) { likhood <- newlikhood }
else { param[r] <- oldparam }

output <- c(param, likhood)

output

Figure 7.20 R function for performing the RJ step for the white stork data.
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model), we simulate a new proposed parameter value from a normal distrib-
ution with mean mu[r-1] and standard deviation rjsig[r-1]. The indexing
of the reversible jump proposal parameters, mu and rjsig, are both r-1, since
we do not have any reversible jump proposal parameters for param[1] (i.e. p).
Otherwise, if the corresponding covariate dependence is present (param[r] #
0), we set the new proposed parameter value to be equal to zero (and hence
effectively remove the covariate dependency).

To perform the accept/reject step, we calculate the corresponding accep-
tance probability. This involves combining the likelihood, prior and proposal
terms. See Example 6.4 for the derivation and an explicit expression of the
acceptance probability. In summary, when we propose to add the parameter,
the logarithm of the numerator of the acceptance probability (num) is the sum
of the log-likelihood of the proposed model (newlikhood), log prior probabil-
ity of the covariate being present (prob[r-1]) and log prior density for the
proposed parameter value (normal distribution). The logarithm of the denomi-
nator (den) is the sum of the log-likelihood of the current model (1ikhood), log
prior probability that the covariate is not present in the model (1-prob[r-1])
and log proposal distribution for the proposed parameter (normal distribu-
tion). All other terms cancel and so are omitted for brevity. The acceptance
probability for the reverse move, where we propose to remove the covariate
dependence (i.e. propose the value param[r] = 0) is calculated analogously.
The acceptance or rejection of the proposed model move, and correspond-
ing parameter values, follows in the same manner as for the standard MH
algorithm.

7.4.6 Running the White Stork RIMCMC Code

We run the above code in R for 50,000 iterations, which took approximately
20 minutes on a 1.8-GHz machine; this is substantially longer than earlier
MCMC runs. From looking at trace plots of the parameters, we judge that
convergence appears to be very fast, and so we use a conservative burn-in of
5000 iterations. The R command used to run the code, and the corresponding
output obtained for the given simulations are provided in Figure 7.21.

We note again the excessive number of decimal places in the output. Inde-
pendent replications of the simulations produced posterior estimates a maxi-
mum of 4+ 0.01 of the posterior estimates given above, so that we assume that
the parameter estimates have sufficiently converged.

The first set of output provides the (marginal) posterior probability that
each parameter is in the model and the corresponding model-averaged pos-
terior mean and standard deviation of the model parameters, conditional on
being in the model. There appears to be strong evidence (Bayes factor of 61)
that the survival probability is dependent on covariate 4 (corresponding to the
rainfall at weather station Kita). Conversely, there is evidence that survival
probability is not related to any other covariate, with a posterior probability
of at most 10% of a relationship being present.
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> storkrj <- storkcodeRJ(50000,5000)
Posterior summary estimates for each parameter, conditional on being
present:

mean (SD)
p: 0.9119767 ( 0.01456911 )
beta_ O Prob: 1 0.6864585 ( 0.07285264 )
beta_ 1 Prob: 0.05511111  0.1090567 ( 0.09721590 )
beta_ 2 Prob: 0.03471111 -0.0015191 ( 0.09045799 )
beta_ 3 Prob: 0.02151111  0.0344788 ( 0.08002865 )
beta_ 4 Prob: 0.9839556 0.3635855 ( 0.09541476 )
beta_ 5 Prob: 0.08615556 -0.1543375 ( 0.10377240 )
beta_ 6 Prob: 0.1033333 0.1329554 ( 0.08613963 )
beta_ 7 Prob: 0.03777778 -0.0801619 ( 0.08534941 )
beta_ 8 Prob: 0.05297778  0.0953845 ( 0.12908070 )
beta_ 9 Prob: 0.04055556  0.0872423 ( 0.09563914 )
beta_ 10 Prob: 0.0648 -0.1074937 ( 0.09118234 )
Overall model Posterior probability
0001000000 0.6568889
0001000010 0.02446667
1001000000 0.0308
0001010000 0.08393333
0101000000 0.0256
0001000100 0.03228889
0011000000 0.0146
0001100000 0.05902222
0001001000 0.02497778
0001000100 0.03228889

Figure 7.21 R output for the white stork data set where there is uncertainty with
respect to the covariate dependence on the survival probability.

The second part of the output provides the posterior model probability for
the overall model, in terms of the dependence of the survival probability on
the set of covariates. The model with largest posterior support (66%) has the
survival probability dependent on the single covariate, labelled 4. The corre-
sponding model-averaged mean (and standard deviation) of the corresponding
regression coefficient for this covariate (i.e. 84) is 0.364 (0.095). Thus there is
evidence of a positive relationship between the survival probability and rainfall
at the given weather station (Kita).

7.5 WinBUGS Code (RIMCMC) for Model Uncertainty

We now consider how to perform a RJIMCMC analysis in WinBUGS, once
again using the white stork data set as an illustration. The corresponding Win-
BUGS code for the fixed model where the survival probability is regressed on
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a single covariate is provided in Example C.2 of Appendix C. The RIMCMC
algorithm has recently been incorporated into WinBUGS, as an additional
add-on called Jump (Lunn et al. 2006, 2009); see Section C.1.2 (in Appendix
C) for further information on how to download this add-on package. However,
currently this RIMCMC algorithm is only possible for two situations, namely
for variable selection problems (i.e. covariate analyses) in the presence of ad-
ditional random effects and spline regressions. However, using the package
Jump to perform model selection for covariate analyses we need to assume a
random effects model for the covariates (see Section 8.5).

For the recapture probability, we assume a UJ0,1] prior. For the regres-
sion coefficients, we assume independent priors. Conditional on the parameter
being present in the model, we specify a N(0,10) prior on the parameter.
Within WinBUGS, a hierarchical prior (or random effects models, see Section
8.5) also needs to be specified on the survival probabilities. Thus we specify,

logit ¢ ~ N (g, 02),

where p; denotes the mean specified as a linear function of the covariates
present in the model, and 02 ~ I'"!(a,b). We initially consider the prior
parameters a = b = 0.001. Note that we conduct a prior sensitivity analysis
of these priors on the posterior distribution.

The specification of the model in terms of the likelihood and prior specifica-
tion on the recapture probability are provided in Figure C.5, in Appendix C,
assuming the survival probability is regressed on a single covariate. However,
these parts of the WinBUGS code remain the same for the case where there
is model uncertainty in terms of the covariates that the survival probabilities
are regressed on, and so are not repeated for brevity. We now consider the
specification of the survival probabilities and the additional reversible jump
step that are needed in WinBUGS for the case of model uncertainty. Techni-
cally in WinBUGS, the survival probabilities are modelled as in Figure 7.22.
The function jump.lin.pred specifies the linear predictors in the form of a
matrix X which contains the covariates, with the number of rows and number
of columns equal to the number of years and the number of covariates, respec-
tively. Note that the intercept is always included in the model so we do not
need to have a column of ones in this matrix to include an intercept.

The function jump.model.id allows the model configuration to be stored
efficiently in the variable id, which needs to be monitored in order to obtain
the posterior model probabilities (using the Jump menu). Parameter psi[i]
is a vector representing the current values of the linear predictor.

The number K in Figure 7.22 indexes the number of regression parameters
(excluding the intercept) in the model for a particular draw from the chain (i.e.
K is the dimension of the model). The indicator variable id indicates which
particular model is in a particular draw; for example, if id was 0001000000
that would indicate that the parameter 4, corresponding to an effect of rainfall
on survival at the Kita meteorological station, was in the model for that draw.

Finally, we need to specify the priors on the models. Without any prior
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B
# Cycle through each release time

for (i in 1:nj) A

# Set the (logit) link function for the survival probabilities
logit(phil[i]) <- mul[il]

# Specify the prior on the parameter (normal)
mu[i] ~ dnorm(psil[i],taueps)}

# Define the current values for the linear predictor term
psill:nj] <- jump.lin.pred(X[1:nj, 1:Q], K, beta.prec)

# Set the id function to identify the different models

id <- jump.model.id(psill:njl)

# Specify the prior on precision for the random effects (gamma) and
# different models (uniform) and set prior precision for beta terms

taueps ~ dgamma(0.001,0.001)
K ~ dbin(0.5, Q)
beta.prec <- 0.1

Figure 7.22 WinBUGS code for modelling the survival probabilities of storks as
a linear function of several covariates. Priors on the precision of the random effect
taueps, on the models K and on the precision of the regression parameters beta.prec
are also specified.

information, we specify equal prior probabilities for all models, in terms of
the inclusion/exclusion of each covariate. This equates to specifying a prior
probability of 0.5 that each covariate is in the model, independently of all
other covariates. In the Jump protocol, this is achieved by specifying a prior
distribution on K as in Figure 7.22.

Given the specification of the model we then read in the data and initial val-
ues. These are provided in Figures 7.2% and 7.24. The simulations are initially
run for 50,000 iterations, with a burn-in of 5000 iterations. The simulations
appear to converge very quickly within WinBUGS.

Posterior model probabilities can be calculated from the proportion of time
the chain visited each model of interest, as before. There appears to be a
single dominating model identified, corresponding to the survival probabil-
ity being regressed on only covariate 4 (posterior probability of 0.517). The
model ranked second, with a posterior probability of 0.080, has no covariate

© 2010 by Taylor and Francis Group, LLC



WINBUGS CODE (RJIMCMC) FOR MODEL UNCERTAINTY

HHHEHHEE
# Data set: white storks and covariate values

list(ni=16,nj=16,Q=10,m=structure(.Data = c(
19,2,0,0,0,0,0,0,0,0,0,0,0,0,0,0,5,

0,33,3,0,0,0,0,0,0,0,0,0,0,0,0,0,14,
0,0,35,4,0,0,0,0,0,0,0,0,0,0,0,0,14,
0,0,0,42,1,0,0,0,0,0,0,0,0,0,0,0,26,
0,0,0,0,42,1,0,0,0,0,0,0,0,0,0,0,30,
0,0,0,0,0,32,2,1,0,0,0,0,0,0,0,0,36,
0,0,0,0,0,0,46,2,0,0,0,0,0,0,0,0,16,
0,0,0,0,0,0,0,33,3,0,0,0,0,0,0,0,28,
0,0,0,0,0,0,0,0,44,2,0,0,0,0,0,0,20,
0,0,0,0,0,0,0,0,0,43,1,0,0,1,0,0,10,
0,0,0,0,0,0,0,0,0,0,34,1,0,0,0,0,25,
0,0,0,0,0,0,0,0,0,0,0,36,1,0,0,0,16,
0,0,0,0,0,0,0,0,0,0,0,0,27,2,0,0,22,
0,o0,0,0,0,0,0,0,0,0,0,0,0,22,0,0,16,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,15,1,17,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,15,8),.Dim =c(16,17)),

X=structure(.Data = c(
0.73,-0.70,0.61,0.79,1.38,1.60,0.28,1.75,0.17,-0.73,
0.41,0.82,-0.23,2.04,0.27,1.50,0.32,0.97,-0.81,0.28,
0.84,2.44,0.03,1.04,0.50,0.41,0.90,-0.13,1.89,-0.27,
-0.24,0.86,1.77,-0.15,-0.41,0.79,-0.40,0.93,0.79,0.74,
0.72,-0.33,0.41,-0.01,0.42,-0.50,-0.45,-0.52,-0.92,0.44,
-0.49,-0.31,-0.13,-0.48,1.30,-0.77,1.45,-0.02,0.13,0.05,
-0.55,-0.12,-1.10,1.72,0.66,-1.56,-0.06,0.02,0.07,3.22,
-1.64,0.27,1.38,-0.83,-0.07,-1.21,1.35,-0.91,-0.01,-0.47,
1.12,0.96,0.02,-0.02,-0.16,0.80,-0.98,1.20,-0.13,0.09,
-0.22,0.19,0.58,0.14,-0.23,1.08,0.86,0.61,1.11,-0.70,
-0.40,-1.54,1.22,-0.71,0.09,-0.44,-1.22,0.20,0.01,-0.07,
0.94,-1.26,-1.57,0.50,0.40,-1.43,1.23,0.29,1.38,-1.02,
-2.45,0.46,-1.82,-0.62,-2.76,-0.65,0.03,-1.52,-0.72,0.32,
1.00,-0.91,-0.53,-0.88,-0.06,0.09,-0.34,-0.62,-1.48,-0.70,
-0.32,0.09,-0.16,-1.00,0.21,0.40,-1.05,-0.15,0.33,-0.84,
0.55,-0.93,-0.48,-1.52,-1.55,-0.11,-1.94,-2.10,-1.81,-0.36),
.Dim = ¢(16,10)))

229

Figure 7.23 Example WinBUGS code of the data for the RIMCMC analysis of the
storks data set. Here m denotes the cell entries of the m-array with the final column
detailing the number of birds that are released in the given year and not observed

again, X the matrix of covariates values, and Q the number of covariates.

dependence, so that the posterior distribution of the underlying mean survival
probability (u:) is a constant. This corresponds to a Bayes factor of 6.46 in
favour of the top-ranked model compared to the second-ranked model. The
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R
# Initial values
list(taueps=0.01,K=0,p=0.5)

Figure 7.24 Example WinBUGS code for initial starting values for the RIMCMC
analysis of the storks data set, where taueps denotes the precision of the random
effect probability, K the index for the number of regression parameters and p the
recapture probability. Note that we start with no covariates in the model.

marginal posterior model probabilities given by WinBUGS are presented in
Table 7.1. There appears to be positive evidence that covariate 4 influences the
survival probability, but little evidence for the other covariates. It is possible
to plot the corresponding posterior distribution of the regression coeflicients.
Note that WinBUGS plots the posterior distribution as a mixture distribution,
which we do not recommend. One component corresponds to a point mass on
0 relating to the probability that the covariate is not in the model; the second
component is the posterior distribution of the parameter, conditional on the
covariate being present.

Table 7.1 The Marginal Posterior Probability of Inclusion of the Different Covari-
ates for the White Stork Data

Posterior
Covariate Probability of Presence

0.064
0.034
0.034
0.811
0.066
0.087
0.041
0.076
0.049
0.053

© 00~ O Tk Wi+

[
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In addition, the corresponding posterior mean (or median) of the random
effect variance is 0.056 (0.084). This estimate, coupled with the posterior prob-
abilities would suggest that there is little temporal heterogeneity that is not
explained by the covariates considered. Note that we assess this directly in
Section 8.5.

We now consider a prior sensitivity analysis. In particular, we decrease the
prior variances for each of the parameters and specify independent N(0,1)
priors on the regression coefficients present in the model (prior 2). The corre-
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Table 7.2 The Marginal Posterior Inclusion Probability of the Different Covariates
for the White Stork Data Using (a) N(0,1) Prior on Regression Coefficients and
T'~'(0.001,0.001) on ¢ — Prior 2; (b) N(0,10) Prior on Regression Coefficients and
''(3,2) on ¢ — Prior 3

Posterior Probability

Covariate Prior 2 Prior 3
1 0.159 0.089
2 0.108 0.063
3 0.102 0.060
4 0.893 0.260
5 0.202 0.064
6 0.209 0.091
7 0.121 0.064
8 0.169 0.111
9 0.144 0.071
10 0.143 0.062

sponding posterior marginal probabilities obtained within WinBUGS for each
covariate is given in Table 7.2. Clearly, we can see that the majority of co-
variates have an increased posterior probability of being present (see Section
6.4 for a discussion of this). The posterior mean (and standard deviation) of
02 is 0.048 (0.071), similar to the results obtained with the first prior. Alter-
natively, we change the prior on the o2, and specify, 02 ~ I'"1(3,2), (so that
02 has a prior mean and variance equal to one), and retain the N (0, 10) prior
on the regression coefficients (prior 3). The corresponding marginal posterior
probability for each covariate is presented in Table 7.2. It is interesting that
although the priors on the regression coefficients of the covariates have not
changed, the change in the prior variance for o2 has significantly decreased
the posterior probability that covariate 4 influences the survival probability.
Essentially this is a direct result of inflating the posterior distribution of 2.
The posterior mean (and standard deviation) of o2 is 0.400 (0.157), appre-
ciably higher than the posterior mean in the initial simulation. Since this
prior results in a larger variance on the survival probabilities, this explains
the temporal heterogeneity instead of the covariates themselves.

7.6 Summary

The computer programs illustrated in this chapter and in Appendices B and
C may be readily adapted for use in other capture-recapture-recovery data
analyses. We see from the illustrations in this chapter and Appendices B and
C the relative simplicity of WinBUGS compared with R, for those cases where
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we can use WinBUGS. However, programming in R, especially for RIMCMC
analyses, provides complete control and flexibility.

7.7 Further Reading

For a general introduction into the statistical package R, Crawley (2007) pro-
vides a very good overview. In addition, the R Web site given in Section B.1 of
Appendix B provides useful documentation for the computer package, includ-
ing an introductory manual for R and references. However, more specifically,
there are a number of recently published books that include the use of R for
performing Bayesian analyses, such as Rizzo (2007) and Bolker (2008) (for
ecological examples). In particular, Rizzo (2007) provides a good and concise
overview of the R language and many of the main principles relating to MCMC.
For example, the book includes a description of the statistical distributions,
the simulation of random numbers from different distributions (both the the-
ory and the commands in R; see also Morgan 1984), and the MH algorithm
and Gibbs sampler, including associated R code for a number of examples. In
addition, the book by Albert (2007) discusses how Bayesian analyses can be
performed within R using the LearnBayes package for performing the MCMC
updates, and which is available via a link from the R Web site. In particu-
lar, this package includes two functions for performing MH updates (random
walk normal proposal; and an independent sampler). Additional packages in
R also include (amongst others), MCMCpack (which performs Bayesian infer-
ence for a number of different models) and memc (performs MH algorithm
using a random walk multivariate normal proposal distribution for continu-
ous parameters). Kerman and Gelman (2006) discuss two further R packages:
Umacs (Universal Markov chain sampler) and rv (random variable) that are
ongoing packages being developed to perform different aspects of Bayesian in-
ference. Additional packages may also be useful for post-processing the data.
For example, the packages boa and coda provide convergence diagnostic tools,
functions for summarising posterior output and graphical tools. For further
details of these, and additional, see the R Web site.

The WinBUGS Web site provides useful documentation for the computer
package, including a tutorial illustrating the various steps of a simple Bayesian
analysis using MCMC simulations, as well as additional resources such as
courses, tutorial material, book references and Web links. There are also a
number of recently published books that include the use of WinBUGS for
performing Bayesian analyses, such as Congdon (2003, 2006), Gelman and
Hill (2007) and McCarthy (2007) for ecological examples.

In particular, McCarthy (2007) provides a good introduction to WinBUGS
for ecologists using standard generalised linear models (linear and logistic re-
gressions, ANOVA, ANCOVA and contingency tables) for analysing data. The
book also includes several case studies, with a chapter on capture-recapture
analysis using the dipper data, and an illustration of the use of prior infor-
mation. The book by Gelman and Hill (2007) provides an extensive overview
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of hierarchical models, including associated WinBUGS code for a number of
examples. This book also provides useful guidelines for reparameterising mod-
els to improve the convergence and useful advice on how to debug WinBUGS
code.

WinBUGS can be called from other programs such as R (see Section C.2 in
Appendix C), SAS, Stata, MATLAB and GenStat. This may help in reading
data or displaying the results using specific features of these programs. Note
also that we use BUGS for Windows, but BUGS can also be run in other
operating systems such as Linux or Macintosh. WinBUGS also has additional
features, such as an add-on called GeoBUGS that allows fitting spatial models
and building maps using Geographical Information System tools. There are
also two further tools for advanced users: the WinBUGS Development Inter-
face (WBDev) allows one to implement specialised functions and distributions
through coding in the programming language Component Pascal. This makes
the execution faster and more flexible than the built-in WinBUGS functions.
The WinBUGS Differential Interface (WBDIff) allows one to solve systems
of ordinary differential equations. For further details, see the WinBUGS Web
site.

Additional R and WinBUGS examples are provided on the book’s Web site;
for example, for ring-recovery data (provided for the UK lapwing dataset).
In some cases MCMC codes are written in a higher-level language (such as
C/C++ or Fortran). The MCMC codes written in these higher-level languages
are often significantly faster to run. However, to write programs in these lan-
guages requires additional coding skills, particularly without the standard
built-in random number generator functions provided in R.

7.8 Exercises

7.1 Use the Help command in R to explore the use of the plot function for
producing graphics (for example, determine what the arguments xlab,
ylab, x1im, ylim, main, type and col do).

7.2 Use the help.search command to search for the autocorrelation function
in R. Determine the command for outputting the values of the autocorre-
lation function to the screen for lags 1,...,40, and also for producing the
corresponding autocorrelation function plot.

7.3 Write an MCMC code in R for ring-recovery data with general m-array,
with constant survival and recovery probabilities, using a single-update
MH algorithm.

(a) Run the code for the lapwing data presented in Table 2.2. Plot the
corresponding posterior density estimates.

(b) Adapt the code, such that the parameters are simultaneously updated
within each iteration of the MCMC algorithm (i.e. using a block up-
date). Suggest an efficient proposal distribution for the block MH step
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(note that considering the posterior distribution obtained above using
the single-update algorithm may be useful here). Assess the performance
of the block updating algorithm with the single-update algorithm.

For the lapwing data set, the birds are ringed as chicks, and an initial
first-year survival probability is needed. Extend the (single-update MH)
code to fit models with separate first-year and adult survival probabili-
ties.

Finally, extend the code such that the survival probabilities are time
dependent. Discuss any issues in relation to parameter redundancy for
this model.

7.4 Reconsider the R code for the dipper example in Section 7.1 for model C/C.

7.5

(a)

(b)

Adapt the MCMC code to consider the model C/C2, as described in
Section 3.3.1. As usual, use pilot tuning to determine values for the
parameters in the proposal distributions.

Extend the code to an RJIMCMC algorithm where there are only two
models C'/C and C/C2, adding a subroutine to perform the reversible
jump step (see Example 6.3), outputting the posterior model probabili-
ties with corresponding parameter estimates for each model and making
any other necessary modifications to the MCMC code.

Consider the reversible jump step in more detail. Calculate the mean ac-
ceptance probability for moving between the two models. Perform a pilot
tuning algorithm to find suitable proposal parameters in the reversible
jump step. Suggest alternative reversible jump updating algorithms (in
terms of proposal distributions used and/or bijective function for mov-
ing between the different models) that may improve the efficiency of the
reversible jump step, and how this may be assessed.

Consider the R code for the white stork data in Section B.5 of Appendix
B. Extend the model to allow for additional random effects on the survival
probabilities, resulting in a mixed effects model of the form:

logit ¢y = Bo + Brwi + €,

where, ¢; ~ N(0,0?) and,

o? ~ T Ha, Be).

The corresponding priors for By, 31 and constant recapture probability p
remain unchanged.

(a)
(b)
()

Draw the corresponding DAG for this model with a mixed effects model
for the survival probability, and a constant recapture probability.
Write down the posterior conditional distributions for each individual
parameter, p, 3o, 51, € and o2.

Describe an MCMC updating algorithm for obtaining a sample from the
joint posterior distribution of all the parameters.
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(d)
()

Extend the code provided in Section B.5.1 of Appendix B to include the
additional random effects terms (i.e. for the mixed effects model).

Perform an initial pilot tuning procedure to obtain efficient MCMC al-
gorithm for the parameters. Describe a number of different methods for
assessing the mixing of the Markov chain, and implement these within
R for this example.

Run the MCMC simulations and obtain posterior estimates of each of the
parameters of interest (remembering to remove the burn-in). Comment
on the results and any interesting conclusions that can be drawn.

Write a function to calculate the BGR statistic for each of the parameters
in the model given sample output from MCMC simulations (recall that
multiple simulations are necessary to calculate this statistic).

7.6 Reconsider the WinBUGS code for the dipper example in Section 7.2 for
model C/C.

(a)
(b)

Adapt the model specification in Figure 7.7 to fit the model T'/T to the
data.

Obtain summary statistics of the recapture and survival probabilities.
Plot the posterior density for each of the parameters. Comment, partic-
ularly on the parameters p; and ¢¢ (i.e. parameters p[6] and phi[6] in
the WinBUGS code), and compare these with their prior distributions.

Given that the probabilities p; and ¢ can only be estimated as their
product, since they are confounded in the likelihood, propose a modifi-
cation of the WinBUGS code to estimate the product. Hint — consider
setting one of the parameter values to a constant value. Comment on
the posterior estimate of the product. Do the posterior estimates for the
other parameters change? What happens if we change the constant from
pr = 1 to pr = 0.57 What are the implications on the corresponding
prior distribution for the survival probability, ¢g?

Perform a prior sensitivity analysis on the results, using a variety of
different priors. For example, compare the posterior means and variances
for a number of different priors. You may like to consider, for example,
Beta(10,1) and Beta(1,10) priors. Comment on the results.

Amend the code to calculate the geometric mean of the survival proba-
bilities for the first five years. This statistic is often useful to calculate,
since it can be useful in summarising time dependent vital rates (such as
survival probabilities) in one single quantity. Plot the posterior density
of the geometric mean of the survival probabilities, and obtain poste-
rior summary statistics, including the mean and 95% credible interval.
Compare these with the geometric mean of 0.561, obtained in a classical
analysis. Note that obtaining an estimate of the standard error, or 95%
confidence interval in a classical analysis would involve using the delta
method, whereas it is straightforward in a Bayesian analysis.

© 2010 by Taylor and Francis Group, LLC



236
(f)

MCMC AND RJIMCMC COMPUTER PROGRAMS

Fit the models T'/C (time varying survival, but constant recapture prob-
ability) and C/C (constant survival and recapture probabilities) to the
data. Comment on the comparison of the posterior estimates with those
obtained for the model T/T. From the results obtained, which model
might fit best?

7.7 Use MARK to fit the model C'/C2 for the dippers data, obtaining posterior
estimates and using the in-built convergence diagnostic tools. Recall that
the data are already included within MARK as an example, and are pro-
vided in the MARK input file DIPPERS.INP within the Examples folder
contained within the MARK folder.

7.8 Reconsider Example 6.1 relating to the calculation of posterior model prob-
abilities of four different models fitted to the dippers data. Within this
example, Monte Carlo estimates of the posterior model probabilities are
calculated by simulating parameter values from their prior distributions.

(a)

Write an R code for calculating these posterior model probabilities as
described in the given example and check that similar posterior model
probabilities are obtained from the constructed code.

Discuss the efficiency of this program; for example, consider the number
of simulations needed to obtain a reliable estimate of the posterior model
probabilities.

Suggest alternative proposal distributions that may be used to improve
the efficiency of the algorithm, using an importance sampling approach.
Implement these suggestions by adapting the R code and compare their
efficiency.

7.9 Consider the ring-recovery data from lapwings in the UK, presented in
Table 2.2.

(a)

Write WinBUGS code to fit a model assuming that the recovery proba-
bilities are logistically regressed on time, while the first-year and adult
survival probabilities are logistically regressed on the covariate fdays,
which corresponds to the number of days that the mean temperature
is below freezing in central England. Use standardised values for the
covariate fdays (but not for time).

Run the MCMC iterations for 10,000 iterations (this should take about
30 seconds). Remember to monitor the parameters of interest. Plot the
history of the parameter values and suggest a suitable burn-in period for
the MCMC iterations.

Following a suitable burn-in period, plot the autocorrelation function for
each of the parameters. Comment on the results.

To reduce autocorrelation, standardising the covariates often helps. Alter
the WinBUGS code to use a standardised time covariate for the recov-
ery probabilities. Repeat the simulations and plot the autocorrelation
function for the parameters. Comment on the results.
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()

(f)

Rerun the MCMC algorithm, and calculate the BGR diagnostic (use at
least 3 chains) recall that this needs to be specified prior to compiling
the model.

Obtain summary estimates of the parameters of interest (including the
survival and recovery probabilities), and note the Monte Carlo error.
Rerun the chain and compare the summary statistics. Comment.

Plot the running mean and quantiles of the parameters. Do they appear
to have converged? If so, by approximately which iteration? If not, run
further simulations until they appear to have.

Interpret the results biologically.

Are the posterior estimates sensitive to the priors that are specified for
the model? (Try using, for example, a hierarchical prior, i.e. the use of
random effects.)
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PART III

Ecological Applications

In this part of the book we apply the Bayesian methods previously described
to a number of different case studies. We consider a wide variety of ecological
problems and discuss and interpret the corresponding results obtained. These
examples are more complex than those previously considered. However, within
the Bayesian approach the analysis can typically be decomposed into a series
of standard and easier problems which can then be recombined to obtain the
estimates of the parameters of interest for the full, complex, data set. For
example, increased complexity may be due to the incorporation of random
effects, observation error, additional data and/or missing values. Note that
adding in the complexity one level at a time can also significantly simplify the
coding of the (RJ)MCMC algorithms. For each of the following case studies,
we focus on the Bayesian methods used, the details of implementation, and the
interpretation of the results, rather than the more technical Bayesian issues
such as convergence diagnostics, the calculation of Monte Carlo errors and
Bayesian p-values, all of which were covered in Part II of the book.
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CHAPTER 8

Covariates, Missing Values and
Random Effects

8.1 Introduction

As we have seen in Chapters 2 and 3, demographic parameters of interest often
exhibit temporal variability. For instance, for the analysis of the dippers data
in Example 6.1 there was evidence that the survival probability depended on
the year of the study (flood versus non-flood years). Modelling the survival
probabilities with an arbitrary time dependence, however, does not provide
any information as to an underlying cause for the temporal heterogeneity. In
addition, for long-term studies, over a period of 20 or 30 years, say, this creates
a potentially very large number of parameters within the model, possibly
creating over-fitting. An alternative approach that addresses these two issues
is to consider the use of covariates to explain the temporal variation in the
demographic parameters. For example, for the dippers example, we considered
two different survival probabilities: one for the years that surrounded a flood
(¢r), and a different survival probability for the other years (¢, ). Here, the
covariate that explains the temporal variability is simply an environmental
factor indicating whether there was a flood or not.

Typically, more complex environmental factors, rather than a simple indi-
cator function, are considered to explain the temporal variability in demo-
graphic parameters. For example, these may include weather conditions, re-
source availability, predator abundance, human intervention or habitat type.
Biological knowledge can be used to determine the factors influencing the sys-
tem under study. We have already met this idea in Example 4.11 where we
consider the capture-recapture data relating to UK lapwings and logistically
regress the survival probabilities on a weather covariate and the recovery prob-
ability on time. Alternatively, in Example 5.7, we consider capture-recapture
data of white storks and logistically regress the survival probabilities on the
rainfall at a given weather station. We extend these ideas in this chapter, dis-
cussing in greater detail the use of covariates, and consider in depth additional
issues such as missing data and prior specification with particular reference
to model selection.

Environmental factors are typically assumed to affect all individuals in the
same way. In other words, the survival probabilities of individuals may vary
over time, for example, as a function of given environmental covariates, but
the survival probabilities do not differ between individuals. Alternatively there
may be individual heterogeneity, where the demographic parameters differ
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between individual animals. In the same way that we can explain temporal
variability by covariates, it is also sometimes possible to explain individual
heterogeneity by covariates. We have already met this idea in Example 2.4,
where we admit different survival probabilities for animals of different ages, to
incorporate the fact that individuals typically have a higher mortality rate in
their first year of life, and/or in later life. This idea can be extended to allow
for any form of individual covariate, such as weight/body mass index (which
could be regarded as a surrogate for condition), breeding status or location.
Individual covariate information is typically difficult to collect, and often re-
stricted by both financial and time constraints. There are two additional issues
that often arise when incorporating covariate information into the statistical
analysis, and these are missing data (see Section 8.3) and model discrimina-
tion, which has been already discussed in Chapter 6 and is revisited in Section
8.4, with particular reference to variable selection.

Given the covariates that are thought to affect the survival probabilities,
there can still be additional variability not explained. For example, there may
be an unknown additional covariate that is needed to explain temporal hetero-
geneity, such as predator abundance, for which there may be no information.
Alternatively, there may be some overdispersion in the population that is not
incorporated into the modelling process. In these circumstances it is possible
to incorporate this further uncertainty by the inclusion of random effects. This
essentially allows for additional stochasticity, and will also provide an indica-
tion of the amount of variability within the survival probabilities explained
by the covariates being studied (see Section 8.5).

8.2 Covariates

We shall consider environmental and individual covariates in turn. The under-
lying concepts relating to these covariates are essentially identical, but there
are also some differences that we shall explain. We use the term environmen-
tal covariates as an all encompassing term for global covariates, which are the
same for all individuals in the study, but vary over time. Typically these will
refer to environmental factors, such as weather conditions or resource avail-
ability, as we have already seen in Example 4.11 using weather covariates to
explain temporal heterogeneity for the survival probabilities. However, the
term is more general, and could include, for example, human intervention in
the form of culling strategies or quantity of hunting licenses.

8.2.1 Environmental Covariates

As we have seen in Examples 4.11 and 5.7, we can use environmental covari-
ates to explain temporal heterogeneity of demographic parameters. In general,
the number of covariates is assumed to be equal to n > 1. We observe covari-
ate values over time for covariate ¢, and denote the set of observed covariate
values by y' = {y! : ¢t = 1,...,T}. We assume here that the covariate values
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are continuous variables and discuss the modelling of categorical covariates
when we consider individual covariates. Note that the covariates y',...,y"
should be normalised over the observed time interval for each covariate for
interpretability. We assume (for now) that the survival probabilities can be
expressed as functions of these covariates and that there is no additional het-
erogeneity present, although in general, we may have other demographic pa-
rameters (such as recapture probabilities or productivity rates) as a function
of covariates. All individuals have the same survival probabilities, but these
will vary over time due to dependence on the covariate values. Thus, we need
to specify the survival probabilities as a function of the covariates of interest.
The survival probability is constrained to take values in the interval [0, 1].
Thus, a typical formulation for the covariate dependence is to consider a lin-
ear relationship between the survival probability and environmental covariates
for an appropriate link function. To incorporate the constraint on the survival
probability, we consider the logit link function. In other words, we specify
the relationship between the survival probability, ¢;, and the environmental
covariates, y,, at time ¢ to be of the form of a logistic regression,

, ¢
b@@—m< — ) =60+ B .,
1— ¢
where g7 = (B1,...,Bn) denotes the 1 x n vector of regression coefficients
for the environmental covariates and y, = (yi,...,y")T, the n x 1 vector of

covariate values at time ¢t. Thus, the parameters to be estimated within this
model are By and 3. Recall that we can then express the survival probabilities
as,

1
1 texp(—fo - BTy,

ol

Clearly, we have ¢; € [0, 1].

The constraint that the parameter value is within the interval [0, 1] does not
arise for all parameters of interest. For example, suppose that we wish to use
covariates y to explain temporal variability within productivity rates, denoted
by p = {p1,...,pr}. The productivity rate is constrained to be positive, so
we could use a log link function, and specify,

log pr = B0 + BTy,

Clearly, this idea can be extended to a non-linear relationship on the link
function, if there is biological evidence of a more complex relationship, such as
a quadratic form for the covariates. Alternatively, interactions may be present
between the different covariates. These can be simply added to the above
model in the standard way. For example, suppose that the biological model we
wish to represent has an interaction between covariates y' and y2. We define
the interaction term y! x y? = {y} x y?,...,y% x y4}, and simply add this
term within the regression equation. Typically, only hierarchical models are
considered, so that if an interaction is present, then the individual covariates
are also present in the model. This implies that if an interaction y' x y? term
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is present, the covariates y! and y? are also present in the model. Finally,
we note that we assume that all the covariate values are observed, which is
typically the case. We address the additional problem of missing covariate
values in Section 8.3.

The use of covariates to explain temporal heterogeneity can be used for
all types of data. A negative/positive regression coefficient, denotes a neg-
ative/positive relationship between the demographic parameter and the co-
variate. In addition, (since all the covariate values are normalised prior to
model fitting), the magnitude of the covariate regression parameters can be
compared and/or ranked. In this way, the importance of the covariates can be
compared: covariates with a regression coefficient of larger magnitude would
reflect a larger impact on the demographic parameter. Finally, we note that
the survival probabilities are simply a deterministic function of the covariate
values and regression coefficients. Since the environmental factors are spec-
ified such that the demographic parameters are the same for all individuals
(i.e. there is no individual heterogeneity, and individuals are effectively inter-
changeable), the corresponding data can be represented by a standard m-array
and the standard likelihood expressions used (see for example Section 2.3).

Bayesian Framework

The Bayesian analysis follows the standard framework. We specify priors on
all of the parameters in the model. This will correspond to the regression
coefficients and any additional parameters. For example, suppose that we have
capture-recapture data, &, where the survival probabilities are specified as a
function of covariates. The set of parameters are the regression coeflicients,
Bo = {Bo,--.,0n} and recapture probabilities p = {pa,...,pr} (assuming
time dependent recapture probabilities). Using Bayes’ Theorem, we have,

m(0]x) o f(x[0)p(6),

where 6 = {8, p}. The likelihood is a standard function of the survival and
recapture probabilities, as given in Equation (2.5). This leaves the prior on
the parameters to be defined. Without any prior information, we could specify
independent priors on each of the parameters, so that,

T n
p(0) = [[ ) [ (8-
1=2 0

=
Typically, since the recapture probabilities are constrained to the interval
[0, 1], we would specify the priors on the recapture probabilities to be of the
form,
p; ~ Beta(a;, b;), fori=2,...,T.

Alternatively, if there is prior information relating to a dependence between
the parameters, this can be incorporated by specifying the joint prior dis-
tribution over these parameters, removing the independence assumption. As-
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suming that we have no prior information, we might specify a; = b; = 1 for
i=2,...,T, ie p; ~U[0,1].

What about the priors on the regression coefficients? Let us consider the
logistic link function for the survival probabilities. The regression coefficients
can take any real value, i.e. they are not constrained. To allow for this, we
could consider,

B~ NnJrl(p’a diag(ag, s 703))3
where NV, 11 denotes the multivariate normal distribution of dimension n + 1;
= (o, i) T; and diag(o2,...,02) denotes the diagonal matrix with 7*"

entry equal to o for i = 0,...,n, and all other (off-diagonal) entries are equal
to zero, corresponding to the assumption of prior independence.

Uninformative Prior Specification

Without any strong prior information, a typical prior mean for 5y would be
to set po = 0. Similarly, if there is no prior information corresponding to
the sign of the regression coefficients (i.e. a positive or negative relationship
between the corresponding covariates and survival probability), then it would
be natural to take p; = -+ = p, = 0. Due to the symmetry properties of
the normal distribution, this corresponds to a prior probability of 0.5 that
each covariate has a positive or negative relationship with the demographic
parameter. The corresponding prior on ¢; has a prior mean of 0.5, 1.e. E,(¢;) =
0.5.

The final specification of the prior relates to o2 = {03,...,02}, and this is
more complex. With no prior information on the magnitude of the regression
coefficients, one obvious approach would be to specify a large value for each o2,
for i =0,...,n. However, this prior does not correspond to an uninformative
prior on the survival probability — quite the reverse. As the prior variances
on the regression coefficients increase (i.e. U? — 00), the corresponding prior
on ¢; tends to point masses on 0 and 1. Consider the logistic relationship
between the survival probability and the regression coefficients. In the model
where there are no covariates, we have logit ¢; = (. Figure 8.1 plots ¢, as a
function of fy.

Clearly, we can see that there is a sigmoidal relationship, with relatively
little change in ¢; for values of |3y| > 3. Alternatively, —3 < [y < 3 corre-
sponds to 0.05 < ¢; < 0.95 (to 2 decimal places). Thus, we could consider
specifying the value of o2 such that the corresponding prior had a 90% credi-
ble interval for 3y of [—3,3] (i.e. o = 1.531, or o2 = 2.344). This ignores the
covariate dependence, but we could equivalently interpret this prior as the
prior on the survival probability corresponding to an “average” year, where
all covariate values take their mean value of zero (recall that we normalise
the covariate values over time). We also need to specify the prior variances
o?,...,02. We would typically consider the prior variances to be similar to
that for 02. Clearly, for any particular set of covariate values, we could plot
the corresponding prior on the survival probability.
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Figure 8.1 The logistic relationship of ¢: against §y for the function logit ¢+ = (.

We note that within the computer package MARK, the default prior stan-
dard deviation og = 1.75 (or 03 = 3.0625) is used to produce an approximately
UJ0,1] prior on ¢;. Newman (2003) provides a slightly more advanced prior
specification, along similar lines. In particular, suppose that there are a total
of m covariates on which a parameter is regressed. Assuming, as usual, that
the covariate values are normalised, and matching the first two moments of
the induced prior on ¢; with a UJ0, 1] distribution, Newman (2003) obtains
the proposed prior,

2
,3 ~ Nn+1 (O, m]) .
So, for example, when n = 0, we obtain a prior variance for 3y of 0 = 3.29 (or
oo = 1.81). This is similar to that obtained above using an interval to obtain
the prior variance, rather than matching the moments. However, this approach
does consider the inclusion of the covariates within the logistic regression
expression more explicitly.

Within any Bayesian analysis, a prior sensitivity analysis should be per-

formed, which should identify any sensitivity corresponding to the specifica-
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tion of the o2 values. If the posterior results are sensitive to these values,
and there is no prior information available, one possible approach would be
to consider a hierarchical prior, as discussed in Section 4.2.4. For example,
suppose that the posterior distribution of 3; appeared to be sensitive to the
prior value of 0]2. Then we could specify, 0]2 ~ I'"Y(a,b), the conjugate prior
for o2. The choice of values for a and b should be suitably vague to cover the

j
set of feasible values for the prior variance.

Informative Priors

Conversely, suppose that there is some prior expert information that we wish
to incorporate into the prior. For example, this could be as a result of previous
analyses of data relating to the population (or similar species) or as a result
of experience of similar biological systems. The form of the prior informa-
tion could, for example, correspond to the sign of the regression coeflicients.
This can be easily incorporated into the analysis. For instance, suppose that
there is prior information for covariate 1, relating to the sign of the coeflicient
(i.e. positive or negative). Without loss of generality, suppose that the prior
information corresponded to a positive relationship. We might then specify,

1~ HN(0,01),

where HN T corresponds to a positive half-normal distribution. However, care
should be taken in specifying such a strong relationship, and it should only
be used when it is biologically impossible for a negative relationship to exist
(which is the interpretation of this half-normal prior). An alternative approach
would be to specify a non-zero prior mean, p1, for 5;. However, perhaps a more
elegant and directly interpretable prior would be to consider a mixture model
for (1 of the form,

I3 NpHN+(O7Uf) + (1 —p)HNi(O,U%),

where p denotes the prior probability that (1 is positive and HN~ denotes
the negative half-normal distribution. The expert can provide the value of
p, corresponding to the strength of the prior beliefs that the relationship is
positive. However, this prior structure still allows the data to provide evidence
that the relationship is positive, when p < 1. The above cases are then special
cases of this structure. For example, setting p = 0 (or 1), reduces this prior
to the simple negative (or positive) half-normal case; whereas setting p =
0.5, reduces to the standard normal prior given earlier. Once more a prior
sensitivity analysis should be performed to test the influence of the prior
specification on the posterior results, particularly in the absence of any strong
prior information.

We now consider an example in more detail, where we assume a linear

logistic regression for the survival probabilities, where there are no interactions
between the covariates. We return to the lapwing data set.
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Example 8.1. Lapwings

The data are of the form of ring-recovery data from 1963 to 1998. The corre-
sponding likelihood and further description of this type of data are described
in Section 2.3.1. To explain the temporal variability of the demographic pa-
rameters we consider two different covariates: ¢ corresponding to time; and
fdays denoting the number of days that the minimum temperature fell be-
low freezing in central England during the winter leading up to the breeding
season in year t. These are available from:

http://www.badc.rl.ac.uk

Here, fdays can be regarded as a (crude) measure of the harshness of the
British winter, which is appropriate for birds that are ringed and die over a
wide region. We consider the model:

P1(fdays); da(fdays)/A(t).

Each of the parameters are logistically regressed on the given covariates. So
that, we have,

logit ¢1 = By + B1 fr;
logit ¢, = By + B1 [+;
logit A = ﬂé‘ + ﬂi\ut,

where as usual, f; and T; denote the normalised values for the covariates
fdays and time, respectively.

We have no prior information, and so we shall use vague priors. In particular,
we set,

B ~ N3(0,2.3341)
B ~ N(0,2.3341)
B ~ N(0,2.3341)

where B' denotes the regression coefficients for ¢1, 3% the coefficients for ¢,
and ,BA the coefficients for .

The simulations are run for a total of 1 million iterations, with the first 10%
discarded as burn-in. The trace plots of the parameters suggested that this
burn-in is very conservative. The corresponding posterior estimates for the
regression coefficients are given in Table 8.1 and the resulting posterior mean
and 95% HPDI of the survival and recovery probabilities are given in Figure
8.2. Clearly we can see that the first-year survival probabilities are significantly
lower than those for the adult birds. In addition, the impact of the covariate
fdays on the survival probability is clearly demonstrated, with a negative
regression coefficient (or slope) for both first years and adults. In other words,
when fdays is large (i.e. it is a harsh winter) there is a decrease in the survival
probabilities of the birds. Alternatively, it is clear that as time progresses, the
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Table 8.1 The Posterior Mean and Standard Deviation for the Regression Coeffi-
cients for the Survival and Recovery Probabilities for the Lapwing Ring-Recovery
Data, under the Model ¢1(fdays); ¢a(fdays)/A(t)

Posterior Posterior
Parameter Mean Standard Deviation

é Intercept 0.535 0.069
' Slope (fdays)  —0.208 0.062
é Intercept 1.529 0.070
“  Slope (fdays)  —0.310 0.044
A\ Intercept  —4.566 0.035
Slope (t)  —0.346 0.039

0.020

A

_ 0.010

0.0 0.‘2 0,4 0.6 0,8 1‘.0
0.0 0.2 0.4 0.6 0.8 1.0

0.000

65 70 75 80 85 90 95 65 70 75 80 85 90 95 65 70 75 80 85 90 95
Year — 1900+ Year — 1900+ Year — 1900+
(a) ¢1 (b) ¢a (c) A

Figure 8.2 The posterior estimates of (a) first-year survival probability, (b) adult
survival probability and (c) recovery probability for the lapwing ring-recovery data
under model ¢1(fdays); pa(fdays)/A(t). Also shown are 95% HPDIs. The lower
curve in (a) and (b) gives the corresponding fdays covariate values.

recovery probability declines, i.e. there is also a negative relationship between
the recovery probability and time.

A prior sensitivity analysis is conducted, changing the prior variances for
the regression coefficients of each of the parameters. For example, we consider
specifying,

B ~ N»(0,101)

N2(0,101)
N3(0,101).

D@
> Q
2 2

The increasingly diffuse priors produced essentially identical results for the
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posterior estimates of the parameter values, demonstrating the large amount
of information contained in the data, and a data-driven posterior distribution.

O

8.2.2 Individual Covariates

The previous environmental (or global) covariates may be used to explain
temporal heterogeneity. However, there may also be information correspond-
ing to individual-level covariates on the animals in the study, which may affect
the demographic parameters at the individual level. For example, there could
be a trade-off between the breeding effort of an individual, and their corre-
sponding survival probability — an animal that expends a lot of effort into
breeding in a given year may have an increased mortality. We shall consider
the particular application of capture-recapture, since individual covariates are
often collected at the tagging event and at successive recapture/resightings.
Typically, collecting individual-level covariate information can be very time
consuming, and often difficult. We distinguish between two different types
of covariate information: time invariant and time varying. For example, time
invariant individual covariates may include birth weight, parentage and geno-
type/phenotype information. Alternatively, time varying individual covariates
would include weight, wing length, location and breeding effort. Clearly, we
could also have additional environmental covariates, and these would simply
be added within the logistic regression framework in the standard way. How-
ever, for simplicity, we shall simply assume that there are only individual
covariates present with the obvious extension for when both environmental
and individual covariates feature.

Modelling can continue in the analogous way as for the environmental co-
variates, but now we must consider the survival probability of each individual
animal. We consider the extension to the case where the covariates may be
either continuous or categorical (i.e. discrete) variables. For example, suppose
that there are r continuous individual covariates and let y;, = {yk,...,y5}
denote the set of continuous individual covariate values for individual ¢ at time
t=1,...,7. Similarly, suppose that there are s categorical individual covari-
ates taking values z;; = {z},..., 25} at time ¢ for individual i. We specify the
corresponding survival probability of individual ¢ at time ¢, denoted by ¢;¢, as
a logistic regression on the individual covariate values:

. bi
logit ¢ = log ( ") =0+ Y + i,
1 — i
where o denotes the intercept term; v7 = (v1,...,7,) denotes the corre-

sponding 1 x r vector of regression coefficients; and

s
5it = E 6kz§t7
k=1

corresponds to the effect of the categorical covariates on the survival proba-
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bilities. For identifiability, we need to specify a constraint on the terms cor-
responding to the categorical covariates, 5kz;_ct for k =1,...,s. Without loss

of generality, suppose that z& € {0,1,...,n — 1}, i.e. the k" covariate can
take n discrete values, which we simply label from 0 to n — 1. One possible
constraint is to simply set dyo = 0 for £k = 1,...,s, and this is the constraint
that we shall adopt throughout. Effectively, the dj; values correspond to the
difference in the survival probabilities (on the logistic scale) for an individual
with a value of j for categorical variable k, compared to an individual that
has a covariate value of 0 for covariate k.

Likelihood Function

Calculating the likelihood function is typically more complex in the presence of
individual covariates, since the survival probabilities of each individual sheep
will differ. Thus, we need to calculate the likelihood using the full expression:

I
f(x|6) = H P(capture history of individual |0),
i=1
where the data, x, is simply the set of capture histories and 8 denotes the set of
parameters in the model. This introduces an additional computational expense
in the calculation of the likelihood. However, there is another more important
issue that arises here, which is the reason we have discriminated between time
invariant and time varying covariates. Often within the data collection process
it is possible to collect all time invariant individual covariates the first time
that an individual is seen within the study; i.e. when it is tagged. (This may
not be the case for physical characteristics, for example, that may be difficult
to distinguish if tagging occurs for very young individuals.) Alternatively,
consider time varying individual covariates, and an individual animal with
capture history:
1101111.

What is the corresponding contribution to the likelihood for this individual
animal? It will be the probability of this capture history, given the set of
parameter values (and covariate values). However, we do not observe the in-
dividual at time 3, and so we do not know the corresponding value for the
time varying covariate at that time. Since we do not know the correspond-
ing covariate value(s), we cannot calculate the survival probability, and hence
cannot explicitly calculate the probability for the capture history. In other
words, we have a missing data (or value) problem. We shall now discuss this
in more detail, and in particular how the Bayesian approach can deal with
this problem, using a simple extension to the standard analysis.

8.3 Missing Values

In the presence of missing covariate values, the corresponding likelihood is
generally analytically intractable. There are several approaches to dealing with
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such missing data. For example, in the simplest of cases, where there are only
time invariant missing covariates on a relatively small proportion of the data,
one approach is to simply ignore those animals, for which there are missing
values (Catchpole et al. 2000). This approach can substantially reduce the size
of the data set, and ignores any information contained in the data relating
to these animals. In addition, this approach cannot generally be implemented
when there are missing time varying covariates, since there are typically very
few animals (if any) for which all covariate values are known at every capture
event. An alternative approach, within a classical analysis, is to use the EM
algorithm (Dempster et al. 1977). This algorithm converges to the MLE of
the parameter values, given the observed data, but can be computationally
very expensive, even for a moderate amount of missing parameter values.
Another avenue is to impute the missing covariate values. For example, an
underlying model could be specified for the covariates (such as a Gompertz
curve), and the missing values simply imputed given this model. However, this
approach treats the unknown values as if they were observed at the imputed
values, and will underestimate parameter uncertainty. Additionally, specifying
a model that does not fit the data very well could severely bias the resulting
parameter estimates. In the case of time varying covariates, a similar approach
would be to use a last observation carry forward method, where we simply
impute the missing time varying covariates to be their last observed value. An
extension of this approach is a combination of a linear imputation approach
(linearly imputing missing covariate values between consecutively observed
covariate values) and a last observation carry forward approach (following the
final observed covariate value). However, this approach again does not take
into account the uncertainty in these missing covariate values, and has been
shown to perform poorly in a simulation study when the underlying model
for the covariate values are different to the imputed model (Bonner et al.
2009). Catchpole et al. (2008) present an alternative classical approach using
a conditional analysis, which does not specify an underlying model for the
covariates, but simply conditions on the individuals that are observed at each
capture event for which the corresponding covariate values are known.

We present a Bayesian approach where we assume an underlying model for
the missing data and which allows us to account for the corresponding un-
certainty of the missing values. To describe the approach, we first introduce
some further notation. Let the observed capture histories be denoted by h
and the observed covariate values by c.ps. Similarly, let the missing covariate
values be denoted by c¢,,;s. We treat the missing covariate values as parame-
ters, or auxiliary variables, to be estimated. The complete set of parameter
values (recapture probabilities, recovery probabilities and survival regression
parameters) is denoted by 6. Using Bayes’ Theorem, we can express the joint
posterior distribution of the parameters 8 and missing covariate values c¢,;s,
given the capture histories and observed covariate values in the form,

77(07 Cmis |h7 cobs) & f(h|cob57 Cmis, O)f(cob57 Cmis |0)p(0)
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The likelihood can be expressed as a product of two terms: the first term,
f(R|cobs, Cmis, 8), relates to the likelihood of the capture histories of all the
individuals observed in the study given the parameters and all covariate values
(known and unknown) and so can be explicitly calculated in the standard way;
the second, f(Cobs, Cmis|@), relates to the underlying model of the covariate
values. Thus, we need to specify an underlying model for the covariate values.
The function f(cops, Cmis|@) can be thought of as either a likelihood term or
alternatively as a prior on the underlying model for the covariates. Typically
these underlying models for the covariates will be obtained via discussions with
ecologists. Assuming that we know the form of this model for each covariate,
then we can use an MCMC algorithm to explore the joint posterior distribution
and obtain summary estimates of the marginal distribution of interest (see
Section 5.4.1),

7T(0|h7 Cobs) = /77-(0; cmislhu cobs)dcmis-

In other words, we take the marginal posterior distribution for @, integrating
out the missing covariate values, ¢ps-
To illustrate this approach we consider a particular example.

Example 8.2. Soay Sheep

We consider the mark-recapture-recovery data from 1986 through 2000 col-
lected via a summer survey for the Soay sheep data set (see Example 1.4),
where there is interest in the individual heterogeneity of the survival proba-
bilities. We initially consider the three time invariant covariates, before con-
sidering a time varying covariate (namely weight), which will typically have a
more complex model structure. In particular, we consider the time invariant
covariates:

1. coat type (2 categories);
2. horn type (3 categories); and
3. birth weight.

Here, coat type and horn type are categorical variables, whereas birth weight
is continuous (with a lower bound at zero on the raw measurement scale).
As usual, we normalise the covariate values for birth weight over all observed
values. In some circumstances, we may wish to assume that the covariate
values are correlated. In this example, we initially assume that the underlying
model specified for each covariate is independent, as there is no information
to the contrary, but we also describe how we might incorporate this further
complexity for categorical data. We consider possible biological models for
each of these covariates in turn.

Coat Type

Let z; denote the coat type for individual i. We have z} € {0,1} for all indi-
viduals 7. In this case it is biologically plausible to assume that each individual
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has coat type j with probability g;, for j = 0,1, independently of each other,
where qo + ¢1 = 1. In other words,

2} ~ Bernoulli(qo).

However, we do not know qq, a priori, and so we treat this as an additional
parameter to be estimated within the model, and for which we need to specify
a prior. In the absence of any strong prior information, a typical prior might
be to assume a flat prior, and specify,

qo ~ U|0,1] = Beta(1,1).

For notational purposes, we absorb this additional parameter into the set of
model parameters denoted by 6.
If we let 2}, and 2z} ;. denote the corresponding set of observed and missing

coat types for each individual in the study, we have,

I
! 2l
f(ztl)bsv z}nzs|0) = H qgl (1 - qo)l i
1=1
= q°(1—qo)" ™,

where ng denotes the total number of individuals (either observed with or
imputed to have) coat type 0. We are imputing the missing covariate values
within the MCMC algorithm, so that this function can be easily evaluated.

Horn Type

Let 27 denote the horn type of individual 4, where 22 € {0,1,2}. Assuming
that the distribution of horn type is homogeneous within the population,
we can simply extend the above case for coat type where there are more
possible categories. In particular, we have that each individual has horn type
k € {0,1,2} with probability wy. In other words,

22 ~ Multinomial(1, w),

where w = {w1, wq, w3} are parameters to be estimated, such that w; +wq +
w3z = 1, and the index of the multinomial distribution is simply 1. Then
once more we need to specify a prior for w. A natural prior to take is a
Dirichlet prior, which is defined over the simplex, and hence constrains the
parameters to sum to unity. If we wish to specify a flat prior, we could specify
w ~ Dir(1,1,1). We note that the Beta(1,1) distribution specified for the
coat type is simply the special case of this Dirichlet distribution where there
are only two possible categories for the covariate. The corresponding joint
probability of the covariate values is directly analogous as the above case and
hence omitted.

Note, we have assumed that the coat type and horn type are uncorrelated.
However, it is easy to remove this assumption. In this case there are a total of
2 x 3 possible combinations of coat type and horn type. We can consider the
joint probability of an individual having coat type j and horn type k, with
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probability u;i, such that,

12
Z Uik = 1.
§=0 k=0
We then specify,
(z},22) ~ Multinomial(1,u),
where w = {u;, : j = 0,1;k = 0,1,2}. This extends in the obvious manner
for additional covariates or for a larger number of categories.

Birth Weight

Let y} denote the normalised birth weight for individual i. A number of pos-
sible models could be specified for birth weight. For example, perhaps the
simplest model would be to assume that,

yr ~ N(p,0°),

where p and 02 are again parameters to be estimated. The biological interpre-
tation of this model would be that the birth weight of an individual is normally
distributed about some unknown mean p, which is constant over time, and
with some variance 2. Letting y!,, and y} .. denote the set of observed and
missing birth weights, respectively, the corresponding joint probability over
all birth weight covariates (those observed and imputed within the MCMC
algorithm) is simply a product over normal density functions:

iy — u)2>

I
FYobss Ymis|0) = (2m0?) 2 exp (‘ 202

where once again we absorb the parameters u and o2 into the full set of
parameters 6.

However, this may not be biologically plausible for many systems, for ex-
ample, since it may be expected that the underlying mean birth weight will be
time dependent (or dependent on some given environmental covariates), due
to environmental conditions. For example, an alternative model that could
represent this would simply be,

yzl ~ N(ut7o-2)7

where individual 7 is born in year t, so that there is a different underlying
mean birth weight dependent on the year of birth. Note that these normal
distributions are actually be truncated to ensure that the birth weight cannot
be negative (recall y} is the normalised birth weight). The model should be
specified using biological knowledge of the system, where possible. For this il-
lustrative example, we consider the first model for simplicity, but return to the
issue of model specification in Section 8.3.1. For this underlying model for the
birth weight, we specify the priors, u ~ N(0,1) and o2 ~ T'=1(0.001,0.001).
It is once again fairly trivial to introduce a correlated structure for contin-
uous covariate values. For example, an obvious approach will be to consider a

© 2010 by Taylor and Francis Group, LLC



256 COVARIATES, MISSING VALUES AND RANDOM EFFECTS

multivariate normal distribution for the covariate values, with some given co-
variate matrix, 3. The simple model corresponding to uncorrelated covariate
values is the special case where ¥ is a diagonal matrix.

We note that it is also possible to specify a joint model for both categorical
and continuous covariates to represent correlated covariate values. For exam-
ple, by specifying a different underlying model for the continuous covariate
values for each possible discrete covariate value. Once again the model repre-
senting independence between these covariate values is a special case, where
the continuous distribution specified for each covariate value is identical, with
common parameter values.

Weight

Typically time varying covariates may have additional structure to be mod-
elled in order to incorporate temporal dependence. For example, it is very
plausible that the weight of an individual sheep will be dependent on its cor-
responding weight in the previous year. Additionally, it is plausible that the
age of the individual may also be a relevant factor, as it might be expected
that an individual sheep may gain weight in the first few years of life as it
matures, before reaching a stable weight. Alternatively, as a consequence of
environmental factors, weight may be dependent on the year of the study. A
general model to allow for these possibilities would be the following.

Let y? , denote the weight of individual ¢ at time ¢ that is aged a. To incor-
porate the above assumptions, a typical model would be,

yi2,t ~ N(y?,t—l + Ka + v, T),

where the parameters k,, 14 and 7 are to be estimated. Thus, the underlying
mean component for the weight of an individual animal is composed of a
linear combination of the weight of the individual in the previous year (or
birth weight for an individual aged a = 1, so that in this case, yzt_l =y})
and terms relating to the age of the animal and the year of the study. We
specify the priors, kg ~ N(0,1), v, ~ N(0,1) and 7 ~ T'=1(0.001,0.001).

Finally we note that the underlying models specified are simply used as an
illustration here and will be highly dependent on the underlying system being
modelled.

Results

We use the shorthand notation for covariates given below (note that we use a
number of these covariates in later examples relating to the Soay sheep data):

i) Individual covariates:

— Coat type (C)
— Horn type (H)
— Birth weight (BW)
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ii) Environmental covariates:

— NAO index (N)

— Population size (P)

— March temperature (T)
— March rainfall (M)

— Autumn rainfall (A)

For further discussion of these covariates, see Catchpole et al. (2000) and
King et al. (2006). We consider the following model for the Soay sheep:

&1 (BW, H, P), ¢o.7(W), s (P, M, T, A)/D1:3, Da:5, Do+ A1:2(t), A3:s(), Ao

Thus, we consider an age dependent structure for the demographic parame-
ters. In particular, we assume that the survival probabilities differ for lambs
(year of life 1), adults (years of life 2-7) and the most senior sheep (years of
life 8+). In addition, the covariate dependence on the survival probabilities
differs with age. For first years, birth weight (BW), horn type (H) and pop-
ulation size (P) are included; for adults, weight (W) is included; and for the
senior sheep, survival is assumed to depend on population size (P), March
rainfall (M) and temperature (T) and autumn rainfall (A). Thus, we have the
survival probabilities dependent on both environmental and individual covari-
ates. We have 4.9% of horn type value missing, as well as 21.1% of the birth
weight values and 59.2% weight values that need to be imputed. This model
is motivated from a previous study of the Soay sheep (see King et al. 2008a).
In addition, there are different recapture and recovery probabilities for lambs
compared to older individuals. For these probabilities, we take only the adult
recovery probabilities to be dependent on the year of the study. These models
are once more motivated by the previous study, and are simply used as an
illustration of using these methods.

Running the MCMC simulations, taking into account the missing data (and
assuming an underlying model for the covariate values), we can obtain esti-
mates of the parameters of interest, such as estimates of the recapture and/or
recovery probabilities, and more particularly, estimates for the regression co-
efficients for different covariates considered within the analysis. To illustrate
the results obtained, we present in Table 8.2 the corresponding posterior mean
and standard deviation of the regression coefficients for the different covari-
ates, conditional on age.

The interpretation of the posterior estimates of the regression coefficients
is quite straightforward, indicating the sign and magnitude of the impact on
the survival probability. For example, we can see that the population size has
a negative impact on the survival probability for lambs and the oldest sheep,
approximately of equal magnitude. The population size can often be regarded
as a surrogate for the amount of internal competition for resources, so that
in the years with higher population size, and hence competition, the youngest
and oldest sheep have a reduced survival probability. Alternatively, for lambs
and adults, weight (which could be regarded as a surrogate for condition)
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Table 8.2 Soay Sheep: the Posterior Mean and Standard Deviation (in Brackets)
of the Regression Coefficients for the Environmental and Individual Covariates for
Each Age

Parameter Mean (SD)

Birth Weight  0.483 (0.094)

(polled) —1.004 (0.202)

¢1 Horn Type (classical) —0.645 (0.210)
Population Size —1.212 (0.098)

P27 Weight  0.451 (0.181)
Population Size —1.199 (0.185)

é March Rainfall —0.600 (0.172)
87 March Temperature  1.244 (0.191)

Autumn Rainfall —0.891 (0.184)

is positively correlated with survival, as we would expect. Finally, we note
that for the categorical covariate, horn type, we are comparing the survival
probability (on the logistic scale) between polled and classical with the default
horn type scurred. It appears that lambs with scurred horns have the largest
survival probability, followed by classical, with polled horned sheep having the
smallest survival probability. This is in agreement with the classical analysis
of Catchpole et al. (2000).

O

8.3.1 Practical Implications

There are a number of practical implications that should be noted when adopt-
ing the Bayesian approach to missing data. First, the number of parameters
in a model can dramatically increase, since we have additional parameters
relating to the underlying models specified for each of the covariates and also
since we treat the missing covariate values themselves as parameters (or aux-
iliary variables). Typically, since recapture probabilities are not very close to
unity, the presence of time varying covariates will result in the largest increase
in the parameters in the model, but can often be one of the most important
factors affecting the survival probabilities of the individuals. Each parameter
needs to updated within each iteration of the MCMC algorithm, and so this
approach can become computationally intensive. In practice, the updating of
the parameter values (using, for example, a pilot tuned MH random walk) is
very fast, so that for even relatively large data sets with a reasonably large
number of missing values, simulations are feasible. For example, for the previ-
ous Soay sheep example and the given model fitted to the data, a total of 1079
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individuals are observed within the 15-year study, with a total of 3 individual
covariates (horn type, birth weight and weight). In addition to the updating
of the parameters in the model, the associated missing covariate values also
need to be updated. This corresponds to 53 values for horn type, 228 values
for birth weight and 2394 weight values missing. The convergence of the pa-
rameter values in this case was also rapid, with only a short burn-in needed
and the simulations taking approximately 8.5 hours for 500,000 iterations on
a 1.8-Ghz computer. (This is relatively short!).

The above approach allows us to sample from the joint posterior distribu-
tion:

7T(0, cmis|ha cobs)-

However, we are primarily interested in the marginal posterior distribution,
7T(0|h7 Cobs) = /77-(0; cmislh; cobs)dcmis-

Even though we integrate out over the missing covariate values, the mar-
ginal posterior distribution is still dependent on the underlying model that
we specify for the covariate values (i.e. f(Cobs, Cmis|@)). Thus, there should
be a biological justification for the underlying model specified for the covari-
ates. However, a prior sensitivity analysis can be performed, by considering
different models for the covariates or different priors on the underlying model
parameters and the corresponding posterior distributions compared for the pa-
rameters of interest. For example, a correlated structure could be considered
for different covariates; alternatively, we could add in the time dependence
assumption for the mean underlying birth weight. Once more for the previ-
ous example, the results appear to be data-driven, with the posterior results
insensitive to sensible changes in the underlying models.

8.4 Assessing Covariate Dependence

Here we consider capture-recapture-recovery data where we are interested in
the dependence of the survival probabilities on different possible covariates.
To specify the relationship between the survival probabilities and covariates
we use a logistic regression, as described in Section 8.2. In particular, we focus
on the Soay sheep capture-recapture-recovery data set.

Example 8.3. Soay Sheep

We consider mark-recapture-recovery data relating to the Soay sheep from
1986 through 1995 for data collected from the spring census (see Example
1.4). This corresponds to a different time period and a different census from
that considered in Example 8.2. For simplicity we shall only consider the
possible dependence of the survival probabilities on a number of covariates.
We also assume that the underlying models for the recapture and recovery
probabilities are known, in terms of their age and time dependence structure;
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namely, that we have,

P1:3, Pa:5, Po+ [ A1:2(t), Az:g (), Ao

In addition, we assume that the age dependence for the survival probabilities
is fixed, and is given by:
®1, P2:7P8+ -

However, there is uncertainty relating to the dependence of the survival prob-
ability on the possible covariates for each of the age groups identified. There
are a large number of possible biological models that are deemed to be plau-
sible. Namely, that the survival probability for the different age groups may
be dependent on any combination of possible covariates. Thus, for each age
group, there are 2% = 256 possible models and overall there are 2563 ~ 2 mil-
lion possible models. It may be just feasible to consider every possible model
for a single age group. However, clearly we cannot consider every possible
overall model. Thus, the reversible jump algorithm is implemented to explore
the posterior distribution and obtain the posterior estimates of interest.

Prior Specification

We need to specify priors on the parameters in each model, and the prior
probability of each model. We assume that we have no strong prior informa-
tion. We begin with the simplest priors, corresponding to the recapture and
recovery probabilities. We simply specify an independent U|[0, 1] prior for each
of these. We specify independent priors on each regression coefficient, condi-
tional on it being present in the model, i.e. conditional on the corresponding
covariate being present in the model. Note that given that the parameter is in
the model, the prior we specify for the parameter is the same for each of these
models. In other words, suppose that we consider the regression parameter 6,
then,

p(0lm) = p(0|m’),
for all m,m’, such that 6 is present in models m and m’. In particular, for

the regression coefficient 6, conditional on the parameter being present in the
model, we specify the prior,

flm ~ N(0,2.334).

Finally we need to specify a prior probability for each individual model. We
do this by defining the marginal posterior probability for the presence/absence
of each covariate. Assuming independent prior probabilities, we construct the
corresponding overall prior model probability by multiplying the marginal
probabilities. For example, for ¢1, we assume that each covariate is present
or absent with probability 0.5, in the absence of strong prior beliefs. Since
we define the prior probabilities independently for each covariate, the corre-
sponding prior probability for each possible model for ¢; is simply the corre-
sponding product of the marginal prior probabilities of whether each covariate
is present or absent. For the above marginal prior specification, this results
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in an equal prior probability for each possible model for ¢;. We construct
the marginal prior model probabilities for ¢o.7 and ¢s, similarly. Finally, the
overall prior model probability for the covariate dependence of ¢1, ¢2.7 and
¢s+ is simply the product over the marginal prior probabilities for each of
the demographic parameters, as a result of the assumed prior independence.
This prior construction clearly results in an equal prior probability for each
individual model. However, we present the idea here as an example of how
prior model probabilities can be constructed in general, since it is feasible
that there could be prior information relating to the probability that a co-
variate does influence the given survival probability. For example, if there is
some prior information that ¢; is dependent on birth weight, then we could
specify a prior probability of greater than 0.5 that birth weight is present for
¢1. The actual value of the probability would represent the strength of this
belief. Conversely, prior information may be of the form that autumn rainfall
does not affect ¢1. We could specify a prior probability of less than 0.5 that
autumn rainfall is present in the model for ¢;. Once more, the actual value of
the prior probability specified would represent the strength of this belief. Un-
der these circumstances, it may not be clear how this would be incorporated
into the prior specification by simply specifying the prior probability for each
overall model for the demographic parameters. Clearly, more complex prior
structures could be defined, for example, removing the independence assump-
tions between some of the covariates. For simplicity, we retain the equal prior
probability assumption. Note that the Bayes factors for the different model
comparisons are independent of the prior specification on the models (see Sec-
tion 6.2.3). However, the posterior model probabilities are clearly dependent
on the prior specification.

RIMCMC Algorithm*

There are missing covariate values for all the individual covariate values con-
sidered here. We implement the approach considered in Section 8.2 for the
covariates and in particular use the same specifications for their correspond-
ing underlying models as described in Example 8.3. Within each iteration of
the Markov chain, we do the following:

1. update each parameter (including any missing covariate values) using the
random walk MH algorithm; and

2. cycle through each demographic parameter ¢, ¢2.7 and ¢g+ and update
each marginal model by proposing to add or remove a single covariate.

We describe in further detail only the second step here. Without loss of
generality, suppose that we consider the model update for ¢;. Let the state of
the chain at iteration k be denoted by (6, m);. We choose each covariate with
equal probability. Here there are a total of 8 covariates, so that we choose each
covariate with probability %. If the covariate is present for ¢, we propose to
remove it; otherwise, if it is absent, we propose to add the covariate. Thus
we only propose model moves between nested models that differ by a single
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parameter (see Example 6.4 for an analogous model updating algorithm).
Initially suppose that we choose covariate j, which is absent from ¢;. We
propose to add the covariate to the model, where we denote this new model
by m/. Let the corresponding proposal values for the regression coefficient for
covariate i be denoted by 3.. We propose the new state of the chain (8',m’),
where 8’ = (8, 3!). In other words, we do not propose to update the parameter
values @ common to both models, and set 3} = u, where we simulate a value
of u from some distribution ¢. A typical choice for the proposal distribution
would be,
u~ N(0, 02),

where o2 is often chosen via pilot tuning. The proposal distribution is essen-
tially centred at the current value of the regression coefficient. However, many
alternative distributions are clearly possible; for example, specifying a non-
zero mean, particularly if it is thought that if the covariate is present then
it has a positive or negative influence on the survival probabilities. This has
totally defined the proposed model move.

We now perform the accept/reject step. We accept the proposed move and
set (8, m)k11 = (', m’) with probability min(1, A), where,

7T(0/, mlu cmis|hu cobs)P(m|m/) 00’
(0, m, Cmis|h, cops ) P(m'|m)q(u) | 0(8,u)

A:

7T(0I, m/, cmis|h7 Cobs)
7T(0, m, Cmis |h7 CObS)Q(u)

where h denotes the set of capture histories, c.,s the observed covariate
values and ¢,,;s the missing covariate values. The expression for the accep-
tance probability has been simplified since P(m|m’) = P(m/|m) = % and the
Jacobian term is equal to unity. Otherwise, if we reject the move, we set
(07 m)kJrl = (07 m)k

Now consider the reverse move. This is completely defined by the above.
Suppose that at iteration k of the Markov chain the state is (8", m');. We
propose to move to model m, by removing the dependence on covariate ¢. We
set u = ! and keep the current values for the parameters 6. In other words, all
parameters except the regression coefficient for covariate ¢ remain the same,
and the regression coefficient for covariate 7 is set to zero (i.e. removed from
the model). We then accept the move with probability, min(1, A=1), where A
is given above; otherwise the chain remains at the current state for the next
iteration.

Results

The simulations are run for a total of 1 million iterations with the first 10%
discarded as burn-in. The standard tools described in Sections 5.4.2 and 6.8.1,
such as trace plots, suggest that this is adequate. We present a selection of
results for illustrative purposes only. Clearly, the posterior estimates presented
will reflect the corresponding quantities of interest within the analysis. Here
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we assume that we are interested in the posterior support that each survival
probability is a function of the different covariates. These are simply marginal
posterior probabilities. For example, consider that we are interested in the
marginal posterior probability that ¢; is dependent on the NAO index. This
is simply calculated by summing the probabilities over all models for ¢y which
contain the NAO dependence, and similarly for all other covariates. Table 8.3
gives the marginal posterior probability for each covariate and age group for
the survival probabilities.

Table 8.3 The Posterior Probability of Each Covariate for Each Survival Probabil-
ity for the Soay Sheep Data

Posterior Probability

Covariate @1 P27 Py
Coat Type (C) 0.323  0.400 0.224
Horn Type (H) 0.996 0.044 0.084
Birth Weight (BW) 1.000 0.106 0.098
Weight(W) ~1.000 1.000
NAO Index (N) 0.575 0.165 0.202
Population Size (P) 1.000 1.000 1.000
March Rainfall (M) 0.881 0.999 0.937

March Temperature (T) 0.865 0.995 1.000
Autumn Rainfall (A) 0.774 1.000 1.000

Finally, the sign and magnitude of the regression coefficients may be of
interest. Note that for these posterior model-averaged estimates to be mean-
ingful, we must condition on the covariate being present in the model (see
Section 6.5). The posterior (model-averaged) mean and standard deviation of
the regression coefficients are given in Table 8.4, conditional on the parameter
being present in the model. Clearly, we can see a strong correlation between
large posterior model probabilities, and parameter estimates away from 0, cor-
responding to no influence on the survival probabilities. The Bayes factor cri-
terion described in Section 6.2.3 for the models (or marginal models) reduces
to the ratio of posterior model probabilities for this example, since the prior
model probabilities are all equal. Using the suggested rule of thumb, there is
evidence for ¢; to be dependent on horn type, birth weight, population size,
March rainfall, March temperature and autumn rainfall. Similarly, for ¢2.7 we
would identify weight, population size, March rainfall, March temperature and
autumn rainfall; and for ¢g,, weight, population size, March rainfall, March
temperature and autumn rainfall. Thus, it appears that weight, environmen-
tal conditions (temperature and rainfall covariates) and population size are all
related to the survival probabilities throughout the entire life of an individual.

O
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Table 8.4 The Posterior Mean and Standard Deviation of the Regression Coefficient
for Each Survival Probability, Conditional on the Covariate Being Present in the
Model, for the Soay Sheep Data

Posterior Mean (Standard Deviation)

Covariate é1 P27 Ps+
Coat Type (C) (light) 0.309 (0.186)  0.389 (0.226) —0.238 (0.325)
polled)  —0.916 (0.217) —0.283 (0.271)  0.404 (0.367
Horn Type (H) ((Elassica)l) —0.542 E0.223§ ~0.229 E0.224§ —0.043 20.309))
Birth Weight (BW) 0.578 (0.099)  0.117 (0.122)  0.023 (0.177)
Weight (W) - 0.940 (0.168)  1.192 (0.260)
NAO Index (N) —0.424 (0.206) —0.146 (0.283) —0.207 (0.316)
Population Size (P) —1.335 (0.140) —1.112 (0.152) —1.488 (0.241)
March Rainfall (M) —0.574 (0.201) —1.010 (0.178) —0.694 (0.213)
March Temperature (T) 0.480 (0.165) 0.831 (0.176) 1.688 (0.253)
Autumn Rainfall (A) —0.355 (0.124) —0.961 (0.179) —1.192 (0.231)

8.5 Random Effects

Random effects can also be introduced within the modelling process in order
to allow for additional variability not accounted for by any of the covari-
ates. This could be either temporal variability, individual variability, or both,
depending on the underlying assumptions that are made. For simplicity, we
shall consider temporal random effects in the context of the logistic regression
framework considered within this chapter for the survival probabilities, allow-
ing for environmental covariates. Clearly we could extend this approach to
include additional individual covariates within the analysis, by simply adding
in additional individual-level covariates within the logistic regression expres-
sion. We can express this additional unaccounted for temporal variability (or
random effects) by specifying the logistic regression:

logit ¢, = Bo + By, + e,

using the notation introduced for the environmental covariates, and where we
have the additional random effects, € = {e1,...,er}, such that,

e ~ N(0,07).

Here o2 is the random effect variance and is a parameter to be estimated.
Thus, since 2 is a parameter, we need to specify a prior on this parameter
within the model. Large posterior values of ¢2 would suggest that there is
additional temporal heterogeneity not explained by the covariates, whereas
small posterior values of o2 would suggest that the temporal variability is
explained well by the covariates considered. A common prior that is adopted
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is an inverse gamma, which is the conjugate prior for the variance term. How-
ever, alternative priors could include a uniform prior over some positive range
(typically this is large to reflect prior uncertainty), or a gamma prior. Gelman
(2006) suggests the alternative prior specification where the standard devi-
ation (rather than variance) of the random effects is an (improper) uniform
distribution on the positive real line. The term € can be regarded as a nuisance
parameter that we wish to integrate out. However, the integration is typically
analytically intractable. Thus we adopt an alternative approach.

In the presence of random effects, we consider the analogous approach to
the problem where we had missing covariate values. Essentially we treat the
nuisance parameters, €, as auxiliary variables, or parameters, to be updated
within the MCMC algorithm and integrated out. In this case, we have already
defined the corresponding underlying model for these parameters, given by the
normal density above. In other words, we form the joint posterior distribution,

(0, elz) o f(x]6,€)f(€|0)p(6),

where x denotes the observed data. Once again we incorporate the parame-
ter o2 into the term @, which denotes all the parameters within the model.
The likelihood term, f(x|0,€), can once more be easily evaluated when con-
ditioning on the parameters 8 and nuisance parameters € imputed within the
MCMC algorithm. Similarly, the underlying model for the random effects,
f(€]0), can be evaluated. Thus, we can obtain a sample from this joint poste-
rior distribution and simply marginalise to obtain the posterior distribution
of interest, i.e.

w(0|x) :/71'(0,6|:1:)de.

We note that within a Bayesian framework, the difference between a fixed
effects model and a random effects model can be expressed in the form of the
prior specification. For example, consider the following logistic regression,

logit ¢, = Bo + e,

where,
e ~ N(0,02).

For a fixed effects model, we would simply specify the value of o2 (note that
this leads to an over-parameterised model, and typically, we would set 5y = 0).
Alternatively, for a random effects model, we simply place a hierarchical prior
on the variance term, p(c?). Note that if there are additional temporal covari-
ates specified in the regression equation, then the model is over parameterised
for the fixed effects assumption on the e. However, we can consider a random
effects model, since the parameter of interest is simply the additional parame-
ter o2, with the € terms simply treated as auxiliary variables and integrated
out within the MCMC algorithm.

Example 8.4. Soay Sheep
We return to the Soay sheep example, where we assume that there is not
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only uncertainty in the covariates present in the model for the survival prob-
abilities, but also whether there are additional random effects (i.e. additional
unexplained temporal variability). We once more assume the following under-
lying age structure (and time dependence) for the demographic parameters:

D1:3, Pacs, Po+/ A1:2(t), As:s (), Aoy /b1, P27, Py

The survival probabilities are then possibly regressed on each of the environ-
mental and individual effects. For simplicity, and for ease of notation, suppose
that the survival probabilities are only dependent on continuous covariates
y;; (which may be environmental or individual). The corresponding survival
probability for an individual ¢ in age group a € {1,(2 : 7),8+} at time ¢, in
the presence of random effects, is given by,

logit dit = Y0 + ¥ Yt + €ats
where,
€at ~ N(0,02%)

denotes the random effect term. For this case study, we assume the prior
02 ~T71(0.001,0.001), given that random effects are present. All other priors
remain the same as specified in Section 8.4 (including a flat prior over all
possible models).

In a manner analogous to assessing which covariates influence the survival
probabilities, we may wish to assess whether there are additional random
effects present. Thus, we can use the standard model discrimination tools, and
calculate the posterior probability (or Bayes factor) that random effects are
present in addition to the covariates for each of the different age groups. This
simply involves an additional step within the previous RIMCMC algorithm
described in Section 8.4 corresponding to adding or removing the random
effects given that they are absent or present for the given age group.

RIMCMC Algorithm*

Within each iteration of the Markov chain we update the parameters (includ-
ing auxiliary variables) using the MH algorithm, and the presence of covariates
and random effects using the reversible jump algorithm. We discuss here only
the reversible jump step on the absence/presence of random effects. The re-
versible jump step is analogous to the adding/removing temporal dependence
on the parameter (as discussed in Section 6.11), but where we have a hierarchi-
cal prior specified on the parameters. If random effects are present, we propose
to remove them and vice versa. Specifically, at iteration k of the Markov chain,
let the current model be denoted by m, with associated parameter values 0",
Suppose that for a given set of ages ¢ to j, there are no random effects, so
that we propose to add them. Dropping the dependence on age for notational
convenience, we propose a new model with random effects, € = {e1,...,er_1},
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and associated variance o by simulating,

e ~ N(v,7);

o2 ~ T(a,b).
The proposal parameters a, b and 7 are chosen via pilot tuning (in practice
a =0b=1= 7 appeared to work well), and the v(t) are to be defined. This

new proposed model, i/, has parameters 8 = 8 U{e, 02}. The corresponding
acceptance probability for this model move reduces to min(1, A), where,

77(0/5 mlv cmis|h7 cobs)

77(0]@, m, Cmis|h, cobS)Q(E)Q(O'g) .

Conversely, in the reverse move, where we remove the random effect terms,
the acceptance probability is the reciprocal of the above expression.

In order to improve the acceptance probabilities, by simulating parameter
values in an area of high posterior mass, the parameters in the proposal distri-
butions, vy, are set via an initial MCMC simulation as follows. We consider the
saturated model, where there is full covariate dependence with random effects
present for the survival probabilities. We then set v; to be the corresponding
posterior mean for the random effect terms for the given age group.

Results

The posterior probabilities that the survival probabilities for each age group
are dependent on each possible covariate and/or random effects are present are
given in Table 8.5. Concentrating initially on the presence/absence of random
effects, it is clear that there appears to be additional temporal variability for
the adult sheep (ages 2-7), not explained by the covariates considered within
the analysis. The corresponding posterior mean (and standard deviation) for
the random effect variance is 1.452 (1.600). However, for the oldest sheep there
is strong evidence of no additional temporal random effects, whereas for the
youngest sheep there is uncertainty as to the presence of random effects.

We can compare these results with those presented in Tahle 8 5 for the
analogous analysis, but assuming that there are no random effects present.
There is very little difference between the posterior probabilities for the pres-
ence of covariates for the oldest sheep. This is unsurprising, since there is no
evidence of random effects being present for these age groups in this latter
analysis. However, for the adults (aged 2-7), there are some appreciable dif-
ferences between the analyses. In particular, the strong dependence on the
environmental covariates (population size, March temperature and autumn
rainfall), that was previously identified, disappears and is replaced by random
effects. There is still some evidence for dependence on March rainfall, but this
is reduced, compared to the case with no random effects. This suggests that
the temporal variability in the adult survival probability is not well modelled
by the environmental covariates considered. However, in the absence of any
alternative modelling of the temporal variability (via the random effects), the
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Table 8.5 The Posterior Probability that Each Covariate is Present in the Model
and Random Effects are Present for Each Survival Probability

Posterior Probability

Covariate o1 27 Psy
Coat Type (C) 0.449 0.378 0.215
Horn Type (H) 0.997 0.042 0.085
Birth Weight (BW) 1.000 0.113 0.103
Weight (W) ~1.000 1.000
NAO Index (N) 0.609 0.296 0.198
Population Size (P) 1.000 0.548 1.000
March Rainfall (M) 0.661 0.734 0.946

March Temperature (T) 0.491 0.246 1.000
Autumn Rainfall (A) 0.378 0.227 1.000

Random Effects (RE) 0.652 1.000 0.025

covariates are identified that provide the “best” fit to the heterogeneity. Fi-
nally, for the first-year survival probabilities where there is uncertainty with
regard to the presence of random effects, there are both similarities and dif-
ferences in the covariate identified. For example, horn type, birth weight and
population size are still identified as important. However, there is no longer
posterior evidence for March rainfall, March temperature and autumn rainfall.
The uncertainty in the presence of random effects for the first-year survival
probabilities appear to have led to an uncertainty in the dependence on these
environmental covariates.

O

Example 8.5. White Storks

We return to Exercise 3.5, relating to white storks, where wish to assess the
dependence of the survival probabilities on 10 possible rainfall covariates (see
Sections 7.4 and 7.5). Previously, in the analysis in Section 7.5, there appeared
some uncertainty as to whether the random effects model was needed, with the
posterior estimate for the random effect variance close to zero. Thus, we may
wish to consider a model discrimination approach, where there is uncertainty
as to whether the model is a fixed effects model or a random effects model,
and we calculate the posterior probabilities of the different models.

The presence or absence of random effects can be investigated using the
analogous move-type described above. So that when we propose to add random
effects to a model, not only do parameter values need to be proposed for
the random effects themselves (since they are treated as auxiliary variables
within the MCMC approach), but also we need the value for the underlying
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variance term. For the white stork data we also allow for the uncertainty on
the covariate dependence, using the analogous approach to that presented in
Example 8.4 relating to the Soay sheep data. Thus we omit the reversible
jump MCMC details and only present the results within this analysis, but
also consider an additional prior sensitivity analysis.

We initially specify independent N(0,10) priors on the regression coeffi-
cients, and an I'"1(0.001,0.001) prior on the random effects variance term,
o2. For the recapture probability we use a U|0, 1] prior. We refer to this prior
specification as prior 1. The posterior marginal probabilities obtained for each
covariate and presence/absence of random effects are presented in Table 8.6.

Table 8.6 The Marginal Posterior Probability of the Different Covariates for the
White Stork Data and the Presence of Random Effects (REs)

Posterior probability
Covariate Prior 1  Prior 2 Prior 3

1 0.053 0.143 0.054
2 0.031 0.093 0.035
3 0.032 0.086 0.033
4 0.979 0.978 0.958
5 0.086 0.226 0.087
6 0.099 0.203 0.096
7 0.045 0.115 0.045
8 0.059 0.147 0.063
9 0.050 0.128 0.051
10 0.059 0.137 0.060
RE 0.000 0.000 0.020

Note: The analysis uses (a) prior 1: N(0,10) prior on regression coefficients
and I'"1(0.001, 0.001) on o2; (b) prior 2: N (0, 1) prior on regression coefficients
and T'=1(0.001,0.001) on o?; and (c) prior 3: N(0,10) prior on regression
coefficients and I'~1(3,2) on o2.

We note that the posterior probability that random effects are present is
very small < 0.001, so that the rainfall covariates appear to explain all of the
temporal heterogeneity within the survival probabilities of the white storks.
These results are very similar to those presented in Figure 7.21 assuming no
random effects, (allowing for Monte Carlo error). Alternatively, comparing the
posterior probability that each covariate influences the survival probabilities
with the results presented in Table 7.1, where the random effects model is
assumed, the largest difference appears to be in strengthening the dependence
of the survival probability on covariate 4.

We consider a prior sensitivity analysis using the same priors in the prior
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sensitivity analysis of Section 7.5. Prior 2 is specified such that the prior on the
regression coefficients are independent N(0,1), and o ~ I'"1(0.001,0.001).
Prior 3 has independent N(0,10) priors on the regression coefficients, but
02 ~ T71(3,2). The corresponding posterior marginal probabilities are given
in Table 8.€. Using prior 2, we see that the posterior probability that each co-
variate is present in the model is slightly increased, although the corresponding
interpretation of the results are unchanged. This is the same response we had
assuming the presence of random effects (see Table 7.2). Now, consider prior 3.
Previously (assuming random effects were present), changing this prior speci-
fication had a large impact on the posterior distribution of the random effect
variance term, and consequently on the posterior probability of covariate 4
being present in the model. The same is not true here. The reason is clear
— the posterior probability that the random effects are present is very low.
Thus, the prior specification on the random effect variance has very little im-
pact on the posterior probabilities, since the fixed effect model has very strong
support.

O

8.6 Prediction

We make a small note that the issue of predicting future events is in prin-
ciple trivial given the work of the previous subsections. In particular, future
events can be simply treated as missing data at the end of a given time series,
where the actual states of the missing data values are of interest. Since the
missing data are treated as parameters and updated within each step of the
MCMC algorithm, the posterior distribution of these parameters can easily
be extracted from the given MCMC simulation.

8.7 Splines

In the previous sections for modelling covariate data, we make the strong
assumption that the effect of the covariate on the survival probability is lin-
ear on the logit scale. However, non-linear relationships involving the impact
of environmental or individual factors may also occur. It is possible to in-
clude additional non-linear factors such as quadratic/cubic covariate values.
However, this can appreciably increase the number of possible parameters and
still assumes some underlying parametric model. More flexible and alternative
models for the survival probability are possible. We consider the alternative
approach where we allow the shape of the relationship to be determined by
the data without making any prior assumption regarding its form, via the use
of splines. Splines are functions flexible in shape made of polynomial segments
connected at some points referred to as knots. We focus in this section on a
specific class of splines called penalized splines or P-splines (Gimenez et al.
2006a,b).

Suppose that we wish to model a survival probability as a function of the
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covariate y. We consider the following regression model for the survival prob-
ability:

logit ¢ ~ N (m(y:),0?),
where y; is the value of the covariate at time ¢t = 1,...,7 and m(-) is a smooth
function, where the term smooth refers to the curvature of the function (in
mathematical terms, it means that m(-) has derivatives of all orders).

The function specifies a nonparametric flexible relationship between the
survival probability and the covariate that allows non-linear environmental
trends to be detected. There are many possible functions that can be specified
for m. We use a truncated polynomial basis to describe m:

K
m(yl0) = o + By + -+ Bry” + D by — k)Y (8.1)
k=1

where P > 1 is an integer, 8 = (81,...,08p,b1,... ,bK)T is a vector of regres-
sion coefficients, and the (u)% = u? if (u > 0) and 0 otherwise and are usually
called spline basis functions (Figure 8.3), and k1 < k2 < ... < Kk are fixed
knots.

18-

12-

08r-

04r

0 ------ - - L I I I
o} 0.5 1 1.5 2 25 3

Figure 8.3 Example of a linear spline basis function (y — 1)+ (solid line) with its
derivative (dotted line). It consists of two lines that are connected at y = 1. The
function takes value 0 on the left of 1 and then is a line with positive slope from 1
onward.

This simple function for m, given in Equation (8.1), is exceptionally flexi-
ble, allowing an extremely rich set of possible relationships between the mean
survival probability and the set of covariates. Essentially, the function can be
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regarded as a smoothing function of the covariate values. The crucial problem
in using the relation above is the choice of the number and the position of
the knots. A small number of knots may result in a smoothing function that
is not flexible enough to capture variation in the data, whereas a large num-
ber of knots may lead to overfitting. Similarly, the position of the knots will
influence estimation. We use a P-splines approach inspired by the smoothing
splines of Green and Silverman (1994). First, the number of knots is chosen to

1
ensure enough flexibility. We consider K = min (ZT’ 35) and let ki be equally

spaced sample quantiles, i.e. the sample quantiles of the y;’s corresponding to
probabilities k/(K + 1) (Ruppert 2002). Then a quadratic penalty is placed
on b, which is here the set of jumps in the P'" derivative of m(:|3). In brief,
this penalty component penalizes the rough functions so that the resulting
function is smooth. With the previous equation, we associate the constraint
bTb < X where ) is called the smoothing parameter. This parameter pro-
vides a balance between the fit to the data and the penalty on the measure of
curviness of m.

The two equations put together lead to the so-called P-splines approach
(Lang and Brezger 2004). Because roughness is controlled by the penalty term,
once a minimum number of knots is reached, the fit given by a P-spline is
almost independent of the knot number and location (Ruppert 2002). Note
that P-spline models can be fruitfully expressed as Generalized Linear Mixed
Models (GLMM, Ruppert 2002; Crainiceanu et al. 2005), which facilitates
their implementation in standard software (Ngo and Wand 2004; Crainiceanu
et al. 2005), and above all provides a unified framework for generalizations of
the nonparametric approach (Gimenez et al. 2006b).

Let ¢ = (¢1,...,67)T, Y be the matrix with i** row Y; = (1,yi,...,y5)7,
and Z be the matrix with i*" row Z; = {(y;—r1)¥, ..., (yi—kx )T }T. We define
of = Ao2, and consider the vector 3 as fixed parameters and the vector b as
a set of random parameters with E(b) = 0 and cov(b) = oZI. If (b?, )T
is a normal random vector and b and e are independent, then an equivalent
model representation of the P-spline model in the form of a GLMM is

. o b o U%IK 0
logit(¢p) = YB+Zb+e, cov( . ) = < 0 oo,
Note that the connection between the P-splines model and the mixed model
allows us to extend the nonparametric approach to incorporate other para-
metric and nonparametric components as well (Ruppert et al. 2003; Gimenez
et al. 2006Db).

Example 8.6. White Storks

We revisit the white stork data initially described in Exercise 3.5. We specify
the survival probabilities as a function of the rainfall at the Kita meteorological
station (covariate 4 in the notation of Example 8.5) which was found to be of
particular importance (Kanyamibwa et al. 1990). We use K = 4 knots using
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the recommendation above, and linear P-splines (P = 1). The relationship
between survival and rainfall using P-splines is given in Figure 8.4. With the
possibility of fitting flexible relationships, one is obviously interested in testing
for the presence of non-linearities in the survival probability regression. We
address this question by visual comparison of the model with a linear effect
of rainfall as well as a random effect with its nonparametric counterpart.
Figure 8.4 shows that the relationship between rainfall in Sahel and white
stork survival can be taken as linear.
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Figure 8.4 Annual variations in white stork survival as a function of the standard-
ized rainfall using a nonparametric approach. Medians (solid line) with 95% credible
intervals (vertical solid lines) are shown, along with the estimated linear effect on
the logistic scale (dotted line). Reproduced with permission from Gimenez et al.
(2009a, p. 896) published by Springer. O

8.8 Summary

This chapter focussed on the application of Bayesian methods to analyse eco-
logical data in the presence of covariate information. Typically, two issues
commonly arise when relating demographic parameters to different covariates
of interest: (i) which covariates to include in the analysis; and (ii) how to deal
with missing covariate values. The first issue can be dealt with using the ideas
presented in Chapter 6 for discriminating between competing models in terms
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of the covariates present in the model. This is essentially a straightforward
variable selection problem, and hence can be implemented within WinBUGS,
assuming random effects are present (see Section 7.5). The second issue is
usually a difficult issue within classical analyses, particularly with continuous
covariate values. However, within the Bayesian framework, missing values are
easily dealt with by simply considering the missing covariate values to be pa-
rameters (or auxiliary variables) within the model and the standard Bayesian
approach taken. However, we note that using this approach, an underlying
model needs to be specified on the underlying model for the covariate values.
In addition, particularly in the presence of individual time varying covariates,
since we need to update the missing covariate values at each iteration of the
Markov chain, the length of time that simulations take will increase.

Random effects can also be easily incorporated within a Bayesian analysis.
We note that these can be simply interpreted as a hierarchical prior within
this framework. In order to fit a random effects model, we once more treat
the random effect terms as parameters (or auxiliary variables) within the
analysis. This means that (particularly for individual random effects models),
the number of parameters can once more be greatly increased, and hence result
in greater computation expense.

Finally, we considered an alternative to a parametric model for the covari-
ates, in the form of splines. These are a non-parametric approach that does
not assume a given relationship between the demographic parameter and co-
variates (for example, logistic relationship). Instead, a smooth relationship via
a spline is constructed between the demographic parameter and the covari-
ate(s) of interest, allowing a greater flexibility in the relationship between the
covariate and parameter.

8.9 Further Reading

Dealing with missing individual (time varying) covariates is an important sub-
ject of current interest, not least, since these factors can often be some of the
primary factors driving the system. For discrete-valued covariates, a multi-
state approach can be taken (see Chapter 9), and an explicit expression for
the likelihood calculated (see for example Brownie et al. 1993 and King and
Brooks 2003a). Alternatively, for continuous-valued covariates, the necessary
integration is analytically intractable to provide an explicit expression for the
likelihood. One possible approach (within the classical framework) would be
to use the EM algorithm (Dempster et al. 1977) to obtain the correspond-
ing MLEs of the parameters, however this is generally computationally very
intensive, even for a moderate amount of missing parameter values. This ap-
proach becomes infeasible when a number of models are to be fitted to the
data. An alternative approach has been proposed by Catchpole et al. (2008),
which essentially calculates the likelihood conditional on the individuals that
are observed at each recapture event with known covariate values. This ap-
proach has the advantage of not only being very simple to implement, but
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also does not make any underlying modelling assumptions for the covariates
of interest; however, it can potentially throw away a significant amount of
information contained in the data. This is in contrast to typical Bayesian
approaches, using an auxiliary variable approach, that assume a model for
the underlying covariates. For example, the paper by Bonner and Schwarz
(2006) adopts a diffusion model to impute missing information, followed by a
Bayesian analysis. See Bonner et al. (2009) for a comparison of these different
methods.

When implementing a Bayesian analysis, care does need to be taken when
specifying the priors on the parameters, as discussed in Section 8.2.1. We
recommend that a prior sensitivity analysis is always performed in a Bayesian
analysis, but particular care typically needs to be specified in the presence of
model uncertainty, due to the sensitivity that often arises. For logistic models,
Newman (2003), Gelman (2006), King and Brooks (2008) and Gelman et al.
(2008) discuss the specification of different possible priors when using a logistic
link function.
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Multi-State Models

9.1 Introduction

We considered multi-state mark-recapture-recovery data and the correspond-
ing Arnason-Schwarz model in Section 2.4. In particular, sufficient statistics
can be derived and the corresponding likelihood expression calculated when
animals could be observed in different states (Brownie et al. 1993, King and
Brooks 2003a). However, the expression for the likelihood is still very complex,
and can be computationally very time consuming (particularly when there is
a large number of possible states). In addition, this complex likelihood needs
to be evaluated repeatedly within each iteration of an (RJ)MCMC algorithm,
(i.e. for the updating of each parameter in the model). Here we consider an
alternative (and equivalent) approach for analysing data of this form using an
auxiliary variable-type approach, analogous to that adopted in Section 8.3 for
the missing data problem for categorical variables, considered in the last chap-
ter. However, for multi-state models the covariate corresponds to the state of
the individual, which is not only categorical but also time varying. In addition,
this approach will also provide posterior estimates of the probability that an
individual is in a given state any time, which may prove useful.

9.2 Missing Covariate/Auxiliary Variable Approach

We assume that we have time varying discrete covariates which specify the
state of the individual animal. Without loss of generality, we assume that the
state of an individual refers to their location at each capture event, where the
study area, denoted by K, is composed of k distinct regions. For simplicity,
we arbitrarily label the elements of K to be simply the integers 1,...,k (i.e.
K = {1,...,k}). The data are composed of series of life-histories for each
individual observed within the study, indicating when they were observed
within the study, and their corresponding locations at those times. Thus, if
an individual is observed, their location is known; however, if the individual
is not observed, then their location is unknown. In this case, the migration
probability between the different regions is often of interest, and in general the
recapture probability may also be dependent on the location of the individual
at each capture time. For convenience, we refer to an animal’s migration from
the area K as a death, with the death state being denoted by . We let
K; = K U, which is the set of all possible states in which an animal can
exist. Note that the state t may not be observable in the data collection

277

© 2010 by Taylor and Francis Group, LLC



278 MULTI-STATE MODELS

process. However, if an animal can be recovered dead, then we make the usual
assumption that this is only possible in the capture event following the death
of the individual.

The corresponding likelihood of the data (i.e. the capture histories) can be
calculated, but is complex, as it has to account for the fact that an individual’s
location is unknown when it is not observed at any point within the study.
However, an alternative approach is to consider the unknown locations as
missing data, in the same manner as discrete missing covariate values.

9.2.1 Notation

Formally, generalising the life history notation established in Section 2.3.3, we
let h denote the set of capture histories for the individuals in the study. Let A’
denote the individual capture history of individual ¢, such that the elements
of h' indicate whether or not animal i was observed at the different capture
times and, if it was seen, in which region it was observed. We let h; € {0} UK}
denote the ' element of the capture-history vector, where the 0 corresponds
to the animal not being observed. Thus, since animals will not typically be
observed at all capture times, the location of animal ¢ will not be known at
capture time ¢ if h{ = 0. These missing data can be imputed by introducing
auxiliary variables d}, which take some value in Kt whenever h} = 0 and take
the value zero, if animal i is observed at capture time ¢, i.e. when h¢ # 0. The
non-zero elements of d' = {di, ... ,d%} therefore correspond to the locations
of animal 7 at times when that animal is unobserved and become auxiliary
variables (or model parameters) which need to be estimated. There are, of
course, restrictions on the values that the di can take. For example, if di = t
then d} = { foralll =t¢,...,T, since we assume that the state { is synonymous
with “death” (including permanent migration from the study area). Similarly,
df; 2 1 if there exists t <1 < T such that h} € K. For notational convenience,
it is also useful to define the auxiliary variables z; € Kj; to be the location
of animal 7 at time ¢, regardless of whether it is observed or not, so that,
mathematically,

B i hi £ 0
diif hi=o0.

Finally we let F; denote the set of animals that have been captured by or at

time ¢, i.e. Fy = {i: h} # 0 for some [ < t}.

9.2.2 Joint Probability of Capture Histories and Location

We can now form the joint probability of the capture histories and locations
(i.e. discrete time varying covariate values). However, this is most easily writ-
ten as a function of a number of sufficient statistics. We define these next, for
reKandt=1,...,T:
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u;(r) = the number of animals that are recaptured at time ¢ in
location r;

vi(r) = the number of animals that are unobserved at time ¢ but
are imputed to be in location r at this time;

ul(r) = the number of animals in location r at time ¢ — 1 that die
before time ¢ and are recovered in the interval (¢ — 1,¢);

vi(r) = the number of animals in location r at time ¢ — 1 that die
before time ¢ and are not recovered in the interval
(t—1,t); and

wi(r,8) = the number of animals that migrate from location r at

time ¢ to location s at time ¢ + 1, for s € K.
We note that w(r, T) denotes the number of individuals that die in the inter-
val (t,t+ 1), given that they are in location r at time ¢. Finally, for notational
convenience, we define,

wy(r, ) = Z wi(r, s),
seK

to be the number of animals that are in location r at time ¢ and which survive
until the following capture time.

Mathematically, we can express the sufficient statistics defined above in the
form:

w(r)= > I(hi=r); wi(r)= > I(dj=r);

i€Fi_1 i€Ft—1
uf(r) =Y Iz =r hiz =15 vi(r) =Y I(z{ = dipy =1);
i€ Ft 1€F:
wi(r,s) = Z I(z} =1,z = s),

i€Ft

where I(-) denotes the indicator function.

We can then express the joint probability density of the observed capture
history, h, and unobserved locations, d, for general mark-recapture-recovery
data in the form,

T—-1
f(h,d0) = ] [ peca(m)™ 1 = pega(r))vee )

t=1 reK
X At ()" O (1= D (1) 50 O ()" 0 (1 gy (r)) e
X H Vi, )" (8, (9.1)

seK

where p:(r), A¢+(r) and ¢4 (r) are the respective recapture, recovery and survival
probabilities of an individual in location r in year ¢. Similarly, 1 (r, s) denotes
the migration probability from location r to s in the interval [¢,¢ + 1). The
first line of the joint probability relates to the actual live resightings; the
second line to dead recoveries and survival of the individual; and the third line
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the migration between different locations. Note that if we only have capture-

recapture data (i.e. no dead recoveries), then we simply omit the A terms from
the likelihood.

9.2.8 Posterior Distribution

We denote the set of parameters by 8 = {p, ¢, A,¢}. The corresponding
joint posterior distribution over the parameters, 6, and auxiliary variables (or
missing locations), d, is expressed as,

(6, d|h) o f(h,d|6)p(6),

where p(6) denotes the prior on the parameters 6. Typically, (conjugate) beta
priors are specified on the survival, recapture and recovery probabilities (so
that they are constrained to the interval [0, 1]), and a (conjugate) Dirichlet
prior is specified on the migration probabilities (to ensure that the migra-
tion probabilities are restricted to the interval [0,1] and sum to unity). In
particular, for t =1,...,7T — 1, we set,

piy1(r) ~ Beta(ay, Bp)
Aev1(r) ~  Beta(ax,8))
¢i(r) ~ Beta(ag, Bs)
Ye(ry 1), ... b (r, k) Dir(aq,...,ak).
For simplicity, we assume that the same prior is specified over all times and

regions. However, this can clearly be relaxed in the presence of expert prior
information.

2

9.2.4 MCMC Algorithm

Within the Bayesian MCMC implementation of this approach, we need to
update every parameter and auxiliary variable at each iteration of the Markov
chain. We consider each of these in turn:

Step 1: Updating the Model Parameters

Due to the construction of the joint posterior distribution over all parame-
ters and auxiliary variables, it can be shown that the posterior conditional
distribution of each is of standard form, so that the Gibbs sampler can be
easily implemented. In particular, for ¢t = 1,...,T7 — 1, we have the following
posterior conditional distributions for the model parameters:
pey1(r)lh,d ~ Beta (ap +uppa(r), Bp + vir1(r))
ou(r)lh.d ~ Beta(ay +wi(r,-), Bs + wi(r, 1))
Ayr(r)|h,d ~  Beta(ax +ul,, (1), Bx + vl (1)
1/}t(rv 1)a ceey ¢t(rv k)|h7 d ~ Dir(al + Wt(rv 1)a o+ Wt(’ra k))

Note that we have described the updating procedure for the saturated

© 2010 by Taylor and Francis Group, LLC



MISSING COVARIATE/AUXILIARY VARIABLE APPROACH 281

model, where the model parameters are fully time and location dependent.
Submodels may be fitted to the data corresponding to different restrictions
placed on the parameters. For example, suppose that the recapture probability
is independent of location, so that,

pe(r) = pe vr e K.

The corresponding posterior conditional distribution for p; (t =2,...,T) is,
pt|h,d ~ Beta (ap—l—Zut 5,,+th )
rekK rekK

Similarly, suppose that we consider a model with the survival probability
independent of time, so that,

be(r)=op(r) t=1,...,T 1.
The corresponding posterior conditional distribution is of the form,

T-1

o¢(r)|h,d ~ Beta<a¢+zwt ﬁ¢+zwt >

t=1

In other words, the terms of the beta distribution simply involve summing over
the given sufficient statistics corresponding to the parameters that are speci-
fied to be equal within the submodel. For further details, see King and Brooks
(2002a), who discuss more general models, and describe the corresponding
extension of the updating algorithm to these more general cases.

Step 2: Updating the Auziliary Variables

Updating the auxiliary variables, d, (corresponding to unknown locations
when an individual is not observed), involves considering each of the non-
zero di and using a Gibbs sampler update to determine a new location for
animal ¢ = 1,--- | I at time ¢t = f;11,--- , T, since animal 7 is first observed at
time f; and hence the location of the individual ¢ at time f; is observed. Since
the d! take only a small range of discrete values, the posterior conditional
can be easily computed by calculating the conditional probabilities for each
possible location at this time, given all of the other parameters.

We note that from the Markovian assumptions of the Arnason-Schwarz
model, we need only condition on the previous and following locations of the
given animals in updating the auxiliary variables, relating to the location of
the animals when they are not observed. We now consider different cases for
the update of d! relating to the simulated location of an animal in the study.
There are four cases that we consider, relating to those animals either observed
alive, or simulated alive, later in the study: those found dead at the following
capture time, those simulated to be dead at the following capture time, and
those unseen at the final capture time of the study.
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Case I: zi_,_l € K, i.e. Animals Known to Be Alive at the Following Capture
Time

In this case, since animals are either observed, or simulated to be, alive at the
following capture time (i.e. zj,; € K), this implies that they must be alive at
time t. We simulate their location using a Gibbs sampler. The probability of
an animal being in location k € K at time t can be expressed as a product of
recapture, survival and migration probabilities. For r, s € K, and conditioning
on the location of animal 7 at times ¢t — 1 and ¢+ 1, the probability that animal
i is in location k € K at time ¢ can be expressed as,

P(dy = klz{_y =721, =5) o g1 (P (r, k) (L — pe(k))pe (k)i (K, 5),

so that the animal survives time ¢ — 1 when in location r, migrates to location
k in the interval (¢t — 1,t¢) and is not observed at this time, then survives time
t and migrates to location s by time ¢ + 1. The constant of proportionality is
denoted by ¢, where,

o= Z P(dy = klz{_y = 7; Z§+1 =)
keK
= D G (M1 (r )1 = pi(5) e () (s 5)-
JEK

Clearly, the constant of proportionality is simply defined to be the reciprocal
of sum of the probability of each possible location that the animal can be
in, to ensure that the probabilities sum to unity. Thus, we have the explicit
conditional probability,

P(di = k|2§71 = 7"§Zti+1 =35)=

Gr—1(r)e—1(r, k) (1 — pe(k))pe (k)b (K, 5)
> jer Gr—1 (M) (r, 3)(L = pe(5)) e (3)1e (4, 5)°

Case II: hi—i-l =1, i.e. Animals Found Dead at the Following Capture Time

For this case, the animal is recovered dead by time ¢ + 1, so that the animal
must be alive at time ¢, but then subsequently die and be recovered in the
interval (¢,t+ 1]. Conditioning on the location of the animal at time ¢t — 1 (i.e.
zi_1) and i, = 1, we have for r € K,

P(d; = kl2i_y =i hyy = 1) o< o1 ()1 (r, k) (1= pe (k) (1 = ¢ (k) Aer 1 (K),

so that the individual survives time t — 1 when they are in location r, migrates
to location k by time ¢ where they are not observed, before dying in the interval
(t,t + 1] and are recovered dead. Once more the constant of proportionality
(to ensure all the probabilities sum to unity over all possible locations), is
given by

-1

Z¢t 1(r)e—1(r, 5)(1 = pe (7)) (1 = 04 (5)) Aex1(5)

JjeK
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Case III: di_,_l =1; 2, € K, i.e. Animals That Are Simulated to Be Dead
at the Following Capture Time, but Alive at Time t — 1

In this case, since the animal is only simulated to be dead at time t + 1, it
is possible for the animal to be either dead at time ¢ but not recovered, or
simply alive and unobserved in a region k € K. Thus we need to consider both
possibilities. For k € K we have,

P(dy = klzy =r3dyyy = 1) o ¢eon(r)he—1 (r, k) (A=pe(k)) (1= (k) 1= Aeq1 (),
so that the individual survives time ¢t — 1, given it is in location r, migrates
to location k by time ¢ and is not observed, then dies in the interval (¢,¢ + 1]
and is not recovered dead.

Alternatively, the probability that the animal is dead by time ¢, given its
location at time ¢ — 1, is given by,

P(dy = tlzi_y = ridiy = 1) o (1= de-1(r)) (1 = Ae(r)),
so that the animal dies in the interval (¢—1, ], given that it was in location r at
time t—1, and is not recovered. The constant of proportionality is calculated in

the standard manner by taking the reciprocal of the sum over the probabilities
of the possible simulated locations for di € Kj.

Case IV:t =T and zr_1 € K i.e. Animals Not Observed at the Final
Capture Time, but Alive at Time T — 1

For this case, there is no subsequent information concerning the animals so
that animals may be either alive or dead at this time, and we can only con-
dition on the location of the animal at time 7" — 1. Initially we consider the
animal to be simulated alive, so that for k € K, and r € K,

P(dy = klzp_1(r)) o ¢r—1(r)ypr—1(r,k) (L — pr(k)),
so that the individual survives time T — 1, given it was in location r, migrates

to location k by time T but is not observed.
Similarly, for » € K, the probability that the animal dies is given by,

P(dy = flzp_1(r)) oc (1 = pr-1(r))(1 = Ar—1(7)),
so that the animal dies in the interval (T'—1,T), given that it was alive and in
location r at time T — 1 and is not recovered. The constant of proportionality
is once more calculated in the standard way to ensure that the probabilities
sum to unity.

Clearly there are many other types of updates that can be used for the
auxiliary variables. For example, we could consider a procedure whereby an-
imals may also be simulated to die at any time following their final capture.
Previously this was not possible as an animal was assumed to be alive, if it
was simulated to be alive at the following capture time. Once more, a Gibbs
sampler can be implemented for this. However, the probability of the full cap-
ture history after this time needs to be taken into account, as the death of an
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animal alters all following locations of the animal (as it remains in the state
of death). Alternatively, we could consider a procedure that initially updates
the time of death of an animal (if at all) using an MH random walk. Given
the time of death of an animal (or its survival until the end of the study),
we can employ a Gibbs update to simulate the location of the animal at each
time it is known to be alive, yet unobserved. Finally we could of course use
“larger” updates that simulate the location of the animal at each time before
its final capture using the Gibbs sampler described above, and then all of the
locations of the animal after its final sighting using an MH update. The simple
procedure described in detail above appears to work adequately in practice
for examples considered by the authors.

The introduction of the auxiliary variables d (and z) makes the expression
for the posterior distribution very simple (up to proportionality). Additional
simplicity is achieved through the introduction of the sufficient statistic terms
defined above. However, the updates for the auxiliary variables, recording the
locations of the animals at unobserved times, does require the raw life history
data. Thus, in general, there is a trade-off between updating a large number of
parameters within the auxiliary variable approach and the computation of the
complex likelihood expression for the sufficient statistic approach (see for ex-
ample, King and Brooks 2003a). The relative efficiency of the two approaches
will typically be data dependent.

Example 9.1. Lizards
We now consider data presented by Massot et al. (1992) concerning the com-
mon lizard, Lacerta vivipara, and discussed by Dupuis (1995). The data arise
from a three year study in which animals were recaptured in one of three re-
gions during the years 1989 to 1991, (animals were not recovered dead within
this study). Within each year, there are two capture events, one in June and
the other in August, so that there are a total of six distinct capture times.
These data were presented in Exercise 2.5. Individuals can be observed in
three distinct locations, which we label A, B and C, so that K = {A, B, C}.
Dupuis (1995) describes additional information relating to the different
model parameters, including differing effort in collecting the data and some
knowledge of the annual behaviour of the lizards. Based upon information of
this sort, Dupuis (1995) specifies informative priors for each parameter within
the saturated model (full time and location dependence). However, we assume
that we have no prior information, and specify,

pi(r) ~ U0, 1]; and ¢+(r) ~U[0,1],

for all times ¢ and regions r € {A, B,C}. Alternatively, for the migration
probabilities, we need to specify a prior which preserves the sum to unity
constraint. Thus, we specify a Dirichlet prior for the migration probabilities
from a given location. In particular, we specify a uniform prior on the simplex,
such that,

{d}t(rv A)a wt(’ra B)a wt(’ra O)} ~ D’LT’(L 17 1)
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The MCMC algorithm described above is implemented and the correspond-
ing posterior mean and standard deviation of each recapture, survival and
migration probability presented in Table 9.1.

Recall that the times 1, 3 and 5 correspond to the June capture events;
and times 2, 4 and 6 to the August capture events. Straightaway we can see

Table 9.1 Posterior Means and Standard Deviations (in Brackets) for the Recap-
ture, Survival and Migration Probabilities under the Saturated Model for Lizard

Data
(a) Recapture Probabilities
Time
Stratum 2 3 4 5 6
A 0.83 (0.08) 0.61 (0.12) 0.78 (0.13) 0.38 (0.22) 0.66 (0.22)
B 0.78 (0.09) 0.75(0.13) 0.76 (0.14) 0.34 (0.23) 0.62 (0.24)
C 0.85 (0.08) 0.72 (0.14) 0.81 (0.14) 0.18 (0.19) 0.60 (0.24)
(b) Survival Probabilities
Time
Stratum 1 2 3 4 5
A 0.82 (0.08) 0.67 (0.12) 0.86 (0.11) 0.54 (0.21) 0.62 (0.23)
B 0.93 (0.06) 0.52 (0.11) 0.81 (0.13) 0.32 (0.20) 0.66 (0.23)
C 0.87 (0.07) 0.51 (0.11) 0.81 (0.13) 0.47 (0.22) 0.54 (0.28)
(¢) Migration Probabilities
Migration Time
Regions 1 2 3 4 5
A— A 088 (0.06) 0.88(0.08) 0.76(0.11) 0.58 (0.21) 0.54 (0.21)
A— B 0.08(0.05) 0.06(0.06) 0.18(0.10) 0.18 (0.16) 0.21 (0.17)
A—C  0.04(0.04) 0.06(0.05) 0.06(0.06) 0.23(0.19) 0.25 (0.19)
B— A 0.11 (0.06) 0.14 (0.09) 0.08 (0.08) 0.23 (0.19) 0.24 (0.18)
B—B  082(0.07) 0.73(0.12) 0.75(0.12) 0.49 (0.23) 0.48 (0.22)
B—C  0.07(0.05) 0.13(0.09) 0.17(0.11) 0.28(0.21) 0.28 (0.20)
C—A  003(0.03) 0.06(0.06) 0.08(0.07) 0.27(0.22) 0.30 (0.22)
C—B 0.14(0.07) 0.23(0.11) 0.17 (0.11) 0.31 (0.24) 0.28 (0.21)
C—C  083(0.07) 0.71(0.12) 0.75(0.12) 0.42 (0.26) 0.41 (0.24)
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from the posterior results that the survival probabilities between consecutive
capture events appear to be lower for times 3 and 5. This is unsurprising,
since the survival to the following capture event is over a longer time period,
and over the winter months, where we may expect more deaths to occur.
Alternatively, the recapture probabilities appear to be lower at times 2 and 4,
shortly following their mating season in May. Additionally, there appears to
be a greater amount of uncertainty in relation to the survival and migration
probabilities from time 4 onward, and for the recapture probabilities from time
5 onward. This is most likely as a result of the significantly lower recapture
probabilities at time 5, so that fewer individuals are observed.

O

9.3 Model Discrimination and Averaging

From the results obtained in the previous example, the issue of model dis-
crimination clearly arises. For example, the migration probabilities appear to
be very similar for times 1 through 3 (and possibly for times 4 and 5 with the
reasonable uncertainty in the parameter estimates at these times). As a result,
could they be modelled by a single set of migration probabilities between each
site, but constant over time? Mathematically, this would be modelled by,

wt(rv S) = '(/)(T’ S)a

for all t =1,...,5. Alternatively, the question may arise as to whether there
is a seasonal aspect to the survival probabilities, which is constant over years.
This biological hypothesis would be represented by the parameter restriction,

¢1(r) = ¢3(r) = ¢5(r),  and  @o(r) = ga(r),

for all r € {A, B,C}. We address the issue of model discrimination for multi-
site data next by considering two specific examples for illustration using the
ideas presented in Chapter 6.

Example 9.2. Lizards Revisited

We reconsider the above example corresponding to lizards, but focus on the
issue of determining the underlying time and/or location dependence of the
demographic parameters. See King and Brooks (2002a) for further discussion
and details of this example, including the specification of an informative prior
in the presence if model uncertainty. Firstly, we need to define the set of
possible submodels that we will consider.

Submodels

Often we may be interested in submodels of the saturated Arnason-Schwarz
model given above. For the migration probabilities, we consider only a possible
time dependence, but for the recapture (or recovery) and survival probabilities
there is possible time and location dependence. We restrict attention here to
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the case where the location dependence is conditional on the time dependence.
This is analogous to the type of models discussed in Section 6.7, where there
was potentially both age and time dependence with the time dependence
conditional on the age dependence.

To illustrate the set of possible submodels and the notation that we will
use, consider the case where there are 6 capture events in 3 locations, A, B,
C (as we have for the lizard data). The set of parameters in a typical model
for the recapture probability may be,

p2,3.4(A, B,C);ps6(A, B);ps,6(C),

where the subscript denotes the time dependence and the brackets the location
dependence. So, this model has a common recapture probability at times 2, 3
and 4, which is also constant over location, and another recapture probability
for times 5 and 6, where the recapture probability is different in location C,
compared to A and B. We allow all possible combinations of times, and con-
ditional on the time dependence for the parameter (recapture and/or survival
probabilities), all possible combinations of location dependence.

Prior Specification

We need to specify priors on the parameters for each possible model. Recall
that in Example 9.1, for the saturated model, we specified uninformative pri-
ors. For each possible submodel, we specify the analogous U[0, 1] prior for
each recapture and survival probabilities, and for the migration probabilities
a Dir(1,1,1) prior. Consistent informative priors across different models can
be difficult to construct. One possible approach is to define the informative
priors for the saturated model, and use these as a basis to form the priors
for the parameters in submodels. For example, Dupuis (1995) describes an
informative prior for the parameters in the saturated model; and King and
Brooks (2002a) extend this to construct consistent (informative) priors across
all submodels.

With the additional model uncertainty, we need to place a prior probability
on each possible model. We may believe that some groupings of capture events
are more likely a priori than others for biological reasons or the design of
the experiment. For example, we might believe that the grouping of capture
times might correspond to a year effect (ps,ps.4,ps6) or a seasonal effect
(p2,4,6, P3,5) and place higher probability mass on such arrangements. However,
in the absence of quantifiable information as to how much more likely such
arrangements might be than other groupings of times, we simply adopt a flat
prior over all possible models.

RIMCMC Algorithm*

Within the constructed Markov chain we perform the following steps at each
iteration:

i) update each parameter in the model using the Gibbs sampler;
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ii) update the auxiliary variables corresponding to the location of the individ-
uals when they are unobserved;

iii) update the time dependence for the recapture, survival and migration prob-

abilities;

iv) update the location dependence for the recapture and survival probabilities.
Moves (i) and (ii) are discussed in Section 9.2.4 initially for the saturated
model, but also for any possible submodel. Thus, we omit the description of
these moves here and discuss only the model updates in turn.

(ii) Updating Time Dependence

We cycle through each set of demographic parameters (recapture, survival
and migration probabilities) and propose to update the time dependence in
turn. Let m denote the current model and m’ the proposed model. We begin
with considering the recapture probabilities. With probability % we propose to
increase the number of time groups by one, and with probability %, decrease
the number of time groups by one. Increasing the number of time groups
involves splitting an existing time group into two; whereas decreasing the
number of time groups involves merging two time groups. Note that if there
is only a single time group and we propose a merge move, we automatically
reject the proposed move. Similarly, if the marginal model for the times is the
saturated model (i.e. a different recapture probability for each time) and we
propose a split move, we again automatically reject the proposed move. We
begin by considering a split move.

Without loss of generality, suppose that there are V time groups for the
recapture probabilities which have more than a single element. We choose
each of these groups with equal probability, i.e. with probability % Suppose
that the time group chosen is denoted by t and contains a total of n times.
If there is only a single element in the given time group (i.e. n = 1), we
cannot split this and the model move is automatically rejected. Otherwise,
we propose to split the time group t into two non-empty sets, 1 and t2. We
choose each possible set of time groups with equal probability. There are a
total of 2"~ — 1 possible combinations for splitting the set ¢ into two non-
empty sets. Suppose that the current model is denoted by m and as usual we
propose to move to model m’ using the above procedure. This gives,

, 11 1
P(m|m)—§><v><m,
1

where the term 5 corresponds to the probability of proposing a split move.
We need to propose recapture probability values for the new time groups t;
and t,. This will depend on the location dependence for the given time group
t. Let the location dependence be denoted by s for time group t. For each

element of s, s € s, we set,
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where €(s) ~ U[—n(s),n(s)], such that, n(s) = min[d1,pe(s),1 — pe(s)], (&1
chosen via pilot tuning), constraining the proposed recapture probabilities to
the interval [0,1]. For example, suppose that s = {{A, B},{C}}, then we
consider s = {A, B} and s = {C} in the above proposed parameter updates.

In order to calculate the Jacobian, we simply need to know the number of
location groupings in s. Suppose that there are ng different recapture prob-
abilities (in terms of location) for time group ¢. So for the above example,
where s = {{A, B},{C}}, ns = 2. The corresponding Jacobian for this model
move is simply |J| = 2"=.

The final term we need to calculate is P(m|m’). This is determined by
the way that we combine the different age groupings. For our example, to
retain the reversibility constraints, we only propose to combine the time groups
that have the same location dependence. Suppose that in model m’ there
are a total of n, different location groupings, s, common to more than one
time group. If ny, = 0 we simply skip the model updating step, since there
are no time groups that can be merged. We choose each of these possible
location groupings with equal probability. For each of the time groups with
the given location grouping chosen, we propose to combine any two of the time
groups with equal probability. If there are R times with the chosen location
grouping in model m’, there are a total of Cy possible time groups that can
be combined. Thus, we have that,

1

]P)(m|m’) = R—Cg’

N =

1
X — X
Ng

where, once again, the % corresponds to the probability of proposing a merge
move. The model move is then accepted with the standard acceptance prob-
ability, min(1, A), with,

_ (P, ¢, ¢|h, d)P(m|m)
7(p', ¢, %|h, d)P(m'|m)q(e)

where € = {€(s) : s € s} and ¢(€) denotes the corresponding proposal density.

In the reverse move, we propose to reduce the number of time groups by one.
As usual, this model move is defined given the above algorithm. In particular,
given the two groups that we propose to merge, we simply set the recapture
probabilities in the new time group to be the mean of the current recapture
probabilities for each location. The corresponding acceptance probability is
simply min(1, A1), where A is given above.

Note that it is possible to simplify the choosing of two time groups to be
combined. For example, simply choose any two time groups to be combined. If
the location dependence is different, automatically reject the proposed model
move; otherwise, if the location dependence is the same in the two groups,
continue as usual. This simplifies the updating algorithm, and in particular
the form of P(m|m’), but will decrease the mean acceptance probability of
moving between models, since it is likely that a large number of model moves
will be automatically rejected, and decrease the mixing.

|71,
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The analogous model move updates are used for the survival probabili-
ties. Conversely, for the migration probabilities, the model moving algorithm
is simplified since there is no location dependence within the time grouping
structure. We consider the analogous split and merge model moves, increas-
ing or decreasing the number of time groups by one. Within each step of the
Markov chain, we choose each of these model moves with equal probability.
We begin with the split move. Suppose that there are a total of V' time group-
ings with more than a single element. We choose each of these with equal
probability, and use the same procedure for randomly splitting the age group
into two non-empty groups, each with equal probability.

Suppose that we choose to split time grouping ¢ into ¢, and t2. We propose
new migration probabilities,

Yy (r,8) = by, (r;s)+w(r,s) forallre{A B,C}; se{A B}

Uy, (r,8) = g, (r,s) for all 7 € {A, B,C}; s € {4, B},
with probability %; otherwise we set

Yy, (r,8) = by, (r,s) for all r € {A, B,C}; s € {A, B}

Uy, (r,8) = g, (r,s) +w(r,s) forallre{A B,C}; se{A B}

To retain the sum-to-unity constraint on the migration probabilities, for j =
1,2 we set,
"/Jrltj (r,C)=1- wwltj (r, A) — ¢wltj (r, B).

The parameters w(r, s) are simulated from some proposal distribution. In our
case, we assume w(r, s) ~ N(0,02) forr € {A, B,C} and s € {A, B}, where o2
is chosen via pilot tuning. The migration probabilities for the times in each of
the two new sets of times remain unchanged with probability % Clearly, there
are many different possible updating procedures that we could implement
for the migration parameters. However, this updating procedure appeared to
perform best in practice, in terms of both the acceptance probabilities of the
proposed moves and the mixing of the chain.

The corresponding Jacobian for these moves is easily shown to be equal to
unity, since the map from (v, w) to (1) is the identity. Finally, in order to
calculate the acceptance probability for this move type, we need to calculate
an expression for the probability of proposing the different moves. Let n de-
note the number of elements in the chosen age group, t. Following the same
argument as above for the recapture probabilities, we have,

1 1 1
/ p— —_ _—

P(m'|m) = 5 X7 X 3D 1
Similarly, in the reverse move, we propose to combine any two time groups.
Suppose that there are a total of R = (V 4 1) time groupings in model m/'.
The corresponding probability of moving to model m, conditional on the chain
being in model m’ is given by,
1

P(m|m/) = R—C¢27

X

N =
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using the analogous argument as above for the recapture probabilities (ignor-
ing the location dependence that is absent for the migration probabilities).
The move is accepted with the standard acceptance probability. The reverse
move follows similarly.

(iv) Updating Location Dependence

Within each iteration of the Markov chain we cycle through the recapture
and survival probabilities and propose to update the location dependence for
each individual time grouping for these demographic parameters. Without loss
of generality, suppose that we consider the recapture probabilities and time
grouping t. There are a total of 5 possible location dependence structures,

{{4,B,C}}, {{AL{B,C}},
{{4,B}L{C}},  {{A.CL{B},
{{A}, {B}.{C}}.
With probability % we propose a split move, increasing the number of age
groups by one; otherwise we propose a merge move, decreasing the number
of age groups by one. If we propose a split move when the current model is
{{A},{B},{C}}, the move is automatically rejected. Similarly, if we propose
a merge move when the location dependence is {{4, B, C'}}, the move is once
again rejected. We now consider the case when the move is not automatically
rejected.

Suppose that we propose a split move from model m to model m’. In this
instance (as there are only three locations), there can only be one set of
locations that can be split, so we automatically choose this element. We denote
this element by s, so that s € {{A,B,C},{4,B},{A,C},{B,C}}. If s =
{A, B, C}, then there are 3 possible models that can be proposed:

{4}.{B,C}},  {{A,CH{B}} and  {{4, B}, {C}}.

We choose each of these with equal probability. Alternatively, for any other
set of locations that can be split, there are only two elements, and so only
one possible model that can be proposed, namely, {{A}, {B},{C}}. Letting,
ng denote the number of elements in s, we have that,
1 1
/ —_— — _—
P(m'|m) = 5 X 5D 1
Conversely, consider moving from model m’ to model m. Following a similar
argument to that above, we have that,
1 1
/ —_——— S —
P(m|m') = 5 % RS
Suppose that we split s into new sets s; and s2. In order to generate the
new parameter values associated with this move, we adopt a similar approach
to that used in step (iii) above and set

pe(s1) = pe(s) + ¢, pi(s2) = pe(s) — ¢,
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where
(~Ul-Z,7Z], Z =min[ds,p(s),1— pe(3)],

for some predefined § chosen via pilot tuning. The corresponding Jacobian
for this defined model move is simply equal to 2. All of these terms can be
substituted into the standard acceptance probability in order to obtain the
corresponding acceptance probability of the model move.

In the reverse move, the recapture probabilities for the new merged loca-
tion groups is simply taken to be the mean of recapture probabilities of the
individual groups.

This model move can easily be extended to allow for a greater number of
locations, with the moves very similar to those described above for the time
dependence. King and Brooks (2002a) also describe the more complex case
for any given number of possible locations.

Results

We concentrate on the marginal models for the time and location dependence.
Tahle 9 9 provides the posterior probabilities for the time dependence struc-
ture of the recapture, survival and migration probabilities; Table 9.3 provides
the posterior probabilities for the location dependence for the recapture and
survival probabilities. There appears to be a reasonable amount of uncertainty
with respect to the time dependence structure for the recapture and survival
probabilities, but very strong posterior support for a single model for the
migration probabilities, corresponding to constant migration over each time
period.

There may be some evidence for a weak seasonal effect for the survival prob-
abilities, with the June (odd times) and August (even times) grouped together
in many of the top few models. Thus, there appears to be no annual effect,
but some weak support for a seasonal effect, though it is plausible that the
survival probabilities simply differ at each capture time. Further data would
be required to investigate this aspect further. Unsurprisingly, the posterior
mean survival probabilities for the June through August period (odd times)
are all significantly higher than the August through June (even times). For
example, the posterior mean survival probability for times 1 and 3 are all ap-
proximately 90%, whereas for times 2 and 4, the corresponding posterior mean
survival probability vary between 37 and 56%. Note that the survival prob-
ability at time 5 has very little posterior precision as a result of the reduced
amount of data at the end of the study. In addition, there is a significantly
smaller recapture probabilities at time 5 (with posterior mean between 20
and 31%, dependent on location), compared to other time periods (posterior
means between 67 and 82%, dependent on time and location), resulting in less
individuals being observed and hence less information regarding their future
state (dead or alive). This is probably also the reason for the general uncer-
tainty as to the model relating to ¢5 seen in Table 9.2. Conversely, there is
very strong evidence that the migration probabilities are constant over all re-
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Table 9.2 The Posterior Marginal Probabilities of the Most Probable Groupings of
Times for the Recapture, Survival and Migration Probabilities for Lizards

(a) Recapture Probabilities

Posterior
Model Probability
P2,3,4,D5,6 0.150
P2,3,4,P5,P6 0.146
P3,4,D2, D5, D6 0.086
P2, D3, P4, D5, D6 0.085
P2,3, D4, D5, P 0.079
P2,3,4,6,P5 0.061
P2,4,P3,6,P5 0.061
P2,4,6,P3,P5 0.059

(b) Survival Probabilities

Posterior
Model Probability

1,3, P2, P4, P5 0.250
@1, 2, @3, 4, P5 0.128

©1,3,5, P2, P4 0.113
®1,3, P25, P4 0.082
$1,3, 92,4, D5 0.075
®1,5, P2, 93, P4 0.058

1, P2, P35, P4 0.056

(¢) Migration Probabilities

Posterior
Model Probability
¥1,2,3,4,5 0.962

capture times. Under this constant migration probability model, the posterior
mean (and standard deviation) of the probability of remaining in the same
location between recapture events is 0.919 (0.034), 0.853 (0.048), 0.846 (0.047)
for locations A, B and C, respectively.
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Table 9.3 Posterior Marginal Probabilities for the Arrangement of Locations at
Different Times for the Recapture and Survival Probabilities for the Lizard Data

(a) Recapture Probabilities

Location Groupings
Time AB,C AB,C AC,B A, BC ABC

0.045 0.160 0.141  0.129 0.525
0.062 0.162 0.145 0.165 0.467
0.068 0.172  0.154 0.138 0478
0.144 0.211  0.158 0.204 0.283
0.114 0.182 0.178  0.173 0.354

O UL W N

(b) Survival Probabilities

Location Groupings
Time AB,C AB,C ACB ABC ABC

0.045 0.133 0.144 0.147 0.532
0.102  0.194 0.155 0.185 0.363
0.048 0.148 0.142  0.137 0.525
0.144 0.179  0.183  0.207 0.286
0.122  0.184  0.173  0.175 0.346

U W N~

Example 9.3. Hector’s Dolphins — Catch-Effort Models

We now consider another multi-site capture-recapture data set, relating to a
population of Hector’s dolphins off the coast of Akaroa, New Zealand, collected
annually between 1985 and 1993. The study site is divided into three loca-
tions, which we label 1, 2 and 3. The data-collection process involves a boat
going out to observe the dolphins within the inshore waters of the different
areas over a number of days each year. Within each trip, individual dolphins
sighted are uniquely identified via markings on their dorsal fin and/or body
(see Hammond et al. 1990, for example). The data comprise the capture his-
tories of each of 102 individuals, detailing the years and locations that each
dolphin is observed. The data set is presented in Table 2.4; for further details
see Cameron et al. (1999) and King and Brooks (2004a,b). Particular interest
lies in whether a managerial conservation policy introduced in 1988 affected
the dolphin population.

© 2010 by Taylor and Francis Group, LLC



MODEL DISCRIMINATION AND AVERAGING 295
Model Specification

Within this example we focus on identifying whether there is any change in
the survival, recapture, or migration probabilities over time, following the in-
troduction of a new conservation policy. To investigate whether this policy
had an impact we consider a number of different models that represent com-
peting biological hypotheses. We represent the different competing models, in
terms of the dependence of the parameters upon the time and/or location, by
placing different restrictions upon the parameters. For example, the biologi-
cal hypothesis that the survival probability remains constant throughout the
study, and is common to all areas would be represented by the restriction,

oe(r) = o, forall € R and t = 1985,...,1992.

Clearly, this model implies that the policy had no effect upon the survival
probability of the dolphins. Conversely, if we believed that the survival prob-
ability did change at the time that the policy was introduced, then we may
wish to consider the model with a change-point, so that

¢i(r) = alr), for t = 1985, ..., 1987;
Pu(r) = ¢u(r), for t = 1988, ...,1992,

for example.

We are particularly interested in whether or not the policy that was in-
troduced in 1988 had a significant impact upon the survival probabilities of
the dolphins. Thus, we impose the constraint that there may be at most one
change-point, which may or may not occur at the time that the sanctuary was
introduced. Our class of models therefore comprises models for which there is
either no change-point over time; or where there are the restrictions,

de(r) = ¢alr), for t = 1985,...,v — 1;
ou(r) = op(r), for t =wv,...,1992,

for v = 1986, ...,1992.

We also need to define the possible location dependencies. We allow all pos-
sible restrictions upon the locations, for example, a common survival proba-
bility for all locations, distinct survival in each area, or a common survival
probability for two different areas which is distinct from the third. We identify
these models by defining the sets of areas with common survival probabilities.
For example, the model with a common survival probability over areas is de-
noted by {1,2,3}, while the model {1}, {2,3} denotes that there is a common
survival probability in areas 2 and 3, which is distinct to that in area 1, and so
on. Since we consider change-point models here, we allow the location restric-
tions to be placed independently on the survival probabilities both before and
after the change-point, if there is one. Thus, the dependence of the parameters
upon location is conditional on the year.
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Catch-Effort Information

We have additional covariate information relating to the catch-effort of each
year. This is given in Table 9.4.

Table 9.4 The Number of Days Spent Observing Dolphins in Each Location for
Years 1986-1992

Year
Region 1986 1987 1988 1989 1990 1991 1992 1993
1 3 1 9 5 0 1 10 12
2 0 30 34 41 15 13 12 10
3 4 5 5 2 0 5 9 14

Source: Reprinted with permission from The Journal of Agricultural, Biologi-
cal, and Environmental Statistics. Copyright 1999 by the American Statistical
Association. All rights reserved. Published in Cameron et al. (1999, p. 128).

We specify the recapture probabilities as a function of the corresponding
effort taken in that year and location. In particular, we assume that sightings
in year t = 1986, ...,1992 and location r € 1,2, 3, occur as a Poisson process
with general underlying recapture intensity rate 3:(r), so that the recapture
probability is specified in the form,

pt(r) =1 — exp[—B(r)z:(r)],

where z4(r) denotes the catch-effort in year ¢ and location r. Note that this
can be reparameterised in the form,

pe(r) = 1= [1 — ay(r)]™ ),

where ay(r) is directly interpretable as the underlying recapture probability
per unit time. We retain the recapture intensity notation.

We consider special cases for the f§;(r) parameter, representing different
possible models directly analogous to those considered above for the survival
probabilities, (i.e. a maximum of a single change-point and all possible location
dependencies). For example, the model,

Bi(r) = B(r), for t = 1986, ...,1993,

represents the system where the recapture intensity rates depend only upon
the location of the dolphin, suggesting that the dolphins may be inherently
more observable in some areas than others, or that the observers themselves
have more (or less) information relating to the areas where dolphins are most
likely to be seen in each of the designated areas. Note that for all models we
implicitly assume that the underlying recapture probability for any given year
is homogeneous over days within that year.
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Finally, we impose the same year constraints upon the migration proba-
bilities, as for the survival probabilities for similar reasons as those discussed
above. See King and Brooks (2002a) for further discussion of model structures.
Discriminating between these competing models tells us about the underlying
dynamics of the system in terms of the possible effect of the introduction of
the sanctuary upon the survival and behaviour of the dolphins.

Prior Specification

For each of the parameters, we place an equal prior probability on each pos-
sible age dependence structure. For the recapture intensities and the survival
probabilities we place a flat prior across each possible combination of locations
independently within each set of ages. Note that for the recapture intensities
and survival probabilities, the prior is not flat over each individual model.
Placing a flat prior over the whole of the model space, so that each individual
model was equally likely a priori, would result in a greater amount of prior
mass on models with a single change-point compared to those with a con-
stant probability over time. For example, when there are no change-points,
there are a total of 5 possible location dependence structures as illustrated
by the column headings of Table 9.6. However, when there is a single change-
point, there are 5 location dependent models both for before and after that
change-point and so 52 models in total. Thus, putting a flat prior across all
models would make a change-point model five times more likely than having
no change-point, since there are five times more change-point models than
there are models without a change-point.

We do not have any prior information and so we specify independent vague
priors on each of the parameters. In particular, for each model, we place inde-
pendent U|[0, 1] priors on each of the survival probabilities. For the migration
probabilities we use a Dir (%, %, %) prior, corresponding to an uninformative
Jeffreys prior (see Section 4.2.3). Finally, we need to specify a prior on the
recapture intensity rates. Placing a prior on the recapture intensity rates im-
plicitly imposes a prior on the recapture probabilities, which may be more
directly interpretable. Thus, we begin by specifying a prior on the recapture
intensity rates and calculate the corresponding prior on the recapture prob-
abilities themselves, to ensure that our priors are consistent with our beliefs
concerning the recapture probabilities.

The recapture intensity rates are strictly positive, and so a natural prior for
these parameters is I'(a, b). For ease of notation, we assume the model with
a common underlying recapture intensity rate for each year and location, de-
noted by 8. The same prior will then be used independently for each recapture
intensity rate across all models (i.e. time and location dependence structures).
Given 8 ~ I'(a, b), the corresponding prior on the recapture probability in any
given year ¢ and location r, p;(r) is given by,

b _ e
Fpe(r)) o< (1= pe(r)) 70~ (= log(1 — py(r)))*~".
Placing what is generally regarded as a vague prior on 3 (such as I'(0.001, 0.001))
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does not induce a vague prior on p¢(r). In this case using such a prior on
produces a prior on p;(r) (assuming z;(r) # 0), which essentially places all the
prior mass at zero and one. See Section 8.2.1 for discussion of this same prior
specification issue relating to parameters expressed in the form of a logistic
regression.

However, consider the form of the probability density function for f(p:(r))
in more detail. Setting a = 1, we obtain,

po(r) ~ Beta (1, %) .

This suggests a possible specification for b such as, b = T, where T is the
mean catch-effort spent over all times and locations. This induces a flat prior
for the recapture probability (i.e. p:(r) ~ UJ0,1]) when the mean amount
of time is spent observing dolphins in the given year and location (i.e. b =
7). If a larger amount of time is spent (z;(r) > T) the prior is skewed to
the right, and there is a greater prior mass on larger recapture probabilities.
Alternatively, if a less than average amount of time is spent (i.e. 24(r) < T),
the prior is skewed to the left and has more prior mass on lower recapture
probabilities. There are clearly other possible values of b that may be sensible
in any given application. For example, taking b to be the median catch-effort
value. Prior information might be used to discern the most appropriate form
of b. In addition, a prior sensitivity analysis can also be performed to observe
the sensitivity of the posterior distribution on the specification of b. For the
purposes of this example, we take b = T.

RJMCMC Algorithm*

The reversible jump MCMC algorithm consists of two different move types:
one for updating the parameters; and the other for updating the model itself.
The MH random walk is used to update each of the parameters, conditional
on the model. We consider the model updates in more detail.

Within each step of the Markov chain, we propose to update:

i) the number of change-points on the survival probabilities, recapture inten-
sities and migration probabilities;
ii) the location of a change-point (if any) for each of the parameters, and

iii) the area dependence on the survival probabilities and recapture intensities
for each age group.

We consider the different types of reversible jump updates in turn.

(i) Adding/Removing Change-Point

We initially consider the survival probabilities. If there is a constant survival
probability, we propose to add a change-point. Otherwise, if there is already a
change-point, we propose to remove it, since we only consider models with a
maximum of a single change-point. We need to account for the added compli-
cation that the recapture probabilities are also location dependent. Initially,
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suppose that we propose to add a change-point, so that the current model,
denoted by m, has a common survival probability over time, and for simplicity
we assume that the survival probability is also common over all areas, i.e.

de(r) = ¢ for all » € {1,2,3} and ¢t = 1985,...,1992.
Then we propose to move to the new model, m/, with survival parameters,

Pi(r) = o+e for all € R and ¢ = 1985,...,v — 1;
ou(r) = ¢—e forall? € R and ¢t = v,...,1992,

where v is randomly chosen in the interval {1986, ...,1992}, and
€~ N(0,0?),

for 02 chosen via pilot tuning. If any ¢}(r) ¢ [0, 1] the move is automatically
rejected, otherwise it is accepted with probability,

min<1 m(¢', %, B,m' |k, d)| ]| >
" 7(¢, ¢, B, mlh, d)P(m’|m)q(e) ) °

where x denotes the data; |J| is the Jacobian term, which is equal to 2 in
this case; P(m/|m) = 1 is the probability that given we are in model m,
we propose to move to model m’ with a change-point at time v (for which
there are seven possible choices, each chosen with equal probability); and ¢(e)
is the corresponding normal proposal density. Note that P(m|m’) = 1 and
hence is omitted in the acceptance probability. Clearly this approach can be
generalised for any given location dependence, with the restriction that the
new survival probabilities before and after the change-point have this same
location dependence, with the corresponding changes to the Jacobian term.
Note that in general |.J| = 2*, where k is simply the number of distinct survival
probabilities over the locations.

Alternatively, in the reverse move, to retain the reversibility conditions, we
only propose to remove the change-point if the location dependence is the
same over all times. Then the proposed survival probability is simply taken
to be the mean of the survival probabilities either side of the change-point for
each area. The corresponding acceptance probability is simply the reciprocal
of Expression (9.2). The analogous update is used for the recapture intensity,
with the restriction that the proposed recapture intensity rates are positive.

However, we need to consider a different updating procedure for the mi-
gration probabilities, since we need to retain the restriction that the migra-
tion probabilities sum to unity. Again, suppose that we propose to add in
a change-point to the current model m with migration probabilities 1(r, s),
r,s € {1,2,3}. For r € {1,2,3} and s = 1,2, with probability % we propose
the parameters in the new model to be,

(9.2)

Py(r,8) = u(r,s) +n(r,s) for all r € R and t =1985,...,v — 1;
Pi(r,s) = Py(r,s) forallr € Rand t =wv,...,1992;
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otherwise we set,

Py(r,s) = (r,s) forallr € R and t =1985,...,v —1;
Yy(rys) = (rys) +n(r,s) forallr € Rand t =wv,...,1992.

Here, v is chosen uniformly in [1986,...,1992], and,
n(r,s) ~ N(0,0%),

where o2 is chosen via pilot tuning. Essentially, we are simulating a new set of
migration probabilities for either before or after the change-point, which are
similar to their current values, while the others remain the same. Note that
this is similar to the proposed analogous model move in Example 9.2. We also
set

2
1/};5(7’5 3)=1- 21/){5(7"7 s),
r=1
to ensure that the migration probabilities sum to unity. If any ¢}(r, s) ¢ [0, 1],
we automatically reject the move, otherwise we accept the move with the
acceptance probability,

i (1 (¢, ', B,m'|h, d)P(m|m’)| ]| >
"w(¢, 1, B, mlh,d)P(m’|m)q(n))

Here |J| = 1, P(m'|m) = %, P(m|m’) = 1 and ¢(n) denotes the normal
proposal density for the set of parameters n = {n(r,s) : r € {1,2,3},s = 1,2}.

(i) Location of Change-Point

Initially, consider the survival probabilities. Within this updating procedure,

we propose to update the location of the change-point if there is one present.

Suppose that we are in the model m with the change-point at time v, so that,
oi(r) = da(r) for all r € {1,2,3} and t = 1985,...,v — 1;
o(r) = ¢u(r) for all r € {1,2,3} and t = v, ...,1992.

Then we propose to move to model m’ by updating the change-point to time

v =v+1. I v ¢[1985,...,1992], we reject the proposal; otherwise we set
&L (r) = ¢a(r) for all » € {1,2,3} and ¢t =1985,...,v —1;
oL(r) = ¢u(r) for all r € {1,2,3} and t =v’,...,1992.

We accept the proposed move with the standard MH acceptance probability
with symmetric proposal distribution, i.e.

min (1 W(¢/,¢7ﬁ7m’|h7d)>
" (¢, B,mlh,d)

We use the analogous updating procedure for the recapture intensities and
migration probabilities.
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(i4i) Updating Area Dependence

Initially consider the survival probabilities and assume that there is no change-
point; otherwise, if there is a change-point, then we update the location de-
pendence before and after the change-point independently of each other as
separate model moves. We assume that there is a common survival proba-
bility over time and location, i.e. the area dependence is denoted by {1,2,3}.
We propose to update this area dependence by splitting the group into two:
there are three possibilities {1}, {2,3}; {1,3}, {2}; and {1,2}, {3}. We choose
each one with equal probability; without loss of generality suppose that we
propose to move to model {1}, {2,3}. For the new model m’, we propose the
parameters,

&(r) = ¢u(r)+w for r =1 and t = 1985, ...,1992;
&(r) = ¢(r) —w for r = 2,3 and t = 1985, ...,1992,
where,
w ~ N(0,7),

for T chosen via pilot tuning. We reject the proposed move if any 1 (r) ¢ [0, 1],
otherwise, we accept the move with probability,

i (1, LBl 1]
(6., B, P(mTm)a(w)

where the Jacobian |J| = 2; P(m/|m) denotes the probability of moving to
model m’ from model m and ¢(w) is the normal proposal density for the
1

simulated parameter w. Here, P(m/|m) = 3, since we can only increase the

dimension of the model, and there are three possible location dependence
possibilities chosen with equal probability. Similarly, P(m|m’) = %7 as we
assume that we propose to split or merge the location dependence with equal
probability, and for each of these moves (since the model m’ corresponds to
{1},{2,3}) there is only a single possible location dependence ({1,2,3} for
a merge move and {1}, {2}, {3} for a split move). Once more, to retain the
reversibility condition, the reverse move is deterministically defined by this
move. In particular, we set the new survival probability to be the mean of the
current values, and accept the move with probability equal to the reciprocal of
the above expression for the acceptance probability. The analogous move holds
when proposing to move to the model with distinct survival probabilities over
all areas. We apply the analogous move to the recapture intensities, restricting

the parameter values to be simply greater than zero.

Results

We once more present a selection of posterior estimates to illustrate the type
of results that are obtained for multi-site data of this form. Table 9.5 gives the
marginal posterior probabilities for the time dependence of each of the demo-
graphic rates. We concentrate on the survival probabilities. There appears to
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be a reasonable amount of uncertainty in relation to the time dependence, par-
ticularly for the survival probabilities. Table 9.6 provides the corresponding
marginal posterior probability for the location dependence for the survival
probabilities for each year. There appears to be posterior support that the
survival probabilities are independent of location. Finally, the corresponding
posterior (model-averaged) estimates for the survival probabilities are pro-
vided in Figure 9.1. Clearly, these model-averaged estimates are influenced by
the largest posterior support for a location independent model, demonstrated
by the large overlap in the survival estimates between the different regions. In
addition, there is significant overlap over time in the posterior distributions
for the survival probabilities, as a result of the largest posterior support for a
constant survival probability over time. There also appears to be a significant
decrease in the precision of the survival probability over time. Conditional on
a change in the survival probability over time, then this would appear to be
a decrease. This would suggest that the conservation policy did not decrease
the mortality rates of the dolphins; however, the data are only a relatively
short time series, and so further investigation would be advisable.

Table 9.5 The Posterior Marginal Probabilities of No Change-Point and a Change-
Point in Each Year for the Survival Probabilities, Recapture Intensities and Migra-
tion Probabilities for Dolphins

(a) Survival  (b) Recapture (c) Migration

Probabilities Intensities Probabilities
Posterior Posterior Posterior
Change-Point  Probability Probability Probability
None 0.314 0.175 0.180
1986 0.088 - 0.036
1987 0.036 0.241 0.155
1988 0.160 0.035 0.549
1989 0.136 0.421 0.041
1990 0.112 0.087 0.024
1991 0.069 0.069 0.010
1992 0.084 0.012 0.005
1993 — 0.012 —

Source: Reproduced with permission from King and Brooks (2004a, p. 347)
published by Museu de Ciéncies Naturals de Barcelona.

Note: Recall that the survival and migration probabilities are defined for years
1985-1992, and the recapture intensities for years 1986-1993.
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Table 9.6 Posterior Marginal Probabilities for the Arrangement of Locations Over
Time for the Survival Probabilities for the Dolphins

Location Groupings

Year {1}{2}.{3} {12}, {3} {13}, {2} {1}, {23} {1.23}

1985 0.046 0.138 0.144 0.135 0.537
1986 0.035 0.138 0.132 0.133 0.562
1987 0.035 0.140 0.133 0.132 0.561
1988 0.041 0.152 0.134 0.138 0.534
1989 0.051 0.166 0.135 0.145 0.503
1990 0.059 0.170 0.136 0.154 0.482
1991 0.063 0.172 0.137 0.159 0.468
1992 0.070 0.178 0.142 0.164 0.446

Source: Reproduced with permission from King and Brooks (2004a, p. 349)
published by Museu de Ciéncies Naturals de Barcelona.

9.4 Summary

This chapter focusses on more complex capture-recapture data, where indi-
viduals are not only observed, but their state is also recorded. We consider
the case where the state is a discrete (or categorical) value (in such instances
where the state is continuous a discretisation might be applied). Models ap-
plied to data of this form are typically referred to as multi-state models. We
note that they can be regarded as a special case of covariate data, where the
states (or covariates) are individual, discrete and time varying. The explicit
likelihood expression is very complex, so that typically, the MCMC iterations
are relatively slow to perform. Thus, we consider an alternative, auxiliary
variable, approach.

Essentially, we consider the missing states (i.e. when an individual is unob-
served) as auxiliary variables, analogous to the idea presented in Chapter 8.
This greatly simplifies the expression for the likelihood (defined over observed
and missing states), so that the Gibbs sampler can be used to update each
parameter in turn (and missing states). However, there is a trade-off between
the increase in the number of parameters having to be updated within this
approach and the simplification of updating the parameters. Thus, the effi-
ciency of using the auxiliary variable approach to the full complex likelihood
is likely to be problem dependent.

Finally, in this chapter we also considered the issue of model uncertainty,
in terms of the dependence of the demographic parameters on the states and
time. This once again uses the methodology presented in Chapter 6, and the
RIJMCMC algorithm to calculate posterior model probabilities for discrimi-
nating between competing models. These reversible jump moves are typically
more complex than the ones presented for variable selection problems.
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Figure 9.1 The posterior model-averaged mean (*) and 95% HPDI (vertical lines)
for the dolphin survival probabilities over time, where (—) denotes area 1, (- -)
denotes area 2, and (---) denotes area 3. Reproduced with permission from King
and Brooks (2004a, p. 348) published by Museu de Ci’encies Naturals de Barcelona.

9.5 Further Reading

Typically within the analysis of capture-recapture-recovery data the model
parameters (recapture, recovery and survival probabilities) are assumed to be
time varying and/or dependent on other external factors, such as the age of
gender of the individuals. A further factor influencing these parameters might
be the animal’s location at any given time. Multi-site models are able to allow
for possible area influence, and incorporate the possibility of migration be-
tween different predefined regions. See Schwarz et al. (1993) and Brownie et al.
(1993), for example. Typically, within these models, a first-order Markovian
assumption is made, in that the migration probabilities are only dependent on
the current time and location of the individual. More general, memory mod-
els can be considered (for example, second- or third-order Markovian models),
where the movement of individuals between the different states may also be
dependent on its previous locations. See Hestbeck et al. (1991), Brownie et al.
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(1993) and McCrea and Morgan (2009) for further discussion of memory mod-
els.

Categorical covariates may be modelled in the same manner as multi-state
models. The levels of the covariate are often referred to as states, and indi-
viduals belong in a single state at each recapture time but their state can
change between recapture events. For example, the breeding state of individ-
uals may be considered (such as breeding, lactating and suckling previous
young, and non-breeding), with transition probabilities defined for movement
between these different states. For example, Moyes (2007) applies such ideas
to red deer; and Chilvers et al. (2009) to a population of New Zealand sea
lions, where the transition probabilities between states are also logistically
regressed on given covariates (namely age). Sample WinBUGS code is also
provided in the latter case.

Continuous covariates can also be discretised to fit into the multi-state
framework. For example, Nichols et al. (1992) consider the mass of the meadow
vole, Microtus pennsylvanicus, in a multi-state approach, by defining “bins”
or classes for mass. The states are simply different mass classes, which the
animals move between with transition probabilities (equivalent to migration
probabilities in the multi-site case). Bonner and Schwarz (2006) reconsider
this meadow vole data using the continuous mass data for the individuals,
using the ideas presented in Chapter 8 (and in particular Section 8.3), relating
to missing covariate data. We note that often there may be some structure
(particularly for multi-state models), where there are restrictions as to the
movement between the different possible states. For example, there may only
be movement in one direction between the states of non-breeding to breeding
(once an individual starts to breed, it may continue to do so). Such restrictions
can easily be incorporated by setting the given transition probabilities equal
to zero.

The analysis of multi-state/site data can also be extended to allow for differ-
ent cohorts. For example, Dupuis et al. (2002) and King and Brooks (2003Db)
consider the additional covariate of gender, relating to a population of mouflon
(wild sheep). Dupuis et al. (2002) also discuss the specification of informative
priors that can be derived, given external data (radio-tagging data in this
case). These ideas are extended by King and Brooks (2003b) (and King and
Brooks 2002a) for the case of model uncertainty, who derive consistent infor-
mative priors on the parameters in the different models, given the informative
prior specified on the parameters within the saturated model. The paper by
Pradel (2005) extends multi-state capture-recapture models to include cases
when states are uncertain.

Finally, we note that the mixture models of Pledger et al. (2003) can be
regarded as multi-state models, where individuals cannot move between states
(i.e. the off-diagonal elements of the transition probabilities are all equal to
zero), and where typically, the state of each individual is unknown. We con-
sider these models again in Chapter 11, in the context of estimating the size
of a closed population.
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CHAPTER 10

State-Space Modelling

10.1 Introduction

In this chapter we consider data relating to open populations, where we have
estimates of the size of the population over time. In other words, we con-
sider data relating to population sizes, where there are births, deaths and
movements occurring throughout the data-collection process. For simplicity
we shall refer to this type of data as count data. Generally, within open pop-
ulations a number of different questions may be of interest. For example, this
may include estimating the size of populations that may not be directly ob-
servable (Thomas et al. 2005); estimating demographic parameters, such as
the survival probabilities and/or fecundity rates of the population of interest;
or determining the underlying factors that may be driving an increasing or
decreasing trend in population size. The alternative case of closed populations
is considered in Chapter 11.

There are numerous methods for collecting count data, ranging from large-
scale aerial surveys (Jamieson and Brooks 2004a) to volunteers visiting differ-
ent breeding sites (such as the Constant Effort Site scheme; see for example
Peach et al. 1998 and Cave et al. 2009a). See Section 2.2.1 for further exam-
ples. However, for all methods of data collection, it is typically impossible to
enumerate totally all individuals within a population. Thus, the count data
that are provided are typically in the form of an estimate of the total pop-
ulation size, where there is some (unknown) observation error. We take this
observation error into account by considering a state-space approach which
directly incorporates this additional element of stochasticity within the statis-
tical analysis. The use of state-space models has become increasingly popular
within statistical ecology, with applications to many different systems (see
for example, Newman 1998; Millar and Meyer 2000; Buckland et al. 2004b;
Jamieson and Brooks 2004a; Brooks et al. 2004; Baillie et al. 2009; Newman
et al. 2006 and Besbeas et al. 2002). A state-space model essentially consid-
ers two separate processes: the observation process (taking into account the
observational error associated within the data collection process), and the sys-
tem process (which models the underlying biological system over time). This
approach results in a smoothing of the estimated population sizes with respect
to the assumed underlying biological processes, rather than using an arbitrary
smoothing such as the use of general additive models (Fewster et al. 2000). We
now discuss the separate observation and system processes in further detail.

307
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10.1.1 Observation Process

The observation process of the population under study typically involves some
form of error. Without loss of generality, we assume that the observation
process relates to estimates of the total number of individuals. This is often as
a result of the total enumeration of the individuals being infeasible due to their
number and/or the data collection process. For example, only the individuals
within a part of the colony/site may be enumerated, and a correction factor
applied to allow for this (see, for example, Reynolds et al. 2009 and references
therein where this is applied due to the inaccessibility of part of the colony).
We note that often the count estimates may relate to one or more of the states
of the whole population. For example, for terrestrial mammals, the observation
process may provide estimates of the total number of breeding females and
total number of offspring produced each year in a given area.

Notationally, we let y = {y, ...,y } denote the set of observed count data
over the period t = 1,...,T. However, the true underlying population sizes
are denoted by N = {N1,...,Np}. We define some observational process
that describes how the observed data y are related to the true underlying
population sizes, IN. For example, suppose that for the population of interest
there are two age classes: first years and adults (often the case for avian
populations), but where we only have observational count data on the number
of adults within the population. Typically, we may assume that the estimates
of adult population are unbiased. One possible observational process may be

of the form,
_ N
w=00( ) +e

where,
e, ~ N(0,0?).

Here o2 denotes the observational error, and is typically a parameter to be
estimated. In other words, the observed adult population size is assumed to be
normally distributed about the true value with some constant, but unknown,
error. This distribution can be easily extended, for example, to allow for an
increased uncertainty for larger population sizes by expressing the observa-
tional error variance to be proportional to (or some other function of) the
population size. Clearly there may be many other distributional forms that
may be appropriate (for example, a log-normal error, which would allow for
a skewed distribution for the observation error). Finally, we note that some
data sources may also provide estimates of the observation error. In these
circumstances, this information can be easily incorporated into the observa-
tional process by simply specifying a known value for the observation error,
which may vary over time (see, for example, King et al. 2008b). Ignoring the
observation error, and treating the observed population sizes as the true sizes
can produce severely biased results (see, for example, Example 10.3 and in
particular Table 10.3).
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10.1.2 System Process

The size of a population changes over time as a result of births, deaths and
movement within the population. However, there is typically biological in-
formation concerning these different underlying processes. Using this infor-
mation we are able to construct underlying transition equations that govern
the changing population size over time, describing the underlying dynamics
of the system. For example, the transition equations may represent survival,
fecundity and/or movement processes within the population. The processes
may vary over different ages, sex and/or other characteristics of the states
being modelled. For example, only mature animals may reproduce, only juve-
nile males may migrate from the study area and/or only individuals within a
particular area are culled.

We describe the demographic processes via transition equation(s). For ex-
ample, consider the (simple) case for the surplus production fisheries model
(Schaefer 1954), relating to the modelling of biomass. Millar and Meyer (2000)
consider the quadratic model proposed by Polacheck et al. (1993), such that
the biomass in year ¢ 4+ 1, B;11, is described by,

B
10gBt+1 = log (Bt + TBt (1 — ?) - Ct) + €t+1,

where r denotes the intrinsic growth rate of the population, K the carrying
capacity, C; the catch during year ¢, and

€ ~ N(O702),

and corresponds to the normal stochastic error assumed for the model. In
other words, the model assumes a multiplicative log-normal error structure
for the biomass, B;.

A more complex example is where there is an age structure to the popula-
tion, for individuals in years 1 through 3, with all older individuals regarded
as ‘mature’ (or adults, and hence we denote this age group by a). All adult
birds breed, with common reproductive rate/fecundity p. We could represent
the transition equation for this population as,

N1 Nl
No . No
N, = X| N, | Ton
Na t+1 Na t
0 0 0 ¢ip Ny
e 0 0 0 Ny
= 0 ¢ 0 0 Ny | TEL
0 0 6u & )\ N/,

where ¢; corresponds to the survival probability of individuals of age j =
{1,2,3,a} (assumed constant over time), €;y1 represents an additive error
function (since the transition equations are stochastic), and X denotes the
transition (or process) matrix. We note that this system process implies that
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the numbers of individuals in each age group (N; for j € {1,2,3,a}) cor-
respond to the time at the end of year ¢, just before births in year ¢ + 1.
Clearly, further complexity can be added, allowing for a time dependent sys-
tem process. In addition, the demographic parameters of interest (such as
survival probabilities and/or fecundity rates) may often be expressed as a
function of different covariates, as described in Section 8.2, or to allow for
density dependence within the population.

Finally, we note that an alternative representation often used for the system
process would be to specify the expectation

Nl Na(blp

g| Ne _ Naopo
N3 N33 ’
Na t+1 (N3+Na)¢a t

with the same assumed error function.

10.1.8 Process Matrixz Decomposition

Often it can be straightforward to explicitly state the projection matrix, X.
However, for more complex situations, where there may be a number of dif-
ferent processes acting on the same population, this matrix can be difficult to
write down. Buckland et al., (2004b, 2007) discuss an approach for construct-
ing the projection matrix in a number of steps. The idea essentially involves
building up the projection matrix by considering the individual processes, such
as births, deaths, movement, age increment, etc., and the ordering in which
these processes occur. Process matrices are constructed for each of the individ-
ual processes and simply multiplied together to define the overall projection
matrix. For example, in the above case there are three processes acting on
the system. In order of occurrence these are: breeding, aging and survival. We
consider each individual process matrix in turn. We begin with the breeding
process into each separate state, and introduce a new state corresponding to
newly born animals. We can write the breeding process matrix in the form:

000 p
100 0
B=|010 0
0010
000 1

The new state of newborn animals is represented by the first row of B. The
diagonal elements of rows 2 through 5 represent the current individuals in
each age category.

The breeding process is followed by the age incrementation process. This is a
deterministic process, and so contains no stochastic parameters. In particular,
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we have:

A:

o O =
= o O

0
0
0

o
o O = O
o O o

0 1 1

The aging process increases the age of each individual, except for the adult
state, which is an absorbing state (once an individual reaches adulthood, it
stays an adult thereafter). This process effectively collapses the 5 states (with
the additional newborn chicks) back to the 4 states of years 1 through 3 and
adults (since the adult state is an absorbing state). Finally, there is the survival
process:

&1 0 0 0

_ 0 ¢ 0 0
S=1 0 0 ¢ 0
0 0 0 6

The projection matrix X is then easily constructed as a product of these
individual process matrices:

X =SAB.

Note that the order of the matrices is from right to left in order of the operating
processes. This clearly follows, given the specification of the system process
of the form,

N1 = XN+ €41,

so that the rightmost matrix operates on N, first, and so on, and where €441
denotes the stochastic error associated with the system process, for example,
€11~ N(0,02I). See Section 10.2 for further discussion.

We note that in the above processes, an additional “intermediate” state (i.e.
newborn) is needed. An alternative is to consider a single recruitment process
matrix, R;, say, corresponding to recruitment into all of the ages at time t.
This essentially combines the breeding and age incrementation processes into
a single process. The corresponding recruitment matrix is given by,

00 0 p
1 000
Re=14910 0
00 1 1

The first row corresponds to the number of individuals born and then become
age 1; the second and third rows indicate recruitment into ages 2 and 3 (from
those aged 1 and 2); and the fourth row gives the recruitment into adulthood
from those aged 3 and those who are already adults. Thus, this approach re-
moves the necessity of introducing the intermediate state of newborns, but
combines the processes, making a more complicated transition matrix in gen-
eral. It is trivial to see that R; = AB;.
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10.1.4 Bayesian State-Space Model

The system and observation processes describe the biological system being
studied in terms of the changing population size(s) over time, and the associ-
ated process in observing the population. Clearly, the set of parameters within
the model is determined by the transition processes modelled within the sys-
tem process. Typically we are interested in obtaining estimates of the demo-
graphic parameters within the system process (such as survival probabilities
and/or fecundity rates), and the observation error variance (if appropriate).
For notational convenience, we let 8 denote the set of these parameter val-
ues to be estimated. In addition, we shall typically be interested in obtaining
estimates of the true underlying population sizes, IN.

In the state-space approach, by combining the system and observation
process, it is possible to obtain estimates of the number of individuals in each
state, which may not be directly observable within the observation process.
For example, in Section 10.2 we only have observational data relating to the
number of breeding adult female lapwings (defined to be > 2 years of age),
yet, using the state-space approach we are able also to obtain estimates of the
number of birds aged 1 throughout the study period.

Within the classical framework for analysing state-space models the Kalman
filter may be used (Kalman 1960). In order to apply the Kalman filter, we need
to make linear and normality assumptions for both the system and observa-
tion processes. However, in practice these assumptions are often violated. In
some cases, it is possible to use normal approximations for the distributions
within the system process. For example, when the system process is modelled
via binomial and/or Poisson distributions, a normal approximation can be
used, assuming that the standard approximation results are valid; see Besbeas
et al. (2002) for a particular example of this technique. However, the normal
approximation will not always be valid as a result of small population sizes, for
example, or for more complex underlying distributions, such as an exponential
distribution. It is harder to use the Kalman filter for non-linear or non-normal
system and/or observation processes, including, for example, density depen-
dent population size transitions or a log-normal observation process.

We present a Bayesian approach which can be applied to any system and
observation processes. In particular, we implement a missing data approach
(see Section 8.3). Essentially, we treat the true underlying population sizes N
to be missing values that are imputed within the MCMC algorithm. These
are then integrated out within the MCMC algorithm to provide estimates of
the posterior (marginal) distributions of the parameters 8. This approach also
allows the posterior distribution of the true underlying population sizes to be
estimated within the same MCMC algorithm.

Bayesian Formulation

Mathematically, we treat the true unknown population sizes as parameters or
auxiliary variables to be estimated. We then form the joint posterior distrib-
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ution over both the parameters @ and the true unknown population sizes, IN.
In particular, using Bayes’ Theorem, we have,

T‘—(N=0|y) X fobs(y|N=0)p(N70)
= fobs(y|Nv e)fsys(N|0)p(0)7

where p(0) denotes the priors on the parameters 0, fops(y|IN,0) is the cor-
responding likelihood for the observation process, and fs,s(IN|0) is the likeli-
hood relating to the system process. We note that fg,, is not strictly a true
“likelihood,” since the expression does not contain any information relating
to the observed data, y, but describes how the unobserved underlying pop-
ulation size changes over time. Alternatively, we can regard this term as the
prior specification of the underlying model for the true population sizes.

With the joint posterior distribution calculated above (up to proportion-
ality), we can use an MCMC algorithm to explore the distribution and ob-
tain posterior estimates of the parameters of interest. Within each step of
the MCMC algorithm, we update the model parameters, 8, and the auxil-
iary variables, N (see King 2010 for further discussion and comparison of
different updating algorithms). This allows us to obtain a sample from the
joint posterior distribution, w(IN, 8|y), and use this sample to obtain poste-
rior (marginal) estimates of the model parameters and true population sizes
(if required). Note that this approach also allows us to obtain estimates of pos-
terior correlations between parameters and/or true population sizes, and/or
functions of the true population size, such as annual growth rates. In par-
ticular, we can easily obtain posterior credible intervals for such quantities
(obtaining error bands for similar quantities in the classical framework can
be difficult), using the standard Monte Carlo estimate. For further discussion,
see for example Royle (2008). Finally we note that a Bayesian analysis of
a normal linear state-space model is often referred to as a Dynamic Linear
Model (West and Harrison 1997), particularly within time-series analysis and
forecasting.

Practical Implications

There are a number of practical implications that can arise when fitting a
Bayesian state-space model. We begin by discussing the system process (or
prior specification on V). In particular, the population size at time ¢ can often
be expressed as a function of the population at the previous time ¢ — 1. In
other words, Ny = f(IN;_1,8), for some predefined function of f, describing
the biological processes. In particular, we note that the true population size
at the first time period of the study, N1, is a function of N, which is also
unknown and for which there is no corresponding observational data. Two
possible approaches can be used to solve this problem. First, we can once
more treat the INg as an additional parameter to be estimated, and specify
some prior p(INg). Alternatively, we can truncate the system and observation
likelihoods (starting at time ¢ = 2), and specify a prior on N;. An obvious
choice of prior for this latter approach would be to specify a prior, analogous
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to the observation process at time t = 1. For example, suppose that the
observation process is specified such that y; ~ N(N;,0?). For t = 1, we specify
the prior, Ny ~ N(yi,0?). Clearly, if there are a number of possible states,
additional priors need to be specified on each state (where all states may or
may not be observed). These ideas can be extended where N, is a function of
N;_1,...,Ny_,, ie. we add the additional parameters N_,11,..., Ng with
some specified prior, or truncate the likelihoods to start at time ¢t = 1+ 7 and
specify a prior on Ny,..., N .

An additional issue often arises in terms of specifying the starting values
for the MCMC algorithm. Initial starting values need to be specified for the
parameters in the model and the true underlying population sizes (auxiliary
variables). Naive starting values for these parameters may result in essentially
incompatible values for the population size over time, given the demographic
parameters, or even an impossible set of population sizes. This may produce
slow mixing within the Markov chain, with long burn-in periods, or in the
case of impossible starting values, a non-functioning computer code. Possi-
ble solutions to specifying the initial IN1,..., N1 values may include setting
these values to be equal to the observed values y. However, there may still be
unobservable states that need initial values specified. In addition, setting the
states to be equal to the observed values does not necessarily ensure consistent
(or even a set of possible) values for the states, particularly, for example, if
there is large observation error. Alternatively, another approach would be to
condition on the initial values specified for the demographic rates and assum-
ing an initial state for N, simulate a set of possible values for Nq,..., N,
and use these for the initial values. Clearly these two approaches can also be
combined, using the first approach for observed states, and then conditioning
on these and the initial demographic rates, simulate possible values for the
unobserved states to use as their initial values.

We note that in principle it is possible to fit state-space models within
WinBUGS. See, for example, Brooks et al. (2004) and Gimenez et al. (2009a),
where sample code is also provided. However, the simulations can be slow to
run (particularly if convergence is slow), and lengthy simulations are needed
to ensure convergence of the summary statistics post-burn-in.

10.2 Leslie Matrix-Based Models

Often, the transition equations can be expressed in the form of a Leslie matrix
(Leslie, 1945, 1948, Caswell 2001). In other words we can express the transition
equations in the form,

Nig1 = XNy + €41,

where N, is the p x 1 state vector at time ¢, X is a known p X p projection
matrix and €;4; denotes the error term. Typically, X; will be time indepen-
dent but this need not be the case in general. An example is the culling of
animals at certain times over the time period, and so using the general time
dependent Xy projection matrix permits such complicated system processes.
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Recall that in Section 10.1.2 we described how these projection matrices can
be constructed from matrices describing the individual processes acting on
the system. We note that if the projection matrix is used to describe develop-
mental growth of the population (rather than aging), the matrix is typically
referred to as a Lefkovitch matrix (Lefkovitch 1965).

Example 10.1. Two-State System Process
Suppose that we have a two-state system, relating to age 1 animals and adults,

so that,
(M
Ne= ( Na )t'

In order to calculate the corresponding transition matrix for the system, we as-
sume that there are two stochastic demographic processes operating: survival,
which is age dependent, and breeding (adults only), and one deterministic
process: age incrementation. The ordering of the processes corresponds to the
breeding of individuals (in spring, say), their age incremented, followed by
their survival to the following year. We denote the survival matrix by S, the
age incrementation matrix by A (assuming time independent age transitions),
and the breeding matrix by B;. We consider each process in turn, in order of
occurrence, and so begin with the breeding process. We need to introduce a
further state (as in the example of Section 10.1.2) relating to newborns, and
represented in the first row of the matrix for B;. The process matrix is then
given by,

0 p
B,=[10
01/,

The age incrementation matrix is then applied, so that age 1 animals become
adults, adults remain adults and the newborns become aged 1:

100
A‘(o 1 1>'

This matrix also essentially removes the newly introduced state of newborns,
as they become animals aged 1, thus reducing the states to the original set:
age 1 animals and adults. Finally, the survival process matrix is simply,

(¢ O
St_<01 ¢2>t'

The overall projection matrix is simply,

Xt = StABt
(¢ 0 1 00
- 0 ¢. J,\ 0 11

_ <0 P¢1)
ba ba ),

o = O
— o
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Alternatively, we could combine the breeding and age matrices into a single
recruitment process matrix, R;, say, corresponding to recruitment into both
adulthood and age 1 animals (as in the example in Section 10.1.3). This es-
sentially combines the breeding and age incrementation processes into a single
process. In particular, for the above example, we have the recruitment matrix,

_ (0
(1)

The matrix R; generates new births (with productivity rate p from only adult
animals), existing first year birds are recruited into the adult population, and
adults remain adults. It can clearly be seen that R; = AB,. O

Example 10.2. Lapwings: Count Data

We consider survey data relating to the UK lapwing, Vanellus vanellus, de-
scribed in Example 1.3. The data are derived from the common birds census
(CBC) collected via annual counts made at a number of sites around the
United Kingdom and collated by the British Trust for Ornithology (BTO).
We assume that all lapwings begin breeding at the age of 2 (Cramp and
Simmons 1983, Besbeas et al. 2002). Birds of one year of age are classed as
(non-breeding) juveniles, and birds of age 2 or greater are classed as adults.
Birds are assumed to have a different survival probability in their first year
of life, and then a common “adult” survival probability thereafter. All birds
aged at least 2 years old are assumed to breed. From the annual count data,
an index value is calculated, providing a measure of the population level (for
the number of adult breeding females), taking account of the fact that in each
year only a small proportion of sites are actually surveyed. We treat this index
as survey data, and consider data from 1965 to 1998 inclusive. The data are
reproduced in Besbeas et al. (2002) and Brooks et al. (2004). We denote the
index value for year ¢ by y; and, for consistency with the ring-recovery data
and further analyses described later (in Section 10.2.1), we associate the year
1963 with the value t = 1, so that we actually observe the values ys, ..., yss.
We consider the observation and system process for this illustrative example
in turn.

Observation Process

The index data can be considered to be an estimate of the true female breeding
population size at the CBC sites over time, and typically an index proportional
to the national population size. We first assume the underlying model for the
observation process to be of the form,

Yyt ~ N(Nat,0,) (10.1)

where N, ; represents the true underlying numbers of breeding adult females
at time ¢, and og is the observation error variance to be estimated. This de-
scribes the observation process by which the estimates y; are derived from

the true underlying process N, . As observed earlier, in general, alternative
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observation process models may be plausible, for example, a log-normal dis-
tribution, or a scaled variance term in a normal distribution (e.g. scaled by
the coefficient of variation squared). Additionally, due to the data collection
process and/or processing of the data, it is possible that the variance term 05
may be known (and possibly data dependent). For example, see King et al.
(2008b), who derive annual variance estimates, ait, in addition to the esti-
mates for the population size, y;, given the underlying raw data corresponding
to estimates at the site level. However, for simplicity, in order to illustrate the
methodology we adopt the simple normal observation error with unknown
variance. Clearly, the form of the error will be problem dependent and should

be justified biologically.

System Process

The system process describes the underlying dynamics of the population level
over time representing the biological processes. For the lapwing data we need
to define the transition equations relating to both the juvenile and adult birds.
A natural model would be to assume that

Nii ~ Po(Ngi—1pt—1¢1,t-1)
Noit ~ Bin(Nii—1+ Naj—1,ba0,1-1),

where p; denotes the productivity rate in year ¢, i.e. the average number of
female offspring per adult female. Thus, the number of birds aged 1 in year
t stems directly from the number of chicks produced the year before, which
then survive from t—1 to ¢. Similarly, the number of adults in year ¢ is derived
directly from the number of adults in the previous year which survive from
t — 1 to t and the number of juveniles (i.e. age 1 birds) that become adults
and survive from year ¢t — 1 to t. We could represent this model using a Leslie

matrix:
< Nl > < 0 [)(151 > ( Nl ) < €1 )
Na t+1 (ba ¢a t Na + €a 41

where €; and €, denote Poisson and binomial errors. The transition matrix
above is identical to the process matrix derived in Example 10.1, and can be
constructed in the same manner.

We note that it is clear from the form of the transition equations, and hence
corresponding system likelihood, that the productivity rate and first-year sur-
vival probability are, in general, confounded without further information, so
that it is only possible to estimate their product, i.e. the model is parame-
ter redundant (see Section 2.8). However, annual variation in the population
parameters is to be expected, and weather is almost certainly a contributing
factor to changes in survival probabilities (see Section 8.2). In particular, the
severity of the winter is likely to have a substantial influence on the survival
probabilities, with most mortalities occurring during the winter months. As
a surrogate for the harshness of the winter, we consider the covariate corre-
sponding to the number of days that the temperature fell below zero in central
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England during the winter. For year ¢, we denote this by fdays:. See Besbeas
et al. (2002) for further details. The survival probabilities are constrained to
the interval [0, 1], and so we consider a logistic regression of both first-year
survival probability and adult survival probability on the covariate fdays:
(see, for example, Section 8.2.1). In other words, we specify:

logit (251715 = ]+ ﬂlft
IOgit d)a,t = Qg+ ﬁaftu

where f; denotes the normalised value for the covariate fdays; (see Example
4.11).

Additionally, the productivity rate is assumed to be dependent on time.
The productivity rate is constrained to be positive, so that we consider a log
link function. In particular, we set,

10g Pt = Qp + '7th7

where T} denotes the normalised value for the time ¢.

We note that the given specification of the first-year survival probability
and productivity rate as a function of the covariates removes the confounding
nature of the demographic parameters, with all the regression coefficient para-
meters specified above estimable. Thus the parameters to be estimated are the
regression coefficients for the survival and recovery probabilities, observation
error variance, and the true underlying population sizes (treated as auxiliary
variables, but also of interest in their own right).

Prior Specification

We need to specify priors on the regression coefficients, observation error vari-
ance parameter and the initial population sizes, as discussed in the Practical
Implications of Section 10.1.4. In particular, without any prior information, we
specify independent N (0, 10) priors for each regression coefficient, and for the
observation error variance, an I'"1(0.001,0.001) prior. Finally, for the state
of the initial population size, we place an uninformative prior on IN5. Recall
that the observed survey data start at time t = 3, so that we place the prior
on the population sizes at time ¢t = 2. In particular, we set,

Ny2 ~ Neg— Bin(0.04,0.002)
Nu2 ~ Neg— Bin(1.00,0.001).

This prior is specified so that P, (N7 2) = 200, P,(Ng,2) = 1000 and Var, (N 2)
= 10% = Var, (N, 2). Thus, we specify independent priors on the initial pop-
ulation sizes for juveniles (age 1) and adults (age 2 and greater). Clearly,
the specification of the magnitude of the prior means (and variances) to be
uninformative will be data dependent. A sensitivity analysis can clearly be
conducted on the prior specified for the model parameters (regression coeffi-
cients and observation error variance) and initial population sizes.
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Simulations

In order to initialise the Markov chain, we need to specify starting values for
each of the model parameters and the underlying population sizes, for first
years and adults. Specifying starting values for the model parameters is gener-
ally straightforward. However, care needs to be taken for the true underlying
population sizes. We simply set N,; = y; (i.e. set the true adult breeding
population sizes to be equal to the estimated population sizes). However, we
also need to specify starting values for the juvenile population sizes. Spec-
ifying values of N;; that are too small can result in impossible values for
Ny . In particular, we have the restriction that Ny 41 < Nj; + Ngy, ie.
Nit > Ngi41 — Ngy. If we specify the initial starting values for the adult
population size as given above, this means that we need to specify initial
starting values for juvenile birds, such that Ni; > y¢11 — y;. In the MCMC
simulations, we simply set N ; = 400 for all ¢, which satisfies the above condi-
tions. The MCMC simulations were run for 1 million iterations, with the first
10% discarded as burn-in, which appeared to be a very conservative burn-in
with respect to the trace-plots of the parameters.

Results

Table 10.1 provides the corresponding estimates for the model parameters.
Clearly, we can interpret from these results that there appears to be a negative
relationship between first-year survival probabilities and the covariate fdays;
and a linear decline (on the logarithmic scale) for the productivity rate. The
relationship between adult survival probability and fdays appears to be less
clear, with the 95% HPDI containing both negative and positive values. In
addition, we note the generally low posterior precision of these parameters
(we return to this in Section 10.2.1).

Table 10.1 The Posterior Mean, Standard Deviation and 95% HPDI for the Model
Parameters for the Lapwing Count Data from 1965-1998

Parameter Posterior Mean (SD) 95% HPDI

a 1.260 (1.512) (—1.877, 3.865)
B —1.784 (0.966) (—3.613, —0.169)
O 2.261 (0.382) ( 1.402, 2.916)
Ba 0.064 (0.171) (—0.263, 0.412)
a, —2.053 (0.501) (—1.070, 0.035)
Y —0.613 (0.254) (—1.134, —0.197)
o2 21395 (6297) (11132, 33867)
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In addition, Figure 10.1(a) provides the corresponding posterior estimates
for the true juvenile and adult population sizes, along with the corresponding
point estimates of the population, y;. Note that although we only have data
relating to estimates of the adult population size, we are also able to provide
posterior estimates for the number of juvenile birds, due to the inclusion of
the system process describing the underlying biological system. Clearly, the
Bayesian state-space approach has smoothed over the estimates of the popula-
tion size, but the explicit system equations have constrained this smoothing to
be biological plausible. The Bayesian approach is also very flexible in terms of
the functions of parameters that can be estimated. For example, it is straight-
forward from the constructed MCMC algorithm to obtain posterior estimates
of the adult growth rate each year, denoted by 74+ = Ny ¢41/Ng or total
growth rate, 4 = (N1 41 + Natt1)/ (N1t + Ngt). The log growth rate is
also a common statistic that is of interest. Posterior summary statistics of
these quantities are simply calculated at each iteration of the Markov chain
(using the imputed values for the true underlying population sizes), and the
corresponding empirical quantities of interest calculated as an estimate of the
posterior quantity (i.e. using the Monte Carlo approach). For example, Figure
10.1(b) provides the posterior mean and 95% HPDI for the total growth rate,
r¢, for the lapwing count data. This clearly shows an increasing growth rate
for earlier years and a declining growth rate in latter years. Finally, we note
that we can also calculate the posterior probability that the total growth rate
is positive and/or negative for any given year as the proportion of the poste-
rior distribution of the growth rate in year ¢ (r;), which is greater/less than 1
(or equivalently the log growth rate (logr;) is greater/less than 0). See King
et al. (2008b) for further extensions to this idea.

O

10.2.1 Integrated Data

Often, more than one type of data may be collected on the same population,
independently of each other. We consider the case here, where both count
data and ring-recovery data are collected on the UK lapwing population. We
consider the same count data described above between 1965 and 1998 (see
Table 2.2 for a subset of the data). To augment the count data, we also have
recovery data from lapwings ringed as chicks between 1963 and 1997 and
later found dead and reported between 1964 and 1998. The full data set are
reproduced in Besbeas et al. (2002) and King et al. (2008b). By combining data
from different sources, we obtain more robust (and self-consistent) parameter
estimates that fully reflect the information available.

Example 10.3. Lapwings: Integrated Analysis

We consider the identical state-space model as described above for the count
data in Example 10.2. For the ring-recovery data, we once more assume differ-
ent time varying survival probabilities for first years and those aged at least
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Figure 10.1 (a) The posterior mean (*) and 95% HPDI (vertical lines) of the
number of juvenile birds aged 1 (in black) and adults aged at least 2 (in grey).
The additional *’s give the data y over time. (b) The posterior mean (*) and 95%
HPDI (vertical lines) of the total growth rate r; in year ¢t = 1965, ...,1997, where
r¢ = (N1,t41 + Na,t+1)/(N1,t + Nq ). The horizontal dashed line corresponds to no
change in population size.

1 (logistically regressed on the covariate fdays), but common time varying
recovery probability \; denoting the probability that a bird which dies in year
t is recovered. Here we assume that the recovery probability is logistically re-
gressed on time (where the time covariate is once more normalised), so that,

logit A\t = ax + aue,

where u; is the normalised time covariate.

The state-space model described above depends upon parameters p¢, ¢1 ¢,
Pats 05 and the underlying population levels N; and N,, which we treat as
missing values (or auxiliary variables) to be estimated. This model is described
as a joint probability distribution for the observed data y = (ys,...,yss) in
terms of these parameters as follows,

f(yaN|p7¢7U§) = fObS(y|N7U§)fSyS(N|p7 ¢)a

explicitly writing out the set of parameters. Additionally, the ring-recovery
model depends upon parameters A;, ¢1,+ and ¢, and has corresponding like-
lihood f(m|X, ¢;, ¢,) given in Equation 2.3 of Section 2.3.1.

It is clear that both of these models have parameters in common (¢; and
¢,). Thus, in the presence of both count data and ring-recovery data, com-
bining the two data sets and analysing them together pools the information
regarding these parameters and this filters into the estimation of the remain-
ing parameters. The combination of these two models is most clearly demon-
strated in the Directed Acyclic Graph (DAG, Section 4.5) given in Figure
10.2. Note that the top line of the DAG, corresponding to the prior parame-
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ters specified on each parameter, has been omitted to avoid the DAG being
too cluttered.

Count Model

0P RS

Ny Ny

oRPoNEO
@ N

Y Recovery Model

m

Figure 10.2 Directed Acyclic Graph (DAG) corresponding to the combined model
for the count and recovery data. Note that the top level of the DAG relating to the
prior parameters has been omitted. Reproduced with permission from Brooks et al.
(2004, p. 519) published by Museu de Ciéncies Naturals de Barcelona.

There is generally a large amount of information contained within the ring-
recovery data relating to both the survival probabilities and (essentially nui-
sance parameters) recovery probabilities. Alternatively, for the count data,
there is relatively a much smaller amount of information relating to the sur-
vival probabilities. Thus, we can essentially “borrow” information from the
ring-recovery data relating to the survival probabilities, and use this in the
analysis of the count data. Formally, we assume that the data sets are indepen-
dent of each other, and obtain a corresponding joint probability distribution
for the combined data (and auxiliary variables, IN), as follows

f(y. N,m|p, ¢, X\ 07) = f(y,Nl|p,¢,0,) f(m|p, \),

where f(y,N|p,¢,07) = fobs(y|IN,07)fsys(N|p,¢) corresponding to the
count data, and f(m|X\, @) is the likelihood for the ring-recovery data. The
posterior distribution, given all the observed data (count data and ring-recovery
data) is,

ﬂ-(N7 p7 ¢7 A7 0—5) & f(y7 N’ m|p7 ¢7 A7 Jg)p(p7 ¢7 A’ 0—5)'
We specify the same priors on the parameters as those described above for

the count data alone, with the analogous priors on the regression coefficients
for the recovery probabilities.
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Comment*

Consider the form of the posterior distribution once again for the integrated
data. We have that,

m(N,p. ¢, X oyly,m) o [f(y,N,mlp,¢, X 0.)p(p, ¢, A 0;)
f(,Nlp,¢,07)f(mlp, N)p(p, d, A, 07)
f(y,Nlp,¢,0,)n(p, b, A, o |m),

where m(X, ¢, p, J§|m) denotes the posterior distribution of all the parame-
ters, given only the ring-recovery data. Compare this with the expression for
the posterior distribution for all the parameters, given all the data, shown
below

Q

7T(p, ¢a )‘a 0'57 N|y7 m) o f(y7 N‘pa ¢a )‘7 U;)p(pa ¢a )‘7 U;)

Thus, we can see that the posterior distribution for the parameters, given
both the count data and ring-recovery data, can be simply interpreted as the
posterior distribution of the parameters, given the count data, where the prior
on the parameters is simply the posterior distribution of the parameters, given
the ring-recovery data (i.e. p(p, ¢, A, o) = 7(p, ¢, A, 07|m)). Note that this
simplification holds as a result of the independence assumption between the
two data sets, so that the likelihood can be decomposed into the product of
the two separate likelihood terms, corresponding to each set of data. This can
be compared to the prior specification issue discussed in Section 4.2.5 in the
presence of independent data.

Results

Table 10.2 provides the posterior means and corresponding standard devia-
tions for the model parameters from the analysis of the combined data, to-
gether with the corresponding estimates under the analyses of the two data
sets individually. The comparatively large posterior standard deviations for
the majority of parameters under the count data alone confirms our earlier
assertion about the lack of information in the count data concerning the sur-
vival probabilities. For example, for the count data, the posterior mean for the
regression coefficient 3,, corresponding to the influence on the covariate fdays,
is very close to zero (which represents no relationship). Using the integrated
data and incorporating the ring-recovery data we see that the biological inter-
pretation is much clearer, with a negative relationship, as we would expect.
We note also the similarity in the parameter estimates under the ring-recovery
model and the combined analysis as these data are much more informative con-
cerning the demographic rates relative to the count data. Finally, we observe
that by combining the two data sources, the posterior standard deviations
for the productivity parameters decrease dramatically, even though there is
no direct information in the ring-recovery data relating to these parameters.
This is a direct result of the increased precision of the other parameters.
Figure 10.3(a) provides the posterior mean and 95% HPDI for the true
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Table 10.2 The Posterior Mean and Standard Deviation (in Brackets) for the Re-
gression Coefficients for Each of the Estimable Parameters for the Lapwing Data for

Model 1 (fdays)/da(fdays)/p(t)/A(t)

Parameter Integrated Data Count Data Ring-Recovery Data

o 0.537 (0.068)  1.260 (1.512) 0.535 (0.068)
5 —0.197 (0.059) —1.784 (0.966)  —0.208 (0.062)
g 1.536 (0.068)  2.261 (0.382) 1.531 (0.070)
Ba —0.241 (0.039)  0.064 (0.171) —0.311 (0.062)
a, —1.130 (0.087)  —2.053 (0.501) -

Y —0.264 (0.048)  —0.613(0.254) -

ay —4.565 (0.035) - —4.567 (0.035)
Y —0.351 (0.039) - —0.345 (0.039)
o2 28427 (8653) 21395 (6297)

Note: We consider using only count or ring-recovery data and the integrated
analysis (combined count data and ring-recovery data). A dash (-) denotes
that the parameter is not estimable for the given data.

underlying population levels for the juveniles and adults; and (b) the poste-
rior mean and 95% HPDI for the growth rate r,. We can compare these with
Figures 10.1(a) and (b) for the count data alone. The posterior credible in-
tervals are smaller for the integrated data analysis compared to the analysis
of the count data alone, demonstrating the increased amount of information
contained within the ring-recovery data on the survival probabilities which
permeates throughout all the parameter estimates. The largest difference in
the estimates for population size lies in the posterior precision of the number
of the juvenile birds aged 1. This is unsurprising, since these are not directly
observed within the data and all inference is made from the adult population
size for the count data. However, for the integrated data there is external
information relating to first-year survival probabilities from the ring-recovery
data, as well as to adult survival probabilities. In addition, we note that the
pattern of the growth rates appears to differ between analyses, although once
more, the posterior credible intervals for the count data appear to be signif-
icantly larger than for the integrated data. The four particularly low growth
rates for the integrated data (in years 1978, 1981, 1984 and 1985) correspond
to the harsh winters. This is not observed for the count data alone. This is
a direct result of the uncertainty relating to the parameter §,, corresponding
to the impact of fdays on the adult survival probability.
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Figure 10.3 (a) The posterior mean (*) and 95% HPDI (vertical lines) of the
number of juvenile birds aged 1 (in black) and adults aged at least 2 (in grey) for the
integrated data analysis. The *’s give the data y over time. (b) The posterior mean
(*) and 95% HPDI (vertical lines) of the growth rate r¢ in year ¢t = 1965, ..., 1997 for
the integrated data analysis. The horizontal dashed line corresponds to no change
in growth rate.

Ignoring Observation Error

To demonstrate the importance of incorporating the observation error within
the parameter estimation process, we rerun the analysis, assuming that there
is no observation error (i.e. we essentially set o7 = 0). Table 10.3 provides the
corresponding results obtained for the integrated analysis with and without
observation error for comparison.

Comparing the posterior estimates of the regression parameters, between
the two analyses, we can clearly see that some of them are reasonably compa-
rable, with significant overlap between the posterior distributions. However,
the posterior estimates, particularly for the survival probabilities and produc-
tivity rates, are very different. The differences between the two models (with
and without observation error) in terms of the posterior parameter estimates
are more clearly illustrated by comparing the demographic rates. Figure 10.4
provides the corresponding posterior estimates for the survival probabilities,
recovery probabilities and productivity rates.

From Figures 10.4(a) and (c) we note that there appears to be only relatively
minimal difference between the estimates of the first-year survival probabilities
and recovery probabilities obtained between the models with and without
observation error, with significant overlapping of the 95% HPDIs. This is
essentially because the majority of information relating to these parameters
is obtained from the ring-recovery data, whose model has remain unchanged.
However, from Figures 10.4(b) and (d) we can clearly see that the posterior
estimates of the adult survival probabilities and productivity rates are vastly
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Table 10.3 The Posterior Mean and Standard Deviation (in Brack-
ets) for the Regression Coefficients for the Lapwing Data for Model
¢1(fdays)/da(fdays)/p(t)/A(t) (With and Without Observation Error)

Integrated Data Integrated Data
Parameter (With Observation Error) (No Observation Error)

a1 0.537 (0.068) 0.388 (0.066)
B1 —0.197 (0.059) —0.290 (0.024)
Qg 1.536 (0.068) 0.711 (0.037)
Ba —0.241 (0.039) —0.053 (0.010)
a, —1.130 (0.087) —0.196 (0.047)
Y —0.264 (0.048) —0.156 (0.014)
ax —4.565 (0.035) —4.671 (0.033)
Y —0.351 (0.039) —0.302 (0.039)
o; 28427 (8653) -

different between the two models (with and without observation error). In
particular, the survival probabilities are significantly reduced when we ignore
the observation error, so that they are generally more comparable with the
first-year survival probabilities (which is biologically unrealistic). In addition,
the productivity rates are significantly higher when we remove the observation
error. Note that the estimated number of first years are also significantly
(and unrealistically) higher when we ignore the observation error (typically a
magnitude of 2 to 4 times higher). We can explain these results as follows. The
higher numbers of first years are needed in order to compensate for the high
fluctuations in the estimated number of adults (for example, between years
1992 and 1994 the number of birds are recorded as 981, 648 and 993), in order
to allow for the large changes without explaining this via observation error.
This in turn means a high productivity rate, to produce the relatively large
number of first years, and a reduction in the adult survival probabilities to
stabilise the number of adult birds in the population. Thus, the incorporation
of an observation error can be vital in the analysis of count data. The larger
the amount of observational error, the larger the amount of potential bias that
may be obtained, if we ignore this additional level of uncertainty.

Model Discrimination and Averaging

Within the previous integrated analysis of the lapwing data we assume the
underlying model for the demographic parameters in terms of the covariate
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Figure 10.4 The posterior estimates of (a) first-year survival probability, (b) adult
survival probability, (c) recovery probability and (d) productivity for the state-space
model (in black) and the model assuming no observation error (in grey). The dashed
line in plots (a) and (b) provides a scaled plot of the frost days covariate, fdays.

dependence. However, in practice this may not be known a priori. In addition,
the dependence structure itself may be of interest. For example, for at-risk
species, not only is the change in the underlying population size over time
of interest, but also the underlying system process that is driving the pop-
ulation. Identifying potential factors that influence the survival probabilities
or fecundity rates may allow better conservation policies to be introduced to
manage the population.

For the UK lapwing population, we consider two possible covariates: fdays
(again used as a surrogate for the harshness for the winter) and time (to reflect
any trends in the demographic rates). Incorporating the linear trend and the
frost days covariate on the logistic scale into the model for first-year survival
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probability we have,
logit ¢11 = a1 + B fi, +71we.

Here a1, 81 and 71 are parameters to be estimated and f; and u; are the (nor-
malised) covariate values for fdays and time, respectively, at time ¢. Similar
parameterisations for adult survival and recoveries are adopted with suitable
subscript notation. For the productivity rate, we assume a logarithmic rela-
tionship, and specify,

Ingt = Qp + 5pft—1 + YolUt-

The productivity in the spring of year ¢ is regressed on the severity of the
winter prior to the spring, (i.e. in year ¢t — 1). This reflects the fact that the
productivity of the lapwings in the spring may be affected by the severity of
the winter immediately prior to the spring. In this circumstance we may be
particularly interested in:

1. identifying the factors that influence each of the demographic parameters
(i.e. performing a model selection procedure); and

2. identifying the nature of the dependence of the covariate on the demo-
graphic parameters (i.e. positive or negative), conditional on a dependence
being present.

Priors

There are a total of 22 = 4 possible marginal models for each of the demo-
graphic parameters corresponding to each possible combination of covariate
dependence. Thus, there are a total of 4* = 256 models overall. We assume
that each of these models are equally likely a priori. For each demographic
parameter, conditional on the covariate being present in the model, we specify
a N (0, 10) prior on the regression coefficient (as specified for the fixed model
in the previous analyses). Note that we shall also implement a prior sensitivity
analysis.

RJIJMCMC Algorithm

We implement an RJIMCMC algorithm similar to that given in Example 6.2.
First, we update each of the parameters in the model using the MH algo-
rithm. We then update the model for each of the demographic parameters. In
particular, we cycle through each demographic parameter and consider each
covariate in turn. If the given demographic parameter is dependent on fdays,
we propose to remove the dependence; otherwise, if the covariate is absent,
we propose to add the covariate to the model. Following this RIMCMC step
we repeat the algorithm for time. In each RIMCMC step, the dimension of
the model is only changed by one (i.e. adding/removing a single covariate de-
pendence). To increase the acceptance probability of the reversible jump step,
and hence improve mixing within the Markov chain, we use the updating
algorithm.
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We initially perform a pilot tuning step. We fix the model to the saturated
model with full covariate dependence for each of the demographic parame-
ters and run a standard MCMC algorithm, updating each parameter using a
random walk Metropolis step. From this initial MCMC simulation, we record
the corresponding posterior mean and variance of each regression coefficient.
We then consider the reversible jump algorithm, in the presence of model un-
certainty. Without loss of generality, suppose that we propose to add fdays
dependence to the first-year survival probability. We propose the new value,

By ~ N(p,0%),

where p and o2 are the corresponding posterior mean and variance of 3; ob-
tained from the initial pilot run for the saturated model. All other parameters
remain the same. The corresponding Jacobian is simply equal to unity, and
the probability of moving between the current and proposed model is also
equal to one. The corresponding acceptance probability reduces to,

8 m)p(B)
min (1’ F(@l6. m)q(5}) ) /

where the current and proposed models are denoted by m and m’, with cor-
responding model parameters 6 and 6’.

Results

The RIMCMC simulations are run for 1 million iterations with the first
10% discarded as burn-in for the integrated data. Starting the chain in over-
dispersed starting points obtained essentially identical results, and we con-
clude that the posterior distribution has converged (see Section 5.4.2). The
models identified with the largest posterior support are presented in lable
10.4 and the corresponding marginal posterior model probabilities for each
demographic parameter are provided in Table 10.%.

We can see from Table 10.4 that the covariate dependence on the adult sur-
vival probability and productivity rates appear to be very highly correlated.
When the adult survival probability is time dependent (irrespective of whether
it is also dependent on fdays), the productivity rate is not time dependent;
whereas when the adult survival probability is independent of time (but pos-
sibly dependent on fdays), the productivity rate is time dependent. In par-
ticular, we can calculate the marginal model probabilities for time dependent
(and fdays dependent) adult survival probability and constant productivity
rate (¢q(fdays,t), p), and an fdays dependent adult survival probability (but
not time dependent) and time dependent productivity rate (¢, (fdays), p(t)).

These are calculated in the standard manner, by simply summing over the
posterior probabilities for the models that have these particular time (and
fdays) dependence on the adult survival probability and productivity rate.
We find that the marginal probability for (¢, (fdays,t), p) is equal to 0.396 and
for (¢pq(fdays), p(t)) is 0.216. Considering only the marginal models for the
individual demographic parameters hides this intricate detail (we also discuss
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Table 10.4 The Posterior Probabilities of the Models with Largest Posterior Sup-

port for the Lapwing Data

Posterior
Model Probability
b1 ba(fdays,t) A(fdays,t) P 0.211
o1 da(fdays)  A(fdays,t) p(t) 0.138
b1(fdays)  Gu(fdays,t)  A(t) ) 0.125
b bo  A(fdays,t)  p(t) 0.099
$1 Pa(t) A(fdays, t) p 0.076
01 ®a(t) A(fdays,t)  p(fdays) 0.056
d1(fdays)  ¢a(fdays) A(t) p(t) 0.052

Note: The terms in brackets correspond to the dependence of the parameter

— fdays (frost days) and ¢ (time).

Table 10.5 The Marginal Posterior Model Probabilities for Each of the Demo-

graphic Parameters for the Lapwing Data

(a) First-Year Survival — ¢;

(b) Adult Survival — ¢,

Posterior Posterior
Model Probability Model Probability
o 0.739 ba(fdays, 1) 0.465
o1(fdays) 0.225 ba(fdays) 0.241
é1(fdays,t) 0.027 ¢a(t) 0.153
¢1(t) 0.009 ba 0.141

(c) Recovery — A

(d) Productivity — p

Posterior Posterior
Model Probability Model Probability
A(fdays,t) 0.755 P 0.477
A(t) 0.245 p(t) 0.350
A(fdays) 0.000 p(fdays) 0.105
A 0.000 p(fdays,t) 0.068

this issue in Section 6.6 for a different analysis of the same data). For example,
suppose that the marginal models were (approximately) independent. Then,
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we would expect,
m(¢a(fdays,t), ply, m) ~ (da(fdays, )|y, m)m(ply, m).

The posterior marginal probabilities for the covariate dependence for each of
the demographic parameters are given in 'Table 10.5. We have that,

(¢a(fdays, )|y, m)m(p|ly, m) = 0.465 x 0.477 = 0.222,

whereas we have 7(¢, (fdays,t), ply, m) = 0.396. Clearly these are very differ-
ent, as a result of the non-independence of the posterior marginal probabilities
for the adult survival probability and productivity rate. A similar result holds
for the marginal probability for (¢, (fdays), p(t)).

There does appear to be some uncertainty in relation to the underlying
model for the lapwings. We are able to account for this model uncertainty in
estimating the true population sizes by considering a model-averaged estimate.
This is provided in Figure 10.5(a) and for the growth rate in Figure 10.5(b).
The posterior uncertainty of the population size and growth rates are greater
in the presence of model uncertainty compared to the fixed model considered
in Section 10.2.1, reflecting both parameter and model uncertainty.

;N; g iy

5. .
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- G WL | i

[ i

E D76‘5 7‘0 7‘5 S‘O 8‘5 9‘0 9‘5 O.76‘5 7‘0 7‘5 8‘0 8‘5 9‘0 9‘5
Year (1900+) Year (1900+)

(a) (b)

Figure 10.5 (a) Lapwing data: the model-averaged posterior mean (*) and 95%
HPDI (vertical lines) of the number of juvenile birds aged 1 (in black) and adults
aged at least 2 (in grey) for the integrated data analysis. The *’s give the data y
over time. (b) The posterior mean (*) and 95% HPDI (vertical lines) of the model-
averaged growth rate r; in year t = 1965, ...,1997 for the integrated data analysis.
The horizontal dashed line corresponds to no change in growth rate.

We consider a prior sensitivity analysis of the results by considering differ-
ent priors on the regression coefficients. In particular we consider the prior
specification N (0, 2.344) for each coefficient, conditional on the parameter be-
ing present in the model (see Section 8.2.1). The models with largest posterior
support are provided in Table 10.6 and the corresponding marginal posterior
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Table 10.6 The Posterior Probabilities of the Models with Largest Posterior Sup-
port for the Lapwing Data

Posterior
Model Probability
d1 da(fdays,t)  A(fdays,t) p 0.198
o1 dalfdays) A(fdays.t)  plt) 0.158
¢1(fdays)  ¢a(fdays,t) At) p 0.111
01 do(fdays,t)  A(fdays,t) p(fdays) 0.059
$1 Pa A(fdays,t) p(t) 0.058
o1 (fdays)  ¢a(fdays) A(t) p(t) 0.051

Note: The terms in brackets correspond to the dependence of the parameter —
fdays (frost days) and ¢ (time), assuming independent N (0,2.334) priors on
the regression coefficients.

probabilities for the covariate dependence for each demographic parameter
are provided in Table 10.7. The model-averaged estimates of the parameters,
including the total population size, are essentially unchanged. There are some
minor changes in the posterior probabilities of the different models identi-
fied (compare "lables 10.4 and 10.6), however the general interpretation of
the results remains the same. Thus, the posterior distribution seems fairly
insensitive to the priors considered within this analysis.

O

Comment

The Leslie-based matrix approach can only be used where there is a linear
relationship between the size of the population between years. Thus, not all
system processes can be described using a Leslie-based matrix, for example,
density dependent demographic rates. The Bayesian approach is easily ex-
tended to allow for more complex situations, using the standard approach, as
we discuss next.

10.3 Non-Leslie-Based Models

Many biological systems can be modelled using a Leslie matrix; however, these
cannot describe all system processes of interest. For example, density depen-
dence and other non-linear processes cannot be expressed in the form of a
Leslie matrix. In such circumstances it is possible simply to define the under-
lying transition equations via a set of equations to describe the changing pop-
ulation size over time. The fitting of Leslie-based system processes and non-
Leslie-based system processes within the Bayesian approach are performed in
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Table 10.7 The Marginal Posterior Model Probabilities for Each of the Demo-
graphic Parameters for the Lapwing Data

(a) First-Year Survival — ¢; (b) Adult Survival — ¢,
Posterior Posterior
Model Probability Model Probability
b1 0.673 ba(fdays,t) 0.524
o1(fdays) 0.253 ba(fdays) 0.284
1(t) 0.050 Da(t) 0.103
¢1(fdays,t) 0.023 ba 0.089
(c) Recovery — A (d) Productivity — p
Posterior Posterior
Model Probability Model Probability
NFdays, 1) 0.772 ) 0.427
A(t) 0.228 p(t) 0.368
A(fdays) 0.000 p(fdays) 0.127
A 0.000 p(fdays,t) 0.079

Note: We assume independent N (0, 2.334) priors on the regression coefficients.

exactly the same way. Given any set of transition equations and observation
processes, the true (unknown) population sizes are treated as missing data
(or auxiliary variables) and the joint posterior distribution formed over both
these auxiliary variables and model parameters. The MCMC algorithm is con-
structed with this given stationary distribution and the posterior (marginal)
distributions of the parameters (and true population sizes) estimated.

10.3.1 System Process

When the system process cannot be modelled using a Leslie matrix, we can
simply specify the transition equations, in a manner analogous to the system
process specified in Section 10.2. For example, the density dependence model
of Dennis and Taper (1994) can be expressed in the form,

Ny = Ni_1exp(Bo + B1N¢—1) exp(er),

where N; denotes the population size at time ¢ (assuming only a single state),
0Bo and 31 are parameters to be estimated and ¢; denotes the stochastic element
of the system process, such that,

e ~ N(0,07%).
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Note that this model is often reparameterised for simplicity as an additive
model, by considering the log-transformation, so that,

Pt = pi—1 + Bo + B1exp(pi—1) + €, (10.2)

where p; = log N; and the associated error (¢;) has a normal distribution.
Clearly, setting 8, = 0 removes the first-order density dependence, reducing
the model to a simple linear trend with normal errors (which could be modelled
using a Leslie matrix).

There are many other possible models that may be used to describe density
dependence. For example, Reddingius (1971) suggests the model,

Dt = Pi—1 + Bo + Bipi—1 + €,

where ¢; ~ N(0,0?). This is very similar to the previous model, where essen-
tially the density dependence is on a different scale. The form of the transi-
tion equations to be used should be motivated and developed from biological
knowledge of the system.

10.3.2 Observation Process

The observation process is defined in the standard way, describing how the
observed count data relate to the true underlying population size. For example,
for the above Dennis and Taper model (or Reddingius model), we might specify
that the observed count data, y; are of the form,

Yt ~ N(Nt702)7

where ¢ is to be estimated. In some instances, the observation process stan-
dard error may be known (or can be estimated), and typically in such circum-
stances will be known over time (see, for example, King et al. 2008b). This
can easily be incorporated into the observation process, by simply removing
the estimation of the observation process error parameter.

10.3.3 Comments

Clearly, the density dependence model defined should represent the under-
lying biological knowledge of the system. It can be easily extended to allow
for higher-order (or longer-range) density dependence of the same form. For
example, for the above case, suppose that the density dependence extends to
the k*" previous population size. The model can be extended to,

k
pr=pi1+ 0o+ Y Brexp(pis) +er. (10.3)
=1
Jamieson and Brooks (2004a) extend this idea to where the value of k is
unknown a priori and calculate posterior model probabilities to discriminate

between competing models for 10 species of duck from the Waterfowl Breeding
Population and Habitat Survey (WBPHS, US Fish and Wildlife Service 2003).
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Three species (Northern Pintail, Anas acuta; Redhead, Aythya americana;
and Canvasback, Aythya valisineria) appeared to show some form of density
dependence. This approach once more allows for model uncertainty to be
incorporated into the estimates of population size in addition to parameter
uncertainty using model-averaged estimates (see Section 6.5 and Example
10.4 for the Canvasback ducks). However, note that the calculation of the
likelihood for the system process needs to be defined over the same time
period, irrespective of the model fitted. For example, suppose that we wish to
consider two possible models: k£ = 0 (corresponding to no density dependence)
and k = 1. For kK = 1, we either need to introduce the additional parameter
po (and specify a corresponding prior) or specify a prior on p; and calculate
the likelihood from ¢t =2,...,T (for k =0 and k = 1).

Model discrimination techniques can also be used when there is additional
uncertainty, for example, in the actual form of the density dependence (as well
as the order of the process). In such circumstances, it is possible simply to treat
each possible density dependence structure defined by the different transition
equations as different models and once more use the standard Bayesian model
discrimination techniques (Jamieson and Brooks 2004a). Clearly, the set of
possible models that are initially defined should reflect the underlying density
dependence structures that are deemed to be biologically plausible a priori.

Example 10.4. Canvasback Ducks

The data are of the form of annual estimates of the population size of North
American duck species on their breeding grounds from 1955 to 2002. We fit a
state-space model to the population estimates of canvasbacks. In particular,
we perform the analysis within WinBUGS to fit population models of density
dependence that simultaneously account for both process and observation er-
ror. We consider the Dennis and Taper model, given in Equation (10.2), where
the value of k is unknown, a priori. We implement an RIMCMC algorithm to
compute the posterior probability for each of a set of possible values of k, and
thereby estimate the probability of the presence of density dependence (i.e.
the probability that & > 0) in a population. We initially describe the priors
specified on the parameters, before we present the results.

Priors

We need to specify priors on the parameters in the model: for the system
process, the regression parameters (3 = {0y, . .., Ok }); and for the observation
process, the error variance, o2. In addition, we need to specify a prior on the
models, i.e. specify a prior on k. Finally, we need to place a prior on the initial
population sizes, N, such that t = 1,..., ke, where kp,q, is the maximum
value that k can take.

In particular, we specify the same independent priors on each parameter in
the model (i.e. conditional on the value of k). Thus, we specify the general
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priors in the form:
ko~ UlL kmaal,
Bk~ N(,U,QT,UéT) T=1,...,k;
o? ~ I'Ha,pB);
N; ~ N(0.540,0.130) t=1,..., kmnaz;

where U[,] denotes the discrete uniform distribution. Here we set pug, = 0,
O'%T =1for7=1,...,kna; a =0.001 = 3; pun, = 0.540, J]2Vt = 0.130 for
t=1,..., knaz; and ke = 5. Note that the numbers of ducks are expressed
x10% and that the distribution is truncated so that N; > 0. Further, priors are
not required on Ny, t = k+1,...,T (where T denotes the final time point of the
period) due to the Markovian structure of the state process model. Priors for
these quantities are implicitly specified when priors are set for Ny, t =1,...,k
(see, for example, Jamieson and Brooks 2004a). The corresponding DAG is

provided in Figure 10.6, for general prior parameter values.

Figure 10.6 The corresponding DAG for the canvasback duck data, using a state-
space model and Dennis and Taper system process.

We use WinBUGS and the Jump package to implement the RJIMCMC al-
gorithm (see Chapter 7, in particular Section 7.5, and Appendix C). The
constructed Markov chain simultaneously traverses the parameter and model
space. However, due to the specification of the set of models in the form
of a variable selection problem on the parameters 3 (necessary to use the
package Jump), all possible combinations of the parameters 31 to 35 are per-
mitted to be present in the model. Essentially, the problem is expressed as
a covariate variable selection problem on the parameters (1,..., 035, where
the corresponding covariate values are exp(p:) for t = 1,...,5. An indicator
function (id) is used to indicate which parameters are in the model. For ex-
ample, an id of 11000 would indicate that the parameters §; and (2 are in
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the model (corresponding to a density dependence up to lag 2). However, an
id of 10100 corresponds to the model with parameters 51 and (3 present (but
not B3). Such a model is not permitted in the set of models considered in
Equation (10.3), but can be explored within the covariate selection approach
of WinBUGS. Thus, given the output in WinBUGS, we select only those mod-
els which are of the correct form. This means that to calculate the posterior
probabilities of the models of interest, we simply select out from the list of
id’s the models we are interested in, and renormalise so that probabilities sum
to one (see Section 6.8.2 for further discussion). Note that model-averaged es-
timates of other unknown quantities (such as the n, for t =k +1,...,7T) can
also be plotted in WinBUGS. However, these model-averaged estimates will
contain both models we are interested in and those that we are not. Thus, it is
generally necessary to save the value of the variables of interest generated at
each iteration (using the CODA button; see Appendix C) as well as the cor-
responding id values. This allows the extraction of the sample values for the
models of interest, and hence the corresponding posterior model-averaged (or
even within-model) estimates to be calculated. Finally, we note that the length
of simulations needed will typically be larger when implementing such an ap-
proach, since the chain will be exploring models that are simply discarded,
and hence the effective sample size will be reduced (potentially significantly).

Results

Summaries of the posterior parameter estimates for the canvasback data for
k=1,...,5 are given in Table 10.8. These posterior estimates are based on
an initial burn-in of 50,000 iterations, followed by a further 1 million itera-
tions. The simulations took approximately 25 minutes on an Intel Pentium
1.8 GHz with 512 Mb RAM running Windows XP. We discard 76% of the
posterior samples, occurring in models that are not deemed to be plausible,
as described above. This means that posterior summary statistics are based
on approximately 240,000 iterations. Repeating the simulations obtains es-
sentially identical results, so we assume that the posterior estimates have
converged. The model with largest posterior support has only a first-order
density dependence (posterior model probability of 0.515; or equivalently a
Bayes factor of 2.2 compared to the second-ranked model corresponding to a
second-order density dependence). The posterior probability of no density de-
pendence (i.e. k = 0) is only 0.030. This means that the posterior probability
that there is density dependence at some level (i.e. k& > 1) is 0.970. We note
that the prior probability of no density dependence is equal to %7 and that
the prior probability of some density dependence (at any level) is %. Thus,
the corresponding Bayes factor of density dependence compared to no density
dependence is 6.47, and we conclude that for the given prior specification,
there is some evidence for density dependence.
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Table 10.8 Posterior Model Probabilities for k = 0,...,5, for the Logistic Model
Applied to Canvasback Data

Posterior Probability

k

0 0.030
1 0.515
2 0.233
3

4

5

0.129
0.059
0.034

Table 10.9 Posterior Model Probabilities for £ = 0,...,5 for the Logistic Model
Applied to Canvasback Data, Specifying Independent N(0,100) Priors on the (3
Parameters

Posterior Probability

k

0 0.279
1 0.685
2 0.034
3

4

5

0.002
0.000
0.000

Source: Reproduced with permission from Gimenez et al. (2009a, p. 907) pub-
lished by Springer.

Prior Sensitivity Analysis

We perform a prior sensitivity analysis by considering a different prior spec-
ification on 3, the parameters on which we perform model selection. In par-
ticular, we specity,

B.lk ~ N(0,100), t=1,....k,

ie. O'%T = 100. This is a significantly larger prior variance on the 3 terms than

previously considered. We repeat the RIMCMC simulations, once more using
50,000 burn-in, followed by a further 1 million iterations. The simulations took
approximately 17 minutes (this is shorter than the previous simulations; we
will see the reason for this when we examine the posterior distribution). The
corresponding posterior model probabilities for each possible model is given
in Table 10.9.

We once more discard all posterior observations for models that are not

© 2010 by Taylor and Francis Group, LLC



CAPTURE-RECAPTURE DATA 339

biologically plausible. This results in discarding 45% of the posterior samples.
We note that simpler models (i.e. models with fewer parameters) are identified
within this analysis than for the initial prior specified above, so that the sim-
ulations are faster to perform (since fewer parameters are typically updated
within each iteration). The model with the largest posterior support has only
a first-order density dependence as for the previous prior, however, the pos-
terior model probability has now increased to 0.685. Alternatively, the model
ranked second (with posterior probability 0.279) corresponds to the model
with no density dependence. This is in contrast to the previous prior, where
this model had the smallest posterior support. This is another example of the
prior sensitivity issue discussed in Section 6.4 (and Example 6.8 in particular)
in the presence of model uncertainty. The marginal posterior distributions of
the parameters 3y, ..., O for the model with density dependence of order k
are each concentrated within the interval [0.3,0.8] for £k = 1,...,5. Under the
prior specification of 8, ~ N(0,100), there is relatively little prior mass spec-
ified on the range of values supported by the data, compared to the initial
prior (i.e. B, ~ N(0,1)). This results in smaller posterior support for models
containing G, for 7 = 1,...,5. In the terminology of Section 6.4, the large
contrast between the (diffuse) N(0,100) prior and corresponding (relatively
tight) posterior distributions for the parameters increases our level of “sur-
prise” regarding the presence of these parameters in the model, so that more
information is needed in the data to justify the presence of these parameters
(overcoming our level of “surprise”).

O

10.4 Capture-Recapture Data

In this section, we show how to analyse capture-recapture data in a state-space
modelling framework to estimate survival. We assume that n individuals are
involved in the study with 7" encounter occasions. Let f; denote the occasion
where individual ¢ is encountered for the first time. A general state-space
formulation of the CJS model is therefore given by the coupling of a system
and an observation process, described at the start of the chapter.

10.4.1 System process

The system process describes the demographic phenomenon of interest here,
namely survival. Let X;; be the binary random variable taking values 1 if
individual ¢ is alive at time ¢ and 0 if it is dead at time ¢. Let ¢;; be the
probability that an animal ¢ survives to time ¢+ 1 given that it is alive at time
t (t=1,...,T —1). Then the state equation is given by,

Xi,tJrl |X1'1t ~ BeT’TLOUHi(Xi’tQ/)Lt)

for t > f;. In the CJS model, all calculations are made conditional on the
first capture f; of each individual ¢, which means that X; y, = 1 with proba-
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bility 1. If individual 7 is alive at time ¢, then it has probability ¢, of being
alive at time ¢ + 1 and probability 1 — ¢;; otherwise, which translates into
Xi 141 is distributed as Bernoulli(¢; ;) given X;; = 1. Now if individual ¢ is
dead at time ¢, it remains dead, which translates into X; ;1 is distributed as
Bernoulli(0) given X, ; = 0.

10.4.2 Observation process

The observation process relates the current state to its observation through
detectability. Let Y;; be the binary random variable taking values 1 if indi-
vidual ¢ is encountered at time ¢ and 0 otherwise. Let p; ; be the probability of
detecting individual 7 at time ¢ (¢ = 2,...,T). Then the observation equation
is given by,

Y 4| Xie ~ Bernoulli(X; 1pi+)

for t > f;, with p; y, = 1 since the reasoning is conditional on the first capture
fi of each individual 7. If individual 7 is alive at time ¢, then it has probability
pi,+ of being encountered and probability 1 — p;+ otherwise, which translates
into Y;+ is distributed as Bernoulli(p;:) given X;; = 1. Now if individual ¢
is dead at time ¢, then it cannot be encountered, which translates into Y; ; is
distributed as Bernoulli(0) given X;; = 0.

10.4.3 Implementation Using MCMC

Statistical inference requires the likelihood of the state-space model specified
above. We have essentially defined the true (partially unknown) states to be
denoted by the X = {X;, : t = f;,...,T;i = 1,...,n}; and the observed
process the corresponding Y = {Y;, : t = f;,...,T;i = 1,...,n}. We form
the joint posterior distribution over the model parameters, 6, (the recapture
and survival probabilities) and unknown states, Y, given by,

m(0,Y|X) o fors(X1[0,Y) foys(Y|0)p(6).

The terms fops and fsys are the likelihood terms for the observation and
system process, respectively. In our case, these likelihood terms are simply a
product of Bernoulli density function. See Gimenez et al. (2007) for further
discussion and the corresponding WinBUGS code.

Example 10.5. Dippers

Here we fit the CJS model (see Section 2.3.2) to the dipper data (see Example
1.1). Uniform priors are used for both the survival and recapture probabilities.
The simulations are run for 10,000 iterations following a burn-in of 5,000 iter-
ations in order to obtain posterior summary statistics of interest. Independent
replications from over-dispersed starting points suggested that the posterior
estimates had converged. Posterior summaries for the recapture and survival
probabilities are provided in Table 10.10 (and can be compared with the pos-
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terior density plots provided in Figure 4.5 of Example 4.6 for this particular
example).

Table 10.10 Estimated Survival and Recapture Probabilities for the Dipper Data
Using the CJS Model Fitted via the State-Space Model

Posterior
Parameter ~ Mean (SD)
b1 0.725 (0.136)
¢2 0.449 (0.071)
¢3 0.484 (0.062)
o 0.627 (0.060)
s 0.602 (0.058)
o6 0.706 (0.139)
P 0.667 (0.133)
D3 0.868 (0.080)
D4 0.879 (0.064)
s 0.876 (0.056)
e 0.904 (0.050)
1 0.756 (0.145)

There is a clear decrease in survival from 1982-1983 to 1983-1984, corre-
sponding to a major flood during the breeding season in 1983 (Lebreton et al.
1992). Note that the final survival probability, ¢g, as well as the last recap-
ture probability, p7, are estimated with low precision. The fact that these two
parameters cannot be separately estimated is not surprising since the CJS
model is known to be parameter redundant; see Section 2.8 and Example
2.7. Also, the first survival probability and the first detection probability are
poorly estimated, due to the fact that very few individuals were marked at
the first sampling occasion (approximately 7% of the full data set). See, for
comparison, Figure 4.5.

O

10.4.4 Comments

The state-space formulation naturally separates the nuisance parameters (the
encounter probabilities) from the parameters of actual interest, i.e. the sur-
vival probabilities, the latter being involved exclusively in the system process.
Such a clear distinction between a demographic process and its observation
makes the description of a biological dynamic system much simpler and allows
complex models to be fitted (Clark et al. 2005; Gimenez et al. 2007; Zheng
et al. 2007). For example, Gimenez et al. (2007) describes how state-space
models can be fitted to multi-state capture-recapture data and ring-recovery
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data, in addition to the capture-recapture data described above. Alternatively,
and of particular importance, Royle (2008) used the state-space modelling ap-
proach to incorporate individual heterogeneity in both survival and recapture
probabilities in the CJS model.

10.5 Summary

We considered state-space models within this chapter. These models sepa-
rately estimate the error associated with the observation process from the
system process (describing the changing population over time). Typically,
within the classical framework, normal assumptions are made relating to the
processes and the Kalman filter is applied for inference. In the Bayesian frame-
work, irrespective of the distributional form of the process and system errors
(for example, normal, binomial, Poisson, log-normal etc.), the analysis follows
the same procedure. We appeal to the ideas associated with Chapter 8 and
impute the missing states within the system in a missing data framework. This
allows us to calculate explicitly the likelihoods associated with both the obser-
vation and system processes. This approach also allows non-linear processes
to be fitted to the data in exactly the same manner.

We also show how we can integrate state-space models with additional data;
in our case ring-recovery data was used, but the approach is perfectly gen-
eral. The use of additional (independent) data can appreciably improve the
parameter estimates in terms of posterior precision. This appears to be par-
ticularly the case for parameters that are not directly observable. Once more
model discrimination techniques can be used, in the presence of model un-
certainty, permitting model-averaged estimates of the states to be calculated,
incorporating both parameter and model uncertainty.

Finally, we demonstrate how we can reformulate capture-recapture data into
a state-space framework. This allows the natural separation of the nuisance
parameters (recapture probabilities) from the parameters of interest (survival
probabilities).

10.6 Further Reading

Integrated analyses allow the joint analysis of different data sets within a
single united and consistent framework. Additional integrated analyses in-
clude joint capture-recapture and ring-recovery data (Catchpole et al. 1998;
King and Brooks 2003a), multi-site capture-recapture and ring-recovery data
(King and Brooks 2003b; King and Brooks 2004a); multi-site recruitment,
capture-recapture, ring-recovery and multi-site census data (Borysiewicz et al.
2009); joint capture-recapture, ring-recovery, abundance data and count data
(Reynolds et al. 2009) and capture-recapture data and constant effort site data
(Cave et al. 2009b). Within the Bayesian framework integrated data analyses
are typically easily implemented (assuming independence of data sources) as
a result of the modularisation aspect of the likelihood.
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State-space models are becoming increasingly used within a wide range
of ecological application areas (Borchers et al. 2010) from modelling animal
movement (Anderson-Sprechler and Ledolte 1991; Jonsen et al. 2005; Newman
1998) to occupancy models (Royle and Kéry 2007) and fisheries (Millar and
Meyer 2000; Newman 2000; Rivot et al. 2004). These models provide a natural
separation of the different processes and have been extended to the more
traditional CJS models (Gimenez et al. 2007; Royle 2008): separating the
recapture (or recovery) process from the underlying survival of the individual
animals. This framework is easily extended, for example, to the case of multi-
state/multi-event models (Chilvers et al. 2009) or individual heterogeneity
(Royle 2008). WinBUGS code is available for many of these applications (see,
for example, Gimenez et al. 2007; Royle 2008; Chilvers et al. 2009; Brooks
et al. 2004), and can be easily adapted for different problems. However, fitting
such models within WinBUGS where there is a state-space component can be
very time consuming, particularly if the parameters are highly correlated.
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CHAPTER 11

Closed Populations

11.1 Introduction

Estimating population size has a long history, and is applicable in many dif-
ferent fields ranging from the size of “hidden” populations, such as drug users
or disease carriers, to the estimation of trends in wildlife population size over
a period of time. The topic was introduced in Section 2.2.4. We are here pri-
marily concerned with the estimation of the size of a closed population, which
is where there are no births, deaths, or migration beyond the study area in the
population throughout the study period. We shall consider capture-recapture
data in which animals are generally observed over a short time period, in or-
der that the closure assumptions are satisfied. As usual, the capture-recapture
data collected are generally presented in the form of the capture histories for
each individual animal observed within the study (see Williams et al, 2002,
Chapter 14, for example). The capture history of an individual is simply a
sequence of 1’s and 0’s, corresponding to whether the individual was, or was
not, observed at each capture event. Clearly, to estimate the population size
we need to estimate the number of individuals with capture histories rep-
resented by a sequence of only 0’s, i.e. we wish to estimate the number of
individuals that were not observed within the study period. We combine this
with the number of individuals we do observe to obtain an estimate of the
total population size.

The assumptions that we make concerning the catchability of the animals
throughout the study period generally have a direct impact on the correspond-
ing estimate of the population size. These assumptions essentially define the
underlying model that we fit to the data. Otis et al. (1978) discuss three differ-
ent types of influence on the catchability of the animals: time effects, behav-
ioural effects and heterogeneity effects. Time effects allow for the possibility
that the capture probability of an animal may depend on time; behavioural
effects allow the initial capture of the animal to influence its future capture
probability (often referred to as trap response), and heterogeneity allows for
capture probabilities to differ between individuals. The presence or absence of
each of these effects results in eight basic models that can be fitted to the data.
For the four possible models without individual heterogeneity, a closed form
expression for the likelihood can be derived and the corresponding MLEs of the
parameters, including the total population size, can be calculated. However,
difficulties arise when considering models that include individual heterogene-
ity. This has resulted in a variety of different methods to provide estimates

345
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of the total population size. Alternatively, a numerical approximation can
be derived for the likelihood, (see Coull and Agresti 1999, and the logistic-
normal-binomial (LNB) model of Table 3.1) or a number of mixture models
may be used (see Pledger 2000, a variety of models presented in Table 3.1 and
Morgan and Ridout 2008).

11.2 Models and Notation

The different possible models each represent competing biological hypotheses.
These relate to the dependence of the capture probabilities of the individu-
als on different factors: time effects (t), behavioural effects (b), and individual
heterogeneity effects (k). The different models correspond to the different com-
binations of factors that are present. The models are indexed by subscripts,
detailing which of the effects (if any) are present, so that we have models, My,
My, My, My, My, My, My, and Mipp,.

We let p;r denote the capture probability for individual ¢ = 1,..., N at
time 7 = 1,...,T. Additionally, let F(7) denote the first time that individual
i is observed. Thus, p;; can be interpreted as the initial capture probability
for times 7 = 1,...,F (i), and the recapture probability for all future times
T =F()+1,...,T (i.e. following the initial capture of the individual, as-
suming that F(i) < T). The saturated model My, has corresponding capture
probabilities of the form,

logit pir = 1+ ar + BYir + Y4, (11.1)

where,
V. — 0 ifr <F(i), and
Tl 1 if T > F(e),

and ~y; denotes individual random effects, such that,
Yi ]\7(07 0'3)

Thus, Y;, is the indicator function for whether individual ¢ is observed for
the first time before or at time 7, and hence corresponds to the behavioural
aspect of the model.

The model parameters to be estimated are: u, the mean underlying capture
probability; .-, the year effects for the capture; 3, the behavioural response
(trap response) for recaptures; and 03, the individual random effects variance.
Submodels of this saturated model are obtained by setting some parameter
values equal to zero. In particular, if there are no heterogeneity effects, then we

set v; = 0 for all individuals, ¢ =1, ..., N. If there are no behavioural effects,
we set 0 = 0. Finally, when there are no year effects, we set a, = 0, for all
7 = 1,...,T. The overall model is constructed by adding combinations of

each of these possible restrictions to the saturated model. Note that it may be
biologically plausible to consider additional models, for example, where the
capture probabilities are time independent and the recapture probabilities
time dependent. In this case, we could consider a time dependent 3 term.
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The set of plausible models is clearly data dependent, and we restrict our
consideration to the standard eight possible models, though extending the
methodology to allow for additional models is relatively straightforward.

We assume that the animals behave independently of one another, so that
the capture probabilities of the animals are conditionally independent given
the parameter values. For notational convenience, we let 8 = {u, o, 3, 03, N},
where o = {a1,...,ar} and set v = {71,...,7~n}. We have that the joint
probability distribution of the capture histories of all individuals in the popu-
lation, (denoted by @) given the parameters, 8, and individual effects, v, can
be specified as,

F@0.7) & =y [T T2 (1= pon) o) (11.2)

.T 14=1

where n denotes the total number of observed individuals within the study,
and,

i 1 if individual ¢ is observed at time T;
" 0 if individual % is not observed at time 7.

If individual i is not observed within the study, then z;,; = 0 for all 7 =
1 T.

geeey

11.3 Model Fitting

For the models without individual heterogeneity present, (i.e. models My, M;,
My, and My,), v is known, since we have v; = 0 for all individuals and f(x|0, )
(= g(x|0), dropping the dependence on the known ). Given the explicit
expression for the likelihood, we can specify the priors on the parameters,
form the posterior distribution and use MCMC to summarise and explore
the posterior distribution. However, before we consider the priors in more
detail, we consider the more complex models, where individual heterogeneity
is present.

We consider the individual effects as random effects (see Section 8.5), and
form the joint posterior distribution over both the model parameters, 8 =
{N, p, a, B}, and the individual heterogeneity terms, . We have that,

m(0,v]@) o f(x|6,7)p(6,7).
The likelihood f(x|0,~) is given in Equation (11.2).

11.3.1 Prior Specification

Priors need to be specified on all model parameters. We discuss each of these
in turn.

Prior for the Total Population: N

This is typically the parameter of most interest within the analysis. In some
instances, there may be information relating to the total population size from
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which we may be able to derive a prior (King et al. 2005). Alternatively, if
there is no prior information, typically choices for the prior on total population
size include Jeffreys prior (see Section 4.2.3) so that,

p(N) o N7

or a uniform prior,

p(N) 1,
which is often truncated, i.e. has an upper limit N,,.., say. An alternative
prior parameterisation, particularly in the presence of prior information, may
be to assume,

N|X ~ Po(\); A ~T(ay,a9).
Marginalising, by integrating out the A nuisance parameter, gives,
N ~ Neg — Bin(ay, as).

This prior specification allows a large variety of possible prior distributions,
and can be vague or informative, depending on the choice of a; and as. For
the examples that we shall consider, we shall assume Jeffreys prior for the
total population size.

Prior for the Underlying Capture Probability: u

The parameter p can be regarded as the underlying capture probability, in the
absence of any time, behavioural and/or individual effects. A common prior
would be to specity,
w~ N(0,10).

However, in the model M| this does not present a uniform prior over the in-
terval [0, 1] for the capture probabilities (see Section 8.2.1). Thus, we consider
an alternative prior, such that the corresponding induced prior on the capture
probability, under model My, is uniform on the interval [0,1]. Thus, we specify
the prior on u to have probability density function,

~ exp(p)
plu) = (14 exp(p))?’

which induces a UJ[0, 1] prior on the capture probability under model Mj.
Typically, for this model, we would expect a large amount of information to
be contained in the data, since there would be n x T' data points (i.e. each
capture time for each individual) all containing information about u. Thus,
we would expect the posterior to be data-driven, irrespective of any sensible
prior that we would place on pu.

Prior for Time Effects: o

It is common for the capture probabilities of animals to be dependent on the
capture time. This may be linked to the movement of the animals under study
over time, possibly as a result of changing weather conditions, time of day for
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collecting the data, etc. Alternatively, the effort in collecting the data over
time may vary. For example, the number of traps used, or the length of time
that is spent looking for animals may change. If the effort in collecting the
data is known explicitly, then this can also be incorporated into the analysis
(see, for example, Example 9.3 and King and Brooks 2004a). For each time
t=1,...,T we specify independent priors of the form,

at|ai ~ N(O,ai); 03 ~ Ffl(bl, ba).

The commonly used vague parameters for the inverse gamma distribution,
i.e. T71(0.001,0.001), in this instance produces an unusual, and undesirable,
prior distribution over the capture probabilities. Assume that the model for
the recapture probabilities is given by the logistic regression, logit p;» = a,
(so ignoring the other terms in the logistic regression). If we specify the above
prior on a., where by = by = 0.001, the corresponding prior induced on the
recapture probabilities has a large mass on values very close to 0, 0.5 and 1,
with little support elsewhere, as shown in Figure 11.1. Thus, we consider the
prior where b; = 4; and by = 3, so that the prior mean and variance of o2
are equal to 1 and 0.25, respectively. The corresponding prior induced on the
capture probability is symmetrical around 0.5 and gradually decreases toward
values of 0 and 1. Note that the prior specification should be considered for
any given problem, and ideally a prior sensitivity analysis performed. Also see
King and Brooks (2008) for discussion of the prior specification on the model
parameters within this context.

0.2
] 1.6
0.15]
] 1.2]
0.1: ]
] 0.8
0.05 ]
0.4
T T e o T T T e e o
p p

Figure 11.1 The induced prior on the recapture probabilities given the prior spec-
ification (a) o2 ~ T'7%(0.001,0.001) and (b) 02 ~ I'"!(4,3).

This hierarchical prior for the time effects can be interpreted as a random
effect over time, i.e. the parameters are not arbitrarily fixed effects, but instead
come from some underlying distribution, and it is parameters in the underlying
distribution that are to be estimated (see Section 8.5).
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Prior for Behavioural Effects: 8

The behavioural effects correspond to any trap response. Essentially, if there
is a benefit to the animal in being captured, for example, when there is food
in a trap, animals may be more likely to be recaptured following the initial
capture. This is said to be a trap happy response, and in this case 5 > 0.
Conversely, there may be a trap shy response, with § < 0, when animals
recognize and avoid traps following their initial capture. We have no prior
information relating to this parameter when present and so we use a vague
prior. Namely, we set,

Blog ~ N(0,03); o3 ~T7'(4,3).

Thus, the prior has mean zero for §, corresponding to there being no prefer-
ence for a trap happy or trap shy response. Clearly, if we had prior informa-
tion, possibly due to the nature of the traps, or known behaviour concerning
the individuals, this could be incorporated into the prior. For example, if
there is prior knowledge that there will be a trap happy/shy response, a pos-
itive/negative prior mean could be set for 5. An alternative approach could
be to use a mixture of two half-normals — one positive and one negative —
with prior probabilities on the weights relating to the strength of prior be-
lief of a trap happy/shy response (see, for example, the discussion concerning
informative priors in Section 8.2.1 and King et al. 2005).

Prior for Individual Effects: v

Finally, we consider the individual effects. We assume that the individual
effects are random effects, so that the individual effects v; come from some
distribution, where the parameters of this distribution are of interest. With
no prior information relating to these parameters, one possible prior is to set,

7|03 ~ N(O703); 03 ~T71(4,3).

Note that this prior appears to be too restrictive for the St. Andrews golf
tee data set that we consider in Section 11.4, so that the sensitivity of the
posterior distribution on the prior distributions should be checked.

The form of the prior described above can simply be regarded as a hyper-
prior on the individual effects, where 0'2y is the parameter of interest. An
alternative interpretation of the time and individual level heterogeneity de-
fined above is that of a multilevel model, where the random effects relate to
different causal factors — time and individual effects.

The corresponding posterior distribution of the parameters is complex, and
generally multidimensional. Thus, in order to gain inference concerning the
parameters, we use an MCMC algorithm in order to sample from the posterior
distribution, and hence obtain estimates of the summary statistics of interest.
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11.8.2 MCMC Algorithm

We consider the MCMC algorithm in more detail, due to the additional com-
plexity that arises within this context. We initially present the corresponding
DAG in Figure 11.2 for model My, (omitting the uppermost level relating
to the prior parameters for each parameter to avoid the figure becoming too
cluttered). The corresponding DAG for all submodels is obtained by simply
omitting the nodes corresponding to the parameters that are not in the given
model. For example, for model My, this means omitting the nodes correspond-

ing to v and O’,2y.

Figure 11.2 The DAG for general model Mipp,.

For the MCMC simulations, we use a random walk MH algorithm to update
the parameter values (excluding N); see Section 5.3.3. However, the update
for the total population size depends on whether there are individual effects
present in the model. Suppose that the individual effects are present, so that
the random effects are imputed for models containing a heterogeneity effect.
Updating the population size also involves updating the number of individual
effects that are imputed, and thus involves a change in dimension within the
move update, so that we need to use the reversible jump algorithm (Section
6.3.2).

Suppose that the current state of the Markov chain is model M}, with pa-
rameter values (6,+), and that we propose to update N. We propose the new
value,

N' =N +¢,
where € is an integer simulated randomly in the interval [N —5, N+5]. If € > 0,
we set v, = y; for i = 1,..., N and need to simulate new individual effects for

the individual N +1,..., N 4+¢e. We simply use the prior distribution, and set,
’}/Z{NN(O,O'?Y), fori=N+1,...,N+e

Alternatively, if e < 0, weset v} =, fori =1,...,N+e. Welet v = {7} : i =
1,...,N 4+ ¢} and 8" denote the set of proposed parameter values. We accept
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the move with probability min(1, A), where,

(0, y'|x)

(0, v|x)q(v')

f(z|6',~)

f(x]0,7)

The prior densities cancel in the acceptance probability for all the parameters
that remain unchanged. The proposal distribution for the individual effects,
q, is simply equal to the corresponding prior disrtibution for the parameters
and so also cancel in the acceptance probability. Conversely, if € < 0, then we
accept the move with probability equal to min(1, A~1).

In the alternative case, where there are no individual effects, we simply
propose the new value N’ using the above proposal distribution, and use
the standard MH acceptance probability. For further details of the general
implementation of the MCMC algorithm see Section 5.3.1.

A

Example 11.1. Snowshoe Hares

To illustrate the methodology, we fit the set of 8 possible models to a data
set of snowshoe hares (Otis et al. 1978; Coull and Agresti 1999). Trappings
occurred on 6 consecutive days, with a total of 68 distinct individuals observed
throughout the study (see Section 2.2.4). The posterior estimates of the total
population size are provided in Table 11.1 for each of the different possible
models, along with HPDIs.

Table 11.1 The Posterior Mean and 95% HPDI for the Total Population Size of
the Snowshoe Hare Data for the Different Possible Models

Model Posterior Mean 95% HPDI

M, 75.68 (70, 83)
M, 75.12 (70, 82)
M, 81.73 (70, 98)
My, 75.07 (68, 87)
M, 96.22 (76, 123)
My, 93.39 (76, 114)
My, 106.65 (76, 155)
Mg, 86.38 (69, 115)

These results may be compared with the MLEs of Table 3.1. The binomial
result of that table corresponds to Mo, with an MLE of N = 74.4 (3.4). The
other models of that table were different ways of accounting for heterogeneity
in recapture probability, corresponding to model M}. The MLE for the mix-
ture of two binomial distributions, which had the smallest AIC value of Table
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3.1 was 76.6 (4.13), which is more precise than the estimates of several of the
models in Table 11.1.

O
The model fitted to the data should be chosen for biological reasons. How-
ever, in this case, the posterior estimates are reasonably consistent between
the different models fitted to the data, with overlapping credible intervals, al-
though larger estimates are obtained for models with individual heterogeneity
present (this is typically the case). In addition, the models with individual
heterogeneity have larger credible intervals, demonstrating the increased un-
certainty in the posterior estimates in the presence of individual heterogeneity,
as would be expected. A more extreme example of model sensitivity for the
estimates of population size can be seen in the following example, relating to
St. Andrews golf tees.

Example 11.2. St. Andrews Golf Tees

We consider the data set described by Borchers et al. (2002) involving groups
of golf tees (see Table 2.1). A total of eight individuals recorded the location
of the golf tees that they observed within a given area, independently of each
other, when walking along predefined transects. Each individual was essen-
tially regarded as a capture event. The groups of tees differed with respect to
size, colour and visibility, so that there is some heterogeneity within the popu-
lation being observed. There were a total of 250 groups of golf tees that could
be observed within the study, with 162 unique groups recorded by all of the
observers. Morgan and Ridout (2008) found that the beta-binomial model was
best to describe these data, amongst the alternative mixture models that they
considered to describe heterogeneity, resulting in N = 302. In this case a 95%
profile confidence interval was very wide, at (209.37, 7704.74). There are two
issues that arise with this example — the prior specification for the individual
heterogeneity and model sensitivity for the estimates of total population size.
We discuss each in turn.

Prior Specification

The prior specified on the individual variance component (I'~*(4, 3)) appears
to be somewhat restrictive in this case, with values supported by the data
having relatively small prior mass. This is easy to identify within a prior sen-
sitivity analysis of this data set, by considering a range of different priors, and
noting that the posterior estimate for the variance component changes with
respect to the prior. Thus, we consider an alternative prior for the individual
random effect variance components, setting,

o2 ~ I'7'(2.01,1.01).

This gives the posterior mean for 03 as 1, with variance equal to 100, and hence
a greater uncertainty corresponding to the value of 03. The prior distributions
for the other parameters are as before.
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Model Sensitivity

To demonstrate the sensitivity of the posterior distribution for the total pop-
ulation size on the underlying model, we consider the two models M, and
Mjp,. Table 11.2 gives the corresponding estimates for the total population size
for these two different models. Clearly the estimates of the total population
size are very different for the two different models fitted to the data. Thus,
(without additional external information providing some information relating
to the underlying heterogeneities present in the data), model discrimination
tools need to be used; see Chapter 6.

Table 11.2 The Posterior Mean and 95% HPDI for the Total Population Size of
the St. Andrews Golf Tee Data Set for Models Mgy and M},

Model Posterior Mean 95% HPDI

My 164 (162, 167)
M, 235 (193, 281)

Note: The true number of tees is known to be 250.

For this data set the true population size is known to be 250. Thus, the
model without individual heterogeneity significantly underestimates the true
population size. The general underestimation of the population size when
individual heterogeneity is present but not modelled is noted by Link (2003).

O

11.4 Model Discrimination and Averaging

We can discriminate between the competing models via posterior model prob-
abilities or Bayes factors (Section 6.2). In addition, this allows us to provide
posterior model-averaged estimates for the total population size, taking into
account both parameter and model uncertainty. We note that models that do
not fit the data well should be discarded from the analysis. However, this is
often a default mechanism within the model averaging procedure. Typically,
assuming that some of the candidate models do fit the data well, the cor-
responding posterior weights (in terms of posterior model probabilities) for
the models that fit the data poorly will be very low and often essentially zero.
Thus, these models will not influence the overall estimate for the total popula-
tion size. Finally, we note that presenting a posterior model-averaged mean for
the total population size may not be the most appropriate summary statistic
to present, since the posterior distribution may be bimodal (with the posterior
modes for the total population size corresponding to competing models). This
is easily identified by plotting the posterior density for the total population
size.
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11.4.1 Bayesian Posterior Model Probabilities
RIMCMC Algorithm

Moving between different models generally involves adding or deleting para-
meters and so we use the reversible jump algorithm. We present a possible
updating algorithm to explore the model and parameter space. Within each
iteration of the Markov chain we propose three different model update moves.
We cycle through each of the effects (time, behavioural and individual) in
turn. If the effect is present we propose to remove the relevant term(s); other-
wise, if it is not present, we propose to add them. We essentially use the same
reversible jump step to update each effect.

For illustration, we shall consider the time effects. Suppose that the Markov
chain is in model My, with parameters N and g (the model move will follow
similarly for M, M}, and My,). We propose the new parameters,

ar|o? ~ N(0,0%) forr=1,...,T; o2 ~T(1,1).
We accept this move with probability min(1, A), where,
_ W(Nau7aaai7Mt|w)
(N, p, Mol|z)q(atlo?)q(03)’
in which & = {a; : 7 =1,...,T}, q(-) denotes the proposal distribution for
the given parameter, and the Jacobian is simply equal to unity. If we accept the
move, the Markov chain moves to model M; with parameters {N, u, @, 02 }.
Otherwise, if we reject the move, the chain stays in model My, with parameters
{N, p}. Conversely in the reverse move, where we propose to move from model
M; to model My, removing the time dependence, we accept the move with
probability equal to min(1, A~1).
We repeat this process for the behavioural effects and the individual effects
(conditional on N). Thus, all model moves that are proposed are between

neighbouring models. We use the same proposal distributions for these para-
meters as for the time effects.

Example 11.3. Snowshoe Hares

We return to Example 11.1. Implementing the above algorithm, we obtain
both posterior model probabilities and an associated model-averaged estimate
for the total population size. Table 11.3 provides the corresponding posterior
probability for each model. We see that the model with recapture hetero-
geneity has by far the largest posterior model probability. The overall model-
averaged mean estimate for the total population size is 98 with 95% HPDI
(72, 135). The HPDI is now wider than for model M}, for example, and takes
account of the contributions of the alternative models, notably model Myy,.

O

Example 11.4. Golf Tees
For the golf tees data set in Example 11.2 we present the posterior probabilities
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Table 11.3 The Posterior Probability of Each Model for the Snowshoe Hare Data

Model Posterior Probability

My 0.000
M, 0.000
My 0.000
My 0.000
M;, 0.463
M 0.146
My, 0.287
My, 0.103

for the different models identified, along with the corresponding estimates for
total population size in Table 11.4. Clearly, there is very strong evidence that
individual heterogeneity is present. This agrees with the experiment, where
the groups of golf tees were different colours, sizes and had different degrees
of visibility. The corresponding posterior estimate for the number of groups
appears to be fairly consistent between the different models identified, and
with the true number of groups. This makes it sensible to average over the
different models, to obtain a model-averaged mean estimate.

Table 11.4 The Posterior Probability and Corresponding Estimates of the Total
Population Size for Each Model Identified with More than 5% Posterior Support,
Coupled with the Corresponding Model-Averaged Estimate for the St. Andrews Golf
Tees Data

Posterior ~ Posterior Mean (SD)

Model Probability of N
My, 0.715 232.8 (22.7)
M, 0.241 240.7 (26.6)
Model-averaged 235.2 (24.1)
95% HPDI (194, 288)

11.5 Line Transects

Line transect surveys were introduced in Section 2.2.5 and are typically used
to obtain estimates of density and/or abundance of a population. These meth-
ods are a special case of distance sampling (for a detailed description of these

© 2010 by Taylor and Francis Group, LLC



LINE TRANSECTS 357

methods see for example Buckland et al. 2001, 2004a). These surveys typically
involve randomly selecting a set of transect lines, followed by observers trav-
elling down these transect lines and recording each individual that they see,
coupled with the perpendicular distance of the individual from the transect
line. Typically, distances are truncated, so that only individuals are recorded
up to this distance, w. Similar to the collection of capture-recapture data, the
observation process is not perfect (i.e. the capture probability is not equal
to 1) so that not all individuals up to the truncated distance w are observed
within the survey. In line transect data analyses, the probability density func-
tion for the observed perpendicular distance of individuals to the line transect
can be modelled, and is denoted by f(y), where y denotes the perpendicular
distance of the individual to the line transect. Within a classical analysis, the
corresponding density of the individuals, D can then be estimated as,

nf(0)

2L
where n is the total number of objects detected, L is the total length of
the transect lines, and f(0) is the estimated probability density function of
observed distances evaluated at zero distance.

To illustrate a Bayesian approach for line transect data, we consider a par-
ticular application corresponding to an experiment relating to the observation
of wooden stakes, where the true number of wooden stakes (and hence den-
sity) is known. See Karunamuni and Quinn (1995) for further discussion of a
Bayesian analysis of line transect data.

b:

(11.3)

Example 11.5. Line Transect Data: Wooden Stakes

We consider data collected from a line transect study where the population of
interest is wooden stakes. These were placed in a sagebrush meadow east of
Logan, Utah and a number of graduate students walked a 1000-metre transect
line independently of each other. A total of eleven students participated in
the study, each recording the perpendicular distance of each observed wooden
stake from the transect line. We consider data collected from a single line
transect of a particular student, given in Table 11.5. The true density of stakes
was 37.5 per hectare. See Buckland et al. (2001) for further details.

We assume that the observed perpendicular distances, y = {y1,...,yn},
are independently distributed from a half-normal distribution, so that, for
1=1,...,n,

yi ~ HN(0,0%),
where 0¢ is to be estimated. In addition, we assume that the data are not
truncated and are continuous (so not grouped into distance intervals). Note

~

that the maximum-likelihood estimator f(0) is given by,

f(0) = ,/%7

(for example, see Buckland et al. 2001).

2
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Table 11.5 Distance Values for the Stakes Line Transect Example

202 045 1040 3.61 092 100 340 290 816 6.47
5.66 295 396 0.09 11.82 1423 244 161 31.31 6.50
827 485 147 1860 041 040 020 11.59 3.17 7.10
10.71 3.86 6.05 642 3.79 1524 347 3.05 793 18.15
10.05 4.41 127 1372 6.25 359 9.04 768 489 9.10
3.25 849 6.08 040 933 053 123 1.67 453 3.12
3.06 6.60 4.40 497 317 767 18.16 4.08

Source: Reproduced with permission from Gimenez et al. (2009a, p. 900) pub-
lished by Springer.

Within the Bayesian approach, we form the posterior distribution for o2 to
be,

w(o®ly) o< f(ylo®)p(o?).

Specifying the prior, 02 ~ I'"1(a,b), we obtain,

2 - 2 912 2\ —(a—1) b
m(o®ly) H — P |53 x (%) exp { ——5

=1

~ (02)—(%+a—1) exp (_ (32 v+ b)) '

o2

Thus, we have,

2 n 1 ¢ 2
~T| = — “+b].
oy <2+a,2l§_lyz+>

The posterior distribution for o2 can be simulated from directly, as it is a
standard distribution. However, more generally, if a more complex distribu-
tion was obtained, for example, when using a non-conjugate prior distribu-
tion, or alternative models for the detection function used (possibly including
spatial and/or temporal components), standard MCMC algorithms can be
implemented. However, we are not particularly interested in the posterior dis-
tribution for o2, rather the posterior distribution for the density. This can
be obtained explicitly by considering a transformation of variables argument,
given the posterior distribution for 2. In particular, this involves obtaining
an expression for the density function f(0) and then using a transformation of
variable argument to calculate the corresponding distribution for D, given the
relationship in Equation (11.3). Alternatively, we can obtain a Monte Carlo
estimate of the posterior distribution for D, by initially simulating a set of
values from 7(02|y), which we denote by (02)*, ..., (0?)*. For each simulated
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value, i = 1,..., k, calculate f(0](c?)?), given by,
2

To?

F(0lo?) =

(i.e. evaluate the half-normal density function at y = 0, given the value of
(02)). Substitute these values into Equation (11.3) to obtain a sample from
the posterior distribution for D. We implement this latter approach here. For
the observed data, we have n = 68, .-, y7 = 4551.937 and L = 1000. Finally,
we specify the prior parameters a = 0.001 and b = 0.001. Thus the posterior
distribution for o2 is of the form,

o?|ly ~ T71(34.001,2275.97).

We simulate 100,000 values from the posterior distribution for 2. To do this
we simulate independent values from the I'(34.001, 2275.97) (using the rgamma
command in R — see Section B.2.2 in Appendix B) and take the reciprocal
of the simulated values to be the simulated values of o2. Substituting these
values into the functions for f(0|c?) and D, we obtain the corresponding
posterior summary statistics provided in Table 11.6. Note that these estimates
are fairly insensitive to the prior specified on o2, suggesting that the posterior
distribution is data-driven. WinBUGS code for this application to line transect
data is provided by Gimenez et al. (2009a).

Table 11.6 Results For the Stakes Line Transect Example. The True Value is Pro-
vided with the Corresponding MLE and Posterior Mean and Standard Deviation (in
Brackets) for D and f(0)

D f(0)
True 0.00375 0.1103
MLE 0.00332 0.0975

Bayesian  0.00330 (0.00028)  0.0972 (0.008)

11.6 Summary

In this chapter we consider closed populations, where there are no births,
deaths, or migration. Typically, the parameters of particular interest for these
populations are the total population size. We consider two different types of
data: capture-recapture data and line transect data.

For closed capture-recapture data, the time period of the study is typi-
cally very short (in order to satisfy the underlying closed assumption). There
are generally three different factors that are regarded to possibly affect the
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recapture probability of individuals: temporal heterogeneity, behavioural het-
erogeneity (trap response), and individual heterogeneity. The dependence of
the recapture probabilities on these factors is very important, since the esti-
mation of the recapture probabilities has a direct impact on the estimate of
the total population size. We consider a logistic regression for the recapture
probability on these factors, where the factors present in the model are un-
known a priori. This essentially reduces to a variable selection problem on the
heterogeneities present and we implement the model discrimination approach
described in Chapter 6. Of particular interest is the total population size, for
which we can obtain a model-averaged estimate incorporating the model un-
certainty into the estimate. As usual with any model averaging, we should be
clear that the models averaged are appropriate for the data, and that if there
are major differences in estimates from individual models, then the reasons
for this need to be understood; see Morgan and Ridout (2008). We note that
care needs to be taken when using this approach as it is possible to obtain
a bimodal (or multimodal) posterior distribution for the population size, so
taking the posterior mean as a point estimate may not be appropriate. In
addition, care needs to be taken in the specification of the priors in the model
to ensure that the induced prior on the capture probabilities are sensible.

We also consider line transect data and show how we can use a Bayesian
approach to estimate the posterior distribution for the density function of
the detection distances, thus allowing estimation of the density of the area of
interest.

11.7 Further Reading

Distance sampling is widely used to estimate population sizes or densities of
populations for many different species of animals, from cetaceans to birds to
land mammals. A general introduction to these ideas and methods is provided
by Buckland et al. (2001), while more advanced methods associated with
these methods is provided by Buckland et al. (2004a). In addition, the freely
available computer package DISTANCE (Thomas et al. 2009) allows classical
analyses of the data obtained from distance sampling.

For closed capture-recapture data, a number of different approaches have
been used to estimate the population size. For models without an individ-
ual heterogeneity component, the likelihood is relatively straightforward to
write down explicitly, and obtain the corresponding MLEs of the parame-
ters (Borchers et al. 2002). However, (as for random effect models), the in-
clusion of an individual heterogeneity term makes the likelihood analytically
intractable; and hence the maximisation process difficult. A number of model-
based approaches have been proposed, in the presence of individual hetero-
geneity. These include the Rasch model (Coull and Agresti 1999, Bartolucci
and Forcina 2001, Fienberg et al. 1999) (M), covariate models (Huggins 1991,
Stanghellini and van der Heijden 2004) (Mypp /Myp,), mixture models (Pledger
2000) (Mypp), mixture models using the beta-binomial distribution (Dorazio
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and Royle 2003) (M},), and a mixture of binomial and beta-binomial distribu-
tions (Morgan and Ridout 2008) (Mj). Some of these approaches for estimat-
ing the population size can be fitted to data using the freely available computer
package MARK. Additionally, a number of Bayesian approaches have been de-
veloped to incorporate individual heterogeneity for different models. These in-
clude, for example, Durban and Elston (2005) (My,), Royle et al. (2007) (Mj),
Tardella (2002) (Mj},) and Ghosh and Norris (2005) (M ). Arnold et al. (2009)
also provide a Bayesian analysis of the mixture models proposed by Pledger
(2000) (in particular for model M) where the number of components of a
mixture is unknown a priori, and treated as a parameter in the model. They
implement an RJMCMC approach and provide model-averaged estimates of
the total population size, using the analogous methods to those presented in
Section 11.4.
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APPENDIX A

Common Distributions

This appendix gives summary information for common distributions. For each,
we include the WinBUGS command for the distribution (if available) and the
R command for simulating a single random deviate from the distribution.
A.1 Discrete Distributions

A.1.1 Discrete Uniform Distribution: 0 ~ Ula, b

Parameters: Lower and upper bounds a and b.

Probability mass function:

for =a,a+1,...,b6—1,b.

Properties:

E(6) = ";b; Var(6) — (b_“)(f;“”).

WinBUGS command: See Tricks:AdvancedUseoftheBUGSLanguage within
the WinBUGS User manual (in the Help menu of the Toolbar) - uses the
dcat command.

R command: sample(a:b,1).

A.1.2 Bernoulli Distribution: 6 ~ Bernoulli(p)
Parameter: Probability p € [0, 1].

Probability mass function:

f0) =p’(1—p)'~*,
for 6 =0, 1.

Properties:
E(@®) =p;  Var(f) = p(1—p).

Comments: The Bernoulli distribution is the special case of the binomial dis-
tribution where n = 1.

365
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A.1.3 Binomial Distribution: 6 ~ Bin(n,p)

Parameters: Sample size n € N and probability p € [0, 1].
Probability mass function:

£(0) = ( f >p9(1 -p)"",
for=0,1,...,n.

Properties:

E(6) =np;  Var(9) = np(1 - p).
WinBUGS command: dbin(p,n).
R command: rbinom(1,n,p).
Comments: The conjugate prior for p is a beta distribution.
A.1.4 Beta-Binomial: § ~ Beta — Bin(n,«a, 3)
Parameters: Sample size n, a > 0 and g > 0.

Probability mass function:

£(0) = F'n+ 1) (a+0)(n+b—0)T(a+0b)
)= L@+ 1) (n—0+ 1T (a+b+n)(a)l(b)

for=0,1,...,n

Properties:

no _ nafla+p+n)
pry UGl Py T g

E(9) =
Comments: This distribution is equivalent to 6 ~ Bin(u) where u ~ Beta(a, 3).

A.1.5 Poisson Distribution: § ~ Po(\)

Parameter: Rate A > 0.

Probability mass function:

for0=0,1,...
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Properties:

WinBUGS command: dpois ().
R command: rpois(1,\).

Comments: The conjugate prior for A is a gamma distribution.

A.1.6 Geometric Distribution: 0 ~ Geom(p)
Parameter: Probability p € [0,1].

Probability mass function:

for6=0,1,...

Properties:

R command: rgeom(1,p).

Comments: The conjugate prior for p is the beta distribution.

A.1.7 Negative Binomial: 6 ~ Neg — Bin(«, 3)

Parameters: Shape o > 0 and inverse scale 8 > 0.

Probability mass function:

[ 0+a-1 BN 1\
f<9)_( a—1 ><6+1> (6+1) ’
for6=0,1,...
Properties:
o' o
WinBUGS command: dnegbin(p,r), where p = /(1 + ) and r = a.

(B+1).

R command: rnbinom(1,size,prob), where size = o and prob = /(1 + ).

Comments: This distribution is equivalent to 8 ~ Po(\) where A ~ I'(a, ).
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A.1.8 Multinomial Distribution: @ ~ M N (n,p)

Parameters: Sample size n € N and probabilities p; € [0, 1]; Zle pi = 1.

Probability mass function:

k
0 :7” o
/@) L=

for ; = 0,1,...,n such that Zle 0; = n.
Properties:

E(6;) = np;; Var(6;) = np; (1 — p;).

WinBUGS command: dmulti(p[],N), where p denotes the vector with ele-
ments pi,...,Pn.

R command: rmultinom(1,N,prob), where prob denotes a vector with ele-
ments pi1,...,Pn.

Comments: The conjugate prior for p is the Dirichlet distribution. The multino-
mial distribution is an extension to the binomial distribution, where there are
a total of k& possible values (instead of simply 2).

A.2 Continuous Distributions
A.2.1 Uniform Distribution: 6 ~ Ula,b]

Parameters: Lower and upper bounds, a and b.

Probability density function:

1
f(e) - b _ 047
for 0 € [a, b].
Properties:
E(G)—a+b' Var(G)—b_a
2 12

WinBUGS command: dunif (a,b).

R command: runif(1,a,b). Note that the default values of a and b are 0
and 1 if they are not specified. For example, using the command runif (1)
simulates a random deviate from U|0, 1].
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A.2.2 Normal Distribution: 0 ~ N(u,0?)

Parameters: mean p and variance o2 > 0 (precision = 1/02).

Probability density function:

for 6 € (—o0, 00).

Properties:
E(6) = p; Var(0) = o?.

WinBUGS command: dnorm(u,7), where 7 = 1/02.

R command: rnorm(1,u,0), where o = Vo2. Note that the default values of
wand o are 0 and 1 if they are not specified. For example, using the command
rnorm(1) simulates a random deviate from N(0,1).

Comments: The conjugate prior for the mean is a normal distribution; and for
the variance, an inverse gamma distribution (equivalently, for the precision a
gamma distribution).

The positive half-normal distribution is the corresponding (truncated) normal
distribution with mean zero defined only over positive values (i.e. for 6 > 0).
We write § ~ HN*1(0,0?), with corresponding probability density function
g(0) = 2f(¢) for 8 > 0, where f(¢) denotes the probability density func-
tion such that ¢ ~ N(0,0?2). The negative half-normal distribution is defined
similarly, over the negative value for 6 and write § ~ HN = (0, 02).

A.2.8 Log-Normal Distribution: § ~ log N (u,0?)

Parameters: p and o2 > 0.

Probability density function:

0V 2mo? 202
for 6 € [0, 00).
Properties:
E(0) = exp (u + %02) ; Var(0) = exp(2u + o) (exp(c?) — 1).

WinBUGS command: dlnorm(u,7), where 7 = 1/02.
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R command: rlnorm(1, u,0), where o0 = Vo2. Note that the default values of
wand o are 0 and 1 if they are not specified. For example, using the command
rlnorm(1) simulates a random deviate from log N (0, 1).

Comments: If § ~ log N (u,0?), then log(f) ~ N(u,0?). The conjugate prior
for 1 is a normal distribution; and for o2, an inverse gamma distribution.

A.2./ Student-t Distribution: 0 ~ t,(u,0?)

Parameters: degrees of freedom v, mean p, and scale o2 > 0.

Probability density function:

f(0) = % (1 + % ((9(—772@2))@“)/2,

for 6 € (—o0, 0).

Properties:

)

E@)=p (v>1); Var(§) = 57 (v >2).

WinBUGS command: dt(u,7,v), where 7 = 1/02.

R command: rt(1,v), for y =0 and o2 =1 (written as t,).

A.2.5 Beta Distribution: 0 ~ Beta(a, [3)

Parameters: o > 0, > 0.

Probability density function:

for 6 € [0, 1].

Properties:

a B af
pry UGl ooy T g

E(9) =

WinBUGS command: dbeta(a,3).
R command: rbeta(1,«a,3).

Comments: The UJ0, 1] distribution is a special case of the beta distribution,
where o = = 1.
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A.2.6 Gamma Distribution: 0 ~T'(«a, 3)

Parameters: shape a > 0 and scale g > 0.

Probability density function:

f(6) = I‘ﬁ(:) g1 exp(—09),
for 6 > 0.
Properties: N N

WinBUGS command: dgamma («,3).
R command: rgamma(l,a,3).

Comments: The exponential distribution with parameter A (written Exzp(}\))
is a special case of the gamma distribution with o =1 and § = A.

A.2.7 Inverse Gamma Distribution: 0 ~T~1(a, 3)

Parameters: Shape o > 0 and scale 3 > 0.

Probability density function:

F6) = it exp(=5/0),
for 8 > 0.
Properties:
__8 . _ B’
]E(e)—a_17 Var(@)—m,a>2.

Comments: If w ~ I'(a, 8), then 0 = 1/w ~ T~ (o, B).
WinBUGS command: Set § = 1/w and then use w ~ dgamma(a, 3).

R command: 1/rgamma (1, a,3). Equivalently, simulate w <- rgamma(1,«,(3)
and set 0 = 1/w.

© 2010 by Taylor and Francis Group, LLC



372 COMMON DISTRIBUTIONS
A.2.8 Dirichlet Distribution: 6 ~ Dir(aq, ..., o)

Parameters: a; > 0, fori=1,...,k, and set ag = Zle Q;.

Probability density function:
k

F(OZQ) a;—1
0)=———1[0"",
/@ HLF(az—)El

for 6; >0, 8 6 = 1.

Properties:
Q

Oéz'(Oéo - Oéi)
(0:) 0 Var(6:) ad(ag +1)

WinBUGS command: ddirch(alphal]) where alpha is a vector with ele-
ments ag, ..., Q.

A.2.9 Multivariate Normal Distribution: 6 ~ Nj(u,X)

Parameters: mean vector p of length £ and covariance matrix ¥, where ¥ is
a positive definite symmetric k£ x k matrix.

Probability density function:

(0) = cow (~50 -0 -

(2m)% |33
for 9; € (—o0,00) fori=1,... k.

Properties:
E(0) = u; Var(0) = X.

WinBUGS command: dmnorm(mu[],T[,]) where mu is the vector containing
elements (i1, ..., u; and T= X1,

Comments: The multivariate normal distribution is the conjugate prior for
the mean vector p, and the inverse Wishart distribution is the conjugate
prior for the covariance matrix, ¥ (equivalently, the Wishart distribution is
the conjugate prior for the inverse of the covariance matrix, ¥ 71).
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A.2.10 Wishart Distribution: § ~ Wy (v, ¥)
Parameters: Degrees of freedom v > 0 and positive-definite (symmetric) &k x k

scale matrix W.

Probability density function:

B |W|~v/2|9|(v=F=1)/2 exp (—%tr(\ll_19))

- _ k v+l—j
gvk/2pk(k-1)/4 [TF_ T (¥H1=1)

f(0)

)

for k x k positive-definite matrix 6.

Properties:

E(G) = I/\II; Var(@ij) = I/( 127 + ’(/)“1/)JJ)
WinBUGS command: dwish(R[,], v) where R = U1,

Comments: The Wishart distribution can be seen as a (multivariate) general-
isation of the gamma distribution.

A.2.11 Inverse Wishart Distribution: § ~ W, ' (v, )
Parameters: Degrees of freedom v > 0 and positive-definite (symmetric) k x k
scale matrix W.

Probability density function:

B |W|—+/2|g)~ (v HE+D/2 exp (—itr(T=1071))
= ouk/2k(k—1)/4 H§:1 I (2=

f(0)

3

for k x k positive-definite matrix 6.

Properties: Let ¥ = U~!. Then,

voked (v =p)(v—p—1)2(v —p—3)

E(0) =

WinBUGS command: Set § = w=! (i.e. use the command inverse(w)) and
then use w ~ dwish(R[,], v) where R = UL

Comments: The inverse Wishart distribution can be seen as a (multivariate)
generalisation of the inverse gamma distribution.

If w ~ Wi (v, ), then 6 = w™! ~ W, (1, U).
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Programming in R

We give a brief introduction to the computer package R, with particular focus
on the coding of (RJ)MCMC algorithms. The example codes provided are
intended to act as a building block, providing the basic structure of general
(RJ)MCMC code, an understanding of the MCMC updating steps and their
corresponding implementation. Unlike WinBUGS and MARK, all aspects of
the MCMC algorithm need to be explicitly coded, using the R language. How-
ever, this does provide complete control over the MCMC simulations, with no
constraints on the models fitted to the data. To demonstrate how to write an
(RJ)MCMC program, we provide a general structure for the algorithms, which
complements the detailed description of R code for the examples in Chapter
7. All R codes can be downloaded from the book’s Web site.

B.1 Getting Started in R

The statistical computer package R is freely available and is downloadable
from the CRAN (Comprehensive R Archive Network) Web site:

http://cran.r-project.org/

The Web page also provides links to useful R manuals and updates to the
computer package are frequently posted on the general Web site for R:

http://www.r-project.org/

The built-in help file in R is very useful and can be accessed via the Help
menu in the Toolbar. In the pull-down menu, R functions(text)... can be
used to find extra information on a particular function, or Search help.. .,
to search the help files for a particular topic. Alternatively, within the main R
window, typing help(topic) will open up the help file on the requested topic
(if one exists). A useful shorthand, equivalent, method is to use the command
?topic. If the R command is unknown, the following will be returned: No
documentation for ‘topic’ in specified packages and libraries:
you could try ‘help.search("topic")’. Typing help.search("topic")
searches all the commands in R and returns a list of functions linked to the
command topic, which can be used to find the relevant function of interest.
When opening an R session it is advisable to change the working directory.
This means that the default directory, for reading in data or saving output
from an R session will be to the set working directory. To change the working
directory, click on File in the toolbar menu, followed by Change dir....
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Click on Browse and find the directory that you wish to use for the session.
Click on OK in the browser window and then again in the original window.
There are a number of general R commands that are repeatedly used within
(RJ)MCMC codes and thus are worth a particular mention. For example, the
R commands associated with the different distributions given in Appendix A.
Given the basic syntax, we consider specific functions written in R to perform
(RJ)MCMC algorithms and describe the general structure of such codes.

B.2 Useful R Commands

We provide a brief overview of some of the most useful commands in R. These
commands are used repeatedly through the R codes provided. In particular we
consider basic arithmetical operations, R commands associated with distribu-
tions and finally some generic commands and mathematical functions.

B.2.1 Arithmetical Operations

Command Brief Description
+ Addition.
- Subtraction.
* Multiplication.
/ Division.

Power operator (note ** can also be used).

B.2.2 Distributional Commands

Programming (RJ)MCMC algorithms involves the generation of random vari-
ables from different distributions. R can generate observations from a large
number of common statistical distributions. Additional distributional com-
mands involve the evaluation of the probability density (or mass) function
(very useful in the calculation of acceptance probabilities), cumulative proba-
bility distribution function and quantile (or inverse-cumulative) function. Each
of these distributional functions has a name beginning with one of the follow-
ing four one-letter codes (r, p, d and q), indicating the type of function.

r Random number generator. Requires the number of random variables to be
simulated, plus the parameters associated with the distribution required.

p Cumulative probability distribution function. Requires a vector of quan-
tiles, plus the parameters associated with the distribution required.

d Probability density (or mass) function. Requires a vector of quantiles, plus
the parameters associated with the distribution required.

q Quantile function. Requires a vector of probabilities, plus the parameters
associated with the distribution required.
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B.2.3 Useful Commands

Command Brief Description

# Comments the remainder of the line.

a:b To generate a sequence of integer values from a to b (inclusive).

acf Calculates an estimate of the autocorrelation function (acf).
By default, an acf plot is presented; the acf values can be
outputted using plot = F as an argument of the function.

array Creates an array of given dimension.

c Concatenates given arguments into a vector.

cat Prints the arguments to the screen.
To indicate an end of line in output, use “\n”.

cor Calculates the correlation between two vectors (or matrices).

density Calculates a kernel density estimate of given data.

dim Define (or return) the dimension of the given object.

exp Calculates the exponential of the given object.

for Defines a loop over which commands are iterated for a given
sequence of values.

hist Plots a histogram of the given data values.
By default the frequency is plotted on the y-axis. This can be
changed to density using probability=T.

if else Specify a condition; if satisfied perform the given command;
else (optional extra command) perform another command.
Common conditional operators include:
== (equal to); != (not equal to); < (less than); > (more than);
<= (less than or equal to); >= (greater than or equal to).

lines Adds lines to a given plot.

log Calculates the (natural) log of the given object.

matrix Creates a matrix.

mean Calculates the sample mean of the given data values.

min Returns the minimum of the given values.

plot Plots the given data values.
By default a scatterplot is drawn. For a line plot use type=“1".

points Adds points to a given plot.

prod Calculates the product of the given values.

read.table Read in a table of data values.

rm Remove the objects given.

scan Read in a vector of data values.

sd Calculates the sample standard deviation of given data values.

source Read in external file into R.

sqrt Calculates the square root of the given object.

sum Calculates the sum of the given values.

quantile Output the given quantiles of a vector.
(Very useful for calculating symmetric credible intervals).

var Calculates the sample variance of the given data values.

write Writes the output to a given file (or the session window).

write.table

Writes the output in the form of a table to a given file.
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B.2.} Coda Package

The coda add-on package in R can be used to post-process MCMC output;
for example, provide trace and density plots of the parameters of interest;
estimate summary statistics of interest; and produce some convergence diag-
nostic estimates (for example, the Gelman-Rubin statistic, Gelman and Ru-
bin 1992, and Geweke’s convergence diagnostic, Geweke 1992, but not the
BGR statistic Brooks and Gelman 1998). This package needs to be down-
loaded (and unzipped) from the CRAN Web site (see Section B.1), placing
the package in the directory with other R libraries, for example, C:\Program
Files\R-2.9.0\library\.

To use this package within R, in a session window, type the command:
> library(coda)
A manual detailing the list of commands within the package coda can be
downloaded from the CRAN Web site for reference. For new users of the
package, the command codamenu () may be useful, as this provides a series of
step-by-step commands to reply to for producing summary statistics, plots,
etc. for the given MCMC iterations. However, this command does not provide
all possible tools available, and additional commands can be used to obtain, for
example, highest posterior density intervals, autocorrelation plots, etc. Both
WinBUGS and MARK produce coda output that can be used for further
post-processing. Finally, we note that sample MCMC output obtained, from
a bespoke R code can be converted into the format necessary for coda using
the command mcmc.

B.3 Writing (RJ)MCMC Functions

Writing bespoke code for an (RJ)MCMC algorithm will typically follow a
common structure, irrespective of computing language or the particular prob-
lem being addressed. The following is a general structure for (RJ)MCMC
algorithms:

Part 1

- Read in the data
- Read in the prior parameter values

- Read in parameter values for proposal distributions

Part IT

- Perform the (RJ)MCMC iterations, looping over the number of iterations.
At each iteration this will typically involve:

— Updating the parameters in turn (assuming a single-update algorithm)
using the MH algorithm or Gibbs update;

— Updating the model using a reversible jump step (if there is model un-
certainty), and

© 2010 by Taylor and Francis Group, LLC



R CODE FOR MODEL C/C 379

— Recording the parameter values and current model (if there is model
uncertainty).

Part 111

- Output the sampled parameter values from the MCMC iterations, calcu-
lating posterior summary statistics of interest and/or plotting the corre-
sponding posterior densities (excluding the initial determined burn-in).

The example R codes that we present follow this general structure. We describe
in detail a number of examples relating to capture-recapture data. We begin
with the dipper data set and model C/C, given in Section 7.1.

B.4 R Code for Model C/C

The R code is provided in Section 7.1, and in particular in Figures 7.1 through
7.5, with both inline comments using the symbol # as a line comment com-
mand, and also additional, brief description of the code. Here we provide a
detailed description of the main code for the general structure of the MCMC
algorithm, before presenting two subroutines relating to the MH update and
the calculation of the log-likelihood function. Note that it is easiest to write
the code in a separate file, such as “R-dippersMHnorm.R”. Changes to the
code can then be made by simply editing this file using a suitable editing pack-
age. This file then needs to be read into R using the command source. For
example, for the above code, we would type source ("R-dippersMHnorm.R").

B.4.1 Main Code

We consider the three separate parts of the code as described above as the
general structure of the code.

Part I: Naming the Function and Reading Input Values

Figure 7.1 provides the naming of the function as Rdippercode with parame-
ters nt (total number of iterations) and nburn (length of burn-in). We then
read in the data values including the size of the data set in terms of the num-
ber of years of release (ni) and number of years of recapture (nj). Note that
this is written generally, so that we do not assume the same number of years
and release. We also (for ease of coding in other places) set the total number
of parameters in the model being fitted (nparam). This is simply equal to two
in this case, corresponding to p and ¢.

The next commands essentially read in the data in the form of the standard
capture-recapture m-array and put this into the array data. The number of
rows (nrow) is ni (number of years of release) and the data are read into
the array row-wise (byrow=T). We define a vector for alpha and beta each
of length two, with each element equal to one. These will be the priors for
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the recapture and survival probabilities — p ~ Beta(alphal[1],beta[1]) and
¢ ~ Beta(alpha[2],beta[2]), where alpha[i] and betal[i] correspond to
the i*" element of alpha and beta, respectively. Set the vector delta to be
of length two, with both elements equal to 0.05. These are the parameters
corresponding to the standard deviation of the normal proposal distribution
of the random walk MH updating step for the recapture and survival proba-
bilities, respectively. For example, for the recapture probability, p, we propose
the candidate value,

P=p+e
where € ~ N(0,delta[1]?), and deltal[1] has been set to 0.05. Similarly
for updating the survival probability, ¢, the proposal standard deviation is
deltal2] (again equal to 0.05). In general we may not wish to use the same

proposal distribution for all parameters, particularly when they are defined
over different ranges (see Example 5.7).

Part II: MCMC Simulations

Given the initial setting up of the data and necessary prior and proposal
specifications, we move on to consider the MCMC simulations as given in
Figure 7.2. To simplify coding, it is often easy to write additional subroutines
(i.e. additional functions) that are called within the code. For example, a
function that calculates the log-likelihood value for given parameter values.
This can save repeating the same function a number of times in the code and
makes the structure of the code easier to follow.

We begin by specifying the initial values for the parameters. The value
of the model parameters (p and ¢) are represented by the elements of the
vector param. We initially define this vector to have two elements, the first is
equal to 0.9, the second to 0.5. The first element, param[1], corresponds to
the recapture probability, p, and the second element, param[2], the survival
probability, ¢. These are the initial values that the Markov chain will start
in (i.e. these can be thought of as the parameter values at iteration 0). The
log-likelihood of the initial state of the chain is then calculated using the
separate (subroutine) function calclikhood, which uses the input parameters
ni, nj, data and param (corresponding to the number of years of release
and recapture, capture-recapture m-array data and the parameter values).
The calculated log-likelihood value is placed into 1ikhood. This log-likelihood
function is described later with the corresponding R code given in Figure 7.4.

We set itns to be an array (or matrix) of dimension nt x nparam (number
of iterations by number of parameters) with each element equal to zero. The
array itns will be used to store the realisations from the MCMC algorithm.
The i*" row, itns[i,], corresponds to the i*" iteration number; column 1,
itns[,1], the values for p and column 2, itns[,2], the values for ¢. We then
define a vector output of dimension nparam+1. This vector will be used to
store the current state of the parameter values for p and ¢ and corresponding
log-likelihood value within the Markov chain.
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The final set of R commands performs the iterations of the MCMC updating
algorithm. This involves cycling through each iteration in turn for t=1,... nt
and updating the parameters using the subroutine function updateparam
(with given input values), placing the output of the function into the vec-
tor output. The corresponding subroutine is provided in Figure 7.5. We set
the parameter values to be the first two elements of the vector output and the
log-likelihood value to be the third element of the vector output. We record
the parameter values in the tth row of the array itns.

Part III: Outputting the Results

Following completion of the MCMC simulations, we need to output the para-
meter values. One simple approach is simply to output the stored parameter
values for each iteration of the Markov chain. We do this, but also calculate
the mean and standard deviation of the simulations and output these values
to the screen to save some post-processing of the output. The R commands
for doing the post-processing and outputting of the simulations are given in
Figure 7.3.

The parameter values p and ¢ are given in the array itns for each iter-
ation of the Markov chain, i.e. from t=1,...,nt. However, this includes the
initial burn-in period, defined for iterations t=1,... nburn. Thus, we initially
place the post burn-in simulations into the array subitns (i.e. iterations
t=nburn+1,...,nt).

To summarise the (marginal) posterior distribution for the parameters we
calculate their corresponding posterior mean and standard deviation. We de-
fine mn and std to be a vector of length 2 (both elements equal to zero).
We then set the first (second) element of each vector to be the sample mean
and standard deviation, post-burn-in, of the parameter p (¢) in the MCMC
simulations (using functions mean and sd), to be a Monte Carlo estimate of
the posterior mean and standard deviation of the parameter. Note that it is
possible to do this calculation without first defining the array subitns by
simply using, for example, mn[i] <- mean(itns[(nburn+1):nt,i]). How-
ever we retain the additional array subitns to be explicit in this example.

We output the posterior mean and standard deviation of the parameters
following burn-in, using the command cat. Note that the command "\n"
within cat simply means to finish the line, so the next output will begin on
the following line. Finally, we output the full set of realisations in the array
itns from the MCMC algorithm from the function. The final ‘}’ term relates
to the bracket ‘{’ at the end of the very first line of the R code, giving the
function name Rdippercode.

This concludes the main part of the code, however we still need to define the
two functions calclikhood and updateparam for calculating the log-likelihood
value and the MH step for updating the parameter values, respectively. Within
the R file of the code, these functions (or subroutines) can simply be added
below the main function. We consider each of these functions next.
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B.4.2 Subroutine — Calculating Log-Likelihood Function — calclikhood

We initially consider the function calclikhood, which calculates the log-
likelihood of capture-recapture data with constant recapture and recovery
probabilities. This is given in Figure 7.4. However, the code is written in a
general form, so that it is easily modified to calculate the log-likelihood for
alternative models, such as C/T, T/C, etc. The code is comparable to the
log-likelihood function calculated in the WinBUGS example in Section 7.2,
and in particular, Figure 7.7.

The subroutine begins by defining the function and the corresponding in-
put parameters. For ease of identifiability within the main code we name the
function calclikhood with input parameters ni (number of years of release),
nj (number of years of recapture), data (the capture-recapture m-array) and
param (parameter values for p and ¢). We then set up a vector for the sur-
vival and recapture probabilities (denoted by phi and p) and an array for the
multinomial cell probabilities (q). Initially we set all the elements to be equal
to zero. For each year, i=1,... nj, we set the corresponding recapture proba-
bility (p[il) to be equal to param[1] and the survival probability (phil[il)
equal to param[2], since we are considering model C/C. It is here that we
would change the specification of the parameters, if we considered alternative
models. Note that for convenience we use p[i] = p;+1 (and phil[i] = ¢;).

We can now calculate the log-likelihood for any specified model, (such as
C/T etc.) since we use the general time dependent terms for the recapture and
recovery probabilities. For the model C/C, we are considering, the recapture
and survival probabilities are simply the same at each time (as set above). We
cycle through each year of release i=1,... ,ni and calculate the corresponding
cell probabilities, q[i,j] for j=i,...,nj. We consider the diagonal elements
and above-diagonal elements separately. Note that the cell probabilities (and
cell entries) in the lower triangular matrix are simply equal to zero, so that
the contribution to the log-likelihood is zero. In other words we calculate,

0 i > j; (below-diagonal)
qli,jl =« phililp[i]l i = j; (diagonal)
I philk] [, (1-p[k1Dp[j] i < j (above-diagonal).
(Recall that phil[i] = ¢; and p[i] = p;+1). The likelihood is of multino-

mial form, so that the log-likelihood, denoted by likhood in the R code, is
calculated as,

A

ni (mj+1)
likhood= » Y datali,jllog(qli,jl),
i=1 j=i

where q[i,nj+1] denotes the probability that an individual released in year i
is not observed again within the study; and datal[i,nj+1] the corresponding
number of individuals. Within the code, the diagonal cell entries are first
calculated and then the upper-diagonal elements. Finally, we output the log-
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likelihood value. The expression for the (log-)likelihood can be compared with
the likelihood for capture-recapture data given in Equation (2.5).

B.4.83 Subroutine — MH Updating Algorithm — updateparam

Figure 7.5 provides the subroutine updateparam, which performs the random
walk single-update MH step using a normal proposal distribution. The func-
tion updateparam has nine inputs: the number of parameters (nparam), the
parameter values (param), the numbers of years of release and recapture (ni
and nj), the capture-recapture m-array (data), current log-likelihood value
(likhood), beta prior parameter values for p and ¢ (alpha and beta) and
the MH proposal parameters corresponding to the standard deviations of the
normal distributions in the random walk proposal (delta). This function per-
forms a single iteration of the MCMC algorithm by cycling through each
parameter in turn (i = 1,... nparam), using a random walk single-update
MH step, with a normal proposal distribution (see Sections 5.3.2 and 5.3.3).

We begin by keeping a record of the current parameter value, which is be-
ing proposed to be updated, in oldparam. We simulate a new candidate value
for the parameter from a normal distribution with mean equal to the current
value, param[i], and standard deviation, delta[i]. We set this new proposed
value to be param[i] (so now param[i] is the proposed value, rather than
current value, and is the reason we need to keep a record of the current value
in oldparam). Both parameters are probabilities and so lie in the interval [0,1].
Thus, we only need to calculate the acceptance probability if the parameter lies
within this range (else it is rejected and we set the acceptance probability to
be equal to zero). We calculate the log-likelihood using the new candidate pa-
rameter value, and place the value in newlikhood. Note that we already have
the log-likelihood value of the current parameter values stored in likhood.
To calculate the acceptance probability, we calculate the corresponding logs
of the numerator (num) and denominator (den) separately. We set num to be
equal to the sum of the log-likelihood of the proposed parameter value and the
log of the prior density (beta) evaluated at the proposed value; and den to be
the sum of the log-likelihood of the current parameter value and the log of the
prior density evaluated at the current parameter value. We omit the normal
proposal density function, since these cancel in the acceptance probability,
reducing to a Metropolis acceptance probability (see Section 5.3.3). Finally,
the acceptance probability, denoted by A, is set equal to the minimum of 1
and exp(num—den), where exp denotes the exponential function (recall that
the terms num and den are calculated on the log scale).

To perform the accept/reject step, we simulate a random variable, u, from
a U[0, 1] distribution. If this random deviate is less than the acceptance prob-
ability (i.e. u < A) we accept the proposed parameter value and update the
log-likelihood value (the parameter value has already been set to the proposed
value). Otherwise we reject the proposed move and the parameter is reset to
the original value stored in oldparam.
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Finally, we place the parameter values and log-likelihood into the vector
output: the first element is the recapture probability; the second the survival
probability; and the third the corresponding log-likelihood value. The vector
output is outputted from the function.

B.4.4 Running the R Dipper Code

To run the dipper code in R for 10,000 iterations, with a burn-in of 1000
iterations, we write:

> dip <- dippercodeMHnorm(10000,1000)

This command outputs the parameter values at each iteration of the Markov
chain in dip, we can also obtain any other summary statistics of interest, or
produce trace plots for checking the length of burn-in. For example, suppose
that we wish to look at the trace plot of the parameter p, we would do this
with the R command,

> plot(dip[,1],type="1")

Similarly, if we wished to produce a trace plot of ¢, we would use dip[,2]
in the above command (to plot the values in the second column).

To plot the posterior distribution of the parameters we can plot a histogram
of the sampled values from the Markov chain. To do this we can use the
command:

> hist(dip[1001:10000,1] ,probability=T,xlab="p")

This produces a histogram of the post-burn-in values (from iterations 1001 to
10,000) of the first column of the array dip, corresponding to parameter p and
given in Figure 7.6(a). The additional command probability=T means that
the y-axis is the density (with the default being simply frequency if this is omit-
ted). Finally the command x1ab gives the label of the x-axis to be p. The analo-
gous command hist (dip[1001:10000,1] ,probability=T,xlab="phi") pro-
duces the histogram in Figure 7.6(b) for ¢.

If we wished to calculate the posterior correlation between the two parame-
ters we could type,

> cor(dip[1001:10000,1],dip[1001:10000,2])
Typing this for the above simulations, R gives:
[1] 0.01638828

Thus, there appears a posterior correlation between p and ¢ of 0.02 (to two
decimal places), corresponding to essentially no correlation between the para-
meters. Note that when calculating the sample correlation, in order to provide
a Monte Carlo estimate of the posterior correlation, we again have to remem-
ber to omit the initial iterations within the burn-in. Thus, we only consider
the values of the parameters between iterations 1001 and 10,000 (taking the
burn-in to be 1000). The coda package can also be used to obtain posterior
summary statistics, etc.
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Calculation of Monte Carlo Error for Parameter Estimates™®

We demonstrate how we can obtain other output statistics that can be cal-
culated within WinBUGS immediately (via the Sample Monitor Tool — see
Appendix C). We consider in particular the associated Monte Carlo error of
the parameters (see Section 5.4.3). In order to do this we simply need to
post-process the output parameter values. However, since we have all the sim-
ulated parameter values stored in an array, performing any post-processing
is straightforward. In addition, we can easily calculate the associated Monte
Carlo error as the number of iterations increases, and plot the change in Monte
Carlo error. For example, the function MCerror given in Figure B.1 calculates
the Monte Carlo error, where we input the (post-burn-in) sampled parameter
values, data, the number of parameters nparam (corresponding to the number
of columns in data), the total number of batches (nbatch), and the number
of simulations within each batch (nits).

it
# Define function for calculating Monte Carlo error:

MCerror <- function(data, nparam, nbatch, nits) {
mcerror <- array(0,dim=c(nbatch-1,nparam))
# Calculate Monte Carlo error for each parameter in turn:
for (i in 1:nparam) {
datal <- array(datal,i],dim=c(nits, nbatch))
mn <- array(O,nbatch)
# Calculate the mean of each batch of iteratioms:
for (j in 1:nbatch) {
mn[j] <- mean(datall,jl)
# Calculate the MC error as number of batches increases:
for (j in 2:nbatch) {
samplevar <- var(mn[1:j])
mcerror[j-1,i] <- sqrt(samplevar/j)
}

mcerror

}

Figure B.1 R code for calculating the Monte Carlo error of the estimated posterior
mean using post-burn-in simulated parameter values.
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Within the code we cycle through each parameter in turn (sampled values
in the column of the array data), placing the first nits into the first column
of the array datal, the next nits iterations into the second column, and so
on, to the last nits iterations into the (last) nbatch’th column. Each column
corresponds to a batch of parameter values (with nits values in each batch).
We calculate the mean of each column in the vector mn, corresponding to the
mean of sampled parameter values in each batch. Finally, we calculate the
corresponding Monte Carlo error of the posterior mean of the parameters at
iteration value, jxnits, for j = 2,... nbatch and output these values.f

We use the above code to calculate the Monte Carlo error for the dipper
data (stored in the array dip). Note that the input data for MCerror is for
the post-burn-in sampled parameter values. Thus, we use the command:

MCerrordip <- MCerror(dip[1001:10000,],2,90,1000)

In other words, we only consider the post-burn-in parameter values from itera-
tions 1001 to 10,000. There are two parameters (nparam = 2), and we consider
a total of 90 batches, with 1000 iterations in each batch. The Monte Carlo
error for the posterior means of the parameters are then simply the elements
in the final row of the array MCerrordip. Note that there are (nbatch-1) rows,
since we cannot calculate the Monte Carlo error when there is only one batch
of sample values. We output these to the screen, using the command:

> MCerrordip[89,]
[1] 0.0002859932 0.0001869274

We interpret the output as the Monte Carlo error associated with the posterior
mean of p and ¢, respectively. In addition, from the way we have defined the
function, we can also tabulate or plot the corresponding Monte Carlo errors
of p and ¢ as the number of iterations increases (or equivalently, the number
of batches used, assuming a fixed number of iterations per batch). Figure B.2
provides the corresponding MC error for p and ¢ as the number of simulations
increase. We have plotted the Monte Carlo error against the number of batches
used (so that the number of iterations corresponds to the number of batches
times 1000).

Clearly, we can see that as the number of iterations increase (and hence the
number of batches), the Monte Carlo error decreases. As always, the Monte
Carlo error should be compared with the magnitude of the corresponding

T Recall that the Monte Carlo error of parameter, 0, say is given by,

Vs20),

where n = nbatch, and s2(0) denotes the sample variance of 6 given by,

n

1 _ _

1=1

52(9) =

(n
such that 8; denotes the sampled mean of the parameter # of the i*" batch and 6 denotes

the overall mean of 6 from all n batches. Note that the R function var calculates the
sample variance, s2(8) directly.

© 2010 by Taylor and Francis Group, LLC



R CODE FOR WHITE STORK COVARIATE ANALYSIS 387

2.5

3.5

2.0

2.5

1.5

0.5

0.5

Monte Carlo error x10~3
1.5

Monte Carlo error x10~3
1.0

20 40 60 80 20 40 60 80
Number of Batches Number of Batches
(a) (b)

=}
=}

Figure B.2 The Monte Carlo error calculated over cumulative batches, each con-
taining 1000 simulated parameter values for (a) p and (b) ¢ for the dipper data
under model C/C.

posterior summary statistics. The Monte Carlo error is clearly very small
compared to the estimated posterior mean and standard deviation for the
recapture and recovery probabilities, suggesting that the posterior summary
statistics have converged (i.e. repeating the simulations would produce essen-
tially identical results with little variation between the posterior estimates).

B.5 R Code for White Stork Covariate Analysis

We now consider the white stork data, initially presented in Exercise 3.5 and
discussed further in Example 5.7. This consists of 16 years of capture-recapture
data where there is additional covariate information, relating to the amount
of rainfall at a given number of weather stations in the population’s wintering
grounds. We initially consider a single rainfall covariate. We set the survival
probability to be of the form,

logit ¢+ = Bo + Bicovy,
where cov; denotes the normalised covariate value at time ¢. Finally, the model
is defined by assuming a constant recapture probability, p.
We specify vague independent priors on all of the parameters,
Bi ~ N(0,10) for i =0,1;
p ~ Beta(1,1) =U[0,1].
We use a single-update random walk MH algorithm, using a uniform pro-

posal distribution for each parameter p, By and ;. The MH algorithm that
we implement is described in detail in Example 5.7. We once again present
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the main code for this algorithm, before the separate subroutines for calcu-
lating the log-likelihood and MH updating steps. Note that the corresponding
WinBUGS algorithm is given in Example C.2.

B.5.1 Main Code

The main structure of the code follows the same format as the R code described
in Section B.4 for the dippers capture-recapture data. We begin with reading in
the data and prior parameter values, before performing the MCMC iterations
and outputting the results from the simulations. We consider each of these
sections of the code in turn.

Part I: Reading in the Data and Input Parameters

We begin by defining the function storkcodeMHcov1 and reading in the data
in Figure B.3. The size of the capture-recapture m-array is defined by the
parameters ni (number of years of release) and nj (number of years of recap-
tures). We also define the total number of parameters in the model, nparam,
which is equal to three in this case for p, 8y and (1. The m-array is read in
for the stork data and placed in the matrix data. Finally, we read in the set
of covariate rainfall values, placing them in the vector, cov.

Given the specification of the data values, we move on to set the prior
parameter values and MH proposal values. The corresponding R code is given
in Figure B.4. We begin with the priors for the recapture probability, p. In
general, we set,

p ~ Beta(alphap, betap).

In this case, we set alphap = betap = 1, corresponding to the U[0, 1] distri-
bution. We specify independent normal priors on the regression coefficients,
Bo and (1. The prior means are placed into the vector mu (both set equal to
zero in this case), and the prior variances placed in sig2 (both equal to 10).
The first element of mu and sig2 correspond to the prior parameters for gy,
and the second elements to J;. Note that for simplicity we set sig to be the
square root of sig2, so that sig corresponds to the prior standard deviation
on the parameters. Recall that the normal distribution in R uses the mean
and standard deviation as the parameters. Finally we set the uniform MH
proposal parameters for each parameter, by defining the vector delta. The
first element (0.05) corresponds to the proposal parameter for p, the second
element (0.1) for By, and the third element (0.1) for /.

Part II: MCMC Simulations

The corresponding R code of the MCMC algorithm is given in Figure B.5.
Note the similarity with the coding in Figure 7.2 for the dipper data — the
structure is the same, only the details differ slightly. This is typically the case
for MCMC algorithms; the general structure of the code is very similar, but
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HHFHH AR RS
# Define the function with input parameters:
# nt = number of iterations; nburn = burn-in

storkcodeMHcovl <- function(nt,nburn){

# Define the parameter values: ni = number of release years;
# nj = number of recapture years; nparam = number of parameters

ni = 16
nj = 16
nparam = 3

# Read in the data:

data <- matrix(c(

19,2,0,0,0,0,0,0,0,0,0,0,0,0,0,0,5,
0,33,3,0,0,0,0,0,0,0,0,0,0,0,0,0,14,
0,0,35,4,0,0,0,0,0,0,0,0,0,0,0,0,14,
0,0,0,42,1,0,0,0,0,0,0,0,0,0,0,0,26,
0,0,0,0,42,1,0,0,0,0,0,0,0,0,0,0,30,
0,0,0,0,0,32,2,1,0,0,0,0,0,0,0,0,36,
0,0,0,0,0,0,46,2,0,0,0,0,0,0,0,0,16,
0,0,0,0,0,0,0,33,3,0,0,0,0,0,0,0,28,
0,0,0,0,0,0,0,0,44,2,0,0,0,0,0,0,20,
0,0,0,0,0,0,0,0,0,43,1,0,0,1,0,0,10,
0,0,0,0,0,0,0,0,0,0,34,1,0,0,0,0,25,
0,0,0,0,0,0,0,0,0,0,0,36,1,0,0,0,16,
0,0,0,0,0,0,0,0,0,0,0,0,27,2,0,0,22,
0,0,0,0,0,0,0,0,0,0,0,0,0,22,0,0,16,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,15,1,17,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,15,8) ,nrow=ni,byrow=T)

# Read in the covariate values:

cov <- ¢(0.79,2.04,1.04,-0.15,-0.01,-0.48,1.72,-0.83,
-0.02,0.14,-0.71,0.50,-0.62,-0.88,-1.00,-1.52)

Figure B.3 The R code defining the function and input data for the white stork.

we simply need to input the correct likelihood function for the given example
and the MH step used.

We begin by setting the initial parameter values. The values for the three pa-
rameters in the model, p, By and (1, are stored in the vector param (param[1]
= p; param[2] = fy; param[3] = ;). Thus, we set the initial state of the
chain to be,

p=0.9; Bo = 0.7, £1 = 0.3,
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IR

# Read in the priors:

# Beta prior on recapture probability

alphap <- 1
betap <- 1

# Normal priors (mean and variance) on regression coefficients

mu <- c(0,0)
sig2 <- c(10,10)
sig <- sqrt(sig2)

# Parameters for MH updates (uniform random walk):

delta <- ¢(0.05,0.1,0.1)

Figure B.4 The R code specifying the priors on the parameters and proposal pa-
rameters for the white stork application.

and calculate the corresponding log-likelihood using the function calclikhood
(described in Section B.5.2). We define the array itns, which will store the
values of the parameters at each iteration of the Markov chain, and the vec-
tor output, which is used to store the current values of the parameters and
associated log-likelihood value.

We perform the MCMC updates for the given number of iterations (nt).
Within each iteration, the function updateparam is called to perform the MH
step (this function is described in Section B.5.3). The function outputs the
vector output, with the first three elements corresponding to the parameter
values, and the fourth element the log-likelihood value. Finally, we record the
parameter values at each iteration in the array itns, which are then used
to provide Monte Carlo estimates of parameters of interest or to check for
convergence, etc.

Part III: Outputting the Results

We output the MCMC simulated parameter values and also calculate the
posterior mean and standard deviation of the parameters, which are printed
to the screen (to reduce the amount of post-processing of the simulated values).
The R code for outputting these results is provided in Figure B.6.

As usual, we begin by removing the burn-in from the sample, before calcu-
lating the posterior mean (mn) and standard deviation (std) and print them
to the screen. Finally, we output the full set of simulated values within the
MCMC algorithm, for any further post-processing analyses. Once more we
note the similarity of the R code with that for the outputting of the results
for the dipper data in Figure 7.3. Essentially, the only difference relates to the
name of the parameters.
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IR
# Set initial parameter values: param[1] = recapture probability;
# param[2:3] = regression coefficients for survival probability

param <- ¢(0.9,0.7,0.3)

# Calculate log-likelihood of initial state using function
# "calclikhood":

likhood <- calclikhood(ni, nj, data, param, cov)

# Define itns - array to put the sample from posterior distribution;
# output - vector for parameter values and associated log-likelihood:

itns <- array(0, dim=c(nt, nparam))
output <- dim(nparam+1)

# MCMC updates - for each iteration, update parameters using function
# "updateparam". Set parameter values, log-likelihood value of
# current state and record parameter values

for (t in 1:nt){
output <- updateparam(nparam,param,cov,ni,nj,data,likhood,
alphap,betap,mu,sig,delta)

param <- output[1:nparam]
likhood <- output[nparam+1]

for (i in 1:nparam) {
itns[t,i] <- param[i]

}

Figure B.5 The R code that gives the initial values of the parameter values, calcu-
lates the corresponding likelihood function and performs the MCMC iterations, for
the white stork example.

The main code relies on two subroutines: one for calculating the log-likelihood
and the other for performing the MH algorithm within each iteration of the
MCMC algorithm. We begin by considering the log-likelihood function.

B.5.2 Subroutine — Calculating Log-Likelihood Function — calclikhood

The log-likelihood function is called at the beginning of the MCMC code, to
calculate the likelihood of the initial parameter values, and then within the
MH updating step of each parameter. The subroutine for calculating the log-
likelihood function is presented in Figure B.7. This function is directly com-
parable with the log-likelihood calculated for the dippers example in Figure
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HHHHH
# Remove the burn-in from the simulations and calculate
# the mean and standard deviation of the parameters

subitns <- itns[(nburn+1):nt,]

mn <- array(O,nparam)
std <- array(0,nparam)

for (i in 1:nparam) {
mn[i] <- mean(subitns[,i])
std[i] <- sd(subitns[,i])

# Output the posterior mean and standard deviation of the parameters
# following burn-in to the screen:

cat("Posterior summary estimates for each parameter: ", "\n")
cat("\n")

cat("mean (SD)", "\n")

cat("p: " s Il\nll)

cat(mn[1], "(", std[1], ™))", "\n")
for (i in 2:nparam) {

Cat(ll\nll)
cat("beta_",(i-2), "\n")
cat(mn[i], " (", std[il, ")", "\n")

# Output the sample from the posterior distribution:

itns

}

Figure B.6 R code for outputting the posterior means and standard deviation of
the model parameters to the screen and the MCMC realisations of the parameter
values stored in the array itns.

7.4. The only difference lies in the specification of the survival probabilities.
Here, the survival probability in year i, denoted by phi[i], is given by,

exp(cov[il) 1
1 +exp(covl[il) 14 exp(—cov[il)’

phil[i]l =

Given the specification of the recapture and survival probabilities at each time,
the corresponding likelihood, in terms of the calculation of the multinomial
cell probabilities (q) follows as given in Figure 7.4, so we omit the details for
brevity.
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IR
# To calculate the log-likelihood of capture-recapture data

calclikhood <- function(ni, nj, data, param, cov){

# Set up the size of the array containing the survival
# and recapture probabilities and cell probabilities (q)
# (all entries initially equal to 0)

phi <- array(0,nj)
p <- array(0,nj)
q <- array(0,dim=c(ni,nj+1))

# Set the recapture and survival probs for each year:
for (i in 1:nj) {

exprn <- param[2] + param[3]*cov[il]
phil[i] <- 1/(1+exp(-exprn))

pli]l <- param[1]
}

# Calculate multinomial cell probabilities (q)
# and log-likelihood contribution:

for (i in 1:ni){

Figure B.7 R code for calculating the log-likelihood value for capture-recapture
data with the survival probability logistically regressed on a single covariate. The
remainder of the likelihood is already given in Figure 7.4, and hence is omitted for
brevity.

B.5.3 Subroutine — MH Updating Algorithm — updateparam

The final component of the MCMC code relates to the MH subroutine, which
we call updateparam. The corresponding function is provided in Figure B.&.
This is very similar to the algorithm presented in Figure 7.5, the MH step for
the dipper data, however, we now have a different parameterisation for the
survival probabilities (regressed on a covariate), and hence a different prior
specification for the parameters associated with the survival probability (i.e.
the regression coefficients, Gy and 7).

As usual, we cycle through each parameter in turn, propose a new candidate
value using a random walk MH step with uniform proposal distribution and
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I
# Function for updating the parameters values:

updateparam <- function(nparam,param,cov,ni,nj,data,likhood,
alphap,betap,mu,sig,delta){

for (i in 1:nparam) {
oldparam <- param[i]
param[i] <- runif(1l, param[i]-delta[i], param[i]+deltalil)
# Automatically reject any moves where recapture prob is outside [0,1]
if (param[1] >= 0 & param[1] <= 1) {
# To calculate acceptance probability
newlikhood <- calclikhood(ni, nj, data, param, cov)
# For recapture probability add in prior (beta) terms;
# else for regression coefficients add in prior (mormal) terms.
# (Proposal densities cancel since the proposal distribution is symmetric).
if (1 ==1) {
num <- newlikhood + log(dbeta(param[i],alphap,betap))
den <- likhood + log(dbeta(oldparam,alphap,betap)) }
else {
num <- newlikhood + log(dnorm(param[i],muli-1],sig[i-11))

den <- likhood + log(dnorm(oldparam,muli-1],sig[i-1]1)) }

A <- min(1,exp(num-den))

}
else { A<-0 1}
# Accept/reject step:
u <- runif (1)

if (u <= A) { likhood <- newlikhood }
else { param[i] <- oldparam }

output <- c(param, likhood)
output

Figure B.8 R code for the MH step for updating p, Bo and 31 for the stork capture-
recapture data.
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keep a record of the current value in oldparam. Note that only the recapture
probability parameter is constrained to be in the interval [0,1], with the other
two regression coefficient parameters defined over the whole real line. Thus,
we only need to ensure that 0 < p < 1 within the updating move.

In order to calculate the corresponding acceptance probability, we initially
calculate the corresponding log-likelihood of the set of parameter values, and
consider the log of the numerator (num) and log of the denominator (den) of
the acceptance probability. For num, this is the sum of the log-likelihood using
the proposed candidate value and the log prior density for this parameter; for
den, this is the sum of the log-likelihood of the current parameter value and
the log prior density of the parameter. Note that for the recapture probability,
(param[1]), a beta prior is specified; for the regression coefficients, (param[2]
and param[3]), a normal prior is specified with means mu[1] and mu[2] and
standard deviations sig[1] and sig[2], respectively. The accept/reject step
follows as standard (for example, see Section B.4.3 for a detailed description).
We note that changing the prior distribution on any of these parameters es-
sentially involves only changing the acceptance probability in the MH step
(and the inputting of the prior parameter values).

B.5.4 Runmning the White Stork R Code

We run the R code for the white stork data for 10,000 iterations, discarding
the first 1000 iterations as burn-in. These simulations took approximately
3.5 minutes. Trace plots suggest that this is very conservative, with apparent
convergence within even 100 iterations (note that this is aided with the initial
starting values specified). The commands in R and corresponding output to
the screen for this particular simulation are:

> stork <- storkcodeMHcov1(10000,1000)
Posterior summary estimates for each parameter:
mean (SD)

p:

0.9129703 ( 0.01428288 )

beta_ O
0.6845587 ( 0.07308035 )

beta_ 1 0.3536333 ( 0.09035605 )

The output from the function is stored in the array stork: the first column
the set of p values, the second column the 3y values, and the third column
the (1 values. So, in order to obtain the 95% symmetric credible interval for
each parameter, we use the following commands to calculate the lower and
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upper 2.5% and 97.5% quantiles from the sampled parameter values, with
corresponding response from R:

> quantile(stork[1001:10000,1] ,probs=c(0.025,0.975))
2.5% 97.5%
0.8831229 0.9393124

> quantile(stork[1001:10000,2] ,probs=c(0.025,0.975))
2.5% 97.5%
0.5432976 0.8308200

> quantile(stork[1001:10000,3],probs=c(0.025,0.975))
2.5% 97.5Y%
0.1794538 0.5288888

Calculating Bayesian p-values™

To assess the goodness-of-fit of the model to the data, we calculate the Bayesian
p-values, using the deviance (i.e. —2 x log-likelihood function) as the discrep-
ancy function (see Section 5.4.6). In this case, the Bayesian p-value is cal-
culated conditional on the number of newly tagged individuals each year (in
order to simulate new data comparable to the observed data). Calculating the
Bayesian p-value within the MCMC simulations is straightforward, as is the
necessary R code. Note that, in general, the p-values can either be calculated
within the R code itself, or post-process using the outputted values of the
parameters at each iteration. For simplicity, we assume that we calculate the
Bayesian p-value post-process, for the simulations run above, and stored in
the array stork. The corresponding R function is provided in Fignre B.9

We begin by reading in the data and covariate values (as in Figure B.3). We
need to calculate these from the observed m-array. We do this by a two-step
process. First we calculate the number of birds released each year. Then we
calculate the number of these that are new birds, denoted by new. To do this
we simply subtract the number of birds that are recaptured at that time from
the total number of birds released at that time (since there is no removal of
individuals upon recapture). These values are fixed (as they are a function
of the observed data), and so we simply calculate these once before cycling
through the set of simulated parameter values to calculate the Bayesian p-
value.

To calculate the Bayesian p-value, we need a sample of parameter values
from the posterior distribution. Thus, we only consider the sampled parame-
ter values following a suitable burn-in period. For each iteration, following the
defined burn-in, we set the values of the vector param to be the simulated pa-
rameter values from the MCMC iterations. We then calculate the multinomial
cell probabilities for capture-recapture data, given the set of parameter values,
as in Figure B.7, and hence this is omitted for brevity. Given the multinomial
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IR
# To calculate Bayesian p-value using deviance

storkpvalue <- function(nt, nburn, stork){
# Read in data and set of covariate values
# Calculate R/new - number of birds/new birds released:

param <- array(0,nparam)
R <- array(0,ni)
new <- array(0,ni)
for (i in 1:ni) {
R[i] <- sum(datali,i:(nj+1)]1)
new[i] <- R[i] - sum(datal1:(i-1),(i-11) }

for (t in 1:(nt-nburn)) { # Iterate over simulations
for (i in 1:nparam) {
param[i] <- stork[t+nburn,i] 1} # Set parameter values

# Calculate the multinomial cell probabilities, q ...
# Set up arrays, simulate data anc calculate deviances:

newR <- array(0,ni)
outp <- array(0,dim=c(nt-nburn,3))
datal <- array(0,dim=c(ni,nj+1))

for (i in 1:ni) {
newR[i] <- new[i] + sum(datail[1:(i-1),(i-1)1)
datal[i,] <- rmultinom(l,newR[i],q[i,])
for (j in i:(nj+1)) {
outp[t,1] <- outp[t,1] - 2xdatali,jl*log(qli,jl)
outp[t,2] <- outp[t,2] - 2*xdatalli,jl*log(qli,jl) }

if (outplt,1] <= outp[t,2]) { outpl[t,3] <- 1}
else { outp[t,3] <- 0 }
}

outp

}

Figure B.9 R code for simulating capture-recapture data given the model parameter
value with the aim of calculating the Bayesian p-value for capture-recapture data.

cell probabilities (sampled from the posterior distribution) we can simulate
data. For each year of release, i=1,... ni, we calculate newR[i], correspond-
ing to the sum of the number of newly tagged birds and recaptured birds in
year i. We then simulate the i*? row of the simulated m-array from a multino-
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mial distribution with sample size newR[i] and probabilities q[i,] (i.e. the
ith row of multinomial cell probabilities).

Given the sample data simulated from the posterior distribution of the
parameters, we compare this simulated data with the observed data, using the
deviance as the discrepancy function. Thus, we calculate the deviance of both
the simulated data and observed data, given the sampled parameter values
from the posterior distribution. Finally, we output the deviance values of the
observed and simulated data along with an indicator function of whether the
deviance of the observed data is less than the deviance of the simulated data.
The proportion of times that this indicator is equal to one is the Bayesian
p-value.

We run the above Bayesian p-value code on the outputted MCMC simu-
lations stored in the vector stork obtained in Section B.5.4 (discarding the
first 1000 iterations) and placing the outputted values into the array pstork.
To calculate the corresponding Bayesian p-value we use the command:

> sum(pstork[,3])/length(pstork[,3])
[1] 0.5533333

Rerunning the Bayesian p-value simulations a number of times always obtained
values within a range of £0.01. This would suggest the model appears to fit
the data well, and does not indicate any lack of fit. The corresponding plot
of the simulated deviance and observed deviance are provided in Figure B.10,
and again does not indicate any lack of fit for the model.

B.6 Summary

In this Appendix we consider the computer package R and provide sample
MCMC code for the dipper and white stork capture-recapture data. The R
codes follow the same general structure, which makes it easier initially to write
an MCMC algorithm, but also to adapt existing codes to other problems. The
built-in functions in R, particularly the random number generators, summary
statistics functions (such as mean and sd), and plotting functions significantly
simplify the writing of the MCMC code and outputting of the corresponding
results.

Programming bespoke code allows the user to have complete control over
the models, updating algorithm and output. However, this comes at the cost of
having to program (and debug) the (RJ)MCMC algorithm, which can be time
consuming and is of a more specialist nature. In addition, typically, all the
pilot tuning needs to be performed by the individual for each given problem,
whereas, for example, WinBUGS does this automatically in the initial adap-
tive step. However, for more advanced problems (for example, using models
that cannot be fitted in WinBUGS, or where WinBUGS is very slow in per-
forming the MCMC iterations), writing bespoke code may be the only feasible
way forward. In addition, once an initial MCMC simulation has been written
in R, it is much easier to adapt this existing code for alternative problems. For
example, suppose that we wish to consider ring-recovery data (as opposed to
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Figure B.10 The plot of the observed log-likelihood value (x-axis) versus the simu-
lated log-likelihood value (y-axis). The dashed line represents “x=y”. The proportion
of points below the line corresponds to the Bayesian p-value statistic.

capture-recapture data within this chapter). The main changes to the code
involve the different likelihood function, but this is in a self-contained sub-
routine, and can be easily modified. There may also be additional (minor)
modifications, such as the number of parameters and prior specifications, but

these are quickly and easily performed.
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APPENDIX C

Programming in WinBUGS

This appendix gives a brief introduction to WinBUGS (Lunn et al. 2000,
2006). WinBUGS implements up-to-date and powerful MCMC algorithms
that are suited to a wide range of target distributions for analysing com-
plex models. This avoids coding the MCMC algorithms by hand, but requires
the specification of a likelihood and priors for model parameters. We initially
describe the general computer package WinBUGS, including how to down-
load the program, general structure of WinBUGS code and a brief overview
of how to run MCMC simulations. To demonstrate how to write a WinBUGS
program, we initially provide a general structure for the code, followed by a
detailed description of WinBUGS code for a number of examples. We focus
on the analysis of capture-recapture data, but the ideas can easily be applied
to other problems. Finally, we also provide an example of RIMCMC coding,
which is relatively new add-on package to WinBUGS. Note that all timings
refer to a 1.8-Ghz computer.

C.1 WinBUGS

Despite the widespread use of MCMC, surprisingly few programs are freely
available for its implementation. This is partly because of the fact that al-
gorithms are generally problem specific (particularly in the case of MH, for
example) and there is no automatic mechanism for choosing the best im-
plementation procedure for any particular problem. However, one program
has overcome many of the problems and is widely used. It is known by the
acronym BUGS (Bayesian inference Using Gibbs Sampling), see Gilks et al.
(1992), Spiegelhalter et al. (1996) and Lunn et al. (2000). The WinBUGS
(BUGS for Windows) package is able to implement MCMC methodology for
a wide variety of problems.

The package provides a declarative R-type language for specifying statistical
models. The program processes the model and data and sets up the sampling
distributions required. Finally, appropriate sampling algorithms are imple-
mented to simulate values of the unknown quantities in the model. WinBUGS
is able to handle a wide range of standard distributions, and in the cases where
full conditional distributions are non-standard, alternative methods such as
adaptive rejection sampling (Gilks and Wild 1992) and slice sampler, (Neal
2003) are used to sample these components. A menu-driven set of R functions
(coda) is supplied with WinBUGS in order to calculate convergence diagnos-
tics and both graphical and statistical summaries of the simulated samples.

401
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Overall, the package is extremely easy to use and is capable of implementing
the Gibbs sampler algorithm for a wide range of problems. It is also freely
available from the WinBUGS Web site at

http://www.mrc-bsu.cam.ac.uk/work/bugs/

We provide a brief overview of the WinBUGS package, including the format
of a WinBUGS file, running MCMC simulations within WinBUGS and the
results that can be obtained.

C.1.1 Getting Started with WinBUGS

A typical WinBUGS session has three steps: setting up the code, running the
code and obtaining posterior estimates.

Setting up WinBUGS code
1. For WinBUGS code, one or more files are needed that contain:

i) The model specification
ii) Data values
iii) Initial parameter values (these can also be generated within WinBUGS)

2. Given a WinBUGS program, the first step is to read it into the WinBUGS
package:

i) Click on the File button in the tool bar and then Open. This will open
up a pop-up window, from which one can find a WinBUGS file.

ii) Find the file, then either double-click on the file, or single-click on it and
then Open. This will load open the file into a WinBUGS window.

3. The next step is to read the model into WinBUGS:

i) Click on the Model button on the toolbar and then Specification. A
Specification Tool pop-up menu will appear, as shown in Figure C.1.
ii) Highlight the model specification part of the code (only the beginning
of the model needs to be highlighted), and click check model in the
Specification Tool window. The phrase model is syntactically
correct should appear in the bottom left of the WinBUGS window.
If not, there is an error in the specification of the model, and it will need
to be corrected.
iii) If one plans to run multiple chains, then this needs to be specified here,
since the number becomes fixed during the following compilation process
— note that to run the Brooks-Gelman-Rubin (BGR) convergence diag-
nostic in WinBUGS, at least 3 replications are needed.
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Figure C.1 The Specification Tool pop-up menu produced by Specification
in the Model button on the toolbar.

4. Once the model is correct, we need to read in the data:

i)

ii)

Highlight the word 1ist corresponding to the data in the file and click
on load data in the Specification Tool window. The phrase data
loaded should appear in the bottom left corner of the WinBUGS win-
dow; otherwise an error message will appear.

Click compilein the Specification Tool. The phrase model compiled
should now appear in the bottom left corner; otherwise an error message
will appear stating why there is a problem with the code.

5. The final input step is to read in the starting parameter values for the
Markov chain. There are two options:

i)

ii)

Highlight the word 1ist in the file that corresponds to the initial pa-
rameter values and then click on load inits. The phrase model is
initialized should appear in the bottom left corner.

Or, alternatively, it is also possible to allow WinBUGS to generate start-
ing values for the parameters. To do this, click on gen inits in the
Specification Tool. If WinBUGS can generate all the parameter val-
ues, the phrase initial values generated will appear in the bottom
left corner. However, note that WinBUGS is not always capable of se-
lecting suitable starting values. If this is the case, an error message will
appear in the bottom left corner, specifying the parameters which could
not be initialised. In some cases we may wish to read in some initial
parameter values and allow WinBUGS to generate the rest. This can be
done by simply following the above procedure to read in the initial pa-
rameter values, where the 1list in the file contains only some parameter
values. Then following reading in these values, we click on gen inits to
generate the remaining parameter values.

6. Once the model has been compiled and the data read in, we are ready to
start.
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Running WinBUGS Code

1. It is useful to pull down a few more pop-up menus from the toolbar at the
beginning:

i) Click on Update from the pull-down Model menu. The Update Tool is
used to run the simulations and is shown in Figure C.2 .

Eg Update Tool

Lpdates I1EIEIEI refrezh i'll:ll:l
update | thiiry i'l iteration il:l

I~ over relax ¥ adapting

-0 Sample Monitor Tool |g|
node I _v-j chainsﬁ_‘ ta r3._‘

bea |1 end 1000000 i |1

percentiles

Figure C.3 The Sample Monitor Tool window allows the specification of the pa-
rameters to be recorded, and is obtained by clicking on Samples from the Inference
pull-down menu

2. Now, in order to use these to run the simulations and monitor the parame-
ters:

i) In the Sample Monitor Tool enter the names of the parameters individ-
ually, pressing set after each parameter. Note that for vectors, entering
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ii)

iii)

the vector name ensures that all elements of the parameter vector are
recorded.

To run the simulations we use the Update Tool, inputting the number
of iterations to be run (update) and how often to refresh the updates to
write to the screen (refresh). We press update to run this many iter-
ations. Clicking on update whilst the MCMC algorithm is running will
pause the simulation. If update is clicked again, the MCMC simulations
will continue for as many iterations again. Whilst the adapting box in
the Update Tool window is checked, the simulation is going through an
automatic adaptation procedure and no summary statistics are avail-
able during this period. This is typically fairly short with a maximum
(default) value of 4000 iterations.

Note that initially it is often useful to run very short simulations to

check the length of time that they take before running a large number
of iterations.

Obtaining Posterior Estimates in WinBUGS

1. Once the simulations are run and the adaptation period is finished, it is
possible to monitor the statistics of interest:

i)

ii)

Highlight the relevant parameter in the node box of the Sample Monitor
Tool window. Click on the arrow to the right of the node box to get a
scrollable list of the parameters entered in earlier. Note that using the
symbol * in the node box represents all specified parameters.

The values for beg and end specify the start and end of the sample
values to be used to construct summary statistics. The thin box allows
thinning of the output (see Section 5.4.5). Setting thin=10, for example,
means that the sample statistics are based on every 10th sample value.
The values for beg and end specify the start and end of the sample values
to be used to construct summary statistics.

2. The Sample Monitor Tool allows a variety of sample statistics to be cal-
culated:

trace: Provides a dynamic trace plot of recent parameter values which
updates continuously during the simulation.

history: Provides a static trace plot of parameter values for the entire
simulation.

density: Produces kernel density estimates of the posterior marginal
densities of the selected parameters.

stats: Provides a table of posterior means, variances and other summary
statistics.

coda: Dumps out a list of monitored parameter values for input into al-
ternative packages (including R) for calculating posterior summary sta-
tistics.
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e quantiles: Plots out the running mean of the selected parameters, in-
terquartile range and symmetric credible intervals (80%, 90%, 95%).

e bgr diag: Calculates the BGR convergence diagnostic if three or more
chains have been run. Plots settling to a value close to unity indicates
convergence.

e auto cor: Plots the autocorrelation function for the selected parameters.
This measures the between-iteration dependence sampled values.

We now consider a couple of examples to demonstrate the use of WinBUGS
and the corresponding output that can be obtained.

Example C.1. WinBUGS Example — Dippers

To illustrate the WinBUGS package we fit model C'/C' to the dipper data set
of Example 1.1. Example WinBUGS code is provided in Figures 7.7 and 7.8
for the three components needed: model specification, data and initial values.
The WinBUGS codes have been annotated for clarity. This is done by simply
using the # sign which acts as a line comment, as with R.

The code is read into WinBUGS and compiled as described above, setting
the number of chains to be equal to three. Initial values for the survival and
recapture parameters are specified as shown in Figure 7.8, using a 1list with
two components. Three different sets of initial values, are specified, one for
each of the three chains. Note that the chain could be started at the same
parameter values; however, it is better to begin the chains at different values
as an additional check for convergence, see Section 5.4.2. For example, it may
be possible to identify multimodality with chains getting “stuck” in different
modes, with different modes most likely to be identified by starting at different
values.

Recall that before we performing any simulations, the parameters that are
to be monitored need to be set. This is done via the Sample Monitor Tool,
where the parameters in this case are the survival probability, phi, and re-
capture probability, p. The simulations are initially run for 10,000 iterations,
using the Update Tool. The corresponding trace plot of the full MCMC sim-
ulation is given using the history button within the Sample Monitor Tool
and is given in Figure 7.9.

Several checks can be made regarding convergence. The plots for the BGR
diagnostic can be produced in WinBUGS using the bgr diag button within
the Sample Monitor Tool. The numerical values can be obtained by selecting
the plot followed by a ctrl-left-mouse-click (for further details, see the “The
Inference Menu” in the WinBUGS User Manual which you can obtain by
pressing F1).

To summarise the posterior distribution for the parameter, use the but-
ton stats in the Sample Monitor Tool, which provides a table of posterior
means, standard deviations and other summary statistics; see Figure 7.11

To plot the marginal posterior distribution for each parameter we can use
the density button in the Sample Monitor Tool. Figure C.4 provides the
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kernel density estimates of the marginal densities of p and ¢.We can compare
the corresponding representations with Figure 7.6, of the corresponding kernel
density estimates obtained and plotted within R.

B chains 1:3 sample: 27003 phi chains 1:3 sample: 27003

1501 200F
150
100F
100
s0r

20F

oor oor

Figure C.4 Kernel density estimates for sampled observations of the posterior dis-
tribution of p (left panel) and ¢ (right panel) produced in WinBUGS using the
density button within the Sample Monitor Tool.

To calculate the posterior correlation between two parameters, we click on
Correlations from the pull-down Inference menu, and use Correlations
Tool to produce a scatter plot of the sampled observations or to print the
value of the correlation.

O

Example C.2. WinBUGS Example - White Storks We consider the annual
capture-recapture data relating to a population of white storks provided in
Exercise 3.5 and discussed further in Example 5.7. In particular, we explore
the relationship between the adult survival probabilities and rainfall. Thus,
we specify the survival probability to be of the form,

logit ¢¢ = Bo + Brwy,

where w; denotes the normalised covariate value at time ¢. As a result of a
previous study of the data (Kanyamibwa et al. 1990), we simplify the model,
assuming a constant recapture probability over time.

To implement this model in WinBUGS, we first need to extend the like-
lihood used in the previous example to incorporate time dependent survival
parameters, as shown in Figure C.5. This code is written in a general form,
so that it is easily modified to calculate the likelihood for alternative mod-
els, such as T/C. A prior needs to be specified for this new parameter. Note
that, given the priors specified on the regression coefficients, this induces a
prior on the survival probabilities for any given set of covariate values. We
use independent normal distributions with mean 0 and large variance 10 as
non-informative prior distributions for the regression parameters (see Section
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R
# Specify the model

model {

# To set constant recapture probability, denoted by pconstant
for (i in 1 : nj) {
pli] <- pconstant
pi[il <- 1 - pl[il

# Set prior on recapture probability
pconstant ~ dbeta(l,1)

# Calculate the cell probabilities
for (i in 1 : ni){

# Calculate the diagonal, above diagonal and below diagonal elements
qli, i] <- philil*p[i]

for(j in (i+1) : nj ){
qli,j] <- prod(phili:j])*prod(plli: (j-1)1)*pl[j]
}

for(j in 1 : (i - 1)){
qli, jl1 <=0
}

# Probability of an animal not being seen again
qli, nj + 1] <= 1 - sum(q[i, 1:nj])
X

Figure C.5 Example WinBUGS code of the model specification for the white stork
data set. The code is similar to that used in the dipper example (see Figure 7.7).
Recall that, in general, phil[i]l = ¢; and p[i] = pi+1 (which in this case is equal to
pconstant = p for constant recapture probability).

8.2.1 for further discussion of the prior specification issue in relation to logis-
tic regression). Note that in WinBUGS for the normal distribution, the mean
and precision (1/variance) are the input parameters. Recall that we should
normalise (or standardise) the covariate values (i.e. rainfall measurements),
see, for instance, Example 4.11. WinBUGS code is provided in Figure C.7 for
reading in the data and initial parameter values.

The simulations are run for 10,000 iterations, with a burn-in of 1000 iter-
ations. Posterior estimates for the recapture probability and the regression
parameters are obtained using the stats button and are given in Table C.1.
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Table C.1 Posterior Estimates for the Analysis of the White Storks Data

Parameter Mean standard ~ 95% Symmetric ~ Median
Deviation  Credible Interval

betal[1] 0.670 0.066 (0.547, 0.800) 0.668
beta[2] 0.371 0.091 (0.191, 0.575) 0.369
pconstant  (0.912 0.015 (0.881, 0.939) 0.913

Note that we can obtain posterior estimates of ¢ by simply monitoring phi
in the Sample Monitoring Tool. The recapture probability is relatively high
for capture-recapture studies. We also note that the credible interval of the
slope (parameter beta[1]) does not contain the value 0. This suggests that
the temporal variations in survival are correlated with rainfall variation. In
the next section, we explore a more formal way to carry out covariate selec-
tion in order to assess the effect of environmental covariates on demographic
parameters.

R
# Provide the logistic regression equation for survival probabilities

for (i in 1:nj) {
logit(phi[i]) <- beta[1] + betal[2] * w[il
}

# Specify the prior on the logistic regression coefficients

for (j in 1:2) {
betalj] ~ dnorm(0,0.1)
}

Figure C.6 WinBUGS code for incorporating a covariate in the survival probabil-
ities where betal[1] = [y and beta[2] = ;.

O

C.1.2 RIMCMC in WinBUGS

The additional Jump package (Lunn et al. 2006, 2009) is available from the

WinBUGS development site link on the left-hand side of the main WinBUGS

Web site. Alternatively, the URL to this development site is:
http://www.winbugs-development.org.uk/

Click on the link to Jump and follow the instructions for downloading and

installing the file. See Section 7.5 for a description using the Jump package in
WinBUGS.
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# Read in the white stork data and the covariate values

list(ni=16,nj=16,m=structure(.Data=
c(19,2,0,0,0,0,0,0,0,0,0,0,0,0,0,0,5,
0,33,3,0,0,0,0,0,0,0,0,0,0,0,0,0,14,

0,0,35,4,0,0,0,0,0,0,0,0,0,0,0,0,14,
0,0,0,42,1,0,0,0,0,0,0,0,0,0,0,0,26,
0,0,0,0,42,1,0,0,0,0,0,0,0,0,0,0,30,
0,0,0,0,0,32,2,1,0,0,0,0,0,0,0,0,36,
0,0,0,0,0,0,46,2,0,0,0,0,0,0,0,0,16,
0,0,0,0,0,0,0,33,3,0,0,0,0,0,0,0,28,
0,0,0,0,0,0,0,0,44,2,0,0,0,0,0,0,20,
0,0,0,0,0,0,0,0,0,43,1,0,0,1,0,0,10,
0,0,0,0,0,0,0,0,0,0,34,1,0,0,0,0,25,
0,0,0,0,0,0,0,0,0,0,0,36,1,0,0,0,16,
0,0,0,0,0,0,0,0,0,0,0,0,27,2,0,0,22,
0,0,0,0,0,0,0,0,0,0,0,0,0,22,0,0,16,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,15,1,17,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,15,8),
.Dim=c(16,17)),

w=c(0.79,2.04,1.04,-0.15,-0.01,-0.48,1.72,-0.83,
-0.02,0.14,-0.71,0.50,-0.62,-0.88,-1.00,-1.52))

# Read in the initial starting values for the model parameters:

list(beta=c(0,0) ,pconstant=0.5)

Figure C.7 WinBUGS code for reading in the white stork data set and initial
parameter values.

C.2 Calling WinBUGS from R

Calling WinBUGS from other programs may be useful, for example, in or-
der to read complex sets of data and initial values, and avoid specifying the
parameters to be monitored in each run, in addition to post-processing the
results in other software for displaying complex graphics or performing Monte
Carlo studies from running WinBUGS iteratively in a loop. Here, we give an
illustration of the use of the R package R2WinBUGS (Sturtz et al. 2005).

To run R2WinBUGS:

1. Write a WinBUGS model in an ASCII file.
2. Open an R session.

3. Prepare the inputs to the “bugs” function and run it. A WinBUGS window
will pop up and R will freeze up. The model will now run in WinBUGS.
You will see things happening in the Log window within WinBUGS. When
WinBUGS is finished, its window will close and R will work again.

4. If an error message appears, re-run with “debug = TRUE”.
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Example C.3. Running R2WinBUGS code — White Storks

As an illustration of how to call WinBUGS from R, we shall consider again
the analysis of the stork data that was carried out in Example C.2. The
WinBUGS model is stored in a file CIJScov.bug. We assume that we model
parameters are the logistic regression parameters (betal[1], beta[2]) and
constant recapture probability (pconstant). The capture-recapture data are
stored in an m-array in storks.dat and the covariate values in rainfall.dat.
Figure C.8 provides the commands for loading the R2WinBUGS package, reading
in the data, specifying the initial parameter values and the parameters to be
monitored (phi, beta and pconstant) and running the MCMC simulations,
for 10,000 iterations with a burn-in of 1000 iterations.

We run the analysis using 10,000 iterations and 1000 burn-in. These sim-
ulations took approximatively 10 seconds. The results can be printed using
the command print(kita.sim). It is also possible to plot the posterior dis-
tribution of the regression parameter corresponding to the rainfall effect (see
Figure C.9), or calculate 95% credible interval ([0.194;0.537]) and median
(0.364) of this regression parameter. These outputs are easily obtained using
the commands in Figure C.1C.

O

C.2.1 Calculating Bayesian p-values from WinBUGS Output*

We illustrate how WinBUGS and R can be used in combination to calculate
the Bayesian p-values to assess the goodness-of-fit of a model to the data (see
Section 5.4.6). The procedure is similar to what we have seen in Appendix B
(in Figure B.9), except that here we use the simulated parameter values from
the MCMC iterations obtained from WinBUGS. This illustrates an attractive
feature of calling WinBUGS from R.

We assume that the simulations were run as in Section C.2 using 1 chain,
and stored in a list named stork. The R script to calculate the Bayesian p-
value post-process is provided in Figure C.11. The data and covariate values
are read in as above. The number of iterations and the length of the burn-in
period are obtained directly from the WinBUGS output by a simple extraction
of some components of an R list. We calculate the number of birds released
each year and the number of these that are new birds as in Figure B.9, and
so this is omitted for brevity.

We then need a sample of parameter values from the posterior distribution
obtained from WinBUGS. We proceed in the same way as with R, and con-
sider the sampled parameter values following a suitable burn-in period. For
each iteration, we set the values of the vector param to be the simulated pa-
rameter values from the MCMC iterations that are stored in the component
sims.matrix of the list stork. One needs to make sure that the first compo-
nent of vector param is the recapture probability, and the other two are the
regression parameters. To do this we just need a quick look at the general
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# Load R2WinBUGS package

library(R2WinBUGS)

# Read in data

# Number of years of releases and recaptures
ni <- 16
nj <- 16

# Storks recapture data (m-array)
m <- as.matrix(read.table("storks.dat"))

# Rainfall covariate
w <- as.vector(matrix(scan("rainfall.dat"),ncol=ni,nrow=1))

# Create list of data
dataz <- list ("m","ni","nj","cov")

# List of initial values

initl <- list (beta=c(-0.2,-0.2), pconstant=0.1)
init2 <- list (beta=c(0.2,0.2), pconstant=0.9)
init3 <- list (beta=c(0,0), pconstant=0.5)

# Concatenate list of initial values
inits <- list(initl,init2,init3)

# Parameters to be monitored
parameters <- c("phi", "beta", "pconstant")

# Run the MCMC analysis
kita.sim <- bugs(dataz, inits, parameters, "CJScov.bug", n.chains=3,
n.iter=10000, n.burnin = 1000)

Figure C.8 The R2WinBUGS code for the white stork data with the survival probabil-
ity regressed on a single covariate. Three Markov chains are run for 10,000 iterations
each with a burn-on of 1000 iterations.

outputs using the summary function on stork. Also, note that when calling
WinBUGS, one needs to set the thinning option to 1 by using n.thin=1 in
function bugs to ensure that all values following the burn-in period are stored.

The multinomial cell probabilities for the capture-recapture data, given the
set of parameter values for a particular data set, are calculated in the stan-
dard way (see for example the WinBUGS code in Figure 7.7). Similarly, the
discrepancy function (in this case the deviance) is calculated in as a function
of these multinomial cell probabilities and data (for either the observed or
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Figure C.9 The posterior distribution of the regression parameter corresponding
to the rainfall effect on survival of storks obtained using WinBUGS and R.

A
# Posterior distribution of the rainfall effect

attach.bugs(kita.sim)
plot(density(betal[,2]) ,main=‘posterior probability of the rainfall effect’)

# Calculate various posterior numerical summaries:
# Credible interval
quantile(betal,2],probs=c(0.025,0.975))

# Median
median(betal,2])

Figure C.10 The R code for calculating the posterior summary statistics and plot-
ting the marginal posterior distribution for §; for the parameters of the model for the
white stork data, where the survival probabilities are regressed on a single covariate.

simulated data), which can be used to calculate the corresponding Bayesian
p-value (see for example Figure B.9 for the analogous R code). Finally, we
output the deviance values of the observed and simulated data along with an
indicator function of whether the deviance of the observed data is less than
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# Number of iterations and burn-in

nt <- stork$n.iter

nburn <- stork$n.burnin

# Number of parameters in the model
nparam <- 3

# Calculate R/new - number of birds (new birds) released:
for (t in 1:(nt-mburn)) { # Iterate over simulations

# Set parameter values
param[1] <- stork$sims.matrix[t,19] # recapture probability
param[2] <- stork$sims.matrix[t,17] # intercept
param[3] <- stork$sims.matrix[t,18] # slope

# Set the recapture and survival probs for each year:

# Calculate the multinomial cell probabilities, q

# Set up arrays, simulate data and calculate deviances:

if (outp[t,1] <= outpl[t,2]) { outp[t,3] <- 1}
else { outp[t,3] <- 0 }

pstork <- outp sum(pstork[,3])/length(pstork[,3])

Figure C.11 R code for simulating capture-recapture data given the model para-
meter values obtained from WinBUGS with the aim of calculating the Bayesian
p-value for capture-recapture data.

the deviance of the simulated data. The proportion of times that this indicator
is equal to one is the Bayesian p-value.

We run the above Bayesian p-value script on the outputted MCMC simula-
tions following a run of WinBUGS from which outputs were stored in the list
stork obtained above and placing the outputted values into the array pstork.
To calculate the corresponding Bayesian p-value we use the command:

> sum(pstork[,3])/length(pstork[,3])
[1] 0.5376667
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which is very close to the Bayesian p-value obtained in R in Section B.5.1
(allowing for Monte Carlo error). This p-value suggests that the model fits
the data well.

C.3 Summary

In this appendix we introduce the software WinBUGS and provide examples of
analyses of the dipper and white stork capture-recapture data sets. The codes
all have the same two-stage structure, for specifying the priors and writing the
likelihood. This makes it easier to adapt existing codes to other problems; for
example, it is easy to incorporate random effects into a fixed effects model (to
result in a mixed effects model). We also provide two illustrations of calling
WinBUGS from R.
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