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Preface

In the Spring of 1996, the authors initiated a research program at the In-
stitute of Paper Science and Technology (Atlanta, Ga.) whose goal was
to model cockle, i.e., the hygroscopic buckling of paper. In the course
of researching the aforementioned problem, an extensive examination
was made of the expansive literature on the buckling and postbuckling
behavior of thin plates in an effort to understand how such phenomena
were controlled by the wide variety of factors listed below. A compara-
tive study of plate buckling was then produced and published as a pair of
IPST reports; this book presents the essential content of these reports.

The essential factors which influence critical buckling loads, initial
mode shapes, and postbuckling behavior for thin plates are studied,
in detail, with specific examples, throughout this treatise; among the
factors discussed which affect the occurrence of initial buckling and the
initial mode shapes into which plates buckle are the following;:

(i) Aspect Ratios: Included in our discussions will be examples
of buckling for rectangular plates, circular plates, and annular plates;
we will look at how, e.g., critical buckling loads for the various types of
plates are affected by changes in the aspect ratio, associated with the
plate, given that all other factors (support conditions, load conditions,
etc.) are held fixed. For a rectangular plate, the aspect ratio is just the
ratio of its sides; for a circular plate it is just the plate radius while, for
an annular region, it is the ratio of the inner to the outer radius.

(ii) Support Conditions: The edge(s) of a plate may be supported
in many different ways; mathematically, an edge support condition is
reflected in a constraint on the out-of-plane deflection of that plate along
its edge(s). The basic types of support that will be considered are those
which correspond to having the edges(s) of the plate clamped, free, or
simply supported. For a rectangular plate or an annular plate, one edge
(or pair of edges) may be supported in one manner while the other edge
(or pair) of edges can be supported in a different manner.

(iii) Load Conditions: The edge(s) of a thin plate may be subjected
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to compressive, tensile, or shear loadings or to some combinations of
such loadings along different edges or pairs of edges. The effect of using
different load conditions on critical buckling loads and mode shapes for
rectangular, circular, and annular plates are illustrated throughout the
book.

(iv) Material Symmetry: For thin plates exhibiting a particular
constitutive response, the material symmetry exhibited by the plate may
have a marked effect on, e.g., the magnitude of the lowest buckling load,
when all other factors, such as aspect ratio or edge support conditions
are held constant. The basic types of material symmetry that will be
examined in this work are isotropic symmetry, rectilinearly orthotropic
symmetry, and cylindrically orthotropic symmetry.

(v) Constitutive Behavior: Our examination of the influence of
constitutive response on initial buckling of thin plates was guided by the
behavior observed with respect to the deformation of paper, i.e., that
under various combinations of loading conditions, paper may exhibit
linear elastic, nonlinear elastic, viscoelastic, or elastic-plastic. Examples
of all four kinds of such constitutive response are presented throughout
this treatise.

(vi) Hygroscopic or Thermal Stress Distributions: Thin plates
are often exposed to variations in temperature or moisture or hygroex-
pansive strains which result in local compressive stress distributions that
can cause buckling even in the absence of applied external loading.

Beyond the factors delineated above, which influence both critical
buckling loads and mode shapes for thin plates and also influence the
subsequent postbuckling behavior, two other important factors come
into play with respect to postbuckling behavior.

(vii) Initial Imperfections: Thin plates often possess some small
initial transverse deflection (e.g., a paper sheet with an initial cockle
which is wetted, dried, and experiences further local buckling) or may
be subjected to a small normal loading (transverse) to the initially flat
unbuckled state of the plate; the presence of either or both of these con-
ditions amounts to an “initial imperfection” which may have a profound
effect on the subsequent postbuckling behavior of the plate.

(viii) Secondary Buckling: After a thin plate has buckled into an
initial mode shape, it is possible that, with increasing load, instead of
obtaining a buckled shape which deforms continuously during postbuck-
ling, as the magnitude of the loading increases, a critical load larger than
the initial buckling load is reached at which the buckle pattern changes
suddenly and a new mode shape appears; such phenomena have been
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exhibited with respect to plate buckling and will be examined with par-
ticular emphasis on the unsymmetric wrinkling that has been observed
in circular plates.

Throughout this treatise, several results appear which cannot be found
in earlier books on plate buckling, e.g., the discussion of the Johnson-
Urbanik generalization of the von Karman Equations for plates exhibit-
ing nonlinear elastic behavior; other results appear which have not pre-
viously been published elsewhere, most notably the analysis of initial
buckling for annular rectilinearly orthotropic thin plates, which was pre-
sented in the Ph.D. Thesis of the second author.

The authors wish to express their gratitude to the Institute of Paper
Science and Technology and its member companies for the support which
made possible the production of the IPST reports that form the basis
for the present work.

Frederick Bloom Douglas Coffin
DeKalb, Illinois Atlanta, Georgia
April 2000 April 2000
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CHAPTER 1

Introduction: Plate Buckling and the von
Karman Equations

1.1 Buckling Phenomena

Problems of initial and postbuckling represent a particular class of bi-
furcation phenomena; the long history of buckling theory for structures
begins with the studies by Euler [1] in 1744 of the stability of flexible
compressed beams, an example which we present in some detail below,
to illustrate the main ideas underlying the study of initial and post-
buckling behavior. Although von Karman formulated the equations for
buckling of thin, linearly elastic plates which bear his name in 1910 [2],
a general theory for the postbuckling of elastic structures was not put
forth until Koiter wrote his thesis [3] in 1945 (see, also, Koiter [4], [5]);
it is in Koiter’s thesis that the fact that the presence of imperfections
could give rise to significant reductions in the critical load required to
buckle a particular structure first appears. General theories of bifur-
cation and stability originated in the mathematical studies of Poincaré
[6], Lyapunov [7], and Schmidt [8] and employed, as basic mathemati-
cal tools, the inverse and implicit function theorems, which can be used
to provide a rigorous justification of the asymptotic and perturbation
type expansions which dominate studies of buckling and postbuckling
of structures. Accounts of the modern mathematical approach to bi-
furcation theory, including buckling and postbuckling theory, may be
found in many recent texts, most notably those of Keller and Antman,
[9], Sattinger [10], Iooss and Joseph [11], Chow and Hale [12], and Gol-
ubitsky and Schaeffer [13], [14]. Among the noteworthy survey articles
which deal specifically with buckling and postbuckling theory are those
of Potier-Ferry [15], Budiansky [16], and (in the domain of elastic-plastic
response) Hutchinson [17]. Some of the more recent work in the gen-
eral area of bifurcation theory is quite sophisticated and deep from a
mathematical standpoint, e.g., the work of Golubitsky and Schaeffer,
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cited above, as well as [18] and [19], which employ singularity theory for
maps, an outgrowth of the catastrophe theory of Thom [20]). Besides
problems in buckling and postbuckling of structures and, in particular,
the specific problems associated with the buckling and postbuckling be-
havior of thin plates, general ideas underlying bifurcation and nonlinear
stability theory have been used to study problems in fluid dynamics re-
lated to the instabilities of viscous flows as well as branching problems
in nonlinear heat transfer, superconductivity, chemical reaction theory,
and many other areas of mathematical physics. Beyond the references
already listed, a study of various fundamental issues in branching theory,
with applications to a wide variety of problems in physics and engineer-
ing, may be found in references [21]-[58], to many of which we will have
occasion to refer throughout this work.

To illustrate the phenomena of bifurcation within the specific context
of buckling and postbuckling of structures, we will use the example of the
buckling of a thin rod under compression, which is due to Euler, op. cit,
1744, and which is probably the simplest and oldest physical example
which illustrates this phenomena. In Fig. 1.1, we show a homogeneous
thin rod, both of whose ends are pinned, the left end being fixed while
the right end is free to move along the z-axis. In its unloaded state, the
rod coincides with that portion of the x-axis between x = 0 and = = 1.

Under a compressive load P, a possible state of equilibrium for the
rod is that of pure compression; however, experience shows that, for
sufficiently large values of P, transverse deflections can occur. Assuming
that the buckling takes place in the x,y plane, we now investigate the
equilibrium of forces on a portion of the rod which includes its left end;
the forces and moments are taken to be positive, as indicated in Fig.
1.2.

Let X be the original z-coordinate of a material point located in a
portion of the rod depicted in Fig. 1.2. This point moves, after buckling,
to the point with coordinates (X + u,v). We let ¢ be the angle between
the tangent to the buckled rod and the z-axis and s the arc length along a
portion of the rod (measured from the left end). Although more general
constitutive laws may be considered, we restrict ourselves here to the
case of an inextensible rod in which the Euler-Bernoulli law relates the
moment M acting on a cross-section with the curvature dyp/ds. Thus
s = X while

dp
M= —EI-" 1.1
s (1.1)

with ET the (positive) bending stiffness. The constitutive relation (1.1)
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is supplemented by the geometric relation

d
d—z =singp (1.2)
and the equilibrium condition
M = Pv (1.3)

Combining the above relations, we obtain the pair of first order non-
linear differential equations

Av:—%i A= P/EI
w % (1.4)
I sin ¢

with associated boundary conditions
v(0) =v(¢) =0 (1.5)

A solution of (1.4), (1.5) is a triple (A, v,¢) and any solution with
v(s) # 0 is called a buckled state; we note that A = 0 implies that v =0
and cannot, therefore, generate a buckled state. When A # 0, (1.4),
(1.5) is equivalent to the boundary value problem

d2
—('0+)\sin30:0, 0<s</? (1.6a)

ds?
¢'(0)=¢'(¢) =0 (1.6b)

The actual lateral deflection v(s) can then be calculated from ¢ by
using the first equation in (1.4). We note that the rod has an associated

potential energy of the form
1 ¢ o2 ¢
V= §EI/O <d—f> ds — P |{— /0 cos pds (1.7)

and that setting the first variation 6V = V’/(¢)dp = 0 yields the differ-
ential equation (1.6a) with the natural boundary conditions (1.6b).
The linearized version of (1.6a,b) for small deflections v, and small
angles ¢, is obtained by substituting ¢ for sin ¢ (a precise mathematical
justification for considering the linearized problems so generated will be
considered below); the linearized problem for v then becomes
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d2
—v—l—)\v:O

ds? (1.8)
v(0) =v(¢) =0
n?n?
which has eigenvalues A\, = ——, n = 1,2,--- with corresponding

nwx
eigenfunctions v, = csin(——). It is desirable to be able to plot v

versus A but, unfortunately, v is itself a function (an infinite-dimensional
vector) so we content ourselves instead, in Fig. 1.3, with a graph of the
maximum deflection v,y versus A = P/EI. For loads below the first
m2EI
72

critical load P} = no buckling is possible. At the load P, buckling

x
can take place in the mode csin (L) but the size of the deflection is

undetermined due to the presence of the arbitrary constant c. Now, if

an analysis of the buckled behavior of the rod is based entirely on the

linearized problem, then we see that, as the load slightly exceeds P,

the rod must return to its unbuckled state until the second critical load
Am?ET | . . .

= is reached, when buckling can again occur, but now in

21w
the new mode csin (T)’ which is still of undetermined size. Except

2,2
at the critical loads P, = L2EI
grounds the picture provided only by the linearized problem is clearly
unsatisfactory.

The nonlinear problem (1.4), (1.5), gives a more reasonable prediction
of the buckling phenomena. Again, no buckling is possible until the
compressive load reaches the first critical load of the linearized theory
(the reason for this being discussed below) and as this value is exceeded
the possible buckling deformation is completely determined except for
sign. For values of the load between the first two critical loads there are
therefore three possible solutions as shown in Fig. 1.4. When P exceeds
the second critical load a new, determinate, pair of nontrivial solutions
appears, and so forth. The values of A\ corresponding to these critical
loads are said to be branch points (or bifurcation points) of the trivial
solution because new solutions, initially of small size, appear at these
points.

A diagram like Fig. 1.4 is called a branching (or bifurcation diagram)
and we may justify the statements, above, about the buckling behav-
ior for the problem of the compressed thin rod by exhibiting the closed

there is no buckling. On physical
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form solutions of (1.6a,b). The deflection v can then be obtained from
the first relation in (1.4). We first note certain simple properties of the
boundary value problem (1.4), (1.5), namely, if any one of the triplets
AN, 0), (A v, 04 2n7), (A, —v, —p), or (—\, —v, @+ 7+ 2n7), is a solu-
tion so are the other three; all four solutions yield congruent deflections.
In fact, the first two are identical, while the third is a reflection of the
first about the z-axis and the fourth is a reflection of the first about the
origin; in this last case, a reversal in the sign of the load is accounted for
by interchanging the roles of the left-hand and right-hand ends of the
rod. Similar remarks apply to the system (1.6a,b).

All nontrivial lateral deflections v(s) of the rod are therefore generated
by those solutions of the initial value problem

@y

ds?
0(0)=a, ¢'(0)=0, 0<a<n

Asing =0, A>0
+ Asin g , > (1.9)

which have a vanishing derivative at s = /.

The initial value problem (1.9) has one and only one solution and
this solution may be interpreted as representing the motion of a simple
pendulum, with = being the time and ¢ the angle between the pendulum
and the (downward) vertical position. In view of the initial conditions,
(s) will be periodic. If we multiply the equation in (1.9) by dy/ds,
then this equation becomes a first order equation which can be solved
(explicitly) by elliptic integrals, i.e.

©(s) =2 arc sin |k sn(V s + K)} (1.10)
with
e
k= 5111(5)
s (1.11)
K :/ A
0 /1—Ek2sin®¢
and
u? u®
snuzu—(1+k2)§—|—(1—|—l4k2+k‘4)§ (1.12)

7
—(1+ 135K2 + 135k* + kG)% .

© 2001by Chapmar& Hall/CRC



™
The parameter K takes on values between — and 400 and there is a one-

to-one correspondence between these values and those of ain 0 < o < 7r.
The period of oscillation for ¢ is 4K and the condition ¢'(¢) = 0 is
satisfied if and only if

K:(%) VA, =12, (1.13)

™ . .. . .
As K > —, in order for nontrivial solutions to exist, we must have

A > 72 /2. Also, given a value of A > 72 /(2 there are as many distinct
nontrivial solutions ¢(s), with 0 < ¢(0) < m, as there are integers n
such that (¢/2n)v/A > /2. Thus, we have for

0< X< 7w?/f% only the trivial solution
72 /0?2 < X\ < 4xn?/¢?, one nontrivial solution
n?nx2/0? < X\ < (n+1)272/0?, n nontrivial solutions

If we then also take into account other values of ©(0), and the possibility
of negative A\, we obtain Fig. 1.5, which depicts the maximum value of
©(s) versus A; the only (physically) significant portion of this figure is,
of course, the part drawn with solid (unbroken) curves, i.e., for A > 0
and —7 < Ymax < 7.

The broken curves for A > 0 are those attributable to angles ¢ that are
determined only by modulo 27, while the dotted curves for A < 0 corre-
spond to having the free end of the rod at = —¢. The deflection v(s) is
then obtained from the first equation in (1.4) and yields the bifurcation
diagram in Fig. 1.4, where it is known that the various branches do not
extend to infinity because vy does not grow monotonically (at large
loads the buckled rod may form a knot so that the maximum deflection
can decrease, although the maximum slope must increase.)

We have presented a complete solution of the buckling problem for a
compressed thin rod which is based on classical analysis of an associ-
ated initial value problem for the boundary value problem (1.6a,b) first
treated by Euler in 1744. The equivalent problem for the deflection v(s)
is (1.4), (1.5) and the results of the analysis, based on a closed form
solution using elliptic integrals, seem to indicate a prominent position
for the linearized (eigenvalue) problem (1.8), or, equivalently, for the
linearization of (1.6a,b) namely,

© 2001by Chapmar& Hall/CRC



d%p
@—F)\QD:O, 0<s</t

¢'(0)=¢'(() =0

Indeed, this system governs the initial buckling of the rod for reasons
that are explained below; our explanation will be phrased in just enough
generality so as to make our remarks directly applicable to the study of
buckling and postbuckling behavior for thin plates. For the case of linear
elastic response, the von Karman system of nonlinear partial differen-
tial equations, with associated boundary conditions, which govern plate
buckling, are derived in § 1.2.

As we will specify below, the nonlinear boundary value problem (1.6a,
b), which governs the behavior of the compressed rod, can be put in the
form

(1.14)

GO\ u) =0 (1.15)

where A is a real number, u is an element of a real Banach space B
with norm | - ||, and G is a nonlinear mapping from R x B into B, R
being the real numbers. The restriction to real A and a real Banach
space B is based on the needs in applications where only real branching
is of interest. Strictly speaking, a solution of (1.15) is an ordered pair
(A, u) but we often refer to w itself as the solution (either for fixed A, or
depending parametrically on \); to study branching (or bifurcation) we
must have a simple, explicitly known solution u(A) of (1.15). We may
make the assumption that

G(A,0) =0, for all A, (1.16)

so that u(A) = 0 is a solution of (1.15) for all A and this solution is then
known as the basic solution (for the problem considered above, this solu-
tion corresponds to the compressed, unbuckled rod). The main problem
is to study branching from this basic solution (i.e., the unbuckled state)
although within the context of plate buckling we will also discuss, in §5,
branching from nontrivial solutions of (1.15), i.e., secondary buckling
of thin plates. Thus, the goal is to find solutions of (1.15) which are of
small norm (small “size” in the relevant Banach space B); this motivates
the following:

Definition. We say that A = A~ is a branch point of (1.15) (equivalently
a bifurcation point or, for the case in which (1.15) represents the equi-
librium problem for a structure, such as the compressed rod considered
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above, a “buckling load”) if every neighborhood of ()\0,0), in R x B,
contains a solution (A, u) of (1.15) with |ju| # 0.

We note that the above definition is restricted only to small neighbor-
hoods of ()\O, 0); also, the definition is equivalent to the existence of a
sequence of solutions (A", u™) of (1.15), with ||u™|| # 0 for each n, such
that (A", u™) — ()\O,O), as n — oo. Before placing the compressed rod
problem within the context of the general formulation (1.15), and then
explaining the reason for the apparent principal position of the associ-
ated linearized problem, it is worthwhile to list some of the principal
problems of bifurcation theory (equivalently, buckling and postbuckling
theory for structures); these are covered by the following questions:

1. Where are the branch-points? What is the relation of the branch
points to the eigenvalues of some appropriately defined linearized
problem?

2. How many distinct branches emanate from a branch-point? Is the
branching to the left or right?

3. Can we describe the dependence of the branches on A, at least in
a neighborhood of the branch point?

4. In a physical problem, which branch does the physical system
follow?

5. How far can branches be extended? If we are dealing with a Banach
space B, consisting of functions belonging to a certain class, can we
guarantee that a particular branch represents a positive function.
Does secondary branching occur?

Answers to questions 1-3, above, are the only ones which clearly fall
within the domain of bifurcation theory; problem 4 is related to stability
theory, while problem 5 requires, for an answer, techniques of global
analysis which fall outside the strict domain of branching theory.

Remarks: Quite often (such as will be the case for the buckling of thin
plates governed by the von Karman equations, or some modification
thereof) the functional equation G(A, ) = 0, in a Banach space B,
subject to the condition (1.16), will assume the particular form

Au—Au =0, with A0 =0 (1.17)

with A a nonlinear operator from B into B.

© 2001by Chapmar& Hall/CRC



We now want to indicate how the problem governing buckling of a
compressed rod, which we treated above, can be cast in the form (1.15).
The situation is actually quite simple; we set

2

d
G\ ) = d—sf + Asinp (1.18)

and for the Banach space B take
B = {p € C?0,4, with ¢'(0) = ¢'({) =0} (1.19)

where C?2[0, /] is the set of all functions defined and continuous on [0, /]
which have continuous derivatives up to order 2 on the open interval
(0,¢). The mapping G, as given by (1.18), is a nonlinear differential
operator defined on B x R where RT is the set of all nonnegative real
numbers.

Now, suppose for the sake of simplicity, that G(\,u) = 0 were actually
a scalar equation (like (1.6a)) and suppose, also, that there exists an
equilibrium solution of the form (Ag, ug); by hypothesis (1.16), (),0) is
such an equilibrium solution for any A. Thus G(Ao,up) = 0. One may
ask the question: does there exist, in a small neighborhood of (Ao, ug),
a unique solution of G(A\,u) = 0 in the form v = u(A\)? An answer to
this question is provided by the well-known implicit-function theorem
of mathematical analysis for whose statement we require the concept of
Frechét derivative.

The concept of Frechét derivative for mappings between Banach or
Hilbert spaces is defined as in numerous texts; an explanation of this
concept, which belongs to the engineering literature on buckling and
postbuckling behavior of elastic structures, may be found in the survey
paper of Budiansky [16]. To begin with, we have a Banach or Hilbert
space (B or H, respectively) with a norm || - || that is used to measure
the size of elements in this space; for example, for the function space B,
given by (1.19), in the problem associated with buckling of a compressed
rod, for ¢ in B we may take

V4
lell = / 2 (s)ds (1.20)

Then, if f is a nonlinear mapping on the (function) space in question, we
say that f has a Frechét derivative f, (or f/(u)), at an element (function)
u in the space, if f'(u) is a linear map such that

i 1/ (u+v) —”J;(HU) — f'll _ (1.21)

© 2001by Chapmar& Hall/CRC



In most cases of importance in applications, the concept of Frechét
derivative f’(u) is actually equivalent to the definition of the so-called
Gateaux derivative of f at u, namely, for v any other element (i.e., func-
tion) in the space in question, f’(u) is that linear mapping which is
defined by

flu+ev) — fu)

[ (u)v= lim 5 (1.22)
or, equivalently,
0
7w = 517w+ e0)]lmo (1.23

For our purposes in this treatise, we may think of the Frechét derivative
of a nonlinear mapping G, such as the one in (1.18), (which depends
on the parameter X\ ), as being given by (1.22) or (1.23), e.g., at A =
Ao, © = o, the Frechét derivative of G(A, u), as defined by (1.18), is
given by

0
Go(Xo, o)V = @[G(Ao, o + €P)]]c=0 (1.24)

with U € B, as defined in (1.19). With the concept of Frechét derivative
in hand, we may state the following version of the implicit function the-
orem which, in essence, underlies all of bifurcation (or buckling) theory:

Theorem: Let G (parametrized by A, as in (1.18)) be a Frechét dif-
ferentiable, nonlinear mapping, on some Banach (or Hilbert) space and
suppose that (Ao, up) is an (equilibrium) solution, i.e, G(Ag,up) = 0. If
the linear map G, (Ao, uo) has an inverse which is a bounded (i.e. con-
tinuous) mapping then locally, for |\ — X\o| sufficiently small, there exists
a differentiable mapping (i.e. function) u(\) such that G(A, u(\)) = 0.
Furthermore, in a sufficiently small neighborhood of (Ag, ug), (A, w(A)) is
the only solution of G(A\,u) =0

Remarks: Under the hypothesis (1.16), (A,0) is an equilibrium solu-
tion for all A (note that the mapping G as given by (1.18) satisfies this
condition). Thus, if G, (), 0) is a (linear) map with an inverse, which is
bounded, then u(A) = 0, for all A, is the only solution of G(A,u()\)) =0
and one may conclude that no branching (or bifurcation) of solutions
can occur from the trivial solution u(\) = 0.

As a consequence of the implicit function theorem, one may conclude
that branching of solutions can only occur if the linear mapping G,,
evaluated at a specific (equilibrium) solution (A, ug) is singular, so that
Gy (e, up) does not have a bounded inverse; such a point (A., ug) is then
a candidate for a branch (or bifurcation) point.
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Example (Consider the compressed thin rod, as governed by G(\, ) =
0, G defined by (1.18), with ¢ in the space B given by (1.19). Using the
definition (1.23) of Frechét derivative, we easily find that for any g, in
the space given by (1.19), the derivative G, (A, o) is the linear mapping
L, which acts on a function ¥ in B as follows:

2

N4
+ AW cos ¢ (1.25)

so that, in particular, for the equilibrium solution (X, ¢ = 0)

d*

+ AU (1.26)
where, as ¥ € B, ¥ must satisfy ¥/(0) = ¥'(¢) = 0. But L is invertible
if and only if the only solution of LY = 0, for ¥ in B, is given by ¥ = 0.
Thus, L is not invertible if there are values A = \. such that LY = 0,
for ¥ € B, has nontrivial solutions, i.e., if there exists A = A\. such that
d*v
— + AP =0
izt (1.27)
v'(0)=9'(¢) =0

has at least one nontrivial solution ¥; such solutions (of 1.27) are, of
course, eigenfunctions, corresponding to the eigenvalue A = \., which
then becomes a candidate for being a branch (or bifurcation) point for
the boundary value problem (1.6a,b) associated with the compressed
(thin) rod. The eigenvalue problem (1.27) is the linearized problem
associated with (1.6a,b); in the parlance of buckling theory for elastic
structures, A = \., such that there exists a nontrivial solution ¥ = ¥.(s)
of (1.27), is a possible buckling “load” — actually the buckling load di-
vided by EI in this case — and the eigenfunction V. is the associated
buckling mode. In all cases of interest in classical buckling theory, the
linearization of an equilibrium equation (or set of equations), such as
(1.15), about an equilibrium solution (Ao, ug), leads, in the manner de-
scribed above, to an eigenvalue-eigenfunction problem

Gu(Aeyup)ve =0 (1.28)
for the buckling “loads” A, and the associated buckling modes v.; this

will, of course, be the case for the von Karman equations which we derive
in §1.2.
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We remark that it is possible to construct equations (and systems of
equations) of the form G(A,u) = 0, with G(A,0) = 0, for all A, and
G, (X, 0) not invertible, for which branching does not take place from
each eigenvalue of the linear operator L = G, (), 0). However, there are
general theorems of bifurcation theory, which apply, e.g., to branching
of solutions of the von Karman equations, and which guarantee that
eigenvalues of the linear operator L = G, (A, 0) are not only, by virtue
of the implicit function theorem, candidates for branch points, but are,
indeed, values of A where bifurcation occurs; we state only one such
theorem: Let G(\,u) = Au— Au, with A a nonlinear operator such that
A(0) = 0, and suppose that A is completely continuous (or compact).
Then if A’ # 0 is an eigenvalue of odd multiplicity for the linearized
operator L = A’(0), A is a branch-point of the basic solution u(A) =0
of the nonlinear problem.

The theorem stated above is a classical result which is due to Leray
and Schauder (see, e.g., [26]): the proof is not constructive (being based
on topological degree theory) and thus little information is obtained
about the structure of a bifurcating branch. The definition of completely
continuous for a nonlinear operator A on a Banach or Hilbert space is
technical and may be found in any text (e.g. [26] ) on functional analysis;
suffice it to say that the operators which are generated in the study of
buckling and postbuckling of elastic (and, often, viscoelastic) structures
do conform, in the proper mathematical setting, to the definition of a
completely continuous operator.

1.2 The von Karman Equations for Linear Elastic
Isotropic and Orthotropic Thin Plates

In this section we will derive the classical von Karman equations which
govern the out-of-plane deflections of thin isotropic and orthotropic lin-
ear elastic plates as well as the linearized equations which mediate the
onset of buckling; the equations will be presented in both rectilinear
coordinates and in polar coordinates. We begin with a derivation, in
rectilinear coordinates, of the von Karman equations for linear elastic,
isotropic, (and then orthotropic), behavior.
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1.2.1 Rectilinear Coordinates

We begin with the case of isotropic symmetry. Our derivation follows
that in the text by Troger and Steindl [66] in which the authors begin
with the derivation of the equilibrium equations for shallow shells, un-
dergoing moderately large derivations, and then specialize to the case
of the plate equations (which follow as a limiting case corresponding to
zero initial curvature); such an approach is of particular interest to us
in as much as we will want, later on, to look at imperfection buckling of
thin plates.

In Fig. 1.6, we depict the undeformed middle surface of a shallow
shell; this middle surface is represented in Cartesian coordinates by the
function w = W(z,y) and the displacements of the middle surface corre-
sponding to the x, y, z directions are denoted by u, v, and w respectively.

To derive the nonlinear shell equations we

(i) First obtain a relationship between the displacements and the
strain tensor; this is done by extending the usual assumptions made in
the linear theory of plates and shells, and retaining nonlinear terms in
the membrane strains, while still assuming a linear relationship for the
bending strains.

(ii) Relate the strain tensor to the stress tensor by using the consti-
tutive law representing linear, isotropic elastic behavior.

(iii) Derive the equilibrium equations which relate the stress tensor
to the external loading.
We begin (see Fig. 1.7) by considering an infinitesimal volume element

dV = hdzdy of the shell. Let r’ be the position vector to a point P’, in
the interior of the shell, which is located at a distance ¢ from the middle
surface; then with e;,i = 1,2, 3, the unit vectors along the coordinate
axes

—

Ve by (W0 6 (1.29)

If we employ a form of the Kirchhoff hypothesis, i.e., that sections
x = const.,y = const., of the undeformed shell, remain plane after
deformation, and also maintain their angle with the deformed middle
surface, then in terms of the displacement components u,v,w of the

w
—, etc.,

middle surface of the shell, with w,, = i

u(@) =u—Cwa, v(¢) =v—Cwy w(()=w (1.30)
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are the displacement components of P’ when it moves, after the displace-
ment, (which arises, e.g., because of the application of middle surface
forces at the boundary, or variations in temperature or moisture content)

to a point P. The position vector 7 to the point P is then

P=(z4u—Cwy) e +(y+v—Cw,y)63

" (1.31)
+(W++w)es

The components of the strain tensor for this deformation of the shell are
then obtained by computing the difference of the squares of the lengths
of the differential line elements dr and d 7; a length computation based
on (1.31) and (see Fig. 1.6) 7=z e; +y ea +W ez yields

1[ = _
5 {Idf | — |dr |2} = 42d2” + 26, dxdy + €4y dy* (1.32)
where L
€y = Ug + 5 (qu + U?w + w,ro) + W w,e
_ Lo o, o 2 W
Cyy = Uy ty (u,y +v,s +w,s ) + Wy w, (1.33)
W,y + - -

Yy = 25:cy = Uy V5 T Uy Vyy FW, 0 W,y
+We W,y JFW»y W, *2Cwazy +---

and terms of at least third order have been neglected. If we now take
into consideration the fact that, for stability problems connected with
thin-walled structures, the displacement w, which is orthogonal to the
middle surface, is much larger than the displacements u, v in the middle
surface, then the terms quadratic in u and v, in (1.33), may be neglected
in comparison with those in w; we thus obtain the (approximate) kine-
matical relations

1
2
€xz = U,z +§w,x +VVaz W,z 7Cwazm

1
2

Yy = 25273; = Uyy FVyp TW,yp W,y +Woa W,y

Eyy = Uy +5 Wy +Woy Wy —C,yy (1.34)

+I/V7y W, _2Cw7my
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For the particular case in which the shallow shell is a plate whose middle
surface, prior to buckling, occupies a region in the z,y plane (so that
W =0) (1.34) reduces further to

1 2
iwaz _Cwmm’

€xy = Uz +

1 1.35
Eyy = Vsy —|——w,12/ —CW,yy ( )

2

Yoy = 2€0y = Uy F0V,0 +W,0 W,y *QCwamy

We now use the generalized Hooke’s law to describe the material be-
havior of the isotropic, linear elastic, shallow shell and we make the
usual assumption for thin-walled structures that o,, ~ 0. The stress
components, o, and oy,, which will appear in the equilibrium equa-
tions, do not contribute to the constitutive relationship as the corre-
sponding strains are zero (due to the Kirchhoff hypothesis). Thus, a
plane strain problem over the thickness h of the shell is obtained for
which the relevant constitutive equations may be written in the form

1
hE (s —|—§w,§ +Wpw,y ) = Ny — VN,

1
hE(v,, +§w,§ +W,yw,y ) = Ny — vN,

Gh(uay FV,z +W,q W,y +

(1.36)

W W,y +my W, ) = ny

where E is Young’s modulus, v is the Poisson number, G = E/2(1 + v)
is the shear modulus, and

h/2
N, :/ Oprdz
—h/2
h/2
N, :/ Oyydz (1.37)
—h)2
h/2
Ny :/ Oydz
—h/2

are the averaged stresses over the shell thickness h, which is assumed to
be small. The bending moment M, is defined to be

h/2
M, = / O ool (1.38)

—h/2
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and by using (1.34) and (1.36) this may be computed to be

h/2 E
MZ = / m(fzw + Veyy)é-dg
—h/2 (1.39)

= —K(W,p0 +1W,yy )
with the plate stiffness K given by

Eh?
K=—""— 1.40
12(1 — v?) (1.40)
With analogous definitions (and computations) for the bending moments
M, and M,, we find that

{ My = —K(w,yy +VW,qz )

(1.41)
Myy = —(1—v)Kw,yy

Although, in a nonlinear theory, the equations of equilibrium for the
stresses and loads must be calculated in the deformed geometry, in the
nonlinear theory of shallow shells one makes the approximation that the
undeformed geometry can still be used for this purpose; this assumption
then restricts the validity of the equations we obtain to moderately large
deformations. We will, therefore, use the equilibrium equations of linear
shell and plate theory, namely, the three force equilibrium equations

Nyo+ Ngyy =0
’ ’ 1.42
{wa,I+Ny7y:0 ( )
and
sz,x + Qyz,y + Nx(W + w)m:x (143)

FNy(W +w),yy +2Nay (W + )2y + £ = 0

where t(x,y) is a distributed normal loading, and the two moment equi-
librium equations

Mayw+ My, — Qy. =0
(Myy = My,) (1.44)
Mym,y + M"c,z - Qrz =0

where the indicated forces and moments are depicted in figures 1.8 and
1.9 and the moment equilibrium equation about the z-axis is satisfied
identically.
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We now proceed by differentiating the first equation in (1.44) with re-
spect to y, and the second equation with respect to =, and then inserting
the resulting expressions for @, . and @y, in (1.43) so as to obtain
the following equation from which the shear forces have been eliminated:

Mw,zx + 2Mwy,zy + M,%yy

+N (W + w), 50 +2N5y (W + w), 5y (1.45)
+Ny (W +w),yy +t =0

The next step consists of introducing the Airy stress function ®(z,y),
which is defined so as to satisfy

NJJ = (I)yyyv Ny = (b).L.L ) N»Ly = _(I)wy (146)

With the above definitions, both equilibrium equations in (1.42) are
satisfied identically. Finally, if we substitute (1.39), (1.41) and (1.46)
into the remaining equilibrium equation, (1.45), we obtain the nonlinear
partial differential equation

KA*w =@, (W + )00 +Prze (W 4+ w),yy (1.47)
—29,,, (W + w)awy —|—t(17, y)

for the two unknowns, the (extra) deflection w(x,y) and the Airy stress
function ®(x,y), where A? denotes the biharmonic operator in rectilin-
ear Cartesian coordinates, i.e.,

0*w *w 0*w

To obtain a second partial differential equation for w(z,y) and ®(z,y),

we make use of the identity

(Uyz ) yyy T (Vsy )szz — (Usy +0,3 )yoy = 0 (1.49)

into which we substitute, from the constitutive relations (1.36), for the
displacement derivatives u,;,v,,, and u,, +v,;. One then makes use
of the definition of the Airy function ® to replace the stress resultants
Ng, Ny, and N,,; there results the following equation

Ach =FEh (w2,g;y —W,zx Wyyy )

(1.50)
+2VVawy W,zy W W,yy _VVayy W,z
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If we introduce the nonlinear (bracket) differential operator by

[fa g] = fayy 9z *2fmcy 9szy + [z 9syy (151&)

so that

[f7 f] = 2(farr fvyy 7f7?cy) (151b)

then the system consisting of (1.47) and (1.50) can be written in the
more compact form

KA?w = [®,W +w] +t (1.52a)
L Azg— —1[ ] — [W,w] (1.52b)
Eh =75 w, w , W .

In particular, for the deflection of a thin plate, which in its undeflected
configuration occupies a domain in the z, y plane, so that W = 0, (1.52a),
(1.52b) reduce to the von Karman plate equations for an isotropic linear
elastic material, namely,

KA?w = [®,w] +t (1.53a)
1 1

—AZD = —— 1.

Th 2[w,w] (1.53b)

An important alternative form for the bracket [®, w], which reflects the
effect of middle surface forces on the deflection, is
0w w 0w

N,ZY Lon, S LN
Ox? * Y 0x0y +

[, w] = e

(1.54)

Remarks: The curvatures of the plate in planes parallel to the (x, z) and
(y,z) planes, are usually denoted by k. and k,, respectively, while the
twisting curvature is denoted by rg,. Strictly speaking, the curvature
Kz, €.g., is given by

0*w

Ky = 0z (1.55)
{1 n @:)2}2

where the minus sign is introduced so that an increase in the bending
moment M, results in an increase in #,. As w,2 is assumed to be small,
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even within the context of the nonlinear theory of shallow shells, the
curvatures are usually approximated by, e.g. k; = —w,.,, in which case
for linear isotropic response

ke = (My—vMy)/{(1-1*)K}
Ky = (My—vM,)/{(1-1*)K} (1.56)
Koy = (L+ )M, g/ {(1 = V)K}

Remarks: For a plate which is initially stress-free, but possesses an
initial imperfection in the form of a built-in deflection, whose mid-surface
is given by the equation z = wg(z,y), the appropriate modification of
the von Karman equations (1.53a,b) for a plate exhibiting linear elastic
isotropic response may be obtained from the shallow shell equations
(1.52a,b) by replacing Wz, y) by wg(x,y). Alternatively, if we set

UNJ(I,y) = w(;z:, y) + wo(w,y) (157)

then we obtain from (1.53a,b) the following imperfection modification
of the usual von Karman equations:

KA? (0 — wp) = [®, 0] +t

Lo 1 (1.58)
EhA ) 2[11) wp, W — wo)
—[wo, W — wo)

In (1.58), w(x,y) represents the net deflection, and (1.58) reduces to
(1.53a,b) if wy = 0. Other modifications of (1.53a,b) are needed if the
plate is subject to thermal or hygroexpansive strains, or if the stiffness
K, or the thickness h of the plate are not constant.

Remarks: For a normally loaded (linear elastic, isotropic) plate with
a rigid boundary, the in-plane boundary conditions are specified by the
vanishing of the displacements u, v, rather than by specification of the
middle surface forces; in such cases, there may be advantages to ex-
pressing the large deflexion equations for an initially flat plate, of con-
stant thickness, in terms of the displacements u, v, w. The displacement
equations, with some straightforward work, can be shown to have the
following form

h? ¢ ) .
12 <A4w - K) = Wz | e TVVsy +§w»i +§V’UJ712/
+ w7yy v,y +Z/’U/,w +_w72 +_Vw’i (1.59&)

29 2
+ (1 = )W,y (Uyy +0,5 +W,5 W,y )
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0 1
% |:ua:b +'U»y +§ {wai +w7§ ]

o 2 (1.59b)
+ <1+—V> (VU 4w,y vw) =0
and
0 1 5 9
y {u,x +u,y —|—§ {w,x +w,y, }} (1.59c¢)

1—-v
where 172 is the usual Laplacian operator.

We now proceed (still in rectilinear coordinates) to derive the appro-
priate form of the von Karman plate equations for the case of a thin plate
which exhibits linear elastic behavior and has (rectilinear) orthotropic
symmetry. Thus, consider an orthotropic thin plate for which the x
and y axes coincide with the principal directions of elasticity; then the
constitutive equations have the form

Ozxax C11 C12 0 €xx — ﬁlAH
Oyy = | €21 C22 0 €yy — ﬁ2AH (160)
Oy 0 0 ces Yy

where we have included in the strain components possible hygroexpan-
sive strains §;AH,i = 1,2 where the 3; are the hygroexpansive coef-
ficients and AH represents a humidity change; alternatively, we could
replace the 5;AH by thermal strains o; AT with the «; thermal expan-
sion coefficients and AT a change in temperature. In (1.60)

ci1 = E1/(1 — viavar)
c12 = Eovor /(1 — v12v21)

Co1 — E11/12/(1 - 1/121/21) (161)
c22 = B3 /(1 — vigvm)
ce6 = G12

with Fyv15 = Eavay so that ¢1o = co1. In (1.61), Ey, Eq, 112,91, and
G2 are, respectively, the Young’s moduli, Poisson’s ratios, and shear
modulus associated with the principal directions. The constants

hS
D'L'j = Cij1_2 (162)

are the associated rigidities (or stiffness ratios) of the orthotropic plate,
specifically,
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Eh? Eyh?

D = =
H 12(1 — Vlgl/gl)7 2 12(1 — 1/121/21)

(1.63)
are the bending rigidities about the x and y axes, respectively, while

. G12h3
Dgs = 12

(1.64)

is the twisting rigidity. The ratios D1s/Das, Di2/D1; are often called
reduced Poisson’s ratios. For the thin orthotropic plate under consid-
eration, the strains e;,,e€,,, and v,,, the averaged stresses (or stress
resultants) N, Ny, and Ny, and the bending moments M, M,, and
M, are still given by (1.35), (1.37), (1.38), and the relevant expressions
for M, and M,,, which are analogous to (1.38). Thus, with

Ozz = C11(€za — B1AH) + c12(€yy — f2AH)
Oyy = CQl(fzz — ﬁlAH) + 022(6yy - ﬂ?AH)
Ogzy = C66Vzy

we have
Ly
Oz = cll(uaa: +§waz _Cwaa::r ) (1653)
Ly
+c12(v,y +§w,y —CW,yy )
—(c11p1AH + c120:AH)
Loy
Uyy = Czl(u7z +§w,x _Cw,xx ) (165b)
Loy
+c22(V,y +§w7y —(W,yy )
—(c211AH + 223 AH)
and
1
Tay = C66 | 5 (Uyy +0,0 ) + W,z Wyy —2CW, 5y (1.65c¢)

Using the expressions in (1.65 a,b,c), we now compute the bending
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moments M, M, and M, to be

h/2 1
Mx - Cll/ |:£ (um +§wai> - £2wazz:| df
—h/2

h/2
+c12/ {g (v,y +%w,§) - gway} d¢  (1.66a)

—h/2

h/2
_/ / f(clgﬂlAH —|— C2252AH) df
—h/2

h/2 1
My = C21‘/ |:§ (uam +§w7925) - §2w7mc:| dg
—h/2

h/2 1, ,
+022/ {5 <v,y —|—§w,y> —& w,yy] d¢ (1.66b)
—h/2

h/2
—/ §(c1181AH + e AH) dE

—h/2
and

M, =
Y h/2 1 )
066 / |:€ <§ [u7y +'an] + wﬂ: w?y ) - 25 wﬂ?y :| dg

—h)2

(1.66¢)

At this stage of the calculation, sufficient flexibility exists to handle
any dependence of the (possible) hygroexpansive strains 5;AH,i = 1,2,
on the variable z; one could, e.g., assume that the 5;AH,i = 1,2 are
independent of z, depend either linearly or quadratically on z, or are
even represented by convergent power series of the form

o0
GiAH = ag + Z 2™

m=1

oAH =y + 3 "
m=1
If, however, ;AH = fi(z),i = 1,2, with the f;(z) even functions of
z, i.e., fi(z) = fi(—2),i = 1,2, then {8;AH will be an odd function
of &, —h/2 < £ < h/2, and the integrals in both (1.66a) and (1.66b),
which involve the hygroexpansive strains, will vanish. For the sake of
simplicity, we will proceed here by assuming that the hygroexpansive
strains are constant through the thickness of the plate; this assumption
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will be relaxed in the discussion of hygroexpansive/thermal buckling in
Chapter 6. Then

37h/2 37%
Mx = —C11W,gx — C12wW, o
31 n) 3 h/2
= _(Cllwvxx +612w’yy) : E
or
M, = —(D11W,z0 +D12w,yy ) (1.67a)
while, in an analogous fashion,
My = —(D21w,zz +Dazw,y, ) (1.67b)
and
31%
May = =2¢66 - Wy 5| _, (1.67¢)
2
= _2D66w7wy

We now set W =0, t = 01in (1.45), to reflect the fact that we are dealing
with an initially flat plate which is not acted on by a distributed normal
load, introduce the Airy stress function through (1.46), and employ the
results in (1.67a,b,c), so as to deduce that

*(Dllwmz +D12wvyy )ch *4D66w7mcyy

*(D21wmz +D22wayy )vyy JF(I);yy W,z
_Q(I)amy W,y +(I),rz W,yy = 0

or

Dllwamzzz +[D12 + 4D66 + DQI}w;zzyy (168)
+Doow,yyyy —[®,w] =0

The corresponding modification of the first von Karman equation for the
deflection of a thin, linearly elastic, orthotropic plate, when there exists
an initial deflection z = wy(x,y), is easily obtained from (1.45) and
(1.67a,b,c) by setting W = wg and defining, as in (1.57), @ = w + wy.
To obtain the appropriate modification of the second von Karman equa-
tion (1.53b) for the case of a linearly elastic, thin, orthotropic plate, we
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once again begin with the identity (1.49). We then use the constitutive
relations (1.65 a,b,c) to compute the average stresses (or stress resul-
tants) N, Ny, and Ny, introduce the Airy function through (1.46),
and solve the resulting equations for u,;,v,,, and u,, +v,,; these, in
turn, are substituted into (1.49) and there results the partial differential
equation

1 1 1 21/12
Boh v T, (G_u - E) Pzayy (1.69)

1 1
—q):vwzx:__ ’
TR plws vl

if one makes use of the fact that Fave; = Eivq2.

The complete set of von Karman equations in rectilinear Cartesian
coordinates thus consists of (1.68) and (1.69). In an isotropic plate
E1 = E2 = E, G12 =G = E/2(1 + I/)7 with Vig = V21 = VUV, and
the system of equations (1.68), (1.69) reduces to the system (1.53a,b),
with ¢ = 0, where K is the common value of the principal rigidities
Dy = D11, D2 = Dao, and D3 = D1av12 + 2Dge.

Remarks: The system of equations (1.68), (1.69), as well as their spe-
cializations to (1.53 a,b), for the case of linear, isotropic, elastic response,
may be obtained from a variational (minimum energy) principle based
on the potential energy

1 h/2 )
U = 2/}4/;M2 {Cll(ezm — ﬂlAH) (170)

+2012(€zz — ﬂlAH)(Eyy — ﬂQAH)
+c22(€yy — BoAH)? + Cﬁﬁ'}/iy }dzdA

where the outer integral is computed over the area A occupied by the
plate. In (1.70), or its equivalent for the case where the plate ex-
hibits isotropic response, we must first substitute from (1.35) in order
to express the integrand as a polynomial expression in the displacement
derivatives.

Remarks: In the case of very thin plates, which may have deflec-
tions many times their thickness, the resistance of the plate to bending
can, often, be neglected; this amounts, in the case of a plate exhibiting
isotropic response, to taking the stiffness K = 0, in which case the prob-
lem reduces to one of finding the deflection of a flexible membrane. The
equations which apply in this case were obtained by A. Foppl [69] and
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turn out, of course, to be just the von Karman equations (1.53a,b) with
K set equal to zero.

1.2.2 Polar Coordinates

In this section we will present the appropriate versions of the von
Karman equations in polar coordinates (actually, cylindrical coordinates
must be used for the equilibrium equations) for a thin linearly elastic
plate. We will present these equations for the following cases: a plate
exhibiting isotropic symmetry, both for the general situation as well
as for the special situation in which the deformations are assumed to
be radially symmetric, a plate which exhibits cylindrically orthotropic
behavior (to be defined below), and a plate which exhibits the rectilinear
orthotropic behavior that was specified in the last subsection. We begin
with the simplest case, that of a linearly elastic isotropic plate.

It is well known that the operators present in the von Karman equa-
tions (1.53a,b) are invariant with respect to changes in the coordinate
system; in particular, the von Karman equations in polar coordinates for
a thin, linearly elastic, isotropic plate may be obtained from (1.53a,b) by
transforming the bracket and biharmonic operators into their equivalent
expressions in the new coordinate system. If w,, ug denote, respectively,
the displacement components in the middle surface of the plate, while
w = w(r, #) denotes the out of plane displacement, then the strain com-
ponents e, e.9, and egg are given by (v,.9 = 2e,9) :

e = G -G
699:%*%%+%(%)27C(%%+%%) (1.71)
2
2 55~ 7 3

With the components of the stress tensor o,..,0.9,009,0,.,0, and
0y> as shown in Fig. 1.10, (6,9 = 0¢;), (042 = 04), and F,., Fy the com-
ponents of the applied body force in the radial and tangential directions,
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the equilibrium equations are

aarr 1 aaré’ Orr — 090 aarz

F, =
or r 00 + r 0z + 0 (1.72a)
9o, 1@4_2 +%+F—O .
or r 00 rare 0z o=
and
1 1
Oprr (wﬂ“ +w;7"r ) + 099 (2’[1.),93 )
r r
2 1 00y
FT0r0 | —Wiro | + —0rz + —/— W,y
T T or
8099 1 80'7-0 1
— | = - 1.72
+ 00 (Tzw’e) + ar \r° (1.72b)
Oorg (1 N 0o, n 0o,
a0 \r" ar 9z T
100g, Ooy, (1
- z F, =
o0 T o (rw’9> * 0

The transformation of the stress components in Cartesian coordinates
to those in polar coordinates is governed by the formulas:

Opp = Oy COS2 0 + Oyy sin? 6 + 20,y sinf cos 6
0po = Oy sin® 0 + Oyy €08 0 — 20, sin 6 cos 6 (1.73)
Oro = (Oyy — Ogz)sinfcosf + ogy (cos2 0 — sin? 9)

with analogous transformation formulae for o,., and oy,. If we set, for
the deflection w and the Airy stress function @, @ (r,0) = w (r cos,

rsinf), ®(r,0) = ®(rcosf,rsind), and then drop the superimposed
bars in the polar coordinate system, it can be shown directly that the
stress resultants (or averaged stresses) N,., Ny, and N,y are given in

terms of ® by

1 1
N'I‘ = _(Dﬂ" +—2¢)399
T r
N9 = CI)arr (174)
1 1
Nyg= 5P —=Pg
T r
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while the operators A? and [, | are given by

2 1
Alw = W,rrrr +;w;rrr _ﬁw;rr
2 1 2
+ T_zwﬂ"r‘ee +T_3w77" _r_3w77‘09 (1758“)

+ -4 Ws0000 +T7w,90

and

1 1
['ZU, é] = W,rr <;®7T +ﬁ¢599 >

1
+ | - wy +_2w700 (I)»rr
T T

1 1 1 1
-2 (_w)’r‘e__zw79 (_(b)T@__Q@v@)
r r r T

or, in view of (1.74),

1 1
[w7 (D} = Nrwn‘r _2Nr9 w,9 ——W,re
72 r

1 1
+ Ny (— CW,p +—2w,99> (1.75Db)
r r
For the special case of a radially symmetric deformation, in which u, =

ur(r),ug = 0, and w = w(r), the expressions in (1.75a) and (1.75b) for
the biharmonic and bracket operators reduce to

1
2, —
Afw = W,rrrr +;warrr *ﬁwarr +ﬁw,r (176)
and
1
[U), (I)] = N,w,rr +Ng ;war (177)

Thus, for the von Karman equations for a thin, linearly elastic, isotropic
plate, in polar coordinates, we have (with ¢t = 0):
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1
K| w,prrr +;war7'r _r—war'r' +T_2w7rr90

2
1 2 1 4
+T—3ww—T—3w7reo+r—4w,9eoe+r—4w,ae}
1 1
= rr _(I)W _(I)u .
w, (T +T2 99) (1.78)

1 1
+ (_w7r+ 211],99) D,
r T

1 1 1 1
-2 <_w77‘9__2wa9> <_(ba7”9__2®30>
r T T r

and
1 2 1 2
—|® TTTT _(1)77'7'7' __(bﬂ'?' _(D’T'T
i | B+ 2 S g S
1 2 1 4
+r_3@7r_ﬁq)ar00 +ﬁq’,9009 +T—4@,96} (1.79)

1 1 1 1 2
= - W,y —W,r +_27.U,99 - _w77‘9__2w79
r r r r

while, for the special case of radial symmetry, these reduce to

2 1 1
K[wvrrrr +7warrr ——5 W,rr +*’w,r]
' o (1.80)
1 1 ’
= ~Wypr Py +=w,p Dy
r T
and
1 2 1 1
T (I)arrrr +_<I);rrr __(I)w‘r +_<I);r
B ' . r (1.81)
1 .
= T = Wyr Wypp
r

Remarks: The second product on the right-hand side of equation
(1.75b) may be written in the more compact form

50 (10w) 9 (102
or \r 00 or \r 00
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Remarks: For the case of a radially symmetric deformation, it may
be easily shown that isotropic symmetry for the linearly elastic material
yields the relations

N'r‘ = m (err + V@e‘g)
Eh du, 1 [(dw 2 n Uy (1.82a)
= - —_— —_ —_— I/_
1—v2 | dr 2\ d
and
Eh
Ny = (Y (99 + vel,)
Eh Uy n du, n v (dw\? (1.82Db)
= iy (2=
1—v2 | r dr 2 \ dr
N,o = 2Ghe?, (1.82c)

Remarks: In lieu of (1.78), a useful (equivalent) form for the first von
Karman equation (especially for our later discussion of the buckling of
annular plates) is

1 1
KA%*w = N,w,pp —2N,g <T—2w,9 —;w,w) (1.83)

1 1
+Np <—w,r +—5w,00 )
T r

If 0., 0.9, and ogy are independent of the variable z, in the plate, then
N,., Ny, and Ny in (1.83), as well as in all the other expressions prior
to (1.83), where these stress resultants appear, may be replaced, respec-
tively, by hop, hoqg, and hogg.

Remarks: It is easily seen that, for the case of an axially symmetric
deformation of the plate, the relevant equations, i.e., (1.80), (1.81) may
be rewritten in the form

o1 d1d do)_
rdrrdrrdrrdr o

1dd d?>w  1d?°® dw
rdr dr? v dr? dr

(1.84)
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and

A f1d d1d du) _ Ldwdu L85
Eh \rdr drrdr dr | — rdr dr? '
Remarks: From the structure of the operators A% and [, ], in the polar

coordinate system, i.e., (1.75a), (1.75b), it is clear that a troublesome
singularity arises at r = 0; the boundary conditions which must be
imposed to deal with this difficulty at r = 0 will be discussed in the next
subsection.

The quantities

d*w 1 dw
= —F, Kp = — — ,

dr? O ar
for the case of radially symmetric deformations of a plate, are the middle-

surface curvatures. If the plate is circular, with radius R, then the
strain-energy of bending for the isotropic, linearly elastic plate is

(1.86)

Ky

1
Vg = 5[{// (k2 + 2uk kg + Kg)dA

R 2 (1.87a)
r 1
= ﬂ'K/ w2, 20w, o + <—w,r) ] rdr
0 r r

while the strain-energy of stretching is

Eh
Vg = 50— %) //A (€2, + 2verrepy + €59) dA
nEh [ 1
T3 /O {(uM + iw,f )2 (1.87b)
1 9\ ur U\ 2
+2v (Ur,r + Ew,r> T + (7) } rdr

If, e.g., we are considering symmetric deformations of a circular plate
of radius R, which is compressed (symmetrically) by a uniformly dis-
tributed force P per unit length, around its circumference, so that the
net potential energy of loading is

R
Vi = —’R’P/ w,? rdr (1.88)
0
then the total potential energy of the plate is

W(u,w, P) =Vp + Vs + VL, (1.89)

© 2001by Chapmar& Hall/CRC



We now turn to the equations, in polar coordinates, for a linearly
elastic, orthotropic, body with cylindrical anisotropy; in this case, there
are three planes of elastic symmetry, one of which is normal to the axis
of anisotropy, the second of which passes through that axis, and the
third of which is orthogonal to the first two. For a plate, we choose the
first plane of elastic symmetry to be parallel to the middle plane of the
plate; in this case the constitutive relations assume the form

1 Vy
Crpr = E_To'r'r' - E_GUQG
Uy 1
=——0/ + — 1.90
€90 B, Orr + 2 000 ( )
1

Yro = ~—0rp
Gr@

with E,., Ey being the Young’s moduli for tension (or compression) in
the radial and tangential directions, respectively, v, and vy the corre-
sponding Poisson’s (principal) ratios, and G,¢ the shear modulus which
characterizes the change of angle between the directions r and 6. As
E.vy = Eyv,, the constitutive equations (1.90) can be recast in the
form

1
Crr = E (Urr - VTUOG)
1
epp = oA (000 — Voo,r) (1.91)
6
1
=—0
Yro Gr@ 60
so that
Er VTEG
Opr = 7 Eprr Pa—T)
1—vp 1—rv.19
E.v E
op = —TV0 o O oo (1.92)
1—rv,.1 1—v1p

Org = GTO'YTQ

One may compute the strains e,.,., egg, and 7.9 by using (1.71) and, then,
by employing (1.92), the stresses o, 099, and o,9. The equations of
equilibrium which apply in this situation are (1.72 a,b) and these then
produce stress components o,., and og,. The stresses in the cylindri-
cally orthotropic plate then lead to stress resultants N,, Ny, and N,
and bending and twisting moments M,., My, and M,9. By employing
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straightforward calculations, we are led to the following results for a
cylindrically orthotropic plate:

1 1
Mr = *Dr |:w7rr +vy <w7r + QwaOO) :|
T r

1 1
My = —Dy [Vr W,rp + ( Wyr +— wveeﬂ (1.93)

M’!‘9 - MOT = _2D7‘9 (g> 570
T

and
R
1 VpVy 2 Wor
VrEgh 1 8u9 1 2
T ( 7o Tt
V@E h
e 2 (5 ) 1o
1 8U9 LwQ
1 — Uplp r 00 2 270
ou, u, 10u, 1
N, = _ 4z Z
rg — GTHh ( or r + r 00 + rw,Tw,g>

with D, and Dy, respectively, the bending stiffnesses around axes in the
r and @ directions, passing through a given point in the plate, and D,
the twisting rigidity; these are given by

3 3
p, = Bl Bl (1.95)
12(1 — vyvp) 12(1 — vypvp)
and o
- o -

D, = 1.96
0 3 (1.96)

while B
D, = D,vg + 2D,y (197)

Using the expressions for M,., My, M,y in (1.94), those for N,., Ny, and
N,p in (1.74), and a compatibility equation for the displacements in po-
lar coordinates, we find the following form of the von Karman equations
for a linearly elastic, thin plate exhibiting cylindrically orthotropic sym-
metry, (where we have once again introduced the Airy stress function
through the relations (1.74)):
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1 1
Drw;'rrrr +2Drt9 T—zw,rree +D9 r_4w79999 (198)
1 1 1
+2Dr_warr7‘ _2Dr9_3wyr99 _D9_2w7r7‘
r T T
1 1
+2(Dg + Dr@)r—4wa99 +Do 5w,

1 1 1 1
= (_éar—i_ 2¢799> W,yprr +(I)7T’r‘ (_w7’r+ 2w790)
r r r r

1 1 1 l
+2 ( (I),G (I)WB ) < W,re — w,e )
T T T

and
1 1 2\ 1
— Dy — =P, 1.99
Ty + (Gra B, ) ) 06 ( )
11 1
= 7(1) = 7CD rrT
+Er 4 20000 +E9 et

1 2v,.\ 1 11
- - a — & T _(I)vm“
(G,«g E, > r3 0 T 2

-y, 1\1
2 — )=
+( z +Gre>r 00+

11
3,
E.r3 "

1 1
= 7h[w7rr — W, + 5 W00
T r

1 1 2
- —W,rp _—2'[1179 :|
r r

Equations (1.98), (1.99) may also be obtained directly from many sources
in the literature, e.g., the paper by Uthgenannt and Brand [70].

Equations (1.98), (1.99), which govern the general deflections of a
cylindrically orthotropic, linearly elastic, thin plate reduce to those which
govern the deflections, in polar coordinates, of an isotropic plate, i.e.
(1.78), (1.79) when

Dr = D9 = Drg =K = (1.100&)
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and
E.=Ey=FE, v,=1vp=v (1.100b)

Also, for the case of a cylindrically orthotropic plate, undergoing
axisymmetric deformations, with the assumption of radial symmetry
then implying that all derivatives with respect to 6 in (1.98) and (1.99)
vanish, these equations reduce to

1
A2w = —F(w, D) (1.101)
D,
and )
A2P = —5 B F(w,w) (1.102)
where

pa_ @ 28 pd pd
Toodrt rdrd r2dr2 0 r3dr
8 = Ey/E, ( the ‘orthotropy ratio’) (1.103)

1[d [dPdw
Flw,®)=—-|— | ——
(w, ®) r Llr (dr dr)}
For an isotropic plate undergoing axisymmetric deformations, D, =

D,Ey = E,3 = 1, and (1.101), (1.102) specialize to the form given
in (1.84), (1.85)

Remarks: It is often useful to have available the inverted form of the
constitutive relations (1.91) for a cylindrically orthotropic, linearly elas-
tic, thin plate, namely,

Orr ET 1 Vp Err
= — 1.104
<090> 1-vv (VG ﬂ) <699> (110%)

Org = Gr@’YT'Q (1104b)

and

The last case to be considered in this subsection concerns the situation
in which the linearly elastic, thin plate exhibits rectilinear orthotropic
behavior; thus, the constitutive relations (1.60) apply, (as they would,
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e.g., in the case of a linearly elastic paper sheet) but, because we are in-
terested in studying deflections of circular or annular regions, it is more
appropriate to formulate the corresponding von Karman equations in
polar coordinates instead of rectilinear coordinates. In this situation,
we have a mismatch between the elastic symmetry which is built into
the form of the constitutive relations, and the geometry of the region
undergoing buckling; this greatly complicates the structure of the von
Karman equations. It is worth noting that if we make use of the trans-
formation

Crr = €ug OS2 0 + ey, 8in? 0 + ., cos Osin O
€00 = €40 SN2 0 + Eyy cos? 6 — Yy €Os 0 sin 6 (1.105)

Vro = 2(eyy — €gz) cosfsing + ’ymy(COSQ 0 — sin? )

of the principal strains to the polar coordinate system, in conjunction
with the analogous result (1.73) for the stress components, and the recti-
linear orthotropic constitutive relations (1.60), we may transform these
constitutive equations directly into polar coordinate form; the polar co-
ordinate form of the constitutive relations will, indeed, be indicated be-
low. However, it is worth noting that the first of the von Karman equa-
tions for this situation has, essentially, been derived in Coffin [71]and
involves, of course, using the polar coordinate equivalent for (1.45) with
W = 0,t = 0, namely,

1 1 1 1
_(TMT)ﬁ"T‘ +_M9,99 - _MG,T + _Mré,ra + Npw, (1106)
r 72 r r

1 1 w
+Ny (—w,r+—2w,ae) +2N,0 (2) =0
r r r/.re

where the stress resultants INV,., Ny, and N,y are, once again, given by
(1.74) in terms of the Airy function ®(r,#); we note that the sum of
the last three terms in (1.106) is (again) identical with the right-hand
side of (1.75b), i.e., with [w, ®]. From the work in [71], we deduce the
following expressions for the bending moments (which may, of course,
be obtained by directly transforming the expressions in (1.67a), (1.67b)
and (1.67c) into polar coordinates):
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~ - 1 1
Mr = _Dlw;rr _D12 |:r_2wa09 +;w7r:|

) 1 (1.107a)
_2D16 (_w> 510
r
~ ~ 1 1
M, = —Disw,rp —D3 | 5w,00 +~W,r
"o (1.107b)
—2Dg (—w) i
r

- N 1 1
MT@ = _D16w7rr _D26 |:T_2w799 +;’LU,»,\:|

/1 (1.107c)
_2D6 <Fw> 510

where,

Dy = D; cos* 0 + D5 cos? 0sin® 6 + Dy sin® 0

Ds = Dy sin* 0 + D5 cos? 0sin’ 6 + Dy cos 6

Dis = vy Do + (D1 + Dy — 2D3) cos? fsinZ0

D¢ = Deg + (Dy 4+ Dy — 2D3) cos? fsin? 6

D1 = [(DQ — D3)sin?6 — (D1 — D3) cos? 9] cos 0sin 0
Dog = [(D2 — D3)cos? 0 — (Dy — D3) sin? 0] cos f'sin 6

(1.108)

with Dy, Dy and D3 the principal rigidities, D1 = D11, Dy = Day, D3 =
Dsvyg + 2Dgg, as defined by (1.63), (1.64). If we now substitute from
(1.107a,b,c) into the equilibrium equation (1.106), we obtain the first
of the von Karman partial differential equations governing the out-of-
plane deflection of a rectilinear orthotropic, thin, elastic plate in polar
coordinates:
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~ ~ 72 2 (1 1/1
Dlwyrrrr +D3 [_wurr’r +- <_w7r> 00 — (_wﬂ") wr
T T T T T
4
774%99}
-1 ~ 1 -1
+Ds 1 W-0000 +4D6 - ~Wirrr +4D26r_4w7r990
12 7~ ~ 1
+— <D16 - D26) (—w) 7
T T
+ {DQ — Dl + (Dgg — Dlﬁ) cot 48}
3 (1 N 3 4
oo | W,y " —W,rgg — W,
2r \r ' p3 00T o0
+ {(ﬁg - Dl) tan 260 + 2(D26 - 1316)}

3 1
{ﬁw,eoe +r_3w7r0 } = [w, 9]

(1.109)

where [w, @] is given by (1.74) and (1.75b), and

D3 = D15 + 2Dg (1.110)

Remarks: Inasmuch as the expressions for the moments M,., My, and
M, in (1.107 a,b,c) may be obtained from the expressions for M, M,,
and M, in (1.67 a,b,c), and these latter expressions have been derived
by assuming that any existing hygroexpansive strains 0;AH,i = 1,2,
(equivalently, thermal strains «; AT) are constant throughout the thick-
ness h of the plate, if the 5; AH vary with z in any manner except as an
odd function of z (with respect to the middle plane of the plate) then the
expressions for the moments in (1.67a,b,c), and their polar coordinate
counterparts in (1.107a,b,c) would have to be rederived; the new expres-
sions obtained for M,., My, and M, must then be substituted back into
(1.106) so as to obtain the appropriate modification of (1.109), which
applies in the presence of hygroexpansive strains.

Remarks: The second of the von Karman equations which apply to
the problem of studying the out-of-plane deflections of a linear elastic,
rectilinearly orthotropic, thin, plate in polar coordinates does not appear
in [71] because the primary focus in that work was on studying the initial
buckling problem; nor does the relevant form of this second of the von
Karman equations in polar coordinates for the case of a linearly elastic,
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rectilinearly orthotropic plate appear to have been derived anywhere else
in the literature. The calculation, however, which is required to obtain
the equation which complements (1.109) may be carried out in one of
two ways: first of all, by transforming the three fourth order partial
derivatives @,yz00 , Pizayy, and @,yyyy which appear on the left-hand
side of (1.69); the right-hand side of (1.69), in polar coordinates, will be
identical with the right-hand side of (1.79).

Alternatively, to obtain the form of the second of the von Karman
equations, we may rewrite the constitutive relations for a linearly elastic,
rectilinearly orthotropic material, i.e.,

1 V21
Crz = E_lgxz - any

V12 1

1

Yoy = G—uazy

(where we have, for now, not considered the presence of possible hy-
groexpansive or hygrothermal strains) in the polar coordinate form

€rr = G110y + Q120099 + A13Trg
€09 = G210, + A22009 + 23Tr0 (1.112)
Yro = G310y + A32009 + 33Ty

where the a;; = a;;(#), in contrast to the case of a cylindrically or-
thotropic material, i.e. (1.91), in which the constitutive “coefficients”
are f-independent. The strain components in (1.112) are given by the
relations (1.71) in terms of the displacements w,,uy, and w, where

—— < (< 5 if we think in terms of averaging the constitutive re-

lations (1.112) over the thickness of the plate we may, in essence, ignore
the expressions involving ¢ in (1.71). For the in-plane stress distribution
(prebuckling), w = 0, in which case

ou, 10up 1 10u, Ouy 1
= U,

—Upy, Yro =

=g 0= g T 00 " or

In polar coordinates, the compatibility equation for the strains assumes
the form
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3267~r 82 82 aerr _
902 + Tﬁ(reee) — W(T'Yre) =T or = 'C(urvuﬁ) =0 (1~114)

when w = 0. If w # 0, then the strain compatibility relation yields

L(ur,ug) = ——[w,w] (1.115)

where

2
1 1 1 1
[w, w] =2 {ww (;w’r + r_2w’99> — (;w,rg — T—Qw,g> } (1.116)

The essential idea behind the derivation of the second of the von
Karman equations is to compute the polar coordinate form (1.112) of
the constitutive relations (1.111), substitute (1.112) into (1.115), and
then set

REIRYL:
o= ar T2 092
0%
0o — w (1117)
0% /1
0 o0 <F@)

in the resulting equation. We begin by recalling the transformation
(1.105) of the principal strains ey, €, and v, to the polar coordinate
system and the analogous transformation of the principal stresses, i.e.,

Opp = Ogyp COS2 0 + Oyy sin? 6 + 20,y sinf cos 6
090 = Oppsin® @ + oy, cos?  — 20, sin f cos f (1.118)

0rg = (0yy — 04z)sinb cosf + o,y (cos? § — sin® 0)

Using the transformation (1.105) of the principal strains, in conjunction
with the constitutive relations (1.111), we find that

1 Vi .
Erp = <— cos? 0 — =2 sin’0 | o4

B B
+ (LsinQQ— P21 os? 9)0 (1.119)
E Es w
sin 260
Gy 0™
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1 ., Vi2 o )
egp = | = sin“ 0 — —=cos“ 0 | o4s
<E1 1
1
+ <E_2 cos? ) — VE—221 sin? 9) Oyy (1.120)
sin 260
- o
G
and
1 1
erg = _# Sin20 - o, + M sin 20 - oy,
0520 (1.121)
- . O’(L"
G2 Y

By solving the relations in (1.118) for o4, 0y,, and o4, in terms of
Orr, 099, and o9 and then substituting these results for 04,0y, and
O3y into (1.119), (1.120), and (1.121), and simplifying, we obtain (1.112)
with

25 )  Gin?d . )
ay = cos (cos? @ — vy sin? @) + = (sin? @ — o1 cos? )
1 2 (1.122a)
- 260
sin“ 20
12
25 27
0 - _ 0 _ .
a1y = SIJI; (cos? 0 — 15 sin? ) + o8 (sin? @ — o1 cos? )
! ) 2 (1.122b)
. 2607
— 20
e sin
(1 _ g _ _
a3 = sin 26 {E(y12 sin? @ — cos? 0) + E—(sin2 6 — vy cos® 0)
1 2
- 1.122
n cos 20 ( )
2G12
cos® @ ~ _ sin - -
an = —¢ (sin? @ — vy15 cos? @) + (cos? @ — 1o sin? )
1 2
_ 1.122d
sin? 20 ( )
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sin? 0 _ cos? 0 _

age = Ei(sin2 0 — 12 cos? 0) + (cos? O — vy sin? §)
1 n? 27 2 (1.122¢)
4G9
1 27 27 1 27 .25
a3 = { — (v12 cos” 0 — sin® 0) + —(cos® 0 — vay sin® 6)
E, E,
cou2d (1.122f)
 2G1, }
L (1 _
a31sin9(:ost9{( 21) Gn2g - (1 12) ag
2 1
0320 (1.122g)
2G12 }
_ (1 _ 1 ~
a3z = sinfcosf {(-;7%1) cos? 9 — m sin® 0
COSZ’% ! (1.122h)
- 2G, }
I 1
a3z = sin 26 {sin&cosﬁ [( —;Vu) + ( -;Vm)] }
po 2 (1.122i)
cos” 260
2G12

To summarize, the second of the von Karman equations in polar co-
ordinates, for a linearly elastic, thin plate, possessing rectilinear or-
thotropic symmetry, is obtained by first inserting the a;;(6), as given
by (1.122a)-(1.122i) into the constitutive relations

1 1
Err = Q11 <;(D7r + 7“_2(1)’09) +a2® .,
1 (1.123a)
—a13 <—‘I>>
r ;0

1 1
€pp = 21 (;‘I),r + T—ch,rr) + a2® .,
1 (1.123b)
—ass3 (—‘I))
r ,r0
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1 1 1
Yro = G31 (—CI)JA + —2@’”«) + 032(1)’”« — ass <—©> (11230)
r r r 0

and then substituting (1.123a,b,c) into the compatibility relation

0%ery 4 iz( ) — 672( )
002 2\ T g\ 0

derr L 1 1 2
r or = W rp rwﬂ‘ r2w,99 Tw7r9 rzwﬁ
(1.124)

A comprehensive study of postbuckling for rectilinearly orthotropic
plates with circular geometries will not be attempted in the present
work; therefore, we will forgo carrying out the remainder of the deriva-
tion of the second of the von Karman equations for this situation leaving,
instead, the straightforward calculations as an exercise for the reader.
The initial buckling of rectilinearly orthotropic (circular) annular plates
will be treated in Chapter 4 and the in-plane displacement differential
equations associated with the buckling of rectilinearly orthotropic circu-
lar plates will be obtained in Chapter 3.

Along the edge of the plate, at » = a, we prescribe, in general, the
radial and tangential components p,(f) and pg(6), respectively, of the
applied traction where

pr(0) =h [am cos? 6 + Oyy sin 6 cos 0 4 0, sin 20] |T7a
- (1.125)
po(0) = h[(oyy — 0ra)sindcos — o,y cos20]| _
i.e.
pr(0) = horr|,_,, po(8) = hop|r =a (1.126)

and regularity conditions must, in addition, be prescribed at the center
of the plate, i.e., at r = 0, with respect to both the Airy function ®
and the transverse deflection w. Boundary conditions for all the classes
of buckling problems we have introduced to this point are discussed, in
detail, in the next section of this Chapter.
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1.3 Boundary Conditions

For a linearly elastic, isotropic, (or orthotropic) thin plate, we have
seen that the von Karman equations, which govern the out-of-plane de-
flections of the plate, form a coupled system of nonlinear partial differ-
ential equations for the deflection w and the Airy stress function ®, both
in polar as well as in rectilinear coordinates; in this subsection we will
formulate the specific boundary conditions which must be considered
in conjunction with these equations for the cases of both isotropic and
orthotropic symmetry in rectilinear coordinates (for rectangular plates)
in polar coordinates (for plates with circular geometries, i.e., annular
plates). We will consider first the boundary conditions which apply
to the defection w and then somewhat later on, those which apply to
the Airy function ®; those conditions which apply to the Airy function
are, in fact, best considered in conjunction with the discussion that will
follow in section 1.4.

1.3.1 Boundary Conditions on the Deflection

Consider, as in Fig. 1.11, a thin, linearly elastic plate which occupies a
region Q in the z, y plane with a smooth (or piecewise smooth) boundary
0f). By piecewise smooth we mean that 02 is the union of a finite
number of smooth arcs or pieces of curves, e.g., a rectangle. We denote

by 7 the unit normal to the boundary, at any arbitrary point on the

boundary, and by ¢t the unit tangent vector to the boundary at that
point. Derivatives of functions f, defined on 92, in the direction of

the normal to the boundary will be denoted by ?, while those in the
n

direction of the tangent to the boundary are denoted by —f, with s a

S
measure of arc length along the boundary. For example, if €2 is a circle
of radius R in the z,y plane, centered at (0, 0), i.e.

Q= {(z,y)]z* +y* < R?} (1.127a)
so that

00 = {(z,y)|z* + y* = R*} (1.127Db)
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and f = f(r,0) is defined on 2, with first partial derivatives continuous
up to the boundary 02, then

of

%:fﬂ" and

of 10/

ds 100 (1.128)

the latter result being a consequence of the fact that s = 76, so that
0 0 0s

% = 2:50° Although there are many different types of (physical)

S

boundary conditions which can be considered for the deflection w of
a thin plate, three types are most prevalent in the literature on plate
buckling: clamped edges, simply supported edges, and free edges. With
respect to the general geometry shown in Fig. 1.11, and irrespective of
whether we are dealing with isotropic or orthotropic symmetry, these
three sets of boundary conditions lead to the following requirements on

o0

(7) 090 is clamped: w = 0 and g—: =0, on 90 (1.129a)

(i) 0N is simply supported: w =0
and M,, =0, on 99 (1.129b)

(7i1) 0 is Free: M, =0

M,
and Q,, + OM
0s

(1.129¢)

=0, on 02

where M, is the bending moment on 0f) in the direction normal to
09, My, is the twisting moment on 02, with respect to the tangential
and normal directions on 0f), and @, is the shearing force associated
with the direction normal to 9. We now specify the conditions in
(1.129 a,b,c) for the cases of isotropic and orthotropic symmetry in both
rectilinear and circular geometries.

1.3.1.1 Isotropic Response: Rectilinear Geometry

We take for €2 the rectangle occupying the domain 0 < x < a, 0<
y<b.

(i) 09 is Clamped.
In this case, as a consequence of (1.129a), we have
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w(a,y) =0, 0<y<b

UJ(I,O) =0, 0<z<a (1.1303)
w(Iab)ZO, OS-TSCL

and

w, (0,y) =0, 0<y<b

W, (a,y) =0, 0<y<b

W,y (2,00=0, 0<z<a (1.130Db)
wﬂ!(va)zo, 0<zxx<a

0

(ii) 09 is Simply Supported
In this case, as a consequence of (1.129b), we have, first of all, the
conditions (1.130a), because w = 0 on 9IQ. The condition M, = 0
translates, in this case, into M, =0, forxt =0, x =a, 0 <y < b, and
My, =0fory=0, y=10, 0 <z <a,or, in view of the expressions for
the bending moments M, M, in (1.39) and (1.41), respectively,

W,z +Vw7yy |:c:0 =0,0< y < b

W, VW, e=a =0, 0<y< b

wl Y (1.131)
W,yy TVW,zg |y:0 =0,0<z<a

W,yy HVW,za |y:b =0,0<z<a

The conditions in (1.131) may be simplified somewhat: as w(0,y) =
0, 0 <y < b, we have w,, (0,y) = 0 and w,y, (0,y) =0, for 0 <y < b.
62
Thus, by the first equation in (1.131), a—l;}(x,y)h:o =0, 0<y<b,so,
T
in fact
2 O%w

0“w
Awly—o = | 7 (2,y) + = (w,7y) =0 (1.132)
Ox? Oy? om0

for 0 <y < b. In other words, if the edge z = 0, 0 < y < b, is simply
supported, then along this edge we have

Wpmo = Awlz=p =0, 0 <y <b (1.133)
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(iii) 99 is Free

If all four edges of the rectangular plate are free then, first of all, as
a consequence of the condition M, = 0, on 9, in (1.129¢), the four
relations in (1.131) must hold. The second relation in (1.129¢) becomes

Qyz+%|y:o=0, 0<z<a
Qyz+%ly:b:0, 0<z<a
Qm+ag§’mlw:o=o, 0<y<b
%ﬁ%lx a=0,0<y<b

or, if we employ the moment equilibrium equations (1.44):
My, +2Myy zly=0 =0,0<z<a
My y +2Mayoly—p =0,0 <z <a
My +2Myg om0 = 0,0 <y < b
My oz +2Myz ylo—a = 0,0 <y < b
However, by virtue of (1.41),
Myy+2Myy o = —K [W,yyy +(2 — V)W, 00y |
while by (1.39), (1.41), and the fact that My, = M,,
My o +2Myy y = —K (W00 +(2 — V)W, 5yy |
Thus, if all four edges of the plate were free, we would have
Wyyy +(2 = V)Waay [y=0 =0, 0 <z <a
Woyyy +(2 = V)W,gay [y=1 =0, 0 <z < a
Wy (2 = V)Wayy [2=0 =0, 0 <y < b

W,zxx +(2 - V)waxyy |w:0 = 07 0 < Y < b

(1.134)

(1.135)

(1.136a)

(1.136b)

(1.137)

Remarks: In any actual problem that one would want to consider
with respect to buckling or postbuckling of a (rectangular) thin, linearly
elastic, isotropic plate, there would usually be a mixing of the various
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boundary conditions delineated above along parallel pairs of edges. For
example, if the edges along x = 0,2 = a,0 < y < b, were clamped while
those along y = 0,y = b,0 < x < a, were simply supported then, by
(1.130a,b) and (1.131), the full set of boundary conditions would read
as follows:

w(0,y) = w(a,y) = w,, (0,y) = w,e (a,y) =0, (1.138a)
for 0 <y < b, and

w(z,0) =w(z,b) =0, 0<z<a
Wy FVWopg |y=0 =0, 0<z<a (1.138Db)

W,yy FVW, gz ‘y:b =0, 0<z<a

Of course, as w(z,0) =0, 0 < x < a, Wy, (x,0)=0, 0<z <a,so

P*w(zx,y) |
T

=0, 0 <z < q, in which case Aw|y—o =0, 0 <z < a. Thus, (1.138b)
may be replaced by

that, by virtue of the second equation in (1.138b), we have

Wly=o = Aw|y—g =0, 0<z<a
{ ly=o ly=0 (1.138c¢)

Wly=p = Awly—, =0, 0<z<a

The number of possible combinations of different boundary conditions
along parallel pairs of edges on the rectangle is, of course, quite large
and we do not delineate them all here; we will reference, however, both
initial and postbuckling results for several such different combinations in
Chapter 2. We now turn our attention to results in the polar coordinate
geometry which conforms naturally to regions with circular symmetry.

1.3.1.2 Isotropic Response: Circular Geometry

We take for 2 the annular region occupying the domain a < r < b,
where a > 0,b > a, and r = \/22 + 92; if a = 0, the annulus degenerates
into a circle of radius b and, because of singularities which can develop
in solutions of the von Karman equations (1.78), (1.79), which apply in
this case, regularity conditions with respect to the deflection (as well as
the Airy function) must be satisfied at » =0

(i) 09; is Clamped
We take for 09, {(z,y)|z* + y* = R;},i = 1,2 where Ry = a, Ry = b;
then 91 is the union of 9Q; with 0Qs and, if Ry = a = 0, then 02 is just
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the circle of radius Ry = b. If 0€2; is clamped, then as a consequence of
(1.129a)

w(R;,0) =0, w, (R;,0)=0, 0<0<2nr (1.139)

(ii) 09; is Simply Supported

In this case, the first condition w(R;,0) = 0, 0 < 6 < 2, in (1.139)
still holds, but the second condition, according to (1.129b), is replaced
by M, = 0 on 0f);; although we obtained (1.78), (1.79) without calcu-
lating M, directly for the isotropic case, in polar coordinates, we may
easily obtain M, for the present situation by specializing the first re-
sult in (1.94), for a cylindrically orthotropic thin plate, to the case of
isotropic symmetry. Thus, the second of the simply supported boundary
conditions for w reads

1 1
|:w7rr +v (’UJ,,,« +2w799>:| = O, (1140)
r r r=R

i

for 0 < 6 < 2.

(iii) 0Q; is Free

If 09); is free then (1.140) applies, for 0 < 6 < 27, because, as in the
simply supported case, we still have M,. = 0 at r = R;. By (1.129¢), the
other condition at r = R; is

1
[Qr + ;Mr9,9:|

r=R;
11— /1 (1.141)
= (Aw)ﬂ“ + —W,9 | ro =0
r T =R,
where

1 1
Aw = W,y + =W,y +—5W,00 (1.142)

T T

Remarks: As was the case for a rectangular plate, for a thin, linearly
elastic, isotropic, annular plate, one may mix and match the various
sets of boundary conditions delineated above, e.g., if the outer radius at
r = b is clamped, while the inner radius at r = a is free, the boundary
conditions would read as follows:

w(b,0) = w, (b,0) =0, 0<6<2r (1.143a)
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1 1
|:’U.)7rr +v (—w,r +—2UJ,99 >:| =0, 0< 0 <27 (1143b)
T T r—a

1—v (1
[(Aw) 7 (—w,9> ,re] =0, 0<f<2r (1.143¢c)
T T r—a

Remarks: Suppose that a = 0, so that the annular plate degenerates
to a circular plate of radius b; If the boundary at r = b is clamped,
then (1.139) holds with ¢ = 2 and Ry = b. If the boundary at r = b
is simply supported, then w(b,§) =0, 0 < 6 < 27, and, in addition,
(1.140) applies with ¢ = 2 and Ry = b. Finally, if the boundary at
r = b is free, then (1.140), with ¢ = 2, Ry = b holds, as well as (1.141),
with ¢ = 2, Ry = b. For any of these three situations, for the circular
plate of radius b, we have a fourth order equation for w (either (1.78), or
its specialization, (1.84), to the case of axially symmetric deformations)
and only two boundary conditions (at 7 = b). The missing boundary
conditions which must be imposed arise because of the singularity which
is inherent in the von Karman system (1.78), (1.79)—or its axially sym-
metric form (1.84), (1.85)—at r = 0; the usual assumptions are either
that

ow
— — g = 1.144
W|r—p < 0o and 5 lr=0 =0 ( )
or that 5 /18
w
Wlp=0 < 00 and a (;E) lr—0 =0 (1.145)

The first condition, in either (1.144) or (1.145), that of a finite de-
flection at the center of the plate, is obvious, while justification of the
second conditions in each set is based on requirements of regularity, i.e.,
continuity of a certain number of derivatives of w with respect to the
radial coordinate (see, e.g., the paper of Friedrichs and Stoker [72]).
Conditions with respect to the behavior of the Airy stress function ¢
must also be prescribed at » = 0, in the case of a circular plate, but a
discussion of these will be left for section 1.3.

1.3.1.3 Rectilinear Orthotropic Response: Rectilinear
Geometry

We again take for 2 the domain {(z,y)|0 < z < a,0 < y < b} but now
the constitutive relations (1.60) hold, with the hygroexpansive strains
G;AH, (equivalently, the thermal strains «; AT) 1,2, assumed to be con-
stant through the thickness h of the plate.
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(i) 09 is Clamped

In this case, the change from isotropic to orthotropic symmetry is incon-
sequential; the general conditions in (1.129a) once again translate into
(1.130a,b).

(ii) 09 is Simply Supported

Because we still have w = 0 on 99, the conditions delineated in (1.130a)

still apply in this case. As a consequence of the second condition in

(1.129b), however, we have, in lieu of (1.131), the following statements,

which are, by virtue of (1.67a,b), equivalent to M, =0, for z =0, z =

a, 0<y<b and My =0,fory=0, y=0b, 0<z<a:
Dllwvwm +D12w;yy |x:0 = 07 0 < Y < b
Di1w,ze +D12w;yy |x:a =0, 0<y<d
Do1w,zq +D22wayy |y:0 =0, 0<z<a
D21w7$1 +D22w)yy |y:b - 0, 0 S X S a

However, by (1.61) - (1.63), and the fact that Eyv19 = Eavay:

(1.146)

Do _ C1z _ Esvo1 /(1 — viav21)
D1 Cn E1/(1 —vigva1)

and
D1 Ca1 _ Ervig/(1 —vigva)

Day  Cag  Es/(1—wvyiave)

or

LQI
=y and ——= = 1.147
Dy 12 Doy a1 ( )

in which case, (1.146) may be rewritten as

W,z TV12W,yy |z:0 =0, 0<y< b
Wizg TV12Wyy |z=a = 0, 0 <y < b
o w lo=a Y (1.148)
VoW Wy ly=0 =0, 0 <2 <a
V21w7Im+w7yy |y:b:0, 0§x§a
which, clearly, reduce to (1.131) for the isotropic case when v1g = va1 =
v.
(iii) 0N is Free
In this case, because we still have M, =0atxz =0, z =a, for 0 <y < b,
and M, =0,at y =0, y =0, for 0 < z < a, the conditions in (1.148)
hold along each of the respective edges of the rectangle. The second
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(general) condition in (1.129¢) again becomes (1.134), which reduces to
(1.135); for the case of orthotropic symmetry, however, we must now use,
in (1.135), the expressions (1.67a,b,c) for My, M, and M,,,, respectively.
Thus

My,y + 2Mry,:r = _D21w71zy _D22w7yyy _4D66w7zzy

so that we have, for 0 < z < a,

(D21 + 4Dg6) Wzzy +Da2o,yyy |y—0 = 0 (1.149)
and

(D21 4 4Dg6) W,y +D2oW,yyy ly=p = 0 (1.150)
for 0 < z < a. Also,

My oz +2Myz y = —D11W 30z —D12W,2yy —4D66W,zyy

so that, for 0 < y < b,

D11W,gz0 +(D12 + 4Dg6 )W, 2y |o=0 = 0 (1.151)

and
Dllw;mwm +(D12 + 4D66)w;myy |w:a =0 (1152)

Remarks: To check that the boundary conditions (1.149)—(1.152), for
free edges on a rectangular orthotropic plate, reduce to those in (1.137),
for an isotropic plate, we may note, e.g., that

Dy +4Des _ Evvia/(1 — vigvar) + 4G12
Doy Es/(1 — vi2v21)

4G12(1 — viav21)
Ey

= v +

so that with isotropic symmetry

D21 + 4D66 4G<1 — V2)
e L T —_— =2
Da» vtTE v
if we use the fact that G = ———. Thus, with the assumption of
2(1+v)

isotropic symmetry, (1.149), (1.150) reduce to the first two conditions
in (1.137) and a similar reduction applies to (1.151), (1.152).
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1.3.1.4 Cylindrical Orthotropic Response: Circular
Geometry

In this situation, €2 is again the annulus defined by a < r < b, a >
0, b>a, r=/x2+y? with the circular domain of radius b corre-
sponding to a = 0. The appropriate constitutive response is given by
(1.90) or, equivalently, (1.91), with bending moments and stress resul-
tants given as in (1.94) and (1.95). The bending stiffnesses and twisting
rigidity appear in (1.96), while D, is defined by (1.97). Finally, the von
Karman equations for a thin linearly elastic plate possessing cylindri-
cally orthotropic symmetry are exhibited in (1.98) and (1.99). As in the
case of isotropic response, we set 9€; = {(z,y)[z* +y> = R;}, i=1,2
with Ry = a, Rs = b so that 9 = 9Q; U 0€)5. The relevant boundary
data is as follows:

(i) 04, is Clamped

As in the case of isotropic response and a circular geometry, the bound-
ary conditions with respect to w(r, #) reduce to (1.139). If Ry = a =0,
we may impose the regularity conditions (1.144) or (1.145) at r = 0,
while (1.139) holds for i = 2, i.e., at r = b.

(ii) 09, is Simply Supported

In this case, the condition w(R;,0) =0, ¢ =1,2, 0 < 6 < 2, still
applies but the second condition in (1.139) must be replaced by M, = 0,
at r = a, r = b, which, according to (1.94), means that

1 1
|:w7’l"’l’ +V0 (_wﬂ” +_2w799>:| =0
r r r=a

1 1
|:w7'!‘7‘ +V9 <;wa'r' +T_2w799>:| =0
r=b

Remarks: Once again, combined sets of boundary data are possible,
e.g., for a cylindrically orthotropic, thin, annular plate, which is linearly
elastic, and has its edge at r = a simply supported, while the edge at
r = b is clamped, we would have

(1.153)

1 1
w(a, ) =0, [w,TT +vp (—w,r +-—5w,00 )} =0 (1.154a)
r r —a

w(b, ) =0,

w |, =0, (1.154b)

for 0 < 6 < 27.
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(iii) 09Q; is Free
With 99Q; free, i = 1,2, (1.153) will still apply but, in lieu of the
vanishing of either w or w,, at = a, b, we must impose the condition

|:Qr + 1-2\47"979:| = 07 1= 17 2 (1155)
r r=R;

A study of the literature would seem to indicate that the general
form of the free edge boundary condition for a cylindrically orthotropic
plate has not been written down; rather, because of the complicated
form that the von Karman equations (1.98), (1.99) take, in the most
general situation, where the deflection can depend on 6, most (if not
all) authors, to date, have been content to deal with the axisymmetric
form of these equations (and, thus, with the corresponding form of the
free edge boundary condition). The axisymmetric form of the free edge
boundary condition (i.e., the condition that Q,|,—g, = 0, with w,s = 0)
is

1 Eg w,
W,yprrr +;warr - (E) T_QT |7’:Ri =0 (1156)
for i = 1,2. Clearly, for the isotropic, axisymmetric situation, (1.155)
reduces to (1.141) because of (1.142), the fact that Ey = E,, and the
assumption that w is independent of 6.

1.3.1.5 Rectilinear Orthotropic Response: Circular
Geometry

Once again Q is the annulusa <r <b, a >0, b>a, r= /22 + 12,
with a = 0 yielding a circular plate of radius b. The relevant constitutive
response is defined by (1.60), (with the ¢;; as in (1.61) and the 5;AH
(or, equivalently, the a,; AT) taken to be constant through the thickness
of the plate); these relations must be reformulated in polar coordinates,
because of the assumed circular geometry of the plate, through the use
of (1.73) and the analogous transformation for the components of the
strain tensor (1.105), e.g., the constitutive relations will be the obvious
modifications of (1.123a,b,c). The first von Karman equation is given by
(1.106), with bending moments as defined by (1.107a,b,c), (1.108); this
yields the partial differential equation (1.109). The second of the von
Karman equations for this case comes about, either by directly trans-
forming (1.69) into polar coordinates or by substituting the constitutive
relations, in polar coordinate form, into (1.124). The relevant boundary
conditions in this case are now as follows:
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(i) 09Q; is Clamped

These conditions are, once again, identical with (1.139), for i =1, 2.

(i) 09; is Simply Supported

We again have w(R;,0) =0, 0< 6 < 2w, i= 1,2 and, in addition,
must require that M,, = 0 for r = aand r = b, 0 < 0 < 27; by
virtue of (1.107a), this is equivalent to the following statements for any
0, 0<60<2m,

~ ~ 1 1
|:Dlw77’7‘ +D12 <2w799 +7w57‘ )
r r

- - 1 1
|:D1w7’r‘7’ +D12 (T_Qwuee +;w7r)
1.157b)

~ 1
—2D16 (—w) 7r0:| =0
r r=b

where Dy, D, and D are defined as in (1.108)

(iii) 909, is Free

If the boundaries 9Q; are free, then both (1.157a) and (1.157b) must
hold and, in addition, we have (1.155) where M,y is given by (1.107c)
and (1.108); to the best of the author’s knowledge @, has not been
computed for this situation, to date, and will need to be calculated in
the course of future work on such problems.

Remarks: In general, for the rectilinearly orthotropic, annular plate
one will mix different types of boundary conditions along the edges at r =
a and r = b, e.g., if the inner boundary of the region is simply supported,
while the outer boundary is clamped, then we would have w(a,f) =

0 0
0, 0 <0 < 2w, together with (1.157a) and w(b,0) = 0, wg;, ) lr=b
0, for 0 < 6 < 2.
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1.4 The Linear Equations for Initial Buckling

In section 1.1 we considered a general system G(A,u) = 0 of equilib-
rium equations, parametrized by the real number A\, and defined for u
in some Banach or Hilbert space. We indicated the connection which
exists between the possibility of branching from an equilibrium solu-
tion (Ao, up) and the existence of a bounded inverse for the linear map
G (Ao, up). In this section, we will indicate how one forms the linearized
equations which govern the onset of buckling in a thin, linearly elastic,
plate, i.e., we will show how to obtain the linearized equations which
control initial buckling of a plate from the various sets of nonlinear
von Karman equations we have presented, in both rectilinear and po-
lar coordinates, for isotropic and orthotropic response; in the course of
our discussion we will present several sets of boundary conditions for
the Airy function (equivalently, for the forces specified by the various
derivatives of the Airy function on the edge, or edges, of the plate.)

Although we may proceed with a direct discussion of the application
of Frechét differentiation to the von Karman equations, as a means of
generating the linearized equations of buckling, we note that these equa-
tions may also be generated by observing that in all the cases considered
thus far, in both rectilinear and polar coordinates, the von Karman equa-
tions enjoy a special structure. Therefore, suppose that, with reference
once again to Fig. 1.11, which depicts a thin elastic plate that occupies
a region  in the z,y plane, ®q(z,y) is the stress function produced
in the plate, under the action of applied forces on 9 and/or specified
boundary conditions with respect to w, when the plate is not allowed
to deflect (i.e., ®g(w,y) is associated with a state of generalized plate
stress in €2). Suppose further that it is possible to characterize the class
of possible loadings of the plate that we are interested in by a single
parameter A, which one may think of as being a measure of the strength
of the applied edge forces; in this case we may set

where, in writing down (1.158), we are, clearly, thinking of the general-
ized state of plane stress (that is represented by the Airy function) as
depending linearly on A. We comment later on the fact that it is not
always possible to express ®q(z,y) in the form (1.158).

Example: Consider the rectangular plate of length a and width b which
is depicted in Fig. 1.12. Here a compressive thrust of magnitude —Ahb
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is applied normal to the edges at x =0, = =a, for 0 <y <b. If, e.g.
all four edges are simply supported, and the thin plate is isotropic and
linearly elastic, then, along all four edges of the plate, w = Aw = 0.
Referring to the von Karman equations, (1.53a,b), which apply in this
case, with ¢t = 0, for a state of generalized plane stress (1.53a) is satisfied
identically while (1.53b) reduces to

A%Py=0; 0<z<a, 0<y<b (1.159)

subject to the boundary conditions specified above. The solution of this
plane stress boundary value problem may be taken to be

Y2
Do (z,y) = _)‘h5 (1.160)

inasmuch as we do not care about linear and constant terms in ®, (be-
cause the expressions involving ® in (1.53a,b) always appear as second
derivatives in the Airy function.) From (1.160) it is clear that we may

h
take, in accordance with (1.158), ®o(z,y) = —§y2. From (1.160) and

(1.46) we see that, N? = —\h, Ng =0, Z\_fgy =0.
Returning to the general situation we make the following observations:

(i) In every case considered in section 1.2, with respect to the buck-
ling of a thin, linearly elastic plate, either for isotropic or orthotropic
response, and whether it be for the case of rectilinear or circular geom-
etry, the structure of the von Karman equations is as follows:

Liw = [®,w] (1.161a)

Ly® = —%[w,w] (1.161b)

where Ly and Lo are (usually), variable coefficient, linear differential
operators whose precise structure is determined by the type of coordinate
system we are working in and the nature of the symmetry associated
with the constitutive relations, i.e., isotropic or orthotropic, while the
brackets [®, w] and [w, w] are nonlinear in structure, but depend only on
whether we are working in rectilinear Cartesian coordinates or in polar
coordinates. Specifically, in Cartesian coordinates
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(@, w] = @,yy Wyzz —2W,0y Przy +Pzp Wy,
= Wyge Ng + 2W, 5y -Ney + W,y Ny
[w7 ’LU] = Q(wvww W,yy _w2wy )

while in polar coordinates

1 1
[(I),U)] = (I)n'r (;wvr +7"—2w’09)

1 1
+ <_(I)77' +—2¢»‘,99> W,y
r r

1 1 1 1
—2 <w7’r‘92w79) (¢7’r‘92®79)
r r r r

1 1
warrNr2< 5 Ws0 — 2w3r9>Nr9
T /A

1 1
+ (—wn« +—2w,93> No
r r
1 1
[U), w] = -2 {war'r (_wﬂ‘ +_2w709)
r r

(1 1 )2}
— | “W,ro *7211)70
T r

(ii) We set

90(1’73/) = (I)(I7y) - )\(bo(I,y)

(1.162)

(1.163)

and note that as ®¢(z, y) represents the state of plane stress in the plate
corresponding to the deflection w = 0, it must, therefore, (see 1.161a,b)

satisfy

LQ(I)O = 0, in Q,

(1.164)

with some appropriate boundary conditions on 092. Then, (1.161a,b)

may be put in the form

{ Liw — X [®g, w] = [p, w]
Loy = [w,w]

© 2001by Chapmar& Hall/CRC

(1.165)



with p(x,y) the “extra” Airy stress (function) generated by the out-of-
plane deflection w.

Remarks: The term [®g,w] may also be written in terms of the stress
resultants (or averaged stresses) N, N, N7, (rectilinear Cartesian
coordinates) or N2, NJ, NS (polar coordinates) corresponding to the
state of generalized plane stress in the plate when w = 0.

From our general discussion in section 1.1, we know that branching
from an equilibrium solution (g, ug) of a general system of equations
G(A,u) = 0 can occur only if Gy (A¢, ug) is not invertible (as a linear
map), i.e., if the eigenvalue-eigenfunction problem

Gu(MNug)v =10 (1.166)

has a nontrivial solution v, (a “buckling mode”) for some value of A,

say, Ac (a “buckling load”). For the general von Karman system given

by (1.165), which includes all the cases we have considered in section

1.2, the problem equivalent to (1.166) may be formulated as follows:
We take, for the “vector” u the pair (w, ¢) and we write

G\ u) = G (N, (w, 9))

= Liw — A [@o, w] — [p, w] (1.167)
and
G*(\u) = G2\, (w, 9))
Lo ] (1.168)
so that B & O (w.9))
G\ u) = (G2 O (w,cp))) (1.169)

The von Karman equations, (1.165), are then equivalent to G(\,u) =
(8) . The equilibrium solution (A,ug), which holds for all A, is given
by

uo = (0,0) (1.170)
ie., by w=0and ® = &; = \®;. Computing the Frechét derivative of
the mapping in (1.169), at (A, up) = (X, (0,0)), and setting v = (b, ),
we find that

(1.171)

Cuhg)y (lei; A [@0,1@])

Lyp

so that G, (A, ug)v = 0 is equivalent to the system of equations
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Lyt — A [®g, ] = 0
{ (1.172)

Lyp=0

The linear equations in (1.172) are subject to the boundary conditions
on ON) for w and . However, the boundary conditions with respect
to ®(x,y) are always chosen identical to the ones that are satisfied by
the state of generalized plane stress A®¢(z,y) and, therefore, ¢ satisfies
homogeneous boundary conditions on {2, e.g. for the example considered
in this section, of compression of the rectangular plate, ¢ = Ap = 0
on 0. As the second equation in (1.172) is linear and homogeneous,
@ =01in Q and we are left, therefore, with the eigenvalue—eigenfunction
problem

Liyw. — A\ [Pg,w.] =0 (in Q)

appropriate boundary conditions on
09 corresponding to clamped,
simply supported, or free edges,

or some combinations, thereof.

(1.173)

If we compare the general structure of the linearized problem (1.173),

which governs initial buckling of the plate, for all the cases we have con-
sidered so far in this report, with the full set (1.161a,b) of von Karman
equations we may note the following simple algorithm:
For the cases considered in sections 1.2, 1.3, the eigenvalue—eigenfunction
problem (1.173) for the buckling loads A., and the corresponding buck-
ling modes w,, may be obtained from the von Karman equations (1.161a,
b) by

(i) Suppressing the second equation, i.e., (1.161b)
and

(i) Setting ®(x,y), in (1.161a), equal to APg(x,y) =
®¢(z,y), where ®g(x,y) is the Airy stress function corre-
sponding to the state of generalized plane stress in the plate
(i.e. w = 0) which is generated by whatever loading condi-
tions are in effect along the edge (or edges) or the plate (i.e.,
along 9Q), the parameter A having been chosen to gauge the

magnitude of that loading.
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Remarks: For certain types of loadings we will encounter, in Chapter
2, for example, we may not be able to express ®( directly in the form
AP, with A representing the magnitude of a loading along a particular
edge, e.g., compressive loading of the rectangular plate along the edges
parallel to both the xz and y axes with different loading magnitudes along
the different pairs of parallel sides. However, the algorithm we have
delineated above is still valid: we simply replace ®(z,y) in (1.161a) by
q)O (Jf, y) :

Example: We return to the linearly elastic, isotropic plate depicted
in Fig. 1.12; the plate is simply supported along all four edges and
is subjected to a compressive loading of magnitude A along the sides
=0, x =a, for 0 <y < b We have already seen, in this case, that

= h
®g is given by (1.160), so that ®y = —§y2. The relevant von Karman

equations are (1.53a,b). Suppressing (1.53b), and replacing ® in (1.53a)
by ®g = APy, we have

KA%w = \[®g, w)
= )\{(I)Oyyy W,z +(I)O,xzw7yy _2@O,myw7xy }
= =AW,z

so that the eigenvalue—eigenfunction problem we are interested in is

KA?w+ M,z =0, in
(1.174)

w=Aw=0, on N2

with Q = {(z,9)|0 <x <a, 0<y <b}. Other examples of linearized
problems governing the initial buckling of thin plates will be considered
as they arise in Chapters 2-5; in certain of these later examples, we
will want to modify the above discussion to account for the presence
of initial imperfections or for constitutive behavior which is other than
linear elastic; however, the same basic logic which took us, in this section,
from the full set of von Karman equations to the (linear) eigenvalue—
eigenfunction problem governing initial plate buckling, will still apply.
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1.5 Figures: Plate Buckling and the von Karman
Equations

!:—-—u—-—)—x P

FIGURE 1.1
Thin rod in compression.
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FIGURE 1.2
Forces and moments acting on a portion of a buckled thin rod.
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FIGURE 1.3
Buckling of the thin compressed rod based only on the lin-
earized equations.
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FIGURE 14

Buckling of the thin compressed rod based on the nonlinear
equations.
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FIGURE 1.5
Graph of pmax vs. X for various ranges of the initial angle ¢(0).
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FIGURE 1.6
The middle surface of the shallow shell in rectilinear cartesian
coordinates.
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FIGURE 1.7
An infinitesimal volume element dV of the shell; the coordinate
¢ measures the distance from the middle surface.
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FIGURE 1.8

Stress resultants and distributed loading t(x,y) acting on a
differential shell element.
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FIGURE 1.9
Moments acting on a differential shell element (M, = My,;).
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FIGURE 1.10
Components of the stress tensor in polar coordinates.
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FIGURE 1.11
A thin elastic plate which occupies the region (2 in the =,y
plane.

© 2001by Chapmar& Hall/CRC



FIGURE 1.12
A rectangular plate under an in-plane loading.
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CHAPTER 2

Initial and Postbuckling Behavior of
(Perfect) Thin Rectangular Plates

In this chapter, we consider some of the basic results which exist in
the literature relative to initial buckling and postbuckling behavior of
perfect, thin, rectangular plates (in the analysis of elastic-plastic buck-
ling of rectangular plates, in section 2.3, some results on imperfection-
sensitivity will be presented, although a full discussion will be relegated
to section 3.1. A completely exhaustive treatment would require that
we consider every conceivable combination of loading and support con-
ditions relative to each of the four edges of a rectangular plate; in lieu of
such a treatment we will present, instead, the results for the most com-
mon combinations of loading and support conditions and, in particular,
will focus on those combinations which should prove to be most useful
in terms of experiments that are planned in support of work on the hy-
groexpansive buckling of paper. We begin our delineation of the results
for rectangular plates by considering the most frequently considered case
of linear elastic response, both in the situation where isotropic material
symmetry applies, and for the situation which is more directly related to
the constitutive behavior of paper, namely, rectilinear orthotropic sym-
metry. We then consider the generalization [73], [74] of the von Karman
equations by Johnson and Urbanik which was proposed to cover the case
of nonlinear elastic response; while certain of the hypotheses employed
in [73] may be considered to be suspect, the theory devised in these
papers was formulated directly with the nonlinear elastic, rectilinearly
orthotropic response of paper in mind and appears to give reasonable
results for various combinations of loading and support conditions, at
least for the problem of initial buckling. The Johnson—Urbanik the-
ory [73], [74], which we discuss in section 2.2, does not appear to have
been extended yet so as to enable one to consider postbuckling behav-
ior, nor do results for initial buckling appear to be available, within the
context of this theory, for nonlinearly elastic circular or annular plates,
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even within the context of isotropic response. In section 2.3, we present
some results on initial buckling and postbuckling behavior of rectangular
plates exhibiting either elastic-plastic or viscoelastic response. Through-
out our discussions in sections 2.1 through 2.3 of this chapter, we present
the most pertinent graphs that we have found in the literature to de-
scribe the specific initial or postbuckling behavior under consideration;
these graphs then form the basis for our discussion in section 2.4 where
we compare the initial and postbuckling behavior of rectangular plates
with respect to variations in constitutive response, material symmetry,
and boundary conditions.

2.1 Plates with Linear Elastic Behavior

Rectangular plates exhibiting linear elastic behavior may be classified
according to whether the plate (which is assumed to be thin and without
imperfections, i.e., there is no initial deflection and no distributed force
normal to the midplane of the plate) possesses isotropic or orthotropic
material symmetry.

2.1.1 Isotropic Symmetry: Initial Buckling

We begin by presenting, for several of the most common cases, the
results for initial buckling of a rectangular plate which occupies the
region in the z,y plane defined by
0<z<a, 0<y<h.

(i) Compression in the xz-Direction with the Loaded Edges
Simply Supported

In this case, the situation depicted in Fig. 1.12 applies with o,, =
A A > 0, along the edges at * = 0 and = = a; also, the first pair of
boundary conditions in (1.131) apply, along these edges, together with
w =0 along x =0 and x = a for 0 < y < b. The relevant eigenvalue
problem is governed by the equation in (1.174), i.e. by

0w 4o o*w n 0*w _Ah 0%w 2.1)
Ox? 0x20y? Oyt K 0x2 '
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For future reference, we recall that K = m and we set
- b%h
K= Aop—— 2.2
Sk (2.2)

where A, will represent an eigenvalue (i.e. buckling load) for (2.1), sub-
ject to the conditions of simple support along the loaded edges, and var-
ious combinations of boundary conditions along the longitudinal edges
at y=0and y =b.

(a) The Edges y =0, y = b, 0 < x < a are Simply Supported.
In this subcase w = 0 along y =0, y = b, 0 < x < a, and the second
set of boundary conditions in (1.131) also applies along these edges.
We assume, because of the nature of the loading, and the conditions of
simple support along the loaded edges, that the plate buckles into m
sinusoidal half-waves in the direction of loading; this leads, naturally,
to a search for solutions of the boundary-value problem associated with
(2.1) of the form

. mmE
w(e,y) = () sin ™7 (23
Substitution of (2.3) in (2.1) shows that f must have the form
f(y) = Ay coshay + Agsinh ay + Aj cos By + Ay sin By

and that the critical values A.. of the compressive stress must satisfy
the characteristic equation

(r? + 5%)?sinh psing = 0 (2.4)
where
2 ~
pla=1|"2 (vK # T) (2.5)
¢ ¢

with 5 o 5

mam mAm
r2=p*—v o P =¢+v pe (2.6)

o= %, and K given by (2.2). For m = 1, the solution of (2.4) is given
by 5

K=¢2+¢*+2 (2.7)
which is graphed in Fig. 2.1. With m = 1, the value of K, and, thus,
of A\, increases monotonically as ¢ = % increases from ¢ = 1 (square
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plate) and for large ¢ (a long, narrow plate), K ~ ¢?. If we consider the
case of two half-waves in the z-direction, then with the same definitions
as in (2.5), (2.6), it can be shown that the value of \.. is unchanged if

Nm
m/¢ is replaced by No for any integer N. As a consequence, it may,

for example, be shown that A, for a plate with aspect ratio 2¢, buckling
into the two half-wave mode (m = 2), is the same as that for a plate
with aspect ratio ¢ buckling into the one half-wave mode (m = 1). The
K versus ¢ curves, in general, are shown in Fig. 2.2 for various values
of m, where

K=K, =m?¢"2+m 2> +2 (2.8)
Note, e.g., that for aspect ratio ¢ = 2, the minimum value of A, is
associated with buckling into the two-half-wave mode (m = 2) and, in
fact, in this case (Aer)min corresponds to the value K = 4. Also, a
transition occurs from buckling into m half-waves to buckling into m+1
half-wave whenever successive curves intersect. From (2.8) it follows
that f(m = ~m+1 provided

¢* =m(m+1) (2.9)

For example, the curves corresponding to m = 1 and m = 2 in Fig. 2.2
intersect when the plate aspect ratio ¢ = v/2. In this case, the buck-
ling mode corresponding to A, would consist of a linear combination of
functions of the form (2.3), with m =1 and m = 2.

(b) The Edges y =0, y = b, 0 < z < a, are Clamped.

In this subcase (see (1.130a), (1.130b)), we have w(z,0) = w(x,b) =
0, 0<z <a,and w,y(z,0) =w,, (z,b) =0, 0< a2 <aq,as well as
the conditions of simple support along the loaded edges at =0, = =
a, 0 <y <b,that we had in subcase (a). Solutions of the boundary-
value problem still have the form (2.3), with f(y) the same as in subcase
(a), and imposition of the boundary conditions along the four edges leads
to the system

(Al +A3) sin? =0

mmx

(pAg + gA4) sin =0
Aqcoshp+ Assinhp 4+ Az cosq + Aysing)sin M _ 0
( p p q q
(Aypsinhp + Aspcoshp — Azgsing + Ayqcosq)sin mrE _
a

(2.10)
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and, thus, to the characteristic equation
2pq(1 — coshpcos q) + (p* — ¢?) sinhpsing = 0 (2.11)

A numerical solution of (2.11) for the case of m = 1, i.e., buckling into
one half-wave in the z-direction, is depicted in Fig. 2.3. By using the
energy method, one may produce the dashed curve in Fig. 2.2, for which

K=¢2+ ?qs? +8/3 (2.12)

(c) The Edge y = 0 is Clamped and the Edge y = b is Simply
Supported.

In this case, along the edge at y = 0 we have w(z,0) = w,, (z,0) =
0, 0 <z < a, while along the edge at y = b, w(z,b) =0, 0<z <a,
and w,yy +vW,5 |, = 0,0 <z < a (ie., see (1.131). The general form
of the deflection which occurs upon initial buckling is the same as in
subcases (a) and (b) and this leads to the characteristic equation

(r? + s%)(gsinhpcos ¢ — pcoshpsing) =0 (2.13)

whose solution, i.e., K versus ¢ graph, for the case m = 1, is shown in
Fig. 2.4; we may read off from this graph that the minimum value of
Aer, in this case, is approximately the average of the values of (Aer)min
for the problems treated in subcases (a) and (b).

(d) The Edge y = 0 is Clamped and the Edge y = b is Free
As in subcase (c), along the edge at y = 0 we again have w(z,0) =
W,y (x,0) =0, 0 <z < a, but now, along the edge at b, the last of
the relations in (1.131) applies, as well as the second of the relations in
(1.137). Using the same expression for the form of the eigenfunction w
as we employed in subcases (a)—(c), we find that the A;, i = 1,...,4,
must satisfy

Aps?sinh p + Aaps? coshp + Asqr?sing — Asq?r? cosq =0
Ajr? coshp 4+ Axr? sinhp — Ags? cosq — Ags?sing =0
Ay +A3=0
pAs +qAs =0
which leads to the characteristic equation
2pqr?s? + pq(r* + s* coshpcosq

(2.14)
+(q?r* — p?s*) sinhpsing = 0
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The solution to (2.14), for m = 1, is depicted in Fig. 2.5 and an energy
analysis yields the result
~ T2 T —4v
K=¢""
Ot 6B —8) " 2r—9)

(2.15)

(e) The Edge y = 0 is Simply Supported and the Edge y = b
is Free

As in subcase (d), along the edge at y = b, the last one of the relations
in (1.131) and the second of the relations in (1.137) hold, while along the
edge at y = 0 we have w(z,0) =0, 0 <z < a, as well as the first of the
relations in (1.137). With the same general form for w as in subcases
(a)—(d), we find that the A;, i =1,..., 4, satisfy

A+ A3=0
r2A; — 8?45 =0
Aqps?sinh p + Asps? coshp + Azgr?sing — Aqqricosqg =0
Air? coshp + Asr?sinhp — Ags?cosq — Ags?sing =0

which leads to the characteristic equation
(12 + 5%)(qr* sinh p cos ¢ — ps* coshpsing) = 0 (2.16)

The solution of (2.16), for m = 1, is shown in Fig. 2.6 . We note that,
in this case, K appears to asymptote to a constant value as ¢ increases;
thus, the minimum value of A, is always associated with m = 1 so that
the compressed rectangular plate, which is simply supported at x = 0
and x = a, simply supported along y = 0, and free along the edge y = b,
always buckles initially in the one-half-wave mode irrespective of the
aspect ratio.

(ii) Compression in the z-Direction with the Loaded Edges
Clamped

Changing the constraint from simply supported to clamped along the
loaded edges, does not alter the form (2.1) of the equation governing
initial buckling of the plate. Along x = 0 and « = a, for 0 <y < b, the
first pairs of conditions, in both (1.130a) and (1.130b), apply.

(a) The Edgesy =0, y = b, 0 < z < a, are Simply Supported.
In this case w = 0 along y = 0, y = b, for 0 < x < a, and the second set
of relations in (1.131) must also be satisfied. It is now assumed that the
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plate buckles into one sinusoidal half-wave in the transverse direction so
that the eigenfunctions have the form
Yy

w(z,y) = f(z) Sin? (2.17)

Substitution of (2.17) into (2.1) yields
f(z) = Ay cosax + Az cospr + Agsinax + Agsinpr  (2.18a)
with
a+ g—j VE+VE-1]
=0 V& - VE 4]

and imposition of the boundary conditions along the four edges produces
a characteristic equation relating K and ¢ (and hence, A and ¢) whose
solution is depicted in Fig. 2.7; it may be noted that modes with even
numbers of half-waves in the x-direction are antisymmetric. The solution
to this problem was first obtained by Schleicher [75]. As ¢ increases, the
value of K approaches that of a plate simply supported on all four sides,
because the half-wave length of the buckles in the y-direction approaches
a value equal to the width of the plate. Finally, the transition from m
to m+ 1 half waves, in the z-direction, takes place when ¢? = m(m+2).

(2.18D)

(b) The Edges y =0, y =b, 0 < x < a, are Clamped.

The solution for this subcase is attributed to Levy [76] who took the
plate to be simply supported and then made the edge slopes zero by
introducing a suitable distribution of edge-bending moments. As all
four edges are clamped, the full sets of relations in (1.130a) and (I.130b)
apply. Levy [76] developed a solution for the eigenvalue- eigenfunction
problem for this case (i.e., (2.1) subject to the boundary conditions
(1.130a), (I.130b)) in the form

. mmx . Ny
oo oo (nky, +mty) sin sin —=
a
w =
Z Z m2  n2\° ’ m2m2Ah
m=135...n=135... pap | 4+ _ o r
or 2,4,6... a? b? a?

with m having odd values for buckling into an odd number of waves
in the z-direction, and even values for buckling into an even number of
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waves; the conditions in (I.130b) are now imposed upon this form of the
solution which generates the system of equations

= mnk,, +m?t,
> S e =0 (=135 )
m=1,3,5,... [m—2+n2] _m2
or2,4,6... ¢ ¢ (2.19)
- 02k, +nmt, (m:1,3,5...)
2 2 27 or 2,4,6
_ m 9 m-K » %

The system of homogeneous, linear, algebraic equations for k,, and t,,
(2.19) produces a characteristic equation whose solution is shown in Fig.
2.8, which is taken from Levy [76]; on this graph we also depict the results
for the earlier case, where the loaded edges at xt =0, z=a, 0 <y < b,
were simply supported, and the edges along y =0, y =0, 0 <z < a,
are clamped. From the graph in Fig. 2.8 it follows that as ¢ increases,
K approaches the value that it has for a long plate, which is simply
supported along its loaded edges, and clamped along the edges y = 0
and y = b. In the present case (loaded edges clamped), the change
from m = 1 to m = 2 half-waves in the z-direction takes place at the
intersection of the m = 1 and m = 3(I~( versus ¢) curves which apply
in the earlier case where the loaded edges were simply supported and, it
is clear from Fig. 2.8, that this pattern continues as we transition from
m = 2 to m = 3 half-waves in the z-direction, etc.

(iii) Compression in both the x and y Directions.

In [32] the author credits Bryan [77] with the earliest discussions of
this problem; the situation is depicted in Fig. 2.9, where we have set
A= 0Oualyeg, and [E =0yl o, -

In this case, we must first solve (1.161b), with Ly = 7%, and w = 0,
to obtain the in-plane equilibrium solution ®¢(x,%), which is not of the
(one-parameter) form A®q(x,y) here, and then substitute the result for
®(z,y) into (1.161a) so as to obtain the partial differential equation
which governs the initial buckling problem; the result is that the initial

deflection must satisfy

o*w otw 9w Pw 0w
K|—+4+2——+—+ h{ A\=— — | = 2.20
(6952 * 0x20y? + 8y4) + ( Ox? +£81/2) 0 (2.20)

(a) The Edges at t = 0, x = a, 0 <y < b,and y =0, y =
b, 0 < x < a, are Simply Supported.
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In this subcase, the boundary conditions are given by (1.130a) and
(1.131); a solution of the eigenvalue—eigenfunction problem is assumed
to have the form

mrx . nmwy

in — 2.21
sin — (2.21)

w(z,y) = App sin

in which case, substitution into (2.20) produces

m2  n2)? h m2 n?

If we define the buckling coefficient K, (which is related to the compres-
sive stress in the z-direction) by

K, = (\?h)/n’K (2.23)

then (2.21) may be put in the form

2 2 2 2
£
% + nﬂ / (% + %) (2.24)

It may be shown that (f{m)min occurs when m = n = 1 and that

(K2 )min = 4 (1 - %) , 0< % < % (2.25)

K, =

when

S (2.26)

1
For values of A and & such that (f\) > > the corresponding values

-1/2
¢¢min(12£) 70<§<

of Gmin are imaginary. The graph of K, versus the aspect ratio ¢ for
the plate is depicted in Fig 2.10; from this figure we may deduce that
the graph of K, as a function of ¢, is asymptotic to the horizontal line
K, = M&. Also, for the case in which the plate is square (i.e., ¢ = 1)
and is subjected to uniform compression on all sides (A = &) we have
K, = 2, which is one-half of the value of K for a simply supported
square plate which is compressed in only one direction. From (2.25) and
(2.26), it follows that for £ < 0 (i.e. if a tensile force acts on the edges
y=0,y=0>b 0< 2z < a)pmpm is not imaginary and (f(x)min may be
larger than 4; this implies that the presence of a tensile stress along the
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edges y = 0, y = b can increase the initial buckling load for a simply
supported plate which is acted upon by compressive stresses applied to
the edges at * = 0 and x = a. An alternative rendering of the results
for this problem may be found in the work of Przemieniecki [78]; these
results are summarized in Fig. 2.11.

(b) The Edges at t =0, £ = a, 0 <y <b,and y =0, y =
b, 0 <z < a, are Clamped.

In this subcase, we are still dealing with (2.20), but this equation is
now subjected to the boundary conditions in (1.130a), (I.130b). An
approximate solution for this situation was derived by Timoshenko [64]
who assumed that ¢ =~ 1(i.e., the plate does not differ much from a
square) and that A & &; the deflection of the buckled plate is sought in

the form
1 2rx 21y
=-A(1- — 1-— — 2.2
w(x,y) 1 ( cos — ) ( cos — ) (2.27)

Using the hypothesized form of the eigenfunction given by (2.27), and
equating the work done by the applied compressive loads to the strain
energy of bending, Timoshenko [64] shows that

At ¢%€ =

2K {

4077 +40 +} (2.28)

3
so that, by virtue of the definition (2.23),
~ 4072 + 492
i, = ¢+ ? +8/3
1 S\ g2
(3¢

For the case ¢ = 1, {/X =1 (i.e. asquare plate under uniform compres-
sion) K, = 5.33.

(2.29)

(c) The Edges at « = 0, ¢ = a, 0 < y < b, are Simply
Supported and the Edges at y = 0, y = b, 0 < « < a are
Clamped.

This subcase has also been treated by Przemieniecki in [78] ; the bound-
ary conditions are the first pair of relations in (1.130a), and the first
pair of relations in (1.131), along x =0, z = a, for 0 < y < b, as well as
the second set of relations in (1.130a), and the second set of relations in
(I.130b), along y = 0, y = b, for 0 < z < a. The results in [78] are dis-
played graphically in Fig. 2.12 in the form of curves which relate A\/\.,
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with ¢ for different values of £/, where A, is the (critical) buckling
load for a simply supported plate under unidirectional compression, i.e.

4m2E  (h\®
Aer = m <b) (2.30)

(iv) Compressed in the z-Direction by Linearly Varying Edge
Forces

As noted in [32], “there is no exact analytical solution to any plate
stability problem when the edge loading is non-uniform”; in these cases,
one uses an assumed form for the deflection (eigen- or initial buckling
mode) and then employs an energy method. As depicted in Fig. 2.13,
the stress 0., at a distance y from the origin is related to the maximum

applied stress at y = 0, i.e. A, by 0z = A (1 — %y) with ¢ > 0.

(a) All Four Edges are Simply Supported
Taking
nmy

w = sm— ZA” sm— (2.31)

under the hypothesis that the buckled form of the plate consists of m
half-waves in the z-direction, we compute the strain energy of bending

to be )
Kabr®> X, (1 n?
=—3 PH <a2 + b2> (2.32)

n=1

while, for the work done by the compressive edge forces, we have

1 c @ b/ o\
T:§A(1—5y)h/o /0 <6ax> dwdy (2.33)

In view of (2.31), this becomes

T2M\bh
T = A,
D

n=1

wch [0, 8D AnA, - ng (2.34)
— . [ 2 n<q
4dab [4 nz_: nZqu; w2 — ) 1

where only values for ¢ are summed over such that n + ¢ is odd. Equat-
ing U and T then produces an expression for A.., which contains the
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coefficients A,,, and these must now be chosen so as to minimize the
value of A.; standard max—min calculations yield the following system
of equations

A, [(1 +n2¢?)° - K¢? (1 - f)

2
< x4 (2.35)
C o= -ng
SRR A~
2 2 _ 2)2
= (n* —¢?)
For n = 2, we have the associated characteristic equation
. 16¢
1+62)° - K 2(1—5)}
[( +¢%) ¢ 2 - or2
16c 5 ~
e [(1+462)" - Ko? 17 ¢
55® (1+4¢%)" - Ko? (
(2.36)
whose solutions for m = 1, and various values of ¢, are deplcted in

Fig. 2.14; the buckhng coefﬁments m, for m > 1, can be obtained by
multiplying the abscissae of the K versus ¢ curves in Fig. 2.14 by m.
The solution described above was first elaborated by Timoshenko [64].

(b) The Edges at ¢ = 0, ¢ = a, 0 < y < b, are Simply
Supported and the Edges at y = 0, y = b, 0 < = < a, are
Clamped.

The analytical form for the boundary conditions in this case have already
been described; according to [32] this problem was first solved by Nolke
[79] who took the transverse deflection in the form

fly) = i {An (COSI% + cosh 1%)
+B"_(COSZ% —cosh pZy) +C (s 22 4 sinh %) (2.37)

(052 52)}

with p, a root of cosp, coshp, = 1; the overall form for the initial
buckling mode is still that of (2.3). Nolke’s results [79] are depicted in
Fig. 2.15 for those plane equilibrium stress distributions corresponding
to ¢ values of 0.5,1.0,1.5, and 2.0.

(v) Rectangular Isotropic Plates Subjected to Shearing Loads
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The situation is depicted in Fig. 2.16, and the corresponding partial
differential equation which governs the initial-buckling problem is
*w 0w 0w _2Ch 0w
T Vt25 535t a7 =
ox 0x20y oy K 0x0y

(2.38)

where ¢ = ogyl,_g -

(a) All Four Edges are Simply Supported.

The analysis, which is due to Timoshenko [64], is similar to that em-
ployed in the case of compression (in the z-direction) with linearly vary-
ing edge forces. Since one cannot make, in this case, assumptions about
the number of half-waves in the z-direction, the initial buckling mode is
sought in the form

w=3"3 Apsi m;m sinn—zy (2.39)

m=1n=1

The strain energy of bending is

Kabﬂ n?

Z ZA ( b2> (2.40a)

m=1n=1

while the work done by the edge forces is
a b
ow dw

T=C(C-h — —duxd 2.40b
con [ [ G Gdady (2.400)

In view of (2.39),

_ . o0 o0 oo o0 AmnA mnpq |
T 4¢ h;;;; Pi(mZ — p2)(q? — n2) (2.41)

where m + p, ¢ + n are odd numbers. Equating U and T, we obtain a
value of (., involving the coefficients A,,, and A,q, and choosing these
coefficients so as to minimize (.. leads to a system of equations of the
form

32 K &
A (m2 + n2¢2)? ¢ ZZ y W;ﬁiq% =0 (2.42)
p=1gqg=1

It is noted in [32], that the system (2.42) may be split into two subsys-
tems of equations each of which can be solved separately; one subsystem
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contains constants A,,,, for which (m+n) is odd, and represents antisym-
metric buckling, while the other contains constants for which (m +n) is
even and represents symmetric buckling. Some of the solutions obtained
by Stein and Neff [80] for this case are depicted in Fig. 2.17; according

~ 1
to this figure, the lowest value of K for .5 < g < 1.0 is associated with
1
one buckle (symmetric), and for .3 < p < .5 with two buckles (anti-

1 -
symmetric), while for — — 0, K approaches its value for an infinitely

long plate. In analyzing the plate subjected to shearing forces along its
edges, with the edges simply supported, we may interchange the roles
of the sides of dimensions a and b, respectively; thus, it makes no sense

1
to consider values of 5 in Fig. 2.17 which exceed one. A reasonable

parabolic approximation to the graph in Fig. 2.17 is given by

K =534+4¢"2 (6> 1) (2.43)

(b) All Four Edges are Clamped

This case was analyzed by Budiansky and Connor [81] and their results
are displayed in Fig. 2.18; the graph may be curve-fitted by the parabolic
relation

K =898 +5.6672 (¢ >1) (2.44)
(c) The Edges at * = 0, ¢ = a, 0 < < b are Simply
Supported and the Edges at y = 0, y = b, o < « < a, are

Clamped.

Assuming that the edges along y = 0, y = b are the longer edges (i.e.,
¢ > 1), Cook and Rockey [82] produced the graph depicted in Fig. 2.19;
on this graph we also include, for comparative reference, the K versus
¢ graphs for the case where the edges z = 0, z = a,0 < y < b, are
clamped, and the edges y =0, y = b, 0 < x < a, are simply supported
as well as the results for the subcases (a) and (b).

(vi) Rectangular Isotropic Plates Subject to a Combined
Loading: Shear and Compression in the z-Direction

We provide here one example of initial buckling under a combined load-
ing, for which a comparative example is readily available in the or-
thotropic case, namely, shearing forces on all four edges of the plate,
and compression in the z-direction, with all four edges simply sup-
ported; the partial differential equation governing initial buckling is
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€= Ozy |y:0’b7 A= Um‘xzoﬂ) :

4 4 4
K{a_w+2 (911) +8_w}

Ozt 0x20y? Oyt
. ” (2.45)
w w
2y oy Ay =0

and it is assumed that ¢ < 1. The strain energy of bending is computed
as in the case of pure shear, while the work done by the external forces

is
T:C.h/oa/ Z—Z%dd +—//< )dxdy (2.46)

Upon using (2.39) we find that

[o ol Sl e o)

:_4< hzzzz Amnqu mnpq

2
—-n
mlnlplql q )

7r>\hb

(2.47)

m* AL,

m=1n=1

Equating U and T provides an expression involving K, and f(wy, the
buckling coefficients in pure end compression and pure shear; choosing
(as in the previously discussed cases) the coefficients A,,,, so as to min-
imize the buckling coefficients, leads to a system of homogeneous linear
equations of the form

Ay | (m2 +12¢2)2 — f(wm2¢2}

32(;5 Kwy ZZAPQ mnpq —0

o p?)(n? — ¢?)

(2.48)

Again, two subgroups of equations representing, respectively, symmetric
and antisymmetric buckling can be extracted from (2.48) and the associ-
ated characteristic equations delineated. For subgroups of ten equations
each, for the symmetric and antisymmetric cases, Batdorf and Stein [83]
produced the graph depicted in Fig. 2.20 in which A/, is plotted
against /(.. for various values of ¢ in the range 0 < ¢ < 1.
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2.1.2 Rectilinear Orthotropic Symmetry:
Initial Buckling

For several cases analogous to the ones considered in the isotropic
case, we now consider the results which are available for initial buckling
of a rectilinearly orthotropic rectangular plate which, again, occupies
the region in the z,y plane defined by 0 < z <a, 0 <y <b. From
(1.68), the first of the von Karman equations in this case reads

*w *w tw

Dy1—+2(D 2Dgs) === + Dos—— = |® 2.49
153 +2(D12 + 66)ax28y2 + Dao " (@, w] (2.49)
where, by (1.63)
FEq h?
_D = —_— . —
1 1-— V12UV21 12
Es B3
Doy = ——= .
2 1-— V1221 12
and
D12:%'h_3:ﬂ.h_3_D21
1— V1221 12 1-— V1221 12
h3
Des = G2 - 13

The partial differential equation governing the eigenvalue—eigenfunction
problem, for initial buckling of the plate, is then, by virtue of our dis-
cussion in Chapter 1, given by (2.49) with ®, the total Airy function,

replaced by ®; we recall that ® is the solution of (1.69), for w = 0,
subject to the appropriate edge loading conditions, i.e., ® satisfies

1o 1/.1 0 0'o 1 0'o
Lo (9 ~ L - % ) (2.50)
Elh 8y4 h G12 E1 8$28y2 Egh 81'4

Equations (2.49), with ® = ®, and (2.50), apply in the domain 0 < z <
a, 0 <y<b.

(i) Compression in the x-Direction with the Loaded Edges
Simply Supported

Just as in subcase (i), for the isotropic situation, Fig. 1.12 applies with
Ozz = —A, A >0, along the edges at © = 0 and = = a; also, along these
edges, for 0 < y < b, the first pair of boundary conditions in (1.146)
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hold together with w(0,y) = w(a,y) =0, 0 < y < b. The relevant
eigenvalue problem is governed by
0*w 0*w N*w 0%w

D -
" Ox20y>? 2 Oyt Ox?

We note that the first two boundary conditions in (1.146) are equivalent
to the first pair of conditions in (1.148).

(a) TheEdgesy =0, y =b, 0 < x < a are Simply Supported.
In this subcase w = 0 along y = 0, y = b, 0 < z < a, and the sec-
ond pair of boundary conditions in (1.148) apply as well along these
edges. Following the analysis in Lekhnitskii, [51] or [52], we note that
the boundary conditions are satisfied by trial eigenfunctions of the form

0 nw

W(T,y) = Apn Sin ——— sin Ty (2.52)
a

for arbitrary constants A,,,, with the m and n integers. Substituting

from (2.52) into (2.51) yields

m\4 mn\ 2
Amn { [Du (—) + 2(D12 + 2Ds) (—)

a ab
4 2 (2.53)
— _— 2 — =

+D22(b> :l AhT (a) } 0

in which case, we have eigenvalues
A=\ :WQVD“DQ? [Pu (m ’
oo b%h Doy \ ¢
(2.54)

2(Dyz + 2D D ?
LA D12+ 2Dc) o | Iy (£> n?
VvV D11Dag D1y \m
The critical value of X in (2.54) is the smallest of the A, and it is

obtained for n = 1, which corresponds to one-half sine wave in the y
direction; thus, we need to look at the values of

=\ _ 72/D11 Dy, Doy (m)\>
=i = — Voo 5

Dy
+2(D12+2D66) n Dso <¢>2
vV D11Da22 Dy
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in order to determine A... The various cases which present themselves
are as follows:

D
1) If the aspect ratio satisfies ¢ = m’{ D—U, for m’ an integer, then
22
m = m/ provides the minimal \,,; in (2.55), in which case A, is given
by

)\cr =

2
27V D Doz (1 4 D1z + 2Deo] 2D66]> (2.56)

Following the point of view taken in [51], another way to look at this is
as follows: for m =1 in (2.55) we have

72 [D
A1 = = [¢—121 + 2[D12 + 2Dgg] + D22¢2] (2.57)
in which case, the smallest value of A1; occurs for the aspect ratio ¢ =

/D
D—H and this smallest value is just given by (2.56). The relation (2.56)
22

can be expressed in the form

KuminmV/D11 Do

Aer = o (2.58)
where
~ [D12 + 2D66}>
Kpn=2(14+ ——w— 2.59
( VD11 D2 (2:59)
2) It

D
o=/mm+1) { D—;E@n (2.60)

for m any integer, then at the same critical load there are two possible
buckling modes, namely,
Yy

T
in —= 2.61
. sin A ( )

w = A,,1 sin

and

(m+Drx . 7wy

———sin —
a b

and the ¢,, represent, therefore, the aspect ratios where a transition

from buckling in the mode (2.61) to buckling in the mode (2.62) occurs.

w = Apy1,18in (2.62)
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From (2.60) we deduce directly that, at A = A, if

D
0<op< 1.41,4/i7 then m=1
Do
D D
1418/ =L < ¢ <2458 22 then m = 2, (2.63)
Doy Do
/D1y /D11
245¢ — < ¢ < 3.46{/ ——, then m = 3
Doy ¢ Doy

3) For a given aspect ratio ¢, therefore, (2.60) can be used to determine

the value of m which holds at buckling; the use of this integer m in

(2.55) then produces the corresponding critical load A, for the given ¢.
In general, by virtue of (2.59), we may write that

7T2\/ D11 - Das
b2h

and so forth.

Aer = k

where

D1y (m) 2 2(D12 + 2Dgg) Doy ( o )2
k=kn,=//—(—) + ——+/— | — 2.64
V Doy \ ¢ VD11 D3y V. D \m (264

In Fig. 2.21 (and Table 2.1) we show a typical graph of k against ¢
for the case of compression along the external fibers while in Fig. 2.22
(and Table 2.2) we show the analogous results for compression across
the external fibers; in the first case, D17 > Dss, while in the latter case,
D11 < Dyy. The figures referenced above clearly show that the number
of half-waves in the z-direction is much larger for a given aspect ratio
¢ when compression is across the external fibers than when it is along
them. In Fig. 2.23 we show the graph of k against 3 = ¢ - {/Das/D11
(which [43] defines to be an “effective” aspect ratio); the parameter a,
which varies along each family of curves, is

o D12 + 2Dgg
vV D11D22

(b) The Edges y =0, y = b, 0 < x < a, are Clamped
In this case, along y = 0, y = b,0 < x < a, the relevant boundary
conditions consist of the second pair or conditions in (1.130a) and the
second pair of conditions in (1.130b). The trial eigenfunction

(2.65)

w = f(y)sin ? (2.66)
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satisfies the conditions of simple support along the loaded edges at x = 0
and x = a, for 0 < y < b. If we substitute (2.66) into (2.51), we find
that f(y) must satisfy

1) =2 (") (D1 + 2Dl )

, i (2.67)
+ 2 () - (Y] s =0

Extracting the characteristic algebraic equation from (2.67), it is easily
determined that the buckling mode must have the form

w = (Acosh kyy + Bsinh k1y + C cos kay

(2.68)
+D sin koy) sin mme
a

where the k1, ko, are determined by the roots of the characteristic equa-
tion associated with (2.67), i.e., by the roots of

Door* —2 (?)2 (D12 +2Dgs]r? + D1y (?)4—% (?)2 —0 (2.69)
while A, B, C, D are determined by the conditions on w along the edges
y=0, y=0>b, 0 <z <a,i.e., by the condition that the plate is clamped
along these edges; the equations generated in this manner for A4,..., D
then yield, in the usual way, the following transcendental algebraic equa-
tion for the values of A at which initial buckling might occur:

2k ko 1
tanh kb tan kob = 1- 270
B gy %> ( coshkleOSkzb> 210

where, of course, the k;, i« = 1,2, are, in view of (2.69), functions of
D11, D12, Dag, Dgg, m, h, and A. For the compressed plate problem dis-

cussed in this subcase, Lekhnitskii [51] provides an approximate solution
by choosing, in (2.66), an f of the form

fly) = A, (1 — cos 2”;Ty) : (2.71)

and equating the work of the compressive edge forces with the potential
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energy acquired during bending; it is determined that A must satisfy

7%/D11Das | D11 (ﬂ)Q
Doy \ ¢

b%h
. 8,2[D1>+2Dgs] 16, [Da (f)
3 RV4 D11D22 3 Dll m
As was the case with (2.54), the smallest value of A occurs at n = 1;
therefore, A, is to be determined from

N = :7T2 /D11 Doy Du<m)2+8[D12+2D66]
m b2h \V Doz \ 9 3 VDiDx

16 /D 2
416 /Do (¢
3 D11 m

The results for (2.73) are now quite analogous to those for the case of
compression in the z-direction with four simply supported edges:

A=A =

(2.72)

(2.73)

D
1) If the aspect ratio ¢ satisfies ¢ = .658m/ {/ D—n, for some integer m/,
22
then at criticality, m = m’ and

87T24/D11D22 (\/§+ [DlQ +2D66])

>\cr =
3b2h \ D11D22

(2.74)

which may be compared with (2.56)
2) If

D
¢ = .658/m(m+1){ D—“,
22

with m an integer, then for the same value of A, buckling modes with
either m or m + 1 half-sine waves may occur in the z-direction:

w= A (1 — cos 27r_y) sin (2.75a)
b a
or
2 1
w= A (1 — cos %) sin w (2.75Db)
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3) For a value of the aspect ratio ¢ which does not satisfy either the
conditions in 1 or 2, above, the value of m may be determined by looking
at the transitions governed by the relation in 2 (above) i.e., if

D
0<op< .931</I, then m =1
Doa
Dy Dy
4 L =
'931’/_1)22 < ¢ <161/ Day’ then m = 2 (2.76)

D D
1.61,4/D—11 <¢< 2.28{‘/D—11, then m = 3
22 22

and so forth; once m has been determined, the corresponding value of
Aer 18 then given by (2.73). In Fig. 2.23 we also show the graph of

== [T (2" 30200
- Das \ ¢ 3 VD11D2
16 /Do (61
3 D11 m ’
against 8 = ¢/ Dayy/D11, for various values of «, as defined by (2.65),

when the loaded ends of the plate at x = 0, & = a are simply supported
and the ends at y = 0, y = b are clamped.

(2.77)

(ii) Compression in the z-Direction with the Loaded Edges
Clamped.

The relevant differential equation is still (2.51); the boundary conditions
alongx = 0and z = a, 0 <y < b, are given by the first pair of conditions
in each of (1.130a,b).

(a) The Edges y =0, y = b, 0 < x < a are Simply Supported.
In this subcase w = 0 along y = 0,y = b,0 < z < a, and the second
pair of conditions in (1.148) hold as well. Analysis, similar to that
presented in the case where the loaded edges were simply supported,
again produces a relation of the form

2

Aoy = k;—h\/Dlngg (2.78)

for an appropriately defined buckling coefficient k£ = k,,,. The graph in
Fig. 2.24 depicts k vs. (3, again for varying values of the parameter a.

(b) The Edges y =0, y = b, 0 < z < a, Are Clamped
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In this subcase, we have the second pair of conditions, in each of (1.130a)
and (1.130b), holding along y = 0 and y = b, for 0 < z < a. A relation
of the type (2.78) again applies with the results displayed on the graph
in Fig. 2.24.

(iii) Compression in both the x and y Directions The situation
here corresponds to that depicted in Fig. 2.9; instead of equation (2.20),
which governs initial buckling for this loading condition, in the isotropic

case, we have (A = =044 |s=0,a,§ = —0yyl,_o,):
0w *w 0w
Di1—— +2[D 2D¢6l 755 + Dao—=—
ngg T [Drz + 66}8m28y2 M oyt

(2.79)
Pw 0w
h(A s +¢5 ) =0
" ( O +C3y2>

We consider only the case where the edges of the plate are simply sup-
ported on all four sides so that w =0forz =0, x =a, 0 <y < b, w =0,
fory =0, y =05, 0 <z < a, and all four conditions in (1.148) apply
as well. Because of the condition of simply supported edges, we again
look for eigenfunctions of the form (2.52), in which case, substitution
into (2.79) yields

() e () =T [ (D)

2[D12 + 2Dgg) (%)2 + Daa (5)4]

Two subcases of (2.79) naturally suggest themselves which correspond
to £ = nA, n = const., ie., to oy, = N0, along the edges of the plate
(with n < 0, if o, along the edges at y = 0, y = b, is tensile). In this
case, A¢r is to be determined from the relation

A= Ay = VDD \/@ m\*
= Amn = b2 Doy \ &

2[D12 + 2D66} 2
vV D11D2s

o () ) o) )

(2.80)

(2.81)
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and the problem again consists of seeking values of the integers m and
n which give the smallest value of A and, thus, A..; numerical analysis
yields the following [51] :

(a) The Plate is Square (¢ = 1), and Under Uniform Compres-
sion on all Sides, i.e., n = 1 so that A\ = &.

In this case, we have m = 1, n = 2 and, (approximately),

2/Di D
&”:2231_55542

(2.82)
when Dq; > Dao (z-axis directed along the external fibers). The plate,
upon initial buckling, exhibits one-half sine waves in the direction of the
y-axis.

(b) The Plate is Square (¢ = 1), is Compressed along Two
Edges, and is under Tension Along the Other Two, i.e. n = —1
so that A = —€.

In this case, for compression in the z-direction (along the external fibers)
and tension in the y-direction, we have, m = 2, n = 1, and, (approxi-
mately),

7T2\/D11D22

Aer = 19.
9.67— 51

(2.83)
while for compression in the y-direction (across the fibers), and tension
in the z-direction, m = 2, n =1, and, (approximately),

7%y/D11Das

Ao = 37275

(2.84)
Thus, the plate is more stable in the first case, represented by (2.83),
as opposed to the second case, represented by (2.84) since the critical
A in (2.83) is more than five times the size of the critical A in (2.84).
Other subcases of this particular problem which have been treated in
Lekhnitskii [51] include the following:

(c) The Plate is Simply Supported along all Four Edges, with
a Compressive Stress 0., = —A Uniformly Distributed along
the Edges £ = 0, £ = a, 0 < y < b, and a Constant Tension
given by oy, = +¢ Uniformly Distributed along the Edges
y=0, y=5b, 0 < x<a.
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Setting & = —¢ in (2.80), we find that

\ = 772,/D11D22 & (@>2+2[D12+2D66]n2
b2h V Do \ ¢ VD11Das

[Daz (3>;4+ Enb? (£)2n2
Dy \m 72y/D11Dag \
In (2.85), the smallest value of A is obtained when n = 1, with one-half

sine wave in the direction of the applied tension; an analysis of (2.85)
produces the following results:

(2.85)

1) If the aspect ratio satisfies the condition

4 £72
Doo &b°h
=m — + 2.86
¢ / Dyy 72Dy (2.86)
for some integer m/, then
27‘(’2\/ D11D22 ngh (D12 —+ 2D66)

ACT' - 157 1
b2h + 72 Dag * VD11D2g

(2.87)

From (2.86) it follows that an additional tension (load) along the edges
y = 0, y = b raises the critical load and, thus, improves the stability of
the plate. We also note that, by virtue of (2.86), for a given aspect ratio
¢, m’ may be large if either D1 is small or Doy is large.

2) The aspect ratio at which a transition from m half sine waves to
m + 1 half sine waves (in the z-direction) takes place is

m(m+1)
4 [Dn | &n
Dy 7T2D11

(iv) Compressed in the z-Direction by Linearly Varying Edge
forces

We assume that all four edges of the plate are simply supported; the
applicable figure in this case is the same as the one for the corresponding
case of an isotropic plate, i.e., Fig. 2.13, and as in the isotropic case we

¢E¢m:

(2.88)
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have, along the edges xt =0, x = a, 0 <y < b, (7”:)\(1—6%).

Using an energy method, Lekhnitskii [51] shows that

- e ()

b
0%w 0*w 9w\ > 92w \ 2
+2D11V21@87242 + DQQ (ay2> + 2[D12 + 2D33} <6$8y> d:cdy

(2.89)
The most general form for an initial buckling mode satisfying the con-
ditions of simple support on all four edges is

S mnx nmwy
w = E E A sin sin —=
a b

m=1n=1

a first approximation to which may be taken to be
Y

x
— 2.90
sin ) ( )

W = Wy, = Ay sin

Using (2.90), we obtain from (2.89),

I 7%/ D11 D2 \/& m ?
T h(1—¢/2) |V Doy \ ¢
+2(D12 + 2Dsg) n Daa ( o )2
vV D11Dao Diy

We note that (2.91) is valid only for small ¢ and, in fact, loses its meaning
for ¢ = 2, which corresponds to the case of pure bending. The calcu-
lations may be found in Lekhnitskii [51] for the case in which a second
approximation to w of the form

(2.91)

2
w = (Aml sin —= b —|— Ao sin _7;:(/) sin % (2.92)
a

is employed in (2.89), but we will not pursue them in detail here; some
of the results, however, are well worth noting, as follows: If we set

. @<ﬂ>2+2(D12+2D66)+ Dss <¢>2
" Doz \ ¢ vV D11Das Diy

0,y = )21 <T>2+ 8(Diz +2Dss) | 14, /D22 (¢>2
" Das \ ¢ vV D11Doo Dy

(2.93)
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then the energy method yields

1 1
a 1*7 m m
_ 72/D11 Dy, 2( 20) (a1 + amz)

b2h 1\? 16¢\ 2
1——c) - —=
(1-39) (o)

2
1 1 16
. \/4 <1 — 26> (aml - am2)2 + <9ﬂ_2) Am10m?2
1\> [16¢)\?
1—=¢c) —|=—
2 972
As in many of the earlier cases we have considered, the procedure now
would be to look for the integer m, which corresponds to a minimum
value for A, as given by (2.94); then A = \,, = A, for the second
approximation based on (2.92). For the specific case in which ¢ = 2, so

that the applied edge forces are reduced to a moment M, thus producing
pure bending, the critical moment is

7%y/D11Das .
6

(2.94)

M,, = k (2.95)

with
972

k= yy/amlamQ (296)

and the critical load is then

72y/D11 Doy
b2h

An analysis of k, as defined by (2.93), (2.96) shows that ([51])

5 ,./D
) If ¢ = %m”D—;;

Ao = k (2.97)

, with m’ an integer, then the plate buck-

les in m = m’ half-sine waves in the z-direction and k& ~ 11.1 (1.25

2[D12 + 2D66]> .
———————— | in (2.97).
VD11D2 (2.9
2) A transition from m to m 4 1 half-sine waves takes place when

,m=1,2,3,...; as a consequence, the following
2 Doy
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results on the number of half-sine waves in the z-direction, which occur
upon initial buckling, hold:

D
O<¢<{‘/i, then m =1
Dos
Dy Dy
\| 75— < ¢ <173{/—=—, thenm =2 2.98
Do ¢ Do (2.98)
Dy, Dy,
1.73¢/ =— < ¢ < 2.45{/ —=, thenm =3
T

and so forth. Using these results, for a given value of the aspect ratio
¢ we may determine the number m of half-sine waves in the z-direction
into which the plate buckles and then, from (2.93), (2.96), and (2.97),
the corresponding critical load. It may again be demonstrated that, as
was the case with compression of the simply supported, rectilinearly or-
thotropic plate, (along the edges x =0,  =a, 0 <y <b) if D11 < Daa
a large number of half-sine waves occur upon initial buckling as com-
pared with the case in which Dq; > Dss (loading parallel to the external
fibers of the plate as opposed to loading perpendicular to the external
fibers). For plywood plates deflected by a pure bending moment, we in-
dicate in Table 2.3 the values of k and m (relative to (2.96), (2.97)) for
various values of the aspect ratio ¢, both in the case where D17 > Dao
and in the case where D11 < Das.

(v) Rectangular Orthotropic Plates Subjected to
Shearing Loads

The situation is again depicted, as in the isotropic case, in Fig. 2.16.
Taking, once again, {( = o4, (along the four edges of the plate), the
partial differential equation which mediates the initial buckling of the
plate is

o ot
D117Z} +2(D12 + 2D66)%
or 0x20y
1 5 (2.99)
D0 o T g
22 0y2 0x20y?

The principal directions of the plate are, of course, taken to be parallel
to the edges of the plate, all of which are simply supported. Lekhnit-
skii [51] employs the energy method to obtain a solution of the initial
buckling problem in this case. The work done by the edge forces is, once
again, given by (2.40b), as in the isotropic case, and equating this to the
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potential energy of bending yields

a b a b
Oow Ow
= Wdxd 2h/ — —dxd 2.100
¢~ [ [ wasay / [ G Gandy (2.100)

with
22w\ 2 9?w 0w
U(z,y) = D11 (@) + 2D11V21W8—y2
) , (2.101)
9w 9w
D —_— 4(D 2D —_—
+Da2 <8y2> +4(D12 +2D:2) <8x3y>

The initial buckling mode is again sought in the form (2.38), which
automatically satisfies the simple support conditions along the edges;
the rest of the solution now proceeds as in the isotropic case. It is noted
in [51] that, with the external fibers of the plate parallel to the long sides
of the plate, good accuracy is achieved with five terms in the expression
(2.38) for the initial buckling mode, i.e., with

3
w = (Au sin ™ +As; sin ﬂ) sin L)
a a b

2 2
4 Aggsin 1 in 2T (2.102)
a b
3 3
+ <A13 sin ™ + Asssin m) sin Ly7
a a b

if the plate is square (¢ = 1); other approximations (for the aspect ratios
¢ = 2 and ¢ = 3) are also reported in Lekhnitskii [51]. In each of the
cases referred to above, the critical (shear) buckling load assumes the
form

2
Cer = 10* (%) k (2.103)

where the buckling coefficient %k, which depends on ¢, is tabulated in
Table 2.4.

Remarks : Shearing of a Very Narrow or Infinite

Orthotropic Strip

A special case of the problem treated above occurs when the ratio of the
sides is large, i.e., ¢ > 4; in this case, as Lekhnitskii [51] points out, the
effect of the short sides is negligible and the plate may be considered
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to be an infinite strip, as depicted below in Fig. 2.25. The rigorous
solution of this problem is due to Seydel [84]-[86] who considered the
cases where the principal directions are both parallel and perpendicular
to the edges of the plate for the case of both simply supported as well
as clamped edges; he found approximate solutions for both infinite and
finite rectangular plates for arbitrary values of the D;;. The results of
Seydel’s investigations for infinite plates were presented by Bergmann
[87] in the following form, for the case of simply supported edges:

2D23(D12 + 2D DD
=t 22(5)/21)22;: = {8'“ 152 5+ 2De)?
12 66
(2.104)
_,493%}
(D12 + 2D33)4
when
D11 Doy < (D12 + 2D66)2 (2.105)
and
/D1, D3 D15 + 2Dgg)?
(o = LPUD g 195 4 5 6y [ P12 2P00)
(b/2)%h D11 D2 (2.106)
_ 6(D12 + 2D33)2}
' D11D22
when
Dy1Dsy > (D + 2Dgg)? (2.107)

For the finite, long, rectangular, orthotropic plate under shear along its
edges, Seydel, op. cit., seeks a solution of (2.99) of the form

w= f(y) exp (%%) (2.108)

in which case f(y) must satisfy

Dog f'"" — 2(D12 + 2Dge) 5 ) il

)i

2\ 2 2 !
Daor® —2(D1a +2Dgg) (%) r? +iCh- Fnrﬁ-Du <—> =0 (2.110)

(2.109)

UUI‘S?

2
+z’<h-%7f’+D11(

with associated characteristic equation

© 2001by Chapmar& Hall/CRC



An analysis of (2.10) produces an expression for the initial buckling
mode of the form

) . ,
W = exp (bnzx> (0162/3111//17 + cqe2P2y/b

tege2Biu/b 4. 46254713//5) (2.111)

with the 8; = £;(¢) (which may be complex) given by the solutions
of (2.110). The boundary conditions corresponding to either clamped
edges, i.e., (1.130a,b), or simply supported edges, i.e. (1.130a), (1.148),
are now imposed upon (2.111) to obtain the relevant algebraic equation
for ¢ which determines (... As noted in [51] the plate, upon buckling,
exhibits a series of waves which make an angle with the edges of the
plate; the parameter n characterizes the wavelengths. Based on the
analysis described above, Seydel [84] introduces the plate parameter
by

1
9= (D12 + 2Des) /\/ Dy1D2s =« (2.112)

and shows that, for § > 1, the critical shear stress for the finite (but
narrow) rectangular orthotropic plate has the form

(or = Kn?{/ D11 D3, /b?h (2.113)

In Fig. 2.26, taken from Seydel op. cit., K, the buckling coefficient,
is plotted against 1/ where 3 is the effective aspect ratio, 3 = ¢
v/ D22/ D11, for various values of the plate parameter §(> 1), as given by
(2.112); for the plot shown in Fig. 2.26, all the edges of the plate are
simply supported. If the plate parameter  satisfies 6§ < 1, instead of
6 > 1, we have, in lieu of (2.113), an expression of the form

Ccr = ]’T{’l'r2 \/DQQ(Dlz + 2D66)/b2h (2114)

for the critical shear stress at which the plate buckles; another (similar)
description of the results for this case is depicted in Fig. 2.27.

(vi) Rectangular Orthotropic Plates Subject to a Combined
Loading: Shear and Compression in the xz-Direction.

The relevant situation in this case is, once again, depicted in Fig. I1.16
(except that the plate now exhibits rectilinear orthotropy); the equation
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which governs initial buckling is

0w 0*w 0*w
D1y i 2(D12 + 2D66)8T8y2 + D226—y4
0w 0%w
— +2(h—— = 2.11
+Ah o ¢ 9ady 0 (2.115)

and the plate is assumed to be simply supported along all four edges.
According to Lekhnitskii [51], a solution of the initial buckling problem
is known only for the case of an infinite strip, i.e. aspect ratio ¢ = oc;
The method consists of seeking an initial buckling mode in the form

w:Asin%ysinE(mfytanw) (2.116)
s

which represents a surface consisting of waves inclined to the y-axis
at angle 1 and having wavelength s in the direction of the z-axis.
Substituting (2.116) into (2.115), multiplying the resulting equation by

s F
sin Ty sin —(z — ytan ), and then integrating over the domain 0 < z <
s

s, 0 <y <b, produces the result

2y/Dy1D /D 2(D12 + 2D
)\:77 b21h1 22[ D—HV‘F ( 112) DSG)(OPW‘FU
22 VD11 D22 (2.117)
ID 1
et <a4’y+6aj2—|— —)} —2alh
Dy 0
where
v=(b/s)* , a=tany (2.118)

Holding ¢ constant, one now seeks a minimum value for A\ as a function
of @ and v by requiring that OA/da = 0, OX/d~y = 0; this leads to the
relations

272y/D11D D12+ 2D /D
= ™ uban [( 12 66)74_ D_22(3+a27)]
11

b2h VD11 Das
(2.119)

v Das
D11 —+ 2(D12 —+ 2D66)Oé2 —+ D22014
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Substituting the value of y from (2.119) into (2.117), as well as into the
expression for ¢ in (2.119), yields the following results:

_ 272y/D11Das 2[D12 + 2D66] 2 [ Da2
A= + 3« D
11

(2.120)
2(D12 +2Ds3) 5 D2y 4 )
4/l 4+ ————0+ —« —2alCh
\/ Dy Dy ¢
(= L VD11 D22 .als /%
b2h D11
(2.121)

+ [D12 + 2Dgg) + a? Do
\/]_ + M 2 + @Ofl

D1y “ T,

Equations (2.120), (2.121) yield a relation between A and ¢ in para-
metric form; as the parameter « is varied from 0 to oo [¢ varies from 0
radians to 7/2 radians | we may plot this relation with the values of A
as the abscissa and the values of ¢ as the ordinate (see Fig. 2.28); the
graph which results is a parabolic curve of the form

A ¢?
o + = 1 (2.122)

so that the intercept on the abscissa, A, is the critical compressive
load (actually, the critical stress (04 )cr) in the absence of shear forces,
while the intercept on the ordinate axis, (., is the critical shearing load
(actually, the critical shear stress (0gy)cr) When the compressive forces
are absent. As ). and fcr are known from our earlier work, it is always
possible to use (2.122) to find the critical compressive load for a given
shearing load or vice versa.

For plates in which the stiffnesses in two directions differ by a large
amount (i.e., plywood), Lekhnitskii [51] notes the following approximate
formula for the case of simply supported edges

2

Acr + 5 cr
2 D

=7 <3D22 + [D12 + 2Dgg] ﬁ)

v2h D1y (2.123)

272
=12 (\/ D11Dos + {D12 + 2D66}>
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and the following result for the case of a clamped strip:

2
ACT + 2 =4

127 D22

—— | 3D D 2D —

= (3 22 + {D12 + 2Dgg } D11> (2.124)

1572
= (\/ D11Das + {D12 + 2D66})

2.1.3 Postbuckling Behavior of Isotropic and Rectilin-
ear Orthotropic Linear Elastic Rectangular Plates

Up to this point, we have considered only the initial buckling prob-
lem for linear elastic, isotropic, and rectilinearly orthotropic, rectangular
plates; in sub-sections 2.1.1 and 2.1.2, the critical stress was determined
for a wide range of loading and boundary conditions. However, rect-
angular plates can support stresses which are often significantly higher
than the critical stress at which buckling occurs and still remain stable
in the new buckled state because the out-of-plane deflections are ac-
companied by stretching of the middle surface of the plate. In §1.2.1,
we formulated the von Karman equations which govern the large de-
flections of both isotropic and (rectilinearly) orthotropic linear elastic
rectangular plates; in terms of the out-of-plane deflection w, and the
net airy stress function ®, these equations are (1.53a,b) for the isotropic
plate (with ¢ = 0 if there is no applied normal load) and (1.68), (1.69)
for the rectilinearly orthotropic plate. For the (isotropic) plate, with a
rigid boundary, we have noted that the in-plane boundary conditions
are specified by the vanishing of the displacements w, v, rather than by
specification of the middle surface forces, and that it may, therefore, be
advantageous to express the large deflection equations for an initially
flat plate of constant thickness in terms of the displacements u, v, w;
these displacement equations appear in §1.2.1 as (1.59a,b,c) where we
must set ¢ = 0 in (1.59a) if there is no normal applied force.

In one form or another, all calculations dealing with postbuckling
behavior are based on some expansion (e.g., a perturbation series ex-
pansion) of the variables w and ® (or u,v,w) about the in-plane equi-
librium stress state; these expansions may be justified by use of either
the implicit function theorem or some version of the Lyapunov—Schmidt
reduction. Of course, one may also do a direct numerical analysis of
the von Karman equations for the type of geometry and material be-
havior in question. In this subsection, we will content ourselves with
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applying, in a straightforward manner, some standard perturbation ex-
pansions for rectangular plates; however, in §3.1 we will go into some
detail, with respect to an application of the Lyapunov—Schmidt reduc-
tion, when we consider the postbuckling behavior of compressed, linearly
elastic, isotropic circular plates.

One of the first to look carefully at the postbuckling behavior of rect-
angular plates appears to have been Stein [61], and [88]-[93], who ap-
plied perturbation expansions to study the behavior of simply supported
plates which are subjected to various combinations of compressive forces
in the plane of the plate; in this case, the relevant equations for the
isotropic plate may be taken as (1.59a,b,c), with ¢ = 0, in which case
we must expand the displacements u, v, w about the point of buckling in
powers of a suitable parameter; there is some freedom in the choice of this
expansion parameter, as is pointed out by Stein [61] who, for the prob-
lem of uniaxial compression of an isotropic rectangular plate, chooses
the parameter € = {(\ — )\mn)/)\m,}l/2 . The parameter e will, indeed, be
the expansion parameter of choice in much of what follows, because it
is known that, immediately after buckling, the deflection increases in
proportion to €; in our first discussion of postbuckling behavior, below,
we will, however, employ (1.59a,b,c) in lieu of (1.53a,b), and expand the
displacements wu,v,w in powers of the deflection § at some fixed point
o, Yo in the plate, i.e.

w = wi(x,y)0 +wz(r,y)d% + ...
v =vo(z,y) +va2(z,y)0° + ...

Because a change in the sign of w does not affect the displacements in
the plane of the plate, only odd powers of § appear in the expansion of
w and even powers in the expansions for u and v. The functions ug, vg
represent the in-plane displacements of the plate at the onset of buckling.
Each of the functions wagt1, u2k, vak, k£ = 0,1,2,... must satisfy the
relevant boundary conditions associated with the buckling problem. If
we substitute (2.125) into (1.59a,b,c), and equate those terms which are
independent of the perturbation parameter §, we recover the equations
of plane stress expressed in terms of the displacements ug, vq:

0 8’[1,0 8’()0 1—v 2 -
633(81’ * 5‘y)+(1+l/>v uo =0

(2.126)
2 %+% T l1-v 200=0
oy \ 0z Oy 110)V 0~
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Next, equating all terms of order § reproduces the small-deflection or
initial buckling equation, namely,

h2 4 82w1 3’[1,0 81}0 8211)1 8v0 8’&0
— vV w = — 4t v— — 4t v——
12 0xr2 \ Oz Oy oy? \ Oy ox
S 0w o (2.127)
w1 Uug ()
1 — Z70 ., 70
+ U)afré)y (5)3/ + 5‘:5)

Each of the series of equations generated is then solved subject to the
appropriate boundary conditions, and the results are cycled into the suc-
cessive sets of equations which result from looking at increasing powers of
6. As a specific example, consider the postbuckling behavior of a square
isotropic plate simply supported along itsedgesx =0, x =a, 0 <y < a,
andy =0, y =a, 0 <z < a, and subjected to a compressive load which
causes the edges at © = 0, * = a to approach each other by a fixed
amount, while the distance between the edges at y = 0, y = a remains
constant. The boundary conditions are

8U 81) w 8 w 1 T T

9 _9 - _92_05 along _Oa =a
7u_—’l]_—w_—7w_—0 alon, =0 = a
91‘ 9y2 ’ gy y Y

and have been chosen to illustrate the technique because they yield par-

ticularly simple results. The parameter 0 is taken to be the deflection
. a a .

at the center of the plate, i.e., at (5, 5)7 while we have already seen

that, for high enough values of the compression, two or more buckles can

occur in the direction of the compression, we will confine our attention

here to plates exhibiting a single initial buckle.

The solution of (2.126) which satisfies (2.128) is

Ug = —kol’, Vo = 0 (2129)
with the constant kg still to be determined. Substitution of (2.129) into

(2.127) yields the small-deflection equation, i.e., the equation for the
initial buckling mode

h2 4 (9211)1 8211)1
" (—axz w5 ) (2.130)
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whose solution, subject to (2.128), determines not only w; but ko as
well:
. X . TY
wi (z,y) = sin — sin —
a a (2.131)
ko = m2h?/3(1 + v)a?

By employing (2.131) in the equations obtained from substituting (2.125)
into (1.59a,b,c), and equating powers of order §2, we obtain as the equa-
tions for uq(x,y) and va(z,y)

8QUQ 1 (92U2 1 (92112
a2 T2 g2 T g0,
a (2.132a)
1 /m\3 2y | . 2w
71(5) {1u2cosa}51na0
and
821}2 1 821}2 1 82U2
Oy? * 5(1 —v) 0x? * 5(1 + V)axay

(2.132b)
3
71 (ﬁ> {1y2cos2ﬂ—x}sin@—0
4 \a a a

the solution of which, subject to the boundary data in (2.128), is

T 2ry\ . 27x
Ug = —kox — — (1 —v —cos —= | sin —
a a a

(2.133)

T ( 27rr> . 2my
vg=——1—v—cos — | sin —=
a a

with ko an (at this point) unknown constant. The equation for ws is now
obtained by equating all terms of order 63 in the equation resulting from
the substitution of (2.125) into (1.59a,b,c) and then employing (2.133);
we find that

h2 7T2h2 6211}3 8211)3
—vis + v
12 3(1+wv)a? \ 0x? 0y?
(1 +v) k r (3—v) psin ™ sin ™Y (2.134)
=—— - —(3- in — sin — .
a? > 8a? a a
401 _ 2
—&—777 (=) sinﬂsingﬂ-—y—|—si1137r—xsinE
16a* a a a a
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the solution of which, subject to (2.128), yields

wg = (A—O—B)sinﬂsinﬂ +Asinﬂsins7r—y
a a a a
5 (2.135)
+ B sin o sin LLs
a a
with
A=31-v)(1+v)?/16(24 + 250 — 9v?)h?
(2.136)
B =3(1-v)(1+v)?/16(16 + 25v — v?)h?
and
2

The cycle of operations described above now continues so as to first
determine u4, v4 and, then, ws, etc. If du.,. represents the amount
by which the edges at z = 0, * = a approach each other upon initial
buckling, then it is possible to relate the amount by which the loaded
edges approach each other, beyond that point, to the magnitude of the
center deflection ¢, namely,

72(3 —v)
da

Of more practical importance is the relation between du — du,.,. and

6u — Qe = 52 +0(6%) (2.138)

a
P — P,., where P =h / 0.dy denotes the total applied compressive
0

load. However,

Eh [*[ou v 1 [(0w\® 1 [ow)\’
P=—-— — —+ == —v|— dy (2.1
1—y2/0 {8x+yay+2<0m> +2V(6y) } y (2.139)
so by (2.125), and the perturbation results described above, we find that

2
PP, = T EM 52 ot (2.140)

4(14+v)a
Combining (2.140) with (2.138) then yields

P-P,  2Eh )
ou—Ouer  (1+1v)(3—v) +0(5%) (2.141)

As (P—P,,)/(du—0du,) is the stiffness of the plate, immediately after the
onset of buckling, and Eh/(1—1?) is the plate stiffness prior to buckling,
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the ratio of the stiffnesses is (approximately) dependent only on the
Poisson ratio ¥ and may be computed to be 2(1 —v)/(3—wv). A graph of
the postbuckling behavior for the square isotropic plate discussed above
is shown in Fig. 2.29, in which P/P,, is plotted against d,,/du.,; another
postbuckling graph of P/P.,, against the deflection ¢ of the center of the
plate, when the plate buckles (initially, i.e., (2.131)) into one-half sine
wave in the z-direction may be obtained by employing (2.140), i.e.,

2

_ —E 2 4
PP =14 pia 0+ 00" (2.142)

In fact, for a rectangular, isotropic, linearly elastic plate, simply sup-
ported on all four edges and subjected to compressive loading along the
edges at © = 0 and =z = a, 0 < y < b, such a postbuckling graph is
shown in Fig. 2.30, which indicates that significant postbuckling loads
can be carried when the deflection to thickness ratio d/h increases over
the range 6/h = 1 to §/h = 3. Load versus deflection curves similar
to Fig. 2.30 have been produced by (among others) Yamaki [94] for a
number of conditions of different edge support in the case of an isotropic
linearly elastic plate subject to end compression; several of these results
for a square plate of edge length a are shown in Fig. 2.31. For rect-

1
angular plates with edge lengths a and b = ia we show, in Fig. 2.32

some results of Walker [95] for the case of compression under a linearly
varying end load when all four edges are simply supported. Examples of
other types of postbuckling curves which apply in the case of isotropic
rectangular plates may be gleaned from our discussion, below, on the
postbuckling behavior of rectilinearly orthotropic rectangular plates.

The equations which govern the postbuckling behavior of rectilinearly
orthotropic, linearly elastic, rectangular plates are the von Karman equa-
tions (1.68) and (1.69), which may also be reformulated as a system of
equations for the displacements u,v,w. While there have been many
studies of the postbuckling behavior of rectangular orthotropic plates,
the paper of Chandra and Raju [96] has the advantage that it follows
a direct perturbation expansion for the displacement fields and covers
a wide range of loading and edge support conditions. Thus, in lieu of
using (1.68), (1.69) directly, the work in [96] employs the equilibrium
equations (1.42), the first of the von Karman equations (1.68), as well
as the inverse of the strain-membrane force equations, i.e.,

EEllh

o = m(exx + v12€yy) (2.143a)
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_ EEuh ,_

N, (Eéyy + V126x93) (2143b)

and

For our purposes, the strain-displacement relations may be taken in the
form (1.35), with ¢ = 0, since integration over the thickness of the plate
in the range —h/2 < ¢ < h/2 has the effect of eliminating the last term
in each of the expressions in (1.35). The procedure in [96] is to assume
a perturbation expansion for u, v, w of the form (compare with (2.125))

UZUO+T]21L2+774U4+"'
v =g + n*ve + ntuog + - (2.144)
w = nwi + 7wz +17°ws + -+

where n?> = (P — P.,) /P., with P the total compressive load in the x-
direction and P, the critical load. The perturbation expansions (2.144)
are now substituted into the strain-displacement relations (1.35), with
¢ =0, so as to generate perturbation expansions for the strain compo-
nents €y, €yy, and ~y,,; these are, in turn, substituted into (2.143a,b,c)
S0 as to generate perturbation expansions for the averaged stresses N,
Nyy, and Ngy. Finally, the perturbation expansions which result for
Nyz, Nyy, and N, are substituted into the equilibrium equations (1.42),
and the first von Karman equation (1.68), so as to generate an infinite
set of algebraic equations for the coefficients uak, var, and wegy1, k =
0,1,... For the averaged stresses, it is possible to show that one obtains
expansions of the form

%) %) L)
n=0,2,4... n=1,3,5... m=1,3,5...
%) 00 o0
n=0,2,4... n=1,3,5... m=1,3,5...
0 o o)
Na:y = Z N;cyn"?n + Z nymnn o
n=0,2,4 n=1,3,5... m=1,3,5
with _
EFE1h
Ny, = Eilg(un,x + Vi2Un ), (2.146)
—Vi2
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and analogous expressions for the other coefficients Nynm, Nyn, Nynm
and Ngynm. Substitution of the expansions in (2.145) into (1.42) and
(1.68) then yields a recursive collection of sets of three equations each
for the uog, vor,wak+1, the first two of which are

NwO,m + waO,y =0
NyO,y + Nryo,m =0 (2.148)

£(D)’LU1 - (N:cowl,:rx + NyOwl,yy + 2Na:y0w1,zy) =0

4 4 4

0
where E(D) = D11 + 2(D12 + 2D66)W + D22 d

By R an
Nyoo + Nayoy = —(Net1,0 + Nayit,y)
Nya2y + Npya,ws = —(Ny11.y + Nayi1,2)
L(D)ws — (N2ow3,zz + Nyows,yy + 2Nayows oy) (2.149)

= (Nac2 + Nzll)wl,mx + (NyQ + Nyll)wl,yy

+2(Nacy2 + Nmyll)wl,xy

The set of boundary conditions considered in [96] include the condi-
tions of simple support relative to w along the four edges of the rectan-
gular plate as well as the following:

(i) Constant in-plane displacements:

u’y(07y) = u,y(a,y) = 07 0 S Yy S b
(2.150)
V(2,0) =v,(x,b) =0, 0<z<a
(ii) zero shear stress:
02(0,y) =va(a,y) =0, 0<y<b
(2.151)
Uy (2,0) =y, (2,0) =0, 0<y<b

It is also assumed that the plate is subject to a uniform compressive
load of magnitude P in the x-direction so that, in the usual manner,

b b
on the loaded edges, / Nig lz=ody = / Ny
0 0

dy = —P, while on the

r=a
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non-loaded edges, / Nyy dxr = 0; if into these
0

a
y=0 d :/ Nyy
0 y=b

load conditions on the edges we substitute the perturbation expansions
for Ny, and Ny, from (2.45) and, also, replace P by P, + n?P,,,
then we obtain a sequence of boundary conditions for the coefficients
Nzny Nanm, -+, Ngynm of the form

b
/ NmO dy + Pcr =0
0
z=0,a
b
0 z=0,a
b
/ (Na;y + 2Nw13) dy =0
0 z=0,a

along the loaded edges at * = 0, = = a, while along the non-loaded
dr =0

edgesat y =0, y=1»
a
[
0 y=0,b

/ (Ny2 + Ny11)
0

dz =0 (2.153)
y=0,b

dr =0
y=0,b

/ (Ny4 + 2Ny13)
0

We note that solutions of the first two equations in (2.148) provide the
prebuckling stresses in the rectangular, orthotropic plate; these equa-
tions may be put in the form

AUO@I + G12hU0,yy + BUO,my =0
] (2.154)
EAUO’yy + Glghvo,wz + BUO,wy =0
where
EEq1h
A= "2 B=vpA+ Gioh (2.155)
R

Solutions of (2.154) satisfying the boundary conditions (2.150), 2.151),
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and the first relation in (2.152) are given in [96] as

v = _hfgn (x - %)

P, 1 b
et el B\ T e

(2.156a)

PCT

NIO = —77 NyO = Nmyo = 0 (2156b)
The use of (2.156b) then permits us to write the last equation in (2.148)
in the form P

L(D)w + (b’“> Wy pe =0 (2.157)

and imposition of the simple support condition along the four edges of
the plate again leads to an initial buckling mode of the form
nmwy

? sin = (2.158)

wi (z,y) = Ay sin

As in our previous discussion of the initial buckling problem, for a simply
supported, orthotropic, rectangular plate which is compressed in the z-
direction, we substitute (2.158) into (2.157) so as to determine that

P = o [0 (2 2000 2000 ()" (%)

(mm/a a b
+D>, (%) 4]

For a uniform distribution of stress along the edges at x = 0, =z = a,

(2.159)

b
P= h/ Ozz| dy = Ahb so that P.. = hbA. and (2.159) may be
0 z=0, a
directly related to our earlier result in terms of the aspect ratio ¢ = a/b.
The lowest buckling load is, as previously discussed, determined by the
choice of m and n in (2.159) for a given aspect ratio ¢ and the value
of A; is then determined from the subsequent postbuckling analysis,
as follows: First we note that several of the terms in the first pair of
equations in (2.149) involve the expression (2.158) for wy; in general

EFEi1h
Na:nm = = 1 ) (wm,wwn,w + V12wm7ywn,y)

2 (E— 1/122
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EFEh _
Nynm = — =5~ (BEWn yWm,y + V12Wn oW o
y 2(E—V122)( 'y rmy 12%n, )
and
nymn = G12h(wm,an,y)

Thus, if we rewrite the first pair of equations in (2.149) in terms of wus
and vo, and use (2.158), we find that Aug g0 + Gi2husg 4y + BUa 4y

- (@) AAY [_ (@)2 v <@)2} Gy 2

a 4 a b a
A e (G)] e
. 2mmx 2nmy
X sin o cos 5

and
EA’UQ’yy + Glghvz’mm + BUQ’Iy

(AR L) o () 2

) S o () o o ()]

2nmy 2mmx
0

X sin
a
where A, B are given by (2.155). The solutions of (2.160), (2.161), sub-
ject to (2.150), (2.151), and the second condition in (2.152), are

1T {Eihb * A?% (%)1 (m N g) (2.162)

7A7f { (mm/a)? — via(nm/b)? | 2mnx

16 (mm/a) T

mm . 2mmnx 2nmy
———sin cos
a b

and

Ellﬁb E ?2 (%ﬂ (y = 0/2) (2.163)
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A7 E (nm/b)? — 115 (mm/a)? “in 2nmy
16 F (nm/b) b

(mr) 2mrx . 2nmy }
— (=) cos sin
a b

Finally, employing the expressions in (2.162) and (2.163) for us and vs,
respectively, and the expression (2.158) for wy, in the last equation in
(2.149), we obtain as the equation for ws

Py
L(D)ws + T‘wg,m (2.164)
o Pcr mm 2 EllhA% mm\ 4
Al{ c ) T |)

_ 4
+FE (n—ﬂ) sin mrr sin nry
b a b

E11hA3 (mﬂ)4 . mmx . 3nmy
sin

+ 16 sin 5

a

sin
b a

E hA3 _ 4 3
11 1E(n7r) i VY 3mme

16 b

* b

Tt is not difficult to prove that a solution of (2.164), satisfying the condi-
tions of simple support along the four edges of the plate, does not exist

unless the coefficient in (2.164) of sin M7 in n_7bTy vanishes, in which
case
16 P /mm\2 [/mm\d  — nmy\4] 7"
A2 = S ()Y B (D) 2.165
""" Euh b \a o) TP (2.165)
and
ws(x,y) = Assin ML in nzy

5 5 (2.166)
+ Asp sin mrr sin % + Aszg sin mre sin nry
a
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with
= S ()" [0 ()

+2(D12 + 2Des) (W;W) (?mb7r>2 (2.167a)

3nr\? P.. rmm\?2 -
+D22( b) b (T)]

and

Ei11hA3 rnm\4 3mm
A = =5 () [DH( )

+2(Dy3 + 2Dgg) <3mﬂ> (%) (2.167h)

nm\%* P, (3mm 2

+D22( b ) b ( a ) ]
The cycle is now repeated so as to compute uy and v4 in (2.144) and,
then, Az in (2.166); using these results, the perturbation expansions in
(2.144) are determined up to terms of order n* in the in-plane displace-
ments u,v and up to the term of order n> in the deflection w. If we
define the total end shortening A to be A = u(0,y) —u(a,y), 0 <y < b,

(assumed to be independent of y for a uniform compressive loading) then
it may be shown [96] that

A 3 (E-vh)b  PbE | pPA?

a F h o 4D117T2 + 2
i (1 E-1
- ’/12 — Via
E—
E—i 61/127L A31:|
3, - 242
where A = m/¢, u* = 1 (E—viy) nh217 and

T 3 Agl {A4 + [8E2 (E - 1) / (E — 1/12)] 4} + EA32’/L
ST 2N+ Ent+ 2B (E—1) ] (E — v3)] n2 (ER2 — v2A2)
(2.169)

© 2001by Chapmar& Hall/CRC



with

- AE _ - = -
Az = =T |:<V12E—|— 2% (E - 1/122)) A’n® +5E%n?] 1(2.170&)

1
and
Azy = ﬁ (2.170b)
An effective width b, is also defined in [96] by
(%) A = P/hEy; (2.171)

and, as a consequence of (2.168), may be expressed in the form

be - Pb PbE  p2?A?
< =F +
b 4D117‘l’2 4D117T2 2

- 1 -2 EF—-1
4 A - 12A2 i 2
e { S(E_V%Q +V12{E_V52}n)

= -1
E—-1 _
Z 6 2A
+{E—} e H

Based on the analysis in [96], some of which we have described above,
both initial buckling and postbuckling results are presented, in the form
of various graphs, for several different rectilinearly orthotropic rectan-
gular plates (i.e. plates A-N) whose properties are displayed in Table
2.5. The results of the initial buckling analysis are presented in Figs.
2.33 through 2.37 for plates C, F and I, as well as for the isotropic plate
with £ = 1. As we have noted previously, the transition from m to m+1
half-sine waves in the z-direction occurs when ¢ = /m(m + 1)/EY/*.
Among the results, therefore, which can be gleaned from the five graphs
referenced above are the following: For a relatively high stiffness ratio
E of around 13, the transition from a single to a double half-sine wave
in the z-direction takes place at an aspect ratio ¢ of .735, while the
corresponding aspect ratios are 1.19, 1.68, 2.72, and /2 for (approxi-
mate) E values of 1.97, .51, .07, and 1.0, respectively. In Fig. 2.38 we
show a plot, from [96], of the variation of the buckling load parameter
P..b/4m? Dy, against A = m/¢; the graph indicates that the buckling
load parameter increases with A, monotonically, for the isotropic plate,
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and plates A—F', but for plates L, K, J, I, H, and G the buckling param-
eter first decreases, and then increases again, as A is increased. Finally,
in Figs. 2.39 through 2.45, we show some of the (postbuckling) load-
shortening curves from [96]; from the graphs it may be deduced that
postbuckling strength in the case of rectangular orthotropic plates de-
pends on the ratios E, Gi2/FEi1, vi2, and the parameter A = m/¢,
where m is the number of half-sine waves in the z-direction which are
present in the buckling mode. In particular, plates G-F (for which
E > 1) have a higher postbuckling strength as compared with plates
A-F (for which £ < 1). For A = 1, plates E, F,I,J, K, and L pos-
sess distinct postbuckling strengths, whereas the postbuckling behavior
of plates A—D is the same as that of the isotropic plate; however, as A
increases, the postbuckling strengths (load-shortening curves) of plates
A-F are very different from that of the isotropic case (i.e., Fig. 2.41).
The graph in Fig. 2.43 is a plot of non-dimensional effective width
against non-dimensional load P/ P,, for several of the cases in Table 2.5.
The last of this series of graphs, i.e., Fig. 2.45, displays some results
from [96] for the isotropic plate that show the change in the nature
of the postbuckling curves (plotted as non-dimensionalized load against
non-dimensionalized end shortening) as A is varied; the authors [96] in-
dicate that the results displayed here are very close to those obtained
earlier by Stein [93] for postbuckling of an isotropic plate.

2.2 Plates with Nonlinear Elastic Behavior: The
Johnson-Urbanik Generalization of the
von Karman Equations

The only generalization of the von Karman equations in the literature
which has been formulated directly to deal with nonlinear elastic, recti-
linearly orthotropic behavior appears to be that of Johnson and Urbanik
[73], [74]; in these papers a theory of thin plates is developed (which is
physically, as well as kinematically, nonlinear) and used to characterize
elastic material behavior for arbitrary stretching and bending deforma-
tions. The theory is based on the use of an effective strain measure;
it begins by simplifying the equations of three-dimensional nonlinear
elasticity through use of a scaling argument, and then proceeds by par-
tially integrating the resulting equations to obtain two-dimensional plate
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equations. The results in [73], [74] cover only the case of initial buckling,
i.e., an equation analogous to the second von Karman equation (1.69) is
not derived; also, the extant results are limited only to applications to
orthotropic, nonlinear elastic rectangular plates.

The basic equations of three-dimensional nonlinear elasticity are the
equilibrium equations

6Pij
a$j

=0,i=1,2,3, (2.172)

where the Piola-Kirchoff stress tensor P;; is related to the Cauchy stress
tensor ;5 by,

Ou,;
Pi= (4 -9 : 2.173
(00 + 522 ) o (2.173)
The constitutive relations are given by
0H(E)
= —— 2.174
o J aEw ( )
with the strain-displacement relations
1 /0u; Ou; Ouy Ouyg
E,;,=- J — 2.175
2 (633] + 8331 + 8.’171 837]) ( )

In (2.172) - (2.175), 1 = z, x3 = y, T3 = z, the u; are the displace-
ment components and H is the strain-energy function. In general, the
w; in (2.175) and, thus, the E;; may depend on z. In [73] the authors
take the middle surface of the undeformed plate to be given by z3 = 0,
the thickness to be h, and introduce a lateral length scale L, so that
for a thin plate e = h/L is a small parameter. Scaling the coordinates,
displacement components, and strain components as in the von Kar-
man theory (i.e., z1,22 = O(L), 3 = O(h), ui,uz = O(eh), uz =
O(h), E117 _EQQ7 E127 E33 = 0(62)7 and E13, E23 = 0(63)) it turns out
that the lowest order terms in the strain-displacement relations (2.175)
can be written in the form

B =6 —Kix3
E22 = €2 — K21‘3 (2176)
Ei3 = €13 — K223

and a direct correlation with (1.35) may be made as follows: Ej; =
() E22 = Eyy, E12 = €y, T3 = Ca Kl = W, gx, K2 =W, gy, KlQ = W gy,
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while

L o
€] = Uy + §w’x
1
€2 =Vy + §w2y (2.177)

1
€12 = §(uy + v+ wawy)

are the middle surface strain components. The approximate relation
between the displacements u;, ¢ = 1,2, 3, in general, and the u,v,w in
(2.177), which are functions of x, y only, has been given before as (1.30),
ie.

ur = u(,y) = 25 (2.178)

We now give below a brief alternative derivation of the moment- cur-
vature relations (deduced in [73]) which are to be substituted into the
same equilibrium equation, i.e. (1.45), which applies in the case of linear
elastic response; in using (1.45) we will, for now, set W =0, and ¢t = 0.
Thus, we must relate My = My, Mz = Mgy, and My = M, to K1, Ko,
and K3 just as we did in (1.39) and (1.41), for the linear elastic isotropic
case, and in (1.67a,b,c) for the linear elastic rectilinearly orthotropic
case.

From (2.174) we have (011 = 044) :

OH (E)
~ 2.179
VoM ( )
If we set H(e1, €, €e3) = H(E) , then
CD3:0
- oH 1 0°H
H(E)~H —_ S 2.180
(E) (€1,€2,€3) + O3 0903+ > 022 Oxs ( )
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where the zero subscripts denote evaluation at xs = 0. Then,

OH| _ 0H OH
81’3 0 N 8E11 8E22

(—E) +
(L‘3:0
L of OH

“(—Kz2)

.L30

(=K12) (2.181)

Tr3z= =0
o OH OH
K - — Ky — —K
861 ! 862 2 8612 12

On the other hand, for |z3| small we have, by virtue of (2.179)

_O0H 9 (0H Llo (oH
0 39 9, ox3

=50 T 50 \ons

> 3 (2.182)
0

in which case

M2 oH Moo (oH
e [ 2
_ny2 01 _ny2 01 \ Oz
1 "2 9 (82H|\
+§ /—h/2 der (5‘x§ 0) e

h2 9 OH
[, <a ><2 @
—h/2 0€1 3 g

Finally, if we use (2.181) in (2.183), we have

02 H o?H 0?H h/2
M, = |- — - *d
( "0 T 96106, ”12aelaem> /WC :

>C24
0

(2.183)

or
3

h
MI = 12 (Iﬁ:lHll + IﬁJQHlQ + KJ12H13) (2184)

where the H;; are the bending stiffness moduli, Hy; = 8>H /d¢,
Hiy = 0°H/0€10¢y, Hyz = 0*H /0¢10¢€12, etc. The other two moment-
curvature relations are

h3
M, = 13 ( 1Hia + ko Hoo + H3H23> (2.185)
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W - . -
Mgy = ~51 (H1H13 + Ko Haz + /<J12H33) (2.186)

As noted in [73] , linear isotropic plate theory corresponds to the
(approximate) strain-energy

~ FE
H = 7(61 +€2)2 —

2(1—12) (162 — €l) (2.187)

1+v

while linear orthotropic plate theory corresponds to

~ El 9
H= — -
2(1 — 1/12V21) (61 + 1/216162)
E. 2.1
B ) (120 o
+2G126%2

For a nonlinear orthotropic elastic material it has been shown (e.g.,
Green and Adkins [97]) that

H = H(e1, €, €2,) (2.189)

We also note that, for the constitutive theory at hand, it follows directly
that the averaged stresses are

N,=h=—, N,=h
661 662
) (2.190)
1 0H
Ngy =Ny, = =h
Y Y 2 8612

Now, as noted by Johnson and Urbanik [73], because H is a function of
the three middle surface strains €j, €2, and €12, in order to completely
determine H one would need a complete set of data on biaxial stretching
and shear of a rectangular plate; because such data was not available at
the time of the writing of [73], the analysis in [73] proceeds by noting that
the linear orthotropic relation (2.188) can be written in the equivalent
form

vo1 B

H=_—_"—2"1 2.191
2(1 — V121/21) ( )
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where e is given by

~1 -1
e =vy € + vy €3+ 2e1€2 + cedy

2.192
= 4(1 — 1/12V21) G12 ( )
vi2 By

The quantity /e is an effective strain measure and, in [73] and [74], an
approximate theory of nonlinear elastic orthotropic behavior is formu-
lated in analogy with (2.191), by assuming that H = H(e); the func-
tional form of H (e) which is appropriate, e.g., for paper, must be deter-
mined by experiment. With the assumption that H = H(e), the average
stresses in (2.190) take the form

N$ = 2hHl(€)(l/2_1161 + 62)
N, = 2hH'(e)(vig'es + €1) (2.193)
Ny = Nyo = chH'(e)e19
and explicit expressions for the H,; in (2.185) - (2.187), in terms of H'(e)
and H"(e), may be computed as well. For unaxial extension in the y di-
rection, N, = 0, which implies that ¢; = —v51¢€5; also, in that particular
situation, it follows from (2.192), (2.193), that e = (v;," — vo1)€3 and,
as €12 = 0, Ngy = Ny, =0, while NV, = 2h(1/1_21 — v91)H'(e)ey. Explicit
forms for the H;;, for this case, are also computed in [73], i.e.
I:IH = QVilﬁ/(e)
Hoy = 4(uf21 - 1/21)2ff”<6)6% + 2yf21ﬁ’(e)

) 5 3 ) (2.194)
H12 = QH/(E), H33 = QCH,(B)

Hyz = Hy =0

and analogous results hold for uniaxial extension in the x direction.
Several sets of comparison (experimental) data for paper are reported
in [74] which appear to conform to the following form of the strain energy

function H:
~ 2
fie) - (_) In cosh (_ /7) (2.195)
C2 c1 {1 —viov
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In (2.195) the parameters ¢; and ¢ must be determined through an ex-
perimental data fit. For uniaxial deformation in the z-direction, (2.195)
leads to

Oxu(€1) = 1 Y12 tanh <C—2 Qq) (2.196)
Va1 C1y V21

while for uniaxial deformation in the y-direction one obtains
oyy(€2) = c1 tanh(coez/cq) (2.197)

Finally, if we employ the form (2.195) of the strain energy function H (e),
in (2.194), then for compression in the y-direction of the plate one finds
that the bending stiffness moduli are given by

[ c1v12/va1 tanh(ceea/cq)
1= :
1 —wviav91 €2
~ C2 V12UV21C1 tanh(CQEQKl)
Hyy = 5 :
cosh®(coea/c) 1 —viava €2
H o C1V12 tanh(czezKl) (2198)
P v €2
Hsy = cHio
Hyy = Ho3 =0

with ¢ defined as in (2.192). For situations in which the shear modulus
G12 is not known Panc [98] and others, have suggested the formula

VE By _ Y v12/v21 Eo (2.199)

o 2(1 —+ \/1/121/21) 2(1 + ./1/121/21)

in which case ¢ may be expressed in the form

2(1 - V¥izvn) (2.200)
Vv V1221

As an example of the kind of initial buckling problem that can be
handled within the context of the Johnson-Urbanik theory, consider a
rectangular, orthotropic, nonlinearly elastic plate which is in a state
of uniform axial compression in the y-direction, assumed e.g., to be the
cross-machine direction (CD) of a rectangular piece of paper; then N, =

G2

CcC =
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Ny = 0, while the second relation in (2.193), coupled with e; = —12; €2,
and (2.195), yield

N, = —Ny = —hey tanh(caea/c1) (2.201)

Using (1.45), and (2.184) - (2.186), and assuming that the middle surface
strain field is homogeneous, so that the H;; in (2.198) are independent of
z and y, we obtain as the equation governing the initial buckling mode

- v - Otw ~ ~ o'w 12 9*w
H—H—(?H H)i——:o
Bhpw + Hao " + 12 + Hi33 0220y + w3 08y2
(2.202)
In [73] solutions of (2.202) are sought in the form
w(z,y) = Aervtor (2.203)

Substitution of (2.203) into (2.202) leads to a fourth-degree equation for
a(A), with four roots of the form «, —«, i3, and —i8, which we will not
delineate here, but which satisfy

(215{12 + H33> A2

2 32
o — (2 = . (2.204)
These roots lead to solutions (even in z) of the type
w = [ay cosh ax + ay cos ] ™Y (2.205)
and to solutions (odd in z) of the form
w = [azsinh ax + a4 sin fz] Y (2.206)

It is noted in [73] that the even solutions lead to lower buckling loads
than the odd solutions; the imposition of support conditions along the
edges that are parallel to the z-axis, in an (assumed) long plate, then
yields transcendental characteristic equations for the buckling strain as a
function of the wave number A and the critical buckling strain is obtained
by minimizing the buckling strain with respect to A. If we introduce
the dimensionless (buckling) strain é = caea/cq, and the dimensionless
stiffness coefficient S = (cy/c1) (h/2a)? \/v12/va1, where a is the half-
width of the plate in the x direction, then Fig. 2.46 depicts a plot of € as
a function of S for three mean Poisson’s ratios v (: m) and two
different edge support conditions along the non-loaded edges at x = +a;
similarly, Fig. 2.47 is a plot of the corresponding normalized buckling

© 2001by Chapmar& Hall/lCRC



stress ¢ against S for the same three mean Poisson’s ratios and the same
two-edge support conditions along x = +a. The ratio of the clamped
edge buckling stress to the simply supported buckling stress is graphed
in Fig. 2.48 as a function of S for the same three values of the mean
Poisson ration v. Finally, in Fig. 2.49 we depict, for the same type of
edge supports along * = +a and the same mean Poisson’s ratios, the
predicted variation with S of the ratio of the buckling stress given by
the nonlinear elastic plate theory of Johnson-Urbanik to the buckling
stress for a linear elastic, rectilinearly orthotropic plate, with the same
Ey, By, v12,v21, and Gia.

2.3 Plates which Exhibit Elastic-Plastic or
Viscoelastic Behavior

For an elastic plate which is perfectly flat, buckling occurs at a crit-
ical value A\, of the elastic stress; loads associated with stresses larger
than A, can then be supported (postbuckling theory), as the lateral de-
flections grow, because of stretching of the middle surface of the plate.
Eventually, a maximum load associated with a value Ap.x of the applied
stress field is reached, at which point the increase of deflection with load
is limited due to plastic breakdown of the plate. For most cases involv-
ing the postbuckling behavior of rectangular plates, it is usually true
that Apax > Ac; however, it is possible for breakdown to occur when the
plate is still flat and in a state of plane stress (before ). is reached). If
this happens, the plate will buckle and collapse at a lower value of the
applied stress than A, i.e., Apax < Ac and plastic buckling occurs. As
noted in [17] the development of plastic buckling theory for plates paral-
lels that of the theory for plastic buckling of struts. Considére [99] and
von Karman [100] considered the idea of replacing the Young’s modulus
E in the elastic buckling formula for struts by a reduced modulus E; as
noted in Hutchinson [17], Shanley [101] showed that for plastic buckling
of struts, within the context of a Jo flow theory, the correct value of the
reduced modulus was the tangent modulus E (see Fig. 2.50), which in
a Jo plastic flow theory, e.g., is a function of Jo and is defined, in the
usual way by ¢ = E}é for a uniaxial tensile history. The other modulus
of importance, which occurs in theories of plastic buckling, is associated
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with Jo deformation theories of plasticity, namely, the secant modulus
E; which is defined by Ey = o/e for uniaxial tension tests. In addition
to replacing (for an isotropic plate) the Young’s modulus E by a reduced
modulus E, the Poisson’s ratio v is usually also replaced by a modified
ratio 7, although this is not uniformly done in all theories of plastic
buckling of plates. Specific forms for £ and 7 which apply to the plastic
buckling of a clamped circular plate, subject to a uniform radial stress,
are delineated in Hutchinson [17] and will be discussed in Chapter 3.3.
We now briefly discuss some of the existing results for plastic buckling
of (initially) isotropic elastic rectangular plates, both within the context
of a Jy deformation theory — which some authors believe should be fa-
vored for engineering prediction purposes over incremental flow theories
with smooth yield surfaces — as well as within the context of a J, flow
theory. In addition, we take note of the work of Stowell [102], who, using
a total strain theory in which ¢ = FEze for a material loaded uniaxially,
deduces, in the plastic range, the relations

1 1

€xx = E Ogxx — igyy
1 1

o= (mﬂ, - 5%) (2.207)
3

Ty = oo (0ay)

The moment-curvature relations computed in [102] have the form

1 3E, 1
Ma: =—-K' |:<Z + 4E3> W zx + 5“’,3/@/]
1
M, = —K' {w,w + 5“’7”} (2.208)
Lo
with
K' = E.h*/12(1 — v?) = E,h*/9 (2.209)

and the corresponding equilibrium equation governing initial buckling
of a plate compressed in the z-direction is

1 3E:\ 0*w O*w *w Ah 0w
dw o dw JJdw_ Avdw 2.21
( 4Es> 92 2o Tyt T K 02 (2210)
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As in the case of elastic buckling, (2.210) must now be solved subject
to known support conditions along the edges. For a long plate whose
unloaded edges are simply supported Stowell [102] reports the critical
plastic stress for one transverse half-wave at buckling as

p TE, (A\’[/1 3E\1
AL = 9 (b) {<4+4E3> ¢2+¢> +2} (2.211)
where ¢ = a/b is, once again, the aspect ratio of the plate. It is noted
in [102] that the formula in (2.211) is similar to the one obtained for
elastic buckling of a compressed plate which is simply supported along its
unloaded edges, except that v is replaced by 1/2, E by Ej, and a factor
multiplying the term 1/¢? has been introduced. In fact, as indicated in

[102], the ratio of the minimum plastic buckling stress ()\f)min to the
minimum elastic buckling stress (A9) in this case, is given by

(Ag)min B 3E 2

min’

1 /1 3k 9
= —1/= 1-— 2.212
y >+ 3 4+4E5>( 2
where 7 is called the plasticity reduction factor. From (2.211) it follows
that (initially) isotropic rectangular plates will buckle plastically with a
reduced wave length, as opposed to the case of elastic buckling, because
the smallest value of the critical stress occurs for
1  3E;
_ Al =
¢= 4 + 4F,

(2.213)

and F; < Fs. Besides the condition of simple support along the edges
at y =0, y = b, 0 < x < a, which has been discussed above, for
end compression of a rectangular (initially isotropic) plate, the follow-
ing plasticity reduction factors have been reported in Bulson [32] and
are obtained by solving (2.210) subject to the boundary conditions in-
dicated:

(i) y =0 simply supported, y = b free,
4B,

n=3g (1 -1 (2.214)
(ii) y =0 clamped, y =0 free,
4FE, (1 2 /1 3FE
n = 3E <3+3 4+4Et> (1—1/2) (2215)
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(ili) y =0, y =b clamped,

4E, 1 3E, )
n= 55 (.352+.648,/4+4E5> (1—12) (2.216)

Much of the more recent work in plastic buckling, i.e., Hutchinson [17],
Tvergaard [103], Hutchinson [45], [46], and Needleman and Tvergaard
[104] is based on a small strain theory of plasticity in which the relation
between the stress rates and strain rates is assumed to be of the form

Gij = Lijker (2.217)

with the L;;r, “instantaneous” moduli which depend, in general, on the
stress history; it is further assumed that there are two branches of the
tensor L;jre, depending on whether loading or unloading occurs. For
each of the two basic phenomenological plasticity theories alluded to
above (flow versus deformation) the plastic deformation depends only
on the Jy invariant

1
T = 588 = 1/3 (071 + 035 + 307, — 011022) (2.218)

1 . . .
where S;; = 04 — s0kk0;; is the stress deviator. The instantaneous

moduli for Jo flow theory with isotropic elastic properties, are given,
e.g., in Hutchinson [17] as
E 1
Lijre = {— (0ir0je + 0ied k)

T+ (2 (2.219)
NN 3V S _ FoiiSm
1—2p M 9 F T,
where

F=0, for Jy <0orJs < (J2)maxs
i.e., in the elastic range or for elastic unloading

and
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3 E .
F = 4—Jg (E — 1> , for Jy = (J2)max and Jo > 0,

i.e., for loading in the plastic range

For Jo deformation theory, with unloading incorporated,

Lijre = % {% (05050 + 0iedjn)
(2.220)
NEES PV 7Y Y
31—2v) 9 T T+ G426,

d
where G’ = %; for unloading G = G’ = 0, while for loading, G =
2

E
3 <F — 1) . The relations (2.219), (2.220), however, were proposed in
conjunction with the problem of buckling of a complete spherical shell
under external pressure. For the specific problem of buckling of square
elastic-plastic plates under axial compression, Needleman and Tvergaard
[104] assume (2.217), with the elastic tensor of moduli L, isotropic,
ie.,

€

E 1 v
ikt = H—V [5 (5ik5jé + 52'65]‘]@) + m&-ﬁke (2.221)

and then restricting themselves to a Jo incremental flow theory take

S;:S,
Lijie = L — M ;2“ (2.222)
where
3
O = §Sij5ij (2.223)
and
0, ifo,<Yoro.<0
H= E 1 - E,/E

, ifo.=Yand 6, >0

N W

1 2 E
T §(1+V)ft+1—(Et/E)

(2.224)
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In (2.224), Y is the flow (yield) stress which is taken to be the greater of
the maximum value of o, (over the stress history) and the (initial) yield
stress o, associated with uniaxial stress-strain behavior; the uniaxial
stress-strain behavior chosen is that of a piecewise power law with yield
stress o, and a continuous tangent modulus, i.e.

o/oy, foro <oy
6 —_—
e |1 " 1
v —(i) +(1--=), foro>oy
n

n Oy

(2.225)

The parameter n in (2.225) is the strain hardening exponent and €, =
oy/E.

In [104] it is assumed that the plate is square (of side a), is simply sup-
ported on all four edges, and is uniformly compressed in the z-direction
by a uniformly distributed load with N, = —Ah along z = 0, =z = a,
for 0 < y < a; bifurcation from the associated plane stress solution
associated with this loading first becomes possible when A = \., where

Ac (2.226)

a

E;
:£<7Th>2 2 N 9+f(8y_1)
E
12 L+v (5—4) - (1 -2)%)

while the corresponding eigenmode (displacement) turns out to be

we(z,y) = £hsin = sin Y (2.227)
a a

A perturbation analysis, similar to those we have used previously, is then
employed to analyze the postbuckling behavior in the elastic range, i.e.,
for A < oy; the initial postbuckling behavior parallels that for postbuck-
ling of a simply supported, linearly elastic, isotropic square plate com-
pressed in the z-direction. For A. > o, the initial postbuckling behavior
is determined by using Hutchinson’s asymptotic theory of postbuckling
in the plastic range [46]; we summarize the results of the analysis as fol-
lows: with the amplitude of the eigenmode (2.227) denoted by &, so that
w(z,y) = Ew(x,y)+ ..., the applied stress varies as A = Ao+ M+ . ..
With the sign of w,. chosen so that ¢ is positive it may be shown [45]
that

_ (1h ’ (1+v)
A= (7) BT () (2.228)
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and the initial slope A1 of the A\(£) curve is uniquely determined by the
condition that plastic loading takes place through the plate except at
one point where neutral loading occurs; in accordance with the origi-
nal concept of Shanley [101], the slope A1 > 0, so that buckling takes
place under increasing load. After buckling, a region of elastic unload-
ing spreads out from the point of neutral loading and the next term in
the postbuckling expansion for A\ takes the penetration of this region of
elastic unloading into account and turns out to be proportional to £4/3
(e.g., Hutchinson [17]):

A=A+ A&+ X34 (2.229)

In all cases considered, the authors of [104] determine that A2 < 0 and,
thus, the first three terms of (2.229) can be used to estimate the value of
the maximum stress Apax that can be supported by the plate. In [104]
one also finds an analysis of the imperfection sensitivity of compressed,
simply supported, elastic-plastic square plates which ignore elastic un-
loading; we will not go into any details of the imperfection-sensitivity
analysis here but do note the following: attention in [104] is confined to
imperfections which have the shape of the buckling mode (2.227) with
the amplitude of the imperfection denoted by €. For A < A., a regular
perturbation analysis shows that the lowest order effect of the imperfec-
tion on the magnitude &£, of the out-of-plane deflection of the plate, is
given by

£=E(1-X/x)""p(N), (2.230)

where U > 1is a (positive) constant, whose structure we do not delineate
here, while p(A) is a function of A that is finite at A = A.. For an elastic
material (even nonlinear elastic) ¥ = 1. In a neighborhood of A = A, a
singular perturbation analysis produces

A= Ao + Ao€2 4 c£RYFUT) = (/W) (2.231)

We note that ¢ and v are undetermined by the analysis that produces
(2.231) but are, subsequently, determined by matching the solutions
(2.230) and (2.231), i.e., v = 2¥ + 1 and ¢ = —A(p(A))V/Y. If Ay < 0
then the maximum support stress Apmax which is predicted by (2.231) is
given by

)\max
BV 1 - H(f)Q/(NH) (2.232)
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with

A oW\, \ ~2Y/ (2T D)
“:_A_Z(NJ’D <— \ 2)

C

cp(A)?/ VD (2.233)

The results of the analysis presented in [104] for three different cases are
depicted in Figs. 2.51, 2.52, and 2.53.

Finally, we turn our attention to the analysis of the initial and post-
buckling behavior of rectangular viscoelastic plates; a formulation of the
buckling equations which are suitable for dealing with this problem may
be found in the work of Brilla [106] although only the stability problems,
both linearized and nonlinear are dealt with. The buckling of circular
viscoelastic plates has been treated in [140] and will be discussed in the
next chapter. The governing equations for the large deflection theory of
viscoelastic plates considered in [106] are of two types, the first of which
is of the form

h3
— Kiine(D)w.i;
1o e (D) wisie (2.234)
= K(D)(q + heirejow,ij Pore )
with 4,7, k,/ =1,2, and
eimGjnGEsLmnrs(D)éaijké
1 (2.235)
= _§6ik6jZL(D)w7ij W,k
where .
Kijue(D) = > K3, D7
r=0 (2.236)

L(D) = Z L,D"

v=0

0
are polynomial operators in D = Ere the L;jre(D), and K(D), have

analogous representations, and
K(D) [Kire(D)] ™ = L(D) ™ Lijne(D) (2.237)

The operators K (D), L(D), K;;ke(D), and L;;,e(D) are the differential
operators of linear viscoelasticity, w and ® are, of course, the transverse
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plate deflection and Airy function, respectively, ¢ is the transverse plate
loading, h the plate thickness, and ¢;; the standard alternating tensor.

By w,; we mean —w, etc., and we employ the usual convention of

ox;

1
summing over repeated indices. The coeflicients K, are assumed to
possess the symmetries given by

Kz‘(jIZe = K](ilzf = Kz‘(jgk = Kékzj (2.238)
and satisfy
Ki(jlzl(D)Gijekf >0 (2.239)

with equality holding only for e=0. The polynomials K., and L are
assumed to have only negative real roots. The boundary conditions
considered in [106] are either of the form

w

- Z—Z —0, on dQ, (2.240)

0N being the boundary of the domain €2 occupied by the thin plate (in
which (2.234), (2.235) are to hold), or
w = O7 Kiju(D)w,ij VinVen — O7 on 39 (2.241)

where the vy, = cos(xg,n) are the direction cosines of the (unit) out-
ward normal n to 9. Also, with respect to the Airy function ®, we
have either

oo 0@
or
0%® 0%®

o 0
where o’ 98 denote, respectively, the normal and tangential derivatives

n’ ds
on 0. Finally, if the differential operator L;;i¢(D) is of order k, then
the initial conditions for the problem assume, in general, the form

.
%ng =w,(y=0,1,...,k—1)

. =0 (2.244)
Sl =0(y=0,1,....k—1

at’y t:O (’y ) ) ) )
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A second set of governing equations considered in [106] are those ap-
propriate for the large deflection theory of viscoelastic plates of Boltz-
mann type, namely,

B3 [t 0
12 /0 Gigne(t =) 5 Wiighe (T)dT (2.245)
= q+ hegejow,i; Pore
and

t
0
/ 6im6jn€kr€€stnrs (t - T)_‘I)aijké (T)dT
0 . ot (2.246)

= _Eﬁiijlwvij W, ke

The boundary and initial conditions associated with the system (2.245),
(2.246) are of the same type as those delineated, above, for the system
(2.234), (2.235).

We begin our discussion of the analysis in [106] by detailing the de-
scription of the linearized stability problem, i.e., the problem of initial
buckling. Since we are dealing now with a stability problem for a time-
dependent process, we must consider perturbations from an equilibrium
state; in the usual manner, we neglect the nonlinear terms in (2.234)
and (2.235) when we address the linearized stability problem. We as-
sume that, as a consequence of the loading and boundary conditions,
the plate is subjected to an in-plane stress distribution of the form Ac7;.
With Nj; = —hoy;, we have as a consequence of (2.234), with ¢ = 0, the
following equation governing the initial buckling of the plate within the
context of the (linear) viscoelasticity model of differential type:

hS

EKijké(D)w,ijke +AN W, =0 (2.247)
Equation (2.247) is subject to boundary conditions of the type (2.240)
or (2.241) and initial conditions

wl,_y = wo, ?;Tiut_on, vy=1,2,---,r—1 (2.248)
If we seek a solution of (2.247) in the form
w(x,y,t) = e'u(z,y) (2.249)
then it is easily seen that u(x,y) must satisfy the equation
WS @) o ~ o e
12 ;)Kijkeﬂ Usijke “;Kw Nijusig =0 (2.250)
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A nontrivial solution u(x,y) of (2.250) exists only for values p = p,,
the generalized eigenvalues of the linearized problem. Specifically, if we
assume that r = s, then (2.250) becomes

Z ,LL |: ljkéuﬂﬂd +>‘K7Ni3uyij :l =0 (2251)

If ¢y, is an eigenfunctlon corresponding to the generalized eigenvalue pu,,
then, with

(¢, ¥) = /ng(x,y)\ll(x,y)d:vdy, we have

Z /’LTL |:12 f]k?é (bn ’L],(bn k:f) AKWN%(¢W7Z'7¢TIJ):| = O (2252)

Using the positive definiteness assumption (2.239), relative to the K l(]k)é,
and choosing the N;; such that

> WK NG (bsis ) >0 (2.253)
~=0

it follows that, for sufficiently small A, there exists x > 0 such that

Z ’u |:12 ijﬁ (b?l] 7¢7kf) - )‘K’YN;}(QZSM ) ¢1k) 2 KH¢H2 (2254)

where [|¢]|* = (¢, ).
The polynomial on the left-hand side of (2.254) has positive coeffi-

cients for A sufficiently small and is a monotonically increasing function
for g > 0; this, in turn, implies that the roots of this polynomial are
either negative or have negative real parts; for a real viscoelastic mate-
rial the roots must, in fact, all be negative. If, in addition, the roots are
simple, then the solution of (2.247) can be expressed in the form

w(z,y,t) ZZAnkwon(;Sn (z,y)e Hnkt (2.255)

n=1k=1

where the (real) roots of (2.252) have been denoted by —pni and we, =
(wo, ¢n). It can be shown that the coefficients A, in the expansion
(2.255) are given by [106]:

Hn1fn2 * Mn(kfl),u/n(kJrl) ct g

(,LLnk - :U‘nl) T (Nnk - lun(k—l))(,ufnk - Nn(k-&-l)) t (,Ufnk - ,unr)
(2.256)

Ank =
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With all the p,r > 0 the solution is stable, while if at least one
tnk < 0 then the solution is unstable. As the left-hand side of (2.252) is
a continuous, increasing function of A\, when A increases critical values
of A are reached at which the roots of (2.252) successively change their
signs; to determine these critical roots the polynomial equation (2.252),
which can be written in the form

> 1A (N) =0 (2.257)
~=0

must be analyzed. It is shown in [106] that changes in the signs of the
roots i, which satisfy

T bt () = A2 () Ao (2:258)

occur at those values of A which satisfy the equations

h3
W(qbn id> nke) — AKON, (P bnj) = 0 (2.259)
and
o) 0
EKijké(d)n,ija Pnke) = AK - Nij(Pnis ) = 0 (2.260)

If the Laplace transform is applied to (2.247), we find that the values of
A, in question, are eigenvalues of the system

h3

3 O ew.ijke (00) + AND Kow,;j (00) = 0 (2.261)

and

h3
szzwauke (0) + AN{ K w,i5 (0) = 0 (2.262)

Whenever A is an eigenvalue of (2.261), one of the roots of (2.252) is
equal to zero and, as A increases above this value, one of the u,; becomes
negative; when A is an eigenvalue of (2.262) one of the roots of (2.252)
must be infinite. In [106], eigenvalues of (2.261) are called critical values
for infinite critical time and are denoted by A... For A < min A.,. each of
the pinr > 0 and the basic solution of (2.47) is stable. For A = min A,
we have neutral stability, while for A > min \.. at least one of the
tnk < 0 and the solution is said to be unstable (with infinite critical
time). On the other hand, eigenvalues of (2.262) are said to be critical
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values of instant instability, or critical values for finite critical time, and
are denoted as A\2.. When A achieves the value min A\, the viscoelastic
plate becomes (instantly) unstable.

The results delineated above hold for viscoelastic plates of “differential
type,” i.e., those which are governed by the large deflection equations
(2.234), (2.235); for the case of viscoelastic plates of the “Boltzmann
type,” namely, those for which large deflection relations of the form
(2.245), (2.246) are valid, the critical values are shown in [106] to corre-
spond to the eigenvalues of the system

{ Gijre(00)w,ijne (00) + ANJw,ij (00) = 0

(2.263)
Gijre(0)w,ijke (0) + ANJw,i5 (0) =0
Besides treating the linearized stability problem in [106], Brilla also
considers the nonlinear stability problem, albeit only for an isotropic,
viscoelastic plate of differential type for which the (generalized) von
Karman equations have the form

K(1+aD) A2 w = h(1 + BD)(\ [®g, w] + [é, w]) (2.264)

and
(1+8D)A2d = —%E(l + aD)[w, w] (2.265)

where ®¢(z,y) satisfies A2®; = 0, with boundary conditions that cor-
respond to the given loading condition(s) on the edge(s), K is the plate
bending stiffness, F the Young modulus, and «, § constants which serve
to characterize the viscoelastic behavior of the plate. For o = g = 0,
(2.264), (2.265) reduce to the usual set of von Karman equations for a lin-
early elastic, isotropic plate, in Cartesian coordinates, with & = A® +&
the (total) Airy function. Using the boundary conditions (2.240), or
(2.241), and the initial conditions

w(z,y,0) = wo(z,y), ®(z,y,0)=0, (2.266)

it is demonstrated in [106] that critical values with infinite critical time
exist; the corresponding stationary solutions are given by the equations

KA2w=h (A [, w] + [é,wD (2.267)

and L
N2 = — 5 Elw,w] (2.268)
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The result referenced above may be deduced as follows: we rewrite equa-
tions (2.264), (2.265) in the form

. [% At (1 } %) 5 (8%u) 3 ar
0

_% A? wy - eét] (2.269)

= h ()\ [, w] + [qmﬂ — A [@o,w] e*%t)

and

g A%+ (1 — g) é/ot <A2é> e~ wt=")gr
= —%E ([mw] — [wo, wo] e‘ét>

Taking the scalar product of (2.269) with w, and then using [w,w] as
given by (2.270), it is possible to show that

efgtem o (1) (o f o)

“ A (@0, [w, w]) + % {5 (Ai),Aci))

«

BN L (pé [ (Ad) et
+ (1—5) - <A<I>,/O (20)e st dT)}
= K% (Awg, Awy) e 5 — hA (Pg, [wo, w]) e 5 —h (fi), [wo,w0]> e~ at

(2.271)
from which, with the assumption of finite total energy, we obtain, in the
limit, as t — oo

(2.270)

K (Dw, Aw) — BA (@0, [w, w]) + %h (Ai), Aé) =0 (2.272)

Because (A®, A®) > 0, a nonzero solution of (2.272) exists if and only
if A is larger than the critical values (with infinite critical time) of the
linearized problem, which are also critical values of the non-linear prob-
lem (2.267), (2.268). If wy = 0, the right-hand side of (2.271) is equal
to zero and, setting ¢ = 0, we then find that

232

Ko (8w, Aw) = hAB (€0, [w, w]) + T—h (A(i, A&)) -0 (2.273)
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Also, the corresponding reduced (generalized) von Karman equations
(which are obtained from (2.269), (2.270)), are

KaA?w=ph ()\ [, w] + [éw})
2.274
ﬁAQé:—%Ea[w,w] ( )

It is not difficult to show that (2.273), and, thus, also the system (2.274)
can have a non-zero solution if and only if

Ko (Aw, Aw) — hBX (Pg, [w,w]) <0 (2.275)

which leads to the following conclusion: the critical values for zero criti-
cal time, which are the eigenvalues of (2.274), are critical values for zero
critical time of the linearized problem. No numerical computations for
the critical values or the corresponding eigenfunctions (buckling modes)
have been carried out in [106]; there exists no postbuckling analysis ei-
ther, so that these are likely subjects for future research work in this
area.

2.4 Comparisons of Initial and Postbuckling
Behavior of Rectangular Plates

In this section, we will make use of the analysis (and corresponding
graphs) from sections 2.1, 2.2, and 2.3 to describe some of the major
differences which occur in both the initial buckling and postbuckling
behavior of rectangular plates as one varies the boundary conditions
imposed along the edges of the plate, the type of material symmetry
assumed, and the nature of the constitutive response.

2.4.1 Variations with Respect to Boundary Conditions

In Figs. 2.1-2.8 we display some of the results which apply with
respect to buckling in the first mode (m = 1, i.e., one-half sine-wave in
the z-direction) for an isotropic, linearly elastic, rectangular plate which
is compressed in the z-direction; the support conditions which apply in
these various figures are, respectively, those which conform to simple
support along all four edges, simple support along the loaded edges but
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clamped along the longitudinal edges, simple support along the loaded
edges but clamped along one longitudinal edge and simply supported
along the other, simply supported along the loaded edges but free along
one longitudinal edge with the other edge clamped, simply supported
along the loaded edges with one longitudinal edge simply supported and
the other free, clamped along the loaded edges with the two longitudinal
edges simply supported, and clamped along all four edges. In addition,
Fig. 2.2 depicts the initial buckling behavior for the compressed isotropic
plate, simply supported on all four edges as the aspect ratio increases
into the range where buckling into m = 2,3, and 4 half-sine waves in
the z-direction occurs, while Fig. 2.7 shows the plot in Fig. 2.2 (up
to ¢ = 3) for the simply supported case as well as the variation in the
initial buckling pattern for the plate which is clamped along the loaded
edges but simply supported along the longitudinal edges. Figure 2.8
compares (up to an aspect ratio of ¢ = 3) the variation in the initial
buckling pattern for plates which are clamped along all four edges with
those which are simply supported along the loaded edges and clamped
along the longitudinal edges.

One way to compare the results with respect to buckling into the
lowest mode (m = 1) in Figs. 2.1-2.8 is to fix an aspect ratio, say
¢ = 1 (the square plate) and compare the corresponding values of the
buckling parameter K, which is proportional to the buckling stress A¢;;
these results are displayed in Table 2.6 where it is clear that, as one
reduces the number of clamped edges and shifts, first to an increasing
number of simply supported edges and then to cases where one of the
edges is free, the critical buckling load decreases. Another way to display
the results in Figs. 2.1-2.8, is to look at the variation in the minimum
buckling parameter value and the (approximate) corresponding value of
the aspect ratio ¢ at which it occurs. These results are displayed in
Table 2.7; again, as the number of clamped edges decreases in favor of
simply supported edges and then free edges, the minimal buckling stress
decreases. One other comparison which follows from Figs. 2.7 and 2.8
relates to the way in which variations in the support conditions along
the edges of the plate affect the transition from buckling, initially, into
one-half sine wave in the z-direction to buckling into two-half sine waves
in the x-direction; these comparative results are summarized in Table
2.8.

Figures 2.11 and 2.12 may be compared so as to gauge how varying
the support conditions from simply supported along all four edges to
simply supported along the edges z = 0,z = a,0 < y < b, and clamped
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along the edges y = 0, y = 0, 0 < x < a, affects the variation with
¢ of the normalized loading A\/A.,, in the z-direction, for a rectangular
isotropic plate compressed in both directions; the parameter along the
curves is the compressive stress & normalized by A... Here A.. denotes
the critical value of the compressive stress in the z-direction for the
given support conditions in the absence of the compressive stress &;
among the results that may be gleaned from Figs. 2.11 and 2.12 are
the following: fix the value of /A, say, {/Aer = 1.0; then for ¢ = 1
(square plate), A/Aq- < 1 for the plate which is simply supported along
the edges at * = 0,2 = a, 0 < y < b and clamped along the edges at
y=0,y =05, 0 <z <a, while A\/A, > 1 (in fact, approximately 1.8)
for the plate which is simply supported along all four edges. Also, in the
first case, the plate buckles into one-half wave in the x-direction, while in
the second case the plate buckles into two half-waves in the x-direction.

For an isotropic, linearly elastic, rectangular plate which is simply
supported on all four sides, Fig. 2.14 gives a very clear picture of how
the buckling parameter K varies with the aspect ratio ¢ as the loading
along the edges x = 0,2 = a, 0 < y < b, varies according to o,.(y) =
o,(1 — 7y),c = 0 corresponding to pure compression along these edges;
the graphs also depict the transitions from buckling into one-half wave
(m = 1) in the z-direction to buckling into two-half waves (m = 2) in
the z-direction. For example, with m = 1 in each case, the minimum
buckling load increases, and the corresponding aspect ratio ¢ decreases
as c¢ increases monotonically from ¢ =0 to ¢ = 2.

Figure 2.19 clearly displays the comparative results for shear buckling
of a linearly elastic isotropic rectangular plate for four different kinds of
edge support conditions; all the graphs of K against ¢ are monotonically
decreasing and as the graphs do not intersect for ¢ > 1 it is sufficient
to display, as we have done in Table 2.9, the results for just one aspect
ratio, say ¢ = 2. Once again, we see an increase in the buckling load as
we move from edges which are all simply supported to edges which are
pairwise simply supported and clamped to the case where all edges are
clamped.

For linearly elastic rectangular plates which are orthotropic Figs. 2.23
and 2.24 display the variation of the buckling constant k (for a plate
which is compressed in the z-direction) with the effective aspect ratio

D11
while k£ is related to A.- by

f = ¢{/B2  The parameter a along the curves is defined in (2.65),
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b%h

k= wzm“ (2.276)
For a given value of o, say a = 1.0, and a given value of ¢, say, ¢ = 1
(with D11, Das and Dgg fixed) one may use Figs. 2.23 and 2.24 to gauge
the effect of varying the support conditions along the edges, as, e.g., in
Table 2.10.
As in the isotropic case, A\ increases as we move from edges which are
all simply supported to edges which are pairwise simply supported and
clamped to edges which are all clamped.

A postbuckling figure which very clearly displays the influence of vary-
ing the support conditions along the edges of an isotropic linearly elastic
(square) plate which is compressed in the z-direction is Fig. 2.31, which
is taken from Yamaki [94]. From Fig. 2.31, it is clear that of the four
support conditions considered, the steepest of the load versus deflection
curves associated with postbuckling behavior occurs for the case of a
plate simply supported along its loaded edges and clamped along the
other edges, while the next steepest load deflection curve is associated
with the case of a plate clamped along all four edges.

For the case of end compression of a nonlinear elastic rectangular
plate which is simply supported along its loaded edges, Figs. 2.46 and
2.47 display, respectively, the effect of going from clamped longitudinal
edges to simply supported longitudinal edges on the normalized buckling
strain and normalized buckling stress as functions of the dimensionless
plate stiffness, for several different values of the mean Poisson ratio.
Within the context of the Johnson-Urbanik theory [73], [74] for buckling
of nonlinear elastic rectangular plates, Fig. 2.49 depicts the way in which
the variation of the ratio of the nonlinear elastic buckling stress to the
linear elastic buckling stress varies with the dimensionless stiffness S as
one transitions (for three different values of the mean Poisson ratio v)
from clamped longitudinal edges to simply supported longitudinal edges
in a plate which is simply supported along its loaded edges.

2.4.2 Variations with Respect to Symmetry

For the case of end compression of a rectangular linearly elastic plate
which is simply supported along all four edges, we consider, in this sub-
section, the variation in both initial buckling and postbuckling behavior
as one varies the material symmetry properties of the plate; by varying
the material symmetry properties of the plate we mean not only the
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process of going from isotropic to (rectilinearly) orthotropic but also the
process of going from one degree of orthotropy, as measured, e.g., by the
ratio F' = Fa9/FE11, to another.

The most revealing of the graphs presented in [96] that are related to
initial buckling is depicted in Fig. 2.38; this figure depicts the variation
in buckling load, as a function of A = m/¢, as one varies the orthotropic
behavior of the plate among cases A-L in Table 2.5. The curves in
Fig. 2.38 turn out to be ordered from bottom to top (F,E,D,C, B, A),
isotropic, (G, H,I,J,K, L) according to increasing F = Fa/E;; for
fixed m and ¢ the buckling load increases as the ratio of the Young’s
moduli Fss to Eq; increases. In Figs. 2.33 through 2.37, we show the
initial buckling graphs of critical stress versus aspect ratio a/b as E
increases through the values E = .072, .51, 1.0 (isotropic), 1.97, and
13.73, respectively; these graphs again illustrate the increase in buckling
load with aspect ratio for a wide range of buckling wavelengths in the
direction of compression; perhaps, more importantly, they depict the
aspect ratios at which a transition from m = 1 to m = 2 half-waves
occurs. From Table 2.11 and the graphs in Figs. 2.33 through 2.37, it
should be clear that, as E increases, the transition from m = 1 to m = 2
half-waves in the direction of compression of the plate comes at smaller

and smaller values of the aspect ratio.

Variations in postbuckling behavior for linearly elastic rectangular
orthotropic plates may be gauged from the graphs in Figs. 2.39 through
2.42; which depict normalized load versus normalized shortening (or
contraction) curves for a simply supported plate in compression; in Figs.
2.39-2.41, A = m/¢ varies over the values 1.0,1.33, and 2.0, respectively,
while, in Fig. 2.42, the results are for an infinitely long plate. The
values of E for the plates depicted are L (13.73), K (7.6), J (3.22), T
(1.97), A (.83), B (.70), C (.506), D (.303), E (.131), and F (.072).
For the case A = 1 one cannot distinguish the postbuckling behavior
for plates A, B,C, D, and an isotropic plate (£ = 1.0); otherwise, it
is clear from the graphs in the first three figures in this group that
the steepness of the postbuckling curves decrease as the value of E =
Ess/E7; decreases, i.e., for a fixved load, beyond the critical load, the
normalized shortening increases as the value of E decreases. For any
given plate, the postbuckling curves, for the corresponding values of
E, exhibit a decrease in steepness as the value of A increases. Note
that, for the infinitely long plate, it is clear from Fig. 2.42 that the
steepness of the load-shortening curves decreases as the value of E, for
the plate, increases; thus for the compressed, simply supported, infinitely
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long plate, and a given load beyond the critical load, the shortening
(contraction) of the plate increases as the ratio E of Fag to E1; increases.
In Fig. 2.43 we depict the monotonic decreases in the effective widths of
simply supported, compressed rectangular plates as the load increases
beyond the critical load; we note that the steepness of the curves (or the
rate of decrease of effective width with increasing load) increases as the
value of the ratio E(= Ea2/FE11) decreases. For a given load, beyond
the critical load, a smaller effective width is obtained for smaller values
of E.

2.4.3 Variations with Respect to Constitutive Response

This is the area, related to comparative features of both initial and
postbuckling response, in which the least amount of work appears to have
been done. In Fig. 2.49 (which is based on the Johnson-Urbanik gen-
eralization of the von Karman equations for nonlinear elastic response
of rectangular plates) we depict the ratio of the nonlinear elastic buck-
ling stress oY, to the linear elastic buckling stress o, as a function of
stiffness of the plate for two types of support (clamped and simply sup-
ported) along the long (longitudinal) edges, and three different values
of the mean Poisson ratio v = /v1211; the plate is compressed in the
z-direction and is simply supported along its loaded edges. Clearly, for
all the cases shown, and any fixed value of the stiffness of the plate,
o /o.L < 1, which means that the nonlinear elastic plate will always
buckle at a lower critical load than the corresponding linear elastic plate
with the same type of support conditions and mean Poisson ratio. For
both clamped and simply supported longitudinal edges, the ratio of o
to ol is smaller for increasing values of v for a fixed stiffness, and for
increasing values of the stiffness for a fixed v. No results for postbuck-
ling within the context of the Johnson-Urbanik theory currently exist,
even for rectangular plates, which would allow for a comparative study
of the postbuckling behavior of linear and nonlinear elastic plates.

As has been indicated in the previous section, very few results appear
to exist relative to the postbuckling behavior of rectangular viscoelastic
plates. For a compressed, initially isotropic, long rectangular plate which
is simply supported along its unloaded edges, the critical stress at which
plastic buckling occurs is given by (2.21), i.e.

2 2
p_TE (V13BN
Y=g (b) K4+4ES g Tt
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where ¢ = a/b is, again, the aspect ratio of the plate while F; and
E; are, respectively the tangent and secant moduli associated with the
elastic-plastic behavior of the plate. To compare the critical stress levels
required to initiate plastic and (linear) elastic buckling, we have the rela-
tion (2.212) for the plasticity reduction factor n, which holds in the case
where the plate is simply supported along its unloaded edges, namely,

(Af)min 4Es 1 1 1 3Et 5
= — = — — — 1— .
= 0w 3E \2 T 2V1T1E, (1=v%)

The reduction in critical stress levels for plastic, as opposed to (lin-
ear) elastic, buckling are given in (2.214), (2.215), and (2.216) for three
other types of support conditions along the unloaded edges. Graphs of
comparative results for the postbuckling behavior of elastic and plastic
rectangular plates do not appear to be available, although it should be
clear from the graphs in Figs. 2.51-2.53 that, even in the case of a perfect
elastic-plastic plate, the load versus deflection curves are concave-down
as opposed to the concave-up (convex) behavior of such postbuckling
curves in the elastic case (e.g., Fig. 2.31). Beyond a maximum stress
level, the postbuckling curves for the elastic-plastic case all exhibit a de-
crease (along the load-deflection curves) as opposed to the monotonically
increasing behavior exhibited in the elastic range, where the concept of
a maximum stress does not enter the picture.

The scope of this chapter has not been intended to be exhaustive. For
other work in this extensive area the reader may wish to consult the
following references:

(i) For some of the research on specific buckling problems for rectan-
gular plates: [107]-[122].

(ii) For fundamental work on buckling of rectangular plates and the

von Karman Equations: [123]-[129].

(iii) For additional work on plastic buckling of rectangular plates:
[130]-[134].
(iv) For work on the buckling behavior of rectangular plates with spe-
cific reference to the buckling of paper sheets: [135]-[138].
Papers related to the buckling and postbuckling behavior of rectangu-
lar plates which involve either imperfection buckling or secondary buck-
ling will be referenced in Chapter 5.
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2.5 Initial Buckling/Postbuckling Figures, Graphs,
and
Tables: Rectangular Plates

Table 2.1 Values of Coefficient k for Different Values of ¢
for Plywood Compressed in a Principal Direction (D11 > D32)
[51] (From Lekhnitskii, S.G., Anisotropic Plates, Gordon and
Breach Pub. Co., N.Y., 1968 and OPA, N.V. With permission)

¢ 05 1 1.86 2 263 3 00
k1475 453 2.76 279 3.27 296 2.76
m 1 1 1 1 1-2 2 -

Table 2.2 Values of Coefficient k for Different Values of ¢
for Plywood Compressed in a Principal Direction (D11 < D32)
[51] (From Lekhnitskii, S.G., Anisotropic Plates, Gordon and
Breach Pub. Co., N.Y., 1968 and OPA, N.V. With permission)

¢ 05 054 076 1 1.31 162 186 2 00
k279 276 3.27 279 293 276 285 279 276
m 1 1 1-2 2 2-3 3 34 4 -
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Table 2.3 Values of Coefficient k for Plywood Plates De-
flected by Bending Moment [51] (From Lekhnitskii, S.G.,
Anisotropic Plates, Gordon and Breach Pub. Co., N.Y., 1968
and OPA, N.V. With permission)

Di1 > Do D11 < Dao

¢ k m k m
0.5 455 1 19.8 1
1 198 1 18.5 3
2 198 2 18.2 5
3 18.5 2 18.2 8
oo 18.1 - 18.1 -
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Table 2.4 Values of Coefficient k for a Plywood Plate Under Shear Forces [51] (From Lekhnitskii, S.G.,
Anisotropic Plates, Gordon and Breach Pub. Co., N.Y., 1968 and OPA, N.V. With permission)

p=1 12 1.4 1.6 1.8 2 2.5 3 00

External fibers par-

allel to the short

sides 38.39 - - - - 35.06 - 33.66 32.15
External fibers par-

allel to the long

sides 38.39 27.39 21.28 17.63 15.35 13.87 11.98 11.29 9.28
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Table 2.5 Elastic Constants for the Various Cases of Composite Plates A-N [96] (Reprinted from the
Int. J. Mech. Sci., 15, Chandra, R. and Raju, B., Postbuckling Analysis of Rectangular Orthotropic Plates,
81-97, 1973, with permission from Elsevier Science)

Designation of

different cases  F1j Eyy Yty E = FEy/FEp, g—i Vo1 V12
A 1.887 1.5772 0.6123 0.8358 0.3245 0.3 0.25074
B 3.761 2.648 1.061 0.7041 0.2823 0.3 0.21123
C 7.068  3.578 1.409 0.5064 0.1994 0.3 0.15192
D 14.130  4.282 1.714 0.3031 0.1213 0.3 0.09093
E 36.390 4.788 1.959 0.1315 0.0538 0.3 0.03945
F 69.660 5.071 2.062 0.0728 0.0296 0.3 0.02184
G 1.5772 1.87 0.6123 1.1964 0.3882 0.25074 0.3
H 1.648 3.761 1.061 1.4202 0.4009 0.21123 0.3
I 3.578  7.068 1.409 1.9747 0.3937 0.15192 0.3
J 4.282 14.13 1.714 3.2292 0.4002 0.09093 0.3
K 4.788  36.39 1.959 7.6045 0.4091 0.03945 0.3
L 5.071 69.66 2.062 13.7362 0.4065 0.02184 0.3
M 2.6 7.5 2.1 2.89 0.424 0.08675 0.25
N 7.5 2.6 1.1 0.347 0.147 0.25 0.08673
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Table 2.6 Buckling Parameter K (~ A.,) for a Linearly Elas-
tic Isotropic Rectangular Plate Compressed in the x-Direction;
the Aspect Ratio is ¢ = 1. Based on the Data Presented in
[32].

Loaded Edges | Longitudinal Edges | K
clamped clamped 10.2
S.S. clamped 10.0
clamped S.S. 6.9
S.S. clamped/S.S. 5.7
S.S. S.S. 4.0
S.S. clamped/free 1.7
S.S. S.S./free 1.3

Table 2.7 Minimum Values of K (~ A,) for a Linearly Elastic
Isotropic Rectangular Plate, Compressed in the z-Direction;
the Corresponding Value of ¢ = 1. Based on the Data Pre-
sented in [32].

Loaded Edges | Longitudinal Edges | K o]
clamped clamped 9.80 1.20
S.S. clamped 6.97 .66
S.S. clamped/S.S. 6.41 .80
clamped S.S. 5.30 1.70
S.S. S.S. 4.00 1.00
S.S. clamped/free 1.25 1.64

S S.S. /free { K. decreases as

¢ increases
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Table 2.8 Transition from m = 1 to m = 2 Half-Sine Waves
in the x-Direction for Initial Buckling of a Compressed, Lin-

early Elastic Isotropic Rectangular Plate. Based on the Data
Presented in [32].

Loaded | Longitudinal = B .
Edges | Edges K|¢m=1—m=2)
clamped clamped 9.9 1.2

S.S. clamped 8.1 9
clamped S.S. 5.2 1.7

S.S. S.S. 4.5 1.4

Table 2.9 Variation of K (~ A¢r) for an Isotropic Linearly
Elastic Rectangular Plate with Aspect Ratio ¢ = 2, Under
Shear Loading. Based on the Data Presented in [32].

Short Edges

Long Edges K

r=0xz=a|y=0,y=0>
S.S. S.S. 6.3
clamped S.S. 6.7
S.S. clamped 10.2
clamped clamped 10.5
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Table 2.10 Variation of k(~ A.,) for Compression of an Or-
thotropic Rectangular Linearly Elastic Plate (o = 1,¢ = 1).
Based on the Data Presented in [43].

Loaded Edges | Longitudinal Edges k
S.S. S.S. 4.0 (m=1)
clamped S.S. 6.8 (m=1)
S.S. clamped 7.8 (m=2)
clamped clamped 10.1 (m=1)

Table 2.11 Variation in the Transition from m = 1 to m = 2
Half-Waves, with E = E,2/FE;;, the Plate Compressed in the
x-Direction and Simply Supported on all Sides. Based on the
Data Presented in [43].

~ (@) Transition | Normalized Critical
E |m =1tom = 2 | Stress (approximate)
.072 2.72 .8
.51 1.68 2.7
1.0 141 (v/2) 4.6
1.97 1.19 5.6
13.73 735 11.4
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Kel/@#+4+2

0.6 0.8 1.0 1.2 1.4 1.6

afb=g

FIGURE 2.1

Buckling of simply supported plates [32]. (From Bulson, P.S.,
The Stability of Flat Plates, American Elsevier, N.Y., 1969)
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FIGURE 2.2

K ~ ¢ curves for long plates [32]. (From Bulson, P.S., The
Stability of Flat Plates, American Elsevier, N.Y., 1969)
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FIGURE 2.3

Buckling of plates with built-in longitudinal edges [32]. (From
Bulson, P.S., The Stability of Flat Plates, American Elsevier,
N.Y., 1969)
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FIGURE 2.4

One longitudinal edge built-in, one simply supported [32].
(From Bulson, P.S., The Stability of Flat Plates, American
Elsevier, N.Y., 1969)
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FIGURE 2.5

One longitudinal edge built-in, one free [32]. (From Bulson,
P.S., The Stability of Flat Plates, American Elsevier, N.Y.,
1969)
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FIGURE 2.6

One longitudinal edge simply supported, one free [32]. (From
Bulson, P.S., The Stability of Flat Plates, American Elsevier,
N.Y., 1969)
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FIGURE 2.7
Built-in loaded edges. (Adopted, in modified form, from [75].)

© 2001by Chapmar& Hall/CRC



[[ITITAE
B

12

=]

.—7<
1

i
‘f
\hk*

\ -

%m

!
\ [ “.
5\
8 i A <
L/ L) e
. - (9 :H:__
n . ”‘ .
i ™
i ) _.-}
=1 el i 3 o
1 2 3
afb=g

FIGURE 2.8
All edges built in. (Adopted, in modified form, from [76].)
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FIGURE 2.9
Rectangular plate compressed in both directions.
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FIGURE 2.10

K, for simply supported edges [32]. (From Bulson, P.S., The
Stability of Flat Plates, American Elsevier, N.Y., 1969)
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FIGURE 2.11
Relationship between A and £ [78].
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Relationship between A and £ [78].
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FIGURE 2.13
Linearly varying edge forces [32]. (From Bulson, P.S., The
Stability of Flat Plates, American Elsevier, N.Y., 1969)
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FIGURE 2.14

Simply supported plates with linearly varying edge forces [32].
(From Bulson, P.S., The Stability of Flat Plates, American
Elsevier, N.Y., 1969)
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FIGURE 2.15

Longitudinal edges built-in. (Adopted, in modified form, from
[79].)
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FIGURE 2.16

Plate subjected to a combined loading.
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FIGURE 2.17

Simply supported plates in shear. (Adopted, in modified form,
from [80].)
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FIGURE 2.18
Built-in plates in shear. (Adopted, in modified form, from

(81].)
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FIGURE 2.19

Shear buckling coefficient for various edge conditions [32].
(From Bulson, P.S., The Stability of Flat Plates, American
Elsevier, N.Y., 1969)
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FIGURE 2.20
Shear and compression, restrained edges, ¢ < 1. (Adopted, in
modified form, from [83].)
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FIGURE 2.21

Compression along the external fibers [51]. (From Lekhnitskii,
S.G., Anisotropic Plates, Gordon and Breach Pub. Co., N.Y.,
1968 and OPA, N.V. With permission)
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FIGURE 2.22

Compression across the external fibers [51]. (From Lekhnitskii,
S.G., Anisotropic Plates, Gordon and Breach Pub. Co., N.Y.,
1968 and OPA, N.V. With permission)
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FIGURE 2.23

Coefficients of plate buckling in compression, I [43]. (From
Hoff, N.J. and Stavsky, Y., “Mechanics of Composite Struc-
tures”, in Composite Engineering Laminates, A.G.H. Dietz,
ed., MIT Press, Cambridge, MA., 1969, 5-59, with permis-
sion.)
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Coefficients of plate buckling in compression, IT [43]. (From
Hoff, N.J. and Stavsky, Y., “Mechanics of Composite Struc-
tures”, in Composite Engineering Laminates, A.G.H. Dietz,
ed., %\/IIT Press, Cambridge, MA., 1969, 5-59, with permis-
sion.
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FIGURE 2.25
Shearing of a very narrow or infinite orthotropic strip.
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FIGURE 2.26

Coefficients of plate buckling in shear. (Adopted, in modified
form, from [84].)
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Orthotropic plates in shear. (Adopted, in modified form, from
[84].)
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FIGURE 2.28

Orthotropic plates subjected to a combination of shear and
compressive loading [51]. (From Lekhnitskii, S.G., Anisotropic
Plates, Gordon and Breach Pub. Co., N.Y., 1968 and OPA,
N.V. With permission)
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FIGURE 2.29
Postbuckling behavior for a square isotropic plate. (Adopted,
in modified form, from [61].)
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FIGURE 2.30

Postbuckling deflections of rectangular plate in end compres-
sion [32]. (From Bulson, P.S., The Stability of Flat Plates,
American Elsevier, N.Y., 1969)

© 2001by Chapmar& Hall/CRC



U IRl
LD il 0%
el

LT

&fh

FIGURE 2.31
Postbuckling deflections. (Adopted, in modified form, from
[94].)
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FIGURE 2.32

Postbuckling deflections of plates under a linearly varying end load.
(Reprinted with permission of The Random House Group Limited
A.H. Chilver, Editor.)
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FIGURE 2.33

Critical stress versus a/b ratio for plate C(E = 0.51) [96].
(Reprinted from the Int. J. Mech. Sci., 15, Chandra, R. and
Raju, B., Postbuckling Analysis of Rectangular Orthotropic
Plates, 81-97, 1973, with permission from Elsevier Science)
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FIGURE 2.34

Critical stress versus a/b ratio for plate F(E = 0.072) [96].
(Reprinted from the Int. J. Mech. Sci., 15, Chandra, R. and
Raju, B., Postbuckling Analysis of Rectangular Orthotropic
Plates, 81-97, 1973, with permission from Elsevier Science)
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FIGURE 2.35

Critical stress versus a/b ratio for plate I(E = 1.97) [96] .
(Reprinted from the Int. J. Mech. Sci., 15, Chandra, R. and
Raju, B., Postbuckling Analysis of Rectangular Orthotropic
Plates, 81-97, 1973, with permission from Elsevier Science)
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FIGURE 2.36 _

Critical stress versus a/b ratio for plate L(E = 13.73) [96].
(Reprinted from the Int. J. Mech. Sci., 15, Chandra, R. and
Raju, B., Postbuckling Analysis of Rectangular Orthotropic
Plates, 81-97, 1973, with permission from Elsevier Science)
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FIGURE 2.37

Critical stress versus a/b ratio for the isotropic plate (E =
1.00) [96]. (Reprinted from the Int. J. Mech. Sci., 15, Chan-
dra, R. and Raju, B., Postbuckling Analysis of Rectangular
Orthotropic Plates, 81-97, 1973, with permission from Else-
vier Science)
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FIGURE 2.38

Variation of the buckling load parameter with A for various
cases, A = m/¢ [96]. (Reprinted from the Int. J. Mech.
Sci., 15, Chandra, R. and Raju, B., Postbuckling Analysis of
Rectangular Orthotropic Plates, 81-97, 1973, with permission
from Elsevier Science)
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FIGURE 2.39

Load-shortening curves for the case A = 1.0, A = m/¢ [96].
(Reprinted from the Int. J. Mech. Sci., 15, Chandra, R. and
Raju, B., Postbuckling Analysis of Rectangular Orthotropic
Plates, 81-97, 1973, with permission from Elsevier Science)
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FIGURE 2.40

Load-shortening curves for the case A = 1.33, A = m/¢ [96].
(Reprinted from the Int. J. Mech. Sci., 15, Chandra, R. and
Raju, B., Postbuckling Analysis of Rectangular Orthotropic
Plates, 81-97, 1973, with permission from Elsevier Science)
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FIGURE 2.41

Load-shortening curves for the case A = 2.0, A = m/¢ [96].
(Reprinted from the Int. J. Mech. Sci., 15, Chandra, R. and
Raju, B., Postbuckling Analysis of Rectangular Orthotropic
Plates, 81-97, 1973, with permission from Elsevier Science)
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FIGURE 2.42

Load-shortening curves for the infinitely long plate [96].
(Reprinted from the Int. J. Mech. Sci., 15, Chandra, R. and
Raju, B., Postbuckling Analysis of Rectangular Orthotropic
Plates, 81-97, 1973, with permission from Elsevier Science)
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FIGURE 2.43

Effective width versus load curves for the case A = 1.0, A =
m/¢ [96]. (Reprinted from the Int. J. Mech. Sci., 15, Chan-
dra, R. and Raju, B., Postbuckling Analysis of Rectangular
Orthotropic Plates, 81-97, 1973, with permission from Else-
vier Science)
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FIGURE 2.44

Comparison of load-shortening curves [96]. (Reprinted from
the Int. J. Mech. Sci., 15, Chandra, R. and Raju, B., Post-
buckling Analysis of Rectangular Orthotropic Plates, 81-97,
1973, with permission from Elsevier Science)
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FIGURE 2.45

Load-shortening curves for different values of A for the isotropic
case [96]. (Reprinted from the Int. J. Mech. Sci., 15, Chan-
dra, R. and Raju, B., Postbuckling Analysis of Rectangular
Orthotropic Plates, 81-97, 1973, with permission from Else-
vier Science)
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Plots of é as a function of S for three mean Poisson’s ratios
and two edge-support conditions [74]. (From Johnson, M. and

Urbanik, T.J., Wood and Fiber Science, 19, 135, 1987, with
permission)
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FIGURE 2.47

Plots of 6 as a function of S for three mean Poisson’s ratios
and two edge-support conditions [74]. (From Johnson, M. and
Urbanik, T.J., Wood and Fiber Science, 19, 135, 1987, with
permission)
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FIGURE 2.48

Ratio of fixed-edge buckling stress to simply-supported buck-
ling stress as a function for S for three mean Poisson’s ratios
[74]. (From Johnson, M. and Urbanik, T.J., Wood and Fiber
Science, 19, 135, 1987, with permission)

© 2001by Chapmar& Hall/CRC



1.0
Zplab aF WS —Fixed
N r ) -==Simple support

.8k
s L
] C
S| e I
L] = .
gle C
p ; B
- a
g1 N N
1% Sk
N [ r=0
E C v =0.35
3% “F ‘~?v=n.s
w2 r - - -
a -] 3_ - -
£l b - 11t
H g B = ]
2|3 -2'- v=05

af

'.l;l-rl,i.lt.l.nI.|,1|.1.1I.|.[
'0.0 1 .2 .3 .4 .5 .6 .1 .8 .91.0

stiffoess (5)

FIGURE 2.49

Ratio of nonlinear elastic buckling stress to linear elastic buck-
ling stress as a function of S for three mean Poisson’s ratios
and two edge-support conditions [74]. (From Johnson, M. and

Urbanik, T.J., Wood and Fiber Science, 19, 135, 1987, with
permission)
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FIGURE 2.50

Young’s modulus and tangent modulus for an elastic-plastic
material.
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FIGURE 2.51

Load versus buckling mode displacement for square plate
an/E = 0.00337, h/a = 0.035, n = 10,v = 0.3) [104].
Reprinted from the Int. J. Solids and Structures, 12,
Needleman, A. and Tvergaard, V., An Analysis of the Imper-
fection Sensitivity of Square Elastic-Plastic Plates under Axial
Compression, 185-201, 1976, with permission from Elsevier
Science)
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FIGURE 2.52

Load versus buckling mode displacement for a Square
plate (o,/E = 0.00337, h/a = 0.035,n = 3,v = 0.3) [104].
(Reprinted from the Int. J. Solids and Structures, 12,
Needleman, A. and Tvergaard, V., An Analysis of the Imper-
fection Sensitivity of Square Elastic-Plastic Plates under Axial
Compression, 185-201, 1976, with permission from Elsevier
Science)
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FIGURE 2.53

Load versus buckling mode displacement for a Square
plate (oy,/E = 0.00337, h/a — 0.031, n = 10,v = 0.3) [104].
(Reprinted from the Int. J. Solids and Structures, 12, Needle-
man, A. and Tvergaard, V., An Analysis of the Imperfection
Sensitivity of Square Elastic-Plastic Plates under Axial Com-
pression, 185-201, 1976, with permission from Elsevier Science)
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CHAPTER 3

Initial and Postbuckling Behavior of Thin
Circular Plates

In this chapter, we review the initial and postbuckling behavior of per-
fect, thin circular plates; the most prevalent types of support and load-
ing conditions on the boundary of circular plates will be considered. We
begin our study of the results for circular plate buckling by assuming
the plate to exhibit linear elastic response; three subcases then arise,
namely, plates exhibiting isotropic material symmetry, cylindrically or-
thotropic symmetry, or rectilinear orthotropic symmetry. The case of a
circular plate exhibiting rectilinear orthotropic symmetry presents par-
ticular difficulties because of the mismatch between the geometry of the
plate and the material symmetry reflected in the constitutive response
of the plate.

Once the linear elastic case has been treated, we turn to circular plates
exhibiting nonlinear elastic, viscoelastic, or elastic-plastic response. While
very general treatments of the local and global buckling behavior of thin,
nonlinear elastic, circular plates take into account both shearing and
flexure of the plate (i.e., Antman [21], [139] exist in the literature), a
model similar to the Johnson-Urbanik theory ([73], [74]) for nonlinear
elastic rectangular plates, in which one obtains a generalization of the
classical von Karman equations, does not appear to have been formu-
lated, although extending the Johnson-Urbanik formulation to circular
or annular geometries should be a straightforward if tedious task. For
viscoelastic response, the results of Brilla [140] exist, and for the case of
elastic-plastic circular plates, there is a well-developed literature, e.g.,
Needleman [141], Hutchinson [17], [45], [46], Tvergaard [103], and Onat
and Drucker [142]. As was the case in Chapter 2 for rectangular plates,
we compare, in §3.3, the initial and postbuckling behavior of circular
plates as one varies the boundary (support and loading) conditions along
the edge of the plate, the type of material symmetry exhibited by the
plate, and the constitutive response of the plate.
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3.1 Plates with Linear Elastic Behavior

Circular plates exhibiting linear elastic behavior may be classified ac-
cording to whether the plate, which is assumed to be thin and with-
out initial imperfections, possesses isotropic, cylindrically orthotropic,
or rectilinearly orthotropic material symmetry.

3.1.1 Isotropic Symmetry: Initial Buckling and
Postbuckling Behavior

We assume that the plate occupies the region 0 < r < a, r =
v/x2 + 92, in the z,y plane. The full set of von Karman equations for
this problem consists of (1.78), (1.79) in the general situation for which
the out-of-plane displacement (deflection) w = w(r,8); for the special
case of a deflection w exhibiting radial symmetry, these equations reduce
to (1.80), (1.81). The function & = ®(r,0) in (1.79) is, of course, the
Airy stress function. Initial buckling in the non-axially symmetric case is
governed by (1.78) with ® = ®y(r, ) being the Airy function describing
the in-plane prebuckling stress distribution resulting from the applied
loads and support conditions which are in force along the edge of the
plate, i.e., ®q satisfies (1.79) with w = 0; for the radially symmetric case
initial buckling is governed by (1.80) with ® = ®(r). We recall ((1.74))

1 1 1

that N, = @, + —2(1),99, Nog = ® ., Nyg = —2‘1379 — —® .4 so that,
r r T ro

e.g., (1.80), for the initial buckling problem, may be written in the form

1

K[w,r'rrr + ;w,rrr - _w,r'r +

r2 wr]

e (3.1)

1
= N?w,w + ;Nngr

where NO = 1(@0)’“ and N§ = (®g) ,». An alternative form for the
r

full set of von Karman equations, in the case of axially symmetric de-
formations, may be obtained by multiplying both (1.80) and (1.81) by
r and integrating; this yields the system

dld dw d®dw
K?"a;%'r% = %W +Cl (32)

and

1 d1ld d® 1 (dw 2+ (3.3)
Eh drrdr dr 2 \dr 2 '
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At r = 0, the left-hand sides of (3.2), (3.3) vanish and, as a consequence
of the radial symmetry of the solutions and the physical requirement of

d
regularity, d—w = 0. Thus, ¢; = c2 = 01in (3.2), (3.3). If we expand
r

=0
the left-hand sides of (3.2), (3.3) we then have, in lieu of (1.80), (1.81),
the equations

1 1 1
K(wppr + ;w’rr — T—Qw,) = ;é’rw’r (3.4)
and 1 1 1 1
7®rrr 7(1)7’7“*7@7" = 5 r2 .
S (@ b B ) = () (35)

With @ = ®¢(r) in (3.4), the initial buckling equation for an isotropic
circular plate is now obtained in the form

1 1
K rre —Woppr — FWy) = NO r 3.6
(Were + 0,00 = ) = Nouw, (36)

If we let ¢ be the angle between the central axis of the plate and the
normal to the deflected surface w = w(r) at any point, then elementary
geometry establishes that ¢ = w, so that, e.g., (3.6) may be rewritten
in terms of ¢ as

1 N, 1
@,rr"' ;@,T_ <?+T_2> 90:0 (37)

One other form of the von Karman equations for axisymmetric buck-
ling of an isotropic, thin, linearly elastic circular plate which is prevalent
in the literature, especially in the work of Friedrichs and Stoker [72],
[143], is obtained by introducing the functions

p=-®,.(=N,
"a =) (3-8)
q=——W,
T

the constant 7 = vV K /a, and the linear operator

2 1 2
GEa—i—iﬂ:aQ(d +3d> (3.9)

r drrdr dr? " rdr
In terms of p, ¢, 7, and G the von Karman equations (3.4), (3.5) become

n*Gq —pg =0 (3.10a)
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(3.10b)

Remarks: In the work of Friedrichs and Stoker, op.cit., the first equa-
tion in the set (3.10) (with the definitions (3.8), (3.9)) has the form
n?Gq + pg = 0; the difference in sign appears as a result of defining

the Airy function so that, in the radially symmetric case, N, = —®
r
1
instead of N, = ——® ,. If we had defined the Airy function so that
r

N, = —=® ., for axially symmetric deformations, then in lieu of (3.4)

we would have

1 1 1 _
K(w,rr'r + —W, pr — _Qw,r) = __(I),rw,r (34)
T T T

and, with the definitions of p, ¢, and G in (3.8), (3.9), the first equation
in (3.10) would read
n*Gq+pg =0 (3.10a)

while the equilibrium equation in (3.7) would become

1 NV 1

d
with ¢ = d—w
T
Remarks: If ®(r) and w(r) are to have continuous fourth derivatives,
so that (1.80), (1.81) may be interpreted in the classical sense, then the
boundary conditions which must be satisfied at the center of the plate
are shown in [72], [143] to be

dp
dr

dg

= A1
2 =0 (311)

r=0

r=0

Remarks: For circular, isotropic, linearly elastic plates the two basic
support conditions that we will consider along the edge at r = a are of
the clamped and simply supported kinds; in the first case, we have, as
a consequence of (1.139)

w(a,d) =w,(a,0) =0, 0 <6 <27, (3.12)

with the obvious simplifications for the axially symmetric situation,
while for the second case the conditions are, as a direct consequence
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of (1.140),
w(a,0) =0

1 1
|:w,7‘r +v (_ w, s + 2 w,90>:|
T T

for 0 < 6 < 2w, with the obvious simplifications for the axially symmetric
case.

. (3.13)

r=a

Remarks: For the case where one considers only rotationally symmetric
buckled states of an isotropic, linearly elastic, circular plate, which is
simply supported along its edge at » = a, and is subject to a uniform
compressive thrust N, = Ah, per unit length, along r = a, which lies in
the plane of the plate, several fairly general results have appeared, most
notably in [72], [144], and [145]; in the first paper it was shown there
is one pair of buckled states with no internal node for all values of the
thrust parameter A greater than the first eigenvalue (predicted by the
linear buckling theory) and that no other buckled states exist when A is
less than or equal to the second eigenvalue. In the second of the papers
referenced above, i.e., [140], it was proven that for every positive integer
n, a pair of axially symmetric buckled states with n—1 internal nodes
exists when the thrust A is slightly larger than A,,, the nth eigenvalue
of the linear buckling problem. In [145], Wolkowisky uses the Schauder
fixed point theorem to prove that the pairs of buckled states established
in [140] continue to exist for all A > A,; in fact, Wolkowisky [145] proves
that for all A > A, there exist n pairs of nontrivial solutions of (3.10a,b);
the members of each pair differ only in the sign of q. The ¢ in the first
pair has no internal nodes, the ¢ in the second has one internal pair, and
so on up to the ¢ in the nth pair which has n—1 internal nodes.

We begin our delineation of the results on initial buckling of a lin-
early elastic, isotropic, circular plate subject to the action of a radial
compressive force N, = —Ah along its edge at r = a, by looking at
rotationally symmetric buckling into the first mode for a plate with a
clamped edge. In this case, the equation governing initial buckling is
(3.7), with ¢ = w'(r) and N2 = —\h, and the boundary conditions are
(see (3.11)) w(a) = w'(a) = 0. If (3.7) is multiplied through by r? we

obtain ) o
d“ dp Nr
2 [ T _ =
" +rdr ( 1) p=0 (3.14)

which is Bessel’s differential equation. It can be shown (see, e.g., Timo-
shenko and Gere [64]) that the solution of (3.14) subject to the clamped
boundary conditions w(a) = w’(a) = 0 leads to a critical value of the
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compressive stress A, which is given by

14.68K

a2h
The result in (3.15) will also follow, later on, from a perturbation ex-
pansion approach to the postbuckling analysis for this case; the clamped
plate in edge compression is depicted in Fig. 3.1.

The next case is that of the isotropic circular plate which is subject to
a uniform radially compressive force and is simply supported along its
edge at r = a; we consider axially symmetric buckling into the first mode
so that w’(0) = 0 and w(a) = 0, as well as w” (a)+ Ku/(a) = 0. The case
of a simply supported circular plate is more amer?able to postbuckling
analysis than that of a clamped plate and has received far more attention

in the literature. Using Bessel functions (see, once again, Timoshenko
and Gere [64]), it may be shown that

Aer = (3.15)

4.20K
a result which will also follow from the postbuckling analysis of this

problem.

A more general problem than that considered in either of the two
preceeding cases concerns the case of elastically restrained edges, from
which one may deduce (i.e., Reismann [146]) a critical stress for any
degree of restraint along the edge at r = a between clamped and simply
supported. If one restricts consideration to buckling only into the first
axially symmetric mode, then a coefficient i of restraint may be intro-
duced into the support condition along r = a in such a way that p =0
corresponds to the simply supported case, while u = co corresponds to
a clamped edge; specifically, we have, in all situations, w(a) = 0, and

pola) (d_¢

a dr

; §¢) e (3.17)

Physically, (3.17) says that the inclination of the middle surface of the
plate with respect to the plane of the undeflected plate is proportional
to the radial edge moment. We still maintain the condition w’(0) =
0 at the center of the plate. By imposing the conditions w(a) = 0,
w'(0) = 0, and (3.17), on the general solution of (3.14)—which will be
discussed, in detail during the course of the postbuckling analysis—it
may be determined that
kK

Aer = 21

(3.18)
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where the relationship between the buckling parameter k and pu is indi-
cated in Fig. 3.2, which is taken from Reismann’s work [146]; it is clear
from this figure that as y — 0, k — 14.68 and as y — oo, k — 4.20,
in agreement with (3.15) and (3.16), respectively, for the clamped and
simply supported conditions along the edge at r = a.

Higher order (non-axially symmetric) buckling modes, which are as-
sociated with the uniform compressive buckling of linearly elastic, iso-
tropic, circular plates of radius a, are governed by the linear partial dif-

1
ferential equation (1.78) with N, = N? = ——®° 8% = @° ) = %, = 0,
PR ; ,

where ®° is, once again, the Airy function corresponding to the pre-
buckled in-plane stress distribution; under this condition, of a uniform,
radially compressive, force N, = —Ah per unit length, applied to the
edge of the plate at r = a, (1.78), with N, = N? = —=®Y may be
r
rewritten in the form
82+16+182 82+18+182+N£ (r0) = 0
—_— —_——_— _—— —_— —_——_— _—— —_— wlr =

o2 ror r20602)\or2 ror 12002 K ’

(3.19)
The usual procedure at this point (which we will substantially elaborate
upon when we consider the problem of initial buckling of isotropic annual
plates) is to look for solutions of (3.19) of the form

w(r,0) = Z Ay (r) sinnd (3.20)

which will correspond to the existence, in the buckled state, of nodal
diametric lines in the plate as indicated in Fig. 3.3. By substituting
(3.20) into (3.19), it may be shown that the A,(r),n = 1,.., must be
Bessel functions and by imposing the boundary (support) conditions,
along r = a, two linear homogeneous algebraic equations result, with
the vanishing of the determinant of the matrix of coeflicients of these
equations determining the possible corresponding buckled modes.

For a plate which is elastically restrained against rotation at the edge
r = a, of the circular plate, we have w(a,0) = 0, 0 < 6§ < 27, as well
as the condition which generalizes (3.17) to the non-axially symmetric
case, namely,

0%w v oo\ Oow v otw
[m+(;+g) WJ%_?WL_G_O (3:21)

One now makes the additional assumption that the smallest value of A,
occurs when the middle surface of the plate forms one full wavelength in

© 2001by Chapmar& Hall/CRC



the circumferential direction with a nodal line along the diameter as in
Fig. 3.3. For such a case we obtain, therefore, n = 1, and a numerical
solution giving the buckling parameter
2

k= %/\CT. (3.22)
as a function of pa/K is shown as the upper curve in Fig. 3.4, where the
lower curve again depicts the same function for the axially symmetric
first mode.

We now turn our attention to the postbuckling analysis for a uniformly
(radially) compressed linearly elastic, isotropic circular plate which is ei-
ther clamped or simply supported along the edge at r = a; the earliest
analysis of this problem which yielded substantive results appears to be
in the work of Friedrichs and Stoker [72], [143] which treats the sim-
ply supported case; further work on the case where the boundary at
r = a is simply supported has been carried out by Sherbourne [147],
while the work of Friedrichs and Stoker, op. cit, has been summarized
in the monograph by Stoker [148]. The methods employed by Friedrichs
and Stoker, op. cit, for the simply supported case have been extended
by Bodner [149] to treat the case where the edge at r = a is clamped.
All the work referenced above deals with the von Karman equations for
this problem written in terms of ® and w; attention is also confined,
with respect to the problem of buckling beyond the critical load, to that
situation where the plate buckles, initially, into an axisymmetric mode.
Beyond reviewing the results of Friedrichs and Stoker, [72], [143], and
Sherbourne [147] (for a simply supported edge), and those of Bodner
[149] (for a clamped edge), we will also discuss, for both types of sup-
port conditions along r = a, results which follow, for axially symmetric
initial buckling, from carrying out the postbuckling analysis for the von
Karman equations in terms of the in-plane (u = u(r)) and out-of-plane
(w = w(r)) displacements instead of in terms of ® and w.

We begin with the work of Friedrichs and Stoker [72], [143], [148] for
a simply supported edge; to bring our results completely into line with

1 ~
their work we will take N, = ——®,., replace G in (3.9) by G = G/FEh,
r

and n? = K/a® by 7> = Ehn?, in which case we have, in place of
(3.10a,b), the equations (we drop the 7):

n’Gq+pg =0 (3.23a)
1 2
Gp = 24 (3.23b)
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1
Here p = —® , is the compressive radial membrane stress, and ¢ =
T

d
—2¢) = —gd—w, so that ar is the slope of the deflected plate. At the
rdr

center of the plate at r :ao, p(r) and ¢(r) must satisfy the conditions
in (3.11). At the edge of the plate, at r = a, we have the boundary
conditions
p= -0, =— N,|,_, =p(=—Ah) (3.24)
r r=a
where p is the applied compressive pressure (force per unit length) at
the edge of the plate, and

d
Buql,_, = rd—z +(1+v)q =0 (3.25)

r=a

which implies the vanishing of the bending moment at the edge of the
plate.

/

a
Remarks: As g=—-w,, ¢ W,
r

SO

—
r w7 7«2
dq

a aw
- 1 = \— rr —W -1 :
P2 () = (g By — (1)

and (3.25) is, thus, a direct consequence of the condition of simple sup-
port, (1.140), with wy = 0 and Ry = a.

Remarks: If one has determined p and ¢, then all other physical quan-
tities of interest may be easily computed, e.g., the circumferential mem-
brane stress is

pe = Bop = ’I"p/(’/’) + p(?"), (326)

while the normal deflection w is

a
w(r) = l/ q(r)rdr (3.27)
a T
The basis for the postbuckling analysis of a linearly elastic, isotropic,
circular plate subject to a uniform radial compressive loading along its
edge at r = a, and simply supported along that edge consists, there-
fore, of (3.23a,b), (3.11), and (3.24), (3.25). The trivial solution of
this boundary-value problem, i.e., ¢ = 0,p = p (const.) corresponds
to p. = p, w = 0, and, thus, represents a state of pure hydrostatic
compression of the plate. For p, sufficiently large buckling occurs (at
D = Po = Aer - h); 1t is natural to employ a perturbation expansion ap-
proach to describe the postbuckling behavior of the plate and to develop
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p and g with respect to some convenient parameter € which vanishes at
the onset of buckling, i.e.,

P=0po+ P2+ epy+---
p=po+epy+etpy+ - (3.28)
g=e€q +€q+€q+ -

The expansions in (3.28) may be justified by appealing to general results
in bifurcation theory ( [10], [12], or [26]). The perturbation expansion ap-
proach to postbuckling consists of substituting the expressions in (3.28)
into (3.23a,b), (3.11), (3.24), (3.25), and equating like powers of € so as to
generate a sequence of differential equations for pg, g1, p2, g3, - - - together
with a corresponding sequence of boundary conditions; the first several
members of this sequence of boundary value problems is indicated in the
Table 3.1.

The general solution of the first equation in the sequence, Gpy = 0,
is po = 1772 + ¢ and the boundary conditions at » = 0 and r» = a
yield ¢; = 0 and ¢o = pg. Thus, the only solution to problem Lg is
po = Po, where pg is the critical (compressive) buckling load which is
determined by the solution of the initial buckling problem. By (3.16)
we have pgp = 4.2K/a? and we will now indicate, in some detail, how
this result arises. As pg is constant, problem L, delineated in Table
3.1 (being a homogeneous linear differential equation with associated
homogeneous boundary conditions) has only the solution ¢; = 0 unless
Po = Po is an eigenvalue; the eigenvalue problem for determining pg is
the same one which arises in the linear (initial) buckling theory. We now

set
)\07’ 2 ]30 T
= (X=%), =q— 3.29
u a < 0= 2 Q1=aq a ( )
and the differential equation in L; becomes
dQ | d@
2 2
—_ 1 = .
ut—> +u T + (u )Q1 =0 (3.30)

Equation (3.30) is the Bessel equation of the first order and has the
general solution

Q1(u) = c1Ji(u) + 21 (u) (3.31)

where Ji (u) and Y7 (u) are, respectively, the Bessel functions of the first
and second kinds of the first order. Because Y7 is not bounded in a
neighborhood of u = 0, the conditions in the physical problem require
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that co = 0, and the remaining boundary conditions then imply that

d
Cl)\O (i + Zjl) =0 (332)
du u =X
and 1dJ 1
—1.\2 1 _
c1a >\O <EE — EJl) - =0 (333)

1
As J{(u) = Jo(u)— EJl (u), where Jp is the Bessel function of zero order,

except for the trivial solution in which ¢; = 0, the boundary condition
(3.32) is satisfied only if g is a root of the transcendental equation

)\0J0(/\0) — (1 - I/)Jl(>\0) =0 (334)

while the second boundary condition, i.e., (3.33) is automatically sat-
isfied. For each allowable value of the Poisson ratio v, (3.34) has in-
finitely many solutions; the smallest value of Ao which satisfies (3.34)
then corresponds to the smallest value of pg which satisfies problem L4
and, therefore, characterizes the onset of buckling for the plate. For
v = 0.318, Friedrichs and Stoker [143] note that the smallest root of
(3.34) is A9 = 2.06 and that moderate variations in v have little ef-
fect on the solution, e.g., if ¥ = 0.3 then the smallest root of (3.34) is
Ao = 2.05. Thus, in this case, buckling will begin when the compressive
edge pressure is p = Py = po = 4.2436n2. Once Py has been computed, it
may be determined that ¢;(r), the first (axisymmetric) buckling mode,
has the form

r r
@ (r) = e ()\oa) (3.35)
where the amplitude of the mode ¢; has not yet been uniquely deter-
mined because po,qs, ..., depend on ¢;. Using an analogous approach,
the problems Lo, L3, ... can be solved, in turn, for ps, g3, p4, ..., etc., how-

ever, these problems are no longer homogeneous and it is noted in [148]
that the solutions are not expressible (in closed form) in terms of known
functions. For \ satisfying A\g < A < A;, where \? = ﬁ2/772, and A\ is
the second eigenvalue of the linear problem L, there are, at most, two
buckled states of the circular plate which differ only in the direction of
buckling (i.e., up or down).

Because problems Lo, L3, ..., cannot be solved in closed form, nu-
merical techniques are employed to generate the successive coefficients
D2, 43, P4, etc., in the postbuckling expansions (3.28); it has also been
standard practice in the analysis of this problem to replace A by A =
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P/Po = A2 /A2 as the basic buckling parameter and to choose € = v/A — 1
so that the onset of buckling is characterized by A =1 and ¢ = 0. In
this section, we will present the results of a calculation based on the
Lyapunov-Schmidt reduction ([10], [12]), which shows that e in (3.28)
should have the form

€= a (3.36)
/ qasdr
0
and which results in an expansion for ¢ of the form
/ ¢dr
g~ 0 Nigy+ - (3.37)

_Jo_
150/ q1g3dr
0

with A = p — pg. For various values of A = p/p, the results for radial
and circumferential membrane stresses and radial bending stress which
follow from the work of Friedrichs and Stoker [72], [143] are displayed,
respectively, in Figs. 3.5, 3.6, and 3.7; the corresponding postbuckling
graphs for the slope and deflection of the (uniformly) radially compressed
circular plate are depicted in Figs. 3.8 and 3.9. It must be emphasized
that the results shown are for first-order (axisymmetric) buckling corre-
sponding to the lowest eigenvalue of the linear (initial) buckling theory;
there are many indications that this first buckled state becomes unstable
for sufficiently large A and that a second buckling occurs which, subse-
quently, also becomes unstable, e.g., the second-order buckling, which
corresponds to the second eigenvalue of the linear problem L, appears
in the work of Friedrichs and Stoker [143] for A in the range A > 5.
The issue of secondary buckling into non-axisymmetric modes (“wrin-
kling”) for compressed, linearly elastic, isotropic, circular plates will be
discussed in detail in § 5.2.

A slightly different analysis of the postbuckling behavior of a simply
supported uniformly (radially) compressed, elastic, isotropic plate has
been given by Sherbourne [147] who again recovers the result (3.16) for
the critical stress at which the plate will first buckle into an axisymmetric
mode; for large elastic deformations, the compressive stress A = o[, _,
then increases as the central deflection 6 = w(0) grows. Sherbourne
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[147] shows that the relationship between A/A.- and §/h takes the form

(5 2
= 140241 (E) (3.38)

cr

whose graph is depicted in Fig. 3.10. A remarkable feature of the rela-
tionship (3.38) is that it is independent of the radius-to-thickness ratio,
a/h, of the plate; just as was the case for rectangular isotropic plates,
significant postbuckling loads may be carried by an elastic, isotropic,
circular plate as the central deflection to plate thickness ratio increases
in the range from 6/h =1 to 6/h = 3, with ultimate failure of the plate
being associated with the development of plastic strains.

For the clamped, linearly elastic, isotropic plate under uniform ra-
dial compression, the critical compressive edge stress is given by (3.15),
and, as A\ = o,.,_, is increased beyond this value, the plate develops
significant membrane stresses. Bodner [149], employing the methods de-
veloped by Friedrichs and Stoker, op. cit., has compared the radial mem-
brane stresses developed in the cases of simply supported and clamped
edges; the results of his analysis are displayed in Fig. 3.11, which com-

1
pares A/Aq with p(0)/A where p(0) = —<I>,T' is the radial membrane
r

r=0
stress at the center of the plate. The radial membrane stress changes
from compression to tension when A/A.. = 1.57, for simply supported

A
plates, and 1.98 for clamped plates. Also, as o p(0)/\ — —0.47,
for simply supported plates, and —0.13 for clzi?nped plates.

As we have previously indicated, the postbuckling analysis for the
elastic, isotropic, circular plate may be framed in terms of the deflection
and in-plane displacement of the middle surface of the plate instead of
in terms of the deflection and the Airy stress function. Referring to Fig.
3.12 and assuming an axisymmetric deformation of the plate, we denote
the in-plane displacement of the plate by u = u(r) and, once again, use
P for the applied compressive pressure (force per unit length) at the edge
of the plate, p = —Ah; then, prior to the onset of buckling, we have

w(r) =0, u(r) =u(r) = —p(lT_hV)r (3.39)

and, if we set v(r) = u(r) —u®(r), then in terms of w, v, the von Karman
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equations assume the form

1 1 12001, v
Wyprr Tw,rr ’I"Qwﬂa 72 U, r 2’LU’T 'UT W

(L)ur=s

(3.40a)

and

1 1 (1-v)

Vpr + =Vp = 50+ WrWrr + w’ =0 (3.40b)
r r

2r "

For a simply supported plate we have, furthermore, the boundary
conditions

w,r

w(a) = W rr +v— =0
T

r=a

1
S O S| (3.412)

w(0) = v(0) = 0,

while, for a clamped plate, these conditions read
w(a) =w,|,_, =0
1
- =0 (3.41b)
2 r=a
w(0) = v(0) =0,

9 v
Vp+ sW, +V—

In the spirit of the perturbation analysis employed by Friedrichs and
Stoker [143], we seek solutions of (3.40a,b) in the form

w(r) = ewy (r) + wy(r) + Sws(r) + - --

v(r) = evi(r) + €va(r) + Svg(r) + - - (3.42)
62
ﬁ:ﬁ0+€]§1+5ﬁ2+

with € once again the independent expansion parameter which regu-
lates progress along the post-buckling path. Substituting the expansions
(3.42) into the equilibrium equations (3.40a,b) we generate a sequence
of equations (all linear) for the coefficients w; and v;, the first three of
which in each case are (out-of plane equations):

1

Do
W1, prr + ;wl,rr - r_2w1,r + <_

K) wi, =0 (3.43a)

© 2001by Chapmar& Hall/lCRC



1 1 12 W1 V1
>
W2 rrr + ;11)2,7”7’ - r_2w2,r - ﬁ W1 ,rV1,r +v

_ _ r (3.43b)
p p
+ (%) Wy, + (%) 1—vHw, =0
1 1 12
w3, rre + ;wS,rr - T_2w3,r - ﬁ {wl,r'UZr
., 1 ;
2 —w? 4w vy + VM} (3.43¢)
T 2 " r
1 (_ B 1_
+§ Pows,r + Prwse - + gP2wir o = 0
and (in-plane equations):
1 1
U1,rr + —Vir — —2'[)1 =0 (344&)
r r
1 1 1
V2 pr ;’Ug’r — T—Q’UQ + Wy w10 + Z(l — v)wir =0 (344b)
1
V3,rr + —U3,r — —2U3 + W1,rW2,rr
" " — (3.44c)
+wg pw o + (1 — 1/)% =0

For the simply supported circular plate, the conditions (3.41a) imply
that

’U}l(O) = ’Ui(O) = 0, all ¢
(3.45a)

v )
wi(a) =0, w;,r+ ;wm =0, all 4
a

r=

1%
V1,r + —V1
r r=a

=0 (3.45Db)

r=a

n 1, n v
V2, —w — Uy
Tl Ty

=0

r=a

v
V3 + Wy w2 + ;V?,

The first out-of-plane equation has the solution

’wLT = A1J1 (’)/7’) + B1Y1 ("}/7') (346)
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with A;, By constants of integration, v = /po/K, P the critical load
for buckling of the plate, and J; and Y; the Bessel functions of the
first order. Regularity at r = 0 requires that By = 0. If we set the
parameter, e = § = w(0), the central deflection of the plate, we find that
w1 (0) = 1,w;(0) = 0,7 # 1; using this result, together with w(a) =0,

we obtain
wy,r =yJ1(yr)/(Jo(ya) — 1) (3.47)
and ) ;
Wiy = W {JO(W) _h izr)} (3.48)

with Jy, once again, the Bessel function of the first kind of zero order.
Using the second condition of simple support along the edge at r = a,

. v . .
Le., Wi+ —wi, = 0, we then obtain the relation
r

~vado(ya) — (1 —v)Ji(ya) =0 (3.49)

which is, of course, the same as (3.34) with Ag = 7a.

The solution of (3.49), for v = 0.3, yields ya = 2.049 and, thus, the
result previously indicated, i.e., (3.16), or py = 4.2K /a?; the correspond-
ing buckling mode, which is in line with our earlier result (3.35), is

_ Jo(va) = Jo(yr)

=77 "/ 3.50
wn(r) Jo(va) — 1 (3.50)
The first in-plane and second out-of-plane equations yield the anticipated
results
vi(r) = wa(r) =p1 =0 (3.51)
and the second in-plane equation yields
Y
=— ' 1 Ji J
) = iy DAY
o [Ba) = Blom) + Rova) - Rm)] - (352)
—yrdi(va)}

We may now write the third-order equation for the lateral deflection
in the form
1 1 Do
W3, rrr + ;w?),rr - T_Qw?;,r + (_) w3, r

K (3.53)

12 1 v D
= ﬁ V2 r + 511]%,7« + V72:| Wi,y — (%) W1,y
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so that the right-hand side of (3.53) is known except for ps. If (3.53)
is multiplied by rw,, and integrated with respect to r, from r» = 0 to
r = a, and the boundary conditions at » = 0 and r = a are used, we
find that

P2 = 2.269K /a*h? (3.54)

so that the leading terms in the postbuckling expansion for the load
yield

p/po =1+0.27 (%) , 6 =w(0) (3.55)

which is in line with Sherbourne’s [147] result (3.38). The corresponding
analysis for the clamped (plate) boundary conditions yields the equation

yJi(yr) -
Hew -1 " T VR/E 1550

whose solution again produces (3.15), or pg = 14.68K /a?, and the buck-
ling mode (3.50) with v now satisfying ya = 3.832. We also find that,
for the case of clamped boundary conditions, in lieu of (3.54) we have

P2 = 6.017K /a*h? (3.57)

and, thus, the postbuckling expansion

p/Po =1+ 0.2049 (%) . 6 =w(0) (3.58)

The results of the postbuckling analyses for linearly elastic, isotropic,
clamped and simply supported plates that are subject to a uniform ra-
dial compression along (the edge at) r = a are depicted in Fig. 3.13;
graphs A and C are based on the perturbation expansion analysis of the
equations for the displacements w(r), u(r) and the solution for the sim-
ply supported case is compared with that which follows from the work
of Friedrichs and Stoker [143] in the same case.

The buckling modes w1 (r) are shown in Fig. 3.14 for both the clamped
and simply supported cases.

We now consider an application of the Lyapunov-Schmidt reduction
scheme to the problem under consideration. We begin with equations
(3.23a,b), which we may write in the form

1
e = (Gp - 57 n°Gq +pq> =0 (3.59)
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Setting ¢ = (p, q), we define the mapping G : ¢ — @ by

1
P = Gi(p,q) =G, — §q2 8.60)

Py = G2(p, q) = n*Gq+pq

and we note that G(p,0) = 0. Computing the Frechét derivative A =
Gd)(ﬁ, 0) we have, first,

Gy, d v, 0)] = (Gp — d'a,7*Ga+1'q+q'p) (3.61)
and, then,
Gy (p.0) [(p,9)) = Alp,q) = (Gp.1*Gq + pa) (3.62)

thus, if N'(A) denotes the null space of A, we have (p,q) € N(A) if and
only if Gp = 0 and n?>Gq + pq = 0. Therefore,

N(A) = span (po,q1) (3.63)
We write
= 7—'— D
p=prTp ~ (3.64)
q=¢€q+q
where
ﬁ — €2p2 + e
(3.65)
q = €3q3 + e

and, as ¢ belongs (via the Lyapunov-Schmidt decomposition) to A/(A)*,
the orthogonal complement of N'(A),

/ q(r)q1(r)dr =0 (3.66)
0
We define the projection operators

The von Karman equations for this problem have the form G¢ = 0 and,
thus, employing the projection P ( onto A(A)) we have PG¢ = 0 or

<(Gp - %qQ, n*Gq +pq> ,(Bq)) =0 (3.68)
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where < (p,q), (v, q") >= / (pp’ + qq')dr. Thus,
0

a 1 a
13/ (Gp — 34 )dr+/ (n*Gq + pq) q1dr =0 (3.69)
0

However,

| @ gayar
0 2
a B 1 a B
G(ﬁer)dr — i/ (eq1 + q)zdr
0 (3.70)

1 a
Gpdr — 5/ (¢ q1 + 2eq1G + G*)dr

1 a
/ Gpadr — —e / qdr — —/ Gdr
0 2 Jo

@ 1
as / q1qdr = 0. Using the fact that Gps = §q% we have, from (3.70),
0

a 12 B 1 a~2
/O(Gp—§Q)d7"— 2/0da

1 a
5 [ @arepar BT
2 0

= 0(e%)

a
Next, we need to compute / (772Gq + pq)q1dr. We begin with
0

n?Gq + pq = n*Gq + pg + pq
=n*G(eq1 + §) + pq + pq
= en’Gq1 + n*°Gq + pq + bq

But
n’Gqr = —poqi

SO

n?Gq +pq = —epoqr + n*Gq+ pg + pq
= —epoq1 + N*Gq+ pleq + q) + Pq

= eAg1 + *Gq + P + Pq
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where, once again, we have set A = p — pg. Thus,

0:/ (n*Gq + pg)qrdr
0

—ex / Edr + / @ Gidr + p / dardr
0 0 0
+/ pqqidr
0

a a
— e)\/ q%dr + 772/ qu(63Q3)dT
0 0

k
+/ (2p2)(eqr + gz + - )qudr + O(€7)
0

where we have used the fact that / Gq1dr = 0. Therefore,
0

a a
0= 6)\/ q%dr + 637’]2/ (Ggs3)qrdr
0 0

a a (3.72)
+63/ pagsdr + 65/ pa(gs + €2qs + - )dr + O(€")
0 0
or
0= e/\/ 2dr + ¢ / (—=Pogs — p2q1)qudr
(3.73)
+63/ pagidr + O(€%)
0
as
1*Gas + Pogs + p2qi =0, (3.74)
Therefore,
/ (*Gq + pq)qudr = e)\/ dr —13063/ gzqdr + O(€®)
0 0 0 (3.75)
=0
Hence,
AA — ﬁoEQB =0
a a (3.76)
A= / ¢idr, B = / qzaidr
0 0
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or

. 1
qidr —
/o1 p

e= |20 | /2 4 (3.77)
/ q1g3dr po
0
Therefore,

q=cqi+ (g + ) (3.78)

where € is given by (3.77) so that, finally,

a

/ q%dr

g=q\) = 0 N2+ - (3.79)

a
150/ q1q3dr
0

3.1.2 Cylindrically Orthotropic Symmetry: Initial
Buckling and Postbuckling Behavior

We again assume that the plate occupies the region 0 < r < a, r =
v/x2 4+ 92 in the z,y plane. In this case, the full set of von Karman
equations consists of (1.98) and (1.99) for the general situation in which
the transverse deflection w = w(r,0); for the case of a cylindrically
orthotropic plate undergoing an axisymmetric deformation, the relevant
equations are (1.101) and (1.102), where A2, 3, and F(w,®) are given
by (1.103). Initial buckling of the plate is governed by (1.98), with
® = Oy(r,0) the Airy function which describes the in-plane prebuckling
stress distribution that arises as a consequence of the applied loads and
support conditions along the edge of the plate at r = a; this equation
may be rewritten in the form

2 1 1
Dr(w,rrrr + ;w,rrr) + D9 <_T_2w rr T‘_gw r

s )

2 1
+T—4w,99 + T—4w,0999>
(3.80)

1 1 1
+2D,¢ (-2 Wrreg — 3 Wro0 + — w,ee)
T T T

1 1
= aﬁThw,w» + Uggh <;w,r + r_2w799>
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where D,., Dy, and D,y are given by (1.95), (1.96), and (1.97) and

1 1
¢ -h=N°=-®y,+ =
Trr rT 0 + 2 0,00 (3.81)

0gg - h = Nog =Pg ,r

so that o2,, 00, are the non-zero components of the in-plane (prebuck-
ling) stress tensor in polar coordinates.

The initial buckling problem governed by (3.80) was analyzed by
Woinowsky-Krieger [150] and a more general solution which includes the
results in [148] was then presented by Mossakowski [151]. We assume
that the deflection w(r, ) can be expressed in the form

w(r,0) = wo(r) + Z wy(r) cosnd (3.82)

which results in replacing (3.80) by an infinite system of ordinary dif-
ferential equations. The solutions in Mossakowski [151] are then given
in terms of various approximate formulas for .. = (o7r,_,),,. and the
following cases have been considered:

(i) The Edge at » = a is Clamped

In this case, the boundary conditions reduce to (1.139), where i = 1 and
Ry = a; at r = 0 the assumptions take either the form (1.144) or the
form (1.145).

(a) The Deformation is Axisymmetric, i.e., w,g = 0.
For this subcase, Mossakowski [151] shows that

2 2
D, (1+ 1.4882 0.1228
o = M 1.2024 + VB b (3.83)
a2h 1+vB  (1+VB)?
with g the orthotropy ratio given by (1.103). For S = 1 (the isotropic
circular plate) we recover our earlier result A, = 14.68D,/a’h (i.e.,

a’h

(3.15)). If we define a buckling parameter k by k = /\CTD_ then the

relation of the buckling load to the orthotropy ratio is depicrted in Fig.
3.15.

(b) The Deformation is Antisymmetric, i.e., w g 7# 0.
In this subcase, it is shown in [151] that

D, (1 2
Aer = (a+h\rﬂ) [1.2341 + 1.39315 + 0.05947%] (3.84)
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where

o 2Bx—1)
n=1+ v (3.85)

and
DrG

X = — (3.86)
VD, Dy
with the result applying to the geometries that are depicted in Fig. 3.16
i.e., to the case of a circular plate clamped along its edge and having a
hinged support at its center and to the case of a circular plate clamped
along its edge with hinged support along one diameter.

(ii) The Edge at r = a is Simply Supported.

In this case, the boundary conditions reduce to w(a,8) =0, 0 < § < 2,
and the first condition in (1.153), as well as one of the sets of conditions,
referenced above, at » = 0.

(a) The Deformation is Axisymmetric, i.e., wg =0
For this subcase, it is no longer possible to obtain values for A, in the
form (3.83) or (3.84); however, if one expresses the buckling parameter
k as

k= (1+p3)v? (3.87)

then (Mossakowski [151]) a graphical representation of the solution may
be given. For various values of (1 —/3)/(1 + /), these curves, which
depict ¥ as a function of (1 —vy)/(1+ +/3), are shown in Fig. 3.17.

(b) The Deformation is Antisymmetric, i.e., wg # 0
With the buckling parameter expressed in the form (3.87), one finds

. . 1 -y .
Mossakowski [151]) curves relating ¥ and n — where 7 is
( [151]) g n (1 n \/B> 7
defined by (3.85), (3.86); these graphs are presented in Fig. 3.18.

We now turn to the problem of postbuckling for a (uniformly) radi-
ally compressed, linearly elastic, cylindrically orthotropic plate which is
either clamped or simply supported along the edge at r = a. Many of
the postbuckling results for circular, cylindrically orthotropic plates will
appear as “special cases” of the corresponding results for annular plates
in the next section; indeed, for a cylindrically orthotropic, annular plate
occupying the region b < r < a, we will have the opportunity in the
next section to compare the postbuckling results for the case b # 0 and
different aspect ratios a/b.

One of the earliest works to treat the postbuckling analysis of cylin-
drically orthotropic, circular plates appears to be the paper [152] of
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Iwinski and Nowinski; other notable contributions include the work of
Pandalai and Patel [153] and C.L. Huang [154]. In the work which we
present below, we follow the analysis in the survey paper of Sherbourne
and Pandey [155]; this comprehensive work contains a comparison of the
postbuckling behavior of circular and annular plates exhibiting cylindri-
cally orthotropic symmetry. The authors [155] also make note of the fact
that, with the exception of a handful of studies, most of the postbuckling
analyses that have been carried out for plates with a circular geometry
and cylindrically orthotropic symmetry, have been effected for annular
as opposed to circular plates; they note that “this somewhat surprising
negligence of postbuckling analysis for circular orthotropic plates may
not be coincidental as the problem is characterized by singularities due
to orthotropy and axisymmetry of deformations thus contributing to
mathematical complexity.” One study of postbuckling analysis which
the authors [155] do point to specifically is the finite-element analysis of
Raju and Rao [156], which highlights one of the difficulties inherent in
the subject: it is shown in [156] that for the cylindrically orthotropic,
circular plate, an increase in the orthotropy ratio increases the linear
buckling load but decreases the postbuckling stiffness, i.e., the load-
carrying capacity of the plate.

The plane stress solution for a circular orthotropic plate appears, e.g.,
in Lekhnitskii [51] and Pandalai and Patel [153]; the plate is assumed
to be subjected to a uniform compressive stress A\ = o,,|,._,. For the
isotropic circular plate, the prebuckling, in-plane stress distribution is
characterized by a uniform compressive stress distribution throughout
the entire plate; however, for the case of a cylindrically orthotropic,
circular plate, the in-plane prebuckling stress state varies along the di-
rection of the radial coordinate according to

Opyr = — (UTT|T:a) <t>\/ﬁ_l

a

o9 = — (Corl_y) /B (2)\/51 (3.88)

0'7-9:0

so that the qualitative nature of the prebuckling stress distribution is
governed by the orthotropy ratio. Thus, for 8 > 1, stresses decrease as
we approach the center of the plate, with the opposite situation holding
for 8 < 1 ( and the stresses becoming infinite at the center of the plate);
stress singularities, therefore, appear at r = 0, whenever § < 1, and,
as the authors [155] explicitly point out, “this peculiar feature of the
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plane stress solution is tacitly recognized in the literature since most
solutions for circular and annular plates are limited to cases of k > 1.
The only exception appears to be the study by Turvey and Drinali [157]
where numerical results are reported for cases including § < 1 using the
dynamic relaxation method.

Remarks: As has been pointed out in [155], G.F. Carrier [158] argued
that it is pointless to speak of material orthotropy at the center of a
circular plate and that such a concept is simply a mathematical ab-
straction. In practical terms, cylindrical orthotropy does not exist at
r = 0 because of the coincidence there of the radial and circumferential
directions.

The scope of the nonlinear analysis which is presented in [155] is lim-
ited to axisymmetric deformations and proceeds as follows: we first de-
fine, in the usual way, the in-plane strains by

err =u'(r) + %w'Q(T), egy = iu(r) (3.89)
where u(r),w(r) have the same interpretation as for the case of the
isotropic circular plate undergoing axisymmetric deformations. As the
plate is assumed to be subjected to a uniform radial compression applied
along its edge at r = a, 0.9 = 0 in (1.91) and, thus, the inverted version
of these constitutive relations assumes the form

(ge;> - (1—E—;’9u) [Vle Iﬂ (299) (3.90)

E, v
with g = EG = —9, while the moment-curvature relation is
v,

T T

E.h3 1 vy,

Moy BT ? for (3.91)
My (I—vory) |vp B ke

with the middle-surface curvatures k,, kg given by (1.86) for the case

of radially symmetric deformations of the plate. In terms of the dis-

placements u and w, the equilibrium equations for the cylindrically or-
thotropic, linearly elastic, circular plate assume the form

Pu_ ldu  (1-vp) (dw > Bu dwdPw
dr2 —  rdr 2r

awn | ou dwdw 92
dr +7"2 dr dr? (3.92)
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and

dPw 1d?w  Bdw 12dw |du 1 [dw 2 U
—_— =t =t —=— | =+ = — — 3.93
dr3 rdr2  r2dr  h2dr |dr 2 (dr) t Ve r ( )
If we introduce the nondimensional variables
w T U
then (3.92) and (3.93) assume the respective forms
d?v dv 11—y dw ? v dw d?w
pj:fff( o) (dw ﬁ—fp——Q (3.95)
dp dp 2 dp P dp dp
and
dBw dPw  [dw do |dv 1 [dw\? v
— = -+ 12— | —+ = | = - 3.96
P ap? i pap T dp+2<dp) e (3.96)

while the symmetry of the deformation with respect to the pole at p =0
requires that

_dv
=i

The equations (3.95), (3.96) provide the basis for a complete charac-
terization of the postbuckling behavior of the cylindrically orthotropic
plate once boundary data is specified at r = a, i.e., along the edge of
the plate.

To eliminate singularities at p = 0 in (3.95), (3.96), Sherbourne and
Pandey [155] introduce the new variables x, U, and W by

v(0)

=0 (3.97)
p=0

x = p\/E'H, v = p\/BJrl U, w=W (3.98)

in which case, with a prime denoting differentiation with respect to x,
the equilibrium equations (3.95), (3.96) become

s (BVB+1) U W’
R V/ Y (2B (3.99)
~(VB+1)W'W”
and
W — _ (3\/B+ 1) . w" + 12(\/B+ vp) . uw’
(VB+1) = (VB +1)2 x (3.100)
2U" '
+6W’ [— + W’Z}
(VB+1)
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As for the initial conditions which are to be associated with the trans-
formed equilibrium equations, we require, following Sherbourne [147]
and Huang and Sandman [159], that

U"(0) < oo, W"(0) < o (3.101)

which implies that the deformed shape of the circular plate remains
smooth at the center of the plate (at * = 0); in order that (3.101)
hold, it follows, from (3.99), (3.100), that the coefficients of those terms
involving 1/x in these equations must vanish, which, in turn, implies

that
(o) = V0= 22{5\/%2(1@ =D ) (3.102)
and
" _ 12(\/3 + VG) /
W0 = G OO (3.103)

Expanding U(z) and W (z) in Maclaurin series, in a neighborhood of
x = 0, substituting the results in (3.99), (3.100), and then setting x = 0,
one obtains for U”(0) and W'’(0) the relations

6(4v/B +3 — vp) (VB + o)

1" _ 12
U"(0) = =U(0)W"™=(0) VB +2BVE+ D) (3.104)
(4B + 2)W"(0) = 12(2v/B + vp + 1>U’(0)W’(0)
(VB+1)
125 + o) v
+WQ(W 0) + 6(\/B + )W’ (0)W"2(0)
If we introduce the variables Y;, i =1,---,5,
Yi=W, Yo=U, Ys=W, Y, =U, Ys =W" (3.106)

the axisymmetric postbuckling behavior of the cylindrically orthotropic
circular plate may be described by the first-order system

Y/ =Ys, Y{ =Yy, Y{=Ys, Y[ =U", Y. =W" (3.107)

where U”, W may be written in terms of the Y;’s by using (3.99),
(3.100); a Runge-Kutta method for the system (3.107) may then be
employed in which the initial values U(0), W’(0) are assigned, while the
initial values of U’(0), U”(0),W"(0), and W"'(0) are evaluated using
(3.102)—(3.105). A key step in the procedure consists of examining the

© 2001by Chapmar& Hall/CRC



boundary condition along the edge of the plate at r = a; if this boundary
condition is not satisfied, then W’(0) is systematically varied, keeping
U(0) constant, and the system of ODEs is numerically integrated until
the prescribed boundary condition is met.

We want to elaborate upon some of the results which follow from
numerical solutions of the system (3.107); however, it is first worthwhile
to append some remarks to the discussion of initial buckling for the
cylindrically orthotropic circular plate that was presented earlier.

Remarks: In [160] Swamidas and Kunukkasseril have shown that the
buckling equation for a clamped, circular, cylindrically orthotropic plate
has the form

Jp(o)=0; n= 2V o= 2V er (3.108)

(VB+1)’ (VB+1)

with J,, the Bessel function of the first kind of order 7, while for sim-
ply supported plates, the critical buckling loads are obtained from the
solutions of the equation

(VB+ (o) - (Y5 ) ayusle) o (3.109)

with the argument o as given in (3.108). The buckling loads which
are obtained by solving (3.108) and (3.109) for various values of the
orthotropy ratio g, including the isotropic case G = 1, are displayed in
Table 3.2.

The postbuckling behavior of clamped and simply supported cylindri-
cally orthotropic circular plates has been presented, in detail, in [155],
for a plate with nondimensional radius a = 50, four orthotropy ratios
of 8 = 1 (isotropic case), 2, 5, and 8, and a (major) Poisson ratio
of vy = 0.3; these results have also been compared, in [155] with those
which were obtained earlier by Raju and Rao [156] using a finite element
method. For the clamped circular plate with § = 2, the postbuckling
curves are presented in Fig. 3.19 and remarkable agreement between the
two approaches is evident; “present” on this figure refers to the work of
Sherbourne and Pandey [155]. The postbuckling variations of transverse
deflection w and radial shortening wu, with respect to the applied com-
pressive radial loading, is displayed in Figures 3.20a and 3.20b; in these
graphs the applied load has been normalized by the buckling load of
a similar, isotropic circular plate and curves are shown for orthotropy
ratios of § = 1,2,5, and 8. The plate is assumed to be clamped in
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all the cases considered. From the graphs referenced above, it is clear
that plates with higher orthotropy ratios [ not only have proportion-
ately higher buckling loads, but also tend to be stiffer than plates with
lower orthotropy ratios; such results are further confirmed by the re-
sults displayed in Table 3.3 which, for both the clamped and the simply
supported cases, shows that the maximum central plate deflection at a
load ratio of A/, = 3 decreases, consistently, as the orthotropy ratio is
increased from 1 to 8. For the same load ratio of A\/)\.. = 3, the radial
distribution of stresses and moments is presented in Figures 3.21a,b and
3.22a,b for the case of a clamped plate. As noted in [155], the most
notable result here is that the membrane stresses become tensile in a
small region near the plate center and change abruptly to compressive
stresses. In comparison with isotropic plates, the variation of the bend-
ing moments in orthotropic plates is remarkably different, because, in the
isotropic case, the bending moments assume a finite value at » = 0 and
then exhibit a mild variation with r, 0 <r < a; however, the moments
in orthotropic plates are always zero at the origin (r = 0) but are then
marked by a highly nonlinear variation in 7. In general, both membrane
and bending stresses are increasing as the degree of orthotropy increases.

Remarks: In Figures 3.21a,b and 3.22a,b we have set, in accordance
with the notation in [155]

Orr 066 M, My
S VL Lo P 3.110
5 I Bo 7o = = ( )
where
fr=E./(1-vyv) (3.111)
and
m, = Eh?/12(1 — veu,) (3.112)

For simply supported plates, the qualitative nature of the load versus
deflection and load versus radial shortening curves are similar to those
for clamped cylindrically orthotropic circular plates. Increases in the
orthotropy ratio result in increases in the postbuckling stiffness and a
reduced transverse deflection. Also, the zone of the normalized tensile
radial stresses which surrounds the origin r = 0, i.e. 8, = op/fr, frs
as given by (3.111), is much larger than that for clamped plates; this
is depicted in Fig. 3.23a. In Fig. 3.23b we depict the corresponding
normalized circumferential stresses for the simply supported case. Both
Figs. 3.23a and 3.23b correspond to a load ratio of A/A.. = 3. Finally,
contrary to the case of an isotropic plate, a peak in the tensile stress (3,
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is observed at some distance away from the center of the plate; this fact
is quite evident from Fig. 3.23b.

Remarks: Although we have not yet considered the initial or postbuck-
ling behavior of cylindrically orthotropic annular plates, this is a good
place to make note of some of the differences of a qualitative nature
which have been observed in the literature. As noted in [155], Huang
[154] has reported an increase in the maximum transverse deflection of
annular, cylindrically orthotropic plates (with a free inner edge and an
outer edge that is either clamped or simply supported) as the orthotropy
ratio increases, while the opposite trend is observed in the solutions for
cylindrically orthotropic circular plates, which are given in [155]. It is
natural to ask whether one can recover the circular plate solutions from
the solutions obtained for annular plates by letting the hole size in the
annular case shrink to zero; this does not appear to be mathematically
feasible. At the free inner edge of an annular plate the boundary con-
ditions are . = v, = 0, and these lead to solutions which yield finite
values for the circumferential stress and moment at the free edge. How-
ever, in formulating the problem for the cylindrically orthotropic circular
plate, we impose the boundary conditions

Br=B=v=7%=0, atr=0 (3.113)

If we let the hole in an annular plate shrink to zero, the conditions
By = v9 = 0, at r = 0, cannot be enforced, and this precludes being able
to deduce results for the circular plate from the corresponding results
for an annular plate.

Remarks: While we will discuss variations in both initial and post-
buckling behavior for circular plates in § 3.3, as one varies the boundary
conditions, material symmetry, and constitutive response, some simple
and important observations based directly on the work in [155] are worth
making here. First of all, for the cylindrically orthotropic circular plate,
the buckling load and postbuckling stiffness are both consistently im-
proved by increasing the orthotropy ratio, 8 = FEy/E,, i.e. the ratio of
the circumferential to the radial elastic modulus. The circumferential
direction is the principal load-carrying direction in circular plates so an
increase in the elastic modulus Ey can be expected to lead to an in-
crease in the prebuckling stiffness and, as a consequence, to an increase
in the buckling load. As we transition to the regime in which postbuck-
ling of the cylindrically orthotropic, circular plate occurs, an increase in
the orthotropy ratio 8 produces an intensification in the zone of tensile
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stresses about the center of the plate at r = 0 which leads to stretching
and flattening of the interior of the plate and, thus, to an improvement
in the overall plate stiffness. Therefore, both prebuckling and postbuck-
ling behavior of a cylindrically orthotropic circular plate improve with
increases in 0 = Ey/E,.

3.1.3 Rectilinear Orthotropic Symmetry: Initial
Buckling and Postbuckling Behavior

As was indicated in Chapter 1, the only substantive work which has
been done, to date, on the initial or postbuckling behavior of linearly
elastic, rectilinearly orthotropic thin plates possessing a circular geom-
etry, occurs in the thesis of Coffin [71], in which the prebuckling stress
distributions and initial buckling loads are computed for various cases
associated with a rectilinearly orthotropic annular plate; no postbuck-
ling analysis for this situation appears in [71] nor does the problem of
initial buckling seem to have been addressed for the circular, linearly
elastic plate which exhibits rectilinearly orthotropic material symmetry.

The first von Karman equation for a linearly elastic, rectilinearly or-
thotropic, thin circular plate is precisely the same as the corresponding
partial differential equation for the case of an annular plate which was
employed in [71]; thus, the first von Karman equation which applies
in the present situation is (1.109), where [w, ®] is given by (1.74) and
(1.75b), while the Dj7 j = 1,2,3,6 and the coefficients Dlg,Dw, and
Dy are given by (1.108) and (1.110). An indication of how one would
derive the second of the von Karman equations (in terms of the Airy
stress function) was given in Chapter 1; in lieu of that approach we may
complement (1.109) with the two in-plane equations which govern the
behavior of the displacements w,.(r,0) and wug(r, ). To this end, we set
ory, = 09, = 0, F. = Fy = 0 in the set of in-plane equilibrium equa-
tions (I.72a) and then substitute, into the resulting pair of equations,
the inverted form of the constitutive relations (1.112). Finally, replacing
erry o9, and 7.9 by their equivalent expressions, as given by (1.71), w
obtain the following system of equations for u = u,.(r, ) and v = uy(r, 6)

0%u ou 8%u ou 0%u
11’18r2+1128 +I13U+114892+I158 +116860

0%v ov 8%v ov 8%v
J1162+J128 +J13U+J14692+J153 +J16aa6‘ 0

(3.114)
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0?%u ou 0?u
I 1 I I
2182+ 225, + L2 3u + 24992

0% ov 0%

ar 2+J228 +J23U+J24892

ou
I

+ 25a
v

J2.1

+J2589

=0
(3.115)

In the “in-plane” equations (3.114), (3.115) for u = u,(r,0) and v =
ug(r,8) the coefficients, modulo a factor of h (the plate thickness) are

given by

1
2

3
Iio= —gbcos40 +c
3
—rli 3= —gbcos49 +c
1 1
rli 4 = —gbcos49 + §b
1 .
rli 5 = =bsin460
’ 2
1 1
Iig = —§asin29 — stin49
1 1 1
;1271 = —Zasin29 — gbsln40
Iyo = —Zasin% + gbsin40

3 3
rly3 = Zasin% — gbsin49

1 1
rly 4 = —Za sin 20 + gbsin40
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b
-1 = 4 cos 260 + — cos46 + ¢
r 8

(3.116a)

(3.116b)

(3.116¢)

(3.116d)

(3.116¢)

(3.116f)

(3.116g)

(3.116h)

(3.1161)

(3.1167)



1 1
rlys = —acos20 + §bcos49 + §b + (D3 + G12) (3.116k)

1 1
12’6 = _ZbCOS49 + Zb + (D3 — G12) (31161)
and
L= —Lasinoo — Losinag (3.117a)
~Ji1 = —jasin gosin 117a
1 . 3.
Jig = 1° sin 26 + gbsm49 (3.117Db)
1. 3.
rJig = —Za sin 20 — gbsm49 (3.117¢)
1 . 1. .
rdia = —7¢ sin 26 + gbsm46 (3.117d)
1 1
’I"JL5 = 5bCOS40— Eb_ (D3+G12) (31176)
1 1
J176 = 7ZbCOS 40 + Zb + (D3 — Glg) (3117f)
1J —1b 546 1b—|—G (3.117g)
r 2,1 = 3 COS 3 12 . g
1 3 1
Joo = —§acos 20 + gbcos 40 + §b+ Gio (3.117h)
1 3 1 .
rdasz = —acos20 — —bcos4 — —b — G1o (3.1171)
’ 2 8 8
1 1 .
rdo4 = fiacos% + gbcosllﬁ +c (3.117j)
1 1
%JM = —gbsind0 4 Jasin2g (3.117k)
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1 1
Ja = —§asin 20 + stin4€ (3.1171)
where the parameters a, b, ¢ are given by
a = D1 — D2
b= (D1 + D3) —2Ds (3.118)
3 1
=—-(D1+D -D
c 8( 1+ Ds) + 13

with

- Eq - E, o Eqvio
- ) 2 — ) 3 —
1 —viav9g 1 —viav9g 1 — 19101

D, +2G12 (3.119)
Along the edge of the plate, at » = a, we prescribe, in general, the radial
and tangential components p,.(0) and py(0), respectively, of the applied
traction where, as in Chapter 1

pr(0) =h [om cos? 6 + Oyy sinf cos 0 + o4y sin 26] fha
~(3.120)
po(0) = h[(0yy — 0ra)sindcos — o,y cos20]| _
i.e.
pT(a) = ha7'7'|T:a ) p@(o) = hUT'QIT:a (3121)

and regularity conditions must, in addition, be prescribed at the center
of the plate, i.e., at r = 0, with respect to both the Airy function ®
and the transverse deflection w. To the best of the author’s knowledge,
the system of equations (3.114), (3.115) and the associated structure
(3.116a)—(3.120) for the coefficients, have never appeared explicitly in
the literature on plate buckling.

3.2 Plates which Exhibit Nonlinear Elastic,
Viscoelastic, or Elastic-Plastic Behavior

The literature on the initial and postbuckling behavior of nonlin-
ear elastic, viscoelastic, and elastic-plastic thin circular plates is much
sparser than that which exists for linear elastic circular plates. The
largest body of work on the buckling behavior of nonlinearly elastic
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circular plates can be attributed to Antman [21], [22], and [139]; the ap-
proach in this work is very general, allowing for a broad class of nonlinear
elastic constitutive behavior and treating both isotropic and anisotropic
material, but is limited to axisymmetric deformations. The theory pro-
mulugated in [21], [22], and [139] is geometrically exact and takes into
account the fact that, in general, a thin circular plate may suffer flexure,
mid-surface extension, and shear; the point of view taken in these papers
considers the plate to be a shell with a flat natural configuration. As
Antman points out in [22], “there exists a voluminous and contentious
literature on the derivation of various approximate theories of shells,
both linear and nonlinear, such as the von Karméan theory. Most of
these theories were originally devised by imposing ad hoc truncations on
the equations describing the deformation,” (e.g., the truncation which
takes us from (1.33) to (1.34)). The author [22] continues by noting that
“some of these (approximate) theories can now be obtained as formal
asymptotic limits of the equations of the three-dimensional theory as a
thickness parameter goes to zero, provided that the data, in the form of
applied forces and boundary conditions, have special scalings in terms
of the thickness.” An outline of the approach taken (Antman, op. cit.)
in the analysis of the buckling of nonlinear elastic plates will be pre-
sented as an appendix to this subsection. An alternative to the exact
geometrical theory, which is outlined in the appendix to this subsection,
would be an approximate theory leading to some suitable modification
of the von Karman equations for circular plates with either isotropic,
cylindrically orthotropic, or rectilinearly orthotropic symmetry; a logi-
cal candidate for such an approximate theory would be an extension of
the Johnson-Urbanik theory detailed in Section 2.2. Even for rectan-
gular plates, however, only equations governing the initial buckling of a
nonlinear elastic plate (e.g. 2.202) are available so that, as a first exer-
cise, the second of the von Karman equations would have to be derived
and then the entire system would have to be transformed into polar
coordinates; alternatively, the analysis in Chapter 2.2 could be emu-
lated for the case of a circular geometry, thereby yielding approximate
relations for M,., My, Mg, etc., directly in terms of a polar coordinate
representation.

The development of a framework to treat the initial and postbuckling
behavior of viscoelastic plates may be found in the recent work of Brilla
[106] and [140]; the analysis in [106], which is suitable for application
to rectangular plates, has been described in Section 2.3. In many re-
spects, the formulation of the governing viscoelastic equations is much
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easier than the nonlinear elastic case because of the assumed linearity of
the constitutive response although, of course, memory effects must now
be taken into consideration, as is clear from the discussion in Section
2.2. The general system of governing equations for viscoelastic buckling
presented in [106] has been specialized in [140] to treat the problems of
initial buckling and postbuckling for thin, circular, viscoelastic plates;

these equations assume the form (recall that D = a) :
0 ow'(r,t)
1 D)— (B2
(I+aD)5 (T ar ) (3.122)
= (1+ BD) r3w'(r,t) [®'(r,t) — A]
0 0P’ (r,t)
1 D)— B2
(1+6D)5, (T or ) (3.123)

= —(1+ aD)r3w(r,t)

for0<r <1, 0<t<T, T < oo, where w’ is the spatial derivative of
the transverse displacement of the plate, ®’ is the spatial derivative of
the Airy stress function, A is, in the usual way, the positive parameter
of proportionality for the given uniform radial loading along the edge of
the circular plate (located at » = 1) and «, 8 are positive “viscous” pa-
rameters, where we assume that o < 3. Associated with the generalized
von Karman equations (3.122), (3.123) are the boundary conditions
w'(0,t) < 0o, ®'(0,t) <00, 0<t<T (3.124)
w'(1,t) =0, ®'(1,t) =0, 0<t<T (3.125)
and the initial conditions

w'(r,0) = wy(r), ®(r,0)=0, 0<r<1 (3.126)

We introduce the transformation
1 t
5 [ smre-nar—asopy @, @
0

with the kernel K having the form,

K(t—7) :exp{—%(t—T)}, (3.128)
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and then integrate both (3.122) and (3.123) twice, with respect to the
spatial variable r, so as to obtain an integral operator formulation of the
problem (3.122) - (3.123), i.e

{ Zy [w'(ryt)} = S[w'(r,t)] (3129)
&' (r,t) = R[w'(r,1)] '
where
1 13
2w (0] =) =32 [ 5 / O (u, €)dpé
/ = / ! (1, 1) / / BB (3, £)dipeydpde
Sw'(r,t)] = (—1)/ K(t—7){w(rt)

1
o
+ / 1§3 / 1w () / L / WP (b, 7) ddydpde} dr
= & [
( > / / A B0’ (u, ) K (t — 7)dudedr

The equations in (3.129) are uncoupled because w’ may be determined
independently of ®'; thus it is sufficient to consider only the first equation
in the set (3.129). We begin with the linearized (stability) problem,
which is governed by the initial boundary value problem

& or
{w(O,t) =0, w(l,t)=0,0<t<T

(1+ aD)aﬁ (r3M> FAL4 BD)YPW () =0 (3.130)

(3.131)
w(r,0) =wy(r), 0<r<1

In terms of the integral operator formulation introduced above, the prob-
lem (3.130), (3.131) may be written in the form

6 ' 1 ¢ 3,,/
w'(r,t) = A= — [ prw'(u,t)dudé
: / & /0 . (3.132)
+- <E - 1) /0 w'(r, 7)K(t — 7)dr
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It may be shown that the eigenvalues of (3.132) which correspond to
the time ¢t = 0 are simple and constitute a sequence of discrete numbers
A2 — 00, as n — oo, while the eigenvalues of (3.132) which correspond
to time ¢ = oo are also simple and form a sequence A\° — oo, as n — oo.
Furthermore, for each n =1,2,---

«
Ao = S\ 3.133
5 (3.133)

For A # A2 the linearized problem (3.132) may be solved in the form

w' (r,t) = icngbn(r)exp {% @3: — :) t} (3.134)

n=1

where the ¢, (r) are the eigenfunctions which correspond to the eigen-
values A2, and the ¢, are the (generalized) Fourier coefficients in the ex-
pansion of the initial transverse perturbation w{(r) with respect to the
On(r). For X < A2, it is clear from (3.134) that all transverse perturba-
tions of the viscoelastic plate tend to zero as t — oo; for AS® < XA < A9
we have an unstable situation, i.e., there exist perturbations which grow
without bound as t — oco. Finally, for A = A2, the plate is said to be
instantly unstable.

In dealing with the postbuckling analysis of the circular viscoelastic
plate within the context of the present model, we will consider the lim-
iting cases of the first equation in the set (3.129) at times ¢ = 0 and
t = 0o, namely,

/ 5 ! 1 K 3,/
w'(r,0) = A= 7, prw' (p, 0)dpdn

1 1 n 1 1 0%

w [ [ [ 5 [ et 0deddudn
r 7 Jo uw Y Jo

=0

(3.135)
and
1 1 ¢ 3
w00 A [ g [ e oo)auac
1 1 § 5 1i vy 3
. / - /0 A (1, 50) /ﬂ > /O (4, 00)dpydyudC

—0

(3.136)
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These are stationary equations which correspond to the von Karman
equations for an elastic plate. By employing results from the theory of
monotone operators, as well as standard results on solutions of the von
Karman equations for stationary (equilibrium) problems, Brilla [140]
has been able to prove the following results concerning the solutions of
the first equation in (3.129) in a neighborhood of the first critical point

A1 = A9 : Let A* > %Al; then the first equation in the set (3.129) has

(i) only the trivial solution for A < A

(ii) exactly two symmetric nontrivial solutions, one posi-
tive and the other negative (in addition to the trivial so-
lution, for A = A1) which start at time ¢ = 0 from zero, i.e.,
w'(r,0) =0, 0<r <1

(iii) exactly two nontrivial solutions, one positive and the
other negative (in addition to the trivial solution) for A\; <

A < min {A;, A2}, where, \j < A, < é)\*, which start at time
@

t = 0 from nonzero values, i.e., [w'(r,0)] >0, 0 <r < 1.

(iv) The positive solutions are nondecreasing in the time vari-

able and nonincreasing in the space variable, while the neg-

ative solutions are nonincreasing in the time variable and
nondecreasing in the space variable.

In the analysis referenced above, \* and A, are such that if one con-
structs, for A > A\, the sequence

wi(r,t) = Z,* {S[w;_1(r,t)]} (3.137)
i=1,2,-., with
wo(r,t) = Z5 " {S[wy(r, )]} (3.138)

for0<r<1,0<t<T, wherewy(r,t) =w"(r,0), 0 <t <T, wh(r,0)
being the only positive solution of (3.135), then for \; < A < A, the
operator Z ! is monotone. As the operator S is also monotone, in

(3.137), for 0 <r < 1, and 0 < t < T, we have, with A\ < A < (ﬁ> A%
«
0 < wiy(rt) <wy(r,t) < - <wi(r,t) <--- (3.139)

with the sequence, defined by (3.137), bounded from above by the func-
tion w'(r,t) = w!, (r,00), 0 < t < T, where w/, (r,00) is the only positive
solution of (3.136). By taking the limit as i — oo, in (3.137), one ob-
tains a function w(r,t), which satisfies the first equation in (3.129), for
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0<r<1 0<t<T,sothat Ay = X is a bifurcation point (i.e.
buckling load). The postbuckling behavior relative to branching from
A1 = A} is shown in Fig. 3.24 and our results may be summarized as
follows: For A\ < A1, only the trivial solution exists; however, in con-
trast to the situation for the stationary von Karman equations, where
for A = A1 only the trivial solution exists, for the generalized von Kar-
man equations associated with buckling of a circular viscoelastic plate,
of differential type, exactly two nontrivial solutions exist for A = A;.
One of these two solutions, for A = A1, is increasing while the other is
decreasing from the value w = 0, at time ¢ = 0, to the values of w,
which are given by the solutions of the associated limiting stationary
equations at ¢ = co. For A > Aq, there exist solutions starting from the
values given by the solutions of the limiting stationary equations at time
t = 0 which assume, as t — oo, values determined by the solutions of the
limiting stationary equations as ¢ — oco. A more detailed (numerical)
analysis than the one carried out in [140] remains to be done, inasmuch
as no numerical approximations are provided for the eigenvalues A%, or
for the associated eigenfunctions ¢, (r), and the same remarks apply, of
course, to the eigenvalues and associated eigenfunctions of (3.132) which
are associated with time ¢ = oc.

We now turn our attention to the initial buckling and postbuckling
behavior of elastic-plastic circular plates, a concise treatment of which
may be found in the work of Needleman [141]. In [141], the author
notes that the postbuckling behavior of elastic circular plates is char-
acterized by (i) the stability of the initial postbuckling behavior, i.e.,
that immediately after buckling, the load increases, and (ii) imperfec-
tion insensitivity, in the sense that an imperfect plate can support loads
above the buckling load; a primary focus of the work in [141] is the
way in which this characteristic postbuckling behavior for elastic-plastic
circular plates contrasts to that for elastic-plastic circular plates. In
[141] the elastic-plastic circular plate is assumed to be subject to in-
plane radial compressive loading, and the material of which the plate is
constructed is taken to be strain hardening and characterized by a flow
theory of plasticity with a smooth yield surface (in fact, the constitutive
theory mirrors the one used to describe the buckling of elastic-plastic
rectangular plates in Chapter 2.3). Both simply supported and clamped
boundary conditions are considered, but attention is restricted to ax-
isymmetric deformations of the plate. As in Chapter 2.3, an application
is made of the asymptotic theory of Hutchinson [46] for postbuckling in
the plastic range, which yields an approximate expression for the max-
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imum load that can be supported by the plate as well as expressions
for the buckling deflection and the size of the unloading region when
the plate is at its maximum load. Postbuckling behavior for the elastic-
plastic circular plate is also obtained in [141] numerically by a finite
element calculation, and considerable attention is paid to the imperfec-
tion sensitivity of elastic-plastic circular plates (both when buckling of
the perfect plate occurs in the elastic range as well as when buckling
of the perfect plate occurs in the plastic range), although we will refine
most of our discussion of imperfection sensitivity to Chapter 5.1.

We begin with the mathematical formulation of the buckling prob-
lem for an elastic-plastic circular plate. As in the earlier analyses of
circular plates in this chapter, we take the circular plate to have radius
a and thickness h; the in-plane radial compressive loading results in a
monotonically increasing compressive displacement U at the outer edge
of the plate which is assumed to be thin so that h/a << 1. With the
radial in-plane and lateral displacements again given, respectively, by
u(r) and w(r), the non-zero strain rates for an assumed axisymmetric
deformation at a distance z from the middle surface of the plate, are

érr - u’r + w,’rw,'r - Zw,rr
. P (3.140)
€gp = — — —W

r r

,T

0

where () = % The stress rates are related to the strain rates in (3.140),
by & = Lé where the tensor of moduli L possesses two branches, one
of which corresponds to loading and the other corresponds to elastic
unloading. The elastic part of L, which we denote by L, is taken to be
isotropic in [141] so that

E |1 v

172 |:_(5ik6jl + 6i10jk) + —5ij5kl] (3.141)

Liji = 2 1—20

For the particular theory of plasticity employed in [141], a J5 flow theory
with isotropic hardening, the tensor of moduli L is given by

1 1
C (E‘t — E> 57;]'(5]@[

3/ E
Liiw = Liikg — =
IR gk 2<1+y> (2(1+u)+ 1 1) )

(3.142)

— lops

3 F E, FE
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where

Oe = <3Sijsij>
2 1 (3.143)

Sij =045 — gfsijo'kk

and

0, if 0e < (0¢)max OF

c= Oe = (0e) pax a0d 6 <0 (3.144)

1, if 0c = (0¢) a0y and 6o >0
The tangent modulus, which we have depicted in Fig. 2.50, in connection
with our discussion in Chapter 2.3, is the slope of the uniaxial stress-
strain curve and is a function of o.. The uniaxial stress-strain behavior

employed in [141] has a representation in terms of a modified piecewise
power law of the form

o
—, 0 <oy

ag.
=9 n (3.145)
€ ag 1
Y —(—) +1——, 0>0y

n \ oy n

where 7 is the strain-hardening exponent, o, is the yield stress, and €, =
oy/E; this representation of the uniaxial stress-strain behavior exhibits
a sharp yield point and has a tangent modulus which is a continuous
function of the stress at oy.

Because each surface which is parallel to the middle surface of the plate
is in a state of (approximate) plane stress, only the in-plane stresses need
to be considered in the constitutive theory; for this reason, the author
[141] introduces a tensor K of in-plane moduli which are defined in terms
of the three-dimensional moduli by

Lap3sLys33

Kagw; = LQBWS — (3.146)

L3333

with «, 8,7, = 1,2. Both simply supported and clamped plates are
considered in [141]; for the simply supported plate we have, at r = a,

w(a) =U, w(a) =0

h/2 (3.147)
/h drr(a777)77d77 =0

/2
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while for a clamped plate
u(a) = U, w(a) =0, w,(a) =0 (3.148)

The equations of (incremental) equilibrium, for the class of problems
described above, are formulated in terms of a variational principle, i.e.,
among all incremental fields 4(r) and w(r) which satisfy the kinematic
boundary condition at r = a, the actual fields satisfy dZ = 0, where

h
1 /% [2
7= 5/ / (Orrbrr + Gooop + Orptb?)rdrdC (3.149)
0 J-k '

with the stress increments related to the strain increments by the plane
stress moduli (3.146); the variational principle described above serves as
the basis in [141] for implementing a finite element solution of the buck-
ling problem. We now delineate the initial buckling and postbuckling
results which follow from the elastic-plastic model of the circular plate,
beginning with the onset of buckling.

In both the elastic and plastic ranges, the prebuckling solution is that
of uniform radial compression, so that in the plastic range, the plane
stress moduli (3.146) at buckling correspond to an isotropic material.
The critical stress for buckling in the plastic range is (see Chapter 2.3)
given by the same expression as that in the elastic range except that,
instead of £ and v, an effective Young’s modulus Ey and an effective
Poisson ratio vy are employed. The critical compressive stress is given

by
3 ( Ef h\?
= = — — 1
e =Aer =5 |7 7 ) \a (8-150)
with 5 L /B
=1+ (=21 151
E; +t3 <Et ) (3.151)
and

uf—%”{yi(gtl)} (3.152)

where, for a clamped plate, B is the smallest non-zero root of J1(B) =0,
while for a simply supported plate 3 is the smallest non-zero root of

BIo(B) = (1= vp)ei(B)

The functions Jy,J; are, once again, the Bessel functions of the first
kind of orders zero and one, respectively, while the subscript ¢, above,
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denotes evaluation of the effective Poisson ratio vy at buckling. For both
the simply supported and clamped boundary conditions, the buckling
mode w.(r), associated with o, as given by (3.150), has the form
Jo(Br/a) — Jo(3
we(r) = we(0) 228/ = JolB) (3.153)
1—Jo(B)
For the case of a clamped plate it may be computed that B ~ 3.832.
In Fig. 3.25, we depict the buckling stress for both the clamped and
simply supported cases, with v = 1/3, n = 12, as a function of the

parameter 77 where }
N G2, R\ >
=—=—| - 3.154
T 21 =12)e, \a (3.154)

with B 1 the value of B when buckling occurs in the elastic range. For the

~ 1
simply supported plate g = 2.069, when v = 3’ while for the clamped

plate BE = 3.832. We also show, in Fig. 3.25, the uniaxial stress-strain
curve for the modified piecewise power law (3.145) with strain-hardening
exponent n = 12.

1
Remarks: It has been noted in [141] that, for a circular plate with v = =

and n = 12, the discrepancy between the buckling stresses predicted by
Jo flow theory and those predicted by a J deformation theory is within
one percent, provided 7], as given by (3.154), satisfies 77 < 2; for larger
values of 7, e.g., for thicker plates, the discrepancy between the values
of the predicted buckling stresses can be significant.

We now present those results of Needleman [141] which pertain to the
initial postbuckling behavior of circular plates in the plastic range. The
results presented are for both the clamped and simply supported situa-
tions and follow as a consequence of the asymptotic theory of Hutchin-
son [17]; in this analysis, the amplitude & of the relevant eigenmode
is employed as the expansion variable in the postbuckling perturbation
analysis.

The average radial stress applied at the edge of the circular plate at
bifurcation is given by

Oav :O'C+O'1%+"' (3.155)
where o, the bifurcation stress, is given by (3.156) and
1 [h/2
Ogv = —— orr(a,n)dn = N, (3.156)
hJ ny2 Y
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so that o4, > 0 for compressive loading. In (3.155), the initial slope o
is uniquely determined by the condition that plastic loading takes place
throughout the plate except at one point where neutral loading occurs;

this leads to

o1 _ 30 +vy)e (3.157)

Oc 1—Jy (ﬁ)
and o7 > 0 so that buckling takes place under increasing load.
The next term in the postbuckling expansion for the average applied
4
compressive stress o, turns out to be proportional to £3, i.e.,

UGUZGC+U1§+02 § §+~-~ (3.158)
h h

and

Wl

os = —%al (%)K (3.159)

where A is given by

~ ~2 2
A—24ﬂ2NC{Il+IO _& <h> dLy

24 \a do,
3/1— B
i (1 T Z) (L= vr)eNe 1} (3.160)
- <\ 2
3 (1= Jo(B)]/1(B) l-v 1
_2< E ) <1+v>(1_”f)cN“
with
1 1
Iy 2/2 xJZ (Bx)dx, T, :/0 xJ?(fz)dzx (3.161a)
and
Ey _ Ly
L= | Y= wa =T, (3.161b)

The first three terms in the postbuckling expansion (3.158) are used,
in [141], to estimate opax, the maximum applied stress that can be
supported by the plate, as well as the value of the amplitude & of the
buckling mode at op.x; the results obtained have the form

Omax 3 (1 + I/f)c

ik R e (3.162a)
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and

(2)““ _ %0(5) (3.162b)

Also, for both the clamped and simply supported circular plates, the
point at which neutral loading occurs at buckling turns out to be r =
1
O, zZ = §h
When ¢ increases from zero, the neutral loading surface (i.e., the sur-
face which separates the regions of plastic loading and elastic unloading),
spreads out from the point r =0, z = §h. The equation of the neutral

loading surface is

1/ € \Y3 /2 1\ 2 /r\2

= ———]—-——=1(-) =0 3.163

2 (gmax> T\n 2 8 (a) (3.163)
It is noted in [141] that, at maximum load, the greatest penetration
of the neutral loading surface, through the thickness of the circular
plate, occurs at r = 0, where the neutral loading surface has pene-

trated halfway through the thickness of the plate. Away from the axis
of symmetry, at r = 0, the greatest penetration occurs on the surface

z = —h. In Table 3.4, we display the results of the postbuckling analysis

obtained in [141] for three different cases; among other things, Table 3.4
shows that the maximum support load, which is given by (3.162a), is
only slightly above the buckling load for all three cases indicated and
that, for the simply supported case, the analysis predicts that, at the
maximum load, the plastic zone extends all the way out to the edge of
the circular plate, while for the clamped plate rnax/a is 0.52 at the max-
imum load irrespective of the amount of plastic strain prior to buckling.

In [141], Needleman also presents numerical results based on a finite-
element analysis of the variational equation 6Z = 0, where the functional
T is given by (3.149); in this analysis an imperfection wq(r) is considered
which is proportional to the buckling mode as given by (3.153). The im-
perfection mode in [141] is specified by €, where £ = wg(0). The results
given in [141], for a “perfect” plate, are actually those which are com-
puted using the very small imperfection é = 107*h. We will put off a
complete discussion of the results obtained in [141], relative to the imper-
fection sensitivity of elastic-plastic circular plates, until Chapter 5. For
now, however, we reproduce from [141], Figs. 3.26-3.29, which indicate,
respectively, the curves of average applied stress vs. buckling deflection
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for two different cases of a simply supported circular plate, the curves
governing buckling deflection versus applied displacement for a simply
supported circular plate, and the curves governing average applied stress
versus buckling deflection for a clamped circular plate; besides indicat-
ing the imperfection sensitivity for the various cases considered, all these
graphs clearly depict the nature of the postbuckling behavior for the per-
fect elastic-plastic circular plate.

In Fig. 3.27, buckling of the perfect plate takes place just outside the
elastic region; this plate is simply supported with o./0, = 1.02, 7 =

1
1.28, n =12, and v = —; for this case the initial slope o1, as computed

from (3.157), is also shown on the graph (which is valid only for very
small values of the buckling deflection because the maximum load, which
is given by omax/0c = 1.006, is reached at & = 0.008h). The unloading
region for the perfect plate of Fig. 3.27, at maximum load, is the region

1 < z < —; beyond the maximum load point, the load decreases rapidly
and then levels off at larger buckling deflections.

The graph in Fig. 3.28 depicts the curves of buckling deflection &
vs. applied edge displacement U for the same values of the parameters,
geometrical and physical, as those considered in the case depicted in Fig.
3.27; the applied displacement has been normalized by its value U, at
buckling. For the perfect plate, the buckling deflection £ is zero until U
reaches the value U, then, at U = U,, the deflection begins to grow (but
very slowly). Near the maximum load point, £ grows at nearly constant
edge displacement U.

In Fig. 3.29, we depict the average applied stress versus buckling
deflection curves for a case in which the buckling occurs further into the
plastic range. The circular plate for the case depicted in Fig. 3.29 is
clamped with o./0, = 1.12, 7 = 2.0,v = é, and n = 12; the initial
slope o1, as computed from (3.157), is once again shown for the perfect
plate but, as in the earlier case, this slope is only valid for very small
values of the buckling deflection £. Also, the maximum load, which is
given by omax/0. = 1.018, occurs at a value of & = 0.065h, which is
larger than the corresponding value of £ in the previous example. The
graph associated with the perfect plate in Fig. 3.29 shows that, when
buckling occurs well into the plastic range, the load falls off much more
gradually after the maximum load point is achieved than when o, =~ o,.

Finally, Fig. 3.30 depicts the development of the plastic zone and the
unloading zone for the same case as that shown in Fig. 3.29. For the

© 2001by Chapmar& Hall/CRC



1
perfect plate, unloading starts at r = 0, z = —h. As the primary zone of

unloading grows, a region near the clamped edge of the circular plate is
subjected to unloading; however, this unloading region near the clamped
edge does not have a significant effect on the overall deformation of the
plate because this region is highly constrained by the condition that the
edge is clamped. Once the maximum load point is reached, this zone near
the clamped edge undergoes loading again. A fundamental conclusion,
based on the analysis of perfect plates in [160], is that whenever buckling
occurs in the plastic range of the circular plate, the maximum support
stress is only slightly higher than the buckling stress; the asymptotic
analysis of the postbuckling behavior for the perfect plate in the plastic
range, as based on the theory first formulated by Hutchinson [17], [46],
yields a good estimate of the maximum support stress and of the growth
of the unloading zone in the plate after buckling.

Appendix: A Geometrically Exact Theory for the Axisym-
metric Deformation of Nonlinear Elastic Plates

In this appendix we will present some of the work of Antman [21], [22],
and [139], in which a geometrically exact theory is formulated for the
axisymmetric deformation of nonlinear elastic circular plates which may
undergo flexure, mid-surface extension, and shear. The basic equations
are actually constructed for the axisymmetric deformation of shells, a
plate then being defined to be a shell with a flat natural configuration.

We begin by letting {%, j, k} be a fixed orthonormal basis for the
Euclidean 3-space and for each real (angle) ¢ we set

e1(¢) = cos ¢t + sin 7
ex(¢) = —sin ¢i + cos ¢j (3.164)
€3 — k

An axisymmetric configuration of the shell is determined by the pair of
vector-valued functions

r(s,¢) = r(s)ei(¢) + z(s)k

(3.165)
b(s,¢) = —sinf(s)e1(0) + cosb(s)k
with 51 < s < 89, 0 < ¢ < 27; we also set
a(s, ) = ez() x b(s, p)
(3.166)

= cosf(s)e1(¢) + sinf(s)k
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If we denote the values of geometrical variables in the reference con-
figuration by a superscript *, then we have the following interpretation
of the quantities appearing in (3.165), (3.166): the function r defines
an axisymmetric surface in Euclidean 3-space while r*, usually chosen
as the mid-surface of the shell, is the axisymmetric “reference surface.”
The variable s is the arc length parameter along the curves r*(-, ¢), for
each fixed ¢, so that |r7,(s,¢)| = 1. Thus 7*(s,¢) identifies a typical
material point on the reference surface, while r(s, ¢) is the correspond-
ing deformed position of that point. The vector b(s, ¢) characterizes the
deformed configuration of that material fiber in the shell whose refer-
ence configuration lies on the normal to the reference surface through
the point 7*(s, ). We now set

7.s(s,9) = v(s)als, ¢) +n(s)b(s, ¢) (3.167)

and
r(s) = 2L o = SO ) (3.168)
r*(s)

thus defining strains v(s), n(s), u(s), 7(s), and o(s). We note that |r 5| =
VV2(8) +n?(s). The strain v(s) = r , - a is the local ratio of deformed
area to reference area for the parallelogram with sides r ; and b; it is
convenient to think of v as measuring “stretching of the base curve r*,”
while 7 is a measure of “shear,” i.e., of the reduction in the angle between
r*, and b". The strain measure u is related to changes in curvature
which are associated with pure bending as opposed to stretching, while
7(s) measures stretching in the azimuthal direction and o(s) measures
the amount of bending about a. The strain “vector” associated with
axisymmetric deformations of the shell is, therefore,

S =(v.n, 7,0, (3.169)

Now, let ni(sg,®) and mq(sg, ¢) denote the resultant contact force
and contact couple, per unit reference length of the circle 7*(sg, ¢), of
radius 7*(sg), that are exerted across this section at r*(sg, ¢), by the
material with s > so on the material with s < so. Let na(s, ¢) and
mo(s, ¢) denote the resultant contact force and contact couple per unit
reference length of the curve r*(s, ¢) that are exerted across this section
at 7*(s, ¢) by the material with ¢y < @9 < ¢g + € on the material with
¢ — € < ¢ < ¢, where € > 0 is a small number. It may be shown that,
in view of our limitation to axisymmetric deformations, the force and
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couple resultants have the form:
ni(s,¢) = N(s)a(s, ¢) + H(s)b(s, $)
na(s,¢) = T(s)ex(9)
my(s,¢) = —M(s)ex(d)
ma(s, ¢) = X(s)a(s, ¢)

If we assume that the shell is subjected to an axisymmetric body force
of intensity,

(3.170)

f(s,0) = fi(s)ei(9) + fa(s)k (3.171)

and a body couple of intensity —¢(s)ea(s, ¢), per unit reference area of
r* at (s, ), then by summing all the forces and moments on a segment
which consists of all those material points with coordinates (£,), s1 <
£ <s, 0 <y < ¢, and subsequently differentiating the resulting integral
balance laws with respect to s and ¢, we obtain the equilibrium equations
for the shell in the form:

0

5 [r*(s)N(s)a(s,¢) + H(s)b(s, )] (3.172a)

—T(s)ei(¢) +7*(s)f(s,06) =0
and
d *
s [ (s)M(s)] — X(s) cos (s)
+r*(s) (v(s)H(s) — n(s)N(s)) (3.172b)

+r*(s)l(s) =0

_ The shell is defined to be nonlinearly elastic if there are functions
T,N,H,%, and M, of § and s, such that

T(s) = T(S(s), 5), etc. (3.173)

It is required that the constitutive functions be sufficiently smooth and
that they satisfy the condition that the Jacobian matrices

O(N,H, M) o T, %)
3(’/’77#) 8(T’ 0)

be positive definite; such conditions ensure that, e.g., an increase in the
bending strain p is associated with an increase in the bending couple

(3.174)
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M. The constitutive functions must also satisfy certain compatible “co-
ercivity” conditions (see [22], eqns. (1.15 a-d)) on which we will not
elaborate here; such conditions are set down to guarantee, e.g., that if
we consider a small part of the shell whose reference configuration is a
square, with 7(s) measuring the stretch in the horizontal direction and
v(s) the stretch in the vertical direction, then if 7(s) becomes infinite,
while v(s) has a positive lower bound, the horizontal tension T'(s) must
become infinite in order to maintain an equilibrium state.

Remarks: In the discussion which follows, it will be assumed that the
natural (reference) state of the shell is stress-free, i.e.

T(8,s) = N(8,s) = H(S,s) = 3(S,s) = M(8,s) =0 (3.175)

for § = (1,1,0,0%,0")

We now specialize the theory delineated above so as to consider the
buckling of a nonlinear elastic, isotropic circular plate. We take the plate
to have unit radius so that s; = 0,5, = 1, and

r(s)=s, 0°(s) =0 (3.176)

We also take f = 0,¢ = 0 so that there is neither an applied force nor
an applied couple acting on the plate. The limitation to axisymmetry
requires that, at the center of the plate,

r(0) =0, 6(0) =0, n(0) =0 (3.177)

We assume that the edge of the plate, at s = 1, is constrained to be
parallel to k so that #(1) = 0 and that a normal pressure of intensity
Ag(r(1)) is applied at that edge so that

N(1)=-Xg(r(1)), H(1)=0 (3.178)
When the edge pressure has intensity A units of force per deformed
length, g(r) = r, while, if it has intensity A units of force per reference

length, g(r) = 1; in [22] the latter situation is assumed. The integral
form of the balance of forces equation for the plate produces the relations

_sN(s) = [)\—i- / 1 T(g)dg} cos 6(s) (3.179a)

SH(s) = [A+ / 1T(§)d§] sin 0(s) (3.179b)
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and, upon differentiation, these yield the system
d

s [sN(s)] = sH(s)80'(s) + T(s) cos 0(s) (3.180a)
_dii [sH(s)] = sN(s)0'(s) — T(s)sinf(s) (3.180Db)

which is equivalent to (3.172a) for the present situation.
By substituting from (3.179a,b) into (3.172b), we obtain
d
T [sM(s)] — X(s) cos0(s)
(3.180c)

+ {)\ + /Sl T({)df] (v(s)sinf(s) +n(s)cosf(s)) =0

Next, (3.185a,b) easily yield the equations
H(s)cosf(s) = —N(s)sinf(s), (sN(s)/cosf(s)) =T(s), (3.181)

(where 7 = d/ds), which are equivalent to (3.180a,b).

Before considering the nature of the unbuckled states of the nonlinear
elastic circular plate, we note the material symmetry restrictions which
must be satisfied; these are of two types. First of all, there are those
conditions which ensure that deformed states of the plate occur as mirror

images, i.e.,
T,N,3, M are even functions of 7,
R (3.182a)
while H is an odd function of n
T, N, and H are invariant under the (3.182b)
mapping (o, 1) — (=0, —p) '
and
Y and M change sign under the mapping (3.182¢)

(07 /L) - (_07 —H)

Second, it is assumed (in order to simplify the exposition in [22]) that
the constitutive functions are independent of s and satisfy the restricted
isotropy conditions (“restricted” because n = 0):

N(T7 V’ 0’ O’? u) = T(V7 T’ 07 /J" O’)

A ) (3.183)
M(T7 V? 0’ 0-7 u) = E(T’ l/) 07 U? /"L)
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In [22], the relations (3.183) are said to define a plate which is trans-
versely isotropic; in particular, (3.183) implies that N depends on v in
the same manner that 7" depends on 7, etc. More generally, (3.183) im-
plies that for axisymmetric deformations, the constitutive functions are
invariant under rotations of g radians, which take longitudinal fibers

into azimuthal fibers and vice versa.

If we look for unbuckled states for which n = 8 = 0, it turns out
that all the equilibrium equations are satisfied with the exception of
(3.179a). The constitutive equations (3.173) are then substituted into
(3.179a), and solutions are sought in the form

r(s) =ro(s) = ks (3.184)

with &k a constant that must be determined. Use of the isotropy condition
results in the condition

T(k, k,0,0,0) = —\ (3.185)

If we supplement the positive-definiteness of the Jacobian matrices in
(3.174), and the coercivity conditions, with the assumptions that T(k, k,
0,0,0) decreases strictly from zero to —oo, as k decreases from one to
zero, and that T'(k, k,0,0,0) > 0, for k > 1, then for each A > 0, (3.185)
has a unique solution k = k(X).

In order to linearize (3.180c) and (3.173) about the unbuckled state
defined by ro(s, A) = k(\)s, we let R represent any of the constitutive
functions in (3.173)—or a derivative of such a constitutive function—and
we set

R°(\) = R(k(N\), k()),0,0,0) (3.186)

The linearization is then given by the Bessel equation
(s6) — 5710 +~v(N\)?s0 = 0 (3.187)

with \ \
YO = 3y [+
M,(A) HY(N)
0 0
20 [y 20)]
ACY n(N)
The eigenvalues of (3.187), subject to 6(0) = 6(1) = 0, namely, \°, are

the solutions of Jy(y(A)) = 0, where J; is the Bessel function of the first
kind of order one and the corresponding eigenfunction is J(y(\%)s).

(3.188)
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Remarks: Global bifurcation results for the above problem are obtained
in [22] by transforming this problem as follows: we substitute the con-
stitutive relations (3.173) into (3.180a,b,c) and carry out the indicated
differentiations; the positive-definiteness of the first Jacobian matrix in
(3.174) allows us to solve the resulting equations for s/, sn’, and sy’
and an application of (3.165) then produces

Lyz = di(sz/) s (3.189)

with p = r—rp and the f;,7 = 1,2, 3 involved functions containing all the
geometric variables and the parameter A. We also have the associated
boundary conditions relative to the variables p, z, and 6:

2(0)=2'(1)=0 (3.190a)
0

and

NOP (1) + NSp(1) = —N(8(1))
(3.190b)
—A+ NP (1) + N5p(1)

If we define u = (u1,uz2,u3) by

(Laz)(8) = v/suz(s) (3.191)

then these equations may be integrated, subject to the boundary con-
ditions (3.190a,b), in order to express p, z, and 6 as integral operators
acting on (u1,ug, u3). It follows, in particular, from the work in [22] that

1
Blus)(s) = / K (s, €)v/Eus (€)de (3.192)
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where K33, which is the Green’s function for Ls, subject to 8(0) = 6(1) =
0, is given by

%(8_5)57 §<3
K3(s,8)=9 7] | (3.193)
5(6_5)57 S<§

If every expression in the f;s is replaced by representations of the form
(3.192), we obtain the f;s in the form f; = f;(\, u); therefore, through
the use of (3.189), and (3.191) the boundary value problem for buckling
of the nonlinear elastic circular plate can be put in the form

wi(s) = fi\u)(s)/V/5 (3.194)

and the subsequent analysis in [22] establishes that the right-hand side of
(3.194) defines a continuous and compact mapping (from R x (C°[0, 1])3
to (C°[0,1])?). The compactness of the mapping referenced above per-
mits the application of a global bifurcation theorem; a clear mathemat-
ical statement of this global theorem is beyond the level of the present
work (the interested reader should consult [22]) but it may be of some
interest to mention just one of the implications for the buckling problem
under consideration. Thus, suppose that a solution of (3.194) generates,
via (3.192), a 6(s) which possesses a double zero at s = 0. As p and z also
have representations like (3.192), we may conclude that p(0) = p’(0) =0
and 7(0) = 0. It then follows from the definition of p that

N(S8(s)) = N°=—\ ass—0 (3.195)

Remarks: Within the context of the present theory, buckling prob-
lems for nonlinear elastic circular plates which do not exhibit transverse
isotropy have also been considered; we sketch only a few of the de-
tails here. It may be shown that, even when (3.183) does not hold, if
(3.182a,b,c) still apply, the governing equations, for § = n = 0, reduce
to

% [sN(r(s)/s, r’(s))} =T(r(s)/s,'(s)) (3.196)
Setting N(T, V)= ](7(7'7 1,0,0,0), etc., the boundary conditions are
r(0) =0, N(r(1),r (1) = =X (3.197)

To avoid technical problems, the following conditions are imposed in
[22]:

(T, N)

a(t,v)

T,>0, N, >0

is positive-definite (3.198)
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Now, let v# (7, v) denote the unique solution of the equation N (r,v)=n
and set T#(r,n) = T(r,v#(r,n)). Then the boundary-value problem
(3.202), (3.203) is equivalent to

d
_ — #
dS(ST) v (T,n) (3.199a)
d #
—(sn) =T7(1,n) (3.199b)
ds
s7(s) — 0, as s — 0 (3.199¢)
n(l) = —X,7(s) > 0, for s >0 (3.199d)

It has been proven in [22] (see also [161]) that, for A > 0, (3.196), (3.197)
has a unique solution r¢(-, A) and, equivalently, (3.199a-d) has a unique
solution (1o(-,A), N°(-,\)); to analyze the buckling problem, we set

T,?/(S7 )‘) - N,g—(& )‘)
Ails ) = = (5,))

T5(s, M)
Bi(s,\) = \/A?(Sa A)+ m (3.200)

011(>\) = A1 (O7 )\)

51()\) = B1 (O, )\)

Then, the following result has been established in [22]: if —oo < N?(0, \)
< 0, the limits of 79(s, A) and vg(s, \), as s — 0, exist and are equal and
positive. Moreover, ay(A) 4+ 81(A) > 1 or, equivalently,

T9(0,A) +T9(0,A) = N%(0,\) + N%,(0,\) (3.201)

and there are numbers A()), B(A), C()), and D()\) such that

{ ro(s, \) } _ {37'0(07)‘) } n { A(N) } g1 (M) +B1(N)
NO(s, \) NO(0,)) B(}) (3.202)
N { ¢ 8; } LB 4 (520 W +B ],
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as s — 0
Remarks: For the aelotropic, nonlinear elastic circular plate, the lin-
earized problem is of the form

[sMO, (s, \)0"] — 2M", (5, 1) As (s, \)0’

MO (5,\)/0 + M), (s, ) [A%(s, ) — B2(s, \)] g (3.203)
+5NO(s,0) [NO(s, \)/HO (s, ) — (5, \)] 6 =
where 50 (s, A) — MO (s, \)
Az(s,\) = =& 200, )’\)
| (3.204)
2 200(57 )‘)
Bs(s,A) = \/A3(s,)\) + m
with
MO, (5,A) = M,,,(ro(s,\) /s, 74(s,1),0,0,0), (3.205)

the value of M, at the trivial state (79(0,\), N'(0,A)). As has been
noted in [22], the analysis of (3.203) is a far more difficult task than the
analysis of the linearized problem in the transversely isotropic case, i.e.,
(3.187). The expansions (3.202) may be used as the basis of an analysis
to determine the nature of the eigenvalues and eigenfunctions of (3.203)
subject to the boundary conditions 8(0) = 0(1) = 0.

3.3 Comparisons of Initial and Postbuckling
Behavior of Circular Plates

In this section, we will review some of the differences that can be
documented in the buckling and postbuckling behavior of circular plates
as one varies the support conditions along the edge of the plate and the
type of material symmetry assumed. Our work in this section is limited
by the body of knowledge that exists at the present time with respect
to buckling and postbuckling behavior of circular plates as opposed,
say, to the equivalent body of knowledge for rectangular plates. For
example, it is very difficult at this stage to talk about variations in
behavior with respect to constitutive response; for the circular plate the
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nonlinear elastic equivalent of a Johnson-Urbanik type model has yet
to be formulated and studied, while serious numerical studies of the
geometrically exact model for nonlinear elastic buckling of a circular
plate do not appear to have been carried out. The results we have
presented for viscoelastic buckling refer, as they must, to a dynamic as
opposed to a static problem, and the limiting cases for times t = 0 and
t — oo have not been subjected to serious numerical analysis. Finally,
the models of plastic buckling we have presented are highly dependent
on the type of flow rule assumed, on the nature of the hardening law, and
even on whether the plate, assumed to be subject to a uniform applied
radial stress at its edge, buckles in the elastic domain (below yield) or in
the plastic domain (above yield). Even within the domain of the linear
elastic circular plate, the case of the rectilinearly orthotropic circular
plate appears to have not been studied at all. Thus, our discussion
here is focused, primarily, on the variations in initial and postbuckling
behavior for linearly elastic circular plates with cylindrically orthotropic
symmetry (including isotropic response as a special case) as one varies
the degree of orthotropy and the support conditions along the edge of
the plate.

We begin with the problem of initial buckling of an isotropic circular
plate in edge compression as depicted in Fig. 3.1 (in this figure, the
plate is shown with a clamped edge). If we refer to Fig. 3.2 and recall
that the parameter ¢ measures the degree of restraint of the edge of the
plate at r = a, with € = 0 corresponding to a simply supported edge,
while € = oo corresponds to a clamped edge, we see that as the restraint
on the edge of the plate is relaxed, i.e., as we go from ¢ = oo down
to € = 0(1/e goes from zero to co) the buckling parameter k decreases
monotonically, k = A, - a?h/K, and appears to asymptote, as € — 0, to
the value 4.20, which holds for the simply supported situation. Buckling
of the compressed isotropic circular plate into the next highest mode
as depicted in Fig. 3.3, leads to the existence of nodal diametric lines
in the plate. The variation of the buckling parameter k for this second
mode is shown in Fig. 3.4, where the behavior is compared with that
for buckling in the first mode; clearly, for each fixed degree of restraint
€, the value of k ranges from (approximately) twice the corresponding
value for the first mode case, when the edge is clamped, up to three
times the corresponding value for the first mode case, when the edge of
the plate is simply supported. As was the case for buckling into the first
mode, for buckling in the second mode (for an isotropic circular plate),
k is monotonically increasing as we go from a simply supported edge
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to a clamped edge. The postbuckling behavior of the isotropic simply
supported elastic circular plate, subject to uniform radial compression
along its outer edge at r = a, is depicted in Figs. 3.9, 3.10, and 3.13; the
last of these graphs depicts the normalized edge load vs. the normalized
central deflection of the plate and is particularly clear with respect to the
conclusion that the postbuckling curve, when presented in this fashion,
is steeper for the plate with a simply supported edge than it is for a plate
with a clamped edge. We have already made reference to the behavior
depicted in Fig. 3.11, which follows from the work of Bodner [149] and

1
which compares A\/A., with —® ,.
T

/ A (the radial membrane stress
r=0

at the center of the plate) for both the simply supported and clamped
conditions at r = a; in both cases a change from compression to tension
occurs, at A/A. = 1.57 for simply supported isotropic plates and at

1
A/ Aer = 1.98 for clamped plates. The asymptotic value of —® , ,
r r=0
as A/ — 00, is also higher for the clamped plate than the simply
supported plate.

We now turn to the linearly elastic, cylindrically orthotropic circular
plate, of which the isotropic circular plate is but a special case in which
the orthotropy ratio 8 = Ey/E, = 1. For buckling into the first (axisym-

2
metric) mode, Fig. 3.15 depicts the buckling parameter k = )\CTaD_h as
a function of v/B when the edge at r = a is clamped; this graph corre-
sponds to the relation (3.83); the corresponding (and far more compli-
cated) initial buckling graph for buckling into the first (axisymmetric)
mode when the edge at 7 = a is simply supported is shown in Fig. 3.17
where, for various values of the parameter (1—+/3)/(1++/03), the variable
(1 —v)/(1 ++/B) has been graphed as a function of 1,1 = /(1 + B)k.
For # = 1 ( the isotropic case) we obtain 1 — v as a function of vk
from Fig. 3.17. It is, of course, difficult to use Figs. 3.15 and 3.17 for
comparative purposes; however, Table 3.2 clearly depicts the variation
in the initial buckling load with the orthotropy ratio for both the case of
a clamped and a simply supported cylindrically orthotropic plate; it is
clear from this table that the buckling load increases as the orthotropy
ratio  increases, for both the clamped and the simply supported cases
and that, for each fixed (3, the buckling load in the clamped case is more
than three times the buckling load for the simply supported case.

Two different types of postbuckling curves for a clamped, linear elas-
tic, cylindrically orthotropic circular plate subjected to a uniform (ra-
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dially) compressive load along its edge at r = a are depicted in Fig.
3.20; these graphs show the postbuckling variations of transverse de-
flection and radial shortening, respectively, with respect to the applied
compressive radial loading where the applied load has been normalized
by the buckling load of a similar isotropic circular plate. The graphs in
Fig. 3.20 correspond to orthotropy ratios of 8 = 1,4,25, and 64 and it
follows, e.g., that the load vs. deflection curves become steeper as the
orthotropy ratios increase, i.e., the plates with higher orthotropy ratios
are stiffer with respect to their postbuckling response (in addition to
having higher buckling loads). Figure 3.21 depicts the distributions of
normalized radial and circumferential stresses for the clamped, cylin-
drically orthotropic circular plate while Fig. 3.22 depicts, for the same
situation, the graphs of the normalized radial and circumferential bend-
ing moments; both membrane and bending stresses tend to increase as
the degree 3 of orthotropy increases. As we have indicated earlier, for
the simply supported case, the qualitative nature of the load vs. de-
flection and load vs. radial shortening curves are similar to those for
cylindrically orthotropic, clamped circular plates, e.g., increases in the
orthotropy ratio result in an increase in the postbuckling stiffness and
a reduction in the transverse deflection. One difference between the
clamped and simply supported cases (see Fig. 3.23 is that the zone of
normalized tensile radial stresses which surrounds the origin of the plate
at r = 0, is much larger, for each orthotropy ratio 3, for the simply
supported cylindrically orthotropic circular plate than it is for the cor-
responding clamped plate. In Table 3.3, we indicate how the maximum
displacement, i.e., w(0), and the radial shortening of the circular plate,
vary with increasing orthotropy ratio § in both the clamped and sim-
ply supported cases; for both types of support the maximum deflection
decreases and the radial shortening increases as (3 increases.

Remarks: Although we have presented concrete analytical and graphi-
cal results for elastic-plastic plates, we will defer a discussion of compar-
ative results for the initial and postbuckling behavior of such plates to
Chapter 5, i.e., until we discuss the critical issue of imperfection sensitiv-
ity for such plates; such comparative results are already clearly present,
however, in Figs. 3.26-3.29.
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3.4 Initial Buckling/Postbuckling Figures, Graphs,
and Tables: Circular Plates

Table 3.1 Equations for Determining the Coefficients in the
Postbuckling Expansions for a Circular Plate [148] (From
Stoker, J.J., Nonlinear Elasticity, Gordon and Breach Pub-
lishers, N.Y., 1968. With permission)

DE BC,atr=0 | BC,at r=R
d
Lo : Gpo =0 %:0 Po = o
T
. 2 _ dgi
Ly : n°Gq1 +poq1 =0 Wf() B,g1 =0
1 dpa _
L . = — 2 —Z — —
2 Gp2 5 ar 0 P2 = P2
2 _ dgs _
L3 : | n°Gqz + pogz + p2q1 =0 o B,g3 =0
ete. | ceeeeeoiaioaa L aaeanas | e
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Table 3.2 Linear Buckling Loads [160]

0=Ey/E, Clamped Simple
(1) (2) (3)

1 14.6819 4.1977

2 24.0349 7.1979

5 49.2942 15.5208

8 73.0251 23.4736
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Table 3.3 Maximum Displacement at Load (A/A..) = 3
[155] (From Sherbourne, A.N. and Panday, M.D., Postbuck-
ling of Polar Orthotropic Circular Plates—Retrospective, J.
Eng. Mech. Div., ASCE, 118, 2087, 1992. Reproduced by
permission of the publisher, ASCE.)

I} Clamped Simple
Wo UR wo UR
(1) (2) (3) (4) (5)
1 3.4738 0.1733 2.84 0.0713
2 3.29 0.1723 2.7252 0.0954
5 3.1705 0.202 2.657 0.1327
8 3.14 0.23 2.6426 0.1583
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Table 3.4 Buckling Data for the Elastic-Plastic Circular Plate [141] (Reprinted from Int. J. Mech.
Sci., 17, Needleman, A., Postbifurcation behavior and imperfection sensitivity of elastic-plastic cir-
cular plates, 1-13, 1975, with permission from Elsevier Science.)

Boundary
.. *
n v p Oc/o-y condition 6 Cmax/t O-max/o-c Tmax/Pc
12 % 1.28 1.02 S.S. 1.999 0.002 1.002 1.0
12 % 2.0 1.12 cl. 3.832 0.016 1.007 0.52
4 % 2.0 1.33 cl. 3.832 0.019 1.010 0.52

*S.S., Simply supported; cl., clamped.
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FIGURE 3.1

Circular plate in edge compression [32]. (From Bulson, P.S.,
The Stability of Flat Plates, American Elsevier, N.Y., 1969)
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FIGURE 3.2

Buckling of circular plates with restrained edges. (Adopted, in
modified form, from [146].)
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FIGURE 3.3

Second buckling mode of a circular plate [32]. (From Bulson,
P.S., The Stability of Flat Plates, American Elsevier, N.Y.,
1969)
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FIGURE 3.4

Buckling coefficient for circular plates [32]. (From Bulson, P.S.,
The Stability of Flat Plates, American Elsevier, N.Y., 1969)
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FIGURE 3.5
Radial membrane stresses. (Adopted, in modified form, from
[143].)
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Circumferential membrane stress. (Adopted, in modified form,
from [143].)
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FIGURE 3.7
Radial bending stress. (Adopted, in modified form, from
[143].)
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FIGURE 3.8
Slope and deflection. (Adopted, in modified form, from [143].)
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Slope and deflection. (Adopted, in modified form, from [143].)

© 2001by Chapmar& Hall/CRC



>
.
N\

§/h

FIGURE 3.10
Large deflections of buckled circular plates. (Adopted, in mod-
ified form, from [147].)
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FIGURE 3.11
Radial membrane stresses for clamped and hinged circular
plates. (Adopted, in modified form, from [149].)
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FIGURE 3.12

Notation for the circular plate [262] (Reprinted from Int. J.
Mech. Sci., 23, Das, S., Note on Thermal Deflection of Regular
Polygonal Viscoelastic Plates, 323-329, 1981, with permission
from Elsevier Science.)
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FIGURE 3.13

Postbuckling solutions: A, based on (3.55) for simple supports;
B, Friedrichs and Stoker [143] with simple supports; C, based
on (3.58) with clamped boundary conditions.
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FIGURE 3.14

Form of the buckling mode w;(r). (Adopted, in modified form,
from [143].)

© 2001by Chapmar& Hall/lCRC



20 /
4 ;

0 /// e

MODE 1
0 05 | 5 2
c= Vfﬁ -='._.-?-L" 'F“"E'v
FIGURE 3.15

Buckling of circular plate with cylindrical orthotropy.
(Adopted, in modified form, from [151].)
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HINGED SUPPOR} AT CENTRE MODE 2

FIGURE 3.16

Clamped circular plates with anti-symmetric buckling modes
[32]. (From Bulson, P.S., The Stability of Flat Plates, Ameri-
can Elsevier, N.Y., 1969)
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FIGURE 3.17

Simply supported circular plate buckling

in first mode.
(Adopted, in modified form, from [151].)
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FIGURE 3.18

Simply supported circular plate buckling in anti-symmetric
mode. (Adopted, in modified form, from [151].)
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FIGURE 3.19
Comparative study: clamped plate (3 = 2) [155]. (From Sher-
bourne, A.N. and Panday, M.D., Postbuckling of Polar Or-
thotropic Circular Plates - Retrospective, J. Eng. Mech. Div.,
ASCE, 118, 2087, 1992. Reproduced by permission of the pub-
lisher, ASCE.)
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FIGURE 3.20

Postbuckling behavior of clamped plates: (a) load vs. trans-
verse deflection (b) load vs. radial displacement [155]. (From
Sherbourne, A.N. and Panday, M.D., Postbuckling of Polar
Orthotropic Circular Plates - Retrospective, J. Eng. Mech.
Div., ASCE, 118, 2087, 1992. Reproduced by permission of
the publisher, ASCE.)
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FIGURE 3.21
Membrane stresses in clamped plates (A = 3): (a) normal-

ized radial stress and (b) normalized circumferential stress
[155]. (From Sherbourne, A.N. and Panday, M.D., Postbuck-
ling of Polar Orthotropic Circular Plates - Retrospective, J.
Eng. Mech. Div., ASCE, 118, 2087, 1992. Reproduced by

permission of the publisher, ASCE.)
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FIGURE 3.22

Bending moments in clamped plates (A = 3): (a) normal-
ized radial moment and (b) normalized circumferential mo-
ment [155]. (From Sherbourne, A.N. and Panday, M.D., Post-
buckling of Polar Orthotropic Circular Plates - Retrospective,
J. Eng. Mech. Div., ASCE, 118, 2087, 1992. Reproduced by
permission of the publisher, ASCE.)
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Membrane stresses in simply supported plates (A = 3): (a)
normalized radial stress and (b) normalized circumferential
stress [155]. (From Sherbourne, A.N. and Panday, M.D., Post-
buckling of Polar Orthotropic Circular Plates - Retrospective,
J. Eng. Mech. Div., ASCE, 118, 2087, 1992. Reproduced by
permission of the publisher, ASCE.)
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FIGURE 3.24

Postbuckling behavior of a circular viscoelastic plate [140].
(Reprinted from Mech. Res. Comm., 17, Brilla, J., Postbuck-
ling Analysis of Circular Viscoelastic Plates, 263-269, 1990,
with permission from Elsevier Science.)
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FIGURE 3.25

Uniaxial stress-strain curve and bifurcation stresses for
clamped and simply supported circular plates (n = 12) [141].
(Reprinted from Int. J. Mech. Sci., 17, Needleman, A., Postb-
ifurcation Behavior and Imperfection Sensitivity of Elastic-
Plastic Circular Plates, 1-13, 1975, with permission from Else-
vier Science.)
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FIGURE 3.26

Curves of average applied stress vs. buckling deflection for
a simply supported circular plate (u =1 ooy = 0.72) [141].
(Reprinted from Int. J. Mech. Sci., 17,3Needleman, A., Postb-
ifurcation Behavior and Imperfection Sensitivity of Elastic-
Plastic Circular Plates, 1-13, 1975, with permission from Else-
vier Science.)
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FIGURE 3.27
Curves of average applied stress vs. buckling deflec-

tion for a simply supported circular plate (v = 17 =1.28,
o./oy = 1.02) [141]. (Reprinted from Int. J. Mech. Sci.,
17, Needleman, A., Postbifurcation Behavior and Imperfec-
tion Sensitivity of Elastic-Plastic Circular Plates, 1-13, 1975,
with permission from Elsevier Science.)
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Curves of buckling deflection vs. applied dlsPlacement
for a simply supported circular plate (1/— , n =12,

7 =1.28, o./0y = 1.02) [141]. (Reprinted from Int’'J. Mech.
Sci., 17, Needleman, A., Postbifurcation Behavior and Imper-
fection Sensitivity of Elastic-Plastic Circular Plates, 1-13, 1975,
with permission from Elsevier Science.)
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FIGURE 3.29

Curves of average applied stress vs. buckling deflection for a
clamped circular plate (v = %, n =12, 1 =2.0,0./0y = 1.12)
[141]. (Reprinted from Int.” J. Mech. Sci., 17, Needleman,
A., Postbifurcation Behavior and Imperfection Sensitivity of
Elastic-Plastic Circular Plates, 1-13, 1975, with permission
from Elsevier Science.)
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Development of plastlc zone (shaded area) for a clamped
circular plate , n=12, 7 =2.0,0./0, = 1.12) [141].
(Reprinted from Int ?7 Mech. Sci., 17, Needleman, A., Postb-
ifurcation Behavior and Imperfection Sensitivity of Elastic-
Plastic Circular Plates, 1-13, 1975, with permission from Else-
vier Science)
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CHAPTER 4

Initial and Postbuckling Behavior of
(Perfect) Thin Annular Plates

In this chapter, we present some of the basic results which pertain to the
buckling and postbuckling behavior of annular plates. We begin by look-
ing at annular plates which exhibit linear elastic behavior, treating first
the problems of initial buckling for plates which possess either isotropic
or cylindrically orthotropic symmetry. Next, we present an analysis of
the postbuckling behavior of isotropic and cylindrically orthotropic lin-
ear elastic annular plates; this is followed by a discussion of the nature
of the prebuckling stress distributions and a study of the initial buckling
problem for a linearly elastic annular plate which exhibits rectilinearly
orthotropic material symmetry. As was the case for buckling and post-
buckling of circular plates possessing rectilinear orthotropic symmetry,
the corresponding problem for annular plates is once again complicated
by the mismatch between the geometry of the plate and its material
symmetry behavior; indeed, for the linearly elastic annular plate, the
problem of delineating the postbuckling behavior for the case where the
plate exhibits rectilinear orthotropic symmetry appears to have not been
treated at all. For plates which are annular and exhibit either nonlinear
elastic, viscoelastic, or elastic-plastic behavior, very few results appear
to exist in the literature; those results which do exist for annular plates
which do not exhibit linear elastic response are presented in §4.2. In
84.3 we offer a comparison of the initial and postbuckling behavior of
annular plates which results from varying the support conditions along
the edges of the plate (inner and outer), the type of material symmetry,
and the nature of the constitutive response.
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4.1 Plates with Linear Elastic Behavior

Annular plates exhibiting linear elastic behavior may be classified ac-
cording to whether the plate possesses isotropic symmetry, cylindrically
orthotropic symmetry, or rectilinear orthotropic symmetry.

4.1.1 Isotropic Symmetry: Initial Buckling

The von Karman equations for a thin, linearly elastic, isotropic plate
in polar coordinates are given by (1.78) and (1.79); we consider, in this
chapter, an annular plate with inner radius » = b and outer radius
r = a. Initial buckling of the plate is governed by (1.78), which may be
rewritten in the form

1 1
KV4w = NT.wJ»T — 2N7-9 (r—Qwﬂ - ;w77,9>

1 1
+ Ny <—w7,,- + —ijgg)
T T

with N, = o, - h, Ng = ggg - h, and N9 = 0,9 - h; this last equation is,
of course, equivalent to (1.83) and V4w is given by

2 10 1 02 92 10 1 02
= o b ) [ — e+ = 41
Viw <8T2+r8r+r2392> <8r2+7“8r+r2892>w (41)
In all of the problems we will consider in this subsection, the prebuckling

stress distribution in the plate will satisfy ¢, = 0 and, thus, in lieu of
(1.83), we may write

1 1
KViw = ho W rr + hoge (;w}r + T’_Qw’90> (4.2)

We begin with the case of an annular plate which is subject to uniform
compression along both its inner and outer edges at » = b and r = a,
respectively. Denoting the edge stresses oyr|,_, = Orr|,_, by — A, A >
0, we then have o, = ggg = —\ for the prebuckling stress distribution,
in which case (4.2) reduces to

Ah
Viw + ?Vzw =0 (4.3)

0 10 1 02
here V2 = — + - — + — ——.
where or2  ror + r2 062
the aspect ratio of the annular plate by v = b/a and will employ the

In what follows, we will denote
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normalized radial coordinate p = r/a. We seek solutions of (4.3) in the
form

w(p, 0) = u,(p) cosnd, (4.4)

where v < p < 1 and 0 < 6 < 27. The index n serves to delineate the
number of diametric nodes in the buckled configuration of the annular
plate. Substituting (4.4) into (4.3) we obtain, for u,(p), the equation

2
AL VI (4.5)

Vi,

where ) )
d 1d n
Vi =73 + - - -
dp*>  pdp p
The solutions to (4.5) may be expressed in terms of Bessel functions and
then studied for a variety of support conditions along the edges at r = b
and r = a; the loading condition of uniform compression along both
edges has been studied by a number of authors, but the most general
treatment appears to belong to Yamaki [162], whose results we present
below.

(4.6)

(i) The edges at r = a and r = b are clamped.

w
In this case, the boundary conditions are that w = 0 and — = 0, at

dp
both r = a and r = b. The general solution of (4.5) has the form

()] mrl()]

+Co + Dg Inp ( for n=0), ng

ARr2\ 2 Ahr?
K K

+Crp™ + Dpp ™ (forn=1,2,--+), p= r
a

N

up = AgJo

+ ByYy

and

[N

Uy = ApJp + B,Y,

|

with the Ag, Bg, A, By, etc., arbitrary constants of integration and
Jn, Yo, respectively, the Bessel functions of the first and second kinds of
order n.
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By imposing the clamped edge boundary conditions on the general
solution (4.7), (4.8) we obtain, for each fixed n, four homogeneous linear
equations in the A,, B,,C,, and D, ; the vanishing of the determinant
of the matrix of coefficients of this system then provides the condition
for determining the eigenvalues of the boundary value problem associ-
ated with (4.5) and, hence, the critical edge stress A.,. The solution of
the initial buckling problem for this case may be displayed in graphical
form as in Fig. 4.1, which is taken from Yamaki [161]; the situation
in which both edges are clamped is represented by the curve (i) where
the buckling parameter k is defined by A.. = kK/a?h. In earlier work
on the annular plate problem in which both edges were subject to uni-
form compression (i.e., Olsson [163] , Shubert [164]) only axisymmetric
buckling was studied but, as we will see later in this subsection, the
axisymmetric buckled state is not always necessarily associated with the
lowest critical load. It should be noted from Fig. 4.1 that the number
of diametric nodes increases as the hole diameter increases. As has been

noted in [162], it can be shown that as — — 1, the values of the buck-
a

ling parameter k approach those associated with a clamped infinite strip

subject to uniform compression.

(ii) The edge at » = a is clamped, while the edge at » = b is
simply supported.
In this case, as we have demonstrated in Chapter 1, the boundary con-

0

ditionsarewzo,a—wzo, at r = a, while w = 0 and
I
Pw v (ow 100w\ _,
o> p\dp p3?)

at 7 = b. The initial buckling behavior is shown as curve (ii) in Fig.
4.1, which indicates that the annular plate will first buckle with one
diametric note but that, as the hole size increases, this buckling mode
changes to the one (n = 0) which reflects axisymmetric buckling of the
plate.

(iii) The edge at r = a is clamped, while the edge at r = b is
free.

ow
Once again, we have w = 0, — = 0, at 7 = a while, as shown in

dp
Chapter 1, at the free edge at r = b we require that

82_11)4_5 (9_’LU+182_’LU =0
o> p\dp p3?)
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and
0 (Pw 10w 1 0%w

a?(a—w;a—p*p—zW)

(1=v)d (0 (10w ow _
e \a,\L,ae)) TR, 0

the second condition indicating that the edge shearing force at r = b is
equal to the normal component of the applied load at » = b. The initial
buckling behavior is shown as curve (iii) in Fig. 4.1 and the annular
isotropic plate, in this case, always buckles into the axisymmetric form
(n = 0) regardless of the hole size.

(iv) The edge at r = a is simply supported, while the edge at
r = b is clamped.

This case is the same as case (ii) but the roles of the edgesat r = a, r = b
have been exchanged with respect to the boundary support conditions.
The initial buckling behavior is described by curve (iv) in Fig. 4.2 and
the annular plate first buckles into a mode with one diametric node but
then changes to the axisymmetric mode as the hole size increases. If
we compare the graphs for cases (ii) and (iv) we see that they are very
similar but that the values of the buckling parameter k for a fixed value
of b/a are slightly lower in case (iv).

(v) The edges at » = a and r = b are both simply supported.
In this situation, the boundary conditions are just

w=20
92w v [ Ow 1 62w at r = a, r==>o
S+t +=-57)=0
dp*  p\9p p 00?

The graph depicting the initial buckling behavior for this case is shown
b

as curve (v) in Fig. 4.2; as — — 0, Vk — 3.625.
a

(vi) The edge at r = a is simply supported, while the edge at
r = b is free.

The conditions at r = a are delineated in case (v) above, while the
conditions that the edge at » = b be free are delineated in case (iii)
above. The initial buckling behavior in this case is shown as curve (vi)
in Fig. 4.2; the plate always buckles into the axisymmetric form and
the buckling stress decreases as the hole size increases. This decrease
of buckling stress with an increasing hole size does not happen for any
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other case considered here except case (viiil), which deals with the same
boundary support conditions but with the roles of the edges at r = a
and r = b interchanged.

(vii) The edge at » = a is free and the edge at r = b is
clamped.

The boundary support conditions here are the same as for case (iii) but
with the roles of the edges at » = a and r = b interchanged. The initial
buckling curve is shown as curve (vii) in Fig. 4.1 and the results indicate
a behavior which differentiates this case from the others we have con-
sidered: as the hole size is increased, first one diametric node appears
in the buckling mode, then two nodes, and again, one. Finally, at yet
larger hole sizes, the annular isotropic plate buckles into the axisymmet-
ric mode with n = 0.

(viii) The edge at r = a is free, while the edge at r = b is
simply supported.
At r = b, the boundary support conditions are those delineated in case
(v), while at r = a they are the conditions delineated in case (iii). The
initial buckling curve is depicted as curve (viii) in Fig. 4.1 so that the
initial buckling behavior in this situation is similar to that for case (vi).
Cases (i)—(viii), considered above, correspond to the situation in which
the isotropic annular plate is subject to uniform compression along both
its inner and outer edges; the basic reference, as noted earlier, is the work
of Yamaki [161]. The next basic situation concerns the initial buckling
behavior of an isotropic annular (linear elastic) plate which is subjected
to compression or tension along its inner edge at r = b; the basic ref-
erence for this situation is the paper of Mansfield [165]. Because the
solution in [165] is drawn from the results for an infinite plate supported
along two concentric circles and subjected to radial stresses along the
inner circle, it is applicable only if the outer edge is supported by a mem-
ber possessing the required tensile stiffness. Mansfield [162] has noted
that, when a uniform radial compressive stress is applied to the circum-
ference of a circular hole in an infinite plate, the resulting radial stresses
in the plate decay inversely as the square of the distance from the center
of the circle; there are also tensile hoop stresses of the same magnitude
and varying in the same way. An identical stress distribution exists in
a similarly loaded annular plate of thickness h, say, which is bounded
by circles of radii b and a, if the outer circle is supported by a member
of sectional area ah/(1 4 v). Mansfield, [165], also notes that such an
annular plate will buckle as soon as the applied radial stress achieves a
critical value which depends on the boundary support conditions; if the
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radial stress is compressive, the plate will buckle into an axially symmet-
ric mode, while, if the radial stress is tensile, the plate will buckle into
a number of circumferential waves because the hoop stresses are now
compressive. The situation considered in [165] is depicted in Fig. 4.3.
If we denote the hoop stress by oy, then the equation of equilibrium
for the infinite plate follows from (4.2), where it is now convenient to
replace 0, — —0o, and ogg — —0gy so that

1 1
KV*w + hoprw rr + hogg (;w,r + r_Qw’%) =0 (4.9)

If we denote the radial stress (at r = b), which causes buckling, by A,
then the radial and hoop stresses in the plate are of the same magnitude
and are given by

b 2
Opr = —0Ogp = (;) Aer (4.10)

Thus, as already noted above, these stresses decay inversely as the square
of the distance r from the center of the circle of radius b and the same
stress condition obtains if an outer circle of radius a > b in the infinite
plate is bounded by a member of sectional area equal to ah/(1 + v).
Using the stress distribution (4.10), we rewrite (4.9) in the form

32+15+182 FPw 10w 1 0%w (4.11)
or2  ror  r2062 or2  ror  r?2 062 '
k(w tow 1oty |
r2\or2  ror 12062 ’
. Aerb®h . :
with k = , and again seek solutions of the form
w(r,0) = f(r) cosnd (4.12)

with f(r) the transverse deflection function and n the number of dia-
metric nodes; this problem has been solved by Mansfield, [165], for a
number of boundary support conditions. When A, is compressive, the
buckling mode, as we have already noted, is axially symmetric; the re-
sults obtained in [165] for this subcase are depicted in Fig. 4.4 with

k(1 — 7)?/~ graphed against — for various combinations of boundary

support conditions at r = a and r = b. Solutions of the initial buckling
problem are also presented in [165] for the case where buckling occurs
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as a result of tensile stresses along the edge at » = b; such solutions are
derived for those situations in which the edges at » = a and r = b are
either both clamped or both simply supported. When buckling occurs
because of tensile stresses applied along the edge at r = b, a number of
diametric nodes are formed which decrease in number as the hole size
is decreased; this behavior is depicted in Fig. 4.5. It is shown in [165]
that, as a — oo, and v — 0, the compressive buckling stress for axially
symmetric buckling converges to K/bh, i.e., k — 1, provided we have
zero radial slope at the inner edge at r = b; furthermore, the tensile
buckling stress Ao, — —3K/b?h. Therefore, the tensile buckling stress
associated with radial pressure applied along the edge of a hole in an
infinite plate is three times the compressive buckling stress.

Remarks: Using (4.11), (4.12), it may be shown that the equation
governing the transverse deflection f(r) has the form

a2y (emtoo)ay
drt  rdrd 72 dr?
(4.13)

+(1+2n2—7)ﬁ_n2(4—n2—’y)

r3 dr ré

f=0

and the particular case of buckling with axial symmetry is then obtained
by setting n = 0 in (4.13). Solutions of (4.13), which is homogeneous in
r, may be expressed in the form

fr)y =) ApttP (4.14)
=1
where p = r/a and
52—1+n2—1i 4n? — 2yn? L2’ 4.15
;= 57 n® = 2yn° + oy (4.15)

When A, is compressive, so that buckling with axial symmetry occurs,
f(r) assumes the form

f(r) = a1 + agp® + azpsin (Bilnp) + agpcos (Bilnp) (4.16)

with f3; given by (4.15) with n = 0. Solutions for particular cases are
then determined by imposing the boundary support conditions at r =
a, r =b, upon (4.16).
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The last major case associated with the buckling of a linearly elastic
isotropic circular annular plate concerns the situation in which a uniform
radial compressive force is applied only at the outside edge at r = a; this
problem has been studied, first, by Majumdar [166] and, later, by Troger
and Steindl [66] and Machinek and Troger [167] with the outer edge of
the plate clamped and the inner edge free. The relevant equilibrium
equation is (1.78), with N,.9 = 0, or

1 1
KV*w — Nyw .. — Ny <;w,r + T—Qw,ee) =0 (4.17)

N, and Ny being, as usual, the prebuckling (averaged) membrane stress-
es; the boundary conditions are just (1.139) with ¢ = 1, and R; = a,
and (1.140) and (1.141), with ¢ = 2 and Re = b, i.e.

w=w, =0, at R=a (1.139")

and, at r = b,

0*w 1ow 1 0%w ,
W—FV(ZE—’_T_QW)_O (1.140)
o (Fu tow 1o
or \or2 ror r?2 002 (1.141)
flzvd (10w 10w o '
r 99 \rorod 12060 )
If we set
Nilpey = Orplpegh = =N (= —Ah) (4.18)

then the prebuckling stress distribution in the annular circular plate is
given by

0 a? b?
2 2
0 _ a b

and, of course, N9 = 0. By substituting from (4.19 a,b) into (4.17)
we obtain the equation which governs the initial buckling of the plate,
namely,

1 1 2u
Viw + p {b—Q + T—Q] Viw — W =0 (4.20)
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where
Na?b?

= K@= (4.21)

and (4.20) is subject to the boundary conditions delineated above, i.e.,
(1.139'), (1.140'), (1.141').

The critical load which is obtained by solving the eigenvalue problem
(4.20), (4.21), (1.139’), (1.1407), and (1.141") will be written in the form
Ner =k (K /a?) (4.22)

with the buckling parameter k related to the eigenvalue p through the
relation

a2
- [b—Q - 1] (4.23)

Solutions of (4.20), (4.21) are now sought in the form
w(r,0) = An(r)cosnd, n=0, 1,2--- (4.24)

in which case, substitution from (4.24) into (4.20), (4.21), and use of the

r
transformation p = ,u% (E , yields the ordinary differential equations

d*A, N 2d%A, 14+2n2 44 ) d?A,
dp*  p dp? p? dp?
1+2n?+pu 17 dA,
" [ P p] dp (4.25)
2(n2 _ 1 — 4 2
+[W—4")—”—2]An=o, n=0 1,2 .
p p

For n = 0 the problem corresponds, of course, to an axially symmetric
deformation which is then governed by the solutions of

dp

BY 2420 1 av 1 1
A N e e —0 (426
dp*  p dp? p? P p

dA
where U = d—o. In terms of the variables ¥ and p, equation (4.26) is
0
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subject to the boundary conditions
¥ =0, atp:u% (%)

d\If 14 1

d (dU 1 1
— ——i——\I/):O, at p=p2
dp(dp P

A solution of (4.26), satisfying the last of the boundary conditions in
(4.27), may be written in the form

U(p) = AJy(p) + BJ_,(p) (4.28)

where p = (1+1)2, A and B are arbitrary constants, and Ip(p), J—p(p)
are Bessel functions of the first kind. The imposition of the first two
boundary conditions in (4.27) then yields a determinental equation for
w1 and the corresponding buckling parameters k, when graphed against
the aspect ratio b/a, provide the initial buckling curve depicted in Fig.
4.6. For the case in which n = 1, so that there is one wave around the
circumference of the annular plate, equation (4.25) yields

d4A1 gdsAl + 1— 3 + 1% d2A1
dp*  p dp? p? ] dp?
(4.29)

p P

dp

P pt

1 A 1
+[ 3—|—,u:|d 1 { 3+,LL:|A1:O

d
By using the transformations 41 = p¢ and ¥ = d—(ﬁ’ (4.29) may be
reduced to 2U e ) o
3 1—p
—_— + —— 1 U=— 4.30
dp?+p0p+[+ p? } p? (4.30)

where p? = p + 4, and C is an arbitrary constant. For the general
solution of (4.30) we set

S-10(0) o) [Ty 1) [P

T2 sin(pm)

(p) = % (AJy(p) + BI_p(p) + CS_1,(p)) (4.32)
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with A and B arbitrary constants. If we rewrite ¥(p) in terms of A4;(p),
in (4.32), we find that

dA,

o~ A1 = p[ATy(0) + BI_y(0) + CS1 ()] (4.33)

and, in terms of the new variables, the boundary data becomes

dAl 1/a
Av=r =0 atp=u (3)
d2A1 1% |: d_Al

i +? pdp —Al} =0, at p=p?

d3A1 1 d2A1 (3 - I/) dAl (3 - I/) 1
= _ et} A =0. at p= uz
dp>  p* dp? ;2 dp T T D ate=a

(4.34)
If we impose the boundary conditions (4.34) on the general solution
(4.33), we obtain the system of equations

ot () 80 (o () =0

A [(1+V—p) Jp (/ﬁ) +prdp (u%ﬂ (4.35)

and C' = 0. For nontrivial solutions A and B of (4.35) we must have

a

Gy (1 (3)) + Qv =p) gy (uF) +utdpes (u?) =0 (430)

and this leads to the initial buckling curve for n = 1, which is shown in
Fig. 4.6.

Approximate solutions of the general problem in Majumdar [166] are
generated by minimizing the potential energy using a Rayleigh-Ritz pro-
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cedure where

1 o (2 ow\? 1 ow\?
ves) {NT(E) gt

K 82_w+18_w+i82_w ’
or2  ror  r2 002

O*w (10w 1 9%w
201 5e (rar + ae>

1 0w 1 0w\’
+2(1—-v) <7“87"89 - 7“289> ] }rd&dr
and N,., Ny are given by (4.19a,b); these approximate solutions, for n >
1, are shown in Fig. 4.7 and the experimental results of Majumdar [166]
are in good agreement with the calculated values.

A somewhat deeper treatment of the problem originally treated by
Majumdar [166] may be found in [167], as well as in [66], where for
the case of an annular circular plate, compressed along its outer edge
and free along the inner edge, group-theoretic concepts introduced by
Golubitsky and Shaeffer [13] are employed to study the postbuckling
problem and, in particular, to study the postbuckling of elastic annular
plates at multiple eigenvalues. In both [66] and [167] the outer radius of
the plate is normalized, i.e., a = 1, so that 1 < r < b, and the full set of
von Karman plate equations have the form

v 11 2
(4.38)

A2<I>+%[w,w] =0

if we nondimensionalize the deflection w and the (extra) Airy function
®. The brackets [w, @] and [w,w] in (4.38) are given, respectively, in
polar coordinates by the expressions on the right-hand sides of (1.78) and
(1.79). As a discussion of the postbuckling behavior of elastic circular
annular plates will be postponed until later in this chapter, we will
content ourselves here with a brief discussion of some of those results in
[66] and [167] on the initial buckling behavior of annular plates which
amplify the original work of Majumdar [166].

For the first of the von Karman equations in (4.38), with the (extra)
Airy function ® = 0, and the boundary conditions (1.139’), (1.140"), and
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(1.141"), Troger and Steindl [66], [167] proceed as follows: first of all,
the linearized equation is written in the form

Lw=N-Muw (4.39)

with the operators L and M given by

Lw = A?w Mw——i l—ﬁ-l Aw—zw (4.40)

S 1= \p2 2 r2 '
Equation (4.39) is self-adjoint and positive definite; thus, the eigen-
functions are orthogonal and the eigenvalues N are real and positive.
Solutions of (4.39) may be sought in the form

cos nb
sin né

wmn(r,H):gnm(r){ }, n=0,1,2,---, m=1,2--- (441)

In the separation of variables procedure there is no difference as to
which of cos nf and sin nf is chosen so as to obtain a standard eigenvalue
problem

Lngnm = NMngnm (442)

for gnm(r), where the operators L,, and M,, are given by

2 1+ 2n? 1
Lng = 9G,rrrr +7g,rrr I a— 9rr — —Gr
T T T

(4.43a)
n?(n? — 4)
+ " g
and
b? 11
Mng=—1733 {(b_ B —) Girr
(4.43b)
1 1 1 n?
T2 (97
and the associated boundary conditions are
Inm =0, gnmr =0, atr =1 (4.44a)
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and, at r = b,

1 n?
Gnm,rr +v —9nm,r + _anm =0
r T
1+n%22—v
Inm,rrr + ~Gnm,rr — %gnmﬂ“ (444b)
r r
n?(3—v
By, =0,
T

For n = 0 and n = 1 analytical solutions of (4.42), with the boundary
data (4.44a,b), are given, as we have shown previously, in the form of
Bessel functions, i.e., Majumdar [166]. On the other hand, for n > 2 an-
alytical solutions of the eigenvalue problem (4.42), (4.43a,b), (4.44a,b)
are not yet known; a numerical procedure has been used to calculate the
eigenfunctions for n > 2 (Machinek and Steindl [168] ); these results are
shown in Figs. 4.8-4.10 for v = 0.3. The index m indicates that there
is an infinite number of solutions of the eigenvalue problem for each n;
however, from Fig. 4.8 it follows that only the case in which m = 1 must
be studied, because this value corresponds to the lowest in-plane buck-
ling load. In Fig. 4.9, the buckling mode shapes which correspond to the
three buckling modes m = 1, 2,3 are shown for n = 0 and b = 0.3; the
physically relevant mode shape is go1(r). In Fig. 4.10, which contains
only those curves for m = 1, we show the influence of the hole size b on
the critical load N with the corresponding circumferential mode number
n. For b < 0.51 the plate buckles in an axisymmetrical mode which cor-
responds to n = 0; this buckled configuration is depicted in Fig. 4.11a.
At (approximately) b = 0.51 we see an intersection of the initial buckling
curves corresponding to n = 0 and n = 1. For n = 1, two solutions, one
with cosf and the other with sin 6, exist; the buckling mode is shown
in Fig. 4.11b and the point of intersection of the curves corresponding
ton =0 and n = 1 is, therefore, associated with an eigenvalue of mul-
tiplicity three. As we increase the hole size b even further, a point is
reached where the initial buckling curves corresponding to n = 1 and
n = 2 intersect; this point, and all subsequent points of intersection of
the buckling curves, correspond to eigenvalues of the linearized buckling
problem for the elastic, circular, annular plate of multiplicity four. Fig.
4.11c shows the essential structure of buckling mode when m = 1 and
n = 2. The envelope of the buckling curves, which we show in Fig. 4.10,
together with the points of intersection, form the stability boundary in
the N — b parameter space. Generically, the envelope corresponds to
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double eigenvalues for b € 0.51, while for 0 < b . 0.51 the axisymmet-
ric buckling mode corresponds to a simple eigenvalue; the nongeneric
points of intersection correspond to three-and four-fold eigenvalues. As
noted in [66], the large number of multiple eigenvalues is due to the cir-
cular symmetry of the problem. We will return to a further discussion
of the results in [66] and [167] in the course of our examination of the
postbuckling behavior of annular plates.

4.1.2 Cylindrically Orthotropic Symmetry:
Initial Buckling

In this subsection, we will delineate some of the basic results relative
to the initial buckling behavior of linearly elastic circular annular plates
which exhibit cylindrically orthotropic material symmetry; the full set
of von Karman equations in this case is given by (1.98), (1.99), in the
domain 0 < 6 < 27, b < r < a, where D,, Dy, and D,y are given by
(1.96), (1.97), while E,., Ey, v, vy, and G, are, respectively, the Young’s
moduli, Poisson’s ratios, and shear modulus. For the special case of a
cylindrically orthotropic annular plate undergoing an axisymmetric de-
formation, equations (1.98), (1.99) reduce to (1.101), (1.102) where A2, 3
(the orthotropy ratio), and F(w, ®) are given by (1.103). Because of the
complexity of the general system (1.98), (1.99), and the need to satisfy
boundary conditions along both the edges at r = b and r = a, most of the
literature which deals with initial buckling and postbuckling of circular
annular plates is limited to a treatment of axisymmetric deformations.

For axisymmetric (initial) buckling of a cylindrically orthotropic an-
nular plate, the governing equation is (1.101), where ® = ®° is the
(prebuckling) Airy stress function which is determined as the solution
of (1.102) with w = 0, subject to the loading conditions along the edges
at r = a and r = b; this linearized stability equation may be written
in terms of the prebuckling stresses o, and ogg associated with the
in-plane compressive loading along the edges, as

A — i dz_w + ld_w
r= D, Irripz T gy

where, by (1.103),

2 3 2
N

Tart T rard 2 \dr2 rar

(4.45)

E
and 0 = E—e. The initial buckling problem for a cylindrically orthotropic

T
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elastic annular plate undergoing axially symmetric deformations has
been studied by many authors, most notably Uthgenannt and Brand
[70], [169], who determine the general form of the prebuckling stresses
corresponding to in-plane compressive loading along the edges at r = a
and r = b, and then reduce (4.45) to the nondimensional form

d*w
AP’LU + 1% |:(Clp\/5_1 + Czp_(\/E+1)) d—p2 (446)

—|—\/—B (C’lp\/571 — Czpf(\/ﬁﬂ)) d_w} =0
p dp

r
where p = —, A, is just the operator A,, with p in place of r, and
a

p = —Aha®/D, (4.47)

with A = o|,_, = 0p|,_,. Nontrivial solutions of (4.46), subject to
the boundary support conditions along r = a and r = b, exist for par-
ticular values of p (the eigenvalues), which then serve to determine the
critical buckling (edge) stresses A.-. For axially symmetric deformations
of a cylindrically orthotropic circular annular plate, the boundary con-
ditions corresponding to the cases of clamped, simply supported, or free
edges may be obtained by specializing the results in section 1.3, i.e.,

d
w = e 0, at a clamped edge
dr
d? d
w = au, e 0, at a simply supported edge
dr? r dr (4.48)
dPw vy dw '
-+ 2 =,
dr? r dr
at a free edge
Pu  1dw  fdu_
ar3 " rdr?2  r2dr

The solutions of (4.46), subject to various combinations of the condi-
tions (4.48) along the edges at r = a and r = b, have been studied,
numerically, in [169] and the results are displayed in Fig. 4.12-4.17. For
the cases corresponding to Figs. 4.14 and 4.15 only the outer edge is
subject to an in-plane compressive loading, while the inner edge is free
of any applied load. The boundary and loading conditions are indicated
on each of the Figs. 4.12 through 4.17, which show the nondimensional
critical buckling load u graphed against the aspect ratio b/a for various
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E
values of the orthotropy ratio g = —9, with 8 = 1 corresponding to an

isotropic elastic (circular) annular plgte. In fact, 8 ranges from 8 = 1
(isotropic) to 8 = 30, while b/a ranges from zero (a circular plate) to
b/a = 0.8, which approaches a ring. For all the calculations displayed,
Poisson’s ratios v, = vy = 0.3 were used. As noted by the authors in
[70], each figure referenced above shows the pronounced effect of the or-
thotropic nature of the material on the critical buckling loads, and shows
comparative results obtained by Shubert [164], Mossakowski [151], Ya-
maki [162], Woinowsky-Krieger [170], Roza [171], Meissner [172], and
Pandalai and Patel [153] for those special subcases in which the cylin-
drically orthotropic annular plate is either a circular plate (i.e., b = 0)
or an isotropic plate (or both).

4.1.3 Isotropic and Cylindrically Orthotropic Symme-
try: Postbuckling Behavior

The postbuckling behavior of elastic (circular) annular plates possess-
ing cylindrically orthotropic material symmetry, has been considered by
a number of authors, with the case of isotropic material symmetry ap-

Eq

pearing as a special case for which the orthotropy ratio 8 = o =

Among the main contributions have been those of Uthgenamgt and
Brand [70], Dumir, Nath and Gandhi [173], Huang [174], [175], Alwar
and Reddy [176], and Machinek and Troger [167]; we will now review
some of the more fundamental results contained in these references, be-
ginning with the work of Uthgenannt and Brand [70].

In [70], the postbuckling behavior of orthotropic annular plates due
to in-plane compressive loads applied along the outer edge at r = a, is
considered under the assumption that deformations are restricted to be
axially symmetric. The governing set of von Karman equations is solved,
in nondimensional form, by a numerical technique originally employed
by Keller and Reiss [177], and postbuckling results are obtained for the
membrane and bending stresses, the deflections of the plate, and the
slopes associated with those deflections. For axially symmetric deforma-
tions, the complete set of von Karman is, once again, given by (1.101),
(1.102), and (1.103) equations (1.101), (1.102) may be integrated once
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so as to yield

1 do dw
Mw) = =222
(w) D, dr dr +C
N2 (4.49)
M(o) = =2 (4
(¢) 9 (dr) + Cy
with 5 P2 5 d
1
M=r(L 424 29 4.
T(dr?’ + rdr2 r? dr) (4.50)

For a circular plate, the constants of integration, C; and Cs, are zero

d
because at » = 0 both M (w) and M (¢) must vanish, as does ™ For an

annular plate, C; depends on the boundary support conditions 7:qadthough,
as noted in [70], it can be shown that C5 is zero by eliminating the 6
dependence from the strain-displacement equations and rederiving the
second equation in (4.49). The governing equations are further simplified

b
and nondimensionalized in [70] by introducing the quantities p = C, - <
a a
p <1, for 0<b<a,and
d 1 do
pV =28 g a®
h-dp pDr dp (4.51)
2 _ 66 1
af = ﬁ( — Uplp)

with p the dimensionless radial coordinate, V the dimensionless slope,
and S the dimensionless radial membrane stress; using these definitions
in (4.49), (4.50), we obtain the equations

L(V)=VS—a (9>201
L(S) = —V? ’

(4.52)

with ) 3
d 3 1-
=—+-+— 4.53
dp? * P * p? (4.53)
which, together with the boundary support conditions, must be solved
in order to determine the axisymmetric behavior of annular plates sub-
jected to loads greater than the critical buckling load. In dimensionless

form, the boundary conditions are
S=0

b
at p=—: d ) (4.54)
a p—U—F(l—FVT)V:O
dp
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i.e., the inner edge is free and,

S=-P
at p=1: , (4.55)
V=0

i.e., the outer edge is clamped and loaded, with P the magnitude of
the external compressive load. A finite-difference scheme, similar to
that employed by Keller and Reiss [177], is used to solve the boundary
value problem consisting of (4.52)—(4.55) and to obtain results for the
variation, with p, of the following quantities in nondimensional form:
the deflection w, the membrane tangential stress Sév‘[ ,

as
SM =p—+35, 4.56
=P, + (4.56a)
the bending radial stress S5,
av
SE — iy + 1+ )V, (4.56b)

and the bending tangential stress S(’,B,

dv
SB = vop > +(14+v)V (4.56¢)

p
These results are depicted in Figs. 4.18-4.22 for an orthotropy ratio
8 = 5.0, an aspect ratio b/a = 0.4, and a number of dimensionless

P
postbuckling loads A, A = P we recall that S (Fig. 4.19) is the non-

dimensional membrane radiairstress. In Figs. 4.23-4.25, we depict those
postbuckling results in [70] which show the variation of wyax, the max-
imum plate deflection, and S}7, and SE, with the aspect ratio b/a for
various values of both the orthotropy ratio § and the nondimensional
postbuckling load A; the value 8 = 1 corresponds, of course, to an
isotropic linearly elastic annular plate. For all the calculations cited,
Poisson’s ratios of v, = vy = 0.3 were used. As the authors in [70] have
noted, the most notable result obtained is that the membrane stresses
for large values of A become tensile stresses in the interior of the plate,
and change abruptly to compressive stresses in a relatively narrow band
at the edge of the plate, a boundary-layer effect that was previously
noted by Friedrichs and Stoker [143] for a simply supported isotropic
circular plate, and by Keller and Reiss [177] as well. As in the case
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of isotropic plates, the dominant stresses are the tangential membrane
stresses, which reach a maximum at the outer edge of the plate. As Figs.
4.23 through 4.25 indicate, for a given A and 3, the various dependent

variables are relatively constant for — < 0.4, but as the inner radius in-
a

b
creases (— > 0.4> both the deflections and stresses increase markedly,
a

particularly for A large. Also, as the orthotropy ratio § increases, the
deflections and stresses both increase. Uthgenannt and Brand [70] point
out that it can be shown that the magnitude of the in-plane compressive
loads which are applied to the edges of elastic, cylindrically orthotropic,
annular plates can be increased to several multiples of the critical buck-
ling load without diminishing the ability of the plate to carry these loads;
also, for such large values of the applied load, the maximum deflection
amplitudes will be of the same order of magnitude as the plate thickness.
In other words, as is the case with isotropic circular plates, although an
initially flat elastic annular plate becomes unstable when the edge load
reaches the critical buckling value, the plate continues to have a substan-
tial load-carrying capacity well beyond the load associated with initial
buckling.

While the results obtained by Uthgenannt and Brand [70] point out
various interesting aspects of the postbuckling behavior of elastic cylin-
drically orthotropic annular plates, they must be viewed with some cau-
tion. As Huang [174], [175] has noted, the authors of [70] use the Pois-
son’s ratios v, = vy = 0.3 in their finite-difference calculations, which
violates the fact (see Chapter 1, section 2) that

Vp EG
Vy Er ( )

except for § = 1 (an isotropic plate); Huang [174], therefore, reconsiders
the problem of axially symmetric buckling of a cylindrically orthotropic,
elastic, annular plate of inner radius b and outer radius a using a direct
computational method devised by Keller, Keller, and Reiss [144] to prove
the existence of buckled states of circular plates. The basic form of the
(axisymmetric) von Karman equations is, of course, the same as in [70].
The boundary conditions considered are the third set of conditions in
(4.48) at r = b, i.e., the inner edge is a free edge, and along the edge at
r = a, either the first (clamped edge) or second (simply supported edge)
set of conditions in (4.48) together with a constant compressive load of
magnitude P per unit length. Huang [174] introduces the dimensionless
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variables

r w
{p a’ W a’ ¢ = ®/haky (4.58)

p= P/hCLEQ
and rewrites the governing system of von Karman equations in the form

AW 28w B EW B AW

W o P 459
a\?2 1d [dW
=12(= Y Nl i
(h) Yy {d/} 4
¢ 1d 1 (dw\?
P9 Lo g, 1(aW) o
dp*>  pdp p 2p \ dp
with boundary support conditions
PW AW
dp> ~ p dp
3 2
dW _1dW B dW (4.61a)
dp* ~ p dp*  p? dp
12— 2) (VL (VN
12 (3 u{,)(h) p(dpqs -0
at p =b/a and either
dw
W = e 0, at p=1, for a clamped edge (4.61Db)
0
or
d*w dw
dp? T dp P P= S (4.61c)

for a simply supported edge

Along the edge at p = 1 we also have the uniform, radial, compressive
load of magnitude P. In the calculations presented in Huang [174], the
aspect ratio 7 = b/a is taken to be 0.4, while the orthotropy ratio varies
over the range 0 = 1.0,3.0,5.0, and 10.0, for the case where the outer
edge at 7 = a is simply supported, while 8 = 5.0 for the case in which
the outer edge at r = a is clamped. With the buckling parameter A
given by

A=12(8—12) (%)2;; (4.62)
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the postbuckling (and initial buckling) behavior of the cylindrically or-
thotropic annular plate is indicated in Table 4.1 and displayed graph-
ically in Figs. 4.26 and 4.27 where v = vp; the corresponding distri-
butions of (normalized) radial bending stresses, circumferential bend-
ing stresses, radial membrane stresses, and circumferential membrane
stresses are graphed in Figs. 4.28, 4.29, 4.30, and 4.31, respectively,
where 6 = w(~)/h, while the rigidity Dy is given by

Dy = Egh®/12 (1 — 1) (4.63)

Finally, based on the analysis in [174], we show in Fig. 4.32 the (normal-
ized) transverse displacement shapes for the annular plate as functions
of the nondimensionalized plate radius p, thus indicating the influence
of postbuckling load magnitudes on the plate deflection shapes.

Two other noteworthy analyses of the axisymmetric buckling behav-
ior of cylindrically orthotropic elastic annular plates are the papers of
Alwar and Reddy [176] and Dumir, Nath, and Gandhi [173]; the earlier
paper [176] presents a large deflection analysis of orthotropic annular
plates subjected to uniformly distributed loads using Chebyshev series
expansions, with a substantial part of the work geared toward dynamic
analysis. The work of Dumir, Nath and Gandhi [173] subsumes, for the
case of a static analysis, much of the work in [176]; in [173] both w and ®
are expanded in finite power series and an orthogonal point collocation
method is used to obtain discretized algebraic equations from the gov-
erning set of von Karman differential equations. Results are presented
in [173] for annular plates with and without a rigid plug (in the hole of
radius b) and some of these results are displayed in Figs. 4.33 and 4.34.
In Fig. 4.33 we show the deflection versus load graphs for both the cases
of a clamped and a simply supported edge at r = a, and for orthotropy

ratios of 1, 3’ and 10’ as well as aspect ratios of .5 and .25; for com-

parison purposes, the results obtained in these situations by Alwar and
Reddy [176] are shown on the same graphs. Figure 4.34 displays the
same kind of results as Fig. 4.33, but this time, for the case in which
a rigid plug occupies the region 0 < r < b; for all the cases referenced
here the Poisson ratio v, = .25. It can be easily observed from Fig. 4.33
that the effect of varying § on the deflection response is very small in
the simply supported case as compared with the clamped case; this is
not the situation, of course, when the hole is occupied by a rigid plug,
as is made clear in Fig. 4.34.

Remarks: As we have noted earlier in this subsection, a somewhat
deeper analysis of the postbuckling behavior of elastic annular plates
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subjected to a uniform compressive load along the edge at r = a, with the
edge at r = a clamped and the edge at 7 = b free, has been carried out
in Machinck and Troger [167] as well as in Troger and Steindl [66]; both
analyses assume the plate to be isotropic and focus on the nongeneric
situation in which buckling occurs at eigenvalues of multiplicity greater
than one. In both [66] and [167] the operator A? in (4.38) is inverted so
as to yield

1,
®=-A 2w, w] (4.64)

and (4.64) is then inserted in (4.38) so as to provide the functional
equation

) b 11 2
Fw,N)=Nw+N—< =+ =) Av-Zw,,
]. - b2 b2 7/-2 712 ’ (4.65)

1
+§ [w, A™2 [w,w]] =0
The buckling problem is then dealt with as a problem in bifurcation
theory, after the linearized problem which governs initial buckling is
analyzed: the functional equation is reduced locally in the neighborhood
of a bifurcation point N = N, to a system of algebraic equations

Ai(l'l,"',.’ﬂk,)\):(), izla"'vka (466)

with A = N — N, by employing the Liapunov—Schmidt reduction dis-
cussed in Chapter 1. In (4.66), the x; are the amplitudes of the buckling
modes, while k is equal to the multiplicity of the critical eigenvalue N,..
The simplest set of bifurcation equations (4.66) is obtained by carrying
out the derivation at a value of the inner edge radius b, which corre-
sponds to a simple (n = 0) or double (n = 1,2,---) eigenvalue, i.e.,
(4.41) and Fig. 4.10. However, in [66] and [167], the postbuckling anal-
ysis is focused on deriving the bifurcation equations at the triple eigen-
value because small parameter variations in a neighborhood of such a
multiple eigenvalue yield interesting and physically relevant phenomena
such as mode jumping; also, all the basic properties of the simpler cases
are included in the more complicated one. For the Liapunov—Schmidt
reduction in [66], [167] the ansatz

w(r, ) = oW+ 21.V1e + 215V1s + W (20, T1c, T1s) (4.67)

is made where xg, T1., 15 are the amplitudes of the buckling modes (or
critical variables) and ¥ = go1(r), ¥1. = g11(r) cos 0, U145 = g11(r) sinf
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are the buckling modes (eigenfunctions) corresponding to the triple ei-
genvalue. The function W includes non-critical variables which corre-
spond to modes that are orthogonal to the buckling modes and can be
expressed in terms of the critical variables by means of the Liapunov-
Schmidt reduction. It may be shown [66], [167] that

W(LL'()71‘15,$15) =0 (liEo‘Q + ‘$1C|2 + |.7J18‘2) (468)

By introducing (4.67) into (4.65), with N = N, and projecting the
resulting expression onto the three buckling modes, three equations are
obtained; the process is simplified somewhat by using the work of Gol-
ubitsky and Schaeffer [13] to determine, in advance, based on the sym-
metry properties of the problem, those variables which may appear in
the resulting bifurcation equations. These equations turn out to have
the form

Azl + Cxg (23, + 23,) — arzo = 70
B (x%c + x%s) 21e + Cr3210 — A1 AT1e = Y15 (4.69)

2 2 2 _
B (xlc + 5’313) 15 + Crga1s — a1 Ax1s = V1s

In (4.69) the terms 7o, V1, V15 are derived from a transverse loading on
the annular plate (and thus, vanish if such a loading (imperfection) is
not present). With the inner product defined by

2m 1
0 b

it follows ([66], [167]) that

A= % ([Wo, A2 [Wg, Wg]] , o) = 0.00361
1
B=- ([0, A2V, U]],¥.) = 0.00584
> (0 [Wie, iel] W) (4.71)
1
C - 5 (I:\I/Ov A_2 [\Plcv \:[110]] 7\:[/0)
+ ([\Illc, A2 [\Iflc, \Ilo]] ,\If()) = 0.00919
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and

b2 1 1 2
Qo = *m <<b2 + 7”2> A‘I’Q — ﬁWO,rr,\IIO) = 1

b? 11 2
a1="773 ((b_2 + 1"_2> AV — T_Z\Plc,rr,\lllc> =1 (4.72)

2

%0 = (0, %0), 1 = (@910 + (0, 91,)°)

In (4.72), ¢ is the magnitude of the transverse loading (if any) on the
elastic annular plate. With M as given by (4.40), the values of ay =
a1 = 1 follow from the normalization of the eigenfunctions ¥; given by

27 b
/ / U, (MY;)rdrdd =1 (4.73)
o J1

To compute the expressions A~2 [¥;, ¥;] in (4.71), the eigenvalue prob-
lem A%2® = ;® must be solved with the appropriate boundary conditions
and then [U;, ;] must be expanded in an infinite series in the eigen-
functions.

If we introduce polar coordinates x1. = x1 cos o, x15s = x1sinaq, Y, =
71 cos a, and 15 = 71 sinq, in (4.69), we obtain the new system

Az + Crox? — apAzo = Yo
(4.74)
BZL’? + Ciﬂglﬂl — O[1>\(£1 =7

which are the so-called generic bifurcation equations of restricted generic
type (Chow and Hale [12] ). If we sum the two buckling modes in (4.41)
corresponding to n = 1, m = 1, we obtain

T1cd11 cos + T1s911 sinf = 1411 COS (9 — Oé) (475)

so that z1 = (2}, + x%s)% is the amplitude of the resulting mode, while
a = tan~! (y15/71.) describes its location on the circumference of the
plate. Figure 4.35 is typical of the kind of postbuckling (bifurcation) dia-
grams obtained from the analysis in [66], [167]; diagram (a) in this figure
is obtained for a perfect plate with no transversal loads (yo =11 = 0)
and a hole radius b < b., and corresponds to the critical triple eigenvalue.
The remarkable fact which is exhibited in diagram (a), Fig. 4.35, is that
for A > Ag, besides the stable solution x(, the x;1 solution is also stable;
thus, in the domain A > A; one can obtain a jump in the model shape
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of the elastic annular plate by applying transversal loads and this has
been noted by Suchy, Troger, and Weiss [178]. Diagrams (b)—(e) in Fig.
4.35 indicate what happens when an increasing imperfection v, creates
an initial preference for the mode z;. As has been noted in [66], as long
as 1 is still sufficiently small, a smooth transition into the axisymmetric
mode x is still possible; however, if v, is sufficiently large, a transition
from the initially preferred second mode x; to the first mode xzg, takes
place only as a consequence of mode-jumping. We will elaborate further
on the consequences (displayed in Fig. 4.35 ) of increasing v, when we
discuss the imperfection sensitivity of thin plates in the next chapter.

4.1.4 Rectilinear Orthotropic Symmetry: Initial
Buckling and Postbuckling Behavior

In the previous chapter, we noted that there appears to be no work in
the literature on the initial or postbuckling behavior of circular plates
which possess rectilinearly orthotropic material symmetry; the same sit-
uation does not hold in the case of elastic annular plates having rectilin-
early orthotropic symmetry, as this problem has been treated in [71] (at
least with respect to a particular combination of load and support con-
ditions). The analysis in [71] is limited to a study of prebuckling stress
distributions and initial buckling modes as well as to a delineation of
how those stress distributions, buckling modes, and associated buckling
loads vary as one varies specific material properties of the elastic annular
plate.

We assume, as in [71], that the plate occupies the domain b < r <
00, 0 < 60 < 27, and that it is subjected to applied tensile loads along its
inner edge at r = b; thus, the approach taken consists of modifying the
work of Mansfield [165] for the isotropic annular plate, which we have
discussed in section 1 of this chapter, i.e., use is made of the in-plane
stress distribution which corresponds to the one present in an infinite
annular plate (b <r < oo, 0 <6 < 27) subjected to a radial traction
along the edge of the hole at r = b.

To make a reasonable analogy with the situation which occurs in the
buckling of a finite annular plate, the analysis in [71] makes use of the
same reasoning as that employed in [165] (see Fig. 4.3 or, equivalently,
Fig. 4.36): the outer radius a of the annular plate is not infinite but,
rather, is much greater than the inner radius b and, in addition, that
part of the plate for which r > a, 0 < 6 < 27 is constrained so as to
prevent lateral movement but not in-plane movement. Thus, buckling
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may occur in the region b < r < a, 0 < 60 < 2w, when the applied load
along the inner edge at = b reaches a critical value; in [71] the applied
tractions are not restricted to a uniform radial loading, as in Mansfield
[165], but are assumed to be self-equilibrating and symmetric about the
principal material axes.

4.1.4.1 The Prebuckling Stress Distributions

The stress distribution in an unbuckled elastic annular plate possess-
ing rectilinear orthotropic symmetry is determined from the second of
the von Karman equations which pertain to the problem at hand, with
w = 0, and the associated load conditions along the inner edge at r = b.
The second von Karman equation for a rectilinearly orthotropic annular
plate has the same form, of course, as in the case of a circular plate; it
is obtained by first inserting the functions a;;(6), as given by (2.122a)-
(2.122i), into the constitutive relations (2.123 a,b,c) and then substitut-
ing the resulting expressions for e, ego, and 7,4 into (2.124). Because we
are only interested, at this point, in computing the prebuckling in-plane
stress distribution in the plate, W may be set equal to zero in (2.124). Al-
ternatively, as in [71], one may deal (in numerical computations) directly
with the constitutive relations (2.111) in Cartesian coordinate form, as
well as with (1.35), with w = 0, (1.49), and the definition (1.46) of ®,
coupled with the transformations (1.105) and (1.118) of the strain and
stress tensor components from Cartesian to polar coordinates. Along
the inner edge of the annulus, at » = b, we have the applied traction
boundary conditions analogous to (1.125), i.e.,

pr(0) = {Nm cos? 0 + Ny sin? 6 + 2Ny, cos fsin 9} |T:b
(4.76)
pe(0) = {(Ny — N;)cosfsinf — N, (C082 6 — sin? 9) } |T:b

with p,(6) the radial component, and py(#) the tangential component,
of the applied traction at » = b. All stresses are required to be bounded
as r — oo and to assume the same values at § = 0 and 6 = 27. In [71]
the boundary conditions (4.76) are rewritten in integral form and the
components of the applied tractions in the negative x and y directions
are then expanded as function of 6 in Fourier series; the results are
subsequently substituted back into the integral form of the boundary
conditions (4.76) so as to yield equivalent conditions with respect to the
Fourier coefficients.
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The boundary value problem for the prebuckling stress distribution
which we have delineated above was first solved by Lekhnitskii [51]. We
will content ourselves here with presenting some of the basic results
which address both uniform as well as nonuniform radial loading along
the edge at » = b. The basic material parameters which enter into the
analysis in [71] are the ratios F1/FEs, F1/G12, and the Poisson ration va;
furthermore, in all the calculations reported in [71], it is assumed that
E5/E; > 1 so that the y-direction is the direction of maximum stiffness.

The first problem considered in [71] vis & vis prebuckling stress distri-
butions involves the effect of varying the ratio Es/E; of Young’s moduli;
in that problem, the shear modulus ratio F1/G12 is fixed at 2.6, while
vo1 = 0.3. The applied loading at r = b is taken to be a uniform radial
loading with p,-(6) = p;, pe(8) = 0. For E5/E; = 1, it can be shown that
the prebuckling stress distribution is axisymmetric, and the magnitudes
of both radial and tangential stress components are proportional to r~2,
while the polar stress component is identically zero. For Fy/F; # 1,
the prebuckling stress distribution is not axisymmetric and the polar
shear stress is non-zero; sample results are displayed in Figs. 4.37, 4.38,
and 4.39 for a ratio E2/FE; = 10, with the stress contour lines indicated
for the first quadrant, and b < r < 26. The most significant effect of
varying Fy/F; (from the isotropic case) is on the distribution of the
tangential normal stresses that now exhibit a large compressive stress
concentration at r = b, § = 0 given by

B, B [ E 2
N, —pd 22 22 g 2,/ =L n
o(b,0) = pi B, B <G12 iz + E2> (4.77)

In Fig. 4.40 we show the effect of varying the ratio of Young’s mod-
uli on the tangential normal stress distribution at § = 0; note that at
large radial distances from the edge, at r = b, the (prebuckling) tangen-
tial stress distributions in the isotropic plate and the inextensible plate
(F2/Ey = c0) are nearly the same. Figure 4.41 depicts a comparison

™
of the tangential normal stresses along the line § = 5 for the cases

E;/Ey =1 and Ey/F; = 0o, and shows that these compressive stresses
are influenced by changes in Es/E7, only at small radial distances from
the edge at r = b. In Fig. 4.42, we illustrate the effect of changing
E5/E; on the tangential stress distribution along the edge at r = b. As

Vs
E5/E increases, stress concentrations develop at § = 0 and 6 = 5 Fig-

ure 4.43 shows the effect of varying the ratio E5/F; of Young’s moduli
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on N, (along the line z = b). The anisotropy ratios vary in the range
1< Ey/E, < 10° and, as this ratio increases, the stresses become com-
pressive for all y, with increasing magnitudes all along = = b, leading
to a compressive stress concentration along the line z = b. As noted in
[71], the line = b is quite significant in a highly anisotropic annular
plate, of the type under consideration here; it tends to separate the plate
into two regions: |z| < b, in which N, is tensile, and |z| > b in which
N, is compressive, with an abrupt change taking place at x = b. The
above discussion, when coupled with Figs. 4.37 through 4.43, highlights
the considerable influence on the prebuckling stress distribution in an
elastic (infinite) annular plate, which is exerted by variations in the ratio
E5/E; of Young’s moduli.

The second problem treated in [71], in relation to the nature of the
prebuckling stress distributions, involves the effect of varying the shear
modulus ratio E;/G13. Taking the load along the edge at r = b to
again be a uniform radial load, we show in Figs. 4.44, 4.45, and 4.46,
respectively, the effects of varying the shear modulus ratio on the radial
normal, tangential normal, and polar shear stress distributions. Figure

4.44 shows that, along the line § = g, the radial stress decreases rapidly,

even becoming slightly compressive, while Fig. 4.45 indicates the forma-
tion of two compressive stress concentrations at the edge r = b, for § = 0

T . .
and 0 = 5 for E5/E; =1 these stress concentrations are of magnitude

Ny (b,0) = N, (b, g) = pi l1 -~ \/GE—; +2(1- m)] (4.78)

In Fig. 4.47 we depict the radial stress distribution along the line 6 = %

for various values of E;/G1o which range from 2.6 to 10%; the graph
indicates that a compressive stress concentration begins to form near
r = +/2b as the ratio E, /G2 increases. Figure 4.48 depicts, for b <
r < 2b, the relative displaced shape of the elastic annular plate for a low
shear modulus (E;/G12 = 100) when it is subjected to a uniform radial
load along the edge at r = b; the plate, as in [71], is in a state of bi-axial
compression for r > 2b.

Also considered in [71] are problems which correspond to nonuniform
distributions of applied tractions along the edge at r = b, i.e., applied
loads which are given in (Cartesian) vector form by (p; cos 8, pssinf)
where p; and ps both act in the negative x and y directions, respectively,
in the first quadrant of the annular a plate. In polar coordinates, the
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applied load thus has the form
{pr(e) = py cos? 0 4 pysin? 0

pe(0) = [p2 — p1]sinf cos

(4.79)

If po = p;1 then (4.79) reduces to a uniform radial load (along the edge
at 7 = b). When

/ /El
1+ 2019 + 2
]ﬂ - lEl \/Glg 12 E2
" = ——21/ +2H&—V )
E2 G12 2 Es 2\ E,

a uniform radial displacement is obtained; the relation (4.79) is graphed
in Fig. 4.49 as a function of E;/Fy for various values of the ratio
E;/G1y. Figures 4.50, 4.51, and 4.52 show, respectively, the radial nor-
mal, tangential normal, and polar shear stress distributions, in the region
b < r < 2b for the case in which the applied load acts only in the y direc-
tion, so that po = p; and p; = 0. At 8 = 0 we have a compressive stress

(4.80)

7r
distribution, while at # = — the tangential stresses are tensile. Finally,

Fig. 4.53 depicts the variations in the tangential stress distributions
along the inner edge of the plate at » = b as the ratio p;/ps varies be-
tween zero and one; we note that, as p; increases, the magnitude of the
compressive stress concentration at § = 0 decreases and the tangential

us .
stress at 0 = 5 changes over to a compressive stress.

4.1.4.2 Initial Buckling and Postbuckling Behavior

In the last subsection we delineated some of the results, presented
n [71], concerning the nature of the in-plane prebuckling stress distri-
butions in an infinite elastic annular plate which exhibits rectilinearly
orthotropic material symmetry and which, for » > a > b (b the hole
radius), 0 < 0 < 2w, is constrained so as to prevent lateral movement.
Because the prebuckling stress distributions enter the partial differential
equation governing the initial buckling of the annular plate, variations
in the material anisotropy ratios, which greatly affect the prebuckling
stress distributions, will also influence the plate’s buckling behavior.

The partial differential equation which governs the initial buckling of
the elastic, rectilinearly orthotropic, annular plate is (1.109) with & =
®°(r, ) being the Airy function associated with the in-plane prebuckling
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stress distribution. In (1.109), [w,®] is given by (1.74) and (1.75Db)
while the ﬁj,j =1,2,3,6, and the coefficients D12, D16, and Dog, are
given by (1108) and (1110) with D1 = D11,D2 = D227 and D3 =
Dsvyo + 2Dgg, the principal rigidities, defined as in (1.63), (1.64). In
Cartesian coordinates (1.109), with ® = ®° assumes the simpler form

(1.68), with ® = ®%(x,y), where b < /22 + 2 < a.

Remarks:

(i) If V' denotes the potential energy function associated with the
rectilinearly orthotropic annular plate, then for positive material coeffi-
cients F1, Ey, 21, and G2,V > 0, which implies that at the smallest
eigenvalue associated with the initial buckling equation the associated
equilibrium state is stable with respect to small perturbations.

(ii) If w(z,y) is decomposed as
w(z,y) = we(x,y) + wo(x,y) (4.81)

we(xa y) = we(x, 7y)a UJQ(I', y) = 7?1)0(’12, 7y)7 then U}E(xa y) and ’LU()("UJ, y)
separately satisfy (1.68), with ® = ®°(z,y), if the applied load is even
about the z-axis (the averaged stress components N and Ny0 being even
functions, while N7, is an odd function about the z-axis). In addition,
the 27-periodicity of w, as a function of r and 6, implies that wg and its
even-order derivatives with respect to y vanish at y = 0, while odd-order
derivatives of w, with respect to y also vanish at y = 0; this implies that
the symmetric and antisymmetric components of the buckling modes
are uncoupled from each other so that the buckled mode shape is either
symmetric or antisymmetric about the z-axis. In a similar fashion, for
applied loads which are symmetric about the y-axis, the buckled modes
are either symmetric or antisymmetric with respect to the y-axis. When
the loads are not symmetric with respect to the principal material di-
rections in the rectilinearly orthotropic annular plate, the even and odd
components of the buckling modes will be coupled together; such general
conditions were not considered in [71].

(iii) Boundary support conditions must be associated with (1.109),
with ® = ®°, at r = b and r = a in order to have a well-defined eigen-
value problem. The analysis presented in [71] is valid only for the case
of clamped supports at the inner and outer edges of the unsupported
region of the plate; therefore, it is noted in [71] that the buckling behav-
ior which we delineate, below, will change if different boundary support
conditions are used or if we employ the prebuckling stress distributions
that are associated with a finite annulus.
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(iv) For the analysis reported in [71], a finite-difference scheme was
deemed to be the most appropriate method of solution to solve the
eigenvalue problem and determine the buckling mode shapes; because
of the symmetry assumptions with respect to the loads, considerations
could be limited to the first quadrant of the annular region b < r < a.
As noted in [71], using a more sophisticated scheme such as a finite-
element approach could, conceivably, allow for consideration of different
loading and boundary support conditions along the edges of the plate,
but any such work would be complicated by the expected appearance of
high stress concentrations and singular behavior if the annular plate is
highly anisotropic.

(v) The critical buckling load is taken to be the smallest positive
eigenvalue of the reduced system obtained by applying a finite-difference
approximation to (1.109), with ® = ®° and the associated clamped
support conditions at 7 = b and r = a. To verify the convergence of the
finite-difference method, a study of the convergence of the scheme was
conducted in [71] for an isotropic elastic annular plate with an aspect
ratio of a/b = 2.0 and clamped edges at r = b and r = a; for this
particular case, the critical buckling load is determined from the relation
pib? /K = 224.14 (and a wave number of n = 10 is obtained), while the
finite-difference scheme predicts values for the critical buckling load (see
Table 4.2) which are lower than the exact value but appear to converge
to it as the mesh size increases. In Table 4.2, m denotes the number of
divisions in the finite-difference scheme in the radial direction, while n
denotes the number of divisions in the tangential direction. In Fig. 4.54,
we show the predicted mode shapes obtained for the isotropic annular
plate as compared with the exact solution; excellent results are also
obtained for the predicted mode shapes in the tangential direction.

For the isotropic annular plate, the convergence of the critical buckling
load, with increasing mesh size, is reported in Table 4.3 for an aspect
ratio of a/b = 30.0; once again, we have convergence to the exact value,
which is given by p;?/K = 11.26 (with an associated wave number of
n = 2), but the convergence is slower than in the case where a/b = 2.0.
The general buckling mode shape is already clear with the use of a 10x 10
finite-difference mesh.

We now turn to the results obtained by applying the finite-difference
scheme to approximate the initial buckling of the rectilinearly orthotropic
elastic annular plate which is assumed to be subjected to tensile loads on
its inner edge at r = b; we are interested, in particular, in the changes in
the buckled mode shapes which are due to variations in the ratio Ey/FE;
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of Young’s moduli and variations in the shear modulus, as well as in the
effect of using nonuniform applied loadings.

In Figs. 4.55 and 4.56, we displace contour plots of the lateral dis-
placement associated with the buckled mode shapes for Young’s moduli
ratios of Fy/E; = 1 and Ey/E; = 100, respectively, an aspect ratio of
a/b = 2.0, and (assumed) symmetry about the z and y axes; the mesh
size used was 10 x 45. Of course, Fig. 4.55 displays the results for an
isotropic annular plate and the wave number obtained, i.e., n = 10, cor-
responds to what is expected from the exact solution; wrinkling, in the
tangential direction, occurs at 18-degree intervals and we note that these

: . . Es : .
wrinkles become wider as n increases. For — = 1, the isotropic annular

plate, 20 wrinkles occur over the entire plate% for E5/E; = 10 this drops
to 10 wrinkles in the buckled mode shape over the entire plate, and the
wrinkles are no longer oriented in the radial direction as in the isotropic
case. As the plate tends towards anisotropy, the wrinkles occurring in
the buckled mode shapes become more prominent as F5 increases in
relation to Ey. For Ey/E;, = 100 (Figure 4.56) the number of fully de-
veloped wrinkles in the buckled mode shape drops down to six. With
E5/E; = 1,10, and 100 the buckled mode shapes were again generated,
but this time for an aspect ratio of a/b = 10.0 in place of a/b = 2.0;
the results are displayed in Figs. 4.57, 4.58, and 4.59, respectively. For
E,5/E; =1 (isotropic annular plate) the wave number, in this situation,
is n = 4. As the ratio of Young’s moduli Ey/FE; is increased, first to 10
and then to 100, the wrinkle which was oriented in the isotropic plate
along the line 8 = T becomes narrower and its orientation moves closer

to the y axis. On the other hand, the wrinkle centered on the z-axis
in the buckled mode shape, for the isotropic plate, broadens out as the
ratio Eo/F; is increased. The cases illustrated in Figs. 4.55 through
4.59 illustrate buckling modes which are symmetric with respect to the
z-axis. In Fig. 4.60 we depict a mode shape which is anti-symmetric
with respect to the y-axis; in this case, the calculations produce wrin-
kles which are somewhat narrower and more closely oriented toward the
y-axis. One may summarize the results reported above by noting that,
for a rectilinearly orthotropic elastic annular plate, as the ratio Eo/E;
increases, wrinkles in the buckled mode shapes located near the y-axis
tend to narrow, while those located near the z-axis tend to broaden and
the orientation of the wrinkles shifts from the radial direction to the
direction of the ray 6 = 5

The second problem considered in [71], with respect to the initial
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buckling behavior of an elastic rectilinearly orthotropic plate, concerns
the effect on the buckling mode shapes of varying the shear modulus;
some of the results obtained in [71] are depicted in Figs. 4.61, 4.62,
and 4.63; in all these figures, the shear modulus ratio is 100, while the
aspect ratio a/b varies over 2,5, and 10. For each of those cases in
which the shear modulus G5 is much lower than Young’s moduli, the

plate buckles along the rays 8 = j:% because, along these directions, the

stiffness of the plate is a minimum and the compressive tangential and
radial stresses combine so as to buckle the annular plate.

The effect of nonuniform applied tractions on the buckled mode shape
of the rectilinearly orthotropic annular plate is depicted in Fig. 4.64
for the case in which a/b = 2.0, E3/FE; = 10.0, E;/G12 = 2.6, and
vo1 = 0.3. The applied loads in this case assume the form (4.79) and
the ratio p1/p2 goes from 0.0 to 0.8; it is easy to see from Fig. 4.64
that changes in the ratio p; /ps significantly influence the buckled mode
shapes, with increases in p; /p2 leading to wrinkles in the buckled mode
shape which shift from being centered around the z-axis, and oriented
in the y-direction, to being centered around the y-axis and oriented in
the y-direction. Note that at the ratio of p;/ps = 0.712 the wrinkles
are distributed around the entire circumference of the annular plate.
Because of the anisotropy of the plate, those wrinkles which are close
to the y-axis are relatively narrow, while those which are close to the
z-axis are relatively broad.

Figures 4.65 through 4.67 depict the results of calculations carried
out in [71] to determine the buckled mode shapes for a rectilinearly
orthotropic elastic annular plate with orthotropic in-plane properties and
isotropic bending properties; in all three cases shown, a/b = 2.0, vo; =
0.3, and the assumption of isotropic bending means that Dy/D; = 1.0.
In Fig. 4.65, the orthotropy is due to the large ratio Eo/E; = 10° of
Young’s moduli, and the plate is subjected to a uniform radial traction,
while the same conditions apply in the case depicted in Fig. 4.66 except
that the plate is subjected to a uniform radial displacement. In the case
shown in Fig. 4.67 we again employ a uniform radial traction but now
the orthotropic in-plane behavior is a consequence of the large shear
modulus ratio, i.e., E1/G12 = 100.0. As can easily be seen in Fig. 4.65

T
the largest buckle, in this case, occurs along the ray § = —; this may be

compared with the buckling that can be expected to occur around the
y-axis if the ratio of the bending properties were the same as the ratio of
the in-plane material properties. When a uniform radial displacement
is applied at the inner edge of the plate, at r = b, (Fig. 4.66) the largest
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m
buckle again appears near the ray § = —, with the wrinkle oriented

uniformly in the z-and y-directions because of the equality of the two
bending stiffnesses. Finally, in Fig. 4.67, we see that when the in-plane
orthotropy results from the large ratio of F1/G12 = 100, and the plate
is subjected to a uniform radial traction at r = b, the most pronounced

buckle still develops along the ray at 6 = T because the combination

of compressive radial and tangential stresses easily buckles the annular
plate in the vicinity of this direction.

Finally, the issue of the way in which the critical buckling loads vary
for the various cases studied has also been addressed in [71]. In Table 4.4,
we show the changes which occur in the predicted values of the buckling
loads as the ratio of Young’s moduli varies; the results clearly indicate
that the critical buckling load increases with increasing stiffness of the
annular plate in the y-direction, i.e., with E; (and, thus, D; fixed ),
that p; increases as F increases, and that the critical buckling load also
increases with increasing stiffness of the annular plate in the z-direction,
i.e., with Fs (and, thus, D, fixed), p; increases as E; increases. In Table
4.5, we record the effect on the critical buckling load of the annular
plate as the shear stiffness G1o decreases: when the overall stiffness (as
measured by E2/G12) increases, the critical buckling loads increase very
rapidly, while for E2 (and hence, Dy) are fixed, with the shear stiffness
(12 decreasing, the critical buckling load exhibits a slow decrease.

4.2 Plates which Exhibit Nonlinear Elastic,
Viscoelastic, or Elastic-Plastic Behavior

For neither finite, nor infinite annular plates does there appear to have
been any serious attempt in the literature to deal with either initial or
postbuckling behavior when the plate is constituted of a nonlinear elastic
or a viscoelastic material; this state of affairs is not surprising when one
considers the analogous situations for buckling of nonlinear elastic or vis-
coelastic circular plates. Certainly, the approach taken by Brilla [106],
[140] in modeling the buckling behavior of viscoelastic circular plates,
could be easily extended so as to consider both the initial and postbuck-
ling behavior of viscoelastic annular plates, while the Johnson-Urbanik
theory, that has been described in Chapter 1, should be susceptible to
being extended to cover the initial and postbuckling behavior of nonlin-
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ear elastic annular plates (once it has been extended from rectangular
to circular geometries).

The situation with regard to buckling of elastic-plastic annular plates
is somewhat better than that for viscoelastic or nonlinear elastic annular
plates, at least as far as initial buckling behavior goes; an important
work in this area is that of Yu and Johnson [179]. In [179] the authors
consider the problem of buckling of a finite elastic-plastic annular plate
of inner radius r = b and outer radius 7 = a when the plate is subjected
to a uniform radial tensile load along its inner edge.

To compute the elastic buckling load for this problem, it is assumed
in [179] that the deflected shape of the annular plate has the form

w(r,0) = c(r —b)(1 + cosnb) (4.82)
Using (4.82), one computes for the bending energy of the plate

. moraf ?w 10w 1 8%w\>
VB—/O /,,{iK(W*FE‘LﬁW)

Ow (10w 1 0%w
0 -gs (5 + )
1 8w 10w\’
TR =) <F 9ro0 ﬁ%) }’“drd@ (4.83)
s 2 1
= 2Kc2{[2+ (n®—1) ln;

+n?(1 — ) {(1 +7) (%2 e V) s 1)} }
= gKCQF(n,V)

where v = b/a and F(n,~) has the obvious definition which is implied
by (4.83). If the annular plate is subjected to a radial tensile stress
Orrl,—, = A along its inner edge, then the prebuckling elastic stress
distribution in the plate is given by

b2 a?
0 _

Ab? a®
0 _
%0 = "2 g2 (,,—2 + 1)

which is analogous to (but not identical with) the prebuckling stress
distribution in an isotropic elastic annular plate subjected to a uniform

(4.84)
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radial compressive force applied at the outer edge at r = a, i.e., (4.19
a,b). By virtue of (4.82) and (4.84) the work done by the membrane
forces in the plate is given by

. Lo, ow\” 0 10w)?
W = —5/0 A {Urrh (E) + 0'99h (;%) rdrd6‘
2

T b 1 1
— —h 2 - 2_b2 _ 2[ -
5 c PR {3 [2 (a ) a n’y}

+n? {(bz —a?) + (b* +a*) In i] }
S a0 ]
2 [(12 = 1) + (24 1)]}

(4.85)

ghc2 Aa?G(n, )

where G(n, ) has the obvious definition which is implied by (4.85). By
equating V§, as given by (4.83), with W¢, as given by (4.85), we obtain
the critical condition for buckling in the elastic domain of the annular
plate in the form

Aep 0 = (4.86)

or, as K — Eh?/12(1 — v?),
1 h\? F(n,~)

Aer=———|— ) == 4.87

o= (2) ety s

For v = 0.3, some numerical results for the problem delineated above are
b

depicted in Fig. 4.68, as well as in Fig. 4.69, where { =1— —=1—1.
a

When the annular plate has a large outer radius a, but is relatively

-b
thin, i.e. e is small, Yu and Johnson [179] note that initial buckling

a
will usually be governed by the elastic model described above but, for
a—b

~ 1, the stress distribution in the plate which is associated with

a
Aer, as given by (4.87), will usually cause yielding before buckling; in
this case

2a° 2

(07«7" - 099)|r:b = )\67«02 — 52 = )\CTl — ,72 =Y (4.88)
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or
1—72

2
where Y is the yield-stress associated with the elastic-plastic material
constituting the plate; plastic yield will first occur at the inner edge of
the plate at r = b. Equation (4.89) imposes a limitation with respect to
the applicability of (4.87) for determining the critical buckling load of
the elastic-plastic annular plate; using (4.87), in conjunction with (4.89),
this limitation can be expressed in the form

g F(”J’Y) . E 1
h \/G(nw) Y G- 12)(1-7?) (4.90)

Aer =Y

- %g(z — oy (4.89)

As an example of the utility of (4.90), Yu and Johnson [179] offer the
following example: with F/Y = 500, v = 0.3, and v = 0.6 computations
yield the result F(n,v)/G(n,v) = 59.1 so that (4.90) is equivalent to
a/h > 92.0; as a consequence, for £a/h > 36.8 elastic buckling of the
annular plate occurs, while for £a/h < 36.8 the tensile force given by
(4.87) will cause yield before elastic buckling occurs.

If initial elastic buckling does not occur, and the annular plate is
in a fully plastic stress state, as loading proceeds, the plastic stress
distribution in the plate will be given by

Orr — 099 — Y (491)
with
a
oq =Y In (—) >0

agng{ln(;D—l} <0

(4.92)

Assuming, once again, that the deflection has the form (4.82) one may
compute the work done by the membrane stresses to be

WP = ghYc%zH(n,'y) (4.93)
where
1 1\?
H(n,v) = (n* = 3)(1 —9® — 2¢*In =) — 2n%y? (ln —) (4.94)
Y v

For plastic buckling, the strain energy of bending takes the same form
as Vp in (4.83) but the bending rigidity K needs to be changed now to

K? = Eoh®/12(1 — 0.5%) = Egh®/9 (4.95)
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where the buckling modulus Ej is given by

AEE;
Eq = m (4.96)

with Fy; the tangent modulus of the elastic-plastic material constituting
the annular plate. Thus, for the strain energy of bending, we now have

VE = ngc2Fp(n,'y) (4.97)

with

FP(n,vy) = [2 + (n? — 1)2] In(1/7)

+n? (1 —7) [%(1 Fy)n2+1) —2(n? - 1) (4.98)

The critical condition for plastic buckling is now obtained by setting
VI, = WP which yields

Eo (h\? 9 H(n,
By (n\"_9 H(n,7) (4.99)
Y \a 4 Fr(n,~)
and implies that plastic buckling will occur when
Ey (h 3 | H(n,7)
=/ |- === 4.100
‘ Y ( )<2 Fr(n,y) (4.100)

Computational results of Yu and Johnson [179] for various values of n
are shown in Figs. 4.70 and 4.71 and a comparison with the analytical
and experimental results obtained earlier by Geckeler [180] and Senior
[181] is illustrated in Fig. 4.72.

4.3 Comparisons of Initial and Postbuckling
Behavior of Annular Plates

In this section, we examine the effects that varying the boundary sup-
port conditions, the material symmetry, and the constitutive response
have on the initial buckling and postbuckling behavior of thin annular
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plates; because of the relative lack of information regarding the non-
linear elastic, viscoelastic, and plastic behavior of annular plates, our
attention is focused on variations in boundary support and material
symmetry assumptions for linearly elastic plates.

We begin our discussion by looking at the problem of initial buckling
for isotropic linearly elastic annular plates and, in particular, at the case
of a finite annular plate of inner radius b and outer radius a > b, which is
subjected to uniform compression along both edges; the effect of varying
the boundary support conditions, in this situation, is depicted on the
graphs in Figs. 4.1 and 4.2 where vk is graphed against v = b/a, k=

2

Aer a?’ for the following cases:

i) The edges at r = a, r = b are both clamped.
il) The edge at r = a is clamped; the edge at r = b is simply supported.
iii) The edge at r = a is clamped; the edge at r = b is free.

iv) The edge at r = a is simply supported; the edge at r = b is clamped.

vi) The edge at r = a is simply supported; the edge at r = b is free.

(

(

(

(

(v) The edges at r = a,r = b are both simply supported.

(

(vil) The edge at r = a is free; the edge at r = b is clamped.
(

viii) The edge at r = a is free; the edge at r = b is simply supported.

For most of the cases delineated above, it is clear from Figs. 4.1 and 4.2
that the critical edge buckling stress A, increases as v = b/a increases,
i.e., as the hole size increases relative to the radius of the outer edge of
the plate; only in cases (vi) and (viii) is the opposite behavior observed,
i.e., when one edge is free, while the other edge is simply supported.
In most of the cases listed, it is noted that the plate buckles, initially,
into the axially symmetric mode; noted exceptions may be found in case
(i), both edges clamped, where the number of diametric nodes in the
initial buckling mode increases as v = b/a increases, case (ii) where the
plate first buckles with one diametric node but then buckles (initially)
into the axisymmetric mode with increasing relative hole size, cases (iv)
and (v) where a similar behavior is observed, and case (vii), in which
the outer edge is free, while the inner edge is clamped, and where the
plate first buckles into a mode with one diametric node, then two, as
~ is increased, then back to one, and finally into the axially symmetric
mode for sufficiently large . Figures 4.1 and 4.2 also indicate that, for
a fixed v, 0 < v < 1, the critical buckling load increases as the edges
are more severely restricted with respect to lateral movement, i.e., at
v =b/a = 0.4 we have vk = 10 when both edges are clamped, vk = 8
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when the edge at » = a is clamped but the edge at » = b is simply
supported, vk ~ 7.2 when the edge at r = a is simply supported while
the edge at r = b is clamped, vk ~ 5.4 when the edges at both r = a
and r = b are simply supported, vk ~ 3.4 when the edge at r = a is
clamped while the edge at r = b is free, and so forth.

The second basic situation associated with the initial buckling of an
isotropic annular plate is the one considered first by Mansfield [165],
i.e., the buckling of an infinite annular plate of hole size b, which is
supported by a member of sectional area ah/(1 + v) along the circle of
radius r = a, and which is subjected to either tension or compression
along the edge at » = b. If we refer to Figs. 4.4 and 4.5, we see that,
with compressive loading along the edge at r = b, the plate will always
buckle into the axially symmetric mode, while with tensile loading along
the edge at r = b the plate buckles initially into modes with several
diametric nodes. From Fig. 4.4, it is clear that (for all the combinations
of boundary support conditions indicated) increases in v = b/a (i.e.,
decreases in 1/v = a/b) lead to decreases in the normalized buckling
parameter k(1 —)2/~; however, as v = b/a increases, f(v) = (1—v)%/v

decreases; and, thus, it is difficult to gauge from Fig. 4.4 the effect on
2

the buckling parameter k = )\CT% of increasing the ratio b/a. What is
clear from Fig. 4.4 is that the critical buckling edge stress \., increases,
for any fixed v, 0 < v < 1, as one further restricts the joint lateral
movement of the plate along the edge at » = b and along the circle of
radius edge at r = a. In Fig. 4.5 we show some results associated with
applying an (inward) tensile stress along the edge at r = b ; for both the
case in which the plate is clamped at r = a and r = b, and the case in
which th2e plate is simply supported at r = a and r = b, the parameter
ku again decreases as v = b/a increases. Now, however, the
annuiyar plate buckles into modes possessing several diametrical nodes.
At any fixed value of v = a/b more diametrical nodes appear in the
initial buckling modes when the plate is clamped at both r = a and
r = b as opposed to the case where the plate is simply supported at
r =a and r = b ; in both cases, the number of diametrical nodes in an
initial buckling mode increases as the aspect ratio v = a/b of the plate
increases. By comparing Figs. 4.4 and 4.5 it is easy to see that, for any
given aspect ratio -y, the critical buckling loads for the case when the
annular plate is subjected to a tensile load along the edge at r = b are
much higher than the critical buckling loads which are indicated for the
case in which the plate is subjected to a compressive loading along the
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edge at r = b; this is true both for the clamped boundary conditions at
r = a, r = b and for the simply supported boundary conditions at r = a
and r = b. For both types of loading along the edge at r = b, and any
fixed «, the clamped boundary conditions at r = a and r = b lead to
higher values of A.. than the simply supported boundary conditions at
r=aand r =b.

The last major subcase associated with the initial buckling of an
isotropic linearly elastic annular plate is the one in which the plate is
subjected to a uniform radial compressive loading only along the edge
at r = a, with the outer edge clamped and the edge of the hole at
r = b free; this is the case first considered by Majumdar [166] and, later,
by Troger and Steindl [66] and Machinek and Troger [167]. The initial
buckling curves are depicted in Fig. 4.7, which is (roughly) equivalent
to Fig. 4.10. Because results appear to exist in the literature for only
one set of boundary support conditions, we note only that as the aspect
ratio v = b/a is increased, the critical buckling edge stress A, increases
and the number of diametrical nodes in the initial buckling mode also
increases. Up to an aspect ratio of approximate 0.5, the buckling mode
is axially symmetric.

Figures 4.12 through 4.17 provide the basis for making a comparative
study of the initial buckling behavior of cylindrically orthotropic annular
elastic plates as one varies the material symmetry assumptions (i.e., the
degree of orthotropy) as well as the boundary support conditions. If we
recall that 3 = Fy/FE,, then the case of an isotropic elastic annular plate
corresponds to # = 1.0 so that the magnitude of § gauges the deviation
from isotropy. In Figs. 4.12 through 4.17 the buckling parameter

= —Aerha?/D,,
D, = E.h3/12(1 — v,vp)

is graphed against the plate aspect ratio b/a for various combinations of
boundary support conditions along the edges of the plate at » = a and
r = b ; the plate is assumed to be subjected to an in-plane compressive
loading along one or both edges. For all the combinations of boundary
support conditions considered, it is easy to see that for any fixed value of
~v = b/a, the critical buckling edge stress A, increases as the degree, 3,
of orthotropy increases. For the first three cases considered (both edges
clamped and loaded, both edges simply supported and loaded, outer edge
fixed and loaded and inner edge free), A, increases monotonically with
~v = b/a for any degree of orthotropy 8. For the fourth and sixth case
(outer edge simply supported and loaded, inner edge free and outer edge

© 2001by Chapmar& Hall/CRC



simply supported, inner edge free, with both edges loaded) A., decreases
monotonically with increasing v = b/a for any degree of orthotropy.
Finally, in the fifth case depicted, where the outer edge is fixed, the
inner edge is free, and both edges are loaded, it is only in the isotropic
case that A increases monotonically with v = b/a; in all the cases
(6 > 1.0), A first decreases and then increases as v = b/a increases
with the initial rate of decrease of A\ higher the larger the degree, 3, of
orthotropy. If one fixes any particular value of 8 in Figs. 4.12 through
4.17 and looks at the values of y (i.e. A-) for a given value of the aspect
ratio, then it is easy to isolate the effect that varying the boundary
support conditions along the edges at = a, r = b has on the initial
buckling of the elastic annular plate; for example, with 6 = 5.0 and
~ = 0.6 the (approximate) values of u are

1. p =200 (both edges clamped and loaded)

2. =~ 75 (both edges simply supported and loaded)

3. =~ 50 (outer edge clamped and loaded, inner edge free)

4. p~15 (outer edge simply supported and loaded, inner edge free)
5. u~ 25 (outer edge clamped, inner edge free, both edges loaded)

6. p ~ 8 (outer edge simply supported, inner edge free, both edges
loaded)

so that we once again see the trend toward higher (initial) buckling loads
as the (joint) degree of lateral movement allowed at the edges of the plate
is increasingly restricted.

Because of the noted mismatch between the circular geometry of an-
nular elastic plates and the other deviation from isotropic material sym-
metry we have discussed, namely, rectilinear orthotropy, it is not pos-
sible to directly mesh this latter variation from isotropic response into
the comparative study delineated above; this is due, analytically, to our
inability to compare, in a simple way, the measure 3 = E,/E; of devia-
tion from isotropy in the rectilinearly orthotropic case with the measure
B = E,./Ey of deviation from isotropy in the cylindrically orthotropic
case. Also, for an elastic (circular) annular plate exhibiting rectilinear
orthotropic material symmetry, the available data base, even for the
problem of initial buckling, appears to be limited to the results in [71]
; these results, in turn, are limited to the type of loading and support
conditions first studied for isotropic material response by Mansfield [165]
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and are, in essence, delineated in Tables 4.4 and 4.5 (critical loads versus
the ratios of Young’s moduli and shear moduli) as well as in Figures 4.55
through 4.67 (variations in buckled mode shapes).

We now want to look at the effect of varying the nature of the mate-
rial symmetry assumption (i.e. degree of orthotropy ) and the type of
boundary support conditions imposed along the edges, on the postbuck-
ling behavior of elastic annular plates. Because there appear to be no
results available for (circular) elastic annular plates with rectilinear or-
thotropic material symmetry, our discussion will be confined to those
postbuckling results which are available for cylindrically orthotropic
plates; all such results appear to be restricted to axially symmetric de-
formations of the plate. In [70] the outer edge at r = a is clamped and
subjected to a uniform, in-plane, compressive loading, while the inner
edge at r = b is free; from Fig. 4.23 it is easily seen that with A = A\/\.;.,
(the normalized postbuckling load), the maximum deflection not only in-
creases with A for each fixed 8 = E,/Ep and fixed value of v = b/a,
but for each fixed value of the aspect ratio v = b/a and each fixed
postbuckling load A > A, the maximum deflection Wy, increases as
the variance from isotropy increases. The very best comparative results
which are available in connection with the postbuckling behavior of elas-
tic annular plates may be those which follow from the work of Huang
[175]; in this case, the inner edge at r = b is free, the outer edge at r = a
is subjected to a uniform radial compressive loading, and that edge may
be either clamped or simply supported. Thus, in this case, it is possible
to gauge the effect on the postbuckling behavior of the plate of varying
both the boundary support conditions and the degree of deviation from
isotropic material response. Taking the measure of plate deflection to be
|w(y)/h|, v =b/a = 0.4, Table 4.1 shows the effect on the postbuckling
deflection of varying the postbuckling load A > A, for the case of a
simply supported edge at r = a, for § = 1, 3, 5, and 10, and for the
case of a clamped edge at r = a for § = 5. For 8 = E./Ey = 5, we
see that achieving particular values of |w(y)/h| in the case where the
edge at r = a is clamped requires a postbuckling load about three times
larger than that which is needed to produce the same deflection when
the edge at r = a is simply supported. Also, in addition to the obvious
conclusion that for both types of boundary support conditions at r = a,
and any fixed £, most buckling deflections increase monotonically with
increasing A > A, we also note (at least for the case in which the outer
edge of the plate at r = a is simply supported) that achieving any par-
ticular value of |w(7y)/h| requires an increasing postbuckling edge stress
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A > A, as the degree, (3, of orthotropy increases. For 8 = 5.0, Fig.
4.26 depicts the effect of varying the boundary support conditions at
r = a on the postbuckling behavior; a considerably higher postbuckling
load is needed to obtain a given postbuckling deflection for the case of a
clamped edge as opposed to a simply supported edge. In Fig. 4.27, the
normalized postbuckling loads A/, are graphed against |w(y)/h| for
both types of boundary support condition at = a and the same varia-
tions in § as depicted in Table 4.1; here we note that for a fixed value
of |w(v)/h|, in the simply supported case, higher values of 3 correspond
to lower values of the normalized load A/A... Finally, for 8 = 5.0, Fig.
4.32 displays the postbuckled (axially symmetric) displacement shapes
for the two types of boundary support conditions along the outer edge
at 7 = a and variations in the postbuckling loads A/\., (which are indi-
cated on these graphs as variations in the postbuckling deflections w(7));
other comparative results concerning the postbuckling behavior of cylin-
drically orthotropic (circular) annular plates may be read directly off the
graphs in Figs. 4.28 through 4.31, which depict, for 8 = 5.0 and v = 0.4,
in both the clamped and simply supported cases at r = a, the distribu-
tions of radial bending stresses, circumferential bending stresses, radial
membrane stresses, and circumferential membrane stresses and their re-
spective variations with the postbuckling edge stress A > A, (as gauged
by variations in § = w(y)/h).

As we have already noted, very little (if any) serious work appears
to have been done on the initial or postbuckling behavior of nonlinear
elastic, viscoelastic, or elastic-plastic annular plates; a good treatment
within the domain of elastic-plastic response is that of Yu and John-
son [179], but this work treats only initial buckling and does not allow
for a comparative study based on either variations in loading condi-
tions/boundary support conditions at = a and r = b, or on variations
in the degree of deviation from isotropic material symmetry response
within the elastic domain of the plate. Variations in both initial and
postbuckling response for (circular) annular plates, as a consequence of
variations in constitutive response, may constitute a good area for future
research efforts. For additional work on the buckling and postbuckling
behavior of (circular) annular plates, one may consult [182]-[190]; none
of these references concern buckling in the presence of imperfections,
which will be dealt with in the next chapter.
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4.4 Initial Buckling/Postbuckling Figures, Graphs,
and
Tables: Annular Plates

Table 4.1 Postbuckling Loads of an Orthotropic Annular
Plate [174] (Reprinted from the Int. J. Nonlinear Mech., 10,
Huang, C.L., On postbuckling of orthotropic annular plates,
63-74, 1974, with permission from Elsevier Science)

‘w;’y)‘ A (Free-hinged) A (Free-Clamped)

=11 =3 p=5 pB=10 8=5
0.0 2.740 8.847 14.725  28.509 47.900
0.3 2.845 9.129 15.144 29.239 48.988
0.6 3.158 9.967 16.392 31.434 52.198
0.9 3.674 11.334 18.441 35.056 57.392
1.2 4.383 13.199 21.259 40.133 64.391
1.5 5.274  15.531 24.821 46.666 73.022
1.8 6.334 18.306 29.115 54.683 83.154
2.1 7.553  21.509 34.142 64.230 94.705
2.4 8.918  25.135 39.917 75.365 107.640
2.7 10.422  29.188 46.461 88.153 121.956

T When 8 = 1, the material of the annulus is isotropic.
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Table 4.2 Convergence of the Eigenvalue for Increasing Mesh
Size. (Based on [71])

Isotropic Plate: a/b = 2.0 : (p;b?/K)cpact = 224.136
mxXn pib* /K percent error

5X5b 249.01 11.1

10 x 10 207.80 -7.3

20 x 20 218.41 —5.7

30 x 30 221.386 —-1.2
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Table 4.3 Convergence of the Eigenvalue for Increasing Mesh
Size. (Based on [71])

Isotropic plate: a/b = 30. : (p;b?/K)ezact = 11.26
mxXmn pib* /K percent error
5X5b 8.92 20.8
10 x 10 8.50 24.5
20 x 20 9.35 16.9
30 x 30 9.94 11.7
50 x 10 10.54 6.4
60 x 10 10.70 5.0
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Table 4.4 Comparison of Critical Loads Versus Ratio of
Young’s Moduli. (Based on [71])

EQ/Glg = 267 V19 = 03,"77/ =n =20
E,/Eq pib* /Dy pib* /D
1.0 218.4 218.4
2.0 273.8 136.9
5.0 363.3 72.7
10.0 455.6 45.6
100.0 1043.8 10.4
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Table 4.5 Comparison of Critical Loads Versus Shear Moduli.
(Based on [71])

Eg/El = 1.0,1/12 = 03,m =n=20
E, /G pib*/D¢ pib*/ D
2.6 624.0 218.4
5 1070.3 194.8
10.0 1829.7 166.5
100.0 13692. 124.6
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FIGURE 4.1

Buckling of annular plates. (Adopted, in modified form, from
[162].)
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Buckling of annular plates. (Adopted, in modified form, from
[162].)
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FIGURE 4.3

Annular plate stiffened along outer edge [165]. (From Mans-
field, E.H., “On the Buckling of an Annular Plate,” Quart. J.
Mech. Appl. Math. XIII, 16, 1960. Reprinted by permission
of Oxford University Press.)
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Buckling of annular plate with stiffener along outer edge [165].
(From Mansfield, E.H., “On the Buckling of an Annular Plate,”

Quart. J. Mech. Appl. Math. XIII, 16, 1960. Reprinted by
permission of Oxford University Press.)
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FIGURE 4.5

Buckling of annular plates under inward tensile stress [165].
(From Mansfield, E.H., “On the Buckling of an Annular Plate”,
Quart. J. Mech. Appl. Math. XIII, 16, 1960. Reprinted by
permission of Oxford University Press.)
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FIGURE 4.6
Comparison between exact and approximate buckling loads.
(Adopted, in modified form, from [166].)
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FIGURE 4.7
Buckling load for various wave numbers. (Adopted, in modified
form, from [166].)
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FIGURE 4.8

Eigenvalue curves showing for n = 0 the influence of m on the critical
load N. The physically relevant value is m = 1. (Machinek, A. and
Troger, H., “Postbuckling of Elastic Annular Plates,” Dynamics and
Stability of Systems, 3, 1988, 79-88. With permission of the Taylor
& Francis Group plc.)
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FIGURE 4.9

Eigenfunctions for b = 0.3; the physically relevant eigenfunction is gg;.
(Machinek, A. and Troger, H., “Postbuckling of Elastic Annular Plates,”
Dynamics and Stability of Systems, 3, 1988, 79—88. With permission
of the Taylor & Francis Group plc.)
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FIGURE 4.10

Stability boundary in parameter space (N,b) for m = 1 and n =
0,1,...,10. (Machinek, A. and Troger, H., ‘“Postbuckling of Elastic An-
nular Plates,” Dynamics and Stability of Systems, 3, 1988, 79-88.
With permission of the Taylor & Francis Group plc.)
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FIGURE 4.11

Axonometrical representation of the deflection surface of the annular
plate for m = 1 and n = 0, 1, 2. (Machinek, A. and Troger, H., “Post-
buckling of Elastic Annular Plates,” Dynamics and Stability of Sys-
tems, 3, 1988, 79-88. With permission of the Taylor & Francis Group

plc.)
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FIGURE 4.12
Critical buckling loads: buckling parameter u = —A..ha?/D,

versus b/a, both edges fixed and loaded. (Adopted, in modified
form, from [169].)
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FIGURE 4.13
Critical buckling loads: buckling parameter u = —MAha?/D,

versus b/a with edges simply supported and loaded. (Adopted,
in modified form, from [169].)
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Critical buckling loads: buckling parameter p = —Aha?/D,

versus b/a, outer

edge fixed and loaded, inner edge free.

(Adopted, in modified form, from [169].)
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FIGURE 4.15

Critical buckling loads: buckling parameter © = —Aha?/D,
versus b/a, outer edge simply supported and loaded, inner edge
free. (Adopted, in modified form, from [169].)

© 2001by Chapmar& Hall/lCRC



30

¥
200 !‘
£\
u 300
100
100}

< YAMAKI [162]

& WOIHOWSKY-KRIEGER [150)
O MOSSAKOWSKI [151]
]

PANADALAT AND PATEL [153)

“ 1 i 1 L J
0.2 0 02 04 06 08 10

bja

FIGURE 4.16

Critical buckling loads: buckling parameter u = —Aha?/D,

versus b/a, outer edge fixed, inner edge free; both edges loaded.
(Adopted, in modified form, from [169].)
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FIGURE 4.17
Critical buckling loads: buckling parameter y = —Aha?/D,

versus b/a, outer edge simply supported, inner edge free, both
edges loaded. (Adopted, in modified form, from [169].)
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FIGURE 4.18

Nondimensional deflection (w) versus nondimensional radius
(p) [70]. (From Uthgenannt, E. and Brand, R., J. Appl. Mech.,
40, 559, 1973. With permission.)
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FIGURE 4.19

Nondimensional membrane radial stress (S) versus nondimen-
sional radius (p) [70]. (From Uthgenannt, E. and Brand, R.,
J. Appl. Mech., 40, 559, 1973. With permission.)
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FIGURE 4.20

Nondimensional membrane tangential stress (S)}?) versus
nondimensional radius (p) [70]. (From Uthgenannt E. and
Brand, R., J. Appl. Mech., 40, 559, 1973. With permission.)
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FIGURE 4.21

Nondimensional bending radial stress (SE) versus nondimen-
sional radius (p)[70]. (From Uthgenannt, E. and Brand, R., J.
Appl. Mech., 40, 559, 1973. With permission.)
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FIGURE 4.22

Nondimensional bending tangential stress (S2) versus nondi-
mensional radius (p) [70]. (From Uthgenannt E. and Brand,
R., J. Appl. Mech., 40, 559, 1973. With permission.)
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FIGURE 4.23

Nondimensional maximum deflection (w) versus Annular plate
parameter (b/a) [70]. (From Uthgenannt, E. and Brand, R.,
J. Appl. Mech., 40, 559, 1973. With permission.)
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FIGURE 4.24

Nondimensional maximum membrane tangential stress (S37)
versus annular plate parameter (b/a) [70]. (From Uthgenannt
E. and Brand, R., J. Appl. Mech., 40, 559, 1973. With per-
mission.)
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FIGURE 4.25

Nondimensional maximum bending radial stress (S5) versus
annular plate parameter (b/a) [70]. (From Uthgenannt E. and
Brand, R., J. Appl. Mech., 40, 559, 1973. With permission.)
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FIGURE 4.26

Postbuckling loads and transverse displacement parameter for
an orthotropic annulus [174]. (Reprinted from the Int. J.
Nonlinear Mech., 10, Huang, C.L., On Postbuckling of Or-
thotropic Annular Plates, 63-74, 1974, with permission from
Elsevier Science)

© 2001by Chapmar& Hall/CRC



4.0
v=1/3 g=30
=04 B =50
3 = 10.0
___ _ _ Free-clamped
sol ~ annulus
Free-hinged —
,.P annulus .IB =
- &
= ’
,I
£
£
2.0 s
rd
&
Fd
e
-
HI
= -~
Lo Gl ! J
e] 10 20 LR
hae(y) /A

FIGURE 4.27

Ratio of postbuckling load to linear buckling load and trans-
verse displacement parameter [174]. (Reprinted from the Int.
J. Nonlinear Mech., 10, Huang, C.L., On Postbuckling of Or-
thotropic Annular Plates, 63-74, 1974, with permission from
Elsevier Science)
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FIGURE 4.28

The distribution of radial bending stresses [174]. (Reprinted
from the Int. J. Nonlinear Mech., 10, Huang, C.L., On Post-
buckling of Orthotropic Annular Plates, 63-74, 1974, with per-
mission from Elsevier Science)
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FIGURE 4.29

The distribution of circumferential bending stresses [174].
(Reprinted from the Int. J. Nonlinear Mech., 10, Huang, C.L.,
On Postbuckling of Orthotropic Annular Plates, 63-74, 1974,
with permission from Elsevier Science)
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FIGURE 4.30

The distribution of radial membrane stresses [174]. (Reprinted
from the Int. J. Nonlinear Mech., 10, Huang, C.L., On Post-
buckling of Orthotropic Annular Plates, 63-74, 1974, with per-
mission from Elsevier Science)
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FIGURE 4.31
The distribution of circumferential membrane stresses [174].

(Reprinted from the Int. J. Nonlinear Mech., 10, Huang, C.L.,
On Postbuckling of Orthotropic Annular Plates, 63-74, 1974,
with permission from Elsevier Science)
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Transverse displacement shape of the buckled annular plate
[174]. (Reprinted from the Int. J. Nonlinear Mech., 10,
Huang, C.L., On Postbuckling of Orthotropic Annular Plates,
63-74, 1974, with permission from Elsevier Science)
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FIGURE 4.33
Deflection response for a uniformly distributed load [173].
(Reprinted from the Int. J. Nonlinear Mech., 19, Dumir, P.C.,
Nath, Y., and M. Gandhi, Non-Linear Axisymmetric Static
Analysis of Orthotropic Thin Annular Plates, 255-272, 1984,
with permission from Elsevier Science)
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FIGURE 4.34

Deflection response for a plugged hole under a uniformly dis-
tributed load [173]. (Reprinted from the Int. J. Nonlinear
Mech., 19, Dumir, P.C., Nath, Y., and M. Gandhi, Non-Linear
Axisymmetric Static Analysis of Orthotropic Thin Annular
Plates, 255-272, 1984, with permission from Elsevier Science)
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FIGURE 4.35

Branches of the bifurcated solutions for an annular plate b < b,
(a) no imperfections present (vo = 71 = 0); (b) 0 < 1 <
0.36, 7o = 0, smooth transition from x; mode to xy mode; (c)
0.36 < 71 < 0.51, 49 = 0, jump transition from x; Mode to xq
mode: (d) transition point v; = 0.51 and (e) 71 > 0.51, v0 = O,
plate stays in x; mode [66].

© 2001by Chapmar& Hall/CRC



RIGID SUPPORT

" (W] Q::}}:ﬁ:::}é::::::r

| ———T . s
M~
—-Eb>-l INFINITE ANNULAR PLATE
a e,
T
FIGURE 4.36

Sectional view of one quadrant of a partially restrained infinite
annular plate. (Original figure from the second author’s Ph.d.
Thesis [71].)
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FIGURE 4.37

Radial normal stress distribution in an annular plate with or-
thotropy due to variation in Young’s Moduli. (Original figure
from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.38
Tangential normal stress distribution in an annular plate with

orthotropy due to variation in Young’s moduli. (Original figure
from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.39

Polar shear stress distribution in an annular plate with or-
thotropy due to variation in Young’s moduli. (Original figure
from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.40
Effect of the ratio of Young’s moduli on the tangential normal

stress distribution at § = 0. (Original figure from the second
author’s Ph.d. Thesis [71].)
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FIGURE 4.41
Effect of the ratio of Young’s moduli on the tangential normal

stress distribution at & = /2. (Original figure from the second
author’s Ph.d. Thesis [71].)
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FIGURE 4.42
Effect of the ratio of Young’s moduli on the tangential stress

distribution along the inner edge of the annular plate. (Origi-
nal figure from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.43
Effect of the ratio of Young’s moduli on the y component of the

stress distribution at = b. (Original figure from the second
author’s Ph.d. Thesis [71].)

© 2001by Chapmar& Hall/CRC



N (r,8)/p.

E)/E, =1.0
E\ /G2 =100
vy =03

FIGURE 4.44

Radial normal stress distribution in an annular plate with or-
thotropy due to variation in the shear modulus ratio. (Original
figure from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.45

Tangential normal stress distribution in an annular plate with
orthotropy due to variation in the shear modulus ratio. (Orig-
inal figure from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.46

Polar shear stress ddstribution in an annular plate with or-
thotropy due to variation in the shear modulus ratio. (Original
figure from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.47
Effect of shear modulus ratio on the radial normal stress distri-

bution at § = 7w /4. (Original figure from the second author’s
Ph.d. Thesis [71].)
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FIGURE 4.48

Relative displacement shape of an annular plate with low shear
modulus subjected to uniform load (b < r < 2b). (Original
figure from the second author’s Ph.d. Thesis [71].
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FIGURE 4.49

Ratio of Young’s moduli versus ratio of traction parameters
yielding uniform radial displacement. (Original figure from
the second author’s Ph.d. Thesis [71].)
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FIGURE 4.50

Tangential normal Stress distribution in an orthotropic annular
plate with the applied traction acting in direction of maximum
stiﬂEneTs). (Original figure from the second author’s Ph.d. The-
sis [71].
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FIGURE 4.51
Radial normal stress distribution in an orthotropic annular
plate with the applied traction acting in the direction of maxi-

mum stiffness. (Original figure from the second author’s Ph.d.
Thesis [71].)
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FIGURE 4.52

Polar shear stress distribution in an orthotropic annular plate
with the applied traction acting in the direction of maximum
stiﬂEne]ss). (Original figure from the second author’s Ph.d. The-
sis [71].
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FIGURE 4.53

Effect of variation in the ratio of traction parameters on the
tangential normal stress distribution along the inner edge of
the annular plate. (Original figure from the second author’s
Ph.d. Thesis [71].)
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FIGURE 4.54

Convergence of the finite-difference solution of buckled mode
shape in the radial direction for a plate aspect ratio of 2. (Orig-
inal figure from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.55

Buckled mode shape for an isotropic plate with plate aspect
ratio of 2. (Original figure from the second author’s Ph.d.
Thesis [71].)
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FIGURE 4.56

Buckled mode shape for an orthotropic plate with ratio of
Young’s moduli equal to 100 and a plate aspect ratio of 2.
(Original figure from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.57

Buckled mode shape for an isotropic plate with a plate aspect
ratio of 10. (Original figure from the second author’s Ph.d.
Thesis [71].)
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FIGURE 4.58
Buckled mode shape for an orthotropic plate with ratio of

Young’s moduli equal to 10 and a plate aspect ratio of 10.
(Original figure from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.59

Buckled mode shape for an orthotropic plate with ratio of
Young’s moduli equal to 100 and a plate aspect ratio of 101.
(Original figure from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.60

Buckled mode shape for an orthotropic plate with ratio of
Young’s moduli equal to 10 and a plate sspect ratio of 5 (sym-
metric about x axis and antisymmetric about y axis ). (Origi-
nal figure from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.61
Buckled mode shape for an orthotropic plate with a shear mod-

ulus ratio of 100 and a plate aspect ratio of 2. (Original figure
from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.62

Buckled mode shape for an orthotropic plate with a shear mod-
ulus ratio of 100 and a plate aspect ratio of 10. (Original figure
from the second author’s Ph.d. Thesis [71].)
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FIGURE 4.63

Buckled mode shape for an orthotropic plate with a shear mod-
ulus ratio of 100 and a plate aspect ratio of five (antisymmetric
about the = and y axes). (Original figure from the second au-
thor’s Ph.d. Thesis [71].)
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FIGURE 4.64
Effect of nonuniform applied tractions on the buckled mode
shape. (Original figure from the second author’s Ph.d. Thesis

[71].)
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FIGURE 4.65

Buckled mode shape for a plate with orthotropic in-plane prop-
erties and isotropic bending properties and subjected to a uni-
form radial traction. Orthotropy due to ratio of Young’s mod-
Fli.] )(Original figure from the second author’s Ph.d. Thesis
71].¢
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FIGURE 4.66

Buckled mode shape for a plate with orthotropic in-plane prop-
erties and isotropic bending properties and subected to a uni-
form radial displacement. Orthotropy due to ratio of Young’s

moduli. (Original figure from the second author’s Ph.d. Thesis
[71].)
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FIGURE 4.67

Buckled mode shape for a plate with orthotropic in-plane prop-
erties and isotropic bending properties and subjected to a uni-
form radial traction. Orthotropy due to the shear modulus
fat]io). (Original figure from the second author’s Ph.d. Thesis
71].
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FIGURE 4.68

The Critical load for the elastic buckling of a flange [179].
(Reprinted from Int. J. Mech. Sci., 24, Yu, T.X. and John-
son, W., The Buckling of Annular Plates in Relation to the
Deep-Drawing Process, 175-188, 1972, with permission from
Elsevier Science)
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FIGURE 4.69

The number of waves for the elastic buckling of a flange [179].
(Reprinted from Int. J. Mech. Sci., 24, Yu, T.X. and Johnson,
W., The Buckling of Annular Plates in Relation to the Deep-

Drawing Process, 175-188, 1972, with permission from Elsevier
Science)
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FIGURE 4.70

The critical condition for the plastic buckling of a flange when
n < 11 [179]. (Reprinted from Int. J. Mech. Sci., 24, Yu, T.X.
and Johnson, W., The Buckling of Annular Plates in Relation

to the Deep-Drawing Process, 175-188, 1972, with permission
from Elsevier Science)
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FIGURE 4.71

The critical condition for the plastic buckling of a flange when
n > 10 [179]. (Reprinted from Int. J. Mech. Sci., 24, Yu, T.X.
and Johnson, W., The Buckling of Annular Plates in Relation
to the Deep-Drawing Process, 175-188, 1972, with permission
from Elsevier Science)
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2 x EXPERIMENTAL RESULTS

FIGURE 4.72

The number of waves for the plastic buckling of a flange [179].
(Reprinted from Int. J. Mech. Sci., 24, Yu, T.X. and Johnson,
W., The Buckling of Annular Plates in Relation to the Deep-

Drawing Process, 175-188, 1972, with permission from Elsevier
Science)
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CHAPTER 5

Postbuckling Behavior of Imperfect Plates
and Secondary Plate Buckling

In this chapter we examine, briefly, the issue of imperfection sensitiv-
ity for rectangular, circular, and annular plates exhibiting both elastic
and elastic-plastic response; although our discussion of behavior within
the elastic regime is limited to linear elastic constitutive response we do
consider both isotropic and orthotropic material symmetry. The chap-
ter also includes a limited discussion of some of the work in the research
literature on the phenomena of secondary bifurcation for thin plates; in
this case, our considerations are confined to an examination of branch-
ing off of the primary postbuckling curve for isotropic, linearly elastic,
rectangular and circular plates.

5.1 Imperfection Sensitivity

Imperfection buckling of thin plates occurs when the plate is either
subjected to a small transverse loading in addition to compressive, ten-
sile, or shear forces along its edge(s), or possesses an initial deviation
from the flat, unbuckled state. Indeed, when nonlinear bifurcation re-
sults are at variance with observations it is frequently due to small devi-
ations from the ideal configuration assumed in the nonlinear theory, i.e.,
the unloaded plate may not be exactly plane or the assumption of no lat-
eral load normal to the face of the plate may be invalid because, e.g., of
the gravitational force on a horizontal plate. The mathematical branch
of buckling theory which includes such initial imperfections is usually
called perturbed bifurcation theory and many general expositions may
be found in the literature (i.e., Keener and Keller [191]). The first gen-
eral rigorous nonlinear theory of postbuckling behavior which is directly
applicable to the behavior of structures, and which takes into account
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the case of small finite initial deflections from the fundamental (or un-
loaded) state appears to be the work of Koiter [3]; here it is made clear
that the primary effect of initial imperfections is that the fundamental
state of the idealized perfect structure does not represent a configuration
of equilibrium of the actual imperfect structure. As a direct consequence
of the presence of imperfections, the experimental values for the criti-
cal buckling load of a structure (e.g., a thin plate) may be considerably
smaller than the theoretical values for the idealized model. Prior to
looking at some of the specific results which are available for imperfec-
tion buckling of rectangular, circular, and annular plates exhibiting both
elastic and elastic-plastic response, we will illustrate the phenomena of
imperfection buckling by looking at a simple model problem which has
been employed by both Koiter [3] and Budiansky [16].

5.1.1 An Example of Imperfection Bifurcation

We consider the simple model depicted in Fig. 5.1, in which a rigid
(vertical) rod of length L is fixed with respect to translation at its base
and is elastically constrained against rotation through an angle £ by a
spring which supplies a restoring moment f(); if we assume the presence
of the vertical load A as indicated in Fig. 5.1, then the condition implying
static equilibrium is

ALsin€ = f(€) (5.1)
If we take f(&) in the form

F(&) = K1§ + K8 4+ K36® + -+ (K1 > 0) (5.2)

then, for all A\, we always have the fundamental solution £ = 0; however,
we have, in addition, “buckled” states which correspond to those values
of £ # 0 which satisty (5.1), i.e.,

A= f(§)/Lsing (5-3)

If we assume small angular deviations £, so that siné ~ &, then (5.2)
and (5.3) combine so as to yield

1
)\:Z(K1+K2§+K3§2+-~-)

(5.4)
= Ae + A€+ A& - -
with K % ®
_ My 2 23
Ac - L a)\l L 5 AQ L (55)
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so that
A/ = Ko/ K, (5.6)

The solutions of (5.3) lie on an equilibrium path in the A — ¢ plane (see
Fig. 5.2 ) which is connected to the fundamental path £ = 0 at the
critical load A.; for sufficiently small values of £ (in fact, for [¢] < =)
these buckled states lie on the path given by (5.4). We note that, for
A1 # 0, the bifurcation which occurs is asymmetric, while symmetric
bifurcations occur for Ay = 0, Ag # 0.

Now, suppose that in its unloaded state the rod suffers some initial
deviation £ from the perfectly vertical position and let ¢ be the additional
rotation produced by the load A (see Fig. 5.3); then equilibrium states
are now defined by the solutions of

A= f(&)/Lsin (£+€) (5.7)

and these solution paths in the A\ — £ plane are depicted in Figs. 5.4a
and 5.4b for both positive and negative values of the initial deviation
&: the intersecting equilibrium paths for the perfect structure (é = 0),
which are shown as dotted curves, have been deformed into disjointed
branches by the presence of the initial imperfection ¢ # 0 and, with
respect to a loading that increases from A = 0, those branches that do
not pass through the origin have become irrelevant. For various values
of £, the significant branches which do contain the origin make up the
two families of curves depicted in Figs. 5.5a and 5.5b; in these graphs,
as }5 ‘ converges to zero, the members of each family approach different
pairs of branches of the equilibrium paths which are associated with the
perfect structure. We note that, irrespective of the sign of £, paths from
the origin in the A — ¢ plane never approach the fundamental path above
A=A

With a sufficiently small positive value of ¢ the corresponding equi-
librium path (Fig. 5.5a) possesses a local maximum with respect to
the load at the point (&5, As), with A; < A, and with the rotation &,
depending on €. Now, suppose that the actual loading is increased be-
yond the load Ag; for A > A static equilibrium becomes impossible at
values of £ in a neighborhood of &;: a dynamic process must ensue,
and the final static configuration (if one exists) cannot be arbitrarily
close to & no matter how slightly \s is exceeded. In accord with this
observation, A4 is designated as the buckling load of the imperfect struc-
ture; this kind of buckling, which is associated with a local maximum
on a static equilibrium path in the A — £ plane, and an expected jump
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to a non-neighboring equilibrium configuration when the local maxi-
mum is exceeded, is known as snap-buckling (or, sometimes, limit-point
buckling). On the other hand, the graph depicted in Fig. 5.5b for the
case & < 0, suggests a somewhat less drastic behavior: for loads in a
neighborhood of ., significant increases occur in the rate of the growth
of rotation with load; however, \. still warrants being designated the
buckling load of the structure and the buckling cannot, in any case, be
compared with the shape and possible catastrophic snap buckling which
occurs at A = Ay, when & > 0.

While Figs. 5.5a and 5.5b depict the situation at hand when A\; /A, =
K;/K, < 0, other combinations of the parameters in (5.2) are also of
interest. For A\; > 0, small values of £ < 0 may lead to snap-buckling
(i.e., Fig. 5.6a), while for A\; = 0, where we have a symmetric bifurca-
tion for the perfect structure, snap-buckling may be induced by initial
rotations with either € > 0 or £ < 0 if Ay < 0 (i.e. Fig. 5.6b); the
case Ay > 0 yields only mild buckling (i.e. Fig. 5.6¢c). It is, therefore,
the postbuckling behavior of the perfect structure, with & = 0, and,
in particular, the issue of whether the load increases or decreases after
initial buckling, which determines what kind of buckling behavior one
may expect for the imperfect structure with & # 0. We now turn to a
discussion of imperfection sensitivity for the simple structure pictured
in Fig. 5.3.

When snap-buckling occurs, the magnitude of A, (see Fig. 5.5a) may
be well below that of A.. If we maximize A(§) in (5.7), with respect to
&, then we find that (VM (&) =0 and (&) = As)

AsLcos(&s +€) = f'(&s) (5.8)

which, in conjunction with (5.2), and the definitions of A., A1, yields the
asymptotic result

Aofde 21— 2[— (A/Ao) €] (5.9)

for small &, with A\;£é < 0. In an analogous fashion, for A\; = 0 and

A2 < 0 we have, for small ¢,
2
Le)’ 10
(25) (5.10)

In both of the cases considered above, therefore, relatively small imper-

fections (small initial rotations £) can produce a snap-buckling load A4
which is much lower than the critical load which is predicted for the

ol

As/Ae =21 —=3(=X2/A0)
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perfect structure with € = 0; structures in which this phenomena can
occur are said to be imperfection sensitive. For the model depicted in
Fig. 5.3, imperfection sensitivity is implied by the conditions A; # 0 or
A1 = 0, with Ay < 0, and the extent of the imperfection sensitivity in
these cases then depends on the magnitudes of A;/\; or Aa/A..

Remarks: In lieu of prescribing the load A which acts on the imper-
fect structure in Fig. 5.3, one could impose a vertical displacement (or
shortening) A at the point of the application of the load (see Fig. 5.1)
of the form

AJL = cos(£ + &) —cos& (5.11)

- 1
For the limiting case of the perfect model, i.e. £ = 0,A/L = 552 and
then, by virtue of (5.4),

MAe = 1+ (Mi/A) (2A/L)% , (€ > 0)

MAe~ 1= (A/A) 2A/L)? (€ < 0) (5.12)

N A =0

A= 14200 8/ (31 57)

for A small. Some typical load-shortening relations are depicted in Fig.
5.7 along with the associated A — & graphs; from these graphs one notes
that asymmetric branching is associated with an initial vertical slope
on the A — A curves, while d\/dA is finite for the case of symmetrical
branching. For the imperfect structure, equations (5.7) and (5.11) give
the A — A relationship parametrically in terms of £ and these graphs are
depicted as the dotted curves in Fig. 5.7.

5.1.2 Rectangular Plates
(a) Plates Exhibiting Elastic Response

The full system of von Karman equations for an isotropic linearly
elastic plate which is subjected to a distributed load ¢(x, y) normal to the
undeflected plane of the plate, and which possesses an initial deflection
wo(z,y), is given in (1.58), where w(x, y) represents the net deflection of
the plate. Suppose that the small imperfection has the form awg(z,y),
with o a small parameter and wq a given function and that ®q(z,y) =
ADy(z,y) is the Airy function corresponding to the state of generalized
plane stress in the plate (when w = 0), which is generated by the loading
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conditions in effect along the edges of the plate; here the parameter A
gauges the magnitude of the loading and &)(Jc, y) is the extra Airy stress
function. Let ¢(z,y) = er(x,y), with € a small parameter and 7(x,y) a
given function; then in non-dimensional form we have
~ 1
A2® = —~ [w,w] — a [w, w)
2 (5.13)
A2 = | @ + awy, D + )\fbg] + €T

where w(z,y) = w(z,y) + cw(z,y) yields the final shape of the plate;
in rectilinear coordinates, the [, ] is given by (1.51a) and the form of
(5.13) results from assuming that the thin plate is both linearly elastic
and isotropic.

The influence of small deviations wg(x,y), from initial flatness, on
the out-of-plane deflections of simply supported isotropic elastic square
plates which are subjected to unidirectional edge compression, has been
investigated by Hu, Lundquist, and Batdorf [109], while other types
of boundary support conditions along the edges have been studied by
Yamaki [94] and Coan [192]; only in a neighborhood of the critical elastic
buckling stress do the resulting lateral deflections differ substantially
from those of an ideal flat plate during the loading process. Thus, very
large postbuckling deflections appear not to be greatly affected by small
initial irregularities. For the square plate which is simply supported
along all four edges, the postbuckling curves of Hu, Lundquist, and
Batdorf [109] are depicted in Fig. 5.8, where &y is the initial deflection
at the center of the plate while 4 is the additional deflection at the
center of the plate; the type of imperfection buckling displayed in this
figure is similar to that pictured in Fig. 5.7d for the case £ > 0. In [94]
Yamaki computed the values of §/h for other types of boundary support
conditions along the edges of a square, linearly elastic isotropic thin
plate with an initial deviation (imperfection) given by dy/h = 0.1; these
results are depicted in Figs. 5.9 and 5.10 along with the corresponding
dotted curves for the perfect plate in which there is no initial deflection.
It is also worthwhile to comment, briefly, on the type of influence on the
buckling of a rectangular, isotropic linearly elastic plate, which is exerted
by the presence of a distributed load ¢(z,y) normal to the (initially) flat
configuration for the plate. As noted in [32], “the critical stress of a
rectangular plate increases when normal loads of sufficient magnitude
are applied ... this increase is due to the effect of the additional tensile
membrane stresses caused by large deflections of the plate under normal
loads and is related to the magnitude of deflection that can be allowed.”
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An analysis of the initial buckling of isotropic rectangular elastic plates
subjected not only to edge compression, but also to a distributed normal
load (with associated pressure function p), and having an aspect ratio
a/b =4, was carried out by Levy, Goldenburg, and Zibritosky [193]; the
plate was assumed to be simply supported and the lateral deflection w
was approximated by

3
w(z,y) = Aqp sin % sin %y + Az sin % sin %y
5 ; (5.14)
+As1 sin o sin ¥ + A7y sin [ sin v
a b a b
4

The analysis in [193] leads to four simultaneous equations relating he
h?, and the coefficients Ajy, Az, As1, and A7y, in (5.14), which are
shown to have more than one real solution; thus, the plate may be in
equilibrium for a given combination of lateral and end loading in more
than one buckle pattern, and this phenomenon is depicted in Fig. 5.11,
which shows the relationship between the parameter A\b?/FEh?, (which
is based on the edge stress A = om|x=0,a) and the parameter e,,b%/h?,
which is based on the axial strain for the constant normal pressure given

En*
by p = 24'03bT' We note that the shift in the buckle pattern is as-

sociated with a drop in the axial load and that the plate can be in
equilibrium with either one, three, or seven buckles in the initial buck-
ling mode. In Fig. 5.12 we show the development of longitudinal buckles
in the initial buckling mode, thus indicating that, for low values of A,
the resulting deflection is a long shallow bulge. When high values of A
prevail, one obtains the regular initial buckling pattern again and any
initial deflection of the plate has all but disappeared. For all the con-
ditions investigated by Levy, Goldenburg, and Zibritosky [193], it was
noted that the presence of a distributed normal load leads to an increase
in the critical buckling load of the plate. When the edges of the rect-
angular plate are clamped instead of simply supported, the existence of
a distributed normal load leads to results similar to those obtained in
[193]; this follows from the analysis in Woolley, Corrick, and Levy [120]
in which the same gradual transition from a long bulge to a regular ini-
tial buckling pattern was observed as in the case of a simply supported
plate. One notable difference between the cases of a simply supported
and a clamped rectangular plate subject to distributed normal loading
as well as edge loads, is that the increase in the critical buckling load
is much less in the latter case; this result is illustrated in Fig. 5.13,
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where the critical buckling strain parameter e..b®/h? is compared with
the parameter pb*/Eh?* for the two different types of boundary support
conditions.

We now turn to a description of the postbuckling behavior of general
linear elastic anisotropic rectangular plates possessing imperfections in
the form of an initial prebuckling displacement wq(z,y). The analysis,
which is based on the work of Romeo and Frulla [114], includes the case
of rectilinear orthotropic symmetry as a particular subcase of the general
anisotropic response considered, and applies to several types of boundary
support conditions for plates subjected to combined biaxial compression
and shear loads. As indicated in [114], plates possessing initial imperfec-
tions wy have been studied on the basis of the Marguerre approximate
nonlinear theory by Chia [33]; the resultant strain-displacement relations
are, essentially, (1.34) with W replaced by wy, i.e.,

1
2
€xx = Uy + iw’z + WO,z W g — ZW g

1
€yy = Uy + §w,2y T WoyW,y = 2Wyy (5.15)

Yoy = Uy T Vg + W oWy + WoyWy

FW0 W,y — 22W gy
while the equilibrium equations consist of (1.42) and the analog of (1.45)
with W replaced by wy, i.e.

F2NeyW oy + Nowo,za + Nywo,yy (5.16)

+2Nmyw07my =0
Introducing the Airy function as in (1.46), the first two equilibrium equa-
tions (1.42) are, once again, satisfied identically, while (5.16) becomes
My ww + My yy + 2Mey 2y + P yyW oo
+P 10 W yy — 2P 4y W 1y + Py Wo 20 (5.17)

+P 20Wo,yy — 2P 2y Wo,zy =0

If €9, €y, and €, denote the strain components of the middle surface
of the plate (i.e., (1.35) with w = 0), the relevant compatibility relation,
i.e., (1.49), when combined with (5.15), and averaged over the thickness

of the plate, yields
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0 0 _ .0 a2
cayy T Cyyar ~ Cayay = Way ~ WaaW,yy

€
+2W0,2y W, 2y — Wo,yyW ze — Wo,00W,yy

The stress-strain relations in [114] are taken in the form

{60 e egy}t = [A]il {4y, P za, — q),my}t

TT,"YY,

which leads to the relations

{M,, Mynyy}t = [DH{~w,zz, — W,yy, — 2w7xy}t

(5.18)

(5.19)

(5.20)

in which [A] and [D] are, respectively, the extensional and bending
stiffness matrices. Employing (5.19) and (5.20) in (5.17) and (5.18) and

introducing the normalizations

SalESS

T z
525»77: 7C:E7¢:a/b

F =®/Ash?® Wy = wo/h, W = w/h

 h2Ag

the following generalized von Karman system is obtained:

DT1W,E££§ + 4DT6¢W755577 +2 (DTQ + QDZG) ¢2W,££Tm
+4D§6¢3W§nrm + D§2¢4W,rmnn

—¢? (anW@é + FeeWan — 2FenW ey
+FmnWoee + FeeWonn — 2F7§7IW0757I) =0
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(5.21a)

(5.21b)

(5.21c)

(5.21d)

(5.22)



and
AII ¢4F,m717n - 2A>{6¢3F7€W?77 + (21[1{2 + A&) ¢2Fa€57777

—2A360F ceen + Aso Fieeee
(5.23)
= ¢? (W%n = WeeWon + 2Wo,enWey

—Wo,mW.ee — Wo,eeW )

If we let A¢, Ay, and Mg, denote the nondimensional applied external
loads along the edges of the plate, i.e.

N,b? N, b? N,y b2
pe o el N Nab

_ 'z =Y N\ = 5.24
W2 Ay " h2A5 T W2 Ay, (5:24)

then the four different kinds of boundary conditions considered in [114]
are

(i) ends simply supported—sides simply supported (BC-1):

f:O,l Iq)ﬂm:)\g,q)’gn:—QS)\gn,W:O,Mg:O (5 25)
N=0,1:D¢ = (bz/\.,], Dy ==Xy, W=0,M, =0
(ii) sides simply supported—ends clamped (BC -2):
{§ =0,1:®,, =X Py = Ay, W =0,W,¢ =0 (5.26)
N=0,1:Bee = ¢\, D ep = —Aey W =0, M, =0 '
(iii) ends clamped-sides clamped (BC-3):
{f = O7 1: (I)Jm = )\57@’57] = —(ZS/\gn, W = 0, W’g =0 (5 27)
n=0,1:®¢ =\, D¢y = =Py, W =0,W,, =0
(iv) sides clamped—ends simply supported (BC - 4):
{§:0,1;q’mzxg,@,gn=—¢A§W,W:0,M§:o 529
n = O7 1: (I)’gg = (;52)\,77 CDJE’I = —(ZS)\EU, W = 0, Wﬂl = 0
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To satisfy the boundary conditions, the displacement and Airy func-
tions are chosen in the respective forms

i J
W= chpq‘“(fﬂ?) (5.29)
p=1qg=1
and

242
o= Ag + QA — ENAen

+ Z Z Fre Xn(§)Yk(n)

h=1k=1

(5.30)

where X and Y are the characteristic functions

Xn(€) = cosh(un) — cos(ung)

—ay, (sinh(prpé) — sin(urf))

(5.31a)

and

Yiu(n) = cosh(ukn) — cos(ukmn)
(5.31b)

—ay, (sinh(pgn) — sin(ugn))

with the constants pp, g, an, and ay chosen so as to satisfy the boundry
conditions

{Xh(o) = Xn(1) = X;(0) = X;,(1) = 0 (5.32)

Yi(0) = Yi(1) = Y{(0) = ¥{(1) = 0

Also, in (5.29), the function w(€, n) is chosen according to the boundary
conditions, i.e.,

(1)BC — 1 : w(&, n) = sin(hre) sin(kmn) (5.33a)
(2)BC =2 : w(€,n) = Xn(€) sin(krm) (5.33b)
(3)BC =3 : w(&,n) = Xn(§)Ye(n) (5.33¢)
(4)BC — 4 : w(&,n) = sin(hm)Yi(n) (5.33d)
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In [114] a set of nonlinear algebraic equations is obtained, involving
the coefficients Cp,, and Fjj, by applying the Galerkin procedure to
(5.22) and (5.23); the initial imperfections are taken in the form

Wo(&,n) = Tsinw€sinmn (5.34)

In Fig. 5.14, the results obtained in [114] are displayed and compared
with the results obtained by Yamaki [94] for an isotropic square plate
under uniaxial compression, both with an initial imperfection of the
form (5.34) with 7' = 0.1, and without the imperfection under various
constraint conditions: I is a plate with all edges simply supported, IT
is the plate with the sides clamped and the ends simply supported, for
IIT the sides are simply supported and the ends are clamped, while IV
represents a plate clamped along all edges. The results obtained in [114]
are very close to those of Yamaki [94]. In Fig. 5.15, results are shown for
the clamped/simply supported isotropic plate under axial compression,
for plate aspect ratios of ¢ = 1 and ¢ = 3, and these are compared with
those of Sheinman, etal. [194] for T = 0.1 withm=n=i=j=4o0r6in
(5.29), (5.30); it may be noted that, as the plate aspect ratio increases,
the initial imperfection causes a postbuckling behavior which is very
different from the theoretical behavior without the imperfections. In Fig.
5.16, results are shown for an anisotropic square plate under uniaxial
compression which has its edges clamped and its sides simply supported;
these results are compared with those of Minguet, et. al. [195]. Finally,
in Fig. 5.17, we show a comparison of analytical and experimental results
(based on the work in [114]) for a rectangular anisotropic plate under
uniaxial compression. The plate has clamped edges, simply supported
sides, and an initial imperfection of the form (5.34) with 7" = 0.05; the
results are compared with those of Engelstad, et. al. [196].

(b) Plates Exhibiting Elastic-Plastic Response

In §3 of Chapter 2 we discussed the initial and postbuckling be-
havior of square elastic-plastic plates subjected to axial compression;
that discussion was based, to a large extent, on the work presented by
Needleman and Tvergaard [104] and concerned a plate material which
is strain-hardening and characterized by a flow theory of plasticity with
a smooth yield surface. The constitutive theory employed in [104] is
given by (2.221)—(2.225). Two types of in-plane boundary conditions
were considered in 2.3: one which requires all four edges of the plate
to remain straight throughout the loading history and one which leaves
the edges unconstrained; in the elastic range, these in-plane boundary
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conditions play a major role in determining the initial postbuckling be-
havior of the plate but the work in [104] also investigates the effects
of the in-plane boundary conditions on the postbuckling behavior and
imperfection sensitivity in the plastic range. For buckling of the per-
fect plate in the plastic range, the authors [104] employ Hutchinson’s
postbuckling theory [17] to obtain an asymptotically exact description
of the initial postbuckling behavior, i.e., (2.229); they also note that for
a plate with a small initial curvature compressed into the plastic range,
there is no available general theory which relates the behavior of the im-
perfect plate to the postbuckling behavior of the corresponding perfect
plate as in, e.g., Koiter’s theory of elastic stability [5]. Thus, in [104],
an approximate analysis based on the approach used by Hutchinson and
Budiansky [197], which neglects elastic unloading, is employed in order
to assess the imperfection sensitivity of simply supported square plates
when buckling of the perfect plate occurs in the plastic range.

Following the discussion in 2.3, we confine our attention to imperfec-
tions in the shape of the initial buckling mode (2.227) with the amplitude
of the imperfection denoted by €. For A < A, we have noted, in Chapter
2, that the lowest order effect of the imperfection on the magnitude of
the lateral deflection € is given by (2.230) where ¥ > 1 and p(]) is finite
at A = A.. For A close to A, a singular perturbation analysis produces
(2.231) and matching (2.230) and (2.231) produces

c= A (PA))F 7 =20 + 1 (5.35)

When Ay < 0, (2.231) produces a maximum support stress Apax which
satisfies (2.232) with p given by (2.233). For A. < oy, A2 reduces, as
noted in [104], to the appropriate value for a linear elastic plate.
Figures 2.51, 2.52 and 2.53, which we have already referenced in Chap-
ter 2, for the buckling behavior of the perfect (i.e., £ = 0) elastic-plastic
square plate, are based on numerical results obtained in [104]. Figures
2.51 and 2.52 display results which correspond to buckling of the square
plate occurring in the plastic range; in both cases, h/a = 0.035 and
oy/E = 0.0037. In Fig. 2.51, the hardening parameter n in (2.225) is
10 while A./o,, = 1.196. In Fig. 2.52, we have n = 3 and \./o, = 1.259.
Although initial buckling occurs well into the plastic range of the mate-
rial, it turns out that the predictions of Js-flow theory and those of the
simplest deformation theory, i.e. Js-deformation theory, do not differ
by a large amount; for example, in Fig. 2.51, with n = 10, the dis-
crepancy noted in [104] is 5.8%, while in Fig. 2.52, with n = 3, the
discrepancy is just 2.3%. In Fig. 2.53 we have h/a = 0.031,v = 0.3,
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and o, /F = 0.00337 and initial buckling of the perfect plate occurs just
after the onset of plastic yield; as noted in [104], in this case there exists
virtually no discrepancy between the bifurcation predictions of Js-flow
theory and those of Js-deformation theory. In Fig. 2.53, n = 10 and
Ae/oy = 1.015. As we have already noted in Chapter 2, for the perfect
plates the behavior in the immediate neighborhood of initial buckling is
described by (2.229) in that buckling takes place under increasing load
and the curvature of the load deflection curve is large and negative; also,
in the immediate neighborhood of the initial buckling point, the initial
postbuckling behavior is seen to be independent of the boundary condi-
tions. We now turn to the imperfection buckling behavior described in
figures 2.51, 2.52, and 2.53.

In Fig. 2.51, where the hardening parameter n = 10, the load falls
off rapidly after the maximum load point is reached. The postbuckling
behavior is nearly identical for both sets of in-plane boundary condi-
tions considered, as is the behavior of a plate possessing a small initial
imperfection given by £ = 0.01. However, as the amplitude of the initial
imperfection is increased, the effect of the in-plane boundary conditions
is more pronounced. For the largest imperfection considered in Fig. 2.51,
i.e. £ = 1.0, the plate subjected to the constrained boundary conditions
has a maximum support load which is about 25% higher than the one
with the unconstrained in-plane boundary condition.

In Fig. 2.52, the postbuckling behavior of the perfect plate depends
very strongly on the in-plane boundary conditions. Under the uncon-
strained in-plane boundary conditions, the load reaches a maximum and
then decreases monotonically, whereas with the constrained boundary
condition, the load continues to increase; in this case the mode ampli-
tude &max, which is obtained from (2.229), is much smaller than the
numerical value obtained for the plate subjected to the unconstrained
boundary condition. The load-deflection behavior for a plate with an
initial imperfection also depends, in this case, on the in-plane boundary
conditions. An imperfect plate subjected to the constrained in-plane
boundary condition is capable of supporting loads in excess of the buck-
ling load, while plates with the unconstrained boundary condition clearly
exhibit a mild imperfection sensitivity.

In Fig. 2.53, in which n = 10, the load on the perfect plate is seen
to reach a maximum shortly after buckling and then decrease monoton-
ically. When compared with the example considered in Fig. 2.51, in
which initial buckling of the perfect plate occurs further into the plastic
range, the effect of the in-plane boundary conditions shows up much ear-
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lier in Fig. 2.53. Even with an initial imperfection amplitude of € = 0.01,
the effect of the in-plane boundary conditions on the load-deflection be-
havior of the plate is apparent. We also note, that in Fig. 2.53, for each
initial imperfection amplitude & considered, the imperfection sensitivity
is less than that for the corresponding example in Fig. 2.51 and that the
effect of the in-plane boundary conditions on the load-deflection behav-
ior of the plate increases with the amplitude of the initial imperfection.
Overall, the results described above for square elastic-plastic plates ex-
hibit a far smaller degree of imperfection sensitivity than the comparable
results for circular elastic-plastic plates, which are presented in the next
section.

5.1.3 Circular and Annular Plates

(a) Plates Exhibiting Elastic Response

While the buckling behavior of initially flat, linearly elastic circu-
lar and annular plates has been widely studied, especially for isotropic
plates, the response of such plates in the presence of imperfections and
in-plane compression has been less thoroughly researched; the first at-
tempt to deal with the imperfection buckling of circular and annular
plates appears to have been made by Massonnet [198] who employed a
power series method to produce solutions for the postbuckling response
of clamped isotropic plates with a single half-wave imperfection. Tani
and Yamaki [199] have analyzed the postbuckling response of isotropic
annular plates with axisymmetric initial deflections. In this subsection,
we will present the results of Turvey and Drinali [157] on the elastic
post-buckling of orthotropic circular and annular plates with imperfec-
tions; their results are valid for clamped and simply supported plates
subjected to uniform compression at the outer edge and are presented

1
for three orthotropy ratios (= Ep/E,) = 3 1, and 3, a wide range of

aspect ratios ¢ = b/a, where b is, once again, the hole radius and «a is the
radius of the outer boundary of the plate, and several different imper-
fection amplitudes. The case § = 1 yields, as usual, the specialization
to the case of an isotropic plate; the aspect ratio ¢ = 0 covers the spe-
cialization to a circular plate. The imperfection amplitude will again be
denoted by &, which is taken to represent the amplitude of the imperfec-
tion at the origin of the plate coordinate system; of course, only in the
case of a complete circular plate does this imperfection amplitude cor-
respond to the actual maximum initial plate deflection (see Fig. 5.18.)
Two types of single half-wave initial deflection profiles are employed in
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[157]: for the case of a plate simply supported along its outer edge, the
initial deflection profile was taken to be

wo(r) = &(1 — 0.1F — 0.97%), 7 = 2 (5.36)

while for the case of a clamped plate
_ 1
wo(r) = & cos (571'7") (5.37)

In the analysis presented in [157] the initial deflection parameter &
was varied over the values 0,0.1,0.5, and 1.0. For the analyses of the
imperfection buckling of an annular plate, the inner edge of the plate
was assumed to be free; at the center of a circular plate one imposes, at
r = 0, the usual conditions, i.e., u(0) = w’(0) = 0 where u is the plate
displacement in the radial direction. The axially symmetric large defor-
mation states for cylindrically orthotropic circular and annular plates
possessing an initial deflection wq(r) are governed by that straightfor-
ward modification of (1.101), (1.102), (1.103) which is analogous, e.g.,
in the case of the first von Karman equation, in rectilinear Cartesian
coordinates, to retaining W = wp in (1.45); the relevant constitutive
relations are given by the obvious modifications of (1.104 a,b) where,
e.g., Orr, €rpry €tc., must be replaced by o, — U?r, Crp — egr, with o, €y
the stress and strain components in the present state of the plate, while
00,0, correspond to the state given by the initial deflection wg. The
plates in the examples considered in [157] are buckled by controlling
the radial shortening applied uniformly at the outer circumference at
r = a; the flexural conditions assumed to exist along this boundary are
those which correspond to either the simply supported or clamped edge
conditions.

In the work presented in [157] the authors employ a finite difference
discretization of the governing equations and first consider the computa-
tion of the initial buckling loads and subsequent postbuckling behavior
of flat isotropic circular and annular plates; the results are summarized
in Table 5.1 and are compared with earlier results of Nadai [186] and
Meissner [172], where the first column in the table refers to the number
of mesh divisions in the finite difference scheme. A comparison of the
accuracy of two different mesh divisions is shown in Fig. 5.19, the results
being those in the postbuckling regime (i.e. load-radial shortening re-
sponse) for initially flat, clamped, and simply supported circular plates.
To check that the initial deflections had been correctly incorporated into
the program, the computations were checked against Massonnet’s [198]
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results for imperfect clamped isotropic circular plates; in this case, the
edge compression versus additional plate center deflection comparison
is shown in Fig. 5.20 and there appears to be good agreement between
the two sets of results over the range of initial deflection amplitudes
considered. To check that the cylindrical orthotropy of the plates had
been appropriately incorporated into the program, yet another set of
computations were performed for the postbuckling response of flat or-
thotropic annular plates (with aspect ratio ¢ = 0.4) having both simply
supported and clamped outer edges; the benchmark in this case was
the work of Huang [174] and the edge compression versus free edge de-
flection comparison is shown in Fig. 5.21. In Figs. 5.22 and 5.23 we
reproduce the results obtained by Turvey and Drinali [157] relative to
the postbuckling response of imperfect polar orthotropic annular plates
having an aspect ratio of ¢ = 0.4. The postbuckling response was com-
puted for three orthotropy ratios and four imperfection amplitudes, i.e.,

_ 1
£ =0,0.1,0.5, and 1.0 and g = 3,1, and 3 and the edge compression

versus additional deflection (at r = 0.4a) responses are shown in Figs.
5.22 and 5.23 for clamped and simply supported edges, respectively. The
general postbuckled response for the clamped plates, as depicted in Figs.
5.22a through 5.22¢ does not appear to depend on the orthotropy pa-
rameter and, as the edge compression becomes large, the magnitude of
the additional deflection depends less and less on the initial deflection
amplitude, i.e., the postbuckling response of the imperfect plate tends
to that of the flat plate with the trend being more pronounced as the
orthotropy parameter increases. However, the edge compression versus
edge deflection response of the simply supported plates, as noted on Figs.
5.23a through 5.23c is quite different from those of clamped plates: in
the simply supported case the additional imperfect plate deflection does
not converge to that of the flat plate deflection; indeed, the additional
imperfect plate deflection becomes less than the flat plate value once

5 3
the edge compression exceeds a value between — and — times the criti-

cal buckling load value for the flat plate. Additionally, if one compares
the clamped and simply supported postbuckling plate responses shown
in Figs. 5.22 and 5.23, it is observed that (for edge compression ratios
greater than unity) the additional deflection is generally smaller for the
simply supported plate than it is for the clamped plate. It may, there-
fore, be deduced that the presence of the initial deflection has a greater
transverse stiffening effect, in the postbuckling regime, on simply sup-
ported plates as opposed to clamped plates. Finally, it has been noted
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in [157] that none of the computed flat or imperfect plate responses ex-
hibited any buckling mode change tendencies as either the imperfection
amplitude and/or the edge compression increased, i.e., the initial ax-
isymmetric single half-wave buckling mode was maintained throughout.

(b) Plates Exhibiting Elastic-Plastic Response

In Chapter 3 we considered the initial buckling and postbuckling be-
havior of (perfect) thin elastic-plastic circular plates, basing our analysis
on the work of Needleman [141] which is, a priori , restricted to axisym-
metric deformations. As noted in [141], however, the postbuckling be-
havior of elastic-plastic circular plates is characterized by a high degree
of imperfection sensitivity, which is the issue that we will be concerned
with in this subsection. We begin by reviewing, briefly, the mathemat-
ical formulation of the buckling problem for an elastic-plastic circular
plate as presented in §2 of Chapter 3.

As in Chapter 3, the plate is assumed to have radius a and thickness
h and is subjected to an in-plane radial compressive loading. The strain
rates é,,, €gg are given by (3.140) with u(r) and w(r), respectively, the
radial in-plane and lateral displacements. Stress rates & are related to
the strain rates é by ¢ = Lé where L, the elastic part of the tensor of
moduli L, is given by (3.141). A Js flow theory with isotropic hardening
is employed so that the uniaxial stress-strain behavior is given by (3.145)
with n the strain-hardening exponent and o, the yield stress. The full
tensor L is then represented by (3.142) with o, s;;, and ¢ given, respec-
tively, by (3.143) and (3.144). The tangent modulus is a function of o,
and represents the slope of the uniaxial stress-strain curve as depicted in
Fig. 3.25. As noted in Chapter 3, each surface in the plate which is par-
allel to the middle surface is in an (approximate) state of plane stress,
implying that only the in-plane stresses need to be admitted into the
constitutive theory; this observation leads, in turn, to the introduction
of the tensor K of in-plane moduli which is defined as in (3.146). For
a simply supported plate, the relevant conditions at » = a are given by
(3.147) while for a clamped plate (3.148) holds. The equilibrium equa-
tions are given by the variational principle §Z = 0, where the functional
T is given by (3.149) and all those incremental fields @ (r) and w(r) which
satisfy the kinematic boundary condition at r = a are admissible.

The critical buckling stress in the plastic range is given by (3.150)
where E/E; and vy are defined, respectively, by (3.151), (3.152); for
a clamped plate 3 is the smallest nonzero root of J; (B) = 0 while, for
a simply supported plate, it is the smallest non-zero root of 3Jy(5) —

(1 —vy)eJ1(B) = 0, the ¢ subscript denoting evaluation of the effective
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Poisson ratio v; at buckling. For both types of boundary support con-
ditions, the associated buckling mode w.(r) has the form (3.153). The
critical buckling stress o. for both the clamped and simply supported
cases is depicted in Fig. 3.25 as a function of the parameter 7, which is
defined by (3.154), where B is the value of 3 when buckling occurs in
the elastic range.

Employing the amplitude & of the relevant eigenmode as the expansion
variable in a postbuckling perturbation analysis, the average radial stress
applied at the edge of the plate at buckling is given by (3.155), where
o. is the critical buckling stress as given by (3.150) and o, is defined
by (3.156). The initial slope o7 in the expansion (3.155) is uniquely
determined by the condition that plastic loading takes place throughout
the plate except at one point where neutral loading occurs; this leads
to the relation (3.157) between o and o.. As a consequence of (3.157),
o1 > 0. Carrying the expansion for the average applied compressive
stress one term further leads to (3.158), where o9 is given by (3.159),
(3.160) and (3.161a,b). The first three terms that are depicted in the
expansion (3.158) for o,, may be used to estimate the maximum applied
stress omax that can be supported by the plate as well as the amplitude
¢ of the buckling mode at opay; these results are given by (3.162a,b).
As £ increases from zero, the neutral loading surface expands out from

1
the point r =0,z = §h and has the form (3.163).

In Chapter 3 we have referenced Figs. 3.26 thorough 3.29 and pre-
sented a fairly thorough discussion of the postbuckling behavior for the
perfect elastic-plastic circular plate for each of the respective cases con-
sidered in these graphs; the graphs in question depict the (postbuckling)
curves of average applied stress vs. buckling deflection for two different
cases: the (postbuckling) curves governing buckling deflection vs. ap-
plied displacement for a simply supported plate, and the (postbuckling)
curves depicting average applied stress vs. buckling deflection for a
clamped plate. The results displayed in Figs. 3.26 through 3.29 are
based on a finite-element analysis of the variational equation 6Z = 0
where 7 is given by (3.149); in this analysis the author [141] allows for
an initial imperfection wq(r) which is proportional to the (initial) buck-
ling mode (3.153) and the amplitude is then specified by € = wo(0). The
results for perfect plates, which have been discussed in detail in Chap-
ter 3, actually result from a calculation in which the small imperfection
amplitude é = 107*h has been employed.

For 0. << o, the elastic postbuckling analysis shows that the initial
postbuckling behavior is stable in the sense that applied stresses higher
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than the buckling stress o. can be supported by the plate; in this range,
the plate is imperfection insensitive and these observations have already
been made in Chapter 3. However, for 0. > ¢, the maximum support
load of the circular plate is not much larger than o. and the analysis
by Hutchinson [45], [46] of imperfection sensitivity for buckling in the
plastic range indicates that, in general, one may expect imperfection
sensitivity to be prevalent when o. > oy.

In Fig. 5.24 we show the transition from imperfection insensitive to
imperfection sensitive behavior for the simply supported circular plate

1
with v = —= and n = 12. The maximum support stress, omax, of an

imperfect plate is graphed against the critical buckling load o for three
different values of the imperfection amplitude f , L.e. 5 =.02h § = .06h,
and f = .15h. The graph in Fig. 5.24 is limited to the range o, < oy.
As the buckling stress o, approaches the yield stress o, the simply sup-
ported plate becomes imperfection sensitive, e.g., for o./0, = .99,v =

%,n = 12, and é = .15h we find that op.x is only .60.. Clamped
plates were determined in [141] to be less imperfection sensitive than
simply supported plates, e.g., for o./0, = .99,v = %,n = 12, and
& = .15h, omax for the clamped plate was found to be .770..

The role of plastic deformation in reducing the load-carrying capacity
of circular plates which buckle in the elastic range is shown in some of
the Figs. 3.26 through 3.29. In Fig. 3.26 the curves of o4, vs. the buck-
ling deflection are shown for the simply supported plate with o./c, =

12,y = %, and n = 12; here, and in the discussion which follows,

the buckling deflection is measured by the parameter & = w(0) — &.
For purposes of comparison the postbuckling curves for a similar elastic

plate with o./0, = .72 and v = - are also shown in Fig. 3.26 and

similar numerical methods were employed for both the elastic and the
elastic-plastic calculations. With é = .02h, initial yield occurs at .840,
and the curve for the elastic plate serves to illustrate the imperfection
insensitivity which is characteristic of elastic response. However, the
elastic-plastic plate has a maximum support load oy Which is only
890, i.e., omax i1s only a little higher than the value of the applied
stress at which initial plastic yield occurs. In Fig. 3.27 we show a case
in which buckling of the perfect plate occurs outside the elastic range
of the plate; this plate is simply supported with o./o, = 1.02 and 7,
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1
as given by (3.154) has the value 1.28 which, n = 12, and v = -.

The maximum load is reached at a deflection of £ = .008h and has
the value opax = 1.0060.. After the maximum load point is attained,
the load drops off very sharply and then levels off at larger buckling
deflections. At an imperfection amplitude of ¢ = .02h the maximum
load occurs at a larger value of the deflection ¢ than for the perfect
plate and the difference between the maximum load and the load at
which the postbuckling curve levels off is less than that for a perfect
plate. At f = .06h, omax Occurs at yet a larger value of £ and, in this
case, £ increases at almost a constant load. Also shown on Fig. 3.27 is
the value of o, and, as in the previous example, the maximum is only
slightly above the point at which initial yield occurs.

In Fig. 3.28 we depict the buckling deflection vs. applied edge dis-
placement U for the same values of the geometric and material param-
eters as those employed in Fig. 3.27; the applied displacement has been
normalized by its value U, at buckling. For the perfect plate, of course,
& = 0 prior to achieving U = U,; at U = U, the buckling deflection
begins to grow, albeit very slowly. At the maximum load point, £ is
growing with U very nearly constant and this is the range in which the
load, as shown in Fig. 3.27, is decreasing rapidly. As the imperfection
amplitude £ is increased, the jump in the postbuckling curves shown in
Fig. 3.28 is smoothed out. As noted in [141], the jump referenced above
was found to occur for small values of the imperfection amplitude é if
buckling occurred near o; this is true for both the clamped and simply
supported edge conditions.

In Fig. 3.29 we depict the postbuckling curves for a case in which
buckling occurs further into the plastic range of the circular plate; in
this case, the plate is clamped, o./0, = 112,77 = 2.0,v = l, and
n = 12. The maximum load, given by opax = 1.0180,, occurs at a
larger value of the deflection {(i.e., at & = .065h) than in the previous
example. The postbuckling curve in Fig. 3.29, which corresponds to
the perfect plate, indicates that the load decreases more gradually after
Omax is reached than when o, =~ o,. Also, it may be noted that the
buckling deflection-end shortening curves, in this case, do not exhibit
the jumps characteristic of those cases in which buckling occurs near o,,.
At é = .06~ most of the buckling deflection is associated with a nearly
constant load. The example illustrated by Fig. 3.29 also shows that,
when buckling of the perfect plate occurs well into the plastic range,
the value of oyax for an imperfect plate can be well above the value of
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oy. We also remark that both Fig. 3.27 and Fig. 3.29 indicate that
for a sufficiently small imperfection, the maximum value of ¢4, occurs
shortly after the onset of elastic unloading. However, if é is sufficiently
large, then the tensile bending stresses which are developed in the plate
are large enough to inhibit plastic loading in compression and then o, ax
occurs before unloading (with the amplitude é required for this to occur
depending on how far into the plastic range of the plate initial buckling
occurs).

In Fig. 3.30, which we have already (partially) discussed in Chapter 3,
the development of the plastic zone and unloading region for the example
depicted in Fig. 3.29 are shown. For the perfect plate unloading begins

1
at r = 0 and z = —h and, as this region of unloading grows, a region

near the clamped edge unloads. The unloading region near the clamped
edge does not have a large effect on the overall deformation of the plate
inasmuch as this region is highly constrained by the boundary condition;
once the maximum load point is reached, this region near the clamped
edge begins to reload. For plates possessing an initial imperfection,
plastic loading proceeds as follows: at the maximum load, opax, all
of the plate has undergone plastic yielding except for a small region
near the clamped edge and a region which is almost identical to the
primary unloading region of the perfect plate. At the last stage of the
deformation, as shown in Fig. 3.30, for the case in which é = .06h, there
exists a small region near » = 0 which has yielded in tension.

Following [141], the results concerning imperfection buckling of elastic-
plastic circular plates may be summarized as follows:

(i) For initial buckling occurring in the elastic range of the perfect plate,
imperfections can lead to a substantial reduction in the load-carrying
capacity of the plate if 0. >~ o,,.

(ii) For initial buckling occurring in the plastic range of the perfect
plate, omax is only slightly higher than o.; furthermore, an asymptotic
analysis of the postbuckling behavior of the perfect plate in the plastic
range, which is based on the work of Hutchinson [45], [46], yields a good
estimate of opax as well as of the development of the unloading region
after buckling.

(iii) The imperfection sensitivity of circular plates in the plastic range is
significant and is present even when the difference between the buckling
stresses predicted by the simplest flow theory and those predicted by
the simplest deformation theory is very small.
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5.2 Secondary Buckling for Thin Plates

When a uniform radial compressive load A > 0 is applied to the
edge, say, of a clamped circular plate, the uniformly compressed plate
is in an equilibrium state, the unbuckled state, for all values of A; for
A < Aer = A1, A1 being the smallest eigenvalue of the corresponding
linearized problem, this unbuckled state is the only equilibrium state
of the plate and \; is also known as the primary (or critical) buckling
load. For A > A;, we have seen that the unbuckled state is unstable
and the circular plate will buckle into its first or primary initial buckling
mode which, in this case, is axisymmetric. Using the von Karman theory,
Friedrichs and Stoker [72] proved that the primary (buckled) state exists
for all A > A; for the simply supported (isotropic, elastic) circular plate
while Wolkowsky [145], employing a different technique, established the
same result for the clamped plate as well. In [201] Cheo and Reiss, us-
ing numerical arguments, pointed at the existence of critical values of
A, called secondary buckling loads, at which equilibrium states (which
are axially unsymmetric) may branch from the primary buckled state
of the circular plate; these unsymmetric states are now referred to as
secondary buckled states and the bifurcation process itself is now com-
monly referred to as secondary buckling. In this section, we will present
a brief survey of some of the results which follow from the work of Cheo
and Reiss [201], [202] on the secondary buckling of circular plates, as
well as some related work of Stroebel and Warner [203] on stability and
secondary bifurcation for rectangular plates. Several authors have ex-
amined the relationship between the existence of multiple eigenvalues for
the linearized branching problem and the phenomena of secondary bifur-
cation; most notable among these papers is the review article of Bauer,
Keller, and Reiss [204] who point out that while, for many problems, the
primary branching points are easily determined because the associated
linearized problem may be explicitly solved, secondary branching points
and the associated secondary states cannot usually be determined ex-
plicitly and must be found by numerical and perturbation methods. The
phenomena of mode jumping which is observed, experimentally, in the
compressive and shear buckling of rectangular plates is also thought to
be an example of secondary buckling; as the authors of [204] point out,
such secondary buckling was observed in the numerical study by Bauer
and Reiss [205] of the compressive buckling of rectangular plates and
was subsequently analyzed in the work of Stroebel and Warner [203],
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that will be reviewed a little further on in this section. In other piv-
otal work on this problem, both Knightly and Sather [128], as well as
Matkowsky and Putnick [206] have studied bifurcation near multiple bi-
furcation points and have shown that, in some cases, the multiplicity
of these points as primary branching points exceeds their multiplicity
as eigenvalues of the corresponding linearized problem, thus suggesting
that secondary branching may occur. Bauer, Keller, and Reiss [204] have
pointed out that the earliest discovery of secondary bifurcation appears
to have been made by Poincaré in his well-known work on the ellipsoidal
figures of equilibrium of a rotating inviscid fluid; a survey of this work
may be found in the monograph [207] by Chandrasekhar.

5.2.1 Secondary Buckling for Circular Plates

As Cheo and Reiss [201] have indicated, the physical mechanism that
initiates secondary buckling in the case of an isotropic elastic circular
plate is directly related to the following property of the primary axisym-
metric buckled state as A increases beyond the value A; : a circumferen-
tial strip possessing large circumferential compressive membrane stress
develops in the vicinity of the edge as A increases; the width of this
strip (adjacent to the edge of the plate) is decreasing, and the compres-
sive stress intensity increasing, as A continues to increase. Then for A
sufficiently large, the strip may buckle, like a ring, into circumferential
waves and, as a consequence, the plate buckles unsymmetrically about
the axisymmetric buckled state by wrinkling near its edge.

In Cheo and Reiss [202], the secondary buckling loads for the isotropic
elastic circular plate were determined, numerically, by linearizing the so-
lutions of von Karman equations about the primary axisymmetric state;
thus, it was found in [202] that the minimum secondary buckling load
is (approximately) 7.5 times the primary buckling load. Subsequently,
in [201], a formal perturbation method was used to study the secondary
states for A near the secondary buckling loads and the resulting linear
problems were solved numerically; this work, which will be reviewed
below, points to the fact that secondary buckled states can exist for A
slightly less than the secondary buckling loads. We note that Friedrichs
and Stoker, in [143], had already conjectured that secondary buckling
might occur for the isotropic elastic circular plate, while Morozov [208]
had shown, for the simply supported plate that, for sufficiently large A,
there exist unsymmetric equilibrium states which have less potential en-
ergy than all axisymmetric states for the same value of A. As Cheo and
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Reiss [201] note, however, Morozov [207] did not prove that secondary
buckling actually occurs. Yanowitch [209], on the other hand, did show
that buckling of a circular elastic plate can take place from an initially
deformed state of the plate by proving that the radially symmetric pri-
mary buckled state is unstable for \ sufficiently large.

In [201] the following (dimensionless) form of the von Karman theory
for clamped circular plates is used:

Aw = [®,w]

9r 1
AP = fi[w,w]
w(l,0) =w,(1,6) =0
(0<0<2m) (5.39)
O(1,0) = 0,®,.(1,0) = —\

where r is the dimensionless radial coordinate, ®(r, ) the dimensionless
Airy function, w(r, #) the dimensionless lateral deflection of the plate, A
the Laplacian in polar coordinates, and the nonlinear (bracket) operator
[®,w] is given by (1.163). A dimensionless edge thrust A’ may be defined
by

1
N =cA(NE)(R/h)?, & ={12(1-1%)}"? (5.40)
with R and h, respectively, the radius and thickness of the plate, and
F and v Young’s modulus and Poisson ratio. Dropping the 7 on A, the
unbuckled state is given by
_ 1 9
wEO,<I>5<I>:§)\(1—r) (5.41)

and is a solution of(5.38), (5.39), for all values of A, which corresponds
to a state of uniform compressive stress. Substituting

=+ dw=1b (5.42)
into (5.38), (5.39), and subsequently dropping the ~on ® and w, we
obtain the reduced forms, i.e.,

A%w + NAw = [@, w]

. (5.43)
A%P = —=[w,w]
2
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and (5.39), where ® now denotes the extra Airy stress function. The
classical linearized buckling problem is, of course, obtained from (5.43),
(5.39) by deleting the nonlinear terms in (5.43). We have already noted,
in our work in Chapter 3, that the smallest eigenvalue of the linearized
problem for the clamped isotropic elastic circular plate, which corre-
sponds to the primary buckling load, is given by A1 = 14.7 and that A\;
is the square of the smallest root of the Bessel function Ji(z); also, the
eigenfunction corresponding to A; is radially symmetric, i.e., the primary
buckling mode is axisymmetric. In fact, two axisymmetric solutions of
(5.43), (5.39), which differ only in the sign of the deflection w, branch
at A = A1, and either of them may be referred to as the primary buckled
state. The primary buckled state will be denoted by

{@o(r; A), wo(r; A) }

and is known to exist for all A > A;.

In order to study the secondary buckling of an isotropic elastic circular
plate near a secondary buckling load A(®), the authors in [201] seek
unsymmetric solutions of (5.43), (5.39) of the form

w(r,0; \) = wo(r; A) + € Z w™ (r,0)e™ (5.44)
m=0
D(r,0; \) = Do(r; \) + € Z o™ (r, 0)em™ (5.45)
m=0
AMe) = A0 4 e Z Alm) em (5.46)
m=0

where € is a small parameter which is defined by
2 = // [(w —wp)? + (@ — <I>0)2} rdrdf (5.47)
Q

and 2 denotes the unit circle. The choice of the perturbation parameter
is not unique, of course. To determine the coefficients w(™), (™) and
™) in the expansions (5.44)(5.46), the primary state is first expanded
about A = A(®) ie., about ¢ = 0. Thus, it is assumed in [201] that

wo (1 A(€) = D W (r)e™

m=0 (5.48)
D (r;M(e)) = D, (r)e™

m=0
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The coefficients we,, and ®,,,,m = 0,1--- are determined using a
numerical evaluation of the primary state with {wee, oo} the primary
state evaluated at A = A(9). The expansion coefficients w(™), (™) and
Am) are computed by substituting (5.44)(5.46), and (5.48), into (5.43),
(5.39), and (5.47); this yields a sequence of linear boundary value prob-
lems with associated normalizing conditions, e.g., w(o),ga(o)7 and \©)
must satisfy the eigenvalue problem:

L4 <w(0)7 (p(o)) = A2 1 \O) A
+ [woo, @] + [®o0, w@] =0
EQ (w(0)7 w(o)) = AQSO(O) + I:wo()’w(o)] = 0

—<p() <p(7~)—0 atr=1

// w(o + O ]rdrd@—l

Because {wqg, oo} is a primary buckled state, the eigenvalue parameter
A0 appears nonlinearly in (5.49); also, the coefficients in (5.49) are
only functions of 7. Thus, the eigenfunctions of (5.49) are given, for
n:1727"'7 by

5.49
w©® — (0) ( )

w® = a,(r)sinnd, © = b, sinnd (5.50)

Inserting (5.50) into (5.49) one obtains, for each n, an ordinary differen-
tial equation (eigenvalue problem) for the functions a,,(r), b, (r) and the
corresponding eigenvalues are the secondary buckling loads which were
determined, numerically, by Cheo and Reiss in [202]. The integer n in
(5.50) is the circumferential wave number of the eigenfunctions; the am-
plitudes of the numerically determined eigenfunctions were observed, in
[201], to be small near the center of the plate but increased very quickly
near the edge of the plate. Therefore, when the plate is in a secondary
buckled state, and A is close to a secondary buckling load, the interior
of the plate is almost axisymmetric and the edge is wrinkled.

For the coefficients w("™) and ©("™), m > 1, the boundary value prob-
lems have the form

£y (w0, pm) =
Lo (w™, o
wm — w@) oM =M =0 atr=1

A
3
N

SN—

(5.51)
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and w(™) (™) must satisfy the normalization conditions which are im-
plied by (5.44)-(5.47). In (5.51), the inhomogeneous terms o™, (™)
depend on A™ as well as on the expansion coefficients with indices
< m. Because the homogeneous problems which correspond to (5.51)
have nontrivial solutions, e.g., (5.49), the terms ™ 30m) must satisfy
solvability conditions which give the A(™) as integrals of w®), o*) for
k < m. In this manner, Cheo and Reiss [201] have determined that
A1) = 0 while A® is given by integrals involving the w®) and ¢*) for
k =0, 1, and the primary solution (buckled state). In order to solve the
problems (5.51), the #-dependence is first separated out and then the
resulting ordinary differential equations and associated boundary condi-
tions are solved by shooting and parallel shooting methods (as described
in Bauer, Reiss, and Keller [204] ).

A sketch of the postbuckling behavior of the circular plate as A is
increased from zero is shown in Fig. 5.25. For A < A; the compressed,
unbuckled state (5.41) is the unique solution and the linear theory of
dynamic stability may be employed to show that this prebuckled equi-
librium state is stable. For A > Ay the compressed prebuckled state is,
of course, unstable, (as we have already seen in Chapter 3) and the cir-
cular plate buckles into its primary mode as A increases through A;. The
) < )\go) < ---and as
A— A§°>, from below, there are secondary buckled states arbitrarily near

. 0
secondary buckling loads are now denoted by )\g

the primary state because A(?) < 0. When X is slightly larger than )\go)
a secondary buckled state arbitrarily close to the primary buckled state
does not exist. Therefore, as A increases through )\go), or any other )\Z(.O)
that was computed by Cheo and Reiss [202], a smooth branching from
the primary buckled state to a secondary buckled state is not possible;
such a smooth secondary branching may occur only if A(?) were positive
for some secondary buckling load. If, on the other hand, one applies
external forces to the plate as A — )\SO), then the plate could jump from
the primary buckled state to either the secondary state which branches
from )\go) or, perhaps, to another, nonadjacent, unsymmetric state; such
a possibility is contingent on the dynamic stability behavior of the pri-
mary and secondary buckled states as well as on the amplitude of the
external disturbances. It was conjectured in [201] that when the po-

tential energy of the secondary buckled state which branches from )\go)
is less than the potential energy of the primary buckled state, for the

same value of A\ near )\go), jumping due to a finite amplitude external
disturbance might be more easily achieved.
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5.2.2 Secondary Buckling for Rectangular Plates.

In [203] the Movchan-Liapunov theorem, which we describe in the
analysis to follow, is used to establish a sufficiency condition for the
stability of equilibrium configurations of a rectangular plate under edge
loads and displacements; this sufficiency criterion may, as we will see,
also be used to characterize the possible occurrence of secondary bifur-
cation from the first buckled state of the perfect plate. A postbuckling
analysis of the secondary solution can then be used to formulate an
explanation of the mode-jumping phenomena which is experimentally
observed for rectangular plates. The Movchan-Liapunov criterion is dy-
namical in nature and the relevant dynamical equations are those for
small motion near equilibrium; they are derived from the full set of
equations by an appropriate perturbation method.

Experimental studies indicate not only the presence, for this prob-
lem, of the primary buckling solutions but also that other secondary
solutions may exist as well. As the authors [203] point out, work by
Stein [210], et al., with rectangular plates under longitudinal compres-
sion, have shown that, as the load is slowly increased, in the postbuckled
domain, the plate appears to suddenly snap from the equilibrium con-
figuration which corresponds to the original lowest mode to one which
corresponds to a higher mode; this apparent mode-jumping has led sev-
eral investigators to speculate that transition paths, which are, perhaps,
unstable, connect the primary buckled solutions. The phenomena is il-
lustrated in Fig. 5.26 in which equilibrium configurations corresponding
to combinations of a load parameter A and some characteristic measure
w* of the deflection are depicted. The A axis represents, of course, the
zero deflection solution which is possible under all loads for the perfect
system; the primary buckled states C;(\) of the perfect system branch
from the trivial solution as the load levels exceed A;, which are the
eigenvalues of the classical linear buckling problem for the plate. The
states C;(\) exist for all loads A > A; but may (as we saw for the cir-
cular plate, i.e., Fig. 5.25) change their local stability characteristics by
branching again, thus yielding the secondary buckled states C; j(A); or
snapping may occur, i.e., local extrema may appear, such as at point
A, in Fig. 5.26, without branching. The local behavior, at branching,
for these buckled states, can also be related to the imperfection con-
figurations of the plate which are represented in Fig. 5.26 by curves
such as C*(\). Several numerical and analytical studies have supported
the hypothesis that secondary instability on the first primary branch
corresponds to branching; in particular, the work of Bauer and Reiss
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[205], in which the postbuckling behavior of rectangular plates was nu-
merically analyzed, yields an asymmetric solution for the problem under
consideration, which appears to branch from a primary solution.

To formulate the dynamical theory to which the Movchan-Liapunov
stability theorem may be applied, we let w(z,) and ®(z4),a = 1,2, de-
note, as usual, the transverse displacement (deflection) and Airy func-
tion corresponding to an equilibrium configuration of the plate; for a
“motion” configuration, close to this equilibrium configuration, the dis-
placement and stress functions will be given by

. (5.52)

W(ZTa,t) = w(xe) + €(zq,t)
(20, t) = B(za) + €®(zq,t)

where € is some appropriate small parameter associated with the plate.
The von Karman equations for the (assumed) isotropic rectangular plate
are (1.53a,b) or, in non-dimensionalized form, with ¢ = 0,

A?w — [®,w] =0
1 (5.53)
A%D + §[w,w] =0

The linear equations which govern small motions near solutions of (5.53)
are

N . - 0%
A% — [®, 0] — [tl),w} +W:O (5.54)
A2® 4 [w, 0] =0

The boundary conditions relative to w (or @) are the ones associated
with either clamped edges, i.e., (1.130a,b) for a plate with aspect ra-
tio ¢ = a/b, or simply supported edges, i.e., (1.130a), (1.131), or some
combination of clamped and simply supported edges. The boundary
conditions for the in-plane equilibrium problem, which are connected
with the edge loading of the (rectangular) plate, are those associated
with either prescribed edge tractions or prescribed edge displacements.
We now denote by Nog, Fog the stress resultants and strain components
associated with the equilibrium configurations determined by (w, ®) and
by nag,eqs the same quantities associated with the perturbed configu-
rations determined by (w0, é’) Also, we let U, denote the displacement
components associated with an equilibrium configuration while the wu,,
are the corresponding quantities for a perturbed configuration. Then
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1
5 (Uap +Upa +wawg)

Ea5:2

(5.55)

1 R .
5 (Uap +Uusa +Wats+ W swa)

and the constitutive relations for the linear isotropic plate may be ex-
pressed in the form

€ap =

Nag = (1 — o'2>—1 [(1 — 0’>Ea@ + O'EAW(Sag] (5 56)
Nap = (1 —0?)7" (1 = 0)eas + g€y, 0] .

To derive a quasi-static principle which is sufficient for establishing
the stability of solutions to the equilibrium problem (5.53) with given
loads, we study the boundedness of solutions to the dynamical equation

(5.54) and introduce the two energy functionals £ and E:

=5 [ [ [@w? —a—ow.ul}

+(1=0?)"'{(1 = 0)EapBap + 0BaaEgp}] dudy (5.57)

— 7{ T, Unds

with R denoting the domain occupied by the rectangular plate, and the
T, being the components of the applied traction on dR. Also,

STIR(E: ) (A ~ (1~ )10, ]

H(1 = 02) "L [(1 = 0)eagas + Teantss] (5.58)
+ Noph o g p dzdy

The functional £ represents the total potential energy associated with
an equilibrium configuration of the plate while E is an energy associated
with the perturbation (w, <i>) and is, essentially, equal to the difference
(up to terms of second order) between the total energy of a perturbed
configuration and that of the (base) equilibrium configuration. If (w, ®)
denotes a solution pair for (5.53), then it may be shown that E is con-
stant on solutions (1, ®) of (5.54).

As an appropriate Liapunov functional for the stability theorem, the
authors in [202] take the functional E(w); this functional may also be
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chosen as the metric pg which is used to measure the size of an initial
disturbance. A second metric p, which is used to measure the “distance”
between the perturbed state and the base state, is given by

p = (,0) + (0, A%b) + (), 0) (5.59)

_ / /R Fra)g(a)dady (5.60)

To ensure that E = p, > k?p, it suffices that V' (#) > 0 for all functions
0(zq) which are twice continuously differentiable on R and satisfy the
relevant boundary conditions with respect to the deflection on JR; here
V() is the functional corresponding to the “static” part of E(w), i.e.,

(//{A2 (1-o0) 99}dxdy

// 1— 03" (1 - 0)eapeas + Teaness} drdy (5.61)

—l—//Naﬁ;e}aeﬁdmdy)
R

The three distinct terms in V(6) correspond to variations in bending
energy, membrane energy, and the additional virtual work of the equi-

where

1

librium membrane forces; also, in (5.61), eag = §(ua75+u[3,a+97auﬁ,ﬁ+
0 s10). Introducing the perturbation stress function ¢(6), which cor-
responds to the equilibrium displacement w (and each admissible 8),
through the homogeneous boundary value problem

A2(0) + [w,0] =0, in R

Uanag(é) =0, on Rt (5.62)

ua(C,0,w) =0, on AR,

where v is the exterior unit normal on R, and ORr, OR, denote the sub-
regions of OR on which traction and displacement conditions are applied,
V(0) may also be written in terms of the inner product representation,

1

V() = 5 {(0.8%) - (0,10,0) - (0. £0),w])}  (5.63)

As the stability criteria has been formulated without restricting the
form of the in-plane boundary conditions in an equilibrium configuration
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of the plate, it may be used to study either the stability of the trivial
solution w = 0 or of any buckled state. To pursue the study of secondary
bifurcation in [203], the authors now restrict the form of the boundary
conditions to those that give the classical initial buckling loads. Thus,
we set

T, =\T2, Uy = \U? (5.64)

where the U, are the components of the applied displacements on 9R,,
and A is the proportional loading parameter. In (5.64), T;, U, ; are fixed
boundary tractions and displacements corresponding to the prebuckled
in-plane equilibrium state of the plate. If we set ® = )\<I>O, where @
is the Airy function associated with the prebuckled in-plane state, the
linearized equilibrium eigenvalue problem which follows from (5.53) is
governed by

Ay — \[D w] =0 (5.65)

which, (together with the associated clamped/simply supported edge
conditions) has only the trivial solution w = 0, except for the eigen-
values A = \; at which w = ci; the ¢ (z,) being the associated eigen-
functions; the same result may be obtained from the energy criterion
V(0) > 0, for with w = 0 one has (A[C(f),w]) = 0 and (6, [®,0]) =

-A / / N:ﬂaaﬁﬁdxdy. Thus, the functional V() assumes the form

of the classical potential energy functional for the plate problem; we
note that V(6) ceases to be positive definite at A = A\, 0 = ct)y.

To investigate secondary branching from a primary buckled state, one
must compute the critical value \. of the load parameter A, the form of
the primary buckling state, and the branching behavior of the solution
for loads close to the critical load. Thus, for A > A; we let (w, ®)
represent the first buckled solution, set

o=\ + 0 (5.66)
and introduce the linear operator
Lw = A%w— )\ [<I>D, w] (5.67)
Using (5.66), (5.67), (5.53) may be written in the form
Lw = [®*, w]

1 5.68
A?P* + §[w,w] =0, (568)
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in R, to which we append the boundary conditions

VaNag(®*) = (A — A\ )T, on OR
a(@") = ( 1) s T (5.69)
U*(®*,w) = (A — AU, on R,

As the perfect plate may deflect either up or down, w must be odd in
the load parameter A — Ay. Thus, we let

P = (A= M)/M (5.70)
and set

{w(x,y; A) = uW (@, y; 1) (5.71)

O(z,y; A) = p*d(w, y; 1)
with W (z,y;0) # 0, ¢(x,y;0) # 0. The functions W and ¢ satisfy

LW = i2[¢, W]
1 (5.72)
A%p = 3 (W, W]
and .
o No = N7, OR
v ﬁ(¢) 1 f on T (5.73)
Us(p, W) =\U,, on OR,

The in-plane boundary conditions involve fixed traction and displace-
ment vectors which are the same as those that hold for ® = )\ ® at the
first branching. Problem (5.72), (5.73) for (W, ¢) clearly admits a zero
eigenvalue and the energy functional takes the form

VO = 2000 - Lt e lcwyy G
where ¢ = ¢ satisfies
A*C+[W,0] =0, in R (5.75)

A criterion is now sought that determines the first positive value u? of
p? such that V (0, 2) = 0. Using the work of Rogers [211] it may be
established that the real eigenvalues of the Euler-Lagrange equations for
V have a variational characterization; to establish that characterization,
an orthogonality condition is imposed to eliminate the effects of the zero
eigenvalue, i.e., 0(x,) is split as

0= Oéll/}l + Otgo_ (576)
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where
(¢17 [¢7 é] + [E’ W]) =0 (577>

and the auxiliary function ¢ is defined below. In fact (5.77) can also be
written in the form

(8,6, 1] + [F1,W]) =0 (5.78)
where
et o
Using the splitting (5.76) we compute that
2V(0; p°) = —aip® (Y1, (o, ] + [F1, W) (5.80)

+a% {(6_7 'Ca_) - M2 (9_7 [(z)a 0_] + [Ea W])

but (1, [F1, W]) < 0, while (1, [¢,%1]) < 0 for p? sufficiently small.
Therefore, the first term in V' is positive, as the first bifurcating branch
of solutions is traversed; this means that the first critical value of 2
comes from the second term in V, i.e., at the first positive p? = p2,V
becomes zero for # = a1 with 6 the eigenfunction corresponding to the
eigenvalue p2. The variational equation for the restricted function

V(0) = (0,£0) — 1*(0,[6,0)) + [, W]) (5.81)

‘Cé - :U/Q [¢, é] - /1’2 [Ea W] = Oa in R (582)

where ( satisfies the second equation in (5.79). Equations (5.82), (5.79)
are the linearized variational equations (of the von Karman equations),
at fixed load, for small static displacements 6 superposed on the base
displacement W; therefore, a solution to these equations may be given
an interpretation as a neighboring equilibrium solution.

To examine the postbuckling behavior of the plate we let (W, ®), ® =
A1® + ®*, be the primary buckling solution for (5.68), (5.69) and we
denote by (w,®) the bifurcating solution at loads A near ., i.e. at
parameter values of u? = (A — A\1)/A1 and p2 = (Ac — A1)/A1. We now
introduce the new load parameter

A=A M —pd)
K W X\,
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and denote the first eigensolution for (5.82), (5.79) by (6,¢). Following
[203] we set

w(x,y;7,§) = w(z,y;n) +E0(x, y;,§) (5.83)

so that w(z,y;n,0) = w(x,y;n), write 6 as a perturbation power series
in the new scalar bifurcation parameter &, i.e.,

0(x,y;€) = 0(x,y) + £O(z,y; )

= 0(z,y) +¢ (Z ol (z, y)E”) (58

n=0

and impose the orthogonality condition
(8.£(0—0) =0 (5.85)

on @ so as to ensure that n — 0 as £ — 0 so that two solutions branch
from 1 = 0. Imposing the condition that both w and w are solutions of
the von Karman equations produces a series of perturbation equations
for the terms of successive order in (5.84). The relation implied by (5.85)
between 7 and & is then written down as a power series, i.e.,

n€)=al+---, a=n'(0) (5.86)

and the perturbation equations are then used so as to infer that a = 0
if (6, [5679}) = 0; in this case, therefore, n = b&?, in the first approxi-
mation, and by using the equations governing the term ©() in (5.84)
a formula may be generated for the bifurcation parameter b. If @ # 0,
then the bifurcating solution has a portion which exists under decreas-
ing load and a bifurcation diagram of some norm of the solution against
the loading parameter would show the primary and secondary branches
crossing at an angle; thus, a secondary branch exists for both decreas-
ing and increasing load levels, which indicates, as the authors in [203]
point out, a destabilization of the primary solution with an imperfection-
sensitive type of behavior on the part of the secondary branch associ-
ated with a decreasing load parameter. For a = 0, the sign of b is
crucial, i.e., b > 0 indicates a relatively stable secondary branch, and an
imperfection-insensitive instability on the primary branch, while b < 0
indicates imperfection-sensitive behavior on the primary branch, while
the secondary branch exists only for decreasing loads.

With @ = 0,b < 0, a dynamic jump may be experimentally observed
under loading: the bifurcating equilibrium branch, in this case, can be
maintained only under decreasing load levels and is, therefore, unlikely
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to be observed. In [205], Bauer and Reiss proposed an energy mechanism
based on total potential energy for the phenomenon of mode-jumping; in
their scenario, there exist energy-crossing parameter values A. at which
one mode shape is preferred over another, i.e., small disturbances in
a mode shape at such values may cause the given state to jump to a
state of lower energy through an intermediate state. The authors [205]
speculated that there may exist secondary branches which connect the
bifurcation points on two primary branches with the bifurcation point
on the second branch at a lower load level than that on the first.

To illustrate the method employed in [203], the example of a rectan-
gular simply supported plate in longitudinal compression (with edges
constrained so that the normal, in-plane edge displacement is uniform,
and the edge shear force is zero) is treated; the plate occupies the region
0 <z <{,0<y<1. The vanishing of the second normal derivative of
the deflection on all four edges of the plate may be shown to be equiv-
alent to the physical requirement that the edge moment be zero. The
load parameter A is just the negative of the resultant load on the edges
atz =0,z =1/, ie.

/ N11(0,y)d / Ni1(4,y)d (5.87)

while the mean load on the edges at y = 0 and y = 1 is zero. The
requirements that the normal edge displacements be constant while the
edge stresses vanish may be expressed by the conditions

{ u1,2(0,y) = u12(0,y) = uz,1(x,0) = ug 1 (z,1) =0 (5.88)

u2,1(0,y) = u21 (L, y) = u1,2(x,0) = uy 2(x,1) =0

The corresponding initial buckling problem has a well-known solution,
i.e., the critical values at which solutions branch from the undeflected
state are given by

A = {(%)2#—(7&@2}/(%)2 (5.89)

while the corresponding eigenmodes are of the form

Ymon & sin ? sin nmy (5.90)

The lowest critical load is obtained as the minimum of the A, , over
all positive integers m,n and always occurs for n = 1 and values of m
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which, as we have seen in our earlier work in Chapter 2, is dependent on
the aspect ratio £; the appropriate value of m satisfies y/m(m — 1) < £ <
Vm(m +1).1f0 < £ < /2, then \; = \; ; while ¢y ~ sin(7x/f) sin(7y).

The base von Karman solution is now represented, following our gen-
eral discussion, above, in terms of an expansion in the parameter p? =
(A = A1)/A1. By comparing their expansion with the (approximate)
Fourier series solution of Levy [212], the authors in [203] are able to
show that the first two terms of the expansion yield center-line deflec-

1
tions w(z, 3 A) that begin to deviate only slightly from those of [212]

at loads which are several times larger than the critical buckling load.
By using the representations of the base deflection, w = uW (x,y; u?),
through terms of order 13, and the difference stress function ®* = 2@,
through terms of order ;*, and employing those representations in the
secondary buckling problem, i.e., (5.82), (5.79), both first and second
order approximations for the solution to this problem are computed in
[203], which have the form

wW &~ pw(z, y) (5.91)
w? pwo (2, y) + M3w1 (z,y)

Then, for each of the approximations in (5.91) a Galerkin approxima-
tion method is used to determine the eigenfunction @; specifically, 6
is approximated by using a linear combination of eigenfunctions of the
linearized problem, viz.,

0 ~ Z Z a;j sin % sin jmy (5.92)
i

The critical eigenvalues and eigenfunctions are computed in [203] using
up to nine terms in the Galerkin series; four groups of terms in é(x, Y)
appear to arise in a natural manner, which correspond to the parity
of the indices 7 and j, and the buckling loads may be determined for
each class or grouping. It was determined in [203] that, for some aspect
ratios approaching ¢; = v/2, where the base buckling mode transitions
to the second primary mode, there is sensitivity to the group or class in
which 7 is odd and j is even. The computation of the parameters a and
b can be carried out in the postbuckling regime and it turns out that
for 6 in the same i odd, j odd group as the primary mode, wo(z,y) =
sin%xsin my and we have a # 0; for all other groupings a = 0 but

b # 0. In most cases, b < 0 thus indicating imperfection-sensitivity to
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perturbations and pointing to the likelihood of snapping occurring at an
unstable bifurcation. The authors [203] also compute the snapping loads
for the imperfect systems and the energy-crossing loads for the first few
primary branches. In Table 5.2 we have summarized, following the work
in [203], the numerical values of the secondary buckling loads and the
values of the parameters a, b, governing the (approximate) postbuckling
analysis, for the four types of @ series; three different aspect ratios £ are
considered in this table.
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5.3 Imperfection Buckling and Secondary Buckling
Figures, Graphs, and Tables

Table 5.1 Computed Initial Buckling Loads and Associated
Radial Edge Shortenings for Isotropic Circular and Annular
Plates (v = 0.3) [157]

Number of Buckling load Radial edge Outer edge Plate
divisions (N,,Ny)? shortening  condition type

u)
7.5 0.38 0.25 Simply Circular
supported
12.5 0.38 0.255 Simply Circular
0.3846 0.269 supported
7.5 1.34 0.95 Clamped  Circular
12.5 1.34 0.95 Clamped  Circular
1.3445 0.941 Clamped  Circular
8 2.3 0.3 Simply Annular
supported (¢ = %)
2.527 0.317 Simply Annular
supported (¢ = %)
8 24.4 3.13 Clamped  Annular
(0=73)
24.80 3.112 Clamped  Annular
_1
(9=73)
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Table 5.2 Numerical Values of the Secondary Buckling Loads
for a Rectangular Plate [203] (From Stroebel, G.J. and Warner,
W.H., Stability and Secondary Bifurcation for von Karman
Plates, J. Elast., 3, 185, 1973. Reprinted with kind permission
from Kluwer Academic Publishers.)

{=.75 ¢=1.00 {=1.25

A 4.37m2 4.0072 4.1972
1,J od

A 29.6072 25.6272 21.4672

a: 87672 69772 A877?
1 even, j odd

A 29.9572 26.0572 20.9572

b: —4.656m2 —18.1787% —22.4472
1 odd, j even

At 31.7172 27.42m2 18.8072

b: —381.477% —129.317% —.827x?
1 even, j even

A 30.7072 25.7072 21.5972

b: —99.34572  85.297%  57.4372
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FIGURE 5.1

Simple model for illustrating imperfection buckling [16]. (From
“Theory of Buckling and Post-Buckling Behavior of Elastic
Structures” by B. Budiansky in ADVANCES IN APPLIED
MECHANICS, Volume 14, copyright (©1974 by Academic
Press, reproduced by permission of the publisher.)

© 2001by Chapmar& Hall/CRC



FIGURE 5.2

Equilibrium paths. (a) Ay < 0; (b) A1 = 0, A2 > 0; (¢)
A1 = 0, A2 < 0 [16]. (From “Theory of Buckling and
Post-Buckling Behavior of Elastic Structures” by B. Budian-
sky in ADVANCES IN APPLIED MECHANICS, Volume 14,
copyright (©1974 by Academic Press, reproduced by permis-
sion of the publisher.)
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FIGURE 5.3

Initially imperfect simple model [16]. (From “Theory of Buck-
ling and Post-Buckling Behavior of Elastic Structures” by B.
Budiansky in ADVANCES IN APPLIED MECHANICS, Vol-
ume 14, copyright (©1974 by Academic Press, reproduced by
permission of the publisher.)
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(a)

(b)

FIGURE 5.4

Equilibrium paths for imperfect model. (a) € > 0; (b) £ < 0
[16]. (From “Theory of Buckling and Post-Buckling Behavior
of Elastic Structures” by B. Budiansky in ADVANCES IN AP-
PLIED MECHANICS, Volume 14, copyright (©1974 by Aca-
demic Press, reproduced by permission of the publisher.)
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(a) (b)

FIGURE 5.5

Equilibrium paths for various values of initial imperfection
E(A1 <0) (a) £>0; (b) £<0 [16]. (From “Theory of Buck-
ling and Post-Buckling Behavior of Elastic Structures” by B.
Budiansky in ADVANCES IN APPLIED MECHANICS, Vol-
ume 14, copyright (©1974 by Academic Press, reproduced by
permission of the publisher.)
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(b) (c)

FIGURE 5.6

Equilibrium paths for perfect and imperfect models. (a) A\; >
0; (b) A1 =0, A3 < 0; (c) A1 =0, A2 > 0 [16]. (From “Theory
of Buckling and Post-Buckling Behavior of Elastic Structures”
by B. Budiansky in ADVANCES IN APPLIED MECHANICS,
Volume 14, copyright (©1974 by Academic Press, reproduced
by permission of the publisher.)
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(c)

FIGURE 5.7
Load-shortening relations _for the simple model (a)

A <0, £>0; (b) Ay <0, £<0; (c) A =0, Ay <0, &> 0;
(d) A1 =0, A2 >0, £ >0 [16]. (From “Theory of Buckling
and Post-Buckling Behavior of Elastic Structures” by B.
Budiansky in ADVANCES IN APPLIED MECHANICS,
Volume 14, copyright (©1974 by Academic Press, reproduced
by permission of the publisher.)
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FIGURE 5.8

Deflection of plates with initial deviation from flatness.
(Adopted, in modified form, from [109].)
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FIGURE 5.9

Deflections of plates with do/t = 1, for various support condi-
tions. (Adopted, in modified form, from [94].)
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FIGURE 5.10
Deflections of plates with dg/t = 1, and sides free to wave.

(Adopted, in modified form, from [94].)

© 2001by Chapmar& Hall/CRC



12

ﬁ M
B (v
. ER*

/ 3 p= 2403?

BUCKLES

=l

E..b
h?

FIGURE 5.11

Shifting of the buckle pattern in plates under lateral and end
loads. (Adopted, in modified form, from [193].)
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FIGURE 5.12
Development of longitudinal buckles. (Adopted, in modified
form, from [193].)
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FIGURE 5.13

Critical buckling strain of plates under lateral and end loading.
(Adopted, in modified form, from [120].)
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FIGURE 5.14

Load-deflection curves for various boundary conditions
isotropic plate under uniaxial compression. (Adopted, in mod-
ified form, from [94].)
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FIGURE 5.15

Load-deflection curves for isotropic plate with various aspect
ratios [114]. (Reprinted from the Int. J. Solids and Struc-
tures, 31, Romeo, G. and Frulla, G., Nonlinear Analysis
of Anisotropic Plates with Initial Imperfections and Various
Boundary Conditions Subjected to Combined Biaxial Com-
pression and Shear Loads, 763-783, 1994, with permission from
Elsevier Science)
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FIGURE 5.16

Load-deflection behavior for an anisotropic plate under uniax-
ial compression [114]. (Reprinted from the Int. J. Solids and
Structures, 31, Romeo, G. and Frulla, G., Nonlinear Analysis
of Anisotropic Plates with Initial Imperfections and Various
Boundary Conditions Subjected to Combined Biaxial Com-

pression and Shear Loads, 763-783, 1994, with permission from
Elsevier Science)
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FIGURE 5.17

Load-deflection curves of an anisotropic plate under uniaxial
compression. (a) Out-of-plane deflection at a quarter length.
(b) Overall deflection at P/P,.,. = 2 [114]. (Reprinted from the
Int. J. Solids and Structures, 31, Romeo, G. and Frulla, G.,
Nonlinear Analysis of Anisotropic Plates with Initial Imper-
fections and Various Boundary Conditions Subjected to Com-
bined Biaxial Compression and Shear Loads, 763-783, 1994,
with permission from Elsevier Science)
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FIGURE 5.18

Plate geometry and coordinate system. (a) Annular sector showing posi-
tive polar coordinate and principal orthotropy directions. (b) Radial sec-
tion through annular plate with an initial deflection. (Turvey, G.J. and
Drinali, H., “Elastic Postbuckling of Circular and Annular Plates with
Imperfections,” Proc. 3rd. Int. Conf. Composite Struct. Appl.
Sci. Pub. 1985, 315-335. With permission of Elsevier Science.)
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FIGURE 5.19

Edge compression-radial shortening response of an isotropic flat circular
plate: (v = 0.3) (a) clamped edge (b) simply supported edge. (Turvey,
G.J. and Drinali, H., “Elastic Postbuckling of Circular and Annular Plates
with Imperfections,” Proc. 3rd. Int. Conf. Composite Struct.
Appl. Sci. Pub. 1985, 315-335. With permission of Elsevier Science.)
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FIGURE 5.20

Edge compression-plate center additional deflection response of isotropic
clamped imperfect circular plates (v = 0.3). (Turvey, G.J. and Drinali,
H., “Elastic Postbuckling of Circular and Annular Plates with Imperfec-
tions,” Proc. 3rd. Int. Conf. Composite Struct. Appl. Sci. Pub.
1985, 315-335. With permission of Elsevier Science.)
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FIGURE 5.21

Edge compression-hole-edge deflection response of orthotropic flat annu-
lar plates (¢ = 0.4) and (v,.¢ = 0.3333). (Turvey, G.J. and Drinali,
H., “Elastic Postbuckling of Circular and Annular Plates with Imperfec-
tions,” Proc. 3rd. Int. Conf. Composite Struct. Appl. Sci. Pub.
1985, 315-335. With permission of Elsevier Science.)
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FIGURE 5.22

Edge compression-hole-edge additional deflection response for clamped
orthotropic imperfect annular plates (¢ = 0.4) (a) 3 = 1.0, v,9 = 0.1
(b) B =1/3, v = 0.3. (Turvey, G.J. and Drinali, H., “Elastic Post-
buckling of Circular and Annular Plates with Imperfections,” Proc. 3rd.
Int. Conf. Composite Struct. Appl. Sci. Pub. 1985, 315-335. With
permission of Elsevier Science.)
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N "
o3 o

Edge compression-hole-edge additional deflection response for clamped
orthotropic imperfect annular plates (¢ = 0.4) (a) 3 = 3 v,9 = 0.1
) B = 1,v.9 = 0.3 (c) B8=1/3, v.9 = 0.3. (Turvey, G.J. and Dri-
nali, H., “Elastic Postbuckling of Circular and annular Plates with Imper-
fections,” Proc. 3rd. Int. Conf. Composite Struct. Appl. Sci.
Pub. 1985, 315-335. With permission of Elsevier Science.)
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FIGURE 5.24

Maximum average applied stress of an elastic-plastic simply
supported circular plate when buckling takes place in the elas-
tic range (v = %, n = 12) [141]. (Reprinted from Int. J. Mech.
Sci., 17, Needleman, A., Postbifurcation Behavior and Imper-
fection Sensitivity of Elastic-Plastic Circular Plates, 1-13, 1975,
with permission from Elsevier Science)
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FIGURE 5.25

A sketch of the response of the radially compressed and
clamped circular plate [201]. (From Cheo, L.S. and Reiss, E.L.,
Secondary Buckling of Circular Plates, STAM J. Appl. Math.,
490, 26, 1974. With permission)
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FIGURE 5.26

Schematic bifurcation diagram [203]. (From Stroebel, G.J. and
Warner, W.H., “Stability and Secondary Bifurcation for von
Karman Plates”, J. Elast., 3, 185, 1973. Reprinted with kind
permission from Kluwer Academic Publishers.)
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CHAPTER 6

Generalized von Karman Equations for
Elastic Plates Subject to Hygroexpansive or
Thermal Stress Distributions

We begin our study of hygroexpansive and thermal buckling and bend-
ing of thin plates by deriving the generalized von Karman equations for
elastic isotropic and orthotropic plates; the pertinent results will be pre-
sented in both rectilinear and polar coordinates for, respectively, rect-
angular plates and plates with a circular geometry. In Chapter 8 the
equations governing the bending and buckling behavior of thin plates
either exhibiting viscoelastic (creep) behavior or undergoing plastic de-
formations will be presented. The chapter also includes a discussion of
boundary conditions for plates undergoing hygrothermal expansion or
contraction.

6.1 Rectilinear Coordinates

We consider an isotropic thin plate of constant thickness A which
occupies the domain Q) in the z,y plane (Fig. 1.11); as in Chapter 1, we
employ the Kirchoff hypothesis, i.e., sections x = const., y = const. of
the undeformed plate remain plane after deformation and also maintain
their angle with respect to the deformed middle surface of the plate. In
terms of the displacement components u, v, w of the middle surface of
the plate, we have the following generalization of equations (1.34) which
applies when either hygroexpansive or thermal strains (or both) must
be taken into account:

€xx = €xa — €EHT

gyy = €yy — €HT (61)
’?zy = 2€xy = 261’y

© 2001by Chapmar& Hall/CRC



where €,4, €4y, €,y are given by (1.34), i.e.,

1
2
€xz = U + §w7x - Cw,xa:

Coy = 5(“1} T U0+ Wewy) = CWay

_ 2
€yy = Vy + §w,y Cw,yy

with —h < ¢ < h the (normal) distance from the middle surface of the
plate, and
€egr = ,6(5H + adT (62)

In (6.2), B is the (assumed constant) coefficient of hygroscopic expansion,
« the thermal expansion coefficient,  H the change in moisture content
and 67T the change in temperature. For a static problem we have, in
general

(6.3)

0H = H(x,y,z) — H,
0T =T(x,y,2z) — T,

with Hy, Ty, respectively, reference moisture and temperature levels.
In writing down (6.1), (6.2) we have already assumed isotropy, i.e.
(eaT)as = (€mT)yy; for the case of rectilinear orthotropy we will have
to introduce coefficients «;, 3;,i = 1,2. We also note that for a purely
hygroscopic problem 07 = 0, while for an entirely thermal problem
0H = 0.

Remarks: To simplify the presentation, and because almost all of the
literature, to date, has dealt solely with problems of thermal buckling
and bending as opposed to hygroscopic buckling and bending (or a com-
bination of both mechanisms) we will often write ey = e = adT or
the natural generalization with respect to orthotropic response. In al-
most all the cases that will be discussed adT' (in the isotropic case, for
example) will be interchangeable with 6 H.

For rectilinear isotropic response, the constitutive relations are given
by (see, e.g., [216])

N 1

€z — E(Jzz - Vayy)
N 1

Cyy = E(Uyy — VOgz)
- 2(1+v)

Vay = To'xy
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or, in view of (6.1)

1

€xz — €EHT = E(sz — Voyy)
1
€yy — €EHT — E(Uyy - Vamz) (64)

1+v
€xy = (T)Uwy

with v the Poisson’s ratio and E the Young’s modulus. Alternatively,
by solving (6.4) for the stress components, we have

Owz = m(em +veyy) = P

E E
Oyy = m(eyv + Veacz) - 1= VEHT (6.5)
Opy = H—yezy = 2Geyy

where G is the shear modulus of the plate. With, e.g., egr = adT = er,
(6.4) says that as a consequence of a change in the heat content of the
plate strains €4, €.y, and €y, are caused by thermal expansion of the
material composing the plate as well as by stresses that might arise
from applied loads or other sources. As in Chapter 1, the averaged
stresses over the plate thickness h (assumed to be small) and the bending
moments are given by (1.37), (1.38) which we repeat here as

h/2

N, :/ Opudz
—h/2
h/2

Ny :/ Oyydz (6.6a)
—hj2
h/2

Ny :/ Oydz
—h/2

and

h/2

M, :/ Opp2dz
—h/2
h/2

M, :/ Oyyzdz (6.6b)
—h/2
h/2

My :/ Ogyzdz
—h/2
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In view of the definitions of €, €2y, and ¢y, if we define, in the usual
way, the middle surface strains by (see (1.34), (1.35))

o __ 2
€re = Uz + _w,x

2

1
€, =Uy+ iwzy (6.7)
€ay = Q(uy + Uz + W Wy )

so that
€xz = ng - Cw,a:w
€y = G;y = QW zy (6.8)

_ 0 __
Eyy = €y — CWyy

then, by virtue of (6.5), (6.6a), and (6.8)

En o
N, = 71 2 (e:cz + I/eyy) — Nyt

Eh 6.9
Ny :m(EZy"’_VEgI)_NHT (6.9)

Ny = 2Gheg,

where
E h/2

EHTdZ 6.10
= (6.10)

For the purely thermal situation in which ery = er = AT (2,y, 2)

s aE [h?
Nygpr=N" = R 0T (z,y,z)dz (6.11a)

while, in the entirely hygroscopic case with e = ey

ﬂE h/2

Nyr=NH =
1-v —h/2

0H (z,y,z)dz (6.11b)

Equations (6.9) may be found, e.g., in §9.4 of [217], with Ngr = N7.
In an analogous fashion, we may compute that, by virtue of (6.5),
(6.6a), and (6.8), the bending moments are given by
M, = —K(wgy +vwyy) — Myt
M, = —-K(wyy +vwz,) — Mur (6.12)
My =—(1—-v)Kw gy
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Eh?

where K = m is the usual plate stiffness for the isotropic case
—v
while the hygrothermal moment Myt is given by
E h/2
MHT = / EHTZdZ (613)
L=vJ pnp
For egr = e,
Myr =MT = Bl 0T (x,y, 2)zdz (6.14)
L—v J np
while for €EgT — €,
My = MY = PE 0H (z,y,z)zdz (6.15)
L=v J np

The relations (6.12), with Mgy = MT may also be found, e.g., in §9.4
of [217].
In certain situations it may be the case that the coefficients o and/or
0 are field-dependent, i.e., a = «(0T),8 = B(6H). In such case, one
would have, e.g.,
5 )2

NT = a(0T) - §Tdz
R

(6.16)

E h/2
MT = / a(dT) - 6T zdz
L=v ) np

with analogous expressions for N MH .

The equilibrium equations which apply in the present situation (see
Figs. 1.8, 1.9) are precisely the same relations which hold in the absence
of hygrothermal strains, i.e., (1.42), (1.43), and (1.44); we write these
(in the absence of an initial deflection and a distributed normal loading)
in the form

{ ’ oY (6.17a)

Nay,z + Ny,y =0

Quzw + Quay + Now i + Nyw yyy + 2Npyw oy =0 (6.17b)

Mmy,z + My,y — Qyz — 0 _
{ Myoy + Myy — Qo =0 Mo = Myz) (6.17c)
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Eliminating Q. and Q.. from among the equations in (6.17b, c) we
obtain

My wz + 2May oy + My yy + Now g + 2NpyW 2y + Nyw,yy = 0 (6.18)

Substituting for the moments M,, M,, and M, in (6.18) then yields

KA*w = Npw gy + 2Npyw 5y + Nyw gy — AMpr (6.19)
0? 0?

where A = —— 4+ = is the two-dimensional Laplacian while A2 is the
0x?  0y?

biharmonic operator. Modifications (which will be discussed later) must
be made to (6.19) if imperfection buckling is considered, i.e., if the plate
possesses an initial prebuckling deflection wg = wo(x, y) or is subject to
a transverse normal loading. As in Chapter 1, we may introduce the
Airy stress function ®(z,y) by

in which case equations (6.17a) are satisfied identically, while (6.19)
becomes

KN?w =@ yyw pp — 28 4y 4y + D pp yy — AMpr (6.21)
From the compatibility equation

PP P e, Pwd
oy? ™ 92 dxdy " 0zdy 0x2 9y?’

(6.22)

where egx,egy, egy are the middle surface strains, as given by (6.7) and

the constitutive relations (6.9), we easily obtain the second of the two
generalized von Karman equations which apply in the case of hygrother-
mal buckling, i.e.,

0w 0w

0w
)? - Wa—gﬂ} — (1 =v)ANgr (6.23)

A?® = Eh
{(8x8y

If, as in Chapter 1, we introduce the nonlinear (bracket) differential
operator by
[fv g] = f,yyg,mz - 2f,myg,my + f,zxg,yy

we may write (6.23) in the form

1
NP = —iEh[w,w] — (1 - v)ANgr (6.24)
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With AMpgr = ANgr = 0, the system (6.21), (6.24) reduces to the
standard system of von Karman equations which apply in the case of
linear isotropic elastic response in rectilinear Cartesian coordinates in
the absence of both an initial prebuckling deflection and an applied
transverse normal loading.

For the case in which the thin plate exhibits linear elastic behavior but
possesses rectilinear orthotropic symmetry, the generalized von Karman
equations governing hygrothermal buckling may be derived as follows:
for a constant thickness orthotropic thick plate, in which the x and y
axes coincide with the principle directions, the constitutive equations
have the form (compare with (1.60))

1
Oz c11 c12 0 €xz — €T

_ 2
Oyy ¢ = |C21C22 0 €yy — €57 (6.25)
Oy 0 0 ceo Vay

where the hygrothermal strains have the form

{G}JT = ﬂléH + 041(5T

€, = o0 H + asdT (6.26)

with a1, as the coefficients of linear thermal expansion along the x and
y axes, respectively, and (31, B2 the coefficients of hygroscopic expansion.
For now, we shall assume that the «; and 3; are constant, i = 1,2. In
(6.25) the elastic constants are given by (1.61) with Ey, Ea, 12, 21, and
G112, respectively, Young’s moduli, Poisson’s ratios, and shear modulus
associated with the principal directions:

ci1 = Ei/(1 —viaver)
c12 = Eovar /(1 — via1a1)

co1 = Eyvia/(1 — viaver) (1.61)
co2 = Eo/(1 — v12191)
ce6 = G12

Also, E1v1o = FEsvseq so that 19 = ¢91. As in Chapter 1, the constants
D;; = ¢;jh3/12 are the associated rigidities (i.e., stiffness ratios) of the
orthotropic plate. Recalling (1.63), we have for the bending rigidities
about the x and y axes, respectively,

Eih? Exh?
Djj=——"———and Dyy= ——"—— 1.63
1 12(1 — 1/121/21) an 2 12(1 — 1/121/21) ( )
while, from (1.64), i.e.,
Gr2h?
Dgg = 1.64
o= (164)

© 2001by Chapmar& Hall/CRC



is the twisting rigidity. Often, the ratios Dj3/Dss and Dsg/Dqy are

termed reduced Poisson’s ratios.
We write (6.25) out in the form

Ozz = C11(€9, — CW ae) + C12(€), — Cw )
—Cii€yr — C12€5 7

Tyy = 21 (€0, — CWaa) + c20(€hy, — ()
—021€HT - CQQEHT

Ouy = 2¢66(€0y — CW o)

where the middle surface strains are given by (6.7).
The averaged stresses (over the plate thickness) are still given by (6.6a)
so that, by virtue of (1.61), and (6.27)

Elh, E2V21h
N, = {1 } Ot {1 &,
— V1221 — V1221

—(Ngr + Nifp)

E11/12h Egh
Ny=q———>1€ — e
Y { 1 —viov9 € T 1 — w100 vy
—N#r + Nitr)

Nay = (2G12h)€),

where h/2
NI = ( > et ndz
HT 1= trova e HT
Eavay h/Q
N2z — ( €2, ndz
HT 1= viovar h/2 HT
Eivyo h/2
N2ZL = ( ) etrndz
HT 1= viova e HT
By h/2
Nﬂ:<>/ ehrdz
HT 1= viovar e HT
Remarks:

© 2001by Chapmar& Hall/CRC
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(6.28)

(6.29)

In the special case of rectilinear isotropic elastic response

(6.28), (6.29) reduce as follows: we set By = Ey = E, v19 = vo1 = v,



and G12 = G. Also
ehr = €4 = BOH + T = eyr

as a1 = ag = «, 31 = B2 = 3. Then

Ny + Nifp = /h/2 egTdz

h/2
/ EHTdZ

and it is clear that (6.28) reduces to (6.9) with Ny = N}}p + Niy =
N2t + N22. given by (6.10).
From (6.28) we have, immediately, that

1
0o _
e, = <2G12h) Nay (6.31a)

while the linear algebraic system

(6.30)
N+ Nipp =

0

Cllegw +cl2€yy (NZE +N11{T)

c21€9, + cazey, = —(Ny + Niir)

F\HD“M—‘

with R
Npp = Nijr + Nify

N} =N¥+ N

yields

<, = — {( b )(NﬁN}{T)

|Cij‘h 1-— V1221

E21/21 ) ~ }
S bR N, + N2
(1 — Vialo1 ( Y HT)

(6.31b)

| B > )
e, = N, + N}
0= i | (o) (O, + W)

(T2 ) v+ W |

1 —viav91

(6.31c)
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with
By Esvo
1 —viav91 1 —viov9
Eivyo Es ’

1—viov91 1 —vi0v9

lcij| =

ie.,
|cij| = EvEa/(1 — viava1) (6.32)

Employing (6.32) in (6.31b,c) and recalling (6.31a) we easily find that
the inverted constitutive relations assume the form

1
€ = {(N JrNHT)*V21(N +NHT)}

hE1

1
€y = hE, {(N + NEp) — vi2(N, +NHT)} (6.33)
0 1

€ry = mNa:y

To compute the bending moments M, M,, and M,, we employ the
constitutive relations (6.27) in (6.6b) and obtain

h3
M, 1 (11w zq + crow ) — (Mprp + Mify)
M. h3 M21 M22
D 5 (210 00 + c22w yy ) — (M + Migp)
h3
Mwy = _FC66w,wy

where the hygrothermal moments MgT are given by

h/2
M = 011/ ez, y, 2)zdz

—h/2

h/2
M117T2T = 012/ 6?—[T(£7yv Z)ZdZ

—h/2

s (6.34)
My = 621/ enr(2,y, 2)zdz

—h)2

h/2
M#, = 022/ ez, y, 2)2dz
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Employing the rigidities D;; = cijh?’ /12, the bending moments may be
written in the form

M, = —(D1wzz + Digwyy) — (Ml Hr T+ M11{2T)
My, = —(Dawze + Doaw yy) — (MIQLIlT MJ%IQT) (6.35)

Mfy = —2D66w7xy

Equations (6.34), (6.35) generalize the relations (1.67a, b, ¢) of Chapter
1 and reduce to the latter expressions for the bending moments when
;=0 =0,i=1,2.

For the orthotropic case, the equilibrium equations (6.17a), (6.18) still
apply, with the averaged stresses given by (6.28), (6.29) and the bending
moments by (6.34), (6.35). As in the (rectilinear) isotropic case, we
introduce the Airy function ®, which is defined by (6.20) and the pair of
equations (6.17a) is satisfied identically. Substituting into (6.18), from
(6.20) and (6.35), we next find that (6.18) implies that

D11W ggze + {D12 + 4Dg6 + D21} gayy + Do yyyy = [P, W]

] ) (6.36)
~{(Mpy7) 2w + (MZr) 4y}

where
M}{T = M}}T + M11{2T
- (6.37)
M12{T = MI2{1T + M1212T
With o, = 8; = 0,7 = 1,2, (6.36) reduces to the first of the von Karman
equations for the non-hygrothermal case, e.g., (1.68).

The second generalized von Karman equation for hygrothermal bend-
ing and bucking for the case of rectilinear orthotropic symmetry, follows
as in the isotropic case from the compatibility equation (6.22), i.e

0? 0? D% 1
a2 T gm 29, = 3l

In the present situation, the middle surface strains €7, €7, , and €, are

given by (6.33); introducing the Airy function into (6.33), we now write
this system in the form

1 1 -
€on = h—E1 : (‘b,yy - V21(I),m) hE, (NHT V21N12-IT)
1 -
W, (22 —v12® yy) + hE —(Nfip —viaNgp)  (6.38)
1
o ____ ~ & .
ey T TonGL, W
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and then substitute into (6.22) so as to obtain

1 1 1 21/12

Byt (- 2,
Elh 7yyyy+h(G12 E2) »TTYY
1 1
=P pzex = — 5w, 6.39
P ares =~ (6.39)
1 - - 1

1 2 Yol
Nygr — V21NHT),y NHT vieNyr) co

Elh( Ey h(
Equation (6.39) reduces to (1.69) for the non-hygrothermal case when
o; = B = 0,i = 1,2, in which case N3, = NZ, = 0. Various spe-
cial cases of (6 39) Wlll appear in Chapter 7, when we consider specific
(mostly, thermal buckling and bending) problems that have appeared in
the literature. For a thin linear elastic plate, which exhibits rectilinear
orthotropic symmetry, the complete system of generalized von Karman
equations incorporating hygrothermal expansion and contraction, con-
sists of (6.36) and (6.39); these equations hold in the absence of initial
deflections and a transverse (normal) loading. Systems of equations
which are similar to (but less general than) (6.36), (6.39) for the case
of thermal buckling and bending of thin linearly elastic rectilinearly or-
thotropic plates have appeared in several places in the literature, e.g.,
[218], [219], and [220], as well as in §7.2 and §9.2 of [217].

6.2 Polar Coordinates

In this section, we will present versions of the generalized von Karman
equations in polar coordinates for thin linearly elastic plates exhibiting
isotropic response as well as cylindrically orthotropic response. Because
of the rather complex structure of the buckling equations for a circular
geometry coupled to an assumption of rectlinear orthotropic response,
even in the absence of hygrothermal strains (i.e., see Chapters 1 and
3), no attempt will be made here to explicitly write down the buckling
equations for this situation.

In a cylindrical coordinate system (r, 6, z), with the polar coordinates
(r,0) describing the middle surface of the plate, the expression in (6.2)
for the hygrothermal strain remains, essentially, invariant except that
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§H and §T are now functions of (r,6, z), i.e.,
eyr = BOH (1,0, 2) + adT'(r,0, z) (6.40)
In lieu of (6.1) we have

Err = E€pp — e}}T
égg = €py — e*HT (641)
Yro = Vro

where e, egg, and 7,9 are given in terms of the displacement com-
ponents u,.,ug in the middle surface of the plate and the out-of-plane
displacement w = w(r, #) by the relations in (1.71), i.e.,

_ our l(a_w)2_ O*w
= ar T 2Var or?

_up  10ug 1 0w, o 10w 1 0%w
="t %0 Tartae) G i)

Oug ug 1 Ou, 1 0w, , dw 1 9%w 1 ow
=5 7 e T e )G ~ X G e 2 an)
Middle surface strains ey,., egg, 7y are obtained from these relations by
simply setting ¢ = 0.

The stress components o,.,., 0gg, and 0,9 must satisfy the equilibrium
equations delineated, e.g., in (1.72a, b); they are related to the stress

components in rectangular Cartesian coordinates by the equations in
(1.73), i.e.,

Opp = Opu COS2 0 + Oyy sin? 0 + 20,y sinf cos 0
099 = Oy Sin® 0 + Oyy cos? 6 — 20,y sinf cos 0
0ro = (Oyy — Ozy)sinfcosf + O'zy(COSZ 6 — sin® )

Assuming that the thin plate exhibits linearly elastic response, we have,
in lieu of (6.4), the constitutive relations

1

€rr — €fp = E(Urr - VUGG)
1
€po — €y = E(Ue)o — Vo) (6.42)
14+v
€rog = ( E )0'7“0
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whose inverted form is

O = T3 (err +vega) — 1-5 V@}}T
E E
Opp = m(e‘gg + I/err) — meHT
E
= (— = G
Oro (1 n V)eré Tro

(6.43)

The averaged stresses and bending moments in polar coordinates are
defined, in the obvious way, as the natural counterparts of (6.6a, b), i.e.

h/2
N, = / Orrdz

—h/2
h/2 (ete.)
M, :/ Opr2dz
—h)2
So that, by virtue of (6.43)
Eh .
Ny =5 (efr +vegy) = Nirr
Eh .
No = m(ege +vep,.) = Nir

Nrg = QGhCQQ

* _ *
where N = eprdz.

L=vJ

(6.44)

It is easily shown that the polar coordinate equivalent of the equilib-

rium equations (6.17a), i.e., (compare with (1.72a))
1 1
Nr,r + ;NTO,Q + ;(N’I‘ - N@) =0

1 2
Nr@,r + ;NO,G + ;NTG =0

(6.45)

is satisfied by introducing the Airy (stress) function ® = ®(r, ) defined

by
1 1
Nr = _‘I),r + _2(D,99
r T
N9 = (I)r'r
1 1
Noo= 5%~ @0
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which is, of course, identical with (1.74). For the isotropic situation
under consideration, the generalized von Karman equations (in polar
coordinates) can now be derived in a direct manner by noting that the
differential operators present in the system (6.21), (6.24) are invariant
with respect to linear transformations of the coordinate system; in par-

ticular we have, in lieu of (6.21), (6.24), the system
KAZU}(n 0) - [q)(’r’ 0)7 U)(T‘, 0)] - A]\4;1'T

1
AQ(I)(ﬁ 9) = _EEh[w(T59)>w(r7 0)] - (1 - V)AN;IT
where hy2
E
Nip = —— rd
HT T epraiz
E h/2
M, = —— Yrzd
HT = 7_, /2 eHTraz

while A%w is given by (1.75a), i.e.,

Wy

2,0, —
A w = w,rrrr + 7w,r7’r - oW,
r r

2 1

+r_2w,7‘r99 + r_gwﬂ‘ - r_3w7T00
1 4

+—W,0000 + —W 00,
r r

with an analogous expression for A2®, while

1 1
(0] =W (D, + =
(@, w] = w, (r ot 00)

1 1
—Wr D) (I)T'r
HCwr + 5 w,00) @,

1 1 1 1

*2 - rd T T o 7(1)7’ 77(1) 9
(Cwro = 5we)(-®ro — 5Po)

1 1
= Nrw,r'r - 2N7‘0(r_2w,9 - ;w,re)

1 1
No(Fw, + —
+ 9(Tw, +T2w,ee)

) =2 rr W r -
[w, w] = 2{w, (Cwr + 5w,00)

1 1

2
_(;w,’r'G - T—gw,e) }
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and

AZMI*—IT(Tv 0) = (MI*{T),TT + (M;IT),T

S| =

1 (6.49)
+ﬁ(MHT),%

with an analogous expression for AN, (r,0). If 6H g = 0T 9 = 0 so that
eyr(r,z) = BOH(r,z) + adT(r, 2), (6.50)
and we consider only radial symmetric deformations of the plate, then

the generalized von Karman system for the case of linearly elastic isotropic
response reduces to the pair of equations

2 1
K[w//// + ;w/// _ ;wl]
TN w1 (6.51a)
= Nyw” + W { M + ;MHT}a

h I = N, = =®' Ny = d" M5 ——E " x
where ' = — N, = —~®' Ny = () = 1 ey (r, z)zdz,
1 —V.J_n/2
an
1 [(b//// + g¢/// _ iq)// + i‘(bl]
Eh r r2 73
X 1om X (6.51D)
— UV *” */
= —;w’w” - W{NHT + ;NHT}

Both the systems (6.47) and (6.51a, b) neglect the effects of initial (pre-
buckling) deflections and an applied transverse loading; special cases of
these systems, which have appeared in the literature in connection with
problems associated with the thermal bucking of isotropic linearly elastic
circular plates, will be analyzed later in this report.

For a linearly elastic orthotropic body exhibiting cylindrical orthotropy
there exist three planes of elastic symmetry; one of these is normal to
the plane of anisotropy, the second passes through that axis, and the
third is orthogonal to the first two. For a thin plate, the first plane
of elastic symmetry, for a cylindrically orthotropic material, is chosen
parallel to the middle plane of the plate; with this convention, the con-
stitutive equations generalize those in (6.42) for an isotropic plate (in
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polar coordinates) and assume the form

r 1 v
Crr —Cgr = E_Orr - E_0090
T
v,
€epg — G%T = —FTUTT + EU@@ (652)
r
1
Yro = G—00T9
T

where the radial and angular hygrothermal strains e}, and €9, are
defined, respectively, by

ey = Br0H(r, 0, 2) + a,6T(r,0, z)
(6.53)

Y = BodH(r,0,2) + agdT (1,0, 2)

with a,., g the coefficients of thermal expansion in the radial and angu-
lar directions, respectively, and f3,, By the coefficients of hygroexpansion
in the radial and angular directions, respectively. Also, in (6.52), E, and
Ey are the Young’s moduli for tension (or compression) in the radial and
tangential directions, respectively, while v, and vy are the corresponding
principal Poisson’s ratios and G,¢ is the shear modulus which charac-
terizes the change of angle between the radial and angular directions.
We note that for a cylindrically (or polar) orthotropic body we have
E,vy = Eyv, so that the constitutive equations (6.52) may be rewritten
in the form

1

Err = F(Urr - VTO-QQ) + e?IT
T
1

epg = E(Ugg — I/gO'rT) -+ G%T (654)
1

=—o0
Yro Gre r0

For the (degenerate) case of isotropic symmetry, E, = Ey = E,v,. =
Vg =V, = g =, and 3, = Bp = [ in which case €} = e%T = e},
as given by (6.40), and the constitutive relations (6.54) redue to those

in (6.42) as G,y = G for isotropy. The strains e, egg, and e,.9 = =79

are still given by the relations following (6.41) or, in terms of the middle
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surface strains, by

Y10 = o = 20(-w,00 = —5w,0)

where
o __ 1 2
Crr = u’F,T + 2 (w,T>
,1 1 1 )
€pp = ;UT + ;U@ﬂ + W(w,g)

1
Voo = Usr — —UG + —Upg + —W, W0
r r r

Inverting the relations (6.54) we obtain

Er VTEO
Opr = Err €oo
1—v,v 1—v,1p
1
——— {E.€\p + v, Fpel
17%’1/0{ rCHT r HT}
vy B, Ey
Ogo = €rr + €
1—v,1 1—v,v
1
[
———{vyE, %+ + Epe
1 Vryg{ rCHT HT}

Org = GT@VTQ

(6.55)

(6.56)

(6.57a)

(6.57b)

(6.57¢)

For the cylindrically orthotropic case, the averaged stresses and bending
moments are still defined by the relations following (6.43); thus, by

(6.57a, b, ¢)
E.h vrEgh X
Nr _ _ " o IO o NT
1 o VTVG e’l"’l" + 1 _ VTVQ 699 HT
VgErh Egh 9
Ny = —e0 +———e5y— N
o 1—%«1/967’ + 1—%&9699 HT

Nrg = QGTQ heﬁe
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where

Er h/2 rE h/2
Npp = 7/ eyrdz + A/ e pdz
1—v,.1vy —h/2 1—vrvp —h/2 6.59
wE h/2 By h/2 . (6.59)
NO, =" eyrdz + 7/ eyrdz
HT = 1, 2 HT L= v, ) o HT

If we denote by D, and Dy, respectively, the bending stiffnesses around
axes in the r and 6 directions passing through a given point in the plate,

and by D,y the twisting rigidity, as given by (1.95), (1.96), i.e.,

D, = E.h3/12(1 — v,1p)
Dg = E9h3/12(1 — Drl/g) (6.60)
D,g = Groh®/12

while D, is given by (1.97), which we repeat here as

Dyo = Dyvg +2D,g (6.61)
then
1 1 ,
M, = _Dr[w,rr + V@(;w,T + ﬁw,GO) - MHT
1 1
My = —Dylv,w,r + (;w,r + szw,eg)] - MIQJT (6.62)
~ w
Mr@ = _2D7‘9(?),7‘9
with
E, /h/2 vrEy /h/2 0
M, = " eyrzdz + ——— eprzdz
HT 1—V,,~l/9 —h/2 HT 1_V’I‘1/9 —h/2 e 6.63
, VeE h/2 EG h/2 ; ( . )
HT 1-— 1Z8%] —h/2 CHTZ0% + 1- Vrlg [h/Z CHT

The expressions in (6.58) for the averaged stresses and (6.62), for
the bending moments generalize, for the case of cylindrical (polar) or-
thotropic behavior, the corresponding relations (1.93) and (1.94) for the
non-hygrothermal case.

The first of the generalized von Karman equations for a plate possess-
ing cylindrically orthotropic symmetry is obtained by substituting the

© 2001by Chapmar& Hall/CRC



expressions in (6.62), (6.63), for the bending moments, into the polar

coordinate equivalent form of (6.18), namely,

1 1 1

_(TM’I’),T’I" + _2M9,00 - _MO,T

T 1 T T
+_M7'9 ro + Nw T

1 1
+N9( Wt wee)Jr?Nre( )ro =0

where the stress resultants N,., Ny, and N, are, again,

(6.64)

given by (6.46)

in terms of the Airy stress function ®(r,0). Equation (6.64) is identical
with (1.106) of Chapter 1. Carrying out the process indicated above, we

obtain

1 1
Drw,rrrr + 2Dr0 T_zw,M‘GO + DOT_4w,0000

1 1 1
+2Dr_w,rrr - 2Dr0_3w,r09 - D9 _2w,rr
T T r

1 1
+2(Dg + Dro) w00 + Do~ g,

1 1
= (;(D,r + *(I),Oﬂ)w,rr
1
+<I),rr( w r + wG@)

1 1 1 1
+2(T—2‘1’,0 - ;‘I),re)(;w,ra - T_Qwﬁ)

(6.65)

1 1 1
+;(TMHT),TT + T—Q(MIO-IT),BG - ;(MIG—IT),T

To obtain the polar coordinate equivalent form of the

strain compati-

bility relation without transforming this relation directly, we proceed as

follows: with respect to the linearized strains

L

Crr = U’T‘»T

fo_ 1,1

& = —Uu —Ug,0
00 r " r

1
¢
Yrg = U + —Uprg — —Ug
T r

it is easy to check that

l ¢ L 14
(T,‘YTO,Q)J" - err,GG - (r2€99,7’),7" + Ty
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Moreover, in view of (6.56),

1
e:r = ef'r + 5(71]’7,)2

1
gy = €5p + ﬁ(wﬁﬁ (6.68)

ot
Yro = Yro + ZWrwe

Thus, strain compatibility, when written in terms of the middle surface
strains, requires that

(r920.0)r — €0000 — (17€09 ) +1€0,

1 1

= [r(;w’rwﬁ)ﬂ]m - [§(w,r)2],r (6.69)
[ (g (w0)3 ] + 75 (0)7)

Expanding the right-hand side of (6.69), and simplifying, we obtain

(T779.6),r — €700 — (7"2639,r>,r +rep, .
. (6.70)

=W, (rw, +wge) — (Wro — ;w,e)Q

If we invert the relations in (6.44) we find that

1 s
ey = E h{(NT + Npr) — vp(No + Nip)}

1 s
€y = Eor (No + Nfir) = vo(Nr + Nirp)} (6.71)
o _ 1 N
Yro = Greh r6

Computing, in succession, therefore, the expressions on the left-hand
side of the compatibility relation (6.70), we now obtain, through the use
of (6.71)

1
™re,0),r = A~ 7 V70,0 T T'iVro ro (2a
(rv29 0) Ggh{N + 7N, } (6.72a)

o 1 -
€rr,00 = ﬂ{(Nr,ee + Nir.00) — vr(No,oo + NIH-ITﬂg)} (6.72b)
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2
r
(72639,7")77‘ = m{NG + NIG—IT>,TT —vg(Ny + Npp) e}

) (6.72¢)
r
+——{(No + NJ(?IT),T —vp(ny + Nigp) r}
Eyh
and
relyr = 5 AN+ Nig)o = ve(No + Nir)o} - (6.72d)

Finally, by substituting (6.72a, b, ¢, d) into (6.70), and simplifying, we
obtain

1
Erh [(Nr - VTNG),GG + T(Nr,r - VTNG,T)]
1
a9/ 1 Nr - Nr T
+2Gr9h( 0,0 — " Nro ro)
1

+7[(T2(N9,rr - VONT,M’) + 2T(N9,r - VGNT,T)]

Eyh

1
= W (rw,r +w,p0) = (Wrg = ~w,g)* (6.73)
1

[(Nfyr — veN§rr) 00 + r(Ngr, ., — VrNQIT,r)]

1
_m[TQ(NI?IT,rr - VONIT‘:[T,T’I")

+2T(N%T,re —veNgr,)]

Eh

To rewrite (6.73) in terms of the Airy function ®(r, ), we substitute for
N,., Ny, and N,y in (6.73) from (6.46), multiply the resulting equation
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through by —h/r?, and simplify; there results the following equation:

1 1 2v, 1
_(I) rrrr ~ _(I) rr
Ey - * (G7'9 L, )TQ o
n 11 2 1<I>
Er 4 +,0000 E@ r STTT
1 2v, 1 11
(5= =)=, — P
(G7-0 E ) ERl E.r2
l—u, 1 .1 11
P ) D ——D,
+( oA Gw) 10t 552
) | (6.74)
= _h[w,rr( W, + 2 ’wygg)
1 1
—(Cwro = 5w,0)7]

1.1 1,
+f[ﬁ(NHT - VTNIGJT),GH + ;(NHT,T - VerIT,r)]

1 i 2
+E_0[(Nf{T,rr - VGNHT,TT) + ;(NI?IT,TQ - Z/QNI?{T,T)]

Therefore, the generalized von Karman equations governing the bending
and buckling of (hygrothermal) cylindrically orthotropic, linearly elastic
plates consist of (6.65) and (6.74); in the absence of hygrothermal strains
these equations reduce to (1.98), (1.99). In (6.65), (6.74) Myp, MY,
are given by (6.63) and N¥,, N& .. by (6.59) where €}, €% are defined
by (6.53). For a radially symmetric problem all derivatives with respect
to 6 in both (6.65) and (6.74) would be deleted.

6.3 Boundary Conditions

The discussion of boundary conditions for thin elastic plates undergo-
ing hygrothermal expansion or contraction parallels that for edge-loaded
plates in Chapter 1; the important difference is that the expressions for
the (resultant) forces and moments along the edge of a plate now in-
clude the contributions induced by stresses which result directly from
hygrothermal strains. As in Chapter 1, if the thin plate occupies a re-
gion § in the z,y plane with a smooth (or piecewise smooth) boundary

092, we let n denote the unit normal to the boundary at any arbitrary
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point on the boundary, while ¢ denotes the unit tangent vector to the
boundary at that point. The normal derivative of a function f on 02 is

denoted by a—equiv f.» while the tangential derivative is given by ——,

E
s being a measure of arc length along the boundary. Thus, e.g., if Q
is a disk centered at (0,0) of radius R > 0 and f = f(rf) is defined
on  and is of class C'(Q) with first derivative continuous up to 99,

then g— = f, while ? = lfﬂ. As noted in Chapter 1, the three
most p?evalent types of f)oun({ary conditions in the buckling literature
are those which correspond to clamped edges, simply supported edges,
and free edges; regardless of whether we are considering plates with
isotropic or orthotropic symmetry (either cylindrical or rectilinear), the
basic forms assumed by these various sets of boundary conditions are

still the same as those delineated in (1.129a, b, ¢), i.e.,

(i) 0 is clamped: w =0 and (;_w =0, on 002
n

(ii) 09 is simply supported: w = 0 and M,, = 0, on 9

OMyy,
0s
where M, is the bending moment on 92 in the direction normal to
0, My, is the twisting moment on 92, with respect to the tangential
and normal directions on 0f), and @, is the shearing force associated

with the direction normal to 0.

(iii) 09 is free: M, =0 and Q,, + =0, on 02

For the work to be considered in this report only rectangular and circu-
lar (or annular) domains Q2 will be covered. If 99 is clamped, therefore,
or if, as in the case of a rectangular plate, one or more edges are clamped,
the pertinent boundary conditions will be exactly the same as for the
non-hygrothermal case, i.e., for a rectangle of width a and length b,
exhibiting isotropic response, the clamped boundary conditions are ex-
pressed by (1.130a, b). For a circular plate (or annular plate) exhibiting
isotropic response the relevant conditions are those in (1.139). Condi-
tions (1.130a, b) apply equally well to a rectangular plate exhibiting
rectilinear orthotropic response when all the edges are clamped, while
(1.139) still applies for circular (or annular) plates with clamped edge(s)
when the plate exhibits cylindrically orthotropic behavior.

We now consider thin elastic plates subject to hygrothermal expansion
or contraction which have one or more edges simply supported. For a
rectangular plate of width a and length b the condition M, = 0 on 0f)
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becomes

M,=0,z2=0,x=0a;0<y<b
(6.75)
My=0,y=0,y=b; 0<z<a
Thus, by virtue of (6.12),
K(w go +rvw + My =0,
(v, )+ Mt (6.762)
z=0z=a;0<y<b
and
KWy + W 30) + Mg =0
(Wogy F210,00) + Mz (6.76b)
y=0,y=5b0<zx<a,
where
E h/2
Mpur = egTzdz
1—v 7h/2 (677)

€gr = ﬁéH(.’E, Y, Z) + OZ(ST(.T7 Y, Z)
For the same rectangular elastic plate, now assumed to exhibit recti-

linear orthotropic symmetry, the conditions in (6.75) take, as a direct
consequence of (6.35) and (6.37), the following form:

(D11 4z + D1gw,yy) + M}y = 0,
(6.78a)
r=0,r=a;0<y<b

(D21w 25 + Dasw yy) + M, =0,
(6.78D)

where D;; = ¢;jh®/12, the constitutive constants c;; are given by (1.61)
and

: h/2
Mhr =cn / e}{T(x,y, 2)zdz

://22 (6.79a)
+C12/ e4r(x,y, 2)zdz
—h/2
h/2
MIQJT = 621/ ebr(x,y, 2)zdz
2 (6.79h)

h/2
+ca9 / E%T(x, y,2)zdz
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with, as per (6.26),
€br = B10H (z,y, 2) + 16T (2, y, 2)
{ €4r = B20H (z,y,2) + aadT(x,y, 2)
For an annular elastic plate with (circular) boundaries at r = R;,i =

1,2, Ry = a,Rys = b > a, exhibiting isotropic material symmetry, the
condition M,, = 0 on 0f) translates into

1 1
M, = Kw ;. + V(T—gw,ee + ;w}r)]

(6.80)
+Mpr=0,r=R;,i=1,2.
where
E h/2
MF, = esmrzdz
HE =0 — v ) e 7T (6.81)

e = POH(r,0,z) + adT(r,0,2)

On the other hand, for a circular (or annular) plate with edge(s) at
r = R;,1 = 1,2, which exhibits cylindrically orthotropic symmetry, we
have as the expression of M, = 0 on 912 the condition

1 1
Dr[wmr + VH(;w,r =+ ﬁw,ae)] =+ MITJT =0, (6.82)

r=R;i=12

where, by virtue of (6.63) and (6.53),

Er /h/Q VTEG /h/? p
M= — eyrdz + ————— eyradz
HT = 1,0, 2 HT 1= 1,00 ) o HT

ey = BroH(r,0,2) + 0,.6T(r, 0, 2)
ey = BodH(r,0,2) + agdT(r,0, 2)

and D, = E,.h3/12(1 — v,vp).
Along any edge of a thin plate which is free, we must have M, = 0

as well as @, +

tn

= 0. Conditions equivalent to M,, = 0 along
s

a portion of 9Q (or all of 9) for various cases of interest have been
elucidated above. For rectangular plates of width a and length b, it has

M,
9 " — 0 on 99 is

been shown in Chapter 1 that the condition Q,, + 3
s
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equivalent to the following relations

M, , + 2M, =0,
oy o (6.83a)

y=0y=b50<z<a

Mz,x + QMyz,y =0,

(6.83Db)
r=0,r=a;,0<y<b

If the rectangular plate exhibits isotropic response then the bending
moments M, M, and My, are given by (6.12), in which case, (6.83a,b)
become

Klwyyy + (2 = V)W g2y + Mur,y =0

(6.84a)
y=0,y=60<x<a

and

K[w,za::r + (2 - V)w,xyy} + MHT,:I: =0

(6.84Db)
r=0zr=a;0<y<b

E h/2

with Mgt = 1 / egTzdz and egr = ﬁ(SH + adT.
—VJ_ns2

For the case in which the rectangular plate exhibits rectilinear or-

thotropic symmetry, (6.83a,b) still represent the conditions equivalent

to Qn +

My, M, and M, are given by (6.35). An easy computation then shows
that in lieu of (6.84a, b) for the isotropic case we have

en

= 0 along all four edges, but now, the bending moments

T2 _
D21w,xxy + D22w,yyy + 4D66w,xacy + MHT7y =0,

(6.85a)
y=0,00<z<a

and

Ya! —
Dllw,mmz + D12w,ryy + 4D66w,zyy + MHTﬂ- =0,

(6.85b)
r=0,0;0<y<b
where M}, M3, are defined by (6.34) and (6.37) with e}, €40 as
given by (6.26).
To elucidate the free edge boundary conditions which apply with re-
spect to thin elastic plates with a circular geometry, we note that (see
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[217], §2.2 ) in the orthogonal (s,n) coordinate system introduced along
the boundary 92 of a domain €2 in the x,y plane

oM, OMy,
n= 2 .
Q o + 95 (6.86a)
Thus, along a free edge we must have M,, = 0 as well as
oM, OMy,
2 =0 6.86b
on + s ( )

Along the edge at » = R of a circular plate, the condition (6.86b) assumes
the form

2
Mnr + ;Mrg,g =0 (6.87)

For an annular plate with edges at r = R;,i = 1,2(R; = a,Re = b > a)
which exhibits isotropic material symmetry, the condition corresponding
to (6.87) becomes

1 1
K{(w,rr + ;w,r + T—Qw,ee),r
1 1 (6.88)
+(1- V)(T—Qw’ggr — r_3w’99)} + Mpr, =0,r=R;i=1,2

where M}, (r,0) is given by (6.81). For the same annular plate, this time

exhibiting cylindrically orthotropic behavior, we have as a consequence
of (6.62)

1
D, [w,rr'r + VG(;U],T + pw,ée),r]
4. w
+;Dr0(7),r09 +Mpr, =0, (6.89)

T:Ri,i:LQ

where D, = E,.h?/12(1 — v,vp), D,y = Groh3/12, and ML, is given by
(6.53) and (6.63). Of course, for both the isotropic and cylindrically
orthotropic cases we must have M, = 0 along r = R;,7 = 1,2, with M,
given by (6.80) in the isotropic case and by (6.62) in the cylindrically
orthotropic case. If Ry = a = 0 the annular case reduces to the case of
a disk (circular plate of radius Re = b).

© 2001by Chapmar& Hall/CRC



6.4 Thermal Bending and Buckling Equations and
Boundary Conditions

Almost all of the literature on hygrothermal bending and buckling of
plates has focused on purely thermal problems; in order to survey some
of that literature, therefore, we will now specialize some of the equations
and boundary conditions specified above for the mixed hygrothermal
situation, to the thermal case only. We will also look at the reductions
that occur in the thermal buckling and bending equations when special
forms of the temperature distribution in the plate are considered or
when we restrict ourselves to the small deflection case or ignore middle
surface forces (acting in the plane of the plate); at this point we will
also append to the first of the relevant von Karman equations, in each
case, a distributed force ¢ = t(z,y) normal to the middle surface of the
plate. In all the cases to be considered in this section an equivalent
hygroexpansive (or hygrocontractive) problem results by replacing the
thermal expansion coefficients by hygroscopic coefficients and the plate
temperature distribution by an equivalent distribution of moisture in
the plate.

We begin by specializing the equations and boundary conditions de-
rived in rectilinear coordinates so as to cover the specific case of thermal
bending and buckling. Thus, in (6.2), 5 = 0 so that

egr = er = adT(z,y, 2) (6.90)

where it is assumed that the thermal expansion coefficient « is constant.
For isotropic response, the constitutive relations (6.9) then reduce to

Eh Y
N, = m(em + Veyy) — NT

Eh ,, 6.91
Ny =15 (ej, +ves,) = N7 (6.9)
Nyy = 2Gheg,

o o

where €5, €7, , €7, are the middle surface strains as defined by (6.7) and

NT is given by (6.11a). The bending moments are given as
M, = —K(Wge +vwyy) — M7
M, =KWy +vwz,) — MT (6.92)
My = —(1—v)Kw 4y
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with the thermal moment M7 given by (6.14).
The generalized von Karman equations for the hygrothermal case now
reduce to (see (6.21), (6.24)):

KN w0 = ® yyw gy — 2By 1y + P pow y — AMT +t (6.93a)
and
1
A2 = — 5 Bhlw,w] = (1 - v)ANT (6.93b)

where t = t(z,y) is the applied transverse force. In considering small
deflection theory one ignores the bracket operator on the right-hand side
of (6.93b), in which case, the Airy function, as given by (6.20), satisfies

AP = —(1 — v)ANT (small deflection theory) (6.93b)

In a purely (thermal) bending problem, middle surface forces do not
come into play, in which case, the system (6.93a), reduces to

KA?*w=—AM?" 4t (thermal bending). (6.93a )
In many places in the literature, a temperature distribution of the form
0T (z,y,2) = To(x,y) + 2T1(z,y) (6.94)

has been considered; for this specific type of distribution it is easy to see
that, as a direct consequence of (6.11a) and (6.14),

EFH
NT = ? To(x?y)

— VvV

Vs (6.95)
MT = 11— . ETI('Iay)

For such a temperature distribution within the context of the small
deflection equations, it will generally be the case that one is dealing
with a thermal bending problem when ANT = AT, = 0 and a thermal
buckling problem when AM? = AT, = 0. The boundary conditions
associated with the thermal bending and buckling of, say, a rectangular
plate of width a and length b exhibiting isotropic material symmetry are
as follows:

(i) If all the edges are clamped, then the conditions coincide with

(1.130a, b).
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(ii) If all the edges are simply supported, then w = 0 along each edge
and, in addition,

K(W gz +vw yy) + MT =90

r=0,0;0<y<b
(6.96)
K(w,yy + vw zq) + MT =0

y=0,0<z<a

(iii) If the edges are all free, then the conditions in (6.96) hold as well
as

K[w yyy + (2 = V)W z0y] + M,Z =0

y=0,0<z<a
(6.97)
KW g0z + (2 = V)W zyy| + Mfg =0

r=0,a;0<y<b

In (6.96), (6.97), MT is given by (6.14). Of course, cases where, e.g.,
one pair of (parallel) edges is simply supported, while the other pair of
edges is free can be considered by combining the conditions in (i)—(iii),
above.

For a plate exhibiting rectilinearly orthotropic material symmetry the
thermal strains assume the form (see (6.26)):

er = a10T (2,9, 2), e = 20T (2,9, 2) (6.98)

with the coefficients of linear thermal expansion along the x and y axes,
aq and ag, respectively, taken to be constants. The constitutive relations
in this situation are given as follows (where €, €5, , €7 are, once again,
the middle surface strains):

Elh E2V21H 1
Ny ={+———}es,t}——}e, — N
{1 — ViaV21 Gt 1 —viovy vy T
Eivi2h Esh o2 (6.99)
N, = {—12% v o _ 2y N -
Y {1 — V12Vo1 oo {1 — V1alo1 Yy r

Nmy = (2G12h)ﬁgy
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where (see (6.29)):

) = (Lot Baaovs /’”2 ST (0. y.2)d
r 1 —viovy —h/2 o
. (6.100)
N2 = (M)/ / 5T (x,y, 2)dz
T 1 —vov; —h/2 e

The expressions for the bending moments, in the thermal bending/buck-
ling problem for a rectilinearly orthotropic elastic plate, assume the form
(see (6.35)):

M:E = _(Dllw,wz + Dl2w,yy) - M'jl‘
M, = —(Dawz, + Dasw,y,) — M3 (6.101)
My = —2Dg6w 2y
where
- h/2
Mz = (crian + 012042)/ 0T (x,y, z)zdz
e 6.102
N h/2 (6.102)
MIQ’ = (car11 + szaz)/ 0T (z,y, 2)zdz
—h/2

and the ¢;; are given by (1.61). The relevant von Karman equations for
thermal bending/buckling become (see (6.36), (6.39)):

Dllw,chx + {D12 + 4Dgg + D21}w,3:9cyy

i ) (6.103a)
+D22w yyyy = (@, w] — M’ll"afx - Mil",yy +1
and
]_ ]. ]. 21/12
(p T\ T T @ xTrxr
Elh SYYyy + h<G12 E2 ) s TTYY
1 1
+— (D,mxzrw = ——[’U),’LU]
E2h1 ] 2 (6.103b)
*ETh(N% —vo1N7) yy
1 . -
—m(N% — v19NT) oo

As for the boundary data in this case, with respect, e.g., to a rectangular
plate of width a and length b, we have the following:
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(i) If all four edges are clamped, then conditions (1.130a, b) still apply.

(ii) If the four edges are simply supported, then w = 0 along each edge
and, in addition,

(Dllw,mfc + D12w,yy) + Ml =0,

r=0,0;0<y<b
- (6.104)
(D21w 4z + Dagw ) + M7 = 0,

y=0,0<z<a

where M., M% are given by (6.102).

(iii) If all four edges are free, then the conditions in (6.104) apply as
well as
Do W gay + Daow yyy + 4Dg6W 10y + M%)y =0,
y=0,00<z<a
~ (6.105)
Dllw,azxz + D12w,zyy + 4D66w,zyy = M’Zl“,r =0

z=0,a;0<y <D

The same comments apply as in the isotropic case with regard to dif-
ferent types of boundary data holding along pairs of parallel edges of

1
the plate; in a small deflection situation, the “bracket” term —§[w,w]

would be deleted from the right-hand side of (6.103b) while for purely
thermal buckling equation (6.103b) would be deleted in its entirety and
(6.103a) would be employed with ® = 0.

When the temperature difference §7" varies linearly through the thick-
ness of the plate, as in (4.94), the thermal stress resultants ]\7},@' =1,2
and the thermal moments M, i = 1,2, as given by (6.100) and (6.102),
respectively, reduce to

. E E
1= (M)hn(w’y)

e (6.1062)

§2 = (Bt By '
T 1 — o091 oty
and
3
L = a2l (6:1060)
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For a circular (or annular) plate exhibiting isotropic material symmetry,
the thermal strain (see (6.40)) is given by

er = adT(r,0,z) (6.107)

For the isotropic case, the constitutive relations (6.44) reduce to

Eh o o *
Ne =1 5(en +vegy) = Ni

Eh 0 . 6.108
Ny = 1_y2(600+yerr)_NT ( )

NT-Q == 2Gh6$9

where the €2, €%, €3, are the middle surface strains as given by (1.71)

with ¢ = 0, while

B h/2
Np= 2 / ST (r,0, 2)dz (6.109)
L=v ) hp

The bending moments for the isotropic case in polar coordinates are
given by (see [217], §4):

1 1 .
M, =—-Klw,, + V(;wm + ﬁw’gg)] — M7,

1 1
My = —Kpw,r + (;w,r + r—2w799)] — M7} (6.110)
1
M,o = —(1 — V)K(’LUJQ — r—2w79)
where no
E
My = a / T (r,0,2)zdz (6.111)
L=v ) hp

The von Karman system for this case now assumes the form

KA?w = [®,w] — AM; +t(r,0)
) (6.112)
N2® = —§Eh[w,w] —(1-v)AN7

where [®,w] and [w,w], as well as A2w, are given by the expressions
7? 10 1092
directly following (6.48) and A = — ; for the small de-

_ , o rar 2 og .
flection case one again deletes the “bracket” [w, w] in the second equation
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in (6.112). Thermal bending alone for the circular (or annular) isotropic
plate is governed by the first of the two equations in (6.112) with & = 0.

For a temperature distribution varying linearly through the thickness
of the plate we have, in lieu of (6.94),

0T (r,0,2) =Ty(r,0) + 2T (r,0) (6.113)

In this special case (6.109) and (6.111) become, respectively,

FEah
N = =27, (r,0)
L-v 6.114)
o Pl (©
T 01—y

We now delineate the boundary conditions that are associated with the
system (6.112), or a specialization thereof, for the case of an annular
plate with edges at r = R;,i = 1,2, Ry = a, Ro = b > a.
ow

(i) If both edges are clamped, then w = 0 and 3
.

R;i=1,2.

(ii) If the plate edges at r = R;,i = 1,2 are simply supported, then
w =0, for r = R;,i = 1,2, and, in addition,

0, along r =

1 1
Klw, + V(T_Qwﬂe + ;wﬂ')] +Mp =0
forr=R;,0=1,2

(6.115)

(iii) When the edges at r = R;,7 = 1,2 are free, we must use (6.115)
as well as the condition

1 1
K T —Wwr D) T
{(U}’ - Tw’ * T2w"90)’

1 } (6.116)

1
+(1 - V)(ﬁw,eer - fgw,ee)
+ Mg, = 0,r = Ryi= 1,2

Our last case in this sequence concerns the thermal bending and/or
buckling of thin elastic circular (or annular) plates exhibiting cylindri-
cally orthotropic behavior. The thermal strains in the radial and angular
directions are given by (see (6.53))

ey = 0T (r,0,Z), % = apdT(r,0, 2) (6.117)
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In lieu of (6.108)—(6.111) for the isotropic case, we now have the following
sets of expressions for the resultant forces and bending moments:

ET.h V,-Egh
Nr — o o _ NI
1— v, Crr 1— v, Coo T
_ kb, Eoh  , o (6.118)
No = 1—vvy ™™ 11— oo N7
Nyo = 2Grohel,
with
E,a, + v, E h/2
NI = (M / 5T(r,0,2)dz
1—vp —hJ2
s (6.119)
E.a.+ E
Nf = (w / §T(r, 0, z)dz
1—v,v —h/2
and
1 1 .
Mr == *Dr[w,rr + VG(;'U},T + ﬁw,GH)] - MT
1 1 )
M0 = _DO [er,rr + (;w,r + T_Qwﬁ@)] - MT (6120)
~ W
MrG - _ZDTH(?),TO
with
By, + . E h/2
My = (M)/ 0T (r,0,2)zdz
1—v1p —h)2
(6.121)

Mp = (

h/2
voErar + Egp / ST (r, 0, 2)zdz

1—v,v —h/2

Employing (6.120) in (6.64), and using (6.46), we obtain the first of the
von Karman equations for thermal bending and/or buckling of a thin,
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elastic, cylindrically orthotropic plate, i.e.,

1 1
Drw,rrrr + 2Dr9 . W rro + DG —’LU ,0000
1 1 1
+2D, - ;w,r'rr —2D,¢ _3w,7'99 - DG_Qw,rr

1
+2(Dg + Dr0) w e + De
1
= (_(D,r + _Q(I),Ge)w,rr
" " (6.122)

1 1
+® (w + — W 00)

1 1 1 1
2

2 ~ 00 (Cw,e — —
H2( 50 = Do) (w0 — W)

1 1
7“( MT) rr ﬁ(Mg)HG
1
— = (MF),p +t(r,6)

while the second of the relevant von Karman equations for this case
becomes

1 1 2, 1
@ rTrrr
E9 ’ * (GTQ E’/‘ )7‘2
1 1 2 1
o= 2 Pe000 + - —Porpr
r r

1 21 11
v - '_2(1),7"7‘

;
1
5% (6.123)

,rr06

1 1 1
=—h rr\ W r - —\TWyrp — 5 2
[wrr (w4 Zw,00) = (D00 = —310,0)7]

1.1
el
r 2 6 [
(NT’I“ VHNT,T"I") + ;(NT,T‘G - VGNT,T)}

1
Np — VTNYO“),GG + ;(Nir“,r - V”'NTQ,T)}

Ee

with NZ and N% as given by (6.119).

Remarks: Various combinations of terms on the right-hand side of
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(6.123) may be simplified somewhat, e.g.,

h/2
NF. — v, NY = E,a, / o 0T (r,0,z)dz

but there appears to be little value in carrying out such an exercise
except within the context of an application to a specific problem.
Among the special cases of the von Karman system (6.122), (6.123)
that are of particular interest are the following:
(i) when the temperature distribution varies linearly through the plate,
as in (6.113), the thermal moments and stress resultants in (6.122)
and (6.123) reduce to the following expressions:

E,.o, +v.Egay

N = hT,(r,0
r=( 1— v JATo(r,6) (6.124)
voF.a, + Egag )
N7 = (I—T—yyg)hTO(r’ 0)
and .
E,.o, +v.Egog h
My = (Zrr T E0TONT (0
7= 1— s 12 1(r,0) (6.125)
voE,o, + Egay h3 .
Mj = (———————)= - Ti(r,0)

1—v19 12

(ii) For small deflections, the first term on the right-hand side of
(6.123), in square brackets, is deleted.

(iii) The (purely) thermal bending problem is governed by (6.122) with
P =0.

(iv) For an axially symmetric problem, both (6.122) and (6.123) reduce
to (variable coefficient) ordinary differential equations in the radial
variable r; we have w = w(r),® = ®(r) and T = T(r, z) so that
the resultants N2, N2 and moments M?F., MY are functions only of
r. In (6.122) and (6.123), therefore, derivatives of all quantities,
of any order, with respect to 6 vanish.

The boundary data for an annular elastic plate of inner radius R; =
a and outer radius Ry = b > a, exhibiting cylindrically orthotropic
symmetry, may be specified as follows:

(i) If both edges are clamped, then w = 0 and %’w =0, along r =
r
Rii=1,2.

© 2001by Chapmar& Hall/CRC



(ii) If the plate edges are simply supported, then w = 0, for r = R;,i =
1,2 and, additionally,

1 1
D.w . +ve(—w, + —w + M5 =0
[w, oWt 3 00)] T (6.126)

forr=R;,1=1,2

where M7 is given by the first of the relations in (6.121).
(iii) For free edges at r = R;,i = 1,2, (6.126) applies and, in addition,

1
Dr[w,rTr + VG(;w,r + T—Qw,ee),r]

4~ w
+;D'r9(?),’r9 + M’;’r = 07 (6127)

forr=R;,1=1,2

The usual considerations apply if one edge is, e.g., clamped while the
other is simply supported, or if one edge is simply supported while the
other is free, etc.; for a circular plate of radius R =b, Ry = a = 0.

Remarks: All of the problems considered above may be posed in terms
of the middle surface displacements u, v and the out-of-plane deflection
w in lieu of w and the Airy function ®; the idea is most feasible within
the context of small deflection theory. For an isotropic rectangular plate,
small deflection theory corresponds to the substitution of the expressions
for the middle surface strains €g,, €7, , and €;, from (6.7) into the con-
stitutive relations (6.91), suppression of all those terms involving the
out-of-plane displacement w, and then substitution of the resultant ex-
pressions for N, Ny, and N, into the in-plane equilibrium equations
(6.17a); this process leads to the pair of equations

Eh Eh

2 (U + V0 2y) + (Uyy + V,zy) = N,g

1—v 2(1+v)
o o (6.128)
_ T
B0y e V) T Wty + 0] = N

which must be solved in conjunction with (6.93a), which we repeat here
as
KNPw = Now g + NayW oy + Nyw gy — AMT + ¢ (6.129)

For the small deflection case considered above, (6.128) and (6.129) are
decoupled, just as (6.93a), (6.93b) are if, in (6.93b), we delete the bracket
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[w,w]. Thus (6.128) must be solved subject to appropriate boundary
conditions for the middle surface displacements w,v which, in turn,
are used to compute N, Ny, and N, for subsequent substitution in
(6.129). Little use of the displacement formulation of the thermal bend-
ing/buckling problem will be made in the work presented below and
we will, therefore, not pursue the issue further with respect to other
geometries or other classes of material symmetry.

All of the thermal bending/buckling equations and corresponding bound-
ary conditions considered in this section may be derived from energy
principles, i.e., from the principle of minimum potential energy in con-
junction with elementary techniques in the calculus of variations; we will
illustrate the general idea for an isotropic plate in rectangular Cartesian
coordinates. Energy principles also serve as the basis for various ap-
proximate methods of analysis, including the Rayleigh-Ritz method (for
computing critical (buckling) temperatures and the corresponding (ini-
tial) buckling modes) and finite element methods. In what follows, we
will consider only the thermal bending problem for the sake of simplify-
ing, somewhat, the presentation.

The standard descriptions of the principle of minimum potential en-
ergy within the context of structural mechanics is as follows: of all
displacement fields which satisfy the prescribed constraint conditions,
the state assumed by the structure is the one which makes the total
potential energy a minimum.

For an elastic plate, the total potential energy II is the sum of the
strain energy U and the potential of any (conservative) applied forces.
For the case of an isotropic linearly elastic plate, the strain energy U
within the context of small deflection (classical plate) theory assumes
the form

= 4Eh U v 2 —Eh U v 2
U= [ gm0 + iyl +0.)

K
—duzv,] + 5(“’9& + w,yy)2
+(1 - V)K[w%cy — W W gy ]
—NT(uz+vy) + MY (040 + w,y,) Hdady,

where A is the area of the middle surface of the plate, while the potential
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of the transverse loading t(z,y) is

V:—/ /twdxdy
A

Therefore, for a rectangular plate (0 < z < a,0 < y < b) which is
subject to a temperature variation 67'(z,y, z) and a transverse loading
t(z,y), but no applied edge loads, the total potential energy IT assumes
the form:

_ ’ Y Eh 2,  Eh " 2
nf/O / (G (e + 0+ g + )

gty + 5 (W 0)” g g0

+<1 - V)K[w?a:y - wvwwwxyy]

fNT(uVT +uy) + MT(w,m + wyy) — twidzdy

To apply the principle of minimum potential energy, we note that a
necessary condition for IT to have a minimum is that the first variation
0I1 = 0. Using (6.130) to compute 011, integrating by parts, and employ-
ing (6.91) and (6.92), with €7, €7, €, as given by classical plate theory,
we find that

b ra
Eh
oIl = l \/O {7[m(u’xa¢ + l/'l),zy)
Eh

" _ NT
o 4 ) M T V) — Nalou

Eh Eh . (6.131)
gy (e ) Ty (Wit + vn) = Ny Jb

HE (W zzzz + 20 zayy + W yyyy)

+M£m + sz — t)ow}dxdy
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b
+ / {[Nz6u]% + [Nyydv]?

H[(Mz,z + 2Myy ) )0wlg — [Myo(w )] by

b 8L+ (N3 [0 + 20,0 )00
—[My6(w,y)];}d

a,b a,o
—[2Mypy 0] (2] + [2M oy 0] (%)

In order that (6.131) be satisfied for arbitrary variations du,dv,dw,
0(w), and d(w,y), all the expressions within the square brackets in
(6.131) must vanish identically, which leads to (6.128) and (6.129), with
N, = Ngy = N, = 0; the resultant system governs the thermal bending,
under an arbitrary temperature distribution 67 (z,y,2), of a linearly
elastic isotropic rectangular plate. From (6.131) it is readily deduced
that the following (natural) boundary conditions must be satisfied:
(i) On the edges z =0,a, for 0 <y <b

u is prescribed or N, =0

v is prescribed or Nz, =0

w is prescribed or My » +2My, , =0
w, is prescribed or M, =0

(6.132a)

(ii) On the edges y =0,b, for 0 <z < a

u is prescribed or Ny, =0
v is prescribed or N, =0 (6.132b)
w is prescribed or My , + 2My , = 0

(iii) At the corners (0,0), (a,0), (0,b), and (a,b)

w is prescribed or My, =0 (6.132c)

Some consideration of the calculation of thermal stress distributions
will be made in § 6.4 of this chapter, while problems of buckling, bend-
ing, and postbuckling for rectangular plates and plates with circular
symmetry will be treated at length in Chapter 7; however, it is feasi-
ble to present here the simple, but important problem of a thin plate
(of arbitrary contour) which is subjected to a temperature distribution
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that varies only through the thickness of the plate, i.e., T'= T'(z). In
this case, we clearly have that N7 and M7 are constants. We will re-
strict the discussion to the case of an isotropic linearly elastic plate (in
rectangular Cartesian coordinates) which is either free or has clamped
edges.

For the case of a free plate, a solution to (6.93b), with [w,w] = 0,
which yields zero force resultants on the boundary, is given by ® = 0. It
then follows that N, = N, = N,y = 0 throughout the plate. Inversion
of (6.91) yields

1

€, = E[Nw —vN, + (1 —v)N7]
1
€y = 7 Ny —vNo + (1 - V)NT) (6.133)
o 1+v
Gy = gp o

Integration of (6.133) yields (recall that €7, €5, , and €, are the classical

plate theory middle surface strains) the in-plane displacements:

(1-v)NT
u = Tm—&—a—!—cy

(1- y)NT (6.134)
v = Thy+b—cz

with a, b, c arbitrary constants of integration. In a similar vein, if we
take M, = M, = M,, = 0 throughout the plate, then the boundary
conditions for a free edge are automatically satisfied and, with ® = 0
and t = 0, (6.93a) yields

MT

w =

with d, e, and f constants of integration. The resulting thermal stresses
for this case are easily computed to be (e.g., [217], § 2.4)

1 12 EaT
Opa = Oyy = ENT - EMTZ - %(5) Oy =0 (6.136)

For the case where the plate has clamped edges, instead of free edges,
it again follows that a simple solution exists. With constant M7, and
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t =0, (6.93a) and the boundary conditions are satisfied by taking w = 0.
Then, by virtue of (6.92),

M, =M, =-M" M, =0 (6.137)

If in-plane edge displacements are prevented, then equations (6.128) and
the boundary conditions yield u = v = 0 so that, as a consequence of
(6.91),

N, =N,=-N" N, =0 (6.138)

In this situation, it is easily computed that

EaT(2)

T Oy =0 (6.139)

Oga = Oyy = —

If, on the other hand, the middle surface of the plate is free of in-plane
tractions, then N, = Ny, = N, = 0 and

1 EaT(z

amzayy:—NT— (2)

A 1_71/7 Oxy = 0 (6140)
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CHAPTER 7

Thermal Bending, Buckling, and
Postbuckling
of Rectangular and Circular Plates

There are many excellent surveys of thermoelastic problems in the me-
chanics literature (e.g., Boley and Weiner [221], Nowacki [222], Hetnarski
[223], and Kovalenko [224]) to which the reader may be referred. In this
chapter, we present a few thermal stress distribution solutions which
have been considered in conjunction with problems involving the ther-
mal bending and/or buckling of thin plates within the context of both
small and large deflection theory; the associated bending, buckling and
postbuckling solutions are also presented and analyzed.

7.1 Small Deflection Theory

Within the context of small-deflection theory, two distinct types of
problems may be considered: those in which the effect on the deflections
of loads in the plane of the plate is neglected, thus leading to a thermal
bending problem, and those in which the effect of such loads is taken into
account, thereby leading to a buckling problem; postbuckling behavior,
of course, cannot be adequately accounted for in the context of small
deflection theory.

If the effect of loads in the plane of the plate on deflections is ignored,
then for the simplest case of an isotropic rectangular plate subjected to
a transverse loading ¢ = t(x, y) and a general three-dimensional temper-
ature variation 67'(z,y, z), the pertinent equation is (6.93a) with ® = 0,
ie.,

K(w,a::mm + 2w,wzyy + w,yyyy) =t- M,txm - M,Ey (71)

Equation (7.1) is to hold for 0 < z < a,0 < y < b. For illustrative
purposes, we will assume that the plate is simply supported on all four

© 2001by Chapmar& Hall/lCRC



edges, in which case w =0forz =0,a,0 <y <b,w=0fory =0,5,0 <
x < a, and the conditions (6.96) apply as well. The analysis proceeds by
expressing the thermal moment and transverse load as double Fourier
sine series of the form

MT = i i Moy, sin oy, sin B,y

m;l no:ol (72)
t = Z Z tmn Sin auy, sin By
m=1n=1
with a,, = m,ﬁn = % and

4 b a
(M timn) = s / / (MT, t) sin oy, sin B, ydzdy
a o o

To satisfy the boundary conditions we take the deflection to have the

form
oo oo

w = Z Z Yrmn SIN Aty SIN By (7.3)
m=1n=1
Thus, in accord with (6.96) it must be assumed that the temperature
distribution is such that M7 =0, for = 0,a,0 <y < band MT =0
fory=0,0,0 <z <a.
Substituting (7.2) and (7.3) into (7.1) and solving for the coefficients

Ymn We have
_ tmn + (g, + B) M (7.4)
fym'”/ K(a?n + /87%)2 .
so that the resultant moments, as a consequence of (6.92), (7.2)—(7.4),
become

M, = Z Z{K(Oéil + Vﬁi)’)/mn - an} sin oy, sin By
m=1n=1
My = {K(l/a?ﬂ + 52)%%71 - an} sin oy, sin 5ny (75)
m=1n=1
Moy ==Y (1= ) Kt B Yimn €08 ot 08 By
m=1n=1

To resolve the in-plane stretching aspect of this problem, we note that
the displacements wu, v are governed by the differential equations (6.128)
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with which we may associate two types of boundary conditions: in the
first case it may be assumed that normal components of displacements
along each edge are permitted while tangential components are not,
while, in the second case, the opposite situation would prevail. For the
first case alluded to, the boundary data takes on the form

Eh
Ny= ——@uz+vvy,—N' =0,0=0

1—v2
forx =0,a;0<y <6
Eh
Ny = 1= 5 (e +v,) = NT=0,u=0
fory=0,00<z<a

Of course, small deflection theory has been assumed in writing down
(7.6). We now express the thermal force N7 as

= Z Z Ny sin oy, sin 8,y (7.7)
m=1n=1
with

mn
ab

4 b a
Npn = — / / NT sin ay, sin B, ydzdy,

NT being given by (6.11a) for a general variation 67 (x, v, 2).

To satisfy the boundary conditions (7.6) we seck solutions of (6.128)
in the form

-

oo
Z G COS Qi SIN B,y
i~ (7.8)
Z mn SIN Qi COS By

The expressions in (7.8) are now substituted into (6.128) with the result
that
— 0 Ny (1 — 12)
T T Eh(ef, + 52
b _ﬂnNmn(l — V2)
" Eh(af, +87)
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Employing (7.7)—(7.8) in (7.6) we compute, for the stress resultants

- Z Z{%(amamn + Vﬂnbmn)

m=1n=1

+Npn } sin oy, sin By

— ~, Eh
= Z Z{m(uamamn + ﬁnbmn) (710)

m=1n=1

+Nyn } sin oy, sin By

oo 001
=30

ﬁnamn + Qpmbimn ) €Os auy, cos By

If, in lieu of the boundary data (7.6), one assumes that tangential dis-
placements are allowed along each edge, but that normal displacements
are prevented, the relevant boundary conditions are

and

1 Eh

=570y My ) =0 (7.11a)

forr =0,0;0<y<b, andy=0,00<zx<a

u=0,forzr=0,a;0<y<b

(7.11b)
v=0, fory=0,00<z<a
In this case, N7 may be expressed as
T = Z Z Nypn COS Qy, COS By (7.12)

with

m=0n=0

Nnmz = Cmn / / NT COS ¢y, COS ﬂnyd:z:dy

4m>0,n>0
Cnn =< 2,m>0n=0orm=0,n>0

Ilm=n=0
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while the displacements, chosen so as to identically satisfy the boundary
conditions in (7.11a, b), have the form

Qi SIN Qyy €OS By

M
hE

0

3
ﬂ‘

n

(7.13)

Dinn COS Qipy, SIN By

o
M8

0n=1

3
Il

The same procedure described above for the first set of boundary con-
ditions now leads to

_ amNmn(l - V2) 7 ﬁn _mn( - VQ)
= " Eh(o3, 1 52) Ehe v M

and

tnqg

amdmn + Vﬂnl_)mn)

205

- 7mn} COS Q/py, COS By

3

Ny, = Z Z{m(l/am@mn + Bubmn) (7.15)

m=0n=0

—Npnn } €08 iy, €08 By

<=1 Eh ~ - . .
Noy=-3_ > 51 — (Bnimn + Ambyn) $in i sin By

The thermoelastic stress distributions for either of the two bending
problems considered above may be computed by substitution for N,
Nyy, Ny, NT M, , My, My, and MT in the relations

22 FEa
_ T Ty
1 Fa
ayy = 7 (Ny +NT>+—h3 (My+MT) - ——T (7.16)
1 12z

An alternative solution to the flexure problem for the rectangular plate
discussed above has been described in Tauchert [217] and is now de-
scribed below; we will begin, as in [217], by assuming that the edges
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x = 0 and x = a are simply supported, that the plate is symmetric

b
with respect to the z axis, so that —5 <y< 3’ and that, for now,

1
the boundary conditions along y = i§b are arbitrary. As w = 0 along

z =0 and x = a it follows that w ,, = 0 along these edges as well. The
conditions of simple support of the plate along x = 0 and = = a may,
therefore, be expressed as

1
=0, a:x:__MT
w w, %
forx =0,a0;0<y<b

(7.17)

We look for a solution of (7.1) satisfying the non-homogeneous boundary
conditions (7.17) in the form

w=W(x,y)+ M (0,y)H,(z) + M” (a,y)Hy(x) (7.18)

with
a® x T T

H,(z) = 6K \a 3(5)2 + (5)3}

a2 xT T

Hy(r) = —{= - (%)
() = o= o = (5%}
Using (7.19) in (7.18) and substituting the resultant expression for

w(z,y) into (7.1), it follows that

(7.19)

Viw(z,y) = F(z,y) (7.20)
where
_txy)  PMT
Py =% K (7.21)
— 7 {MT(0,y)Ho(x) + M (a,y)Ha(z)}
and 92
w
w:W:O, forx =0,a;0<y <b (7.22)

We express F' in terms of the Fourier series

F(z,y) =Y fm(y)sinomz; ap = 7 (7.23)
m=1 o
with 5
Jm(y) = */ F(z,y)sin a,,zdx
a o
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and take w in the form

w(z,y) = Z Yo (y) sin o (7.24)

m=1

so that w automatically satisfies the edge conditions in (7.22). It is easily
shown that w, as given by (7.24), satisfies (7.20) provided the Y;, satisfy
the ordinary differential equations

Y (y) = 200,V (y) + e Y (y) = fn(y) (7.25)
whose general solution has the form

Y = (Am + Bry) cosh oy + (Cr + Dpy) sinh gy

(7.26)
s e e

The constants of integration A,,, By, Cpn, and D,, in (7.26) are to be
1
determined from the boundary data on the edges y = i§b' Suppose,

1
e.g., that the edges y = i§b are also simply supported and that the

thermal moment M7 is constant—as it would be, say, for 6T = 06T(z).
As the support conditions and loading are both symmetric with respect
to the z-axis, the deformation must also be symmetric and, thus, B, =
Cpm = 01n (7.26). Substituting Y;, from (7.26) into (7.24); the resultant
expression for w into (7.18) yields

w = Z (A, cosh auny + D,y sinh iy, y) sin g, @

m=1

(7.27)
+M7(0,y)H,(z) + MT (a,y)Hqa(z)

The sum of the last two terms on the right-hand side of (7.27) may be
expressed as a Fourier series, i.e.,

MT(0,y)Ho(x) + M (a,y)Ha(x)
(7.28)

==K (a (a))_mz:%kmsmamx

where
0, meven
kp, = aMT
m, m Odd
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in which case,

o0
Z (A cosh any + Doy sinh any + ki) sin au, (7.29)
m=1,3,---

The constants A, and D,, in (7.29) are to be determined from the
boundary conditions

1
w=0,w,, =——M"
1 (7.30)
fory::tgb;Oga:ga
We write
= Z M., sin aupx; My, = Kafnkm (7.31)

m=1

and substitute (7.29) into (7.30); after solving for A,, and D,,, we obtain

AMT X1 h oy,
w(z,y) = = —(1- w) sin o, (7.32)
al L 1s.. Om cosh §amb

for which the corresponding moment resultants are given by

—4MT(1 - > sh ayy,
M, = 7y Z oS AmY sin a,
m=1,3,--- (¢, COSh §amb
—AMT(1 —v) & 1 cosha,y . .
M, =——~ Z a_(l — ———— 2 )sina,x (7.33)
m=1,3 m cosh iamb
4MT(1 — = inh a,,
My, =20y~ L sinhany ) o
a m=1,3, am cosh Eamb

1
For the case in which the plate is clamped along the edges at y = j:gb,

and subject to a constant thermal moment M7, it has been noted in
[217] that the deflection, once again, assumes the form in (7.29), but
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now with

1 1
A, = —km(iamb cosh iamb
o1
+sinh §amb)/Am
(7.34)

1 1 1
B, = Eamb + sinh §amb cosh §amb

1 1 1
AN, = —a, b+ sinh —ay,,bcosh —a,,b
2 2 2

References for the thermal bending of an isotropic, elastic rectangular
plate, under other combinations of edge conditions, may be found in
[217].

Next, we consider the problem of thermal bending of an isotropic
annular plate; we assume that the plate is subjected to a transverse
loading ¢ = ¢(r,0) and a general temperature variation 6T'(r, 0, z). For
this situation, ignoring for now the effect on deflections of loads in the
plane of the plate, the relevant equation is the first partial differential
equation in (6.112) with ® = 0, i.e.,

2
K(w,rrrr + ;w,rrr -

2 1
+T_2w,rr90 + T._Sw,r - T_gw,TGO

4
Jrrjw,eeee + Tjw,ee)

S W rr
r2

(7.35)

=t- (MT,TT + ;MT,T + T_QMT,GG)

E h/2
with M} = T c / 0T (r, 0, z)zdz being the thermal moment.
—VJ_n/2

Equation (7.35) holds for ¢ < r < b,0 < 6 < 2xw. The associated
clamped, simply supported, and free edge boundary conditions are given,
respectively, by

(i) w =0 and g—w =0, at r = a, b if the edges are clamped
r

1 1
(ii) w=0and K[w —I—V(T—Qw’@g + ;w,r)] + M7 =0, at r = a,bif the

edges are simply supported
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1 1
(iil) Klw g +v(—Z w0 + ~w,)] + M7y = 0 and
T T

1 1 1 1 .
K[(wpr+—we+ 5 w,00) r + (=) (50,00 = —5w,00)]+ M7, = 0,

at r = a, b if both edges are free.
Also, for isotropic response, the bending moments in polar coordinates

E
are given by (6.110), the resultant forces by (6.108), with NJ = 17(1
—v
h/2
/ 0T (r,0,z)dz and the stresses may be expressed by
—hJ2
1 122 .. Ea
1 N 122 B Ea
T09 = E(Ne + N7) + s (Mo + M7) — 1= V(ST (7.36)
1 12z
rd — _N’l“ —Mr
aro = 3 Nro + pa Mo

The simplest case of thermal bending with respect to an annular plate
is that of axisymmetric bending in which it is assumed that the loading
and boundary conditions are independent of the angular coordinate 6.
If, in addition, ¢ = 0, then (7.35) reduces to

1
Viw = % 2 Mia<r<b (7.37)

Ea h/2
where w = w(r), M} = T / 0T (r, z)zdz,
—V J_n2

4 a4 24 1 d? 1 d
Vo= drt  rdrd  r2dr?2  r3dr

, d* 1d _1d, d
Vi=ogtoo=

“w=tre el
The general solution of (7.37) is easily computed to be
2 r 24,7
w = Cq + Car® + C’glng + Cyr 1na

b1 (7.38)
+/T (;/a gM{F(r)rdr)dr
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with the C;,i = 1,---,4, arbitrary constants of integration. For the
problem at hand, a straightforward computation based on (7.38) yields
the following expressions for the relevant moments and shear force re-
sultant:

C
M, =-K{2(14+v)Cy—(1— y)r—j + (3 +v)Cy

1 _ T
+2(1 4 v)Cyln=} — ==~ / M (r)rdr
a ™ Ja (7.39)
M,y=0
M, — M,
Qr = MT,T+ o = _4K%
r

For the case of a solid plate, in which a = 0, the constants C5 and C4
in (7.38) must vanish so that M, and @, remain finite at r = 0; if the
solid plate is clamped along its edge at r = b, then it follows from (7.38)
and the fact that w = w, =0 at r = b that

o
C, = —b*Cy = T /0 M (r)rdr (7.40)
while, if the edge at » = b is simply supported,
C1 = —b*Cy = 1_7”/}) Mk (r)rdr (7.41)
' T2+ 0K Jy T ‘

When (6T) 9 # 0 a solution w = w(r, #) must be obtained for (7.35);
for simplicity we again set ¢ = 0; such problems have, e.g., been con-
sidered by Forray and Newman [225] for the special case in which the
thermal gradient is assumed to vary linearly through the thickness of
the plate. Specifically, it is assumed in [225] that the thermal moment
M7 may be expressed in the form

My = i i Apr® cosmo + i i B sinm@ (7.42)

m=0 k=0 m=1 k=0

This form for the thermal moment is a consequence of the assumption
that
0T(r,0,z) =To(r,0) + zT1(r, 6)
with
T (r,0)z = Tsz(r, 9) (7.43)
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and T, the temperature difference between the upper and lower faces of
the plate. Using the definition of M7 we then easily compute that

1
M;:A;hnmm (7.44)
while (7.35) becomes (with ¢t = 0)
1+v
w=——av*T, 4
Viw=—o—av Iy (7.45)
The solution to (7.45) consists of the sum of the general solution of
1
V4wg =0 and a particular solution of /?w, = _;{V aTy.

In fact, the general solution to (7.45) can be shown, as in [225], to
have the form

w = ag + bor? + cor?lnr + dolnr (7.46)
+(arr 4+ bir® + a4 dyrinr) cos 6
r

/
(i + by 4+ 2L 4 dirinr)sin g

= n d’ﬂ
+ Z <anr" +b,r" 2 4 :—n + r”—Q) cos nb

n=2

/ U
/I .n /o n+2 Cn dn L3
+(a,r™ + by, + - + e ) sin nd

+ Z Qm("") cosmb + Z hm(T) sin mf
m=0 m=1

with the ay,,al,,by,...(n = 0,1,...) arbitrary constants and

(g, hm) = ijnm / <T2m1 /(Akm,bkm)rk+1mdr) dr  (7.47)

For the special case in which we are dealing with a solid plate, so that
a = 0, we must set ¢, = ¢}, = d, = d], = 0 so as to avoid singularities
at r =0.

Remarks: The last two sums on the right-hand side of (7.46) constitute

1
the particular solution w, of /2w, = %aTd; more specifically, if

(7.48a)

14w Aprr® cosm@
hk‘ Cde =

B sinmé
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then wy(r,0) is given by

| gm(r) cosmb
wy(r,0) = { o () sin (7.48b)

with g, (7), hm(r) as defined in (7.47). By carrying out the integrations
in (7.47) and using the results in (7.48b) it can be shown that

Apmr5t2 cosmé
(k42 —m?
Bl T2 sinmé
(k427 —m?

wp(r10) = (7.49a)

when k +2 —m # 0, and (7.48a) applies, while for the case in which
k+2—m=0,

1
Apm, { nr - } r™ cos mb

wy(r,0) = 2m - (@2m)? (7.49b)
o B ln_r — L ™ gin m@
P 2m (2m)? rosmm

Returning to the case of a solid plate, for which ¢, = ¢, = d,, =
d!, = 0, we note that the constants a,, and b,, must be determined from
the boundary conditions. For the case of a clamped plate, in which

w(b, ) = %(b, 0) = 0, the (rather complex) expressions for the deflec-

tion, moments, and shears in nondimensional form are given in [225];
these results, for m = 0,1,2, 3 are depicted in Fig. 7.1.

The problem of bending of a rectangular orthotropic plate (which has
two opposite edges simply supported and the other two clamped) due
to different temperature distributions on the plate surfaces, has been
considered by Misra [226]. It is assumed in [226] that the plate occupies
the region

0<z<a —-s<y<g, <z<

DO | o
\CNRS
o >
|

h
so that the opposite faces are defined by z = :|:§. It is also assumed

that the two parallel edges at * = 0 and x = a are simply supported
while the edges y = :I:§ are clamped. The temperature distribution is

taken as having the form

T+ T T
0T (x,y,z) = 1; 2+ 1h 22 (7.50)
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h h b b
so that T(x,y, 5) =T, T(x,y, —5) =Ty, for 0 <z < a, —3 <y< 2
where T7 and T3 are, respectively, the constant temperatures at the top
and bottom of the plate; thus the temperature is assumed to remain
constant in any plane which is parallel to the x,y plane. The edge

conditions are given by
b b
w=0, M, =0; onsz,a,for—§§y§§ (7.51a)
and
b
w=0, wy, =0; ony:ig, for0<z<a (7.51b)

where M, is given by (6.101). Actually, Misra [226] writes the term M}
5 N h/2
in (6.102) in the form M} = 3 My, with My = / 0T zdz, so that
—h/2

Bi = cnar + crzan (7.52)

The superposed bar over the 31 in (7.52) does not appear in [226] and has
been placed there so as not to confuse this parameter with a hygroscopic
coefficient. With the definition of My, as given above, and (7.50) it is
easily seen that

1
My = Ehz(T1 —Ty) =k (7.53)
which has the Fourier representation
V) 1
Mp== Y —sin"g, (7.54)
m a
m=1,3,5,...

for 0 < x < a. Using (7.54) in (6.103a), setting ¢ = 0 and ® = 0, and
replacing D11 + 4Dgg + D21 by 2H we obtain, as in [226], the following
equation for the bending of the heated, rectangular, orthotropic plate:

Di1W gaze + 2HW z2yy + Doow yyyy = P Z msin ¢ (7.55)
a
m=1,3,..
where _
4]€7Tﬁ1
a2
From (7.54) it follows that My = 0 along the edges at = 0 and z = a.
Then, by virtue of (7.51a), it follows that both w and w ,, must vanish

P = (7.56)
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along x = 0 and z = a. However, as M, =0 along x = 0 and = = a, it
would follow from (6.101) that w ,, = 0 along z = 0 and = = a only if
M7 = 0 along these edges, which it does not—the Fourier representation
not withstanding! Thus, the edge conditions in (7.51a), which in [226]
are now written in the form

w=0,Wg4, =0, onz=0,a
" b < b (7.57)

or — — —

2=Y=73
are open to suspicion, as is the remainder of the solution presented below.
A solution of the homogeneous equation associated with (7.55) which is

compatible with the edge conditions (7.57) is sought in [226] in the form

> . mm
w= Z Y (y) sin % (7.58)

m=1,3,..

Substituting this expansion into the relevant homogeneous partial dif-
ferential equation we are led to the following homogeneous fourth-order
ordinary differential equation for the functions Y5, (y):

DoY) —2HA2Y! + D110t Y, =0 (7.59)

mm
where «,,, = —. Noting that, because of symmetry, Y;, must be an
a

even function of y, a solution of (7.59) is sought in [226] in the form

Y, (y) = Ay cosh pp,y cos gmy
+DB,,, sinh p,,ysin g,y (7.60)
where
o _ h(H + VAT DiiD)
" Daa
(7.61)
» _ p(H—VH?—DyDyy
dm = D
22

The A,,, B,, are, at this junction, arbitrary functions of m. For a par-
ticular integral of (7.55) Misra [226] chooses

w= Z E,, sin a,x (7.62)
m=1,3,5...
Substitution of (7.62) into (7.55) then yields
mP
E, = 7.63
aanll ( )
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in which case, the complete solution of (7.55) assumes the form

o0
mP

w = ———— + A, cos hp,,y cos ¢,

m:lz?):f) {CK;LnDll PmY 9mY (764)

+ By, sinh pp,ysin ¢y} sin a,x
The edge conditions (7.57) are automatically satisfied by (7.64), while

those in (7.51b) are satisfied if and only if A,,, B,, are connected by the
relations

b b
4mp + A,, cosh 2pm cos 2am
alel 2 2 (7 65&)
b b ’
4B, sinh 2 gin 24 _
2 2
b b

Ap (P, tan h% — gm tan %)

(7.65b)

b b
+ B, (pm tan % + ¢, tanh %) =0

These relations may be solved for A,,, B, (see [226] for the details),
which are then substituted back into (7.64) so as to yield the deflection
at any point of the plate. The expression obtained for w(x,y) can also
be employed in (6.101) so as to compute the thermally induced moments
at any point in the plate, e.g.,

oo

M, = Dy Z a2 { Ay, cosh Py cos gmy
m=1,3,5,..

+ By, sinh pp,y 8in ¢y sin aip

oo

~Diz > [An{(p}, — q2) coshppy cos gmy
m=1,3,5,...

—2PimGm SINh Py sin ¢y } (7.66)
+Bm{(p%z - q’r2n) sinh p,,,y sin ¢y

+2pimqm cosh pmy €os ¢y} sin ap,z

4Bk 1.
— al Z — SIN ), &

a
m=1,3,5,... "
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with analogous expressions for M, and M,,. Finally, the deflection at

the center of the plate, i.e., at z = %, y = 0, is computed in [226] to be

= mP . mm
m=1,3,5...

The expressions for the moments, e.g., (7.66) and the final result (7.67)
for the deflection at the center of the plate are subject to the criticism
(because of the relevance of the boundary conditions (7.57)) which has
been levied above.

An alternative approach to solving problems of thermal deflection for
plates that has been used extensively in the literature is based on the
concept of an influence function and usually goes under the title of May-
sel’s method; this approach is actually an extension of Betti’s reciprocal
theorem to thermoelastic problems, and excellent treatments have ap-
peared in several places in the literature, e.g., in Nowacki [222] and in
Tauchert [217]. In what follows, we will adhere closely to the presenta-
tion in [217] and will assume that the plate exhibits isotropic response;
we will also take t = 0, so that, in either rectangular or polar coordinates,
the relevant partial differential equation is given by

KNw=—-AMT (7.68)

If the plate occupies the domain A in the x,y plane when in its unde-
flected state, and w*(&,y;x,y) is the Green’s function for the operator
K A? then it is easily shown (i.e. [217] or [222]) that

w(z,y) = — / / MT(En) V2w (€ ma y)dAE, ) (1.69)
A

where, for the sake of convenience, we have initiated the discussion by
employing rectangular coordinates. In (7.69),

vQ — 6_2 + 8_2
0&2  On?

The Green’s function in (7.69), w*(&,n;x,y), represents the deflection
at the point (£,7) of the plate middle surface which would be due to
a concentrated unit force applied at the point (x,y). Thus, the Maysel
relation (7.69) may be used to compute a thermally induced deflection
w(z,y) whenever w*(&,n;x,y) can be calculated for a plate of given
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shape and assigned support conditions. As an alternative to (7.69) one
may use the form obtained by employing Green’s formula, i.e.,

w(z,y) = / / w* (€, ) 7% MT(E, m)dA(E, )

A
* T
7/ <MT8w 7w*8M )ds
A on on

where n, s denote, respectively, the directions that are normal and tan-
gential to the plate boundary 0.A. If \72M7 = 0, such as for the case in
which M7 is constant, then (7.70) reduces to

ow* oM™
_ T ¥
w(z,y) = /aA (M Y o ) ds (7.71)

and if the plate is simply supported, so that w* = 0 along 0.A, then

(7.70)

’U)(l‘,y) = MT(& 77) (5 mT,y ) (772)
A

Of course, if \72M7T = 0 in A, and the plate is clamped along 9.A, then

w* =

= 0 along 0A in which case w = 0 throughout the plate.

As a f?rst example of the influence function method we consider the
simply supported rectangular plate which is depicted in Fig. 7.2. We
assume that the thermal moment is nonzero within an arbitrary region
AT of the plate, while M7 = 0 is the complement of this region. It
is easily shown that the deflection w* at an arbitrary point (£,7) of
the same simply supported plate subject to a concentrated unit force at

(z,y) is

sin a;, € sin 3,1 sin a,, T sin 3,y
;T 7.73
w*(&,m; 2, y) mzl nzl PEREE (7.73)
where a;,, = —, Bn = —, prov1ded MT vanishes along the edges of the

plate. Substltutmg (7.73) into (7.69), and carrying out an elementary
computation, we are led to the following expression for the deflection:

w(, ZZ sin a, x sin B,y
0= ax (02, + B2)?

m=1n=1

X / MT(&,1) sin € sin B,wdfdn)

AT

(7.74)
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If the thermal moment is constant over the entire plate, say, M7 = M,
then (7.74) formally reduces to

1M m n
w(z,y Z Z sin au, @ sin B,y (7.75)

2 2
amem .n=1,3,. amﬁna +ﬁ)

but, once again, such a solution is subject to the criticisms raised earlier
as now M7 does not vanish along the edges of the plate.

As a second example, we consider the application of Maysel’s relation
(7.69) to the thermal deflection of a solid circular plate of radius b; in
this case (7.69) assumes the following form in terms of polar coordinates:

27 b
w(r,@):—/o /OMT(p,w) 2 w* (p,v; N, 0) pdpdep (7.76)

where
2—8_2+12+l8_2
VoS00 T pop T oy

In lieu of (7.76) we may write, in analogy with (7.70), that
27
/ / “(p,s1,0) 72 M (p,v) pdpdip
,/ ( 7 (b, ¢)M (7.77)
0

dp
oM™
—w* (b7 "/}; T, 0) Tﬁ)ﬂb)) bdd}
. . . ow*
If the circular plate is clamped along its edge at r = b then w* = 9,
P

0, for r =0, 0 < 6 < 2w, and (7.77) reduces to

27 b
_ /0 /0 w* (o, b57,0) 72 MT(p,W)pdpdy (1.78)

The appropriate Green’s function w* in (7.78) for the case of a clamped
edge is known to have the form

b? / )
W*(Pa¢§7‘a 9) = ].67TK{(1 - P 2)(1 -r 2)

'2 "2 o ot N
(plz_’_T,Q P cos(6 — ¥)in petr 20"’ cos(6 — 1)) ) }

1+ p'2r'2 — 2p'7" cos(f — 1)
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with p’ = p/b and 7/ = r/b. Various forms of the Green’s function are
available for the case of the simply supported solid circular isotropic
plate but, as noted in [217] the expressions tend to be quite complex.
Before concluding this brief description of thermal bending of plates
(and moving on to describe some problems of thermal buckling within
the context of small deflection theory) we want to note some approxi-
mate methods that have been employed to deal with problems of thermal
flexure of plates; two of the better-known techniques are the Rayleigh-
Ritz and Galerkin procedures. In the Rayleigh-Ritz method, the dis-
placement field w is approximated by functions which contain a finite
number of independent coefficients. The functions employed are chosen
so as to satisfy the kinematic boundary conditions, but they do not have
to satisfy the static boundary conditions. The unknown coefficients in
the assumed solution are then determined by employing the principle of
minimum potential energy. For the problem of thermal flexure we may,
in particular, represent the transverse displacement w(z,y) in the form

M N
= Crnma(w,y) (7.80)

m=1n=1

It is assumed here that the ¢, (z,y) satisfy the boundary conditions
which involve w, w ., and w,,. The assumed form of the solution (7.80)
is then substituted into the expression for the potential energy IT which,
for a problem of (purely) thermal flexure of a homogeneous isotropic
plate, is given by the following reduced form of (6.130):

n- [ {5

+(1-v K(w%cy — W W yy) (7.81)
+MT (W 4 + W 4yy) — tw}dxdy

Setting 61T = 0, after substituting (7.80) into (7.81), yields a system of
M + N simultaneous algebraic equations, i.e.,

oIl

OCrmm

=0m=1,2,..M;n=1,2...,N (7.82)

which are then employed so as to compute the c¢,,. To illustrate the
use of the Rayleigh-Ritz procedure, we may consider the simple example
of a square plate of side length a, which is simply supported along the
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edges at * = 0 and x = a, clamped along the edges at y = 0 and
y = a, and subjected to a uniform thermal moment M7”. If we use the
representation

w = i i Com S22 (11— cos 2nmy (7.83)
N m a a '

for the transverse deflection, then we satisfy the kinematic boundary con-

ditions for this problem but not the static boundary condition M, = 0

along the edges * = 0 and z = a, 0 < y < a. Retaining only the

term corresponding to m = 1, n = 1 in (7.83), it is easily verified

that the Rayleigh-Ritz method yields an approximation to w(z,y) in
1

which the maximum deflection, which occurs at x = y = ia, is given

by 0.0191a?MT /K. As noted in [217], two-and three-term approxima-
tions using (7.83), yield maximum deflections of 0.0144a2M7T /K and
0.0157a>M™ /k, respectively, while the “exact” value of the maximum
deflection in this case is given (approximately) by 0.0158a2M 7T /K.

To implement the Galerkin procedure, we work directly with the rele-
vant differential equation instead of with the associated potential energy;
the equation, for the problem of thermal flexure of an isotropic, homo-
geneous thin plate is just (6.93a) with ® =0, i.e.,

KA?w+ AMT —t=0 (7.84)

An approximate solution of the form (7.80) is again sought, the differ-
ence being that the ¢, (x,y) must satisfy all the pertinent boundary
conditions. If we substitute (7.80) into (7.84) we will obtain an error (or
residual) e(z,y), which is given by

e(z,y) = KA*w+ 2 M7T —t (7.85)

and in the Galerkin method it is required that e(x,y) be orthogonal to
each of the ¢mn(x,y), ie., that (assume a rectangular plate, 0 < z < a,

0<y<b)
/ / $y¢mnxy)dmdy—0
— 1,2, .. (7.86)
n = 1,2,...N

By computing the integrals in (7.86) we are led to a system of M + N
algebraic equations for the coefficients ¢,y .
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Remarks: If one incorporates boundary residuals into the Galerkin
procedure it is possible to relax the constraint that the ¢, (x,y) satisfy
the static as well as the kinematic boundary conditions. The first vari-
ation OII of the total potential energy II is, for purely thermal flexure
problems, given by the following reduced (and modified) form of (6.131)

b a
ST = / / (KA?w + AMT — t)swdzdy (7.87)
0 JO

b
+ / {[(Mm,ﬁzMxy,y — K,)6w]’_;
0

o ()] o

a
"‘/0 { [(Myy +2Myy o — Ky)dw] i;z

~[on-s G o
T=a,y=b

— [(QM»Ly - R»Ly)dw} z=0,y=b

z=a,y=0

+ [(2sz - Rry)‘sw} 0

z=0,y=0

Equation (7.87) includes the possibility of nonzero prescribed edge and
corner loads K, Ky, M,, M,, and R;,. The variation éw is, by virtue
of (7.80), computed as

M N
ow = Z Z 0Cmn®mn (T, y) (7.88)

m=1n=1

If all of the boundary conditions are of kinematic type, then substitution
of (7.80) and (7.88) into (7.87) yields

b a
2 T _
/0 ; (KA*w+ AM* — t)mn(x,y)dzdy = 0 (7.89)
(m=1,2,..,M;n=1,2,...,N)

which is, of course, equivalent to (7.85). One also obtains (7.89) if certain
of the boundary conditions, as noted in [217], are static; however, these
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static conditions must be satisfied identically by (7.80). Suppose we
consider, as an example, the case treated earlier in this section by the
Raleigh-Ritz method, i.e., a square plate clamped along two parallel
edges and simply supported along the other two, and subjected to a
uniform thermal moment M7T. For this problem, the static boundary
condition M, = 0 is not satisfied, as already noted, by the assumed form
(7.83) of the solution. The condition (7.87) leads, in this case, to the
following system of equations for the coefficients c,y:

b a
/ / KA’ - ¢y (2, y)dady
0 0
b v—a (7.90)

+/ [(Kw,zz + VKULyy + MT)(ybmn,'r] 2=0 dy =0
0
(m=1,2,.,M; n=1,2,..,N)

It is easily demonstrated that the coefficients ¢;,,, which are determined
by solving (7.90) are, in fact, identical to those that are obtained by
applying the Rayleigh-Ritz procedure.

In all of the work discussed to this point in this section, not only have
we assumed that we are working within the domain of small deflection
theory but also that the stress resultants in the plane of the plate were
small enough so as to not materially influence the transverse deforma-
tions of the plate; if such is not the case then, e.g., for an isotropic thin
elastic plate in rectangular coordinates, the basic equations governing
the flexure and buckling of the plate are (see (6.93a,b))

KA*w=t—AM" + Nyw 4o + Nyw yy + 2Npyw oy (7.91a)

A?® = —(1—-v)ANT (7.91Db)

where ® is given by (6.20), N7 by (6.11a), MT by (6.14), and the small
deflection assumption has been enforced in writing down (7.91b). For
a given temperature distribution 67T (z,vy,2), and given boundary con-
ditions along the edge of the plate, one would first compute ANT and
then solve (7.91b) for ® = ®¢(x,y); the Airy function ®q is then used to
compute the in-plane, prebuckling stress resultants N2, N57 Ngy, which
are substituted into (7.91a), along with ¢t and AMT. Finally (7.91a),
together with appropriate support conditions with respect to w along
the edges of the plate, is treated as an eigenvalue—eigenfunction problem
with the first eigenvalue (for a purely thermal problem) corresponding to
the (smallest) critical temperature and the corresponding eigenfunction
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representing the first buckling mode. To illustrate the procedure delin-
eated above, we will begin our discussion by presenting three examples
that have been highlighted in Boley and Weiner [221] for isotropic plates
and a rectilinear geometry; we will then proceed to examples involving
circular plates as well as problems for plates with orthotropic material
symmetry.

The first case treated in [221] concerns the buckling of plates sub-
jected to heat conduction (but no transverse loads) with their edges
unrestrained in the plane. We are reminded in [221] of the basic fact
that if the ends of a column are free to displace axially, and the column
is free from axial loads, then the column cannot buckle no matter what
the temperature distribution may be; this is clearly not the case with
plates. Because the plate is assumed to be free of external tractions in
its plane, equilibrium relations of the form

/ Nady = 0 (7.92)

must be satisfied in which the integration extends across the entire plate
along a line given by z = const; a relation such as (7.92) cannot hold
unless N, > 0 along part of this line while IV, < 0 along its complement,
thus leading to the conclusion that for this class of problems, compres-
sive stresses will always occur in the plane of the plate. A very well
known example of the type referenced above occurs in the often quoted
paper of Gossard, Seide, and Roberts [216], which will be discussed in
some detail later in this chapter; although our focus, with respect to
the discussion of the work in [216], will be on postbuckling behavior, it
should be clear that the buckling problem described, e.g., by the system
(6.93a,b), within the context of small deflection theory is mathemati-
cally isomorphic to the initial buckling problem for the full non-linear
system. Indeed, some specific initial buckling problems for such systems
will be discussed at the end of this section.

A second class of thermal buckling problems in the realm of small
deflection theory, which is discussed in [221] and which is mathematically
similar to the first class of problems, concerns the buckling of plates
which are subjected to heat and loads in their plane with, once again,
their edges unrestrained in the plane of the plate. As an example, we
consider the plate strip of Fig. 7.3, which is loaded at its ends by a
uniformly distributed stress og; the strip, of width b, is reinforced along
its edges at y = 0, y = b by longitudinals of area A which act as a heat
sink, thus causing the temperature to be higher along the center of the
plate than near its edges. For illustration purposes, the temperature will
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be assumed to be uniform across the thickness of the plate and of the

form

2
0T (z,y) = co — ¢1 cos (%) (7.93)

in the plane of the plate where cg, ¢; are constants which may be chosen
so as to fit empirical data. We consider a single panel of the strip, as
depicted in Fig. 7.3., which extends from z = 0 to x = a; it is assumed
that this panel is at a large enough distance from the ends of the strip so
that the stresses can be taken to be independent of x. Also, we assume
that w = 0 along the line segments z = 0,z = a, for 0 < y < b. As
we have already indicated in the discussion of the procedure for solving
(7.91a,b), the first step in the solution of the problem at hand consists of
determining a stress function ® from (7.91b) and the pertinent boundary
conditions; these boundary conditions are as follows:

u((),y) = 07 u(a,y) = Uo, 0 < Yy < b
(7.94)
v(z,0) =0, v(z,b) =vy, 0<x<a
where ug and vy are constants which are chosen so that
b b
/ N (0,y)dy =/ Nq(a,y)dy = bhog (7.95)
0 0
For the temperature distribution (7.93), (6.11a) and (7.91b) yield.
2 2
A2D = 4 (%) aEe; cos %y (7.96)

a solution of which is
ooy?  aBEcb? 21y
- Ccos —=
2 472 b

It is easily computed that corresponding to ®¢, as given by (7.97),
we have the following expressions, modulo rigid-body motions, for the
stress, strain, and displacement components:

O = Dy(x,y) = (7.97)

Oyy = Ny = 0py = Npy = €5y =0

2 7.98a
hogy =Ny =,y =h {O’O + aFcq cos Zy} ( )
€xx = EUO + aco
Vo oy (7.98b)
eyy =~ T ac - (14 v)aey cos -
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u=(0g+ aEco)%

1 b 2 (7.98¢)
v=(—voy + aEcO)% - (_‘_2& sin %
i

It is easily seen that (7.98a,b,c) satisfy all the boundary conditions
delineated above provided

a

ug = (00 + aEcO)E
b (7.99)
vg = (—vog + aEco)E
The next step for the problem at hand involves the computation of the
transverse deflection w(x, y) and the corresponding critical combination
of the temperature levels and the applied load. Using the fact that ¢t =0
in (7.91a), and that M7 = 0 for the temperature distribution defined
by (7.93), it is easily seen that the use of (7.98a) in (7.91a) reduces this

equation to

h 2
Ay = e {00 + aFEc; cosb ik } W gy (7.100)

We consider (7.100) with the conditions relevant for simply supported
edges, namely,

W=Wge =0; x=0,0; 0<y<h
(7.101)
W=wyy =0, y=0,b; 0<z<a
and thus seek a solution of the form
e MTT nmy
= mn 51 _— 51 R 7.102
w(z,y) mz::“;a bln( . )bln( 2 ) ( )

By substituting (7.102) into (7.100) and then comparing the coefficients
of like terms we are led to the following system of algebraic equations
for the coefficients a,,,:

aFc aFc
|:km1+0'0_ 1:|a'm1 21am320
E
[k + 00] @mz + “5 s = 0 (7.103)

E
M(am,”H-Q + a’m,n—2) =0, (TL > 2)

[kmn + O'O} Amn + 9
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where

2 2)2
Ko = % ("7) {1 + (=) } (7.104)
The critical combination of oy and ¢; is obtained by setting the deter-
minant of the homogeneous system (7.103) equal to zero. As noted in
[221] no coupling exists between coefficients with different values of m or
between coefficients with even and odd values of n. Thus, a single value
of m may be employed in the series (7.102), i.e., the one which yields the
lowest critical combination of load and temperature levels for the loading
and geometry being considered. Furthermore, as also noted in [221], one
may set up two independent determinants, one with only odd values of
n and one with even values only. It may be shown that the symmetric
case corresponding to the determinant involving only odd values of n
corresponds to the lower “buckling” load; the symmetric determinant
has the form

aFc aFc
(k1 4 00 — 21} 21 0---
aFc aFc
et ks + 0o L.
2 2 =0 (7.105)
aFc
0 D) ! (km5 + 0'0) ce

for which two special cases are of interest: If ¢; = 0 then only the edge
stress distribution o, acts to buckle the panel and only the diagonal
terms in (7.105) survive. In this case, the critical value of o, is given by
the same expression that has already been noted in Chapter 2, namely,

n’E h
(UO)CT|01:0 = _Km(g)Q (7106&)

in which n» =1 (so as to obtain the lowest possible critical stress) and

bm a
k=(—+-—) 7.106b
(42 (7.106b)
is computed, for a given aspect ratio a/b, by choosing the integral value
of m for which it is a minimum; a full discussion may be found in Chapter
2. The more interesting special case of (7.105), from the viewpoint of
(purely) thermal buckling, corresponds to taking o, = 0 in (7.105) and
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seeking the smallest root 77 = T, of the resulting infinite determinant;
approximations to T, may be obtained from (7.105), with o, = 0, by
retaining only a finite number of rows and columns of the determinant.
By retaining only the element in the first row and the first column of
(7.105), and setting o, = 0, we obtain

oF mE h

(7) erlog=0 ~ km(gy = —(00)cr|er=0 (7.107)

with &k again given by (7.106b). If the first 2 x 2 block in (7.105) is
retained and og is set equal to zero, it is possible to show that

aF ) h.o
(T)Ter'a():() = /€1m(3) (7.108)
with the coefficient k; given by
1 a mb mb mb
ki = 5(—,})2 \/[(—)2 +9 +4[(—) + 1P[(—)* +9)°
" “ “ a (7.109)

(2 92

a

As indicated in [221], computations performed using larger subdetermi-
nants of (7.105) with o, = 0, yield results which are very close to those
presented above. In Fig. 7.4 we show a plot of k; versus the aspect

a
ratio a/b for various values of m; the graphs indicate that for — >> 1
a good approximation to ki is given by ki ~ 3.848, which is the value
that corresponds to m = g, while for < 1 the curve for m = 1 in

Fig. 7.4 should be used. The more general case in which both heat and
applied edge loads act on the panel can be treated in a manner similar
to that for the case in which o, = 0. Retention of the first 2 x 2 block
in (7.105), with og # 0,¢1 # 0, leads to the results depicted in Fig. 7.7
which are interpolated quite accurately by the equation

Tcr (Uo)cr
Tcr|0'U:0 (Uo)cr|01:0

=1 (7.110)

for all combinations of heat and edge stress and all aspect ratios.

The last basic example within the context of small deflection theory
that is presented in [221] concerns plates whose edges are restrained in
the plane of the plate. Consider, e.g., the case of a simply supported
rectangular plate whose edges are fixed in the plane of the plate and
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which is subjected to a temperature distribution which varies through
the thickness of the plate, i.e. 6T = §T'(z), in such a way as to cause
bending; no external loads act on the plate. The displacement boundary
conditions when the plate occupies the domain 0 < z < a,0 < y <

b h< <h
, 2_2_2are

u(0,y) = u(a,y) = v(x,0) = v(zr,b) =0 (7.111)

for 0 <y <band 0 < x < a. Under these conditions, the solution for
the displacement components in the plane of the plate is u = v = 0,
which implies that (see (6.91))

N, =N, =-N";N,, =0 (7.112)

so that the in-plane equilibrium equations are automatically satisfied.
Ast =0, and AMT = 0, equation (6.93a) reduces, in view of (7.112),
to

KA?w+ NTAw =0 (7.113)

If we associate with (7.113) the boundary conditions corresponding to
simply supported edges along z = 0,z = a and y = 0,y = b then the
pertinent boundary value problem can be shown to be equivalent to

K?w+NTw=-M"0<zr<a,0<y<b
r=0,a;0<y<b (7.114)
w = 0;
y=0b;0<zx<a

Taking w(z,y) is the form

= ., mmx
w:Zym(y)sm( " ) (7.115)
m=1
and expanding the constant M7 as
4MT = 1 mnx
MT = — )i 7.116
()Y s (7.116)

m=1,3,5...

the authors [221] obtain the following equation for the y,,:

2Ym 4MT
Cym _go,, A 135
dy? kmm
(7.117)
mm., 1 _r
= (T2 2N
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Once again, as M7 does not vanish along the edges of the plate, such a
solution technique is subject to the criticisms raised earlier. In Fig. 7.6,
we show a nondimensional plot of the deflection (as computed in [221] at
the center of the rectangular plate) against the temperature parameter

NT/(NT)., for various aspect ratios %; here (NT).,, the value of NT

at which buckling occurs is computed to be

a? m?

Fi (7.118)

(N T)cr =1+
The (nondimensional) variation of the bending moment M, in a square
plate is shown in Figs. 7.7 and 7.8 for two different values of the “tem-
perature level” N7 /(NT),,; such plots are sufficient to determine both
M, and M, throughout the entire plate because of the double symme-
try exhibited by the plates; the results depicted in Figs. 7.7 and 7.8
indicate that the maximum bending moment occurs at the center of the
plate. Finally, in Fig. 7.9 we show, for various aspect ratios, the varia-
tions in M, at the center of the plate, with the temperature parameter
NT/(NT)... All of the results depicted in Figs. 7.6-7.9 are valid only
for values of N7 that are sufficiently close to (N 7)., because of the small
deflection assumption employed in their derivation.
For the special case (in rectangular coordinates) in which (6.94) re-
duces to
0 (z,y, 2) = To(z,y) (7.119)

so that, by virtue of (6.95),

NT — aFEh

= mTo(x,y); MT =0 (7.120)

Equations (6.93a) and (6.93b) for the case of isotropic response, reduce
to

KAPw =@ yyw pp — 28 1yw 4y + P rpw 4y (7.121a)
A*® + aEhAT, =0 (7.121b)
provided ¢ = 0 and small deflection theory is assumed. Equations

1
(7.121a, b) appear, e.g., in Nowacki [222] with F' = E<I>7 the Airy func-
tion associated with the stress components, in lieu of ®. If we assume
that, for a given temperature field (7.119), equation (7.121b) has been
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solved for ®, then the stress resultants N, N,, IV, are known and equa-
tion (7.121a), namely,

Nw = %(wa,m + 2Ny W 4y + Nyw ) = %Nijw,ij (7.122)
must be solved subject to the specification of boundary conditions on
w. As an example, we consider a rectangular plate with 0 < z < a,0 <
y < b, which is simply supported along its edges; for this case M7 = 0
along the edges of the plate so our previous criticisms do not apply.

Omne approach to dealing with (7.22) is similar to Maysel’s method,
which was discussed in connection with the thermal bending of plates.
We introduce the Green’s function w*, which satisfies the equation

Aw*(w,y;61,62) = %5(3? —&1)d(y — &2) (7.123)

in the sense of distributions and the same boundary conditions as w.
Combining (7.122) and (7.123) we obtain

a b
w(z,y) = / / W (2, €1, 60) Ny (€1, €2 (61, E2)dErdEy  (7.124)

If we apply the Green’s transformation to the right-hand side of (7.124),
assume that the plate is simply supported along its edges (or clamped),
and use the planar equilibrium equations N;; ;; = 0, we find that (7.124)
yields the following Fredholm integral equation of the second kind for

w(z,y):

2

a b *
w(z,y) = / / w(gla52)Nij(§17§2)%d51d€2 (7.125)
o o 7 J

Now, for the rectangular plate described above which is simply supported
on all four edges, w*(x,y,&1,&2) is given by (7.73) with £ — &1, — &a.
If we assume that the solution of the integral equation (7.125) can be
represented in series form as

w(z,y) =Y A sin o sin By, (7.126)
i,k

an = %, Bm = % (thus automatically satisfying the boundary condi-

tions of simple support) then by substituting the series representations
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for w and w* into (7.125), and performing elementary computations, we
are led to an infinite system of linear equations for the coefficients A
in (7.126) of the form

4
abk(o? + B7) nz;n * (7.127)

(i,k:172,"'700)

Air +

where
2 2
Gnimk: = O; Qnimk + 2aiﬂkcnimk + ﬁkbnzmk
with

a b
Animk = / / N11(&1,&2) sin ;& sin ap &y sin Br€o sin 3,,£2dE 1 dEo

a b
bnimk =/ / Nao(€1,&2)) sin ;&1 sin o, & sin i sin B adérdés

a b
Cnimk =/ / Nia(&1,&2) cos a&y sin o, &y cos Br&a sin B ad€rdés

The condition for buckling of the plate is, of course, that the (infinite)
determinant of the system of equations (7.117) be zero. A related (clas-
sical) treatment of the thermal buckling of a simply supported isotropic
rectangular plate which employs the Rayleigh-Ritz procedure may be
found in Klosner and Forray [227]; in [227], the temperature distribu-
tion is of the form (7.119) and, in fact, is assumed to be symmetrical
about the centerlines of the plate so that it is representable in the form

nwe mm
of a double Fourier series in the functions cos v cos —2Y (the plate
a

in [227] has length 2a and width 2b).

There are many excellent treatments of the problem of general thermal
deflections of an isotropic elastic circular plate, one of which may be
found in [228]. We assume that the plate has radius b > 0 and is
subjected to the radially symmetric subcase of (6.113), namely,

0T = To(r) + 2T (r) (7.128)

It is also assumed in [228] that the edge of the plate is subjected to a
uniform force P per unit length of the arc parameter s along the edge;
for problems involving deflections due to temperature variations only,
we may set P = 0 in the results which follow below. Within the scope of
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small deflection theory it is easily seen that (7.128) and (6.109) combine
with the second equation in (6.112) so as to yield

A2D = —aEhAT, (7.129)
Clearly, if ®,, is a solution of
AP, = —aEhT, (7.130)

it is also a solution of (7.129). A particular solution of (7.129) is thus

obtained by using potential theory to integrate the Poisson’s equation

1d
(7.130), where A = —d—(rd—) in view of the radial symmetry of T,; we
rdr dr

obtain R
®,(r) = —aEh / ( / To()\))\d)\)%dg (7.131)

The general solution of (7.129) which satisfies the edge conditions delin-
eated above may then be shown [228] to have the form

aEh / T,(A)AdA 12

o

O(r) = —{ P+
- 1 (7.132)
—aEh/o (/O ToNAdN) g€

The first equation in the set (6.112) may now be written in the following
form when t = 0:

1 1
AZw = —-TAT, + ?{Nrwﬂ + 2Nro(=w,0)
T

(7.133)
+N9( Wt - w 00)}
where N,., Ny, N,¢ are given in terms of ® by (6.46) and
I = Eah’®/12K(1 —v)
In fact, with ® as given by (7.132), we have
oF [? aE
0% =—-P+ bT/ oM — — [ T,(M)AdA
=-P ob A)AdA A)AdA
%0 =P+ | +o5 (7.134)
—aETy(r)
029 =0
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the superscripted o denoting, of course, that we are computing the mid-
dle surface stress field distribution. Because N,., Ny, N,q, and T} are
independent of 6, it is easily seen that (7.133) for the transverse deflec-
tion w = w(r) may be rewritten in the form:

d, d.1d_dw

dr( dr[rdr{ D
Fd dTy

= Tara)
) P (7.135)
+= | (Por— —/ To(A AdA)
aF dw
Py+ — T —alTy | —
+( b+ 2 /O BN — a o) =
with the constant P, given by
al
Py=55 TO()\)Ad)\ e (7.136)
An integration of (7.135) now yields
d 1 d dw dTy
Pl ) Q. e
dr \rdr \_ dr dr (7.137)
(g @ To)aar ) 20 4 K1 .
K 0 dr o

with k1 a constant of integration. Thus, our problem has been reduced
to that of solving the third-order ordinary differential equation (7.137)
with appropriate boundary conditions. It is noted in [228] that further
integrations of (7.137) are not possible unless specific forms for Ty(r)
and T3 (r) are assumed; in [228] these are taken as the truncated power
series expansions

J=0 (7.138)

with the tg;,%1; real constants and m,n arbitrary positive integers. A
solution of (7.137) is now sought in the form of a power series. Substi-
tuting (7.138) in (7.137) and setting
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we obtain

d3w -
d— dr2 { Z o(r! = ¥)
WP dw n (7.139)
hinl T pJ—1
+ K 2 } dr Z dir
Setting
dw
u(r) = o
AP N
blo = ? — ZCjbj
j=1
then yields the equation
d2u 1 du m ; ) n—1 ;
W . dr Zc]r +b— = |u= Zdj_Hr (7.140)

for u = u(r). Relative to (7.140) we now consider solutions of the form

r)=ry A (7.141)
=0
Inserting (7.141) in (7.140) a recurrence relation of the form

G+ + 2Nz 5 + ) eidj
=0
dj+2, ] = 71,0, ey — 2 <7142>
B 0, j=n—-1,n,..

is generated for the A; with \; = 0 if j < 0. A careful discussion of the
convergence of the series (7.141) with the \; as given by (7.142) may

d
be found in [228]. Inserting (7.141) into the equation d—w = u(r) and
r

integrating, we find that the transverse deflection may be represented in
the form

r) =12 Z kit + K (7.143)

with k a constant of integration and x; = A;/(i + 2). By referring to
(7.142) it may be deduced that

Ki = Xo&; + 6;

© 2001by Chapmar& Hall/lCRC



where & contains the parameters P, K, h,b and some (or all) of the tg;,
while J; contains these parameters as well as some (or all) of the ;.
Thus, (7.143) may be rewritten in the form

w(r) = Awo(r) + wi(r) +r (7.144)

where

wo(r) =Y _&rd, wi(r) =61 (7.145)
=0 =0

It is easily seen that wq(r) is a particular solution of (7.139), while
wop(r) is the solution of the corresponding homogeneous equation which
is bounded at r = 0.

The constants A9 and 7 in (7.144) are determined by the support
conditions along the edge of the plate at r = b; these support conditions
for the clamped edge and the simply supported edge are, respectively,
in view of (6.115)

w'(b) =0, w(b) =0 (7.146a)

and
(7.146b)

We will proceed by considering the clamped edge conditions only; the
analysis corresponding to the simply supported conditions in [228] would
appear to be correct only if T} vanishes along the edge of the plate at
r=ob.
Substituting (7.144) into (7.146a) yields, for the clamped plate,
w (b) wy (b)

!
Xo = — = 1
O w0y T w)

wo(b) — wy (b) (7.147)

Inserting the values of Ao, x in (7.137) into (7.144) we obtain for the
plate which is clamped along the edge at r = b

wy (b

w(r) = ,1( ) {wo(b) — wo(r)} + wi(r) — wy(b) (7.148)

wy(b)
It will be assumed that w{(b) # 0; as noted in [228], if w((b) = 0 then b
is the radius of the clamped plate with given temperature distribution
to(r) for which P is a critical buckling load.
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In the special case in which m = 0, Ty(r) reduces, in light of (7.138),
to a constant while (7.140) becomes

Pu  1du hP 1
=t T (K > Zdﬁlr (7.149)

Using (7.141) again, and working with the special case of the recurrence
relation (7.142) for m = 0, it is not difficult to show that the transverse
deflection assumes the form

w(r) = XoJo (7”\/ %) +wio(r) + K (7.150)

with Jy the Bessel function of the first kind of order zero and w1 (r) the
form assumed by w;(r) for m = 0. Applying the boundary conditions
(7.146a) we now find as the expression for the transverse deflection of
the circular, isotropic plate clamped along its edge at » = b

"0 ﬁ?ﬁ?ﬁ) 1 (%)
K K

—Jo <b\/¥> } + w1o(r) — wio(b)

The analysis of the isotropic circular plate presented above involved
no considerations of plate stability; as has already been indicated, the
thermal buckling problem within the context of small deflection theory
is mathematically equivalent to the initial (thermal) buckling problem
without the small deflection assumption. For an isotropic plate, the
thermal stress resultant N7 as given by (6.11a) may be written in the
form

(7.151)

Eh
NT = la—Tm(x,y) (7.152)
—v
where
h/2
(z,y) T(x,y,z)dz (7.153)
h h/2

may be thought of as the medium temperature in the plate. Suppose
that

h/2
/ 0T (z,y,2)zdz =0
—h/2
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so that MT = 0. The buckling problem (in rectangular coordinates),
either assuming small deflection theory or focusing on the initial buckling
problem, then takes the form (see (6.93a,b))

A%2® = —aEhAT,,

Aw = E(‘b,yyw,m =29 pyw ay + P paw yy)

(7.154)

if we again assume that ¢t = 0. Following the stability analysis in [229], we
let Ty represent the maximum value (upper bound) of T;,, on the domain
of the plate so that 0 < T, < Ty and we introduce the dimensionless
temperature parameter 7 = T,, /Ty so that 0 < 7 < 1. If b represents
a characteristic length associated with the plate, then in rectangular
coordinates, we may introduce the dimensionless variables £ = x/b, n =
y/b, in which case (7.154) would assume the form

A2¢p = —AT
) (7.155)
Afw = ¢ gmw e = 20 enW,gn + G ecWnn)
where
¢ = ®/b*aELT, (7.156)
while, by virtue of the definition of K,
b\ 2
A =12(1—1?) (E) oy (7.157)
02 0?
and, of course, A = 8—52 + 8—772 Following the discussion in [229],

the edge(s) of the plate are assumed to be free of applied forces and
moments so that the buckling (stability) problem consists of finding the
temperature parameter 7, which minimizes the value of A in (7.155);
this may be achieved, e.g., by following the Raleigh-Ritz procedure and
considering the expression

A=Ay/Ap (7.158)

with
Ay = {(w +w ) = 2(1 = V) [wgew , — w3 ]}dﬁd
N )55 1M §EWmn ,57] n
A

Ap = / / {20, enw.cw,y — ¢’ — ¢ ecw’ } dédn
A
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where A is the domain occupied by the midplane of the plate. As A < A
for all admissible functions, w = w*(§,n), which satisfy the edge support
conditions, and, for any such w*, Ay remains constant while Ap is a
functional of ¢, the buckling problem may be cast in the following form:
compute the

max / / {20 nwewy = b — dewy — b cewly'} déen
A

for ¢(&,n) satisfying (7.155), subject to 0 <7 < 1.

We now return to the problem of thermal buckling of an isotropic elas-
tic circular plate and apply the general methodology elucidated above
to the special case of a circular plate subjected to a radially symmetric
(nondimensional) temperature field 7; as in [229], however, the buck-
ling mode will be allowed to depend on the angular coordinate 6. As the
Airy function ® is also independent of § the membrane equation (7.154)
reduces to an ordinary differential equation in the radial coordinate r;
setting G = F’(r) this equation becomes

iyt - Lo = _pap®m
G"(r)+ rG (r) r2G = —FEah I (7.159)
and .
N, =G, N =G'(r) (7.160)

Using the plate radius b as a reference length and introducing the nondi-
mensional coordinate p = /b we may rewrite (7.159) in the form

. 1, 1 dT
L2 =t 7.161
g"(p) pid (p) 29 i ( )
with
9(p) = G(p)/ EahbTy (7.162)

The solution of (7.161) which satisfies the boundary condition N, (b) = 0
and also satisfies the condition that N, (0) and Ng(0) remain bounded,
is

1 [° !
g(p) = _5/0 T(A)AdA+p/0 T (A)AdA (7.163)

As noted in [229], it may be demonstrated that the solution defined by
(7.163) remains valid for a noncontinuous temperature distribution. For
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the problem at hand, (7.158) can be written in the following form

/ ' [(Aw)? — (1 — v)L(w, w)]pdpdd

= 5 (7.164)
4 1 ow
Y [ " (5 )+—z—(ae)]pdpd9
where
Aw = 82—11) + la_w + ia2_w
Y0 T oap T 0w
and 5 o o2
1 0w 1 0~w w
L(w,w) =2 +>
) <p Op — p* 00%) Op? (7.165)

(10w 10w

p 0pdl  p? 96
Following the analysis in [229] we now introduce the admissible functions
w = w"(p,0) = wn(p) cosmb, m=0,1,2... (7.166)

which are subject to the boundary conditions

mr(b) =0, l:QT ! M] =0
r=b

+ 75 (7.167)

where ¢, m,, and m,g are (in r,0 coordinates) the z-direction shear
force, bending moment, and twisting moment, respectively, per unit
length along the edge at r = b. With respect to the set of admissible
functions in (7.166), the boundary conditions (7.167) become

PPwm dwp,
YU oy (2w, ~0 (7.168a)
dp? dp p=1
d3w d*w dw
T2 [+ mE(2 - v)] =
{ dp3 dp? [ ( ) dp (7.168b)
+m3(3 — V)wm}p:1 =0
To the conditions (7.167) we append
dw
0)=0,— =0
o=0g|
or (7.168c)
dwp,
wm| =0, 2 =0
p=0 dp
p=0
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which has the effect of eliminating undetermined rigid body displace-
ments of the plate.

By introducing the w*(p, #) in (7.166) into (7.164) we obtain for A the
expression

/0 (A ()2 = (1= 1) Lo (g wm) } pilp

A= 5 (7.169)
—/1 9(p) (dwm) fmidg dp
0 dp p dp ™
where
dPw,, 1w, m?
Am(wm) = dp2 ;d—p — ?wm (7170&)
and
1 m 2 2 m
L) =2 (502 - 20, ) S
poar r p (7.170b)

oz (Ldom 1N
pdp  p2 "

Therefore, for any w,,(p) satisfying (7.168a,b,c) and for any given wave
number m of the buckling mode, A is minimized by requiring that the
denominator of (7.169) be a maximum over all functions g(p) of the
form (7.163) for 0 < 7 < 1. We recall that the circumferential mem-
brane force Np(p) must, because of the planar equilibrium conditions,
change its sign at least once in the interval 0 < p <1, i.e., ([221], §13),

1
/ Ny(p)dp = 0. If, as in [229], we assume that there exists but one
0

change of sign of Ny(p) at the value p = p then, using the relations
(7.160) as applied to g in lieu of G, we have the following:
1) For a plate heated near its center at p =0

d

d—ggo,ggo, for0<p<p

dZ (7.171a)
>0,9<0, forp<p<l1

dp
2) For a plate heated near its edge at p =1
d
d—gza g>0, for0<p<p
df;) (7.171b)

<0,920, forp<p<1
dp
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From (7.163) we compute

dg

0 / T(MAAA — T (p / T(M)AdA (7.172)

so that, by virtue of (7.171a,b)

—/ T(AAN — T (u /T JAdA = 0 (7.173)

Equation (7.173) serves to determine all points p = u at which a change
of sign of Ny(p), i.e., ¢’(p), may occur, it being understood that the
assumption that Ny(p) can change sign at only one point in the interval
0 < p <1 places a restriction on the temperature distribution.

We now write the denominator Ag in (7.169) in the form

m dwm \2  m? dg

A:/ gp(—m> + — 2wz, | dp
’ 0[() dp p dp

1 2 2
dw'm m dg 2
- 9p) | —— ) +—wy, | dp
/ﬂ [ ( )( dp ) p dp 1
and effect the same splitting in both (7.163) and (7.172), i.e., if we set

If/T YJAdA

(7.174)
II—/ (M)A
o
then

1 P
g:——/ T(AMNAN+ pI + pIT
P Jo ,0<p<p  (7.175)

dgfi/pT(A))\dA—T()+I+II o
dp p*Jo P
and
1 P
g:—; T(/\)/\d/\+pII—(——p>I
dg 1 "o ynspsl
= = — TN =T I+1I
oL [romnri ()
(7.176)
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If we begin by first considering a radially symmetric buckling mode
then, by (7.166), m = 0 and Ap reduces to

Z—/O“g(p) (%>2dp—/:g(p)
—/ﬂlg(p) (%)2@

where, for a plate heated near its center at p = 0, g < 0. As in [229], we
assume that the temperature field 7 is restricted so as to satisfy

Ap

m=0

(7.177)

1 4
- / TN + pIT > 0 (7.178)
m

which prohibits the presence of strong oscillation in 7. Using (7.178) it
follows from the form of g(p) in (7.175), (7.176) that —g(p) is maximized
for 0 < p < 1 by setting 7(p) = 0 for p < p < 1; this latter condition
now reduces g(p) to the form

1 P
——/ TO)AA 11, 0< p< 1
glp) =4 7 (7.179)

- 1
—<——p)LuSp§1
p

However, for p < p < 1, it is clear that —g(p) is maximized by maxi-
mizing I and, in view of (7.174), we obtain (set 7(A\) =1, 0 < A < p)

1 12
9(p) = — o) g msesl (7.180)

An analogous result holds for —g(p) with p in the interval [0, u], namely,

we have
_P (
2

By introducing (7.180) and (7.181) into (7.177) we see that the function
to be maximized becomes

1 ® dwm \ 2
A =_(1—p? —) d
p| =35l u)/o p(dp> p

1 2/1<1 )(dwm)2
+ou —=p || ——) dp
20 Ju\p dp

9lp) =50 —p?), 0<p<p (7.181)

(7.182)
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As 0 < p <1, and 0 < g < 1, the expression on the right-hand side
of (7.182) is positive; for any admissible function Ap may be com-

puted and, moreover, the value of i can be determined which maximizes

AD‘
=0

If we retain the same temperature field, i.e., 7 =1 for 0 < p < p and

T =0 for u < p <1 but consider buckling modes which are not radially

symmetric (m # 0) the situation described above changes. In this case,
it follows from (7.175), (7.176) that

1 2
(11— <p<
dg | pU—-w)0=p=p

=<1 1 (7.183)
dp —u2<—2+1>,M§P§1

2 p
d d
—gzO,for,ugpglwhile—ggO,for
dp d

p
0 < p < u. Using (7.180), (7.181), and (7.183), it follows that the
function to be maximized is given by

1 m L dwg \ Hoap?
Ap=—(1—p? / p(m> dp +m? —dp
P 2( ) [ 0 dp o P
1,0 [f/1 dwp, \
Z - _ _m q 7.184
Tt [/; p p) ( dp > ’ (7150
1 1 2
w \p p

which, for arbitrary m, must be a positive quantity. However, if we
consider admissible functions w,,(p) of the (polynomial) form

so that, as per (7.171a),

Wy (p) = Cp* (1 + c1p + c2p?) (7.185)

satisfying all the boundary conditions in (7.168a,b,c,d) then the right-
hand side of (7.184) will be negative for m > 2 and, thus, no buckling
mode with m > 2 is possible if 7 = 1, for 0 < p < p, while 7 = 0, for
u < p < 1; rather, buckling modes corresponding to wave numbers m >
2 are caused by circumferential compressive stresses in a neighborhood
of the edge of the plate at » = b (i.e., the relevant conditions with
respect to g(p) are those in (7.171b)). It is, in fact, shown in [229]
that corresponding to the temperature field 7 (within the domain of

piecewise constant temperature fields) —d—g is maximized by the field
p
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T=0,for0<p<u,7T=1foru<p<l1,and

9(p) = ) (7.186a)

and

dg ) 2

0 %
= 1 (7.186b)
dp —(2+1),u<p<1
W 2

In lieu of (7.184) we now obtain

1 H dwm \ 2 "2
Ap = —=(1—p? / (m>d+m2 —d
D=5 u)[o ’\"ap P s
1 1 m 2
_/ (__p> (ﬂ) dp (7.187)
AN dp

as the function to be maximized. The expression in (7.187) can now be
used, in conjunction with a class of admissible w,, (p), to determine pu for
m > 2; if we use that class of admissible functions w, (p) which is defined
by (7.185), we obtain the results shown in Table 7.1. A related treatment
of the thermal buckling of isotropic, circular elastic plates may be found
in [224] and further discussion of several aspects of initial buckling will be
presented in the next section. An excellent discussion of closed-form rep-
resentations of the stability boundary associated with two-dimensional
temperature fields (in simply supported elastic rectangular plates) that
produce combined compression, tension, and shear, temperature fields
without shear, and one-dimensional temperature fields, may be found in
Bargmann [230]. We will return to the problem of initial buckling of a
thermally loaded elastic circular plate in §7.2 of this chapter.
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7.2 Large Deflection Theory

In this section, we relinquish the small deflection assumption that
was imposed in §7.1; we will work within the context of large deflection
theory and will study the buckling and postbuckling behavior of isotropic
and orthotropic elastic plates. For the case of a rectangular plate, our
focus will be on the postbuckling behavior in the isotropic case and on
large thermal deflections in the orthotropic case; postbuckling problems
for rectangular orthotropic plates will be considered in §7.3 within the
context of Berger’s approximation. For the case of an isotropic circular
plate, the emphasis in this section will be on computing the critical
buckling temperature and the corresponding buckling mode; a discussion
of initial buckling, within the context of thermoelasticity theory, for
cylindrically orthotropic circular plates may be found in the paper by
Stavsky [231].

The solution of a large deflection problem for an isotropic rectangular
plate involves the determination of the two unknown functions w(z,y)
and ®(xz,y) from equations (6.93a,b) and suitable boundary support
conditions. In the small deflection case, the buckling problem could be
solved in two steps, namely, one would solve (6.93b) with [w,w] = 0 for
®, and then employ that solution in (6.93a) to independently determine
w. In the present situation, a simultaneous solution for both ® and w
is needed and, in most situations, one must resort to (approximate) se-
ries solution, to iteration schemes, or to numerical methods. An iterative
procedure due to S.R. Boley [232], which has been described in [221], will
be presented for the case of thermal buckling of a rectangular isotropic
plate; in fact, the temperature distribution and applied boundary condi-
tions on the edges are identical with those in (7.93)—(7.95), respectively,
so that for edges at © = 0,a(0 <y < b) and y = 0,b(0 < z < a) simply
supported, i.e. (7.101), the critical combination of applied edge stress
oo and “temperature” c¢; is obtained by setting the determinant of the
system of homogeneous linear algebraic equations (7.103) equal to zero,
where ki, is given by (7.104).

The iterative procedure consists of determining a set of successive
approximations where the first approximation is the linear solution, i.e.,
those expressions for ® and w which correspond to the loading that
initiates buckling; these expressions are then employed in the nonlinear
terms of (6.93a,b) in the manner described below, with ¢ = 0, to obtain
new expressions for ® and w and successive iteratives are computed in
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the same fashion. Provided that the actual solution is close to the initial
iterative (i.e., the loading does not greatly exceed the critical load) the
convergence of the iterative scheme may be shown to be rapid [232]; in
fact, as little as two iterations may suffice to produce reasonable results.
Suppose that we retain only two terms of the infinite series for w, i.e.,
of (7.102); then, as shown in [221] the deflected shape at this level of
approximation assumes the form

. i3
w — sin T {al sinmmy 0 sin 3mmy } (7.188)
a a a
As a first approximation we take (a_g) = L3 with L3 the solution of the
a1
equation which corresponds to either the first or second line of (7.105);
thus L
ml + 00
Ly=1-2(=L"20 7.189
3 ( aFcy ) ( )

The first approximation for w in the iterative scheme say, w"), is then
given by (7.188), with as/ay given by (7.189); it is, therefore, expressed
in terms of an amplitude a1, which is still indeterminate at this point.
To obtain the second iteration, we substitute the first set of iteratives,
i.e wV(z,y), as determined above, and ®1)(z,y), as given by (7.97)
into the system (6.93a,b) as follows; first w) is used in (6.93b) so as to
produce the equation

A2p(2) —%Eh[w(l),w(l)] —(1-v)NT (7.190)

for ) (z,v); the solution of (7.190) which satisfies the same boundary
conditions as ®()(x, y) is given by

p@ — 709" 3 rcos (2T

2 n=2,4,6 a
. (7.191)
2mrx nmmy
+ cos ( > Z Sy, COS ( )
a n=0,2,4 a
with
—aEcia®  Ea?
=——+ —(1-2L
2= Sz T 3)
Ea?
=17, 7.192a
ra =1 Ls ( )
Ea% 9
67 988 3
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and

2
_ FEa7

2
0= <55 (1+9L3)
Ea?

=—L 7.192b

52 16 3 ( )
Ea1

=——1L

ST T 00 8

Next, w™) and ) are substituted into the right-hand side of (6.93a)
s0 as to produce for w(? (z,%) the equation

K 82 0® = oul) — 2020l
(7.193)
+0@0wl) — AMT

Solving (7.193), subject to the support conditions, we now obtain w(?)
as an infinite series involving the constants a; and agz, which are now
subject to the conditions

E E
(knzl + 00 — c 261) + c 261 (?)
1

(7.194a)
e o a 3801
= 3(1 — )k ( h) (2 8La+ L3
and
E
(a 261> + (kms + 00) <Zg>
! (7.194b)

2
=3(1 — 1) k1 (‘ihl) < 1+ 426L3>

By solving the (simultaneous) system (7.194a, b) for a1, a3 we obtain
w® | thus producing, for the problem at hand, the second iteration
(w®,®?)) based on retaining just two terms in the series for w(z,y).
In Fig. 7.10 we show some of the corresponding numerical results for
the variation of the deflection at the center point of the panel with
increasing thermal load. It is indicated in [221] that if one applies the
scheme described above, but retains three terms in the series for the
deflection w(x,y) and proceeds through the third iteration (w®, ®G)),
then for the range of thermal loading displayed in Fig. 7.10 the results
are practically identical to those determined above.
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One of the earliest and most frequently referenced studies of thermal
buckling and postbuckling of rectangular isotropic plates is the NACA
Technical Note [216] by Gossard, Seide, and Roberts which treats buck-
ling of a simply supported plate that is subjected to a tentlike tem-
perature distribution; this paper also deals with the effects of initial
imperfections on the buckling analysis, a subject that we will cover,
briefly, in Chapter 8. The rectangular plate in [216] is heated along its
longitudinal center line by a uniform line source of heat and cooled along
its edges by two uniform equal line sinks of heat; such an arrangement
yields a temperature distribution in the plate which is constant through
the thickness and which varies in a tentlike manner over the face of the
plate (Figs. 7.11a, 7.11b). All edges of the plate are restrained in a
direction normal to the plane of the plate by simple rigid supports, but
are free to move in the plane of the plate.

The analysis in [216] proceeds by first computing the thermal stresses
at temperature levels below the critical level, after which the critical
(buckling) temperature is determined; then the (postbuckling) behavior
of the plate at temperature levels above the critical level is analyzed. The
actual details of the calculation of the thermal stress distribution in the
plate of reference [216] are given in [233] and are obtained by employing
the first-order approximation that on any cross section normal to the
z-axis the stress component oy, is distributed as in Fig. 7.12. The
(prebuckling) Airy function ®y based on the stress distribution (instead
of on the resultant or averaged stresses) may, in this case, be expressed
as the product of a known function of y and an arbitrary function of x;
its approximate form, for 0 <y < b, is

5 1 2 3
(Do(l‘,y) = EbZEOéTo (1 — 3:';—2 + 2:';—3>

x(Bl sin th% sin Rgz+ (7.195)

Bs coshR, z cos RQE + 1>
a a

with the constants By, By, Ry, Ry as defined in appendix A of [216], i.e.,

Ry = kl%, Ry = kg% (7.196a)
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= 4= 1 it
k1 13 Vs
(7.196b)
4/ 105 21
— &2 1=, /=
k2 13 65
B _ k1 sin hRy cos Ry — ko cos hRy sin Ro
te k1 sin Ry cos Ry + ko sin hRy cos hRs
(7.196¢)
B k1 cos hRy sin Ry — ko sin hRy cos Ro
2 =

B k1 sin Ro cos Ry + ko sin hR{ cos hRo

Corresponding to ®g(z, %) in (7.195), the prebuckling stress distribution
in the plate is given for 0 <y < b by

_ & y 1
Ugm = @07yy = ECYTO <b — 2>

. : . . (7.197a)
X (B1 sin AR — sin Ry — + By cos hR1— cos Rog— + 1)
a a a a

~ 1 2 3
00, = By, = — BTy (1 L 2”-)

12- . b2 b . (7.197b)
X (Dl sin hR1— sin Ro— + D5 cos hRy — cos Rg—)
a a a a
and
00, =~y 4y = L gor, (1 _ y) y
2 b/ b o (7.197¢)

X (Dg sin hR; z cos R2E + Dy coshR; z sin Ry —)
a a a a

with the stress components in the domain —b < y < 0 identical with
those given by (7.197a,b,c). In (7.197a,b,c) the D}s are given by
Dy = By(k? — K2) — 2Bokik»
Doy = By(k? — k2) + 2B k1 ks
D3 = Bika + Baoky
Dy = B1ky — Boks

(7.198)

The stresses in the plate are a function of the temperature differen-
tial Ty for the tentlike temperature distribution depicted in Fig. 7.11b
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and are independent of the edge temperature 77; as this temperature
differential Ty increases a value (Tp)er or will be achieved, at which the
plate will buckle under the action of the induced thermal stresses. When
only small deflection theory is used it may be assumed that the middle
surface of the plate does not stretch and thus the stress distribution in
the plate does not change after the onset of buckling; this stress distri-
bution is given by (7.197a,b,c), while the corresponding plate deflection
is governed by (6.21), with AMpy7 = 0 (as the temperature distribution
is constant through the plate thickness) and ® = ®y, i.e., by

KA*w = h (00,0 40 + 205,W 2y + 0o, W 4y) (7.199)

Of course, (6.21) also serves to determine the critical temperature dif-
ferential and the corresponding first buckling mode within the context
of large deflection theory; such a determination, in this case, may be
achieved through the Rayleigh-Ritz method. Assuming a buckle pat-
tern which is symmetrical about the center of the plate of the form

o0

o0
mrr  nwy
w= Z Z G CO8 —— €08 —3 =, (7.200)
m=1,3,5n=1,3,5

substituting (7.200) and (7.197a,b,c) into the potential energy expression

1 b a
U= 5[(/ {(Aw)? = 2(1 — v)[w gow,yy — w%, |} dedy
—bJ—a
1 b a
+§h/b/ [ngw?gc + ngw?y + Qngwvzwyy] dxdy

and then minimizing with respect to the unknown coefficients @, leads
to a set of simultaneous equations constituting a characteristic value
problem of the form

K e o
prqam + Z Z KpgmnGmn =0 (7.201)
0/er m=1,3,5n=1,3,5

p=1,3,5.....,q=1,3,5,...

The solutions of (7.201) yield sets of relative values of the coefficients
amn, and associated values of the critical temperature (Tp)¢r; the ex-
pressions for the coefficients kpq, kpgmn in (7.201) are quite involved and
are delineated in Appendix A of [216].
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If only the terms a11, a3, as1, and azs are retained in the deflection
function (7.200) then equations (7.201) can be written, for a plate having
an aspect ratio of 1.57, in the matrix form

1573 22.52 1488 —596 ail ail

0.504 1.426 0.871 0.377 ais 100m2 K ais
= ST (7.202)

1.35 3.54 7.42 7.79 asi V2 Ea(To)erh | as;

—0.0735 0.208 1.043 0.437 ass ass

The solution of (7.202), for the smallest value of

_ K
 2Ea(Ty)erh’
is obtained by matrix iteration and yields A.. = 5.39. The relative

values of the four coefficients which have been retained in the deflection
function w are given by

ayy 1

a3 0.0365
asi |~ | 0.1360
aza 0.0042

in which case

B T ™ 3Ty
wo = aiq (cos o cos 27) + 0.0365 cos 9 cos 50
5 3 3 (7.203)
X T Y
1 — — 42 — —)
+0.1360 cos % cos % —|— 0.0042 cos 90 cos %

It is easily computed, based on (7.203) that the deflection w. at the
center of the rectangular plate is w, = 1.1767 a1, in which case

wo = We (cos ™ cos Ty + 0.0365 cos ™ cos 737Ty
1.1767 2a 2b 2a 2b (7.204)
+0.1360 cos mz cos I + 0.0042 cos sma cos ?ﬂr_y) .
2a 2b 2a 2b

In Table 7.2, we have indicated the convergence of the critical tem-
perature parameter as additional terms are included in the deflection
function; as indicated in [216], retaining further terms in the deflection
function beyond those four already chosen above has a negligible effect
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on both the critical temperature and the buckle pattern. The initial
buckling pattern (= small deflection buckle pattern) in one quadrant of
the plate is depicted in Fig. 7.13 for a plate with an aspect ratio of 1.57.

The postbuckling behavior of the heated plate which is analyzed in
[216] takes into account, as all analyses of postbuckling behavior must,
the stretching of the plate middle surface due to bending and the cor-
responding changes in the plate stress distribution as the plate deflects;
thus, this analysis is based on the generalized von Karman equations for
the hygrothermal case, i.e., (6.93a,b) with AMT =0, t = 0. Actually,
since the analysis in [216] uses the Airy function ® based on the local
stress distribution, the relevant form of (6.93a,b) in this case is

{ KA2w=h (cb,yyw,m + D ot yy — 2‘1),%’“’%) (7.205)

A2d = —FEa®T+E [way — wmwyy}

where the lateral loading ¢t = 0.
The system (7.205) is solved (approximately) in [216] by using a proce-
dure based on the Galerkin method. The stress function ® is decomposed

as the sum ~ R R
D =Py + P, (7.206)

where ® is the thermal stress (Airy) function for the unbuckled plate;
d( satisfies ~
A%®g = —FE, 2T (7.207)

and the stress boundary conditions and is given by (7.195), (7.196a,b,c).
The function ®4 is taken to be the solution of

A0y = E [w?, — waw,y,], (7.208)

\TY

with w the buckle pattern determined by (7.200) and the boundary
conditions on the stresses. For ®; a series of the form

B = (22 —a®)?(W® — D)2 (1 + co2® + ey +..) (7.209)
is chosen and the coefficients e;, i = 1,2,..., are then determined in

terms of the coefficients a,,, in (7.200) by the equations

»ZY

/ 8(1)1 A2<i>1 — E (W%, — W 42w ) } dxdy =0 (7.210)

The resulting stress function ® is now substituted into the first equation
in (7.205) and the Galerkin approach is again used so as to determine
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the values of the coefficients a,,,, of the deflection function w; as shown
in [216], this leads to the set of simultaneous equations

/ / nwy
cos 08 ——
—a 2b

K
X (—AQw @’yyw,m —d wzW gy + 2% oy, zy)alsrdy =0
n

(7.211)

(m=1,3,5,..., n=1,3,5,...)

for the a;,,. The equations (7.211) are, of course, nonlinear, and their
solution becomes more difficult as the number of terms retained in the
deflection function increases. In [216], therefore, it is assumed that the
shape of the deflected surface of the plate for large deflections may be
taken to be the one the plate has at the onset of buckling; with such an
assumption only the coefficient a;; remains arbitrary, while the ratios
@mn/a11 are taken to be those which are given by the initial buckling
solution described above. In lieu of (7.211) we have, therefore, as the
Galerkin-type equation, from which the coefficient a;; may be deter-
mined, the relation

b K 9 ~ -
W <_A Ws — @7 ws,wm - (I),mwws,
/_a /—b h v v (7.212)

+2<i>,myws,zy) dxdy =0

where

Z Z Imn o T s "2—? (7.213)
m=1,3,5 n= 135(111 2a
In (7.212) the ratios @, /a11, which were obtained from the initial buck-
ling solution, must also be substituted into the stress function ®.
For a plate with aspect ratio a/b = 1.57 it has already been determined
that

3
wWg = COS 2—2 cos Z—Z + 0.0365 cos 2—2 cos —;}y
10,1360 c03 o7 cos ™Y 4+ 0.0042 cos S cos STV
cos o cos 55 cos % cos 5%

in which case (7.212) yields the following relation between the temper-
ature differential Ty and the center deflection w,.:
b2EOlT0h
m2K

Y N

=530 + 1.12(1 — v?) ¢

o (7.214)
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At any other point of the plate (assumed to have stress-free edges and
an aspect ratio a/b = 1.57) the deflection assumes the form

b2 BaTyh
w T 5.3
Yo ooy 2Ky, 21
p 0B\ g ey Y (7:215)

A comparison of the calculated deflections at the plate center with some
experimental data is shown in Fig. 7.14, while, in Figs. 7.15 a,b, respec-
tively, we depict the predicted growth of the deflections, with increasing
temperature differential Tj, along the longitudinal center line and the
transverse center line of the rectangular plate. We will return to the
problem treated in [216] when we discuss hygrothermal buckling in the
presence of imperfections in Chapter 8.

As a final example of hygrothermal buckling of heated isotropic rect-
angular plates, we consider the large deflection analysis presented in
[234]; in this paper, the plate is subjected to both heating and resultant
edge loads due to an elastic edge restraint in the plane of the plate.
A major result of the analysis presented in [234] is that a decreased
buckling temperature results from a lowered edge flexibility. The tem-
perature gradient in the z-direction through the thickness of the plate
is assumed, in [234], to be negligible and the edges of the plate are as-
sumed to remain straight during deformation. The rectangular plate, as
depicted in Fig. 7.16, is simply supported along all four edges and free
to rotate at the edges but translation of the edges in the plane of the
plate is resisted by spring forces of magnitude k&, (force/cubic volume)
along y =0 and y = b and k, along x =0 and z = a.

The relevant form of the large deflection equations for the problem
at hand is, precisely, (7.205) where ® is the Airy function associated
with the local stress field (Um,agcy,ayy) as opposed to the resultant
stresses (N, Ngy, Ny). The boundary conditions require that the de-
flection w and the edge bending moments per unit length be zero along
the edges of the plate; as M” = 0, because of the assumed constancy of
the temperature distribution through the thickness of the plate, these
boundary conditions (see (6.96)) assume the form w = 0 along z = 0, a,
for 0 <y <b, w=0along y=0,b, for 0 <z < a, and

(7.216)

Wag +VWyy =0, 2=0,a; 0 <y <b
w7yy+l/w,zwzo, yZO,b, OSJZSQ
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The boundary conditions are satisfied by choosing

i i Qrs sin % sin % (7.217)

The lateral loading ¢(z,y) is represented as a Fourier series in the form

Zz msm@sin% (7.218)

while the prescribed temperature distribution is represented as

prTT qmy
T =T T — — 7.219
o+ pz:l ; g COS cos 2 ( )

with Ty the average temperature over the surface of the plate. As the
plate is subjected to the temperature distribution given by (7.219), the
plate will expand and this expansion will result in a distribution of aver-
age edge thrusts which are caused by the restraining spring forces acting
along the edges of the plate; we denote these average edge stresses by
p and &, respectively, along the edges x = 0, a and y = 0,b. The mag-
nitudes of p and £ depend on the temperature distribution, the plate
dimensions, and the elastic moduli of the plate. Employing (7.217) and
(7.219) it may be shown that the second of the large deflection equations
n (7.205) is satisfied if ® has the form

é:7+—+220pqcos DT os % (7.220)
p=0 q=0
in which
9 b 9 N2
cpq:E{ZBi—i—qu}/él (—+%> (7.221)
i=1
where - 5
4o a‘a

while the B;,i =1,2,...9 are given in [235]; the work in [235] covers the
case of a laterally loaded plate subject to edge thrusts in the plane of the
plate with lateral displacements in the large deflection range but does not
consider temperature effects. Specific expressions for the coefficients b,s,
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in terms of the coefficients a5, ¢s, so that the first equation in (7.205)
is satisfied are quite complex; they are delineated in [234] and will not
be replicated here.

For the plate to be in equilibrium it is necessary that

a
/ [Qm - kyv(ac?y)} de=0aty=0,b; for 0 <z <a (7.223a)
0
and
b ~
/ [<I>,yy — kyu(x, y)] dy=0at x=0,a; for 0 <y < b (7.223b)
0

We recall the constitutive relations in the form

1 1 /=~ ~
o Sug+ ul = = (@~ v@o0s +aET)

; X (7.224)
Ggy =vy+ Qw?y - E (&)ww - V(i),yy + aET)

As the spring constants on opposite edges of the plate are equal, it follows
that, for plate equilibrium to hold, the displacements along opposite
edges must also be equal in magnitude, i.e.,

ula, =—-u 0) ) 0 S S b
(a,y) (0,) y (7.225)
v(z,b) = —v(z,0), 0<x <a
Employing (7.225) in conjunction with (7.224) we obtain
1 [*]= E
u(0,y) = —=—— ®yy — @y +aBET — —w? | do
2F Jq ’ ’ 2
(7.226)
1 [bT- - E ,
U(.Z',O) = _ﬁ 0 (I),:cx - V¢7yy + OéET — §w7y dy

Carrying out the integrations in (7.226), and making use of (7.217)-
(7.219), we find for the edge displacements in the plane of the plate

’U,(O, y) = _i

Yo pa —véa + aFETya

S S s () i i £

r=1s=1s'=1

- o o / ](7.22751)
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and

v(x,0) = — &b —vpb+ aEThb

5 o oo ](7.227b)
!

1
2F

ST .ormx . r'mx
g g E ApsQrg | — s1n ——sin
4 a a

r=1r'=1s=1

Substituting (7.220) and (7.227a, b) into (7.223a, b) and carrying out
the indicated integrations we obtain

pAILESAL = (7.228)
pA21 + ENXaa = fi22
where

k,b k,b

A = _1/21% , Az =1+ —2%
. . (7.229a)

vkya @

=_ 1
A22 oF A22 + 5F

=52 faem 1635 ()]
. r=1s=1 (7.229b)
ﬂ22=——a OéETo——EZZ Urs (r_w>]
r=1s=1

From (7.228) we obtain the average edge (thrust) stresses in the form

p = (Mazp11 — Aizpia2)/(A11A22 — A12A21) (7.230a)

and

£= ()\11M22 - >\21,U11)/()\11>\22 — )\12/\21) (7.230b)

An expression for the (critical) buckling temperature can now be de-
rived in terms of the physical properties of the plate, the plate dimen-
sions, and the spring constants k, and k,. In [234], only the case of a
uniform temperature distribution 7" = Tj is considered; we assume, also,
that the lateral loading ¢ = 0 so that b.; = 0. As (Tp)- corresponds to
the first buckling mode, the summation indices 7, s in (7.217) are both
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equal to one when Ty = (Tp) er- ForNinitial buckling, w = 0 in the second
equation in (7.205) in which case, ® as defined by (7.220), reduces to

- &t py?
o= 4 Y 7.231
0 2 + 9 ( )

and the first equation in (7.205) reduces to the statement that

Er? h\? a2 a2
201 —17) (‘) [1 +(3) ] =-r-(3) ¢ (7.:232)
Using (7.229a,b), (7.230a,b) in (7.232), with the summations extending

only over r = s = 1, then yields the following expression for the buckling
temperature

(aTO)cr = p/@

P (o) [ G [ 25) (4 5) ]
o= [ (@) aen (22)+ (2 ()
(7.233)

If k, = k, = oo then (7.233) yields the expression for the buckling
temperature for the case of a nonflexible edge restraint in the form

(aTp)ey = m(fiy) (Z>2 {1 + (Zﬂ (7.234)

in which case, for a = b and k, =k,

L4 2E S
— | —v
(aT)er 1 kpa

o : (7.235)
(aTo)z  1-v 1+v+ 26
kea

Numerical results have been generated by the authors in [234] for the
case of a uniform temperature distribution T" = T and a sinusoidal
lateral loading of the form
t = by sin % sin 2 (7.236)
a b
Plots of the center deflection of the plate versus a lateral load parameter
based on ¢; are depicted in Fig. 7.17 for various values of Tj, the
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aspect ratio a/b, and the spring constant k,(k, = k, in the application).
For a uniform lateral loading, the variation of the buckling temperature
ratio (aTp)er/(aTp)32 with the edge spring rate parameter kya/2FE is
depicted in Fig. 7.18 (a = b, k; = k, in the application) while for
the same loading condition the effect of the edge fixity on the critical
temperature is displayed in Fig. 7.19; finally, the center deflection versus
temperature ratio (postbuckling) curves for this case are depicted in Fig.
7.20 for several different values of k,a/2E.

Having discussed several examples of buckling and postbuckling be-
havior for heated isotropic rectangular plates, we now turn to the rec-
tilinear orthotropic case for such a geometry. For this problem, the rel-
evant generalized von Karman equations are given by (6.103a,b) where
we set the applied transverse loading t(x,y) = 0. Athough many of the
papers in the literature, which deal with the buckling behavior of heated,
rectangular, orthotropic plates do so within the context of the Berger’s
approximation, which will be discussed in the next section, there are a
few analyses which deal with the full system (6.103a,b) in the context of
plate bending, e.g., the work of Biswas [236]; this work appears to con-
tain a serious flaw common to much of the literature on thermal bending
and buckling of simply supported plates, as we shall indicate below.

In [236], the author writes (6.103a), with ¢ = 0, in the form

Do gzwe + 2HW gy + Dyw,yyyy
B M g + B My = (7.237)

Foaw,yy — 2F gy W 2y + Flyyw o0

h/2
Mp = / 0T (z,y, z)zdz
—h/2

and it is easy to see that, with respect to the notation employed in the
present work

D, = D11, 2H = D13 +4Dgg + Da1, Dy = Doy (7.238)

while /' = ® and

{51 = c1101 + C12Q2 (7.239)

B2 = ca101 + o202

The 3; in (7.239) are not to be confused with their previous interpre-
tation as hygroscopic expansion coefficients (where we denoted them as
B:). To bring the second von Karman equation for this case into line
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with the form employed in [236], we multiply (6.103b) through by Esh
thus producing

E2 E2
q),zmxa: + (G—12 - 2V12> (D,IIQQ + <E> é,yyyy
1 - -
= —QEQh[w, w] — (N3 — v12NT) o (7.240)

Es - -
- (E—1) (N% - V21N:%),yy

Next, we note that, by virtue of (6.100),

1 —via10;

N2 — 1o N = |:<E1a11/12 + E2a2l/21)

. . (7.241a)
s (wﬂ Ny = EyauNy
1 —viav01
while
- . E E.
% - vatp = [( Bt B
1 — 19101
5 5 (7.241b)
. (M)} Nr = Eya, Ny
— V1221
where
h/2
Nt :/ 0T (x,y, z)dz
—h/2
In view of (7.241a,b), (7.240) becomes
E2 EQ)
(I)wmza:"'_ - = 2v (bzw + e CI)
’ (Glz 12) R (El Miaae (7.242)

_ 2
= Exh(w?,, — W 22w yy) — Baaa N7 20 — E2a1 Ny

Equation (7.242) corresponds to the second generalized von Karman
equation (for this case) in [236], i.e., to

Fozee + pQEwyy + QQF,yyyy + M NT 20

(7.243)
+Ao N7 yy = Egh(w?my — W g W g W yy)
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if we again identify F = ® and take
(7.244)

With the correlations F' = &, (7.238), (7.244)), and the definitions of
Nr, My given above, (7.237) and (7.243) are identical with our earlier
equations for the heated rectangular orthotropic plate, namely, (6.103a,b).
Remarks: Biswas [236] writes the A; of (7.244) in the form

E, - ~
M= —0 —
1 El /61 151252

A2 = B2 —vi2f1

It is easily verified by using (7.239) that these expressions are equivalent
to those in (7.244). We also note that Biswas [236] works with the inverse
constitutive relations, i.e., with the matrix s;; = ci_jl, whose components
are related to the ¢;; by

(7.245)

c11 = sa2/A

c12 = —s12/A

co1 = s11/A (7.246)
c22 = —s12/A

ce6 = 1/566

with A = 511892 — 835. It is any easy task to show that, based on (1.61)
and (7.246)

1 1
E1—8_7 EQZS—, 1/12:—?
11 22 11
1o 1 (7.247)
v = ——, Gig = —
522 566

We now consider a simply supported orthotropic plate which occupies
the region 0 < x < a, 0 <y < b, —%h <z < %h in the three-space
and assume a temperature distribution which varies linearly through the
plate of the form

(7.248)

1 T — T
T(os) = 5T+ 1)+ (D)

h
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so that

1 1
T(SU, Y, Eh) = T17 T(xaya _ih) = T2 (7249)

Corresponding to the simple-support conditions, along the edges of the
plate, the author, in [236] looks for plate deflections of the form
w(z,y) = wp sin ™ in ™Y (7.250)
a b
However, by virtue of (6.104), the assumption (7.250) cannot possibly be
valid unless M} = M2 = 0, i.e., unless Mz = 0 (which is not true in view
of (7.248)). For the temperature distribution (7.248), Ny, = N, = 0;
Using (7.250) in (7.243) it may be shown that the general solution of
(7.243) is given by an Airy function F(z,y) of the form

1 1 1 2 2 2 27
F = §Ax2 + §By2 + 3—2E2hw§ (Z—z cos % + ag—q? cos Ty> (7.251)
with A and B arbitrary constants that must be determined from the
in-plane boundary conditions. We assume that all edges of the plate
remain straight after deformation; then, using the strain-displacement
equations, the constitutive relations (6.99) for the resultant stresses,
(7.251), and the definitions (1.61), (7.246) of the constitutive constants
one obtains for the in-plane displacements

u= /a (B Eohugn® cos%—y
Jo | R 8a?q? b

S12 Eshw?r? 2mx
+% (A - TQO cos — = (7.252a)

1 /0w\? [31811+52812
3 (ax) e
y:

b 2.2
v = / 52 A —_ 7E2hwoﬂ- CcOS 27-(-—:1;
0 h 8b2 a

S12 Eyhw3m? 21y
+—= (B T Tsag cos —= (7.252b)

1 /0w ? Bisio + Bosaa
2\ Oy h

NT‘| dy
=0
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For immovable plate edges (in the plane of the plate) v = v = 0; com-
bining this latter assumption with (7.252a,b) we are led to

A = Cyw? — 3Ny, B = Cow?f Ny (7.253a)
with
Cy = Ezh7T2 (811822 _ 322811)
8A \ a%gr b7 (7.253b)
Co— Eshm? [ s118922 522512
2 8A a?q? b2

Finally, an algebraic equation for wg/h is determined in [236] by using
(7.250), (7.251), (7.253a,b) and the Fourier expansion

Mo — s ad 16 Mp L_omrz . nmy 7 954
T = Z Z sin ——sin —= (7.254)
m=1,3,... n=1,3,...

in (7.237); this procedure yields the following first-order approximation

wo _ 16(Mr/h)(Bra? + fpb™2)
b w1(Ds/a®) + (2H/a??) + (Dy/b1)]

(7.255)

We note, however, the objection to the analysis which has been raised
following (7.250) as well as the observation that the double Fourier series
for Mr, as given by (7.254), formally vanishes for x = 0,a (0 < y < b)
and y = 0,0 (0 < z < a) whereas, in point of fact

My = / 0T (x,y, z)zdz = E(Tl —Ty)h? #0
—n/2

if Ty # T». Variations of the non-dimensional (bending) deflections

as a function of the temperature parameter 15% (Th — T3), which are
1
based on (7.255), are depicted in Fig. 7.21. We now comment on what

appears to be the central shortcoming in the work presented in [236]:

For a simply supported rectangular orthotropic elastic plate occupying
h h

the domain 0 <z <a, 0 <y <b, —— < z < —, the relevant boundary

conditions are given by (see (6.102), (6.104)):

{ Diywzq + Digw,y, + M =0 (7.256a)

w=20
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forz =0,a, 0 <y <b, and

Dorw 2o + Dopw 4y + M7 =0 (7.256b)
w=0 '
for y =0,b,0 < z < a, where

) h/2

M7 = (cr10q + clgag)/ 0T (x,y, 2)dz (7.257a)
—h/2
_ h/2

M2 = (co100 + 022042)/ 0T (x,y,z)dz (7.257Db)
—h/2

From the assumed form of the temperature distribution in Biswas [236],
ie.,

1 T - T
(5T(.’I,‘,y,2’) = §(T1 +T2) +z ( ! L 2) 5
Ty and T3 being, respectively, the constant temperatures at the top and
bottom plate surfaces,

/ 0T (x,y,z)dz = =h(Ty + T)
_h/2 2

so that

(cniar + cr2a2)
2

(ca100 + ca2002)

M}, = h(Ty +Ty) = A*

(7.258)

M2 = h(Ty +T) = B*

Setting D11 = A1, D12 = A2, Doy = 1, Doy = 73, the boundary condi-
tions of simple support which are represented by (7.256a,b), (7.257a,b)
become

w(0,y) =w(a,y) =0
MW z2(0,y) + Aow 4y (0,y) = A* (7.259a)
MW 35 (a, Y) + Aow 4y (a,y) = A*

for 0 <y <band
w(z,0) = w(z,b) =0
MW gz (2, 0) + Yow yy(x,0) = B* (7.259b)
MW gz (2, 0) + Yow 4y (x,b) = B*
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for 0 < z < a. However, as w(0,y) = 0, 0 < y < b, it follows that

W,y (0,y) =0, 0 <y < b, and, similarly, (a, y) =0, 0 <y <b, implies
that w ,,(a, y) =0, 0 <y <b. In an analogous manner, we obtain from
w(z,0) =0, 0 <z < q, the fact that w ;,(z,0) =00 < z < @, and from
w(z,b) =0, 0 < x < a, the conclusion that w 4z, (z,b) = 0,0 < z < a.
Thus, (7.259a,b) imply that along the edges of the plate we must have

0 =w =0,0<y<d
w(0,) = w(a,y) y 72000
w(z,0) =w(z,b) =0,0<z<a
w:cac 07 :w:cac a? :A* )\aOS Sb
22(0,y) = wza(a,y) /A1 Y (7.2600)
W yy(2,0) = W yy(z,0) = B* /72, 0< 2z < a

The situation is depicted in Fig. 7.22. In [236], Biswas, as we have
already indicated, looks for plate deflections of the form specified in
(7.250). However, such deflections can satisfy (7.260a,b) if and only if
A* = B* =0, i.e., if and only if T} = T, = 0. If, on the other hand,
the boundary conditions of simple support are to be compatible with
an applied temperature distribution which is independent of position
in the middle surface of the plate, and varies linearly through the plate
thickness, trial (bending) deflections would have to satisfy the inhomoge-
neous boundary data (7.260a,b); this is, clearly, not possible, as should
be evident from Fig. 7.22, because at each of the four corners of the
plate the boundary data is inconsistent, e.g., w z, = A*/A1 # 0, for
z =0, 0 <y < b, which implies that w 4,(0,0) = A*/X;. However,
w=0,fory =0, 0<uz <a,sothat wy(zx,0) =0,0 <z <aq,in
which case w ;4(0,0) = 0. Thus any (trial) deflection which satisfied
the inhomogeneous boundary conditions (7.260a,b) would have to ex-
hibit jump discontinuities in its second derivatives at each of the four
corners of the rectangular plate. Such a problem would not exist for an
applied temperature distribution 07'(x,y, z) which produced nontrivial
thermal moments MT, M2 satisfying MT(O 0) = M:(0,b) = M}(a,0) =
M3 (a,b) = 0 and M2(0,0) = M2(a,0) = M2(0,b) = MZ(a,b) = 0; such
thermal moments could still satisfy

b Tl Tl

50 20 T ay) £0,0<y < -
2 7.261

M o) 20, D01 20,0 <0 < a

as long as each of M}, M% vanished at the four corners of the plate.
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We now turn to a discussion of the initial buckling behavior of cir-
cular plates within the context of large deflection theory. Although the
interpretation is somewhat different, the analysis of initial buckling for
an isotropic circular plate subject to thermal stresses, within the context
of large deflection theory, mathematically parallels the small deflection
analysis presented in the previous section. Klosner and Forray [227)
studied the buckling of simply supported isotropic circular plates sub-
jected to a symmetrical temperature distribution by using the Rayleigh-
Ritz method. For the case of a circular plate of variable thickness, Mans-
field [237] has analyzed the buckling, curling, and postbuckling behavior
when the temperature varies through the thickness of the plate and the
edge of the plate is restrained in its plane; we will discuss Mansfield’s
work in Chapter 8 and other discussions of the postbuckling behavior of
isotropic circular plates will appear in section 7.3 of the present chap-
ter within the context of Berger’s approximation. In this section, we
will content ourselves with discussions of the work of Sarkar [238], who
treats the case of a heated thin circular plate of isotropic material under
uniform thermal compression in the plane of the plate, and the anal-
ysis in Nowacki [222], which is based on the work of Vinokurov [239];
in [238], the critical buckling temperature is calculated for plates under
different edge conditions and different temperature distributions as well.
The edge of the plate is restrained in the plane of the plate.

The solid circular isotropic plate considered by Sarkar [238] has uni-
h
form thickness, occupies the domain 0 < r < a, —3 < z < > and

is subjected to an arbitrary temperature distribution (which, however,
must be symmetrical for the author’s [238] equations to apply). As the
edge of the plate is assumed to be restrained in the plane of the plate,

d
the displacement u(r) = 0. Setting ¢ = M e have, as a direct con-

sequence of (6.108), (6.110), the assumed radial symmetry of w, and the
fact that u(r) =0,0<r <a,

E h)2
N, = —Nj= -2 / T(r, 2)dz (7.262)
L=v ) pp
and
M, =K @+5¢>} — Mz
o (7.263)

dp 1 §
My =K u%+;¢>}—MT
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where M3 is given by (6.111). With the assumptions given above, the
initial buckling equation that follows from the system (6.112) by setting
w = 0 in the second equation of this set, and substituting the resultant
Airy function in the first equation, is

¢ do N, dM
oS tr—+ (=t —1)¢=r"—T 7.264
Tdr2+rdr+ K o=r dr ( )
. Ny 1o 9 i
Replacing T = ngT in (7.264) by ~v* and then setting v(r) = yr we
obtain the equation
d*¢ 1d¢ 1 1dM}
St -t (1-5)e=-—"F 7.265
dv2+vdv+< v2)¢ v dv ( )

As a simple example in [238] the author considers the case of a temper-
ature distribution which varies only through the thickness of the plate,
i.e., 0T = 0T (z). In this case, M7 is clearly independent of r, and hence

*

dM,
of v, so that dz/T = 0. Equation (7.265) then reduces to

2
M+1@+(1—Ul2>¢:o (7.266)

dv?  vdv

for 0 < v < 7a. The solution of (7.266) which is finite at v = 0 has the
form

¢ =CJr(v) =CJi(yr) (7.267)

in which case,
w(r) = CyJo(yr) + Cy (7.268)

with C7 an arbitrary constant of integration.

If the plate is clamped along its edge at » = a so that w = ¢ = 0 for
r = a, then, by virtue of (7.267), Ji(ya) = 0; the smallest (approximate)
root of this equation is v = 3.832/a, in which case,

K
(Np)er = —(3.832)? (7.269a)
a
so that

K(1-v)
2

(Np)er = — (3.832)* (7.269b)
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A second case considered in [238] is one for which the temperature dis-
tribution is such that

. M, v?
My =—2 <1 - v“) (7.270)

In this case, (7.265) becomes

d’¢ 1do 1 2My
—+ - — 1-——= =—— 271
dv2+vdv+( v2>¢ 73a2(1—y)v (7.271)
whose solution is given by
2M,
¢=Cahi(v) ~ 37 - k (7.272)
From (7.272) it follows that
M0T2 Cg
=Cs+ 5—5——— —J 7.273
w 3+ '72a2(1 — I/) ~ 0(77") ( )

Imposing upon (7.272), (7.273) the conditions at r = a for a clamped
plate we are led to the solution

_ 2Mo[Jo(ya) — Jo(yr)] Mo Mor?
w(r) = 230 - ) h(va) 21 —v) + PTG (7.274)

The deflection in (7.274) becomes infinite when J; (ya) = 0, which again
leads to the critical values reflected in (7.269a,b); the absolute value of
(N7)er in (7.269b) yields the critical buckling temperature.

In [222] a somewhat different presentation of buckling of an elastic
isotropic circular plate subjected to an axisymmetric temperature dis-
tribution is given; the temperature distribution is taken in the form

0T (r) = To(r) + 2T1(r) (7.275)

which is, of course, a special case of (6.113). Thus,

Eah
N+ = T
T 1, o(r) ( |
7.276
. Eah?
Mr = 5=y 1)
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The radial and circumferential stress fields in this situation are given,
respectively, by

E E
Opp = ?Eﬂ(err + Vegg) - ﬁ(Tg =+ ZTl)

1—v2

i (7.277)
oo = (eps + ver,) — E(To +2TY)
We note that (6.108) follows from (7.276), (7.277) if (7.277) is integrated
through the thickness of the plate. In (7.277), of course

2
w
Err =V + M — ZW prr

1 z
€9 = —U — —W,r
r r

(7.278)

where v = v(r) again denotes the radial displacement of the plate. Com-
bining (7.277) and (7.278) the resultant forces and moments are easily
shown to have the form

E 1
N, = —— [UT + = (w,)? + ;v -1+ V)aTO}

1—v2 | 2
E}ij . . (7.279)
_ 2
Ny = 1-.2 |:;U +v(v, + i(w,r)) -1+ V)aTO]
and v
M, =-K {ww +—w,+(1+ V)aTl}

r

(7.280)

1
My =—-K [—w,r +rw,,+ (14 u)aTl]
r

In [222], Nowacki works directly with the equilibrium equations, for the
symmetric situation, in the form

(rNy)» —Np=0

(TMT‘T’) r M9 - Qr =0 (7281)

(rQ)r — (rNyw,y) , —tr =0

with @ the shear force and t the external loading of the plate. By
inserting ) from the second equation in (7.281) into the third equation
in this set, and then employing the relations (7.280), one obtains

1
Kvtw+KQ1+v)ay?T = S(rNpws) .+t (7.282)
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1
with 4 = w22 and 2 = 0% + ~9,. Equation (7.282) is, of course,
r
the form assumed by the first of the von Karman equations in (6.112)
under the assumption of radial symmetry.

From the relations (7.279) one obtains the radial displacement v(r) in
the form

o(r) = th( —uN,) + arTh (7.283)

or, if we use the first of the relations in (7.281) to eliminate the resultant
stress Ny in (7.283)

o(r) = = [(rNy).» = vN,] + arTy (7.284)
Eh

Finally, inserting (7.284) into the first of the relations in (7.279) we

obtain

T [%(TQNT),T] + %Eh(w,r)2 =0 (7'285)

\T

Equation (7.286) is just the form assumed by the condition of geometric
compatability of the strains for the special problem under considera-
tion. To illustrate the utility of the relations (7.282), (7.283) with re-
spect to axially symmetric temperature distributions of the form (7.275),
Nowacki [222] presents, following Vinokurov [239], the solution of the
clamped circular plate problem for which the boundary conditions are

w(a) =0, wy(a) =0
a (7.286)
v(a) = o [(rNy)» —vN,|,_, +aaly =0

At r = 0 it is required, as usual, that r~'w , and N, be finite. Assuming
that T) = const. and ¢ = const. simplifies (7.282), after an integration,
to the form

1 t
K (—(rw,r),r) = Now, + g (7.287)
r T

We now introduce the dimensionless variables

T 1
p=— ¢ Wer = —W,
6; e r (7.288)
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in terms of which (7.285) and (7.287) assume the respective forms

1 1
pd),pp + 1/),/) - ;1/} = 5@52

. (7.289)
PPpp+Pp — ;¢ = —k¢y + mp?
while the boundary conditions (7.286) become
¢(0) =0, (1) =0, [, — v — aTo]p=1 =0 (7.290)

1
with —1 and v bounded at p = 0.

Thé) system (7.289) may be solved (approximately) by applying Galer-
kin’s method: as a first approximation, we use the classical solution for
the deflection of an isotropic elastic circular plate loaded by the uniform
loading t = const., namely,

(1) _ _ 52\ _ _ 4
{w (p) wc;[2(1 p*) — (1 =p)] (7.201)
wo = ta* /64K
Then, as ¢ = 2w,p
¢(1) — c(p3 —p), c=4wp/a (7.292)

Substituting ¢(*) for ¢ in the first equation in (7.289) and using the
boundary conditions, yields

2
C
W) = 56 (p" = 4p° +6p° — bp)

(7.293)
_5-3v _ 96 oTy

h— o
1—-v c2l—v

If we now substitute (1), from (7.293), for ¢ in the second equation in
(7.289), multiply this equation by p* — p, and integrate from p = 0 to
p =1, we obtain

k(b 1 1
sk (o0 LYy _ 1
cte ol (24 14> g™ (7.294)
4 . 5—3v
In (7.294) we recall that ¢ = ~ wo, while the presence of b = T =

96 Ty

c2l—v

accounts for the influence of the temperature distribution on
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the plate deflection (which is seen to depend only on the function Ty(r)).
For the special case in which ¢t = 0 (so that m = 01in (7.294)) it is possible
to obtain the critical buckling temperature in the form

4 h?

T Crgi.i
(To) 3(1+v) wa?

(7.295)
Note is made, in [222], of the fact that (7.295) is independent of the
Young’s modulus E of the plate.

For results on the thermoelastic stability of cylindrically orthotropic
(laminated) circular plates, the reader is referred to the paper of Stavsky
[231] in which axisymmetric stability and thermal buckling equations are
established for circular plates; the plates in [231] are composed of polar
orthotropic layers subjected to mechanical loads depending only on the
radial variable r and thermal fields of the form 67 = 6T(r,z). For the
initial buckling (eigenvalue) problems in [231], closed form solutions are
presented in terms of Bessel functions of the first kind (and of fractional
order) and the variation of the critical loads with the anisotropy parame-
ters is analyzed. It is worth noting that, unlike the situation for isotropic
circular plates, where (7.295) holds for the specific problem considered
above (so that (Tp).r is independent of E), for the same problem for a
polar orthotropic circular plate Stavsky [231] obtains the result

(7.296)

where

h/2
D,., :/ E,.zdz

g (7.297)
A = _(arErr + QOETG)

7.3 Applications of the Berger’s Approximation

For the case of isotropic, linearly elastic response, we have shown that
the von Karman theory for large thermal deflections of a thin plate
leads to the coupled system of nonlinear partial differential equations
(6.93a,b), when rectangular Cartesian coordinates are used, and to the
system (6.112) when polar coordinates are employed; these systems,
together with associated boundary conditions cannot be expected to

© 2001by Chapmar& Hall/lCRC



yield exact solutions. Among the many approximate methods which
have been devised to treat large deflection von Karman systems is the
technique first promulgated by Berger in [240] for thin plates subjected
to mechanical loading. As Tauchert [217] notes, “The method is based on
neglecting the strain energy associated with the second invariant of the
strains in the plate middle surface. Although there does not appear to
be any physical justification for this approximation, comparisons of the
results with known solutions indicate that for a broad range of problems
Berger’s approach yields sufficiently accurate results.” In fact, all of the
applications of Berger’s approximation in the literature, where accurate
results appear to be obtained, are associated with problems in which the
edges of the plate are constrained against in-plane movements; Nowinski
and Ohnabe [241] have shown that, for the case of mechanical loading,
the accuracy of Berger’s method is closely tied to this specific type of
boundary condition. In fact, by applying Galerkin’s method to both
the usual von Karman large deflection equations, and the approximate
equations governing large deflections which are obtained from Berger’s
approach, it was determined in [241] that Berger’s method is susceptible
to serious errors if the edge (or edges) of the plate are free to move. It has
been surmised in [217] that the conclusions reached in [241] are almost
certainly extendible to the case of thermal deflections. The accuracy of
Berger’s method was also assessed by Jones, Mazumdar, and Cheung in
[242] for the special case in which t = 0, MT = 0 in (6.93a,b), and a
perturbation technique was proposed for use in those situations where
Berger’s technique may not be sufficiently accurate. We will comment
below on the work in [242] as well as on the work of Banerjee and Datta
[243], who proposed a modified energy expression which leads, as in
the case of Berger’s method, to large deflection plate equations which
are decoupled. Although only mechanical loadings are considered in
[243], the results given for transverse loading of a circular plate are in
good agreement with prior results for this problem for both movable and
immovable edges and an extension of the method to the case of thermal
loading has been indicated.

Berger’s method was originally formulated, as we have already indi-
cated, for isothermal plate problems; it was extended to non-isothermal
problems in [244] by Basuli, who used the technique to treat large deflec-
tion problems for rectangular and circular isotropic plates subjected to
normal pressure and heating. We will begin our study in this section of
the applications of Berger’s method to large thermal deflection problems
for thin plates by reviewing the work in [244] and the related work of
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Pal [245], which also assumes isotropic response. Then we will consider
in some detail the application of Berger’s technique to large thermal de-
flection problems for heated rectilinearly orthotropic rectangular plates
as presented in Biswas [246]; this is followed by a brief description of the
similar results for polar orthotropic circular plates, which were described
by Pal [247].

The starting point for the application of Berger’s approximation to
large deflection problems for isotropic rectangular plates is the obser-
vation that the total potential energy of the plate, which is given by
(6.130), may be rewritten in the form

/ / { 61 —2(1 —v)eq]
K [(v? w) —2(1—v) {(w? 'y — WaaWyy) }] (7.298)
~NTeg + MT 2w — tw}da:dy

where €¢; and €5 are, respectively, the first-and second-strain invariants
of the middle surface of the plate, i.e.,

1
€1 =€, e, =Ug+Vy+ 3 (w?, + w?) (7.299a)
1
€2 = ngegy - Z(V;cy)Q
1
=ULU, + 2u7zw + 2v’yw2 (7.299b)

——{u +v + 2U v 5 + 2u yw LWy —|—2vzwmwy}

Assuming a temperature distribution 7" of the form
Basuli [244] writes (7.298) in the form

= e i

12
—2(1—-v) {hz €2 + W 4o Wy wzzy} } —tw (7.301)

—1E—O‘ {ethTo — F(W)Ty 2 w) ] dady
— UV
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where

h)2
f(h) = / o(2)2dz

—h/2
The functional II is now minimized using the Euler-Lagrange varia-
tional equations

o T2 (7.302a)

) (7.302b)

3_H_28H_28H+8_2 oIl
ow dxdw, Jydw, Or?w
¢ o o o _
0x0y 0w 5y OY? Ow 4y N

(7.302c)

which yields (upon following Berger [240] and setting e2 = 0) the rela-

tions
0 Eh T 0 Eh T
2 (mq N > -0 <mel - N > =0 (7.303a)
and
& 2 9 2 T
$2(Kv w+ M )+a—y2(Kv w—+ M)
0 Eh
m{(l—uQelNT)wx} (7.303b)

in the general case and

0 0
p {e1 — (1 +v)aTp} =0, ay {e1 — (1 4+v)aTp} =0 (7.304a)

2

2 E 9 E
. {Kv2w+ = (h)Tl} + 552 {Kv2w+ %f(h)Tl}

Ox? 1-v
13}
105 ler — (1 +v)aTylw } (7.304b)
E 0
T oy [e1 — (1 +v)aTolwyt—t=0
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in the special case in which 6T'(x,y, z) is given by (7.300).
From (7.303a) one easily obtains

Eh

1—1/26

1 — NT =22 ()\? const.) (7.305)

which, upon substitution into (7.303b), yields
K2 (2= X)w=t—*M" (7.306)

As Tauchert [217] has noted, the system consisting of (7.305), (7.306) is
much simpler than the corresponding Von Karman system (6.93a,b); the
equations (7.305), (7.306) are quasi-linear and decoupled in the following
sense: (7.306) is linear in w and may be solved independently of (7.305).
Equation (7.305) is linear in u , and v, and may be solved once w has
been determined. The only coupling that remains in (7.305), (7.306)
is through the parameter A. In a similar manner, for the special case
governed by (7.300), (7.304a) yields

M2h2

€1 — (1 +V)OZT() = ?

, (p? const.) (7.307)

whose substitution into (7.304b) produces

28 j) (7.308)

K (V2 = p)w =t — 1=

We now consider the application of the system (7.307), (7.308) to the
thermal buckling of a simply supported rectangular plate which occupies
the domain 0 < z < a, 0 < y < b in the z,y plane; in this case, the
assumed temperature distribution has the form given by (7.300).
Remarks: In [244] Basuli writes the conditions of simple support along
the edges of the plate in the form

W=Wge =0, c=0,a; 0<y<b
(7.309)

W=wWyy =0,y=0,b; 0<2<a
However, for the simply supported plate

K(w 4o +vwy,) + M7 =0, 2=0,a; 0<y <b
K(wyy +vw ) + MT =0, y=0,b; 0<z<a

with w = 0 along each of the four edges; thus (7.309) holds, in the case
of simply supported edges if and only if M7 (0,y) = M7 (a,y) = 0, for
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0 <y <b and MT(2,0) = MT(2,b) = 0, for 0 < x < a. For the
temperature distribution represented by (7.300)

aF h/2 aF
M= B Ty [ gade= T f Ty (7310
-V —h/2 -V

and thus (7.309) represents the conditions of simple support along the
edges of the plate if and only if
{ﬂ(o,y) =Ti(a,y)=0; 0<y<b

(7.311)
T (x,0) =T (z,0) =0; 0<z<a

To maintain the validity of the analysis in [244] we will assume, below,
that the function 77 satisfies (7.311).
Proceeding with the analysis, we assume that each of t(x,y), T1(z,y)
m

may be expanded in a double Fourier series in the products sin

sin % so that, in particular, on the right-hand side of (7.308)

- —f Y VAT = Z Z Qmn sin 7 gin % (7.312)

m=1n=1

Also, in view of (7.309), w(z,y) is sought in the form

w = Z Z Wyyp, SIN mrx sin ? (7.313)
a

m=1n=1

Assuming the edges of the plate are constrained against in-plane motion
is equivalent to requiring that

{U(07y)ZU(a,y)=0; 0<y<b

(7.314)
v(z,0) =v(z,b)=0; 0<z<a

By substituting (7.312) and (7.313) into (7.308) we obtain, in the usual
manner, the relations

dmn
— (7.315)
mm 2 nm 2 mm\ 2 nm\ 2
- on il or 2
[T )+ ()
so that the deflection has been determined up to the constant u?. We
now write out (7.307) in the form
,u2h2
12

1 1
U+ vy + zw + —w,zy —(1+v)aTy =

7.316
S0+ (716)
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Integration of (7.316) over the domain of the plate and use of the bound-
ary conditions (7.314), which express the constraint of the plate against
in-plane motion, yields the condition

/ / { (w? + wzy) -1+ V)aTO} dzdy = ab (7.317)
o Jo 12\We T 12

We now substitute the expansion (7.313) into (7.317) and use standard
results involving trigonometric integrals, e.g.,

a b
1
/0 /0 cos? ? sin? n%;‘ydxdy = Zab
so as to obtain from (7.317) the equation
ab = = mm 2 nim 2
T2 St () + (5)]

m=1 a rb /ﬁhQ
(14 V)a/ / To(z,y)dzdy = ab

(7.318)

The further substitution of the expressions for the wy,, in (7.315) into
(7.318) then produces an algebraic relation from which 2 may be deter-
mined; once p? has been computed (7.313), (7.315) serve to completely
determine the deflection w(z,y).

Remarks: Basuli [244] considers a specific example for which
2my
To(z,y) = Ty = const., Ty(x,y) = T cos - (7.319)

however, the subsequent results are specious inasmuch as Tj(z,y) does
not satisfy (7.311). The source of confusion in much of the literature
may be traced to the following elementary fact: any piecewise continuous
function on the domain 0 < x < a, 0 < y < b, say, M¥ (x,y), can be
extended to the entire x,y plane in such a manner that the extended
function may be represented by the Fourier series

o0 o0
MT(z,y) = 3 Y tynsin " sin ”%y (7.320)

a
m=1n=1

However, while the series on the right hand side of (7.320) converges
to the value of M7 (z,y), at each point of continuity of M7 in the
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domain 0 < = < a, 0 < y < b, it will not converge to the values of
M7 along the boundary of the domain; it is the function M7T(z,y), as
defined by the temperature distribution 67'(z,y), and not its Fourier
series representation, which must satisfy the conditions (7.311) so the
criteria for a simply supported rectangular plate, under thermal loading,
reduce to (7.309). In a one-dimensional setting, this phenomenon is
easily represented by the Fourier sine series expansion of f(z) = 1 on
(0,7), i.e.

4 o0
1==>) sin2k -z, 0<z <7 (7.321)
T k=1

For all z, 0 < & < 1, the series on the right-hand side of (7.321) con-
verges to 1; however, convergence breaks down at x = 0, x = 7w where
the series converges, by the Fourier theorem, to the average value of the
left-hand and right-hand limits (of the periodic extension, with period
27, of the odd extension of f(z) to (—m,)). The situation is depicted
below:

The second application of Berger’s method that we want to consider
is to the problem of axisymmetric deformations of a solid circular elastic
plate subjected to a uniform load ¢ and a stationary temperature field
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0T (r,z). In this case, equations (7.305), (7.306) assume the form

Eh 1 1
T [u +out §w,ﬂ —NT =K\ (7.322)
d2 1 d d2 1 d 2 2 T
K\ T rar )\ae g Y Just-vM (7.523)

Under the assumption that ¢’ =t — 7> M7 is a constant, Tauchert [217]
obtains a solution to (7.323) in the form

t'r?
4K \?
with ®( the modified Bessel function of the first kind of order zero and
C1, Cy arbitrary constants. If the edge of the plate at r = b is constrained

against in-plane motion so that u(b) = 0, then integration of (7.322) over
the domain 0 < r < b, 0 < 0 < 2, yields the relation

w = leo()\r) + CQ - (7324)

%Cf {%/\%2 [IE(Ab) — I3 (Ab)] + )\bll()\b)lo()\b)}

_ Cit'D*I(\b) t'b4

1_V2/b T 2,212
— N*rdr =b"t*)°/24
Eh [y

K\? 16 K2)\4
(7.325)
Assuming the plate to be clamped so that w(b) = C;—Q:(b) = 0, we obtain
from (7.324)
162 [ 2[Lo(\b) — Io(\r)] 2
VS TR { WL T 1)2} (7.326)
while the relation (7.325) for A assumes the form
b
1 8/ NTrdr
L32y6 0 4
3 (Ab)° + o ) (Ab)
P\ 2 1— 2 t
) = 7.327
<Kt> {1+ Io(A\b) — 4I5(Nb)  IZ(\b) } ( )

AT (AD)  2I2(\b)

With the same assumption of circular symmetry and a temperature
distribution of the form given by

0T (r,z) = To(r) + 9(2)T1(r),
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Basuli [244] writes the system (7.322), (7.323) in the form

dv v 1 , 3%h?
— 4+ -+ = — (1 To = .32
dT+T+2w’T (14+v)aTy o (7.328)
2 1d\[(d 1d
(ﬁ*ﬁ)(ﬁ*?%‘ﬁ)w
(7.329)

1 aF  1d
= |t— M-+ -2 T
K[ 1—1/f()<dr2+rdr> 1]
and obtains, for a uniform load distribution ¢, that special case of (7.324)
which has the form

o,

w = Aly(fr) + B — WT

(7.330)

2
with ¢/ = ¢t— %f(h) <% + %%) T,. Clearly, t' =t if either f(h) =
0 or if 77 is harmonic. With u(b) = 0, and w(b) = Cfl—z:(b) = 0, the
solution of the system (7.328), (7.329) follows the same pattern as that
outlined above for temperature distributions more general than (7.300)
and will, therefore, not be repeated here. Somewhat more problematic,
however, is the solution of (7.328), (7.329), which is presented in [244] for
the case of a simply supported circular plate subject to the temperature
distribution (7.300) and the assumption of constrained in-plane motion;
in [244] Basuli takes the conditions of simple support along the edge of
the plate at r = b to have the form w = 0, at » = b, and

P wdw

dr? ~ r dr
However, by virtue of (7.323), with wy = 0, and Ry = 0, Ry = b, we
have, along the edge at r = b, w(b) = 0 and

d*w  1dw
K224 22"
<dr2 * dr)
The problem that arises now is the same one which has been discussed
at length earlier in this section, namely, in view of (6.111)

=0, atr=»5 (7.331)

+ M7

r=b

o, =0 (7.332)

. Ea (M2 Ea
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so that (7.331) follows from (7.333) if and only if f(h) = 0 or T} (b) = 0;
under this latter assumption, the results in [244] are valid and the full
solution of the boundary-value problem associated with (7.331), (7.329),
when the edge at r = b is simply supported, assumes the form

44 r
w— 4[(&25% {2(1 + v)[Lo(Bb) — Io(Br)] — HBb (1 - (5)2>}
(7.334)
4 2
(7s)
L M i
% N { % 1) — 2] + 10(5%1(51)) } 40 +;;éz(ﬁb)
h (7.335)
where H = 3bIo(5b) — (1 - v) 11 (50)
(7.336)

b
F(b) :/0 To(r)rdr

Although Basuli’s work [244] extending Berger’s method [240] to non-
isothermal plate deflection problems preceded the work of Pal [247], the
latter author appears not to have been aware of the earlier research in
this direction. Thus, Pal [247] rederives the Berger’s type equations by
minimizing the total potential energy associated with a circular plate
under the assumption of a radially symmetric temperature; these de-
coupled large deflection equations are then solved in [247], for the case
in which ¢t = 0, by using the method of successive approximations. In-
cluded in the analysis in [247] are results for annular plates, i.e., circular
plates with a concentric circular hole. In line with our related discus-
sions in this section, the applicability of the results in [247] for circular
and annular plates with simply supported edges is subject to the same
constraints on the behavior of Tj(r) along the plate edges, which have
been delineated previously. In Pal [247], the temperature distribution is
taken in the form

6T (¢, 2z) = {To + T1(1 - ¢*)} (1 + §—2> (7.337)

where ¢ = r/a. Thus, for 6T(r, z) we have

0T =To(r) + g(2)T(r)
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with

2

To(r) = To + T (1 - (2) ) =T1(r)
2 =z

=37

It is clear from (7.337) that Ti(a) = 0 if and only if 7o = 0; in [247]
the outer edge of an annular plate is located at r = a while the inner
edge is at r = b (with b = 0 for a solid circular plate). Therefore, in
Pal’s work [247], (7.331) is equivalent to (7.332), with b replaced by a
provided Ty = 0. In Figs. 7.23 and 7.24, which are taken from [247],
we show the relation between the temperature rise and the normalized
maximal deflection §/h(§ = w(0)) at the center of the plate for the
simply supported and clamped edge conditions, respectively; in these
figures

(7.338)
9(2)

} h/2
T:/ 0T (r,z)dz
Y (7.339)
T:/ 0T (r, z)zdz

—h/2

b
Fig. 7.25 depicts, for an annular plate with aspect ratio — = 0.4,

the relation between the temperature rise and the normalized daeﬂection
0/h, for the same temperature distribution (7.337); the plate in Fig.
7.25 has both inner and outer edges simply supported. For the same
plate and the same temperature distribution, the analogous results for
an annular plate with both inner and outer edges clamped are depicted
in Fig. 7.26. The results in [247] for the case where the same annual
plate has its inner edge clamped and its outer edge simply supported is
shown in Fig. 7.27. The results shown in Fig. 7.25 (the annular plate
with both edges simply supported) are open to the criticism that even if
To = 0, so that Ty (a) = 0 is a direct consequence of (7.338), i.e., it does
not necessarily follow that Ty (b) = 0; in fact T1(b) = 0, when Ty = 0, if
and only if a = b which reduces the problem to one for a solid circular
plate of radius a.

Both Biswas [248] and Pal [249] have applied Berger’s approximation
method to linearly elastic thin plates exhibiting anisotropic response.
In [248], Biswas solves the large-deflection problem for a rectilinearly
orthotropic rectangular plate which is simply supported and subjected
to a stationary temperature distribution, while in [249], Pal obtains
solutions for cylindrically orthotropic circular plates using the method
of successive approximations; it is also demonstrated in [249] that the
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solutions for a polar orthotropic circular plate reduce to those for an
isotropic circular plate as a special case. We now briefly review the
analysis in [248] and [249] beginning with the work of Biswas [248], which
is, unfortunately, subject, once again, to the same criticism concerning
the interpretation of simple support boundary conditions in thermal
deflection problems. The notation employed by Biswas in [248] parallels
that of his earlier paper [236]; thus, in particular, (7.238) applies, i.e.

D, = Dyy, H = Dy +2Dgg, D, = Dy (7.340)

1 .
with Dy = §(D12 + Ds1), while the §;, i = 1,2, are given by (7.239).

The first strain invariant €; is given in this situation by

D
€1 = oy + KEy,, K= D—z (7.341)
h)2
and My, asin (7.237), is given by My = / 0T zdz. The full set of von
—hJ2

Karman large deflection equations has the form (7.237), (7.240) where
the FEy, B, v12,121,G12, and the resultant (thermal) stresses N, N’T,
]\7% have been defined in Chapter 6. Neglecting the second strain invari-
ant €5, Biswas [248] writes the total potential energy for the rectilinearly
orthotropic rectangular plate in the form

1 b a
M= - / / {wa%m + 2D1W0 1wy
2 Jo Jo ’ Y

12
+D,w?, +4Dgow?, + Dyl fdady

h/2 b ra B
+/ / / {616I7;5T(3f‘ayaz) +ﬂ2€yy6T(x7y7Z)}dmdde
—n/2Jo Jo
(7.342)
The temperature variation in [248] is chosen so as to have the form
z

0T (x,y,z) =20 (h

h h
), R (7.343)

in which case

Combining (7.342) with (7.343), and using Euler’s equations (7.302a,
b, c), one obtains
861 361

e . e _ 34
5 =% gy =" (7.3452)
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and
0? -
@ {Dzw zz + Dlw Yy + ﬁlMT}

8 Wl {D W,y + D1W gy +52MT}

82 d 12 (7.345Db)
+4 Oz 2(D66wwy) a—{D h261’w }

0 12
oy {Dyﬁemww} =0

Clearly, (7.345a) implies that

a?h?
= t. = 7.346
€1 = cons 12 ( )
while (7.345b), in conjunction with (7.346), yields
Do gove + 2HW 22y + Dyw,
' , e . (7.347)
D, (w,l'l‘ + "fw,yy) + 61MT,J)1) + 62MT,yy =0
For the temperature variation given by (7.343) we have
My = / 0T (x,y,2)dz = —6h* = const.
s 6
which Biswas [248] expands in the double Fourier series
= = 16Myp . mmr . nmy
My = Z Z g sin——sin—= (7.348)

m=1,3,... n=1,3...

While (7.348) is correct as a Fourier representation of My, convergence
of the series on the right-hand side of (7.348) to Mp holds only on the
open domain 0 < z < a, 0 < y < b; in particular, My does not vanish
along the edges of the plate for the temperature variation chosen. For
this reason, MT and MT, as given by (6.102), do not vanish along the
edges of the plate; therefore, satisfaction of the conditions expressing the
fact that the plate is simply supported, i.e., (6.104) does not follow as a
consequence of choosing a trial deflection w(x, y) with the property that
both w 4, and w,, vanish along the edges at x = 0, a, for 0 <y < b, and
along the edges y = 0,b, for 0 < 2 < a. However, Biswas [248] chooses
a trial deflection function of the form

Z Z A, sin = (7.349)

m=1,3,... n=1,3,.

© 2001by Chapmar& Hall/CRC



so that substitution of (7.348) and (7.349) into (7.347) yields

Amn 2.2 2,2
16Mr ([~ m*m ~ nem
5 (ﬂ + B2 )
_ mnm
mirt m2n?n? nird o [m?m?  n?x? [D,
Ds at +2H a?b? +Dy bt + Dz a? * b? D,

(7.350)

An additional criticism of the procedure followed in [248] would focus

on the fact that, as Mr is constant on the open domain 0 < z < a,
0 <y < b, both My 4, and My, vanish in (7.347).

The relation (7.350) for the coefficients A,,,, still contains the unknown
constant o2, which arises in (7.346). Assuming that

u=0, onx=0,a, for 0<y<b
(7.351)
v=0,ony=0,b for0<z<a
the displacements u, v in [248] are taken to have the form
Z Z Xnn 810 7 cos B
mii;?” L (7.352)
mrx . nmwy
Z Z Xmn COS sin —=
a b

w

m=1,3,... n=1,3,

in which case, substitution of (7.349) and (7.352) into (7.346) and inte-
gration over the domain 0 < x < a, 0 <y < b, yields

oo 59 1
Z Z gAfnn

m=1,3,... n=1,3,...

m2n?  n2p? a?h?
( o+ ) - (7.353)
Substitution of (7.350) into (7.353) now serves to determine a? and,
hence, w(z,y); for the data

Dy H a ﬂg
— =032, — =0.2, — =20, == =0.5
D, " D, h G
Fig. 7.28 depicts the predictions for the theory delineated above of
the variation of the central deflection of the plate with changes in the
2 ﬂlh?’
D, -

temperature parameter 6 ( h)
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The counterpart of [248] for the case of heated cylindrically orthotrop-
ic circular plates is the work of Pal [249] who treats both dynamic and
static behavior; Pal [249], as in [247], again uses, as an example, the
temperature variation (7.337). In [249], however, the correct form of the

simply supported boundary condition is used and the resultant problem
r
is treated by employing a series expansion of w in the variable { = —.

For the case of polar orthotropic response, the total potential energy in
the static case assumes the form

Erh 2 a
n=_——" / / (62 — 2(k — vp)és]rdrdd

R2 [T e ) 1 1 2
+§/O /0 [wﬂ + <;w77« + T—Qw’eg)]

1 1
—2(k — rr\ — Wr )
(k — vp) {w, <rw, + 2 w,99>

2Gro(1 — vpvg) (1 1 2
St T g — = drdf
E.(k—vp) rw’ 0 r2w’9 rar

92 27 a _
7 / / {(ar + wae)egr + ﬁ(ae + Vrar)ege] Trdrdf
h 0 0 1%

r

(7.354)
with
é1 =€, + ked,
éx =€ edy — %(629)2 (7.355a)
k= (vo/vr)"/?
and

- h/2 5 h/2
T = / 0T (r,z)dz, T = / 0T (r, z)zdz (7.355b)
—h/2 h/2

The functions €; and éy are, respectively, the first-and second-strain in-
variants of the middle surface of the polar orthotropic plate. Introducing
the dimensionless variables

LT ==, T= (7.356)

>
=

~ w r
w_ﬁ7<_a
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and deleting the second strain invariant és from (7.354), the Euler-
Langrange equations associated with (7.354) assume the form

cic i ¢ ()}

k2 —1 (d2w 1 du?)

¢ \d¢e> ¢d¢
wirfaed) o
~ 2 A~
_% |:(0¢7' + 1/9049)% (CT*CCZT?> + (ar + VGO“’);_@(TO

(%) @+ ura»%}

déy N 1— kél _ [(1 — )y — (1 — u,«)agug} T
¢ ¢ vrC
+(ar + vgayg) ra
Equations (7.357), (7.358) are, therefore, the forms assumed by the
Berger’s equations for the polar orthotropic elastic plate. In terms of
the current set of variables, the boundary conditions along the edge of

the plate at {( = 1 assume the form
(i) Clamped Plate:

@=0,wc=0, at (=1 (7.359a)

)

(7.358)

(ii) Simply Supported Plate:
w=0

2
B + %w,g F12( ) (5) T=0at (=1 (7.359)

The general temperature variations 07 (r, 2) in [249] are assumed to be
such that the dimensionless forms of (7.355b), namely T* and T, have
the representations

7=0,2,4,... (7.360)
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and solutions generated by of the system of Berger’s type equations
(7.357), (7.358) are then sought in the form of a series expansion

=14+ AyC? + AgC* + ... (7.361)

with the solutions generated by (7.361) subject to either (7.359a) or
(7.359b); the results are also specialized to the case of an isotropic cir-
cular elastic plate, i.e., v, = vy = v, a. = a9 = «, B, = Fy = E and
for both types of symmetry computations are effected in [249] for the
temperature variation given by (7.337). While the associated analytical
results are too complex to reproduce here, we do depict in Fig. 7.29,
for both the isotropic and orthotropic cases, some of the conclusions
relating temperature increases to deflections at the center of the plate

oy U -
for various ratios —9, —9, and Tp/T;. It may be observed that, in the
v,

Q@
case when the tempgraturre gradient through the thickness of the plate is
taken into account, the plate starts to deflect at the beginning of heating
without exhibiting the Euler buckling phenomenon at a critical temper-
ature. The case of no temperature gradient through the thickness of the
plate, which corresponds to T= 0, is shown in Fig. 7.29 by the sets of
broken curves (depicting the deflection after buckling).

As we have already indicated, critiques and extensions of Berger’s
approximate method have appeared in several places in the thermal (and
load) buckling literature; we content ourselves here with reviewing just
two such pieces of work, that of Jones, Mazumdar, and Cheung [242], and
that of Banerjee and Datta [243]. The results in [248] cover the case of
dynamic (as well as static) behavior of plates at elevated temperatures,
but we will confine our attention to static situations only; the behavior
of viscoelastic plates within the context of Berger’s approximate scheme
is also discussed in [242] and this analysis will be briefly reviewed in
Chapter 8.

In [242], the authors begin by reviewing the system of Berger’s approx-
imate equations, which are written in the form (compare with (7.305),
(7.306))

2MT

Kv4w+)\2v2w:t—v1 (7.362a)
—v
Ny 12K 9
— ——€ = A 7.362b
1—v n ( )
for isotropic response in rectangular Cartesian coordinates where My =
h/2 h/2
1-v)MT = / aBETzdz, Ny = (1 —v)NT = / aFEéTdz, and
—h/2 —h/2
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€1 is given by (7.299a); pure thermal buckling corresponds, of course, to
the case in which ¢ = 0, M7y = 0. For pure thermal buckling, therefore,
(7.362a) reduces to

K7'w+ XN g?w=0 (7.363)

Equation (7.363) is formally identical to the equation governing the me-
chanical buckling of a rectangular plate subject to uniform compression,
ie., Ny = N, = N, N, = 0. In order, therefore, for a nontrivial solution
to elet we must have A2 = N,,., N,, being the critical buckling load.
Taking the corresponding solution for w in the form w = Awy(z,y),
with A an arbitrary parameter, we note that w, is the deformation due
to biaxial loading and, thus, satisfies

NCT‘
K 7% wy, + = 2wy =0 (7.364)

By nondimensionalizing w; so that its maximum value is one, we may
interpret A as being the maximum plate deflection. By substituting for
w in (7.362b) the temperature deflection curve may now be obtained

from Ny 12K 1
Ner = 7= = (s + vy + 5 A% 7 wpf) (7.365)

In fact, for a plate whose edges are restrained in the plane of the plate

(7.365) yields
2b 2a
/ / { — NCT} dxdy
1—v
( h > 2b 2a
GK/ / | 7 wy|*dzdy
0o Jo

for a plate occupying the domain 0 < z < 2a, 0 <y < 2b. From (7.366)
it follows that the critical buckling temperature corresponds to

/% /2a { — } dady =0 (7.367)

By denoting the value of Ny which corresponds to the critical temper-
ature T as (N1 )¢, and employing (7.367), we may rewrite (7.366) in
the form

(7.366)

2b 2a
/ (NT — (NT)(‘T)dIdy
0 0

AN 2
<h> - 26 r2a
(171/)6K/ / | 7 wy|2dady
o Jo

(7.368)
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To assess the accuracy of the Berger’s approximation technique, the
authors [242] consider the rectangular plate described above subject to
a temperature variation of parabolic type, i.e.,

(e (Y 7.369
(=) -]
The plate is simply supported (note that (7.369) yields MT = 0) and
To, T1 in (7.369) are constants; for this case
T Ty
wp(x,y) = sin o5y S o
Comparative values of T, are taken from the work of Forray and New-
man [225]. In Fig. 7.30, we depict (for aspect ratios 1 and 3, with
To/T1 as parameter along the curves) the temperature-deflection re-
lation which is obtained from the definition of Ny and (7.368) along
with the corresponding results in [225]; there appears to be excellent
agreement between the results obtained by the two different approaches.
Comparisons of the results generated by Berger’s method with standard
results available for clamped and simply supported circular plates sub-
ject to uniform temperature fields, and for long narrow plate strips sub-
jected to an arbitrary temperature variation, are also made in [242]. In
fact, for the latter problem, assuming the z-axis to be in the direction of
the longest side, and neglecting the component of the deflection in the
y-direction in comparison with the components in the x and z-directions,
(so that the displacements u, w are regarded as functions of x alone),
equations (7.362a) and (7.362b) become,

d*w 9 d2w

5T(£L’,y, Z) = TO + Tl

K— _— =
dz? A dz? 0 )

2o Neo 12K (1 fdw\? | du (7.370)
C1-v h? \ 2 \dz dx

which are precisely the same as the equations for thermal deflections of
a plate strip as derived by Williams [250].

A highlight of the work presented in [242] is the conclusion that the so-
lution of Berger’s equations, for the response of thermally heated plates,
represents the first term in a perturbation solution of the generalized von
Karman equations; this conclusion is arrived at in the following manner:
We write (in rectangular Cartesian coordinates) the governing equations
for the classical analysis of thermally heated isotropic plates in the form

Nyz+ Npyy =0 (7.371a)
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Nyy+ Nuyy =0 (7.371b)

K<*w— NopW g — 2Ny W gy

My > (7.371c)

1—v

—Nywyy =t —7° (

with (compare with (6.91))

N, :hf((e—uegy) ~1=5
. N
N, = kK (e — pel,) — —- (7.372)

1—v

1 S
Nuy = SphKeq,

where e = eV, + egy, p=1—-v,and eg$,egy, egy are the usual middle
surface strain components, and K = E /(1 —1?) is the plane stress plate
stiffness. Following Schmidt [251] and Schmidt and DaDeppo [252] a

solution of the equations (7.371a,b,c), (7.372) is sought in the form
u= Z wun (T, y)
n=0

v= Z 1o (2, ) (7.373)
n=0

(oo}
w=">>" pw,(z,y)
n=0

By substituting (7.373) into (7.371a,b,c) and equating, in the usual man-
ner, the coefficients of equal powers of u, one obtains the following sys-
tems of equations for w,, u,, and v,:

(i) For n = 0:
N M
Kv4wo+(f—Khe())vao:t—vQ(l_Ty)
0 [~ Nr
%{Kheo—l_y]—o (7.374a)
0 [~ Nr |
ay|:Kh601—y:|

0

o 0
where €g is € = €, + €,

based on the functions wug(x,y) and vo(z,y).
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(ii) For n # 0:

K 7* w, — Khe, 2w,
+Kh[6(n71)xmwn7zw + €(n—1)yyWn,yy
+2€(n71)a:ywn,a:y} =0

de,, o 9 (7.374b)
% - %G(n—l)wc + @E(n—l)xy =0
den,

=0

0 0
By oy D T g fn—zy

where €(,)z, is €2, based on u = u, and w = w,, etc., while e, is
€, + egy based on u = Uy, v = vy,
The relations (7.374a) for n = 0 may be integrated so as to yield

Nr

= \?(\? const.) (7.375)

Kheo - 1

If the edges of the plate are restrained in the plane of the plate, then
the first equation in (7.374a) becomes

Kv“wo—i—%thwo:t—vQ(MT) (7.376)
1-v 1-—v

We note that the first relation in (7.374a) and (7.375) are formally equiv-
alent to (7.305), (7.306), i.e., the solution generated by Berger’s approx-
imation method is formally the same as that generated by the zeroth
order perturbation solution of the generalized von Karman system for
thermal deflection of an isotropic plate.

Finally, we consider the work of Banerjee and Datta [243]; in this
paper, a modified energy expression is developed and a new system of
governing differential equations, in decoupled form, is obtained for thin
plates undergoing large deflections. The equations obtained are tested
for circular and square plates with immovable as well as movable edge
conditions under uniform static loads, and an extension to cover the
case of thermal loading is outlined. For both movable and immovable
edges the results obtained appear to be in excellent agreement with other
known results for the same test problems considered. The basic motiva-
tion for the work presented in [243] appears to be the analysis reported
in Nowinski and Ohnabe [241], who establish that the Berger’s approxi-
mation leads to meaningless results for problems involving movable edge
conditions.
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For a thin isotropic circular plate of radius b the total potential energy
IT under isothermal conditions is given by

K/ L wdw 1 (dw)?
er r dr r2 \dr

) (7.377)
+F {el+2(v - 1)62}]rdr - /0 twrdr

where e; and ey are, respectively, the first and second invariants of the
middle surface strains, i.e.,

du 1 (dw\?® wu
elZ%W(%) T
_u du 1 [dw\?
2= 5*5(%)

and where an axisymmetric deformation has been assumed. It is easily
seen that (7.377) may be rewritten in the form

(7.378)

K/ {( w)2 2Vdmd2w+(ldw>2
2 T A2 T
dr T d2r dr rbdr (7.379)
N
w2 {el +(1-v )ﬁ}}rdr—/o twrdr
with ,
_ du u 1 [(dw

2

It is now noted that if the expression (1 — 1/2)u—2 in (7.379) is replaced
r

1. (dw\*
by 1/\ (d—l:) , with A a factor depending on v, decoupling of (7.379)

is possible; carrying out this replacement and using the usual ideas of
the variational calculus, one obtains the following system of decoupled
differential equations from the energy functional II:

dPw  vdw
4.0 Aul
v h2<d7~ +rd>

6A d_w 2 +26l2_w —i
“w\ar ) VU e ) TR

(7.381a)
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with A a constant of integration to be determined from

du w1 [dw\’

Zrms (=) =4t .381b

dr+y7‘+2<dr> " (7.381b)
The decoupled system (7.381a,b), in rectangular Cartesian coordinates,
reads as follows:

4 — EA 82_11} + Va2_w
v h? ox? Oy?

6A| ow\®  [ow\’
2|V Ui\ ) ey (7.382a)
Lo} P (o' P (ow Lt

0x2 \ Oz 0y? \ Oy K

ou v 1 [(0w\> v [ow\>
A=— —ts |5 5\ o 382
8x+y8y+2(8x> +2(8y> (7.382D)

and

To gauge the accuracy of the systems (7.381a,b) and (7.382a,b) various
sample problems are studied in [243] within the context of an isothermal
situation. We will confine our remarks to that case involving the circular
plate. For the circular plate, the usual boundary conditions are, of
course,

d
w =0, d—l: =0, at r = b (clamped)
d’w  vdw .
w =0, 2t = 0, at r = b (simply supported)

For movable edge conditions, we have A = 0 in (7.381b) while, for an
immovable edge, u = 0 at r = b; the deflection function which conforms
to these conditions may be taken in the form

r2 !

with v = § = 1 if the edge at r = b is clamped, while
_3+v o 14w
TTErr T 51w
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if the edge at r = b is simply supported. By substituting (7.383) into
(7.381a,b) an error function E(r) is obtained. The Galerkin procedure
then requires that

/b E(r)w(r)rdr =20 (7.384)
0

and (7.384) may be used to obtain the central deflection wg. Once w(r)
has been determined, the constant A may be obtained from (7.381b)
by substituting the expression for w(r) into this relation and then inte-
grating over the area of the plate; the terms which involve the in-plane
displacements u and v may be eliminated by employing appropriate ex-
pressions for these displacements, which are compatible with the bound-
ary conditions. While Berger’s method leads to meaningless results when
the edge of the plate at r = b is free to move in the plane of the plate, for
both the clamped and simple support boundary conditions, numerical
data presented in [243] seems to indicate that very accurate results may
be obtained through the use of (7.381a,b) for both a movable and an
immovable edge.

For a (rectangular plate) subject to a stationary temperature variation
of the form

(5T($,y, Z) = To(xvy) + g(Z)Tl(.’E, y)

7.382a) may be easily shown to generalize to
( )
g, 12 A 0*w n 5‘2_111 6)\ ow + a_w
v 02 Oy? viw ox Oy
+2 82_’11) 8_11) ’ + 82_’LU 6_10 ’
0z2 \ Oz 8y2 Oy

+12Tha/A(1 = E(O;f( )) V T,

(7.385)
/2

h/2
where f(h) = / zg(z)dz and it is assumed that / g(z)dz = 0.
—h/2 —h/2
The constant of integration A is determined by the following thermal
analogue of (7.382b):

ou w1 /ow\: v [ow)?
8_$+Va_y+§<%> +§<a_y> —(1+v)aly=A (7.386)

It does not appear that the equations (7.385), (7.386) have been applied
to any sample problems involving thermal buckling of isotropic rectan-
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gular plates; nor does it appear that the analogous equations have been
developed for the case of rectilinear orthotropic symmetry.
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7.4 Thermal Bending, Buckling, and Postbuckling
Figures, Graphs, and Tables I

Table 7.1 Buckling Loads for the Circular Plate (with permission of
the Taylor & Francis Group plc)

11 12 13 Temperature Distribution
0 0.63 | 26.6 l T
: 14
L | | |
1 0.59 | 99.2 !
——=1I5 16
2 0.67 | 20.0 ‘ —
! 14
l | |
3 0.69 | 47.1
=15 16
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Table 7.2 Critical Buckling Temperature for a Rectangular
Plate (Adopted, in modified form, from [216])

T tained b2EaT0m‘t
erms retaime _—
w2D
a1l 6.35
a11,a31 5.65
11,031,013 5.40
a11,0a31,0a13,a33 5.39
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FIGURE 7.1
Nondimensional deflections as a function of distance from the
center of the plate. (Adopted, in modified form, from [225].)
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FIGURE 7.2
Plate containing a heated region A”. (Adopted, in modified
form, from [217].)
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FIGURE 7.3

Buckling of a heated plate strip. (From Boley, B.A. and Weiner, J.H.,
Theory of Thermal Stresses, John Wiley & Sons, Inc., N.Y., 1960.
With permission of Elsevier Science.)
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FIGURE 7.4

Critical buckling temperature coefficients

%Tar = m( )2 [221]. (From Boley, B.A. and Weiner, J.H., The-
ory of Thermal Stresses, John Wiley & Sons, Inc., N.Y., 1960. With per-
mission of Elsevier Science.)
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FIGURE 7.5

Interaction of temperature level and applied stress in plate buckling.
(From Boley, B.A. and Weiner, J.H., Theory of Thermal Stresses,
John Wiley & Sons, Inc., N.Y., 1960. With permission of Elsevier Science.)
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FIGURE 7.6

Deflection w at the center of the rectangular plate; poisson ratiov = 1/4.
(From Boley, B.A. and Weiner, J.H., Theory of Thermal Stresses,
John Wiley & Sons, Inc., N.Y., 1960. With permission of Elsevier Science.)
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FIGURE 7.7

Distribution of the bending moment M, in a square plate;
Nt /(N1)er = 0.25, v = 1/4. (From Boley, B.A. and Weiner,
J.H., Theory of Thermal Stresses, John Wiley & Sons, Inc., N.Y.,
1960. With permission of Elsevier Science.)
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FIGURE 7.8

Distribution of the bending moment M, in a square plate;
NT/(Nt1)er = 0.6, v =1/4. (From Boley, B.A. and Weiner, J.H.,
Theory of Thermal Stresses, John Wiley & Sons, Inc., N.Y., 1960.
With permission of Elsevier Science.)
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FIGURE 7.9

Bending moment M, at the center of the rectangular plate. (From Boley,
B.A. and Weiner, J.H., Theory of Thermal Stresses, John Wiley &
Sons, Inc., N.Y., 1960. With permission of Elsevier Science.)
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FIGURE 7.10

Deflection at the center of the buckled plate. (From Boley, B.A. and
Weiner, J.H., Theory of Thermal Stresses, John Wiley & Sons, Inc.,
N.Y., 1960. With permission of Elsevier Science.)
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FIGURE 7.11a
The thermal buckling problem of ref. (Adopted, in modified
form, from [216].)

FIGURE 7.11b
The tentlike temperature distribution. (Adopted, in modified
form, from [216].)
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FIGURE 7.12

Variation of the normal stress o,. (Adopted, in modified form,
from [233].)
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FIGURE 7.13

Small-deflection buckle pattern in one quadrant of a plate of
aspect ratio 1.57. (Adopted, in modified form, from [216].)
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FIGURE 7.14
Comparison of calculated and experimental deflections at the
plate center. (Adopted, in modified form, from [216].)
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FIGURE 7.15a

Longitudinal center line deflection. (Adopted, in modified
form, from [216].)

w,in.

FIGURE 7.15b

Growth of deflections with temperature. (Adopted, in modi-
fied form, from [216].)
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FIGURE 7.16

Rectangular plate with edge restraint in the plane of the plate
[234].
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FIGURE 7.17
Center deflection versus lateral load parameter [234].
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FIGURE 7.18
Effect of edge spring rate on buckling temperature ratio [234].
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FIGURE 7.19
Effect of edge fixity on buckling temperature [234].
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FIGURE 7.20
Center deflection vs. temperature Ratio, § = 1 [234].
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FIGURE 7.21

Variation of non-dimensional deflections w,/h for different val-
ues of the temperature parameter [236]. (From Biswas, P.,
Nonlinear Analysis of Heated Orthotropic Plates, Indian J.
Pure Appl. Math, 1380, 12, 1981. By permission of the Indian

National Science Academy, New-Delhi)
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FIGURE 7.22
Simply supported rectangular plate with a non-zero thermal
moment.

© 2001by Chapmar& Hall/CRC



T )= [T Ty (1-€3)] (14 22 .
14} ---—"F-O J )d)
Ts0

FIGURE 7.23

Relation between the temperature rise and the deflection (sim-
ply supported edge) [245]. (From Pal, M.C., Acta Mechanica,
8, 82, 1969. With permission.)
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FIGURE 7.24

Relation between the temperature rise and the deflection
(clamped edge) [245]. (From Pal, M.C., Acta Mechanica, 8,
82, 1969. With permission.)
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FIGURE 7.25

Relation between the temperature rise and the deflection;

b/a = 0.4 with edges simply supported [245]. (From Pal, M.C.,
Acta Mechanica, 8, 82, 1969. With permission.)
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FIGURE 7.26

Relation between the temperature rise and the deflection;
b/a = 0.4 with both edges clamped [245]. (From Pal, M.C.,
Acta Mechanica, 8, 82, 1969. With permission.)
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FIGURE 7.27
Relation between the temperature rise and the deflection;
b/a = 0.4 with the inner edge clamped and the outer edge

simply supported [245]. (From Pal, M.C., Acta Mechanica, 8,
82, 1969. With permission.)
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FIGURE 7.28

Variation of central deflections with the temperature Parame-
ter [246]. (Biswas, P., Large Deflections of Heated Orthotropic
Plates, Indian J. Pure Appl. Math, 1027, 9, 1978. By permis-
sion of the Indian National Science Academy, New-Delhi)
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FIGURE 7.29

Variation of central deflections with and without a temperature
gradient [249]. (Reprinted from the Int. J. Nonlinear Mech., 8,
Pal, M.C., Static and Dynamic Non-Linear Behavior of Heated
Orthotropic Circular Plates, 489-504, 1973, with permission
from Elsevier Science)
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FIGURE 7.30

Comparison of results for central deflection vs. tem-
perature rise; b/a = 1.0, 1/3, 8 =1/(a(l — v?))(h/b)? [242].
(Reprinted from the Int. J. Solids and Structures, 16, Jones,
R., Mazumdar, J., and Y.K. Cheung, Vibration and Buckling
of Plates at Elevated Temperatures, 61-70, 1980, with permis-
sion from Elsevier Science)
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CHAPTER 8

Other Aspects of Hygrothermal and
Thermal Buckling

In this chapter, we focus our attention on four specific subareas within
the domain of hygroexpansive and thermal buckling, namely, buckling
in the presence of imperfections, buckling of plates of variable thickness,
and the buckling and postbuckling behavior of both heated viscoelastic
and heated plastic plates.

8.1 Hygroexpansive/Thermal Buckling in the
Presence of Imperfections

In the literature, the treatment of hygroexpansive or thermal plate
buckling problems in the presence of imperfections, is not very exten-
sive; here we follow the work in Gossard, Seide, and Roberts [216]. We
work in rectangular Cartesian coordinates and consider only the case
of an isotropic linearly elastic rectangular plate which possesses an (ini-
tial) out-of-plane deflection w; = w;(z,y). In lieu of (6.22), the condition
representing strain compatability for a deflected plate with initial im-
perfections assumes the form

P, e, P,  Pw ., 0wdw

Y2 o2 " 9zdy _(axay) 022 9y?
(8.1)

82101' 82wi 8211)2'

—(

2
8x8y) + 0x2  0Oy?

where in the case, e.g., of thermal expansion, the strain tensor compo-
nents €z, €5y, and €, are related to the Cartesian stress components
Oza, Ozy, and oy, by that special case of (6.4), which has the following
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form for isotropic response:

1

€xg = E(Um —voyy) +aT
1

Cyy = E(O-U’t/ - Vazx) + aT (82)
1+v

€xy = szy

In lieu of (8.2) we have, in terms of the Airy function ®, as defined

by (6.20),
1

€, = E((I)yy —v® )+l
1
egy = E((I)@w —v®,y) +al (8.3)
(1+v)
egy = — 5 D oy

Substitution of (8.3) into (8.1) then yields, for the case where an
imperfection w; = w;(x,y) is present in the plate,

9w\’ ow\? [ ow\?
28 — _ (oW gw
M‘“{(é*xay) (&) (5)
82wi 2 621111' 82wi T
_<8x5y) + 922 Oy } —(1-v)AN

where N7 is given by (6.11a). Equation (8.4) represents, for an isotropic
linearly elastic, plate in Cartesian coordinates, the first of the generalized
von Karman equations modified for the effects of an initial imperfection
(deflection). It is easily demonstrated that the second of the pair of
generalized von Karman equations in this case has the following form,
which extends (6.93a):

(8.4)

KAQ(w —w;) =P W ar — 20 1y W oy + P oW 4y — AMT +¢ (8.5)

with the thermal moment M7 as given by (6.14). In the example to be
considered below we will assume that M7 = 0, t = 0 so that there is
neither a thermal moment nor a distributed applied force acting normal
to the middle surface of the plate. Furthermore, following the analysis
in [216], we will assume that the deflections of the plate are merely a
magnification of the initial deflections w;, i.e., if w. is the net plate
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center deflection, while w;_ is the plate center deflection, which can be
attributed to the imperfection, then
W; Wj

S (8.6)

w We

Substitution of (8.6) into (8.4) and (8.5), with MT =t = 0, yields

w? Pw\> 9w dw
2 e -z =
A= Eh( w) {(axay) 827 By (8.72)
—(1—-v)ANT

and

K (1 _ w“:) A2y = D W ap — 2P oy W gy + P powyy  (8.7h)
We

* U)2
E*=F w2

In (8.7a,b) we now set

at = w2 Jw?) (8.8)
_h/M1+
and
" = %cp (8.9)

so that ®*(x,y) is the Airy function associated with the stress tensor
components 0z, 05y, and o, instead of the stress resultants N, IV,

Eh
and N,,. We also assume that 0T, = 0 so that NT = la_—VéT(x,y).

Employing this latter assumption and (8.8), (8.9) in (8.7a,b), and noting
that aFF = o E*, it is easily seen that the governing equations may be
written in the form

2 2 2 2
A%ﬁﬁf{(aw) awaf}a%ﬁv%MU(&m@

Oxdy 0z? Oy

K* * * *
( T ) Atw = &% w 4y + PF w0y — 207, W 0y (8.10Db)
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Equations (8.10a,b) are identical to the large-deflection equations for
thermal buckling of a flat plate with Young’s modulus £*, thermal ex-
pansion coefficient o*, and thickness h*. If the initial deflection w; sat-
isfies the same homogeneous boundary conditions as would be satisfied
by the deflection of an initially flat plate, then the solutions of (8.10a,b)
are identical with those for a flat plate of the same aspect ratio but with
FE replaced by E*, a by a*, and h by h*. Thus, in order to analyze an
initially imperfect plate, a flat plate having the same aspect ratio may
be analyzed with the quantities E, «, and h being left arbitrary; then,
everywhere in the resulting expression for the solution, one may replace
B by B(1—{uw? /u?}), a by a/(1—{w? /u?}), and h by h [\ [1+ 2=,

(&
This relatively simple procedure, introduced in [216], then yields the
stresses and deflections for the initially imperfect plate.

For the problem of thermal buckling of a flat isotropic simply sup-
ported rectangular plate of aspect ratio 1.57, subjected to a tentlike
temperature distribution, the relationship between the temperature dif-
ferential T and the center deflection w, of the plate was determined to
be given by (7.214). Noting that the plate thickness h also appears in
the expression for the bending stiffness K = Fh?/12(1—1?), and replac-

ing a and h, respectively, by a/ (1 —
(7.214) yields the relation

w; :
wc> and h/\/l + (w;, /we) in

2

b2Eah
m2D

w; w? — w?
Ty =5.39 (1 — w:) +1.12(1 - 1/2)% (8.11)
The Young’s modulus E need not be replaced by E* inasmuch as the
relation (7.214) is independent of E.

The method described above was employed in [216] to compute curves
of center deflection versus average edge compressive stress for the prob-
lem of bending of a square isotropic elastic plate with initial imper-
fections under applied compressive edge stresses; the curves which re-
sulted from this technique turned out to be in excellent agreement with
numerical results obtained from an approximate solution of the von
Karman large deflection equations for initially imperfect plates, with
the agreement existing for all cases in which the initial imperfection
was a half-sine wave deflection in both the z and y directions. Ex-
perimental and theoretical plate center deflection differences w. — w;,
have been plotted in Fig. 7.14 as a function of the temperature dif-
ferential Ty with the theoretical curve based on (8.11); on this graph
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a = 0.127 x 10~ 4in. fin. — °F, h = 0.25in., b = 11.25in., w;, = 0.045in.,
and v = 0.33 so that (8.11) has the explicit form

0.045

We

Ty = 194.1 (1 ) + 573.6(w? — (0.045)?) (8.12)

with Ty in degrees Fahrenheit and w. in inches. We have already re-
ferred, in Chapter 7, to Fig. 7.14 in connection with (7.214), which
corresponds to w;, = 0. To the best of the author’s knowledge, the
technique described in [216] for approximating the thermal buckling so-
lutions of rectangular isotropic elastic plates has not been extended to
either non-rectangular geometries or to the thermal buckling behavior
of polar orthotropic or rectilinearly orthotropic elastic plates.

8.2 Buckling of Plates of Variable Thickness

Very little work has appeared in the buckling literature which deals
specifically with the thermal or hygrothermal buckling of thin plates of
variable thickness; the most relevant work in this area would seem to
be the papers of Mansfield [253], [254] and the paper of Biswas [255].
In [253], the author generates the extension and flexual equations which
govern the elastic behavior of a plate of variable thickness, taking into
account temperature variations in the plane of the plate as well as across
the thickness of the plate. Also to be found in [253] are general solu-
tions for a rectangular plate whose thickness varies exponentially along
the length and for a circular or annular plate whose thickness varies
as a power of the plate radius. Mansfield also discusses in [253] the
large deflection plate equations, including the effects of initial irregular-
ities, i.e., imperfections. A companion paper to [253], which appeared
about the same time, is Mansfield’s work [254]; this paper discusses the
large deflection analysis of a thin circular lenticular plate whose temper-
ature varies linearly through its thickness. The analysis in [254] covers
both the buckled and the unbuckled regimes. Finally, in [255], Biswas
treats the buckling of a heated annular plate whose thickness varies
as the m-th power (m < 1) of the radial distance from the center of
the plate; the general stability criterion is derived and expressions are
obtained for the critical buckling compression and the critical buckling
temperature. Other work of note in this area includes that of Mendelson
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and Herschberg [256], who develop approximate methods of plane stress
analysis for variable thickness plates with temperature variations in the
plane, and Thrun [257] who extended the analysis of Olsson [258] for
rectangular plates with a linearly varying rigidity, and Olsson [259] for
an arbitrarily loaded circular plate with a quadratically varying rigidity,
so as to take into account the effect of temperature variations through
the thickness of the plate. We now turn to a description of the analysis
in [253]-[255].

In [253], Mansfield introduces the invariant differential operator &4
defined for two sufficiently differentiable functions f(z,y), g(z,y), by

OMf.9) = (TN + T 729+ 95 )

fi{v‘*(fg) +fvtg+gvt f}

However, for all sufficiently smooth pairs (f,g) it follows that, in fact,

O (f.9) = [f,4]
where [, ] is the usual “bracket” differential operator
[f,9] = faaGuy — 2f ayGay + fyyaa (8.13)

Thus, to the extent possible in the discussion which follows below, we
will use the bracket [, ] notation in lieu of Mansfields “die” notation
&%, In particular, in polar coordinates 7,6,

<>4(f> g) = [fv g] = f,rr (%gm + T%QOO)

) (), e

’

1 1
+g,7"r' (_f,r + _2f799>
r T

© 2001by Chapmar& Hall/lCRC



and the following special results may be noted:

() 119 = g
) bl =277

1 1
(i) ") = nlo = % (g, + )

+nrn_2g,7'7' (815)

(iv) [rh(6),6] = ~g,0e(h+ Do)

@ 0.6=5 (foo)

In deriving the small deflection equations for a heated isotropic rect-
angular plate of variable thickness, Mansfield writes the in-plane equi-
librium equations in the form

(hU-L.L),,L + (hTaLy),y =0
{ (hoyy) .y + (hTay) .z =0 (8.16)

where h = h(z,y) and introduces the (stress-component based) Airy
function ¢(z,y), which satisfies

1 1 1
Oxx = Ed),yyaayy = E(Zs,xa:,sz = _E(b,:cy (8'17)

For this situation, one could still try to define the usual Airy stress
function, i.e., Ny = ® ,,, etc., where

h/2
N, = / Ogadz
—h/2

but it is no longer true that N, = ho,,; thus, in particular,

h/2 g
Dy = / Eﬁﬁ,yyd'z # Oy (8.18)
h/2

Of course, because of the structure of the in-plane equations (8.16), it no
longer makes sense to work with the stress resultants N, Ny, and IV, in
the case of a plate with variable thickness h(x,y). The small deflection
stress—strain relations are just those given in (6.4) with ey = e = adT
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where 0T is taken, in [253], to be the temperature variation through
the thickness of the plate. The strain compatibility equation (for small
deflections) then assumes, in terms of the Airy function ¢(z,y), the form

1 1
{E(¢,m - V¢,yy)} + {E((byy - V¢,wz)}
1 Yy (8.19)
Y

\TX

or, in terms of the bracket differential operator
1 1
V2 (E V2 ¢> —(1+v) {E”b} +aE? (6T) =0 (8.20)

With ¢(z, y) denoting the applied loading, the third equilibrium equation
for small deflections assumes the usual form, i.e.,

Using (6.4), with egr = er = adT, the definitions of the moments

06T
My, M, and My, and assuming that 67(z) = To+T1z = Ty + % -z,
z

i.e., that the temperature varies linearly through the plate thickness, it
is easy to derive the moment-curvature relations

12
W g = —W(Mm —vM,) — kp
12
’U,)7yy = —W(My — l/Mx) — RT (822)
12(1 +v)
Way = =g Mo
where 56T
Kp =« ((92 ) =T (8.23)

Although not considered in Mansfield [253], it is an easy exercise to show
that, for a general variation 07'(z) through the plate thickness,

h/2
_ 12 ST (2)zdz (8.24)

KT —_—
R3 ) _nso

with h = h(z,y). By solving (8.22) for M, M,, My, in terms of w g4,
W yy, and w 4, and substituting the results into (8.21), we obtain

VK 72 w) — (1= v)[K,w]+ (1 +v) v (Kkr) =t (8.25)
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If, in lieu of (8.21), we include the middle surface forces in the equilib-
rium equation, i.e., use

MI:”«'JJ + My,yy + 2M1ya$y

8.26
= —(t+ G uaWyy — 20, 2yW zy + G yyW uz) ( )

then, in place of (8.25) we would clearly obtain
VK 2 w) — (1 = v)[K,w]+ (1 +v) v (Kkr) =t +[p,w] (8.27)

To consider large deflections we replace, of course, the small deflection
strain compatibility relation by the relation (6.22) where the middle
surface strains are given by (6.7); in this case, (8.20) is replaced by

o2 (% o2 ¢> —(14v) H,ﬁ +aB 2 (5T) + %E[w,w] —0 (3.28)

Finally, for a rectangular plate which is initially stress-free, but which
possesses an initial irregularity (i.e., imperfection) in the sense that the
plate middle surface prior to deflection is given by a relation of the form
z = w;(z,y), the moment-curvature relations are given as in (8.22) with
w replaced by w — w;, e.g.,

12
_Eh3(

with w(z,y) the final shape of the deflected middle surface of the plate.
Also, the compatibility equation assumes the form (8.1). The set of
governing equations for large deflections, assuming an initial imperfec-
tion w;(x,y), and also assuming a linear variation of 67 through the
thickness of the plate, now take on the form

(W —w;) g = M, —vMy) — Ky, etc.,

v? (% v ¢) —(1+v) [%qﬁ} +aB? (6T)

(8.29a)
+§E([w,w] — [w;,w;]) =0
and
VHE 72 (w—wi)} — (1 - v)[K,w — w]
+(1+v)v? (Kkr) (8.29b)

=t+ [¢,w]

In [253], (8.29a,b) and their analogues in terms of polar coordinates,
are applied to the solution of small deflection problems and plane stress
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problems for rectangular plates with an exponential variation in thick-
ness and to circular or annular plates whose thickness varies as a power
of the radius.

Consider a rectangular plate such that

h = hg exp (ywy/3a) (8.30)

The plate occupies the domain 0 < x < a, 0 < y < b. Assuming, e.g.,
that the thickness varies from hg to hy, as y varies from 0 to b,

- 3a hb
v = 7rbln (h0> (8.31)

The thickness variation (8.30) implies a variation in rigidity which is
given by
K = Ky exp (ymy/a) (8.32)

Substitution of (8.32) into the small deflection equilibrium equation
(8.25) yields

viw + 2FYTW(WM@/ +W,yyy)
22 7 (8.33)
o Wy +rwag) = 0 O (=ymy/a)
with
t=t—(1+v)v? (Kkr) (8.34)

We suppose that the edges of the plate at x = 0 and = = a are simply
supported and that the distributed applied loading is such that

f=elmv/e i Gm Sin (?) (8.35)

m=1
for 0 <z <a, 0 <y <b, with 3 an arbitrary constant. A solution of
(8.33), (8.35) is sought in the form

)+ 52 s (5

m=1

with the first term in (8.35) representing a particular integral of (8.33);
it is easily seen that the particular integral must satisfy the ordinary
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differential equation

d’LU1
ot +— (8.36)
I ) = z an(mmy

whose integration leads to

- dm . (mTx
Kom4 Tnz::l (m?2 + By — §2)2 — vm24?2 sin ( a ) (8.37)

wy(x) =

On the other hand, substitution of the sum in (8.35) into (8.33) yields

d*y, d?Y, d?v,
a*— 4 2ymad —2 + w2a? (4% — 2m? e
dy* dy? ( Sy (8.38)

dYp,
—2m3ym2a—" ¥ +7tm2(m? —1vy?) =0
Y

Taking the Y;,(y) to have the form

4
Y, = ZA”W exp (T'm,;7y/a) (8.39)

Jj=1

and substituting into (8.38) we find that the r,, ; must be the roots of
the quartic equation

rh 4 2yrd 4 (v = 2mP)r2, — 2ymPr, +m*(m? —vy?) =0 (8.40)
while the A,, ; are determined by the boundary conditions along the
plates edges at y = 0 and y = .

An analysis similar to that outlined above may be effected to ana-
lyze the plane stress distribution in a rectangular heated plate with an
exponential variation in thickness. Indeed, if h = hg exp (—Ary/a), a
solution of (8.20), with \72(67) = 0, may be obtained in the form

- Enfmer)
e

(8.41)

eSm.iTy/a
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with the s, ; the roots of

sh 280, + (A2 — 2m?)sZ,

)52 — 2 m?s,, +m*(m? +vA?) =0 (8.42)

For 72(8T) # 0 a particular integral of (8.20) may be obtained, e.g., in
the case where o 572 T has the form

aE?T = — Z eﬁ“y/“wg(x)

B
= —% (eﬁ”y/amz_:l P3,m sin (?))

In fact, as a particular solution of (8.20), in this case, Mansfield [253]
obtains

(8.43)

hoa4e—/\7ry/a

dolay) = 2 —— 3 (dmm

B
. wﬁ,m . mmx
. z:: (m? + B — %)% + vm?2\2 sm( a )

m=1

(8.44)

We now consider the small deflection analysis which is presented in
[253] for circular or annular plates whose thickness varies as the power of
the radial distance from the center of the plate; specifically, we assume
that the plate thickness varies like

h(r) = hop®, p=r/rg (8.45)
where 7y is the plate radius and 3 is an arbitrary constant. The plate

rigidity K then varies as K(r) = K,p®. Equation (8.25) may now be
written in the following form, which is homogeneous in p:

V2 (0’ 7P w) — (1= v)[p” w] = /Ky (8.46)

where t is given by (8.34). The solution of (8.46) corresponding to ¢ = 0
is given by

sin
w = Z}; Ry, o 140} (8.47)
where
4
Ry = Z Ak’ipwm (8.48)
i=1
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with the 7 ; the roots of the bi-quadratic
P(ye) = L? — L{2k* + B(1 - v)}
+RHE? + BB - 1)(1 —v) — (B -2)*} (8.49)
L=y(y+8-2)

For a circular plate k assumes successive integral values, while for a
sector plate subtending an angle 6y k = nn /6. If t in (8.46) can be
expressed in the form of a double summation with respect to arbitrary
parameters x and k, i.e.,

i=>"3 twr” {zgg (K0} (8.50)
X k

then it is possible to find a particular integral of (8.46); in fact, a par-
ticular integral will be given by

_ ro b kp” 7P sin
ZZF SriTH o {k6} (8.51)

As an application (actually, an extension) of the approach delineated
above Mansfield [253] considers the symmetrical large deflection bending
of a heated circular plate: an unsupported circular plate of lenticular
section is subjected to a temperature distribution which varies linearly
through the thickness of the plate. For such a plate, we may write

h = ho(1 = p?)
Ehn3
Ko Eho s (8.52)
=)
p=r/To
and kp = const., w = w(r), ¢ = ¢(r). The governing differential

equations assume the form (8.27), with ¢ = 0 and (8.28), with /?(67) =

0. For the small deflection version of these equations we would have
1

w = ——rpr?, with 7 a constant to be determined, and would substitute

this form of w, together with (8.52) into (8.27), with ¢ = 0, so as to
obtain
A+v)(kr —r) VK = -kv2 0 (8.53)

A solution of (8.53) is given by

p=—(1+v) (’”“T - ") K(r) (8.54)

K
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It may be shown that (8.54) yields a stress distribution which produces
a self-equilibrating system of middle surface forces and which satisfies,
therefore, the condition that the edges of the plate are free. Substitution

1
of (8.54), (8.52), and w(r) = —5,‘{7“2 into (8.28), with \72(d7T) = 0, then

1
shows that w = —=kr?, and the expression in (8.54) for ¢, yields a
solution of the large deflection problem provided
(1 —v)rgs?
— k= 8.55
ST R X (8:55)

In [254], the author gives an exact solution for the bending, buckling,
and curling of a thin circular plate of lenticular section with a uniform
temperature gradient through its thickness; also examined in [254] is the
behavior of such a plate with an initial spherical curvature, when the fur-
ther possibility of snap-through buckling exists. In the work considered,
the plate thickness and rigidity once again vary, as in (8.52). With the

temperature gradient variation — (67") through the thickness constant,

each unrestrained element of the plate would assume a uniform spherical

(6T T
(3 ) = % where T} is the temperature difference
z 0

across the thickness of the plate at the center of the plate; also, for a
plate subject to such a temperature distribution the deflection of the
plate assumes the form

curvature kT = «

w = ar*{1 +bcos2(6 — )} (8.56)

with a,b constants depending on the magnitude of k7 and the initial
spherical curvature kg. If the plate deforms with rotational symmetry,

1
then w assumes the form given in [253], i.e., w = —5,%7“2; otherwise

(8.56) may be written in the form

w = —%(f;zaﬁ + Kyy?) (8.57)
where k., Ky are independent of x and y and are the curvatures in the
x and y directions, respectively. For a suitable choice of the arbitrary
angle 0y in (8.57), one may achieve k, > k,. Thus, the deflection of
the plate is completely determined by the curvatures x, and k, with
Kz = Ky = K in the case of rotational symmetry. Another feature of the
problem under consideration is that while the magnitude of the middle-
surface stresses depends on xp and k,, the distribution of these stresses

© 2001by Chapmar& Hall/CRC



depends only on r; in fact, the middle surface forces may be derived, in
the usual way, from an Airy function ¢ with

1
hop. = N, = ;Qs,r

hogg = Nog = ¢ rr (8.58)
Org = 0
where
6~ (1- ) (3.59)

As ¢ varies with r in the same way that K does, and ¢ and K have the
same dimensions, we may write that

¢(r) = BK(r) (8.60)

so that the distribution of middle-surface stresses is determined once the
value of 3 is known.

The bending stresses 0%, and Uzy are more conveniently referred to
Cartesian coordinates; they vary linearly through the thickness of the

plate with their values on the surface z = §h given by

6 6
ob = 75 Mo and op, = My (8.61)

The moments M, M, per unit length are given by

M, = —K{w 3 + vw yy + (1 + )k} (8.62)
My = —K{wyy + VW0 4o + (1 +v)kp} .
so that by combining (8.61), (8.62) we obtain

Eh

oy = s 4y — (14 V)]
2(1—v?)

. (8.63)

ob, = m[ny +vky — (14 v)k7]

At p =1 (the edge of the plate) there are no moments or forces applied;
these conditions are automatically satisfied because the variation of K
(and ¢, by virtue of (8.60)) is such that K = K, =0 at p = 1.
It is convenient to introduce the following non-dimensional quantities,
which are employed in [254]:
2
{Rr, Ry Ra, Ry, Ro} = h—O{IiT,FL, Ka, Ky, Ko}
! (8.64)
"o

{a'xxa a'yya &99} = E—h%{aacxaa'yyaarra 0'09}
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With a small temperature gradient through the thickness of the plate,
the plate deforms into a shallow “saucer” with constant spherical curva-
ture k; this spherical curvature is initially governed by small deflection
theory so that k = kr and the plate is stress free. However, as k in-
creases, middle-surface stresses are developed which stiffen the plate so
that the curvature x becomes less than xr, which results in the forma-
tion of bending stresses. At a critical value k7 = &% middle-surface
stresses dominate the process and for k7 > k7 the plate is forced into
a shape which is no longer rotationally symmetric. For k7 >> k% the
plate approximates a developable surface with parallel generators, i.e.,
the plate curls up about a diameter. To illustrate the development of
this process, we use the large-deflection equations for a plate of variable
thickness, i.e., (8.27), with ¢t = 0, and (8.28), with /(6T = 0, and will,
henceforth, refer to these respective specializations of (8.27) and (8.28)
as (8.27) and (8.28); these equations are coupled and nonlinear.

However, by virtue of the ansatz (8.60)

1 BKy (0> 10
2 = 2 _ -~ -
v (h v ¢) horg (3/)2 " pap)

1 [0 10 -
Az (ot 5p) 0} 6
BKo

4
ho To

=144

In a similar fashion,

1 _ PBKy1) 0° 1 0 on3
{?4 = horég{a—/ﬁ (—l—p >—p(1—P)
1

2
P .50 (1 (8.66)
+8p2(1 7) 8/)( —pQ)}

BKo
ho?"é

=24

1
Also, as w = 75(/%12 + kyy?), we have

1
§[w,w] = Kgky(= const.) (8.67)

With the assumptions that have been made relative to the form of w
and ¢, (8.27) assumes the non-dimensional form

AB+ (1+ v)kghy =0 (8.68)
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with A = 2(7+v)/(1 — v). In [254], the author first treats the case in
which x; = k, = k; for that situation

Viw = —2k (8.69)
while

{ [K,w] = -k VK (8.70)

(@, w] = —Bk V2 K

In this case, (8.27) is easily seen to reduce to the following non-dimensional
equation

FRl+v—=p0)=kr(1+v) (8.71)
For the situation in which k, # Ky, (8.27) becomes
{(L+v)rr = (5 + 5y} V2 K = (B+1 = v)[K, ] (8.72)

which is clearly satisfied if

(8.73)

Ry + Ry =1 +v)Rp
B+1—v=0

By taking i, = &y = & in (8.69) it may be verified that the solution
of (8.68), (8.71) is given by
B=—(1+v)&%/A (8.74)
with & the root of the cubic
R(14&%/N) = fr (8.75)

and A ~ 20.9 when v = 0.3. It is shown, below, that this solution is
valid in the range

|hr| < RY
. 2 (2T+v))? (8.76)
Kp = _— ~ 5.15
1+v 1+v
For iy = k% the plate is about to buckle and (8.74)—(8.76) implies that
27 1/2
- {M} ~ 335 (8.77)
1+v
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Equation (8.77) may be written in dimensional form so as to express the
deflection at the edge of the plate in terms of hy, i.e.

1
Wp=1 = —ikho ~ —1.67hg (8.78)
The prebuckling middle surface stresses are given by
. (1=pP)R?
Orr = — 75 T N
47+ v)
(8.79)
. (L—5p%)R?
Gpp = —o——
T 4T+ )
while the bending stresses are
. 1— p2)l%3
b b
o = = 8.80
P Uyy 4(7+ V) ( )

Thus, the middle surface stresses vary as the square of the plate curva-
ture, while the bending stresses vary as the cube of the plate curvature;
the variation of the stress distribution with the magnitude of the tem-
perature gradient is complicated by virtue of the non-linear variation
of k with k7. To determine the postbuckling behavior of the plate, we
solve (8.68) and (8.73) so as to obtain

B= —1(1 —v)
o = 5 (L) {Rr + (% — #59)/2}

1
Ry = 50+ v) {fr + (& — &)1/2 ]

(8.81)

The minimum value of &% for which the solution (8.81) exists is A7,
and, at this value, the solutions represented by (8.74), (8.75), and (8.81)
coincide. If |Ap| > &% then the plate strain energy for the asymmetrical
mode of deformation is less than that for the rotationally symmetric
mode so that the correct solution is given by (8.81) and the solution
given by (8.74), (8.75) then represents an unstable state.

For the postbuckling solution given by (8.81), the fact that g is con-
stant implies that the middle-surface stresses are independent of k1 and
are given by

R 1—p?
Orr = 707 X

2(1+v) (8.82)
. 1-5p? '
7= 91+ )
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while the bending stresses assume the form
b 1 2\ [ - 22 x2n1/2
6%, = =7 (1= p*) {&r — (&} — 1)/}

1
64, = =31 = o) {r + (&} — &5/}

(8.83)

For |ir| >> R, (8.81) together with (8.83) yield the asymptotic results

Re — (1 +v)hkr + O /RT)
{ Ry — 0+ O(l/Tf%T) ' (8.84)
and
b, — 0+ 0(1/kr)
(8.85)

6h, — —3 (1= pP)r + O(1 k)
The asymptotic results delineated in (8.84) and (8.85) are in agreement
with analogous results for inextensional plate theory as given, e.g., in
Mansfield [260]. The variation of the principal plate curvatures with the
temperature gradient through the thickness of the plate is depicted in
Fig. 8.1, while the variation of both the middle surface stresses and the
bending stresses with the temperature gradient through the thickness of
the plate is shown in Fig. 8.2.

For the case in which the circular lenticular plate has a uniform spher-
ical curvature kg when s is zero, and is initially stress-free, the govern-
ing differential equations, assuming an initial deflection w;, are (8.29a),
with 72(6T) = 0, and (8.29b), with ¢t = 0, i.e.

v? (% v cb) -1+ [%qﬁ]

1 (8.86a)
+§E([w,w] — [wi, w;]) =0
and
V(K 72 (w—w;)) = (1= v)[K,w — w] (8.86h)

+(1+v)V? (Kkr) = [¢,w] =0

In (8.86a,b) we may assume that

Ww; = —ZKoTy
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1
Taking, again, trial solutions ¢ = K, w = —5(/%302 + Kyy?), (8.86a)

reduces to the (non-dimensional) form
A3+ (1 +v)(Rpky — R3) =0 (8.87)
With k; = ky, (8.86b) becomes (for the rotationally symmetric case)
Rl+v—0)=1+v)(ko+Ar) (8.88)
while for k; # K, (8.86b) assumes the form

{(L+v) (ko + 1) — (Ko + 5y} V2 K

=(B8+1-v)K,w] (8.89)
which is clearly satisfied provided
{ fg + Ry = (1L +v) (ko + A1)
b=v-—1
The solution of (8.87), (8.88) is given by
B=—(1+v)&*—&2)/A (8.90a)
with & a root of the cubic
(£ — ko) {14+ &(R+ Ro)\} = At (8.90b)

depending on the relative magnitudes of ko and A, (8.90b) has either
one or three real roots. Following the work in [254], we set

J = 2T\ (ko + fr)? — 4(R2 — \)3 (8.91)

and note that for J < 0, (8.90b) possesses three real roots; the (alge-
braically) largest and smallest roots correspond to stable configurations,
while the middle root is associated with an unstable configuration. When
fr = 0 there are two stable states for |&g| > 2A'/2, which are given by

x>
Il

ko
1

5 {Ro+ (& —an'/2}

(8.92)

x>

It is noted, in [254], that when % and & + A1 are of opposite sign, and
J = 0, snap-through buckling of the plate will occur and the curvature
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1
£ will jump from the unstable value of & = —5{4)\(/%0 + A7) }Y? to the

stable value of & = {4\(ko + A7)}/2. For J > 0, (8.90b) has only one
real root, but the associated plate configuration is stable only if K < 0

where
1 2 2(T+v)

K = Z(l + Z/)Q(/AQO + :‘%T)Q — Ko — H—V (893)
When K > 0, the solution of (8.87), (8.89) is given by
f=-(1-v)
. 1 .
Fo = 5 (1+ v)(Ro + hr) + K2 (8.94)

1
,‘%y = 5(1+V)(/%0+I%T) —K1/2

Therefore, after buckling into a mode which is asymmetrical, the middle-
surface forces remain constant, and independent of <g; also, for large
values of |#r| the plate configuration may be approximated by a devel-
opable surface for which

{ ko — (L4 v) (ko + k) + O(1/kr) (8.95)

iy — 04 O(1/kr)

The variation of the principal curvatures with the temperature varia-
tion through the thickness of the plate is shown in Figs. 8.3-8.6 for,
respectively, kg = A2 and &y = 6,10,12; the graphs in Figs. 8.3-8.6
possess point symmetry with respect to the point &4 = 0, ki = —Rg. For
[Ro| < A/2 | the possibility of snap-through buckling does not exist; this
limiting case is depicted in Fig. 8.3. When &7 = —&g the plate is flat
but has zero stiffness. If | 49| > A!/2, snap-through buckling will occur at
appropriate values of A7; however, for || < 2A/2 there exists only one
stable state when <7 = 0. Following snap-through buckling, the plate
assumes a symmetrical mode in Fig. 8.5 but an asymmetrical mode in
Fig. 8.6.

In this section, the last work we have made reference to on the buckling
of heated plates with variable thickness is that of Biswas [255]; this
work, which is concerned with the buckling of a heated thin annular
(circular) plate, appears to possess a serious flaw will be noted below.
Biswas [255] considers an annular (circular) plate whose thickness varies
as the m! power of the radial distance from the center of the plate.
The edges of the plate are restrained from in-plane movement and the
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plate is subjected to uniform compression along its edges as well as to a
stationary temperature distribution of the form

T(r,z) =1o(r) + 27(r) (8.96)

so that (pure) buckling will occur for 7 = 0, 79 # 0. As a consequence
of (8.96), My = 0; therefore, with ¢(r) = —w'(r), we have

M, = K (¢/() + Zo(r))

My =K <v¢’(7’) + %aﬁ(r)) (8.97)
Eh3
K=K =10 —(7;)2)
while
_ Eh du v Nr _ —Nr

as the radial displacement v = u(r) = 0 in the plane of the plate, due
to the restraint imposed along the edge of the plate. In (8.98) we have,
of course,

s (5.99)

The thickness variation for the plate is taken to be of the form

h(r) =hor™, m<1 (8.100)
in which case,
K(r) = Eihgﬁm =Kor®™, m < 1 (8.101)
T I12(1—w?) T o '

b
Setting = —, and p = Z, (so that the outer and inner boundaries of
a a

the annular plate correspond, respectively, to p = 1 and p = (), and
employing (8.94) in the equilibrium equation

M, +rM — My + hNy¢$ =0 (8.102)
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Biswas [255] arrives at the following ordinary differential equation for

o= o(r):

d? d
p2—¢ + (3m + 1)p—¢
dp? dp
oy (8.103)
+ (Ora2m+2p2m+2 + 3mv — 1) =0
Ko
whose solution (it is claimed in [255]) has the form
B(0) = p~P™2 {AT, (0™ 4 BY, ()} (8.104)
with >
dm ok (2 ann)
(I—m) \ Ko (8.105)
9
(1—m)?u? = Zm2 —3v+1

The specification of the roots A is then sought for the case in which the
outer-plate and inner-plate boundary conditions are given by

p=0, forp=1,8, w=0, forp=1 (8.106)

Using the boundary date (8.106) in (8.104), we obtain as the condition
from which the critical compression (and thus the critical temperature)
can be determined for different values of m,v, and 3

JuYu(AB1™) = (A8 ™Y, (A) = 0 (8.107)

Unfortunately, A as given by (8.105) is a function of r because N, =
1 —aF

3 T=1 a To(r)h(r). Even if 79 = const., we would still have a
—v —v

situation in which N, = N,.(r) because of the thickness variation of the
plate with radial distance. As A = A(r), (8.103), while an equation of
Bessel type, is a variable coefficient (not a constant coefficient) ordinary
differential equation for which the standard solution (8.104) does not
hold.

8.3 Viscoelastic and Plastic Buckling

While various papers have appeared in the literature which have in-
vestigated the nature of the stress distributions in both viscoelastic and
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plastic plates at elevated temperatures, few studies exist that are con-
cerned with the deflection or buckling behavior of viscoelastic or plastic
plates which are thermally loaded. For viscoelastic plates, or plates
subject to temperature-dependent creep buckling, notable contributions
have been made by Ross and Berke [261], Jones and Mazumdar [242],
and Das [262], which will be summarized below. A significant piece of
work in the literature, which is related to the thermal buckling of plates
in the plastic regime, is the paper of Williams [263]; in this paper, the
field equations associated with Neale’s variational theorem [264], [265]
are developed and applied to the problem of thermal buckling and post-
buckling of constrained rectangular plates; the resulting equations are a
generalization of von Karman’s equations in rate form, and, among the
results, which will be described in this section, is the fact that, in the
immediate vicinity of a critical point, the theory predicts a substantial
reduction of the buckling temperature due to plasticity effects. We be-
gin our analysis of these problems by first looking at viscoelastic and
temperature-dependent creep buckling.

In [261], the authors employ the so-called Norton-Bailey power law
for material creep to predict the time-dependent lateral deflection of flat
rectangular plates with a through-thickness steady-state temperature
distribution. The usual Norton-Bailey or power creep law (e.g., Norton
[266]) has the form

¢ = ko" (8.108)

where € is the creep strain rate, k is the creep constant, and o is the
stress. In considering temperature variations, one modifies (8.108) so
that it assumes the form given by Maxwell’s law [267], i.e.,

¢ = ke /BT gn (8.109)
with H the creep activation energy, R the universal gas constant, and T’

the absolute temperature. To study the creep buckling of plates, (8.109)
is replaced by the two-dimensional equations

1
€ = §kne*H/RTJ;—1(2ai — o) (8.110)
with the subscripts 4, j denoting xx,yy in cyclic substitution, oz, oyy
being the usual in-plane stresses in the x and y directions, respectively,

while J5 is the stress invariant

Jo =02, + O'zy — OpaOyy (8.111)
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In [261] a comparison of creep buckling predictions is made for the two
cases where the creep exponent n in (8.110) assumes the values n = 3
and n = 5. For a simply supported flat rectangular plate, such as is
depicted in Fig. 8.7, it is assumed that the deflected shape may be
adequately represented by a half-wave cosine function in each of two
perpendicular directions at all times, in which case, the plate behavior
is determined by the plate deflection at the center of the plate. If the
plate possesses an initial imperfection given by its value at the plate
center, say, w?, and a temperature differential is applied between the
sides of the plate, in the thickness direction, the center deflection w®
due to that temperature differential may, as in [268], be approximated
by

Wl — a(To — T;)(1 + v)ab
o w3h
where T;,T, are, respectively, the inner-and outer-plate temperatures.
The central deflection after the application of a through-thickness tem-
perature differential, but prior to the application of in-plane stresses, is
taken to be given by

(8.112)

w§ = w? + wl (8.113)

In [261] an axial force at time ¢t = 0 is applied to the plate. The imme-
diate deflection wf, which is attained upon adding the axial load, has
been determined, in [269], to have the value

w{j:wg( o8 ) (8.114)

op — 0

with o the applied axial stress and op the Euler buckling stress; for a
plate (which is isotropic, as we have assumed here) subject to an in-plane
compressive load

2p 232
S — [b 9} - (8.115)

TE= 10— |la T b] @

If the applied stress o is larger than the material yield stress, that stress
is used in (8.114) in lieu of 0. The stresses and lateral displacements in

T T
[261] are assumed to be represented as products of cos — cos Ty’ e.g.,
a

w(t) = wop(t) cos %x Cos %y (8.116)

where wq(t), the deflection of the center of the plate at time ¢, is taken
to be the sum of a small deflection wy(¢) and a large deflection w;(t);
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it has been shown, in [270], that for the creep exponent n = 3 these

components of the plate deflection are given by the following expressions

in which T' = b2 /a? and k3 is the material creep constant for n = 3:

l {ws (t) 36ks03te2H/3RTo [~ H/3RTo 4 o~ H/3RT,] < b > 2

n Z
P

p]: _
wo h%ﬂ9+2F+H(l+em){¥H<i~—i>

3R \Ty T;
(8.117)
and
wl(t) =
4m R2wh(T? +T +1)
3 [16h2
\/ 9 7T2<F2 + F + 1) _ 81b2k3wg20'3t (e—H/RTo + e—H/RTi)
(8.118)
For creep exponent n = 5, on the other hand,
In wy(t)]  2160ks0°t 1
wh | h? (1002 + 10T + 4)
5 (8.119)
e~ 4H/5RTo (o~H/5RTo 4 o—H/5RT:) (b)
>< J—
1
[1+6_H/5R(TL0_T%-)] m
and
1 1 18,225 kso't 1
wtt w32 RS (T24T+1)°
wy: w(t) *+I+1) (8.120)
% {e—H/RTo + e—H/RTi} 2
T

The predictions embodied in (8.117)—(8.120) were studied, numeri-
cally, in [261] for specific values of the various parameters involved, e.g.,
ks = 3.05 x 108/M Pa - sec and ks = 5.71 x 105/M Pa - sec. In Figs.
8.8-8.10 we indicate the type of predictions which follow from the work
in [261], for the lateral deflections as functions of time, and for applied
axial stresses of 6.9, 13.8, and 34.5 MPa, respectively; these figures, for
given values of AT and o, compare the predictions with respect to lat-
eral deflection which are made by the creep power law (8.110) when the
creep exponent n is taken as either 3 or 5. All the curves in Figs. 8.8-
8.10 display the familiar phenomena of increasing strain rate with time.
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In Fig. 8.11, we indicate comparative results for the predictions of the
time until the creep deflection reaches a specified value for the creep ex-
ponents n = 3 and n = 5; the chosen value of the fixed creep deflection
in Fig. 8.11 is 5.08 x 10~3m (which is approximately equal to the plate
thickness). The range of applicability of the results in Figs. 8.8-8.11 is
subject to question, as they correspond to material properties that were
adopted for a constant mean temperature of the plate; in reality, there
is ample experimental evidence to suggest that these properties may be
strongly dependent on temperature.

In [242], Jones, Mazumdar, and Cheung have considered the small
amplitude response of a thermo-rheologically simple viscoelastic plate;
in this case, the model is such that (8.27) is replaced by

v>Mr

K(p) v'w+ e

— (8.121)

Nr 2
——— Vi w=t—p*(phw) —
(p)
. 0 . .
with p = — and K(p), v(p) the viscoelastic time operators correspond-

ing to the flexual rigidity K and Poisson’s ratio v for the elastic case.
Equation (8.121) is identical to the governing equation for the analysis
of a viscoelastic plate with in-plane loads

Ny =Ny = Nr/(1—-v(p))
and transverse load

t—*Mr/(1-v(p)),

the derivation following the analysis in Deleeuw and Mase [271]. If
t = v2Mr = 0, and inertia effects are negligible, then a deflection
w(z,y,t) may be sought which is separable in time and space, i.e.,

w(z,y,t) = W(z,y)T(t) (8.122)
where W (z,y) satisfies
VW —-CEPW =0 (8.123)
and where T'(x), which represents the magnitude of the deflection, sat-
isfies
Nr

with ¢ representing a separation constant. Thus, the mode shapes are
time independent and only the amplitudes vary with time. If Np =
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const. then it may be shown that there exist upper and lower critical
temperatures where the lower critical temperature corresponds to a zero
deflection rate, while the upper critical temperature corresponds to an
infinite deflection. The lower critical temperature is determined by set-
ting p = 0 in (8.124), which yields

Nt

C= —(1 L (0)K(0) (8.125)

Using (8.125), (8.123) becomes

N

VIV Ko o)

VEW =0 (8.126)
In a similar manner, the upper critical temperature is determined by
setting p = oo; this subsequently yields, in lieu of (8.126),

Nr

4 —
VI Kooyt —v(x))

VIW =0 (8.127)

with the notation employed being the same as that in [271]. When the
boundary conditions for the plate contain the Poisson’s ratio v (as in
the case for a plate with either free or simply supported edges) then
in solving (8.126) or (8.127) one simply replaces v by v(0) or v(co),
respectively.

For both Kelvin-and Maxwell-type viscoelastic materials, the upper
and lower critical buckling loads are expressible in terms of the elastic
critical loads, with the correlations being indicated in Table 8.1. It may
be shown that the physical interpretation of the critical temperatures is
the same as for the critical buckling loads discussed in [271]. If

Np < lower critical value
then the deflection decreases with time. If
Nt = lower critical value
then the deflection is constant. For Nt such that
lower critical value < N7 < upper critical value
the deflection increases with time and, finally, if

N7 = upper critical value
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then the deflection is immediately infinite.

In Das [262], the equation governing the deflections of thermally loaded
viscoelastic plates is derived as follows: using standard tensor notation,
the constitutive relations and kinematic relations are written, following
Nowacki [222], as

E
Oij = T2 {(1 — Z/)Eij + [uekk — (1 + V)Oétl‘gT]5ij}
€ij = —T3W,j
0*w .

where w ;; = D2 0m. and we sum, as usual, on repeated indices. Thus,

10T
with the understanding that v is time-dependent,
—E!L‘g
Oij = 1.2 {1 =v)w,j + [vw e + (1 +v)out]d; } (8.128)

As the bending moments are given by
h/2
Mij :/ .T,’go'ijdl‘g
—h/2
we have, using (8.128),
M;; = —-K{(1—-v)w;; + vwrr + (1 +v)a;7]d;; } (8.129)

with K the usual bending stiffness. Assuming that M;;;; = 0, i.e.,
ignoring the influence of the middle surface forces, we obtain as the
differential equation for the deflection of a thermally loaded viscoelastic
plate

Vi + (1+v)a;vir=0 (8.130)
or
viw +m(t) Vi T =0 (8.131)
with
m(t) = (1+v)a (8.132)

We note that the temperature distribution in the plate, T'(x1, 22, x3),
has been taken in [262] to have the form

T = 10(w1,02) + 237 (21, 72) (8.133)
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and that the situation depicted in Fig. 8.12 applies, i.e.,

T]_(Q?l,.’lfz) = T($1,$27 %)
(8.134)
Tz(xl,xz) = T(l'lax% _%)

If 8, and 0 are, respectively, the temperatures of the medium immedi-
ately below and above the plate, then the Newton-type boundary con-
ditions

aT
)\6_333 pat A1(0h —T1)
(8.135)
ZIL — (6 —Ty)
g legey ~ 01T

apply where X is the plate thermal conductivity. From the equation of
heat conduction and the assumptions listed above, we obtain for the sta-
tionary temperature field 7 the following equation (assuming the absence
of a heat source):

12 12
\Var ﬁ(l +e)T = —ﬁ(91 —0s) (8.136)
where € = hA1/2), or
VQT — k2 = - (8.137)
with
12 12
K = ﬁ(l +€) and = F(el —02) = const. (8.138)

We note that, following the analysis in [262], the fourth-order equation
(8.131) may be replaced by two equations of the second order: using the
fact that

—K(l-l—l/) V2’w = M11 +M22

or
M My + M.
0 M . Mn 22
Viw =0 M ) (8.139)
From (8.131) we then obtain
VEM =m(t)K 2 T (8.140)

so that (8.131) may be replaced by (8.139), (8.140).
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Equations (8.139) and (8.140) may be simplified for the special case of

a simply supported polygonal plate, i.e., the solution of (8.140) is given
by

M=m@t)Kr (8.141)

as M and 7 are both zero along the edges of a simply supported plate.
Thus, by virtue of (8.139) and (8.141), it follows that it is sufficient to
solve

Viw+mt)T =0 (8.142)

subject to the condition that w = 0 along the edges of the plate. Laplace
transforming (8.142) we obtain
AW+ @7’ =0 (8.143)

with -
W = / we Stdt
0

m(s) = (1+ 7)ay

(8.144)

s being the transform parameter. In equations (8.137) and (8.143) we
introduce the complex coordinate system given by

I3 = X1 +’i$2, T3 =X — iiEQ (8145)

thus reducing these equations to the respective forms

0%t
4 —kir=— .14
0207 k°T 8 (8.146a)
02w m(s)
4 = .14
D207 + 5 7=0 (8 6'b)

We now let z3 = f(£) be the function which maps the domain of the

plate onto the unit circle so that, in the system of coordinates (&,¢),
(8.146a,b) reduce to

0%t 5 dxs dTs dxs dTs
g2, 0wsdzs  gdrs dig 8.147
ocoe " T dE g d¢dg (8147
27T ~ —

ocog " s e dE
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with € = re’, € = re~". Assuming that

dxg - d"fg

E @ = a; = const. (8.148)
we obtain from (8.147a)
foaks 9 a3 5  k%a}
B S S 8.149
oeE T R 1 (8.149)

The closed form solution of (8.149) is given in the form

_ 2
r = Al(2ny/E) + 04
a2 H (8.150)
1

= AI()(Q,[LT’) + W
with Ip(2ur) the modified Bessel function of zeroth order and A a con-
stant to be determined by the boundary condition 7 = 0 at r = 1. A

direct computation shows that

fai 1
A=——. 8.151
4 Io(2p) ( )
in which case,
Ba? [ Io(2m“)}
T=—%1|1- 8.152
Ap? Io(2p) (8152)

To solve (8.147b), we again apply the assumption (8.148), in which case,
(8.147b) reduces to

O*wW

_+~%r=0 8.153
aeot 7T (8.153)
with 2(s)
m(s
72 = s a? (8.154)
Substituting for 7 in (8.153) from (8.152) we obtain
PW _72ﬂ_a% [1 B IO(Q,W‘)]
2323 4p? Io(2p) (8.155)
— P+ QIy(2r)
where 2 502 P
vpay
=— Q= 8.156
4p? Io(2p1) ( )
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The solution of (8.155) is of the form
W =B+ Pr’+ %Io(m) (8.157)
7

with B determined by the boundary condition W=0atr=1; applying
this boundary condition we have

Q
B=-P-— EIO(Q,u) (8.158)
in which case,

W=-P-— %IO(QM) + Pr? + %IO(QW) (8.159)

The maximum of W occurs at r = 0 and has the value

~ m(s) Paj 1 1
14 max — : 1-— 57 A% 8.160
") s 16p? 2t 12 Io(24) (8.160)

By taking the inverse Laplace transform of (8.160) the maximal plate
deflection is obtained.

Finally, we turn our attention to the problem of thermal buckling of
elastic-plastic plates; one of the most fundamental and comprehensive
treatments of this problem to date appears to be the work of Williams
[263] which is based on a variational formulation of the rate problem in
elastoplasticity by Neale [264], [265] in which both the strain and stress
rates can be varied independently. In the treatment developed in [263],
which we will outline below, the field equations that follow from Neale’s
original analysis [264] are employed to study the thermal buckling of
constrained rectangular plates. It is worth noting that, in contrast to
the constitutive assumptions of Neale [264], who uses a Je-incremental
theory and employs the Ramberg-Osgood relation to describe the hard-
ening behavior, several authors have approached the same basic problem
using deformation theories of plasticity; these include the work of May-
ers and Nelson [272], who use a modified form of Reissner’s variational
principle and Turvey [273] who employs a constitutive equation that was
proposed by Myszkowski [274].

One advantage of the approach in Neale’s work [264] is that when the
Ramberg-Osgood hardening exponent is set equal to 3.0, the harden-
ing parameter becomes a constant, and this is the case considered by
Williams in [263]; because the interest in [263] is in thermal behavior,
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a slight modification of the energy potential, as suggested by Neale in
[264], is introduced by Williams [263]. The buckling and postbuckling
equations in [263] are derived following the approach in Danielson [275].

Following the Lagrangian formulation proposed by Neale [264], the
displacement components and relevant Kirchhoff stress components in
[263] assume the form (see Fig. 8.13)

uy = u(:z;, y) - Zw,x(xa y)
up = v(x,y) — 2w y(z,y) (8.161)
uz = ’LU(J), y)
and 19
z
Nij(z,y) + ?Mij(zvy)
Py = ! (8.162)

The equations of equilibrium and the constitutive relations governing
u, v, w, Njj;, etc., are obtained from the requirement that 6Z(©) = 0 where
the Lagrangian form of the functional Z(%) is

.1
7(0) — / {P,,»Eij + 5 Piyurivn,g — W(T’)} dVo
Vo

50 50
F \4

(8.163)

In (8.163) Sl([?), S‘(,O) are the undeformed areas over which the traction
rates F* and velocities v} are prescribed. The potential W (7) is defined
such that the time rate of change of Green’s strain tensor Ej; is

0 . ow
a Eij Eij a 8P”

(8.164)

The nominal surface tractions per unit undeformed area F; are given by

Fj = (Pij + Pigujp)n” (8.165)

i

with () the unit normal vector to the undeformed area. Using the

simplifications indicated in [264], Williams takes
PijEij = PnE:';l + 21'312.]1'71.2 + P22E.2§ (8.166)
Pijvg,vg,; = Priwi + 2P1awnis + Poots

with

1
Eij = §(ui,j + Uy + us,ius,;) (8.167)
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The effect of a temperature variation is accounted for in Williams [263]
by adding the term oT'(Py; 4+ Pa2) to Neale’s [264] form for W (7), i.e.,

W(r) = 5(01113121 + c20P3) + c12P11 Pag + c13P11 Pra

o AU (8.168)
+c23Pay Pra + ¢33 Py + oT (P11 + Pao)

Following the analysis in Neale [264], the material coefficients ¢;; in [263]

have the form

1 G(2P1 — Py5)? 1 G(2Py5 — Py1)?
en =2 " ( 119 92) em= " ( 229 1)
v G(2P11 — Py)(2P — Pry) _ 2GP12(2P11 — Pyo)
Clg = ——= + , C13 =
FE 9 3
2G P15 (2P59 — P, 1
C23 = GPial 322 11), C33 = Ty + 2GPZ,

(8.169)
In (8.169), the hardening parameter G is identified using uniaxial stress-
strain data and the basic assumption that plastic behavior depends on
the stress only through the invariant Jo; following Neale [264], G has

the form
3 1 1
G=—|—=—-= 8.170
4], (Et E) ( )

1
where R E; = E(J3), is the slope of the graph of Eyq vs. Py at T =
t

const. Introducing the Ramberg-Osgood form

1 P \"
Ei1 — adT = EPH + <E]0) (8171)

where 0T =T — Ty, Ty the reference temperature, it follows that
3k(3.J) /2
G= % (8.172)
45 E;
. 27 5. -
so that the choice k = 3 leads to G = I/EO; this restriction to k = 3

is then followed in the remainder of the development in [263]. Assum-
ing that the effects of bending and stretching are equally important in
inducing stress in an elastic-plastic plate, that spatial rates of change
are significant over distances of order a, and introducing the associated
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order-of-magnitude estimates

M;; = hN;;O(1)
(u, v, w) = h <h h,1> o)

a a

(8.173)

it may be shown that

h/2
/ Fiv;dz
—h/2

N119 + Nigd — Migaiy — Mgt

==

r=%a

.0
JFU}&(QI + Nijjwi + Nigws)

h/2 . ) ] )
/ Fj’Ude _ = £ | N1iott + Nog — Miswq — Mogtig
e . ) (8.174D)
‘Hbg(Qz + Nigwsp + szwz)]
where
h)2
(Q1,Q2) = / ) (P13, Pag)dz (8.174c)
—h/2

In writing down (8.174a) and (8.174b), terms of order (h/a)? have been
neglected. Integrating the bending moment M, by parts we obtain

a b

/ FledS = —2[M12’Lb]
S

—b

—a

b . . . . a
+/ [Nll'l:l/ + N12'l.} + Vlw - Mllu')l] dy (8175)

—b —a

a . . . b
+/ [Nigtt + Nogo + Vot — meQ]‘ da
where the net shear terms Vi, Vo are given by
Vi = Q1+ M2+ Njywy + Nigws (8.176)
Vo = Q2 + Mi21 + Nipwi + Nogwo

By carrying out the calculation to obtain the Euler equations from the
variational equation 6Z(®) = 0, the following results are obtained in [263]:

Nogp =0 (8.177)
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0
8t Maﬁ,aﬁ + ( oz,BU)ﬁ) } =0 (8178)

and

—é(o) B Nr + Nij — vNao 1
H Eh S
HONS Nr + Nog — VN3 1
22 Eh NQQ
.(0 2(1 + I/)N12 .
2612) - T G N12
. 12(Mry + My — v M) 9h M1
—wi1 — ER3 '
. 12(MT -+ M22 — I/Mll) M22
—Wa2 — ER3 .
. _M12_
. 24(1 -+ V)Mlg
_721012 — —Eh3 |

where N7, Mr are given by the usual relations, i.e.,

h/2

(N, Mr) _aE/ T(1,z)dz
h/2

and where the hardening matrix G is defined at the end of this section. If
we let a superposed asterisk again denote quantities which are prescribed
along the boundary of the plate, then the natural boundary conditions
assume the following form:

N11 :Nl*l or u=1u*

ng :NI*Q or v =10*

My 1+ 2Myg 5 + 68 (Njywy + Nigws) = Vi or i = w*

My, = M11 or wi = wy

on z = +a and (8.180)
Nig = Ny or 4=u*

C L
Nog = N3y or v =10

0] . . .
M22 2 + 2M12 1 + — N12w1 + N22w2) V* or w=uw

a (

My = M22 or 1wy = W
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at the corners of the plate. Taking

{V1 = Mi1,1 +2Mi22 + Nijjw; + Nigws (8.181)
Vo = Mag o + 2Mi9,1 + Nigwi + Nogwo
we find that ) )
{91 =M11,1+M12,2 (8.182)
Q2 = My + Mag 2

and, thus obtain the form which is familiar from classical plate theory,
ie.,

Mag.ap = Qaa (8.183)

Therefore, although constitutive formulation in [264] differs from earlier
formulations of the elastic-plastic deformation problem for plates, one
does recover (in rate form) the equilibrium equations which are familiar
from classical von Karman plate theory.

We now proceed with the derivation of the equations governing the
buckling and postbuckling behavior of heated rectangular plates, assum-
ing that the plate is constrained against displacement along its edges;
such a plate, if elastic, will in general buckle if its edges are clamped
or, if My = 0, if its edges are simply supported. In [263], attention is
restricted to the case in which M7 = 0 and N7 = const. over the surface
of the plate (although, in principle, any spatial variation in Nr could
be studied); under these restrictions it may be shown that there exists
a prebuckled membrane state given by

u=v=w=~0
N1y = Nay = N(Np)

8.184
Nyy = 0 ( )
My = Myy = M3 =0
where N>
. . 2F

is a consequence of the constitutive relations. It may be expected that
this prebuckled membrane state persists for Ny < (N7)er with (N7)er
corresponding to the critical temperature parameter.

To determine (Nt).,, and the behavior of the plate in a neighborhood
of the critical temperature, Williams [263] adopts the procedure given
by Danielson [275], i.e., the time variable is replaced by the distance
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parameter s along the load path measured from the critical point. With

0 0 ds
= we then assume the expansions

ot Osdt’
u=su® + 2@ 4
v=svM 45203 4 (8.186)
w = sw® + 2w® 4 .

and

Nap = Noog + sN{J + 2N +
Mo = sM'Y) + s2M5) 4+
7 7 (8.187)
N =Ng+ N+ 2N 4
Nr = (Np)er + sNE + 82N +
and obtain from the Euler (equilibrium) equations (8.177)-(8.178)

N, =0nNE =0

MY 5+ Nerdagwll) =0 (8.188)
M) 5+ Nerbagwl) + (NS + NDéag)wll) =0

Also, from (8.185) it follows that

2g* GEN?
(NT)cr = —N¢r (1 —-v+ g > g = =

o2
N = —-NO(1 =y 4247 . (8.189)
2g* N
N® = - NO@1 - v +2) - gN—

The Euler constitutive relations (8.179) are now rewritten in the form

Eheflé = N1dap + AaprsNys + Bapys Mys

1201y (8.190)

—FEhiag = T(s ag t Bag.ygN 5+ DQQV(;M.W;

where
A1 = A, Avige = Avo, Arnie = Az, Azt = A
Agoi1 = Agi, Aggan = Aga, Agoro = Aoz, Azzar = Aoy
Aqa11 = Azi, Aigae = Aso, Aro12 = Azz, Ar2a1 = Asg
As111 = Aur, Aoioo = Aua, Asi1 = Aus, Azior = Ay

(8.191)
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and the components of the symmetric A, B, and D matrices are defined
at the end of this section.
The strain tensor eg)[; is decomposed according to

W QW
o = Cap T — 5 (8.192)

and, furthermore, we write

(1) 2_(2)
€ap = S€, 5+ 57, 3+ ..
= "ap AN (8.193)
Kap = W,ag = Skyg + sznaﬁ + ..
where W) _ ) ) (8)
€11 = U "5 €90 = Vo
(8.194)

k k k k
e§2>:eél>_2< ® )

The tensor components Angys, Bagys, Dagys are also expanded as series
in the parameter s, i.e.,

2
Aagrys = Ay 5 +5AU) 5+ 5240 4
Boagys = B s+ s2BS) 5 + . (8.195)
Dapns = D)5+ sDY) 5 + 52D( s+ -

Using the expansions (8.193), (8.195) in the constitutive relations
(8.190), (8.191) it follows that

0
Ehel}) = N{Vdop + ALY (NG + N6 5)

N wgl)wé) (2) (0) 2
Eh | eqs+ 57— | = Np'0as + Ay (N3 + N@6.4)

1 1 1 1
LADND + NO 1 LB
~Bhx() = DY) MY
1
~Ehs’) = DY) ;MD + 2D22V5M(1) + 23;5)75(1\@(};’ + NG )

®) _ p® ® L 2p0) 3@ 2 2
—Ehtigy = Do s Mys + 3 Dgg s Mg + 3DQWM
2 2 1 1
+3foﬁ)75( N'? + N®s, )+3B;[;75( NP+ NDgs)

(8.196)
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In (8.196), one has a hierarchy of equations which must be solved
to obtain the expansion variables w*) etc. We note, however, that
for displacements and stresses which satisfy the boundary conditions
identically, the variational functional Z(° may be simplified so as to read

.. 1
I(O) = / [P”E” + §injvk,ivk,j - W(T)]d‘/o (8197)
vo

Using the order of magnitude estimates (8.173), and restricting attention
to stress rates which satisfy the constitutive relations, the variational
equation 6Z(®) = 0 simplifies to

a b
/ / {Nag((Séaﬁ -+ wﬁa&b,g ) + Naf}w,a(sw,g —Moég(Sl%aﬁ} dxdy =0
—aJ—b

(8.198)
The prebuckled state given by (Mr = 0)
w=0, Nag = N(Ng)bag, Mag=0 (8.199)
must satisfy (8.198), i.e.,
a b
/ / N(N1)bosbéapdady = 0 (8.200)
—aJ—b

We now substitute the expansions (8.186), (8.187) into both (8.198) and
(8.200) and subtract the resulting equations so as to obtain

a b
/ / b(Nggaéaﬁ + N*wDdap0ts — M) 0Fag
+25{NZ)6¢0s + (W (N + NDdog) + N*wdap)dts
~M)Sfiap + 352N 0éas + [wS (NS + NWiyg

+wl (NE) + NObog) + N*w dap)ds — MY 8kag] + ...)dzdy = 0

(8.201)
Restricting the strain-rate variations to have the form
déap = sekag, o g = swfg)’ Sap = S/{((}kg (8.202)
equation (8.201) becomes, as s — 0,
a b
1) (k k k
/_ ) /_ Nl - Nuaupuly) — MEdrdy =0 (8.209
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To avoid the possibility that w*) contains an arbitrary multiple of w(*),
Williams [263] imposes the restriction

a b
/ / 5a5wf§)wf§)dxdy =0 (8.204)
—aJ—b

the consequence of which is

/ / (N el — M) k() dwdy = 0 (8.205)
—a

On the other hand, if the strain-rate variations are restricted to have
the form
56&5 = Seaﬁ? 5’UJ B = S’UJ ﬁ ) 6Ko¢ﬁ - Sﬁ(ﬁ) (8206)

then (8.201) becomes, with the aid of (8.203)—(8.205),

(25 ) fiamirs

2 1 1 2 1 2 1 2 2
+(N(<w>egg_N<><>)+N<> D) - (MAKY - MO K)

aﬂa

35 2(3) (1)
+?[Naﬁ €0

(MO KL — MY K dedy =0

—N(il) (3) +N( ) ((12)w,gl) +Né?wgl)wgl)

(8.207)
By setting the coefficients of s® and s' equal to zero in (8.207), the

equations for NV and N®) are obtained; in fact, by anticipating that
eS) and N B) vanish it follows from (8.207) that

a b
N / / 5a5w’%)w%)dmdy

/—a / %)H(Qﬁ M(ﬁ K“a,@’)dxdy

It is shown in [263], that, as a consequence of (8.208), N() = 0, in which
case it also follows that N%l) = 0. From (8.207) one then obtains

2)/ / ] gw(l)w( )d;vdy—i—/ / (1)w(

Ma
Mag @ /0 on) @
s DS ML + 2B (NG5 )]} -0

(8.208)

(8.209)

© 2001by Chapmar& Hall/CRC



and, thus, the curvature term N, and hence Nj(?) can be computed
without having to use the third-order equations.

The critical temperature (Nt )., at which the rectangular plate (which
is heated so that Ny = const. and My = 0) will buckle, may now be
determined along with the form of the dependence of the buckling tem-
perature on the hardening parameter G; such determinations are limited
in [263] to those cases for which an analytical solution exists, i.e., the
fully simply supported plate, the clamped simply supported plate, and
the long strip. In all cases, we assume that the in-plane displacements
vanish on the boundaries.

We begin by noting that the first pair of constitutive relations in
(8.196) may be rewritten in the form

W _ B [ oud) N

N = 1 T -

N = BW QA [ 0uD 900 (8.210)
2]y 42 vy T g dy .
(1) Eh/2 8u(1) 81}(1)

N =
27940 oy * Oz

and if these relations are then substituted into the in-plane equations of
equilibrium it can be shown that both ") and v satisfy the bihar-
monic equation; in conjunction with homogeneous boundary data it may

then be concluded that u(®), v and hence, e((ll[g in general vanish. As

a consequence of (8.210), it then follows that the N, O%) also vanish; thus,
the conditions hold which validate (8.208), in which case, N = 0.
Using the equation governing transverse equilibrium, and the remain-
ing constitutive relations in (8.196), it follows that w) is the nonzero
solution of

12 (1—v+2g*
2 (2,0 _ 125 MY _ 911
where

1y _ —ER/[12(1 +v)] (L o (1
MY = g g el + (1 gy

1 —ER3/[12(1 + v)] (1 -
M2(2) R Py [(v—yg )wgl) +(1+g )wéQ)] (8.212)

1 —Eh?/12 (4
M1(2) T w§2)
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and we have defined

Eh3/a®  _ .
(Ncr7(NT)cr): 1+/I/ (NCT‘7(NT)C’I’)
% = Ncr ?
g _G(1+V> (8.213)
L1 En?\”

We note that there exists an infinite number of eigenvalues A, of
(8.211) subject to appropriate boundary conditions, such that

1—V—|—g*}

2\ = —12Ncr{
14 g*

(8.214)
We also note that as g* depends on N, though (8.213), N, is a solution
of the cubic equation

B /\27 1 2
N3r+_nN2r+( +v)

_ A2

12

Thus, the minimum buckling stress N,, can be determined only after
one examines the roots of (8.215), which correspond to the previously
determined eigenvalues A,. As Williams [263] notes, the limiting case

G = 0 yields some insight into the dependence (N7).,.(G); if we consider
An as being known, then (8.215) determines the functional relationship

N..(G). Also, as
= <N’”(0)> (8.216)

_ )\% dg*
(NCT) - 1+v

6o~ 201-p M G

it follows, as a consequence of (8.215), that

i) 1430 (N)(0)
dG  lé=0 (1+wv)2 3

(8.217)

As (N)(0) < 0 the effect of the hardening parameter is always to reduce
the buckling temperature and the absolute value of the stress from those
values which apply for a linearly elastic material in a small neighborhood
of G=0.

The solution of (8.211) which is the easiest to secure is the one which
corresponds to the case in which the plate is simply supported along all
its edges.
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Taking
mm
20

it follows that the boundary conditions along the edges © = +a, y = +b
are identically satisfied and that the eigenvalues are

wV) = A4,,, sin [%(m + a)} sin { (y + b)] (8.218)

2
N = T+ m6%); 6= afb (8.219)
For v = 0.3, numerical results for the buckling stress and temperatures
are reported by Williams in [263] and are summarized in tables 8.2
and 8.3. For all the cases shown, the minimum values of stress and
temperature correspond to m = n = 1, i.e., a mode shape with one wave
in each direction. The effect of the hardening parameter is to reduce the
stress and temperature from values which would correspond to G = 0;
this effect is more pronounced, as noted in [263], for long slender plates.
Also, the effect of G is not monotonic: the buckling temperature first
decreases with increasing G and then increases.
For the case in which the edges at * = +a are simply-supported, while
those at y = +b are clamped, we may take

w = W (7)sin [%(w + a)} ;Y= % (8.220)
so that the boundary conditions along x = =+a are satisfied identically,
while w(y) must satisfy

W 4 (82 — )W — 262w =0 (8.221)
with 9
__nmb 2 An
_ 2 == 222
" " +h ( ) ) (5222

The solution of (8.221) has the form
W = A;sin hing + Az cos hing + As sin By + Ay cos By (8.223)

From the clamped conditions along § = 41, we infer that either the
buckling mode is even (4; = Az = 0) with [ satisfying

Btanf = —ntanhn (8.224)
or the buckling mode is odd (Az = A4 = 0) with

tanf3  tanhn
B n

(8.225)
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Therefore to determine the eigenvalues A, the buckling stress and tem-
perature, (8.224) or (8.225) must be solved for a fixed 7, for 8(7i). Nu-
merical results for this clamped simply supported case are delineated in
tables 8.4 and 8.5, for ¥ = 0.3; in all the cases exhibited, the minimum
values of the buckling temperature and stress correspond to the even
mode case (A; = A3 = 0 in (8.223)) and thus to the smallest root 3 of
(8.224). Once again, the general effect of G is to reduce the buckling
stress from those values associated with G = 0, but the reduction in the
buckling temperature due to G appears to occur in higher-aspect ratio
plates only and only in a small neighborhood of G = 0.

Williams [263] also treats the initial buckling of a long strip undergoing
both cylindrical and non-cylindrical deformations; for the case of a strip
with simply supported edges the deflection has the form

A A
w®) = A, sin f + B, cos % (8.226)

where 2a is the width of the strip, while for a strip with clamped edges
at x = £a

2

A A
w) = A,sin 733 + B. cos % + %(0156 + ¢2) (8.227)

In the simply supported case we have

T 37
or BS 7é O7 AS = 0, )\ = 5, 7, (8228)

As#0, Bs=0, A=m, 2m, ...
while in the clamped case we have

B.#0, A, =0; A=, 2m,...
or (8.229)
Ao #0, B, = 0; tan A = A(\ = 4.4934, 7.7252,...)

Numerical results for these two situations are delineated in tables 8.6 and
8.7 with v = 0.3; for all the cases depicted, the minimum buckling stress
and temperature are those which are associated with an even mode. The
effect of G is to reduce both the buckling temperature and stress with
the effect now monotonic over the range of G considered.

We now want to briefly summarize some of the results obtained in [263]
relative to the postbuckling behavior of the plate and the nature of the
dependence of that behavior on the hardening parameter G. The first
parameter which arises in a postbuckling calculation is w(z)(s), which is
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the initial curvature of the transverse deflection as measured along the
loading curve that initiates at the critical point. As N = 0, it follows
from the equilibrium and constitutive equations that w(® satisfies the
same equation as w(!) and thus, by virtue of the orthogonality relation
(8.204), w™ = 0. The next parameter which must be computed is
N®) . For the specific case of cylindrical deformation of a long strip, the
second-order constitutive equations assume the form

1 * *
Eh(u + Zuf™) = (14 ¢ NS + (v + )N
" 1)2 1 1 1)2
69 (aMD? — DD 4 b

N..h?
6a* (4MD? — prpr) 4 pph2
0= (14 g )ND + (v + g )ND 4 9 UM TR )
(8.230)
However,
— g* Eh3 1+g* 1
M(l) _ v—g M(l) M(l) - _ (1) 8.931
22 14 11 12(1+u)1—y+2g*w11 ( )
so that
1
Eh(1+ ¢*)(ul? + 5w?”) = (1+v)(1—v+2g")NY
24(1 4+ v)g* (8.232)

— 2 [(1—-v)(1+3g" 2 4 3¢% | M(P?
Ncrh2(1+g*)2 [( V)( + g )+V + g } 11
while the second-order equilibrium equation (8.188) requires that V. 1(%) =

const. The form of Nl(f) can be obtained by integrating (8.232) over
—a < z < a and using the fact that u(z)(:lza) = 0. In both the clamped
and simply supported cases one obtains (with B; = B or B.)

3N BY [ 49" (1-v)(1+3¢") +v*+3¢"™
h? (1+g*)2 1—v+2¢*

2
N1(1) =

(8.233)
The form of N may now be computed by employing (8.209); numerical
results for both N?) and Nl(f) (with v = 0.3) are presented in Tables
8.8 and 8.9; Table 8.8 covers the case of a clamped strip , while Table
8.9 addresses the same situation for a simply supported strip. As

2
N11 o 1+ SQ(Nl(l) +N(2))

3
N~ N +0(s%) (8.234)

© 2001by Chapmar& Hall/CRC



and Nl(f) + N® = O(g*) > 0, the stress resultant Nq; decreases in
absolute value after buckling as a consequence of hardening; moreover,
the effect of hardening is to increase the rate of decrease of Ni;. We

indicate in Figs. 8.14 and 8.15, respectively, some numerical results

for the second-order stress parameter NQ(S)

clamped cases; in contrast to N1; we have Ng(g) + N® < 0 so that the
stress resultant Nao decreases (actually increases in absolute value) after
buckling in a manner which is independent of hardening. As noted in

[263], at 2z = 0, the centerline of the plate, the effect of hardening is to

effect a small decrease in the rate of decrease of Nég).

in the simply supported and

We have presented, above, the equations used in [263] to study the
buckling of elastoplastic rectangular plates; the model chosen leads to
a modified form of von Karman’s equations in which the constitutive
relations are generalized so as to account for the flow rule. It has been
shown that, in for clamped plates and for simply supported plates in
which there is no thermal moment, i.e., M7y = 0, buckling may occur
at temperatures that are substantially below those which are predicted
by an elastic analysis; in fact, as the effect of g* is to reduce the factors
which multiply the curvature terms in our equations, the elastoplas-
tic equations essentially describe a classic plate with reduced stiffness.
Thus, as Williams [263] explicitly notes, it is not suprising that the equa-
tions in question predict a general reduction in the temperature which
is necessary to cause buckling. The predictions in [263] are, in general,
(qualitative) agreement with the results given by Gerard and Becker
[274] for mechanically loaded plates; for example, for long plates which
are either clamped or simply supported, respectively, on the unloaded
sides, the plasticity reduction factor n, which is the ratio of the critical
buckling loads in the elastic and plastic cases, is given by

4 3E
n =2 — f1(0.352,0.500) + (0.324,0.250) /1 + = (8.235)
In (8.236),
E(1-v2) 1 (1 E,
I=Fa=m V"2 3 %) F (8:236)

where v., Fg, and E; are the elastic Poisson’s ratio, the secant mod-
ulus, and the tangent modulus of the maternal, respectively. For the
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Ramberg-Osgood form (8.170)

£_1+£<ﬁ)2:1 9E.J,
Ey Ec\E /) — B (8.237)
E_, B (Pu\_, 8B
E, Ey\Ey,) — E3

1
where E; = Ei(J2) and Jo = §P121. However, as Pi; = Pas = N /h
and Pjo = 0, at the critical point, one obtains from (8.237)

E E 4g*
=44y, = =
BT g 3

(8.238)

A comparison of the results in [276] and [263] is presented in Table
8.10; in this table, the predictions associated with a long (¢ = % = 3.5),

(completely) simply supported plate appear in the first column, while
those in the second column correspond to the case of a clamped strip.
As noted by Williams [263], the general behavior indicated in Table
8.10 is the same for both sets of boundary conditions. Concerning the
postbuckling analysis, it should be noted that the condition of loading
(Jy > 0) is generally violated once buckling has occurred. In fact, to
first order, the plane stress form for J; is given by

1
Jo = g(P121 + P3, — PuPy) + Py (8.239)
Thus, as
. aPll 6P22 aPlQ
= 2P P 2Py — P 2P
Js {3[8 (2P11 — Pa2) + 95 (2Ps2 11)}-# 12 8s}dt
(8.240)
OP;; 12
J_ 3y (1)+(9()
Os h N (8.241)
(2P11 — P22)(2P33 — P11) = };r +O(s),
and W,
&) W _ _ERP | wiy +wy,
My Maym == {11/+2g*} (8.242)
it follows that
. EyN,./3h (1)
[ 24
o= { N ol 0l + O) (5.243

© 2001by Chapmar& Hall/CRC



If the first curvature is positive, i.e., wﬁ) + wé? > 0 then, because

N < 0, there will be unloading on the y < 0 (negative) side of the
plate; as indicated in [263], this result is consistent with the expectation
that the bending moments due to buckling will induce tension in the
domain y < 0 and thus produce unloading.

We close out this section by delineating the explicit structure of the
hardening matrix which appears in (8.179); the B;; are given by

12(2M7; — M22)2
12
G12 = (2N11 — N22)(2N22 — Npy)

G11 = (2N11 — Nao)? +

12(2My1 — Ma2)(2Mpe — M)
_l’_
12
12M12(2M11 — MQQ)

G13 =6 | N12(2N11 — Nao) +

72
Grr 24(2N11 — Nag)(2My; — Mao)
4= 5
h
Gre — 12[5(N11 Mag 4 NogMyy) — 4(N1iMiy + NooMao)] G
15 = 2 =Gy
G — T2[N12(2M1y — Mag) + My2(2N11 — Nag)] G
16 = 12 = Gy
12(2Mag — M11)?
Gas = (2Nas — N11)2 + ( 222 1)
12M15(2Moy — M
Ga3 =6 {N12(2N22 — Nu) + Ell h222 1
Gor — 24(2N2g — N11)(2Mag — Mi1)
25 — h2
_ T2[N12(2Myy — My1) + Mi12(2Na2 — N11)]
Gag = 12 =Gss
12M3 864 N5 M7
Gz = 36 <N122 + h212> , Gse = 2
12[(2N1; — N22)2 + 108(2M7; — M22)2/5h2
G = W2

(8.244)
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12 .
Gy = ﬁbzgg[(QNu — N32)(2N22 — Ni1)

108
+W(2MH — M) (2M3y — M,)
o 72[N12(2N11 — N22) + 108M12(2M11 — M22)/5h2]
G46 - h2
12[(2N22 — N11)? + 108(2Mag — My1)?/5h?
G5 = 02
G . 72[N12(2N22 - N11) + 108M12(2M22 - Mll)/5h2]
56 — h2
432(NZ, + 108 M2, /5h2)
Ges =

h2

It should be noted that, in evaluating the integrals leading to the
constitutive equations in [263], the author treats E and G as constants.
Hence, it is not possible to account for a temperature dependency of F
and G without considerable additional complication.

Remarks: It may be convenient, as indicated in [263], to express the
constitutive equation in terms of the symmetric A, B, and D matrices
that are defined as follows:

- H H -
14+ HG1 —v+ HGhs G 313
H
14 HGy HGos Gas
Ao 2
1—|—V—|—(HG33)/2 1+V+(HG33)/2
2 2
1 H 2
_(sym) + V+( GSB)/

(8.245)
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r Gi6 Gi6 T
Gu Go
Gas Gag
x5 o
B= (8.246)
Gss Gse
4 4
G
_(Sym) a
r12 12v HG HG T
ﬁ+HG44 *ﬁ+HG45 246 246
12 HG HG
2 nass 56 56
Do 02 2 2
61—|—l/ HGy4 61+V HGgg
h? 4 h2 4
1 HG
o Ly, Ho
(8.247)
where
GE
= — 24
9h2 (8.248)

Further, in the neighborhood of a critical point, these matrices can be

expanded as

A=A0 4 sAMW 4 243 4

B =sBW +s2B@) 4

D=DO 4 spM 4 ¢2p@) 4

where

A0) —

© 2001by Chapmar& Hall/CRC

[1+g* —v+g°0 0
1+g* 0 0
1+v 14+v
2 2
1+v
(sym) :

(8.249)

(8.250)



202N — NI + NO)

A = HN,,
(sym)
(N + NS +2NM) 3N 3Ny
(208 — N+ M) 3] 3D
0 0
0
(8.251)
22Myy) — M) (My) + Myy)) 3My;) 303y
o 12N, (oM — 1D 33 sarlD
R 0 0
(sym) 0
(8.252)
and
12
(D©, D) = = (4©), A1) (8.253)

As noted in [263] the general form of the matrix D) is unnecessarily
cumbersome; thus one may anticipate the result that Ni(jl) =ND =0
and define D®) as

12H
D® = === (D + DY + DY) (8.254)
where
1 1 1 1 1
(M3 = M')? (20— My ) (20 = M
p _ 108 (2Myy — Myy’)?

(sym)
sy ey -l sven) - uid)

1 1 1 1 1 1
3Miy) (2My,) — MiY) My (2035 — My

oM 3)? oM 3)?

9M(1)2
(8.255)
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1 2 2 2 2 2
2(2Ni - Nz(z)) (N1(1) + N2(2)) 3N1(2) 3N1(2)

2 2 2 2
DéQ) = (N)er 2(2N2(2) - N1(1)) 3N1(2) 3N1(2)
0 0
(sym) 0
(8.256)
and
1 100
DY = 2(N).,N® L 8 8 (8.257)
(sym) 0
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8.4 Thermal Bending, Buckling, and Postbuckling
Figures, Graphs, and Tables II

Table 8.1 Upper and Lower Critical Temperatures for
Viscoelastic Plates [242] (Reprinted from the Int. J. Solids and
Structures, 16, Jones, R., Mazumdar, J., and Y.K. Cheung,
Vibration and buckling of plates at elevated temperatures, 61-
70, 1980, with permission from Elsevier Science)

Material Lower critical temp.  Upper critical temp.
Elastic Standard elastic critical temp.
Maxwell 0 Elastic critical temp.
Kelvin Elastic critical temp. 00

© 2001by Chapmar& Hall/CRC



Table 8.2 Buckling Temperature for Simply Supported
Plates (v = 0.3) [263] (Copyright 1982. From Neale: Plate
equations and applications to buckling of rectangular plates,
J. of Thermal Stresses, 5, 207-243, by Williams, H.E. Repro-
duced by permission of Taylor & Francis, Inc./Routledge, Inc.,
http://www.routledge-ny.com)

(NT)er
G
a/b
0 0.1 0.2 0.3

0.5 0.2570 0.2553 0.2537 0.2523
1.0 0.4112 0.4046 0.3995 0.3954
1.5 0.6683 0.6448 0.6313 0.6225
2.0 1.028 0.9657 0.9428 0.9320
2.5 1.491 1.365 1.343 1.342
3.0 2.056 1.854 1.857 1.890
3.5 2.724 2.456 2.531 2.632
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Table 8.3 Buckling Stress for Simply Supported Plates

(v = 0.3) [263] (Copyright 1982. From Neale: Plate equa-
tions and applications to buckling of rectangular plates, J.
of Thermal Stresses, 5, 207-243, by Williams, H.E. Repro-
duced by permission of Taylor & Francis, Inc./Routledge, Inc.,
http://www.routledge-ny.com)

—Ner
G
a/b
0 0.1 0.2 0.3

0.5 0.3672 0.3620 0.3573 0.3530
1.0 0.5875 0.5677 0.5518 0.5385
1.5 0.9546 0.8825 0.8360 0.8020
2.0 1.469 1.265 1.168 1.104
2.5 2.130 1.682 1.522 1.427
3.0 2.937 2.115 1.892 1.767
3.5 3.892 2.562 2.280 2.129
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Table 8.4 Buckling Temperature for Mixed Boundary Condi-
tion Plates (v = 0.3) [263] (Copyright 1982. From Neale: Plate
equations and applications to buckling of rectangular plates,
J. of Thermal Stresses, 5, 207-243, by Williams, H.E. Repro-
duced by permission of Taylor & Francis, Inc./Routledge, Inc.,
http://www.routledge-ny.com)

(NT)er
G
a/b
0 0.1 0.2 0.3

05  0.3046(1)  0.3017(1)  0.2093(1)  0.2971(1)
1.0 07876(1)  0.75209(1)  0.7356(1)  0.7253(1)
15 1.743(1) 1.582(1) 1.569(1) 1.579(1)
20  3.146(1) 2.858(1) 2.999(1) 3.166(1)
25 4.831(2) 4.696(2) 5.314(2) 5.931(2)
3.0 6.973(2) 7.744(2) 9.583(2) 11.37(2)
35 9.491(2) 12.68(3) 17.17(3) 21.54(3)
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Table 8.5 Buckling Stress for Mixed Boundary Condition
Plates (v = 0.3) [263] (Copyright 1982. From Neale: Plate
equations and applications to buckling of rectangular plates,
J. of Thermal Stresses, 5, 207-243, by Williams, H.E. Repro-
duced by permission of Taylor & Francis, Inc./Routledge, Inc.,
http://www.routledge-ny.com)

—Ner
G
a/b
0 0.1 0.2 0.3

0.5  04351(1)  0.4266(1)  0.4192(1)  0.4126(1)
1.0 1.125(1) 1.016(1) 0.9532(1)  0.9091(1)
15 2.490(1) 1.883(1) 1.693(1) 1.584(1)
20  4.494(1) 2.819(1) 2.507(1) 2.344(1)
25 6.902(2) 3.746(2) 3.351(2) 3.156(2)
30 9.961(2) 4.806(2) 4.359(2) 4.151(2)
3.5 13.561(3)  5.992(3) 5.524(3) 5.320(3)
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Table 8.6 Buckling Stress and Temperature for the Sim-
ply Supported Strip (A = x/2) [263] (Copyright 1982.
From Neale: Plate equations and applications to buckling
of rectangular plates, J. of Thermal Stresses, 5, 207-243, by
Williams, H.E. Reproduced by permission of Taylor & Fran-
cis, Inc./Routledge, Inc., http://www.routledge-ny.com)

G _Nc’r (NT)CT
0 0.2937 0.2056
0.1 0.2910 0.2047
0.2 0.2885 0.2039
0.3 0.2861 0.2031

Table 8.7 Buckling Stress and Temperature for the Clamped
Strip (A = m) [263] (Copyright 1982. From Neale: Plate
equations and applications to buckling of rectangular plates,
J. of Thermal Stresses, 5, 207-243, by Williams, H.E. Repro-
duced by permission of Taylor & Francis, Inc./Routledge, Inc.,
http://www.routledge-ny.com)

G _Ncr (NT)C’I“
0 1.175 0.8225
0.1 1.054 0.7841
0.2 0.9860 0.7658
0.3 0.9390 0.7553
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Table 8.8 Curvature Parameters for the Clamped Strip

(A = m,v = 0.3) [263] (Copyright 1982. From Neale: Plate
equations and applications to buckling of rectangular plates,
J. of Thermal Stresses, 5, 207-243, by Williams, H.E. Repro-
duced by permission of Taylor & Francis, Inc./Routledge, Inc.,
http://www.routledge-ny.com)

NP 4+ N

G 7Nc7’ N(z)/NCT’ 7N1(f)/N(’7"
Ncr
0.1 1.054 3.004 3.786 0.7822
0.2 0.9860 3.069 4.279 1.2103
0.3 0.9390 3.120 4.653 1.5327

Table 8.9 Curvature Parameters for the Simply Supported
Strip A = «/2,vr = 0.3) [263] (Copyright 1982. From
Neale: Plate equations and applications to buckling of rect-
angular plates, J. of Thermal Stresses, 5, 207-243, by
Williams, H.E. Reproduced by permission of Taylor & Francis,
Inc./Routledge, Inc., http://www.routledge-ny.com)

. _ N + N@
G *Ncr N(z)/Ncr 7N1(%)/NCT 711N7
0.1 0.2910 2.991 3.067 0.0762
0.2 0.2885 2.984 3.131 0.1462
0.3 0.2861 2.980 3.191 0.2107
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Table 8.10 Comparison with Mechanically Loaded Plates
[263] (Copyright 1982. From Neale: Plate equations and
applications to buckling of rectangular plates, J. of Ther-
mal Stresses, 5, 207-243, by Williams, H.E. Reproduced
by permission of Taylor & Francis, Inc./Routledge, Inc.,
http://www.routledge-ny.com)

(a)

(b)

- N, (G N, (G
¢ g Oy Tl

N, (0) N-(0)
0.1 0.6383 0.6583 0.8982  0.8970
0.2 0.5342 0.5858 0.8366  0.8391
0.3 0.4701 0.5470 0.7928  0.7991
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FIGURE 8.1

Variation of principal curvatures with the temperature gradi-
ent through the thickness (kg = 0). [254] . (From Mansfield, E.
H., “Bending, Buckling, and Curling of a Heated Thin Plate”,
Proc. Roy. Soc., Ser. A, 1334, 316, 1962. Reprinted by per-
mission of the Royal Society).
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FIGURE 8.2

Variation of middle-surface and bending stresses with the tem-
perature gradient through the thickness (ko = 0) [254]. (From
Mansfield, E. H., “Bending, Buckling, and Curling of a Heated
Thin Plate”, Proc. Roy. Soc., Ser. A, 1334, 316, 1962.
Reprinted by permission of the Royal Society).
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FIGURE 8.3
Variation of principal curvatures with the temperature gra-
dient through the thickness (ko = A'/2) [254]. (From Mans-
field, E. H., “Bending, Buckling, and Curling of a Heated Thin

Plate”, Proc. Roy. Soc., Ser. A, 1334, 316, 1962. Reprinted
by permission of the Royal Society).
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FIGURE 8.4

Variation of principal curvatures with the temperature gradi-
ent through the thickness (ko = 6) [254]. (From Mansfield, E.
H., “Bending, Buckling, and Curling of a Heated Thin Plate”,
Proc. Roy. Soc., Ser. A, 1334, 316, 1962. Reprinted by per-
mission of the Royal Society).
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FIGURE 8.5

Variation of principal curvatures with the temperature gradi-
ent through the thickness (ko = 10) [254]. (From Mansfield, E.
H., “Bending, Buckling, and Curling of a Heated Thin Plate”,
Proc. Roy. Soc., Ser. A, 1334, 316, 1962. Reprinted by per-
mission of the Royal Society).
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FIGURE 8.6

Variation of principal curvatures with the temperature gradi-
ent through the thickness (ko = 12) [254]. (From Mansfield, E.
H., “Bending, Buckling, and Curling of a Heated Thin Plate”,
Proc. Roy. Soc., Ser. A, 1334, 316, 1962. Reprinted by per-
mission of the Royal Society).
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FIGURE 8.7

Plate dimensions, applied stresses, and deflections [261].
(Copyright 1981. From Temperature-Dependent Creep Buck-
ling of Plates, J. of Thermal Stresses, 4, 237-247, by Ross, D.A.
and Berke, L. Reproduced by permission of Taylor & Francis,
Inc./Routledge, Inc., http://www.routledge-ny.com)
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FIGURE 8.8

Creep deflections as a function of temperature differential and
creep exponent for an applied stress of 6.9 M Pa(lksi) [261].
(Copyright 1981. From Temperature-Dependent Creep Buck-
ling of Plates, J. of Thermal Stresses, 4, 237-247, by Ross, D.A.
and Berke, L. Reproduced by permission of Taylor & Francis,
Inc./Routledge, Inc., http://www.routledge-ny.com)
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FIGURE 8.9

Creep deflections as a function of temperature differential and
creep exponent for an applied stress of 13.8 M Pa(2ksi) [261].
(Copyright 1981. From Temperature-Dependent Creep Buck-
ling of Plates, J. of Thermal Stresses, 4, 237-247, by Ross, D.A.
and Berke, L. Reproduced by permission of Taylor & Francis,
Inc./Routledge, Inc., http://www.routledge-ny.com)
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FIGURE 8.10

Creep deflections as a function of temperature differential and
creep exponent for an applied stress of 34.5 M Pa(5kst) [261].
(Copyright 1981. From Temperature-Dependent Creep Buck-
ling of Plates, J. of Thermal Stresses, 4, 237-247, by Ross, D.A.
and Berke, L. Reproduced by permission of Taylor & Francis,
Inc./Routledge, Inc., http://www.routledge-ny.com)
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FIGURE 8.11

Comparison of predictions for the time until the creep deflec-
tion reaches a specified value for creep exponents n = 3 and
n = 5 [261]. (Copyright 1981. From Temperature-Dependent
Creep Buckling of Plates, J. of Thermal Stresses, 4, 237-247,
by Ross, D.A. and Berke, L. Reproduced by permission of
Taylor & Francis, Inc./Routledge, Inc., http://www.routledge-
ny.com)
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FIGURE 8.12

The viscoelastic plate [262]. (Reprinted from Int. J. Mech.
Sci., 23, Das, S., Note on Thermal Deflection of Regular Polyg-
onal Viscoelastic Plates, 323-329, 1981, with permission from
Elsevier Science)
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FIGURE 8.13

Coordinate system for the elastic-plastic plate [263]. (Copy-
right 1982. From Neale Plate Equations and Applications to
Buckling of Rectangular Plates, J. of Thermal Stresses, 5, 207-
243, by Williams, H.E. Reproduced by permission of Taylor &
Francis, Inc./Routledge, Inc., http://www.routledge-ny.com)
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FIGURE 8.14

Stress factor for simply supported conditions [263]. (Copy-
right 1982. From Neale Plate Equations and Applications to
Buckling of Rectangular Plates, J. of Thermal Stresses, 5, 207-
243, by Williams, H.E. Reproduced by permission of Taylor &
Francis, Inc./Routledge, Inc., http://www.routledge-ny.com)
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FIGURE 8.15

Stress factor for clamped conditions [263]. (Copyright 1982.
From Neale Plate Equations and Applications to Buckling of
Rectangular Plates, J. of Thermal Stresses, 5, 207-243, by
Williams, H.E. Reproduced by permission of Taylor & Francis,
Inc./Routledge, Inc., http://www.routledge-ny.com)
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