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Chapter 1

Computer-Aided Design for Energy

Optimization in the Memory

Architecture of Embedded Systems

Florin Balasa
American University in Cairo, New Cairo, Egypt

Dhiraj K. Pradhan
University of Bristol, Bristol, United Kingdom
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1.1 Introduction

Digital systems had initially only one main design metric: performance. Other
cost parameters such as area, energy consumption, or testability were regarded
as design constraints. In the early nineties, the role of power consumption
changed from that of a design constraint to an actual design metric. This
shift occurred due to technological reasons: higher integration and higher fre-
quencies led to a significant increase in power consumption.1

The technology used to implement a digital design influences the analysis
of the power consumption. For instance, in the complementary metal-oxide-
semiconductor (CMOS) device, there are three sources of power dissipation.

1Energy consumption expresses the cumulative power consumption over time.

1



2 Energy-Aware Memory Management: A CAD Approach

The most important source is the switching power Psw, caused by the charging
and discharging of load capacitances. The average switching power of a CMOS
gate is given by the formula: Psw = 1

2�CLV
2
ddfclock, where CL is the output

load capacitance of the gate, Vdd is the supply voltage, fclock is the clock
frequency, and � is the switching activity—the probability for a transition to
occur at each clock cycle. Low-power design solutions attempt to reduce the
load capacitance and/or the switching activity (fclock and Vdd being typically
design constraints).

The short-circuit power Psc is another component of power dissipation. It
is caused by the current flow between Vdd and ground, originated due to
different input and output rise/fall times. This short-circuit current can be
kept under control by adequate design of the transition times of devices, so this
component accounts for usually less than 5% of the overall power dissipation.

The third component is the leakage power. Whereas an ideal CMOS gate
does not dissipate any static power, in practice, leakage currents cause power
dissipation even in an off-state. In deep-submicron technologies, smaller sup-
ply and threshold voltages have caused this component to become more and
more relevant.

This book will largely focus on the reduction of the switching power in the
memory subsystem of embedded systems.

1.2 Low-Power Design for Embedded Systems

An embedded system is a computer system designed to perform one or a few
dedicated functions often with real-time computing constraints [1]. It is em-
bedded as part of a complete device often including hardware and mechanical
parts. By contrast, a general-purpose computer, such as a personal computer
(PC), is designed to be flexible and to meet a wide range of end-user needs.
Embedded systems control many devices in common use today. Embedded
systems are controlled by one or more main processing cores that are typi-
cally either microcontrollers or digital signal processors (DSP). The key char-
acteristic, however, is being dedicated to handle a particular task, which may
require very powerful processors.

Embedded systems span all aspects of modern life and there are many ex-
amples of their use. Telecommunication systems employ numerous embedded
systems from telephone switches for the network to mobile phones at the end
user. Computer networking uses dedicated routers and network bridges to
route data. Consumer electronics include personal digital assistants (PDAs),
mp3 players, mobile phones, video-game consoles, digital cameras, DVD play-
ers, GPS receivers, and printers. Many household appliances, such as mi-
crowave ovens, washing machines, and dishwashers, are including embedded
systems to provide flexibility, efficiency, and features.
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The design trade-off between performance and energy efficiency has become
a major point of concern in embedded systems [2,3]. This is mainly due to the
fact that such systems appear in electronic products available on the market
that are portable and battery-operated (such as cellular phones and laptop
computers). This implies that their functionality be fulfilled with energy de-
livered by a battery of minimum weight and size [4].

In the hardware platform of an embedded system, three types of opera-
tions are responsible for energy consumption: (1) data processing, (2) data
transfers, and (3) data storage [2–4]. Since the software component of an
embedded system does not have a physical realization, suitable models for es-
timating the software impact on the hardware energy consumption have been
proposed (e.g., [5]). The choice of the software implementation may affect the
energy consumption of the three operations performed by the hardware plat-
form. For instance, software compilation affects the instructions used by the
computing elements (processors, DSPs), each one with a specific energy cost,
consequently, having an impact on the energy consumption of data processing.

1.3 The Role of On-Chip Memories

The key system design challenge is searching for the best-suited architecture
for implementing the functional specification [4]. Designing from scratch a
system architecture perfectly tailored to a given application is too time con-
suming. The typical system-level design strategy is to start from a generic
system architecture (sometimes called architectural template) and customize
it for the target application. This paradigm is known as platform-based de-
sign [6], and it was adopted by many ASIC developers and electronic design
automation (EDA) tools. The function of the system is specified at a high
level of abstraction (typically, in a high-level programming language) and the
design becomes a top-down process of tailoring the abstract hardware tem-
plate to the specification. EDA tools play an important part in this mapping
process, since they facilitate the exploration of design alternatives, and the
optimization of different components and design metrics.

In practice, most designs are derived from processor-based templates, where
one or more processors and memory units are connected through an on-chip
communication network (often a standardized bus), together with various
peripherals, I/O controllers, and coprocessors (application-specific computa-
tional units), as shown in Figure 1.1.

Between processors and memories there is a substantial amount of traffic of
information. Programmable processors are more demanding—compared to the
application-specific data processors—in terms of memory bandwidth (i.e., the
rate at which data can be read from or stored into a memory by a processor)
because instructions must be fetched during the program execution. Providing
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Processor Processor Coprocessor

Memory
Memory

Memory
I/O I/O

On-chip Interconnect

Figure 1.1 Processor-based template [4]. c© 2002. With kind permission
from Springer Science and Business Media.

sufficient bandwidth to sustain fast and energy-efficient program execution is
a challenge for system designers. External memory chips can be interfaced
through printed circuit board (PCB) interconnections to the embedded system,
providing large storage space at a very low cost per bit. Unfortunately, due
to data transfer from/to external memories, and the relatively high energy
consumption per memory access, a fully off-chip storage would yield a poor
performance and a large amount of dissipated energy. In response to this
challenge, on-chip (also called embedded) memories took the center stage and
started being exploited effectively [7].

1.4 Optimization of the Energy Consumption
of the Memory Subsystem

In the earlier days of digital system design, memory was expensive; so, re-
searchers focused on memory size optimization. Nowadays, the cost per mem-
ory bit is very low due to the progress of semiconductor technology and the
consequent increase in the level of integration. Gradually, the memory size op-
timization decreased in importance, while performance and power consump-
tion became the key challenges.

Memory latency (i.e., the time it takes to access a particular location
in storage) and energy consumption per access increase with the memory
size. Hence, memory may become a bottleneck—both in terms of energy and
performance—for applications with large storage requirements [2,4,7], espe-
cially when flat memory architecture—that is, when data is stored in a single,
off-chip memory—is adopted. Therefore, reducing the memory requirements
of the target applications continues to be used as a first-phase design flow
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strategy for reducing the storage power budget and increasing performance.
During this phase, the designer attempts to improve the temporal locality of
data (i.e., the results of a computation should be used as soon as possible
by next computations in order to reduce the need for temporary storage) by
performing code (especially, loop) transformations on the behavioral speci-
fications [8–11]. Data compression is another technique for reducing storage
requirements, which targets finding efficient representations of data (e.g., [12]).
However, data memory size has steadily increased over time due to the fact
that system applications grew more complex.

Further efforts to tackle the memory bottleneck focused on (1) energy-
efficient technologies and circuit design [13,14] and (2) hierarchical memory
architectures. This book addresses the latter direction targeting low-power
memory subsystems.

1.4.1 Hierarchical memory architectures

In general, lower levels in the hierarchy are made of small memories, close
and tightly coupled to computation units; higher hierarchy levels are made
of increasingly large memories, far from the computation units. The terms
“close” and “far” imply here the effort needed to fetch or store a given amount
of data from/to the memory. This effort can be expressed in units of time or
units of energy, depending on the cost function.

Figure 1.2 shows a memory hierarchy with four levels [15]. Three levels of
cache are on the same chip with the execution units. The cache size increases
with the level of hierarchy. Every location contained into a low-level cache
is contained in all higher-level caches (i.e., caches are said to be fully inclu-
sive). The last level of the memory hierarchy is an off-chip dynamic random
access memory (DRAM), organized in banks. The DRAM access is routed
through a memory control and buffer that generates, for example, addresses
row/column address strobes. To allow nonblocking external memory access,
data from DRAM are routed through a data-path control buffer that signals
the processor when the data is available. Average energy for accessing the
level-0 cache is 1.5 nJ, the energy for level-1 cache access is 3 nJ, and for
level-2 cache is 7 nJ; the average energy for accessing the external DRAM is
127 nJ—almost two orders of magnitude larger than the energy for accessing
the lowest level of hierarchy [15].

The main objective of energy-aware memory design is to minimize the over-
all energy cost for accessing memory, within performance and memory size
constraints [4].

Hierarchical memory organizations—like the one in Figure 1.2—reduce en-
ergy consumption by exploiting the nonuniformities of memory accesses; most
applications access a relatively small amount of data with high frequency,
while the rest of the data are accessed only a few times [16]. In a hierarchical
memory organization, the reduction in power consumption can be achieved
by assigning the frequently accessed data in low hierarchy levels.
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Figure 1.2 Memory hierarchy example [15]. c© 2000 IEEE.

The memory optimization targeted by this book starts from a given high-
level behavioral specification (therefore, the memory access pattern is fixed)
and aims to produce an energy-efficient customized memory hierarchy. Notice
that the memory optimization problem could be addressed in different ways:
for instance, one may assume a fixed memory hierarchy and modify the access
pattern of the target application to optimally match the given hierarchy.

When comparing time and energy per access in a memory hierarchy, it may
be observed that these two metrics often have similar behavior; namely, they
both increase as we move from low to high hierarchy levels. While it some-
times happens that a low-latency memory architecture is also a low-power
one, optimizing memory performance does not imply power optimization,2 or
vice-versa [17,18]. Shiue and Chakrabarti gave an example of a two-level mem-
ory hierarchy—an on-chip cache and an off-chip main memory, showing how
energy and performance can have a contrasting effect [19]. There are two basic
reasons for this: first, power consumption and performance do not increase in
the same way with memory size and hierarchy level; second, performance is a
worst-case quantity, while power is an average-case quantity: for instance, the
removal of a critical computation that improves performance may be harmful
in terms of power consumption.

As on-chip storage, the scratch-pad memories (SPMs)—compiler-controlled
static random access memories (SRAMs), more energy-efficient than the
hardware-managed caches—are widely used in embedded systems, where

2It is true though that some architectural solutions originally devised for performance optimiza-
tion are also beneficial in terms of energy.
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caches incur a significant penalty in aspects like area cost, energy consump-
tion, and hit latency. A detailed study [20] comparing the trade-offs of caches
as compared to SPMs found in their experiments that the latter exhibit 34%
smaller area and 40% lower power consumption than a cache of the same ca-
pacity. Even more surprisingly, the runtime measured in cycles was 18% better
with an SPM using a simple static knapsack-based allocation algorithm. As a
general conclusion, the authors of the study found absolutely no advantage in
using caches [21], even in high-end embedded systems in which performance
is important.3

SPMs are used to statically store a portion of the off-chip memory (or a
memory farther in the hierarchy). This is in contrast with caches that dynam-
ically map a set of noncontiguous addresses from a slower, larger memory.
Different from caches, the SPM occupies a distinct part of the virtual address
space, with the rest of the address space occupied by the main memory. The
consequence is that there is no need to check for the availability of the data
in the SPM. Hence, the SPM does not possess a comparator and the miss/hit
acknowledging circuitry [21]. This contributes to a significant energy (as well
as area) reduction. Another consequence is that in cache memory systems,
the mapping of data to the cache is done during the code execution, whereas
in SPM-based systems this can be done at compilation time, using a suitable
algorithm. SPMs are particularly effective in application-specific systems, run-
ning data-intensive applications, whose memory profile can be determined a
priori, thus providing intuitive candidates for the data to be assigned into the
SPMs.

The energy consumption caused by data storage has two components: the
dynamic energy consumption—caused by memory accesses, and the static en-
ergy consumption—caused by leakage currents. As already explained, savings
of dynamic energy can be potentially obtained by accessing frequently used
data from smaller on-chip memories rather than from the large off-chip main
memory, the problem being how to optimally assign the data to the memory
layers. Note that this problem is basically different from caching for perfor-
mance [22,23], where the question is to find how to fill the cache such that
the data needed have been loaded in advance from the main memory.

With the scaling of the technology below 0.1 �m, the static energy due to
leakage currents has become increasingly important. While leakage is a prob-
lem for any transistor, it is even more critical for memories: their high density
of integration translates into a higher power density that increases temper-
ature, which in turn increases leakage currents significantly. As technology
scales, the importance of static energy consumption increases even when mem-
ories are idle (not accessed). To reduce the static energy, proper schemes to put
a memory block into a dormant (sleep) state with negligible energy spending

3Caches have been a big success for desktops though, where the usual approach to adding SRAM
is to configure it as a cache.
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are required. These schemes normally imply a timing overhead: transition-
ing a memory block into and, especially, out of the dormant state consumes
energy and time. Putting a memory block into the dormant state should be
done only if the cost in extra energy and decrease in performance can be
amortized. For dealing with dynamic energy, we are interested only in the
total number of accesses, and not in their distribution over time. Introduc-
ing the time dimension makes the problem of energy reduction much more
complex.

The storage allocation in a hierarchical organization (on- and off-chip) [7]
and the energy-aware partitioning of the storage blocks into several banks
[4] must be complemented with a comprehensive solution for mapping the
multidimensional arrays from the code of the application into the physical
memories.

1.4.2 A practical example

This section will give a brief overview of a commercial System-on-a-Chip
(SoC)—the MPEG4 video codec SoC [24]—emphasizing the memory-related
aspects.

The MPEG4 standard is one of the video coding methods used in wire-
less telephony, especially in the so-called third-generation mobile telephony—
supporting transmission of data streams, as well as speech and data. Instead
of a chip-set with multiple integrated circuits (ICs) that would have implied
high-bandwidth I/O interfaces among the various ICs conducive to a sig-
nificant power consumption, Takahashi et al. opted for a SoC solution that
integrates on the same silicon substrate most of the digital baseband func-
tionality [24]. This SoC implements a video codec, a speech codec, or an
audio decoder, multiplexing and de-multiplexing between multiple video and
speech/audio streams.

The overall block diagram of the SoC is shown in Figure 1.3. The chip con-
tains a 16 Mb embedded DRAM and three signal processing cores: a video
core, a speech/audio core, and a multiplexing core. Several peripheral inter-
faces (camera, display, audio, external CPU host for configuration) are also
implemented on-chip.

Each of the major signal processing cores contains a 16-bit RISC proces-
sor and dedicated hardware accelerators. Data transfers among the three
processors are performed via the DRAM. A virtual FIFO is configured on
the DRAM for each processor pair, as well as shared control register used as
read and write pointers.

In addition to the RISC processor, the video processing core contains a 4 KB
instruction cache (I$) and an 8 KB data cache (D$). The cache sizing was de-
termined by profiling video decoding applications. The video processor also
includes several custom coprocessors: two discrete cosine transform (DCT) co-
processors, a motion compensation block (MCB), two (fine and coarse) motion
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Figure 1.3 Architecture of the MPEG4 decoder [24].

estimation blocks (MEF and MEC), and a filter block (FLE). All these hard-
ware accelerators have local SRAM buffers (5.3 KB in total) for speeding up
local operations, thus limiting the number of accesses to the shared DRAM.

The audio core has a similar organization as the video core. It also contains
an RISC processor with caches, but it includes different coprocessors. The
multiplexing core contains an RISC processor and a network interface block,
but no hardware accelerators.

This SoC was designed in a 0.25 �m variable-threshold CMOS technology.4

The chip contains 20.5 million transistors; the chip area is 0.84 × 10.84 mm2.
The 16 Mb embedded DRAM occupies about 40% of the chip, and the var-
ious caches and SRAM buffers occupy roughly 20% of the area. Thus, more
than 60% of the active chip area is dedicated to embedded memories. The
chip consumes 240 mW at 60 MHz, and the memory access power (both to
embedded SRAM and DRAM memories) is the dominant contributor to the
overall chip power budget.

1.5 The Goal and Organization of the Book

According to the International Technology Roadmap for Semiconductors
(ITRS) published by the Semiconductor Research Corporation, power man-
agement is one of the near-term grand challenges for the semiconductor in-
dustry: “Power management challenges need to be addressed across multiple

4In active mode, the threshold voltage of the transistors is 0.55 V; in standby mode, it is raised
to 0.65 V in order to reduce leakage [24].
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levels, especially system, design, and process technology. . . . The implementa-
tion challenges expand upward into system design requirements, the contin-
uous improvement in computer-aided design (CAD), design tools for power
optimization, and downward into leakage and performance requirements of
new device architectures” (ITRS 2007, p.14). In the same document, the man-
agement of leakage power consumption is considered a long-term grand chal-
lenge. The goal of this book is in line with the strategic document mentioned
above.

Memory system design for multiprocessor [25,26] and embedded systems
has always been a crucial problem because system-level performance de-
pends strongly on the memory organization. The storage organization in
data-intensive (in the sense that their cost-related aspects, namely power con-
sumption and footprint are heavily influenced, if not dominated, by the data
access and storage aspects) multidimensional signal processing applications,
particularly in the multimedia and telecommunication domains, has an im-
portant impact on the system-level energy budget. Such embedded systems
are often designed under stringent energy consumption constraints, to limit
heat generation and battery size.

The design of embedded systems warrants a new perspective because of the
following two reasons. First, slow and energy-inefficient memory hierarchies
have already become the bottleneck of the embedded systems (documented
in the literature as the memory wall problem). Second, the software running
on the contemporary embedded devices is becoming increasingly complex.

Contemporary system design focuses on the trade-off between performance
and energy consumption in processing and storage units, as well as in their in-
terconnections; moreover, on how to balance these two major cost parameters
in the design of the memory subsystem. The heterogeneity of components and
structures within embedded systems and the possibility of using application-
specific storage architectures has added a new dimension to memory system
design.

The high-level goal of this book is to present more recent CAD ideas for
addressing memory management tasks, in particular, the optimization of en-
ergy consumption in the memory subsystem and, also, CAD solutions (i.e.,
theoretical methodologies, novel algorithms, and their efficient implementa-
tion). Wherever possible, we tried to adopt an algorithmic style that will help
electronic design automation (EDA) researchers and tool developers to create
prototype software tools for the system-level exploration in order to obtain
an optimized architectural solution of the memory subsystem.

As the design of the memory subsystem (or any memory management task)
is nowadays compiler-oriented (since the input is the high-level specification of
the application), an introductory sections on data-dependence analysis tech-
niques will be necessary. This chapter reviews and illustrates classic algorithms
for solving Diophantine linear systems, bringing a matrix to a Hermite re-
duced form, the Fourier–Motzkin elimination, counting the number of points
in Z-polytopes (bounded and closed polyhedra restricted to the points having
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integer coordinates) and the more recent advance Barvinok polynomial-time
algorithm, computing the vertices of a polytope from its hyperplane represen-
tation, elimination of redundant inequalities.

The energy-aware optimization of the foreground memory organization will
be addressed in Chapter 5.

Historically, the research for the evaluation of the data storage requirements
can be classified in five categories: (1) memory size estimation methods for pro-
cedural, nonparametric, specifications—where the loop structure and sequence
of instructions induce the (fixed) execution ordering; (2) memory size estima-
tion methods for non-procedural, non-parametric, specifications—where the
execution ordering is still not (completely) fixed; (3) memory size estimation
for specifications with dynamically allocated data structures; (4) exact com-
putation of the minimum data memory size for procedural, nonparametric,
specifications; (5) memory size estimation methods for procedural, paramet-
ric, specifications. Two chapters of the book present works focusing on the
more recent algorithms from the last two categories: (a) the exact computa-
tion of the minimum data storage for procedural specifications based on the
decomposition of the array references from the algorithmic specification into
disjoint linearly bounded lattices and (b) the memory size estimation approach
for parametric specifications—technique based on the Bernstein expansion of
polynomials that is used to compute their upper bounds over parametric con-
vex domains.

While the evaluation of the data storage and the memory-aware loop trans-
formations play an important role in the system-level exploration stage, signal-
to-memory mapping models and algorithms are crucial to an energy-aware
memory management methodology, as it will become apparent from the book.
This task, solving the memory allocation and assignment problem, has the
following goals: (a) to map the data structures from the behavioral specifi-
cation into an amount of data storage as small as possible; (b) to compute
this amount of storage (after mapping) and be able to determine the memory
location of any scalar signal from the specification; (c) to use mapping func-
tions simple enough in order to ensure an address generation hardware of a
reasonable complexity; (d) to ascertain that any distinct scalar signals simulta-
neously alive are mapped to distinct storage locations. Chapter 6 will present
a polyhedral framework allowing an efficient implementation of canonical-
linearization and bounding-window mapping models, together with metrics
for the quality assessment of the memory allocation solutions. Extensions of
the mapping approaches into hierarchical memory organizations, as well as a
recent model exploiting the possibility of memory sharing between elements
of distinct arrays, will be finally presented.

While the memory management tasks addressed in Chapters 3 and 4 seemed
to be mainly aimed to the reduction in the chip area (e.g., by means of re-
ducing the data memory size), other sections focus explicitly on the reduction
in the energy consumption in the memory subsystem. This latter goal (min-
imization of the energy consumption) is not orthogonal to the former one
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(minimization of the area); it only adds a new dimension to the optimization
problem. Chapter 6 will address the problem of reducing the dynamic en-
ergy in the memory subsystem, that is, the energy which expands only when
memory accesses occur. Savings of dynamic energy can be obtained by ac-
cessing frequently used data from smaller on-chip memories rather than from
large background (off-chip) memories. As on-chip storage, the scratch-pad
memories (SPMs) are widely used in embedded systems. Whereas in cache
memory systems, the mapping of data to the cache is done during run time,
in SPM-based systems this can be done either manually by the designer, or
automatically, using a suitable mapping algorithm. One of the problems to
be addressed is the optimal assignment of the signals to the memory layers
(off-chip and scratch-pad). A formal approach operating with lattices, allow-
ing to identify with accuracy those parts of multidimensional arrays intensely
accessed by read/write memory operations is presented. Storing on-chip these
highly accessed parts of arrays will yield the highest reduction in the dynamic
energy consumption in a hierarchical memory subsystem. The reduction in
the dynamic energy is not only achieved by partitioning the data between
the memory layers, but also by splitting the virtual address space into inde-
pendently accessed smaller memory blocks and partitioning the data between
these blocks. The memory banking approaches have the advantage of reducing
the static power consumption as well. For the reduction of the static power
consumption (Chapters 7 and 8), we are also interested in the distribution of
memory accesses over time.

The increased bandwith offered by multiport memories makes them attrac-
tive architectural candidates in performance-sensitive system designs, since
they can lead to significantly shorter schedules. Chapter 9 will discuss tech-
niques for assigning memory accesses to the ports of multiport memories.

Chapter 10 will provide a survey of method and techniques that optimize
the address generation task for embedded systems, explaining current research
trends and needs for the future. Since more and more sophisticated architec-
tures with a high number of computational resources running in parallel are
emerging, the access to data is becoming the main bottleneck that limits the
available parallelism. To alleviate this problem, in current embedded architec-
tures, a special unit, the address generator, works in parallel with the main
computing resources to ensure efficient feed and storage of the data. Future ar-
chitectures will have to deal with enormous memory bandwidths in distributed
memories and the development of address generator units will be crucial since
global trade-offs between reaction-time, bandwidth, area, and energy must be
achieved. Address calculations often involve linear and polynomial arithmetic
expressions, which must be evaluated during program execution under strict
timing constraints. Memory address computation can significantly degrade
the performance and increase power consumption. This chapter focuses on ar-
chitectures for the address generator units and on compilation techniques to
optimize the address generation process for scratch-pad memories subject to
the power restrictions of the embedded systems. The emphasis is on address
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generation for multimedia signal processing, where the applications are data-
intensive.
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2.1 Introduction

Polyhedra have been studied in several unrelated fields: from the geometric
point of view by computational geometrists [1], from the algebraic point of
view by the operations research and linear programming communities [2], and
from the structural/lattice point of view by the combinatorics community [3].
Each community takes a different view of polyhedra, and they sometimes use
different notation and terminology; however, they all share a common need
to be able to represent and perform computations with polyhedra.

In computer science, we use polyhedra as part of the abstract model for
representing the index domains over which variables are defined and the in-
dex domains over which mathematical equations are evaluated. Operations
on polyhedra are needed for doing static analysis of programs involving these
equations to help in debugging, performing code optimizations, and specify-
ing program transformations. The study and analysis of an important class
of static programs became feasible in the early 1990s when we started mod-
eling index domains as the lattice of integer points in a polyhedron or union
of polyhedra. This is the reason that the understanding of polyhedra is so
important in this book.
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2.1.1 Equational languages

When thinking about algorithms such as those used in signal processing or
numerical analysis applications, a person naturally thinks in terms of math-
ematical equations. Mathematical notation obeys certain fundamental rules:
1. Given a function and an input, the same output must be produced each
time the function is evaluated. If the function is time varying, then time must
be a parameter to the function. The term static is given to describe this prop-
erty. 2. Consistency in the use of names: a variable stands for the same value
throughout its scope. This is called referential transparency. An immediate
consequence of referential transparency is that equality is substitutive—equal
expressions are always and everywhere interchangeable. These properties are
what gives mathematical notation its deductive power [4].

Using a language that shares the properties of mathematical notation eases
the task of representing a mathematical algorithm as a program. An equa-
tion specifies an assertion on a variable which must always and everywhere
be true. Reasoning about programs can thus be done in the context of the
program itself, and relies essentially on the fact that equational programs re-
spect the substitution principle. This principle states that an equation X =
Expression specifies a total synonymy between the variable on the left-hand
side of the equation and the expression on the right-hand side of the equation.
Thus any instance of a variable found on the left-hand side of any equation
may be replaced with the corresponding expression on the right-hand side.
Likewise, any subexpression may be replaced with a variable identifier, pro-
vided that an equation exists, or one is introduced, in which that variable is
defined to be equal to that subexpression.

A system of recurrence equations is a natural formalism for expressing an
equational language and it shares both of the two key properties of math-
ematical notation: it is static and it is referentially transparent. Systems of
recurrence equations have the following important properties:

� Recurrence equations are written unordered. They are executed on a
demand-driven basis, independent of the order they are written.

� Recurrence equations are single assignment. Each variable element can
only ever hold a single value, which is computed once and then does not
change.

� A system of recurrence equations is a static program, meaning that its
execution behavior can be analyzed at compile time.

� Recurrence equations do not support any notion of global variables. The
execution of a system of recurrence equations only affects the outputs
of the system—there are never any side effects.

� Recurrence equations are strongly typed. Each variable is either explic-
itly or implicitly predeclared as a domain of index points that map to
values of a specific data type.
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Systems of recurrence equations adopt the classic principles of functional
languages that are structured and strongly typed. A system of recurrence
equations defines (possibly recurrent) functions that map system input vari-
ables to system output variables. The notion of a functional language is em-
bedded in the definition of a system of recurrence equations.

2.1.2 Systems of recurrence equations

In this section we define the basic concepts of systems of recurrence equations.
Recurrence equations are able to formally represent algorithms that have a
high degree of regularity and parallelism because recurrence equations are
not necessarily executed in any fixed or sequential order, but rather can be
executed using the simple demand-driven semantics that respect the causality
requirements of data dependences.

The formalism of recurrence equations has often been used in various forms
by several authors [5–7], all of which were based on the introduction of uniform
recurrence equations by Karp et al. [8]. These definitions given as follows are
taken primarily from the work of Rajopadhye and Fujimoto [5], Yaacoby and
Cappello [9], Delosme and Ipsen [10], and Quinton and Van Dongen [11].

In describing systems of recurrence equations, there are two equally valid
points of view that can be taken. The first is a purely functional point of
view in which every variable identifier is a function. A recurrence equation
defines a function on the left hand side in terms of the functions on the right
hand side. Alternately, each identifier can be thought of as a single assignment
variable and equations equate the variable on the left hand side to a function
of variables on the right.

Definition 2.1 (Recurrence Equation) A Recurrence Equation over
a domain D is defined to be an equation of the form

f(z) = g(f1(I1(z)), f2(I2(z)), . . . , fk(Ik(z)))

where
� f(z) is an array variable indexed by z, an n-dimensional vector of inte-

gers. It can also be thought of as a function mapping index points z in
its domain to values in its datatype.

� z ∈ D, where D is the (possibly parameterized) index domain of variable
f .

� f1, . . . , fk are any number of array variables found on the right-hand
side of the equation. They may include the variable f itself, or multiple
instances of any variable.

� I1, . . . , Ik are index mapping functions (also called dependency map-
ping functions) that map index point z ∈ D to index point Ii(z) ∈ Di,
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where D,D1, . . . ,Dk are the (possibly parameterized) index domains of
variables f, f1, . . . , fk, respectively.

� g is a strict single-valued function whose complexity is O(1) (can be
executed in a fixed number of clock cycles) defining the right hand side
of the equation.

Example 2.1 Let’s look at the definition of a recurrence equation using an
example.

x(i) =
b(i) − ∑n

j=i+1 u(i, j) · x(j)
u(i, i)

is a recurrence equation used to solve an n×n upper triangular linear system
Ux = b [12].

Variables x and b are defined over index domains {i | 1 ≤ i ≤ n} and vari-
able u is defined over index domain {i, j | 1 ≤ i ≤ n; i ≤ j ≤ n}. Notice that
only the nonzero upper triangular matrix values of u are stored. In all three
variables, all index points in the variable domains are mapped to real values,
or in other words, all three variables are of floating point type.

The index mapping functions for variables on the right-hand side of the
equation are:

b(i) : I(i) = i, a one-dimensional identity function
u(i, j) : I(i, j) = (i, j), a two-dimensional identity function
x(j) : I(i, j) = (j), an affine projection function
u(i, i) : I(i) = (i, i), an affine function.

The strict-valued function g is composed of multiplication and summation
operations, followed by a subtraction and division operation.

A variation of an equation allows f to be defined by a finite number of
disjoint “cases” consisting of subdomains of the index space whose union is
f ’s entire index domain:

f(z) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

z ∈ D1 ⇒ g1(. . . f1(I1(z)) · · · )
z ∈ D2 ⇒ g2(. . . f2(I2(z)) · · · )

...

(2.1)

where the index domain of variable f is D=
⋃

i Di and (i �= j) → (Di∩Dj = ∅).

Example 2.2

fib(i) =

{
(i) ∈ {i | 0 ≤ i ≤ 1} ⇒ 0

(i) ∈ {i | i ≥ 2} ⇒ fib(i− 1) + fib(i− 2)
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is a recurrence equation to compute the Fibonacci sequence. There are two
disjoint cases that partition the computation into two distinct subdomains
whose union is {i | i ≥ 0}, the entire domain of the variable fib.

Definition 2.2 (Dependency) For a system of recurrences, we say that an
array variable fi at index point p ∈ Di (directly) depends on array variable
fj at index point q, (denoted by pi 
→ qj), whenever fj(q) occurs on the right-
hand side of the equation defining fi(p).

The transitive closure of this relation is called the dependency relation,
denoted by pi → qj.

A dependence is called a uniform dependence if it is of the form z 
→
z + b, where b is a constant vector. It is called an affine dependence if it
is of the form z 
→ Az + b, where A is a constant matrix and b is a constant
vector. Uniform dependences are also affine dependences with A being the
identity matrix.

Example 2.3

(i) 
→ (i) uniform dependence I(z) = z + (0)
(i) 
→ (i− 1) uniform dependence I(z) = z + (−1)

(i) 
→ (i + 1, i + 2) affine dependence I(z) =
[

1
1

]

· z +
[

1
2

]

(i) 
→ (i2) neither uniform nor affine

(i, j) 
→ (j, i) affine dependence I(z) =
[

0 1
1 0

]

· z +
[

0
0

]

(i, j) 
→ (i− 3, j + 2) uniform dependence I(z) = z +
[

−3
2

]

(i, j) 
→ (j) affine dependence I(z) =
[

0 1
]
· z +

[
0

]

Definition 2.3 (Uniform and Affine Recurrence Equations) A re-
currence equation of the form defined above is called a uniform recur-
rence equation (URE) if all of the dependency functions Ii are of the form
I(z) = z + b, where b is a constant vector. It is called an affine recurrence
equation (ARE) if I(z) = Az + b, where A is a constant matrix and b is a
constant vector.

Example 2.4 Affine and Uniform Equations
An example of an affine recurrence equation is:

x(i) =
N∑

j=1

y(i, j)

The variable N is a problem-size parameter. This equation has the affine de-
pendence (i) 
→ (i, j) that is many-to-one. The summation along with the
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many-to-one dependence makes this type of equation a reduction. This reduc-
tion can be eliminated by a technique called serialization. After serialization,
the following recurrence equations are produced that perform the same com-
putation as the reduction above.

s(i, j) =

⎧
⎨

⎩

(i, j) ∈ {i, j | j = 0} ⇒ 0

(i, j) ∈ {i, j | 1 ≤ j ≤ N} ⇒ s(i, j − 1) + y(i, j)

x(i) = s(i,N)

The first equation is uniform, having uniform dependences (s to s) (i, j) 
→
(i, j−1) and (s to y) (i, j) 
→ (i, j). The second equation is an affine recurrence
having the affine dependence (x to s) (i) 
→ (i,N) that is one-to-one for a given
parameter value N .

Definition 2.4 (System of Affine Recurrence Equations, or SARE)
A system of recurrence equations is a set of m affine recurrence equations
defining the array functions f1 . . . fm over index domains D1 · · · Dm, respec-
tively. The equations may be (mutually) recursive. Array variables are desig-
nated as either input, output, or local variables of the system. Each variable
(that is not a system input) appears on the left-hand side of an equation once
and only once. Variables may appear on the right-hand sides of equations as
often as needed.

Example 2.5

Back-Substitution Function

Declarations:
parameter { N | N>0 }
input float { A[i,j] | 1<=i<=N; 1<=j<=i }
input float { B[i] | 1<=i<=N }
output float { X[i] | 1<=i<=N }
local float { b[i,j] | 1<=i<=N; 0<=j<i }

System of recurrence equations:
b[i,j] = (i,j) in { j=0 } => 0;

(i,j) in { j>0 } => A[i,j] * X[j] + b[i,j-1];
X[i] = ( B[i] - b[i,i-1] )/A[i,i];

Such equations serve as a purely functional definition of a computation and
are in the form of a static program—a program whose dependency graph
can be statically determined and analyzed (for any given instance of the pa-
rameters). Static programs require that all gi be strict functions and that any
conditional expressions be limited to linear inequalities involving the indices
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of the left-hand side variable and not array element values. By convention, it is
assumed that input values are all specified whenever needed for any function
evaluation. In spite of the limitations of systems of affine recurrence equations,
they are very expressive.

2.1.3 Using polyhedra to model recurrence equations

Systems of affine recurrence equations are most often based on array variables
with polyhedral-shaped domains. The domain of an equation or expression is
the index domain that limits the range of indices over which a computation
is performed and is also called the control domain or context domain. Index
domains consist of the integer index points that lie inside a polyhedron, or
union of polyhedra. The semantics of recurrence equations guarantee that a
control domain can always be statically derived for every computation; that
is, by analyzing a system of affine recurrence equations, you can always know
in advance the set of index points for which any expression needs to be com-
puted. By designating certain indices as time and other indices as space, all
temporal and spatial control information that determines when and where a
computation is performed is also contained in these context domains. For-
mal program transformations can be done by manipulating control domains
and reformulating recurrence equations using polyhedral operations until the
control domains and equations are expressed in a desired form. Basic trans-
formations can be mathematically proven to be correct, and thus a program
that is derived by starting from a known correct program and incrementally
modifying it by applying a chain of these basic transformations; the resulting
program is necessarily correct by construction.

In a related area, static nested loop programs can also be analyzed using
polyhedra since nested loops with affine lower and upper bounds can be de-
scribed in terms of polyhedral index spaces. The spatial point of view of a
loop nest goes back to the work of Kuck [13] who showed that the domain of
nested loops with affine lower and upper bounds can be described in terms of
a polyhedron. Loop reindexing can then be done using transformations based
on polyhedral operations. Program transformations such as change of index
basis, localization of communication, and space-time mapping, etc. all require
that polyhedral operations be performed as part of the transformation.

2.1.4 Domain-based array variables

Domain-based array variables are an abstraction of the standard array vari-
ables used in modern programming languages. They are a powerful gen-
eralization of the standard variable that has fewer shape restrictions and
more representational power. For instance, in C, array variables can only
be rectangularly shaped. A triangular-shaped variable like the variable u in
Example 2.1 has to be embedded in a rectangular-shaped variable, which
wastes storage.
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As noted in the definition of a recurrence equation, all variables must have
an associated index domain that maps to a given datatype. This information
can be explicitly given as part of the variable declaration, or implicitly com-
puted by analysis. Each variable is a function over a domain of the integer
lattice points Zn that lie inside a polyhedron, or union of polyhedra. When
specifying recurrence equations, unions of polyhedra are used to describe the
domains of computation of system variables.

Definition 2.5 A variable X of type “datatype” declared over an index
domain D is defined as

X = {X[z] |X[z] ∈ datatype, z ∈ D} (2.2)

where X[z] is the element of X corresponding to the index point vector z in
index domain D and “datatype” is a number representation such as integer,
boolean, or real.

2.1.5 Polyhedra and operations on polyhedra

In this section, we briefly and informally introduce a polyhedron with its dual
algebraic and geometric definitions. A more formal definition will be given
later in Section 2.2.

Definition 2.6 A polyhedron can be defined two ways:
Geometric definition:

A polyhedron, P is a convex subspace of Qn (rational or real space) bounded
by a finite number of hyperplanes.

Algebraic definition:
A polyhedron, P is the intersection of a finite family of closed linear half-
spaces {x | ax ≥ c} where a is a nonzero row vector and c is a scalar constant.

From the algebraic definition, it follows that the set of solution points that
satisfy a mixed system of linear constraints form a polyhedron P and serve
as the implicit definition of the polyhedron

P = {x |Ax = b, Cx ≥ d} (2.3)

given in terms of equations (rows of A, b) and inequalities (rows of C, d),
where A, C are matrices, and b, d and x are vectors.

In representing index spaces of variables, we use the term polyhedral index
domain that is based on the polyhedron but is not actually a polyhedron.
A polyhedron is a region containing an infinite number of rational (or real)
points, whereas a polyhedral domain, as the term is used in this chapter, refers
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Variable XUnion of Polyhedra Index Domain 

X(i, j) is an integer

array variable defined

over index domain: 

{i, j | 2 ≤ i; i ≤ 6;

         1 ≤ j; j ≤ 3}|

{i, j | 1 ≤ i; 2 ≤ j;

        4i + 3j ≤ 22}

Figure 2.1 Comparison of polyhedra, domain, and variable.

to the lattice of integral points Zn that are inside a polyhedron (or union of
polyhedra). Figure 2.1 illustrates this difference.

Definition 2.7 A polyhedral index domain of dimension n is defined as

D : {z | z ∈ Zn, z ∈ P1 ∪ P2 ∪ · · · ∪ Pm} = Zn ∩ (P1 ∪ P2 ∪ · · · ∪ Pm) (2.4)

where P1∪P2∪· · ·∪Pm is a union of finitely many polyhedra of dimension n.

In a system of recurrence equations, every variable is declared over an index
domain as just described. Elements of a variable are in a one-to-one correspon-
dence with index point vectors in an index domain as illustrated in Figure 2.2
and defined in Definition 2.5.

The syntax we will use for representing a single polyhedral domain is as
follows:

{ <index-list> | <constraint-list> }

More complicated domains can be built up using the three domain opera-
tors: union, intersection, and difference. Union is written by combining two
domains with a vertical bar: { ... } | { ... }, intersection is written with
an ampersand: { ... } & { ... }, and difference with an ampersand-tilde:
{ ... } &~{ ... }

Example 2.6 Some examples of index domains are given below:

{ x,y,z | -5 <= x-y <= 5; -5 <= x+y <= 5; z = 2x - 3y }

{ i,j | 0 <= i <= N-1; N <= j <= 2N-1 } -- domain parameterized by N

{ i,j,k | k = 5 } -- a plane in 3 space

{ i,j | 1>=0 } -- 2 dimensional universe domain

{ i | 1 = 0 } -- 1 dimensional empty domain

{ i,j | i=1; 0<=j<=2} | { i,j | i=3; 1<=j<=5 } -- union of domains
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Linear

Combination

Positive

Combination

Affine

Combination

Convex

Combination

Figure 2.2 Geometric interpretations of the combinations of two points
(origin=“+”).

2.1.6 Summary of this chapter

The remainder of this chapter is organized as follows. Section 2.2 is back-
ground information and a review of the fundamental definitions relating to
polyhedra. Section 2.3 discusses issues relating to how polyhedra are repre-
sented in memory. Section 2.4 defines and discusses the fundamental polyhe-
dral operations. Section 2.5 describes how variables that are defined over a
polyhedral domain can be serialized in terms of imperative loops that scan
the domain. A method for synthesizing loop nests to scan all index points in
a domain is presented. Section 2.6 presents the program transformations used
to localize a recurrence equation program, that is, for transforming a system
of affine recurrence equations to a system of uniform recurrence equations.
This is needed for implementing a program in hardware.

2.2 Polyhedra

This section is a quick review of fundamental definitions relating to poly-
hedra and cones. The major part of this summary is taken from the works
of Grunbaum, Convex Polytopes [1], and of Schrijver, Theory of Linear and
Integer Programming [2], and of Edelsbrunner, Algorithms in Combinatorial
Geometry [3].

In this chapter, polyhedra are restricted to being in the n-dimensional ra-
tional Cartesian space, represented by the symbol Qn. All matrices, vectors,
and scalars are thus assumed to be rational unless otherwise specified.

Given a vector x and a scalar coefficient vector �, the following different
combinations are defined:

A linear combination
∑

�ixi

A positive1 combination
∑

�ixi where all �i ≥ 0

1Also called nonnegative or conic combination.
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An affine combination
∑

�ixi where
∑

�i = 1
A convex combination

∑
�ixi where

∑
�i = 1 and all �i ≥ 0.

Figure 2.2 shows the geometries generated by the different combinations of
two points in 2-space.

2.2.1 The two representations of polyhedra

Every polyhedron P has two ways it can be represented: an implicit and a
parametric representation. The set of solution points that satisfy a mixed
system of constraints form a polyhedron P and serve as the implicit definition
of the polyhedron

P = {x |Ax = b, Cx ≥ d} (2.5)

given in terms of equations (rows of A, b) and inequalities (rows of C, d),
where A, C are matrices, and b, d, and x are vectors. This form corresponds
to the definition of a polyhedron as the intersection of a finite family of closed
linear halfspaces, defined by the inequalities: Ax ≥ b, Ax ≤ b, and Cx ≥ d.

P has an equivalent dual parametric representation (also called the
Minkowski characterization after Minkowski–1896 [2, p. 87]):

P =
{
x |x = L� + R� + V �, �, � ≥ 0,

∑
� = 1

}
(2.6)

in terms of a linear combination of lines (columns of matrix L), a convex
combination of vertices (columns of matrix V ), and a positive combination
of extreme rays (columns of matrix R). The parametric representation shows
that a polyhedron can be generated from a set of lines, rays, and vertices.

A vertex of a polyhedron P is any point in P that cannot be expressed as a
convex combination of any other distinct points in P. A ray of P is a vector
r, such that x ∈ P implies (x + �r) ∈ P for all � ≥ 0 and is thus a direction
in which P is infinite. A ray of P is an extreme ray if and only if it cannot
be expressed as a positive combination of any other two distinct rays of P. A
line of P is a vector l, such that x ∈ P implies (x+�l) ∈ P for all �. Allowing
� to have both positive and negative values creates a bidirectional ray in the
direction of l and −l.

Procedures exist to compute the dual representations of P, that is, given
A, b, C, d, compute L, V,R, and vice versa. Such a procedure is an impor-
tant part of computing polyhedral operations and will be described later in
Section 2.4.1.

Polyhedral cones are a special case of polyhedra that have only a single
vertex. (Without loss of generality, the vertex is at the origin.) A cone C is
defined parametrically as

C = {x |x = L� + R�, � ≥ 0} (2.7)
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where L and R are matrices whose columns are the lines and extreme rays,
respectively. If L is empty, then the cone is pointed.

Since the origin is always a solution point in Equation 2.5, the implicit
description of a cone has the following form

C = {x |Ax = 0, Cx ≥ 0} (2.8)

the solution of a mixed system of homogeneous inequalities and equations.
A set K is called a linear (sub)space if it has the property: x, y ∈ K implies

all linear combinations of x, y are in K. The dimension of a space is the rank
of a set of lines that span the space. A linear space of dimension m is called
an m-space.

The lineality space of a polyhedron is the dimensionally largest linear sub-
space contained in the polyhedron. A lineality space of dimension m is rep-
resented by a fundamental set of m lines that form a linearly independent
basis of the subspace. The lineality space of a polyhedron is unique, although
it may be represented using any appropriate basis that is set of m linearly
independent lines.

A set K is called a flat if it has the property: x, y ∈ K implies all affine
combinations of x, y are also in K. The dimension of a flat is the rank of a
set of lines that span the flat. A flat of dimension d is called an d-flat. A
0-flat, 1-flat, and 2-flat are called respectively a point, line, and plane. Flats
are containers that contain polyhedra.

2.2.2 Decomposition

In 1936, Motzkin gave the decomposition theorem for polyhedra. Any
polyhedron P can be uniquely decomposed into a polytope V =
conv.hull{v1, . . . , vm} generated by convex combination of the vertices of P,
and a cone C = char.coneP as follows:2

P = V + C · (2.9)

A nonpointed convex cone can in turn be partitioned into two parts,

C = L + R (2.10)

the combination of its lineality space L generated by a linear combination of
the lines (bidirectional-rays) of P, and a pointed cone R generated by positive
combination of the extreme rays of P. Combining equations Equations 2.9 and
2.10, a polyhedron may be fully decomposed into

P = V + R + L · (2.11)

2The symbol ‘+’ in the Equations 2.9 through 2.11, is called the Minkowski sum and is defined:
R + S = {r + s : r ∈ R, s ∈ S}.
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This decomposition implies that any polyhedron may be decomposed into its
vertices, rays (unidirectional rays), and lines (bidirectional rays). This can be
clearly seen in the parametric description in Equation 2.6.

A decomposition that has a practical application is the decomposition of a
polyhedron into its lineality space and its ray space. This division separates
lines (bidirectional rays) from vertices and rays (unidirectional rays). In the
alternate conic form of a polyhedron, developed in Section 2.3.1, both rays
and vertices are representable as unidirectional rays in the cone. In a cone,
this decomposition simply separates lines and rays (Equation 2.10).

2.3 Representation of Polyhedra in a Computer

In this section, we want to motivate a way of representing polyhedra in a com-
puter that is reasonably space efficient and in a form that makes operations
on polyhedra as time efficient as possible.

2.3.1 Equivalence of homogeneous and inhomogeneous
systems

We want to be able to represent a mixed inhomogeneous system of equations
as given in Equations 2.5 and 2.6. This is the most general type of constraint
system. A memory representation of an n-dimensional-mixed inhomogeneous
system consisting of j equalities and k inequalities would require the storage
of the following arrays: A(j × n), b(j × 1), C(k × n), d(k × 1). The dual rep-
resentation would require the storage of R, V , and L, the arrays representing
the rays, vertices, and lines. The representation in memory can be simplified,

however, with a transformation x →
(

�x
�

)

, � ≥ 0 that changes an inhomo-

geneous system P of dimension n into a homogeneous system C of dimension
n + 1, as shown here:

P = {x |Ax = b, Cx ≥ d}
= {x |Ax− b = 0, Cx− d ≥ 0}

C =
{(

�x
�

)

| �Ax− �b = 0, �Cx− �d ≥ 0, � ≥ 0
}

=
{(

�x
�

)

| (A | − b)
(

�x
�

)

= 0,
(
C −d

0 1

) (
�x
�

)

≥ 0
}

= {x̂ | Âx̂ = 0, Ĉx̂ ≥ 0}
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The transformed system C is now an (n+1) dimensional cone that contains the
same information as the original n-dimensional polyhedron. Goldman showed

that the mapping x →
(

�x
�

)

is one-to-one and inclusion preserving, and

thus the two are combinatorially equivalent [14]. The original polyhedron P
is in fact the intersection of the cone C with the hyperplane defined by the
equality � = 1. Given any P as defined in Equation 2.5, a unique homogeneous
cone form exists defined as follows:

C = {x̂ | Âx̂ = 0, Ĉx̂ ≥ 0}
= homogeneous.cone P,

where x̂ =
(

�x
�

)

, Â =
(
A | − b

)
, Ĉ =

(
C −d

0 1

)

(2.12)

The homogeneous system requires the storage of arrays: Â(j×(n+1)), Ĉ((k+
1) × (n + 1)). Thus the total amount of memory needed for the original sys-
tem is (j + k + 1)(n + 1) words for the cone versus (j + k)(n + 1) words for
the polyhedron. The amount of memory for a cone is slightly larger; how-
ever, the cone representation is structurally simpler (two matrices versus two
matrices and two vectors). Likewise, the parametric (geometric) representa-
tion of the cone is also simpler. The decomposition of a cone is R + L, and
thus only rays and lines have to be represented. During the transformation
process from a polyhedron to a cone, vertices of P are transformed into rays
of C. The vertices and rays of an inhomogeneous polyhedron P have a unified
and homogeneous representation as rays in a polyhedral cone C. Thus the rays
of the cone represent both the vertices and rays of the original polyhedron.
As before, the amount of memory needed to store the dual representation
is nearly the same; however the structure of the representation is simpler
(two matrices versus three matrices). Table 2.1 shows the equivalent forms of
inhomogeneous and homogeneous systems, polyhedra and cones, along with
their dual implicit and parametric representations. The table highlights the
fundamental relationships between the polyhedron and cone.

Using the homogeneous cone form simplifies not only the data structure
used to represent the polyhedron but also computation. From practical ex-
perience with the implementation of polyhedral operations, it is known that
fewer array references have to be done and fewer “end cases” have to be han-
dled when computing with the homogeneous form. This results in smaller and
more efficient procedures.

2.3.2 The dual representation of a polyhedron in memory

A polyhedron may be fully described as either a system of constraints or by
its dual form, a collection of rays and lines. Given either form, the other may
be computed. However, since the duality computation is an expensive opera-
tion (see Section 2.4.1) and since both forms are needed for computation of
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Table 2.1 Duality between polyhedra and cones.
Inhomogeneous system Homogeneous system

Structure Polyhedron P, dimension d Cone C, dimension d + 1

Implicit
representation
using
equations
and
inequalities

P = {x |Ax = b, Cx ≥ d} C = {x̂ | Âx̂ = 0, Ĉx̂ ≥ 0}

x̂ =
(

�x
�

)

Â =
(

A −b
)

Ĉ =
(

C −d
0 1

)

Parametric
representation
using
vertices, rays,
and lines

P = {x |x = L� + R� + V �,

�, � ≥ 0,
∑

� = 1}
C = {x̂ | x̂ = L̂� + R̂�,

� ≥ 0}

Vertices v =

⎛

⎜
⎜
⎝

v1
v2
...
vd

⎞

⎟
⎟
⎠ , v ∈ V r̂v =

⎛

⎜
⎜
⎜
⎝

�v1
�v2
...

�vd
�

⎞

⎟
⎟
⎟
⎠

, � > 0, r̂v ∈ R̂

Rays r =

⎛

⎜
⎜
⎝

r1
r2
...
rd

⎞

⎟
⎟
⎠ , r ∈ R r̂r =

⎛

⎜
⎜
⎜
⎝

r1
r2
...
rd
0

⎞

⎟
⎟
⎟
⎠

, r̂r ∈ R̂

Lines l =

⎛

⎜
⎜
⎝

l1
l2
...
ld

⎞

⎟
⎟
⎠ , l ∈ L l̂ =

⎛

⎜
⎜
⎜
⎝

l1
l2
...
ld
0

⎞

⎟
⎟
⎟
⎠

, l̂ ∈ L̂

different operations (see Section 2.4), it is advantageous to represent polyhe-
dra redundantly using both forms.

Even though this way of representing polyhedra is redundant and takes
more memory, keeping both forms in memory reduces the number of duality
computations that have to be made and improves the efficiency of polyhedral
operations. This is a basic memory/execution time trade-off made in favor of
execution time.

A second advantage is that the two dual forms can be used to reduce each
other to a minimal size. It will be shown below how the rays and lines can
be used to remove redundant inequalities, and how the constraints can be
used to remove redundant (nonextremal) rays. The process of reducing the
representation of polyhedra to a minimal normal form is greatly simplified by
keeping and maintaining the two dual forms of polyhedra in memory.
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2.3.3 Saturation and the incidence matrix

After being transformed to a homogeneous coordinate system, a polyhedron
is represented as a cone (Equation 2.12). The dual representations of the
cone are:

C = {x |Ax = 0, Cx ≥ 0} (implicit form)

= {x |x = L� + R�,� ≥ 0} (parametric form)

Substituting the equation for x in the parametric form into the equations
involving x in the implicit form, we obtain:

∀(� ≥ 0,�) :

{
AL� + AR� = 0

CL� + CR� ≥ 0
=⇒

{
AL = 0, AR = 0

CL = 0, CR ≥ 0
(2.13)

where rows of A and C are equalities and inequalities, respectively, and where
columns of L and R are lines and rays, respectively.

An incidence matrix is a memory-efficient bookkeeping structure that is
useful in reducing the dual representation of a polyhedron to a minimal and
normal form by helping to identify and remove redundant rays and inequali-
ties. Before discussing the incidence matrix, the notion of saturation needs to
be defined.

Definition 2.8 A ray r is said to saturate an inequality aTx ≥ 0 when
aT r = 0, it verifies the inequality when aT r > 0, and it does not verify the
inequality when aT r < 0. Likewise, a ray r is said to saturate an equality
aTx = 0 when aT r = 0, and it does not verify the equality when aT r �= 0.
Equalities and inequalities are collectively called constraints. A constraint is
satisfied by a ray if the ray saturates or verifies the constraint.

The incidence matrix S is a boolean matrix that has a row for every con-
straint (rows of A and C) and a column for every line or ray (columns of L
and R). Each element sij in S is defined as follows:

sij =

{
0, if constraint ci is saturated by ray(line) rj , i.e. cTi rj = 0

1, if constraint ci is verified by ray(line) rj , i.e. cTi rj > 0

From the demonstrations in Equation 2.13, we know that all rows of the S
matrix associated with equations (A) are 0, and all columns of the S matrix
associated with lines (L) are also 0. Only entries associated with inequalities
(C) and rays (R) can have 1s as well as 0s. This is illustrated in the following
diagram representing the saturation matrix S.

S L R
A (0) (0)
C (0) (0 or 1)
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2.3.4 Expanding the model to unions of polyhedra

Polyhedra are closed under intersection, convex union (convex.hull(A ∪ B),
and affine transformation. However, they are not closed under (simple) union
since the union of any two polyhedra is not necessarily convex. Likewise,
polyhedra are not closed under the difference operation. To obtain closure
of these two operations (union and difference), it is necessary to expand the
model from a simple polyhedron to a finite union of polyhedra. By supporting
an extended model of a union of polyhedra, the operations of intersection,
union, and difference are all closed.

2.3.5 Validity rules

These are rules used to keep the dual form representation of polyhedra in
memory in a minimal and normal form. While the representation of a poly-
hedron is not necessarily unique, all polyhedra (including empty and universe
polyhedra) satisfy three general rules. In this section, the consistency rules
that govern the dual form representation of polyhedra are described.

Given a polyhedron P = L + R + V, the following meanings of the term
dimension are defined:

1. The dimension of a lineality space L is m (L is an m-space) when the
number of linearly independent lines in a basis for L is m (m is the rank
of a set of lines which span L).

2. The dimension of the ray space R + V is d (affine.hull(R + V) is a
d-flat) when the dimension of the smallest lineality space that contains
R + V is d.

3. The dimension of the polyhedron P = L + R + V is p = m + d or
in other words, affine.hull P is a p-flat. The dimensions of the lineality
space and ray space are unique and separable since no irredundant ray
is equal to a linear combination of lines (else the ray is redundant) and
no line is a linear combination of rays (else the basis of ray space is
redundant). Thus, the lineality space and ray space of a polyhedron are
dimensionally distinct and the sum of their dimensions is the dimension
of the polyhedron.

4. The dimension of the system that contains the polyhedron is n, where
n is the number of indices in the system.

5. The dimension of the space in a system that cannot contain a poly-
hedron because of equality constraints is j, the number of linearly in-
dependent equalities. Each irredundant equality restricts the flat that
contains the polyhedron by one dimension.

Property 2.1 (Dimensionality Rule)
The dimension n of the system is equal to the dimension d of the ray space
plus the number of linearly independent lines m plus the number of linearly
independent equalities j.
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The dimension d of the ray space is an important number, and it is used
to locate and remove redundant rays and inequalities. It is the key number
used in the saturation rule (Prop. 2.2) given below. It is computed according
to the dimensionality rule (Prop. 2.1) as d = n−m− j.

Example 2.7 {x, y | x = 2; y = 3}
The polyhedron consisting of a single point (2,3) is of dimension 0. The di-
mension of the system is 2 since there are two indices (x and y), there are two
equalities, and the dimension of the lineality space is 0; thus the dimension of
the ray space is 2-2-0=0 (Prop. 2.1).

Property 2.2 (Saturation Rule)
In a d-dimensional ray space,

a. Every inequality must be saturated by at least d vertices/rays.
b. Every vertex must saturate at least d inequalities, and a ray must sat-

urate at least d− 1 inequalities plus the positivity constraint.
c. Every equation must be saturated by all lines and vertices/rays.
d. Every line must saturate all equalities and inequalities.

The independence rule is an invariant of the dual form representation of
polyhedra in which only a (nonunique) minimal representation of a polyhedron
is stored.

Property 2.3 (Independence Rule)

a. No inequality is a positive combination of any other two inequalities or
equalities.

b. No ray is a linear combination of any other two rays or lines.
c. The set of j equalities must be linearly independent.
d. The set of m lines must be linearly independent.

Definition 2.9 (Redundancy) Inequalities that don’t satisfy Prop. 2.2.a
or Prop. 2.3.a are redundant.
Vertices/rays that don’t satisfy Prop. 2.2.b or Prop. 2.3.b are redundant.

Example 2.8 {x, y | 1 ≤ x ≤ 3; 2 ≤ y ≤ 4}
x>=1 x<=3 y>=2 y<=4

vertex(1,2) sat sat
vertex(1,4) sat sat
vertex(3,2) sat sat
vertex(3,4) sat sat
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2 31
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The dimension of the ray space is 2. Every constraint saturates two vertices
and every vertex saturates two inequalities. This is a perfectly nonredundant
system.

2.3.5.1 The positivity constraint

In the language of algebraists, the trivial constraint 1 ≥ 0 is called the “posi-
tivity3 constraint.” When true, you know that positive numbers are positive
(a nice thing to know). It was generated as a side effect of converting from
an inhomogeneous polyhedron to a homogeneous cone representation as can
be seen in Equation 2.12. As stated earlier, rays may be thought of as points
at infinity. In this vein of thought, the positivity constraint generates the face
that connects those points, creating a face at infinity that “closes” unbounded
polyhedra. The following property gives the reasoning behind this.

Property 2.4 All rays are saturated by the positivity constraint, and no
vertex is saturated by the positivity constraint.

As surprising as it may seem, the positivity constraint is not always redun-
dant, as is shown in Examples 2.9 and 2.10. The following property gives a
rule for when the positivity constraint will be needed.

Property 2.5 The positivity constraint will be irredundant if the size of the
set of rays is ≥ d, the dimension of the ray space, and the rank of the ray set
is d.

Positivity constraints are included so polyhedra can have valid dual form
representations (according to Prop. 2.1 and Prop. 2.2). The positivity con-
straint is kept in polyhedra where it is needed (according to Prop. 2.5) so that
all polyhedra have valid representations according to Prop. 2.1 and Prop. 2.2.
Since humans don’t want to see the constraint 1 ≥ 0 printed when display-
ing a polyhedron, the positivity constraint will have to be filtered out by the
pretty printer when displaying the constraints.

Example 2.9 {x, y |x ≥ 1; y ≥ 2}
x>=1 y>=2 1>=0

vertex(1,2) sat sat
ray(1,0) sat sat
ray(0,1) sat sat
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3Also called the nonnegativity constraint. Here the term positive is used in a nonstrict way to
include zero.
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Here, every constraint saturates two vertices/rays and every vertex/ray sat-
urates two inequalities. This is also a nonredundant system. However the pos-
itivity constraint is also irredundant . . . it is needed to support the presence
of the two rays. Without it, the two rays are not supported and appear mis-
takenly to be redundant.

Example 2.10 {x | x ≥ 1}
x>=1 1>=0

line(0,1) sat sat
vertex(1,2) sat
ray(1,0) sat
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A halfplane.

2.3.5.2 Empty polyhedra

Example 2.11 An empty polyhedron: {x, y | 1 = 0}
Empty Polyhedron, Dimension 2
Constraints ( 3 equalities, 0 inequalities )

x = 0
y = 0
1 = 0

Lines/Rays ( 0 lines, 0 rays )
-none-

dim(ray space) = dimension - numlines - numequalities
= 2 - 0 - 3

= -1
dim(lineality space) = numlines

= 0

An empty domain is a polyhedron that includes no points. It is caused by
over-constraining a system such that no point can satisfy all of the constraints.
Empty polyhedra have the following properties:

Property 2.6 In an empty polyhedron

a. the dimension of the lineality space is 0,
b. the dimension of the ray space is −1, and
c. there are no rays (and no vertices, to be more specific).
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2.3.5.3 Universe polyhedron

Example 2.12 Universe Polyhedron: {x, y | 1 ≥ 0}
Universe Polyhedron, Dimension 2
Constraints ( 0 equalities, 1 inequality )

1 >= 0
Lines/Rays ( 2 lines, 0 rays)

line (1,0) (x-axis)
line (0,1) (y-axis)
vertex (0,0) (origin)

dim(ray space) = dimension - num_lines - num_equalities
= 2 - 2 - 0
= 0

dim(lineality space) = num_lines
= 2

A universe polyhedron is one that encompasses all points within a certain
dimensional linear subspace. It is therefore unbounded in all directions. It
is created by not constraining a system at all (except with the positivity
constraint). A universe polyhedron has the following properties:

Property 2.7 In a universe polyhedron

a. the dimension of the lineality space is the dimension of the polyhedron,
b. the dimension of the ray space is 0,
c. there are no constraints, other than the positivity constraint.

2.3.6 Summary

The polyhedra can be represented by either one of two dual forms:

1. a set of constraints—inequalities and equalities, and
2. a set of geometric features—lines, rays, and vertices.

However, there is significant advantage in keeping both representations in the
computer. Polyhedra can be created starting from either a list of constraints
or a list of geometric features. Given one representation form, the dual form
can be computed as will be shown in Section 2.4.1.

It is convenient to represent polyhedra in their pointed cone form, which

results from the transformation x →
(

�x
�

)

. This transformation maps
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inhomogeneous constraints to homogeneous constraints and maps both the
vertices and rays of a polyhedron to rays in a pointed cone.

2.4 Polyhedral Operations

Domains are made up of a finite union of polyhedra. All of the important
operations are closed when operating on domains. This section builds on
Section 2.3 and describes the algorithms used to operate on domains.

2.4.1 Computation of dual forms

An important problem in computing with polyhedral domains is being
able to convert from a domain described implicitly in terms of linear con-
straints (equalities and inequalities, Equation 2.5), to a parametric description
(Equation 2.6) given in terms of the geometric features of the polyhedron
(lines, rays, and vertices). The computation of the dual form is one of the
rare and interesting algorithms, which is its own inverse. The same algorithm
that computes the lines, rays, and vertices from a list of constraints can also
compute the constraints, given the lines, rays, and vertices of the polyhedron.
An equivalent problem is called the convex hull problem, which computes the
facets of the convex hull surrounding a given set of points.

The algorithms to solve this problem are categorized into one of two general
classes: the pivoting and non-pivoting methods [15]. The pivoting methods are
derivatives of the simplex method, which finds new vertices located adjacent
to known vertices using simplex pivot operations.

The nonpivoting methods are based on an algorithm called the double de-
scription method invented by Motzkin et al. in 1953 [16]. Motzkin described
a general algorithm that iteratively solves the dual computation problem for
a cone. (Since polyhedra may be converted to cones, it works for all poly-
hedra.) In each iteration, one new constraint is added to the current cone.
Rays in the cone are divided into three groups: R+ the rays that verify the
constraint, R0 the rays that saturate the constraint, and R− the rays that do
not verify the constraint. A new cone is then constructed from the ray sets
R+, R0, plus the convex combinations of pairs of rays, one each from sets R+

and R−. The main problem with the nonpivoting methods is that they can
generate a nonminimal set of rays by creating nonextreme or redundant rays.
If allowed to stay, the number of rays would grow exponentially and would
seriously test the memory capacity of the hardware, as well as degrade the
performance of the procedure. Motzkin proposed a simple and rather elegant
test to solve this problem. He showed that a convex combination of a pair
of rays (r− ∈ R−, r+ ∈ R+) will result in an extreme ray in the new cone
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if and only if the minimum face that contains them both: (1) is dimension
one greater than r− and r+, and (2) only contains the two rays r− and r+.
This test inhibits the production of unwanted rays and keeps the solution in
a minimal form.

Chernikova [17,18] described a similar algorithm to solve the restricted
case of the mixed constraint problem with the additional constraint that
variables are all nonnegative (x ≥ 0). Chernikova’s method was similar to
Motzkin’s method, except that she used a slightly smaller and improved
tableau. Fernández and Quinton [19] extended the Chernikova method by
removing the restriction that x ≥ 0 and adding a heuristic to improve speed
by ordering the constraints. A large portion of the computation time is spent
doing the adjacency test. Le Verge [20] improved the speed of the redundancy
checking procedure used in [19], which is the most time consuming part of
the algorithm. Seidel described an algorithm for the equivalent convex hull
problem [21], which executes in O(n
 d

2 �) expected running time where n is
the number of points and d is the dimension. This is provably the best one
can do, since the output of the procedure is of the same order. He solves the
adjacent ray problem (the adjacent facet problem in his case) by creating and
maintaining a facet graph in which facets are vertices and adjacent facets are
connected by edges. It takes extra code and memory to maintain the graph,
but then he does not need to do the Motzkin adjacency test on all pairs of
vertices (facets).

2.4.2 Reducing the dual form representation
to a minimal form

After computing the dual of a set of constraints, the set of rays produced
is guaranteed to be nonredundant by virtue of the adjacency test which is
done when each ray was produced. However, the constraints are still possibly
redundant. There remain a number of simplifications that can still be done
on the resulting polyhedron, among which are:

1. Detection of implicit lines such as line (1,2) given that there exist rays
(1,2) and (−1,−2).

2. Finding a reduced basis for the lines (using Gaussian elimination).
3. Removing the positivity constraints 1 ≥ 0 if it is redundant.
4. Detection of redundant inequalities such as y ≥ 4 given y ≥ 3, or x ≥ 2

given x = 1, or the less obvious, x + y ≥ 5 given x ≥ 3 and y ≥ 2.
5. Reducing (or solving) the system of equalities using Gaussian elimina-

tion.

The algorithm to do all of these reductions is sketched out below. In the
procedure, each constraint and each ray needs a small amount of memory to
store status counts.
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Algorithm to minimize the dual form representation

Step 0 Count the number of vertices among the rays while initializing the
ray status counts to 0. If no vertices are found, quit the procedure and
return an empty polyhedron as the result. (Every nonempty polyhedron
must have at least one vertex.)

Step 1 Compute status counts for both rays and inequalities. For each con-
straint, count the number of vertices/rays saturated by that constraint,
and put the result in the status word. At the same time, for each ver-
tex/ray, count the number of constraints saturated by it.
Delete any positivity constraints you find, but give rays credit in their
status counts for saturating the positivity constraint.

Step 2 Sort equalities out from among the constraints, leaving only inequali-
ties. Equalities are constraints that saturate all of the rays. Status count
== number of rays

Step 3 Perform Gaussian elimination on the list of equalities. Obtain a min-
imal basis by solving for as many variables as possible. Use this solution
to reduce the inequalities by eliminating as many variables as possible.
Set j to the rank of the system of equalities.

Step 4 Sort lines out from among the rays, leaving only unidirectional rays.
Lines are rays that saturate all of the constraints. Status count = number
of constraints + 1(for the positivity constraint).

Step 5 Perform Gaussian elimination on the lineality space to obtain a min-
imal basis of lines. Use this basis to reduce the representation of the
unidirectional rays. Set m to the rank of the system of lines.

Step 6 Filter the inequalities and identify the equalities.
New positivity constraints may have been created by step 3. Check for
and eliminate them.
Compute d = n− j −m
if (Status==0) or (Status< d) Constraint is redundant.
else if (Status== the number of vertices and rays) Constraint is an
equality.
else Constraint is an irredundant inequality.

Step 7 Filter the rays and identify the lines.
if (Status< d) Ray is redundant.
else if (Status== number of Constraints+1) Ray is a line.
else Ray is an irredundant unidirectional ray.

Step 8 Create the polyhedron.

2.4.3 Intersection

Intersection is performed by concatenating the lists of constraints from two
(or more) polyhedra into one list and finding the polyhedron that satisfies all
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Figure 2.3 Computation of intersection.

of the combined constraints. This is done by finding the extremal rays that
satisfy the combined constraints, (finding the dual of the list of constraints)
and then reducing both the constraints and rays into one polyhedron. This
procedure is illustrated in Figure 2.3.

To intersect two domains, A and B, which are unions of polyhedra, A =
∪iAi and B = ∪jBj , the pairwise intersection of the component polyhedra
from A and B must be computed, and the union of the results is the resulting
domain of intersection, as shown below:

A ∩B = (∪iAi) ∩ (∪jBj)

= ∪i,j(Ai ∩Bj)

2.4.4 Union

The domain (non-convex) union operation simply combines two domains
into one. The lists of polyhedra associated with the domains are combined
into a single list. However, combining the two lists blindly may create non-
minimal representations. For instance, if, in forming the union of domains
A = {i | i ≥ 1} and B = {i | i ≥ 2}, the fact that A ⊃ B is taken into consider-
ation, then the union can be reduced to simply A. The algorithm to compute
union should perform this kind of simplification during the union operation
to control the amount of memory used. Thus, before adding any new poly-
hedron to an existing list of polyhedra, first check to see if that polyhedron
is covered by some polyhedron already in the domain. If it is covered, then
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the new polyhedron is not added to the domain. Likewise, polyhedra in the
existing list may be deleted if they are covered by the new polyhedron. In the
new combined list, no polyhedron should be a subset of any other polyhedron.
However, polyhedra are not necessarily disjoint, and polyhedra in the list may
intersect each other.

The test for when a polyhedron p1 covers or includes another polyhedron
p2 is straightforward, using the dual representation of polyhedra: p1 ⊇ p2 if
all of the rays of p2 satisfy (see Definition 2.8) all of the constraints of p1.
This is an example of when a difficult computation is done efficiently using
the dual representation. The constraint representation of p1 and the dual
ray representation of p2 are used to determine p1 ⊇ p2. Since the dual form
representations of both p1 and p2 are kept in memory, the dual does not need
to be (re)computed in order to do this test.

2.4.5 Difference

Domain difference A−B computes the domain that is part of A but not part
of B. It is equivalent to A∩ ∼ B, where ∼ B is the complement domain of
B. If B is the intersection of a set of hyperplanes (representing the equalities)
and closed halfspaces (representing the inequalities), then the complement of
B is computed as follows:

∼ B = ∼ (∩iHi)

= ∪i(∼ Hi)

where

∼ Hi =

{
{x | aTx < 0} when Hi = {x | aTx ≥ 0}
{x | (aTx < 0∪ aTx > 0)} when Hi = {x | aTx = 0}

Since the set of ∼ Hi does not consist of closed halfspaces, the complement
of a polyhedron is not itself a union of polyhedra. Thus, unions of rational
polyhedra are not closed under the difference operation. However, in many
applications we are only interested in the lattice of integer points contained in
a polyhedron. For this case, we can define a difference operation that works for
integer lattices. Normalizing for the integer case, the following closed comple-
ments contain the same integer points as the previous nonclosed complements:

∼ Hi =

{
{x | − aTx + 1 ≥ 0} when Hi = {x | aTx ≥ 0}
{x | (−aTx + 1 ≥ 0∪ aTx− 1 ≥ 0)} when Hi = {x | aTx = 0}

·

The computation of difference is the same as the computation of intersection
after taking the integer complement of B. Since the integer complement of B is
a union of polyhedra, the difference of two polyhedra is a union of polyhedra.
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Figure 2.4 C = Simplify(A, B), B = context

2.4.6 Simplification in context

The operation simplify is defined as follows (refer to Figure 2.4):

Given domains A and B, Simplify(A, B) = C when C∩B = A∩B,
C ⊇ A and there does not exist any other domain C ′ ⊃ C such
that C ′ ∩B = A∩B. If A∩B = the null set, then C is defined to
be the null set.

The domain B is called the context. The simplify operation therefore finds
the largest domain set (or smallest list of constraints) that, when intersected
with the context B, is equal to A∩B. In the example in Figure 2.4, domain A
is simplified (resulting in domain C) by eliminating the two constraints that
are redundant with context domain B.

The simplify operation is done by computing the intersection A ∩ B, and,
while checking for redundant constraints, by recording which constraints of A
are “redundant” with the intersection. The result of the simplify operation is
then the domain A with the “redundant” constraints removed.

2.4.7 Convex union

Convex union is performed by concatenating the lists of rays and lines of the
two (or more) polyhedra in a domain into one combined list and finding the set
of constraints that tightly bound all of those objects. This is done by finding
the dual of the list of rays and lines, and then reducing both the constraints
and rays into one polyhedron. This procedure is illustrated in Figure 2.5.

This procedure is very similar to the intersection procedure, already de-
scribed in Section 2.4.3. Convex union finds the polyhedron generated from
the union of the lines and rays of the two input polyhedra. Intersection finds
the polyhedron generated from the union of the equalities and inequalities
of the inputs.

One of the useful applications of convex union is for computing projections.
If you compute the convex union of a polyhedron with a line, the result is
a cylindrical polyhedron whose cross section is the projection of the original
polyhedron in the direction along the axis of the line.

2.4.8 Image

The function image transforms a domain D into another domain D′ according
to a given affine mapping function, Tx+t. (Refer to Figure 2.6.) The resulting
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domain D′ is defined as:

D′ = {x′ |x′ = Tx + t, x ∈ D}

The image of a polyhdron is in general not a polyhedron, but a linear bounded
lattice [22]. However, under the restriction that T is unimodular, Image(P, T )
is a polyhedron. To force closure for non-unimodular Image functions, the
operation can compute the convex hull of the image.

In homogeneous terms, the transformation is expressed as

C′ =
{(

�x′

�

)

|
(

�x′

�

)

=
(

T t

0 1

) (
�x
�

)

,

(
�x
�

)

∈ C
}

Thus in the homogeneous representation, an affine transfer function becomes
a linear transfer function (no constant added in). In the analysis that follows,
we will treat the transfer function from the linear point of view. The trans-

formation function
(

T t

0 1

)

is a matrix dimensioned by (n+ 1)× (m+ 1),

where n and m are the dimensions of x and x′, respectively. This transfor-
mation matrix is passed as a parameter to the image procedure. If n = m,
x and x′ are the same dimension. If n �= m, the transformed space is of a
larger (or smaller) dimension. The transformation does not have to be one-to-
one, and therefore may not be invertible. Also, if detT �= 1, then the volume
of the domain (the number of points in the domain) will be scaled by the
magnitude of the determinant. To compute an image of D, given the full



46 Energy-Aware Memory Management for EMSs

T D´D

Figure 2.6 Affine transformation of D to D′.

redundant representation:

D = {x |Ax ≥ 0, x = R�, AR ≥ 0,� ≥ 0}

and given the transformation x′ = Tx, the resulting D′ is

D′ = {x′ |A′x′ ≥ 0, x′ = TR�, A′TR ≥ 0,� ≥ 0}

= {x′ |A′x′ ≥ 0, x′ = R′�, A′R′ ≥ 0,� ≥ 0}

A′ can be computed as the dual of R′. Thus, R′ = TR and A′ = dual(R′).
This computation is illustrated in Figure 2.7. The image of a domain is simply
the union of the images of the component polyhedra contained in the domain,
as follows:

T.D = T.(∪iPi)
= ∪i(T.Pi)
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Figure 2.7 Computation of image.
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2.4.9 Preimage

Preimage is the inverse operation of image. That is, given a domain D′ defined
as

D′ = {x′ |A′x′ ≥ 0, x′ = R′�, A′R′ ≥ 0,� ≥ 0}

and a transformation T , find the domain D which when transformed by T
gives D′. The relation x′ = Tx still holds. (Refer again to Figure 2.6.) The
result D is

D = {x |A′Tx ≥ 0, x = R�, A′TR ≥ 0,� ≥ 0}

= {x |Ax ≥ 0, x = R�, AR ≥ 0,� ≥ 0}

In the result, A = A′T and R = dual(A). This procedure is illustrated in
Figure 2.8. The preimage of a domain is simply the union of the preimages of
the component polyhedra contained in the domain, as follows:

T−1.D = T−1.(∪iPi)

= ∪i(T−1.Pi)

T−1 here is simply a notation for the preimage operation and does not mean
to imply that T is invertible.

2.4.10 Practical considerations

Experience has shown that two practical problems have to be considered when
implementing polyhedral operations. The first is a numeric overflow problem.
If operations are performed using exact rational computation, and numbers
are stored using 32-bit integer numerators and denominators, then numeric
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overflow can occur. If two rational numbers are multiplied and there is no
cancellation, then the storage requirement for the result is the sum of the
storage for the two operands (measured in number of bits). The solution to
this problem is to use a multi-precision arithmetic package in which numeric
storage grows to meet demand.

The second problem is a memory overflow problem. Given a d-dimensional
polyhedron with n constraints, as many as n
 d

2 � vertices might be required in
the dual representation in the worse case. This effectively limits computation
to small dimensional polyhedra in the worst case. This also makes it difficult
to statically allocate a fixed amount of work space to perform a computation.
A dynamic work space would be better, in light of this problem. Fortunately,
the worst case is very rarely seen.

A library called polylib was written in 1994 and 1995 in the C–language
that provided the capability for doing geometric operations on unions of poly-
hedra. The operations union, intersection, difference, simplification in context,
convex union, image, and preimage were all supported. The library was writ-
ten while the author was working as a researcher at the IRISA laboratory in
Rennes, France. Early parts of the library were done in collaboration with the
late Hervé Le Verge who died in a tragic accident before the library was com-
pleted. Since then, the library has been maintained and extended by Vincent
Loechner in collaboration with Sven Verdoolaege.

2.5 Loop Nest Synthesis Using Polyhedral Operations

In a system of affine recurrence equations, equations are defined over a region
of index space called a domain. To convert a system of affine recurrence equa-
tions programs to imperative code, equations that are defined over a domain
must be elaborated in terms of imperative loops that scan the domain. The
synthesis of loop nests to scan a domain is thus fundamental in the generation
of imperative code from a system of affine recurrence equations.

2.5.1 Introduction

The spatial point of view of a loop nest goes back to the work of Kuck [13]
who showed that the domain of nested loops with affine lower and upper
bounds can be described in terms of a polyhedron (Figure 2.9). Loop nest
synthesis grew out of the earlier loop transformation theory [23,24] where
it was shown that all loop transformations could be performed by doing a
reindexing of the underlying index domain, followed by a rescanning (perhaps
in a different order) of the domain (Figure 2.10). Loop nest synthesis is based
on the polyhedral scanning problem that poses the problem of finding a set of
nested do–loops that visit each integral point in a polyhedron. In this section,
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for (i = 0; i ≤ 6; i = i + 1)

      for (j = 0; j ≤ i; j = j + 1)

           ···
i60

0

6
j

Figure 2.9 The spatial interpretation of a loop nest.
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for (i = 0; i ≤ 6; i = i + 1)

      for (j = i; j ≤ 6; j = j + 1)

            ···
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Figure 2.10 Loop transformations.

I present a method published by Le Verge, et al. [25] to scan parameterized
polyhedra using polyhedral operations.

2.5.2 The polyhedron scanning problem

2.5.2.1 Introduction to parameterized polyhedra

This section quickly introduces the concept of parameterized polyhedra to help
in the understanding of the polyhedron scanning problem. A polyhedron is de-
fined to be the set of points bounded by a set of hyperplanes. Each hyperplane
is associated with an inequality (ax ≥ b) that divides space into two halfspaces:
a closed halfspace that satisfies the inequality and an open halfspace that does
not. A system of such inequalities induces a polyhedron D = {x : Ax ≥ b}
where A and b are a constant matrix and vector, respectively.

Often, one is interested in describing families of polyhedra D(p), one poly-
hedron per instance of the parameters p. This can be done by replacing vector
b above with an affine combination of a set of parameters p. By so doing, one
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obtains a parameterized polyhedron:

D(p) = {x : Ax ≥ Bp + b}

where A and B are constant matrices and b is a constant vector. This param-
eterized polyhedron can be rewritten in the form of a canonical projection
of a non-parameterized polyhedron D′ in the combined index and parameter
space as shown by:

D(p) =
{

x : (A −B)
(

x
p

)

≥ b

}

D′ =
{(

x
p

)

: A′
(

x
p

)

≥ b

}

2.5.2.2 The polyhedron scanning problem

To generate sequential code for operations and variables declared over poly-
hedra, a loop nest that scans the given polyhedral region must be generated.
The polyhedron scanning problem is formally stated as:
Given a parameterized polyhedral domain D(p) in terms of a parameter vector
p and a set of k constraints:

D(p) = {x : Ax ≥ Bp + b}

where A and B are constant matrices of size k × n and k × m, respec-
tively, and b is a constant k-vector, produce the set of loop bound expressions
L1, U1, . . . Ln, Un such that loop nest:

DO x1 = L1, U1
...
DO xn = Ln, Un

body
END

END

will visit once and only once each and every integer point in the domain D(p)
in lexicographic order of the elements of x = (x1, . . . , xn).

When talking about a particular loop variable xi, the term outer loops refers
to loops that enclose the xi–loop, that is, the loops of indices xj , j < i. Inner
loops refers to the loops contained in the xi–loop, that is, the loops of indices
xj , j > i.

The problem of finding loop bounds is related to the linear programming
problem and shares its complexity. Fortunately, these problems tend to be
relatively small (in terms of the dimension and number of constraints) due
to the fact that loops are not deeply nested, and exact solutions for typical
problems can be found in reasonable time.
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Example 2.13 Given the parameterized domain defined as :

{i,j,k | i>=0; -i+M>=0; j>=0; -j+N>=0; k>=0; i+j-k>=0}:S

and the context domain {N,M | N>0; M>0} describing what is known to be
true a priori, the following four different loop nests (in a system of affine
recurrence equations syntax) were generated by the method described in this
chapter. Each loop nest scans the domain in a different order.

{i | 0<=i<=M} ::

{j,i | 0<=j<=N} ::

{k,j,i | 0<=k<=i+j} :: S

a. The loop nest in {i, j, k} scan order.

{j | 0<=j<=N} ::

{k,j | 0<=k<=j+M} ::

{i,k,j | 0<=i<=M; i>=k-j} :: S

b. The loop nest in {j, k, i} scan order.

{k | 0<=k<=N+M>=0} ::

{j,k | 0<=j<=N; j>=k-M} ::

{i,j,k | 0<=i<=M; i>=k-j} :: S

c. The loop nest in {k, j, i} scan order.

{i | 0<=i<=M} ::

{k,i | 0<=k<=i+N} ::

{j,k,i | 0<=j<=N; j>=k-i} :: S

d. The loop nest in {i, k, j} scan order.

2.5.3 Description of the method

In this section, I solve the polyhedron scanning problem in terms of polyhedral
operations and show how it can be solved using the Simplify in Context (see
Section 2.4.6) and the Convex Union (see Section 2.4.7) operations previously
described in this chapter. The method projects the polyhedron in the canonical
direction of inner loop variables in order to eliminate dependencies on them.
Thus bounds on a loop are found independent of inner loop indices. This
method relies on the fact that computational domains tend to be relatively
small polyhedra (in terms of the dimension and number of constraints) due
to the fact that loops are not deeply nested.

The polyhedral operation convex union (see Section 2.4.7) joins one poly-
hedron to another and produces a resulting polyhedron with all redundant
constraints and geometries eliminated. It is used in this section to eliminate
(or project out) the inner loop indices from the bound expressions of outer
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Figure 2.11 Adding a line to project out an index.

loops. This is illustrated in Figure 2.11 where xi is an outer loop variable
and xj is an inner loop variable. To compute the loop bounds for the xi–loop
as a function of parameters and outer loop variables, the inner loop vari-
ables xj , j > i must be removed from the domain. This is done by projecting
the domain in the direction of the inner loop variables onto the xi-axis, giv-
ing lb and ub as the lower and upper bounds of xi, respectively. This can
be accomplished using convex union by adding a polyhedron consisting of a
set of lines {li+1, li+2, · · · } in the directions of all of the inner loop variables
{xi+1, xi+2, · · · } to the polyhedron being scanned. The resulting polyhedron
is a cylinder open in the direction of inner loop variables (as shown in the
figure), which has no constraints in terms of the inner loop variables.

This polyhedron can be further simplified by considering the context of
the surrounding loops. Once in the code body of the surrounding loops, the
constraints imposed by those loops have already been enforced and can be
assumed true. Thus, retesting for those constraints in the body of the loop is
pointless and inefficient. The polyhedron resulting from the projection de-
scribed above includes constraints from the outer loops. To remove these
constraints, we can use the simplification in context operation described in
Section 2.4.6.

Before giving the algorithm, the polyhedral scanning problem is restated in
terms of polyhedral loop domains instead of loops.

Given a d-dimensional polyhedron D to be scanned, with an
initial context domain D0 (constraints that are known to be true
at this point in the program and that do not need to be reverified),
find a sequence of loop domains D1,D2, · · · ,Dd such that

D = D0 ∩ D1 ∩ D2 ∩ · · · ∩ Dd

where each loop domain Di is only a function of outer loop vari-
ables xj , 1 ≤ j ≤ i.

Using the above two polyhedral operations, a function can be written that
takes a specified domain D and separates (or factors) it into an intersection of
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the initial context domain D0 and a sequence of loop domains D1,D2, . . . ,Dd

(so that D = D0 ∩D1 ∩ · · · ∩ Dd) where each loop domain is not a function of
inner loop variables.

The loop domain Di, 1 ≤ i ≤ d is computed in two steps. First, the in-
ner loop variables are projected out of the original domain D by adding lines
{li+1, li+2, . . . , ld} in the directions of the inner loop dimensions using the
ConvexUnion operation. The resulting domain is not a function of inner loop
variables. This domain is then simplified in context of the initial context do-
main D0 and all of the outer loop domains D1,D2, . . . ,Di−1.

Accordingly, the loop domain Di, i ≥ 1 can be recursively computed as:

Di = SimplifyInContext(ConvexUnion(D, {li+1, · · · , ld}),D0 ∩ · · · ∩ Di−1);

After finding the domain Di, the loop bounds of the ith loop can be eas-
ily extracted from the domain. Polyhedral operations can thus be used to
efficiently compute loop nests to scan a polyhedral domain, which is an essen-
tial step in generating sequential imperative programs to execute recurrence
equations.

2.6 Localizing Affine Dependences

The purpose of this section is to show how polyhedral operations can be used
to create localizing transformations for systems of affine recurrence equations.

Algorithms expressed as uniform recurrence equations (URE) have been
shown to map well on to regular architectures known as regular array proces-
sors, or systolic arrays. These architectures take advantage of the small grain
parallelism in regular algorithms. Interconnection between processors is local,
meaning only nearest neighbors communicate. The modularity of the proces-
sor array and locality of communication makes these architectures completely
scalable.

Systems of affine recurrence equations (ARE) are not intrinsically local, and
therefore, do not map directly to regular array architectures. A transformation
process called localization must be applied to affine recurrence equations to
rewrite them as a functionally equivalent system of uniform recurrence equa-
tions that only uses local interconnect. For many algorithms, this process is
easily accomplished. For others, the localization of dependences can be quite
complex.

The localization of affine dependences is a major problem in the methodi-
cal derivation of systolic arrays from systems of affine recurrence equations. A
paper by Roychowdhury, et al. [26] describes a mathematical approach to the
localization problem that elegantly handles both the pipelining of broadcasts
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and the serialization of reductions with a unified approach. This section sum-
marizes their method and then discusses an algorithm that was developed to
implement this method using polyhedral operations.

2.6.1 Dependences

As was discussed in Section 2.1.2, a recurrence equation equates an array
variable on the left hand side of the equation to a function of other array
variables on the right hand side. An array variable can be thought of as a
function mapping points i in the index domain of a variable to values in
the variable’s data type set (such as integer, real, or boolean) as illustrated
graphically in Figure 2.12a.

In a system of recurrences, we say that a variable X at a point p ∈ Dx

(directly) depends on variable Y at a point q ∈ Dy, (denoted by X[p] 
→
Y [q]), whenever Y [q] occurs on the right hand side of an equation defining
X[p]. This is shown graphically in Figure 2.12b. In general, each dependence
has the form:

∀i ∈ D : X[Pi + p] 
→ Y [Qi + q] (2.14)

and is read as, “for all i in index domain D, X at Pi + p depends on Y at
Qi+ q.” The domain D is the common iteration space. For each point i in D
there is a single data dependence between X and Y . The image of the domain
D by the affine function Pi + p must be a subset of the index domain Dx of
X, and image of D by Qi+ q must be a subset of the index domain Dy of Y .
A general dependence of this type is called an affine dependence. A simpler

D (X)
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X

X [i]

Set

of

Values

(a) (b)

D

i

QP

D (Y)

Qi
D (X)

Pi

YX

Y [Qi]X [Pi]

Dependence

Figure 2.12 Graphical representation of variable and dependences.
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dependence of the form ∀i ∈ D : X[i] 
→ Y [i+ b], where b is a constant vector,
is called a uniform dependence.

In Figure 2.12b, circles represent index domains and value sets, and the
arrows represent mapping functions between them. Functions P and Q map
points in D to the index domain of variables X and Y , respectively, and X
and Y map points in their respective index domains to the actual values. The
dependence is represented by the arrow between X[Pi] and Y [Qi]. (For this
analysis, the additive constants p and q are not significant.) The arrow head
points in the direction of data flow, opposite the direction of the dependence.
Thus we have a graphical representation of the dependence X[Pi] 
→ Y [Qi].

Dependences may also be represented on a dependence graph, where vari-
ables are represented by nodes, and dependences are represented as directed
arcs with the tail at the node where data originates and the head at the node
where the data is used. (Note that an arc on a dependence graph goes in the
direction of dataflow, which is exactly opposite the direction of dependence.)
Figure 2.13 shows dependence graphs for the different forms of dependences
to be considered in this chapter. Local dependences (Figure 2.13a.) and non-
local dependences (Figure 2.13b.) are a one-to-one relationship between the
data source and destination. A broadcast (Figure 2.13c.) occurs when data
generated at one node is needed in computations at several different nodes
and is a one-to-many data communication. A reduction (Figure 2.13d.) is
a many-to-one communication that occurs when data from several different
nodes are combined with an associative and commutative operator. In this
chapter, we are concerned with the pipelining and localization of broadcasts
and reductions.

2.6.2 Method to classify dependences

The basic mathematical representation of a dependence given in Equation 2.14
can represent all four types of dependences mentioned above. To determine
the type of a dependence, we must look at the null spaces of the functions P
and Q. We digress here for a short discussion of null spaces, and then we will
illustrate how null spaces in P and Q are used to differentiate the different
types of dependences.

(c) Broadcast (d) Reduction(b) Non-local(a) Local

Figure 2.13 Simple dependence graphs illustrating types of dependences.
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2.6.2.1 Null spaces

Null space Consider an affine mapping function Az + b that maps one set
of points to another set of points. Consider two distinct points z1 and z2 that
are mapped to the same point z′. Then,

Az1 + b = z′ and Az2 + b = z′ ⇒ A(z2 − z1) = 0
Av = 0, v = z2 − z1

The vector v that separates z1 and z2 is said to be in the null space or kernel
of A. The null space of A is defined as:

null(A) = {x : Ax = 0} = {x : x = B�} = lin(B)

The null space of A is a linear space that is spanned by a set of basis lines
(columns of matrix B). In the equation above, B� is a linear combination of
the basis lines (� is any vector). The null space of A is unique; however, the
matrix B is not unique since the basis of a linear space is not unique. The
rank of matrix B is called the dimension of the null space. An implication of
the definition of a null space is that AB = 0.

We also need to refer to the inverse of the null function. If the matrix B is
a basis for the null space of A, then we can say null−1(lin(B)) = A.

Null space in context Consider an affine mapping function Az + b
that maps all points in a polyhedral domain D to another domain D′ =
Image (D, (z → Az + b)). Consider two points z1 and z2 in D that are mapped
to the same point z′ in D′. If D is defined as D = {z : Cz = d;Ez ≥ f}, then
any distinct two points z1 and z2 in D must both satisfy the equality Cz = d.

Cz1 = d and Cz2 = d ⇒ C(z2 − z1) = 0
Cv = 0, v = z2 − z1

and thus v ∈ null(C). The affine hull of D is the smallest dimensional flat
that contains all points in D. If D is defined above, then the affine hull of D
is defined as:

affD = {z : Cz = d}.
The null space of A in the context of a domain D whose affine hull = {z :

Cz = d} is:

{x : Ax = 0;Cx = 0} = null(A) ∩ null(C)

2.6.2.2 Null spaces in P and Q

Roychowdhury, et al. [26] describe how to interpret the presence of nonempty
null spaces in P and Q and how this enables us to detect broadcasts and
reductions, or a combination of both. In this section, we summarize their
work using the domain figure we have developed.
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Figure 2.14 Broadcast and reduction.

Broadcasts Broadcasts are created when there exists a vector v in Null(Q),
which is not in Null(P ). Refer to Figure 2.14a. If v is the vector separating
two points in D and v is in the null space of Q, then the two points in D
will map to the same point in D(Y ). If v is not in the null space of P , then
these two points will map to two distinct points in D(X). This means that
two or more values in X are dependent on a single value in Y and this is a
broadcast.

Reductions Refer to Figure 2.14b. If v is in the null space of P and not in
the null space of Q, then the two points in D will map to a single point in
D(X) and two distinct points in D(Y ). This creates a dependence of X[Pi]
on two points or more points in Y and this is a reduction.

Broadcast-reductions It is also possible that both P and Q have
nonempty and nonintersecting null spaces (Null(P ) ∩ Null(Q) = ∅). In this
case the dependence is both a broadcast and a reduction. This case is illus-
trated in Figure 2.15a.

In the figure, v is in the null space of P and u is in the null space of Q
and u �= v. Any point separated by one of these vectors will map to a single
point in one domain and to two points in the other. The result, as can be
seen in the figure, is that each point in the left domain is dependent on both
points in the right domain. This type of dependence may be separated into a
reduction followed by a broadcast. The details of this transformation will be
covered later in this section.
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Figure 2.15 Broadcast-reduction and redundant iteration space.

Redundant iteration space It is possible that the domain D is larger than
it needs to be to complete the desired calculation. This happens when the
null spaces of P and Q have a nonempty intersection: Null(P ) ∩ Null(Q) �= ∅.
A subset of this case, Null(P ) = Null(Q), is represented in Figure 2.15b. We
will look at this simple case here, and abstract the idea later.

In the figure, Null(P ) = Null(Q) = v. Since v is in the null space of both
P and Q, any points in D separated by this vector will map to a single point
in both D(X) and D(Y ). Thus, the two points pictured map to a single point
in both domains. Both points in D lead to a single one-to-one dependence
between X[Pi] and Y [Qi].

2.6.3 Description of the algorithm

2.6.3.1 Computing null spaces using Hermite normal forms

First, we need to introduce and define the two Hermite normal forms. The
definitions are similar and so differences are noted.

Right Hermite normal form If A is an integer matrix of full column

rank, then there exist integer matrices U and H such that UA =
[

H
0

]

,

where U is unimodular, and H is a nonnegative4 upper triangular matrix

4A different definition of Hermite normal form defines only the diagonal elements positive with
all other elements in the matrix zero or negative [27, p. 190]. Here, we use the definition given
by Schrijver [2, p. 45].
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with positive diagonal elements. Further, each off-diagonal element is strictly
less than the diagonal element in its same column. The right Hermite normal
form is computed using row operations.

Left Hermite normal form If A is an integer matrix of full row rank,
then there exist integer matrices U and H such that AU = [ H 0 ], where
U is unimodular and H is a nonnegative lower triangular matrix with positive
diagonal elements. Further, each off-diagonal element is strictly less than the
diagonal element in its same row. The left Hermite normal form is computed
using column operations.

We can find a basis set for the null space of a full row matrix A using the Her-
mite normal form. Let H be the left Hermite normal form of matrix A, then

AU = [H 0]

where U is a unimodular matrix. Let the matrix U be written as the column
catenation of two matrices U1 and U2, such that the number of columns of U1
matches the number of columns of H.

AU = A[U1 U2] = [H 0]

AU1 = H

AU2 = 0

The columns of the matrix U2 form a minimal basis for the null set of A:
null(A) = lin(U2) and null−1(lin(U2)) = A

The columns of U2 are guaranteed not to be linear combinations of each other,
and thus it is a minimum-sized basis, and the dimension of the null space of
A is the number of columns in U2.

The columns of U1 form a minimum basis of another linear space, which we
will call the nonnull space defined as follows:

nonnull(A) = {v : Av �= 0}
And thus,

nonnull(A) = lin(U1)

The following relationships can be shown to be true:

null(A) ∩ null(B) = null

([
A
B

])

null(A) − null(B) = null(A) ∩ nonnull(B)

nonnull(A) ∪ nonnull(B) = nonnull

([
A
B

])

null(A) = lin(B) ⇒ null(BT ) = lin(AT )

null−1(lin(A)) = B ⇒ null(AT ) = lin(BT )
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The last of these relationships provides a basis for computing null−1.
It is possible to do a chain of transformations on the recurrence equations

while still preserving the computational meaning of the recurrences. The trans-
formations we are interested in doing are those that will help us to localize the
dependences in our calculation. There are three main transformations we want
to make: reducing the redundant iteration space; introducing an intermediate
variable to separate dependences with both broadcasts and reductions; and
introducing pipelining vectors to localize broadcasts and reductions. We pose
the algorithm in terms of transformations of dependences for simplicity. In
the larger sense, it is really the recurrence equations which are transformed,
and the dependences are changed as a result.

2.6.3.2 Step 1: Reducing redundant iteration spaces

As was shown previously, when null(P ) = null(Q), the index space is redun-
dant. This can be extended to the general case when null(P ) ∩ null(Q) �= ∅.

Referring to Figure 2.16a, both u and v are in the null space of Q. Thus all
four points a, b, c, and d map to a single point in D(Y ). Then, there would
be only one element in Y , and the dependence would be a broadcast. One
may see that there are redundancies in the iteration space: the two iteration
points a and b in D lead to the same dependence and computation. Likewise,
the points c and d perform the same computation.

The redundant iteration space D can be reduced to D′ as shown in
Figure 2.16b, in which the same computation is accomplished as shown in
Figure 2.16a, only without the redundancy. To reduce the system, common
components of the null spaces of P and Q (in this case v) are removed.
When the iteration space is changed to D′, the mapping functions P and
Q must also change in order to preserve the proper mapping.
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Figure 2.16 Redundant iteration space before and after simplification.
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Figure 2.17 a. Introduction of intermediate variable Z to separate a
broadcast-reduction dependence. b. All domains and mappings used in the
localization algorithm.

To transform D to D′, we simply “compress” the domain D so that vectors in
the common null space are no longer in the domain. As shown in Figure 2.17b,
the new domain D′ is computed by mapping (projecting) all points in D by
a function R onto the image domain D′ where null(R) = null(P ) ∩ null(Q).
In our example, R = null−1(lin(v)). The image function maps all points in
D separated by the vector v to a single point in D′, and thus the redundant
points in the domain are removed. New mapping functions P ′ and Q′ that
map from the new domain D′ to the index domains of X and Y , respectively,
must also be computed.

Using the techniques just discussed, it is possible to reduce the calculation
of interest to its minimum iteration space. The end effect of these reductions
is to reduce the hardware of the final systolic array, and/or reduce the time of
the computation, both of which are desirable as they lead to a more efficient
implementation of the algorithm.

1. Let null(R) = null(P ) ∩ null(Q).
If null(R) �= ∅ Then

a. D′ = Image(D, R) (Project out the redundancy of D)
b. Compute P ′ such that null(P ′) = null(P ) − null(R)
c. Compute Q′ such that null(Q′) = null(Q) − null(R)

Else D′ = D; P ′ = P ; Q′ = Q
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After reducing the iteration space to D′, null(P ′) ∩ null(Q′) = ∅ and thus
dependences are not redundant.

2.6.3.3 Step 2: Separating broadcast-reductions

Some nonlocal dependences may be broadcasts, others may be reductions,
and yet others may have both a broadcast and a reduction component in
them. This last type of dependence requires a step in the algorithm that
introduces an intermediate variable to separate a combined reduce-broadcast
into a reduce-operation followed by a broadcast.

The introduction of an intermediate variable Z is illustrated in Figure 2.17a.
A vector v is not in Null(Q′) but is in Null(S), creating a reduction from Y
to Z. Also, a vector u is in Null(S), but not in Null(P ′), creating a broadcast
from Z to X. The intermediate variable Z is found by defining a new mapping
function S such that both u and v are in the null space of S. The function S
maps all points in D′ that are separated by vectors in the null space of either
P or Q to the same point in the new domain D(Z). The resulting intermediate
variable Z is dependent on variable Y and this dependence is a reduction. The
variable X is dependent on intermediate variable Z and this dependence is a
broadcast.

2. If null(P ′) �= ∅ and null(Q′) �= ∅ Then
Compute S: If null(P ′) = lin(V ) and null(Q′) = lin(U) then

S = null−1(lin([V U ]))
( null(S) = lin(V ) + lin(U) )

Create new intermediate variable Z with domain D(z) = image(D′, S)
Split recurrence equation with dependence:

∀i ∈ D′ : X[P ′i] 
→ Y [Q′i]
into two recurrences so that the new dependences are:

∀i ∈ D′ : Z[Si] 
→ Y [Q′i] (reduction)
∀i ∈ D′ : X[P ′i] 
→ Z[Si] (broadcast)

After the recurrence is separated, the reduction and the broadcast can be
individually localized and simplified in the next step.

2.6.3.4 Step 3: Computing the pipelining vectors

At this point in the algorithm, all broadcasts and reductions have been sep-
arated and recurrences can only have dependences of three forms. The first
is a one-to-one dependence. This is the case if both null(P ′) and null(Q′)
are empty. The second case is a broadcast. This comes about if null(Q′) is
not empty and null(P ′) is empty. We localize this dependence by introducing
pipelining vectors chosen from the basis of the null space of Q′. The third case
is a reduction, which is similar in form to the broadcast. It arises when the
null(P ′) is not empty and the null(Q′) is empty. Pipelining vectors are then
chosen from a basis of the null space of P ′. Through use of pipelining, data
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is passed from node to node using only local communication. By pipelining,
all broadcasts and reductions can be broken up into local dependences. To
initialize a pipeline, a bottom (or beginning) point must be found. Pipelining
originates from this point and flows in the direction of the pipelining vectors
to the rest of the nodes that need the data. The domain of bottom points
will be designated as D⊥. The dependence would then take on the following
forms.

3. If null(P ′) = ∅ and null(Q′) �= ∅ Then (broadcast)
Choose a basis vector � from null(Q′) to be the pipelining vector
Compute D⊥
Transform the recurrence so that the following dependences exist:

∀i ∈ D⊥ : X[P ′i] 
→ Y [Q′i] (pipeline initialization)
∀i ∈ (D −D⊥) : X[P ′i] 
→ X[P ′(i− �)] (pipeline broadcast)

If null(P ′) �= ∅ and null(Q′) = ∅ Then (reduction)
Choose a basis vector � from null(P ′) to be the pipelining vector
Compute D⊥
Transform the recurrence so that the following dependences exist:

∀i ∈ D⊥ : X[P ′i] 
→ Y [Q′i] (pipeline initialization)
∀i ∈ (D −D⊥) : Y [Q′i] 
→ Y [Q′(i− �)] (pipeline reduction)

In some cases it is necessary to use two or more pipelining vectors. In
general, the number of pipelining vectors needed is equal to the dimension of
the null space of Q or P for broadcast or reduction operations, respectively. If
there are multiple dimensions to be pipelined, then you must choose a primary
pipelining vector, a secondary pipelining vector, and etc. The data is then
pipelined from the bottom point in the direction of the primary pipelining
vector. Then it is sent from these points in the direction of the secondary
vectors. This process is repeated until the full dimensionality of the null space
is covered. The basis vectors of a null space are not unique. Any basis of the
null space may be used as the pipelining vectors. In most cases, it will be
obvious which set of vectors will be most advantageous.

2.6.4 Summary

An algorithm has been presented that uses polyhedral operations to localize
broadcasts and reductions. The resulting transformations are performed on
the system of recurrence equations, and at each step, non-local dependences
are eliminated and the system becomes more and more localized. Figure 2.17b
shows all of the transformation steps with their domains together on one
graph.

By following these steps, affine dependencies can be localized. At the com-
pletion of the process, all one-to-many, many-to-many, and many-to-one de-
pendences will have been replaced with one-to-one dependences. The majority
of these dependences will be local. Non-local one-to-one dependences may also
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possibly arise in connection with the initialization of pipelines. The localiza-
tion of these dependencies is a different discussion.

As has been shown, polyhedral operations are pervasively used in the spec-
ification, analysis, and transformation of recurrence equations.
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3.1 Introduction

In the earlier days of digital system design, memory was expensive, so re-
searchers focused on memory size optimization. Nowadays, the cost per
memory bit is very low due to the progress of the semiconductor technol-
ogy and the consequent increase of the level of integration. Gradually, the
memory size optimization decreased in direct importance, while performance
and power consumption became the key challenges. Memory may become
a bottleneck—both in terms of energy and performance—for data-intensive
embedded applications in areas like multimedia and multidimensional signal
processing due to the impact of data storage and transfer versus data process-
ing [1–3].

However, memory latency and energy consumption per access increase with
the memory size. Therefore, reducing the memory requirements of the target
applications continues to be used in the early phase of the design flow, the
ultimate goals being reducing the storage power budget and increasing per-
formance. During this phase, the designer attempts to improve the temporal
locality of data (i.e., the results of a computation should be used as soon as
possible by next computations in order to reduce the need for temporary stor-
age) by performing code transformations on the behavioral specifications [4–6].
Loop transformations are important system-level design techniques, used to
enhance the locality of data and the regularity of data accesses. The overall
reduction of the lifetimes1 of scalar signals (array elements) increases the pos-
sibility of memory sharing, since data with nonoverlapping lifetimes can be
mapped to the same physical location. This leads to the overall reduction in
the data storage requirements and, hence, of the chip area [7]. Data compres-
sion is another technique for reducing the storage requirements, which targets
finding efficient representations of data [8]. In spite of applying such techniques
in the early phase of the design flow, data memory size has steadily increased
over time due to the fact that system applications grew more complex.

In deriving an optimized memory architecture, memory size computation
continues to be an important evaluation tool in the early phase of the de-
sign, the system-level exploration. The problem is to determine the minimum
amount of memory locations necessary to store the signals of a given mul-
timedia algorithm during its execution, or, equivalently, the maximum stor-
age occupancy assuming any scalar signal needs to be stored only during its
lifetime. The total number of scalars in each of the three equivalent codes in
Figure 3.1 is 4,096. In the first code, the lifetimes of any two array elements are

1The lifetime of a scalar signal is the time interval between the clock cycles when the scalar
is produced or written, and when it is read for the last time, i.e., consumed, during the code
execution. Two scalars are simultaneously alive if their lifetimes do overlap. Obviously, in such a
case, they must occupy different memory locations; otherwise, they can share the same location.
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                                           //   All the A-elements are
for (i=0; i<191; i++)           //   consumed in this loop nest 
    for (j=0; j<64; j++)  { 
        if ( i+j >= 63   &&  i+j <= 126)   A[i][j] = ... ;
        if ( i+j >=127  &&  i+j <= 190)   ... = A[i–64][j] ;
    }
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                                           //   All the A-elements are
for (j=0; j<64; j++)             //   consumed in this loop nest 
    for (i=0; i<191; i++)  { 
        if (i+j >= 63   &&  i+j <= 126)   A[i][j] = ... ;
        if (i+j >=127  &&  i+j <= 190)   ... = A[i–64][j] ;
    }

//   All the A-elements are
for (i=0; i<191; i++)           //   produced in this loop nest 
    for (j=0; j<64; j++)  { 
        if ( i+j >= 63   &&  i+j <= 126)   A[i][j] = ... ;
    }
                                           //   All the A-elements are
for (i=0; i<191; i++)           //   consumed in this loop nest 
    for (j=0; j<64; j++)  { 
        if ( i+j >=127  &&  i+j <= 190)   ... = A[i–64][j] ;
    }
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Figure 3.1 Memory traces showing the effect of loop fusion and loop in-
terchange on the storage requirement. The storage requirement of the initial
code is 4096 memory locations. After loop fusion, the needed data storage
decreases to 3104 locations; additionally, after loop interchange, it becomes
only 64 locations (about 1.5% of the initial value). (Reprinted from [56] with
permission from IOS Press.)

overlapping (since all the A-elements are produced before any is consumed),
so each array element needs a distinct memory location. However, only 64
locations are necessary for the third code (as confirmed by our tool presented
in Section 3.6): due to the fact that scalars having disjoint lifetimes can share
the same memory location, the amount of storage (64) can be much smaller
than the total number of scalar signals (4096).

One of the possible applications of the exact memory size computation is
the evaluation of the impact of different code (and, in particular, loop) trans-
formations on the data storage, during the early design phase of system-level
exploration. For instance, the minimum memory size needed by the array A in
the exemplifying code with two loop nests from Figure 3.1 is 4096 locations.
The variation of the storage requirement has a simple pattern: in the first loop
nest, it increases uniformly due to the production of the A-elements; in the
second loop nest, it decreases uniformly due to the consumption of the same
elements, as shown in the first graph. After the fusion of the nested loops, the
storage requirement decreases to 3104 locations, the new trace of the memory
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variation being displayed in the second graph of the figure. Interchanging the
loops drastically decreases the storage requirements (with 98%) to only 64
locations, the final trace being the third graph shown in Figure 3.1.

Different variants of code of a same application can be compared one against
another in storage point of view, without the need of performing a proper
memory allocation for each variant—a significantly more expensive solution.

Another possible application is the evaluation of signal-to-memory map-
ping techniques,2 which are used to compute the physical addresses in the
data memory for the array elements in the application code. These mapping
models actually trade-off an excess of storage for a less complex address gen-
eration hardware. The mapping techniques known nowadays do not provide
consistent information on how good their models are, that is, how large is the
oversize of their resulting storage amount after mapping in comparison to the
minimum data storage. The effectiveness of their mapping model is assessed
only relatively; that is, they compare the storage resulted after applying their
mapping model either to the total number of array elements in the code or
to the storage results when applying a different mapping model. The exact
computation of the memory size and, also, the minimum storage windows for
each array allow to better evaluate the performance of any signal-to-memory
mapping model [9].

In order to solve exactly the memory size computation problem, the simu-
lated execution of the code may seem, at a first glance, an appealing strat-
egy. In principle, it could indeed solve the problem by brute-force computa-
tion. However, the simulated execution exhibits a poor scalability: while being
fast for small and even medium-size applications, the computation times in-
crease steeply, becoming ineffectual when processing examples with millions of
scalars (array elements) and deep loop nests with iterators having large ranges,
like many image and video processing applications. Enumerative techniques or
scalar approaches for register-transfer level (RTL) programs (see Section 3.2)
are too computationally expensive in such cases, often prohibitive to use.

The algorithm presented in this chapter is a non-scalar technique for com-
puting the maximum number of array elements simultaneously alive. This
number represents the minimum data storage necessary for the code execu-
tion because the simultaneously alive scalar signals must be stored in distinct
memory locations. The basic reasons of performance of this approach are:
(a) an efficient decomposition of the array references of the multidimensional
signals into disjoint linearly bounded lattices (LBLs) [10], and (b) an efficient
mechanism of pruning the code of the algorithmic specification, concentrating
the analysis in the parts of the code where the larger storage requirements are
likely to happen.

The rest of the chapter is organized as follows. Section 3.2 gives a brief
overview of the previous storage estimation techniques. Section 3.3 explains

2An overview of signal-to-memory mapping models is given in Chapter 6.
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the memory size computation problem for affine algorithmic specifications,
introducing terminology and basic concepts. Section 3.4 details some more
significant algorithms used by this polyhedral framework, while Section 3.5
describes the global flow of the storage computation algorithm. Section 3.6
presents basic implementation aspects and discusses the experimental results.
Section 3.7 summarizes the main conclusions of this work.

3.2 The Memory Size Computation
Problem: A Brief Overview

This problem has been tackled in the past both for register-transfer level
(RTL) programs at scalar level (since the earlier digital systems were simpler)
and for behavioral specifications at non-scalar level.

The problem of optimizing the register allocation/assignment in programs
at RTL was initially formulated in the field of software compilers [11], aiming
at a high-quality code generation phase. The problem of deciding which values
in a program should reside in registers (allocation) and in which register each
value should reside (assignment) has been solved by a graph coloring approach.
As in the code generation, the register structure of the targeted computer is
known, the k-coloring of a register-interference graph (where k is the number
of computer registers) can be systematically employed for assigning values to
registers and managing register spills.3 Although the problem of determining
whether a graph is k-colorable is NP-complete, effective heuristic techniques
were proposed.

In the field of synthesis of digital systems, starting from a behavioral spec-
ification, the register allocation was first modeled as a clique partitioning
problem [12]. The register allocation/assignment problem has been optimally
solved for nonrepetitive schedules, when the life time of all scalars is fully
determined [13]. The similarity with the problem of routing channels without
vertical constraints [14] has been exploited in order to determine the min-
imum register requirements (similar to the number of tracks in a channel)
and to optimally assign the scalars to registers (similar to the assignment of
one-segment wires to tracks) in polynomial time by using the left-edge algo-
rithm [15]. A nonoptimal extension for repetitive and conditional schedules
has been proposed in [16]. A lower bound on the register cost can be found at
any stage of the scheduling process using force-directed scheduling [17]. Inte-
ger linear programming (ILP) techniques are used in [18] to find the optimal

3When a register is needed for a computation but all available registers are in use, the content
of one of the used registers must be stored (spilled) into a memory location in order to free a
register.
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number of memory locations during a simultaneous scheduling and allocation
of functional units, registers, and busses. Employing circular graphs, [19] and
[20] proposed optimal register allocation/assignment solutions for repetitive
schedules. A lower bound for the register count is found in [21] without fixing
the schedule, using ASAP and ALAP constraints on the operations. Good
overviews of these techniques can be found in [22].

Common to all the scalar-based techniques is that they break down when
used by flattening large multidimensional arrays, each array element being
considered a separate scalar signal. The nowadays data-intensive signal pro-
cessing applications are described by high-level, loop-organized, algorithmic
specifications whose main data structures are typically multidimensional ar-
rays. Flattening the arrays from the specification of a video or image process-
ing application would typically result in millions of scalars.

To overcome the shortcomings of the scalar estimation techniques for high-
level algorithmic specifications where the code has an organization based on
loop nests and multidimensional arrays are present, several research teams
proposed various techniques exploiting the fact that, due to the loop structure
of the code, large parts of an array can be produced or consumed within a
single array reference. These estimation approaches can be basically split into
two categories: those requiring a fully fixed execution ordering, and those
assuming non-procedural specification where the execution ordering is still
not (completely) fixed. The techniques falling in the first category will be
addressed first.

Verbauwhede et al. consider a production axis for each array to model the
relative production and consumption time (or date) of the individual array
accesses [23]. The difference between these two dates equals the number of
array elements produced between them, while the maximum difference gives
the storage requirement for the considered array. The total storage require-
ment is the sum of the requirements for each array. An ILP approach is used
to find the date differences. Since each array is treated separately, only the
internal in-place mapping of an array (intra-array in-place) is considered; the
possibility of mapping arrays in-place of each other (inter-array in-place) is not
exploited. (When data with nonoverlapping lifetimes are mapped to the same
physical memory locations, this is sometimes referred to as in-place mapping.)

In [24], the data-dependency relations between the array references in the
code are used to find the number of array elements produced or consumed
by each assignment. The storage requirement at the end of a loop equals
the storage requirement at the beginning of the loop, plus the number of
elements produced within the loop, minus the number of elements consumed
within the loop. The upper bound for the occupied memory size within a
loop is computed by producing as many array elements as possible before any
elements are consumed. The lower bound is found with the opposite reasoning.
From this, a memory trace of bounding rectangles as a function of time is
found. The total storage requirement equals the peak bounding rectangle. If
the difference between the upper and lower bounds for this critical rectangle
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is too large, better estimates can be achieved by splitting the corresponding
loop into two loops and rerunning the estimation. In the worst-case situation,
a full loop unrolling is necessary to achieve a satisfactory estimate.

Zhao and Malik developed a methodology for so-called exact memory size
estimation for array computation [25]. It is based on live variable analysis
and integer point counting for intersection/union of mappings of parameter-
ized polytopes. In this context, a polytope is the intersection of a finite set of
half-spaces and may be specified as the set of solutions to a system of linear
inequalities. It is shown that it is only necessary to find the number of live
variables for one statement in each innermost loop nest to get the minimum
memory size estimate. The live variable analysis is performed for each iter-
ation of the loops, however, which makes it computationally hard for large
multidimensional loop nests.

Ramanujam et al. use for each array a reference window containing at any
moment during execution the array elements alive (that have already been
referenced and will also be referenced in the future) [26]. The maximal win-
dow size gives the storage requirement for the corresponding array. If multiple
arrays exist, the maximum reference window size equals the sum of the win-
dows for individual arrays. Treating the arrays separately, the technique does
not consider the possibility of inter-array in-place mapping.

All the techniques above estimate the memory size assuming a single mem-
ory. A hierarchical memory size estimation is performed in [6], taking data
reuse and memory hierarchy allocation into account.

In contrast to the array-based methods described so far in this section, the
storage requirement estimation technique presented in [27] assumes a non-
procedural execution of the application code. It traverses a dependency graph
based on an extended data-dependency analysis, resulting in a number of
nonoverlapping array sections (so called basic sets) and the dependencies be-
tween them. The basic set sizes and the sizes of the dependencies are found
using an efficient lattice point counting technique [28]. The maximal combined
size of simultaneously alive basic sets found through a greedy graph traversal
gives an estimation of the storage requirement.

The estimation technique described in [29] assumes a partially fixed execu-
tion ordering. The authors employ a data dependence analysis similar to [27],
their major improvement being to add the capability of taking into account
available execution ordering information (based mainly on loop interchanges),
thus avoiding the possible overestimates due to the total ordering freedom (less
the data dependence constraints).

Good overviews of some of these techniques can be found in [30] and [31].
It must be noticed that specifications of multimedia algorithms are often

parametrized. These specifications may contain more than one parameter, and
the array indexes—although linear functions of the loop iterators—may be
nonlinear functions of the parameters. A lot of research involving parametric
polytopes has been done in the compiler community like, for instance, affine
loop nest analysis and transformation [32,33], the improvement of data locality
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of nested loops [34], counting lattice points, their images, their projections
[35], computing the number of distinct memory locations accessed by a loop
nest [36], and parametrized integer programming [37]. Since the values of the
parameters are known anyway before the implementation of data-intensive
embedded applications, the memory size computation problem addressed in
this chapter considers the values of the parameters to be known.4 Chapter 4
will present a memory size evaluation approach for parametric specifications.

3.3 Computation of the Minimum Data Storage
for Affine Specifications

The algorithms for telecom and (real-time) multimedia applications are typ-
ically specified in a high-level programming language, where the code is or-
ganized in sequences of loop nests having as boundaries linear functions of
the outer loop iterators, conditional instructions where the conditions may
be both data-dependent or data-independent (relational and/or logical op-
erators of linear functions of loop iterators), and multidimensional signals
whose array references have (possibly complex) linear indices (see the codes in
Figures 3.1 and 3.2). This class of specifications is often referred to as affine [1].
Sometimes, in image and video processing, there may be also indices contain-
ing modulo operators, but these situations can be brought into the affine
specification class [38].

These algorithms describe the processing of streams of data samples, so
their source codes can be imagined as surrounded by an implicit loop having
the time as iterator. Consequently, each signal in the algorithm has an im-
plicit extra dimension corresponding to the time axis. This is why the code
often contains delayed signals, that is, signals produced in previous data pro-
cessings, which are consumed during the current execution. An illustrative
example is shown in Figure 3.2. The delayed signals are the ones followed
by the delay operator “@,” the next argument signifying the number of time
iterations in the past when those signals were produced. The delayed signals
must be kept “alive” during several time iterations; that is, they must be
stored during one or several data-sample processings.

Most of the previous non-scalar techniques on the evaluation of storage re-
quirements (see Section 3.2) considered a fixed execution ordering prior to the

4Like other past works [23–29], as well. In spite of considering parametrized polytopes, Zhao
and Malik still consider the parameter values to be known [25], since their estimation results
are numeric, not parametric. On the other hand, researchers from the compiler community
did compute the memory size for parametrized examples, but these were restricted in size and
complexity (e.g., only one—usually, perfect—nest of loops, with one single parameter), which is
not always sufficient for multimedia applications.
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T[0] = 0 ; // A[10][529] : input
for ( j=16 ; j<=512 ; j++)
{ S[0][j-16][0] = 0 ;

for ( k=0 ; k<=8 ; k++)
for ( i=j-16 ; i<=j+16 ; i++)

S[0][j-16][33*k+i-j+17] = A[4][j] - A[k][i]@16
+ S[0][j-16][33*k+i-j+16] ;

T[j-15] = S[0][j-16][297] + T[j-16] ;
}
for( j=16 ; j<=512 ; j++)
{ S[1][j-16][0] = 0 ;

for( k=1 ; k<=9 ; k++)
for( i=j-16 ; i<=j+16 ; i++)

S[1][j-16][33*k+i-j-16] = A[5][j] - A[k][i]@32
+ S[1][j-16][33*k+i-j-17] ;

T[j+482] = S[1][j-16][297] + T[j+481] ;
}
out = T[994]; // out : output

Figure 3.2 Illustrative example of affine specification with two delayed ar-
ray references [43]. ( c© 2007 IEEE.)

memory estimation [23–26]. The exceptions are [27], which allows any ordering
not prohibited by data dependencies, and [29], where the designer can specify
partial ordering constraints. In this chapter, the algorithmic specifications are
considered to be procedural; therefore the execution ordering is induced by the
loop structure and it is thus fixed, like in most of the previous works.5 (When
the specifications are non-procedural, the approach has also an estimation
operating mode, computing accurate upper bounds.) Fundamentally different
from the previous works [23–26] doing only a memory size estimation, the
algorithm presented in this chapter is able to perform an exact computation
of the minimum data storage. This approach uses both algebraic techniques
specific to the data-flow analysis used in modern compilers [39], and elements
of the theory of n-dimensional polyhedra.

Our polyhedral framework can compute the minimum data storage require-
ment of the entire (procedural) algorithmic specification, (therefore, the opti-
mal memory sharing between all the array elements in the code (inter-array
memory sharing). Optionally, it can also compute the minimum storage for
each individual multidimensional array, therefore, the optimal memory shar-
ing between the elements of the same array (intra-array memory sharing).
For instance, the signal A from the illustrative example in Figure 3.3 needs
a minimum data storage of 1752 memory locations since there are at most
1752 A-elements simultaneously alive—as computed by our tool. Similarly,

5This assumption is based on the fact that in present industrial design, the design entry usually
includes a full fixation of the execution ordering. Even if this is not the case, the designer can
still explore different algorithmic specifications that are functionally equivalent.
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Figure 3.3 Code example and its memory trace illustrating the optimal
inter-array memory sharing. (Reprinted from [56] with permission from IOS
Press.)

the minimum data storage (or the optimal memory sharing) of signal B is
3104 storage locations. However, since the elements of the arrays A and B
can share the same locations if their lifetimes are disjoint, the minimum stor-
age requirement is, actually, 4536 locations, which is less than the sum of the
minimum storage requirements of A and B (1752+3104 = 4856). In addition
to the computation of the minimum data storage, the variation of the mem-
ory occupancy during the execution of the algorithmic specification can be
displayed as well. Such memory traces are shown in Section 3.6. For instance,
Figure 3.3 displays a detail of the memory trace for the illustrative code in
the figure.

A limitation of the current implementation is that the input programs are
in the single-assignment form; that is, each array element is written at most
once (but it can be read an arbitrary number of times). In Section 3.6, it
will be explained how the algorithm could be modified in order to process
specifications that are not in the single-assignment form.

3.3.1 Definitions and concepts

Definitions: A polyhedron is a set of points P ⊂ �n satisfying a finite set of
linear inequalities: P = { x ∈ �n |A ·x ≥ b }, where A ∈ �m×n and b ∈ �m.
If P is a bounded set, then P is called a polytope. If x ∈ Zn, then P is called
a Z-polyhedron/polytope. The set { y ∈ �m |y = A ·x,x ∈ Zn } is called the
lattice generated by the columns of matrix A.

Each array reference M [x1(i1, . . . , in)] · · · [xm(i1, . . . , in)] of an m-
dimensional signal M , in the scope of a nest of n loops having the iterators
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i1, . . . , in, is characterized by an iterator space and an index (or array) space.
The iterator space signifies the set of all iterator vectors i = (i1, . . . , in) ∈ Zn

in the scope of the array reference. The index space is the set of all index
vectors x = (x1, . . . , xm) ∈ Zm of the array reference. When the indices of
an array reference are linear mappings with integer coefficients of the loop
iterators, the index space consists of one or several linearly bounded lattices
(LBLs) [10]—the image of an affine vector function over the iterator polytope
A · i ≥ b:

{x = T · i + u ∈ Zm |A · i ≥ b, i ∈ Zn} (3.1)

where x ∈ Zm is the index vector of the m-dimensional signal and i ∈ Zn is
an n-dimensional iterator vector. In our context, the elements of the matrices
T, A and of the vectors u, b are considered integers.

Example 3.1

for (i=0; i<=2; i++)
for (j=0; j<=3; j++)

for (k=0; k<=4; k++)
if ( 6*i+4*j+3*k ≤12 ) · · · A[i+2*j+3][j+2*k] · · ·

A[i + 2 ∗ j + 3][j + 2 ∗ k] has the iterator space

P =

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎣
i
j
k

⎤

⎦ ∈ Z3

⎡

⎢
⎢
⎣

1 0 0
0 1 0
0 0 1

−6 −4 −3

⎤

⎥
⎥
⎦

⎡

⎣
i
j
k

⎤

⎦ ≥

⎡

⎢
⎢
⎣

0
0
0

−12

⎤

⎥
⎥
⎦

⎫
⎪⎪⎬

⎪⎪⎭

.

(The inequalities i ≤ 2, j ≤ 3, and k ≤ 4 are redundant and, therefore,
eliminated.)

The indices x, y of the A-elements of the array reference can be expressed
as the LBL:

LBL =

⎧
⎨

⎩

[
x
y

]

= T · i + u =
[

1 2 0
0 1 2

]
⎡

⎣
i
j
k

⎤

⎦ +
[

3
0

]
⎡

⎣
i
j
k

⎤

⎦ ∈ P

⎫
⎬

⎭
.

The points of the index space lie inside the Z-polytope {x ≥ 3, y ≥ 0, 3x−4y ≤
15, 5x + 6y ≤ 63, x, y ∈ Z}, whose boundary is the image of the boundary of
the iterator space P (see Figure 3.4).

However, it can be shown—as it will be explained in Section 3.3.2—that only
those points (x,y) satisfying also the inequalities −6x+8y ≥ 19k−30, x−2y ≥
−4k + 3, and y ≥ 2k ≥ 0, for some positive integer k, belong to the index
space; these are the black points in the right quadrilateral from Figure 3.4.
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Figure 3.4 The mapping of the iterator space into the index space of the
array reference A[i+2 ∗ j +3][j +2 ∗ k]. (Reprinted from [56] with permission
from IOS Press.)

In this illustrative example, each point in the iterator space is mapped to a
distinct point of the index space, but this is not always the case.

3.3.2 The index space of an array reference

Let { x = T · i + u |A · i ≥ b } be the LBL of a given array reference.6 This
section will show how to model the index space of an array reference, that is,
what are the relations satisfied by the coordinates x of the points in this set.
After the theoretical part, illustrative examples will be provided.

For any matrix T ∈ Zm×n having rank T = r, and assuming the first r rows
of T are linearly independent,7 there exists a unimodular matrix S ∈ Zn×n

such that T · S =
[
H11 0
H21 0

]

, where H11 ∈ Zr×r is a lower triangular matrix

with positive diagonal elements, and H21 ∈ Z(m−r)×r [40]. The block matrix
is called the reduced Hermite form of matrix T.

Let S−1i
def
= j ≡

[
j1
j2

]

, where j1, j2 are r-, respectively (n−r)-, dimensional

vectors. Then

x = Ti + u = TSj + u =
[
H11
H21

]

j1 + u (3.2)

6In general, the index space may be a collection of LBLs. For instance, a conditional instruction
if(i 
= j) determines two lattices for each array reference within the scope of the condition—one
lattice corresponding to i ≥ j + 1, another one corresponding to i ≤ j − 1. Without decrease in
generality, we assume in this section that the index space of an array reference is represented by
a single LBL.
7This assumption does not decrease the generality: it is done only to simplify the formulas,
affected otherwise by a row permutation matrix.
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Denoting x =
[
x1
x2

]

, and u =
[
u1
u2

]

(where x1,u1 are r-dimensional vectors),

it follows that x1 = H11j1 +u1. As H11 is nonsingular (being lower triangular
of rank r), j1 can be obtained explicitly:

j1 = H−1
11 (x1 − u1) (3.3)

The iterator vector i results with a simple substitution:

i = S
[
j1
j2

]

=
[
S1 S2

]
[
H−1

11 (x1 − u1)
j2

]

= S1H−1
11 (x1 − u1) + S2j2

where S1 and S2 are the submatrices of S containing the first r, respectively
the last n − r, columns of S. As the iterator vector must represent a point
inside the iterator space A · i ≥ b, it follows that:

AS1H−1
11 x1 + AS2j2 ≥ b + AS1H−1

11 u1 (3.4)

If r < n, the n−r variables of j2 can be eliminated with the Fourier–Motzkin
technique [41].

As the rows of matrix H11 are r linearly independent r-dimensional vectors,
each row of H21 is a linear combination of the rows of H11. Then from Equation
3.2, it results that there exists a matrix C ∈ �(m−r)×r such that8

x2 − u2 = C · (x1 − u1) (3.5)

Taking into account that the elements of j1 must be integers, it follows (by
multiplying and dividing the right member of Equation 3.3 with det H11)
that the points x inside the index space must supplementarily satisfy the
divisibility constraints

det H11 hT
i (x1 − u1) ∀i = 1, . . . , r (3.6)

where hT
i are the rows of the matrix with integer coefficients det H11 · H−1

11 ,
and a|b means “a divides b.” According to (Equation 3.6), when r = n, the
points x are uniformly spaced along the r linear independent coordinates,
the size of gaps in these dimensions being equal to the diagonal elements
of H11: if hii are the diagonal elements of matrix H11, it can be verified
that the divisibility constraints (Equation 3.6) are not affected when x1 is
subject to translations of vectors vi = [0 · · ·hii · · · 0], ∀i = 1, . . . , r. Indeed,
hT
i (x1 − u1 + vi) = hT

i (x1 − u1) + hT
i vi = hT

i (x1 − u1) + det H11.
The system of inequalities (Equation 3.4), the equations (Equation 3.5),

and the divisibility conditions (Equation 3.6) characterize the index space of
the given array reference. Several examples will illustrate the generality of this
model.

8The coefficients of matrix C are determined by backward substitutions from the equations:
H21.row(i) =

∑r
j=1 cij ·H11.row(j) for any i = 1, . . . ,m− r.



80 Energy-Aware Memory Management for EMSs

Example 3.2

for (i=0; i<=2; i++)
for (j=0; j<=3; j++) · · · A[3*i][5*i+2*j] · · ·

Since T = H11 =
[

3 0
5 2

]

, H−1
11 = 1

6

[
2 0

−5 3

]

, u = u1=
[

0
0

]

, S =

S1=
[

1 0
0 1

]

(S2, j2 do not exist since n − r = 2 − 2 = 0; H21, x2, u2 do

not exist since m− r = 2 − 2 = 0), the inequalities (Equation 3.4) with x1=[
x
y

]

are: 6 ≥ x ≥ 0, 18 ≥ −5x+ 3y ≥ 0, representing the first quadrilateral

in Figure 3.5. Not all the integral points inside the quadrilateral have as co-
ordinates the index values of the array reference: only those points satisfying
the divisibility conditions (Equation 3.6): 6 2x (or 3 x) and 6 − 5x + 3y
belong to the index space. These points of integer coordinates, colored black
in the figure, are uniformly spaced along the two axes Ox and Oy, the size
of the gaps in these dimensions being 3 and 2, the diagonal elements of H11.
The other integral points in the quadrilateral are “holes” in the index space
and they are represented by small circles.
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Figure 3.5 The index space of the array references in Example 3.2 and,
respectively, in Example 3.3 [57]. ( c© 2008 IEICE).
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Example 3.3

for (i=0; i<=2; i++)
for (j=0; j<=3; j++) · · · A[3*i+j][5*i+2*j] · · ·

Since T =
[

3 1
5 2

]

, H11 = H−1
11 =

[
1 0
2 −1

]

, S = S1 =
[

0 1
1 −3

]

, the in-

equalities (Equation 3.4) are: 2 ≥ 2x − y ≥ 0, 3 ≥ −5x + 3y ≥ 0. Since
det H11 = 1, there are no divisibility conditions (Equation 3.6). Hence, all
the integral points inside the second quadrilateral in Figure 3.5 belong to the
index space of the array reference.

Example 3.4

for (i=0; i<=2; i++)
for (j=0; j<=3; j++) · · · A[3i+j+2][6i+2j+1] · · ·

Since T =
[

3 1
6 2

]

, u =
[

2
1

]

, S =
[
S1 S2

]
=

[
0 1
1 −3

]

, it follows that

TS =
[

1 0
2 0

]

, H11 = [1], and H21 = [2]. Since m − r = 2 − 1 = 1, the

points (x, y) of the index space satisfy one equation of type (Equation 3.5):
y−1 = 2(x−2) (see Figure 3.6). The system of inequalities (Equation 3.4) is:
2 ≥ t ≥ 0, 5 ≥ x−3t ≥ 2, where the vector j2 has one element (since n−r = 1)
denoted t. The system of inequalities can be reduced here to 11 ≥ x ≥ 2. There
are no divisibility conditions (Equation 3.6) since det H11 = 1. Note that the
iterator space contains 12 points, whereas the index space contains only 10
points: two pairs of iterator vectors—(i = 0, j = 3), (i = 1, j = 0) and
(i = 1, j = 3), (i = 2, j = 0)—are mapped to same points in the index
space. Indeed, taking x = 5 or x = 8 in the inequalities (Equation 3.4) shown
previously, there are two possible values for t; whereas taking any other value
for x between 2 and 11, only one value for t is possible.

Example 3.5

for (i=0; i<=2; i++)
for (j=0; j<=1; j++) · · · A[3i+j+2][6i+2j+1] · · ·

This example differs from Example 3.4 only in the upper bound of the inner
loop. Hence, the points of the index space are on the same line y−1 = 2(x−2).
The system of inequalities (3.4) is: 2 ≥ t ≥ 0, 3 ≥ x−3t ≥ 2, where the vector
j2 has one element (since n − r = 1) denoted t. The system of inequalities
can be reduced here to 9 ≥ x ≥ 2. Taking x = 4 or x = 7 in the inequalities
(Equation 3.4) shown above, there are no possible values for t (see the ‘holes’
corresponding to these values in Figure 3.6); whereas taking any other value
for x between 2 and 9, only one value for t is possible.
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Figure 3.6 The index space of the array references in Example 3.4 and,
respectively, in Example 3.5.

3.4 Operations with Linearly Bounded Lattices

This section will present two operations relevant in the context of data stor-
age computation: the intersection and the difference of two LBLs. While the
intersection of two LBLs was addressed in different contexts by other works
as well (e.g., [10]), the difference operation was studied more recently [42].

Afterward, this section will present the decomposition of array references
into disjoint linearly bounded lattices. The motivation of this operation relies
on the following intuitive idea: the memory size computation problem would
be significantly simplified if the array references in the code were disjoint. But
since, in general, they are not, we can transform each array reference in the
code into a union of LBLs, disjoint from each other.

Finally, the computation of the number of points (index vectors) contained
in an LBL will be presented.

3.4.1 The intersection of two linearly bounded lattices

Let Lbl1 = {x = T1 ·i1+u1 |A1 ·i1 ≥ b1}, Lbl2 = {x = T2 ·i2+u2 |A2 ·i2 ≥ b2}
be two LBLs derived from the same indexed signal, where T1 and T2

have obviously the same number of rows—the signal dimension. Intersect-
ing the two LBLs means, first of all, solving a linear Diophantine system9

9Finding the integer solutions of the system. Solving a linear Diophantine system was proven to
be of polynomial complexity, all the known methods being based on bringing the system matrix
to the Hermite normal form [40].
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T1 · i1 −T2 · i2 = u2 −u1 having the elements of i1 and i2 as unknowns. If the
system has no solution, the intersection is empty. Otherwise, let

[
i1
i2

]

=
[
V1

V2

]

t +
[
v1

v2

]

(3.7)

be the solution of the Diophantine system. If the set of coalesced constraints
of the two LBLs

A1V1 · t ≥ b1 − A1v1

A2V2 · t ≥ b2 − A2v2 (3.8)

has integer solutions, then the intersection is a new LBL:

Lbl1 ∩ Lbl2 = {x = T1V1 · t + (T1v1 + u1) s.t. (3.8)} (3.9)

3.4.2 The difference of two linearly bounded lattices

The difference Lbl1 − Lbl2 (and similarly, Lbl2 − Lbl1) can be decomposed
by generating a set of LBLs, not necessarily disjoint, covering the difference.
These LBLs will be further intersected recursively as well, till all the compo-
nents are disjoint. The LBLs covering the difference are generated as follows.

Suppose the minuend and subtrahend LBLs have the general form
(Equation 3.1), and the iterator vectors of the subtrahend have the general
form i = V · t + v as derived from the solution of a Diophantine linear sys-
tem (Equation 3.7), as explained above. Here, V is a matrix with integer
elements having n rows (n is the dimension of the iterator space) and p ≥ 0
columns, t ∈ Zp, and v is a vector with n integer elements. (When p = 0, the
Diophantine system has the unique solution i=v.)

Case 1: Assume for the time being that p > 0, and matrix V is transformed
into a Hermite reduced form10 [43]. Then it is easy to detect those rows of V
that are linear combinations of the rows above them. For instance, let row k
be such a row. Then we have

i1 = V11t1 +v1
i2 = V21t1 +V22t2 +v2

· · ·
ik−1 = Vk−1,1t1 + · · · +Vk−1,k−1tk−1 +vk−1
ik = Vk,1t1 + · · · +Vk,k−1tk−1 +vk

One can find k integers αi not all zero such that α1(i1−v1)+ · · ·+αk(ik−vk) =
0 (the k-th row of V is a linear combination of the rows 1, . . . , k−1). Since an

10A Hermite reduced form of V is a matrix having all the nonzero elements on or below the main
diagonal. It can be obtained by post-multiplying V with a sequence of unimodular matrices and
pre-multiplying it with a row permutation matrix.



84 Energy-Aware Memory Management for EMSs

LBL in the difference cover must be disjoint from the subtrahend LBL where
the equality above is satisfied, the LBLs

{ x = T · i + u ∈ Zm |A · i ≥ b,
α1i1 + · · · + αkik ≥ α1v1 + · · · + αkvk + 1} and

{ x = T · i + u ∈ Zm |A · i ≥ b,
α1i1 + · · · + αkik ≤ α1v1 + · · · + αkvk − 1}

are included in the minuend LBL, but disjoint from the subtrahend LBL.
Hence, they are included in the difference.

Note that this case covers also the situations when p = 0 (i.e., ik = vk for
all k), or when matrix V has null rows (i.e., ik = vk for some k): the added
inequalities are ik ≥ vk + 1 and ik ≤ vk − 1.

Case 2: Other LBLs covering the difference are derived negating one by one
the constraints (Equation 3.8) that define the iterator polytope of the inter-
section. For instance, for the difference Lbl1 − (Lbl1 ∩ Lbl2) the constraints
A2V2 · t ≥ b2−A2v2 derived from Lbl2 are negated, and subsequently trans-
lated into inequalities between the iterators in Lbl1. In this way, the resulting
LBL (which is, basically, Lbl1 with an additional constraint between the it-
erators) will be included in Lbl1, but will be disjoint from the intersection
Lbl1 ∩ Lbl2. This operation is described below.

Let β1t1 + · · · + βptp ≥ β0 be the inequality considered for negation, where
βk are integer coefficients. Since matrix V is now a reduced Hermite form, we
have

i1 = V11t1 +v1
i2 = V21t1 +V22t2 +v2

· · ·
ip = Vp,1t1 + · · · +Vp,ptp +vp

where i1, . . . , ip are p of the n iterators (after a possible reordering). Then,∑
k βktk is a linear combination of (ik−vk), that is,

∑
k βktk =

∑
k αk(ik−vk).

The inequality expressed in terms of the iterators becomes
∑

k αkik ≥
β0 +

∑
k αkvk. The LBL considered for the difference cover will contain this

inequality negated, that is:

{ x = T · i + u ∈ Zm |A · i ≥ b,

α1i1 + · · · + αpip ≤ β0 + α1v1 + · · · + αpvp − 1}.

Case 1 and Case 2 generate LBLs that are outside the intersection bound-
ary, but still inside the minuend LBL. The next case will build LBLs inside
the boundary of the intersection when this intersection is not dense (i.e., it
does not contain all the lattice points inside or on its boundary).

Case 3: Let x = T1V1 · t + · · · be the vector function of the intersection
(3.9). Assume the matrix T1V1 has linearly independent rows (otherwise,
the linear dependent ones will be eliminated), and bring this matrix to the
Hermite normal form [40] H. Assuming that rank H is equal to its number
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of columns, if all the diagonal coefficients hii = 1, then the intersection LBL
is dense [44], and we are done with this case. But if hii > 1, to cover the
holes inside the boundary of the intersection, we build LBLs having the same
mapping as the intersection except a shift of 1, 2, . . . , hii−1 of the i-th index.

Example 3.6

for (i=0; i<=5; i++)
for (j=0; j<=5; j++)

if ( i ≥ j ) · · · A[2*i+3][j] · · ·
for (k=0; k<=13; k++)

for (l=1; l<=7; l++) · · · A[k][l] · · ·

The lattices of the two array references are:

Lbl1 =
{[

x
y

]

=
[

2 0
0 1

] [
i
j

]

+
[

3
0

]

5 ≥ i ≥ j ≥ 0
}

Lbl2 =
{[

x
y

]

=
[

1 0
0 1

] [
k
l

]

+
[

0
0

]

13 ≥ k ≥ 0, 7 ≥ l ≥ 1
}

where the iterator spaces were written in non-matrix format for economy
of space. The elements of the array A covered by the two LBLs are shown
with black dots in Figure 3.7a. The two array references intersect and their
intersection is:

Lbl1 ∩ Lbl2 =
{[

x
y

]

=
[

2 0
0 1

] [
t1
t2

]

+
[

3
0

]

5 ≥ t1 ≥ t2 ≥ 1
}

.

The difference Lbl1 − Lbl2 results from Case 2 to be composed of one lattice—
denoted L1:

L1 =
{[

x
y

]

=
[

2
0

]
[
t1

]
+

[
3
0

]

5 ≥ t1 ≥ 0
}

.
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Figure 3.7 (a) Example: Lbl1, Lbl2, and their (darker) intersection. (b) The
LBL L1 is equal to the difference Lbl1 −Lbl2; the LBLs L′

2 and L
′′
2, the latter

covering the holes of the intersection, make together the difference Lbl2−Lbl1
[43]. ( c© 2007 IEEE).
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The difference Lbl2 − Lbl1 is composed of two disjoint lattices—L′
2 resulted

from Case 2 and L
′′
2 resulted from Case 3:

L′
2 =

{[
x
y

]

=
[

1 0
0 1

] [
t1
t2

]

13 ≥ t1 ≥ 0, 7 ≥ t2 ≥ 1, 2t2 + 2 ≥ t1

}

L
′′
2 =

{[
x
y

]

=
[

2 0
0 1

] [
t1
t2

]

+
[

4
0

]

9 ≥ 2t1 + 1 ≥ 2t2 ≥ 2
}

.

The decomposition of the two differences is shown in Figure 3.7b.

Example 3.7

for (k=0; k<=6; k++)
for (l=0; l<=18; l++) · · · A[k][l] · · ·

for (i=0; i<=2; i++)
for (j=0; j<=3; j++) · · · A[3*i][5*i+2*j] · · ·

The lattices (in non-matrix format) of the two array references are:

Lbl1 = {x = k, y = l | 6 ≥ k ≥ 0, 18 ≥ l ≥ 0}.
Lbl2 = {x = 3i, y = 5i + 2j | 2 ≥ i ≥ 0, 3 ≥ j ≥ 0}

= {6 ≥ x ≥ 0, 18 ≥ −5x + 3y ≥ 0, 3 |x, 6 | − 5x + 3y }.

The index space of Lbl2 (the second array reference) was computed at
Example 3.2 and it is shown in Figure 3.8a. Taking one of the four inequali-
ties of Lbl2 and adding its negated inequality to the minuend Lbl1 will create
an LBL that (if not empty) is disjoint from Lbl2 and is included in Lbl1.
For instance, negating the inequality 18 ≥ −5x + 3y from Lbl2, we obtain
19 ≤ −5x + 3y, or 19 ≤ −5k + 3l with the iterators of Lbl1. Adding it to the
iterator space of Lbl1, we obtain

L1 = {x = k, y = l | 6 ≥ k ≥ 0, 18 ≥ l, 3l ≥ 5k + 19} shown in Figure 3.8b.

Negating the inequality −5x + 3y ≥ 0, we obtain

L2 = {x = k, y = l | 6 ≥ k ≥ 0, l ≥ 0, 5k − 1 ≥ 3l }.

Negating the other inequalities (6 ≥ x ≥ 0) yields empty LBLs.
Similarly, taking one of the equalities (Equation 3.5) of the form aTx = b, at

most two LBLs included in Lbl1 −Lbl2 can be created, adding the inequalities
aTx ≥ b+1 and, respectively, aTx ≤ b−1 to the iterator space of Lbl1. (There
is no equality (Equation 3.5) in this case.)

The other LBLs in the difference must violate at least one of the divisibility
conditions 3 x and 6 (−5x + 3y). To obtain them, we simply replace the
vector u2 in Lbl2, keeping the same periodicity of the index space from Lbl2
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Figure 3.8 (a) The index space of the array reference in Example 3.2. (b)
The difference Lbl1 − Lbl2, where the two lattices correspond to the array
references in Example 3.7. Lbl1 contains all the lattice points in the rectangle
and Lbl2 contains the 12 black points. The difference has (at least) seven
LBL components. Two components are L1 (all the lattice points in the upper
quadrilateral) and L2 (all the lattice points in the lower triangle). Another
LBL component L3 covers the six gray points in the middle area. (Reprinted
from [56] with permission from IOS Press.)

(which here is 3 and 2 along the two axes), but doing a translation along the

axes. Therefore, taking u2 =
[
k1
k2

]


=
[

0
0

]

, where k1 = 0, 1, 2 and k2 = 0, 1,

five new LBLs are obtained. For instance, choosing (k1, k2) = (1, 0), replacing
x = 3i+k1 and y = 5i+2j+k2 in the inequalities 6 ≥ x ≥ 0, 18 ≥ −5x+3y ≥ 0
of Lbl2, we get 1 ≥ i ≥ 0, 3 ≥ j ≥ 1. Therefore,

L3 = {x = 3i + 1, y = 5i + 2j | 1 ≥ i ≥ 0, 3 ≥ j ≥ 1}

is included in Lbl1 − Lbl2, and it is shown in Figure 3.8b with 6 gray points.
The other four LBLs are:

L4 = {x = 3i + 2, y = 5i + 2j | 1 ≥ i ≥ 0, 4 ≥ j ≥ 2}
L5 = {x = 3i, y = 5i + 2j + 1 | 2 ≥ i ≥ 0, 2 ≥ j ≥ 0}
L6 = {x = 3i + 1, y = 5i + 2j + 1 | 1 ≥ i ≥ 0, 3 ≥ j ≥ 1}
L7 = {x = 3i + 2, y = 5i + 2j + 1 | 1 ≥ i ≥ 0, 4 ≥ j ≥ 2}
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Note that the decomposition is minimal11 (although not unique): it is not
possible to obtain a decomposition of Lbl1−Lbl2 with less than 7 LBLs for this
example—which is a “difficult” one! In most of the practical cases encountered,
the difference can be represented as only one LBL and, if this is the case, the
algorithm (informally explained above) will find it. Otherwise, in the general
case, the minimality cannot be guaranteed, unless all the combinations of
inequalities (Equation 3.4) can be negated, instead of selecting only one at
a time. This would increase the computation time though, without practical
benefits.

3.4.3 Decomposition of array references into disjoint
linearly bounded lattices

This operation partitions the index space of a signal into a collection of disjoint
lattices, such that each array reference in the code is a union of lattices in the
collection. This decomposition can be performed analytically, by recursively
intersecting the array references of every indexed (multidimensional) signal in
the code.

Let A be an indexed signal in the algorithmic specification. An inclusion
graph is gradually built; this is a directed acyclic graph whose nodes are
lattices of A and whose arcs denote inclusion relations between the respective
sets. (e.g., an arc from node X to node Y shows that the lattice X is included
in Y .) A high-level pseudo-code of the decomposition of A’s array references
into disjoint lattices is given below:

Algorithm decomposing the array references of a multidimensional signal into
a collection of disjoint LBLs.

let LA be the initial collection of lattices of signal A ;
// these are the lattices of the array references of A
initialize the inclusion graph creating one node for each lattice ;
// the graph is initially only a set of nodes
repeat {

for (each pair of lattices (L1, L2) in the collection LA)
if ( (L1 
⊂ L2) && (L2 
⊂ L1) ) {
// if there is a path in the graph from node L1 to L2 then L1 ⊂ L2

compute L = L1 ∩ L2 ;
if ( L 
= ∅ )

(1) if ( L == L1 ) {
set L1 ⊂ L2 ;
// add an arc in the graph from node L1 to L2

11For computational reasons, in order to work with only integer arrays, our definition of LBL
(Equation 3.1) is slightly different from [45].
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compute L2 − L1 ;
each lattice in the difference will be added to LA

(unless it belongs already to it),
a new node and an inclusion arc from the node
to L2 will be added to the graph;

}
(1) else if ( L == L2 ) {

set L2 ⊂ L1 ;
// add an arc in the graph from node L2 to L1
compute L1 − L2 ;
each lattice in the difference will be added to LA

(unless it belongs already to it),
a new node and an inclusion arc from the node
to L1 will be added to the graph;

}
else {

(2) if (there exists already L′ ∈ LA equivalent12 to L)
{ if (L′ 
⊂ L1) set L′ ⊂ L1 ; if (L′ 
⊂ L2)
set L′ ⊂ L2 ; }

(3) else { add the new lattice L to the collection LA

and add a node L in the graph ;
set L ⊂ L1 ; set L ⊂ L2 ; }
// add arcs from L to L1 and L2

compute L1 − L2 ;
each lattice in the difference will be added to LA

(unless it belongs already to it),
a new node and an inclusion arc from the node
to L1 will be added to the graph;

compute L2 − L1 ;
each lattice in the difference will be added to LA

(unless it belongs already to it),
a new node and an inclusion arc from the node
to L2 will be added to the graph;

}
}

} until (no new lattice can be added to the collection LA) ;

At the beginning, the inclusion graph of the indexed signal contains only the
lattices of the corresponding array references as nodes. Every pair of lattices—
between which no inclusion relation is known so far (i.e., between which there
is currently no path in the graph)—is intersected. If the intersection produces

12Two LBLs of the same indexed signal are equivalent if they represent the same set of indices.
For instance, {x = i + j | 0 ≤ i ≤ 2, 0 ≤ j ≤ 2} and {x = i | 0 ≤ i ≤ 4} are equivalent.
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a nonempty lattice, there are basically three possibilities: (1) the resulting
lattice is one of the intersection operands: in this case, inclusion arcs between
the corresponding nodes must be added to the graph; (2) an equivalent LBL
exists already in the collection: in this case, arcs must be added (only if such
arcs are missing) between the nodes corresponding to the equivalent lattice to
the operands; (3) the resulting lattice is a new element of the collection LA: a
new node is appended to the graph, along with arcs toward the two operands
of the intersection.

The inclusion graph is used on one hand to speed up the decomposition
(e.g., if the intersection L1∩L2 results to be empty, there is no sense of trying
to intersect L1 with the lattices included in L2 since those intersections will
be empty as well) and, on the other hand, to determine the structure of each
array reference in terms of disjoint lattices: at the end, all the nodes in the
graph without incident arcs represent disjoint lattices.

Figure 3.9a shows the result of this decomposition for the two-dimensional
signal A in the illustrative example from Figure 3.2. The graph displays the
inclusion relations (arcs) between the LBLs of A (nodes). The four “bold”
nodes are the four array references of signal A in the code. The nodes are
also labeled with the size of the corresponding LBL—that is, the number
of lattice points (i.e., points having integer coordinates) in those sets. The
inclusion graph is gradually constructed by partitioning analytically the initial
(four) array references using LBL intersections and differences. While the
intersection of two non-disjoint LBLs is an LBL as well [10], the difference is
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Figure 3.9 (a) Decomposition of the index space of signal A from the code
example in Figure 3.2 into disjoint LBLs; the arcs in the inclusion graph show
the inclusion relations between lattices. (b) The partitioning of A’s index space
according to the decomposition (a) [43]. ( c© 2007 IEEE).
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not necessarily an LBL—and this latter operation makes the decomposition
difficult. In this example, A1∩A2 = A3 and A1−A3, A2−A3 are also LBLs
(denoted A4, A5 in Figure 3.9a). However, the difference A3 −A10 is not an
LBL due to the non-convexity of this set. At the end of the decomposition, the
nodes without any incident arc represent disjoint LBLs. The partitioning of
A’s index space is displayed in Figure 3.9b. Every array reference in the code
is now either a disjoint LBL itself (like A10 and A11), or a union of disjoint
LBLs (e.g., A1 = A4 ∪A3 = A4 ∪ ⋃11

i=6 Ai).

Example 3.8

for (j=0; j<=1; j++) // 1st loop nest
for (i=j+1; i<=12; i++)

if ( 2*i+3*j ≤ 24 ) A[i][j]= · · ·
for (i=0; i<=2; i++) // 2nd loop nest

for (j=i; j<=(24-2*i)/3; j++) A[i][j]= · · ·
for (j=0; j<=1; j++) // 3rd loop nest

for (i=0; i<=(24-3*j)/2; i++) · · · = A[i][j];
for (i=3; i<=9; i++) // 4th loop nest

for (j=2; j<=(24-2*i)/3; j++) A[i][j]= · · ·
for (i=1; i<=4; i++) // 5th loop nest

for (j=2; j<=(24-2*i)/3; j++) · · · = A[3*i][j] + A[3*i+2][j];

Figure 3.10a shows the result of this decomposition for the six array refer-
ences of signal A from Example 3.8. The resulting lattices have the following
expressions (in non-matrix format, in order to save space):

L1 = {x = i, y = j | i− j ≥ 1, j ≥ 0,−j ≥ −1,−2 ∗ i− 3 ∗ j ≥ −24}
L2 = {x = i, y = j | − i + j ≥ 0, i ≥ 0,−j ≥ −1}
L3 = {x = i, y = j | i ≥ 0,−i ≥ −2, j ≥ 2,−2 ∗ i− 3 ∗ j ≥ −24}
L4 = {x = 3 ∗ i, y = j | i ≥ 1,−i ≥ −3, j ≥ 2,−2 ∗ i− j ≥ −8}
L5 = {x = 3 ∗ i + 1, y = j | i ≥ 1,−i ≥ −2, j ≥ 2,−6 ∗ i− 3 ∗ j ≥ −22}
L6 = {x = 3 ∗ i + 2, y = j | i ≥ 1,−i ≥ −2, j ≥ 2,−6 ∗ i− 3 ∗ j ≥ −20}

While the first array reference in Example 3.8 is the lattice L1, the second
array reference is L2 ∪ L3 and the third is L1 ∪ L2. (Note that the second
and third array references have in common the array elements covered by
the lattice L2.) The array reference in the forth loop nest is the union of the
lattices L4, L5, and L6. Assuming that the elements covered by L1 and L2 are
accessed as operands for the last time (i.e., consumed) in the third loop nest,
and the elements covered by L4 and L6 are consumed in the fifth loop nest,
we can find the elements alive at the borderline between these blocks of code.
For instance, the array elements covered by the lattices L3, L4, L5, and L6 are
alive after the forth loop nest (see Figure 3.10e); the elements covered by L3
and L5 are still alive after the fifth loop nest (see Figure 3.10f).
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Figure 3.10 (a) The decomposition of the array space of signal A (Example
3.8) in 6 disjoint lattices L1, . . . , L6. (b–f) The live lattices of signal A after
the first, respectively, second, third, forth, and fifth loop nest (Example 3.8).

3.4.4 Computation of the lattice size

The size of an LBL is the number of m-dimensional points in the lattice. If the
LBL represents an array reference, the size of an LBL is a tight (reachable)
lower bound of the data memory needed to store the lattice, assuming the
array elements are simultaneously alive.

There are two distinct situations to be considered:
Case 1: The affine vector function i �−→ T·i+u of the lattice is a one-to-one

mapping.
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A sufficient condition is that the rank of matrix T in Equation 3.1 be equal
to its number of columns. Then, the computation of the number of distinct sig-
nal indices (i.e., the amount of memory necessary to store the array elements
covered by the lattice) is hence reduced to counting the number of iterator
vectors in the iterator polytope A·i ≥ b in Equation 3.1. In such a situation, a
computation technique based on Barvinok’s decomposition of a simplicial cone
into unimodular cones [46,47] is used. Note that counting the points having
integer coordinates in Z-polyhedra can be done much simpler13—adapting
the Fourier-Motzkin technique [41]. We decided to employ the current ap-
proach because of its scalability, which will become apparent by the end of
this section.

An example illustrating both the concepts and the technique is given below.
Although the theoretical background is not explained in detail (see [47,50] for
more theoretical insight), this example is intended to illustrate the main steps
of the computation flow. Moreover, it will clearly show the scalability of the
approach, which makes it appropriate for algorithmic specifications typical to
multidimensional signal processing applications.

Example 3.9

for (i=2; i<=7; i++)
for (j=1; j<=-2*i+15; j++)

if ( j<=i+1 ) · · · = A[2*i-j][3*i+2*j];

Since the rank of matrix T is 2, the vector function i �−→ T · i + u =[
2 −1
3 2

] [
i
j

]

is a one-to-one mapping of the iterator space into the index

space. It follows that the computation of the number of array elements covered
by A[2 ∗ i− j][3 ∗ i + 2 ∗ j] is equivalent to counting the number of points of
integer coordinates in the iterator polytope A · i ≥ b shown in Figure 3.11.
This latter operation is done as explained below.
Step 1 Find the vertices of the iterator polytope A · i ≥ b (see Figure 3.11)
and their supporting cones.

Let r1, . . . , rd ∈ Zd be linearly independent integer vectors. The (rational
polyhedral) cone generated by the rays r1, . . . , rd is the set C(r1, . . . , rd) =
{∑d

1 αiri, αi ≥ 0}. For instance, the set of points inside the angle xV4y (see
Figure 3.11) is a 2D cone generated by the rays r1 = [−1 0]T and r2 = [−1 2]T

with the point V4 taken as origin. There is a supporting cone corresponding to
each vertex of a polyhedron. For instance, the supporting cone of the vertex
V4 (Figure 3.11), denoted C(V4), is the one generated by the rays r1 and r2.
A cone is called unimodular if the matrix of the rays [r1 · · · rd] is unimodular.
Given the inequalities {2 ≤ i ≤ 7, 1 ≤ j ≤ i + 1, j ≤ −2i + 15} defining the
iterator space, the vertices and the rays are computed using the reverse search

13For parametric Z-polyhedra, there are methods based on Ehrhart polynomials [48] e.g., [49].
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Example 3.9 [58]. ( c© 2009 IEEE).

algorithm [51]. The supporting cones corresponding to the vertices V1, . . . , V4
of the iterator polytope, as well as their generating rays shown below as column
vectors, are:

C(V1) =
{(

1
0

)

,

(
0
1

)}

, C(V2) =
{(

1
1

)

,

(
0

−1

)}

(3.10)

C(V3) =
{(

−1
−1

)

,

(
1

−2

)}

, C(V4) =
{(

−1
0

)

,

(
−1

2

)}

Step 2 Decompose the supporting cones into unimodular cones [47].
The last two cones in our example—C(V3) and C(V4)—are not unimodular.

Their decomposition is given below:14

C(V3) = ⊕
{(

0
−1

)

,

(
−1
−1

)}

�
{(

−1
2

)

,

(
0

−1

)}

(3.11)

C(V4) = ⊕
{(

0
1

)

,

(
−1

0

)}

⊕
{(

−1
2

)

,

(
0

−1

)}

(3.12)

Step 3 Find out the generating function of the iterator polytope A · i ≥ b.
Given a Z-polytope P in the d-dimensional space, a term zp =

x1
p1x2

p2 . . . xd
pd can be introduced for each point p = (p1, p2, . . . , pd) in P .

The function F (P ) =
∑

p z
p (or, simply, F ) is defined as the generating

function of the polytope P [47]. For example, the generating function of the

14The computation is complex: the cones are polarized, then decomposed, then polarized back.
This double dualization process eliminates the lower dimension component cones [50].
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triangle with the vertices (0, 0), (1, 2), (2, 0) is F = x0y0 + x1y0 + x1y1 +
x1y2 + x2y0 = 1 + x + xy + xy2 + x2, each monomial term corresponding to
one of the lattice points inside or on the border of the triangle: for example,
x1y2 corresponds to the point (1,2), and so on. By evaluating F at z = 1, we
get the number of points in P [47]. For instance, if x = 1, y = 1 then F = 5,
which is the number of points of integer coordinates in the triangle.

Writing F as a sum of monomial terms would be impractical for large
polytopes. Fortunately, F can be compactly written as an algebraic sum of
rational functions, each term corresponding to one of the unimodular cones in
the decomposition of the supporting cones C(Vi) (i = 1, . . . , 4) of the polytope
vertices (Steps 1 and 2). Every unimodular cone C(V ) whose vertex V has
integer coordinates has associated a generating function [47] of the form

F (V ) =
zV

Πi(1 − zri)
(3.13)

where zV = xayb (a, b being the d = 2 coordinates of V ), and the product
is over all the generating rays ri. For instance, if the vertex of the cone is
V = V4(7, 1), then zV = x7y ; if the ray r = [−1 2]T , then zr = x−1y2.
The generating function of any cone is obtained by making the summation
of the functions of all the unimodular component cones. From Equation 3.10
and 3.12, the generating functions of the cones C(V1), C(V2), and C(V4) are,
respectively:

F (V1) =
x2y

(1 − x)(1 − y)
, F (V2) =

x2y3

(1 − xy)(1 − y−1)

F (V4) =
x7y

(1 − y)(1 − x−1)
+

x7y

(1 − x−1y2)(1 − y−1)

When not all the coordinates of vertex V are integer (as in the case of
vertex V3), but still rational numbers (which is the case in practically all the
multimedia algorithms), the generating function has the same form (Equation
3.13), but V is the lattice point in the fundamental parallelepiped of the
unimodular cone [47]. In this case, V can be determined as follows [50].

Let R = [r1 · · · rd] be the matrix whose columns are the rays of the cone.
Solve the linear system of equations R · μ = x0, where x0 is the coordinate
vector of the vertex (x0 = [14/3 17/3]T for V3). Let μ1, . . . , μd be the solution
of the system. Then the coordinates of vertex V in the generating function are
the elements of the vector R · μ, where μ = [�μ1� · · · �μd�]T . This technique
applied to the two unimodular cones (Equation 3.11) components of C(V3)
yields V = V ′

3 (4, 5) and V = V ′′
3 (4, 7), respectively. The generating function

of the cone C(V3) is

F (V3) =
x4y5

(1 − y−1)(1 − x−1y−1)
− x4y7

(1 − x−1y2)(1 − y−1)
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The sum of the rational functions F (V1), . . . , F (V4) is the generating function
F of the whole quadrilateral in Figure 3.11.
Step 4 Compute the number of points having integer coordinates from the
generating function F =

∑
i F (Vi) of the whole polytope.

In order to obtain a one-variable generating function F , we make the sub-
stitutions x → tλ1 and y → tλ2 , where λ1 and λ2 are integers chosen such that
no factor (1 − xayb) in the denominators of the terms of F becomes zero. In
this example, we choose λ1 = λ2 = 1. With the substitution x = t, y = t, the
generating function

∑4
1 F (Vi) of the iterator polytope in Figure 3.11 becomes:

F =
t3

(1 − t)2 +
t5

(1 − t2)(1 − t−1)
+

t9

(1 − t−1)(1 − t−2)

− t11

(1 − t)(1 − t−1)
+

t8

(1 − t)(1 − t−1)
+

t8

(1 − t)(1 − t−1)

After eliminating the negative exponents in the denominators and after fac-
torizing t3, we substitute t = s + 1, obtaining rational terms of the form
P (s)

sdQ(s) , where P (s) and Q(s) are polynomials and d = 2 is the dimension of
the iterator space:

F =
1
s2 − (s + 1)3

s2(s + 2)
+

(s + 1)9

s2(s + 2)
+

(s + 1)9

s2 − (s + 1)6

s2 − (s + 1)6

s2

If P (s) = a0+a1s+a2s
2+. . . and Q(s) = b0+b1s+b2s

2+. . . , the coefficients
of the quotient P (s)/Q(s) = c0 + c1s+ c2s

2 + . . . can be obtained recursively
as follows:

c0 =
a0

b0
and ck =

1
b0

(ak − b1ck−1 − b2ck−2 − · · · − bkc0) for k ≥ 1

It can be proven [50] that the algebraic sum of the coefficients c2 (since here
the space dimension is 2) after the polynomial divisions in all the terms of F
is the number of points in the Z-polytope. In this example, the six coefficients
c2 (one for each term of F ) are {0,− 7

8 ,
127
8 , 36,−15,−15}. Their sum is 21,

which is indeed the number of lattice points inside or on the border of the
quadrilateral in Figure 3.11, and it is also the number of memory locations
to store the array reference A[2 ∗ i− j][3 ∗ i + 2 ∗ j] since the vector function
i �−→ T · i + u is a one-to-one mapping from the iterator space to the index
space, as already explained.

Assume now that the line V4y is shifted to the right, keeping its slope
unchanged, until the coordinates of V4 become (107,1), instead of (7,1). The
equation of that line becomes j = −2i + 215 (instead of j = −2i + 15), and
the new vertex V3 will have the coordinates (214/3, 217/3). The computation
effort necessary to count the number of points in the new, much larger, Z-
polytope is not affected by the significant increase in its size. Indeed, the
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four supporting cones are generated by the same rays, the decompositions are
the same, the generating functions are almost the same. The only difference
appears at the numerators of F (V3) and F (V4) due to the modifications of the
coordinates of these vertices. For instance, the numerator of F (V4) becomes
x107y since the new coordinates of V4 are (107,1), while the numerators of the
two terms of F (V3) become x71y72 and x71y73, respectively. The number of
points in the new Z-polytope is 3921.

Besides its excellent scalability, the technique sketched above, illustrated for
a 2D polytope (a quadrilateral), works for an arbitrary number of dimensions.
Therefore, it is well-suited to address the large size of array references typical
to telecom and multimedia applications.

Case 2: The affine vector function i �−→ T · i + u of the lattice is not a
one-to-one mapping.

When the rank r of matrix T is smaller than n (the number of columns
of T), then T is brought to the Hermite normal form [40] postmultiplying it
by a unimodular matrix S.15 The size of the lattice is, afterward, obtained
counting the number of points having integer coordinates from the projection
of the Z-polytope A · S · i ≥ b on Rr along the first r coordinates [35,52].

Example 3.10

for (i=0; i<=4; i++)
for (j=0; j<=2*i; j++)

if ( j<=-i+6 ) · · · = A[3*i+j];

The rank of matrix T is r = 1, hence less than the number of columns n = 2
of T; in this case, the vector function i �−→ T · i + u may not be a one-to-one
mapping. Indeed, the iterator vectors [i j]T = [2 3]T and [3 0]T are mapped

to the same index 3i+ j = 9. The unimodular transformation S =
[

0 1
1 −3

]

bringing T =
[
3 1

]
at the Hermite normal form T · S =

[
1 0

]
modifies

the initial iterator space into {A · S · [k l]T ≥ b} = {3l ≤ k ≤ 5l, k ≤
2l + 6, l ≤ 4} (where [k l]T = S−1[i j]T is the new iterator vector after the
transformation S) whose exact 1D projection (since r = 1) is {0 ≤ k ≤ 14},
obtained eliminating l in the inequalities above [41]. The points in the “dark
shadow” [52] 4 ≤ k ≤ 14 correspond to lattice points (k,l) in the modified
iterator space. Checking the values of k outside the “dark shadow”, k = 1
and 2 result to be invalid projections: replacing these values in the modified
iterator space, no integer solution for l can be found. Conversely, k = 0 and 3

15While the Hermite normal form is canonical, the factorizing matrix S is not necessarily unique
when T is not square and non-singular. Most of the algorithms computing the Hermite normal
form propose also techniques to build the factorizing (unimodular) matrix. In our context, any
such an approach will do, provided it has polynomial complexity for reason of efficiency. (Such
algorithms are designed to prevent the so-called “coefficient swell” [40].)
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are valid projections, since (k,l) = (0,0) and (3,1) belong to the modified
iterator space. Therefore, storing A[3 ∗ i + j] requires 13 locations: the index
can take all the values between 0 and 14, except 1 and 2.

3.5 Computation of the Minimum Data Storage

Section 3.5.1 presents in an intuitive way the general flow of the algorithm
computing the minimum data storage for affine specifications [42]. Section
3.5.2 explains how this approach can handle delayed signals. Section 3.5.3
details another algebraic technique used by the computation algorithm.

3.5.1 The flow of the algorithm

Algorithm computing the minimum data storage of a given affine specification.

Step 1 Extract the array references from the given algorithmic specification
and decompose the array references of every indexed signal into disjoint lin-
early bounded lattices.

This step applies the technique described in Section 3.4.3 to decompose the
index space of each signal in the code into disjoint lattices. The algorithm
flow will be illustrated using the example in Figure 3.12, identical to the code
in Figure 3.2, but without the delay operators addressed in the next section.
The inclusion graph and the decomposition of the array space of signal A are

        T[0] = 0 ;                   //  A[10][529] : input

        for ( j=16 ; j<=512 ; j++)
        {  S[0][j-16][0] = 0 ;
            for ( k=0 ; k<=8 ; k++)
                for ( i=j-16 ; i<=j+16 ; i++)
                   S[0][j-16][33*k+i-j+17] = A[4][j] - A[k][i] + S[0][j-16][33*k+i-j+16] ;
            T[j-15] = S[0][j-16][297] + T[j-16] ;
        }

        for( j=16 ; j<=512 ; j++)
        {  S[1][j-16][0] = 0 ;
            for( k=1 ; k<=9 ; k++)
                for( i=j-16 ; i<=j+16 ; i++)
                   S[1][j-16][33*k+i-j-16] = A[5][j] - A[k][i] + S[1][j-16][33*k+i-j-17] ;
            T[j+482] = S[1][j-16][297] + T[j+481] ;
        }

        out = T[994];             // out : output

(1)

(2)

(3)

Block 1:

Block 2:

Block 3:

Block 4:

Memory:  5291

Memory:  4762

Memory:  1

Figure 3.12 Illustrative example similar to the code in Figure 3.2, but
without delayed array references. The total number of scalars is 302,498; the
storage requirement is 5292 [43]. ( c©2007 IEEE).
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147112
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497
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497

S[1][y][z]
0 <= y <= 496
1<= z <= 296

S[1][y][0]

0<=y<=496

S[1][y][297]

0<=y<=496

T2

496

T1

1

T3

1
T4

496
T5

1

T[x]
1 <= x <= 496

T[0] T[497] T[x]

498 <= x <= 993

T[994]

S[0][j–16][297]S[0][j–16][0] S[1][j–16][297]S[1][j–16][0]

S[0][j–16][33*k+i–j+16] S[0][j–16][33*k+i–j+17]

147609 147609147609 147609

T[j+482]T[j+481]T[j–15]T[j–16]

497497497497

S[1][j–16][33*k+i–j–16]S[1][j–16][33*k+i–j–17]

Figure 3.13 Inclusion graphs of the signals S and T from the code in Figure
3.12 [43]. ( c© 2007 IEEE).

the same as in Figure 3.9a–b. The inclusion graphs of the signals S and T are
shown in Figure 3.13.

Step 2 Determine the memory size at the boundaries between the blocks of
code.

The algorithmic specification is, basically, a sequence of nested loops. (Single
instructions outside nested loops are actually nests of depth zero.) We refer
to these loop nests as blocks of code. After the decomposition of the array
references in the specification code, it is determined in which block each of
the disjoint LBLs is created (i.e., produced), and in which block it is used as
an operand for the last time (i.e., consumed). Based on this information, the
memory size between the blocks can be determined exactly, by adding the
sizes of every live lattice.

The memory sizes at the beginning/end of the specification code are the
storage requirements of the inputs/outputs, therefore size(A) = 5290 and,
respectively, size(out) = 1 for this example. Block 1 produces the LBL T1 (just
one scalar); hence the memory size after Block 1 is: size(A)+size(T1) = 5291.
Block 2 consumes only the LBL A4 from signal A; it both produces and
consumes the LBLs S1, S2, and S3 of signal S; it also produces the LBLs
T2 and T3 consuming T1 and T2 (see Figure 3.13). The memory size after
Block 2 is: size(A) − size(A4) + size(T3) = 4762. (The LBLs both produced
and consumed cancel each other.) Similarly, Block 3 consumes all the signal
A still alive; both produces and consumes the LBLs S4, S5, and S6 of signal
S. Since only T5 is still alive, the memory size after Block 3 is: size(T5) = 1.

Step 3 Compute the storage requirement inside each block.
Step 3.1 Determine the characteristic memory variation for each assignment
instruction in the current block.
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Take, for instance, the first loop nest from the illustrative example in Figure
3.12. The assignment Equation 3.1 produces at each iteration a new element
S[0][j − 16][0] of the array S. We say that the characteristic memory varia-
tion of this assignment is +1 since each time the instruction is executed the
memory size will increase by one location. Similarly, the assignment (3) has a
characteristic memory variation of −1 (i.e., +1−1−1) since at each iteration
one scalar signal T [j−15] is produced and two other scalars—S[0][j−16][297]
and T [j − 16]—are consumed (used for the last time).

In general, the characteristic memory variation of an assignment is easy to
compute: a produced array reference having a bijective vector function of its
LBL(s) has a contribution of +1; an entirely consumed array reference having
a one-to-one mapping has a contribution of −1; an array reference having no
component LBL consumed in the block has a zero contribution, independent
of its mapping. The rest of the array references in the assignment are ignored
for the time being, being dealt with at Step 3.3.

For instance, at assignment (Equation 3.2), the two array references S bring
a contribution of +1 and −1, respectively; the array reference A[4][j] brings a
zero contribution since it contains only the LBL A10 (see Figure 3.9a), which
is not consumed in this block (A10 is also covered by the array reference A[k][i]
from the second loop nest, so it will be consumed in Block 3). Only part of
the array reference A[k][i] is consumed in this block, that is, the LBL A4
in Figure 3.9a. Therefore, the characteristic memory variation of assignment
(Equation 3.2) is zero, meaning that the typical variation is of zero locations;
however, for some iterations the memory variation may be −1 due to the con-
sumption of the elements in the LBL A4 covered by the array reference A[k][i].

Note that testing whether the vector function i �−→ T · i + u of an array
reference is a one-to-one (i.e., bijective) mapping or not is very simple at this
phase. It is sufficient to compare the size of its LBL(s) (the vector function
is bijective if the two are equal), whereas it is not bijective if the former is
smaller.

Step 3.2 Check whether the maximum storage requirement could occur in the
current block or not.

The maximum possible memory increase in the block is the number of ex-
ecutions of the assignment instructions with positive characteristic memory
variations. If this maximum possible increase added to the amount of mem-
ory at the beginning of the block is not larger than the maximum storage
at the block boundaries (known from Step 2), then the maximum storage re-
quirement cannot occur in this block, which hence can be safely skipped from
further analysis. In particular, the blocks in which no signals are consumed
(used for the last time) can be skipped since the memory will only increase
to the amount at the end of the block (known from Step 2).

The memory size at the beginning of the first loop nest is 5291 (and this
is the largest value among the memory sizes at the block boundaries). The
maximum possible memory increase is due only to assignment (Equation 1),
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having a characteristic memory variation of +1, executed 497 times. So, the-
oretically, the memory size could reach (but not exceed) the value 5291 + 497
(although it will not). The maximum storage requirement could occur in this
loop nest (Block 2), so its analysis should continue.

On the other hand, the memory size at the beginning of the second loop nest
is 4762. The memory size within that block could reach at most 4762+ 497 =
5259 locations, a value already smaller than 5291. It follows that the maximum
storage requirement cannot occur in the second loop nest, so this block can be
skipped from further analysis (unless the tool is in the trace mode, as shown
in Section 3.6). In such a situation, Step 3 is resumed from the beginning for
the next block of code.

This code pruning enhances the running times, concentrating the analysis
on those portions of code where the memory increase is likely to happen.

Remark: The memory computation tool can be also used to estimate the
storage requirements for non-procedural specifications by finding an upper
bound of the memory size large enough for any possible execution order-
ing inside the blocks of code (the block organization being considered fixed
though). Still assuming that any scalar must be stored only during its lifetime,
it was shown above that the execution of Block 2 (and, actually, of the whole
code) cannot necessitate more than 5291 + 497 = 5788 locations even if the
computation order is changed. This upper bound is only 9.4% larger than the
exact minimum storage (5292) for the procedural code and it is a reasonably
good estimation. When the tool runs in the estimation mode, processing non-
procedural specifications, it resumes Step 3 from the beginning for the next
block of code.

Step 3.3 Determine and sort the iterator vectors of the consumed elements
covered by array references that (a) are only partly consumed, or (b) their
mappings (between iterators and indexes) are not bijective.

Case 1: The vector function i �−→ T · i + u of the partly consumed array
reference is a one-to-one mapping.

Each consumed LBL is intersected with the LBL of the array reference (in
which it is included). By doing this, the general expression of the iterator
vectors addressing only the elements of the consumed LBL is obtained. At
each such iteration vector, one array element will be consumed (since the
mapping of the array reference is bijective).

Case 2: The vector function i �−→ T · i + u of the array reference is not
bijective.

This case is more difficult since distinct iterator vectors can access a single
array element, whereas we are interested in only that unique iterator vector
accessing the array element for the last time. This is what we call the maximum
(lexicographic) iterator vector.

Definition: Let i = [i1, . . . , in]T and j = [j1, . . . , jn]T be two iterator vectors in
the scope of n nested loops, which may be assumed “normalized” (i.e., all the
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iterators are increasing with the step size of 1). The iterator vector j is larger
lexicographically than i (written j � i) if (j1 > i1), or (j1 = i1 and j2 > i2),
. . . , or (j1 = i1, . . . , jn−1 = in−1, and jn > in). The minimum/maximum
iterator vector from a set of such vectors is the smallest/largest vector in the
set relative to the lexicographic order. For instance, in the loop nest

for (i=0; i<=3; i++)
for (j=0; j<=3; j++)

for (k=0; k<=3; k++) · · · A[i+j+k] · · ·

the maximum iterator vector such that the element, say, A[5] be accessed is
[i j k]Tmax = [3 2 0]T , while the minimum iterator vector is [0 2 3]T . Sec-
tion 3.5.3 will present the algorithm computing the maximum and minimum
iterator vectors.

A4 is the only LBL consumed in the first loop nest satisfying the condi-
tions of Step 3.3. It is part of the array reference A[k][i], the elements of A4
having the indexes in the set {x = 0, 0 ≤ y ≤ 528}. The maximum iterator
vectors of these elements indicate the iterations when they are consumed. For
instance, the element A[0][0] is consumed in the iteration [j k i]T = [16 0 0]T ;
A[0][1] is consumed in [17 0 1]T , while A[0][528] is consumed in the iteration
[512 0 528]T . In general, the maximum iterator vectors of A4’s elements
are: [j k i]Tmax = [t + 16 0 t]T when 0 ≤ t ≤ 496, and [512 0 t]T when
497 ≤ t ≤ 528.

Remark: If the consumed LBL is included in several array references within
the block, the maximum iterator vectors are taken over by all these array
references. For instance, if in the loop

for (i=0; i<=10; i++) { · · · = X[i]; · · · = X[10-i]; }
all the elements X are consumed, the maximum iterator vector of X[0] is
[i]max = [0] relative to the array reference X[i], whereas it is [i]max = [10]
relative to the array reference X[10 − i]. We take, obviously, [i]max = [10]
since X[0] is accessed the last time in that iteration. Also, X[5] is accessed
twice when i = 5; we take [i]max = [5] relative the array reference X[10 − i],
since X[5] is accessed for the last time in the second assignment of the loop.

Step 3.4 Compute the storage requirement in the current block.
In this moment, there is enough information to compute the memory size

after any assignment. For instance, the memory size after the assignment
(Equation 3.1) for the iterator j = 100 is:
init memory +

(∑3
i=1 characteristic memory variation(assignmenti) ∗

num executions(assignmenti)
)
− num consumed elements = 5291+

1 · (100 − 15) + 0 · (99 − 15) · 9 · 33 + (−1) · (99 − 15) − (99 − 15) = 5208.
Here, the initial memory at the beginning of the block is 5291; the char-

acteristic memory variations of the three assignments are +1, 0, and −1; the
other consumed elements are given by maximum iterator vectors (determined
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in Step 3.3) lexicographically smaller than j = 100, and they are: [j k i]T =
[16 0 0]T , . . . , [99 0 83]T . Their number is the last term in the sum
above.

The algorithm computes the memory size only after the assignments in-
creasing the memory (with positive characteristic memory variation) and be-
fore the assignments decreasing the memory in order to identify the local
maxima of the memory variation. The maximum storage requirement (5292)
is reached in the first iteration (j = 16) after assignment (Equation 3.1). It is
the maximum value for the entire code. Therefore, the minimum data memory
necessary to ensure the code execution is 5292 locations.

The main ideas of the algorithm presented and illustrated in this section are
summarized below. As already mentioned, the algorithm is actually computing
the maximum number of scalars (array elements) simultaneously alive since
this number corresponds to the minimum data storage necessary for the code
execution.

Firstly (at Steps 1 and 2), the algorithm computes the number of simul-
taneously alive scalars at the borderline between the blocks of code (nests of
loops). The lattices of array elements created in blocks before a certain border-
line and, also, included in operands from blocks after the borderline contain
the live array elements. (The rest of the array elements are either already
“dead”, or still “unborn.”) The total size of these lattices is the exact storage
requirement at the respective borderline.

Afterward (at Step 3), the computation focuses on each block of code, one by
one. Some assignment instructions inside the block have a constant memory
variation for each execution, since each time they create and consume the
same amount of scalars. For the other assignments, the “time” of death (in
terms of executed datapath instructions) of the array elements covered by
the “dying” lattices is precisely determined, using maximum (lexicographic)
iterator vectors. Based on these data, all the local maxima of the memory
variation are exactly determined. In particular, the global maximum at the
level of the entire code is accurately computed as well.

The algorithm can also determine the data memory variation for each indi-
vidual signal: it is sufficient to take into account only the lattices corresponding
to that signal (derived from its array references).

3.5.2 Handling array references with delays

The current implementation supports constant-value delays, the typical situa-
tion in most of the multimedia applications. The presence of the delay opera-
tors does not affect the partitioning of the signals’ index spaces (Step 1 of the
algorithm). The LBLs will get attached an additional piece of information—
their maximum delays in the specification code. These data can be easily
determined with a top-down traversal of the inclusion graphs, a lower-level
node getting the maximum delay from the nodes of the sets containing it.
For instance, in the inclusion graph in Figure 3.9a the maximum delay is 16



104 Energy-Aware Memory Management for EMSs

for the nodes A1 and A4, and it is 32 for all the other nodes.
The memory size at the beginning of the code in Figure 3.2 is the total

storage requirement of the current input and of the previous 32 inputs; but
the older 16 inputs (delays 17–32) without their LBLs A4 since its maximum
delay is 16:

size(A)+size(A@1)+· · ·+size(A@32) − (size(A4@17)+· · ·+size(A4@32))
= 33 · size(A) − 16 · size(A4)
= 33 · 5290 − 16 · 529 = 166, 106.

Here, we denoted A@k and A4@k the input signal A and, respectively, the
lattice A4 from k sample processings in the past. (Obviously, their sizes are
the same as in the current code execution.) The memory size at the end of the
code is 160,817 since A4@16 and (A-A4)@32 (that is, 5290 scalars in total)
were consumed during the execution. The maximum storage requirement is
166,108; it is reached in the iteration (j = 16) of the first loop nest, after the
first assignment.

In order to handle delays, the Steps 2 and 3 of the algorithm are only slightly
modified: they only have to take into account that an LBL is consumed when
it belongs to an array reference whose delay is equal to the LBL’s maximum
delay.

3.5.3 Computation of the maximum iterator vector
of an array element

Given an array reference M [x1(i1, . . . , in)] · · · [xm(i1, . . . , in)] in the scope
of the iterator polytope A·[i1 . . . in]T ≥ b derived from loop boundaries and
conditional instructions, find the maximum iterator vector (the loops being
normalized) accessing a given element M [x0

1] · · · [x0
m].

Step 1 Solve the Diophantine system [40] of equations xj(i1, . . . , in) = x0
j ,

j = 1, . . . ,m. If the system has no solution, there is no iterator vector i =
[i1 . . . in]T accessing the element; if it has a unique solution i = u ∈ Zn,
then there is a unique iterator vector accessing the element, provided that
A · u ≥ b. If the solution of the system is not unique, it has the general form
i = V · t + u; assume that the Z-polytope A(V · t + u) ≥ b is not empty
(otherwise, there is no solution either).

Step 2 Bring matrix V to a reduced Hermite form [43] by post-multiplying it
with a unimodular matrix S (less a possible row permutation): V′ = V · S =[
V1

V2

]

, where matrix V1 is lower-triangular, with positive diagonal elements.

Step 3 Project the new Z-polytope A(V′ · t′ + u) ≥ b on the first coordinate
axis and find the maximum coordinate t′1 ∈ Z in the “exact shadow” [53].
Replace its value in the Z-polytope and repeat this operation, finding
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t′2, t′3, . . . . Then, imax = V′ · t′ + u, where t′ is the vector of the t′k values.

Example 3.11

for (i=0; i<=5; i++)
for (j=0; j<=5; j++)

for (k=0; k<=5; k++) · · · A[i-3*j+2*k] · · ·
Assume we need to compute the maximum iterator vector [i j k]Tmax such
that the element A[5] is accessed.

The solution of the Diophantine equation i − 3j + 2k = 5 has the general
form i = V · t + u [40]:

⎡

⎣
i
j
k

⎤

⎦ =

⎡

⎣
3 −2
1 0
0 1

⎤

⎦
[
t1
t2

]

+

⎡

⎣
5
0
0

⎤

⎦

Post-multiplying V with the unimodular matrix S =
[

1 2
1 3

]

,

⎡

⎣
i
j
k

⎤

⎦ = V′ · t′ + u =

⎡

⎣
1 0
1 2
1 3

⎤

⎦
[
t′1
t′2

]

+

⎡

⎣
5
0
0

⎤

⎦

where the matrix V′ = V · S is a reduced Hermite form [43]. It is quite
obvious that choosing t′1 as large as possible, the iterator i will be maximized;
afterward, choosing t′2 as large as possible, the iterator j will be maximized as
well. Replacing the iterators from the matrix equation above in the iterator
polytope derived from the loop boundaries: {0 ≤ i, j, k ≤ 5}, a Z-polytope
in t′1 and t′2 is obtained: {0 ≥ t′1 ≥ −5, 5 ≥ t′1 + 2t′2 ≥ 0, 5 ≥ t′1 + 3t′2 ≥ 0}.
Projecting this Z-polytope on the first axis, the maximum lattice point of the
projection (exact shadow [53]) is t′1 = 0. For this value, the maximum t′2 is
1. Replacing in the above matrix equation, the maximum iterator vector is
obtained:

[i j k]Tmax = V′
[

0
1

]

+ u = [5 2 3]T .

Remark: Taking the minimum values of t′1 and t′2, the minimum iterator
vector is obtained:

[i j k]Tmin = V′
[
−5
3

]

+ u = [0 1 4]T .
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3.6 Experimental Results

A memory management framework containing also a data storage computa-
tion tool16 has been implemented in C++, incorporating the ideas and al-
gorithms described in this chapter. For the syntax of the algorithmic speci-
fications, we adopted a subset of the C language, “enriched” with the delay
operator “@” (see, e.g., the illustrative example in Figure 3.2). This is not
a restrictive feature of the theoretical model since any modification in the
specification language would affect only the front end of the framework. In
addition to the computation of the minimum data storage for the entire code
or for specific signals, the variation of the memory occupancy during the exe-
cution of the algorithmic specification can be displayed as well. In this mode,
the tool generates a data file used as an input by GnuPlot—which actually
draws the memory trace.

The memory trace generated in Figure 3.14 shows the variation of the stor-
age during the execution of a 2D Gaussian blur filter algorithm from a medical
image processing application that extracts contours from tomograph images
in order to detect brain tumors. The abscissae are the numbers of datapath
instructions in the code; the ordinates are the memory locations in use. While
the first graph represents the entire trace, the second graph is a detailed trace
in the interval [23800, 24900], which corresponds to the end of the “horizontal
Gaussian blur” and the start of the “vertical Gaussian blur.” The third graph
is a detailed trace in the interval [25100, 25550] covering the fourth inner-loop
iteration in the part of the code performing the “vertical Gaussian blur.”

The memory trace generated in Figure 3.15 shows the variation of the stor-
age during the execution of a singular value decomposition (SVD) updat-
ing algorithm [54]—algebraic kernel used in spatial division multiplex access
(SDMA) modulation in mobile communication receivers, in beamforming, and
Kalman filtering.

The memory traces generated in Figure 3.16 display the data storage varia-
tion for Durbin’s algorithm, an algebraic kernel used in many signal processing
applications for solving Toeplitz systems of equations.

Table 3.1 summarizes the results of our experiments carried out on a PC
with a 1.85 GHz Athlon XP processor and 512 MB memory. The benchmarks
used are: (1) a motion detection algorithm used in the transmission of real-
time video signals on data networks [1]; (2) a real-time regularity detection
algorithm used in robot vision; (3) Durbin’s algorithm for solving Toeplitz
systems with N unknowns; (4) the kernel of a motion estimation algorithm
for moving objects (MPEG-4); (5) an SVD updating algorithm [54]; (6) the

16Named K2 after the famous peak whose climbing adversity intends to suggest the difficulty of
the implementation.
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Figure 3.14 Memory trace for a 2D Gaussian blur filter (N = 100, M = 50)
algorithm from a medical image processing application. (a) The entire trace in
the interval [0, 48025]. The global maximum is at the point (x = 5, y = 5005).
(b) Part of memory trace focusing on the end of the “horizontal Gaussian blur”
and the start of the “vertical Gaussian blur.” (c) Detailed trace in the part of
the code performing the “vertical Gaussian blur [43].” ( c© 2007 IEEE).

kernel of a voice coding application—essential component of a mobile radio
terminal.

Columns “Num. Array References” and “Num. Scalars” display the num-
bers of array references and, respectively, scalar signals (array elements) in the
specifications. Column “Memory Size” displays the exact storage requirements
(numbers of memory locations) and column “CPU” displays the correspond-
ing running times.

This tool can process large specifications in terms of number of loop nests,
lines of code, and number of array references. For instance, the voice coding
application contains 232 array references organized in 40 loop nests. In one
of our experiments, the tool processed a difficult example of about 900 lines
of code, with 113 loop nests 3-level deep, and a total of 906 array references
(many having complex indices), yielding a total of 3159 LBLs, in less than 7
minutes. The example in Figure 3.2, which is quite complex though not very
large, was processed in less than 2 seconds.
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Figure 3.15 Memory trace for an SVD updating (N = 25) algorithm. (a) The entire memory trace. The global maximum
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second loop nest (the QR update) and the start of the third one (the SVD diagonalization). (c) Detailed trace in the interval
[5595, 7215] covering the end of the second and start of the third iterations in the SVD diagonalization block [43]. ( c© 2007
IEEE).
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Figure 3.16 Memory traces for the execution of Durbin’s algorithm (N =
500). The top graph is the entire trace, the bottom graph is a detail.
(Reprinted from [56] with permission from IOS Press.)

The running time depends not only on the number of scalars, but also on
many other factors like the code organization (e.g., number and depth of the
loop nests, complexity of the conditionals), the number of array references
and the complexity of their indices, and also on unquantifiable aspects during
the computation (like the amount of LBLs whose affine functions are not one-
to-one mappings, or the density or sparsity of the arrays’ index spaces, or
whether the LBLs overlap in a complex way generating many disjoint LBLs).
For instance, the computation times for the motion detection benchmark are
typically higher than those for other examples in spite of a lower number
of LBLs. The reason is the benchmark contains array references with very
complex indices that generate LBLs having higher-dimension iterator spaces
and intersecting each other in complex ways.

As already mentioned, the current implementation works for the time being
only for single-assignment specifications. Checking whether the code is in the
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Table 3.1 Experimental results [43] ( c© 2007 IEEE)
Application Num. array Num. Memory CPU
(parameters) references scalars size (sec)
Motion detection

(M = N = 32, m = n = 4) 72,543 2,740 2
(M = N = 64, m = n = 4) 318,367 9,524 6
(M = N = 120, m = n = 8) 11 3,749,063 33,284 16

Regularity detection 19 4,752 2,304 1
(MaxGrid = 8, L = 64)

Durbin alg. 27 252,499 1,249 15
(N = 500)

MPEG-4 Motion estimation 68 265,633 2,465 18
SVD updating 87 3,045,447 34,950 26

(N = 100)
Vocoder kernel 232 33,706 11,890 2

single-assignment form is quite easy in our framework: each LBL must be
written at most once, and each produced array reference must have a bijective
mapping. However, it would be possible to process also programs that are not
in the single-assignment form: using minimum iterator vectors in Step 3.3,
one can find out the iterations when the array elements are written for the
first time, exactly the opposite of using the maximum iterator vectors to find
out when the array elements are read for the last time. Here, we assumed
that an array element is alive from the first time it is written to the last time
it is read, even if it is “dead” for some parts of this period and is written
again.

It must be emphasized that previous memory estimation techniques yield
storage results that were sometimes quite inaccurate. Zhao and Malik obtained
an estimation of 1372 memory locations for the motion detection kernel, when
the set of parameters is M = N = 32, m = n = 4 [25]. This was a rather
poor estimation since the correct result for the same set of parameters is 2740
storage locations (see Table 3.1). One could argue that it may be better to
obtain fast estimations, even not very accurate, rather than exact determi-
nations with a significantly higher computation effort. This argument is fair
enough, but it does not apply to the present situation. The aforementioned es-
timation result was obtained in 21 seconds on a Sun Enterprise 4000 machine
with 4 (336 MHz UltraSparc) processors and 4 GB memory [25], whereas our
computation time was only 2 seconds on the Athlon XP PC and 7 seconds on
a Sun Ultra 20. Therefore, not only did our approach find the exact result,
but it did it faster than the estimation technique from [25].
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3.7 Conclusions

This chapter has presented a non-scalar approach for computing the memory
size for data-intensive telecom and multimedia applications, where the storage
of large multidimensional signals causes a significant cost in terms of both area
and power consumption. This method uses modern elements in the theory of
polyhedra and algebraic techniques specific to the data-flow analysis used
nowadays in compilers. Different from past works that perform memory size
estimations, this approach does exact evaluations for high-level procedural
specifications.

The computation of the minimum data storage is useful in evaluating the
impact of different code (and, in particular, loop) transformations on the data
storage. In addition, different variants of code of a same application can be
compared one against another in storage point of view, without the need
for performing a proper memory allocation—a significantly more expensive
solution—for each variant.
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4.1 Estimating Memory Requirements of a Loop Nest

Memory requirement estimation is an important issue in the development
of embedded systems, since memory directly influences performance, cost,
and power consumption. It is therefore crucial to have tools that automati-
cally compute accurate estimates of the memory requirements of programs to
better control the development process and avoid some catastrophic execution
exceptions.

Compute-intensive applications often spend most of their execution time in
nested loops. The polyhedral model provides a powerful abstraction to reason
about analyses and transformations on such loop nests by viewing an instance,
or iteration, of each statement as an integer point in a polyhedron. From such
a representation and a precise characterization of inter- and intra-statement
dependences, it is possible to analyze loop nests statically in a completely
mathematical setting relying on machinery from linear algebra, integer linear
programming, and polynomial algebra. The analyses made on integer points
in polyhedra correspond to effective quantitative characteristics of the original
code such as the variable liveness or the amount of consumed memory.

The polyhedral model is applicable to loop nests in which the data access
functions and loop bounds are affine combinations of the enclosing loop in-
dices and parameters. While a precise characterization of data dependences is
feasible for programs with static control structures and affine references and
loop bounds, codes with non-affine array access functions or code with dy-
namic control can also be handled, but either with conservative assumptions
on some dependences, or with additional knowledge coming from developers,
or from advanced profiling/modeling techniques.

In this chapter, we present several techniques using the polyhedral model
and providing automatic estimations of memory requirements in nested-loops
programs. In the next section, useful background on the polyhedral model is
provided. Section 4.3 relates the computation of the exact number of touched
memory locations during the execution of a loop nest with the general issue



Polyhedral Techniques for Parametric Memory Requirement Estimation 119

of computing the number of integer points in the affine transformation of a
polyhedron. Section 4.4 considers the computation of the maximum memory
amount required during the execution of loop nests, while using temporary
variables or dynamically allocated memory. The proposed technique is related
to the general issue of maximizing a parametric multivariate polynomial de-
fined over a polyhedron. Finally, conclusions are given in Section 4.5.

4.2 The Polyhedral Model of Loop Nests

4.2.1 Loop nests and polyhedra

In this chapter, we will consider loop nests with increments of one, and the
statements not modifying the loop indices, nor exiting prematurely the loop.
The loop bounds of each loop are affine functions of the outer loop indices and
of some parameters (variables with unknown values, but that can be affinely
constrained to each other).

Example 4.1 Consider for example the following loop nest of depth two:
for (i = 0; i < n; i++)

{

/* S1(i) */

for (j = i; j < i+n; j++)

{

/* S2(i,j) */

}

/* S3(i) */

}

where S1, S2, and S3 are three statements, containing no instructions break,
continue, and exit, using but not modifying i and j.

The i-loop bounds mini = 0 and max i = n are affine functions of a param-
eter n, and the j-loop bounds minj = i and max j = i+n are affine functions
of the parameter and the outer loop index i.

Definition 4.1 (iteration domain) An iteration domain is associated
to each statement: it is the set of iterations of the loop nest enclosing the
statement.

The following definitions introduce some geometric concepts. We start with
the concept of a parametric polyhedron, already briefly touched upon in
Chapter 2.
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Definition 4.2 (parametric polyhedron) A parametric polyhedron is the
intersection of a finite number of affine half-spaces, defined as a set of affine
inequalities on the indices and parameters:

P(p) = {z | Az + Bp + c ≥ 0}

where z is the vector of indices, p is a vector of parameters, A and B are
matrices, c is a vector.

The iteration domain of each statement of an affine loop nest as defined
so far in this section is the set of integer points contained in a parametric
polyhedron.

Example 4.1 (continued) The iteration domain of statement S1 is:

DS1(n) = {i ∈ Z | i ≥ 0 ∧ i < n}

The iteration domain of statement S2 is:

DS2(n) = {(i, j) ∈ Z
2 | 0 ≤ i < n ∧ i ≤ j < i + n}

Definition 4.3 (polyhedral integer set) A polyhedral integer set is a
subset of Z

d defined as a set of integer vectors constrained by affine inequalities
on the indices, on the parameters, and on integer valued existentially quantified
variables.

The class of nonparametric polyhedral integer sets is the same as that of
the linearly bounded lattices used in Chapter 2.

Property 4.1 A polyhedral integer set geometrically is a finite union of para-
metric polytopes intersected with integer lattices [1,2].

The set of references accessed through an affine array in a loop nest is a
polyhedral integer set.

Example 4.2 Consider the following loop nest:

for (i = 0; i < n; i++)

{

for (j = i; j < i+n; j++)

{

A[2*j-i] = i+j ; /* S2(i,j) */

}

}
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The elements of array A being accessed by this loop nest in statement S2 is the
following polyhedral integer set, where the affine access reference is denoted
by x, and the loop iterators i and j are existentially quantified variables:

{x ∈ Z | ∃(i, j) ∈ Z
2 such that 0 ≤ i < n ∧ i ≤ j < i + n ∧ x = 2j − i}

The iteration domain of a statement in a loop nest with quasi-affine bounds
(using floor, ceil, modulo, or fractional part of division) is a polyhedral integer
set. Indeed, these functions can be transformed using an extra existentially
quantified variable.

Example 4.3 The equality
x = �y/z�

with x, y, z ∈ Z is equivalent to:

∃t ∈ Z such that 0 ≤ t < z ∧ zx = y + t

The following definition introduces the concept of relation in our context.
Usually, a binary relation on a set S is defined as a collection of ordered pairs
of elements of S, or equivalently as a subset of the cartesian product S × S.
We will define it in a very similar way, but making it depend on a vector of
parameters.

Definition 4.4 (polyhedral relation) A polyhedral relation is a function:

R : Z
m → Z

d1 × Z
d2

p 
→ {z1 → z2 | (z1, z2) ∈ D(p)}
where p is the parameters vector and D is a polyhedral integer set.

Example 4.4 Consider the loop nest of Example 4.2. The access relation of
array A in statement S2 is:

R(n) = {(i, j) → x | 0 ≤ i < n ∧ i ≤ j < i + n ∧ x = 2j − i}

4.2.2 Data-flow analysis

The data-flow analysis consists of computing which resource access is depen-
dent on which other. A resource is usually a variable or an array in the source
code, compiled as a memory location or a register in assembly.

The data-flow graph is a subgraph of the control flow graph of the program
(the graph of all paths that might be traversed through a program during its
execution), since the origin of the dependence executes before the endpoint of
the dependence.
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Definition 4.5 (dependence) Let S1 and S2 be two statement instances
of a program. There is a dependence from S1 to S2 if:

� S1 is executed before S2;
� S1 and S2 access the same resource, and at least one of the statements

modifies the resource;
� there is no statement executed between S1 and S2 that modifies the

resource.

Notice that there is no dependence if both statements read the same resource:
reading the same data twice can be done in any particular order. However,
this kind of input “dependence” can be used by the compiler to make some
optimizations (in particular cache optimizations).

If S1 modifies data being read by S2, it is said to be a flow (or true)
dependence. If S1 reads data being modified afterwards by S2, it is an
antidependence. If both S1 and S2 modify the same data, it is an output
dependence.

The following definition formalizes this notion of dependence between array
accesses in loop nests as a quasi-affine polyhedral relation.
Definition 4.6 (dependence relation) Let S1 and S2 be two statements
accessing a given array, executed at iteration z1 and z2 of their enclosing
loop nests respectively, without any other intermediate access from any other
statement. The dependence relation between those two array accesses is a poly-
hedral relation z1 → z2, where z1 is the last iteration of statement S1 accessing
to the array, included in a polyhedral integer set defined by:

� z1 and z2 are iterations of the loop nests enclosing S1 and S2 respectively;
� z1 is lexicographically smaller than z2 if S1 and S2 are in the same loop

nest, else the loop nest enclosing S1 is executed before the loop nest
enclosing S2: this ensures S1(z1) executes before S2(z2), as stated in the
first item of Definition 4.5;

� a1(z1) = a2(z2), with a1 and a2 the arrays access functions in S1 and
S2: the two statements access the same resource (second item of Defini-
tion 4.5).

Notice that the third item of Definition 4.5 is ensured by computing the last
iteration z1 of this polyhedral integer set.

An example of such a computation is given in Section 4.4.1, Example 4.8.

4.2.3 Software tools

4.2.3.1 PipLib

PipLib1 is a parametric integer linear programming solver library. It finds the
lexicographic minimum (or maximum) in the set of integer points belonging to

1First release of PIP 1988 - Development: http://piplib.org
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a convex polyhedron. It is based on parametric Gomory cuts and on the para-
metric dual simplex method. It can be used to solve the dependence system.

4.2.3.2 PolyLib

PolyLib2 is a library of polyhedral functions, that can manipulate unions of
rational polyhedra of any dimension as described in Chapter 2. It was the
first to provide an implementation of the computation of parametric vertices
of a parametric polyhedron, and the computation of an Ehrhart polynomial
(expressing the number of integer points contained in a parametric polytope,
as presented in Section 4.3), based on an interpolation method.

4.2.3.3 Omega

The Omega+ Library3 provides all basic operations on polyhedral integer sets
and relations. It includes the Omega Test, a decision test for the existence of
integer solutions to affine constraints, that can be used for dependence anal-
ysis. The key transformation implemented in this project is the elimination
of integer existentially quantified variables. It also contains a code generation
library, to generate loop nests from polyhedral integer sets.

4.2.3.4 PPL: The parma polyhedra library

The Parma Polyhedra Library4 can manipulate partially open rational polyhe-
dra. It also provides a mixed integer linear programming problem solver using
an exact-arithmetic version of the simplex algorithm, and a parametric integer
programming solver. It is user friendly, portable, and has a very clean design.

4.2.3.5 The integer set library (isl)

The Integer Set Library5 manipulates polyhedral integer sets and relations by
exclusively using a constraints based representation. It provides computation
of the integer projection, the integer affine hull, the lexicographic minimum
using parametric integer programming, and Bernstein expansion.

4.2.3.6 CLooG

CLooG generates code for scanning the elements of a collection of polyhedral
integer sets based on an extension of the algorithm for a single parametric
polytope presented in Chapter 2.

2First release 1993 - http://icps.u-strasbg.fr/PolyLib
3First release of the Omega Project 1992 - http://www.cs.utah.edu/chunchen/omega/
4First release 2001 - http://www.cs.unipr.it/ppl/
5First release 2009 - http://freshmeat.net/projects/isl/
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4.2.3.7 Barvinok

The barvinok library6 implements the computation of the number of elements
in parametric integer sets, based on Barvinok’s counting algorithm. The same
algorithm, restricted to nonparametric polytopes, was first implemented in
LattE and was later also reimplemented in K2 (see Chapter 3). The Barvinok
distribution also includes an interactive tool called iscc that exposes some of
the functionality of isl, Barvinok, and CLooG, and that will be used in some
of the examples in this chapter.

4.2.3.8 PoCC and PLuTo

The PoCC package (Polyhedral Compiler Collection)7 is a source-to-source it-
erative compiler, which contains Clan (the Chunky loop analyzer) to extract
a polyhedral intermediate representation from the source code; the Chunky
analyzer for dependences in loops (Candl) to compute polyhedral depen-
dences; LetSee (Legal transformation Space explorator) for finding different
affine multidimensional schedules; the automatic parallelizer and locality opti-
mizer PLuTo8, for finding a valid tiling and parallel loop nest in the polyhedral
model; CLooG (Chunky Loop Generator), to generate loop nests code; PipLib;
PolyLib; and FM (Fourier-Motzkin library).

4.3 Counting the Elements in a Polyhedral Set

In many memory requirement estimation problems, the memory requirements
fluctuate during the execution of the program. Solving such a problem then
involves two steps. In the first step, the memory requirements of the program
at any given point during the execution are computed. In the second step,
the ultimate memory requirements of the complete program are obtained as
a bound on this local memory requirement over the entire execution of the
program. The first step is usually a counting problem and these counting
problems are the subject of this section. The prototypical example is that of
computing the maximal number of live memory elements in a program, where
the first step consists of computing the number of live memory elements at
any given point during the program execution.

Before we discuss this prototypical example, we first consider the counting
problem in a slightly more general setting. Next, we explain how to com-
pute reuse distances, and we finish this section with a discussion on the

6First release 2003 - http://freshmeat.net/projects/barvinok/
7First release 2009 - http://pocc.sourceforge.net/
8First release 2008 - http://pluto-compiler.sourceforge.net/
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generalized problem of weighted counting. Throughout this section, we will
focus on how to model counting problems. For details on how to solve these
counting problems, we refer to the literature: [3] for an overview; [4–6] for non-
parametric problems; [7–12] for parametric problems; and [13] for weighted
counting problems.

4.3.1 Definitions and examples

As an introduction to counting, we will consider a few simple loop nests and
ask ourselves a very simple question: how many times is the body of the loop
nest executed?

The first loop nest is shown in Figure 4.1. Let us first assume that n has a
fixed value, say 5. The iteration domain of the loop nest can be described as

{ (i, j) | 1 ≤ i ≤ 5 ∧ 1 ≤ j ≤ i }

and is shown in Figure 4.2. The number of iterations of the loop nest is equal
to the number of elements in this iteration domain, i.e.,

#{ (i, j) | 1 ≤ i ≤ 5 ∧ 1 ≤ j ≤ i } = 15,

which the reader can easily verify by hand. Usually, however, we are interested
in solving such counting problems for arbitrary values of the parameters, i.e.,
in this case, for arbitrary values of n. The answer is then not just a number,

1 for (i = 1; i <= n; ++i)

2 for (j = 1; j <= i; ++j)

3 /* S */

Figure 4.1 A simple loop nest.

j

i

Figure 4.2 The iteration domain of the loop nest in Figure 4.1.



126 Energy-Aware Memory Management for EMSs

but a formula in terms of the parameters. For the loop nest in Figure 4.1, we
obtain

#{ (i, j) | 1 ≤ i ≤ n ∧ 1 ≤ j ≤ i } =
n(n + 1)

2
. (4.1)

The previous result is indeed a special case of this formula, as can be verified
by plugging in the value n = 5.

The formula in Equation 4.1 describing the number of iterations of the loop
nest in Figure 4.1 is a polynomial in the parameter(s). In general, however, the
result of such a counting problem is not representable using a single polyno-
mial. Assume, for example, that the upper bound on the i-loop in Figure 4.1
is not simply n, but min(n, m), where m is a second parameter. The number of
iterations can now be described as

#{ (i, j) | 1 ≤ i ≤ n,m ∧ 1 ≤ j ≤ i } =

⎧
⎪⎨

⎪⎩

n(n + 1)
2

if 1 ≤ n ≤ m

m(m + 1)
2

if 1 ≤ m ≤ n.

(4.2)

Notice that two polynomials are needed to describe the number of iterations,
one that is valid when n is smaller than m and one that is valid in the other
case. For this simple example, this result can easily be explained by the fact
that the smaller of the two parameters determines the number of iterations in
the outer loop and therefore also the total number of iterations. In principle,
there is also a third case, where either n or m is smaller than 1, where the loop
is not executed and the number of iterations is zero. We will usually omit such
cases and assume that the result of the counting problem is zero for all cases
that are not explicitly mentioned. The different cases will be called cells.

Let us try the example above in iscc. The set { (i, j) | 1 ≤ i ≤ m,n ∧ 1 ≤
j ≤ i } is represented as

[m,n] -> { [i,j] : 1 <= i <= m,n and 1 <= j <= i }

with the list of parameters separated from the main set description by a ->.
Computing

card [m,n] -> { [i,j] : 1 <= i <= m,n and 1 <= j <= i };

results in

[m, n] -> { (1/2 * n + 1/2 * n^2) : n <= m and n >= 1;
(1/2 * m + 1/2 * m^2) : m >= 1 and n >= 1 + m }

Notice that the second domain has a constraint m ≤ n− 1 instead of m ≤ n.
The reason is that we usually prefer to have disjoint cells. This preference will
be partly explained in Section 4.3.4 where we discuss incremental counting.
In Equation 4.2, the two cells overlap at n = m, and on this overlap the two
polynomials are equivalent. Here, the overlap has been removed from one of
the two cells.
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1 for (i = 1; i <= n; ++i)

2 for (j = 1; j <= n - 2 * i; ++j)

3 /* S */

Figure 4.3 A slightly less simple loop nest.

Besides polynomials and cells, we need one final ingredient to describe the
number of elements in a polyhedral set in general. To show the need for this
final ingredient, consider the loop nest in Figure 4.3. The iteration domain
can be described as

{ (i, j) | 1 ≤ i ≤ n ∧ 1 ≤ j ≤ n− 2i }.

This iteration domain is shown in Figure 4.4 for varying values of n. Note
that the upper bound on the i-loop is slightly misleading, as the j-loop is
only executed for values of i that result in an upper bound that is at least as
large as the lower bound, i.e., for 1 ≤ n− 2i or i ≤ (n− 1)/2. Also note that
the vertices of the iteration domains in Figure 4.4 are not always integral. In
fact, they are only integral for even values of n. This nonintegrality results
in “jumps” in the number of iterations when going from an odd value of n
to an even value of n. The effect of these jumps is that two polynomials are
required to describe the number of iterations in the loop nest, one for even n
and one for odd n, namely,

{
−n

2 + n2

4 if ∃� : n ≥ 4 ∧ n = 2�
1
4 − n

2 + n2

4 if ∃� : n ≥ 3 ∧ n = 2� + 1.
(4.3)

This pair of polynomials is shown in Figure 4.5. They can be captured by a
single polynomial expression if we allow this expression to contain floors of

j

i

n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10 n = 11

Figure 4.4 Iteration domains of the loop nest in Figure 4.3 for varying
values of n.
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n

#

Figure 4.5 The number of elements in the iteration domains in Figure 4.4.

affine expressions. In particular, the function in Equation 4.3 can be described
as

−n

4
+

n2

4
− 1

2

⌊n

2

⌋
if n ≥ 3. (4.4)

The two polynomials in Equation 4.3 can easily be recovered from this ex-
pression if we note that �n

2 � = n
2 for even n, while �n

2 � = n
2 − 1

2 for odd n. We
generally prefer the representation in Equation 4.4 because it is usually more
compact than a representation using only polynomials, as in Equation 4.3.
This more compact representation is also what iscc will give you by default.
That is,

card [n] -> { [i,j] : 1 <= i <= n and 1 <= j <= n - 2i };

results in

[n] -> { ((-1/4 * n + 1/4 * n^2) - 1/2 * [(n)/2]) : n >= 3 }

We are now ready to describe the counting problem on polyhedral sets and
relations. We first define step-polynomials and piecewise step-polynomials.

Definition 4.7 (Step-polynomial) A step-polynomial q(x) in the integer
variables x is a rational polynomial expression in greatest integer parts of
rational affine expressions in the variables, i.e., q(x) ∈ Q [�Q[x]≤1�].
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A small note on the notation: Q[·] represents polynomial expressions in “·”
and Q[·]≤d represents polynomial expressions in “·” of degree at most d. We
will usually consider step-polynomials in either both parameters and variables
or in only parameters.

Definition 4.8 (Piecewise step-polynomial) A piecewise step-
polynomial q(x), with x ∈ Z

d consists of a finite set of pairwise disjoint
polyhedral sets Ki ⊆ Z

d, called cells, each with an associated step-polynomial
qi(x). The value of the piecewise step-polynomial at x is the value of qi(x)
with Ki the cell containing x or zero if no cell contains x, i.e.,

q(x) =

{
qi(x) if x ∈ Ki

0 otherwise.

The operation of counting the number of elements in a set then simply takes a
parametric polyhedral set as input and produces a piecewise step-polynomial
in the parameters describing the number of elements in the set.

Operation 4.1 (Number of elements in a set)
Input: a polyhedral set S : Z

n → Z
d

Output: a piecewise step-polynomial q : Z
n → Q : (s) 
→ q(s) = #S(s)

Note that the type of q is that of a function that returns a rational number,
but the actual function values will always be integers.

There are different ways of defining a counting operation on a relation. One
possibility would be to count the total number of pairs of domain and image
elements. However, for our applications, it is more convenient to define an
operation that counts the number of elements in the image of an arbitrary
domain element.

Operation 4.2 (Number of image elements in a relation)
Input: a polyhedral relation R : Z

n → Z
d1 × Z

d2

Output: a piecewise step-polynomial q : Z
n × Z

d1 → Q : (s, t) 
→ q(s, t) =
#R(s, t)

Note that this operation is equivalent to treating the domain dimensions
as extra parameters and then counting the number of elements in the result-
ing set.

4.3.2 The number of live memory elements

In this chapter, we extend the computation of data storage requirements of
Chapter 3 to programs that may involve parameters and that need not nec-
essarily be in single-assignment form. As explained before, this computation
involves two steps. We first compute the number of memory elements live at
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any given point during the execution and then compute an upper bound on
this number over the entire execution of the program, which is then also an
upper bound on the minimal memory requirements of the program. The sec-
ond step involves an approximation and will be explained in Section 4.4. The
first step can be performed exactly and is explained in this section.

Recall from Section 4.2.2 that dataflow analysis determines for each read
access, the write access that wrote the value being read. The corresponding
memory element is then clearly live at execution points between the write and
the read. However, for counting the number of live elements, the standard
dataflow relations are not very practical, because a given memory element
may be involved in more than one of these relations at the same time if the
result of a write is read multiple times. Counting can be made substantially
easier by constructing injective relations that map the statement instance that
produces an element to the statement instance that kills it, i.e., where it is used
for the last time. Below, we describe two ways of constructing such relations.
For simplicity, we assume here that each statement instance produces at most
one element, so that we can use the statement instance as an identifier for the
element being produced.

� One way is to essentially apply dataflow analysis twice. In the first
application, we determine for each write, what is next write to the same
memory element. In the second application, we determine for each write,
what is the last subsequent read to the same memory element, before
the next write, or, for those writes without a next write, simply the
last subsequent read. The resulting relations clearly capture the births
and deaths of memory elements. An alternative method of computing
the same relation is to first perform standard dataflow analysis, relating
each read to the last preceding write, and to then compute the last read
associated to each write in the resulting relation.

� The second way is to determine for each read, what is the previous
write or read. In this case, a memory element is considered dead after
the first read, but is immediately revived if there is a second read. This
resuscitation process then continues until the final read.

Example 4.5 Consider the sequence of writes and reads to a single memory
element shown in Figure 4.6. The top row illustrates the first way of computing
liveness relations. First, the next write is computed. This results in the relation

W R R W R R R W R R

W R R W R R R W R R

Figure 4.6 Writes and reads of a single memory element and the corre-
sponding liveness relation.
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shown above the first row and the encircled last write, which by definition has
no next write. Based on this information the last read before the next write
is computed and the result is shown below the top row. The second row
illustrates the second way of computing liveness relations.

In general, the first way is more expensive, because dataflow analysis is ap-
plied twice, but the resulting relations have fewer elements (i.e., fewer arrows
in Figure 4.6). Note, though, that this does not necessarily mean that comput-
ing the number of elements will be cheaper, as this computation is performed
entirely symbolically.

Once a suitable injective relation R has been computed, there are again at
least two ways of computing the number of elements live at iteration i.

� The first way is to count all elements in the relation such that the source
precedes i and the sink follows i, i.e.,

L(i) = #{(s, t) ∈ R | s ≺ i � t}.
� The second way is to count both the sources and the sinks that precede

i. The difference is equal to those preceding sources of which the corre-
sponding sink does not precede i, i.e.,

L(i) = #{s ∈ domR | s ≺ i} − #{(s, t) ∈ R | t ≺ i}.

Note that we cannot use t ∈ ranR in the second counting problem
because a given statement instance may kill more than one element.

It is difficult to predict which of these two methods will be more efficient.
Since the lexicographical order needs to be linearized, the number of basic
relations may grow by a factor of d2 in the first method (with d the loop nest
depth), while it only grows by a factor of up to 2d in the second method. On
the other hand, basic relations that lie entirely before i are counted twice in
the second method, while they are not considered at all in the first method.

4.3.3 Reuse distances

Modern computer architecture typically has a hierarchy of caches. Each cache
stores recently used data. If this data is later reused, an access to a slower
cache or the main memory can be avoided. Whenever a new value is stored in
the cache, some other value needs to be evicted. There are many policies for
deciding which value to evict. One such policy is to evict the least recently
used (LRU) value. If the number of distinct data elements accessed between
two consecutive accesses to the same data element is smaller than the cache
size, then this this data element will still be in the cache, assuming the cache is
LRU and fully associative. This number of distinct elements is called the reuse
distance and its computation is useful for analyzing and optimizing cache
behavior [14].
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Pairs of consecutive accesses to the same memory element can be obtained
from dataflow analysis (Section 4.2.2), where now no distinction is made
between read and write accesses and all accesses are treated as both potential
sources and potential sinks. Depending on the desired accuracy of the analysis,
the access relations may need to be composed with allocation relations that
map array indices to memory elements or even cache lines. The dataflow anal-
ysis yields a set of relations Rr→s of consecutive accesses, one for each pair
of references r and s. Note that the domains of these relations for fixed r but
varying s are disjoint because any given access has exactly one next access,
which may be an instance of any, but only one, reference s. The forward reuse
distance, i.e., the distance to the next access, can then be computed as

Fr(i) =
∑

s

(

#
⋃

t

{ i → At(k) | ∃j ∈ Ss,k ∈ St : i → j ∈ Rr→s ∧ i � k � j }
)

,

(4.5)

where both s and t range over all references and At is the access relation of
reference t. The backward reuse distance can be defined in a similar way.

Let us now consider how one of the relations in Equation 4.5 might be
constructed using primitive operations. We first construct a relation that maps
the domain elements of Rr→s to later iterations of t, i.e.,

R1 = (domRr→s → St) ∩ Lr,t,

with Lr,t the lexicographic order on r and t. This computation yields the
relation

R1 = { i → k | i ∈ domRr→s ∧ k ∈ Ss ∧ i � k }.
We can similarly construct a relation that maps the range elements to earlier
iterations and then pull it back to the domain of Rr→s. That is, we compute

R2 =
(
(ranRr→s → St) ∩ L−1

t,s

)
◦Rr→s.

which yields the relation

R2 = { i → k | ∃j ∈ Ss : i → j ∈ Rr→s ∧ k ∈ Ss ∧ k � j }.

Finally, the relation in Equation 4.5 can be constructed as

At ◦ (R1 ∩R2) .

4.3.4 Weighted counting

So far, we have assumed that all points in the sets we want to enumer-
ate are equal and then the enumeration simply counts the number of ele-
ments. In some cases, however, different points may have different weights
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and then we want to compute the sum of the weights of all elements in the
set. For example, consider once more the loop nest in Figure 4.1. Let us now
first compute the number of iterations of the j-loop for any iteration of the
i-loop:

card [n] -> { [i] -> [j] : 1 <= i <= n and 1 <= j <= i };

The result is

[n] -> { [i] -> i : i <= n and i >= 1 }

This function assigns the weight i to each iteration i of the outer loop. The
total number of iterations is then given by the sum of all these weights over
all iterations of the outer loop:

sum [n] -> { [i] -> i : i <= n and i >= 1 };

and the result is

[n] -> { (1/2 * n + 1/2 * n^2) : n >= 1 }

As expected, this result is the same as that computed before in Equation 4.1.
In this example, there is then also no point in performing the computation
incrementally, because the results of one counting problem are used directly
as the input of the next counting problem. There are some applications, how-
ever, where the result of one counting problem is first manipulated using some
other operations before being used as an input to a second counting problem.
For example, the input to the second counting problem may be the sum of sev-
eral counting problems and/or a reformulation in terms of different variables.
We will come across such an example in Section 4.4.4. As we will see be-
low, there are also some applications where the counting problem is naturally
weighted.

Since the output of an (unweighted) counting problem is a piecewise step-
polynomial, the input of a weighted counting problem should be generic
enough to include such piecewise step-polynomials. Similarly, since an un-
weighted counting problem is a special case of a weighted counting problem
with weights 1, so should the output of the weighted counting problem. In fact,
both input and output are exactly piecewise step-polynomials. More precisely:

Operation 4.3 (Weighted counting)
Input: a piecewise step-polynomial q : Z

n × Z
d → Q, with (disjoint) cells Ki

and associated step-polynomials qi
Output: a piecewise step-polynomial

r : Z
n → Q : (s) 
→ r(s) =

∑

t∈dom q(s)

q(s, t) =
∑

i

∑

t∈Ki(s)

qi(s, t)

Note that the final equality only holds if the cells Ki are indeed disjoint.
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p = a;

for (i = 0; i < N; ++i)

for (j = i; j < N; ++j) {

p += j * ((j-i)/4);

*p = hard_work(i,j);

}

Figure 4.7 Pointer conversion example.

Example 4.6 Consider the program in Figure 4.7. We would like to par-
allelize this code, but there is a (false) dependence through the pointer p

because it is updated in every iteration and so each iteration depends on the
previous iteration. The dependence can be removed by computing the sum of
all updates in any previous iteration, i.e.,

p = a +
∑

(i′,j′)∈S
(i′,j′)�(i,j)

j′
⌊
j′ − i′

4

⌋

with S = { (i′, j′) ∈ Z
2 | 0 ≤ i′ < N ∧i′ ≤ j′ < N }, which is clearly a weighted

counting problem.

Example 4.7 Consider the program in Figure 4.8, where first some memory
is allocated, then some other code is executed, and finally the memory is
freed. Suppose we want to know how much memory is allocated in total. Each
iteration of the first loop allocates an amount of memory that depends on
the values of the iterators. The total amount of memory can then again be
computed as a weighted counting problem,

T (N) =
∑

(i,j)∈S
(ij + i−N + 1),

with S = { (i, j) ∈ Z
2 | 0 ≤ i < N ∧ i ≤ j < N }.

for (i = 0; i < N; ++i)

for (j = i; j < N; ++j)

p[i][j] = malloc(i * j + i - N + 1);

/* ... */

for (i = 0; i < N; ++i)

for (j = i; j < N; ++j)

free(p[i][j]);

Figure 4.8 Memory allocation example.
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4.4 Memory Requirement Estimates Based
on Maximization Problems

4.4.1 Introduction

Recall that in this chapter, we focus on parametric estimation where some
parameters values stay entirely or partially unknown while estimating the
maximum required memory amount. For nonparametric cases, the reader is
invited to refer to Chapter 3, although the techniques presented in this chapter
can also be applied efficiently for nonparametric cases.

As it was presented in the previous section, many memory requirement
estimation problems can be handled using the same common strategy: com-
pute the number of elements that satisfy some conditions and then compute
an upper bound of the resulting expression. For instance, the data storage
requirements of some loop nests can be evaluated by first determining the
amount of memory “in use” at a given point during the execution of the pro-
gram and then by computing the maximum of the resulting expression over
all such points. The memory in use at a given loop iteration is expressed as
a piecewise step-polynomial in both the loop iterators and the structural pa-
rameters. The problem of calculating the memory requirements of a program
then reduces to computing the maximum of such a polynomial over all inte-
ger points contained in parametric polytopes, resulting in an expression that
only depends on the structural parameters. Notice that the general problem
of maximizing a polynomial over a parametric polytope also has applications
in extending static analysis beyond the polytope model [15].

As a typical example of the kind of memory requirement estimation prob-
lems that can be handled, we consider the problem of finding the maximal
number of live elements during the course of a program, where an element is
“live” at a given point in the program if it has been defined (written) and still
needs to be used (read). A bound on the maximal number of live elements
is an indication of the amount of memory required for the execution of the
program.

Example 4.8 Consider the code fragment of Figure 4.9 where each state-
ment has been labeled Sx, and assume that array t is a temporary array that
is only used inside the given loop nests. The number of live elements of array
t is obviously all the n elements, since every element is updated in the first
loop and read in the last loop. However, we use this simple example to show
how such a problem must generally be handled.

Each array element that is defined in the first loop is read and written
several times in the second loop nest, and read exactly once in the last loop.
As explained in Section 4.3.2, the number of live elements has to be computed
for any iteration of the statements of each loop nest. The memory requirement
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for (i = 0; i < n; ++i)

S1: t[i] = a[i];

for (i = 0; i < n; ++i)

for (j = 0; j < n - i; ++j)

S2: t[j] = f(t[j], t[j+1]);

for (i = 0; i < n; ++i)

S3: b[i] = t[i];

Figure 4.9 Two nested loops with temporary array t.

is then estimated by computing an upper bound of this number over the entire
execution of the program.

The three iteration domains defined by each statement are:

S1 = {i | 0 ≤ i < N}
S2 = {(i, j) | 0 ≤ i < N, 0 ≤ j < n− i}
S3 = {i | 0 ≤ i < N}

By using the first way of computing the number of live elements (Sec-
tion 4.3.2), we first determine for each read of an array element, what is
the previous write of the same element. Such a relation represents a data de-
pendence between the update of an element and its use (a flow dependence,
Section 4.2.2). For each read, the corresponding last previous write of the
same element occurs at a previous iteration, which is the last executed iter-
ation between all the previous iterations where writes of the same element
occur.

For instance, consider the reading access t[j] in statement S2. For a given
value of j, let us call it j’, array element t[j’] is accessed when j = j’,
i.e., at every iteration (i, j′) with 0 ≤ i < n. Previous writes of t[j’] occur
through the writing access t[j] in S2 and t[i] in S1. In the same way as for
the reading access t[j], array element t[j’] is updated at every iteration
(i, j′) with 0 ≤ i < n, while it is updated only once through statement S1
when i = j′. Hence for any read of an element t[j’] through reference t[j]
in S2 at a given iteration (i′, j′), the previous writes are given by:

{i ∈ S1 | i = j′} ∪ {(i, j) ∈ S2 | j = j′, (i, j) ≺ (i′, j′)}

It is obvious that the last previous write is performed through statement S1 at
iteration i = j′ if i′ = 0 and through statement S2 at iteration (i = i′ − 1, j =
j′) if i′ > 0. Then we can deduce the relations linking the corresponding writes
and reads in the following way:

R1 = {j → (0, j) | j ∈ S1 ∧ (0, j) ∈ S2}
R2 = {(i− 1, j) → (i, j) | (i, j) ∈ S2 ∧ i > 0}
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Having determined in the same way the previous last writes (the sources)
for all the remaining reads (the sinks), the next step is to count the sources
and the sinks that precede a given iteration, and make the difference between
both. For instance, if we only consider the reading accesses t[j] in statement
S2 and their sources, this computation would be, for any iteration (i′, j′) of
the second loop nest:

# {i ∈ domR1} − # {(j, 0, j) ∈ R1 | (0, j) ≺ (i′, j′)} if i′ = 0

#{(i, j)∈ domR2 | (i, j)≺ (i′, j′)}−#{(i, j, k, l)∈R2 | (k, l)≺ (i′, j′)}if i′ > 0

resulting in the number of live elements for any iteration (i, j) in S2 = n− i.
Hence the maximal number of live elements is equal to n.

The whole analysis considering all the statements and accesses to array
elements can be achieved using iscc:

� Definition of the iteration domains:

D := [n] -> { S1[i] : 0 <= i < n;
S2[i,j] : 0 <= i < n and 0 <= j < n - i;
S3[i] : 0 <= i < n };

� Definitions of the maps associated to the write accesses and the maps
associated to the read accesses:

W := { S1[i] -> t[i]; S2[i,j] -> t[j]; S3[i] -> b[i] } * D;
R := { S1[i] -> a[i]; S2[i,j] -> t[j]; S2[i,j] -> t[j+1];

S3[i] -> t[i] } * D;

� Mapping of the statements onto a common iteration space:

S := { S1[i] -> [0,i,0]; S2[i,j] -> [1,i,j]; S3[i] -> [2,i,0] };

� Computing the relations between the writes and all corresponding reads:

Dep := (last W before R under S)[0];

� Computing the last reads:

M := (lexmax (Dep . S)) . S^-1;

� Setting the lexicographic order:

LGT := S >> S;

� Computing the number of live elements for any iteration (i, j):

Live := (card (LGT * (D -> (dom M)))) - (card ((LGT . (M^-1)) * D));

Live;

� Resulting in:

[n] -> { S2[i, j] -> n : j <= -1 + n - i and i >= 2 and j >= 1;
S2[i, j] -> ((1/2 + n) * i - 1/2 * i^2) :

i = 1 and j <= -2 + n and j >= 1;
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S2[i, j] -> n : j = 0 and i <= -1 + n and i >= 2;
S2[i, j] -> ((1/2 + n) * i - 1/2 * i^2) :

i = 1 and j = 0 and n >= 2;
S2[i, j] -> n : i = 0 and j <= -1 + n and j >= 1;
S2[i, j] -> n : i = 0 and j = 0 and n >= 1;
S1[i] -> i : i <= -1 + n and i >= 1;
S3[i] -> (n - i) : i >= 2 and i <= -1 + n and n >= 2;
S3[i] -> (-1 + n) : i = 1 and n >= 2;
S3[i] -> n : i = 0 and n >= 2;
S3[i] -> 1 : n = 1 and i = 0 }

� Computing the maximum, i.e., an upper bound of the data storage re-
quirement:

ub Live;

� Resulting in:

([n] -> { max(n) : n >= 4; max(n) : n = 3;
max(n) : n = 2; max(n) : n = 1 }, True)

The computed bound is the exact bound since the keyword True is appearing
in the answer, and it is obviously equal to n.

In Section 4.4.4, it is shown how dynamic memory requirements in Java
programs can also be estimated using similar techniques. In the following
section, an overview of the main approaches and their mathematical concepts
is given. Section 4.4.3 deals with the general issue of the problem formulation.

4.4.2 Maximization of polynomials

The exact parametric maximum of polynomials over the integer points in a
parametric polytope may not in general be easily computable. In the technique
used in the above example [16], the problem is relaxed first by computing the
maximum over all rational points instead of all integer points and second by
computing an upper bound rather than the maximum. This approach consists
in an extension of Bernstein expansion [17–19] to parametric polytopes to
compute these upper bounds. The resulting upper bounds are usually fairly
accurate and it can be detected whether the actual maximum has been com-
puted or not.

Some other techniques to handle polynomials have been proposed by Maslov
and Pugh [20], Blume and Eigenmann [21], and Van Engelen et al. [22]. How-
ever, these techniques are either strongly restrictive or produce less accurate
estimations than the ones produced by the technique presented in [16] and
based on Bernstein expansion.

4.4.2.1 Bernstein expansion

Bernstein expansion allows for the determination of bounds on the range
of a multivariate polynomial considered over a box [15,23,24]. Numerical
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applications of this theory have been proposed to the resolution of systems
of strict polynomial inequalities [25,26]. A symbolic approach to Bernstein
expansion used in program analysis has also been proposed in [15]. It has
been shown that Bernstein expansion is generally more accurate than classic
interval methods [27]. Moreover, in [28], Stahl has shown that for sufficiently
small boxes, the exact range is obtained.

Bernstein polynomials are particular polynomials that form a basis for the
space of polynomials. Hence any polynomial can be expressed in this basis
through coefficients, the Bernstein coefficients, that have interesting properties
and that can be computed through a direct formula. Due to the Bernstein
convex hull property [29], the value of the polynomial is then bounded by
the values of the minimum and maximum Bernstein coefficients. The direct
formula allows symbolic computation of these Bernstein coefficients giving a
supplementary interest to the use of this theory [15,16].

4.4.2.2 Symbolic range propagation

Symbolic range propagation [?,21] is certainly the most commonly used ap-
proach due mainly to its relative simplicity. Even if it usually provides less
accurate results than with Bernstein expansion, it can still be useful while
considering complex problems inducing many iteration domains and parame-
ters. Indeed, the computation time in such cases can be huge with the Bern-
stein approach, since it needs several complex computations on parametric
polytopes.

In this technique, it is assumed that each variable has a (symbolic) lower
and upper bound and these ranges are repeatedly substituted in the poly-
nomial. In each iteration, the expression is simplified using a set of rewrite
rules. If a variable occurs multiple times in the same expression, then overly
conservative bounds can be generated. However, if it can be determined, by
recursively applying the algorithm to the first order forward difference of the
polynomial, that the expression is monotonically nonincreasing or nondecreas-
ing in a given variable, then the lower and upper bounds of the variable can
safely be substituted simultaneously in the whole expression, leading to a
tighter bound. The main disadvantage of this technique is that the accuracy
can be very low for non-monotonic polynomials.

4.4.3 General problem formulation

When handling a memory requirement estimation problem, the essential task
is to translate it conveniently into a counting problem followed by a maxi-
mization problem.

We are interested in the case where the elements of counting are integer vec-
tors and the conditions can be described by linear constraints. The first step
is then to compute the number of elements f(p,q) of some set S(x,p,q), i.e.,

f(p,q) = #{x ∈ Z
n | ∃y ∈ Z

n′
: p(x,y,p,q)}, (4.6)
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where p(x,y,p,q) is a conjunction of m linear constraints on x, y, p, and q,

p(x,y,p,q) ⇐⇒ Ax + By ≥ Cp + Dq + f ,

with A ∈ Z
m×n, B ∈ Z

m×n′
, C ∈ Z

m×r, D ∈ Z
m×r′ , and f ∈ Z

m. In the
second step, we compute an upper bound on f(p,q). That is, we compute
U(q) such that

U(q) ≥ M(q) = max
p∈Q(q)

f(p,q) for all q, (4.7)

with Q the domain of f and where we use the shorthand Q(q) = {p | (p,q) ∈
Q }.

The first problem (Equation 4.6) is a counting problem (see Section 4.3)
while the second problem (Equation 4.7) is a “maximization” problem. Both
of these problems are parametric, i.e., the result is not simply a number, but
rather an expression in a number of parameters. The variables that act as
parameters in one problem are, however, not the same as those that act as
parameters in the other problem. In general, we can identify fours sets of
variables in the two problems:

� The variables that are existentially quantified in the counting problem
Equation 4.6; in the example of Section 4.4.1, there are no such variables.

� The elements that need to be counted; in the example, these are the
indices of the array or the iteration in which they are defined or used.

� The variables over which the maximum needs to be taken; in the exam-
ple, these are the iterations of D2(n).

� The structural parameters; in the example, there is a single structural
parameter n.

The latter two sets of variables will be parameters for the counting problem,
while only the structural parameters will be parameters for the maximization
problem.

If there are no existentially quantified variables y, i.e., if n′ = 0, then the
set in Equation 4.6 is a parametric polyhedron (Section 4.2). If the polyhedron
is bounded for each value of the parameters (which will usually be the case
when we want to count the number of integer points in the polyhedron), then
the set is a parametric polytope (Section 4.2).

As it was presented in Section 4.3, the number of integer points in such
parametric polytopes are piecewise step-polynomials:

f(p,q) =

⎧
⎪⎪⎨

⎪⎪⎩

f1(p,q) if (p,q) ∈ Q1

. . .

fM (p,q) if (p,q) ∈ QM ,

(4.8)

i.e., a subdivision of the parameter space Q (of the counting problem), with a
step-polynomial fi(p,q) associated to each cell Qi of the subdivision. These
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piecewise step-polynomials that result from counting problems are also called
Ehrhart polynomial by some authors, e.g., [30]. Notice that the cells Qi in the
subdivision are themselves polyhedra.

To compute U(q) in Equation 4.7, we first compute

Ui(q) ≥ Mi(q) = max
p∈Qi(q)

fi(p,q) for all q.

Note that Qi is interpreted here as a parametric polyhedron with only the
q as parameters. As in the counting problem, we may assume that Qi is a
parametric polytope. Finally U(q) is constructed such that

U(q) ≥ Ui(q) for all i and for all q. (4.9)

4.4.4 Estimating dynamic memory requirements

The techniques mentioned so far can be also used to compute parametric
bounds of dynamic memory requirements. As an example we will ana-
lyze a technique that computes dynamic memory requirements for Java
programs [31].

Given a method m with parameters p1, . . . , pk, the technique computes
a parametric polynomial in p1, . . . , pk over-approximating the amount of
dynamic memory required to execute m.

Java is an object oriented language with automatic memory management.
Memory allocation is controlled by the programmer, who creates objects when
executing a new statement. Memory deallocation is not controlled by the pro-
grammer but by a special agent, a garbage collector (GC), which takes care
of collecting objects when they are no longer referenced.

In order to compute accurate bounds, it is very important to analyze
program allocations and deallocations. Therefore, an analysis should consider
both the program and GC behaviors. One alternative used to approximate
GC behavior is to statically compute object lifetimes (a sequence of program
statements starting at the moment of object creation and finishing at the
point when the object can be collected) in order to predict at compile time,
for every object, where it can be collected. This can be performed by the aid
of escape analysis techniques [32,33] or by performing region synthesis [34,35],
which associate the lifetime of sets of objects to the lifetime of computation
units (e.g. methods, classes, threads, etc).

Here we will adopt the notion of regions by associating object lifetimes
to methods. We will use retm to denote the size of the objects returned by
(or escaping) a method m. That is, the objects that should live even when
method m finishes its execution. We will use capm to denote the size of the
objects allocated by method m that can be safely collected at the end of
method m execution. Another way to see capm is thinking they are auxiliary
objects created during method m execution that are not longer required by
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void m0(int m) {

for(c=1;c<= m;c++) {

m1(c);

B[] m2Arr=m2(2*m-c);

}

}

B[] m2(int n) {

B[] arrB = new B[n];

for(j=1;j<= n;j++) {

B b=new B();

C c=new c();

arrB[j-1]=b;

}

return arrB;

}

void m1(int k) {

for(i=1;i<=k;i++) {

A a = new A();

B[] captArr=m2(i);

}

}

Figure 4.10 Dynamic memory allocation example.

a caller of m. The amount of memory required to run a method m (denoted
memRqm) is composed by both capm and retm. This is because in order to run
m the system will require enough memory to allocate the objects that will be
created by m and collected when it finishes (capm) and the objects allocated by
m that live longer (retm). Nevertheless, we will see later that objects returned
by methods tend to be captured by other methods in the call stack, meaning
that eventually returned objects are considered when computing captured
objects. Therefore, for convenience, we will consider only captured objects
when computing memRqm and we will add retm to the estimation only when
m represents the application’s main method.

Consider the example of Figure 4.10 and assume for simplicity that all
objects are of size 1. Method m2 does not call any other methods. All allo-
cations assigned to variable c can be captured by m2 since they are neither
returned nor linked to parameters or static variables. The method returns
arrB, which makes the array and objects assigned to variable b live longer
than method m2. By describing the iteration space of the loop by 1 ≤ j ≤ n,
we can apply a parametric counting technique to count the number of visits
to each new statement and approximate its consumption. We therefore have:

capm2(n) = #{ (j) | 1 ≤ j ≤ n} = n

retm2(n) = n + #{ (j) | 1 ≤ j ≤ n} = 2n

memRqm2(n) = capm2(n) = n.

Note that we assume here that n is nonnegative.
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Method m1 does call another method, namely m2, and it captures all the
memory it allocates itself, as well as the memory that escaped (and was
returned) from m2. Note that m2 is called several times within a loop which iter-
ation space can be modeled by (1 ≤ i ≤ k). Escaped objects are accumulative,
meaning the space for the objects allocated and returned by m2 at each iter-
ation has to be considered when computing m1 requirements.

To compute the amount of memory required to run m1 we need to consider
its allocations (assigned to variable a) and the allocations performed by the
calls m2. Method m2, in addition to returned objects, requires space for the
i objects it captures. Since they are released at the end of its execution, it
is only needed to consider the space for the call to m2 that consumes most
auxiliary objects.

Therefore, we have:

retm1(k) = 0

capm1(k) = #{ (i) | 1 ≤ i ≤ k} +
∑

1≤i≤k

(retm2(i))

= k +
∑

1≤i≤k

(2i) = k + k2 + k = k2 + 2k

memRqm1(k) = capm1(k) + max
1≤i≤k

memRqm2(i)

= k2 + 2k + k = k2 + 3k

where Bernstein expansion is used to compute max1≤i≤k memRqm2(i) and
weighted counting is used to compute the sum. We again assume that k ≥ 0.

Finally, notice that method m0 calls methods m1 and m2 within a loop. We
have to consider the objects escaping from both m1 and m2:

retm0(m) = 0

capm0(m) =
∑

1≤c≤m

retm1(c) + retm2(2m− c) =
∑

1≤c≤m

0 + 2(2m− c) = 3m2 −m

Similarly, to compute the actual requirements for m0 we need to observe
that the space reserved for objects from method m1 and m2 can be shared.
Method m0 first calls to method m1 and, when it returns, then it calls m2.
Objects required for m1 are no longer needed when it finished its execution,
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releasing space for objects allocated when executing m2. Thus, it is enough to
consider only the maximum between requirements for m1 and m2:

memRqm0(m)

= capm0(m) + max
(

max
1≤c≤m

memRqm1(c), max
1≤c≤m

memRqm2(2m− c)
)

= capm0(m) + max
(

max
1≤c≤m

c2 + 3c, max
1≤c≤m

2m− c

)

= 3m2 −m + max
(
m2 + 3m, 2m− 1

)

= 3m2 −m + m2 + 3m

= 4m2 + 2m,

The general solution is

memRqm0(m) =

{
4m2 + 2m if m ≥ 1

0 if m ≤ 0.

In general, using this notion of captured and returned (escaping) objects,
the memory requirements of a method can be computed in terms of memory
requirements of the methods it calls. Therefore:

memRqm(p̄) = capm(pm) + max
m′called by m

(

max
invm

m′
memRqm’(āmm′)

)

where p̄ are methods m’s formal parameters, invm
m′ is the iteration space

defined in the call from method m to method m’ and āmm′ are the arguments
used in that call.

This analysis can be automated using iscc. Notice there are many ways
to solve this problem using the calculator (e.g., calling it several times for
each symbolic operation, generating a set of operations per method). Here
we propose one that makes extensive use of iscc’s symbolic capabilities and
generates all the results in one script.

� Analysis of method m2. Definition of iteration space for the loop:
D_L_m2 := {[n] -> [j] : 1<=j<=n};
The number of objects assigned respectively to c and b are computed
counting the number of integer solutions.
alloc_b := card D_L_m2; alloc_c := card D_L_m2;
which is {[n] -> n : n>=1};
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For the array we use its dimension:
alloc_bArr := {[n] -> n : n>=1};
Thus, the amount of objects captured, returned, and required are:
cap_m2 := alloc_c;
which is {[n] -> n : n >= 1 }
ret_m2 := alloc_b + alloc_bArr;
which is {[n] -> 2 * n : n >= 1 }
memReq_m2:= cap_m2 + {[n] -> max(0) };
which is {[n] -> max(n) : n >= 1} (we convert memReq_m2 to the
result of a maximization operation for the sake of compositionality)

� Analysis of method m1. The iteration space for the loop is:
D_L_m1 := {[k] -> [i] : 1<=i<=k};
Then, the numbers of objects assigned to a are:
alloc_a := card D_L_m1;
This relation represents the call m2(i) in the loop:
call_m1m2 := (domain_map D_L_m1)^-1 . { [[k]->[i]] -> [i] };
The objects returned from m2 are accumulated:
capRet_m2:= call_m1m2 . ret_m2;
cap_m1 := alloc_a + capRet_m2;
which is {[k] -> (2 * k + k^2) : k >= 1 }
ret_m1 := {[k] -> 0};
And the object required by m2 but collected by itself are maximized
(notice that memReq is a fold):
max_m1m2 := call_m1m2 . memReq_m2;
memReq_m1 := cap_m1 + max_m1m2;
which is {[k] -> max((3 * k + k^2)) : k >= 1 }

� Analysis of method m0. The iteration space for the loop is:
D_L_m0 := {[m] -> [c] : 1 <= c <= m };
These are the relations for the calls m1(c) and m2(2m-c) in the loop.
call_m0m1 := (domain_map D_L_m0)^-1 . { [[m]->[c]] -> [c] };
call_m0m2 := (domain_map D_L_m0)^-1 . { [[m]->[c]] -> [2m-c]};
Then:

capRet_m1:= call_m0m1 . ret_m1;
capRet_m2:= call_m0m2 . ret_m2;
max_m0m1 := call_m0m1 . memReq_m1;
max_m0m2 := call_m0m2 . memReq_m2;

Thus, the amount of objects captured, returned, and required are:
retM0 := {[m] -> 0};
cap_m0 := capRet_m1 + capRet_m2;
which is {[m] -> (-m + 3 * m^2) : m >= 1}
memReq_m0 := cap_m0 + (max_m0m1 . max_m0m2);
which is {[m] -> max((2 * m + 4 * m^2)) : m >= 1} as we manu-
ally computed.
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4.4.5 Software implementation

The computation of lower and upper bounds on arbitrary multivariate piece-
wise step-polynomials, defined over linearly parametrized convex polytopes,
has been implemented in the Integer Set Library (isl) (Section 4.2.3.5). This
includes the computation of the parametric Bernstein coefficients of the poly-
nomials and a procedure reducing the number of potential results. These latter
computations were initially implemented as a standalone application named
bernstein [16].

4.5 Conclusion

Memory requirement evaluation of applications is a major issue in the design
of computer systems, and specifically in the case of embedded systems. More-
over, evaluation results, when parametrized, can cover all possible execution
configurations from only one unique program analysis process. We have shown
for several application examples that this problem can often consist in max-
imizing a parametric and multivariate polynomial defined over a parametric
convex domain. We proposed the use of some advanced mathematical tools
to compute accurate bounds for such polynomials, and even exact bounds in
some cases. All these tools have been implemented and are freely available.
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5.1 Stream Register File: Why and How

5.1.1 Register files and their nonuniformal access patterns

Register files have been known to be a notorious power consuming part of a
processor architecture. It was already shown in various works [1–3] that there
is a need for a comprehensive treatment of register files such that their power
consumption is reduced while still meeting all the realtime requirements of an
application. Multi-ported data register files (RF) are one of the most power
hungry parts of any processor, especially very long instruction word processors
(VLIWs) [4,5]. On average every operation requires three accesses (two reads
and one write) to the RF, which make them a very active part of the processor.
Current architectures try to achieve a high performance by exploiting paral-
lelism, and therefore perform multiple operations per cycle (e.g., instruction
level parallelism or ILP, as used in VLIW processors). This quickly results in
a large port requirement for the register file, which is mostly implemented as a
single/centralized or distributed large multi-ported register file. A high num-
ber of ports has a strong negative impact on the energy efficiency of register
files as well as facing strong performance constraints for design. Traditionally,
this problem is addressed through various clustering techniques [5] that par-
tition (or bank) the RF. Data can then only be passed from one partition to
another through intercluster communication [6,7]. However, as partitions get
smaller the cost of intercluster copies quickly grows. In addition, the result-
ing register files are still multi-ported. For high energy efficiency, it is clearly
preferable that the register cells be single ported [8].

Broadly speaking, from the application perspective, variables in an appli-
cation can be of different types:

� Dynamic data types
� Input/output arrays with spatial locality in access
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� Input/output arrays without spatial locality
� Intermediate arrays with spatial locality (short1 and long lifetime)
� Intermediate arrays without spatial locality (short and long)
� Low lifetime intermediate scalar variables
� High lifetime intermediate scalar variables

These different variables are also shown in Figure 5.1. Dynamic data types
are not in the focus of this chapter, and it is assumed that they can be con-
verted into static variables by the time the compiler has to deal with them.
This can be achieved by grouping the data into pools under the control of
a dynamic memory allocator [9]. However, given the embedded application
domain and even in some general purpose domains, there is a set of variables
(input/output or intermediate) that exhibit spatial locality. This nature is
often not exploited by typical state of the art register file architectures. In
contrast there is a small set of variables that exhibit poor spatial locality
need to be accessed in random order. This requires a typical register file that
can be addressed and written to in irregular order. For an efficient solution
each of these sets of variables needs to be treated effectively and their proper-
ties need to be exploited. In case the variables do not exhibit spatial locality
or their data layout is improper, it is assumed that appropriate data-layout
transformations have been done to make the spatial locality exploitable.

Besides looking at the access part of the variables in application, the de-
signer also needs to look into the physical design aspect of the processor
architecture. While in most cases during the design phase it may be too early
to take into account the physical layout aspect, it is still important that the
architecture is defined in a “layout-friendly” way. Given the increasing wire
capacitance due to scaling [10–13], it is important that even in the early design

1Short lifetime implies a few cycles such that it can be handled via the processor’s pipeline/for-
warding network.
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phase the cost of wiring is taken into account. However, even if interconnect
does not scale worse than logic, the proposed register file would still be efficient
but the gains of using such a register file may be lower.

This chapter presents a comprehensive technique for organizing the register
file such that all the different types of variables are handled in an efficient
way and discusses how to map code efficiently on such foreground memory
architectures. More specifically, this chapter presents a novel asymmetric reg-
ister file organization called very wide register or VWR. This VWR, together
with its interface to the wide memory, achieves a significantly higher energy
efficiency than conventional organizations and forms an efficient and layout-
friendly solution for arrays with spatial locality. The proposed register file or
foreground memory organization is shown in Figure 5.2. Three aspects are
important in the proposed organization: the interface to the memory, single
ported cells, and the interface to the datapath. The interface of this fore-
ground memory organization is asymmetric: wide toward the memory and
narrower toward the datapath. The wide interface enables the exploitation
the locality of access of applications through wide loads from the memory to
the foreground memories (registers). At the same time the datapath is able to
access words of a smaller width for the actual computations (further details
in Section 5.2). Internally each of these words can consist of sub-words [for
a single instruction multiple data (SIMD) datapath]. Furthermore for such
foreground memory architectures, an efficient mapping strategy is necessary
to obtain the gains of this architectural feature.

5.1.2 Very wide register: a streaming foreground memory
architecture

The architectural motivation for the proposed very wide register architec-
ture is derived from various parts of the processor. The following subsections
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introduce a streaming foreground memory architecture called very wide regis-
ter. While various other variants exist for streaming foreground memory like
Stream [14,15] etc., the following subsections introduce a particular micro-
architecture; the compilation and mapping methodology introduced later in
this chapter is applicable to other architectures with minor modifications.

5.1.2.1 Data (background) memory organization and interface

Energy consumption in memories can be reduced by improving one or more
of three aspects: the memory design (circuit level), the mapping of data onto
the memory, and the memory organization (and its interface). This section
discusses the background (L1 data) memory organization. A detailed energy
breakdown of an SRAM-based scratchpad shows that for a typical size for
the level-1 data memory (e.g., 64 KB) about half of the energy is spent in
the decoder and the word-line activation [16,17]. The other half is spent in
the actual storage cells and in the sense amplifiers. The decode cost is the
price that is paid for being able to access words in any given order. The
energy consumption in the memory organization can be optimized further by
performing as few decodings as possible by reading out more data for every
decode. In the embedded systems domain this can be achieved by aggressively
exploiting the available spatial locality of data. While this spatial locality is
used for DMA transfers for L2 and L1, cache optimization etc., it is not further
exploited between the transfer for L1 memory and the register file.

In the proposed architecture (see Figure 5.3), spatial locality of data in the
L1 memory is exploited to reduce the decoding overhead. The row address
(Row Addr in Figure 5.3) selects the desired row in the memory through the
pre-decoder. The sense amplifiers and pre-charge lines are only activated for
the words that are needed and only these will consume energy and are read
out. Figure 5.3 also shows the address organization that has to be provided
for such a memory. To be able to handle partial rows (less optimal for energy,
but more flexible), the full address contains two additional fields: Position
decides at which word the read-out will start, while No. Words decides the
number of words that have to be read out. Hence, at most, a complete row
and at least one word of the SRAM can be read out and will be transferred
from the scratchpad to the VWR registers. The scratchpad can be internally
partitioned or banked and the proposed technique can be applied on top of
the banked structure.

This architecture is compatible with almost all existing SRAM generators
(e.g., Artisan, Virage), but in actual instantiations, such a wide interface may
not yet be available. If the used design library does not contain such a wide
memory, it can be composed from multiple narrower memories by connecting
them in parallel, but the overhead due to extra decoding would not allow the
gains to be maximal. For maximal gains it would be necessary that many
words (either from the different banks or the same bank) share the same de-
code circuitry. However, a case study detailed in [1,18,19] shows that even
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with connecting multiple narrow memories in parallel, the gains are still sub-
stantial. Concatenating multiple narrower memories still results in gains at
the processor level as wider loads/stores implies fewer address computations
at run-time, fewer load/store instructions and fewer decodes required even for
the register file.

5.1.2.2 Foreground memory organization

The proposed register file has single ported register cells as shown in Figure
5.2. This register organization is called very wide register (VWR). The VWR
has asymmetric interfaces: a wide interface toward the memory and a narrow
interface to the datapath. Every VWR is as wide as the line size of the scratch
pad or background memory, and complete or partial lines can be read from
the scratchpad into these VWRs. The VWRs have only a post-decode circuit,
which consists of a multiplexer/De-multiplexer (Mux/Demux). This circuit
selects the words that will be read from or written to the VWR. Each VWR
has its own Mux and Demux, as shown in Figure 5.2. The controls of the Mux
and Demux on which register is to be accessed is derived from the instructions.
Because of the single-ported cell design, the read and write access of the
registers to the scratchpad memory and access to the datapath cannot happen
in parallel. The VWR is part of the datapath pipeline with a single cycle access
similar to register files.

Since the VWR is single ported, it is important that data that are
needed in the same cycle/operation are placed in different VWRs. Arrays are
mapped on the VWR during a separate mapping process (explained further in
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Section 5.1.3). Scalar data like scalar constants, iterators, and addresses etc.
can be mapped to a separate scalar register file (SRF) in order not to pollute
the data in the VWR with intermediate results.

The interface of the VWR to the memory is as wide as a complete VWR,
which is of the same width as the memory and the bus. Therefore the load/
store unit is also different. It is capable of loading or storing complete (or
partial2) lines from the scratchpad to the VWRs. Section 5.1.3 shows an
example on how the load/store operations are performed between the memory
and the VWR. A more clear example of which data are to be loaded/stored
and the scheduling and data layout of this data are explained in detail in
Section 5.3.

To analytically show the gains, assume that M words which are stored in
the memory need to be read and operated on. Assume: N words per line in the
memory and also N words in one VWR, where M ≥ N 3. Conventional register
file would require: M memory pre-decodes + M memory cell activations + M
memory post-decodes/column decode + M writes to the register file, where as
in case of the VWR: M/N memory pre-decodes + M memory cell activations +
M memory post-decodes/column decode + M/N wide VWR write. The ratio
between these two can be of the order of 2 to 5, excluding the gains in the
instruction memory.

Due to the split interfaces of the register file, other optimizations can be
exploited at the physical design level. During placement and routing, the cells
of the VWR are aligned with pitch of the sense amplifiers of the memory
to reduce the amount of interconnect and the related energy. This enables
clear direct routing between the wide memory and the VWR without much
interconnect overhead. The same optimization cannot be done in the case of
a traditional register file, because of the fact that the memory and datapath
interfaces of the register file are shared and due to the multi-ported nature
of these register files. For a more detailed experimental setup and analysis of
placement and routing, the reader is referred to [20].

5.1.2.3 Connectivity between VWR and datapath

The foreground memory consisting of VWRs and SRF can be connected to
any datapath organization (consisting of multipliers, adders, accumulators,
shifters, comparators, branch-unit etc.) by replacing the register file. Figure
5.4 shows the connectivity between the VWRs, SRF, and the datapath. The
datapath may or may not support sub-word parallelism similar to state of the
art processor engines like Altivec, MMX, or SSE2.

Once the appropriate data are available in the foreground memory, the
decoded instruction steers the read and write operations from and to the
foreground memory and the datapath. At a given cycle, one word (consisting

2Multiple contiguous words in the same row of the SRAM.
3Note that this is not a necessary condition, but gains are higher when M is greater than N.
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of sub-words) will be read from the VWR to the datapath and the result will
be written back to a VWR. The foreground VWR organization along with
the datapath is shown in Figure 5.4.

In case the processor is designed with a higher ILP (i.e., multiple instruc-
tions can be issued in the same cycle), more VWRs are needed. Given that
each VWR is single ported, the number of VWRs needed scales linearly with
the number of issue slots. Around three VWRs are needed per issue slot. In
case not all issues slots write back to the VWR in the same cycle, the number
of VWRs per slot can be lower. This would imply that the VWRs are shared
over the different issue slots. More complex schemes can also be imagined
where parts of the same word are used as the two operands for an operation.
It is expected that the number of VWRs needed would be as few as needed
since it is more efficient to first exploit the DLP as much as possible and then
use ILP to meet the real-time requirements for optimal energy efficiency as
well as performance.

5.1.3 VWR operation

Figure 5.5 presents the operation of the VWR on simplified example code,
assuming a 32-bit processor datapath and a 256-bit line-size. This means
that one VWR at any given point in time can store eight words. For the
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Or ig ina l Code :

f o r ( i =0; i <64; i++) {
a [ i ] = b [ i ] ∗ c [ i ] ;

}

Modif ied Code with VWR:

f o r ( i =0; i <8; i++) {
LOAD row VWR2, b [ i ∗ 8 ] ;
LOAD row VWR1, c [ i ∗ 8 ] ;
f o r ( j =0; j <8; i++) {

VWR3[ j ] = VWR2[ j ] ∗ VWR1[ j ] ;
}
STORE row VWR3, a [ i ∗ 8 ] ;

}

Figure 5.5 Rewritten C code with very wide registers and load/store oper-
ations.

sake of simplicity no sub-word parallelism or vector parallelism is used in
this example, of which Figure 5.5 shows the C code (with intrinsics). The
asymmetric interface of the VWR results in the following mode of operation:
a complete row of the scratchpad is copied to the VWR at once, using a
LOAD row. In this example, operands from arrays b and c are allocated to
two different rows in the scratchpad and to two different VWRs (VWR 1
and 2). Therefore two rows are loaded. In the next phase these operands are
consumed one by one by the inner loop and the results are stored in a third
VWR (VWR 3). Only when all computations of the inner loop are finished,
the complete VWR 3 is stored back to the scratchpad.

Figure 5.6 shows an illustration of the data allocation in the scratchpad,
as well as the data layout in the three VWR registers at the end of the first
iteration of the outer loop (i loop). The datapath organization can be generic
(single/multi-issue etc.). In the first iteration (i = 0), a row of data b[0]-b[7]
is loaded onto VWR and a row of data c[0]-c[7] is loaded onto VWR1. At each
iteration of the the inner loop j, one element of b and one element of c from
VWRs 2 and 1, respectively, are consumed to produce one element of a in
VWR3. At the end of the inner loop j, produced data a[0]-a[7] in VWR3 can
be stored back onto the L1 background memory. At the beginning of the next
iteration (i = 1), the next set of data (b[8]-b[15] and c[8]-c[15]) can be loaded
and consumed in the inner j loop and so on till the end. In this example, there
is no need for an epilogue as the number of loop iterations is a multiple of the
number of locations in the VWR. If this is not the case, a smaller epilogue
loop may be needed for the remaining elements.

Because in the embedded signal processing systems domain (including the
benchmarks used here), most data are streaming and continuous in the fore-
ground memory, it is reasonable to assume that most of the time complete
lines of the scratchpad can be loaded with relevant data. It is still possible to
load partial rows if not enough independent data words can be found to fill
a complete row (for instance at the end of a loop). Also any sort of buffering
can be done in the higher level memories such that when the data come to
the L1 data memory and the foreground memory, even non-streaming access
can be performed.

Currently the allocation of arrays to the VWR is shown to be done using
intrinsics (like LOAD row, STORE row, etc.) as the compilation has not been
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Figure 5.6 Illustration of the data-layout for Figure 5.5 in the different
VWR registers and the scratchpad memory.

automated. However, a technique for compiling C code onto VWR is detailed
in Section 5.3. For a more detailed overview of the gains possible with such a
streaming based register file the reader is referred to [3,18,19].

5.2 Model for Compilation on Stream Register File

Section 5.1 showed that the VWR-based architecture is an efficient alternative
to the traditional-register-file-based architecture. The section also showed that
the VWR-based architecture is more power efficient, as well as performance
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efficient, in applications that have spatial locality. However, the complexity
of the architecture was pushed to the compiler, which has to ensure that an
efficient data layout of the application is exploited both in the L1 SRAM
memory and the VWR foreground memory.

Furthermore, current embedded designers prefer the use of languages like C
to program. Programming the VWR therefore requires a compiler to compile
from the C language onto the VWR architecture to obtain an efficient data
layout both in the SRAM L1 data memory and in the VWR register files.
Also the compiler has to be flexible enough to cover the wide architecture
space offered by the VWR-based architectures. The compiler also needs to be
scalable to large applications, which are quite common in today’s embedded
application space.

This section introduces a formal model that can model that application/
program and the storage (layout aspect) of the program’s data set as well
as the execution order (scheduling aspect) of the different accesses. It also
introduces the necessary and sufficient conditions for correct execution of the
application/program. This formal model is used (in Section 5.3) to compile
efficiently onto the VWR based architecture.

5.2.1 Basics of the model

This section presents a quick overview of the basics of the geometrical or
polyhedral model, which is well known in the compiler domain. Since in lit-
erature different terminologies and representations have been used, the basics
are presented again to ensure the terminology is consistent.

5.2.1.1 Iteration domain

The term iteration domain had been introduced to model the potential par-
allelism available between statements in a program. The concept of iteration
domain has already been introduced in various previous research works [21].
It has also been called iteration space or index space in other research works.

Iteration domain is the mathematical description of the execution of dif-
ferent statements in the program with respect to the loop iterators in the
program. It is a geometrical domain where each point in the domain cor-
responds to an instance of occurrence of a statement in the program. Each
statement has its own iteration domain. A small example of an iteration do-
main is illustrated below:

Example 5.1

for ( i = 0; i < 5; i++ )
for ( j = 0; j < 5; j++ )

S1: A[i][j] = (B[i][j] + C[i]);

The dimensions of the iteration domain of statement S1 are denoted by i
and j. The constraints on these dimensions can be obtained from the loop
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Figure 5.7 Graphical representation of iteration domain of statement S1 in
Example 5.1

iterators (also i and j): 0 ≤ i ≤ 4 and 0 ≤ j ≤ 4. Therefore we have the
iteration domain of statement S1 (denoted by Diter

1 ) to be as follows:

Diter
1 = { [i, j] 0 ≤ i ≤ 4 ∧ 0 ≤ j ≤ 4 ∧ [i, j] ∈ Z

2 }

A graphical representation of this domain is given in Figure 5.7.

In the previous example, the iteration domain for statement S1 was square;
however, that may not always be the case and the iteration domain can be
of different shapes and sizes. Further, the iteration domain can not always be
represented by using constraints of the iterators, and may require insertion
of extra dimensions also called wild cards [22]. While such wild card dimen-
sions are complementary to the model, they are not detailed any further. For
more details on extension of the iteration domain with wild card or auxiliary
dimensions the reader is referred to [22–24].

5.2.1.2 Variable, definition, and operand domain

In the domain of parallelizing compilers, iteration domain was sufficient to
study the parallelism availably; however, in the context of memory optimiza-
tions like IMEC’s ATOMIUM [25] work, as well as other memory optimization
works like [26–28], it is also important to study how the program variables,
especially array variables, are accessed and created. This has necessitated the
need for other definitions such as variable domain, definition domain, and
operation domain.

In most programs, different array variables are read from and written to
during the execution of the program. Variable domain corresponds to the geo-
metrical description of each of these individual array variables in the program.
These arrays can be multidimensional structures that can be addressed in dif-
ferent ways. The array can be of any type of variable (including a struct or



Storage Allocation for Streaming-Based Register File 163

a SIMDized word or a vector). Each point in this geometrical domain corre-
sponds to a single unique variable in this array.

When each statement of the program is executed, none or one or more array
variables may be read from or written to. The definition and operand domains
of a statement represent the complete domain of the variables accessed during
all executions of that statement. Each point in this domain corresponds to the
one variable accessed in the domain (can be read or write) during a particular
execution of a statement. The definition domain corresponds to the write
access (or in other words when a variable is “defined”) and the operand domain
corresponds to a read access (or in other words when a variable forms an
operand in a statement).

A relation (mapping) exists between the different statements in a program
and the different array variables accessed. The mapping between the iteration
domain of a statement and each of the definition and operand domains is
called definition mapping and operand mapping, respectively. The following
examples better illustrate each of these definitions:

Example 5.2

int A[5][5], B[5][5];
int C[5];
for ( i = 0; i < 5; i++ )

for ( j = 0; j < 5; j++ )
S1: A[i][j] = (B[i][j] + C[i]);;

The variable domains of arrays A, B, and C are denoted by Dvar
A , Dvar

B , and
Dvar

C , respectively. The boundaries of the domains can be extracted from the
declarations:

Dvar
A = { [a1, a2] 0 ≤ a1 ≤ 4 ∧ 0 ≤ a2 ≤ 4 ∧ [a1, a2] ∈ Z

2 }
Dvar

B = { [b1, b2] 0 ≤ b1 ≤ 4 ∧ 0 ≤ b2 ≤ 4 ∧ [b1, b2] ∈ Z
2 }

Dvar
C = { c 0 ≤ c ≤ 4 ∧ c ∈ Z }

Next, given the iteration domain of statement S1 and the index expressions
of the array accesses, we can extract the descriptions of the definition and
operand mappings (denoted by Mdef

11A and Moper
11B , respectively) and definition

and operand domains (denoted by Ddef
11A and Doper

11B , respectively), which are
the result of applying the respective mappings to the iteration domain:

Diter
1 = { [i, j] 0 ≤ i ≤ 4 ∧ 0 ≤ j ≤ 4 ∧ [i, j] ∈ Z

2 }
Mdef

11A = { [i, j] → [a1, a2] a1 = i ∧ a2 = j ∧ [a1, a2] ∈ Z
2 }

Ddef
11A = Mdef

11A(Diter
1 )

= { [a1, a2] ∃ [i, j] ∈ Diter
1 s.t. a1 = i ∧ a2 = j ∧ [a1, a2] ∈ Z

2 }
= { [a1, a2] ∃ [i, j] ∈ Z

2 s.t. a1 = i ∧ a2 = j ∧
0 ≤ i ≤ 4 ∧ 0 ≤ j ≤ 4 ∧ [a1, a2] ∈ Z

2 }
Moper

11B = { [i, j] → [b1, b2] b1 = i ∧ b2 = j ∧ [b1, b2 ∈ Z
2 }
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Doper
11B = Moper

11B (Diter
1 )

= { [b1, b2] ∃ [i, j] ∈ Diter
1 s.t. b1 = i ∧ b2 = j ∧ [b1, b2] ∈ Z

2 }
= { [b1, b2] ∃ [i, j] ∈ Z

2 s.t. b1 = i ∧ b2 = j ∧
0 ≤ i ≤ 4 ∧ 0 ≤ j ≤ 4 ∧ [b1, b2] ∈ Z

2 }
Moper

12C = { [i, j] → c c = i ∧ c ∈ Z }
Doper

12C = Moper
12C (Diter

1 )
= { c ∃ [i, j] ∈ Diter

1 s.t. c = i ∧ c ∈ Z }
= { c ∃ [i, j] ∈ Z

2 s.t. c = i ∧ 0 ≤ i ≤ 4 ∧ 0 ≤ j ≤ 4 ∧ c ∈ Z }

The first index in the subscripts of Ddef
11A and Doper

11B refers to statement S1. The
second index refers to the position of the definition or operand, respectively4),
while the third index refers to the array of the domain to which it belongs.

5.2.1.3 Dealing with non-affine indices

The behavior of some programs is dependent on the data values of the program
that are only known at runtime/execution. This is referred to in the compiler
domain as non-manifest behavior, which implies that the data and/or control
of the program does not manifest itself at compile time.

One of the simplest ways, to model the non-manifest behavior is the use
of symbolic constants and symbolic expressions. [24,29–31] present such mod-
els and show how non-manifest behavior can be modeled. In this thesis, it
is assumed that non-manifest behavior can be dealt with in a similar way.
For dealing with non-affine cases that include modulo, division operation
etc., piece-wise linear approximations can be made as shown in [32]. For
simplicity’s sake, all the examples used in the rest of the thesis are affine
and manifest; however the modeling and compilation capability is not limited
by this.

5.2.2 Order

Iteration, variable, definition, and operand domains form the basics of the
model. However they do not represent the “time” and “space” notion that is
needed for scheduling and allocation (and layout) of data in both the scratch-
pad and the VWR. For this purpose we introduce two concepts: execution
order, which is the relative order of execution of statement instances; and
storage order, which is the layout of the elements of an array.

4There can be multiple definitions and/or operands in the same statement; for example C is the
second operand in statement S1.
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Figure 5.8 Graphical representation of iteration domain of statement S1
and its view in the time domain for Example 5.3

5.2.2.1 Execution order

To explain the term execution order in more detail consider the following
example:

Example 5.3

int A[5][5], B[5][5];
int C[5];
for ( i = 0; i < 2; i++ )

for ( j = 0; j < 5; j++ )
S1: A[i][j] = (B[i][j] + C[i]);

Figure 5.8 shows both the Diter
1 and the corresponding view of the iteration

domain in space. This view can also be represented in terms of the time or
execution order equation for the statement S1 as follows:

Otime
1 (i, j) = 5 ∗ i + j

Another important fact to note is that the execution order can be a relative
order instead of an absolute order. The absolute order is often not needed
and it is also quite complex to compute accurately. As the execution order is
relative and generic, it can be modeled the same way for both the VWR and
the SRAM (L1 memory).

5.2.2.2 Storage order

Besides the representation of the iteration domain of a statement in time, the
variable domain of each array can also be represented in space. This is known
as the storage order. Storage order is needed to reason with the data layout of
the variables in the storage elements (both memories as well as VWRs). The
storage order usually has a linear (or piece-wise linear) relation between the
storage address and the real memory address.
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The following example illustrates both the storage order and the execution
order in a formal way:

Example 5.4

int A[10][20], B[10][10];
int C[10];
for ( i = 0; i < 2; i++ )

for ( j = 0; j < 5; j++ )
S1: A[i][j] = (B[i][j] + C[i]);

As explained in the previous example, the execution order of statement S1 is
as follows:

Otime
1 (i, j) = 5 ∗ i + j

For the arrays A, B, and C, the storage address can be written as functions
of their dimensions of their respective variable domains:

Oaddr
A (a1, a2, N) = N ∗ a1 + a2

N = 10
Oaddr

B (b1, b2, N) = N ∗ b1 + b2

N = 10
Oaddr

C (c1, N) = c1

N = 10 (5.1)

Example 5.5 For the above example, the execution order has been ex-
plained with respect to any memory. In case of representing the storage order
in a VWR, the order needs to be further annotated with the VWR number.
For the example in Figure 5.5 and its corresponding layout in Figure 5.6, the
VWR storage order can be given for the different arrays as a function of their
respective dimensions of their variable domain:

OvwraddrA (a1, N) = { a1%Nvwr3 N = 64 ∧ Nvwr3 = 8 ∧ A → VWR3 }
OvwraddrB (b1, N) = { b1%Nvwr2 N = 64 ∧ Nvwr2 = 8 ∧ B → VWR2 }
OvwraddrC (c1, N) = { c1%Nvwr1 N = 64 ∧ Nvwr1 = 8 ∧ C → VWR1 }

(5.2)

In other words, this means that each of the arrays map in a piece-wise linear
way to the corresponding VWR (for example array A is mapped to VWR3)
and so forth. Also the size of the different VWRs is eight entries. For every
VWR allocation, such a storage order gives the layout and mapping of each
array to the corresponding VWR. The eventual goal of the compiler step that
performs register allocation for VWR is to finalize the storage order of the
different arrays of the application.
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More small differences exist between the storage and execution order, and
the reader is referred to [24] for more details.

5.2.3 Dependencies

The previous sections introduced the basic domains and order models. How-
ever, for the correct operation of the program and to perform data flow anal-
ysis, the concept of data dependencies needs to be introduced. This has been
introduced in various previous research works [33–35], and they form a well
established concept in compilers.

Dependencies are of three types: flow dependencies, output dependencies,
and anti dependencies. However, only value-based flow dependencies form the
real type of dependency. Other types of dependencies are purely storage re-
lated: for example due to sharing of storage locations etc. However, the other
types of dependencies (output and anti) are only important for analysis of
non-single assignment code. The goal of array dependency analysis is to find
all the flow based dependencies and model them consistently such that none
of these dependencies constraints are violated during any part of compiler.

5.2.3.1 SSA

To reduce the complexity of analysis often in many compilers, the interme-
diate code is converted to static single assignment (SSA) [33,36,37]. In static
single assignment every variable is only assigned once. For modern code, how-
ever, static single assignment is not sufficient and dynamic single assignment
(DSA) is required. For more details on how to convert the code to dynamic
single assignment mode, the reader is referred to [33,38,39]. In the rest of the
thesis, it is assumed that the code that is analyzed has already been con-
verted to SSA or DSA form to allow maximal transformation freedom for
the compiler.

Similar to iteration domains and operand domains, dependencies can also be
modeled for complete groups instead of individual dependencies. The following
example illustrates how dependencies are modeled:

Example 5.6

int A[10][10];
for ( i = 0; i < 10; i++ )
{

for ( j = 0; j < 10; j++ )
S1: A[i][j] = ...;

}
for (m = 0; m < 10; m++ ) {

for ( k = 0; k < 10; k++ )
S2: ... = A[m][k];

}
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For the above code snippet, based on the various definitions introduced in
this chapter, we can say the following:

Dvar
A = { [a1, a2] 0 ≤ a1 ≤ 9 ∧ 0 ≤ a2 ≤ 9 ∧ [a1, a2] ∈ Z

2 }
Diter

1 = { [i, j] 0 ≤ i ≤ 9 ∧ 0 ≤ j ≤ 9 ∧ [i, j] ∈ Z
2 }

Ddef
11A = { [a1, a2] ∃ [i, j] ∈ Diter

1 s.t. a1 = i ∧ a2 = j ∧ [a1, a2] ∈ Z
2 }

Diter
2 = { [m, k] 0 ≤ m ≤ 9 ∧ 0 ≤ k ≤ 9 ∧ [m, k] ∈ Z

2 }
Doper

21A = { [a1, a2] ∃ [m, k] ∈ Diter
2 s.t. a1 = m ∧ a2 = k ∧ [a1, a2] ∈ Z

2 }

From both the code as well as the Ddef
11A and Doper

21A , we can say that there
is a flow dependency from statement S1 to S2 over the entire variable domain
of array A. This dependency as denoted by Mflow

1211A can be represented as:

Mflow
1211A = { [i, j] → [m, k] ∃ [a1, a2] ∈ Dvar

A s.t.

Mdef
11A(i, j) = [a1, a2] = M

oper
21A (m, k) ∧

[i, j] ∈ Diter
1 ∧ [m, k] ∈ Diter

2 }
= { [i, j] → [m, k] i = m ∧ j = k ∧

0 ≤ i ≤ 9 ∧ 0 ≤ j ≤ 9 ∧ 0 ≤ m ≤ 9 ∧ 0 ≤ k ≤ 9 ∧
[i, j] ∈ Z

2 ∧ [m, k] ∈ Z
2 }

= { [i, j] → [m, k] 0 ≤ i = m ≤ 9 ∧ 0 ≤ j = k ≤ 9 ∧ [i, j,m, k] ∈ Z
4 }

In other words we can say that whenever for every occurrence of statements S1

and S2 when i = m and j = k, a dependence exists. This happens when an element
of A is produced in statement S1 and the same is consumed in S2.

5.2.3.2 Dependence weight of a variable in an iteration domain

For efficient mapping of data on the L1 memory and VWR, the different loops/
iteration domains need to be transformed. The dependencies give the true
restriction on what the real constraints are for the transformations. Therefore
this can be used as an estimate for the constraints on an iteration domain.
This has also been used as a weight for performing transformations in other
works like [40–43]. The dependence weight of a variable m in an iteration
domain Diter

ij can be defined as:

DVMflow
ijm = { Mflow

ijklm ∀Moper
klm

∃ [a1, a2] ∈ Dvar
m

s.t. Mdef
ijm = [a1, a2] = Moper

klm }
=

⋃

kl

Mflow
ijklm (5.3)

In other words, the dependence weight of variable m in iteration domain
Diter

ij is the union of all flow dependencies corresponding to variable m. The
dependence weight of a variable is defined by the iteration domains where the
variable is produced. Given that the code is SSA code, each variable is written
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only once, and therefore the dependence weight of each variable is unique and
associated with a single iteration domain. This can be further extended to
“dependence weight of a variable in all its iteration domains.” For a variable
m, this can be defined as:

VMallflow
m =

⋃

ij

DVMflow
ijm (5.4)

5.2.4 Occupation domains

The basic domain models along with the storage and execution order allow us
to model the program, and the dependency constraints ensure no real depen-
dency is violated. To further perform data layout aware register allocation and
schedule the load/store operations accurately, it is also required to model the
lifetime of the variables accurately. Lifetime analysis is required both in the
memory as well as in the registers. Therefore it is important to introduce
the concept of occupation domains.

The lifetime of a variable can be defined as the time between the moment
variable is produced until moment it is last consumed. Two statements have
such a producer-consumer relation if a variable m is defined in statement Si
and consumed in statement Sj if:

Daddr
ijklm = { a ∃ s ∈ Dvar

m ,w s.t. a = Oaddr
m (s,w) ∧

Caddr
m (w) ≥ 0 ∧ s ∈ Ddef

ikm

⋂
Doper

jlm } (5.5)

The constraint Caddr
m (w) ≥ 0 represents the constraint including all auxiliary

dimensions constraints as symbolic constraints as mentioned in the previous
sections for data dependent and non-manifest modeling. It can also further
contain constraints from previous compilation steps. For example, various
transformations could have been applied that improve the data locality in
the higher layers of the memory. It is necessary that the compilation to the
foreground memory does not undo these transformations.

5.2.4.1 BOAT/OAT domain

Given the execution order of the statements, it is also possible to precisely
model from which time to which time different addresses are alive, or in other
words which memory location is occupied during which time. This can be
represented in a binary occupied address-time domain (as defined in [24]) as
follows:

DBOAT
ijklm = { [a, t] ∃ s ∈ Dvar

m , i ∈ Diter
i , j ∈ Diter

j , x , y ,w s.t.

a = Oaddr
m (s,w) ∧ Caddr

m (w) ≥ 0 ∧
Mdef

ikm(i) = s = Moper
jlm (j) ∧

t ≥ Owtime
ikm (Otime

i (i, x )) ∧ Ctime
ikm(x ) ≥ 0 ∧

t ≤ Ortime
jlm (Otime

j (j, y)) ∧ Ctime
jlm (y) ≥ 0 } (5.6)
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This binary occupied address-time domain or BOAT domain is a two-
dimensional domain where each point with integer coordinates represents an
occupied address/time tuple or in other words an address that is possibly
(worst case) being occupied at that time. In other words the BOAT domain
can also be viewed as a mapping of a dependency in the time and space
domain. The following example illustrates the BOAT domain in more detail:

Example 5.7

int A[2][5];
for ( i = 0; i < 2; i++ )

for ( j = 0; j < 5; j++ )
S1: A[i][4-j] = ...;

for ( k = 0; k < 2; k ++ )
for ( l = 0; l < 5; l++ )

S2: ... = g(A[l][k]);

For this program, we have the following domain descriptions:

Dvar
A = { [a1, a2] 0 ≤ a1 ≤ 1 ∧ 0 ≤ a2 ≤ 4 ∧ [a1, a2] ∈ Z

2 }
Diter

1 = { [i, j] 0 ≤ i ≤ 4 ∧ 0 ≤ j ≤ 1 ∧ [i, j] ∈ Z
2 }

Ddef
11A = { [d1, d2] ∃ [i, j] ∈ Diter

1 s.t. d1 = i ∧ d2 = 4 − j }
Diter

2 = { [k, l] 0 ≤ k ≤ 1 ∧ 0 ≤ l ≤ 4 ∧ [k, l] ∈ Z
2 }

Doper
21A = { [o1, o2] ∃ [k, l] ∈ Diter

2 s.t. o1 = l ∧ o2 = k }
Assuming a row-major storage order function for array A, we can say:

Oaddr
A (a1, a2) = 5a1 + a2

If we assume that this program is executed sequentially, and that each of
the statements S1 and S2 can be executed in one clock cycle (precise latency
is not needed), we get the following time order functions:

Otime
1 (i, j) = 5i + j (5.7)

Otime
2 (k, l) = 10 + 5k + l (5.8)

This results in the following BOAT-domain description:

DBOAT
1211A = { [a, t] ∃ [a1, a2] ∈ Z

2, [i, j] ∈ Z
2, [k, l] ∈ Z

2 s.t.

a = 5a1 + a2 ∧ t ≥ 5i + j ∧ t ≤ 10 + 5k + l ∧
a1 = i ∧ a2 = 4 − j ∧ a1 = l ∧ a2 = k ∧
0 ≤ i ≤ 1 ∧ 0 ≤ j ≤ 4 ∧
0 ≤ k ≤ 1 ∧ 0 ≤ l ≤ 4 ∧
0 ≤ a1 ≤ 1 ∧ 0 ≤ a2 ≤ 4 }
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Figure 5.9 Graphical representation of the BOAT domain in Example 5.7.

This BOAT domain can also be graphically represented. This is shown in
Figure 5.9.

Note that in this special case, where all constraints and ordering functions
are manifest and affine, and all constraints are convex, the resulting BOAT
domain is a linearly bounded lattice (LBL) [44].

Given the BOAT domain of an array variable per dependency, if we take
a union across all the production-consumption chains (or flow dependencies)
over all the iteration domains, we would get the memory occupation of an
array. More formally, we can express the memory occupation (or OAT domain)
of an array as follows:

DOAT
m =

⋃

ijkl

DBOAT
ijklm (5.9)

Furthermore we can extend the occupied address/time domain over all the
array variables. If we take the union of the OAT domain of each variable, we
can get the collective memory occupancy domain (COAT). This would tell us
how the memory is utilized over the complete lifetime of the program. More
formally we can express the COAT domain as follows:

DCOAT =
⋃

m

DOAT
m (5.10)

5.2.4.2 L1 memory and VWR occupation domain

For the above concepts of memory occupation, one can express the memory
occupation per level of the memory. This thesis assumes that by default all
the above terms correspond to the L1 memory. The terms defined in the
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previous sections can be instantiated for either the L1 data memory or the
VWR register file. If the terms are annotated with vwr and a vwr number then
they correspond to the appropriate VWR. For example, the COAT domain
for the very wide register 1 would be represented as DCOAT

vwr1, and DCOAT
vwr1 would

represent how the contents of VWR1 would evolve over the lifetime of the
program.

5.2.5 Validity constraints

In the previous sections we have shown how the memory and register file occu-
pancy, program’s execution order etc. can be modeled. However, to optimize
the program, both the execution order and the storage order can be trans-
formed. Therefore it is important to come up with conditions under which a
transformation would be valid or in other words a given storage and execu-
tion order of a program is valid. In short we can say that a combination of
storage and execution order for a program is valid if it satisfies the following
conditions:

� No value of any variable is ever read from a memory location before it
has been written to that location

� No memory location might ever be overwritten when it might still con-
tain a data value of a variable that might still have to be read (unless a
copy of this has been made to the higher memory).

The formal proof for these valid execution and storage requirements is outside
the scope of this thesis. For more detailed proof the reader is referred to [24].

A special validity constraint is also needed only for the VWR/register file,
which is:

� Arrays (operands and result) required in one operation should be allo-
cated to different VWRs (as each VWR has one ported cells and two
data elements cannot be read from the VWR).

5.3 SARA: StreAm-Register-Allocation-Based
Compilation

During typical compilation flow, register allocation is one of the intermediate
steps in the compiler and various phases of the compiler exist before the
register allocation. However, the target of the SARA is to only allocate arrays
with spatial locality/streaming nature. A special note has to be taken into
account for the preceding compiler steps that include vectorization and SPM
locality optimization phases of the compilation. It is assumed for the following
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Algorithm 5.1 SARA: Mapping arrays in SRAM to VWR and insert appro-
priate Load/Stores

Require: DOAT
a for all a

Ensure: Mapping from SRAM OAT Domain to VWR OAT Domain and
insert required Load/Store
{Phase 1: Enabling Transformations}
Convert code to Static Single Assignment
Convert all assignment to 3 operand format
In case of multiple references to a single array in one operation, split the
array into multiple arrays {Split array into multiple arrays}
Apply access normalization (as in [47] and [48])
Apply layout transformation for each Diter

i : for each DBOAT
ijkla: Find M s.t.

spatial locality is optimized for array A as in [45] or [40]
{Phase 2: Preparation}

1: for all DOAT
A do

Color DOAT
A with unique color

2: end for
Call Algorithm 5.2 to make prioritized list
{Phase 3: Color Coalescing}
Call Algorithm 5.3

discussions that the constraints from the SPM locality and the vectorization
steps have to be respected. For each of the specific constraints that exist, they
need to be added to constraint list during stream register allocation as shown
in Section 5.2.4.

The proposed SARA algorithm for allocating arrays to the different VWRs
is illustrated in Algorithm 5.1. The algorithm consists of four prominent
phases. Each of the different phases are explained in the following subsec-
tions along with an example code for better understanding.

5.3.1 Phase 1: enabling transformations

The first phase of the SARA algorithm is transform the code such that the
code is analyzable by the compiler. The first step of this phase is to Convert
the code into static single assignment (or DSA) as explained in Section 5.2.3.1.

The second step of this phase is to convert the code into 3-operand format
as a preparation for the next phases. Converting the code to 3-operand for-
mat may require intermediate scalar variables. However these scalar variables
have a short lifetime. They can either be register allocated to a scalar regis-
ter file or handled by a forwarding network inside the processor. In case of
allocation to a scalar register file, a typical register allocation technique can
be used.
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The third step of the enabling transformation is “access normalization.”
The basic goal of access normalization is to ensure that the step between two
successive accesses to an array is a step of the index. This transformation
reduces the addressing overhead of the arrays, which in turn improves the
addressing of the VWRs. However, note that “access normalization” is an
optional step and is not needed for the proposed algorithm.

The last step of the enabling transformation is to exploit spatial locality.
The goal of this step is to transform the data-layout of each of the different
arrays in memory such that its spatial locality is optimized. Various techniques
like [40,45] can be used to find the transformation required to exploit the
spatial locality in the memory. For a detailed explanation of the trade-offs
involved in this step, the reader is referred to [45], and for multiple loops to
[40,46].

5.3.2 Phase 2: preparation

The phase 2 of the SARA algorithm consists of two basic steps: coloring
of the different arrays and their prioritization. The prioritization algorithm
is shown in Algorithm 5.2. Each of the individual OAT domains (e.g., DOAT

a )
in the application is given its own unique color. Note that dissimilar to the
typical register allocator, complete arrays are given colors instead of all the
scalar variables. This allows the proposed allocation technique to be scalable
to realistic programs. The second part of phase 2 is to order the different
arrays based on a priority function. The number of accesses and size are the
two important issues that indicate the importance of an array. Therefore the

Algorithm 5.2 Rank the different arrays for prioritization for color coalescing
and prioritized iteration domain for projection/folding

Require: DOAT
a for all a and Diter

i for all i
Ensure: Prioritized DOAT

a and Prioritized Diter
i

{Higher priority implies color coalescing would be done last}
1: for all DOAT

a do
Priority of DOAT

a = (No. of points in DOAT
a ) × log(size of array A)

2: end for
3: for all DOAT

a with the same no. of points do
Reverse Order based on VMallflow

a {Since dependence vectors give an
indication of freedom for a given array, it can be ordered in the descend-
ing order of freedom available}

4: end for
5: for all Diter

i do
Priority of Diter

i =
∑

all arrays A (No. of Points Used of DOAT
a used in

Diter
i )

6: end for
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product of the number of points on the OAT domain and log of its size can be
used as its weight/priority. Note that this metric gives the focus on the access
as it is the most important metric and secondary importance to the foot print
(log of array size).

As mentioned in the previous section, the true constraints are the depen-
dencies in the application. Given two arrays with approximately the same
number of accesses, the array with more constraints needs to be optimized
first. Therefore all dependencies to an array (VMallflow

a ) give a good idea of
the flexibility of that array and it is used as a priority function. Other works
like [42,46] have also used dependence angle as an estimate for performing
transformations.

5.3.2.1 Phase 3: color coalescing for VWR allocation

The third phase of the algorithm is the color coalescing. In the preparation
phase of the register allocation, all the different arrays in the application were
given an initial color. Each color indicates a particular VWR register or port.
Note that the number of VWRs and the effective number of ports may be
different. In which case multiple words can be read from one VWR. Therefore,
at the end of the coloring coalescing, each iteration domain should have at
most as many colors as the effective number of ports from the different VWRs.

This phase of the algorithm is shown in Algorithm 5.3. In this phase of the
algorithm, the different colors are “merged/coalesced” such that they can be
allocated to the different VWRs. In case this is not feasible, there an may
be a need to either move a array to the scalar register file or spill (based on
the costs). Merging the colors of two arrays implies that they share the same
VWR. This implies that the number of load/stores would be higher (implying
a higher cost). Therefore colors of arrays with the lowest priorities must be
merged. The algorithm steps in the reverse order of the different arrays (using
the ordering as done in Phase 2) and identifies which are the best candidates
for color coalescing based on their usage together (see Algorithm 5.3) and
based on their access pattern.

The condition that “arrays with same access pattern are merged” is present
as this allows lowered data layout transformation to match the two arrays. If
the arrays are accessed in different patterns, their data layout may need to be
transformed for efficient VWR usage. However, the access normalization and
spatial locality optimization transformations form enablers for this condition.

5.3.2.2 Phase 4: allocation

At some point during phase 3, the number of colors in each of the different iter-
ation domains meets the architecture constraints (number of colors ≤ number
of effective ports from the VWRs). At this point the different arrays can be
allocated to the VWRs. This allocation algorithm is shown in Algorithm 5.4.
For clearly understanding the allocation phase of the algorithm, it is
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Algorithm 5.3 Color coalescing of all iteration domains till register allocation
can be done
Require: Initial Colored list of OAT Domains
Ensure: Colored list of OAT Domains that are register allocatable and call

the register allocator
{Phase 3: Color Coalescing}
Call Algorithm 5.4

1: for all DOAT
A in reverse order of priorities do

2: for all DOAT
B in order of number of usages with DOAT

A in the same iteration
domains Diter

i do
3: if Array A and B used together later in same Diter

i and Not in same
statement and Same access pattern (for e.g. Doper

ijA = Doper
ijB ) then

Merge Colors of DOAT
A and DOAT

B
Call Algorithm 5.4

4: end if
5: if Array A and B used together later in same Diter

i and Not in same
statement then

Merge Colors of DOAT
A and DOAT

B
Call Algorithm 5.4

6: end if
7: end for
8: end for

{Need to look beyond the same iteration domain for merging candidates}
9: for all DOAT

A in reverse order of priorities do
10: for all DOAT

B in reverse order of priorities not in the same iteration
domains Diter

i do
11: if Array A and B have the same access pattern (for e.g. Doper

ijA = Doper
ijB )

then
Merge Colors of DOAT

A and DOAT
B

Call Algorithm 5.4
12: end if
13: end for
14: end for

{Need to look beyond the same iteration domain and different access
patterns for merging candidates}

15: for all DOAT
A in reverse order of priorities do

16: for all DOAT
B in reverse order of priorities not in the same iteration

domains Diter
i do

Merge Colors of DOAT
A and DOAT

B
Call Algorithm 5.4

17: end for
18: end for

{Need to spill inside one iteration domain}
Move the array with lowest priority to scalar register file {This implies
that this array need not be considered for allocation to the VWR.}
Call Algorithm 5.3
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Algorithm 5.4 Check if allocation can be done and allocate

Require: Colored set of DOAT
a

Ensure: State of VWR allocation
1: for all Diter

i do
2: if No. of Colors in Diter

i ≥ No. of effective VWR ports then
return {Register allocation will fail}

3: end if
4: end for

{Phase 4: Allocation} {Fold the OAT Domains to allocate onto VWRs}
5: for all Diter

i in order of priority do
Projection on invariant dimension
Fold inside variant dimension on non-overlapping lifetimes

6: for all Color in Diter
i do

7: for all DOAT
m belonging to this color in Diter

i do
Fold DBOAT

ijklm by a factor = (VWR size/No. of arrays in this color)
For each fold insert corresponding load(s)/store(s) at the appropri-
ate region boundaries

8: end for
9: end for

10: end for

important to understand a few more concepts and transformations in the
BOAT domain.

Projection and folding in the OAT domain: To ensure that the differ-
ent elements fit on the VWR and they are efficiently laid out in the VWR to
reduce the load/stores, it is important that the appropriate transformations
are made in the OAT domain. For performing this, a few basic transforma-
tion techniques are required. This includes folding and projection in the OAT
domain. This can be better explained using the following example:

Example 5.8

int A[3][4];
for ( i = 0; i < 3; ++i )
{

for ( j = 0; j < 7; ++j )
{

if ( j < 4 ) 0 1 2 3
S1: A[i][j] = ...

...
if ( j >= 3 ) 3 4 5 6

S2: ... = A[i][j-3];
}

}
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Figure 5.10 Graphical representation of OAT domain of array A in Example
5.8 before projection and after projection.

Note in the above code no dependencies exist across the i dimension. This
is also referred to as an “invariant” dimension. Note that often parallelism is
available across an “invariant” dimension. However in this case the parallelism
is exploited as spatial locality. Part (A) of Figure 5.10 shows the OAT domain
corresponding to the above example code. It can be seen that along the i
dimension the address space can be projected down. This implies that at a
given point of time only the elements for a given value of i needs to kept alive.
Part (B) of Figure 5.10 shows the projection along the loop invariant dimen-
sion. Such a transformation reduces the amount of memory footprint that is
required. Therefore this transformation (also called as performing “inplace”
inside an array or intra-array inplace) is both beneficial to reduce the memory
footprint as well as for placement of data inside the very wide register.
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Note that besides projecting on the loop invariant dimension, the address
space can be folded in a more aggressive way. Even inside a single dimension,
arrays elements can be folded provided their lifetimes do not overlap. Part (C)
of Figure 5.10 shows the case when along the “j” dimension the last element is
folded to the same location as the first element as their lifetimes do not overlap.
A more detailed discussion on intra-array inplace can be found in [24].

Folding with discontinuities in OAT domain: All data in a single loop
would not always fit in the VWR. Therefore a need exists to bring parts of
the array to the VWR. This would cause a discontinuity in the OAT domain
of the array in the VWR. This can be better explained using the following
example:

Example 5.9

int A[6], B[6], C[6];
BB1: for ( i = 0; i < 6; ++i )

{
S1: C[i] = f(A[i], B[i]);

}
BB2: for ( j = 0; j < 6; ++j )

{
S2: .. = g(A[j], C[j]);

}

Consider the above example that consists of three arrays and two iteration
domains. Assume that in the architecture there are three VWR registers and
each VWR has three words that it can store. In this case each array can be
allocated one VWR. However the VWR cannot store the complete array, and
therefore the SRAM OAT domain has to be transformed to match the VWR
OAT domain.

This procedure requires to demarcate in the SRAM OAT domain where to
insert the load/stores to the VWR. The top part of Figure 5.11 shows the
SRAM OAT domain and also the two basic blocks to which the statement
corresponds. The figure also shows the places where load/stores have to be
inserted when each VWR has three locations. These are shown with solid ver-
tical lines in the SRAM OAT domain. The bottom part of Figure 5.11 also
shows the VWR OAT domain that would be obtained on folding the SRAM
OAT domain at the boundaries obtained by the demarcations. Based on a read
or write operation between two demarcated regions, a load can be inserted at
the beginning or a store at the end of the region. On insertion of the load/
stores, the final VWR OAT domain is shown at the bottom of Figure 5.11.

VWR allocation with projection and folding: The previous two sub-
sections have introduced the concepts of projection and folding, which are
crucial to perform VWR allocation. The previous phase (phase 3) would have
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Figure 5.11 Graphical representation of OAT domain with discontinuous
folding for arrays in Example 5.9.

decided which arrays need to be allocated together. In phase 4, there needs to
be projection and folding to ensure that for each of the different colors (in turn
VWRs), all the arrays can be put together efficiently. This would reduce the
size required in the VWR per array. However without folding/projection, it
would always be “feasible” to fit data on the VWR, but perhaps in a poor way.

The first step of Phase 4 is to perform projection on the invariant dimen-
sion for all the individual array’s OAT domains. This is followed by folding
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the individual OAT domains along the variant dimension in case of non-
overlapping lifetimes. This transformation can be done in the SRAM OAT
domain itself as it reduces the memory footprint of each of the arrays. These
steps make the VWR allocation process more efficient. However they are not
required.

For each iteration domain in order of its priority, all the arrays in one
color can be considered for folding with the insertion of load stores. Based
on the number of arrays in one color, the number of locations can be dis-
tributed to each of the individual arrays. Note that in the proposed algorithm
this distribution is done equally among the arrays in one color. However this
may be suboptimal, and a better heuristic for unequal allocation on a VWR
may be required. The folding with multiple arrays is illustrated better in
Section 5.3.3.

In case the number of colors for a particular iteration domain is greater than
the effective number of ports from VWRs, then there is a need for spilling.
This can be either introduced by additional load/stores or by reducing the
number of arrays that are considered for allocation to the VWR. The latter
is considered by removing the array with the lowest priority from the list.

5.3.3 Example illustration of SARA

Below is a code snippet that will be used for illustrating the SARA algorithm.
Assume that the proposed architecture has three VWR registers and each
VWR register in turn has one read/write port to the datapath. Each VWR
register also has the capacity to store six words.

Example 5.10

BB1: for (i = 0; i<6; i++) {
S1: a[i] = x(b[i],c[i]);
S2: d[i] = y(f[i]);

}

BB2: for (j = 0; j<6; j++)
S3: g[j] = z(a[j],b[j]);

BB3: for (k = 0; k<6; k++) {
S4: h[k] = p(a[k],d[k]);

Figure 5.12 gives the original OAT domain for the code shown in Example
5.10. It is obvious from the example that the code cannot be immediately
mapped onto the very wide registers as is.

Phase 1: Since the code is already in static single assignment, no need
exists to convert it. The example code is also in 3 operand format where each
of the operations are embedded inside the code as “functions” to abstract
away from them. This is similar to the methodology followed in other data
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Figure 5.12 SRAM BOAT domain for Example 5.10.

transformations works like [41,49] etc. Given that the access to the arrays
are also normal in all the cases and the original data is trivial, no “access
normalization” or spatial locality optimization is required.

Phase 2: The initial coloring would have given seven colors in total. The
ordered list of OAT domains in order of priority based on algorithm 5.2 would
be as follows:

1. A

2. B, D
3. F, G, H, C

This list can now be used for color coalescing such that the number of colors
per iteration domain is less than three (= total number of very wide registers
for this example).

Phase 3: Register allocation cannot be done yet as the number of colors
for basic block 1 is greater 3. Therefore color coalescing needs to be performed
first. On executing algorithm 5.3, the first color merging that would be done is
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between arrays F and C as they have the lowest priority. This will be followed
by the merging of the colors of arrays B and D. At this point the number of
colors for all the iteration domains is equal to three, and therefore the register
allocation can be done. The list of colors for each of the iteration domains
would be:

� BB1: {F,C}, {B,D}, {A}
� BB2: {G}, {B}, {A}
� BB3: {D}, {H}, {A}

Phase 4: Based on the above groupings, we can now allocate the arrays to
the different very wide registers starting from the basic block 1. For all the
different arrays, no loop invariant dimensions exist. Therefore no projection
can be done along the loop invariant dimension. Also all the elements in each
array have overlapping lifetimes. Therefore no projection exists along the non-
overlapping lifetime elements either.

For the basic block (iteration domain) BB1, the two arrays F and C can be
allocated three elements each in (say) VWR1. In a similar fashion arrays B
and D can be allocated three elements each in (say) VWR2. However array A is
allocated one complete very wide register (say) VWR3. This is because array A
is used often and it makes sense to minimize the number of load/stores “more”
compared to other arrays. These constraints from allocation of registers in BB1
can be propagated to the rest of the iteration domains/basic blocks (as shown
in Algorithm 5.4). And a similar allocation can be followed for remaining basic
blocks BB2 and BB3 for the un-allocated arrays as well. Finally the VWR
OAT domain that would be obtained is shown in Figure 5.13.

BB1 BB2 BB3

a [ ]

VWR3

c [ ]

h [ ]  f [ ] g [ ]

VWR1

b [ ]

d [ ]
VWR2

d [ ]

b [ ]

Figure 5.13 Final VWR COAT domain for Example 5.10.
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Note that by ordering the iteration domains and propagating constraints
of allocation from one to another domain (basic block), an efficient allocation
can be performed. In the above example, this ordering allows array A to get
a full VWR in all the iteration domains as it is the most important array.
Furthermore allocation is performed first on the iteration domain BB1 and the
constraints are passed onto the other iteration domains. For example array B
gets only three locations based on iteration domain BB1, and this is also the
case for BB2. This also makes sure the “low priority” arrays do not need any
re-layouting between two iteration domains.

5.3.4 Comparison to state of the art

The related work to the area of stream register allocation can be obtained
from various different classes of work:

Transformations: A large part of work exists in the space of loop transfor-
mations. Various transformation work like IMEC’s DTSE [49], [28,40,50–54]
target improving spatial and temporal locality in memories. Some research
works like [24] target reducing the memory foot print by performing in-place
mapping inside and between different arrays in the application. Other research
works like [21,34,55,56] present efficient modeling techniques for modeling ap-
plication in a polyhedral/geometrical space. They also discuss in detail how
transformations can be performed in the geometrical space while maintaining
correctness. These research works are complementary to the proposed register
allocation algorithm as the modeling work forms the basis for register allo-
cation and the transformation work is an enabler for efficient stream register
allocation.

Register file allocation: Another domain of related work is typical register
allocation techniques. Research in graph coloring based register allocation
has been active since the early 80s. One of the first research work on graph
coloring based register allocation was started in IBM by Chaitin [57,58]. More
recent works on register allocation and different coloring heuristics for register
allocation also exist [59–63]. These works also deal with iterative methods for
coloring for efficient register allocation. However, all these techniques purely
deal with all the different variables in the application in the same way viz.
as scalars. Traditionally register allocation has always tried to solve/improve
the temporal locality of the different variables by analyzing only the lifetime
of variables.

Stream register: Another class of related work in register allocation is in
the space of stream register files. However, stream register files as defined
in [64] do not share the asymmetrical interface as presented in the proposed
VWR architecture. Therefore, the register allocation problem is different be-
tween streaming register as defined in [64] and the proposed VWR archi-
tecture. [65,66] propose two different register allocation techniques for the
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stream register file [64]. Both these techniques use StreamC language instead
of generic ANSI C as input code, which heavily simplifies the compilation
problem as the different streams have already been identified by the program-
mer. [66] does consider both space as well as time while performing analysis.
Given that the stream register file in their case is a L1 like memory, the
problem they solve is similar to [24], namely, placement of the data in the
SRF memory. Also the work does not include intra-in-place, which overlaps
lifetimes of different elements of the same array in the same memory space.

The closest related work in the space of stream register file allocation is [67],
which performs register allocation for the IBM’s iVMX architecture [15]. The
iVMX architecture also has asymmetrical interfaces: a wide interface to the
L2 cache and a narrower interface toward the datapath. However the manage-
ment of the access to the wide register is done via a map management register.
Therefore the compiler technique for the iVMX architecture described in [67]
cannot be directly utilized. Furthermore [67], like most register allocation
work, it does not consider arrays as arrays but as scalars. Therefore it misses
out on various data locality optimization possibilities. A more quantitative
comparison between an adapted version of [67] and the proposed SARA tech-
nique is presented in the next subsection.

5.3.5 Results/comparison

As explained in the previous section, a very limited literature exists for com-
piling arrays to streaming registers, so quantitative comparison is difficult.
The closest compilation technique present in state of the art is [67]. How-
ever, it targets another architecture with different constraints. Section 5.3.5.1
presents a version of the algorithm proposed in [67] adapted for the VWR
based architecture. Section 5.3.6 then compares quantitatively the adapted
iVMX algorithm to the SARA algorithm for various benchmarks.

5.3.5.1 iVMX-based compilation technique adaptation
for VWR architecture

The iVMX architecture is relatively different with respect to the VWR based
architecture as already described in Section 5.1.2. Therefore the compilation
technique of iVMX [67] cannot be reused as is for compiling code to the
VWR architecture. This section describes an adapted version of the iVMX
compilation technique to compile for the VWR architecture.

While re-implementing the iVMX compilation technique to the VWR ar-
chitecture a few assumptions/adaptions have been made. These assumptions
are listed below:

1. The same primitive models and scopes as described in [67] are used.
2. The architecture constraints of the VWR architecture (single port, no

map management system etc.) are enforced.
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Figure 5.14 VWR COAT domain for Example 5.10 using adapted iVMX
Algorithm 5.5.

3. Indirection logic of iVMX and its corresponding overhead in the algo-
rithm has been removed.

4. Only array variables are considered for VWR allocation (unlike all vari-
ables in [67]).

5. An extra enabling transformation phase has been added to enable effi-
cient mapping on the VWRs.

Algorithm 5.5 shows the adapted version of the iVMX compilation tech-
nique for the VWR architecture. Note that the adapted algorithm is quite
optimized5 already within these assumptions and therefore it is better than
the direct implementation as described in [67].

5.3.6 Comparison of adapted iVMX compilation with the
proposed SARA technique

Figure 5.14 shows the register allocation based on iVMX compilation for a
running example represented in the OAT domain for better visibility and
comparison. The architecture considered is the same as in the example with
three SRs each having six locations.

Comparing the iVMX compilation shown in Figure 5.14 with the SARA-
based result shown in Figure 5.13, it is clear that the SARA technique can use
the stream registers more efficiently compared to the iVMX based technique.

5Note that additional enabling transformations, restriction of variables for register allocation etc.
optimize the iVMX algorithm substantially.



Storage Allocation for Streaming-Based Register File 187

Algorithm 5.5 Adapted version of [67] compilation technique for very wide
register based compilation

Require: C source code
Ensure: Mapping from all array variables to VWR

{Phase 1: Initial preparation/transformation phase}
Convert code to Static Single Assignment
Convert all assignment to 3 operand format

1: for all Basic-blocks in order of appearance do
Unroll basic block till the number of array variables = number of loca-
tions in all the VWRs {Note that the number of array variables should
be as close to number of locations in all VWRs and need not be equal}

2: end for
{Phase 2: Preparation}

3: for all Basic-blocks in order of appearance do
Perform initial register allocation based on coloring with virtual regis-
ters and compute for each register r0 its live-range lr0.

4: end for
5: for all Basic-blocks in order of appearance do

Calculate sequence of live-ranges lr0, lr1, ..., lrn−1 called a chain such
that for every i: (a) all live ranges have the same operand types; (b)
All live ranges interfere (cannot be assigned same VWR); and (c) two
instructions with same operand are ordered based on live range of
sequence.

6: end for
{Phase 3: Register allocation}

7: for all Basic-blocks in order of appearance do
8: for all Chains in the the basic-block do

Assign all elements (virtual registers of the chain) to same VWR
9: end for

10: end for

Furthermore the number of loads/stores that would be required for the iVMX
based technique are higher than those needed by the SARA-based technique.
This is tabulated in Table 5.1.

Another key observation that can be made from the two OAT domains is
that the average occupancy or usage of the iVMX based technique is poor.
Also the gains of using the SARA algorithm can be greater if there is higher
reuse. It is clear (from Figures 5.13 and 5.14) that for array A[] the allocation
performed by SARA is superior. Table 5.1 also shows the results for a set of
wireless kernels that are used in software defined radio. The kernels consist
of filters, FFTs, and and power estimation of the signal. Note that for such
realistic applications the gains are even higher. Note that only a ratio of
load/stores as presented in Table 5.1 corresponds to a limited set of samples.



188 Energy-Aware Memory Management for EMSs

Table 5.1 Comparison of number of loads and stores and SR
footprint between iVMX and SARA-based compilation
techniques on different benchmarks

Total number of Total memory
Loads/Stores accesses

Benchmarks iVMX SARA iVMX SARA
Example 5 11/4 8/5 15 13
SDR Kernel sequence 48/17 36/5 65 41
SDR Ker. 1/Filter 32/8 32/2 40 34
SDR Ker. 2/FFT 8/8 2/2 16 4
SDR Ker. 3/Power Est. 8/1 2/1 9 3

It can also be seen from the example that the gains of the mapping increase
with the size of the application, which is an interesting property of the SARA
technique. This is because the larger the application, the more globally optimal
job the technique can do.

The key reasons on why the iVMX algorithm has lower performance with
respect to the proposed algorithm are:

1. Treatment of all variables as the same (array, non-array) with the same
weight

2. Register allocation per basic block without passing constraints from one
to another

3. Inability to modify the data layout of the array in memory. However
this is relaxed for the re-instantiation of the iVMX algorithm presented
in this chapter.

The above example showed that the proposed SARA technique can effi-
ciently map code on the SR even for a small example. Based on the above
reasoning, it is clear that for a larger realistic example the proposed technique
should be able to map code very well.

5.4 Conclusion

This chapter introduced an asymmetrical foreground memory architecture
called very wide register (VWR), which can reduce the power consumption in
low power embedded processors. Since this architecture uses spatial locality
to gain in energy consumption, an efficient compilation technique was also
introduced that allocates arrays to the VWRs. The proposed technique was
shown to work across different basic blocks and to produce an efficient data
layout and allocation to the VWRs using various benchmarks.
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6.1 Introduction

Many signal processing systems are synthesized to execute data-dominated
applications in various domains including video and image processing, ar-
tificial vision and medical imaging, real-time 3D rendering, advanced audio
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and speech coding. The behavior of many of these systems is described in
a high-level programming language, where the code is typically organized in
sequences of loop nests and the main data structures are multidimensional
arrays whose references have as indices linear functions of the loop iterators.

The problem of memory allocation is central to any computer-aided de-
sign tool focusing on memory management. Since data transfer and storage
have a significant impact on both the system performance and the major cost
parameters—power consumption and chip area, the designer must spend a
significant effort during the system development process on the exploration of
the possible memory organizations in order to achieve a cost-optimized design
[1,2].

In particular, the memory subsystem is, typically, a major contributor to the
overall energy budget of the entire system [3]. The dynamic energy consump-
tion is caused by memory accesses, whereas the static energy consumption is
due to leakage currents. Savings of dynamic energy at the level of the whole
memory subsystem can be potentially obtained by accessing frequently used
data from smaller on-chip memories rather than from the large off-chip main
memory, the problem being how to optimally assign the data to the memory
layers.

As on-chip storage, the scratch-pad memories (SPMs)—compiler-controlled
static random-access memories, more energy-efficient than the hardware-
managed caches—are widely used in embedded systems, where caches incur a
significant penalty (in aspects like area cost, energy consumption, hit latency)
and where the flexibility of caches in terms of workload adaptability is often
unnecessary, whereas power consumption and cost play a much more critical
role [4]. Different from caches, the SPM occupies a distinct part of the virtual
address space, with the rest of the address space occupied by the main mem-
ory. The consequence is that there is no need to check for the availability of
the data in the SPM. Another consequence is that in cache memory systems,
the mapping of data to the cache is done during the code execution, whereas
in SPM-based systems this can be done either manually by the designer, or
automatically—by a compiler, using a suitable algorithm, as this chapter will
show.

Several approaches for the energy-efficient memory hierarchy design are
intrinsically explorative, exploiting the fact that the memory design space can
be discretized to allow near-exhaustive search. Such works assume a certain
memory hierarchy with one or more levels of caching and an off-chip mem-
ory. A finite number of cache sizes and organization options are considered, as
well as different off-chip memory alternatives (e.g., number of ports, number of
banks). The best memory organization is obtained by simulating the workload
for the possible alternative architectures. The various approaches mainly differ
in the number of hierarchy levels, or the number of dimensions in the design
space. Research works based on explorative techniques include [5–9]—that
focus on cache memories, and [10]—that analyze embedded SRAMs. An ad-
vantage of the explorative techniques is that they allow concurrent evaluation
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of multiple cost metrics—such as performance and area—that can be used
as constraints during exploration. The main limitation is that they require
extensive data collection and only a small set of architectures are actually
compared.

Other research works focused on the energy-efficient assignment of signals to
the on- and off-chip memories. Their guiding strategy was to partition the sig-
nals from the application code into so-called copy candidates (since the on-chip
memories were usually caches), and on the optimal selection and assignment
of these to different layers into the memory hierarchy [11–14]. Their general
idea was to identify the most frequently accessed data in each loop nest. Copy-
ing these heavily accessed data from the large off-chip memory to a smaller
on-chip memory can potentially save energy (since most accesses will take
place on the smaller copy and not on the large, more energy consuming, orig-
inal array) and also improve performance. Many different possibilities exist
for deciding which parts of the arrays should be copy candidates and, also,
for selecting among the candidates those which will be instantiated as copies
and their assignment to the different memory layers. For instance, Kandemir
and Choudhary analyzed and exploited the temporal locality by inserting
local copies [12]. Their layer assignment built a separate hierarchy per loop
nest and then combined them into a single global hierarchy. However, the ap-
proach lacks a global view on the lifetimes of array elements in applications
having imperfect nested loops. Brockmeyer et al. used the steering heuristic
of assigning the arrays having the lowest access number over size ratio to the
lowest memory layer first, followed by incremental reassignments [13]. They
take into account the relative lifetime differences between arrays and between
the scalars covered by each array. However, it is not clear whether the copy
candidates can be also parts of arrays instead of entire arrays (and if so, how
they identify these parts) since the access patterns are, in general, not uni-
form. Hu et al. used parts of arrays as copies, but they typically were cuts
along the array dimensions [14] (like rows and columns of matrices).

Udayakumaran and Barua proposed a dynamic allocation model for SPM-
based embedded systems [15], but the focus was global and stack data rather
than multidimensional signals. Issenin et al. performed a data reuse analysis
in a multilayer memory organization [16], but the mapping of the signals into
the hierarchical data storage was not considered.

Within a given memory hierarchy level, power consumption can be reduced
by memory partitioning techniques. The principle is to subdivide the address
space in several smaller blocks and to map these blocks to different physi-
cal memory banks that can be independently enabled and disabled. Mem-
ory partitioning is a low-power approach, providing the opportunity of se-
lectively shutting down the memory banks that are not accessed.1 Arbitrary

1Memory partitioning can be also used as performance-oriented approach because of the reduced
latency when accessing smaller memory blocks.
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fine partitioning is typically prevented: an excessive number of small banks is
area inefficient, imposing a severe wire overhead (which also tends to increase
communication power and performance).

Techniques of an exploratory nature analyze possible partitions, match-
ing them against the access patterns of the application [9,10]. Other ap-
proaches exploit the properties of the dynamic energy cost and the resulting
structure of the partitioning space to come up with algorithms able to de-
rive the optimal partition for a given access pattern [17,18]. Leakage-aware
partitioning of memory structures is addressed at circuit-level—especially for
caches. The cache-decay architecture turns off the cache lines during the
time they are not used [19]. The drowsy cache architecture puts the cache
lines into state-preserving low-power modes based on usage statistics [20].
These techniques, together with dynamic resizing, require the modification
of the internal structure of caches, which are normally highly optimized de-
signs. On a higher level of abstraction, Kandemir et al. exploit bank locality
for maximizing the idleness, thus ensuring maximal amortization of the en-
ergy spent on memory re-activation [21]. Golubeva et al. proposed a trace-
based architectural approach, considering both the dynamic and static energy
consumption [22].

This chapter presents a memory allocation methodology for embedded data-
intensive signal processing applications [23]. Starting from the high-level be-
havioral specification of a given application, where the code is organized in
sequences of loop nests and the main data structures are multidimensional
arrays, this framework performs the assignment of the multidimensional sig-
nals to the memory layers—the on-chip scratch-pad memory and the off-chip
main memory—the goal being the reduction of the dynamic energy consump-
tion in the memory subsystem [24,25]. The previous works do not take into
account the nonuniform access patterns within the same arrays; they make a
distinction only between the access intensity of entire arrays [13] (e.g., array
A is more accessed than array B), or they try to heuristically identify the
more accessed parts by imposing constraints on their shape and/or size (e.g.,
rows 1 and 2 of array A are more accessed than rows 3 and 4). In contrast to
the previous works, our analysis is more refined, allowing to formally identify
those intensely accessed areas of the array space—independent of their shape,
size, or array dimensions. Assigning the most heavily accessed parts of the
arrays into the scratch-pad layer (requiring less energy consumed per access)
entails important savings of the dynamic energy consumption in the memory
subsystem. This is why this framework is energy-aware.

Based on the assignment results, the framework subsequently performs the
mapping of signals into both memory layers such that the overall amount of
data storage be significantly reduced. Different from the previous works, this
mapping technique is designed to work in hierarchical memory organizations
[26,27], operating with parts of the arrays that can be assigned to different
physical memories. The polyhedral framework, common to both design phases
(the signal assignment to the memory layers and the signal mapping into the
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data memories), entails a high computation efficiency since both phases rely
on similar polyhedral operations.

This software system yields a complete allocation solution [23]: the exact
storage amount on each memory layer, the mapping functions that determine
the exact locations for any array element (scalar signal) in the specification,
metrics of quality for the allocation solution, and an estimation of the dynamic
energy consumption in the memory subsystem using the CACTI power model
[28,29].

The rest of the chapter is organized as follows. Section 6.2 presents an algo-
rithm that assigns the signals to the memory layers, aiming to minimize the
dynamic energy consumption in the hierarchical memory subsystem subject
to SPM size constraints. Section 6.3 discusses several signal-to-memory map-
ping techniques. Section 6.4 presents the basic ideas of a novel signal mapping
algorithm—able to cope with hierarchical memory organizations—used in a
memory allocation framework. Section 6.5 addresses implementation aspects
and discusses experimental results. Section 6.6 summarizes the main conclu-
sions of this chapter.

6.2 Energy-Aware Signal Assignment
to the Memory Layers

The algorithms describing the functionality of real-time multimedia and tele-
com applications are typically specified in a high-level programming language,
where the code is organized in sequences of loop nests having as boundaries
linear functions of the outer loop iterators. Conditional instructions are very
common as well, and the multidimensional array references have (possibly
complex) linear indexes (the variables being the loop iterators). As already
mentioned in Chapter 3 (Section 3.3), this class of specifications is often re-
ferred to as affine.

Figure 6.1 shows an illustrative example whose structure and computation
flow is similar to the kernel of a motion detection algorithm2 [30]. The problem
is to automatically identify those parts of arrays from the given application
code that are more intensely accessed, in order to steer their assignment to the
energy-efficient data storage layer (the on-chip scratch-pad memory) such that
the dynamic energy consumption in the hierarchical memory subsystem be
reduced. The number of storage accesses for each array element can certainly
be computed by the simulated execution of the code.

The result of such a simulation is displayed in the maps from Figure 6.2.
The top map represents the index space (that is, the set of vectors whose
elements are all the possible values of the signal’s indexes) of the 2D signal A

2The actual code contains also a delay operator, irrelevant in this context.
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optDelta[0] = 0 ; // int A[81][81]: input;
for ( i=16; i<=64; i++ )

for ( j=16; j<=64; j++ )
{ Delta[i][j][0] = 0 ;

for ( k=i-16; k<=i+16; k++ )
for ( l=j-16; l<=j+16; l++ )

Delta[i][j][33*k-33*i+l-j+545] = A[i][j] - A[k][l]
+ Delta[i][j][33*k-33*i+l-j+544] ;

optDelta[49*i+j-799] = Delta[i][j][1089] + optDelta[49*i+j-800];
}

opt[0] = optDelta[2401];

Figure 6.1 Example 6.1, whose code structure and computation flow is
similar to a motion detection kernel [30] (m = n = 16,M = N = 64) [25]. ( c©
2009 IEEE).
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Figure 6.2 Exact two- and three-dimensional maps of memory read ac-
cesses, obtained by simulation, for the 2D signal A from Example 6.1 [25].
( c© 2009 IEEE).
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from the illustrative code in Figure 6.1. For each pair of possible indexes
(between 0 and 80), the number of accesses was counted and the level of
grey in the map area depends on the intensity with which the array elements
are accessed (the darker the color, the higher the number of accesses). In
the bottom map, signal A’s index space is in the horizontal plane xOy; the
numbers of memory accesses for every A-element are on the vertical axis Oz.
One can see the array elements near the center of the index space are accessed
with high intensity (for instance, A[40][40] is accessed 2178 times; A[16][40] is
accessed 1650 times), whereas the array elements at the periphery are accessed
with a significantly lower intensity (for instance, A[0][40] is accessed 33 times
and A[0][0] only once).

The drawbacks of such an approach are twofold. First, the simulated execu-
tion may be computationally ineffective when the number of array elements
is very significant, or when the application code contains deep loop nests.
Second, even if the simulated execution were feasible, such a scalar-oriented
technique would not be helpful since the addressing hardware of the data
memories would result very complex. An address generation unit (AGU) is
typically implemented to compute arithmetic expressions in order to generate
sequences of addresses [31] (see also Chapter 10); a set of array elements is
not a good input for the design of an efficient AGU.

The energy-aware signal assignment to the memory layers is described be-
low. The mathematical concepts have already been presented in Chapter 3,
Sections 3.3 and 3.4.

Algorithm 6.1 Given an affine behavioral specification, determine the as-
signment of various parts of arrays to the on-chip SPM memory layer (whose
size is constrained) and to the off-chip memory layer such that the dynamic
energy consumption in the memory subsystem be optimized.

Step 1 Let M be an indexed signal from the algorithmic specification. Decom-
pose the array references M [x1(i1, . . . , in)] · · · [xm(i1, . . . , in)] into disjoint
linearly bounded lattices (LBLs).

The motivation of the decomposition of the array references in our context
relies on the following intuitive idea: the elements belonging to a lattice in-
cluded in many array references are likely to be more heavily accessed during
the code execution.

This operation was explained in detail in Chapter 3, Section 3.4.3. The
decomposition is performed analytically, by recursively intersecting the array
references of every indexed (multidimensional) signal in the code.

Let M be an indexed signal in the algorithmic specification and let LM be
the initial set of M ’s lattices (these are the lattices of the array references
of M). An inclusion graph is gradually built; this is a directed acyclic graph
whose nodes are lattices of M and whose arcs denote inclusion relations be-
tween the respective sets. For instance, an arc from node X to node Y shows
that the lattice X in included in Y .
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Figure 6.3b shows such an inclusion graph and the result of the decomposi-
tion of the six (“bold”) array references of the 2-D signal A in the illustrative
example from Figure 6.3a. The graph displays the inclusion relations (arcs)
between the lattices of A (nodes). The six “bold” nodes represent the six
array references of signal A. For instance, the node A1 represents the lattice
of A[k][i] from the first loop nest. The nodes are labeled with the size of the
corresponding lattice, that is, the number of array elements covered by it. In
this example, A1 ∩A2 = A4 and A1−A4 is also a bounded lattice—denoted
A7 in Figure 6.3b. However, the difference A6−A17 is not a lattice due to the
non-convexity of this set, so the resulting set had to be decomposed further.

At the end of the decomposition, LA contains the 17 lattices A1, . . . , A17;
each of the 11 nodes without incident arcs A7, . . . , A17 represents a disjoint
lattice in the partition PA of the array space of A. Every array reference in
the code is now either a disjoint lattice itself (like A15, A16, and A17), or
a union of disjoint lattices (for instance, A1 = A7 ∪ A4 = A7 ∪ A9 ∪ A6 =
A7 ∪A9 ∪ ⋃17

i=11 Ai).

optDelta[0] = 0 ; // A[67][161] : input
for ( j=32 ; j<=128 ; j++) // The first loop nest
{ Delta[32][j][0] = 0 ;

for ( k=0 ; k<=64 ; k++)
for ( i=j-32 ; i<=j+32 ; i++)

Delta[32][j][65*k+i-j+33] = A[32][j] -A[k][i] // (*)
+ Delta[32][j][65*k+i-j+32] ;

optDelta[j-31] = Delta[32][j][4225] + optDelta[j-32] ;
}
for( j=32 ; j<=128 ; j++) // The second loop nest
{ Delta[33][j][0] = 0 ;

for( k=1 ; k<=65 ; k++)
for( i=j-32 ; i<=j+32 ; i++)

Delta[33][j][65*k+i-j-32] = A[33][j] -A[k][i]
+ Delta[33][j][65*k+i-j-33] ;

optDelta[j+66] = Delta[33][j][4225] + optDelta[j+65] ;
}
for( j=32 ; j<=128 ; j++) // The third loop nest
{ Delta[34][j][0] = 0 ;

for( k=2 ; k<=66 ; k++)
for( i=j-32 ; i<=j+32 ; i++)

Delta[34][j][65*k+i-j-97] = A[34][j] -A[k][i]
+ Delta[34][j][65*k+i-j-98] ;

optDelta[j+163] = Delta[34][j][4225] + optDelta[j+162] ;
}
opt = optDelta[291]; // opt : output

(a)

Figure 6.3 (a) Example 6.2. (b) Decomposition of the index space of the
signal A[x][y] into disjoint linearly-bounded lattices; the arcs in the graph
show inclusion relations [27]. ( c© 2009 IEEE).
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Figure 6.3 (Continued)

Step 2 Compute the average number of memory accesses for each disjoint
lattice of signal M .

The total number of memory accesses to a certain linearly bounded lattice
in the collection of disjoint lattices PM is computed as follows:
Step 2.1 Select an array reference of M and intersect the given lattice with it.
If the intersection result is not an empty set, it follows that the selected array
reference and the given lattice have M -elements in common. The intersection
is done in order to determine the expressions of the loop iterators for these
common M -elements.
Step 2.2 Compute the number of points in the (nonempty) intersection.
The number of accesses to the elements of the given lattice, as part of the
selected array reference, is actually the size of a LBL—computed as explained
in Chapter 3, Section 3.4.4.
Step 2.3 Repeat steps 2.1 and 2.2 for all the signal’s array references in the
code, cumulating the numbers of accesses to the given lattice.
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Figure 6.4 The computation of memory accesses for the disjoint lattices.
A15 is included in four array references: A1, A2, A3, and itself. The number of
accesses from each array reference is 5249, 5249, 5249, and 409,825. The total
numbers of accesses are listed together with the average numbers of accesses
per A-element [27]. ( c© 2009 IEEE).

Consider, for instance, the lattice A15 = {x = 32, y = j | 32 ≤ j ≤ 128}
derived from the illustrative example in Figure 6.3a. As A15 is included in the
array references A[k][i] from all the three loop nests and it also coincides with
the operand A[32][j] from the first loop nest (see Figure 6.4), the contributions
of memory accesses for all these four array references must be computed.
Since the lattice of the first array reference is {x = k, y = i | 128 ≥ j ≥ 32,
64 ≥ k ≥ 0, j + 32 ≥ i ≥ j − 32}, the expressions of the iterators mapping
the array elements into A15 are {j = t1, k = 32, i = t2 | 128 ≥ t1, t2 ≥ 32,
t1 +32 ≥ t2 ≥ t1 −32}. The size of this lattice is 5249 (computed as explained
in Chapter 3, Section 3.4.4), representing the number of memory accesses to
A15 due to the first array reference A[k][i]. Performing similar computations,
the distribution of accesses in the whole array space is computed.

The lattices A15, A16, and A17 covering roughly the center of the array
space of signal A are the most accessed array parts (see Figure 6.4): 425,572
memory accesses (the total number of accesses being 2,458,950) for each of the
three lattices A15, A16, and A17; therefore, an average of 4,387.34 accesses
for each A-element covered by them.3 Approximate maps of memory accesses
can be thus computed: their advantage is that the (usually time-expensive)
simulation is not needed any more, being replaced by algebraic computations.

Figure 6.5 displays in 3-D the distribution of memory accesses for the whole
array space A[67][161] of the 2D signal A from Example 2. The area covered
by the lattices A15, A16, and A17 is intensely accessed: it appears like a
steep mountain crest in the first 3D graph of the figure. The second graph

3Although the number of memory accesses is higher for A11 and A12, these lattices are signifi-
cantly larger (4830 A-elements each) and, hence, the average number of accesses per element is
much lower.
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Figure 6.5 The distribution of memory accesses in the array space of the
2D signal A from Example 6.2.

displays the same memory access distribution, but with a scale limit of only
250 accesses: it can be seen better than in the first graph that the area around
the three lattices is not flat (that is, the other array elements are not uniformly
accessed), but still the access intensity is much lower.

Step 3 Select the lattices having the highest average access numbers, whose
total size does not exceed the maximum SPM size (assumed to be a design con-
straint), and assign them to the SPM layer. The other lattices will be assigned
to the main memory.

Storing on-chip all the signals is, obviously, the most desirable scenario
in point of view of dynamic energy consumption. This is usually not possible
since the SPM size is, typically, limited to smaller values than the overall data
storage requirement of the algorithmic specification. In our tests (Section 6.5),
we compute the ratio between the expected dynamic energy reduction and the
SPM size after mapping (see Section 6.3); the value of the SPM size maxi-
mizing this ratio is selected, the goal being to obtain the maximum benefit in
energy point of view for the smallest SPM size.



206 Energy-Aware Memory Management for EMSs

An optimally customized storage allocation solution comprises two memory
layers: besides the background memory of 10,787,291 locations, an on-chip
SPM of 3 × 97 = 291 locations (the total sizes of the lattices A15, A16, and
A17), closer to the processor. The hierarchical data memory organization is
compensated here by savings of dynamic energy of about 51.5%, according to
the CACTI power model [28,29]. Indeed, assuming typical SPM and off-chip
memory energy values for read accesses of 0.048 nJ and 3.57 nJ (for memory
sizes as in this illustrative example), the dynamic energy consumption caused
by accesses to the array A would decrease from 8.75 to 4.25 mJ.

6.3 Signal-to-Memory Mapping Techniques

Since these (typically large) arrays from the algorithmic specification must
be stored during the execution of the application code, the memory alloca-
tion solution is significantly influenced on how these data structures from the
specification are mapped into the physical memory. The goals of the mapping
operation are the following:

(a) To assign the arrays from the behavioral specification into an amount
of data storage as small as possible; moreover, to be able to compute
this amount of storage (after mapping) and be able to determine the
memory location of any array element from the specification;

(b) To use mapping functions simple enough in order to ensure an address
generation hardware of a reasonable complexity;

(c) To ascertain that any distinct scalar signals (array elements) simulta-
neously alive are mapped to distinct storage locations. The lifetime of
a scalar signal is the time interval between the clock cycles when the
scalar is produced or written, and when it is read for the last time, i.e.,
consumed, during the code execution. Two scalars are simultaneously
alive if their lifetimes do overlap. Obviously, in such a case, they must
occupy different memory locations; otherwise, they can share the same
location.

Several mapping models have been proposed in the past, trading off between
the first two goals (that is, accepting a certain excess of storage to ensure a
less complex address generation hardware) while ascertaining that the third
goal be strictly satisfied.

To reduce the size of a multidimensional array mapped to memory, De
Greef et al. consider all the possible canonical linearizations of the array;
for any linearization, they compute the largest distance at any time between
two live elements in the linearized array [32]. This distance plus 1 is then the
storage “window” required for the mapping of the array into the data memory.
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More formally, |WA| = min max {dist(Ai, Aj)} + 1, where |WA| is the size of
the storage window of a signal A, the minimum is taken over all the canonical
linearizations, while the maximum is taken over all the pairs of A-elements
(Ai,Aj) simultaneously alive.

Note that for an m-dimensional array there are m! orderings of the indices.
For instance, a two-dimensional array can be typically linearized concatenat-
ing the rows, or concatenating the columns. In addition, the elements in a
given dimension can be mapped in the increasing or decreasing order of the
respective index. De Greef et al. consider in their model all these 2m ·m! pos-
sible linearizations, called canonical. (For m ≥ 6, an heuristic is proposed to
limit the search.)

In order to avoid the inconvenience of analyzing different lineariza-
tion schemes, Tronçon et al. proposed [33] to reduce the size of an m-
dimensional array A mapped to the data memory, computing a window WA =
(w1, . . . , wm), whose elements can be used as operands in modulo operations
that redirect all accesses to A. An access to the element A[index 1] . . . [indexm]
is redirected to WA[index 1 mod w1] . . . [indexm mod wm]; in its turn, this
bounding window is mapped (relative to a base address) into the physical
memory by a typical canonical linearization, like row or column concatenation
for 2D arrays. Signal A’s window is denoted as WA in any of the two models
[32] and [33] (in spite of being one-dimensional in the case of the former model
and m-dimensional for the latter) since the meaning will be clear enough from
the context. Each window element wk is computed as the maximum difference
(in absolute value) between the kth indices of any two A-elements (Ai,Aj) si-
multaneously alive, plus 1. More formally, wk = max {|xk(Ai) − xk(Aj)|}+1,
for k = 1, . . . ,m. This ensures that any two array elements simultaneously
alive are mapped to distinct memory locations. The bounding window is iden-
tical to the storage window from model [32] for 1D arrays. The amount of data
memory required for storing (after mapping) the array A is the volume of the
window WA, that is, |WA| = Πm

k=1wk.
Lefebvre and Feautrier, addressing parallelization of static control pro-

grams, developed in [34] an approach based on modular mapping as well.
They first compute the lexicographically maximal “time delay” between the
write and the last read operations, which is a super-approximation of the
distance between conflicting index vectors (i.e., whose corresponding array
elements are simultaneously alive). Then, the modulo operands are computed
successively as follows: the modulo operand b1, applied on the first array index,
is set to 1 plus the maximal difference between the first indices over the con-
flicting index vectors; the modulo operand b2 of the second index is set to 1
plus the maximal difference between the second indices over the conflicting
index vector, when the first indices are equal; and so on.

Quilleré and Rajopadhye perform first an affine mapping into a linear space
of smallest dimension (what they call a “projection”) before modulo opera-
tions are applied to the array indices [35].
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Darte et al. proposed a very refined mathematical framework, establishing
a correspondence between valid linear storage allocations and integer lattices
[36] called strictly admissible relative to the set of differences of the conflict-
ing indices [37]. Heuristic techniques for building strictly admissible integer
lattices, hence building valid storage allocations, are proposed.

All these signal-to-memory assignment approaches treat separately the ar-
rays from the algorithmic specification, computing windows in the physical
memory for each individual array. They exploit the possibility of memory
sharing only between the elements of a same array. However, since the arrays
are handled separately, the possibility of memory sharing between elements of
different arrays is inherently ignored. This can lead to an excessive data stor-
age, as Section 6.3.2 will illustrate. The implementation of some mapping tech-
niques may detect simpler cases when, for instance, two entire arrays have dis-
joint lifetimes and, consequently, the two arrays may share the same (largest)
window in the physical memory. Here, we are referring to the more general and
typical situation when elements of different arrays are simultaneously alive.

Interestingly, the possibility of memory sharing between elements of differ-
ent arrays with disjoint lifetimes was observed a long time ago (e.g., [38]) and
it has been taken into account by several approaches for memory size eval-
uation (e.g., [39,40]). The memory sharing is sometimes called “inter-array
in-place mapping” when the elements belong to different arrays, and “intra-
array in-place mapping” when the elements belong to the same array [2]. It
must be emphasized that these terms can create confusion since they do not
necessarily refer to signal-to-memory mapping techniques, where an explicit
correspondence between the array elements and their addresses in the physical
memory is indicated; they rather refer to the possible reuse of data storage
by array elements having disjoint lifetimes.

A novel signal-to-memory assignment approach exploiting the possibility of
memory sharing between elements of different arrays [41] will be presented.
Section 6.4 will explain the advantages of the novel assignment model, will
describe the computation methodology, and will illustrate the algorithm flow.
To the best of our knowledge, it is the only mapping approach with the capa-
bility of inter-array memory sharing even when the arrays do not have disjoint
lifetimes, thus producing better savings of data storage than all the previous
techniques.

The first part of this discussion will focus on the previous mapping models
[32] and [33], since they are relevant for the rest of the chapter. The sec-
ond part will illustrate the advantage of mapping with inter-array memory
sharing.

6.3.1 Previous mapping models exemplified

The mapping model [32] will be first illustrated for Example 6.3—the loop nest
from Figure 6.6a. The graph above the code represents the array (index) space
of signal A. The points represent the A-elements A[index1][index2] that are
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int  A[13][11];

                                             //   All the A-elements are

for (i=2; i<=16; i++)           //   consumed in this loop nest 

    for (j=2*i–18; j<=2*i+3; j++)  { 

        if ( i+3*j >= 21  &&  i+3*j <= 34 )   A[i][j] = 1 ; 

        if ( i+3*j >= 49  &&  i+3*j <= 62 )   ... = A[i–4][j–8] ;

    }

int  A[19][10];

                                             //   All the A-elements are

for (i=0; i<=28; i++)           //   consumed in this loop nest 

    for (j=0; j<=9; j++)  { 

        if ( i+j >=  9   &&  i+j <= 18 )   A[i][j] = 1 ; 

        if ( i+j >= 19  &&  i+j <= 28 )   ... = A[i–10][j] ;

    }

(a) (b)

Figure 6.6 (a) Example 6.3 whose memory allocation is better in storage
point of view when the mapping model [32] is used. The graph shows the array
(index) space of the 2D signal A at the end of the iteration (i = 14, j = 4). (b)
Example 6.4 has a similar code structure, but its allocation solution is better
when the mapping model [33] is used. The graph shows the index space of the
2D signal A at the end of the iteration (i = 10, j = 8) [41]. ( c© 2011 Springer.
With kind permission from Springer Science and Business Media).

produced (and also consumed) in the loop nest. In the figure, the A-elements
are produced column by column from left to right. (Note that a column of
points in the figure is actually a row of the 2D signal.) Inside each column, the
A-elements are produced bottom-up; they are consumed in the same order,
but with a “delay” of 10 columns. The points to the left of the dashed line
represent the elements produced till the end of the iteration (i = 14, j = 4),
the black points being the elements still alive (i.e., produced and still used as
operands in the next iterations), while the circles represent A-elements already
‘dead’ (i.e., not needed as operands any more). The light grey points to the
right of the dashed line are A-elements still unborn (to be produced in the next
iterations). If we consider the array linearization by column concatenation
in the increasing order of the columns [(A[index1][index2], index1 = 0, 18),
index2 = 0, 9), the two elements simultaneously alive and placed the farthest
apart from each other are A[9][0] and A[9][9]. The distance between their
positions in the linearization is 9 × 19 = 171. If the columns are concate-
nated decreasingly [(A[index1][index2], index1 = 0, 18), index2 = 9, 0], there
are nine pairs of elements simultaneously alive, mapped at a maximum dis-
tance. Two such elements are, for instance, A[14][0]—produced in the iteration
(i = 14, j = 0) and consumed in (i = 24, j = 0), and A[4][9]—produced in the
iteration (i = 4, j = 9) and consumed in (i = 14, j = 9), the distance between
them in the linearization being 9 × 19 + 10 = 181.

Now, if we consider the array linearization by row concatenation in the in-
creasing order of the rows [(A[index1][index2], index2 = 0, 9), index1 = 0, 18],
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there are nine pairs of elements simultaneously alive, maximally distanced
from each other. Two such elements are, for instance, A[4][5]—produced in
the iteration (i = 4, j = 5) and consumed in (i = 14, j = 5), and A[14][4]—
produced in the iteration (i = 14, j = 4) and consumed in (i = 24, j = 4).
The distance between them in the linearization is 10 × 10 − 1 = 99. Finally,
if the rows are concatenated decreasingly [(A[index1][index2], index2 = 0, 9),
index1 = 18, 0], there are nine pairs of elements simultaneously alive as well,
(e.g., A[14][0] and A[4][9]), placed at the maximum distance 10×10 + 9 = 109.

For the other four linearizations, the maximum distances obtained have the
same values (i.e., 171, 181, 99, 109), since the array elements are stored in
reverse order relative to one of the four linearizations analyzed above.

According to the mapping model [32], the best linearization (among those
considered above) for the array A is the concatenation row by row, increas-
ingly. A memory window WA of 99 + 1 = 100 successive locations (relative
to a certain base address) is sufficient to store the array without mapping
conflicts: it is sufficient that any access to A[index1][index2] be redirected to
WA[(10 ∗ index1 + index2) mod 100].

The assignment model proposed by Tronçon et al. [33] circumvents the need
of analyzing different linearization schemes by computing a minimal bounding
window, having the same dimension as the signal, large enough to cover all
the array elements simultaneously alive in any moment of the computation.
In Example 6.3 shown in Figure 6.6a, the window corresponding to the signal
A is WA = (11, 10). Indeed, the maximum horizontal and vertical distances
between black points is d1 = 10 and d2 = 9, respectively. A 2D window whose
elements are w1 = d1 + 1 and w2 = d2 + 1 is large enough to store the A-
elements without any mapping conflict if any access to A[index1][index2] is
redirected to WA[index1 mod 11][index2 mod 10].

From the above discussion, it follows that the storage allocation for signal
A is 100 locations if the mapping model [32] is used, whereas it is w1 ×
w2 = 110 locations if the model [33] is applied. The better allocation result
of the mapping model [32] for the illustrative code in Figure 6.6a should
not be construed as proof that the strategy based on canonical linearizations
is generally advantageous in storage point of view. In Example 6.4 shown
in Figure 6.6b, where the code has a similar structure as Example 6.3, the
mapping model [33] yields a better allocation result.

Indeed, the 2D window corresponding to the array A is WA = (5, 6): it can
be easily verified that the maximum distance between the first (respectively,
second) indices of two alive elements cannot exceed 4 (respectively, 5). For
instance, the simultaneously alive elements A[6][9] and A[10][4] (see the black
points in the graph from Figure 6.6b) have both indices the farthest apart
from each other. Therefore, a memory access to the element A[index1][index2]
can be safely redirected to WA[index1 mod 5][index2 mod 6], the data storage
requirement after mapping being 30 locations.

Taking into account that the ranges of the two indexes are 12− 2 + 1 = 11
and, respectively, 10 − 4 + 1 = 7, the maximum distance in the canonical
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linearization by column concatenation, in the increasing order of the columns,
is 53 (e.g., between the elements A[9][4] and A[7][9]), whereas in the decreasing
order of the columns, it is 59. In the canonical linearization by row concate-
nation, the maximum distances are 31 (e.g., between the elements A[6][5] and
A[10][8]) and 33, respectively. It follows that the memory requirement using
the mapping model [32] is 32 locations, slightly worse than the allocation
result using the m-dimensional window model [33]. For many benchmarks,
the latter model finds smaller window sizes: this happens especially when the
array space contains holes and, also, when the size of the array can be re-
duced in every dimension, since, in such cases, any linearization will contain
a number of unused array elements. Anyway, the two illustrative examples in
Figure 6.6 show that, given an algorithmic specification, one cannot decide
in advance which of the assignment techniques [32] and [33] yields a better
solution.

It should be noticed that, actually, only 80 locations are really needed for
the execution of Example 6.3, since no more than 80 A-elements can be simul-
taneously alive: see again the graph in Figure 6.6a, where the 80 black dots
represent the live elements at the end of the iteration (i = 14, j = 4). Simi-
larly, the minimum data storage required for the execution of Example 6.4 is
24 locations: see the graph in Figure 6.6b, where the 24 black dots represent
the live elements at the end of the iteration (i = 10, j = 8). Figure 6.7 shows
the variation of the storage requirement for the signal A during the execution
of both codes. These memory traces are generated using the tool described in
[40], allowing to evaluate the minimum data storage. A minimum array win-
dow is not only difficult to compute but, typically, difficult to use in practical
allocation problems as, in most of the cases, it requires a significantly more
complex addressing hardware. A signal-to-memory mapping model like the
ones described above trades-off an excess of storage for a less complex address
generation hardware.

6.3.2 Exploiting inter-array memory sharing

Let us analyze now Example 6.5 in Figure 6.8a, where the A-elements pro-
duced in the first loop nest are consumed in the second loop nest, and the
B-elements produced in the second loop nest are consumed in the second one
as well. The variation of the storage requirements for each of the signals A and
B, as well as for the entire code, are shown in Figure 6.8b. If we assume that
the A-elements and B-elements are stored in separate windows of the physical
memory, the minimum data memory (maximum storage requirement) for A is
16 locations, while for B it is 23 locations (therefore, a total of 39 locations).
Otherwise, since part of the B-elements can be stored in memory locations
previously occupied by consumed A-elements, the minimum data storage en-
suring the code execution is only 23 locations, as shown by the second graph
in Figure 6.8b.



212 Energy-Aware Memory Management for EMSs

 0

 10

 20

 30

 40

 50

 60

 70

 80

 0  50  100  150  200

“Memory_Trace_Signal_A”

(a)

 0

 5

 10

 15

 20

 25

 0  10  20  30  40  50  60  70  80  90

“Memory_Trace_Signal_A”

(b)

Figure 6.7 (a) Memory trace (variation of the storage requirement) for
the signal A in Example 6.3. The abscissae are the number of assignment
operations and the ordinates are the number of occupied memory locations.
(b) Memory trace for the signal A in Example 6.4 [41]. ( c© 2011 Springer.
With kind permission from Springer Science and Business Media).

An analysis—similar to the one in Section 6.3.1—of the canonical lineariza-
tions of the signals A and B yields mapping windows of sizes |WA| = 22 and
|WB | = 25 locations, with assignment functions

A[index1][index2] �→ WA[(4 ∗ index1 + index2) mod 22]
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int A[7][4], B[11][6] ;

for ( i=0; i<=6; i++ )
for ( j=0; j<=3; j++ )

if ( 3<=i+j && i+j<=6 ) A[i][j] = ... ;

for ( i=0; i<=14; i++ )
for ( j=0; j<=5; j++ )
{ if ( 5<=i+j )

if ( i<=3 ) B[i][j] = A[i][j-2] + A[6-i][5-j] ;
else if ( i+j<=10 ) B[i][j] = ... ;

if ( 9<=i+j && i+j<=14 ) ... = B[i-4][j];
}

(a)

(b)
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Figure 6.8 (a) Example 6.5 with two arrays. (b) The variation of the storage
requirements during the execution of the code: for the signals A and B (the
first graph), and for the whole code (the second graph) [41]. ( c© 2011 Springer.
With kind permission from Springer Science and Business Media).

and

B[index1][index2] �→ WB [(6 ∗ index1 + index2) mod 25],

relative to some base address. Hence, the model [32] yields a data memory of
|WA| + |WB | = 22 + 25 = 47 locations.

Applied to Example 6.5, the mapping model [33] computes 2D windows
for the signals A and B, large enough along each dimension to bound their
elements simultaneously alive. Without further details, these bounding win-
dows result to be WA = (7, 4) and WB = (5, 6). The assignment func-
tions mapping the array spaces into these windows are A[index1][index2] �→
WA[index1 mod 7][index2 mod 4] and, respectively, B[index1][index2] �→
WB [index1 mod 5][index2 mod 6]. Hence, the model [33] yields a data mem-
ory of |WA| + |WB | = 28 + 30 = 58 locations.
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Both these previous signal assignment techniques yield data memory allo-
cation solutions quite poor for this illustrative example, at least twice the size
of the minimum data memory (of 23 locations). The main cause of this rela-
tively poor behavior is the separate handling of the arrays. Since the mapping
windows are all disjoint, no assignment technique adopting such a strategy
could yield a better result than the sum of the minimum storage requirement
per signal, that is, 16 + 23 = 39 locations in this case.

Now, suppose the A-elements and B-elements are mapped first as in De
Greef’s model [32]: A[index 1][index 2] �→ WA[(4∗ index 1 + index 2) mod 22] and
B[index 1][index 2] �→ WB [(6∗index 1+index 2) mod 25]. If the two memory win-
dows WA and WB are contiguous, the maximum distance between locations si-
multaneously occupied by live elements is 32. This is the distance between the
locations occupied by A[3][0] and B[3][4]: dist(WA[12],WB [22]) = 32, if WB

follows WA in the physical memory. This means that a common window WAB

of size 33 is actually sufficient for both signals. Indeed, it can be verified that
mapping A and B in the same window WAB such that A[index 1][index 2] �→
WAB [(4 ∗ index 1 + index 2) mod 22] and B[index 1][index 2] �→ WAB [(22 + (6 ∗
index 1 + index 2) mod 25) mod 33] does not create any conflict between simul-
taneously alive elements. Note that an amount of 33 storage locations after
mapping is better than the lower bound of 39 locations when the arrays are
handled separately. Actually, there is an even better result of only 25 loca-
tions, very close to the absolute minimum of 23 locations when the assignment
function for the B-elements is B[index 1][index 2] �→ WAB [(6∗index 1+index 2+
14) mod 25], the mapping of A being the same.

There is a price to be paid though: the cost of the address generation
hardware may increase (here, the mapping function for B is more complex),
which is not unexpected. However, in the system-level exploration phase, the
designer must be offered as many possible meaningful options.

This illustrative example was used to convincingly prove that developing
signal-to-memory assignment techniques allowing memory sharing between
different arrays can be very beneficial in terms of data storage.

The next section will present a signal-to-memory mapping algorithm very
efficient in terms of amount of data storage. In a first phase, the two mapping
models [32] and [33] are implemented within our polyhedral framework [42],
which is advantageous both from the point of view of computational efficiency
and the amount of allocated data storage—since the allocation solution for
each signal is the best of the two models. In a second phase, the assignment
algorithm contains a mechanism of investigating and exploiting the possibility
of memory sharing between elements of different arrays [41].

Different from all the previous works that do not provide realistic metrics
of quality for their memory allocation solutions, this memory management
software tool also computes the minimum storage requirement of each mul-
tidimensional signal in the specification [40] (therefore the optimal memory
sharing between the elements of the same array), as well as the minimum data
storage for the entire algorithmic specification (therefore the optimal memory
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sharing between all the array elements and scalars in the code), as explained
in Chapter 3.

6.4 The Signal-to-Memory Mapping Model

The idea of the signal assignment algorithm is to start from the mapping
solution of either the model based on canonical linearizations [32], or the
model based on a multidimensional bounding window [33]—which one is bet-
ter for the given algorithmic specification (see the discussion in Section 6.3.1).
Afterward, search for a pairwise grouping of the array windows that will yield
the maximum benefit in terms of data storage reduction by mutual memory
sharing.

First, Section 6.4.1 will present in detail the computation of the mapping
windows of a linearly bounded lattice (LBL) according to the two mapping
models. The flow of the entire algorithm will be described in Section 6.4.2.
Afterward, in Section 6.4.3, an example will illustrate its main steps.

6.4.1 The mapping window of an array reference

The computation method of an array window employed by De Greef et al.
consists of a sequence of integer linear programming (ILP) optimizations for
each array linearization [32]. To compute the minimal bounding window for
the live elements of an array, Tronçon et al. perform first a “liveness analysis.”
During this phase, a set of program points is firstly decided. For instance, if the
code contains n nested loops, 2n+2 program points are considered: one at the
beginning of each loop body and one at the exit from each loop body, together
with points at the start and at the end of the code. Every program point is
annotated with a set of Z-polyhedra, whose integer solutions specify sets of live
array elements. In this way, all the live array elements in the chosen program
points can be determined. Afterward, an evaluation of the lower-bounds of
window sides wk is performed. Starting with wk = 1, all the integer solutions
differing in the kth coordinate (x′

k �= x′′
k) of the computed Z-polyhedra are

tested whether x′
k mod wk �= x′′

k mod wk or not. The equality implies that a
potential mapping conflict was found and, consequently, the window side wk

should be increased. Subsequent incremental upward adjustments of wk are
performed for all the chosen program points till no mapping conflict occurs.

In contrast, our methodology is developed within a polyhedral framework
operating with (Z-) polytopes and linearly bounded lattices (see Chapter 3,
Sections 3.3.3 and 3.3.4). The key idea of this approach is the reduction of
the computation of memory windows for entire arrays to the computation of
windows for lattices. Note that the way an array window is defined depends
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on the mapping model employed, as exemplified in Section 6.3.1 for the two
previous models [32] and [33]. Consequently, the computation of windows for
lattices will be also dependent on the mapping model employed. Leaving this
difference aside, the rest of the computation is practically independent of the
mapping model.

In the model [32], the problem is to compute a maximal one-dimensional
window for every canonical linearization of the array. Let us consider the array
reference A[i][j] from the code in Example 6.6, assuming that its elements
remain all alive at the end of the loop nest.

Example 6.1
for (i=2; i<=12; i++)

for (j=2*i-18; j<=2*i+3; j++)
if (i+3*j ≥21 && i+3*j ≤ 34) A[i][j] = · · ·

The index space of the 2D signal A is than shown in Figure 6.9a, all the
points (A-elements) being black (alive) after the execution of the loop nest.

Now take, for instance, the linearization by row concatenation in the in-
creasing order of the rows. Denoting x and y in the two indexes, the dis-
tance between two A-elements A1(x1, y1) and A2(x2, y2) is: dist(A1, A2) =
(x2 −x1)Δy+ (y2 − y1), where Δy = max{y}−min{y}+ 1 is the range of the
second index in the array space. To ensure that the distance is a nonnegative
number, we shall assume that [x2 y2]T � [x1 y1]T is relative to the lexico-
graphic order.4 Then, it can be easily observed that the maximum distance is
reached when the index vectors of the A-elements in the array reference are
the minimum and, respectively, the maximum relative to the lexicographic
order. These array A-elements are represented by the points M = A[2][7] and
N = A[12][7] in Figure 6.9(a), and dist(M,N) = (12 − 2) × 7 + (0 − 0) = 70.

Similarly, the linearization by column concatenation in the increasing order
of the columns, the distance between two A-elements A1(x1, y1) and A2(x2, y2)
is: dist(A1, A2) = (y2−y1)Δx+(x2−x1), where Δx = max{x}−min{x}+1 is
the range of the first index in the array space. To ensure that the distance is
a nonnegative number, we shall assume that [y2 x2]T � [y1 x1]T is relative to
the lexicographic order. Then, the array elements at the maximum distance
from each other are still the elements with (lexicographically) minimum and
maximum index vectors, provided an interchange of the indices is applied first.
In Figure 6.9b, the elements A[4][9] and A[10][4] (represented by the points
M and N) are the farthest away from each other; they correspond to the
elements A[9][4] and A[4][10] in the initial figure, and the distance between
them is (10 − 4) × 11 + (4 − 9) = 61.

It follows that finding the points in a lattice having the (lexicographically)
minimum and maximum index vectors is crucial for De Greef’s model [32].

4Let x = [x1, . . . , xm]T and y = [y1, . . . , ym]T be two m-dimensional vectors. The vector y is
larger lexicographically than x (written y � x) if (y1 > x1), or (y1 = x1 and y2 > x2), . . . , or
(y1 = x1, . . . , ym−1 = xm−1, and ym > xm).
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Figure 6.9 (a) The index space of the array reference A[i][j] from
Example 6.6. (b) The index space of the array reference A[j][i] (with indexes
interchanged) assuming the same iterator space. (c and d) The index spaces
of the array references A[−i][j] and A[j][−i] [23]. ( c© 2009 IEICE).

For any canonical linearization, it is sufficient to apply an index permuta-
tion first, followed at the end by the inverse permutation of the resulting
index vectors. The distance between the array elements Ai(xi

1, x
i
2, . . . , x

i
m)

and Aj(x
j
1, x

j
2, . . . , x

j
m) is:

dist(Ai, Aj) =
(
xj

1 − xi
1
)
Δx2 · · ·Δxm +

(
xj

2 − xi
2
)
Δx3 · · ·Δxm

+ · · · +
(
xj
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m−1
)
Δxm +

(
xj
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m

)

where the index vector of Aj is (lexicographically) larger than that of Ai.
If in the linearization some dimension is traversed backward, then a simple

transformation reversing the index variation must be also applied as shown
in Figure 6.9c—row concatenation in the decreasing order of the columns,



218 Energy-Aware Memory Management for EMSs

where dist(M,N) = 71—and in Figure 6.9d—column concatenation in the
decreasing order of the columns, where dist(M,N) = 73.

Computing the (lexicographically) minimum and maximum index vectors of
the array reference A[i][j] in Example 6.6 can be done easier since the iterator
space of the array reference is identical to its index space (the indexes being
equal to the iterators). In general, it is desirable to reduce this problem to the
computation of the minimum and maximum iterator vectors since the iterator
space is a (Z-) polytope (or decomposable into disjoint polytopes), whereas
the index space is not always a (Z-) polytope: see, for instance, the holes in the
quadrilateral from the right-hand side of Figure 3.4 of Chapter 3. Moreover,
note that the maximum/minimum iterator vector is not always mapped into
the maximum/minimum index vector. For instance, the (lexicographically)
maximum iterator vector [i j k]T = [2 0 0]T from Example 3.1 of Chapter 3
is mapped to the index vector [x y]T = [5 0]T , which is not the largest index
vector. (As Figure 3.4 of Chapter 3 clearly shows, [3, 9]T is the largest index
vector.)

However, if the mapping matrix T of the array reference is brought first
to the Hermite Normal Form (HNF) [36] (assuming for simplicity that it
has full rank) with all the diagonal elements strictly positive,5 then the
maximum/minimum iterator vectors of the transformed polytope (by the same
unimodular matrix) will be mapped to the maximum/minimum index vectors:
indeed, it easy to prove that i2 � i1 entails x2 � x1, when x = T · i + u and
T is lower-triangular with strictly positive diagonal elements.

Algorithm 6.2 Computation of the storage window of a given array refer-
ence according to the mapping model based on canonical linearizations [32].

Step 1 Let x = T· i + u be the mapping of the array reference, and its
iterator space be P = {i ∈ Zn |A · i ≥ b}. (It can be assumed that the index
space of the given array reference can be represented by one LBL.) Let S be
an n-order unimodular matrix (a square matrix whose determinant is ±1)
bringing T to the Hermite Normal Form (HNF) [36]: H = T · S (see, e.g.,
[36] for building S).

Step 2 After applying the unimodular transformation S, the new iterator
polytope becomes:

P̄ = {̄i ∈ Zn |A · S · ī ≥ b}.
Step 3 Compute the maximum (minimum) iterator vector in the (Z-) poly-
tope P̄ as follows. Compute the maximum (minimum) value of ī1 (the first
element of ī) by projecting the polytope P̄ on the first axis [44]. Verify that ī1 is
in the “dark shadow” [44], otherwise decrement (increment) it till it is. Then,
replacing this value in P̄ , compute the maximum (minimum) value of ī2 by
projection on the second axis, and so on. The iterator vector whose elements

5If T does not have full rank, a reduced Hermite form [43] will suffice.
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are determined as explained above is the maximum (minimum) iterator vector
in lexicographic order, denoted īmax (respectively, īmin).

Step 4 Compute the maximum and minimum index vectors of the array
reference:

xmin = H · īmin + u and xmax = H · īmax + u.

The mapping window of the array reference has the size: |W | =
dist(xmin,xmax) + 1.

The algorithm will be illustrated for the array reference A[i+2*j+3][j+2*k]
from Example 3.1 of Chapter 3, assuming first the linearization by row con-

catenation. Since the unimodular matrix S =

⎡

⎣
1 −2 4
0 1 −2
0 0 1

⎤

⎦ brings matrix

T =
[

1 2 0
0 1 2

]

to the HNF:

H = T · S =

[
1 0 0
0 1 0

]

,

the new iterator polytope (Step 2) is computed:

P̄ = {̄i ∈ Zn |A · S · ī ≥ b}
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By successive projections on the axes (Step 3), the (lexicographically) maxi-
mum iterator vector in P̄ results
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which yields the maximum index vector

[
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The (lexicographically) minimum iterator vector in P̄ is
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which yields the minimum index vector
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the distance between the A-elements A[3][0] and A[9][3] is 57.
In the linearization by column concatenation, the array indices are reversed.

Matrix T is thus

[
0 1 2
1 2 0

]

and u =

[
0
3

]

. The unimodular matrix S =
⎡
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.

The new iterator polytope is:
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The (lexicographically) maximum iterator vector in P̄ is
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ī

j̄

k̄

⎤

⎥
⎦

max

+ u =

[
8
3

]

.

The (lexicographically) minimum iterator vector in P̄ is
⎡

⎢
⎣

ī
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Since the array indices were interchanged, these index vectors correspond to
the array elements A[3][0] and A[3][8], the distance between them being 56.

In the mapping model [33], the problem is to compute the projection spans
of the index space of the array reference on all the m coordinate axes, the
elements of the m-dimensional bounding window being the sizes of these m
projection spans. Computing the projections of the array reference A[i][j] in
Example 6.6 can be done easier since the iterator space of the array reference
is identical to its index space (the indexes being equal to the iterators). Here,
the bounding window of the array reference is W = (12− 2 + 1, 10− 4 + 1) =
(11, 7).

In general, it is desirable to reduce this problem to the computation of
the projections of the iterator space since this is a (Z-) polytope (or is re-
ducible to disjoint polytopes), which is a well-studied problem [44,45]. The
general idea for solving this problem is to find a transformation S such that
the extreme values of one of the iterators (here, we shall consider the first it-
erator) correspond to the extreme values of, say, the kth index, for any value
of k.

Algorithm 6.3 Computation of the storage window of a given array ref-
erence according to the mapping model based on the minimal bounding win-
dow [33].

Step 1 Let x = T· i + u be the mapping of the array reference, and its
iterator space be P = {i ∈ Zn |A · i ≥ b}. The kth index has the expres-
sion: xk = tk · i + uk, where tk is the kth row of the matrix T. Let S be
a n-order unimodular matrix bringing tk to the Hermite Normal Form [36]:
[h1 0 · · · 0] = tk · S, where h1 > 0. (If the row tk is null, then the window
reduces to one point: xmin

k = xmax
k = uk.)

Step 2 After applying the unimodular transformation S, the new iterator
polytope becomes:

P̄ = {̄i ∈ Zn |A · S · ī ≥ b}.

Step 3 Compute the extreme values of ī1 (denoted īmin
1 and īmax

1 ) by pro-
jecting the (Z-) polytope P̄ on the first axis [44]. Then, xmin

k = h1ī
min
1 + uk

and xmax
k = h1ī

max
1 + uk. The kth window element wk = xmax

k − xmin
k + 1.

Performing this 3-step algorithm for k = 1, . . . ,m, the mapping window
(w1, . . . , wm) of the array reference is obtained. Its size is: |W | = Πm

k=1wk.

The algorithm will be exemplified projecting the array reference from
Example 3.1 of Chapter 3 on the first axis and finding the extreme val-

ues of the first index x, where [x] =
[

1 2 0
]
⎡

⎣
i
j
k

⎤

⎦ + [3]. The unimodular
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matrix S =

⎡

⎣
1 −2 0
0 1 0
0 0 1

⎤

⎦ brings t1 =
[

1 2 0
]

to the Hermite Normal Form:

t1 · S =
[

1 0 0
]
. The new iterator polytope (Step 2) is:

P̄ =

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎣
ī
j̄
k̄

⎤

⎦ ∈ Z3

⎡

⎢
⎢
⎣

1 −2 0
0 1 0
0 0 1

−6 8 −3

⎤

⎥
⎥
⎦

⎡

⎣
ī
j̄
k̄

⎤

⎦ ≥

⎡

⎢
⎢
⎣

0
0
0

−12

⎤

⎥
⎥
⎦

⎫
⎪⎪⎬

⎪⎪⎭

.

Eliminating j̄ and k̄ from the inequalities of P̄ with a Fourier-Motzkin tech-
nique [46], the extreme values of the exact shadow [44] of P̄ on the first axis
are īmin = 0 and īmax = 6, and these extreme points on the first axis in
the iterator space are valid projections. Since h1 = 1 and u1 = 3, it follows
immediately that xmin = 3 and xmax = 9, which can be easily observed
from Figure 3.4 in Chapter 3. With a similar computation, it follows that
ymin = 0 and ymax = 8. Therefore, the bounding window of the array refer-
ence A[i + 2 ∗ j + 3][j + 2 ∗ k] is WA = (7, 9).

6.4.2 The flow of the signal-to-memory mapping algorithm

Algorithm 6.4 Computation of a global mapping solution for all the multi-
dimensional signals from a given affine behavioral specification.

Step 1 For every array A in the algorithmic specification, compute the size
of the memory window |WA| as the minimum window of the two assignment
models [32] and [33].

Keeping in mind the distinct computation methodologies for the memory
windows of lattices discussed in Section 6.4.1, the computation flow of Step 1
is the following:
Step 1a Extract the array references from the given algorithmic specification
and decompose the array references for every multidimensional signal into
disjoint linearly-bounded lattices.

This operation was thoroughly presented in Chapter 3, Section 3.4.3. It was
also used in Algorithm 6.1 at Step 1. (Obviously, this operation must be done
only once in the framework if several memory management algorithms are
using it.) In this way, the next substeps will have to deal only with windows
of lattices in order to eventually obtain the windows of entire arrays.

Step 1b Compute underestimations of the window sizes for each indexed
signal taking into account the live elements at the boundaries between the loop
nests.

Let A be an m-dimensional signal in the algorithmic specification, and let
PA be the set of disjoint lattices partitioning the index space of A. A high-
level pseudo-code of the computation of A’s preliminary windows is given
below. Preliminary window sizes for each canonical linearization according
to DeGreef’s model [32] are computed first, followed by the computation of
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the window size underestimate according to Tronçon’s model [33] in the same
framework operating with lattices. The meaning of the variables are explained
as comments.

for ( each canonical linearization C ) {
for ( each disjoint lattice L ∈ PA )
// compute the (lexicographically) minimum and maximum ...

compute xmin(L) and xmax(L) using Algorithm 6.2;
// ... index vectors of L relative to C

for ( each boundary n between the loop nests n and n + 1 ) {
// the start of the code is boundary 0

let PA(n) be the collection of disjoint lattices of A, which are
alive at the boundary n ;

// these are disjoint lattices produced before the
boundary and consumed after it

let Xmin
n = minL∈PA(n) {xmin(L)} and Xmax

n = maxL∈PA(n) {xmax(L)};
|WC(n)| = dist(Xmin

n , Xmax
n ) + 1 ;

// The distance is computed in the canonical linearization C
}
|WC| = maxn { |WC(n)| } ;
// the window size according to [32] for the canonical linearization C

} // (possibly, an underestimate)
for ( each disjoint lattice L ∈ PA )

for ( each dimension k of signal A )
// compute the extremes of the integer projection of L ...

compute xmin
k (L) and xmax

k (L) using Algorithm 6.3;
// ... on the kth axis

for ( each boundary n between the loop nests n and n + 1 ) {
// the start of the code is boundary 0

let PA(n) be the collection of disjoint lattices of A, which are alive
at the boundary n ;
for ( each dimension k of signal A ) {

let Xmin
k = minL∈PA(n) {xmin

k (L)} and Xmax
k = maxL∈PA(n) {xmax

k (L)};
wk(n) = Xmax

k −Xmin
k + 1 ;

// The kth side of A’s bounding window at boundary n
}

}
for ( each dimension k of signal A ) wk = maxn{wk(n)} ;
// kth side of A’s window over all boundaries |W | = Πm

k=1wk ;
// the window size according to [33] (possibly, an underestimate)

Steps 1a and 1b find the exact values of the window sizes for both models
when every loop nest either produces or consumes (but not both!) the signal’s
elements. When elements of the signal are both produced and consumed in
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the same loop nest (like in the illustrative examples from Figure 6.6), then
the window sizes obtained after Step 1b may be only underestimates since an
increase of the storage requirement can happen inside such a loop nest. In
order to determine the exact values of the window sizes, an additional step is
required.

Step 1c Update the mapping windows for each indexed signal in every loop
nest producing and consuming elements of the signal.

Let L ∈ PA be a disjoint lattice of an indexed signal A, which is consumed
in a certain loop nest where A-elements are produced as well. Then,

for ( each A-element covered by the lattice L ) {
compute the iteration vector i when the A-element is consumed
(accessed for the last time) ;

// this requires the computation of the maximum iterator vector
relative to the lexicographic order [40]
// if L is included in several array references, the overall maximum
iterator vector is considered

determine the disjoint lattices Lp of A partially produced until the
A-element is consumed in iteration i ;
determine the disjoint lattices Lc of A partially consumed until the
A-element is consumed in iteration i ;

for ( each canonical linearization C )
for ( each lattice L′ in Lp ∪ Lc ) {

compute xmin(L′) and xmax(L′) ;
|WC| = max { |WC|, dist(xmin(L′), xmax(L′) ) + 1 } ;
// |WC| may increase

}
for ( each dimension k of signal A )

for ( each lattice L′ in Lp ∪ Lc ) {
compute xmin

k (L′) and xmax
k (L′) ;

wk = max { wk, xmax
k (L′) − xmin

k (L′) + 1 } ;
// wk may increase
update |W | if wk increased its value ;
// |W | may increase

}}

The guiding idea is that local or global maxima of wk are reached immedi-
ately before the consumption of an A-element, which may entail a shrinkage
of some side of the bounding window encompassing the live elements. Simi-
larly, the local or global maxima of |WC| are reached immediately before the
consumption of an A-element, which may entail a decrease of the maximum
distance between live elements.
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Finally, the memory window for signal A has the minimum size over the
two models:
|WA| = min { |W |,minC {|WC|}}. The mapping functions are also available
(as exemplified in Section 6.3.1).

The next steps investigate the possibility of memory sharing between the
elements of different arrays.

Step 2 Build a complete graph G, where each vertex represents an array in
the application code. Compute weights for every edge (A,B) in the following
way:

(a) If the two arrays A and B have disjoint lifetimes, the weight is
min {|WA|, |WB |}.

(b) When the lifetimes of the two arrays overlap, compute the maximum
distance between the locations occupied by simultaneously alive A- and
B-elements, taking into account the mapping functions found at Step 1
and assuming the two memory windows are contiguous; the size of the
common window WAB is this maximum distance plus 1; the weight of
the edge (A,B) is |WA|+ |WB |−|WAB |. This weight represents the data
storage saved when the two arrays A and B share the same memory
space versus the situation when the two arrays would be stored sepa-
rately (in disjoint memory windows).

Step 3 Find the maximum weighted matching in the graph G. A matching in
graph is a set of edges, no two of which meet at a common vertex. The weight
of the matching is the sum of the weights of its edges. A maximum weighted
matching represents a matching of maximum weight, as shown in Figure 6.10
for a graph with 18 vertices. In this case, the matching will produce the most
beneficial pairwise grouping of the arrays in terms of storage reduction. The
matching solution will maximize the overall savings of data storage when the
arrays are sharing pairwise the memory space. Note that even larger savings
could be achieved, in principle, if more complex array groups (larger than two)
shared the same memory space, but the computation effort would become
prohibitive.

Maximum matching has been a subject of interest in graph theory for many
years. Matching algorithms were first developed for bipartite graphs. For non-
bipartite graphs, most of the best matching algorithms are based on the work
of Claude Berge [47], who proposed searching for augmenting paths as a gen-
eral strategy for maximum matching. Based on Berge’s theorems, Edmonds
proposed an efficient algorithm whose computation time is proportional to
V 4, where V is the number of vertices [48]. The algorithm works in O(V )
stages (of cubic complexity each) by finding augmenting paths by a tree search
combined with a process of shrinking certain subgraphs called blossoms into
single nodes of a reduced graph (most often Edmond’s algorithm is called
the “blossom shrinking algorithm”). Edmond’s algorithm has been refined by
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Figure 6.10 The maximum weighted matching in a weighted graph with
18 vertices (bold edges) [41]. ( c© 2011 Springer. With kind permission from
Springer Science and Business Media).

Gabow [49], who obtained an overall complexity of O(V 3). The fastest known
algorithm (under the assumption of integral weights that are not particu-
larly high) was developed by Gabow and Tarjan [50]. Further theoretical and
practical improvements for large-scale matching problems were proposed by
Applegate and Cook [51]. We are using an implementation of Gabow’s algo-
rithm [49] due to Ed Rothberg, available online [52]. The running times of this
implementation is very suitable for our needs since the graphs built by the as-
signment algorithm have rather small numbers of vertices (each representing
an array in the application code).
Step 4 Compute the overall data storage corresponding to the maximum
weighted matching in the graph. In principle, the overall amount of data mem-
ory after mapping is the sum of the window sizes resulted after matching. This
step takes into account the possibility of disjoint lifetimes between the (pairs
of) arrays in this matching, in which case the (common) windows can overlap
and share the largest of the two windows. Finally, determine the mapping
functions for each array.

6.4.3 Example illustrating the flow of the algorithm

The algorithm will be illustrated on Example 6.7 from Figure 6.11a.

Step 1 computes the sizes of the memory windows for each array in the code,
according to the assignment models [32] and [33], implemented as described
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int A[7][4], B[9][5], C[11][6], D[13][7], E[15][8] ;

for ( i=0; i<=6; i++ )
for ( j=0; j<=3; j++ )

if ( 3<=i+j && i+j<=6 ) A[i][j] = 1 ;
for ( i=0; i<=8; i++ )

for ( j=0; j<=4; j++ )
if ( 4<=i+j )

if ( i<=3 ) B[i][j] = A[i][j-1] + A[6-i][4-j] ;
else if ( i+j<=8 ) B[i][j] = 2 ;

for ( i=0; i<=10; i++ )
for ( j=0; j<=5; j++ )

if ( 5<=i+j )
if ( i<=4 ) C[i][j] = B[i][j-1] + B[8-i][5-j] ;
else if ( i+j<=10 ) C[i][j] = 3 ;

for ( i=0; i<=12; i++ )
for ( j=0; j<=6; j++ )

if ( 6<=i+j )
if ( i<=5 ) D[i][j] = C[i][j-1] + C[10-i][6-j] ;
else if ( i+j<=12 ) D[i][j] = 4 ;

for ( i=0; i<=14; i++ )
for ( j=0; j<=7; j++ )

if ( 7<=i+j )
if ( i<=6 ) E[i][j] = D[i][j-1] + D[12-i][7-j] ;
else if ( i+j<=14 ) E[i][j] = 5 ;

for ( i=8; i<=22; i++ )
for ( j=0; j<=7; j++ )

if ( 15<=i+j && i+j<=22 ) ... = E[i-8][j] ;
(a)

Memory Array Array Array Array Array Array
windows A B C D E total

Model[4] 22 37 56 79 106 300
Model[5] 28 45 66 91 120 350
Min|W| 16 25 36 49 64 190

(b)
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E

26
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22

22 22

37

37

56

(c)

Figure 6.11 (a) Example 6.7 illustrating the flow of the algorithm. (b)
Table with the sizes of the mapping memory windows for the signal assignment
models [32] and [33], as computed at Step 1. The last row of the table displays
the minimum window sizes, computed as in [40]. (c) The complete graph built
at Step 2 and the maximum weighted matching computed at Step 3 [41].
( c© 2011 Springer. With kind permission from Springer Science and Business
Media).
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in Section 6.4.1. These window sizes are displayed in the first and the second
rows of the table in Figure 6.11b. For comparison, the table in Figure 6.11b
displays also the minimum storage requirement separately for each array [40].
The best result for each array is selected.

Step 2 builds a complete weighted graph with five vertices, one for each
array in the code. Afterward, it computes the weights of its edges. This graph
is shown in Figure 6.11c. For instance, the arrays A and E have disjoint life-
times and, consequently, the weight of the edge (A,E) is min {|WA|, |WE |} =
min {22, 106} = 22. Since A can share the memory space of E, the stor-
age saving is 22 locations—the window size of A (see the first row of the
table in Figure 6.11). On the other hand, since D and E have overlap-
ping lifetimes, the size of the common memory window of the two sig-
nals results to be |WDE | = 99 locations. The weight of the edge (D,E) is
|WD| + |WE | − |WDE | = 79 + 106 − 99 = 86 locations, which is the memory
saving when D and E share the same storage space.

The size of the common memory window for signals whose lifetimes are
not disjoint, like the signals D and E, is determined as follows. Considering
the window WD followed contiguously in the memory by the window WE ,
we compute the minimum distance between locations occupied by live D-
and E-elements. This computation involves the mapped disjoint lattices of D
and E, whose lifetime information is known. If the minimum distance results
larger than zero, than the two windows can be overlapped by this amount.
For the signals D, E the minimum distance is 86, hence yielding a common
window of |WDE | = 79 + 106− 86 = 99 locations. Note that the weight of the
edge (D,E) is actually this minimum distance. The computation is repeated
assuming that the window WE is followed contiguously by WD and the better
of the two results is chosen.

Step 3 computes the maximum weighted matching in the graph. The edges
in this matching are (D,E) and (B,C). It follows that the arrays D and E will
share a common memory space (WDE) of 99 locations. Similarly, B and C
will share a common window (WBC) of size 51, while A will be stored by itself
in a memory window of size 22. The amount of data memory after mapping
is, for the time being, |WDE |+ |WBC |+ |WA| = 99 + 51 + 22 = 172 locations.

Step 4 finds that, actually, A has a disjoint lifetime from both arrays in
the pair (D,E), so it can share their window. Therefore, the final result is
|WDE | + |WBC | = 99 + 51 = 150 locations, whereas the previous models [32]
and [33] yield 300 and 350 locations, respectively.

The mapping functions for each array are:

A[i][j] �→ WDE [(4i + j) mod 22]
B[i][j] �→ WBC [(5i + j) mod 37]
C[i][j] �→ WBC [(37 + (6i + j) mod 56) mod 51]
D[i][j] �→ WDE [(7i + j) mod 79]
E[i][j] �→ WDE [(79 + (8i + j) mod 106) mod 99]
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Note that the assignment algorithm can be stopped after Step 1, if desired:
after the first phase, this algorithm will already offer an allocation solution at
least as good as the best of the two models [32] and [33], since the algorithm
picks the smaller window for each of the arrays. Step 1 can even work with
only one of the previous models, rather than with both of them. But, since
any of the models could yield the best result (see the examples in Section
6.3.1) and since the computation overhead is not significant (the implementa-
tion of both models in a common polyhedral framework being advantageous
both from the point of view of computational efficiency and the amount of
data storage), the execution of Step 1 with two models seems to be the right
choice.

Optionally, Steps 2 to 4 can be run in a second phase, to investigate possi-
bilities of memory sharing between distinct arrays. More reduction of the data
storage can thus be obtained, the price being some additional computation
time and, possibly, a more complex address generation unit (ADU), as sug-
gested by the mapping functions for the signals C and E. This unit will need
to compute additions, multiplications, and modulo operations, like many typ-
ical ADUs [31]. Having more than one allocation solution should be a benefit
for the designer since it offers the possibility of trading-off the amount of data
storage against the complexity of the ADU.

6.5 Experimental Results

The polyhedral framework for the memory management of multidimensional
signal processing applications has been implemented in C++, incorporating
the algorithms described in this chapter. The algorithmic specifications of the
applications are expressed in a subset of the C language, illustrated in the
examples used in the chapter.

Table 6.1 summarizes our experiments carried out on a PC with an In-
tel Core 2 Duo 1.8 GHz processor and 512 MB RAM running Ubuntu
6.06. The benchmark tests (column 1) are signal processing applications
and typical algebraic kernels used in this domain: (1) a motion detection
algorithm used in the transmission of real-time video signals on data net-
works [2]; (2) the kernel of a motion estimation algorithm for moving ob-
jects (MPEG-4); (3) Durbin’s algorithm for solving Toeplitz systems with
N unknowns; (4) a singular value decomposition (SVD) updating algorithm
[53] used in spatial division multiplex access (SDMA) modulation in mo-
bile communication receivers, in beamforming, and Kalman filtering; (5) the
kernel of a voice coding application—essential component of a mobile radio
terminal.
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Table 6.1 Experimental results on signal mapping. Column 6 displays the data storage requirements
obtained after executing the mapping algorithm; the last column shows the corresponding running times. In
order to assess the quality of the mapping solutions, column 7 displays the sum of the minimum storage
requirement of each signal, together with the absolute minimum storage requirement (the optimal memory
sharing) of the whole code—obtained with the algorithm described in Chapter 3. ( c© 2011 Springer. With kind
permission form Springer Science and Business Media).
Application Num. array Num. array Mem. size after mapping

∑
min|W | CPU

parameters references elements
∑ |W |[32]

∑ |W |[33] / min(Memcode) [sec]

Motion detection 11
M = N = 32, m = n = 4 72,543 2,741 2,741 2,740 2,741 / 2,740 3
M = N = 64, m = n = 4 318,367 9,525 9,525 9,524 9,525 / 9,524 13
M = N = 120, m = n = 8 3,749,063 33,285 33,285 33,284 33,285 / 33,284 196

Motion estimation 17
M = 32, N = 16 265,633 4,513 4,513 3,624 4,513 / 2,465 22
M = 48, N = 32 2,368,865 11,873 11,873 10,054 11,873 / 7,265 182
M = 64, N = 32 4,208,449 18,241 18,241 14,670 18,241 / 10,049 464

Durbin algorithm 27
N = 50 2,749 201 203 164 176 / 124 2
N = 100 10,499 401 403 327 351 / 249 4

SVD updating 86
n = 20 25,908 2,464 3,243 2,120 1,664 / 1,430 55
n = 30 85,213 5,494 7,263 4,751 3,694 / 3,195 162
n = 40 199,418 9,724 12,883 8,356 6,524 / 5,660 285

Voice coder 251 33,751 14,498 14,525 12,690 12,965 / 11,899 130
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Columns 2 and 3 display the numbers of array references and array ele-
ments in the specification code. The next group of three columns summarizes
the allocation results: the sum of the memory windows computed according
to the [32] model, the sum of the memory windows computed according to
the [33] model, and the final allocation result—the overall data storage af-
ter mapping. (For Example 6.5 in Figure 6.8, the values in these columns
would be 47, 58, and 25—as explained in Section 6.3.2.) The seventh col-
umn displays two metrics of quality for the memory allocation solutions:
(a) the sum of the minimum array windows (that is, the optimum mem-
ory sharing between elements of same arrays), and (b) the minimum storage
requirement for the execution of the application code, that is, the optimum
memory sharing between all the scalar signals or array elements in the code
[40]. (Again, for Example 6.5 in Figure 6.8, these two values are 39 and 23.)
The last column displays the total running times for the results shown in
columns 4 to 7.

The data memory sizes after mapping yielded according to the models [32]
and [33] (columns 4 and 5) are always lower-bounded by the first values in the
seventh column, since the memory window of an array cannot be smaller than
the minimum storage requirement of the array. However, our allocation results
(column 6) can be better than the first values in the seventh column, since
the array windows may overlap significantly (the effect of memory sharing
between arrays).

The two metrics of performance from column 7 help the designer to as-
sess the quality of the allocation solution. For example, for the motion de-
tection, the data memory after mapping results equal to the absolute lower
bound—the minimum storage requirement for the code execution. It follows
that the allocation solution is optimal and cannot be improved. For the mo-
tion estimation the individual array windows are optimal as well, but the
memory allocation solution could still be improved, enhancing the memory
sharing between elements of different arrays.

For these benchmark tests, the memory windows computed according to the
model [32] resulted in equal or smaller than the windows computed according
to the model [33], although this is not a general conclusion—as exemplified
in Section 6.3.1. (The largest difference is observed for the SVD updating.)
However, the largest part of the overall running times (column 8) is spent
computing the windows in column 4. This is due in part to the number of
canonical linearizations that have to be analyzed.

Our polyhedral framework entails significantly faster computations of the
initial mapping windows. The running times reported in [32] and [33] are
typically of the order of minutes or even tens of minutes, whereas our im-
plementation runs for the same examples, or of similar complexity, in tens
of seconds at most (only for columns 4 and 5). For instance, the voice cod-
ing application was processed by [33] in over 25 minutes using a 300 MHz
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Pentium II; in contrast, our running time is significantly shorter—only 12
seconds for Step 1—in spite of the different computation platforms. (For eval-
uating the difference of performance between the two computation platforms
[54], a scaling factor of at most 20 between CPU times is fairly accurate.) In
another common benchmark—the SVD updating algorithm [53]—their test
has only 6038 array elements, which corresponds to matrices of order n = 12
in the application code. Their reported run time is 87 seconds [33], whereas
ours was about 1.5 seconds (only for column 5). In spite of the difference
between the computation platforms, we can safely state that our implementa-
tion is several times faster. The investigation of inter-array memory sharing in-
creases our running times, but the additional savings of data memory are quite
significant.

Table 6.2 displays in columns 2 and 3 the total memory accesses and the
dynamic energy consumption in the case of a single (off-chip) memory layer.
Using the CACTI power model, we chose as parameters a technology of 65 nm,
4 memory banks, and a line size of 16 bytes. Assuming a two-layer memory
organization, columns 4 to 7 display the SPM sizes and the savings of dynamic
energy applying, respectively, a previous assignment model steered by the total
number of accesses for whole arrays [13], another model steered by the most
accessed array rows/columns, and the current assignment model (Section 6.2),
versus the single-layer memory scenario (column 3). Finally, column 8 shows
the CPU times.

The SPM sizes (column 4) are computed as follows: the lattices of all the
arrays in the application are ordered decreasingly based on the average number
of accesses per array element; in this order (such that the most accessed
lattices come first), the lattices are gradually assigned to the SPM, increasing
the SPM size with discrete amounts; for each new SPM size, the CACTI model
computes the energy per access. Afterward, we determine the reduction of
dynamic energy versus the scenario when all the signals are stored off chip,
choosing the SPM size that maximizes the ratio between the dynamic energy
reduction and the size.

Our results are regularly better than those of the other models since, build-
ing the map of memory accesses for each array, our framework identifies with
accuracy those parts of arrays intensely accessed, whose assignment to the
SPM layer yields the highest benefit in terms of dynamic energy consumption.
For instance, the energy consumptions for the motion estimation benchmark
were, respectively, 1894, 1832, and 1522 �J; the saved energies relative to the
energy in column 3 are displayed as percentages in columns 5 to 7.

Besides the memory allocation solution, the signal mapping algorithm
computes the mapping functions for all the arrays, so we can determine the
exact locations for any array element in the specification. This provides the
necessary information for the automated design of the address generation
unit.
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Table 6.2 Experimental results on signal assignment to memory layers. Column 5 displays the savings
of dynamic energy consumption if the assignment is steered by the most accessed arrays. Column 6
displays the savings of dynamic energy consumption if the assignment is steered by the most accessed cuts
(e.g., rows/columns) of arrays. Column 7 displays the savings of dynamic energy consumption of our
model (Section 6.2) that identifies the most accessed parts of the arrays [23]. ( c© 2009 IEICE).
Application #Memory Dyn. energy SPM Dyn. energy Dyn. energy Dyn. energy CPU
parameters accesses 1-layer [�J] size saved (1) saved (2) saved [sec]

Motion detection 136,242 486 841 30.2% 44.5% 49.2% 4
M = N = 32,
m = n = 4

Motion estimation 864,900 3,088 1,416 38.7% 40.7% 50.7% 23
M = 32,
N = 16

Durbin algorithm 1,004,993 3,588 764 55.2% 58.5% 73.2% 28
N = 500

SVD updating 6,227,124 22,231 12,672 35.9% 38.4% 46.0% 37
n = 100

Vocoder 200,000 714 3,879 30.8% 32.5% 39.5% 8
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6.6 Conclusions

This chapter has presented an integrated CAD methodology for power-aware
memory allocation, targeting embedded data-intensive signal processing ap-
plications. The memory management tasks—the signal assignment to the
memory layers and their mapping to the physical memories—are efficiently
addressed within a common polyhedral framework. Starting from the high-
level behavioral specification of a given application, this framework performs
the assignment of the multidimensional signals to the memory layers—the
on-chip scratch-pad memory and the off-chip main memory—the goal being
the reduction of the dynamic energy consumption in the memory subsystem.
Based on the assignment results, the framework subsequently performs the
mapping of signals into both memory layers such that the overall amount of
data storage be reduced. This software system yields a complete allocation so-
lution: the exact storage amount on each memory layer, the mapping functions
that determine the exact locations for any array element (scalar signal) in the
specification, metrics of quality for the allocation solution, and an estimation
of the dynamic energy consumption in the memory subsystem.
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7.1 Introduction

Leakage power is becoming a dominant component of the total power con-
sumption of a digital system as technology scale toward sub-90 nm. Following
Moore’s law, the supply voltage is scaled at every technology node. But to
maintain sufficient drive strength, and hence performance, the threshold volt-
age has to be scaled, thus increasing the subthreshold leakage exponentially.
Similarly, gate-oxide tox scaling increases gate-oxide tunneling leakage current.
As CMOS technology scaled beyond 100 nm, transistor leakage has become
one of the major show stoppers for further device scaling and integration.

Embedded memories (predominantly SRAMs) constitute a major chunk of
the total system power consumption in present-day SoCs. During long idle
times, the stand-by leakage contribution of the SRAMs can be substantial
and hence requires careful analysis design. In this chapter, we first give an
overview of different leakage current mechanisms in present-day short channel
MOS devices. In Section 7.2 we show how one can develop efficient leakage
current models and estimate leakage power of an SRAM memory block.

7.2 Leakage Current Mechanisms

There are three potentially important contributions to leakage in sub-100 nm
MOSFETs: subthreshold leakage, gate tunneling leakage, and junction
leakage [1].

7.2.1 Subthreshold leakage

The subthreshold leakage current flows from drain to source, and can be de-
scribed as

Ids = � · (1 − n) · (kT/q)2 · exp
(
Vgs − Vth

nkT/q

)

·
[

1 − exp
(−Vds

kT/q

)]

(7.1)

� is the transistor conductance parameter � = W
L �Cox, with � the carrier

mobility, W and L transistor width and length, and Cox the gate capacitance
per area. n is a non-ideality factor, n > 1. kT/q is the thermal voltage. Vth

is the threshold voltage of the transistor. Vds is the drain-to-source voltage of
the transistor. Vgs is the gate-to-source voltage of the transistor. Subthreshold
current Isubth is typically reported for Vds = Vdd, hence

Isubth ∝ exp
(
Vgs − Vth

nkT/q

)

∝ 10
Vgs−Vth

S (7.2)
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Figure 7.1 Subthreshold leakage for a 90-nm LVT and an HVT NMOS
transistor (W = 200 nm, L = Lmin, VDS = 1 V).

S is called the subthreshold slope and is given by S = n · kT/q · ln(10).
Typical values for S are between 60 mV/decade and 110 mV/decade at room
temperature, shifting toward larger values for smaller transistor lengths.

Figure 7.1 shows the current through drain and source terminal of a low
threshold (LVT) and a high threshold (HVT) transistor in a 90 nm technology
as function of Vgs for a fixed Vds = 1 V. At low voltages, the drain current be-
comes larger than the source current. This is due to gate leakage flowing from
the drain at 1 V to the gate at a much lower potential. The subthreshold slope
S can be readily read from the graph. Ioff is the current that flows through
a transistor with Vgs = 0. If Ioff is dominated by the subthreshold current
Isubth, it is strongly influenced by the selection of the threshold voltage.

Ioff ≈ Isubth ∝ 10
−Vth

S (7.3)

With S = 75 mV /decade, a transistor with 200 mV higher threshold voltage
has almost 500 times less leakage. A higher threshold voltage, however, also
makes the transistor slower because it affects the saturation current of the
transistor

Ids,sat =
�

2
· (Vgs − Vth)� (7.4)

� is a fit factor. It is 2 for ideal long-channel MOSFETs.
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One of the fundamental issues in sub-100 nm MOSFET scaling is Vth that
must be sufficiently high to limit subthreshold leakage to acceptable values,
while the overdrive voltage Vdd − Vth must be sufficiently large to obtain
an acceptable speed, and at the same time, Vdd must be as low as possible to
reduce the dynamic energy consumption C ·Vdd2 . Different application domains
will require a different trade-off between dynamic energy, leakage energy and
speed, as will be discussed in Section 7.2.4.

Figures 7.2 and 7.3 show drain-induced barrier lowering (DIBL). In the
ideal formula for subthreshold current 7.1, Vds has virtually no impact on the
current in the region where Vds is larger than 75 mV. In short channel devices,
this is no longer true due to DIBL: a larger Vds decreases the threshold voltage.
Typical values for DIBL in deep sub-100nm technologies are between 100 mV
and 150 mV shift in Vth for a 1 V difference in Vds.

0 0.2 0.4 0.6 0.8 1
10−10
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10−8
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Vds [V]

I[
A

]

3.7 nA

4.8 nA
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Figure 7.2 Drain and source current for a 90-nm LVT NMOS transistor
as function of VDS (W = 200 nm, L = Lmin). The increase in current for
VDS > 75 mV is due to DIBL.
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Figure 7.3 Estimated Vth for a 90-nm LVT NMOS transistor as function
of VDS (W = 200 nm, L = Lmin). The decrease in Vth for VDS > 75 mV is
due to DIBL.
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Figure 7.4 Estimated Vth for a 90-nm LVT NMOS transistor as function
of L (W = 200 nm), showing Vth roll-off.
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Figure 7.5 Drain and source current for a 90-nm LVT NMOS transistor as
function of L (W = 200 nm).

In short-channel devices, Vth depends on the transistor length L, as shown
by Figure 7.4. Figure 7.5 shows that for this specific technology, a slightly
longer L (1.2Lmin) will decrease subthreshold leakage, while significantly
longer values of L > 1.8Lmin will increase the subthreshold leakage.

Threshold voltage of an MOS transistor depends on source-bulk voltage
Vbs as described by the Equation 7.5. As Figure 7.6 shows that the threshold
voltage of a transistor can be adjusted with reverse or forward bias of the
bulk-source junction. The body effect is given by [1].

Vth = Vth0 + � · [
√

2�b − Vbs −
√

2�b] (7.5)

� =
tox
�ox

·
√

2�siqNA (7.6)

�b = kT/q ln
(
NA

Ni

)

(7.7)
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Figure 7.6 Estimated Vth for a 90 nm LVT NMOS transistor as function
of body bias VBS (W = 200 nm, L = Lmin).

Because tox ·
√
NA reduces with technology scaling [1], the impact of body bias

reduces with technology scaling. In this 90 nm technology, the combination
of 500 mV forward body bias (FBB) and 1000 mV reverse body bias (RBB)
results in a leakage reduction with a factor of 10 compared to a lower threshold
transistor with equal speed without body bias. In 22 nm, the reduction would
only be a factor of 3.

Temperature and process variability impacts subthreshold leakage severely.
Because the threshold voltage reduces with temperature, the subthreshold cur-
rent is higher at higher temperatures. In this 90 nm technology, the subthresh-
old leakage increases with a factor of 14 from −20 to +80 degrees Celsius.

The threshold voltage also varies stochastically between different transis-
tors. Its distribution is more or less Gaussian. Because of the exponential
relation between the subthreshold leakage and the threshold voltage, the leak-
age current follows a lognormal distribution. Hence there is a significant dif-
ference between the average transistor leakage and the nominal transistor
leakage. This was discussed in [1] for channel length variations. For threshold
voltage variatons, we obtain

Isubth,avg = Isubth,nominal · exp

(
1
2

(
�Vth

nkT/q

)2
)

(7.8)

�Vth
is the standard deviation of the stochastic intra-die Vth distribution for

the transistor under study. In 90 nm, nkT/q ≈ 32 mV and �Vth
≈ 25 mV for

a small transistor, so the difference is a factor 1.36. In 22 nm, nkT/q ≈ 45 mV
and �Vth

≈ 60 mV, so the difference for small transistors is already a factor 2.4.

7.2.2 Gate leakage

Gate leakage is the tunneling current from the gate through the gate oxide to
the drain, source, and channel.
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Figure 7.7 Gate leakage for a 90-nm LVT NMOS transistor (W = 200 nm,
L = Lmin).

Figure 7.7 shows the gate tunneling leakage for the example 90 nm tech-
nology. Gate leakage is most pronounced for NMOS transistors in strong in-
version. In typical circuits, the situation that occurs most in circuits during
standby is Vg = Vdd, Vd = Vs = 0V . In this technology, gate leakage for HVT
transistors is larger than their subthreshold leakage at room temperature.
Gate leakage does not increase significantly with temperature though.

Reducing the supply voltage is a rather effective method for gate leakage
reduction. When the supply voltage is halved, gate leakage reduces with a
factor 10.

In recent technologies, gate leakage has been controlled by technology de-
sign. First, tox was not scaled down any further and high-k materials were
introduced. Recently, high-k metal gate transistors have been introduced that
resolve the issue almost entirely [3].

7.2.3 Junction tunneling leakage

A bulk MOSFET has diode junctions between source and bulk and between
drain and bulk. It seems as if the leakage from these junctions has been kept
under careful technology control and is not an issue in typical designs at this
time.

7.2.4 Leakage in different technologies

Different applications differ significantly in their specifications. For a high-
performance (HP) desktop processor, speed and dynamic energy consumption
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Table 7.1 2009 ITRS roadmap [2] for different
technology types

High performance (HP)
(Ioff = 100 nA/�m, VT ≈ 200 mV)
e.g., processor for desktop or server

Vdd Ids, sat Isubth Igate
node [mV] [�A/�m] [nA/�m] [nA/�m]
90 nm 1200 1110 100 405
65 nm 1100 1210 100 520
45 nm 970 1200 100 374
32 nm 900 1300 100 320

Low operating power (LOP)
(Ioff = 5 nA/�m, VT ≈ 350 mV)
e.g., microprocessor for notebook

90 nm 1000 589 5 30
65 nm 1000 573 5 51
45 nm 950 746 5 43
32 nm 850 798 5 35

Low standby power (LSTP)
(Ioff = 50 pA/�m, VT ≈ 550 mV)

e.g., low-performance consumer electronics
90 nm 1200 497 0.05 0.0135
65 nm 1200 519 0.05 0.0143
45 nm 1050 559 0.05 0.0495
32 nm 1000 664 0.05 0.0416

are critical, while for a smart phone processor, dynamic energy consumption
and standby power at an acceptable speed are crucial. For many embedded
systems such as biomedical implants, the required speed is rather relaxed,
but standby power must be extremely low. The ITRS [2] provides a sepa-
rate technology roadmap for each of these applications. Table 7.1 summarizes
the main requirements of these different technologies. High-performance (HP)
technologies target a subthreshold leakage of 100 nA/�m and the highest pos-
sible speed without exceeding the thermal budget, low operating power (LOP)
technologies target a subthreshold leakage of 5 nA/�m at a low dynamic en-
ergy consumption (low Vdd), while low standby power (LSTP) technologies
target a leakage of 50 pA/�m. According to this table, gate leakage would
dominate the leakage power budget in most technologies. However, this does
not seem to be the case in typical real manufacturing technologies. Many tech-
nologies also provide several transistors types covering a range of 10 to 100 in
subthreshold leakage.

Table 7.2 summarizes the specifications of the 90 nm TSMC technology [4]
and of the 32 nm TSMC technology with high-k/metal gate [5]. For the 90 nm
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Table 7.2 Example technology data for the 90 nm and the 32 nm
technology node. [TSMC 90 nm (citeIEDM1) and TSMC 32 nm with
high-k/metal gate transistors (citeIEDM2)]. The currents are reported
for devices with minimal gate length.

NMOS
Vdd EOT Ids,sat Isubth Igate

VT [V] [nm] [�A/�m] [nA/�m] [nA/�m]
low 1.2 2.2 540 0.400 0.009

low power std 1.2 2.2 420 0.015 0.009
high 1.2 2.2 370 0.004 0.009
low 1 1.6 755 50 0.21690 nm general purpose std 1 1.6 640 5 0.216

high 1 1.6 520 1 0.216
std 1 <1.4 830 300 90high speed high 1 <1.4 670 1000 90
low 1 <1 1340 100

32 nm HS/LP low 0.85 980 100
high 1 1020 1

technology, an up-front selection is made between the low power, the general
purpose, or the HP technology. Within each family, devices with different
threshold voltages are offered, having a range of 3x in leakage for the HP
family and a range in leakage of 100x for the low-power technology. For most
devices, gate leakage is small compared to subthreshold leakage. For the 32 nm
technology, the gate leakage issue is resolved by the introduction of a high-k
dielectric material and a metal gate. This technology offers two devices with
different threshold voltage, which provide a 100x difference in leakage current.

Table 7.2 clearly shows that the choice of technology and transistor types
is a crucial step to manage the leakage problem.

7.3 Power Breakdown in SoCs

To first analyze leakage it is important to find where the leakage is going. The
following sections analyze the power breakdown in a typical SoC platform.

7.3.1 Leakage power breakdown

A typical embedded processor consists of various broad components, its core
computational units, a set of register files for intermediate storage, data mem-
ories, and instruction memories. Figure 7.8 shows the ADRES architecture [6].
ADRES architecture is a coarse grained reconfigurable architecture that has
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Figure 7.8 ADRES coarse grained reconfigurable architecture.

been tuned for software-defined radio. Figure 7.9 shows the leakage break-
down of a processor instance, including the L1 data and instruction memories
based on a commercial 40-nm G process.

It is clear from Figure 7.9 that the memories are the most crucial part and
leak the most. Since memories are special in both design and their use, they
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Figure 7.9 Leakage breakdown for a SoC in different components.
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are treated separately. More details on system level memory leakage reduction
can be found in this chapter, and circuit level techniques to reduce memory
leakage can be found in the next chapter. However, logic leakage is also crucial;
the treatment of logic is treated later in this chapter.

7.3.2 Use of G versus LP technology

The actual energy lost in leakage depends on how long the core is active and
how much the leakage power is. The first part depends on the application
profile; however, the leakage power depends on the choice of technology.

Most fabs provide two broad technology flavors:

1. GP or general purpose
2. LP or low power or low leakage

Figure 7.10 shows the total energy in both the LP and GP commercial
process for the same architecture at the same frequency of operation. The
total power is roughly the same for both instances of the processor in GP and
in LP. However, the design in GP can run up to two times faster for twice the
dynamic power but the same leakage. While the leakage in GP is worse in few
orders of magnitude compared to LP, it is not most evident from the total
power perspective, which is the better choice. But in terms of effective area
efficiency or computation per sq mm, GP is superior. Therefore the choice of
GP versus LP is nontrivial. However, a more rigorous leakage control is needed
for GP-based design. The rest of this chapter analyzes modeling methods
for leakage. Various system level and EDA methods of leakage control are
described in the following chapter.
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7.4 Leakage Current Modeling and Estimation

An efficient and accurate leakage power estimation is an indispensable tool for
a circuit designer. It provides a wealth of interesting data for early analysis
and optimization. It abstracts underlying technological dependecies and gives
the designer the necessary data required for further analysis. Apart from es-
timating the total leakage power of a design, one can compute leakage power
contribution of various subunits of the design. Based on these data, one can
choose various circuit implementation styles and architectures to combat leak-
age power at subblock level and recussively apply it to the entire design. Good
leakage estimation also helps in devising leakage power reduction techniques
and quantifying their effictiveness in reducing leakage.

In the earlier section, we provided an overview of different leakage cur-
rent mechanisms in ultra-scaled bulk CMOS devices. These leakage current
mechanisms can be modeled and, as a consequence, leakage current equations
can be derived. These equations model the dependency of leakage currents
on various technological parameters and operating conditions, some of which
are design dependent. Technological parameters can be obtained based on
accurate measurement or simulation data for a given technology. The other
set of parameters are design and operating conditions such as supply voltage,
temperature, threshold voltage, circuit topology, etc. Some of these param-
eters can be chosen to trade off speed for leakage such as supply voltage
and threshold voltage, while some others can be used to quantify the leak-
age power at different operating conditions such as temperature and process
corner.

In this section, we first explore the dependency of various parameters on
different leakage current mechanisms and then apply these methods to es-
timate leakage power of an SRAM memory. In the next section, using the
estimation methods, we show how choosing different parameters impacts the
leakage power of an SRAM memory.

7.4.1 Subthreshold leakage modeling

Subthreshold leakage of an MOS transistor can be written as defined by
Equation 7.1 in Section 7.2. As one can see, using this equation to estimate
the leakage power of the entire design is not possible due to different gates
and components of which the circuit is built having different technology and
design-dependent parameters leading to different leakage power values. Butts-
Sohi model [7] for subthreshold leakage modeling provides a very simple, yet
very effective way to estimate and model subthreshold leakage current for
large designs. From [7], subthreshold leakage power can be written as

Pstatic = Vdd ·N ·Kdesign · Ileak,tech (7.9)
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where Vdd denotes the supply voltage, N denotes the number of transistors in
the design, Kdesign is an empirically determined parameter representing the
characteistics of an average device, and Ileak,tech is a technology parameter
describing the subthreshold leakage per device. As we see, the model abstracts
subthreshold leakage dependency on various parameters into two main cate-
gories, namely design dependent and technology dependent.

7.4.1.1 Design-dependent factor

The subthreshold current in a CMOS circuit depends on two important design-
dependent factors. (1) The number of PMOS and NMOS devices switched
off. This in turn depends on the input vector applied to the logic circuit in
standby mode. (2) Another design-dependent factor is the number of stacked
transistors that are switched off. From [8,9], the leakage of a stacked transistor
structure can vary significantly with respect to no stack case and hence the
leakage depends on number of stacked transistors that are switched off. For
example, consider four input NAND gates, we see that there are four tran-
sistors that are in series in the pull-down network. Consider the case when
the applied input is “1111,” then all the NMOS transistors are switched on in
the pull-down network and all the PMOS transistors are “off” in the pull-up
network. So the leakage of the four parallel PMOS transistors adds up, re-
sulting in maximum leakage of the gate. On the other hand, when the input
vector is “0000,” then all the NMOS transistors in the pull-down stack are
switched “off.” Due to negative source-to-gate voltage and reverse body bias
effect experienced by transistors on the stack (refer to [9,10] for more details),
the leakage is significantly lower. The work in [8] reports up to 70X difference
in leakage for the best case and worst case leakage depending on the input
applied. Authors in [10] showed that leakage in a stacked transistor case can
be written as

Istack = Inom · 10
1
S [	Vg+
d	Vd+k�	Vb] (7.10)

where Inom is the leakage at nominal conditions (Vgs = 0, Vds = Vdd, and
VBS = 0). If the gate-drive, body bias, and drain-source voltages reduce
by 	Vg, 	Vb, and 	Vds, respectively, then the nominal leakage current Inom
changes to Istack. Since it becomes extremely difficult to model leakage of
stacked devices on a very large scale using the above equation, [8] proposed
a technique for estimating the leakage of stacked devices. The estimation
methodology can be detailed as follows:

Step 1: For any given gate in the library, apply all possible input
patterns and compute the leakage of the gate. Find the average leakage
of the gate based on these data. This step is quite routine in the library
characterization phase of a technology library, so it can be easily auto-
mated using industry standard tools. Let us denote this leakage as Ileak.
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Step 2: Find Ioff , the leakage of a single transistor measured from
actual silicon/simulation at a given temperature per unit micron width.

Step 3: Find the average stacking factor XS for the gate as Ioff ·
Wtot/Ileak, where Wtot is the total device width of the gate.

Step 4: After estimating the stacking factors for all the gates in the
library, one can estimate the leakage of the entire design by

Itot = Ioff ·
∑

i�cells

fi ·Wi

Xsi

(7.11)

The above equation can be written as

Itot = Ioff ·N ·Kdesign (7.12)

where N is the number of minimum-sized transistors in the design and Kdesign

is a co-efficient that captures the subthreshold leakage dependence on stacking
and input vector.

7.4.1.2 Technology-dependent factor

From the derivation of the total leakage current of the entire design from Equa-
tion 7.12, we have Ioff , which denotes the leakage current of a unit width of a
device. From Equation 7.2, the leakage of unit width device can be written as

Ioff = I0 · 10
Vgs−Vth

S (7.13)

where I0 is the drain current with Vgs = Vth and Vds = Vdd, and S is the
subthreshold slope. By setting Vgs to zero, we obtain the off current of the
device. From Equation 7.13, the off current depends on two main technology
parameters, namely the subthreshold slope S and the threshold voltage of the
device Vth. Using a different technology or using a different threshold volt-
age or different operating temperature will alter these parameters, resulting
in exponential variation in leakage current. We model these two technologi-
cal parameter dependences in Ioff using the Equation 7.13 and denote it as
Ileak,tech. So the total subthreshold leakage power can be written as

Pstatic = Vdd ·N ·Kdesign · Ileak,tech (7.14)

7.4.2 Gate leakage modeling

The problem of gate leakage modeling was studied in [11]. From [11], we see
that the gate leakage is a function of input vector appiled to the circuit. It
depends on if a path exits from gate to source/drain to the supply rails. For
more details on gate leakage modeling, we refer the interested reader to [11].
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Gate leakage current shows exponential dependence on gate-source Vgs volt-
age and shows almost no dependence on the temperature. As in the case of
subthreshold leakage current modeling, for gate leakage modeling we apply all
possible input patterns for any given gate in the library and find the average
gate leakage current. Total gate leakage current can be found by using the
following equation:

Igate =
∑

i�cells

∑

j�states

P (j)Ig(j) (7.15)

where j spans over all possible input vector combinations. P (j) denotes the
probability of the gate in state j and Ig(j) denotes the gate leakage current in
state s(j). If one assumes an equal probability of all input patterns occuring
at the input of a gate, then the Igate denotes the average gate leakage current
of the gate. Improvements in process technology such as constant tox, high-k
dielectrics and high-k metal gates have controlled this component of leakage in
recent technologies. Given the fact that subtheshold leakage is near exponen-
tially dependent on temperature and reduction in gate leakage current due
to technology process improvements, we can fairly assume that at nominal
chip operating temperatures, subthreshold leakage dominates and is the main
source of leakage power consumption.

7.4.3 Leakage current estimation in SRAM memories

In the previous sections, we studied how to efficiently model and estimate
leakage in general CMOS devices. In this section we apply them to estimate
leakage power in SRAM memories. Since there have been many different im-
plementation styles of SRAM design, we try to make the estimation method-
ology as generic as possible so that one can utilize them in estimation based
on the relevent architecture. Memories are very regular structures and hence
it’s easy to quantify their leakage if one can accurately estimate the leakage
of each basic unit, which is usually repeated many times in the design. SRAM
memory consists of five main subblocks, namely 1. Memory core, 2. Address
Decoder, 3. Read column circuit, 4. Write column circuit, 5. Timing circuitry.
Out of these, except for the memory core, the rest can be combined together
as Peripheral circuitry. The total leakage of an SRAM design can thus be
split into leakage of the Memory core and that of Peripheral circuitry. We
observed that the dominant part of the leakage in Peripheral circuitry is due
to word line drivers, global/local input/output drivers, and address decoder.
The drivers are usually large buffers used to drive high capacitive loads to
meet memory timing requirements, thus contributing to large leakage power
values.
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7.4.3.1 Leakage of memory core

As shown in [12] the leakage of the memory core can be approximately
written as

Icore = Nrows ·Ncolumns ·Wbitcell · Ileak,tech (7.16)

Here Nrows and Ncolumns denote the number of rows and columns in the
SRAM memory, respectively. Wbitcell denotes the effective width of each leak-
ing bit cell. Note that this factor is bit cell implementation dependent. This
equation shows that leakage of an SRAM memory core of a given size, tech-
nology, and operating conditions is clearly dependent on the implementation
of its bit cell.

7.4.3.2 Leakage of drivers

The number of drivers clearly depends on the SRAM architecture. In an archi-
tecture that has fully subdivided wordlines, there is one driver per word line,
and, on the other hand, where there is no word line subdivision, there is one
driver per row. However, note that the load capacitance is different in both
cases and hence the size of the drivers. To keep our estimation methodoogy
generic, we assume there are Ndriver number of minimum-sized drivers in the
design. So the total leakage of the drivers can be written as

Idriver = Ndriver · Ileak−min (7.17)

where Ileak−min is the leakage of the minimum-sized driver.

7.4.3.3 Leakage of decoder

The address decoder can be implemented in numerous ways, but it is impor-
tant to note that this block is purely combinational and hence not regular like
the memory array. This makes the leakage power estimation of this block not
straightforward. One can apply the methodology explained in Section 7.4.1
and use Equation 7.14 to compute the leakage current of this block. So we
can write the leakage of the decoder logic as

Idecoder = N ·Kdesign · Ileak (7.18)

So the total leakage power of the SRAM memory can be written as

PSRAM = (Icore + Idecoder + Idriver + Irest) · Vdd (7.19)

Here Irest denotes leakage due to sense amplifiers, timing circuitry, and other
circuitry. Figure 7.11 shows split-up of leakage power values of different sec-
tions of an SRAM memory. As we see, most of the leakage is in peripheral
circuitry and the memory core, and hence our focus in the next chapter is on
techniques to reduce leakage in each of these subblocks.
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Figure 7.11 Leakage power split in a commercial 90-nm SRAM memory.
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8.1 Leakage Power Reduction Techniques

In the previous chapter, we discussed leakage current mechanisms and how to
model leakage currents for SRAMs. In this chapter, we detail different tech-
niques for leakage power reduction at different levels of abstraction and discuss
briefly the low-power EDA design flow using common power format. Sub-
threshold leakage is the dominant leakage mechanism in present-day nanome-
ter CMOS devices, and its impact is more severe at elevated temperatures at
which present-day complex SoCs work. In this section we first give an overview
of different leakage reduction techniques applied to a general CMOS design.
We then focus on applying the leakage reduction techniques on each subblock
of an SRAM memory. Leakage reduction techniques can be categorized into
device-level, circuit-level, and architectural level techniques.

� Device-level solutions: This class comprises various source, drain, and
channel engineering techniques such as nonuniform doping, halo doping,
retrograde well doping, shallow junctions, raised source-drain, as well as
new device architectures such as double-gate CMOS [1];

� Circuit-level solutions: This class of techniques rely on a given technol-
ogy and constructively use it to build leakage-efficient circuit structures.
Examples of this class are the use of multiple supply voltages, the ex-
ploitation of transistor stacking effect, and the use of multi-threshold
CMOS (MTCMOS) technology. MTCMOS technology can be used in
various ways to combat leakage currents. Use of dual-Vth technique, dy-
namically varying threshold voltage technique such as body biasing and
power shutoff where high-threshold switches are used to shut off supply
voltage to the circuit can be used to reduce leakage current.

� Architectural solutions: These solutions may either exploit circuit-level
solutions at a coarser granularity (e.g., power shutoff), or design explicit
structures aimed at the reduction in leakage during idle intervals of the
computation (e.g., leakage reduction for memories).

Out of these different solutions at different abstraction levels, circuit-level
techniques have gained prominence due to their relative ease of implementa-
tion, which can be tailor made for the circuit and the application on hand and
their effectiveness in reducing leakage power. One can utilize novel devices and
architectural level/system-level policies to complement the circuit-level tech-
niques, thereby achieving very low leakage designs. In this chapter, we focus
on circuit-level techniques and choose them to analyze their effectiveness in
reducing subthreshold leakage power and the cost of implementing them.
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8.1.1 Power shutoff

Power shutoff is one of the variants of MTCMOS technology where high-
threshold devices are used as switches to turn off the power supply during the
standby state, thus reducing the leakage current of the circuit. One can use
either PMOS transistor or NMOS transistor of high-threshold voltage (sleep
transistors, ST) in series with the transistors of each logic block, thus cutting
the path to Vdd or VSS. Figure 8.1a shows a part of a logic. As shown in
the figure, during standby mode there is subthreshold leakage current flowing
from the supply voltage through NAND, AND, and NOR gates to the ground.
In Figure 8.1b we show how we can stop this leakage current from flowing by
connecting an NMOS high-Vth sleep transistor to the source terminals of the
gates. In Figure 8.1c, we show how the sleep transistor is ideally modeled as
a resistor during the active mode (sleep signal = 0) since it operates in the
linear region due to a voltage drop (tens of millivolts) across its drain-source
terminals. Note that due to this, the gates experience a degradation in their
delay since their gate overdrive voltage (Vgs) is being reduced due to the source
terminals now at a few millivolts higher than ground. In Figure 8.1d the sleep
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Figure 8.1 Power shutoff applied to a portion of the logic block. (a) Standby
leakage current from VDD to VSS without power shutoff. (b) Logic block
with NMOS sleep transistor. (c) Sleep transistor in active mode modeled as
a resistor. (d) Sleep transistor in standby mode modeled as open circuit.
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signal is set at 1, and hence the sleep transistor is turned-off and hence ideally
it behaves like an open circuit, thus cutting off the leakage currents flowing
from Vdd to VSS. In practice, the sleep transistor deviates from the ideal
switch characteristics. In the active mode, apart from the resistance, there
is also a parallel capacitance contributed by the virtual ground line and the
output capacitance of the sleep transistor. In the standby mode since the sleep
transistor does not act like an ideal switch, there is a small leakage current
contributed by the sleep transistor.

In practice, NMOS sleep transistor is typically used due to its smaller on-
resistance for a given size. The sleep transistor has to be carefully sized to
guarantee proper functionality. In the active mode since the insertion of sleep
transistor results in degradation of delay of all the gates connected to it, one
has to carefully size the sleep transistor. A smaller sleep transistor results in
higher on-resistance in active mode, thus degrading the speed of the design
by a large amount. On the other hand, a large sleep transistor results in very
high leakage current in the standby mode since the leakage current of the
sleep transistor is proportional to the size of the sleep transistor.

8.1.2 Transistor stacking

Transistor stacking exploits the fact that the subthreshold current that flows
through a stack of series transistors is reduced when more than one transistor
in the stack is turned off. This is known as stacking effect. Stacking effect
reduces the subthreshold leakage due to following reasons:

� Negative gate-source voltage Vgs experienced by the transistor closer to
the output in the stack reduces the subthreshold leakage drastically.

� The source voltage of the transistor closer to the output in the stack be-
ing higher than its body voltage, the threshold voltage of this transistor
increases due to body effect and hence further reduces the subthreshold
current.

� The drain-source voltage of the transistor closer to the output is reduced
and hence the effect of drain-induced barrier lowering (DIBL) on this
transistor. Due to this, the threshold voltage of this transistor increases
and hence suppresses the subthreshold current.

The leakage of a two transistor stacks is an order of magnitude lower than that
of a single transistor. This phenomenon can be exploited in several ways. One
is to combine it with the proper assignment of circuit inputs so as to maxi-
mize the number of gates with NMOS or PMOS stacks with more than one
“off” transistor [2,3] (gates with more than two inputs have in fact “natural”
NMOS/PMOS stacks).

Another way to exploit transistor stacking is to decouple it from the input
assignment problem and use specially modified library cells with “extended”
transistor stacks. As in the case of sleep transistors, extra transistors in the
NMOS stacks are usually added. Such modified gates incur a delay penalty
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(similar to replacing a low-Vth device with a high-Vth one), and must thus
be properly designed to minimize the overhead, or, more typically, use these
gates on noncritical paths [4,5].

8.1.3 Use of multiple Vth

Multiple threshold CMOS technologies (MTCMOS) that provide both high-
and low-threshold transistors in a single chip are another common way to
reduce leakage. There are several ways to achieve multiple threshold voltages
in a design (i.e., through different doping densities, oxide thicknesses, channel
lengths, or body bias voltages), which affect the type of circuit techniques
that can be used. The latter can be roughly classified into two classes, de-
pending on whether threshold voltage can be varied dynamically [Variable
threshold CMOS (VTCMOS)], and Dynamic threshold CMOS (DTCMOS),
or statically, by resorting to a fixed number (typically two) of threshold volt-
ages (dual-Vth CMOS). For both classes, the optimization must be coupled
with timing analysis in order to identify noncritical gates to which high-Vth

transistors are assigned.
The general principle in dual-Vth technique is that high-Vth is assigned to

some transistors in noncritical paths to limit the subthreshold current, while
low-Vth is assigned to transistors in critical paths to achieve high performance.
The technique is particularly attractive as its implementation is feasible with
existing dual-Vth MOSFET process, making it ideally suited to achieve high
performance and low power simultaneously. Dual-Vth technique helps in re-
ducing active and standby leakage power.

Note that dual-threshold voltage technique is a static technique where only
two threshold voltages available in the technology are used; however, one
can also use adaptive body bias technique (ABB)/body biasing where the
threshold voltages of the gates are varied dynamically by biasing the body
of the transistors. By applying reverse body bias during the standby mode,
the threshold voltage of the transistors are increased, thereby reducing the
leakage power of the design, while in active mode one can still preserve the
performance by removing the body bias voltage. Figure 8.2 shows a simple
inverter gate to which body bias is applied. By applying a voltage higher
than Vdd to the body of the PMOS transistor and a voltage lower than the
GND (negative voltage) to the body of the NMOS transistor, one can raise
the threshold voltages of the PMOS and the NMOS transistor, thereby reduc-
ing the leakage power. Unlike multi-Vth technique, body biasing is used on a
coarser granularity (block level and above) due to limitations in implementa-
tion on a finer granularity.

8.1.4 Use of multiple Vdd

Scaling of supply voltage, normally used to reduce switching power, can indi-
rectly be used as a way to reduce static power. In fact, the subthreshold leak-
age due to DIBL decreases as the supply voltage is scaled down; experiments
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Figure 8.2 Body Biasing technique applied to minimize leakage.

have shown that subthreshold leakage scales as V 3
dd [6], which makes it very

attractive as a technique for both static and dynamic power reduction. Since
a reduction in supply voltage degrades performance, similarly to multi-Vth

designs, low Vdd must be used on noncritical gates to preserve performance.
With respect to the multi-Vth case, the use of multiple Vdds has an additional
constraint due to the fact that when two different voltage domains have to be
interfaced, one needs voltage level shifters for the signals crossing the domains.
This usually results in area, timing, and power overhead. For this reason, the
voltage domains need to be large to amortize the overhead due to insertion of
voltage level shifters.

Table 8.1 shows the comparison of different leakage reduction techniques
in terms of leakage reduction, area, and timing overhead in implementing the
technique. The data is obtained using a simple 4-bit adder as a test vehicle.
As we see, power shutoff incurs the most area and timing overhead and also
achieves very high leakage reduction. This makes the technique attractive for
standby leakage reduction while making it a very challenging technique for
implementation.

Table 8.1 Comparison of different leakage reduction
techniques

Leakage Area Timing
Technique reduction overhead (%) overhead (%)

power shut-off 67.58X 5–15 5–10
Stacking 1.18X 0 0
Dual Vdd 1.2X <10 0
Dual Vth 1.91X 2 0
Body Biasing 2.19X <10 0



Leakage Control in SoCs 263

8.2 Leakage Power Reduction Techniques Applied
to SRAM Memories

In the previous section, we discussed several leakage reduction techniques
that can be applied to reduce subthreshold leakage in general CMOS circuits.
Circuit level leakage reduction techniques can be further categorized as static
and dynamic techniques.

8.2.1 Static techniques

Static techniques are design time techniques where the designer makes de-
cisions on various parameters that cannot be changed during run-time. The
decision on choosing particular value of a parameter at design time involves
optimization of one or more cost functions such as timing, power, and area.
Multi-Vth and stacking are two techniques that can be categorized as static
techniques. As an example, in multi-Vth optimization, a designer can choose
gates with different threshold voltage flavors available in the technology library
to map a given circuit. As explained in the previous section, this technique
involves timing and leakage power optimization to achieve the best results. In
stacking effect, the parameter to choose is the number of transistor stacks of
a gate and it involves optimization of timing, area, and power cost functions.
In this chapter, we take a deeper look at multi-Vth optimization for leakage
power control in SRAMs.

8.2.1.1 Multi-Vth optimization applied to SRAMs

One of the consequences of increasing importance of subthreshold leakage is
that the number of available Vth’s in advance process technology nodes is
increasing. This is to provide the designer with various options in designing
the circuit for performance or for low leakage.

The SRAMs are broken into four components for the purpose of assigning
distinct Vth’s as described in [7]. The four components are address bus drivers,
data bus drivers, decoders, and SRAM arrays with sense amplifiers. From our
earlier section on leakage power estimation in previous chapter, we have seen
that the leakage power of all these four components can be differentiated into
design-dependent and technology-dependent parameters. By assigning differ-
ent Vth values to different components, we change the technology-dependent
parameter of the leakage power of these components.

Pleakage ∝ e−Vth = K
.
Ileak,Vth

(8.1)

where Ileak,Vth
is the leakage power per unit width of a transistor of threshold

voltage Vth. So the objective function of the multi-Vth optimization is the total
leakage power as given by

Icore,V th + Idecoder,V th + Idriver,address,V th + Idriver,data,V th (8.2)
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The choice of the corresponding Vth also affects the timing of each of the
four components. One can model the timing of each component as

� =
CL · Vdd

(Vdd − Vth)�
(8.3)

where Vdd is the supply voltage, CL is the load capacitance, Vth is the threshold
voltage of the gate in the logic block, and � is the velocity saturation index,
which can be set at 1 for sub-90 nm technology.

So the problem formulation for multi-Vth optimization can thus be written
as

Minimize
Icore,V th + Idecoder,V th + Idriver,address,V th + Idriver,data,V th (8.4)

Subject to
�decoder,V th + �driver−address,V th + �driver−data,V th + �core,V th ≤ �constr

(8.5)

Vth ∈ Vth1, Vth2, Vth3, . . . , VthN (8.6)

The objective function in Equation 8.4 is to minimize the total leakage of
the SRAM while adhering to the timing constraints as defined in the con-
straints in Equation 8.5. Finally, the threshold voltage assignment to the four
components can be any of the N available threshold voltages in the tech-
nology. So intuitively, the more relaxed the timing constraint is, the chances
of a component getting assigned to a right threshold voltage is higher, thus
achieving lower leakage power.

8.2.2 Dynamic techniques

Dynamic techniques are run-time techniques where the state of a circuit/block
can be changed upon assertion of a control signal. As an example, one can put
a memory block in low leakage retention mode through a sleep control signal
when it is not being accessed, thus reducing the leakage power of the memory.
Designing run-time techniques involves not only optimization of cost func-
tions like timing, area, and power, but also careful consideration on run-time
parameters such as wake-up time and energy spent for mode transition. These
parameters put constraints on the size and time granularity at which a dy-
namic technique can be applied to a design. Examples of dynamic techniques
are dynamic voltage scaling, ABB, and power shutoff.

In this chapter, we apply two different dynamic techniques to two different
components in an SRAM. We apply power shutoff to peripheral circuitry while
dynamic voltage scaling is applied to the memory core. The choice is made
since power shutoff when applied to the memory core will result in SRAM
state being lost.
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8.2.2.1 Application of power shut-off in peripheral circuitry

In this section, we analyze the application of power shutoff technique to reduce
subthreshold leakage in peripheral circuitry. Two peripheral blocks, which con-
tribute a dominant part of the leakage power in SRAM memories, are decoder
logic and drivers. Since they are purely combinational logic, in this section
we detail methodology to implement efficient power gating for combinatorial
logic blocks. Decoder logic and drivers in an SRAM memory fall on the crit-
ical path, and hence when power gating is applied, the timing of the SRAM
memory will be impacted. The timing impact depends on the sleep transis-
tor size used. A larger transistor will have lower impact on timing and also
results in higher leakage in standby mode. On the contrary, a smaller transis-
tor results in higher impact on timing but lower standby leakage current. So,
sleep transistor sizing is a trade-off between active mode timing penalty and
standby mode leakage power consumption. In the next section, we present a
methodology to size the sleep transistors to keep the timing overhead under
a specified value.

8.2.2.2 Sleep transistor sizing with timing constraints

Inserting sleep transistor causes speed degradation, and for timing critical
blocks it is very important that we size the sleep transistor such that the
timing budget is met. The increase in critical path delay due to the inserted
sleep transistor can be computed in the following way. The delay of a gate
without power gating can be written as

� ∝ CL · Vdd

(Vdd − VtL)�
(8.7)

where Vdd is the supply voltage, CL is the load capacitance, VtL is the low-
threshold voltage of the gate in the logic block, and � is the velocity saturation
index, which can be set at 1 for sub-90 nm technology. In the active mode, the
sleep transistor behaves as a resistor and hence the low-threshold transistors in
the logic block will have their source voltage at VVGND and hence experience a
delay degradation. So the delay of the logic gate with sleep transistor inserted
can be written as:

�slp ∝ CL · Vdd

(Vdd − VtL − VVGND)�
(8.8)

Since all the gates in the design undergo a degradation in delay due to
inserted sleep transistor, the new critical path can be calculated by adding the
degraded delay values of the gates. Let us denote the percentage degradation
in the overall delay of the design as � = Dnew−Dold

Dold
· 100, where Dnew (Dold)

is the critical path delay with (without) sleep transistor. � is usually a given
design constraint. We see that for varying values of VVGND , we can have
different values of � and vice versa. Hence, from the � specification we can
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find the required value of VVGND . From Equations 8.7 and 8.8, we can derive
� as

� =
VVGND

Vdd − VtL
(8.9)

Notice that the maximum value of VVGND one can afford is set by taking
into account signal integrity issues. We assume that we are always within the
maximum bound set for VVGND .

In order to size the sleep transistor, we need to determine the peak discharge
current of the logic block under consideration. Let us denote Ipeak as the peak
discharge current of the decoder block. We can compute the on-resistance of
the sleep transistor required as

Ron = VVGND/Ipeak = VVGND/Isleep , since Ipeak = Isleep .

Since the sleep transistor will operate in the resistive (and thus linear) region,
we can write the current through the sleep transistor approximately as

Isleep ≈ �n · Cox · Wsleep

L
· ((Vdd − VtH ) · VVGND) (8.10)

Here �n, Cox, and L are the transistor parameters. VtH is the high-threshold
voltage of the sleep transistor and Vdd is the supply voltage. From this we can
write the sleep transistor on-resistance Ron as follows:

Ron =
VVGND

Isleep
=

L

�n · Cox ·Wsleep · (Vdd − VtH )
(8.11)

From this we can compute the required sleep transistor width as

Wsleep =
L

�n · Cox ·Ron · (Vdd − VtH )
(8.12)

By replacing the Ron in Equation 8.12 by VVGND/Ipeak and deriving VVGND

from Equation 8.9, we can establish the link between the size of the sleep
transistor and � as

� =
L · Isleep

�n · Cox ·Wsleep · (Vdd − VtH ) · (Vdd − VtL)
(8.13)

By computing the peak discharge current of the decoder logic block, Isleep ,
and knowing �, one can use the Equation 8.13 to compute the sleep transistor
width required to apply power gating. Similarly, one can apply the above
methodology to design power shutoff for drivers.

8.2.2.3 Dynamic voltage scaling applied to the memory core

The leakage of the cell deserves special attention for two reasons: there are
more instances of the cell than of any other circuit, and the cells must retain
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Figure 8.3 Leakage currents in a 90-nm HVT 6T SRAM cell at 27 degrees
Celsius. All transistors have W = 200 nm, L = Lmin. Supply voltage is 1 V.

their state during typical standby periods. This makes it impossible to apply
typical power shutoff techniques. Because the cell state is not predefined, state-
enforcing leakage reduction techniques such as zigzag super cutoff CMOS [8]
cannot be applied either.

Figure 8.3 shows the leakage currents in a 6T cell in the example 90 nm
technology at a supply voltage of 1V. Figure 8.4 shows how the leakage current
reduces as the supply voltage Vdd reduces. As this reduces the stress over the
gate oxide, a lower supply voltage greatly reduces the gate leakage. When
Vdd is reduced from 1 V to 0.5 V, the gate leakage reduces with a factor 10.
For the same voltage reduction, the subthreshold current only reduces with
36%. This reduction is caused by the combination of reduced DIBL thanks to
reduced Vds stress and of the reverse body bias on the PMOS transistors that
is obtained by reducing Vdd while keeping VddBulk at 1 V.

If a DC-DC converter is used to generate the lower supply voltage, the
leakage power reduces more than the leakage current, as Pleak = Ileak·Vdd .
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Figure 8.4 Cell leakage current of a 90-nm HVT 6T SRAM cell at 27 degrees
Celsius. All transistors have W = 200 nm, L = Lmin. V ddBulk is maintained
at 1 V.



268 Energy-Aware Memory Management for EMSs

Most real-world implementations have used a series regulator though, which
results in a leakage power Pleak = Ileak·Vddnominal.

A lower supply voltage during standby reduces the leakage power more.
However, if the supply voltage is reduced too much, the content of specific
bit cells will be destroyed. The data retention voltage (DRV ) of a cell is the
highest voltage at which that specific cell instance loses its contents. This
corresponds with the voltage at which the static noise margin [9] (SNMhold)
of the cell becomes 0.

The DRV of a matrix is the highest voltage at which a cell in the matrix
loses its contents. [10] describes a statistical method to calculate the distri-
bution of the DRV of a single cell, taking only within-die production-time
variations into account. From this, it is easy to obtain the distribution of the
DRV of a matrix. In [10], the expected value of the DRV for a 1 Gbit matrix
in a 90 nm technology was about 210 mV, which is close to our own estima-
tion results. For the choice of the standby voltage for the memory, additional
margins should be taken into account to guard against other potential issues.
Inter-die variations can cause a shift in strength between NMOS and PMOS
transistors, further reducing the nominal SNMhold and increasing the DRV .
Transistor aging effects such as negative bias temperature instability (NBTI)
and hot carrier injection (HCI) can further degrade SNMhold over time. Ion-
izing radiation can cause one or more cells to flip state. This is called a single
event upset. [11] and [12] provide a good introduction to this topic.

8.2.2.4 Regulating cell supply voltage

The cell supply voltage can be reduced by decreasing the voltage on the power
supply rail Vdd or by increasing the voltage on the ground rail VSS, as shown
in Figures 8.5 and 8.6. Insertion of a switch in the pull-down path of the
cell to increase standby VSS can degrade the NMOS pull-down current and
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Figure 8.5 Decreasing the cell voltage by decreasing Vdd.
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Figure 8.6 Decreasing the cell voltage by increasing VSS.

can reduce the cell read stability. During cell read, hardly any current flows
through the PMOS transistors. Hence, a switch in the pull-up path to re-
duce standby Vdd typically has less impact on active cell performance than
increasing VSS, especially for solutions with a small granularity.

Reducing Vdd and increasing VSS don’t have the exact same impact on
the leakage currents. A lower Vdd reduces the PMOS subthreshold leakage
thanks to reverse body bias, while a higher VSS reduces the NMOS pull-down
leakage thanks to reverse body bias, and the leakage of the NMOS pass-gate
transistors thanks to reverse body bias and—more importantly—thanks to a
negative Vgs. Reducing Vdd and increasing VSS both reduce the gate leakage
of the cross-coupled transistors, but only decreasing Vdd reduces the gate
leakage of the pass-gate transistor due to the lower Vsg.

For this technology and cell design, the most efficient choice of standby
supply voltages to satisfy a given Vdiff = Vdd − VSS is to increase VSS to
approximately 50 mV and lower Vdd to Vdiff + 50 mV. However, the difference
with keeping VSS = 0 mV and Vdd = Vdiff is only 2.6%, so it is probably
not worth it to insert a switch in the pull-down path of the cell.

Different implementations have been presented to regulate the cell volt-
age during standby. Methods with a small granularity of control have been
proposed in which only the activated part is woken up, sometimes as a step
inside the regular access. In [13], each word has its own local series regulator
to reduce the cell supply during nonactivity. Before the word line is activated,
the series regulator is bypassed and the cell supply is pulled to the full sup-
ply voltage. Similarly, the gated-ground cache described in [14] activates a
switch in the cell VSS path based on a row decoder output. In [15], a wake-
up transistor serves a subblock of 128 Kbit in a 1 Mbit matrix. Many other
implementations rely on a single external standby flag, which puts the entire
matrix in a sleep mode.
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The supply control circuit must reduce the supply voltage as far as possible,
but without endangering data stability. Several different approaches have been
used to ensure this. Many schemes have relied on simulator- or equation-based
sizing of a series regulator transistor, for instance [14]. Sometimes, a predefined
external voltage level is applied, for instance 0.5 V in [16] or 0.6 V in [17]. In
[15], a programmable sleep transistor strength is provided. This allows it to set
the optimal sleep transistor strength during the test after fabrication. A mar-
gin for temperature and voltage fluctuations is still needed in this approach.
It is, however, the only approach that allows in principle to select the optimal
setting for each chip individually, taking the effective inter-die and within-die
variations into account. An improved approach was presented in [18]. Here,
programming selects a reference voltage from a resistor ladder, and this volt-
age is copied onto the SRAM supply rail using active feedback control with
an integrated op amp. This reduces the sensitivity to temperature variations.

An interesting alternative is to use a closed-loop control system. Here, the
available cell margin is continuously monitored. When the available margin
becomes too low, the supply voltage is increased. These methods track PVT
variations, but must take a safety margin into account for within-die varia-
tions. Two interesting monitors have been presented. In [13], SNM hold of the
average of a relatively large number of cells is measured with an analog mea-
surement circuit. This is an approximation of the nominal SNM hold on the die
with the current supply voltage. When this nominal SNM hold reduces below
a predefined margin, the supply voltage is increased. In [19], canary cells are
included that consistently toggle their state at a higher supply voltage than
the regular cells. The supply voltage is no longer decreased when a predefined
number of canary cells have failed. By not reacting to the first failure, the
sensitivity to within-die variations in the canary cells is reduced.

8.2.2.5 Other bias voltages

There are three other bias voltages that can be altered to reduce the cell
leakage without reducing the available cell stability margins: the bulk voltage,
the word line voltage, and the bit line voltage.

Changing the bulk voltage of the transistors allows to apply reverse or for-
ward body bias on the transistors, which significantly affects the subthreshold
leakage. As PMOS transistors are created in NWELLs, the bulk voltage of the
two PMOS pullup transistors can always be controlled independently of the
PMOS bulk voltage in the rest of the chip. In triple well technologies, the bulk
voltage of the cell NMOS transistors can also be set independently of the
NMOS bulk voltage in the rest of the chip. If triple well is not available or if
its use is not desirable, the NMOS transistors are created in the P-substrate,
and they should use the same bulk voltage as the rest of the chip. In this case,
reverse body bias can still be realized by increasing the cell ground voltage.

Figure 8.7 shows how subthreshold leakage reduces with increasing PMOS
reverse body bias, while the leakage flowing into the bulk increases. Notice
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Figure 8.7 Cell leakage as function of PMOS bulk voltage vddBulk for a
90 nm HVT cell. vssCell = 0 V, vddCell = 0.5 V, vssBulk = 0 V, all transistors
W = 200 nm, L = Lmin. Gate leakage is omitted from the graph.

that vddCell is 0.5 V in this graph; hence 1 V vddBulk corresponds to 0.5 V
reverse body bias (RBB). Gate leakage was omitted from the figure as it does
not depend significantly on the bulk voltage. The total leakage has a relaxed
minimum at vddBulk = 1.35 V. Figure 8.8 shows similar leakage behavior for
NMOS reverse body bias. For this cell at vssCell = 0 V and vddCell = 0.5 V,
the optimal bulk voltage settings are vssBulk = −0.5 V and vddBulk = 1.35
V. This reverse body bias setting reduces the sum of subthreshold and bulk
leakage from 35 pA to 12.7 pA.

The effect of RBB reduces with technology scaling. The range can be ex-
tended by also applying forward body bias (FBB) during the active operation.
This reduces the threshold voltage during activity, which can increase the read
speed and read stability. In [20], forward body bias is applied to the NMOS
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Figure 8.8 Cell leakage as function of NMOS bulk voltage vssBulk for a
90 nm HVT cell. vssCell = 0 V, vddCell = 0.5 V, vddBulk = 1 V, all transistors
W = 200 nm, L = Lmin. Gate leakage is omitted from the graph.
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transistors of the cells of the accessed sub-matrix. This increases the read
speed and improves the write-ability, which allows the cell to be designed with
a higher nominal threshold voltage to obtain the same speed and reliability. In
[18], FBB is applied on the PMOS transistors of the activated memory part.
This increases their strength and improves read stability without increasing
standby leakage.

The sub-threshold leakage of the NMOS pass-gate transistors can be re-
duced by using a negative word line voltage during standby. An interesting
implementation is discussed in [16]. This approach is very useful in technolo-
gies with little gate and bulk leakage.

Another approach that reduces all the leakage components of the pass-gate
transistors is to either reduce the standby precharge voltage of the bit lines,
or to make them floating rather than precharged during standby. In [21], the
introduction of floating bit lines reduces the leakage power with 18%.

8.3 Leakage Power Reduction Using Low Power
EDA Flows

With the explosion of portable devices in the electronics industry coupled
with need for more performance in handheld gadgets like smart phones and
tablet computers, power consumption has taken a center stage in the past
decade as the most important design specification for SoC design in advance
technology nodes. An increase in integration of more functionality on a chip
and an increase in leakage currents in advance technology nodes has made
low-power design an implicit requirement in designing present day SoCs.

Even though there has been considerable effort in the design and research
community in developing low-power design techniques in the past decade,
seamless integration of these advance low power-techniques in the EDA tool
flow and support has been quite slow. Recently, there has been quite some ini-
tiative for an industry-wide effort to step up the task of providing a complete
and standardized EDA flow and infrastructure that can help designers in the
design and verification of advance low-power design techniques from RTL to
GDS. The result of this is the emergence of two main low-power formats that
can provide the infrastructure for designers to design, analyze, implement, and
verify digital circuits with advance low-power design techniques. These two
low-power formats are CPF (common power format) and UPF (unified power
format). These two low-power infrastructures provide an integrated platform
for not only design and analysis of low-power techniques, but also for guiding
the tools for correct implementation and verification.

In this chapter, we take a look into CPF-based low-power design flow and
see how one can utilize this low-power EDA flow to design advance low-power
digital circuits. The requirements for CPF-based flow was created keeping in
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mind a wide range of view points and applications [22]. Some of the primary
requirements for this as described in [22] are Easy to adopt to overcome
cost, reduce time to market, and risk deployment issues; Incremental to ex-
isting infrastructure to lower the risk; Nonintrusive to existing practices,
methodologies, and flows; Serves IP/reuse methodologies with a minimal
incremental effort Consolidated view of the power strategy for a design;
Comprehensive in capabilities to support the most advanced existing low-
power design techniques; and importantly, Extensible to new low-power de-
sign techniques and to broader design flow scope.

The CPF infrastructure has many advantages and benefits for people using
standard design flow. They are

� Enables RTL functional verification of designs with power intent defini-
tion.

� Guarantees higher design quality with less functional failures.
� Reduces risk in implementation of advance low-power design techniques.
� Reduces time to market of low-power designs and improves productivity.
� Helps in designing successful low-power chips to drive innovative

products.

8.3.1 CPF-based example design flow

Now that we know how CPF-based low-power design is beneficial for design-
ing low-power circuits, in this section we show how to use CPF-based flow by
using an example design. CPF allows the designer to define the power intent
of the complete system. It facilitates the flow of this power intent information
through all the levels of design abstraction. This feature makes sure that at
every step of the design and verification stage, the relevant power informa-
tion is available to smoothly guide the designer and the tools for successful
implementation of advance low-power techniques.

The power intent of a system can be defined using CPF by a Tcl (Tool
Command Language)-based command file. This file is then used in all stages of
implementation (RTL-GDS) to describe the power information of the system.
For further information on the CPF , we suggest the readers to this document
[22].

Now let’s consider an example system as shown in Figure 8.9. Note that this
example is far from being complete and acts like a vehicle for understanding
of the low-power design flow. This digital system consists of four modules,
which are partitioned as four different power domains, namely PD A, PD B,
PD C, and PD D, respectively. While PD A operates at a lower supply
voltage and can be power gated, PD B and PD C operate at nominal supply
voltage and also can be shut off using power shut off switches. Finally PD D
is an always-on domain. The always-on domain is also the default domain of
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Figure 8.9 Power domains definition in a system.

the system. The Tcl file, which is written to define the power specifications
of the system, is as shown in Figure 8.10. In this CPF file, we first define
the design libraries that are used to design this system. This includes the
standard cell libraries, libraries for memories etc., which are characterized for
different PVT corners. This is shown in the Technology specifications part of
the CPF file. We then define special cells used for designing advance low-power
techniques. This includes always-on cells, power switch cells, level shifter cells
etc. This is done in the Library cell specification part of the CPF file. We then
move on to the part where the power intent of the design is defined. This
part contains two sections, namely Design specification and Implementation
specification. The Design specification part of the CPF file is where the power
domains and power modes are defined, and the Implementation specification
part is the part that guides the tools to implement specific low-power design
functionality. For example, the isolation rule creation will define where the
isolation cells should be put and what cells to use while the update isolation
command will guide the synthesis tools to insert isolation cells in the net-list
created after synthesis.

In the Design specification section, operating conditions are defined and
power domains are created. Note that one has to always define the default
power domain where all instances that don’t belong to any other domain
are placed. Each power domain also has base domains to which they belong.
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#########################################################
# TECHNOLOGY SPECIFICATION #
#########################################################
define library set -name set, tc -libraries lib1 tc lib2 lc
define library set -name set2 we -libraries lib1 wc lib2 wc

########################################################
# LIBRARY CELL SPECIFICATION #
########################################################
# Define always on cells
define always on cell -cells*
# Define isolation cells
define isolation cell -cells*
# Define power switch cells
define-power switch cell-cells’
# Define state retention cells
define state retention cell-cells
# Define lever shifter cells
define level shifter cell -cells *

#######################################################
# DESIGN SPECIFICATION #
#######################################################
# Define operating condition and associated libraries
create nominal condition -name nc1 -voltage #
update nominal condition -name nc1 -library set #

# Define power domains
create power domain -name PO default -default
create power domain -name PO A -instances {} -shutoff condition {en A} -base domains PO default
create power domain -name PO B -instances {} -shutoff condition {en B} -base domains PO default
create power domain -name PO C -instances {} -shutoff condition {en C} -base domains PO default

# Define power modes and associated nominal conditions
create power mode -name pml -domain conditions PO A@ncl, PO B@nc1,PD C@nc1-default

# Define isolation rules
create isolation rule -name isol -to # -isolation condition #

# Define level shifter rules
create level shifter rule -name Is1 -from # -to #

# Define power switch rules
create power switch rule -name ps1 -domain # -external power net #

#############################################################
# IMPLEMENTATION SPECIFICATION #
#############################################################
# Power supply net definition
create power nets -nets # -voltage #
create ground nets -nets # -voltage #

# Power domain implementation
update power domain -name # -primary power net # -primary ground net #

# Assign timing constraints to each power mode
update power mode -name pm1 -sdc files

# Implement isolation cell insertion
update isolation rules -name iso l -location to -cells #

# Implement level shifter rules
update level shifter rules -name Is1 -from # -to # -cells #

# Implement power switch Insertion
update power switch rule -name -cells #

#End of the cpf creation
end design

Figure 8.10 CPF file definition for the example system.
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This allows the designer to hierarchically define power domains. Note that
in our example CPF file, we use # and * symbols in a generic sense, and
in real implementation one has to correctly specify the right parameters for
proper implementation. We also show commands for only one instance while
there can be many instances of the same commands to define multiple views.
For example, we show only one nominal condition creation while in practice
one can have many nominal condition definitions. Similarly for isolation rule,
level shifter rule creation, one can have many rules corresponding to many
different domains. This is done to reduce the size of the example CPF file and
provide clarity. After defining the power domains, we define different power
modes in which the system will function: isolation rules that define where to
put the isolation cells and control signals for them, level shifter rules that
define where to insert the level shifter, and power switch rules that define
where to insert power switches. In the example of CPF file, the outputs from
power domain PD A, PD B, and PD C need to be isolated since when one
of the domains are shut off, the outputs will be floating and hence need to be
pulled up or pulled down. Since PD A will also work at lower supply voltage,
the output needs to be shifted back to nominal supply voltage and hence the
outputs also need level shifters. The control signals A en, B en, and C en to
control the shutoff of different domains are generated by the always-on domain
PD D.

In the Implementation specification section, the defined power intent in the
Design specification is then transferred to the implementation tool to imple-
ment the corresponding low-power technique. As we see in the CPF file, first
the power supply nets are defined. Then the power domains associated with
a pair of nets defining the primary power and ground nets are defined. The
primary nets are the nets to which the cells and components inside the power
domain are connected. We then assign a timing constraints file for each power
mode defined before. Then the update commands help the tools to implement
the isolation cells, level shifters, and power switches in corresponding domains
with respective control signals.

Note that this is a very simple CPF file that introduces the basics of low-
power EDA flow. The advance CPF commands to do power analysis and to
implement more advanced low-power design techniques are clearly defined and
explained in the document provided at [22].

8.4 Compiler-Driven Leakage Power Reduction

Various compiler-driven techniques can also be applied to reduce the leakage
in processor architectures. However, each part of the processor requires a
different control method for reducing leakage. Consider the base processor
architecture shown in Figure 8.11. It shows a traditional multi-issue VLIW
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Figure 8.11 Basic processor architecture.

processor with its instruction memory, data memory, clustered register file,
and different issue slots. The following subsections show some of the techniques
to reduce the energy in such a platform within one core.

8.4.1 Register file

In processors, mostly the register files are clustered or centralized or
banked [23]. This is one of the most efficient ways to reduce power consump-
tion in the register file. Such a banking and clustering of register files allows
power gating each of the different parts of the register file individually. This
is largely application dependent (kernel dependant), as well as the register
file occupancy changes from kernel to kernel. [24] shows an approach where
the compiler places a role in how the various variables are allocated to ensure
that fewer banks are used such that the remaining banks can be power gated.

8.4.2 Functional units/issue logic

Other key parts that also contribute to the leakage in processors are its
pipeline and its functional units. Various phases of the same application and
more so across different applications, the requirement in terms of computation
also changes to a large extent. The evidence of varying workloads across dif-
ferent phases of an application can be found in [25,26]. During these different
scenarios or phases of the application, the available ILP or IPC varies; there-
fore power-gating different issue slots based on this requirement is possible.
This would address the 25% of leakage in the functional units of the processor.

8.4.3 Application-driven power reduction in memories

Furthermore, most embedded applications use different memories in different
ways. For example in the higher levels of instruction memory in embedded
systems, typical use in bursts is between long idle intervals. This allows the
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higher levels of instruction memory that can be put to sleep with state reten-
tion. As discussed before in Section 8.1, one can shut off the pripherals in the
memory while the memory core can be brought down to DRV voltage to mini-
mize the leakage power, while retaining the state during idle times. Also, based
on the memory footprint of the application requirement, the L1 data memory
in embedded systems can also be put to sleep with state retention or state loss.
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Abstract
The increased bandwidth offered by multiport memories makes them attrac-
tive architectural candidates in performance sensitive system designs. When
used as storage resources during synthesis, multiport memories can lead to
significantly shorter schedules. However, they also have an associated area
and energy penalty. We describe a techniques for mapping data accesses
to multiport memories during behavioral synthesis that results in signifi-
cantly better energy characteristics than an unoptimized multiport mapping.
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The technique is based on an initial coloring of the array access nodes in
the data flow graph based on spatial locality, followed by attempts to con-
secutively access memory locations with the same color on the same port.
Experiments on several applications indicate a significant reduction in ad-
dress bus switching activity, leading to an overall energy reduction over an
unoptimized design, while still maintaining a performance advantage over a
single-port solution.

9.1 Introduction

Energy-aware optimization techniques at the system level form an essential
feature of modern low-power embedded systems. A substantial amount of
research work exists in this domain, ranging from completely new techniques
such as predictive algorithms for shutting down the system to modifications
of compiler optimizations to handle power and energy as metrics in addition
to the traditional performance criterion. Very often, there exists an important
trade-off between a performance-optimized and a power-optimized design; the
two respective optimal design points are usually different. A good example
of this behavior is observed in systems where the clock is slowed down to
decrease power dissipation. However, power and energy awareness can also
be explicitly built into the system-level synthesis algorithms used to generate
design implementations. We study the impact of multiport memories and
their associated port allocation strategy on the performance and energy of
synthesized designs. Although multiport memories generally lead to better
performance, they typically incur a significant area and energy overhead (up to
100% and 75% for area and power respectively for the technology we studied).
With an energy-conscious memory port allocation algorithm, it is possible to
minimize the energy overhead while still retaining the performance advantage
over a single-port memory solution.

Design considerations such as power and energy can be tightly integrated
into the inner loop of typical high-level synthesis tasks such as scheduling.
A design optimization problem involving the performance and energy coordi-
nates can be phrased in one of two forms:

1. Optimize for performance—and while retaining this level of perfor-
mance, minimize the energy.

2. Optimize for energy—and while retaining this level of energy, maxi-
mize the performance.

We discuss algorithms for solving both forms of the above optimization
problem.
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9.2 Background

The memory subsystem has long been recognized as a serious bottleneck in
terms of performance, area, and power dissipation in embedded systems. In
typical systems, the memory could account for more than 60% of the total area
(Chapter 1, Section 1.4) and 30% to 40% of the total power dissipation [1,2].
Memories tend to be significant sources of power dissipation because they are
associated with long, high capacitance wires, both inside the memory module
(in the form of long word-lines and bit-lines) as well as outside the module
(in the form of address and data buses). Consequently, many optimization
efforts at reducing memory power have targeted the transition count on the
memory address and data buses—specifically, address buses since the pattern
of addresses accessed is usually known in advance [3–6].

Sequential addressing of instruction memory in typical programs was ex-
ploited by Gray-coding the instruction address in [7]. [3] studied transition
count reduction on address buses of a single memory and multiple memory
modules connected to a synthesized datapath by rearranging application data.
In [5], the observation that programs tend to spend a large fraction of their
time in small regions of the memory was used to divide the memory into work-
ing zones and encode the address bus so that consecutive accesses within the
same zone lead to low transition overhead. The same observation was used
to partition the memory architecture itself in [8]. In the T0 encoding scheme
[9], a redundant address bit is used to indicate that the current address is
consecutive to the previous one. The encoding scheme proposed in [4] assigns
codes with a small Hamming distance for data words that are statistically
likely to be consecutive.

Several researchers have studied the problem of scheduling instructions
in order to reduce power on the instruction memory interface. These ap-
proaches include instruction selection, register allocation, and instruction or-
dering [7,10–12]. Scheduling of operations for low-power synthesis was studied
in [13].

Minimizing memory power is also closely related to performance optimiza-
tions performed by compilers. Standard optimizations such as induction vari-
able elimination, loop fusion, loop interchange, etc. that result in less memory
access also reduce memory power as a direct consequence. In addition, code
transformation techniques for reducing memory requirements for an applica-
tion result in power reduction due to reduced size of the memory modules.
Loop optimizations that improve cache performance also reduce power since
cache misses impact not only on performance, but also power. Since the ac-
tual cache configuration can be customized in embedded systems, a number
of research efforts have addressed the problem of determining an application-
specific memory hierarchy that optimizes performance and power [14–17].
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Multiport memories have been incorporated into traditional behavioral syn-
thesis algorithms by treating the ports as independent schedulable resources
[18–20]. These algorithms focus on performance alone and do not study the
energy implications. In memory exploration studies such as [3,21], the archi-
tectures studied can have multiple memories, but only a single port because
multiport memories are area-expensive. In [22], power optimization on multi-
port memories is applied to a limited set of applications where the data can
be divided into tiles. We outline memory port assignment algorithms that can
be tightly integrated into the scheduling phase of behavioral synthesis.

9.3 Illustrative Examples

We discuss several examples in this section that illustrate the relationship be-
tween performance and energy dissipation in single- and multiport memories.
The illustrations use dual-port memories because they are the most commonly
used multiport memories, although the algorithms can handle any number of
ports. It is also assumed that there is only one memory module used for stor-
ing all data in the block being synthesized. In reality, more memory modules
could be used, in which case the central analysis used in the techniques would
have to be repeated for each individual module and the corresponding arrays
stored in it.

Consider the following simple section of code to be synthesized into hard-
ware:

int a[100];
...
for i = 0 to 99

a[i] = a[i] + n

where a is to be stored in memory; n is a variable; memory reads and writes re-
quire one clock cycle; addition and comparison require one cycle. An example
schedule of the loop body is shown in Figure 9.1a. The schedule (Schedule A)
requires three cycles, and consists of a memory read in cycle 1, addition in
cycle 2, and a memory write in cycle 3. A single-port memory is sufficient for
this implementation. A loop pipelining transformation shown in Figure 9.1b
can optimize the schedule to execute in only two cycles (Schedule B)—here,
the addition on the current item proceeds in parallel with reading the next
element, leading to a 33% shorter schedule. However, a further improvement
is possible if we use a dual-port memory, as shown in Figure 9.1c. Since there
are two ports, the computation on the current data can proceed in parallel
with writing the previous element and reading the next element, effectively
requiring only one cycle, leading to a 66% performance improvement in the
steady state (Schedule C).
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Figure 9.1 (a) Example Schedule A. (b) Pipelined Schedule B. (c) Schedule
C using multiport memory.

However, a study of the memory address bus switching activity of the three
schedules yields different results. In Schedule A, the sequence of addresses on
the memory address bus is

0,0,1,1,2,2,3,3,4,4,...,99,99

Assuming an 8-bit address bus, the bit sequence corresponding to this se-
quence of addresses is given by the following. The number of bits transitioning
on the address bus is given in parentheses, for each new address value.

0: 00000000
0: 00000000 (0 transitions)
1: 00000001 (1 transition)
1: 00000001 (0 transitions)
2: 00000010 (2 transitions)
2: 00000010 (0 transitions)
3: 00000011 (1 transition)
3: 00000011 (0 transitions)
4: 00000100 (3 transitions)
...
98: 01100010
99: 01100011 (1 transition)
99: 01100011 (0 transitions)
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For the sequence above, the total number of bits transitioning between
successive values is given by

0+1+0+2+0+1+0+3+...+1+0=194

In Schedule B, the sequence of addresses is:

0,{1,0,2,1,3,2,4,3,5,4,...,98,97,99,98},99

where braces denote accesses in the pipelined loop. The bit sequence corre-
sponding to this address sequence is given by

0: 00000000
1: 00000001 (1 transition)
0: 00000000 (1 transition)
2: 00000010 (1 transition)
1: 00000001 (2 transitions)
3: 00000011 (1 transition)
2: 00000010 (1 transition)
4: 00000100 (2 transitions)
3: 00000011 (3 transitions)
...
99: 01100011
98: 01100010 (1 transition)
99: 01100011 (1 transition)

For this sequence, the total number of bits transitioning between successive
values is given by

1+1+1+2+1+1+2+3+...+1+1=386

Schedule B is a more expensive alternative in terms of energy dissipation
because the additional switching activity on the memory address bus amounts
to almost 100%.

Finally, in Schedule C, the sequence of addresses in the two ports are

Port 1: 0,1,2,3,...,99
Port 2: 0,1,2,3,...,99

Clearly, this leads to twice the number of address bits transitioning compared
to Schedule A, since now the address buses of both ports are switching, as
opposed to only one.

Of course, address bus switching forms only one part of the total system en-
ergy. To determine the impact on the total system energy, we have to measure
the dissipation in all the components of the system, including the datapath
and the finite state machine. Later in this section we present a detailed anal-
ysis of the energy dissipated in the various system components.

When synthesis for low power/energy is an important design objective, the
aggressively performance-oriented optimizations may actually result in inferior
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Figure 9.2 (a) Example Schedule A. (b) Pipelined Schedule B. (c) Schedule
C using multiport memory.

energy characteristics. However, the unoptimized design from a performance
point of view is not always energy-optimal. The following example illustrates
this point.

for i = 0 to 99
a[i] = b[i] + n

The unoptimized, pipelined, and multiport/pipelined schedules are shown
in Figure 9.2. In this case, array a is located at addresses 0...99 and b occupies
100...199. We have the sequence of addresses as follows:

Schedule A: 100, 0, 101, 1, 102, 2,...,199,99
Schedule B: 100,{101, 0, 102, 1, 103, 2,...,199,98},99
Schedule C: Port 1: {0,1,2,3,...,97},98,99
Schedule C: Port 2: 100,101,{102,103,...,199}

Schedule B results in 9% more switching than Schedule A, but Schedule C
results in 57% less switching than Schedule A, possibly making Schedule C a
viable candidate from both the performance as well as energy points of view.
The dual-port memory configuration actually led to minimum address bus
switching because spatial locality could be exploited resulting in sequential
accesses. Moreover, addresses being sequential in Schedule C means that we
can use appropriate encoding techniques such as Gray code and T0 to further
reduce power dissipation both on the memory interface and in the memory
module itself.
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9.3.1 Analysis

As mentioned earlier, the measured reduction in memory address bus switch-
ing does not translate to an equivalent reduction in the total system energy.
In order to determine the actual energy dissipation figures for the different
designs represented by the three schedules of Figure 9.2a, b, and c, we synthe-
sized them using the commercial synthesis tool Synopsys SystemC Compiler
and a 0.18� IBM ASIC library of components. We used the Synopsys Design
Power utility to measure the power dissipation of the resulting circuit.

In order to understand the actual impact of address bus switching, we
divided the total system energy into the following components:

1. Interconnect Energy—energy dissipated due to switching of the (rel-
atively high capacitance) data and address buses, and other nets in the
design.

2. Memory Internal energy—energy dissipated inside the memory mod-
ule during the READ and WRITE accesses. This includes the dissipation
in the memory cells as well as at the address decoders, word lines, bit
lines, address latches, etc.

3. Datapath and FSM energy—energy dissipated in the cells of the
datapath and finite state machine generated from synthesizing the ap-
plication.

The energy dissipated in each of the above components for the three sched-
ules of Figure 9.2a, b, and c, is indicated in Figure 9.3. The difference in the
interconnect energy is mainly due to the varying switching activity on address
buses reported earlier.

Single-port Pipelined Dual-port
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g

y 
(×
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Memory internal
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Figure 9.3 Energy dissipation comparison.
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The internal memory energy of dual-port memories is, in general, larger
than that of a single-port memory because each memory cell drives a larger
capacitive load; the address decodes, latches, and other circuitry are dupli-
cated; etc. In the 0.18� IBM ASIC library, the dual-port memory had a 75%
power dissipation overhead compared to a single-port memory of the same size.

The energy dissipated in the datapath and FSM cells is minimum for case A,
and is 21% and 31% more in cases B and C, respectively. This is expected since
the pipelining leads to slightly more complex control and address generation
circuitry.

A few observations are apparent from the above example:

1. The energy dissipated in the datapath and FSM cells is a relatively
smaller fraction of the total energy (about 6%). This is obvious in a
small example with minimal computation, but the trend of computation-
related energy being dwarfed by memory-related energy is also observed
in the wider class of data-intensive applications.

2. The interconnect energy and internal memory are the more significant
contributors to the total system energy. This is a very important obser-
vation and forms the motivation for our research. Dual-port memories
incur a higher internal memory energy, but it may be possible to reduce,
or even (in some circumstances such as this example) completely negate
the overhead by a more efficient addressing mechanism. More impor-
tantly, if a dual-port memory has already been chosen for a design due
to performance considerations, the techniques presented in the next sec-
tion help achieve an energy-efficient allocation of memory ports to data
so that superior energy characteristics can be obtained for the same or
similar performance levels.

9.4 Memory Energy-Aware Synthesis

The memory energy-aware synthesis problem involves the generation of a
schedule for a behavioral specification that reduces energy by minimizing
switching activity on the memory address bus. The primary optimization cri-
teria may vary depending on the requirements of a specific design, and can
be broadly classified into two categories:

1. Optimize the performance and generate a design that operates at this
performance level and minimizes memory energy dissipation to the ex-
tent possible (i.e., performance is primary; energy is secondary).

2. Optimize the memory energy and maintain the energy-related optimiza-
tions while attempting to minimize the schedule length to the extent
possible (i.e., energy reduction is the primary objective; performance is
secondary).
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Figure 9.4 (a) Example loop. (b) Coloring.

We address both the above scenarios for generating the appropriate sched-
ules, which require different solution approaches.

9.4.1 Coloring of memory access nodes

The scheduling of memory accesses is preceded by a coloring phase where
we identify those accesses in a loop body that have spatial locality and are
likely to cause only a small number of address bit transitions when accessed
consecutively, for instance, a[i] and a[i + 1]. Prediction of spatial locality is
done by examining whether the array indices differ by a small constant (con-
strained to be ≤ 4). Standard array index analysis techniques [23] are used
for this purpose. An example of coloring memory accesses in a loop is shown
in Figure 9.4. a[i][j] and a[i][j + 1] are the same color because they are spa-
tially close, whereas a[i][j] and a[j][i] are colored differently because the two
array elements would be located far apart in memory, and consequently, their
memory address values would differ by a relatively large number of bits, in
general.

9.4.2 Scheduling memory accesses primarily for performance

When the primary objective is performance, we employ energy-optimization
as a post-processing step that modifies the generated schedule by assigning
the ports to memory accesses in an energy-efficient way without changing the
schedule length. This is shown in algorithm REASSIGN PORTS.

Algorithm REASSIGN PORTS (G: Scheduled DFG, n: number of ports)
L = Schedule length of G
for ports i = 1..n

PrevColor [i] = NULL
for control steps CS = 1..L

for ports i = 1..n
TempAssign[i] = NULL
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for ports i = 1..n
assigned = FALSE
for ports j = 1..n

if PrevColor [j] = Color (G, CS, i)
if (TempAssign [j] �= NULL)

TempAssign [j] = Node (G, CS, i)
assigned = TRUE
break

if (assigned = TRUE) continue;
for ports m = 1..n

if TempAssign [m] = NULL
TempAssign [m] = Node (G, CS, i)
PrevColor [m] = Color (G, CS, i)
break

UpdateSchedule (G, CS, TempAssign)

The input to REASSIGN PORTS is a scheduled DFG with memory access
nodes already colored, and the number of ports. The color of the previous
memory node assigned to a port is stored in PrevColor array, with the array
elements initialized to NULL. At every cycle in the schedule, we attempt to
assign each memory access to that port whose previous access had the same
color. Array TempAssign keeps track of the port assignments made in the
current control step. For the ith node in the current control step, given by
Node (G, CS, i), we first check whether a node with the same color exists in
PrevColor; if yes, then such a color was assigned as the last color on a port,
and we attempt to assign this node to the same port so that the same color
is retained. If the assignment is not possible at this stage, either because the
same color does not exist in PrevColor or there are more nodes of this color
in the current control step than in PrevColor, we randomly assign the node
to a port. After processing all the ports, the TempAssign array, containing
the port assignments for the current control step, is stored into the updated
schedule through function UpdateSchedule.

A simple example with an initial schedule is shown in Figure 9.5a. The
memory accesses are grouped into two colors: black and white. In the first

(a) (b)
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Figure 9.5 (a) Initial schedule. (b) After port reassignment.
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Figure 9.6 (a) Initial schedule. (b) After port reassignment.

iteration of the outer loop (CS = 1), the original port assignment is repro-
duced. When CS = 2, the white node is reassigned to port P2 because a white
node was accessed in the previous access to P2. Similarly, when CS = 3, the
black node is reassigned to P1 (Figure 9.5b). This results in an energy-efficient
schedule where successive memory accesses on each port have spatial local-
ity and hence results in the minimum number of address bit transitions. The
schedule length remains unchanged because the swaps are always horizontal,
never vertical.

A second example is shown in Figure 9.6. A three-port memory is used,
along with three colors (BLACK, WHITE, and GREY). The initial scheduled
DFG is shown in Figure 9.6a. In the first iteration of the outer loop, the port
assignment is copied, resulting in BLACK and WHITE nodes being assigned
to ports P1 and P2, respectively. In the second iteration, node C is moved
to port P3 so as to avoid the conflict with ports P1 and P2, which have
BLACK and WHITE as their previous colors. In the third iteration, node E
is retained at port P1 because its color (BLACK) matches the one previously
assigned to P1. Node F is also retained at P3 because P3’s previous color
(GREY) matches F’s color. The resulting schedule, after port reassignment
(Figure 9.6b), has no color transitions for the three control steps.

9.4.3 Scheduling memory accesses for low energy

The strategy of post-processing a schedule originally optimized for perfor-
mance is not ideal if the primary objective is energy reduction. This is primar-
ily because of the schedule length constraint. However, if the schedule length
is allowed to be modified, that is, performance is allowed to be sacrificed at
the expense of energy, then more aggressive energy-optimized schedules are
possible. Our strategy, in this case, is to perform the port assignment up front
as a preprocessing step instead. We first assign the ports to memory accesses
using the color information to ensure that each port is assigned memory ac-
cesses of the same color as far as possible, resulting in spatial locality being
preserved to the maximum extent. Algorithm PREASSIGN PORTS outlines
the strategy.
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Figure 9.7 (a) DFG. (b) Port assignment and schedule for two-port
memory. (c) Port assignment and schedule for three-port memory.

Algorithm PREASSIGN PORTS (G: DFG, n: #ports)
for all loop bodies L

Let colors 1..m be used in this loop body
Sort the colors in decreasing order of their access frequency

in L into array c[1]..c[m]
for ports i = 1..n-1

Assign color c[i] to port i
Assign remaining colors c[n]..c[m-1] to port n

In algorithm PREASSIGN PORTS, for each loop, we attempt to assign only
one color to each port for all but one port, considering each color in decreasing
order of its access frequency in the loop body. We assign the remaining colors
to the final port. This configuration is energy-efficient because spatial locality
is violated the minimum number of times. The violation takes place when
colors change on any port. By assigning one color to each of m-1 ports, we
ensure that colors never change for those ports. The assignment is illustrated
in Figure 9.7. Since the black-colored memory access occurs more frequently
(twice), it is assigned to port P1; others are assigned to P2. This ensures
spatial locality (no color change through all loop iterations) in P1, and the
violations are restricted to P2 (3 per loop iteration). Note that if, instead,
two colors each were to be assigned to P1 and P2 respectively, then there
would be at least four violations per iteration. In Figure 9.7c, we show the
result of the algorithm when a three-port memory is used. Only one color is
assigned to ports P1 and P2, and the remaining colors are confined to port P3.
The black nodes are assigned to port P1 because of the higher frequency, as
before. The white node is randomly selected for P2, out of the three candidate
nodes.

The above assignment strategy may have a negative impact on the schedule
length. However, the strategy helps identify important design points on the
performance-energy trade-off curve. The final selection decision can be made
by the designer.

The port resources are now bound to the memory accesses and scheduling
can begin. List scheduling works by invoking a priority function to determine
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the next node to be scheduled among the set of schedulable nodes in the cur-
rent cycle. A common priority function is the mobility of operations [24], but
this targets a performance-optimized design. Our modification to the priority
function that attempts to schedule consecutive nodes of the same color to a
port is summarized in function NEXT NODE. PrevColor[p] keeps track of the
color of the previous node scheduled on port p. If a schedulable memory access
node with the same color as PrevColor[p] is found for any p, then we select
that node. If no such node is found and there is a schedulable non-memory
operation (Y �= �), we use the mobility of that operation to determine the
selected node. This serves to defer any unfavorable memory port assignment
until absolutely necessary. But if (Y = �), we must switch colors on one port
(port n, as indicated in PREASSIGN PORTS). Ideally, we would like to se-
lect a node such that future memory access nodes of the same color would get
clustered together, but this can be computationally expensive. To prune the
search space, we select the node for which the next DFG node with the same
color is at a maximum depth, to allow for the possibility of clustering of other
colors later on. Function NEXT NODE omits some details (initial condition,
update of PrevColor) in the interest of simplification.

Function NEXT NODE
X = Set of schedulable memory nodes
Y = Set of schedulable non-memory nodes
for all ports p = 1...n

for all x ∈ X
if Color(x) = PrevColor[p]

return x; // matching color found
if Y �= �

return node y ∈ Y with minimum mobility
else // forced to switch color on port n

return x ∈ X for which depth of DFG node with
Color(x) is maximum

Figure 9.8 shows an example of how NEXT NODE selects candidate nodes
for scheduling. Sets of memory access nodes of the same color are: {A,B,C},
{D,H}, and {G, I}. Suppose the last node scheduled on the single-port mem-
ory is A. We have X = {B,D,G}. B is selected because it is the same color
as A. Now, we have X = {D,G}, Y = {E}. Since there is a color mismatch at
the port with nodes D and G, we select E. Now we have X = {C,D,G}. C is
chosen to match the color at the port. In the next cycle, we have X = {D,G}.
Note that node I (same color as G) is at a greater depth than H (same color
as D). Thus, NEXT NODE returns node G to allow for the possibility of
D and H being consecutive on the port (selecting D here would lead to an
additional color switch).
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Figure 9.8 Operation of NEXT NODE.

9.4.4 Loop transformations: unrolling and pipelining

Loop transformations such as unrolling tend to increase the number of con-
secutive memory accesses of the same color due to the concatenation of ar-
ray accesses of different iterations. Similarly, loop pipelining improves the
throughput by keeping more resources (memory ports) busy in each cycle.
The post- and preprocessing steps and the new priority function discussed
earlier are directly incorporated into scheduling techniques that involve these
loop transformations, since these power optimizations are independent and
always applicable.

9.4.5 Alternative architectures: dynamic port assignment

Minimizing transitions across successive accesses to the same memory port can
be affected by an alternative architecture that assigns the memory ports dy-
namically. Instead of statically fixing the port assignment during the schedul-
ing phase, we could have a small circuit that computes the Hamming distances
of each new address from the previous address bus values of all the ports
and uses the port with minimum distance for the memory transaction. The
advantage of such a dynamic port assignment strategy is that it may over-
come some of the limitations of the coloring-based approach: if the memory
addresses are data-dependent, then the static coloring scheme for grouping
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memory operations into ports is not effective. However, since the actual ad-
dresses are known dynamically, a better port assignment decision can possibly
be made.

A dynamic port assignment scheme suffers from some significant overheads.
For the set of memory operations scheduled in each cycle, the port assignment
circuitry needs to compute the total expected addresses bus switching from
assigning each operation on to all the ports, and choose the permutation
that leads to minimum overall switching. This increases the complexity (in
terms of both area and power) of the datapath. Furthermore, the schedule
now does not have an opportunity to optimize the order of accesses targeting
low power. In effect, we would have a hardware implementation of algorithm
PREASSIGN PORTS, but would not be able to benefit from the scheduling
optimizations of Section 9.4.3. That is, any optimization is restricted to within
a cycle, and does not work across cycles.

9.5 Experiments

We studied the effect of our memory port assignment algorithms by perform-
ing experiments on several loop- and data-intensive applications involving ar-
ray accesses and computations. These are ideal candidates because behavioral
arrays are stored in memory, and multiport memories can have a significant
impact on performance and energy. Since most practical systems use either
single-port (SPRAM) or dual-port (DPRAM) memories, we conducted our
experiments on these two port types, although the algorithms themselves are
general enough to handle a larger port count. We studied the following three
cases:

1. Case A: Performance-optimized schedule (no power optimization)
2. Case B: Performance-optimized schedule with power optimizations ap-

plied as a post-processing step (Section 9.4.2)
3. Case C: Power optimizations applied as a preprocessing step before

and during scheduling (Section 9.4.3)

For each of the above three cases, we performed experiments on both single-
and dual-port memories. Thus, there are six configurations corresponding to
each example application.

9.5.1 Experimental setup

The experimental setup is shown in Figure 9.9. We used the 0.18� IBM ASIC
library in our experiments. The procedure consisted of the following steps for
each design example:
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Figure 9.9 Experimental setup.

1. Behavioral synthesis with single- and dual-port memory as target mod-
ules using our algorithm in the previous sections. The result of the syn-
thesis was a register transfer level (RTL) Verilog model.

2. Logic synthesis of the RTL Verilog model with Synopsys Design Com-
piler. The result was a gate level netlist.

3. Simulation of the gate-level netlist with the Cadence NC-Verilog simu-
lator.

4. The resulting Activity file from the previous step, parisitics extracted
after a placement of the netlist, and the ASIC library were fed into the
Synopsys Design Power simulator for measuring the energy dissipation
of the example design.

9.5.2 Detailed example

We discuss in detail the experimental results for one important example,
the Fast Fourier Transform (FFT ) algorithm, which is a popular routine
used in several digital signal processing applications. We assume that mem-
ory accesses, additions, and subtractions require one cycle, and multiplica-
tion requires two cycles. The performance-optimized schedules for single- and
dual-port memory (case A) are shown in Figure 9.10. The dual-port memory
causes a significant reduction in the schedule length, resulting in 30% better
performance.

Figure 9.11 shows the schedules for single- and multiport memories for case
B, when power optimizations are applied as a post-processing step. The single-
port schedule is the same as case A, but the dual-port schedule is modified
by interchanging the port assignments of two memory accesses. The memory
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Figure 9.10 Case A: Schedules for single and multiport memory.

access nodes are grouped into two colors, and it is desirable to assign the same
color to successive accesses from the same port. x[i].re and x[i].im are grouped
into the same color because the fields of the struct have spatial locality.

Figure 9.12 shows the schedules generated by case C. Note that the single-
port schedule is longer, but the x[i] elements (colored white) are clustered
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Figure 9.11 Case B: Schedules for single- and multiport memory.
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Figure 9.12 Case C: Schedules for single- and multiport memory.

together, which results in reduced transitions on the address bus. Finally, the
case C dual-port schedule is eight cycles long; energy considerations caused
our port assignment algorithm to assign each color to a different port. Overall,
the power-optimized dual-port memory configuration results in a 20% better
performance than the unoptimized SPRAM-based design.

The energy dissipation characteristics of the six schedules discussed pre-
viously are summarized in Figure 9.13. For each configuration, we have in-
dicated: (1) the energy spent in datapath and FSM cells; (2) interconnect
energy; (3) memory internal energy; and (4) total energy. For the three single-
port configurations, the energy dissipation in the various components are al-
most the same. In fact, the way algorithm REASSIGN PORTS works, for a
SPRAM, cases A and B will always result in an identical schedule (since no
port reassignment is possible).

The DPRAM offers an interesting energy comparison. Case A results in
higher interconnect energy as well as higher internal memory energy due to
the DPRAM. The total energy is 11% higher than the SPRAM-based design.
However, our energy optimization, when applied to the DPRAM-based de-
sign, results in lower interconnect energy, which offsets the increased internal
memory energy of the DPRAM. Cases B and C result in 9% and 14%, respec-
tively, less energy than case A (unoptimized) for the DPRAM. In fact, case
C actually results in marginally lower energy than even the SPRAM-based
design.
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Figure 9.13 Energy dissipation comparison for FFT.

9.5.3 Summary of results

We report the performance and energy results on four other examples: SOR,
Dprod, Planckian, and DHRC. SOR is the successive over-relaxation algorithm
often used in image processing; Dprod is the dot product example from DSP-
Stone benchmark set; and Planckian is a scientific computing benchmark from
the Livermore Loop set. DHRC is the Differential Heat Release Computation
application.

Figure 9.14 shows the performance comparison of the different configura-
tions on the SOR example. The DPRAM-based designs show about 42% over
the SPRAM-based ones. The energy dissipation comparisons of Figure 9.15
show that the unoptimized DPRAM-based design (A-Dual) has a 14% total
energy overhead over the SPRAM-based one, mainly due to the increased
memory internal energy. However, the optimized DPRAM-based design (C-
Dual) is able to offset this increase by reducing the interconnect energy.
Clearly, C-Dual is a very important configuration in the design space of SOR—
it results in 42% performance improvement over the SPRAM design, while
maintaining comparable energy dissipation.

The performance and energy comparisons for Planckian are shown in
Figures 9.16 and 9.17. The performance-optimized DPRAM-based designs
(A-Dual and B-Dual) are 40% faster than the SPRAM-based ones. In C-Dual,
the latency is extended to incorporate the energy optimizations. As Figure 9.17
shows, A-Dual and B-Dual incur about 17% overhead over the SPRAM-based
designs due to higher interconnect energy and memory internal energy. How-
ever, the energy-optimization in C-Dual reduces the overhead to only 7%.
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Figure 9.15 Energy dissipation comparison for SOR.



302 Energy-Aware Memory Management for EMSs

0

1000

2000

3000

4000

5000

N
o

. o
f 

C
yc

le
s

Planckian-Performance

A-Single B-Single C-Single A-Dual B-Dual C-Dual

Figure 9.16 Performance comparison for Planckian.

0

200

400

600

E
n

er
g

y 
(×

 0
.0

0
1

 u
J)

DP + FSM
Interconnect
Memory internal
Total

Planckian-Energy

A-Single B-Single C-Single A-Dual B-Dual C-Dual

Figure 9.17 Energy dissipation comparison for Planckian.



Energy-Efficient Memory Port Assignment 303

0

1000

2000

3000

N
o

. o
f 

C
yc

le
s

Dprod-Performance

A-Single B-Single C-Single A-Dual B-Dual C-Dual

Figure 9.18 Performance comparison for Dprod.

0

100

200

300

400

E
n

er
g

y 
(×

 0
.0

0
1

 u
J)

DP + FSM
Interconnect
Memory internal
Total

Dprod-Energy

A-Single B-Single C-Single A-Dual B-Dual C-Dual

Figure 9.19 Energy dissipation comparison for Dprod.



304 Energy-Aware Memory Management for EMSs

In the Dprod example, the schedules for all the SPRAM-based designs were
identical, as were all the DPRAM-based designs. The performance-optimal
DPRAM-based designs were also energy-optimal. In Figures 9.18 and 9.19
we observe a 33% performance improvement from using DPRAMs, with the
total energy overhead being 3% over the SPRAM-based ones. For the DHRC
application, the DPRAM-based designs showed a performance improvement
of about 27% over the SPRAM-based ones, with a 5% energy overhead.

9.5.4 Discussion

1. The most important observation from our experiments is that an ef-
ficient assignment of memory ports to data accesses usually ensures a
reduction in energy dissipation of synthesized designs based on multi-
port memories.

2. It is important to note that this work does not attempt to demon-
strate that multiport memory-based design can always yield lower over-
all energy than single-port-based ones. The single-port numbers were
presented only as a reference/baseline to perform comparisons. As our
experiments show, the energy of the optimized dual-port configurations
(C-Dual) was comparable to that of SPRAM-based ones. However, per-
formance considerations might lead designers to choose DPRAMs in
system designs. Once this decision is made, our port assignment algo-
rithms help reduce the energy dissipation significantly, as the A-Dual
versus C-Dual numbers clearly show.

3. Since energy dissipation and delay can be frequently traded off, it is
sometimes useful to observe the energy-delay product when compar-
ing architectural alternatives. In our experiments, we observe that the
energy-delay product is smaller for the dual-port memory configura-
tions than those for the single-prt configurations. A comparison of the
A-single and C-dual over all the examples shows an average energy-delay
product reduction of 27%, thus establishing the dual-port memory as an
important design alternative.

A comparison of A-dual and C-dual (optimized for performance vs.
optimized for delay) shows that on an average, the product is roughly un-
changed; the energy-delay product is equal in Dprod, inferior for C-dual
in FFT and Planckian, and superior for C-dual in DHRC and SOR.
This is because our algorithmic formulation aggressively optimizes either
one or the other variable but not both. To minimize the energy-delay
product, we would have to modify the basic algorithm by imposing a
maximum performance loss constraint in the energy optimization.

4. As manufacturing technology evolves with shrinking geometries, we ex-
pect the interconnect-related energy to dominate the total energy dissi-
pation of the complete system. This is already seen in our experiments
where the energy consumed in the datapath and FSM cells is a small
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fraction of the interconnect-related energy. We verified this trend by
runing the experiments on the Planckian example for two different tech-
nology libraries: 0.25� and 0.18�. The results show that the energy
dissipated in the datapath and FSM cells was 15% of the interconnect
energy in 0.25� technology, but only 6% in 0.18� technology.

5. The interconnect energy, as used in our experiments, includes the energy
dissipation both due to data/address buses and other high-capacitance
wires, as well as due to the computation within the datapath and FSM
blocks. Taken together, it makes the interconnect energy comparable to
the memory internal energy. As the memory requirement of applications
increases, the memory internal energy increases, but since the applica-
tion complexity also increases, the interconnect energy is likely to still
remain comparable.

6. Note that it is not necessary to have multiport memories to benefit from
the algorithms we presented in this chapter. The energy optimization
strategy can be useful even with single-port memories. In such cases,
the problem is not assignment of data to ports, but the appropriate
reordering of data accesses to reduce address bus switching (this is in-
corporated into the NEXT NODE function in Section 9.4.3). This case
is illustrated in Figure 9.15. Case C-Single is more energy-efficient than
case A-Single; the interconnect energy is reduced by reordering array
accesses.

7. We have restricted our study to the performance and energy implications
of single- and multiport memory. The area overhead of the multiport
memories will continue to lead to larger overall design area (e.g., area
overhead was 37% in FFT).

8. The examples chosen for our experiment did not have the memory ac-
cess patterns that could benefit from the hardware-based dynamic port
assignment discussed in Section 9.4.5. As such, including such a scheme
would have been an unnecessary datapath overhead. However, it is pos-
sible that the dynamic scheme could be useful where it is not possible to
make good static inferences, for example, due to run-time dependencies.

9.6 Conclusion

We presented algorithms to reduce memory address bus switching energy by
an efficient allocation of memory ports to behavioral array accesses combined
with the reordering of data accesses by incorporating energy optimizations
into the scheduling phase of behavioral synthesis. The optimizations apply to
both single- and multiport memories. Frequently, multiport memories can offer
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significant performance advantages in system designs because of the increased
data throughput, but lead to overheads in area and energy. We have shown
that our strategy can help reduce some of this overhead in the overall en-
ergy dissipation of the system, while still retaining most of the performance
advantages offered by multiport memories.
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10.1 Introduction

Modern embedded systems, especially nomadic embedded systems, are be-
coming more and more complex, and they often require both high perfor-
mance and low energy consumption. To achieve both requirements, exploiting
ILP (instruction level parallelism) and DLP (data level parallelism) of em-
bedded applications are well known to be good solutions. High-level compiler
optimizations like data flow and loop transformations targeted toward data
memory sub-systems have been shown to achieve high performance and low
energy consumption. Such techniques transform C code to improve spatial
and temporal locality of data and reduce unnecessary memory access. By im-
proving data locality in the application loops, this data can be stored within
a smaller memory footprint so that accesses to larger memories like level 1
(or higher) memories are drastically reduced. These transformations decrease
the quantity of memory accesses but increase considerably the complexity
of address generation. Such complex address calculations initially result in
expensive operations such as multiplications or modulo operations.

For the purposes of our investigation, we have used a cavity detector ap-
plication as our major test-vehicle. This image processing application is a
data-intensive algorithm composed of nested loops where each loop kernel in-
cludes memory access to calculate input data. As memory is accessed for each
iteration, this image processing application requires a large amount of memory
access for its execution. We have counted the number of address calculations
and data calculations manually, and have calculated a ratio. We have observed
that after data-flow/loop transformations and memory hierarchy optimization
that 70% of all compute operations are address computation operations that
now form the new performance bottleneck.

To alleviate this problem, modern architectures often include a dedicated
unit for address calculation that works in parallel with the main computing
elements: the address-generation unit (AGU).

In this chapter, we propose an energy-efficient address generation unit
(AGU) and outline its supporting design methodology. The proposed AGU
is based on a coarse grained reconfigurable architecture. To use the reconfig-
urable AGU effectively, it is important to specify and differentiate its architec-
ture from the many potential architectural candidates. Systematic architec-
ture exploration from a vast solution space represents a demanding challenge
because it is very difficult to identify the best architecture both quickly and
accurately: indeed, an accurate evaluation usually consumes a long time. We
therefore propose a fast and systematic architecture exploration method for
the proposed reconfigurable AGU.

The rest of the chapter is organized as follows: Section 10.2 highlights the
importance of address generation units and provides a summary of address
generation methods. Section 10.3 describes a proposed AGU model and its
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cost model including area model and energy model. Section 10.4 defines the
architecture exploration problem for the proposed reconfigurable AGU model.
Section 10.5 describes a performance-evaluation method, and Section 10.6
proposes an effective architecture exploration based on a proposed metric
used to identify promising solutions. Section 10.7 demonstrates the efficiency
of the proposed AGU exploration framework. Finally, Section 10.8 provides a
conclusion to the chapter.

10.2 Motivation behind Exploration of AGUs

Programmable architectures oriented to exploit parallelism, digital signal pro-
cessors (DSPs), and multimedia processors (a mixture of RISC and DSP pro-
cessors) usually follow the VLIW paradigm: a number of functional units
(FUs) running in parallel, following a schedule generated by a compiler [1].
These architectures focus on real-time performance and often deal with infi-
nite, continuous streams of data.

In many architectures, an address-generator unit works in parallel with
the main data calculation units to ensure efficient feed and storage of the
data from/to the datapath. Leaving aside the access time and the parallel
access constraints, the main problem is the efficient generation of the address
sequences for a given application.

The generation of an address sequence is done from an address equation
(AE), which is a function extracted from the software description of the al-
gorithm where the parameters are the indexes (In) of nested loops or range
addresses (rm): the bounding box where addresses are generated.

AE = f(I1, I2, . . . , In, r1, r2, . . . , rm), (10.1)

where Ii represents the i-th loop index and rj represents the j-th loop range.
In a broad sense, an address-generation unit is the unit that uses the address

equation (AE) to generate an address sequence (AS). The resulting Address
Sequence contains “what” address to access and “when” to access it.

10.2.1 Types of address equations

The address equation is a function extracted from the software description of
the algorithm. The different AEs can be categorized in terms of their regularity
or their flexibility.

10.2.1.1 Regularity

The regularity of the AE is correlated with the complexity of the index
expressions.
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for (i=0; i<=N1-N2; i++){
y[i] = 0.0;
for (j=0; j<N2; j++){
y[i] += w[j]*x[i+j];

}
}

Figure 10.1 Example of an affine address equation: a FIR filter code.

for (i=0; i<8; i++){
for (j=0; j<8; j++){

tmp=0.0;
for (k=0; k<8; k++)

tmp+=c[k][j]*block[8*i+k];
res[8*i+j]=tmp;

}
}

Figure 10.2 Example of an affine address equation: piece of code from the
MPEG2 decoder kernel.

Affine AE: An AE is affine when the address equation is a linear expression
of the indexes In and constants Cn as shown in the following equation:

AE = C0 + C1 · I1 + C2 · I2 + · · · + Cn · In (10.2)

This is the typical case for addresses generated by a number of manifest
nested loops. In Figure 10.1, we can recognize three AE. For arrays y and w,
the AEs are a direct function of the loop indexes i and j respectively, and
for array x, it is a function of i and j with the coefficients C0 = 0 and C1 =
C2 = 1.

A more complex example is shown in Figure 10.2. In this case, the address
equation calculates the address indexes for the arrays c, block, and res. As-
suming c is a 4-byte integer, the address equation of c can be written in the
following form AEc([k][j]) = c[k ∗ 4 + j ∗ 4 ∗ 8], and under this form we can
clearly see that the AE of c is affine with parameters C0 = 0, C1 = 4, and
C2 = 32(= 8 ∗ 4).

Piece-wise affine AE: An AE is called a piece-wise affine AE when parts
of the AE can be written as linear expression of the indexes and constants.
This is the case of AE in a nested loop with conditional statements based on
the iterators (manifest conditions).

In Figure 10.3, a piece of code from the MPEG-4 video decoder core is
shown. In this case, the conditional expressions limit the possible optimiza-
tions in the search space.
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int *DCstore;
DCstore = (int*)malloc(LB*6*15* sizeof(int));
...
initialize (Xtab , Ytab , Ztab , Xpos , Ypos);
loop{

if(comp==1||comp==3){
blockA=DCstore [0+15*Xtab[comp]+90*((( mbnum/MB)*MB+(mbnum%MB+

Xpos[comp]))%LB)];
}else{

block A=mg*8;
}
if(comp==3){

blockB=DCstore [0+15*Ztab[comp]+90*((( mbnum/MB+Ypos[comp])*MB
+(mbnum%MB+Xpos[comp]))%LB)];

} else{
block B = mg*8;

}
if(comp==2||comp==3){

blockC=DCstore [0+15*Ytab[comp]+90*((( mbnum/MB+Ypos[comp])*MB+
mbnum%MB)%LB)];

}else{
block C = mg*8;

}
mbnum++;

}

Figure 10.3 Example of a piece-wise affine AE extracted from the MPEG-4
video decoder core. Conditional expressions limit the search space for address
arithmetic optimization.

Non-linear AE: An AE is called non-linear when there is no linear rela-
tion between the AE and the address indexes. This is the most general case
of AE. Figure 10.4 shows an example of real code where we can see square
expressions (j*j and i*i). The non-linearity of those expressions highly con-
strain the search space for the optimization of address generation and related
hardware, but this type of AE does not occur very often in real life application
codes.

10.2.1.2 Flexibility

The flexibility of the address equation gives the idea of the range of the flexi-
bility needed by the AGU to create the address sequence.

Manifest or predefined with constants: This is a special case that oc-
curs for architectures that target a specific algorithm, or a small number of
algorithms. In these cases, the AE is manifest, and then address sequence
patterns are predefined before the hardware design and the knowledge of the
program can be efficiently exploited by constructing optimized AGUs.

Parameterizable or predefined with parameters: This is the case for
AS controlled by some input parameters. E.g., this is the case for domain
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for (j=0; j<l_code; j++)

for (i=0; i<l_code; i++){

if(i<=c1)

if(i==c1)

rdm=h2[l_code -1-i];

else rdm=rr[i*(i-1)/2];

else rdm=rr[j*(j-1)/2];

...mul(rdm , ...);

if(i<=c2)

if(i==c2)

rdm=h2[l_code -1-i];

else rdm=rr[j*(j-1)/2];

else rdm=rr[i*(i-1)/2];

...mul(rdm , ...);

Figure 10.4 Example of a non-linear AE: fragment for the GSM codebook
algorithm.

specific designs where the AGU can be parametrized to the application since
it has to support a limited number of algorithms.

Dynamic address equation: This is the most general case of address se-
quence where the AE depends on the AGU’s external events and results (e.g.,
data-dependent addresses). Here, the AE and thus the AS can be modified
during run-time execution. This is the general case for address sequences in
processors or DSPs. In the embedded systems domain, based on application
scenarios [2] that occur most frequently, the majority of dynamic address equa-
tions can be modeled as manifest or parameterizable address equations [3–5].
For the rest of the cases, a fully run-time backup scenario without compiler
support must be used.

10.2.1.3 AE design space exploration

Figure 10.5 summarizes Section 10.2.1 and shows the various possible com-
binations of regularity and flexibility of the AE. The complexity of building
an efficient AGU increases as we move away from the origin of the graph. For
each point in the design space, an optimal AGU can be found to meet the
design metrics targeted by the design.

10.2.2 AGU classification

In the literature, we can find different names for Address Generator Units
(AGUs), for example, Address Calculation Unit (ACU), Address Arithmetic
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Figure 10.5 Design space of AGUs.

Unit (AAU), Data Address Generator (DAG), Memory Management Unit
(MMU), Direct Memory Access (DMA), etc. In this chapter we will generally
refer to all these address generators as AGUs, and in this section we will
explain the different possible hardware implementations. We can distinguish
two big types of AGU architectures: the ones based on tables and the ones
based on a datapath.

Let us take the following address sequence as an example:

AE : &[2 ∗ i + 1] = 1, 3, 5, 7, 9, 11, 13, 15 (10.3)

10.2.2.1 Table-based AGUs

Table-based AGUs can be used to implement short address sequences with
a few indexes because the increase of indexes leads to a large area penalty
to store the addresses for all combinations. This approach needs a controller
to complete any deterministic address sequences. In the simplest case, the
controller can be a simple increment/decrement counter, but often a finite
state machine (FSM) is needed. When the AE is more complicated and a
LUT (lookup table) solution becomes too big, the logic (that can be custom,
programmable, or configurable) to complete the AE can be implemented using
a programmable logic array (PLA) (Figure 10.6), as those devices have a
smaller size compared to the same implementation in a LUT.

Until the beginning of the 1990’s, little research had been done on address-
generation optimizations, and the first optimizations were oriented to reduce
area on table-based AGUs. Once the possibility of integrating SRAM memo-
ries onto chips was available, area savings became less important and energy
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Figure 10.6 Example of a table-based AGU.

became the main problem. Even if area is no longer a limiting factor, some of
the techniques can be reused for energy reduction.

Table-based AGUs implement manifest address sequences and although
they cannot deal with dynamic applications, the knowledge of the specific
address equation enables hardware design time optimizations. In [6,7] the au-
thors assumed that every AE is mapped to a separate address unit. Miranda
et al. presented in [8] an area-optimization technique for application-specific
address-generation units for large memories in real-time signal-processing sys-
tems. Their techniques rely on a system level analysis of the trade-offs involved
in algorithmic specifications: when the signal-processing application is being
defined, savings are exploited by sharing index expressions among several in-
dividual AEs.

Miranda et al. present in [8–11] the ADress OPTimization (ADOPT) envi-
ronment. The framework gives a formalized methodology and an automated
technique to support address arithmetic optimizations in flow-graph expres-
sions [12–15] for distributed memory architectures. The ADOPT environment
targets architecture and system level optimizations at the same time and the
methodology relies on two stages: one independent of the target architectural
style and a second one stage specific to the selected AGU.

The trade-offs between area and performance for known address sequences
have been discussed in [16]. Their work studies the impact on area and per-
formance of memory access related circuitry in eliminating row and column
address decoders from the memory and incorporating the necessary hardware
decoding in the address-generation circuit. They show how circuit delay can
be nearly halved at the expense of increased area.

10.2.2.2 Datapath-based AGUs

Datapath based AGUs are more suited to complex or long address sequences
when there is a dependency on loop iterators, pointers, or flags coming from
other units (e.g., the datapath) or for address generation that needs some con-
trol or programmability so that a wider address space can be covered. Those
AGUs have an arithmetic unit inside, and they calculate addresses directly.
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For complex and long calculations, an expensive arithmetic unit may be
required. Datapath-based AGUs are classified into custom AGU and pro-
grammable AGU based on the flexibility they provide.

Custom AGUs are an optimal architectural style for irregular memory
accesses that consume too much mapping logic if implemented in table-based
AGUs or for long array-based address sequences (Figure 10.7). These cases
are usually based on a set of nested loops, where the address parameters are
combined to give addresses at each iteration of the loop. Those units have
fixed arithmetic units and interconnections, and these functionalities cannot
be changed. Miranda et al. [9] proposed counter-based AGU, which is an AGU
whose input indexes are given by a modulo counter, architecture exploration
method. The same authors in [11] also proposed a custom AGU architecture
exploration method. The implementation of non-linear calculations is often
expensive, thus the exploration of the trade-off between custom based-AGUs
and table-based AGUs is necessary.

Predefined AEs can also be implemented using bit level sequence genera-
tors. In the most straightforward case, this will lead to the direct mapping
of each bit level AE onto a dedicated hardware block. This strategy could
lead to a large area overhead, and bit level optimizations are mainly ori-
ented to the reuse of hardware between bit level address generators. The
work of Grant [17] and Lippens [18] shows, for very regular AE, optimizations
at bit level for counter/table-based architectures. In [19] the same authors
present the address-generation techniques of the ZIPPO toolbox, which re-
lies on hardware-based multiplexing optimization at word level and bit level
address among several AEs. The authors show that address-generation opti-
mizations can result in area savings between 10% and 60%.

Programmable AGUs are targeted for an optimal calculation of loop
array indexes. These AGUs have dedicated registers available that can be
programmed, flexible arithmetic units and interconnections, and their func-
tionality can be modified at run-time. A very general programmable AGU is
shown in Figure 10.8. This flavor of AGU is the most suitable architectural
style for parameterizable or dynamic address equations providing flexibility

&A[2*i+1]=1,3,5,7,9,11,13,15
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Figure 10.7 Example of a custom datapath-based AGU.
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Figure 10.8 Example of a general programmable AGU.

at the price of increasing area and energy. This flexibility of programmable
AGUs pays an area overhead depending on the following parameters:

� number of memories to address
� size of the arithmetic blocks (adders, multipliers, etc.)
� address register files
� program memory and instruction decoders

Programmable AGUs are normally used in digital signal processors such
as TI TMS320C2x/5x/6x, AT&T DSP 16xx, and other VLIW processors. In
those processors, the AGU is dedicated and can be used to reduce the number
of address calculation operations with auto-increment and auto-decrement
capabilities. Some research topics related to AGUs on DSPs can be found
in [20–22]. Leupers [23] has defined a generic AGU model that covers major
DSPs and proposed some design methodologies. Mathew and Davis [24] have
proposed a distributed address generation and loop acceleration architecture
for VLIW processors that have multiple SRAMs.

Programmable AGUs benefit from flexibility but have an important area
penalty due to the arithmetic units, registers, and counters needed to
give enough versatility, and must mainly rely on software and compiler
optimizations.

Traditional compiler approaches aim at address pre-calculation and post-
calculation [25]. Address pre-calculation consists of an addition of a base ad-
dress with a variable. In this method, the address must be calculated before
the reference. For innermost loop kernels, this approach presents a significant
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decline in the performance of the algorithm. Address post-calculation re-
duces an array reference to an address pointer reference and incrementing/
decrementing the resulting address for the next reference of the array. This
method allows the calculation of the next address in parallel with a main
data operation. Optimizations on address post-calculation were first stud-
ied by Liem et al. in [26,27]. In their work, the authors show code trans-
formations that produce code with optimized index array references for fast
post-modification combining address variables with the same addresses off-
set among loop iterations. These optimizations improve the efficiency of pro-
grammable AGUs.

For data-dependent address generation (Section 10.2.1.2) using a pro-
grammable AGU, address optimizations can be achieved via data ordering and
address register allocation. Data ordering determines the order of data stored
in the memory. Address register allocation assigns an address register to each
data access for address generation. The goal of this approach to optimization
is to maximize the usage of auto-increment/decrement and hence reduce the
number of address loading instructions. Many research papers and industrial
compiler groups work in auto-increment/decrement optimizations but they
are mainly oriented toward timing optimization, not power. In [28] Cheng
and Lyn present an address optimization technique for loop execution for
DSPs with auto-increment/decrement architecture. They propose a new graph
model that takes care of constraints on memory allocation and data ordering.
In [29], other optimization techniques targeting DSPs are explained in detail.

In [30], the authors present arithmetic and address computation optimiza-
tion for a set of typical very regular kernels that appear frequently in several
kinds of applications. Their optimization resides in the observation that, for
those kernels, the elements accessed are usually stored close to one another
in memory. Their work studies scalar conversion and common sub-expression
optimization between successive iterations of loop bodies. Actual compilers
do not carry out this kind of analysis, and for successive iterations the value
of common sub-expressions is computed at each iteration.

Programmable AGUs are a key element nowadays in most designs. As an
example, multimedia-handheld devices require high-performance specific com-
putation, usually accompanied by real-time and Quality of Service (QoS)
constraints, which ensure the device can run at low energy levels and have
a long battery life. Having a flexible architecture is also needed to meet short
time-to-market restrictions and to facilitate the update to new versions of
the applications and/or to add a new application to the device with simi-
lar requirements. Hence, the ideal multimedia device will present high-quality
multimedia content and will be networked, portable, inexpensive, and easy to
use. Moreover, in order to cope with the dynamism of current and future mul-
timedia applications, modern embedded systems demand a programmable and
high-performance solution running at low energy consumption to deal with all
these requirements—this is even more relevant when it comes to the devices
that will be designed in the future.
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for(i=0;i<N;i++) {
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Figure 10.9 Example of complex address calculation.

In this context, having a high-performance and flexible AGU is crucial to
meet all the requirements. Based on our research we propose a reconfigurable
AGU intended for VLIW-like processors or “regular super-scalar processors.”
This AGU is a high-performance and highly-flexible reconfigurable AGU and
belongs to the category of programmable AGUs.

The most relevant existing work in this research area is outlined in [24] by
Mathew and Davis. Mathew’s work targets the speeding up of two-dimensional
affine address equations so that A[i ∗ P +Q][j ∗R+ S]. The two-dimensional
affine address equation is a subset of all practically relevant address equa-
tions, but our reconfigurable AGU can handle all address equations that can
occur in valid C code. For two-dimensional affine address equations, Mathew’s
method can calculate them in one cycle because the unit is coupled with
counters and is optimized for the targeted calculations. Our proposed recon-
figurable AGU cannot achieve higher performance for the calculation of this
A[i ∗ P + Q][j ∗ R + S] expression. However, Figure 10.9 shows an example
of the address calculation from a loop kernel extracted from a real-life appli-
cation after significant optimization. These calculations cannot be effectively
performed by the proposed architecture by Mathew and Davis [24].

In contrast to these approaches, the objective of our research is to produce
a reconfigurable AGU template accompanied by mapping techniques inspired
by the reconfigurable computing domain. We also include an exploration of
special low power custom instructions like shift-add, add-shifts, and shift-shift-
adds. In addition, our aim is to explore different possible AGU configurations
and to analyze the various trade-offs rather than focusing on one specific
instance for a particular metric (e.g., performance) as is the case in most of
the available related work in this field.

10.3 Reconfigurable AGU: What Do We Execute
the Calculations on?

In order to generate appropriate address sequences, various architectures have
been proposed as we previously outlined. In this chapter, we propose a re-
configurable AGU model as a general address-generation unit. The proposed
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Figure 10.10 Reconfigurable AGU model.

reconfigurable AGU model is based on a highly abstracted reconfigurable
architecture model proposed by Taniguchi et al. [31]. It consists of several
processing elements (PEs) and the corresponding pipeline register. Each PE
is composed of dedicated functional units of heterogeneous instructions that
have different latencies. Each PE is fully connected to the other PEs.

Figure 10.10 shows one instance of the reconfigurable AGU template, which
has four PEs. PE0 and PE1 have one cycle add and sub instructions indi-
cated by “+” and “−”, and PE2 has 4 cycles multiply instruction indicated
by “∗”. PE3 has 30 cycles modulo instruction indicated by “%”. Because of
full connection, the order in which the PEs are organized is not important.
For example, the array would have the same functionality if PE0 was to be
swapped with PE3. Thus we can look at the AGU model in which any PE can
be swapped to any other in an AGU model, for example, the one shown in
Figure 10.10.

Please note that the reconfigurable AGU is only a model, and the architec-
ture shown in Figure 10.10 is only a single instance. This means the reconfig-
urable AGU has a variety of architectural configurations such as a different
number of PE or a different instruction assignment. In this chapter, we regard
address-generation unit design as a decision based on the following reconfig-
urable points of the AGU model:

� the number of PE
� the instruction assignment for each PE

10.3.1 Variation of the reconfigurable AGU model

What we want to do, ultimately, is to formulate a decision regarding the
optimum number of PE and the instruction assignment for each PE. At that
point, we can review the reconfigurable AGU model again in more formal way.
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Let I, IA, P , and S be a set of instructions that could be used, a set of
instructions used in a given application, a set of PE implementation patterns,
and a set of solutions (i.e., instances of reconfigurable AGU model), respec-
tively. If I(p) and P (s) represent a set of instructions executed in PE p and
a set of PEs in solution s, then I(p) and P (s) satisfy the following condition:
I(p) ⊆ I and P (s) ⊆ P . Now, in order for a given solution s to execute a
given application, the following Relation 10.4 must hold true.

IA ⊆
⋃

∀p∈P (s)

I(p) (10.4)

Figure 10.11 shows an example set of I, P , and S. Solution s0, which
is one instance of the reconfigurable AGU, is composed of three PEs, and
three PE implementation patterns, p0, p2, and p4, are assigned to solution s0.
Then I(p0) = {add}, I(p2) = {add , sub, sft}, and I(p4) = {mul ,mod}. When
we assume IA = {add , sub, sft ,mul}, solution s0 can execute IA. However,
when we assume IA = {add , sub, sft ,mul , sp0}, solution s0 cannot execute IA

because s0 does not include instruction sp0.
The number of architecture candidates in the solution space S equals |P |m,

where m is the number of assumed PEs shown in Figure 10.11, because each
PE has |P | implementation patterns.

However, because of the full connectivity of the reconfigurable AGU tem-
plate, the proposed AGU can achieve the same level of functionality as the
AGU whose PEs are swapped. Therefore, the number of architecture candi-
dates with m PEs can shrink to |P |Hm, which means repeated m-combinations
from |P | elements. Finally, the number of architecture candidate |S| is de-
scribed as follows:

|S| =
maxPE∑

m=1
|P |Hm =

maxPE∑

m=1

(|P | + m− 1)!
m!(|P | − 1)!

, (10.5)

where maxPE is maximum limit on the number of PEs.
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Figure 10.11 PE implementation pattern and its assignment.
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Usually, the number of functional units in embedded processors is limited,
and the maximum number of PEs maxPE cannot readily be increased signif-
icantly in the real world. The number of PE implementation patterns |P | is
expected to increase when we consider special instructions for more effective
address calculation. Then, |S| may explode because |S| increases in the fac-
torial order of |P |. It is through the formal description of the reconfigurable
AGU model that we notice the variation.

10.3.2 Cost model for the reconfigurable AGU model

The previous section explained the variations of the reconfigurable AGU
model, and how its variations increase in the factorial order of the number of
patterns.

We often use the term “design.” However, it is worth reflecting on the
meaning of “design” within this context. We define the “design” as the act of
choosing the optimal solution from the solution space. The potential variations
of the solution is called the “solution space,” and the size of the solution space
is calculated by the Equation 10.5. Therefore, the size of the solution space
impacts on the difficulty of the design.

In order to choose the optimal solution from the solution space, we have to
evaluate each AGU model. To evaluate an instance of the reconfigurable AGU
model, cost models including area and energy estimation should be defined.
In this chapter, a simple cost model is used as follows.

Let a(i), eL(i), eD(i) be area [mm2], leakage energy [J/cycle], dynamic
energy [J ] that means energy per activation of instruction i, respectively.
Area A(s) of solution s is calculated as follows:

A(s) =
∑

∀p∈P (s)

∑

∀i∈I(p)

a(i). (10.6)

Let C(s) represent the execution cycle counts, obtained by AGU mapping,
required to execute a given application on solution s, and E(s) represents the
energy consumption required to execute all instructions in IA on solution s.
E(s) is calculated as follows:

E(s) = C(s) · EL(s) + ED, (10.7)

where EL(s) and ED are the leakage energy of the solution s, and the dynamic
energy to calculate IA, respectively. EL(s) and ED are defined as follows:

EL(s) =
∑

∀p∈P (s)

∑

∀i∈I(p)

eL(i), (10.8)

ED =
∑

∀i∈IA

n(i, IA) · eD(i), (10.9)

where n(i, IA) is the number of instructions i contained in a given application
IA.
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Please note that a modification of cost models would be needed for more
precise evaluation including clock and power gating schemes, dynamic voltage
and frequency scaling, etc. because the currently used models lack complexity.
They do, however, suffice for illustrative purposes. Equation 10.9 also means
each instruction consumes the same amount of energy per activation in all
PE implementation patterns that include the instruction. For a more precise
evaluation, the definition of ED should be modified when more precise data
are available given that each instruction consumes different energy amounts
for each implementation pattern, etc.

10.4 Architecture Exploration Problem: What Is the
Optimal Solution?

In the previous section, we explained that the term “design” represents the
choosing of the optimal solution from the solution space. The solution space
can become very large as many design parameters exist. However, the big
questions are as follows: What is optimal? Is the optimal solution the highest
performance architecture? Is the optimal solution the lowest energy archi-
tecture? This is quite a challenging issue in general terms, but before dis-
cussing it in more detail, it is worth considering a better solution in a formal
way.

Let S be a solution space, a set of solutions. Then C(s), A(s), and E(s)
represent cycle counts, area, and energy for solution s ∈ S, respectively.
Let BSCA(s) and BSCE (s) be better solutions of solution s under cycle ver-
sus area/energy trade-off, respectively. BSCA(s) and BSCE (s) are defined as
follows:

BSCA(s) = {x|x ∈ S,C(x) < C(s), A(x) < A(s)}, (10.10)

BSCE (s) = {x|x ∈ S,C(x) < C(s), E(x) < E(s)}. (10.11)

This is quite a standard definition of the better solution, and we can use this
definition to address in more detail the identification of the optimal solution.
Actually, the optimal solution is dependent on factors such as the designer,
target products, etc. So it is impossible to designate one solution as the op-
timal solution. Therefore, we introduce the concept of Pareto optimal in this
discussion. Pareto solutions of cycle versus area (PSCA) and Pareto solutions
of cycle versus energy (PSCE ) are defined as follows:

PSCA = {x|x ∈ S,BSCA(x) = �}, (10.12)

PSCE = {x|x ∈ S,BSCE (x) = �}. (10.13)
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Figure 10.12 Better solution.

Pareto solutions are usually regarded as the solution on the trade-off curve,
and the “design” can be classified into two layers as follows:

� Searching for Pareto solutions from within the solution space.
� Choosing the optimal solution from Pareto solutions.

We call this approach the “Searching Pareto solutions from solution space”
type of architecture exploration. Once the Pareto solutions can be obtained,
all the designer has to do is choose the appropriate Pareto solution because
by definition, for any Pareto solution there is no better solution. Then the
architecture exploration problem is defined as follows.

– Architecture Exploration Problem –

For given application IA, to find Pareto solutions PSCA and PSCE

from the available solution space S.
�

For example, Figure 10.12 shows an example of better solutions and Pareto
solutions under cycle versus energy trade-off. The better solution BSCE (·) for
each solution in solution space S = {a, b, c} can be obtained as follows:

� BSCE (a) = �,
� BSCE (b) = �,
� BSCE (c) = {b}.

Then Pareto solution set PSCE includes two solutions: solution a and b,
and designers then have to select the best solution considering their specific
constraints.
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10.5 AGU Mapping Framework: How Is the Address
Calculation Mapped on the AGU Model?

Address calculation is recognized as a significant performance bottleneck and
conventional approaches do not provide any silver-bullet solution to the prob-
lem. This section explains the performance-evaluation method for a given
AGU model and application via the use of a practical example.

In the following section, we take the example from Figure 10.3, and pick up
the piece of code in case comp is 1 or 3 in Figure 10.3. Figure 10.13 shows a
piece of sample code and the extracted address calculation data-flow graph.

Address calculation can be defined as a calculation between brackets of
an array. Therefore, the address calculation can be extracted as shown in
Figure 10.13; the data-flow graph (DFG) is extracted as well. This DFG is

blockA=DCstore[0+15*Xtab[comp]+90*(((mbnum/MB)*MB

address=0+15*Xtab[comp]+90*(((mbnum/MB)*MB
+(mbnum%MB+Xpos[comp]))%LB)

Extract address calculation which is the calculation
between bracket“[”and“]”

%/

+*

+

%

*

*

+

0

15 Xtab[comp]

mbnum MB mbnum MB

MB Xpos[comp]

LB

address

Construct data flow graph (DFG)

for extracted address calculation 

+(mbnum%MB+Xpos[comp]))%LB)];
=DCstore [address];

Figure 10.13 Constructing data-flow graph for address calculation.
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now our target calculation, and we answer the two questions in the following
section: “What do we perform the target calculation on?” and “How do we
design the suitable address generation unit?” Notice that the address calcu-
lation does not include any control flow, and this enables a straight forward
evaluation.

In order to evaluate performance, we have to take two inputs: reconfigurable
AGU spec and address calculation DFG. The AGU mapping framework maps
the given DFG to the given reconfigurable AGU model, and at this point the
performance can be evaluated.

Figure 10.14 shows an example of performance evaluation. Now we consider
the reconfigurable AGU, which has 4 PEs, and the input DFG is from the piece
of code. As the reconfigurable AGU has 4 PEs, the given DFG from the piece
of code has to be scheduled for each step, and to be mapped for each PE.

AGU Mapping FrameworkReconfigurable AGU Spec.

 - #PE = 4

 - PE0 = {(‘+’, 1cycle), (‘*’, 4cycle)}

 - PE1 = {(‘+’, 1cycle), (‘*’, 4cycle)}

 - PE2 = {(‘/’, 30cycle)}

 - PE3 = {(‘%’, 30cycle)}
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Figure 10.14 Overview of AGU mapping framework.
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Once this information is obtained, the total execution cycle is also calculated.
For example, AC0 takes 30 cycles because “/” and “%” can be executed in
parallel. In the same way, AC1, AC2, and AC3 take 4 cycles, 5 cycles, and 35
cycles respectively. Therefore, the total execution cycle is 74 cycles, and now
we obtain the performance to execute the piece of code on the given AGU
model. This is performance evaluation using the AGU mapping framework.

An important challenge for AGU mapping framework is how to obtain
good scheduling and good mapping in practical time. Normally, this prob-
lem is NP-hard, and various heuristics have been proposed. We created the
AGU mapping framework using the graph partitioning algorithm based on
SA (simulated annealing). Graph partitioning by SA is a common challenge,
and a more detailed explanation can be found in the reference [31].

Once the AGU mapping framework works well, changing the AGU specifi-
cation, which is the input to the AGU mapping framework, we can evaluate
various architectures in practical time. The AGU mapping framework now be-
comes a performance-evaluation engine for the AGU exploration framework
explained in the next section.

10.6 AGU Exploration Framework: How Are Pareto
Solutions Obtained from the Solution Space?

Exhaustive architecture exploration makes automated architecture explo-
ration possible, but it is very difficult to identify the best architecture from
the vast solution space because our architecture template has many design
parameters, and the available hybrid combinations are enormous. This makes
architecture exploration in practical time impossible as exhaustive architec-
ture exploration evaluation iterates evaluations for all solutions in the available
solution space.

Systematic architecture exploration from this vast solution space is a de-
manding challenge and represents a significant dilemma. Fast and accurate
evaluation, which is a crucial step during architecture exploration, consumes
for each solution a potentially overly-large elapsed time. Therefore, the best
approach to enable fast and accurate architecture exploration is to limit the
evaluation to promising solutions, that is, those that might become a Pareto
solution. This approach will bring significant exploration time reduction; the
next challenge to be addressed is, therefore, how to identify these promising
solutions. The objective of architecture exploration is to find trade-off curves
of cycle versus area and cycle versus energy. This means, a method to find
promising solutions for each trade-off point is necessary. The fastest way to
find these is based on using estimations for each metric. This enables crude
trade-off curves to be obtained. As such, this section proposes the concept of
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“Optimistic Cycle (OC)” as a new metric for cycle estimation. Additionally,
this section also shows that a set of cycle versus energy Pareto solutions be-
comes a subset of cycle versus area Pareto solutions based on certain practical
assumptions. Combining the new metric “Optimistic Cycle” and the specific
feature of our Pareto solutions, we can achieve fast and accurate architecture
exploration.

10.6.1 Specific features of the Pareto solution

To solve the previously discussed architecture exploration problem, it is nec-
essary to consider both PSCA and PSCE . However, an interesting feature of
Pareto solutions concerning cycle versus area and cycle versus energy should
be noted, that is: a set of cycle versus energy Pareto solutions becomes a subset
of cycle versus area Pareto solutions under certain defined assumptions.

The energy model in question is constructed based on the following assump-
tions and restrictions:

� Clock and power gating schemes are not applied.
� Voltage and frequency remain constant.
� Each instruction consumes the same energy per activation in all PE

implementation patterns that include the instruction.

Empirically, it is known that leakage energy increases proportionally to area
[32]. When EL(s) refers to leakage energy (Equation 10.8) for solution s, then
EL(s) < EL(t) is assumed for two solutions s, t ∈ S that satisfy A(s) < A(t)
under the assumption that clock and power gating schemes are not applied.
Then the following lemma can be introduced.

Lemma 10.1 When A(s) < A(t) and C(s) < C(t) is satisfied for two solu-
tion s, t ∈ S, E(s) < E(t) can also be satisfied.

Proof Dynamic energy ED as defined by Equation 10.9 remains constant be-
cause of the characteristic of the energy model definition. With the assumption
of leakage energy above mentioned, EL(s) < EL(t) is true when A(s) < A(t).
Therefore, E(s) < E(t) is clearly satisfied by the definition of the energy
consumption in Equation 10.7.

Based on the lemma, the following theorem can be introduced.

Theorem 10.1 For a given application, PSCA and PSCE satisfy the follow-
ing equation under the predefined assumptions:

PSCE ⊆ PSCA ⊆ S. (10.14)
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Proof Consider solution s ∈ S is such that s ∈ PSCE and s /∈ PSCA. By
definition of PSCE and PSCA, PSCE ⊆ S and PSCA ⊆ S are obviously satisfied
and the following equations are also satisfied for solution s:

BSCE (s) = �, (10.15)
BSCA(s) �= �. (10.16)

Then conditions C(v) < C(s) and A(v) < A(s) are true, where v ∈ BSCA(s).
From Lemma 10.1, E(v) < E(s) is also satisfied for solution s, v ∈ S. Since
C(v) < C(s) and E(v) < E(s) are satisfied for solution s, v ∈ S, Equation
10.17 is also satisfied.

∃v ∈ BSCE (s) (10.17)

Now, we see that Equations 10.15 and 10.17 contradict each other. Therefore,
solution s does not exist and Equation 10.14 is satisfied.

Based on Theorem 10.1, we can focus on obtaining PSCA to get both PSCA

and PSCE . The energy consumption can be calculated easily once the execu-
tion cycle counts are obtained. Therefore, according to Equation 10.14, PSCE

can be obtained by calculating energy consumption for all solutions in PSCA

and plotting the cycle versus energy trade-off curve.

10.6.2 Systematic architecture exploration method

In this section, the systematic architecture exploration algorithm is described
that is used to draw up fast cycle versus area tradeoff curve [32]. To obtain
a fast cycle versus area trade-off curve, the following approach is taken: (1)
find out the promising architectures expected to fall in the cycle versus area
Pareto solutions space, and (2) apply AGU mapping only to these promising
architectures.

To identify promising architectures under cycle versus area trade-off, a new
metric called optimistic cycle (OC) is proposed. OC provides a crude cycle
estimation based on the following equation:

OC =
∑

∀i∈IA

n(i, IA) · latency(i)
para(i)

, (10.18)

where latency(i) and para(i) mean a latency of instruction i and the number
of PEs, which can execute instruction i simultaneously on the given processor
architecture, respectively. A solution that achieves a lower OC will achieve a
lower cycle count, and promising architectures may be obtained by exploring
OC versus area trade-off for all architectures.

Algorithm 10.1 shows the proposed fast architecture exploration algorithm
that can be used to obtain PSCA and PSCE . The proposed algorithm first
calculates the OC metric for all architectures, and explores OC versus area
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trade-off to obtain promising architectures under cycle versus area trade-off.
Then AGU mapping is applied for the promising architectures, namely Pareto
solutions of OC versus area, and cycle versus area/energy Pareto curves are
then obtained.

Under the aforementioned assumptions and based on the proof in
Theorem 1, focusing on cycle versus area trade-off will also lead to cycle
versus energy trade-off solution points.

Algorithm 10.1 Fast Architecture Exploration Algorithm

Calculate OC for all solutions in S.
Calculate area for all solutions in S.
Find Pareto solutions from OC versus area trade-off.
Apply AGU mapping for all OC versus area Pareto solutions.
Plot the OC versus area Pareto solutions on cycle versus area field.
Plot the OC versus area Pareto solutions on cycle versus energy field.
Obtain PSCA and PSCE .

10.7 Experimental Results

To demonstrate the proposed systematic architecture exploration method,
the proposed algorithm is implemented with a Perl script and executed on a
PentiumD 2.8 GHz with 2 GB memory. The AGU mapping was performed
by a simulated annealing (SA) based algorithm as defined in [31]. We prepare
four benchmarks: Handmade, Cavity, Motion, and QSDPCM. Handmade is
created artificially. Cavity, Motion, and QSDPCM are all real application
kernels, where the address calculation DFGs have been separated manually.
Cavity is part of an image-processing application to detect cavities in brain
tomographies. Motion and QSDPCM are from video motion compensation
and quad-tree structured difference pulse code modulation, which are used in
multimedia codecs.

Figure 10.15 shows a piece of Cavity benchmark. Variables race ∗ are in-
serted by compiler optimization, and calculations related to the variables are
regarded as “address calculation.” Obviously the address calculations are dom-
inant in the application.

Table 10.1 shows the exploration time and the number of evaluated solu-
tions. “Time” and “#Evaluated” refer to exploration time and the number
of evaluated solutions that are applied in the AGU mapping, respectively.
“Exhaustive” and “OC” refer to the exhaustive search [31] by applying AGU
mapping for all architecture candidates and the proposed algorithm using OC,
respectively.
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...
for ( ; race 91 = race 90 , race 91 < 400; )
{
int race 82;
int race 106;
int race 102;
int race 92;
int race 96;
int race 76;
int race 94;

race 92 = 0;
race 4 = race 3;
race 96 = race 4;
race 57 = race 56;
race 82 = race 57;
race 75 = race 74;
race 76 = race 75;
race 81 = race 80;
race 94 = race 81;
race 101 = race 100;
race 102 = race 101;
race 105 = race 104;
race 106 = race 105;
race 112 = race 91 % 2;
race 119 = race 91 * 636;
race 120 = race 119 - 4;
race 130 = race 91 >= 2;
race 122 = race 91 >= 4;
race 115 = race 91 >= 6;
race 123 = race 119 - 640;
race 126 = race 91 <= 398;
race 128 = race 115 ? 6 : 640;
race 127 = race 122 && race 126;
race 139 = race 130 && race 126;

for ( ; race 93 = race 92 , race 93 < race 128; )
{
in image 0 = in image 1;
in image 1 = in image 2;
in image 2 = input();
race 95 = race 94;
race 129 = race 93 >= 2;
race 118 = & race 8[ race 95];

if ( race 129)
{
g acc x = 0;
g acc x += gauss filt(in image 0, -1);
g acc x += gauss filt(in image 1, 0);
g acc x += gauss filt(in image 2, 1);
* race 118 = g acc x / race 10;

}
...

Figure 10.15 Benchmark cavity code.
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Table 10.1 Exploration Time and Number
of Evaluated Solutions

Time [sec] #Evaluated
Exhaustive / OC Exhaustive / OC

Handmade 12,384 / 236 1,909 / 38
Cavity 10,341 / 157 2,387 / 35
Motion 14,790 / 136 1,120 / 12
QSDPCM 46,356 / 282 3,586 / 23

We can see the exploration time is drastically decreased by the proposed
algorithm using OC because AGU mapping is applied only to a limited set of
solutions. To obtain a Pareto curve for QSDPCM, it took about 13 hours by
means of exhaustive search. However, applying the proposed algorithm, the
exploration time of QSDPCM is decreased to about 5 minutes. By applying
the proposed algorithm for QSDPCM, architecture exploration can be done
up to 164 times faster than exhaustive search.

Figures 10.16 and 10.17 show cycle versus area Pareto curves obtained by
exhaustive search and by the proposed algorithm, respectively. The black dot
means one solution evaluated by AGU mapping, and the white point means
a Pareto solution. The proposed algorithm obviously applies AGU mapping
only to the solutions that are located near the Pareto curves.

Figures 10.18 and 10.19 show the comparison of cycle versus area/energy
Pareto curves of QSDPCM, and Figures 10.20 and 10.21 show the comparison
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Figure 10.16 Cycle vs. area Pareto curve obtained by exhaustive search
(QSDPCM).



334 Energy-Aware Memory Management for EMSs

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

N
o

rm
al

iz
ed

 A
re

a

Normalized Cycles

Design points Pareto pointsPareto curve

Figure 10.17 Cycle vs. area Pareto curve obtained by proposed algorithm
(QSDPCM).
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Figure 10.19 Comparison of cycle vs. energy Pareto curves (QSDPCM).
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Figure 10.20 Comparison of cycle vs. area Pareto curves (motion).
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Figure 10.21 Comparison of cycle vs. energy Pareto curves (motion).

of cycle versus area/energy Pareto curves of Motion. The black point and the
X-mark correspond to Pareto solutions obtained by exhaustive search and
the proposed algorithm, respectively. Both Pareto curves in each figure are
normalized to the same scale. We can see that the obtained Pareto solutions
are completely overlapped and the proposed algorithm can obtain the same
Pareto curves as the exhaustive search for QSDPCM and Motion for both
cycle versus area and cycle versus energy. The proposed algorithm obtains
almost the same Pareto curves, and this not only for QSDPCM and Motion
but also for the other benchmarks. Therefore, focusing on only the cycle versus
area trade-off, the proposed systematic architecture exploration method can
draw up the same Pareto curves for both cycle versus area and cycle versus
energy in short execution times.

10.8 Conclusion and Future Work

In this chapter, we have proposed an energy-efficient reconfigurable address-
generation unit and its associated design methodology. First, we have sum-
marized the state of the art address-generation units and have outlined the
motivation for exploration in this field. We have also proposed an energy-
efficient flexible AGU template and its corresponding architecture exploration
framework.
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Various techniques to achieve even lower energy consumption are being
proposed in ongoing research, and most of the future architectures and related
tools will include these techniques. Our current energy model is quite crude,
and some of our assumptions will not necessarily remain true when some of
these techniques are taken into account. For example, by applying effective
power gating, which is one of the more promising techniques, the proof in
Lemma 1 will not be true anymore. To be applicable in these future low-
energy oriented designs, our exploration technique needs a more elaborate
energy estimation model. This is part of our future work.

The current technique can effectively handle loop kernels. As another av-
enue of future work, additional pruning heuristics for even faster architecture
exploration are needed for when we want to address even larger applications.

10.9 Exercises

1. Describe the reasons why address is becoming more and more important.
2. Discuss the advantages in separating the data calculation and address

calculation.
3. Regarding the following address equation:

AE : �A[3 ∗ i + j] (10.19)

What do you think will be the best implementation option for small
ranges (e.g., from 0 to 3) of i and j? And for medium ranges (e.g., from
0 to 50)? And large ranges (e.g., from 0 to 10,000)?

4. Regarding the following address equation:

for(i = 0; i < N ; i + +)res[k + i] = tmp; (10.20)

What do you think will be the best implementation style if N is small
(N < 10) and k is a known parameter? And if k depends on the appli-
cation?

5. Summarize the address optimization techniques at the different levels.
Among the previous optimizations:
(a) Which ones are best suited for computing intense and regular ap-

plications?
(b) Which ones are best suited for computing intense and irregular

applications?
6. When we assume 10 PE implementation patterns, calculate the solution

space where the number of PE is 5.
7. Describe the DFG of address calculation from Figure 10.4, and design

the appropriate AGU.
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