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Prologue

This book is written at the masters level to help students of mathemat-
ics, statistics, applied sciences and engineering. Its scope is the improper
or generalized Riemann integral, its convergence, principal value, evalua-
tion and its application to science and engineering. Questions, problems
and applications involving various improper integrals and series of num-
bers often emerge in these subjects. At the undergraduate level, results
concerning useful improper integrals are mostly taken for granted, pro-
vided by an authority or obtained through tables and computer programs
or packages. Here we try to give students sufficient knowledge and tools
to enable them to answer these questions by themselves and acquire a
deeper understanding of this matter and/or prepare them to do so with
some further study of the matter.

We try to achieve these goals by explaining the concepts involved,
presenting sufficient theory and using a number of theorems, some with
their proofs and others without. A complete, general and advanced ex-
position of this vast area of mathematics would contain a much greater
number of theorems and proofs and involve advanced mathematical the-
ories of real and complex analysis, integral transforms, special functions,
etc., that lie far beyond the undergraduate and/or masters curriculum.

Whenever possible, we present the material in a self-contained man-
ner. We have proved many results but not all. Sometimes our proofs
are not established under the most general conditions that the more
advanced theories can provide, but under conditions accessible to the
undergraduate and sufficient for application. We also state and use a
few advanced general theorems, results and tools from real and com-
plex analysis without proofs. Their complete presentations and rigorous
proofs would require taking the graduate level courses on these sub-
jects. Here their statements are adjusted to a level that students can
understand and are interpreted in a way so that the students can han-
dle, manipulate and use them efficiently as powerful tools in our list of
problems. In this way we avoid stating and proving a great number of
criteria and partial results and thus avoid forcing the students into too
much searching (a lot of times done by trial and error) for finding out the
case they deal with each time and what criterion to apply. Thus, we try

xi



xii Prologue

to render these advanced mathematical results and tools accessible and
useful even to the undergraduate students with sufficient background so
that they can use them in fairly straightforward manners in many per-
tinent problems they may come across in the subjects aforementioned.
Moreover, our presentation and use of these advanced and general the-
orems and results give the undergraduate student a taste of the power
of the graduate level mathematics and motivate the interested one to
take these courses at the graduate level in due time. We also expose a
great number of detailed examples in order to illustrate the concepts and
practice a lot with the tools that check convergence of improper integrals
and evaluate their exact value when this is possible.

We include many exercises and problems in every section. These are
carefully chosen to serve both as practice and for further application.
They are representative enough so that the student, on the basis of
these, can solve many other exercises and problems not included in this
book and also use them in many situations of application. We try to keep
the number of exercises at a level so that on the one hand the student
does not get lost in a vast sea of exercises and on the other hand the
opportunity to practice and learn the material well and apply it is not
compromised. A few problems that are lengthy, have several questions
and may be hard could be assigned as projects to an individual student
or a group of students. Also, the input and help from the teacher or
pertinent bibliography may be significant.

Many examples are presented several times in different ways in order
to see them from various points of view and see how different methods
can give correct answers to the same questions. That is, their solutions
are achieved in various ways depending on the context. We also repeat a
few problems from section to section and we seek their solutions within
the new context. In this way we try to show the students the intercon-
nection of the whole matter, how a given question may be viewed in
many ways and within various contexts, and that there are many ways
to achieve a correct answer. This is something generally lacking in the
undergraduate mathematics education.

This book includes many theorems and methods for checking the con-
vergence and the computation of most improper integrals encountered in
applications. The content is sufficient to provide answers to the major-
ity of them. We briefly examine the Laplace transform, Mellin transform
and Fourier transform. Except for a few results, we do not develop the
theory behind these integral transforms, but we mostly concentrate on
their evaluation and some applications. We have omitted other integral
transforms, such as the Hankel transform, etc. At this level, we did not
include many special and hard integrals such as improper integrals in
several variables, elliptic and hyper-elliptic integrals, Dirichlet integrals,
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integrals involving special functions such as Bessel functions, hypergeo-
metric functions, asymptotic expansions, methods of steepest descents,
etc., and some very special cases of contour integration (Cauchy, Legen-
dre, Mellin, etc.). However, a lot of concrete cases out of these special
integrals can still be resolved by making appropriate use of the tools
provided here. Also, in advanced mathematics we encounter the singular
integrals, which is a whole subject in itself, very important in mathe-
matics and application.

We must say that one will encounter several not fully explained
points, indicated in the text by expressions like “justify this,” etc. All
of them, however, can be justified by the versatile, studious and knowl-
edgeable master-level student. An undergraduate could also clarify all of
them with the help of the teacher. The proofs of theorems and results
omitted in the text can be found in real analysis, complex analysis and
applied mathematics literature.

In conclusion, the useful and practical material of this book is acces-
sible to and can be mastered by any student who has finished a calculus
sequence and has taken some multi-variable calculus, basic ordinary dif-
ferential equations, basic mathematical analysis, complex numbers and
the basics of complex variables. Knowing this material, a student may
not rely on authority, tables or computer packages to give and under-
stand answers to questions related to this important material in theory
and application. On account of all these and its whole content, this book
can be used as the text for an undergraduate course or a supplementary
text to other courses of mathematics, statistics, applied sciences and en-
gineering. It can also become a very helpful manual and reference to
students at the master level and even beyond.

At the senior undergraduate level, this material can be used for a cap-
stone course of a program and also serve for a good review of calculus
and basic mathematical and complex analysis. At the starting graduate
level, we find many illustrations of several strong tools of real and com-
plex analysis with numerous examples and problems, a good many of
which are quite involved. We use these tools, results and theorems, not
just in computing examples and solving problems, but also in justifying
that our methods of various computations are legitimate.

A student who knows advanced calculus and has learnt the material
and problems of this book must be able to verify at least all the integrals
numbered 582 — 709 that appear in the pages 448 — 455 of the CRC
Standard Mathematical Tables and Formulae, by Daniel Zwillinger, 315
Edition, Chapman & Hall / CRC, 2003. Have a look at and practice
with them after you have finished studying this book.

At the end of this book, we have collected in a list all the major
integrals evaluated one way or another in the text and the major finite
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and infinite sums in a different list. We did not go into computing and
collecting infinite products. That would have been another chapter in
the book. As expected we have included a sufficient bibliography, but far
from all the bibliography that circulates in the world on these subjects.
For the convenience of students and readers, an index of terms and names
is also included.

Finally we thank all the people who study and use this book and we
kindly ask them, if they encounter a typo or error that has escaped our
attention, to communicate it to author for correcting it in a prospective
next edition. Also, suggesting new interesting and pertinent problems is
highly appreciated.

Dr. Ioannis M. Roussos, Professor of Mathematics
Hamline University, Saint Paul, Minnesota, 2013



Chapter 1

Improper Riemann Integrals

1.1 Definitions and Examples

Many theorems in Mathematics and many applications in science and
technology depend on the evaluation and on the properties of improper
Riemann integrals. Therefore, we are going to state the definitions of im-
proper or generalized integrals and then discuss their properties. Subse-
quently, we discuss criteria for checking their existence (or non-existence)
and then we develop methods and mathematical techniques we can use
in order to evaluate them. Certainly the answers to many important
improper Riemann integrals have been tabulated in mathematical hand-
books and can also be found with the help of various computer programs,
which we can use if we can trust in them, of course. However, these means
can never exhaust every interesting case. Hence, the good knowledge of
the mathematical theory of how to understand, handle and compute im-
proper integrals, at a higher level, will always remain very important
for being able to deal with new cases and checking the accuracy of the
answers provided in tables or found by computer programs or packages.

In a regular undergraduate Calculus course we study the Fundamen-
tal Theorem of Integral Calculus. This states:

Theorem 1.1.1 (Fundamental Theorem of Integral Calculus) If
a real function f : [a,b] = R (a < b are real numbers) is continuous, then
it possesses antiderivatives F(x), i.e., functions that satisfy F'(x) = f(x)
for every x € [a,b] [at the end points we consider the appropriate side
derivatives, F' (a) = f(a) and F' (b) = f(b)]. Any such antiderivative
F(x) of f(x) is necessarily continuous in (a,b), right continuous at a,
[i.e., F(a) = I1_1>I£l+F($)], left continuous at b, [i.e., F(b) = zl_igl,F(x)]’

and satisfies

b
/ f(z)dz = F(b) — F(a).
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We emphasize the three hypotheses that must hold in order for this
Theorem to be valid:

1. [a,b] is a closed and bounded interval in the real line.

2. f(x) is continuous and therefore, by the extreme value theorem,
bounded on [a, b].

3. In the computation F(b) — F(a), F(x) can be any fixed continuous
antiderivative.

We know that on [a, b], there are infinitely many antiderivatives of
a continuous function f(z), but any two of them differ by a real con-
stant C. Since they are differentiable they are continuous, and since
their derivative is the continuous function f(z) they are continuously
differentiable.

Under these conditions the integral

b
/ f(x)dz = F(b) — F(a)

is called the proper Riemann' integral of f(z) over the interval [a, b].
This is well defined and equal to the limit of the Riemann sums of
f(z) over [a,b], as the maximum length of the subintervals into which
we subdivide [a, b], in this well-known process, approaches zero. Le.,

b
/a fyda= gglk)%zf #1)Azi = F(b) - F(a).

We can go a bit beyond the undergraduate interpretation of the Fun-
damental Theorem of Integral Calculus and relax the above hypotheses
as follows:

We more generally consider f : [a,b] — R piecewise continuous
and bounded. Then its Riemann integral exists. In such a case, we can
also find F(z) antiderivative of f(z) which is continuous in (a,b), right
continuous at a, left continuous at b and differentiable only at the points
of continuity of f(z). At the points of discontinuity of f(z), F(x) may
have a left or right derivative but not derivative.

Sometimes f : [a,b] — R may be continuous in (a, b), right continuous
at a, left continuous at b, but in order to obtain, by means of the usual
methods and rules of antidifferentiation, an antiderivative F'(x) of f(x)
which is continuous in (a,b), right continuous at a, left continuous at
b, we may have to make necessary adjustments, by adjusting certain

1Georg Friedrich Bernhard Riemann, German mathematician, 1826-1866.
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constants, at certain points of the interval of integration [a,b]. Only
then we can guarantee the result

b
[ ta@)de=F(t) - Flo).

in such cases.

In fact, the Fundamental Theorem of Calculus proves that if f(z)
is a bounded Riemann integrable function on the closed and bounded
interval [a, b], then

F(x) :/ f(t)dt is continuous in [a, b]

and satisfies

%F(m)h:w = f(w) at all points of continuity w of f(z) on [a,b].
So, if f(x) is continuous on [a, b], the function F(z) is an antiderivative
of f(x) on [a,b] and is continuously differentiable.

The anomaly we discuss here is not due to any deficiency of the Fun-
damental Theorem of Calculus, but it is created by the standard rules
and methods of antidifferentiation. At times, the answers obtained by
these rules are not defined at certain points and therefore are discon-
tinuous at these points. To obtain the continuity as the Fundamental
Theorem of Calculus guarantees and requires, we must adjust these an-
swers appropriately. To understand this extraordinary situation and be
aware of its occurrence, let us study the following example (and see also
Problem 1.1.3):

Example 1.1.1 We consider the function

3
f@) = 5 —4cos(x)’
This function is defined for every x € R. It is continuous at every x € R,
1
bounded [§ < f(z) < 3], periodic with period 27 and even.

When we integrate rational functions of sine and cosine, we usually
use the half angle substitution v = tan (g) (See also Remark 2 of
Example 3.7.13.) Then we find (work it out)

/5—+cos(x) dx = 2 arctan {Btan (g)} + C.
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We let C' = 0 (as we usually do in calculus when we evaluate definite
integrals). So, we choose

F(z) = 2arctan [3tan (g)} .

This function is defined for all real x # (2k + 1)m, with k € Z, since at
x = (2k+ 1)m, with k € Z, tan (g) is not defined. At these exceptional
points, however, we have

™
li Flx)=2-=- = d li Flz)=2-— = —m.
z—)(Q}cI—Ii-ll)ﬂ'— (z) 2 oA z—>(2}<I-Ii-11)7r+ (z) 2 T

So, at each © = (2k + 1)m, with k € Z, F(z) has a jump discontinuity
with jump |7 — (—7)| = 27. Notice also that F'(x) is bounded,
[-7 < F(z) < 7.

Therefore, to evaluate the definite integrals

b
3
————dx = F(b) — F(a), for an —r<a, b<m,

/a 5 — 4 cos(x) (®) (a) Y - -
we can use the continuous antiderivative

-, if x=-=x
F(z) = { 2arctan {3tan(g)}, if —r<z<m

, if z=7n".

For example,

™ 3 B B
7d :F - —F — + = — — :2 .
| i o= FE) = Flent) = 7= (=) = 2
(See also Example 3.4.4.) B

But, we cannot use F'(x) or F(z) to evaluate definite integrals if a
or b does not satisfy —m < a, b < 7. For instance, if we use it with
a = —2m and b = 4w, we find

4m
3
— —de=F{4r) - F(-27)=0—-0=
/271' 5 - 4COS($) daj ( 7T) ( 7T) O O 07

which is incorrect, since the continuous function f(x) > 0, and therefore
this definite integral should be > 0.
This error has occurred because the chosen antiderivative over the
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interval [—27,47] is discontinuous at the exceptional points examined

above.
The correct answer is obtained if we use the adjusted antiderivative

2 arctan {3 tan (g)} +27 Hx;—fﬂ , fax#Qk+ 1w, kel
Fo(z) =
(2k + 1), if 2 =2k+ 17, keZ,

where :E;_—W is the integer part or floor function of x2—|— T
T T

This new F,(x) is now continuous, differentiable and F!(z) = f(x) at
all points of [—2m, 47| as the Fundamental Theorem of Calculus claims
and requires. (In fact, this is true at every z € R. See Problems 1.1.1
and 1.1.2.)

-3
"~ 5-4cos(x)

f(x)
________ F(x) = arctan[3 tan(x/2)]

Fo(x) = arctan[3 tan(x/2) Jﬂ%J

v

_4t

FIGURE 1.1: The three functions in Example 1.1.1

Now, we get:

4am 3
/7277 5 — 4 cos(x) de (47) (=27m) =47 — (—27) =67 >0
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This result is the correct one and was also expected since f(z) is
2w —periodic, with integral 27 over [—m, 7] and we have integrated it
over an interval of length 67, i.e., three times its period.
(About periodic functions, in general, see Problem 1.1.6.)
A

Now we continue with the improper or generalized Riemann integrals.

Definition 1.1.1 An integral of a piecewise continuous real function of
a real variable is called an improper or generalized Riemann inte-
gral if at least one of the following three conditions occurs:

1. The integrated function is unbounded over the interval of integra-
tion.

2. The interval of integration is not closed.

8. The interval of integration is unbounded.

In all the pertinent definitions that follow, an improper or generalized
Riemann integral of a real piecewise continuous function of a real variable
defined over a set I C R will be defined to be a certain limit of proper
Riemann integrals.

More concretely, we present four cases and definitions in our expo-
sition, each of which may include two or more subcases, that generalize
the proper Riemann integrals:

Definition 1.1.2 Suppose y = f(x) is a real function continuous in
[a,b) C R, then we define:

Forb < >
b P b—e
/ f(z)dz = lim f(@)dz = lim f(z)dz.
a p—=b= Ja e—=0t /o
For b =0
00 M
/ f(z)dz = lim / fz)dz.
a M—oo [,
Examples

Example 1.1.2

-1 \3/5 p—0- J_1 p—0~
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A
Example 1.1.3
~ d
/1 = Jim [arctan(@) =
. : T T T T
A}gloo[arctan(M) —arctan(1)] = Mh_r}rloo arctan(M) — 1-3 1°1
[r.2]
A
Example 1.1.4
> dx . .
J e = VA = i VAT 2T = oo 2o
A

Example 1.1.5

/00 sin(z)dr = lim [— cos(x)]g/l =
0

M —o00
lim [—cos(M) + cos(0)] = — lim cos(M) + 1 = does not exist.
M — o0 M —o00

This limit does not exist because cos(M) oscillates between —1 and 1.
A

Definition 1.1.3 Suppose y = f(x) is a real continuous function in
(a,b] C R. Then we define:
For —oco < a

b b b
/a flz)dz = oli%1+[7 flz)dz = 6lir(rJl+ /a+5 fz)dz.

Fora=—

/_boo f@)dz = lim /Nb @) da.

N——oo

2Pi, 7, w, I the sixteenth letter of the Greek alphabet. Symbol of the transcen-
dental number equal to the fixed ratio of the circumference of any circle divided by
its diameter. Introduced by Archimedes of Syracuse (in Sicily today in Italy), Greek
mathematician, 287-212 B.C.E. It is one of the most important numbers in math-
ematics, science, technology and applications. m 2 3.1415926536.... Archimedes is
considered by the great majority of mathematicians to be the greatest mathemati-
cian of all times. He is the first who conceived the process of integration by which
he found the area of the circle of radius r to be A = 72, the length of its circum-
ference ¢ = 27r and also f—ll z2dz = 2. His method was a limiting process of sums
of areas or lengths that could be computed elementarily, similar to the Riemann or
Riemann-Darboux or Darboux sums of the nineteenth century.

(Jean Gaston Darboux, French mathematician, 1842-1917.)
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Examples

Example 1.1.6

2
/ 9y 2V7)2 =2V2 — lim 20 = 2v2 -0 =2V2.
0 VT o0+

oc—0+
A
Example 1.1.7
0 0
[m e’ dr = Nlir{lm e’y =
Nlirgw [eo —eN] =1 —NlirgweN =1-0=1.
[e?]
A
Example 1.1.8
/1 z?dr = lim [x—Tl = lim [E—N—B} =
oo No-oo| 3 |5y N-o-oo|3 3
3
A

Definition 1.1.4 Suppose y = f(x) is a real continuous function in
(a,b) CR. Then we define:
For —co<a<b< o

/:f(x)dx = lim /:f(x)dx.

p—b—
oc—at

Fora=—o0 and b= o0

M—o0
N——o0

/O:Of(x)dx: lim /NMf(x)dx.

o0
3¢ is the symbol of the transcendental number lim (1 + l)n = > L. It is one

of the most important numbers in mathematics, science, technology and applications.
It is the base of the natural logarithms. It was somehow known to the Scottish math-
ematician John Napier, 1550-1617, but the Swiss mathematicians Jakob (Jacques)
Bernoulli, 1654-1705, and Leonhard Euler, 1707-1783, were the ones who recognized
its highest significance to mathematics and applications. Its approximate value is:
e = 2.718281828459045 - - -
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Fora=—o00 and b < c©
b p
/ f@)de = lim / f(z)de.
—00 p—b~ N
N——oc0

For —co < a and b=
o) M
/ f(z)dzr = lim / f(x)da.
a M — o0 p
o—at

In the above double limits, the two limiting processes are independent
of each other in general.

Examples

Example 1.1.9

/1 dx /11 1 1
— = | — = dz =
g r2-1 42\z—-1 z+1

. r1 1 1 d
1m - — xXr =
p—1- 2 33—1 $+1

o
o——11

1
= lim [In|z —1]—Injz+1]]7 =
2 p—1-
o——11
1.
= lim [In|p—1]—-In|p+1] —Injo —1|+1Injoc+ 1.
2 p—1-

o——11

We have that

lim Injp— 1| = —c0, lim In|p+ 1] =1n(2),

p—1- p—1—

lim Injo — 1| =In(2), lim Injo+ 1| = —occ.
o——1t o——1+

So, the above improper integral as double limit is

[—00 —In(2) — In(2) — co] = —o0.

N~
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Example 1.1.10

/700 o ]\/Ilgnoo [arctan(z)]y = ]\411—I>noo [arctan(M) — arctan(N)] =
N——o0 N——oo

(since both partial limits exist separately, we get)

. . 0 ™
Mhinoo arctan(M) — Nlirgm arctan(N) = 3 (—5) =7.
A
Example 1.1.11
o dx . M . / .
oc—0t
A
Example 1.1.12
/O dx . [—1]p
— = lim |— =
e T p—0- | T |y
N——o0
1 1 ! (—o0) — 0
11m - - 1m —_— = —(— — =
p—0— p N——oco \ N > >
A

Example 1.1.13

0 :1:2 M
/ rdr = lim [—] =
oo M — o0 2 N

N——o0
M? N?
lim |— — —| =00 — o0 = does not exist.
N——co

In fact, if for instance we let M = /N2 + 2A, where A is any real
number such that N2 4+ 24 > 0, then

s [7 - 7} Sy =A

So, this double limiting process may produce any real number as
limit. Similarly, we can make this double limit equal to —oco or co or make
it oscillate. (Find some limiting processes that produce these results.)

A
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Definition 1.1.5 Suppose y = f(x) real function continuous defined
in the set [a,c) U (¢,b] C R with a,b finite and at x = ¢, y = f(x) is
unbounded, that is, it approaches 00 as x approaches c. Then we define:

/abf(x)d;v:/:f(x)d;v—i—/cbf(x)dx

where the two partial integrals have been defined in Definitions 1.1.2
and 1.1.3.

Instead of [a,c)U (¢, b] we could have (a,c)U(c,b) C R with a,b finite
or infinite. Then

/abf(x)d;v:/:f(x)d;v—i—/cbf(x)dx

in where the two partial integrals have been defined in Definitions
1.1.2, 1.1.3 and 1.1.4.

Examples

Example 1.1.14

lim du + lim dix =
p—1— J_ ( 1) o—=1t J, (33 — 1)3 o
_ P _1y-273

lim [ ;v 1 } + lim {—Q] =
p—1— o—1+ 2 .

li 1 M w2
im | —0—— im |—+——=].
p—1- [ 2(p—1)2 18 o—1t | 8 2(0 —1)2
By manipulating the two limiting processes, this double limit may
assume any possible value, finite or infinite. It follows that this improper
integral does not exist.
A

Example 1.1.15 Now we examine the following integral which, we must
notice, is improper at x = 1:

/3 dz _/1 dz +/3 dr
ox—1 ) axz—1 L r—1

) P dx ) 3 dx
lim + lim =
p—1- xr — o—1 xTr —
—2 1 + o 1
lim [In|z —1[)’, 4+ lim [In]z — 1|]§’ =
p—1— o—1t
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= lim In|p— 1| —In(3)] + lim [In(2) —Injo —1|] =
p—1— o—1t

[In(0") — In(3)] + [In(2) — In(07)] =
[—o0 —In(3)] + [In(2) — (—o0)] =
—00 + 0o = does not exist!

We could also write
lim [In|p — 1] = In(3)] + lim [In(2) —Injo —1|] =
p—1- o—1+

In z + lim In o — 1| .
3 p—1- |0'—1|

o—1+

-1
We can easily see that the double limit lim In lp | can assume
p—1- o —1]
o—1+t
any value as 0 — 17 and p — 1~ independently. Therefore, the improper

. ° dw :
integral —— does not exist.
gz —1

Notice that the point x = 1, at which this integral is improper, is an
interior point of the interval of integration [—2, 3]. So, if we inadvertently

write
/3 dfcl = [nfz — 1|2, =In(2) - In(3) = In <§> ;

2 L —

then we find a wrong answer, and we have made a bad mistake! We must
7 F(z) =In|z — 1|,

is not defined (or continuous) at z = 1, a point inside the interval of
integration [—2, 3]. (See also Example 1.1.1.)

also notice that the antiderivative of f(z) =

A

Important Remark for Improper Integrals: As we have seen
in the previous three examples, whenever the final evaluation of an
improper integral takes final formal form oo — oo, then the improper
integral does not exist. By manipulating the limiting processes, we may
make it assume any possible value, finite or infinite, and so such an
improper integral does not exist. (Obviously co4o00 = 0o and —co—oo =
—00.)

This should not be confused with the limits of the indeterminate form
00 — 00. These limits may exist and are resolved by some mathematical
manipulation and/or adjusting the well known L’ Hépital’s rule.

4Guillaume Frangois Antoine Marquis de L’ Hépital, French mathematician, 1661-
1704.
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Also, as we will see in numerous cases and examples, when breaking
an integral as a sum two integrals one of which is co and the other one is
—o0, then this breaking is illegitimate and must be avoided. Otherwise,
all sorts of mistakes can occur.

Example 1.1.16 Similarly with the previous example,
b da
for co <a <0< b< oo, the integral / — does not exist.
x
a

(Verify this by work analogous to the work of the previous example.)
A

Sometimes an integral seems to be improper, whereas it is proper.
For instance, let us investigate the following two examples.

Example 1.1.17 The integral

1 .
/ sin(x) da
-1 X

is proper, even though the function f(z) = sin(z) at x = 0 takes the
x

. . 0 -
indeterminate form —. This is so because, as we know from calculus,

) _,.osin(z)
=T =t
sin(z) . )
Therefore, f(x) = is bounded on the interval [—1,1] and can be
x

continuously defined at = = 0, by assigning the value f(0) = 1.

This integral can be evaluated, by means of power series, as a series
of real numbers. By using the power series expansion of the function
sin(x) we find that the power series of the function f(z) is:

2n+1

_sin(z) I (‘Unm G , oz
fla) = —== " —;(—1) T VzeR.

Since we can integrate a power series, within its interval of conver-
gence, term by term, we get

/11 Li(_ )n(2§jj1)v = 2/11 {(—1)" (25111)'} dx =
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1

St N 33277,—!—1 N )
= Lz_%(_l) et DEn+ 1) 71:1;(_1) Gt Dt )

(See also Problem 3.2.27.)
A

Important Remark: In the previous example, we have used the
fact that we can integrate power series term by term, which means

that we can commute the integral f; with the infinite summation
>0, = lim (Zk ) (That is, we can switch the order of inte-

n=0 0<k—oc0 n=0

gration and the limit process.) Whereas this is always legitimate with
integrals of power series when the limits of integration a and b are inside
their intervals of convergence, it does not hold in every situation with
limits of sequences or series of functions, even if the limits of integra-
tion are within the domain of definition of all functions involved. Serious
mistakes may occur if such a commutation is performed while it is not
valid! (For this see Section 2.3, in the next chapter.)

Example 1.1.18 As in the previous example so the following integral

5
1—
/ cc;s(a:) da
3 l’

is proper.

1 — cos(z)
—a
is bounded and can be continuously defined by assigning the value

Again, at the singular point x = 0, the function g(x) =

1
g(0) = 3 This follows from the fact that under certain hypotheses we
can resolve a limit of type g by using L’ Hopital’s rule. Indeed, we have:

) . l—cos(z) . [l—cos(x) . -sin(x) 1
A =T Ty M 2

DN =

A

Remark: Under certain necessary conditions, we can resolve limits
0 +o00

of the types 0 or Too by using L’ Hoépital’s rule. (Remember that not
00

every such limit can be answered by this rule, but only those that satisfy
the necessary conditions. Review this rule one more time from a calculus
or mathematical analysis book!) These limits may assume any real value,
or oo, or may not exist. If this problem arises at a point of a set over
which we examine an integral and such a limit is equal to a real number,
then the integral is proper with respect to this singular point. Otherwise,
it is improper.
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1.1.1 Applications

Application 1: In calculus, geometry, differential geometry and
other areas we encounter the logarithmic spirals. In polar coordinates
(r,0) they are given by the formula

r=ae®,

where a # 0 and b # 0 real constants.

S
®)

.

—/

FIGURE 1.2: Logarithmic spiral r = aeP’

For such a curve r = f(0) and 6; < 6 < 0, as we learn in calculus,
the arc-length is given by

02 dT 2
11 9 5 02 — / 7‘2 <—> d9
( ! ) 01 d9
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Applying this to the logarithmic spiral, we find

L(61,62) / la|V/1+b2edf = Vl;b (e"> — b)) .
01

Now for b > 0 and any 6 € R the L(—o00,6) is an improper integral
but has finite value. Namely

2
L(—00,0) =|a] 1T+b e,

Similarly for b < 0 and 0 € R, we get

V1+02 .,
—_— € .

L(0,00) = |a] *—

Application 2: In physics we learn that the Earth creates around
it a conservative gravitational field. If the mass of the Earth is M, then
the force W (weight) exerted on a mass m located at distance r from
the center of gravity of the Earth, by Newton’s law of gravitational
attraction, has measure

W =

where G is the universal gravitational constant. The minus sign has the
meaning that the force is directed toward the center of gravity of the
Earth.

The gravitational potential energy of m at a point P located at
distance R from the center of gravity of the Earth O is equal to the work
needed to move m from distance R to infinite distance. Then,

E:AWW(r)dr

Since the gravitational field is conservative (i.e., this integral is inde-
pendent of the path), we can evaluate E by moving on the straight line
OP from R to oo, where O is considered to be the origin. So,

E:/ W(r)dr:/ —GMmdr——GMm[ 1} :ﬂm.
R R 72 Tlp R

The potential of the gravitational field of the Earth at any point P
at distance R from O is defined to be the above energy E per unit-mass,

and so it is £ oM
U=—=——.
m R
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Application 3: The decaying law of a radioactive substance is
m(t) = moer,

where t is time, m(t) is the radioactive mass remaining after time ¢,
mo = m(0) is the initial mass at time ¢ = 0 and k is a negative constant
representing the percentage rate of decay of the substance.

The mean life of an atom of this substance is

= —k/ tertdt.
0

We can compute the improper integral and find that the mean life,

in fact, is
[e%e) [e'e) ekt
w= —k/ tektdt = k/ td (—) =
0 k
ekt o'} kt kt 1
—klt=— —dt = =——.
k{k} +k/ dt = —[0 — 0]+k{ } 3

[Notice that if k < 0, lim (te*") =0 and lim (") =0.]
t— 00 t—o0

Application 4: The plane curve given implicitly by

has four cusps at the points {(1,0), (0,1), (=1,0), (0,—1)}. It is sym-
metrical about either axis, the lines y = +a and about the origin. (See
Figure 1.3.)

Then, by its symmetries, its arc-length (by the well-known formula
from calculus) is going to be

= 4/1 V1 (y)2da.
0

d 3
By implicit differentiation, we find —= y_ —y—l and so

2
VIt )P =4/2 tyg \/ —5 =27,
xrs3 xrs3 xa

So, even if the arc-length of this curve is finite, it is given by an
improper integral as
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y

FIGURE 1.3: Astroid x5 +y3 =1

Application 5: If a company expects annual profits p(t), ¢ years
from now with interest compounded continuously at an annual interest
rate 7, then the present value for all future profits, also called present
value of the income stream p(t), using appropriate Riemann sums,
can be shown to be given by the improper integral

o} 00 —rt
Present Value = / e "p(t)dt = / p(t)d (e ) =
0 0

-

{p(t)eﬁ}:o + /OOO %Ttdp(t) _ 20 1/OOO e~ dp(t).

- T r

—Troo

[We have assumed that p(co) <

= 0, which is a natural condition.]

If we need to find the present value for a time interval 0 < a < b,
then we compute the above integral from a to b.
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Problems

1.1.1 Study the graphs of the functions f(x), F(x), F(x) and F.(z)
of Example 1.1.1 by using the graphs and the information already
provided and the information obtained by studying their first and second
derivatives. Compare them with each other and observe the similarities
and differences!

1.1.2 Prove that the function Fi(z) in Example 1.1.1, is:

(a) Continuous at every = € R.

(b) Differentiable at every « € R, by showing:

At the points x = (2k + 1)7 with k € Z, use the definition of side
derivatives and the help of I’ Hopital’s rule to resolve the corresponding
limits to show F/[(2k + 1)7] = f[(2k + 1)7] = 1.

Then show that at every € R F/(z) = f(z), where f(z) is the given
function in this example.

1.1.3 Check that for any real constant C

d [1 3z(1 — 2?) zt+1
— | Z arct — -7 Cl=—>0.
dx [3arcan<x4—4x2+1 + x6—|—1>

Using this, we find

1, .4 2 1
x*+1 1 3z(l—27)
d = | — t _ = — = U.
/0 1 [BMC8&1(3:4—43:24—1)}0 0-0=0
An integral of a positive function is 0(?)! Explain what has happened.
(Similar problem as in Example 1.1.1.)

2
1
1.1.4 Someone wrote / —dz = [In(|z])]* , = In(2) — In(2) = 0, which
_92 X
is wrong. Find the error and explain why. (See Example 1.1.16.)

1.1.5 Let

1, if 0<z<1

)

fx) =

2, if l<x<2.

2
Then / f(z)dx = 3 and an antiderivative of f(z) is
0

z, if 0<x<1
F(z) =
2z, if 1<z<2.



20 Improper Riemann Integrals

But, F(2) — F(0) =4 — 0 = 4 # 3. Why has this happened?
Find an antiderivative G(x) of f(z) such that G(2) — G(0) = 3, the
correct answer.

1.1.6 Project on periodic real functions.

In this project, without loss of generality, we consider real functions
of a real variable y = f(z) : R — R.

Such a function is called periodic if there is a real number g # 0 such
that f(z) = f(z+¢), V = € R. This number ¢ is called a period of the
real function y = f(x). Otherwise, y = f(z) is called non-periodic.

Obviously, ¢ = 0 satisfies this condition for every function. So, ¢ =0
does not tell us anything about any function. We can call ¢ = 0 trivial
period for any function.

Also, if y = f(z) is a constant function, then obviously any real
number g € R is a period of it.

[In integrals that we study in this text, at times, we use properties
(7.) and (8.) below. With this opportunity, we try to present a more
complete exposition of the periodic real functions. See also Problem
1.2.31.]

1. If functions y = f(z) and y = g(x) have a common period ¢ and
¢ € R is a constant, then prove that the functions f +g¢g, f — g,
c-f, f-g, i and f o g have ¢ as a period. For the composition
f o g we can relax one hypothesis. Which one and why?

2. For any ¢ period of y = f(z), prove that —q and in general any kq

with k € Z (integer) is another period.
If moreover r is any other period of y = f(x) (including the trivial
one), then ¢ £ r is also a period, but ¢r and . may not be periods
of y = f().

3. For any real numbers s # t, we define a so-called Dirichlet® func-

tion f:R — R by

s, if = rational

y=f(z)=

t, if © = irrational.

In the literature, many times, we encounter such a function with
s = 0 and t = 1 which is the characteristic function of the

5Johann Peter Gustav Lejeune Dirichlet, German mathematician, 1805-1859.
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irrationals in R, xyr_q, or with s = 1 and ¢ = 0 which is the
characteristic function of the rationals in R, xq.

For any Dirichlet function y = f(x), prove:

(a) It is nowhere continuous.

(b) Tt is even [i.e., f(—x) = f(x)].

(c) Tt is periodic and any rational number r € Q is a period.

(d) Any irrational number w € R — Q is not a period of y = f(z).

. If y = f(x) possesses a point of continuity (i.e., there is an zp € R
such that lim f(z) = f(xo)[= f( lim z)]) and a sequence of non-
T—xT0 T—To
zero periods (¢, # 0) with n € N such that lim ¢, = 0, then
n—oo
y = f(x) is identically constant.
. If y = f(z) is periodic, non-constant and possesses a point of

continuity, then it cannot have a sequence of distinct periods that
converges to zero.

Then prove that such a function has a minimum positive period
and any other period is an integer multiple of it.

Le., if p := inf{ positive periods of y = f(x)}, then p > 0 and
f(z) = f(x+p), ¥ x € R. Hence,
p := inf{ positive periods of y = f(x) } =
min{ positive periods of y = f(z) }.
Moreover, for any other period ¢ of y = f(x), there is k € Z such
that ¢ = kp.

In such a case, this number p is unique and we call it the period
of the real function y = f(z). Then the function y = f(x) is
called p—periodic.

. Give an example of two p —periodic functions y = f(z) and y =
g(x) such that the period ¢ of their sum f+g, or difference f—g, or

product fg and/or ratio i is not p. What are the possible answers
g

that the ratio < may assume?
p

. If a periodic function y = f(x) is Riemann integrable, then for any
a € R and any of its periods ¢ € R the integral

/aaﬂ f(z)dx

is fixed, that is, independent of a € R. (For ¢ = 0 this is trivially
true regardless.)
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8.

10.

11.

12.

13.

14.
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Suppose f : [0,00) — R is a periodic function with period p > 0
which is Riemann integrable in every interval [0, M], with M > 0.
Then for every u > 0 prove

1" 1 Y s
lim _/O f(t)dt_];/o f(a:)da:—];/u () da.

T—00 I

[Hint: For any = > 0, consider n := HEH the integer part of L
p p

Then use:
1 T 1 "il (k+1)p T
s rwde= | [ s [ sar)
x /0 x k=0 kp np
. . 1 n .
the previous result, the inequality — > — > ﬁ (prove it first),
p oz TP

the Squeeze Lemma, etc.]

If y = f(z) is periodic and differentiable, then its derivative

y' = f'(z) is also periodic with the same periods as y = f(z) and
it is zero at at least one point in every interval of length greater
than or equal to any positive period.

Give an example of a periodic function y = f(z) whose integral

Fa) = / oL

is not periodic.

Give examples of periodic functions y = f(x) with two irrational

a
periods a and b, such that 3 is rational.

Give an example of two non-periodic functions whose composition
is periodic.

Can the composition of a periodic function and a non-periodic
function in either order be periodic?

If y = f(z) is a continuous and periodic function with an irrational
period ¢, then prove that the set f(Z) := {f(n) | n € Z} is dense
in its range f(R) := {f(z) | = € R}). That is, between any two
different numbers in the range f(R) there is a number of the set
f(Z). This is equivalent to the fact that any number in the range
f(R) is the limit of a sequence in f(Z). (The latter statement is
easier to prove.)
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15. Using the previous result and the properties of the trigonomet-

ric functions y = cos(z) and y = sin(x), prove that the sets
{cos(n) | n € N} and {sin(n) | n € N} are dense in the range
[_13 1]

16. If y = f(z) is periodic and has two periods a and b such that s

irrational, then it has a sequence of different periods that converges
to zero. In such a case, in order for y = f(x) to be non-constant
[by (4.) above] it must be discontinuous everywhere.

17. Give (construct) an example of a non-constant function with two

a
periods a and b such that 3 is irrational.

[Hint: In Items (11.), (13.) and (14.) you can use the following fact:
“For any irrational number ¢ the set Z + tZ is dense in R. L.e., between
any two different real numbers there is a number of the form k + I,
with k and [ integers.” You may provide a proof of this fact, but if you
cannot, just use it readily.’]

1.1.7 Project on the modified Dirichlet function.

Part I:

For any rational number » € Q we consider two integers p € Z and
q € Z such that: ¢ > 0, p and ¢ have no common factors except the

trivial 1 [i.e., ged(p, ¢) = 1] and r = 2 For any integer m (including
q

sz)wehavem:mandsop:mandq:1.Wecallsucha

representation of the rational number r reduced representation.
With this in mind we define the so-called modified Dirichlet or
Riemann function ¢g: R — R by:

1
a, if x = g rational in reduced representation
y=y9(z)=
0, if z = irrational.
Now prove:
LVzeR 0<g(z) <1, ¢ '({0})=R-Q andg '({1})=Z.

2. VweR, li_rglg(x) =0.
TH£w

6This is a result of Leopold Kronecker, German mathematician, 1823-1891.
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3. y = g(x) is continuous at every z irrational and discontinuous at
every x rational.”

4. y = g(x) is even [i.e., g(—z) = g(x)].
5. y = g(x) is periodic and the set of its periods is exactly Z.
6. y = g(x) is nowhere differentiable.

Part II:
We cousider the function y = h(zx) to be the restriction of y = g(z) on
the closed interval [0, 1]. (In general we could consider any interval [a, b],

where —0o0 < a < b < 00, but we use [0, 1] without loss of generality.)
Le., h:[0,1] — R is defined by:

1
-, ifz= P Lational in reduced representation in [0, 1]
q

y=hz) =
0, if 2 = irrational in [0, 1].
Then:
1. Prove that y = h(x) is Riemann integrable and /01 h(z)dx = 0.

(Read again the definition of “Riemann integrable function”
and/or some criteria of “Riemann integrability” from appro-
priate books of Mathematical Analysis and apply them to this
function.)

2. Define u : [0,1] — R by
1, ifo<z<l1

0, ifz=0.

1
Prove that y = u(x) is Riemann integrable and / u(z)dr = 1.
0

3. Prove that
1, if = rational in [0, 1]
y = (uoh)(@) = xpne(e) =

0, if = irrational in [0, 1].

Then prove that the composition of these two Riemann integrable
functions, u o h = x|0,1]n@, is not a Riemann integrable function.

"This is an example of a real function which is continuous at exactly the irrational
numbers. We can prove that there is no real function which is continuous at exactly
the rational numbers.
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4. However, u o h = X|o,1]nq is the point-wise limit of a sequence of
Riemann integrable functions, defined as follows:

Let [0,1]NQ = {r1,r2,73,..., } be an enumeration of the rational
numbers in [0,1]. Then V n € N define

1, ifxe{ry,ry...,rn}
y = vn(x) =
0, ifxe[0,1] —{ri,ra,...,Tn}
Now prove that: Vn € N, y = v,(z) is a Riemann integrable
function with /1 vp(xz)de =1 and YV € [0,1], nl;ngovn(x) =
Xouno(@):

5. Finally, prove that: lim [ lim coszn(m!mc)} = X[0,1jnq(®)-

m—00 n—oo
That is, X[0,1jn@(®) is an iterated limit of a double limit process of
bounded continuous functions.

(See also Theorem 2.3.5 and Examples 2.3.14 and 2.3.15.)

1.2 Cauchy Principal Value

In some cases we can define the so-called Cauchy® principal value
or simply principal value of an improper integral. This is a certain
symmetrical limit and it is defined in the following four situations:

Definition 1.2.1 If the integral is improper simply because the set of
integration is R = (—o00,00), then we define its principal value to be:

R
“ fim f(z)dx.
R—o0 R

PV, /_Z F() da

Definition 1.2.2 If the set of integration is [a, ¢)U(c, b], where a < ¢ < b
finite real numbers, and the integral becomes improper at c, then we
define its principal value to be:

e—0t

P.V./bf(x)dx S i l/c_ef(x)dac—k b f(x)dx].
a a cte

8 Augustin Louis Cauchy, French mathematician, 1789-1857.



26 Improper Riemann Integrals

Definition 1.2.3 If both situations of the previous two definitions oc-
cur, i.e., we have improper integrals over (—oo,c) U (¢, 00), with ¢ € R,
then we combine the two definitions and we define the principal value of
this improper integral to be:

o) c—e R
P. V./ f(z)dx S Jim / f(z)dx + fz)dx| .
00 %‘_’}0; —-R cte

Definition 1.2.4 If the set of integration is the finite open interval (a,b)
(a < b are finite real numbers), and the integral is improper just because

the interval is open at both endpoints, then we define the principal value
of this improper integral to be:

b b—e
P. V./ f(x)dx “ lim f(x)da.

e—0t a+

Again we see that the principal values are obtained by symmetrical
limiting processes and therefore are special. However, they turn out to
be very useful in mathematics and applications. We will see applications
of the principal value in many sections that follow.

Examples

Example 1.2.1

o] R £C2 R
P.V./ rdx = lim rdxr = lim [—] =
oo 2] g

R—o0 R R—o0
2 P2
lim [R——( R)]:hm 0=0.
R—o0 2 2 R—o0
A
Example 1.2.2
00 R 333 R
P.V./ 22dr = lim 22dr = lim {—] =
oo R—o0 R R—o0 3 _R
li R_3 _ (=R)° = 1 2_R3 —
Roee |73 3 TRhe 3
A

Example 1.2.3 (a) As we have seen in Example 1.1.16 the integral
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1
d
/ i does not exist, but

1 T
1 —e€ 1
d d d
P.V./ ' lim [/ —x+/ —x}:
4 x esot | ), = e T

lim ([ln |z~ + [1n|x|]1) = lim Ine—Inl1+1Inl—1Ine)= lim 0=0.

e—0 e—0t e—0t

 dw
(b) Similarly / — does not exist, but

_92 X

3 —€ 3
dx , dx dx . —e 3
P.V. /_2 = 51—1>%1+ [/_2 ~ —|—/€ 7} = 61_1>%1+ ([1n|$|]72 + [1n|$|]6) =

lim (lne—In2+1n3 —Ine) = lim In (g) =In <g>

e—0t e—0t

(c) Also / do does not exist, but

P.V. / dr _
oo X

< d Rd _
lim [/ = —|—/ & = lim ([ln|x|]_;+ [ln|x|]f) =
e—0+ _R T ¢ x e—0Tt
R—o0 R—o0

lim lne—InR+InR—1Ine)= lim 0=0.

e—0t e—0t

R—o0 R—o0

Example 1.2.4

3 1—e 3

dx dx dx

pv. | % __ _dr _
v / (w—1)7 ot [/ (@ —1)? *fm (x—l)B}

-1 1—e -1 3

li — - -

0+ (La- 1>2L i {2@:— 1)2]1+5>

i -1 " 1 1 + 1 1 1 =5
ml(l—s+—=——-=-+—=|=—=—-—=-==.
e—0+ \ 2¢2 18 8  2¢€? 18 8 72
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Example 1.2.5

*© dx
P.V. —_ =
v /_Oo x?+1
lim [arctan(z)]® = lim [arctan(R) — arctan(—R)] =
R—o0 R—o0

. . ™
ngr(lx) arctan(R) — ngnoo arctan(—R) = 5

since both of the two partial limits exist.

By the above definitions and examples we conclude the following:

(a) If the improper integral exists, then all limiting processes give
the same answer which is the value of the improper integral, and so the
principal value also exists and it is equal to the improper integral.

(b) If the improper integral does not exist, then its principal value
may or may not exist.

(c) If the principal value does not exist, then the improper integral
does not exist either, since the principal value is one of the limiting
processes.

Thus, the principal value of an improper integral constitutes a proper
generalization of the improper integral. When we know a-priori that the
improper integral exists, we can evaluate it by just computing its prin-
cipal value, especially when the computation of this symmetric limit is
easier than any other way.

The following definitions and immediate results are also useful:
(a) If y = f(z) is an odd function in R, i.e., by definition
VzeR, f(—x) = —f(z), then

R

P.V. /OO flz)de = Rlim f(z) dx = 0.
oo —oo J_p

(b) If y = f(z) is an even function in R, i.e., by definition
Vx eR, f(—z) = f(z), then

oo R
P.V./ f(z) de = lim flx)dz =
_ o R—o0 R
R 0
2 lim / f(z)dz =2 lim f(z)dz.
R—o 0 R—o R

In general, a function y = f(z), where f : R — R, is odd about
a point ¢ € R, if by definition

VueR, flc—u)=—f(c+u), or Ve eR, f(2c—z)=—f(z).
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Also, y = f(x) is even about a point ¢ € R, if by definition
VueR, f(c—u)=f(c+u), or Ve eR, f(2¢c—2x)= f(z).

Now consider y = f(x) a function defined in (—oo,¢) U (¢, 00), with

¢ € R. We have:
(¢) f y = f(z) is an odd function about ¢ [we let f(c) = 0, in this

case], then
R

P.V./O:Of( dx_hm/ f@de+ tim [ f(@)de=0.

e—0t e—>0 cte

(d) If y = f(x) is an even function about ¢, then

c—e R

PV/ f(z) dz = lim f( )dx + lim f(z)dx =
e—>0 e—0Tt cte
R—o0
2 i de =21
6—1>I(§l+ C+Ef( ) v e—lgl R f( )
R—o0 R—o0

(e) Rule of translate or shift: Consider a function
f o la,a+r] — R, with r>0.
The translate or shift of y = f(z) at the interval [b, b+ r] is given by

y=flx—b+a), with b<ax<b+r.

Problems

1.2.1 Give all the reasons as to why the following integrals are improper:

I :/ In(z) dz, I :/ sin(@) 4.
0 —00 €z
oo - [ee) 1
I3 = / cos(z) dx, Iy = / dx,
0 xr 0 20 — 1
Is = / 51211(595) dx, Is = / e *dx, ne€Z.
o e*—1 0

In problems 1.2.2-1.2.22 compute the given improper integrals.
(Prove that they are equal to —oo, or 400, or the provided value and/or
you find their values. In some of these problems you have to distinguish
different cases depending on the values of the parameters involved.)
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1.2.2 N
/ e " dx, where p € R constant.
0

1.2.3 .
/ % In(z) dz and / % In(z) dz,
1 0

where « is a real constant.

1.2.4 “© | “© |
X X
/_mx2+1dx and P.V./_m$2+1dx.
1.2.5 . .
X X
—— _d d PV.| —daz.
/o @—32 " ™ / (w—3)2 "
1.2.6

/ > dx
a ‘/'L.p ’
where a > 0 and p are real constants.

1.2.7

where p > 1 is a real constant.

1.2.8 . .
/2 tan(z) dx and P.V./2 tan(z) dx
1.2.9
/OO dx and /°° dx
o (z+1)3 o (@—-1)°
1.2.10
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1.2.11 N
/ |;1c|e_g“2 dx.
1.2.12
/ e~ " cos(z) dx and / e “sin(x) dx
1.2.13
/OO dx _1y 5
s 24+2-2 3 \2
1.2.14 .
/0 e **sin(fzx)dr = ﬁ%?’
where a@ > 0 and S € R constants.
(See also Problem 3.7.40.)
1.2.15 .
/ e~ **sin(fr) dz,
where a > 0, f € R and a € R constants.
(See also Problem 3.7.40.)
1.2.16 .
/0 e * cos(fx)dr = ﬁﬁz’

where a > 0 and S € R constants.
(See also Problem 3.7.40.)

1.2.17 N
/ e ** cos(fx) dz,

where a > 0, 8 € R and a € R constants.
(See also Problem 3.7.40.)

1
/ 2Pz,
0

1.2.18

where p is a real constant.
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1.2.19 u -
(a) / In(z) dx and / In(z) dx,
0 a
(b) / In?(z) dz and / In?(z) d,
0 a
where a > 0 is a real constant.

1.2.20

/°° dx B T
o 2+ 2ax + b2 B2 — g2

for b > |a| real constants.

1.2.21 By making two successive appropriate u-substitutions, prove that

/ e dx B 1
5 xln(z) [In[ln(z)]]> In[n(3))
1.2.22 By making two successive appropriate u-substitutions, prove that
/ e dx =
5 zln(z) Inln(z)]

1.2.23 Show that the integral

1
rT—1
/e dx
1 x

is proper and find its value as a series of real numbers.

1.2.24 Compute the integrals

2 4 _ 51 _
/ 1 — cos(x) i and / 1 — cos(x) da
-2 -3

2 2

as series of real numbers.

[Hint: Use the power series of cos(x), etc.]

1.2.25 Consider a function f : R — R. Prove:

a) If y = f(z) is odd, then f(0) =

b) If y = f(x) is both odd and even, then it is identically zero.
c) If y = f(x) is differentiable and odd, then f'(z) is even.

d) If y = f(x) is differentiable and even, then f’(z) is odd.

1.2.26 (a) Prove that with compositions of functions we have the rules:

/\/\/—\/—\
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even o even = even
even o odd = even
odd o even = even
odd o odd = odd.

(b) Prove that with multiplications of functions we have the rules:

even - even = even
even - odd = odd
odd - even = odd
odd - odd = even.

1.2.27 Consider a function f : R — R. Then prove that any two of
the following statements imply the third one:

(a) f(z) is odd about z = 0, i.e., f(—x) = —f(z).

(b) f(z) is odd about x = ¢, i.e., f(2¢ — ) = —f(x) or
fle—u) = —f(c+u).

(¢) f(x) is 2¢—periodic, i.e., f(x + 2¢) = f(x).

1.2.28 Consider a function f : R — R. Then prove that any two of
the following statements imply the third one:

(a) f(x) is even about x =0, i.e., f(—x) = f(z).

(b) f(z) is even about x = ¢, i.e., f(2¢—x) = f(z) or
fle—u) = fle+u).

(¢c) f(z) is 2c—periodic, i.e., f(z + 2¢) = f(z).

1.2.29 Consider a function f : R — R. Then prove:

(a) If f(x) is odd about z = 0 and even about = ¢, then f(z) is
4c—periodic, i.e., f(x +4c) = f(x).

(b) If f(x) is even about z = 0 and odd about & = ¢, then f(z) is
4c—periodic, i.e., f(x + 4c) = f(x).

(c) Notice that here we cannot have results similar to the results of
the two previous problems. Why?

1.2.30 Consider any ¢ > 0 and
fl@)=z(c—2), 0<z<ec

Show that the extension of this function all over (—oo, o), such that
the extended function is odd about both = 0 and = = ¢, is given by:

VneZ, for nl <z < (n+l)e, then f(z)=(-1)"(z—nc)[(n+1)c—x].

[Hint: Extend the function to [—c,0] as odd and then use Problem
1.2.27 and the Rule of shift, (e), above, etc.]

1.2.31 For any a € R and p > 0, consider any real function y = f(z)
defined in the interval [a,a + p) or (a,a + p].
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(a) Extend this function to the whole R periodically with a period
equal to p.

(b) Give an example in which the period of the extended function in
(a) is less than p.

(c) If we consider f(z) defined on the closed interval [a,a + p], then
give an example of a function f(z) which cannot be extended as a peri-
odic function.

(d) Under what condition a real function f(z) defined on the closed
interval [a, a + p] can be extended as a periodic function to the whole R
and with a period equal to p?

1.3 Some Criteria of Existence

We have defined the improper integrals as certain limits. These lim-
its may or may not exist. When such a limit exists, we say that the
improper integral exists or it is convergent. If the limit does not
exist, then we say that the improper integral does not exist or it is
divergent.

In the previous definitions, for more generality, the real value func-
tion y = f(x) was considered to be piecewise continuous rather than
continuous. (In the most general theory of integration developed in Ad-
vanced Real Analysis, we deal with more general integrals of a “very
large” class of functions, the class of the measurable functions. We
study these in an advanced course of real analysis.)

Necessary and sufficient conditions for the existence of improper in-
tegrals are developed in advanced calculus, mathematical analysis and
real analysis. Most of these are beyond the scope of this book. So, we
will content ourselves with the few criteria stated in this section, some
of which are reminiscent to criteria for the convergence of infinite series
in calculus. These criteria are sufficient and powerful enough to give an-
swers about existence or non-existence (convergence or non-convergence)
questions for almost all the interesting improper integrals of mathemat-
ics and scientific applications at this primary level.

Definition 1.3.1 Non-standard Definition: In this book, we shall
call a function to be a “nice function” if it is piecewise continuous in
its domain of definition with finitely many discontinuities, each of which
is of the following three types:

1. Jump discontinuity with finite or infinite jump.

2. Essential discontinuity because the limit of the function, as x ap-
proaches the point of discontinuity, is £0o.
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8. Essential discontinuity, such that the limit of the function, as x
approaches the point of discontinuity, does not exist and is not +o0.
(The function oscillates.) In this case, we shall assume the extra
condition that the function is bounded in some interval containing
the point of the essential discontinuity.

The continuous functions are of course a subset of this set of nice
functions since they have zero discontinuities in their domain. We use
this non-standard term of “nice functions” for short, so that we do not
have to repeat these conditions whenever we need them throughout this
book. So, from now on we must remember what we mean by this non-
standard term of “nice function” whenever we refer to it.

When a jump discontinuity has infinity jump or the limit of the
function at the point of the discontinuity is +oo, then the function is
unbounded. In general, the discontinuity is essential if the limit of the
function at the point of the discontinuity does not exist.

Also the domain of definition of such a function is going to be de-
noted by a capital letter like A, where A C R is any set that we have
already encountered in the definitions of the previous two sections
and/or any nice set that we have already dealt with in an undergrad-
uate calculus course (e.g., a bounded closed interval, a finite union of
bounded closed intervals, etc.).

Theorem 1.3.1 (Comparison Test with Non-negative Functions)
Let f and g be two nice functions defined in a set A C R (as we
have indicated in the previous paragraph) and satisfying the inequality
0 < f(z) < g(x). Then we have:

(a) If [, g(x)dx exists, then [, f(x)dx exists.

[“Exists” for a non-negative function 0 < f(x) < g(x) means that
the integral assumes a finite non-negative value.]

In this case we have the inequality

Og/Af(;v)d;vg/Ag(x)dx<oo.

(b) If [, f(x)dz does not exist, then [, g(x)dx does not exist.
[“Does not exist” for non-negative functions 0 < f(z) < g(x) means
that the integrals are infinite, that is, their values are equal co. So, in
this case we have [, f(x)dex = oo = [, g(x)dx.]
Proof The proof of this criterion is rather obvious, since for any closed
interval [p,q] C A and for any nice function satisfying the inequality
0 < f(x) < g(z), by basic calculus we have

gg/qu(x)dxsqug(m)dw

and the limiting processes preserve the < inequalities.
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Then, to prove claim (a) and claim (b) of the Theorem, we respec-
tively use the facts

/Ag(a:) dr <oo  and /Af(a:) do = oo.

(Note: This criterion is reminiscent of the Comparison Test for con-
vergence of non-negative series.)

Examples

Example 1.3.1 Prove that
o0 2
/ e~ " dr exists.
0

(In other words, it is convergent or equals a finite value.)

x

Consider the continuous function f(z) = e~ * on [0,00) and define

fl@) foro<z<1

g(x) =

e forl<uz<oo.

Then 0 < f(z) < g(x), Vo € [0,00) and

0 1 0 1
/ g(x) da:z/ e " dx—|—/ e "’ da:z/ e ¥ dxr+ [—e_””](l)o =
0 0 1 0

(finite value) + [0 — (—e™!)] = (finite value).

Therefore,

/Ooof(x)dac:/()ooew2dx</ooog(x)dx<oo

and so / f(z) dz is finite.
0

In the above inequality we have used the strictly less because f(z) <
g(x), ¥V z e (1,00).
In the same way we can prove that

o0
—x2 .
e dx exists,
— 00

or we can use the fact that f(z) = e~®" with 2 € R is an even function

and so - -
2 2
/ e ” dx:2/ e * dx.
— 00 0
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Note: There is no explicit antiderivative of e~ This is proven by

Liouville’s® theory for finding antiderivatives in terms of ele-
mentary functions. This theory involves a good knowledge of complex
analysis.

Example 1.3.2 Prove that

i.e., it diverges.

1 1
On [2,00) we have that 0 < — < .
x  In(z)
Now -
/ L de = [In@)] = oo.
2 X
Therefore,

dx.

Again, there is no explicit antiderivative for /

1
In(x)

Now we state the Integral Test, already known from calculus for
checking the convergence or divergence of certain infinite series. This is
stated as follows:

Theorem 1.3.2 (Integral Test) Let y = f(x) be a nice, positive, de-
creasing function defined on an interval [k, c0), where k is an integer.
[That is: Yz € [k,00), f(x) > 0 and if k < 21 < 22 < o0 then
f(z1) > f(x).] Welet ap, = f(n) formn=k,k+1,k+2,.... Then

/ f(x)dz converges (diverges)
k

if and only if

o0
Z an converges (diverges).

n=~k

(The proof of this criterion can be found in any good calculus book.)

Note: For positive functions and positive series, respectively, the

o0
/ f(z)dz and Y7, a, diverges means it is equal to oco.
k

9Joseph Liouville, French mathematician, 1804-1882.
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Remark: Whereas in calculus the Integral Test is mainly used to
check the convergence or divergence of a positive series that satisfies
the hypotheses of this criterion, here we use it in the converse way to
check the convergence or divergence of an improper Riemann integral
under these hypotheses. So we need to prove that the respective positive
series converges or diverges. To this end we employ any different criterion
that gives an answer for the series, among all those someone can find
in books of advanced calculus or real analysis. Review these criteria one
more time. For instance, we remark that under the conditions of the
Integral Test the following three criteria are often very convenient.

Theorem 1.3.3 (Cauchy Positive Series CondensationTheorem)
Suppose that a1 > az > az > ... > 0 is a decreasing sequence of non-
negative numbers. Then

o0
Z an converges (diverges)

n=1

if and only if

Z 2P aor = a1 + 2as + 4ag + 8ag + ... converges (diverges).
k=0

Theorem 1.3.4 (Absolute Root Test. (Cauchy)) Consider a se-

ries of real numbers Z ayn. Suppose the following limit exists or is 0o

n=~k

0 < lim V/|an| =p < 0.
n—oo
Then: -
(1) If 0 < p < 1, the series Z an converges absolutely and therefore

) n=~k
1t converges.

(2) If 1 < p < oo, the series Z a, diverges.
n=~k

(8) If p = 1, the test is inconclusive.
Theorem 1.3.5 (Absolute Ratio Test. (D’ Alembert)) * Con-

sider a series of real numbers Z Gy Suppose the following limit exists
) n=~k
or is 0o
a
0< lim [n+1] =p < o0

n—oo |an| -

10Jean Le Rond d’ Alembert, French mathematician, 1717-1783.
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Then: -
(1) If 0 < p < 1, the series Z an converges absolutely and therefore

. n=k
it converges.

(2) If 1 < p < o0, the series Z ay, diverges.
n=k

(8) If p = 1, the test is inconclusive.

Remark: The root and ratio tests as presented here are not stated
in the most general form; one can find them in a good mathematical
analysis book. In such a book these tests are stated in terms of the
liminf and limsup of sequences of real numbers for achieving the most
more general results. Study this material from a good mathematical
analysis book.

Examples

Example 1.3.3 The results presented in this example are straightfor-
ward, but because they are very useful we find them at times under the
name “p-Test.” When combined with other tests it can answer a lot of
questions on convergence or divergence of integrals rather easily.

Since V p € R the antiderivative of the function

1
— -p _—_
fl@)y=a7P= et x € (0, 00)
is
x—PHL

—-p+1

+c if p#£1
F(r) =
In(Jz|) +c¢ if p=1,

where c is an arbitrary constant, we obtain the following easy but useful
results:
Let 0 < k < oo be a constant. Then:

00 ifp<1
> dz
(1) / g
L 1 ifp>1
—_————— 1 .
ip-1) 7
El-p 1 ¢
= 1 1
*dx I—p W i(i-p 7

2 _— =
@ |3
o0 if p>1.
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So, by both (1) and (2)

* dr

xP

V peR we have: /
0

We now obtain the two byproducts:
(1) For any @ < b and p < 1 real constants

‘/b dx _:/badt_}/b dv  (b—a)'?
o @=a) Jo ot J, b—2p  1-p

(2) For any any a, b and p real constants

/m dx _/m@_/b o _
a (m_a)P_ 0 tp_ —oo(b_x)p_ '

An example of using the p-Test is in proving the convergence of
the integral

00 1.2 1 2 0o 12
/ sin“(x) da :/ sin“(x) dx—|—/ sin“(x) de.
0 z? 0 z? 1 z?

(The &-priori splitting of this integral is legitimate since the integrand

function is positive.)
For the part
12
8
/ in 2(33) i
O l’
sin?(z)

lim =1,

x—0 €T

we observe

a fact that makes the integral proper and therefore finite.
For the second part, we observe

oo 1.2 e’}
S 1
/ bmz(m)dx</ —dr=1
1 T 1 T

and so this integral is convergent, by the Comparison Test 1.3.1 and
the p-Test with p =2 > 1.
On the other hand, the integral

00 ini2 1 2 00 i 2
/ sin 3(33) i :/ sin 3(3:) dx—|—/ sin 3(3:) da
0 x 0 x 1 z

diverges because

3

1.2
/ sin”(x) dr = oo,
0
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.2 c 2

. 3 1 1

sin 3(33) _sm 2(33) .~ behaves like b+ —
x

T T
for some constant b > 0. That is, we can find a constant 0 < k < 1 such
sin?(z) 1 _ 1

1
—>—-.—forall0 <z < k.
2 x 2 z

This is so because near x = 0,

1
that for 0 < b = 3 < 1 we have
Then

12 k
sin®(x) 11 1
/0 o dx>/0 5-;(19625-[111(/6)—}—00]:00.

A

Example 1.3.4 Limit Comparison Test.

In this example we present a method analogous to the limit compar-
ison test for positive series. We find the limit of the ratio of two positive
functions as we approach a singularity or oo and then we make an
appropriate comparison of their integrals. We illustrate this with the
following examples.

o0
(1) Prove that V ¢ € R, / z%e” " dx converges.
1

In [1,00) we compare the positive function f(z) := xz%¢~® with the

positive function g(x) := — by taking the limit
x

q+2
lim M — lim 27*2e~® = lim 2 =0 (by L’ Hopital’s rule, e.g.).
T—>00 g(gj T—00 r—oo er
Therefore, there is a constant k > 1 such that %m; <lifk<zr<oo
g(x

or 0 < f(z) < g(xr) < 1if k <z < oco. But then

> >~ 1 —171* 1
/ e < / —2dx = {—] = —.
k k xr X k k

Hence,
oo k fe’s) 1

/ e % dx = / zle % dx —|—/ xle " dx < finite + % < o0
1 1 k

and therefore converges.

1
(2) Prove that V ¢ > —1, / x%e” " dx converges. (Notice that

0
when ¢ > 0 the integral is proper and so finite.)
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When —1 < ¢ < 0, the positive function f(z) := xz%¢~* has singu-
larity at = 0 (it tends to oo as z — 0%). So, for —1 < ¢ < 0, we
1
compare f(x) with the positive function g(z) := pr by taking the limit
x
f(z)

lim —= = lim e * = 1.
z—0t g(x)  a—0+

f(z)

Therefore, there is a constant 0 < k < 1 such that ﬁ < 2 if
g(x
0<z<k,ie, 0< f(z) < 2¢g(x) if 0 <z < k. But, then ¢+ 1 > 0 and

k k 11k 1
1 q+ 2kat+

/xqe*wdx</ 2—dx =2 x = .
0 o x4 qg+1], qg+1

Hence, when —1 < ¢ <0,

1 k 1 2kq+1
/ e ¥ dx = / zle % dx +/ e P dx < + finite < 0o
0 0 k g+1
and therefore converges. So,

1
/ xle”® dx converges for all ¢ > —1.
0

1
(3) Prove that V ¢ < —1, / ™" dz(= 0o) diverges.
0

In (0, 1] the positive function f(z) := z%¢~? has singularity at =0
(it tends to oo as & — 01). We compare it with the positive function
g(z) := 29 by taking the limit
f(z)

m—== lime * =1
z—0t g(x) a0+

1
Therefore, there is a constant 0 < k& < 1 such that % > 3 if
g(x
1
0<z<k, e, f(z) > 5 g(x) if 0 < z < k. But then (by the previous
example)
k kq
/ e " dx 2/ — . x2%dx = o0.
0 0o 2
Hence,

k
/ e " dx = oo
0
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and therefore
1 k 1
/ zle ™ dx = / zle™" dx + / 2% " dx = oo + finite = oo
0 0 k

diverges for all ¢ < —1.

Example 1.3.5 We would like to prove that the integral

/°° dx
5 [In(z)]m@
converges.

One way to do this is to use the Integral Test, since same we easily
observe the function

1
f($)=W7

on [2,00),

is positive for x > 2 and decreasing for x > 3. (Also, its limit is zero as
T —> 00.)
So, to prove that this integral converges (is finite) we must prove that

the positive series
o0

1
7;2 [ln(n)]ln(n)
converges. This is done as follows:

We use the Cauchy Condensation Theorem, 1.3.3, all the hy-
potheses of which are satisfied. (Check this.) So, we must prove that the

series
o0

ok Z ok
= I (20" o kim2))Fme)?

o0

converges.
We prove that the latter series converges by using the Absolute
Root Test. Indeed:

ok T 2k o 2 .
p = klgr;o Vlar| = klingo @)= klin;oW =0<1.
Hence, the last series converges and so the initial series converges
too. Therefore, the given improper integral converges by the Integral
Test.
Another way to prove that the given integral converges is the follow-
ing: Using the substitution ¢ = In(z) <= x = ¢’ in the above integral

we get
/OO o0 et d
f(x)dz z/ — dt.
2 (=) In(2) t'
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t
Then we observe that the function g(t) = i_’f is positive for ¢t > In(2)

and decreasing for ¢ > 3. (Also, its limit is zero as © — c0.) Moreover,

the series
n

o
>
n=1

| [$

3

converges.
For the convergence of this series we can use, e.g., the Root Test to
get
n

. e . e
lim {/— = lim — =0<1.
n—o00 nn n—oo N

n

So, the Integral Test applies and the improper integral converges.

A
Example 1.3.6 With work similar to the previous example, we can
prove that
/ i dx
5 [In[In(2)]]"™™
converges.
But,

/OO dx
s (@ pmeT

diverges. (Work out the details for both proofs.)
A

Now we consider a nice function y = f(x) with positive and negative
values, defined in a set A. We say that the improper integral of f(x)

over A C R exists if / f(x)dz is a finite (real) value. However, in such

A
a situation, we distinguish the following two cases and definitions:

Definition 1.3.2 We say that the improper integral of a nice function
f(z) over a set A exists or converges absolutely if

[ @)

is equal to a finite non-negative value.
Otherwise, [,|f(x)|dx = co and then we say that the improper in-
tegral of f(x) over the set A diverges absolutely.

Definition 1.3.3 We say that the improper integral of a nice function
f(x) over a set A converges conditionally if

/Af(x) dx
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is equal to a finite real value (and so this improper integral exists), but
it diverges absolutely.

Now we state the absolute convergence test which claims that abso-
lute convergence implies convergence, but not vice-versa.

Theorem 1.3.6 (Absolute Convergence Test) We consider a nice
function f(x) defined in a set A.

(a) If
/ |f(z)|dx exists
A

then
/ flx)dz exists.
A

(b) In Case (a) we also have the inequality

[ t@as| < [ 1@y a

(¢) The converse of this test is not true.

Proof (a) The inequality 0 < |f(x)| — f(z) < 2|f(z)| is valid for all z €
A. Now we apply the Non-negative Comparison Test (Theorem
1.3.1), and with a straightforward manipulation we obtain the result.

(b) The relation
[ o] < [ 1f)da

is valid, because it is valid for any nice function and any closed interval
[p,q] € A, as we have learnt in a calculus course.

(c) In the sequel we shall see several examples that disprove the con-
verse.

Before we present concrete examples using the Absolute Conver-
gence Test and/or other tests, we need to clear out some things about
what is legitimate splitting of integrals into smaller parts. So,
begin with the following example.

Example 1.3.7 Consider the improper integral

N—o0
o—at

/a  f@)dr = lim /U .
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being improper at both endpoints only. That is, f(z) is nice in the open
interval (a,00) and on any closed and bounded (finite) subinterval of
(a,0) its integral is proper.

Then, if we pick any two fixed numbers b and ¢ such that a < b <
c < 00, we can always write

/aoof(x)dx:/abf(x)dx+/bcf(x)dx+/:o f(z)da.

In this equality the first and the last summands are improper integrals
only at the lower and the upper limit of integration, respectively. The
middle summand is a proper integral.

The justification of such a splitting of this improper integral goes
as follows: In taking the limits in this improper integral we do not lose
anything by keeping a < ¢ < b and ¢ < N < oo. Also, the following
equality is always valid

/UN flx)de = /Ub flx)dx + /bc flx)dx + /CN f(x)da,

because all the integrals of this equality are proper. Therefore,

/:0 f(z)dz = lim /UNf(x)d;v =

N=oo
]\;i_lfloo l/obf(x)dx+/bcf(a:)da:—|—/CNf(x)d$1 —

Jim, /:f(a;)da;+/bcf(a;)da:+ngloo/cN F)de =
Lbf(x)dx+/bcf(m)dx+/cm F@)da.

For the same reasons, if a < a1 < ag < ... < ap, < apy1 < 00, for any
n € N, we can write

/a f(x)dx:/a f(x)d:v—k;/ak f(x)d;v+/ f(2)dz.

QAn 41

A

Now we continue with a simple, nevertheless useful, lemma that tells
us when and how we can break an improper integral into denumerable
summations of appropriately chosen smaller pieces. As we know from
calculus, it is always possible to break a proper integral into summations
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of countably (finitely or denumerably) many smaller proper integrals.
But, even though we can write an improper integral as a summation of
finitely many smaller parts, as this was done in the previous example,
not all splittings into denumerable summations of smaller integrals are
legitimate. The following lemma describes conditions under which these
denumerable summations are valid.

Lemma 1.3.1 (a) Let y = f(z) be a function on the interval [a,c),
where —00 < a < ¢ and ¢ € R or ¢ = oco. Consider any (strictly)
increasing sequence a = ag < a1 < as < ... with lim a, = c. Then:

n—oo

If

(a1) / f(x)dzx exists and it is equal to a real number L,
or ¢

(aQ) f(ﬂ?) >0, Ve [Cl7c),
or

(a3) f(x) < 07 Ve [G7C);
then

An+1

cfxdxzoo flx) dz .
[t Z/ (x)

(b) Lety = f(x) be a function on the interval (c,b], where ¢ < b < 0o
and ¢ € R or ¢ = —oo. Consider any (strictly) decreasing sequence
b=10by>by >by > .. with lim b, = c. Then:

n—oo

If
b

(b1) / f(x)dx exists and it is equal to a real number L,
or ¢

(b2) f(x) > 07 Ve (Cu b];
or

(b3) f(x) < 07 Ve (Cu b];
then

/cbf(x)dx _ 2/; f(z) da |

Proof We shall prove Case (a) only, for Case (b) is just analogous.
Also, Subcase (ag) is analogous to Subcase (az) and so it suffices to
prove only the Subcases (a;) and (az).

In Subcase (ay), we assume that [ f(z)dz = L for some real num-

ber L. Then ¢
c R
/ f@)de = lim / f(x)dx = L.

R—c—
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Since the limit exists, any legitimate limiting process whatsoever gives
the number L as value of the limit. Therefore, for any increasing sequence
with limit ¢ (a, T ¢ as n — 00) we have

/cf(a:)da:: lim " f(x)dx = L.

n—=00 Ju—ao

But, since we can break any proper integral into a finite sum of
successive smaller proper integrals, we get, for n > 1

/ " )y de = Z /
a=ag

Then putting the last two equations together, we obtain

/cf(x)dx: lim " flx)dz =

n—oo a=ao

ak+1 o0 An+1
nll_)n;OZ/ da:zz_%/an f(z)dx = L.

In Subcase (az), we assume that f(z) >0, V z € [a,c). If it hap-
pens that [ f(x)dz exis, then we invoke the previous subcase and the

a
proof is over. If the integral does not exist, since f(x) > 0 this means
that

c R
/ flz)dz = Rlim_ f(x)dzr = 4o0.

Now, given any R such that a < R < ¢, since hrn L a, = ¢, We can

pick a term a,4+1 of the sequence such that R < an+1 Then by the
non-negativity of the function, we have

/aRf(x)dx < /Rf(at)doc—k/an+1 f(x)de =
/aa"“ ) di = Z /ak+1

Also, for any given term a,1 of the sequence, where n = inNy, we
can pick a real R such that a < R < a1 to obtain again a similar

inequality.
Since "
li dr =
o [
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a< R <any1 and f(z) > 0, we get

R n ap41 & An41
= 1 < 1 =
00 ngrcl— ’ flz)de < nh_}r{.lOZ/a flz)dz Z/a f(z)dz.
k=0" @k n=0"%n
Therefore,

/acf(x)dx:th?/aRf(gc)dx:i/;nﬂf(fv)dx:oo.

Examples
Example 1.3.8 and Remark: The previous lemma does not apply in

c b
either of the two cases of / f(x)dz or / f(x) dz when these improper

integrals do not exist.
For instance, in Example 1.1.5 we have seen that the integral

oo
/ sin(z) dx does not exist.
0

If we now let a,, = 2n7 for n = 0,1,2,..., which satisfies all the
requirements of the lemma, then we get

o0 Anp41 o0 2
Z/ sin(z) dz = Z/
n=0" n n=0"2n

even though the integral itself does not exist.
With a, =nw forn =0, 1, 2, ..., we get

0 An+1 0 (n+1)7w
Z/ sin(z) dx = Z/ sin(z) dx
n=0" 4n n=0""

1T

(n+1)m

T

sin(x) do = Z 0=0,
n=0

o0
= Z 2(—1)™ = does not exist,
n=0

an answer different from the one found before.

(For your own practice, find some other sequences (ay,)nen that sat-
isfy the requirements of the lemma and yield other values for the respec-
tive infinite summation in this example.)

A

Example 1.3.9 The improper integral

/ 812n(x) i
o X +1
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is absolutely convergent and therefore convergent.
To show this, we notice

/ °° | sin(x)

o |z2+1

< 1 ™
d ———de = Z.
JE</O 2+17 702

- °° sin(x) T
— < dr < .
2 /0 22+17 579

So,

Example 1.3.10 Let

sin(z)
n+1

fz) =

for nm<z<(n+1l)m, n=0,1,2, ....

With the help of Lemma 1.3.1, Case (az2), applied to the non-negative
function |f(x)|, we obtain
[ 1r@) o=
0

20 (DT gin(z)] 1 1 1
ol dr =214+ Z+-+..) =0
Z/m 1 & (+2+3+4+ ) 00

n=0

o0
So, the improper integral / f(x) dx diverges absolutely, and we cannot

claim anything about its conditional convergence yet.
Since we do not know that this integral converges (exists), we cannot
apply Lemma 1.3.1 at this point in order to say that

/Ooof(x)dw;

2 (DT gin () 1 1 1
de=2(1-Z+=—-+..)=2nQ).
Z/m nt+1 " ( 23 1" ) n(2)

n=0

To prove that it converges (conditionally) we must use a different
argument. If convergence is established first, then we can use Lemma
1.3.1 in order to claim that this equation is correct and the value of the
improper integral is 21n(2).

So, to prove that this integral converges, we proceed as follows: For
any R > 0 there is an integer k& > 0 such that k7 < R < (k+ 1)w. Then,
(R — ) <= (k — o0) (prove this “iff” as an exercise!) and by
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/ i
0

R (k+1)m (k+1)m
li de = li dx — dz| =
im flz)dz im l/o flz)dz / flx) x]

R—oo Jg R—o0 R

. 1 1 1 1 (k+1)m
lim {2 |:1—§+§—Z+...+(—1)k—:| —/R f(%)d$}

R—o0 k + 1
But, the two partial limits inside the bracket exist. For the first one,
we know

definition we have

. 1 11 .

For the second one, we have

(k+1)m
lim / f(z)dx| =0,
R—o0 R
since we easily observe that
(k+1)m (k+1)m 2
0< d < der = —— — 0’
[ @< [ @l = o

as k—o00 < R — o0.

Since these two partial limits exist, we can take their difference to

obtain
/ flx) dxd—f hm/ f(z
0

2(1—%+%—1+ )—0_22 —_21n()

Hence, this improper integral converges conditionally to the number
21n(2).
A

Example 1.3.11 Let

sin(z)

g(w) = m

for nt<z<(n+1)m n=0,1,2,..

For the absolute convergence, we can apply Case (az) of Lemma 1.3.1
to the non-negative function |g(x)| to find
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[Ctnar= 3 [ e,

n=0
1 1 1 72 7T2
211+ s+ =5+ — 2. —.
<+ tmtpte ) =3

(See Corollary 3.7.3 of Example 3.7.22 and Problem 3.7.36.)
Hence, this improper integral converges absolutely, and so it converges.
Now, by Case (ag) of the Lemma 1.3.1 it is legitimate to say that

/Ooog(x) dox = i/(nﬂ)ﬂ (sini)de =

=t Jnx n+1)
1 1 1 2 2
2l - —=+—=—-——=+..]=2- — = —
( 22+32 42+ ) 12 6

(see Problem 3.7.41). This is the actual finite value of this integral.
A

The ideas in Example 1.3.10 motivate us to state the following
useful lemma about convergence (existence) and estimation or actual
evaluation of improper integrals. Its proof is omitted as analogous to
the series of arguments presented in the solution of this example. (You
can write it out for practice.) This lemma can also be used to justify
the splitting of improper integrals into an infinite summation of smaller
parts, and so it should be viewed together with Lemma 1.3.1.

Lemma 1.3.2 (a) Let y = f(z) be a function on an interval [a,c),
where —oo0 < a < ¢ and ¢ € R or ¢ = oo. Consider any (strictly)
increasing sequence a = ag < a1 < ag < ... with lim a, = c.
n—r oo
We assume:
an+1
1 =1 ith  — oo <1 < oo.
(a1) "Lngoz/an ,  wi o0 <l<o0

(ag)  For any real number R such that a < R < ¢ and the unique
k € N such that a, < R < a1 [k depends on R and is unique since the
sequence (ay,) s strictly increasing] we have:
ak+1

lim f(z) de = 0.
R—c— R

/CLf(x)dx:,;/ann Fx) de =1,

Then,
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(b) Let y = f(x) be a function on an interval (c,b], where ¢ < b < oo

and ¢ € R or ¢ = —oo. Consider any (strictly) decreasing sequence
b=1by>by >by> .. with lim b, = c.
n—oo
We assume:
n b'n.
i = ) — <[ < .
(b1) nh_)n;(jkz:o/bn+1 f(z)dx =1, with o0 <l<

(b2)  For any real number R such that ¢ < R < b and the unique
k € N such that b1 < R < by, [k depends on R and is unique since the
sequence (by,) is strictly decreasing] we have:

R
lim f(z) dx = 0.

+
R—c bk+1

Then,

/be(m)da:zi/bbn Flz) do = 1.

n+1

(For the proof, imitate the solutions of the two previous exam-

ples. For a kind of counterexample, see Problem 2.2.19.)
An+1
Remark 1: Given that in this lemma the / f(x) dzx is assumed
An
to be proper and therefore finite and R is any number in the interval
An+1

[@n,ant1), we can only assume that lim f(z) dx =0 and not
R—c™ R

another finite number, since for R close enough to a,41 we can make
this partial integral as close to zero as we wish.
Remark 2: Notice that assumption (az) of this lemma fails in

Example 1.1.5. As we have seen in that example and in Example
o0

1.3.8, the integral / sin(z) dx does not exist.
We conclude this section with the very important and powerful cri-

terion of Cauchy. We interpret it in the following way:

Theorem 1.3.7 (Cauchy Test) Let y = f(x) be a nice function on
[a,c), where a € R and ¢ € R with a < ¢, or ¢ = oco. Consider the
following three statements:

(a) / f(z) dx converges.

(b) Vae>07 INeR: a<N<csuchthatVpceR andV¥ qgeR
such that N < p, q < ¢, we have

/pq flx)dzx

< €.
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(¢c) Y r €la,c), the integml/ f(z)dz exists.

Then we have:

(1) (a) implies (b).
(II) If (c¢) holds, then the converse of (I) is true, i.e., (b) implies (a).

b
Remark 1: We have analogous results for [ f(z)dz, on (¢, b, with

¢ < binR, or c = —oc0. (Write down these resultg explicitly, for practice.)

Remark 2: Hypothesis (c) is needed in Part (II) as seen in the
the example that follows the proof. It is valid when f(x) is continuous,
or bounded in [a, ¢), and in some other situations. In most applications,
we are interested in using Part (II).

Proof (I) We assume

¢ M
/f(x)d;v: lim fx)dz =L

M—c— Jq

exists as a real finite value L.
Then we let

M
F(M) :/ f(x)dz, ¥ M € [a,c).

By our assumption, the function F(M) is well defined on [a,¢) and it
is continuous in the variable M. (From calculus, we already know that
the definite integral of a nice function is continuous with respect to its
upper limit.) Also,

lim F(M)=L.

M—c~

€
Now, Ve > 0, we consider = > 0 and we use the analytical definition

of the existence of a limit to claim that:

AN : a < N < csuchthat VM : N < M < c the inequality
|[F(M)—-L| < % is true.
Then, for any p and ¢: N < p, g < ¢ we get

|F(q) = F(p)| = |F(q) = F(p) + L — L| <

€ €
[Flq) = LI+ |F(p) ~ L] < 5 + 5

= €.
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/aqf(x)dx—/apf(x)dx /qu(;v)dx

Ve>0,3N, a<N <c such that, for any p and ¢ in R :

/qu(x)dx

(IT) By hypothesis (c) the function F(r), as defined above in the
proof of (I), is well defined on [a, ¢).

Then, the hypotheses of this converse implication are translated as
follows:

Since

)

|F(q) — F(p)| =

we obtain the claim:

N<pg¢g<c = < e.

Ve>0,3 N, a <N < csuch that, for any p and g¢:
N<pg<c = |Flg)—F(p)|<e

By the Cauchy General Criterion for convergence in the real
line!! we readily obtain that ]\}im F(M) exists as a finite real value.
—00

o0
Therefore, / f(x) dzx exists, i.e., it is a finite real value.
a

1 This Cauchy criterion for convergence in the real line that we have invoked
here claims:

A sequence of real numbers (zn) converges to a real number z if and only if it is
a Cauchy sequence. This equivalence, by definition, is written in terms of positive
€’s as follows:

[Fz€eR:Ve>0,INEN: Vn>N = |z, —z|<e€] <
[Ve>0, INeEN: VmeN, VneN: (m>N, n>N) = |zm—zn| <e€].

That is,

[EI limmnéR] <= lim |zm —2n|=0].
n—o0 m—r oo

n— o0
This very important criterion is a very powerful tool and it is equivalent to the
completeness of the real numbers. It can be found in any book of mathematical
analysis or advanced calculus.
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Examples

Example 1.3.12 In the Cauchy Test, above, for the converse of (I) in
Part (II), hypothesis (c) is necessary. For instance, we let

5 if 2=0

1
flz) = = if 0<z<l1

0, if z>1.

Obviously, f(z) is a nice piecewise continuous function on [0, 00), and

/Ooo f(z)dz =In(1) —In(0") = 0 — (—00) = o0,

ie., (a) is false.

But (b) is true since for any € > 0 we can pick N > 1. This happens
because (c) fails, and so the function F(r), in the above proof, is not
well defined for all r € [0, 00).

Another example is

5, if =0

1
glx) = = if —1l<z#0<1

0, if x>1.

g(x) is a nice piecewise continuous function on [—1,00), and

o0
/ g(z)dx = —00 4+ 0o = does not exist,
—1

i.e., (a) is false. But again (b) is true since for any € > 0 we can pick
N>1.
A

Example 1.3.13 In this example (see also Examples 2.2.8 and
3.7.33), we will prove the following two important results:

o
(a) / sin(z) dx exists (converges to a finite real value).
x

(b) This integral does not converge absolutely and so it converges
conditionally.
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sin(z)

Proof of (a): The continuous function f(x)= in (0,00)

can be continuously extended to x = 0 by letting f(0) = 1, since
. sin(z)
lim ——
x—0 €T

over an unbounded interval.

Using integration by parts, we get that for any 0 < p < ¢,

g a_ q
/ sin(z) dr — / -1 dcos(x) = cosp  cosq _/ cosgx) .
p p T P

T P q x

= 1. So, the integral (a) is improper only because it is taken

Thus

9 si 1 1 q 1 1 71
/wdx}<_+_+/ kLgr)lde_J’___i_/ _ZdCC:
p T p q P € P q P x

1 1 [—1]“ 2

-+-+4+|—| =-—0, as p— oo

[ <
p x '

°° sin(x)

2
Then V € > 0, if we pick any ¢ > p > —, we get
€

Since here condition (c) of the Cauchy Test is valid, / dx

0 X
exists as a finite value, by the Cauchy Test, 1.3.7.

Proof of (b): This integral does not converge absolutely. Indeed,
|f(z)| >0, and so by Lemma 1.3.1 we have

o °° | sin(z)| X, [ntm | sin(z)|
|f(a:)|dx:/ ———dx = / ———dzx
A 0 z 7;3 nmw x
Now for alln =0, 1, 2, 3, ..., we have
(n+1)7 |sm(x)| 1 (n+1)7 )
> i = .
/mr x dv = (n+ )m /M | sin(2)] dx (n+ 1)m
So,
e | sin(z)] = 2
/0 |f(@)] da /0 x x_;(n—i—l)w
2 1+ 1 + E + E + =00
m 2 3 4 N
Therefore,
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in(z)

is an even

Remark 1: By observing that the function f(x) = i
and continuous function over all R, we also obtain that

/dex:2/ooonw.

T T

— 00

Therefore, this improper integral over all R converges conditionally, too.
Remark 2: The same results of conditional convergence can be ob-
tained for the improper integrals

/oo sin (Bx) i = sign(3) - /OO sin(u) du
0 0

T u

and

/Oo % dx = sign(B) - /Oo sin(u) du,

—c0 —00 u

for any real constant § # 0. (If 8 = 0 the integrals are obviously zero.)
The equality is obtained by letting v = Sz and the definition

+1, if >0
sign(B) =
1, if <o

Remark 3: Lemma 1.3.2 can also be used to prove convergence,
except the Cauchy Test is more efficient.
A

o0
Example 1.3.14 The Fresnel'? integral / sin (332) dx converges
0
conditionally.
We have
R

oo
/ sin (332) dzr def lim sin (xQ) dx.
0 0<R—o00 0

We want to show that this limit exists. That is, every limiting process
gives the same finite answer.

du
We let 22 = w or # = /u and dr = —=. We notice that

2Vu

= 0, and so we do not introduce any singularity at « = 0.

lim sin(u)

u—0 \/ﬂ

12 Augustin Jean Fresnel, French mathematician and physicist, 1788-1827.
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Then, for any g > p > 0, using integration by parts, we get

/pq sin ($2) dx = /p;f sin(w) d—;ﬁ = %/p;f % d[— cos(u)] =

_71 [CO;(UU)}: + % /Ij cos(u) - d (u_Tl) =

-1 {COS(CI2) B COS(PZ)} _ l/q2 cos(u) 4.

2 q p 4 2 u

3
2

Therefore, by the properties of absolute value combined with inequal-
ities and integrals and the fact that | cos(u)| <1, V u € R, we have

1
Now, as in the previous example, V € > 0 we choose p > — to get
€

1
that V ¢ > p > = to guarantee the validity of the inequality
€

< €.

q
/ sin (x2) dzr
p

T
Since for any r > 0 the integral / sin (2*) du exists, by the Cauchy
0
Test

/ sin (xz) dx
0

converges to a finite real value.

Now we prove that the integral diverges absolutely. Again we let
2% = u to obtain
sin(u)

/Ooo|sin(x2)|dx:%/()oo Ju

11 si 1 [ ]|si
>§/0 |SL\/(EU)|du+§/1 ISHL¢”alu:ﬁnite—i—oo:oo,

by the analysis of the previous example! (All the steps here are directly

du >
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justified by the definitions and the fact that we work with a non-negative
function.)

o0
So, the Fresnel integral / sin (xz) dx converges but diverges ab-

0
solutely. Therefore, it converges conditionally.

With parallel work and analogous adjustments, we also obtain that
the other Fresnel integral

/ cos (x2) dx.
0

converges conditionally. (See and solve Problem 1.3.3 below.)

Problems

1.3.1 Give examples of functions with discontinuities of the three types
that we have stated in the non-standard Definition 1.3.1.

1.3.2 (1) Prove:

W [ =S [T

1+ 23 9 ’ 1+ 24 4

[Hint: You need partial fractions and the integral rules with the natural
logarithm and arc-tangent.]

(2) Use the results of the previous part and apply integration by
parts to prove:

> dr  4mV/3 * de  3mV/2
(a) ~/O (1+{E3)2 - 27’ (b) /0 (1—|—$4)2 - 16

1.3.3 The Fresnel cosine integral is
/ cos (x2) dz.
0
Prove that it exists but diverges absolutely.

In the problems (1.3.4-1.3.11) below, check in any possible way
the existence or non-existence of the given improper integrals.
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1.3.4
(a) /Oo _dz (b) /OO _dz
0 \/1—|—(E3’ 0 \/1—|—x4'
1.3.5 o .o =
(a) / sin”(z) dz. (b) / sin 2(33) dr.
0 € 0 €
1.3.6
> sin®(z)  sin®(z) * sin®(z)
—2d b d .
(a) /0 . x, (b) /0 - x, (c) /0 o dx
1.3.7 - () J
e " sin(x < xdx
a ——2dx, (b )
(@) /0 x () /o V14 a3
1.3.8
°° sin(ax)
T dx, where a € R and b > 0 constants.
0
1.3.9

where p > 0 constant.

1.3.10

© —@-w?
/ e o7 dr, where € R and o # 0 constants.

— 0o

1.3.11

1.3.12 Prove that the integrals

(a) /000 sin (e”)dz, (b) /000 cos (e¥) dx
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and

o0 o0

sin(z) cos(z)
R AN S S S

do not converge absolutely but only conditionally.

dx

[Hint: For the first two, use u = €* and the Cauchy Test, 1.3.7.]
1.3.13 Prove that V n > 0 integer the following integrals exist:
(a) / e " dz, (b) / ae” 17l dz.
If the integer is odd, then their values are zero.

n+1

1.3.14 Prove that for every n € N the inequality \/g < /n! <
holds and lim {/n! = cc.
n—oo

1.3.15 If (a,) with n € N is a sequence of positive numbers and the
limits

. . Qpy1
lim /a, and lim nt

n— 00 n—00 QG

exist, then prove that they are equal.



Chapter 2

Real Analysis Techniques

In this chapter, we present some Real Analysis Techniques for the com-
putation of the precise value of some important improper integrals. All
possible techniques are too many and too advanced to be included here.
Also, at times we do not expose all possible mathematical rigor and
generality. We relegate this to a course of Advanced Real Analysis.

2.1 Calculus Techniques

Here we present the very useful Euler!'-Poisson?-Gauf3? Integral.

oo oo 0
/ e dr = 2/ e dy = 2/ e dz = /7. (2.1)
—00 0 —00

By Example 1.3.1, it exists, that is, it equals to a positive finite value.
The first two equalities are due to the fact that the function f(z) = e
is positive and even over (—oo,00) = R.

This integral is very useful in various applications in mathematics,
physics, engineering, probability and statistics. Many times, it is calcu-
lated in a multi-variable calculus course. To find its precise value, we
work as follows:

(a) We evaluate the double integral

//67(5”2“’2) dxdy

D(0,a)

where D(0,a) = {(z,y)|2? + y* < a?} is the closed (circular) disc of
center (0,0) and radius a > 0.

1Leonhard Euler, Swiss mathematician, 1707-1783.
2Simon Denis Poisson, French mathematician, 1781-1840.
3Johann Carl Friedrich GauB, German mathematician, 1777-1855.

63



64 Improper Riemann Integrals

y

FIGURE 2.1: Function y = e %

It is usually more convenient to switch to polar coordinates when we
work with circular discs with center the origin. So,

x =rcos(d), y=rsin(d), 2 +y>=r? dedy=rdrdd

and
D(0,a) ={(r,0)|0<r <a, 0<6 <27}

Hence the integral in polar coordinates r, 6 is

2m a
//e—(zzﬂz)dmdy:/ / e rdrdd =
0 0
D(0,a)

%[_e; 1a:7r(1—e“2).

0

(b) Take the limit as a — oo to find
(=*+y?) — e = —_0) =
// dxdy = alingow (1 e ) =7(1-0)=m7

[Since the function e~ @+v*) is continuous and positive in R2, ad-
vanced integration theory proves that it is integrable and for any non-
negative integrable function any legitimate limit process yields the
unique non-negative real or +oo value of its integral. See Section 2.4
condition I.]
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(c) Now we view the integral

//ef(wzwz) dzdy,
RQ

as the limit of integrals over the rectangles R, = [—a,a] X [—a,a], as

0 <a— oo, ie,
lim //e*(w2+y2) dxdy = 7,
a— o0
Ra

a a 2 9
lim / / e eV drdy=m.
a— o0 —a —a

lim </ e d / eV’ dy) = .
a—o00 —a —a

(d) In Example 1.3.1 we have proved that

or

Then

@ 2 o0 2
lim e ” dx:/ e dxr exists.
a—r o0 —a — 00

So, the last equation can be rewritten as

@ 2 @ 2
<lim / e " dx) . (lim / e Y dy) =.
a—oo J_ . a—oo J_,

These two limits are the same, and so

a ) 2 00 ) 2
<lim / e ” dx) = </ e ” dx) =T.
a—oo |_ oo

o0
Finally, since e dz >0 as an integral of a positive function, we

—0o0
can take square roots of both sides of the last equality to get the result
o0 2
/ e " dx = /7.
—oo

Remark: Since f(z) = e~ is an even function over R, we have that

o) 0
/ e dg = / e dg = ﬁ
0 — 00 2

Important Note: If a function of two variables is non-negative or non-
positive (i.e., does not change sign), then its double integral over a do-
main can be manipulated in any way and iterated in any order without
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affecting the final result. Otherwise, we would need the integral of its
absolute value over its domain to exist or some other conditions that
we will study later in Section 2.4. In the above example, the function
e~ @+v) in R? is positive. Therefore, our manipulations and iterations

do not alter the existence and the uniqueness of the final answer.
xr

Since the integral e~ dt cannot be found in closed form, we de-

0
fine, by means of the integral computed here, and use the following two
standard functions in theory and application.
(1) The error function erf(x)

VoeR, erf(x)= %/ e dt. (2.2)
m™Jo

Notice
lim erf(z) = 1.

Tr—r00
This function is very important to application and has been tabu-
lated.
(2) The complementary error function erfc(z)

2 x 2 2 & 2
VzeR, erfcle—erf;vzl——/ e_tdt:—/ et dt.
@ D=1 ), V7 .

Notice

mlin;oerfc(x) =0.

For another useful integral representation of either function see and
adjust Example 2.2.14.

2.1.1 Applications

Application 1: In probability and statistics, any real continuous
random variable X takes values x in a set A, where A C R has non-
empty interior. To such a random variable, we associate a probability
density function y = f(z), i.e., a function by which we find the prob-
abilities .

Pria <z <b) = / f(z)dx,
a
for any real constants a and b with a < b. Notice that
Prla<az<b)=Prla<z<b)=Pria<z<b)=Pr(a<z<bh).
We set f(x) =0 for every € R — A. Then without loss of generality
f: R—R

satisfies the following three properties:
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1. y = f(x) is piecewise continuous.

2. f(x) >0, VazekR

3 /_Zf(x)dx:

Now we define the rth

moment about the origin of X to be
o0

= [ st
—0o0

forr=0, 1, 2, 3, .... We are always interested in knowing:
(a) The expected value or the mean value or simply the mean
or average value of X denoted and defined by:

pi=E(X) = p.
(b) The variance of X denoted and defined by:
var(X) ==V (X) = 0? := phy — p*.

(c) The moment-generating function of X denoted and defined
by:

Mx(t) = /OO e f(z) dx

— 00

Now, for any real constants g and ¢ > 0, we define the function

n(x; p, o) = e 358" for —oco<z<oo
3 0_\/_ .
We can prove that this function qualifies as a probability density
function. It obviously satisfies properties (1.) and (2.) above, and we
must prove property (3.).

We use the change of variables v = and the Integral (2.1)

\/_ o
to get:

/Z (x;p,0 )d;v—a\/_/ 67% c )2dx:
U\/%/ e v 2crdu—\/_/ e v du—T\/_:l.

If a real random variable X = z has probability density function the
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function n(z;pu, o), we say that X has the normal distribution with
mean value p and variance o2. When p = 0 and o = 1, then
(2;0,1) L -1 <z<
n(z;0,1) = e or —oo<zxr<oo
V2

and we say that X has the standard normal distribution.

We must check that indeed F(X) = p and var(X) = o2 for this
definition to be accurate. We use the same change of variables as before,
and we have:

1 o0 1(z—p\2
EX)= / ve 2(5F) gy =

oV 2w
V2o [®
oV2T J-x

(VEou+ e du=—=(0+ ) VT = .

So,
E(X) = p.

1 oo
I $2 e~
H oV 2w [oo
V2o [®

oV2T J-_x

j%<¢aﬁ+o+%f[m

We use integration by parts to find

oo oo —u2
2 —u? €
du = — d =
/ﬂmue U /ﬂ)ou < 5 )

Next,

(%)2(1{,[ =

(M

(V2ou + u)ze_“2 du =

oo

2
ue™® du) .

2
e v 1 [ a2 \/E
So,
1
ph = —= <\/Eu2 + 202%%) = u? + o>
Therefore,

var(X) = py — i = p* + 0% — p* = 0%,
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We can also find the moment-generating function of X. We have:

MX(t):/ ewt;efl(m “)" de =
oo OV2T

—2xto?+(z—p) ]d

el

We complete the square to write
—2zto? 4+ (z —p)® = [z — (p+ ta2)}2 — 2uto? — tot.
Then

1,2 2 _1 (u+t62)}2
Mx(t) = et*2te ’ da p =

m

a\/_

ehtt3tio® 1 _ eut+§t202.

So,
1 t20'2

Mx(t) = eMtts

Application 2: In thermodynamics, we learn that the average speed
of molecules of an ideal gas is given by the formula

3
4 M 2 > 3 Mo?
w=—=| — T 2RT (y,
Y ﬁ(2RT> /0 ve Y

where M is the molecular weight of the gas, R is a constant that depends
on the gas under consideration, T is the absolute temperature and v is
the molecular speed.

We can evaluate the improper integral involved and find the average
speed in a closed form. For convenience, we write a = 2}%, constant,
and then we apply integration by parts. That is,

2
o0 oo oo —av
M2 2 e
/ v3e ™ 2RT du —/ v3e™ " du :/ v3d =
0 0 0 —2a

2 2
UZe—av
2a

o 0 —av 1 [ —av?
+/ < 2vdv:O+—/ | -
0 2a a o —2a
0
S A TS I S
a| —2a _a —2a)  2a?

Hence the average speed of the molecules is

o A 51 2 _NORT _, [2RT

== —— =2/ —.
VT 2d?2 arw M TM

e
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Problems

In problems 2.1.1-2.1.10 find the precise values of the given im-
proper integrals.

2.1.1
o0 2 0 2 o0 2
/ e 3 dx, / e 3% dx and / e 3% dx.
—0o0 —o0 0

2.1.2

o) 2 o) 2 I 2
_ (=) _ (=) _(z=p)*”
/ e o7 dr, / e o2 dr and / e o2 dr,
—o00 " —o0

where p and o # 0 are real constants.

o0 2 0 2 o0 2
/ xe * dx, / re ™ dr and / ze " du.
0 —00 —o00

2.1.3

o0 2 0 2 o0 2
/ z?e” du, / z?e™® dx and / z?e™® du.
0 —00 —00

oo 00 0
/ zBe" dx, / z3e=%" dr and / 23~ dr.
—o0 0 —00
2.1.6
o 0 0
/ xe ¥dx, / re *dr and / re " dx.
0 —00 —00

2.1.7

00 00 0
/ z?e™ du, / z?e %dr and / z2e % du.
0 —0o0 —o00
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o 0 e}
/ e % dz, / z2e % dr and / e % du.
0 —0o0 —o00

2.1.8

2.1.9

o0 4 0 4 o0 4
/ xe * dx, / ze~* dr and / ze * du.
—o00 —o00 0

[Hint: Let u = 22, etc.]

2.1.10

oo 10 oo
/ V5 e~ (@=10)* dz, VBe =107 gy and / Ve (7107 g,
—o0 00 10

2.1.11 If a > 0 constant, then prove

00 0
/ e dy = / e dy = 1, /Z.
0 —o00 2 «

Hence, for @ > 0 constant we have
> 2 ™
/ e dr=,/—.
oo Q@

2.1.12 Write the erf(z) and erfc(z) as power series, with z € R.
2.1.13 Let

Prove

2.1.14 (a) Prove that for any real constant a

o0 —a
/ e=? dxr = 0.
0

(b) If a and b are real constants, explain why we cannot split the

integral
o0 —a —b
/ (672 — 672) dx
0
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Rl —a o0 —b
/ e=? dx — / e=? dx.
0 0

(¢) If a > 0 and b > 0 constants, then prove that

/Ooo(e;Ta—efg) dx:\/w_—\/ﬁ.

as the difference

1

[Hint: Use u = —, integration by parts, L’ Hopital’s rule, Problem
x

2.1.11, ete.]

(d) If a > b > 0 constants, then prove that
/ (ex%—ez%) dz = oo.
0
2.1.15 (a) Show that
1 1 2
/ In(u) du = -1, / [In(u)|du =1 and / In |u| du = 4[In(2)—1].
0 0 -2
(b) Show that V m =0, 1, 2, 3, ... integer
1 1
/ In"™(u) du = (—1)"m! and / [In(u)|™ du = ml.
0 0

(See also Problems 2.6.4 and 2.6.7.)

[Hint: Use an integral formula or induction. Remember 0! = 1.]

2.1.16 (a) Use the known facts 0 < sin(z) < z for 0 < = < g,
lim sin(z) =17, and Problem 2.1.15 (a) to prove that
z—0+t X

/2
I :/0 In[sin(x)] dx

exists and has value < —1.
(b) Use the appropriate trigonometric properties of sine and cosine
and u-substitutions to show that the integral I in (a) is also equal to

= /,, 7;2 Infsin(z)] dz = /O " nfcos()] di = /ﬂ ; In[| cos(z)|] dz
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and

1 1
I:/ In(u) du:l/ (b g,
0o V1—u? 2)_1V1—u2

(¢) Prove the relation

/2 .
of = / In [M} da.
O 2

(d) Consider the relation in (c) and prove that the common value of
the integrals in (a) and (b) is

I= —gm(z).

(e) Prove that V a > 0

/0 " Infa sin(z)dz = /0 " Ina cos(z)]dz

Il
NN
=)
/
NN
—

(f) Prove

/0 Infsin(z)] dz = /O Inf] cos(a)[] dz = —7 In(2).

[See also Problems 3.2.26 (d), 3.7.88 and Example 3.7.47 ]

2.1.17 Show

w/4 /2
(a) /0 In[sin(9)] df = /77/4 In[cos(0)] db,

/2 /4
(b) / In[sin(9)] df = / In[cos ()] db.
/4 0
[Hint: Use Problem 2.1.16 for existence and let u = g -0

2.1.18 (a) Show
/2
/ In [tan(x)] dx
0

exists and is equal to 0.
(b) Then show

/7T In [| tan(z)|] dz = 0.
0

[Hint: Use Problem 2.1.16 above.]
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<1
[
o x*+1
exists and equals 0.

(See also Example 3.7.44 and Problem 3.7.90.)

2.1.19 (a) Show that

[Hint: Use = tan(w) and Problems 2.1.18 and 2.1.15, (a), above.]

(b) Prove

7 In(2)  In(x) ' ln(z)
1 < /1 dx = /0 dr < 1.

2 2+1 2 +1
(See also Example 3.7.45.)
Hint: V z >0, 1— . <In(z) < & — 1. Prove this inequality!]

2.1.20 Prove

/1 1n(2x+1) dx_wln(2).
0 X +1 8

[Hint: Notice that this integral is proper. Use first © = tan(w) and

then prove and use the relation sin(w) + cos(w) = v/2 sin(g +w) =

V2 cos(g — w). You may also need Problem 2.1.17.]

2.1.21 Prove

“In(z+1) ,  3min(2)
/_1 2l dr = g

[Hint: Look at the hint of Problem 2.1.20.]

° In(x) o T
/0 ($2+1)2d 4

(See also Problem 3.7.92.)

2.1.22 Show that

[Hint: Use Problem 2.1.19 (a) and integration by parts.]

2.1.23 For any r € R prove that

/% 1 . o (r:i—u) /% tanr(u) du [tan(u);m]
o l4tan"(x) 0

s

A —— O R
o 1+ cot"(x) o 1+ cot"(u) 4
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2.1.24 If « > 0 and B > 0, prove the two general formulae

™ > In(ax)

(a) /O o dr =gy and (b) e de = 55 In(af)
(See also Problem 3.7.90.)

[Hint: For the first integral, use arc-tangent. For the second integral, use
Problem 2.1.19 and adjust.]

2.1.25 Consider the integral / e “ln(z) du.
0

Prove:

(a) This integral converges absolutely.
(b) This integral is equal to

1 —t =
T — 1
/Ldt.
0 t

(See also Problem 2.3.6.)
(c) The integral in (b) is proper.
(d) The value of these two equal integrals is negative.*

2.2 Integrals Dependent on Parameters

For difficult integrals (proper or improper) that depend on parame-
ters, we may use the Techniques of Continuity and Differentiabil-
ity, as illustrated in this section. Again, let A C R be any typical set
used in the definitions of the improper integrals, which we have examined
in Chapter 1, Section 1.1.

4In fact, with advanced mathematics, we can prove that this common value is
—~ < 0, where + is the Euler-Mascheroni constant or simply Euler’s constant
defined to be

. ~ 1
y= lim_ LZI = —In(n)| = 0.57721566... > 0.
(See also Problems 2.3.5 and 2.3.6.)
(Lorenzo Mascheroni, Italian mathematician, 1750-1800.)
We still do not know if ~ is rational or irrational, algebraic or transcendental.
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We consider continuous or piecewise continuous functions f(x,t) with
x € A and t in some interval I C R. If we consider the integral (proper
or improper)

/f(a:,t)dx, Vitel,
A

then we call it an integral with a parameter, namely t¢.
We define the set

J={t|tel : /f(x,t)da: exists} C I.
A

If this set is non-empty (J # @), this integral defines a function F(t) on
the set J and ¢ is now viewed as a variable. Namely

F(t):/Af(;v,t)dx, with ¢t € J.

Depending on the definition of f(z,t) and the set A, we have ) C
J C I. So, if J = 0, there is nothing to talk about. Otherwise, in the
Theorem that follows, we address the interesting case where J =1 C R
is an interval of the form (a, 8) or [«, 8] or [a, 3) or (e, 8], where —oco <
a< < oo.

From calculus, we know that when the integral is proper, hence I =
[a,b] is a closed and bounded interval with —co < a < b < co constant

of (z,t)
0

is differentiable and therefore continuous. But in case of an improper
integral, even if f(z,t) is continuous or differentiable, it does not follow
automatically that F(¢) is continuous or differentiable at a given point
to € I. To guarantee these outcomes, we need some extra conditions.
Here we are going to state quite a general version of a Theorem for the
continuity and differentiability of F(t). Variations and generalizations
of this Theorem may be found in advanced books, along with various
proofs. Here we concentrate on the correct use of this Theorem as a tool
for computing integrals, and we omit its proof as being above the level of
this book. We like to refer to it as the Main Theorem of this section.

real numbers, f(z,t) is continuous and is continuous, then F'(t)

Theorem 2.2.1 Let f(x,t) be a real function “nice enough” inx € A C
R and continuous int € I C R where I is an interval of the form («, 3)
or [a, B] or [a, B) or (e, ], with —oo < a < f < o0.

(1) Continuity: Suppose that there exists a real function g(x) > 0,
nice in A, such that

If(z,t)] < g(zx), VeeAandVtel, and /Ag(x)dx<oo.
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Then the function
= / flz,t)dx, witht e I,
A

is a continuous real valued function in I. (At an endpoint of I, the conti-
nuity is understood as the suitable left or right side continuity.) So, F(t)

satisfies
Vitg €l lim F(t) = F(tp) =F( lim t)

I>t—to I>t—to
or

A, [ f@0de= [ fetodo= [ s

Under these conditions the same result is (obviously) true for the real
valued function

:/|f(x,t)|dx, tel.
A

(]I) Differentiability: Suppose that af(:l),t)

x € A and suppose that there exists a real function g(x) > 0 nice in A
such that

exists for t € I and

’%‘q@), VeeAandVitel, and /g(x)d$<oo~
A
o:/fmww
A

dF / 0 f
dt
Remarks: On the previous theorem, we can make the following re-
marks.

Then

18

1. The condition / g(z) < oo implies the absolute convergence of
A

/ fz,t)dz, V¥V t € I.
A

2. The power of this Theorem and use of parameter(s) in integrals
are illustrated in several examples that follow.



78

Improper Riemann Integrals

. To check continuity and differentiability of F'(¢), we need to check

either property point by point for any point ¢, where a < t <
B. (Continuity and differentiability are local properties or point-
wise properties.) So, we keep in mind that in order to do this,
many times, we simply take any random t € (a, ) and then a
“small” interval [c,d] or («a,d] or [c, ) containing ¢ and subset of
(cr, B). Then it is easier and more convenient to work over this new
smaller subinterval of («, 8) for finding an appropriate choice of
the function g(z) over this subinterval only.

. Sometimes we find a g(z) for f(x,t)-(a damping factor), as we shall

see in some examples that follow.

. The first part of the Theorem is essentially due to Weierstraf.®

Both parts of this Theorem have been generalized in various ways
by the Lebesgue® theory of integration. This result is stronger than
those which require the uniform convergence of an integral depen-
dent on a parameter as we encounter in other expositions. (See
Definition 2.3.4.)

. The second part of the Theorem proves the Leibniz” rule for

differentiation of Riemann integrals over bounded closed intervals.
This states:

If f(x,t) is continuous in (x,t) and continuously differentiable in
t, where z € [a,b] CR and t € (o, ) C R, then

b b
%/ﬂ f(a:,t)dx:/a Wdz, Vte (a,B).

Combining this rule with the chain rule (for the differentiation of
composition of functions), we obtain the general Leibniz rule.
This states:

If u(t) and v(t) are differentiable real valued functions and f(x,t)

5Karl Theodor Wilhelm Weierstra8, German mathematician, 1815-1897.

SHenri Lon Lebesgue, French mathematician, 1875-1941.

"Gottfried Wilhelm von Leibniz, German mathematician and philosopher, 1646-
1716.
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satisfies the above conditions in every interval [u(t),v(t)] of x, then

v(t)
/ f(z,t) dx] =
u(t)

de + £ [o(t), 6] - () — f [u(t), 1] - (0).

d

dt

/”“) of(x,t)

(A direct proof, not invoking the Main Theorem, 2.2.1, can be
found in advanced calculus books.)

7. We can use the Leibniz Rule to evaluate new definite integrals
from known ones that depend on parameters.

Examples using the Leibniz Rule

Example 2.2.1 From the known integral

b
dx 1
=-In(1
/Ol—l—ax an( +ab)

with parameter ¢ > 0 and upper limit b > 0 constant (check that this
answer is correct), we obtain the following new integral formula

b
xdx 1 b
/0 (1+ax)2 ﬁln(l—kab) ~ a(1+ ab)

by differentiating both sides of the above equality with respect to the
parameter a. (Compute the derivatives and confirm the correctness of
the answer stated here.)

A

Example 2.2.2 From the known integral

b dw 1 b
BRI = —arctan | —
0 a°+tx a a
with parameter a > 0 and upper limit b > 0 constant (check that this
answer is correct), we obtain the new integral formula

/b de b [Ba430* 3 (b
o (a2 +22)3  8at | (a2 +b2)2  ab a
by differentiating twice with respect to the parameter a and making the

necessary adjustments. (Perform all missing steps and computations!)
A
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Example 2.2.3 Using calculus (the integration of rational expressions
of sines and cosines), we find the integral formula

2 dz ™
F(a,b) = _ T
(a,0) /0 a2 cos?(x) + b2sin®(x)  2ab

with parameters a > 0 and b > 0. (We may achieve this result by the
method of integrating rational functions of sin(z) and cos(z). Open a
calculus book that contains this section and review this method one
more time. See also Examples 2.6.18, 3.5.15 and 3.8.3.)

Now, by differentiating with respect to the parameter a and multi-
plying by b and then differentiating with respect to the parameter b and
multiplying by a, adding the results and dividing by —2ab, we obtain
the following new integral formula

1 OF(a,b) L O0F(a,b)
—2ab da “ ob

/”/2 dx B 7 (a® + %)
0 [a2cos?(z) + b2 sin®(z)] ? 4(ab)? -
A

Example 2.2.4 For your own practice, find known proper integrals
with parameters from various sources, like tables, apply differentiation
and necessary manipulation to derive new integral formulae, as we did
in the previous three examples.

A

Examples using the Main Theorem of this Section

Example 2.2.5 Technique of Continuity. (Compare the result ob-
tained here with Examples 3.7.7 and 3.7.8.)

We illustrate this technique with the following example that requires
a preliminary result. Using Complex Analysis methods (see Examples
3.7.7 and 3.7.8) we can prove the following result that we are going to
use here:

For all m integers such that 0 < m < n, we have:

o g2m T 1
/ l—l—J'Q"dx:%.sin(Mw)'
0 g 2n
Taking this fact for granted then by means of the Continuity Part of

the above Main Theorem, 2.2.1, we prove the following very impor-
tant and general result: For all p € R such that 0 < p < 1, we have:

oo ¢p—1 o 1 ™
dt = — dt = — .
o L1+t o (L4t)t-r sin (pm)
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(Also notice the convenient equivalent expression in Problem 2.2.3.
See also property (8.) in Section 2.6.2 for another method.)

The proof proceeds as follows: In the above known integral, we per-
form the substitution z = 2= to obtain

0o 27n+1_1
/ 2n g — T
0 1+¢ sin (%w) '

Next, we shall show that the function

o0 tp—l
F(p) = / dt
0

t+1

is continuous in p € (0,1).
P!

1+1¢

To this end, we first observe that the function f(¢,p) = is ob-

viously continuous for 0 < ¢t < co and 0 < p < 1.

We consider any 0 < p; < p2 < 1 and restrict the parameter p to the
interval (p1,p2) C (0,1).

Now we define the function

tp1—1

111 fo<t<1
g(t) =

tpz—l

51 if 1 <t<oo.

This is a positive function, such that for all 0 < ¢t < oo and for all
p1 < p < pg2 it holds:

|f(t,p)| = f(t,p) < g(t).

0o Lypi—1 00 4pa—1
£ dt = dt+/ dt.
/0 9(t) /0 t+1 RS

We drop t from the denominator of the first partial integral and 1 from
the denominator of the second one to obtain the inequality

00 1 00 P 1 tp2—1 7
/ g(t)dt</ tplfldt+/ P22 gt = {—} +[ ] —
0 0 1 P p2—1],

1 1 1 1
— —0)+(0- =—+ < o0,
D1 p2—1 p1 1—po

(positive finite value).

Also,
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Then by the Continuity Part of the Main Theorem, 2.2.1, we
conclude that the function

[e'e] tpf]_
F(p) = / P dt is continuous for all p € (p1,p2).
0

Since this consideration can apply to any 0 < p < 1, by picking
0 < p1 <p < p2 <1, wehave that F(p) is continuous at every p € (0, 1),
or else it is a continuous function of p € (0, 1).

Now, we claim that any p € (0,1) is the limit of a sequence of

2 1
numbers of the form ¢, := Tr;—’— with n > m > 0 integers.

n
To justify this claim, it is enough to show that between any two
1

with

2
numbers of the interval (0, 1) there is a number of the form

n > m > 0 integers.

First, consider p < ¢ in R. Then 0 < ¢ — p, and so there are integers
n > 0 such that 2n(q — p) > 3. Therefore, there is at least one odd
integer 2m + 1 strictly between 2nq and 2np . That is,

2m+1
2n

2ng >2m—+1>2np andso ¢ > > p.

Hence, between any two real numbers p < ¢ there is a fraction of the
2m +1

form , with m and n > 0 integers.

n
Ifnow0<p<g<1and

2m+1
1>q>

>p>0,

then without loss of generality we can consider 2m + 1 > 0 and 2n > 0

2 1
and so m > 0 and n > 0. Also, since 1 > mt , we get 2n > 2m + 1

and so n > m.
So, we can find 0 < m < n integers, as the conditions in this problem
require, such that for any 0 < p < ¢ < 1 we have the inequality

2m+1
0<p< <g<1,

2n

which takes care of the justification of the claim.

We re-index ¢, as pr with & = 1, 2, 3, ..., so that klim Pr = D.
— 00
Then by the continuity of F'(p) we have that

F(p) = lim F(p).
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Hence,
Vp : 0<p<l,
o0 ¢p—1 o0 ¢pr—l T T
/0 1+tdt:kh—>ngo/0 1+tdt:kh—>ngo sin (pg) - sin (pmr)’

finishing the proof.

A

Example 2.2.6 Using the previous example, we obtain the following

important general results:

1
(a) For all @ and b real numbers such that b # 0 and 0 < % <1,

we find:
/Oox_adx_i T
o 14z [b] sin( '

)
(See also Examples 3.7.7 and 3.7.8.)

This is obtained by making the u-substitution u = z°, or z = u!/?.
So, du = bx’~'dx, and we adjust the limits to u(0) = 0° = 0, u(o0) =
oo® = o0 if b > 0 and to u(0) :()b:oo,u(oo) = oo® = 0if b < 0. Hence,

/0 Trad Ibl/
a+1

Since 0 < 5 < 1, we apply the previous example to obtain:

|

/Oo z® d 1 s
——dr= .
o 1+ab b sin (%tin)

For example, if a = —% and b =1, we find

/OO 3 dr — T B T B 23 7
0o l+z _sin[(—%—l—l)w]_sin(%”)_ 3
Similarly,
/°° V3 1 ™ 1
de = — - = .
o l+a7 T gin (\/§+1 _ 7r) sin(1 + v/3)

(b) In particular, for all mn > 0 and n > 2 integers such that 0 <
m <n — 1, we have:

[t
o l+zm " n sin(ZHr)
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For example, if m = 0 and n = 4, we find

/Oo dv 1 T ™2
0

L+ot 4 sin(Z) 4

(Compare this method with the elementary method in Problem 1.3.2
for both questions of its Part (1). This integral is also discussed in
Example 2.4.1 using partial fractions and in Problem 2.6.20 using
the Beta and Gamma functions.)

(c) If both integers m and n are even, then the integrand is an
even function over all R, and in such a case we also get:

For all m and n even integers such that 0 < m < n — 1, we have:

o m [ee} m

2
[ =z o=l T
oo L+ o 1l4am n  sin (Tw)

For example, if m = 2 and n = 8, we find

/OO v2 dv 2 T B
oo 1408 8 sin(%w) B
T ™ s T

4sin(%7r) - 4COS(§) N 4o/ 1% B QW'

2

S

(d) If m is odd and n is even, then the integrand is an odd function
over all R, and in such a case we also get:
For all integers m odd and n even such that 0 <m <n —1,

we have:
(o) xm.
[
o L4

A
Example 2.2.7 Let us consider
oo 7 2 0 2 00 2
[l [ was [
0 249z 2Jo 1435z o 1+ (V45z)
Now we set u = v/4.5 x to find
o Tx? 1 2 35 1 T
75613‘:35 5du: N 5T .
0o 249z (@453 Jo 1+u 3/(4.5)3 5 sm(T )

Therefore,

/OO T2 . 0.7 0 B
o 249z° 7 §/(45)3 sin(0.67)
s

105/(4.5)3 sin (0.6 7)

~ (0.937808....
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(In this kind of situation, it may be more convenient to keep the numeric
fractions instead of changing them to decimals.)
A

Example 2.2.8 Technique combining Continuity and Differen-
tiability. (The result obtained here is also obtained by complex analysis
in Example 3.7.33.)

In Example 1.3.13, we have shown that the integral

/ sin(x) i
0 X

converges conditionally.

In Remark 2 of the that example, we have seen that by letting
u = px for any real constant 5 #£ 0, we find

/0 T8 4 sign(s) - /O Tsin() 4

x u

Therefore, this integral converges conditionally. (Remember that
sign(8) = +1if § > 0 and sign(8) = —1if 8 < 0. For g = 0, the
integral is trivially zero.)

Here, we are going to evaluate the integral

00 :
/ sin (Bz) i
0 x
for any real constant g # 0.
To apply the Main Theorem, 2.2.1, we need some absolute con-
vergence and limit process. To this end, for any 5 € R fixed, we consider
this integral to be a part of the following more general integral

F(a)z/ e‘aszx, YV a>0.
0 x
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The parameter a € I := [0,00) of this integral is considered to be the
variable of the function F(«).
If @ = 0, we notice that the integral

Fo)= [ g

T

exists, as we have already proved in Example 1.3.13 and its Remark
2.

If « > 0, we shall prove that the integral F'(«) exists because it
converges absolutely. We can show this as follows:

sin(fBx)

T
2 = 0 by assigning the value f(0) = §. This follows by L’ Hopital’s rule,

For any fixed 8 € R, the function is continuously defined at

since )
lim sin(fBx) _ hmﬁcos(ﬁm) _ é _ 5
z—0 x z—0 1 1
Next, at oo we get
lim S2052)
T—00 €T

Then, by a simple modification of the Extreme Value Theorem for Con-
tinuous Functions (study it one more time and make the modification
in this situation), we get that there exists a finite constant M such

that: )
0 < M = maximum M < 0.
0<z<o T
Hence | e~ " sin(fz) <M-e *, Vazel0,00). Then
x
/ oo Sln(ﬂx) dr < / Me %% dy = %
0 € 0 «

Finally, for a > 0, the integral
F(a) = / L CLIPN
0

X

converges absolutely, and therefore it converges.
For a = 0, as we explained at the beginning, the integral

F(O):/OOOMCM

T

converges conditionally.
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In the sequel, we will firstly show that for any given g # 0, the real
valued function F'(«) is continuous for all 0 < a < co. Notice here that
the parameter interval is I = [0, c0) including ov = 0. (When 5 = 0 then
F () is obviously continuous, since in this case F(a) = 0, constant for
all a.)

Secondly, for any given 8 # 0 fixed, we will evaluate F(«) for any
a > 0. Then we will compute the limit of F(a) as a — 0T, and so by
the Continuity Part of the Main Theorem, 2.2.1, we will find the
°° sin (Sx)
0 x

(Note: This kind of method is used quite often with improper inte-
grals. We imbed the given integral into a more general one which we can
evaluate, and then we manipulate the value of the more general integral
to find the value of the given particular integral.)

value of the integral dx, which exists (as we already knew).

To prove the continuity of F(«) in «, with a € I = [0, 00), we must
apply Part (I) of the Main Theorem, 2.2.1. We therefore need to
find an appropriate function g(z), as in the Theorem. This is not so
immediate in this example because we include the value @ = 0, and so
we cannot find a good g(z) that works throughout the whole I = [0, 00).

Therefore, we are going to work as follows: For any given § # 0 fixed
and 0 < a < oo, we first write

1 - oo .
F(a):/o e—azbln;ﬁﬂi) dx—l—/l e_ombln(ﬁa:) .

T

That is, we write the integral F(a) as a sum of these two smaller parts.
Then we need to prove that each of these parts is itself a continuous
function of a. In doing so, we may use the Continuity Part of the
Main Theorem, 2.2.1, applied to some or all of the smaller parts of

this integral.
1 -
(*) / e—ozrbln (61:) dr
0 T

is a continuous function of «, for all 0 < a < oco.
This is so because we can apply the Continuity Part of the Main
Theorem, 2.2.1, if, for example, we pick

g(l’) = M7 where 0 < M = maximumw < 00,
0<z<1 T

for which )
/ g(x)dr =M < oco.
0

Notice, of course, that V o > 0 constant, 0 < e”** < 1, Vz € [0,00)
and M is a positive finite constant, guaranteed by the Extreme Value
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Theorem for Continuous Functions on a closed and bounded interval
[a, b].
Next, the second partial integral of F'(«)

/OO J— sin (Bx) i
1

X

must be first transformed in the following way: We perform integration
by parts after choosing

u=— and dv = e~ *" sin(Bx)dx.
x

The indefinite integration of dv up to a constant, which we take here
to be zero, gives:

—e~ " [asin(fx) + B cos(fx)]
a? + 32
% and sin(¢) = _B to implicitly de-
/o2 + ﬁ2 o? + 52
fine the function ¢(«) (remember 5 # 0 is fixed). By adding to ¢ multi-
ples of 27 whenever we go across such multiples, the function ¢(«) can
be defined to be continuous in . So, we can rewrite
—e~*gin[fx + ()]
Va2 + 2
and v(z) = v(x; o) is continuous in a > 0, since S # 0.
Now performing integration by parts, we obtain

/°° p—oaSin(B2) e sin(B+9) e sin(fz + ¢)
1

v(z) =

We let cos(¢) =

v(z) =v(z;a) =

We observe that the function

**)

e~ *sin[f + ¢(a)]
o

is continuous in «, for all 0 < a < oo, because 8 # 0.
Next, the integral

e~ gin(fx + @)
1 x2\/a? + 32
is continuous in « for 0 < a < 0o, because we can apply the Continu-

1
ity Part (I) of the Main Theorem, 2.2.1, if we choose g(z) = Ik

dx

(***)
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Finally, F'(«) is continuous in «, for 0 < a < oo, since it is the sum
of the three continuous functions stated in (*), (**), (***) above.

Now we are going to evaluate the integral F'(«) for any o > 0. To do
this, we look at the integral as a function of the parameter 5. That is,
we let

H(B)—/Oooe‘”%da: with 3 eR.

As we proved earlier, H(8) exists V 8 € R and V « > 0. (We trivially
observe H(0) =0, V a > 0.)

By the Differentiability Part (II) of the Main Theorem, 2.2.1,
we can compute the derivative T [H(B)] by differentiating under the
integral sign because:

A [ —arsin (1)
dg x

and so for fixed given « > 0, regardless of § € R, this derivative is
absolutely bounded by the positive function g(x) = e~** whose integral
o0

] = e~ “¥cos(fx),

1
e~ dr = — is finite. Therefore, the Differentiability Part of the
O a
Main Theorem, 2.2.1, applies to obtain:

d
a8 [H(B)] =
o .d sin(ﬁm)} /°° _ a
axr dr = ax . dr = )
/0 e a5 [ . x ; e~ *" cos(Bx) dx IR
Since H(0) = 0, we find that H(f) satisfies the initial value-problem
LIHE) = oy and  HO)=0
dg a2+ B2 -

The solution of this initial value-problem is found easily to be

B
H(B) = /0 ﬁ du = arctan <§) .

So, we have obtained the important result that for all @ > 0 and
B € R constants, we have

/OO e sin (Bz) dx = arctan (é) .
0 x o
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Hence, by continuity with respect to « in [0, 00), we obtain

F(0) = lim F(a)= lim efamiggﬁgldm’

a—0t a—0t Jo xT
or -
B if >0
/ M dr = lim arctan (é) = 0 ifpg=0
0 x a—0+ [
—g if B < 0.
(For example, / w dx = / M dx = E, etc.)
0 X 0 x 2
Also, since the function M is even in R, we have:
x

T ifg>0
/OOMCIJJZ 0 ifp=0
o X

—m if B <0.

Four consequences of the previous result:

Example 2.2.9 In the course of computation in the previous example,
we have shown the following useful integral result that we sometimes
find in integral tables:

V a>0 and g €R constants, / e*‘”M dx = arctan <§> .
0 X «

A

Example 2.2.10 In advanced problems and computations, many times
we need to write the function of absolute value in the integral form

|ﬂ|:¥/w%dax for —o0o0<f <o0.
0

(E.g., see Application 1 of Subsection 3.7.6.) A
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Example 2.2.11

/OOO Sin;(x) do = /OOO sin?(z) d (%) =

_.2 [e’e] 00 » X o3
[ sm@;)} v/ MWM/ Sin(2e) yp o T
0 0 0 2

T T x
A
Example 2.2.12
/0°° 1 —;c;s(x) dp — /0°° 251r;22(%) g P2 /OOO Sln;(u) dp — g
A

In Example 2.2.8, we used the technique of differentiability. We
continue with another important example illustrating this technique.

Example 2.2.13 Technique of Differentiability. (Compare this ex-
ample with Problem 2.2.38. The result obtained here is also obtained
by complex analysis in Example 3.7.17 and Problem 3.7.24.)

For any o > 0 constant and any given 8 € R constant, the integral

I1(8) = /000 e cos(fBz) dx

converges absolutely, since by Problem 2.1.11

o0 o0 1
/ ‘e—aﬁ cos(ﬁx)‘ dx < / o= Jp — —4/ il < 00.
0 0 2V«

This also proves that I(3) is a continuous function for all 5 € R.
(Here, we are interested in the finiteness of this integral regardless of
[ and not in its exact value. The exact value proves finiteness, but most
of the times we can prove finiteness without knowing the exact value.)
Next, we show that I(3) is differentiable. We have:

d
dap

Then for any real constant

[670“2 cos(ﬁa:)} = —ze sin(fx).

‘—xe‘o‘zz sin(ﬂx)‘ < ze "

2

and for any a > 0 if we let u = ax”, we find

[Treetan= [Ten gt = ey = 5 1= g <oe.
0 0 2 2«
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So, we can apply Part(II) of the Main Theorem, 2.2.1, to get
d

2 [I(B)] _ /O oo (—{E) Sin(ﬂ:ﬂ) dr = /0 sin(ﬁx) d ( o )

—az2sjn(6x) - 6 > —ax? _ ﬂ
[e T]o “ 9 ), e cos(fzx) dx = —ﬁl(ﬂ).

Therefore, I(8) satisfies the homogeneous first-order ordinary
differential equation

d 6
e [1(B)] = “on I(B).

By Problem 2.1.11, I(3) also satisfies the initial condition

o0 2 1 o 2 1 |/«
I(0 T dr = — “Ydu=—4/—.
(0) /0 e x \/a/o e U 2,/04

The solution of the initial value-problem

d B
a8 [1(8)] = 1(8)

20
1 /=
1(0) = =/ —
0=3/2
. . . . . dI Ié;
is obtained easily by separating the variables T = "9 dp when
I(B8) # 0 and then integrating. We finally find:
> 2 1 [ —p2
I — —ax d - N e
(8) /0 e cos(fz) dx 5\ / 5 €

for any —oo < 8 < 0o and any a > 0. (Fill in the details of the integra-
tions.)

Note: Since e~ cos(fx) is an even function in (—oo, 00),

& 2 T =82
/ e~ cos(fx)dr =/ — e,
o V a

(Compare this with Example 3.7.17 and Problem 3.7.24.)

A
Example 2.2.14 In this example, we prove that for any a > 0and k > 0
constants but not both zero

oo —kx o 0o _—ku? o
1 / e~ " sin(a+/T) dp = z/ e sin(au) s — erf( a )
7T 0 X s 0 u 2\/%
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and thus obtain an integral representation of the error function,
defined by (2.2). We easily see that the two integrals exist and are equal
by means of the change of variables z = u2.

We observe that for k = 0, by letting x = u?

L[ 2 [ g 27 g,
0 0

™ T ™ u ™

(Also for k = oo, we find that both integrals are 0 = erf(0).)
For 0 < k < oo constant, the two integrals converge absolutely and

sin(ay/z)

x
in any open finite interval (b, ¢) containing a we have:

/°° e~k sin(av/x)
0
“ae”

T
dx<a/ dx—i—a/ kT gy =
0o VT NG

ek e~k
24+ — 24+ — .
a<+ k)<c<+ k><oo

sin(au)

< —, and then

\/5,

are continuous in a. Indeed, for all x € R

dr <

Also, for all u € R, < a, and then in any open finite interval

u
(b, ¢) containing a (by Problem 2.1.11) we have:

du < —ku? g, & T _C T _
/0 uf/o ae U 5 k<2 k<oo

So, by Part (I) of the Main Theorem, 2.2.1, the two integrals are
continuous in a > 0.
Since the two integral are equal, we are going to work with the second

one. We let ,
I(a) = 2 /Oo ™™ sin(au) du.
0

™ u

e+ sin(au)

u

It is legitimate to differentiate with respect to a under the integral
sign since we have:

(1) Ta

d |e sin(aw)
u

and
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(by Problem 2.1.11).
Then, by Part (II) of the Main Theorem, 2.2.1,

dI 2 [ 2 a2 1 a2
(@) = —/ e~k cos(au) du = —ﬁ e 1k = e 1
da T Jo T2k Vrk
(by Example 2.2.13).
Since I(0) = 0, by letting v =

, we obtain

b

2V/k
1 @ b2 2 ﬁ 2 a

I = — T4k dh = — Vdv=erf| — | .

”)¢ﬁle ﬁA ¢ ““(wﬁ

If now we let t = ﬁ or a = 2vkt, we find the formulae

00 gk gi \V oo —ku? 4
erf(t) = l/ M dr — 2 / e Slll(%/%tu)
T Jo . "

du,
x T
for t > 0 and k > 0, which are two useful integral representations of

the error function.
A

Example 2.2.15 Find the following Frullani type integral (see also
Example 2.5.2). :

Z,

F) ::/ arctan(tz) — arctan(x) d
0 x

where ¢t > 0. (With the Frullani type integrals, we deal extensively
in Section 2.5.)

Obviously F(1) = 0. Next, by the Mean Value Theorem for deriva-
tives, we have that

arctan(tx) — arctan(z) tx —x r (t—1) 1
x o 1+c2

flx,t) := 142

where c¢ is a number between the numbers tx and z. So,

1 1
H <l|t—1
0l <=1 | s+ |

which has a finite integral for all ¢ > 0. Therefore, F'(t) exists for all
t>0.
Now we consider a > 0 and then, for any ¢ > a, we have:

1
< .
1+ (tx)?2 — 1+ (ax)?

0
&f(xﬂt)‘ =
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/°°¥d$_1
o 1+(ax)2™  2a

is finite, by the differentiability part of the Main Theorem, 2.2.1, we
have that for t > a

o 1 T
Fity=| — —de=2_.
®) /0 T4 ) T %

Therefore, F(t) = gln(t) + C. But F(1) =0 and so C' = 0. Finally,
F(t) = gln(t).

Since

Problems

2.2.1 Let € € (0,400] and f : (—¢,e) — R be a C* function, i.e.,
with derivatives of all orders in (—e¢, €), and with the value f(0) = 0.
Define F' : (—¢,¢) — R by

Lx) if x #0,
Fa)={ "
f(0) if z=0.
Prove:

(a) F(x) is continuous in (—e¢,¢) and C* in (—¢, €) — {0}.

(b)

F'(0) = fT(O)
(c)

F(0) = fT(O)
(d)

1
F(;v):/O f/(xt)dt.

(e) Use (d) to justify why F(z) is C* in (—¢,¢).

®
£ ()

F(”)(O) - n+1

, VneN.
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(g) Prove that
e if x> 0,

fx) =
0 if 2<0

(—00,00) and find F™(0), ¥V n €N

is C* in (—o0,
(h) Prove that
e  if 2 #£0,
fz) =
0 ifz=0
(—00,00) and find F™(0), ¥V n €N

is C* in (—o0,
2.2.2 (a) If in Example 2.2.5 we let p = 0 or p = 1, then prove

respectively,
1
=00 and /
0

A t(1+41¢)
(b) Do these results extend the formula found in that example cor-

rectly?
1 T
dt = .
sin(bmr)

VO<b<l,
/0 (1 +¢)

2.2.3 Justify why the result of Example 2.2.5 can also be written as

—1.45

2.2.4 Find the exact values of the integrals
/ Ve dr and / S
0 0 1 + $3'8

14 22
e

X

2.2.5 Find the exact values of the integrals
1+ 22"

oo 1 oo
—d d
/o Jr(d+a2) /o

7

2.2.6 Find the exact values of the integrals
€T3

/ zdar: and / —
o 24 3xs3 1000 + 3000zx3
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2.2.7 Find the exact values of the integrals

—1Ox_2
—d d
/0 T de / e
2.2.8 For n =2, 3, 4, 5, 6, find the exact values of the integral
>~ 1
/ dx.
0 1 + "
2.2.9 For n = 4 and n = 6 find the exact values of the two integrals:

[e'e] !EQ o0 !EQ
1 2
@ /0 e @ /,OOH.ocnd:C

2.2.10 Find the exact value of the integral

wllo

/Ool—2x+3x2—4x3+5x4
dz
0 14 6

2.2.11 (a) For integers m > n — 1, prove:

/ L dx = oo.
0 ].+.Tn

(b) For integers m > n — 1 with m odd and n even, prove:

oo xm
/ dx = does not exist,
Lo L2

but its principal value is

P.V./_OO T

(¢) For any integer m and any odd integer n, prove:

=0.

oo xm
/ dr = does not exist.
Lo L2

(Notice that when 7 is odd then z = —1 is a singular point.)
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2.2.12 (a) For real numbers 0 < a < b, prove:

/°° e gl
o l4er b gin (&m)

(Make the u-substitution u = e*, etc.)
(b) For a =0 and b € R, or for 0 < b < a reals, prove:

o0 eaT
/ —- dx = o0,
_eo l+e

2.2.13 Use the previous problem to find the exact values of the inte-

grals:
[e’e) 621 e o] 6721
(a) dxr and —dzx
o L4 b Coo Lt e

(b) For b < a < 0 reals, find the general formula for the integral

o0 ear
_C 4
/_m1+ebw ’
(e’ [e7e] 36721
dz and " 4
/ 1+10 1+ 10e5z 0 /,oo1+1oe—5r *

] o] 36—2r
dz and _ g
/m2+105r voal /_Oo5+1oe—5r o

2.2.14 Knowing / sin(z dx = g, prove directly that
0
g it >0
V BER, / snlfr) el 0 i p=o
0 X
—g if 8 < 0.

oo .2 e’} 2
1 _
2.2.15 Knowing / S 2(”3) d [: / 1 —cos’(z) da:] = g prove di-
0 €z 0

rectly that

V aeR, /°° 7sin2(2ax) dx = {/OO 71_60822@“) dx} :|a|z.
0 0 x 2
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2.2.16 Use a half angle trigonometric identity and the previous prob-
lem to prove that for any real constant a

o /Ooo 1 — cos(azx) e — |a|57 (b) /Ooo cos(ax)[1 — cos(ax)) dr — 0.

x2 2

(See also the relative part of Example 3.7.34 and Problem
3.7.69.)

2.2.17 Prove that for any a € R,

, if a>0
/ sin(ava) ;. 0, if a=0
0 X

-, if a<O.

dx in o > 0, for

o0 .
2.2.18 As we prove the continuity of e—ow SAPT) (Bz)
x

0
any given 5 € R fixed (see Example 2.2.8), in the same way prove that

% _cusin(Bu)
/0 e NG du

is continuous in ¢ € [0, 00), for any given 8 € R fixed. (We need this in
Example 2.4.1.)

2.2.19 Let

1 .
f(z) = min{f(x),0}, for =€ [0,00).
(a) Show that:

fr@)+f (@) = f(x), for z€0,00),

/f+ )dz = oo and / £

(b) Do the three results in (a) violate the fact that

/ sin(x) de = T2
0 x 2
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(c) Check f(z) against Lemma 1.3.1 (what holds and what fails).

Explain your answers fully.

2.2.20 Either find the following integrals or prove that they do not exist:

0O 2 2 0 : 2 o0 3 2
(a) / sin(x )dx, / sin(x )dx and / sin(x )dx.
0 _ x

T oo €T 0o
> 1 09 1 o 1 1
(b) / —sin (—) dz, / — sin (—) dx and / Z sin (—) dx.
o T z —00 T z o0 T x
e’} 0 o)
(c) / sin (l> dx, / sin (l) dxr and / sin (l> dx.
0 z —o0 T oo T
2.2.21 Find the integral

/Oo sin(ax) cos(bx) p
0

X

T

for a # b and for a = b.

[Hint: sin(u) cos(v) = $[sin(u + v) + sin(u — v)].]

2.2.22 (a) Prove that for any p < 0 the integral

/ cos(z) da
o

does not exist.

[Hint: For p < 0 this integral does not exist because “near” infinity it
oscillates “badly.”]

(b) Prove that for any 0 < p < 1, the integral

/ cos(z) da
o F

converges conditionally but not absolutely.

[Hint: For conditional convergence, use the Cauchy Test, 1.3.7. For
absolute divergence, split the integral into appropriate series.|
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(c) Prove that for any p > 1

/ cos(z) dr — o0,
0

xP

[Hint: Remember 1im+ cos(x) = 17. For p > 1, the integral becomes
x—0

infinite near x = 0.]

(d) Prove that for 0 < p < 1, the integral function

Fp) = /OOO cos(x) da

xP

is continuous in p.

[Hint: You may consider

00 . 1 . 00 o
/ cos(x) i :/ cos(z) da:+/ d sin(x) _
o P o P 1 xP
1 o oo -
/ cos(z) dx — sin(1) + p/ sin(z) dx.
0 1

xP xP‘H-

Then for any given 0 < p < 1, we consider 0 < k < p < I < 1.

cos(x 1
Then for 0 < x < 1 we have E) ) < - and for z > 1, we have
T T
sin(x)
o1 | S e etc.]

(See also Example 2.6.7.)

2.2.23 (a) Prove that for any p < 0, the integral
o0 :
/ sin(x) i
o P
does not exist.

[Hint: For p < 0 this integral does not exist because near infinity it os-
cillates “badly”.]

(b) Prove that for any 0 < p < 1, the integral

/ sin(z) da
o P

converges conditionally but not absolutely.
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[Hint: For conditional convergence, use the Cauchy Test and remember
that for 0 < p < 1, the integral is proper at = 0. For absolute diver-
gence, split the integral into appropriate series.|
(c) Prove that for any 1 < p < 2, the integral
> sin(zx
/ sin(x)

o TP

converges absolutely.

[Hint: For the absolute convergence here, split this integral over

[0,1] U (1, 00), and for the first part remember: 81ng§a:) <1]
(d) Prove that for any p > 2
/ sin(x) dr — o,
o P
[Hint: Remember lim sin(z) = 07 and lim sin(z) =1". For p > 2,
z—0t z—0+t X

the integral becomes infinite near x = 0.]
(e) Prove that for 0 < p < 2, the integral function

G(p)=/ooowdx

P

is continuous in p.

[Hint: You may consider

0o 1 . s
/ sin(x) dr — / sin(z) 1 i _/ d cos(z) _
0 P o x ap7l 1 aP
Lsin(z) 1 °° cos(x)
/0 — dx — cos(1) — p/l dx.

r  aP pptl

Remember that sin(z) ‘ <1 for all . Then for any given 0 < p < 2, we
x
consider —1 <p—1<li<land0<k<p<2 Thenfor 0 <z <1 we
sin(z) 1 1 cos(x)
have T xp71 S E, and for z Z 1, we have W S W, etC.]

(See also Example 2.6.7.)

2.2.24 (a) Give two reasons for which the following integral

/ cos(z) i
e X
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is improper. Now use the combined Definition 1.2.3 of the principal
value and prove that the principal value of this improper integral is zero.
Lastly, prove that the integral itself does not exist and therefore does
not converge absolutely.

(b) Now consider the integral

/°° sin(z) A

X

—0o0

and answer the following questions: For how many and what reasons
is it improper? What is its principal value? What is its value? Does it
converge absolutely?

2.2.25 (a) Prove that for all @ > 0

/ sin(x) i
o T+a

converges conditionally to a positive value.
(b) Prove that for all a > 0

/ sin(z) dr — / sin(ax) .
0o TH+a o x+1
2.2.26 (a) Prove that for all @ > 0

 cos(x
/ @) 40
0 T+a
converges conditionally.

(b) Prove that for all ¢ > 0

/ cos(z) da
. x

/ Mdmz—l—oo.
0

X

converges conditionally.
(c) Prove

(d) Prove that for all a > 0

/ cos(z) dx:/ cos(ax) .
0 r+a 0 x+1
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2.2.27 (a) Let
o0 o 2
I(a) :/ e (==%) da.
0

Show that it is legitimate to take the derivative of I(«) and also I’ («) =
0. Then show that
(b) Use (a) to prove

/Oo e~ (2% ™?) gy = vr e 2o,
O 2

2.2.28 Imitate Example 2.2.15 to prove the following Frullani integral:

(See also Example 2.5.1.)

2.2.29 For a > 0, consider the function

OOe—az
F = —— dx.
R

a

b

Prove that F'(0) = g and lim F(a) =0.
a—r 00

=

Show that 0 < F(a) < g, for all a > 0.

Show that F'(«) is continuous in 0 < a < o0.
Show that if o > 0, then

~

(
(
(c
(d

~—

F(a)= a/ e~ ¥ arctan(x) dz.

0

(e) Show that at o = 0" the
Fla) = a/ e~ ** arctan(z) dx

0

is of the form 0 - co and

o0
lim a/ e *" arctan(x) dr =
0

a—0t

™
B .

(f) Show that for o > 0, F'(«x) is twice continuously differentiable.



Real Analysis Techniques 105

[Hint: For any a > 0, consider a p such that 0 < p < « and use the
Main Theorem, 2.2.1, on the interval [p, 00).]

(g) Prove that lim F'(a) = —co and lim F"(a) = oo.

a—0t a—0t

2

[Hint: Observe that / QL dx = 0o and / dx = 00.]
0 xTe + 1 0 ZEQ + 1

(h) Prove that for o > 0, the function F'(«) satisfies the ordinary
differential equation F”'(a) + F(a) = —

(i) Prove that 111101+ F"(a) = oo by using (a), (c) and (h) only.
a—>

(j) Use the method of variation of parameters to find that the general
solution of the ordinary differential equation in (h) is

F(a) = ¢ cos(a) + cg sin(a) — cos(a) /a w dt — sin(a) /Oo cos(t) "

0 t
where ¢; and cq are arbitrary real constants.

> cos(t)

The integrals Si(«) ::/ sin(t) dt and Ci(a) := dt a

0
very important and cannot be found in closed form. They define two
new functions, called integral sine and integral cosine, respectively.

(k) Use (a) to prove that ¢; = § and co = 0. That is, the final answer
for the given integral with parameter F'(«) is

cos(t)

F(a) = gcos(a) - cos(a)/O sn;( ) dt — sin(a )/Oo , dt.

(1) Prove that for « > 0, the function F(«) found in (k) can also be
written as

F(a) = cos(a) /Oo sin(t) dt — sin(«) /OO cos(t) dt =

W t
(au)

/ sin(t — «) dt:/ sin(u) du:/ sin(au)
a t 0 U+ 0 u—+1

(m) For a > 0, justify why it is legitimate to take the derivative of
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F(a) and show
> xe v 8% > —ax 2
F'(a):/o J:Q——I—ldng/o e In (2 +1) do =

sin(a) [Z - /Oa sin(t) dt] + cos(a) /:O cos(t) dt =

2 t t

sin(a) /:O w dt + cos(a) /OO cos(t) dt =

o t

/ cos(t — a) dt:/ cos(u) du:/ cos(au) du.
o t 0o Uu-+ta o u+1

(See also Problems 2.2.25, 2.2.26 and 3.7.64.)

2.2.30 Let N
F(t) = / te " dx, for 0<t< oco.
0

Show
(a) F(0)=0and F(t) =1, V t>0.
(b) F is continuous at every ¢ > 0.
(c) F is discontinuous at t = 0. In fact, lim F(¢) # F( lim ¢) = F(0).
t—0t+ t—0t+
(d) Explain why the Continuity Part of the Main Theorem,
2.2.1, does not apply.

2.2.31 Prove that for all constants B > 0, h > 0 and H > 0, the integral

/% 1+ 4H2?h2 + B2 + 2Bsin(2Hs) [1 + Bsin(2Hs)] p
S
0

1+ B? + 2Bsin(2H3s)

has a positive value. Then examine separately its continuity when one
of the constants approaches zero while the other two are fixed.

2.2.32 (a) Prove that for integers n > m > 1, the integral

oo L 02
/ sin”(x) da
0 x'm.

converges absolutely.

(b) Now for any integer n > 1, explain what happens with respect
to the convergence (conditional and/or absolute) of the integral

/ sin”(x) .
0 x
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°° sin(x)

[Hint: E.g., we have seen that /

dr = g, but this integral di-
O x

verges absolutely.

oo 2 oo - 4
Also prove / M dxr = o0 and / M dx = oo, and so
0 T 0 €L

these integrals of positive integrands diverge, etc. ]

2.2.33 Compute precisely each of the following integrals:

0o .3 oo .3
(a) / 0@ b and / @) b with k= 1.3,
0

xk xk

— 00

(For k = 2, see Problem 2.5.14.)

oo 4 oo -4
(b) / S7(2) e and / () g with 1= 1,24,
0

! z!

— 00

(For k = 3, see Problem 2.5.14.)

[Hint: Prove and use trigonometric identities such as:

(3) sin(z)cos(x) =

E.g.: to derive the first of these trigonometric identities, expand the
sin(3z) = sin(z 4 22) = ..., ete.

Use appropriate integration by parts as many times as necessary,
results previously obtained and the previous problem. Finally, find

oo 1.3 0o .3
/ sin®(x) P / sin®(x) dr — 3
0 0

x 4’ 3 8

> sin?(z) * sin'(z) * sin’(x) T
/0 . dr = oo, /0 .~ dx—z, /0 o da:—g.]

(c) Use a half angle formula to prove

JLET=C Ry S
0

4

2/0 [1 —cos(x)]zdx _

x4

3

b

— 00

w3

— 00



108 Improper Riemann Integrals

2.2.34 Use any results established in the text and in the problems and
appropriate trigonometric identities to prove

(a) /:X’ Mdm = 7 min{a, b},

2

> sin?(ax) sin’(bx T
(b) /_ de =5 min{a, b},

x4

where without loss of generality a > 0 and b > 0 are real constants.
[For (a), see also Example 3.7.35.]

[Hint: In (a) you may begin with integration by parts.]
2.2.35 Obviously,

sin*(z)  sin®(x)[1 — cos?(z)]

- ot x?
sin®(z) — sin®(z) cos?(z)  sin®(z) B 4sin2(2x)
x? Iz (2z)*
So,
oo :.4
0 </ sin 4(;10) d —
0 €T
/OO sin24(a:) _4sin2(23:) dr —
0 x (22)*
* sin?(z) > sin?(2x)

00 1.2 00 1.2
/ sin 4(3:) dx—Z/ sin 4(u) du —
0 x 0 u
00 12 00 12 00 2
/ sin”(z) dx—Z/ sin”(z) dx:—/ sin”(z) dr <0,
0 0 0

4 4 4

wow and woe! Find where the error has occurred and explain why.

2.2.36 (See also Problem 2.6.11.) (a) Prove that for p > 1, the inte-
grals

/ sin(z?) dx and / cos(z?) dx
0 0

converge conditionally.

(b) Analyze what happens when p < 1. (For each of the two integrals,
examine the following cases: p = 1,0 < p < 1, p =0and p < 0
separately.)
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2.2.37 Justify why
/ sin(ax) dr =0,

oo T2 42

where a € R and b # 0 constants.

2.2.38 (a) Prove that for @ > 0 and 8 € R constants, the integral

I1(p) = /OOO e sin(fx) dz

converges absolutely, and so it exists.

(b) Imitate the work done in Example 2.2.13 to find the initial
value-problem that this integral satisfies.

(c) Solve this initial value-problem to find

1 52 p 0?2
I(B)=—¢e 4 1o dp.
(B) =g, " /0 et dp

(We cannot put this result in closed form. Compare with Problem
3.7.25.)
(d) Find the exact numeric value of

I1(B) = / e’ sin(fx) dz, where o >0, € R constants,

— 00
and justify your answer.

2.2.39 Prove that for a > 0, 8 # 0 and ¢ > 2 constants

xC

1(8) = /0 e_o””M dx = sign(fB) - 0o

and

I1(8) = /000 e_o””2M dx = sign(pB) - co.

xC

If ¢ < 2, prove that these integrals are finite.

2.2.40 Prove that for a > 0,  # 0 and ¢ > 1 constants
I1(B) = / e " cos(B) dr = oo
0 x°

and

1(B) Z/Oooe_o‘mzwdx:oo.

mc

If ¢ < 1, prove that these integrals are finite.
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2.3 Commuting Limits with Integrals and
Derivatives

This section consists of two parts. These parts are related to the two
parts of continuity and differentiability of the Main Theorem, 2.2.1,
of this chapter.

In the first part, we give the definitions of point-wise and uniform
convergence of sequences and series of functions and of improper inte-
grals. Then, we state the most important theorems concerning the most
applicable sufficient conditions for commuting limits and integrals.

In the second part, we state the most important theorems concern-
ing the most applicable sufficient conditions for commuting limits and
derivatives of sequences and series of functions. Again, we need the defi-
nitions of point-wise and uniform convergence of sequences and series of
functions.

We do not give the proofs. These can be found in practically all books
of mathematical and/or real analysis. The interested reader who has not
learnt these theorems yet is recommended to study them in a good book
on these subjects.

2.3.1 Commuting Limits and Integrals

In a calculus course, we have learnt that we can integrate power series
term by term. This means that we can commute the integral fcd with the

infinite summation Y~ ; = I%Cm (En—O) , OT as we say, we can switch
=0 <k =

the order of integration and the limit process of the infinite summation.
o0

Hence, if the power series f(x) = Zanx", taken with center a = 0
n=0
without loss of generality, converges in the open interval (—r,7) C R,

where r > 0 or r = 00, and [c,d] C (—r,r) then

/df(l’)dl‘ = /d <§:anx"> dr = i/danx”da: =
¢ ¢ \n=0 n=0"¢

n+1

00 d o)

d77,+1_n+1
e R el
= n+1], = n+1

T
In this situation, the integral f(x) dz could be an improper Rie-

T
mann integral at either or both end points. When this is the case, the
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integral is treated by means of the limiting processes we have seen so far.

Notation: In what follows, we use the following notation:
N = {1, 2, 3, 4, ...}, the set of natural numbers, and Ny =
{0, 1,2, 3, 4,..}.

In the important remark immediately following Example 1.1.17,
we have indicated that, whereas this commuting is always legitimate with
integrals of power series and limits of integration in the open interval of
convergence of the power series, it is not valid in every situation with
limits of sequences or series of functions, even if the limits of integra-
tion are within the domain of definition of all functions involved. Serious
mistakes may occur if such a commutation is performed while not valid!
For instance:

Example 2.3.1 The functions
folz) = nze ™™ ¥V neN

are all continuous at every « € R and therefore Riemann integrable over
any interval [a,b] C R.

Now, for = 0, we have that f,,(0) =0 for every n € N, and for any
x # 0, we find that

L(
£ (nx)
lim f,(z) = lim — = 1i j” :
n—00 n—soo0 NT n—00 _(enw )
dn
. T . 1 1
lim > = lim — =—=0
n—oo g2en® n—oo Len® +oo

Therefore, for every x € R, this sequence of functions converges to the
continuous functions f(z) =0, i.e.,

le folz) = f(z) =0, V z eR.

Now we evaluate the proper Riemann integrals of all f,,(z)

1 1 5 efnw2 1 1—¢e ™
/ fn(z)de =/ nre " dr = | — =
0 0 2 0 2

and of f(z) =0
1 1
dr = [ 0dz=0.
/Of(x) x /00 x =0

1 —
1 _ n
lim [ fo(z)de = lim ——— =
n— o0 O n—r 00

Hence

N~
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and

/Olf(fc)dx:/Olnlirr;ofn(x)dx:/(Jldezo,

So, we see that

1 1 1
nh_{x;o ; frn(z)de = 5 #0 —/0 7}1_>H§of”(x) dx.
Therefore, this is an example in which we cannot commute (switch) the
order of limit and integration. Otherwise, the mistake would be immi-
nent.

We could have used the interval A = [0, c0) instead of [0,1] to deal
with improper Riemann integrals, getting again

lim h fulx)de = % #0= /000 lim f,(z)dz.

n—r oo 0 n—oo

But, on the interval B = [1, 00), we get

[ e |5 [0 -

n—r oo 1 n—r oo n—oo

1
) e %) oo oo .
nhHrI;O {T} =0 —/1 O0dx —/1 f(z)dx —/1 nlirréofn(x) dx.

Le., with B = [1,00), we have: lim fn(x)dx :/ lim f,(z)dx
1

n— oo 1 n—o0
is valid.

A

This example shows that we cannot commute (switch) the order of
limit and integral in general, something that we can do freely with power
series as long as we stay inside their intervals of convergence. We also see
that the legitimacy of this commutation could depend on the interval of
integration. Thus, in this part of this section, we expose conditions under
which this commuting is legitimate. But first we need the following two
definitions.

Definition 2.3.1 Let ) # A C R and f, : A - R, Vn € N be a
sequence of real functions on A. Suppose there is a function f: A — R
such thatV x € A, 7}1_>ngofn(m) = f(x). Then we say that the sequence
of real functions (f,)nen converges point-wise to the function
f in the set A, or the function f is the point-wise limit of the
sequence of functions (f,)nen in the set A.

We write f,(x) 2= f(z) in A, as n — oo, or Jirréofn(x) Z f(x) in

A, or simply fn(x) — f(x) in A, as n — oo, or 1i_>m fn=[in A.
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The condition ¥V« € A, lim f,(z) = f(z) can be equivalently ex-
n—00
pressed by the e—condition:

Ve>0, IN:=N(e,z) eN: VneN,
(n=N=|[fu(x) = f(z)| <e€).

Example 2.3.2 We let
fo: (L1 =R, fo(z) =2", VneN

and
0, if —1l<x<l1

fi(=1,1] =R, f(“f):{l if o= 1.

We readily see that the sequence of functions (f,)nen converges
point-wise to the function f in the set A = (—1,1].

We also observe that all the functions (f,)nen are continuous on
(=1, 1], whereas the function f is not, since it has a jump discontinuity
at x = 1. So, the point-wise limit of continuous functions may
or may not be a continuous function. But, this f, with only one
discontinuity at = 1, is Riemann integrable on (—1,1].

A

Remark: There are more advanced examples in which a sequence of
continuous functions has point-wise limit a function which is not even

Riemann integrable, let alone continuous. We are not going to explore
these examples here. [See Problem 1.1.7 Part II, (5).]

Definition 2.3.2 Let ) # A C R and f, : A - R, Vn € N be a
sequence of real functions. Suppose there is a function f : A — R such
that

Ve>0, 3IN:=N()eN: VneN
[(n>N and z € A) = |fn(z) — f(2)] <.

Then we say that the sequence of real functions (f,)nen converges
uniformly to the function [ in the set A, or the function f is
the uniform limit of the sequence of functions (f,)nen in the
set A.

We write li_}rn fo(z) £ f(z) on A, or li_>m fn = [ uniformly on A,

or frn = f as n — co on A.

Remark: (a) In the point-wise convergence, the convergence
lim f,(x) = f(z) is checked ¥V = € A point by point as a convergence
n—oo
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of a sequence of real numbers. The N € N depends on both the &-priori
chosen € > 0 and the individual € A. But, in the uniform convergence,
the N € N in the definition depends only on the a-priori chosen € > 0
and not on the individual z € A, i.e., for any given ¢ > 0 it remains
the same for all x € A. Therefore, the uniform convergence depends not
only on the functions of the sequence but also on their common domain
0 #£ACR.

(b) If B C A and the convergence is uniform in A, then it is automat-
ically uniform in B. But, it can happen that the convergence is uniform
in B, even though it is not uniform in A. We will see such an example
in the sequel.

(c) We observe that the uniform convergence implies the point-wise
convergence, that is V z € A, nh_}r{.lofn(x) = f(x), but not vice versa, as

we show in some examples.
The Definition 2.3.2 implies the following corollary:

Corollary 2.3.1 The condition

Ve>0, 3IN:=N(e)eN: VneN
[(n>N and z € A) = |fn(z) — f(2)] < €]

in the Definition 2.3.2 of uniform convergence is equivalent to

lim max |fn(x) — f(z)|| =0.

n—oo | x€

In many situations, this equivalent condition is very convenient in
proving uniform convergence. We also get the negative result that: If
this limit is not zero, then the convergence is not uniform.

Example 2.3.3 In the previous example with
fai (L1 =R, fo(z) =2", VneN

and
0, if —1l<z<l

f-L1 =R, f(z) =
1, ifx=1
the convergence is not uniform but only point-wise. To see this, by means

of the definition, we can pick any 0 < € < 1 . Then for any given n € N
if x satisfies /e < |z| < 1, f(xz) =0 and

|[fn(x) — f(z)] = |2" — 0] = 2" > ¢, Va: e<|z| <.
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However, the convergence is uniform on any interval [a,b] C (—1,1).
To see this, we let k& = max{|a|, |b|} € (—1,1), and we notice that
0<k<1land
f(x)=0 and V n e N, max |f,(z)— f(z)| = max_ |f,(x)| = k™.
z€[a,b] z€[a,b]
Since 0 < k < 1, lim k™ = 0. So, by the previous corollary, we
n—r oo

get
lim f,(z) = f(z) =0, on [a,b] C (—1,1).

n—oo

Example 2.3.4 We let

fon:R—=R, fn(x):%, VzelR

and
f:R=R, f(z)=0, VxeR.

Then (f)nen is a sequence of functions that converges uniformly to the

function f in R. Indeed,
sin(nz) o] =
n— o0 n—oo | x€R \/H B

e o )] - e (2] - . () -

Example 2.3.5 In Example 2.3.1, with the sequence of functions
fa(z) = nze ™ forn € Nand 2 € A = [0,00) C R, we had
seen that this sequence converges point-wise to the continuous functions
f(z) = 0 for every z € A = [0,00). Let us now check if this point-
wise convergence is or is not uniform in A = [0,00) by evaluating the
i [max(fue) - 70D

To find this maximum, we take the derivatives of these functions

i s (1)~ £(0)D| = s, [ma

sin(nz)

Jn

A

fi(z) = (n—2n2x)e ™, VneN.

n

1
This derivative is zero only at « = o € A. Then V n € N the maximum

n
of the function f,(z) on A = [0,00) occurs at this point because V n €
N, fn(z) >0, f,(0)=0 and 1i_>m fn(x) = 0. Therefore,

[ (15(0) = S| = i (10) — )] =

T€EA n—oo | €A

. 1 . 1 1 1
(5 ()] 2 () -0
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Since this limit is not zero, the convergence is not uniform in 4 = [0, 00).
But, the convergence is uniform in B = [1,00). This is so because for
each n € N f,(z) is decreasing in [1, 00) and

reB n—oo | re

i [ (o) = F@))] = tim [mae(172) — )| =
i (£ (0))| = Jim [£,(0D] = i () =0,

n—oo | z€B n—oo \e"

A

The definitions of point-wise and uniform convergence extend in anal-
ogous ways to series of functions and improper integrals that depend on
parameters over a set ) # A C R. On the basis of Definitions 2.3.1
and 2.3.2, we state the definitions:

Definition 2.3.3 For a series of real functions, we define:

(a) an o) forze A £L
0<1]1€§OQ Z fo(z) = f(x) for x € A,
(b) an U f(z) for e A £
0<111€IEOO Z fo(z) = f(z) for z € A.

Deﬁnition 2.3.4 If A =la,00) C R and we have the improper integral
fA x,t)dx where t is a real parameter in a set T C R, we define:

def

(a) ¢(t)’2“/°of(x,t)da; forteT &L
M

VteT, OS%\ZH_l)OO ’ f(z, t)dz ™= ¢(t),

def

(b) (b(t)@/oof(x,t)d;v forteTl <

M
lim / Flz,)dz " 6(t), in T.

0<M—o0 J,
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These definitions can be translated by means of ¢ > 0, § > 0, as
before. Also, in the case of improper integrals, we can use other types
of domains of integration and not just A = [a,00) C R . (Practice by
translating these four definitions by using the € > 0 conditions and also
by writing these definitions in the other cases of improper integrals.)

For uniform convergence of series of functions, the following criterion
is very convenient.

Theorem 2.3.1 (Weierstrafl M-Test for uniform convergence) We
consider A C R and a sequences of functions f, : A — R, for all
n € Ny, that satisfies the following condition:

V' neNg, 3 constant M, >0 : VaeA, |folz) <M,

and

o0
Z M, < oo.
n=0

Then the series of functions i fn(x) converges uniformly on A to some
function f: A — R (which Z;Snetimes we can compute explicitly).
(The proof of this Theorem can be found in advanced calculus or
mathematical analysis books.)
Example 2.3.6 Pick any number —1 < p < 1 and define
foi[-m ] — R f,(8) =p"cos(nh), ¥V n e Ny.

Then with M,, = |p|™, we have:

VneNy and V0 € [—m, 7], |fn(0) <M,

and - -
n_ 1
nE:O M, = nE:O Ip|™ = =l < oo.

Therefore, by the Weierstrafl M-Test, the series

> fa(0) = p"cos(nd)
n=0 n=0

converges uniformly to some function on [—,7].

(In this way, we obtain the same result if f,,(6) = p™ sin(nf). See also
Problem 3.5.32. You may be able to solve it now. Otherwise, solve it
when you study Section 3.5.)

A
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Theorem 2.3.2 Let lim f, = f in a bounded set A, ) # A C R, that
n—oo

is, 0 # A C (u,v) for some real numbers u and v. Then we have the
following three results:

(a) If all f,’s are continuous in A, then f is continuous in A and
therefore all these functions are Riemann integrable.

(b) If all f,,’s are Riemann integrable in A, then f is Riemann inte-
grable in A (not necessarily continuous).

(c¢) In either Case (a) or (b)

Tim_ an(a;)da;] :/Anh_)n;o Folz dx—/ fz

Remark 1: The boundedness of the set A is not necessary in (a),
since continuity is a local property, but it is necessary in (b) and (c).

For example, we consider Vn € N, f,(z) = —, Vz € R (constant
n

functions). This sequence of functions converges uniformly to the func-
tion f(z) = 0 in R. Now, computing the respective improper integrals,

we find:
n - =
VnelN /J (r) =00 and / f(x)

that is, equality fails.

Also, if (c) is valid the convergence does not have to be uniform. See
Example 2.3.7 below.

Remark 2: As we have seen in Part II of Problem 1.1.7, Item
(4.), the point-wise limit of a sequence of Riemann integrable functions
may not be a Riemann integrable function necessarily. But, as we see
here, the uniform limit is! By Part II of Problem 1.1.7, Item (5.),
even the point-wise limit of a sequence of continuous functions may not
be a Riemann integrable function.

Corollary 2.3.2 Suppose (fn), n € N is a sequence of Riemann inte-
grable functions on an interval [a,b), where oo < a < b < 0o, such that
fn — [ as n — oo point-wise in [a,b), and ¥V r, a <r <b, fr — f
as n — oo uniformly in [a,r]. Then f(x) is Riemann integrable and

i l/abfn(x)dxl :/a lim [/ (e d;v—/ i

Corollary 2.3.3 Let hm fn 2 f in a bounded set A, 0 # A CR, that

is, 0 # A C (a,b) for some real numbers a and b. Then we have the
following three results:

(a) If all f,’s are continuous in A but f is not continuous in A, then
the convergence is not uniform (only point-wise).
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(b) If all f,’s are Riemann integrable in A but f is not Riemann
integrable in A, then the convergence is not uniform (only point-wise).

@ 1f Jim | [ fuwras| # [t (5@ do = [ f)do, then

the convergence is not uniform (only point-wise).
Example 2.3.7 In Examples 2.3.2 and 2.3.3, we had
fo: (=11 = R, fo(z)=2", VneN,

0, if —1l<x<l1
f:(_lvl]%Ra f(x):

1, fxz=1

)

and lim f,(z) & f(z)in A= (-1,1] CR.

n—oo

Since all the functions (fy,)nen are continuous on (—1, 1] whereas the
function f is not (it has a jump discontinuity at = = 1), we conclude
that the point-wise convergence in Examples 2.3.2 and 2.3.3 is not
uniform over (—1,1].

But, for n € N,
1 1— (_l)n-‘,-l 1
n(z)de = ——————— dx =0, .
/_1f(a:)a: n T —>/_1f(a:)a: as m— o0
So, the converse of Theorem 2.3.2, (c) fails. A

Example 2.3.8, In Example 2.3.1, we had the sequence of the con-
tinuous functions f,(z) = n;ve’”w2, n € N, on the interval [0, 1]. We saw
that:

lim fn(z) & f(x) =0, YzecA=[0,1]CR

n—r oo

and

1 1 1 1
1
lim fn(ﬁc)dﬁcz—;éO:/ lim fn(x)d;v:/ f(w)dx:/ 0dx.
n—o0 Jq 2 o m—oo 0 0
Therefore, the point-wise convergence in Example 2.3.1 is not uniform.

A

Next, we state three big theorems of advanced real analysis. We will
adjust them to the level of this text; therefore, we do not state them
in the greatest possible generality, and we do not include their proofs.
But, they can easily and efficiently be used in applications. All that
someone needs to do is to check the stated hypotheses, which are fairly
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straightforward. So, at this level, we can at least learn how to use them
as efficient and powerful tools.

In these theorems, we give sufficient conditions under which we can
switch the order between limit and integral. We consider sequences of
Riemann integrable functions, and we require their limit functions to be
Riemann integrable, too. We do so because, as we have seen in Part II
of project Problem 1.1.7, Items (3.) and (4.), the point-wise limit
of a sequence of Riemann integrable functions is not always a Riemann
integrable function.

In advanced real analysis, we use the class of Lebesgue integrable
functions which contains the class of Riemann integrable functions. Now,
it is always the case that the point-wise limit of a sequence of Lebesgue
integrable functions is a Lebesgue integrable function. Therefore, such
a requirement on the point-wise limit function, in the general interpre-
tation of these Theorems within the Lebesgue theory of integration, is
not necessary because it follows as a result from the already stated hy-
potheses.

Theorem 2.3.3 (Lebesgue’s Monotone Convergence Theorem)
We consider a sequence of real functions (fn)nen i a set ) # A C R
that satisfies the following three conditions:

(a) f1(z) < fo(x) < f3(x) < fa(z) < ... < o0, Va € A (increasing
sequence of real functions in A).

(b) lim fo(z) = f(z) in A.

(¢) All f,’s are Riemann integrable in A and also f is Riemann
integrable in A (possibly in the generalized Riemann sense).

Then, under these conditions, we have:

(1) VneN, Afn(x)deAfn+1(x)dxS/Af(x)dw
and

(2) lim Afn(x)dx:/A lim f,(z) d;v:/Af(x)dx.

n—oo n—oo

Theorem 2.3.4 (Lebesgue’s Dominated Convergence Theorem)
We consider a sequence of real functions (fn), n € N in a set A,
0 # A C R, that satisfies the following three conditions:

(a) lim f,(@) 2 f(x) in A.

(b) All f,’s are Riemann integrable in A and also f is Riemann
integrable in A (possibly in the generalized Riemann sense).

(¢) There exists a Riemann integrable function (possibly in the gen-
eralized Riemann sense) g : A — [0, 00] such that

/g(x)dx<oo and ¥ neN, |fu(z)] <g(z), VzeA
A



Real Analysis Techniques 121

(In this context, g(x) is called the dominating function.)
Then, under these conditions, we have

1) [f(@)] <g(x), VzeA,

(2) hm/|fn — f(z)|dx =0,
n—oo

and

(3) lim fn()dwzf lim f (o dx—/f

Remark 1: If in the previous two Theorems we have series of
real functions 300 ) fu(z) &

(x) for all z € A which as sequences of
the initial partial sums satisfy the same conditions, then we obtain the
analogous results for series

Remark 2: The Continuity Part of the Main Theorem, 2.2.1

2.1,
is essentially Lebesgue’s dominated convergence Theorem, where the pa-
rameter ¢ plays the role of the index n € N

Example 2.3.9 For all n € N, find

im [ (14+2)" e 2an,
n—oo Jq n
We have that the functions f,(z)
satisfy the following conditions:
(a) fi(z) < fa(z) < f3(x) < falz)
because for any x > 0 the sequence a,,

(Prove this as an exercise!)

(142) e

2% with n € N,

< oo, Ve A=][0,00),
(1—|— ) is non-decreasing.

(b) We know that (prove it one more time)

n—r oo

lim a, = lim (1 + E) =e”.
n—o00 n

Then we get

lim f,(x) 2 lim (1 + f) e — T — 77,
n—o00 n—oo n
(c) All the functions f,’s and the limit function f(z) = e™* are
continuous in A = [0, 00) and therefore Riemann integrable (in the gen-
eralized sense).
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Then by Lebesgue’s monotone convergence Theorem , we get

lim (1 + E) e 2y = / lim (1 + E) e 2y =
0 0 n

n— 00 n n—o0o
/ e dr =[-e"5°=0—(-1)=1.
0

(See also Problem 2.3.2.) A

Example 2.3.10 In the previous example, we can use Lebesgue’s
dominated convergence Theorem instead of Lebesgue’s mono-
tone convergence Theorem, with dominating function g(z) = e~ *.
(Check that all the conditions of the two Theorems are satisfied.)

A

Example 2.3.11 Working as in the previous two examples, we can
achieve the following result:
n

lim (1 + E) e 2 dxr = 1.
0

n—00 n

Here, we consider the sequence of Riemann integrable functions defined
by

(1+£)ne_2“”, if 0<z<n
n
fn i R—R: Roz— fu(x) =

0, if n<z< oo,
for alln =1,2,3,4,.... Then we take
nl;ngo ; fn(x) dx.

Now we can use either Lebesgue’s monotone convergence Theorem
or Lebesgue’s dominated convergence Theorem to switch limit
and integral sign and obtain the result, as we did in the previous two
examples. (Fill in the details.)

(See also Problem 2.3.2.) A

Example 2.3.12 Suppose that for all n € N, we have Riemann inte-
grable functions satisfying:

w

YV x € a,b], 0< f,(x) <cand nli_{l;ofn(x) Z f(z)=0.

Then we can apply Lebesgue’s dominated convergence Theo-
rem, with dominating function g(x) = ¢ > 0 for all z € [a, b], since
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f:g(x) dr = f: cdz = ¢(b— a) < co. Hence, in such a situation, we get

b

b b
lim fn(x)dx :/ 1i_>m fn(x)dx z/ O0dx = 0.

n—oo

A

We also state Lebesgue’s criterion for Riemann integrable functions
in R. But first we need:

Definition 2.3.5 A set A subset of R (A C R) has Lebesgue measure
zero if for every € > 0 there are open intervals whose union contains A
and the sum of their lengths is less than e.

Example 2.3.13 Every countable A C R has measure zero.
Suppose A = {a1, a2, a3, a4, ...} and consider any ¢ > 0. Then
we consider the sequence of open intervals

€ €
In:(an—m,an+2n+2), n € N.

Obviously,
Ac L
n=1
and for the sum of the lengths we have
= € €
Zl onil 9 <€

(There are also uncountable subsets of R with Lebesgue measure
zero. A classical example is the Kantor set. Have a look at it in the
bibliography.)

A

Now we state:

Theorem 2.3.5 (Lebesgue’s Criterion for Riemann Integrability)
Let a < b be real numbers and suppose f : [a,b] — R is bounded, on
the closed and bounded real interval [a,b]. Then f is Riemann integrable
on [a,b] if and only if the set of discontinuity points of f has Lebesgue
measure zero.

Corollary 2.3.4 Let fog be a composition of two real bounded functions
defined on an interval [a,b]. Then, if one function is continuous and the
other is Riemann integrable, the composition is Riemann integrable.



124 Improper Riemann Integrals

Remark: The corollary fails if both are Riemann integrable. See
project Problem 1.1.7, Part II.

Example 2.3.14 The Dirichlet function (see also Problem 1.1.7)

1 if = rational in [0, 1]

y = f(@) = xp1ne(@) =
0, if = irrational in [0, 1]

is bounded and discontinuous at every point of the closed interval [0, 1].
Since the Lebesgue measure of [0, 1] is the length of this interval, i.e.,
1 > 0, this function is not Riemann integrable. This result can also be
checked elementarily, for the upper and lower sums of this function have
constant difference 1.

A
Example 2.3.15 The Riemann Dirichlet function
1
-, if 2 = 2 rational in reduced representation in [0, 1]
q
y = h(z) =
0, if x = irrational in [0, 1]

(see also Problem 1.1.7) is bounded and discontinuous exactly at the
rational points of the closed interval [0, 1]. Since the rational numbers are
countable, the Lebesgue measure of [0,1] N Q is 0, and so this function
is Riemann integrable.

A

We also state the following inequality Theorem, which is a restricted
version of Fatou’s® Theorem. In the Lebesgue theory of integration, this
is a key result and is stated in the most general terms such as liminfimum
instead of limit here. So, we modify it to our context and level.

Theorem 2.3.6 (Fatou’s Theorem) We consider a sequence of non-
negative Riemann integrable real functions (fn), n € N in a set ) #

A CR such thatV z € A, lim f,(z) & f(z) is a Riemann integrable
n—00
function and

lim fo(x)dx  exists.
n—oo A

Then we have the inequality

/ lim f,(x) da::/ f(@)dz < lim fn(x) dx.
A n—oo A n—oo A

8Pierre Fatou, French mathematician, 1878-929.



Real Analysis Techniques

125

Example 2.3.16 Strict inequality may occur in Fatou’s Theorem.

1, if n—1<zxz<n
VneN welet f,(z)=
0, otherwise.
Then we have:
: pw
/ falz)de =1, VneN and / f(z)dx = 0.

Hence

/Z Tim_fo () do = /Z fa)dz =0 < lim /O:O fo(e)de =1

A

Example 2.3.17 Another example with a strict inequality in Fatou’s
Theorem is the following:

n, if 0§x§%
VneN welet f,(x)=
0, if f<z<?2
Then we have:
0, if 0<ax<2
lim f,(z) &

n—oo
oo, if =0,

and so

2
/ fo(x)dz =1,
0

Hence
/ lim f,(z
0 Moo

We also have the following well-known and useful theorem for series
of functions.

VneN and lim

2
O<e.—>0+‘/E f(:v)dx -

2
da:—/ f(z)dr =0 < lim fulz)dx = 1.
n—r oo 0

A
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Theorem 2.3.7 [Beppo-Levi®] We consider a sequence of real func-
tions (fn)nen in a set ) £ A CR that satisfies the following two condi-
tions:

(a) All f,’s are Riemann integrable in A.

> /A [fal)ldz < oo.

Then under these two conditions, there is a function f(zx) defined in
A [at some points of A, f(x) may be 00/ such that

an(a:) Z fx) in A
n=0

(c¢) If, moreover, f(x) is Riemann integrable in A (possibly in the
generalized Riemann sense), then we get:

J @l <o,
i [/ folz dx} :/A [ifn(x)] da::/Af(a:)dz

n=0

and

Example 2.3.18 For all n =0, 1, 2, 3, ... integer, we let

n

fnl@) = n+1

with € A=[-1,1].

Each of these functions is continuous and therefore Riemann integrable.
On account of the absolute value and the result in Corollary 3.7.3
of Example 3.7.22 and/or Problem 3.7.36, we find:

SR Gl | 72 2
(2)|dz = 2 =2Y —=2.2 =" <.
3 [ =23 (o] <23 -2 =T e
Then, by the Beppo-Levi Theorem, we conclude that the series
Z fn(x) converges to a function f(z), and we can commute integration

with summation.
If we use the Weierstraf3 M-Test (Theorem 2.3.1) , we prove
that f(z) is finite and continuous in the interval [—1,1). At z = 1,

9Beppo-Levi, Italian mathematician, 1875-1961.
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we find that f(1) = Z — = 0. So, the / f(x)dz is an improper
m ~1
m=1
(generalized) Riemann integral.
In fact, by using the power series

o0 n

x
n(l—-z)==) —, V —-1<z<1
W-0=-3 5 v 1gesa
we find that
- In(1 —
n=0

This function is Riemann integrable in the generalized sense.
Part (c) of the Beppo-Levi Theorem, 2.3.7, guarantees

[ @it <o

and also, in view of the result in Problem 3.7.38, we obtain

/Af(a:)da::
/Algofnm dxziufn(m)dx] _
2

11— (-t &

D mTiE T @

n=0 k=1

|: x77,+1 :|1
(n+1)2 -1 B
7.{.2

:Z<OO.

OOH\; ‘ng

Therefore, we have

1 2

—In(1 —

/ 711(1 ?) do =
-1 T 4

Along these lines, we also obtain the following two integrals:

1 2
—1 —
/ _ Il(l 3;) T
0 x 6

and

0 2
—In(1 = T

/ n(l —z) . .
1 T 12

(See also and compare with Problem 3.7.44.)
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2.3.2 Commuting Limits and Derivatives

We conclude this section by saying a few words about commuting
limits and derivatives. This material is also important like the mate-
rial about commuting limits and integrals before. It is implicitly related
to the Differentiability Part of the Main Theorem, 2.2.1.

In a calculus course, we have learnt that we can differentiate power

d
series term by term. This means that we can commute the derivative —

with the infinite summation Y 2 = o Jim (Zﬁzo), that is, we can
<k—o0

switch the order of differentiation and the limit process of the infinite

oo
summation. Hence, if the power series f(z) = Z apx™, with center a =
n=0
0 without loss of generality, converges in the open interval (—r,7) C R,
where r > 0 or r = 00, and u € (—r,r) then

d d =~ . > d .

n=0 n=0
oo oo oo
E ™ pmy = E apnu "t = E na,u™ L.
n=0 n=0 n=1

At the endpoints —r and 7, anything can happen. Sometimes the
appropriate side-derivatives exist.

Whereas this commuting is always legitimate with derivatives of
power series at any point in the interval of convergence, it is not valid
in every situation with limits of sequences or series of functions and
derivatives taken at points within the domain of definition of all func-
tions involved. Serious mistakes may occur if such a commutation is
performed while not valid! For instance:

Example 2.3.19 In Example 2.3.4, we saw that the sequence of func-

tions
sin(nzx)

, VaxeR,
converges uniformly to the function
fR—=R, f(z)=0, VzeR.
Let us now examine the derivatives:

d _d [sin(nz)
e [fn(@)] = . { NG

} = /ncos(nz), VzeR
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and p p
We see that
. d . d sin(nz)|
Jim oo [fa(2)] = lim = oo [ N ] =
lim /ncos(nz)|,—0 = lim v/ncos(0) = lim v/n-1 = oo,
n—o00 n—00 n—r00
but
2o @) =0
dz' =0 o
Therefore, we see that
lim |, [fa(@)] = 00 # 0 = ~-|oo [f(2)]
n-yoo d =0 [Jn — — dx =0 .

Hence, in this example, even though the sequence of the differentiable
functions (fy)nen converges to a differentiable function f uniformly in
R, we cannot switch the order of limit and differentiation.

A

By this example, we see that we need some stronger conditions to
guarantee the legitimacy of commuting (switching) the order of a limit
process and taking the derivative (differentiating). The most-seen general
theorem in the literature, or slight variations of it, is the following:

Theorem 2.3.8 Suppose that a sequence of real functions (fn)nen on
an interval (a,b) C R satisfies the following conditions:

(a) All functions fy,’s are differentiable.

(b) There exists a point xo € (a,b) such that the sequence of real
numbers f,(xg) converges. (We require convergence at at least one point
of the domain.)

(c) The sequence of the deriative functions f.(x) converges uni-
formly to some function g(x) on (a,b), as n — oo. Le., 3 g(x) real
function on (a,b), such that

lim f/(z) & g(x) in (a,b).
n—oo

Then: The sequence of f,(x)’s converges uniformly to a differentiable
function f(x) on (a,b), as n — oo, that is,

lim f,,(z) £ f(x) in (a,b),

n—00

and

[1im fu(@)] = lim f1(x),

n—roo n—oo
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or

f'(x) = g(x).

o0
Remark: If a power series Zbk(x—c)k has radius of conver-
k=0
gence R > 0, then the radius of convergence of the power series
o0

E kbp(x —c)*1 is also R. (Prove this by noticing klim Vk=1, or
—00
k=0

n

Then the sequences of the initial partial sums S, (z) = Z br(z — c)*
k=0

n
and S/ (z) = Z kbi(x — ¢)* 1 of the two power series, respectively, sat-
k=1

isfy all of the conditions (and even more) of the above Theorem in their
common open interval of convergence. So, we apply the above Theo-
rem in their common open interval of convergence to prove that the
derivative of a power series is equal to the power series of the
derivatives of its terms, at any z € (¢ — R,c+ R).

Example 2.3.20 Condition (b) is necessary. For instance, if we let
Vn €N f,(r) =n, Vo € R, then the conditions (a) and (c) are
satisfied as f/ (z) =0, Vz € Rand V n € N. So, as n — oo the sequence
of the derivative functions converges uniformly in R to the differentiable
function g(z) =0, V 2 € R. But

lim f,(x) does not exist at any point z € R,
n—oo

and therefore we cannot claim any of the conclusions of the Theorem.
A

Example 2.3.21 Condition (c) is necessary. For instance, as we saw
before the sequence of functions
_ sin(nx)

n:R R) n - I Ra
f — fu(x) n Ve

converges uniformly to the function
fR=R, f(z)=0, VzeR,

and we could not switch the order of taking limit and derivative.
We observe that the derivative functions
d d [sin(nx)
e [fn(2)] = . { NG

} = /ncos(nz), VzeR
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do not converge even point-wise to any differentiable function, let alone

uniformly. For example, at the points k7w, k € Z, we have

lim [fn(x)] = lim i|m:kﬂ' [

n—oo dx |m:lm n—yoo dw

shi;%x)] _

ILm Vncos(nz)|p—pr = ILm V/ncos(nkm) =

400, if k is even

does not exist, if k is odd.

Example 2.3.22 Let us examine the situation with the functions
fo:(=1,1) = R, fo(z)=2", VneN
and their point-wise limit

fi(=1,1) >R, f(z)=0.

We have p
VneN, %fn(x):mc”_l, -l<ax<l1.
We can easily prove
lim L (@) % g(2) = 0, ~1 <z <1
nooodyr " =9 e ’

The convergence here is only point-wise, not uniform. (Prove this as a

calculus exercise! See Problem 2.3.1.)
Obviously,

d d
@)= (0)=0, ~1<z<1,

So, here we do not have uniform convergence of the sequence of the
derivatives of the functions, and so we have lost the uniform converge of
the sequence of the functions (f,)nen on (—1,1), otherwise claimed by

the Theorem.

Problems

2.3.1 Prove that for n € N and z € (—1,1)

. n—1\ Pw
nh_)ngo (na: ) =0

A
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and this convergence is not uniform over (—1,1).

Is the convergence uniform on any closed interval [a,b] C (—1,1)?
Prove your answer!
2.3.2 Prove

oo

(a) lim ; (1—£)ne%dx:2

n—00 n

and
n

(b) lim ; (1—E)ne%d$:2.

n—00 n

[Hint: Imitate the ideas of Examples 2.3.9 and 2.3.11.]

2.3.3 For all n € N, consider the real functions

2

(1) = — R.
fn(@) nr? +1 re
(a) Prove that V z € R
1, if #0
: pw _
Jim fo(2) = f(z) =
0, if z=0.

(b) Prove that the convergence in (a) is not uniform over the whole
R.

(c) Prove that in any set A. = (—o0, —¢] U [g,00) C R, where € > 0,
the convergence in (a) is uniform.

(d) Compute the derivatives f],(x) for all n € N. (Simplify.)

(e) Prove that V « € R

lim f!(x) = 0.

n—oo

(f) Prove that the convergence in (e) is not uniform.
(g) Prove

i 1) # [Jim )]

2.3.4 Consider a sequence of real numbers (a,) with n € Ny, such that

an > 0 (non-negative) for all n € Ny and Z an = s € R.

n=0
n

(a) Prove that for every t € R, f(t) := Z an— converges absolutely.
n!

n=0
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(b) Use Theorem 2.3.3 and the fact that / t"e~'dt = n! to prove
0
that

/OO ft)e tdt =s.
0

2.3.5 Justify each equality of the following integral representations of
the Euler-Mascheroni constant +.

(See also Problem 2.1.25 and its footnote. At some steps you

need to perform an appropriate u-substitution. Some ideas in Examples
2.3.9 and 2.3.11 may help at some equalities.)

—/ e Pln(z) de = / —e “ln(z) de =
0 0
1 00
/ —e Pln(z) dx —|—/ —e Pln(z) de =
0 1
1 00
/ In(x) de™® +/ In(x) de™ =
0 1
1 o)
/ In(z) d(e”" —1) —l—/ In(z) de™™ =
0 1
1 _ —x oo —x
/ L-c¢ dx — / £ dxr =
0 T 1 €
1 1—(1—=2) n(]_z)n
lim U de_/ Md;ﬁ} _
n—oo | Jo T 1 T
% — — n 1 _ n
im [/ L dt] _
n— o0 0 t % t
i _ _H\n 1 _ _\n
i | [0 [0
n—oo | Jo t 1 t t
11 _(1_4\n 1
- U a0y, | 14 _
n—o0o0 0 t t
, L1
i | [ = e (D))

1
1
lim U (" +t" "+ . +t+1) di+1n (-)] =
n—00 0

n

|~

S| 3

li 1+ 1 + +1+1 In(n)
im (24— +...+= —1In =
nsoo\n  n—1 2 " v

by the definition of v. (E.g., see footnote to Problem 2.1.25.)
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2.3.6 Show the useful result

e’} 1 — oo _—
1— T T
/ —e_zln(a:)da::/ c da:—/ £ dr=
0 0 €z 1 T
1 —t 1 =t 1 —t =1
1— 3 1— — e 7
/ c dt—/ c dt:/ T T
0 3 o 1 0 t

(See also Problem 2.1.25.)

2.4 Double Integral Technique

As we have seen in Section 2.1, the double integrals can be used
to evaluate improper integrals. Here we investigate this technique much
further. It consists of imbedding a given improper integral into an ap-
propriate double integral. Then we evaluate the double integral, usually
by switching the order of integration. (Therefore, we could name this
tecnique as: “Technique of Switching the Order of Integration in
Double Integrals.”) From the result we find about the double integral
we can now find the value of the originally given improper integral.

In a course of multi-variable calculus, we see that if a function of two
variables z = f(z,y) is defined on the closed rectangle R = [a, ] X [c, d],
where a < b and ¢ < d real numbers, and it is integrable and bounded
(e.g., when it is continuous, but not only continuous), then we have

b df(x,y)dy do = ' bf(fr,y)dx dy.
L oy

But, if z = f(z,y) is not bounded in the closed rectangle R (and
therefore not continuous in R), and its double integrals—one for each
order of integration—exist, it is not automatic that they are equal. Two
often-encountered examples (counterexamples) are the one in Problem
2.4.7 and the following:

We consider R = [0, 1] x [0,1] and

r—
are  H @weoixo
fl@y) =

0, if (x,y)=(0,0).
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Then
[ 2eali [ [ 2ita]-
:/o {/0 [(x -zkxy)3 - (x—:y)z] dy} dr=... = %

whereas . .
T —y —1
———dz|dy=..=—.
[ L e ;
Also,
1 x
r—1Y
———dy| dx = 00
/0 Uo (x +y)? y}
and

TR

(Carry out the details to convince yourselves. See Problem 2.4.6.)
On this example, we notice the following five things:

1. lim  f(z,y)=0.

0<z=y—0

2 0<th—1>0 fl@y) = +oc.

y=0

3. oilynio flz,y) = —o0.
=0
4. f(z,y) is discontinuous at (0,0), no matter what value we assign
to f(0,0).

5. Near (0,0) the function f(z,y), besides the value 0, assumes un-
bounded positive and unbounded negative values.

This example and many more like it show that we need extra con-
ditions to guarantee that the two iterated integrals of a double integral
give the same result, which is the value of the double integral. Espe-
cially over infinite domains and with unbounded integrable functions
that change sign, the situation becomes, at times, quite complicated.
So, in this section, we are going to state the most important applicable
conditions under which the two iterated integrals of a double integral
give the same result.

Suppose now that we have a continuous or piecewise continuous func-
tion z = f(x,y) where (z,y) is in a region R C R?, which is bounded or
unbounded and not necessarily closed and/or open. The function f(z,y)
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may also be bounded or unbounded in this region R. We have already
seen similar situations with improper integrals in previous sections. By
letting f(z,y) = 0, V (z,y) € R? — R, we may consider f(z,y) to be
defined over all R? and piecewise continuous.

After mentioning these adjustments, we now need some convenient
conditions that guarantee the equality:

//f(x,y)dxdy =
R
/O:o [/O:of(x,y)da:] dyz/o:o [/O:Of(x,y)dy} dz. (2.3)

If f(x,y) is defined in the closed rectangle [a, b] X [c, d], then we may
use the numbers a, b, ¢, d as the limits of the double integration, instead
of the £00. We could do the same if the rectangle were open or partially
open, in which case some open limits are allowed to be finite or 4-occ.

Real analysis proves that some convenient conditions which guar-
antee the validity of equality (2.3) (written without loss of generality
over the whole R?) are the following:

1. Condition I.
flz,y) >0, V (z,y) € R?,

or
f(z,y) <0, V (z,y) € R

Notice that in this case, the three parts of equality (2.3) may be
all co or —oo, respectively. So, if the function is non-negative or
non-positive (i.e., does not change sign) we can freely switch the
order of integration in any way we would like without altering the
answer.

Otherwise, we may use any one of the following three convenient
conditions, which in real analysis are proven to be equivalent.
Ie., any one of them implies the other two.

2. Condition II.
[ [ el dy <o

—0o0 LJ —0o0

3. Condition III.

[ irtwan e < .

— 00 — 00
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4. Condition IV.

//Ifa:y|da:dy—/ / flz,y)| dedy < co.

Here, the double integral is the limit of the double Riemann
Sums of |f(z,y)|, as the norms of the double partitions approach
0.

The equivalent conditions II and III were proved by Tonelli.!?
The IV equivalent condition was proved by Fubini.!!

Under any of the above four conditions, the results of the double inte-
gration in either order are equal, and for piecewise continuous functions
their common value is the value of the double integral as the limit of the
corresponding double Riemann Sums. If condition I is not met, then
the most convenient conditions to check and use in applications are II
and ITI. Condition IV is convenient for more theoretical results. So, if
any of the above four conditions is satisfied, we have:

//fxydxdy—/ / )] dedy =
/m [/Oof("”’y)d””] dy:/m [/Oof(x,y)dy} dz.

We must be careful when any one of these conditions is violated.
Apart from the fact that switching the order of integration may result in
two different answers, even a transformation of coordinates (change of
variables) may result in a different answer. For example, solve Problem
2.4.5.

Example 2.4.1 We illustrate this technique by evaluating the famous
Fresnel Integrals, which are useful in optics and road construction:

o V2 o V2
/ sin(2?) dox = TW and / cos(z?) dx = TW
0 0

We will evaluate the first one. The second one is done by the same
type of work, and so we leave it to the reader as a practicing exercise
whose solution is analogous to the one presented here. (See Problem
2.6.10 and compare with Example 3.7.16.)

10Leonida Tonelli, Italian mathematician, 1885-1946.
11 Guido Fubini, Italian mathematician, 1879-1943.



138 Improper Riemann Integrals

y
1
X
-1
FIGURE 2.3: Function y = sin(x?)
y
X
-1t

FIGURE 2.4: Function y = cos(x?)

In Example 1.3.14, we proved that the integral converges condi-
tionally, and if we make the change of variables u = 22, we get

Eal 1 [ sin(u)
8 2 —
/0 sin(z?) dx 2/0 NG du.

Next, in Section 2.1, Problem 2.1.11, we proved that for any
u >0

/OO —u? g 1,/7T — ! 2 /OO —u® g
e v=—4/— — == e v.
0 2V u Vu VT o

Hence
* sin(u) bl 1
d - —d =
/0 NG u /0 sin(u) NG u

/0 h smz) ( /0: 7 e’ dv) du =
% /O ( /0 e gin(u) du) dv.

At this point, if we could justify the switching of the order of integra-
tion, the calculation of this double integral would be rather simple, and
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we would finish the proposed integral at this point without any further
pains, since by Problem 1.2.14 we have:

e 1
/0 e~vu sin(u) du = ot

Then we can use partial fractions

1

1404
1 Av+ B Cv+D

= + ,
(V2 4+ V20 4+1)(v2 —V2u+1) 2 +V20+1 02 —20+1

and after computing A, B,C' and D, we eventually find, by means of
natural logarithm and arc-tangent, that

dv
" _K
/1+v4 +

) + 2arctan(vv/2 + 1) + 2 arctan(vv/2 — 1)]

1 In U2+v\/§+1
42 02— V241

with K the constant of integration. So,

*  dv T ™2
/0 1+—U4_4\f[0+2 Zte. 5—0—2 4 2-(——)}_—.

[The method of partial fractions is elementary but many times in-
volves some lengthy computations. To find this integral faster, we could
use Example 2.2.6 (b). See also Problem 2.6.20.]

Therefore, if all things performed above were legitimate, the Fresnel
Integral would be

| st = 52 V2 _ Vo

sin(z”) dx = =
0 27 4 4
But to ascertain this result, we must justify the change of order of in-
tegraQtion. This cannot be justified by condition I, since the function
e~ %" gin(u) changes sign.
’U u

Using the inequality |e™¥ “sin(u)| < e~ in order to check Con-
dition IT or ITT does not yield the desired result because,

/OO [/Ooe“”2dv] du =

/wl\f | 5 = vm [valy =
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and

oo [ele] o, ool 1 oo
/ [/ e~ du]dv:/ —Zdv—{——] = —0+ oo = o0.
0 0 o U V]

To bypass this difficulty, we must use an indirect way. We succeed in

doing so by introducing an extra mitigating multiplicative factor, namely

e~ with ¢ > 0 acting as a parameter. That is, we consider the more

general integral
° _,sin(u)
e v du.
o

This integral is continuous in ¢ € [0,00) (see Problem 2.2.18).
So, for any ¢ > 0, we have that

[T 2 ([ e i) a2

Observe

‘6_(C+U2)u sin(u)‘ < 6_(C+U2)u.

When ¢ > 0, since the function e~ (e+vPu g positive, by condition

I, we get
/ / e~ qudy —/
v

[t (] - e

So, if ¢ > 0, we have

~ ~ 7(C+U2)u : ‘ d ) d i
(& s u U V< —= < 00.
/0 (/0 ‘ ) 2ye

Therefore, by the Tonelli Conditions II or III, we are allowed
to switch the order of integration in the double integral (2.4) above
(without the absolute value). Thus, using Problem 1.2.14, we obtain

o o—cu sin(u) y
/0 VR d (2.5)

ef(c+v2)u

| =
—(c+v?) . Y

2 > ° 2 2 & dv
2 —(ctvi)u du ) dv = _/
ﬁ/o </0 ‘ sin(u) “) YT Vr )y Trer o)
Since
1 1 * dv ™2
A4 > < d =
c20, 0<1+(c+v2)2*1+v4 an /0 14 vt 4’
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we also conclude that the integral

i dv . . .
———— is continuous as a function of ¢ > 0.
o 1+ (c+v?)?

Then, in equality (2.5), we let ¢ — 07 to get
*° sin(u / _ 2 T2
0 Vu \/— 1+ v4 RV

This finally verifies that the Fresnel integral is equal to

Vo Vo
2 4

“[3
1=

1 [ sin(u)

i 1
sin(z? dx:—/ du = —-
/0 =) 2Jo Vu 2

Remark 1: Similar work shows

/ cos(z?) dx = ﬁ
O 4

Remark 2: Note that since sin(z?) and cos(z?) are even functions
in R, then

2

/Oo sin(2?) do = 2/000 sin(z?) do = \/ﬁ

— 00

and

/ cos(x?)dx = 2/ cos(x?)dx = @
0

— 00

Also for any real number a # 0, by means of u-substitution, we have

o0 o0 2
/ sin(az?)dr = 2/ sin(az?)dz = sign(a) il
0 2[al

— 00

and
o0 oo 2
/ cos(az?)dr = 2/ cos(az?)dr = il
0 2[al

— 00

[See also Problem 2.4.14, (a).]
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Remark 3: We observe that, using Problem 1.2.14, for 8 > 0 and
¢ > 0 constants, the equality (2.5) is written more generally

> —cz? 2 _ > —cu Sln(ﬂu) _
2/0 e sm(ﬂgc)dx—/o e NG du =

i/m Bdv
i Frleror

(See Problem 3.7.13 for the final closed answer.)

Remark 4: The integrals defined by

S(x) := /Oz sin () dt and C(z) = /Or cos (%) dt

are called Fresnel sine integral and Fresnel cosine integral, respec-
T
tively. Some authors like to use = t? instead of just ¢? in the argument.

So, check what definition the book you study uses.
A

Application

In the theory of curves in R?, the natural equation of a curve C
is its curvature x given as a function of the arc-length parameter. L.e.,
k = f(s), where s is the arc-length parameter of C.

Then, up to the rigid motions (isometries) of the plane, the curve is
given by

o= [[[eos( [ ras)ar. [ on([ rman)al

with the frame {T', N} of the tangent and normal unit vectors positively
oriented.

So, the curve with x = 2a?s, where a > 0 constant, i.e., the curvature
is a positive multiple of s, without loss of generality is given by

C(s) = {/OS cos (a*t) dt, /OS sin (a*t%) dt} .

Such a curve is called clothoid or spiral of Cornu (see Figure
2.5) .12 Cornu used it in optics for diffraction problems and Fresnel for
lens designing. It was also known to Leonhard Euler and Jakob Bernoulli.

12Marie Alfred Cornu, French mathematician, 1841-1902.



Real Analysis Techniques 143

y
var |
4a
| | X
_V27z V2r
4a 4a

FIGURE 2.5: Clothoid or Spiral of Cornu

This curve is very important in designing and constructing railways and
exits and entrances of highways.

We observe: (1) C'(0) = 0. (2) The curve is symmetrical about the
origin C(—s) = —C(s). (3) Using v = at and the values of the Fresnel
integrals, found in the previous example, we find that

lim C(s) = (@,@> and lim C(s) = <_\/%’_\/%> .
5—00 4a 4a s——00 4a 4a
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Problems

2.4.1 Prove the relation

1 oo
— z/ e %tdt, for x>0.
€ 0

Use it to prove

[Hint: Use appropriate proper double integrals as in calculus. When the
double integrals are proper, the conditions for switching the order of
integration are valid. Then take limits.]

2.4.2 Prove completely that

/ cos(z?) dx = ﬁ
O 4

2.4.3 Use the power series of sin(x) and cos(z) to express the following
two integrals as power series:

S(x) == /0‘T sin (v?) du and C(z) == /Ow cos (u?) du.

2.4.4 Evaluate the integrals

/000 CO\S/(;C) dz and /OOO Siil/(g) dz.

2.4.5 (a) By looking at the double improper integral

/ / sin(2? + y?) dzdy
o Jo

as the limit of double proper integrals over the rectangles [0, a] x [0,b] as
a — oo and b — oo, use the values of the Fresnel integrals to find that
its value obtained in this way is %

(b) What happens if you try to evaluate this integral by using polar
coordinates?

(c) Can you explain the discrepancy between the results of (a) and
(b)?
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2.4.6 Justify the results of the initial example of this section:
ir ol 11 o,
/ U S A dey]dx:/ U e 2 ($+3y>dy}dx:
o Lo (+y) o Lo (z+y)
ot 2 1 ) } 1
— dy|de=..==
/o [/ ((x+y>3 @+y2) " 2

whereas Lo
Ty -1
de|dy =...= —.
/0 [/0 (z+y)° ] 2
Next,
1 T
r—y
dy} dr = o0
/0 Uo (z+y)°
and .
Yoo
/ [/ Lygdx} dy = —o0.
o Lo (z+y)
Also show that near (0, 0) the function f(z,y) = LY assumes values

(z +y)?

near 0, equal to 0, unbounded positive and unbounded negative.

2.4.7 Let
2?2 — 2

ma if (z,y) # (0,0)

fzy) =
0, it (x,y) = (0,0).

(a) Show that near (0,0), f(z,y) assumes values near 0, equal to 0,
unbounded positive and unbounded negative.
(b) Write 22 — y? = 22? — (22 + y?) and then break the fraction to

prove that
1 1
L ([ sac)an=-7.
0 0

(c) Similarly, prove

1 1 -
/0 (/O f(z,y) dy) dr = .
(d) Also, prove

[ ([ sena)ar=s ma [ ([ seac) =
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2.4.8 Consider ¢ > 0 and b € R constants. Use a Tonelli condition to
justify the change of order of integration in

o) 1
/ (/ e~ sin(2bxy) da:) dy
0 0
and then prove

o0 _ . 0 2 2 2
/ o= 1 — cos(2by) dy = / o—ay S (by) dy = lln (a + 4b ) .
0 2y 0 Y 4 a?

Prove that this formula is also correct for o = 0, as co = oo.

(See also and compare with Problem 2.5.18.)

2.4.9 Consider a > 0 and b € R constants. Then:
(a) Without computing, explain why for every 0 < N < 0o

/ON (/01 e " sin(by) d@‘) dy = /0 1 ( /0 ¥ oo in(by) dy> da.

(b) Now, perform the inner integration in both double integrals in
(a) and write the obtained equation.

(c) Take limit as N — oo of the equal expressions found in (b), and
prove: For a > 0 and b € R constants, we have

= [Tty T @) _ b
I(o) ._/0 e ) dy—2 arctan(b)—arctan 2

[Hint: In (c), commuting the limit and the integral in the second side
of the equation obtained in (b), you need to use either Part (I) of the
Main Theorem, 2.2.1, or Definition 2.3.2 and Theorem 2.3.2.]

(d) The integral I(«) found in (c) can also be found by the following
steps:
(1) Use the Main Theorem, 2.2.1, and Problem 1.2.14 to find

(2) What is I(0) and why?
(3) Now find I(«).

(Note: This was also found by a different method inside the com-
putation of Example 2.2.8 and stated in Example 2.2.9. It is also
reported in many integral tables. See also and compare with Problem
2.5.18.)
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2.4.10 (a) For a > 0 and 8 € R constants, prove

00 . 9
J(a) ::/O e—ausmuﬂduzﬁarc‘can (%) —%ln (%622+1>,

[Hint: Use appropriate integration by parts and the results in Prob-
lems 2.4.8 and 2.4.9. For a = 0, as usual, you may use a continuity
argument.|

(b) The integral J(«) found above can also be found by the following
steps:
(1) Use the Main Theorem, 2.2.1, and Problem 2.4.8 to find

d
= ().

(2) Find J(0). (See Problem 2.2.15).
(3) Now find J(«).

2.4.11 Change the integral'3

<[ (m—y)2 i 27,2 2 x? — g
e 7Y gin® (x” + ———dydx
L ) Gy

to polar coordinates and prove that it is equal to

1
E[Zl arctan(2) — In(5) — 2] &~ —0.2165018.

2.4.12 For k and [ real constants, prove:

[eS) ook
(a)Ifl > k + 1, / e @) 4
0

7 T = +00.
T

oo Kk
(b)Ifl > 1, / ee &8 l(m) dz = +oo.
0 X

2.4.13 For [ = 0, 1, 2 and 3, find

0o L3
/ e~ 2 l(a:) dz.
0 x

13 American Mathematical Monthly, Problem 11650, Vol. 119, Number 6, June-July
2012.
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-1 3
[Hint: sin®(z) = e sin(3x) + 1 sin(x), etc.]

2.4.14 (a) For any real numbers a # 0, b and ¢, use the known identify
az’ +br+c = a(z+ L)%+ e b the Fresnel integrals, and appropriate
trigonometric formulae, to prove

/ sin(az® 4 bz + ¢)dr =

— 00

Ve e (M) on (457

and

/ cos(ax® + bz + c)dr =

— 00

T cos 74@@—()2 — sign(a) sin 74@0—()2
2|al 4a gia 4a '

(b) Use (a) and the appropriate trionometric formulae, to compute
the integrals

L = / sin(—2z?%) cos(4a + 6)dr,
I, = / sin(3z?) sin(—2x + 1)dz,
I3 = / cos(z?) cos(—4x + 1)dzx.

2.5 Frullani Integrals

A special category of improper integrals are the Frullani'* or Cauchy-
Frullani integrals. They have the general type

I(a,b) = / fba: )dx where 0 < a, b < oo,

14Giuliano Frullani, Italian mathematician, 1795-1834.
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where f: (0,00) — R is a nice function not necessarily continuous but
satisfies the following condition which we assume throughout this
section:

m
() / flz)dr exists, V 0<A<p<oo.
A

(For functions continuous in (0, 00), this condition is obviously fulfilled.)

We observe that I(a,a) =0 and I(a,b) = —1(b,a) for any 0 < a, b <
0o. We must also observe that for I(a,b) to exist when 0 < a # b < oo,
the limits ggli%rg+ [f(bx) — f(az)] and wlirlgo[f(bx) — f(ax)] must either be

zero or oscillate about zero. These conditions are necessary (but not
sufficient, as we will see in examples and problems that follow). Oth-
erwise, i.e., if either condition or both is/are not valid, then I(a,b)
is either +oo or does not exist (oscillates depending on the two lim-
iting processes). (Prove this assertion, using the Limit Compari-
soP Test, Example 1. 3 4, and the fact that for 0 < r, ¢ < o0,
/ —dr = oo and —dx— 2

0

x
In order to state the unportant general results and the hypotheses
under which are valid, we begin with the following!®

Preliminary Computation

Consider any 0 < a, b < co. Using the standing assumption (*X) for
f(x), we can write

I(a,
. f bx) f bx) f (ax)
lim dr = lim .
h—o00 h— o0
e—0Tt e—0t

Performing the substitutions ¢ = bx and ¢ = ax in the first and
second integral, respectively, and using the standing assumption (?X) for

151n the exposition of this material, we follow bibliography: Ostrowski 1949 and
Agnew 1951.
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f(x), we find
bh ah
I<a,b>:nm[ 10 md]
?—_:Oof be t ae t
ah bh be ah
hm[/ LG (UP L (U &d]
h—o0 be 3 ah 3 ae t be t
e—0t
bh €
nm[ 10, md]
h—o0 ah t ae t
e—0t

[For this splitting of the integral to be legitimate, we need the condition
("X) and then the two extreme integrals cancel each other.]
If the individual limits exist as real numbers, or are oo, we can

write o e
I(a,b) = lim @dt — lim ) dt. (2.6)
h—oo Jon 1 e=0t Joe T
The case co — oo means that the I(a,b) does not exist.

For giving more practical results, we will deal with these two limits
under certain conditions. We assume that f(z) is continuous in (0, §) for
some § > 0 and in (u, 00) for some p > 0.

In the first limit, we use the substitution ¢ = e* and consider h large
enough so that ah > p and bh > p to invoke the Mean Value Theorem
for integrals. Then we find

bh f(t) B In(bh) N B B o é
0= [ gteyan = tmom — miami s =1 (£) 50,

ah 13 n(ah) a

where c is between In(ah) and In(bh) or ¢ = e€ is between ah and bh.
When h — oo then ( — oo and

im [ L0 g 1 (E) Jim f(O =In (g) F(o0)

h—o0 ah t a

when f(co) := lim f(x) is a real number or 0.
Tr—r0o0

Now using the substitution ¢ = e~ in the second limit, with analo-

gous work, we find
be
lim I g 1 <9> £(0),
a

e—0t Jqe t

when f(0) := li%1+f(x) is a real number or +oo.
Tr—r

This preliminary computation along with the stipulated hypotheses
proves the following general theorem:
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Theorem 2.5.1 Let f : (0,00) — R be a nice function that satisfies

(%) and 0 < a, b < oo. Assume that f(x) is continuous in (0,0) for

some § > 0 and in (u,00) for some p > 0, lirél+f(a:) = f(0) € [—o0, x]
z—

and whﬁn;()f(x) = f(o0) € [—00,00]. Then

ra = [T o) - o m (2)

a

which, depending on the value of f(o0) — f(0), may be a real number, or
+o00, or does not exist in case of co — oo.

Remark: In general, an improper integral that takes final answer
o0 — oo does not exist. If under the hypotheses of the above Theorem
one of the limits f(0) and f(o0o) is finite and the other oscillates, or both
oscillate, then I(a,b) oscillates and so does not exist.

Letting b = ¢ and a = 1, we have the following:

Corollary 2.5.1 Under the conditions of the theorem and if f(oc0) —
f(0) # 0, or o0, or co—o0, or does not oscillate, we obtain the following
integral formula for ln(t):

In(t) = / ftz) — 1@ 4, _

/ flz )

Remark: Integral expressions of In(t) are useful in applications to
special integrals and functions. Obviously, besides b = t and a = 1, other
combinations can give the result of the corollary.

Examples

In the examples that follow here and throughout this section and
also in the problems that follow, make sure that the functions involved
satisfy the prerequisite condition ("K), when necessary. Otherwise, in-
dicate the opposite or the counterexample.

Example 2.5.1 For 0 < a,b < o0,

[ ()=
0

since f(x) = e~ satisfies the conditions of Theorem 2.5.1,

f(s0) = 0 and f(0) =
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(The &-priori existence of this integral can be worked out as in Ex-
ample 2.2.15.)
From this example, we have the integral expression of In(t)

© ,—x _ ,—tlx
ln(t):/ £ ~°
0

X

(See also Problem 2.2.28.)
Also, if we put t = e~ %, we find

1 ta—l _ tb_l a
———dt=In(-).
/0 In(?) . (b)

A
Example 2.5.2 For 0 < a,b < oo,
/ arctan(br) — arctan(az) dr ="l <9>
0 x 2 a
since f(x) = arctan(z) satisfies the conditions of Theorem 2.5.1,

T
floo) = B and f(0) =0.
(The &-priori existence of this integral is worked out in Example

2.2.15.)
From this example, we have the integral expression of In(t)

2 [ tan(tx) — t
/ arctan(tz) — arctan(x) .
0

In(t) = —

™ T

(See also Example 2.2.15.)

Remark: Any example similar to this (and the previous one) may
also be carried out in the following elementary way, independent of the
knowledge of the theory of the Frullani integrals. We have:

/ arctan(bx) — arctan(ax) dr = / = [arctan(uw) uib} dx =
0 o &

x u=a

LU ] oo [ 1 o] -

b1 oo b1rx T b
o [arctan(ux)|2=5°] du = o3 du = B In <)

a

(The switching of the order of integration in the double integral is jus-
tified by positivity condition I in Section 2.4, for instance.)
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(Solve the previous example by applying this method. Also, notice
that with Examples 2.5.5 and 2.5.6, this method does not work.)

Hence as a rule, we observe that in evaluating such integrals by per-
forming these steps, we need to be able to: (1) apply the fundamental
theorem of calculus, 1.1.1, to the derivative of f(z) [e.g., when f’(x)
is continuous| and (2) switch the order of integration in the double in-
tegral that follows.

A
Example 2.5.3 For 0 < a,b < oo
+00 iftb>a
/OOOGMC_TCde:(oo—l)ln<g>: 0 ifb=a
—00 if b < a,
a result that can also be proven elementarily.
A

x

Example 2.5.4 For 0 < a # b < o0 and f(z) = £ on (0, 00), we get
x

eba: 3T

oo e’ e b
/ bx 9y = (00 — o0) In (—) = does not exist,
0 T a

a result that can also be proven elementarily.
A

If we investigate the preliminary computation further, we will see
that under certain additional conditions we can evaluate I(a,b) even if
one of the limits lim f(z) and lim f(x) does not exist due to oscillation

z—071 T—>00

and the other limit exists or is +oo.
In fact, let us assume:

1. f(z) is continuous in (0, ) for some § > 0.

2. lim f(z) € [—o0, 00| or oscillates.
z—0t

3. / @ dz is finite for some ¢ > 0.

[We assume nothing about lim f(z).]

Tr— 00
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As in the preliminary computation, hypothesis (1) implies

be
. f ( ) b
1 —2dt=1In 0).
Ly a) O
Using the Cauchy Test 1.3.7, hypothesis (2) implies
bh
lim f( )

h—o00 ah

—=dt =0.

Therefore,

I(a,b):Adex:—f(O)ln <§>

[If the limit f(0) oscillates, the integral does not exist.]
Similarly, if we assume:

1. f(z) is continuous in (u, c0) for some p > 0.

2. lim f(x) € [—o0,00] or oscillates.
Tr—r0o0

3. / M dx is finite for some r > 0.
0 X

[We assume nothing about lim f(z).]
z—0t

Then again

bﬁf() 0

lim
e—0t

[by the Cauchy Test 1.3.7 and its Remark 1], and we find:

/Ooo de = f(oco)In <g) '

[If the limit f(oo) oscillates, the integral does not exist.]
So, we have proven the following:

Theorem 2.5.2 Let f : (0,00) — R be a nice function that satisfies
(%) and 0 < a, b < 0.
(I) If f(z) is continuous in (0,9) for some & > 0, lirgl+f(x) €
Tr—r

[—00,00] or oscillates, and/ @) dz is finite for some ¢ > 0, then

[ L0100 4y (2).
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If the limit f(0) = lim f(x) oscillates, the integral does not exist.
0+
Tr—r
(II) If f(x) is continuous in ( W, 00) for some p > 0, lim f( ) €

[—00, 00] or oscillates, and/ f dx is finite for some r > 0, then

[T o (1)

[If the limit f(c0) = le f(z) oscillates, the integral does not exist.]

Letting b = ¢t and a = 1, we have the following:

Corollary 2.5.2 Under the conditions of the two cases of the Theorem
and if the limits f(oo) and f(0) are not 0, or 00, and do not oscillate,
we obtain the following integral formulae for 1n(t), respectively:

L ) —f@ 1 [ @)= fla)
“’m@‘fwnl z d_—ﬂwké PR
fm _ L [T @) - f)

(1) Init / x‘f@)A PR

Examples

Example 2.5.5' For 0 < a, b < oo,

/ sin(bx) — sin(ax) dr =0,
0

€T =
T

since f(0) = sin(0) = 0 and by Example 2.2.8, f(z) = sin(x) satisfies
the conditions of Theorem 2.5.2 (I).

This result was already evident in view of the general result in Ex-
ample 2.2.8 since in this case, we can split the integral and we get

/Ooo sin(bz) — sin(aa) /O * sin(ba) _ /0 " sinlaz) g _

T
=———==0.
T x x 2 2

Again, by Theorem 2.5.2 (II), we also find

/°° sin () —sin () dr =0,
0

T

16 For more examples on the Frullani integrals, see bibliography: Albano, Amdeber-
han, Beyerstedt and Moll 2010 and Gradshteyn and Ryzhik 2007.
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1 1
Here lim sin [ — ) = sin(0) = 0, but lim sin <—> does not exist (see
T—r00 x z—0+ x

Problem 2.5.5). Instead, by Example 2.2.8, we have the condition

00 1 uel oo -
[l gzt s,
0 0

s
T U 2

and so the Theorem applies.

Example 2.5.6 For 0 < a, b < o0,

/°° cos(bx) — cos(ax)
0

oy, (2

since f(0) = cos(0) = 1 and by Problem 2.2.26, (b), f(z) = cos(x)
satisfies the conditions of Theorem 2.5.2 (I).

In this example, the splitting of integral about the minus
legitimate because then it becomes co — co.

“_»

is not

Remark: The integrals in this and the previous example cannot be
computed by the method described in the remark of Example 2.5.2.
(Check this to see where the method fails.)

From this example, we have the integral expression of In(t)

In(t) = /OOO cos(z) — cos(tx) .

X

(See also Problem 2.5.3.)
Again, by Theorem 2.5.2 (II) we also find

/°° cos (&) — cos () g1 (?
o x a)’

1 1
Here lim cos <—> = cos(0) = 1, but lim cos <—) does not exist
T—00 x z—0+ x

(see Problem 2.5.5). Instead, by Problem 2.2.26, (b), we have the
condition

" cos (1 =1 [ cos
v r >0, / M dz =" / ﬂ du converges conditionally,
0 X % u

and so the Theorem applies.
A

We continue with an interesting and useful theorem and two corol-
laries in which we do not impose any concrete assumptions on the limits
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lim f(z)and lim f(z), but we require a particular mean value to exist.
z—071 T—00

Before we state and prove the Theorem, we must define this mean value
and make an important remark.

We consider f : (0,00) — R a nice function that, as always in this
section, satisfies condition (*X). For any 7 > 0, we define the mean
value

M.(f) = lim 1 /1 f(¢)dt.

T<T—00 I

We assume that M,(f) exists (as finite value) for some p > 0. Then
for any o > 0 (either 0 < p < 0 or 0 < 0 < p) the mean value M, (f)
exists and M, (f) = M,(f). Therefore, if the mean value exists for some
p > 0, we can drop the index and simply write M (f) for a function f
that satisfies (?K).

This observation follows immediately from the fact that by hypoth-

esis (K) the integral / f(¢t) dt is finite, and so
P

1 g
lim - / f(t)dt =0.
{po}<z—o0 T J,

Now we state and prove the following theorem without ambiguity.

Theorem 2.5.3 Suppose [ : (0,00) — R is a nice function that satis-

5
fies (1) and such that/ @ dx exists for some § > 0.

0
We fix a p > 0 and assume that the mean value

p<xr—00 I

M(f):= lim l/If(t)dt

exists (as finite value).
Then for any a, b > 0 we have

[ 4y (1),

a

5
Proof Since f(z) is a nice function such that / @ dz exists for
0

some ¢ > 0, then [by the Cauchy Test, 1.3.7, and its Remark 1] for
a, b>0

be
lim @ dt = 0.

e—0T Jae t
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Since p > 0, by (%K) we have / f(t)dt exists V o > p > 0, and so
P
we can define

F(x) ::l/zf(t)dt, YV x>p>0.
p

X

Then, under the given hypotheses, we conclude that F(x) is contin-
uous for all z > p, [xF(z)] = f(x) at the points of continuity of f(x)
in [p, 00), and <1im F(z) = M(f).

p<T—r00

We consider any h > 0 such that ah > p and bh > p. Applying
integration by parts, we get

bh bh .
10— [ Lo = po - pa+ [ EO

Using the substitution ¢t = e* and the Mean Value Theorem for
integrals, we find

bh
I®) g —
ah 3

In(bh)
F(e")du = F(bh) — F(ah) + F(¢)In (g) ,

F(bh) — F(ah) + /

In(ah)

where ( = e is between ah and bh.
If h — oo, then ah — oo, bh — oo, and ( — oco. Since M (f) exists,
we get

i [ @ g M(f)In <9) .

h—o0 ah t a

Finally, by equation (2.6) in the preliminary computation, we get

I(a,b) := /OOOMCL’E:

lim bh&dt—lim bE&dtzM(f)ln<9>.

h—o0 Jun t e—=0t Joe t a

Corollary 2.5.3 Under the hypotheses of Theorem 2.5.3 we get:
(1) If lim f(x) = f(oo) is a real number, then M(f) = f(oo) (see
xr—r 00
Problem 2.5.6) and so
/ de = f(c0)In (9) .
0 x a

[So, Theorem 2.5.8 generalizes Theorem 2.5.2 (II).]
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p
(2) If f(x) is periodic with period p > 0 and/ f(z) dx exists, then
0

I Loue
:]—3/0 f(x)dx:]—j/u flz)dz, Y u>0

[see Problem 1.1.6, Item (8.), and make an easy adjustment of its

proof] and so
/ J02) = flaz)

n b n u+p
M/O f(x)dxzw/ f(@)dz, (u>0).

p p

(8) For b=t and a = 1, we get the corresponding integral represen-
tations of In(t) (as before).

s
If in Theorem 2.5.3 we replace the hypothesis / @ dx exists
x

0
for some § > 0 by f(x) is continuous in (0,6] for some 6 > 0 and
lirél+f(x) = f(0) € [—o0, 0], then by adjusting the proof of the Theorem
T—

and using the preliminary computation, we obtain:

Corollary 2.5.4 Suppose f : (0,00) — R is a nice function that
satisfies (K), continuous in (0,0] for some d > 0 and lirn+f(;v) = f(0) €
z—0

[—00, 0] or oscillates.
We fix a p > 0 and assume that the mean value

M(f):= lim —/ f@)
T—00 I

exists (as finite value).
Then for any a, b > 0 we have

Amiﬁﬂiigﬁdxzmaﬁ—f@”m(é)'

a

[If the limit f(0) oscillates, the integral does not exist.]
[For b =1t and a = 1, we get the corresponding integral representa-
tions of In(t) (as before).]

Example 2.5.7 In Problem 2.1.16 (f), we have proved

/7T In | cos(z)|dx = —m In(2).
0
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The function f(z) = In | cos(x)] is continuous on [07 %} [notice f(0) =

/4

0] and lim @) = 0 (use L’ Hépital’s rule). So, @) dz exists.
r—0t X 0 x

Since f(z) is periodic with period 7 [by Theorem 2.5.3 and Part

(2) of Corollary 2.5.3, or Corollary 2.5.4], we get
1
M(f)=—[-7 In(2)] = — In(2).

™

Then, V a > 0 and b > 0 we obtain

/000 In idw =—In(2) In <g> =1In(2) In (%) .

[Notice: f(z) is not continuous in (0,00) and lim f(x) does not exist
T—r 00

cos(bx)
cos(ax)

due to oscillation, but both the mean value M (f) and the integral exist.]
A

Problems

2.5.1 For real numbers 0 < a, b < oo, prove:

/oo arctan (%) — arctan (g) de = "o (E) .

0 x 2 b

From this, write the corresponding integral expression of In(t).

2.5.2 For real numbers 0 < a, b < oo, prove:

1 _ 1
e x)?2 az)? a
| L g ().

X

From this, write the corresponding integral expression of In(t).

2.5.3 Establish an a-priori existence of

/°° cos(z) — cos(tx) dal= In(t)],
0

X

without using the result in Example 2.5.6.
Does this integral converge absolutely?

2.5.4 (a) For real numbers 0 < a, b < oo, prove:

[o(e)-wm()]e-s(),
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(b) What is the corresponding integral expression of In(¢)?
(c) Also prove:

400, if b>a>0

/ {bcos(i)—acos<i)]dx: 0, if b=a>0
0 bz ar

-0, if 0<b<a.

2.5.5 (a) If a function f(x) is continuous in an interval (0,0) for some

s
0 >0, / f@) dx exists and lim f(z) exists, then prove lim f(z) = 0.
0 X z—0t z—0t

(b) If a function f(z) is continuous in an interval (r, c0) for some

r >0, / @) dx exists and lim f(x) exists, then prove lim f(x) =0.
r X T—>00 T—00

2.5.6 Consider a nice function f : (0,00) — R such that for some p > 0

A
/ f(x)dz exists V A > p and lim f(z) = f(o0) € [—00,00]. Prove
P T—r 00

M) =1 [ syan = g,

2.5.7For 0 < a, b < oo, write and evaluate the Frullani integrals I(a, b)
of the functions: f(z) =

e g(e) = aP e, u(e) = sin(a?), ox) =
cos(zP), where p > 1. Justify your answers.

2.5.8 (a) In Problem 2.1.16 (f), we have proved

/ﬂ In|sin(z)|dz = —7 In(2).
0

However, show that for 0 < a, b < oo

/1n
0

400, if b>a>0

sin(bx)
sin(ax)

1
—dxr =<0, if a=b6>0
x

—00, if 0<b<a.
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(b) Use Problem 2.1.18 to prove the same result for In |tan(z)| in
the place of In |sin(z)|.

2.5.9 For 0 < a, b < oo, show

/ | sin(bx)| — | sin(az)]| dr — 2 In (é)
0 X o a

/OOO | cos(bz)| ; | cos(az)| dp — (% 3 1) In (2) .

(See also Problem 2.5.11.)

and

2.5.10 Use the result in Problem 2.6.18 to prove that for any 0 < a <
landa, b>0

Ja) = /OOO [tan(ba)|* — |tan(az)|® 1@) " (9)

x COS( 5 a

Notice that J(0) = 0 and explain why J(«) has discontinuity at
« =0 when a # b.

Investigate the integral obtained by replacing tangent with cotangent
cot for the same and/or new range of a.

2.5.11 Use the result in Problem 2.6.19 to prove that for any o < 1
and a, b >0

o [P lsectba)l —Jsecan)e [ 1 T ] (b
e = | ; ! _lﬁ (%9 1]1 (2)

Replace secant with cosecant and investigate the new integral.

2.5.12 Consider the function f(z) = % on the interval (0, 00).

(a) Prove that this function satisfies all of the conditions of both
Theorems 2.5.1 and 2.5.2 for z € (0, c0).

(b) For any real numbers 0 < a, b < oo, write and compute the
Frullani integral of this function.

2.5.13 For real numbers 0 < a, b < oo, prove:

oo sin?(bx) . sin? (ax)
==
0

T

Without using this result show directly that this integral is proper
over any interval [0, g], with € > 0.
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2.5.14 Prove that

 sin®(x) 3 > sin’(x)
/0 2 dx = 1 In(3) and /0 = dx = In(2).

Then evaluate the following four integrals:

0 .. 3 00 i3
/ sin 2(33) iz, / sin 2(3:) dr.
x o T

— 00 —

0 .4 00 1.4
/ sin 3(33) iz, / sin 3(3:) de.
x o T

— 00 —

(Compare with Problem 2.2.33.)

[Hint: Use integration by parts, trigonometric identities and Example
2.5.6.]

2.5.15Fori=1, 2, 3, ..., k, we consider any positive numbers a; > 0

k
and any real numbers A; that satisfy the condition Y A; = 0.
i=1

(a) Let y = f(z) be a function that satisfies the conditions of the
Frullani integrals of Theorem 2.5.1 and f(0) # f(c0). Then, use the
Corollary 2.5.1 to prove

oo 21_11 A; flax) . 1 k nfas
| T Co s DI
(b) Use (a) to show

/°° Aj arctan(aix) + Ag arctan(azx) + ... + Ag arctan(agx) d
€T =
0

2

™

Arln(ar) + Az In(az) + ... + Ax In(ag)] .

(c) Let y = f(x) be a function that satisfies the conditions of the
Frullani integrals of Theorem 2.5.2 and f(0) # 0. Then, the Corollary
2.5.2 to prove

T A ) LS
/0 L = o 3 e
(d) Use (c) to show

/°° Ajq cos(az) + Az cos(azx) + Az cos(asx) + ... + Ay cos(agx)
O l’
—AjIn(ar) — AsIn(ag) — Asln(as) — ... — Ag In(ag).

dr =
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(J. Wolstenholme!?)

2.5.16 State the necessary conditions and give the proofs so that for any
e>0and for all 0 < a, b < oo

W [ G o0 - s (9) ,

T a

(2) /EOOde:—f(e)ln <9>

T a

or

2.5.17 (a) Use the previous problem to prove that for any € > 0 and
any 0 < a, b < co, we have

cos?(br)  cos?(ax) ,
OO br  ax _ cos*(e) a
/6 x dv = € In (b) '

(b) What happens when ¢ — 07 ?

(¢) Without using this result, show directly that this integral is im-
proper over any interval [0,e]|, with &€ > 0 and its value is +oo when
a > b.

2.5.18 For 8 > 0 and a, b real constants, show:

_ [ _pocos(az) —cos(bz) 1 M
(a) 1(5).—/0 e . dx—21n i)

If we replace cos(ax) — cos(bx) with cos(ax) + cos(bzx), then prove
that the new integral is equal to co.

(b) J(B) = /000 e P sin(az) ;l:sin(bx) dx = arctan <%>:l:arctan (%) .

[Hint: These integrals are not Frullani type integrals (why?). Use Prob-
lems 2.4.8 and 2.4.9 and/or the result in Example 2.2.9, after you
justify the splitting of the integral J(3).]

(c) The integral I(/3) found in (a) can also be found by the following
steps: (1) Use the Main Theorem, 2.2.1, and Problem 1.2.16 to find

% [1(B)]. (2) What is I(0) and why? (3) Now find I(5).

17 Joseph Wolstenholme, English mathematician, 1829-1891. He computed the
above integral using contour integration in complex analysis.
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(d) The integral J(3) found in (b) can also be found by the following
steps: (1) Use the Main Theorem, 2.2.1, and Problem 1.2.14 to find
d
a5 [J(B)]- (2) What is J(0) and why? (3) Now find J(5).

(e) Knowing I(3) and J(B) 4-priori, explain how you can use them
to find the integrals in Examples 2.5.5 and 2.5.6, i.e., to prove: For
all 0 < a, b < oo, we have

/ cos(bx) — cos(ax) de — o (g) and / sin(bx) — sin(ax) dp = 0.
0 b 0

T x

[Hint: You must justify why you can let S = 0 by using a continuity
argument, i.e., switching limit and integral.]

2.5.19 For 8 > 0 and a, b real constants, find:

Ooe_m cos(ax) cos(bx) . Ooe_gm sin(ax) sin(bx) .
@ [ et gy [T Sl

(c) /000 e COS(‘M)TM dr, (d) /Ooo o M .

[Hint: Use appropriate trigonometric identities to split the trigonometric
products and Problem 2.5.18 (a) and (b).]

2.5.20 For 8 > 0 and a, b real constants, use Problem 2.5.18, (a) and
(b) to find the values of the following four integrals:

oo 2 en2 00 .2 2
(a) / P (azx) — cos*(bx) d. / L (azx) — sin®(bx) d
0 x 0 x

o0 3  ened 0o .3 w3
(b) / s (azx) — cos®(bx) d. / o—Bo Sl (ax) — sin”(bx) d
0 z 0 x

€z,

X.

[Hint: The two integrals in (a) can be found easier by using the double
angle trigonometric formulae or using Problems 2.4.8 and 2.4.9. For
the two integrals in (b), use the trigonometric formulae that reduce the
cubic powers to first powers, etc.]

2.5.21 For a, b real constants, prove

/oo cos(bx) — cos(az) . /OO cos(bz) — cos(az) . (la| — o)
0

2 2

— 0o
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and

xr =

/°° sin(ba) — sin(aa) _
0

2
400, ifb>a

0 . .
br) —
_/ sin(bx) xzsln(ax) dr = o, fhea

— 00

—o0, ifb<a.

2.6 The Real Gamma and Beta Functions

In this section, we study the real Gamma'® and Beta!? functions and
their fundamental properties. The complex Gamma and Beta functions
and the great number of their properties and applications are studied
in advanced complex analysis. This chapter of complex analysis is out-
side the scope of this text. These special functions are very important
in Mathematics, Statistics, Engineering and Science. They were first de-
fined and used by Euler.

2.6.1 The Gamma Function

The Gamma function is defined as the improper integral of a real
parameter p

I‘(p)z/ 2P le ™ dx.
0

This is also called Euler’s integral of the second kind. We notice
that the integrand is always non-negative, and this integral is obviously
improper since the interval of integration, [0, 00), is unbounded. When
0 < p < 1, the integral is improper for one more reason: The integrand
becomes +o00 at & = 0. (In complex analysis, the real p is replaced with
the complex variable z = x + iy, and so we must rename the dummy
variable with a letter other than z.)

18Gamma, v, T, the third letter of the Greek alphabet.
19Beta, B, B, the second letter of the Greek alphabet.
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In Example 1.3.4 we have established the convergence of this in-
tegral for all p > 0 and its divergence (= oo) for all p < 0. So, the
study of the Gamma function begins with examining the properties of
this integral for p € (0, c0).

We are also going to provide some preliminary estimates which, be-
sides reproving the existence of I'(p) for all 0 < p < oo, allow us to see
what happens when p approaches 07 or oo.

Preliminary Estimates

In proving various facts about the Gamma function, it is convenient
to write

o 1 1 e’} 1
F(p) — / xp—le—z dr = / xp_m dx —|—/ ZIJp—wdﬂj‘ (27)
0 0 1

xre xre

With the help of this relation, we will derive some preliminary es-
timates for the Gamma function. These estimates are useful in proving
some results and solving some problems.

(I) We estimate the first part of the integral in (2.7), namely:

1 1
1
/xp_le_rda::/ P—dzx forall p>0.
0 0 re®

This integral is improper when 0 < p < 1 and is proper when p > 1.
We observe the following inequality:

VOo<p<ooandV0O<z<1, P lemt <gPle=® < gP~ 1

1t 1 1
—/ i e / 2P le T dr < / 2P~V da.
€ Jo 0 0

1 ! 1
VO<p<oo, — </ 2P le % dr < =,
ep 0 p
(IT) We now continue with the estimation of the second part of the
integral in (2.7), namely:

oo oo 1
2P e %y = P dx.
1 1 xrer

This integral is improper because of the infinite interval of integration.
We distinguish two cases:

Case 1: 0 <p< 1.

By the following inequality (which deserves mentioning on its own
merit; therefore, prove it as an exercise)

Therefore,

So,
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1
Vx>0, l—ggln(a:)gx—l,

we see that for any z > 1 we have 0 < In(z) < x — 1, and so we obtain:
Ve>1land V0O<p<l1,

e—2z+1 < e—r—ln(z) _ $_1€_z < xp—le—z <e T

Therefore, V 0 <p <1,

o0 o0 o0
/ e~ dp < / 2P e dr < / e “dx
1 1 1

1 e 1
Vi<p<l, —</ P e T de < =,
2e 1 e

and so

Case 2: 1 <p < .
We let n = [p — 1], the integer part of p — 1. Since p > 1, we have
that n > 0 integer and n < p —1 < n + 1. So, we have the inequality

oo oo oo
/ z"e T dx < / 2P le™ dy < / " e ™" dx.
1 1 1

Applying n integrations by parts in the first integral and n + 1 inte-
grations by parts in the third, we obtain

I+n+nn—-1)+nn—-1)(n—-2)+..+nl+n! <

€

o0
/ 2P e T dr <
1

1—|—(n—|—1)—|—(n—|—1)n+(n+1)n(n—1)+...+(n+1)!—|—(n+1)!.

Finally, we have achieved the following preliminary estimates of
the Gamma function:

2 1 1 1 1
(1) Vo<p<l, Iiz—+—<1“(p)<—+—:e+p,
2ep 2e ep p e ep
obtained by (I) and (II, Case 1).
From these estimates, we also obtain the fact:
lim I'(p) = cc.
Jim, T(p) = o0
(2)V1<p<o,
1 l1+4n+nn—1)+nn—-1)(n-2)+..+n!+n!
1, (n = 1)+ n(n— (o - 2) ) <

ep e
1+ l+(n+)+m+)n+n+nn—-1)+...+ 0+ +(n+1)!

p e

)
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where n = [p — 1], obtained by (I) and (II, Case 2).
If p — o0, then [p—1] = n — oo, and from these estimates we obtain
the fact:
lim T'(p) = oo.

p—o0

Some Basic Properties and Values of the Gamma Func-
tion

(T, 1). For 0 < p < 00, I'(p) is a continuous function of p.
Proof We must use the Continuity Part of Theorem 2.2.1.
Since continuity is a local property, for any given 0 < p < oo we
fix any pi1,p2 such that 0 < p; < p < pa < 0o. Then we use the
Theorem by choosing the non-negative function

ghr—le T fo<z<1
g(z) =
aPrle—T if1<z<oo.
Then
‘x”fle*ﬂ = 2P e < g(z)
and

/000 g(z)dz < T'(p1) + ['(p2) < oco.

Now the result follows from the Continuity Part of Theorem
2.2.1. (Work out any missing details.)

(T, 2). For 0 < p < oo, I'(p) is infinitely differentiable with nth order
derivative

™ (p) :/ 2P~ te™*[In(z)]" dz, YV n =0, 1, 2, 3,....
0

Proof (See also project Problem 2.6.42.) For the first deriva-

tive and similarly with any derivative thereon, we use the Differ-

entiability Part of Theorem 2.2.1. Since differentiability is a

local property, for any given 0 < p < oo we fix any p1, p2 such that
0 < p1 <p<p2 <oo. We deal with the function

0

‘ap (e

Then we use the Theorem by choosing the non-negative function

P1le=v)| = 2P~ 1e " |In(z))| .

rP2e” ", fl<z<o

g(x) =
2P~ —1In(x)], if0<z<l1.
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We see that
0

@)

p =27 le ™ |In(z)| < g(x)

and we also observe
/ g(x)dx = / aP2e” " dr < '(p2 +1) < o0.
1 1

For the other part of the integral of g(x), we use u-substitution
and integration by parts to obtain

1 1 1 u=1
/ aP = In(x)] da = / P~ In <—) dex ="
0 0 r

1 o0 1
/ u! 7P In(u) du _ / u” P In(u) du = o < 0.
1 1

— .2
. U
Hence

/000 g(x)dz < 00

and the result follows. (Supply the missing details.)

Note: According to Problem 2.1.25 and its footnote and Prob-
lem 2.3.5

(1) = /0 e “In(x)dr = —y <0,

where + is the Euler constant defined to be

. — 1
y = lim KZ E) - ln(n)] ~ 0.57721566... > 0.

k=1

Make a note of this result, for it is needed in the proofs of many
important and difficult results on special integrals and special func-
tions.

The Gamma function is analytic. That is, it can be expressed as a
power series locally.

[Hint: Use the Taylor?® Power Series Theorem as we know it from
calculus and then show that for any fixed point 0 < pg < oo the
Taylor remainder

Lot p)
" (n+1)!

(p - po)n+17

20Brook Taylor, English mathematician, 1685-1731.
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(T, 7).
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with some p* between p and pg, approaches zero as n — co. Then
show that the radius of convergence of the obtained power series
is R= pg.]

For 0 < p < oo, I'(p) is strictly convex. This follows by (T, 2)
since

IM(p) = /000 2P~ te " [In(z))? dx > 0.

Hence the second derivative of the Gamma function is strictly pos-
itive, and therefore the Gamma function is strictly convex (or con-
cave up, as we say in calculus).

T (%) s
Proof

by the integral (2.1) in section 2.1.

I'(1)=1and I'(2) = 1.
Proof

By (T, 4) and (T, 6), we conclude that the Gamma function has
a unique local minimum, which is also global minimum in (0, c0),
at a number r between 1 and 2. An estimate of this number is

r = 1.461632144968362341262659542325721328468196...

and the global minimum of the Gamma function in (0, c0) is ap-
proximately

I'(r) = 0.88560319441088870027881590058258873320795....

We then conclude that IV(r) = 0, T'(p) is strictly decreasing [and so
I(p) < 0] for 0 < p < r and strictly increasing [and so I'(p) > 0]
for r < p < 0.
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I'(p+1) =pI(p) for p> 0.
Proof

o0
Flp+1) = / 2Pe™ dx = (use integration by parts) =
0
0o o0 o0
[—zPe™] ] +/ paP e " dr =0 +p/ P~ e " dx = pT(p).
0 0
We can use this recursive relation as
1
I'(p)=-T(p+1)
p
to extend the Gamma function to the negative non-integer real

numbers (recursively).

2
For instance, if p = —3 we find

r(-2) = 3r(L).
3 2 3
In the same way, keeping in mind that ['(0T) = co and I'(1) = 1, we

get that the real Gamma function approaches +co as p approaches
a negative integer. More precisely

for n <0 integer, T'(n%) = (—1)"(£o0).

For instance: ['(07) = —oo, I'(—1") = —o0, I'(—17) = +o0, etc.
(See Figure 2.6.)

Forp=0,1,2,3,..., '(p+1)=pl
Proof Do p iterations of (T, 8) and use (T, 6).

We now notice that the Gamma function is an analytic function
in (0,00) and contains all the factorials n! of the integers n =
0, 1, 2, 3,... in the range of its values. Therefore, the Gamma
function is used to define the factorials of all real numbers
greater than —1. In fact, we define:

Vp>-1, p!=T(p+1).

For example:
I'(20) = 19!,

and
0'=T(1)=1, 1!=T(2)=1, and soon.
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y
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FIGURE 2.6: Graph of the Gamma function and its vertical
asymptotes at x =n, where n =0,-1,—-2,-3,....

Since by (T, 8) and (T', 5), we obtain

r(%) :F(%Jrl) :%r (%) :%ﬁ,
we write (%) — %\/E.

It is clear now that if p > 0 is not an integer, then we can
evaluate I'(p) by means of the value of I'(p — [p] ), where [p] is the
integer part of p. That is, all values T'(p) may be found in terms
of the factorials of integers and the values of I'(p) for 0 < p < 1.
(Years ago, there were in use extensive tables of values of I'(p) for
many 0 < p < 1.)
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orl-)- -
(25 )r(o-5) = - e

(See Problem 2.6.14 for the final answer.)

(T, 10).

(T, 11). For z > 0 and p > 0, by making the substitution v = xu, we obtain

1 1 e o0 r
xP F(p) 0 0 xP

Ifp=1, 2, 3, ... integer, then

/OO uP~le Uy = (p - 1)!.
0

xP

Note: We state without proof the following result:

With the help of the Gamma function, we can prove the renowned
Stirling’s?! formula which is useful for the computation of the fac-
torials of large natural numbers. This says that if n is a large natural
number, then we have the following approximate equality:

n! = 2mn (ﬁ) .
e

(See project Problem 2.6.43 at the end of this section.)
Examples
Example 2.6.1

/ x" e %dx = T'(8) = 7! = 5040.
0

Example 2.6.2

/ ghe~ 2y "2 / Ll e_“—u = —/ utedu =
) , 16 2 32,

1 1 24 3
—T(5) = —4l= =",
3 10 =53 32 4

21 James Stirling, Scottish mathematician, 1692-1770.
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Or, by (T, 11), we directly find
r(s) 4 24 3

4 —2z 5—1 —2z
d = d = = — = — = .
/0 ve o /0 e e e T T T

A
Example 2.6.3 By (T, 11), e.g., we find:
o0 _ o T(5.57)
4.57 —3.5x 7 _ 5.57—1_—3.5z 5 _
(a) /0 x*°%e dx—/o x e dx—m,
(b) / 20-5,=0.22 7, :/ p15-1p=0.20 g,
0 0
I'(1.5) 0.5/
= = 2.5v51 = 9.908318244... .
(0.2)15  0.2y/0.2
A

Example 2.6.4
I'(4.01) =T(3.01+1) =3.01-T(3.01) =
3.01-2.01-1.01-0.01-T'(0.01) = 0.06110601 - T'(0.01).

A
Example 2.6.5
o0 :2 oo da: 1 o0 -1
_yzd r=y /i —x — T e Tdp =
/0 Vye Y /0 rie —2\/5 2/0 T e “drx
1 (™ 5, 1 (3
- i ledr==.T7(2).
2/0 x e tdr = 5 <4)
A

Example 2.6.6
o0 2 r=y2 > dx
e Y dy T2 6 =
/0 Jye Y /0 x6e N

1 [ = 1 [ 1 2
/ T e Tdy = —/ i leCdr==.T(2).
o 2/, 2 \3

2

Example 2.6.7 We can use (I', 11) and double integration to show the

following two useful results:
*° sin(x) ™ (2.8)

1) For 0<p<2, dr = ,
(1) For 0<p<2 [ NTETCY
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o0
€os(®) 1y = i L (29
P 2L(p) cos (&)

(See also Problems 2.6.38 and 3.7.14.)

In Problems 2.2.22 and 2.2.23, we have proved that both of these
generalized Riemann integrals exist and are continuous in p within the
respective intervals of p. We have stated that for 0 < p < 1, the integrals
are conditionally convergent. (They do not exist as Lebesgue integrals,
but this is outside the scope of this text!) We have also seen that the first
integral is conditionally convergent for p = 1 and absolutely convergent
for1<p<2.

For all the other positive values of p, they are equal to infinity because
of the singularity near = 0. For p < 0, they do not exist because they
oscillate “badly” “near” infinity.

Here, we prove the first one, and in analogous way we prove the
second one. In (T, 11), we have

(2) For 0<p<l, /
0

1 1 &
Vx>0 Vp>0, —:—/ uP~le %y,
zr T'(p) Jo
and so
[ M fe’e)
1
/ sin(z) dx = lim —/ (wP~te™ " du) sin(z) do =
1 M o0 :
—— lim / </ uP~ e du) T sin(z) dx.
F(p) M— o0 0 0 x
Since )
vrer, |2@|_y
T

for the positive function h(z,u) = uP~te™**z in (0, M] x (0, 00), we get

M 1 fe’s) .
—_— uP e du | xdx =
/0 I'(p) </0 )

M 2—p1M 9_
1 p M="P
/ —xdx:[x } = <oo, VO<p<2
0 2_p0 2_p

Hence, by the Tonelli conditions, Section 2.4, we can switch the
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order of integration and obtain

* sin(z) 1. < /M o
de = —— 1i u? e "“sin(x)dr | du =
/0 P ['(p) M=oo Jg < 0 (=)

. M
1 ] _,—Tu .
B A e L. C) . ) T
L(p) M=o Jg us+1 0
LI > 1 —e~Mu[ysin(M) + cos(M)] + 1 s —
P(p) M— o0 0 u2 =+ 1 o
1 lim /°° uP~1 B uP~te=Mu [y sin(M) + cos(M )] du
T(p) M=o Jo |u?+1 u?+1 '
Now, independently of the limit, by the result in Example 2.2.6,
we have -
° uP- 1 7
v 0 2 ——du= - ———.
SPss /0 w2+ 17T 2 sin(E)

Also, ¥V u > 0 we have, e M* — 0 as M — oo. Thus,

. uP e MYy sin(M) + cos(M)]
1m

1 n
M— o0 u2—|—1 0

YVu>0 VO0<p<2,

(see Definition 2.3.1).
Since u > 0 and M — oo, for M > 1, we have

uP~te=Muly sin(M) + cos(M)]
u? 41
uP~lem¥(u+1) uP~1

<uPe™ .
u? +1 we +u2—|—1

Therefore, for any p such that 0 < p < 2, we consider the positive
1

function g(u) = uPe™ + — 1 > 0 on (0,00). This function is inde-
u

pendent of M and satisfies

o0 o0 up—l
i Pp—u =
/0 g(u)du /0 <u e "+ e 1) du

o < Pt 1
Pe=t g Y du=T@p+1)+-= < o0,
/0 uPe u+/0 2 (p+1) 2 5in () 00

by the definition of the I'(p + 1) and the result in Example 2.2.6 (as

we have also used it above).
So, for any given p, such that 0 < p < 2, by Part (I) of the Main
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Theorem, 2.2.1, we obtain

o yP~le=Mu [y sin(M) + cos(M)]

]\/}gnoo 0 u2 + 1 du =
h lim e Zin(M) - cos(M)] du = /OO 0du = 0.

This limit, along with the result in Example 2.2.6 and relation
(2.10), prove equality (2.8), that is, result (1) of this example.

Notice that both formulae (2.8) and (2.9) are discontinuous at p = 0.
Le., at p = 0 the two sides of the formulae do not agree. (Check this!
See also Problems 2.6.38 and 3.7.14.)

A

Example 2.6.8 The following two more general results are very useful:

1
(1) for @ and S # 0 real constants such that —1 < % < 1, we have
o 1 T
o BYdr = — -
/0 @% sin(2”) d 18] a+1Y\ . a+1\ w]’
2.I'f1- esin || 1——— | =
B g )2
and
1
(2) for @ and S # 0 real constants such that 0 < % < 1, we have
° 1 T
a B _
/ x%cos(z”)dx = — - .
1 1

These are obtained from the two Results (2.8) and (2.9) of the
previous example by making the u-substitution u = 2°. (Work this
out!)

A

2.6.2 The Beta Function

The Beta function is defined as the following integral

1
Blp,q) = / (1 - )T de
0

with two real parameters p and ¢. This is also called Euler’s integral
of the first kind. We will shortly see that the Beta function is closely
related to the Gamma function. (In complex analysis, p and ¢ are con-
sidered complex variables.)
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Basic Properties of the Beta Function

(B, 1).

(B, 2).

(B, 3).

This integral converges to a positive finite value and it is
continuous for p > 0 and ¢ > 0. It diverges otherwise, i.e.,
it becomes infinite.

This result is obtained by proving the following four cases:

(a) For p > 1 and ¢ > 1, the integral is a proper integral of a
continuous function on [0, 1]. So, its value is positive finite, in
this case.

(b) For p <0 or ¢ <0, we have B(p, q) = cc.
(¢) f0O<p<1landO< g <1, then we split the integral about

1
x = 3 to easily obtain convergence to a positive finite value.

(d) ForO<p<landg>1,orp>1and0< g <1, we also
obtain convergence to a positive finite value easily.

Vp >0, Yg>0, B(pq) = B(q,p).

This is obtained by the change of variables u =1 — z.

The Beta function satisfies

q—1 q—1
Vp>0, Vg>1, B(nq):TB(nq—l)—TB(p,q).

[Hint: This relation is obtained by first using integration with parts,
and then we replace 2P with 2P~! — 2P~ 1(1 — z) ]
Similarly,

p—1 p—1
Vp>1, VYq¢>0, B(pq) = TB(p— 1,q) — TB(I%Q)-

Therefore, solving these two relations for B(p, q), we obtained two
recursive formulae of the Beta function

q—1
Vp>0, Vg>1, B(p,q = ———B(p,q—1),
P q (p,9) p+q_1(pq )
and
Vp>1, Vg>0, Blpg) =—L"1 Bp-1,9)
p>1,¥qg>0, Blpg)=_———Bp-1q)

(See also Problem 2.6.21.)
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By using the previous property, or directly, we can prove two
more recursive formulae of the Beta function

-1
Vp >0, Vg>1, B(p7q)=q73(p+1,q—1),
and

—1
Vp >1, Vqg>0, B(p,q)=pTB(p—1,q+1)~

(See also Problem 2.6.21.)

We have the following five integral representations of the Beta
function: Vp >0and Vg >0

uP !

(I)  B(p,q) = /OOO mdu.

This is obtained by making the change of variables x = Tra
u

By the symmetry of the Beta function, or by analogous substitu-
tion, we also have

ud—1

(II)  B(p,q) = /OOO (

1+ u)pta du.

If we add equations (I) and (I7) and divide by 2, we get

1 [ up~t 4t
117 B = - —d
1) B =g [ S

1

We observe that by making the substitution © = — in the first
v

integral below, we obtain

Lop=1 4 a1 o0 yp—1 4 a1
[ = [t du
o (L+wu)pta 1 (L u)pta
Therefore, by (I11), we get
1, p—1 q—1
U +u
v B = _—
(IV) (. q) /0 ATwra
and
o0 Pt 4 gyal
(14 u)pta “

W) Bm@=[



Real Analysis Techniques 181

/2
(B,6). Yp >0, Y¢>0, B(pq) :2/ sin??=1(0) cos??71(8) d.
0

This is obtained by letting 0 < z = sin? (9) < 1.

(B, 7). Relation of the Beta function to the Gamma function:

L'(p)I'(q)

Vp>0, Vqg>0, B(P,Q)=m~

This follows by letting x = u? in I'(p) and = = v? in ['(¢) to get

I'(p)T'(q) —4</ ule du) ( P temv dv) =
/ / 2p 1 2q 1 7(u +v )dudv

Now we use polar coordinates u = rcosf, v = rsinf and (B, 6)
to find I'(p)I'(¢) = I'(p + q) B(p, ¢), and the result follows.

From this result and (T', 9), we get the convenient byproduct: For
m >0 and n > 0 integers, we have

1 1
/ 2™l —x)"de = / 2"(1 —z)"de =
0 0

Fm+1D)I(n+1)
L(m+n+2)
m!n! B 1 1

(m+n—|—1)! B (m+n+1)(m+n) - (m+n+1)(m+n).

Bim+1,n+1) =

(See also Problem 2.6.16.)

(B, 8). The Beta and Gamma functions satisfy:

™

Vp: 0<p<l, B(p71_p):F(p)F(1_p):sin(pﬂ')'

To prove this, welet g=1—p (<= p+q¢=1) in (B, 5, I) and
use the result of Example 2.2.5 to find first

v 0 1, B(p,1 Tw ”
<p<l y 4+ T = = .
b (p P) /0 1+u™ sin(pm)
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Since I'(p+¢q) =T(1) = 1, by (B, 7), we get that
T
sin(pm)”

Vp: 0<p<l, B(pl—-p =I(prl-p =

We can rewrite the last relation in various ways. For example,

1
replacing p with 3 + p, we obtain:
1
2’

s(grra) = () G r) =i

and so on.

1
Vp: ——<p<

Vp>0, Vqg>0, Vr >0 constants, we have
LauP=1(1 —u)! 1
U U
——  du=———~8 .
‘/0 (T T u)p+q u (’F + 1)p ra (pa Q)

rT

To obtain this result, use the change of variables u = ——.
r+1—-=x

(Work this out!)

So, we have obtained the following expression of the Beta function:
Vp>0, Vg>0, Vr>0,

1 pfl(l _ 2\g—1
_ J - u u)
B(p,q) =(r+1)P-r /0 it e du.

We can use the Beta function to obtain the so-called Gamma
function duplication formula.

We have the relation
/2 /2 5
22P / sin(x) cos?? () dx = / sin? (2z) dx “="
0 0

1 [~ /2
—/ sin?? (u) du —/ sin?? (u) du.
2.Jo 0

Then by (B, 6), after ignoring the 1/2 in both sides, we find

1 1 11
2p | Z Z) = B—
2 B<p+2,p+2) B<p+2, 2).
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SO, by (B$ 7)

oo D2+ T+3)T(3)
"T(2p+1)  Tp+1)

1
By (T, 8), I'(x + 1) = 2T'(z) for any > 0, and (T, 5), T (§> =
/7, we find
o T0+d) _To+d) 7
2pI'(2p) pT(p)

Simplifying this and solving for I'(2p) we get:

r 27 vyt (o4 D) = 22 v r ()
) = —— - . + - = —- . +— .
(2p) T (p) <p 2) W (p) <p 2)
This formula, for obvious reasons, is called the Gamma function
duplication formula (found by A. - M. Legendre®?). [See and
compare with Problem 2.6.33 and its footnote and Problem
2.6.42, Item (11.).]

From this formula, we obtain the useful formula

r (p 1) VT I'(2p)

T3) T @)

2
By this and (T", 5), we also find that
Lep) _I(y) v 1

lim = -

p—0+ D(p)  24/7 27 2

[See and compare with Problem 2.6.42, Item (12.).]

For any p > 0 fixed, we apply Theorem 2.3.4 with dominating
function g(z) = (1 —2)P~! >0, for 0 < z < 1, to find

: _ ot
oJim_B(p,q) =07

Therefore, by (B, 7),

. Tlp+g) . L(p) _ T'(p)
0<11;r§oo I'(g) 0<;IE>100 B(p,q) 0+ oo

[See also and compare with Problem 2.6.42, Item (6.).]

22 Adrien-Marie Legendre, French mathematician, 1752 -1833.
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(B, 12). For any p > 0 fixed, we have 0<lim ¢* - B(p,q) =T(p).
q— o0

To prove this, we notice that for any p > 0 and any ¢ > 0, we have

1
¢ Blp.a) = [ () (1= ) dlgr) "=
0
q q—1
/ uP~t (1 - g) du.
0 q
qg—1

But (1 _ T e ™ as ¢ — 0. So, as we did in Example
q
2.3.11 or in Problem 2.3.2, we obtain

lim ¢ - B(p,q) = / uP~ e "du = T'(p).
0

0<g—o0

This result implies the following important result for the Gamma
function: For any p € R fixed, we have

T
lim p+aq) =1.
0<q—ooT'(q) - ¢P
For p > 0, we use (B, 7) to get
r
m Lt Tete
0<g—oogP - B(p,q) 0<q—ooT'(q) - qP
For p = 0, we observe this result is trivially true.
For p = —r < 0 (and so r > 0), we manipulate the case with p
positive to get that for given r > 0, we have
[(q -+ r] '
T'(p— — 1
im L2y ¢— " =<=1
0<g—oo I'(q) - q7" 0<qg—o0 Cl(g—r)+7] 1

(g—7)r-T(g—r)

[See also Problems 2.6.42, Item (6.), and 2.6.43, (a).]

Examples

A very large number of improper and/or complicated integrals are
reduced to values of the Gamma and Beta functions. Many books on this
subject contain a great number of them. Here we present the following:
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1
/ 2V dx =
0

/1(1—x)”dsz(lB,l)zB(l,lS) = iy
0 :

Example 2.6.9

Example 2.6.10

1 1
/ 271 —2)¥de = / 2¥3(1 —2)'"dx = B(18,34) =
0 0

r(18)r(34) 171-331 1 1

B(34,18) = TG2) ST G

Example 2.6.11

oy T, 4 12 _F(é)r(g)_r‘(é)r 2)
/0x3(1—x)5dx_3(5,3)_r(%+%3)_ 1?;(?_6)5 :

Now this can be evaluated approximately by using tables of the Gamma
function or computer means.

A
Example 2.6.12 By (B, 8), we readily get
1 3 ™
= )r{-|= =7V2.
(4) (4) i ~ V2
So,
3 ™2 1 ™2
I'i-|= Y or I'i-)= /3y
4 I'(3) 4 r'(y)
A

Example 2.6.13 We use (B, 5), (B, 7) and (B, 8) to find

¥ VE (35 _TGrG) _ra+pri)
[ (3,5) - T

14) " )y - T(2)

+
1r(§)r(§)_1F Wpf YL 7 1 7 72
4 14 \4 4) 4 sin(Z) 4 2 4
A
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Example 2.6.14 We use (B, 6), (B, 7) and (B, 8) to find

1
Example 2.6.15 By letting ¢ = 5 in (B, 6), then by (B, 7) we get
that for p > 0 constant
/2 1 1\ 1 Il r
/ sin??~*(0)dd = =B <p,—> :_.L(f):ﬁ.i)l'
0 2 2 2 T(p+s) 2 T(p+3)

From this, by the symmetry and the positivity of sine in [0, 7], we
also obtain

JEEST A I

Similarly for ¢ > 0 constant
w/2 r
/ cos??71(0) df = ﬁ . 7((])
0

In this case, we cannot extend the integral over [0, 7] when the ex-
ponent is not an integer, since the cosine is negative in (5, 77}. But, if
the exponent is an even integer, then the integral over [0, 7] is twice the

previous integral, and if the exponent is odd, the integral over [0, 7] is

zZero.
(See also and compare with Problem 2.6.25.)
A

Example 2.6.16 By (B, 6), (B, 7) and Problem 2.6.14 for m > 0
and n > 0 integers, we find

2 2 2
1 I(m+g)(n+3) (2m)! (2n)!
2 (m+n+1)  22m+2ntl pmlpl(m 4 n)!

=/2 ia2m 2n 1 1 1
sin®”(z) cos™(z)de = = -B|m+ -,n+ = | =
0
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The integral over [0, 7] is twice this integral.
(See also Problem 2.6.25.)
A

Example 2.6.17 In general, for p > 0 and ¢ > 0 by (B, 6) and (B, 7),
we have that:

/2 - 2p—1 2q—1 _ 1 _ 1 F(p)F(q)
/0 sin (0) cos (0)do = §B(p7 q) = SThTq)

(See also Problem 2.6.25.)
A

Example 2.6.18VC >0, VD >0, Vp >0, V g > 0 constants, we
have

/”/ P s ' @)eos™(0) . B(pg)
0 [C Sin2(9) +D CQSZ(G)]p+q 2Cr . D9’

This result is obtained by making the change of variables u = sin2(9)
and adjusting the integral obtained to (B, 9). (Work this out!)
(See also and compare with Examples 2.2.3, 3.5.15 and 3.8.3.)
A

2.6.3 Applications

Application 1: In physics, with the help of differential equations,
we find that the actual period T of a simple pendulum of length [ is

given by
T:% R —
g Jo 1 — k2sin? (1)

where g is the acceleration of gravity at the place where the pendulum
0
swings and k = sin (?O) with 8y > 0 the maximum swing angle that

the pendulum makes with the vertical axis passing through the fixed
point on which the one end of the pendulum is firmly attached. On the
other end, a mass m is attached which is much greater than the mass of
the rod or the wire of suspension of the pendulum, which is considered
negligible. Also, we assume that apart from gravity no resistance or any
other force of any sort is exerted on the pendulum as it swings. Le., it
performs free swings under the force of gravity.

When 6y > 0 is very close to zero (small swing), then we can ap-
proximately consider k ~ 0, and the period is given by the known much
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Bo | O
l
0
.
3 )
. |' e
. ot
TTTAm T
9%\\'\\ \\ mg

FIGURE 2.7: Pendulum in motion

simpler but approximate law

l
T ~2my/—.
g
The special integral

Z di
K(k) = —_—
“ ‘/0 1— k2 sin2(z/1)

where 0 < k < 1, that appears in this physical law, is a complete
elliptic integral of the first kind in its Legendre form.

With the help of the Gamma function, we will evaluate this integral

1
Whenaozgandsoo<k:sin(ﬁ):—<1.Wehave

4/ V2

v/
N e
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0
By letting sin(¢) = /2 sin (5), this integral changes to (work out

this substitution carefully)

cos = (0) db.

sl Sl

By the properties (B, 6) and (B, 7) of the Beta and Gamma
functions and the result of Example 2.6.12, this is equal to

=3 B(l 1): 1 MG 1 vErE) )

Therefore,

(1)

()/W‘lx/—

So, the precise period of a pendulum with swing angle 5 is

l 1
T=,— T2(=]).
gm <4>

The derivation of the above formula for the actual period is as follows:
We look at the provided Figure, 2.7, and we use Newton’s law “mass
x acceleration = force.” Since 6 = #(¢) in this circular motion, we get

d*0 d*0 g

mlﬁ = —mgsin(f), or proia sin(0).

To integrate this second-order ordinary differential equation, we first

do
multiply both sides by e ie.,

a20  do g . do 1d |[/do\> g d[cos(8)]
@ @ g o ml(a) ] =@

We integrate once and obtain

1 2
3 <%) = %COS(G) +c.

We assume that the pendulum is released at time ¢t = 0 from the

do
position § = 6y. When t = 0, |t o = 0 (zero velocity at the start),

and so
c= —% cos(6p).
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Therefore,

d_i — i\/?- cos(#) — cos(fo).

de
When the pendulum goes from 6 = 6y to § = 0, — is negative

because 6 is decreasing and the time needed is one quarter of the period.

So,
Y R df
29 Jo, \/cos(6) — cos(fp)

Using the half angle trigonometric formulae, we find

7]
Hﬂ [ #___
9 S0 Jsin? (%) —sin® (3)

Finally, we use the change of variables

an(2) s ()

T:4\ﬁ./2 A
g Jo /1 —k2sin®()
where k = sin <%>

Application 2: In advanced geometry, analysis, partial differential
equations (especially elliptic), potential theory, etc., we need to know
the volume and the surface area of balls in the Euclidean spaces.

InR", n=1, 2, 3, ..., the n-dimensional closed ball with center
a point @ = (c1, c2, ..., ¢p) € R™ and radius R > 0 is the set given by

to find

Bn(?vR): {?:('xlv T2, .., xn GRTL Z _Cz SRQ}

=1

The surface or this ball, denoted here by S,, or S, (7, R), has dimension
n—1 and is called the (n — 1)-dimensional sphere with center ¢ and
radius R. This is the subset of R™ analytically given by

S, (¢,R) = {?:(xl, To, ..., T,) €R" zn: RQ}
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With the help of the Gamma function, we will prove

Volume B, (¢, R)] = i};n{;%)
2
and ——
ArealS, (7,R)] = T (2;2
2

For n = 1, 2, 3, we can check that these formulae give the correct
answers. When n = 1, the center @ = (c;) is just a real number ¢
on the real line. So, Bi(c, R) is the closed interval [c — R,c+ R] C R.
Its length, 2R, is viewed as its volume and its two point set boundary,
{¢— R, ¢+ R}, as its surface. The formulae for n =1 give

2Rm® 2R
Volume [B; (¢, R)] = = =2R
R e
and o1
Area[Si(c, R)] = M T =2.

NN
When n = 2, we deal with the usual circle with center @ = (c1, ¢z)

and radius R. Its area, 7R?, is viewed as its volume and the length of
its circumference, 2w R, as its surface. The formulae for n = 2 give

2 2 % 2
Volume [B, (7, B)] = -2 = Br g2
2I' (2) 1
and L
2R73 2
Area[Sy (T, R)) = 2 ™2 _ 20T _ oo p.
r'(3) 1

When n = 3, we get the usual ball in R? with center @ = (¢, ca, ¢3)
3
and radius R. Its volume is £R3, and the area of its boundary surface,

which is the usual sphere with center @ and radius R in R3, is 47 R2.
The formulae for n = 3 give

Volume [Bs (¢, R)] =

and

Area[S3 (¢, R)] = =
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So, we need to prove the formulae for n > 4. We will prove the volume
formula first. Without loss of generality, we assume @ = 0 the origin
of R™. Then, as we know,

Volume [Bn (ﬁ,R)} = ~/Bn(6>,R) 1 dxidzy ... dx,.

_>
We use the parametrization of B,, ( 0 ,R) in R™, which is the exten-
sion of spherical coordinates as we know them in R3. These coordinates
are
0<p<R, 0<0<2rand 0<¢;<mforj=1,2, ..., n-2,
and satisfy

z1 = pcos(¢1), x2 = psin(¢1)cos(¢2), x5 = psin(¢1)sin(¢z)cos(¢s),
ooy Tp—1 = psin(¢q)...sin(¢p,—_2) cos(d)
and x, = psin(¢q)...sin(¢p,_2)sin(8).
The Jacobian?? determinant of this change of variables is

(w1, T2, T3, ..., Ty_1,Tn)

a(p7 ¢17 ¢27 ceey ¢n727 9)
P sin™ "2 () sin™ "3 () . . . sin? (¢ _3) sin(¢p_2),

as it is verified either inductively or by writing it explicitly and pulling
the common factors out of the determinant. (Here the Jacobian matrix
is in Hessenberg?* form?® and so its determinant is computed fairly
easily.)

Since this Jacobian is positive, the volume is

Volume [B,, (7,]-1’)] = Volume {Bn (ﬁ,R” = / @R 1dzidzsy ... dx, =
B.(0,R

/OR /Oﬂ /Oﬂ /Ozﬁ P s (¢n) - sin(dp—2)dOdp . .. ddy—adp =

e /o sin"~2(¢)d¢ - /0 sin" " (¢)dg ... | sin(¢)dg =

it TERTE) TR TOr(E)

n L) ri=) e

n

23Carl Gustav Jacob Jacobi or Carolus Gustavus Iacobus Iacobi, German mathe-
matician, 1804-1851.

24Karl Adolf Hessenberg, German mathematician and engineer, 1904-1959.

25 A square matrix is in Hessenberg form if all entries (i,3) with j > i 4+ 2, or
(3,7) with 1 < j <¢ — 2, are zero.
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(by using the second integral of Example 2.6.15. See also Problem
2.6.34 for another way of computing this.).

1
Since T (§> = /7, after simplifying we get

no T(3)  ar(3)

2rR* T"72(3) 2R"n%
Volume (B, (T, R)] = 2 . (3) ¥

We observe that

Volume [B,, (7,]-1’)] = Volume[B, (W,R)] = / (_) ) 1dzidzsy ... dx, =
B.(0,R

/OR /OF /OF /0% P s (¢n) - sin(dp—2)dOdp . .. ddy—adp =

R
/ / dsS dp,
0 Js.(T.R)

where dS' is the surface element of S, (6), R).
Therefore,

% {Volume [B,, (¢, R)]} =

d R
iR /0 /Sn(aR) ds dp] = /Sn(ﬁ),R) dS = Area[S, (?, R)),
and so —
ArealsS, 7,R N
[Sn (¢, R)] ()

[The area in R™ may be viewed as (n — 1)-dimensional volume in R".]
We now observe that since (Hgﬂ — 1)! <Tr (g), we get the rather

counterintuitive results

2R"7 %
(a) lim {Volume[B, (<,R)]} = lim Rm =0, and
) n—1_%
) i (s, (2.0 =t |2

(See also Problem 2.6.35.)
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A corollary of this application is the computation of the volume of
an n-dimensional ellipsoid with semi-axes a; > 0fori=1, 2,..., n

En:{?:(xl,ﬁg,...7 i <1}.

sgm | S&m

i=1

We make the change of variable

T
U = — <= T; = QU
;
fori =1, 2, ..., n,and we use the volume of the unit ball found above.
Then we find .
2a1a2 e QT2

Volume [E,] = —
nl' (3)
(The surface area of such an ellipsoid is a much harder matter.)

Application 3: Referring to definitions in Application 1 of Sub-

section 2.1.1, the function

1 P
—— % e b for >0
BT (a)
gz, f) =
for =<0,

0

where o > 0 and 8 > 0 constants, is a probability density function
Indeed, it is piecewise continuous and greater than or equal to zero
everywhere. We only need to show that its integral over R is equal to 1.

We let u = %, and we have:

/OO g(w: o, B)dr =

— 00

Oz 1 —Z _ a—1 a 1 —u
BT (@) Bdr = ﬂo‘l—‘ / 153 Bdu =

1 Ooa—l—u _L a) =
m/o u® e du_I‘(a)F() 1.

If a random variable X = x > 0 has density function g(z : «, 8),
say that it has the gamma distribution. We can compute its expected

value, variance and moment-generating function.
For all» =0, 1, 2, 3, , we have that the moment of order r
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about the origin is

1 x

/ T a—1_—35

Ly = / T T e Bdxr =
0 BT ()

BT > atr—1_-—u _ 6TF(05+T)
Fa J, T

So, the expected value is

E(X)=p=wp () Ta) aB.
Similarly, we find
B 1;((0; - 2) _ Bl ;(;))arm)  aas

Therefore, the variance is
var(X) = o® = wh — (44)* = ala +1)8° - (ap)® = af’.

The moment-generating function is

. o - 1 a—1 —=2 . 1 o a—1 _x(1—pt)
Mx(t)—/o e 3oT(a) e de_ﬁo‘F(a)/O e P dux.
We use the substitution v = w to obtain

Mx(t) = g [ 8o = e B - ) =
(A=)~ *B* [% ot o, _ (L=BOB (@) _ 0 o a
3T (@) /0 v* e Vdy = 3oT (o) =(1-pt)~~

Application 4: In physics, physical and/or quantum chemistry,
study of gasses, thermodynamic, etc., improper integrals appear in var-
ious laws and computations. For example, finding the average kinetic
and potential energy of the H (hydrogen) atom at an excited state uses
repeatedly the integral

o0 '
_ n!

e dr = —,
0 a™t

where n = 0, 1, 2, 3, 4, ..., integer and a > 0 constant. This is a
standard integral rule of the Gamma function. See property (T, 11)
and its extension in Problem 2.6.5 for more generality.
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In this application, we skip the derivations of formulae and the mean-
ings of various physics constants and terms, and we concentrate on the
mathematics of the integrals involved. We consider a particular example
of an excited state of the H (hydrogen) atom for which the average value
of the kinetic energy is given by the following improper integral:

h2 1 27 T
Average Kinetic Energy = — 5 39mad < / d0/ sin(¢)d¢
e Tayg

G 3 G A G Bl 1
2——)e 2w 2— | e Za do =
/0 ( ao) p*dp " dp ao pap

_h2 1 > p e %0
2m.  32mad i /0 ( ao) 40,3,0( ao aop + p°)p“dp

We break the integral into four smaller integrals. This is legitimate
because each of these four integrals exists. Then we simplify and get

o 12 1 9 [ 5 o
Average Kinetic Energy = —2— "33 X | = pie “odp
Me  SGg ap Jo

8 [ 1 4 e
—— pe a0dp—— 3e aoclp—i— 4 p e eodp].
ao Jo 4q,
We use the standard Gamma integral we wrote above, and after direct
computation we find

h2

Average Kinetic Energy = ——.
8meag

The average value of the potential energy of this atom is given by
the following integral:

2 2
Average Potential Energy = — 46 32— X / do / sin(¢
TEo Tay

> P 1 P 2
2 L )e2io= (2 L) e p2ap = o5 2m-2
/0 < a0> o p < ao) = 47reo 327ra0 e

° ., 4[>, . 1 [, .
(4/ pe “podp——/ p’e “%der—g/ p’e “podp> =
0 ao Jo ap Jo

2 2
e’ 1 9 e

(2a5) = —

dre S_ag 16meqag

Problems

2.6.1 In our lists of the properties of the Gamma and the Beta functions,
the proofs of some claims were left as exercises or incomplete with or
without hints. Identify all these claims and provide their full proofs.
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2.6.2 Prove that:

if a=1,

(a) ForaeR lim p“T(p) =<0, if a>1,
0<p—0+

oo, if a<l.
(b) Fora e RandV 0 < b < o0,
b o0, if a <0,
/p"‘l“(p)dp=
0 finite > 0, if « > 0.
(c)V p>8, T'(p) > e

T
(d)V aeR, lim @:oo

0<p—oo p¢

(e)VaeR and V 0 < a < oo, /

L'(p)
pOt

dp = o0.
)V aeR, lim I'(p) sin(ap) = a.
p—0t

. T
@V nel MTprn

[Otherwise, for any n € R, appeal to property (B, 12) or project
Problems 2.6.42, Item (6.), and 2.6.43, (a).]

= 0. (Prove this directly when n € N.)

(h) Forre RandV 0 < a < o0,

Examine what happens with this integral when r < 0.

0, if0<r<i,

finite > 0, if r > 1.

[Hint: See properties (B, 11) and (B, 12) or Problems
2.6.42, Item (6.) and 2.6.43, (a).]

(i) Forn=0,1, 2,3, ..., lim p"t'I'®™(p)=(-1)"n!.
0<p—0+

[T (p) is the ntl derivative of the Gamma function.]

(j) For any p > 0 fixed, lim B(p,q) =T(0") = +oc.
0<qg—0+
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k lim B(p,q) = +oo.
(k) paim (p,q)

2.6.3 Prove that:
(a)Ifp>1landg>1lorifp>1landg>1,thenT'(p)I'(¢) < T'(p+q).
(b) If p = ¢ = 1, then I'(p)l'(q) =T'(p + q).

(c)Iff0<p<landO<g<lorif0<p<1land0<gq<1,then
L'(p)L'(q) > L'(p+q).
(d) If p and ¢ satisfy other combinations of inequalities, then T'(p)T'(q)
and T'(p + ¢) may satisfy different inequalities from those above.
In fact, using properties (B, 11) and (B, 12) or Problems 2.6.42,

Item (6.) and 2.6.43, (a), prove that for any 0 < p < 1 there is ¢ > 1
such that any of the following three relations can be achieved:

(1) T'(p)'(g) >T(p+9),

(2) T(p)T'(q) < T'(p + q),

(3) T(p)T'(¢) =T'(p + q). (Obviously, we have analogous conclusions
for a given 0 < ¢ < 1 or g > 1, etc.)

(e) Besides p = ¢ = 1, there are infinitely many p > 0 and ¢ > 0 such
that B(p,q) = 1.

[Hint: Use the relation between the Beta and Gamma functions and the
definition of the Beta function.]

2.6.4 (a) Use the change of variables x = — In(u) to prove that for p > 0

T'(p) = /000 P e dr = /01[— In(u)]P~tdu = /01 | In(u)[P~ du.

(b) Now prove

R

and

/01 [hl(%)]édx:/ol\/mde/ol\/de:g,
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[See also Problems 2.1.15, 2.6.7 and 3.7.47, and properties
(T, 5) and (T, 9).]

(c) If we let © = €* in the definition of the Gamma function to prove

that -
Y p>0, TI(p) :/ P du.

— 00

2.6.5 [Extension of property (I', 11).] (a) For a > —1, 8 > 0 and
¢ > 0 constants, use u = Bz° to prove that

> ¢ 1 1
/ l’aeiﬁw dr = T—HP (a * ) .
0 cB = c

e

E.g., check that z?e™ dx = 1
0
(b) Use (a) to prove

Vp>0 T(p) = 21_”/ uPlem2 % gy
0

and (for c=1)

_ MNa+1)
o Bx _
/0 z% olzzc—iﬁo(le .

2.6.6 Use (T', 11) or the previous problem to prove the following
integral representations of the related infinite sums V p > 0 (for 0 < p <
1 we get equalities of the type co = 00):

o0

1 1 oo gp—l
C(p)::Zﬁ:@/o ez——ldx:

1 Oolnp_zl(u) 1 U [— In(v)]P~!
) T, T

2.6.7 Prove that forn =0, 1, 2, 3, ... integers and a > —1 constant

/ 2 [In(x)]" dz = ( (=1)"n!
0

o+ 1)7L+1 :
(See also Problems 2.1.15 and 2.6.4.)

[Hint: Let x = e, etc.]

2.6.8 Imitate Example 2.6.7 and provide the proof of the Result 2.9,
ie.,
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* cos(x) ™
do = for 0 1.
/o w T Wpeos(l) T S

2.6.9 Use the results of Example 2.6.8 and compute the integrals
I = / z?sin(z?) dz I = / Vi cos(2?) da
0 0

Is = / V2 sin(275/?) dx I, = / x % cos(x ) da.
0 0

2.6.10 With the help of the Gamma function, compute the values of
both Fresnel integrals

/ sin(2?)dz  and / cos(z?) da.
0 0

2.6.11 Investigate the values of the two integrals

/ sin(zP)dx and / cos(z?) d,
0 0

for all real values of p.
(See also Problem 2.2.36.)

2.6.12 Find the values of

o0 o0 i
_ 5 15
/ 2% " dr and / x2e” 2% dx.
0 0

2.6.13 Prove that

2 167
V8 —addr = —.
/0 9v3

[Hint: Let 23 = 8u, etc.]

2.6.14 Prove directly, or by induction, or by using the byproduct of the
duplication formula in (B, 10), that:

(a) Forn=0, 1, 2, 3, ..., we have

p(ne 1) - GIYE_ YT

22npl T 4np)
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This expression for n =1, 2, 3,... simplifies to

F<n+%>:1-3-5---(2n—1)ﬁ'

2?1

(b) Use the definition of I'(p) for p < 0 (have a look at it if you have
forgotten it) to prove that for m =1, 2, 3, 4, ...

1 - (_1)m om - (_l)m 22m m)
I‘(—m—|—§) - 1-3~5---(2m—1)ﬁ_ (2m)! v

2.6.15 Compute

1 1
/ t'(1—t)°dt and / (1 — 2)% da.
0 0

2.6.16 For any m > 0 and n > 0 integers, use the Beta and Gamma
functions and the Binomial Theorem to prove

" m (1)
P AN ol el VA
k:0m+k+1 l:0n+l+1

m!n! 1 1

(m+n+1!  (m+n+1)[(m+n)Cm]  (m+n+1)[(m+n)Cn]’

|
where nCk = (Z) = k'(nni—k)' are the combination numbers.

2.6.17 Compute

/1 Vi(l—t)dt and /1 Va3 (1 — )8 dx.
0 0

2.6.18 For all —1 < a < 1, prove the two equalities

™ /2
(a) / | tan(z)|* doe = 2/ tan®(z) dr = %,
0 0 cos (7)
0 w/2 -
() [ [cot(a)*de =2 / cot® () do — — .
0 0 cos (2F)

Show that the formulae give the right answer (co) even when o = +1

and evaluate the results for o = 3 and oo = %
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2.6.19 For all a < 1, prove the two equalities

I (52)
(%

T 71'/2
(a) /O |sec(@)|® da — 2/0 see” () de = VA iy
T /2 e
(b) /O |csc(x)|0‘dx:2/0 esc® () do = /7 - ?Ei;

2

Show that the formulae give the right answer (co) even when oo =1

1
and evaluate the results for o = 3 and o = 3
2.6.20 Using the properties of the Beta and Gamma functions and v? =

tan(z), prove [see also Examples 2.2.6 (b) and 2.4.1]

1+v: 4

/OO dv ™2
0

2.6.21 Use property (T, 8) of the Gamma function and property
(B, 7) of the Beta function to prove the recursive properties, (B,
3) and (B, 4), of the Beta function.

oo —t oo —8t
/  _dt and / .
0o 2 o (bt)s

2.6.23 Use xz = btan(0) to prove that if b > 0, then

/b v ()’
o VbEr—x%  4by2r

2.6.22 Compute

2.6.24 Use 22 = b? tan(f) to prove that if b > 0, then

| o _[rd))?
o Vbrfazt o dbym

2.6.25 (a) Using the Beta and Gamma functions, prove the following
result which we frequently see in many calculus books and integral tables.
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For the integers p =0, 1, 2, 3, ..., we have:

/2 w/2
/ sin®(6) db = / cos?(¢) dp =
0 0

g, if p=0
1, ifp=1
P
1-3-5..(p—1) = p! 0 (g) T, .
== C— = - —, if p=-even int. > 2
. . 2 ’ ! p -
2-4-6...p 2 9p ()] 2 2r 2
2:4-6...(p—1) ort[(2z )’ gp—1 . .
1350 o p(sz), if p= odd integer > 3

(b) Prove this result by means of calculus and induction.

2.6.26 Prove that forp > 0,¢>0andt € R

oo

/1 ewtxpfl(l _ x)qfldx _ Z ].—‘(TL +p) F(q) .
0

n!T(n+p+q)

n=0

2.6.27 (a) Prove that for a > 0, p > 0 and ¢ > 0

|~

@ _ 1
P~ (1 - az)? ' dz = — B(p, ).
/Ox (1 —az)” " dz=—B(p,q)

(b) What happens when 0 < a — 07 or 0 < a — +00?

2.6.28 By letting 2 = e~?, prove that for all p > 0 and ¢ > 0
B = [ (g
0

1

d sh. 3t (1 e ) dt = —.
an SOWA e ( e ) 168

2.6.29 By letting = u?, prove that for all p > 0 and ¢ > 0
! -1
B(p,q) = 2/ w7 (1—u?)" du
0

1
1
d sh 91 —u?)¥du = ——.
an SOVV‘/0 U( U) U 12870
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1
2.6.30Ifb>a,p>—1land ¢ > —1, use u = 2 (xz — a) to prove

p+ DI'(g+1)
L(p+q+2)

/b(m —a)P(b— x)ldx = (b— a)PTIH? I'(

2.6.31 (a) Prove that for all a and b real, such that a > b > 0,

I(a+b)T(a—b)
I'(2a)

°° cosh(2bx) . .
_— = 40' B — = 40'
/0 Feosh(z)[2° dx (a+b,a—0)

[Hint: Change to exponentials, simplify, use u = e~2! and (B, 5, IV).]

(b) So, for any a > 0

> 1 T = a—1
/0 osh@2e =4 Faay

(¢c) Forn=1, 2, 3, 4, 5, 6, use (b) to find the values of

/om o

(d) Make the substitution y = rz and use (a) to obtain the general

integral for r > 0,b>0and a > -
r

/°° cosh(2bx)

o [cosh(ra)]?e
b T ) T Y
r B(a—l—;,a—;) r I'(2a) '

2.6.32 Prove that for all a and b real, such that a > b > —1,

[, Ly (v ey LEER T
o cosh™(x) 2 3T o=

2 72
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2.6.33 (a) Verify the triplication formula of the Gamma func-
tion,%6

3%p—1/2 1 2
Vp>0, I'(3p) = F(p)F(p+—>F<p—|——>.
27 3 3

[See and compare with duplication property (B, 10) of the
Gamma function and Problem 2.6.42, Item (11.).]

(b) Use this formula and (B, 8) to prove

I'3p) 1

po0r T(p) 3
[See and compare with Problem 2.6.42, Item (12.).]

2.6.34 For any n =1, 2, 3, ..., develop the integral in the equality

7% = {/ e_xzda:]

as a multiple integral over R™ in the spherical coordinates that we have
used in Application 2 [in a way analogous to the way of obtaining the
Integral (2.1) in Section 2.1] to obtain that

nt =21 / //2 n""2(¢y) ... sin(n_2)d0dgy .. ddp_a,

and so the area of the (n — 1)-dimensional unit sphere is

Area[S,(1)] =

2.6.35 (a) See Application 2 and prove that both series

ZVolume c ,R)] and ZArea [Sn (7,]-1’)] converge.
n=0

26The duplication and triplication formulae are subcases of the Gauf3 multipli-
cation formula of the Gamma function. This states: Vp > 0 and V n € N,

[(np) = :;7:5);17/12 F(p)l“<p+%)1“<p+%) ...F<p+ nT_l)

For a proof, see Problem 2.6.42, Item (11.).
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[Hint: Use the Ratio Test, 1.3.5, and Problem 2.6.2, (g) or prop-
erty (B, 12) or Problem 2.6.42, Item (6.) or Problem 2.6.43, (a).]

(b) Prove that the sum of the areas of the (2k—1)-dimensional spheres
of radius R in R?" is

3" Area[Sa (€, R)] = 2rRe™™
k=1
and the sum of the volumes of the even (> 2) dimensional balls of radius
R is -
ZVolume [Bax (¢, R)] = e 1.
k=1

(¢) Prove that the sum of the areas of the (2k)-dimensional spheres
of radius R in R?**1 s

ZArea Sok+1 (7 R)| = 2ik 47TR)2)

and the sum of the volumes of the odd (> 1) dimensional balls of radius
R is
k! 47TR2)

ZVolume [Bawy1 (€, R)] 2RZ 1

k=0

2.6.36 For n > 2 integer the n-dimensional right circular cone in
R™ with base radius R > 0, height A > 0 and axis of symmetry the
r1-non-negative axis, is the set

h
Cn:{?:(xl,xg,...,xn) | E\/x§+x§+...+x%<x1<l}.

Prove that L
2hR" 1 =
n(in—1)T (an) '
(When n = 2 the respective, cone is an isosceles triangle with base 2R
and height h, and this formula gives its area.)

Volume [C),] =

2.6.37 (a) Prove that for any n > 2 integer
n—1 n
k k
ir ()11 -
k=1 N k=1 N\

r(%) r(%) F(n;1>l“(g) - (2”3:_1.
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(See also Problem 2.6.42, Item (11.).)
[Hint: Use the result in Problem 3.2.26 (c) and (B, 8). ]

(b) Prove
/O 1 In[[(z)]dz = %111(271’) _ (\/% ) .

[Hint: Take the logarithm of both sides in (a), form a Riemann sum and
take its limit.]

(c) Use property (T, 8) to prove that for p > 1

/ )de =pln(p) — (p—1)In(p—1) -1+ /Pl In[['(z)]dz.

(d) Forpe N={1, 2, 3, ..., }, prove

p+1
/ In[l'(z)]dz = pln(p) —p + In (\/ 27r) ,
P
which is also true for p = 071, by (b).

(e) Use (d) to prove

2
/ In[D()] dz = 1 +1In (V37 ) = ~0.0810615...
1

3
and also to compute / In[[(x)] dz.

2
(f) Forn=1, 2, 3, ..., find a formula for

/On In[(2)] dz.

+

(See also Problem 2.6.42, Item (13.).)

2.6.38 (See also Problem 3.7.14.) Use the results of Example 2.6.7
and property (B, 8) to prove that for any 0 < m < 1

(a) /000 (;i)ls_(il) dx =T'(m) cos (%) ,

(b) /000 %dw =TI'(m) sin (%) .
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2.6.39 The t-Student?” statistical sampling distribution with
v degrees of freedom where v is a positive integer has probability
density given by

I (£2) 2N
2

Prove the following:
(a) f(t) is a positive even function and

/O:Of(t)dtzl.

(b) For 1 <n <v —1 odd integer
/ £ f(t) dt = 0.

(c) For n > v odd integer

Y. / 1 £(t) dt = 0.
(d) For n > v odd integer

/OO t" f(t) dt = does not exist.
(e) For n > v even integer
/Oo 1 £ (1) dt = oo.
(f) For 2 < n < v —1 even integer, the integral
/ T e

exists. Then, evaluate its value.

27Student is the pseudonym of William Sealy Gosset, English statistician who dis-
covered the very important t-Student distribution for small statistical samples, 1876-
1937.
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[Hint: Making appropriate u-substitutions may be necessary in some of
the above questions.]

2.6.40 The F-statistical sampling distribution®® with v, and v,
degrees of freedom (or parameters) where v; and vy are positive
integers has probability density given by
v —(v1+va)
T (wtre v o v v —z
o=y ik (2) 22 (10 ) T
(%) T (%) \r V2
for 0 < f < o0,
and
g(f)=0 for —co< f<0.

(Notice here that the letter f is used as the variable of the function g.)

(a) Prove g(f) is non-negative and
[ anar=1
(b) For v > 2 integer, prove

1%

| tatnrir =2

(c) Find the positive integers v5 for which the integral

o0
| rana
—0o0
exists. Then, evaluate it.
-1
v
[Hint: The transformation u = <1 +24 f ) may be useful.]
Vo
2.6.41 In a second-semester calculus course, we see Newton’s?” bino-
mial series, which is very useful to applications. That is: For any real

number p as the exponent and for all —1 < x < 1, we have the power
series expansion

(1+x):0:1+ip(p—1)...n(!p_n+l)xn.

n=1

28The F-distribution is very important for small statistical samples. It was dis-
covered independently by Sir Ronald Aylmer Fisher, famous English geneticist and
statistician, 1890-1962, and George Waddel Snedecor, American statistician, 1881-
1974.

298ir Isaac Newton, English mathematician and physicist, one of the greatest math-
ematicians and scientists of all time, 1643-1727.
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(Review this very important power series one more time from a good
calculus book.)

(a) Prove that this expansion agrees with the Binomial Theorem
when p > 0 integer.

(b) Prove that if p < 0 real and —1 < z < 1, then we can also write

1—a)P =1
(1-=) +Zn|r

Why in this formula have we considered negative real exponents only
and not every real exponent?

2.6.42 Project on Gamma function and some inequalities for
which you may need to consult the bibliography.

Let f: A— R and g: A — R be piecewise continuous integrable
functions over an appropriate set A C R.

When we study the integrals of such functions, in a more complete
theory, for every number 1 < s < oo, we define:

is={ [ If(ar)lsdxr

For the special case s = 0o, we define
:= Maxi .
|1l += Maxitmum| (@)
(Similar definitions are for g. These definitions can be generalized in the
larger class of measurable functions, in a more general setting.)
1. Prove that for any two real numbers and/or infinity s and ¢ such

1 1
that 1 < s, t < oo and — —i— — =1, we have the inequality:

INERT Id:v—/lf 7)) d <
| If(a:)lsdx} -/ |g<x>|tda:] t

or using the above notation

1 =gl < Fls - Nlglle (2.11)

This holds as equality if and only if there are real numbers «
and S such that |a| + |3] > 0 (i.e., not both « and 3 are 0) and
alf|* = Blg|t (and so a - B > 0, that is, @ and 8 have the same
sign).

9430

This inequality is usually called Holder’s”” inequality in the

300tto Ludwig Holder, German mathematician, 1859-1937.



Real Analysis Techniques 211

mathematical literature. However, it was also discovered indepen-
dently by Viktor Yakovlevich Bunyakovsky®! a few years earlier.
Therefore, many times it is called Bunyakovsky-Holder’s in-
equality.

The exponents s and ¢ as above are called conjugate exponents.
Notice that s = 1 is conjugate to ¢ = co and vice-versa. In this case,
the proof of the inequality is easier than in the other cases. Also, the
case of equal conjugate exponents s =t = 2 is a very important one
in theory and applications. In this case, the inequality is also called
Cauchy-Schwarz3? inequality and generalizes the homonymous
inequality in Linear Algebra with inner products.

We can use the inequality 2.11 for establishing absolute con-
vergence of integrals. For, if we prove that the right side is fi-
nite (|| f]ls - [lgll: < o©), then we obtain the absolute convergence
(and therefore the convergence) of the integral in the left side,

/|f @lde = [ @) ool do < o

2. Use Cauchy-Schwarz inequality, Problem 2.1.15 and the facts
that if £ > 1 then 0 < In(z) < z — 1 and if 0 < 2 < 1 then

1 1
— < e <1 to prove that for any p > 3 and any n = 1,2,3, ...

e
integer, we have

‘I‘(”)(p)’ < /000 |2P~ e [In(2)]"| da =

oo
—a
/ ‘xp_leT
0

r(2p — 1] [<2n>! n

e Mm@

. <

I'(2n + 1)] 1/2
— .

1
So, here we prove that: For p > 3 the integral that represents

the nth derivative of the Gamma function, for all integers n > 1,
converges absolutely, and so it exists.

3. We have already said the integral that represents the nth derivative
of the Gamma function, for all integers n > 1, exists for all p > 0

1
and not just for p > 3 that we examined in the previous item.

Prove the absolute convergence of this integral for any 0 < p < 1

31Viktor Yakovlevich Bunyakovsky, Russian mathematician, 1804-1889.
32Hermann Amandus Schwarz, German mathematician, 1843-1921.
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1
(or even any 0 < p) by picking an integer k > 2 such that % < p,
k
and use Holder’s inequality with conjugate exponents s = 1
and t = k to derive an inequality similar to the previous one by
completing

‘F(”)(p)‘ </ |2P~e™ [In(2)]"| da =
0
/. e mr
0
S . (k—1)/k oo 1/k
[/ ‘a:ﬁ_lem—1> da:] [/ ‘e = [In(x)]"* dx}
0 0

and then use Problems 2.6.5 and 2.1.15, etc. (The choice of k
to be an integer is not necessary. We can find analogous upper
bounds for any k > 0 such that kp > 1.)

2P le dr < ... <

. Use the above Cauchy-Schwarz inequality appropriately to prove

that for any n =1, 2, 3,... integer, the derivatives of the Gamma
function satisfy the strict inequality

[P@) <))

. Use the previous result to prove that the In [I'(p)] is strictly convex

by showing that its second derivative is positive. L.e., prove:

., T'p)-T(p) - {F’(p)] :
I [rE)]) = o >0,

[So, here we prove that not only the Gamma function itself is
convex, as we have seen in (T, 4), but also the logarithm of the
Gamma function is also convex.]

. Prove that for any p € R fixed

r
lim (r+q)

=1.
o< o0 T(g) - g7

[See also property (B, 12) and compare with Problem 2.6.43,

()]

[Hint: Either appeal to property (B, 12) or provide a different
proof as follows:
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First, prove this directly when p > 0 integer, using property (T,
8). Then, prove that the given fraction is eventually (i.e., for large
enough ¢’s) increasing in p, when p > 0. (You may do this directly
or prove that the derivative of the fraction with respect to p is
eventually positive.) Then, for any non-integer 0 < p, if [p] is the
integer part of p, we have that [p] < p < [p] + 1 and use the
Squeeze Lemma from calculus.

Finally, reduce the case p < 0 to the case p > 0.]

Then prove that for any p > 0 fixed

r T
lim & =0t or lim M = +o00
0<q—o0 (g +p) 0<g—oo  IY(g)

and
o hm ¢ - B(p,g) =T(p).
< qg— o0

[See also and compare with properties (B, 11) and (B, 12).]

. Prove that for p > 0 and n € N

n!n?
E e NI N P

[Hint: You may use the previous result!]

. A characterization of the Gamma function.

Let f : (0,00) — (0,00) be a function with the following three
properties:

() F1)=1, (b) f(p+1)=pf(p) and (c) W[f(p)] is convex.

Prove that f(p) = T'(p). (I.e., these properties characterize the
Gamma function.)

[Hint: Prove that such a function f(p) is equal to

. nln?
m
n—oo p(p+1)(p+2)...(p+n)

and therefore is unique. Then it is equal to the Gamma function,
since the Gamma function satisfies these properties!]

. Show that there is no function f : [0,00) — R (i.e., f is defined
at 0), satisfying: (a) f(1) =1 and (b) f(p+1)=0pf(p).
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Given n € N, for all ¢ > 0, define the function

o) =t (1) () r (L) (B
Prove g(q) =T(q).

[Hint: Show that g(q) satisfies the three characteristic conditions
(a), (b) and (c) of the Gamma function, stated in (8) before. You
also need the result of Problem 2.6.37, (a).]

Use the result in (10) to give a proof to the Gaufl multiplication
formula of the Gamma function.

VnéeNandVp >0, the Gamma function satisfies

I'(np) = %F(p)f‘(]o—i-%)r(p—i—%) ...I‘(p-i-n;l).

1
[Notice: With p = ) we get back the result in Problem 2.6.37
(a). See also and compare with (B, 10) and Problem 2.6.33.]

Prove:

(a) 11m1“<1+1)r(1+2>...F<1+”_1>:o.
n—oo n n n

[Hint: Use the result in (10) before.]

L(np) 1

b) V N, i = —.
(b) VneN, a0t I'(p) n

[Hint: Use the result in (10) before and Problem 2.6.37 (a).]

Flap) 1

Va>0, Il = —.
(c) Va pi}él* I'p) «

k
[Hint: Using (b), prove this for « = — > 0 rational, with k¥ € N

and [ € N, and then use the density of the rationals in the reals
and the continuity of the Gamma function.]

Prove that V p > 0

nli_}rr;o{lln [F(mﬂ}: —n (V2r) +/p+11n[F(x)] dz.

n nn"P—3

(In relation to this, see Problem 2.6.37.)
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14. In a common real analysis course, the material concerning
Holder’s inequality is usually combined with the following;:

For any 1 < s < oo. prove that the real number ||f||s, defined
above, satisfies the following four properties of what we call to be
the properties that define a norm function:

(a) [Iflls > 0 (positivity)
(b) [[flls =0 <+= f =0 (non-degeneracy)
(©) VeeR, e flls=lel-flls (semi-linearity)

(d) [[f +glls < [Iflls + llglls (triangle inequality).

The real number || f||s is called the Ls-norm of the function f.

In this context, the triangle inequality [in (d)] is also called
Minkowski’s?? inequality. This holds as equality if and only if
there are real numbers « and § such that «- 8 > 0 (i.e., the two
numbers have the same sign), |a| + |5| > 0 (i.e., not both « and 3
are 0) and af = fg.

When s = 1 or s = oo, the proof of Minkowski’s inequality is easy.
(Write the inequalities explicitly and argue about their proofs.)

To prove Minkowski’s inequality when 1 < s < oo, we need
Holder’s inequality.

We can use Minkowski’s inequality for establishing absolute con-
vergence of integrals. For, if we prove that the right side is finite,
then we obtain the convergence (finiteness) of the integral in the

left side. For example, prove:
1 3/2 2/3
1 1 10
4 d 92/3 -
/0 (\3/5 " v ) v \7

2.6.43 Project on Stirling’s Formula. Find and consult appropri-
ate bibliography and provide a detailed proof of the general Stirling’s
formula

3/2

. F(z+1)
0<sD oo Y Vo

e

:]_7

33Hermann Minkowski, German mathematician, 1864-1909.
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rm=f§GYM%mL

where R(z) is a remainder that satisfies the asymptotic relation

or, for x >0

1
|R(JJ)|§C';, as T — 00,

for some constant C' > 0. Use this to prove:

(a) If p is any real constant, then

I'(p+4q)

0<aooT(g) - g7
[See also property (B, 12) and Problem 2.6.42, Item (6.).]

(b) For any n € N
n!

lim @ —————
0<n—o0 (ﬁ)n o1 n
e

= 1.

(¢c) For n € N large, we have the following approximate equality:
n
n! 2 v2mn (E) .
e

Also, for all n > 1, we have the inequality

|
n:
1< —7 <

=1.08444 - - - .
V2mn (%)

e
2T

2.6.44 Project on Derivatives of the Gamma function. Find and
consult appropriate bibliography to study the derivative and/or the log-
arithmic derivative of the Gamma and prove:

(a) T'(1)=-,

() T"(1) =% +7"

where vy = nl;ngo[ v_1 %+ —In(n)] ~ 0.57721566... > 0 is the Euler-

Mascheroni constant.
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Important Note

In the theory and the problems of the sections covered thus far, we
have seen that when computing improper integrals, we must justify:

1. Switching limit and integral. See Theorem 2.2.1 Part I and
Section 2.3 Part I, etc.

2. Switching derivative and integral. See Theorem 2.2.1 Part II
and Section 2.3 Part II, etc.

3. Switching the order of iterated integrals in a double integral. See
Section 2.4, etc.

4. Changing coordinates in a double integral. See Problem 2.4.5,
etc.

We must keep these points in mind. Otherwise, errors may ensue.

2.7 A Brief Overview of Laplace Transform

In this brief overview, we are not going to develop the theory of
Laplace transform and its applications. There are a lot of books devel-
oping fully or nearly fully this important subject of mathematics and
application. Here, we would like to give students the basic ingredients
of this very important subject, so that with the examples, applications
and problems provided they could acquire a taste and motivation on this
subject, and to enable them to study a specialized book on their own if
they want or need to do so.

The Laplace transform is a very powerful tool for solving applied
problems, initial value and boundary value problems of ordinary and
partial differential equations, etc. Therefore, plenty of good books on this
subject and extensive tables containing hundreds of evaluated Laplace
transforms of very important and frequently encountered functions have
been published. Among all these functions, we see many special ones.
These include the Bessel®* functions, Heaviside®® step functions,
shift functions, Dirac®® impulse functions, various other special
functions, convolutions of functions (a very interesting, elegant and
important topic), etc.

34Friedrich Wilhelm Bessel, German astronomer and mathematician, 1784-1846.
35Qliver Heaviside, English engineer and mathematician, 1850-1925.
36Paul Adrien Maurice Dirac, English physicist and mathematician, 1902-1984.
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2.7.1 Laplace Transform

Definition 2.7.1 Given a nice real function y = f(x) defined on [0, c0)
or (0,00), we define its Laplace®” Transform to be the following im-
proper integral with one parameter s:

qun@waémawﬂ@dm

Let us call D the set of all s € R for which this improper integral
converges. If D # (), then this improper integral defines a real valued
function of s on the set D. The parameter s is the independent variable
of this newly obtained function, which we write by £{f(z)}(s), and we
call it the Laplace Transform of f(z). If D = (), then the Laplace
Transform of f(z) does not exist.

If y = f(z) is a nice real function defined on [a,c0) or (a,o0), with
0 < a < oo, then to find its Laplace transform we use the same definition
as above after setting f(z) = 0 on [0,a) or [0, a], respectively.

Since the Laplace transforms of functions are improper Riemann in-
tegrals with parameters, we can use and apply the theory and the results
about improper integrals with parameters along with all the different re-
lated techniques when we study and compute Laplace transforms. We
now continue with a few definitions, results and problems:

If A=[a,00) or A = (a,00) where a > 0 and

[ @it <o

i.e., f(x) is absolutely integrable over A, then the Laplace transform
of f(x) exists (converges absolutely) V s > 0.

This follows immediately from the Absolute Convergence Test,
1.3.6, since Vs > 0 and V x € A it holds: |e** f(z)| < |f(z)|- (The
Cauchy Test, 1.3.7, can also be used to prove this result.) (In this
context, look at Problem 2.7.5 and provide its solution.)

Next, the functions of exponential order in [0, c0) or (0, 00) form
a very large class of functions, sufficient for most needs of applications.
They are defined as follows:

Definition 2.7.2 A real function y = f(z) on [0,00) or (0,00) is de-
fined to be of exponential order w if there are constants u > 0, M >0
and A > 0, such that

If(z)] < Me“®, for all x € [A, 00).

37Pjerre-Simon Laplace, French mathematician, 1749-1827.
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For a function f(z) of exponential order u in [0, 00) with constants
M >0 and A > 0 as in the above definition, we have that

[eS) A [eS)
/ e T f(x)dr = / e~ f(x)dx + / e % f(x) du.
0 0 A
But for all s > u, we get that the second integral
/ e T f(x)dx
A

converges absolutely because:
[ e i@l <
A

00 e(u—s)z
/ e M der =M [
A u—S

e(u—s)A

} =M < 0.
A

S—Uu

Then, we conclude that

L{f(x)}(s) = / e *Tf(x)dr, exists forall s> p,
0
s
A
/ e T f(x)dr, existsforall s>wv, forsome v >0,
0

where £ > max{u, v} constant. (Compare with Example 2.7.2.)

Since the interval [0, A] is closed and bounded, we observe that these
integrals exist when, for instance, f(x) is continuous, or bounded, or
absolutely integrable, etc., on [0, A]. (See Problem 2.7.5.)

Examples

Example 2.7.1 All bounded functions on [0, 00) are of exponential or-
der. M is the bound of the |f(x)| on [0,00) (so, A =0) and u = 0 (the
smallest u).

All powers z™ with n € N, and therefore all polynomials in [0, c0)
are of exponential order. This is so because z™ = e™ In(z) < g=nene fop
all z € [0,00) [since In(z) < z — 1 for all z > 0]. Therefore, M = e™™
and u = n.

Also, all functions C e on [0,00) with C' and k any real constants
are of exponential order. Take M = |C| and u = |k|.

The functions exp(z®) for all real a > 1 are not of exponential order
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as it can easily be verified. The same is true for the function exp(e®),
etc.
A

1
Example 2.7.2 The function f(z) = . with z € (0, 00) is of exponential
order, since |f(z)| < z for all x € [1,00). (So, here: M =1, u = 1 and

A=1)
(o [Cela

But,
does not exist, since we easily see that

! 1
V s € R, / e " —dr = co.
0 X

If we now choose a constant B > 0 (e.g., B = 1) and define

0, if 0<z<B

1
-, if B<z<oo,
x

then

Lo = [ e gtadn = [Tl

B x
exists (in fact, converges absolutely) for all s > 0.
A

The Laplace transform is a linear operator in the set of functions
for which it exists. That is, for any nice real functions f(z) and h(x)
on [0,00) whose Laplace transforms exist and for any constant ¢ € R,
the Laplace transform of the functions (f + h)(x) = f(x) + h(z) and
(cf)(x) = cf (x) exists and satisfies the two linearity properties:

(a) L{(f + h)(@)}(s) = LS (@) + h(2)}(s) = L{f (@)} (s) + L{A(x)}(5),

(b)  L{(cf)(@)}(s) = L{cf(x)}(s) = c L{f(2)}(s).
It is rather obvious that if f : [0,00) — R is a nice function and

its Laplace transform L{f(z)}(s) :/ e~ f(x) dx exists, then it is
0

unique.
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With higher mathematics, we can prove that the Laplace trans-
form is a one-to-one (injective) operator in the set of continu-
ous functions for which it exists. That is, if f(z) and g(z) are two
real continuous functions on [0, 00), their Laplace transforms exist and
f # g, then L{f(z)} # L{g(z)}. Or else, if f(z) and g(x) are two
real continuous functions on [0, 00), their Laplace transforms exist and

L{f(x)} = L{g(x)}, then f =g.

Examples

In the problems that follow, we study some additional properties of
the Laplace transform and evaluate a good number of basic and ad-
vanced Laplace transforms. (Have a look at the problems and read them
at least.) In the examples that follow, we see the switching of order of
a double integration, the use of power series, the convolutions and the
Dirac delta functions.

Example 2.7.3 Prove

2

L{erf(z)}(s) = % erfe (g) .

By the definition of the error function, relation (2.2), we have

L{erf(z)}(s) = /0 T (% /O ’ e“zdu> da.

Since all functions involved are positive, we can switch the order
of integration (condition I in Section 2.4 and refer to the provided
Figure, 2.8,) to get

L{erf(z)}(s) = % /0 T ( /u h e”dw) du =

2 o 2 %Y 2 o0 2
—u d _ —u +sud —
\/E/o ‘ S ! Vs /o ‘ .

2
2 52, s2 265T ° 512
= —(ut )+ gy = / —(ut3) " gy =
ﬁs/o ¢ Y Vs Jo € Y

2

2¢1

> 2 e S
“ gy =L f(—).
ﬁs/; € v s erte 2
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u

A

A
8

FIGURE 2.8: For switching integration in Example 2.7.3

In general for a > 0 constant, by the Rule (10.) of the table in
Problem 2.7.18, we have

L{erf(ax)}(s) = ef erfc (i) .

For example,

L{erf(22)}(s) = 22 erfe (2)
AR 4) "

Since the complementary error function is erfc(z) = 1 — erf(x),
using the linearity property of the Laplace transform and Rule (1.)
of the table in Problem 2.7.12, we find that its Laplace transform is

L{erfc(azx)}(s) = 1 et erfc (i) )

S as 2a
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where a > 0 constant and s > 0 is the variable.

Example 2.7.4 Assume that

F(s) = L{f(2)}(s) and G(s) := L{g(2)}(s)

are the Laplace transforms of two real functions f(z) and g(x) on [0, 00),
for s > (>)a > 0, where a is constant.
Then, we multiply to get

Feee) ={ [ e { [T e -
= /O N g(v)dv /O " gmsuto) f(u)du

Now we let u + v =t to get

F(s)G(s) = /O ) / T et — o)t

We switch the order of integration (use Figure 2.8 with analogous
labels) and obtain

F(s)G(s) = /000 e ! {/Ot ft— U)g(u)dv} dt.

We denote the particular integral that has appeared here, by

(f )t /ft—v

and call it convolution of the functions f and ¢ (in the Laplace trans-
form context).
Hence, we have proved the rule that

L{(f * g)(@)}(s) = L{f(2)}(s) - L{g(x)}(5),

i.e., the Laplace transform of the convolution of two functions
(as defined above) is the product of their Laplace transforms.

Application: If f =1, we get

eff tg(x)dx} w-c{[ t tgtopte )= £{ [ g afa)de ) ()=

L{1}(s) - L{g(x)(s)} = é - L{g(x)}(s),
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which is Rule (6.) of the table in Problem 2.7.18.
A

Example 2.7.5 Some properties of the convolution are the following:
(a) Tt is commutative, ie., f * g = g x f. This is immediately
obtained by the change of variables t — v = u to get

/Otf(t—v du—/f g(t — u)du.

(b) Tt is straightforward that a(f * g) = (af) x g = f * (ag) for any
real constant a. In particular, 0 x g =0 = f % 0.

(c) It is linear with respect to each function position. ILe., for any
real constants a and b, we have:

(afi +bf2) * g=a(fixg) +b(f2+xg) and
[ (ag1 +bg2) = a(f * g1) + b(f * g2).

The proof is immediate from the definition.
(d) The convolution is associative, i.e., (f xg) *h = f* (g *h).
The proof goes as follows:

[(f *g) *h](t) = /0 { ; ft—r— s)g(s)ds} h(r)dr.
We let s +r = w and we have

[(f *g) = hl(t / U flt—w —r)dw] h(r)dr.

We switch the order of integration, and we obtain associativity

[(f *g)*R](t / fit—w [/ (w—r)h(r)dr} dw = [f = (g = h)](¢).
(e) Notice that in general
(1)) = [ fe = wdu £ fo)
E.g.,

(sinx1)(x) = /OI sin(z — w) - 1dw = [cos(z — w)]§ =

cos(0) — cos(z) = 1 — cos(z) # sin(z).
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A"
T =w
t __________
Triangle
of double
integration
o g
«< > W
t
Y

FIGURE 2.9: For switching integration in Example 2.7.5 (d)

(f) If f(x) and g(x) are absolutely integrable and one of them contin-
uous, then (f *g)(z) is continuous. The proof follows from the definition
of continuity and Theorem 2.2.1 Part (I) or Theorem 2.3.4 and its
remark.

(g) Suppose f(z) and g(z) are continuous real functions on [0, c0).
Then (f *g)(z) =0 for all x € [0,00) if and only if f(x) =0 or g(xz) =0
for all z € [0, 0), i.e.,

fxg=0 <— f=0 or ¢g=0.

This result is a famous Theorem proved by E. C. Titchmarsh®® in
1926. The proof is lengthy and hard.
A

Example 2.7.6 We consider the set of functions
C={f : [0,00) — R continuous}.

In the previous example, we have seen that the operation convolution
is a closed operation and behaves like a nice algebraic multiplication

38 Edward Charles “Ted” Titchmarsh, English mathematician, 1899-1963.
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in this set. The only property left is the unit or neutral element for
this operation. As we have seen above this is not the constant function
flx)=1.

Here we explain that the unit or neutral element of convolution is
an object that we call the Dirac delta function. Let us see how we
arrive at its definition in the context of the Laplace transform and the
convolution we study here.

For every € > 0, we consider the step function

%, if 0<x<e
De(x) =
0, if e<x
and any function f : [0,00) — R which is continuous in [0, «), for
some « > 0. Then we have:
(a)
00, if z=0

: pw
AP =

0, it x40
(b) For every € > 0
/ D (x)dr =1 andso lim D (z)dx = 1.
0 e—=0 /o

(c) For 0 < € < a, we use the Mean Value Theorem for integrals to
get

| D@ = [ Liwie = 2 @)= 1 ),
0 0

for some 0 < z. < e. Then, by the continuity of f(z) in [0, @), we obtain

lim OODE(x)f(x)dx =f ( lim xe) = f(0).
e—=0t Jo e—0t

So, (a), (b) and (c) suggest to define the symbol 6(z), V € R, by

#0 (=00?) 7, if =0

0, if 2 #£0

and by stipulating that it satisfies the following two properties:

(1) /OOO §(z)dx = 1.
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(2) For every f : [0,00) — R continuous in [0, «), for some o > 0,

/0 " f(@)s(x)dz = £(0).

We call §(z) Dirac delta function or unit impulse function, even
though, as we saw above, it is not a function in the classical meaning of
the word but rather an operator derived from function processes.

For any a > 0, we also consider the shift §(x — a) of d(z), and we
obtain

o0

vV oa >0, /Ooo f(z)o(z —a)dx = flu+a)d(u)du =

—a

/0 " f(u+ a)d(u)du = £0+a) = f(a).

Now, for all z € [0,00) and any f(x) € C, we get

(f8)(x) = / " f e u)(u)du = / " Ha—w)d(u)du = fz—0) = f(z).

Therefore, f * § = f = ¢ % f, that is, the unit element for the
commutative operation of convolution in the set C is the Dirac
delta function.

From these properties, we can easily find the Laplace transforms of
0(z) and its shifts 6(x — a) for a > 0. Namely:

L{0(x)}(s) = /000 e "5 (x)dr = e =1

and

L{6(x —a)}(s) = /000 e "0 (x — a)dx = e~ %,

Example 2.7.7 Prove that  L{sin(v/z)}(s) =

We use the power series of sin(z) to obtain

) = S CDM AP SN (1)t
) = T T @i
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We use Rule (6.) of the table in Problem 2.7.12 and the result

228
of Problem 2.6.14 (a) to find
£ M)}()—i Cur Lintlts)
TRWVEI T 2 a1l gl
(-Dr2(nt1) (1\"
4s B

n ; n'4n—|—1

1 o0
Z 2n—|—1 ! 4"+1(n—|—1
(1)"_ Jres

32: 3
277,0 252

We can do analogous work with cos(y/z). We use the power series of

3
8277,0

cos(z) to obtain
- DMV (D)t
cox(v) = 3 s
= (2n)! = (2n)!
Then by Rule (5.) of the table in Problem 2.7.12, we obtain
—1)" nl 1 (—1)" 1
N S;(n—kl)(n—FZ)...(Zn)s '
A

L{cos(Va)}(s) = )
n=0

Application: We can use known Laplace transforms to compute

—x
and any k > 0 constant. Then

et —

improper integrals
E.g.: We consider sinh(x) 2e
/ e " sinh(z) sin(z) dz
0
1 oo
_/ efkwefw
2 Jo

sin(z) dx

/oo e Fe® sin(z) do —
0
 sin(z) (k) =

1

§£{er sin(z)}(k) — 55{6

[use (9.) of the table in Problem 2.7.12]
1 - 1 2%
(k+1)2+12]  kt+4

% [(k—1)2+12

1
2
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For example,

e 6
3z . .
h de = —.
/0 e~ sinh(z) sin(z) dz 50
Similarly,
/ o—ka sinh(z) sin(x) dp —
0 T
1/ o—ha € sin(z) dx—l/ 871@67 sin(x) dr —
2 0 X 2 0 X

[use (9.) of the table in Problem 2.7.18]

—/ L{e" sin(z (u)du—g/k L{e " sin(z)}(u)du =

_/ ;du_l/“;du_
2 e (w=12+12"" 2/ (u+1)2+12

1 1
3 [arctan(v) {11 = §[arctan(k +1) —arctan(k — 1)] =

1 ; 2

—arctan | — | .

2 k
For example,

0 h() si 1
/ e V2 sinh(z) sin(z) dx = — arctan(l) = T
0 €T 2 8

To find the Laplace transform of a given function, we use:
(1) The definition, for primitive cases.
(2) The linearity Properties (a) and (b) above.
(3) Already known Laplace transforms of other functions.
(4) The rules in the table of Problem 2.7.12.
(5) The rules in the table of Problem 2.7.18.
(6) Other rules not listed in the two tables above.
(7) Limit processes with known results, especially when parameters are
involved.
8) Double integration and switching order.
9) Power series.
(10) Tables of Laplace transforms with or without adjustments, if we can
trust them, of course. (Sometimes there are human errors and/or typos
in tables, and so we may need to check the readily available answers,
especially when we use them, for crucial applications.)
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(11) Special computer packages, if we can trust them of course. (Keep
in mind that human errors are always possible, even with computers
and/or computer packages. Therefore, we must check the answers pro-
vided carefully.)

Problems

2.7.1 Provide the missing details in Examples 2.7.1.
2.7.2 Prove that f(z) = In(z), where z > 0 is of exponential order.

2.7.3 Provided that all integrals involved exist, prove the two linearity
properties (a) and (b) of the Laplace transform.

2.7.4 (a) Construct an example of a continuous function y = f(z) de-
fined on [0, 00), such that it is absolutely integrable, i.e.,

Amwmw<w

but not of exponential order.
(b) Give an example of a continuous function y = f(z) defined on
[0, 00) of exponential order and such that

Ammmmzw

¢) Give an example of a continuous function y = f(x) defined on
[0, 00) of exponential order and such that

AMWMM<w

2.7.5 (a) Prove that if y = f(x) is a nice function defined on A = [a, 00),
where a > 0, and it is absolutely integrable, or square integrable,
ie.,

[1s@lds <o, or [ f@)Pdr <o,
A A
respectively, then the Laplace transform of f(z) converges absolutely

(and therefore it exists) V s > 0.
(b) Then also prove:

lim L{f(x)}(s) =0

§—00
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and the convergence is uniform, i.e., Ve >0, 3K >0 : V s > K we
have |L{f(z)}(s)| < e.

(c) Prove the same results as in (a) and (b) for s > w, if for some
u > 0 we replace the absolute and square integrability of f(x) with the
conditions

/ e | f(x)|dr < 00, or / e | f(z)|*dr < oo.
A A

[Hint: You may use Lebesgue’s Dominated Convergence Theorem
2.3.4, Holder inequality, project Problem 2.6.42 and the Cauchy
criterion for convergence as it was done in the Cauchy Test, The-
orem 1.3.7/]

2.7.6 If f(x) is a “nice” function of exponential order in [0,00) (you
may want to express some “nice” conditions that f(z) should satisfy on
an interval [0, B], with B > 0 constant), then prove that the Laplace
transform of f(z) exists (in fact, converges absolutely) on the interval
[c,00) or (¢,00), where ¢ is the infimum of all possible u’s> 0 that may
be used in Definition 2.7.2 and so ¢ > 0.

Then also prove:

lim £{f(2)}(s) = 0

§—00

and the convergence is uniform, i.e., vV e >0, 3 K >0 : V s > K we
have |L{f(z)}(s)] <e.

2.7.7 (a) Show that f(z) = e*" on [0, 00) is not of exponential order and
does not have Laplace transform.

(b) Show that ¥ n € N, the function e~*" is of exponential order
and its Laplace transform exists on [0, 00).

2.7.8 Look at the definition of the Gamma function I'(p). Notice that
it may be considered as the value of the Laplace transform of a certain
function for a special choice of s. Identify this function and the choice
of s.

2.7.9 Give Laplace transform interpretations to the following three im-
proper integrals (found in Problems 1.2.14, 1.2.16 and 2.4.9) with
parameters o > 0 and $ € R:

B

/0 e_o”” Sll’l(ﬁx) dr = m,
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oo o
—az dy — ——~
/0 e cos(fz) dz e

/Oo e*‘”M dx = arctan (ﬁ) .
0 X (6%

In other words, find the functions and their corresponding Laplace trans-
forms hidden in these integrals. Justify your answers.

2.7.10 The following results can be used to find the Laplace transforms
of some functions. In each one, find the function and its corresponding
Laplace transform. Explain your answers.

(a) I(B) = /OOO ooz’ cos(fx) dx = %\/g el—lf

for any —oo < 8 < oo and any « > 0 (found in Example 2.2.13).

o0 _az? _1 7T
(b) /0 e dx—§\/g,

where a > 0 (found in Problem 2.1.11).

[Hint: Let 22 = ¢ and then observe and interpret what you get.]

2.7.11 The following results, found in Problem 2.5.18, can be used

to find the Laplace transforms of some functions. In each one, find the

function and its corresponding Laplace transform. Explain your answers.
For 8 > 0 and a, b real constants:

(@) /OOO Bz cos(ax) — cos(br) de = 1 (Bz + b2> .

T 2 B2 + a2

(b)i /OOO e Pr sin(az) :xtsin(bx) dz = arctan (%) + arctan (%) .

2.7.12 Verify the results of the following table:
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Function h(x), x € [0, 0)

Laplace transform £ {h(z)} (s)

1. a (=constant) E, 5>0
S
1
2. e’ , §>a
s—a
. a
3. sin(ax) Tra o >0
S
4. cos(ax) Tra o >0
n!
5. ", n=0,1,2,3, ... 1 s>0, [00=T(1)=1]
S
I'(p+1
. a
7. sinh(ax) 2o 5> |al
S
8. cosh(ax) 22 57 |a]
ax o3 b
9. e sm(bx) m, s>a
axr - s§—a
10. e COb(b.’IJ) m, s>a
n ,axr —_ n‘
11. xre, n—0,1,2,3,.... W, s >a
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2.7.13 Use the table in Problem 2.7.12 to compute the Laplace trans-
forms of the following functions:

(a) _?2 + €75 4 3sin(2x) — 7 cos(v/5z)

(b) 22% — 2% + € cos(5z) — e~ **sin(12z) + 5
(c) 5 cosh(—3x) + 7sinh(2x)
d)  Vbz+(102)F

(e) 23e™3% — 5627 sin(—5z) — 6.

2.7.14 Modify the results of Problem 2.2.29 to prove that for a > 0
constant, we have:

1) £ {ﬁ} (s) = é [cos(as) (g - Si(as)) —sin(as) Ci(as)| .
z? + o2

(2) L {L} (s) = sin(as) [g - Si(as)} + cos(as) Ci(as).
(3) £ {arctan(ax)} (s) =
e (-5 (2) () 0 ()]
(4) L{ln(z®+a?)}(s) =

212(0) I 2?0‘ sin(as) [g — Si(ocs)} + cos(as) Ci(as).

2.7.15 (a) If y = f(x) defined on [0, 00) is periodic with period p and
for some u > 0 the integral

P
/ e *Tf(x)dr exists, V s> u,
0
then, for all s > u, prove

L{f(2)}(s) = ﬁ /Ope‘“f(x) dx = eji - /Ope—srf(x) d.
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(b) Use this rule to find the Laplace transforms of sin(ax) and
cos(ax), where a > 0 constant [as they appear in the table in Prob-
lem, 2.7.12, Rules (3.) and (4.)].

(c) Explain why this rule does not work with tan(az) and cot(ax),
where a > 0 constant?

2.7.16 (a) For any b € R constant, prove directly that the Heaviside
unit step function defined by

Hy(z) := H(x —b) :=

[so, Ho(z) = H(xz — 0) = H(x)] has Laplace transform

—bs
L{Hy(x)}(s) = < , forall s>0.
s
(b) For b > 0, this rule also follows by Rule (1.) of the table in
Problem 2.7.12 and Rule (5.) of the table insssss Problem 2.7.18.
Check this!

(c) Find the Laplace transforms of

3H(zr —5) and — T7TH(z+5).

(d) Let
1 if 0<a<(Lax< ()b
p(x) =
0 otherwise.
Prove that
_efbs 4 gmas
L{p(z)}(s) = ——.

S

(e) Find the Laplace transforms of

V5.78 if 245 <x<12.34
q(x) =
0 otherwise

and
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V578 if 0< 2 < 12345
r(z) =

0 otherwise.

(f) Prove that for any « € R, its integer part or floor function satisfies

[2] =) Hu(z)=>_ H(z—n).
n=1 n=1

(g) Generalize (f) to

H%ﬂ B niﬂm(“f) =) HE ),

n=1

where z € R and p # 0.

2.7.17 (a) Use the known result
r'a)= / e *In(z) de = —v,
0

(where v = li_>m (> h_i + —In(n)] ~ 0.57721566... > 0 is the Euler-

Mascheroni constant, see Problem 2.1.25 and its footnote and
Problem 2.3.5) to prove that for any s > 0 the Laplace transform of
In(z) is given by

£in)e) = [ T e In(ade — 000,

(b) Find the Laplace transform of g(z) = 61n (102?).

(c) Given that

F//l_ OO—mIZ d_7T_2 2
W= [ dr =T 12
0

prove that for any s > 0 the Laplace transform of In? (z) is given by

~ s n(s)]?
L)} )= [ e e = 5+ bt ()P

6s s

(d) Find the Laplace transform of g(z) = 61n” (102?).

2.7.18 Verify the following general properties-rules of the Laplace trans-
form in the following table:
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Function h(z)
x € [0,00) or z € (0,00)

Laplace transform
LA{h(x)} (s), for s > k >0,
k constant

L. f'(@) sLy{f(z)}(s) — £(0)
2. f"() s2L{f()}(s) — s£(0) — £'(0)
3. F(x) s"L{f(x)}(s)—
s"HF(0) = o = f7D(0)
4. e f(x) L{f(z)}(s—a) for s >k+a
with a constant (shift by a in the Laplace transform)
Hy(x) - f(z —b)
5. | shift of f(z) by constant b >0 e U L{f(x)}(s)
[Hy(x) = Heaviside function] for s > k
¢ 1
6. | roa S L))
4 [ s S| o - st
8. 2"f(z), n=0,1,2,3,... (=" %ﬁ{f(x)}(s)
9 @ / L)) du
10. f(ax)
a > 0 constant %L{f(.r)} (2)
11.| (=x)"f(z), n=0,1,2,3,.. d-

T L{f@)}5)
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(Notice that the results of some previous and/or following problems
and of some examples provide important rules that can be added to the
two tables in Problems 2.7.12 and 2.7.18. Check these problems and
examples and attach their additional rules to the tables, thus creating a
more complete collection of Laplace transforms rules.)

2.7.19 Combine the Rules (5.) and (10.) of the table in Problem
2.7.18 to prove that for a > 0 and b > 0 constants,

L{f(ar— )} ) = - e+ LLF@} (2.

a

2.7.20 Use Rule (9.) of the table in Problem 2.7.18 to prove that
the Laplace transform of

is
L{f(x)}(s) = g — arctan (%) = arctan <§> 7
as it was already referred in Problem 2.7.9.

2.7.21 Use the two tables in Problems 2.7.12 and 2.7.18 to compute
the Laplace transforms of the following functions for which we assume
that x > 0 or x > 0. If some function does not have Laplace transform,
then explain why.

(a) 22 cos(5z), () (—2)®sinh(2z),

o e‘3rsi;1(—5x)7 W sinaga:)7

© [ 0a 0

&) / h Cost(t) dt, (h) 3¢ 2 H(z—5),

(i) —7e*H(z +5), (j) H(z+5)cos(z + 10).

2.7.22 (a) Take a > 0 constant and define the functions
0, fo<z<a

flz) =
cos(@) o,
. >
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and
0, ifo<z<a

/ Coi(t) dt, if z>a.

Find the Laplace transforms of both f(x) and g(x). (If you cannot find
them in closed form, at least justify why they exist, then leave them in

integral form and/or look at an advanced Laplace transform table.)
(b) Prove that

L{“CTOS@)}(S):/:O (%—#)dt:%ln<l+é).

(Careful: We cannot use the additive property of Laplace transform
and of the integral here! Why?)

g(z) =

2.7.23 Let a > 0. Define
1
— if x>a
T
fz) =
0 if 0<z<a.

1. Prove that £L{f(x)} (s) exists for all s > 0, but it cannot be found
in closed form from its definition.

2. Find the derivative diﬁ {f()} (s).
s

3. Use what you have found in the previous item to prove

(_1)nan "

n! n

o0

V>0, L{f(2)}(s)=—In(s)— >

n=1

+c,

where ¢ is a constant.

4. Prove that an expression of the constant c is

nn

e = (-D"a
= —d —t
¢ /a x x+nz::1 n-nl

2.7.24 (Extension of the previous problem.) Let a > 0 and any
k=2, 3, 4, ---. Define

i if 2>a
f(z) =

0 if 0<z<a.
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1. Prove that £{f(z)} (s) exists for all s > 0.

2. Find the k0 derivative of £ {f(z)} (s).

3. For s > 0, find an expression of £ {f(x)} (s) depending on k con-
stants.

4. Explain how you can determine the k£ constants.

2.7.25 For given real constants a and b, prove that
et — gbr ° 1 1
_ = e - 1
E{ - }(s) /S <t—a t—b)dt n

2.7.26 Project: Search the bibliography on Laplace transform and
study the Laplace transforms of the:
(a) Bessel functions.
) Legendre polynomials.
)
)

s—b

s—a

b

¢) Shifted functions.

d) Dirac impulse functions.
e) Convolutions of functions.

(
(
(
(

2.7.2 Inverse Laplace Transform

As we have already said, on continuous functions the Laplace trans-
form is a one-to-one operator. That is, the Laplace transforms of two
different continuous functions are different. The same is essentially true
on nice discontinuous functions in which we may allow two functions to
be different at “a few” exceptional points (points of discontinuity). So,
we can give the following definition:

Definition 2.7.3 Given f(x) with Laplace transform g(s) = L{f(z)}(s),
we call f(z) the Inverse Laplace Transform of ¢(s), and we write

L7Hg(s)}(x) = f(2).

Since £~ is the inverse of the linear operator £, it is a linear op-
erator itself. (See Problem 2.7.27.) Generically speaking, if we know
the Laplace transform of a function, then by applying to it the inverse
Laplace transform we recover the function. For this purpose, many ex-
tensive tables and computer libraries have been created, so that from
the Laplace transform we can find the function readily.

In theory and application, we essentially have and use the following
scheme:

E_l

f@) =5 L{F@}Hs) = g(s) = L7Hg(s)}Ha) = f(@).
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Examples

Example 2.7.8 By Rule (2.) of the table in Problem 2.7.12, we
have

1
s+5

Flz) = £ {S i 5} () = =57

Or, according to the above scheme,

L{e ™} (s) =

Therefore,

55 L 52 1 g 1 52
e s —>£{65}(s)zs+5—>£1{ }(x):eS.

Example 2.7.9 Let
3
L{f(x)}(s) = 214

Then by adjusting Rule (3.) of the table in Problem 2.7.12, we find
that

flz) = gsin(Zx).

So, in this example the above scheme is

gsin@x) L {g sin(2x)} (s) = 5 £

L1 {82 j_ 4} (x) = gsin@x).
Example 2.7.10 Using the partial fraction decomposition, we find

452+12_3 s

s(s?2+4) S+82—|—4'

Then by using linearity and Rules (1.) and (4.) of the table in Prob-
lem 2.7.12, we find that

f(z) = 3+ cos(2x).

Now, by Rule (4.) of the table in Problem 2.7.18, we find that the
Laplace transform of

g(x) = e "*[3 + cos(2z)] = e " f(z)
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; 4(s+5)2 +12
(s+5)[(s+5)2+4]

L {e 53 + cos(22)]} (s) =
Therefore,

_1 4(s+5)2+12
{ (s+5)[(s+5)%+4]

} (z) = e °*[3 4 cos(2x)].

Example 2.7.11 Prove
3 a2
L1 {e_a‘/g} (z) = 2% a:TaeT,
where a > 0 constant. (See also Problem 3.7.109.)

It L{f(x)}(s) = g(s), then we have L{f"(x)}(s) = sg(s) — f(0) [by
(1) of the table in Problem 2.7.18]. So,

it f(0)=0, L7{sg(s)}(x) = f"(2).

Then, with
f(z) :=erfc (g\/f) =1- 2 /ﬁ e du
2 VT Jo
we have f(0) =1—1=0 and, by Problem 3.7.110,
e—avs

S

g(s) = L{f(x)}(s) =
So, we get

£7Hs g(o)Ha) = L7 {eV | = @) =

2.7.3 Applications

Application 1: Here we remark that the Laplace transform may be
used to give complete solutions of initial value problems with ordinary
differential equations. E.g., see the last seven of the problems that follow.
However, there are cases in which it does not find the complete solution
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or even the solution at all. We study these situations in the following
two examples.
(1) The power series

Jo(x) = ni:g ((:l:!l)); (g)zn

converges absolutely for all real ’s (prove this!) and defines the so-called
Bessel function of the first kind of order zero.

The function Jy(x) was originally derived as a power series solution
of the Bessel’s differential equation of order 03°

zy” +y + 2y =0,
which is a homogenous equation with £ = 0 a regular singular point.

Bessel derived this differential equation while studying problems of
planetary motion. Ever since, the Bessel differential equations of all or-
ders appear in mathematics, application and engineering, and their so-
lutions are very rich of properties and are so important that they have
been tabulated.

We find the Laplace transform of Jy(z) by integrating term by term
and summing up

L{Jo(x)}(s) =
o (D" o~ (D" 1 2n

n=0
(use the table in Problem 2.7.12)

i(—ﬂ”i@n)l _1i -3\ L _
~ (n!)2 922n g2n+1 - s ~ n | s2n -

(use the convergent binomial series for s > 1, Problem 2.6.41)

L(, 2 AR YA
s 52 s \1+4s2 VIt s?
which is defined for all s > 0.

d®u 1d 2
39Bessel’s differential equation of order v > 0 is au + - et +(1-— L 0.
dz?  zdz 22

It has a bounded solution which is called the Bessel function of the first kind
of order v and an unbounded solution, an expression of which is called the Bessel
function of the second kind of order v. So, with v = 0, we obtain the equation
we examine above.
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Then, by the uniqueness of the Laplace transform (or its real analyt-
icity in this particular example), we can say
1

E{JO(Q?)}(S) = W, for all s > 0.

o {\/11_52} (2) = Jo(x).

We could also take the Laplace transform of the equation itself, and,
using the appropriate rules in the table in Problem 2.7.18, we find

Thus,

LA{zy" +y + 2y} (s) =0, or
[ (Lt + £y’ - (£hy))] (9) = 0.

For convenience, we put Y (s) = £{y}(s), use the table in Problem
2.7.18, and we find

— [s?Y (s) — sy(0) — 4/ (0)] + sY(s) —y(0) = Y'(s) =0, or
(82 +1)Y'(s) + sY(s) = 0.

The last equation is a homogeneous separable ordinary differential
equation of first order for Y (s), which can be solved directly by separat-
ing the variables and integrating both sides, etc., to find

Y(s) =

c
VI+s?

where c is an arbitrary constant.
Therefore, a solution y(x) of xy” +y' + xy = 0 is

¢
V1+s2

which we can directly verify that it is a solution by plugging it into the
given differential equation and differentiating the power series term by
term.

So, with ¢ = 1, both methods gave the same answer

y(@) = L (¥Y(9)} (@) = £ { } () = cdo(a),

1
;C{J()(ZIJ)}(S) = W, for all s > 0

and one correct solution, namely Jo(x), to this Bessel differential equa-
tion.
Since the above Bessel equation is a linear homogeneous differential
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equation of second order, it must have another solution linearly indepen-
dent of Jo(x), which was not found by the Laplace transform method.
This happened because, for the other solution, the Laplace transform of
at least one of xy” or y’ or xy does not exist. In fact, if we find the other
solution by means of power series, we will see that it is unbounded and
the Laplace transform of at least one of these expressions does not exist.

In a course of differential equations, we learn other methods for find-
ing the evasive second solution in which we use the solution found here.
So, the Laplace transform method may not always give the complete so-
lution to a problem with a differential equation but a partial one, which
in turn helps in finding the complete solution.

We have just seen that the method of the Laplace transform did not
find both solutions of an ordinary differential equation of second order.
Whenever this happens, we may not be able to solve a particular initial
value problem by using the Laplace transform method.

(2) The method may exhibit even more serious difficulty. Sometimes
it is not able to find any solution at all. For instance, the initial value
problem

y'(t) —y(t) = (2t —1)e’, for t>0

y(0) =2

has unique (complete) solution y(t) = e + ¢t* (found easily, as we can
easily check it).

However, the method of the Laplace transform cannot find this solu-
tion because

cfee-ne} o= [ eter-netar= [ - netda
0 0
does not exist. (This integral does not converge for any s > 0.)

[Note: This solution, however, can be found by the Mikusinski‘
general operator theory (1950-1951). In this theory, the results in Ex-
amples 2.7.5 and 2.7.6 play a fundamental role, especially Titchmarsh
Theorem. This separate chapter of mathematics lies outside the scope
of this book.]

40 Jan Mikusinski, Polish mathematician, 1913-1987.
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Application 2: We consider the following initial boundary value
problem with a partial differential equation:

ou(z,t) _ k(’?zu(x,t)
ot Ox?

u(z,0) =0, for z>0

u(0,t) = a constant, for ¢t >0

u(oo,t) = lim u(x,t) =0, for ¢> 0.

Tr—r00

, (k>0 constant), for >0 and t>0

This is a mathematical model of the problem of heat convection along
an insulated and uniform rod of infinite length placed on the positive
z-axis and with initial point at the origin. u(z,t) is the temperature at
position x at time t. k is a positive constant that depends on the uniform
material of the rod which is a good heat conductor. (In reality, we have
a rod considered very long.)

At the beginning, when ¢t = 0, the temperature at every point of the
rod is zero. Afterwards, a source emits heat at the beginning of the rod
in such a way that:

(1) The temperature at the beginning of the rod (z = 0) stays constant
equal a for every ¢t > 0.

(2) The temperature at the endpoint of the rod (z = o0) is always the
initial temperature, which is zero.

We are going to solve this problem by means of the Laplace trans-
form. We let

U(z,s) = LA{u(z,t)}(s) = /OOO e Stu(x, t)dt

be the Laplace transform of u(x,t) with respect to t.

Then, by the first initial boundary condition, Rule (1.) in the table
in Problem 2.7.18 and differentiating under the integral sign with
respect to x twice, from the partial differential equation we find

02U (z, s)

sU(x,8) =k 57

As we see, this has general solution
U(z,s)=ci(s) e"VE + ¢ (s) VR,

The last two conditions change to

U(O,s):g,

U(co,t) = lim U(z,s) =0.

Tr—r00
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From these, we conclude that we must have ¢;(s) = 0 and ¢3(s) =

N |2

Therefore, the Laplace transform of the solution of this problem i
a 5
U(x,s)=—¢e "VE,
(z,s) S €

Then, by Problem 3.7.110, we obtain

w(z,t) = L7H{U(z,5)} () = a - exfe (2%/5) _ {1 ~erfe (2%/5)] :

which is easily verified to be a solution satisfying the partial differential
equation and the imposed conditions.
We remark that the function

u(z,t) + v(x, t)
. . . CT  —=2?

with u(z,t) the solution just found and v(z,t) = e ekt , where ¢ # 0
constant, is another solution of this problem, as we can directly check.
This solution was not found by the Laplace transform method. We also
notice that it is not a bounded solution. E.g., if t = 2 — 0, then
v(x,t) = 0.

If we require that the solutions of the problem are bounded, a thing
natural to assume, then we obtain the uniqueness of the solution u(x,t)
found above.

Application 3: We want to solve the initial value problem

Py(t) | dy(t)

y(0) =0,

dy(0)

—= =0.
dt

Problems like this arise in studying electrical circuits or mechanical
oscillators. At an “instant” ty > 0 a voltage or force pulse of size C,
constant, is applied to the circuit or the oscillator, and we would like
to find the electric current or the size of the oscillation, respectively, at
time t > tp.

We use the respected rules of the Laplace transform from the table in
Problem 2.7.18 and the Laplace transform of the Dirac delta function
from Example 2.7.6. If the Laplace transform of the solution of the
problem is Y'(s), then the differential equation together with the initial
conditions give

Ce~tos C e tos
s24+4s+6 (s +2)2 4+ (vV2)2

Y(s) =
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10
08

06

02

FIGURE 2.10: Pulse in application 3, with to =3 and C =5

By the inverse process and using the table in Problem 2.7.12; we
first find

-1 Q V2 _E.e*% in
£ {ﬁ [s—(—2)]2+(\/§)2}(t)_\/§ sin (V21).

Then, by Rule (4.) in the table in Problem 2.7.18, the solution
of the problem is

y(t) = LY ()} (1) = Hy, @% e 2000 sin [V (¢~ 1) =
0, if t <t
C

— e 2 t) gin [V2 (t — tg)] if t>tg
\/5 ) - )

a graph of which, with t) =3 and C' = 5, is seen in Figure 2.10.
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We conclude this section with the following:

To find the inverse Laplace transform of a given Laplace transform,
we use:
(1) The definition (especially for primitive cases).
(2) For direct computations of the inverse Laplace transforms, see Sub-
section 3.7.10 and its problems.
(3) The linearity properties.
4) Already known inverse Laplace transforms.

) The inverse rules in the table in Problem 2.7.12.
) The inverse rules in the table in Problem 2.7.18.
) Other rules not listed in the two tables above.
) Limit processes with known results, especially when parameters are
involved.
(9) Tables of Laplace and inverse Laplace transforms with or without
adjustments, if we can trust them, of course. (Sometimes there are hu-
man errors and/or typos in tables, and so you may need to check the
readily available answers.)
(10) Special computer packages, if we can trust them, of course. (Keep
in mind that human errors are always possible with computers and com-
puter packages.)

(
(5
(6
(7
(8

Problems

2.7.27 Prove that the Inverse Laplace Transform is a linear operator.
Do this by proving the following general result, encountered in Linear
Algebra and elsewhere:

Let V and W be two vector spaces over a field F and T : V — W
a one-to-one and onto linear operator. Then prove that the set-theoretic
inverse T~! : W — V is also a one-to-one and onto linear operator.

2.7.28 Compute the inverse Laplace transforms of the following four
functions and write the corresponding four schemes as in Examples
2.7.9 and 2.7.10:

-2 2 2s 4 2s 3

_- _ b _

@) — 43555 Fre ) Grar ety
3 10 2s s—5
% 4= d - .
(c) 25—5+56’ (d) s24+55—2 s2-35+9

2.7.29 Use partial fraction decomposition to find the inverse Laplace
transform of
852 — 45412 s2+25+3

() s(s2 +4) and  (b) (s2+4s+5)(s2+2s+10)°
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2.7.30 Find the inverse Laplace transform of

(s —5)e 2 2e73% — 548
s2—5s5+6 and  (b) s

(a)

2.7.31 Use Problem 2.7.17 to prove that

@ e {2 @) = e+

S

and
In*(s)

72
S 6

o) e = @) = w4 -

2.7.32 Verify that the initial value-problem

y'(x) +py(z) = r(x), pisa constant
y(0) = yo (yo is constant)

has solution

y(x)=L£7" {—L{T(ms)i(? T yo} (7).

2.7.33 Find the solution of the initial value-problem

y'(z) = 5y(x) = e” cos(x)

y(0) = —2.

2.7.34 Verify that the initial value-problem

y'(x) + py'(z) + qy(x) =r(x), p, ¢ are constants
y(0) = yo (yo is constant)
y'(0) =yp (y4 is constant)

has solution

y(z) = £ {E{T(x)}(ssz)jp(j:é))ywyé} ().
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2.7.35 Find the solution of the initial value-problem
y'(xz) —4y'(z) + 3y(x) = 2sin(x) + 5 cos(2x)

y(0)=1

y'(0) = %

2.7.36 Find the solution of the initial value-problem

y'(z) +2y'(z) +y(z) =4e™®

2.7.37 Find the solution of the initial value-problem

3, 0<zx<m
y' () +4y(z) =

0, T<zr<oo

2.7.38 Find the general formula for the solution of the following third
order initial value-problem:

y"(x) +py’(x) + qy'(x) + cy(x) =r(z), p, q, c are constants

y(0) = o (yo is constant)
y'(0) =y (y{, is constant)
y"(0) =yg (yg is constant).

Next, solve the two initial value problems
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y"(x) = 2y"(x) + 2y + 3y(z) = 4e”

and

2.7.39 Project: Put together and prove the results in Examples 2.7.5
and 2.7.6, especially Titchmarsh Theorem of convolution, to demon-

strate that the set

C={f : [0,00) — R continuous}

equipped with the usual operation of addition (+) and the operation of
convolution (x) is an algebraic integral domain and so it can be extended
to an algebraic field. This is a field of operators whose unit element is

the Dirac delta function.



Chapter 3

Complex Analysis Techniques

Complex Analysis provides several powerful methods for proving exis-
tence (convergence) and evaluating proper and improper integrals. In
this chapter, we are going to investigate the most important ones. But,
in order to state and use these powerful tools, we need to know some
necessary complex analysis preliminaries.

3.1 Basics of Complex Variables
3.1.1 Basic Definitions and Operations
A complex number z is an expression of the form
z = a+ bi,

where 4 is a new symbol with the property i2 = —1, and both a and b
are real numbers.

Since i2 < 0, the new symbol i cannot represent a real number. In
fact, any expression of the form bi with b real number represents what
we call an imaginary number. So, i = 1 - is an imaginary number.
Also, for any real number b, we require the legitimacy of the following
computation:

(bi)? = (bi)(bi) = (bb)(ii) = b* - i% = b* - (—=1) = —b*(L 0).

Then (4i)? = (£1)%i%2 = 1(—1) = —1. Hence, we say that the real
number —1 has two imaginary square roots, the +i. In the context of
the complex numbers, we write

vV—1==i, which means ++v—-1=+iand —v—-1= —i.

The real number a is called the real part of the complex number
z = a + bi, and the real number b is called the imaginary part. We
write

a=TRe(z) and b=1Im(z).

253
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Equality of two complex numbers z and w is defined by

r=w &L Re(z) = Re(w) and Im(z)=Im(w).
Notice:
0=0+0i =04,
1 =1+ 0,

z=a€R <= Im(z)=0 < z=a+0i
z =bi pure imaginary <= Re(z)=0 < z=0+0bi.

The operations of addition, subtraction and multiplication of
complex numbers are defined in the obvious way, as shown in the follow-
ing examples.

Example 3.1.1 If z = 2 + 37 and w = —1 4 7i, we have:

zHw=(243)+(-1+47)=2-1)+B+7)i=1+10
z—w=02+3i)—(-14+7)=2+1)+B-T7)i=3—4i
zow = (2430) - (=1 +7i) = (=2 + 21i) + (=3 + 14)i = —23 + 11i.

A
That is, if in general z = a + bi and w = ¢ + di, then

z+w=(a+bi)+ (c+di)=(a+c)+ (b+d)i
z—w=(a+b)—(c+di)=(a—c)+ (b—d)i
z-w=(a+bi)- (c+di) = (ac — bd) + (ad + bc)i.

In the notation of the multiplication, we may drop the dot “.”.

We observe: Re(z 4+ w) = Re(z) +Re(w), Im(z + w) = Im(z) + Im(w)
and Re(z — w) = Re(z) — Re(w), Im(z — w) = Im(z) — Im(w).

For the division, we need first to define the conjugate of a complex
number. The conjugate of a complex number z = a4+ bi is given by the
complex number
— bi.

zZ =

S|

Note that
Re(z) = +Re(2)
Im(z) = —Im(2)
22 = (a+bi)(a—bi) = a® + b*> > 0.
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The function z € C — z € C is one-to-one and onto. We called
it conjugation of complex numbers. Notice that if we compose it
with itself, we get the identity function, i.e., Z = z. Review the basic
properties of conjugation listed in Problem 3.1.6. They are easy
to verify. (See also Problem 3.2.16.)

We also define the absolute value of a complex number z = a + bi.
This is defined by:

|z| = |a +ib| = V2Z = Va2 + b2.

It is also called modulus or magnitude or length of the complex
number z. For example, |i| = V02 +12 = V1 = 1 and |2 — 3i| =
V22 + (-3)2 =+13.

It follows immediately that

|z =Lz =] £ (atib)|] = Va®+ b2,
vV ze€C, |z| >0,
|2|=0 <= 2=0 < z=0,
12> = |Z]? = 22 = a® + b

We now define the division of two complex numbers. We begin with

an example:

Example 3.1.2 If z = 2 + 3i and w = —1 + 74, we have division in the
following way:

z 2+ 3 2431 —-1-7i 19 —-17: 19—-17 19 17,

w —1+7i 147 —1-7 (-1)2+7 50 50 50"
A

In general, when z = a+bi and w = c¢+di # 0+ 0i = 0, the division
(w # 0) is defined by

gl

|

‘W z-w  ac+bd+ (—ad+bc)i  ac+bd  (—ad+ be) .

z
Cwew w2 c? +d? 2t d? 2+ d?

So, the reciprocal of any non-zero complex number z = a + ib # 0
is
271_1_ Z 1 s a—bi
oz a2

z zZ-Z - W
All the operations thus defined in the complex numbers satisfy all the
properties of the corresponding operations in the real numbers, as we can
directly check. So, associativity, commutativity, distribution, reciprocals,
and neutral elements are legitimate to use when applicable.



256 Improper Riemann Integrals

The following most important properties of the absolute value
in the set of complex numbers are easily verified. (See Problems 3.1.2,
3.1.3 and 3.1.4.) We assume that z and w are any complex numbers
and any denominators involved are not zero. Then

|2 - w| = |2] - [w]
AL
wl ™ Juwl

2" =|z]", VneZ

2+ w] < [2] + ul
(|2l = w]) <|lz] = |wl| < |2 + w] < [2] + [w]
max{|Re z|,|Im z|} < |z| < |Re z| + [Im z|.

The inequality |z 4+w| < |z|+ |w] is called triangle inequality. This
holds as an equality if and only if z = 0, or w = 0, or z is a positive
real multiple of w (or w is a positive real multiple of z). (See Problem
3.1.3.)

Remark 1: From these properties, we may produce others as corol-
laries. (See Problems 3.1.8 and 3.1.17.)

Remark 2: For r > 0, the equation |z| = |a + bi| = Va? + b2 =71 is
equivalent to a? + b? = r2, which in the (a, b)-plane represents a circle
with center the origin and radius 7.

3.1.2 Representations and Roots of Complex Numbers

(1) Geometric and Vector Representations
of Complex Numbers

We can give a geometric interpretation of complex numbers
by associating the complex number z = a + bi with the point (a,b) in
the 2-dimensional Euclidean plane R2. We then write that C ~ R2. The
horizontal axis is called the real axis, and the vertical axis is called the
imaginary axis. The origin is O = (0,0) = 0 + 0:. See Figure 3.1.

Given a number z = a + bi, corresponding to the point (a,b), note
that the conjugate Z = a — bi corresponds to the point (a, —b). Thus,
geometrically, we get Z from z by a reflection in the real axis.

The |z| = |a + bi| = va? + b2 is the distance of the point (a,b) from
the origin.

Also, notice that the distance of two points P = (a,b) and Q =
(c,d) in the complex plane is given by

d(P,Q)=+/(c—a)> +(d—b)? = |z — 21| = |21 — 2],
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Y
z=(a,b) =a+ib
z = r[cos(6) + isin(6)]
b ______
v/
© /0
* /o
o
& |
|
Vi |
] |
/ |
& |
|
\9 = arg(z)
|
|
0] a x

FIGURE 3.1: Complex Numbers and Trigonometric Form

where z1 = a + ib and 25 = ¢ + ¢d.

In this way, using the complex numbers and their properties, we can
describe and solve a lot of geometrical problems in the plane. There
are books in the literature that have undertaken such a task. E.g., see
bibliography: Dodge 1972, Schwerdtfeger 1979 and Zwikker 2005.

For instance, a circle with center the point C' = (¢, d) or the complex
number w = ¢+ id and radius r > 0 is the set of complex numbers
z = x + iy, such that

{zeC | |s—uw|=r}={z=a+iyeC | Va—+@y—d?=r},

etc.
A complex number z = a 4 ib may also be viewed as the vector O?,
where P = (a,b). If w = c+1id is another complex number viewed as the

vector 00, where Q = (¢, d), then we have:
l.z+w=(a+c)+ilb+d) = [(a+c),(b+d)]:(ﬁ+(ﬁ.
2 z—w=(a—c)+i(b—d) =[(a—c),(b—d)]=0P—0Q=QP.
3. The length of the vector is |OP| = viaZ 1 1% = /z%.
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4. The inner product is Oﬁ . @ = ac + bd = Re(zw).
So, ﬁ and O@ are perpendicular iff Re(zw) = 0.

5. If O? and @ are non-zero vectors (i.e., z # 0 and w # 0) and
0 < a <7 (mod 27) is the angle between them, then
OP - (ﬁ B ac + bd _ Re(zw)
OP|-10G] Va8 VELE [zl

cos(a) = H

|z —w|* = (a —¢)* + (b — d)* = a® + * + b* + d* — 2(ac + bd) =

|2 + [w]* = 2Re(2@) = |2[* + [w|* — 2/2]Jw] cos(a),

or

IPQI> = QP|* = |0P — OG> =
|OP|2 + |00 - 2|0P - 0] cos(a),

which is the trigonometric law of cosines in the triangle OPQ.

In this way, we can derive the various rules that pertain to vector
calculations by means of complex numbers.

(2) Trigonometric Form of Complex Numbers

Since each point (a,b) in the plane R? is identified by the complex
number z = a+ib € C, we can rewrite z, as we say, in the trigonometric
form of the complex number. This is done as follows:

The point (a,b) has polar coordinate representation (r, ), where r =
va? + b2, and if (a,b) # (0,0), then @ is determined (mod 27) by the
relations:

a b

COS(G) = \/ﬁ and 8111((9) = \/ﬁ

If z = (a,b) = (0,0), then r = 0 and 6 is indeterminate.

Note that 6 can have infinitely many values for any specific point
(a,b), because it is determined (mod 27). So, if a 6 is used in the repre-
sentation of a complex number z in trigonometric form, then any 0+ 2knw
with k € Z can be used as well, without altering the number z.

From these relations we have

a=rcos(f) and b=rsin(h),
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so that we can write the complex number z as
z = (a,b) = a+ bi = r[cos(f) + isin(6)].

This representation of z is called the trigonometric form of z.

We observe that the radius r = |z| = va? 4 b? is the absolute
value or modulus or magnitude or length of z.

We call the angle § argument of z, and we write arg(z) = 6. See
Figure 3.1.

Notice that | cos(f) + isin(6)| = \/COSQ(H) +sin?(0) = /1 =1 for all

6.
(3) Some Important Remarks on the Argument

As we have seen, the arg(z) = 6 for any z # 0 is determined (mod 27).
Then it is convenient to consider a fixed initial interval of values of the
argument of complex numbers, such that all values in it are sufficient
to represent any complex number z € C — {0} in trigonometric form
uniquely.

If z =0, then r = |z| = |0] = 0, and any angle can serve as argument
of z = 0. Thus, z = 0 cannot have unique trigonometric representation
no matter how we restrict 6 (unless we restrict it at just one value).

Many authors prefer this initial interval of values of the argument to
be 0 < 6 < 27. Others prefer the —7m < 0 < 7 or —w < 0 < 7. These
assignments are convenient but arbitrary.

In general, we could use any half-open and half-closed interval of
length 27 to begin with. Such an interval provides sufficient values for
the angle 6 to represent any complex number z # 0 in trigonometric
form uniquely.

The argument that varies in such a fixed preassigned interval is called
principal argument. Here, to write the principal argument, we use the
notation Arg(z) or Argg(z).

Then, to find all possible values of arg(z) for any 0 # z € C, we add
2km to Arg(z), where k € Z. These values are precisely what we can
call all possible arguments of 0 # z € C. The notation Argg(z) for the
principal argument is justified because if we use k = 0 we find Arg(z).
Similarly, any other argument is obtained by using any integer k € Z,
which we denote as Argg(z).

Hence, we define the argument (or we can also call it total argu-
ment) of a complex number as the set of values:

arg(0) = {0 | 6 € R}
and if z # 0, then
arg(z) = {Argy(z) + 2kn | k € Z} = {Arg(z) + 2kn | k € Z}.
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Any value singled out of these possible values is simply called an argu-
ment of z. (We will see more important remarks on the continuity and
discontinuity of the argument in Subsection 3.5.3.)

Note: Pay attention to the fact that it is not always true that

b b
arg(z) = 6 = arctan (5) even though tan(f) = o Also, notice if a =0

and b > 0, then 0 =

(mod 27).
We illustrate the definition of the Arg(z) and the remarks on it by
the following examples:

5 (mod 2m). If a =0 and b < 0, then 6 = —Z

Example 3.1.3 Let (a,b) = (~1,v/3) = —1 + V3. Then r =

(—1)2+(V3)2 = V4 = 2, sin(f) = \/75 > 0 and cos(f) = _71 < 0.

Therefore, 0 is a second quadrant angle. In fact, § = il (mod 27).

We observe that if the initial interval for the principal argument
is [0,27), or (0,27], or [-m,7), or (—m, @] and z = —1 4 iv/3, then

2
Arg(z) =Argo(2) = g, in all these cases.

We also have: tan(f) = @ = —/3 but arctan(—+/3) = - # —

-1 3 3
(mod 27).

Therefore, if we use arc-tangent or another inverse trigonometric
function to determine the principal argument, we may need to add a
corrective constant. In this example, we find that an argument of the
complex number z = —1 +14+/3 (or its principal argument, depending on
what we declare as initial interval for the principal argument) is

2w

Arg(z) = Argy(z) =60 = 5 = —% + 7 = arctan(—v/3) + 7.

That is, the corrective constant is .
A

4
Example 3.1.4 If an argument is found to be § = ?W, then in [0, 27)

4
we have Arg(z) = Argg(z) = ?W But in [—7,7) or in (—, 7], we have
27
Arg(z) = Argo(z) = ——~.

Similarly, if @ = 7, then: In [0, 27) we have Arg(z) = Argo(z) = 7. In
[, m) we have Arg(z) = Argo(z) = 7 — 2m = —7. In (—7, 7] we have
Arg(z) = Argp(z) = .

A
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(4) Some Important Usages of the Trigonometric Form

The trigonometric form of z gives useful interpretations of equal-
ity, multiplication, division, powers and roots of complex numbers and
renders the pertinent computations easy. So, suppose

z1 =r1fcos(f1) +isin(61)] and z2 = ro[cos(f2) + isin(6s)],

where r; > 0 and ry > 0 are two given complex numbers in trigonometric
form.
In this form, we obtain the following basic results:

(1) For equality, we have:
{ z1 = 22, or ri[cos(6h) + isin(f1)] = ra[cos(f2) + isin(f2)] } g}
either {ry =ro=0 and 6y, f; are any angles},
or {r1=r2>0 and cos(f1)+isin(f;) = cos(f2) + isin(hs)}.

From this, we get that the following rule of equality of complex num-
bers in their trigonometric forms:

21 = 29 g either ry =7, =0 and 6, §2 are any angles,
orry =ry>0and 6 =0 (mod 27), ie., 01 = 0y + 2knw with k € Z.

(Prove these rules as an exercise!)

(2) For conjugation, we have:

z =rlcos(0) +isin(0)] = 7 [cos(8) + isin(F)] =
rlcos(0) — isin(f)] = r[cos(—6) + i sin(—0)].

That is, to find the conjugate of z = r[cos(6) + isin(f)], we change the
f to —0 and simplify.

(3) For the multiplication, we have:
2129 = 1172 [c0s(01) + i sin(61)] - [cos(f2) + isin(f2)] =
r1r [cos(61) cos(b2) — sin(fy) sin(b2) + i (sin(fy) cos(f2) + cos(#;) sin(2))]
= ryrg [cos(01 + 02) + isin(6; + 62)] .

Hence, the product zjz9 in trigonometric form has absolute value the
product of the absolute values of z; and z; and argument the sum of
their arguments (angles) (mod 27).
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(4) For the division, when zy # 0, we have:

29 719 cos(Bo) + isin(fy)

:—; {cos(;) cos(f2) + sin(6; ) sin(fz) + i[sin(61) cos(b2) — cos(y) sin(f2)] }

21 _ ricos(br) +isin(f1)

r
— L [cos(6y — 02) + isin(8; — 6,)] .
T2
z
Hence, the division “in trigonometric form has absolute value the

z2
quotient of the absolute values of z; and zo # 0 and argument the
difference of the argument of the numerator minus the argument of the
denominator (mod 2).

(5) Powers with Integer Exponents and De Moivre Formula

To find the powers of a complex number z = a + bi with integer
exponents, we may use the Binomial Theorem: , For all exponents
n=20,1,2 3, ...,

(a+bi)" = i (Z) a" F(bi)k = i <Z> av bk,

k=0 k=0

here " n! We remember that 0! 1 and so n 1
k kl(n — k)! 0

For k € N, we simplify

(n) n! _nn—-1)n-2)...(n—k+1)
k) Kn—-k)!  k(k-1)((k-2)...3-2-1 °

The powers of i with integer exponents k are simplified by the rule

+1, ifk=4m
L) ifk=4m+1

~1, ifk=4m+2

—i, ifk=4m+3,

where m is the integer quotient of k divided by 4. (See Problem 3.1.5.)

Example 3.1.5 We have

2% = (a+ bi)? = a® — b* + 2abi = (a — b)(a + b) + 2abi,
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22 = (a+bi)® =
(a® — 3ab?) + (3a®b — b®)i = a(a® — 3b%) + b(3a® — b?)i =
a(a — V3 b)(a+ V3 b) +b(V3 a—b)(V3 a+b)i,

4
2= (a+bi)* = Z <2>a4kbkik = ...,

k=0
and so on.
A

The binomial method for computing powers of complex numbers is
not efficient for “large” exponents. An efficient method uses the trigono-
metric form of the complex number z as follows:

A simple inductive argument using n multiplications of

z = rcos(f) + isin(9)]
by itself, for any positive integer n, results in the so-called De Moivre!

formula
2™ = r"[cos(nf) + isin(nh)].

If z # 0, this formula is easily extended to n = 0, in which case both

1
sides are equal to 1, and to n a negative integer, since z =% = — for k
z

positive integer.

So, the De Moivre Formula is valid V n e N= {1, 2, 3, 4, ...}
regardless of z, and if z # 0, then it is valid for all integers n € Z =
{0, +£1,42, £3, £4,...}.

(6) Roots of Complex Numbers

Now we study the roots of complex numbers. First Vn € N =
{1, 2, 3, 4,...} we consider the equation

2" =1 = 1[cos(0) + isin(0)].

Letting z = p[cos(¢) + isin(¢)], in trigonometric form and so p > 0, by
the De Moivre formula we find

2" = p™lcos(ng) + isin(ng)] = 1 = 1[cos(0) + 7 sin(0)].

L Abraham De Moivre, French mathematician, 1667-1754.
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So, p" =1, cos(n¢) = cos(0) and sin(n¢) = sin(0). Therefore,
2 2
p= YT=1>0and ¢— T 2hm _ 27

—, with k€ Z. So,
n
2k 2k
2 = COS (—W) + i sin (—W> , keZ.
n n

For any k € Z, by the division identity, we have k = nqg+{ with ¢ € Z
and[=0,1,2,....,n—1.S0,forqeZand1=0,1, 2, ..., n—1

2lm .. (2w
Zql = COS S + 2qm | +¢sin S + 2q7m | .

Since the functions cos and sin are 27-periodic, we find

21 21
zl:cos<—7r>+isin<—7r>, [=0,1,2,...,n—1.
n n

These n numbers are pairwise different. (Check this and make sure
you understand it, as an exercise!)
Finally, the equation

z2t=1

has n different distinct solutions given by the formulae

2k 2k
zk:cos<i>+isin<i>, k=0,1,2,....,n—1.
n n

These n different distinct solutions are called the n nth

Notice that zp = 1, for all n € N.

roots of unity.

Example 3.1.6 The first root of unity is trivially itself, a fact true for
any complex number.

The second or square roots of unity are easily found to be 1 and
—1.

The third or cubic roots of unity are easily computed to be 1,

1 V3 1 V3

_5 +Z7 and —5 — 27

The fourth or quadric roots of unity are easily computed to be
1,4, —1 and —i.

(Check these results and compute the five fifth roots of unity.)
A
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Next, we consider any complex number
w = a+ib=r[cos(f) +isin(h)] #0+1i0 =0,

where r = |w| > 0 and 6 are the magnitude and the argument of w,
respectively, as defined above. 6 could be any argument, but if it is
convenient, we may use the unique one in the interval [0, 27), in radians.

Working as we did with the roots of unity and using the De Moivre
formula, we find that the equation

2" = p"lcos(ng) + isin(ng)] = w = a + ib = r[cos(8) + i sin(6)]
has again n different distinct solutions which are given by the formulae
2 = Vw= r [cos (2k7r—|— 9) + isin (21”4_9)} ,
n n

k=0,1,2,...,n—1,

where /7 > 0 is the positive nth root of the positive number r > 0.
(Work this out one more time as before, for practice!)

These n different distinct solutions are called the n n
w e C.

th roots of

Note: If n € N, then all the nh roots of w = 0+i0 = 0 are equal
to 0440 =0, since |04 ¢ 0| = 0.

Also, notice that in calculus, V. n € N and V a > 0 the sym-
bol ¥/a = ar = p represents the unique real value p > 0 such that

p" =p-p-...-p=a (n times). But in the general complex analysis,
the symbol ww = Y/w, for any complex number w # 0, represents n

different distinct complex values, namely the n nth toots of w. (Study
and solve completely Problem 3.1.18!)

Example 3.1.7 Find the three cubic roots of w =2 — 3i.

We have that r = /22 + (=3)2 = /13. We may take 6 to be the
unique angle of the fourth quadrant in [0, 27) with

(6) = 2 2V13 d ,(0)_—_3_—3\/B
COS ——\/1_3——13 an S _\/ﬁ_713 .

2
Then we find that § = 27 —arccos | —— | ~ 5.3003916 radians, approx-
(%) bp
imately.

So, we have that the three cubic roots of w = 2 — 3i are:

e (2) 0 ()] - e (3) o ()]
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21:\6/1—3 Ccos 277—-1-9 + 4 sin 2r +0 ,
3 3
29 = V13 [cos (4”—;—9> + 7 sin <4W;0>} .

From these, we can evaluate the approximate values of zy, z; and z9, in
seven decimal digits, to be:

and similarly

2o ~ —0.2986283 4 7 1.5040465,

z1 ~ —1.1532283 — ¢ 1.0106429,
29 >~ +1.4518566 — i 0.4934035.
Notice that we can avoid the approximate answers by doing more

0 0
work in the following way: We need to express the cos (§> and sin <§>
_2V13 : —3v13

in terms of the known numbers cos(f) = 13 and sin(f) = .

0
To do this, we use the trigonometric formulae cos() = 4 cos® §> —

3 cos <g) and sin(f) = 3sin (g) — 4sin® (g) Then, we use the for-

mulae for solving cubic polynomial equations by radicals (e.g., see bibli-
ography: Dickson 1949, 46-51). After this, we use the expansion formulae
of cos(a £ ) and sin(a £ B) in the three third roots of w = 2 — 3i ob-
tained and calculate them accurately in terms of radicals. (See Problem
3.1.13!)

This work is quite lengthy and cumbersome even when n = 3 or
n = 4 and thus impractical. For n > 5, there are not even formulae for
solving any general polynomial of degree n > 5.

Only for n = 2, is such a work quick and practical, as we shall see in
the next Subsection, 3.1.3.

A

(7) Argument Revisited

To accurately understand the properties of the argument, we must
first define the following: Suppose S C C and T' C C non-empty sets and
z € C. Then we define the following subsets of C:

1. The sum subset

S+T={w=s+t|seSandteT}
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2. The difference subset

S—T={w=s—-t|seSandteT}.

3. The product subset

S T={w=s-t|secSandteT}.

4. The multiple subset
z-S={z}-S={w=z2-s|seS}

(Note: If one of the sets S and T is empty, then these new sets are also
empty.)
If S = {w} (one element set), then we may simply write w+7T, w—T
for {w}+T and {w} —T, respectively (as we see in the multiple subset).
We notice that for the set of integers Z, any k € Z and any §) # M C
Z, we have the easy relations:

1-2=12
(-1)-Z=-Z=7
7-7="17
k-Z C7Z and equality holds iff k= +1

M-ZCZ

k+7Z=7

k—7Z=17
tM+Z=7

7Z+7Z=17

7—7="17

2 +7Z+...+7Z=7.

Using these definitions and notations, we can write the sets of arg(z)
for any z € C as

arg(0) ={0 |0 e R} =R C C,
and if z # 0, then

arg(z) = {Argy(z) + 2km | k € Z} = {Arg(2) + 2km | k € Z} =
Argy(2) + 27Z = Arg(z) + 2nZ C C.

In view of what we have seen, for any z, z1, 22 € C, any k € Z and
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any n € N, we can easily prove the following set relations, which we can
easily check:

arg(z) = — arg(z)
arg(zy - z2) = arg(z1) + arg(z2)
If z5 #0, then arg (?) = arg(z1) — arg(z2)
2
arg (zk) =k-Argy(z) + 27Z D k - arg(z)

and equality holds if and only if £ = £1.
If the n nth roots of 2 # 0 are given by

wy, = /2| {cos <w) + i sin <w)] :

n
with k=0, 1, 2, ... n—1, then

Arg(z) + 2km
n

arg(wy) = +2nZ, for k=0,1,2 ...n—1.

The union of these sets is

A 2k
arg(z%):{m|k20, 1, 2, ..n—1 }+27TZ
n

Notice that if Arg(z) € [0,27), then
k=0,1,23...n—1.

Arg(2) + 2ET 10 97 for all
n

Problems

3.1.1 For 2 =3 — 2i and w = 3+ 4, compute z + w, z — w, zw and z/w.
Also compute |z|, |w|, |zw| and |z/w].

3.1.2 For any z € C, prove
max{|Re z|, |Im z|} <|z| <|Re z| + |Im z|.

In equivalent form with real numbers, this inequality says that for
any two real numbers a and b, we have

max{|al, [b]} < Va?+b2 <|a| + [b].
Give a geometric interpretation of this inequality.

3.1.3 Prove the triangle inequality |z + w| < |z| + |w|. Then prove
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that it holds as an equality if and only if z = 0, or w = 0, or z is a
positive real multiple of w, or w is a positive real multiple of z.

3.1.4 For all complex numbers z and w prove

£ (J2] = |wl) <|lz] = |wl| < |2+ w] < [2] + [w].

3.1.5 Show that for n € Z

(1) = {+1 if n = 2k, that is, n is even
—1 if n =2k + 1, that is, n is odd
+1 ifn=4k

n +i ifn=4k+1
-1 ifn=4k+2
—i ifn=4k+3

cos(nm) = {+1 ifn =2k } = (="

-1 ifn=2k+1
T +1 ifn=2k
3] —|——: :—1”
sin(nm 2) {_1 ifn:2k+1} (=1)

3.1.6 For any complex numbers z,w € C prove the following basic
properties of conjugation.

7. arg(z) = —arg(z), (mod 2m)
8. Re(z) = %(z +Z) = Re(z)

9. Im(z) = ;—Zl(z —z) = %(z —z) = —Im(z)
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10. zeR<=z=2.
11. z is pure imaginary <= 2z = —%.
12. 2=0<=2=0<=|2| =0« |z| = 0.
13. 2=zl |z| =1
3.1.7 Give the geometric interpretation of finding the conjugate z of a
complex number z.
3.1.8 Given any z, w € C, prove the two identities:

(@) [ —z@* |z —w = (1= [~ |w).

(b) |zt wf + ]z —wl* = 2[z* + 2Jw|*.
Give the geometric interpretation of the equality in (b).

3.1.9 Give the geometric interpretation of multiplying the complex num-
ber z by —1.

3.1.10 Give the geometric interpretation of multiplying the complex
number z by ¢ and then by —i.

[Hint: Note that for ¢, r =1 and § = g]

3.1.11 Give the geometric interpretation of forming the reciprocal 1/z
of the complex number z. Distinguish between the cases |z| < 1, |z| =1
and |z| > 1. How about z = 07

3.1.12 Find all solutions to the equations z*> — 8 = 0 and z* = 1 — 1.

3.1.13 Find the exact answers in Example 3.1.7 by following the steps
we have described at the end of it.

3.1.14 Find all solutions to the equations z™ = —1, 2" = ¢ and 2" = —i.

3.1.15 For any solution z # 1 of the equation z™ = 1, show that
l+z+22+...+2z01=0.

3.1.16 Find all solutions to the equations:

(a)  2*—3022+289=0, b))  (z+1)"4(z—2)" =0,
) f+t+1=0, (@) P+ +2+1=0.
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3.1.17 Prove that for all z € C and any n € N, we have |z | = |z|=.

3.1.18 (a) If p € Z and q € Z — {0}, then prove that z¢ = '%/z5180(@)»
and this has at most |g| values.

(b) Show that this has exactly |q| values iff p and ¢ are relatively
prime.

(c) Give an example in which the number of values is less than |q|.

3.1.19 Let z€ C, k € Nand wy, wi, ... wig_1 be the k Kkt roots of 1.
Prove that the k kth roots of z* are given by zwp, zwi, ... ZWg_1.

3.1.20 Let k£ € N, wp, w1, ... wip_1 be the k kth roots of 1 and let
1 be a kth root of —1. Prove that the k kth roots of —1 are given by
Ywo, Ywi, ... Pwr—1.

Generalize this problem to the roots of any z € C.

3.1.21 Forany 2 € C—{0},anyn € Z— {0} and k € N— {1}, we let A
be the set of the ntl roots of z and B the set of the (kn)th roots of z*.
Prove that A ¢ B.

Use this to explain why the reasoning —1 = ¢/—1 = ¢/(-1)2 = v/1 =
1 is false. Where is the mistake?

3.1.22 Show that all solutions to the equation z” = 1 are vertices of
a canonical (regular) n-gon inscribed in the unit circle, with one vertex
the point (1,0).

3.1.23 For a fixed point z1, what are the sets of points z satisfying the
relations |z—z1| =7, |z—21| <7, |[z—21| <7, |z2—21| > rand |z—21| > 7,
where r > 07

3.1.24 Let z = v/3 —i and w = 2 + 2i. Find the absolute values, the
principal arguments in [0, 27) and the total arguments of: z, w, z + w,

10 10

2z —w, 2w, —, 219 (zw)'°, (zw) 1% and 270,
w

3.1.25 For two different fixed points z; and z5, what is the set of points
z satisfying the equation |z — 21| + |z — 22| = 7, where r > 07

3.1.26 For two different fixed points z; and z3, what is the set of points
z satisfying the equation |z — 21| — |z — 22| = 7, where r > 07



272 Improper Riemann Integrals

3.1.27 (I) Use the De Moivre formula along with the Binomial The-
orem

[cos(x)+isin(z)]" = cos(nx)+isin(nx) = Z <Z> cos" ¥ (z)-i"-sin® (z)
k=0

to find the cos(nx) and sin(nz) for n =2, n = 3 and n = 4 in terms of
cos(z) and sin(z).
(IT) Now prove the following important general trigonometric formu-

lae for any n > 0 integer, where by Hg} we denote the integer part of

g. Also, remember that if [ > n integers, then <n> =0:

l
(a)
.
cos(nx) = Z(—l)k <2k> cos" 2k (z) sin?* ().

k=0

Use this to prove that for any n > 0 integer, cos(nz) can be ex-
pressed as a polynomial of cos(z). Find this polynomial.

(b)

sin(na) = ) (-1)* (ZkZ— 1) cos™ 2 () sin* ().
k=0

Use this to prove that for any n > 1 odd integer, sin(nz) can be
expressed as a polynomial of sin(x). Find this polynomial.

Then prove that for any n > 2 even integer, sin(nz) is a polyno-
mial of both sin(x) and cos(z) (i.e., it cannot be a polynomial of
just sin(z)). Find this polynomial.

[5]

2 (1) (544 tan® (@)
k=0

tan(nzx) = -
> (—=1)k(5;) tan?*(2)

k=

=

(=)

(d) If arctan(x) = v/2, find tan(4z) and tan(5z).

1
(III) In the last formula, replace the “tan” with ot to find the

corresponding formula for the cot(nz).
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3.1.3 Square Roots without De Moivre

Here we will study the function of square root in R and C without
using the De moivre Formula and the roots of complex numbers as they
were expressed in trigonometric forms before. It is important to study
this function in Cartesian coordinates and see its connection with some
aspects discussed in Subsections 3.5.3 and 3.5.4 later. So, we begin
first with:

1: Square Roots in R

Definition 3.1.1 A square root of a non-negative real number x > 0 is
defined to be any real number r such that r? = x.

Since V r € R, we have that r2 > 0 the condition « > 0, in this
definition, is necessary.

If £ =0, then 72 = r-r =0, and so » = 0 necessarily.

If z > 0, then by looking at the continuous polynomial function
f(r) =r? — x, whose domain is all R, we see that

2
1 1 1

f(0)=—2 <0 and f<x+§) = <x+§> —x:x2+1 > 0.

Therefore, when « > 0, by the Intermediate Value Theorem

(study this theorem one more time), there is a real solution r of the

equation 72 — z = 0, which is equivalent to 7> = z(> 0), such that

1
O<r< —=.
r a?+2

Since (—1)? = +1, if r is a square root of x, then —r = —1 -7 is also
a square root of x. These two square roots are equal if and only if

r=-—-r<=r=0«<x=0.

So, if r > 0, then —r < 0, and so any real number z > 0 has at
least two different square roots, one positive and the other its opposite
negative.

By looking at 2 = x as 2 — x = 0, i.e., as a polynomial equation
of degree two in the variable (indeterminate) r over the real numbers,
we know from algebra that this equation cannot have more than two
solutions. In conclusion:

Any positive real number has exactly two different square
roots, one positive and the other its opposite negative. As we have
already said, the square roots of 0 are both equal to 0, which is
also seen by the fact that the solutions of 72 = 0, or (r — 0)(r — 0) = 0,
are r; =19 = 0.
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Since 72 > 0, V r € R, a negative real number cannot have a square
root which is a real number. The problem of the square root(s) of a
negative real number is taken care of by introducing the symbol ¢ such
that

i’ =—-1(<0).

Therefore, ¢ # 0 and ¢ cannot be a real number, since for any real number
a # 0 we always have: a? > 0. We say that 7 is an imaginary number.

Then for x < 0, we have that —x = |z| > 0. Hence by the discussion
above, we have two opposite real numbers +r # 0 which are the two
square roots of —x = |z| > 0, i.e., (£7)? = |z| = —z > 0.

Definition 3.1.2 We define the square roots of a negative number x < 0
to be the imaginary numbers i - (£r) = i -r, where v is the positive
square root of |x| = —x > 0 (defined above).

Now, when we use the square root symbol ./~ with any real
number x € R and we write
Vi,

then we mean the number +r > 0 if z > 0 and the imaginary number
~+i -7, with r > 0, if < 0, where r was the number found (or defined)
above. So, this notation means

Va =+

That is why when z is a real variable or an unknown real number, we

have
Va2 =|z| >0,

and it is not equal to simply z or +x.
To indicate the negative square root —r when x > 0 or the imaginary
root —i - r when x < 0, we explicitly write:

—Vz.
To indicate both square roots together, we write:
+/z.

In conclusion, we have obtained the result: For any real number
r € R, we have:

+/0 =0, if =0
Square roots of x = { ++/z = +r, if >0
+iy/—x = +ir, if x<0
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where 7 € R was defined above. (For example: v/—1 = i, —/—1 = —i
and £v/—1 = + i, respectively.)

(Remember, finally, that this is the way we must understand and use
the square root symbol Ve with real numbers.) Now, we continue
with:

2: Square Roots in C

We consider that R C C under the identification: If x € R, then
x=x + 10 € C. Then we have

Definition 3.1.3 For any z = x + iy € C, where x, y € R, we define a
square root of z to be any complex number w = u + iv such that

w> =z or (u+iv)?=2x+iy.

By developing the last equation, we find

u? —v? + 2iuw = = + iy,

and so we get the following quadratic system

2,2
ut—vt =z
(o= -
of two equations in two unknowns, u and v.
If z=0=0+10, i.e., z =y = 0, then the system

uw?—12=0
2uv =0

is easily solved, and we find the unique solution u =v = 0. So, w =0 =
0 + 40 is the only square root of z = 0 = 0 + <0.

Otherwise, when z = x + iy # 0+ 140, i.e., z # 0 or y # 0, we work
as follows: We observe that

(W? +12)2 = (u® — 0?)2 + 4u%0? = 22 + 32
and since u? + v2 > 0, we get that
u? + 0?2 = /a2 + 92,

that is, we have only one equation with the + sign in front of the square
root. (The — sign is excluded from this situation.)
Now, we solve the system
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and we find

Therefore, we have

Since 2uv = y, the following conditions must be satisfied:

1. If y > 0, then both u and v are not zero and they have the same
sign.

2. If y < 0, then both u and v are not zero and they have opposite
sign.

3. If y =0, then uv = 0, and so either u = 0 or v = 0 (inclusive or).

To incorporate the first two cases in one formula, we introduce the
function
+1, if y>0
yeR— {0} — % =
Y

We observe that this function is not defined at y = 0. At y = 0, it has
a jump equal to | +1 — (—1)| = 2, and therefore it cannot be extended
(or defined) continuously at y = 0.

Now, taking into account what we have found for possible values of u
and v together with the above three conditions, we find that the initial
system (3.1) above has only two solutions (and not four, as someone
prematurely may have thought) which are:

(a) If y # 0, then:

1
u:i\/§ (x—i— x2—|—y2)

1
v::l:i\/_ (—x—i— w2+y2)
lyl V2

where the + is coupled with the 4+ and the — with the —.
(b) If y = 0, then:

-1, if y<o.
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l.u=v=0,whenz=y=0
2. u=0,whenz <0andv==+y—7,
3. v=0, when > 0 and u = £/ .

In conclusion, we have found the following result: The two
square roots of a complex number: z = x + iy are

Vz =z +iy=u+iv=u(z,y) +iv(z,y) =

1 1
+ \/—(a:+ x2+y2)+ii\/—(—x+ x2+y2) , ify#0
2 lyl V2
+/7, if y=0, >0
+i- /-, if y=0, xz<0.

So, a complex number z = x + iy has two square roots. For z = 0,
the two square roots coincide and are equal to 0.

Note: In complex analysis, we write the function
f(z) =2, with z¢€C.

Unless otherwise declared, this usually means the two-valued-complex
function with answers the two values found above. So, we must keep in
mind the context (real or complex) in which we use the square root

symbol v .

Important remark: Since the function

+1 if y>0
H:R—R : y—>H(y)=%= undefined if y =0
1 if y<0

cannot be defined continuously at y = 0 (i.e., no matter how we define
it at y = 0, it will always be discontinuous at y = 0), we observe that
the two square roots of z = = + iy found above are discontinuous at

1
y =0 when U(m,y):\/§(—x+ x2+y2)750.
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This happens when

U(x,O)Z\/2( x—l—\/_) \/(x+|x|)750 = z=-lz/<0,

that is, when and only when x is negative.
So, the two square roots of z = x + iy as functions of x and y are:

(I) frz)=fi@+iy) = +Vz=4+ Vo +iy=

Uy +ivg = ug (2, y) + v (T, y) =

1
+ \/§(x+ x2 +y? +z—\/ -+ w2+y) , ify#£0
VT, if y=0,2>0
+i-v—u, if y=0,2z<0
and
D) f() = (a+iy) = oty =
u_ + v =u_(z,y) +iv_(x,y) =
1 .
[\/i(aH— x? +y? +z—\/ —x + x2+y) , ify#0
— 7, if y=0,2>0
—i /-, if y=0, xz<0.

Both square root functions (I) and (II) are discontinuous along the
negative z-axis (semi-axis). For example, with the square root (I) when
x<0and 0 <y — 0T, we get

fi(z) —iv—z = —ze'%,
whereas when £ < 0 and 0 > y — 07, we get

f+(2) — —iv/—2 = Varr
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So, with z < 0 (z # 0) these two limits are not equal, since
iv/—x # —iy/—x. We also observe that these limits have the same magni-

3
tudes, equal to v/—z, but different arguments g #* g . Le., if we rewrite

this square root function in trigonometric form, we observe a jump dis-
continuity in the argument along the negative z-axis. We observe that

= 7, which is half of 27.

the absolute value of this jump is ; — g

We have analogous results for the other square root f_(z). (Check
them out in this casel!)

Example 3.1.8: Find the square roots of the following complex num-
bers z : 10, —10, 100, —100, i, —i, —3+4i, —3—4i, 2— 53 and 2+ 3i.

Answers:
1. 2 =10 = /z = +/10.
2. z=—-10 = /z = +i\/10.

3. 2 =100 = /z = £1/100 = +10.

4. z = —100 = /z = +i/100 = +i - 10.

5 Let z=1i. Thenz =0,y = 1,/22 + 42 = V02 + 12 = /1 = 1 and
i:4—1. So,
[yl

ﬁ=ﬂ=i<\/%(0+1)+i\/%(—o+1)> -
(o))

6. Let z = —i. Then x = 0, y = —1, /a2 +y? = /02 4+ (-1)2 =

ﬁ:land%:—l.So,
Yy
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7.Let 2 = =3 + 4i. Then 2 = -3,y = 4, Jax2+y?2 =
\/(—3)2+42:\/%:5and%:+1. So,

>
= (VI+ivE) = (1 +2i),

VieV 3T hi—+ <\/1(—3+5)+¢\/%[—(—3)+5]> -

8 Let 2z = —3 — 4i. Then ¢ = -3,y = —4, Ja2+y? =
V=32 + (—4)2 = /25 = 5 and % = —1. So,

Vza=V-3—-4di=+= <\/%(—3+5)—i\/%[—(—3)+5]> =
(VI —iva) = (1 - 2i).

9. Let z=2—5i. Thenz =2, y = -5, /22 +y2 = /22 + (-5)2 =

/29 and % = —1. So,
Yy

\/EZ\/2——5i=i<\/% (2+x/2—9)—z’\/% (—2+@)>.

10. Let 2 = —2 + 3i. Then 2 = -2,y = 3, Va2+y? =
V(—2)2 + 32 = /13 and % = +1. So,

—2+ /1 2+ /1
Vi=+vV—2+3i=+ \/ J;‘/—?’H\/ +2‘/—3

Problems

3.1.28 Apply the square root formula twice to compute the four fourth
roots of the complex numbers: z =3 —2i, z = -3 —2i, z = —3+ 27 and
z2=3+4+2i.

3.1.29 In a precalculus course, we learn that Va2 = |z|, V z € R. What
is valid with v'22, V z € C? Explain.
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3.1.30 Find the formulae for the four fourth roots of a complex number
z = x + iy in terms of the cartesian coordinates = and y. (L.e., do not
use the trigonometric form of z.)

3.1.31 Solve and factor completely the polynomials:

(a) 324 — 822 -5, (b) 324 — 922 — 5,
() 3z —222 -5, (d)  3z* 22245

3.1.32 Consider the De Moivre formula for the two square roots
0+ k2 0+ k2
ﬁ:ﬁ[eos( +2 7T>+isin< +2 W)}

of a complex number z = x + iy # 0, where r = /22 + y2, cos(d) = E,
r
sin(f) = % and k =0, 1.

Show that these formulae can be transformed to the formulae (I)
and (II) for the /z = /x + iy, found above, in terms of x and y.

[Hint: Use the appropriate half angle trigonometric formulae.]
3.1.33 (a) Locate and explain the error made in
1=Vi=/(-1)(-1)=vV-1-vV/-1=i-i=-1.

(b) Conclude when the rule vab = \/a Vb (the high school algebra rule
about square roots) is valid with complex numbers a and b.
(See also Problem 3.5.11.)

3.2 Power Series—a Quick Review

A real power series in the real variable z and based at a, or with
center a, is an infinite sum or a limit of the form

00 K

Z en(z—a)" = Kh_r}noo Z en(z —a)™.

n=0 n=0

The ¢,’s are real numbers called the coefficients of the power series.
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Notice that any power series at = a attains the value cg. In the
following Theorem, we summarize the results on power series that we
need in this text. These results can be found in calculus or real analysis.

Theorem 3.2.1 If the power series converges for an xg # a, then there
is a real number R € R, called the radius of convergence of the

power series, such that 0 < |zg —a| < R < oo and the power series
oo

Z cn(x — a)" converges absolutely (and therefore it converges) for all x
n=0
such that |x — a| < R and diverges for all x such that |x — a| > R. We
call the open interval (a — R, a+ R) the open interval of convergence
of the power series.

If the power series converges only for x = a, attaining the value co,
then R = 0.

If the power series converges for all real numbers x € R, then R = co.

If 0 < R < oo, the power series may or may not converge at either
or both endpoints x = a + R of its open interval of convergence. (We
must check each endpoint individually for convergence.)

If R > 0, then on any closed subinterval [c,d] C (a — R,a + R) the
power series converges uniformly.

If R > 0, we define the function

f(x):ch(x—a)", fora— R <z <a+R.
n=0

This function is differentiable and integrable in the open interval
(a — R,a + R) with

flx) = chn(m —a)" Y, fora—R<z<a+R,
n=1

and

T 00
Cn
t) dt = z—a)""t, fora—R<x<a+R.
| rwa=3 Lt
n=0
Hence a power series is differentiable and integrable term by term
in its open interval of convergence, and both of the new series obtained

have the same radius of converge. (That is, we can switch the order of
summation with differentiation or integration.)

Definition 3.2.1 If a function f can be written as a real power series
based at a and with radius of convergence R > 0, we say that f is real
analytic at a.
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After some thinking, we can prove that if a function f is analytic at
a, with radius of convergence R > 0, then it is analytic at every point of
the open interval of convergence (a — R,a + R) or, as we say, is analytic
in (a — R,a+ R). Le., we can write f as a power series with center any
point ¢ € (a — R,a + R) and radius of convergence R. > 0.

The Absolute Ratio Test, 1.3.5, can be used to find the ra-
dius of convergence of a power series as follows: Given the power series

Z cn(x — a)”, we find the limit
n=0

0<p= lim Lol

< o0,
n— o0 |cn|

provided this limit exists. Then the radius of convergence is equal to

1 n
=t g el (3.2)
p n=leni|
Also, by the Absolute Root Test, 1.3.4, we can prove that
R—— 1 (3.3)
33, Vlen

provided again that the limit exists. This root expression of the radius
of convergence is sometimes more convenient than the ratio one. (See
Problem 3.2.4.)

Example 3.2.1 The geometric series

f(x):Zx":1+x+x2+x3+...

n=0

has radius of convergence 1 and so converges on the interval (—1,1). (It
diverges at both 1 and —1.) We can manipulate this power series to get
power series of other functions. For instance, for —1 < z < 1, we derive
the following five results:

. 1
f(:c):nz:;)a:"zl—ka:—l—xQ—l—xg—k...:1_x,
- 1
/ _ n—1 __ 2 _
f(x)—n:1nx =1+4+2z+ 3z +”'_(1—x)2’
x 0 xn+1 2 3
/f(t)dtzzn+1:x+7+—+ .= —1In(1 —2),
0 n=0
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= 1
f(=z%) = Z(—l)"wzn =1-a?+2t—2+.. . =
=0

x ) d o0 ) 33277,—!—1 333 335 1
_t t: — n = — — —_ ...:t N .
| e SN G e e s @

1+ 22’

In each of these examples, the convergence or divergence at each
of the endpoints * = —1 and « = 1 is checked separately. (Do this
checking!)

A

Power series can be computed by the Taylor Power Series Theorem
(as studied in a calculus or real analysis course) for many standard el-
ementary functions. To do this for a real function of a real variable
y = f(x) at some point a of its domain as center, we compute the coef-
ficients by

f"(a)

S, Y n=0,1,23,..
n:

Cp =

and then we calculate the radius of convergence by (3.2) or (3.3). If in
particular the center a = 0, then the power series we obtain is called the
Maclaurin? series of f(z).

For instance, we have seen that for a = 0 and —0c0 < & < o0, we
have:

2 133 e "
=1+t o +5+ nz:% —
CEB (ES 0 x2n+1
sin(z) =z ?4—5 :; n T 1)
(EZ CE4 & " x?n
cos(w) =1=or + B ;f‘” (2n)!

(Compute these Maclaurin power series once more!)

Product of Power Series: It can be shown that if f(z) =
oo o ana™ with radius of convergence Ry and g(z) = Y2 byz™ with
radius of convergence R, then the product of the two functions also has
a power series, given by

f)g( Z (Zakbn k> ,

n=0

and this power series has radius of convergence for R = min{R;, Ro}.

2Colin Maclaurin, Scottish mathematician, 1698-1746.
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Everything that we have stated so far about real power series holds
with no change if the real number a and the real variable z are replaced
with a complex number ¢ and the complex variable z and the coefficients
cn's are allowed to be complex numbers, in general, and thus producing
complex power series.

The radius of convergence R of a complex power series, obtained in
this way, is again computed by (3.2) or (3.3). The open interval of
convergence is now replaced with D(c, R) := {z | |z — ¢| < R} the open
disc of center ¢ and radius R in the complex plane. The complex series
converges absolutely (and therefore it converges) for any z in this open
disc. Also, the convergence is uniform on any closed sub-disc D(c,r) :=
{z | |z—¢| <r}, where 0 <7 < R.

When 0 < R < oo, the boundary points of the disc, which make
up C(c,R) := {2z | |z — ¢| = R} the circle of center ¢ and radius R in
the complex plane, must be checked separately for convergence, just like
when we check separately the endpoints of the interval of converge in a
calculus course.

[The theory of convergence of complex sequences and series of num-
bers or functions in the complex plane C or the extended complex plane

C = CU {oo} is a whole fundamental chapter in a complete course of
complex analysis. It involves several definitions, topological considera-
tions and many criteria. (Here oo is the complex infinity. We talk about
it a little in the next section.) In this book, we are going to use just
what we have stated in order to practice with problem solving, instead
of focusing on the underlying theory.]

In this way, the previous examples of the real power series of the real
functions e®,sin(z) and cos(x) give the definitions of their extensions
into the complex plane. I.e., for any complex number z, we define

. 22 28 >, 2"
53 5 o0 S2n+1
sinz) =z - gt 5= ;)(_ 2n 1 1)
22 A i L
cos(z) =1-5r+ 7~ :;f‘” @n)l’

We observe that these three power series converge absolutely for
any complex number z. That is, if in the power series we replace z with
|z| the new series still converge, for any z € C, as this follows from the
absolute convergence of the obtained real series. (In the problems that
follow, we will see similar definitions of other functions and some results
that we can prove easily.)



286 Improper Riemann Integrals

The Series Rearrangement Theorem of B. G. F. Riemann
says that: “The convergence of a series is absolute if and only if any
rearrangement of the terms of the series, or any way of summing it up,
does not change the final limit sum.” (For the proof of this, we need
some advanced concepts and results on convergence from mathematical
analysis. See, e.g., Rudin 1976, 75-78.)

Definition 3.2.2 The complex function

2 3 X _n

V4 z z

—1+Z+—+§+ gom
n=

defined for all z € C is called complex exponential function or simply
exponential function.

We can easily prove:

et =e%e”, ¥V z, we C

sin(z) = 27;, VzeC
cos(z) = %, vV zeC.

The functions sin(z) and cos(z) are called the complex sine and com-
plex cosine.

In the problems (Problem 3.2.5, Problem 3.2.6, Problem 3.2.8,
Problem 3.2.11, etc.) we state and suggest to prove some important
and rather immediate properties of the exponential function. Here we
state the following with some auxiliary hints:

Using the rule for the powers of ¢ (see Problem 3.1.5) and the power
series of cosine and sine, we derive Euler’s formula:

V y € R we have: eiyzzzy =
m=0 m!
s 2n+1
ngo( 2n et = cos(y) + isin(y).
Then

Vz=a+iycC, e =e"T =¢"" =e"[cos(y)+isin(y)].

This is the trigonometric form of e*.
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So,

YV yeR, |eiy‘ = \/cos2(y)+sin2(y) =1,
Vz=a+iyeC, |[¢f=]e"T"]=¢€">0,
Vz=z+iyeC, €°#0,
Vz=z+iyeC, arg(e®)=y-+ 2L

Now, we can easily prove that
e =1 < z=2kwi, with k € Z.
Next, we observe that if 0 # w € C written in trigonometric form
w = r[cos(h) + isin(6)],
for some argument 6, since 0 < r = ™" using Euler’s formula we get

0 7& w = eln(a”)ew _ eln(r)+i9 — eln(r)+i0+i2k7r7 Y keZ.

This expression of w € C — {0} is called the exponential form of
a complex number w # 0. We see that 0 = 0 4 i0 does not have
exponential form.

We have already seen that the domain of the exponential function
is C, and we now observe that its range is C — {0}. In fact, the equation
e* = w, for any given w # 0, has infinitely many solutions in z, whereas
e = 0 has no solution.

The trigonometric functions in the complex plane are defined by:

—e el _ iz

sin(z) = 57 =—i 5 , VzeC,
cos(z) = %, VzeC,
sin(z) et — et
tan(z): = —l—, VZG(C,
cos(z) el + etz
cot(z) = C?S(Z) =< te — .V 2eC,
sin(z) ez —e~iz
1 2
sec(z) = = — — VYV 2zeC,
cos(z) e 4 etz
1 21
cse(z) = == vV zeC.

sin(z) e — e’

(When a denominator is zero, the answer is the complex infinity.)
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The trigonometric functions as defined here for all complex num-
bers are the extensions of the real trigonometric functions to the complex
plane. Therefore, they satisfy all the trigonometric identities that we
learn in a trigonometry or a precalculus class. We can check the validity
of the extension of each of these identities as an exercise. With more
complex analysis, this becomes automatic.

Also, we can easily prove that the range of the complex sin(z)
and cos(z), (etc.), is not just the interval [—1,1], which is the range of
the real sin(x) and cos(z), (etc), but the whole complex plane C, (etc).

e~Y _ oY
For instance, if z = iy with y € R, then sin(z) = sin(iy) = ——————

21
le”¥ —eY| S
= 5 — 00, as y — +oo. (Provide similar work

e~V _ oY
21
for cos(z), etc.)
The hyperbolic functions in the complex plane are defined by:

But

sinh(z) = % VzeC,
cosh(z) = %, vV zeC,
sinh(z) e —e™*
h(z) = =
tanh(z) cosh(z) e T vV zeC,
cosh(z) e*+e
h = =
coth(z) Snh(z) e — e vV zeC,
1 2
S h = =
sech(z) cosh(s) " T r e vV zeC,
1 2
csch(z) = = vV zeC.

sinh(z) e* —e %’

(When a denominator is zero, the answer is the complex infinity.)

All the identities that we learn in trigonometry, precalculus and cal-
culus carry through to complex variables. Examine the problems that
follow to find some additional identities and some identities and rela-
tions satisfied by the trigonometric and hyperbolic functions.

Definition 3.2.3 A function that can be written as convergent complex
power series at all points of its domain is called a complex analytic
function.

We observe that the exponential, trigonometric and hyperbolic functions
are complex analytic.



Complexr Analysis Techniques 289
Problems

3.2.1 Use the Ratio Test to show that the interval of convergence for
the geometric series is (—1,1). Show that the series diverges at either
r=1orz=-1.

3.2.2 Use the Ratio Test to show that the open interval of convergence

for the series
o0 n
> o
n=1 n

is (—=1,1). Does this series converge at either x = 1 or x = —17

3.2.3 Use the Ratio Test to show that the interval of convergence for
the series used to define e, sin(z), and cos(x) is (—o0, 00).

3.2.4 Let (¢,,) with n € Ny be a sequence of complex numbers. Prove

c
that when both limits lim M and lim {/|c,| exist, then they are
n—oo

n—yco |cyl
equal.

3.2.5 Use the power series expansion of %, the power series product and
the Binomial Theorem to show that

and therefore

3.2.6 (a) Use the appropriate power series and the Riemann Absolute
Convergence Rearrangement Theorem to show that for y real

e = cos(y) +isin(y) (Euler’s formula).
(b) Now use the previous problem to show that if z = = + iy, then
e* = et = % [cos(y) + isin(y)].

(This relation can alternatively be used to extend the exponential func-
tion to the whole complex plane.)

(c) Prove €% = €*.

(d) Prove that the set

{#] —oo <z <oo and y € R fixed}

is the infinite open half line starting at the origin and forming angle y,
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(mod 27), with the positive z-semi-axis. Each point of this half line is
attained once.

(e) Prove that for any a < b real such that b — a = 27, either of the
two following sets

{* | z € R fixed and a <y < b}

or
{* | z €R fixed and a <y < b}

is a complete circle, each point of which is attained once. What is the
center and the radius of this circle?
(f) For any a < b real such that b — a = 27, the horizontal strips

{z|z=2+1iy and — oo <z < ooand a <y < b}

or
{z|z=2+iy and —oo <z < ooand a <y < b}

are mapped by the exponential function function f(z) = e* in one-to-one
manner onto the set C — {0}.

So, prove that f(C) is C — {0} obtained infinitely many times, once
for every k € Z.

3.2.7 Using the power series definitions given above for e*,sin(z) and
cos(z), show that

i et — %
dr
e sin(z) = cos(z)
o cos(z) = —sin(z).

(We can make a list of the derivatives of all the trigonometric and
hyperbolic functions after we study the next section.)

3.2.8 (a) Prove that for z, complex number,
ef=1 < 2z=2km, keZ,

where Z = {0, £1, £2, +3, ... } is the set of integer numbers.

(b) Now set each of the functions cos(z), sin(z), cosh(z), sinh(z) equal to
0 and find all the infinitely many solutions of the four equations.

(c) Prove that the equation e = 0 has no solution in the complex
numbers.
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3.2.9 Use Euler’s Formula to find the n n'1-roots of ¢* for any complex
number z = x + iy and any n € N.

3.2.10 Write the nth power and the n nth_roots of any complex number
z =z + iy # 0 in exponential forms for all n € N.

3.2.11 (a) Use Euler’s Formula to show that

sin(x) = c _28
i
cos(z) = %

(b) These equations are used to define the trigonometric functions
sin(z) and cos(z) in the whole complex plane, given by the same formulae
by means of exponentials.

Write these two formulae for any complex number z = a + b with
replacing x by z = a + ib to obtain the definitions of complex sin(z)
and cos(z) and show that they coincide with their power series repre-
sentations stated earlier.

(c) Write the definitions of the remaining four complex trigono-
metric functions for any complex number z = a +14b in terms of sin(z)
and cos(z) and in terms of exponentials.

(d) Find:  [|e®|, V y€ R and |e*|=[e®T¥|, V 2z =z+iy € C.

(e) Prove: | =1 <= weR.

(f) Prove that for any integer n > 0 and any x real

n sin [—(”gl)w] sin (%%)

sin(kx) =
ey

0
If x is an integer multiple of 27, the answer has the form 0’ but the

formula is still valid if we resolve it by L’ Hopital’s rule.
(g) Prove that for any integer n > 0 and any x real

sin | DT ] o (n2
[0  cos (22)

" 2
E cos(kx) = —
= sin ()

0
If x is an integer multiple of 27, the answer has the form 0’ but the
formula is still valid if we resolve it by L’ Hopital’s rule.
3.2.12 Consider the two hyperbolic functions

sinh(z) = £7°  and cosh(x) = %
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(a) Show that

) 3 5 e x2n+1
Slnh()—x-l-?-i-g'i‘ :Om
2 4 e xQn

(b) Make the natural extensions of the above definitions and the
power series to any complex number z = a+4b in C, by replacing x with
z. Prove that the exponential expressions and the power series that you
obtain coincide.

(c) Write the definitions of the remaining four complex hyper-
bolic functions for any complex number z = a + ib in terms of sinh(z)
and cosh(z) and in terms of exponentials.

3.2.13 Use the properties and the Maclaurin series of the functions e?,
sin(z), cos(z), sinh(z) and cosh(z) to find their Taylor series with center
any point a € C.

3.2.14 Show the useful identities for any complex number z = x + iy :

cos?(z) +sin?(z) = 1

2

(
(
(
%(
—csch?(2) + coth?(z2) =
(
(
(
(

sin(iz) = i sinh(z)
cos(iz) = cosh(z)
sinh(iz) =i sin(z)
cosh(iz) = cos(z)
sin(z) = sin(z + iy) = sin(z) cosh(y) + ¢ cos(z) sinh(y)
cos(z) = cos(z + iy) = cos(z) cosh(y) — isin(x) sinh(y)
sinh(z) = sinh(ac + iy) = sinh(x) cos(y) + i cosh(x) sin(y)
cosh(z) = cosh(z + iy) = cosh(zx) cos(y) + i sinh(z) sin(y)
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3.2.15 The hyperbolic functions exhibit many identities analogous to
trigonometric identities that we find in a book of trigonometry (up to
+ or — signs). (We have written down a few of them in the previous
problem.) Search the bibliography and find a collection of such identi-
ties. Take a look at them and verify a few of them for practice!

3.2.16 Prove the following properties of conjugation and then write
and prove the analogous properties for the remaining trigonometric and
hyperbolic functions:

cos(z) = cos(z)
sin(z) = sin(z)
tan(z) = tan(z)
cot(z) = cot(z)
sec(Zz) = sec(z)
csc(Z) = cse(z)
cosh(z) = cosh(z)
sinh(z) = sinh(z)
tanh(z) = tanh(z)
coth(z) = coth(z)
sech(z) = sech(z)
csch(z) = csch(z)

3.2.17 Show the useful identities for any complex number z = z + iy :
tan(iz) =4 tanh(z)
cot(iz) = —i coth(z)
tanh(iz) = i tan(z)
(i2)

coth(iz) = —i cot(z)
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sec(iz) = sech(z)

csc(iz) = —icsch(z)
sech(iz) = sec(z)
csch(iz) = —i csc(z)

3.2.18 From Example 3.2.1, find the power series of In(1 —x) and then

1
use it to find the power series for In(1 + z) and In (%) Write all

these results in the complex variable z.

3.2.19 (a) Ifa € C,d € Cand n € N, prove the formulae for the following
two finite sums that can also be used to estimate infinite series:

sin {a + (n— 1)d}
)

i sinfa 4+ (k —1)d] =
po sin (

1

= Nl

cos [a + (”; d} sin (%d)

sin (%)

icos[a +(k—1)d] =
k=1

(b) Apply both formulae for d = a and d = 2a and prove:

k=1
Z (2% — 1)a] = sm@na).
2sin(a)

(c) Replace a with 2a in the first two equations of (b) to prove

zn: in(2ka) = sin[(n + 1)a] sin(na)

S
~
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(d) Prove that

(7‘()+ 3 4o+ cos 157 1
COS 17 COS 17 COs 17 D)

(Z)+ S WY 2 R
COS 23 COS 23 COS 23 = 2.

[Hint: Use the complex expressions of sine and cosine as in the text or
in Problem 3.2.11 and the formulae for geometric sums.]

3.2.20 (a) If a € C, d € C and n € N, prove

S ~n cos[2a+ (n — 1)d]sin(nd)
];sm [a+ (k—1)d] = 5 2 sin(d) ,

(b) Apply this formula for d = a and d = 2a to prove

o, _n cos[(n+ 1)a]sin(na)
;sm (ka) = 2 2sin(a) ’

~ _n cos(2na)sin(2na)
;Sln @k =Va] =35 - —55ea)

(¢) Apply this formula with 2d in the places of both a and d [or simply
put 2d for a in the first formula of (b)] to prove

Ly n cos[2(n + 1)d] sin(2nd)
kz::lbm (2kd) = 5 5 cn(2d)

(d) Find the analogous formulae for the sums
Z cos®[a + (k — 1)d],
k=1
Z cos? (ka),
k=1
Z cos?[(2k — 1)al,
k=1

Z cos? (2ka).
k=1

[Hint: Use the complex expressions of sine and cosine as in the text or
in Problem 3.2.11 and the formulae for geometric sums.]
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3.2.21 Use the geometric series to show that if —% <z < % (real), then

1 sin(z)
on 1 n _ .
Z sin” () 1 — 2sin(x)

n=1

3.2.22 (a) Use the appropriate telescopic series partial sum

n

DIk = fk+1)] = f(1) = f(n+1)

k=1

to show

= . ™ 3 1
251n(2n+2)cos gtz ) = 3
n=1

(b) Now for z € C, prove that tan(z) = cot(z) — 2 cot(2z) and then

[Hint: In (b) you may use an appropriate telescopic series partial
n

sum of the form Z[f(k—k H=fK)]=f(n+1)—f(1)]

k=1
3.2.23 For x € R and n € N, prove that

X

t —
arctan [1 ln 122

] = arctan[(n + 1)z] — arctan(nz)

and then

> T
t — . <~ =
> artan e

1
g — arctan(x) = arctan <—) , it >0
x

0, if z=0

1
—g — arctan(x) = arctan (—) ) it z<0.
x

Justify the discontinuity at x = 0.
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3.2.24 Let k € N and wp, wi, ..., wg_1 be the k kth roots of unity
(=1). Prove
0, if je{l,2, ... k—1}+kZ
Wtwl +. o Fwl_ =
k, if j€kZ.

Generalize this problem to the roots of any z € C.

[Hint: Use the exponential forms of the roots of unity and the finite
geometric sum.|

3.2.25 Let k € N and wp, wi, ..., wg_1 be the k kth roots of unity
(=1). Prove

woF+wi+...+wp_1=0
wow1 + wowz + ... +wp_swr_1 =0
Wow1iws + ... + We_3wWg_owip_1 =0

Wow1 .. - Wk—2+ ... +wiwe ... w1 =20

Wow1 ... Wg—1 = (—1)k+1.

Generalize this problem to the roots of any z € C.
[Hint: Use Vieta’s® formulae for polynomials.]

3.2.26 (a) Consider the nth root of unity (= 1)

in 2 2
C:eQT = cos (—ﬂ) + i sin (—W) .
n n

Prove that all the n nt! roots of unity (= 1) are given by ¢ = ¢* for
k=0,1,2 3 ....,n—1.

(b) Prove
n—1 n—1
[[a-c=T[0-¢) =n
k=1 k=1
[Hint: Notice that
n—1
" —l=(-)" 42" 2. e+ ) =(x—1) H(x—@k),
k=1

ete.]

3Francois Viéte (Latin: Franciscus Vieta), French mathematician, 1540-1603.
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(c) Let m = Hgﬂ be the integer part of g Prove

O km n e km n
H sin (7) = 21171 and H sin (7) = 27171 .
k=1 k=1

(See also Problem 2.6.37.)

[Hint: First prove

11—kl =2

. (kﬂ')‘
sin [ — }].
n

k
Then use (b), the symmetries of the values of sine, sin <—7T> > 0 for
n
k=1,2,...,n—1, etc.]

(d) Use (c) to prove

us

/0 In[sin(x)] dx = 2/ In[sin(z)] dx = —7 1n(2).

0
(See also Problems 2.1.16, 3.7.88 and Example 3.7.47.)

3.2.27 The integral sine is given by

Si(z) = /O "eintt)

t

Find a power series for the integrand and then integrate term by term
to get a power series for Si(z).
[Compare with Example 1.1.17. See also Problem 2.2.29 (j).]

3.2.28 The real Riemann zeta function is defined by the series

(@)=Y~

Prove:
(a) This series diverges (= o0) for any = < 1.
(b) This series converges point-wise for all z > 1.
(¢) This series converges uniformly on any interval [a, c0) with a > 1.
(d) The convergence is not uniform on the open interval (1, c0).

[Note that this is not a power series. Replacing & with the complex
z, we obtain the complex Riemann zeta function for all z with Re(z) > 1,
which is very important in complex analysis and number theory.]
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3.3 Limits, Continuity and Derivatives

In this exposition, we do not plan to present all the topological as-
pects of the complex plane and the implied results on the complex func-
tions, sequences and series. These important results, if not known by
now, can be studied from a book of complex analysis. (See our bibliog-
raphy.) As far as the limits are concerned, we mention what we need for
the goals of this text. So, we have:

z =x+iy — 20 = vo+iyo < (z,y) = (xo,y0) & x — o and y — yo.

Since |z — 29| = \/(z — 20)% + (y — yo)?, this follows from the inequality

max{|z — zol, |y — yo|} < V(x — 20)2 + (y — y0)2 < |z — 20| + |y — o,

for all complex numbers z = x + iy and zg = xg + 1yo.
Similarly, by the same inequality, we have

9(2) = u(z,y) + iv(z,y) — a+ib€C, as
z=x+1iy — 20 = xg + 1Yo € C,

if and only if

U(iC,y) — a, as ((E,y) — (x07y0)7 and
'U(ﬂf,y) — b7 as (xvy) — (mﬂayﬂ)'

We understand that if

limg(z)=  lim  [u(z,y)+iv(x,y)] = a+ibe C,

zZ—20 T+1Yy—To+1Yo
then the answer a + b, to this limit, is always the same no matter in
what way z = x + iy approaches the constant zyg = x¢ + iyp in the
complex plane C. There are, of course, infinitely many ways and paths
that z = x + iy can follow to reach zg = x¢ + iyp. We can express this
by the following general and mathematically rigorous definition:

lim f(z) =LeCLL Ve>0,36>0 : |e—z|<d=|f(2)-L| <e
Z—rZ20

So: If in such a limit two different ways of approaching the
number (constant, point) zo = 2 + iyo yield two different an-
swers, then this limit does not exist.
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In the real line R, we distinguish two infinities, the +o0o0 and —oo.
They are answers to certain real limits. (Suppose a > 0 real constant,

a —a
then 0F = +oo and e Foo. The limit form — is indeterminate,

that is, any answer, real number, 00, or does not exist, is possible. The

Foo
same is true for the indeterminate limit —.)
00

In the complex plane C, some limits have answers a + {00, where
a € R, or +o00 + ib, where b € R, and/or +o00 + ico. In the complex
plane, all of these unbounded answers are considered to be one infinity,
the complex infinity (00). So, in the complex plane, we do not distinguish
between various infinities, unless we need to declare its specific form out

of these eight stated choices. For any ¢ € C, we have - 0, but > s
00 00

indeterminate.
A complex function has limit a complex number at the complex in-
finity if by definition

lm f(z)=LeCLL ves>0,IR>0: |2 >R= |f(2) - L| < e

Z—00

Therefore, if li)m f(z) =L € C and for any R > 0 we define
f(z), if |z[ >R

) if |z|<R

the convergence R}im fr(2) = L is uniform in z. We use this fact very
—r 00

often, but a lot of times tacitly, when we perform complex integration,
especially when we switch limits and integrals over finite ranges. So, in
the sequel, we must keep in mind this fact, especially when we emphasize
that we have a limit as z approaches the complex infinity.

The definition and the properties of continuous functions from C to
C transfer the same as with the real functions of a real variable. So:

Definition 3.3.1 A complex function f: D — C of one complex vari-
able z, where the domain D C C, is continuous at zy € D if

lim f(2) = f(20) [= f( lim 2)].

zZ—2z0 zZ—2z0
It is called continuous in D if it is continuous at every point of D.

The sum, difference, multiplication, division and composition of con-
tinuous functions are continuous. For the division, we exclude the points
at which the divisor function (denominator) is zero.

22

Example 3.3.1 Consider the complex function f(z) = 1
z
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If zg # —1, by continuity we get
52 2

. 20
lim = ,
z—z0 z 4+ 1 20 + 1
otherwise,
2
) z
lim = 0.
z=—1 z4+1
Example 3.3.2 Consider z = x + iy and the complex function A
() Re(z?) 2% —9?
z) = = .
2z x2 + y?
Then:
. . z?
z:z+1i1(§g>0+i0f(z) N z:z+1il(§ll>0+i0 22 L
and
_y2
lim f(z)= lim — =L
2=0+iy—0+i0 2=04iy—0+i0 7
Therefore, lim f(2) does not exist.
z=x+1y—0+410
(See also Examples 3.6.5 and 3.6.7.)
A

Example 3.3.3 One way to prove that f(z) = 22 = ( +iy)? is contin-
uous at every point zy = z¢ + iyp € C is the following;:

0 <|2? =25 = |2+ 20| - |2 = 20| <
(I + ol + |y + yol) - (lz — 0| + |y — wol) = (220 + 2y0) - (0 +0) =0,
as z = x + iy — 20 = Zo + Yo, or as (x — xo and y — yo), or as
(z,y) — (%0, yo)-

Therefore, 22 — 23 as z — 20, i.e., the function f(z) = 2? is contin-
uous at every point zg € C. (Prove this in a different way, too.)

2

A

We continue with the following:

Definition 3.3.2 A complex-valued function f of one complex variable
z is said to be analytic or complex analytic at a point ¢ € C if we
can write

F(2) = balz—)",
n=0

and this complex power series has (mazimum) radius of convergence
some 0 < R < o0, i.e., the power series converges for all z such that
|z — 20| < R and diverges for any z such that |z — zo| > R. The complex
number ¢ is called the center of the power series. .
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We denote the open disc with center ¢ and radius R by D(c, R) =
{z € C | |z — ¢| < R} and the closed disc with center ¢ and radius R
by D(¢,R) = {z € C | |z — ¢| < R}. Both of them have boundary the
circle with center ¢ and radius R, C(¢,R) = {2 € C | |z — | = R}.

So, in the above definition, the complex power series of a complex

function f(z) analytic at ¢, i.e., f(z Z b, (z — )", converges for any

z € D(c, R) and diverges for any z € C— D(c, R) (the complement of the
closed disc). At a point of their boundary C(c, R) anything can happen
and must be checked individually. By the Absolute Root or Ratio Tests
the convergence is absolute in D(c, R). If at a point of C(c, R) the
power series converges, the convergence may or may not be absolute.

Such a function is differentiable at any z € D(c, R) for R > 0. As in
calculus we can prove so here that its derivative is

an (z—o)" an (z—o)"

1
Since lim ¢n =1 or lim nt

n—o00 n—oo n
this new complex power series is also R, that is, the same as the radius of

convergence of the complex power series we started with. [See Problem
3.3.1 (a).] Then to prove this result, we can use the complex analog

= 1, the radius of convergence of

of Theorem 2.3.8, applied point-wise to .S, ( Zbk (z—c¢) k and

n

Sy (z) = Z kby(z — ¢)*~! for any z in the common disc of convergence

k=1
D(c, R), with R > 0.
Inductively, the kth order derivative of f(2), where k € N, is

o0

FEE) = nn=1)...(n—k+Dbu(z — )" =
n=0
ST —1).. (n—k+ Dba(z )" =Y % bp(z — )" F
n=k n=*k (n k)

and the radius of convergence of this series is again R > 0. So, such a
function is infinitely differentiable in D(c, R).

In fact, such a function f(z) is analytic at any zo € D(c, R). To show
this, we consider the power series

z) = Z ar(z — 20)*
k=0
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with center zp and radius of convergence r = R — |zp — ¢| > 0, so that
D(zo,7) € D(c, R) and coefficients a,,’s (given by Taylor’s formula)

f()z o
ap = 7!0—]6'2 nn—1)...(n—k+1)by(z0 — )" %,

vV k=0,1, 2, 3,

By the convergence of the initial power series in D(c, R), all of these
coefficients are finite numbers. The argument that this power series g(z)
converges and it is equal to f(z) in D(zp,r), and so radius of convergence
p is at least r (i.e., p > r), is accessible at this level but not that trivial.
So, we skip it here for the sake of brevity. The interested reader may
consult Cartan 1973, 37-39, in the bibliography. In the proof, he uses
the absolute convergence of power series and the Binomial Theorem,
and he also gives an example in which p > r.

In general, for any complex function w = f(z), we define the complex
derivative of f(z) by:

Definition 3.3.3 The complex derivative or simply the derivative
or the first derivative of a complex function f(z) at a point z is
defined (in the same way as we have seen for real functions) to be

h—0 h

In this definition, we recognize that h is a complex number that tends

to 0 = 0+4140. Equivalently, h = s+ it — 0, or |h| = 0, or V/s%2 +t2 — 0,

r (s,t) — (0,0), that is, h is in a disc of radius r around 0, and r — 0.

If this limit does not exist at some point, then we say that f(z) does not
have a (complex) derivative at that point.

Definition 3.3.4 A complex function f : D — C, where D C C is
open, that possesses complex derivative at every point point z € D is
called a holomorphic function in its domain D.

It turns out that the concepts “complex analytic,” i.e., complex
power series, and “holomorphic” in a domain D are equivalent. We
will discuss this fact more and use it in what follows.

We now write z = z + 4y and f(z) = f(x + iy) = u(z,y) + iv(z,y),
where the functions u and v are real functions of two real variables. Since
the limit, in the definition of the (complex) derivative, exists if and only
if it yields the same value no matter how h = s+t approaches 0 = 0+:0,
ie., (s,t) — (0,0), we have the following:
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(TI) First, we choose h = s + i0 in the limit of the derivative of f(z)
to obtain

flz+h) - f(z) fle+s+iy) - flz+iy)

/ . .
R
lim u(z + s,y) +iv(x + s,y) —u(z,y) —iv(z,y) _

s—0 S
lim u(x+87y)_u(xay) +hmiv(x+8,y)—v(w,y) _
s—0 S s—0 S
ou ov

%(xay) =+ Z%(Qf,y)

(IT) Next, we choose h = 0 + it in the limit of the derivative of f(z)
to obtain

fEA =G | fletily ) = fa+iy)

, .
f (z) o l{ﬂ) h t—0 t o
lim u(z,y+1t) +iv(z,y+1t) —ulz,y) —iv(z,y) _

t—0 it
lim u(x,y + t? —u(z,y) 4 lim Z,v(x, Y+ t? —v(z,y) _
t—0 it t—0 it
10u v ov ou

i Oy ($,y) + a_y(xvy) = a_y(xvy) - Za_y(xvy)

From the computations (I) and (II), we see that:
(1) If the complex derivative of f(z) = f(x + 1y) = u(z,y) + w(z,y)
exists, then the partial derivatives of u(z,y) and v(z,y) do exist.
(2) If the derivative exists, then the two limits in (I) and (II) must be
equal, and thus we obtain the following two formulae for the complex
derivative

0 0 0 0
J'() = G y) +ig wy) = 5o y) —iga(ey). (34

(3) The equality of the two limits in (I) and (II) forces the validity of
the following two necessary conditions

ou v ou ov
%(xvy) - a_y(irvy) and 8_y(x7y) - _%(xvy)

These two first-order partial differential equations are called the
Cauchy-Riemann equations or conditions in Cartesian coor-
dinates = and y (even though they were known to and used by d’
Alembert and Euler earlier). Both together form a system of two first-
order partial differential equations.

The existence of the partial derivatives of u(x,y) and v(z,y) and
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the two equations that must satisfy are only necessary conditions for
the complex derivative to exist. On their account, we also obtained two
additional formulae for the derivative of f(z), i.e.,

0 0 0 0
J'(:) = 5o ) = ig () = 5o y) +ig @y, (35)

The general necessary and sufficient conditions for the exis-
tence of the complex derivative of a complex function are the
following:

“A complex function f(z) = f(x + iy) = u(x,y) + iv(x,y), with
z=ux+41iy € D C C open, has complex derivative at a point zo = xg +
tyo € D if and only if (1) the two real functions u(x,y) and v(x,y) are
differentiable* at zo = (x0,y0) and (2) they satisfy the Cauchy-Riemann
conditions at zo = (x0,y0).”

(This result is usually proven in a course of complex analysis. It
says that differentiability and the Cauchy-Riemann conditions imply the
existence of complex derivative and vice-versa. Even though its proof is
not hard, we omit it here for the sake of brevity but make a note of this
result. Also, see and compare with Problem 3.3.13.)

For keeping the exposition simpler, we assume for sufficiency that
u(z,y) and v(x,y) satisfy the Cauchy-Riemann conditions and are of
class C! in D. The C' condition is a bit stronger than the simple differ-
entiability, but we do not lose much under this assumption.

Even though the complex derivative is defined in a way analogous to
the derivative of a real function of a real variable, the Cauchy-Riemann
necessary conditions impose a strong restriction for the complex deriva-
tive to exist.® The complex derivative exists iff v and v are differentiable
and satisfy the Cauchy-Riemann conditions.

The Cauchy-Riemann equations or conditions expressed in
polar coordinates

(r,0) — z = re? = r[cos(f) + isin(0)]

4A function g : R — R™, where R C R™ open, m € N and n € N is differen-

tiable at 70 € R if by definition there exists a matrix of real numbers A, xn = (ai;)
: 9(@F)—9(Zo)—A(T - 0)
such that hm7 7=

ST oll

= 0. In such a case, the it row of Amxn

consists of the partial derivatives of the ith component of g. However, it can happen
that the partial derivatives of g at a point o exist but g is not differentiable at
?O- But, if all the partial derivatives, except possibly one, are continuous, then g is
differentiable. (Review this material again!)

5This is because in the complex field there are two linearly independent directions,
the real and the imaginary, whereas in the real field there is only the real one. Then all
linear combinations of 1 and ¢ with real coefficients form the set of complex numbers,
which turns out to be an algebraic field.
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are very useful in many situations.
We have: If a complex function, with real and imaginary part ex-
pressed in polar coordinates,

fz)=f (Tew) = f{r[cos(8) + isin(0)]} = u(r,0) + iv(r,0)
has complex derivative f’(z), then
rup(r,0) = vg(r,0) and ro.(r,0) = —ug(r,0).
Also, the derivative in polar coordinates at a point
z =re = r[cos(0) + isin(f)
is computed to be
F'(2) = f (re) = e [u,(r,0) +iv.(r,0)] =

[cos(0) — isin()] - [u(r,0) + iv.(r,0)] =
ur(r, 8) cos(0) + vy (r, 0) sin(@) + i[v.(r, 8) cos(0) — u,(r,0) sin(8)], etc.

[See and solve Problem 3.3.8. The polar form of the Cauchy-Riemann
equations and the complex derivative is naturally useful when we work
in polar coordinates (r,6).]

Most rules of complex derivatives are analogous to those we learn
in calculus. For instance, using either the definition of the derivative
f'(2) as a limit, or expression (3.4) or (3.5), or the expression in polar
coordinates found above, or differentiating power series, we can directly
prove the following rules:

1. If a function w = f(z) has derivative at zp, then it is continuous

at zg.
2. For any constant ¢ € C, %z) =0.
3. For any integer n € Z, % =nzn 1
4. For any complex z € C, diie;) = e”.

5. Sum and/or difference rule: Provided the derivatives involved
exist we have

L@ 0] = ) £ 2 fo(e)) = () £4).



10.

11.

12.
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Factoring a multiplicative constant rule: Provided the deriva-
tives involved exist we have for any complex constant ¢

d d

Ll fEl=c )] =c f(2).

Product rule: Provided the derivatives involved exist, we have

1) 9(2)) =
L] 92 + 1) g = £(2) - 92) + 1) - ¢/ (2).

dz dz

Reciprocal rule: Provided the derivatives involved exist, we have

d
i [ 1 } _ T4 [9(2)] _ —d'(2)
dz | g(z) 9%(2) 9?(2)

N

. Quotient rule: Provided the derivatives involved exist, we have

d d
& N 96) 1) G W pe) -g(2) ~ 1(2) - 9'(2)

Chain rule: Provided the derivatives involved exist, and if we set
w = g(z), we have

d%[fog](Z) [f(w)]-——[g(2)] = [f'og](2)-g'(2) = f'[9(2)]-' (2).

" dw

Inverse function rule: Provided the derivatives involved exist,
we have

d. .4 o) = 1 _ 1 _ 1 .
= Ty T 1@ 777G
- sin(z) = cos(z) and diz cos(z) = —sin(z).
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13.
diz sinh(z) = cosh(z) and diz cosh(z) = sinh(z).

14. We can write the derivatives of all six complex trigonometric
and all six complex hyperbolic functions and the derivatives
of their inverses by replacing the real variable z with the complex
variable z in the rules we learn in calculus. Write and prove these
rules by using rules stated above!

Remember that if f/(c) exists, then f(z) is continuous at ¢ € C. The
proof is analogous to the one in calculus. (Have a look at it and write
one for this case.) The converse is not true.

Example 3.3.4 Consider the function f(z) = z. This is continuous at
every point of the complex plane C. (Prove this as an exercise.) But,

lim M = lim Lh—z = lim E = does not exist.
h—0 h h—0 h h—0 h

(E.g., when h = s+ 0¢ this limit is 1, and when h = 04 ¢ it is —1.)

Therefore, the simple complex continuous function f(z) = Z does not
have complex derivative.

We easily observe that the Cauchy-Riemann necessary conditions are
not satisfied. (Check this!)

So, by the chain rule stated above, all complex functions that involve
Z in a non-trivial way do not have complex derivatives.

A

Problems

3.3.1 (a) If a complex power series with center ¢ € C

Z bn(z — )"

n=0
has radius of convergence R > 0, then prove that its derivative
Z nb,(z — )" Z nb,(z — )"
n=1
and its indefinite integral

C+Zb Z—C

n=0

n+1
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also have radius of convergence R.
(b) What is the radius of convergence of the second derivative

Z n(n —Dbp(z — )" 2 = Z n(n — bp(z — )" 72, etc.
n=0 n=2

of the complex power series in (a)?

3.3.2 Consider z = = + iy and the complex function

Prove that lim f(2) does not exist.
z=x+1y—0410

3.3.3 Prove that lim e* and lim e do not exist.
z=x+1y—0410 Z—00

3.3.4 Consider the exponential function of the variable z = x + iy
f(z) =¢e* = e cos(y) + ie” sin(y).

(a) What function is defined by f when y = 0, that is, z = 2 4+i0 =«
is real?
(b) Prove f'(z) = e*.

[Hint: Use the formula of f(z) found in equation (3.4) or (3.5).]

3.3.5 Let f : C — C be a holomorphic function. Prove that Re[f(z)]
or Im[f(z)] is constant if and only if f(z) is constant.

3.3.6 If for a complex function f(z) the f’(c) exists at ¢ € C, prove that
f(z) is continuous at ¢ € C.
The converse is not true. Give a counterexample!

3.3.7 (a) Prove that f/(z) = 0 in an open connected or path connected
(see Definition 3.4.2 in the next section) region® R C C if and only if
f(2) = cin R, for some constant ¢ € C.

(b) Give an example of a complex function f(z) such that f/(z) =0
in an open region which is not connected (e.g., it consists of at least two

6In order to avoid too much topology and too many topological definitions in
topological and/or metric spaces, you may think of a connected set intuitively as
a set in the plane which consists of one piece. More accurately and for our purposes
in this text, we can consider it to be a set in C in which we can join any two points
in it by a continuous path lying entirely in the set. We also call such a set a path
connected set. See Definition 3.4.2 in the next section.
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open disjoint subsets) and f(z) is not identically constant.

[Hint: In (a) use the formula of f’(z) found in equation (3.4) or (3.5)
and multi-variable calculus to show that the functions u(z,y) and v(z, y)
are constant in R. Or, use the chain rule with paths. See the beginning
of the next section.]

3.3.8 (a) Prove that in polar coordinates
(r,0) — z = r[cos(8) + isin(h)] = re®’

the Cauchy-Riemann conditions or equations for a complex func-
tion written as

f(z) = f (re®) = f {r[cos(0) + isin(0)]} = u(r,0) +iv(r,0)
for which f’(z) exists become
ru, =vg and Tv,. = —ug.

(b) Prove that at a point z = re® = r[cos() + i sin(#)], the complex
derivative of a complex function f(z) in polar coordinates is given by

flz)=1f (reie) = e Ou,(r,0) + iv,(r,0)] =
[cos(0) — isin(B)] - [ur(r,0) + iv.(r,0)] =
ur(r, ) cos(0) + v,-(r, 0) sin(8) + i[v.(r, 8) cos(8) — u,-(r, 0) sin(8)], ete.

[Hint: Use the relations
r=+/22+192 and 6 = arctan (Q) + (appropriate constant)
x

(valid locally). Then prove and use the differential operators

o x 0 'y 0 0 sin(d) 0
e e R G i T
Oy 0 x o0 ) 0
oy r 8r+r2 80_Sln(9) 37‘+ r 09’

Simplify each step of your computations.]

(c) Verify the Cauchy-Riemann conditions in polar coordinates for
the exponential function

e* = e’ = grleos(®)+isin(0)] _ or cos(9) { cos[r sin(0)] + i sin[r sin(6)]}.
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(d) Apply the above rule of derivatives in polar coordinates to show
ny -1
2 /
=2 d|l-] =—.
(2)' = 22 an <Z> =

3.3.9 Consider the function z? = 22 — y? + i2xy. Show that u(x,y) =
2?2 — 9% and v(z,y) = 2zy satisfy the Cauchy-Riemann equations.
Check the same thing for z3.

3.3.10 The function f(z) = Re(z) = z is a real analytic and therefore
continuous function. Show that it is not a holomorphic function.
Show the same thing for the following functions:

9(z) =22, h(x)=7 p(x)=ls| and q(z) =Im(s) = .
[Hint: Check the Cauchy-Riemann conditions.]

3.3.11 Use the Cauchy-Riemann equations to show that if z = = + iy
and f(z) = u(z,y) + iv(z,y) is holomorphic in an open set D C C, then
the two functions u(z,y) and v(x,y) are harmonic in D, or else each
of them satisfies the Laplace equation

P 0w _

Aw = — =
YT o2 + Oy? 0

in D, provided that the functions u and v are of class C2, i.e., they are
twice continuously differentiable.

Next, under the same conditions, prove that the function g(z,y) :=
|f(2)]? = u?(x,y) + v%(x,y) satisfies the relation

2 2 2 2
Ag=2 W(u)‘ 42 W(U)‘ —4 W(u)‘ —4 ‘7@)‘ >0,
where ?(u) is the gradient of u, etc.
Then prove

Ag=0 in D <= f isconstantin D.

3.3.12 Prove that the Laplacian of a real sufficiently differentiable func-
tion w = w(x,y) of two variables z and y, written in polar coordinates
x =rcos(f) and y = rsin(d), has the form

Pw 1ow 10w 19 ( 8w> 1 0%w
Aw = = ——

oz T rar Trew o Uar) Tae

[Hint: Use the relations and the operators in the hint in Problem 3.3.8,
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along with the chain rule on the function w(z,y). Simplify completely
at each step.]

3.3.13 Consider the function

—_— if z=#£0

0, if z=0.

Then:

(a) With z = x + iy, write f(z) explicitly in the form
f(z) = flz +iy) = u(z,y) + iv(z,y).

(b) Prove directly that for every z € C, f(z) is continuous but does
not have complex derivative at z.

(c) Prove that both u(x,y) and v(x,y) have partial derivatives at
every (z,y) € R%

(d) Prove that at the point (zo,yo) = (0,0) the partial derivatives of
u(z,y) and v(z,y) satisfy the Cauchy-Riemann conditions.

(e) Prove that both partial derivatives of both u(x,y) and v(x,y) are
discontinuous at (xg,yo) = (0,0).

(f) Prove directly that both functions u(x,y) and v(z,y) are not
differentiable at (zo,yo) = (0, 0).

(g) Prove directly that both functions u(z,y) and v(z,y) do not
satisfy the Cauchy-Riemann conditions at every point (z,y) # (0,0).

(h) Prove directly that both functions u(z,y) and v(z,y) have con-
tinuous partial derivatives at every point (x,y) # (0,0), and therefore
they are differentiable at such a point.

3.4 Line Integrals in the Complex Plane

Definition 3.4.1 A complex path (or continuous complex path) in the
complex plane C is a function C : [a,b] = R C C, where [a,b] CR is a
bounded closed interval of the real numbers, defined by

C(t) = 2(t) = x(t) +iy(t),

such that z(t) is continuous, i.e., both x(t) and y(t) are continuous, at
every t € [a,b]. (At a and b, we consider the appropriate side continu-
ities.)
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If the derivative
C'(t) = 2'(t) = 2'(t) +iy'(t)

exists for all t € [a,b], we say that C(t) is a differentiable complex
path on [a,b]. (At a and b we consider the appropriate side derivatives.)

If C'(t) is continuous, i.e., 2'(t) is continuous, i.e., both x'(t) and
y'(t) are continuous, then we say that C(t) is a continuously differ-
entiable complex path.

Definition 3.4.2 A non-empty set ) # U C C is called path con-
nected if for any two points p and q in U there is a continuous path
C : [a,b] = U C C, such that C(a) = p, C(b) = q and C([a,b]) C U,
that is, the whole path lies in the set U.

Important remark: In this definition, if the set U is open and path
connected, then we can prove that the path C(t) can be chosen to be a
continuously differentiable complex path. This involves some standard
arguments of general topology and analysis, which we skip here. Other-
wise, we would have to write a whole chapter on the topological facts of
the complex plane. In fact, any open and connected subset of the com-
plex plane is path connected, and the paths joining any two points of it
can be chosen to be not just continuous but also continuously differen-
tiable. We can use this important fact freely in the sequel.

Now we consider a complex function
f:R—C : z=zx+iye R— w=f(2) =u(z,y) +iv(z,y)

of the complex variable z = = + iy from a region R C C into C and a
complex path in R

C:lab]— RCC : telabl — O@t) =z(t) + iy(t) = 2(2).

Therefore, the composition (f o C)(t) = f[C(t)] is possible for all t €
[a, b].

Next, we assume that C’(t) = 2/ (t) +iy'(t) = 2/(t) is continuous, i.e.,
C is a continuously differentiable path. Then, along this path we
define the complex line integral as follows:

b
/ f(z)dz = / flewdc) =

b
[ a0 4000 de) + w0 = [ a0+ 0] b0 + i 0
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So, if f(z) = u(x,y) +iv(x,y) is continuous over C' and C(t) is continu-
ously differentiable, then by multiplying out we find

/ f(z)dz = / {ulae(t), y(0)] + iwfa (), yO ' () + iy (1) dt =

[ 0l 0,502  via0 0 0t +
i [ k0,0 0+ 00,y 0)

(By the continuity of all functions involved here, both final integrals
exist.)

If C(t) is continuous but does not possess derivatives at finitely many
values t; € [a,b] for i =1, 2, 3, ..., n, (usually due to corners), but C’(t)
is continuous at all other points ¢ of [a,b], we say that C(t) is a con-
tinuous and piecewise continuously differentiable path. Suppose,
without loss of generality, that a = tg <t; <t; <t3< ... <¢t, <b=
tn+1- Then the complex line integral is naturally defined to be the sum
of the integrals over the individual smooth pieces. That is,

/f dz—z / T () +iy(®) - [ (1) + iy () dt.

If a path C' is a union of continuously differentiable paths C;
for i = 1,2,3, ..., n (successive or disjoint or both), i.e., C = U C’l,

then we Slmply call it a piecewise continuously differentiable path
In such a case, for any complex function f(z) we have again

/f(z)dz = i/f(z)dz
c =g,

We evaluate this integral by parametrizing each Cj, etc.
This definition suggests to use the + instead of the U, in this context.
That is, we prefer to write C = >""" | C; = C1 + Cy + ... + C,, instead

of C = U C;. We are going to use this notation from now on.
=1

Important Properties of the Complex Line Integral:

Here we state five properties of the complex line integrals that we are
going to use in the material that follows. The proofs of the first four are
like the proofs of the corresponding properties of line integrals, found in
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any book of multi-variable calculus, with some straightforward adjust-
ments to our context. The fifth one is harder and we prove it here.

(1) The rule of u-substitution with definite integrals

b u(b)
w(zx)|u (z)dx = w)du
/af[()]() /u(a)f()

verifies that the wvalue of / f(z)dz is independent of the
c
parametrization of the path C.

(2) The line integral switches sign if we switch direction of traversing
the path. If two paths have exactly the same range in C but are traversed
in opposite directions, then we call them opposite paths. If we denote
one of them by C, then we denote its opposite by — C'. Then

/f(z) dz = —/f(z) dz.
—-C C

So, the direction of the motion along the path is significant for the sign
of the value of the line integral but not for its absolute value.

(3) For any complex path C' and any complex functions f(z) and
g(z), we have the usual linearity property of the integral

/(f+g)(z)dz = /f(z)dz+/g(z)dz.
c

C C

One way to prove this is to perform the computations in both sides sep-
arately and see that they yield the same result.

(4) For any complex path C, any complex function f(z) and any
complex number ¢ = a + ib, we have the usual linearity property of

the integral
/(cf)(z)dz = c/f(z)dz.
c

C

Again, one way to prove this is to perform the computations in both
sides separately and see that they yield the same result.

(5) For any complex path C' and any complex function f(z), we have
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the important inequality

J{7f<z>dz < /Qlf(zﬂleL

The properties (1)-(4) are straightforward and follow from the
definitions and carrying out the computations. Also, property (5) is
fairly easy in the real case, as it has been shown in the calculus courses.
But, proving property (5) in the complex case becomes tricky. So, we
present:

Proof of (5) It is sufficient to prove this for C' a continuously differen-
tiable path. That is,

C:la,b) — RCC : tea,b — Ct)==z(t)+1iy(t) = 2(t),

such that
C'(t) = 2/(t) +iy'(t) = 2'(t)

exists for all ¢ € [a,b] and it is continuous. Then

b b
[1era= [ sl diev) = [ sle0)- ) at
C

We let .
I:/f(z)dz:/ flz(t)] - 2'(t) dt
c

J= /|f | dz| = /|f (0)] dt,  where

|2'()] = [z ®)]? + [y'(1)]* and d[z(t)] = 2'(t) dt = [2'(t) + iy'(t)] dt.
Obviously, 0 < |I| < 00, 0 < J < o0 and we must prove |I| < J. If
I =0, this is trivially valid.

. I .
If I # 0, we write I = |I|e?. [Le., § = Arg(I).] We let ¢ = % =e

a complex constant with |¢| = 1. Then:

b
0
b b
cl = c/ flz@®)]-2'(t)dt = / c- flz(t)] - 2/ (t) dt.

We write

and

0< t| = I =

c- flz(t)] - 2’ (t) = p(t) + iq(t) (= real part + i - imaginary part) .
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Then, 0 < |I| = ¢I implies

0<

b b b
- / Cfl () (8) dt / p(t) diti / o(b) dt.

a

b
/fMMwﬁMt

Since this is positive real, we conclude

/abq(t) dt = 0.

Also, by the properties of the absolute value, we get

p(t) <le- flz(®)] - 2" ()] = Iel [fzO]] 2" (8)] =
L £ @] 2@ = [ =012 (2)]-

By the previous two observations and the inequality properties of
real integrals, we eventually find
b
S RCLE
a

b
/&m@MAMﬁ:/m@wazl
C

b
0<|I|= / Fl2(®)] - 2'(¢) dt

IfC=Ci+Co+...4+C, is a path with each piece C; continuously
differentiable, this inequality is valid on each C;. Then we get

‘/Cf(z)dz izj;/af(z)dz gé /Cif(z)dz
i/cilf(z)Ildzl :/c|f(2)||dz|.

<

Examples

Example 3.4.1 Let f(z) = 22 = 22 —y? +42zy and C be the unit circle
{z € C: |z| = 1} traversed in the positive direction (counterclock-
wise). We indicate this by writing CT. Then, a parametrization of C*
is
z(t) = cos(t) + isin(t) with 0<t <27,
Hence
dz(t) = [—sin(t) + i cos(t)] dt
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and
flz(t)] = cos?(t) — sin®(t) + 2 cos(t) sin(t).

So,

RECE
L

2m
/0 {[cos®(t) — sin®(t)][— sin(t)] — 2 cos(t) sin(t) cos(t)} dt+
i/Zﬂ{[cos2(t) —sin?(t)] cos(t) + 2 cos(t) sin(t)[— sin(t)]} dt =
0
2m
/0 [— cos(2t) sin(¢t) — sin(2t) cos(t)] dt+
i / " cos(2t) cos(t) — sin(2t) sin(?)] dt =
0
/%[— sin(2t + )] dt + ¢ /27T cos(2t +t)dt =
0 0
2 2m
/ [— sin(3t)] dt + Z/ cos(3t) dt = 0 +40 = 0.
0 0

Note: In general, we may have to reside in this lengthy way in terms
of z(t) and y(¢) in order to compute complex line integrals. This is
especially the case when f(z) = f(z + iy) = u(x,y) + iv(z,y) is not
given as an explicit function of z and the path C is not given as a
complex expression of the parameter ¢t. Instead, either one is given as
some function of x and y.

In this example, however, we observe that f(z) = 2% and C(t) = e*,
and so both have explicit complex expressions in terms of the complex
variable z and the parameter t. Then the line integral can be computed
faster, as follows:

2 27 2
/f(z) dz = / (eit)2 de’ = / et dt = z/ 3t dt =
0 0 0
C+

Eorogin2r L g 0 1
= |€ =-(e"—-¢e)==(1-1)=0.
3 [ }0 3 ( ) 3( )

From now on, any time we can do so, we will employ this shorter
complex computation method to evaluate the complex line integral. The
initial lengthier way will be used in all other cases.

A
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Example 3.4.2 Let C" be as before the positive unit circle with center
the origin, and

Then:

2 1 ) 21 ) . 27T
(a) /f(z) dz = / —~ de™ = / e e dt = / i dt = 2mi.
o o ¢ 0 0

If we travel the path of the unit circle in the negative direction,
indicated by the opposite path of C*, i.e., C~ = — C™T, then we get

Cc- c-
27 ) ) 2 )
(b) /g(z) dz = / e 2ttt gt = z/ e~ dt =
c+ 0 0
Lo g2 —omi 0
— e =—1(e?" =€) =-(1-1)=0.

Note: Every complex line integral can be separated into real and
imaginary parts to yield two real line integrals. This strategy is very
effective when computing real integrals. For instance, from these two
examples, we get:

1 d d —yd. d
(a) /_dzszﬂ/wzowm
z !E2+y2 x2+y2
Cc+ c+ Cc+

So, we find the following two real line integrals

/xdx + ydy —0 and /—ydx—l—xdy o

$2+y2 $2+y2
C+ c+
Also,
/M:_ozo and /M:_Qm
!E2 + y2 !E2 + y2
c- c-
Similarly,
1 2 —y?)d 2zyd —2xyd 2 —y?)d
(b)/_dZ:/(m y~)de + wyyﬂ./ zydz + (2° —y )dy _
22 (22 + y2)2 (22 +12)?
c+ c+ +



320 Improper Riemann Integrals

Then both real and imaginary parts are equal to zero, i.e.,

2 2 2 _92 2 _ .2
/(a: y?)dx + 2xydy —0 and / xydr + (z* — y?)dy _o.
(22 + y2)2 (22 + y2)2

Cc+t
We can, of course, verify these results directly with the methods of
calculus. However, this efficient technique to evaluate complicated real

line integrals gives answers easily and quickly.
A

Example 3.4.3 We consider the points P = (—1,1) and Q = (1,2) and
the complex function f(z) = f(z +iy) = z +y — iz?. We would like to
compute

/f(z)dz _ /(x by —ia?)d(z +iy) = /(x +y—ia?) (da + idy)
F F F

where F' is the straight segment P(Q, moving from P to Q.
A straight segment like this, in complex analysis, is denoted by

[21, 22], where z; = —1+1 is the complex number representing the initial
point P and zo = 1+ 2¢ is the complex number representing the terminal
point Q.

Here, we have no choice but to integrate using the long method. The
usual parametrization of a segment like F' is

F=lz,2]={2=01—-t)zn+tzn |0<t <1} =
{z=Q-t)(-14+)+t(1+2i) |0<t <1} =
=(-1+20)+i(1+8)|0<t <1}

Then, along F, x = —1+2t, y =14+¢t, x+y = 3t, 22 = 1 — 4t + 4¢2,
dz = (2 +4)dt, and we find

/f(z)dz:/(m+y—ix2)d(m+iy):
F

F

/01[375—2'(1—4t+4t2)](2+i)dt: (2 +1) [37'52 — <t—2t2+%t3>r _
0

3 4 3 4 10 5
244) |z —il1-24=-)—-(04+i0)| =2+ |-z ]| =—+1i=.
(+z)[2 z( +3> (+z)} (+z)<2 3> 3 tig
Now we take a different path L that joins P and () and compute the
path integral of the same function. We let O = (0, 0) the origin, and we
pick L to be the union of the two straight segments PO and OQ. We
write

L =[21,0440] U0+ i025] = [—1 + 4,0+ 40] U [0 + 70, 1 + 2d].
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As we have already said, in this context we prefer to use the + instead
of the U. So, from now on, we are going to use the notation with the
+. That is, we prefer L = [—1 + ¢,0 + 0] + [0 + 40,1 + 24| instead of
L=[-144,04:0]U[0+ 10,1+ 2i].

A parametrization of this new path L is

L={z2=(0t-1)(-1+4)|0<t<1}+{z=(1+2)t [0<t<1} =
{z=—t4+1+i(t—-1)|0<t<1}+{z=t+i2|0<t<1}.

Along this new path, we compute the integral

/(x+y—ix2) (dz + idy) =
L

1 1
/[O—i(—t+1)2] (—1+z’)dt+/ (t +2t) — it?) (1 +42)dt =
0 0

(=1 44)(—14) /Ol(tQ — 2t + 1)dt + (1 +142) /01(3t —it?)dt =

3 1 2 371
= (1+1) {t——t2+t] + (1+12) Fi—it—] =
3 0 0

1 3 5
144)|=—1+1— 1442)|=—=—0| == +13.
(1+4) {3 + 0}+( +z)[2 3 0} 2+z3

We see that the two path integrals of the given function f(z) are
different, even though both paths start at P and terminate at Q.

Along the path opposite to F, written as —F from @ to P, the line
integral has the opposite value, i.e.,

/(x+y—ix2)(dfc+idy):—(1—304-2'2),

and similarly for —L.
A

Example 3.4.4 Compute / dz, where Ct is the circle of center —2

and radius 1, travelled in the positive direction.
A parametrization of the path C'T is

2(t)=—2+€"  with 0<t<2m

1 T ; T ettdt
[lam [T i < [T

z 0o —2+¢€ 0o —24ett
C+
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it
To make the denominator of =

eit —
and denominator by the conjugate of the denominator, which is

real, we multiply both numerator

et —2=¢ll —2=¢it —2=¢"" 2
Then
et 1 —2¢% 1 —2cos(t) —i2sin(t)
eit —2  1+4—2(eit 4 eit) 5 — 4 cos(t)

So,
/ LT /2” sin(t) it /2” L —2co8(t) .,
z T Jy 5—4dcos(t) o D —4cos(t)
Cc+

We now compute both integrals by elementary methods. In the first
integral, we use the substitution v = cos(t) to find

/”ﬂdt:_/ld_u:o
o D —4cos(t) 1 b—4u

The second integral can be written as

2w 1 _ . 27 g . _
/ 1 —2cos(t) gt — 1 / 5—4cos(t) — 3 gt —
0 0

5—4cos(t) 2 5 — 4 cos(t)

1 [ 3 3 /%7t
- 1-—°>  Jdt=r—2| —2
2 Jo 5 — 4 cos(t) 2 )y 5—4cos(t)

Now, in order to use the substitution w = tan(u/2), tangent of half angle,
in this rational expression of cos(t) (and sin(t)), we need the dummy
variable to vary in [—m, 7], because tangent is undefined (discontinuous)
at +7/2. (See Example 1.1.1.) So, we let first u = ¢t — 7w, and then
using the substitution the last integral becomes

7§/”d7u__§ g arctan 1tam(g) ’ =
2 ) .5+4cos(u) 2 3 3 2/)]

-7 —T

— arctan(oo) + arctan(—oo) = - + - =
Therefore,
2w
1-2
/ ﬂdt =7—71=0
o D —4cos(t)
and finally

1

/— dz =
z

C+
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3.5 Cauchy-Goursat Theorem and Consequences
3.5.1 Complex Preliminaries and Notation

The result 0 that we found in Examples 3.4.1 and 3.4.4 were not
accidents. We must notice and remember the following three conditions.

1
(1) The functions w = 22 and w = = were both defined at every point

of the respective paths and at every pgint inside the regions enclosed by
these paths.

(2) The paths were closed, that is, they had the same initial
and terminal points and they were simple, that is, they had no self-
intersections. So, each of them enclosed a region of the complex plane
without ambiguity.

We call the region of the complex plane enclosed by a simple closed
path the set of its interior points or the inside of the simple
closed path. We call the unbounded region of the plane not enclosed
by such a path the set of its exterior points or the outside of the
simple closed path.

1
(3) We must observe that the functions w = 22 and w = — have
z

. dw w . . .
complex derivatives — = 2z and e respectively, which exist
z

z z
at every point of the corresponding paths and the enclosed regions. (As

we see, for w = = the troublesome point z = 0 is not in that region.) So,

w = 22 and w = — are holomorphic. So, according to the most important

fact of Complex gnalysis that we are going to state right after, they are
complex analytic, i.e., they are locally represented as convergent complex
power series. Namely, for the two examples, we have:

(a) In {z € C| |2] <1}, f(2) = 22 = 0+ 02 + 122 + 022 + ... is
already in power series form.

(b) In {z € C| |z + 2| < 1}, with the help of the geometric series,
we have that
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z+2

In fact, this power series is convergent for all z’s such that ‘ <1,

that is, all z’s in the open disc D(—2,2) :={z : |z + 2| < 2}.

Also, D(—2,2) purely contains the region of the closed disc
D(—=2,1) ={z : |z + 2| < 1} enclosed by the given path.

Notice that z = 0 does not belong to the open disc D(—2,2).

Now we state:

Theorem 3.5.1 (“Most Important Fact” of Complex Analysis)
Every complex function w = f(z) = f(z +1iy) = u(x,y) + iv(z,y) which
is defined and holomorphic in an open region R C C, that is, the complex

dw
derivative — = f'(z) exists at every point z € R, is locally expressed

dz

as a power series in the region R. Le., for every point zg € R and every
r > 0 such that the open disc D(z9,7) C R, there are complex coefficients
ag, ai, g, as, ... such that

w=f(z) = ian(z— 20)", Vz€D(z,7) CR.
n=0

Therefore, this power series with center zg and radius r > 0 converges,
and it is equal to f(z) at every point z € D(zg,r) C R. (In particular,

f(z0) = ao.)

Proof We can just use this well-known fact of Complex Analysis with-
out proving it. Here, we simply provide a proof-sketch under the extra
assumption that u(z,y) and v(z,y) are of class C?, that is, twice con-
tinuously differentiable. (For details, see Appendix 3.5.8 at the end of
this section.)

We have seen (Problem 3.3.11) that if w = f(2) = u(z,y)+iv(z,y)
is holomorphic in R, i.e., f'(z) exists at every point of the region R,
then by the Cauchy-Riemann conditions, and under the assumption that
u(z,y) and v(z, y) are twice continuously differentiable, both u(z, y) and
v(x,y) are harmonic in R. Le.,

Ugy +Uyy =0  and vz + vyy = 0.

The solutions of these Laplace equations in discs can be obtained by
the Poisson integral formula (3.14) (obtained in Appendix 3.5.8
at the end of this section).

This formula proves that both u(z,y) and v(z,y) are analytic func-
tions, that is, power series in = and y, in discs (proven in Theorem
3.5.8).

But the harmonic functions u and v are closely related by means of
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the Cauchy-Riemann conditions in such a way that the two power series
that represent them in any given disc, D(zp,r) with r > 0, can be added
together according to the rule u(x,y) + iv(z,y) and then rewritten so
that their sum is a power series in the complex variable z. This power
series is equal to the complex holomorphic function

w= f(z) = flz+1iy) = u(z,y) +iv(z,y)

(proven in Theorem 3.5.10).
Hence, w = f(z) is a complex power series in any disc D(zp,7) C R
and therefore complex analytic in R.

Remark 1: We have just seen that this fundamental result of Com-
plex Analysis can be established through the solutions of the Laplace
equation in discs by the Poisson integral formula. Proving first the
so-called Cauchy integral-formula, which we will see soon in Subsec-
tion 3.5.7, from the existence of f/(z) and then obtaining the analyticity
of f(z) as a result, is the standard way followed in most advanced books
of complex analysis. In this way, we avoid the extra condition that re-
quires u(z,y) and v(z, y) to be twice continuously differentiable. In such
a complex analysis book, this hypothesis is immediately obtained from
the analyticity of f(z).

This approach needs several preliminaries that we cannot develop
at this level and thus establish the Cauchy integral formula from the
existence of the f/(z) before the analyticity of f(z). At this level, we
are content with this extra condition for it is not very restrictive to
applications and simplifies the approach to the subject matter and the
proof involved a lot.

In this course for beginners, and our brief and oriented toward ap-
plications exposition, we follow Weierstrafl§ approach on this subject.
Hence, from the power series representation we derive the Cauchy
integral formula in Subsection 3.5.7. In more advanced courses of
complex analysis, the classic approach is to establish the Cauchy inte-
gral formula first and then the power series representation. But, both
approaches are essentially equivalent.

Our goal here is not to develop a rigorous and advanced complex
analysis course. This would need many more mathematical prerequisites.
As we have said, we want to expose to the novices the most important
tools that complex analysis can provide in computing various proper and
improper Riemann integrals.

Remark 2: For a power series, we observe

f(z)zZan(z—zo)”zo, V z € D(zp,7r) <= a, =0, VneN.

n=0
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Because the power series, claimed by Theorem 3.5.1, can be found
by the Taylor series formula in the complex variable z, in exactly the
same way as we have used it in calculus, we also called them Taylor
series. That is,

)= T g, vz Do), (> 0)
n=0 ’

Hence, the previous coefficients ag, a1, as, as, ... satisfy the relation

F(20)

S Y n=0,1,2,3, ...
n:

Gp =
The radius of convergence is given by

Qap

_ 1

Clim an|’
n—oo

R = lim

n—00

Ap+1

provided that these limits exist.

[When these two limits exist, prove as an exercise that they are equal.
(See Problem 3.2.4.) Also, do not forget that in the real line we have
the limit rules — = 400 and 1 0™

0+ “+o0

The power series converges for every z inside the disc D(zg, R). In
fact, it converges absolutely. But, for z on the boundary of the disc,
0D(z9,R) :={z]z € C : |z — z| = R}, the power series may con-
verge or may diverge. In general, a boundary point must be checked
individually.

Notice that for complex analytic or holomorphic functions, we do not
need to check if Taylor’s Remainder converges to zero as n — oo. We can
straightly compute the power series, and then we must find its radius of
convergence.

Many times there are various shortcuts for finding these complex
power series. These depend on the case and already known results. For
instance, to find the power series of the functions cos(z), sin(z), cosh(z),
sinh(z), we can more easily use their definitions by means of the ex-

n
z

o0
= > % Another way is to use the
n=on!
power series of real functions and then (1)replace the real variable with the
complex variable, as we have seen in Section 3.2.

In the following list, we cite a few basic examples of power series
along with their domain of convergence, representing some frequently
used complex analytic functions. These power series have center zy =
0. When the center of the power series is zg = 0, we call the power

ponential function exp(z) = e
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series a Maclaurin series. This is a special case of the Taylor series.
(Convergence at boundary points is checked point by point, in general!)

1 oo
1. —:Zz”:1+z+z2+23+...+z"+..., Vz: |z <1
== n=0
5 . oo Zn_l 22 23 P v c
e _ZOH— trb gt z€C.
oo nZQn Z2 2,4 N z2n
3. cos(z):Z(—l) (2n)!:1—§+z—...+(—1) (2n)!+""
n=0
VzeC
o . 2n+1 23 Z5
4. sin(z) Z( 1) et D) 3'—1-5 +
n=0
2n+1
n \ C
D gt z€
0 Z2n 22 24 ZZTL
5. COSh(Z):ZW:1+§+I+'"+m+"" VzeC.
n=0
s 22n+1 2,3 25 z2n+1
6. sinh(z) = —_— = — =ttt ..
sinh(2) ;(2n+1)! rytEs et ey
VzeC
< ,1 2n+1
T stn—1)\z
7. arccos(z) 5 nZ_g( N 1
T z 1 22 1.3 22 1.3.5 27
= = . — 2] <1
2 1 2 3 2-4 5 2:-4-6 7
o 1 2n+1
s4+n-—1\ z
8. arcsin(z :Z(2 )
= n 2n+1
_z+1z+13z5+1-3~5 27 2| < 1
T172° 324 5 T4 T :
0 2n+1 Z3 2’5 27
9 arctan()—Z(— =z——=+———=+ ..,
2 ot 375 7
z: |z < 1.

(10. For the very useful power series of complex logarithms and com-
plex binomial power series, see, respectively, Sections 3.5.3 and
3.5.4, where we define the complex logarithms and the complex powers.)

Now, we return to the previous discussion. In Example 3.4.2 (a),
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1
the function f(z) = — was integrated over the unit circle with center the
origin, C(0,1) = {z : |z| = 1}, in the positive direction. The result of
this line integral was found to be

1
—dz = 2mi.
z

c+(0,1)

This path is simple, and closed, and encloses the open unit disc:
D(0,1) = {z : |z| < 1}, which is inside the region R = D(0,2). But,
at the origin z = 0, which is a point of this region R, the function

1
f(z) = — is not defined, let alone having derivative. There is no power
z

series representation of this function with center zg = 0.

Similarly, given any r > 0 and any 29 € C, we let C(zo,7) = {2
|z — zo| = r} be the circle of center zy and radius r. This path encloses
the open disc D(zo,7) = {2z : |z — 20| < r}, with center zo and radius r,
which is inside the region R = D(0,2r). Then, moving along this path
in the positive direction, we obtain

1
/ dz = 2mi.
zZ— 20

C+(zo,m)

(Check this in an analogous way as before.)
But, in Example 3.4.2 (b), we found that

1
/ ;dZZO,

c{o,1)
. 1. .
even though the function g(z) = — is also not defined at the origin
z
z = 0. Similarly, for any r > 0, we have

/ ﬁdz:o.

C*(z0,7)

We must examine carefully what is going on here. But before we do
that, we need to introduce the following notation, which we are going
to use from now on. Given any r > 0 and any zg, 21,22, € C, we denote:

1. Closed straight segment in the direction from z; € C to 22 € C:
[71,22] ={z : 2=(1—1t)z1 +tzg, 0<t <1}

2. Circle with center zg and radius 7:
C(zo,7)={z : |z— 20| =1}
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. Open disc with center zy and radius r:
D(zo,7) ={2z : |z — 20| <7}
. Closed disc with center zg and radius r:

(zg, ry={z : |z — 20| <r} = D(z,7) UC(20,7)

. Open center-punctured disc with center zy and radius 7:
De(z0,7) = D(20,7) — {20} = {2 + 0 <[z — 20| <7}

. Closed center-punctured disc with center zy and radius r:
D(z9,7)° = D(z0,7) —{2z0} ={2 : 0<|z—2| <7} =
D°(zg,7) UC(20,7)

. Circle with center zy and radius r travelled in the positive di-
rection:
CH(z0,7) ={z =20+ re", 0<t <27}

. Circle with center zy and radius r travelled in the negative di-
rection:

C~(20,7) = {z =zo+re ™ 0<t< 27T}

. Complex line integral of a complex function w = f(z) along a

closed path C in the positive or negative direction: j{f(z) dz.

Cc+t

Notice that for a closed path C| i.e., a path with initial and terminal
points the same, the opposite of CT is simply — CT = C~.

3.5.2 Cauchy-Goursat Theorem

In the previous part of this section, we discussed the Taylor and
Maclaurin series. We also saw Theorem 3.5.1, which we called the
“Most Important Fact” of Complex Analysis. According to that, if f(z)
is defined and holomorphic in an open region R C C and D(zp,7) C R,
for some r > 0, then

= Z an(z — 20)", ¥ z € D(z0,7),

i.e., f(z) is a Taylor series in the open disc D(zg, 7).

Hence, an antiderivative of f(z) is

z—z9)" Tt
—c—i—Zan 0) , Vz¢€ D(z,r),
n=0
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where ¢ € C is a constant, that is, F'(z) = f(z), since we can differentiate
power series term by term in the disc of convergence.

Similarly, if in the same region we consider a function given by the
series

= Z bn(z —20)" ", V 2z € D%20,7),

(we begin summation with n = 2 and not 1), then g(z) has antiderivative

—n—+1
Z—ZQ °
y=c+ g b S — YV z € D°(20,7),

where ¢ € C is constant.

The function F(z) is defined in every disc D(zg,7) C R in which f(z)
is defined, and it is continuous in this disc. Similarly, G(z) is defined
in D°(zp,r) and is continuous. So, along any circle C(zo, p) with 0 <
p < r or in any open set A inside the D°(zy,r) containing C(zo, p)
[i.e., C(z0,p) C A (open) C D°(zg,r)], the functions F(z) and G(z) are
defined and continuous.

The existence of a continuous antiderivative is the crucial fact that
applies in Example 3.4.2 (b), in order to get

1

c(0,1)

1
That is, the function g(2) = — has antiderivative the function G(z) =
z

-1
— defined and continuous in D°(0,1).
z

In Example 3.4.2 (a), however, we have that

1
/ —dz = 2mi.
z

c(0,1)

The non-zero answer happened because, as we shall shortly see in Sub-
1

section 3.5.3 about complex logarithms, the function f(z) = — does
z

not have antiderivative which is both defined and continuous everywhere
in D°(0,1). In general, we have the following important theorem:

Theorem 3.5.2 Suppose w = f(z) has a continuous antiderivative
F(z) in an open set R C C, and C : t — z(t), with a < t < b,
is a path (simple or not simple) contained in R and joining the complex
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numbers (points) z, = z(a) € R and z, = z(b) € R. Then

/ f(2)dz = F(z) — F(za),
C

and so the path integral is independent of the path.
If C is closed, then z, = zp, and this integral is zero.

Proof Suppose z(t), a <t < b is a parametrization of the closed path
C, such that z(a) = z(b). Let F(z) be a continuous antiderivative of f(z)
in the open set that contains the closed path C.

Then, F[z(a)] = tl_i>r£1+F[Z(t)]7 tl_i)r;lﬁF[Z(t)] = F[z(b)] and Fl[z(a)] =

f[z(b)]. Thus, by the chain rule

d{F[z()]} = fl2()] d=(2),

and so

b b
[z = [ fewiaz = [ LrEw-
C
Fl(b)

2(b)] — Flz(a)] = F(zp) — F(zq)-
If C is closed, then z, = 2, and this integral is F'(z,) — F'(2,) = 0.

A special case of this general Theorem is the following:

Corollary 3.5.1 For any complex function of the form
flz)= Z an(z — 20)" + Z bn(z —20)" ", ¥V z€ D%2p,7)
n=0 n=2

(notice that the power with exponent n = —1 is missing) and any contin-
uous and piecewise continuously differentiable path C inside D°(zp,r),

we have that
/f(z) dz = 0.
c

Proof In the discussion before the above Theorem, we explained why
such a function has a continuous antiderivative in the center-punctured
disc D°(zg,r), and so the result follows from the Theorem.

Remark: In this corollary, if b, = 0 for all n = 2, 3, 4, ..., then
the function f(z) is complex analytic (or holomorphic) in the whole disc,
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and we can replace the center-punctured disc D°(zp,r) with the whole

disc D(zp,7).

Example 3.5.1 The function f(z) = 22 has as continuous antideriva-
3

z
tives the functions F'(z) = — + ¢, where ¢ is any constant, in the whole

C. So, for any path C joining the numbers —3i and 9, we have

9 379 3 3
2 2 i 9 (=30) .
/zdz /Bizdz [3] 3 3 3—9¢
c

- —3i

Similarly, along any path that does not contain 0, i.e., in the open
set C — {0+ i0}, and joins —3i and 9, we find

/9 T T T e e 1
522 2]y 09 =39

Also, along any path joining —1 + 3¢ and 9 — 24, we find

9-2 _
/ sin(z) dz = [cos(z)]g_lil& =co0s(9 — 2i) — cos(—1 + 3i) =
~143i
ei0=20) | gil0=20) _ oi(-1430) _ o—i(~1430)
2
@290 1 g=2-9i _ g=3—i _ 3+i

2

(See also Example 3.5.4.)
A

Now we present a version of the fundamental Cauchy-Goursat The-
orem that we will use in this text:

Theorem 3.5.3 (Cauchy-Goursat Theorem) 7 Let R C C be an
open region and let f : R — C be a complex holomorphic function
fi.e., f(2) = f(z+iy) = u(z,y) +iv(z,y) and f'(2) exists at every point
z € R]. Then for any simple closed path C in R for which all of its
interior points are in R, we have

/f(z)dz =0.
c

"There are more general versions of this Theorem, sometimes called the Global
Cauchy Theorem, in which the paths are not simple but homotopic to a point, or the
domains have holes and the paths may contain holes in their interior, etc., but we do
not need these generalizations in our goals here. The interested reader can consult
the bibliography in complex analysis.
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Proof We observe that if R = D(zp,) is an open disc for some center
zp € C and radius r > 0, then we have the power series representation
of the holomorphic function f(z)

F(2)=) an(z = 20)",

n=0

for some appropriate complex numbers a,,n = 0,1,2,.... This has a
continuous antiderivative in R = D(zo,r) the power series

o0

a
F(z) = Z " (2 = z0)"
n:0n+ 1

and the result follows from the previous general theorem or its corol-
lary.

So, we assume that R # D(zp,7) (refer to Figure 3.2). In this
general case and at this level, we can prove the Theorem under the
assumption that u(z,y) and v(z,y) are of class C! (i.e., their first order
partial derivatives exist and are continuous). This extra assumption is
not restrictive for the usual applications.

C

FIGURE 3.2: Region R C C, Contour C in R with interior D
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We let D be the interior of C in R. Then
%f(z)dz = %[u(x, y) + tw(z,y)|(dz + idy) =
Cc* [of=
f(udx —vdy) + i?((vdx + udy).
c* c*

Under all assumptions imposed here, we can apply the analytic form
of Green’s® Theorem in the region D, as we see it in calculus.’ So, we
have

ff(z)dz =+ //(—v‘T — uy)dady + z//(u‘T — vy)dxdy
c* D D

But, the Cauchy-Riemann conditions,
Uy = vy and uy = —v,

hold in D U C since f’(z) exists at every z € D UC. But then,

%f(z)dz::t //Od;vdy—i—i//dedy =0+41:0=0,
D D

Cc*

and the proof is finished!

Remark 1: This result was known first to Gauflbut was published
first by Cauchy. A bit later, Goursat!? relaxed some hypotheses and
improved the proof that Cauchy had provided. His proof is somewhat
involved but not difficult, and it is more general because it is based
on the existence of f’(z) only. Nothing is mentioned about u(x,y) and
v(z,y) let alone to be of class C*.

Remark 2: The Cauchy-Goursat Theorem claims that, under

8George Green, English mathematician, 1793-1841.

9Green’s Theorem: Let P(z,y) and Q(z,y) be two real functions of two vari-
ables which are continuously differentiable at every point of a bounded region G and
every point of its boundary &G, in the plane R2. We also assume that the boundary
9G is piecewise differentiable. Then:

dew+Qdy::t//(a—Q—a—P) dxdy.
ox oy
oG+ G

10Edouard Jean-Baptiste Goursat, French mathematician, 1858-1936.
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its hypotheses, the non-existence of holes in the interior of the simple
closed path “contour” C'is a sufficient condition to draw its conclusion.
However, this condition is not necessary because we have seen the

example
1
/ ; dz = 0,

c(0,1)
and in this example the origin forms a hole inside the unit circle C(0, 1),

since the function f(z) = — is not defined at z = 0.
z

—1
In this example, we apply Theorem 3.5.2 because F(z) = — is a
z

continuous antiderivative of f(z) in D °(0,1).
But, as we will see in the following subsection, we cannot claim and
1
do the same things for the function g(z) = — in D °(0, 1) for which we
z
have seen that .
—dz = 2mi.
z
c+(0,1)
On the one hand, the Cauchy-Goursat Theorem does not apply here,
1
and on the other hand, the function g(z) = — does not have a continuous
z

antiderivative in D °(0, 1), as we explain in the subsection that follows.

Notice that one condition of the Cauchy-Goursat Theorem was
that all interior points of the simple closed path C' belonged to the open
region R. This motivates the following definition:

Definition 3.5.1 A region R C C is called simply connected if for
every simple closed path C' lying in R the inside of C is a subset of R.

In view of this definition, we state an important consequence of the
Cauchy-Goursat Theorem. We will not prove it, since under our approach
in this text we will not use it. Its proof is not hard, and the interested
reader can easily locate it in the bibliography.

Theorem 3.5.4 Let f : R — C be a holomorphic function in an open,
connected and simply connected region R C C. We pick any zp € R, and
for any z € R we define

Pz) = /C F(2)dz, (3.6)

where C' is any piecewise differentiable path lying in R and joining zo and
z. Then F(z) is a well-defined function, i.e., independent of the chosen
path, and it is a continuous antiderivative of f(2), i.e., F'(z) = f(z).
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Under these hypotheses, if C' is any closed path inside the region R,

then
/ f(z)dz=0.
c

The converse of the Cauchy-Goursat Theorem is also true. It is called
Morera’s!! Theorem, and we state it without its proof, which is not hard.
It can be found with its proof in any good book of complex analysis.
Many books choose for C’s only triangles for a bit more generality.

Theorem 3.5.5 (Morera’s Theorem) Let R C C be an open region
and let f : R — C be a complex continuous function [f(z) = f(x+iy) =
u(z,y) + iv(z,y)].

If for any simple closed piecewise differentiable path C' in R for which
all of its interior points are in R, we have

[fera:=o,
C

then the function f(z) is holomorphic in R. Le., f'(2) exists at every
point z € R.

[In fact, f(z) = F'(z) and so f'(z) = F"(z), where F(z) is given by
(8.6) above. Since F(z) is holomorphic, then any derivative of F(z) is
also holomorphic.]

3.5.3 Complex Logarithm

d 1
Someone motivated by the fact . In(z) = — in the realm of the
x x

1
real functions may be tempted to claim that the function f(z) = — has
z

as a continuous antiderivative in any D°(0,r) with r» > 0, the function
F(z) = log(z) that we will define in what follows, whereas we have seen
in Example 3.4.2 (a)

/ Liz—omio
z

C(0,1)

Is this a contradiction to Theorems 3.5.2 and 3.5.37 The answer
is not In the sequel, we define and understand what we mean by F(z) =
log(z) in the complex plane and along any continuous closed path that
encloses the origin in its interior. We shall see that this function is defined
continuously only locally. That is, we cannot define the complex log(z)

11 Giacinto Morera, Italian mathematician and engineer, 1856-1909.
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in any continuous manner everywhere in any D°(0,r) with » > 0 or in
C — {0} for the same matter.

So, we must understand the definition of the complex logarithmic
function. We remember that the trigonometric representation of com-
plex numbers is z = re?, where r = |z| and the angle 6 is an argument
of z. As we have seen in Subsection 3.1.2, Parts (2) and (3), when
z # 0, this angle is determined (mod 27). To define and evaluate log(z)
for any z # 0, we use the exponential form z = ™"+ where 6 is
determined (mod 27).

We begin as follows: Given a z € C— {0}, we have r = |z| > 0. Then,
using an argument # and Problem 3.2.8, we find

y = 7”619 _ eln(r)ew 1= eln(r)ezeeﬂkﬂ _

eln(r)+i9+i2k7r _ eln(r)+i(0+2k7r)
- )

where k € Z. So, there are infinitely many values
{wr, =In(r) +i(0 + 2knm) | k € Z},

such that e”* = z. In fact, these are precisely all the possible complex
numbers w = wy, for which e = z (prove this claim!). So, here we give
the definition:

Definition 3.5.2 For any z € C— {0} the complex logarithm log(z)
of z is defined to be the set of all complex values w such that e¥ = z. A
complex logarithm or a branch of logarithm of z is any particular
value wy, taken out of the set of all possible values.

Remarks on this definition:

1. For any z € C — {0}, we pick a principal argument 6 = Arg(z) in
a fixed initial interval and we have

w =log(z) = {wr, =In(r) +i(0 + 2kn) | k=0, £1, £2, £3,...},
that is, the log(2) is the set of the complex numbers
log(2) =
In(r) +4(0 + 27Z) = In(r) + i arg(z) = In(r) + i Arg(z) + i 27 Z.

In many concrete applications, we must designate and fix an initial
interval for the principal arguments 6 = Arg(z).

Le., the complex log(z) has infinitely many values obtained by
replacing [= Arg(z)] with 6+ 2k with k an integer. This happens
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because e? is not one-to-one in C. We have seen that e = 1 if
and only if k € Z, and so for each k € Z we get a different value
in the set arg(z), i.e., arg(z) contains countably infinite values.

We say that w = log(z) is a “multi-value function” with values
the infinitely many complex numbers found above.

In local coordinates, if z = x + iy, we can write

lmﬂz)zln(xﬂgflzﬁ)~+i[anman(%)«+c—%2kw], (3.7)

where k € Z and c is a corrective constant to obtain the correct
principal argument (as in Example 3.1.3).

Obviously, log(z) cannot be defined at the origin z = 0 because
e* #0,Vz € C. [Also, there is no In(0).]

For any z € C — {0}, we have that

los(x) — ew — fewr | ke Z} = {z}.
Hence, we simply write e!°8(2) = 2.
For any w € C, we have that

log(e") = w +i27Z DO {w}.

If we designate an initial interval [a,a + 27) or (a,a + 27|, where
a € R, for the principal argument Argy(z) [see Subsection 3.1.2,
Parts (2) and (3)], then V k € Z, we write

log)(2) = wy = In(r) + i[Argy(2) + 2k7]
[(k) is an index, in parentheses, so that it is not confused with a

logarithmic base].

As in equation (3.7) above, in local coordinates z = = + iy, we
write

log(x)(z) =In (\/m) +1 {arctan (%) +c+ 2/€7r} , V keZ,

where c is an appropriate corrective constant.
So,
eotsm®) = 2 v ke Z.

We call all the different values wy = log (2) of the complex log(z)
the branches of the complex logarithm. Here, k is simply an
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index written as a subscript and should not be confused with some
logarithmic base, which for the complex logarithm is always e.

Hence, when we work with the complex logarithm, we must keep
in mind whether we use all of its values as a set of numbers or one
value of a particular branch.

Example 3.5.2 In calculus and real analysis, we learn In(e) = 1. That
is, when we write In(e), by definition, we mean the unique real answer,
such that e™(©) = e,

However, in the general complex analysis log(e) is the following set
of complex numbers:

log(e) = {In(e) + i(0 + 2knw) =1+ i2km | k€ Z} =1+1i27Z,

where we have designated as an initial interval of principal arguments
the [0, 27), let us say.

For each k € Z, we have a branch of logarithm. For instance, if £ = 0,
we have logg)(e) = 1. This is the real value that we learn in a calculus
course. If & = —10, then log_;0)(e) = 1 —i20m, which is a complex
number. Similarly, log(g)(e) = 1+ 207.

A

About continuity and discontinuity
of the argument and the complex logarithm

The angles § = arg(z) are measured from the positive z-axis. Let
us here designate the interval (—m, 7] to be the interval in which the
principal argument Argg(z) varies. With these values of § =Argy(z), we
can write any complex number z # 0 in trigonometric or exponential
form uniquely. We observe that for § = m, we achieve all non-positive
numbers in the complex plane C.

Now, any negative number may be approached in many ways, but
here we consider two: first by a sequence of complex numbers of the
upper half plane, and second by a sequence of complex numbers of the
lower half plane.

So, we consider any a < 0 and z, = e n =1, 2, 3, ... asequence
of complex numbers in the upper half plane such that 0 < 6, <, n =
1, 2, 3, ... and z, — a, as n — co. Then r,, — |a| and 8,, — 7, as
n — 00. So, with an initial interval of Argg(z) the interval (—m, 7], we
have

log(zy) = In(ry,) + 6, — In(|a]) +im, as n — co.

We now consider ¢, = pp,e’®» n = 1,2,3,... a sequence of complex
numbers in the lower half plane such that —7 < ¢, <0, n=1,2,3, ...,
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and ¢, — a, as n — 00. Then p,, — |a| and ¢, — —7, as n — 0.
So, with an initial interval of Argy(z) the interval (—m, 7], we have

log(¢,) = In(py) + i, — In(Ja|) — iw, as n — oo.
Thus, even though

lim z, =a and lim (, = a,
n— o0 n—r o0

i.e., z, and (, have the same limit as n — co, we have that

lim log(z,) = In(|a|) + im # In(|a|) —ir = nh_)ngo log(¢n)-

n—oo

Since the two limits are different, the lim log(z) does not exist. There-
z—a

fore, the log(z) we have considered here cannot be extended continuously
to any number a < 0. In other words, log(z) is not a continuous func-
tion in C and, in fact, is not continuous in any punctured disc D°(0,r),
7> 0.

We see that apart from the origin at which log(z) cannot be defined
in any way, w = log(z) has a jump, equal to 27i, at every point of the
negative x-axis. This discontinuity is due to the discontinuities of the
arg(z) along the non-positive z-axis, if we take the interval (—m, 7] to
be the interval of the principal argument Argy(z).

So, arg(z) and hence log(z) are continuously defined in the region
C—{a]|a <0} =C — {non-positive z-axis} and not in the whole C!
This means that in any situation in which we need to use continuous
arg(z) and log(z), we must exclude the non-positive z-axis from C, and
then the principal argument must vary in the interval (—m,7) and not
in (—m,n|. That is, a maximal domain in C in which the principal ar-
gument and the logarithm are continuous is not the whole C but the
C — {non-positive z-axis}.

Instead of the non-positive z-axis, we could have excluded from C
any closed half line starting at the origin {z = re®® | r > 0 and ¢ €
R constant}. For instance, we can take away the non-negative z-axis by
choosing as the initial interval of continuous Argg(z) to be the interval
(0,27). (If we take the initial interval to be [0,27), then we take into
account the whole C, and discontinuities occur along the non-negative
x-axis.) Advanced theorems of complex analysis prove that we can also
exclude other curves that start at the origin as well. But the half lines
starting at the origin are good enough for the scope of this book and
most applications.

With {a | a < 0} = {non-positive x-axis} excluded from C, we can
define the function w = log(z) continuously in C — {a |a < 0} =
C — {non-positive a-axis}, if —r < Arg,(z) < 7. In this way, we achieve
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a continuous piece of the multi-value function w = log(z) out of the
infinitely many pieces of the complex log. We call such a piece a con-
tinuous branch of w = log(z). As we have already said, we achieve
continuity at the expense of losing the whole C. For this continuous
branch of log, the non-positive z-axis is called the branch cut. The
origin is the common point of all these infinitely many branch cuts, and
it is called branch point or branching point of the complex log.

Now, the derivative of any continuous branch (continuity is a
necessary condition for the existence of derivative) of the complex func-
tion w = log(z) can be found by the chain rule and using the relations

d .

e (®) = » for any k € Z, and d—(ez) = €. [Or, we can directly use
z

the derivative rule for inverse functions. Or, we can locally use equations

(3.7) and (3.4) or (3.5).] With log(z) representing all the continuous
branches {log(2)| k € Z}, we find

d 1
—l =,
2 flog(2)] = -

Next, by computing the derivatives of all orders of f(z) = log(1+z2) at
z = 0, we derive the following Maclaurin power series for the continuous
branch of f(z) = log(1 + z) for which log(1) =0:

0
ZnJrl 2 3 4

22z oz
10g(1+z)=2(—1)"n+1 22—7—1—?—14—..., Vz: |zl <1
n=0

This is the power series of the branch wy = log()(1 + 2) (i.e., k = 0) if
the Argg(z) varies in (—, 7).

To obtain the power series of any branch wy, = log, (1 + 2), k € Z,
we must add the constant 2kme to this power series.

The basic properties of the complex logarithms have been listed
together with the related properties of the complex power functions in
the Section 3.5.4, in which we also explain the adjustment of the
argument for both. Next, we present the following;:

Example 3.5.3 Find all complex values of the complex logarithms
log(1), log(5), log(—5) and log(5 — 2i), with initial arguments in (—m, 7).
Since [by Part (a) of Problem 3.2.8]
e = cos(h) +isin(d) =1 <= 6 = 2kn with k integer,
then we have that
log(1) = {2kmi | k € Z}.
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So, for k = 0, we find log o) (1) = In(1) = 0 (as we know it from calculus).
Next, we have 5 = 5¢! | —5 = 5¢™ and 5 — 2i = /52 + (—2)2¢' =
V29¢€'? with ¢ € (—m, 7] the unique IV quadrant angle determined

— —2
by cos(¢) = \/%_9 and sin(¢) = o Therefore, ¢ = arcsin <\/—2_9> €
(=, 7.
So, we find

log(5) = {In(5) + i(2km + 0) = In(5) + i 27 | k € Z},

log(—5) = {In(5) + i(2kr + ) = In(5) +i(2k + )7 | k € Z},

log(5 — 2i) = {In(v29) + i(2km + ¢) = 1n(229)

+i(2km +¢) | k€ Z).

If all initial arguments were measured in [0,27), then the answers
would be:
log(1) = {2kni | k € Z},

log(5) = {In(5) + i(2kw + 0) = In(5) + i 2k7 | k € Z},
log(=5) = {In(5) + i(2kn + 7) = In(5) +i(2k + )7 | k € Z},
In(29)

2

log(5 — 2i) = {In(v/29) + i(2k7 + ) = +i(2km 4+ ) | k € Z},

with ¢ € [0,27) the unique IV quadrant angle determined by cos(¢)) =

5 -2 -2
—— and sin = ——. Therefore, ¢ = 27 4 arcsin | — | € [0, 27
~ and snv) = = v (7%) <020

in this case. (That is, the first three answers of both cases coincide, but
the fourth one is different.)
A

Example 3.5.4 In the open right half plane, i.e., Re(z) > 0, the

function 5 )
22452 —324+6
f(z) = 3

z

has as a continuous antiderivative the function

22 6
F(z)= 5 + 52 — 3loggy(2) — Pt

where we have picked the principal branch of the complex logarithm
log o) (#) with principal argument in [—, 7).
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So, for any path C lying in the open right half plane [Re(z) > 0] and
joining the numbers 1 4+ ¢ and 2 — 57, by Theorem 3.5.2, we find

2-5i 3 2
2> +52°—32+6
f(z dz:/ =
/C (2) ! 3

+i z

2 2-5i
—+5z—310g0(z)——} =
{2 © Zl1y

—5i)2
[M+5(2—5i)—310g<0>(2_5i)_ : }_

2 25
(1+1i)2 ) , 6
[T+5(1+2)—310g(0)(1+z)—1+Z_ =
—91 - 20i _ 12 + 30i
[%Jrlo-zm—:ﬂn (x/@) —3arcsin(\/;_9)i— ;9302] _

{i+5+5i—3ln(\/§)—3%i—3+3i]:
169 3 (29) e <5\/2—9> 1306]
—— ST ) i .

53 5 T + 3 arcsin 59

29

But on the any circle C = C*(0,r), r > 0, positively oriented, we
get

/ f(2)dz = (—3) - 2mi = —6i.
ct(0,r)

3.5.4 Complex Power Functions

We need to say a few words about the multi-value complex power
function. Besides its own interest, we are going to use it in several cases
in the sequel. This multi-value complex function is:

f(z) =27,

where, in general, @ € C is constant and z € C is the complex vari-
able. This function is defined by means of the complex log(z) and the
exponential function e* in the following way:

If z # 0, we define

de i
2 — ealog(z) :f ealn(|z|)+w¢arg(z)’

where, as we have already seen,
arg(z) = {Argy(z) + 2km | k € Z} = {Argy(2)} + 27Z

is a countable set of numbers. So, this function is a multi-value com-
plex function, i.e., its output is a set of numbers, in general. We
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can choose particular values from this set as the continuous branches of
the power function. In fact, we pick continuous branches of the complex
logarithm, and then we find the corresponding continuous branches of
the power.

In general, we may consider any domain C — {a ray from the origin},
and so the principal argument Arg,(z) is in an open interval (¢, 27 + ¢),
where ¢ is some angle.

Example 3.5.5 In calculus and real analysis, we learn that eV?is a
unique real value. However, in the general complex analysis, e*/i, viewed
as a complex power, is the following set of numbers:

eV = { elloe@V2 } =
{e[1+i(0+2kﬂ')]\/§ | keZ} = {e(1+i2kﬂ')\/§ | keZ}.

For each k € Z, we have a branch of this complex power. For instance,
if £ = 0, we find the unique real answer e‘/i, as we know it in calculus
or real analysis. But, if, for instance, k = —10, then we find the complex
number ¢¥2(17120m) — ¢V2[ ¢0s(207y/2) — i sin(2071/2) ] and so on.

Note: It would be appropriate to introduce notations indicating if
the expression eﬂ, and any expression a” with a and b real numbers, is
considered as a real power with a unique real number as answer, if such a
real number exists, or as a complex power with infinitely many answers,
out of which we can pick particular branches which we can indicate with
indices k € Z, But in order to avoid too crowded notations, we are not
going to introduce and use such notations. We must simply keep in mind
when expanding complex powers, what we mean with the complex log(z)
or log;(z) with k € Z.

A

It does not always hold that each branch of the complex logarithm
will yield a different branch of the complex power. This depends on the
exponent. For instance: As we have seen in Section 3.1, if a =n € Z
(i.e., a is an integer), then f(z) = 2" (= z7) is a unique-value function.
Indeed:

If z =0 and n € N, then we have 0" =0-0 --- 0 = 0, by the original
definition of a power with a natural exponent. (For n =0, —1, —2, ...,
the power 0™ is not defined.)

If 2 # 0 and n € Z, then we obtain

f(Z) — " — enlog(z) — en[ln(|z|)+iarg(z)] _ en[1n(\z\)+iAI'g0(z)+2k7ri] _

en ln(\z\)+inAI'gO(z)+2kn7ri —en In(|z]) | einAI'gO(z) . eanﬂ'i _
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= |z|" - {cos[nArg,(z)] + i sin[nArg,(2)]} - 1 =
{I2] - {cos[Argy(2)] + isin[Argy(2)]}}" =

M=zzozz, if n>0
1, if n=0
n_1.1.1 1 .

where the last two steps follow from the De Moivre formula
[Subsection 3.1.2, Part (5)]. This answer coincides with the origi-
nal definition of the power function with integer exponent n € Z and
base z # 0.

In general, if the exponent « is not an integer, then the function
f(z) = 2% is a multi-value function. Indeed:

If a = ]—?, where p € Z and g € Z — {0}, i.e., o is rational, then
q

£(2) = z* has at most |g| values. The |g| |q[t! roots of z5182(0)P repeat
as k runs Z in the expression 2k 7. If p and g are relatively prime, then
there are exactly |g| different values. (See Problem 3.1.18.)

n
Example 3.5.6 (a) For any integer n = T’ we have just seen that
f(z) = 2™ has exactly one value.

(b) The nth order roots of complex numbers, as we have studied
them in Subsection 3.1.2, Part (6), can be viewed in the context of
the complex power function. For every n € N and any z # 0 complex

1
number, the power z=» represents n different complex numbers, namely

th Loots of 2.

the n n
(c) When ae = —, we have seen in Subsection 3.1.3 that the complex

square root function has two values. Here we find the two continuous
1
branches of 1/z = z2.
We have that for z # 0

1 1 i i
27 — g3 In|z|+3 arg(z) _ /|Z|€2 arg(z).

We consider as continuous Argp(z) the one in the initial interval
(0,27). That is, we work in the open domain

C — {non-negative z-axis} C C.

Thus, we obtain two distinct branches: one for 0 < arg(z) < 27 and
another for 27 < arg(z) < 4m. For all the other values of the arg(z),
the branches of v/z = 23 repeat, and any one of them is equal to one of
these two. Indeed:
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If we call Argy(z) the argument for the first branch, then we have
the following two distinct branches of /z = 23

Argy(2)

(1) vz =27 =]z ¢ 2 |, when 0< arg(z) := Argy(z) < 2.

Argy(2) + 27
(2) Vz=27 =+/|z]e 2 ,  when
27 < arg(z) = arg,(z) = Argy(z) + 27 < 4m.

E.g., let z = —2 = 2¢'*28(=2) Then Argy(—2) = =, and the first
branch gives /—2 = V2eis = +4/2 1, whereas the second branch gives

V=2 = \/5@“227r = ﬁeis?ﬂ = —+/21i. Both values are the known values
of V=2 = £/2i.
Remark: In this example, the exponent o = % is positive. It makes

sense to define v/0 = 0. This extension holds for positive exponents only.
That is, if « > 0, then 0% = 0. We observe that all the continuous
branches of powers with positive exponents meet at z = 0. If the expo-
nents are negative, we do not make any such extension unless we set all
answers to be oo.

A

As we have seen in Example 3.5.5, the power eV? represents in-
finitely many different values in the complex domain. In fact, this is the
case with any complex power f(z) = z* with exponent « an irrational
real. This follows from the fact that whenever « is irrational the expres-
sion € 2*7 yields a different value for each different k € Z. Indeed: If
g2k — ia2lm with k and [ integers, then e!®2(h—O7 — 1 Therefore,
a2(k—1)m = 2mm for some integer m [see Part (a) of Problem 3.2.8|.
Then, a(k —1) = m. Since « is irrational, this is possible only if k = {

and m = 0. (Otherwise, k # [ and then a = % would be a rational

number, which is a contradiction.)

Example 3.5.7 Find the continuous branches of

Z\/E _ e\/i[ln|z|—i—ia1rg(z)] _ |z|\/§ei\/§arg(z) — |Z|\/§ei\/§[AI‘g0(z)+2k7r].

Since /2 is irrational, there are countably infinitely many continu-
ous branches of this function obtained by the countably infinitely many
branches of the arg(z). E.g., we consider Arg,(z) in (0,2n), and then
for every integer k = 0, +1, +2, £3,... we get a continuous complex
argument such that 2km < arg(z) < 2(k + 1)7.

A
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If a is a complex number with Im(«) # 0, then, again, f(z) = 2¢
has infinitely many answers. The continuous branches of this function
are obtained by using the continuous branches of the complex log(z).

We illustrate this in the following:

Example 3.5.8 Find the value of

(1 —1) (2430) _ ,(2+30)log(1—i) _ e(2+3i)[ln(\/§)+iarg(17i)]

7
corresponding to Argp(l — i) = Iﬂ € [0, 2m7).

We have

(1—1) (2430) _ (2+30) log(1—i) _ e(2+3i)[ln(\/§)+i%‘] _

el
3 147

21w

e[m@—2] {cos {— In(2) + —} +isin

2

e[ -] {cos E In(2) + —} + isin

e[mn@—27] {sin E 111(2)} —icos

2 . |3 . 3
pet {sm [5 111(2)} —icos [5

r 1T 1T 1
N|W NDIWw N w

5

In(2) +

Ja—

n(2) +

14nw

4
3

2

2In(v2)-3-Z=|+i[3In(v2)+2- ZF] _ e[ln(z)—ﬂTﬂ]H[g In(2)+ 142

)

All the infinitely many values of this complex power are

(1—1) (243i) _ o(2+30) log(1—i) _ e(2+3i)[1n(\/§)+i(?f+2kn)] _

ﬁ {sm E m(z)} ~icos [g 1n<2>] }

for k=0, £1, +2, +3,. ...

lj-

A

Using the chain rule, the derivative rules for exponentials and the

complex logarithm, we obtain the following two derivative rules:

(1) For any constant « € C, the derivative of a continuous branch of

f(z)=2%is
d

%(zo‘) =az*

(z #0).

(2) If we take the derivative with respect to « (considering now « to
be the variable), we have that the derivative of a continuous branch of

f(z)=2%is
%(zo‘) = 2%log(z),

(z #0).



348 Improper Riemann Integrals

In the usual way, we also obtain the complex binomial series with
complex exponents

= [
1 ¢ = " C, Vz: 1
(14 2) ;}(n)z, aeC, z: |z < 1,
where (¢) =1 and (¢ :a(a_l)(a_Q)"'(a_n+1),VneN.
0 n n!

Whenever (1 + z)“ is a multi-value function, this power series represents
the continuous branch which is equal to 1 at z = 0.

3.5.5 Properties of Complex Logarithms and Powers

Since a complex logarithm and a complex power are a set of complex
numbers in general, we would like to accurately state and understand
the basic properties of complex logarithms and complex powers
as sets of numbers.

Let z, z1 and 23 be in C — {0}. With log(z), log(z1) and log(z3), we
mean the sets of all values of their complex logarithms. Similarly, the
complex powers 2z and 2z° with a and b in C mean the sets of their
values.

Using the properties of the argument, the operations among subsets
of C that we have seen in Subsection 3.1.2, Parts (2), (3) and (7),
and the definitions and remarks of Subsection 3.5.3, we can directly
prove that the corresponding sets of these complex numbers satisfy
the following properties:

1.
log(z1 - 22) = log(z1) + log(z2).
2.
21
log (—) — log(=1) — log(=2).
z2
3.
log (2%) = a-log(z) +i27Z D a - log(z).
4.
2% 2% = 2010,
D.
P Z_b — Za—b
6.
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2 a

1 _

— ) =272
22

(za)b _ Zab . eib27rZ ) Zab.
Notice that, in general,
(Za)b _ Zab . einﬂZ # (Zb)a _ Zab . eiaQﬂ'Z’

unless a and b are especially chosen. Besides the choices a = b € C, or
both a and b are integers, not necessarily equal, find some other choices
of a # b for which we obtain equality. (See Problem 3.5.12.)

Also, we must notice that when we designate a common initial in-
terval (r,r + 27), r € R, [e.g., (—m, 7], [-7,7), [0,27], etc.] for the
continuous principal arguments of z; and zz, then Arg,(z1) + Arg(z2),
etc., may not be in this interval. We may need to add or subtract an
appropriate constant to these results in order to return into (r,r + 27).
(See the next example.)

Examples
Example 3.5.9 Let (a,a + 27) = (-7, 7), i.e, a = —m.
3 2
Suppose Argy(z1) = Zﬂ and Arg,(z2) = ?ﬂ Then Argy(z1) +

2 17
Argy(z2) = Sm2m_ ~7  This number is outside (—=m, 7). But, if

4+3 12

17 7
we subtract 27 from it, we find T o= —l, which is in (—m, 7).

12 12

3 5
Similarly, if Argy(z1) = —Iﬂ- and Arg,(z2) = %, then Argy(z1) —
3m  om 197

Argy(z2) = T 6 - 1o This number is outside (—m, 7). But, if
19 7
we add 27 to it, we find —1—; + 271 = 1—;, which is in (—m, 7).

In the same way, we make similar adjustments in situations similar
to this!
A

=1
3

1 1
Example 3.5.10 Find the continuous branches of — = —
\3/2 z3

We have that for z # 0

=z
1 1
= —— =2

Vz 2

= S Inlz|=Farg(z) _

=€

Wl
w
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We consider as continuous Argg(z) the one in the initial interval (0, 27).
That is, we work in the open domain

C — {non-negative z-axis} C C.

Thus, we obtain three distinct branches: one for 0 < arg(z) < 2w,
another for 27 < arg(z) < 4w and another for 47 < arg(z) < 6m. For all
other values of the arg(z), the branches of —= = — repeat, and any

V4 273
one of them is equal to one of these three. Indeed:
For the first branch, we use the Arg,(z) and find the following three

—1 1
branches of z 7 = —:
23
w 1 le —1 e*iAr% =
1= -1 frng = ;
3 VAl

when 0 < arg(z) := Argy(z) < 2,
1 Arg (z)+ox

= e 3 , when 27 <arg(z) < 4m,

VaE]
- 1 Arg (o)tar
2w = E e i s ,  when 4m < arg,(z) < 6.
z
For instance, let z = —8 = 8¢'*8(=8) with Argy(—8) = 7. So, we

- 1
want to evaluate the three values of (—8) 3 = e

1
z
1

z

=1
3

wo = z

Wl

w3 =

Wl

The first branch gives
_ |
wy = (—8)Tl T 567% =3 [cos (—g) + ¢sin (—g)} =

(3= ()] -5 (3-F) ~Jo-vm
The second branch gives

=+ 1 1 _ym2r 1 . 1
wy = (—8)73 :3——8: - |—8|e 3 :§[cos(w)+lsm(7r)]:_§.

The third branch gives

w3 = (—8)71 = J—s =3¢ 5 = % [cos <—5§> + isin <—5§>] =
- [cos <5§> —zsm( )} :% (%—H?) - i(l—i—i\/ﬁ).
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Example 3.5.11 Find all the values of

it = eilog(i) _ ei[lnIl\Jriarg(i)] —e arg(i).

Since all possible values of arg(i) = g + 2kw, we find that all the values

of the complex power i® are the real numbers 67(%+2kﬂ'), with k£ =
0, £1, £2, +3,....
A

Example 3.5.12 Find the infinitely many values of the complex power
(=2 + ) 320 = ((3-20) log(~2+i)
We let Argo(—2 +4) = 6 be the unique II-quadrant angle 6 € [0, 2)
—2 1
determined by cos() = 7 and sin(f) = 7 and measured in radians.
(We can approximate this 0 to several decimal digits.) Then

(=24 1) (3-2i) _ ,(3-20)[In(v/3)+i(0+2km)] _

e ZFHF20HART Lol 1n(5) + 30 + 6kn] + i sin]— In(5) + 30 + 6k]} =
X E R F20H4RT Lo0ql 10 (5)] cos(36) — sin[— In(5)] sin(36) +
i {sin [— In(5)] cos(30) + cos [— In(5)] sin(30)}} .
But, by triple angle formulae, we have

cos(30) = 4.cos(8) — 3cos(8) = 4 (\‘/_2)3 3. (\‘/%) _

()+ (-3

: e : 1 1\*
sin(30) = 3sin(0) — 4sin*(0) = 3 - 7 4. (ﬁ) =
341
VB 55 25

Substituting these values with k£ € Z and simplifying, we find
(=2 4 4) B=20) = ((3-20)log(=2+1) _
20+4kT {=2cos[In(5)] + 11sin[In(5)] + ¢ {2sin[ln(5)] + 11 cos[In(5)]}} .

A
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Example 3.5.13 Find all solutions of the equation sin(z) = —2.

By the definition of sine, we have
iz _ efiz
2i

€ — 9.

Manipulating this algebraically, we find
(eiz)2 +4ie”* —1=0,
and by the quadratic formula, we get
e = (~2+3)i

Therefore,

iz = log [(—2i \/5) z} .

3
Since both —2++/3 are negative, we can choose Argy[(—24+/3)i] = g €

[0,27). (If these numbers have different arguments, we must consider
them apart in two different formulae.)
Then we get

z:%log[(—Z:I:\/g) i| = —itog [(—2+ V3 )] =
i {1n)—2:l:\/§‘+ (2k+g)m} - <2k+;)w—i1n(2¢\/§),

with k € Z.

If we observe that 2 4+ /3 = then we can write

1
23
vi=2E = <2k+g>ﬁiiln(2+\/§), YV ke

So, the above equation has infinitely many complex solutions, one
for each integer k =0, +1, £2,. ... The solutions were expected to be
complex since we have set the sine function equal to —2 ¢ [—1,1] (the
range of the real sine). If we plug all of these numbers back into sin(z),
we will easily verify that we get —2.

In this example, we could have found the multi-value function inverse
of sine, in general, and then plug in the number —2.

That is, if w = sin™!(2), then z = sin(w). Thus,

=2z or (e“")2 — 21z (eiw) —1=0.
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So, by the quadratic formula, we find
e =iz (1—22)2
and then
w=sin"!(z) = —ilog |iz £ (1 — 22)%
This has infinitely many answers produced by the infinitely many values

of the complex logarithm.
1
If by (1 — 22)2 we mean the two-value function of the power with

exponent 3 then we can replace the + with simply + in the above

formula.
For z = —2, we find

sin~!(~2) = —ilog {—2‘2 + (—3)%} — _ilog [2 (—2 + \/5)}

which are the values we have found above, etc.
If we plug z = 1, a value within the real range of sine, we find

sin™!(1) = —ilog(i) = —i [n(1) + 1 (§ +2kr)]| =
—ii (g n 2k7r) - g + 2%k,

with k € Z. In this case, all values are real and are those that we know
from elementary trigonometry.

1
[Repeat the same thing with 2z = ~3 to find all the infinitely many

real values for .
2T 4 %km

1 6
sin ! (——) =
2 7T

F + 2]€7T,

with k& € Z. These are the values that we know from elementary
trigonometry.]

Remark: In the same way, as in this example, we can find the general
formulae of the inverse functions of the trigonometric and hyper-
bolic functions (multi-value functions). Then, given any complex
number, we can plug it into these formulae to compute the corresponding
infinitely many answers. For example:

cos 1 (2) = —ilog {z + (22 — 1)%} ,

. 1
tan"!(z) = %log (1—1—22) .z # i,

etc.
(See also Problem 3.5.14.)
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3.5.6 Consequence

1
Going back to f(z) = — in the D°(0,r) with » > 1 and C = C(0, 1),
z
we now see that this function does not have a continuous antiderivative
along C. In fact, at a = —1 € C, the log(z) has a jump equal to +2mi
when we cross a = —1 as we travel along C'. This jump is precisely equal
to
1 .
—dz = +2mi.
z
c+(0,1)

Similarly, we have that for any r > 0 and any zg € C

f 1
zZ— 20

C*(z0,r)

dz = +2mi.

Therefore, for any r > 0 and any complex number ¢ fixed, we have
j{ Sz = +2cmi,
z
Cc£(0,r)

and similarly, if zg € C fixed

f ¢ dz = +2cmi.

zZ— 20
C*(z0,r)

So, now we observe that when we integrate a function written as
o0 o0
f(z) = Z an(z — 20)" + an(z —z0)"", Vz€D°20,1),
n=0 n=1

along a closed path C inside a punctured-disc D°(zo, ), with r > 0, only
b1 . .
the term ———— may contribute a non-zero result to the integral, but all

Z— 20
the other additive terms of the series contribute zero.
In fact, for the scope of this book, we use the following (partial)
Theorem:

Theorem 3.5.6 Let C' be a simple, closed, continuous, piecewise con-
tinuously differentiable path in C and f(z) be a function given by

f(z)= Z an(z — 20)" + an(z —29)™", VzeC—{z},
n=0 n=1

where zg € C fized but not on the path C. Then:
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(a) If 2o lies inside the region that C encloses, then

ff(z) dz = £2bymi.
(o=

(b) If zo lies outside the region that C' encloses, then

ff(z) dz = 0.
bons

Proof (Refer to Figure 3.3, below.) By the previous discussion, it is
enough to prove this theorem for the function

b1
Z—20

f(z) =

We let D be the interior of the simple closed path C, that is, the open
region that C encloses.

(a) Assume zp lies inside the region D. Then this function f(z) does
not have a continuous antiderivative in D — {zo}.

We take r > 0 small enough so that C' and C(zg, ) do not intersect
or touch. Call R = D — D(zg, ). This is the part of D lying between C
and the circle C(zg, 7).

As we have already seen, for the circle C(zg, 1), we get

bl I ]. i0
f dzz:l:/ bi——————d(re”) =
Z— 20 0 zo +rev — 2z

C*(z0,r)
27 - 40 27
+b, / D 6 = +byi / d0 = +2by 7,
o re 0
and so b
f L odr = F2bqmi.
zZ— 20
C¥F (20,7)

Next, in order to apply Green’s Theorem in R, we must be careful with
the relative orientation of the two pieces of the boundary of R, and we
need to write our function as

1

zZ— 20

=u(z,y) +iv(z,y) =

T — X . Y—Y
((x—a:o>2+<y—yo>2 +’<x—xo>2+<y—y0>2>
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07 (Z(), 7")
D(zp,1)

20
Wr(C) =D,

R =D — D(z,7)

C

FIGURE 3.3: Contour C in C with point zy in its interior D

where z = x + iy and zg = z¢ + iyg. Then we have:
b b b
f{ L dz= j’{ L dz+ f{ L dz=
Z— 20 zZ— 20 Z =20
dR c+ CF (z0,7)

_p, j{ u(z, y) + iv(z, y)] (dx + idy)+
ci

by 7{ (. y) + (e, ) (e + idy) =
CF(zo0,r)

by j{(uda: —vdy) + zj{ (vdz + udy) | +
Cc* C*

b1 7{ (udx — vdy) + 14 7{ (vdx + udy)

C¥F(zo0,r) CF(zo0,r)
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Therefore,
b
7{ L gz =
Z— 20
OR
b1 7{ + 74 (udx — vdy) + byi 74 + 7{ (vdx + udy).
C*  CF(zo,r) CE  CF(z0,r)

Then by Green’s Theorem in the region R (as we have seen it in
calculus), we get

7{2 blz dz = +b //(—vz — uy)dzdy + z/ /(ur — vy)dzdy
— 20
R R

OR

But, in R, the function has complex derivative at every point,

zZ— 20

equal to (Notice that zg ¢ R.) Therefore, it is holomorphic in

(2 — 20)%
R, and so the Cauchy-Riemann conditions hold for this function in
R. That is,

Uy =Vy and Uy = —vg.

Therefore, both double integrals above are equal to zero, and so

7{ b :74 b dz + 7{ b dz = 0.
Z— 20 Z— 20 2= 20

dR c+ C¥F (zo,7)
Since )
7{ L dr = F2bmi,
Z— 20
C*(zo0,7)

we finally find

b
j{ L dr= —(F2b17i) = £2by i
zZ— 20
c=*
(b) Assume zo ¢ D U C, that is, it lies outside the closed region
-1
D U C that C encloses. Since f'(z) = e is defined at every
— 20
point of D U C, then by the Cauchy-Goursat Theorem, 3.5.3, we

immediately get
?{ f(z)dz=0.
c*
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[In this case, we could also apply Theorem 3.5.2 because in the
bounded region D U C the function f(z) has a continuous antiderivative
which is any continuous branch of the function log(z — z¢).]

Remark: If in the previous Theorem zy € C, then the ?{f(z) dz

c*
is dealt individually. Its existence, non-existence and evaluation depend

on the given f(z) and C.

Examples

Example 3.5.14 Let C be the boundary of the square {z = = + iy :
|z] < 2, |y| < 2}. Then, due to Theorem 3.5.6, Part (a), all the
following integrals give the same value:

fldzzjl{ L dzzj{ 1,dz= ;dZZf 1,dz=
z z—1 zZ—1 z+1 zZ4+1

c* c* c* c* c*

1
— dz = +2m1.
j{z—(l—i)dz e
c*

Similarly, by the same Theorem, Part (b), we have:

1 1 1 1
%z—?)dz_?{z—?)idz_%z+3dz_?§z+3idz_

c* c* c* c*

fﬁdz:o.

Cc*

A

Example 3.5.15 For any a > 0 and b > 0 constants, let C' be the
ellipse {z =ax+iy : © =acosh, y =bsinf, 0 < < 2r}. Then, due
to Theorem 3.5.6, we have that

1
j{—dz = 2mi.
z

Cc+

From this, we get

do =

/27r —asin(6) + ibcos(0) do — /2” (b% — a?) sin(0) cos(#) + iab
o acos(f) + ibsin(0) ) a2 cos?(6) + b2 sin’(0)
271 = 0+ 2me.
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Separating real and imaginary parts, we get the following two real

integrals:
T (b? — a?) sin(f) cos(h)
R o =0
o a?cos?(0) + b2sin”(6)

and

2m
ab
df = 2.
/0 a2 cos?(0) + b2sin?(0) i

Therefore, we also obtain the following two real integrals:

27 :
/ sin(6) cos(H.) =0
o a?cos?(0) + b2sin°(6)
and
/27T 1 0 B 2_7_(
o a2cos?(f) +b2sin?(0)  ab’
So,

2 1 us
/ R
o a?cos2(6) + b2 sin”(6) 2ab
(Compare this with Examples 2.2.3 2.6.18, and 3.8.3. Also, for
comparison, try to evaluate the second integral by pure calculus meth-
ods!)
A

From the two previous examples, we get a sense of the power of
the Theorem 3.5.6.

3.5.7 Cauchy Integral Formula

Let w = f(z) be a holomorphic function in an open region R C
C and C be a simple, closed, continuous and piecewise continuously
differentiable path in R. Let zy be located inside the region D C R C C
that C encloses and let 0 < r < p, where p > 0 and such that D(zg,p) C
D. Then from Theorem 3.5.1, we know that

f(Z) = Za‘n(’z - Zo)n7 Vze D(Zf)ap)a
n=0

(n)
where a,, = fT('Zo) eC, Vvn=0,1, 2, ...
So, f(z0) = ap and
flz)  ao -

= + an(z — zo)”*l, Y z € D(zg,p).
zZ— 20 Z— 20 1

n=
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Hence

z
f @) dz = ag2mi = 2mwif(z0).
zZ— 20
C+(zo,r)
As in the proof of Theorem 3.5.6, we can use Green’s Theorem to
get that for any simple, closed, continuous and piecewise continuously
differentiable path C around the point zy, we have that

Mclzz ]{ Mdz.

zZ— 20 zZ— 20
Cc+ C*(z0,r)

Therefore,

Z_(—Zio dz = 2mif(20).
Cc+

This is the powerful and useful result:
Theorem 3.5.7 (Cauchy integral formula) Let w = f(z) be a holo-

morphic function in an open region G C C and C be any simple, closed,
continuous and piecewise continuously differentiable path in G. We let

D := the inside of C, and we assume D C G. In particular, this is true
when G is simply connected. Then for any zg € D, we have that
(2) ) 1 [ f(2)
——dz=2 — =— ¢ —dz. 3.8
2 z mif(z0) f(20) i |z — 2 Z (3.8)
c+ c+

This Theorem says that all the values of a holomorphic function
obtained at the interior points of the path C| as in the Theorem, can be
completely determined by the values of the function at just the points
of C, via the stated formula.

Under the conditions of this Theorem, if zp € G — (D U (), then, by
the Cauchy-Goursat Theorem, 3.5.3, the above integral is equal to
f(z)
zZ— 20

If CT is a positively oriented circle with center zg and radius R > 0
such that D(z9, R) C G, then we have that along C* z = 29 + Re®
with 0 < t < 27 and dz = Rie*dt. In this case, the Cauchy integral
formula gives

27
zf—(—zio dz = /0 f (20 + Re™) dt = 2mif(20) <=
C+

zero, because with zg € G — (D U C), is holomorphic in D U C.

1

2 )
f(z0) = %/0 f (20 + Re™) dt. (3.9)
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This last equation, for obvious reasons, is called the Mean Value
Property of Holomorphic Functions. The value of a holomorphic
function at the center of a disc is the average or mean value of its values
along the boundary of the disc.

Note: In our exposition, we use the fact that a holomorphic func-
tion is complex analytic (i.e., complex power series) and then we derive
the Cauchy integral formula. Most books of complex analysis prove the
Cauchy integral formula for holomorphic functions first by basic prin-
ciples and then working in the direction opposite to our approach (in
which they make use of the geometric power series) establish the com-
plex analyticity. There are several proofs of this very fundamental result.
For another proof, see Problem 3.5.18 (a).

Examples

Example 3.5.16 If C' = C(0, 1), then by (3.8) we find

f@ dz = 2mi cos(0) = 2mi.

C+

Also, by (3.9) we find

1 2 .
o J, ©° (¢") dt = cos(0) = 1.
Similarly,
7{% dz = 2misin(0) = 0,
z
Cc+
and
1o sin (e") dt = sin(0) = 0
2m Jo |
Also,

22 1\? i
fz—% z m<2) 5
Cc+

1 1
since 3 € D(0,1), but we do not apply (3.9) to this example because 3

is not the center of the disc D(0,1).
If now C' = C(2,v/5), then by (3.8) and (3.9) we respectively obtain

j{sin (e;) dz = 27misin (62)

z —

C+
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and

1

2m
- 2+\/5e”) dt = sin (2
o7 ), sin (e sin (e?) .

Example 3.5.17 If C = C(0,2), then

dz 1/ 1 1 1
== ¢ = dz = —(2mi — 2mi) = 0
74,#—1 %2(z—1 z+1) @ = 5 (2mi = 2mi)

c+ c+
dz
% )
]{22—8 ’

Cc+

since +£+/8 lie outside the D(0,2) and so

D(0,2).
Along the same path, we also have

dz dz . 1 i

= =27 —— = —.

224+2z-3 (z+3)(z—1) 1+3 2
c+ c+

is holomorphic in
22 -8

A

Under the same conditions on f(z), by considering 2o as parameter
in the Cauchy integral formula, we can differentiate k times with
respect to zp and under the integral sign to obtain the more general
formula:

f(z) 2mi f®) (20)

———dz=—"—" VYV k=0,1,2,3, ..., 3.10

$ et e =T (3.10)
C+

where C' and z are as in Theorem 3.5.7, above. That is, we start with

the Cauchy integral formula (k = 0) and then we take derivative k times

with respect to zg, where k =1, 2, 3,..., and we find:

]{M dz = 2mif(20),
zZ— 20
c+
1) 2 =2mif' (2
%(Z—ZO)QCZ Zmif (o),
C+
f(2) _ 27T7;f”(20) e
§ i e = T i),
C+
7{ f(z) Qs — 2mif" (o) _ mif"(20)
(z — 20)* 6 3 7

Cc+
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and so on for all order derivatives, as the above general formula states.
If C = C* (20, R) under the same conditions as in equation (3.9),
then equation (3.10) becomes

1 27 ) ) B ka(k)(ZO)

it —kt _
> f (20 + Re™) e dt = o ,VEk=0,1,2, ... (3.11)

Examples

Example 3.5.18 If C' = C(0, 1), then by (3.10) we find

?{Sn;(z) dz = 2misin’(2)|.=0 = 2i cos(0) = 27,

7{— dz = 2mi(e?)| .= = 2mie® = 2mi - 1 = 27,

and by (3.11) we find

I ity —it cos(0)
7 sm(e )e dt = T =1,

1 o it gy 60
— it = S =1,
or Jy € 1!

Similarly, with C' = C'(2,3) we find

(z—2)4" 3! N 6 B 3 7
C+

%sin(z) p omisin®(2)  —2misin(2)  —misin(2)

N "
7{( : dz = 2mi(1")| =2 =mi-0=0,

z—2)3 2!
C+
cos(z)d_2. ’ — orisin(2
4z = 2micos (2)|222 = —2misin(2),
C+

and

e , , ®)(2)  —0misin(2
—/ sin (2 + 3ezt) o 3it gy — 33sin (2) _ 97 sin(2)
0

27 3! 2 ’
1 27 0t
— At =0
2 ¢ ’
1 2w . . / 2
o cos (2+3e") e " dt = 3(30275!() = g sin(2).
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A
Example 3.5.19 If C' = C(0,2), then
e* omi (e*)" |.—1  2mie
7{(2_1)3 dz = 51 =—5 =mei,
Cc+
fi dz = 27i(2%)! | .= = 2mi3i® = —6mi
(z _ Z)z 2= k)
C+
?{ z3. b 2mi (%)@ _; _0_ 0,
(z+1)5 4l 24
Cc+
7{ (z+ 1).7 iy — 2mi[(z + 1) ocrps _ N
[z = (1+0)]"° 9!
C+
A

Problems

3.5.1 Compute /zE dz along the parabola y = 22, for—2 < z < 4.
c

3.5.2 Compute the four integrals:

I = /zdz, I, = /|z|dz,
]

[—1,1] [—i,i

1 1
I3 = / —dZ, I4 / :dZ.
z z

[1+i,—2+3i] [1+i,—2+3i]

3.5.3 Consider as the initial interval of Argg(z) the [0, 27) and prove the
discontinuity of arg(z) and log(z) along the non-negative x-axis.

[Hint: Imitate what we did in the text with initial interval [—m,7).]
3.5.4 Find all complex values of log(5i), log(—5¢) and log(—3 + 57).

3.5.5 Pick any principal argument a < Arg(z) < b or a < Arg(z) <
S

b
such that b —a = 27 (a, b are real constants). Prove that for each k € Z
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the corresponding branch of the complex logarithm maps the set C—{0}
in one-to-one manner onto the horizontal strip

{z|z=2+i(y+2kn) and —oo <z <ocand a <y <b} or
{z]z=2+4+i(y+2kn) and —oo <z < ccand a <y < b},

respectively.

3.5.6 Verify the Cauchy-Riemann conditions for the complex logarithm
f(z) =log(z), z # 0, in both cartesian and polar coordinates. Then, us-

ing the expressions of the complex derivative of f(z) in either coordinate

d 1
t derive —11 =-.
system, derive dz[ 0g(2)] ;

3.5.7 Find all complex values of (—3)%, (=5i)™ and (—3 + 5i)2 .

_1
4
)

3.5.8 Find all complex continuous branches of the functions zi, z
2™ and z*.

3.5.9 (a) For any p € Z and ¢ € N and any complex number z, prove
the set-relations (with non-positive exponents assume z # 0)

P

1\P 1
za = (zq) C (zP)a.
(b) Compute all complex answers to (—5)%, (2—64)~3, (1 +i)%5 and
i
3.5.10 We start with the true relation €™ = 1 and continue as follows:

1 T
(627”)6:1% — e3'=1 = cos(g)—kisin(g):l =

SJ

1
3 +4-— =177 Find the mistake!

3.5.11 (a) Locate and explain the error made in

1=Vi=()(-1)=v-1-vV—-1=i-i=—1.

(See also Problem 3.1.33.)
(b) Conclude when the elementary algebra rule about square roots
Vab = \/a v/b is valid if a and b are complex numbers.

3.5.12 Prove that for a, b in C, 2% = 9272 if and only if the follow-
ing two conditions hold:
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()VmeZ, 3ncZ : am—bneZ.
(2)VkeZ, IleZ : bk—al el

Besides the choices a = b € C, or both a and b integers (in Z) not
necessarily equal, find some other choices of a # b for which we obtain
equality.

3.5.13 Set each of the functions cos(z), sin(z), cosh(z), sinh(z) equal to
1 and find all solutions of each equation. Then, do the same thing by
setting them equal to —1 and 0.

[Hint: Imitate Example 3.5.13. For 0, the work is easier.]

3.5.14 Imitate Example 3.5.13 to find all of the solutions of the fol-
lowing equations:

cos(z) =2 sin(z) = —3

tan(z) = 2 cot(z) = —3

sec(z) =2 cse(z) = =3
cosh(z) = —4 sinh(z) =5
tanh(z) = —4 coth(z) =5
sech(z) = —4 csch(z) =5

You may want to find the inverse functions of the trigonometric
and hyperbolic functions (multi-value functions) in general, then plug
in the given numbers and simplify your computations.

3.5.15 Prove that the range of the complex sin(z), cos(z), sinh(z) and
cosh(z) is the whole complex plane C.

What is the range of e*?

Prove that the range of the complex tan(z) and cot(z) is the set

C — {+i}.

3.5.16 Find the Taylor series of

a
its radius of convergence. Do the same for e*.

with center ¢ # a (a, ¢ € C) and

1 1 1
[Hint: = : and e* = e®e*~°]
a—z a—c q_ Z—-c

a—cC

3.5.17 (a) Find the Maclaurin series of log(9 + z) and its radius of
convergence.

1
(b) Find the Taylor series of log(z) and —= with center ¢ = 9 and

N
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their radii of convergence.

Hint: (a) 9+z:9(1+§).

oo (1055 a2 L (10 250) 7

3.5.18 (a) If f(z) is holomorphic in an open region R C C and for some
r > 0 the circle C(zo,r) is inside R, use just the continuity of f(z) to
prove that
lim / S dz = =2mif(20).
r—0 zZ— 20
C~—(zo0,r)
(Notice the negative orientation.)

Then, for any C* simple closed contour in R with zg in its interior, use
Green’s Theorem on the path Ct + C~ (20, r) and its interior, for r > 0
small enough, and the Cauchy-Riemann conditions for the holomorphic

f(z)
— 20
Cauchy integral formula stated in Theorem 3.5.7.

(b) Use the Cauchy integral formula and its derivatives with respect
to 2o to derive the Cauchy estimates of the derivatives of f(z) at
)

function g(z) = = Ul(x,y) + iV (x,y), for z # zp, to prove the

!
’ f(")(zo)‘ <z max If(z)], ¥V n=0,1,2, ...
T z—zo|=T
and for every r > 0 such that the circle C'(zq,r) is inside the open region
R.

Then, if f(z) = Z an(z — 20)" in a disc D(z, R) C R, with R > 0,
n=0
prove that for every r such that 0 < r < R, we have:

max | f(z)]

|z—zo|=r

lan| < , Y n=0,1,2 ....

/'/-’I’L

(¢) For n = 0, we obtain

| f(z0)] < max |f(z)].

|z—zo|=r

Use this to justify the claim: If f(z) is holomorphic in an open region
R C C and D(zp,7) C R, then the maximum of |f(z)| over D(zo,r) is
obtained on the boundary C/(zg, r) of the disc, and so |f(z)| cannot have
a strict interior maximum in R.
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(This property of holomorphic functions is called Maximum Mod-
ulus Principle. This principle can be refined to the fact that |f(z)| can-
not have any interior maximum, strict or non-strict, in R, unless |f(2)]
is identically constant in R. The proof of this claim is more complicated
and is relegated to a more advanced course of analysis.)

(d) A holomorphic function over the entire C is called an entire
function. [E.g., f(z) = ¢*.] Use the Cauchy estimates to prove that if
f(2) is an entire bounded function, i.e., there exists a B > 0 such that
V 2z € C |f(2)| < B, then f(2) is identically constant.

(e) Obviously, every polynomial P(z) with complex coefficients is an
entire function. Prove that if degree[P(z)] > 1, then P(z) has a root in C,
i.e., thereis zg € Csuch that P(z) = 0, thus proving the Fundamental
Theorem of Algebra.

[Hint: If not, then f(z) = 6] would be an entire bounded function in

C, i.e., there is a constant B > 0 such that |f(z)| < B for every z € C.
Then P(z) would be identically constant, which is a contradiction!]

(f) If f(z) is an entire function and for an n € N it satisfies

lim —f (5)
zZ—00 2

:0’

then f(")(z) = 0 at every z € C, and so f(2) is a polynomial of degree
at most n — 1.

3.5.19 Evaluate the integral

7{22—5z+7d2
(z—1)°

along any simple, closed, continuous and piecewise continuously differ-
entiable path C, that has zp = 1 in the inside, by using:

(a) The Cauchy integral formula.

(b) Partial fraction decomposition.

3.5.20 With C' = (0, 2) evaluate the following six integrals:

dz |z|e*
LH=¢ —"— I, = d
! %z2+z+1 2 2
c+ Cc+
dz 22 -1
L=¢ 2% L=¢Z "4
s 7{22(,224—16) ! %zQ—l—l :
c+ c+

1
I5:7{,22dz I(;:]{:dz.
Z

c+ c+
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3.5.21 Evaluate the following ten integrals by using equation (3.8) or
equation (3.10):

I = f iz nez I = S iz onez
z z
c+(0,1) o+(2i,1)
z z
I3— 7{ Z—de I4— % Z—de
Cc+(0,1) c+(2,1)
4e” 5z
Is = j{ Z_2dz I = f Z+2dz
C+(0,3) C+(0,3)
sin(z) % tan(z)
7 c+é 4) (2 +3)° ) 8 C+(0,4) (2417 Z
sin(z) cos(z)
Iy = o dz, neZ I = o dz, neZ.
C+(0,1) C+(0,1)

Now apply equation (3.9) or equation (3.11) to those integrals,
from the above, on which either of these equations can apply and find
the corresponding integrals.

3.5.22 Notice that the integrals

z z
7{ z_2dz and ?{ z_2dz

C+(0,2) c*(1,1)

are improper and cannot be found by the Cauchy integral formula, since
z = 2 is on the paths of integration. Use convenient parametrizations of
the paths to evaluate these integrals or to show that they do not exist.
Do the same for their principal values.

3.5.23 If C' = [o0 — i, 0 — wi] 4+ [—mi, wi] + [0 4 7, wi + 00|, then prove

/eez dz = 2mi.

C

3.5.24 Let C be the boundary of the square

{z=a+iy : |2/ <2, [ <2}
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Now evaluate the following ten integrals:

I — fcos(z) ” I — j{cos(z) o

z z4
c+ c+
22 cosh?(2)
= I, = d
3 % 22+ 3 : 4 j{ 22 :
c+ c+
dz dz
I=¢ -2 = -2
° f;2+2 ‘ fk%+2ﬁ
c+ c+
I = 7{“’8(? dz Is = %eidz
Z— % 2(z+1)
c+ c+
z z
h=¢—" 4 ho=¢—"d
? %z(z—z) ® 0 7{'3(24‘2) :
c+ c+

[Hint: You may use the Cauchy integral formulae, but in some of them
you may need partial fractions first.]

3.5.25 Let @ > 0 and C' any path joining the numbers of the z-axis —a
and a, all other points of which are in the upper half plane. Prove

/ Ligso 8 (1 +e77){cos[ln(a)] +isinfln(a)]} (1—1).
c

2

[Hint: Take as branch cut the non-positive y-axis and principal ar-

¢ T 3T

ument in |—, —

& 272
Sl it

F(z)= = 1—1).

()= 75 =510

>. Then use as an antiderivative of f(z) = 2 the

3.5.26 The Rodrigues formula'? for the Legendre polynomials is
usually written as

1 dr
- 2npl dzn
(a) If C is a smooth simple closed path around a point z € C, use the
Cauchy integral formula to prove
11 (w? —1)"
2w 27 Jor (w — z)n !

Po(2) {(%—1)”}, V=0 1,2 3 ...

P, (2) dw, Vn=0,1, 2, 3, ....

12Benjamin Olinde Rodrigues, French mathematicians, 1795-1851.
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(b) Let C* be the circle of center z and radius /|22 — 1|. Show that

1

T o

27 n
Py (2) /0 [z+ z2—1cos(t9)} 9, ¥ n=0,1,2 3 ....

[Hint: Use Part (a), the convenient parametrization of the circle, the
22 — 1 = |22 — 1]e® for some fixed 0 < ¢ < 27, the periodicity of the
integrand as a function of ¢ and Item (7.) of Problem 1.1.6.

Another way is to work backwards and use Example 3.6.14, Prob-
lem 3.6.17 and Lemma 3.8.1. So, redo this problem in this way when
you have studied these topics.]

3.5.27 If C = C(0,2), then by Theorem 3.5.6, we have that

d
]{ c _omi.
z—1

Cc+

Show that by making the substitution u(t) = 2e® where 0 < t < 27,

we obtain ‘
7{ dz /2” 2iettdt
z — 1 o 0 26’“ -1 '
C+
Now let v = e, so that v(0) = 1, v(27) = 1 and dv = ie*’dt. Then

dz 2T 94eitdt L odu
= T =0 # 2ms.
fz—l /0 it — 1 /1 o1 072

C+

Find and explain the mistake!

3.5.8 Appendix

The Potential or Laplace Equation in a Disc
and the Poisson Integral Formula

We have seen in Problem 3.3.12 that the Laplacian

O, P

of a function v = wu(z,y) of two variables « and y, written in polar
coordinates r, 0, such that = r cos(f) and y = rsin(f), has the form

Pu 10u 10% 10 ( au) 1 0%u
Au = ——

T Tror "o ror\'or) 2067
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This form of Aw is convenient when solving the Laplace equation in
the disc 22 + 32 < a2, with prescribed boundary data. Here, a > 0 is
the radius of the disc whose center is at the origin. If the center is not
the origin, then we apply a shift transformation of the coordinates so
that the center is the new origin. That is, without loss of generality, we
consider the problem

Au(z,y) =0, z? +y? < a?,
(3.12)
u(z,y) = h(z,y), ®+y*=d’,
which in polar coordinates takes the form
Av(r,0) =0, 0<r<a, —w<6<m
(3.13)
v(a,0) = f(6), —rT<6<m,

where v(r,8) = ulr cos(8), rsin(8)] and f(6) = hlacos(), asin(8)].

Here, we consider a harmonic C? function'® u(z,y) = v(r,0) defined
everywhere inside the disc 0 < r < a. Therefore, as continuous, it is
bounded on any smaller closed disc 0 < r < b < a around the origin.

Then we have

v 100 1%
or?2  ror r?2002
v(a,0) = f(0), —m<0<m.

=0, 0<r<a, —m<6<m

To solve this boundary value problem we use the method of separation
of variables. That is, we write v(r,0) = R(r)0(6) and plug it into the
equation. Then for v(r, 6) # 0, we find

R'(r) 1R'(r) 160"(0)
R(r) r R(r) r2 ©(0)

(2R1/+ RI>_@/I_
"RTR)T e
where p is a separation constant. So, we must consider three cases: p
positive, zero and negative.
Case 1 = \2 > 0:
In this case, we have ©” — A20 = 0, which has the general solution

Hence,

0(0) = Ae*? 4 Be .

13 A function is of class C? if its second partial derivatives exist and are continuous.
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Since ©(#) must be 27 periodic, in order to have continuous solutions
defined at every point in the disc r < a, we immediately find that we
must have A =0 = B, or © = 0. This results in v = 0, and so this case
does not produce any non-trivial solutions.

Case i =0:

In this case, ©” = 0, which has the general solution

O(h) = A9 + B.

This solution is 27 periodic only if A = 0, so that ©(f) = B = B - 1.
Therefore, we consider the constant function

00(6) = 1.

In this case, the differential equation for R(r) has the form

1! /

7‘2%+T§=0 or rR'+R =0.

Two linearly independent solutions of this equation are
R(r)=1 and R(r)=In(r).

Since h%lJr In(r) = oo, this solution does not qualify to be a part of
T—

the solution of the problem posed here. We accept only the solution
R(r) = 1. Therefore, we obtain only one basic solution for the problem,
namely:

vo(r,0) =1-1=1.
Case 1 = —\2 < 0:
In this case, ©” + A\20 = 0, which has two independent solutions

O(0) = cos(Ad) and ©O(F) = sin(A\9).

Since we work in a disc, these solutions along with their first and
second derivatives must be 2m-periodic. This happens if and only if

cos(A27m) = cos(A0) = cos(0) =1 <=
2Amr =2nw, n€Z <= A=n€ 7.

Also, A = n € Z satisfies the 2m-periodicity of sin(Ad), and we do not
obtain any other \’s from it either. So, all A’s are precisely the integer
numbers.

We had already found the basic solution vg(r,#) = 1, which is also
obtained by cos(Af) when A = n = 0 and R(r) = 1, and since sine is odd
and cosine is even, we do not lose anything if we consider

0<A=n=123,...



374 Improper Riemann Integrals
only. So, we consider only:
©,(6) = cos(nf) and O,(0) =sin(nh) with A\=n=1, 2, 3, ....
Then, R(r) satisfies the second-order ordinary differential equation
rR"+rR —n’R = 0.

[For n = 0, this reduces to rR” + R’ = 0, which was studied above and
gave the solution R(r) = 1.]

This linear homogeneous ordinary differential equation is of Euler
type. To solve it, we try solutions of the form R(r) = r%, where « is
some constant exponent to be determined. Then we obtain:

r?a(a — 1)r* 2 +rar®t —n?r® = 0.

Hence,
[a(a—1)+a—n?]r* =0,

from which we find

a?—n?=0, andso a=+n.

So, for n =1, 2, 3, ... we obtain the two independent solutions for
R(r)
R,(r)y=7r" and R,(r)=r"".
But, forn=1, 2, 3, ..., we have 11151+r*" = 00. Therefore, these solu-
r—

tions do not qualify for being a part of the final solution.
Hence, this case has produced the following basic solutions for Prob-
lem (3.13):

Up(r,8) = 1" cos(nf) and vy, (r,0) = r"sin(nd), for n=1, 2, 3, ....

Putting the last two cases together, we observe that all the basic
solutions of this problem are

r" cos(nf), for n=0, 1, 2,... and r"sin(nd), for n=1, 2, 3, ....

Then, by the linearity of the Laplacian A, the general solution of
Av(r,0) =0 in the disc 0 < r < a is a linear combination of these basic
solutions. That is,

v(r,0) = ag + Z [anr™ cos(nd) + b,r™ sin(nd)] ,

n=1

with a,, and b,, real constants.
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To satisfy the boundary condition v(r,0) = f(0), —7 < 0 < m, we
must have

f(0)=ao+ Z [ana™ cos(nf) + b,a™ sin(nd)] .

n=1

This means that ag,ana®, bpa”™, n =1, 2, 3, ... are the Fourier'* co-

efficients of the 27 periodic function f(6). So, for n = 1, 2, 3, ... we
have

w=5- [ &) do

an=— [ 1(6)costng) do

bo=— [ f(¢)sin(ne) do.
wa™ J_ .

The Fourier series theory proves that if f() is continuous and 27-
periodic, then this Fourier series solution w(r, ) is indeed a solution of
the boundary value problem (3.12) or (3.13). Also, by the theory of
harmonic functions, we prove that the solution is unique. (These two
statements need proofs, which we must skip as going far beyond the
material in this text.) By these two facts, we are certain that we have
completely and uniquely found the solution of the boundary value Prob-
lem (3.13) and therefore the solution of Problem (3.12).

As far as finding the solution of Problem (3.12) or (3.13), we
could stop at this point. However, we continue because the Fourier se-
ries solution for v(r,#) found above can be put in a very interesting
compact integral formula, the so called Poisson integral formula. To
achieve this, we first replace the integral representations of the Fourier
coefficients into the series for v(r, §), and we find

w0 = o [ () dor
3 Fi” [ ’ f(9) cos(ng) d(b} 7™ cos(nf)+
n=1 -n

nil % [ /_ : f(¢)sin(ng) daﬁ} " sin(nd).

14 Jean Baptiste Joseph Fourier, French mathematician, 1768-1830.
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1
We factor out the fraction o and write
T

v(r,0) =
% 7; f(o) |1+ Z ainr" [cos(ng) cos(nb) + sin(ng) sin(n@)]] do =
1
| 1+2nzo( ) cos[n( — ¢)]1 de.

Now, we use Euler’s formula for the cosine and the summation of the
geometric series to obtain

in(0— ¢>)+ —in(0—¢)

22( ) cos[n(6 — ¢)] —QZ( )ne 5 =

n=0
1 n 1 ~ 2[a® —arcos(f — ¢)]
1—Leit0-¢)  1_Te-it0-9)  a®+r>—2arcos(f — @)’
a a
Therefore,

2 [a® — ar cos(f — ¢)]

S a? +r2 — 2ar cos(f — ¢)] 49,

o) = 5= [ 1)

—T

which eventually becomes

R f(9)
v(r,6) = 27 /,,r a? + 12 — 2arcos( — ¢) d¢- (3.14)

This formula for the solution v(r, ) is called the Poisson integral for-
mula for the solution of the Laplace equation in the disc. (See also
Problem 3.5.35.)

In the Poisson integral formula, the boundary value function f(¢)

may in general be just absolutely integrable, that is, / |f(@)] dp < o0,
—T

and not necessarily 2r-periodic and/or continuous as we required earlier.

Definition 3.5.3 The expression

a2 — 2

a? + 12 — 2ar cos(f — @) -

—1+22( ) cos[n(f — ¢)] —1+22( ) cos[n(0 — ¢)],

n=0

P(a7¢) (7’, 9) =

where 0 < r < a and 0, ¢ are real constants, derived above as a function
of (r,0) for any given (a, ), is called the Poisson kernel in the disc
D(0,a).
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Remark: We observe that as a real function of two variables 0 <
r <aand 0 <60 <27 the P, 4)(r,0) is a real analytic function since it
is a composition of finitely many real analytic functions.

We also observe that

lim Py ¢)(r, ¢) = +oo.

0<r—a—
(Check this for yourselves!)

Theorem 3.5.8 The harmonic function which is the solution of the
boundary value problem

Au(z,y) =0, z® +y? < a?,

or in polar coordinates

Av(r,0) =0, 0<r<a, -m<f<nw
v(a,0) = f(0), —m<<m,

where v(r,0) = ulrcos(d),rsin(f)] with f(#) = hlacos(f),asin(f)] and
f(0) absolutely integrable, is real analytic inside the disc v < a. There-
fore, all harmonic functions u(x,y) are analytic inside their domain of
definition.

Proof It follows from the Poisson integral formula, the analyticity of
the Poisson kernel and the fact that we can switch the integral ffﬂ with
the infinite summation when we write the Poisson kernel as an infinite
series in two variables. For instance, all hypotheses of Theorem 2.3.4
are fulfilled. (See also Example 2.3.6.)

In this context, we also state (without proof) the following Theorem®®
because it is very important and relevant.

Theorem 3.5.9 At all points 0 < ¢ < 27 at which f(0) is continuous,
we have

) oy "0 =IO

So, if f(0) is continuous for all 0 < 6 < 27 (and so it must be
2m-periodic), then the solution v(r,0) of Problem (8.12) or (3.13)
obtained as Fourier series or by the Poisson integral formula extends
continuously to all points of the boundary of the disc D(0,a) with values
equal to the boundary data, i.e., v(a,0) = f(0) for all0 < 0 < 2.

15For the proof, see the bibliography, e.g., Weinberger 1965, sections 24 and 25.
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Remark: The unbounded solutions
In(r), r ", n=1,2,3,...

found for R(r) must be used when we solve the Laplace equation in
an annulus, since we stay away from r = 0. The same is valid for any
domain that does not contain a neighborhood of the origin.

The Mean Value Property

By the Poisson integral formula, we find that

u(0.0) = 0(0.0) = 5 [ " f(9) do.

Similarly, for any 0 < p < a fixed we get that

u(0,0) = v(0,0) = 2i /F v(p, d) do.

™ J 7

That is, the value of u (or v) at the center of the disc is equal to the
mean (average) value of u (or v) along the circumference of any circle
with center the center of the disc and radius 0 < p < a.

In general, we consider a harmonic function v : U — R, where
U C R? open. Then, for any point P = (z0,y0) € U, any r > 0 such
that D(P, r) C U and any 0 < p <r, we let

v(p, @) = ulzo + pcos(9), yo + psin(4)]

and we analogously have

1 ™
Y O0<pr ulP)=uleo,m) = v(0.6) = o [ vlp.6) do
This property of harmonic functions is called the mean value prop-
erty of harmonic functions.

Example 3.5.20 We can easily check that u(z,y) = In(z? + y?) is a
harmonic function in R? — {(0,0)}. So, by the mean value property at
the point (xg,yo) = (2,3) and with r > p =1, we get

/F In[14 + 4 cos(¢) + 6 sin(¢)] dp = 2r In(13) = 16.11605212... .

—T
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From the above mean value property, we also obtain

Arv(0,9)ﬂdp:%Ar/iv(p,¢) dé pdp,
u(P) =v(0,0) = WT?//PT u(z,y) dA,

where dA = dxdy = pdp is the area element in R%. That is, we have
obtained the following equivalent mean value property of harmonic
functions:

Let v : U — R, where U C R? open is harmonic. Then, for any
point P = (x0,y0) and r > 0 such that D(P, r) C U, we have

1
u(xo,yo) = ArealD(P, 1] //D(P)T)U(%y) dA.

(By differentiation with respect to r, we obtain the converse.)

or

Application: Suppose © : R? — R is a harmonic and square
integrable function. Then, for any P = (z0,y0) € R? and r > 0, by the
mean value property and Hélder’s inequality in R? (see also project
Problem 2.6.42, Ttem (1.)), we have

1
100! = S5 [ S, 142

// u?(x,y) dA // 12 dA
D(P,r) D(P,r)

Now, let C' = u?(x,y) dA >0, a finite constant by hypothesis.
R2
Then, as 7 — co, we get

fulo,wo)] < m\/@{Area[D(R M} = \/g — 0.

Therefore, u(zg,y0) = 0 at any P = (z9,y0) € R?. So, the only
harmonic function defined at every point of R? which is square integrable
isu=0.

Area[D(P, 1))

Problems

3.5.28 Check that the functions R(r) =1 and R(r) = In(r) are linearly
independent solutions to the Laplace equation in polar coordinates.
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3.5.29 Find all solutions v(r) to the Laplace equation Av = 0 in polar
coordinates that are independent of #, and all solutions v(f) that are
independent of r.

3.5.30 Prove that the Poisson kernel, Definition 3.5.3, is harmonic in
the disc r < a.

3.5.31 Find the function f : [, 7] — R to which the series of func-
tions in Example 2.3.6 converges uniformly on [—,7].

3.5.32 Prove that the integral of the Poisson kernel, Definition 3.5.3,
over [—m, 7] is equal to 2m. (You may use the Weierstra3 M-Test,
Theorem 2.3.1, to justify the term-by-term integration and use the
theory of Section 2.3. Also, compare with Example 3.8.2.)

s
/ arctan
—T

3.5.34 Solve the Laplace equation Au = 0 in the annulus
0 < Ry <r < Ry < oo with boundary conditions:

(a) u(R1,0) = 0 and u(R2,0) = f(0).

(b) u(Ry,0) = g(6) and u(Rg,0) = 0.

(¢) u(R1,0) = g(#) and u(R2,0) = f(6).

3.5.33 Prove

3

1+ v/2cos(¢) d¢=—2
V34 V/2sin(¢)

3.5.35 Let w = Re'® and z = re® with 0 <r < R.
(a) Prove

lw—z|* = (w—2)(w—2) = (w—2)(W—Z) = R* — 2Rrcos( — ¢) +r*.

(b) Prove
R <w+z>:l w+z+<w+z) _
w— 2z 2 |lw—2z w— 2z
1 w+z+w+2 B R%? — 2
2\w—-2 wW—-%/) R2—-2Rrcos(d—¢)+r?’

the Poisson kernel.
(c) Find the Tm (w + Z)
w
(d) Prove
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R2
(e) Prove that dw = iw d¢ and that the number = lies outside the

closed disc D(0, R).

(f) Use (d), (e), the Cauchy integral formula (Theorem 3.5.7)
and (b) above, to prove that if f(z) is a holomorphic function in an
open region R that contains the closed disc D(0, R) and z = re®®, where
0 <r <R, then

VRN el f (Re*?)
f@)=f(re") = o2 /0 R2? — 2Rrcos(f — @) + r? de.

(g) Under the same assumptions as in (f) and for a closed disc such
that D(a, R) C R, the formula in (f) becomes

B oy RE—r? [T f(a+ Re™)
flatz)=f(atre) = 2r  Jo R2—2chos(9—¢)+r2d¢'

(h) Use equation (3.14), (b), (f) and (g) to prove that any real
harmonic function u(z,y) in an open region R containing the closed disc
D(0, R), and if z = x + iy = e, satisfies

u(z,y) = u(z) L /0% Re <w> u (Rew) do =

T o Re'® — 2
1 [?" (Re' + 2 ,
Re | — —_— Re'®) d
e{27r/0 <Rel¢—z>u( c ) d)]
and analogously for any D(a, R) C R. Therefore, prove that any real

harmonic function u(z,y) in an open region R is the real part of a
holomorphic function.

Application to Holomorphic Functions

Suppose we have the solutions wu(r,8) and v(r,0) of two boundary
value problems of the type (3.12) or (3.13) that we solved before, given
in polar variables (r,0) by the series

u(r,0) = ap + Z [anr™ cos(nd) + byr™ sin(nd))

n=1
and -
v(r,0) = co + Z [enr™ cos(nf) + d,,r" sin(nh)] ,
n=1

where the coefficients a,’s, by’s, ¢,’s, d,’s are real constants. So, these
two functions, u(r,d) and v(r, ), are harmonic.
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We moreover assume that wu(r,) and wv(r,0) satisfy the Cauchy-
Riemann conditions (written here in polar coordinate form)

U, = —vg and ug = —7ro,.
r

Then, developing the Cauchy-Riemann conditions for these functions
(given in the above series forms), we find that:

Vn=12,3,... a,=d, and b,=—c,
(check this easily). So,
u(r, 0) + iv(r,0) =

ap + ico + Z{anr" [cos(nB) + isin(nB)] + byr"[sin(nd) — i cos(nb)]} =

n=1
= ag + tco+

Z{anr" [cos(nB) + isin(nB)]ib,r" [cos(nb) + isin(nh)]} =

n=1
agp +ico + Z{ — iby)r"[cos(nf) + isin(nd)]} = Co + Z Cnz",
n=1

where Cy = ag + icg, C,, = a,, — ib,, and by the De Moivre formula
we have:
r"[cos(nf) + isin(nf)] = 2" = (z +iy)"™.

Therefore, the function

f(2) = f (rlcos(8) + isin(8)]) = u(r,0) + iv(r,0) = Co + Z Cr2”
or
f(z) = flz+iy) =

o0 o0
Co+Y Cuz"=Co+ Y Culz+iy)" =Ulw,y) +iV(z,y),
n=1 n=1
is a complex power series of the complex variable z, and therefore it is
holomorphic. So, we have:

Theorem 3.5.10 If the functions u(z,y) and v(z,y) are harmonic in
a disc D(0,a), (a > 0 constant) and they satisfy the Cauchy-Riemann
conditions, then the function u(x,y)+iv(z,y) is a holomorphic function
f(2) in the complex variable z = x + iy.
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3.6 Roots, Singularities, Residues
3.6.1 Definitions, Laurent Expansion and Examples

We consider an open region R C C and a holomorphic function f :
R — C, that is, f/(2) exists V z € R. Since R is open, for any z € R
there is a number r = r(z) > 0 such that D(z,7) C R. That is, all points

of R are interior points. Also, by Theorem 3.5.1, f(z) is a power series,
o0

flz)= Z cn(z — 20)", in any disc D(zp,7) C R, with r > 0.

n=0
Definition 3.6.1 We call a z9 € R root of order or multiplicity
m =1, 2, 3, ... of f(z), if there is r > 0 such that in the open disc
D(zp,7) C R we can write

f(z) = (2= 20)"9(2), VzeD(z,7),

where g(z) is a holomorphic function in D(zo,7) and g(zo) # 0.
A root of order (or multiplicity) 1 is also called a simple root.

This definition implies immediately that zp € R is a root of order
or multiplicity m > 1 of the holomorphic function f(z) if and only if
f(z0) = f'(20) = ["(20) = ... = f" " (20) = 0 and f™)(z0) # 0. This
is a convenient condition to detect the order m of a root. It is easily seen
by differentiating the f(z) = (z—20)™g(z) m times and using g(zo) # 0.

(Many times, we need to find the order of a root. Usually this con-
dition is convenient to use. Give a complete proof of this “if and only
if” claim, using the analyticity of the functions f(z) and g(z). See also
Example 3.6.12 for a special case.)

Example 3.6.1 zp = 0 is a root of order m = 3 of the holomorphic
function f(z) = 22sin 2z, which is defined in all C.
Indeed: f(0) =0%sin(0) =0-0=0,
1/(0) = 2zsin(2) + 2% cos(z)]|,—0 = 0+ 0 = 0,
f(0) = 2sin(z) + 4z cos(z) — 2%sin(2)]|,—0 =0+ 0 — 0 = 0 and
F®(0) = 6cos(z) — 6zsin(z) — 22 cos(2)].0 =6 —0—0 =6 # 0.
All the other roots of f(z) are the real numbers z, = km, with k # 0
integer, which are the other roots of sin(z). All of them have order m = 1.
Indeed: f(zr) = 27 sin(z) = k?*m?sin(kr) = k?7? -0 = 0 and
f'(zk) = 2zsin(2) + 22 cos(2)|,, = 0+ k2n2(—1)* = E2x2(—1)* # 0.
A

Next we consider an open region R C C and zp (an interior) point of
R. We define:
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Definition 3.6.2 Suppose that zo € R and f : R— {20} — C is a
holomorphic function [that is, f(z) is defined at every point of R except
zo/. Then we call the point zo an isolated singularity of f(z).

The region R in this definition could for convenience be just an open
disc D(zg,r), for some r > 0. Le., f(z) is defined in the punctured disc
R = D°(zg,r).

Definition 3.6.3 An isolated singularity is called a removable sin-
gularity or non-essential singularity if we can extend the function
f(2) to the point zo (i.e., we can define f(z) at zg) so that the extended
function is holomorphic in the entire R (including zo).

If we cannot do this, then this singularity is called a non-removable
or essential singularity.

So, if zp is a removable singularity of f(z), then at z = 2y we can
assign an appropriate value f(zo) of f(z) so that the complex derivative
f'(20), exists at z = zp too. If 2z is a non-removable singularity, it is
impossible to achieve such a thing.

Definition 3.6.4 A singularity zo of f(z) which is not isolated is called
a non-isolated singularity.

So, if zg is a non-isolated singularity of f(z), then ¥V r > 0 such that
D(zp,r) C R there exists 2z, € D(zg,r) such that z, # zp and z, is a
singularity of f(z). Therefore, there exists a sequence (zy), n € N, of
singularities of f(z), converging to zg, as n — oo.

Now we state a partial version of the Laurent Series Expansion The-
orem around an isolated singularity, which is sufficient for the scope of
this text.

Theorem 3.6.1 (Laurent Series Expansion, a partial version) We
consider an open region R C C and zg € R an isolated singularity of a
holomorphic function f : R— {20} — C. Then we can find 0 < r < oo,
such that D(zp,7) = {2z € C : |z — 2| < r} C R, and the following
expansion of f(z)

[e'e) bn
> o (3.15)

n=1

o0
f(2) = an(z — 20)" +
n=0
V z € D°(z0,7) = D(20,7) — {20}
holds for appropriate complex coefficients a,’s and by, ’s, and it is unique.

This series expansion is called the Laurent'6 series expansion of
f(2) with center zy. (This expansion was also known to Weierstraf3.)

16Pierre Alphonse Laurent, French mathematician, 1813-1854.
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For the sake of brevity, we omit the proof even though we have de-
veloped enough tools to provide it. (Consult any pertinent bibliography,
in which you can find the most general statement of this Theorem and
its proof.)

From the form of this expansion, we easily observe (for instance,
using Theorem 3.5.6, or the Cauchy integral formula 3.5.7 etc.)
that the coefficients of the Laurent expansion can be found by

1
In =5 ?{ f(2)(z—2)""Vdz, V=0, 1,2, 3,..
C*(zo0, p)
and
1
bn =50 74 F)z=20)"Vdz, V=1, 2 3,4, ..,
C+(zo, p)

where 0 < p < r. These coefficients, evaluated by these formulae, do
not depend on the choice of p, 0 < p < r, and so the Laurent series
expansion of a function about a given center zy is unique.

The Laurent series expansion (3.15) reduces to the Taylor series
expansion of f(z) with center z = zy when f(z) has no singularity in
D(zp,7), i.e., f(z) is holomorphic at zp and/or zy is a removable sin-
) (20)

n!
V n € Ng. f(z) is a power series with center 2z in the whole disc D(zo,r)
and f(z9) = ao.

In general, some or all of the a,’s and/or some or all b,’s may be
zero. If all the b,,’s are zero, then f(z) has a removable singularity at 2.
In such a case, f(20) = ap and f(z) is holomorphic at z = z, also.

This version of this theorem is not the most general one, but it is
sufficient for the needs we face in this text. The interested reader can find
the theorem in various intermediate-or advanced-level books of complex
analysis. In the general version, f(z) is holomorphic in the domain

gularity of f(z). In such a case, b, =0,V n € N and a,, =

C — {a set of isolated singularities}, i.e.,
R = C — {isolated singularities of f(z)},

and the center zy may be any point, regular or singular for f(z). Then,
the Laurent expansion may be found in any annulus {z € C : p < |z| <
r} C C that does not contain any singularity, and 0 < p < r < oo are
appropriate constants.

The maximum r > 0 for which expansion (3.15) holds is the distance
of zp to the nearest singularity of f(z) other than zg. It is strictly positive
because the singularity z is isolated. I.e., in this case, the radius of
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convergence is the distance of the center zg of the Laurent series to the
nearest isolated essential singularity. If there is no singularity in C other
than zg, then r = oo. Also, if f(z) has no singularity in the whole C,
then its Taylor series with any center has radius of convergence co.

If 2y is a non-isolated singularity, then we cannot obviously have
Laurent series expansion of f(z) with center zy. That is, we do not have
Laurent series expansions with centers non-isolated essential singulari-
ties.

Definition 3.6.5 In the Laurent expansion of f(z) with center the iso-
lated singularity zq, the coefficient by is special and is called the residue

of f(z) at zo.
Notation: We write

by = Resf(z), or by = Res[f(z)].
z=z0 z=z0

Important Remark: We have seen in Subsection 3.5.6, and we
shall see it again in the sequel, that the residues are very important in
complex integration. We must also keep in mind that we do not have
residues for non-isolated essential singularities. We cannot define them
in such a case, because there is no Laurent series expansion around a
non-isolated singularity. Also, at an isolated removable singularity, the
Laurent series becomes a Taylor series, and so the residue at an isolated
removable singularity is equal to zero.

Question: Why have we singled out b; and given it a special name?

Answer: This is because we have already seen that b; plays the
most important role in the line integral along any simple, closed, contin-
uous and piecewise continuously differentiable path C' that encloses zj.
Namely, we have seen several times in previous sections that

Z=Zz0

j{f(z) dz = £2mib; = £2miRes f(2).
c*

So, finding the isolated singularities and their corresponding residues is
the most important piece of information in computing complex line in-
tegrals and in turn two real line integrals.

A theorem characterizing removable singularities is the following:

Theorem 3.6.2 (Riemann) Let R C C be an open region, zy be an
interior point of R and f : R — {20} — C be a holomorphic function.
Then the following three statements are equivalent.

(a) The isolated singularity zo of f(z) is removable.
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(b) The lim f(z) exists as a complex number L.
Z—20

(¢) There is some r > 0 such that D(zo,7) C R and f(z) is bounded

on the closed punctured disc D(zg,r)°.

Proof (a) = (b) Since we assume that zp is a removable singularity

of f(2), by definition we can define f(z) at zg such that f(z9) = L and

f'(z0) exists. So, f(z) is continuous in all R, and therefore ILm f(z)=1L
z z20

exists.
(b) = (c) Suppose lim f(z) = L € C exists as a complex number
Z—20

L. Then at z = zp, we define f(z) by f(z9) = L. This assignment makes
f(2) continuous in all R.

Since R is an open set, there is p > 0 such that D(z,p) C R. Then
for any 0 < r < p, we have D(zp,r) C R. Then f(z) is continuous on the
closed and bounded set D(zg, r), and so, by the Extreme Value Theorem,
is bounded on D(zo, r).

Another way to show this boundedness is by the definition of limit.
We have that for every ¢ > 0 there exists § > 0 such that if |z — 2| < 6,
then |f(2) — L| < e. So, for any 0 < r < § we get that if |z — 29| < 7,
then |f(z)| < |L| + e. Therefore, f(z) is bounded on D(zo,7) by |L| + €.

(¢c) = (a) We suppose that there is some r > 0 such that D(zg,r) C
R and f(z) is bounded on closed punctured disc D(zp,7)°. Then in R,
we define

(z — 20)2f(2), if 2z # 2o,

0, if 2= 2.

Obviously, ¢'(z) exists for all z # zg. At z = 2, we observe that if
z € D(zp,r)°, then we have

lim 9(z) = 9(z0) = lim (z — 20) f(2) =0,

20F£2—20 Z— 20 zZ—20

since li_>m (z—20) = 0 and f(z) is bounded on D(zg, ) °. Hence, ¢'(z2¢) =
z z0

0 also exists. That is, g(z) is holomorphic in all R.
Then g(z) is a power series in D(zp,r). Le.,

g(z) =co+ci(z—2) +eaz—2)2+..., VY z€ D(z,7).
Since ¢(z9) = 0 and ¢’(29) = 0, we have ¢o = 0 and ¢; = 0. So,
g(2) = ca(z — 20)* +c3(z —20)3 +... = (2 —20)2f(2), V z€ D(z0,7).
Hence,

f(z)=co+e3(z—20) +ea(z—20)*+..., V z€ D(z,7).
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Le., f(z) is a power series and so holomorphic in D(zo,r), with f(z9) =
co. That is, f(z) is extended to zp holomorphically, and so zg is a remov-
able singularity. [Finally, f(z) is holomorphic in the whole R.]

Remark: The proof of the Part [(c) = (a)] carries through if
we replace the boundedness of f(z) on D(zo,r)° with the more general
condition:

4 M >0 and a < 1 real constants, such that

From this Theorem, we immediately have the following:

Corollary 3.6.1 Let R C C be open, A C R be a finite subset of R. We
assume that the function f: R — C is continuous in the whole R and
holomorphic in R — A. Then f(z) is holomorphic in the whole R (i.e.,
it has complex derivative even at the exceptional points of A).

Important Remark: Another way, besides invoking the above
theorem, to prove this corollary is achieved by invoking Morera’s
Theorem, 3.5.5, and check that it applies. Moreover, Morera’s Theo-
rem proves this corollary even when the exceptional set A contains not
only finitely many isolated points of R but even segments of paths in R
on which the function f(z) is continuous, but we know nothing about the
existence of complex derivatives on them. Eventually, f(z) has complex
derivative even on those exceptional segments.

Definition 3.6.6 An isolated singularity zo of an otherwise holomor-
phic function f(z) in a disc D(zp,7) (r > 0) is called a pole of order
m > 1 of f(z), if in the Laurent expansion (3.15)

b,=0, Vn>m+1, but b, #0.

The expression

i bn bm + bm— 1 + bl

(z—20)" (2—20)" (z—20)™ 1 = z2—2

is called the principal part of the pole z;.
A pole of order one is also called a simple pole.

We observe that a pole is an essential (non-removable) singularity. If
in the Laurent series infinitely many b,’s are non-zero, then the singu-
larity zp is essential but not a pole.
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In analogy with the definition of a root of order m, we easily observe
that this definition of a pole is equivalent to the condition

(2= 20)"f(2) = 9(2) <= [f(2) = (z = 20) "g(2),

where g(z) is a holomorphic function in a disc D(zo,7), for some r > 0,
and (b =)g(20) # 0.

(Many times, we need to find the order of a pole. Usually this con-
dition is convenient to use. Give a complete proof of this claim. See also
Example 3.6.12 for a special case.)

A theorem characterizing a pole is the following:

Theorem 3.6.3 Let D C C be open, zo € D and f : D —{z} —
C be a holomorphic function. Then zy is a pole of f(2) if and only if

Zli{I;gf(z) -
Proof (=) This is immediately true since for any function the principal
part of a pole approaches oo, as z — zp, and also the power series part
of the Laurent expansion (3.15) is equal to the constant ag at 2.
(<) If lim f(z) = oo, then f(z) cannot have any roots in a disc
Z— 20

1 1
D(zp,p) C D for some p > 0 and also lim —— = — =0.
z2—20 f(z) 00
1
Therefore, for any 0 < r < p, the function g(z) := m is bounded
z

on D(zp,7), and it is holomorphic in D(zq,7) — {20}

So, g(z0) = 0, and by the previous theorem g(z) is holomorphic
in D(zp,7). Then we let & > 1 be the order of this root of g(z), and by
definition there is a holomorphic function h(z) in D(zo,r) and

9(2) = (z — 20)*h(2), V 2 € D(20,7) and with h(zo) # 0.

Then for sufficiently small » > 0, we have h(z) # 0,V z € D(zo,7),
and

1
(s )k
Since m is holomorphic in D(zg, ), it is a power series
z
1 o0
h— Z (z—20)", V z€ D(z,r),

with Co 75 0.
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Hence, we have: ¢o # 0 and V z € D(zo,r)

f(z)=(z—2)7" Z en(z —20)" =
n=0

Co Ck—1
— t .+
(2 — 20)* z— 2

+ ok + crr1(z = 20) + crp2(z — 207+

thus proving that zg is a pole of f(z) with order k.

Because of this result we say that any polynomial of degree > 1 has a
pole at the complex infinity. For any such polynomial p(z), we obviously
have lim p(z) = co. (See also Corollary 3.7.1.)

Z—r 00

In view of the previous two theorems, we conclude that zy is
an essential singularity of f(z) which is not a pole if and only if the
lim f(z) oscillates among the complex numbers. Hence, we have shown
Z—r 20

that if D C C is an open set and zg € D is an isolated singularity of a
holomorphic function f(z) in D — {z}, then:

1. zp is a removable singularity of f(z) < lim f(z):==LeC.
z zZ0

2. zp is a pole of f(z) <= lim f(z) = oo (complex infinity).

Z—r 20

3. 20 is an essential singularity but not a pole of f(z) <= lim f(z)

Z—rZz0
oscillates in C.

Also, in view of the Laurent expansion (3.15), the previous two
theorems and comments, we conclude that:

1. zp is a removable singularity of f(z) <= in (3.15) b, =0,V n €
N.

2. 2o is a pole of f(z) <= in (8.15) b, # 0, for finitely many n’s.
The order of the pole is the maximum n for which b,, # 0.

3. zp is an essential singularity but not a pole of f(z) <= in (3.15)
b, # 0, for infinitely many n’s.

Examples

Example 3.6.2 The function f(z) = e* is holomorphic in the entire C.
(We know f/(z) = e*, V z € C). Therefore, f(z) = e* has no singularity,
and at any point zg € C the residue of f(z) = e is zero (b; = 0).

A
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4
Example 3.6.3 The function f(z) =

at z = 1. This isolated singularity is removable because

-1
has an isolated singularity
1 =1 1) =4.
1#1zrglf(z) lim (P +22+2+1) =

So, the extended function
f2), i z#1

4, if z=1
is not only continuous but also holomorphic in the whole C. In fact,

dg(2)| -
dz 7!

The residue of f(z) at z =1 is zero (i.e., by = 0).

=322+ 22+ 1)|,=1 = 6.

A

Example 3.6.4 The function f(z) = - j —

larity at z = 0. This isolated singularity is removable because

1
has an isolated singu-

1 2 1
) = iy (35 ) =
z#0

So, the extended function

fz), i 2#0
9(z) =

1 .

5, lf z = 0

The residue of f(z) at z = 0 is zero (b = 0).

Example 3.6.5 Since

3 5 2 4
sin(z) = z—z——|—z——...:z(1—§——|—z——...>,



392 Improper Riemann Integrals

we have that zp = 0 is a root of sin(z) of order one. The sin(z) is
holomorphic in the entire C. Therefore, at any z9 € C, the residue of
sin(z) is by = 0.

Also, the function

o2 =" vz,

has an isolated singularity at z = 0. This singularity is removable. In-
deed, we observe that

22 24

g(z):l—g—l—a—..., Y z#0,
and so we can extend g(z) at z = 0 by defining g(0) = 1. The extended
g(z) is a power series which is defined and converges for all z € C.
Therefore, it is holomorphic in the entire C. The residue of g(z) at zg = 0
is bl =0.
But,
1 1 1 1

1
Therefore, sin <—> has an isolated singularity at zp = 0, which is not
z

removable and it is not a pole. The corresponding residue is b; = 1.
Also,

1
lir% sin <—> = does not exist. (This limit oscillates!)
z2— z

Example 3.6.6 The function

»— 1)10
=g

has a root of order 10 at zp = 1 and a singularity at zp = 3. To find the
corresponding residue, we must observe that

) = (z—lz):o _ [(z —3) + 2] _

z— z—3

10
Z(]‘O>( 3)107}{}2]6
k=0 k Zg: 2k 10 ( _ 3)1071@71 + 210 _

z—3 o Pt k z2—3

9
10 210
k 9—k
LZ_O2 (k (z—3) +t - 3
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So, z9p = 3 is a pole of order one with corresponding residue b; =
210 = 1024. Also,

lim £(z) = oc.

Example 3.6.7 We know that

2 23 24 5

. 2 z
e —1+Z+§+§+I+§+...

is defined everywhere in C, and it has no root and no singularity. But,

1 14 1 n 1 1
ez = — N -
z 2122 3123

is not defined at zgp = 0 and cannot be extended to it as a holomorphic
function. Therefore, zo = 0 is an essential singularity, which is not a
pole. The corresponding residue is b; = 1.

Also,

. 1 .
lim e* = does not exist.
z—0

This limit oscillates! For instance: If x € R, then

. 1
lim ez =e*° =0

z—0t
and

. 1 _
lim ez =~ =0.
r—0—

Similarly, if y € R, then

s 1 1
lim e% = lim e¥v = lim [cos (—) —7sin (—)] = does not exist.
Yy

y—0+ y—0%t y—0+ y
A
Example 3.6.8 We have seen that the continuous branch of log(z)

f(z)=log(z), zeC—{a]a<0}

is holomorphic, since

, 2z€C—{a]a<0}.

=

d
— log(z) =
- log(2)
Here, we consider —m < Arg(z) < .

So, for this branch of the complex logarithm, all the points of the non-
positive z-axis, or the whole branch cut, are singularities. This function
is discontinuous at each of these points, and therefore it is impossible
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to be extended holomorphically at any one of them. (Continuity is a
necessary condition for holomorphicity.) These singularities form a con-
tinuous closed half line starting at the origin, and therefore they are not
isolated. If z is one of these singularities, then for any r > 0 the disc
D(zp,r) obviously contains the segment (z9 — 7, 29 + ) which consists of
singularities. Keep in mind: There are no residues for non-isolated
singularities.
A

Example 3.6.9 The function
1

1
1—e>

f(z) =

1
has singularities at the points zp = 0 and o M +1, £2, £3,....
ni

zp = 0 is a non-isolated singularity because - — 0 asn — foo.

nmi
So, we cannot find the residue of f(z) at z9 = 0. All the other singularities
are isolated, and we can compute the corresponding residues.

A

Example 3.6.10 Let f(z) be a holomorphic function in some region R
which contains z as interior point and f(z¢) # 0. Then the function

RUIC)
9(2) 0

2z —29)™’

ZER—{ZQ}

has a pole of order m at zy. This follows from the fact that there is 7 > 0
such that D(zp,7) € R and

oo

Z (z—20)", z€D(z0,1),

(n)
where ¢, = _{ ( o) are the Taylor coefficients of f(z) at zp and
n=0,1, 2, 3,.... S0,
. Co C1 Cm—2 Cm—1
g(z) = =) + G2 1 + ...+ = 20) + P +

Cm + Cmy1(2 — 20) + Cmaa(z — 20)% + ...

Since ¢9 = f(z0) # 0, by definition, 2y is a pole of order m for the
function g(z). Its residue at z = zg is

(m—1)
Res o2 = et = T3



Complexr Analysis Techniques

Also,

Zli}rrzlo g(z) = 0.

Example 3.6.11 The polynomial
p(z) =224+ 2+1

has two solutions

~1+iV3
z=—.
2
So,
1 1
f(z) == = ; _
224+z+1 (2— —14;\/3) (2— —1—2“/5)
—1+4
has two singularities at the points z = +\/§

Using the geometric series, we find that the residue at z; =

is

1 1 —iV3
7121‘\/5 _ 71721‘\/5 W33
11—
and the residue at z9 = TZ\/E is
1 1 i3

,1;\/5 _ 7121‘\/5 T3 3

395

—1+414V3

A

Example 3.6.12 Let f(z) have a root of order k and g(z) have a root
of order [ at zg, where f(z) and g(z) are both holomorphic functions in
some region which contains zy as an interior point. Then, there is some

r > 0 such that

fz)=(z- zo)kp(z), Y z € D(zp,71),

with p(z) holomorphic in D(zg,r) and p(zo) # 0. Similarly, there is some

p > 0 such that

9(z) = (z — 20)' q(2), ¥ z € D(z0,p),

with ¢(z) holomorphic in D(zg, p) and g(z¢) # 0.
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Then we have the rule: At z = zg, the function

Regular point (not a root), if k=1.
——< has Root of order k — 1, if k> 1.

Isolated singularity, pole of order m =1 —k, if k <.

In the latter case, for o = min{r, p} we have

flz) p(2) . oo o
9(2) (2 — 20)"*q(2)’ V z € D°(20,0).

If ] — k=1, that is, 2z is a simple pole, then

Ifl — k > 1, then by Example 3.6.10, the residue is

(I—k—1)
p(2)
o ne 1) [58]
'S g(2) (I—k—1)!

|Z:ZO

In the next section, we develop several ways to compute the residues

f(2)
9(2)

of functions and of various fractions in particular.

3.6.2 Five Ways to Evaluate Residues

Suppose that w = f(z) is a holomorphic function in D°(zg,r) for
some r > 0. Then 2y is an isolated singularity of f(z). We want to have
some convenient ways to compute its residue at zg, denoted by Res f(z).

Z=Z0

Way 1. We have already seen that if C is any simple, closed, con-
tinuous and piecewise continuously differentiable path in D°(zg,r) that

encloses zg, then
Z=Z0

Res f(z) = %m%f(z) dz.
C+

In particular, we can choose C' to be any convenient circumference of a
circle C(zg, p) with p <.
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Way 2. If in any way we manage to find the Laurent Series of f(z)
with center zg

flz)= Z an(z — 20)" + Z bn(z —20)" ", V z € D%zp,r),
n=0 n=1

then we readily have
Res f(z) = by.

Z=Z0

Way 3. (Example 3.6.10 revisited.) Suppose that

h(z)
(2 — 20)™’

f(z) = YV z € D°(zo,7),
with h(z) holomorphic in all D(zg,7), h(z0) # 0 and m some positive
integer (fixed). In this situation, z is a pole of order m. Then we can

use the formula:

m—1
(m i o jzm_l [(z = 20)" f(2)] | s=20 -

This follows from the fact that h(z) can be written as a power series

h(z) = Z en(z —20)", ¥ z € D%(20,7),
n=0

with )

h n

Cn = (ZO).
n!
So, we have that
h{m=1 (z) 1 amt m

Res FE) = enat = T = ot et (77 )@=

Remark: There is no such formula for an isolated essential singular-
ity that it is not a pole! (This is another substantial difference between
a pole and an isolated essential singularity which is not a pole!)

Way 4. Sometimes the function h(z) in Way 3 is not expressed in a
convenient closed form, and so the computation of its derivatives is not
efficient. Then, to find the Res f(z) we use a manipulation similar to the

zZ=Zz0

one explained in the following example. In fact, with this method we
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compute the whole principal part of a pole z = zy. Many times, in com-
plex analysis, we need the whole principal part and not just the residue
of a pole!

Example 3.6.13 We consider the function

-2
cos(z) B cos(z)

S TR G
2 N ) 2n+l 3 ) 2n
Zn;(znﬂ)!z Zn;(znﬂ)!z
Since cos(0) = 1, f(z) has singularity at zp = 0.

If we set
_ - (_1)77, 2n
g(z)_z(2n+l)!z ’

n=0
this power series is convergent V z € C (use, for instance, the Ratio
Test to prove this), and ¢g(0) = 1. So, there is some ¢; > 0 such that
g(z) #0,V z € D(0,€1). Now, to compare with Way 3, we let
cos(z)

h(z) = 0 vV ze D(0,€).
1

We have that h(0) = 1= 1 # 0. So, there is 0 < € < €1, such that

h(z) # 0, and it is holomorphic V z € D(0,¢). Then in D(0,€), we can
write h(z) as power series

h(z) = i enz" #0, ¥ z€ D(0,¢),

n=0

h(z)

(with co = h(0) = 1). Since f(z) = —5~, we get
z

o ¢ ¢
f(z):_24‘—124'—2+03+C42+0522+06z3+....
28 2 z

We rewrite this as

b b b
f@)=3+5+

2
3 +ao+ a1z + azz® + a3z’ + ...
z

z
We now see that zp = 0 is a pole of f(z) of order three and we must
compute the residue b;. For this, we work as follows. First, we see that

zcos(z 0
by = P f()mo = 2D, 0y

sin(z)



Complexr Analysis Techniques 399

At this point, we use the complex L’ Hopital’s rule that is applied
in exactly the same way as in the real case of an indeterminate limit

of the form —, that we know from calculus. (Remember to simplify

the expressions to the fullest every time you apply L’ Hopital’s
rule). So,

_ [z cos(z)]" _ cos(z) — zsin(z)| _1-0_ 1
[sin(z)]’ '=#=0 cos(z) z=0 1 ’
Then,
by = 27 [f(z) - Zig} ‘z:O =
cos(z) 1 _ zcos(z) — sin(z) _
(sin(z) z) |Z:0 zsin(z) |Z:0
[z cos(z) — sin(z)]’| _ cos(z) — zsin(z) — cos(z) | =
[zsin(z)] z=0 sin(z) + z cos(z) z=0
[—zsin(z)] | = —sin(z) — z cos(z) | = 0_ 0
[sin(z) 4+ zcos(z)) '#=0  cos(z) + cos(z) — zsin(z) '#=0 2 '
Finally,
blzz{f(z)_%_%} ——
cos(z) 1 _ zcos(z) — sin(z) B
(zsm<z> - —> Tl
[z cos(z) — sin(z)]’| _ cos(z) — zsin(z) — cos(z) | =
[22sin(z)]’ z=0 2zsin(z) + 22 cos(z) '#=0
[—sin(z)] —cos(z) -1

[2sin(z) 4 z cos(z)] o = 2 cos(z) + cos(z) — zsin(z) o = 3

So,
1

R =,
Res f(2) = —
By analyzing the method of this rather complicated example, we
could write a general algorithm for finding the residues in such cases.
A

Way 5. Here we redo the previous example in a way that combines
the initial part of Way 4 and the formula of Way 3. This way is also
convenient in complicated cases.

So, we reconsider the previous example. There, we came up with

cot(z) 1 9(z)

2 T k)

f(z) =

)
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where 1(z) = cos(z) and, as before,

=" L0 _ Lo 1 4
(2n +1)!

Mz &
|

n
(]|
N
_|_
5|
o

b

|

9(z) =
n=0

Then 9 (0) = cos(0) = 1, ¢'(0) = —sin(0) =0, ¥”(0) = —cos(0) =
-2 -1
—1, etc., and ¢g(0) =1, ¢'(0) =0, ¢"(0) = 5 =3 etc.
So, we conclude that z = 0 is a pole of order three and then, according
to the formula in Way 3, we get:

) _ 1 " 1 Y(2) ! _
Rep 1) = Gy B L= 31 [ ] oo™

S [0 @) |y = 5 ()57 ) — 20 (g~ (2)g )+
20(2)g(2)(9)%(2) — ¥(2)g2(2)g" ()] |-z = 5 [¢" (0)g~*(0) -
20/ (0)g™2(0)g'(0) + 21(0)g*(0)(s")?(0) — ¥(0)g~2(0)g"(0)] =
[11—2010—1—2110—11( ﬂ
1 1
2 (‘”5) -5

Long Division of Power Series and Residues

Do =

1
2

The example of computing the residue of

()" NE
£(z) = cot(z)  cos(z) nzo (2n)! B ,;0 (2n)!
- 22 - 22 Sin(z) = (_1)77, 2n+3

Zzn+1 Vo

at the pole z = 0, treated in Ways 4 and 5 before, can be dealt with
faster with the long division of power series.
We perform a few steps of the long division of the two Maclaurin
series written in increasing order of the powers of z
2 4
1-5+4 —...
fz) = - 2 22

25 27
A T

)

using the usual scheme that we use in a calculus or analysis course and
in applications. For this particular example, we need three quick steps,
and we find that the initial five terms of the quotient are

L1, 1
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(The terms that do not appear have coefficients equal to zero. Check
this for yourselves.)

Faster than in Ways 4 and 5 above, we find again that the whole
principal part of the pole is

1
-3 -2 -1
+0 -
z z 32’

and
1

Res f(z) = —.

Leibniz Rule for Higher Derivatives of Products

To compute higher derivatives of products, something that appears
often while computing residues, we find it convenient to use the Leibniz
rule for higher derivatives of products. This is stated as follows:

For any two differentiable functions f(z) and g(z) with high order

derivatives, the nth derivative of their product is

n n n n—k k
) a0l =3 (3) G el @ao)
k=0
n n! n
where k) = m We remember that 0! = 1 and so (O) =1.

For k € N, we simplify

(n)_ n! _nn—-1)...(n—k+1)
k) K-k  k(k-1)...3-2-1 °

This rule is easily proven by mathematical induction.

Examples

Example 3.6.14 For a, b, ¢, d € C constants and n, [, m,€ N, by
the Leibniz rule for derivatives of products, we have

mn

[(az 4+ b)l (ez+d)™] =

dzn
n n n—k k
2 (k) %[(w +0)]- %Kcz +d)"] =
k=0
En: (Z 1(I=1)...(I=n+k+1)a"*(az+b)' " x

k=0
m(m—1)...(m—k+1)c*(cz +d)m*.
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Notice that if p and ¢ are in N, then the product p(p—1)...(p—g+1)
will be zero for all ¢ > p+ 1.
A

1
Example 3.6.15 For f(z) = %, find the R_e?sf(z).

(a) Let C = C*(2,r) be the positively oriented circle of center zg = 2
and radius some r > 0. Then

1 z+1d 1 [ 247re? +1

_ L _ 00 g0
bl_27ri -2 omi 0 2 tre? —2 d0
c
1 2 0 1
= — B+re”)dd =—(3-21+0) =3.
27 Jo 27
z+1 2z2—-24+3 3
h = = :1 .
(b) We have f(z) o po— +z—2 So,

REQSf(Z) =b =3.

(c) By Example 3.6.12, z = 2 is a pole of order one, and so we can
apply the formula in Way 3 to find

by=(2—2)f(2)smr = (z+1)[sea =2+1=3.

Example 3.6.16 Find the

22 —22+5
R | 25|

We see that z = 2 is an isolated singularity for the given rational
function (fraction of two polynomials), since at z = 2 the numerator is
22 -2.245 =5 # 0. We can use any of the ways of the previous example
to find that
22 —-22+5

e |

z=2

] b=
For instance,

22—22+5_z2—4z+4+22—4+5_

J& == = (z—2)3
(-2 +2:-2+5 1 2 5
z_27 EEET AR TE AR i

So,
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by =1.

Or, by Example 3.6.12, z = 2 is a pole of order three, and so we
can apply the formula in Way 3 to find

1 & , 1 &,
bl = E@ [(Z — 2) f(Z)} ‘222 = 5@(2 — 2Z+5)|z:2 =

Example 3.6.17 Find the

i [

Since e! = e # 0, by Example 3.6.12, z = 1 is a pole of order two, and
so we can apply the formula in Way 3 to find the residue

e e = e g e = =

Also, using the power series expansion of e* about z = 1, we get

z __ z—1 __ OO(Z_l)n
ef=e-e —ezin! .

n=0

Therefore,

B > (z —1)n2 B 1 1 > (z—1)"2
f(z)—enz:% n! _el(z—1)2+z—1+nz_:2 n!

So,

Example 3.6.18 Find the residue of

f(z) =exp (z + %)

at z =0.
We have that

oo+ oS L (1)
i i' Li k!(nni k)] 2 znlk] - i
=0

n=0
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We observe that z = 0 is an essential singularity which is not a pole,
since there are infinitely many negative exponents. In this example, the
sought residue is the total coefficient of 27! = =.
z
1
A non-zero coefficient of — is achieved whenever 2k — n = —1, or
z
n =2k+1, ie., whenever nisodd. f n =2k +1,for k=0, 1, 2, ...,

the corresponding summand of the coefficient of — is written as
z

1 1 1 1
Elin—k)!  KQk+1-Kk)!  k(k+1!  (E)2(k+1)
By adding all of these summands for k =0, 1, 2,..., we find
1 = 1 = 1
Res exp (Z + Z) - ;;) Kk+ D ];) &2k 1)

Example 3.6.19 For any a € R constant, find the residues of

at z =0.
We have that for z # 0

1 1 1
{1 +az+ E(az)2 + g(az)?’ + —(az)* + .. ] .
1, S
So, we observe that we can get — in infinitely many ways which give
z

as its coefficient

CL2 a4 a6 > (_1)77, a2n
R —1- _ L=y e
Res £(2) 213 Tals 67 ; @)l 2n+ 1)

A
Example 3.6.20 Find the residues of

z—2
f(@—m

at z=0and z = 1.
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By Example 3.6.12, z = 0 is a pole of order two and z = 1 is a
pole of order one. So, we can apply the formula in Way 3 to find

1d d (z—2
es 1) = 72 1) o= 72 (355) 1o =
(-1~ (z~2)

= — = 1
(z _ 1)2 |z:0 1 ’
and similarly
z—2 —1
Res f(2) =[(z = Df ()], = .o, = - ="
z= z
A
Example 3.6.21 Find the residues of
1
f(Z) - (1 4 2’2)"""1
at z=—iand z = 44, for n =10,1,2,3,....
Since
1 1

f(z) = =

(1 + ZZ)nJrl (Z _ z’)nJrl (Z + z’)nJrl ?

we have that z = —¢ and z = +4 are both poles of order n + 1. Then,

dr L dar 1
Res J(2) = 2 (2= 01 |y = s | gy o =
(-D)"(n+1)(n+2)...(2n) 1 ] =
Tl' (Z + Z‘)2n+1 z=1
(—D"n+Y@n+2)...2n) 1
n! (22‘)2n+1 -
(—D)"1-2...nn+D)n+2)...20)  (@2n)!  —i(2n)!
(n!)2 22nt142n - (n!)2 22n+1y - (n!)2 922n41"

Similarly,

n

Res J(2) = 0 [+ G |-, =

(=)™ (2n)! = (2n)! i(2n)!

(n!)2 922n+1 (_Z‘)Zn(_i) - (n!)2 22n+14 (n!)2 22n+1"

Example 3.6.22 Find the residues of

ZQm

T 14

f(2)
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at the roots of the denominator. Here m, n=1,2,3,. ...
The roots of the denominator are the complex numbers that satisfy
the equation

Ph=—l=e

7ri.
So, these roots are the 2n (2n)th roots of —1

2kt )7
Ly

Zr =€ for £k=0,1,2, 3, ..., 2n— 1.

These roots are simple, that is, of order one, and so they are simple

poles for the given function f(z). Thus, for k =0, 1, 2, 3, ..., 2n—1
we have
B B (Z _ Zk)22m _
z}_iezi f(Z) - [(Z - Zk)f(z)] ’z:zk - |: 1+ 22n ‘z:zk -
, . , ZZm + (Z _ Zk)2m22m_l
(use L’ Hopital’s rule) 5T R
2m
zj; _ on -1 omt1 —1 ,Cernemtn
W = (remember 2 = —1) %Zk = %8 2n .

(Notice how we use the complex L’ Hopital’s rule in this example
and imitate it in similar situations.)
A

Problems

3.6.1 (a) Find the roots of sin(z) and their orders.

(b) Explain why sin(z) cannot be equal to f2(z) for some holomorphic
function f : C — C.

(c) Do (a) and (b) for cos(z).

3.6.2 What kind of point is z = 0 for each function?

Sln5 z
floy =22

1n2 z
FERELE)

Sln5 z
h(z) = z5( )

sin®(z2)

25

]

[Hint: Find lim
z—0
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In problems 3 -15 that follow, compute the residues of the given
functions at the given singular points. First, justify why the given
points are isolated singularities of the given functions. Otherwise,
justify why they are non-isolated singularities.

3.6.3

_ z+1
he) = o pe oy

at zp=1 and zy=4.

3.6.4
1

P = e

at the two roots of the denominator. (Find these roots first.)

3.6.5

1
fa(z) = =1
at the infinitely many roots of the denominator. Find these roots and
their orders first, then justify why they are isolated singularities and
compute the corresponding residues.

3.6.6 1
z) = , at zp=0.
POy
3.6.7 )
f5(2) = ﬁ, at all roots of the denominator.

(Find these roots first. In exponential form they are more convenient.)

3.6.8

at all roots of the denominator.

fe(2)

(Find these roots in exponential form.)

=T

3.6.9

fr(z) = 150 at all roots of the denominator.
(Find these roots in exponential form.)

3.6.10
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3.6.11
fo(z) = ———, at 2z =0.

sin®(z)’
3.6.12

1
fio(z) = BT at all roots of the denominator.
25—

(Find these roots in exponential form.)

3.6.13

2
z
fi1(z) = Pt at all roots of the denominator.
A

(Find these roots in exponential form.)

3.6.14
t
fi12(z) = cot(z) = CO,S(Z) , at all roots of the denominator.
z zsin(2)
3.6.15
t 1
fi13(z) = cot(z) = CO?(Z) , at all roots of the denominator.
23 23 sin(z)
3.6.16 Prove: 1
(a) lim e™® = lim — does not exist.
Z—00 z—00 e

(b)V aeC, lim

200 22 4+ q

=0.
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3.6.17 (a) Prove the equalities

1qn 7 _ 2 7 _ n
{Z_me—;—w] 1 (\/z 1 w? + 22w+ V2 1) _

= Z’2nwn+1

7 EE I
[z 1<w+ pom— w + o .

o A1 , if z#=+1
1
—, if z=1
Tw
_1)n
(_), if z=-1.
w

(b) Consider z as a constant and w as a variable in the expression in
(a). Find the order of the pole w = 0 and compute the corresponding
residue in each of the three cases.

3.6.18 Use mathematical induction to prove the Leibniz rule for
higher derivatives of products (3.16).

3.6.19 Consider the function

f(z) = —

- 1
1—e>

in C.
(a) Show that f(z) has singularities at the points zp = 0 and 2, =
1
i with n = 41, +£2, £3, ... .

nmi
(b) Show that zg = 0 is a non-isolated singularity and all the other
singularities are isolated.
(c¢) Compute the residues at the isolated singularities.

3.6.20 Study the example treated in “Way 4”7 of evaluating residues
and write a general algorithm that always computes the residues when
the singularity is a pole of order m, in the way described there.

3.6.21 Let Log(z) (with capital L) mean the holomorphic branch of the
complex log(z) defined in the domain

D=C—{z]|z<0}={(r,0)|r>0, and —w< <7}
(a) Prove that the composite complex logarithmic function

h(z) := Log(1 — z) = Log(1 — x — iy)
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is defined in the domain
D=C—{z|1-2<0}=C—{z|x>1}

and is holomorphic.
(b) Show that in this domain D

Reh(z)=In|l — 2] and — 7 <Imh(z)<m.
. ) h(z) . ) )
(¢) Now consider the function ¢g(z) := ——= in this domain D and

prove that it has a removable singularity at z = 0 and non-isolated
singularities at all real z > 1.
(d) What can you say about the residues of g(z) at these singularities?

3.6.22 On the basis of what you know, prove the following result:

Let » >0, ce Cand f : D(¢,7) — C be a holomorphic function.
There is an infinite sequence of complex numbers (z,), n € N, in D(c,r)
such that f(z,) =0 for all n € N and Jirréozn = cif and only if f(2) =0

for all z € D(e,r).

3.7 Contour Integration and Integrals

In this section, we will integrate holomorphic (complex analytic)
functions along simple, closed, continuous and piecewise continuously
differentiable paths. From now on, we shall call such paths contours.

3.7.1 Residue Theorem and Examples

The main tool of integration in the sequel is the following version of a
generalization of Theorem 3.5.6. (In more advanced literature, we can
find more general settings of this Theorem. For our level and purposes,
the one presented here is enough.)

Theorem 3.7.1 (Residue Theorem) Let R C C be an open re-
gion and w = f(2) be a complex holomorphic function in R —
{21, 22, 23, «ey Zny -- -, 21}, where 1 < n < 1 and each point of the fi-
nite exceptional set {z1, z2, 23, ..., 21} is an isolated singularity of f(z).
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Then, for any C simple, closed and piecewise continuously differen-
tiable contour such that no singularity of f(z) is on C and C encloses
the isolated singularities z1, z2, 23, ..., 2n but no other singularity, then
the following integral equality holds:

ff(z) dz = Zﬂizn: Res f(z).
Ly ot z=2zp

(If I > n, the singularities {zi4+1, ..., 21} lie outside C and play no
role in this result!)

Remark: If n = 0, then the empty summation is equal to zero, and
we are in the case of the Cauchy-Goursat Theorem, 3.5.3.

In advanced literature, we find more general settings of this impor-
tant Theorem, in which the contour may not be simple, and apart from
the singularities the domain may have other holes within the contour,
etc. We refer the interested reader to advanced bibliography on com-
plex analysis. For our level and purposes, the version of this Theorem
presented here is enough.

FIGURE 3.4: Contour and discs



412 Improper Riemann Integrals

Proof (Refer to Figure 3.4) We consider discs D(zg, 1), where
r, >0, for k=1, 2, 3, ..., n small enough to lie in the inside of C' and
to be pairwise disjoint. Then, we apply Green’s Theorem to the function
f(2) in the domain

{(inside of C) — UD(zk,rk)} CRCC
k=1

in the same way as we did in Theorem 3.5.6. That Theorem dealt
with only one singularity in the whole C. Now, there may be any finite
number of singularities in the region R C C. These generalizations do
not change the course of the proof, and the result follows in the same
way as it did then. (Study that proof one more time.)

We continue with the following definition:

Definition 3.7.1 Let w = f(z) be a complex function of z € C holo-

morphic in C— D(0,R) ={z€ C | |z| > R} [the complement of the

closed disc D(0, R)], for some R > 0. We call residue at infinity of
1 1

w = f(z) the quantity Res f(z) := —ng [—2 f (—)}

z z

The following theorem is interesting but of little use to applications:

Theorem 3.7.2 Let f(z) be a holomorphic function in C—{aq, aa, ..., an},
where n > 0 integer, with singularities (isolated) at the points
ai, ag, ..., Gn. Then,

Res f(z) + Res f(z) + ...+ Res f(z) + Res f(z) = 0.
z=a1 z=as zZ=an zZ=00
Proof We consider any R > 0 for which |a;| < R, foralli=1, 2, ..., n

1
and |a;| > i for all a; # 0. Then, by Definition 3.6.5 or Subsection
3.6.2, Way 1, we have

1 1
Res J(2) := —Beg [j—zf (ﬂ = o crog) 27 (1) dz.

1
We use the change of variables w = =, and we find
z

1 1
Resfz:—,/ fw)dw = —— f(w)dw =
Z=00 ( ) 211 C-(0,R) ( ) 211 C+(0,R) ( )
—[Res f(z) + Res f(z) + ...+ Res f(2)],
z=a, Z=as zZ=an
and the result follows.

Corollary 3.7.1 The residue at infinity of an entire function, in par-
ticular of a polynomial, is zero.
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Examples

Example 3.7.1 Find the integral

Cc+
if: (a) C :=C(0,1), (b) C :=C(0,3) and (c) C := C(4,1).
First, we compute the residues of the function f(z) = % at

the isolated singularities zg = 0 and zy = 2. At all other points of C,
this function is defined and holomorphic.

52 — 3 . _
m|z:0___2_

52 -3 7
Res () = [(z = 20 (2)]|sm2 = |, = 5.

So, by the Residue Theorem, 3.7.1, we have:
(a) Since z = 0 is the only singularity inside C' := C(0, 1), then

5z —3 3
————dz =27 - — = 3.
f PP Z i 5 i
C+(0,1)

-3 3
E{:egf(Z) = [2f(2)]|:=0 = 2

(b) Now, both singularities are inside C' := C(0, 3), and so

5z —3 3 7
———dz=2mi |-+ < | =10m.
7{ =2 Z m(2+2> e’

C+(0,3)

(¢) Finally, inside C' := C(4, 1) there are no singularities of f(z). There-
fore, the line integral is zero, i.e.,

5z —3
]{ R )
z(z—2)
C+(4,1)
Remark: If we parametrize each of these C’s and then separate the
real and imaginary parts of each complex line integral, we obtain two

real integrals in each case.
A

Example 3.7.2 Evaluate the integral

j{ dz
ez —1

Cc+
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if C = C(0,3n). Then, compute the two real integrals resulting from it
by using the parametrization of C' = C(0,3r) given by z = 3me®® with
0<6<2m.

d
Inside C' = C(0, 3), the function f(z) = ez—jl has three singulari-

ties, namely —2mi, 0 and 27, which are simple roots of the denominator.
Using one of the methods, that we have seen, we find that each of the
three residues is equal to 1. E.g.,

Res f(2) = ([~ (20 (D], __pp = |y =
1 1

e_z‘zzf%ri = e—2mi = i =1

(use L’ Hopital’s Rule)

So,

d
7{er1 = 2mi(1+1+1) = 6i.
C+
From this integral, we can now evaluate two real ones, if we use the
parametrization z = 3me?, with 0 < 6 < 27, of C = C(0,37) and then
separate the real and imaginary parts. So,

27 - 30 2w 160
/ 3mie’do — 6ri. or / e do _o
0 0

e3met® _ 1 e3met® _ 1

Now we replace ¢ = cos(#) + isin(f) and separate real and imaginary
parts to get

/271' 37 05(9) cos [ — 3 sin(6)] — cos(6) §—2
0 1 — 2e3mcos(9) cog [37’(’ SIH(G)] + b7 cos(0) -
and
/27r 37 905(9) gin [§ — 37 sin(6)] — sin(0) -0
o 1 —2e3mcos(®) cos [3rsin(f)] + ebmeos(®) T

(Who could have imagined these real integrals?)
A

Example 3.7.3 Any polynomial P(z) = a,2" + n_12'+...+a1z+ap,
with n > 0 integer, has Res P(z) = 0.
This follows from Theorem 3.7.2, since any polynomial has no sin-

gularities.
But, we can also see it directly from Definitions 3.6.5 and 3.7.1,
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since

1 1
ResPle) =Ry | 5P ()] =

1 -
—Res— (ao+ﬂ+...+a” 1+&):
z z

= anl n

0 ay a1 Ap_1 a
RQS ___2____n—1_—n2 =0.
z=0 \ 2z z 23 Zn+ n+

Example 3.7.4 Show that for m > 1 integer and a € C constant

. -1, if m=1
Res | ———| =
2=00 (z — a)m

This follows by direct computation of the residue of

0, if m>2.

-1 1 —ym—2

2 (L))" (I—ax)m

at z = 0. This is —1 when m = 1 and 0 when m > 2. (Check this. This
result follows also from Theorem 3.7.2.)

A

Problems

3.7.1 Evaluate

dz
j{zZ +2z+2
Cc+
if: (a) C = C(0,1), (b) C = C(0,5) and (c) C = C(100,1).

3.7.2 Evaluate
7{ dz and ?{ z—2
(z—=1)3(z — 22(z—1)
Cc+

if the simple closed contour C is: (a) C' = C(0,2), (b) C = C(0,5) and

(@C:CG%)

3.7.3 Evaluate

ez
—dz
z
Cc+
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when C' = C(0,2). Then, obtain two real integrals from each of these
complex line integrals.

3.7.4 1f C = C(0, 3), evaluate
e* sin(z)
—d d dz.
%(z—Z)(z—Fll) =l 7{ 2

c+ c+

Z2 z
fze_2dz and ?{ze—QdZ
c+ c+

when C is the boundary of the rectangle {z =x +iy | 0 <z <4, —2 <
y < 2}. Then, find the two corresponding real integrals.

3.7.5 Evaluate

3.7.6 If C' = C(0,4), evaluate

%’ dz and ?{ dz
sin(z) sinh(z)
Cc+

Cc+

3.7.2 Contour Integration and Improper Real Integrals

We are going to use integrations of complex functions along appropri-
ately chosen contours to evaluate improper real integrals and integrals
of Fourier type. This method is very powerful, for it computes very diffi-
cult integrals and at the same time proves their existence. Choosing the
correct contour(s) and then applying the Residue Theorem, 3.7.1, is
an art that takes some experience. Then we take the appropriate limits
to obtain the real improper integral. We are going to analyze the most
important cases of such integral techniques which are sufficient for the
needs of an undergraduate student. We also present in detail several ex-
amples in order to practice and to get a feeling of what is going on. Not
all possible cases, encountered in the bibliography, can be presented in
this exposition. Some of them are above the level of this text and they
require a higher level course of complex analysis. Several useful lemmata,
depending on the particular cases, will be proven and used in order to
speed up the various methods of the evaluations of the respective inte-
grals.

Example 3.7.5 The integral

/°° e tan(oo) — arctan(—oo) = & —
—= arctan — arctan(— = = — — =T
T 00 00 5 5
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has been computed elementarily. For easy practice, we will use contour
integration to establish this result.

To this end, we consider the complex function f(z) =

in C.
1+ 22
The denominator has two simple roots, the +i and the —i, which are
isolated singularities, poles of order one. So,
1 1

Res (2) = (= = 01|, = (- = ) ;=557 s = 30

We consider any R > 1 and the contour C = [—R, R]+ S}, consisting
of two parts: (1) the straight segment of the z-axis [- R, R] from —R to
R, and (2) the positively oriented upper half of C(0, R), denoted by S,.
See Figure 3.5. These parts are respectively parametrized by:

() {z=2+0i| —R<z<R}and (2) {z=Re? | 0< 6 <7}
(From now on, we will use these notations in similar situations.)

We have chosen the contour C' in this way, so that at least one of the
singularities, namely the z = +1, is enclosed in it. Then, we apply the
Residue Theorem, 3.7.1, to find

dz 5 1
—_— = ATl = .
241 Y T T

Cc+

FIGURE 3.5: Contour 1 for Example 3.7.5
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But, then

_]{ dz_?{ dz +% dz _/R dx +/”Rz’ei9d9
2241 241 J22+1  J_zpa?+1 Jy 1+ R2ei20°
c+ [-R,R] st

This equality is valid for all R > 1.
Then, we let R — oo. In this limit process, the constant m does not
change, and the two partial integrals become:
/ ® dx
R |

ngréo Ra:2—|—1_PV/

. ™ Rie' do B
Jim | e =

and

The latter limit needs a proof of course. Such a proof is the following.

The inequality
o< | [ s < [ e
c c

for the complex variable z € C and C any path in C is always valid. (See
property (5) of the complex line integral in Section 3.4.) Using this
property and the properties of the absolute value of complex numbers
(see Subsection 3.1.1, Problems 3.1.2, 3.1.3, 3.1.4, etc.), we get:

0< i ™ Rie df . | Rie'
1m ——5 57 1m ——5 52 =
T R—oo |/ 1+ R2e¥29| — R>oo 0 1+ R2ei20
i Riei@‘ T R
= 1li ‘7 do = li —_—
e o |1+ R2e129| e o |1+ R%e???|
g R ™ R
li ————df = li ——df =
Rbeo Jo 11— [R2e29] = RSe Jy 1 — R2]
. " R
LT T a T K

So, by the Squeeze Theorem for limits, we obtain

/” Rie'? do B
0 1 + R2€i20 o

Then, by the property of limits

lim
R—o0

lim|A4:| =0 < limA4; =0,
t—a t—a
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we have _
. ™ Rie' do
im —_— =
Rooo Jy 1+ R2e120

Thus, we have finally proven

/OO dx
— =
oo 1+ 22

We observe that by having taken the symmetric limit as R — oo,
we have obtained the evaluation of the principal value of this real
improper integral. Since we can easily prove (using real methods) that
this integral exists, its principal value is equal to its value.

Remark: Since f(z) =

is an even function in R, we also get:
1422

/0 dx _/Oo dv 7w
o L2y 1422 27

*  dx O da *  dx
oo 1422 oo 1422 o 1+ a2
Example 3.7.6 Similarly, we find
0 2 0 2 00 2
2
/ x—dsz/ x—da:zZ/ x—dx:l:i7
oo L4 af oo L4 af o 1+a* V2 2

*  dx O dx * dx 2
—:2 —:2 = -,
oo L+ a8 oo 1428 o 1+ ab 3

* dx T
= =2 3,4,....
/0 1+2n nsin(%)’ " T

or

All these integrals are special cases of the general integral

R T
/ —ldgc:i.l,
o L+ [sin (_(ngl )”)

where 7 =0, 1, 2, ... and [ > j + 1 integer.

We are going to prove this general integral formula in the sequel.
But before we do that, we need to present two lemmata, which we are
going to use in the proof in order to facilitate the involved computations.
These lemmata are very useful in many similar situations.

A
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In most of the results and examples that follow, we end up with limits
of integrals on closed subintervals of [0, 27]. These limits are uniform,
and thus we apply Theorem 2.3.2. The uniform convergence in 6 €
[a,b] C [0,27] is a byproduct of the existence of a certain limit as z
approaches the complex infinity.

Lemma 3.7.1 Let w = f(z) be a complex function defined and contin-
wous in an open subset of C of the type

C — {finitely many points of C}
and satisfying the condition

lim zf(z) =0

Z—00

where oo is the complez infinity.

For any 0 <60, <0 < 2w and R > 0, we consider the closed or open
arc of the C(0,R) from 01 to 02, denoted by Ar. This arc, as a path,
can be parametrized by

Ap={z=Re”, 0,<0<0,}
when it is closed, and by
Ap={z=Re", 01<0<0}

when it is open. Then, in either case we have

R— o0

02
lim / f(z)dz = lim f(Re®)Riedp =0,
R—o0 0,
AR

and the convergence in this limit is uniform.

Proof We take R > 0 large enough so that all finitely many points
of C at which f(z) is not defined are located inside the circle C(0, R).
We let
M(R) = Maximum | f(z)].
zEAR

Then, by the condition lim z f(z) =0, we get Rlim RM(R) = 0. Con-
Z—r00 — 00

sequently,

02
/f(z)dz = g/ |f(Re)|R-1-df <
AR

01

02
f(Re*)Riedo
01

RM(R)(02 —601) -0, as R — oc.
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Hence,

02
lim /f(z) dz = lim f(Re®)Rie?do = 0.
R—o0 0,

Ar

R— o0

The convergence is uniform by the Weierstraf3 M-Test, Theorem
2.3.1, for instance.

Lemma 3.7.2 Let w = f(z) be a complex function defined and holo-
morphic in the open subset of C

C — {21, 22, 23, -y 2k}

and satisfying the condition

lim zf(z) =0,
Z—r00
where 0o is the complex infinity. We assume that each of the k excep-
tional points z1, z2, 23, ..., 2k s an isolated singularity of f(z) and not
on the real aris.
(a) If all the exceptional points located in the upper half plane are
the z1, 22, 23, ..., 21, where 1 <1 < k, then

0 1
P,V./_Oof(oc)dgc:27T2J‘Z1 Res f(z).

zZ=zj

(b) If 0 < 1 < k, that is, the zi41, zi42, ..., 2 are precisely the
exceptional points located in the lower half plane, then we also have

0o k
P.V./_ flx)de = —2mi Z Resf(z).

zZ=zj

j=l+1

Proof (a) As in Example 3.7.5 of this section, we let C = [-R, R] +
S}, where S} is the upper half of the circle C(0, R) positively oriented
and R > 0 is large enough so that C encloses all z1, 22, 23, ..., z;. Then,
by the Residue Theorem, 3.7.1, we get

!
%f(z) dz = 27riz Res f(z),
C+ j:1 zZ=zj5
or

R 1
/ f(a:)da:—l—/f(z)dzzZm’ZPiesf(z).
R St Jj=1 T
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Now apply Lemma 3.7.1 with Ap = S}, and take there (symmetric)
limit as R — co. The result

0o !
P.V. /_OO f(x)dx = 27ri; Zfiezif(z)

follows immediately.

(b) The second result is obtained in a similar way by considering the
contour C' = [-R, R] + T}, with R > 0 large enough and T'; the lower
half of the circle C(0, R) negatively oriented. The minus (—) sign in this
second equality is necessary because, in this case, we traverse C' in the
negative (clockwise) direction.

In the next two examples, we examine and evaluate three cases of
integrals, even though the first two can be drawn as byproducts of the
third one. We do this in order to practice with and emphasize the choice
of the contour from case to case and to also observe the similarities and
the differences of these three cases.

Example 3.7.7 (Compare with Examples 2.2.5 and 2.2.6.) We use
the previous Lemma, 3.7.2, to prove:

Result: For all integers [ and j such that: | > j+ 1 and j =
0,1,2,3,4,.., we have:

R T
o 1+ [ sin {—(”l )”}

The function %jzz has finitely many (isolated) singularities, namely
the roots of the denominator 1 + 2!, which are all simple.

If [ is odd, then the root z = —1 is in the real axis, but this does not
matter because we integrate over [0, 00).

Instead of taking into account all of these singularities, in this case,
we consider only one, namely

i
T

zZ0 = €

We enclose it by the three-piece positively oriented contour

Ct =[0,R]+ A} + [ReT 0],

27

where [0, R] and [Re™T , 0] are straight segments and

A;(e):{z:}ze” | o<9<27”}
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FIGURE 3.6: Contour 2 for Example 3.7.7

is an arc. We have that

(2 —20)# 0\ 24z —20)20 ! B
ZP;eZbO f(Z) - 1+ Zl ‘z zo \ 6 - lzl*1 |z:zo -
4 g e
GV
So,
- . NCESVE
j{ 2dz / 2dz / Zldz / 2ldz et
— + — = 273
1+ 2t 1+ 2t 1+ 2 1+ 2t l
[0,F] AL [Re*T* 0]
) 227
First, ; =0, by Lemma 3.7.1, we have that
z—oo 1 4+ 2
id
]{Q — 0, as R — oo.
1+ 2
A%
Second,

. o Zidr
A /WW—/O Tra

[0,7]
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/ I

[0, Re

Third,

2mj  2mi 2m(j+1) ;
R i ei*T e da R;cheZ dx §2rG+D R pide
_— = —_— =€ _—
o 1+ axte2m 0 1+t o 1+t

Taking limit as R — oo, we get

. / 27r(1+1> /OO xidz
lim f(z —-
R—o0 0 1 +x

[Re 7

Therefore, by using the Residue Theorem, 3.7.1, and the three-

t-limit (as R — oo) f fzjdz ¢
art-limit (as o0) for ¢ ——, we ge
P 1+ 2 8
C+
/OO idx FELIERSS) /°° zidx
S _e _—
o 1l+4at o l+at

or(j41) [e%e) ZIdeZIJ ei(jJrll)w
(1 — elf) / ——dr = —2mi
0 14+ l
So, by Euler’s formula (see Section 3.2)
o (i . o
1 — cos G+ Dm _ isin 2+ U)m I dx _
l l o l+at
—271 41 1
lm [COS (@) 4isin ((JJrl )W)]

Using the double angle formulae in trigonometry, we find

{2sin2 (@) — 2isin ((jil)w) cos <(j Jrll)”)] /OOO % -

o (522 o (2]

Separating the real and imaginary parts, or simply dividing by the
bracket in front of the integral, we find the important result:
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Result: For all integers [ and j such that [ > j+ 1 and j =
0,1, 2, 3,4,... we have:

R T
o 1+ [ sin {—(ﬁl )”}

Remark 1: Here, the contour integration method proves the exis-
tence of the integral and evaluates it at the same time.

Remark 2: If I = j+ 1 and j = 0, 1, 2, 3, 4, ..., then the result
extends as

i xd 1 X o T T
7(1 = 1 1 J+1 = = = —
/0 14 i+l x [j—l—l n‘ o |]0 o (j+ Dsin(zt) 0t

Remark 3: If j = 2m > 0 and [ = 2n are both even integers,
then the integrand is an even function, and by this result we also get

oo gPm 27 ™
1 2n dz = (2m+1)7 - @em+D)r ]’
—o0 +z 2n sin |:T:| n sin |:T:|

where n is integer such that 2n > 2m +1and m =0, 1, 2, 3, 4,....
Remark 4: If the integer j = 2k + 1 is odd and the integer | = 2n
is even, then the integrand is an odd function, and so

0 2k+1
P.V. ——dx =0.
A% /_OO T z=0

Remark 5: If the integer [ = 2n+ 1 is odd, then the integral and/or
its principal value
/,oo T+

needs investigation, since it also becomes improper at x = —1. (See
Theorem 3.7.3.) Depending on the value of j and I, various answers
may be obtained.

A

Example 3.7.8 (Compare with Example 2.2.5.) The result in the
previous example generalizes to the following important result:

Fori=1, 2, 3, 4,... integer and a € R—Z such that 0 < a4+ 1 <

l.Ot

T
dx = .
1 ! : (a+1)w
A iy

(or -1 <a<l—-1), we have: /
0
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For example, if &« = 1/2 and | = 2, we find:

< Vr i T T ™2
€T = = == .
0 1+ZII2 25111{(%21)”} 2@ 2

The case a € Z was studied in the previous example. This general
integral formula is also useful in the study of the Gamma function.

The proof of this result for & not an integer is more complicated
than before. The reason is that in such a case the power function is
defined by:

L0 — @ log(z) )

To obtain continuous branches of log(z), we must introduce appropriate
branch cuts. So, the function

f(2)

ZOt

T 142

has as isolated singularities all the roots of the denominator and as non-
isolated singularities a whole branch cut, which can be taken to be a
closed half line starting at the origin.

Under the conditions 0 < a4+ 1 < [ imposed on [ and «, this function
satisfies the condition of Lemma 3.7.2:

lim zf(z) =0.
Z—r00

When a € R — Z, this integral is dealt with in the following two
cases:

(a)1=2,3,4,..,and (b) I = 1.

Case (a): Il = 2, 3,4, .... In this case, besides the roots of the
denominator, the contour must also avoid the non-isolated singularities
of the branch cut and the origin. We achieve this by considering the
branch cut to be the closed lower y-semi-axis {z = 0+ iy | y < 0}.

Then, we choose the following contour C, this time consisting of four
parts (in order to avoid the origin and the branch cut). We consider any
0<r<1<R< oo, and we define

C=I[r,R+ A} + [ReT ,re l‘]—i—A*

r o

27

where we have the straight segments [r, R], [Re”T",re T ] and the arcs

. 2
A;(e):{Re“’ | ogogT’T}
and

AT(G):{TGiG | 2T7r>6‘>0},
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FIGURE 3.7: Contour 3 for Example 3.7.8, Case (a)

as in Figure 3.7.

We now follow the same method as in the previous example, but we

take two limits: one as R — oo and the other as » — 0.
Again, by Lemma 3.7.1, we have that

o

dz = 0.

lim
R—o0 1+ 2
A%

l

Under the conditions 0 < r < 1 and o > —1, we have that

Z(X
lim — dz = 0.
r—0+ 1+=2
A

This follows easily from

ZO{
d =
/1—|—zl “

Az
27/l a+1 a+1

d@g/ ARV

o 1—r I 1—7t

as 0<r— 0T .

0 i0)
/ 7(746 ) lirew dg| <
2n/1 1+ (ret?)

Taezae

i0
— ire
1+ rleid

27/l
J

1

0
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Having done this, the remaining computation is exactly the same
as in the previous example. (Finish it!) So, we have obtained the
following:

Result:

VIi=23,4,..., and VaeR : —-l<a<l-1
R ™
/o 1+ 2! ’ lsin[—(aﬁl)ﬂ}

Case (b) [ = 1. [This case is substantially different from Case (a).]
Here, we must prove that for all —1 < « < 0 real, we have

/Oo x® dr — ™ - ™
o l4+z = sinf(a+1)7] sin(ar) sin(—an)’

Notice that the only root of the denominator is z = —1. We take
as the branch cut the closed half line of the non-negative real semi-axis
{z =24 0i |z > 0}. In Figure 3.8, this is indicated by the dashed
line.!” That is, we have chosen the positive continuous argument 0 <

arg(z) < 2m. So, we write 2 = —1 = €™, and then
2% a im\Y _ iamw
zfie;sl (1—|—z> =(-1)*= ()" = e,

We now pick numbers r and R such that 0 < r <1 < R < co and as
appropriate contour

C=[rR+AL+[R 1]+ A,
where
ALO)=Re”, 0<@<2r and A (0)=re?, 0<6<2r.

Notice the strict inequalities in the interval of 6, and pay attention
to the direction of each part of the contour.
By the Residue Theorem, 3.7.1, we obtain

ZOL
d =
%1—}—2 “

Cc+
2%z 2%z 2%z 2%z )
= 2mie**T, 3.17
/1+z+/1+z+/1—|—z+/1+z e (3.17)
[r,R] AT [R,r] Ay

"Note: In this text, branch cuts in contours are indicated by dashed lines. The
same is true for arcs that are depicted but not used.
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FIGURE 3.8: Contour 4 for Example 3.7.8, Case (b)

and we must take limits as R — oo and as r — 0.
By Lemma 3.7.1, we get

R—o

(1) lim /f(z) dz=0.
At

Again, under the condition —1 < o < 0 and using the parametrization
of A as in Case (a), we prove that

(2) lim
r—0t 142
Ar

dz =0,

in exactly the same way.
Next, we must compute the two partial integrals along the branch
cut, that is, over the intervals [r, R] and [R,7]. Someone may think that
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the two integrals cancel because we integrate over opposite intervals.
However, this is not so, because the function is discontinuous along the
branch cut. Its limits are different when we approach the branch cut
from above (in the upper half plane) vs approaching it from below (in
the lower half plane). Notice also the indication of the two different
arguments in Figure 3.8.

In the case of the (positive) segment [r, R], as we travel along the
contour the arc A indicates'® that we approach the branch cut from
above, and so the limit of the arg(z) is 0. Hence, along [r, R] we compute

R (a:em)a R Lo
the real integral / ——dx / —— dx. Taking limits, we get
r 14z » 14+

R « 0o o
(3) lim T dr= / T dz.

T

R— o0

But, in the case of the (negative) segment [R, 7], we approach the
branch cut from below, as the arc AE indicates, and so the limit of
the arg(z) is 2m. Hence, along [R,r] we must compute the integral

T ($e27ri)a
/ T2 dz. The integrand now is different from the one along [r, R]
R T

above, and this happens because —1 < a < 0 is not an integer and so
e?7t o 1, Taking limits we get

T

2T\ o oo o
(4) lim Le ) dr = —62”0‘/ T d.
}%‘%0 r l+=z o l+=z
—00

Now, by taking the indicated limits in (3.17) by the four computed
pieces (1), (2), (3) and (4), we find

/ * da:—eQ”m/ N -
0 1+x 0 1+x

(1 — 62’”‘") / x dx = 2mie'®T.
0

1+

18 Note: We emphasize all these details because in this Figure and all the
figures with branch cuts that follow, in order to simplify the drawing of contours
and writing of too many limits with a lot of €’s and §’s, we give the figure of the
limiting contour of the contours that other books draw and use. Make a note of this,
and also have a look at other books to be careful see this difference. Also in this book
be aware as to how the contours are made and how you approach the branch cuts as
you travel along the contours in the direction indicated.
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So, for any —1 < a < 0 real, we have:

/Oo ¢ d 2miet ™ T T
1 x 1 — e2mia e—iam _giam _eglam_g—iax
0 + 27 2i
T T T

—sin(ar)  sin(—an)  sin[(a+ 1)7]’

Remark 1: Fora >0 or a < —1

o @
/ L dr=co.
o l+=x

Indeed, if a > 0, we have

oo 1 00 1
o (67 1 o
/ z da:Z/ L da:+/ dx:/ z dx + oo = o0,
0 1+x 0 ].+.T 1 ].+.T 0 ].+.T

and if o < —1, we have

o0 6% 1 6% (o] (6% o0 (e}
/ a: de/x—dx—F/ x dxzoo—|—/ z dr = oo.
0o 142 0o 2 1 1+z 1 1+z

Remark 2: For the real integral

0 «
x
/ dx
o L4
or its principal value, we need x® to be defined as real. So, we need « to
be a reduced rational with an odd denominator.
We notice that this integral is improper at —oo and © = —1. Essen-

tially, each case needs a separate investigation. For example, if a = 0,
then

0

1

P.V. / dxr does not exist,
Lo L4z

and therefore the integral itself does not exist.
Remark 3: The integrals of Example 3.7.7 and Case (a) of
Example 3.7.8 can be drawn from this integral by making the u-

1
substitution: u = 2! <= z = 7 and then dx = ju%_ldu. (Work it out.)

Remark 4: If -1 < a < 0 and b > 0, then using the change of
variables x = bu and so dx = bdu, we find

/ < dx:b"‘/ L A, S
o btz o l+u sin(—am)
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Example 3.7.9

sin % 30

/°° xs dx_lo%lw 27/100v/3
T :
0

Example 3.7.10 To find

/ VT dx,
o l+av2

we perform the u-substitution

1 a1
ﬂ(z)x:uﬁ and dx—— 7= L.

%

U=

So,

S / u2\/_ 1
_ve U= o0,
0 1+J’f \/_

sincea—if—1>0

Example 3.7.11 To find

/ VT dx,
o l+aVv3

we perform the u-substitution

u:mﬁ@x:u% and dx——%fldu.
V3
So,
o WIvE~ ! T
0 1+CC‘/_ \/_/ Ttu _ﬁsin(\?ﬂ)’
b1nce—1<o<—7—1<0

Example 3.7.12 To find

0 8
/ T
0 1+x47'r

we perform the u-substitution

a1 1 1
u=a <= zr=uir and dz= 4—u47r Ldu.
T
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So,

oo g8 1 [ yar—! 1 T 1
ﬁda::— —du= —— 3 = ——35v
o l+zx A Jo 14w 47rs1n[(1—E)7r} 45111(1)
. 9
since — l1<a=—-1<0.
47 A

Now, we present an interesting mathematical application of Exam-
ples 3.7.7 and 3.7.8.
Application: For n € N

" —-2x+1

W, if .’E;él
fnlz) = 5

”Q_n , it r=1

and

I, = /Ooo fn(x)dx.

(a) For n = 1, we simplify and easily find that [; = —oc.

(b) For n > 2, without simplifying, we use the result in Example
3.7.7 and we find that I,, = 0. (See also, Mathematics Magazine, Prob-
lem 1912, Vol. 86, Number 1, February 2013.)

To prove this, we notice that z = 1 is a removable singularity of f,(z),
where z = x + iy the complex variable. Then, for n > 2, we choose R > 1
and the contour

i)

C* =1[0,R] + A% (0) + [Re%n,o],

. 3T
where AL(0) = {z =Re?l0< 0 < 2—}
n
We observe that f,(2) has a unique pole of order one in the interior
of this contour, which is the 2n*™ root of z, = e’n'. The corresponding

Re 27i
S e S _ _en
residue is '€, f,.(2) = -5 .

Then, we apply the Residue Theorem, 3.7.1, and take the limit
as R — oo to obtain the result. (Fill in the details.)
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(c) Also, we easily find that

flz) 2 lim f,(z)=

r—0+

Therefore, the convergence is not uniform and fooo f(x)dx = 0.
(d) Using the result Example 3.7.8 and making the necessary ad-
justments, we find that I, = 0 for all real numbers o > 1.

Now, in the following example, we examine and evaluate another
kind of integral, in which we use branch cuts and the contours have some

segments parallel to the branch cuts.

Example 3.7.13 We want to evaluate the integral

/1 d—x [z=sin(6)] /Fﬂ L V a>1 real constant
1 (x4 a)V1 — a2 —xj2 a+sin(f)’ '
We work with the complex function
1
6= v
This has an isolated singularity at zg = —a, which is a simple pole, and

non-isolated singularities along the branch cut(s) that we are going to
choose for making v/22 — 1 a continuous function in the open domain
C — {the union of the branch cut(s)}.

We have

Va2 —1=(2-1)% = (z—1)%(2 + 1)2.

In view of these two factors, we choose convenient branch cuts that shift
z—1 and z + 1 to the origin. We choose

C—[+1,400) for vz-1 and C—-[-1,400) for +z+1.

The intersection of these branch cuts is [+1,+00) and their union is
[-1,400), both intervals of the real axis.
The corresponding restrictions on the arguments are

0O<arg(z—1) <27 and 0<arg(z+1) <27

Then, by the definition of the non-integer powers through complex log-
arithms, we have

m _ |Z2 B 1|%eiarg(z2271) _ |Z2 — 1|eiarg(z—1)42»arg(z+l) .
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Now, for any 0 < r < min{l, a—1} and any (1 <)a < R, we consider
the contour
Ct=[R1+7] +T 7 +[1—r,—1+7]" +A;
+H=14r1—r]t + S +[1+r R+ Af,
consisting of two positive segments, two negative segments, three neg-

ative arcs and one positive arc, as in Figure 3.9. The arcs are given
analytically by:

FIGURE 3.9: Contour 5 for Example 3.7.13

TT_:{z:1+rei9|27T>9>7r}
A ={z=-1+r"|2r>0>0}
Sy={z=1+re"|7>0>0}
Af={s=Re” |0<0<2r}.
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We must understand that the positive segments are approached
by staying in the upper half plane, whereas the negative seg-
ments are approached by staying in the lower half plane. Then,
the arguments of arg(z — 1) and arg(z + 1) along these segments are:

Along [R,1+7]™ : arg(z — 1) = arg(z + 1) =27
Along [1 —r,—1+7] : arg(z —1)=m, arg(z+1)=27
Along [-1+7,1—7]": arg(z —1)=m, arg(z+1)=0
Along [L +7, R]" : arg(z — 1) = arg(z+ 1) = 0.
Next, the residue at zg = —a is
R Q — — 1 —
Res f2) = G+ Do = <l =
1 1
] I lm-e = o et
1 1 1

N e e N e

Now, we integrate f(z) along CT, and then we take limit as R — oo
and r — 07. Thus, by the Residue Theorem, 3.7.1, the final result

is equal to

1 —2m —2m

i - - = :
Ve Vi@ 1 Vel

when a > 1 constant.

Z—00 R—o0

Since lim zf(z) =0, by Lemma 3.7.1, we have lim /f(z) dz =0.
AR

Also, we easily prove that

li =l =l =0.
Jim, /f(z) dz Jlim, f(z)dz Jim, f(z)dz=0
T A7 Sy

Now, on [R,1+ 7]~ we have

1
f(z) = f(2) = = 3.18
()= £0) = (3.18)

1 1 1

(z+a)Va2 — 175" (x+a)Va? —lei2n  (z+a)Va? -1
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Similarly, on [1 4 r, R]* we have

1
f(2) = f(z) = G DTRGTD (3.19)
(@ +a) /2 —1e G-Dfars(+D)
1 1 1

(z+a)Va2 —1es (z+a)Va2—1ei® (z+a)Va? -1

Hence, on these two opposite segments the function f(z) remains the
same, and so the two integrals over these opposite segments cancel each
other.

[Note: We expect this phenomenon to happen along the common
part of two branch cuts, each of which corresponds to a factor of a
function under consideration. Along the common part of the branch
cuts, the function extends continuously, since crossing the common part
changes both factors in a way that their product remains unchanged.

We add that in such a case the function remains also holomorphic
along the common part of the two branch cuts. This is a consequence of
Morera’s Theorem, 3.5.5, since, by a simple limit argument, the holo-
morphicity of f(z) in C — {union of the branch cuts} and its continuity
in {C — {union of the branch cuts}} U {intersection of the branch cuts}

imply
/ f(z)dz=0
C

for any simple closed contour C' such that C' and its interior are inside
the open region
{C — {union of the branch cuts}} U {intersection of the branch cuts}.]

Next, we need to work out the two remaining integrals over the oppo-
site segments [1—r, —1+7r]~ and [-1+7,1—7]" only. On [1—7,—1+7]|~
we have:

1 1 B

({E + a) |x2 — 1| eiarg(mfl);arg(z«#l) - (Qj + a)meiﬂ— 22,, —
1 1

(z+a)VI—22eF  —i(z+a)/1—a2
Similarly, on [-1+ 7,1 — r]* we have:
f(z)=flz) =
1 B 1 -
(x 4+ a)/|x% — 1] QI TEEEIERECEL () /1 — 22 et T E




438 Improper Riemann Integrals

1

1

(x +a)V1—22e3

Finally, we find

Ci(rt+a)VI— 22

—2m

-1 1 1 1
[ r [ L
1 —i(z+a)V1—a? _1ilz+a)V1—2a? V0a? —1]

or

—2mi

1 (z+a)V1—2a?

1
dr =

2w

V@o1 @1

So, we have eventually found: For all @ > 1 real constant

[o=sin(0)] /”/2 do T

/1 dx
~1 (x4 a)V1—z? —r/2 @+ sin(0) a2 =1

Remark 1: When |a| < 1, this integral is improper at z = a and
does not exist. E.g., for a = 0, we get

/O dzr </O dx and /1 dzr >/1dgc
—_— — = —00 an —_— — = 00,
1axV1l—22 " J 4 =z 0o zV1I—22 " Jo w

and so

/1 dz d t exist
———— = does not exist.
1TV 1-— 332

But,

1
dx
PV.[ ———— =0,
[1 N 1-— ZIJQ

since we integrate an odd function over an interval symmetrical about

the origin.

For a = —1

5, we have

= does not exist,

/1 da _/5 A
a (E ) VI=E Ly i b

and similarly

/1L—+oo and /1 dx = —00
1 (14 2)V1—22 1 (14 2)vV1—22 ’



Complexr Analysis Techniques 439

etc. We examine the principal value in the next example.

Remark 2: The integral evaluated in this example may be consid-
ered as an integral of a rational function of sin(f) and cos(f), which in
a calculus course is treated with the change of variables

0
u = tan <§> < 0 =2arctan(u),

called tangent of half- angle substitution. From this, we find:

2u 1—u?

de =TT a cos[2 arctan(u)] = T o

= mdu, sin[2 arctan(u)]
These results change an (indefinite) integral of a rational function of
sin(f) and cos(f) into an (indefinite) integral of a rational function of w,
which is usually computed by partial fraction decomposition, etc. Then,
from this indefinite integral, we compute the definite.
For example, we find that

/ A T
—1+sin(d)  tan (%) -1 .

So,

/% o

_z —1+sin(9) B
2 — 2 _ 22 —00+1=-00
tan (%) —1 tan (‘T’T) -1 0= -2 N
Also,
de -2
- = +C,
/ L+sin(f) tan () +1

and so

[SE]

/ o
_% 1 +Sln(9) o
-2 -2 -2 =2

tan(§)+1_tan(_7”)+1:7_0_+

=—-1—(—00) = 0.

Using this method, we can compute proper and improper integrals
and principal values of the rational functions of sin(¢) and cos(#).

Remark 3: See Section 3.8.1 for a different treatment of some
integrals of this kind along with an easier uniform treatment of integrals
of rational functions of sines and cosines on the interval [0, 27] or more
generally over an interval of length 27.
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A

We would like to examine the principal value of the integral in the
previous example when |a| < 1. But first, in case of isolated simple
poles, we need the following convenient lemma, which we will use in the
sequel. As we see, in this example a is a simple isolated pole.

Lemma 3.7.3 Let the complex function f(z) have a simple pole at
20 € C and let Ag(z0,¢) = {2 = 20+ €€ | 0y < ¢ < Oy + 0} be a
circular arc centered at zy, of radius € > 0 and angle 6, where 0y is a
fized angle. (See Figure 3.10.) Then,

lim f(2)dz = 0i Res f(z2).

e—0 Ag(z0,€) z=z0

Proof Let Res f(z) = by. Since z = z is a simple pole for f(z), there
Z=Z0

is r > 0 such that in the closed disc D(z,r) we have

f2) = =2 1 g(z)

zZ— 20

with g(z) a holomorphic function and therefore bounded. So, there is
M > 0 such that

lg(2)| < M, V z € D(z,7).
Thus,

b
/ f(z)dz :/ ! dz+/ g(z)dz.
Ag(z0,€) Ag(z0,€) Z =20 Ag(z0,€)

FIGURE 3.10: Contour 6 for Lemma 3.7.3
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Oo+6 i
/ Ul dz:bl/ G b = b6,
Ag(z0,e) Z T %0 0o eet®

and for0<e<r

/ 9(2)dz
Ag (z0,€)

Finally,

But,

<[l < Mep 0 a0
Ag(z0,€)

lim f(z)dz =010+ 0 = 0iRes f(z),

€70 J 49 (20,¢) z=20

and the proof is finished!

Example 3.7.14 We will show that if |a| < 1

1 jus
dx 2 do
P.V. _— =P.V. —— =0
/4 (a+x)vV1— 22 /, a + sin(6)

jus
2

1
Let us work with a = —=, and the same work proves the result for

every a such that |a| < 1. We observe

PV/
1—x2

ootk l/l (—-m)ﬂ / - ;;xmlz

i /85 o / do
1m —_————— —_— | .
A P —3 +sin(9) e —3 +sin(f)

We consider again the previous example, and we observe that

1
z = 3 is on the branch cut and behaves like a “simple pole” for ei-
ther functions, similar to (3.18) and (3.19),

1
ItV -1

where the 4+ and — indicate that f(z) is in the upper half plane and in
the lower half plane, respectively, as we cannot cross the branch cut on
the segment —1 < x < 1.

F4(e) =
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To find the principal value, we use a contour that is the one we use in

the previous example with two additional semicircles around z = 3

and the consequent modification of the segments in between. Now we

1
choose 0 < r < 1 and the contour

1 1
Cj:[R,1+r]*+T;+[1—r,§+r]*+T*;+[——r,—1+r]*+A;

2
1 1
+[—1+r,§—r]++S;+[§+r,1—r]++S;+[1+r,R]++A}g.

The two new arcs around x = 3 are
- 1 i0
T, = z=§+re |20 >60>m
- 1 i0
S = z:§—|—re |m>6>0,.

The other arcs are the same as before.
We also observe that there are no singularities inside this contour
and so no residues to compute. Therefore,

/ dz _0
cf (4221

The question is what the newly introduced arcs contribute to the
integral. We examine this now. Lemma 3.7.3 can apply here, and we
find that in the lower half plane

/ L 2 = (7 —27)i——=c' 2 —
R ]
1 zton 1 - 27v/3
—Tl—=€ 2 i P ( Z)— _

d 1 L arg 1 4 +arg l«+~1
/ z — (0 — )i o (4 )2 (3+1) _
so (=
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2 2
Finally, the net contribution of the new arcs is -z + L~

V3 V3
PV/ —0,
V1-—22

1
and the same thing is true if we replace —5 with any a such that |a| < 1.

Therefore,

Remark: This result can also be obtained by elementary integration
if we use the antiderivative (up to a constant)

atan(g) +1—-+1—-a?
atan(%) +14+V1-a2|’

when a is a real constant with |a| < 1.

/ o1,
a+sin(0)  1— a2 .

A

We continue with a technical and convenient theorem for integrals
oo
of the special type a" f(x)dz, where r is a real constant but not
0
an integer. Some integrals of this type can also be evaluated by other

methods, but sometimes this theorem is convenient and efficient.

Theorem 3.7.3 We consider a complex function f(z) and a real num-
ber r that satisfy the following hypotheses:

1. f(2) is analytic in C — {z1, 22, ..., 20}, n > 0 integer, where
21, 22, ..., zn are (isolated) singularities of f(z).
2. All z1, 2o, ..., zn are not on the (strictly) positive x-axis.

3. r > —1 s not an integer.

4. There are constants My > 0, Ry > 0, b > r + 1, such that if

M,
2| 2 Ry, then |f(2)] < P

5. There are constants My > 0, Re > 0, d < r + 1, such that if

M,
0 < |z| < Ry, then |f(z )|<| ok

Then,

—rmi T

) s = TS Rl 1)

and the integral converges absolutely.
Here, 2" = €"1°8(2) wsing the branch 0 < Arg(z) < 2.
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These hypotheses were properly imposed so that the proof works
out. We omit the proof here, but the interested reader can find it in the
bibliography, e.g: Marsden and Hoffman 1987, 304-307.

We can directly check that the hypotheses of this Theorem are sat-

P(z)
isfied when f(z) =
¥ = a6

are polynomials of degrees p > 0 and g > 0, respectively, and satisfy the
following hypotheses:

is a rational function, where P(z) and Q(z)

1. We assume that P(z) and Q(z) have no common factors, or else
f(2) is completely simplified.

2. Q(2) has no zero on the positive z-axis.
3. The number r is not an integer and satisfies —1 <r<qg—p—1.

4. Tf Q(0) = 0 and, as root of Q(z), z = 0 has order m > 1, then we
also need m < r + 1.

We illustrate this result with the following example:

Example 3.7.15 We would like to check if the integral
e8] 3
L
o T+z+1

satisfies the conditions of Theorem 3.7.3 and evaluate it.

(1) The function f(z) = is analytic in C — {e¥, 7},

224241
and the numbers z; = %’T, Z9 = %’T are isolated singularities (poles of

order 1).

(2) The numbers z; = e

AT
3

4 o . .
, zo = €3 are not on the positive z-axis.

1
(3)r= 3 > —1 is not an integer.

(4) Since
2
f(lz)_ 5 i )—>1, as z — 00,
= z224+z4+1
we conclude that there is R; > 0 such that if |z| > Ry, then f(lz) ‘ <2
el

2
or |f(2)] < e So, we can pick M; =2 and b = 2.
(5) Since
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we conclude that there is Ry > 0 such that if 0 < |z| < Rg, then

1 1
f(lz) <lor|f(2)] < 5k So, we can pick d =1 < §+1 and M, = 1.
2 z
So, all the hypotheses of Theorem 3.7.3 are met.
Hence,
& \3/5 —7T67%i 1 1
—————dr = ———— 4 Res [23 z]—l—Res [23 z] .
| it =y e o] res )
Now, since
1
z) = ,
1) (z — 21)(z — 22)
we get that
Res [z%f(z)} = and Res [z%f(z)}
2=z 21— 29 z=z2 22— 21
within the branch 0 < Arg(z) < 2.
Then,
A o
Res [z%f(z)] + Res [z%f(z)] = 0.
z=2z1 z2=z2 e3! —e3?
Putting these together, we find
oo 3
L
0o T-+xz+1
—me~31 e¥i_e¥i T (_e%ﬂi + e%i) 4 (7T)
T — = = —sin (-
sin (%) e¥i—e%i sin (%) 2i 3 3 9

(See also Problem 3.7.98 for another method.)

The integrals in Theorem 3.7.3 are immediately related to the
Mellin'® transform of a function.

Definition 3.7.2 The Mellin transform of a real function y = f(x)
with 0 < x < 00 or 0 < z < oo [we consider f(x) =0 for x < 0] is
defined by

MU@Hs) = 0(6) = [ a7 p(a)d

0

for all those s's for which this integral exists.

19Robert Hjalmar Mellin, Finnish mathematician, 1854-1933.
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This transform has a lot of applications in mathematics, engineering
and computer science. The inverse transform is

1 c+100
M) ) =5 [ wols)ds
T Je—ioco
for an appropriate constant c. We state that the Mellin transform exists
if 2% f(z) is absolutely integrable on (0, 00) for some k& > 0. Then, the
inverse transform also exists for ¢ > k.

Several integrals that we have evaluated so far and involve the prod-
uct of a function with some power z® may be viewed as Mellin trans-
forms. For example, the T'(p) is the Mellin transform of f(x) = e™*, with

€ (0,00). Also, in Example 3.7.8, we have proved

For [ =1, 2, 3, 4,... integer and € R such that [ >a+1>0
xa

m
T34 dr = 71 NI
S1n {f}

o0
(orl—1>a> —1) we have: /
0
Then, under these conditions, this integral can be viewed as
T

1
_ 1 = —_—
M{1+$l}(a+ ) lsin[(atl)ﬂ}

Replacing o + 1 with s, we obtain the Mellin transform

“rra | 0= e

Many other such integrals in the examples and the problems of this
text may be translated as Mellin transforms in an analogous way.

Now, we are going to evaluate the Fresnel integrals of Examples
1.3.14, 2.4.1 and Problem 2.6.10 by using contour integration. To
do this, we first need to prove the so-called Jordan’s?® Lemma. This
lemma is also very useful in the computation of Fourier transforms, as
we shall see soon.

Lemma 3.7.4 (Jordan’s Lemma) If 0 < 6; < 02 < 7 and p > 0,

then ;
2
[ v <t
61 1%

20Marie Ennemond Camille Jordan, French mathematician, 1838-1922.
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Proof Since e #5"(*) > 0, we obtain
T

02 T w/2
/ efusin(t)dtg/ 67MSin(t)dt:/ 67“Sin(t)dt+/
w/2

01 0 0

e~ gy,

Using u = m — t, we find

T /2
/ e M Sin(t)dt — / e M Sin(t)dt.
/2 0

So,
92 71'/2
/ e ks < 9 / e rsin(®) gy

01 0
T 2 . - o
But, for 0 < t < —, we have that —¢ < sin(¢). This inequality is
T
seen graphically, since sin(¢) is a concave function in the interval [O, —} ,
because sin”(t) = —sin(t) < 0 for 0 <t < g Therefore, y = sin(t) is
greater than or equal to the straight segment function y = — ¢ in [O, 2}
T

So, e~ksin(®) < e=*#* for all t € [O, g} Hence,

02 ) /2 " _ R
/ e—hsin(t) g4 < 2/ 6*27 dt = <_7T> [6727} 2 _
01 0 2p 0
-7 0 T

— (e =-1)=—(1—-¢eH") < —.

T =T <L

Remark: Jordan’s Lemma also implies the following inequalities:
(DIf 7 <6y <6y <27 and A > 0, then

62 .
/ e)\sm(t)dt < E
01 A

(2) If _ﬁ§91<92§ganda>o,then

0
[ < T
01 o

3
(3) If g§91<02§§andr>0,then

02
/ eTCOS(t)dt < E
T

01
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Example 3.7.16 Now we can compute the Fresnel integrals by using
contour integration techniques. (Compare this with Example 2.4.1.)

/ cos (x2) dr = / sin (xZ) dr = @
0 0 4

We consider f(z) = e~*", which is holomorphic in C. This function
has no singularities in C and so, by the Cauchy-Goursat Theorem,
3.5.3, its integral along any closed, continuous and piecewise continu-
ously differentiable path is zero.

Then, for any R > 0, we consider the contour

C =[0,R] + A} + [Re'T 0],

where AE is the positively oriented arc parametrized by z = Re? with
iy
0<0< T Then,

2 2 2 2
fefzdz: /e*z dz—i—/e*‘zdz—i— / e ?dz=0.

c+ [0, R] A; [ReiTﬂ,O]
Now,
2 R 2
/e*Z dz:/ e " dx,
0
[0,R]
and, as we have found in Section 2.1, (2.1),
R 0
lim e dy = / e dr = ﬁ
R—o0 /g 0 2
Next, since e = i and along [ReT, 0] we have z = ze with

R>2x >0, we get

, 0 L R
_ _ S im im 2
/ezdz':/e””e e4dx:—e4/ewzd3:.

R 0

[Re'T 0]

Lastly, on A;g we get

2 . I _ p2 2z
/e*z dz = ZR/ e B e ey,
0

A%
‘We observe that

2 2ix 2 - 2 D2
e—R e _ e—R [cos(2z)+i sin(2z)] e—R cos(Zz)e—lR sm(2r)'
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Therefore,
‘efRze%’eim — o~ R?cos(2a)
So, we have
T
/efz2dz < / ‘efzz ds| < /ﬂ/4 ¢ cos) R g (“:‘i“Z)
Al At 0

/4 /2
R/ 8_R2 sin(2u) du (”::2“) E / 8_R2 sin(v)dv <
0 2 0

(by Jordan’s Lemma 3.7.4)

(=

T
R? 2R’

™
. i - —
Since Jim o 0, we get

lim [ e *dz=0.
R—
A%
So, as R — oo, we finally get

ﬁ _eT / e~ dy = 0.
2 0

Then,
/0 [cos (2?) — isin (2)] dz =
VT = VT (ﬁ z\/i> = m(l—z’).

4 _ -

2 2

2 2

4

Now, we separate the real and imaginary parts of this equality and
obtain the final result

/ cos (x2) dr = @ = / sin (xz) dx.
0 4 0

Remark 1: This computation was carried out even though we knew
nothing about the convergence of these integrals. So, the contour inte-
gration evaluates and proves the existence of the integral at the same
time.

Remark 2: In our approach here, to compute the Fresnel integrals,

= VT

we use the integral e dy = 5 that was computed earlier with

0
the help of double integration in Section 2.1.
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There is also the reverse approach. By choosing an appropriate con-
tour, different from the one in this example, we can compute the Fresnel

oo
™
integrals first, and then from them we can compute / e dr = % 2
0

Example 3.7.17 In this example, we show that

/ e~ cos(dz)dz = e~ */T.

— 00

(This is generalized in Problem 3.7.24, which is essentially the same
with Example 2.2.13, but the methods used are different.)

For any R > 0, we consider the rectangle contour in Figure 3.11

Ct =[-R,R] +[R,R +2i]| + [R+ 2i,— R+ 2i] + [-R + 2i,— R].

24

A

Y
8

FIGURE 3.11: Contour 7 for Example 3.7.17

21E.g., see the bibliography: Marsden and Hoffman 1987 and 1993.

In these two books and others, such as Copson 1948, Markushevich 1977, Brown
and Churchill 2008, etc., one can find many interesting and complicated examples
and/or exercises of contour integration.
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Again, as in the previous example, we have

2
%672 dz =0,

Cc+
and so

R 2 2 S \2
/ e ¥ dr +/ e~ B dyt
-R 0

-R o 0 .
/ e~ @207 gy 4 / e~ CRH i gy = 0.
R 2

Then, we have

2 R 2, 2 R2 2Ri 2
/67( W7 dy S/ ‘67 e =MV | dy =
0 0

2
2 2 2
/eiReydySZefRe‘l—)O, as R — oo.
0

Similarly,

0
/ e(R“y)zidy‘ < 2e*RQe4 —0, as R — oc.
2

Hence, taking limit as R — oo, we get

Thus, by the equality of the real parts and the Integral (2.1) in
Section 2.1, we have

Re {/ e(w+2i)2dx} = Re [/ e””%lx} = / e dx = V.

Developing this, we get

/ e~ cos(dz)dz = e~/

— 00

Remark 1: Since f(x) = e cos(4x) is even, we get

0 0o
/ e cos(4x)dx = / e cos(4x)dx =
0

e tym
2

~ (0.01623181234006586... .
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Remark 2: The equality of the imaginary parts gives
/ e sin(4z)dz = 0,
a fact already known, since the function f(z) = e’ sin(4z) is odd and

the integral exists.

Remark 3: For any R > 0, if we integrate e~* over the contour

C =1[0,R] + [R, R+ 2i] + [R + 2i, 2i] + [2i, 0](= rectangle)

and then take the limit as R — oo, using the Integral (2.1) and the
Error Function (2.2) (Section 2.1) and the first remark above, we
find

0 2
/ e sin(4z)dz = 6_4/ edey =
0 0

g erf(2) ~ 0.3013403889237924....

(Check this. Keep in mind that the indefinite integral / eyzdy cannot be

found in closed form by means of elementary functions. So, we compute

2
/ eV’ dy numerically.)
0

Problems

—az

3.7.7 Consider f(z) = 62—1 with @ € R constant and C(0, R) the
z

circumference of the circle with center the origin and radius R > 0.
(a) If @ # 0, then prove

(b) If a = ()7 lhen [)I()Ve
1[][1 max ’ - O

(c) If a > 0 real constant and Ar = {z = Re?® | 0 < 0 < 7/2}, the
arc of the circle C(0, R) between the angles 0 and 7/2, then prove

lim [max |zf(z)|] = 0.

R—oo |z€AR
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3.7.8 Conclude the integrals of Example 3.7.7 and Case (a) of Ex-
ample 3.7.8 from the integral of Case (b) of Example 3.7.8.

3.7.9 Compute the following ten integrals by whichever methods you
prefer. You may use direct appropriate contour integrations or any other
correct methods and integral formulae already used or proved in previous
examples, etc.

[e'e] !EQ [e'e] 1
Il_‘/foo—1+$4d$ IZ_/700—1+336dx
[e'e) d oo 3/ 9
13:/ Y Wn=23,.. I = Vet
VA o dx
Is = d Is = -
’ / 1128 ° / Ja(x+ 1)
[e's) =1 0o 5
T 2 T2
’ /0 100+a " s /0 100 + 2%
! dx 2 do
Iy = — Lo = P
1 (z+10)v1 — 2? —r/2 20 +sin(0)

3.7.10 Using contour integration, show that for all n =0, 1, 2, ..., we

have
/°° dz _ m(2n)!

e (1:2 + 1)n+1 - (n|)222n

[Hint: Use Example 3.6.21.]

3.7.11 (a) Using contour integration, evaluate

/ e dx
oo (=) (2 — 29)

(b) Separate the real and imaginary parts to find the two correspond-
ing real integrals.

3.7.12 Prove that the integral

/°° 322 —2 d
o T E522+6

exists, and then use contour integration to evaluate it.
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3.7.13 Use contour integration to prove:
(a) If B € R and ¢ > 0 constants

/ e~ sin(Bz?) dx =

— 0o

< ., sin(Bu)
2/ e~ sin(Bz? dx:/ e~ du =
0 (87 0 Vu

ﬁdv . T [—c+ B2+
2 2 e s N2 = SIgn(ﬁ) o 2 2 .
\/_ B2+ (c+v2) 2 B +c
(See also Example 2.4.1, Remark 3.)
(b) If 8 € R and ¢ > 0 constants

/ e~ cos(Bz?) dx =

— 0o

2 /OO e cos(Bz?) dr = /OOO e Coiﬁgu) du =

/ (c+v?) B2 + 2
Vide #i(ere)? V2V Frad

eiz

3.7.14 Solve Problem 2.6.38 by integrating the function f(2) = ——,
z m

(0 <m < 1), along the contour
Ct =[r,R]+ A" + [Ri,ri] + A,

where 0 < r < R real constants, AT(§) = {z = Re? | 0< 6 < g} and
A=(0) = {z = re? | g > 6 > 0}, and then take limits as » — 0 and
R — 0. (See also Example 2.6.7.)

3.7.15 Prove that the two integrals

————dx
0o x2E+ax+1

exist, and then use contour integration to evaluate them.

[Hint: Notice that 23 £ 1 = (z £ 1)(2? F x + 1). So, for easier computa-
tions, you may use exponential representations of the isolated singulari-
ties which are the cubic roots of £1. Use the contour of Figure 3.8 of
Example 3.7.8, Case (b), and work analogously. Or, use Theorem
3.7.3.]
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3.7.16
o N3 T
(a) Prove: /O m de = 5 (\/5 — 1)
oo 3
(b) Evaluate: / # dx.
o TPH+zi4+ax+1
1 1

[Hint: Use f(z) =
3.7.3]

in Theorem

Brl2t+z+1 (z=9)(z+1i)(z+1)

3.7.17 Prove
x> e _ V2 sin(f) a6 LT 4
/0 s T 2 sin(%Z) 6 2= V3

3.718 (a) If -1 <a#0<1andb> 0, prove

/00 7@ i — 7Tba_1
o 22+b0> 7 2cos(Z2)
(b)Ifa#0and a # 1 and —1 < a < 2, prove

/°° z¢ p —77{1+2cos {w”
) .

B 1T 3sin(wa)

3.7.19 Prove that if -1 <a<land 0 <8 <,

/OO x® d msin(af)
0

x2 4 2z cos(f) + 1 T sin(am)sin 6

Determine the answer when a = 0, by using L’ Hopital’s rule. Can
the answer be correctly extended to 8 = 0 and 6 = 7, in this case?

[Hint: Use the contour of Figure 3.8 of Example 3.7.8, Case (b).]

3.720If 0 <a<band 0 < ¢c < 2, prove

[y e [0
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3.7.21 For any a > 1 constant, find the general integral formula for
/1 da B /”/2 o
1 (a — x) 1 — 22 —n/2 a — sin(6‘) '

3.7.22 (Practice problem!) Prove that

/ *° dx oo
1 axvai-1 2
in the following two ways:

(1) By letting « = sec(u) (elementary way).
(2) By considering the complex function

and do work analogous to Example 3.7.13.

Notice that
1 1 1

Vz22 —1 - Vz—1 - NCES
Take branch cuts [1,00) and (—oo, —1] for the first and the second
factor, respectively. So,

1 1 carg(z—1)
= e’ 2 with 0 <arg(z—1) <27
V=1 /]z—1] ( )

and

1 1 iarg(;Jrl)
= e
Vz+1 /]2 +1]

Notice that z = 0 is a simple pole of f(z) with residue —i (compute
this).

As a contour, use the one provided in Figure 3.12 for appropriate
r > 0 and R > 0. Find the correct arguments of the complex numbers
involved along the segments of the branch cuts, as you approach them
staying in the upper half plane and/or staying in the lower half plane.

Then, use the Residue Theorem, 3.7.1, and take the appropriate
limits. The limits along the three arcs are zero. The limits along the four
straight segments parallel to the branch cuts are the same. Finally, we
get

with —7 <arg(z+1) <.

2,

4/00 dxz B
1 vz -1
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Y

FIGURE 3.12: Contour 8, for practice Problem 3.7.21

and so the result follows.

[This problem, even though easy by means of the substitution in Way
1, is suggested in order to practice with contour integration, branch cuts
and correct arguments!]

3.7.23 Prove that

/01 (x_g)dzw

does not exist, but

~ 2In(2+V3)
PV/ 1—3«2 NI
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3.7.24 For a > 0 and b > 0 constants, prove

0 .2
/ e—a’e? cos(bx) dx = ﬁeﬁf,

o a
and so
0 [es} .2
/ ema’e? cos(bx) dx = / ema’e? cos(bx) dx = ﬁe T
— 00 0 2a

(Compare this with Examples 2.2.13 and 3.7.17.)
[Hint: First, notice
2 N\ 2
e’ cos(bx) = e 1a? Re [67(‘”*%1) } ,

and then for any R > 0 choose as an appropriate rectangular contour

b b b . b .
C=[-RR+[R R+ %z]—i—[R—i—%z,—R—i- %z]—i—[—R—f—%z,—R]

and consider the integral f e dz.]
Cc+

3.7.25 Work as in the previous problem or Example 3.7.17 and its
Remark 3 to prove that for a # 0 and b € R constants

® ata? | Ry L S
e” v " sin(bx)dr = ——e 1a2 e1aZ dt.
0 202 0
(Compare with Problem 2.2.38.)

3.7.26 Use contour integration to prove

~y+ioco sz —s

e e

_ gy =2iym =,
y—ico VZ +1 \/g
where s > 0 and vy > 0 constants. [(y—ic0, y+i00) is the infinite vertical
straight line x = ~.]

[Hint: Choose as the branch cut the interval (—oo, —1] and an appropri-
ate contour.]
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3.7.3 Infinite Isolated Singularities and Integrals

Suppose we need to evaluate

/ O:o #(z)dz,

by means of residues, where f(z) is holomorphic in the upper closed half
plane Im(z) > 0, or in the lower closed half plane Im(z) < 0, except at
a set of (countably) infinite isolated singularities A = {z, | n € N}.

Let us assume that we work in the upper closed half plane
[Im(z) > 0] under the following hypotheses:

1. We assume that there are no singularities of f(z) on the z-axis.
That is, Im(z,) #0, V n € N.

2. Since the singularities are isolated, there is no convergent subse-
quence of (z,)nen, and they can be ordered so that |z1] < |z2| <
|z3| < .... Then we have: |z,| — oo, as n — .

3. For any positive integer [, we can find a number R; > 0 and a
simple closed contour C; with interior D; in the upper closed half
plane such that:

(a)
(b)

()

(d)

R; 1 00, as | — oo (strictly increasing to co).

VieN, C;NA=(, that is, no singularity lies on any of the
contours.

Since the singularities are isolated, any interior D; contains
finitely many of them. Assume |A N D;| = k; > 0 integer and
let AND; ={z1,22,..., 2k}

C; = [-Ry, R)JUP, and PN{xz—axis} = {—R;, R} (set of two
elements). That is, the contour C; consists of two parts: the
closed segment [— Ry, R;] of the z-axis (and C; has no other
points of the z-axis) and a curve P, in the upper half plane.
For any k # I, we have P, N P, = (), that is, the parts of the
contours not on the x-axis are pairwise disjoint.

If £ <1, then Dy & Dy, that is, the interiors of the contours
are in strict increasing order.

A C U Dy, that is, all singularities are in the infinite union

leN
of the interiors of the contours.

4. Finally, we assume

l—o0

lim [ f(2)dz=0.
!
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Then, under the above hypotheses (conditions), by the Residue
Theorem, 3.7.1, we get

ki
%f(z) dz =2mi szie;sf(z),
o k=1~ "

and so
Ry

ki
flx)dz =2mi Resf(z) — [ f(z)d=.

Z=Zk

Taking limits as | — oo, by the last hypothesis, we get
/ f(a:)da::27riZResf(z),
> n=1 e

provided that the integral exists and the series converges.

More generally, we have computed the principal value of the integral,
if this principal value exists, since the limit is taken over the symmetrical
intervals [— Ry, Rj] — (—00,00), as | — o0. Le.,

o'e) o0
P.V. / f(x)dx = 2mi Z Res f(2),
> n=1 A
provided that the principal value of the integral exists and the
series converges.

This infinite series of residues may or may not converge even if the
integral exists. There may be cases in which the integral exists but the
series oscillates. For example, see Problem 3.7.27. But, if the inte-
gral exists or its principal value exists and the series converges,
the above equalities are valid, and thus we have evaluated the
integral or its principal value by this series of numbers.

With analogous hypotheses and work in the lower closed half
plane Im(z) < 0, we find

flz)dz = —2mi Z Res f(z), where Re(z,) <0, V n €N
or
P.V. f(z)de = —2mi Z Res f(z), where Re(z,) <0, V n €N,
o0 n=1 EEn

provided that the integral or its principal value exists and the
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series converges.

Example 3.7.18 We easily observe that the integral

/OO dx /OO sech(x) p
—_— €T
—oo (14 22) cosh(z) oo 1422
exists. We will try to evaluate it as a convergent infinite series.

1
The corresponding complex function f(z) = [+ 29 cosh(2) has

singularities at the solutions of (1 + 22) cosh(z) = 0. These are

17ri with k€ Z.

z==i and z =

No singularity lies on the z-axis, and there are infinitely many isolated
singularities in either of the half planes.

We choose to work in the upper closed half plane in which the sin-
gularities are:

13 .
1, §7TZ, §7TZ, 5777;,
These are simple poles and their absolute values tend to oc.
Forl =1, 2, 3,..., we pick numbers 0 < R; = Im 1 oo and sim-
ple closed contours C;f = [—R;, k)] U S}fl, where P, := Sgl ={z =

Rie?? | 0 < 6 < 7w} is the upper positively oriented semicircle with cen-
ter the origin and radius R; = I7.

The numbers {7 and contours Cz+ satisfy the conditions stated at the
beginning of this subsection. In fact, the first three are obvious, but we
need to verify the fourth one. So, in some way we need to verify

lim / f(z)dz=0.
=00
—9t

Here, we cannot apply Lemma 3.7.1 because the condition
lim zf(z) = 0 does not hold due to the existence of infinitely many
Z—r 00

poles that tend to co. So, we must verify hypothesis (4) for our par-
ticular choice of the contours!
For these particular paths P, = SEL, we can prove that

lim
l—00

R max |f(z)|] =0.

zeSRl
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Then, as we prove Lemmma 3.7.1, in the same way we obtain hypoth-
esis (4). So, we have:

1

B e N = B e o))
Im max L ! = Im max 1 =
zest, |22 —1 |cosh(z)] 1272 — 1 st | cosh(z))|
I 1
272 — 1 min | cosh(z)|
zeS;L

Since for any = x + yi we have |cosh(2)|?> = cos?(y) + sinh?(z)
(see Problem 3.2.14), and z, y satisfy 22 + y? = 72, with 0 < y <
I, we might think of using the Lagrange?? multipliers method to find
the minimum of | cosh(z)|%. Unfortunately, the derived system of three
equations in three unknowns cannot be solved easily. So, we must find a
way to estimate a lower bound of | cosh(z)|? (from which we get a lower
bound of | cosh(z)]|), which, hopefully, is greater than (not equal to) zero.
This is done as follows:

1
If In— g <y <lm, then 3 < cos?(y) < 1.

IfO§y<l7r—g,thenforlz1wehave
1 l 1 8l —1
>y [P —(l— <) n2= \/———z — =
|”3|—\/7T ( 4)7T W2 16"V 16

Since for x > 0, sinh(z) > 0 and increasing, we have

e 472 _ 9 e%‘ﬁ—l—e’%‘ﬁ—Q

inh*(z) = > 15.45... .
sinh”(x) 1 > n >

Therefore, in either case, we have that

1 1
| cosh(z)[? = cos®(y) + sinh?(z) > 3 and so Teosh(2)] <V2.

We then conclude

Imv2

0 < R max|f(2)] < =—5— — 0, as | — 0.
272 —1

ZGSEL

22 Joseph-Louis Lagrange, considered to be a French mathematician, Italian born
and named Giuseppe Luigi Lagrancia or Lagrangia, 1736-1813.
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Hence, for the chosen contours, we obtain
lim / f(z)dz=0-7m=0.
l—o0
P=Sg,

We have observed that the singularities are simple poles. Now, we
must calculate their residues.

i) =

z—1 i = 1 i = 1 _ 1
(22 + 1) cosh(z) "= (2 +1i)cosh(z) “="  2icosh(i)  2i cos(1)’

For any n > 1 integer, we have:

R _ o — 2”;1Wi B 1 -

B @) = T cosh(e) =2 T P Demh(n) -
1 B 1 B
{1 - (2”—2_1)2 } sinh (2217 ) [1 _ (2n2—1)27r2:| i sin (22=L7)
! _
1= @) ] ot [ e -1

So, finally,

o dx _ . 1 i (_1)11 B
/mm ~ 2 2reos) +n§ ifn-Pe—1]if

oo

cos Z ’

— (n—1)r2 -1

and we see that this series converges absolutely.
Since f(z) =

———————— is an even function, we also get
(1—|—x2)(}osh(x) 1 1 even runction, wi S g

/0 dx N /OO dx N
NS (1+x2)cosh( Y Jo (1+x2) cosh(z)

o0

2 cos(1) cos(1 Z

TL

(n—13) 7r2—1

Example 3.7.19 Notice

o dx
P.V. —_— =
v [m (1 + x2) sinh(z) 0
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.
(1 + 22) sinh(z)

/°° dx _/Oo csch(z) de
oo (14 22)sinh(z)  J_ o 1422
does not exist. [Prove this using sinh(0%) = 0% and sinh(07) = 07,

sinh(z
which imply f(0) = +oc and f(07) = —occ. Next, lim bmw@“)
r—

since the function f(z) = is odd. But,

=1, as

o0
dz
xz — 0, and / 2 does not exist. Now, use the p-Test, Example
x
— 00

1.3.3]

Here, the corresponding complex function has a singularity on the
zr-axis at z = 0.

(Continue in Example 3.7.21.)

Isolated Singularities on Coordinate Axis
and Cauchy Principal Value

We begin by proving again the result

o0 o n
[ e - T s
o (L+az2)cosh(z) 2cos(l) Fvll (R
using another method, which is especially convenient with problems
in which f(z) has finitely or infinitely many isolated simple poles. In
such a case, Lemma 3.7.3 is a useful and convenient tool. In this new
proof, we use the contour Cf in Figure 3.13.
(With isolated poles of order greater than one and other types
of isolated singularities, we work case by case.)
We have already seen that in the closed upper half plane the function

1
(z) = (14 22) cosh(z)
has simple poles at
1 3 .5 .
i, =mi, =i, =i
3 2 ) 2 3 2 3 )
with corresponding residues:
Res f(2) = 5
es f(z) = ——
z=i 2i cos(1)
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FIGURE 3.13: Contour 9 for the result examined here

and for any k > 1 integer

_1\k
a5 o= {(%()21732 - 1} i

We have also seen if R, = km and A (0,Ry) = {z = Rge' | 0 <
a < 3}, then
lim R max |[f(z)]=0.
k—»o0 z€AF(0,Ry)
We take 0 < § < % (% — 1) ~ (.2853982... small enough so that all
the small semicircles of C}", Figure 3.13, with centers the poles of f(z)
and radius ¢, are pairwise disjoint. Given that there are no singularities
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of f(z) in the interior of this contour, by the Residue Theorem, 3.7.1,

we have:
[ 1z =
cr

We must observe:

1. Along any negatively oriented semicircle, as above, the angle dif-
ference is 0y — 01 = (=5) — (§) = —.

2. For any interval [ui, vi] of the imaginary axis that does not contain
any pole, the integral

v B v d(zy) =3 Y L
/u f(z)dz = /u [1+ (iy)?] cosh(iy) /u (1 —y?)cos(y)

is pure imaginary and so it does not affect the real integral

/Oo dx
o (14 22)cosh(z)

Then, by Lemma 3.7.3 and taking the limit as & — oo, we find

o0 dx . > (-1
/0 T+ o) ™ 5ot Z_:[ (-4 1]

:()7

and so we obtain the result

o dx > )"
/0 (1+x2)cosh(x) 2cos Z (n—1) 772_1'

Important Remarks

1. Here, we first prove that

o dz . = (=1)"
/0 (1+ 22)cosh(x)  2cos(1) +7TZ (n— _)2 2_ 1’

n=1 2

and then we use the evenness of the integrand function to conclude

i dx
[m (1+22) cosh(a:) cos( + WZ 7r2 1

=1 (n—1)
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2. If there were isolated singularities w’s of f(z) in the interior of
the contours C}’s, then we should add the 27i " Res f(z) in the

second side of the equality.

3. Since by construction of the contours C,j’s we avoid a symmetrical
interval (p — d4,p 4 6i) around each pole p of f(z) located in the
upper closed half plane, by letting 6 — 0 we obtain:

< L > d(iy) _
P.V./0 fliy)d(iy) = P.V./0 [ ()2 coshl(iy)

R e dy
P.V. i / B a——
o (1 —y?)cos(y)

mv / 0P cosy)

IL.e., the Cauchy principal value of this integral is equal to 0.

and so

4. The integrand function has infinitely many isolated simple poles
on the negative imaginary half axis. Then, in the same way, we get

0 dy B
PV [ e O

1
This with the evenness of f(y) = ———————— implies
(1 —y?)cos(y)

PV [ TR "

5. If the integral exists, then its equal to its Cauchy principal
value. In this example, the integral of f(z) along the upper closed
half imaginary axis, [07, c07), does not exist. (Prove this!)

6. Let

A= [0, (1— )i U [(1 +6)i, (g - 5) z}

(Bl (52-9)])
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Then, we have:

(a) /A f(2)dz =0,

b lim f(z)dz =0,
©) 0<R—00 JAn[04,Ri] (2)

(¢) P.V./OOO f(z)dz=0.

7. Analogous remarks and computations can be made when there are
finitely or infinitely many isolated singularities on the z-axis
or the y-axis.

We end this subsection by adding a result about the Cauchy principal
value. In view of Lemmata 3.7.1, 3.7.2 and 3.7.3, we write and can
directly prove the theorem that follows on evaluating the Cauchy
principal value of a certain type of integrals.

If a function f(x) has finitely many isolated singularities (z;), with

i=1, 2, ..., n €N, on the z-axis, we pick small ¢ > 0 and big R > 0
and then
P.V./ f(z)dx =
xr1—€ n xTite R
Jim, [R f(x)dz + z_;/ fx)dx + /+ f(x)dz| .
R—o0 =

Now, we state:

Theorem 3.7.4 Suppose a complex function f(z) satisfies the condi-
tions of Lemma 3.7.1 or Lemma 3.7.2 with the exception that it is
allowed to have finitely many simple (isolated) poles on the x axis.
Then we have:

P. V./ fl@)dx = QﬁiZ[residues of f(z) in the upper half plane]+
i Z[residues of f(z)on the real axis]

or

P. V./ f(z)dx = —ZWiZ[residues of f(z) in the lower half plane]—

— 00

i Z[residues of f(z) on the real axis].
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(The proof follows from Lemmata 3.7.1, 3.7.2 and 3.7.3.)

Example 3.7.20 Find

© 1
P.V.[m g o
1

1
e complex function f(z) pr i Sl P Y PSSR Y P PSS
has two simple poles on the x-axis, the numbers z =1 and z = —1, one

simple pole, z = 7, in the upper half plane and satisfies the conditions of
Theorem 3.7.4. The corresponding residues are:

1 1

Res /&) = s —paso 1

" B 1 -1

Res 1O = Sy~ 1
1 -1

Res/C) = Govm2 ~ 0

Therefore, by Theorem 3.7.4, we find

* 1 -1 1 1 -7
P.V. =2mi | — | = — =) = —.
V/_Oox4—1dx m<4¢>+m<4 4) 2

A

Example 3.7.21 We continue with Example 3.7.19. There we have

° dx °° csch(x)
pv.[ — % __ _»pyv. dz =0, but
/_Oo (11 22) sinh(z) /_Oo 1122 ™ "

- dx > csch(z) .
—0 m = 1 T2 dr does not exist.

1
The singularities of f(z) = A+ 29 smh(2) are the roots of the de-
22) sinh(z

nominator g(z) := (1 + 22)sinh(z), namely: 2 = 44 and z = ki with
k € Z. These roots of g(z) are simple, and so they are simple poles of

f(z).

For k = 0, we get the pole z = 0, which is on the z-axis, and

Regrier=1.
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We work in the upper half plane, and so

~1 ~1
sf(2) = = — cse().
Resf(2) = 3o ~ 3 W)
At z = kwi, with k € N, we find
1 (—1)F!
R = .
Res f(z) = I—kRm)(—1)F {kz _ (;)2}

Therefore, by Theorem 3.7.4, and since the above principal value
is zero, it must be

_ k 1
m’-l+2m’~<2>csc —|—2mz [ =

i [k — (1))
i 1—csc(1)+%§ﬁ =0.

In fact, this sum is zero by the result in Problem 3.7.41, (b).
Thinking in the reverse way, we can use Theorem 3.7.4 and the
obvious fact that

° dx °° csch(x)
P.V. =PV. dr =0
[00 (a? + x2) sinh(x) /,Oo 2122

and derive the result of Problem 3.7.41 (b) for any a ¢ Z.

A

Application: Here, we use the results of Problem 3.7.35 below in
a statistical application. If we assume that some measurements X = x
have normal distribution (see Subsection 2.1.1, Application 1)

( ) L 1) g <<
n(x;p,0) = e G or —oo<x< 00,
H o2
1
and we want to find the average or mean value of Y = —, then by
x

Problem 3.7.35 (a) this mean value does not exist. So, if we experiment
with many such measurements in an irregular or a random way, we can
get any awkward results, in general.

If, however, we make many measurements in a way that they are
evenly or almost evenly distributed about the mean u, or we have strong
natural reasons to suppose so, then using principal values, by Problem
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3.7.35 (d) with a = v/2 0, we find

oo o—3(%54)
BY) = — P.V./ £ ' =

oV 2w x

M] . [M] } .

g g

o _==w?
e e 202
oV 2 [oo 2 + 202 {x cos
. 1
For example, if y =2 and o0 = 7 ~ 0.70711... and we make a large

number of approximately evenly distributed measurements, as above,
about the mean g = 2, 3000 of them let us say, then, by Problem
3.7.35 (e), we find

1

oV22w

-1.06822... = € 1.06822...~0.60268... .

1
1 ./
E 271' ﬁ

E(Y) ~ -1.06822. .. =

1
If 4 = 0, the principal value of the expected value of Y = — of many
x

measurements symmetrical about zero is zero, as expected.

Problems

3.7.27 (a) Prove directly that

/700 @dw = /7005%}1(55)6125 =71 =
<1 o
2 dr =29 L _
/0 cosh(z) dzx /0 sech(z) dx
0 1 0
2 [OO m dr =2 [m sech(x) dz,

but this integral cannot be computed by the infinite series of the re-
spected residues.
(b) Prove that the integral

<z
/_Oo cosh(z) de

exists absolutely and so is equal to zero as an integral of an odd function.
But, explain why this integral cannot be computed by the infinite series
of the respected residues, as we have seen for Example 3.7.18.
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z z
3.7.28 Si ————|.=0 = 1, the singularity of =
ince sinh(z)' 0 e singularity of f(z) (15 2%) smh(2)

at z = 0 is removable. Then, prove

o x <z
-— = _— S h =
/_OO (14 %) sinh(z) d /_Oo 1+t & (w) da

3.7.29 For f(z) = , prove that its integral over R exists and

_r
sinh(x)

%) . -
v _ N
0</OoSinh($) dx /_Ooﬂfcsc (a:)da:<3_|_\/g’

but it cannot be evaluated by the infinite series of residues.

3.7.30 For —m < a < m, prove that

/OO Mdaj:tan<g).
2

oo Sinh(mz)

3.7.31 Evaluate the integrals

> dx
(@) /_oo (T + %) cos(z) + 4
and - y
(b) /,oo (1 + 22)[sin(z) 1 2]

by means of infinite series.

3.7.32 (A result of Legendre A.- M.. See also Example 3.7.24 and
Problem 3.7.48.)
(a) Integrate the complex functions

aiz —aiz

e e
f2) = e and g(z) = .

where a € C such that [Im(a)| < 27, over the positively oriented con-
tour provided in Figure 3.14, use Lemma 3.7.3, let ¢ — 0T and
R — oo and then subtract the two results to prove:
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Y
Z.L_e—&-i R+

i(1— ) XA (i, e)

A

_OJ
|
+Y

=

FIGURE 3.14: Contour 10 for Problem 3.7.32 (a)

*° sin(az) 1 a 1
[ ) g Lo (2)

ez — 1 4 24

(The condition [Im(a)| < 27 is used in showing that the limit of the inte-
gral of either function over the interval of constant length [R+ 0i, R+ 14

is zero, as R — 00.)

(b) Now, manipulate the constants « and 8 in C, such that Re(8) > 0
and |Im(a)| < Re(B), to prove

*° sin(ax) T am 1
de = —coth | — | — —.
/0 efe —1 T a5 (5) 2
(c) From the processes in (a) and (b), show the byproduct
lim < lim |2 sinh ma / cos(au) du| +
e—0t+ |r—oo 15} . efr—1

/T_6 sinh(au) cot <6—2U> du} =0.

(d) Prove that under the same conditions on the constants o and 3,
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*° sin(ax) T am 1
dx = ——csch | — —.
/0 1 g ¢ (ﬁ)+2a

3.7.33 (See also Example 3.7.24 and Problem 3.7.48.) Imitate or
use the previous problem and some identities in Problems 3.2.14
and 3.2.17 to prove that for constants ¢ and a in C, such that Re(b) > 0
and |Re(a)| < Re(b), we have

*sinh(ax) . 7 am 1
(a) /0 1 dx = % cot (T) + %

*sinh(ax) 7 am 1
(b) / Tt =) 5

we have

and

3.7.34 Find the principal values:

dx T

(a) P.V./_Oo %(: 0), (b) P.V./OO 1)

Ceo X2 —1
*  dz *  zdx *  zdz

3.7.35 The following results, besides being interesting for their sake, can
be useful to problems in probability, statistics and expected values with
the normal distribution, as we have seen in the application above.

(a) For any 1 € R and any a > 0, prove

_z=w?

o (x=p?
e a?
/ C T
o x

(b) Consider any b € R — {0}, any a > 0 and 0 < € < R constants.
(z=w?
ey
Integrate the function f(z) = S along the contour
z

does not exist.

C =[-R,—€]+5 +[¢, R]+[R, R+bi]+ [R+bi, — R+bi| + |- R+bi, — R],

take limits as R — oo and € — 0" and use Lemma 3.7.3 [z =0 is a
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simple pole for f(z)] to prove

o - (GC*;)2
P.V. / ——dr =
(2—)?
2 [0 T Taz 2b(x — 2b(x —
82_2 . ;W {ZE COs [%] — b sin [%} } dCC,
(the same answer for all b’s) and
(z—w)?
e a2 2b(x — 2b(x —
[mzzﬁ{bcos {%} + x sin [%]} dx =
—(u?+0?)
sign(b) me ™ a2
(¢) What do you observe in
(z=p)®
e a2 2b(x — 2b(x —
/_OOGQJZW{Z)COS [%} + x sin [%]} der =

— (2 +b%)
sign(b) me =

when b — 07

(d) Replace b with ab or a (a and b as before) to get the following
two simpler forms of

_(@-w?

pv. [Ty

. . T =
oo T

(z—p)?

A o ][]

(the same answer for all b’s) and

_(@-w?

[e'S) e
P.V./ € Y dr=

oo x

S - -
e/ £ T CoS M — a sin M dx.
oo T2+ a? a a

(e) Let a =1 and p = 2. Estimate that

o0 67(172)2
P.V. / — dr =1.06822....
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From this, guess the estimate of
0 e_(z+2)2
P.V. / —dz.
o x

(f) With @ > 0, b # 0 and u as before, integrate
v2 67(2275)2 2b(z — ) . [2b(z — p)
€a? - pUEwTY {z cos [T} — b sin {T]}
along the rectangular contour
C=[-R,R|+[R,R+ci]+[R+ci,—R+ci]+ [-R+ ci,—R],
where ¢ > |b| > 20 constant, and observe that the imaginary part of this

integral is me ™ 2 (and so independent of b).

[Hint: You do not need to carry out all the computations. Use the
Residue Theorem, 3.7.1.]

(g) With @ > 0, b # 0 and p as before, integrate
_=w?

% {b cos {L(Z; #)} + z sin [L(Z; #)} }

along the rectangular contour
C=[-R,R|+[R,R+ci]+ [R+ci,—R+ci]+ [-R+ci,—R],

where ¢ > |b] > 0 constant, and observe that the real part of this integral
— (12 +b?)
is sign(b) me e

[Hint: You do not need to carry out all the computations. Use the
Residue Theorem, 3.7.1.]

(h) For any p € R and any a > 0, prove
_(e=p)? _(@—w?

el 00, r
/ eizdx:oozp.v./ dn
o X o T
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3.7.4 Infinite Isolated Singularities and Series

We consider a holomorphic function f(z) in C — A, where A C C is
a countable set of isolated singularities of f(z).

Suppose we can find simple closed contours (circles, squares, paral-
lelograms, etc.) C; with interior Dy, such that:

(a) C= U Dy, and

lim ]{f
=00

Then,

> Res f(z) =

weA

This allows us to evaluate certain infinite series, as we do in the following:

Example 3.7.22 For any a € C, such that a # ni with n € Z (i.e., ai
is not an integer), prove

o0

1 ™
Z m = E COth(ﬂ'a),

n=—oo

from which we immediately obtain the result:

2a2? a

> 1 1 1
Z:: =— coth(wa) 52 = 9a {77 coth(ma) — —] .
We consider the function

f(z) =

m COt(’iTZ),
which has simple poles at z = +ai and z = n for all n € Z.

Convenient contours, in this case, are the (positively oriented)
squares with vertices =(n + ) + (n + 3)i, for n = 1, 2, 3, ... . (See
Figure 3.15.)

The residues are:

1 -1
Res f(z) = Zai cot(mai) = 5 coth(rwa),

z=a1

-1
Zggiif(z) ey cot(—mai) = % coth(ma),
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(n+%)z

A

Y

FIGURE 3.15: Contour 11 for Example 3.7.22

and V n € Z, we have

(z —n)cos(mz)
R =

s 1) (22 + a?) sin(mz
(-1 = 1

T or(n?+a?)’

)|z:n -

n? + a? 7 cos(mz)

Now, we must check if for any n € N

lim ¢ f(z)dz=0.
n—r oo
o

Obviously,

%f(z)dz =Ii(n) + I2(n) + Is(n) + I4(n),

o
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hi(m) = /(;3 o— (n +1%) Tra ™ {” [x - (" N %) ’} } o
won= [ ) et o) o

falm) = /(nf;%) [z + (n +1%) i]* + a2 ot {W {x ’ <n+ %) Z}} s

14(77,) =

/<(>) - (n+%)1+yz'}2+a2 corfn |- (w43) +i } o

We will show that for j =1, 2, 3, 4
lim I;(n) = 0.

n—r oo

We will do this for j = 1 and 2, and the work is similar with j = 3 and
4. For n > a, we have

[ (n)] <
rle o (s D)} 0

wfel oo o

/("+%) 1
—(n+1) |x — (TL + %) i‘2 — a?

/(’”3) 1
~(nt+3) 2%+ (n+ %)2 —a?

But (see Problem 3.2.14), we have

e ()]
wfof (4 2) )

Therefore,
fefe- (o) Y- ra T la i
Vi=1,

2
= cos?(mz) + sinh? [(n + %) w}

and
2

= sin’(7x) + sinh? Kn + %) w} .

N =

as mn —r oQ.
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So, for n large ‘cot [w (;v — (n + %) z)} ’ < 2.
Hence, for n large

(n+3) 2
[11(n)] S/_(7L+%) x2+(n+%)2—a2 dr =

(n+3)
2 T
———————arctan | ——— =
1\ _ 42 1\ _ 2
(n+3)" —a (n+3)" —a (nt D)
2 n-+ 3
e - arctan | ———
3y - g
n+; 2
arctan 2 — — [arctan(1) — arctan(—1)] =
1\2 2 e8]
(Tl + 5) —a
2 (m —m T _o .
—(~——)=—=0, as n 0.
oo \4 4 00 ’

Similarly, for n large, we have

(n+3) 1
[I2(n)] < 5 dy — 0, as n— o0
~(+3) ¥+ (n+ 3)" —a?

and

Is3(n) — 0, as n— o0 and Iy(n) — 0, as n — oo.

Therefore,
lim ¢ f(z)dz =0.
n—oo
C’Vl
Then, Z Res f(z) =0, and so
weA =
1 o0
2- % - coth(ma) + ; 7Tn2—|—a2 =0.
Hence, we obtain the following:
Result:
VaeC i _ zcoth(7ra)
’ n2+a2 a ’

n=—oo
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and so

o0

1 s 1 1 1
VGG(C, Z m = E COth(’iTa), —2—012 = % |:7TCOth(7Ta) — E:| .

n=—oo
(When a = ni, with neZ, the two equations take the form co = c0.)

Corollary 3.7.2 Notice that this final sum can be rewritten as

n?+a2 2a? sinh(ra)

i 1 ma cosh(wa) — sinh(wa)
n=1

Corollary 3.7.3 By letting a be real in the above corollary and ap-

plying L’ Hépital’s rule as a — 01, we find Euler’s sum?3

>

n=1
(For a direct proof, see Problem 3.7.36.)

Corollary 3.7.4 Replacing a with ai € C, where a € Z, we find the

sum
e’}

1 1|1
Zm = % a —7TCOt(7Ta) .

n=1
(See also Problems 3.7.37 and 3.7.61.)
A

Example 3.7.23 We suppose that a ¢ Z and rewrite the result of the
previous corollary as

1 = 2a a
meot(ra) =2 =3 F—3 = D

n=1 n=-—oo

n#0

(The third expression yields the second one by associating the terms
of the opposite indices.)

oo 1 x oo 1

6
23For even exponents, we can prove Zn:l T = 907 2un=1 76 — &—5, etc.
The >77 4 n—lg is not known yet. It still remains a famous open problem. In 1979,

the Greek-French mathematician Roger Apéry, 1916-1994, proved that this number
is irrational. It still remains open whether it is algebraic or transcendental. These
sums are related to the Riemann zeta function and the Bernoulli numbers,
after Jakob Bernoulli.
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We are going to manipulate this triple equation to derive some in-
teresting results. (See also Problem 3.7.61.)
We notice that

a 1 1

nla—n) a—-n n
So, by considering the symmetric summation about n = 0 and asso-
ciating the terms with apposite indices, the fractions +’s cancel, and we

n

find
1 1
t ——= 1
7 cot(mwa) - mgnoon;ma —
n#0
or
1
t =1 . 3.20
7 cot(ma) im n:Z_m p— (3.20)
Now, we work with
o~ (D"
| .
BN Dy
We associate the even and odd indices separately, and we obtain
— a—2n a—1-2n a—2k—-3
n=—(2k+1) n=— n=—(k+1)
k k+1
1 1 1 1 1
Y Y et
a _ a=1 _ — _
2n:7k 5—n 2n:7(k+1) 5 n a—2k—3

We take the limit as k& — oo, use (equation) 3.20 above and find

) (-~ = Ta T m(a —1)
1 = Zeot (Z1) = Zeot [T =
dm o> mp = get(g) T gt T
n=—(2k+1)
7
= Sn(ra) mesc(ma).

Hence, we have obtained the important formula

o0

T = resc(na) = (=1)"
sin(ma) (ma) n;m a—mn

(since this alternating series converges).
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Now, if we let a = —, we find the Leibniz formula for 7 [which
can also be derived by using the power series expansion of arctan(z), let
z =1 and use Abel’s?>* Lemma?®’]

A
)—‘

szl

n=-—oo 2

n+1 —© n+1
1
+Z 2n—1 + Zl 2n—1
1 1 1 1
4(

i—g"rg—?-i-...)
and also with different bracketing

1 1 1
=242 (— -5 +5—---].
1 —n? - (1-3 35 5.7 )

A
Example 3.7.24 By means of series summation, we will evaluate the
integral

> sin(ax
[ e,
0 e’ 4 ¢
where a, b and ¢ are appropriate complex constants. In the process, we
will discover the conditions that a, b and ¢ must satisfy

First, we rewrite the sin(ax) by its exponential form, and then we
sin

expand the integrand bz( )

e

as an infinite series by means of the geo-
metric series, as follows

sin(ax)

; 1
_ elax _ p—iax efbw -
e +c 2 ( ) 14 ce b
To apply the geometric series expansion to the last fraction, we need
minimum condition |ce’bw‘ < 1 for all z € (0,00). Therefore, we must
stipulate the conditions

(1) Re(b) >0

24Niels Henrik Abel, Norwegian mathematician, 1802-1829.
25 Abel’s Lemma: Suppose the function defined by the power series

o0
(z) = E cnz™  converges for
o

—l<z<1
(radius of Convergence is 1)

If the series ch converges, then llm flz
n=0

=3 =

So, f(x) converges at x = 1, and it is also (left) Contlnuous atz =1
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(2) <1
Then, we have:

sin(ax) 1 iax —iaxy ,—bzx = —bx\™
76“4—022_2’(6 —e e Z(—ce ) =
n=0

% (_C)n (e[ia—b(n—‘rl)]z _ e—[ia+b(n+1)]z) ) (321)
(3

n=0

To integrate the final sum on [0, c0) term by term, we need the con-
dition

(3)  [Im(a)| < (0+ 1)Re(b) = Re(b).

Under this condition, we can apply Theorem 2.3.4. We observe that

sin(az
the function f(z) = bm( 1) is continuous for x > 0 and approaches
ebr _

the value %, as ¢ — 0. (Use L’ Hopital’s Rule. If we put ¢ # 1 in the

place of —1, then the value of the new function is directly 0.) Therefore,
B = Ogla§1| f(x)| is finite. So, we can use as dominating function the
x

following function

B, if 0<z<l
9(z) = ClIm(@)le .
m, if 1<z<oo.

Now, we integrate the above series, in (3.21), term by term and use
the fact that for any real numbers u, v, & and § the formula

v v(a+ifB) _ ju(a+if
/ platiB)e go. _ € ( ) — el :
w a+if

is valid (Problem 3.7.40).
Then, after a few straightforward computations, we arrive at the
useful result:



Complexr Analysis Techniques 485

Result: If a, b and c are complex constants, such that Re(b) > 0,
|[Im(a)| < Re(b) and |c| <1, then

> sin(a
ebw + c
0

“ Z(—c a2+ 02 (n+1)2 T g (3:22)

n=0

Corollary 3.7.5 This formula implies the following nine corollaries:

(A) For ¢ = —1, Re(b) > 0 and |Im(a)| < Re(b), by using the result
of Example 3.7.22, we find

/Oosin(a o @ i
br __ __2
o ° n=1 %)

a5 2

which agrees with the result in Problem 3.7.32 (b).

(B) Similarly, for ¢ =1, by using Problem 3.7.41 (a), we obtain
the result in Problem 38.7.832 (d), i.e:

- [T sin(ax) 1
If |[Im(a)| < Re(b), then: /0 T dr = 2bc h( b ) + 2%a

(C) For ¢ =0, only the first term of the infinite sum survives, under
the rule (—c)® = 1, and we find:

If [Im(a)| < Re(b), then: / sin(ax) e dax = prpr
0

which agrees with the result in Problem 1.2.14.

(D) With a, b and ¢ real constants, such that b > 0, and |c| < 1,
we obtain the values of other real integrals by the corresponding infinite
sums.

(E) We assume a # 0. Then, we divide both sides of the formula by
a and take the limit as a — 0. (Notice that switching limit and integral
sin(ax)

and limit and sum is legitimate here.) Then, since lim0 =x, we
a— «

obtain the result:
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If b and ¢ are complex constants, such that Re(b) > 0 and |c| < 1,

then
Rl 3.23
/O ebm +c dr = b2 Z ( )
For Re(b) > 0 and ¢ = —1, by the Tesult of Corollary 3.7.3 of
Example 3.7.22, we obtain

* g 11 1x?
de = — — =5 3.24
/0 e 1% bQ;Tﬂ b% 6 (3:24)

(See and compare with Problem 2.6.6.)
For Re(b) > 0 and ¢ = 1 and the result of Problem 3.7.41 (c), we
obtain the result

* 1 — (—1)"! 1 2
[See also and compare with Problem 8.7.62 (5).]

(F) If in the equations (3.23), (3.24), and (3.25) above we let
u=e® orx =1In(u), then we find, respectively:

If b and ¢ are complex constants, such that Re(b) > 0, and |c| < 1,
then

< In(u) 1 & )
\/; 7(’“17—}—0 du = —2 g
e u 1 72 > In(u) 1 72
————du = 5 — d ———du= - —.
/1 (ub —1u YT /1 (u? + 1)u TR

1
(G) If in (F) we let u = —, then we find, respectively:
T
If b and ¢ are complex constants, such that Re(b) > 0, and |c¢| < 1,

then
U gb=1In(z
/0 c+ zb d = bzz

n=1

/1 —xb~!n(z) dp — 72 and / —2bln(z dx _ iT(_Q
- b212 T 1vab b2 12

(H) If a, b ¢, and d are complex constants, such that Re(b) > 0,
[Im(a)| < Re(b), d # 0 and ‘E‘ <1, then the initial integral is dealt by

*° sin(a sin(a
0 debz —I— c d ebr —|— o

and we use equation (3.22) with E in the place of c.
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We work analogously for a similar situation with equation (3.23)
in (E) above.
(I) If in equation (3.22) we replace a with ia and use the identity
sin(iz) = isinh(z), we find:
If a, b and ¢ are complex constants, such that Re(b) > 0, |Re(a)| <
Re(b) and |c| < 1, then
n 1

sinh(ax) 1 a
/0 T dx—az —a2—|—b2(n+1 _22:: )

From this, we can obtain again equations (3.23), (3.24) and (3.25).
(See also Problem 3.7.59.)

A

Example 3.7.25 Working as in the previous Example, 3.7.24, with
cosine in the place of sine, we find:

If a, b and ¢ are complex constants, such that Re(b) > 0, |Im(a)| <
Re(b) and |c| < 1, then

> cos(azx) 1 & (=)™ n
dr = — - 3.26
/O ebz +e xz b Z a2’ ( )

and we have analogous remarks as in (H) of the previous corollary.
Notice that here we have |¢| < 1, in general. If |c¢| = 1, we need to
check the formula for the individual c. For instance, with ¢ = 1 we get

> cos(ax) 1 &
/0 ebr + 1 ) g
which converges by the Alternating Series Test. For example, we have
/OO COb _ Z n 1 ote
0 et + 1 N — n2 +1 7 ’
Also, for a = 0 and b such that Re(b) > 0, we find

> 1 =In(u) /OO 1 Il (=Dt In(2)
/0 ebﬂ”—l—ldx A u(ub+1)du_b; n b’

which can also be verified by the substitution v = u®.

But, if c = —1,
oo
Z n
n=1 n? + (%)2

diverges. In this case, besides the infinite interval of integration, the
integral becomes also improper at z = 0.

=D e
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If we take the derivative of equation (3.26) with respect to a, we
find: If a, b and ¢ are complex constants, such that Re(b) > 0, |Im(a)| <
Re(b) and |c| < 1, then

°° xsin(ax) 20 ~=~ (—c)""'n
drte T 212’
’ 2=t [+ (5]

If now we divide this equation by a and take the limit as a — 0, we
find: Under the conditions Re(b) >0 and |c| < 1, we have

ebr 4 ¢ b?’n:1 nd
and so , )
> 2 o (-1
AT P
o e +1 b3n:1 ns3
and

Putting = In(u) in the last two equalities, with b > 0 real, we get
> In®(u) 2 = (—1)n !
) gu= = =)
/1 u(ub + 1) YT nZ::l n3
and )
> In*(u) 2 1
P =2 S =
/1 u(ub —1) YT ;n:”

1
If now we let u = — in the above two integrals, with b > 0 real, we
x
obtain

and Lt
x°~ In"(x) 2 =1
7(1 = — —_
/0 1—ab “ b3n§1n3

If in equation (3.26) we replace a with ia and use the identity
cos(iz) = cosh(z), we find: If a, b and ¢ are complex constants, such that
Re(b) > 0, |Re(a)| < Re(b) and |c| < 1, then

°° cosh(ax) 1 & (1) 'n
7d = — _
[ etlan) 15 G
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Example 3.7.26 We consider the integral

o -
I:= / Slbn(“x) da,
0 e’ + ¢
where a € R, b > 0 and ¢ > —1. Under these conditions, the integral

converges absolutely. (The proof is easy!)

In Example 3.7.24, we have found an infinite sum formula for it
when —1 < ¢ < 1. Here, we will find a formula for ¢ > 1. To this end,
we work as follows:

So, we consider ¢ > 1 and we write

In(c) .
I o sin(ax) 4 °° sin(ax) i
0 ebr + ¢ o) b + ¢

Then we work with each part separately. So, we have:

In(c) In(c)
o sin(ax) 1 v sin(ax)

/ g dr = p e dx
0 0 + =

b In(c)

Since — < 1 when 0 <z < 5 we have the geometric series
c
—eb
ebz = § ( )
n=0 n=0

In(c)

The convergence is uniform on every interval [0, 7], with 0 < r < ,
by the Weierstraﬁ M-Test, Theorem 2.3.1, since with ¢ > 1 the

M
positive series E ( ) has a finite sum.
c

n=0
So, by Corollary 2.3.2 of Theorem 2.3.2, we can integrate term

by term below, and with the help of the well-known formulae in Prob-
lem 3.7.40 (d), we find:

ln(c)

sin(az)e™® dx =

In(c) o)
b sin(a 1
/0 ebw—i—c _EZ%
—1)" b, aln() = (=D)"n
_Z a2+b2n2 ¢ n[ b ]nz_%cﬂ—kb?n?_

n= 0
a aln(c)] = (=1)"
_COS[ b ]Za2+b2n2'

c
n=0

77.
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For the second part of the integral I, we use the substitution
In(c)
b

r=u-+ , and we find

o s
/ 51;1(ax) dr —
ln(e) €’ + ¢

b

%COS [aln(c)] /000 sin(aw) %Sin[aln(c)} /OOO cos(au)

b ebv +1 b e 41 4
Then, using formulae (3.22) and (3.26) with ¢ =1, we find

o s
/ 51;1(ax) dr —
n(e) e’ +¢

b

a aln(c)] = (=1)" ' b [aln(c)] = (=1)""'n
ECOS[ b }Za2+b2n2+gsm b e

n=0 n=0

Adding the two partial results found, we finally obtain the following:

Result: Fora € R, b > 0 and ¢ > 1, we have

5 T = +
e’ + ¢ ac

a4 & (=)™ 2a  [aln(c) = (=)t
c nZ::l (a? 4 b2n?)cn + c COS[ b Z a? + b2n?

n=1

aln(c
I::/OO sin(ax)d 1_COS{ b()}
0

which is also valid for ¢ =1, as in Corollary 3.7.5 (B) of Example
3.7.24.

If now we divide by a in the above result and take the limit as a — 0,
we find the following:

Result: For b > 0 and ¢ > 1, we have

© g 1 [In(e)]®> 1 (=1 2 (=1)n-1
T dr= — — 5y -
/0 bt ¢t 20[ b } +b%; n2cn +b2cz n?
(—

which is also valid for ¢ =1, as in equality (3.25).
A

Remark 1: As we have already seen in Examples 3.7.18 (treated
twice), 3.7.24, 3.7.25, 3.7.26 and in several problems, we can com-
pute improper integrals or their principal values as infinite sums and/or
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infinite sums as improper integrals or their principal values. To ob-
tain these kinds of formulae, we use partial fractions, the geometric
series, Problem 3.7.40, (b), Theorem 2.3.4, the Residue Theo-
rem, 3.7.1, etc. (See also Problem 3.7.55 below.)

Remark 2: All of the examples studied so far and those that will be
studied in the sequel show the power of contour integration in obtaining
formulae for difficult improper integrals and infinite sums very strongly.
They also show that the choice of contour is a very important piece of
art that needs a great deal of experience.

Problems

oo 1 2
3.7.36 Find Euler’s sum E — = % directly by considering the com-
n
n=1

cot(z)

plex function f(z) = e

, contours analogous to the ones used in Ex-
-1
ample 3.7.22; computing Rgg[f(z)] =3 (see Example 3.6.13) and
1
Res [f(2)]| = 5=, V neZ.

z=nm n27'r2 ’
(See also Corollary 3.7.3 of Example 3.7.22.)

3.7.37 Prove that

> 1 1 [1
Zm:% a—ﬂ'COt(’]TCL)

n=1

coth(7z

by considering the complex function f(z) = % and working in a
22+a

way similar to the one in Example 3.7.22.

(See also Corollary 3.7.4 of Example 3.7.22.)

o0

1 2

3.7.38 Use Euler’s sum Z — = T to prove the three sums
n=1 n 6

— 1 e - 1 ™ - 1 ™
@2 ap-aw P im0l e T

k=1
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3.7.39 Prove
> 1 1 1 1 7
Z<4k+1_'4k+3)_§z N2 4
k=0 k=0 (2k 4-1)2 — (§>

[Hint: Use some already proven results or the power series of arctan(z).]

3.7.40 (a) Prove that for any complex number a + 8 # 0+ 0 (o and
B real) fixed, we have

) (a+iB)x
/e("‘“ﬁ)zdaj R w,
a+ i

where w = ¢+ id is a complex constant.
(b) Use (a) to prove that for any w,v € R and for any complex
number « + i # 0+ i0 (o and S are real) fixed, we have

v ) v(a+iB) _ ju(a+iB)
/ latiB)z g, _ € ¢ .
u o+if

(c) Prove that when w4148 = 0440, the answers in (a) and (b) are,
respectively, z + w and v — u.
(d) Use (a) to prove that when o + i # 0 + 0,

eOlZE

e [acos(Bx) + Bsin(Bx)] + Cy

/e‘m cos(Bzx) dx =

and

T

pE [asin(Bz) — B cos(Bz)] + Co

/e‘” sin(fzx) de =
where o and § are fixed real numbers and C7, C5 are the real constants
of integration.

(In this way, you avoid integration by parts in these types of indefinite
integrals! See Problems 1.2.14 and 1.2.16.)

3.7.41 (a) For any a € C, such that a # ni, with n € Z, use the function

cse(mz)
f(Z) = m to find

~ (D) 7
Z S csch(ma),

n=—oo
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from which we get

— (-)" 7 1
nz::l Tt 24 csch(mwa) — 22

(b) Now, replace a with ai € C, where a ¢ Z, to prove

from which we get

=D . csc(ma).

“n® — a?  2a? 2a

n=

(See also Example 3.7.21.)

(c) Now, prove that

S
n2 12°

n=1
3.7.42 Find the integrals: (a) /OO SIn2) L (b /Oo 4
ol 1n m rals: e = . .
srams y T E5 D o Te L5t

3.7.43 Find the conditions on the complex constants a, b and ¢ so that
you can compute the integral

00 1.2
/ bu; (ax) i
o €e”"+c

as a series. Find this series and the byproducts of the obtained result.

[Hint: Follow the steps of Example 3.7.24 and some parts in Corollary
3.7.5]

3.7.44 Use the results of Corollary 3.7.5 (E) or (F) of Example
3.7.24 to verify the following five integrals:
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* In(u) w2
Is = du = —.
° /1 w2—1"7 8

[See also and compare with Examples 2.3.18, 3.7.44 and Problem
3.7.62 (5).]

3.7.45 Use the previous problem to verify the following integrals:

1 2 1 2
In(v) -7 In(v) -7
1/01+v” 12 2/01—u” 6
1 2 1 2
vin(v) -7 In(v) -7
3 /0 1=z ™7™ 21 4 /0 12?773

3.7.46 Use the previous problem (and some elementary integration
rules and techniques if necessary) to verify the following six integrals:

1 2 1 2
In(1 In(1 — —
h:/ Ll k) 12:/ il Gk B
0 T 12 0 €T 6
1 2 1 2
1 1
13:/1n o) de T szxn(x)dle—”—,
0 l1—-z/) = 4 o l—x 6
1 2
I5:/ ln(x)ln(l—x)dx:2—€,
0

1
Ig = / In(z)In(1+z)dz =2 — 2In(2) — 71T—2
0

3.7.47 Prove
1

Ilz/olln[ln(z)]dx:—ﬁy, b:f%:ﬁ.

[Hint: You may need to use some properties of the Gamma function and
its first derivative. See also footnote of Problem 2.1.25 and Prob-
lems 2.3.5, 2.6.4 and 2.6.43.]

3.7.48 Use the four summation results of (1) Example 3.7.22, (2) its
Corollary 3.7.4, (3) Problem 3.7.41 and (4) the integral summation
result of Example 3.7.24 to derive the four general integrals claimed
in Problems 3.7.32 and 3.7.33.

3.7.49 Use f(z) = ——— to find

s (_1)77, 1 o (_1 n 71_3 oo (_1)11 7'('3
—~ 7 _Z ————— = —, andso —_—— = —.
;(2n+1)3 8; (n+%)3 32 2 (n+%)3 4
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3.7.50 Explain why the method of Example 3.7.22 (or any other
method presented in this section) cannot be used to figure out the
following sums:

— 1 — 1
(a) n;OO m, or 1;0 m, where a € C—Z.

(c) Z 1 and (_1)n.

n3’ n3

L
(2k — 1)3

~| 0o
Q

— 1
= «, then prove Z — =
n

k=1 n=1

— 1 — 1
(b) If Z PE = (3, then prove Z 5= 86.
n=1

—~
[\~

cot(mz)

Gta)? to find

3.7.52 (a) For any a € C — Z, use f(z) =

= 1 9 9 2
——— =r7"csc’(ma) = —5——.
Z (n+a)? i (wa) sin?(7a)

n=—oo

(b) Now, for any a € C — Z, use f(z) = (c‘:c_izz))Q to find

3 ﬂ—wzcscwa cot(ra _ ™ cos(ma)
Z (n+a)> (ma) eot(ma) = sin?(ra)

n=—oo

cot(mz)

Cra+b) ©

3.7.53 (a) Fora e C—Z and b € C—Z, use f(z) =

prove

00 1 -
2 G EmED) ~ b otme) — cotlm)].

n=—oo

Use this to solve Problems 3.7.39 and 3.7.52 (a).
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(b) Then, prove

oo

D G = ga eotln(e — i)~ cotla(z + ai))
and
Z m = % {cot[m(z — a)] — cot[m(z + a)]}.

(c) Find the summations

o0 oo

1 1
Z n2E+n+1 and Z n2+n—1

n=—oo n=—oo

[(d) We can use Results (a) and (b) to derive several known sum-
mations. Spot and justify some of these summations in this way.]

. _ cse(rmz)
3.7.54 (a) Fora € C—Z and b € C — Z, use f(z) = Tt
prove
EOO (_1)n T )
= (nt+a)(n+b) “bh_a [esc(ma) — csc(mb)] .

Use this result to solve Problem 3.7.52 (b).
(b) Then, prove

> P = g el o) —eseinG o))

n=—

and

> % = 5o {escln(z — a)] — eseln(z +a)]}.

(¢) Also, find the summations

- (=" = (="
Z n2+n+1 and Z nZtn—-1

n=—oo n=—oo

(d) How much is

i (—1)k (ﬁ - 4k—1+3)?

k=—o0
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[(e) We can use Results (a) and (b) to derive several known sum-
mations. Spot and justify some of these summations in this way.]

3.7.55 Use partial fractions, Problem 3.7.40, (b), the geometric series
and Theorem 2.3.4 to prove

S 1 1 [oe” (671 —e%m)
;m:§/o T dz.

Then, use the substitution u = e~ to find

1 1+/1“%‘1d
n+1)(Bn+1) 2 o 1w )

o0

n=1

3.7.56 Prove
— 2k+1 x? 1
5 = .
P kE2(k+1) 6
3.7.57 (a) Find
>
n—=—oo 1 + n4
Then, prove
i 1 _ 1 Ea sin (%) cos (\/l?) + sinh (%) cosh (\/l?) .
How much is -
>
~= 1+n
t
[Hint: Use f(z) = ijf:? ]

(b) Find
< (1)
2 T

n=—oo

Then, prove

T

i )" 1= sin (ﬁ) cosh (%) + sinh (%) cos (\/i—)
2

™)
[}

— ~1

n=1 +nt V2 sinh? (%) + sin? ( )

—_

)
Sk
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How much is

e (_1)77,
Z 1+ nt !

=0

3

[Hint: Use f(z) = ]

3.7.58 (a) Prove

© (—1)ntlp2 1 3
Z (TL;T =3 [1 —In(2) + 7sech <w7>] .

and, knowing that

use the result in (a) to prove

= (—1)mHEa-1) V3
Z n2——n+1 = mwsech <7T7> .

n=1

3.7.59 Imitate the process of Example 3.7.24 to find the conditions
that the complex constants a,b and ¢ must satisfy in order to evaluate

the integral
/ su; (ax) de
0o €e?*+c

as an infinite summation. In the process, find this infinite summation.
Obtain the same result by using the results of Example 3.7.24 and
the identity sinh(z) = —isin(iz).
Then, check your results against the results of Problem 3.7.33.
Replace sin(z) in Example 3.7.24 or sinh(z) here with cos(z) or
cosh(z) to obtain analogous results in any possible way. (See also Ex-
ample 3.7.25.)

3.7.60 For a € R, b > 0 and ¢ > 1, imitate the process of Example

3.7.26 to find the integral
*° cos
/ br(aa:) dx
0 € +c
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as an infinite summation.

3.7.61 (a) For any a € C — Z, compute all the residues of the function
t
f(z) = Toi(wz)’ integrate it along the square contours C;"
z2(z—a
Example 3.7.22 and take the limit as n — 0o to re-derive the result

T, neN,of
of Corollary 3.7.4 of Example 3.7.22 and Example 3.7.23

1 2a
t —_— = _
7 cot(ma) " Z PR

n=1
1 .
(b) Let g(a) := wcot(ma) — —, with a € C. Prove that
a

ili% g(a) =0.
So, by Riemann’s Theorem, 3.6.2, and/or its Corollary 3.6.1, g(a)
is also analytic at a = 0.
Then, integrate g(a) (with respect to a) from 0 to any z € C by means
of a continuous antiderivative and using Log(z) = In|z| 4+ iArg(z), with
Arg(z) € [—m, ), to obtain

Log {sm(zm)] = log(m) + i Log (1 a Z_z) ’

where log(m) = Log(w) + 2kni is a complex logarithm of 7, for some
k € Z, not necessarily the Log(r), i.e., kK may not be zero.

{Hint: To establish this relation, we need a combination of justifications.
We will sketchily provide them here, and the reader supplies the missing
details.

1
First, 7 cot(mwa) and — have continuous antiderivatives in C — {z-non-

positive axis} the Log [sin(wa)] and Log(a), respectively. Then,

sin(ra)

Log [sin(mwa)] — Log(a) = Log [ } + 2kmi,

where k = 0, or 1, or —1, since the principal argument Arg(z) is in
[—7, 7).

Then, the suggested integration from 0 to z, knowing that at
lim sin(ma)

a—0 a

=m > 0 and Log(m) = In(7) + 0i, gives

Lot 7] o
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Next, the sum
o0

PO

2 2
a< —n
n=1

converges absolutely and uniformly on any closed disc D(0, R), for any
R > 0. This is so because, given an R > 0, we pick the integer m =
[R] + 1, and then for any a € D(0, R) we have

o0
n=m

So, the series converges absolutely. The uniform convergence follows from
the Weierstraf3 M-Test, Theorem 2.3.1.

So, switching integration and summation below is legitimate by the
uniform convergence, and we get

/ az_nzda_Z/ a2—n2

n=1 n=1
lim Z/ %‘Zda: lim Z/ZLog<1—a—z>da:
m— 00 el 0 a“c —n m—r oo e 0 n
m 42
im {Z [Log <1 — ¥> — Log(l)} + hm2m} =

n=1

. - 22 .
mlgnoo {Z Log (1 — ﬁ) + hm2m}

n=1

oo

—  2la| 2|R)|
= Z n2 — |af? Sngmnz_uﬂz < 00

n=m

2a

a2 — n2

for some integer h,,. But, this limit exists, and therefore after m large
enough we must have h,, = h constant integer. [By the way, notice that

2
for all z € C, lim Log <1 - 2_2) = Log(1) = 0+ 04.]
n—o00 n
So, the second side takes the form
ZLog (1 — —2> + h2mi.
n=1 n

Then, both sides yield the equality

: 2
Log [M] Log(m E Log (1 — —) + h27i,
z

n=1
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or, if we set log(m) = Log(w) 4+ h2m, we eventually find

. o0 2
Log {%] = Log(m) + h2mi + Z Log (1 - %) =

e St (1-2)

(¢) Conclude that
sin(mz —wzH <1——>.

1 1
Let z = = to find — as an infinite product!
0

Change z to iz to obtain:

00 2
sinh(rz) =7z H (1 + %) .

n=1

Now, put Z in the place of z in both formulae above to find the two
s

corresponding formulae.

3.7.62 Project: Examine the following work and provide the missing
details and the omitted parts of the proofs provided.
(1) For a € C and k € N, we set

2P —a¥ = (2 —woa)(z —wia) ... (z — wp_10a),

2 2 i2pm
wherewp:cos<%>+isin(%> :eQTp,p:O, 1,2, ..., k-1

are the k k'! roots of unity(= 1).
(2) If a # 0, using partial fractions we have

k—1

1 —Z A and so 1= ZA @ —at
2k —a¥ pzoz—wpa’ = P2 —wpa’
Then, for z =w,a (6 =0, 1, 2, ..., k—1), we obtain
k k—1 k k—1
1=A4, : |z:waa :Aok“-’gilakil = A, a ) (Wg = 1)-
Wo
So,
Ay =27 for 0=0,1,2, ..., k1.
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Hence,

1
E_ k  pok—1 §: _ :
z a ka p:OZ wya

(3) Then, if we pick z and a such that Re(z — a) > 0, we have

: Z
(z—wjpa)x
= w P dy.
" ak 1 P

(4) We choose z =n € N and 0 < |a| < 1. Then, Re(n —a) > 0,
VvV n € N and

00 1 1 k—1 0o 00

Z N T Zwﬂ/o Z em Ty =

n=1 p=0 =

Ty e~ (1~wpa)z p Z Ow ewrat p

kak=1 /;pr/o l—e= 7 o kak~l(er —1) -
k—1 k—1
Since Zw?zOform: 1, 2, ..., k—1and Zwlfj =k, by using

p=0 p=0

L’ Hopital’s Rule (k — 1) times in a row, we find

k—1
1 . 20 Y pmo Wpe Pt > gkt
(=2 o =lim | == ke /0 G- -1 ™

(Switching of integral and sum is legitimate. For the zeta function, see
Problem 3.2.28. For k = 1, we obtain co = c0.)

Then, by switching the integral and the summation (which is legiti-
mate here), we obtain

Z - / (=] Zefmdx = Z/ e "dz.

(5) The previous equation is a result that follows from the following
more general result.
Use the property of the Gamma function, (T',11),

1 1 o
Va>0,Vp>0, —:—/ uP~ e "y,
zP I(p) Jo

and observe that switching of integral and sum is legitimate to obtain:
vV p > 1, we have:

00 —1

C(p)ZZ = Z/ x”lmdx—m/oooj—_ldw.

nl nl
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By the way, the change of variables © = In(u) transforms this formula

to
=1 1 > [In(u))P~t
2w TG ww-D
and then the change of variables u = — transforms this formula to

Vsl C(p):Z%:Fl /O [~ In(v)]P~ "

1—-w
(6) Now, for any m € N and any a € C such that 0 < |m —a| < 1,
we similarly obtain

o0

1 E —(m wpa)x
E - = / dz.
nk — ak 1nk—ak kaklef—l)

n=1 n=

(7) Next, if we pick any k* root of —1, 9 let us say, and we replace
a with —a, we find

oo k—1
1 o —p szo o“’peww')wT
Vo<l <1 S = [ e e
n=1

and
VmeN, VaeC: 0<|m—al <1,

S S|
nk + ak — nk 4+ ak 0 kak=1(er — 1) '

n=1

We observe that, in this case, the last two formulae are also valid for
a=m € N.

3.7.5 Fourier Type Integrals

In this section, we deal with the Fourier type integrals and com-
putation of Fourier transforms. The complex Fourier type integrals con-
sidered here are mainly computed by using the following two lemmata.

Lemma 3.7.5 Let w = f(z) be a complex function defined and contin-
uwous in an open subset of C of the type

C — {finitely many points of C}
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and satisfying the condition

lim f(z) =0

Z—00

where oo is the complex infinity. Then:
(a) For every, u > 0, R > 0 and Sg the upper half of C(0, R), we
have

R— o0

lim /f(z)ei“zdz =0.
Sr

(b) For every, A < 0, R > 0 and Tg the lower half of C(0, R), we
have

R—o0

lim /f(z)ei’\zdz =0.
Tr

Proof We prove (a). [(b) is done similarly with the necessary adjust-
ments.]

We take R > 0 greater than the lengths of all the finitely many
exceptional points at which f(z) is not defined. We let

M(R) = Mazxeigll%um |f(2)].

Then, by the hypothesis li_>m f(z) =0, we get

lim M(R) = 0.
R—o0
Hence,
/f(z)ei,uzdz = / f(Reie)ei#R[COS(9)+isin(e)]RieiGdH <
0
Sr

/ ‘f(Rei9)| Re #sin@gg < (by Jordan’s Lemma 3.7.4)
0

T T
M(R\IR— =M(R)— — 0, as R — oo,
()RS = M(R)%

and this implies the result. (The convergence is uniform.)

Lemma 3.7.6 Let w = f(z) be a complex function defined and holo-
morphic in the open subset of C

C— {2, 22, 23, .o, 25} with k>1
and satisfying the condition

lim f(z)=0.

Z—00
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where 0o is the complex infinity. We assume that each of the k excep-
tional points z1, zo, 23, ..., 2k 1S an isolated singularity of f(z) and is
not on the real axis.

(a) If all the exceptional points located in the upper half plane are
the z1, z2, 23, ..., z; with 1 <1 <k, then for any p > 0 we have

0o l
PV [m Flz)e da = 27Tij;z]i6;j [f(z)eiuz] .

(b) If the zi41, zit2, .-, 2k are all the exceptional points located in
the lower half plane with 0 <1 < k, then for any A < 0 we have

oo k
P. V./ f(x)e® do = —2mi Z Res [f(z)ei)‘z} .
oo Parrdia

Proof We observe that f(z) and f(2)e™* [or f(z)e**?] have exactly the
same singularities. Then, the results follow from the Residue Theo-
rem, 3.7.1, and Lemma 3.7.5 applied to f(2)e™* [or f(2)e**?].

Example 3.7.27 If a > 0 and b # 0 constants, compute

< glaw °° cos(az) + isin(ax)
/Oox2+b2dx:/_oo 2% 1 b2 da

The parameter b appears in the square, and so, without loss of generality,
we assume that b > 0. Otherwise, we use |b| > 0.
First of all for, b > 0, this integral exists because

[m d$</oomd$:5ﬂ'7

i.e., it converges absolutely. So, its value and its principal value coincide.
> cos(ax)

iax

2 + b2

If b = 0, this integral does not exist because /

— 00

5 dz = o0,
x

since near x = 0 the integrand behaves like Also, we have

x2

o -
sin(ax . . .
/ (2 ) dxr = oo — oo does not exist, since near x = 0 the inte-
x

— 00

+1
grand behaves like —

The function f(z) = ﬁ
z

and has two singularities z; = bi and zo = —bi not on the real axis. So,
this function is holomorphic in C — {z1, 22}.

satisfies the condition lim f(z) =0
Z—00
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We consider z; = bi the singularity located in the upper half plane
(b > 0). Then,

(Z _ bz’)eiaz eiabi e—ab

Res [£(=)e"*] = (z—bz‘)(z+bz')|z:bi T b 20

So, by Lemma 3.7.6, (a), we get

0o iax —ab
e e ™ ™
/ LRty T beab

Remark: From this integral, we get the following two real integrals:
Fora>0and b >0

/ cos(ax) da ™ and / sin(ax) dr— 0.

o202 pead w2

In the first integral, the integrand function is even, and so

/°° cos(ax) dp = 2/°° cos(azx) dp = 2/0 cos(ax) dp = T omab
- 0

0o T2+ b2 x? 4+ b2 oo T2+ b2 b

This formula also gives the correct answer for a = 0. Le., this integral
is continuous in a at a = 0. Moreover, by the evenness of the integrand,
the integral does not change if we replace a with —a, and therefore we
must use |a| in the second side. Finally, we have that for any b > 0 and
a € R constants,

/°° cos(ax) d — 2/°° cos(ax) dr — 2/0 cos(ax) g = T o—lalb
0

o T2HB2 T z2 + b? s T2+ b2 b

In the second integral, the integrand function is odd and the integral
exists. So, we could a-priori say that its value is immediately zero. But,

the integral
/ sin(ax) dr.
0

r? + b2
where a > 0 and b > 0 constants, cannot be found in a nice closed form
or by basic means, even though it converges absolutely.
(See also Example 3.7.31 in which the initial integral here is viewed
as a Fourier transform.)
A

Example 3.7.28 We consider the integral

[ sin(ax)
F(a) := [m mdm,
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where a > 0 and b > 0.

We observe that the function f(z) := % is even in R,
i.e., f(—z) = f(z), V z € R] and absolutely bounded by the func-
tioi g(z) = ﬂ;:—b? > 0 [ie, |f(x)] < g(z), ¥V € R]. Since
/ g(z)dx = % is finite, F'(a) converges absolutely for all a > 0.
For a = 0, we have F'(0) = 0.

Now,V a € R

0 [ sin(az) | cos(ax) 1
Oa |x(x2 +02) || |22 4+0b2| = 22 4+ 02
with

/ Tl T
oo (@202 b
finite and independent of a.

Then, by the differentiation Part II of Theorem 2.2.1 and the
previous example, we get

dF(a) () — /Oo cos(ax) . T _,
—_ = (a,) = der = —e .

da oo X2+ b2 b
Therefore,
T e
Fla)= - - C.
(@) =+ — +
Since F'(0) = 0, we have that C' = b%’ and so if ¢ > and b > 0, we
have

= [T siner) LT emab
F(a) '_[w$($2+b2)dx_b2 (1—e ).
Notice that F'(—a) = —F(a). So,

VacR, F(a):= /OO sin(ax)

) gz = si (1= e lalb
@) dx 81gn(a)b2 (1 e )

As we said above, f(z) is even in R. So,

/oo sir;(ax) e — /0 sin(ax) g — . (1- efab) .
o (@ +b?) oo T(@? 4 b?) 2b?

Remark: We have computed the above integral F'(a) by combining
real and complex analyses. We can also compute it quickly by pure com-
plex analysis if we use the theorem that follows. [Try the next theorem

iaz

e

on this example, with f(z) = m']
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Pure real analysis can compute this integral but with extensive argu-
ments. Using Theorem 2.2.1, as we have used it above, and Theorem
) y *° —zsin(ax)
2.3.8, in order to prove that F'"(a) = ——
oo T2HD
limit of derivatives, we can show that for a > 0, F'(a) satisfies the initial
value problem:

dx as a uniform

1 -
2 F”(a)—F(@)_b—g
F(0)=0
T
F'(0)=—
=T
whose solution is F'(a) = 12 (1 —em), ete.

By this example, we see how powerful the methods of complex anal-
ysis are in comparison to real analysis ones.
A

Example 3.7.29 If ¢ > 0 and b > 0, the differentiation Part II of
Theorem 2.2.1 applies immediately if we differentiate the integral

°° cos(ax) T b
/_OO 2 dxzze

with respect to b. Then, for ¢ > 0 and b > 0, we find:

°°  cos(ax) T b

A
In view of Lemmata 3.7.3 and 3.7.6, we write and can directly

prove the theorem that follows, analogous to Theorem 3.7.4, on eval-
uating the Cauchy principal value of certain types of integrals.

Theorem 3.7.5 Suppose a complex function f(z) satisfies the condi-
tions of Lemma 3.7.6 with the exception that it is allowed to have
finitely many (isolated) simple poles on the x-axis.

Then, we have: If a > 0 constant

P.V. /OO e f(x)dx =

— 00

2mi Z[Tesidues of €% f(2) in the upper half plane]+

WiZ[residues of €'%% f(z)on the real axis).
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If a < 0 constant

P.V. /OO e f(2)dx =

o0

—27i residues of €'%* f(z) in the lower half plane
2 d f e % f he 1 half pl
! Z[residues of €% f(z) on the real axis|

(The proof follows from Lemmata 3.7.3 and 3.7.6.)

Example 3.7.30 Find the

> e
P.V./_Ooxg_

The complex function

f2) = o

-1 (z—l)(z—em) (z—e4§1)

has one simple pole on the z-axis, the number z = 1, one simple pole

at z = e’3 , in the upper half plane, and satisfies the conditions of
Theorem 3.7.5. The corresponding residues are

Res f(z) = 4

Res f(2) = a

2mi

PR (62;;1‘ 1) (ezgi 64?) =
6 {Cos (%) —V/3sin (%) —i [\/Ecos <%) 4 sin (%ﬂ }

Therefore, by Theorem 3.7.5, we find
dx _ P.V./ cos(z) + isin(x)

P.V. / e
i () an ) ) (D))
()3 [ i )]
zg {cos (%) V3sin (%) +cos(1)] .

dx
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Separating the real and imaginary parts, we obtain the two real prin-
cipal values:

1) P.V. /_O:O ;;’simi dz = —g e [\/§cos (%) +sin (%) - sin(l)] :
(2) P.V. /_O; ;n—(_”:)l do = —g [cos (%) 3sin (%) + Cos(l)} .

Now, we want to state the definition of the Fourier transform for
some classes of functions.
We consider an absolutely integrable function f : R — R, that

is
/_ |f(z)|dx < .

Then, for any ¢t € R, the improper integral
o .
/ f(z)e™™dx
—0o0

exists. This follows immediately by the identity |em| = 1, and so the
integral converges absolutely by the absolute integrability of f(z).
So, for the class of the absolutely integrable functions, we define:

Definition 3.7.3 For any real absolutely integrable function y = f(x),
f R — R, we define the Fourier transform of y = f(x), written as
f:=F[f(z)] : R — C, to be the improper integral

F(t) = FIf(@)](t) = L T fw)etds, ViteR (3.27)

(which exists for all t € R).

For a square integrable function f : R — R, i.e.,
o0
[ 1@ < .
— 00
the improper integral

/Z f(z)e'™™dx

may exist for some t’s and may not exist for others or not at all. In this
case, we define the Fourier transform of y = f(z) by:
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Definition 3.7.4 For any real square integrable function y = f(x), f :
R — R, we define the Fourier transform of y = f(x), written as
f:=F[f(x)] : R — C, to be the principal value

fo) = Fs@io = r.v. [ " @)t =

M
: itx
O<%Igw[ f@)e™dz, V¥Vt e R (3.28)

If the improper integral in (3.28) exists, then it is equal to its prin-
cipal value. So, Definition 3.7.4 implies, and therefore extends or in-
cludes, Definition 3.7.3.

In Lemma 3.7.6, we have seen a class of functions for which the
principal value in (3.28) exists. So, for the functions that satisfy the
conditions of this lemma, we define their Fourier transform as in Defi-
nition 3.7.4.

In this book, we mostly concentrate on the evaluation of this integral
and some of its basic properties. We will need some results that we will
readily take from analysis and we will present a few applications. The
large number of properties and applications of this integral belong to
a big chapter of analysis, titled “Fourier Transform.” This is a very
important chapter to mathematics, engineering, science, and application.

In many books, Definitions 3.7.3 and 3.7.4 include the multiplica-

tive constant —— in front of the integral. That is, by many authors,

™
the Fourier Transform is defined by:

Ft) =3l (@)]t) =

\/%/ flx mdx—\/%_ﬂf() VteR, (3.29)

or

f(t) =3[f(@)](t) =

\/% P.V. /_ o; f(z)e®de = ft), VteR. (3.30)

1
V2T
Here. we use the symbols f and § instead of f and F in the Definitions
3.7.3 and 3.7.4. There are some reasons for this constant, but we do
not obviously need it for the computation of the integral.

We also notice that

f(t) = Flf@)(t) =
/_ f(z)e™dr = /_ f(z) [cos(tz) + isin(tz)] dz =
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= / f(x)cos(tz) dx + i / f(z)sin(tz) dz.

So, to compute f (t), we may compute the last two integrals sepa-
rately in any possible way, or using already computed integrals, or using
the evenness and/or the oddity of certain functions, etc. We call the
first integral the cosine transform of f(x) and the second the sine
transform of f(z). Sometimes one may exist but not the other or its
principal value may or may not exist, etc.

We observe that on the set of functions that the Fourier, cosine and
sine transforms are well defined (exist) these transforms are linear.
I.e., assuming that the Fourier transforms involved exist and a € R, or
C, we have:

(1) Flf @) + g(@)@t) = FIf(@))(t) + Flg(@)](1),

2)  Flaf(@)(t) = aF[f(2)](),

and similarly for the cosine and the sine transforms.

Tt is rather obvious that if y = f(«) is a nice real function on R, and
its Fourier, or sine, or cosine, transform exists, then it is unique.

Also, in our exposition, we will need the following important results
from advanced analysis.

Result 1: We need to know the behavior of the Fourier transform
at +00. On this question, we state the following two key results:

(a) The first result on this question is the following fundamental
Lemma:

Lemma 3.7.7 (Riemann-Lebesgue Lemma) If f : R — R is an

absolutely integrable function, then its Fourier transform f , given by
(8.27) or (8.29), is uniformly continuous on R and

lim f(t) = 0.

t—too

(A proof of this key result in Fourier analysis can be found in Rudin
1987, Theorem 9.6, 182-183; Weinberger 1965, 316, etc.)

(b) If f : R — R is square integrable, then f, given by (3.28)

or (3.30), exists and is square integrable but may not be continuous.
Moreover, we have:

/jo PO dt = 27r/jo | F(2)]? da(< o0), (3.31)
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[ ifopa= [ 15w s ). (3.32)

These two equations are two forms of the so-called Parseval®® equa-
tion.

Remark: Equation (3.32) shows that the Fourier transform f(t) =
F1f(x)](t) is an isometry in the square integrable functions under the ||-||2
norm. [See Problem 2.6.42, Item (14.)]. This is the main reason why

we define f(t) = \/%f(t) A )
So, by (3.31) and/or (3.32), if the limits t_l}gloof(t) = t_l}gloo\/ﬂf(t)

exist, they must be zero.
[The above results in (b) are consequences of the Plancherel?” The-
orem, a key result in Fourier analysis. See, e.g., Rudin 1987, 185-187.]

For any complex function h(z), we have |h(2)|? = h(z)h(z). If, now,
f and g are two square integrable real or complex functions, then +f+g
and +if +ig are also square integrable. We apply (3.31) and/or (3.32)
to f £ g and f + ig along with the linearity of the Fourier transform
to obtain the four respective Parseval equations. Combining these four
equations, we respectively obtain (work this out) the so-called general
Parseval equation

/_O; FO500) dt = 277/: F(2)9(@) da, (3.33)
/ f(t) / f(z (3.34)

Here, we need to use the complex conjugation, even if f and g are
real functions, since the Fourier transform is a complex integral, and
so [f(1)]2 = f(#)f(t), etc. Also, the functions f and g may be complex,
in general.

The Parseval equation and the general Parseval equation can
be used to compute the improper integral of one side by the other side,
when the other side is easier. (See Examples 3.7.35, 3.7.38, 3.7.39,
Problem 3.7.75, etc.)

or

Result 2: On sets of functions for which the Fourier transform exists,
the Fourier transform is a one-to-one mapping or operator.

26 Marc-Antoine Parseval, French mathematician, 1755-1836.
27Michel Plancherel, Swiss mathematician, 1885-1967.
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So, under some mild conditions, we can retrieve a function from its
Fourier transform. Results of this type are called inversion theorems for
the Fourier transform. Depending on the conditions, there are several
inversion theorems. Here, we state an inversion theorem which we use
in some examples and applications in the sequel. This is not the most
general inversion theorem but one adjusted to the level of this book. It
is quite useful and applicable.

Theorem 3.7.6 (Inversion Theorem) Suppose that a function f(x),

f : R— R, is absolutely integrable or square integrable and piecewise
differentiable with f'(x) absolutely integrable. Then,

f(z) Z—PV/ flt)e "dt = —hm/ ftye "= dt

7TM—>oo

or

fz) = \/_PV/ Ft)e itrdt = thloo/ Ft)e = at.

If, moreover, f is absolutely integrable (then f is so), we can drop

the principal value, i.e.,
1 * 2 —itx
= — f)e " dt
2 J_ o

1 * oz —itx
fa) = <= [ Feea

If such an f(x) has a jump discontinuity at a point x = «, then we
get

or

flah) +f(of)

x P.V./OO Fft)e " dt = — lim / Ft)e it dt

2w —00 2T M—oo

or

1 ® z —ita 71to¢
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Hence, by this inversion Theorem, the inverse Fourier trans-
form to either Fourier transform defined by (3.27) or (3.29) is defined
to be

FHfO)@) = 2r [ Kot
and

5w = == | * Ftye-itods

respectively.

If we apply these inverse Fourier transforms to the respective Fourier
transforms f(t) and f(t) of a function f(x), under the conditions stated
in the inversion Theorem, we retrieve the function f(x).

1
We observe that the constant — produces a symmetry in the ex-
V2T

pressions of the Fourier transform and its inverse. Besides some other
reasons, this is one of the reasons as to why many authors prefer to put
this constant in the definitions.

Examples
Example 3.7.31 Find the Fourier transform of

1

= 215 where b >0 constant.
T

f(z)
In Example 3.7.27 we have found f(a) = %e‘ba for a > 0. Now,
for a < 0, we find

. (Z 4 bi)eiaz eia(—bi) eab
R o) o T ME ) _f . C
Res [£(2)e*?] (z — bi)(z + bi) i = o = —on

So, for a < 0, by Lemma 3.7.6, (b), we get

00 iax ab
(& & ™
e dr = —2mi = Ze,
/_oo 22T T T T T

For a = 0, we straightly compute

o 1 T
[w7x2+b2d$—3

Putting the three cases a > 0, a = 0 and a < 0 together in one
formula, we find that the Fourier transform of

1

Zr where b >0 constant
x

fz) =
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is . -
fla) =+ etlal,

Since here f(z) = is absolutely integrable, we see that f(a) =

x2 4 b2
e~?lel is uniformly continuous in R and ligl f(a) =0, as claimed by
a—r 00
the Riemann-Lebesgue Lemma, 3.7.7.

Notice that f(a), f(z) and f'(z) = are absolutely inte-

—2x
(22 +b2)?
grable in (—o0, 00). Then, if we apply the inversion Theorem, 3.7.6,
we will get the given function f(z) back. Indeed,

/ f —ztzdt 2 / 7; e—b\t|e—itrdt _
71—

1 .
bt 71twdt+ _/ b efbtefztmdt:

or | b 2
1 0 1 [~ ,
- (b zw)tdt - n 7(b+w)tdt'
2w J_ b + 27 b ¢

We use Problem 3.7.40, and (for b > 0) we find

LW /_O; flt)e dt =

Laf 1, B 2 1 _ )
mb \b—iz b+izr) Wz2+p2 212

Example 3.7.32 Compute

/ de, where a >0 and b>0 constants.
oo T2 412
The function f(z) :
unction f(z) = ——
2 + b2

and has two singularities z; = bi and zo = —bi not on the real axis. This
function is holomorphic in C — {z1, 22}.
We consider z; = bi the singularity in the upper half plane. Then,

satisfies the condition lim f(z) =0
Z—r 00

- 2(z — bi)ete? bietab? 1
R Ll P T A = — = .
Res [£()e"*’] (z — bi)(2 + bi) oo = o5 = ew

So, by the Lemma 3.7.6, (a), we get that for a > 0

o0 iax .

Te o1 Iy .

ﬁdx = 27Tl—b =—=ime ab,
N 2e e
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Remark 1: From this integral, we get the following two real integrals:

 xcos

/ 3327_562? dx =0 (odd function, whose improper integral exists)
x

o0

and

x sin(az T . . . .
/ W(Zﬂ) dr = b (even function, whose improper integral exists).
— 00

Remark 2: Working as in the previous example, we find that the

Fourier transform of f(z) = where b > 0 constant, is

T
x2 + b2’

5 0, if a=0,
)= {sign(a) mi e~ blal, it a#0.

We observe that this Fourier transform is discontinuous at a = 0. In
fact, for a = 0, we must consider the principal value of the corresponding
improper integral, because the improper integral does not exist in the
general limiting sense. (Check this out.)

We can easily check that the function f(x) = ﬁ is not abso-
x

lutely integrable but is square integrable. So, its Fourier transform f(a)
is defined by means of principal value. It is discontinuous at ¢ = 0 and
its limits as x — 400 exist and are equal to zero.
We can also check that the derivative of f(zr) = ————— and its
x

Fourier transform are absolutely integrable. So, if we apply the inver-
sion Theorem, 3.7.6, we will get f(x) back.
A

Example 3.7.33 (Compare with Examples 1.3.13 and 2.2.8.) Verify

that - .
sin(ax) dee T
T 2

V a >0 constant, /
0

Since e'** = cos(ax) + ¢sin(ax), we consider the complex function

This function has only one singularity at z = 0, and so it is holo-
morphic in C — {0}. Since the singularity is located on the real axis, we
cannot apply Lemma 3.7.6.

This singularity is easily seen to be a simple pole with residue,

szgg(z) = 29(2)|2=0 = "0 = 1.
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Since a > 0, we must work in the upper half plane, according to
Lemma 3.7.5. This is the point at which the positivity of « is used in
this problem.

So, we must choose a contour in the upper half closed plane that
avoids z = 0. Therefore, we consider any 0 < r < R < oo and then an
appropriate choice of contour that itself and its interior does not contain
z=01s

C=I[rR+St+[-R,—r]+5,,

where Sg is the upper half of C(0, R), positively oriented, and S, is the
upper half of C(0,r), negatively oriented. (See Figure 3.16.)

Sk

FIGURE 3.16: Contour 12 for Example 3.7.33

Then, by the Cauchy-Goursat Theorem, 3.5.3, we have
j{g(z)dz = / g(2)dz + /g(z)dz + / g(z)dz + /g(z)dz =0.
Cct+ [T‘7R] Sj—; [7R)7T] S;

We see that
lim / g(z)dz + / g(z)dz| = lim g(z)dz+

r—0+ r—=0t J_p
R—oo | [r,R] [-R,—7] R—o0
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R ) %) ..
+ lim g(x)dx = / g(x)dx = / cos(az) + isin(az) dx.

r—0t /. —co z
R—o0

1
Since for f(z) = - the condition li_}m f(z) =0 is satisfied, by
Lemma 3.7.5 we have that
ngnoo g(z)dz = 0.

+
SR

Next, for all » > 0, by Lemma 3.7.3 we have

/g(z)dz = —mi ljzeg 9(z) = —mi,
S7
and so
Tli%{r g(z)dz = —im.
Sy
Putting these pieces together, we finally find
/°° cos(ax) + isin(ax) d

X

r—im =0

— 00
or
dx = im.

/°° cos(ax) + isin(ax)
NS x

Separating real and imaginary parts, we find

/ M der =0 and / sin(az) dr = .

T

oo T oo

sin(ax) . . .
(o) is an even function over R, we obtain the result:

vV a>0, / Mda:::
0 2

X

Since

Remark 1: If @ < 0, then we get

/ sin(ax) dr— T
0 T 2

For a = 0, we trivially get

/de:/ 9d;zc:O.
0 T o <
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Remark 2: We present some discussion on these results and the
principal value. In this example, we, in fact, computed the principal
value of the integral

/OOMCZJZZW Va>0
oo X ’ ’

with the help of the particularly chosen contour C.
However, because this integral exists, as proven in Example 1.3.13,
its principal value is equal to its value. Therefore, its value is equal to .

But, the integral
/ cos(ax) da
x

—00

does not exist if all limiting processes are allowed. Whereas the limit-
cos(aR

ing processes as R — £oo do not matter, because lim g =0,

R—+c R

problems arise when » — 0% (from right and left). Notice for instance:

1 0~
/ M dx = 00, whereas / M dx = —o0.
0

+ X 1 X

Finally, what we have computed by this integral is

PV/)Sggﬁdx:Q
oo T

cos(ax)

x
Therefore, what we have accurately found is

which is naturally expected, since is an odd function over R.

P.V./ ex dr =1im, ¥V a>0.

— 00
This computation extended to a = 0 and «a < 0 is the Fourier trans-

form of the function f(z) = l, (x #0), ie.,
x

i, if o> 0
ﬂ@:Rv/‘excm: 0, if =0
—ir, if a<0.

Here, the function f(z) = —, (z # 0), is neither absolutely nor square

8=
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integrable in R but satisfies the conditions of Lemma 3.7.6. So, its
Fourier transform is evaluated by the Principal Value (3.28) of Def-
inition 3.28. We observe that this Fourier transform is not continuous
at @ = 0 and its limit at +o0 is not zero.

Note: The same discussion holds true for some previous examples.
Essentially, in some of these examples, we compute principal values of
integrals. However, if the integrals we consider exist, then their values
are equal to their principal values.

A

Example 3.7.34 (Compare with Example 2.2.11. See also Problem

3.7.66.) Verify that
00 1.2
/ sin 2(3:) de ™
0 x 2

For this integral, we consider the function
C142iz—e* (202 (2)?
9(z) = 22 T TR
and we observe that g(z) is holomorphic in C. The origin z = 0 is not

an essential singularity because we can extend g(z) holomorphically at
z = 0 by setting

_ @)

Therefore, for any R > 0, we choose the positive contour C* =
[~R, R] + S#, with S}, the upper half of C(0, R) positively oriented.
Then, by the Cauchy-Goursat Theorem, 3.5.3, we find

]{g(z)dz: / g(z)dz+/g(z)dz:0.

ot [—R,R] sk

But, by Lemma 3.7.1 we get

lim —dz-O

R— o0 z2
Sk
Then, by Lemma 3.7.3
lim [ g(z)dz = hm /—dz—2z hm dz—ZZ 1-im=—2m,
R—oo z
Sk Sk
and so, by Jordan’s Lemma, 3.7.4 (fill in the details), we obtain

21z

5 dz = 0.
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Therefore,
. . 1 .
lim [g(z)dz= lim [ — dz =2¢ lim [ —dz =2iim = 27,
R—o0 R—o00 R—o0 z
Sk Sk
and so
lim g(z)dz — 2w =0,
R—o00
[_R7R]

or

T = 2.

/°° 14 2iz — [cos(2z) + i sin(27)] p
2

—0o0
Hence, by separating real and imaginary parts, we get

1 —cos(2 °° 2z — sin(2
/ 1= os®0) 4y —2m, and I S27) gy = .
x oo x

— 00

(See also Problems 2.2.16 and 3.7.69.)
In the first integral, we use the basic double angle trigonometric
identity cos(2z) = 1 — 2sin?(z) to find

oo i 2
/ sin 2(33) dr—
T

— 0o

22

. sin
Since 5
x

is an even function over R, we get

00 Lin2
/ sin 2(;10) deo ™
0 T 2

Remark: The second integral is true only as a principal value be-
cause it does not exist in any general limiting process. That is,

PV, / 2r=sin@) 4,
oo x

Example 3.7.35 For any a > 0 constant, we let

, if |z|<a

0, if |z| >a.
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Then, the Fourier transform of f(z) is

ﬂwzfuwmwzjff@%mwx:/

a .
ey =
a

a a

/a [cos(éx) + isin(€x)|dx = / cos(éx)dx + z/ sin(éz)]dx =

- sin(af) *.“ _,sin(af) h
2 ¢ +10=2 e
Also,
Ft) =3f @)t = % FIf(@)](t) = % . Sinéaf)_

We can use this result with the Parseval equation (3.31). For
a > 0, we get

/_O; {2#]2 d§:27r/_o;f2($)d$:27T/j112dx:27r-2a,

So, we find the already known result:

If @ > 0, then
00 :..2
sin®(a&
/_ N 5(2 ) dé = ma.
[Similarly if we had used (3.32).]
If now for any b > 0 constant, we let

1, if |z|<b

0, if |z >0,

then, as before,

a(t) = 2sin§b§) '

Then, applying the general Parseval equation, (3.33), we find

[ ER) pe de=on [ seran -

— 0o

min{a, b}
27r/ 1-1dz =27 -2min{a, b}.
— min{a, b}

So, we get
o s b
[m sm(a{é%({) d¢ = m - min{a, b}.
[Similar work if we had used (3.34). See also Problem 2.2.34, (a).]
A
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3.7.6 Rules and Properties of the Fourier Transform

We have discussed the linearity properties of the Fourier trans-
form, its uniqueness when it exists, that the Fourier transform is a
one-to-one operator and an inversion theorem. Here, we examine
a few additional properties of the Fourier transform that follow from its
definition and can be readily used as operational rules in applications.

(1) Suppose that the function f(x) is continuous and piecewise con-
tinuously differentiable, F[f(z)](t) exists for all ¢ and 1irﬂ1:1 f(z) =0.
T—> 00

Then, for any Ry < 0 < Rq, integrating by parts, we find

Ro . ) Ro .
fl(x)e™dx = [ f(z)e™"] Zi — it f(z)eda.
Rl Rl

Letting Ry — —oo and Ry — oo, by the hypotheses, we get
FIF (@)]) = / Fl@)eitody = 0—it / F@)etde = —itF[f(2)](0).

So, under the stated conditions, we have the rule for the Fourier
transform of the derivative of a function

(1) FLf]=—itF[f].

(2) If f(x) is real, then f(—t) = f(t).
We have

FlF@)](t) = / Y p@)eitrdr =

/ f(x) cos(tz)dz +1i / f(z) sin(tz)du,
from which we get

Flf@)(—t) = / " f@)e iy —

/Z f(z)cos(tz)dx — i /O:O f(z) sin(tz)du
and

FI@I0 = / 7 fw)eiteds =

/OO f(z)cos(tz)dz +1i /O:O f(x)sin(tz)du =

— 00

/ " ) cos(ta)dz — i /_ O; F () sin(tz)du,

— 0o
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that is, the last two results are equal.
We also observe:

(a) Re{F[f()l(-1)} = Re{F[f(2)]()}
and
(b) Im{F[f(@)](-t)} = —Im{F[f(2)](t)}.
Hence, when f(x) is real, the real part of F[f(x)](t) is an even
function of ¢ and the imaginary part of it is an odd function of ¢.

(3) We can compute the derivative of the Fourier transform by dif-
ferentiating under the integral sign, as long as the differentiability con-
ditions of Theorem 2.2.1 are met. So,

d d ztr _
atr / J) g () dr =
/_ iof(z)ed = Flinf(x)|(t),

provided that x f(z) is absolutely integrable.
So, provided that z f(z) is absolutely integrable, we have the deriva-
tive of the Fourier transform rule

dtf[f( 2)|(t) = Flief (2)|(t) = iFlef(2)]()-

(4) The scaling and shifting rule is the following:
For any a # 0 and b real constants, we let v = ax — b and get

sign(a)oo rw
]:[f axr — b / f thdx = 1/ f(u)e (a+b) du =

a J_sign(a)oo

Lo [ g eadu—ﬂeizt]:[f(w)]<2>'

So, for any a # 0 and b real constants, we have the scaling and
shifting rule

@) Flf(as =)0 = o e F ) (f) |

If |a| = 1, then we have only shifting, and if b = 0, we have only scaling.

(5) For any real constant ¢, we have
Fle f)] (t) =
/ e f(x)e dr = / f(@)e Ty = F[f(2))(t + ¢).

— 0o
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So, for any real constant ¢, we have the rule of the multiplication
by eicz '
(5) Fle f(@)] (t) = F[f(@)](t+ o).

(6) Rule (5) and the linearity of the Fourier transform imply
the following two rules of the multiplication by cos(cz) or sin(cz),
where ¢ is any real constant:

Fleos(ea) f(2)] (1) = 3 F [ F(@)] () + 5 7 [~ /(@) (1) =

S U@+ )+ FLi@) - o)
and
Flsin(en) /)] (1) = o F [ @) (1) — 5:F [ ()] (1) =

@+ o)~ Flr@) - o).

(7) In the context of the Fourier transform, we define as the con-
volution of two real absolutely or square integrable functions
f(z) and g(z) in R the integral denoted by

q*mmrz[%fu—wmmw

(or, as in other books, this integral multiplied by the factor 1 ).
V2r

(a) If f(z) and g(z) are real absolutely integrable functions in R,
then (f % g)(x) is absolutely integrable.

This is proven as follows. We notice that for any absolutely integrable
function h(z) in R

/OO h(z —u)du ™ "=""" /_O; h(v—a)dv " =" /_O; h(y)dy.

— 00

Now, for the positive function |f(z — u)g(u)| in R, we have that the
iterated integral

/Z {/O; |f(x—u)g(u)|dx} du = /Z |g(u)|du/o:o \f (@ — w)|dx =
INCaNEE
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is, by hypothesis, a product of two non-negative finite numbers and so
non-negative finite.

Then, by the Tonelli conditions and Fubini conditions (see Sec-
tion 2.4), f(x—u)g(u) is absolutely integrable in R?, and then we obtain
the inequality

[ wa@iae= [~ ][ s - wat) do
[ e - watwed dw—/oolf@:—uﬂdxfz u)ldu =
i@l [ gt

Or, using the notation introduced in project Problem 2.6.42, we
have:
If [[f]lx < oo and |lg|ly < oo, then [|(f * )l < [[f]l1 - llglly < oo

dr <

(b) If f(x) and g(z) are real square integrable functions in R, then
(f * g)(z) is bounded.

Indeed, by Hélder’s Inequality (see project Problem 2.6.42, we
get

oo

1 * 9)(@)] < / (@ — w)g(w))du <

— 00

[ - % | |Q(U)|2du]% .
[/Z |f(u)|2dur [ /- |g<u>|2du} g

which, by hypothesis, is a product of two finite numbers and so finite.

Example 3.7.36 If two functions are absolutely integrable, their con-
volution may not be bounded. Let

1
—, ifx € [-1,0)U(0,1]
f(z) =g(z) = Vil
0, otherwise.

Since these functions are non-negative and even, we have

[ s@ar= [ gwar=2 [ L= fprt]] <4
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and so the functions are absolutely integrable. Therefore,

/o:o|f*g|(m)d$§/oo |f(33)|dﬂﬁ-/oo lg(z)| do =4 x 4 = 16.

Since
oo oo 1
| p@a= [ =2 [ Lar-2m) - .

the functions are not square integrable.
Now,

(f*g)(O)=/_O;f(0—u)g(u)du=/l iduzz/ollduzoo,

1 |yl u

and so (f * g)(x) is not bounded.
A

(c) The operation of convolution is commutative, i.e., fxg = gxf.
This is easily seen by making the change of variables x — u = v to obtain

| fa-wgwin= [ fegle vy,
(d) It is straightforward that for any real constant a

a(f*g)=(af)*g=fx*(ag).

(e) The convolution is linear with respect to each function position.
ILe., for any real constants ¢ and b, we have

(afi +bf2)xg=al(fi*g) +b(f2xg) and
[ (ag1 +bg2) = a(f * g1) + b(f * g2).

(f) The convolution is associative, i.e., (f*g)*xh = fx(g*h). The
proof is similar to the proof in Example 2.7.5.

(g) Using the two cases of the definitions of the Fourier transform
(3.27) or (3.28), we can prove that in either case the Fourier trans-
form of the convolution of two functions is equal to the product
of their Fourier transforms. lL.e.,

FI(f +9)(@)](t) = FLf(2)](t) - Flg(@)](2).
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The proof is analogous to the proof with the Laplace transform, Ex-
ample 2.7.4. It is even easier because switching of the order of integra-
tion, permissible here by the absolutely or square integrability, is more
direct. That is,

oo

Flf@)](E) - Flg(2)](t) :/Oo e fla )d33~/ e"g(y)dy =

— 00

/ / £+ f(2)g () dady,

either as an improper integral that converges or as a principal value. We
let x +y = w and we find

FU@I0 - Flowlo = [ h /- e f(w — y)gly)dwdy =

/ lth flw—y)g )dy]dw—
/_of””(f * g)(w)dw = F[(f * g)(@))(t).

We can use this formula and its inverse in applications (in either
direction: A = B or B = A). Le.,

FI(f +g)(@))(t) = FIf()]I(t) - Flg(@)](),
or

(f x 9)(x) = FTHFf(@)](1) - Fla(@)](®)} (2).

Examples
Example 3.7.37 By Problem 3.7.24, we have
—z2 > —2? itz >~ —z? _2
F [e ] (t) = e " e"dx = e " cos(tx)dr = Ve T.

Then, by the scaling and shifting Rule (4), we obtain that for any
real constants a > 0 and b, we have

F [e—aw—b)?} (t) = F {e—w&@c—b)}z} (t) =

Also, by Rule (6), we find that for any real constant ¢

Flem sinen)| () = 5 [ft+0) = f(t - o) =
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—i _Gte? _=o)? _ GETO N ct
=7|:ﬁ8 T —J/me 1 ]:z\/7_re T sinh 5 )

and similarly
F [e‘rz cos(cx)] ()= % [f(t +¢)+ f(t—c¢)

_(t+0)? _(t=o)? _ (24P
[ﬁe 1 4 \/me 1 ]:ﬁe 1 cos

= [t
I

(2)

N~

Example 3.7.38 We compute

67‘1‘ 0 67‘1‘ ite

I : 1 [ :
5/ er(l+1t)dx+ 5/ er(—l+1t)dx:

—00 0

17 1 1 1
2144 —1+4t| 1+

—la|
Then, with f(z) = S

5 by the convolution rule we have

<$) = FI(f + H@)),

1 2
<1+t2>

Therefore, to find the inverse transform g(x), we need to compute
the [f x f](x). For x < 0, we have

and so

glx) = F! (z) = [f * fl(@).

[+ Al = 5 1 " emlamullul gy —

1 T 0 T 1
1 </ e du —l—/ e“du —|—/ 6_2“+mdu) = Z(l —x)e”.

Similarly, for x > 0, we find

Fefio =7 [ " elemul-lulgy

0 x fe’e)
1 (/ ezu_mdu—l—/ e_rdu—k/ 6_2“+zdu) =
4\ J_ o 0 z

(1+z)e ™.

R
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The two parts can be put together as one formula:

1 2
<1+¢2>

Now, we combine the result of the Fourier transforms here and of
Example 3.7.35, the inversion Theorem, 3.7.6, and the general
Parseval equation (3.33) [or (3.34)] to derive the known result in
Examples 2.2.8, 2.2.9 and Problems 2.4.9, 2.5.18. We have

f{e;ﬂ](ﬂzzlitf

If for any a > 0 constant, we let

VzeR, g(x):=F"

(0) = 70+ fal) W

1, if |z|<a

0, if |z| > a,

then
sin(at)
T

ft) = Flf@)(t) =2

So, by the inversion theorem
FlN0 =7 |22 () = 2110,

Then, by the general Parseval equation (3.33), we obtain

&) 7|$| . &)
mi/ 35—222Eg2dx::/m L orftt)dt =

oo x oo L+ 1t2

e 1
27 /_a e dt = 27 - 2 arctan(a).

Therefore, for any a > 0 we have
/ e"I'M dx = 2 arctan(a)
e x
or

00 i
/ e_gcM dx = arctan(a).
0

X
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Example 3.7.39 We want to find the Fourier transform of the contin-

uous triangular function
1+z, if —1<2<0

glz)=<1—z, if0<x<1

0, if 2| <1.
To avoid doing it directly (by definition), we observe that
1, if —1<z<0

Jgx)y=<-1, ifo<z<l1
0, if |z|>1.
Then,
00 ‘ 1 ‘
f[g(x)](t) = / g(x)e””” dx = / g(x)e””” dr =
oo 1

1 0 .

. . 2¢|1 — t

/ eztw dz +/ eztw dr = Z[ COS( )] .
0 ~1 t

Then, by Rule (1) we have

M = —itFf(2)](t)
and finally 2[cos(t) — 1]

Flr@)n = ==,
Then, by Parseval equation (3.31) we get

/OO {72[‘3055;) —1 }2 dt = 2 /_O; F(a)dz =

[ e opans [0 o] = (141),

—1

and so
/°° [cos(tt)4— 1)? gt — 2/0 [cos(tt) —1)2 gt =

0 12
2/ [cos(t)4 1] g
) ¢ 3

i
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t t
Then, using cos(t) = 1 — 2sin? (§> and ¢ = o0 e find

00 14
/ sin 4(;10) deo ™
0 €T 3

(See also Problem 2.2.33 hint.)

Example 3.7.40 By Example 3.7.38, we have
—l=| 1
e
t) = .
o=

1 1
24+ 6x+10 (v+3)2+1

So, for the function

fz) =

we apply the inversion Theorem, 3.7.6, and Rule (4), with a = 1
and b = —3, to find

Flf(@)](t) = 2776_3“%‘“ — reltl-3it,

With and a # 0, for

1
f) = (ax+3)2+1
we find - I
FIp@)e) = gre 5

A
Example 3.7.41 We let f(z) = / e~ @ g(u)du, and we would like

— 00
to find the relation of the Fourier transform of f(z) with the Fourier
transform of ¢g(z). We compute

Fir@in= [ ( / T g(u ) s =
/O:o /; e~ g (w)e dudr = (/u —1+it) dx) du =
| _stwer [_(ffﬁi} = / " st

That is, we have the relation F[f(z)](t) =
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3.7.7 Applications

Application 1: Here, we give an application of the Fourier trans-
form to an initial boundary value problem with the partial differential
equation of the homogeneous wave equation. Namely, we want to solve
the two-dimensional problem

Uyy(T,Y) — Uze(z,y) =0, for y>0,

u(z,0) =0, for —oo<z< o0,
1, if |z| <a,

uy(x,0) = where a > 0 constant,
0, if |z| > a.

We consider the Fourier transform of u(x,y) with respect to z. That
is,

ag,y) = \/%[ u(z,y)e ™ da.

Then, by taking the Fourier transform with respect to x of the given
problem, we obtain (see also Example 3.7.35)

Tyy(z,y) + Ea(z,y) =0, for y>0,
a(z,0) =0, for —oo0<uz< o0,

- 2 sin(a€

Uy(x,0) = - é )

The general solution of the differential equation

ayy(ma y) + fQﬂ(xvy) =0

is u(&,y) = Acos(éy) + Bsin(£y), where A and B are arbitrary con-

stants. These constants are determined by the two initial conditions.
2 si

From @(&,0) = 0, we find A = 0, and from @, (x,0) = 4/ — - %, we
o

. So, the solution of the differential equation that

find B = \/2 , sin(af)
™

also satisfies the initial conditions is
. /2 sin(a§)sin(Ey)
The (&, y) is absolutely integrable in (—oo, 00), and by the inver-
sion Theorem, 3.7.6, we find

u(@,y) = \/Lz_w ' \/g/_ Sin(aism—(@)e”@ dé =
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_ l /OO sln(af) SID(fy) —zfr dé- —
TJoo &2

1 /Oo M[COS(&:) —isin(§z)] d€.

VRS &

This integral is real. Its imaginary part is zero as the integral of
an absolutely integrable odd function in (—o0,00). Its real part is the
integral of an absolutely integrable even function in (—o0, 00). Then we
use some elementary trigonometric formulae and find

= L [ DI e

% OOO —sin(aﬁisin(ﬁy) cos(éx) d€ =
1 [ [cos(z€)cos[(a —y)&]  cos(z€) cos[(a + y)¢] B
. / { 2 - & “=
_ / {cos[(a +z — y)&] + cos[(a — x — y)¢&]—
™ Jo

cos[(a + z + y)&] — cos[(a — = + y)&|} g

We use integration by parts and the lower limit process to find

u(z,y) :ﬂel_lgl+/ {cos[(a + z — y)§] + cos[(a — z — y)&]—

cosf(a+z + 5)e] — cosl(a— z + y)e]} d (7) -

1 1
27“1;%1 - {cos[(a+x —y)e] + cos[(a —z — y)e|—

cos[(a + z + y)e] — cos|[(a — x + y)e]} +
L ovim e m—ey [sinllete—y)i
1 { (a+ y)/6 ¢ d¢

27T e—0+
(a —r— y) /OO Sin[(a _;: — y)g] d§
A /oo sin[(a +£x + y)¢€] det

(a—x+y)/€mwd§}.

The first limit is zero (by L’ Hopital’s rule), and so we find
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FIGURE 3.17: Sections of the solution in Application 1

u@ww:%{—m+x_méw§ﬂ@%?;gﬂﬁ_

m_x_wﬁwﬂﬂ&%;:@§%+

(a+z+7y) /OOO sinl(a + 2 4 y)¢] +§x vkl

(a—x+y)/0w%—x+md§}.

But, from Example 2.2.10, we have the result

sin(5¢)
§

Therefore, the final solution is written as

dé+

2 oo
¥ BCR, ;5/0 dz = |8

u(z,y) =~ [lat+z+yl+la—z+yl—lat+z—yl—|a—z—yl].

] =
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See Figure 3.17 for the behavior of this solution in the upper half plane.

Application 2: We consider the ordinary differential equation of the
unknown function u = u(x)

d*u  du
— +——zu=0 3.35
¥ + de 0T (3.35)
for which z = 0 is a regular singular point. This is Bessel’s differential
equation with imaginary argument of order 0.28
By taking the Fourier transform of the equation and using its linearity
properties, we find

F {x%] (t)+F B—z] (t) — Flau(z))(t) = 0.

We assume that u(x) is absolutely integrable, and for convenience
we write Flu(z)](t) = a(t). Then, we use the applicable properties from
Subsection 3.7.6 to obtain

1d - ld .
S Sla)] - ita(t) — £ [a(0)] = 0,

from which we get the first-order, linear, homogeneous, ordinary, differ-
ential equation for 4 (t)

(1+t3)a'(t) + ta(t) = 0.
We solve this differential equation, and we find

1

U(t) = c——,
®) t24+1

where c is an arbitrary constant.
The @(t) found is square integrable, and by the inversion Theorem,

3.7.6, we get
c 00 e—itz
u(z) = — P.V./ o dt =
2

a.[P.V./ COb(m i i PV/ sin(to) ]

28Bessel’s differential equation with imaginary argument of order v > 0

d?u 1du
§ —— 4 =

dz?2 = zdz
with imaginary argument of order v. They are referred to by other names, too.
With v = 0, we obtain the equation we have considered above.

2
— (1 + V—2) u = 0. Its solutions are called the Bessel functions
z
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where a is an arbitrary constant.
The second principal value is zero since the integrand function is odd.
Making the substitution ¢ = sinh(¢), we find

cos(tx) gt =
V2 +1

u(z) =a-P.V. /_OO
a-PV. /oo cos[z sinh(&)]d¢.

This solution is in integral form. As z = 0 is a singular point for the
differential equation, we notice that for the solution found u(0) = oc.
Apart from x = 0, the principal value found converges conditionally.
(See Problem 1.3.12.) The convergence is slow.

We can check that this solution satisfies the given differential equa-
tion. Indeed,

l’@ + du _ zu(z) =
dz? = dz
a- P.V. {/00 —x cos[z sinh(€)] sinh® (€)dé+
/00 — sin[z sinh(&)] sinh(§)d¢ — /00 x cos|z sinh({)]d{} =
" d
=a- ]%grlw L {— sin[x sinh(&)] cosh(&)} d¢ =

. . . R .
aRh_r)nOO [— sin[z sinh(§)] cosh(§) |7 = aRIB)nOOO =0,

since sin[z sinh(§)] cosh(€) is an odd function in &.

So, regardless of how many hypotheses were satisfied and how many
were violated while taking and manipulating the Fourier transforms and
applying an inversion theorem, we reach an answer that in the end is
a solution to the given differential equation. This tactic is frequently
used when we solve applied problems of differential equations. We use
the Fourier or Laplace transforms and the inversion theorems without
checking the hypotheses under which they apply, and in the end we check
if the final answer solves the problem. If it does, we are finished.

Since cos[x sinh(§)] is even, we can also write the solution as

u(z) = b/o C(;i(f)l dt = b/o cos|x sinh(&)]d¢,

with b as an arbitrary constant. We also see that the solution u(z) is an
even function.
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3.7.8 The Fourier Transform with Complex Argument

If in Definition 3.7.3 [equation (3.27) or (3.29)] of the Fourier
transform of a real function y = f(x) on R we replace the e® with
e—steitr = lit=s)z — gilt4is)z — oiwr where w = t + is, then we get
what we call the Fourier transform of y = f(z) with complex
argument the w =1t 4 is.

So, equations (3.27) and (3.29) with w = ¢ + is become

fw) = Fl@w) = [ 7 f@)evrda =

/ h f(@)e=s+2dy = Fle™*f(2)](t), VYt eR

and
f 1 - iwx _
flu) =S @lw) = —= [ fla)etrie -
L > . e(,s it)x = e f(x
m/,OOﬂ el =gy = Flem T f(@)(), V€ R,
respectively.

We observe that F[f(z)](w) = Fle ** f()](t), and so for the Fourier
transform with complex argument w = ¢ + is to exist, we must require
e %% f(x) to be absolutely integrable. Depending on the value of s =
Im(w), this condition may change, and so F[f(z)](w) may exist in some
areas of the complex plane C but may not exist in others.

In the areas of the complex plane C in which the Fourier transforms
with complex argument of the functions under consideration exist, all
the properties and rules as they are referred to or analyzed in Subsec-
tion 3.7.6 are valid in this new situation. All that we must do is simply
replace the real variable ¢ with the complex variable w, and any real
constant is now considered to be a complex constant. Thus, we do not
need to restate these rules. But, the reader may want to do so and prove
them again. All proofs carry through analogously.

Before we study any example and application, we must study some
new properties of the Fourier transform with complex argument.

(1) (a) Let us assume that e~ ** f(z) is absolutely integrable for s = a
and s = b, with a < b. Then, e™** f(z) is also absolutely integrable for
any s € [a,b].

This claim follows immediately from the hypotheses and the obvious
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inequality

e’} 0 o)
[ ler@lae= [ @i [ e i@ <

— 00 — 00

0 00
/ e | f(z)|dx + / e~ | f(x)|dx = finite + finite = finite (< c0).
0

— 00

(b) If e=5* f(x) is square integrable for s = a and s = b, with a < b,
then e*7 f(x) is absolutely integrable for any s € (a, b).

This claim follows from the hypotheses, the Cauchy-Schwarz in-
equality [see project Problem 2.6.42, Item (1.)] and the inequal-
ities

/Oo \e—”f(x)|dx:/0 e‘”|f(a:)|d3:+/ooo =% | £ (2)|dz =

— 00 — 00

0 0
| polda - [ e o) dn -
0

— 00

/0 [e(bfs)w} . [eibw|f($)|] dx—l—/ooo {e*(sfa)w} . [efaw|f($)|] dr <

0 0 3
|:/ 82(bfs)wdx . / e2bw|f(m)|2dx:| +

{ /O N e—2<s—a>zda;-1 /O e f(x)|2da:r - |
Bt OOO 2 o) i soma [ P -

finite + finite = finite (< o0).

(2) Under the condition (a) or (b), in (1), the f(w) = F[f(x)](w)
exists for any s € [a,b] or any s € (a,b), respectively. Hence, it exists in
the infinite horizontal strip of the complex plane C respectively defined
by

S={w=t+is | —oco<t<oo and a<s<b}
or
S={w=t+is | —oo<t<oo and a<s<b}.

(3) In such a strip, the convergence is uniform in either s or ¢ since

’em‘ =1 and e7** f(x) is absolutely integrable. (See Theorem 2.3.4,

etc.) So, in such a strip, the f(w) = F[f(z)](w) is a continuous function
in s and ¢.
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(4) We then consider a maximal open horizontal strip
S={w=t+4+is | —co<t<ooand —c0o<p<s<g<oo}CC

in which f(w) = F[f(z)](w) exists. In such a strip, the Fourier transform
f(w) = F[f(x)](w) is a holomorphic function.

This result follows by the property (3) above and Morera’s The-
orem, 3.5.5. We consider any simple closed contour C' C S, and we

compute
%f dw-%/ e f(z) dx dw =
/_Oof(x)%c “”dwd;v—/ f(z)-0dx =0.

(The switching of the order of the double integration follows from the
Tonelli conditions, Section 2.4, since ‘e“r| =1 and e **f(x) is
absolutely integrable.)

So, with e™** f(x) absolutely integrable in R, by the Riemann-
Lebesgue Lemma, 3.7.7, in a maximal open horizontal strip, in
which —0co < p < s < ¢ < o0, the limit of the Fourier transform
f(w) = F[f(z))(w) is zero as w — oo, where oo here is the complex
infinity within the strips and so the convergence is uniform.

Example 3.7.42 We consider any a > 0, and we define

L —ae if >0
2a€ N I x
1 1
= — 70"1‘ = J— 1 —
f(x) 2 ¢ %0’ if z=0
%60@, if x<0.

Notice that if s < —a or s > a, then the positive function e f(z) is
not absolutely integrable. (Check!) But, for —a < s < a, it is absolutely
integrable. (Check!)

Then, in the open horizontal strip

S={w=t+is | —co<t<oo and —a<s<a},

we have

flw) = / 2i eem Uy =

oo 2a

0 00
. 1 .
- e(zt—s—!—a)zdx + = / e(zt—s—a)mdx _
2a aJy

— 00
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1 1 1 1 —2a 1

T 2alatit—s —atit—s T2 —a?—(t+is)?  a®+w?

Hence, in the above maximal open horizontal strip S, we have

a? 4+ w?’

We see that this Fourier transform with complex argument w is, as
expected, holomorphic with respect to w in S. Its limit at infinity is
ZEro.

A

(5) Since e~ ** f(z) is absolutely integrable, the inversion Theo-
rem, 3.7.6, can apply to f(w) = F[f(x)](w) = Fle ** f(x)](t). Then,
we get

e—Szf($) = % P.V. /_oo f(w)e_imdt ~ lim / f —ztzdt

2T M—oo

So, with w =t + is we have
1 RN )
f(z) = o P.V. /700 ft)ese " dt =
oo ) ) 1 oo )
— P.V./ f(w)e_z(“”s)rdt = — P.V./ flw)e™"™*dt =

_ 1 —l'UJZl) .

Since the integration is performed only with respect to ¢, for any
given s = Im(w), the integrals take place on the horizontal straight line
(=00 + is,00 + is). Then, if s varies in certain different subintervals of
(—00, 00), we may find different f(z)’s as the inverse Fourier transforms

of f(w).

Example 3.7.43 We will apply the inversion Theorem, that is, the
inversion formula (3.36), to the result of the previous example.
For any a > 0 and

1
— & ealzl
f) = 5o e,
we found (in the previous example) that if —a < s < a, then
. 1
flw) = Flif@)l(w) = 55,

where w =t + is.
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Since for any —a < s < a, f(z) [or e ** f(z)] satisfies all condi-
tions under which we can apply the inversion formula (3.36), we
expect to retrieve the function f(z) if we apply the inversion formula to

w) = ——
apply the inversion formula for a < s < 0o or —c0 < s < —a, then we
must expect the possibility of finding different inverse transforms. So, in
this example, we plan to explore this inversion.

. But, we must expect this only for —a < s < a. If we

Case —a < s < a: We let
1 o0+ 81 e—iwz
r) = — ——dt,
f(@) 277/_00+S¢ a? + w?
where w =t + is.

Subcase x > 0: To find this principal value, we use the negatively
oriented contour

C™ =[-M+si,M+si]+ Ay,

where M > 0 such that M? + s* > a?, R = VM? +s? and Aj is
the negative arc which is the part of the circle C(0, R), with center the
origin and radius R, and below the line (—oco + is, 00 + is). [So, along
this arc § = Arg(w) satisfies arcsin (%) >0 > —m—arcsin (M) .] This

contour encloses the number —ai, which is a simple pole for the function
) . e—iwr
e " f(w) = ———. (Make a figure of the contour.
flw) = S g )
We have that

_e—ax

Res [e‘imf(w)} =

Zz=—a1

)

2a1
and so by the Residue Theorem, 3.7.1, we find

1 e—iwT 1 M+si e—iwT e—iwT
—/ s dw = — / - 2dw+/ —— 5 dwp =
2 Jo- a* +w 21 | ) _prass 0w Aj 07w

1 _e—ax e—aw

— (=271 = . .37
27T( i) 2a1 2a (3.37)

Now, if w = u + iv along A, then v < s, and since > 0, we have

le~ W | = |e~urev®| < 5, Thus,
/ R2 — |du| <

/ e—'LU)I
A a? + w? w2
2rR — 0, as R — .

ST

R2 — g2
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But R = v/M?2+ s2, and so R — 0o <= M — oco. Therefore, by
taking the limit of the relation (3.37) above, as M — oo, we find that

—— dw :
Misi @2+ w? 2a

forall x >0, f(x)= lim —

1 M+si e—iwm e—av
M—00 27

Subcase x < 0: This case is analogous to the previous subcase except
we must use a different contour to obtain zero limit along the arc. The
previous contour does not achieve this, as we can easily check, for the
integrand approaches infinity in the limit. The contour this time is the
positively oriented contour

Ct =[-M + si, M + si] + Af,

where M and R are the same as before but A;g is the positive arc of
the circle C(0, R), with center the origin and radius R and above the
line (—oo 4 is, 00 + is). This contour encloses the number ai, which is a

—twx

pr—l (Make a figure of the contour.)
w

simple pole for e_“””f(w) =—
a

We have that

—jwx f e
Res [~ flw)] = 5.

Then, by analogous work as before, we find that

. 1 M+si e—iwT 0T
forall z <0, f(x)= lim — - dw=——.
M—=0027 | _pryg a2 + w? 2a
Subcase = = 0: If we plug z = 0 in both subcases above, we find
the same result

which, with —a < s < a and w = t + ¢s, we can also compute directly
by the integral
1 oo+81 1
o prane iUl
2m —oco+si @ +w
We see that all three subcases can be put in one formula as

e_a‘z‘

flz) = 5o for x € R,

which is, indeed, the function f(z) we started with in the previous
example.

Case s < —a.

Subcase = < 0: As before, we consider the contour

Ct =[-M + si, M + si] + Af.
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Notice that in this case the contour encloses both poles —ai and ai.
Then, working as in the previous case, we find

1 ax —ax . h
forall z < 0, f(z)= %27”' <;_.a _ e2m ) sin a(ag;).

Subcase = > 0: Again, we consider the contour
C™ =[-M+si,M+si]+ Aj.

Notice that in this case the contour does not enclose any singularity
(pole). Then, for > 0, we find f(z) = 0.
Both subcases agree at x = 0, and so we can eventually write

sinh(ax) $ <0

0, if £ >0.

Case s > a.

This case is analogous to the previous case. We use the same con-
tours as above for the subcases x < 0 and « > 0 but in reverse order.
Eventually, we find

— sinh(azx) 20

0, if 2 <0.

We see that the answers to the inverse Fourier transforms in the three
possible different cases of the horizontal strips of s are different.
A

(6) We are going to prove a result that we tacitly used in the pre-
vious example.

With e™** f(z) absolutely integrable in R, in the maximal open hor-
izontal strip

S={w=t+4+is | —oco<t<ooand —c0<p<s<g<o}CC

in which f(w) = F[f(x)](w) exists and is holomorphic, the principal
value in the inversion formula (3.36) is independent of s.

In the proof, we use the fact that the Fourier transform f(w) =
F[f(2)](w) has limit zero as w — oo (where oo is the complex infinity
within the strip), as we have already justified in (4) above.
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We pick any p < s1 < s2 < g and consider the contour

CT =[-M +isy, M +isy] + [M +is1, M + isa]+
[M +isy, —M +isg] + [—M +isg, —M + isy],

which is a positively oriented parallelogram. A

Since on C'T and in its interior the function f(w) = F[f(z)](w) is
complex analytic with no singularities, the Cauchy-Goursat Theo-
rem, 3.5.3, gives

f(w)dw = 0.
C+
Then, we let M — oo and eventually get
+oo+1is1 A +oo+is2 A
P.V. / w) dw = P.V. / dw,
co+1is1 004152

since by the mentioned condition

lim f(w) =0,

w—r00
the integrals along the constant length(= sy — s1), finite vertical seg-
ments [M + isy, M + ise] and [—M + isa, —M + is1] become zero, as
M — oo (the complex infinity, and so the convergence is uniform).
(Work out the details, as an easy exercise!)

Application:
In Application 1 of Subsection 2.7.3, we saw the Bessel function

of order zero
w2 e () o35

as a solution of Bessel’s differential equation of order zero

vy’ +y +xy=0. (3.39)

We see that Jo(x) is an even function in R. We are going to use the
method of Fourier transform with complex argument to find an integral
representation of it up to a multiplicative constant.

Applying the Fourier transform to this differential equation, as done
in Application 2 of Subsection 3.7.7, with the help of the rules

FIf (@))(w) = —iwF|[f(2))(w)
and
d

T WL @)} (w) = Flizf (2)](w),
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and assuming that all conditions are met to apply them, we find the
following first-order linear homogeneous differential equation for the
Fourier transform with complex argument of y(z), which here we write

by g(w):
(w? — 1)% +wg(w) =0.

The solution of this differential equation is easily found to be
__1
Q(w):c(wz—l) 2

where c is an arbitrary complex constant.

Now, to find y(x) in integral form, we are going to use the inversion
formula (3.36), in Item (4.) above, and work in an analogous ways as
in Example 3.7.43. In the process, we may consider any multiplicative
constant to be 1 for convenience.

First of all, we must notice that the function to be used in inversion
formula (3.36) is

-1

z :g(U)) = e*iww (w2 — 1)T — e*iww(w . 1)%1 ) (w+1)%1

1
This has singular points at w = 1 and w = —1 and the fractional power —

dictates to use two branch cuts, one for each factor. (See also Example
3.7.13.)

As convenient branch cuts, that shift w — 1 and w + 1 to the origin,
we choose the following:

C—[+1,400) for Vw—1 and C-—[-1,400) for vw+ 1.

The intersection of these branch cuts is [+1,+00) and their union
[—1,400), both intervals of the real axis.
The corresponding restrictions on the arguments are

0O<arg(w—1) <27 and 0<arg(w+1)<27.

Then, by the definition of the non-integer powers through complex log-
arithms, we finally have

1 —ifarg(w—1)targ(w+1)]
Zz = g(w) = e R —— 2

V1]

Since the singular points and the branch cuts are on the z-axis, in
inversion formula (3.36), we must consider the two infinite horizontal
strips:

Si={w=t+si|oo<t<oo and s>0}
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and
So={w=t+si|oo<t<oo and s<0}.

(I) First, we work in the strip S;. We pick any s > 0, and for any
M > 1 welet R =+vM?2 + s2. We have to consider two cases x < 0 and
x > 0. The work is analogous with Example 3.7.43.

Case (1): < 0. We consider the contour

Ct =[-M + si, M + si] + Af,
where [—-M + si, M + si] is a positive horizontal segment and
Al = {w =u+vi= Re" | arcsin (%) <60 < m—arcsin (%)}

is a positive arc. This is depicted as the upper part in Figure 3.18.
Since g(w) has no singularities on C* and inside of it, by the
Cauchy-Goursat Theorem, 3.5.3, we have

f g(w) dw = 0.
Cc+
As in Example 3.7.43, with < 0, we find

li dw =
and so we get

oco+1is M+is ()
P.V. g(w)dw = lim g(w) dw = / g(w) dw = 0.
—ocotis M—=oo J_ar4is

— 00
So, in S we get y(x) = 0 for all x < 0, which is a trivial solution for
Bessel’s equation. So, in this case, we do not obtain anything interesting.
Case (2): > 0. We pick any 0 < r < 1, M and R as before, and
we consider the contour

C™ =[-M+si,M +si]+ PAy + [R, 1 +7]” + S
+l—r =147+ A +[-1+n1—r]T+ T+ [1+rR|" + AL,

depicted as the lower part in Figure 3.18.
So, [—M + si, M + si] is a positive horizontal segment as before. The
arcs are:

PA}}:{w:u—l—m':Rei9|arcsin(%)26‘>0},
sz{z:1+rei9|0<9<7r},
Af={z=-1+re" | 0<0<2r},
TFr={s=1+r" |7 <0<2n},
Ap={z=Re" 0> 0>~ —arcsin (=) }.
Rze|>>7raer1nM
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Y

C-‘r

—M +is

FIGURE 3.18: Contour for Application

The negative segments [R,1+ 7]~ and [1 —r,—1+ r]” are ap-
proached by staying in the upper half plane, whereas the pos-
itive segments [—1 +r,1 —r|* and [1 +r, R|" are approached by
staying in the lower half plane.

Then, working as in Examples 3.7.13 and 3.7.43, with x > 0, we
find the following:

(1) / g(w)dw — 0, as R — co.
PA;

R

(2) / g(w)dw — 0, as R — oo.
AR

Keeping track with the correct arguments, we find
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for any 0 < r < 1 and R > 1. This is so because in the intersection of
both branch cuts, (1,00), the function g(w) is continuous and therefore
holomorphic. Since [R,1 + r] and [1 4+ 7, R] are opposite segments the
two partial line integrals cancel each other.

We now prove:

(4) / g(w)dw — 0, as r—0.
At

We have 0 < r < 1 and

efiww
w) dw = —dw
/Aig( ) /A:’m

with w =re®® +1 € AF and 0 < § < 2. So,
dw =red) = |dw| = rdb.

efiww — efiw[lJrrcos(O)Jrisin(G)] ‘efiww| _ emrsin(@)'

wr—1=r2e? 4 2re y1-1=7 (reQw + 2ew) .
So,
|w2 - 1| =r |T‘€2i0 + Qeie‘ > rH?eie‘ - ‘rezmH =r2—r).

Putting these pieces together, we get
27 e sin(e)rda B

g(w) dw| < / g(w)|dw < —_— =

[ o] < [ lotwiaw < [t
27 ewrsin(G)\/Fdo
0o VT

(by the uniform or the bounded convergence), which implies what we

wanted to prove.
In the same way, we prove the next two limits:

27
—>/ 0df =0, asr—0
0

(5) / g(w)dw — 0, as r—0.
Chy

(6) / glw)dw — 0, as r—0.
T

Now, we compute the integrals over the segments [1 —r, —1 + 7] and
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[-1+4 7,1+ r]. We must consider the appropriate arguments in either
one. So, w =t + 07, and we have

(7) /MHT] g(w) dw =

1+r -1 —i[Arg(w—l)+AI'g(w+1)]
/ 7111& |t2 1| 2 ¢ 3 dt =
1—r
—1+r )
1 —i(m47
/ [cos(at) — i sin(zt)] ———e T g =
1—r |t2 — 1|
/ " cos(xt) (—l)dt:/lr cos(zt) PN
1—r Vv 1-— tQ —14r 1-— tQ
1
cos(zt)
dt, as r—0
~/71 V1—1t2

(the sine integral is zero by the oddity of sine).
Similarly, on the interval [—1+ 7,1 + r|, we get

® f g(w) dw =
[—147,1—7]
/1—7’ 1 —i[Arg(w—1)+AI‘g(w+1)]

e_”t|t2—1| 2 e 2 dt =
—1+7r

1—r
1 —i(2n42m
/ fcos(at) — i sin(at)] e =252 gy

. V1]

1= cos(xt) 1= cos(xt)
[14—7’ \Y 1-— tz( ) —14r V 1- t2

1
cos(xt)
dt, asr—0
/4 V1—1t2

(the sine integral is zero by the oddity of sine).
Next, since

we find that for all M > 1,

M+1is 1
cos(xt)
g(w) dw + 2/ dt = 0.
»/—M—H's (w) —1V1—¢?
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So,

M+1is

P.V./g(w) dw = lim g(w) dw =
M=o0 J_Myis

cortis L cos(zt)
dw = —2 dt.
[oo+is g(w) v [1 \Y% 1 — t2

Therefore, up to a multiplicative constant, the solution of the above
Bessel’s differential equation in integral form is

1
y(x) :/ cos(at) dt, for all z > 0.
1 V1 —1t2

Notice that limoy(x) = [arcsin(t)]il = m, since limit and integral com-
Tr—r

mute by, e.g., Part I of Theorem 2.2.1 or Theorem 2.3.4.

(ITI) The work in the strip Sy is analogous. By choosing the correct
contours and cases, we find

y(x) =0, forall x>0

and

1
cos(xt)
x) = dt, forall z <O0.
y(x) [1 3

Notice again that lir%y(x) = 7. So, we can continuously set y(0) = 7.
T—

Regardless of how many conditions on taking the Fourier transform
and applying the inversion formula were kept or violated, the solution
found satisfies the differential equation (3.39). We can verify this by
plugging the integral found into the equation and then differentiating
under the integral sign is legitimate, by Part II of Theorem 2.2.1.
Indeed,

/1 [—xtz cos(zt) tcos(xt) N cos(a:t)]dt:

Vi Viie Viie
S /1 d [\/ 1-—1¢2 sin(xt)} dt = {\/ 1-—1¢2 sin(a:t)] 1_1 =0.

Ly dt

-1

Since Jo(0) = 1 and y(0) = «, by (I) and (II), we finally have that
the integral representation of Jy(x) is

1 ' cos(xt)
Jo(z) = ;[1 mdt, for all z € R.
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By the change of variables ¢ = sin(¢), we obtain another integral
representation

w3

Jo(z) = 1 /: cos[zsin(¢)] dop = 2 /05 cos|x sin(¢)] dop =

s s

us
2

l/ coszsin(¢)] dg, for all x € R.
0

™

(See also Problem 3.7.85.)

Problems

3.7.63 Using all results and examples of this section, find the values of
the following four Fourier type integrals:

° 10z cos(25z) °° 10« sin(25x)
() /_Oo 21100 9© (b) /_Oo Zri0 W
°° 10 cos(25z) /°° 10sin(25x)
——d d —=d
() /_oo 221100 0 @ | —=r100 ®

3.7.64 (a) For R > 0, consider the contour C* = [0, R] + A}, + [Ri,0]
where A} is the arc Agp = {z = Re” | 0 < § < 7/2} traveled in the
positive direction. For any a € R, explain why

eaiz
dz = 0.
y{z—l—l N

C+

(b) Expand the equality in (a), and then for o > 0 take the limit as
R — oo to prove that

(a) /OOO sin(ax) dr — /OOO sin(z) dr —

x+1 T+«

oo e—az o0
——dr=a«a e~ “*arctan(z) dx.
/0 2+ 1 /0 (z)

) / cos(ax) d:z::/ cos(x) dr —
o x+1 0 TH+a

* xe 7 « * —ax 2
/0 xz—_'_ldeE/o e *log(z* + 1) dx.

(See also Problem 2.2.29.)
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. inh
3.7.65 Prove that for any a € R, the limits of 51n(z)7 cos(z) ~sinh(z)
Z(l

3 3

z¢ z¢

h
M, as z — 00, do not exist.

Z(l

1— eZiz . .
3.7.66 Use f(z) = ——5—, the contour in Figure 3.16 and Lemma
z
3.7.3 to find
0o 1.2 0o -
. sin(2
/ o 2(3:) dr =m and P.V./ bm(2x) dx = 0.
oo X oo T

3.7.67 For a > 0, a = 0 and a < 0 constant, find the two integrals

oo elal)
- dx.
Ceo T

Then, separate real and imaginary parts to find the two correspond-
ing real integrals in all cases.
If some integrals do not exist, then find their principal values.

3.7.68 For a > 0, a = 0 and a < 0 constant, find the integral

o0 elal)
o @ F D)@ 20)
Then, separate real and imaginary parts to find the two correspond-

ing real integrals in all cases.
If some integrals do not exist, then find their principal values.

3.7.69 Prove that V a > 0 and V b > 0, we have

/oo cos(az) — cos(bx) do = —m(a —b).

2

— 00

(See also Problem 2.2.16 and the relative part of Example
3.7.34.)

3.7.70 Prove that the integral

/ xsin(x) i
oo T 222 + 2

exists and then evaluate it by computing its principal value.
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3.7.71 Find the principal values

211 311
(a) P.V. / dr P.V. / dx
r—1"
31Idx e o] 6_2md$
p. P.V. _—
() v/ () V/_Oox3+1’
31z —51z
(e) P.V. / dz P.V. / dg”.
3 4+1

3.7.72 Find the formula for the Fourier type integral
.°] xm ezar
/ prrmr
oo XXM+ b
with @ € R and b > 0 constants and m, n integers satisfying 2n > m+1.
Then, separate real and imaginary parts to find two real integrals.

Check the hypotheses of the inversion Theorem, 3.7.6, and apply
it appropriately.

3.7.73 If a > 0 and p constants, compute the Fourier type integral
[ SI
/ sin(ax) i g
oo T

3.7.74 Use the techniques of this section, like in Example 3.7.34 along
with appropriate adjustments, and trigonometric identities such as:

4sin®(z) = 3sin(z)—sin(3z), 8sin'(zr) = 3—4cos(2z)+cos(4x), etc.,

to compute the following ten integrals:

oo .3
(1) / s k(x) de  with k=1, 2,
X

—0o0

00 .4
(2) / S b with  1=1, 2, 3,

!

— 00

00 13
(3) / S0 e with k=1, 2,
0

oo .4
(4) / s l(x) dr  with =1, 2, 3.
O ./,E

(Compare with Problems 2.2.33 and 2.5.14 and the answers pro-
vided there.)
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3.7.75 Apply the Parseval equation separately and the general Par-
seval equation jointly to the Fourier transforms found in Examples
3.7.31 and 3.7.32 to find three new integrals.

Find also these integrals by differentiating with respect to b the

known integral
/OO 1 d T
—  dr=—
oo X212 b

and manipulating the result. Use the differentiation part of Theorem
2.2.1 to justify that this differentiation is legitimate.

°  sin(wx)
————dx = 2.
/,Oo x(1 — a?) dv =2m

3.7.76 Prove

3.7.77 Use Problem 3.7.24 to prove that for any a # 0 real constant

3.7.78 Find the Fourier transforms of the following functions in R, or
explain if they do not exist:

file) = folw) =
3 2

fs(w) = (xzi 7 falw) = e

fs(x) =e" fo(z) = ze™*.

Check and apply the inversion Theorem, 3.7.6, to f3(z) and fi(z).

[Hint: For the last three functions, you cannot use Lemma 3.7.6, since
the condition lim f(z) = 0 is not satisfied. Explain why!
Z—r00

In the last three questions, you must directly use
/ f(z)e™dr = / f(x) [cos(tz) + isin(tz)] dz
/ f(x) cos(tx) dx+z/ f(x) sin(tz) dx

and compute the two integrals in any possible way, or use already com-
puted integrals, or the evenness and/or the oddity of certain functions.
See Problem 3.7.24 for the cosine integral of the even function fy(x),
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whereas its sine integral is automatically zero (by the oddity). Justify
why the Fourier transforms of f5(x) and fs(z) do not exist.]

3.7.79 Let f(x) = Xjap)(2), the characteristic function of an interval
[a,b] (a < b, reals), and similarly g(z) = x[¢,q(z). Prove

(f * g)(x) = max {0, min{d, z —a} —max{c, v —d} }.

3.7.80 If )
—_—, if x € [-1,0) U (0,1]
fz) = Vil
0, otherwise,

find explicitly (f * f)(x) for z € R.

[Hint: Consider separate cases: —oo < z < —2, -2 < x < —1,
—-1<z<0, z=0, 0<z<1, 1<zx<2, 2<z<oo. Inthetwo
extreme cases, the answer is 0. For z = 0, (f % f)(0) = oo, etc.]

3.7.81 Let f and g : R — R be two absolutely integrable functions.
Prove:

(a) If g is continuous, then f x g is continuous.

(b) If g is differentiable and ¢’ is absolutely integrable, then f x g is
differentiable.

(Of course, the conditions on f and g can be switched without chang-
ing the results on f *g.)

3.7.82 Let f : R — R be an absolutely integrable function, and let
function g : R — R be bounded. Prove that f * g is bounded. In fact,
using the norm notation of Problem 2.6.42, prove

1f # glloo < [1F1l1 - llglloo-

Can you find the conditions under which this inequality holds as
equality?

[Hint: For the last question, g is constant and f does not change sign.]

3.7.83 Let f : R — R be an absolutely integrable function, and let
function g : R — R be square integrable. Prove that f % g is square
integrable. In fact, using the norm notation of Problem 2.6.42, prove

1f# glla < 1£1lx - llgll2-
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Prove that this inequality holds as equality iff either f =0 of g = 0.

[Hint: Go through the following computation, justify each step and draw
the conclusion:

i1 [/ =) |g<u>|2da:] du =
91 [|g<u>|2 /| |f<x—u>|dx} du =

T

170160 | oGl = 1712 - gl

Ry

A 1
3.7.84 Cousider the function f(w) = PR, with w =t + is to be the

Fourier transform of some functions. Notice that its singularities are the
simple poles wg =2, w1 = —1 + V3i and wy = —1 — V/3i.

Consider the four horizontal strips: (1) s < —v/3, (2) —v3 <5 <0,
(3) 0 < s < V3 and (4) V3 < s, in C, and on each one find the corre-
sponding inverse Fourier transform by applying the inversion formula
(3.36).

[Hint: Imitate Example 3.7.43. Use appropriate contours, as here we
have three poles, one of which is on the real axis.]

3.7.85 Consider Bessel’s equation (3.39) as in the application above.
To find an integral representation of its solution, this time choose the
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branch cuts
C—-[+1,40) for vw—-1 and C-[-1,—00) for vVw+1

and a contour similar, but not exactly the same, to Contour 8 in Figure
3.12 of the practice Problem 3.7.21.

Show that these choices do not produce a representation. Can you
give reasons why?

3.7.86 Consider Bessel’s differential equation with imaginary argument
of order 0, (3.35),
d*>u  du
x@ + i zu = 0.
Prove that the Fourier transform with complex argument w =t + is of

its solution is .

=TT

up to a multiplicative constant.
Notice that w = —i and w = 7 are singular points. Then, use appro-
priate branch cuts and contours in the infinite horizontal strips

Si={w=t+si|co<t<oo and —o0o<s<-—1},

So={w=t+si|oo<t<oo and —-1<s<1}

and
Ss={w=t+si|oo<t<oo and 1<s<oo}

to find integral representations of the solution of this differential equa-
tion (the Bessel function with imaginary argument of order 0), up to a
(complex) multiplicative constant.

3.7.9 Improper Integrals and Logarithms
We begin with the following:

Example 3.7.44 [Compare with Problems 2.1.19 (a) and 3.7.90.]

Prove: o 1
/ ﬁ dxr = 0.
o x*+1

We consider the complex function
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This function has non-isolated singularities along a chosen branch cut of
the complex log(z) and isolated singularities at the two roots z = +i of
the denominator.

We choose as the branch cut the ray of the non-positive imaginary

semi-axis {yei%ﬂ |y > 0} = {—yi | y > 0} and define the open domain

3

D=C—{ye'™ | y>0} =C—{yi|y=0}=C—{yi| y <0}.

Then, f(z) is holomorphic in D — {i}, and for any z = re® € D we
have

log(z)zlog(rew) =In ( )+Z€ with —5 <0< 3771—

Next, we must choose a convenient simple closed piecewise differen-
tiable contour in C that avoids {yei%r |y > 0} = {-yi|y >0} and
z = 4. Then, we pick numbers r and R such that 0 <r <1 < R < o0,
and we let

Ct=[r,Rl+ S} +[-R,—1]+ S,
where S} is the upper half of C(0, R), positively oriented, and S, is
the upper half of C(0, r), negatively oriented. This contour lies in D and
encloses the isolated singularity z = i in its interior. See Figure 3.19.

Then,

In(1 i 1
Resf() = 50 = M = ]

and by the Residue Theorem, 3.7.1, we get

ff(z)dzz
/f dz+/f )dz + / f(z dz+/f dz—2m—:—

[r,R] [-R,—7]
N . zlog(2)
Since lim [zf(2)] = lim — = 0 (for the proof of this easy fact,
Z—00 z—o00 22441
see Problem 3.7.87), by Lemma 3.7.1 we have that
Sk

Also,

tiy [ £()dz =
s;
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Sk

- ———— = =

FIGURE 3.19: Contour 13 for Example 3.7.44

as it is seen by

0 log (re'? 0 In(r) +i0 .
/f dz-‘/ T26219+1re do e

< —_— df =
- A T26219 + 12
ln )+ 92 1n )+ 7r2
|r26219 + 1| / 12
In®(r) + 72
=X __ _  r7—0, as r—0".
1—r2
Therefore,
—r R 7T2
lim f(z)dz + lim f(z)dz= —1.
r—0t J_p r—0t /. 2
R—o R—o0

Since the complex argument along the negative real semi-axis is 7
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and along the positive real semi-axis is 0, we find

0 . [e%e) 2
/ In(|z|) + im da:—l—/ In(x) dee ™4
0

2241 22+1 " 2

— 00

* In(x) L ¥ 2
P d de = .
/0 2+ 1 x+/_mx2+1 T

This answer is purely imaginary. Therefore, its real part is zero. So,
we obtain the result

Then,

As for the equality of the imaginary parts, this yields

0 : 2 0
T us 1 T
———dx = —1i, or / ———dr =,
/, o T2+ 1 2 oo 241 2
which is also obtained by a direct elementary computation and use of

arctan(zx).
A

Remark 1: The given integral exists to begin with [see Problem
2.1.19, (a)]. Therefore, here we have evaluated its value by means of its
principal value.

Remark 2: Using the above integral, for any constants a > 0 and
b > 0, we find that

*° In(ax) _ mln(ab)
/0 x? + b2 de = 2b
[We first set z = bu and so dx = b du, then we use In(abu) = In(ab) +

In(u), the result of this example and arctan(u).]
(See also Problem 3.7.90.)

Example 3.7.45 As we have seen in Problem 2.1.19 (b) [see also
Problem 3.7.89 (a) below],

7 In(2) °° In(x) /1 —In(x)
- — dr = d 1.
TR </1 24107 )y @ T

Here, we will evaluate this integral as a series of real numbers. We
use integration by parts and get

/01 ;;rf:l) dr = /01 —In(z) darctan(z) = [— In(z) arctan(ﬂi)]é +

1 1 1
/ arctan(x) do = (=0 +0) + / arctan(x) dr — / arctan(x) .
0 0

T 0 x x
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o 2n+1
Since arctan(x) = E (—1)"; T for all =1 < = < 1, after inte-
n

n=0

grating term by term, we have

—In(x
/0 332—|—1 / a 2n+1 Z 2n+1)

[Since the last series converges (absolutely), by Abel’s Lemma (see
footnote of Example 3.7.23) this equality is correct.]
Finally,

* In(x) B U —In(z) R n 1 B
[ mre= ) Er = S G

n=0

(by the absolute convergence of this series)

I I A% D I W N U U
12 32 52 72 92 112 T

o0

2n+1
8 = G = 0.915965594 . ..
nz:% (4n 4+ 1)2(4n + 3)2 ’

where with the symbol G we denote the so-called Catalan?® con-
stant.? (See also Problem 3.7.93.)
A

Example 3.7.46 As we work in Examples 3.7.8 and 3.7.44, espe-
cially Case (b) of Example 3.7.8, with —1 < a < 0, using the contour
of the latter and making the necessary adjustments of the arguments in
the presence of the complex log, we find the important result:

oo Lo
Va: -1<a<0, / 2% In(z) dx = 7 cot(ar) csc(am).
o T+1
[Look at both examples once more and make the necessary modifica-
tions to derive this result. Also, this result can be obtained by taking
the derivative with respect to a of the integral computed in Example
3.7.8, Case (b). Look at this fundamental integral again, justify that
this differentiation is legitimate and obtain the result here in this wayl]

Notice that this integral is —oo when a@ < —1 and +o00 when a > 0.
(Prove this! See Problem 3.7.94.)

29Bugene Charles Catalan, French-Belgian mathematician, 1814-1894.

30The Catalan constant appears in many applications from combinatorics, to
number theory, to integrals, etc. It can be found in several integral representations
besides the ones developed in the above example. See Problem 3.7.93.
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From this result, we obtain the following more general result:
1
For all real numbers q and r # 0 satisfying the inequality 0 < at? <1,
r

we have

9l 1 1 1
/ 2 In(z) dx = —sign(r) — 72 cot gt ) ese (27
o " +1 2 r T

This follows by letting v = " and working it out. (See also Problems
3.7.94 and 3.7.96 for more variations.)

A
Example 3.7.47 (Compare with Problem 2.1.16.) Prove

27
/ 1n|1 —ew| df = 0.
0

Then, conclude

W [l (2)] = -2

(b) /07T In [sin(u)] du = —7 In(2).

We consider the holomorphic branch of the complex log(z)

and

Log : C—{z+0i |z <0} — R+i(—m,n).

So, if _
z=re", with 0# 7 (mod2n),

we define
Log(z) = In(r) + 10, with —7<6<m.

Therefore, the composite function
h(z) = Log(1 — z) = Log(1l — = — iy)
is holomorphic in the domain
C—{z|1-2<0}=C—{z]|z>1}

That is, for A(z) the branch cut has been translated from z = 0tox =1
along the positive z-axis.
In this domain, we have

Reh(z)=In|1 —z| and —7<Imh(z)<m.
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Also,
h(0)=In(1)+0i=040¢=0.

So, for every 0 < e < 1, we can write h(z) as a power series h(z) =

h
a1z + azz? + azz® + ... in D(0,¢). Thus, ﬁ =a + az + a3z + ...
z

h
Therefore, the function ﬁ is holomorphic in D(0,€). Hence, z = 0 is

hz) h(z)

not a singularity for ——=. In fact, we can set ——= ai.
z z

|z:0 =
1
We now consider C(0,1) and C(1,r) for any 0 < r < 7 These two

. . ) . . T
circles intersect at two points €*? and e™*? for some 0 < o < 3"

FIGURE 3.20: Contour 14 for Example 3.7.47

We call I'; the part of C(0,1) outside C'(1,r) and A, the part of
C(1,r) inside C'(0,1). Then, we let our contour be C* =T’} + A~ (see
Figure 3.20), and we get

h
%—(2) dz = 0.
z

C+
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From this, we obtain

/Mdz:—/MdZ:/Mdz.

r+ A~ A+
But,

2
1 0 , o /In“(r) 4 62
S/ n(r) + rie? d9§/ 4 rdf <
o | 1—re? . |1 —re?f|
o y/In?(r) + 1—2 In?(r) + =
/ rdf < rm—0, as r— 0",
e 1—r 1—7r
Hence,
lim M dz=10
r—0+ z
T+
Finally,
27 L 1— 6 )
/ Log(1 — ) ) ieag o,
el
0
or
2T )
/ Log (1 —¢™) df = 0.
0
So,

2m 2m
/ 1n|1—ei9|d9+z'/ arg(l—eie) dg =0,
0 0

and therefore

27 2
/ In|l—e“|df =0, and / arg (1 —¢") df = 0.
0 0

But,

[N

|1—e"| = |1 — cos(f) —isin(0)| = {[1 — cos(0))” + sin2(0)} =

‘2sin<g>‘:2sin<g), vV 0<6< 27,
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2 A
/ In [2 sin <—)] df = 0.
O 2

[T (§)] a0 = [ man = -2e1mea
0
2

and by substituting u =

and so we find

Then,

we obtain the final result

/ In [sin(u)] du = —7 In(2).

0

Remark: In this example, we have also proved that

2m
/ arg (1 — ew) dg = 0.
0

(Prove this result directly as a problem!)

Problems

1 k
3.7.87 Consider g(2) = ;g +(Zl)

R > 0 we consider C'(0, R), the circumference of the circle with center
the origin and radius R. Prove

, where k > 0, real constant. For every

li =0 and i = 0.
Jim Lencl?ng)lzg(Z)l] and  lim [zg(2)]

3.7.88 Use the appropriate result obtained in this section to prove that

/2 . /2 T
/0 In[sin(u)] du = /0 In[cos(u)] du = ) In(2).

(See also Problem 2.1.16.)

3.7.89 (a) Prove that for any n =0, 1, 2, ... non-negative integer

Pt % (D" ()"
/0 $2+1da:—/1 o] dzx.
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(b) Prove that for any n =1, 3, 5, ... odd positive integer

0

2 +1

(c) Prove that for any n =0, 2, 4, ... even non-negative integer
% My ()™ 1 1 n 1 n
[l [P, [ i),
g x2+1 0 2241 1 z?2+1

3.7.90 Manipulate the result proven in Example 3.7.44 to prove

V a>0, b>0 and ¢>0 / _Infex) —l1n<bc).
0

b2 + (ax)? 7 2a a

(See also Problems 3.1.19 and 2.1.24.)
3.7.91 Prove

Then, use the substitution x = e* to find

oo u2 o 7T3
——du = Zsech(u) du = —.
/_OO cosh () u / u® sech(u) du 7

— 0o

1
Also, use = — to prove
u

1 2 00 2 3
/ In“(x) de :/ In“(x) dee ™
0 1

1+ 22

3.7.92 Prove > l(x)
n(x T
—— —dr = ——.
/0 1+a22 ™~ 71
(See also Problem 2.1.22.)

3.7.93 In Example 3.7.45, we have introduced the following three
integral representations of the Catalan constant:

0 1 _ 1
G In(x) da::/ 211[1(3:) dx:/ arctan(z) de.
o r¢+1 0 T
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Using appropriate changes of variables and manipulations, verify the
following additional five integral representations of G:

Y A Tt
= _— = t
n /0 /0 T+ a2y 92 /0 sin(t) cos(t)

and g5:/ arctan (e*t) dt.
0

3.7.94 (a) Prove that the integral

/ x*In(x) dr.
o x+1

in Example 3.7.46, is —oo when o < —1 and 400 when o > 0.

(b) Prove that the result of Example 3.7.46 can be rewritten as

oo ,.B—
/0 %inl(x) dx = —7? cot(Bn) cse(Br)

with 0 < B8 < 1.

(c) Prove that this result can also be written as
oo 2
/ In(z) dr = — <E> cot <E> csc <E) ,
o 741 v v v

with v > 1.
3.7.95 Compute the integrals:

> ] > Jxl
n= / n@) g, L [ YEmE)
o l+4at o l+4at
o] 5/21 o] 721
13:/ @ n(z) 14:/ (@)
0 1+$4 0 1+x 2
—21 © —2/3]
:/ n(z 16:/ v @)
1+x6 0 1+x
> In(z < 23 1In(x)
= I = d .
/ 1+a:5 8 /0 T+ &
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3.7.96 Compute the integrals:

* (52)~1 In(6z) /°° (52)* In(62)
L=[| Z————4g L=| ~——"4
L /0 z+8 27 ), (ToE+9
°  In(10x) /°° 23 1n(10z)
L=| ——_4d Li= [ ———da
3 /0 100 + (52)2 * 17, 64+ (208"

(See also Example 3.7.46.)

3.7.97 Consider the following six integrals:

7 _/°° dx _27r\/§
T2+l 3 ’
I /0 da _ 4mv3 I /°° da _2mV/3
TP ra+1 9 S Y AR SR | 9 ’

o dx 0 dx o dx
* /,Oogﬂ—x—i—l’ ° /,OOxQ—x—i—l’ 6 /0 2 —z+1

(a) Compute all of them by using calculus.

[Hint: Observe that

2
1\2
a:zj:a:+1:<x:|:§> —I—(?),

and then for any b > 0 we have

1 1 rT+a
/mdﬂf—g&ﬂ:t&ﬂ( b )+C]

(b) Now, compute all of them by using contour integration.

1
[Hint: For the first integral, use the complex function f(z) = o
1 1
For the second integral, use g(z) = % or h(z) = %,

m 3T
whichever is more convenient, with branch cut —3 < arg(z) < 5 or

another one that you may find more convenient. You may choose contour:
Ct =[-R,—6]+S; +[0,R] + Si; for 0 < § < R chosen appropriately
and then let § — 0 and R — oo, etc. do similar work for the remaining
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integrals.]

3.7.98 Compute the six integrals

/we/id/Oe/Ed“’e/E

d
w2t +1 “ w2 +1 “ 0 T2xr+1 “

by using contour integration. (Just calculus does not seem to work here!)

[Hint: Consider the complex function

et 1og(2) et log(2)

& =mmrr @ =m0

3
with branch cut —g < arg(z) < g or another one that you may find

more convenient. You may choose contour:
Ct=[-R,-8+S; +[6 R+ St

for 0 < 6 < R chosen appropriately and then let § — 0% and R — oo.
For example,

Qidx:_ﬂsm(q.
0o T24+ax+1 3 9

(See also Example 3.7.15 for another method.)]

3.7.99 Observe that 2% + 2% + 2 + 1 = (22 + 1)(x + 1). Then:

e dx .
(a) Prove / ——— —— does not exist.
ottt +1

[Hint: Examine the singularity at z = —1, located on the z-axis, and
show that the integral has the form oo — oo around it.]

dzr

° T
b) P P.V. —_—— = —.
(b) Prove V/_Ooa:3+x2+x+1 2

[Hint: Use Theorem 3.7.4.]

o d
(¢) Compute / S (: Z) .
0o x3+at+z+1 4



572 Improper Riemann Integrals

[Hint: As in Problem 3.7.97, consider the complex function

log(2) _ log(2)
B+224+2+1  (z4+9)(z—0)(z+1)

f(z) =

or use partial fractions for

and calculus.]

3.7.100 Notice (2° — 1) = (z — 1)(2* + 23 + 2% + 2 + 1) and compute
the integrals:

(a) /Oo de —4—7rsin n
R I ] 5/
o dx
b
(b) /0 gt tad a2+l

© [ ©
c :
o Tt a3+ a2+ +1

[Hint: For (b) and (c), work as in the previous problem or Problem
3.7.97. Here, it is easier to work with the appropriate complex functions
and the complex fifth roots of unity.]

3.7.101 For any a real constant, find the principal values or explain if
they do not exist:

P.V./ erdr PV/ du.

0o ln|x| 1n|;1’|

3.7.10 Application to Inverse Laplace Transform

As We have seen in Section 2.7, on the classes of the absolutely>!
or square®? integrable or of exponential order functions y = f(z), with

31 f(x) is absolutely integrable if [*°_|f(z)|dz < occ.
32 f(z) is square integrable if [ _|f(z)|?dz < co.
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x € [0,00) or x € (0,00), we define the Laplace transform of f(z) by the
improper integral

F(s) = L{f(2)}(s) = / e f(a)d,

for all s for which it exists.
Under these conditions, there is a real constant ¢ such that

F(s) = L{f(x)}(s), exists for all s> c,

and, as proven in Problems 2.7.5 and 2.7.6,

lim £{f(x)}(s) = 0

S§—00

and the convergence is uniform.

In the context here, we replace the real variable s with the complex
variable ¢ = s+ 7, and thus we consider the complex function F(({) for
which we require the necessary condition

Jim L{f()}() =0,

where 0o, in this context, is the complex infinity.

If we assume that e“* f () is absolutely or square integrable for some
real constant c, then as we have seen in Subsection 3.7.8, properties
(1) and (4), e~ ** f(z) is absolutely integrable for all s such that ¢ < s <
oo and F(¢) is holomorphic in the infinite horizontal strip ¢ < s < oo.
Now, we state:

Theorem 3.7.7 (Mellin-Bromwich Inversion Theorem) We con-
sider a continuous function y = f(x) where x € [0,00) or x € (0,00)
such that e~ f(x) is absolutely or square integrable for some real con-
stant ¢, and so its Laplace transform

F(9) = L)) = [ e fwp
exists for all s > ¢ (or ¢ >0).

We consider the complezr function w = F((), where ( = s + i1, and
we require that F(C) satisfies the necessary condition

Jim L{f()}() =0,

where oo is the complex infinity.
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Then, for any v > ¢

vy+ico

P.V. / e*CF(¢)dC (3.40)
y—1i00

is independent of the constant v > ¢, and if it exists for one choice of v,

then for any v > ¢ we have

1 Y+iR
f(z) =LY {F(s)} () = — lim / " F(¢)d¢ = (3.41)

271 R—oo _R

1 vy+ico 1 o) ‘
e A B o O =
v — 00

2m oo m

In applications w = F'(¢) is given &-priori, i.e., before y = f(z), in or-
der to retrieve y = f(x) from w = F(¢). Under the above conditions, the
limit in (3.41) exists and is independent of . This complex integral for-
mula is called the Mellin-Bromwich?®? inversion integral formula
for the Laplace transform. If the function y = f(z) is not continuous
at all points, the formula still works at all points at which y = f(z) is
continuous. For the existence of the principal value in equation (3.40),
see, e.g., condition (3.) of the next Theorem, 3.7.8, and the remark
that follows it.

Proof As we have seen, if e=*? f(z) is absolutely integrable for all s such
that ¢ < s < oo, then F'(¢) is holomorphic in the infinite horizontal strip
¢ < § < 00. [See Subsection 3.7.8, property (4).]

If for a choice of v > ¢ the

Yy1+i0c0
P.V. e" F(¢)dC

Y1 —1%00

exists, then it exists for all v > ¢ and is independent of . Indeed, for
any vo > 1 > ¢ (or y1 > 72 > ¢) and any R > 0, we have

7{ e*CF(¢)d¢ =0,
C+
where the path Ct is the positively oriented parallelogram

C*t =[y2 — iR, 2 + iR] + [y2 + iR, 71 + iR]+
[y1 + iR,y — iR] + [y1 — iR, 72 — iR].

33Thomas John I’Anson Bromwich, English mathematician, 1875-1929.
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[Since on C* and in the interior of C* the function ¢ F(¢) is holomor-
phic, the Cauchy-Goursat Theorem, 3.5.3, applies.]
Then, we let R — oo and eventually get

PV, / " e p()de = P, / T Ry,
v

1—1900 Y2 —i00

since by the condition
lim £{f(z)}(¢) = lim F(¢) =0
{—o0 {—o0

the limits of the integrals along the two finite horizontal segments [y, +
iR,v1+iR] and [y1 — iR, y2 — iR] (of constant length |y —~2|) are zero,
as R — oo. (Work out the details, as an easy exercisel!)

We have defined

F(Q) = /OOO e f(x)dw = /OOO e~ HNT £ (1) dx, where ¢ = s+ iT.

[So, 7 = 0 implies F(s) = L{f(z)}(s).] Then, with f(z) =0 for x < 0, or
x < 0, the Fourier transform of y = f(z), defined by equation (3.27),
is

R A L A O ]

Therefore, for > 0 or x > 0 and for any s = v > ¢, by the
inversion formula (3.36) for the Fourier transform with complex
argument, we obtain

R+
fz) = 5 lim / " i p(igc,

27‘( R—o0 Retiry

where the integral takes place on the horizontal line (—oco+1iv, +00+1i7).
We make the change of variables z = —i¢ and so d( = —dz = idz.
—1i

Also, since multiplication by —i amounts to a clockwise rotation of ¢ by
b
angle 5 the new integral will take place on a vertical line. In fact, we

get
1 y—iR
f(z) = Py Rlim / e**F(z)idz =
T R—o0 y+iR
-1 y—iR 1 y+iR
— lim e**F(z)dz = — lim e**F(z)dz,
271 R—o0 ~+iR 271 R—o0 ~y—iR

which finishes the proof of the Theorem.
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Example 3.7.48 We illustrate the use of the inversion formula (3.41)
by verifying a known example. We can use this formula when the stated
conditions are met, the principal value involved exists and, of course,
if the formula is convenient enough to produce a result. Otherwise, we
use the theorems and the methods of the examples that follow in this

subsection.
In the table of Problem 2.7.12, Rule (1.), we have that the
Laplace transform of f(x) = a (real constant), for x > 0 or x > 0, is

F(s) = L{f(2)}(s) = /Ooo e *adr = g with s> 0.

By the inversion formula (3.41), we should have

1 *  a )
= =L YF =— P.V. — etz g
0= f(@) = £ P} @) = 5= PV. [ —clreay
for any constant v > 0, since when a # 0 the only singularity of F/({) = %

is zp = 0, and so the constant ¢ in the previous Theorem is zero.
Indeed,

Lopy. / Ot gy~ T py / YW iy gy,
2m oo Y Y 2m —oe V2P

Using the two Fourier type integrals computed in Examples 3.7.31 and
3.7.32, with v > 0 and x > 0, we find

1 by /OO _ 4ot gy —

27 feo Y+ Y
YT 0 1 . YT o0 .
e P.V./ ey — i P.V./ = —
2m ] 2m ]
NI e 0T e 2O O
o ~° g e T gty Tae

which is correct (and independent of 7).
(As we see, this verification depends on the two Fourier transforms

computed in Examples 3.7.31 and 3.7.32.)
A

Next, we state and prove an inversion theorem for the Laplace trans-
form which is not as general as the previous one, but its proof is elemen-
tary because it does not depend on the Fourier transform with complex
argument. Namely:
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Theorem 3.7.8 Given a complex function w = F((), we define
c=inf{r | r € R such that F(¢) is analytic for all ¢ with Re(¢) > r}.

Now, we assume
1. ¢ < 400.

2. lim F(¢) = 0, where co is the complex infinity.

(—o0

3. There is a constant v € R constant such that v > ¢ and

Y+ioco [e%s}
/ |F(C)|‘|dC|:/ |F(y+iy)| dy < oc.
.

—100 —o00

Then, the integral
y+ioo
P.V. / e" F(¢)d¢
¥

—100
is independent of the constant v > ¢, and

Y+iR
f(x) =L7H{EF(s)} () -1 1m/ e*CF(Q)d¢ = (3.42)

271 R

2m ico T

1 Y+ico 1 '
o PV [ e R Qi = o PV [ PG i ay,
ol —00

i.e., the limit exists, is independent of v and gives back the function f(x),
whose Laplace transform is F(s).

Remark: The three conditions of this Theorem are satisfied in
most cases of application. But, they are somewhat restrictive, and so
this Theorem is not as general as Theorem 3.7.7.

For instance, condition (3.) of this Theorem is not satisfied in

the previous example. Indeed, for F({) = %, ¢ =0 and for any v > 0,

we have

o0 —fyu o0
/ "Y‘Hy / Nak +y [oo 14 u?

u=tan(v) 2
2 —du = 2/ sec(v) dv =
/o \/1 + u? 0 (®)
[21n]sec(v) + tan(v)] ]0% = 2(c0 — 0) = 0.

1
du =

Iy

The same is true for F(() = where a > 0 constant, even

(2 +a?’
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though for any s > 0, as we have seen in Problem 2.7.12, Rule (4.),
f(x) =L {F(s)} (z) = cos(ax) with = > 0.

Now, we continue with:
Proof For the choice of v > ¢ in condition (3.), the integral

P.V. / e " F(¢)d¢
i

—100

exists because it converges absolutely. Indeed,

~y+ioco
/ %< F(Q)] 1d¢] =
;

—100
00

o0
[ Jermra i a=e [ 1pe i)y < o
— 00 — 00
Then, this integral exists for any v > ¢ and is independent of the
constant v > ¢ by conditions (1.) and (2.) and the same argument we
saw in the proof of Theorem 3.7.7.
Now, we consider any z € C such that Re(z) > ¢. Then, take any
~ such that Re(z) > v > ¢, any real R > |z — | > 0 and consider the

contour

C* =Lz +Hg,
where
Lip={z=~+iy | —R<y<R}=[y+iR,y—iR]|
is a vertical straight segment with mid-point v + ¢ 0, and
HjR:{zz’y—kRew | —m/2<6<m/2}

is the semicircle with diameter the segment LjR and located to the right

of L,JYFR. (See Figure 3.21.)
By the Cauchy integral formula (Theorem 3.5.7), we have

T EQ)
271'2 C—z ZWZ/YHR C—zd

) 4.

But,

F(¢) F|F (v +Re”)|
/deg g[ P JRds <
H+

== |y + Re' —z|

z i0
/2 MRdQ%O, as R — o0,
- R—|y—2|

2
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(ch)
Y
v+iR
e 23
O
T
® 29
+
y Lok
e 21
v —iR

FIGURE 3.21: Contour 15 for Theorem 3.7.8

since Rli_r)nwﬁ =1and CIEEOF(Q-) = 0 by hypothesis (2.). (The

argument is analogous to the proof of Lemma 3.7.1.)
Therefore, by letting R — oo, we obtain

Lo RO R
F(z) = — lim d( = — P.V. dC.
(=) L ¢ L ¢

2 R—oo J o ip (— 2 2mi tico (T2

Since Re(z — ¢) = Re(z) — Re({) = Re(z) —~ > 0, by Problem
3.7.40, we have

1 1 e
— - — / e~ (=0 g,
(=2 z2=C Jo

We switch the limits of integration to eliminate the minus (—) sign and
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obtain

F(z)= i P.V. /WHOO F(¢) [/OOO e~ (z=0)x da:] dc.
v

—100

By hypothesis (3.), we get

L :O F(Q) [ | feeer

dm] dc| =

Thus, by the Tonelli conditions (see Section 2.4), we are allowed to
switch the order of integration to find

00 o 1 ~y+ioco co
F(z)z/o e {2—7” P.V. [y_ioo F(¢)e dC] dz.

Letting
+i00
f(z) = L opv. /7 F(¢)es®dc,
vy

—100

we get

Fo = [ e @ o L)) = FG)

Therefore,

~y+ioco
f(2) = L7HF(2)}z) = — PV. / F(Q)ef™dC =

2m oo

1 > )
— P.V. / F(y + iy)e )z dy,
and the proof is finished.

Remark: This Theorem can be proven with a slightly relaxed con-
dition (2.). We can assume that there is a 7 > ¢ and there are denu-
merably many semicircles

Clr, = {CI¢=7+Ree’, 0<0<2m}, k=123,

such that lim Rx = oo and
k— o0

lim F(vy+ Rkew) =0, wuniformly on 0 <6 < 27.

k—oc0
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So, under the conditions of this Theorem or, more generally, if the
principal value of the above integral exists and is independent of v, we
obtain f(x), the inverse Laplace transform of F'(s): Le.,

fl@) = L7HF(5)} ().

We could use the inversion formula (3.41) or (3.42) to directly
recover the function y = f(z), if we are given its Laplace transform
F(s). But, the direct computation of the complex integral involved is
not very convenient, in general. (Even in the simple case of Example
3.7.48 the direct computation was rather involved.)

However, with the help of this integral formula, we obtain the fol-
lowing convenient computation of the inverse Laplace transform, which
many times can apply to cases more general than Theorem 3.7.8. For

instance, we can apply it to F(¢) = % and F(¢) = ﬁ (referred to
in the remark before the proof of Theorem 3.7.8). So, we have the
following applicable theorem:

Theorem 3.7.9 Suppose:

1. F(¢) is analytic in C — {z1, 22, 23, ... }, where {z1, 22, 23, ... } are
countably many isolated poles with real parts Re(zy) < 7,
V n=1, 2, 3,..., for some constant v € R.

2. There are denumerably many semicircles

: 3
Hij={CIC:v+Rke”, Sﬂgg}, k=1, 2, 3,..

ol 3

such that klim Ry, = 00, and they contain no poles of F(().
— 00

. 3
3. lim F(y+ Rpe') = 0 uniformly in T <6< —.
k—o00 2 2
4. The Mellin- Bromwich inversion integral formula can apply. Le.,
the principal value in it exists (and, as we have seen, is independent

of 7).
Then,

oo

f(@) = L7HF(s)}w) = 3 Res [F(Qe™],

n=1

if this sum exists.
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Remark: We note that if > CRes [F(¢)e™] exists, then it is inde-
n=1 t=%n

pendent of the constant ~, as long as all the poles of F'({) lie in the open
half plane to the left of the vertical straight line z = . (Why?)

Proof For any k € N, we consider the simple closed contour

7+ +
Cp = Lig, + Hip,

consisting of two pieces: the vertical straight segment

Ligfz=7+iy | — Ry <y<Ry}=[y—iRy,y+iRyl,
with mid-point v + {0, and the semicircle
o T 37
H'-)"’_Rk :{<|<:7+Rk69, 3 <6< 7}7

with diameter the straight segment [y — iRy, v+ iR] and located to the
left of it. (See Figure 3.22.)

Then, for any given z > 0 fixed, we evaluate the line integral of
F(¢)e*¢ along C; and take its limit as k — oo. Notice that the set of
poles of F(¢) is equal to the set of poles of F(¢)e*S. So, if we let Aj, be
the set of all poles of F({) in the interior of the contour C}f, then by
the Residue Theorem, 3.7.1, we have

o [ F(Oertac =

211

c+

1 1

— [ F(Q)e™d¢+ — | F(¢)e™Sd¢ = Res [F(¢)e™].

o | FOetac o [ POt > Res [F(Oe]
Lia, Hip, #€4k

In the limit, as k — oo, we get

o0

lim Res [F(()e™] = Res [F(¢)e™],

k— = =2n
ooe (== n:lcz

and by condition (4.) and equation (3.41) or (3.42), we obtain

li ! e — Ly T I

i s [ FOtde= g [ RQe =
Lig,

— lim T F({)e*td¢ = L opy / e F(¢)e*Sd¢ =

276 R—oo )y iR, 2m y—ico

% P.V. /_O; F(v+ iy)ez('y’Liy)dy =L HF(s)}(z) = f(a).
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(C)
)
////,————* 7/+_i}%k
° H’j_Rk L)
e 23 Liék
A
O 2
X
® 29
e 21
\\\\\_~__* W/A’i}%k

FIGURE 3.22: Contour 16 for Theorem 3.7.9

To finish the proof of the Theorem, we must show

lim F(¢)e™d¢ = 0.

k—o0

+
I{ka

We have

3m/2 ) ] ]
/ F(¢)e*Sd¢ :/ " (v Ree 9>F(7+Rkew) Ry ie”do.
/2

A
Hi,

We let
Mg, = Maximum |F(¢)|.
CEHTR,
By hypothesis (3.),
lim Mg, = 0.
k—o00
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For ( = v+ Rye' € HJp , we have |d(| = |0 + Ryie?df| = Ry.df

and |61C| — ez(’H-RkeiG) — ez'yemRk cos(e). Hence, we obtain
[ P <
Hip,
37/2
/ [F(Q)] |e°] 1d¢] < €7 Mg, Ry / o7 B cos(0) g
w/2
Hip

By using the substitution 6 = ¢ + g and Jordan’s Lemma, 3.7.4,
we find that for any z > 0

o/ xRy, cos(0) _ " —x Ry, sin(¢) m
e df = e dp < —.
/2 0 Ryx

So, by the two previous relations, we obtain the inequality

e Mg,

/ F(¢)e™d¢| <

+
Hig

Since lim Mp, = 0, we get that for any z > 0
k—o0

lim / F(¢)e™d¢| =0 equivalent to  lim F(¢)e™d¢ = 0.

k—o00 k—o0

+ +
H’YRk H’YR;C

This proves what we wanted, and the Theorem follows.

Examples

Example 3.7.49 Let us apply the result of this Theorem to Rule (5.)
in the table of Problem 2.7.12, which generalizes Example 3.7.48
in which f(x) was constant.

We have the function f(z) = 2™, forx >0and n =0, 1, 2, ... (if
n =0, then 2° = 1). Then,

Fo) = LN = [ a"e e = T with s>0,
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and so |
n! .
F(¢) = T with (e C.

This has only one pole of order n + 1 at { = 0.
Since

| X kk e (3 1
wc N G nlx
F(Q)e™ = (nt > K Kl ik
k=0 k=0

1
for k = n, we find the coefficient of Z, or

nlx™
Res [F(¢)e™] = =z",
gfg [ (Qe } n! *
So, by the previous Theorem, for xt > 0and n =20, 1, 2, ..., we

have
n!

CHEO) @) = £ S | @) = Fo) =

We observe that this method is much faster than directly computing
the integral (3.41) or (3.42), even when n = 0, as we did in Example
3.7.48.

A
Example 3.7.50 Find the function y = f(z) if we are given that

F(s) = LU @)}6) =

F(s) obviously satisfies the three conditions of Theorem 3.7.8, so
we can apply the inversion integral formula (3.42), or more effi-
ciently the result of Theorem 3.7.9.

The singularities of the function
18e¢
CFC) = mrm
are the third roots of —27, which are simple isolated poles. These are

C(142k)m
L

2z = 3e , for k=01, 2
or 5 5
z0:§(1—|—\/§i), 21 = —3, zzzi(l—\/gi).
Using

18e*¢ 18e*¢

ez{ — =
F(¢) 3427 (<_ZO)(<—z1)(§—22)7
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we find that the residues of e”* F'(¢) at these poles are, respectively,

—(1 +i\/§)6371(1+i\/§) 9e—3 -1 _i\/g)e%z(lfiﬂ)
3 ’ 37 3 '

Since
lim F({)=0

[¢l—o00

3
and the constant + can be taken v > 3 we can apply Theorem 3.7.9.

By adding the three residues and using Euler’s formulae of expo-
nential in terms of sines and cosines, we find

f@) = 2¢—3T N 2% l_ cos <¥x> +/3sin <%§x>‘| .

3 3

A

The next example is very important. We study a more compli-
cated situation in which F'(¢) has isolated and non-isolated singularities.
This constitutes a variation or even generalization of Theorem 3.7.9.

As before, we assume:

1. F(¢) is analytic for all ¢ € C such that Re(¢) > + for some constant
7, that is, all the singularities of F'(¢) have real parts less than ~.

2. F(¢) has isolated and non-isolated singularities.

3. When applying the Mellin-Bromwich inversion integral for-
mula, (3.41) [or (3.42)], by integrating along the vertical line
segments L;rR = [y —iR,y+iR], for any R > 0, etc., we need to
use appropriate contours that avoid the non-isolated singularities,
and so we must introduce appropriate branch cuts.

4. lim F(y+ Re') = 0 uniformly in 6.
R—o0
In such a situation, we work as in the following example:

Example 3.7.51 For any a > 0, we would like to find

LHFON) = fo) it F(s) =
= =
e~ Ve
Thus, we must work with the function F(¢) = ——=—, where ¢ € C.

Ve

Since the /¢ has non-isolated singularities, we choose the branch cut
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to be the closed non-positive real semi-axis {¢ = +0i | z <0}. In this
domain —7 < Arg(¢) < 7 and in its sub-domain Re(¢) > 0, F(() is
complex analytic (holomorphic).

So, we can pick any v > 0 constant, any 0 < r < -, any R > 2y and
we consider the contour

C* =[y—iR,y+iR|+ Sp + [y — R, —r| + A + [-r,7 — R] + T,

as in Figure 3.23 where, apart from the obvious straight segments, we
have set

sz_{g v+ Re® | T <9<7r}
A z{CZRele | 7T>9>—7T}

_ i 3T
TvR_{g Y+ Re" | 1< 6< 2}

—aT
For any x > 0 fixed, we integrate the function e F(¢) = e*¢ €

along this simple closed contour. This line integral is equal to zero be-
cause this function has no singularity on C* and in its interior, and so
the Cauchy-Goursat Theorem, 3.5.3, applies. Hence,

—av/<C Y+iR —a+/C
z{e _ z{e
e*s———d¢ = / e d¢+
C/‘*' \/Z y—iR \/Z

—a\<C —a\<C —a\<C
mCe d w(e d w(e d
J e | e e

Sth Ar
Y—R —a+/C —a+/¢
r(e zCe _
e dC + /e ~__d¢=0. 3.43
[, <z V3 (343)
T,

Next, we observe

e = [l
V¢

Ar Ar

ImrerT=aVT) T — 2my/re™ V) 50, as r — 0.

On SjR and T p, we have that z = v + Re?. Then, by Jordan’s



588 Improper Riemann Integrals

v+1iR

v —1iR

FIGURE 3.23: Contour 17 for Example 3.7.51

Lemma, 3.7.4, we get
e—av¢
/e“—dg — 0, as R— o,
| Ve
s

and

e~av<
/e“—dg —0, as R — oo.
: Ve
T,

(Work out the details.)
Along the segment [y — R, —r], we have that { = u+ 0i = u < 0 and
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Arg(¢) = m. So,
T = 3 10m(©) Z Anlchin] _ 5 (GO Z i /17T = i/l

Therefore, along the segment [y — R, —7], we have

—avT o/l e [cos (QM) — g sin (a\/mn

v iy e il
Then,
- —aT —r e [cos (a\/W) — ¢sin (GM)}
v e v/l "

Similarly, along the segment [—r,y — R], we have that { = v+ 0i =
u < 0 and Arg(¢) = —=. So,

\/Z — e3108(¢) _ o3ln(Ich—in] _ =5 (5 In(IO)] — _Z\/7 \/_

and

/'y—R u e_aﬁdg y—R ¥ [cos (a\/|u|) + isin (a«/ | )}
e —— =
—r \/Z —r _l’\/ |U|
So, by the relation (3.43) above, after letting » — 0 and R — oo,
we get

u.

+iR -
lim o ezce e

R—oo [ iR 7
/0 et [cos (a\/_.) —4sin (a\/W)}

du+

Jul

— 00

du =

|ul
/_Oo ot [cos (G\M) +isin (a\/W)]
0 —iv/lul
. 0 e* cos (a\/W)
-2 /WT

We let u = —v? with v > 0, and so du = —2vdv, using the result of
Example 2.2.13, we find

Y+iR —a\/¢

lim ¢S

R—o0 y—iR \/Z

42'/ e’ cos(av dv—4z—’/—e EE —2“/—6 41.
0

u.

0
¢ = 41/ e’ cos(av) dv =
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Hence, by the Mellin inversion formula, (3.41), we obtain

Logim [ e e 0
f(ﬂj)—%Rgnoo/YlRe TCC—ﬁ, or x > 0.

Finally, we have obtained the rule

YV oa>0, f(;zc)zﬁ1{e\l/1_\/§}(gc):ﬁ for > 0.
s

A

Remark: Another variation of this method occurs when the func-
tion F'(¢) has both isolated and non-isolated singularities. Then, we
must combine the methods of this example with the method of the
previous example in order to find f(z) = L7 {F(s)} (z). For the
isolated singularities inside the contour C*, we must use the Residue
Theorem, 3.7.1.

V¢

the v/C , and so we need a branch cut. It also has two isolated singularities
at ¢ = £2i.

Also, if we deal, e.g., with F'(¢) = @—\/24
singularities, namely ¢ = +2, and one of them, namely ( = —2, is on the
negative x-semi-axis. With the branch cut the non-positive z-semi-axis,
we must put two equal circular arcs around z = —2, one in the upper

half plane and the other in the lower half plane. Then we take limits as
the radius approaches zero, etc. zero when we take limits, etc.

For instance, F'(¢)

has non-isolated singularities because of

, this has two isolated

Problems

3.7.102 Check which of the three conditions of Theorem 3.7.8 hold
for the functions

hO=e RO =sin(g). A0

_5C .
—m7 f4(<)-€2+4-

3.7.103 Use what we have learnt in this section and Example 3.6.19
to prove that

L {sin G) } () = i %

n=0
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In the following Problems (3.7.104-3.7.108), justify why we can
use the Mellin inversion formula (3.41) or (3.42) and use only the
methods of this section to find the inverse Laplace transform f(z) if the
Laplace transform F'(s) is given by:

3.7.104 5 5
S
@) s2+4 (b) 244
3.7.105 5 5
S
(a) s2 —4’ (®) 52 —4
3.7.106 53 5 /3
S S
@) =1 b =1
3.7.107
5s3 5(s —2)
b .
(a) st —4’ (b) (s +3)(s2+4s+5)
3.7.108 2, 2,
§° — s°+
(a) ma (b) m

3.7.109 Imitate the work done in Example 3.7.51 to prove the follow-
ing inverse Laplace transform rule:
For any a > 0 constant,
a2
£71 {e*a\/g} (ZI;) p— a e,

2V a3

So,

a/ 7(1/2
L e 1 s) = e~ V5,
{2\/7rx3 } (5)

3.7.110 Imitate the work done in Example 3.7.51 to prove the follow-
ing inverse Laplace transform rule:
For any a > 0 constant,

! {B_Zﬁ} (@) =1— ert (%) — erfc (#) .
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So,
cfon () -cfo- ()= 5

[Hint: An important difference with Example 3.7.51 is in

. .0
efa\/z -7 erwelgfa re'2
lim [ e®¢ d¢ = lim >
r—0 r—0 - rev

A7

iredd =

—T i 12 —T
7 - lim erme’’—avre'? gg / 1df = —2mi.

r—0 /.

In the end, you need to use the integral representation of the error
function as done in Example 2.2.14.]

3.7.111 Prove that for any real number a, the Laplace transform of
1
flx) = where z > —a,

Ve +a

F(s) = /et erfe (\/E)

S

3.7.112 Find the inverse Laplace transforms of

NG
s2+4

Fl(S) =

and
FQ(S) = \/g

T2 4

[Hint: Refer to the last remark of this section above.|

3.8 Definite Integrals with Sines and Cosines

In this section, we study some definite integrals of sines and cosines.
There is the case of rational functions of sines and cosines on the whole
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interval [0, 27] and the case of rational or other functions of sines and
cosines on some subintervals of [0, 27]. In the first case, we have a more
or less clear-cut answer by means of complex analysis and the Residue
Theorem. In the other cases besides complex analysis, we can use and
combine other techniques.

3.8.1 Rational Functions of Sines and Cosines

Calculus provides a general method for finding indefinite integrals
of rational functions of sin(f) and cos(f). According to this method,
we perform the so-called tangent of half angle substitution, then we use
partial fractions decomposition and execute the ensuing computations.
In the end, we perform an inverse substitution. (Review this method once
more from a good calculus book and then provide the missing details in
Example 1.1.1 and Remark 2 of Example 3.7.13.)

Complex functions provide some methods of computing certain def-
inite integrals of rational functions of sin(f) and cos(f), under some
mild hypotheses. One method that we have already encountered is the
Cauchy integral Formula as demonstrated in some examples and
problems of Section 3.5.7. More general cases of such definite integrals
are figured out by the following lemma, which is very convenient and
efficient when applicable. So, we have:

Lemma 3.8.1 Let
g(0) = R[sin(),cos(0)], with 0<60 <2,
be a rational function of sin(@) and cos(f). We set
1

z—— z4+=

=R z Z|.=
1) % 2 iz

and suppose that f(z) has no singularities on the unit circle C(0,1) and
its singularities inside the open disc D(0,1) are isolated and therefore
finitely many.

(a) If all the singularities of f(z) inside the open disc D(0,1) are the
complex numbers z1, za, 23,..., Zn, (N > 1), then

Z=Zk

2m 2 n
/ g(0)df = R [sin(0), cos(9)] df = 2mi Z Res f(z).
0 0 k=1
(b) If f(z) has no singularities inside C(0,1), then

/27T g(0)df = " R [sin(#), cos(9)] d6 = 0.
0 0
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[Singularities outside C(0,1) play no role in these two results.]

Proof (a) If C* = C*(0,1), by the Residue Theorem, 3.7.1, we have
ff(z) dz = 27riz Res f(2).
P =1~ "

But,
27
0

j{f(z) dz = / f(e?) d (eie) =

2 0 _ —if i | ,—if ‘ 27
/0 R(e 2; ’e —;e )ie%ieledﬁz ; Risin(6), cos(8)] d6.

Thus,

2m

Z=Zk

| RJsin(f), cos(8)] df = 2mi Z Res f(z).
k=1

(b) This follows immediately from the Cauchy-Goursat Theorem,
3.5.3.

Examples

Example 3.8.1 We want to evaluate

/271' de
o a+sin(f)

with @ > 1 real constant (so the denominator is never zero).
By Lemma 3.8.1, we consider the complex function

1 1 2
f2) = 1< 1)'E_z2+2az‘z—1'

+ = - =
@ 222 z

The roots of the denominator 22 + 2aiz — 1, evaluated by the quadratic
formula, are z; = i(—a + va? — 1) and 2z = —i(a + Va2 — 1).

The first root is inside the D(0,1) and the second root, outside.
Therefore, we need to compute the residue of f(z) at z = z1. So, we
have

2 1
R ) = Ve D 4 iet v =) a1
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Hence,

/2” do o1 2
— =2m = .
o a-+sin(9) iva2 -1 Va2 -1
Remark 1: This result is equal to twice the result of the Example
3.7.13, since for a > 1

/271' do B 2/
o a-+sin@) ")

(prove this equality!).

We see that this is an easier and more efficient treatment of Example
3.7.13.

Remark 2: This example can also be carried out with a < —1, real.
In this case, we compute the residue at 2o, and in same way we find

/2” o -2
o a-+sin(d) VaZ_1
[Another way is

/27T do o /271’ do
o a-+sin(@) ), —a+sin(—0)

w3

dé
= a+ sin(f)

2

We let ©w = —6, and with —a > 1 we use the first integral computed
above.]
So, with |a| > 1 real, we get
/27T df __sign(a) - 27
0 a—|—sin(0) o a2 —1 '
A

Example 3.8.2 Evaluate the integral

/2# do
o 1—2acos(d) + a?

where a € C constant with |a| < 1.

(This integral is closely related to Poisson Kernel, Definition
3.5.3, in the unit disc, if in that definition we put a = 1, r = a and
¢ = 0. Compare these two expressions carefully! See also Problem
3.5.32.)

We consider 0 < |a] < 1 (so, a # 0) and again use Lemma 3.8.1
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with
1 1 —1
) = . -
1 1 0% 1 (@ -
| —9qt <z+—>—|—a2 iz az?+(a®>+1)z—a
2 z
i B i i 1
2 (a2 +1 T (az—-D(z—a) a 1 '
az?—(a>+1)z+a (az—1)(z—a) a <Z_a> (2 —a)

1
So, f(z) has isolated singularities z; = a inside the D(0,1) and 2z, = -

outside it.
We compute

) 1 )
R =L - .
z:ezsl f(Z) a 1 ‘z:a a2 —1
p—
a

Hence, with a € C such that 0 < |a|] < 1, we find

27 .
df ? 2

= 2mi = —— when 0<|al<1.
/0 1 —2acos(8) + a? T 1 T 1= Vhen |al

We now observe that this formula is trivially true when a = 0, and so
we can state that the formula is true for any a € C such that 0 < |a| < 1.

1
Remark: (a) When |a| > 1, we apply this result with - in the place
of a and we find that (check this)

/27T 40 - hen |a| >1
o a?—2acos(f)+1 a2—1 v '

(b) Examine this integral when a = 1 as an exercise! Explain why
the integral becomes improper at # = 0 and § = 27. What value or
principal value did you find eventually?

(¢) In harmonic analysis and partial differential equations, for R >
r > 0, we use the integral

/2” do L
o R?2—2Rrcos(f) +r2 R2—r2

(Verify this immediately from the result obtained in this example by
making the appropriate transformation!)
A

Note: We must observe that both examples studied before can be fig-
ured out by means of the Cauchy integral Formula (Section 3.5.7).
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In both, we use C = C7(0,1). In the first example, we apply the
formula to the function
2 2
2 _z—29  zZ+i(la+Va?-—-1)
2242iz—-1 z—z21  z—i(—a+Va2—1)

f(z) =

where a > 1 real. In the second example, we apply the formula to the
function )
1 1 -

fe) == - =

a (2_%)(2_(1) PR—

where 0 < |a] < 1 complex. (Work out the application of the Cauchy
integral Formula in both examples.)

This way, using the Cauchy integral Formula, is also very conve-
nient here, because there is just one singularity inside the contour C' =
C*(0,1). When there are two or more singularities inside C' = C*(0, 1),
then Lemma 3.8.1 is more convenient.

In the following example, Lemma 3.8.1 is more convenient than the
Cauchy integral Formula.

Example 3.8.3 We prove the result in Examples 2.2.3, 2.6.18 and
3.5.15 by means of Lemma 3.8.1. That is,

/2” dx _2m
o a?cos?(z) + b2sin’(z) ab’

where a > 0 and b > 0 constants.
For a = b > 0, the result is immediate. So, we assume a # b and
consider

f(z) = ) . N2 = ) . N2 =
{aQ (ZJ;?) 4 b2 (Z;f) ] iz {aQ (HT?) — b2 (Z_T;) ] iz
—i4z
Tla—b2+(a+b)] [(a+b)z2+(a—b)]
—idz

[(@a—b)22+ (a+b)]- (a+b)- (z— %) . (Z+ /—%)
The four roots of the denominator are simple. With ¢ > 0 and b > 0,
b—a
a+b

two of these roots are outside the disc D(0, 1), and the roots z; =
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and zo = — +Z are inside. So, we compute
Resf(z) = =50 and  Resf(s)= .= oo
Resf(z) = ... = o an Resf(z) = ... = 5.

Then, by Lemma 3.8.1, we have

/2” dx omi (= T 27
=2 | =—+=— )= —.

o a?cos?(z) + b?sin?(z) 2ab  2ab ab

Remark 1: This result could be found by using the Cauchy inte-
gral formula but after we break the function f(z) above in complex
partial fractions. So, Lemma 3.8.1 is more convenient.

Remark 2: From this result, we obtain the following two byproducts:
If A>0and B > 0, then

27 dr
(a) ) =
o A+ Bsin“(z)

2 dx 2

o Acos?(z) + (A+ B)sin’*(z) JAA+B)’

and

2 dr
(b) Aol (D B~
0 cos?(z) + B
dz 2m

/0 (A+ B)cos?(z) + Bsin’(z) /(A+ B)B '

3.8.2 Other Techniques with Sines and Cosines

Next, we investigate some techniques of computing various integrals
involving sin(z) and cos(x), based on various identities. For instance, we
use the following Euler’s Formulae:

(1) €™ = cos(x) + isin(z),
(2) e = cos(x) — isin(x),

(3) cos(a) = — 2
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We can use the fact stated in Problem 3.7.40 that for any —oco <
a, b < oo real numbers and any non-zero complex number « + i3 # 0,
the following integral formula

b , bla+if) _ pa(a+iB)
/ ela+if)e gy _ © ¢
a a+if
is valid. If @ + 48 = 0, then the integral is equal to b — a.

From this fact, we immediately get: For all integers n and m, we
have

0 if m#n,

2T ) ’
/ e~ inT IMT 1,.
0

2, if m=n.

Combining this fact with Euler’s formulae, we easily obtain the re-
sult:

For every integer n # 0, we have

2 27
/ cos? (nx)dx = / sin?(nx)dz = .
0 0

Notice that for n = 0 we trivially obtain that the first integral is equal
to 27 whereas the second integral is equal to 0.

We also obtain the following results: For all integers m # n, we
have:

2
(1) /0 cos(nx) cos(mzx) dx =0,
(2) /0 i sin(nx) cos(mx) dx = 0,

(3) /0 ! sin(nx) sin(ma) de = 0.

In the computations of integrals with sines and cosines, we may use
algebraic identities, such as:

1. Binomial Theorem: Vn =0, 1, 2, ..., and V z, w € C, we have
n __ S n—k, k n _ n!
(Z+w) —];)Z w, Where <k> —m

We remember that 0! = 1 and so <7g> = 1. For k € N, we simplify

(n)_ n! _nn—-1)...(n—k+1)
k) K(n-k!  k(k-1)...3-2-1 °
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2.Vn=0,1, 2,...,and V z # w € C, we have

n n

7 =w _ _ _ _ _
— o7 1_|_zn 2w+zn 3w2+...+zwn 2_|_wn 1.

zZ—w

If z = w, then the limit of the first side, as z — w, is equal to the
second side if we replace z with w, that is, nw™ ' = (2)' |.—.

3. (Look at various sources of algebraic identities.)

We may also use identities of combinatorial numbers and fac-
torials, such as:

1. Vn > k > 1 integers, we have the recursive identity of the
combinatorial numbers

() =(62)+ 6)

2. Vn > k > 0 integers, we have the symmetry of the combina-

torial numbers
n _(n
n—%k) \k)

3. V n, m, k, positive integers such that n +m > k, we have

()£

(")

4. (Look at various sources of combinatorial identities.)

Examples
The methods and examples exposed here are rather straightforward.

Sometimes they involve some lengthy, but not difficult, computations.

Example 3.8.4 In this example, we consider integrals of powers of
sin(x). (Similar work is done for powers of cos(x).)
Forn =0, 1, 2, ..., we have

on _ e —e ”_ 1 - _1\k N\ (n—2k)iz
sin"(x) = (722' ) = Sngn Z( 1) <k>e .

k=0




or
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We have already seen that,

e(n—Qk)ib _ e(n—Qk)ia
b (n— 2k)i , if n#2k
/ e(n—Qk)izdx _
b—a, if n=2k.
So, for 0 < k < n, we have the partial integrals
(n—2k)i% _ 1
e 2
- if n#2k
/2 . n—2k)i
Ik ;:/ e(n=2R)iz gy — ( )
0
g, it 0 =2k

(a) We consider the case n = 2m is even. Then,

C)mE i
2(m—k)

if m#£k

IQm,k =
g, if m=k.

So, this new method gives

/2 1 2 2m
2m _ k
/0 sin®™(z) dx = () E (-1) ( A )IZm,k-

k=0

601

Since this is a real number, by equating the real parts we finally have

/2 m
/O Sin2m($) dr = W : (_1)771 (2m )IZm,m =
T 2m)! 1-3...2m—1)

22mtl (D2 T 2-4...(2m)

ol 3

Remark 1: The imaginary parts must be equal to zero. Thus, we
obtain the identity

o ()

=
S CD ) < S ()
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This identity is not very interesting because we can directly show,
by the symmetry of the combinatorial numbers, that each of these two
sums is equal to zero. L.e., for any integer m > 1, we have

2m 2m
(—1)F [2m 1 /2m\
Zm—k k and Zm—k k) =0
k=0 k=0
k#m k#m

Remark 2: This integral was also found in Section 2.6, Example
2.6.15, where we dealt with the Beta and Gamma functions. Again,
the integral, with the help of Problem 2.6.14 (a), is

/2
/ sin®™ () dx
0

™

1 11\ 7 T'(m+3)
-38(m+3:3) =T T
(2m)! 1-3...2m—-1) 7
2mtl (mD2 T 2-4...(2m) 2

(b) Now, we consider the case n=2m+ 1 is odd. Then, we find

I (=)™
AR T om 1 — 2k
Therefore,
/2 /2
/ sin”(x) dez = / sin®™ ! (z) do =
0 0
1 sz“(_l)k 2m+ 1\ ()" F i _
2mHI(—T)mi e ko )2m+1- 2k

(_1)m 2m—+1

2m + 1\ —i(—=1)"F +1
W Z (_1)k< + )u

P k 2m+1 -2k

Separating real and imaginary parts, we find

/2 (—1)m 2 (—)k f2m+d
. 2m—+1 d _ O
/0 s (@) de = o > 2m+1—2k( k >(> )

and the identity

Z ;(Zm—kl) _ 0
P 2m+ 1 — 2k k
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Remark 3: Again, this integral, in terms of the Beta and Gamma
functions, Section 2.6, Example 2.6.15 and the help of Problem
2.6.14 (a), is

/2 1 1 (=1 (m
in2m+1 = — — = =
/0 sin (x)d;v—2B<m+1,2> E 2l—|—1<l)
1

=0
Vi T(m+1)  22m(m)? 22w

2 T(m+3) CEm+)! 2m+1 (27

2.4...(2m) _(—1)m2§1 (—1) (2m+1)'

1-3...2m+1)  22mHl L oam+1-2k\ &k

=0

Remark 4: We can do similar work with cos(z) in the place of sin(z)

3
and with limits of integration « = 0 and b = g, , g, 2.
A
Example 3.8.5 We can use Euler’s formulae to prove
w/2 | |
.2m 2n _ i (2m) (2%)
/0 sin®™(x) cos™" (x) dx = FE Tl (m 5 )1
We have
eiv — gmiz\ 2" 1 m 2m
2m _ — _ _1\k 2(m—k)ix
S (x) - ( % > - 227n(_1)7n Z( 1) < k )6
k=0
and
2n . _ n—I)ix
cos (a:)—( 5 ) _2%2<l> .
1=0
So,
(_1)m 2m 2n m m .
Sin2m(ﬂj) COSzn(ZIJ) — ST ZZ(_l)k< L ) ( l )EQ(m—k+n—l)m.

k=0 1=0

Therefore, the integral is

/2 (—1)m & 2 2m\ (2n
o2m 2n _ k
/0 sin®™(z) cos®" (x) dw = Yzmian E g (1) ( i ) ( I )Imklna

k=0 1=0
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where

(71)m—k+n—l -1 _
2m—k+n—1)i
[ _ (—l)m_k"'"_l]i
2(m —k+n—1)
Inkin = — l#£m+n—k

, if m—k+n—-101#0

57 if m—k+n—-101=0

<— l=m+n—k.

Since the integral is real, the imaginary part of this equation is zero.
So, the summation over the indices such that m —k+n — [ # 0 must be
zero. That is, we obtain the identity

S5 () ()
—= l m—k+n-—1
m-+n#k+l

S5 ()
== m—k+n-—1
m-+n#k+1

We observe that only when m —k +n — [ = 0 is there a contribution
to the integral. Thus,

/O " sin®™ (z) cos? (z) da — 22m+2n+1 %i ( ><2l”> _

k=0 1=0
k=m-+n—I

2n
(=1)™mrw mAn—l 2m 2n\
2n
s el 2m 2n
_ —1 .
22m+2n+1 ;( ) <m +n— l) < l )

We could accept this as a final answer. However, someone experienced
with combinatorial identities can prove that:
If m > 0 and n > 0 integers,

2n

2 L) (7) = i e

=0

[For the proof, see Appendix 3.8.3, identity (3.44), after the end of
this subsection.|
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Finally, we obtain the answer

7 (2m)! (2n)!
22m+2n+lmIn! (m 4 n)!’

/2
/ sin®™ () cos?" (z) dx =
0

Remark: We have seen that in terms of the Beta and Gamma
functions, Section 2.6, Example 2.6.16, this integral is

/ﬂ/2 sin®™ () cos?" (z) dx = lB (m + L n+ 1) =
A 2 27"y
L(m+3)Cn+3) _ w(2m)!(2n)
2N(m+n+1)  22mt2ntlminl (m + )l

Example 3.8.6 For any integer n, compute the integral

[

We notice
e'LTLI _ e—'an .
sin(nx) T et e T
SiH(CE) el _ o eim _ efim
21

eim(nfl) + eim(n72)87iw + eiw(n73)672im 4o+ efim(nfl) _
eir(n—l) +eiz(n—3) +eiz(n—5) + _’_eir(l—n)'

If n is even, then every exponent of e?*, in the above expression, is
odd, and so the integral is

/’T sin(nx)d 20 2i 2i 2i n 2 _o.
0

sin(z) x_n—1+n—3+n—5+m+3—n 1-n

If n is odd, then exactly one exponent, the middle one, becomes
zero. Since the sum of the imaginary numbers involved is zero, in this

case we find
/ SI?(M:) der = / ldrx ==, forn odd.
o sin() o

Finally, we have rather easily obtained the useful result:

/O ’ Séﬂf&? dz =

0, ifn iseven

m, if n is odd.
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) sin(nz) | .
Since — is an even function, we also get
sin(z)
0, ifniseven
™ sin(nx)
- dr =
_, sin(zx) o
2w, if n is odd.

)

(Try to establish this result by other techniques!)

Problems
3.8.1 For R > r > 0 and any 6 constant, prove that

21 R2 _ 7,_2
o R2—2Rrcos(0—¢)+r

5 do = 2.

3.8.2 For a > 1, prove that

us - 1
/ az sin(z) de=7mln(1+=).
o 1—2acos(x)+ a? a
Then, prove that for 0 < a <1

i ax sin(x)
dzx = 7ln(1 :
/0 1 —2acos(z) + a? z=min(l+a)

[Hint: Integrate the complex function f(z) = along the rect-

angle with vertices [+, £(m + iR)], etc.]

z
1—ae

3.8.3 Use Lemma 3.8.1 to prove the result of Example 2.6.16

™ (2m)! (2n)!
22m+2nt1 " il (m + n)!’

/2
/ sin®™ () cos?" (z) dx =
0

for m > 0 and n > 0 integers.
State the two byproducts that we get when m = 0 and when n = 0.
Examine what happens if we use Lemma 3.8.1 and one or both
exponents of sine and/or cosine is/are odd.

3.8.4 Compute the following integrals by whichever method is more
efficient. (Either by using Lemma 3.8.1 or by using any correct methods
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and integral formulae already used and proved previously anywhere in
the text.)

27 da

L :/ — X, —1<a<1, constant,
o 1+ asm(9)

/ a>1, constant,
0 @ a+ cos(f) cos(6
2m
= / —1<a<1, -constant,

o 1l+acos(6)’

27
/ cos(26) o
8 + 3 cos( 9
cos(6
d@
/0 5+2cos(d)

2

6‘

/ 5,  (compare with Example 2.2.3)
0 [9cos?() + 4sin*(0)]

/ 2+ cos(x dx[3+cos< ] [: o (%‘2—35)]

2
/0 96 cos2 )+25°

[}

3

27
/0 100+6981n ( )’
dz
IlO—/ ) .2 .
o 25cos?(x) + 100sin”(x)

3
3.8.5 For n > 0 integer and b = g, m, ;, 27, evaluate the integrals

b b
/ cos"(xz)dr and / sin”(x) dz.
0 0

3
3.8.6 For n > 0 and m > 0 integers and b = g, T, g, 27, evaluate
the integrals

b b
/ cos™(z) cos(mzx)dx and / sin” (z) sin(mz) dz.
0 0
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3.8.7 Evaluate the four integrals
/2 1
L = / sin(x) sin(2z) sin(3z) dz (: —> ,
0

L= /Oﬂ[a; sin(2)]? dz <= %3 - %) ,
I3 = /07r cos™ () cos(nx) dz (: 1) )
I = /O " sin™(2) sin(na) de = 2 sin ()],

where in I3 and I, n is a non-negative integer.

3.8.8 We have proven that

w/2 | |
. om on _ 7 (2m)! (2n)! B
/0 sin™ («) cos™ (x) dr = 22m+2n+1mlnl (m 4+ n)!

TGRSR\ W NUES IOES |

pP Mty nty M (m+n+1)

Find the integral formulae when the 2m and 2n are combined and/or
replaced with 2m + 1 and 2n + 1. (There are three more cases. You may
give the answers in summation forms if you cannot find them in terms
of nice fractions with factorials, etc.) For practice and finding out the
correct answer first, write the results in terms of the Beta and Gamma
functions and then simplify.

3.8.9 For any integer m > 1, prove directly
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3.8.3 Appendix
In Example 3.8.5, we used the identity

i}_wh( 2m )(?)=(%%?)= Cmt et

pr m+n—I ("™ m!n! (m+n)!’

where m > n > 1 integers. We would like to give an elementary proof
of it. Observe that this identity is symmetrical about m and n.3*

k!
'forogrgk

[For simplifying expressions, we use = —
r ri(k —r)!

integers. For any other integer r, the combination number is 0.]
r

We let

e ()G
(2m)!(2n)! ] |

2n

- ;(—m-l (m+n— D (m —n+ )20 — 1)

and so we want to prove

I — 91, {: (2m)! (2n)! }

("™ m!n! (m+n)!

So,
(", lm )
(QﬂT) (2:) (2m)!(2n)!
2n
n— [(m +n)!? _
;H) @ D o D T

i(—m"*l (m ;L ") (g;t:‘) . (3.45)

=0

L =

By the identity

(1 _ t2)m+n _ (1 4 t)ern(l _ t)ern

34These kinds of results have to do with the theory of Hypergeometric Forms
and Kummer’s Summation Formulae. (Ernst Eduard Kummer, German math-
ematician, 1810-1893.) These types of sums are very important in mathematics and
applications, and so they have been standardized and tabulated. Also, some computer
programs, such as Mathematica, can evaluate them.
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and the Binomial Theorem, we find

min <m2n> (—1)k2k = min (mk_: n) a min(‘lym (mk_: n) "=

k=0 k1=0 ko=0
m+n m+n
Z Z m+n (_1)k2 m+n tk1+k2 — (let kl + k2 _ k.)
k1 ko
k1=0ko=0

o PR S [ 112

k=0 k1=0

By equating the coefficients of 2, we obtain
2n
m+n om—k; [M N m+n
)" = ) . 3.46
(") = e (M () )
k1=0
So, by simplifying the (—1)™ and replacing k; with [ in (3.46) and us-

m-+n
ing equation (3.45) above, we find (”7)) L= <m + n) Therefore,
n

. e
L= %, which finishes the proof of identity (3.44).
Problems

3.8.10 Can you prove the identity (3.44) proven in Appendix 3.8.3
combinatorially?

3.8.11 Prove the following series of equalities
1 1 (=) (m
2 (m+ ’2) §2z+1<1)
v I(m+1) 22m ()2 22m I
2
4

Tm+3) @m+1! 2m+1 ()

.. (2m) _(_1)m2§1 (—1) (2m+1)’

2-4.
1-3...(2m+1)  22m+ = 2m+1-2k\ &k

=0

which appears in Example 3.8.4 (b) and Remark 3.



Chapter 4

List of Non-elementary Integrals
and Sums in Text

4.1 List of Non-elementary Integrals

Here, we cite a list of all major, non-elementary, general and im-
portant real or complex integrals that have been evaluated in the text
or referred to in problems and footnotes. An addition to this list can
be considered all the Laplace, Fourier and inverse transforms that have
been evaluated in all relevant sections to which we direct your attention.

1. If « > 0 and B € R constants,
B

\/é €7a$ Sln(ﬁa:) da: = m
(Problems 1.2.14, 3.7.40. Example 3.7.24 Corollary 3.7.5
(C).)
2. If a > 0 and 8 € R constants,

«

/0 e * cos(fx)dx = e

(Problems 1.2.16, 3.7.40.)

3. If b > |a| real constants,

/OO dx B T
o 24 2ax+ b2 B2 — 2
(Problem 1.2.20.)

1+ 23 9

/OO dx 273
0

(Problem 1.3.2.)

611
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10.

11.
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1+azt 4
(Problems 1.3.2, 2.6.20. Example 2.2.6.)

/OO dx ™2
0

/OO dx 473
o (14a3)° 27

(Problem 1.3.2.)

(Problem 1.3.2.)

00 00 0
/ e‘“”dezz/ e—fzdx:2/ e—fdx:f:r(%).
— 00 0 oo

(Section 2.1. Subsection 2.6.1 (T, 5).)

If @ > 0 constant,

o0 2 o0 2 0 2 ™
/ e dr = 2/ e dr = 2/ e dr=4/—.
—0o0 0 oo V a

(Problem 2.1.11.)

If a > 0 and b > 0 constants,
/ (eﬁ —e;g) dr = Vb — y/7a.
0

(Problem 2.1.14 (c).)

Ifm=0,1,2,3,... integer,

1 1
/0 In"(u) du = (—1)"m! and /0 [In(u)|™ du = ml.

(Problem 2.1.15 (b).)



12.

13.

14.

15.

16.

17.
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/07T In[sin(z)] dz = 2/077/2 Infsin(z)] dz =

T w/2
/0 In[| cos(z)|] dz = 2/0 In[cos(z)] dz =

b In(ful) B U nu) o
/_1 md“_z 0 ﬁdu_ mln(2).

If @ > 0 constant,

/2 g T a
/0 In[asin(x)]dz = %/0 In[a sin(x)]dz = 5 In (5) .

(Problems 2.1.16, 3.2.26 (d), 3.7.88. Example 3.7.47.)

/2 T
/0 Inftan(z)] de =0 and /0 In[| tan(x)|] dz = 0.

(Problem 2.1.18.)

0

z?2+1
(Problems 2.1.19, 3.7.90. Example 3.7.44.)

2 +1 v 8

/1 In(x + 1) p 7 1n(2)
; .

(Problem 2.1.20.)

/°° In(z + 1) dp = 371'111(2)'

—1 x? +1 v 8
(Problem 2.1.21.)

*  In(x) o7
[ wipe=t

(Problems 2.1.22, 3.7.92.)
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18. If r € R constant,
/2%@:/2Mdu:
o l4tan"(x) o 1+ tan”(u)
i 3 r
/ %dx:/QL(g)du:
o 14 cot"(x) o 14 cot"(u)

(Problem 2.1.23.)

N

19. If 8 > 0 constant,

/ R
o BP+ax? T 28
(Problem 2.1.24. Example 3.7.5.)

20. If @« > 0 and B > 0 constants,

* In(ax) o
/0 571 dzx = 2 In(af).

(Problems 2.1.24, 3.7.90. Example 3.7.44 Remark 2.)

21. If a > 0 and b constants,

/b de b [sa?4302 3 (b
o (a®2+22)3  8at (a2 +b%)2  ab a)|’
(Example 2.2.2.)

22. If @ > 0 and b > 0 constants,

/ : dx _ T
o aZcos?(z) + b2sin’(x)  2ab’

/27T dx B 2_7_(_
o a?cos?(z) + b2sin’(z) ab’
(Examples 2.2.3, 2.6.18, 3.5.15, 3.8.3.)

23. If a > 0 and b > 0 constants,

/”/2 dx 7w (a®+0?)
0 [a%cos?(z) + b2 sin®(z)] 2 4ab)d

(Example 2.2.3.)



24.

25.

26.

27.

28.

29.

List of Non-elementary Integrals and Sums in Text

If 0 < p < 1 constant,

oo ¢p—1 o 1 ™
—dt= g dt = — .
o L1+t o (L4t)t-r sin (pm)

(Examples 2.2.5, 3.7.7, 3.7.8.)

1
If @, b real constants, b # 0 and 0 < % <1,

/OO z° d 1 T
———dr = —.
o l+ab b sin (%tin)

(Examples 2.2.6, 3.7.6, 3.7.7, 3.7.8.)

o g if B> 0
/ fo) dr=1{ 0 ifB=0
0 —g if B < 0.

(Examples 1.3.13, 2.2.8, 3.7.33. Problem 2.2.14.)

If & > 0 and 3 € R constants,

/OO e_o””M dx = arctan <é> .
0 x o

(Examples 2.2.8, 2.2.9, 3.7.38. Problems 2.4.9, 2.5.18.)

If —00 < B < o0 constant,
2 *° sin(Bz
T 0 x

(Example 2.2.10.)

oo .2 [e%e] _ 2
/ sin 2(3:) i [:/ 1 c02s (z) de| —
0 z 0 T

1 — cos(x
/ 7(325(@ dr = T
0 T 2

(Examples 2.2.11, 2.2.12, 3.7.34.)

615
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30. If —oo < B < 00 and « > 0 constants,

/ gm0 cos(Bx) dx = 2/ gm0 cos(Bx) dx =
0

— 00

(Examples 2.2.13, 3.7.17. Problem 3.7.24.)

31. If a > 0 and k > 0 constants not both zero,

oo —kx o o _—ku? .
1/ e~ " sin(a+/x) dp = g/ e sin(au) du =
0 0

T ™ u

(i)

™

(Example 2.2.14))

32. If 0 < a < b constants,

/°° B S
oo L€ b sin (&)

(Problem 2.2.12 (a).)

33. If @ € R constant,

o 1.2 [e'e] _ 2
/ sin®(ax) i [:/ 1 cos2 (ax) gzl —
0 0 z

)
/oo 1-— cozs(ax) do — |a|E,
0 T 2

/°° cos(ax)[1 — cos(ax)] da — 0
0 x? |

(Problems 2.2.15, 2.2.16.)

34. If a € R constant,

o . , if a>0
/ sin(av) 4 _ 0, if a=0
0 € .

- if a<0.

(Problem 2.2.17.)
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35. If « real constant,

(Problem 2.2.27 (a).)

36. If a real constant,

(Problem 2.2.27 (b).)

37. If a > 0 constant,

oo efaaj oo
——dr =« e *" arctan(x) dr =
o 2?41 0

T * sin(t) ) *° cos(t)
3 cos(a) — cos(a) /0 — dt — sin(«) /a ;
cos(«) /OO w dt — sin(«) /00 Coi(t) dt =

/ sin(t — «) g — / sin(t) g — / sin(at)
P t 0 t+ 0 t+1

(Problem 2.2.29 (d), (e), (k), (1).)

38. If a > 0 constant,

> xe—az _ g > —ax 2 _
/0 —x2+1dx—2/0 e *In(2° +1) dov =
sin(a) [z - / sin(t) dt] + cos(a)/ cos(t) dt =
2 J, ¢ .t
sin(t) dt + cos(a )/ cos(t) df —

/ cos(t —a) / cos(t _/Oo cos(at)
o o Jo t+1

sin(a) /

(Problem 2.2.29 (m).)

o0 i3
/ sin”(x) dr —
0 X

(Problems 2.2.33 hint, 3.7.74.)

39.

NE
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40.

41.

42.

43.

44.

45.

46.

Improper Riemann Integrals

3

oo i3
/ sin® () dr — 3_71'
. 8

(Problem 2.2.33 hint.)

00 14
/ sin (2) dz = oo.
0

X

(Problems 2.2.33 hint, 3.7.74.)

> gin?(z) ™

2

(Problems 2.2.33 hint, 3.7.74.)

oo .4
/ sin 4(3“) de ™
0 x 3

(Problem 2.2.33 hint. Example 3.7.39.)

[y [Tt
0

4 4

— 00

(Problem 2.2.33 (c).)

If a > 0 and b > 0 real constants,

/°° sin(ax) sin(bx)

5 dxr = mmin{a, b},

oo x
0o 1.2 )
[ ) Sin az)sm (%) (a””ijm (52) 4y = gmin{a, b).

(Problem 2.2.34 (a), (b). Example 3.7.35.)

If @« > 0 and B € R constants,

(Problem 2.2.38.)
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47.

[ V)

/1 —ln(l—x)dx:w .

—1 T

1 j— j—
/ In(l —z) d —
0 x

0
1 _
/ —hl-2) T
1 x 1

(Example 2.3.18.)

cn'| N

3
[\v]

[\)

48.

o0 o0 /2

/ sin(z?)dr = 2/ sin(z?) do = Tﬂ-,

—0o0 0

/ cos(z?)dx = 2/ cos(z?) dx = %
0

— 00

If a # 0 real constant,

/ sin(az?®)dz = 2/ sin(az?) dz = sign(a)
0

— 00

o0 oo 2
/ cos(ax?®)dr = 2/ cos(ax?) dx = ulily
—00 0 2|a|

(Fresnel Integrals. Examples 2.4.1, 3.7.16. Problems 2.4.14
(a), 2.6.10.)

T
2|al’

49. If a > 0 and b € R constants,

o0 1 _ . 2 (o) : 2
/ o—ay L — cos(2by) dy = / o—ay S0 (0y) dy =
0 2y 0 Y

1 In a® + 4b?
4 a? '

(Problems 2.4.8, 2.5.18.)

50. If @« > 0 and 8 € R constants,
[ee] 2 2
2 4
/ efauwdu:ﬁarctan <_B> — gln <£2+1) .
0 U o 4 o

(Problem 2.4.10.)
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51. If a # 0, b and c real constants,

/ sin(az? + b + ¢)dx =

— 00

T [ ian(a) cos (2= | gy ((dac =t
2al & 4a 4a ’

/ cos(az® 4 bz + ¢)dr =

— 0o

1 cos 74ac—b2 — sign(a) sin LLC_Z)Q
2|al 4a gia 4a '

(Problem 2.4.14 (a).)

52. If 0 < a,b < oo constants,

/oo e_bz;e-az . (g) —In (%)
0

If 0 < ¢ constant,

1 4a—1 b—1
t —
[ (®).
0 In(t) b
(Example 2.5.1. Problem 2.2.28.)

53. If 0 < a,b < oo constants,

/°° arctan(bx) — arctan(azx) p T (b)
5 :
0

X

If 0 < ¢ constant,

/oo arctan(tx) — arctan(z) dr = T In(t).
0 x 2
(2.2.15, Examples 2.5.2.)

54. If 0 < a, b < oo constants,

/ sin(bx) — sin(ax) de = 0.
0

X

(Example 2.5.5. Problem 2.5.18.)
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55. If 0 < a, b < oo constants,

> cos(bx) — cos(ax) , a
/0 dz =1In (—) .

€T

If 0 < ¢ constant,

*° cos(x) — cos(tx) v —n
/0 ———— dz =1n(¢).

x
(Example 2.5.6. Problem 2.5.18.)

56. If 0 < a, b < oo constants,

/1n
0

(Example 2.5.7.)

cos(bx)
cos(ax)

é dxr =1n(2)1In (%) .

57. If 0 < a, b < oo constants,

(Problem 2.5.2.)

58. If 0 < a, b < oo constants,

[ (L) -osn(L)] - (2).
(Problem 2.5.4 (a).)

59. If 0 < a, b < co constants,

/ | sin(bx)| — | sin(ax)] de — 2. (9) .
0 r To\G

(Problem 2.5.9.)

60. If 0 < a, b < co constants,

/O°° | cos (b)) ; |cos(az)| ,_ (% _1> In <2>

(Problem 2.5.9.)
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61. f 0 <@ <1 and a, b> 0 constants,

/Ooo [tan(be)[* — |tan(az)f* ;) In (9) |

T cos (M

(Problem 2.5.10.)

62. If « <1 and a, b > 0 constants,

/000 | sec(bx)|* ; | sec(az)| dx = [% ' ;E;—ig B 11 = (g) '

(Problem 2.5.11.)

63. If 0 < a <1 and a, b > 0 constants,

/ | sec(bx)|* — | sec(ax)| .
0

x

(Problem 2.5.11.)

64. If 0 < a, b < oo constants,

oo sin?(bx) . sin? (ax)
[,
0 T

(Problem 2.5.13.)

65. 3( )
* sin®(x 3
(Problems 2.5.14, 3.7.74.)
66. o
/ sin () dz = In(2).
0 z?
(Problems 2.5.14, 3.7.74.)
k
67. If >° A, =0 for real constants 4;, i =1, 2, 3, ..., k
i=1
anda; >0, i=1, 2, 3, ..., k,

dr =

/°° Aj cos(arz) + Ag cos(asx) + As cos(asz) + ... + Ay cos(agx)
0 x
—AjIn(ar) — A2 In(a2) — Asln(as) — ... — Ag In(ag).

(Problem 2.5.15.)



68.

69.

70.

71.

72.

73.
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If 3> 0 and a, b real constants,

* o cos(az) —cos(bx) , 1 | B + b?
/0 e . dx 5 0 Fiat)

(Problems 2.4.8, 2.4.9, 2.5.18 (a). Example 2.2.9.)

If 5> 0 and a, b real constants,

/ o—Ba sin(ax) =+ sin(bx) de — arctan (g) 1 arctan <E> .
0 x B B

(Problems 2.4.8, 2.4.9, 2.5.18 (b). Example 2.2.9.)

If a, b real constants,

/°° cos(bz) — cos(ax) de — 2 /Oo cos(bx) — cos(ax) da
0

2 x2

oo T

(laf = [b]).
(Problem 2.5.21 (a).)

If p > 0 constant,

/ P~ te " dx = T'(p).
0

(Section 2.6. Subsection 2.6.1.)

/ In(z)e *dz=1"(1) = -y <0,
0

/ zln(z)e *dz=T'(2)=1—~>0,
0

2

/ In®(z)e % de =T"(1) = % +72%
0

where v = li_>m [22:1 % —1n(n)] ~ 0.57721566... > 0 is the
FEuler-Mascheroni constant.

(Subsection 2.6.1 (T', 2). Problems 2.1.25, 2.3.5, 2.6.44,
2.7.17 (a), (c), 3.7.47.)

If p > 0 constant,

/ aPe”de =T(p+1) = pT(p).
0
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If n > 0 integer constant,
oo
/ 2"e ®drx=T(n+1) =nl.
0

(Subsection 2.6.1 (T, 8) and (T, 9).)

74. If p > 0 constant,

> r
/ wP e Uy = (p)
0 xP

(Subsection 2.6.1 (T, 11).)

75. If 0 < p < 2 constant,

“sin(z) ™
/0 xP du = 2I'(p) sin(&F)

(Example 2.6.7. Problems 2.2.22, 2.2.23, 2.6.38, 3.7.14.)

76. If 0 < p < 1 constant,

/OO cos(z) d — ™
0 xP ~ 2T(p) cos(&F)’
(Example 2.6.7. Problems 2.2.22 2.2.23 2.6.8, 2.6.38,
3.7.14.)
1
77. If f#£0and —1 < ot < 1 constants,
o 1 T
o BYdr = —.
/0 x sin(z”) dx i o . aT N AT
2. I'({1——— ) -sin||1— —
B g )2
(Example 2.6.8.)
1
78. If 5 # 0 and 0 < % < 1 constants,
e 1
/ z® cos(z?) dz = —- T
0

T (=

(Example 2.6.8.)



79.

80.

81.

82.

83.

84.
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If p > 0 and g > 0 constants,

1
/ 2P (1 = 2)" dz = B(p, q).
0

(Subsection 2.6.2.)

If p > 0 and ¢ > 0 constants,

/OO up—l d /OO uq—l d
— adu == —adu =
o (1+wu)pta o (L+u)pta

1 [Pl 4 qa7t
T2 du=Bp,q).
2/0 T+ upra =809

(Subsection 2.6.2 (B, 5).)

If p > 0 and g > 0 constants,

1, p-1 qg—1 oo, p—1 qg—1
/ wdu:/ wdu:B(p,q).
0 1

(1 + u)p+q (1 + u)p+q
(Subsection 2.6.2 (B, 5).)

If p > 0 and g > 0 constants,

w/2
/ sin??~1(0) cos??1(0) df = B(p.4q) )
0

(Subsection 2.6.2 (B, 6).)

If p > 0 and ¢ > 0 constants,

L'(p)I'(q)

B(p7Q)=m-

(Subsection 2.6.2 (B, 7).)

If m > 0 and n > 0 integer constants,

1 1
/ 2™l —x)"de = / 2"(1 —x)"de =
0 0

m!n! 1 1

mtnt )l (mtnt)(""  (m+n+ 1)

m

(Subsection 2.6.2 (B, 7).)

625
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85. If p > 0 constant,

Vp: 0<p<l, B(pl-p) =Tprl-p =

(Subsection 2.6.2 (B, 8).)

86. If p > 0, ¢ > 0, 7 > 0 constants,

R L 1
U U
/0 (’r‘ + u)P+q du (r T 1)1) T (pa q)

(Subsection 2.6.2 (B, 9).)

87. If p > 0 constant,

I'(2p) = Qi;l ~F(p)-F<p+%> = 2\2;; -F(p)-F<p+%)-

(Subsection 2.6.2 (B, 10).)

88. If p > 0 constant,

/Ow/2 sin??~1(0) df = %B <p, 1) VT T

(Example 2.6.15.)

89. If ¢ > 0 constant,

/F/Q cos?171(6) do VT o)
0

(Example 2.6.15.)

90. If m > 0 and n > 0 integers,

~/2 . 2m 2n 1 1 1
sin“™(z) cos™(z)de = - -B({m+-,n+ - | =
0

2 2 2
1 T(m+3)T(n+3) _ T (2m)! (2n)!
2 I(m+n+1)  22mt2ntl plnl(m )l

(Examples 2.6.16, 3.8.4, 3.8.5. Problem 3.8.3.)

91. If p > 0 and ¢ > 0 real constants,

/2 - 2p—1 2q—1 _ 1 _ 1 F(p)F(q)
/0 sin (0) cos (0)do = §B(p7 q) = STt

(Example 2.6.17.)




92.

93.

94.

95.

96.

97.

98.

List of Non-elementary Integrals and Sums in Text
Ifa>0,b>0,p>0, qg>0 constants,

/W sin??~1(0) cos291 () g0 = BP:a)
o |

a sin?(0) + b 6052(9)]p+q 2ar - bt

(Example 2.6.18.)

(Subsection 2.6.3, Application 1.)

If p > 0 constant,

627

T(p) = /0 R /O () = /0 () d,

(Problems 2.1.15, 2.6.4, 2.6.7, 3.7.47.)

If « >—1, 8> 0 and ¢ > 0 constants,

o c 1 1
/ e P dp = — T (OH_ ) .
0 cf< c

(Problem 2.6.5.)

If p > 0 constant,
o0 pp—l © 1np_1(u)
/0 e“”—ldx_/l (u—l)udu_
1 -1
[~ In(v)]? _ 1
/0 T dv =T(p) .
(Problem 2.6.6.)

Ifn=0,1,2,3,... integers and o > —1 constant,

! « n _ (_1)77’”'
/Oa: [In(z)] daz—m.

(Problems 2.1.15, 2.6.4, 2.6.7.)
Ifn=0, 1, 2, 3, ... integer,

F<n+1):(271)!\/7?_1.3.5.._(271_1)\/?

2 4rp! on

(Problem 2.6.14 (a).)
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99. If m=1, 2, 3, 4, ... integer,

: (‘”” %) R i i i 8

5---(2m—1) (2m)!
(Problem 2.6.14 (b).)

100. If —1 < a < 1 constant,

™ w/2
/ [tan(z)|* dz = 2/ tan®(x) dx = %
0 0 ( )

COS 5
™ /2 -
/ |cot(x)|* dx = 2/ cot®(z) dr = ———.
0 0 cos (%)
(Problem 2.6.18.)
101. For all a <1 constant,
x /2 r (15
/ |sec(z)|* dz = 2/ sec®(z) dx = /T - — 52—
0 0 I(%2)
x /2 r(52)
/ | csc(z)|* dx = 2/ csc®(z) do = /T - —5—
0 0 r (T)

(Problem 2.6.19.)
102. If b > 0 constant,
b r 1 2
/ dx _ [ (4)]
o VbI—azT  4bv2r
(Problem 2.6.23.)

103. If b > 0 constant,
[e%s} 1112
o Vbt+at 4by/m

(Problem 2.6.24.)
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104.

/2 /2
/ sin®(6) db = / cos?(¢) dp =
0 0

Y

i if p=0

> if p

1, ifp=1
1-3-5..(p—1) p! = (&)«

e
2.4-6..p 2 Qp[(g)!fd_zp 2’

2.4 6..(p—1) ()] g
1-3-5.p P! r(3.1)’
if p = odd integer > 3.

(Problem 2.6.25.)

105. If @ > 0, p > 0 and ¢ > 0 constants,

: 1
P=L(1 —ax)? " de = — B(p, q).
|t e e = )
(Problem 2.6.27.)

106. If p > 0 and ¢ > 0 constants,

/ e Pt (1- e*t)qfl dt = B(p, q).
0

(Problem 2.6.28.)

107. If p > 0 and ¢ > 0 constants,

/1 u2p—1 (1 _ uz)qfl du — B(p, q)
0 2

(Problem 2.6.29.)

108. If b > a, p > —1 and g > —1 constants,

F(p+ 1) (g+1)

b

(Problem 2.6.30.)

629
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109. If @ > b > 0 constants,

/°° cosh(2bx) .
o Teosh(@)pe @ =

I'(a+b)T(a—0b)

40,—1 B _ — 4(1—1
(a+b,a—0) T'(2a)

(Problem 2.6.31 (a).)

110. If @ > 0 constant,

1 T
/0 [cosh(;r:)]2“d 1 '(2a) "

(Problem 2.6.31 (b).)

b
111. If » > 0, b > 0 and a > — constants,
r

/°° cosh(2bx)

o [cosh(ra)]2e

4ot b b 4 'T(a+2)T(a—2)
5 ( ) .

etpe-g r T'(2a)

(Problem 2.6.31 (d).)

112. If a > b > —1 constants,

* sinh®(z) 1 b+1 a—b
_— = —B E— -
/0 cosh®(z) de 2 ( 2 72 >

(Problem 2.6.32.)
113. If p > 0 constant,

331)71/2

ot (5 b (o)

114. If p > 0 constant and n > 1 integer,

T'(np) = %F(p)r<p+%)l“(p+%> ...F<p+n7—ll

(Problems 2.6.33 footnote, 2.6.42 Item (11.).)

I'(3p) =

(Problem 2.6.33.)
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115. . .
/0 In[[(z)]dz = 3 In(27) = In (\/ﬂ) .

/2 In[0()] dz = —1 +1In (V37 ) = ~0.0810615......

(Problem 2.6.37 (b), (d).)

116. If 0 < m < 1 constant,

(Problems 2.6.38, 3.7.14.)

117. If s > 0 constant,
o0 — 1
[ e - o)
0 S

and

)

0o 2 1 2
0 6s s
where v = lim [Y7_, + —In(n)] ~ 0.57721566... > 0 is the
n—00
Euler-Mascheroni constant.
(Problem 2.7.17 (a), (c).)

118.
do = 2.

/27r e3mcos(0) cos [ — 3msin(f)] — cos(6)

o 1 —2e37c0s(0) cos [3m sin(f)] + €67 cos()
(Example 3.7.2.)

119.

df = 0.

/2” 37 c0s(0) sin [§ — 3 sin()] — sin(h)
o 1 —2e3mcos(9) cos [3msin(f)] + b7 cos(?)

(Example 3.7.2.)

120. If —1 < @ < 0 and b > 0 constants,

/Oo x® b
dr = T ——
0o btz sin(—am)

(Example 3.7.8 Remark (4).)
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121. If |a| > 1 real constant,

/1 dx [z=sin(6)] /”/2 de _ sign(a) - m
L @raVi-a Ly atsin®) Va1
(Examples 3.7.13, 3.8.1 Remark 2.)

122. -
Ve =2 (D).
o 2rzt+1 37"\g
(Example 3.7.15. Problem 3.7.98.)
123.
o 2 0 2
2/ e " cos(dz)dx = 2/ e " cos(dz)dx =
0 —oo
/ e~ cos(dz)dz = e 4/
(Examples 2.2.13, 3.7.17. Problem 3.7.24.)
124.

0 2
/ e sin(4z)dz = 6_4/ edey =
0 0

g erf(2) = 0.3013403889237924... .

(Example 3.7.17 Remark 3.)
125. If n =0, 1, 2, ..., integer,

/°° dx _m(2n)!
e (£C2 + 1)n+1 - (n|)222n

(Problem 3.7.10.)

126. If 8 € R and ¢ > 0 constants,

/ emer’ sin(Bx?) dr =

— 0o

2/000 emer’ sin(Bx?) dr = /OO e sin(ﬂu) du =

/ _ Bdv - \/7 —c+ /B2 +c2
NG B2+ (c+v?) & T

(Problem 3.7.13 (a). Example 2.4.1 Remark 3.)
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127. If 8 € R and ¢ > 0 constants,

/ e~ cos(Bz?) dx =

— 00

2 /OO e~ cos(Bz?) dr = /OOO e Coiﬁgu) du =

/ (c+v? B2+ 2
\/— /82 C + ’[}2 - 2 ﬁQ + CZ .
(Problem 3.7.13 (b).)
128. - JE
x T
— VT @ =I(v2-1).
/0 Frerari =3 (V2D
(Problem 3.7.16.)
129.

sin

/°° Iz d:c:m/i sin 12 :7r\/_/
0o x2+4+4r+8 2 (%)

(Problem 3.7.17.)

130. If —1 <a <1, a#0 and b > 0 constants,
g whe !
L dr=— .
/0 2 2cos(7r—a)
2

(Problem 3.7.18 (a).)

131. If —1 < a <2 and a # 0 or 1 constant

P
0

w1 3sin(wa)

(Problem 3.7.18 (b).)

132. If —1 < a < 1 and 0 < € < 7 constants,

/OO x® i msin(af)
0

2+ 2xcos(f) +1 ~  sin(arm)sing’

(Problem 3.7.19.)
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133.

134.

135.

136.

137.

Improper Riemann Integrals

If 0 <a <band 0 < ¢ < 2 constants,

[E) mm ()]

(Problem 3.7.20.)

If a # 0 and b real constants,
0 0
/ ema’e? cos(bx) dx = / ema’e? cos(bx) dx =
0

1 (> 2
3 [m ema'e? cos(bx) dx = ;|/;_r|e452 .

(Problem 3.7.24. Examples 2.2.13, 3.7.17.)

If a # 0 and b real constants,

e 2.2 1 2 b 2
/ e " sin(bz)dr = S—e 12 / e1aZ dt.
0 2a 0

(Problem 3.7.25.)

/0 dx N /OO dx N
oo (T+22)cosh(z) Jy (1 +22)cosh(z)
x =
2 cos(1) +7Tn§ (n— %)27# 1

(Example 3.7.18. Lemma 3.7.3.)

/_oo A+ ansmh@) = /_m T o1 Cschi@)de =
msinh () oos (J5) Rl
sinh? (%) + sin® (%) nirt 41

(Problem 3.7.28.)

138. If —7 < a < 7 constant,

* sinh(ax) a
/oo sinh(7x) dr = tan (5) '

(Problem 3.7.30.)



139.

140.

141.

142.

143.

144.
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If a € C such that [Im(a)| < 27 constant,
*° sin(ax) 1 a 1
S d = eoth (5) = .
/0 ezme 1 T LOMN\g) T g
(Problem 3.7.32 (a).)
If @ and B in C, such that Re(8) > 0 and |[Im(«)| < Re(8) con-

stants,
*° sin(ax) T am 1
de = —coth | — | — —.
/0 epr — 1% T 95 <ﬁ> 2

(Problem 3.7.32 (b). Example 3.7.24 Corollary 3.7.5 (A).)

If @ and B in C, such that Re(8) > 0 and |Im(a)| < Re(8) con-

stants,
*° sin(ax) ™ am 1
dx = —=csch | — —.
/0 eBr 1™ g ¢ (ﬂ)+2a

(Problem 3.7.32 (d). Example 3.7.24 Corollary 3.7.5 (B).)

If @ and b in C, such that Re(b) > 0 and |Re(a)| < Re(b) constants,

°° sinh(ax) T am 1
SIAT) gy = — T cot (20 4+ .
/0 e —1 2bCO(b)+2a
(Problem 3.7.33 (a).)
If @ and b in C, such that Re(b) > 0 and |Re(a)| < Re(b) constants,

/°° sinh(ax) dr = T s (a_W) 1
o e +1 - 2b b 2a’

(Problem 3.7.33 (b).)
Ifa>0,ueRand beR— {0} constants,

_(==w?

'] e .
P.V. — dx =
oo x
(z—m)?

eﬁ/wexzﬁ{xcos[W]—bsin[@]}dx:

_@=w?

[ e B a2

(z—m)?

LS [ -5

(Problem 3.7.35 (b), (d).)
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145. If a > 0, p € R and b € R — {0} constants,

(z—m)?

e a2 2b(x — ) . [2b(z — p) B
[m R {bcos{ > }—l—xsm{ p dx

;1.2+b2

sign(b) me™ a2

(Problem 3.7.35 (b).)

146. If a, b and ¢ such that Re(b) > 0, |Im(a)| < Re(d) and |¢| <
complex constants,

nl

*° sin(ax) = a(—c) T
dr = S S A——— -~ <
/0 T Za2+b2(n+1 QZ::

(Example 3.7.24.)

147. If b and ¢ such that Re(b) > 0 and |¢| < 1 complex constants,

(Example 3.7.24 Corollary 3.7.5 (E).)

148. If b and ¢ such that Re(b) > 0 and |¢| < 1 complex constants,

> In(u) 1 K (o)t
/1 (ub—l—c)udu_b_QZ n2

> In(u) 1w
/1 Wi T e

(Example 3.7.24 Corollary 3.7.5 (F).)
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149. If b and ¢ such that Re(b) > 0 and |¢| < 1 complex constants,

n=1
1 /b—ll 1 2
[ a - s
y l-uz b2 12
1 _ b1 2
/ 2’ n(x) dr — 17
0 14 xb b2 12

(Example 3.7.24 Corollary 3.7.5 (G).)

150. If a, b and c such that Re(b) > 0, |[Re(a)| < Re(b) and || < 1
complex constants,

°° sinh(ax) = a(—c)"™ a4 = (=)t
_— d = = — _—
/o v e Z—a2+bz(n+1)2 b an—(%)Q

n=0 n=1

(Example 3.7.24 Corollary 3.7.5 (I). Problem 3.7.59.)

151. If @, b and ¢ such that Re(b) > 0, |Im(a)| < Re(d) and |¢| < 1
complex constants,

> cos(azx) 1 & (=0 n
de— - S 291
A ebw +c x b Z a

(Example 3.7.25.)

152.
1 e —1)n—1
[t Cr
o T nmin? o+ ()
* cos(x) = (=) n
d =
/0 e 1 n; n?+ 1

(Example 3.7.25.)

153. If b such that Re(b) > 0 complex constant,

© o In(2)
—dx = du = .
/0 b 1" /1 u(ub + 1) “ b

(Example 3.7.25.)
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154. If a, b and c such that Re(b) > 0, [Im(a)| < Re(b) and || < 1
complex constants,

*° zsin(ax) 20 =~ (—c)""'n
) 212’
’ 2= [+ (3)°]
(Example 3.7.25.)

155. If b and ¢ such that Re(b) > 0, and |¢| < 1 complex constants,

00 /2 ) X /_\n-—1
/ BN Gl
0

ebr + ¢ b3 n3 '

(Example 3.7.25.

~—

156. If b > 0 constant,

(Example 3.7.25.)
157. If b > 0 constant,

n=1
/1 xb*l 1n2(x) s z 0 i
o 1—uab B n3

(Example 3.7.25.)

158. If a, b and c such that Re(b) > 0, |[Re(a)| < Re(b) and |c| < 1
complex constants,

> cosh(ax) 1 & (=1)"n
7(1 = — _—
[y, 15U

(Example 3.7.25.)
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159. If a € R, b > 0 and ¢ > 1 real constants,

.| aln(c)
> sin(ax) 1 — cos [ b }
- dx = +
0o €*+c ac
1

)" 2a aln(c
_Z a2+b2n2 +_ [ }Za2+b2n2

(Example 3.7.26.)

160. If b > 0 and ¢ > 1 real constants,

© g 1 [In(¢)]®> 1 (-1 2 72
d = — _— _
/0 ebr + ¢ YT 0 [ b ] + b2c ; nZcn + b2c 12

(Example 3.7.26.)

161.
/°° In(u) i 7r_2 /°° In(u) du—w—2
L (u+1) 12 . (w—=Du 6
/OO In(u) J 7T'_2 /OO In(u) du—ﬂ—z
1 (W?2+1) 48 1 (W2=1Du 2
*° In(u) 2
du = —.
Jowtime
(Problem 3.7.44.)
162.
/1 In(v) dv_—wz /1 In(v) do — —72
o 1+v 12 o l—v 6
/1vln(v) do — -2 /1 In(v) do — —72
o 1—v2 " 24 o 1—v2 8
(Problem 3.7.45.)
163.
/1ln(1+x)dx_7r_2 /11n(1—x)dx_—7r2
o T 12 o T 6
/lln 1+ d_ﬂc_w_2 /1xln(x)dx_1_7r_2
0 l—z) = 4 o l—a 7 6

639
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1 2
/ In(x)In(1 —2)de =2 - —
0 6
1 2
/ In(z)In(l+z)der =2—-2In(2) — —.
o 12
(Problem 3.7.46.)

164. If a > 0 and b > 0 constants,

*° cos(ax) *° cos(ax) /0 cos(ax)
de =2 de =2 d
/::x2+b2 v /0 2+ 2

If b > 0 and a € R constants,

*° cos(ax) * cos(ax) /O cos(ax)
dx =2 de =2 dz =
/00962_,_172 z /0 2212 2 ™

> sin(ax)
/oo$2+b2 dz = 0.

(Example 3.7.27 Remark.)

165. If a € R and b > 0 constants,
*°  sin(ax) °°  sin(ax)
) gr =2 SO g =
Amaﬁ+w)x A 2(22 +02)
0 .
sin(ax) . T lalb
2/_Oomda:=mgn(a)b—2- (1—8 la] )
(Example 3.7.28.)
166. If @ > 0 and b > 0 constants,
/ T coslar) gL T a1 4 g
—00 (ZCZ + b2)2 B 2b3 '
(Example 3.7.29.)

167. If @ > 0 and b > 0 constants,

* wsin(ax) * zsin(az)
———-dr =2 ———dz =
[mxhw2x A R

2/0 xsin(ax)d _

X — .
ZIJQ + b2 eab

—0o0

(Example 3.7.32 Remark 1.)
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/Z {W}Z dt = %/Z fA(z)dx =

21 {/i(l—l—w)gdfc—k/ol(l—x)gdx} :27r(%+%).

(Example 3.7.39.)

168.

169. If @ > 0 and b > 0 constants,

[ emton) et oy

—0o0

(Problems 2.2.16, 3.7.69. Example 3.7.34.)

/°° sin(mr) oo

oo l’(]. —£C2)

170.

(Problem 3.7.76.)

0 1 _ 1
/ 1;1(3:) dr — / In(z) dr — / arctan(x) dr —
1 22 +1 0 x2+1 o x

171.

= 1 > 2n + 1
_1 n___ - — =
,;f ) (2n+1)2 87;3 (4n + 1)2(4n + 3)2

Catalan constant G = 0.915965594 .. ..

(Example 3.7.45. Problem 3.7.93.)

172. If -1 < a <0,

oo al

/ z? In(z) dx = 72 cot(am) csc(ar).
0 T + 1

(Examples 3.7.8, 3.7.44, 3.7.46. Problem 3.7.94.)

1
173. If ¢ and r # 0 such that 0 < % < 1 real constants,

° xi1 1 1 1
/ 2! In(z) dr = —sign(r) — 72 cot <q + 77) cse (q + 7r> .
o z"+1 r r r

(Examples 3.7.8, 3.7.44, 3.7.46. Problems 3.7.94, 3.7.96.)
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174.

175.

176.

177.

178.

179.

180.

Improper Riemann Integrals

Ifn=1, 3, 5, ... odd positive integer,

(@)
/0 21 dxr = 0.

(Problem 3.7.89 (b).)

If a > 0,b >0 and ¢ > 0 constants,

* In(cx) ™ be
) ge= (X)),
/0 b2 + (ax)? 7 2a n(a)
(Problems 2.1.19, 2.1.24, 3.7.90.)

0012 112
/ n_@dQC:Q/ ) gy =
o 1+ o 1+=x

3

> In?(z) T
2 dr = —.
/1 11227 7%

(Problem 3.7.91.)

oo u2 o 7T3
——du = Zsech(u) du = —.
/_OO cosh () u /_Oou sech(u) du 1

(Problem 3.7.91.)

o dx T
P.V. —_ ==
/_Oox3+x2+x+l 2’

e

/OO dx B
o w3+at+r+1

(Problem 3.7.99 (b), (c).)

/OO dx 4w . (2w
=—sin|{ — |.
o Tt a3+ 2+ +1 b 5

(Problem 3.7.100 (a).)

If |a| > 1 real constant,

[SE]

/Z’T @ _, / d9  sign(a)- 27
o a+sin(®) "/ _za+sin(0)  VaZ-1

2

(Examples 3.7.13, 3.8.1 Remark 2.)



181.

182.

183.

184.

185.

186.
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27

when |a| <1

27 do 1—a?
/0 a? — 2acos(f) + 1 - o

5 when |a| > 1.
a2 —

(Example 3.8.2.)
If R > r > 0 constants,

2 df L
o R?—2Rrcos(f) +r2 R2Z -2

(Example 3.8.2. Problem 3.8.1.)

If A> 0 and B > 0 constants,

(a) 2 dx B 2
o A+ Bsin’(zr) JA(A+B)’
2 dx 2

() o Acos®(r)+B A+ B)B

(Example 3.8.3 Remark 2.)

or 0, if m #n,
/ e—inzeimrda: —
0 2, if m=n.
(Subsection 3.8.2.)
If n integer,
2, if n=0,

2
/ cos? (nx)dx =
0 , if 0 0.

(Subsection 3.8.2.)

If n integer,

. 0, if n=0,
/ sin?(nx)dz =
0

(Subsection 3.8.2.)

m, if n=#0.

643
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187.

188.

189.

190.

191.

192.

Improper Riemann Integrals

If m # n integers,
2m
/ cos(nx) cos(mz) dz = 0.
0
(Subsection 3.8.2.)
If m # n integers,
2
/ sin(nx) cos(mz) dz = 0.
0
(Subsection 3.8.2.)
If m # n integers,
27
/ sin(nz) sin(max) de = 0.
0
(Subsection 3.8.2.)

If n integer,

[ e [

(Example 3.8.6.)

0, ifniseven

27, if n is odd.

If a > 1 constant,

T az sin(x) 1
de=mln|{1+4+ - ).
/0 1 — 2acos(z) + a? v 7rn< +a)

(Problem 3.8.2.)

If 0 < a < 1 constant,

T ax sin(x)
dzr = 7ln(1 :
/0 1 —2acos(z) + a? z=min(l+a)

(Problem 3.8.2.)
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193. If n non-negative integer,

/ cos”(x) cos(nz) dx = -
0 2n
(Problem 3.8.7 I3.)
194. If n non-negative integer,
/ sin” (z) sin(nx) de = Z sin (T) .
o on 2

(Problem 3.8.7 I,.)

645
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4.2 List of Non-elementary Sums

Here, we cite a list of all major, non-elementary, general and impor-
tant real or complex finite or infinite sums that have been evaluated in
the text or referred to in problems and footnotes.

1. Finite geometric sum for any z € C,

k
Zz":1+z+22+z3+...+zk:
n=0

ZkJrl_l _ 1_Z1€+1

= if 1
z—1 1—2z "’ it 27

k+1, if 2=1.

n=1

(Example 1.3.10. Problem 3.7.58 (b).)

3. If p > 0 constant,

1 1 o gpl
C(p):Zﬁ:mA mdxz

n=1

1 * InP~ 1 (u) 1 U= In(v)]P—! ’
r<p>/1 <u—1>ud“‘r<p>/o o

(Problems 2.6.6, 3.7.62.)

4.
) Cl =
Zom—Fk—l—l ZO l—l—l
m!n! B 1 _
(m+n+1D! (m+n+1)-(m+n)Cm

1
(m+n+1)-(m+n)Cn’

(Problem 2.6.16.)
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5. If ¢ € R and p # 0 constants, let H%H be the integer part

or floor function of — and H, or H the Heaviside functions
b
defined in Problem 2.7.16 (a),

oo

H%H - ni Hyn(z) = n; H(x — pn).

(Problem 2.7.16 (g).)

6. If k ¢ Nand wg, wi, ... wi_1 are the k kth roots of 1,

0, if je{l,2, ... k—1}+kZ

w3+w{+...+w;_1:{k it ek

(Problem 3.2.24.)
7. If ke Nand wg, wy, ... wi_1 are the k Kkt roots of 1,

wotwi+...+wp_1 =0
wow1 + wowz + ... + wr_swr_1 =0
wowiwe + ... + W 3wWg—2wr—1 = 0

Wow1 ... W2+ ... +wiws...wp_1 =0

Wow1 ... Wg—1 = (—1)k+1.

(Problem 3.2.25.)
8. If n > 0 integer and z real,

:[[%]] k(T n—2k . 2k
cos(nz) Z( 1) o ) €08 (z) sin“" ().

k=0

(Problem 3.1.27 (II).)
9. If n > 0 integer and z real,
[3

sin(nz) =y (—=1)* (2];:_ 1) cos™ 21 (z) sin?* 1 ().
k=0

=

(Problem 3.1.27 (II).)
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10. If n > 0 integer and z real,

H ]]( ) (2k+1) tan%Jrl(x)'

Bl e tan @)

tan(nx) =

(Problem 3.1.27 (II).)

11. If n > 0 integer and z real,

sin [M] sin (—1)

sin(kx) = 2
kzzo (kz) sin(l)

2

(Problem 3.2.11 (d).)

12. If n > 0 integer and z real,

(Problem 3.2.11 (e).)
13. Infinite geometric sum

1

Vz: |z <1,
(Example 3.2.1. Subsection 3.5.1.)

14.
e an Vz: |z <1
(Example 3.2.1.)
15.
1 = n2n
—— =) (1" Vz: |z <l
1+2 =
(Example 3.2.1.)
16.
e P 2,2 23 L
:Z——1+z—|———|——+ e
e 3!
VzeC.

(Section 3.2. Subsection 3.5.1.)



17.

18.

19.

20.

21.

22.
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0 . Z2n 2,2 24 N ZQn
cos(z) = Z(—l) @) =1—-— + TR +(-1) )l + .
vV zeC.

(Section 3.2. Subsection 3.5.1.)

n=0

0
22n+1 3 5

22n+1
(—1) m+, YV zeC.

(Section 3.2. Subsection 3.5.1.)

o0 2n+1 3 5 7
z 2z 2z
t =Y (1) =y 2y
arctan(z) ;( )2n+1 z 3+5 7+ )
z: |z] < 1.
(Section 3.2. Subsection 3.5.1.)
e 2n 2,2 4 ZQn
h(z) = — 4+ ——=+..
cos z:: o + m + ...+ 2n)] + .
vV zeC.
(Problem 3.2.12. Subsection 3.5.1.)
% 2041 J . H2n+1
nh(z)=S =t o Ty
sinh(2) ;(2714—1)! et Es Tt ey

(Problem 3.2.12. Subsection 3.5.1.)
IfaeC,deCandneN,

> sinfa+ (k- 1)d] = —
k=1 sin (5)

(Problem 3.2.19 (a).)
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23.

24.

25.

26.

27.

28.

Improper Riemann Integrals

IfaeC,deCandnéeN,

cos [a + —("_Zl)d} sin (%)

zn:cos[a +(k—1)d] =
k=1

(D)
(Problem 3.2.19 (a).)
IfaeCandn €N,
. (n+Da| . na
n sin |52 | sin (22)
Zsm(ka) = [ o (L)
k=1 2

(Problems 3.2.11 (d), 3.2.19 (b).)
IfaeCandn €N,

(Problems 3.2.11 (e), 3.2.19 (b).)
IfaeCandn €N,

sin?(na)

Z sin[(2k — 1)a] =
k=1

sin(a)
(Problem 3.2.19 (b).)

Ifae Candn €N,

~ vl = sin(2na)
;cos[@k 1)a] = Zsin(a)

(Problem 3.2.19 (b).)
IfaeCandn €N,

sin[(n + 1)a) sin(na).

; sin(2ka) = sin(a)

(Problem 3.2.19 (c).)



29.

30.

31.

32.

33.

34.

35.
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IfaeCandn €N,

651

cos[(n + 1)a] sin(na) .

Z cos(2ka) =
k=1

(Problem 3.2.19 (c).)
IfaeC,deCandnéeN,

gsinQ[cﬂ— (k—1)d] = g —

(Problem 3.2.20 (a).)
IfaeCandn €N,

sin(a)

cos [2a + (n — 1)d] sin(nd)
2sin(d)

Zsin2(ka) = g -
k=1

(Problem 3.2.20 (b).)
IfaeCandn €N,

n

,§Sin2[(2k —1)a) 5

(Problem 3.2.20 (b).)
Ifd e Cand n € N,

cos[(n + 1)a) sin(na).

2sin(a)

cos(2na) sin(2na)
2sin(2a)

cos[2(n + 1)d] sin(2nd)

:E:shP(de)::gi—
k=1
(Problem 3.2.20 (c).)

™ ™
If —— z
5 <<%

o0
2"~ L gin™(z)

n=1

(Problem 3.2.21.)

oo

. ™
Z S11 (W) COS

n=1

(Problem 3.2.22 (a).)

2 sin(2d)

_ sin(z)
1—2sin(z)

3m \ 1
otz | T o



652 Improper Riemann Integrals

36. If z € C,
Z 2% tan (2%) = % — cot(z).

n=1

(Problem 3.2.22 (b).)
37. If x e R,

> X
t EE—— P
g an [1+n(n+ W}

g — arctan(z) = arctan <—> it x>0
x

T 1 .
5 arctan(zr) = arctan (—) if x<0.
x

(Problem 3.2.23.)
38.

(Subsection 3.5.1.)
39.

o /1 2n41
. 5+n—1\ z
arcsin(z) = E (2 " )2n+ 1=
)

n=0
2 L2 08 2 135 A L <t
12 3 24 5 246 7
(Subsection 3.5.1.)
40. Zero branch of complex logarithm
logg(1+ 2) = ;)(—1)“;?11 -z ? + %3 - ’%4 + o
Vz: |zl <1.

(Subsection 3.5.3. See also Section 3.2.)



41.

42.

43.

44.

45.
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Zero branch of complex binomial series

(1+z)o‘:z<a>z", aeC, Vz:|z|<1,

n
n=0

where V. n € N,

(a) g (a) _ala=D(@=2)..(a=n+1)

0 n!

(Subsection 3.5.5. See also Problem 2.6.41.)

If 0 <r < aand 0, ¢ are real constants,

1+2Z( ) cos[n(f — :—1+2Z( ) cos[n(f — ¢)] =

a2—7“2

a2 +1r2 —2arcos(f — @)

P(a’¢) (T‘, 6‘) =

(Definition 3.5.3 of Poisson Kernel and Appendix 3.5.8.)

x <z
T ge= T csch(a)dr=
. 4) sinh(x) v /oo 1+t ¢ (w)de

(Problem 3.7.28.

[0 d]
~

For any a € C, such that a # ni with n € Z (i.e., a? is not an
integer) constants,
o0
1 m
——— = — coth(ma).
Z n2 + a? a ( )
n=-—o00

(Example 3.7.22.)

For any a € C, such that a # ni with n € Z (i.e., a¢ is not an
integer) constants,

= 1 ™ 1 1 1

Z m = % COth(’iTa) — 2—012 = % |:7T COth(ﬂ'a) — E:| .

n=1

(Example 3.7.22.)
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46.
26
—n 6
(Euler Sum. Example 3.7.22 Corollary 3.7.3. Problem
3.7.36.)
47.
Sig
1 - .
—n 90
(Example 3.7.22 footnote.)
48.
‘= nf 945"

(Example 3.7.22 footnote.)
49. If a € 7Z constant,

— 1 11
Zm:% E—TFCOt(ﬂ'a) .

n=1

(Examples 3.7.22 Corollary 3.7.4, 3.7.23. Problems 3.7.37,
3.7.61 (a).)

50. If a € Z constant,

1 > 2a > a
cot(ma) — — = — = -
m cot(ma) a Zaz—nQ Zn(a—n)
n=1 n=—oo
n#0
1 , 1
7 cot(mwa) — o= mh_rgo Z "
n=—m
n#0

m

1
t =l .
7 cot(ma) im Z —

n=—m

T = mesc(ma) = f: (_1)n.

sin(7ma) a—mn

n=—oo
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92.

93.

54.

55.

List of Non-elementary Integrals and Sums in Text

1+Z T

— (-
= Z 1
n=—oco 2
1
4(__
1
1= (—1)"
7T:2+§ E )2:
n:lz_n

n+1

1
2 ——
* (1~3

1
3.

(Example 3.7.23. Problem 3.7.61 (a).)

— 00

Tt
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]:

(_1)7L+1
g 2n —1
L1

5

If a, b and ¢ such that Re(b) > 0, |Im(a)| < Re(db) and |¢] < 1

complex constants,

* sin(a
ebe —|— c -
0

(Example 3.7.24.)

Z

1

a2+b2n+1

e}
a
——ZZ

0"@
\/

If a, b and ¢ such that Re(b) > 0, |Re(a)] < Re(b) and |¢| < 1

complex constants,

o0 : h
/ su; (ax) de
0o €™ +c

“a2 b2 2
— —a®+ b’ (n+1)

o0

a(—c)"

_%Z (=

a

C)nfl

1n?— b)Q.

(

(Example 3.7.24 Corollary 3.7.5 (I). Problem 3.7.59.)

If a, b and ¢ such that Re(b) > 0, [Im(a)] < Re(b) and |¢| < 1

complex constants,

[

(Example 3.7.25.)

100
_EZ

(=9"'n

°‘|®

If a, b and ¢ such that Re(b) > 0, |Re(a)| < Re(db) and |¢|] < 1

complex constants,

/OO cosh(ax
0 ebz +1

(Example 3.7.25.)

(Problem 3.7.38.)

k=

1

1 o0
EZ

V)

=1
Z(sz:_

77.

1

(5)°
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56.

o7.

o8.

99.

60.

61.

62.

Improper Riemann Integrals

> s
2%—1 -]

(Problem 3.7.38.)

(Problem 3.7.38.)

oo

> (4 )=
k_0(4k+1 4k+3 2 — (2k +1)2

(Problems 3.7.39, 3.7.53 (d).)

If a # ni with n € Z complex constant,

G VL
Z m:ECSCh(’FG).

n=—oo

(Problem 3.7.41 (a).)

If a # ni with n € Z complex constant,

o0 ( 1 n 1
S =" ¢sch .
 csc (ra) — 5.7

n? + a2
n=1

(Problem 3.7.41 (a).)

If a € Z complex constant,

i (=1)" = %ﬁ cse(rma).

(Problem 3.7.41 (b).)

If a € Z complex constant,

Z (_71)”2 - % csc(ma).

1n2—a 2a?

n=

(Problem 3.7.41 (b).)

—(
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63.
i (_1)7L+1 B 7'(2
— n2 12
(Problem 3.7.41 (c).)
64.
SV S
= (2n+1)° 8= ( +%)3 32
(Problem 3.7.49.)
65.

N

Ly T
(Problem 3.7.49.)

66. If a € Z complex constant,

1 2
Z T ar = n% csc?(ma) = ;r

2 = :
(n+a) sin®(ma)

n=—

(Problem 3.7.52 (a).)

67. If a € Z complex constant,

= —-1)" 2 72 cos(ma
n;m (75 n 21)2 = 7° cse(ma) cot(ma) = %ﬁm))'
(Problem 3.7.52 (b).)
68. If a € Z and b & Z complex constants,
n:Z_OO CEICEN) i — [cot(ma) — cot(md)].
_Z: m = % {cot[r(z — ai)] — cot[r(z + ai)]} .
> m = oo {cotlr(z — a)] — cotlr(= + a)]}.

(Problem 3.7.53 (a), (b).)
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69. If a € Z and b ¢ Z complex constants,

Z (n +(a—)1()n"+ i i . [csc(ma) — csc(mb)] .

n=—oo

> ((i = 57 tescln(z — ai)] — esc[n (2 + ai)]}.

= (n+2)?+a?
n;w % = 5o {esclm(z = a)] — esclm(z + a)]}.
(Problem 3.7.54 (a), (b).)

70.

0o 1 g e’ (e‘r—e_Tz)
= dz =
Y GG (n+1)( 3n—|—1) 2/0 P v

n:l
1 Lus —1
——<1+/ © du).
2 0o 1l—u

(Problem 3.7.55.)

71.
= 2k +1 2
 EHD 6 +1.
(Problem 3.7.56.)
72.
1| x sin (%) cos (\/iﬁ) + sinh (\/iﬁ) cosh (\/iﬁ) .
2 |v2 sinh? (%) + sin? (%)
(Problem 3.7.57 (a).)
73.
>
1| sin (%) cosh (%) + sinh (%) cos (\/ié) L
2| V2 sinh? (%) + sin? (%)

(Problem 3.7.57 (b).)
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e 1 n+1 7’L2 1 \/g
Z (ng'ﬁ =3 [1 — In(2) + 7 sech (777)] .

n=1

(Problem 3.7.58 (a).)

74.

75. -
St ()
(Problem 3.7.58 (b).)
76. .
in(m
Log{S (ZZ] log(m +ZLog< )
: N z*
sin(rz) = 7Tznl;[1 (1 - ¥> ,
: - z*
sinh(rz) = wznll (1 + ﬁ) .
(Problem 3.7.61.)
7. IfkeN,0O<|af<landw,, p=0,1, 2, ..., k — 1 the k' roots
of unity(= 1),
P Zpoo @l
=k —a¥ o kaF-l(er—1)

(Problem 3.7.62.)

8. If k € N,m € N, a € Csuch that 0 < |m —a| < 1 and w,,

p=0,1,2 ..., k—1 the kth roots of unity(: 1),
00 1 Z (m—wpa)x
Z k_ gk k _ ok / k 1 dz.
—nf—a n —a kak=1(er — 1)

(Problem 3.7.62.)
79.If k € N, ¢ a k'™ root of =1, 0 < Ja| < 1 and w,, p =

0, 1,2, ..., k—1 the kth roots of unity(= 1),
S /oo — S pmo W
nk+adk kak—1(er — 1) '

n=1

(Problem 3.7.62.)
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80.

81.

82.

83.

84.

85.

Improper Riemann Integrals
If k€N, ¢ a k™ root of —1, m € N, a € C such that
0<|m-—al] <landw, p=0,1,2, ..., k—1the Eh voots of
unity(= 1),

00 m k—1 —(m—yYw,a)x
* =9 szo wpe ( o)

1 1
an+ak Z:lnk+ak +/0 kaF—1(ev — 1) r

n=1 n—=

(Problem 3.7.62.)

If m > 0 integer,
2m—+1

Z 1 2m + 1 o
o2m+1— 2k k e

k=0
(Example 3.8.4.)

If m > 0 and n > 0 integers,

> o (D) ()
= k l m—k+n—1
m-+n#k+l

IS 2m) (20 (—1)F — (—1)mtn—l
> E )\ m—hin_1 "
k=0 =0

m+n#k+l

(Example 3.8.5.)

If m > 0 and n > 0 integers,
i(_m_l 2m (20 _ C)CGY) _ _(2m)!(2n)!
pr m4n—1)\ 1) (™) mlnl(m+n)!
(Example 3.8.5. Appendix 3.8.3.)

QZ’” (—1)* <2m> o
—m— k\ k
k#m

(Example 3.8.5. Problem 3.8.9 (a).)

% 1 <2m> B
= m— k\ k
k#m

(Example 3.8.5. Problem 3.8.9 (b).)

If m > 1 integer,

If m > 1 integer,
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Improper Riemann Integrals gives readers the prerequisites and tools to
understand the convergence, principal value, and evaluation of the improper/
generalized Riemann integral. It also illustrates applications to science and
engineering problems.

The book contains the necessary background, theorems, and tools, along
with two lists of the most important integrals and sums computed in the text.
Numerous examples at various levels of difficulty illustrate the concepts and
theorems. The book uses powerful tools of real and complex analysis not
only to compute the examples and solve the problems but also to justify
that the computation methods are legitimate.

Features

e Describes various methods from advanced calculus and real and
complex analysis for computing improper integrals

e Provides the necessary theorems and results

e Offers justification for many steps by using the tools of advanced
analysis —a feature often omitted from other books

e Contains detailed examples that illustrate the tools for checking
convergence of improper integrals and evaluating their exact value
when possible

e Presents many of the same examples in different ways, highlighting
the interconnection among topics, how a problem can be viewed
in various contexts, and how different methods can solve the same
problem

¢ Includes problems in every section, several projects and applications,
and an extensive bibliography at the back of the book

e Lists all the major integrals and finite and infinite sums computed in
the text

Enriched with many examples, applications, and problems, this book helps
readers acquire a deeper understanding of the subject, preparing them for
further study. It shows how to solve the integrals without exclusively relying
on tables and computer packages.
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