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Preface

Bridges consist of super- and substructures. Superstructures, often called
bridge deck structures, are traditionally analyzed by the deck itself for
load-distribution behavior. With the invention of computers and the cre-
ation of bridge-related software, the approximation can be minimized
and tedious processes can be streamlined. It is now possible to change the
structural parameters, even structural types, during the design process,
because the computer program can now recalculate stresses, deflections,
and internal forces in seconds. Through the advances in computer graphic
capabilities, meshing in the preprocess and contour displaying on the fly
in the postprocess are the norms of almost all bridge analysis and design
computer programs. With today’s power of both hardware and software,
more sophisticated three-dimensional (3D) finite element models have been
used in the design of many major structures, in part or all. Based on current
availability and future potential, high-performance computer hardware
and advanced software technologies can even provide an unprecedented
opportunity to develop a new generation of integrated analysis and design
systems with roads and bridges to benefit not only new bridge design but
also routine load rating and maintenance of existing bridges, which will be
discussed more in Chapters 1 and 18.

However, no matter where the computer technology leads, a bridge engi-
neer needs fundamental knowledge of bridge behavior under the combina-
tions of different types of loads during various construction stages. This
book serves the role of transferring the fundamental knowledge of bridges
to a novel approach of all major bridge types. Several computer programs
were used to analyze the illustrated bridge examples throughout this book.
We intend to show the principle rather than the capability of each pro-
gram, so limited details on the data input and the code specifications are
provided. The distinctive features are the presentation of a wide range
of bridge structural types that are yet fairly code-independent. With this
intent, this book is aimed toward students, especially at the master of sci-
ence (MSc) level, and practicing professionals at bridge design offices and
bridge design authorities worldwide.
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xx Preface

This book is divided into three parts: Part I covers the general aspects of
bridges, Part II covers bridge behavior and modeling of all types of bridges,
and Part IIT covers special topics of bridges. In Part I, Chapter 1 provides
an introduction and Chapter 2 covers the methods of computational anal-
ysis and design suitable for bridge structures. These methods vary from
approximate to refined analyses depending on the size, complexity, and
importance of the bridge. With rapidly improving computer technology,
the more refined and complex methods of analyses are becoming more and
more commonplace. Chapter 3 provides the background and approaches of
numerical methods specifically for bridges.

The scope of Part IT is to provide information on the methods of analy-
sis and the modeling technique suitable for the design and evaluation of
various types of bridges. Chapters include illustrated examples of bridges
all over the world, especially in the United States and People’s Republic of
China. We started from deck-type, especially beam-type, bridges. Chapters
4 through 6 discuss concrete bridges. Chapters 7 and 8 examine steel
bridges. The remaining four chapters, 9 through 12, discuss arch bridges,
truss bridges, cable-stayed bridges, and suspension bridges, respectively, of
which, except for truss bridges, which are mostly built in steel, the other
three bridge types can be built in either concrete or steel.

In Part III, for the purpose of analysis, several special topics, such as
strut-and-tie modeling (Chapter 13), stability analysis (Chapter 14), redun-
dancy analysis (Chapter 15), integral bridges (Chapter 16), dynamic/
earthquake analysis (Chapter 17), and bridge geometry (Chapter 18), are
covered to complete the book. In this part, models may include super- and
substructures. Some may even need the 3D finite element method of nonlin-
ear analysis. The major issues of recent developments in bridge technology
are also discussed in those chapters. The focus is mainly on highway bridges,
although some information is also provided for railway bridges.

Overall, this book demonstrates how bridge structures can be analyzed
using relatively simple or more sophisticated mathematical models with
the physical meanings behind the modeling, so that engineers can gain
confidence with their modeling techniques, even for a complicated bridge
structure.
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Introduction

1.1 HISTORY OF BRIDGES

Throughout the late nineteenth and early twentieth centuries, both
structural analysis and material science have undergone tremendous
progress. Before that time, man-made structures, such as bridges,
were designed essentially by art, rather than by science or engineer-
ing. Theory of structures did not exist, and structural knowledge was
extremely limited. Therefore, bridges designed in that period were based
almost entirely on the empirical evidence of what had worked previ-
ously. As the principles governing the structural behaviors were better
understood, computations of those principles came to serve as a guide
to decision making in structural design. Simultaneously, with the pro-
gression in production of the main bridge material, concrete and steel,
bridge design has become more science than art.

In ancient times, bridges were built from easily accessed natural resources
such as wood, stone, and clay with very limited span lengths, until mortar,
the early form of Portland cement, was invented. With mortar material
and the arch structure shape, Romans were able to build strong and light-
weight bridges and even long viaducts, such as the one shown in Figure 1.1,
which is built in the first century. In the seventh century, China was able
to employ cast iron as dovetails to interlock stone segments during the
construction of the Anji Bridge as shown in Figure 9.1, which is still in use
after surviving numerous wars, flood, and earthquakes. Techniques did
not improve until the eighteenth century when new scientific and engineer-
ing knowledge was more widely known. New construction material, iron,
especially the cast iron in mass production, enabled the creation of new
bridge systems such as trusses. The world’s first cast iron truss bridge was
built in Coalbrookdale, Telford, England, in 1779, shown in Figure 1.2.
This bridge is still in use carrying occasional light transport and pedestri-
ans. Modern bridges are the evolution of the early bridges using modern
materials, concrete, and steel. With the aid of modern technology, espe-
cially after the invention of the computer and the associated computational
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Figure 1. Roman viaduct, Pont du Gard, France. (Courtesy of http://en.wikipedia.org/
wiki/File:Pont_du_Gard_BLS.jpg.)

tools, bridges can be built with incredible span lengths. Roman viaducts
inspired the building of another incredible Roman viaduct structure,
Millau Viaduct (Figure 1.3), a cable-stayed bridge in Southern France. It
is the tallest bridge in the world with one of the masts standing at 343 m
(1125 ft) above the base of the structure. Currently, the longest span bridge
in the world (1991 m or 6532 ft) is the Akashi Kaikyo Bridge, a suspension
bridge linking the city of Kobe on the mainland of Honshu to Iwaya on
Awaji Island, Japan (Figure 1.4).

Although extra-long span bridges, like cable-stayed and suspension
bridges, are the marvels of bridge structures, medium to short span bridges
are the norm. In the United States, the most important transportation net-
work is the Interstate Highway System composed of over 44,000 miles
(70,800 km) of roadway and around 55,000 bridges. The development of the
Interstate Highway System after World War II also propelled the growth of
bridge engineering in the last century. The advent of the Interstate Highway
System led to the adoption of uniform design standards in the United States
and eventually the science of bridge engineering. During this era of the larg-
est public works project, inorder to mass-produce building materials and
construct bridges, simplified procedures and simple analysis models were
generated and used. The development of the Interstate Highway System
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Figure 1.2 The first cast iron truss bridge at Coalbrookdale, Telford, England. (Courtesy
of Tata Steel European Limited.)

Figure 1.3 The tallest mast: Millau Viaduct, France.
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Figure 1.4 The longest span bridge: Akashi Kaikyo Bridge, Japan. (Courtesy of Yokogawa
Bridge Corporation.)

created a workable and efficient method of erecting bridges in a manner
that was both consistent and manageable (Tonias 1994). However, with the
progress of computational methods and computer tools, more refined and
sophisticated methods of analyses have become more common nowadays.

1.2 BRIDGE TYPES AND DESIGN PROCESS

Even though fiber-reinforced polymer (FRP) composites have gradually
come to play some roles in civil infrastructures, concrete and steel are still
the main materials for bridges. Concrete and steel can form different shapes
and build different structural types. According to the U.S. National Bridge
Inventory (NBI), as of 2012, the United States has 607,379 highway bridges
where 403,072 bridges (72.12%) are slab-, beam-, or frame-type bridges,
10,649 (1.75%) are truss-type bridges, and 7125 (1.17%) are arch-type
bridges. Only 45 (0.01%) are stayed-girder bridges and 96 (0.02%) are sus-
pension bridges. Another unique type of bridge popular in the coastal area
is the moveable bridge. The moveable bridges are lift-, bascule-, or swing
type, and there are 840 (0.14%) of these types of bridges in the United States.
The average age of a U.S. highway bridge is about 43 years old, whereas the
average age of the 76,000 + U.S. railroad bridges is much older.

For new bridge construction, there are four basic stages for the design
process: conceptual design stage, preliminary design stage, detailed design
stage, and construction design stage. The conceptual design stage is a pro-
cess meant to develop a few feasible bridge schemes and decide one or
several concepts for further consideration. In the preliminary design stage,
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the best scheme is selected and cost estimates are conducted. The detailed
design stage is a process in which all the details of the bridge structure for
construction are finalized. Finally, the construction design stage is the pro-
cess in which the step-by-step procedures for the building of the bridge
are provided. Each of the earlier design stages must carefully consider the
requirements of the subsequent stages. For example, the bridge constructa-
bility must be considered during the detailed design stage; in addition, costs
and construction schedules as well as aesthetics must be considered during
the preliminary design stage. An existing bridge in the United States goes
through the inspection and load-rating cycles every two years.

Bridge structural analysis, the main subject of this book, is essential for
all four stages. Different stages can adopt different modeling techniques,
varied from hand calculation to the approximate method and then to the
refined method. In this book, constructability, especially constructability
of extra-long span bridges, is discussed and demonstrated. Various issues
such as deflection, strength of concrete and steel, and stability during critical
stages of construction are covered in Chapters 4 through 12, 14, 15, and 17.

In the United States, the load and resistance factor design (LRFD)
method is the latest advancement in transportation structures design prac-
tice (AASHTO 2013). The combination of the factored loads, termed limit
states in LRFD, cannot exceed the strength of the material multiplied by a
resistance factor less than unity (1.0). Several limit states are included for
service, strength, and extreme event considerations. The limit state concept
has been universally accepted by many different codes worldwide. A graphi-
cal representation of the LRFD process is shown in Figure 1.5a with load
(Q) and resistance (R) and later evolved to Figure 1.5b in terms of (R — Q).
The reliability index B, which shares a similar idea with the safety factor
in allowable stress design method, was set at a target of B = 3.5 in the
LRFD code (AASHTO 2013). As can be seen in both figures, the factored
safety margin is small, but when the theoretical actual loads and nominal

Load (Q) Resistance (R)

Jwa Yy | Prn
Bo
lo, ®=Qrl RQ
R >
Each variable is represented by mean R-Q (R-Q)
(a) and standard deviation. (b)

Figure 1.5 Concept of load and resistance factor design. (a) Probability of occurrence
based on R and Q. (b) Probability of occurrence based on (R — Q).
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X=X,

Figure 1.6 Statistical comparison of various methods with exact value.

resistances are observed, the actual safety margin is actually much wider.
LRFD also accounts for the different probabilities of occurrence for loads
and resistances.

Due to the limitations and assumptions in an analysis, it is not sta-
tistically possible to get exact results by any analytical method. In the
AASHTO LRFD code, both the approximate method and the refined
method, which will be covered in more detail in Chapter 2, are accepted.
It is noted that the bias values, the difference between the means of the
expected result and the exact value (X; and X, in Figure 1.6), of the
approximate and refined methods, however, are both close to 1.0. The
coefficient of variation (CV), defined as the ratio of the standard devia-
tion o to the mean L, is lower with the use of the refined method (shown
as the solid line curve versus the approximate method shown as the
dotted line curve, respectively, in Figure 1.6). The lowest CV, which
means the closest to the exact results, of all methods results from the
field load test, which is 4, the least variation. But a field test is costly and
time consuming, so oftentimes it is conducted for a few cases and then
validated by numerical methods. In these situations, numerical meth-
ods are used to simulate all cases. Figure 1.7a shows the side view of a
simple-span steel girder bridge on the U.S. Interstate Highway System.
Figure 1.7b shows that accelerometers are deployed to detect the modal
frequencies (shown in Figure 1.7c) and their associated modes. The
results are then compared with the numerical results from the finite ele-
ment model as shown in Figure 1.8. This process is repeated several times
until modal results based on the test and numerical method are close.
This technique is called updating. Finite element model updating is the
process to ensure that the finite element analysis (FEA) model results bet-
ter reflect the measured data than the initial models.
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Figure 1.7 Field test by accelerometers. (a) View of the bridge; (b) placement of the
accelerometers; (c) first model frequency from the field test.

1.3 LOADS AND LOAD FACTORS

There are two types of loads on bridges: permanent and transient loads.
The most common permanent loads are dead and earth loads. Dead loads
include the weight of all components of the structure, appurtenances/util-
ity, wearing surface, future overlays, and future widening. Earth loads
include earth pressure, earth surcharge, and down-drag loads.

The most prominent transient load, not necessarily the most damaging one,
is the live load: vehicular, rail transit, or pedestrian live loads. Live loads,
dynamic impact, centrifugal, braking, and extreme cases such as vehicular
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Figure 1.8 The schematic view of a truck on the Middlebrook Bridge finite element model.

collision, have also to be considered in the design process. Definitions of live
loads used for bridge designs are different from one specification to another,
and usually they are subjected to be amended when traffic demands change
years later. For example, HL-93 as shown in Figure 1.9a and b, which is cur-
rently used in the U.S. bridge design, specifies two different vehicular loads
combined with a lane load, and the extreme values should be taken as the
maximum of these two combinations. After 2004, a more simplified live load
definition was adopted in China’s highway bridge designs, in which one class
of live load, for example, class I as shown in Figure 1.10a and b, contains
lane load and one single vehicle load, and the extreme values should be taken

32 kips 32 kips 8 kips
145 k 14 !
(145 kN) 14-30 ft (145 kN) 14t (35 kN)

(4.3-9.0 m) (4.3 m)
q =0.64 kips/ft

I e

25 kips 4ft 25 kips

(110kN) | (1.2m) | (110 kN)
q =0.64 kips/ft

I e

(b)

Figure 1.9 U.S. bridge design live loads (US HL-93). (a) Design truck and design lane;
(b) design tandem and design lane.
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Figure 1.10 China (highway class I) bridge design live loads. (a) Design lane; (b) design truck.

as the maximum of these two combinations (JTG D60-2004). In Europe,
Eurocode (EN 1991-2) defines traffic load models for road bridges as LM 1-4,
where load model 1 (LM1 shown in Figure 1.11a) and load model 2 (LM2
shown in Figure 1.11b) are considered normal loads. Ontario highway bridge
design code (OHBDC 1991), similar to the AASHTO code, is using the maxi-
mum of two loads, truck load (Figure 1.12a) and lane load (Figure 1.12b). In
live load applications, various dynamic impact amplification factors, discount
due to multiple lanes and load factors, should be employed according to their
respective specific design codes. For further study of the live load effect of
various codes, refer to Bridge Loads: An International Perspective (O’Connor
and Shaw 2000). Bridge load rating, other than the bridge design, is a proce-
dure to evaluate the adequacy of various structural components of an existing
bridge to carry predetermined live loads (Jaramilla and Huo 2005).

Qur=67.4kips Qyu=45.0kips Qy;=22.5kips
(300 kN) (200 kN) (100 kN)

Qi Qi
l i g = 0.12 kips/ft?

I T T L S e

90 kips (400 kN)

(b)

Figure I.11 Eurocode bridge design live loads. (a) Load model | (LMI); (b) load
model 2 (LM2).
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Figure 1.12 Ontario bridge design live loads. (a) Truck load; (b) lane load.

Other types of loads acting on bridges are water loads (buoyancy, stream
pressure, and wave), wind loads (on structure and on vehicles as well as
aeroelastic effect), ice loads, and earthquake loads. Various codes define
load combinations with different load factors. In the design process, it is
necessary to go through all load combinations to assume that components
and connections of bridges satisfy all the strength, service, and even require-
ments of extreme events, such as earthquakes, ice load, vehicles and vessel
collision. To satisfy specific requirements for bridge design, software that
is capable to take care of all load combinations is necessary. In this book,
multiple computer software programs, specific or nonspecific for bridges,
are used, mainly to demonstrate the modeling technique, not necessarily
the capability of the software.

1.4 CURRENT DEVELOPMENT OF ANALYSIS
AND DESIGN OF BRIDGES

Structural analysis and computer-aided design (CAD) of bridge structures
have long been developed side by side with the development of computer
technologies. Many fundamental analysis methods or algorithms were
developed based on mainframe and/or minicomputers in the 1970s. When
the finite element method was introduced to structural engineering, espe-
cially when microcomputer-based FEA packages were available in the
1980s, bridge structural analysis methods and tools advanced a great deal;
thus many complicated problems that could not be resolved without taking
approximation or simplification assumptions were no longer an obstacle for
bridge engineers. After computer graphics and database technologies were
widely available in the 1990s, the computer applications in bridge engineer-
ing extended even further to computer-aided construction drawing as well,
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in which a set of detailed drawings could be produced in addition to a set of
text reports of structural analysis and design code checking.

In the first decade of the twenty-first century, technologies including
computer hardware or software, wide area network (WAN) communica-
tion, and parallel computing advanced greatly. As a result, bridge analy-
sis and design tools have advanced from two-dimensional (2D) simplified
methods to three-dimensional (3D) detailed methods, from plain console-
type operations to intuitive graphical user interfaces (GUIs). Many non-
linear problems are now commonly addressed in routine bridge structural
analyses. Detailed construction processes are able to be simulated step by
step. Many big commercial FEA vendors have had their general-purpose
FEA systems expanded to cover special issues found in bridge analysis and
design. More sophisticated 3D graphical modeling tools are now available
in bridge design firms and institutes.

In recent years, the swift advancement of computer and graphics hard-
ware, such as multiple processing cores, 3D rendering or visualization,
fast float-point calculation speed, and vast memory capacity, has dras-
tically increased the potential of computer technology application in
bridge engineering. At the same time, fundamental software technolo-
gies, including system development and integration, parallel program-
ming, 3D graphics modeling and virtual reality, database and geographic
information system (GIS), Internet communication, and cloud comput-
ing, have long been ready for a revolution in engineering application
development. Although computer applications in bridge analysis and
design have greatly progressed, its advancement falls far behind the prog-
ress of fundamental technologies and is not in pace with applications in
other fields. Current bridge software packages provide engineers a typi-
cal process of analysis and design (1) to establish and analyze a bridge’s
mechanical model, (2) to check design code for each component based on
analysis results, and (3) to resize components or adjust structural dimen-
sions and repeat the earlier process if necessary. A new era of computer
technology applications is in demand by bridge engineers and transporta-
tion administrators.

1.5 OUTLOOK ON ANALYSIS AND DESIGN
OF BRIDGES

Based on the current availability and future potential, high-performance
computer hardware and advanced software technologies provide an unprec-
edented opportunity to develop a new generation of analysis and design
systems so as to benefit not only new bridge design but also routine load
rating and maintenance of existing bridges. There will be several aspects in
the analysis and design of bridges that demand great enhancements.
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First, the tedious routine work of establishing the mechanic models of a
bridge should be completely automated. Bridge engineers should be relieved
for more creative works. Taking advantage of modern database and visual-
ization technologies, establishing an engineering model of a true bridge proj-
ect should be the centerpiece of a bridge software system. It is true that an
engineering model is much more complicated than an abstracted mechanical
model; however, the goal is achievable when a commonly used bridge type
is the focus. Having the engineering model as the core, the engineers’ inter-
face will only be editing parameters in a 3D scene that reflects parameter
changes in real time as a virtual bridge project. As illustrated in Figure 18.26,
engineers should be able to describe a bridge project starting from roadway
geometry to girder profiles. Modern visualization technologies should pro-
vide engineers instant realization of dimension changes in a virtual project.
The design or description process will be interactive and intuitive. For exam-
ple, an engineer can click a steel plate as shown in Figure 18.26 to pop up
a data form that allows verification or changes in its definitions on the fly.
When there is a need to perform a certain type of analysis, the questions
that need to be asked, such as “what type of analysis model is appropriate”
and “how do we establish the required FEA model,” will no longer be the
direct interest of engineers. The establishment of a required FEA model from
the engineering model should be automatic and instant. The analysis result
should be directly and instantly represented into the engineering model in
terms of engineering meanings, such as color-coded surface rendering that
reflects load ratings, rather than ordinary mechanical values. Figure 1.13

Road Geometries  Substructures  Superstructures  Others | Analysis

1 £ 0 e £ 2

Create FEA Analyze Save | Elements Displacements Forces
Model Mo Frame.

Top | Elevation | Side | Perspective | Walking on Deck Orbiting

Figure 1.13 A hybrid view of a bridge model and its FEA model.
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illustrates the idea to blend one of its FEA model and analysis results into the
virtual bridge project scenes.

Second, as a part of critical infrastructures, the whole life cycle manage-
ment and tracking of each individual component are crucial to a bridge
structure. Based on the above-mentioned engineering model, history of
dead loading, component geometry and position changes, dimension and
deterioration changes, and retrofitting of any component should be estab-
lished since it was built. Operational live loads should be simulated based
on real traffic volume and speed. In addition to the regular extreme values
obtained by design live load analyses, each point of interest should have
statistical peak values obtained by simulating operational traffic. Local
fatigue should be rated by the stress analyses of traffic simulations. Having
accumulated the history of a bridge in a certain amount of time, bridge
engineers, inspectors, and project managers should be able to obtain a pre-
diction of the imminent actions so as to avoid disastrous failure or high-
cost maintenance repairs.

Lastly, as critical points of a national surface transportation network,
engineers and/or administrators should be able to overview health con-
ditions of bridges in a large geographic area. Modern GIS technologies
including mapping, satellite or aerial imaging (Figure 18.26), spatial data
processing, and large area traffic networking should be integrated into a
bridge health monitoring system. As each individual bridge structure has
had an engineering model associated with real-time history, special queries
from an administrative level should be able to be processed, for example,
a query for the best routing in terms of structure safety for transporting a
special load from place A to B or for the most vulnerable bridges within a
certain area of a truck bomb attack. Administrative information including
health conditions of bridges, funds allocated for maintenance of bridges,
and predictions of future repairs should be able to be displayed on a map
overlaid with other traffic volume. Advancement of cloud computing tech-
nologies will also greatly impact computer applications in bridge engineer-
ing in the near future.






Chapter 2

Approximate and refined
analysis methods

2.1 INTRODUCTION

This chapter will serve as the introduction of succeeding chapters, especially
chapters in Part II—Bridge Behavior and Modeling. Brief discussion of
various bridge structural forms will be made first in this chapter, whereas
more details on each bridge type will be covered in their individual chapters
(Chapters 4 through 12). Approximate and refined analysis methods with
their advantages and disadvantages will then be briefly mentioned (Coletti
and Pucket 2012). Although all methods can be categorized as finite element
method (FEM), levels of approximation and accuracy are different among
various modeling methods. With today’s advancing of computer analysis
tools, there is a certain advantage to a adopting two-dimensional (2D) model
in grillage or three-dimensional (3D) model, as called refined analysis mod-
els, over one-dimensional (1D) model, as termed approximate analysis model.
Subsequently, the principle of FEM of all types will be presented in Chapter 3.

2.2 VARIOUS BRIDGE STRUCTURAL FORMS

Bridge systems consist of super- and substructures. The structural model
may couple them together where the effect of substructure is essential to
the whole analysis, such as earthquake analysis, or have them decoupled at
the bearing where the substructure does not affect much on the superstruc-
ture behavior, except drastic movement, such as support settlement. This
bridge system can be analyzed as a 1D model, which AASHTO termed
approximate analysis model, 2D model in grillage, or 3D model, where
the latter two can be categorized as refined analysis models. This chapter
identifies bridge deck structural forms and basic characteristics of these
different types of bridges. More details on all types of bridges and their
analyses will be covered in the Chapters 4 through 12 and 14 through 17.
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2.2.1 Beam deck type

A bridge can be considered as a beam when the ratio of width to length of
the whole bridge is within a certain amount so that the applied loads cause
the bridge to bend and twist along its length while the cross sections do
not change shape. The most common beam bridges are pedestrian bridges
made of either steel, reinforced concrete, or prestressed concrete. Many
long-span bridges also behave as beams with dominant concentric loads so
that while calculating principal bending stresses the distortion of the cross
section under eccentric loads should be considered in the analysis.

Several span arrangements of beam-type bridges and their statical deter-
minacy in bending are shown in Figure 2.1. Continuous bridge with its
indeterminacy has many advantages over simple span bridge. Modern steel
bridges are usually continuous over the piers and can be considered as con-
tinuous for dead and live loads. However, for a precast, prestressed concrete
bridge, it is common to be simply supported or cantilevered during construc-
tion and then made partially or totally continuous for live loads and long-
term movements. The various arrangements of this two-stage analysis are
shown in Figure 2.2. With both bending and torsion taken into account, the
statical determinacy of the bridge can be determined as shown in Figure 2.3.
A beam-type bridge, if there is no skew angle at support, can be simplified
to a 1D model with only in-plane shear and bending moment considered.

Frame-type bridges can be regarded as simplified arch structures. The
most common types of frame-type bridges are portal frame or slant-leg
frame as shown in Figure 2.4. As materials for frame-type bridges are used
more efficiently, they can be designed to appear lighter and more slender

e R ——

(b)

Figure 2.1 Bridge span arrangements and their determinacy: (a) statically determinant
structure; (b) statically indeterminant structure.
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Figure 2.2 Two-stage construction and analysis—from simple support to continuous.
(a) Simple support stage; (b) continuous stage; (c) continued with post-tensioning
option; and (d) continued with reinforcement option.
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Figure 2.3 Statical determinacy of bridges: (a) simple span with determinate for bending
and torsion; (b) simple span with determinate for bending only; (c) multiple sim-
ply supported spans with determinate for bending only; (d) continuous spans
with indeterminate.

than simply supported bridges, especially when the girder is haunched. A
frame-type bridge can be simplified to a 2D model with axial force coupled
with in-plane shear and bending moment.

2.2.2 Slab deck type

A slab bridge is usually made of concrete and behaves like a flat plate. The
slab is isotropic if its stiffness properties are the same in all directions and
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Figure 2.4 Frame-type bridges and internal forces under main loads.

is orthotropic if its stiffness properties are different in two perpendicular
directions. The slab bridges based on their composition can be divided into
the following types:

1. Solid Slab (Figure 2.5a). Concrete solid slabs are commonly used where
the spans are less than 15 m (50 ft). A solid slab is acting and can be
assumed as an isotropic plate, even though the reinforcement may be
different in two perpendicular directions.

2. Void Slab (Figure 2.5b and ¢). For spans greater than 15 m (50 ft),
the dead load of solid slabs becomes excessive and the structure can
be lightened by incorporating cylindrical or rectangular voids. It acts
as an orthotropic plate and is treated customarily as one unit. If the
void size exceeds 60% of the depth, the deck is generally considered as
cellular (box) construction. For the type with large void, the distribu-
tion of the loads transversely is by transferring vertical shear through
webs; the cross section distorts like a Vierendeel truss.

3. Corrugated (Coffered) Slab (Figure 2.5d) or Precast Beam Slab
(Figure 2.5e). Precast beams of various cross-sectional shapes of

Figure 2.5 Slab bridge types: (a) solid slab; (b) circular void slab; (c) rectangular void slab;
(d) corrugated slab; (e) precast beam slab; (f) shear-key slab.
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constant or varying depth are joined together contiguously by the
cast-in-place reinforced concrete and are transversely prestressed to
make them act effectively as a void or solid slab with orthotropic
properties.

4. Shear-Key Slab (Figure 2.5f). A shear-key slab is constructed of pre-
stressed beams or reinforced concrete beams connected along their
length by cast-in-place concrete to form joints but which are not pre-
stressed transversely. The name shear key is used because the joints
are not fully continuous for transverse moments. The distribution of
loads between beams is by the torsional stiffness of individual beams
and vertical shears between key joints.

The slab bridge can be simplified as a strip beam 1D model, 2D grillage
model, or 3D plate/shell FEM model.

2.2.3 Beam-slab deck type

A beam-slab bridge consists of a number of longitudinal beams connected
either compositely or noncompositely across the tops by a continuous slab.
It is the most popular type for the small- to medium-span bridges.

Spaced beam-slab bridges, as shown in Figure 2.6, are usually made of
beams spaced between 2 m (7 ft) and 4 m (13 ft) apart. The bridges can
be designed with precast, prestressed concrete beams or steel beams acting
compositely with the concrete deck. The deflection behavior is different
from that of orthotropic plate. Beams along the longitudinal direction are
taking most of the loads. Diaphragms are usually placed in the middle/end
or other places to help distribute live loads laterally. When dead loads are
the only concern, a 1D beam model can be used in analysis. When analyz-
ing live loads, a 1D beam model (with two degree-of-freedom beam ele-
ment) employed by live load distribution factors on influence lines can be
used. However, with advanced computer technologies and widely available
comprehensive analysis tools, a completed 2D grillage model with influ-
ence surface loading is preferred, which will be more accurate in live load
analysis and also simplifies the procedures of live load distribution factor
calculations.

2.2.4 Cellular deck type

Box (also called cellular) deck-type bridges consist of a box or boxes
enclosed by slabs and webs. They contain one or a few large cells, attached
or detached. Small- and medium-span concrete bridges are usually cast in
situ or precast in segments. Long-span concrete or steel bridges are fre-
quently constructed as segmented cantilevers. In addition to the less mate-
rial used, light weighed, and high longitudinal bending stiffness, box girder
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Figure 2.6 Beam-—slab bridges: (a) steel composite; (b) cast-in-place concrete; (c) precast
concrete.

()

Figure 2.7 Box-girder bridges: (a) rectangular attached multicell bridge; (b) detached
multicell box girder bridge; (c) trapezoidal attached multicell bridge.

bridges have the advantage of high torsional stiffness. Load distribution of a
box girder bridge, with its strong torsional stiffness, is usually more uniform
across the bridge width than that of an I-type beam-slab bridge with the
same span length and width.

Figure 2.7 shows some box girder bridges as examples. Figure 2.7a shows
a void slab with large attached cells (over 60% void ratio). Figure 2.7b is a
detached multicell box girder bridge. Figure 2.7c is a void slab with inclined
webs on the sides. If a single cell is used for this type of bridges, distortion
should be considered in the analysis.
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2.3 APPROXIMATE ANALYSIS METHODS

2.3.1 Plane frame analysis method

For the approximate analysis method (or so-called simplified method), a
longitudinal girder, or a strip of unit width as in the case of a slab bridge,
is isolated from the rest of the bridge and can be treated as a 1D beam or a
plane frame structure in general.

For long-span bridges, the whole bridge may be considered as a 1D
beam model. For straight multigirder bridges, this simplified method can
also be adopted for determining the controlling force and longitudinal
moments. A girder, plus its associated portion (effective width) of the slab,
is subjected to dead and live loads where dead loads can be approximated
by their tributary. However, live loads have to be maximized by loads’
lateral position and girder influence lines, which are called live load enve-
lopes. A study was made and summarized in the AASHTO load and resis-
tance factor design (LRFD) code (2013) as live load distribution factors.
Live loading results of one lane of design vehicles and/or lane load must be
multiplied by live load distribution factors to consider the lateral distribu-
tion of live loads. Usually different specifications have different calcula-
tion methods for live load distribution factors. Some may have the same
procedures. For example, AASHTO LRFD code (2013) and Ontario code
(OHBDC 1991) are using the similar approach.

Bridge deck—1It is structurally continuous in the orthogonal directions
on the plane. The applied load on the deck will have 2D distributions of
shear forces, moments, and torques. If 2D distribution is considered, it is
definitely more complex than the one modeled as a 1D continuous beam.

In a refined analysis method, the transverse flexural stresses on the slab
can be found from the computer results. However, if a simplified method
is used, the transverse flexural stresses have to be checked separately. To
check the transverse flexural stresses on the bridge slab, Westergaard equa-
tions are always referenced.

In AASHTO LRFD Specifications (2013), width of the equivalent strip,
as shown in Figure 2.8, is taken as specified. Unlike fully and partially
filled grids, where live load moments may be determined by an empiri-
cal formula, the strip of concrete deck slab shall be treated as continuous
beams or simply supported beams between girders with dual wheels of
design truck applied.

The following equivalent strip width for concrete deck (Equations 2.1a
and 2.1b) is from AASHTO LRFD Specifications. It is a modified
Westergaard equation in SI units for calculating transverse flexural stresses
between girders.

+M: > E=660+0.55S (2.1a)
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Minimum distance from wheel center to curb
=300 mm ($3.6.1.3)
Minimum distance between wheels of two trucks =1200mm ~_ _-

————

Equivalent strip width

Figure 2.8 Transverse live load moments of a bridge deck.

-M:— E=1220+0.25S (2.1b)

where:
E is the equivalent strip width in mm
S is the stringer spacing
+M is the positive moment region
-M is the negative moment region

The dead load effect can be obtained by treating dead load as stationary
load acting on a continuous beam. Trucks, as the live load, have to be
moved laterally to determine the maximum positive and negative moments.
Multiple presence factor (1.2, 1.0, and 0.85 for one, two, and three trucks,
respectively, as per AASHTO LRFD) shall be considered in the analysis.
Figure 2.8 shows the lateral loading for determining transverse moments
on a bridge deck.

The dominant failure modes of a bridge deck are either flexure shear
or punching shear. The punching shear is not obtained easily by even the
refined analysis method, such as FEM, unless a very fine meshed model
is built around the critical location. Figure 2.9 adopted from laboratory
tests by Hwang et al. (2010) shows the footprint of a truck wheel and its
punching shear critical locations. As specified in the AASHTO LRFD
Specifications (2013) for punching shear, the shear strength V,, multiplied
by the strength reduction factor @, shall be larger than the ultimate shear
produced by the wheels (Equation 2.2).

V, <oV, (2.2)

Without shear reinforcement, the shear strength of concrete V, in Equation
2.3 is governed by AASHTO Equation 5.13.3.6.3-1 in metric form
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Figure 2.9 Footprint of a truck wheel and its associated punching shear failure mode.
(a) Laboratory static test; (b) punching failure on the top of the deck. (Data
from Hwang, H. et al., Engineering Structures, 32, 2861-2872, 2010.)
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0.33 ; ;
vn=£0.17+Bj\/Zbodso.33\/fTbod (2.3)
where:
B. is the ratio of long side to short side of concentrated load or reaction
area

b, is the perimeter (= 2[(b + d) + (c + d)], as shown in Figure 2.9b)
of the critical section defined in AASHTO LRFD Specifications
(2013)

Live load distribution factors—When a single-beam model is used for
analyses of a multiple girder bridge, unlike dead loads that usually distrib-
ute equally, live loads of one lane is not necessarily carried by one girder
or one girder may carry more than one lane of live loads, depending on
girder spacing and lateral distribution components such as diaphragms.
Lateral distribution factors, which define the portion of live loads carried
by an individual girder, simplify the analysis process to a beam analysis.
Instead of modeling the bridge in both longitudinal and transverse direc-
tions, a single girder is isolated and subjected to loads comprising one
line of wheels of the design vehicle multiplied by the distribution factor.
Previously, AASHTO defined wheel load distribution factor as S/D, where
S is the girder spacing and D, which uses units of length, is specified to a
certain value according to the bridge type. In recently developed LRFD
Specifications (2013), even though the form of S/D is still maintained for
certain bridge types, the definition of distribution factor is modified drasti-
cally to include in the formula, besides girder spacing, deck thickness, span
length, depth of beam, and number of beams. Another improvement is to
distinguish the definition of exterior beams from interior beams, multilane
from one design lane loaded, shears from moment, and correction factors
for skew bridges.

Lateral live load distribution theories were developed before 1970s to pro-
vide engineers a practical way to count the uneven distribution of live loads
in single-beam model analyses. The intent of applying live load distribution
factors is to provide an envelope for all possible live load cases so the results
may be conservative or, in some special occasions, even unconservative.
As 3D spatial modeling, analyses and influence surface loading are widely
available nowadays; a refined 3D analysis with influence surface loading is
encouraged in modern bridge engineering practices.

Effective flange width (shear lag)—When a girder cross-section is under
flexural stress, shear deformation on top plane will happen in flange, unlike
the beam theory assumed. The thinner the flange, the bigger the shear
deformation, and the farther away from the web, the bigger the longitudi-
nal displacement of flange accumulated by shear deformation. This shear
deformation will cause flexural stress changes along a flange. The local
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Each hatched area equals to half of shaded area
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Figure 2.10 Shear lag effect on stress distribution and equivalent effective width.

increase/decrease of the deck longitudinal flexural stress near the intersec-
tion to the beam web is called shear lag effect (Figure 2.10). This effect
can be taken into account during the stress calculation by assuming only a
portion of flange working to resist bending moment, or so-called effective
flange width. In AASHTO, the effective flange width is assumed constant
along the bridge, although some may assume otherwise. The prior-to-2008
AASHTO LRFD Specifications for interior beam’s effective flange width
take the least of

* One-fourth of the effective span length (the effective span length
may be taken as the actual span for simply supported spans and the
distance between points of dead load contraflexure for continuous
spans).

e 12 times the average slab thickness, plus the greater of web thick-
nesses, or one-half the width of the top flange of the girder.

® Average spacing of adjacent beams.

For exterior beam, the effective flange width may be taken as 1/2 the effec-
tive width of the adjacent interior beam, plus the least of

* One-eighth of the effective span length.

e 6 times the average slab thickness, plus the greater of one-half the web
thickness, or 1/4 the width of the top flange of the girder.

e Width of the overhang.

The current AASHTO LRFD Specifications (2013) are using the full tribu-
tary areas of the girder, which is the third criterion shown previously.
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Live load influence line—An influence line is defined as the variation of
function, such as reaction, shear, bending moment, or stress, when a unit
load is moving over the structure. Figure 2.11 shows examples of influence
lines for a three-span continuous bridge.

Usually, influence line results from analyzing a beam model, with x as
the distance and y as the ordinate. The influence lines of moment, shear, or
reaction are recorded at a small interval. Having an influence line defined,
a standard live loading process can determine the positions of a live load
specified by a specification and thus the extreme live load results. Different
specifications have different live load definitions and combinations. For
example, AASHTO LRFD Specifications (2013) define the following load-
ing combinations:

® Design tandem with design lane load

® One design truck with variable axle spacing with design lane load

® 90% of two design trucks with axles from two trucks spaced mini-
mum 15,000 mm (two 145-kN axles spaced 4300 mm) with 90% of
the design lane load

The illustrations of the live loading application and combinations are
shown in Figure 2.12 with loads positioned longitudinally for extreme
effect.

(a) A three-span continuous bridge

il .

e I N N B B e [ S N I N e

(b) Moment influence line

il e

e S N N N O N e H/U)J/‘/

(c) Shear influence line

TR

d) Reaction influence line

Figure 2.11 (a—d) Examples of influence lines for a three-span continuous bridge.
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Figure 2.12 (a—c) Evaluation of extreme live loads.
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2.4 REFINED ANALYSIS METHODS

2.4.1 Grillage analogy method

Grillage (or grid) analysis has been used by the bridge engineers for quite
some time and is in the same category as the FEM (see Section 2.4.5).
Grillage method can be regarded as a special case of FEM (Jategaonkar
et al. 1985) with deck slab structure idealized as a 2D model consisting
of beam elements. In this type of model, the deck is cut, theoretically, into
pieces in both directions with each piece considered as a beam element
(Hambly 1991). Choice of these imaginary cuts is based on experience and
should be made with caution.

The general approach for the grillage analysis is to model the longitudi-
nal girders as beam elements, straight or curved. If the intermediate dia-
phragms are present within the spans, the transverse beam elements are
placed at the same locations as the diaphragms. If intermediate diaphragms
are far apart or not present, deck slab is modeled as transverse beam ele-
ments with deck’s moment of inertia based on a certain effective width. In
this grillage model, each node has three degrees of freedom, one vertical
translational and two planar rotational degrees of freedom.

2D grillage analysis is simulated by 2D grillage of beams with different
section properties. The basic principle is the same as defined in Section 2.4.5.
The difference from a generic type of finite element is that only vertical flexure
and torsion of a beam are considered in a grillage element, as how most decks
behave. Therefore, each node in a grillage model has a vertical translational
displacement and two rotational displacements along axes in deck plane,
and a grillage element has only vertical bending moment, vertical shear, and
torque defined. When the grillage model is used, a suitable grillage mesh
should be defined to get meaningful results. Figure 2.13 shows examples for
four different types of bridges. Figure 2.13a shows stiffness to be about equal
along the longitudinal and transverse directions and the beam elements coin-
cide with the real longitudinal and transverse beams. Figure 2.13b shows
longitudinal beams that are more predominant and coincident with the beam
elements. The placing of the transverse beam elements is recommended that
a proper aspect ratio be maintained between transverse and longitudinal ele-
ments, at diaphragm locations if diaphragms are present and at equal spacing
to simulate the plate transverse distribution if no diaphragms are present.
Figure 2.13c¢ is a bridge with closely spaced beams. For practical purposes,
each longitudinal beam element can represent more than one beam. The rule
of thumb is to place longitudinal beam elements no farther apart than about
one-tenth of the span (Hambly 1991). Figure 2.13d has wider beams with
two longitudinal members per beam. Usually for this type of structure, the
longitudinal members are much stiffer than the transverse members, which
may be representing just the thin slab on top.
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Figure 2.13 (a—d) 2D grillage meshes.

2.4.2 Orthotropic plate method

The orthotropic deck bridge is a special kind of deck, which can be solved
by the orthotropic plate theory. The general differential equation given for
the orthotropic plate can be found in any book discussing plate bending
theory and is listed in Equation 2.4.

8w 8w
w5 S, 24
5%y D 5y plx,y) (2.4)

4
w
Dx 27 + (ny + Dyx)

where:

w is the deflection of the plate at any point (x,y)

D,, D, D,, and D, are stiffness of the longitudinal flexure, the
transverse flexure, longitudinal torsion, and transverse torsion,
respectively

p(x,y) is the loading intensity of any point

A simplified analysis is made by assuming;:

* For decks with closed ribs: D, =~ 0
* For decks with open ribs: D, = 0, D,, = D

xy yx

IR

0

Based on Hambly (1991), the moment and flexure relationships are shown
in Equation 2.5a and principle stresses are shown in Equation 2.5b.
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As engineers usually deal with stresses, principal stresses and Mohr’s circle
of stresses are expressed in Equation 2.5b and illustrated in Figure 2.14.

2
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(a) Moments and stresses in a unit area of (b) Principle stresses and Mohr’s
an orthotropic plate circle of stresses
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Figure 2.14 (a, b) Moment and stress relationships of an orthotropic plate.
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When applying orthotropic plate model in deck analyses, deck is meshed
into regular plate elements. However, unlike an isotropic plate element, a
local coordinate system is required so as to define two directions that have
different bending stiffness.

2.4.3 Articulated plate method

When the transverse distribution of loads is only through shear forces
with no transverse prestressing forces, it is defined as articulated plate
or shear-key slab with idealized articulated plate model, as shown in
Figure 2.15. For this type of bridge that has small transverse bending stiff-
ness, the transverse flexural and torsional stiffnesses, D, and D,,, respec-
tively, in Equation 2.4 would approach zero; the longitudinal bending and
torsional stiffnesses, D, and D,,, respectively, are defined for different
types of bridges as (Jategaonkar et al. 1985; Bakht and Jaeger, 1985):

1. Slab bridge with solid block

E3
szé (2.6)
3
Dy GTt if $>t

(b)

Figure 2.15 Articulated plate model. (a) Plates connected by shear keys and (b) articu-
lated plate numerical model.
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where:

S is the girder spacing for multigirder bridges or unit width for slab

bridges
t is the thickness of the solid slab
t, is the diameter of the circular hole of a void slab

t, and H are the thickness of the wall and median height of the rectan-

gular void slab, respectively

I, and A are moment of inertia and cross-sectional area of the box

girder, respectively

Articular plate is a special case of orthotropic plate and can be solved using
the same method as defined for the orthotropic plate theory. If a bridge
with shear key is modeled as a beam, shear keys are considered when calcu-
lating live load lateral distribution factors. For example, AASHTO LRFD
Specifications (2013) indicate that the factors for bridges with shear keys
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are different from the factors obtained for bridges with monolithic deck or
with transverse post-tensioning.

2.4.4 Finite strip method

A simplified finite element with bridge deck modeled end to end is called
finite strip (Figure 2.16). The displacement functions for in-plane and out-
of-plane deformation of the strip are of the form

w,u,v = Zf(y)sin(nzxj (2.10)

where:
x is the direction along the structure
y is the direction across the strip

The harmonic analysis is then performed. Further development on the finite
strip analysis extends to the curved circular structures with harmonic func-
tion (Fourier series) used for variations along circular arcs. As finite strip
method involves fewer nodes and a smaller matrix to solve, it is sometimes
more economical than other methods such as finite element. There are several
variations of finite strip method, semianalytical, spline, and boundary ele-
ment. The conventional finite strip method, because of its formulation, may
be very slow to converge with concentrated load and needs many series of
terms to achieve acceptable accuracy. With today’s available computer speed
and memory, finite strip method is a plausible way to handle bridge problems.

Longitudinal
nodes

End
diaphragm
(a) (b)

Figure 2.16 Finite strip model. (a) Strip division of a box girder and (b) a closeup of strip
division of an I-girder.
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2.4.5 Finite element method

The mathematical theory and formulation of the FEM are well docu-
mented in many textbooks, and they are not in the scope of this chapter.
Regarding element types, a structure can be modeled using 1D, 2D, or 3D
elements or even the combinations of these three elements (Jategaonkar
et al. 1985).

Line elements—Line elements for modeling the bridge members include
two main types. The first is the bar type with only axial tension or compres-
sion with one degree of freedom at each node; usually it is used for modeling
a truss member, a bearing, or an individual member of the cross-frame. The
second type is the beam element, as shown in Figure 2.17, which has six
degrees of freedom. It is used usually to model the beam or column that has
axial stiffness as well as bending stiffness. For more simplified line elements,
certain degrees of freedom can be excluded for cases where only others are
of concern or predominant. For example, a 3D frame element can be ret-
rograded to a 2D beam element in cases that only two degrees of freedom,
vertical translational and rotational displacements, are considered.

A grillage model, in Section 2.4.1, is another example of this simplifica-
tion. For a grillage model, another degree of freedom, torsion, is added back
into the model. Because of the translational bending of the slab and dia-
phragm action, the main beams will be under torque. For highly skewed,
curved bridges, or with long overhang, this torsional action may be signifi-
cant. Therefore, displacements of vertical translational, vertical flexural rota-
tion, and axial torsional rotation are dominant in deck behavior, and when
only these displacements are considered, a 3D frame element is retrograded
to a grillage element. In this aspect, a grillage model and a plane frame model
are the same, except that the exclusion of displacements is different.

Beam element
Six degrees of freedom
at each node

Figure 2.17 Degrees of freedom of a 3D frame element.
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Area elements—Area elements in the finite element analysis also include
two types, elements with in-plane effects only and elements with both
in-plane and out-of-plane effects. The in-plane element, which is often
referred as membrane element, may be either plane stress or plane strain
element. Each node of a membrane element has two degrees of freedom
(u, v) in the element plane. It has been used less than the second plate element
type, which is used to simulate not only in-plane (membrane) action with
degrees of freedom (u, v) but also plate bending (flexural) action with an
additional three degrees of freedom (w, 6,, 6,) at each node. This type of
combined plate element is often referred to as plane shell element, to dif-
ferentiate a pure bending plate element. Plane shell element is so called as
it can be used to assembe a true shell structure. As shown in Figure 2.18,
these area elements may be triangular or rectangular in shape. The shell
elements can be used to model many parts of bridge structures. Figure 2.19
shows the nodes and elements of a deck modeled by shell elements, and
Figure 2.20 illustrates an actual structure with its idealized model.

/ x
\ Membrane-flexural
element

ex —J‘(—v u
" ’%_> x * (Five degrees of freedom

per node)
v
1)

Figure 2.18 Degrees of freedom of a plane shell element.
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Figure 2.19 Finite element example of nodes and elements (numbers in circles) of a slab
model.
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Figure 2.20 ldealized model using area elements: (a) actual structure; (b) structure ideal-
ized by 3D plane shell elements.

When applying plane shell elements in bridge analyses, it should be noted
that each node has only five, rather than six, degrees of freedom. The rota-
tional displacements along axis perpendicular to plate plane output from
a finite element analysis are faked by a technique avoiding ill-conditioned
stiffness matrix. The sixth rotational displacements are meaningful only at
nodes connecting kinked plates, and these displacements are caused only
because of geometric transformation from bending rotations in other planes.

Volume elements—A volume element is sometimes called solid element
with three, four, eight, or more nodal points. Figure 2.21 shows an eight-
node volume element as an example. In bridge superstructures, the model
usually can be built up from line or area elements or combinations of these
two types of elements. Volume elements are used rarely except for the sub-
structures with massive concrete piers or abutments. Even for the substruc-
tures, the line (beam) elements are used more frequently than the solid
elements because of easier usage and interpretation. If massive concrete is
used, it may be modeled by rigid link elements to simulate the rigid body
motion between two points.

For a typical 3D model of a slab—beam bridge, the slab is modeled as plates
(area elements) with thicknesses equal to the slab thicknesses. If the beam is
widely spaced, more nodes should be assigned between beams to simulate the
higher shear-lag effects between beams and slab deck. A good representation

GZ
Typical at all nodes A, I 1
1 %
Ty
% le—l

(@) (b)

Figure 2.21 Finite element volume element. (a) Node displacements and (b) element
stresses.
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Figure 2.22 Beam on slab modeling. (a) Bridge cross section; (b) two-dimensional CGM
finite element model cross section; and (c) three-dimensional EGM finite
element model cross section.

for the beam itself is to use plane shell elements for both the web and the
flanges. To get meaningful results along the beam web, at least three plate
elements should be used for modeling the web. For the beam flanges, two
plane shell elements on each side of the web are sufficient for good modeling.
When the lateral distribution of longitudinal stress is of concern, more ele-
ments may be needed on flanges. Another requirement for the finite element
mesh is to maintain a certain aspect ratio (close to unity) between the ele-
ments. Figure 2.22 shows several different modeling techniques for a beam—
slab bridge, which can be in 1D, 2D (Figure 2.22b), or 3D (Figure 2.22c)
model. Details will be discussed further in Chapters 4 through 8.

The advantage of using finite element is that the analysis can be carried out
for a transition area, such as welds between the steel girder and the transverse
stiffener. A local area can be finely modeled separately from whole model
in brief so that efforts can then concentrate on the problem area in detail.
This technique is called subdivision method (or substructuring method) and
is used more in other industries, such as aerospace or ship structure. For
bridge structures, it is useful for failure analysis but not recommended in
rapid design work. Principles of finite element analysis and strategies to apply
it in different situations are discussed in Chapter 3 in detail.

2.4.6 Live load influence surface

If a refined analysis method, as any method defined in Section 2.3, is used,
influence surfaces are then generated, with x and y as the surface coordi-
nates and z as the ordinate. To apply the live loads, influence surfaces of
all sorts (moment, shear, torsion, deflection, reaction) are formed, such as
the moment influence surface shown in Figure 2.23a. The conventional
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Figure 2.23 Live load on an influence surface: (a) moment influence surface; (b) place-
ment of vehicles on an influence surface.

technique of using influence surface directly projects the ordinates of the
axles’ footprints, as shown in Figure 2.23b. A technique called compos-
ite influence line can be used in influence surface loading of 2D grillage
model discussed in Chapter 7 (Fu 1994, 2013). Composite influence line
is used to suppress the associated influence lines of adjacent girders to the
primary girder. Before suppression, distribution factors are multiplied by
their respective girder influence ordinates. Here, distribution factor is
defined as the fraction of the wheel load, not from the S/D method defined
by AASHTO. The advantages of using composite influence lines are in
the saving of computer memory for influence surface and in easy access
for future use (Fu 1994, 2013). Other than the composite influence lines
method, a more sophisticated 3D FEA influence surface method will be
discussed in Chapter 3 in detail.
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2.5 DIFFERENT TYPES OF BRIDGES WITH THEIR
SELECTED MATHEMATICAL MODELING

If bridge structures need to be mathematically modeled, any piece-wise
approximation needs to be established first. An approximate solution is
reached by subdividing the structure into regions of interest. Substructure
and superstructure can be decoupled into two different analyses if they are
not constructed integrally.

Methods of analysis of highway bridges range from the simplified beam
model with live load distribution factors defined by a design specification
to the complicated 3D finite element model with influence surface loading.
The simplified beam model, with the newly developed distribution factor
(AASHTO 2013), is supposed to close the gap between these two extremes,
but it is still on the conservative side. Unless a more accurate method is
needed for rating or posting, the AASHTO method is still the most popular
method used in design of bridges.

As for the refined analysis, several methods have been mentioned in
Section 2.4. Among the methods, grillage analogy method is the most popu-
lar and 3D generic finite element is the most detailed. Comparing these two
methods, there are two important differences mentioned by Jategaonkar
et al. (1985), which are briefly discussed here:

1. Conservative/nonconservative results. The 3D generic finite element
analysis is an approximation to the exact solution. It can be shown
that as the number of finite elements in the model increases, provided
that a conforming type of elements is used, the convergence to the
exact solution is from below and the solution obtained from it is lower
bound to deflection and stresses, which is not conservative. A grillage
analysis, on the other hand, gives a theoretical solution based on the
assumption of the grillage model and is not so critical of the mesh size.

2. Accuracy. The 3D generic finite element analysis can refine the mesh
to obtain the local stress near the critical location, such as holes or
sharp turns, or heavily loaded location, such as the position of the
concentrated load. Grillage analysis can give accurate analysis results
in terms of overall moments and shears (and thus the overall stresses)
but not local stresses. In such cases, local stresses can be obtained by
handbooks, such as design aids for concentration factor, or closed form
solution, such as Westergaard method for deck bending in Section 2.1.

With this in mind, several mathematical models are suggested for different
types of bridges, and they are listed in the following sections.

When modeling and analyzing a bridge, it should be noted that 3D model-
ing with influence surface live loading may produce more accurate results for
a middle- or short-span bridge than a long-span bridge such as cable-stayed
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or suspension bridge. When nonlinear effects are of concern, material non-
linear effect may play an important role for a middle- or short-span bridge,
whereas geometric nonlinear effect may be essential for a long-span bridge.
As modern modeling technique and analysis tools are widely available, 3D
modeling with influence surface loading is always encouraged. For a long-
span bridge, geometric nonlinear analysis should be considered in most cases.

2.5.1 Beam bridge and rigid frame bridge

To simplify the analysis, a beam-type bridge can be simply modeled by 2D
beam elements, and a rigid frame-type bridge can be modeled by 2D frame
elements. With this simple model and quick turnout, the model can be used
to analyze construction staging (Figure 2.24), thermal loading due to differ-
ential temperature (Figure 2.25), prestressing loading as equivalent applying
forces (Figure 2.26), and loading due to support movement (moment redis-
tribution in Figure 2.27b for nonsettlement case versus Figure 2.27¢ for dif-
ferential settlement case). Bridge with different soil conditions to simulate the
support movement (Figure 2.28a) can be modeled as a three-spring founda-
tion (Figure 2.28b). A frame structure with soil springs and their effects are
shown in Figure 2.29, where the three-spring constants can be represented by

0.5
Vertical spring: K, = 25GA™
(1-v)
Horizontal spring: K, = 2G(1 +v)A%’ (2.11)
Rock spring: K, = 2.5GZ
(1-v)

Moment

(b)

Figure 2.24 (a, b) Bridge construction staging.
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Figure 2.25 Bridge thermal loading due to differential temperature.
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Figure 2.26 (a, b) Bridge prestressing loading as equivalent applying forces.

where:
E = Young’s modulus of soil
G = Shear modulus of soil = E/[2(1 + V)]
v = Poisson’s ratio of soil
A = Foundation area

Z = Foundation section modulus (Richart et al. 1970)

Structures with soil spring will be applied to earthquake analysis covered

in Chapter 17.

2.5.2 Slab bridge

In the AASHTO LRFD Specifications (2013), a beam model with equiva-
lent strip width can be built for the slab bridge. With one-lane loaded, the
equivalent width of longitudinal strips is (AASHTO Equations 4.6.2.3-1

and -2)
E:250+0.42 L1W1

and with multilane loaded,

E=2100+0.12/1,W, s%

(2.12)

(2.13)
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Figure 2.27 (a—c) Bridge loading due to support movement.
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Figure 2.28 Bridge soil foundation with (a) support movements and (b) modeled as a
three-spring foundation.
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Figure 2.29 (a—f) 2D frame structure modeled with soil springs.

where:

E is the equivalent width (mm)

L, is the modified span length taken equal to the lesser of the actual
span or 18,000 mm

W, is the modified edge-to-edge width of bridge taken equal to the
lesser of the actual width or 18,000 mm

W is the actual edge-to-edge width of bridge

L is the physical length of bridge

N is the number of design lanes

If a bridge is skewed, the longitudinal force effects may be reduced (AASHTO
2013). The simplified beam model yields reasonably good results for the
bridge design work.

If a refined model, such as grillage analogy method, is used, a bridge may
be divided into strips of equal widths, with idealized longitudinal beams
lined up as shown in Figure 2.13a. For each longitudinal beam, the assign-
ment of rigidities can be found using Equations 2.6 through 2.9.

2.5.3 Beam-slab bridge

Beam-slab bridge is the most popular bridge group and is well defined
in the AASHTO LRFD Specifications (2013). Section 2.2 describes the
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approximation of the beam model by using the effective width, live load dis-
tribution factors, and influence lines. There are several examples in Chapter
4 for RC beam bridge, Chapter 5 for PC beam bridge, and Chapter 7 for
steel I-girder bridge using this method.

There are several conditions to be met for a beam—slab bridge, and they
are defined in the AASHTO LRFD Specifications (2013) as

Width of the bridge is constant.

Number of beams is not less than four.

Beams are parallel and have approximately the same stiffness.
Roadway part of the overhang does not exceed 1 m (3 ft).

Curvature in plane is less than the limit specified in the AASHTO
LRFD Specifications (2013).

e Cross section is consistent with one of the cross-sections shown in the
AASHTO LRFD Specifications (2013).

If earlier conditions are violated, the refined methods, such as grillage anal-
ogy or FEM, are recommended. If the grillage analogy is used, the same
procedures defined for beam model can be used for each longitudinal beam,
and the transverse stiffnesses, D, and D,,, for the solid slab, as defined in
Section 2.4.2, can be used for the transverse beam element. If more detailed
information is required, finite element is a practical method. When applying
finite element, however, it has to be cautious that mesh size, coordinates,

loading directions, and boundary conditions affect on getting good results.

2.5.4 Cellular/box girder bridge

The beam model of this type can be built just like the beam—slab bridge
with the effective widths defined for each web. For segmental concrete box
and single-cell cast-in-place box beams, effective width is defined more
elaborately. As defined in the AASHTO LRFD Specifications (2013), a
beam model can be used as an approximate method with appropriate effec-
tive width and distribution factor, as mentioned in Section 2.2.

One of the differences between the detached box bridge and other girder-
type bridges is distortion of the box due to eccentric loading (Figure 2.30a);
the effect can be substantial for flexible section, such as steel. The EBEF
(equivalent beam on elastic foundation) approach (Figure 2.30b) provides
good approximation of the moments and stresses due to distortion and
warping around the box section (Heins and Hall 1981). If distortion and
warping are predominant, use of a more refined model, such as 3D FEM
model, is suggested.

For a cellular deck, where the cells are either attached or detached, the
principal modes of deformation are due to longitudinal bending, transverse
bending, torsion, and distortion. If grillage analogy method is adopted,
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Figure 2.30 Distortion of the box girder and its analysis approach: (a) box due to eccen-
tric loading; (b) equivalent beam on elastic foundation analysis.

to simulate the action, proper mesh has to be established with the grillage
points subjected to continuity and equilibrium. If there is no diaphragm
or cross-bracing, the transverse elements are formed by the slab, and they
should be spaced with at least four elements between the dead load points
of contraflexure. If internal or external diaphragms exist, the mesh joints
should coincide with the locations of the diaphragms. The function of the
internal diaphragms is maintenance of the shape of the box and reduction
of distortion. The function of the external diaphragms is reduction of the
differential displacement between boxes. Figure 2.31 shows different types
of multicell deck and their mesh definitions with longitudinal lines along
their respective ribs.

If finite element is adopted for the analysis, the same principle is applied
as stated for the grillage analogy method. To obtain meaningful results,
at least two elements should be used for the vertical or inclined web and at
least two (maybe more, if the flange is wide) elements should be used for
the top and bottom flanges. Figure 2.32 shows an example of using finite
element modeling for a box girder bridge. More detailed coverage for steel
box girder bridge is in Chapter 8.

2.5.5 Curved bridge

Horizontally curved bridges are commonly used. It has often been used in
complex, multilevel interchanges, where the geometrics of a bridge struc-
ture are dictated by the roadway alignment.

There are two approximate methods that have been used to analyze
curved girder bridges. The first method, called V-Load method, is used
for curved I-girder bridges. The second method, called M/R method, is
used for curved box girder bridges (FHWA/University of Maryland 1990).
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Figure 2.31 Types of cellular deck and their mesh definitions. (a) Mesh of a attached mul-
ticell box girder; (b) mesh of an detached multicell box girder; (c) mesh of a
trapezoidal attached multicell box girder; and (d) mesh of multicell voided slab.

The theory of the V-Load method for curved I-girder bridges (Figure 2.33)
is based on the statics of a curved flange carrying an axial stress or force.
This then results in a radial distribution force on the flange, and this
radial force is converted to a shear force across the diaphragms. Thus, it is
called V-Load method. The M/R method (Figure 2.34) establishes three
equilibrium equations first. These two methods are approximate and were
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Figure 2.32 Finite element model of a box girder bridge.
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Figure 2.33 V-Load method for curved I-girder bridges.
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Figure 2.34 M/R method for curved box girder bridges.
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used to analyze and design curved bridges in the past. They may be used
in the preliminary design but are not recommended for the final design,
especially for heavily skewed support(s) and/or sharply curved span(s).

Currently, the most popular modeling method in applying finite element
analysis is either 2D grillage analogy method or generic 3D modeling. When
using 2D grillage analogy method, as discussed in Section 2.4.5, only verti-
cal translational and planar rotational displacements are considered in an
element, but geometry of an element could be straight or curved. When using
a generic 3D modeling method, all displacements are considered and differ-
ent types of elements can be used in a model. The same principle is defined
for the beam—slab and box girder bridges. One exception is that shell ele-
ments have to be used for the web to follow the curved profile of the girders.
Curved beam elements are also recommended (Hsu et al. 1990; Fu and
Hsu 1995) for the grillage analogy method to eliminate the incompatibility
and unbalanced forces at the joints. Curved concrete bridges are covered
in Chapter 6, whereas curved steel bridges are discussed in Chapter 7 for
I-girder and Chapter 8 for box girder, respectively.

2.5.6 Truss bridge

Truss members are joined by gusset plates at the panel joints, and their con-
nections can be made by riveting, bolting, or welding. Usually, trusses are
designed assuming that the members carry direct axial stresses only, which
are termed primary stresses. However, bending stresses, referred to as sec-
ondary stresses, are also produced by truss distortion and joint rigidity.
The axial forces in a pin-jointed truss can be found directly by the planar
truss bridge analysis program (Fu and Schelling 1989) and may be used for
analysis, rating, or design purposes. With truss joints rigidly connected,
frame analysis with 3D modeling should be used. A refined frame analysis
must include (1) composite action with the deck; (2) continuity among the
truss components, where it exists; (3) force effects due to the weight of
components, change in geometry due to deformation, and axial offset at
the panel points; and (4) in-plane and out-of-plane buckling. Figure 2.35
shows the detailed 2D truss bridge model with an influence line for live
load consideration.

In the United States, the practice is that, with proper care in sectioning
and details, it is probably safe to assume that it is not necessary to compute
secondary stresses. In Europe, the code specifies that, when considering the
limit state of fatigue, or the limit state of serviceability, it is allowable to use
either (1) assuming fixed joints in the analysis or (2) assuming pinned joints,
which modify the analysis by the inclusion of flexural stresses due to axial
deformation, self-weight of the members, and the stiffness of joints. More
detailed discussions with 2D and 3D examples are covered in Chapter 10
for steel truss bridges.
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Figure 2.35 (a,b) Truss bridge 2D model with an influence line for the live load consideration.

2.5.7 Arch bridge

An arch bridge is defined with members shaped and supported in such a
manner that intermediate vertical loads are transmitted to the support pri-
marily through axial compressive force, the reverse of cables of the suspen-
sion bridge. If correctly designed, the self-weight of the arch structure induces
mainly compressive forces. This is achieved by making the arch shape corre-
spond as closely as possible to the line of thrust due to the dead loads. If it is
a truss arch, the thrust is equally shared by the top and bottom chords of the
truss arch members. The three fundamental equations of static equilibrium
for 2D arch model are in the horizontal, vertical, and rotation directions.

For the three-hinged (two at supports and one at the crown) arch, the
structure is statically determinate. For all other arch types, fixed arch or
two-hinged arch, the unknowns exceed the equations of statics and are
suited for computer analysis. The frame-type program can be used for
assuming piece-wise linear beam elements with three degrees of freedom,
corresponding to H, V, and M. Some computer programs have the curved
beam elements and can give more accurate results. This type of analysis,
without considering the axial deformation, is called a first-order arch anal-
ysis. In early development, to save computation time, the influence lines
for moments, shears, axial force, and reactions can be generated by using
a reciprocal relationship. The region of lane loading and location of truck
loading should be placed properly to give the maximum live load effect.
Figure 2.36 shows typical influence lines of a three-hinged arch.

The arches can be classified by their types as (1) open spandrel, (2) solid
spandrel, (3) tied arches with bow-string, and (4) arch-like frames. It is
convenient to perform the analysis in terms of unit width of ring and by
dividing the ring into equal segments. For deck arches with columns and
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Figure 2.36 (a, b) Typical influence line of a three-hinged arch.

through arches with hangers, the segments should coincide with the panel
joints. For solid spandrel arches, 20 segments between the spring lines
should be enough, and the distribution of live and dead loads are best dealt
with as discrete point loads. The fill pressure considers the soil at rest, and
total loads on arch segment are shown in Figure 2.37. More detailed discus-
sions on analysis and construction will be covered in Chapter 9.

2.5.8 Cable-stayed bridge

A cable-stayed bridge is a highly statically indeterminate structure. Cable-
stayed bridge may be analyzed as a planar or space frame with consider-
ation of its linear and nonlinear behavior.

Linear system—For a linear system, the deflections of the structural sys-
tem under applied loads may be determined by applying the classical theory
(or so-called first-order theory). By assuming Hook’s law, linear superposition
is applied to the internal forces, the displacements, and the stresses. However,
for cable-stayed bridges, the linear assumption is on the nonconservative side
for long-span bridges and can be used only for preliminary designs.

Figure 2.37 (a) Arch model and (b, c) critical loads on arch segment.
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A simple solution for determining the force on the stiffening girder of
linear equation by the classical theory uses the beam-on-elastic-support
analogy (Troitsky 1988). If the shortening of both cables and tower is con-
sidered, the spring constants for the elastic support can be determined by
Equation 2.14 as

K- 1 — (2.14)
(H: /AE:)+ (Lo IAE, sin” o)
where:
A,, E,, and H, are the area, Young’s modulus, and height of the tower,

respectively
A, E_, L. and o are the area, Young’s modulus, length, and inclined
angle of the cable, respectively (Figure 2.38b)

In early analysis of this system, the continuous stiffening girder on elastic
supports is considered as the basic system (Figure 2.38a), and the cable
forces are taken as being redundant.

For the preliminary analysis, a moment diagram may be constructed for
the girder. The cable forces are obtained through the shear forces and then
applied to the tower. The stresses at any section of the bridge system may
be evaluated by computer. Calculation would determine the approximate
cable stresses under dead load on the girder plus live load.

Nonlinear system—Nonlinearity of cable-stayed bridges generally can
be categorized as the cable, stiffening girders, and towers. The nonlinearity
of the cable is caused by the variation in sag with tensile force. To overcome
this nonlinear effect, Ernst uses the equivalent modulus of elasticity E, to
replace the modulus of elasticity of straight cable, and it will be discussed
more in Chapter 11, which is designated for cable-stayed bridges.

The nonlinearity of the stiffened girders and towers is subjected to the
interaction of compressive axial force and bending moments. The girder

3

" ‘ T o &

3 i 3 w Wil
o My M, M, M, M, M, L oS

Figure 2.38 Basic cable-stayed system: (a) assumption of continuous stiffening girder on
elastic supports; (b) moveable cable.
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and tower in this case have to be analyzed as a beam column. The stiff-
ness of the girder has less effect on the vertical deflection of the girder
system. However, the towers are the most critical components of the system
because the second-order moments may cause formation of a mechanism
(plastic hinges) in a tower. Another aspect of nonlinearity is due to large
displacements of the structure. Because it affects the stresses, the principle
of superposition does not apply, and the problem has to be treated by the
large displacement theory (or so-called second-order theory). The iteration
process keeps modifying the geometry and maintaining the equilibrium of
the system.

2.5.9 Suspension bridge

Structural analysis of suspension bridge is usually made for the combina-
tion of dead load, live load with impact, traction and bracing, temperature
changes, settlement of supports, and wind (both static and dynamic effects).
Figure 2.39 shows suspension bridge models with different arrangements.

In the early stages of development of the theory for the suspension bridge,
elastic theory was used for the analysis. The suspension bridges were ana-
lyzed by the classical theory of structures, the so-called elastic (also known
as first-order) theory of indeterminate analysis that ignores deformation of
the structure. The elastic theory can be simply expressed as

M=M -hy (2.15)
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Figure 2.39 Suspension bridge model with different arrangements: (a) one suspended
span with pinned stiffened truss; (b) three suspended spans with pin-ended
stiffened trusses; (c) three suspended spans with continuous stiffened

trusses; (d) multisuspended spans with pin-ended stiffened trusses; (e) self-
anchored suspension bridge.
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where:
M is bending moment in stiffening girder
M’ is bending moment in the unsuspended girder for the live loads
(h=0)
b is horizontal tension in cable
y is cable sag

This theory is only used in a preliminary design for estimating cable quantities.
As a consequence of large displacements of long suspension spans, the elastic
theory results in underestimated moments, shears, and deflections. A deflec-
tion theory is then developed and referred to as second-order theory with the
expression of

M=M —hy—(H+h)yv (2.16)

where:
v is cable deflection under loads

As displacements affect structural geometry, Equation 2.16 is not linear,
and linear superposition technically is not applicable. There would be diffi-
culty in using the influence line concept. For this type of analysis, programs
that can handle large deflection and material nonlinearity should be used.
Large deflection analysis is necessary for structures, such as suspension
bridge, that undergo a large translation and rotation, and where their load-
carrying path is altered as the load is increased. The nonlinear procedure
for the suspension bridge is tedious and time consuming. With simplifica-
tion to a quasi-linear theory, an average value of H (H,,,, and H,;,) may
be used as a basis of linearized influence line as in the case of first-order
theory. There may be two sets of influence line generated, one by H,,,,, and
another by H,,;,, to establish the most critical live load effect. More detailed
procedures to handle the nonlinearity in computation with modern tech-
nology, especially on live load, will be deferred to Chapter 12, which is
designated for suspension bridges.






Chapter 3

Numerical methods in
bridge structure analysis

3.1 INTRODUCTION

Numerical methods, such as the finite element method (FEM), are fun-
damental to bridge structure analysis. When analyzing or designing a
bridge, different modern computer programs may be used. A deep under-
standing of the principles of the underlying methods to analyzing or
designing a bridge is essential to properly conduct bridge analysis and
design and is particularly important in building an appropriate computer
model representing a bridge for different types of analyses. In this chap-
ter, the principles of FEM, the automatic time incremental creep analysis
method, and the influence line/surface live loading method are introduced
to provide the basis for computational applications in bridge analysis
and design.

FEM was first introduced in 1960s and is widely adopted in bridge engi-
neering as the primary structural analysis approach. As modern computer
science has advanced since the end of the twentieth century, FEM’s appli-
cation to bridge structure analyses, including its pre- and postprocessing
techniques, has also greatly developed. FEM plays a critical role in mod-
ern bridges’ analyses and designs. Although many generic FEM packages
and more bridge-specific analysis systems are available and engineers or
researchers do not need to develop a FEM package by themselves, a general
understanding of FEM’s principles, procedures, and its limitations will help
to master its applications, including model preparation, result procession,
and error identification.

Creep and shrinkage behaviors are part of the nature of concrete
material. Most of these behaviors occur during the early stages, and there is
less development as concrete ages. Therefore, their total effects are limited.
However, the amount of both displacements and internal force redistribution
due to creep and shrinkage has to be analyzed in certain concrete bridges,
especially those built in multiple stages, or prestressed concrete bridges
(Bazant et al. 2011). Dischinger and effective Young’s modulus methods,
as shown in Chapter 4, are commonly used in concrete creep analyses.

57
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However, these methods are based on particular mathematical models
of creep development. The implementation of these methods involves
different element stiffness computations. Automatic incremental creep
analysis method, developed by the authors and presented here, relies
only on the linear assumption of creep effects and separates the time
domain nonlinearity away from FEM itself. As long as the creep factor,
a coefficient scalar to describe the proportion of creep strain to elastic
strain, is not coupled with loads, this method is suitable for any creep
development model, and its implementation can be separated from any
FEM system.

The third topic discussed in this chapter is the influence line/surface
live loading method. Searching for the extreme live load positions where
internal forces or displacements at a particular point of interest are
maximal or minimal is a unique analysis problem to bridge analysis and
design. For some simple vehicle patterns defined by certain specifications,
the extreme positions can simply be identified from influence lines. For
some complex vehicle patterns in which only minimum vehicle spacing is
defined, simple enumeration may not work. Dynamic planning is com-
monly used as a generic influence line live loading analysis method. Based
on the longitudinal influence line live loading method, influence surface
live loading can be further developed, with certain assumptions on traffic
movements.

3.2 FINITE ELEMENT METHOD

3.2.1 Basics

FEM is an approximate approach to solve a global equilibrium problem with
a continuum domain by a discrete system that contains a finite number of
well-defined components or elements. With the fast computing power and
large memory capacity of a modern digital computer, the discrete system
can be used to solve a very large and complicated continuum problem. Due
to the complexity of real engineering structural problems, often the con-
tinuous close-form solution is absent or impossible. With more advanced
modern computer hardware and software technologies, the application of
FEM becomes the obvious choice in structural analyses.

The principle of FEM is based on the minimization of total potential
energy, which states that the sum of the internal strain energy and external
works must be stationary when equilibrium is reached. In elastic problems,
the total potential energy is not only stationary but also minimal. The sta-
tionary of total potential energy is equivalent to its variation over admis-
sible displacements being zero and can be expressed as (Zienkiewicz et al.
1977)
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where a, a;, a,,... denote displacements and ITis the total potential energy—
the sum of the total internal strain energy and total potential energy of
external loads is

n=U0+w (3.2)

In Equation 3.2, U and W are the total strain energy and the total potential
energy of external loads, respectively. For a given domain, they can be sub-
divided into many regular or well-formed elements. The total strain energy
U is the sum of strain energies of individual elements. Given any admissible
displacements at the nodes of an element, if an appropriate displacement
pattern can be assumed based on these nodal displacements, displacements
at any point within the element can be expressed as a function of nodal
displacements. Strain can then be derived as a function of nodal displace-
ments. Considering the relationship between stress and strain, stress can be
expressed as a function of nodal displacements as well. The total potential
energy due to external loads is a simple function of nodal displacements.
Therefore, the total potential energy IT is a function of nodal displacements.
Applying variations over nodal displacements as in Equation 3.1 or the
well-known Rayleigh—Ritz process piecewise over all elements, a relation-
ship between unknown nodal displacements and known external loads can
be established as

Ka=f (3.3)

where:
K is the so-called global stiffness matrix

f is external nodal loads
a is nodal displacements

The procedures of applying FEM for structural analysis are standardized
and can be summarized as follows:

1. Subdivide the continuum or structure into small elements. This step
is also called system discretization. Element types and mesh density
have to be determined in this step.

2. Determine an appropriate displacement pattern of an element. This
is critical to the solution as it derives how displacements at any point
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within an element are interpolated from nodal displacements. Together
with mesh density, the displacement pattern affects the convergence of
the FEM solution. Displacement pattern is defined by different types of
elements. Therefore, once the types of elements used to discrete the sys-
tem are decided, displacement patterns are automatically determined.

3. Compute the stiffness matrix of every element and assemble the global
stiffness elements.

4. Prepare the global stiffness matrix according to known boundary con-
ditions. As any arbitrary rigid movements can satisfy Equation 3.3,
the global stiffness matrix K becomes singular. To solve Equation 3.3,
K has to be condensed to contain only unknown nodal displacements.

. Solve Equation 3.3.

6. Compute strains and stresses of each element. Once nodal displace-
ments are solved, displacements at any point within an element can be
interpolated by assumed displacement patterns. Furthermore, strains
and stresses at any point of element can be obtained.

n

Theories and literatures on FEM are widely available. In this chapter, the
key procedures like a generic FEM and some other special topics regarding
its numerical application in bridge structural analyses will be discussed.

3.2.2 Geometric and elastic equations

When external loads are acting on an elastic body, displacements and
deformations”™ will be induced. The displacement at any point a is described
by its projection on the Cartesian axes, u,v,w, respectively, as shown in
Figure 3.1. These three displacement components are functions of coordi-
nates X,Y,z, respectively.

a=[u v w] (3.4)

The deformation at any point in the elastic body is described by three
direct strains and three shear strains, which are the first derivations of
displacements.t

T
€= |:8x €y & Txy Vyz sz:|
ou Ov Oow ou Ov Ov Ow Ow Ou T
= + + +

lox oy & dy x & 9y ox &z (3.9)

* Displacement refers to translational or rotational movement along a direction and is used
to measure the absolute geometric change at a point in structure. Deformation refers to
shape change in a direction and is used to measure the strain at a point in the elastic body.

T When geometric nonlinearity is considered, the second order derivatives will be included as
in Equation 3.35.
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Figure 3.1 Stresses and denotations on an infinitesimal cube of any point in an elastic
body.

Equation 3.5 is the geometric equation that defines the relationship
between displacements and strains. When the displacements of an elastic
body are known, its strains can be derived from the geometry equation.
However, the displacements cannot solely be defined by known strains.
Any global rigid displacement can produce the same strains according to
Equation 3.5.

The displacements described by Equation 3.4 are generic for a point on
an elastic body. When a particular type of element is discussed, compo-
nents of displacements can be simplified or modified. For example, a two-
dimensional (2D) stress or strain element will not have the w component.
A spatial beam element will have rotational displacements along three
Cartesian axes, and Equation 3.4 will become:

a=[u v w 6o, 0, 0. (3.6)
For isotropic elastic materials, according to Hooke’s Law, the relationship

between stresses and strains is defined as

% % /%, _% O O _O_  ,Ox O 37
€= THp TR = R Th e = R R
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Ty T Tex

Vay = G ;sz:%;’sz:E (38)
where:

E is the Young’s modulus

G is the shear modulus

u is the Poisson ratio

For isotropic materials, shear modulus can be derived from Young’s modulus:

“2(1+p) 32

Equations 3.7 and 3.8 are elastic equations. By solving stresses in these
equations, another form of elastic equations can be written as Equation 3.10
or in matrix form as Equation 3.11.

E(1-p) [8 LM u
X 1 _

x:(1+p)(1—2u) —u8y+1 pazj’
G, = E(1-p) P
Vo) (1-2u)\1-p 77 - )
(3.10)
= E(1-w) Hoeor Hog e
(1+u)(1—2u) 1-p " 1-p” 7))
i E . E - E
xy_2(1+u)YXy> yz_2(1+u)’sza zx_2(1+u)YZx
[Gx Gy O, Txy Tyz szj|T (311)
= D|:8x gy €z Vxy Vyz Vex :'T or c=Dg
where D is the so-called elastic matrix as shown in Equation 3.12.
A +2G A A ]
A A+2G A 0
D= A A A+2G
= G 0 0 (3.12)
0 0 G 0
i 0 0 Gj
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A is a constant related to Young’s modulus and Poisson ratio as
A =Ep/[(1+p)(1-2p)].

In general, initial strains caused by shrinkage or temperature change
and/or initial stresses due to existing condition may exist at any point. Only
will the difference between actual and initial strains cause elastic stress
changes, and the total stresses should be the sum of elastic stresses and ini-
tial stresses. The elastic Equation 3.11 can be rewritten in a generic form as

o=D(e—¢gy)+ 0y (3.13)
where:
o= [Gx G, O©, Ty Ty Tax ]T (3.14)

are total stresses
T 0 0 0 0 o7 315
Gp = | Ox Gy O: Txy Tyz Tox ( . )
are initial stresses

T
e=[ec & & Yo T Ve (3.16)

are total strains
0 0 0 0 0 o7
g = |:8x gy & Vxy Vyz sz:l (3.17)

are initial strains

3.2.3 Displacement functions of an element

To apply Equation 3.5 to obtain the total strain energy of an element,
displacements at any point within the element should be explicitly expressed
by nodal displacements of the element. This expression is called element
displacement or shape functions. Due to variations of geometry shape and
mechanical behavior of an element, there is no general theoretical defini-
tion on how the displacement at a point is related to all nodal displacements
of an element. Only certain types of element, for example, beam-bend-
ing element, have known theoretical displacement functions. As a generic
approach of FEM, these relationships have to be assumed according to dif-
ferent types of elements. The definition of the displacement function for a
certain type element plays a critical role in its behavior and convergence
of a solution. It is easy to understand that the error in the calculation of
strain energy due to an inaccurate or coarse displacement function can be
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minimized by reducing the size of the element. However, an accurate or
fine displacement assumption can reduce the error of a large element so that
even a coarse mesh still can get accurate and convergent results.

By using displacement functions, the displacement of any point in the
element can be expressed as Equation 3.18.

u:iNiul-, vziNiui, w:iNiwi,... (3.18)
i=1 i=1 i=1

where:
n is the number of element nodes
u;,v;,w; are the node displacements at node 7
N; is the displacement function of node 7 and describes how a known
displacement at node ¢ will influence or contribute to the displace-
ment at any point within an element

From its definition, the displacement function must satisfy the following
conditions:

1. N, =1 at node i and N, =0 at all other nodes

2. Ensures any of the unknown displacement is continuous at element
boundaries, that is, displacements at any point on an element bound-
ary interpolated by nodal displacements of any adjacent elements
should be the same

3. Contains linear term so it is able to represent constant strain

n . « . . N .

_ Ni =1, so it can represent rigid displacement, that is, displace-
1= N

ment at any point should be the same as that at any node when all

nodes have the same displacements

In developing displacement functions for a type of element, the more com-
plicated the shape of the element, the higher the polynomial order of the
displacement function is required. An element with a higher order of dis-
placement functions will lead to a higher accuracy. Therefore, a coarser
mesh will produce relatively higher accurate results. Or, in other words,
a finer mesh is needed when a simple element with a lower-order displace-
ment function is used.

Taking a commonly used 2D rectangle element as an example, as shown
in Figure 3.2; the displacement functions of a four-node element are

N (1+8)(14m), No = (1-€)(147)
(3.19)

N, %(1—&.)(1—11), Ny =%(1+i)(1—n)
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Figure 3.2 (a—c) Three different types of rectangle elements.

The displacement functions of an eight-node element are
N = (1+)(1m)(E+n-1)
N = (1-g)(1+n)(-E+n-1)
Ny = (1-8)(1-n)(-&-n-1)
(3.20)
Ny = (1+g)(1-n)(e-n-1)

N; =%(1—§2)(1+n), N, = %(1—112)(1—@)

N, = %(1—@2)(1—11), Ng = %(1—112)(1#,)
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Displacement functions at some nodes of a less-used 12-node element are

N, = 3%(1+§)(1+n)[9(§2 +n2)—10}

N, :3%(1—@)(1“1)[9(@2 1) -10] (3.21)
N, =3%(1+n)(1—g2)(1—3§), N, =3%(1—§)(1—n2)(1+3n)

To investigate the characteristics of displacement function, three-dimensional
(3D) views of some of the earlier functions are shown in Figures 3.3 through 3.5.
The functions in Equations 3.19 through 3.21 are linear, square, and cubic,
respectively. From the earlier definitions and 3D views shown in Figures 3.3
through 3.5, it can be seen that the conditions in 1, 3, and 4 are met. To check
the continuous condition, the element edge 1-5-2 of the eight-node element
can be used as an example. Displacement functions of all nodes other than
1, 5,and 2 are 0, which means the interpolation of any displacement along the
edge merely depends on nodal displacements at nodes 1, 5, and 2. Therefore,
any displacement at any point along the edge will obtain the same value by
interpolation from either of the adjacent elements.

3.2.4 Strain energy and principles of minimum
potential energy and virtual works

When applying external forces, strains and stresses will be present over
the entire elastic body. The total strain energy accumulated by increasing
external loads from zero to a given load will be used to measure the internal
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(a) Displacement function Ny (b) Displacement function N,

Figure 3.3 (a, b) 3D views of displacement functions of a four-node rectangle element
(linear function).
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Figure 3.4 (a—d) 3D views of displacement functions of a eight-node rectangle element
(square function).

works that the external loads are done. The multiplication of stress and
strain at any point gives the strain energy density U. Taking the spatial
strain and stress problem, as shown in Figure 3.1, as the example to illus-
trate a generic approach, the accumulated strain energy density starting
from the beginning to any equilibrium point is the shaded area as shown in
Figure 3.6. It can be expressed as follows:

gy €z Txy

U= J.cxdsx + Icyday + chdsz + I Ty @Y sy
0

0 0 0

(3.22)

Tyz YTzx w

+erzdyyz + Iszdex = IGTds

0 0 0
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Figure 3.5 (a—d) 3D views of displacement functions of a 12-node rectangle element
(cubic function).

where € is the strain at any equilibrium point. When elastic is assumed, the
curve in Figure 3.6 will become a straight line, and Equation 3.22 can be
simplified as

U=_¢"¢ (3.23)

Substituting o with Equation 3.11, the strain energy density can be obtained
in Equation 3.24.

U= %STDS (3.24)

The total strain energy is the integration of strain energy density over the
entire elastic body as shown in Equation 3.235.
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Figure 3.6 Strain energy density.

U= %J. ¢ Dedv (3.25)

The works done by external loads to increase strains from 0 to ¢ are the
products of nodal displacements and external loads. Therefore, the total
potential energy of external loads is

W=-d"f (3.26)

According to the minimum potential energy principle (Equations 3.1 and
3.2), the global equilibrium equations, as shown in Equation 3.27, can
be obtained by substituting Equations 3.25 and 3.26 into Equations 3.1
and 3.2.

aU aTDsdvj

= 3.27
py f (3.27)

N | =

Substituting Equation 3.18 into Equation 3.5, the strains at any point of an
element can be expressed by all its nodal displacements:

¢=[B|B,...B,]Ja=Ba (3.28)

where 7 is the number of element nodes and B; is expressed as
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Equation 3.28 expresses the relationship between strains and displace-
ments, for both an individual element and the entire domain. When the
entire domain is considered, the node number 7 will be the total nodes
meshed in the domain. Thus, Equation 3.27 becomes Equation 3.29 when
substituting & with Equation 3.28,

I B"DBdva~=f (3.29)
or the global equilibrium Equation 3.3 where
K:JBTDde (3.30)

K is the so-called global stiffness matrix. When a domain of an individual
element is considered, the results of Equation 3.30 will be the stiffness
matrix of an element.

The global equilibrium equation 3.29 or 3.3 can also be derived from the
principle of virtual works. Given any equilibrium state of a system, small
fictitious displacements—the virtual displacements—are assumed. The
virtual displacement will cause internal virtual strains. The virtual work
principle states that the virtual work done by actual external forces during
the virtual displacements is equal to the internal strain energy increased at
actual internal stresses due to the virtual strains:

I d¢'odv =8a" f (3.31)

where 8¢ denotes internal virtual strains corresponding to external virtual
displacements da. Applying Equation 3.28 into 3.31, the equilibrium equa-
tion can be obtained as
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w(a):IBTcdv—f:O (3.32)

where y is the sum of general internal and external forces. Equation 3.32
can be stated as that at any equilibrium point internal forces due to inter-
nal stresses should balance external loads that cause internal strains.
Furthermore, when physical equation 3.13 is substituted into Equation 3.32,
a more generic equilibrium equation can be obtained as

y(a)= IBTDdea— j B'Deodv + J' B'oydv—f =0 (3.33)

Equation 3.33 illustrates the balance between internal and external forces
when initial strains and initial stresses exist.

Each element’s stiffness matrix K, can be obtained by integration over
the entire element body. The physical meaning of any element at row 7 and
column j of K,,K, (7,7) is the force caused at ith degree of freedom because
of a unit displacement happening at jth degree of freedom, as the existence
or contribution of the element. The variables i and j are the order num-
ber of degree of freedom of an individual element. Because the total strain
energy of a continuum is the sum of strain energies of subdivided elements,
assembling all elements’ stiffness matrices in an appropriate order can form
the global stiffness matrix in Equation 3.30. Obviously, if all elements con-
nected at a global node have the same local coordinate systems as the global
coordinate system, stiffness elements corresponding to this global node in
K can be obtained by summing the contributions (K,(i,7)) from all con-
nected elements. This process is the assembly of global stiffness matrix,
which reveals the implementation of the approach by meshing a continuum
into finite regular-shaped elements.

3.2.5 Displacement relationship processing
when assembling global stiffness matrix

As discussed in the Section 3.2.4, an element stiffness matrix will be
assembled into a global stiffness matrix. The assembly is done by matching
element nodes with their global order. For example, an element has two
nodes, i and j, and its element stiffness matrix is shown in Figure 3.7b.
When assembling, each submatrix in Figure 3.7b will be added into its
corresponding submatrix in the global matrix in Figure 3.7a. It should be
noted that the element stiffness matrix must be transformed into the global
coordinate system before adding it into the global matrix. The element
stiffness matrix is established in its local coordinate system, which is often
different from the global coordinate system. Because stiffness of a degree of
freedom is a vector in space, the transformation of the stiffness matrix can
be taken as a simple standard space transformation process.
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Figure 3.7 (a—d) Assembling global stiffness matrix and processing displacement
relationship.

All displacements at the connection of adjacent elements are continuous
by default, or the connection is rigid from element to element as shown in
Figure 3.7c. It is obvious that the global stiffness of node 7 will be the sum
of submatrices of both elements (el and ez). These results are due to one-
to-one mapping of element stiffness and global stiffness during assembling
matrices. However, the relationship between element stiffness and global
stiffness does not have to be one to one. When this happens, a matrix-pro-
cessing technique, the displacement relationship, will be used. Taking the
simulation of commonly used joints as example, the principle of displace-
ment relationship is discussed briefly next in this section.

As shown in Figure 3.7d, two beam elements are connected with a joint.
Four nodes, 7, j, k,and [, in the global matrix will be needed to have enough
degrees of freedom to represent the extra rotation at the joint. If each node
is assumed to have six (6) degrees of freedom, node jandk will be sharing
five (5) of them and each node has one rotation independent of one another.
The relationships of displacements between nodes jandk will be that the
five (5) shared displacements of node k are mapped to those of node j,
and their rotation is separated. When assembling e, it is a usual summing
process. When assembling e,, matrix elements corresponding to shared dis-
placements at node k will be added to node j instead, rather than to node &
as is normally done. Only the rotation matrix elements will be added to its
own position, node k in global. This type of relationship is often called the
master—slave relationship.
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The displacement relationship and its processing are an important part
of FEM. In addition to beam joints mentioned earlier, this process can
be used to simulate many other complicated mechanics situations, such as
spring or rigid body connections.

3.2.6 Nonlinearities

In the prior derivations of the global equilibrium equation, both the geome-
try relationship (Equation 3.5) and the material relationship (Equation 3.13)
are in linear forms. When displacements are small and strains are within
the linear range with stresses, as for most engineering problems, linear
solutions (Equation 3.13) are accurate and adequate. However, large dis-
placements and/or nonlinear constitutive material problems widely exist
in engineering practices. The geometric nonlinearity of long-span cable
bridges, discussed in Chapter 11, and the plastic behavior of middle- and
short-span bridges, discussed in Chapters 14, 15, and 17, are two typical
examples of these problems in bridge structural analyses. The approach to
the respective geometric nonlinear and material nonlinear problems is an
important part of FEM.

In general, when material nonlinearity is considered, the stresses and
strains relationship (Equation 3.13) would be

o =o(g) (3.34)

When geometric nonlinearity is considered, the strains will contain the sec-
ond order of displacement derivatives as

el (2) (3 (2]
. z:+;[(zzﬂ m

8}’
€, 871/{/ + 814 +
€= v =10z 2|léz (3.35)
xy
y ou Ov Ouodu Ovdv Owow
. —t—t——+t——+
Vor 0y Ox Ox0y Ox0y Ox ay

ov Ow oOudu Ovov Ow ow
e
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Thus, the strains and displacements relationship (Equation 3.28) becomes
¢=Ba=(By+B.[a])a (3.36)

where B, is the same matrix as when geometric nonlinearity is not consid-
ered and B, (a) is due to the second order of displacement derivatives and
relates to current displacements.

When nonlinearities are considered, the solution of Equation 3.32 has to
be approached by incremental method, in which changes of y(a) respective
to a small increment of @ are to be noted.

T
dy = IdB cdu+IBTd—de da = Krda (3.37)
da da

In Equation 3.37, Kr is the tangential stiffness, respective to small incre-
ment of displacements. Taking the geometric nonlinearity as an example,
the tangential stiffness can be derived as

KT =K0+KG+KL (3.38)

where:
K, = | B{ DB, represents the usual stiffness when displacements are small

K, is the first term in Equation 3.37, which reflects the stiffness due
to the existence of stresses, that is, the initial stress or geometric

matrix:
T T
K. = J' B iy - J' LIy (3.39)
da da

K, is the stiffness due to large displacements:
K, = J(BOT DB, + B{ DB, + B DB, )dv (3.40)

When material nonlinearity is considered as well, the elastic matrix D
should be evaluated at strains due to current displacements.

The solutions of nonlinear problems can be reached by iterations on
Equations 3.33 and 3.37. Given initial estimated displacements ao, which
are obtained as linear solution, their corresponding internal strains can be
computed. Furthermore, the internal stresses can be obtained by either linear
or nonlinear stress and strain relationship. As shown in Equation 3.33, the
initial unbalanced general forces \V(ﬂo) can be determined. The unbalanced
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general forces reveal that the internal forces cannot balance the external
forces due to the effects of nonlinearities. The displacements have to be
adjusted by Equation 3.37. Tangential stiffness Kr will first be formed at
current displacements (). Taking y(a,) as dy in Equation 3.37, the dis-
placement adjustment can be solved. Once an adjustment is obtained, new
displacements a; are established. The iteration process will keep looping till
the unbalanced general forces y(a, ) become significantly small. To ensure
the convergence of this iteration process, external loads are often loaded
incrementally, with each step containing only a fraction of the total loads.

3.2.7 Frame element

Frame components, which work as both beams in bending/shearing and
also as truss members in axial tension/compression, are very common in
structural engineering, and the development of a frame element is fun-
damental in FEM. This section will briefly introduce its displacement
functions, elastic stiffness matrix, and initial stress matrix.

The total strain energy of a frame element is the sum of the axial tension/
compression strain energy and the bending strain energy. Therefore, when
developing the elastic stiffness matrix, the axial tension/compression and the
bending behaviors can be separated. The beam-bending theory assumes that
the cross section at any point along the beam axis will remain a plane after
bent. Based on this assumption, bending strain energy along a cross section
can be expressed as the product of bending moment and rotation angle of a
cross section or the second-order derivative of vertical deflection. For a two-
node frame element as shown in Figure 3.8, according to the requirements in
Section 3.2.3, the displacement functions can only be linear. It is not enough
to describe the bending deflection, as the second-order derivative does not
exist. Two additional rotational displacements (¢1 and ¢.) have to be added.
Although they belong to the same nodes (nodes 1 and 2, respectively), a two-
node beam element has four independent nodal displacements and is truly
working as a four-node line element.

y
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¢ )
™~

|1 ! ‘/2\

- e > x
! t x | l-x j 2

I o l
V1 V2

Figure 3.8 Two-node frame element.
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The nodal displacements of a frame element as shown in Figure 3.8 are

a=[m v & wm v, ] (3.41)

The strains of a frame element contain the axial tension/compression strain
and bending strain as

du
. :{Sa}: dx (3.42)
© e d*v

Y dx*

where:
y is the vertical distance of a fiber layer to the neutral axis of a cross section
u and v are axial and vertical displacements, respectively

Their interpolation functions are

u N, 0 0 N, 0 0
= a, (3.43)
v O Nz N3 O NS N6

where:

N, =L1, N, ZL% (3—2Ll), N3 :L%Lzl, N, =L2,
(3.44)
Ns=I15(3-2L,), Ng=-L 13, L, :1_% L, =§

Knowing ¢ = dv/dx, it can be easily verified that the earlier functions satisfy
the conditions of a displacement function in Section 3.2.3.

The matrix B in Equation 3.28 is

1 . ;s 1
a| ! I
|y S(28) (%4
Np 7 p JE
(3.45)
0 0

12x 6 6x 2
) e

When integrating over the entire element as in Equation 3.30, the beam-bending
assumption and a prismatic cross section can be taken into consideration.
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The elastic matrix D is one single constant as E. The elastic stiffness element
can be derived as

E 0 0 ﬂ 0 0
I i
12EI 6EI —12EI  6EI
0 g Nz 0 P 2
6EI 4EI —6EI 2EI
o = 4 0 2P
K, = A EA (3.46)
—= 0 0 = 0 0
! I
—12EI  —6EI 12EI  —6EI
0 P I? 0 P I?
0 6EI  2EI 0 —6EI 4EI
I I? I? I? I

where:
A denotes the cross-sectional area of an element

I :I y*dA denotes the moment inertia to the neutral axis of the cross
section

When geometric nonlinearity is considered, the axial strain will be coupled
with bending deflection. Equation 3.42 will become

dml(dvjz
88:{&1}: dx 2\dx (3.47)
€p d*
ydxz

Following similar procedures, the initial stress matrix of a frame element
can be derived by Equation 3.39:

[0 0 0 0 0 0]
0 3 3 0 -3 3l
K, - E |0 3l 4 0 -3 -P (3.48)
300/ 0 0 0 0 0 0
0 -36 -3 0 36 -3
0o 3 - 0 -3 4P
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3.2.8 Elastic stability

As shown in Equation 3.39, stiffness may be enhanced or reduced by K,—
the initial stress stiffness due to existing stresses when large displacements
are considered. When total stiffness is reduced by the initial stress stiff-
ness, as in columns or plates under compression, there will be a critical
point in which stiffness in one or many degrees of freedom reaches 0 (i.e.,
Ky + K, becomes singular). This phenomenon is the so-called elastic stabil-
ity problem, in which a critical point clearly defines the entry to an unstable
state. In addition to the elastic problem, stability problems can further be
classified as plastic stability and excessive displacements according to the
reason of singularity of the total stiffness (tangential stiffness Ky + K, + K ).
For example, if the stability problem is due to the elastic matrix D, it is
plastic stability problem; if it is due to large displacements, it is the exces-
sive displacements problem. It is obvious that both are nonlinear problems
and are the same in a mathematical view. When nonlinear stability is of a
concern, both plastic and large displacements should be considered together.
When excessive displacements happen, some components may have entered
plastic range, and when some components enter plastic range, displacements
may become large. The approach to nonlinear stability solutions is the same
as normal nonlinear problems as illustrated in the previous section. In this
section, only the elastic stability is discussed, as it gives the upper limits of
critical loads and is more essential to structural analyses. For instance, dur-
ing preliminary designs of bridges in which compression and bending are
dominating (i.e., arch bridges and cable-stayed bridges), elastic stability is
usually analyzed first. The upper limit will guide the adjustment to structure
dimensions and component sizes. Further discussion and application on sta-
bility is discussed in Chapter 14.

The solution to an elastic stability problem can be categorized into an
eigenvalue problem. When only initial stress is considered, the following
equilibrium equation can be derived from either the global equilibrium
equation 3.33 or the tangential equilibrium equation 3.37:

(Ko +Ks)a=f (3.49)

K, is proportional to the current axial tension/compression stress as shown
in Equation 3.48. The search for critical loads in elastic stability can be
simplified by amplifying K until the total stiffness matrix in Equation 3.49
becomes singular, which is equivalent to the following general eigenvalue
problem:

Ko +AK,|=0 (3.50)
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Figure 3.9 Example of elastic stability problem—a beam under compression.

Taking the frame element discussed in the previous section and a typical
P — A problem as shown in Figure 3.9 as an example, the FEM approach
to the elastic stability problem can be compared with theoretical solutions.
The cantilever beam in Figure 3.9 is fixed at one end, so that the unknown
displacements are only v and ¢. The elastic stiffness matrix in Equation 3.46
and initial stress stiffness matrix in Equation 3.48 can be condensed to
Equations 3.51 and 3.52, respectively:

12EI  6EI
P
K, = (3.51)
6El  4EI
2 ]
k --P|36 3 (3.52)
° 300 31 42 '

The total stiffness matrix is

_EI[12-360 6130l (3.53
TP 6l-30l 4 -4l ’
where:
2

The roots, w; =0.08287 and w, =1.073 of the following equation, will
make the total stiffness matrix in 3.53 singular:

4(12-360)(1-0)- (6 -30) =0 (3.55)
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Substituting the two roots into Equation 3.54, two critical loads can be
obtained as

2
and P2 :3-26127;551 (3.56)

Pl 0.252n*El

cr 12
Comparing the first critical loads with the theoretical solution
(PI =0.2507*EI/I%* Zhu 1998), the FEM approach can produce very accu-
rate solutions. It should be noted that the previous solution is based on one
element (two degrees of freedom). If the number of elements in the beam
meshes increases, the accuracy improves accordingly.

3.2.9 Applications in bridge analysis

When applying FEM to bridge analysis, there are some common questions
and issues that engineers have to clarify. These issues include (1) what types
of element should be used in a bridge model; (2) when a 2D model is suf-
ficient and when a 3D model is necessary; and (3) how to correctly interpret
FEM results from bridge engineering perspectives, especially when a bridge
is modeled as plate or shell elements.

In Sections 3.2.1 through 3.2.8, only generic principles and procedures
of FEM are briefly illustrated, aiming at helping engineers to understand
the theories behind an FEM package. And, as an example, only 2D frame
element is discussed in detail. In general, truss, frame, and shell elements
can cover most bridge analyses.

Truss element, like a member in a truss bridge, is a line element with only
two nodes. It has only axial strain/stress, and the most important feature
is that its strain/stress is constant over the entire element. Truss element
is also called link element. Bridge bearings, hangers, prestress tendons,
cables, and so on, can be modeled as truss elements.

Frame element, like a member in a frame structure, is a line element with
only two nodes. It behaves as a beam but could be under axial tension/com-
pression or a combination of beam and truss elements. Most FEM pack-
ages combine behaviors of beam, truss, and torsional element into one as a
frame element—the most commonly used element type in bridge analysis.
In line models, girders, stringers, diaphragms, pylons, columns, piers, and
so on are usually modeled as frame elements.

Shell element combines in-plane stress/strain behavior together with bend-
ing of a plate, either as a thin plate or as a thick plate. When a bridge com-
ponent is modeled into the plate level, such as a box girder or steel I-girder,
shell element could be used. Some components that behave in-plane, such as
webs, can be simplified as shells to streamline the modeling.

Nowadays, whether or not to model in 3D is no longer a question because
modern graphical pre- and post-processing tools are widely available.
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For detailed analysis, most bridges should be modeled in 3D, not only for
better accuracy but also for simplification of component simulations. Even
a long-span bridge, such as a suspension bridge discussed in Chapter 12,
is preferable to be modeled in 3D rather than 2D because the stiffness of
components such as pylons and truss members of stiffening girder can be
easily computed and thus be simulated accurately in 3D. For certain analy-
sis purposes, such as extreme live loads analysis of floor beams in truss
bridges, 3D model becomes inevitable.

When dimensions in longitudinal and transverse axes are comparable,
such as middle- and short-span girder bridges, an intermediate model, or
the so-called grid model, is widely used. The element in a grid model is
retrograded from a 3D frame element by ignoring two translational dis-
placements on the grid plane and one rotational displacement along the
axis perpendicular to the grid plane. Thus, each node of an element has
only vertical displacements, bending rotation and torsional displacements.
Element internal forces contain bending and torsional moments plus shear,
accordingly. A grid model can easily analyze distributions in the longitudi-
nal direction of a girder and in the transverse direction among girders while
maintaining the same number of degrees of freedom. Therefore, the grid
model is very common in girder bridge analyses. Furthermore, the
grid model can be expanded to simulate a wide box girder, in which webs
are not connected directly by separate diaphragms, but by flanges (Hambly
1991). However, a true 3D model with shell elements is encouraged when
lateral distributions among webs of a box girder are of interest. Many
behaviors of a wide thin-walled box girder, such as warping when torsion
is restrained, distortion when insufficient diaphragm is used, and shear lag-
ging due to longitudinal shear deformations of flanges, cannot be repre-
sented in a grid model.

Most component design theories and code checking are based on inter-
nal forces over a cross section of a component. For example, when design-
ing rebar quantities of a frame member, bending moment, shear, and
axial forces should be known. When a bridge component is modeled as
truss or frame elements, internal forces output from FEM analyses can be
used directly for engineering design and code checks. When a component
is meshed into shell elements, such as a web in box girder as shown in
Figure 3.10a, results from FEM have to be translated into the perspec-
tive of a bridge component, or the original FEM results are not mean-
ingful and cannot be used in design or code checks. This is because the
stress results from FEM analysis are in each element’s local coordinate
system, which may vary from one element to another. Stresses have to be
transformed to a unique axis that is meaningful to engineering, like the
longitudinal axis of a component. When in curve segments, elements have
to be unfolded along curves and stress results can then be plotted on flat
regions. As shown in Figure 3.10b, for example, the horizontal stresses
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Figure 3.10 Interpretation of stresses as engineering perspectives. (a) Shell elements of
aweb in a box girder and vertical shear stresses. (b) Stresses along horizon-
tal direction after unfolded. (c) Major principal stresses.

along web curves are transformed from two axial stresses and one shear
stress of all involved shell elements. What is shown in Figure 3.10b can
be defined as axial stress perpendicular to a cross section, which is one of
the dominating stresses and is what a bridge engineer looks for. Further,
the major/minor principal stresses,” which are transformed from stress
components at any point, are needed more often and more meaningful
than their original stress components in each element’s local coordinate
system. Figure 3.10c shows the major principal stress of the same web as
in Figure 3.10a and b.

When a bridge is modeled as shell elements, or further as 3D block ele-
ments, engineers often want to compare the stress distribution obtained
from shell elements to that from a simple model as frame elements so that
the differences from the beam theory can be better understood. Special
functions in postprocessing in this regard are particularly important to
bridge analysis, or 3D detailed modeling will be greatly limited in bridge
analysis and design. For example, Figure 3.11 shows a special function in
a postprocessing package that can first transform stress components to
axial stress perpendicular to any predefined cross section and then inte-
grate this stress over the cross section to obtain equivalent sum forces
over the section. The equivalent forces, which are shown at the bottom
of Figure 3.11, can then be used to compute axial stress distribution by
beam-bending theory. The stress comparison, as shown in both top and
bottom flanges, can help engineers to understand effects such as warping,
distorting, and shear lags.

“ The two or three result stresses at any point on plane or in spatial that are transformed
from its three or six stress components as shown in Figure 3.1
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Figure 3.1l Stress integration over a cross section comparing with beam theory.
Curves—axial stresses distribution from a shell element model. Straight
lines—axial stresses distribution recomputed from beam-bending theory by
using equivalent internal forces obtained from stress integration.

3.3 AUTOMATIC TIME INCREMENTAL
CREEP ANALYSIS METHOD

After elastic strains instantly occurred with loads on a concrete structure,
creep strains will later be developed. The development of creep strains
depends on the age of concrete when loads are applied and the time of
observing. However, the creep strains are always proportional to the initial
elastic strains that cause them. Creep strains affect a structure in two ways:
(1) extra displacements would be developed after construction and (2) extra
displacements would cause load redistributions. For concrete or compos-
ite bridge structures built in multiple stages, creep analyses are important
as loading and concrete aging history can be complicated. Together with
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creep strains, concrete material will also develop shrinkage strains, which
have a similar behavior as creep strains in terms of time history. However,
shrinkage strains are elastic strain independent or are not related to loads.
Therefore, shrinkage analysis is simpler than creep analysis. In general,
these two types of time domain issues are considered concurrently with
bridge structural analysis.

Generically, the Young’s modulus of concrete varies as aging and the
creep strain developed not only depends on concrete age and observation
time, but also couples with concrete stress. When analyzing creep effects
in perfect accuracy, integration over the entire observation time span is
inevitable. Therefore, the analysis method is complicated and its proce-
dures are closely related to a particular creep and shrinkage model. As a
result, the evolution of the FEM system is tied to the mathematic model
of creep and shrinkage, and similarly, the adoption of a new creep and
shrinkage model is limited by an existing FEM system. When considering
most common concrete bridge situations, such as low service stress (<40%
of concrete strength) and no-unloading in terms of predominate structural
weight, the creep strain is proportional to the elastic strain that happened
at a given age, and a constant Young’s modulus of 28 days can be taken.
Thus, nonlinearity of creep can be limited in the time domain only, and
the relationship to loads can still be linear. Further, the time history can
be divided by many small time steps and the stress within each step can
be treated as constant. The Automatic Time Incremental Creep Analysis
Method introduced in this section is a simplified method based on the
above assumptions. As illustrated by an example in this section, the results
by the simplified method are very close to other complicated integration
method, and the error is engineering acceptable.

As revealed in Equation 3.58 that the creep strains are proportional to
elastic strains and the development of such a creep strain factor in time
domain is separated from external loads and the structure itself, it can be
concluded that the superposition of loads is still valid when creep is consid-
ered. Based on the principle of superposition, the automatic time incremen-
tal creep analysis method first computes the creep effects at all time steps
in the future due to external loads and creep redistribution loads at the
current time. A simple accumulation of analysis results can then produce
the final creep effects at any observation time (Wang 2000).

3.3.1 Incremental equilibrium equation
in creep and shrinkage analysis

When creep and shrinkage are considered in a constant stress scenario,

=6, +& +& =& +£0(5,1)+&(51) (3.57)
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where &, &, and g, denote the regular elastic strain, creep strain, and
shrinkage strain, respectively. Both creep and shrinkage strains depend on
the age of concrete and the observation time where the age for creep is
the duration after applying loads and the age for shrinkage is the duration
after concrete is allowed to dry. The creep strain also is proportional to the
elastic strain as

e =&.9(,7) (3.58)

¢(2,7) is the creep factor, which may be expressed by many different mathe-
matical models. The time origins of ¢ and t are the same as when the concrete
starts to cure. No matter what model is used to describe creep development,
the creep factor ¢(#,7) can be explained as at observation time ¢ , the total
creep due to an elastic strain at T divided by the elastic strain. g,(¢,1) is the
total shrinkage at time #, which is independent to the elastic strain g,.

Given an external load acting on time 7, at time # the system is balanced
and the equilibrium equation is written as Equation 3.32. Considering a
small time increment dt, the variation of elastic strain can be obtained from
Equation 3.57 as

de, =de—g.do —dg, (3.59)

The internal stresses will have a change of do, and the incremental equilib-
rium equation can be obtained from Equation 3.32 as

dv(a)= [ B"dodv =0 (3.60)

Substituting Equations 3.59 and 3.11 into Equation 3.60, the incremental
equilibrium equation of creep and shrinkage can be derived as

Kda = IBTcd(pdv ; J B"Dds.dv (3.61)

where K is the global stiffness matrix as shown in Equation 3.30.

The physical meaning of Equation 3.61 is simple and clear: Incremental
creep and shrinkage will cause equivalent loads and will be balanced by
incremental displacements. By solving Equation 3.61, the incremental
displacements at the next time step due to creep and shrinkage can be
obtained. The total and elastic incremental strains can be computed from
Equations 3.28 and 3.59, respectively. The incremental stresses can further
be obtained. By accumulating all incremental values for each incremental
time, the total internal stresses and displacements at any time due to creep
and shrinkage can be solved.
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It should be noted that the most available creep and shrinkage models are
based on experiments on axial compression components. However, creep
and shrinkage factors can be treated the same in all directions, includ-
ing shear strains. Therefore, when computing the equivalent loads as
Equation 3.61, the incremental creep and shrinkage factors can be isolated
from matrix operations.

3.3.2 Calculation of equivalent loads due to
incremental creep and shrinkage

The development of concrete shrinkage at a given observation time depends
only on the concrete age when it is allowed to dry and is independent to
stresses. Thus, the equivalent loads due to shrinkage (the second term on
the right side of Equation 3.61) are straightforward. The computation of
creep equivalent load, however, is complicated because it depends on both
stresses and the concrete age when stresses are loaded. Figure 3.12 shows
generic stress changes of one component at different time steps. Each stress
change could be caused by external loads or creep/shrinkage redistribu-
tion. As time and the concrete age are considered when each stress change
applies, this diagram represents a typical loading history. Assuming stress
change at each time step is Ac;, the time ordinate at each time step is #;, and
the concrete age is 1o when the first stress change Ao, is loaded, the total
stress at any time step ; is

i
o, = E Ac; (3.62)
j=0
AG A
Ao,
1 Ac; g
A0y Ao,
Ao, Ac;
Ao,y
0 t, t t. >
0 1 3 i1 4 li+1  Loading time

T Toth—t Totiz—l Totti—f Age when loading

Figure 3.12 Stress changes and loading history of a concrete component.
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and the creep equivalent stress at the next time step is

cdo = ZAG,- |:(p(t,-+1,’to +1; - to) - (p(tl-,ro +1 —to)] (3.63)
=0

Considering IBTAGidU = K,Aa;, the creep equivalent nodal loads of an

element at time step #; can be written as
Ee - KeZAl«l/ |:(p(ti+1,’f() + t,- — t()) — (P(t,',’fo + t/' - to):| (364)
=0

where Ag; is the incremental displacements at time ¢; corresponding to
the stress change of Ac;. From Equation 3.64, it is obvious that the cal-
culation of creep equivalent load is separated from the element stiffness
matrix. Given the history of displacement changes due to any loading
types, including redistribution loads of creep and shrinkage themselves,
creep equivalent nodal loads at the next time step can be simply obtained
by Equation 3.64, and the displacement changes at the next time step can
be solved from Equation 3.61. Iterating this process through the entire
observation history (from the first loading time to a future time) with a
small time step, displacements and internal forces due to creep and shrink-
age at any time can be analyzed. When applying this method to bridge
analysis, causes of stress changes at any time, as shown in Figure 3.12,
include different types of external loads such as construction loads, struc-
tural weights, stage changes, prestressing, and redistribution of creep and
shrinkage themselves.

3.3.3 Automatic-determining time step

Considering the behavior of concrete creep and shrinkage, these effects
may need to be analyzed at five years or even 50 years after the structure
is built (Bazant et al. 2011). The small time step used in the previous
iteration should be determined based on the performance and accuracy.
As all creep theories assert that the creep development will decrease
gradually and cease eventually, the time step can be increased from a
smaller one at an earlier age to a large time span at a more matured
age. This adjustment can be done automatically by detecting a small
displacement change. With today’s advancement of modern computers,
when a bridge is modeled as a spatial frame, performance degraded due
to short time steps, such as a week or even shorter time, would not be a
consideration.
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3.3.4 A simple example of creep analysis

A three-span continuous bridge that is built span by span will be used as an
example here to illustrate the concrete creep behavior and the application
of time incremental analysis method. The example has three equal spans
with a span length of 30 m (Fan 1998). The first construction stage is the
casting of the first 36-m girder segment with the support of falseworks (first
span plus 6-m cantilever). The falseworks are removed after the concrete is
cured for one week. The second stage is to cast the next 30-m girder seg-
ment. After the concrete is cured for the same number of days (one week),
the last 24-m segment is cast as the last stage. The bridge is completed after
the last segment is cured for one week. The structural weight is 100 kN per
meter. In this model 3D frame elements are used.

Figure 3.13 shows moment distributions after the bridge is built when
creep effects are not considered. The moments at the first and second
interior bearings are -4,928 and -7,005 kN-m respectively. For compari-
son, both would be -9,000 kN-m if the three-span bridge is built all at
once. Figure 3.14 shows the final moment distributions eight years after
the bridge is built. Due to creep effects, moments at the interior bearings
become -8,283 and -8,926 kN-m, respectively, revealing the tendency of
concrete creep that the internal forces distributions would eventually be

43 4625
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Figure 3.13 Moment distribution of a three-span continuous bridge built span by span,
without consideration of concrete creep considered (kN-m).
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Figure 3.14 Moment distribution of a three-span continuous bridge eight years after
built span by span, with consideration of concrete creep considered (kN-m).
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close to what it should be when the bridge was built in one time. More
detailed 2D and 3D illustrated examples, including creep and shrinkage,
are shown in Chapter 5 for PC bridges.

3.4 INFLUENCE LINE/SURFACE
LIVE LOADING METHOD

Live load analysis is a unique problem to bridge analysis and design. As
some bridge design specifications define that many vehicles with minimum
spacing are allowed to present in a lane, the simple search of maximum or
minimum positions by moving axles along an influence line will not work
well in general. A generic and effective influence line loading method that is
suitable for any type of live load definition is important in bridge analysis
and design. The traffic lane layouts in many bridges, such as interchanges
or curved bridges, can be complicated, and, therefore, spatial live loads
analysis becomes inevitable. Based on influence line loading, influence sur-
face loading with multiple traffic areas is another important topic in live
loading analysis, especially nowadays with advanced computer technolo-
gies, spatial analyses become essential to bridge designs.

In this section, the application of dynamic planning method in influence
line loading and the principle of multiple traffic areas in influence surface
loading will be introduced.

3.4.1 Dynamic planning method and its application
in searching extreme live loads

Live loads usually contain a single concentrated load, uniformed (or
called lane) loads, and vehicle loads. Searching for extreme positions of
vehicle loads is complicated in live load analyses. Locating the positions
or areas where a single concentrated load or uniformed loads reach the
extreme is simple. In this section, vehicle loads are used as examples to
illustrate the principle of dynamic planning method in search of extreme
positions.

Different bridge specifications define different vehicle loads, and these
definitions may be changed per traffic demands. Figure 3.15 shows a single
vehicle model and two typical vehicle processions. As shown in Figure 3.15a,
a vehicle can be described as a number of axles with constant axle weights
and spacing. Because both axle weights and spacing are fixed, given only
the location of its front axle on the influence line, its influence value can be
obtained. Therefore, it can be simplified as a concentrated load as shown in
Figure 3.15b. Figure 3.15c shows a typical vehicle procession that contains
identical vehicles as illustrated in Figure 3.15a with a minimum leading
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Figure 3.15 (a—e) Typical vehicle loads and vehicle processions.

and trailing spacing between other vehicles. When determining the extreme
positions of such a procession, these spacing are variables in addition to the
location of the first vehicle. As each vehicle can be treated as constant, this
type of procession can be simplified as shown in Figure 3.15d. Further, a
procession may contain one and only one overweight vehicle with different
leading and trailing spacing to other regular vehicles. Similarly, it can be
simplified as shown in Figure 3.15e.

Figure 3.16a shows an example of the influence line. The goal of search-
ing extreme live loads is to find the number and positions of vehicles on
the influence line that makes the influence value maximal or minimal.
Considering the minimum can be reached by the same procedures as the
maximum after reversing influence value signs, the following procedures
are illustrated for reaching maximum values only.

An extreme value function e(x) is introduced in the dynamic planning
method (Shi et al. 1987). The value of e(x) is the extreme influence value of a
particular vehicle or vehicle procession in the loading range from 0 to x. As
a longer range will not produce less influence value than a shorter range, e(x)
is a monotonically increasing function as shown in Figure 3.16b. Taking a
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Figure 3.16 (a) Influence line, (b,c) extreme influence value, and (d) finding vehicle
locations.

single vehicle as an example, Figure 3.16b shows its extreme value function
corresponding to the influence line shown in Figure 3.16a. When moving
the vehicle from 0 to a, the influence value keeps increasing until reaching
a peak at a, whereas the curve segment of e(x) from 0 to a keeps increasing
accordingly. When moving the vehicle farther from a, the influence value
stops increasing as a range with less or even negative values is reached. After
passing point b, where the influence line has a value greater than that at
point a, the curve resumes increasing until it leaves point ¢, from which the
influence line turns lower again.

Given an extreme function of a single vehicle within a range [0,/],
extreme position can be easily located by numerating e(x) in a backward
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order (i.e., going back from | to 0, the first position where e(x) starts
decreasing is the extreme position). In the example shown in Figure 3.16b,
location c is the first point from which e(x) starts decreasing. Therefore,
the extreme position for a single vehicle on the influence line as shown in
Figure 3.16a is c.

When determining the extreme function of a vehicle procession, iteration
is needed as a minimum spacing between vehicles is introduced. Assuming
the extreme value at current position x, e(x) is known, and the iteration
process to evaluate the extreme value at x + Ax is

e(x), ife(x+Ax—a)+v(x+Ax)<e(x)

e(x+Ax)= e(x+Ax—a)+v(x+Ax), if otherwise

(3.65)

where v(x + Ax) stands for the influence value of a single vehicle at posi-
tion x + Ax. Equation 3.65 would be clearer by attempting to place a vehi-
cle at x+Ax. As there is a mandatory minimum vehicle spacing a, the
preference for whether or not a vehicle is placed at x+ Ax (to produce
more influence value) depends on the total effect of this vehicle and the
maximum loading value on range [0,x + Ax — a], that is, e(x + Ax — a). If the
total effect is increasing from the current position, use it as the extreme
value at the next position. Otherwise, keep the extreme value the same for
the next position.

Once the extreme function of a vehicle procession is determined within
a range [0,/], the number of vehicles and their positions that cause the
maximum influence value can be located in a similar manner as searching
for a single vehicle. Taking the extreme function as shown in Figure 3.16d
as an example, the first decreasing point is [ and the search has to keep
going further back as more vehicles may be present. The second decreasing
point is [, after a spacing of a away from the first vehicle. After the third
vehicle is placed at [,, there would not be an allowed point at /5, even
though it keeps decreasing as it is less than a minimum distance from I,.
No vehicle should be placed in the range [l4,/;] as the extreme value does
not decrease in this area. All six vehicles can be located in this way as
shown in Figure 3.16d.

The process to determine the extreme positions for a procession that may
contain an overweight vehicle, as shown in Figure 3.15e, can be established
based on the earlier procedures for a procession that contains only normal
vehicles. As illustrated in Figure 3.15e, the total effect of this kind of pro-
cession is the sum of the influence values of overweight vehicles, following
normal vehicles and leading normal vehicles. The following vehicles can be
located by searching for e(x — a,) according to the definition of the extreme



Numerical methods in bridge structure analysis 93

Moving direction

N

— Front axle

0 » x
@) Extreme function of a forward-moving procession /
re A _ Backward-moving direction

e
—» Front axle
re(l)

0 > x

(b) Extreme function of a backward-moving procession l

Figure 3.17 Extreme functions of (a) forward- and (b) backward-moving processions.

function. To determine extreme values due to leading vehicles, a similar
extreme function re(x) is introduced. As shown in Figure 3.17b, re(x)
defines the extreme value within the range [x,/] for a procession moving
backward from / to 0.

Having the extreme function for reverse-moving procession established,
searching the location and maximum value of a procession that contains
an overweight vehicle is equivalent to finding the maximum value of the
following equation:

L(x)=e(x—ay)+o(x)+re(x+a) (3.66)

where o(x) is the influence value of the overweight vehicle at position x.
Simply moving the overweight vehicle from 0 to | will give the maximum
value by Equation 3.66. The influence values of following and leading nor-
mal vehicles can simply be obtained from forward and backward extreme
functions, respectively. However, it should be noted that the finding of fol-
lowing vehicles’ positions on e(x) is from x —a, to 0, and the leading vehi-
cles’ positions on e(x) is from x +a; to /.

When implementing this method, the following issues should be taken
into consideration: (1) the length of the original influence line has to be
extended at both ends to ensure the last axle is moving out of range;
(2) the extreme positions and values obtained are based on moving vehicles
from O to [ (this value should be compared with that of moving vehicles
from [ to 0 which can be simply obtained by reversing the influence line);
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(3) when a procession contains an overweight vehicle, the maximum value
obtained from Equation 3.66 should be compared with a procession that
contains only normal vehicles, for possible mandated long leading and/or
trailing spacing of overweight vehicle; (4) the minimum values and posi-
tions can be solved in the same way with reversing signs of influence values;
and (5) an appropriate vehicle-moving step should be determined to main-
tain an accurate and a better-solution performance. In general, one-third to
one-half of a meter (1/3-1/2 m) is suitable for most longitudinal live load-
ing analyses, and one-fourth to one-third of a meter (1/4-1/3 m) is accurate
enough for transverse live loading discussed in Section 3.4.2.

3.4.2 Transverse live loading

When influence surface loading is needed or in some transverse distribution
analyses, transverse live loading analyses will be required. Most bridge speci-
fications have the transverse placement of a vehicle load defined, which can
be summarized as a series of fixed-axle vehicles moving along a given range.
The same concept and principles of the extreme function introduced in the
Section 3.4.1 can also be applied in transverse loading. As a multilane dis-
count may be applied when multiple lanes present per a particular specifica-
tion, each number of lanes should have a separate extreme function as shown
in Figure 3.18. When determining the extreme value with an attempt of add-
ing a new lane, it should be compared with what it was without adding a new
lane, as the multilane discount may be higher if added. Another special issue
in transverse live loading is the restrictions on vehicle moving, for example, a
minimum distance to curb is usually defined in most specifications.

3.4.3 Influence surface loading

As spatial analyses became essential in bridge analysis and design, tradi-
tional lateral load distribution theories and simplified calculation meth-
ods are gradually substituted by spatial structural analyses and influence
surface loading. Particularly for bridges with irregular shapes such as
interchanges, spatial analysis and influence surface loading are inevitable.

esx)
e3(x)
¢ e(x)
e |
0 ] > X
¢ Moving range C+ W
— e >ie >

Figure 3.18 Extreme functions of transverse loading.



Numerical methods in bridge structure analysis 95

Fx
(a)
Mz
I
(b) 4 0

Figure 3.19 (a, b) Influence surface of a tied-arch bridge.

As an example shown in Figure 3.19, influence surface is a function of planar
coordinates. Based on the influence line loading method introduced in Section
3.4.2, the influence surface loading method can be developed with certain
assumptions.

The deck of a bridge with an irregular shape may be divided into dif-
ferent traffic areas. Figure 3.20a, for example, shows the plane view of
a generic bridge deck. On a plane, traffic regions may be overlapped as
seen in interchanges. A region on a plane can be defined by its center-
line, left width, and right width, and both widths are constant along
the entire region. Although the centerline of a region may be curved in
reality as regions Q, and Qj; shown in Figure 3.20a, it is assumed that

Left width

Regions may be overlapped
of a region

on the plane

1 Q.
Left width of a region Ql L _2_4____
Y o Centerline of a region
4 Centerline of a region
Right width of a region — - — conime —-
- enterline of a region

Right width

(a) Multiple traffic regions of a region

Influence [ines interpolated transversely from surface

(b) Unfold a region to a rectangle along its centerline

Figure 3.20 (a) Multiple traffic regions and (b) unfolding region to rectangle.
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the approximation by unfolding the region along its curved centerline
as a rectangle is acceptable in engineering. For example, region Q, in
Figure 3.20a can be represented by a rectangle similar to Figure 3.20b,
which is obtained by unfolding its curved centerline to a straight line.
Points on the straight centerline can be mapped to its curved centerline
one to one. Both left and right widths of the unfolded region are the same
as the curved region.

To be mathematically feasible and also considering the fact that traffic is
maintained within a lane, a vehicle procession of a traffic lane is lined up
longitudinally; no staggered vehicle in lateral is considered. Having these
assumptions set forth earlier, the searching of extreme live loads on a region
Q, can be outlined as follows:

1. Unfold the region along its centerline to a rectangular region

2. Divide the total width of the region into steps and establish longitu-
dinal influence lines at each transverse step by interpolating from its
original influence surface

3. Search maximum and minimum live load values and their corre-
sponding positions for each longitudinal influence lines in step (2)

4. Two transverse influence lines regarding maximum and minimum
values are formed

5. Search extreme live loads laterally by applying transverse live loading
on these two influence lines in step (4)

Once the extreme live loads positions and influence values on all regions
are found, the total extreme values and their positions are the sum of these
overall regions. More precisely, the lane discount in surface loading should
be considered regionally, rather than globally. For example, when loading
on a region Q;, the discount is determined according to lane combinations
only in this region. The concept of influence surface is applied to many
different types of bridge discussed in Chapters 5 through 12.
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Chapter 4

Reinforced concrete bridges

4.1 INTRODUCTION

Reinforced concrete (RC) was first introduced into bridge engineering in
the late nineteenth century, and it has become a major material for bridges
ever since then for its versatility, flexibility, and durability. RC bridges were
widely used during the reconstruction of Europe after World War II. In
general, a bridge that mainly uses RC for its major structural components
can be categorized as an RC bridge. For example, RC arch bridges, RC
beam-slab bridges, and RC rigid frame bridges are all considered as RC
bridges. Because of cracking, only partial of a concrete section is intact and
functional, the RC sectional strength to resist moment, shear, and tensile
is much lower than that of a prestressed concrete (PC). The cracking in
the tensile area, which is allowed in RC and actually does exist in services
state, poses potential corrosion risk on reinforce steels and thus deteriora-
tion of a cross section as a whole. The spanning capacity of an RC bridge
is limited to short to middle spans, and its application also depends on the
site environment.

Due to RC’s special material behavior and the existence of cracking,
several distinctive issues arise in both the structural analysis and the com-
ponent design of an RC bridge. For example, how to count for the variation
of sectional modulus from location to location when conducting structural
analyses, as effective area of a cross section is related to moment it resisted,
and when behaviors of concrete and steel have to be considered in separa-
tion are common questions an engineer may ask when modeling or design-
ing an RC bridge. To be more practical, cracking and steel reinforcement
to cross sections can be simply ignored in most generic structural analyses
for obtaining component design forces. Sectional modulus variation due to
cracking loss and steel reinforcement is minor with regard to global load
distributions. Having obtained design forces, special principles and codes
should be strictly followed when coming to component design phase. When
the ultimate capacity of an RC bridge is of interest, which is more often
the case for short- to medium-span RC bridges than medium- to long-span

99
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non-RC bridges, a full material nonlinear analysis is required. In such an
analysis, material behaviors of concrete and steel are considered in great
detail. For example, a specific constitutive relationship for steel RC as a
whole may be used, special concrete elements with consideration of the
existence of reinforcing steels can be developed, or concrete and steel are
separately modeled in the structural level.

Fiber-reinforced concrete (FRC) is a kind of concrete that contains
fibrous material for reinforcement to increase the structural integrity. FRC
contains short discrete fibers that are uniformly distributed and randomly
oriented. Fibers include steel, glass, synthetic, and natural fibers, which give
different structural properties. Several ultrahigh-performance concrete
(UHPC) bridges using FRC have been built in the United States (Fu and
Graybeal 2011). The addition of fiber to concrete was aimed primarily at
enhancing the tensile strength and postcracking behavior of concrete. FRC
behaves as regular concrete but with higher strength, especially tensile
strength. For highway bridge structures, FRC can be applied to overlays
in bridge decks, seismic- and explosion-resisting structures, and recently
UHPC bridges.

On the other hand, fiber-reinforced polymer (FRP) is a composite mate-
rial made of a polymer matrix reinforced with usually glass, carbon,
basalt, or aramid. FRP bars and grids have been commercially produced
for reinforcing concrete structures for over 30 years. FRP bars have been
developed for prestressed and non-prestressed (conventional) concrete
reinforcement. FRP has been used for strengthening structural members
of RC bridges that are structurally deficient or functionally obsolete due
to changes in use or consideration of increased loadings (Kachlakev 1998).
Many researchers have found that FRP composites applied to such mem-
bers provide reliable and cost-effective rehabilitation. FRP composites
are orthotropic materials with two constituents, that is, reinforcing and
matrix phases. The reinforcing phase material is fiber, usually carbon or
glass, which is typically stiffer and stronger, whereas the matrix phase
material is generally continuous, less stiff, and weaker. The behavior of
FRP-strengthened concrete structural members can be analyzed using
finite element method (FEM).

As detailed RC cracking analysis, most early finite element models of RC
were based on a predefined crack pattern. The recently developed smeared
cracking approach overcomes these limitations of unpredicted predefined
cracks and has been widely adopted for predicting the nonlinear behav-
ior of concrete. It uses isoparametric formulations to represent the cracked
concrete as an orthotropic material. More details of this subject are dis-
cussed in Section 4.4.2—Nonlinear Modeling.

In this chapter, RC bridge behavior at the material level, especially
the coworking of concrete and steel; characteristics of skewed slabs as a
common application of RC bridges; and different modeling methods are
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discussed in detail. Also, different analysis examples of beam—slab bridges
by using different modeling methods and analysis packages are included.
In Section 4.7, a study on a skewed, transversely post-tensioned slab bridge,
including nonlinear analysis, field survey and monitoring, and comparison,
is presented.

4.2 CONCRETE AND STEEL MATERIAL PROPERTIES

RC is made of concrete and steel, two materials with different physi-
cal and mechanical behavior. Concrete exhibits nonlinear behavior
even under low-level loading due to nonlinear material behavior, envi-
ronmental effects, cracking, biaxial stiffening and strain softening, and
time-dependent effects such as creep and shrinkage (Darwin 1993).
Reinforcing steel acts linearly in the working stress range until yielding,
and it interacts with concrete in a complex way. Sophisticated finite ele-
ment analysis (FEA) techniques can be used to accurately represent the
behavior of RC structures. Cracking, softening in compression, yielding
of steel, and bond slip are taken into account in modifying the analysis
procedure.

Because of the difference in the short- and long-term behavior of con-
stituent materials of RC, the popular method of representing RC consists
of developing separate models for concrete and steel and combining those
models either at the element level, through the addition of constitutive
matrices, or at the structure level, through the use of different elements for
each material. The presence of steel modifies the behavior of concrete in a
way that evolved into the technique of tension stiffening, in which consti-
tutive models for cracked concrete are modified to account for the ability
of concrete within the composite to carry tensile stress after cracking, in
contrast to a simple concrete element in which the stress-carrying capacity
drops rapidly following the formation of crack.

The stress—strain relationship of concrete elements in compression is non-
linear up to the ultimate strain and beyond. Several models for the stress—
strain relationship of concrete have been proposed in the past. At low levels
of stress, transverse reinforcement (stirrups) is hardly stressed; the concrete
behaves much like unconfined concrete. At stresses close to the uniaxial
strength of concrete, internal fracturing causes the concrete to dilate and
bear out against the transverse reinforcement, then causing a confining
action in the concrete. This confined concrete with suitable arrangement of
transverse reinforcement increases the strength and ductility of the concrete.
The enhancement of strength and ductility by confining the concrete is an
important aspect that needs to be considered in the design of structural con-
crete members, especially for extreme events such as seismic activity, blast
effects, or vehicle crashes.
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The stress—strain relationships corresponding to unconfined concrete,
confined concrete, and longitudinal steel reinforcement are discussed in the
Sections 4.2.1 through 4.2.3.

4.2.1 Unconfined and confined concrete

Numerous stress—strain relationships for unconfined and confined concrete
were developed. The two most popular ones based on their usage are listed
here. Kent and Park (1971) proposed a stress—strain equation for both
unconfined and confined concrete, in which Hognestad’s (1951) equation
was generalized to describe the postpeak stress—strain behavior in a more
complete manner. In this model, the ascending branch is represented by
modifying the Hognestad second-degree parabola by replacing 0.85f with
f and strain at peak stress for unconfined concrete €, with 0.002. Kent
and Park modified their model again in 1982 as shown in Figure 4.1.

f=f| 2 —[gj (@1

8CO 8CO

Mander et al. (1988a) first tested circular, rectangular, and square full-
scale columns at seismic strain rates to investigate the influence of different
transverse reinforcement arrangements on the confinement effectiveness
and overall performance. Mander et al. (1988b) went on to model their
experimental results. It was observed that if the peak strain and stress
coordinates (g, f.) could be found, then the performance over the entire

cc

stress—strain range was consistent, regardless of the arrangement of the

‘ff (0.002K, Kf;)

Confined concrete

Unconfined concrete

» €

c

Figure 4.1 Stress—strain behavior of compressed concrete confined by rectangular steel hoops.
(Data from Kent, D.C. and Park, R., J Struct Div., 97(ST7), 1969-1990, 1971.)
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Figure 4.2 Stress—strain relation for monotonic loading of confined and unconfined
concrete. (Data from Mander, J.B., Priestley, M.J.N., and Park, R., | Struct Eng.,
114(8), 1804—1826,1988b.)

confinement reinforcement used. The equations are listed here and shown
in Figure 4.2.

Lf _ n(gc/gcc) (423)
fcc (n - 1) + (85/gcc)n
in which
ne_ P (4.2b)
Ec - Esec
E. = 5000,/f. (both in a unit of MPa) (4.2¢)
E, =le (4.2d)
SCC

where €, is the strain at the maximum compressive strength of confined
concrete f,,

€0 = €00 {1+5[%—1J:‘ (4.2¢)

and f,_, the compressive strength of confined concrete, is given as

f.=f. {—1.254+2.254 1+ 7'?;"7 -2 ]’:f ] (4.2f)
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in which f; is given by

'

1
ﬁf = zkepsfyh (42g)

where:
p,is the ratio of the volume of transverse confining steel to the volume
of confined concrete core
f,» is the yield strength of transverse reinforcement
k, is the confinement coefficient

For circular hoops

, 2
k, = m (4.2h)
1-pe

For circular spirals

ke _ 1—(5'/2615) (4.2i)
1_p6c

where:
P.c is the ratio of the area of longitudinal reinforcement to the area of
core of the section
s’ is the clear spacing between spirals of hoop bars
d, is the diameter of spiral

Due to its generality, the Mander et al. (1988b) model (Figure 4.2) has
enjoyed widespread use in design and research despite a few shortcomings.

4.2.2 Reinforcing steel

The stress—strain relation of reinforcing steel exhibits an initial linear
elastic portion, a yield plateau, a strain-hardening range in which the
stress again increases with strain, and finally a range in which the stress
drops off until fracture occurs. The length of the yield plateau and strain-
hardening regions decreases as the strength of the steel increases. For
monotonic loading, reinforced steel is represented as either an elastic—
perfectly plastic material or an elastic strain-hardening material. It can
also be represented using a trilinear stress—strain curve or a complete
stress—strain curve. Most often elastic—perfectly plastic representation is
selected (Darwin 1993).

In the analysis of moments and axial loads, two different models of the
stress—strain performance of the reinforcing steel may be adopted. For nominal
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Figure 4.3 Stress—strain curve for steel. (a) True stress—strain curve for steel.
(b) Idealized steel stress—strain relationships.

design capacities, an elastoplastic model is customarily adopted to provide
a dependable estimate for design. For the exact analysis of existing RC
members, a realistic stress—strain model should be applied using expected
values of the control parameters. Such a model (Figure 4.3a), conveniently
posed in the form of a single equation, is given as:

P
ESSS Esuy — &
f= 200-05 H(fu=F)| 1= 20p 20p) 003 (4.32)
{1+ Esss/fy‘ } {ssu — &g t |8 — & }
where constant P can be represented as
_ Esh(gsu — 851’)) (4.3b)

(fsw _fy)
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For the longitudinal steel, a bilinear stress—strain relationship was esti-
mated and employed (Figure 4.3b).

4.2.3 FRC and FRP

As mentioned in Section 4.1, the cracking behavior of FRC can be studied
using the smeared crack approach. To determine the material properties of
steel-FRC (SFRC), the inverse analysis techniques can be used to establish
the stress—strain response of SFRC. This technique obtains the flexural
response from bending tests to back calculate the stress—strain relationship.
Both M-¢ (moment—curvature) and P-3 (force—displacement) responses
can be obtained from the test. The measured M—¢ or P-8 responses reflect
the influence of the steel fiber parameters and the concrete matrix.

4.2.3.1 Inverse analysis method

For this method, a three-step procedure is used to calculate the P-3 response
of SFRC beams (Elsaigh et al. 2011a):

1. Assume a 6—¢ relationship for the SFRC.
2. Calculate the M—¢ response for a section.
3. Calculate the P-4 response for an element.

At the end of either step (2) or (3), the results from the analysis are
compared to experimental results and adjustments are made to the o-¢
response until the analytical and experimental results agree within accept-
able limits.

Based on the study by Elsaigh et al. (2011a and b), the tensile c—¢ response
and results obtained from the nonlinear FEA of the beam were used in the
analysis involving an SFRC slab manufactured using a similar material of the

(o)
0 —— | Tension
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Figure 4.4 Stress—strain response of SFRC.
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beam. Figure 4.4 shows the shape of the proposed 6—¢ relationship used in
this analysis. The mathematical form of the 6—¢ relationship is expressed as
follows:

G for (g, <e <gy)
Eg for (.9 <e<gy)
ofe) = (4.4a)

G+ (€—&y) for (e0<e<e,)

Gu+h (e—g4) for(ey <e<g,)

where:

(o)

E — cu
€co
Oy —O

\V — tu t0 (4.4b)
€n €10

—O

}\’ — tu

Ew €11

In Figure 4.4, 0,, and ¢, represent the cracking strength and the corre-
sponding elastic strain, respectively; o,, and €, represent the residual stress
and the residual strain, respectively, at a point where the slope of softening
tensile curve changes; €, is the ultimate tensile strain; E is Young’s modulus
for the SFRC; 6, and €, are the compressive strength and the analogous
elastic strain, respectively; and €, is the ultimate compressive strain.

As mentioned in Section 4.2.1, in compression, the concrete stress—strain
relationship can be divided into ascending and descending branches. The
behavior of FRP-confined concrete for flexural members can be assumed
as similar to that of stirrup-confined concrete. Hence, confinement has no
effect on the slope of the ascending part of the stress—strain relationship, and
it is the same as for unconfined concrete, but not in the descending part in
Figure 4.2. The compressive flexural strengths for both unconfined and con-
fined concrete are the same and equal to the cylinder compressive strength.
Figure 4.5 shows the uniaxial stress—strain curve for carbon and glass FRP
composites in the fiber direction. For a more generalized expression, many
studies show that instead of maintaining constant after compressive strength
0., the o—¢ relationship may descend and the rate of descending is depen-
dent on VI/d, where V,is the volume ratio of fiber to concrete, [ is the fiber
length, and d is the fiber diameter (Gao 1991).
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Figure 4.5 FRP uniaxial stress—strain curve for carbon and glass FRP composites in the
fiber direction.

4.3 BEHAVIOR OF NONSKEWED/SKEWED
CONCRETE BEAM-SLAB BRIDGES

Skew effect occurs in all types of bridge. It is discussed here because the
effect is especially true and can be easily interpreted for concrete slab bridges.
Nonskewed bridges, also known as straight, normal, or right bridges, are built
with the longitudinal axis of the roadway normal to the abutment and there-
fore have a skew angle of 0°. As described in the American Association of State
Highway and Transportation Officials (AASHTO) Load Resistance Factor
Design (LRFD) Bridge Design Specifications (2013a), the skew angle of a bridge
is defined as the angle between the longitudinal axis of the bridge and the
normal to the abutment or, equivalently, as the angle between the abutment and
the normal to the longitudinal axis of the bridge as shown in Figure 4.6. Skewed
bridges are often built due to geometric restrictions, such as obstacles, com-
plex intersections, rough terrain, or space limitations (Menassa et al. 2007).

As early as 1916, design recommendations were made to avoid building
skewed bridges because of the many difficulties that arose when designing
them, such as complex geometry and load distributions. However, because
of increasingly complex site constraints, an increasing number of skewed
bridges have been built. In addition to the complex geometry and load dis-
tributions caused by the skew, the skew angle can affect the performance of
the substructure in conjunction with the superstructure, causing a coupling
of transverse and longitudinal modes because of wind and seismic loads.
Skew angles, in addition to the length-to-width ratio, also affect whether
the bridge undergoes beam bending or plate action. As the skew increases
or the length-to-width ratio of a bridge decreases, the bridge behaves more
similarly to a plate than a beam.
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Figure 4.6 Description of a skew angle using a skewed bridge over a highway. (Data from
Menassa, C. et al., Journal of Bridge Engineering, 12, 205-214, 2007.)

A nonskewed bridge deck behaves in flexure orthogonally in the lon-
gitudinal and transverse direction. The principal moments are also in the
traffic direction and in the direction normal to the traffic. The slab of this
type of bridges bends longitudinally leading to a sagging (or called positive)
moment as it is shown in Figure 4.7. The load from the slab is transferred
to reaction line directly through flexure. There will be a small amount of
twisting moment because of the bidirectional curvature, and it will be
negligible.

The force flow between the support lines in skew slabs is through the
strip of area connecting the obtuse-angled corners, and the slab primarily
bends along the line joining the obtuse-angled corners. The width of this
primary bending strip is a function of skew angle and the ratio between the
skew span and the width of the deck (aspect ratio). The areas on either side
of the strip do not transfer the load to the supports directly but transfer the
load only to the strip as cantilever as shown in Figure 4.8c. Hence the skew
slab is subjected to twisting moments. This twisting moment is not small
and hence cannot be neglected (Rajagopalan 2006). Because of this, the
principal moment direction also varies, and it is the function of skew angle
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Figure 4.7 Deflection profile of a nonskewed deck.

and width-to-span ratio. The load is first transferred from the strip to the
support over a defined length along the support line from the obtuse-angled
corners. Later the force gets redistributed for full length. The force flow
is shown in Figure 4.8a and b where the thin lines in Figure 4.8a indicate
deformation shape. The distribution of reaction forces along the length of
the supports is shown on both the support sides.

For skewed bridges, the deflection of the slab is not uniform or sym-
metrical as in the case of nonskewed deck. There will be warping that
leads to higher deflection near obtuse-angled corner areas and less deflec-
tion near acute-angled corner areas. For small skew angles, both free edges
will have downward deflection but differing in magnitude. For large skew
angles, the maximum deflection is near the obtuse-angled corners. Near
the acute-angled corner, there could be even negative deflection resulting
in S-shaped deflection curve with associated twist. Increase in skew angle
decreases bending moments but increases twisting moments (Rajagopalan
2006).

The characteristic differences between the behavioral aspects of a skewed
deck and a nonskewed deck are as follows (Rajagopalan 2006):

e High reaction at obtuse corners.
® Possible uplift at acute corners, especially in the case of slab with very
high skew angles.
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Figure 4.8 (a—c) Force flows in a skewed deck.

® Negative moment along the support line and high shear and high
torsion near obtuse corners. Sagging moments orthogonal to abut-

ment in the central region.

* At free edges, maximum moment nearer to obtuse corners rather than

at the center.

® The points of maximum deflection toward obtuse-angled corners (the big-
ger the skew angle, the more shift of this point toward the obtuse corner).

* Maximum longitudinal moment and also the deflection reduce with
the increase of skew angle for a given aspect ratio of the skew angle.

® As skew increases, more reaction is thrown toward obtuse-angled
corners and less on the acute-angled corner. Hence the distribution of

reaction forces is nonuniform over the support line.

® For a skew angle up to 15° and skew span-to-right width ratio up to 2, the

effect of skew on principal moment values and its direction is very small.

* For a skew angle more than 15° the behavior of the slab changes

considerably.

Ilustrated examples are provided in Sections 4.5 through 4.7.
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4.4 PRINCIPLE AND MODELING OF CONCRETE
BEAM-SLAB BRIDGES

The selection of the most appropriate modeling scheme depends on the
nature of the information that is required. The first type of analysis could
be performed with a linear elastic model, and the second type could be con-
ducted with a more sophisticated RC model that is selected to represent the
key aspects of nonlinear behavior for a particular structure or structural
member.

4.4.1 Linear elastic modeling

The simplest form of an RC bridge is the RC slab bridge of solid sections
or void sections. As described in Chapter 2, it can be simplified as a beam
or a grid. The solid section can be idealized as an isotropic plate with the
equivalent stiffness calculated from Equation 2.5. The voided section is
idealized as an orthotropic plate, that is, a continuous medium with dif-
fering stiffness in directions parallel and perpendicular to the voids. The
equivalent stiffness can be calculated from Equation 2.6 for rectangular
void block or from Equation 2.7 for circular block (Sen et al. 1994).
Analysis of slab bridge decks using FEM involves the modeling of a con-
tinuous bridge slab as a finite number of discrete segments of slab or elements
(Hambly, 1976). Generally all elements lie in one plane and are interconnected
at a finite number of points known as nodes. The most common types
of elements used are quadrilateral in shape, although triangular elements
are sometimes also necessary (O’Brien and Keogh 1999). Some types of
element, such as plate element, do not model in-plane distortion and con-
sequently the nodes have only three degrees of freedom, namely, out-of-
plane translation, and rotation about both in-plane axes (Timoshenko and
Woinowsky-Krieger 1959). No particular problem arises from using ele-
ments that allow in-plane deformation in addition to out-of-plane bending,
but the support arrangement chosen for the model must be such that the
model is restrained from free body motion in either of the in-plane direc-
tions or rotation in that plane. Such analyses are necessary only if they are
specifically required to model in-plane effects, such as axial prestress.
Finite element models, in which the elements are not at all located in
one plane, can be used to model bridge decks, which exhibit significant 3D
behaviors. The elements used for the modeling of slab bridge decks are flat
shell elements, which can model out-of-plane bending in combination with
in-plane distortion. The material properties of the elements are defined in
relation to the material properties of the bridge slab. In case of bridges
that are idealized as isotropic plates, only two elastic constants need to be
defined for the finite elements, E and v. Geometrically orthotropic bridge
decks are frequently modeled using materially orthotropic finite elements.
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For materially orthotropic finite elements, five elastic constants, E, E
v,, and v,, need to be specified.

In the third illustrated example with slab bridge decks, in-plane orthotropy
was disregarded as the analysis tool used only permits bending orthotropy.
However, in-plane (axial) and out-of-plane (bending) effects are uncoupled,
and therefore this approximation does not affect comparisons for live load
effects (bending) obtained from the model tests.

As described in Chapter 3, the finite element response to applied
loading is based on an assumed displacement function. This function
may be applicable only to the elements of certain shape; quite often the
program will allow the user to define the elements that do not conform
to this shape. Recommendations for FEA (O’Brien and Keugh 1999) are
listed as follows:

Gy

v

1. Regular-shaped finite elements should be used wherever possible.
These should trend toward squares in the case of quadrilateral ele-
ments and toward equilateral triangles in the case of triangles. In the
case of quadrilateral elements the perpendicular lengths of the sides
should not exceed 2:1 and no two sides should have an internal angle
greater than 135°.

2. Mesh discontinuities should be avoided.

3. The spacing of elements in the longitudinal and transverse directions
should be similar.

4. Elements should be located so that nodes coincide with the bearing
locations.

5. Supports to the finite element model should be chosen to closely
resemble those of the bridge slab.

6. Shear forces near points of support tend to be unrealistically large
and should be treated with skepticism. However, results at more than
a deck depth away from the support have been found in many cases
to be reasonably accurate.

A beam-and-slab or cellular bridge deck may require a 3D FEA. It is possi-
ble to approximate the behavior of slabs and webs to thin flat shells, which
can be arranged in 3D assemblage. At every intersection of shells lying in
different planes, there is an interaction between the in-plane forces of one
shell and the out-of-plane forces of the other, and vice versa. For this reason
it is essential to use finite elements, which can distort under plane stress
as well as plate bending. Because it is assumed that for flat shells, in-plane
and out-of-plane forces do not interact within the plate, the elements are
in effect the same as a plane stress element in parallel with a plate (or flat
shell) bending element.

There is no logical limit to the cellular complexity, structural shape, or
support system of a bridge that can be analyzed with a 3D flat shell model.
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4.4.2 Nonlinear modeling

In nonlinear modeling of a RC structure, reinforcing steel can be modeled
as the following:

1. Equivalent uniaxial material that is distributing throughout the finite
element; often referred to as smeared steel (smeared model)

2. Discrete bars connected to the nodes in the finite element model (dis-
crete model)

3. Uniaxial element that is embedded in a larger finite element (embed-

ded model)

All three techniques involve the assumption of a perfect bond between steel
and concrete, and in general its selection is based on the ease of application.
The discrete and smeared representations were used more often. Surveyed
by Darwin (1993), all models represent the steel and concrete as separate
materials, whereas some consider the presence of steel in the development
of the concrete material model, but all add the steel constitutive or stiffness
matrix to the element or global matrix stiffness, respectively, as a separate
uniaxial material. Although it is understood that bond slip will occur locally
in the vicinity of flexural and shear cracks, members are designed so that the
reinforcing steel is adequately anchored and thus the anchorage does not play
a role in the strength of members in practice. Many models have been devel-
oped that totally ignored slip between the reinforcing steel and the concrete.

For models with smeared steel, the perfect bond relationship is the easiest
to represent because it simply involves overlaying the constitutive matrix
of the steel with the concrete element. For models with discrete steel, per-
fect bond also represents an easy solution, because the displacement of the
nodal points is the same for both the steel and the concrete.

Bond slip can be modeled using both the discrete and distributed repre-
sentation. Bond stress—slip relationships may be linear or nonlinear. Special
link or bond zone elements are usually used in conjunction with discrete
steel representations, whereas constitutive laws are used to model bond slip
with distributed steel representations.

4.4.2.1 Cracking and retention of shear stiffness

The smeared cracking model procedure represents cracked concrete as an
orthotropic material. After cracking occurred, the modulus of elasticity of
the material is reduced to zero perpendicular to the principal tensile stress
direction. This procedure has the effect of representing many finely spaced
(or smeared) cracks perpendicular to the principal direction. The smeared
crack concept fits the nature of the finite element displacement method, as
the continuity of the displacement field remains intact.
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The use of shear modulus, BG (with 0 < B < 1), known as shear
retention, improved most of numerical difficulties and improved the real-
ism of cracking phenomena generated during the FEAs. A variable value
of reduction factor has been selected to represent changes in shear stiffness
(Darwin 1993).

As a general rule, moderately sophisticated elements such as four-node,
two-dimensional isoparametric elements and eight-node, three-dimensional
brick elements worked well. These elements usually provide the best results
when used in conjunction with four- and eight-point Gauss integration,
respectively. Higher-order elements provide locally more realistic defor-
mation and strain fields. For macroscopic representation, element size
and consideration of strain softening (fracture considerations) may not be
important.

For better understanding the behavior of structures including general
crack locations as well as concrete and steel stresses, it is advised to have
a more refined mesh and a model that includes fracture considerations for
concrete. Also, to capture the nonlinear behavior, the load step size must
be kept small.

4.4.3 FRC/FRP modeling

Researchers have studied the behavior and modeling of RC members
strengthened with FRP composites using FEM. The finite element model
uses a smeared cracking approach for the concrete and 3D-layered elements
to model FRP composites.

For research or forensic study purposes, 3D RC elements and layered
solid elements can be used to simulate the behavior of FRP-strengthened
RC st