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Preface

Nonlinear analysis is one of the most interesting and fascinating branches of
pure and applied mathematics. During the last five decades, several branches
of nonlinear analysis have been developed and extensively studied. The main
aim of this volume is to include those branches of nonlinear analysis which
have different applications in different areas. We divide this volume into three
parts: Fixed-Point Theory, Convex Analysis and Variational Analysis, and
Vector Optimization.

The first part consists of the first three chapters.
Chapter 1 is devoted to the study of Mann-type iterations for nonlinear

mappings on some classes of a metric space. This is achieved through the con-
vex structure introduced by W. Takahashi. The common fixed-point results
for asymptotically (quasi-) nonexpansive mappings through their explicit and
implicit iterative schemes on nonlinear domains such as CAT (0) spaces, hy-
perbolic spaces, and convex metric spaces are presented, which provide metric
space version of the corresponding well-known results in Banach spaces.

Chapter 2 provides an outline of the recent results in fixed-point theory
in modular function spaces. Modular function spaces are natural generaliza-
tions of both function and sequence variants of many important (from an
applications perspective) spaces such as Lebesgue, Orlicz, Musielak–Orlicz,
Lorentz, Orlicz–Lorentz, Calderon–Lozanovskii, and many others. In the con-
text of fixed-point theory, the foundations of the geometry of modular function
spaces and other important techniques like extensions of the Opial property to
modular spaces are discussed. A series of existence theorems of fixed points for
nonlinear mappings, and of common fixed points for semigroups of mappings,
is presented.

Chapter 3 discusses key results on the existence of continuous approx-
imations and selections for set-valued maps with an emphasis on the non-
convex case (non-convex domains, co-domains, and non-convex values) and
in a general and generic framework allowing the passage, by approximation,
from simple domains to more elaborate ones. Applications of the approxima-
tion and selection results to topological fixed-point and coincidence theory for
set-valued maps are also presented.

The second part of the volume consists of Chapters 4, 5, and 6.
Chapter 4 contains the basic definitions, properties, and characterizations

of convex, quasiconvex, and pseudoconvex functions, and of their strict coun-
terparts. The aim of this chapter is to present the basic techniques that will

xi



xii Preface

help the reader in his/her further reading, so we include almost all proofs
of the results presented. At the same time, the definitions of some classes of
generalized monotone operators are recalled; it is shown how they are related
to corresponding classes of generalized convex functions. Finally, some of the
many applications of generalized convex functions and generalized monotone
operators are given, which are related to optimization and microeconomics,
and especially to consumer theory.

After the huge development of convex optimization during several decades,
quasiconvex optimization, or optimization problems involving a quasiconvex
objective function, can be considered as a new step to embrace a larger class
of problem with powerful mathematical tools. The main aim of Chapter 5 is to
show that, using some adapted tools, a sharp and powerful first-order analysis
can be developed for quasiconvex optimization.

Chapter 6 gives an introduction to the theory of variational-like in-
equalities. Some relations between a nonconvex optimization problem and
a variational-like inequality problem are provided. Some existence results for
a solution of variational-like inequalities are presented under different kinds
of assumptions. Two solution methods—auxiliary principle method and the
proximal method—for finding the approximate solutions of variational-like
inequalities are discussed.

The last part is devoted to vector optimization.
Chapter 7 presents basic concepts of vector optimization, starting with

partial orders in a vector space with respect to which optimality is defined.
Some criteria for existence of maximal elements of a set in a partially ordered
space by using coverings of a set and monotone functions are discussed. For
a vector optimization problem with equality and inequality constraints, one
can express optimality conditions in terms of derivatives when the data of the
problem are differentiable, or in terms of subdifferentials when the data are
nonsmooth. Finally, three methods for solving nonconvex vector optimization
problems are presented. Two of them are well-known and the other one is
more recent, but both are interesting from mathematical and practical points
of view.

The last chapter is devoted to multi-objective combinatorial optimization
(MOCO) problems, which are integer programs with multiple objectives. The
goal in solving a MOCO problem is to find efficient (or Pareto optimal) solu-
tions and their counterparts in objective space, called non-dominated points.
Various types of efficient solutions and non-dominated points as well as lexico-
graphic optima are defined. It is shown that MOCO problems are usually NP-
hard, #P-hard, and intractable, that is, they can have an exponential number
of non-dominated points. The multi-objective shortest-path and spanning-
tree problems are presented as examples of MOCO problems for which single
objective algorithms can be extended. The two-phase method is an effective
tool for problems that are polynomially solvable in the single objective case
and for which efficient ranking algorithms to find r-best solutions exist. For
problems for which the two-phase approach is not computationally effective,
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one must resort to general scalarization techniques or adapt general integer
programming techniques, such as branch and bound, to deal with multiple
objectives. Some popular scalarization methods in the context of a general
formulation are presented. Bound sets for non-dominated points are natural
multi-objective counterparts of lower and upper bounds that enable multi-
objective branch and bound algorithms and several examples are cited. Exact
algorithms based on integer programming techniques and scalarization can
easily result in prohibitive computation times even for relatively small-sized
problems. Metaheuristics may be applied in this case. The main concepts of
metaheuristics that have been applied to MOCO problems are introduced and
their evolution over time is illustrated.

We thank our friends and colleagues, whose encouragement and help influ-
enced the development of this volume. We mainly are grateful to the Rector
of the University of Tabuk Dr. Abdulaziz S. Al-Enazi, for his support in or-
ganizing an International Workshop on Nonlinear Analysis and Optimization,
March 18–19, 2013 at University of Tabuk, Tabuk, Saudi Arabia. Most of the
contributors attended this workshop and agreed to be a part of this volume.

We would like to convey our special thanks to Miss Aastha Sharma, com-
missioning editor at Taylor & Francis India, for taking a keen interest in
publishing this book.

October 2013 Saleh A. R. Al-Mezel,
Falleh R. M. Al-Solamy,
and Qamrul H. Ansari
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1.1 Introduction

The Banach Contraction Principle (BCP) asserts that a contraction on a
complete metric space has a unique fixed point and its proof hinges on “Pi-
card iterations.” This principle is applicable to a variety of subjects such as
integral equations, partial differential equations and image processing. This
principle breaks down for nonexpansive mappings on metric spaces. This led
to the introduction of Mann iterations in a Banach space [33]. Our aim is
to study Mann-type iterations for some classes of nonlinear mappings in a
metric space. We achieve it through the convex structure introduced by Taka-
hashi [45]. In this chapter, iterative construction of common fixed points of
asymptotically (quasi-) nonexpansive mappings [11] by using their explicit
and implicit schemes on nonlinear domains such as CAT (0) spaces, hyper-
bolic spaces, and convex metric spaces[1, 7, 22, 24, 45] will be presented. The
new results provide a metric space version of the corresponding known results
in Banach spaces and CAT (0) spaces (for example, [12, 25, 32, 26, 47]).

3



4 Fixed Point Theory, Variational Analysis, and Optimization

1.2 Preliminaries

Let C be a nonempty subset of a metric space (X, d) and T be a mapping
on C. Denote the set of fixed points of T by F = {x ∈ C : Tx = x}. The
mapping T is said to be:

• contraction if there exists a constant k ∈ [0, 1) such that d(T (x), T (y)) ≤
k d(x, y), for all x, y ∈ C;

• uniformly L-Lipschitzian if d (T n(x), T n(y)) ≤ L d(x, y), for some L > 0,
x, y ∈ C, n ≥ 1;

• asymptotically nonexpansive [11] if there exists a sequence {kn} ⊂ [1,∞)
with lim

n→∞
kn = 1 such that d (T n(x), T n(y)) ≤ kn d(x, y), for all x, y ∈ C

and n ≥ 1;

• asymptotically quasi-nonexpansive if F 6= ∅ and there exists a sequence
{kn} ⊂ [1,∞) with lim

n→∞
kn = 1 such that d (T n(x), p) ≤ kn d(x, p), for

all x ∈ C, p ∈ F and n ≥ 1.

For n = 1, the uniform L-Lipschitzian mapping is known as L-Lipschitzian.
For kn = 1 for n ≥ 1 in the definitions above, asymptotically nonexpansive
mapping and asymptotically quasi-nonexpansive mapping becomes nonexpan-
sive mapping and quasi-nonexpansive mapping, respectively.

A nonlinear mapping may or may not have a fixed point.

Example 1.1. Define T : [1,∞) → [1,∞) by

(a) T (x) = x
2 + 3. Then, T is a contraction with k = 1

2 and F = {6},

(b) T (x) = 25
26 (x + 1

x). Then, T is a contraction with k = 25
26 and F = {5},

(c) T (x) = x + 1
x . Then, T is not a contraction and so by the Banach

contraction principle, it has no fixed point.

The concept of quasi-nonexpansiveness is more general than that of non-
expansiveness. A nonexpansive mapping with at least one fixed point is quasi-
nonexpansive. There are quasi-nonexpansive mappings which are not nonex-
pansive.

Example 1.2. (a) [36] Let X = R (the set of real numbers). Define T1 : R →
R by T1(x) =

x
2 sin

1
x with T1(0) = 0. The only fixed point of T1 is 0 as follows:

if x 6= 0 and T1(x) = x, then x = x
2 sin 1

x or 2 = sin 1
x , which is impossible.

T1 is quasi-nonexpansive because |T1(x)− 0| =
∣∣x
2

∣∣ ∣∣sin 1
x

∣∣ ≤ |x|
2 < |x− 0| for

all x ∈ X . However, T1 is not nonexpansive mapping. This can be verified
by choosing x = 2

π , y = 2
3π ; |T (x)− T (y)| = 2

π sin π
2 − 2

3π sin 3π
2 = 8

3π and
|x− y| = 4

3π .
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(b) [11] LetB be the unit ball in the Hilbert space l2 and {ai} be a sequence
of numbers such that 0 < ai < 1 and

∏∞
i=2 ai = 1

2 . Define T : B → B by
T (x1, x2, x3, . . .) =

(
0, x21, a2x2, a3x3, . . .

)
. Then,

‖T n(x) − T n(y)‖ ≤ 2

n∏

i=2

ai ‖x− y‖ for n ≥ 2 and

‖T (x)− T (y)‖ ≤ 2 ‖x− y‖

give that T is asymptotically nonexpansive but not nonexpansive.

Remark 1.1. (a) The linear quasi-nonexpansive mappings are nonexpan-
sive, but it is easy to verify that there exist nonlinear continuous quasi-
nonexpansive mappings which are not nonexpansive; for example, the
above T1.

(b) It is obvious that, if T is nonexpansive, then it is asymptotically nonex-
pansive with the constant sequence {1}.

If a fixed point of a certain mapping exists and its exact value is not
known, then we use an iterative procedure to find it. Here is an example

: Define T : R3 → R3 by T (x, y, z) =
(

sin y
4 , sin z

3 + 1, sin x
5 + 2

)
. Then,

T is a contraction with k = 1
3 . By (BCP), T has a unique fixed point

p. Its exact value is not known. Using the method of proof of (BCP), we
can find an approximate value of p with a required accuracy. An answer is
p = (x6, y6, z6) = (0.2406, 1.2961, 2.0477) within the accuracy of 0.001 to the
fixed point (by measuring it through Euclidean distance).

The reader interested in the iterative approximation of fixed points(common
fixed points) for various classes of mappings in the context of Banach spaces
and metric spaces is referred to Berinde [3].

Many problems in science and engineering are nonlinear. So translating a
linear version of known problems (usually in Banach spaces) into an equivalent
nonlinear version (metric spaces) has great importance. This basic problem
is usually considered in a CAT (0) space. We include a brief description of a
CAT (0) space.

Let (X, d) be a metric space. A geodesic from x to y in X is a map c
from a closed interval [0, l] ⊂ R to X such that c (0) = x, c (l) = y, and
d (c (t) , c (t′)) = |t− t′| for all t, t′ ∈ [0, l]. In particular, c is an isometry and
d (x, y) = l. The image α of c is called a geodesic (or metric) segment joining
x and y. The space (X, d) is said to be a geodesic space if every two points of
X are joined by a geodesic, and X is said to be uniquely geodesic if there is
exactly one geodesic joining x and y for each x, y ∈ X , which we will denote
by [x, y], called the segment joining x to y.

A geodesic triangle ∆(x1, x2, x3) in a geodesic metric space (X, d) consists
of three points x1, x2, x3 in X (the vertices of ∆) and a geodesic segment be-
tween each pair of vertices (the edges of ∆). A comparison triangle for geodesic
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triangle ∆ (x1, x2, x3) in (X, d) is a triangle ∆ (x1, x2, x3) := ∆ (x̄1, x̄2, x̄3) in
R2 such that dR2 (x̄i, x̄j) = d (xi, xj) for all i, j ∈ {1, 2, 3}. Such a triangle
always exists [5].

A geodesic metric space is said to be a CAT (0) space if all geodesic trian-
gles of appropriate size satisfy the following CAT (0) comparison axiom:

Let ∆ be a geodesic triangle in X and let ∆ ⊂ R2 be a comparison triangle
for ∆. Then ∆ is said to satisfy the CAT (0) inequality if for all x, y ∈ ∆ and
all comparison points x̄, ȳ ∈ ∆,

d (x, y) ≤ d (x̄, ȳ) .

A complete CAT (0) space is often called a Hadamard space (see [28]). If
x, y1, y2 are points of a CAT (0) space and if y0 is the midpoint of the segment
[y1, y2], which we will denote by y1⊕y2

2 , then the CAT (0) inequality implies:

d

(
x,
y1 ⊕ y2

2

)2

≤ 1

2
d (x, y1)

2 +
1

2
d (x, y2)

2 − 1

4
d (y1, y2)

2 .

This inequality is the (CN)-inequality of Bruhat and Titz [6]. The above in-
equality has been extended by Khamsi and Kirk [18] as follows:

d (z, λx⊕ (1 − λ)y)
2 ≤ λd (z, x)

2
+ (1− λ)d (z, y)

2

− λ(1 − λ)d (x, y)
2
,

(CN∗)

for any λ ∈ [0, 1] = I and x, y, z ∈ X.
In 1970, Takahashi [45] introduced a concept of convex structure in a

metric space (X, d) as a mapping W : X2 × I → X satisfying

d (u,W (x, y, λ)) ≤ λd(u, x) + (1− λ)d(u, y)

for all x, y, u ∈ X and λ ∈ I.
A metric space (X, d) together with a convex structure W is a convex

metric space (X, d,W ), which will be denoted byX for simplicity. A nonempty
subset C of a convex metric spaceX is convex ifW (x, y, λ) ∈ C for all x, y ∈ C
and λ ∈ I.

If X is a CAT (0) space and x, y ∈ X , then for any λ ∈ I, there exists a
unique point λx⊕ (1− λ)y ∈ [x, y] = {λx⊕ (1− λ)y : λ ∈ I} such that

d(z, λx⊕ (1− λ)y) ≤ λd(z, x) + (1− λ)d(z, y)

for any z ∈ X (see [9] for details).
In view of the above inequality, a CAT (0) space has Takahashi’s convex

structure W (x, y, α) = αx⊕ (1− α)y.
We now give examples of convex metric spaces which cannot be Banach

spaces [45].
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Example 1.3. (a) Let X = {[ai, bi] : 0 ≤ ai ≤ bi ≤ 1} . For Ii = [ai, bi] , Ij =
[aj , bj], and λ ∈ I, we define

W (Ii, Ij , λ) = [λai + (1− λ) aj , λbi + (1− λ) bj] ,

d (Ii, Ij) = sup
α∈I

{∣∣∣∣ infb∈Ii
{|a− b|} − inf

c∈Ij
{|a− c|}

∣∣∣∣
}
,Hausdorff distance on X.

(b) A linear space X with a metric d on it and satisfying the properties:
(i) d (x, y) = d (x− y, 0), (ii) d(λx+(1−λ)y, 0) ≤ λd(x, 0)+ (1−λ)d(y, 0) for
x, y ∈ X and λ ∈ I, is a convex metric space with W (x, y, λ) = λx+(1−λ)y.

Recently, Kohlenbach [27] defined the concept of a hyperbolic space by
including the following additional conditions in the definition of a convex
metric space X :

(1) d(W (x, y, λ1),W (x, y, λ2)) = |λ1 − λ2| d(x, y),
(2) W (x, y, λ) =W (y, x, 1− λ),
(3) d(W (x, z, λ),W (y, w, λ)) ≤ λd(x, y) + (1− λ) d(z, w),

for all x, y, z, w ∈ X and λ, λ1, λ2 ∈ I.

If X = R, W (x, y, λ) = λx + (1 − λ)y, and d(x, y) = |x−y|
1+|x−y| , for all

x, y ∈ R, then X is a convex metric space but not a hyperbolic space (the
above condition (1) does not hold). In fact, every normed space and its convex
subsets are hyperbolic spaces, but the converse is not true, in general.

Some other notions of hyperbolic space have been introduced and studied
by Goebel and Reich [13], Khamsi and Khan [17], and Reich and Shafrir [39].

Now we prove some elementary properties of a convex metric space.

Lemma 1.1. Let X be a convex metric space. Then, for all x, y ∈ X and
λ ∈ I, we have the following:

(a) W (x, y, 1) = x and W (x, y, 0) = y;

(b) W (x, x, λ) = x;

(c) d (x,W (x, y, λ)) + d (W (x, y, λ) , y) = d (x, y);

(d) the open sphere Sr(x) = {y ∈ X : d (y, x) < r} and the closed sphere
Sr[x] = {y ∈ X : d (y, x) ≤ r} are convex subsets of X ; and

(e) the intersection of convex subsets of X is convex.

Proof. (a) and (b) follow easily from the definition of W .
(c) Since X is a convex metric space, we obtain

d (x, y) ≤ d (x,W (x, y, λ)) + d (W (x, y, λ) , y)

≤ λd (x, x) + (1− λ) d (x, y) + λd (x, y) + (1− λ) d (y, y)

= (1− λ) d (x, y) + λd (x, y)

= d (x, y) ,

for all x, y ∈ X and λ ∈ I.
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It follows by the above inequalities that

d (x, y) = d (x,W (x, y, λ)) + d (W (x, y, λ) , y) .

(d) Since X is a convex metric space,

d (x,W (y, z, λ)) ≤ λd(x, y) + (1− λ)d(x, z)

< λr + (1− λ)r = r,

for any y, z ∈ Sr(x) and λ ∈ I. Hence, W (y, z, λ) ∈ Sr(x). This proves that
Sr(x) is a convex subset of X. Similarly, we can prove that Sr[x] is a convex
subset of X .

(e) Follows by routine calculations.

A convex metric space X is said to satisfy Property (G) [46]: whenever
w ∈ X and there is (x, y, λ) ∈ X2 × I for which

d(z, w) ≤ λd(z, x) + (1− λ)d(z, y), for every z ∈ X,

then w =W (x, y, λ) .
The Property (G) holds in the Euclidean plane equipped with the norm

‖(x1, x2)‖ = |x1|+ |x2| .
The proof of next lemma depends on the Property (G).

Lemma 1.2. Let X be a convex metric space satisfying the Property (G).
Then, we have the following assertions:

(a) W (W (x, y, λ1) , y, λ2) = W (x, y, λ1λ2), for every x, y ∈ X and λ1, λ2 ∈
I;

(b) The function f (λ) = W (x, y, λ) is an embedding (one-to-one function)
of I into X , for every pair x, y ∈ X with x 6= y.

Proof. (a) Let z ∈ X . Then

d (z,W (W (x, y, λ1) , y, λ2)) ≤ λ2d (z,W (x, y, λ1)) + (1− λ2) d (z, y)

≤ λ2 [λ1d (z, x) + (1− λ1) d (z, y)]

+ (1− λ2) d (z, y)

≤ λ2λ1d (z, x) + (1− λ2λ1) d (z, y) .

Hence, by Property (G), W (W (x, y, λ1) , y, λ2) = W (x, y, λ1λ2).
(b) Let λ1, λ2 ∈ I such that λ1 6= λ2. Assume, without loss of generality,
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that λ1 < λ2. Then,

d (f (λ1) , f (λ2)) = d (W (x, y, λ1) ,W (x, y, λ2))

= d

(
W

(
x, y, λ2

(
λ1
λ2

))
,W (x, y, λ2)

)

= d

(
W

(
W (x, y, λ2) , y,

(
λ1
λ2

))
,W (x, y, λ2)

)

=

[
1−

(
λ1
λ2

)]
d (W (x, y, λ2) , y)

= (λ2 − λ1) d (x, y) > 0.

That is, f (λ1) 6= f (λ2) for λ1 6= λ2. This proves that the function f is an
embedding of I into X for every pair x, y ∈ X with x 6= y.

The argument in the proof of Lemma 1.2 (b) shows that the mapping
W (x, y, λ) 7→ λd(x, y) is an isometry of the subspace {W (x, y, λ) : λ ∈ I} of
X onto the closed interval [0, d(x, y)]. In particular, {W (x, y, λ) : λ ∈ I} is
homeomorphic with I if x 6= y and, is a singleton if x = y. It is not clear
whether a convex structure W satisfying the Property (G) is necessarily a
continuous function.

However, we have the following result:

Lemma 1.3. Let X be a convex metric space. Then, W is continuous at each
point (x, x, λ) of X2 × I.

Proof. Let {(xn, yn, λn)}∞n=1 be a sequence in X2 × I that converges to
(x, x, λ). Because W (x, x, λ) = x, it suffices to show that {W (xn, yn, λn)}∞n=1

converges to x. This is immediate as both the sequences {xn}∞n=1 and {yn}∞n=1

converge to x, and hence the definition of W yields

d (x,W (xn, yn, λn)) ≤ λnd (x, xn) + (1− λn) d (x, yn) , for each n ≥ 1.

Thus, d (x, xn) → 0, d (x, yn) → 0, and λn → λ imply the conclusion.

The difficulty in obtaining continuity ofW as a mapping from the product
lies in the fact that there seems to be no way to guarantee that the sequence
{W (xn, yn, λn)}∞n=1 will converge when {(xn, yn, λn)}∞n=1 converges to (x, y, λ)
with x 6= y. When X is compact, manage this difficulty as follows:

Lemma 1.4. Let X be a compact convex metric space satisfying the Property
(G). Then, W is a continuous function.

Proof. Let {(xn, yn, λn)}∞n=1 be a sequence inX
2×I that converges to (x, y, λ),

and let w be a limit point of the sequence {W (xn, yn, λn)}∞n=1. Select a subse-
quence {W (xnk

, ynk
, λnk

)}∞k=1 that converges to w. Then, for any z ∈ X , we
have d (z,W (xnk

, ynk
, λnk

)) ≤ λnk
d (z, xnk

) + (1− λnk
) d (z, ynk

) for k ≥ 1.
By continuity of d, we conclude that d(z, w) ≤ λd(z, x) + (1 − λ)d(z, y). The
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Property (G) now guarantees that w = W (x, y, λ). Hence, it follows that
W (x, y, λ) is the only limit point of the sequence {W (xn, yn, λn)}∞n=1. Since
X is compact, {W (xn, yn, λn)}∞n=1 must converge to W (x, y, λ) and we are
done.

Next we define two geometric structures in a convex metric space and
present their basic properties.

A convex metric (hyperbolic) space X is strictly convex [45] if for any
x, y ∈ X and λ ∈ I, there exists a unique element z ∈ X such that d(z, x) =
λd(x, y) and d(z, y) = (1 − λ)d(x, y), and uniformly convex [43] if for any
ε > 0, there exists α > 0 such that d

(
z,W

(
x, y, 12

))
≤ r (1− α) < r for all

r > 0 and x, y, z ∈ X with d (z, x) ≤ r, d (z, y) ≤ r and d (x, y) ≥ rε.
A mapping η : (0,∞)× (0, 2] → (0, 1] that provides such an α = η(r, ε) for

u, x, y ∈ X, r > 0, and ε ∈ (0, 2], is called modulus of uniform convexity [24]
of X . We call η monotone if it decreases with respect to r (for a fixed ε).

Example 1.4. Let H be a Hilbert space and C = {x ∈ H : ‖x‖ = 1}. If
x, y ∈ C and a, b ∈ I with a + b = 1, then ax+by

‖ax+bk‖ ∈ C and δ(C) ≤
√
2/2,

where δ(C) denotes the diameter of C. Let d(x, y) = cos−1{〈x, y〉} for every
x, y ∈ C, where 〈., .〉 is the inner product of H . Then, C is uniformly convex
under W (x, y, λ) = λx+ (1− λ) y.

Now we present some basic properties of a uniformly convex metric space.

Lemma 1.5. Let X be a uniformly convex metric space. Then, we have the
following assertions:

(a) X is strictly convex.

(b) If d (x, z) + d (z, y) = d (x, y) for all x, y, z ∈ X , then z ∈
{W (x, y, λ) : λ ∈ I}.

(c) d(W (x, y, λ1),W (x, y, λ2)) = |λ1 − λ2| d(x, y), for all x, y ∈ X and
λ1, λ2 ∈ I.

(d) W (x, y, λ) = W (y, x, 1− λ), for all x, y ∈ X and λ ∈ I.

Proof. (a) Assume that X is not strictly convex. If x, y ∈ X and λ ∈ I, then
there exist z1, z2 in X such that z1 6= z2 and

d(z1, x) = λd(x, y) = d(z2, x), d(z1, y) = (1− λ)d(x, y) = d(z2, y).

It follows by z1 6= z2 and the above identities that x 6= y and λ ∈ (0, 1). Let

r1 = λd(x, y) > 0, r2 = (1 − λ)d(x, y) > 0. Obviously, ε1 = d(z1,z2)
r1

> 0 and

ε2 = d(z1,z2)
r2

> 0. Since X is uniformly convex, we have

d

(
x,W

(
z1, z2,

1

2

))
≤ r1 (1− α1) < r1
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and

d

(
y,W

(
z1, z2,

1

2

))
≤ r2 (1− α2) < r2.

Consider

d(x, y) ≤ d

(
x,W

(
z1, z2,

1

2

))
+ d

(
y,W

(
z1, z2,

1

2

))

≤ r1 (1− α1) + r2 (1− α2)

< r1 + r2

= λd(x, y) + (1 − λ)d(x, y)

= d(x, y),

a contradiction to the reflexive property of real numbers.
(b) Let x, y, z ∈ X be such that

d (x, z) + d (z, y) = d (x, y) . (1.1)

Let u ∈ {W (x, y, λ) : λ ∈ I} be such that d (x, u) = d (x, z). Then, by Lemma
1.1 (c),

d (x, u) + d (u, y) = d (x, y) . (1.2)

Comparing (1.1) and (1.2), we have that d (z, y) = d (u, y). Now, we show that
z = u. Assume instead that z 6= u. Let v = W

(
x, y, 12

)
and r = d (x, u) =

d (x, z). Since d (z, u) > 0, choose ε > 0 so that d (z, u) > rε. By the uniform
convexity of X , there exists α > 0 such that

d (x, v) ≤ r (1− α) < r = d (x, z) .

Similarly, we can show that d (y, v) < d (y, z).
Therefore,

d (x, y) ≤ d (x, v) + d (y, v) < d (x, z) + d (y, z) = d (x, y) .

This is a contradiction to the reflexive property of real numbers. Hence, z =
u ∈ {W (x, y, λ) : λ ∈ I}.

(c) Note that the conclusion holds if λ1 = 0 or λ2 = 0. Let x, y ∈
X,λ1, λ2 ∈ (0, 1], u = W (y, x, λ1), and z = W (y, x, λ2). Without loss of

generality, we may assume that λ1 < λ2. Let v =W
(
z, x, λ1

λ2

)
. Then,

d (x, v) =
λ1
λ2
d (x, z) = λ1d (x, y) ,

and

d (v, y) ≤
(
1− λ1

λ2

)
d (x, y) +

λ1
λ2
d (z, y) = (1− λ1) d (x, y) .
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If u 6= v, let w = W
(
u, v, 12

)
. By the uniform convexity of X , we can prove

that d (x,w) < d (x, u) and d (y, w) < d (y, u). Therefore,

d (x, y) < d (x, u) + d (u, y) = d (x, y) .

This contradicts the reflexive property of real numbers. Hence, u = v.
Now, it follows that

d (z, u) = d (z, v) =

(
1− λ1

λ2

)
d (x, z) = |λ2 − λ1| d (x, y) .

(d) Let x, y ∈ X and λ ∈ I. Obviously, the conclusion holds if λ = 0 or
λ = 1. By the definition of W , we have

d (x,W (x, y, λ)) = (1− λ) d (x, y) , d (y,W (x, y, λ)) = λd (x, y) ,

and

d (x,W (y, x, 1− λ)) = (1− λ) d (x, y) , d (y,W (y, x, 1− λ)) = λd (x, y) .

Suppose that W (x, y, λ) = z1 6= z2 =W (y, x, 1− λ).

Let r1 = (1− λ) d (x, y) > 0, r2 = λd (x, y) > 0, ε1 = d(z1,z2)
r1

, and

ε2 = d(z1,z2)
r2

. Obviously ε1, ε2 > 0.
By uniform convexity of X , we have

d

(
x,W

(
z1, z2,

1

2

))
≤ r1 (1− α1) < r1;

d

(
y,W

(
z1, z2,

1

2

))
≤ r2 (1− α2) < r2.

Since λ ∈ (0, 1) , we get x 6= y.
Finally,

d (x, y) ≤ d

(
x,W

(
z1, z2,

1

2

))
+ d

(
y,W

(
z1, z2,

1

2

))

≤ r1 (1− α1) + r2 (1− α2)

< r1 + r2 = d (x, y) ,

which is against the reflexivity of reals. Therefore, W (x, y, λ) =
W (y, x, 1− λ).

A convex metric space X is said to satisfy the Property (H) [10] if

d (W (x, y, λ) ,W (z, y, λ)) ≤ λd(x, z) for all x, y, z ∈ X and λ ∈ I.

Lemma 1.6. Let X be a uniformly convex metric space satisfying the Prop-
erty (H). Then, X is a uniformly hyperbolic space.
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Proof. In the light of Lemma 1.5 (c)–(d), it is sufficient to show that

d(W (x, z, λ),W (y, w, λ)) ≤ λd(x, y) + (1− λ) d(z, w),

for all x, y, z, w ∈ X , λ ∈ I. Using the triangle inequality, Lemma 1.5 (d), and
the Property (H), we have

d(W (x, z, λ),W (y, w, λ)) ≤ d(W (x, z, λ),W (x,w, λ))

+d(W (x,w, λ),W (y, w, λ))

= d(W (z, x, 1− λ),W (w, x, 1 − λ))

+d(W (x,w, λ),W (y, w, λ))

≤ (1− λ) d (z, w) + λd (x, y)

= λd (x, y) + (1− λ) d (z, w) .

Lemma 1.7. Let X be a uniformly convex metric space satisfying the Prop-
erty (H). Then, the convex structure W is continuous.

Proof. It has been shown in Lemma 1.6 that

d(W (x, z, λ),W (y, w, λ)) ≤ λd (x, y) + (1− λ) d (z, w) ,

for all x, y, z, w ∈ X and λ ∈ I.
Let {(xn, yn, λn)} be any sequence in X2 × I such that (xn, yn, λn) →

(x, y, λ) for all x, y ∈ X and λ ∈ I. We show thatW (xn, yn, λn) →W (x, y, λ).
An application of Lemma 1.5 (c) and Lemma 1.6 provide:

d (W (xn, yn, λn),W (x, y, λ)) ≤ d (W (xn, yn, λn),W (x, y, λn))

+d (W (x, y, λn),W (x, y, λ))

≤ λnd (xn, x) + (1− λn) d (yn, y)

+ |λn − λ| d (x, y) .

Since d (xn, x) → 0, d (λn, λ) → 0 and |λn − λ| → 0, therefore
W (xn, yn, λn) → W (x, y, λ).

Lemma 1.8. Let X be a uniformly convex metric space with modulus of
uniform convexity α(decreases for a fixed ε). If d(x, z) ≤ r, d(y, z) ≤ r, and
d
(
z,W

(
x, y, 12

))
≥ h > 0 for all x, y, z ∈ X, then d(x, y) ≤ rη

(
r−h
r

)
where η

is the inverse of α.

Proof. Let d(x, z) ≤ r, d(y, z) ≤ r and d
(
z,W

(
x, y, 12

))
≥ h > 0 for all

x, y, z ∈ X. To show that d(x, y) ≤ rη
(
r−h
r

)
, we assume instead that d(x, y) >

rη
(
r−h
r

)
. Take r−h

r < ε1 such that d(x, y) ≥ r η
(
r−h
r

)
. Now using the uniform
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convexity of X , we have

d

(
z,W

(
x, y,

1

2

))
≤ (1− α (η (ε1))) r

= (1− ε1) r

<

(
1− r − h

r

)
r

= h.

That is,

d

(
z,W

(
x, y,

1

2

))
< h,

a contradiction to a given inequality.

Lemma 1.9. Let X be a uniformly convex metric space with modulus of
uniform convexity α (decreases for a fixed ε) and satisfies the Property (H).
Let x1, x2, x3 ∈ Br[u] ⊂ X and satisfy d(x1, x2) ≥ d(x2, x3) ≥ l > 0. If

d(u, x2) ≥
(
1− 1

2
α

(
l

r

))
r, (1.3)

then

d(x1, x3) ≤ η

(
1− 1

2
α

(
l

r

))
d(x1, x2),

where η is the inverse of α.

Proof. Denote z1 = W
(
x1, x2,

1
2

)
, z2 = W

(
x3, x2,

1
2

)
, and z = W

(
z1, z2,

1
2

)
.

By the uniform convexity of X , we have

d(u, z) = d

(
u,W

(
z1, z2,

1

2

))

≤ 1

2
d(u, z1) +

1

2
d(u, z2)

=
1

2
d

(
u,W

(
x1, x2,

1

2

))
+

1

2
d

(
u,W

(
x3, x2,

1

2

))

≤
(
1− α

(
l

r

))
r. (1.4)

Using (1.4) in (1.3), we get

d(u, x2) ≥
(
1− 1

2
α

(
l

r

))
r

=

(
1− α

(
l

r

))
r +

1

2
α

(
l

r

)
r

≥ d(u, z) +
1

2
α

(
l

r

)
r.
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That is,

1

2
α

(
l

r

)
r ≤ d(u, x2)− d(u, z)

≤ d(x2, z). (1.5)

Since d(x2, zi) ≤ 1
2d(x1, x2) for i = 1, 2, and d(z1, z2) ≥ 1

2d(x1, x2), therefore
by uniform convexity of X (with r = 1

2d(x1, x2), ε = 1), Property (H), and
(1.5), we have

1

2
α

(
l

r

)
r ≤ d(x2, z)

= d

(
x2,W

(
z1, z2,

1

2

))

≤ (1− α (1)) r

≤
(
1− α

(
d(z1, z2)

1
2d (x1, x2)

))
r

≤
(
1− α

( 1
2d(x1, x3)
1
2d(x1, x2)

))
r.

That is,
1

2
α

(
l

r

)
≤ 1− α

(
d(x1, x3)

d(x1, x2)

)
.

Therefore,

d(x1, x3) ≤ η

(
1− 1

2
α

(
l

r

))
d(x1, x2),

where η is the inverse of α.

The condition (1.3) in the above lemma holds as indicated by the following
example with α(n) = n

2 .

Example 1.5. Define d(x, y) = |x− y| on B1[0] = [−1, 1] ⊂ R. Let u =
0, x1 = 0.1, x2 = 0.99, and x3 = 0.3. Note that d(x1, x2) ≥ d(x2, x3) ≥ 0.2 =
l > 0,

(
1− 1

2α
(
l
r

))
r = 0.95, and d(u, x2) ≤

(
1− 1

2α
(
l
r

))
r. All the conditions

of Lemma 1.9 are satisfied. Moreover, d(x1, x3) ≤ η
(
1− 1

2α
(
l
r

))
d(x1, x2),

where η is the inverse of α.

1.3 Ishikawa Iterative Scheme

Mann [33] and Ishikawa [15] iterative schemes for nonexpansive and quasi-
nonexpansive mappings have been extensively studied in a uniformly convex
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Banach space. Senter and Dotson [41] established convergence of the Mann
iterative scheme of quasi-nonexpansive mappings satisfying two special con-
ditions in a uniformly convex Banach space. A mapping T on a nonempty set
C is a generalized nonexpansive [4] if

d(T (x), T (y)) ≤ a d(x, y)+b{d(x, T (x))+d(y, T (y))}+c{d(x, T (y))+d(y, T (x))},
(1.6)

for all x, y ∈ C, where a, b, c ≥ 0 with a+ 2b+ 2c ≤ 1.
In 1973, Goebel et al. [12] proved that a generalized nonexpansive mapping

has a fixed point in a uniformly convex Banach space. Based on their work,
Bose and Mukerjee [4] proved convergence theorems for the Mann iterative
scheme of generalized nonexpansive mapping and got the result obtained by
Kannan [16] under relaxed conditions. Maiti and Ghosh [32] generalized the
results of Bose and Mukerjee [4] for the Ishikawa iterative scheme using a
modified version of the conditions of Senter and Dotson [41].

Based on Lemma 1.8 and Lemma 1.9, Fukhar-ud-din et al. [10] have ob-
tained the following fixed point theorem for a continuous mapping satisfying
(1.6) in a uniformly convex metric space.

Theorem 1.1. Let C be a nonempty, closed, convex, and bounded subset of
a complete and uniformly convex metric space X satisfying the Property (H).
If T is a continuous mapping on C satisfying (1.6), then T has a fixed point
in C.

In this section, we approximate the fixed point of this continuous mapping
satisfying (1.6). We assume that C is a nonempty, closed, and convex subset
of a convex metric space X , and T is a mapping on C. For an initial value
x1 ∈ C, we define the Ishikawa iterative scheme in C as follows:

x1 ∈ C,

xn+1 =W (T (yn), xn, αn),

yn =W (T (xn), xn, βn), n ≥ 1,

(1.7)

where αn, βn ∈ I.
If we choose βn = 0, then (1.7) reduces to the following Mann iterative

scheme:
x1 ∈ C, xn+1 =W (T (xn), xn, αn), n ≥ 1, (1.8)

where {αn} ∈ I.
On a convex subset C of a linear space X , W (x, y, λ) = λx + (1 − λ)y is

a convex structure on X ; (1.7) and (1.8), respectively, become Ishikawa [15]
and Mann [33] schemes:

x1 ∈ C, xn+1 = (1− αn)xn + αnT (yn),

yn = (1− βn)xn + βnT (xn), n ≥ 1,
(1.9)

and
x1 ∈ C, xn+1 = (1 − αn)xn + αnT (xn), n ≥ 1, (1.10)
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where αn, βn ∈ I.
In 1989, Maiti and Ghosh [32] generalized the two conditions due to Senter

and Dotson [41]. We state all these conditions in a convex metric space:

Condition 1. If there is a nondecreasing function f : [0,∞) → [0,∞) with
f(0) = 0 and f(r) > 0 for r > 0 such that d(x, T (x)) ≥ f(d(x, F )), for all
x ∈ C.

Condition 2. If there exists a real number k > 0 such that d(x, T (x)) ≥
k d(x, F ), for all x ∈ C.

Condition 3. If there is a nondecreasing function f : [0,∞) → [0,∞) with
f(0) = 0 and f(r) > 0 for r > 0 such that d(x, T (y)) ≥ f(d(x, F )), for all
x ∈ C and all corresponding y =W (T (x), x, λ), where 0 ≤ λ ≤ β < 1.

Condition 4. If there exists a real number k > 0 such that d(x, T (y)) ≥
kd(x, F ), for all x ∈ C and all corresponding y = W (T (x), x, λ), where 0 ≤
λ ≤ β < 1.

Note that if T satisfies Condition 1 (respectively, 3), then it satisfies Con-
dition 2 (respectively, 4).

We also note that Conditions 1 and 2 become Conditions A and B, respec-
tively, of Senter and Dotson [41], while Conditions 3 and 4 become Conditions
I and II, respectively, of Maiti and Ghosh [32] in a normed space. Further,
Conditions 3 and 4 reduce to Conditions 1 and 2, respectively, when λ = 0.

In this section, we present results under relaxed control conditions which
generalize the corresponding results of Kannan [16], Bose and Mukerjee [4],
and Maiti and Ghosh [32] from uniformly convex Banach spaces to uniformly
convex metric spaces. We present sufficient conditions for the convergence of
the Ishikawa iterative scheme of L-Lipschitzian mappings to their fixed points
in convex metric spaces and improve Lemma 2 in [8]. A necessary and sufficient
condition is obtained for the convergence of an arbitrary sequence to a fixed
point of a generalized nonexpansive mapping in metric spaces.

The following theorem of Shimizu is needed in the proof of the next result.

Theorem 1.2. [42] Let X be a uniformly convex metric space with a contin-
uous convex structure W : X2× I → X . Then, for arbitrary positive numbers
ε and r, there exists α > 0 such that

d (z,W (x, y, λ)) ≤ r (1− 2min{λ, 1− λ}α) , for all x, y, z ∈ X,

d(z, x) ≤ r, d(z, y) ≤ r, d(x, y) ≥ rε and λ ∈ I.

Lemma 1.10. Let X be a uniformly convex metric space with a continuous
convex structureW . Let C be a nonempty, closed, and convex subset ofX,T a
quasi-nonexpansive mapping on C, and {xn} as in (1.7). If

∑∞
n=0 αn(1−αn) =

∞ and 0 ≤ βn ≤ β < 1, then lim inf
n→∞

d(xn, T (yn)) = 0.
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Proof. For p ∈ F , we consider

d(xn+1, p) = d(p,W (T (yn), xn, αn)

≤ αnd(p, T (yn)) + (1− αn)d(p, xn)

≤ αnd(p, yn) + (1− αn)d(p, xn)

= αnd(p,W (T (xn), xn, βn)) + (1− αn)d(p, xn)

≤ αnβnd(p, T (xn)) + αn(1− βn)d(p, xn) + (1 − αn)d(p, xn)

≤ αnβnd(p, xn) + αn(1 − βn)d(p, xn) + (1− αn)d(p, xn)

= d(xn, p).

Since the sequence {d(xn, p)} is nonincreasing and bounded below, therefore
lim
n→∞

d(xn, p) exists. Assume that c = lim
n→∞

d(xn, p) > 0.

For any p ∈ F , we have that

d(xn, T yn) ≤ d(xn, p) + d(T (yn), p)

≤ d(xn, p) + d(yn, p)

= d(xn, p) + d(p,W (T (xn), xn, βn))

≤ d(xn, p) + βnd(T (xn), p) + (1 − βn)d(xn, p)

≤ d(xn, p) + βnd(xn, p) + (1− βn)d(xn, p)

= 2d(xn, p).

Since lim
n→∞

d(xn, p) exists, so d(xn, T (yn)) is bounded, and hence inf
n≥1

d(xn, T (yn))

exists. We show that inf
n≥1

d(xn, T (yn)) = 0.

Assume that inf
n≥1

d(xn, T (yn)) = σ > 0. By the definition of infimum, we

have

d(xn, T (yn)) ≥ d(xn, p)
σ

d(xn, p)

≥ d(xn, p)
σ

d(x1, p)
.

Hence, by Theorem 1.2, there exists α
(

σ
d(x1,p)

)
> 0 such that

d(xn+1,p) = d(W (T (yn), xn, αn, p)

≤ d(xn, p) (1− 2min {αn, 1− αn}α)
≤ d(xn, p) [1− 2αn(1− αn)α] .

That is,
2cαn(1 − αn)α ≤ d(xn, p)− d(xn+1, p).

Taking m > 1 and summing up the (m+ 1) terms on both sides in the above
inequality, we have

2cα
m∑

n=1

αn(1 − αn) ≤ d(p, x1)− d(p, xm), for all m ≥ 1.
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Let m→ ∞. Then, we have

∞ ≤ d(p, x1) <∞,

a contradiction, and hence inf
n≥1

d(xn, T (yn)) = 0.

By the definition of infimum, we can construct subsequences {xni
} and

{yni
} of {xn} and {yn}, respectively, such that lim

i→∞
d(xni

, T (yni
)) = 0, and

hence lim inf
n→∞

d(xn, T (yn)) = 0.

We state and prove Ishikawa-type convergence results in a uniformly con-
vex metric space.

Theorem 1.3. Let X be a complete uniformly convex metric space with
continuous convex structure W , and C be its nonempty closed convex subset.
Let T be a continuous quasi-nonexpansive mapping on C satisfying Condition
3. If {xn} is as in (1.7), where

∑∞
n=0 αn(1 − αn) = ∞ and 0 ≤ βn ≤ β < 1,

then {xn} converges to a fixed point of T .

Proof. In the proof of Lemma 1.10, we have shown that d(xn+1,p) ≤ d(xn, p).
Therefore, d(xn+1, F ) ≤ d(xn, F ). This implies that the sequence {d(xn, F )}
is nonincreasing and bounded below. Thus, lim

n→∞
d(xn, F ) exists. By Condition

3, we have
lim inf
n→∞

f (d (xn, F )) ≤ lim inf
n→∞

d(T (yn), xn) = 0.

Using the properties of f, we have lim inf
n→∞

d (xn, F ) = 0. As lim
n→∞

d(xn, F )

exists, therefore lim
n→∞

d(xn, F ) = 0.

Now we show that {xn} is a Cauchy sequence. For ε > 0, there exists a
constant n0 such that for all n ≥ n0, we have d(xn, F ) <

ε
4 . In particular,

d(xn0 , F ) <
ε
4 . That is, inf{d(xn0 , p) : p ∈ F} < ε

4 . There must exist p∗ ∈ F
such that d(xn0 , p

∗) < ε
2 . For m,n ≥ n0, we have

d(xn+m, xn) ≤ d(xn+m, p
∗) + d(xn, p

∗)

≤ 2d(xn0 , p
∗)

< ε.

This proves that {xn} is a Cauchy sequence in C. Since C is a closed subset
of a complete metric space X, therefore it must converge to a point q in C.

Finally, we prove that q is a fixed point of T . Since

d(q, F ) ≤ d(q, xn) + d(xn, F ),

d(q, F ) = 0. As F is closed, so q ∈ F.

If we choose βn = 0 for n ≥ 1, in the above theorem, it reduces to the
following Mann-type convergence result.
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Theorem 1.4. Let X be a complete uniformly convex metric space with
continuous convex structure W , and C be its nonempty closed convex subset.
Let T be a continuous quasi-nonexpansive mapping on C satisfying Condition
1. If {xn} is as in (1.8), where

∑∞
n=0 αn(1 − αn) = ∞, then {xn} converges

to a fixed point of T .

Next we establish strong convergence of the Ishikawa iterative scheme of
a generalized nonexpansive mapping.

Theorem 1.5. Let C be a nonempty, closed, convex, and bounded subset of
a complete uniformly convex metric space X satisfying Property (H). Let T
be a continuous generalized nonexpansive mapping on C satisfying (1.6). If
{xn} is as in (1.7), where

∑∞
n=0 αn(1 − αn) = ∞ and 0 ≤ βn ≤ β < 1, then

{xn} converges to a fixed point of T .

Proof. By Theorem 1.1, T has a fixed point p. Setting y = p in (1.6), we have

d(T (x), p) ≤ (a+ c)d(x, p) + b d(x, T (x)) + c d(T (x), p)

≤ (a+ b+ c)d(x, p) + (b+ c)d(T (x), p),

which implies

d(T (x), p) ≤ a+ b+ c

1 − b− c
d(x, p) ≤ d(x, p).

Thus, T is quasi-nonexpansive.
For any y ∈ C, we also observe that

d(T (y), p) ≤ (a+ c)d(y, p) + b d(y, T (y)) + c d(T (y), p). (1.11)

If y =W (T (x), x, λ), where 0 ≤ λ ≤ β < 1, then

d(y, p) = d(W (T (x), x, λ), p)

≤ λd(T (x), p) + (1 − λ)d(x, p)

≤ d(x, p),

(1.12)

and

d(y, x) = d(W (T (x), x, λ), x)

≤ λd(x, T (x)) + (1 − λ)d(x, x)

= λd(x, T (x))

≤ λ[d(x, p) + d(T (x), p)]

≤ 2λd(x, p).

(1.13)

Using (1.12) in (1.11), we have

d(T (y), p) ≤ (a+ c)d(y, p) + b d(y, T (y)) + c d(T (y), p)

≤ (a+ c)d(y, p) + c{d(x, p) + d(x, T (y))}+ b{d(x, y) + d(x, T (y))}
≤ (a+ 2c)d(x, p) + b d(x, y) + (b+ c)d(x, T (y)).

(1.14)
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Also, it is obvious that

d(T (y), p) ≥ d(x, p)− d(x, T (y)). (1.15)

Combining (1.14) and (1.15), we get

b d(x, y) + (1 + b+ c)d(x, T (y)) ≥ (1− a− 2c)d(x, p)

≥ 2b d(x, p).
(1.16)

By inserting (1.13) in (1.16), we derive

(1 + b+ c)d(x, T (y)) ≥ 2b d(x, p)− b d(x, y)

≥ 2b(1− λ)d(x, p).

That is,

d(x, T (y)) ≥ 2b(1− λ)

1 + b+ c
d(x, p) ≥ 2b(1− β)

1 + b+ c
d(x, p), (1.17)

where 2b(1−λ)
1+b+c > 0, Thus, T satisfies Condition 4 (and hence Condition 3).

The result now follows from Theorem 1.3.

Remark 1.2. In Theorem 1.5, we assumed that the generalized nonexpansive
mapping T has a fixed point. It remains an open question: What conditions
on a, b, and c in (1.6) are sufficient to guarantee the existence of a fixed point
of T even in the setting of a metric space?

Choose βn = 0 for n ≥ 1 in Theorem 1.5 to get the following Mann-type
convergence result.

Theorem 1.6. Let X , C, and T be as in Theorem 1.5. If {xn} is as in (1.8),
where

∑∞
n=0 αn(1− αn) = ∞, then {xn} converges to a fixed point of T .

Proof. For βn = 0 for n ≥ 1, y = W (T (x), x, 0) = x, the inequality (1.17) in
the proof of Theorem 1.5 becomes:

d(x, T (x)) ≥ 2b

1 + b+ c
d(x, p).

Thus, T satisfies Condition 2 (and hence Condition 1), and so the result follows
from Theorem 1.4.

An analogue of the Bose and Mukherjee result ([4], Theorem 6) in a uni-
formly convex metric space can be deduced from Theorem 1.6 (by taking
a = c = 0, b = 1

2 , and αn = 1
2 for n ≥ 1) as follows:

Theorem 1.7. Let X be a complete uniformly convex metric space with
continuous convex structure, and C be its nonempty closed convex subset.
Let T be a continuous mapping on C with at least one fixed point such that
d(T (x), T (y)) ≤ 1

2d(x, T (x))+
1
2d(y, T (y)), for all x, y ∈ C. Then, the sequence

{xn}, where x1 ∈ C and xn+1 =W (Txn, xn,
1
2 ), converges to a fixed point of

T .
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We give sufficient conditions for the existence of a fixed point of an L-
Lipschitzian mapping in terms of its Ishikawa iterates.

Theorem 1.8. Let (X, d) be a convex metric space and let C be its nonempty
convex subset. Let T be an L-Lipschitzian mapping on C. Let {xn} be the
sequence as in (1.7), where {αn}, {βn} satisfy the following conditions:

(i) 0 < αn, βn ≤ 1 for n ≥ 1,

(ii) lim inf
n→∞

αn > 0,

(iii) lim inf
n→∞

βn < L−1.

If d(xn+1, xn) = αnd(xn, T (yn)) and xn → p, then p is a fixed point of T .

Proof. Let p ∈ C. Then,

d(p, T (p)) ≤ d(xn, p) + d(xn, T (yn)) + d(T (yn), T (p))

= d(xn, p) +
1

αn
d(xn+1, xn) + d(T (yn), T (p))

≤ d(xn, p) +
1

αn
d(xn+1, xn) + L d(yn, p)

= d(xn, p) +
1

αn
d(xn+1, xn) + L d(W (T (xn), xn, βn), p)

≤ d(xn, p) +
1

αn
d(xn+1, xn) + L{βnd(T (xn), p)

+(1− βn)d(xn, p)}

≤ d(xn, p) +
1

αn
d(xn+1, xn) + kβn{d(T (xn), T (p)) + d(p, T (p))}

+L(1− βn)d(xn, p)}.

That is,

(1 − Lβn)d(p, T (p)) ≤ (1 + L2βn + L(1− βn))d(xn, p) +
1

αn
d(xn+1, xn).

Since lim inf αn > 0, therefore there exists α > 0 such that αn > α, for all
n ≥ 1. This implies that

(1− Lβn)d(p, T (p)) ≤ (1 + k2βn + k(1− βn))d(xn, p) +
1

α
d(xn+1, xn).

Taking lim sup on both sides in the above inequality and using the condition
lim inf
n→∞

βn < L−1, we have d(p, T (p)) = 0.

Finally, using a generalized nonexpansive map T on a metric space X , we
provide a necessary and sufficient condition for the convergence of an arbitrary
sequence {xn} in X to a fixed point of T in terms of the approximating
sequence {d(xn, T (xn))}.
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Theorem 1.9. Suppose that C is a closed subset of a complete metric spaceX
and T is a continuous mapping on C such that for some a, b, c ≥ 0, a+2c < 1,
the following inequality holds:

d(T (x), T (y)) ≤ a d(x, y)+b{d(x, T (x))+d(y, T (y))}+c{d(x, T (y))+d(y, T (x))},

for all x, y ∈ C. Then, an arbitrary sequence {xn} in C converges to a fixed
point of T if and only if lim

n→∞
d(xn, T (xn)) = 0.

Proof. Suppose that lim
n→∞

d(xn, T (xn)) = 0. First we show that {xn} is a

Cauchy sequence in C.
To achieve this goal, we consider the following estimate:

d(T (xn), T (xm)) ≤ a d(xn, xm) + b{d(xn, T (xn)) + d(xm, T (xm))}
+c{d(xn, T (xm)) + d(xm, T (xn))}

≤ a d(xn, xm) + b{d(xn, T (xn)) + d(xm, T (xm))}
+c{d((xn, xm) + d(xm, T (xm)) + d(xm, xn)

+d(xn, T (xn)}
= (a+ 2c)d(xn, xm)

+(b+ c){d(xn, T (xn)) + d(xm, T (xm))}
≤ (a+ b+ 3c){d(xn, T (xn)) + d(xm, T (xm))}

+(a+ 2c)d(Txn, T (xm)).

That is,

(1 − a− 2c)d(T (xn), T (xm)) ≤ (a+ b+ 3c){d(xn, T (xn)) + d(xm, T (xm))}.

Since lim
n→∞

d(xn, T (xn)) = 0 and a + 2c < 1, therefore from the above in-

equality, it follows that {T (xn)} is a Cauchy sequence in C. In view of
the closedness of C, this sequence converges to an element p of C. Also,
lim
n→∞

d(xn, T (xn)) = 0 gives that lim
n→∞

xn = p. By using the continuity of

T, we have T (p) = T
(
lim
n→∞

xn

)
= lim

n→∞
T (xn) = p. Hence, p is a fixed point

of T.
Conversely, suppose that {xn} converges to a fixed point p of T. Using

the continuity of T, we have that lim
n→∞

T (xn) = p. Thus, lim
n→∞

d(xn, T (xn)) =

0.

Remark 1.3. Theorem 1.8 improves Lemma 2 in [8] from the real line to the
convex metric space setting. Theorem 1.9 is an extension of Theorem 4 in [38]
to metric spaces. If we choose c = 0 in Theorem 1.9, it is still an improvement
of ([38], Theorem 4).
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Remark 1.4. In this section, we have established results in a convex metric
space. All these results, hold, in particular, in Banach spaces(CAT (0) spaces)
with W (x, y, λ) = λx+ (1− λ)y (W (x, y, λ) = λx ⊕ (1− λ)y).

Remark 1.5. By Lemma 1.7, W satisfying Property (H) is continuous.
Hence, Theorem 1.2 holds well for a convex metric space satisfying Prop-
erty (H). Therefore, all the results proved for continuous convex structure W
also hold in a convex metric space satisfying Property (H).

1.4 Multistep Iterative Scheme

Throughout this section, we set I0 = {1, 2, . . . , r}. Suppose that ain ∈ I, n ≥ 1
and i ∈ I0. Let {Ti : i ∈ I0} be a family of asymptotically quasi- nonexpansive
mappings on a convex subset C of a Banach space. For an arbitrary x1 ∈ C,
the following scheme has been introduced by Khan et al. [25]:

xn+1 = (1− αrn)xn + αrnT
n
k (y(r−1)n),

y(r−1)n = (1− α(r−1)n)xn + α(r−1)nT
n
r−1(y(r−2)n),

y(r−2)n = (1− α(r−2)n)xn + α(r−2)nT
n
r−2(y(r−3)n),

...
...

y2n = (1− α2n)xn + α2nT
n
2 (y1n),

y1n = (1− α1n)xn + α1nT
n
1 (y0n),

(1.18)

where y0n = xn for all n ≥ 1.
Very recently, inspired by the scheme (1.18) and the work in [19], Xiao et

al. [48] have introduced an (r+1) step iterative scheme with error terms and
studied its strong convergence under weaker boundary conditions.

The existence of fixed (common fixed) points of one mapping (two map-
pings or a family of mappings) are not known in many situations. So the
approximation of a fixed (common fixed) point of one or more nonexpansive,
asymptotically nonexpansive, asymptotically quasi-nonexpansive mappings by
various iterative schemes has been extensively studied in Banach spaces, con-
vex metric spaces and CAT (0) spaces (see [14, 21, 23, 26, 30, 34, 35, 37, 40,
44]).

We translate the scheme (1.18) from the normed space setting to the more
general setup of convex metric spaces as follows:

xn+1 = Un(r)xn, n ≥ 1, (1.19)
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where
Un(0) = I (the identity mapping),

Un(1)(x) = W (T n
1 Un(0)(x), x, an(1)),

Un(2)(x) = W (T n
2 Un(1)(x), x, an(2)),

...
...

Un(r−1)(x) = W (T n
r−1Un(r−2)(x), x, an(r−1))

Un(r)(x) = W (T n
r Un(r−1)(x), x, an(r)),

where 0 ≤ an(i) ≤ 1, for all i ∈ I0.
In a convex metric space, the scheme (1.19) provides an analogue of:

(a) the scheme (1.8) if r = 1 and T1 = T ,

(b) the scheme (1.7) if r = 2, T1 = T2 = T , and

(c) the Xu and Noor [49] scheme if r = 3, T1 = T2 = T3 = T.

In this section, it is assumed that F1 =
⋂

i∈I0
F (Ti) 6= ∅.

We begin with a technical result.

Lemma 1.11. Let C be a nonempty convex subset of a convex metric space
X and {Ti : i ∈ I0} be a finite family of asymptotically quasi-nonexpansive
mappings on C with sequences {kn(i)} ⊂ [1,∞) for each i ∈ I0, respectively,
such that

∑∞
n=1(kn(i) − 1) < ∞. Then, for the sequence {xn} in (1.19), we

have

(a) d(xn+1,p) ≤ krnd(xn,p), where kn = max1≤i≤r kn(i);

(b) d(xn+m,p) ≤ s d(xn,p), for all m ≥ 1, n ≥ 1, p ∈ F1, and for some s > 0.

Proof. (a) It is clear that
∑∞

n=1(kn−1) <∞ if and only if
∑∞

n=1(kn(i)−1) <
∞.

Now for any p ∈ F1, we have

d(xn+1,p) = d(W (T n
r Un(r−1)(xn), xn, an(r)), p)

≤ an(r)d(T
n
r Un(r−1)(xn), p) + (1− an(r))d(xn, p)

≤ an(r)knd(Un(r−1)(xn), p) + (1− an(r))d(xn, p)

≤ an(r)an(r−1)k
2
nd(Un(r−2)(xn), p) + (1− an(r))d(xn, p)

+an(r)(1− an(r−1))d(xn, p)

≤ an(r)an(r−1)k
2
nd(Un(r−2)(xn), p) + (1− an(r))d(xn, p)

+an(r)(1− an(r−1))k
2
n d(xn, p)

= an(r)an(r−1)k
2
n d(Un(r−2)(xn), p)

+(1− an(r)an(r−1))k
2
nd(xn, p)

. . . . . . . . .

≤ an(r)an(r−1)an(r−2)...an(1)kn
rd(p, Un(0)(xn))

+(1− an(r)an(r−1)an(r−2)...an(1))k
r
nd(xn, p).
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That is,
d(xn+1, p) ≤ krnd(xn, p). (1.20)

(b) If x ≥ 1, then x ≤ exp(x − 1). Therefore, it follows from (1.20) that

d(xn+m, p) ≤ krn+m−1d(xn+m−1, p)

≤ exp ((rkn+m−1 − r)d(xn+m−1, p))

≤ exp
(
(rkn+m−1 − r)[krn+m−2d(xn+m−2, p)]

)

≤ exp ((rkn+m−1 + rkn+m−2 − 2r)d(xn+m−2, p))

. . . . . . . . .

≤ exp

(
r

n+m−1∑

i=n

ki −mr

)
d(xn, p)

≤ exp

(
r

∞∑

i=n

ki − r

)
d(xn, p)

≤ s d(xn, p),

where s = exp (r
∑∞

i=1 ki − r). That is,

d(xn+m, p) ≤ s d(xn, p), for all m ≥ 1, n ≥ 1, p ∈ F1 and for some s > 0.
(1.21)

We need the following lemma for further development.

Lemma 1.12. [25, Lemma 1.1] Let {an} and {un} be positive sequences of
real numbers such that an+1 ≤ (1 + un)an and

∑∞
n=1 un < +∞. Then,

(a) lim
n→∞

an exists,

(b) if lim inf
n→∞

an = 0, then from (a), we get lim
n→∞

an = 0.

Theorem 1.10. Let C be a nonempty, closed, and convex subset of a complete
convex metric space X , and {Ti : i ∈ I0} be a finite family of asymptotically
quasi-nonexpansive mappings on C with sequences {kn(i)} ⊂ [1,∞) for each
i ∈ I0, respectively, such that

∑∞
n=1(kn(i)−1) <∞. Then, the sequence {xn}

in (1.19) converges to p ∈ F1 if and only if lim inf
n→∞

d(xn, F1) = 0.

Proof. If {xn} converges to p ∈ F1, then lim
n→∞

d(xn, p) = 0. Since 0 ≤
d(xn, F1) ≤ d(xn, p), we have lim inf

n→∞
d(xn, F1) = 0.

Conversely, suppose that lim inf
n→∞

d(xn, F ) = 0. From (1.20), we have

d(xn+1, F1) ≤ krn d(xn, F1).

As
∑∞

n=1(k
r
n − 1) < ∞, so lim

n→∞
d(xn, F1) exists by Lemma 1.12. Now

lim inf
n→∞

d(xn, F1) = 0 reveals that lim
n→∞

d(xn, F1) = 0. Hereafter, we show that
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{xn} is a Cauchy sequence. Let ε > 0. Since lim
n→∞

d(xn, F1) = 0, there exists

an integer n0 such that

d(xn, F1) <
ε

3s
for all n ≥ n0,

where s is as in Lemma 1.11 (b). In particular,

d(xn0 , F1) <
ε

3s
.

That is,

inf {d(xn0 , p) : p ∈ F1} <
ε

3s
.

So, there must exist p∗ ∈ F1 such that

d(xn0 , p
∗) <

ε

2s
.

Now, for n ≥ n0, we have from the inequality (1.21) that

d(xn+m, xn) ≤ d(xn+m, p
∗) + d(xn, p

∗)

≤ 2s d(xn0 , p
∗) < 2s

ε

2s
= ε.

This proves that {xn} is a Cauchy sequence in X. As X is complete and C is
closed, {xn} must converge to a point q ∈ C. We claim that q ∈ F1. Indeed,
let ε′ > 0. Since lim

n→∞
xn = q, there exists an integer n1 ≥ 1 such that

d(xn, q) <
ε′

2k1
, for all n ≥ n1. (1.22)

Also, lim
n→∞

d(xn, F1) = 0 implies that there exists an integer n2 ≥ 1 such that

d(xn, F1) <
ε′

7k1
, for all n ≥ n2.

Hence, there exists p′ ∈ F1 such that

d(xnj
, p′) <

ε′

6k1
. (1.23)

Using (1.22) and (1.23), we have, for any fixed i ∈ I0,

d(Ti(q), q) ≤ d(Ti(q), p
′) + d(p′, Ti(xnj

)) + d(Ti(xnj
), p′)

+d(xnj
, p′) + d(xnj

, q)

≤ k1d(q, p
′) + 2k1d(xnj

, p′) + d(xnj
, q)

≤ k1d(q, xnj
) + k1d(xnj

, p′)

+2k1d(xnj
, p′) + d(xnj

, q)

< k1
ε′

2k1
+ 3k1

ε′

6k1
= ε′.

That is, d(Ti(q), q) < ε′, for any arbitrary ε′. Therefore, we have d(Ti(q), q) =
0. Hence, q is a common fixed point of {Ti : i ∈ I0}.
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Note that every quasi-nonexpansive mapping is asymptotically quasi-
nonexpansive, so we have:

Corollary 1.1. Let C be a nonempty, closed, and convex subset of a com-
plete convex metric space X , and {Ti : i ∈ I0} be a finite family of quasi-
nonexpansive mappings on C. Define the iteration scheme {xn} as:

x1 ∈ C, xn+1 = Un(r)(xn), n ≥ 1,

where,
Un(0) = I (the identity mapping),

Un(1)(x) = W (T1Un(0)(x), x, an(1)),

Un(2)(x) = W (T2Un(1)(x), x, an(2)),

. . . . . . . . .

Un(r−1)(x) = W (Tr−1Un(r−2)(x), x, an(r−1)),

Un(r)(x) = W (TrUn(r−1)(x), x, an(r)),

where 0 ≤ an(i) ≤ 1, for all i ∈ I0. Then, the sequence {xn} converges to
p ∈ F1 if and only if lim inf

n→∞
d(xn, F1) = 0.

Since asymptotically nonexpansive mapping is asymptotically quasi-
nonexpansive, we get the following extension of Theorem 2.5 in [48].

Corollary 1.2. Let C be a nonempty, closed, and convex subset of a complete
convex metric space X , and {Ti : i ∈ I0} be a finite family of asymptotically
nonexpansive mappings on C with sequences {kn(i)} ⊂ [1,∞) for each i ∈ I0,
respectively, such that

∑∞
n=1(kn(i) − 1) < ∞. Then, the sequence {xn} in

(1.19) converges to p ∈ F1 if and only if lim inf
n→∞

d(xn, F1) = 0.

Our next result is based on the following definition:

Let {xn} be any bounded sequence in a subset C of a metric space X and
T be a mapping on C such that d(xn, T (xn)) → 0 as n → ∞. Then, T is
semi-compact if {xn} has a convergent subsequence.

Theorem 1.11. Let C be a nonempty, closed, and convex subset of a complete
convex metric space X , and {Ti : i ∈ I0} be a finite family of asymptotically
nonexpansive mappings on C with sequences {kn(i)} ⊂ [1,∞) for each i ∈ I0,
respectively, such that

∑∞
n=1(kn(i)− 1) <∞. Then, {xn} in (1.19) converges

to p ∈ F1 if lim
n→∞

d(xn, Ti(xn)) = 0, for each i ∈ I0, and one member of the

family {Ti : i ∈ I0} is semi-compact.

Proof. Without loss of generality, we assume that T1 is semi-compact. Then,
there exists a subsequence {xnj

} of {xn} such that xnj
→ q ∈ C. Hence, for

any i ∈ I0, we have

d(q, Ti(q)) ≤ d(q, xnj
) + d(xnj

, Ti(xnj
)) + d(Ti(xnj

), Ti(q))

≤ (1 + knj
)d(q, xnj

) + d(xnj
, Ti(xnj

)) → 0.

Thus, q ∈ F1. By Lemma 1.12, xn → q.
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The scheme (1.18) in CAT (0) spaces is translated as follows:

x1 ∈ C, xn+1 = Un(r)(xn), n ≥ 1, (1.24)

where,

Un(0) = I, the identity mapping,

Un(1)(x) = an(1)T
n
1 Un(0)(x)⊕ (1 − an(1))x,

Un(2)(x) = an(2)T
n
2 Un(1)(x)⊕ (1 − an(2))x,

. . . . . . . . .

Un(r−1)(x) = an(r−1)T
n
r−1Un(r−2)(x)⊕ (1 − an(r−1))x,

Un(r)(x) = an(r)T
n
r Un(r−1)(x)⊕ (1 − an(r))x,

where 0 ≤ an(i) ≤ 1 for each i ∈ I0.

We prove some lemmas needed in the sequel.

Lemma 1.13. Let C be a nonempty, bounded, closed, and convex subset of
a CAT (0) space. Let {Ti : i ∈ I0} be a family of uniformly L-Lipschitzian
mappings on C. Then, for {xn} in (1.24) with lim

n→∞
d(xn, T

n
i (xn)) = 0, we

have
lim
n→∞

d(xn, Ti(xn)) = 0, for each i ∈ I0.

Proof. Denote d(xn, T
n
i (xn)) by c

(i)
n for each i ∈ I0. Then,

d(xn, xn+1) = d(xn, Un(r)(xn))

= d(xn, an(r)T
n
r Un(r−1)(xn)⊕ (1− an(r))xn)

≤ d(xn, T
n
r (xn)) + d(T n

r (xn), T
n
r Un(r−1)(xn))

≤ c(r)n + L d(xn, Un(r−1)(xn))

≤ c(r)n + L
{
an(r−1)d(xn, T

n
r−1Un(r−2)(xn))

+(1− an(r−1))d(xn, xn)
}

≤ c(r)n + L an(r−1)d(xn, T
n
r−1Un(r−2)(xn))

≤ c(r)n + L an(r−1)

{
d(xn, T

n
r−1(xn))

+d(T n
r−1(xn), T

n
r−1Un(r−2)(xn))

}

≤ c(r)n + L c(r−1)
n + L2d(xn, Un(r−2)(xn)).

Continuing in this way, we have

d(xn, xn+1) ≤ c(r)n + Lc(r−1)
n + L2c(r−2)

n + · · ·+ Lrd(xn, T
n
1 (xn))

≤ c(r)n + Lc(r−1)
n + L2c(r−2)

n + · · ·+ Lrc(1)n .

Taking lim sup on both sides, we get

lim
n→∞

d(xn, xn+1) = 0. (1.25)
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Further, observe that

d(xn, Ti(xn)) ≤ d(xn, xn+1) + d(xn+1, T
n+1
i (xn+1))

+ d(T n+1
i xn+1, T

n+1
i (xn)) + d(T n+1

i (xn), Ti(xn))

≤ d(xn, xn+1) + d(xn+1, T
n+1
i (xn+1)) + L d(xn+1, xn)

+ L d(xn, T
n
i (xn))

= (1 + L)d(xn, xn+1) + c
(i)
n+1 + Lc(i)n .

(1.26)

Taking lim sup on both sides in (1.26) and using (1.25) and lim
n→∞

c(i)n = 0, we

get
lim
n→∞

d(xn, Ti(xn)) = 0, for each i ∈ I0.

Lemma 1.14. Let C be a nonempty, bounded, closed, and convex subset of
a CAT (0) space. Let {Ti : i ∈ I0} be a family of uniformly L-Lipschitzian
asymptotically quasi-nonexpansive mappings on C with sequences {kn(i)} ⊂
[1,∞) such that

∑∞
n=1(kn(i)− 1) <∞ for each i ∈ I0. Then, for the sequence

{xn} in (1.24) with 0 < δ ≤ an(i) ≤ 1− δ for some δ ∈ (0, 12 ), we have

lim
n→∞

d(xn, Tixn) = 0, for each i ∈ I0.

Proof. Take p ∈ F1 and apply the inequality (CN∗) to the scheme (1.24) to
get:

d(xn+1, p)
2 = d(an(r)T

n
r Un(r−1)(xn)⊕ (1− an(r))xn), p)

2

≤ an(r)d(T
n
r Un(r−1)(xn), p)

2 + (1− an(r))d(xn, p)
2

−an(r)(1− an(r))d(xn, T
n
r Un(r−1)(xn))

2

≤ an(r)k
2
n d(Un(r−1)(xn), p)

2 + (1− an(r))d(xn, p)
2

−an(r)(1− an(r))d(xn, T
n
r Un(r−1)(xn))

2

= an(r)k
2
n d(an(r−1)T

n
r−1Un(r−2)(xn)⊕ (1− an(r−1))xn), p)

2

+(1− an(r))d(xn, p)
2

−an(r)(1− an(r))d(xn, T
n
r Un(r−1)(xn))

2

≤ an(r)k
2
n [an(r−1)d(p, T

n
r−1Un(r−2)(xn))

2

+(1− an(r−1))d(p, xn)
2

−an(r−1)(1− an(r−1))d(xn, T
n
r−1Un(r−2)(xn))

2]

+(1− an(r))d(xn, p)
2

−an(r)(1− an(r))d(xn, T
n
r Un(r−1)(xn))

2.
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That is,

d(xn+1, p)
2 ≤ an(r)an(r−1)

(
k2n
)2
d(Un(r−2)(xn), p)

2

+
[
an(r)(1− an(r−1))k

2
n + (1− an(r))

]
d(xn, p)

2

−an(r)an(r−1)(1− an(r−1))d(xn, T
n
r−1Un(r−2)(xn))

2

−an(r)(1 − an(r))d(xn, T
n
r Un(r−1)(xn))

2.

Applying the inequality (CN∗) to the scheme (1.24) r-times, we get:

d(xn+1, p)
2 ≤

[
Πr

i=1an(i) +
{
Πr

i=2an(i) −Πr
i=1an(i)

}

+
{
Πr

i=3an(i) −Πr
i=2an(i)

}

+ · · ·+
{
an(r) − an(r)an(r−1))

} ] (
k2n
)r
d(xn, p)

2

−(1− an(1))Π
r
i=1an(i)d(xn, T

n
1 xn)

2

−(1− an(2))Π
r
i=2an(i)d(xn, T

n
2 Un(1)xn)

2

. . . . . . . . .

. . . . . . . . .

−(1− an(r))an(r)d(xn, T
n
r Un(r−1)xn)

2.

From the above computation, we have the following r inequalities:

d(xn+1, p)
2 ≤

(
k2n
)r
d(xn, p)

2 − (1− an(1))Π
r
i=1an(i)d(xn, T

n
1 xn)

2 (1)

d(xn+1, p)
2 ≤

(
k2n
)r
d(xn, p)

2 − (1− an(2))Π
r
i=2an(i)d(xn, T

n
2 Un(1)(xn))

2 (2)

.....

d(xn+1, p)
2 ≤

(
k2n
)r
d(xn, p)

2 − an(r)an(r−1)(1− an(r−1))

× d(xn, T
n
r−1Un(r−2)(xn))

2.
(r-1)

d(xn+1, p)
2 ≤

(
k2n
)r
d(xn, p)

2 − an(r)(1− an(r))d(xn, T
n
r Un(r−1)(xn))

2. (r)

Using δ ≤ an(i) ≤ 1 − δ, in the above (1) – (r) inequalities and then re-
arranging the terms, we have:

δr+1d(xn, T
n
1 (xn))

2 ≤
(
k2n
)r
d(xn, p)

2 − d(xn+1, p)
2 (1∗)

δrd(xn, T
n
2 Un(1)(xn))

2 ≤
(
k2n
)r
d(xn, p)

2 − d(xn+1, p)
2 (2∗)

...

δ2d(xn, T
n
r Un(r−1)(xn))

2 ≤
(
k2n
)r
d(xn, p)

2 − d(xn+1, p)
2. (r∗)

Since the sequence {d(xn, p)} is convergent and kn → 1, therefore from the
inequalities (1∗) – (r∗), we deduce:

lim
n→∞

d(xn, T
n
i Un(i−1)(xn)) = 0, for all i ∈ I0. (1.27)
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Further,

d(xn, T
n
2 (xn)) ≤ d(xn, T

n
2 Un(1)(xn)) + d(T n

2 Un(1)(xn), T
n
2 (xn))

≤ d(xn, T
n
2 Un(1)(xn)) + L d(an(1)T

n
1 (xn)⊕ (1− an(1))xn, xn)

≤ d(xn, T
n
2 Un(1)(xn)) + L an(1)d(T

n
1 (xn), xn),

together with (1.27)(for i = 2) gives that

lim
n→∞

d(xn, T
n
2 (xn)) = 0.

Similar computations show that

lim
n→∞

d(xn, T
n
i (xn)) = 0, for each i ∈ I0.

Finally, by Lemma 1.13, we get:

lim
n→∞

d(xn, Ti(xn)) = 0, for each i ∈ I0.

For further analysis, we need the following concept:

A family of mappings {Ti : i ∈ I0} on a subset C of a metric space X with
at least one common fixed point is said to satisfy Condition (AV ) if there
exists a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0, f (t) > 0
for all t ∈ (0,∞) such that

f(d(x, F1)) ≤
1

r

r∑

i=1

d(x, Ti(x)), for all x ∈ C.

Theorem 1.12. Let C be a nonempty, closed, and convex subset of a CAT (0)
space. Let {Ti : i ∈ I0} be a family of uniformly L−Lipschitzian asymptot-
ically quasi-nonexpansive mappings on C with sequences {kn(i)} ⊂ [1,∞),
such that

∑∞
n=1(kn(i) − 1) < ∞ for each i ∈ I0, respectively. If {Ti : i ∈ I0}

satisfies the Condition (AV ), then the sequence {xn} in (1.24) with 0 < δ ≤
an(i) ≤ 1 − δ for some δ ∈ (0, 12 ), converges to a common fixed point of
{Ti : i ∈ I0}.
Proof. Immediate from Lemma 1.14 and Theorem 1.10.

1.5 One-Step Implicit Iterative Scheme

In order to reduce computational cost of a two-step iterative scheme for two
finite families {Sn : n ∈ I0} and {Tn : n ∈ I0} of nonexpansive mappings on a
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convex subset C of a Banach space, Khan et al. [20] introduced and analyzed
the following one-step iterative scheme

x0 ∈ K, xn = αnxn−1 + βnTn(xn) + γnSnxn, (1.28)

where Sn = Sn(modN) and Tn = Tn(modN), 0 ≤ αn, βn, γn ≤ 1 and satisfy
αn + βn + γn = 1. For a convex subset C of a convex metric space X, we
translate the iterative scheme (1.28) as under:

xn =W

(
Tn(xn),W

(
Snxn, xn−1,

βn
1− αn

)
, αn

)
(1.29)

where Sn = Sn(modN) and Tn = Tn(modN), 0 < a ≤ αn, βn ≤ b < 1 and satisfy
αn + βn < 1.

Obviously, (1.29) is equivalent to (1.28) in the Banach space setting.

The following concepts are needed in the sequel.

A sequence {xn} in X is Fejér monotone with respect to a subset C of a
metric space X if d(xn, x) ≤ d(xn−1, x), for all x ∈ C.

For a bounded sequence {xn} in a metric space X , we define a functional
r(., {xn}) : X → R+ by r(x, {xn}) = lim sup

n→∞
d(x, xn), for all x ∈ X . The

asymptotic radius of {xn} with respect to C ⊆ X is defined as

r({xn}) = inf{r(x, {xn}) : x ∈ C}.
A point y ∈ C is called the asymptotic center of {xn} with respect to C ⊆ X
if r(y, {xn} ≤ r(x, {xn}) for all x ∈ C. The set of all asymptotic centers of
{xn} is denoted by A({xn}).

The notion of △−convergence has been introduced by Lim [31] and it has
been adapted in CAT (0) spaces by Kirk and Panyanak [29]:

A sequence {xn} in X is said to △-converge to x ∈ X if x is the unique
asymptotic center for every subsequence {un} of {xn}. In this case, we write
x as △-limit of {xn}, that is, △− limn xn = x.

Let H be a mapping on C defined by

H(x) = W

(
T1(x),W

(
S1x, x0,

β1
1− α1

)
, α1

)
.

For a given x0 ∈ C, the existence of x1 =W
(
T1(x1),W

(
S1x1, x0,

β1

1−α1

)
, α1

)

is guaranteed if H has a fixed point. For any u, v ∈ C and using property (3)
in the definition of hyperbolic space, we have:

d(H(u), H(v)) ≤ (1− α1) d

(
W

(
S1(u), x0,

β1
1− α1

)
,

W

(
S1(v), x0,

β1
1− α1

))
+ α1d(T1(u), T1(v))

≤ α1d(T1(u), T1(v)) + β1d(S1(u), S1(v))

≤ (α1 + β1) d(u, v).
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Since α1 + β1 ∈ (0, 1), H is a contraction. By (BCP), H has a unique fixed
point. Thus the existence of x1 is established. Continuing in this way, the
existence of x2, x3, . . . is guaranteed. Hence, (1.29) is well-defined.

Some needed key results are listed below for further development.

Lemma 1.15. [24] Let C be a nonempty, closed, and convex subset of
a uniformly convex hyperbolic space and {xn} a bounded sequence in C
such that A({xn}) = {y}. If {ym} is another sequence in C such that
lim

m→∞
r(ym, {xn}) = ρ (a real number), then lim

m→∞
ym = y.

Lemma 1.16. [24] Let X be a uniformly convex hyperbolic space with mono-
tone modulus of uniform convexity η. Let x ∈ X and {an} be in [b, c] for some
b, c ∈ (0, 1). If {wn} and {zn} are in X such that

lim sup
n−→∞

d(wn, x) ≤ r, lim sup
n−→∞

d(zn, x) ≤ r,

and
lim

n−→∞
d(W (wn, zn, an), x) = r, for some r ≥ 0,

then,
lim
n→∞

d(wn, zn) = 0.

Lemma 1.17. [2] Let C be a nonempty closed subset of a complete metric
space X , and {xn} be a Fejér monotone sequence with respect to C. Then,
{xn} converges to some p ∈ C if and only if lim

n→∞
d(xn, C) = 0. From now

onward, for finite families {Ti : i ∈ I0} and {Si : i ∈ I0} of nonexpansive
mappings on C, we set F2 =

⋂
i∈I0

F (Ti) ∩ F (Si).

We now prove a pair of technical results.

Lemma 1.18. Let C be a closed and convex subset of a convex metric space
X , and {Ti : i ∈ I0} and {Si : i ∈ I0} be two finite families of nonexpansive
mappings on C such that F2 6= ∅. Then, for the sequence {xn} in (1.29), we
have

(a) {xn} is Fejér monotone with respect to F2,

(b) lim
n→∞

d(xn, p) exists for each p ∈ F2.

Proof. For any p ∈ F2, it follows from (1.29) that

d (xn, p) = d

(
W

(
Tn(xn),W

(
Sn(xn), xn−1,

βn
1− αn

)
, αn

)
, p

)

≤ αnd (Tn(xn), p) + (1 − αn)d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, p

)

≤ αnd (Tn(xn), p) + βnd(Sn(xn), p) + (1− αn − βn)d(xn−1, p)

≤ αnd (xn, p) + βnd(xn, p) + (1− αn − βn)d(xn−1, p).
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This implies (1 − αn − βn)d(xn, p) ≤ (1 − αn − βn)d(xn−1, p), and so, we
get d(xn, p) ≤ d(xn−1, p), which gives that (a) {xn} is Fejér monotone with
respect to F2 and (b) lim

n→∞
d(xn, p) exists for each p ∈ F2.

Lemma 1.19. Let C be a closed and convex subset of a uniformly convex
hyperbolic space X with monotone modulus of uniform convexity η, and {Ti :
i ∈ I0} and {Si : i ∈ I0} be two finite families of nonexpansive mappings on
C such that F2 6= ∅. Then, for the sequence {xn} in (1.29), we have

lim
n→∞

d (xn, Sl(xn)) = 0 = lim
n→∞

d (xn, Tl(xn)) , for each l ∈ I0.

Proof. It follows from Lemma 1.18 that lim
n→∞

d(xn, p) exists for each p ∈ F2.

Assume that lim
n→∞

d(xn, p) = c. The result is trivial if c = 0. If c > 0, then

lim
n→∞

d(xn, p) = c can be written as

lim
n→∞

d

(
W

(
Tn(xn),W

(
Sn(xn), xn−1,

βn
1− αn

)
, αn

)
, p

)
= c. (1.30)

Since Tn is nonexpansive, we have d(Tn(xn), p) ≤ d(xn, p) for each p ∈ F2.
Taking lim sup on both sides, we obtain lim sup

n→∞
d(Tn(xn), p) ≤ c.

Since d(xn, p) ≤ d(xn−1, p), it follows that

d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, p

)

≤ βn
1− αn

d(Sn(xn), p) +

(
1− βn

1− αn

)
d(xn−1, p)

≤ βn
1− αn

d(xn, p) +

(
1− βn

1− αn

)
d(xn−1, p)

≤ βn
1− αn

d(xn−1, p) +

(
1− βn

1− αn

)
d(xn−1, p)

= d(xn−1, p).

That is,

lim sup
n→∞

d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, p

)
≤ c. (1.31)

Taking x = p, r = c, an = αn, wn = Tn(xn), and zn =

W
(
Sn(xn), xn−1,

βn

1−αn

)
in Lemma 1.16 and using (1.30) and (1.31), we get

lim
n→∞

d

(
Tn(xn),W

(
Sn(xn), xn−1,

βn
1− αn

))
= 0. (1.32)
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Observe that

d(xn, Tn(xn)) ≤ d

(
W

(
Tn(xn),W

(
Sn(xn), xn−1,

βn
1− αn

)
, αn

)
, Tn(xn)

)

≤ αnd (Tn(xn), Tn(xn))

+(1− αn)d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, Tn(xn)

)

= (1− αn)d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, Tn(xn)

)

≤ (1− a)d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, Tn(xn)

)
.

Taking lim sup on both sides in the above inequality and using (1.32), we have

lim
n→∞

d(xn, Tn(xn)) = 0. (1.33)

Moreover,

d(xn, p) = d

(
W

(
Tn(xn),W

(
Sn(xn), xn−1,

βn
1− αn

)
, αn

)
, p

)

≤ αnd(Tn(xn), p) + (1− αn)d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, p

)

≤ αnd(xn, p) + (1− αn)d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, p

)

≤ d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, p

)
.

Hence, we obtain

c ≤ lim inf
n→∞

d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, p

)
. (1.34)

Combining (1.31) and (1.34), we get

lim
n→∞

d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, p

)
= c. (1.35)

Again, by Lemma 1.16 (with x = p, r = c, an = βn

1−αn
, wn = Snxn, zn =

xn−1), we get
lim
n→∞

d(xn−1, Sn(xn)) = 0. (1.36)

Observe that

d(xn, xn−1) ≤ d

(
W

(
Tn(xn),W

(
Sn(xn), xn−1,

βn
1− αn

)
, αn

)
, xn−1

)

≤ αnd(Tn(xn), xn−1)

+ (1− αn) d

(
W

(
Sn(xn), xn−1,

βn
1− αn

)
, xn−1

)

≤ αn {d (Tn(xn), xn) + d (xn, xn−1)}+ βnd (xn−1, Sn(xn)) .
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Re-arranging the terms in the above inequality, we have

d(xn, xn−1) ≤ αn

1− αn
d (Tn(xn), xn) + βnd (xn−1, Sn(xn))

≤ b

1− b
d (Tn(xn), xn) + b d (xn−1, Sn(xn)) .

Taking lim sup on both the sides in the above inequality and then using (1.33)
and (1.36), we have

lim
n→∞

d(xn, xn−1) = 0.

For each l < r, we have

d(xn, xn+l) ≤ d(xn, xn+1) + d(xn+1, xn+2) + · · ·+ d(xn+l−1, xn+l).

Therefore, we get

lim
n→∞

d(xn, xn+l) = 0, for each l < r. (1.37)

Since d(xn, Sn(xn)) ≤ d(xn, xn−1) + d(xn−1, Sn(xn)), it follows that

lim
n→∞

d(xn, Sn(xn)) = 0. (1.38)

Also note that

d(xn, Sn+l(xn)) ≤ d(xn, xn+l) + d(xn+l, Sn+l(xn+l)) + d(Sn+l(xn+l), Sn+l(xn))

≤ 2d(xn, xn+l) + d(xn+l, Sn+l(xn+l)).

Taking lim sup on both sides in the above inequality and then using (1.37)
and (1.38), we get

lim
n→∞

d(xn, Sn+l(xn)) = 0, for each l ∈ I0.

Similarly, we have

lim
n→∞

d(xn, Tn+lxn) = 0, for each l ∈ I0.

Since for each l ∈ I0, the sequence {d(xn, Sl(xn))} is a subsequence of⋃r
l=1{d(xn, Sn+l(xn))} and lim

n→∞
d(xn, Sn+l(xn)) = 0, for each l ∈ I0, there-

fore,

lim
n→∞

d(xn, Sl(xn)) = 0 = lim
n→∞

d(xn, Tl(xn)), for each l ∈ I0.

Now we state a result concerning △−convergence for the iterative scheme
(1.29); the method of its proof closely follows ([24], Theorem 3.1).
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Theorem 1.13. Let C be a closed and convex subset of a uniformly convex
hyperbolic space X with monotone modulus of uniform convexity η, and {Ti :
i ∈ I0} and {Si : i ∈ I0} be two finite families of nonexpansive mappings on
C such that F2 6= ∅. Then, the sequence {xn} in (1.29) △-converges to an
element of F2.

Proof. As in the proof of Lemma 1.18, {xn} is bounded. Therefore, {xn}
has a unique asymptotic center, that is, A({xn}) = {x}. Let {un} be any
subsequence of {xn} such that A({un}) = {u}. Then, by Lemma 1.19, we
have

lim
n→∞

d(un, Tl(un)) = 0 = lim
n→∞

d(un, Sl(un)), for each l ∈ I0.

We claim that u is the common fixed point of {Ti : i ∈ I0} and {Si : i ∈ I0}.
We define a sequence {zm} in C by zm = Tm(u), where Tm = Tm(modN).
Observe that

d(zm, un) ≤ d(Tm(u), Tm(un)) + d(Tm(un), Tm−1(un)) + · · ·+ d(T (un), un)

≤ d(u, un) +

m−1∑

i=1

d(un, Ti(un)).

Therefore, we have

r(zm, {un}) = lim sup
n→∞

d(zm, un) ≤ lim sup
n→∞

d(u, un) = r(u, {un}).

This implies that |r(zm, {un})− r(u, {un})| → 0 as m → ∞. It follows from
Lemma 1.15 that Tm(u) = u. Hence, u is the common fixed point of {Ti : i ∈
I0}. Similarly, we can show that u is the common fixed point of {Si : i ∈ I}.
Hence, u ∈ F2. Suppose x 6= u. Since lim

n→∞
d(xn, u) exists (by Lemma 1.18),

the uniqueness of the asymptotic center gives

lim sup
n→∞

d(un, u) < lim sup
n→∞

d(un, x)

≤ lim sup
n→∞

d(xn, x)

< lim sup
n→∞

d(xn, u)

= lim sup
n→∞

d(un, u),

which is a contradiction. Hence, x = u. Therefore, A({un}) = {u}, for all
subsequences {un} of {xn}. This proves that {xn} △-converges to a common
fixed point of {Ti : i ∈ I0} and {Si : i ∈ I0}.

A necessary and sufficient condition for strong convergence of the iterative
scheme (1.29) is given in the following result.
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Theorem 1.14. Let C be a closed and convex subset of a complete convex
metric space X , and {Ti : i ∈ I0} and {Si : i ∈ I0} be two finite families of
nonexpansive mappings on C such that F2 6= ∅. Then, the sequence {xn} in
(1.29), converges strongly to p ∈ F2 if and only if lim inf

n→∞
d(xn, F2) = 0.

Proof. It follows from Lemma 1.18 that {xn} is Fejér monotone with respect
to F2 and lim

n→∞
d(xn, F2) exists. Moreover, F2 is a closed subset of X. Hence,

the result follows from Lemma 1.17.

Let f be a nondecreasing mapping on [0,∞) with f (0) = 0 and f (t) >
0 for all t > 0. Let {Ti : i ∈ I0} and {Si : i ∈ I0} be finite families of
nonexpansive mappings on C with F2 6= ∅. Then, the two families are said to
satisfy condition (D) if

d (x, T (x)) ≥ f(d(x, F2)) or d (x, S(x)) ≥ f(d(x, F2)), for all x ∈ C,

holds for at least for one T ∈ {Ti : i ∈ I0} or one S ∈ {Si : i ∈ I0}.
The statement in the following remark follows easily from Lemma 1.19.

Remark 1.6. Let C be a closed and convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convexity η,
and {Ti : i ∈ I0} and {Si : i ∈ I0} be two finite families of nonexpansive
mappings on C such that F2 6= ∅. If either the two families {Ti : i ∈ I0} and
{Si : i ∈ I0} satisfy condition (D) or one of the mappings in {Ti : i ∈ I0} or
{Si : i ∈ I0} is semi-compact, then the sequence {xn} in (1.29) converges to
an element of F2.

Remark 1.7. By Lemma 1.6, a uniformly convex metric space satisfying
the Property (H) is a uniformly convex hyperbolic space. Therefore, all the
results of this section hold well in uniformly convex metric spaces admitting
the Property (H) .

Remark 1.8. The reader interested in approximation of common fixed points
of a countable family of nonexpansive mappings in a uniformly convex metric
space is referred to Phuengrattana and Suantai [37].
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[6] Bruhat, Tits, J.: Groupes réductifs sur un corps local. I. Données radi-
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2.1 Introduction

Nonlinear semigroup theory is not only of intrinsic interest, but is also impor-
tant in the study of evolution problems. In the last forty years, the general
theory of flows of holomorphic mappings has been of great interest in the
theory of Markov stochastic branching processes, the theory of composition
operators, control theory, and optimization. It transpires that the asymptotic
behavior of solutions to evolution equations is applicable to the study of the
geometry of certain domains in complex spaces. In this chapter, we will dis-
cuss the existence of common fixed points of nonlinear semigroups acting in
modular function spaces. For the theory of a common fixed point of mappings,
we refer to the excellent papers [5, 6, 10, 12, 41].

Modular function spaces are natural generalizations of both function and
sequence variants of many important, from an applications perspective, spaces

45
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like Calderon-Lozanovskii, Lebesgue, Lorentz, Musielak-Orlicz, Orlicz-Lorentz
spaces, and many others. In recent years, modular function spaces have seen
a surge of interest due to electrorheological fluids (sometimes referred to as
“smart fluids”). Indeed, most materials can be modeled with sufficient accu-
racy using classical Lebesgue and Sobolev spaces, Lp and W 1,p, where p is a
fixed constant. For some materials with inhomogeneities this is not adequate,
but rather the exponent p should be able to vary. The study of differen-
tial equations and variational problems involving p(x)-growth conditions is a
consequence of their applications. Materials requiring more advanced theory
have been studied experimentally since the middle of the last century. The
first major discovery in electrorheological fluids (for instance, lithium poly-
methacrylate) was due to Willis Winslow in 1949. Electrorheological fluids
have been used in robotics and space technology. For more information on
properties, modeling, and the application of variable exponent spaces to these
fluids we refer the reader to [2, 11, 13, 49].

2.2 Basic Definitions and Properties

First attempts to generalize the classical function spaces of the Lebesgue type
Lp were made in the early 1930s by Orlicz and Birnbaum in connection with
orthogonal expansions. Their approach consisted in considering spaces of func-
tions with some growth properties different from the power-type growth con-
trol provided by the Lp-norms. Namely, they considered the function spaces
defined as follows:

Lϕ =

{
f : R → R; ∃λ > 0 :

∫

R

ϕ
(
λ|f(x)|

)
dx <∞

}
,

where ϕ : [0,∞] → [0,∞] was assumed to be a convex function increasing
to infinity, that is, a function that to some extent behaves similarly to power
functions ϕ(t) = tp. Later on, the assumption of convexity for Orlicz func-
tions ϕ was frequently omitted. Let us mention two typical examples of such
functions:

ϕ(t) = et − 1 , ϕ(t) = ln(1 + t) .

The possibility of introducing the structure of a linear metric in Lϕ as well as
the interesting properties of these spaces and many applications to differential
and integral equations with kernels of non-power types were among the reasons
for the development of the theory of Orlicz spaces, their applications and
generalizations for more than half of the century.

We observe two principal directions of further development. The first one
is a theory of Banach function spaces initiated in 1955 by Luxemburg and
then developed in a series of joint papers with Zaanen. The main idea of that
theory consists of considering a function space L of all functions f : X →
R, f ∈ M(X,R), such that ||f || < ∞, where (X,Σ, µ) is a measure space,
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M(X,S) denotes the space of all strongly measurable functions acting from
X into a Banach space S and ||.|| is a function norm that satisfies

||f || ≤ ||g|| whenever |f(x)| ≤ |g(x)| µ-a.e.

Another approach, also inspired by the successful theory of Orlicz spaces,
is based on replacing the particular, integral form of the nonlinear functional,
which controls the growth of members of the space, by an abstractly given
functional with some good properties. This idea was the basis of the theory
of modular spaces initiated by Nakano [45] in connection with the theory of
order spaces and redefined and generalized by Luxemburg and Orlicz in 1959.
Let us give a brief account of some basic facts of their theory.

Definition 2.1. [45] Let X be a vector space over R (or C). A functional
ρ : X → [0,∞] is called a modular, if for arbitrary f and g, in X , the following
holds:

(1) ρ(f) = 0 if and only if f = 0,

(2) ρ(αf) = ρ(f) whenever |α| = 1, and

(3) ρ(αf + βg) ≤ ρ(f) + ρ(g) whenever α, β ∈ [0, 1] such that α+ β = 1.

The modular ρ is called convex if and only if

ρ(αf + βg) ≤ αρ(f) + βρ(g),

whenever α, β ∈ [0, 1] such that α+ β = 1.

If ρ is a modular in X , then the set defined by

Xρ = {h ∈ X ; lim
λ→0

ρ(λh) = 0}

is called a modular space. Xρ is a vector subspace of X . For a modular ρ in
X , we may define an F-norm by the formula :

||f ||ρ = inf

{
t > 0 ; ρ

(
f

t

)
≤ t

}
.

If ρ is a convex modular, then the functional given by

||f ||ρ = inf

{
t > 0 ; ρ

(
f

t

)
≤ 1

}

is a norm. One can check that

||fn − f ||ρ → 0 is equivalent to ρ
(
λ(fn − f)

)
→ 0, for all λ > 0.

In this way, any Orlicz space becomes a modular space, where X =
M(X,R) and the modular ρ is defined by

ρ(f) =

∫

R

ϕ (|f(x)|) dx.



48 Fixed Point Theory, Variational Analysis, and Optimization

Within the theory of modular spaces, Musielak and Orlicz developed in 1959
a theory of Musielak-Orlicz spaces, that is, the modular spaces induced by
modulars of the following form:

ρ(f) =

∫

R

ϕ (x, |f(x)|) dx,

where ϕ : X×R+ → R+ is a function, continuous and increasing to infinity in
the second variable, and is measurable in the first one. Such spaces have been
studied for almost forty years and there is a large set of applications of such
spaces that is known in variuous parts of analysis. Such spaces have many
applications in probability and mathematical statistics.

We may observe, however, the situation where on the one hand we have
a very abstract general theory of modular spaces that cannot give proper an-
swers to many interesting questions and, on the other hand, spaces constructed
on the image of Musielak-Orlicz spaces. In the latter case, the concepts from
Musielak-Orlicz theory do not fit the new demands. Another common diffi-
culty consists of the fact that the theory of Musielak-Orlicz spaces, though
very useful, is not structural, in the sense that many operations, like taking
sums or passing to equivalent modulars, lead beyond the class of Musielak-
Orlicz spaces.

In this chapter, we will consider modular spaces that lie somewhere in
between, that is, class of modular spaces given by modulars not of any par-
ticular form, but nevertheless, having much more convenient properties than
the abstract modulars can possess. In other words, we present a useful tool for
applications whenever there is a need to introduce a function space by means
of functionals that have some reasonable properties but are far from being
norms or F-norms.

Let us introduce basic notions related to modular function spaces and
related notations that will be used in this chapter. For further detail, we refer
the reader to preliminary sections of the recent articles [8, 24, 25] or to the
survey articles [38, 39]; see also [34, 35, 36] for the standard framework of
modular function spaces.

Let Ω be a nonempty set and Σ be a nontrivial σ-algebra of subsets of
Ω. Let P be a δ-ring of subsets of Ω such that E ∩ A ∈ P , for any E ∈ P
and A ∈ Σ. Let us assume that there exists an increasing sequence of sets
Kn ∈ P such that Ω =

⋃
Kn. By E we denote the linear space of all simple

functions with supports from P . By M∞ we will denote the space of all
extended measurable functions, that is, all functions f : Ω → [−∞,∞] such
that there exists a sequence {gn} ⊂ E , |gn| ≤ |f | and gn(ω) → f(ω), for all
ω ∈ Ω. By 1A we denote the characteristic function of the set A.

Definition 2.2. [36] Let ρ : M∞ → [0,∞] be a nontrivial, convex, and even
function. We say that ρ is a regular convex function pseudomodular if:

(i) ρ(0) = 0;
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(ii) ρ is monotone, that is, |f(ω)| ≤ |g(ω)| for all ω ∈ Ω implies ρ(f) ≤ ρ(g),
where f, g ∈ M∞;

(iii) ρ is orthogonally subadditive, that is, ρ(f1A∪B) ≤ ρ(f1A) + ρ(f1B) for
any A,B ∈ Σ such that A ∩B 6= ∅, f ∈ M∞;

(iv) ρ has the Fatou property, that is, |fn(ω)| ↑ |f(ω)| for all ω ∈ Ω implies
ρ(fn) ↑ ρ(f), where f ∈ M∞; and

(v) ρ is order continuous in E , that is, gn ∈ E and |gn(ω)| ↓ 0 implies
ρ(gn) ↓ 0.

Similarly, as in the case of measure spaces, we say that a set A ∈ Σ is
ρ-null if ρ(g1A) = 0 for every g ∈ E . We say that a property holds ρ-almost
everywhere if the exceptional set is ρ-null. As usual, we identify any pair of
measurable sets whose symmetric difference is ρ-null as well as any pair of mea-
surable functions differing only on a ρ-null set. With this in mind, we define
M = {f ∈ M∞; |f(ω)| <∞ ρ−a.e}, where each element is actually an equiv-
alence class of functions equal to ρ-a.e. rather than an individual function.

Definition 2.3. [36] We say that a regular function pseudomodular ρ is a
regular convex function modular if ρ(f) = 0 implies f = 0 ρ− a.e.. The class
of all nonzero regular convex function modulars defined on Ω will be denoted
by ℜ.

Throughout this chapter, we only consider convex function modulars.

Definition 2.4. [34, 35, 36] Let ρ be a convex function modular. A modular
function space is the vector space Lρ = {f ∈ M; ρ(λf) → 0 as λ→ 0}. In the
vector space Lρ, the following formula

‖f‖ρ = inf

{
α > 0; ρ

(
f

α

)
≤ 1

}

defines a norm, frequently called the Luxemburg norm.

Note that the monographic exposition of the theory of Orlicz spaces may be
found in Krasnosel’skii and Rutickii [40]. For a current review of the theory of
Musielak-Orlicz spaces and modular spaces the reader is referred to Musielak
[44] and Kozlowski [36].

The following definitions will be needed throughout this chapter.

Definition 2.5. [36]

(a) The sequence {fn} ⊂ Lρ is said to be ρ-convergent to f ∈ Lρ if ρ(fn −
f) → 0 as n→ ∞.

(b) The sequence {fn} ⊂ Lρ is said to be ρ-Cauchy if ρ(fn − fm) → 0 as n
and m go to ∞.
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(c) We say that Lρ is ρ-complete if and only if any ρ-Cauchy sequence in
Lρ is ρ-convergent.

(d) A subset C of Lρ is called ρ-closed if the ρ-limit of a ρ-convergent se-
quence of C always belongs to C.

(e) A subset C of Lρ is called ρ-bounded if

δρ(C) = sup{ρ(f − g); f, g ∈ C} <∞.

(f) Let f ∈ Lρ and C ⊂ Lρ. Define the ρ-distance between f and C as:

dρ(f, C) = inf{ρ(f − g); g ∈ C}.

Warning: The above terminology is used because of its formal similarity
to the metric case. Since ρ does not behave in general as a distance, one should
be very careful when dealing with these notions. In particular, ρ-convergence
does not imply ρ-Cauchy, since ρ does not satisfy the triangle inequality.

The following proposition brings together a few facts that will often be
used in the proofs.

Proposition 2.1. [36] Let ρ ∈ ℜ.

(a) Lρ is ρ-complete.

(b) ρ-balls Bρ(f, r) = {g ∈ Lρ; ρ(f − g) ≤ r} are ρ-closed.

(c) If ρ(αfn) → 0 for an α > 0, then there exists a subsequence {gn} of
{fn} such that gn → 0 ρ− a.e.

(d) ρ(f) ≤ lim inf
n→∞

ρ(fn) whenever fn → f ρ − a.e. (Note: this property is

equivalent to the Fatou property).

(e) Consider the sets

L0
ρ = {f ∈ Lρ; ρ(f, .) is order continuous}

and
Eρ = {f ∈ Lρ;λf ∈ L0

ρ for any λ > 0}.
Then, we have

(i) Eρ ⊂ L0
ρ ⊂ Lρ;

(ii) Eρ has the Lebesgue property, that is, ρ(λf,Dn) → 0, for λ > 0,
f ∈ Eρ, and Dn ↓ ∅.

We already pointed out that since ρ may not satisfy the triangle inequality,
then the modular convergence and F -norm convergence may not be the same.
This will only happen if ρ satisfies the so-called ∆2-condition.
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Definition 2.6. [36] The modular function ρ is said to satisfy the ∆2-
condition if ρ(2fn) → 0 as n→ ∞, whenever ρ(fn) → 0 as n→ ∞.

We have the following proposition.

Proposition 2.2. [36] The following assertions are equivalent:

(a) ρ satisfies the ∆2-condition;

(b) ρ(fn − f) → 0 is equivalent to ρ (λ(fn − f)) → 0 for all λ > 0.

Let us recall the definition of different mappings acting in a modular func-
tion space. We start with the concept of Lipschitzian mappings.

Definition 2.7. Let ρ ∈ ℜ and let C ⊂ Lρ be a nonempty subset. A mapping
T : C → Lρ is called ρ-Lipschitzian mapping if there exists a constant L ≥ 0
such that

ρ(T (f)− T (g)) ≤ L ρ(f − g), for any f, g ∈ C.

When L < 1, then T is called ρ-contraction mapping. Moreover, if L ≤ 1, then
T is called ρ-nonexpansive mapping.

As mentioned before, one of the reasons for our interest in ρ-behavior of
mappings is that the F-norm associated with the function modular is defined in
an indirect way and consequently harder to handle than the function modular.
Therefore, one may ask what the relationship is, if any, between the F-norm
nonexpansiveness and the ρ-nonexpansiveness. The following example gives a
partial answer.

Example 2.1. [26] Let X = (0,∞), and let Σ be the σ-algebra of all Lebesgue
measurable subsets of X . Let P denote the δ-ring of subsets of finite measure.
Define a function modular by

ρ(f) =
1

e2

∫ ∞

0

|f(x)|x+1dm(x).

Let B be the set of all measurable functions f : (0,∞) → R such that 0 ≤
f(x) ≤ 1

2 . Define the linear operator T by the formula

T (f)(x) =

{
f(x− 1), for x ≥ 1,
0, for x ∈ [0, 1].

Clearly, T (B) ⊂ B. We claim that, for every λ ≤ 1 and for all f, g ∈ B, we
have

ρ (λ(T (f)− T (g))) ≤ λρ (λ(f − g)) .
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Indeed,

ρ (λ(T (f)− T (g))) = e−2

∫ ∞

0

λx+1|T (f(x))− T (g(x))|x+1dm(x)

= e−2

∫ ∞

1

λx+1|f(x− 1)− g(x− 1)|x+1dm(x)

= λe−2

∫ ∞

0

λx+1|f(x)− g(x)|x+1|f(x)− g(x)|dm(x)

= λe−2

∫ ∞

0

λx+1|f(x)− g(x)|x+1dm(x)

= λρ (λ(f − g)) ,

which implies that T is ρ-nonexpansive. On the other hand, if we take f =
1[0,1], then

‖T (f)‖
ρ
> e ≥ ‖f‖

ρ
,

which clearly implies that T is not ‖.‖-nonexpansive.
In the metric setting, Kirk [31, 32] extended the definition of Lipschitzian

mappings to a new class of mappings, called pointwise Lipschitzian mappings.
Here we give the modular analogue to these new mappings.

Definition 2.8. Let ρ ∈ ℜ and let C ⊂ Lρ be a nonempty subset. A mapping
T : C → C is called ρ-pointwise Lipschitzian mapping if there exists a function
α : C → [0,∞) such that

ρ(T (x)− T (y)) ≤ α(x)ρ(x − y), for all x, y ∈ C.

If the function α(x) < 1, for every x ∈ C, then we say that T is ρ-pointwise
contraction. Similarly, if α(x) ≤ 1 for every x ∈ C, then T is said to be
ρ-pointwise nonexpansive mapping.

Similarly, we have the following extension of asymptotic pointwise map-
pings from the metric setting to the modular setting [18].

Definition 2.9. Let ρ ∈ ℜ and let C ⊂ Lρ be nonempty and ρ-closed. A
mapping T : C → C is called a ρ-asymptotic pointwise Lipschitzian mapping
if there exists a sequence of mappings αn : C → [0,∞) such that

ρ(T n(f)− T n(g)) ≤ αn(f)ρ(f − g), for any f, g ∈ Lρ.

• If {αn} converges pointwise to α : C → [0, 1), then T is called ρ-
asymptotic pointwise contraction.

• If lim sup
n→∞

αn(f) ≤ 1 for any f ∈ Lρ, then T is called ρ-asymptotic

pointwise nonexpansive.
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• If lim sup
n→∞

αn(f) ≤ k for any f ∈ Lρ with 0 < k < 1, then T is called

ρ-strongly asymptotic pointwise contraction.

A point f ∈ C is called a fixed point of T whenever T (f) = f . The set of
fixed points of T will be denoted by F (T ).

2.3 Some Geometric Properties of Modular Function

Spaces

This section is devoted to the discussion of the modular equivalents of uniform
convexity of ρ. As pointed out in [25], one concept of uniform convexity in
normed spaces generates several different types of uniform convexity in mod-
ular function spaces. In this chapter, we mainly focus on one form of uniform
convexity. For more details, the reader may consult [25].

Definition 2.10. Let ρ ∈ ℜ. We define the following uniform convexity (UC)-
type properties of the function modular ρ:

• Let r > 0, ε > 0. Define

D(r, ε) = {(f, g) : f, g ∈ Lρ, ρ(f) ≤ r, ρ(g) ≤ r, ρ(f − g) ≥ εr}.

Let

δ(r, ε) = inf
{
1− 1

r
ρ
(f + g

2

)
: (f, g) ∈ D(r, ε)

}
, if D(r, ε) 6= ∅,

and δ(r, ε) = 1, if D(r, ε) = ∅. We say that ρ satisfies (UC) if for every
r > 0, and ε > 0, we have δ(r, ε) > 0. Note that for every r > 0,
D(r, ε) 6= ∅, when ε > 0 is small enough.

• We say that ρ satisfies (UUC) if there exists η(s, ε) > 0, for every s ≥ 0,
and ε > 0 such that

δ(r, ε) > η(s, ε) > 0, for r > s.

It is known that for a wide class of modular function spaces with the
∆2 property, the uniform convexity of the Luxemburg norm is equivalent to
(UC). For example, in Orlicz spaces, this result can be traced to early papers
by Luxemburg [42], Milnes [43], Akimovic [3], and Kaminska [19]. It is also
known that, under suitable assumptions, (UC) in Orlicz spaces is equivalent to
the very convexity of the Orlicz function [27] and that the uniform convexity
of the Orlicz function implies (UC) [19]. Typical examples of Orlicz functions
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that do not satisfy the ∆2 condition, but are uniformly convex (and hence
very convex), are [40, 43]:

ϕ1(t) = e|t| − |t| − 1, and ϕ2(t) = et
2 − 1.

See also [17] for a discussion of some geometric properties of Calderon-
Lozanovskii and Orlicz-Lorentz spaces. As for Banach spaces, uniform convex-
ity in the modular sense implies strict convexity, that is, for every f, g ∈ Lρ

such that ρ(f) = ρ(g) and ρ(αf + (1− α)g) = αρ(f) + (1 − α)ρ(g), for some
α ∈ (0, 1), there holds f = g.

In the next theorem, a relationship between the uniform convexity of func-
tion modulars and the unique best approximant property is established. This
is very useful as its analogue in the case of Banach spaces. For example, it al-
lows us to prove the property (R) (see Definition 2.11 below). For other results
on best approximation in modular function spaces, see for example [28].

Theorem 2.1. [25] Assume ρ ∈ ℜ is (UUC). Let C ⊂ Lρ be nonempty,
convex, and ρ-closed. Let f ∈ Lρ be such that

dρ(f, C) = inf{ρ(f − g); g ∈ C} <∞.

Then, there exists a unique best ρ-approximant of f in C, that is, a unique
g0 ∈ C such that

ρ(f − g0) = dρ(f, C).

Proof. Uniqueness follows from the strict convexity of ρ. Let us prove the
existence of the ρ-approximant. Since C is ρ-closed, we may assume, without
loss of any generality, that d = dρ(f, C) > 0. Clearly there exists a sequence
{fn} ∈ C such that

ρ(f − fn) ≤ d

(
1 +

1

n

)
.

We claim that {fn} is ρ-Cauchy. Assume to the contrary that this is not the
case. Then, there exists an ε0 > 0 and a subsequence {fnk

} of {fn} such that

ρ
(
fnk

− fnp

)
≥ ε0,

for any p, k ≥ 1. Since ρ is uniformly convex, we get

ρ

(
f − fnk

+ fnp

2

)
≤
(
1− δ

(
d(k, p),

ε0
d(k, p)

))
d(k, p),

where d(k, p) =

(
1 +

1

min(np, nk)

)
d. For p, k ≥ 1, we have d(k, p) ≤ 2d.

Hence,

δ

(
d(k, p),

ε0
d(k, p)

)
≥ δ

(
d(k, p),

ε0
2d

)
.
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Since ρ is (UUC), then there exists η > 0 such that

δ
(
r,
ε0
2d

)
≥ η, for any r > d/3.

Since d(k, p) ≥ d > d/3, we get

ρ

(
f − fnk

+ fnp

2

)
≤ (1− η) d(k, p), for any k, p ≥ 1.

By the convexity of C,
fnk

+ fnp

2
∈ C. Using the definition of d, we get

d ≤ ρ

(
f − fnk

+ fnp

2

)
≤ (1− η) d(k, p), for any k, p ≥ 1.

If we let k, p go to infinity, we get d ≤ (1 − η)d, which is impossible. Hence,
{fn} is ρ-Cauchy. Since Lρ is ρ-complete, {fn} ρ-converges to a g ∈ Lρ. Since
C is ρ-closed, we get g ∈ C. By the Fatou property, we get

ρ(f − g) ≤ lim inf
n→∞

ρ (f − fn) ≤ d.

Hence, ρ(f−g) ≤ d. Since g ∈ C, we get d ≤ ρ(f−g). Therefore, ρ(f−g) = d.
In other words, g0 = g is the ρ-approximant of f in C.

So far, this result was used to prove some geometric properties in modular
function spaces. But there is another application that did not attract much
attention. This is known as the Dirichlet energy problem, which we discuss in
the next example.

Example 2.2. Let Ω ⊂ R be an open set and let p : Ω → [1,∞) be a
measurable function (called the variable exponent on Ω). We define the vari-
able exponent Lebesgue space Lp(.)(Ω) to consist of all measurable functions
f : Ω → R such that

ρ(λf) =

∫

Ω

|λf(x)|p(x)dx <∞,

for some λ > 0. The functional ρ is called the modular of the space Lp(.)(Ω).
The Luxemburg norm on this space is given by the formula

‖f‖ = inf{λ > 0; ρ(λf) <∞}.

The variable exponent Sobolev space W 1,p(.)(Ω) is the space of measurable
functions f : Ω → R such that f and the distributional derivative f ′ are in
Lp(.)(Ω). The function

ρ1(f) = ρ(f) + ρ(f ′)

defines a module onW 1,p(.)(Ω). DefineW
1,p(.)
0 (Ω) as the set of f ∈W 1,p(.)(Ω),
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which can be continued by 0 outside Ω. The energy operator corresponding
to the boundary value function g acting on the space

{f ∈W 1,p(.)(Ω); f − g ∈W
1,p(.)
0 (Ω)}

is defined by

Ig(f) =

∫

Ω

|f ′(x)|p(x)dx = ρ(f ′).

The general Dirichlet energy problem is to find a function that minimizes
values of the operator Ig(.). Note that

min{Ig(g − f); f ∈W
1,p(.)
0 (Ω)} = dρ

(
g,W

1,p(.)
0 (Ω)

)
.

For more information on the Dirichlet energy integral problem, we refer to
[2, 15, 16, 50].

The following technical lemma is very useful (see [25] for more details).

Lemma 2.1. Let ρ ∈ ℜ be (UUC). Let R > 0. Assume that {fn} and {gn}
are in Lρ such that

lim sup
n→∞

ρ(fn) ≤ R; lim sup
n→∞

ρ(gn) ≤ R; and lim
n→∞

ρ

(
fn + gn

2

)
= R.

Then, we must have lim
n→∞

ρ(fn − gn) = 0.

The following property plays a role in the theory of modular function
spaces, a role similar to reflexivity in Banach spaces (see, for example [27]).

Definition 2.11. We say that Lρ has property (R) if and only if every non-
increasing sequence {Cn} of nonempty, ρ-bounded, ρ-closed, convex subsets
of Lρ has a nonempty intersection.

The following theorem is the modular analogue to the well-known result
that states that uniformly convex Banach spaces are reflexive.

Theorem 2.2. [25] Let ρ ∈ ℜ be (UUC). Then, Lρ has property (R).

Proof. Let {Cn} be a nonincreasing sequence of nonempty, ρ-bounded, ρ-
closed, convex subsets of Lρ. Let f ∈ Lρ, then we have sup

n≥1
dρ(f, Cn) < ∞.

Let us prove that
⋂

n≥1

Cn 6= ∅. Using the proximinality of ρ-closed convex

subsets of Lρ (Theorem 2.1), for every n ≥ 1 there exists fn ∈ Cn such that
ρ(f − fn) = dρ(f, Cn). It is easy to show that {dρ(f, Cn)} is nondecreasing
and bounded. Hence, lim

n→∞
dρ(f, Cn) = d exists. If d = 0, then dρ(f, Cn) = 0,

for any n ≥ 1. Since {Cn} are ρ-closed, we get f ∈ Cn for any n ≥ 1, which
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implies
⋂

n≥1

Cn 6= ∅. Therefore, we can assume d > 0. In this case we claim that

{fn} is ρ-Cauchy. Indeed, if we assume not, then there exists an ε0 > 0 and
a subsequence {fnk

} of {fn} such that ρ
(
fnk

− fnp

)
≥ ε0, for any p, k ≥ 1.

Since ρ is (UUC), we get

ρ

(
f − fnk

+ fnp

2

)
≤
(
1− δ

(
d,
ε0
d

))
d, for any p, k ≥ 1.

So

dρ(f, Cmin(np,nk)) ≤ ρ

(
f − fnk

+ fnp

2

)
≤
(
1− δ

(
d,
ε0
d

))
d,

for any p, k ≥ 1. If we let p, k → ∞, we will get

d ≤
(
1− δ

(
d,
ε0
d

))
d,

which is a contradiction because δ
(
d,
ε0
d

)
> 0. Hence, {fn} is ρ-Cauchy and it

ρ-converges to some g ∈ Lρ. Let us prove that g ∈ Cn, for any n ≥ 1. Indeed,
we have fk ∈ Cn, for any k ≥ n. Fix n ≥ 1. Since {fk}k≥n ρ-converges to g as

k → ∞, and Cn is ρ-closed, then g ∈ Cn, for any n ≥ 1. Hence,
⋂

n≥1

Cn 6= ∅.

Another geometric property that plays a major role in establishing some
fixed-point results in modular function spaces (as it did in Banach spaces) is
the Opial property.

Definition 2.12. We will say that Lρ satisfies the ρ-a.e.-Opial property if for
every {fn} ⊂ Lρ ρ-a.e.-convergent to 0 such that there exists k > 1 for which

sup
n

ρ(kfn) =M <∞,

then for every f ∈ Eρ not equal to 0, we have

lim inf
n→∞

ρ(fn) < lim inf
n→∞

ρ(fn + f).

We will say that Lρ satisfies the ρ-a.e.-uniform Opial property if for every
ǫ > 0 there exists η > 0 such that for every {fn} ⊂ Lρ ρ-a.e.-convergent to 0
such that there exists k > 1 for which

sup
n

ρ(kfn) =M <∞,

then for every f ∈ Eρ such that ρ(f) ≥ ǫ, we have

lim inf
n→∞

ρ(fn) + η ≤ lim inf
n→∞

ρ(fn + f).
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Note that in [21], it was proved that every convex, orthogonally additive
function modular ρ has the strong Opial property, which allowed the author
to prove a new fixed-point result. Let us recall that ρ is called orthogonally
additive if ρ(f,A ∪B) = ρ(f,A) + ρ(f,B), whenever A ∩B = ∅.
Definition 2.13. Wewill say that Lρ satisfies the ρ-a.e.-Strong Opial property
(or SO-Property) if for every {fn} ∈ Lρ that is ρ-a.e.-convergent to 0 such
that there exists a β > 1 for which

sup{ρ(βfn)} <∞, (2.1)

the following equality holds for any g ∈ Eρ

lim inf
n→∞

ρ(fn + g) = lim inf
n→∞

ρ(fn) + ρ(g). (2.2)

Note that the Opial property in the norm sense does not necessarily hold
for several classical Banach function spaces. For instance, Opial, in his original
paper [47], showed that Lp spaces, for p ≥ 1 except for p = 2, fails the Opial
property for the weak topology, while the modular Strong Opial property
holds in Lp, for all p ≥ 1. The ρ-a.e.-Strong Opial property can also be defined
and proved for nonconvex regular function modulars, for example, for some
s-convex modulars, like Ls for 0 < s < 1, [9, 21].

A typical method of proof for fixed-point theorems is to construct a fixed
point by finding an element on which a specific type of function attains its
minimum. To be able to proceed with this method, one has to know that such
an element indeed exists. In modular function spaces, the ρ-types are not in
general lower semicontinuous in any strong or weak sense, and therefore one
needs additional assumptions to ensure that ρ-types attain their minima. It
turns out that, for ρ-a.e.-compact sets C, the Strong Opial property can be
such a convenient additional assumption.

Recall the definition of a ρ-type, a powerful technical tool that is used in
the proofs of many fixed point results in modular function spaces.

Definition 2.14. Let C ⊂ Lρ be a nonempty subset. A function τ : C →
[0,∞] is called a ρ-type (or a type) if there exists a sequence {xn} of elements
of C such that for any x ∈ C, the following holds:

τ(x) = lim sup
n→∞

ρ(xn − x).

We have the following result.

Theorem 2.3. [37] Let ρ ∈ ℜ. Assume that Lρ has the ρ-a.e.-Strong Opial
property. Let C ⊂ Eρ be a nonempty, ρ-bounded, and ρ-a.e.-compact convex
set. Then, any ρ-type τ : C → [0,∞] attains its minimum in C, that is, there
exists x0 ∈ C such that

τ(x0) = inf{τ(x);x ∈ C}.
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2.4 Some Fixed-Point Theorems in Modular Spaces

In this section, we discuss the existence of fixed points for mappings that are
nonexpansive or contractive in the modular sense [23]. Certainly, one can also
consider mappings that are contractive with respect to the F -norm induced
by the modular. We should like to mention that, generally speaking, there is
no natural relation between the two kinds of nonexpansiveness. Once again,
we would like to emphasize our philosophy that all the results expressed in
terms of modulars are more convenient in the sense that their assumptions
are much easier to verify.

The first fixed-point result in modular function spaces is the analog-to-
Banach contraction principle.

Theorem 2.4. [26] Let C be a ρ-complete ρ-bounded subset of Lρ, and
T : C → C be a ρ-strict contraction. Then, T has a unique fixed point z ∈ C.
Moreover, z is the ρ-limit of the iterate of any point in C under the action of
T .

We may relax the assumption regarding the boundedness of C and assume
there exists a bounded orbit instead. In this case, the uniqueness of the fixed
point is dropped and replaced by: “if f and g are two fixed points of T such
that ρ(f − g) <∞, then f = g.”

Next we present some fixed-point theorems for pointwise and asymptotic
pointwise contractions in modular function spaces. Theorem 2.5 assumes uni-
form continuity of ρ.

Definition 2.15. [33] We will say that the function modular ρ is uniformly
continuous if for every ǫ > 0 and L > 0 there exists δ > 0 such that

|ρ(g)− ρ(h+ g)| ≤ ǫ, whenever ρ(h) ≤ δ and ρ(g) ≤ L.

Let us mention that uniform continuity holds for a large class of function
modulars. For instance, it can be proved that in Orlicz spaces over a finite
atomless measure [51] or in sequence Orlicz spaces [19] the uniform continuity
of the Orlicz modular is equivalent to the ∆2-type condition.

Theorem 2.5. Let us assume that ρ ∈ ℜ is uniformly continuous and has
Property (R) . Let K ⊂ Lρ be nonempty, convex, ρ-closed, and ρ-bounded.
Let T : K → K be a pointwise ρ-contraction. Then, T has a unique fixed
point x0 ∈ K. Moreover, the orbit {T n(x)} ρ-converges to x0, for any x ∈ K.

By using the ρ-a.e.-Strong Opial property of the function modular, the au-
thors [24] proved the next fixed-point theorem, which does not assume uniform
continuity of ρ.
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Theorem 2.6. Let ρ ∈ ℜ. Assume that Lρ has the ρ-a.e.-Strong Opial prop-
erty. LetK ⊂ Eρ be a nonempty, ρ-a.e.-compact convex subset such that there
exists β > 1 such that δρ(β K) = sup{ρ(β(x − y));x, y ∈ K} < ∞. Then,
any T : K → K pointwise ρ-contraction has a unique fixed point x0 ∈ K.
Moreover, the orbit {T n(x)} ρ-converges to x0, for any x ∈ K.

In the next two theorems, the authors [24] deal with asymptotic pointwise
contractions in modular function spaces.

Theorem 2.7. Let us assume that ρ ∈ ℜ is uniformly continuous and has
property (R) . Let K ⊂ Lρ be nonempty, convex, ρ-closed, and ρ-bounded.
Let T : K → K be an asymptotic pointwise ρ-contraction. Then, T has a
unique fixed point x0 ∈ K. Moreover, the orbit {T n(x)} ρ-converges to x0,
for any x ∈ K.

Similarly as it was done in the case of pointwise contractions, the ρ-a.e.-
Strong Opial property of the function modular is assumed to prove the next
fixed-point theorem for asymptotic pointwise contractions.

Theorem 2.8. Let ρ ∈ ℜ. Assume that Lρ has the ρ-a.e.-Strong Opial prop-
erty. LetK ⊂ Eρ be a nonempty, ρ-a.e.-compact convex subset such that there
exists β > 1 such that δρ(β K) = sup{ρ(β(x − y));x, y ∈ K} < ∞. Then,
any T : K → K asymptotic pointwise ρ-contraction has a unique fixed point
x0 ∈ K. Moreover, the orbit {T n(x)} ρ-converges to x0, for any x ∈ K.

Next we discuss the case of ρ-nonexpansive mappings. Before we state the
first result, we need the following definitions [26].

Definition 2.16. The growth function wρ of a function modular ρ is defined
as follows:

wρ(t) = sup

{
ρ(tf)

ρ(f)
; f ∈ Lρ, 0 < ρ(f) <∞

}
, t ≥ 0.

Observe that wρ(t) ≤ 1, for all t ∈ [0, 1]. We say that ρ satisfies the regular
growth condition if wρ(t) < 1 for all t ∈ [0, 1).

The class of function modulars that satisfies the regular growth condition
is quite large. For instance, if ρ is convex, ρ(tf) ≤ tρ(f) for t ∈ [0, 1], and
consequently wρ(t) ≤ t < 1 for t < 1. Thus, all convex function modulars
satisfy the regular growth condition. It is not hard to prove that if ρ is an
Orlicz modular, then in the case of a finite measure, ρ satisfies the regular
growth condition if and only if

lim sup
s→∞

ϕ(ts)

ϕ(s)
< 1 , for all t ∈ [0, 1),

where ϕ denotes the Orlicz function associated with ρ. If there exists a con-
stant K > 0 such that ρ(2f) ≤ Kρ(f) for all f ∈ Lρ, then wρ is submultiplica-
tive and hence there exists p > 1 such that wρ(t) ≤ tp for t < 1. Consequently,
such function modulars also satisfy the regular growth condition.
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Recall that a set B ⊂ Lρ is said to be star-shaped if there exists f ∈ B
such that f + λ(g − f) ∈ B, whenever λ ∈ [0, 1] and g ∈ B.

Theorem 2.9. [26] Assume that ρ has the Fatou property and satisfies
the regular growth condition. Let B be a star-shaped ρ-bounded and ρ-a.e.-
compact subset of Lρ such that B − B ⊂ L0

ρ. Assume in addition that for
every sequence of functions fn ∈ B such that fn → f ρ-a.e. with f ∈ B and
for every sequence of sets Gk ↓ ∅,

lim
k→∞

(
sup
n
ρ(fn − f,Gk)

)
= 0.

If T : B → B is ρ-nonexpansive, then T has a fixed point.

The classic Kirk’s fixed-point theorem for nonexpansive mappings [29] in
Banach spaces relies heavily on the weak topological compactness assumption.
In order to prove an analogue to Kirk’s fixed-point theorem in the modular
setting, one major difficulty is to overcome such topology. But most of the
compactness assumptions made in the modular case were of sequential nature.
Since these sequential compactness assumptions are not generated from a
topology, many authors had to use the constructive proof developed by Kirk
[30]. It is worth mentioning that Kirk’s fixed-point theorem in modular spaces
is the first example where the constructive proof was used.

Theorem 2.10. [29] Let ρ ∈ ℜ. Assume ρ has the Fatou property and let
C ⊂ Lρ be a nonempty, ρ-bounded subset of Lρ. Assume that B has ρ-normal
structure and is (ρ-a.e.)-compact. If T : B → B is ρ-nonexpansive, then T has
a fixed point.

As for the asymptotic pointwise nonexpansive mappings, we have the fol-
lowing result.

Theorem 2.11. [25] Assume ρ ∈ ℜ is (UUC). Let C be a ρ-closed, ρ-bounded,
convex nonempty subset of Lρ. Then, any T : C → C asymptotic pointwise
nonexpansive has a fixed point. Moreover, the set of all fixed points Fix(T )
is ρ-closed.

2.5 Semigroups in Modular Function Spaces

Semigroups of mappings are quite typical objects that used in mathemat-
ics and applications. For instance, in the theory of dynamical systems, the
modular function space Lρ would define the state space and the mapping
(t, x) → Tt(x) would represent the evolution function of a dynamical system.
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The question about the existence of common fixed points, and about the struc-
ture of the set of common fixed points, can be interpreted as a question of
whether there exist points that are fixed during the state space transformation
Tt at any given point of time t, and if yes, what the structure of a set of such
points may look like. In the setting of this chapter, the state space may be
an infinite dimensional space. Therefore, it is natural to apply these results
not only to deterministic dynamical systems but also to stochastic dynamical
systems.

Let us start with the formal definition of semigroups of mappings.

Definition 2.17. Let ρ ∈ ℜ and C ⊂ Lρ be a nonempty subset. A one-
parameter family F = {Tt; t ≥ 0} of mappings from C into itself is said to be
a ρ-Lipschitzian (respectively, ρ-nonexpansive) semigroup on C if F satisfies
the following conditions:

(i) T0(x) = x for x ∈ C;

(ii) Tt+s(x) = Tt(Ts(x)), for x ∈ C and t, s ≥ 0;

(iii) for each t ≥ 0, Tt is ρ-Lipschitzian (respectively, ρ-nonexpansive).

A point x ∈ C is called a fixed point of F if and only if Tt(x) = x, for any
t ≥ 0. The set of fixed points of F will be denoted by F (F). This set is also
called the set of common fixed points of F .

This definition is extended to the case of asymptotic pointwise nonexpan-
sive setting.

Definition 2.18. Let ρ ∈ ℜ and C ⊂ Lρ be a nonempty subset. A one-
parameter family F = {Tt : t ≥ 0} of mappings from C into itself is said
to be ρ-asymptotic pointwise nonexpansive semigroup on C if F satisfies the
following conditions:

(i) T0(f) = f for f ∈ C;

(ii) Tt+s(f) = Tt(Ts(f)), for f ∈ C and t, s ∈ [0,∞);

(iii) for each t ≥ 0, Tt is ρ-asymptotic pointwise nonexpansive mapping, i.e.,
there exists a function αt : C → [0,∞) such that

ρ(Tt(f)− Tt(g)) ≤ αt(f)ρ(f − g), for all f, g ∈ C,

such that lim sup
t→∞

αt(f) ≤ 1, for every f ∈ C;

(iv) for each f ∈ C, the mapping t→ Tt(f) is ρ-continuous.

Note that without loss of generality we may assume αt(f) ≥ 1 for any
t ≥ 0 and f ∈ C and lim sup

t→∞
αt(f) = lim

t→∞
αt(f) = 1.
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The existence and the behavior of nonlinear semigroups in modular spaces
was first investigated in [22]. The construction of such semigroups mirrored the
work done in Banach spaces. In particular the author obtained an existence
result of semigroups generated by the mapping A = I − T , where T is ρ-
nonexpansive acting within a modular space. Note that ρ does not have to
satisfy the ∆2-condition. Even when ρ satisfies the ∆2-condition, this existence
result was unknown. Most of the work in [22] was done in the case where the
modular space Lρ is a Musielak-Orlicz space. The first result obtained is the
following theorem.

Theorem 2.12. Let C be a ρ-closed, ρ-bounded convex subset of a Musielak-
Orlicz modular space Lρ. Let T : C → C be ρ-nonexpansive and norm-
continuous. Let f ∈ C be fixed and consider the recurrent sequence defined
by 




u0(t) = f

un+1(t) = exp(−t)f +

∫ t

0

exp(s− t)T (un(s))ds

for t ∈ [0, A], where A is a fixed positive number. Then, the sequence {un(t)}
is ρ-Cauchy for any t ∈ [0, A]. Therefore, it converges with respect to ρ, to
u(t) ∈ C for any t ∈ [0, A].

It is not clear if the assumptions on C and T are enough to imply any
good behavior of u(t) on [0, A] such as norm continuity, for example. But if ρ
satisfies the ∆2-condition, then u(t) is indeed continuous.

Theorem 2.13. Under the assumptions of Theorem 2.12, if ρ satisfies the
∆2-condition, then u(t) is a solution of the following initial value problem:

{
u′(t) + (I − T )u(t) = 0
u(0) = f.

Note that when ρ satisfies the ∆2-condition, there is no reason for T to
be norm-nonexpansive. So the classical theorems related to the existence of
solutions to the initial value problem won’t apply.

Now we are ready to state the existence of semigroups in modular function
spaces.

Theorem 2.14. Let C and T be as stated in Theorem 2.12. For any f ∈ C,
consider uf (t) ∈ C for t ∈ [0,∞). Define the one parameter family F =
{Tt; t ≥ 0} by

Tt(f) = uf (t).

Then, F defines a ρ-nonexpansive semigroup. Moreover, we have the following
fixed-point result:

F (F) = {f ∈ C;Tt(f) = f for any t ≥ 0} = {f ∈ C;T (f) = f} = F (T ).
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These results were extended to systems where T is a ρ-Lipschitz operator,
and applied to the perturbed integral equations in modular function spaces
[1, 14].

Extensive literature exists on the question of representation of some types
of semigroups of nonlinear mappings acting in Banach spaces (see for exam-
ple [20, 46, 48]). It would be interesting to consider similar representation
questions in modular function spaces.

2.6 Fixed Points of Semigroup of Mappings

The ρ-type concept is a powerful technical tool that is used in the proofs
of many fixed-point results. The definition of a ρ-type is based on a given
sequence. In order to adapt this powerful tool to the case of the semigroup, we
need to generalize the ρ-type definition to a one-parameter family of mappings.

Definition 2.19. Let K ⊂ Lρ be a nonempty subset.

• A function τ : K → [0,∞] is called a ρ-type (or a type) if there exists a
one-parameter family {ht}t≥0 of elements of K such that for any f ∈ K
the following holds:

τ(f) = inf
M>0

(
sup
t≥M

ρ(ht − f)

)
.

• Let τ be a type. A sequence {gn} is called a minimizing sequence of τ if

lim
n→∞

τ(gn) = inf{τ(f) : f ∈ K}.

The next Lemma is the generalization of the minimizing sequence property
for types defined by sequences in Lemma 4.3 in [24] to the one-parameter
semigroup case. This technical lemma is very useful, which is the main reason
why we decided to include its proof in this chapter.

Lemma 2.2. [7] Assume that ρ ∈ ℜ is (UUC). Let C be a nonempty, ρ-
bounded, ρ-closed, and convex subset of Lρ. Let τ be a type defined by a
one-parameter family {ht}t≥0 in C.

(a) If τ(f1) = τ(f2) = inf
f∈C

τ(f), then f1 = f2.

(b) Any minimizing sequence {fn} of τ is ρ-convergent. Moreover, the ρ-
limit of {fn} is independent of the minimizing sequence.

Proof. First let us prove (a). Let f1, f2 ∈ C such that τ(f1) = τ(f2) =
inf
f∈C

τ(f). Let us consider two cases:
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(1) Assume inf
f∈C

τ(f) = 0. Since

ρ

(
f1 − f2

2

)
= ρ

(
f1 − ht + ht − f2

2

)
≤ ρ(f1 − ht) + ρ(ht − f2),

for any t ≥ 0, we get

ρ

(
f1 − f2

2

)
≤ sup

t≥M
ρ(f1 − ht) + sup

t≥M
ρ(ht − f2),

for any M > 0. Since

τ(f) = inf
M>0

(
sup
t≥M

ρ(f − ht)
)
= lim

M→∞
sup
t≥M

ρ(f − ht),

for any f ∈ C, we get

ρ

(
f1 − f2

2

)
≤ τ(f1) + τ(f2) = 0,

which implies f1 = f2 as claimed.

(2) Assume inf
f∈C

τ(f) > 0. Assume to the contrary thatf1 6= f2. Set

R = inf
f∈C

τ(f) and ε =
ρ(f1 − f2)

2R
.

Let ν ∈ (0, R). Then, ρ(f1 − f2) = 2Rε ≥ (R+ ν)ε. Using the definition
of τ , we deduce that there exists Mν > 0 such that

sup
t≥Mν

ρ(f1 − ht) ≤ τ(f1) + ν = R+ ν,

and
sup
t≥Mν

ρ(f2 − ht) ≤ τ(f2) + ν = R+ ν.

Since ρ is (UUC), there exists η(R, ε) > 0 such that

δ(R+ ν, ε) ≥ η(R, ε)

for any ν ∈ (0, R). So for any t ≥Mν , we have

ρ

(
f1 + f2

2
− ht

)
≤ (R+ ν)

(
1− δ(R + ν, ε)

)
≤ (R+ ν)

(
1− η(R, ε)

)
.

Hence,

τ

(
f1 + f2

2

)
≤ sup

t≥Mν

ρ

(
f1 + f2

2
− ht

)
≤ (R+ ν)

(
1− η(R, ε)

)
.
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Since C is convex, we get

R ≤ τ

(
f1 + f2

2

)
≤ (R+ ν)

(
1− η(R, ε)

)
.

If we let ν → 0, we will get

R ≤ R
(
1− η(R, ε)

)
,

which is impossible since R > 0 and η(R, ε) > 0. Therefore, we must
have f1 = f2.

Next we prove (b). Denote R = inf
g∈C

τ(g). For any n ≥ 1, let us set

Kn = convρ

{
ht; t ≥ n

}
,

where convρ(A) is the intersection of all ρ-closed convex subsets of C that
contain A ⊂ C. Since C is itself ρ-closed and convex, we get Kn ⊂ C for
any n ≥ 1. Property (R) will then imply ∩Kn 6= ∅. Let us fix arbitrary
f ∈ ∩Kn, g ∈ C, and ε > 0. By definition of τ(g), there exists Mε > 0 such
that sup

t≥Mε

ρ(g − ht) ≤ τ(g) + ε. Let n ≥ Mε. Then for any t ≥ n, we have

ρ(g − ht) ≤ τ(g) + ε, that is, ht ∈ Bρ(g, τ(g) + ε). Since Bρ(g, τ(g) + ε) is
ρ-closed and convex, we get Kn ⊂ Bρ(g, τ(g)+ ε). Hence, f ∈ Bρ(g, τ(g)+ ε),
that is,

ρ(g − f) ≤ τ(g) + ε. (2.3)

Since ε was taken arbitrarily greater than 0, we get ρ(g − f) ≤ τ(g), for any
g ∈ C. Let {fn} be a minimizing sequence for τ . If R = 0 then, since {fn}
is a minimizing sequence, we get lim

n→∞
τ(fn) = R = 0. Using (2.3) we can

see that ρ(fn − f) ≤ τ(fn), for any n ≥ 1. Hence, {fn} is ρ-convergent to f .
Since selection of f was independent of {fn}, it follows that any minimizing
sequence is ρ-convergent to f if R = 0. We can assume therefore that R > 0.
For any n ≥ 1, let us set

dn = sup
i,j≥n

ρ(fi − fj). (2.4)

We claim that {fn} is ρ-Cauchy. Assume to the contrary that this is not the
case. Since the sequence {dn} is decreasing and {fn} is not ρ-Cauchy, we get

d := inf
n≥1

dn > 0. Set ε =
d

4R
> 0. Let us fix arbitrary ν ∈ (0, R). Since

lim
n→∞

τ(fn) = R, there exists n0 ≥ 1 such that for any n ≥ n0, we have

τ(fn) ≤ R+
ν

2
. (2.5)
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Let n ≥ n0. By (2.4), there exists in, jn ≥ 1 such that

ρ(fin − fjn) > dn − d

2
≥ d

2
= 2Rε > (R+ ν)ε.

Using the definition of τ and (2.5), we deduce the existence of M > 0 such
that

sup
t≥M

ρ(fin − ht) ≤ τ(fin) +
ν

2
≤ R+ ν,

and
sup
t≥M

ρ(fjn − ht) ≤ τ(fjn) +
ν

2
≤ R+ ν.

Hence,

ρ

(
fin + fjn

2
− ht

)
≤ (R + ν)

(
1− δ(R + ν, ε)

)
,

for any t ≥ M . Since ρ is (UUC), there exists η1(R, ε) > 0 such that δ1(R +
ν, ε) ≥ η1(R, ε). Hence,

ρ

(
fin + fjn

2
− ht

)
≤ (R + ν)

(
1− η(R, ε)

)
, for any t ≥M.

Hence,

R ≤ τ

(
fin + fjn

2

)
≤ sup

t≥M
ρ

(
fjn + fjn

2
− ht

)
≤ (R+ ν)

(
1− η(R, ε)

)
< R.

Using the definition of R, we get

R ≤ (R + ν)
(
1− η(R, ε)

)
,

for any ν ∈ (0, R). If we let ν → 0, we get R ≤ R(1 − η1(R, ε)). This con-
tradiction implies that {fn} is ρ-Cauchy. Since Lρ is ρ-complete, we deduce
that {fn} is ρ-convergent as claimed. In order to finish the proof of (b), let
us show that the ρ-limit of {fn} is independent of the minimizing sequence.
Indeed, let {gn} be another minimizing sequence of τ . The previous proof will
show that {gn} is also ρ-convergent. In order to prove that the ρ-limits of {fn}
and {gn} are equal let us show that lim

n→∞
ρ(fn − gn) = 0. Assume not, that

is, lim
n→∞

ρ(fn − gn) 6= 0. Without loss of generality we may assume that there

exists d > 0 such that ρ(fn − gn) ≥ d, for any n ≥ 1. Set ε =
d

2R
> 0. Let

ν ∈ (0, R). Since lim
n→∞

τ(fn) = lim
n→∞

τ(gn) = R, there exists n0 ≥ 1 such that

for any n ≥ 1, we have τ(fn) ≤ R+
ν

2
, and τ(gn) ≤ R+

ν

2
. Fix n ≥ n0. Then,

ρ(fn − gn) ≥ d = 2Rε > (R + ν)ε.
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Using the definition of τ , we deduce the existence of M > 0 such that

sup
t≥M

ρ(fn − ht) ≤ τ(fn) +
ν

2
≤ R+ ν,

and
sup
t≥M

ρ(gn − ht) ≤ τ(gn) +
ν

2
≤ R+ ν.

Hence,

ρ

(
fn + gn

2
− ht

)
≤ (R+ ν)

(
1− δ(R + ν, ε)

)
,

for any t ≥ M . Since ρ is (UUC), there exists η(R, ε) > 0 such that δ(R +
ν, ε) ≥ η(R, ε), for any ν > 0. Hence,

ρ

(
fn + gn

2
− ht

)
≤ (R+ ν)

(
1− η(R, ε)

)
, for any t ≥M.

So,

τ

(
fn + gn

2

)
≤ sup

t≥M
ρ

(
fn + gn

2
− ht

)
≤ (R+ ν)

(
1− η(R, ε)

)
.

Using the definition of R, we get

R ≤ (R + ν)
(
1− η(R, ε)

)
, for any ν ∈ (0, R).

If we let ν → 0, we get R ≤ R(1 − η(R, ε)). This contradiction implies that
lim
n→∞

ρ(fn − gn) = 0. The Fatou property will finally imply that

ρ(f − g) ≤ lim inf
n→∞

ρ(fn − gn),

where f is the ρ-limit of {fn} and g is the ρ-limit of {gn}. Hence ρ(f −g) = 0,
that is, f = g.

The following result allowed the author in [37] to prove the existence of a
common fixed point for contractive semigroups in modular function spaces.

Theorem 2.15. [37] Let ρ ∈ ℜ. Assume that Lρ has the ρ-a.e.-Strong Opial
property. Let C ⊂ Eρ be a nonempty, ρ-a.e. compact convex subset such that
δρ(β C) = sup{ρ(β(x − y));x, y ∈ C} < ∞, for some β > 1 . Let F be a ρ-
contractive semigroup on C. Then, F has a unique common fixed point z ∈ C
and for each u ∈ C, ρ(Tt(u)− z) → 0 as t→ ∞.

Remark 2.1. Note that the existence and uniqueness part in this theorem
is easy to obtain. Indeed, if F is a family of commutative mappings such that
one map T ∈ F has one single fixed point, then F has a single fixed point
and we have F (F) = F (T ). The novelty in this theorem is the ρ-convergence
of the generalized orbit to the fixed point.
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Using Lemma 2.2, a fixed point result for asymptotic pointwise nonexpan-
sive semigroups is proved.

Theorem 2.16. [7] Assume ρ ∈ ℜ is (UUC). Let C be a ρ-closed, ρ-bounded,
convex nonempty subset. Let F = {Tt : t ≥ 0} be ρ-asymptotic pointwise
nonexpansive semigroup on C. Then, F has a common fixed point and the set
F (F) of common fixed points is ρ-closed and convex.

Proof. Let us fix f ∈ C and define the function

τ(g) = inf
M>0

(
sup
t≥M

ρ(Tt(f)− g)
)
.

Since C is ρ-bounded, we have τ(g) ≤ diamρ(C) < +∞, for any g ∈ C. Hence,
τ0 = inf{τ(g) : g ∈ C} exists and is finite. For any n ≥ 1, there exists gn ∈ C
such that

τ0 ≤ τ(gn) < τ0 +
1

n
.

Therefore, lim
n→∞

τ(zn) = τ0; that is, {gn} is a minimizing sequence for τ . By

Lemma 2.2 there exists g ∈ C such that {gn} ρ-converges to g. Let us now
prove that g ∈ F (F). Note that

ρ(Ts+t(f)− Ts(h)) ≤ αs(h)ρ(Tt(f)− h), for all s, t > 0, and h ∈ C.

Using the definition of τ , we get

τ(Ts(h)) ≤ sup
t+s≥M

ρ(Ts+t(f)− Ts(h)) ≤ αs(h) sup
t≥M−s

ρ(Tt(f)− h),

for any M > s, which implies that

τ(Ts(h)) ≤ αs(h)τ(h). (2.6)

Since lim
s→∞

αs(g1) = 1, there exists s1 > 0 such that for any s ≥ s1, we have

αs(g1) < 1 + 1. Repeating this argument, one will find that s2 > s1 + 1, such

that for any s ≥ s2, we have αs(g2) < 1 +
1

2
. By induction, we will construct

a sequence {sn} of positive numbers such that sn+1 < sn +
1

n
, and for any

s ≥ sn we have αs(gn) < 1 +
1

n
. Let us fix t ≥ 0. The inequality (2.6) will

then imply

τ(Tsn+t(gn)) ≤ αsn+t(gn)τ(gn) ≤
(
1 +

1

n

)
τ(gn), for any n ≥ 1.

In particular, we find that {Tsn+t(gn)} is a minimizing sequence of τ . There-
fore, Lemma 2.2 implies that {Tsn+t(gn)} ρ-converges to g, for any t ≥ 0. In
particular, we have that {Tsn(gn)} ρ-converges to g. Since

ρ
(
Tsn+t(gn)− Tt(g)

)
≤ αt(g)ρ(Tsn(gn)− g),
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we find that {Tsn+t(gn)} ρ-converges to Tt(g). Finally, using

ρ

(
Tt(g)− g

2

)
≤ ρ
(
Tt(g)− Tsn+t(gn)

)
+ ρ
(
Tsn+t(gn)− g

)
,

we find that Tt(g) = g. Since t was arbitrarily positive, we get g ∈ F (F), that
is, F (F) is not empty. Next let us prove that F (F) is ρ-closed. Let {fn} in
F (F) be ρ-convergent to f . Since

ρ(Ts(fn)− Ts(f)) ≤ αs(f)ρ(fn − f), for any n ≥ 1 and s > 0,

we find that {Ts(fn)} ρ-converges to Ts(f). Since fn ∈ F (F), we get
{Ts(fn)} = {fn}. In other words, {fn} ρ-converges to Ts(f) and f . The
uniqueness of the ρ-limit implies that Ts(f) = f , for any s ≥ 0, that is,
f ∈ F (F). Therefore, F (F) is ρ-closed. Let us finish the proof of Theorem
2.16 by showing that F (F) is convex. It is sufficient to show that

h =
f + g

2
∈ F (F), for any f, g ∈ F (F).

Without loss of generality, we will assume that f 6= g. Let s > 0. We have

ρ(f − Ts(h)) = ρ(Ts(f)− Ts(h)) ≤ αs(f)ρ (f − h) ,

and
ρ(g − Ts(h)) = ρ(Ts(g)− Ts(h)) ≤ αs(g)ρ (g − h) .

Since ρ(f − h) = ρ(g − h) = ρ

(
f − g

2

)
, and

ρ

(
f − g

2

)
≤ 1

2
ρ(f − Ts(h)) +

1

2
ρ(g − Ts(h)),

we conclude that

lim
s→∞

ρ(f − Ts(h)) = lim
s→∞

ρ(g − Ts(h)) = ρ

(
f − g

2

)
.

Similarly, we have

ρ

(
f − h+ Ts(h)

2

)
≤ 1

2
ρ (f − h) +

1

2
ρ(f − Ts(h)),

and

ρ

(
g − h+ Ts(h)

2

)
≤ 1

2
ρ (g − h) +

1

2
ρ(g − Ts(h)).

Since

ρ

(
f − g

2

)
≤ 1

2
ρ

(
f − h+ Ts(h)

2

)
+

1

2
ρ

(
g − h+ Ts(h)

2

)
,
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we conclude that

lim
s→∞

ρ

(
f − h+ Ts(h)

2

)
= lim

s→∞
ρ

(
g − h+ Ts(h)

2

)
= ρ

(
f − g

2

)
.

Therefore, we have

lim
s→∞

ρ(f − Ts(h)) = lim
s→∞

ρ

(
f − h+ Ts(h)

2

)
= ρ(f − h).

Lemma 2.1 applied to At = f − Ts(h) and Bt = Ts(h) − g implies that
ρ(At −Bt) → 0. Hence,

lim
s→∞

ρ(h− Ts(h)) = lim
s→∞

ρ
(At −Bt

2

)
≤ lim

s→∞
ρ(At −Bt) = 0.

Clearly, we will get lim
s→∞

ρ(h− Ts+t(h)) = 0, for any t ≥ 0. Since

ρ(Tt(h)− Ts+t(h)) ≤ αt(h)ρ(h− Ts(h)),

we get lim
s→∞

ρ(Tt(h)− Ts+t(h)) = 0. Finally, using the inequality

ρ

(
h− Tt(h)

2

)
≤ 1

2
ρ(h− Ts+t(h)) +

1

2
ρ(Tt(h)− Ts+t(h)),

by letting s→ ∞, we get Tt(h) = h, for any t ≥ 0; that is, h ∈ F (F).

Remark 2.2. Theorem 2.16 may be seen as a generalization of Theorem 2.11.
When Theorem 2.11 was published in [25], the fixed point set was only known
to be ρ-closed. Using the above conclusion, we know now that it is ρ-closed
and convex.

As a corollary to Theorem 2.16, we obtain the following result.

Corollary 2.1. Assume ρ ∈ ℜ is (UUC). Let C be a ρ-closed, ρ-bounded,
convex nonempty subset. Let F be a nonexpansive semigroup on C. Then,
the set F (F) of common fixed points is nonempty, ρ-closed, and convex.

Recently, Al-Mezel et al. [4] proved a partial generalization of Corollary
2.1 for the case of any commutative family of ρ-nonexpansive mappings.
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3.1 Introduction

A number of solvability problems in analysis are modeled by inclusions involv-
ing set-valued maps, for example, of the fixed-point type x̄ ∈ Φ(x̄) or the equi-
librium type 0 ∈ Φ(x̄), or as a differential inclusion x′(t) ∈ Φ(t, x(t)), etc. Such
problems are often treated by reduction to the single-valued case via a single-
valued selection s(x) ∈ Φ(x), or an approximative selection s(x) ∈≈ Φ(x) in
a sense determined by the nature of the problem.

This paper discusses fundamental and new results on the existence of con-
tinuous approximations and selections for set-valued maps with a focus on
the non-convex case (non-convex domains and non-convex values) and in a
general and generic framework allowing the passage from “elementary” do-
mains to more elaborate ones. It expands on an earlier paper by the author
[13]. Applications of the approximation and selection results to topological
fixed-point and coincidence theory for set-valued maps are also discussed.

Before proceeding any further, let us fix basic notations and terminology
about spaces and mappings used throughout the paper.

In what follows, a space is a Hausdorff topological space. The closure,
interior, and boundary of a subspace A of a space X are, as usual, denoted by
A, Å, and ∂A. Denote by NX(x) a basis of open neighborhoods of an element
x in a space X .

Given a subsetK of a spaceX, CovX(K) denotes the collection of all covers
of K by open subsets of X ; Cov(X) := CovX(X). We write

⋃
ω :=

⋃
W∈ωW .

Given two covers ω, ω′ ∈ CovX(K), ω′ 2 ω means that ω′ is a refinement of
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ω. The star of a subset A ⊂ X with respect to a cover ω ∈ Cov(X) is the set⋃{W ∈ ω : A ∩W 6= ∅}. A cover ω′ is a barycentric refinement of a cover ω
if the cover {St(x, ω′) : x ∈ X} refines ω. A cover ω′ is a star refinement of a
cover ω if the cover {St(W ′, ω′) :W ′ ∈ ω′} refines ω.

Given a uniform space (X,U) and an entourage U ∈ U , the ball of radius
U around a given element x ∈ X is the set U [x] := {x′ ∈ X : (x, x′) ∈ U}.
The (tubular) neighborhood of radius U around a given subset A ⊂ X is the
set U [A] :=

⋃
x∈A U [x].

Given a set X , a space Y, and ω ∈ Cov(Y ), two single-valued maps f, g :
X → Y are said to be:

• ω−near (written f =ω g) if for each x ∈ X, {f(x), g(x)} ⊂ W for some
member W of ω.

• ω−homotopic (written f ∼ω g) if there exists a homotopy h : X ×
[0, 1] −→ Y joining f and g and such that for each x ∈ X,h({x} ×
[0, 1]) ⊂ W for some member W of ω (such a homotopy is called an
ω−homotopy between f and g).

A polyhedron is a topological space P homeomorphic to the space |K| of
a simplicial complex K. The pair T = (K, τ) where τ : |K| → P is this
homeomorphism is a triangulation of P and the space |K| is the geometric
realization of P ; it has vertices at the unit points in a linear space equipped
with the topology induced by the Euclidean topology of its finite dimensional
flats. We often do not distinguish between P and |K|. The set of all vertices of
(the geometric realization of) a polyhedron P is denoted by P 0. A polyhedron
is finite if P 0 is a finite set (such a polyhedron is a compact space). A poly-
hedron is locally finite if each vertex of its geometric realization belongs to a
finite number of simplexes (such a polyhedron is a paracompact and locally
compact space).

Let ω = {Wi : i ∈ I} ∈ Cov(X) be any cover of a spaceX. Define the nerve
of ω as the complex P consisting of all simplexes σ = (u0, . . . , up) for which
Wi0 ∩ · · · ∩Wip 6= ∅. The geometric nerve of ω is the geometric realization
|N(ω)| of P (see Dugundji [36] or Brown [27]).

A finite convex polyhedron, called a polytope, can be viewed as the convex
hull, in a linear space, of a finite set of vectors.

The convex hull of a subset A of a vector space is denoted by conv(A).
The identity mapping on a set X is denoted by idX .
The class of continuous single-valued mappings from a space X into a

space Y is denoted by c(X,Y ).
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3.2 Approximative Neighborhood Retracts, Extensors,

and Space Approximation

The first section of this chapter aims at familiarizing the reader with key
topological concepts and facts about spaces and domains crucial in topologi-
cal fixed-point theory and its applications. The focus is on topological spaces
that are far-reaching topological extensions of convex sets in normed spaces,
or more precisely, approximative absolute neighborhood retracts and exten-
sors, and on some topological notions of convexity. Special attention is given
to the concepts of domination and approximation of spaces, allowing for the
consideration of large classes of domains for the solvability of nonlinear equa-
tions and inclusions. For detailed discussion on the theory of retracts and their
generalizations, we refer to Borsuk [23], Clapp [30], Gauthier [42], Granas [52],
and Hu [59]. A quick pedestrian exposition on retracts is provided in the online
Encyclopedia of Mathematics [4].

3.2.1 Approximative Neighborhood Retracts and Extensors

For the sake of completeness, let us backtrack to the basic definitions of ab-
solute (neighborhood) retracts and extensors.

Definition 3.1. (i) A subspace A of a space X is a neighborhood retract
of X if there exist an open neighborhood V of A in X and a mapping
r ∈ c(V,A) such that the diagram

A
idA րտ r
A →֒

i
V

commutes, that is, r(a) = a for all a ∈ A.

If V = X, A is simply said to be a retract of X. (Note that since spaces
are assumed to be Hausdorff, if A is a neighborhood retract of a space
X, then A is a closed subspace of X.)

(ii) A space A is an absolute (respectively, neighborhood) retract for a given
class Q of spaces, written A ∈ AR(Q), (ANR(Q) resp.), if and only if:

(a) A ∈ Q, and
(b) for every closed imbedding h of A into a space X ∈ Q, h(A) is a

(neighborhood) retract of X.

Obviously, ANR(Q) contains the class AR(Q).
If M denotes the class of metric spaces, then AR(M) is precisely the well-

known class AR of absolute retracts, and ANR(M) is simply the class ANR
of absolute neighborhood retracts.
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Clearly, if A is a retract of a space X with retraction r : X → A, then any
continuous mapping f0 : A → Y into any space Y, extends to the continuous
mapping f = r ◦ f0 : X → A → Y. Retracts and neighborhood retracts are
characterized by extension properties as follows.

Definition 3.2. (i) A space X is an extension space for a class of spaces
Q, written X ∈ ES(Q), if and only if ∀Y ∈ Q, ∀K closed in Y, ∀f0 ∈
c(K,X), ∃f ∈ c(Y,X) such that the diagram

X
f0 րտ f
K →֒

i
Y

commutes.

(ii) A space X is a neighborhood extension space for a class of spaces Q,
written X ∈ NES(Q), if and only if ∀Y ∈ Q, ∀K and is closed in Y, ∀f0 ∈
c(K,X), ∃V open neighborhood of K in Y, ∃f ∈ c(V,X) such that the
diagram

X
f0 րտ f
K →֒

i
V

commutes.

We have the characterizations:

Proposition 3.1. (a) If Q is a class of normal spaces, then AR(Q) = Q∩
ES(Q), ANR(Q) = Q∩ NES(Q).

(b) If BN is the class of binormal spaces,1 then each space X ∈ AR(BN ) is
contractible in each of its points. Similarly, each space in ANR(BN ) is
locally contractible (in each of its points).

Proof. We refer to [23, 52, 59] for the proof of (a).
A well-known fact of point-set topology is that the normality of X × [0, 1]

is in fact equivalent to that of X × Y for any compact metric space Y (see
Engelking [39]). Hence, X×[0, 1]×[0, 1] is also normal; that is, X×[0, 1] ∈ BN
whenever X ∈ BN . Assuming that X ∈ AR (BN ) = BN ∩ ES (BN ), let x0
be a fixed point in X and define f : X × {0} ∪X × {1} → X by:

f(x, 0) = x0 and f(x, 1) = x, ∀x ∈ X.

The mapping f is clearly continuous and extends to a continuous mapping
h : X× [0, 1] → X, a homotopy contracting the space X into the point x0. The
proof of the second statement is exactly the same, with a local homotopy.

1A space X is said to be binormal if it is normal and X × [0, 1] is also normal. In 1951,
C. H. Dowker characterized such spaces as being normal and countably paracompact (see
[39]).
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Prototypes of ARs and AANRs are, respectively, balls and spheres in
Euclidean spaces.

Clearly, every retract of an absolute retract is again an absolute retract.
Proposition 3.1 implies that each absolute retract is contractible in itself

and is locally contractible. It is moreover well-known that all homology, coho-
mology, homotopy, and cohomotopy groups of an absolute retract are trivial
(see [23, 27, 59].

Absolute neighborhood retracts are characterized as retracts of open sub-
sets of convex subspaces of normed linear spaces. They include all compact
polyhedra. An important property of them is their local contractibility.

Example 3.1. (a) The Tietze-Uryshon extension theorem [36, 39, 88]
states that, for any index set J , the Tychonoff cube [0, 1]J ∈ ES(N ),
where N is the class of normal (T4) spaces.

(b) If a metric spaceX ∈ AR, then X is a retract of some convex subspace of
a normed linear space. Conversely, the Dugundji extension theorem [34]
asserts that if C is the class of convex sets in locally convex spaces, and
M is the class of metric spaces, then C ⊂ ES(M). Hence, any metrizable
retract of a convex subset of a locally convex topological linear space is
an AR.

(c) Every infinite polyhedron endowed with a metrizable topology is an AR.

(d) Every Fréchet manifold is an ANR.

(e) The union C :=
⋃n

i=1 Ci of overlapping closed convex subsets C1, . . . , Cn

in a locally convex space is an ANR provided it is metrizable (see Van
Mill [88]).

We include an approximation aspect in the definition of (neighborhood)
retracts to obtain larger classes of spaces.

Definition 3.3. (i) A closed subset A
i→֒ X is an approximative neighbor-

hood retract of a space X if for any ω ∈ CovX(A), there exist an open
neighborhood V of A in X and a mapping r ∈ c(V,A) such that r ◦ i
and idA in the following diagram

A
idA րտ r
A →֒

i
V

are ω−near.

(ii) A space A is said to be an approximative absolute neighborhood retract
for a class of spaces Q, written A ∈AANR(Q), if and only if:

(a) A ∈ Q, and
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(b) for every closed imbedding h of A in a space X ∈ Q, h(A) is an
approximative neighborhood retract of X.

The class AHANR(Q) is defined in a similar way with “ω−near” re-
placed by “ω−homotopic.” Obviously, AANR(Q) contains AHANR(Q) and
ANR(Q).

For the class M of metric spaces, AANR(M)—written AANR for short—
is the class of approximative absolute neighborhood retracts. One can charac-
terize AANRs as metrizable spaces that are homeomorphic to approximative
neighborhood retracts of normed spaces.

Obviously, ANR ⊂ AANR, the inclusion being strict. Indeed, the set

Γ := {(x, sin( 1
x
)) ∈ R2 : 0 < x ≤ 1} ∪ {(0, y) : −1 ≤ y ≤ 1}

is an AANR. However, because Γ is not locally contractible, it cannot be an
ANR.

If K is the class of compact spaces, then AANR ∩ K ⊂ AANR(K) (see
Gauthier [42]).

Definition 3.4. (i) A space X is an approximative extension space for
a class of spaces Q, written X ∈ AES(Q), if and only if ∀ω ∈
Cov(X), ∀Y ∈ Q, ∀K closed in Y, ∀f0 ∈ c(K,X), ∃f ∈ c(Y,X), such
that f ◦ i and f0 are ω−near.

(ii) A space X is an approximative neighborhood extension space for a class
of spaces Q, written X ∈ ANES(Q), if and only if ∀ω ∈ Cov(X), ∀Y ∈
Q, ∀K closed in Y, ∀f0 ∈ c(K,X), ∃V open neighborhood ofK in Y, ∃f ∈
c(V,X), such that f ◦ i and f0 are ω−near.

Clearly,
ES (Q) ⊂ AES(Q) ∩ NES(Q) ⊂ ANES(Q).

The classesAHES (Q) and AHNES (Q) of approximativeH−(neighborhood)
extension spaces for Q, are defined in a similar way with “ω−near” replaced
by “ω−homotopic.”

Proposition 3.2. If Q is a class of normal spaces, then AANR(Q) = Q∩
ANES(Q), and AHANR(Q) = Q∩ AHNES(Q).

We conclude from this proposition, for the class K of compact topological
spaces, the inclusion

AANR ∩K ⊂ AANR(K),

which we shall use later on.
It is well known that every ANR Y is homeomorphic to a neighborhood

retract of a normed space (namely, the Banach space of all bounded continuous
real-valued functions on Y ; see Example 2.2 in [52]). But normed spaces are
ES (K) for the class K of compact spaces. Moreover, for any class of spaces Q,
neighborhood retracts of an NES (Q) are also NES (Q). Hence, we have:
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Proposition 3.3. ANR ⊂ NES(K) for the class K of compact spaces.

The fact that ANRs can be imbedded as neighborhood retracts of normed
spaces (which are of course locally convex topological vector spaces) could be
used to construct linear homotopies between mappings that are close. More
precisely, we have the crucial observation:

Proposition 3.4. [34, Lemma 7.2] Given a metric space X, an ANR Y, and
a cover ω ∈ Cov(Y ), there exists ω′ ∈ Cov(Y ), ω′ � ω, such that any two
mappings f, g : X → Y that are ω′−near are ω−homotopic.

This property can be extended to non-metrizable NES (K) spaces by using
a generalization of the “controlled” Borsuk homotopy extension theorem. We
can indeed show the following:

Proposition 3.5. Compact subspaces of NES(K) spaces, where K is the class
of compact spaces, are uniformly locally contractible.2 Consequently, for any
open cover ω of Z, any two continuous mappings with values in a compact
subspace Z of an NES(K) space that are close enough are ω−homotopic.

3.2.2 Contractibility and Connectedness

Contractibility (or the continuous deformation of a space onto one of its
points) is perhaps the most natural generalization of convexity. We discuss
below the topological notions of contractibility and proximal contractibility.

3.2.2.1 Contractible Spaces

A space X is contractible (in itself) if there exists a mapping h ∈ c(X ×
[0, 1], X) such that h(x, 0) = x and h(x, 1) = x̄ where x̄ is a given point in X
(h is said to be a contracting homotopy).

Clearly, every star-shaped set is contractible (the deformation being linear:
h(x, t) = tx+ (1 − t)x̄). In particular, every convex set is contractible.

As we have seen above, a topological property can be expressed as (or im-
plies) an extension property, which turns out to be the key technical and op-
erational feature. Here, it holds that contractibility implies n−connectedness.

2Let Z be a subspace of a topological space Y and assume that Z has a uniform structure
V . Z is said to be ω−uniformly contractible in Y (ω−ULC in Y, for short) for a given open
cover ω ∈ CovY (Z), if there is a member V ∈ V and a continuous mapping ξ : V ×[0, 1] → Y

such that:

∀z, z′ ∈ V,∀t ∈ [0, 1], ξ(z, z′, 0) = ξ(z′, z, 1) = z, ξ(z, z, t) = z,

and ξ((z, z′)× [0, 1]) is contained in a member W of ω.

Z is said to be uniformly locally contractible in Y (ULC in Y, for short) if it is ω−ULC

in Y, for any ω ∈ CovY (Z). If Z is ω−ULC in Y , then there exists V ∈ V such that any two
continuous mappings f, g : X → Z defined on a space X that are V−near are ω−homotopic
(take the homotopy h(x, t) = ξ(f(x), g(x), t)).
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To be more precise, for a given positive integer n, let ∆n denote the standard
n−simplex whose vertices {e0, . . . , en} form a canonical basis for Rn+1and let
∂∆n be its boundary. Let us define:

Definition 3.5. A space X is said to be n−connected if and only if ∀f ∈
c(∂∆n, X), ∃f̂ ∈ c(∆n, X) such that the diagram

X

f րտ f̂
∂∆n →֒

i
∆n

commutes. The space X is said to be infinitely connected (C∞ for short), if
X is n−connected for each positive integer n.

Proposition 3.6. Every contractible space is indeed C∞.

Proof. To see this, let z̄ be the barycenter of the n−simplex ∆n and write every
z ∈ ∆n \{z̄} in polar coordinates form z = t(z)z̄+(1− t(z))v(z) where v(z) is
the radial projection of z onto ∂∆n, t(z) ∈ [0, 1). Let h ∈ c(X × [0, 1], X) be
the homotopy contracting X onto a given point x̄ ∈ X and let f ∈ c(∂∆n, X)
be given. One readily verifies that the mapping

f̂(z) :=

{
h((f ◦ v)(z), t(z))
x̄

if
if

z 6= z̄
z = z̄

is a continuous extension of f.

3.2.2.2 Proximal Connectedness

A landmark result of Aronszajn [5] establishes the qualitative structure of the
solution sets of a Cauchy initial value problem as a so-called Rδ set, which
is the intersection of a countable decreasing sequence of compact contractible
metric spaces. Such similar qualitative results were extended to solution sets
of differential inclusions or integral equations (see, for example, Andres et al.
[3], Bader and Kryszewski [9, 10], Bressan [24], Deimling [32], Górniewicz et
al. [50, 49, 47], Plaskacz [82]). Being a limit of compact contractible spaces, an
Rδ set A in a space X is contractible in each of its open neighborhoods, that
is, for any open neighborhood U of A in X, there exists a continuous mapping
hU : A×[0, 1] −→ U such that h(x, 0) = x and h(x, 1) = xU , ∀x ∈ A, where xU
is a given fixed point in U. This leads us to formulate the following definition.
This approximate contractibility is known as the trivial shape property (see,
for example, Van Mill [88]). Obviously, if X ⊃ A is contractible, then it has
trivial shape in X. However, the set

Γ := {(t, sin(1
t
)) ∈ R2 : 0 < t ≤ 1} ∪ {(0, v) : −1 ≤ v ≤ 1},
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is not contractible but has trivial shape in R2. Indeed, Γ :=
⋂

n≥1 Γn where
{Γn}n≥1 is the decreasing sequence of compact contractible sets

Γn := {(t, sin(1
t
)) ∈ R2 : 1/n ≤ t ≤ α} ∪ {[0, 1/n]× [−1, 1]}, n ≥ 1,

that is, Γ is an Rδ−set and has trivial shape in R2 (see Girolo [45]).
The Borsuk homotopy extension theorem (see [88]) implies that if X is an

ANR and if X ⊃ A has trivial shape in X , then for each open neighborhood
U of A in X, there exists an open neighborhood V of A in X contained and
contractible in U. This brings to light the following:

Definition 3.6 (Dugundji). [37] A subspace Z of a space X is said to be
∞−proximally connected in X (PC∞

X for short) if for each open neighborhood
U of Z in X, there exists an open neighborhood V of Z in X such that
for every non-negative integer n, every continuous mapping defined on the
boundary of the n−dimensional standard simplex ∆n with values in V extends
continuously to a mapping of ∆n into U.

Clearly, if {Zi}∞i=1 is a decreasing sequence of compact spaces having trivial
shape in an ANR X, then Z =

⋂∞
i=1 Zi is PC

∞
X . In particular, every Rδ set

in an ANR X is PC∞
X .

Assume that X ∈ NES (K), where K is the class of compact spaces, and
assume that A is a closed subspace of X . Let U be an open neighborhood
of A in X and let h : A × [0, 1] → U be a homotopy joining idX |A = idA
and a constant mapping ā ∈ U . Since U is itself an NES (K) space,3 we show

that the compact homotopy h extends to a homotopy ĥ : V × [0, 1] −→ U
defined on an open neighborhood V of A in U and joining idV to the constant
ā. Consequently, in both cases: (A closed ⊂ X ∈ ANR) or (A closed ⊂ X ∈
NES (K)), for every positive integer n, every mapping in c(∂∆n, V ) extends
continuously to a mapping in c(∆n, U), that is, A is PC∞

X .

3.2.3 Convexity Structures

There has been a growing interest in abstract convexities in recent years. Some
are related to metrizability and the existence of minimal sets as well as to
fixed-point theory for non-expansive mappings (see Khamsi et al. [63] and ref-
erences there); others are purely topological and relate to fixed point for trees,
and others stem from problems in computer science. Convexity concepts and
arguments can be adapted to settings lacking underlying linearity structures
through the consideration of abstract convexities of a topological, metric, or
even set-theoretical nature. This section reviews key notions and examples of
spaces equipped with convexity structures. We refer the reader to Van de Vel
[87], Bielawski [21], Horvath [55, 56, 57], Horvath and Llinares [58], Llinares
[66], Park and Kim [79], Park [80, 81], Saveliev [83], and Ben-El-Mechaiekh
et al. [14, 12, 13] for more on abstract convexities.

3An open subspace of an NES(Q) is itself NES(Q).



Approximation and Selection Methods 87

Definition 3.7. A convexity structure on a non-empty set E is a collection
C of subsets of E containing ∅ and E and closed for arbitrary intersections.

Let us denote by 〈E〉 the collection of all finite subsets of a given set E
and let Γ : 〈E〉 ⇒ E be a set-valued map verifying Γ(∅) = ∅.

Definition 3.8. (i) A subset X of E is said to be Γ−convex (or simply
convex) in E if and only if it is invariant under Γ, that is, Γ(A) ⊆ X for
every A ∈ 〈X〉.

(ii) Define the Γ-convex envelope of X in E by convΓ(X) :=
⋂{C convex in

E : X ⊆ C} for any given X ⊆ E.

(iii) The pair (E,Γ) is called a convex pair.

Clearly, the collection C of all Γ−convex subsets of E forms a convexity
structure on E.

Remark 3.1. Clearly, a subset X is convex if and only if X = convΓ(X).

Note that here, the set-valued map Γ actually generates a convexity struc-
ture thus justifying the terminology.

Definition 3.9. A uniform space (E,V) with a convexity structure C is said
to be locally C−convex if

A ∈ C ⇒ V [A] ∈ C, ∀V ∈ V .

C. D. Horvath was the first to define a topological convexity structure (as
a substitute to traditional linear convexity) in terms of a set-valued map in
the mid-1980s in his Ph.D. thesis (see references in [56]) as follows.

Definition 3.10. (i) A c−structure on E is an isotone4 map Γ : 〈E〉 ⇒ E
with non-empty contractible values. The pair (E,Γ) is called a c−space.

(ii) A subset X of E is a Γ−set if it is invariant under Γ, that is, Γ(A) ⊂
X, ∀A ∈ 〈X〉.

(iii) A c−space (E,Γ) is said to be an lc−space if E is a uniform space and
if there exists a basis {Vi}i∈I for the uniformity such that ∀i ∈ I, the
Vi−neighborhood of X, Vi[X ] := {y ∈ E : X ∩ Vi[y]) 6= ∅} is a Γ−set
whenever X ⊂ E is a Γ−set.

It is clear that an intersection of Γ−sets is also a Γ−set and that both
∅ and E are Γ−sets. Hence, the collection of all Γ−sets forms a convexity
structure.

The following examples of c−spaces are given in Horvath [55, 56].

4Meaning A ⊆ B ⇒ Γ(A) ⊆ Γ(B).
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Example 3.2. Let E be a space and α : E × E × [0, 1] −→ E be a mapping
such that:

∀(x, y) ∈ E × E,α(x, y, 0) = α(y, x, 1) = x.

A subset X of E is said to be an α−set if α(X ×X × [0, 1]) ⊆ X. For any
A ∈ 〈E〉, let Γ(A) := {X : A ⊆ X and X is an α−set} and suppose that there
exists a0 ∈ Γ(A) such that the mapping (x, t) → α(x, a0, t) is continuous on
Γ(A)× [0, 1]. Then (E,Γ) is a c−space.

In particular, given a contractible semigroup (G, ∗) with unit e and con-
tractibility mapping θ : G × [0, 1] → G, θ(x, 1) = x and θ(x, 0) = e, x ∈ G,
let α(x, y, t) := θ(x, 1 − t) ∗ θ(y, t), x, y ∈ G, t ∈ [0, 1]. Then, for Γ defined as
above, the pair (G,Γ) is a c−space.

Example 3.3. Let E := L1
µ(Ω, F ) be the space of µ−integrable functions

from a measurable space Ω with non-atomic probability measure µ into a
Banach space F. Given A := {φ1, . . . , φn} ⊂ E, let:

Γ(A) := {
n∑

i=0

1Ωi
φi : {Ωi} being a partition of Ω into µ−measurable sets}.

If F is separable, then Γ(A) is a retract of E and hence contractible. The pair
(E,Γ) is a c−space.

This example is related to the concept of the decomposable set of Bressan
and Colombo [23]. The following list of examples outlines noteworthy instances
of abstract convex spaces.

Example 3.4. (Lassonde Convex Spaces) A convex space (X,D) = (X,D; Γ)
is a triple where X is a subset of a vector space, D ⊂ X such that conv(D) ⊂
X , and each ΓA is the convex hull of A ∈ 〈D〉 equipped with the Euclidean
topology.

Example 3.5 (Bielawski Simplicial Convexity). Following [14], let us call a
B′−simplicial convexity on a topological space E any family of continuous
functions φ[y0,...,yn] : ∆n → E, defined for each positive integer n and each
finite subset {y0, . . . , yn} ⊂ E, and satisfying ∀n ≥ 1, ∀{y0, . . . , yn} ⊂ E,

λ =

p∑

k=0

λikeik ⇒ φ[yi0 ,...,yip ](λ) = φ[y0,...,yn](

p∑

k=0

λikek).

The set-valued map Γ : 〈E〉 ⇒ E defined by

Γ(A) := {φ[y0,...,yn](λ) : {y0, . . . , yn} ⊂ A, λ ∈ ∆n}, A ∈ 〈E〉,

defines an L−structure, in the sense of Definition 3.11, on Y.

Any B−simplicial convexity in the sense of Bielawski [19] is aB′−simplicial
convexity with the additional property: φ[y](1) = y.
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A convexity structure deriving from a B′−simplicial convexity is called a
B′−convexity.

It is proven in [14] that every c−space in the sense of Horvath admits a
B′−simplicial convexity.

Example 3.6 (Park and Kim G−Convex Spaces). [79] A generalized convex
space or a G−convex space (X,D; Γ) is an abstract convex space such that
for each A ∈ 〈D〉 with the cardinality |A| = n + 1, there exists a continuous
function φA : ∆n → Γ(A) such that J ∈ 〈A〉 implies φA(∆J ) ⊂ Γ(J). Here,
∆n is the standard n-simplex with vertices {ei}ni=0, and ∆J the face of ∆n

corresponding to J ∈ 〈A〉.
The following abstract topological convexity was defined in [14]. It encom-

passes a variety of topological convexities studied in the literature.

Definition 3.11. An L−structure on a topological space Y is a set-valued
map Γ : 〈Y 〉 ⇒ Y defined on the family 〈Y 〉 of all nonempty finite subsets of
Y verifying:

∀A = {y0, . . . , yn} ∈ 〈Y 〉, ∃fA ∈ c(∆n,Γ(A)) such that

fA(∆J ) ⊂ Γ({yi : i ∈ J}), ∀J ⊂ {0, . . . , n},
where for J ⊂ {0, . . . , n},∆J = conv({ei : i ∈ J}).
Example 3.7. The pair (Y,Γ) is called an L−space and a subset C ⊆ Y is
said to be convex for the L−structure if and only if Γ(A) ⊂ C, ∀A ∈ 〈C〉.

The collection of all convex subsets of Y form a convexity structure C on
Y called an L−convexity.

The concept of an L−space is actually a small refinement of that of a c−
space of Horvath. The original G−convex spaces of Park and Kim [79] are
L−spaces (with an auxiliary set D much as in the way of Lassonde convex
spaces) where, in addition, the L−structure Γ is isotone. Later, Park removed
the isotony condition in his definition of G−convexity. Simplicial convexities
also give rise to L−structures (see [14]).

It turns out, as one would expect, that C−convex sets are extension spaces
for metric spaces:

Example 3.8. [57, Horvath] Any lc−space E or any c−convex subset of an
lc−space is an ES(M) where M is the class of metric spaces. Consequently,
any metrizable lc−space E or any c−convex subset of a metrizable lc−space
is an AR.

We have the remarkable characterization of ARs (Theorem 2.1 and Corol-
lary 2.2 in [21]) as follows:

Example 3.9. Any topological space E equipped with a local B−simplicial
convexity is an ES(M) where M is the class of metric spaces. In fact, a
metrizable space E is an AR if and only if E can be equipped with a local
B−simplicial convexity.
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3.2.4 Space Approximation

The consideration of the class A(K;P) of spaces by the author in [18] was
prompted by a fundamental result of V. Klee [64] on the existence of arbi-
trarily close displacements of compact subsets of convex sets in locally convex
spaces into finite polyhedra. This property, known as the admissibility of Klee,
suggests a general framework for the approximation of spaces that could be
applied to other situations.

3.2.4.1 The Property A(K;P) for Spaces

Definition 3.12. Let K,P be two classes of spaces. A space X
is said to have the (K;P)−approximation property, (respectively the
(K;P)H−approximation property) written X ∈ A(K;P) (X ∈ AH(K;P) re-
spectively), if and only if:





∀K ∈ K with K ⊆
closed

X, ∀ω ∈ CovX(K),

∃ω′ ∈ CovX(K), ω′ 2 ω, ∃P ∈ P ,
∃ a pair of continuous functions s :

⋃
ω′ → P,

r : P → ⋃
ω′ such that r ◦ s and the identity id⋃ω′

are ω − near (ω − homotopic, respectively).

Clearly, AH(K;P) ⊂ A(K;P).
Klee’s admissibility tells us that convex subsets of locally convex spaces

have the following approximation property:

Theorem 3.1. Let K be the class of compact spaces, P the class of finite
polyhedra, and let X be a non-empty convex subset of a locally convex topo-
logical vector space E. Then X ∈ AH(K;P).

Proof. Let K be a compact subset of X and ω ∈ CovX(K). Let U a convex
symmetric open neighborhood of the origin in E such that ω′ := {(xi +
U) ∩ X}ni=1 ∈ covX(K) is a finite refinement of ω. The Schauder projection
associated with U, s :

⋃
ω′ −→ X is defined by:

s(x) :=
1∑n

i=1 µi(x)

n∑

i=1

µi(x)xi,

where µi(x) := max{0, 1 − pU (x − xi)}, pU being the Minkowski functional
associated to U. It verifies

∀x ∈
⋃
ω′, s(x) − x ∈ U, and s(x) ∈ P,

where P is a finite polyhedron, and a copy of the geometric realization of the
cover ω′. If r denotes the inclusion P →֒ X, then s ◦ r and id⋃ω′ are ω−near,
that is, X ∈ A(K;P). Since U is convex, for each x ∈ ⋃ω′, the line segment
joining s(x) to x belongs to (x+U)∩X. Hence, s◦r and id⋃ω′ are ω−homotopic
through the linear homotopy h(x, t) := t((s ◦ r)(x)) + (1 − t)x, t ∈ [0, 1].
Therefore, X ∈ AH(K;P).
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The following observation is worth pointing out.

Remark 3.2. The finite polyhedron P in the proof of Theorem 3.1 is not
necessarily convex. The refinement ω′ can be chosen so that P ⊂ ⋃ω (to be
precise, P ⊂ ⋃n

i=1{(xi + 2U) ∩ X}). Obviously, the proof shows that P is
contained in the convex hull of the finite set {x1, . . . , xn}, so that in effect,
convex subsets of locally convex spaces are in the smaller class A(compact
spaces; convex finite polyhedra). This inclusion is precisely the admissibility
in the sense of Klee later extended (by Klee himself) to some non-locally
convex spaces (for example, ℓp, 0 < p < 1).

We shall prove next that generalized convex subsets of spaces equipped
with some abstract topological convexity are also admissible in the sense of
Klee.

Theorem 3.2. Let K be the class of compact spaces and P the class of convex
finite polyhedra. Assume that X is a non-empty C− convex subset of a locally
C−convex space E, where C is

(i) a convexity structure in the sense of Horvath, or

(ii) a B′−convexity, or

(iii) an L−convexity.

Then
X ∈ A(K;P).

If in (i) and (ii) the space E is also metrizable, then X ∈ AH(K;P).

Proof. We only prove (i); the proof of (ii) and (iii) are simpler and are left to
the reader. We start by showing that X ∈ A(K;P).

Let K be a compact subset of X and let ω ∈ CovX(K). The cover ω has
a suitable uniform refinement ω′ of the form {V [yi] ∩X : yi ∈ K, i = 0, ..., n}
of open subsets of X, where V ∈ V , the uniform structure of E.

Let κ be the Kuratowski barycentric mapping that transforms the set
KV :=

⋃n
i=0 V [yi] into a subset of the closure σ of the open n−simplex σ =

0...n, (see Kuratowski [65], Dugundji [36], or Brown [27]). The mapping κ
verifies that

for each simplex i0 . . . ik, κ
−1(i0 . . . ik) = V [yi0 ] ∩ · · · ∩ V [yik ] \

⋃
i6=ij

V [yi].

We shall now show the existence of a continuous mapping f : σ → X such
that

(f ◦ κ)(x) ∈ Γ({yi : x ∈ V [yi]}) for all x ∈ KV .

To do this, denote by σ(k) the complex consisting of all k−dimensional faces
of σ, k = 0, . . . , n, σ(n) = σ. We construct a finite sequence of mappings f (k) :

σ(k) → X, k = 0, . . . , n, with the property f (k)(i0 . . . ik) ⊂ Γ({yij : j =
0, . . . , k}) for every k−dimensional face i0 . . . ik of σ.
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If k = 0, and let f (0) : {0, 1, . . . , n} → X be the mapping

f (0)(i) = zi, where zi is an arbitrary point in Γ({yi}), i = 0, 1, . . . , n.

This mapping is obviously continuous on the set of vertices σ(0) of σ equipped
with the discrete topology. Assume that for some k ∈ {1, . . . , n − 1} such a
function f (k) has been constructed, and let i0 . . . ik+1 be an arbitrary (k +
1)−dimensional face of σ. The mapping f (k) maps the boundary of i0...ik+1

into the set
⋃k+1

l=0 Γ({yij : j = 0, . . . ., k + 1, j 6= l}), which by monotonicity of
the c−structure Γ, is contained in the contractible (thus (k + 1)−connected)
set Γ({yi0 , . . . , yik+1

}). Therefore, the restriction of f (k) to the boundary of

i0 . . . ik+1 extends continuously into a partial mapping f
(k+1)
i0...ik+1

of the entire

simplex i0 . . . ik+1 into the set Γ({yi0 , . . . , yik+1
}). Keeping in mind that σ

is equipped with a CW−complex topology, one can certainly piece together

these partial mappings to form a continuous mapping f (k+1) : σ(k+1) → X
verifying that f (k+1)(i0 . . . ik+1) ⊂ Γ({yij : j = 0, . . . , k + 1}) for every (k +
1)−dimensional face i0 . . . ik+1 of σ. By the property of κ, the mapping f :=
f (n) has the desired property. It is important to observe that given x ∈ KV ,
if x ∈ V [yi], then yi ∈ V [x], which is a C−convex set. Hence,

f(κ(x)) ∈ Γ({yi : x ∈ V [yi]}) ⊂ V [x];

that is, the mapping f ◦ κ and the inclusion KV →֒ X are V−near, hence
X ∈ A(K;P).

In cases (i) and (ii),X is anAR, and hence anANR. The entourage V in the
begining of the proof can be chosen so that ω′ := {V [yi] : i = 0, . . . , n} verifies
Proposition 3.4. Thus, f ◦κ and the inclusion KV →֒ X are ω−homotopic.

Remark 3.3. (a) Obviously, (iii) is more general than (i) and (ii). The
proof of (iii) is, however, simpler in that the mapping f constructed in
the proof is readily provided in the definition of an L−structure (Defi-
nition 3.11).

(b) We conjecture that the metrizability of E is not necessary for the inclu-
sion X ∈ AH(K;P) to hold in cases (i) and (ii).

(c) It would be interesting to determine sufficient conditions on an abstract
convexity structure C for C−convex sets to be in AH(K;P).

The property A(K;P) for a space is closely related to classical properties
of “domination of spaces through approximations” widely used in topology
(particularly in homotopy theory) which we describe next.

3.2.4.2 Domination of Domain

Let X,P be two spaces. If there are continuous mappings s ∈ c(X,P ) and r ∈
c(P,X) such that the diagram idX � X

s

⇄
r
P commutes (that is, r(s(x)) = x
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for all x ∈ X), the space P is said to dominate the space X. The class of
spaces that are dominated by members of a given class P of spaces is defined
as:

X ∈ R(P) ⇔ X is dominated by some P ∈ P .
Given a cover ω ∈ cov(X), we say that the space P ω−dominates the space

X (ωH−dominates X, respectively) if there are mappings s ∈ c(X,P ) and
r ∈ c(P,X) such that r ◦ s and idX are ω−near (ω−homotopic, respectively).
The classes D(P) and DH(P) are defined by Definition 3.11.

Definition 3.13.

X ∈ D(P)
(X ∈ DH(P), respectively)

⇔





∀ω ∈ cov(X), ∃P ∈ P ,
such that P ω − dominates X
(ωH − dominates X, respectively).

It is clear that for any class of spaces P , we have P ⊂ R(P) ⊂ DH(P) ⊂
D(P).

The enlargements of classes of spaces P → D(P) or P → DH(P) preserve
certain fundamental topological properties, hence their importance in topol-
ogy. For example, the passage from finite to infinite products of spaces can be
described by the passage P → D(P).

Indeed, given an arbitrary family of spaces {Xi : i ∈ I}, let X =
∏

i∈I Xi

be their Cartesian product, and given J ∈ J = {J ⊂ I : J is finite}, let us
denote XJ =

∏
i∈J Xi. Then we have:

Proposition 3.7. If X is paracompact and P = {XJ : J ∈ J }, then X ∈
D(P).

Proof. The proof is identical to that of Proposition 4.1 in Granas [52] where
the compact case is treated.

For each i ∈ I, let x0i be a base point in the space Xi and for J ∈ J , let
X̃J ⊂ X be the product XJ × (x0i )i/∈J , that is,

(xi) ∈ X̃J ⇔
{
xi ∈ Xi

xi = x0i

if
if

i ∈ J
i /∈ J

.

Clearly, X̃J can be identified with XJ .
Consider the subcollection C of Cov(X) defined as follows:

ω ∈ C ⇔





ω is a neighborhood-finite cover of X by open sets
of the form

∏
i∈I Ui where, for each i ∈ I,

Ui is an open subset of Xi, and Ui = Xi

except for at most finitely many indices i.

Since X is paracompact, by the very definition of the Cartesian product topol-
ogy, it follows that C is cofinal in Cov(X). Let ω = {ωλ}λ∈Λ ∈ C be arbitrary
and let Λ0 be the finite set of those indices λ for which x0 ∈ ωλ. By definition,
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each ωλ, λ ∈ Λ0, is of the form
∏

i∈I U
λ
i where, for each i ∈ I, Uλ

i is an open

subset of Xi, and U
λ
i = Xi except for some essential indices forming a finite

set I(λ) := {i ∈ I : Uλ
i 6= Xi}. The set J(ω) :=

⋃
λ∈Λ0

I(λ) is clearly finite

and i /∈ J(ω) ⇔ Uλ
i = Xi for all λ ∈ Λ0.

Let s : X −→ XJ(ω) be the projection and r : X̃J(ω) −→ X be the natural
imbedding. One readily verifies that r◦s and idX are ω−near. This completes
the proof.

Domination, ω−domination, and ωH−domination can be used to describe
the passage from basic types of spaces to more elaborate ones. For instance:

Example 3.10. (a) If P is the class of all normed spaces, then R(P) is the
class AR of absolute retracts.

(b) If P is the class of all open subsets of normed spaces, then R(P) is the
class ANR of absolute neighborhood retracts.

(c) If P is the class of all finite (respectively, locally finite) polyhedra en-
dowed with the CW-topology, then DH(P) contains the class of compact
(respectively, arbitrary) ANRs.

(d) The extension properties in Examples 3.8 and 3.9 together with (c)
above yield to a refinement of Theorem 3.2 : C−convex subsets of locally
C−convex metrizable spaces in the sense of Horvath or in the sense of
Bielawski are in DH(P), where P is the class of all finite polyhedra.

The following remark is important for the sequel:

Remark 3.4. One should keep in mind that in the proof of inclusion (c) in
Example 3.10, for a given ω ∈ Cov(X), the polyhedron P that ωH−dominates
an ANR X is precisely the geometric nerve |N(ω)| of the cover ω. Moreover,
the mappings s and r involved in Definition 3.13 are, respectively, essentially
the Kuratowski barycentric mapping κ (as in the proof of Theorem 3.2) and
the neighborhood retraction involved in the definition of an ANR.

Theorem 3.3. The property, for a paracompact space X, of being
ωH−dominated is “transitive” in the following sense:

If X ∈ DH(P) and P ⊂ DH(P ′), then X ∈ DH(P ′).

Proof. Indeed, given ω ∈ Cov(X), let ω∗ ∈ Cov(X) be a star refinement
of ω and let P ∈ P , s ∈ c(X,P ), r ∈ c(P,X) be such that r ◦ s and idX
are ω∗−homotopic. Let α∗ = r−1(ω∗) ∈ Cov(P ) and let P ′ ∈ P ′, s′ ∈
c(P, P ′), r′ ∈ c(P ′, P ) be such that r′ ◦s′ and idP are α∗−homotopic (through
a homotopy h : P × [0, 1] → P ). For any x ∈ X, {(r′ ◦ s′ ◦ s)(x), s(x)} ⊂ A∗ =
r−1(W ∗), for some W ∗ ∈ ω∗, that is, {(r ◦ r′ ◦ s′ ◦ s)(x), (r ◦ s)(x)} ⊂W ∗. But
{(r◦s)(x), x} ⊂W ∗′ for someW ∗′ ∈ ω∗. Thus {(r◦r′◦s′◦s)(x), (r◦s)(x), x} ⊂
St(W ∗, ω∗) ⊂W for some W ∈ ω. This means that P ′ ω−dominates X. Now,
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observe that r ◦ r′ ◦ s′ ◦ s and r ◦ s are homotopic through the homotopy
r ◦ h(s(.), .). But r ◦ s is homotopic to idX . Thus, r ◦ r′ ◦ s′ ◦ s and idX are
homotopic (one can choose ω∗ in such a way that the latter homotopy is
controlled by ω).

Note that in view of Remark 3.4, if P is an ANR, P ′ can be chosen to be
the nerve |N(α∗)| of the cover α∗, and that this nerve is a subpolyhedron of
the nerve of ω∗ (both nerves having the same vertices).

These remarks lead to Theorem 3.4.

Theorem 3.4. Assume that X ∈ DH(P), where P is the class of finite
polyhedra. If X has non-trivial Euler-Poincaré characteristic χ(X),5 then,
∀ω ∈ Cov(X), ∃P ∈ P such that:

(i) P ω −H − dominates X, and (ii) χ(P ) 6= 0.

Proof. Let ω ∈ Cov(X) be arbitrary but fixed, and let |N(ω)| be the geometric
nerve of ω. By Proposition 3.4, and since |N(ω)| is an ANR, there exists an
open cover α ∈ Cov(|N(ω)|), such that for any metric space Z, any two
mappings f, g ∈ c(Z, |N(ω)|) that are α−near are homotopic. Consider now a
triangulation τ of |N(ω)| finer than the cover α. Let us choose the (possibly
iterated) star refinement ω∗ of ω, the polyhedron P, the cover α∗ = r−1(ω∗)
in the proof of Theorem 3.3 in such a way that |N(ω∗)| is a subpolyhedron
of (|N(ω)|, τ), and that the cover α′ = r′−1(α∗) of |N(α∗)| refines the trace
of the cover α on |N(α∗)| (keep in mind that |N(α∗)| is a subpolyhedron of
|N(ω∗)|, thus |N(α∗)| is a subpolyhedron of |N(ω)|). Denote |N(α∗)| again
by P. Obviously, P ω−H−dominates X, and the mappings idP , s

′ ◦ s ◦ r ◦ r′ :
P → P are α′−near. Hence, idP and s′ ◦ s ◦ r ◦ r′ are homotopic.

By the homotopy invariance of the Lefschetz number, χ(X) = λ(r◦r′◦s′◦s)
and χ(P ) = λ(s′ ◦ s ◦ r ◦ r′). It is well known (for example, see Granas [52]
and Lemma 1 III.C in Brown [27]) that, when defined for a pair of mappings
f and g, the Lefschetz numbers λ(f ◦ g) and λ(g ◦ f) are equal. Hence χ(X) =
λ(r ◦ r′ ◦ s′ ◦ s) = λ(s′ ◦ s ◦ r ◦ r′) = χ(P ).

3.2.4.3 Domination, Extension, and Approximation

In comparing the concepts of approximation and domination, we clearly have,
for any given class of spaces K:

K ∩A(K;P) ⊆ D(P) and K ∩AH(K;P) ⊆ DH(P).

We settle now the opposite inclusions.

5Recall that for a spherical complex X, the Čech cohomology graded linear space
{Hq(X;Q)} is of finite type. The Euler-Poincaré characteristic of X is defined to be
the Lefschetz number of the identity mapping, namely, χ(X) is the finite sum λ(idX ) :=∑

q≥0
(−1)qβq where β′

q = dimHq(X;Q) is the qth−Betti number of X (see [27, 52]).
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Proposition 3.8. D(P) ⊂ A(K;P) and DH(P) ⊂ AH(K;P) for any given
two classes of spaces P , K.

Proof. We only prove the first inclusion; the proof of the second one is identi-
cal. Let X ∈ D(P), K ∈ K be a closed subspace of X, and let ω ∈ CovX(K).
By hypothesis, ∃P ∈ P , ∃s ∈ c(X,P ), ∃r ∈ c(P,X) such that r ◦ s and
idX are ω̂−near, where ω̂ := ω ∪ {X \ K} is an open cover of X. For any
x ∈ K, the member Wx of ω̂ containing {x, (r ◦ s)(x)} cannot be X \K. The
open set Ux := (r ◦ s)−1(Wx) is a neighborhood of x in X and the family
ω′ := {Wx ∩Ux : x ∈ K} is an open cover of K that refines ω. The mappings
s|⋃ω′◦ r and id⋃ω′ are ω′−near.

We prove now a more general result than Example 3.10 (c); namely, that
the larger class of approximative neighborhood extension spaces for compacts
spaces (see Section 3.2 above for the definitions of the classes ES, NES, and
ANES ) have the approximation property in Definition 3.12.

Theorem 3.5. Let K be the class of compact spaces, P the class of finite
polyhedra, and N the class of normal spaces. Then:

N ∩ ANES(K) ⊂ A(K;P) and N ∩ AHNES(K) ⊂ AH(K;P).

Proof. We only provide the proof of the first inclusion; the second one is a mere
adaptation of the homotopical case. Let X ∈ ANES (K) be a normal space,
let K →֒ X be compact, and let ω ∈ CovX(K). The Tychonoff imbedding
theorem asserts that, as a compact space, K is homeomorphic to a closed
subset K̂ of a Tychonoff cube T (that is, a Cartesian product of copies of the
unit interval imbedded in a normed space E). Let h be this homeomorphism
and let ω′ ∈ CovX(K) be a barycentric refinement of ω.

By the definition of an ANES space (Definition 3.4 (ii)), there exist an
open subset V of T, V ⊃ K̂, and f ∈ c(V,X) such that h−1 and f |K̂ in the
following diagram

X
h−1 ր ↑ f
K̂ →֒ V →֒ T

are ω′−near.
Due to the compactness of K̂, there exist a convex open neighborhood of

the origin U in the normed space E containing T and a finite set {x̂i}ni=1 ⊂ K̂

such that ω̂ := {(x̂i + U) ∩ T }ni=1 ∈ CovT (K̂) and
⋃n

i=1{(x̂i + 2U) ∩ T } ⊂ V.
The Schauder projection π :

⋃
ω̂ −→ P onto a finite polyhedron P ⊂⋃n

i=1{(x̂i + 2U) ∩ T } ⊂ V and the identity on K̂ are ω̂−near (this follows
from Theorem 3.1 and Remark 3.2).

The Tietze’s extension theorem implies that every Tychonoff cube is an
extension space for normal spaces, that is, T ∈ ES(N ). Moreover, it is known
that for a given class of normal spaces Q, every open subspace of an NES(Q)
space is also NES(Q) (see Théorème 2.2 in Granas [52]). Since ES (N ) ⊂
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NES (N ), then
⋃
ω̂ ∈ NES(N ). Consequently, there exists h̃ ∈ c(

⋃
ω′,
⋃
ω̂)

such that the diagram ⋃
ω̂ →֒ T

hր ↑ h̃
K →֒ ⋃

ω′ →֒ X

commutes. The mappings s = π ◦ h̃ and r = f ◦ j in the following diagram

⋃
ω̂

π−→ P
j→֒ V

h̃ ↑ ↓ f⋃
ω′ →֒ X

are so that r ◦ s and id⋃ω′ are ω−near, that is, X ∈ A(K;P).

By Proposition 3.2, the class AANR(K) of approximative ANRs for com-
pact spaces is precisely K∩ ANES (K), which is included in K∩A(K;P), which
is in turn contained in D(P); hence we have:

Corollary 3.1. If K is the class of compact spaces and PF is the class of
finite polyhedra, then:

AANR(K)
∪

AHANR(K)

⊂

⊂

D(PF )
∪

DH(PF )
.

Since compact AANRs (in particular, compact ANRs) are in AANR(K)
for the class K of compact spaces (see Gauthier [42]), it follows that:

Corollary 3.2. Every compact AANR (in particular, compact ANR) is in
D(P), where P is the class of finite polyhedra.

3.3 Set-Valued Maps, Continuous Selections, and

Approximations

We now turn our attention to the fundamental techniques of continuous se-
lections and approximative selections for set-valued maps.

A set-valued map, simply called a map, from a set X into a set Y is a
relation denoted Φ: X ⇒ Y, that assigns to each element x ∈ X, a subset
Φ(x) of Y. The pre-images Φ−1(y) := {x ∈ X : y ∈ Φ(x)} are called the fibers
of Φ. The graph of Φ is the set graph(Φ) := {(x, y) ∈ X × Y : y ∈ Φ(x)}.

Given an abstract class M of maps, denote by Mc the class of finite com-
positions of M−maps, that is,

Mc := {Φ = Φn ◦ · · · ◦ Φ1 : Φi ∈ M, i = 1, . . . , n}.



98 Fixed Point Theory, Variational Analysis, and Optimization

Upper and lower semicontinuity are fundamental regularity requirements
in set-valued analysis. We briefly recall them before discussing, in some detail,
key selection and approximation properties for convex and non-convex maps.
Results on the selection and approximate selection properties for non-convex
maps can be found in Gel’man [43], Ginchev and Hoffmann [44], McClendon
[71], McLennan [73], Saveliev [83], Repovs-Semenov-Scepin [84], the book of
Repovs-Semenov [85], Deguire and the author [15], and in a series of papers
by the author [20, 17, 19].

3.3.1 Semicontinuity Concepts

Definition 3.14. Given two spaces X and Y , the map Φ is said to be upper
semicontinuous (u.s.c. for short) at the point x0 ∈ X if for any open neigh-
borhood V of Φ(x0) in Y, there exists an open neighborhood U of x0 in X
such that Φ(U) ⊂ V. The map Φ is said to be u.s.c. on X if it is u.s.c. at
every point of X.

Note that Φ is u.s.c. on X if and only if the upper inverse image Φ+(V ) =
{x ∈ X ; Φ(x) ⊂ V } is open in X for any open subspace V of Y . Let us put

USC(X,Y ) := {Φ : X ⇒ Y : Φ is u.s.c. with non-empty values}.

In case of single-valued maps, upper semicontinuity amounts to the usual
continuity; thus, the inclusion c(X,Y ) ⊂ USC(X,Y ).

Let us denote:

USCL(X,Y ) : = {Φ ∈ USC(X,Y ) : Φ(x) is closed, ∀x ∈ X}.
USCO(X,Y ) : = {Φ ∈ USC(X,Y ) : Φ(x) is compact, ∀x ∈ X}.

Suppose now that the space Y is equipped with a uniform structure V that
is compatible with its topology.

Definition 3.15. Given an entourage V ∈ V , the map Φ is said to be V−upper
semicontinuous (V−u.s.c.) at a point x0 ∈ X if there exists an open neighbor-
hood U of x0 inX such that Φ(U) ⊂ V [Φ(x0)]; here, V [Φ(x0)] =

⋃
y∈Φ(x0)

V [y]

and V [y] = {y′ ∈ X ; (y, y′) ∈ V }.
The map Φ is V−u.s.c. on X if it is so at every point of X . It is said to

be V−u.s.c. if it is V−u.s.c. for every V ∈ V .

We denote V−USC(X,Y ) as the class of all V−u.s.c. maps from X into
Y. Clearly, if the map is u.s.c. on X in the ordinary sense, then it is V−u.s.c
on X, i.e., USC(X,Y ) ⊂ V−USC(X,Y ) The converse holds true in the case
where Φ is compact-valued. In the case where Y is a subset of a topological
vector space F, the concept of V−upper semicontinuity (V being the unifor-
mity generated by a fundamental basis of neighborhoods of the origin in F )
is known as Hausdorff upper semicontinuity (see De Blasi-Myjak [31]).



Approximation and Selection Methods 99

Definition 3.16. A map Φ : X ⇒ Y between two spaces X and Y is said to
be lower semicontinuous (l.s.c. for short) at the point x0 ∈ X if for any open
subspace V of Y such that V ∩Φ(x0) 6= ∅, there exists an open neighborhood
U of x0 in X such that Φ(x) ∩ V 6= ∅ for all x ∈ U. The map Φ is said to be
l.s.c. on X if it is l.s.c. at every point of X.

Note that Φ is l.s.c. on X if and only if the lower inverse image Φ−(V ) =
{x ∈ X ; Φ(x) ∩ V 6= ∅} is open in X for any open subspace V of Y. Lower
semicontinuity at a point x0 ∈ X can be expressed in terms of nets as follows:
for any y ∈ Φ(x0) and for any net xi in X converging to x0, there exists a
net yi ∈ Φ(xi) converging to y. It follows from this characterization of lower
semicontinuity that if the map Φ is l.s.c. on X, then cl(Φ+(Z)) ⊆ Φ+(cl(Z))
for any subspace Z of Y. Denote:

LSC(X,Y ) := {Φ : X ⇒ Y : Φ is l.s.c. with non-empty values}.
Remark 3.5. It is easy to verify that if a map Φ : X ⇒ Y between two
spaces X and Y has open fibers Φ−1(y) in X for every y ∈ Y (more generally,
if it has an open graph in the product X × Y ), then it is l.s.c. on X.

Definition 3.17. A map Φ between two topological spaces X and Y is said
to be continuous at a point x (on X , respectively) if it is both u.s.c. and l.s.c.
at x (on X , respectively).

3.3.2 USC Approachable Maps and Their Properties

A systematic study of the graph approximation property of set-valued maps
by continuous single-valued mappings was undertaken by the author in [13,
14, 16]. The class of A−maps is defined as follows.

Definition 3.18. Let (X,U) and (Y,V) be two uniform spaces and let Φ :
X ⇒ Y be a map.

(i) Given W ∈ U × V , a single-valued map s : X → Y is said to be a
W−approximative selection of Φ if and only if:

graph(s) ⊂W [graph(Φ)].

Denote by a(Φ;W ) := { s ∈ c(X,Y ) : s a W−approximative selection
of Φ}.

(ii) The map Φ is said to be approachable if and only if it has non-empty
values and

∀W ∈ U × V , a(Φ;W ) 6= ∅.

Let the class of A−maps from X into Y be

A(X,Y ) := {Φ ∈ V −USC(X,Y ) : Φ is approachable}.
We write A(X) for A(X,X).
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Clearly,

Φ ∈ A(X,Y ) ⇔





Φ ∈ V −USC(X,Y ) and
∀U ∈ U , ∀V ∈ V , ∃s ∈ c(X,Y ) such that
∀x ∈ X, ∃x′ ∈ U [x] with s(x) ∈ V [Φ(x′)].

Such a mapping s is said to be a continuous (U, V )−approximative selec-
tion of Φ. Denote by a(Φ;U, V ) the collection of all such approximations. The
next section describes how the class A is stable.

3.3.2.1 Conservation of Approachability

In this section, unless specified otherwise, X and Y are spaces with respective
uniform structures U and V .

It is clear from Definition 3.18 that the continuous graph approximation
problem for a given map Φ amounts to a continuous selection problem for any
open neighborhood of the graph of Φ.

Remark 3.6. Evidently, if for two uniform spaces (X,U) and (Y,V), a map
Φ ∈ A(X,Y ), then the collection of set-valued maps {ΦU,V (.) := V [Φ(U [.])] :
(U, V ) ∈ U × V} is an upper approximating family6 of admitting continuous
selections for the map Φ.

The next proposition is even more precise: under reasonable conditions,
every u.s.c. map admits an open-graph majorant.

Proposition 3.9 (Open Graph Majorant). Let (X,U) and (Y,V) be two
uniform spaces with X paracompact, and let Φ ∈ V − USC(X,Y ). Then,
for any pair of entourages (U, V ) ∈ U × V , there exists an open-graph map
Ψ = ΨU,V : X ⇒ Y such that:

Φ(x) ⊆ Ψ(x) ⊆ V [Φ(U [x])], ∀x ∈ X.

Proof. Let (U, V ) ∈ U × V be given. By upper semicontinuity of Φ, for each
x ∈ X, there is an open neighborhood Ux of x in X contained in U [x] such
that Φ(Ux) ⊂ V [Φ(x)]}. Let {Oi}i∈I be a point-finite open refinement of the
cover {Ux}x∈X , i.e., for every i ∈ I, Oi ⊂ Uxi

for some xi ∈ X , and the set
I(x) := {i ∈ I : x ∈ Oi} is finite. Define the map Ψ = ΨU,V : X ⇒ Y by
putting

Ψ(x) :=
⋂

i∈I(x)
V [Φ(xi)], x ∈ X.

Clearly, Φ(x) ⊆ Ψ(x) for all x ∈ X. Moreover, for every x ∈ X and every
i ∈ I(x) we have Ψ(x) ⊆ V [Φ(xi)] ⊆ V [Φ(U [x])]. If x′ ∈ ⋂

i∈I(x) Uxi
then

I(x) ⊆ I(x′); consequently, Ψ(x) ⊆ Ψ(
⋂

i∈I(x) Uxi
) ⊆ Ψ(x). Finally, for any

given x ∈ X, the open set
⋂

i∈I(x)Oi×Ψ(x) is an open set around {x}×Ψ(x)
in X × Y, that is, Ψ has an open graph.

6See the definition before Proposition 3.16.
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Being an open graph, the majorant Ψ has open fibers, and is therefore lower
semicontinuous. Any of its continuous selections is an approximative selection
of Φ. If Y is a convex subset of a locally convex space F and Φ ∈ K(X,Y ),
the class of u.s.c. maps with non-empty convex values, then the majorant Ψ
also has convex values (indeed, the uniformity V is determined by a basis of
convex neighborhoods of the origin in F , so that the neighborhood V [Φ(xi)]
of the convex Φ(xi) remains convex, for every i ∈ I(x)). But such maps
are well known to admit continuous selections (in fact, the opennes of the
fibers is sufficient; see [11]) when the domain X is paracompact. Hence, the
Cellina approximation theorem holds: K(X,Y ) ⊂ A(X,Y ) whenever X is
paracompact.

It is interesting to point out the fact that if an USCO map Φ of a compact
domain is contained in an open graph map Ψ, then a tubular neighborhood
of the graph of Φ is also contained in Ψ; more precisely:

Remark 3.7. Let Φ,Ψ : X ⇒ Y be two maps of a compact uniform space
(X,U) into a uniform space (Y,V) such that:

(i) Φ is a multi-selection of Ψ;

(ii) Φ ∈ USCO(X,Y ); and

(iii) Ψ has open graph.

Then ∃(U, V ) ∈ U × V such that V [Φ(U [x])] ⊆ Ψ(x), ∀x ∈ X.

Graph approximation is also conserved under suitable restrictions and
Cartesian products.

Proposition 3.10 (Restriction to a Compact Subspace). Assume Φ ∈
A(X,Y ) and let K be a compact subspace of X . Then for any (U, V ) ∈ U×V ,
and any V ′ ∈ V with V ′2 ⊂ V, there exist a finite subset N of K and an en-
tourage U ′ ∈ U , U ′2 ⊂ U, such that for any subset D of X containing N, the
restriction s|K∩D ∈ a(Φ|K∩D;U, V ) whenever s ∈ a(Φ;U ′, V ′).

In particular, Φ ∈ A(X,Y ) =⇒ Φ|K ∈ A(K,Y ) for any compact subspace
K of X.

Proof. We show first that given any pair of entourages (U, V ) ∈ U ×V , the re-
striction of Φ to K is locally V−determined by its values on a finite subset N
of K. Indeed, by semicontinuity, for every x ∈ X, there exists an open neigh-
borhood of x in X of the form Ux[x], Ux ∈ U , U2

x ⊂ U, such that Φ(Ux[x]) ⊂
V ′[Φ(x)] for some V ′ ∈ V , V ′2 ⊂ V. Let N = {x1, . . . , xn} be a finite subset
of K such that {Uxi

[xi]}ni=1 ∈ CovX(K) and let U ′ ∈ U , U ′ ⊂ ⋂n
i=1 Uxi

. Each
x ∈ K belongs to some Uxi

[xi]. The following inclusions are thus satisfied:

Φ(U ′[x]) ⊂ Φ(Uxi
[xi]) ⊂ V ′[Φ(xi)].
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LetD be any subset ofX containingN and let s ∈ a(Φ;U ′, V ′) be a continuous
(U ′, V ′)−approximative selection of Φ. If x ∈ K∩D, then xi ∈ Uxi

[x]∩K ∩D
for some xi ∈ N. Hence, s(x) ∈ V ′[Φ(U ′[x])] ⊂ V ′2[Φ(xi)] ⊂ V [Φ(Uxi

[x]∩K∩
D)] ⊂ V [Φ(U [x] ∩K ∩D)].

Proposition 3.11 (Cartesian Product). Let {Φi : (Xi,Ui) ⇒ (Yi,Vi)}i∈I be
a family of maps with Φi ∈ A(Xi, Yi), i ∈ I an arbitrary indexing set. Then
the product map Φ :=

∏
i∈I Φi defined by Φ(x) = (Φi(xi))i∈I , x = (xi)i∈I , is

in A(X,Y ) for X =
∏

i∈I Xi, Y =
∏

i∈I Yi.

The proof is left to the interested reader.

Proposition 3.12 (Composition Product 1). Given three uniform spaces
(X,U), (Y,V), and (Z,W), let Φ ∈ A(X,Y ) and Ψ ∈ A(Z,X). If the space Z
is compact and Ψ has compact values, then the composition product Φ ◦Ψ ∈
A(Z, Y ).

Proof. LetW ∈ W and V ∈ V be arbitrary but fixed. By upper semicontinuity
of Φ, for each fixed z ∈ Z, and each fixed xz ∈ Ψ(z), there exists an entourage
Uxz

∈ U such that Φ(Uxz
[xz ]) ⊂ V ′[Φ(xz)], where V ′ is a member of V

satisfying V ′ ◦ V ′ ⊂ V.
For each xz, let U

′
xz

be a member of U such that U ′
xz

◦ U ′
xz

⊂ Uxz
, let

{U ′
xi
z
[xiz ]}nz

i=1 be an open cover of Ψ(z), and let Uz =
⋂nz

i=1 U
′
xz
. Since Ψ is

upper semicontinuous, there exists an entourageWz ∈ W contained inW such
that Ψ(Wz [z]) ⊂ U ′

z[Ψ(z)], where U ′
z is a member of U satisfying U ′

z ◦U ′
z ⊂ Uz.

Let {W ′
zj [zj ]}mj=1 be an open cover of Z, with W ′

zj ∈ W satisfying W ′
zj ◦

W ′
zj ⊂ Wzj for each j. Let W ′ be a member of W contained in

⋂m
j=1W

′
zj ,

let U be a member of U contained in
⋂m

j=1 U
′
zj , and let U ′ ∈ U be so that

U ′ ◦ U ′ ⊂ U.
Now let s1 be a (W ′, U ′)−approximative selection of Ψ, and let s2 be a

(U ′, V ′)−approximative selection of Φ. For any z ∈ Z, we have:

s2s1(z) ∈ V ′[Φ(U ′[s1(z)])] ⊂ V ′[Φ(U [Ψ(W ′[z])])].

Since z belongs to some W ′
zj [zj ], it follows that

U [Ψ(W ′[z])] ⊂ U ′
zj [Ψ(Wzj )] ⊂ Uzj [Ψ(zj)].

Hence, s2s1(z) ∈ V ′[Φ(Uzj [Ψ(zj)])] for some j. Finally, there exists an element
xizj ∈ Ψ(zj) such that

s2s1(z) ∈ V [Φ(xizj )] ⊂ V [ΦΨ(zj)] ⊂ V [ΦΨ(W [z])].

It follows from this result that

Ac(X,Y ) = A(X,Y ), provided X is compact.
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Remark 3.8. It is not known whether the proposition holds true when the
compactness of Z is replaced by that of X or Y (even if one assumes that in
addition, Z is paracompact).

However, with uniform upper semicontinuity, compactness is not needed
at all.

Definition 3.19. A map Φ : X ⇒ Y of uniform spaces (X,U), (Y,V) is said
to be uniformly V − u.s.c. on X if and only if, given any entourage V ∈ V ,
there exists an entourage U ∈ U such that Φ(U [x]) ⊂ V [Φ(x)] for any point
x ∈ X.

One can readily verify that a V−u.s.c.map on a compact space is uniformly
V − u.s.c.

Proposition 3.13 (Composition Product 2). Given three uniform spaces
(X,U), (Y,V), and (Z,W), let Φ ∈ A(X,Y ) be uniformly V −u.s.c. with non-
empty values, and let Ψ ∈ A(Z,X). Then the composition product ΦΨ ∈
A(Z, Y ) (and is V − u.s.c.).

Proof. Let W ∈ W and V ∈ V be arbitrary but fixed. By hypotheses,

∀W ′ ∈ W , ∀U ′ ∈ U ,∃s1 ∈ c(Z,X), with s1(z) ∈ U ′[Ψ(W ′[z])], ∀z ∈ Z, and

∀U” ∈ U , ∀V ′ ∈ V ,∃s2 ∈ c(X,Y ) with s2(x) ∈ V ′[Φ(U”[x])], ∀x ∈ X.

Consequently,

s(z) := (s2 ◦ s1)(z) ∈ V ′[Φ(U”[U ′[Ψ(W ′[z])]])], ∀z ∈ Z.

Now, if the entourages U” and U ′ are chosen so that U” ◦ U ′ ⊂ U, for some
arbitrarily prescribed U ∈ U , it would follow that

∀W ′ ∈ W , ∀U ∈ U , ∀V ′ ∈ V ,∃s ∈ c(Z, Y ) with

s(z) ∈ V ′[Φ(U [Ψ(W ′[z])])], ∀z ∈ Z.

It suffices to show that given V and W, one can find W ′, U, and V ′ such that

V ′[Φ(U [Ψ(W ′[z])])] ⊆ V [Φ(Ψ(W [z]))], ∀z ∈ Z.

This containment is equivalent to

Φ(U [Ψ(W ′[z])]) ⊆ V [Φ(Ψ(W [z]))], ∀z ∈ Z.

The left-hand side of this inclusion is precisely

Φ(U [Ψ(W ′[z])]) =
⋃

z′∈W ′[z]

⋃
x∈Ψ(z′)

Φ(U [x]),

and the right-hand side is

V [Φ(Ψ(W [z]))] =
⋃

z′∈W [z]

⋃
x∈Ψ(z′)

V [Φ(x)].
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Since Φ is uniformly V −u.s.c. on X, for the arbitrary given V, choose U such
that

Φ(U [x]) ⊂ V [Φ(x)], ∀x ∈ X.

Finally, choose any W ′ ⊂ W to obtain the desired inclusion. This completes
the proof.

Proposition 3.14 (From Polyhedra to Compact Sets). Let X be a convex
subset of a Hausdorff locally convex space E, (Y,V) be a uniform space and
Φ : X ⇒ Y be a V − u.s.c. map. If the restriction Φ|P ∈ A(P, Y ) for any
finite polyhedron P ⊂ X, then the restriction Φ|K ∈ A(K,Y ) for any compact
subset K ⊂ X.

Proof. Let U be an arbitrary but fixed symmetric open neighborhood of the
origin in E, and let V ∈ V also be arbitrary but fixed. Let V ′ ∈ V be such that
V ′ ◦ V ′ ⊂ V. By upper semicontinuity, for every x ∈ X, there exists an open
neighborhood of the origin Ux in E such that Ux ⊂ U and Φ((x+Ux)∩X) ⊂
V ′[Φ(x)].

Given a compact subset K ⊂ X, let {xi}ni=1 ⊂ K be such that {(xi +
1
2Uxi

)∩X}ni=1 ∈ CovX(K). Put U ′ =
⋂n

i=1
1
2Uxi

and let πU be the continuous
Schauder projection from K into a finite polyhedron PU contained in X (see
Theorem 3.1 above) and satisfying

πU (x) ∈ (x+
1

2
U ′) ∩ PU , ∀x ∈ K.

By hypothesis, the restriction Φ|PU
of Φ to PU is approachable, and the compo-

sition product ΦU : K
πU→ PU

Φ|PU→ P(Y ) is also approachable (by Proposition
3.12). Hence, there exists a continuous function s : K → Y such that for any
given x ∈ K, there exists x̂ ∈ (x + 1

2U
′) ∩K with s(x) ∈ V ′[ΦU (x̂)]. That is,

s(x) ∈ V ′[ΦπU (x̂)] ⊆ V ′[Φ((x̂ + 1
2U

′) ∩ PU )] ⊆ V ′[Φ((x + U ′) ∩ PU )]. Since x
belongs to some xi +

1
2Uxi

, then s(x) ∈ V ′[Φ((xi + Uxi
) ∩X)] ⊂ V [Φ(xi)] ⊂

V [Φ((x+ U) ∩K)] and the proof is complete.

Recall that a map Φ : X ⇒ Y is said to be compact, if Φ(X) ⊆ K compact
⊆ Y.

Proposition 3.15 (Finite-Type Approximation). Assume that Y is a non-
empty subset of a locally convex topological vector space F and let Φ ∈
A(X,Y ) be a compact V − u.s.c. map. Given an open neighborhood of the
origin V in F, there exists a map ΦV ∈ A(X,PV ) where PV = conv(NV )
is a convex finite polytope with NV a finite subset of Y, verifying ΦV (x) ⊂
Φ(x) + V, ∀x ∈ X.

Proof. Let V be an arbitrary open convex and symmetric neighborhood of the
origin in F, and let NV := {y1, ..., yn} be a finite subset of Y such that the
collection {yi+ 1

6V : i = 1, ..., n} forms an open cover of the compact set Φ(X).
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Consider the Schauder projection πV :
⋃n

i=1{yi + 1
3V } → PV = conv(NV )

defined by

πV (y) :=
1∑n

i=1 µi(y)

∑n

i=1
µi(y)yi, for all y ∈

⋃n

i=1
{yi +

1

3
V },

where for i = 1, . . . , n, µi(y) := max{0, 1 − p 1
3V

(y − yi)} and p 1
3V

is the

Minkowski functional of the set 1
3V. Clearly,

πV (y)− y ∈ 1

3
V for all y ∈

⋃n

i=1
{yi +

1

3
V }.

Let Φ′ : X ⇒
⋃n

i=1{yi+ 1
3V } be the “compression” of Φ to the set

⋃n
i=1{yi +

1
3V } defined by

Φ′(x) := Φ(x) ∩
⋃n

i=1
{yi +

1

3
V } for all x ∈ X.

(Note that Φ′(x) = Φ(x) if Y is convex.) Define the set-valued map ΦV : X ⇒

PV as the composition product ΦV := πV ◦ Φ′. Clearly, ΦV is u.s.c. and it
has compact values whenever Φ does. Moreover, the following two properties
hold:

ΦV (x) ⊂ Φ(x) + V for all x ∈ X.

In addition, if for a given member U of the uniformity U on X, s ∈ a(Φ;U ×
1
6V ), i.e., s is continuous and s(x) ∈ (Φ(U [x]) + 1

6V ) ∩ Y for all x ∈ X, then
πV s : X → PV is well-defined, continuous, and verifies

πV s(x) ∈ (ΦV (U [x]) + V ) ∩ PV for all x ∈ X,

that is ΦV ∈ A(X,PV ).

Following Ionescu-Tulcea [58], recall that given a space X and a uniform
space (Y,V), a downward directed collection {Φi : X ⇒ Y }i∈I of maps is
said to be aimed at a map Φ : X ⇒ Y if for each x ∈ X, for each entourage
V ∈ V , there exists an index ix,V ∈ I such that Φix,V

(x) ⊂ V [Φ(x)]. The map
Φ is an upper limit for the collection {Φi}i∈I if this collection is aimed at Φ,
and if in addition, for every x ∈ X, Φ(x) is contained in the set

⋂
i∈I Φi(x).

Lemma 3.1. Given two uniform spaces (X,U), (Y,V), and a map Φ : X ⇒ Y,
assume that a downward directed collection {Φi : X ⇒ Y }i∈I of V − u.s.c.
maps is aimed at Φ. Then, given any pair of entourages U ∈ U and V ∈ V ,
there exist an index i0 ∈ I, and a pair of entourages U ′ ∈ U and V ′ ∈ V , with
U ′ ⊂ U, V ′ ◦V ′ ◦V ′ ◦V ′ ⊂ V,such that for each index h ∈ I with h � i0, every
(U ′, V ′)−approximative selection of Φh is a (U, V )−approximative selection
of Φ, provided the space X is compact.
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Proof. Let U ∈ U and V ∈ V be arbitrary but fixed and let V ′ be a member
of V satisfying V ′ ◦ V ′ ◦ V ′ ◦ V ′ ⊂ V. For any x ∈ X, there exists an index
ix,V ∈ I such that Φh(x) ⊂ V ′[Φ(x)] for each index h ∈ I with h � ix,V . By
upper semicontinuity of Φix.V

, there exists an entourage Ux ∈ U contained in
U such that for each index h ∈ I with h � ix,V we have:

Φh(Ux[x]) ⊂ Φix,V
(Ux[x]) ⊂ V ′[Φix,V

(x)] ⊂ V ′ ◦ V ′[Φ(x)].

Let U ′
x be a member of U satisfying U ′

x ◦U ′
x ⊂ Ux, and let {U ′

xj
[xj ]}mj=1 be an

open cover of X. Let i0 be an index greater than all the ixj,V
’s, 1 ≤ j ≤ m,

and let U ′ be a member of U contained in
⋂m

j=1 U
′
xj
. Now, pick any index

h ∈ I with h � i0, and let s be any (U ′, V ′)−approximate selection of Φh.
Since x belongs to some U ′

xj
[xj ], it follows that:

U ′[x] ⊂ U ′
xj

◦ U ′
xj
[xj ] ⊂ Uxj

[xj ].

Therefore, s(x) ∈ V ′[Φh(U
′[x])] ⊂ V ′[Φh(Uxj

[xj ]] ⊂ V [Φ(xj)] ⊂ V [Φ(U [x])].

As an immediate consequence, one obtains the stability of approachability
under upper limits:

Proposition 3.16 (Upper Limits). Assume that a collection of V−u.s.c.
maps {Φi : X ⇒ Y }i∈I is aimed at a map Φ : X ⇒ Y having non-empty
closed values. If X is compact and the Φ′

is are eventually approachable, then
Φ is also V−u.s.c. and approachable.

3.3.2.2 Homotopy Approximation, Domination of Domain, and

Approachability

The consideration of a subclass AH of the class A of approachable maps is
crucial for the development of a degree or an index theory for approachable
maps.

Definition 3.20. A map Φ ∈ A(X,Y ) is said to have property (H) if and
only if:




∀W ∈ U × V , ∃W ′ ∈ U × V , ∀s1, s2 ∈ a(Φ;W ′),
∃h : X × [0, 1] −→ Y such that h(., 0) = s1, h(., 1) = s2, and

h(., t) ∈ a(Φ;W ), ∀t ∈ [0, 1].


 .

Let AH(X,Y ) be the subclass of A(X,Y ) consisting of those maps having
property (H).

Let K be the class of compact topological spaces. We show that the classes
of maps A and AH , respectively, are stable under the respective enlargements
K → D(K) and K → DH(K) defined earlier.
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Proposition 3.17 (Domination of Domain). Let (X,U), (Y,V) be uniform
spaces with X paracompact. Let M be an abstract class of maps satisfying
the condition:

∀Φ ∈ M, ∀s ∈ c, the composition product Φs ∈ M.

Then,

(a) (
M(P, Y ) ⊂ A(P, Y )

∀P ∈ K

)
⇒
(

M(X,Y ) ⊂ A(X,Y )
provided X ∈ D(K).

)

(b) (
M(P, Y ) ⊂ AH(P, Y )

∀P ∈ K

)
⇒
(

M(X,Y ) ⊂ AH(X,Y )
provided X ∈ DH(K).

)
.

Proof. We only provide the proof of (b) and refer to [15] for the proof of (a).
Given Φ ∈ M(X,Y ), let (U, V ) ∈ U ×V be arbitrary but fixed. Choose Û ∈ U
such that Û ◦ Û ⊂ U and let ω := {Û [x] : x ∈ X} ∈ Cov(X). By definition
of ωH−domination, there exist P ∈ K (with uniformity R), and mappings
s : X → P, r : P → X such that rs and idX are ω−homotopic. Let h̃ be that
homotopy.

Choose R ∈ R in such a way that (r(p), r(p′)) ∈ Û whenever (p, p′) ∈ R.
By hypothesis, Φr belongs to M(P, Y ) and is approachable as a composi-

tion of approachable u.s.c. maps with compact domain (Proposition 3.12).
Let U ′ ∈ U , U ′ ⊂ Û , R′ ∈ R, V ′ ∈ V be chosen so that:

• the composites s1r and s2r ∈ a(Φr;R′ × V ′) for some arbitrarily fixed
mappings s1, s2 ∈ a(Φ;U ′ × V ′); and

• s1r and s2r are joined by a homotopy k : P × [0, 1] → Y such that
k(., t) ∈ a(Φr;R × V ), ∀t ∈ [0, 1].

The homotopy h1 : X × [0, 1] → Y defined by:

h1(x, t) := k(s(x), t), ∀(x, t) ∈ X × [0, 1],

joins the functions s1rs and s2rs.
Moreover, ∀t ∈ [0, 1], h1(., t) is a (U × V )−approximative selection of Φ.

Indeed, ∀(x, t) ∈ X × [0, 1], k(s(x), t) ∈ V [Φr(R[s(x)])], that is, k(s(x), t) ∈
V [Φr(z)] for some z ∈ R[s(x)]. If we choose R, r(z) ∈ Û [rs(x)] ⊂ Û ◦ Û [x] ⊂
U [x], h1(x, t) ∈ V [Φ(U [x])].

Define homotopies h0, h2 : X × [0, 1] → Y by putting:

h0(x, t) := s1(h̃(x, 1 − t)) and h2(x, t) := s2(h̃(x, t)), ∀(x, t) ∈ X × [0, 1].

The homotopy h : X × [0, 1] → Y defined by:

h(x, t) :=





h0(x, 3t)
h1(x, 3t− 1)
h2(x, 3t− 2)

0 ≤ t ≤ 1/3
1/3 ≤ t ≤ 2/3.
2/3 ≤ t ≤ 1
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is continuous and joins s1 and s2. For every t ∈ [0, 1], h(., t) ∈ a(Φ;U ′ × V ′).
Property (H) is thus satisfied by Φ.

3.3.3 Examples of A−Maps

We are concerned, in this section, with the following classes of maps:

• Kakutani maps :

K(X,Y ) := {Φ ∈ USC(X,Y ) : Φ(x) is convex, ∀x ∈ X},

where X,Y are spaces, and Y is contained in a topological vector space.

• Maps with generalized convex values:

C(X,Y ) := {Φ ∈ USC(X,Y ) : Φ(x) is C − convex, ∀x ∈ X},

where X,Y are spaces and C is a convexity structure on Y .

• Maps with contractible (or infinitely connected) values:

C∞(X,Y ) := {Φ ∈ USCO(X,Y ) : Φ(x) is contractible, ∀x ∈ X},

where X,Y are spaces.

• Dugundji maps :

D(X,Y ) := {Φ ∈ USCO(X,Y ) : Φ(x) is PC∞
Y , ∀x ∈ X}.

Clearly, K ⊂ C and, for compact valued maps, K ⊂ C∞ ⊂ D.
The classical approximation result of Cellina [28, 29] for Kakutani maps

asserts the inclusion:
K(X,Y ) ⊂ A(X,Y ),

whenever X is a paracompact space and Y is a convex subset of a locally
convex topological vector space. The proof of this classical inclusion can be
found in the books by Aubi-Cellina [6], Aubin-Frankowska [7], or Górniewizc
[46].

The Cellina’s graph approximation property K ⊂ A for Kakutani maps
extends to maps with non-convex values in several directions.

We start with a new refinement of Cellina’s theorem to possibly non-convex
maps with values in a locally convex space.

Theorem 3.6. Let X be a paracompact space equipped with a compatible
uniformity U , and let Y be a convex subset of a locally convex topological
vector space F. Let V denote the uniformity induced by the relative topology
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of Y . Assume that a given map Φ : X ⇒ Y with non-empty values satisfies
the following regularity condition:

∀U ∈ U , ∀V ∈ V , ∀x ∈ X, ∃Ux ∈ U such that

Ux ⊂ U,Ux [x] is an open neighborhood of x in X, and

conv (Φ (Ux [x])) ⊂ V [Φ (U [x])] .

Then Φ ∈ A(X,Y ).

Proof. Let U ∈ U and V ∈ V be fixed. Let W ∈ U be such that W ◦W ⊂ U.
By the regularity condition, we may choose, for every x ∈ X, an entourage

Wx ∈ U such that Wx [x] is an open neighborhood of x in X and:

Wx =W−1
x ⊂W and conv (Φ (Wx [x])) ⊂ V [Φ (W [x])] .

Let ω = {Oi}i∈I be a locally finite open cover of X that is a barycentric
refinement of the open cover {Wx [x]}x∈X and, for every i ∈ I, let

yi ∈ conv

(
Φ

(⋂
Wz [z]⊃Oi

Wz [z]

))

be arbitrary (we may instead choose yi ∈ Φ(Oi) if we wish). Let {λi}i∈I be a
continuous partition of unity subordinated to the cover ω and, for each x ∈ X,
let

Ix := {i ∈ I : λi(x) 6= 0} .
Since, for every x ∈ X, St(x, ω) =

⋃
i∈I(x)Oi ⊂ Wx̄ [x̄] for some x̄ ∈ X , it

follows that, for every i ∈ I (x) ,
⋂

Wz [z]⊃Oi
Wz [z] ⊂Wx̄ [x̄] and, consequently,

yi ∈ conv

(
Φ

(⋂
Wz[z]⊃Oi

Wz [z]

))
⊂ conv (Φ (Wx̄ [x̄])) .

It follows that, for every x ∈ X,

s (x) :=
∑

i∈I
λi (x) yi ∈ conv (Φ (Wx̄ [x̄])) ⊂ V [Φ (Wx̄ [x̄])] .

Since x ∈ Wx̄ [x̄] , we have x̄ ∈Wx̄ [x] and consequently,

Wx̄ [x̄] ⊂Wx̄ [Wx̄ [x]] ⊂W [W [x]] ⊂ U [x] ,

which implies that, for every x ∈ X,

s (x) ∈ V [Φ (U [x])] .

This completes the proof.

As a corollary, we obtain a generalization of Cellina’s result:
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Corollary 3.3 (Convex Case). Let X and Y be as in Theorem 6 and let Φ :
X ⇒ Y be a map with non-empty convex values. If we assume that Φ satisfies
the following regularity condition: ∀U ∈ U , ∀V ∈ V , ∀x ∈ X, there exists
an entourage Ux ∈ U such that Ux ⊂ U and Ux [x] is an open neighborhood
of x in X, and there exists x̄ ∈ Ux [x] such that Φ (Ux [x]) ⊂ V [Φ (x̄)] . Then
Φ ∈ A(X,Y ).

Proof. Let U ∈ U and V ∈ V be fixed. Let V ′ ∈ V be such that

conv (V ′ [y]) ⊂ V [y] , for all y ∈ Y.

The hypothesis holds with V replaced by V ′ and, consequently,

conv (Φ (Ux [x])) ⊂ conv (V ′ [Φ (x̄)]) ⊂ V [Φ (x̄)]

⊂ V [Φ (Ux [x])] ⊂ V [Φ (U [x])] .

Hence the hypothesis of Theorem 3.6 is satisfied and the conclusion follows.

Clearly, Corollary 3.3 contains Cellina’s theorem due to the convexity to-
gether with upper semicontinuity assumptions in Cellina’s result. This simple
example illustrates the fact that Theorem 3.6 is strictly stronger than Cel-
lina’s result. Here we have of lack of convexity of the values together with a
weaker upper semicontinuity that is worth further consideration.

Example 3.11. Let Φ : R ⇒ R be given by

Φ (x) :=

{ [
− 1

|x| ,
1
|x|

]
if x 6= 0

0 if x = 0.

The assumptions of Theorem 3.6 are satisfied while the assumptions of Corol-
lary 3.3 fail to hold at x = 0. Clearly, s(x) ≡ 0 is a continuous selection for
Φ.

Also, it is easy to construct examples where Φ satisfies the assumptions of
Theorem 3.6 but does not have convex values, and hence Cellina’s result may
not be applied.

For abstract convexities, we have (see [14]):

Theorem 3.7. C(X,Y ) ⊂ A(X,Y ) provided that X is paracompact and Y
is a locally C−convex space with convexity structure C.
Proof. Let U be a uniformity on X and V be a uniformity on Y. Given Φ ∈
C(X,Y ) and U × V ∈ U × V , let Ψ : X → 2Y be the open-graph majorant
of Φ given by Proposition 3.9. By construction, the values of Ψ are finite
intersections of C−convex sets (namely, neighborhoods of radius V of the
values of Φ) and are also C−convex. By Theorem 2 in [57], the map Ψ admits
a continuous selection s satisfying s(x) ∈ Ψ(x) ⊆ V [Φ(U [x])], ∀x ∈ X. If the
entourages U and V are arbitrary, it follows that Φ ∈ A(X,Y ).
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For Dugundji maps with compact ∞−proximally connected values (in par-
ticular for maps with compact contractible values), the following inclusion was
proven in [15], extending an earlier result of Górniewicz et al. in which Y is
an ANR [48].

Theorem 3.8. D(X,Y ) ⊂ A(X,Y ) provided that X is a finite polyhedron
and Y is an arbitrary subset of a topological vector space.

We shall show next that the classes C∞ and D defined above are in the
smaller class AH . To this aim, we need preparatory material and results.

Definition 3.21. Let P be the class of all finite polyhedra and let (Y,V) be a
uniform space. A class of set-valued maps M is said to have the approximative
selection extension property on finite polyhedra (ASEP(P)) if and only if:





(i) M(P, Y ) ⊂ A(P, Y ), and
(ii) ∀P ∈ P with uniform structure U , ∀P0 sub-
polyhedron of P containing the 0−dimensional
skeleton of P, ∀(U, V ) ∈ U × V , ∃(U0, V 0) ∈ U × V ,
such that ∀s0 ∈ a(Φ|P0;U

0, V 0), ∃s ∈ a(Φ;U, V ),
with s|P0 = s0.

Theorem 3.9. Let P be the class of all finite polyhedra, (Y,V) be a uniform
space, and let M be an abstract class of set-valued maps satisfying

∀Φ ∈ M, ∀s ∈ c, the composition product Φ ◦ s ∈ M.

If M has ASEP(P), then M(P, Y ) ⊂ AH(P, Y ), ∀P ∈ P .
Proof. Let P̂ := P×[0, 1] and P̂0 := (P×{0})∪(P×{1}). Clearly, P̂ is a finite
polyhedron equipped with a product uniformity Û , and P̂0 is a subpolyhedron
of P̂ containing all the vertices of P̂ . Define Φ̂ : P̂ ⇒ Y as

Φ̂(x, t) := Φ(x), ∀(x, t) ∈ P̂ .

The map Φ̂ can be viewed as the composition Φ◦p1 where p1 is the projection
of P̂ onto P. By hypothesis, Φ̂ ∈ M(P̂ , Y ) ⊂ A(P̂ , Y ).

For an arbitrarily fixed pair (U, V ) ∈ U × V , let Û be an entourage of the
diagonal in P̂ × P̂ homeomorphic to a product U × [0, 1]2. By hypothesis,
∃(Û0, V 0) ∈ Û × V , such that any h0 ∈ a(Φ̂|P̂0; Û

0, V 0) extends continuously
to a mapping h ∈ a(Φ̂; Û , V ). The set Û0 contains a copy of a product U0×O0

where U0 ∈ U , U0 ⊂ U, and O0 is an entourage of the diagonal in [0, 1]2. Now
given any s1, s2 ∈ a(Φ;U0, V 0), let h0 : P̂0 → Y be

h0(x, 0) := s1(x) and h0(x, 1) := s2(x), ∀x ∈ P.

Clearly, h0 ∈ a(Φ̂|P̂0; Û
0, V 0). Let h ∈ a(Φ̂; Û , V ) be an extension of h0 to P̂ .

For any pair (x, t) ∈ P̂ , h(x, t) ∈ V [Φ̂(x′, t′)] for some (x′, t′) ∈ Û [(x, t)], that
is, h(x, t) ∈ V [Φ(x′)] for some x′ ∈ U [x]. Thus, h(., t) ∈ a(Φ;U, V ), ∀t ∈ [0, 1]
and the proof is complete.
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As an immediate consequence and in view of Proposition 3.17, we have:

Theorem 3.10. D(P, Y ) ⊂ AH(P, Y ) provided P is a finite polyhedron and
Y ∈ NES(K) where K is the class of compact spaces.

Proof. In the metrizable case where Y is an ANR, this result is due to [48].
We provide here a shorter proof of this more general case.

In view of the preceding theorem and since any composition Φ ◦ s of a
set-valued map Φ ∈ D and a continuous single-valued mapping s is also in D,
its suffices to show that the class D of Dugundji maps has ASEP(P) for the
class P of finite polyhedra.

Let Φ ∈ D(P, Y ) where P ∈ P and let U ,V be uniform structures on P
and Y , respectively. Since Φ has compact values in an NES (K) space, we have:

{
∀x ∈ P, ∀V ∈ V , ∃Vx ∈ V , Vx ⊂ V, such that

Vx[Φ(x)] is contractible in V [Φ(x)],

which, due to the compactness of P and the upper semicontinuity of Φ, can
easily be made uniform in the following sense:





∀(U, V ) ∈ U × V , ∃(U ′, V ′) ∈ U × V , U ′ ⊂ U, V ′ ⊂ V,
such that ∀x ∈ P, ∀n ≥ 0, ∀s0 ∈ c(∂∆n, V ′[Φ(U ′[x])]),

∃s ∈ c(∆n, V [Φ(U [x])]) with s|∂∆n = s0.

Assume now that P has dimension n + 1 and let (Un+1, V n+1) ∈ U × V
be arbitrary but fixed. We define a finite sequence {(Us, V s) ∈ U × V : s =
n, n− 1, . . . , 0} as follows:

Let (U ′n+1, V ′n+1) be given by the above property and put V n = V ′n+1;
∀x ∈ P, choose U ′′n+1 ∈ U such that Φ(U ′′n+1[x]) ⊂ V n[Φ(x)], and let Un ∈ U
be so that {Un[x] : x ∈ P} � {U ′n+1[x]∩U ′′n+1[x] : x ∈ P}. We then proceed
recursively until s = 0.

We show that the pair (U0, V 0) verifies the property above.
Let P0 be a subpolyhedron of P containing all the vertices of P and let

s0 ∈ a(Φ|P0;U
0, V 0). Assume that for some 0 ≤ r ≤ n the function s0 has

been extended to an approximative selection sr ∈ a(Φ|P0 ∪P r;U r, V r) where
P r is the r−dimensional skeleton of P. It suffices to show that sr extends to
an approximative selection sr+1 ∈ a(Φ|P0 ∪ P r+1;U r+1, V r+1).

Let (P ′, P ′
0) be a triangulation of (P, P0) finer than the cover {U0[x] : x ∈

P} of P and let σ be an arbitrary (r+1)−dimensional simplex of P ′r+1. By the
choice of P ′, σ is contained in some open set U0[xσ], xσ ∈ P, which in turn is
contained in U r[xσ]. Thus, for each x ∈ ∂σ, sr(x) ∈ V r[Φ(U r[x]∩(P0∪P r+1))].
By the choice of (U r, V r), sr extends to a continuous mapping sr+1 : σ →
V r+1[Φ(U r+1[x]∩(P0∪P r+1))]. Hence, the classD hasASEP(P). Theorem 3.9
ends the proof.
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Since spaces in AANR(K) (AHANR(K), respectively) are ω−dominated
(resp. ω −H−dominated) by finite polyhedra (see Corollary 1.1), we have:

Corollary 3.4. Assume that X is an AANR(K) (respectively AHANR(K))
for the class K of compact spaces and that Y ∈ NES(K). Then

D(X,Y ) ⊂ A(X,Y ), (D(X,Y ) ⊂ AH(X,Y ), respectively.

The inclusion AANR ∩ K ⊂ AANR(K) for the class K of compact spaces
(see Proposition 3.2 above), implies the known result (Górniewicz et al. [48],
see Mas Colell [68] for the contractible case):

Corollary 3.5. Assume that X,Y are ANRs with X compact. Then,

C∞(X,Y ) ⊂ D(X,Y ) ⊂ AH(X,Y ).

Remark 3.9. It is an open question as to whether the inclusion above holds
when the domain X is a locally finite polyhedron (and consequently for a
space dominated by locally finite polyhedra such as arbitrary ANRs) or not.
Such spaces are paracompact and Cellina’s theorem suggests that the inclusion
should be true with mere paracompactness.

In light of Proposition 3.7, and keeping in mind that an infinite product
of ANRs is not necessarily an ANR we have:

Corollary 3.6. If X =
∏

i∈I Xi is an infinite product of compact ANRs and
Y is a uniform space, then D(X,Y ) ⊂ A(X,Y ).

Corollary 3.7. Assume that X is a compact subset of a metrizable locally
C−convex space E and that Y is a C−convex subset of a metrizable locally
C−convex space. Then C(X,Y ) ⊂ AH(X,Y ).

Proof. We know by Theorem 3.7 that C(X,Y ) ⊂ A(X,Y ). According to
Theorem 3.2, E ∈ AH(K;P) where K is the class of compact spaces and P is
the class of finite polyhedra. Since X ∈ K, the definition of the class AH(K;P)
implies that X ∈ DH(P). Moreover, the set Y as well as all values of any map
Φ ∈ C(X,Y ) are absolute retracts, and hence contractible spaces. So, in this
case, C(X,Y ) ⊂ C∞(X,Y ). Proposition 3.17 ends the proof.

3.3.4 Continuous Selections for LSC Maps

Keeping in mind that l.s.c. maps are assumed to have non-empty values, let
us consider the following classes of maps:

• Lower semicontinuous maps with non-empty closed values:

LSCL(X,Y ) := {Ψ ∈ LSC(X,Y ) : Ψ(x) is closed in Y, ∀x ∈ X}.

• Maps having continuous selections:

S(X,Y ) := {Ψ : X ⇒ Y : ∃s ∈ c(X,Y ) with s(x) ∈ Ψ(x), ∀x ∈ X}.
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3.3.4.1 Michael Selections

It is interesting to note, as pointed out in Repovs-Semenov [85], the equiva-
lence of lower semicontinuity with the existence of local selections:

Ψ ∈ LSC(X,Y ) ⇐⇒





∀(x, y) ∈ graph(Φ), ∀Vy ∈ NY (y), ∃UxNX(x),
∃s : Ux −→ Y (not necessarily continuous)

such that s(x) ∈ Ψ(x) ∩ Vy.

A landmark result at the interface of topology and functional analysis
relates intimately the concepts of lower semicontinuity, convexity, and para-
compactness with the existence of continuous selections for carriers (set-valued
maps), namely, the theorem of Ernest Michael on the existence of continuous
selectors for what we shall call Michael maps. Define the class of Michael maps
as

M(X,Y ) := {Ψ ∈ LSCL(X,Y ) : Ψ has convex values},
where Y is a subset of a topological vector space.

If Y is a subset of locally C−convex space (as per Definition 3.9, where C
is an abstract convexity structure), consider:

MC(X,Y ) := {Ψ ∈ LSCL(X,Y ) : Ψ(x) is C − convex, ∀x ∈ X}}.

• The Michael selection theorem [74] asserts:

Theorem 3.11. If X is a T1 topological space and Y is a convex subset of a
Fréchet space,7 then:

X is paracompact ⇔ (M(X,Y ) ⊂ S(X,Y )).

The proof of the necessity of paracompactness (=⇒) can be broken into
three steps:

• Step 1: Given X = paracompact space, Y = convex subset of a locally
convex space F, V = a convex open neighborhood of the origin in F, any
map Ψ ∈ M(X,Y ) amidst a continuous exterior V−approximation, i.e.,
a continuous mapping sV : X −→ Y such that sV (x) ∈ V [Ψ(x)], ∀x ∈ X.
The proof of this step follows, in all respects, that of the Cellina’s ap-
proximation theorem (the closedness of the values of Ψ are not required
at this stage). (Note that such an exterior approximation is a particular
case of an approximate selection.)

• Step 2: If the locally convex space F in Step 1 is metrizable with a count-
able basis of open convex neighborhoods {Vn}∞n=1 of the origin, with
diam(Vn) ↓ 0+, then there exists a uniform Cauchy sequence {sn}∞n=1

of continuous exterior Vn−approximations to Ψ.

7A Fréchet space is a completely metrizable locally convex topological vector space.
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• Step 3: If the space F is, in addition, complete (hence Fréchet) and Ψ
has closed values, the sequence {sn}∞n=1 is made to converge uniformly
to the desired continuous selection of Ψ.

Linear convexity was replaced by abstract convexity as follows (see [14,
57, 83]):

Theorem 3.12. Let (Y, C) be a completely metrizable space with a local
convexity structure C defined by an L−convexity, and let X be a paracompact
space. Then MC(X,Y ) ⊂ S(X,Y ).

It is interesting to point out the intimate relationship between the selection
and the extension problems.

The diagram
Y

f0 րտ f

A
closed→֒ X

commutes

⇔ f(x) ∈ ΨA(x) =

{
{f0(x)}
Y

if x ∈ A,
if x ∈ X \A.

Thus, the Michael selection theorem implies a refinement of the Dugundji
extension theorem (Example 3.1 (b) above):

Proposition 3.18. If CB is the class of convex subsets of Banach spaces,
then: CB ⊂ ES (Paracompact) ⊂ ES(Metric).

There is no known example of a non-locally convex, completely metrizable
space that can be substituted for a Banach (Fréchet) space in the Michael
selection theorem.

For maps with non-convex values (classical or abstract convexity), a re-
markable theorem for l.s.c. maps is also due to Michael [74, II].

Theorem 3.13. Let X be a paracompact zero-dimensional space and Y a
completely metrizable space. If Ψ ∈ LSCL(X,Y ) has an n−connected value
and Ψ(X) is equi-locally n−connected, then Ψ ∈ S(X,Y ).

The closedness of values is crucial to selection theorems of the Michael
type. Filipov has proven the existence of a map Ψ ∈ LSC([0, 1], Y ), Y a Ba-
nach space, with non-closed convex values without a continuous selector (see
Repovs and Semenov [85]).

An extension by Oudadess and the author to the abstract convexity struc-
ture setting of a result of Michael and Pixley [75] (classical linear convexity)
only requires the closedness of the values on a subset of the domains:

Theorem 3.14. [19] Let X and (Y, C) be as in Theorem, Z ⊆ X with
dimX(Z) ≤ 0, D ⊆ X, D countable, and let Ψ ∈ LSC(X,Y ) be such that
Ψ(x) is closed for all x /∈ D and Ψ(x) is C−convex for all x /∈ Z. Then
Ψ ∈ S(X,Y ).
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3.3.4.2 A Hybrid Continuous Approximation-Selection Property

A key step in proving solvability theorems for a non-self map Φ of the USC
type, subject to tangency conditions (inwardness or outwardness) Φ ∩ Ψ 6= ∅
on the boundary, expressed in terms of an LSC tangent cone Ψ, is to prove the
existence of a single-valued mapping that is a continuous graph approximation
for Φ and a continuous selection for Ψ. The first such hybrid “Cellina-Michael”
theorem was established by Kryszewski and the author (see, for example, [13])
for convex valued maps with values in a normed space. It was recently ex-
tended to spaces with abstract convexity structures by Ben-El-Mechaiekh et
al. [18] with a streamlined proof and applications to the solvability of nonlinear
equations.

Theorem 3.15. Let X be a paracompact space with compatible uniformity
structure U , and let (Y, C) be a completely metrizable space with a local
convexity structure C. Then the following holds:




Φ ∈ C(X,Y ),
Ψ ∈ MC(X,Y ),

Φ(x) ∩Ψ(x) 6= ∅, ∀x ∈ X.


 =⇒




∀U ∈ U , ∀ǫ > 0,
∃s ∈ c(X,Y ) such that ∀x ∈ X,

s(x) ∈ Ψ(x),
s(x) ∈ Bǫ(Φ(U [x])).


.

The reader is referred to [18] for the proof.

3.3.4.3 More on Continuous Selections for Non-Convex Maps

The openness of pre-images (or, more generally, the non-emptiness of the in-
terior int(Φ−1(y)) for a map Φ : X ⇒ Y between spaces), is a stronger form
of lower semicontinuity. Selection theorems for such maps do not require com-
pleteness of the codomain Y. A key selection property for such strongly LSC
maps was implicit in Browder’s proof of the Browder-Ky Fan fixed-point theo-
rem for so-called F−maps of topological vector spaces. Following the approach
in Ben-El-Mechaiekh et al. [16], let us define:

Definition 3.22. Given X , a topological space, and Y , a subset of a vector
space, define the class of Ky Fan maps, or F−maps, by as:

F(X,Y ) := {Φ : X ⇒ Y : ∅ 6= Φ(x) convex, ∀x ∈ X and Φ−1(y)

open in X, ∀y ∈ Y }.

Theorem 3.16. [16] If X is paracompact and Y is convex, then F(X,Y ) ⊂
S(X,Y ).

If in addition, X is compact, the continuous selection s of an F−map
has values in a finite dimensional convex polytope; that is, there exists
{y1, · · · , yn} ⊂ Y such that s(X) ⊂ conv{y1, · · · , yn} ⊂ Y and s(x) ∈
Φ(x), ∀x ∈ X.
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Proof. For each x ∈ X, there exists y ∈ Φ(x), i.e., x ∈ Φ−1(y). Hence, the
collection of open sets ω := {Φ−1(y) : y ∈ Y } covers X. Let O := {Oi : i ∈ I}
be a locally finite open refinement of ω and let {λi : i ∈ I} be a continuous
partition of unity subordinated to O. For each x ∈ X, the set of essential
indices I(x) := {i ∈ I : λi(x) 6= 0} is finite. Note that i ∈ I(x) =⇒ x ∈
Oi ⊂ Φ−1(yi) for some yi ∈ Y, and the finite set {yi : i ∈ I(x)} together
with its convex hull is contained in Φ(x) because the latter is convex. Define
a continuous mapping s : X → Y by:

s(x) :=
∑

i∈I

λi(x)yi =
∑

i∈I(x)

λi(x)yi, for all x ∈ X.

Since s(x) is a convex combination of {yi : i ∈ I(x)}, it follows that s(x) ∈
Φ(x).

If X is compact, ω admits a finite subcover {Φ−1(yi) : i = 1, · · · , n} and
s(x) =

∑n
i=1 λi(x)yi ∈ Φ(x) ∩ conv{1, · · · , yn} ⊂ Y.

Remark 3.10. A number of authors observed that it was in fact sufficient
to weaken the regularity condition (ii) in the definition of an F−map above
and not ask that the fibers Φ−1(y) be open, but merely consider covers of
the domain X by {int(Φ−1(y)) : y ∈ Y }. One of the first such contributions
was done in [16] with the consideration of the class of Φ−maps. Such consid-
erations, including the concept of transfer openess are in fact superfluous as
pointed out in Section 7.2.1 of [11].

The next result, proven by the author in [12], extends Theorem 3.16 to
maps with non-convex values. Part (a) was essentially formulated in [56], to
which the reader is referred for a proof; our formulation is, however, slightly
different.

Theorem 3.17. Let Φ, Φ̃ : X ⇒ Y be two maps of a paracompact space X
into a space Y such that:

(i) Φ̃ is a selection of Φ;

(ii) Φ̃ has non-empty values and open preimages.

Then, the following two statements hold:

(a) If, in addition, Φ satisfies the following condition:

(iii) for each x ∈ X, there exists an open neighborhood Ux of x in X
such that for each open neighborhood O of x in X contained in Ux,
the set

⋂
z∈O Φ(z) is ∞−connected,

then Φ ∈ S(X,Y ).

(b) If Y is equipped with a compatible uniformity V , and Φ satisfies the
additional condition:
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(iii)′ for each open subset U of X , the set
⋂

x∈U Φ(x) is empty or
∞−proximally connected and compact in Y ,

then, for any V ∈ V , Φ has a continuous exterior V−approximation,
that is, a mapping s ∈ c(X,Y ) such that s(x) ∈ V [Φ(x)], ∀x ∈ X.

Proof. See [56] for a proof of (a). Of course, if Φ has convex values (that is, Φ
is a so-called generalized Ky Fan map in the sense of [16]), then (iii) is true,
as the intersection of convex sets is convex.

We only prove (b). Let ω = {Ui : i ∈ I} be a point-finite open refinement
of the open cover {Φ̃−1(y) : y ∈ Y } of X , that is, ω covers X, Ui is contained
in some Φ̃−1(yi) for each i ∈ I, and for each x ∈ X, the set I(x) = {i ∈ I :
x ∈ Ui} is finite.

Let E be a real vector space equipped with the finite (weak) topology,
having a basis {ei : i ∈ I} in one-to-one correspondence with the index set I.
Let N(ω) be the geometric nerve of the cover ω in E, and denote by N(ω)k,
k ≥ 0, its k−dimensional skeleton. For any simplex σ of N(ω), let Uσ be the
open subset of X defined by Uσ :=

⋂
ei∈σ̈ Ui where σ̈ denotes the set of all

vertices of σ. The set Φσ =
⋂

z∈Uσ
Φ(z) is certainly a non-empty compact

∞−proximally connected subset of Y contained in every Φ(x), x ∈ Uσ. We
shall prove the following property by induction on k:





∀k ≥ 0, ∀V ∈ V , ∃fk ∈ c(N(ω)k, Y ) such that
(1) fk(σ) ⊂ V [Φσ], for any simplex σ ∈ N(ω)k, and
(2) fk+1|N(ω)k = fk.

Let k = 0. For any i ∈ I, choose f0(ei) to be any point in Φei . Suppose that
this property holds true for n = k and let n = k + 1. Let V ∈ V be arbitrary
and let σ = (ei0 , . . . , eik+1

) be an arbitrary (k + 1)−simplex in N(ω)k+1.
By (iii) and the characterization of proximal connectedness by an extension
property (see Definition 3.6), together with the induction hypothesis, there
exists Wσ ∈ V such that the restriction fk|∂σ : ∂σ −→ Wσ [Φσ] extends
continuously to a function fk+1,σ : σ −→ V [Φσ]. Clearly, if σ and σ′ are
distinct (k + 1)−simplices sharing a common face, then fk+1,σ and fk+1,σ′

coincide on σ ∩ σ′. The function fk+1 : N(ω)k+1 −→ Y given by fk+1(σ) =
fk+1,σ(σ) is the desired extension of fk.

Let f : N(ω) −→ Y be defined by f(σ) = fk(σ) if σ ∈ N(ω)k and let
κ : X −→ N(ω),

κ(x) :=
∑

i∈I
λi(x)ei, x ∈ X,

where {λi} being a partition of unity subordinated to the cover ω, be the
canonical map of the nerve of the cover ω. The composition s = f ◦ κ : X −→
N(ω) −→ Y verifies s(x) ∈ V [Φ(x)], for all x ∈ X.

Corollary 3.8 follows from part (a) of Theorem 3.17 and Proposition 3.9.
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Corollary 3.8. Let (X,U) and (Y,V) be uniform spaces with X paracompact
and Φ ∈ USC(X,Y ) (whose values are not necessarily closed). Assume that
for every entourage V ∈ V and every finite subset {x1, . . . , xn} of X , the set⋂n

i=1 V [Φ(xi)] is empty or ∞−connected. Then Φ ∈ A(X,Y ).

Proof. Let (U, V ) ∈ U × V be arbitrary and let Ψ = ΨU,V : X ⇒ Y be the
open-graph majorant of Φ given by Proposition 3.9 (recall that the values
Ψ(x) are non-empty intersections of finite tubular neighborhoods V [Φ(xi)],
and hence ∞−connected). The map Ψ being locally constant, for each x ∈ X,
there exists an open neighborhood Ux of x in X such that Ψ(z) = Ψ(x)
for all z ∈ Ux. Clearly,

⋂
z∈O Ψ(z) = Ψ(x) for each subset O of Ux. Having

(non-empty) ∞−connected values, the map Ψ has a continuous selection by
Theorem 3.17 (a). Any selection of Ψ is a (U, V )−approximate selection of
Φ.

Obviously, if the values of Φ are (generalized) convex and if Y is endowed
with a local convexity, we recover Cellina’s approximation theorem for convex
and generalized convex maps.

It is natural to ask whether, conversely, selection theorems can be derived
from approximation theorems for non-convex maps. The next result general-
izes a theorem of Mas Colell [69] and provides an answer to this question.
This result is in fact in the spirit of a theorem of Michael on the existence
of a multiselection in USCO(X,Y ) for a map in LSCL(X,Y ) given X is
paracompact and Y is completely metrizable (see [85]).

Proposition 3.19. Let Ψ : P ⇒ Y be an open-graph map with contractible
values of a finite (topological) polyhedron P into a compact space Y. Then
Ψ has a multiselection Φ ∈ C∞(P, Y ), that is, Φ is u.s.c. with compact con-
tractible values Φ(x) ⊆ Ψ(x), x ∈ X.

Proof. The proof is made by induction on the dimension of the polyhedron P
and is an adaptation of the proof in [69].

If the dimension of P is equal to 0, that is, P is a finite set of points
{e0, . . . , en}, let Φ(ei) be any point in Ψ(ei). Suppose that the result is true
for any (n − 1)−dimensional polyhedron, and let P be an n−dimensional
polyhedron.

For any given x ∈ P, let hx : Ψ(x) × [0, 1] → Ψ(x) be a continuous
deformation onto a given point yx in Ψ(x):

∀y ∈ Ψ(x),

{
hx(y, 0) = y,
hx(y, 1) = yx.

Any subset Z of Ψ(x) containing yx is contained in the set hx(Z × [0, 1]),
which is contractible (consider the homotopy ϕ(z, τ) = hx(y, τ + (1− τ)t) for
any z = hx(y, t) ∈ hx(Z × [0, 1])). Thus, if Vx is an open neighborhood of yx
in Y with closure V x contained in Ψ(x), then the set Θ(x) = hx(V x × [0, 1])
is compact and contractible. Hence, there exists an open neighborhood Ux of
x in P such that Θ(x) ⊂ Ψ(x′) for all x′ ∈ Ux.
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Let ω = {Ux1 , . . . , Uxn
} ∈ Cov(P ) be an open cover of P, and let (K ′, f ′)

be a triangulation of P such that each closed vertex star of K ′ is contained
in some member of ω. Let σ be an arbitrary closed n−simplex of K ′ and let
Uxi

be a member of ω containing σ.
The constant map Ξσ : σ ⇒ Y given by Ξσ(u) = Θ(xi), u ∈ σ, is a

multiselection of the restriction of Ψ to σ and has compact contractible values.
By construction, the compact-valued map Ξ̃ : P ⇒ Y defined by Ξ̃(u) =⋃{Ξσ(u) : σ ∈ Pn with u ∈ σ} for all u ∈ P is a u.s.c. multiselection with
compact contractible values of Ψ.

Let P ′ be the polyhedron determined by the (n−1)−dimensional skeleton
of K ′ and let u ∈ P \ P ′ be arbitrary. Denote by σu the (unique) carrier
of u. Then Ξ̃(u) = Ξσu

(u) is a compact contractible set. By hypothesis, the
restriction of Ψ to P ′ has a u.s.c. multiselection Ξ̂ with compact contractible
values. Finally, the map Φ : P ⇒ Y given by:

Φ(u) =

{
Ξ̃(u)

Ξ̂(u)

if u ∈ P \ P ′,
if u ∈ P ′.

is the desired multiselection of Ψ.

Now, by Remark 3.7, an open tubular neighborhood of the graph of
Φ is still a multi-selection, that is, W [graph(Φ)] ⊆ graph(Ψ). Hence, a
W−approximative selection of Φ, which exists by Theorem 3.8, is a continuous
selection of Ψ. We have thus obtained, in a rather elementary way, a selection
property similar to a result of McClendon [72] obtained there from a lifting
property for functions defined on a simplicial complex.

Corollary 3.9. Let Ψ : P ⇒ Y be a map with open graph and contractible
values of a finite polyhedron P into a compact ANR Y. Then Ψ ∈ S(P, Y ).

In fact, the main result in [72] garantees the existence of a continuous
selection for an open-graph map of a locally finite simplicial complex with
contractible values in an absolute retract. The following example suggests
that this hypothesis on the domain cannot be drastically improved for the
selectionability of open-graph maps with contractible values.

Example 3.12. Let I∞ be the Hilbert cube and let Ψ : I∞ ⇒ I∞be the
map defined by Ψ(x) = I∞\{x} for every x ∈ I∞. Then Ψ is an open-graph
map with contractible values. Certainly, it cannot be selectable; otherwise, by
the generalized Brouwer theorem for compact absolute retracts of Borsuk, it
would have a fixed point, which is impossible.

It is therefore interesting to compare Theorem 3.17 with Corollary 3.9
and the selection theorem of [72]. It appears that for a much more general
domain (paracompact topological space vs. locally finite simplicial complex),
a restrictive condition on the topological structure of the values of the map
(condition (iii) in Theorem 3.17) imposes itself.



Approximation and Selection Methods 121

It is well known that if a map has open values and open preimages, then
it is not necessarily open-graph. However, given a continuous map Φ : X ⇒ Y
of a space X into a space Y, if the connected components of X are open (for
example, X is locally connected) and Φ has open values and open preimages,
then Φ is open-graph (see reference in [67]). Thus, the following result follows
directly from the main theorem in [70].

Theorem 3.18. Let X be a locally finite simplicial complex and Y be an
AR. Let Φ : |K| ⇒ Y be a continuous map satisfying the following properties:

(i) the values of Φ are open and contractible;

(ii) the preimages of Φ are open.

Then Φ ∈ S(X,Y ).

3.3.4.4 Non-Expansive Selections

Another interesting line of research concerns the existence of non-expansive
selections for set-valued maps. We refer to the work by M. A. Khamsi et al. [61]
and references there, particularly for the non-convex metrizable case. Recall
that a metric space (Y, d) is said to be hyperconvex if and only if for every
arbitrary family {(yi, ri) ∈ Y × (0,+∞)}i∈I ,

(d(yi, yj) ≤ ri + rj , ∀i, j ∈ I) =⇒
⋂

i∈I
B(yi, ri) 6= ∅.

It is interesting to note that hyperconvex spaces equipped with the ball
convexity are L−convex spaces in the sense of Definition 11 above.

A subsetA ⊂ (Y, d) is said to be externally hyperconvex if for any {(yi, ri) ∈
Y × (0,+∞)}i∈I with d(yi, A) ≤ ri and d(yi, yj) ≤ ri + rj , ∀i, j ∈ I, we have
A ∩⋂i∈I B(yi, ri) 6= ∅.

Khamsi-Kirk-Yanez selection theorem [63] states:

Theorem 3.19. Let X be a set, (Y, d) a hyperconvex space, and Φ : X ⇒ Y
a map with externally convex values. Then Φ has a selection s : X → Y
satisfying

d(s(x), s(x′)) ≤ H(Φ(x),Φ(x′)), ∀x, x′ ∈ X,

where H is the Hausdorff distance.

As an immediate consequence of this result, the authors obtain a non-
expansive selection result in hyperconvex spaces: if in addition (X, ρ) is a
metric space and Φ : X ⇒ Y is a non-expansive set-valued map with bounded
externally hyperconvex values, then it has a non-expansive selection.

Along the same lines and in case X is a metric tree (that is, a metric
space in which any two points are joined by a unique arc isometric to a line
segment), Aksoy and Khamsi [2] prove the following: a map Φ : X ⇒ Y with
bounded closed convex values admits a selection s such that d(s(x), s(x′)) ≤
H(Φ(x),Φ(x′)), ∀x, x′ ∈ X.
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3.4 Fixed Point and Coincidence Theorems

3.4.1 Generalizations of the Himmelberg Theorem to the

Non-Convex Setting

The Himmelberg fixed-point theorem [54] generalizes, to set-valued maps, the
Schauder fixed-point theorem. It asserts that every upper semicontinuous com-
pact set-valued map Φ with closed convex values from a convex subset X of
a locally convex topological vector space into itself has a fixed point, that is,
convex subsets of locally convex spaces have the fixed-point property (FPP)

for the class (K ∩CL)K of compact Kakutani maps with closed values.
In this section, we review extensions of the Himmelberg theorem to the

class A of approachable maps and its subclasses of non-convex maps defined
on retracts.

We recall some basic notions first.

• If X ⊆ Y, a fixed point for a map Φ : X → 2Y is an element x ∈ X with
x ∈ Φ(x). If Y is a subset of a vector space, an equilibrium for Φ is an
element x ∈ X with 0 ∈ Φ(x).

• Given a set X and a map Φ : X ⇒ X, Fix(Φ) := {x ∈ X : x ∈ Φ(x)} is
the set of all fixed points of Φ.

• Given a set X , a collection ω ⊂ 2X , and a set-valued map Φ : X ⇒ X,
an element x ∈ X is said to be a ω−fixed point for Φ if both {x} and
Φ(x) intersect a common member of ω.

• Given an abstract class of maps M and an abstract class of spaces K,
denote by MK those maps in M with a range contained in a member
K of K, that is, Φ ∈ MK(X,Y ) ⇐⇒ Φ ∈ M(X,Y ) and Φ(X) ⊂ K for
some space K ∈ K.

• Following Granas [52], we say that X is a fixed-point space for the class
M if Fix(Φ) 6= ∅ for all Φ ∈ M(X). We write

FM := {X : X is a fixed point space for the class M}.

Fixed points for USCL set-valued maps are usually obtained as limits of
nets of approximate fixed points. The passage from approximate fixed points
to fixed points is provided by Lemma 3.2.

Lemma 3.2. [15] Let X be a regular space and Φ ∈ USCL(X). Assume that
there exists a cofinal family {ω} in CovX(Φ(X)) such that Φ has a ω−fixed
point for all ω ∈ {ω}. Then Φ has a fixed point.
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Note that in the metrizable setting, the existence of a cofinal family of open
covers for a compact set is guaranteed by the Lebesgue number lemma (see, for
example, [36]). In a general (that is, not necessarily metrizable) uniform space
X—which is always completely regular—open covers of a compact subset A
admit refinements of the form {U [x] : x ∈ A}, where U is a member of the
uniformity. Thus, such refinements form a cofinal family of open covers. So,
in proving the existence of fixed points in uniform spaces for USCL compact
maps, it suffices to prove the existence of approximate fixed points.

The Himmelberg fixed-point theorem on convex subsets of locally convex
topological vector spaces was extended by the author to the class A ∩CL of
approachable closed-valued maps as stated below.8

Proposition 3.20. [12] If X is a nonempty convex subset of a locally convex
topological vector space (or, more generally, if X ∈ Fc has the fixed-point
property for continuous single-valued mappings) and K is the class of compact
spaces, then X ∈ F(A∩CL)K , i.e., every compact approachable set-valued map
with closed values from X into itself has a fixed point.

3.4.1.1 Preservation of the FPP from P to A(K;P)

A primary interest in the passage P → A(K;P) is not only in the preservation,
under very mild assumptions on the spaces and maps involved, of the fixed
point property, but also in the shifting of compactness from domains to maps.
More precisely:

Theorem 3.20. Let M be an abstract class of set-valued maps and let K,P
be two classes of topological spaces such that:

(i) c ⊂ M;

(ii) (Φ ∈ Mc(X,Y ) and Φ(X) ⊂ O ⊂
open

Y ) ⇒ (Φ ∩O ∈ Mc(X,O));

(iii) each space in A(K;P) is regular.

Then
(P ⊂ FMc

) ⇒ (A(K;P) ⊂ FCL∩(MK
c )).

Proof. Let X ∈ A(K;P),Φ ∈ (MK
c ∩ CL)(X) be arbitrary, that is, Φ is

a closed-valued finite composition of M−maps and Φ(X) ⊆ K ⊆ X,K ∈
K. Let ω ∈ CovX(K) be arbitrary. By Definition 3.12, there exist a cover
ω′ ∈ CovX(K), ω′ � ω, a space P ∈ P , and a pair of continuous mappings⋃
ω′ s−→ P

r−→ X such that r ◦ s and id⋃ω′ are ω−near. The diagram

r ◦ s ◦ Φ′
X

Φ′

⇒
⋃
ω′ s→ P

⇈ ւ r ⇈

X ⇒
Φ′

⋃
ω′ →

s
P

s ◦ Φ′ ◦ r

8Let us denote by CL(X, Y ) the class of set-valued maps of topological spaces with
closed values.
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where Φ′(x) := Φ(x) ∩⋃ω′, commutes. By (i) and (ii), s, r, and Φ′ belong to
M, so s◦Φ′ ◦r ∈ Mc. Hence, s◦Φ′ ◦r has a fixed point. It follows that r◦s◦Φ′

also has a fixed point xω ∈ r(s(Φ′(xω))). Such a fixed point is a ω−fixed point
for Φ. Lemma 2 ends the proof.

Remark 3.11. (a) Condition (ii) is superfluous for many particular exam-
ples of set-valued maps. For instance, if Φ ∈ K, the class of Kakutani
upper semicontinuous maps with convex values, restricting the codomain
from Y to an open subset of Y containing the range of Φ does not change
the nature of the map Φ. However, in some other cases (for example, for
the class D), relevant features depend on the way the values Φ(x) of Φ
are imbedded in Y rather than on their intrinsic topological properties;
thus, compressing the codomain without altering the values themselves
may disqualify a map from belonging to the original class.

(b) Theorem 3.20 implies, in particular, that if a regular topological space
is a fixed-point space for a class of closed-valued upper semicontinuous
maps, then so is every retract of the space.

An immediate consequence of Theorem 3.20 together with Propositions
3.7, 3.8, and 3.17, yields:

Corollary 3.10. LetM be a class of maps as in Theorem 3.20 and let {Xi}i∈I

be a collection of compact sets such that, for each finite subset I ′ of I, the
product XI′ =

∏{Xi : i ∈ I ′} ∈ FMc
, that is, has the FPP for the class Mc

of finite compositions of M−maps. Then the same holds true for the product
X =

∏
i∈I Xi, that is, X ∈ FMc

.

Corollary 3.11. Let K be the class of compact spaces and P the class of
convex finite polyhedra. Then,

A(K;P) ⊂ F(A∩CL)Kc
,

that is, every compact finite composite of approachable maps with closed
values of a space X ∈ A(K;P) has a fixed point.

Proof. We apply Theorem 3.20 to the class M = A ∩ USCO. Naturally,
every continuous single-valued mapping is approachable (by itself), that is
c ⊂ A ∩USCO. From the definition of the class A, one easily verifies that
for given uniform spaces X,Y and a map Φ ∈ (A ∩USCO)(X,Y ), any open
neighborhood O of Φ(X) in Y contains the ranges of (U, V )−approximative
selections of Φ for all members U, V of the respective uniformities on X,Y
that are small enough. This implies that condition (ii) is always satisfied by
the class A ∩USCO.

Since any finite polyhedron P is a compact space, Proposition 3.12 implies
that (A ∩USCO)c(P ) = (A ∩USCO)(P ).

It remains to verify that every convex finite polyhedra has the fixed-point
property for u.s.c. closed-valued approachable maps.
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But this follows from the generalized Himmelberg theorem (Proposition
3.20), or by the following elementary direct argument. Consider a convex
finite polyhedra P imbedded in a Euclidean space E (the topology induced
by the Euclidean norm on E is uniformizable) and consider a set-valued map
Φ ∈ (A∩USCO)(P ). By definition of the class A for the metrizable case, for
any ε > 0, there exists s ∈ c(P ) such that

∀x ∈ P, ∃x′ ∈ Bε(x), with s(x) ∈ Bε(Φ(x
′)).

The Brouwer fixed-point theorem guarantees the existence of a fixed point
xε = s(xε) of s in P. To a given sequence {εn} of positive real numbers
converging to 0, there corresponds a sequence {(xn, yn)} in P ×P, xn = xεn =
s(xεn) ∈ Bεn(yn), yn ∈ Φ(Bεn(xn)). This sequence has a cluster point (x0, y0)
due to the compactness of P. It is clear that x0 = s(x0) = y0.Moreover, since a
u.s.c. map with closed values in a compact space has a closed graph and since
{(xn, yn)} ⊂ Bεn(graph(Φ)) in P × P, it follows that (x0, x0) ∈ graph(Φ).
This completes the proof of the inclusion P ⊂ F(A∩USCO)c and the proof of
our assertion.

In view of Remark 3.2 and Theorem 3.2, this last result contains, in addi-
tion to the classical fixed-point theorems of Ky Fan [40] and Himmelberg [52],
results of the author [12], Deguire and the author [15], Chebbi, Florenzano,
Llinares and the author [14], Bielawski [21], Horvath [55, 56, 57], and Park
and Kim [79], and many others, for C−convex sets.

Corollary 3.12. Assume that X is a non-empty C−convex subset of a locally
C−convex space E where C is:

(i) a linear convexity structure and E a locally convex space, or

(ii) a convexity structure in the sense of Horvath, or

(iii) a B−convexity of Bielawski, or

(iv) an L−convexity in the sense of Definition 11.

Assume also that Φ is a compact map belonging to any one of the classes:

(iv) Cc(X), or

(v) Dc(X).

Then Φ has a fixed point.

Theorem 3.21. Let K and P be the classes of compact spaces and finite
polyhedra, respectively. If X ∈ AH(K;P) is compact and χ(X) 6= 0, then
X ∈ FAc∩CL, that is, every compact closed-valued finite composition of ap-
proachable set-valued maps from X into itself has a fixed point.
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Proof. Let Φ ∈ (Ac ∩ CL)(X). Remember that K ∩ AH(K;P) ⊂ DH(P).
By Theorem 3.4, for any given ω ∈ Cov(X), there is a finite polyhedron P
with non-trivial Euler-Poincaré characteristic that ω−H−dominates X. Such
a space has the fixed-point property for finite compositions of approachable
maps with closed values. This follows from the fact that for a compact space
K, we have the equivalence (K ∈ Fc ⇔ K ∈ FAc∩CL) (see Proposition 7.1
in [15]), and from the Lefschetz theorem for finite polyhedra: P ∈ Fc. This
implies the existence of an ω−fixed point for Φ. Lemma 3.2 ends the proof.

Theorem 3.5 and Proposition 3.2 imply:

Corollary 3.13. Let K be the class of compact spaces and let X ∈
AHANR(K). Any set-valued map Φ ∈ Dc(X) has a fixed point provided that
the Euler-Poincaré characteristic χ(X) 6= 0.

We adapt an argument of Granas [51, 53] to provide a direct and elemen-
tary proof of a Leray-Schauder-type nonlinear alternative. Another interesting
proof based on a matching theorem of Ky Fan was provided by Idzik and the
author in [17]. Proofs of such alternatives are usually based on a homotopy
invariant (degree theory for convex-valued correspondences, index theory for
compact ANRs [41, 48], topological transversality for acyclic correspondence
[46]).

3.4.1.2 A Leray-Schauder Alternative for Approachable Maps

Theorem 3.22. Let X be closed convex subset of a locally convex topological
vector space E with boundary ∂X and assume that 0 is an interior point of X.
Assume that Φ ∈ (A ∩CL)

K
(X,E) where K is the class of compact spaces.

Then one of the following properties holds:

(a) (Fixed point) ∃x0 ∈ X, with x0 ∈ Φ(x0);

(b) (Invariant direction) ∃x̂ ∈ ∂X, ∃λ ∈ (0, 1), with x̂ ∈ λΦ(x̂).

Proof. The proof is an adaptation of the proof of Theorem 2.2 in Granas
[53] (where a similar alternative for convex-valued contractions was presented)
with changes relevant to the present context. Let pX be the Minkowski’s func-
tional of the set X, and let r : E −→ X be the standard retraction of E onto
X :

r(y) :=

{
y
y

pX (y)

for y ∈ X,
for y /∈ X.

Let V ∈ N (0E) be arbitrary but fixed. Consider the finite subset NV of
E and the map ΦV ∈ A(X, conv(NV )) verifying ΦV (x) ⊂ Φ(x) + V, for
all x ∈ X, both provided by Proposition 15. Let rV be the restriction of r
to the compact convex set conv(NV ). Now the composition product ΘV :

conv(NV )
rV−→ X

ΦV

⇒ conv(NV ) is an approachable map belonging to the
classA(conv(NV ), conv(NV )) (see Proposition 3.12 above). By the generalized



Approximation and Selection Methods 127

Himmelberg fixed-point theorem (Proposition 3.20), it has a fixed point xV ∈
ΘV (xV ). The point yV := rV (xV ) of X verifies:

yV ∈ rΘV (yV ).

Indeed, yV = rV (xV ) ∈ r(ΘV (xV )) = r(ΦV rV (xV )) = rΦV (yV ).
Let zV ∈ ΦV (yV ) be such that yV = r(zV ).
Two cases are now possible:
Case 1: zV ∈ X. In this case, yV = r(zV ) = zV ∈ ΦV (yV ) ⊂ Φ(yV ) + V ,

that is, yV is an approximative fixed point for Φ.
Case 2: zV /∈ X. Hence, yV = r(zV ) = zV

pX (zV ) ∈ ∂X. Therefore,

yV = λV zV ∈ λV ΦV (yV ) ⊂ λV (Φ(yV ) + V ) ⊂ λV Φ(yV ) + V where
λV := 1/pX(zV ) ∈ (0, 1).

This implies the existence of a point y′V with:

yV − y′V ∈ V and y′V ∈ λV Φ(yV ).

We have proven the V−alternative:

(1) V (V − fixed point) ∃xV ∈ X, with xV ∈ Φ(xV ); or

(2) V (V − invariant direction) ∃yV ∈ ∂X, ∃y′V ∈ ΘV (yV ), ∃λ ∈ (0, 1), with
y′V ∈ λΦ(yV ).

A standard argument based on Lemma 3.2 (as in [17]) on the compactness of
Φ, its upper semicontinuity, and the closedness of its values ends the proof.

3.4.2 Coincidence Theorems

We present, in this last section, some abstract coincidence theorems that may
prove useful in establishing existence results in the theories of minimax, sys-
tems of inequalities, and generalized games in the presence of non-convexity.

First, let us recall that two maps Φ and Ψ of a set X into a set Y are said
to have a coincidence if Φ(x0) ∩Ψ(x0) 6= ∅ for some x0 ∈ X, or equivalently,
if their graphs intersect: graph(Φ) ∩ graph(Ψ) 6= ∅.

A trivial consequence of definitions is the coincidence (A,S−1) (equiva-
lently (A−1,S):

Theorem 3.23. Let X,Y be two spaces with either one of them being
compact, and with the fixed-point property for continuous mappings and
Φ,Ψ : X ⇒ Y be maps such that:

(i) Φ ∈ (A ∩CL)c(X,Y );

(ii) Ψ−1 ∈ S(Y,X);

(iii) either one of the spaces X or Y is compact and is in Fc (that is, has the
fixed-point property for continuous single-valued mappings).

Then Φ and Ψ have a coincidence.
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Proof. Assume that Y is compact and has the fixed point property for contin-
uous mappings, the other case being similar. Let s be a continuous selection of
Ψ−1 : Y ⇒ X. By Proposition 3.12 and since Y is compact, the composition
product Φ ◦ s : Y ⇒ Y is a compact-valued approachable u.s.c. map. By the
generalized Himmelberg theorem (Proposition 3.20), Φ ◦ s has a fixed point
that is a coincidence point for Φ and Ψ.

As an immediate consequence, and combining Proposition 3.12 on the
composition product with the Cellina’s approximation theorem, one obtains
the following generalization of a coincidence theorem of Browder presented in
[16].

Corollary 3.14. Let X,Y be two subsets of two topological vector spaces
E,F , respectively, with X convex. Let Φ ∈ Kc(X,Y ) be a composition product
of a finite number of u.s.c. maps with non-empty closed convex values, and let
Ψ ∈ F−1

c (X,Y ) be a composition product of a finite number of maps whose
inverses are Ky Fan maps. If Y is compact or Φ is a compact map, then Φ
and Ψ have a coincidence.

Proof. Assume that Φ is compact, that is, Φ(X) is contained in some compact
subset K of Y. By Theorem 3.17, the restriction of Ψ−1 to K admits a contin-
uous selection f with an image in a finite dimensional convex polytope C in
X. By Cellina’s approximation theorem and Proposition 3.10, the restriction
of Φ|C is a compact-valued u.s.c. approachable map. The polytope C being
compact, has the fixed-point property by Brouwer’s fixed-point theorem. The-
orem 3.23 applies to the restrictions Φ|C and Ψ|C , leading to a coincidence
between Φ and Ψ.

A straightforward application of Theorems 3.23, 3.18, and Corollary 3.5
leads to:

Corollary 3.15. Let X be a compact AR and Y be a locally finite simplicial
complex. Let Φ ∈ D(X, |Y |) and Ψ : X ⇒ |Y | be a continuous map with open
and contractible fibers and open values. Then Φ and Ψ have a coincidence.

Proof. A locally finite simplicial complex being an ANR, Corollary 3.5 im-
plies that Φ ∈ A(X, |Y |). On the other hand, Theorem 3.18 asserts that
Ψ−1 ∈ S(|Y |, X). Theorem 3.23 applies as any compact AR has the FPP for
continuous mappings (Borsuk theorem).

Also, Theorems 3.23, 3.17, and Corollary 3.8 imply:

Corollary 3.16. Let X be an arbitrary space and let Y ∈ AANR(K) for
the class K of compact spaces with compatible uniformity V . Assume that
the Euler characteristic χ(Y ) is non-trivial and let Φ,Ψ, Ψ̃ : X ⇒ Y be three
maps satisfying the following conditions:

(i) Φ ∈ USCL(X,Y );
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(ii) ∀V ∈ V , ∀{x1, . . . , xn} ⊂ X , the set
⋂n

i=1 V [Φ(xi)] is empty or con-
tractible;

(iii) Ψ̃ is a multi-selection of Ψ;

(iv) Ψ̃ has open values and non-empty preimages;

(v) ∀y ∈ Y, ∃Vy ∈ V such that the set
⋂

z∈V Ψ−1(z) is contractible for each
entourage V of the diagonal in Y with V ⊂ Vy .

Then Φ and Ψ have a coincidence.

Theorem 3.24. Let X be a subset of a topological vector space E, Y
be a convex subset of a locally convex topological vector space F, and
Φ ∈ (A ∩CL)(X,Y ) be a compact map. If for any finite subset N of Y, the
restriction of Ψ−1to the convex hull of N is a compact-valued approachable
u.s.c. map, then Φ and Ψ have a coincidence.

Proof. Given an open neighborhood V of the origin in F, let N = {yi ∈
Φ(X), i = 1, . . . , n} be a finite set such that {(yi+ 1

3V )∩K|i = 1, . . . , n} is an

open cover of the compact subset K = Φ(X) of Y. Let πV :
⋃n

i=1(yi+
2
3V ) −→

CV = Conv{N} be the Schauder projection associated with (N, 23V ). We

show that the map ΦV : X ⇒ CV defined by ΦV (x) = (Φ(x) + V ) ∩ CV is a
compact-valued approachable map.

It is indeed clear that ΦV is a compact-valued u.s.c. map. In order to
see that it is approachable, let s be any continuous approximation mapping
in a(Φ;U, V ′) where V ′ is any convex open neighborhood of the origin in V
satisfying V ′ ⊂ 1

3V, and let U be an arbitrary open neighborhood of the origin
in E. Clearly, s(X) ⊂ ⋃n

i=1(yi +
2
3V ) and consequently, the function πV s :

X → CV is well defined and continuous. Moreover, it verifies the containments

πV s(x) ∈ (s(x) +
2

3
V ) ∩ CV ⊂ (Φ((x + U) ∩X) + V ) ∩CV

⊂ ΦV ((x + U) ∩X) for all x ∈ X,

that is, πV s ∈ a(ΦV ;U,W ) for any open neighborhood of the origin W in F.
The set U being arbitrary, it follows that ΦV is approachable.

By hypothesis, the restriction Ψ−1|CV
is a compact-valued approachable

u.s.c. map. By Proposition 3.12, the composition product ΦV ◦Ψ−1|CV
: CV ⇒

CV is also compact-valued, approachable, and u.s.c. The existence of a fixed
point for this product is provided by the generalized Himmelberg theorem
(Proposition 3.20). Such a fixed point is an approximate fixed point for the
compact map Φ◦Ψ−1. The usual compactness argument based on Lemma 3.2
ends the proof.

Remark 3.12. It is clear from the above proof that the local convexity of the
space F can be replaced by the admissibility in the sense of Klee (see Section
3.2 for the definition).
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As an immediate consequence and in view of Cellina’s approximation the-
orem, we obtain the following generalization of a result of Granas-Liu (see
reference in [12]).

Corollary 3.17. Let X be a paracompact subset of a topological vector
space E, and let Y be a convex subset of a topological vector space F having
sufficiently many linear functionals. Let Φ ∈ K(X,Y ),Ψ−1 ∈ K(Y,X). If Φ is
a compact map, then Φ and Ψ have a coincidence.

We illustrate Theorem 3.24 by a non-convex coincidence theorem based on
the approachability of upper semicontinuous with ∞−proximally connected
values (Theorem 3.8 and Corollary 3.4).

Corollary 3.18. Let X be a compact ANR, and Y be a convex subset of
a locally convex topological vector space F, Φ ∈ D(X,Y ),Ψ−1 ∈ D(Y,X).
Then Φ and Ψ have a coincidence.

We formulate now a coincidence theorem for an infinite collection of ap-
proachable maps. We will make use of the fact that an infinite product of
compact topological spaces {Xi}i∈I has the fixed-point property for continu-
ous functions if and only if, for each finite subset I ′ of I, the product XI′ =∏{Xi : i ∈ I ′} enjoys the same property (see Corollary 11 above).

Theorem 3.25. Let {Xi}i∈I be a collection of compact sets each of which
is in a uniform space, such that, for each finite subset I ′ of I, the product
XI′ =

∏{Xi : i ∈ I ′} has the fixed-point property for continuous mappings.
For each i ∈ I, let X i =

∏{Xj : j 6= i}, and let Φi ∈ (A ∩CL)(X i, Xi). Then⋂
i∈I graph(Φi) 6= ∅.

Proof. For any x ∈ X =
∏

i∈I Xi, let x
i = pi(x) be the projection of x onto

X i. It is easy to see that
⋂

i∈I
graph(Φi) 6= ∅ ⇐⇒ (∃x̄ = (x̄i) ∈ X with x̄i ∈ Φi(x̄

i), ∀i ∈ I.)

By Proposition 3.12 and since X is compact, the composition product Φ̂i =
Φi ◦ pi ∈ (A ∩CL)(X,Xi) for each i ∈ I. Consequently, and by Proposition
3.11, the map Φ : X ⇒ X defined by Φ(x) =

∏
i∈I Φ̂i(x) is in (A ∩CL)(X).

By Corollary 3.11, X also has the FPP for continuous mappings, and Φ has a
fixed point, that is, for each i ∈ I, x̄i ∈ Φ̂i(x̄) = Φi(x̄

i) for some point x̄ ∈ X.
This completes the proof.

When the spaces Xi are convex and compact subsets of locally convex
spaces, and the maps Φi ∈ K(X i, Xi) are Kakutani maps, we recover a theo-
rem of Granas and Liu (see reference in [12]).

As an illustration, we finally formulate an intersection theorem for non-
convex maps based on Corollary 3.6 and on the generalized Schauder’s theorem
for compact absolute retracts.

Corollary 3.19. Let {Xi}i∈I be a collection of compact ARs. For each i ∈ I,
let Φi ∈ D(X i, Xi). Then

⋂
i∈I graph(Φi) 6= ∅.
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4.1 Introduction

The study of convex functions has given rise to one of the most beautiful
branches of mathematical analysis, namely convex analysis, which has had a
considerable influence on other more abstract areas, such as functional anal-
ysis. At the same time, convex functions have been applied to model many
problems in engineering, economics, management, etc.

In recent years it has been understood that other, broader classes of func-
tions may be used to provide models for a much more accurate representation
of reality. These functions retain some of the characteristics of the convex ones.
For instance, in some cases they can guarantee that the Karush-Kuhn-Tucker
conditions for the existence of an extremum are not only necessary, but also
sufficient for the existence of extrema.

This chapter presents some of the main properties and characterizations
of convex and generalized convex functions. Besides the basic definitions, we
will also give some examples and treat some properties related to continuity
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and minimization of such functions. For differentiable functions, we will also
provide characterizations of convexity and generalized convexity in terms of
monotonicity and generalized monotonicity of the derivatives. Finally, we will
present some applications in optimization and economics.

We will not be even remotely exhaustive, since the theory of convexity and
generalized convexity is very rich and is described in various comprehensive
books. For instance, some basic definitions and properties of convex functions
will be presented, but the fundamental notions of subdifferentiability, dual-
ity, etc. will not be mentioned. Other important classes of generalized convex
functions, as well as vector-valued functions, are omitted. Also, no mention
is made of the very important case of nonsmooth functions, to avoid losing
the essence of convexity amid technicalities. Many of the ideas and methods
related to convexity and generalized convexity are present already in the dif-
ferentiable case, and it is our aim to present them in this simple framework.
We work in general normed spaces, but only occasionally will need some tools
of functional analysis, so in most of the cases the reader may suppose that the
underlying space is Rn.

4.2 Preliminaries

In what follows, X will be a normed space. When no topology is necessary,
as is the case with several (generalized) convexity definitions, one can simply
assume that X is a vector space. Given x, y ∈ X , we will denote by [x, y] the
line segment [x, y] = {λx + (1 − λ)y : λ ∈ [0, 1]}. The segments (x, y], [x, y)
and (x, y) are defined analogously. Given a set K ⊆ X and λ > 0, λK is the
set {λx : x ∈ K}.

We will denote by X∗ the topological dual of X , and use 〈x∗, x〉 to denote
the value of the functional x∗ ∈ X∗ at x ∈ X . Given ρ > 0 and x ∈ X ,
B(x, ρ) will be the open ball {y ∈ X : ‖y − x‖ < ρ} and B(x, ρ) the closed
ball {y ∈ X : ‖y − x‖ ≤ ρ}. A function f defined on A ⊆ X with values in
some topological space is called radially continuous at an interior point x of
A, if its restriction on every line segment through x is continuous at x, that
is, for every v ∈ X , lim

t→0
f(x+ tv) = f(x).

Given a set K ⊆ X , intK denotes its interior, K its closure, and coK its
convex hull. We assume that the reader is acquainted with the basic properties
of convex sets. We only recall that if y ∈ intK and x ∈ K (or x ∈ K), then
(x, y) ⊆ intK.

The algebraic interior of a set K is the set coreK of points x ∈ K such
that for every e ∈ X , there exists γ > 0 such that [x − γe, x + γe] ⊆ K.
It is obvious that intK ⊆ coreK, but equality might not hold, even if K is
convex. For example, let ‖·‖1 and ‖·‖2 be two norms in a vector space X that
are not equivalent; then there exists a sequence {xn}n∈N converging to zero
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with respect to one of the norms, say ‖xn‖1 → 0, while ‖xn‖2 > 1. Equip X
with ‖·‖1 so that it becomes a normed space with the corresponding topology.
Set K = {x ∈ X : ‖x‖2 ≤ 1}. Then K is of course convex, and 0 ∈ coreK.
However, 0 /∈ intK since xn → 0 but xn /∈ K. In Banach spaces, however,
we have the following important property, which is a consequence of Baire’s
theorem.

Proposition 4.1. Let K be a closed convex set in a Banach space X . Then,
intK = coreK.

Proof. We have only to prove that coreK ⊆ intK. Let x0 ∈ coreK. By
making a translation, if necessary, we may suppose that x0 = 0. Since 0 ∈
coreK, for every x ∈ X there exists γ > 0 such that [−γx, γx] ⊆ K; thus,
there exists n ∈ N such that 1

nx ∈ K. This means that X =
⋃
n∈N

(nK). By

Baire’s theorem, there exists n ∈ N such that int (nK) 6= ∅. It follows easily
that intK 6= ∅.

Now, fix y ∈ intK. If y = 0, we are done. If y 6= 0, using again that
0 ∈ coreK, we infer that there exists δ > 0 such that [−δy, δy] ⊆ K. This
means that 0 ∈ (−δy, y) (just make a drawing!). Since −δy ∈ K and y ∈ intK,
we deduce that 0 ∈ intK.

Let U be a neighborhood of x and f : U → R be a function. f is called
Gâteaux differentiable at x, if there exists an element x∗ ∈ X∗ such that for
every v ∈ X ,

〈x∗, v〉 = lim
t→0

f(x+ tv)− f(x)

t
.

The element x∗ is denoted ∇f(x) and called the Gâteaux derivative of f
at x.

4.3 Convex Functions

An elementary definition of the concept of convex function, suitable for first-
year calculus, is the following: Given a convex set C in a vector space X , a
function f : C → R is called convex if for every x, y ∈ C and λ ∈ [0, 1],

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y). (4.1)

In the study of convex functions, it is very convenient to consider functions
that can take infinite values. One of the many reasons is that this allows us to
consider only functions defined on the whole space, by imposing the value of
the function to be +∞ outside the set C. We first give some definitions. The
extended real line is the set R := R∪{+∞,−∞}. Given a function f : X → R,
its domain is the set dom f := {x ∈ X : f(x) < +∞}. A function f is called
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proper if f(x) > −∞ for all x ∈ X , and dom f 6= ∅. For reasons of simplicity,
we will confine ourselves to functions that never take the value −∞.

A function f : X → (−∞,+∞] is called convex if, for every x, y ∈ X and
λ ∈ [0, 1], relation (4.1) holds. This is equivalent to saying that (4.1) holds
for every x, y ∈ dom f and λ ∈ [0, 1]. The function f → (−∞,+∞] is called
convex on a set C ⊆ X if its restriction on C satisfies (4.1).

It is clear that the domain of a convex function is a convex set. There are
also other sets closely related to the convexity of a function:

Definition 4.1. Given a function f , its epigraph is the set

epi f = {(x, t) ∈ X × R : t ≥ f(x)}.

Given α ∈ R, its level set and strict level set are, respectively, the sets

[f ≤ α] = {x ∈ X : f(x) ≤ α}
[f < α] = {x ∈ X : f(x) < α}.

It is an easy exercise to verify that a function is convex if and only if its
epigraph is convex. If f is convex, then both its level and its strict level sets
are convex. However, convexity of the level sets does not guarantee that a
function is convex. For instance, the function f(x) = arctanx is not convex,
but its level sets

[f ≤ α] =





∅, α ≤ −π
2 ,

(−∞, tanα], α ∈ (−π
2 ,

π
2 ),

R, α ≥ π
2 ,

are all convex.
One can construct convex functions starting from other convex ones. For

instance, we have the following.

Proposition 4.2. (a) Let fi : X → (−∞,+∞] be convex functions and

λi > 0, ∀i = 1, . . . k. Then, the function
∑k

i=1 λifi is convex.

(b) If fi : X → (−∞,+∞] , i ∈ I is a family of convex functions, then the
function f defined by f(x) = sup{fi(x) : i ∈ I} is also convex.

(c) Let Y be a vector space, f : X × Y → (−∞,+∞] be convex and C be
a convex subset of Y . If the function h(x) = inf

y∈C
f(x, y) is proper, then

it is convex.

(d) If f : X → R is convex (respectively, concave) and g : R → R is convex
and nondecreasing (respectively, nonincreasing) on the range of f , then
g ◦ f is convex.

Proof. We omit the easy proofs of (a) and (b). We note, however, that (b) can
also be shown by noting that whenever f = sup

i∈I
fi, one has epi f =

⋂
i∈I epi fi.
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We now show (c): For every x1, x2 ∈ X , y1, y2 ∈ C and λ ∈ [0, 1],

h(λx1 + (1 − λ)x2) ≤ f(λx1 + (1 − λ)x2, λy1 + (1− λ)y2)

= f(λ (x1, y1) + (1− λ)(x2, y2))

≤ λf(x1, y1) + (1− λ)f(x2, y2).

By taking the infimum over y1, y2 ∈ C in the inequality

h(λx1 + (1− λ)x2) ≤ λf(x1, y1) + (1 − λ)f(x2, y2),

we deduce that h(λx1+(1−λ)x2) ≤ λh(x1)+(1−λ)h(x2), that is, h is convex.
The proof of (d) is also straightforward and is omitted.

There are many examples of convex functions. One of the simplest is the
indicator function of a convex set: Given a set C ⊆ X , its indicator function
ιC is the function

ιC(x) :=

{
0, x ∈ C,
+∞, x ∈ X\C.

It is easy to see that C is convex if and only if ιC is convex. Another
example is the class of sublinear functions:

Definition 4.2. A function f : X → (−∞,+∞] is called sublinear if

(i) for all x, y ∈ X , f(x+ y) ≤ f(x) + f(y) (subadditivity)

(ii) for all x ∈ X and λ > 0, f(λx) = λf(x) (positive homogeneity).

Sublinear functions are obviously convex. An example of a sublinear func-
tion in a normed space X is the norm ‖x‖. Using Proposition 4.2(d) we deduce
that for every α > 1 the function f(x) = ‖x‖α is convex, since the function
g(x) = xα, x ∈ R+, is convex and nondecreasing.

An important aspect of convexity is related to continuity and semiconti-
nuity. First, we recall that a function f : X → (−∞,+∞] is called locally
Lipschitz at x0 ∈ dom f , if there exist ρ > 0 and L > 0 such that for each
x, y ∈ B(x0, ρ),

|f(x)− f(y)| ≤ L ‖x− y‖ .
The function f is called locally Lipschitz on A ⊆ dom f if it is locally

Lipschitz at every x0 ∈ A. If f is locally Lipschitz on A, then of course it is
continuous on A. One can deduce that f is locally Lipschitz from a surprisingly
weak assumption:

Proposition 4.3. If a convex function f is bounded from above at a neigh-
borhood of some point, then it is locally Lipschitz on int dom f .

Proof. We divide the proof in a few easy steps:
Step 1. If f is bounded from above on some neighborhood B(x0, ρ), then

it is also bounded from below. Indeed, by making a translation if necessary,
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we can assume that x0 = 0 and f(0) = 0. Thus, there exists M ∈ R such that
for all x ∈ B(0, ρ), f(x) ≤M . Now for every x ∈ B(0, ρ) one has −x ∈ B(0, ρ)
and 0 = 1

2x+ 1
2 (−x), so

0 = f(0) ≤ 1

2
f(x) +

1

2
f(−x).

But f(−x) ≤ M , so we find that f(x) ≥ −M and f is bounded from below
on B(0, ρ).

Step 2. If f is bounded from above on some neighborhood B(x0, ρ), then
for each y ∈ int dom f , f is bounded from above on some neighborhood of
y. Indeed, assume that f(x) ≤ M for all x ∈ B(x0, ρ) and let y ∈ int dom f .
Then there exists x1 ∈ dom f such that y ∈ (x1, x0); fix this x1. Then y =
(1 − λ)x1 + λx0 for some λ ∈ (0, 1). For every y′ ∈ B(y, λρ) there exists
x′ ∈ X such that y′ = (1 − λ)x1 + λx′ (just solve with respect to x′). Then

y′ − y = λ(x′ − x0), so ‖x′ − x0‖ =
‖y′−y‖

λ < ρ. We deduce that f(x′) < M
and consequently

f(y′) ≤ (1− λ)f(x1) + λf(x′) ≤ (1 − λ)f(x1) + λM.

Thus, f is bounded from above on B(y, λρ).
Step 3. f is locally Lipschitz on int dom f . Indeed, let x0 ∈ int dom f . By

using Steps 1 and 2, we deduce the existence of some neighborhood B(x0, ρ)
such that f has an upper bound M and a lower bound m on B(x0, ρ). For
every distinct x, y ∈ B(x0,

ρ
2 ), take z such that y ∈ ]x, z[ and ‖y − z‖ = ρ

2 .
Then ‖z − x‖ > ρ

2 , z ∈ B(x0, ρ), and y = (1− λ)x+ λz for some λ ∈ (0, 1). It
follows that

f(y) ≤ (1− λ)f(x) + λf(z) ⇒
f(y)− f(x) = λ(f(z)− f(x)) ≤ λ(M −m). (4.2)

But y−x = λ(z−x), so ‖y − x‖ = λ ‖z − x‖ > λρ
2 . We deduce from (4.2) that

f(y)−f(x) ≤ 2(M−m) ‖y − x‖ /ρ. The same inequality holds for f(x)−f(y),
so finally, |f(y)− f(x)| ≤ 2(M −m) ‖y − x‖ /ρ for all x, y ∈ B(x0,

ρ
2 ) and f

is locally Lipschitz at x0.

In a finite dimensional space, Proposition 4.3 implies continuity on
int dom f :

Corollary 4.1. Every proper convex function f : Rn → (−∞,+∞] is contin-
uous on int dom f .
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Proof. Let x0 ∈ int dom f . Then there exist a finite number of points x1, . . . xk
in dom f such that x0 ∈ int co{x1, . . . xk}; for instance, one can consider the
vertices of the ball {x ∈ X : ‖x− x0‖∞ < ε} with respect to the sup norm

‖x‖ = max{|α1| , . . . , |αn|}, x = (α1, . . . , αn) ∈ R
n.

Every x ∈ co{x1, . . . xk} can be written as x =
∑k

i=1 λixi with λi ∈ [0, 1],

so f(x) ≤ ∑k
i=1 λif(xi) and f is bounded from above in a neighborhood of

x0. According to Proposition 4.3, this implies that f is locally Lipschitz on
int dom f .

A more general kind of continuity, is lower semicontinuity. We recall that
a function f : X → (−∞,+∞] is called lower semicontinuous (lsc) at x0 if
f(x0) ≤ lim inf

x→x0

f(x). Equivalently, f is lsc at x0 if for every sequence {xn}n∈N

such that xn → x0 and the sequence {f(xn)}n∈N converges, one has f(x0) ≤
lim f(xn). The function f is called lsc if it is lsc at every point x ∈ X . Just
as the convexity of the epigraph characterizes the convexity of a function f ,
its closedness characterizes the lower semicontinuity of f . In contrast with
convexity, lower semicontinuity is also characterized by the closedness of the
level sets:

Proposition 4.4. Let f : X → (−∞,+∞] be a function. The following
statements are equivalent:

(a) f is lsc;

(b) epi f is a closed set in X × Rn;

(c) [f ≤ α] is closed in X for every α ∈ R.

Proof. (a)⇒ (b): Let {(xn, tn)}n∈N be a sequence in epi f such that (xn, tn) →
(x0, t0). By taking a subsequence if necessary, we may assume that {f(xn)}n∈N

converges. From f(xn) ≤ tn we find

f(x0) ≤ lim f(xn) ≤ lim tn = t0.

This means that (x0, t0) ∈ epi f and epi f is closed.
(b) ⇒ (a): Let {xn}n∈N be such that xn → x0 and {f(xn)}n∈N converges.

We want to show that f(x0) ≤ lim f(xn), so we may assume that lim f(xn) ∈
R. Then (xn, f(xn)) ∈ epi f , so by closedness (x0, lim f(xn)) ∈ epi f , that is,
f(x0) ≤ lim f(xn). Since this is true for every such sequence {xn}n∈N , we
deduce that f is lsc.

(a) ⇒ (c) and (c) ⇒ (a) can be proven similarly.

In infinite dimensional spaces, we do not have the analog of Corollary 4.1.
But we do have the following.

Proposition 4.5. Let X be a Banach space. If f : X → (−∞,+∞] is convex
and lsc, then it is locally Lipschitz on int dom f .
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The proof of the proposition is postponed until the next section, after
Proposition 4.13. We will also see that the assumption that X is a Banach
space is essential.

For differentiable functions f , one can characterize their convexity by using
their derivative.

Proposition 4.6. Let f : X → (−∞,+∞] be such that dom f is an open
convex set and f is Gâteaux differentiable on dom f . Then, the following
statements are equivalent:

(a) f is convex.

(b) For every x, y ∈ dom f , 〈∇f(x), y − x〉 ≤ f(y)− f(x).

(c) For every x, y ∈ dom f , 〈∇f(y)−∇f(x), y − x〉 ≥ 0.

Before providing the proof, let us note that convexity, and all notions of
generalized convexity to be encountered later, are defined as an essentially
one-dimensional property: It says something about the behavior of a function
on straight lines. A function f is convex if and only if its restriction on any
line segment is convex. More formally, f is convex if and only if for every
x0 ∈ X and every unit vector e ∈ X , the function g(t) := f(x0+ te) is convex.
The domain of such a function g is an open interval in R, possibly empty. Its
derivative is g′(t) = 〈∇f(x0 + te), e〉. If x and y in dom f belong to the line
{x0+ te : t ∈ R}, say x = x0+ te and y = x0+ se, then property (b) says that
g′(t)(s− t) ≤ g(s)− g(t) and property (c) says that (g′(s)− g′(t)) (s− t) ≥ 0.
Thus, in order to prove the proposition, it is enough to prove it for functions
g : R → (−∞,+∞].

Proof. We assume without loss of generality that f : R → (−∞,+∞].
(a) ⇒ (b): We want to show that f ′(t)(s − t) ≤ f(s) − f(t) for all t, s ∈

dom f . Let s 6= t. For every r in the open interval with endpoints s and t,
r can be written as r = (1 − λ)t + λs for some λ ∈ (0, 1). Then by using
convexity of f and r − t = λ(s− t), we find immediately

f(r) − f(t)

r − t
(s− t) ≤ f(s)− f(t).

Thus,

f ′(t)(s− t) = (s− t) lim
r→t

f(r)− f(t)

r − t
≤ f(s)− f(t).

(b) ⇒ (c): For s, t ∈ dom f we have f ′(t)(s − t) ≤ f(s)− f(t) and (inter-
changing s and t), f ′(s)(t− s) ≤ f(t)− f(s). By adding these two inequalities
we obtain (f ′(t)− f ′(s))(t− s) ≥ 0.

(c)⇒(a): Condition (c), that is, (f ′(t)−f ′(s))(t−s) ≥ 0 for all s, t ∈ dom f ,
means simply that f ′ is nondecreasing. Let s, t ∈ dom f be given with, say,
t < s, and r = (1 − λ)t + λs for some λ ∈ (0, 1). By using the mean value
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theorem twice, we deduce that there exist u, v such that t < u < r < v < s
such that

f ′(u) =
f(r)− f(t)

r − t
, f ′(v) =

f(s)− f(r)

s− r
. (4.3)

Since f ′ is nondecreasing, f ′(u) ≤ f ′(v). Using (4.3), r − t = λ(s − t) and
s− r = (1−λ)(s− t), we immediately obtain that f(r) ≤ (1−λ)f(t)+λf(s),
that is, f is convex.

We recall that a function f : X → (−∞,+∞] is called strictly convex if
for all x, y ∈ dom f with x 6= y, and all λ ∈ (0, 1), one has

f(x+ (1− λ)y) < λf(x) + (1− λ)f(y).

A convex function is strictly convex if and only if its graph does not con-
tain line segments, that is, if x, y ∈ dom f , x 6= y, then the line segment
[(x, f(x), (y, f(y)] is not included in the graph of f . For instance, f(x) = ‖x‖
is convex but not strictly convex.

We have a characterization of differentiable strictly convex functions, as
in the convex case:

Proposition 4.7. Let f : X → (−∞,+∞] be such that dom f is an open
convex set and f is Gâteaux differentiable on dom f . Then, the following
statements are equivalent:

(a) f is strictly convex.

(b) For every distinct x, y ∈ dom f , 〈∇f(x), y − x〉 < f(y)− f(x).

(c) For every distinct x, y ∈ dom f , 〈∇f(y)−∇f(x), y − x〉 > 0.

Proof. (a) ⇒ (b): Since f is strictly convex, it is convex. For x, y ∈ dom f ,
x 6= y, set z = 1

2x+ 1
2y. Using Proposition 4.6 we find

〈∇f(x), y − x〉 = 2 〈∇f(x), z − x〉 ≤ 2(f(z)− f(x)) < f(y)− f(x).

The implications (b) ⇒ (c) and (c) ⇒ (a) can be shown with the same
arguments as the corresponding implications in Proposition 4.6.

In Propositions 4.6(c) and 4.7(c) the Gâteaux derivative exhibits a prop-
erty that is characteristic of monotonicity:

Definition 4.3. Let C ⊆ X and T : C → X∗ be an operator. The operator
T is called

• monotone if for every x, y ∈ C, 〈T (y)− T (x), y − x〉 ≥ 0;

• strictly monotone if for every distinct x, y ∈ C, 〈T (y)− T (x), y − x〉 > 0.

Thus, a differentiable function f is convex (strictly convex) if and only if
its derivative is a monotone (strictly monotone) operator. This property can
be extended, as we will see, to generalized convex functions.
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4.4 Quasiconvex Functions

A function f : X → (−∞,+∞] is called quasiconvex if for every x, y ∈ X and
z ∈ [x, y],

f(z) ≤ max{f(x), f(y)}. (4.4)

Every convex function is obviously quasiconvex. The converse is not true.
For instance, the function arctanx is quasiconvex without being convex.

It is clear that the domain of a quasiconvex function is convex. Its level sets
are also convex. In fact, this property characterizes quasiconvexity, as shown
by the following proposition whose easy proof is left to the reader:

Proposition 4.8. Let f : X → (−∞,+∞] be a function. The following
statements are equivalent:

(a) f is quasiconvex.

(b) The level sets [f ≤ α] are convex for all α ∈ R.

(c) The strict level sets [f < α] are convex for all α ∈ R.

As for convex functions, we note that the definition of quasiconvexity
through (4.4) is in some sense one-dimensional; a function f is quasiconvex
if and only if its restriction on straight lines is quasiconvex. More precisely,
f : X → (−∞,+∞] is quasiconvex if and only if for every x ∈ X and every
unit vector e ∈ X , the function g : R → (−∞,+∞] defined by g(t) = f(x+te)
is quasiconvex. For this reason, functions defined on R are important in order
to understand the structure of quasiconvex functions on higher dimensional
spaces. We have the following proposition, whose easy proof is also omitted:

Proposition 4.9. A function R → (−∞,+∞] is quasiconvex if and only if
there exists an interval I of the form (−∞, t) or (−∞, t], where t ∈ [−∞,+∞],
such that f is nonincreasing on I and nondecreasing on its complement.

Note that I or its complement might be empty, that is, the function may
be nondecreasing or nonincreasing throughout R. The function − |x| is not
quasiconvex since it is not of this form. On the other hand, a function such as

f(x) =





0, |x| ≤ 1,
x2, 1 < |x| ≤ 2,
5, |x| > 2,

(4.5)

is quasiconvex since it is nonincreasing in (−∞, 0] and nondecreasing in (0,∞).
If C is a convex subset of X , a function f : C → R is called quasiconvex

on C if (4.4) holds for every x, y ∈ C and z ∈ [x, y]. A function f : C → R

is called quasiconcave on C if −f is quasiconvex on C. It is called quasilinear
on C if f is quasiconvex and quasiconcave on C.
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The following easy proposition gives some operations that preserve quasi-
convexity.

Proposition 4.10. (a) If fi : X → (−∞,+∞] , i ∈ I, is a family of quasi-
convex functions, then the function f defined by f(x) = sup{fi(x) : i ∈
I} is also quasiconvex.

(b) If f : C → R is quasiconvex and g : f(C)→R is nondecreasing, then
g ◦ f is quasiconvex.

(c) Let Y be a vector space, f : X × Y → (−∞,+∞] be quasiconvex, and
C ⊆ Y be convex. If the function h(x) = inf

y∈C
f(x, y) is proper, then it

is quasiconvex.

The proofs are easy and are omitted. For part (c), one can use the same
arguments as in the proof of Proposition 4.2 (c).

The sum of two quasiconvex functions need not be quasiconvex. Even
if we add a linear function to a quasiconvex one, the result might not be
quasiconvex. For instance, − 1

x and−x are quasiconvex on (0,+∞), but − 1
x−x

is not. In fact, among all functions, only the convex ones have this property
[10]:

Proposition 4.11. Let f : X → (−∞,+∞] be a function. If f + x∗ is
quasiconvex for every x∗ ∈ X∗, then f is convex.

Proof. Given x, y ∈ dom f , choose x∗ ∈ X∗ such that

〈x∗, x− y〉 = f(y)− f(x). (4.6)

This is always possible due to the Hahn-Banach theorem. Note that (4.6)
implies that f(x)+〈x∗, x〉 = f(y)+〈x∗, y〉, thus the quasiconvex function f+x∗
takes the same value at x and y. It follows that for every z = λx + (1 − λ)y,
λ ∈ [0, 1],

f(z) + 〈x∗, z〉 ≤ f(x) + 〈x∗, x〉 ⇒
f(z) + λ 〈x∗, x〉+ (1 − λ) 〈x∗, y〉 ≤ f(x) + 〈x∗, x〉 ⇒

f(z) ≤ f(x) + (1− λ) 〈x∗, x− y〉 = λf(x) + (1 − λ)f(y).

Hence, f is convex.

For differentiable functions, quasiconvexity can be characterized as follows.

Proposition 4.12. Let f : X → (−∞,+∞] be such that dom f is an open
convex set and f is Gâteaux differentiable on dom f . Then, the following
statements are equivalent:

(a) f is quasiconvex.
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(b) For every x, y ∈ dom f ,

〈∇f(x), y − x〉 > 0 ⇒ f(y) > f(x).

(b′) For every x, y ∈ dom f ,

〈∇f(x), y − x〉 > 0 ⇒ f(y) ≥ f(x).

(c) For every x, y ∈ dom f ,

〈∇f(x), y − x〉 > 0 ⇒ 〈∇f(y), y − x〉 ≥ 0.

Proof. As in the proof of Proposition 4.6, we may suppose without loss of
generality that X = R.

(a) ⇒ (b): We show the contrapositive, that is, f(s) ≤ f(t) ⇒ f ′(t)(s−t) ≤
0. For every r = λt + (1 − λ)s, λ ∈ (0, 1), we have f(r) ≤ max{f(s), f(t)} =
f(t), so

f(r)− f(t)

r − t
(s− t) =

f(r)− f(t)

1− λ
≤ 0.

Thus,

f ′(t)(s − t) = lim
r→t

f(r) − f(t)

r − t
(s− t) ≤ 0.

(b) ⇒ (b′) is trivial.
(b′) ⇒ (b): Assume that (b′) holds. Let s, t ∈ dom f be such that f ′(t)(s−

t) > 0. If, say, s > t, then f ′(t) > 0, so by using the definition of the derivative,
f(r) > f(t) for all r ∈ (t, s) sufficiently close to t. Choose such an r. By the
mean value theorem, there exists w ∈ (t, r) such that f ′(w)(r − t) = f(r) −
f(t) > 0. Hence f ′(w)(s − w) > 0. Condition (b′) entails f(s) ≥ f(w) > f(t).
The case s < t is similar.

(b)⇒ (c): If (c) is not true, then it would be possible to have f ′(t)(s−t) > 0
and f ′(s)(s−t) < 0 for some s, t ∈ dom f . However, the first inequality implies
f(s) > f(t) and the second f(t) > f(s), a contradiction.

(c) ⇒ (a): Assume that f is not quasiconvex. Then there would exist t, s ∈
dom f , t < s and r = λt+(1−λ)s, λ ∈ (0, 1) such that f(r) > max{f(t), f(s)}.
Then it is clear by the mean value theorem, that there exist u ∈ (t, r) and
v ∈ (r, s) such that f ′(u) > 0 and f ′(v) < 0. This means that f ′(u)(v−u) > 0
and f ′(v)(v − u) < 0, which contradicts (c).

Quasiconvexity does not imply continuity under assumptions as weak as in
the case of convex functions (see Proposition 4.3 and Corollary 4.1). However,
there is still some connection to continuity and boundedness as shown below.

Proposition 4.13. [1] Let X be a Banach space and f : X → (−∞,+∞] be
lsc and quasiconvex. Then, for each x0 ∈ int dom f , f is bounded from above
in a neighborhood of x0.
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Proof. Let ε > 0 be such that B(x0, ε) ⊆ dom f . Set Sn = B(x0, ε) ∩ [f ≤ n].
Since f is quasiconvex and lsc, Sn are convex and closed. In addition,

⋃
n∈N

Sn =

B(x0, ε). By Baire’s theorem, there exists n ∈ N such that intSn 6= ∅. Fix any
x1 ∈ intSn and any x2 6= x0 such that x2 ∈ B(x0, ε) and x0 ∈ [x1, x2]. Choose
n1 > max{n, f(x2)}. Then x2 ∈ [f ≤ n1] so x2 ∈ Sn1 . Since x1 ∈ intSn1 , we
deduce that x0 ∈ intSn1 . Accordingly, intSn1 is a neighborhood of x0, andf
is bounded by n1 on this neighborhood.

Note that in a finite dimensional space, Proposition 4.13 can be shown by
a constructive proof, analogous to the proof of Corollary 4.1.

Having this result, we can now provide a proof for Proposition 4.5.

Proof. (of Proposition 4.5). Since f is convex, it is also quasiconvex. By Propo-
sition 4.13, it is bounded from above at a neighborhood of every point of
int dom f . By Proposition 4.3, it is locally Lipschitz.

An lsc quasiconvex function is not necessarily continuous, even in finite
dimensions. For instance, the function f : R → R defined by f(x) = 0 for
x ≤ 0 and f(x) = 1 for x > 0 is quasiconvex, lsc, but not continuous. We have
the following result, which is compared with Proposition 4.5 [17].

Proposition 4.14. Let X be a Banach space and f : X → (−∞,+∞] be
quasiconvex and lsc. If f is radially continuous at some point x0 ∈ dom f ,
then it is continuous at x0.

Proof. Since f is lsc at x0, it is enough to show that it is also upper semi-
continuous at x0. This means that given ε > 0, we have to show that there
exists δ > 0 such that for all x ∈ B(x0, δ) one has f(x) < f(x0) + ε. Indeed,
set α = f(x0) + ε. The set [f ≤ α] is convex and closed. In addition, since
f is radially continuous and α > f(x0), for every e ∈ X , one can find γ > 0
such that the open line segment (x − γe, x + γe) is in [f ≤ α]. Hence, x0 is
in the algebraic interior of [f ≤ α]. By Proposition 4.1, the interior and the
algebraic interior of a closed convex set in a Banach space coincide; hence,
x0 ∈ int[f ≤ α]. This means exactly what we wanted to prove, that is, there
exists δ > 0 such that for all x ∈ B(x0, δ) one has f(x) < f(x0) + ε.

For general functions, it is well known that even in R2, Gâteaux differ-
entiability does not imply continuity or even semicontinuity. However, for
quasiconvex functions, there is a connection [17]:

Proposition 4.15. Assume that f : X → (−∞,+∞] is quasiconvex and
Gâteaux differentiable on dom f . Then, f is lsc on dom f . If in addition X is
a Banach space, then f is continuous on dom f .

Proof. We have to prove that [f ≤ α] is closed as a subset of dom f , for every
α ∈ R. If this is not the case, then there exists a sequence xk ∈ [f ≤ α], k ∈ N

converging to x ∈ dom f , x /∈ [f ≤ α]. For every y ∈ dom f\[f ≤ α], one has
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f(xk) < f(y), so by Proposition 4.12, 〈∇f(y), xk − y〉 ≤ 0. Taking the limit
we obtain

〈∇f(y), x− y〉 ≤ 0, ∀y ∈ dom f\[f ≤ α]. (4.7)

Fix z ∈ [f ≤ α] and set zt = tx+ (1 − t)z and g(t) = f(zt), t ∈ [0, 1]. Define

t0 = sup{t ∈ [0, 1] : g(t) ≤ α}.

Note that g is differentiable, and thus continuous, so g(t0) ≤ α. For every
t ∈ (t0, 1), one has f(zt) = g(t) > a. Using (4.7) we find

g′(t) = 〈∇f(zt), x− z〉 = 1

1− t
〈∇f(zt), x− zt〉 ≤ 0.

This means that g is nonincreasing on [t0, 1], so g(t0) ≥ g(1) = f(x) > α,
which is a contradiction.

The second part follows from the previous proposition and the obvious fact
that a Gâteaux differentiable function is radially continuous.

Propositions 4.5, 4.13, and 4.14 do not hold in general normed spaces, as
seen in the following example.

Example 4.1. Let X be the space of real continuous functions on [0, 1]. We

equip X with the norm ‖f‖1 =
∫ 1

0 |f(x)| dx. Note that X is not a Banach
space. Define the function g : X → R by

g(f) = ‖f‖2 =

(∫ 1

0

f2(x)dx

)1/2

.

Since g is a norm, it is sublinear, and thus convex. For every h ∈ X and
f ∈ X\{0}, an easy calculation gives

lim
t→0

g(f + th)− g(f)

t
=

1

‖f‖2

∫ 1

0

f(x)h(x)dx.

Given f ∈ X\{0}, the functional F (h) = 1
‖f‖2

∫ 1

0 f(x)h(x)dx is linear and

continuous on X , since

|F (h)| ≤ maxx∈[0,1] f(x)

‖f‖2
‖h‖1 .

Hence, g is Gâteaux differentiable, so it is radially continuous. It is also lsc by
Proposition 4.15. However, g is nowhere continuous since the norms ‖·‖1 and
‖·‖2 are not equivalent. Indeed, one can easily construct a sequence hk ∈ X
such that ‖hk‖1 → 0 (thus hk → 0 with our choice of norm on X) and
‖hk‖2 → +∞. It follows that g is not continuous at 0, and not bounded
from above in a neighborhood of 0. The same is true at every f ∈ X since
f + hk → f but

g(f + hk) = ‖f + hk‖2 ≥ ‖hk‖2 − ‖f‖2 → +∞.
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Thus, the assumption that X is a Banach space, cannot be dropped from
Propositions 4.5, 4.13, and 4.14.

As for convex functions, there is a notion of strict quasiconvexity. There
is also another, weaker notion:

Definition 4.4. A function f : X → (−∞,+∞] is called

• strictly quasiconvex if for all x, y ∈ dom f and all z ∈ (x, y) one has

f(z) < max{f(x), f(y)};

• semistrictly quasiconvex if dom f is convex and for all x, y ∈ dom f and
all z ∈ (x, y) the following implication holds:

f(x) < f(y) ⇒ f(z) < f(y).

A function f is called strictly (respectively, semistrictly) quasiconcave
if −f is strictly (respectively, semistrictly) quasiconvex. It is called strictly
(respectively, semistrictly) quasilinear if both f and −f are strictly (resp.,
semistrictly) quasiconvex.

Obviously, a strictly quasiconvex function is semistrictly quasiconvex and
quasiconvex. In general, a semistrictly quasiconvex function might not be qua-
siconvex; the function f : R → R such that f(0) = 1 and f(x) = 0 for x 6= 0, is
such an example. However, this assertion is true under lower semicontinuity:

Proposition 4.16. Let f be a semistrictly quasiconvex function. If f is lsc
(or radially continuous) on dom f , then f is quasiconvex.

Proof. Assume that f is not quasiconvex, so there exist x, y ∈ dom f and
z ∈ (x, y) such that f(z) > max{f(x), f(y)}. Since f is semistrictly quasi-
convex, dom f is convex, so z ∈ dom f . Choose α such that f(z) > α >
max{f(x), f(y)}. Since f is lsc at z, we can find a neighborhood B(z, ρ) such
that for every w ∈ B(z, ρ) one has f(w) > α. Choose w ∈ B(z, ρ) ∩ (x, z).
Then z ∈ (w, y) and f(y) < α < f(w) thus by semistrict quasiconvex-
ity f(z) < f(w). On the other hand, w ∈ (x, z) and f(x) < f(z) entail
f(w) < f(z), which is a contradiction. The case of radial continuity is simi-
lar.

The relation between the three notions is made clear by the following
proposition. Let us first show a simple lemma.

Lemma 4.1. Let f be quasiconvex. If for some x, y ∈ X and z ∈ (x, y) one
has f(x) ≤ f(z) = f(y), then f is constant on [x, z] or on [z, y].

Proof. If this is not true, then quasiconvexity of f implies that there would
exist u ∈ [x, z] and v ∈ [z, y] such that f(u) < f(z) and f(v) < f(z). But
z ∈ [u, v], so we should have f(z) ≤ max{f(u), f(v)}, a contradiction.
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Proposition 4.17. Let f be quasiconvex.

(a) f is strictly quasiconvex if and only if it is not constant on any line
segment in dom f .

(b) f is semistrictly quasiconvex if and only if for every distinct x, y ∈ dom f ,
if f is constant on [x, y], then

f(z) ≥ f(x), ∀z = λx+ (1− λ)y, λ ∈ R.

Proof. (a) It is clear that if f is strictly quasiconvex, then it cannot be constant
on any line segment [x, y], x 6= y, x, y ∈ dom f . Conversely, assume that f is
not strictly quasiconvex. Then there exist x, y ∈ dom f and z ∈ (x, y) such
that f(x) ≤ f(y) and f(z) = f(y). By Lemma 4.1, f is constant on [x, z] or
[z, y].

(b) Assume that f is semistrictly quasiconvex. If f is constant on some
line segment [x, y], x 6= y, x, y ∈ dom f , then for every z = λx + (1 − λ)y,
one of these three possibilities holds: λ < 0, λ ∈ [0, 1], or λ > 1. If λ ∈ [0, 1],
then f(z) = f(x) by assumption. If λ < 0, then x ∈ (z, y). If we assume
that f(z) < f(x), then z ∈ dom f ; semistrict quasiconvexity implies that
f(x) < f(y), a contradiction. Thus, f(z) ≥ f(x). The case λ > 1 is similar.

Conversely, if f is not semistrictly quasiconvex, then there would exist
x, y ∈ dom f and z ∈ (x, y) such that f(x) < f(z) = f(y). Lemma 4.1 then
implies that f is constant on [z, y], while f(x) < f(z) with x = λz + (1− λ)y
for some λ ∈ R.

A function f that is quasiconvex and semistrictly quasiconvex is often
called explicitly quasiconvex.

Proposition 4.18. A function f is explicitly quasiconvex if and only if for
every x, y ∈ dom f and z ∈ (x, y) the following implication holds:

f(z) ≥ f(x) ⇒ f(y) ≥ f(z). (4.8)

Proof. It is easy to see that (4.8) implies that f is quasiconvex and semistrictly
quasiconvex. Conversely, assume that f is quasiconvex and semistrictly qua-
siconvex, and assume that for some x, y ∈ dom f and z ∈ (x, y), f(z) ≥ f(x).
Assume that f(y) < f(z). Since f is quasiconvex, f(z) ≤ max{f(x), f(y)},
so necessarily f(z) = f(x). Then f(y) < f(x), so semistrict quasiconvexity
implies that f(z) < f(x), a contradiction.

Based on Propositions 4.9 and 4.17, one can see immediately which func-
tions defined on R are quasiconvex, strictly quasiconvex, or semistrictly qua-
siconvex. For instance, the quasiconvex function defined in (4.5) is neither
strictly quasiconvex, nor semistrictly quasiconvex; compare also with Propo-
sitions 4.28 and 4.29 below. The function

f(x) =

{
0, if |x| ≤ 1,
1− 1

1+(|x|−1)2 , if |x| > 1,
(4.9)
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is semistrictly quasiconvex, but not strictly quasiconvex.
In higher dimension, Propositions 4.9 and 4.17 may help to prove or dis-

prove that a function is (strictly, semistrictly) quasiconvex, but in general
this is not so immediate. An important example of a quasiconvex function in
a subset of Rn is the function f defined by the fraction of two affine functions

f(x) =
〈a, x〉+ k

〈b, x〉+ l
.

Restricted on the set {x ∈ Rn : 〈b, x〉+l > 0}, the function f is semistrictly
quasilinear [6].

Strictly and semistrictly quasiconvex differentiable functions have a first-
order characterization in terms of generalized monotone operators.

Definition 4.5. Let C ⊆ X be convex and T : C → X∗ be an operator. T is
called

• quasimonotone if for every x, y ∈ C the following implication holds:

〈T (x), y − x〉 > 0 ⇒ 〈T (y), y − x〉 ≥ 0;

• strictly quasimonotone if T is quasimonotone and for every distinct
x, y ∈ C, there exists z ∈ (x, y) such that

〈T (z), y − x〉 6= 0;

• semistrictly quasimonotone if T is quasimonotone and for every x, y ∈ C
the following implication holds:

〈T (x), y − x〉 > 0 ⇒ ∀w ∈ (x, y), ∃z ∈ (w, y) : 〈T (z), y − x〉 > 0. (4.10)

If T is radially continuous, then the assumption of quasimonotonicity is
not necessary in the definition of semistrict quasimonotonicity:

Proposition 4.19. Let C ⊆ X be convex. If T satisfies implication (4.10)
and is radially continuous, then it is semistrictly quasimonotone.

Proof. We have to show that T is quasimonotone. Assume that 〈T (x), y − x〉 ≥
0 for some x, y ∈ C. We construct a sequence zk, k ∈ N such that

〈T (zk), y − x〉 > 0 (4.11)

and zk → y, as follows. Choose z1 ∈
(
x+y
2 , y

)
such that 〈T (z1), y − x〉 > 0;

this implies 〈T (z1), y − z1〉 > 0. Then we choose z2 ∈
(
z1+y

2 , y
)
such that

〈T (z2), y − z1〉 > 0, that is, 〈T (z2), y − x〉 > 0, etc. By taking the limit at
(4.11), we find that 〈T (y), y − x〉 ≥ 0, that is, T is quasimonotone.

Proposition 4.20. If T is strictly quasimonotone, then it is semistrictly
quasimonotone.



156 Fixed Point Theory, Variational Analysis, and Optimization

Proof. Let T be strictly quasimonotone and x, y ∈ C be such that
〈T (x), y − x〉 > 0. Let w ∈ (x, y). By assumption, there exists z ∈ (w, y)
such that 〈T (z), y − w〉 6= 0. This implies that 〈T (z), z − x〉 6= 0. Since we
also have 〈T (x), z − x〉 > 0, quasimonotonicity implies that 〈T (z), z − x〉 ≥ 0,
hence 〈T (z), z − x〉 > 0. Finally, this gives 〈T (z), y − x〉 > 0.

According to Proposition 4.12, a differentiable function f is quasiconvex if
and only if ∇f is quasimonotone. We now have the required characterizations
of strict and semistrict quasiconvexity.

Proposition 4.21. Let f : X → (−∞,+∞] be such that dom f is an open
convex set and f is Gâteaux differentiable on dom f . Then, the following
statements are equivalent:

(a) f is strictly quasiconvex.

(b) ∇f is strictly quasimonotone.

Proof. As in Proposition 4.6, it is enough to prove the proposition by assuming
that X = R. If f is strictly quasiconvex, then by Proposition 4.12, f ′ is
quasimonotone. In addition, by Proposition 4.17, f is not constant on any
interval [s, t] in dom f . Thus, there exists r ∈ [s, t] such that f ′(r) 6= 0. This
means that (b) holds. The converse can be proved in the same way.

Proposition 4.22. Let f : X → (−∞,+∞] be such that dom f is an open
convex set and f is Gâteaux differentiable on dom f . Then, the following
statements are equivalent:

(a) f is semistrictly quasiconvex.

(b) For every x, y ∈ dom f , if 〈∇f(x), y − x〉 > 0, then f(z) < f(y) for every
z ∈ [x, y).

(b′) For every x, y ∈ dom f , if 〈∇f(x), y − x〉 > 0, then f is increasing along
the segment [x, y], that is, if z ∈ [x, y] and w ∈ (z, y] then f(z) < f(w).

(c) ∇f is semistrictly quasimonotone.

Proof. (a) ⇒ (b): Assume that 〈∇f(x), y − x〉 > 0 for some x, y ∈ dom f .
Since f is radially continuous on dom f , it is quasiconvex. Thus by Proposition
4.12, f(y) > f(x). Semistrict quasiconvexity then implies that for every z ∈
[x, y), f(z) < f(y).

(b) ⇒ (b′): If 〈∇f(x), y − x〉 > 0 for x, y ∈ dom f , then for z ∈ [x, y] and
w ∈ (z, y] one has 〈∇f(x), w − x〉 > 0, so f(z) < f(w) in virtue of (b).

(b′) ⇒ (b) is obvious.
(b′) ⇒ (c): Let 〈∇f(x), y − x〉 > 0 for x, y ∈ dom f . By (b′), f is increasing

along [x, y], so obviously

〈∇f(y), y − x〉 = (f(y + t(y − x))
′
t=0 ≥ 0.
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Hence ∇f is quasimonotone. Also by (b), for every w ∈ (x, y), f(w) < f(y).
By the mean value theorem, there exists z ∈ (w, y) such that 〈∇f(z), y − w〉 =
f(y)− f(w) > 0. Thus, 〈∇f(z), y − x〉 > 0 and ∇f is semistrictly quasimono-
tone.

(c) ⇒ (a): Since ∇f is quasimonotone, f is quasiconvex. Assume that it is
not semistrictly quasiconvex, so there exist x, y ∈ C and w ∈ (x, y) such that
f(x) < f(w) = f(y). By Lemma 4.1, f is constant on [w, y]. It follows that
the function g(t) = f(w+ t(y−w)) is constant on [0, 1]. Hence, g′ = 0, which
implies that 〈∇f(z), y − w〉 = 0 for every z ∈ (w, y).

Using the mean value theorem on [x,w] we deduce that there exists x1 ∈
(x,w) such that 〈∇f(x1), w − x〉 = f(w)− f(x) > 0; thus 〈∇f(x1), y − x1〉 >
0. Since 〈∇f(z), y − x1〉 = 0 for every z ∈ (w, y), ∇f is not semistrictly
quasimonotone.

4.5 Pseudoconvex Functions

Pseudoconvex functions can be defined without any assumption of differen-
tiability or even subdifferentiability [31], but usually they are assumed to be
differentiable.

Definition 4.6. Let f : X → (−∞,+∞] be such that dom f is an open
convex set and f is Gâteaux differentiable on dom f . The function f is called

• pseudoconvex if for all x, y ∈ dom f , the following implication holds:

〈∇f(x), y − x〉 ≥ 0 ⇒ f(y) ≥ f(x), and

• strictly pseudoconvex if for all distinct x, y ∈ dom f , the following im-
plication holds:

〈∇f(x), y − x〉 ≥ 0 ⇒ f(y) > f(x).

So far, we have given definitions of seven notions of generalized convexity.
There are some relations between them; for instance, a differentiable convex
function is pseudoconvex, due to Proposition 4.6. Let us show some more.

Proposition 4.23. (a) A differentiable strictly pseudoconvex function is
strictly quasiconvex.

(b) A differentiable pseudoconvex function is semistrictly quasiconvex.

Proof. (a) Let f be strictly pseudoconvex. Then by Proposition 4.12, f is
quasiconvex. Assume that it is not strictly quasiconvex. Then there should
exist x, y ∈ dom f and z ∈ (x, y) such that f(x) ≤ f(z) = f(y). By Lemma
4.1, f is constant on [x, z] or on [z, y]. In the first case, 〈∇f(z), x− z〉 = 0
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(consider the function g(t) = f(tz + (1 − t)x), which is constant on [0, 1]).
Since f is strictly pseudoconvex, f(x) > f(z), which is a contradiction. The
second case is similar.

(b) Let f be pseudoconvex. Since (b′) of Proposition 4.12 holds, f is qua-
siconvex. If f is not semistrictly quasiconvex, then there exist x, y ∈ dom f
and z ∈ (x, y) such that f(x) < f(z) = f(y). As in the proof of (a), we de-
duce that f is constant on [z, y] and 〈∇f(z), y − z〉 = 0. This implies that
〈∇f(z), x− z〉 = 0. By pseudoconvexity, f(x) ≥ f(z), a contradiction.

The function f(x) = x3, x ∈ R can be easily seen to be strictly quasiconvex
without being pseudoconvex, since f ′(0) = 0 but f(x) < 0 for x < 0 (com-
pare with Proposition 4.30 below). The function f defined in relation (4.9)
is pseudoconvex, but not convex or strictly pseudoconvex. Finally, arctanx is
strictly pseudoconvex without being convex.

Other implications between the generalized convexity notions, besides
those given in various propositions above, are trivial. Assuming differentiabil-
ity when pseudoconvexivity is involved, only the following implications hold.
We use the abbreviations “s.,” “ss.,” and “expl.,” for “strictly,” “semistrictly,”
and “explicitly,” respectively:

s. convex =⇒ convex
⇓ ⇓

s. pseudoconvex =⇒ pseudoconvex
⇓ ⇓

s. quasiconvex =⇒ expl. quasiconvex (=ss. quasiconvex if lsc)
⇓

quasiconvex

Pseudoconvex and strictly pseudoconvex functions are characterized by a
corresponding generalized monotonicity of their Gâteaux derivative. We in-
troduce the relevant notions.

Definition 4.7. Let C ⊆ X be convex and T : C → X∗ be an operator. T is
called

• pseudomonotone if for every x, y ∈ C the following implication holds:

〈T (x), y − x〉 ≥ 0 ⇒ 〈T (y), y − x〉 ≥ 0;

• strictly pseudomonotone if for every distinct x, y ∈ C, the following
implication holds:

〈T (x), y − x〉 ≥ 0 ⇒ 〈T (y), y − x〉 > 0.

By taking the contrapositive of (a), we find that an operator T is pseu-
domonotone if and only if for every x, y ∈ C,

〈T (x), y − x〉 > 0 ⇒ 〈T (y), y − x〉 > 0. (4.12)
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Proposition 4.24. Let f : X → (−∞,+∞] be such that dom f is an open
convex set and f is Gâteaux differentiable on dom f . Then, the following
statements are equivalent:

(a) f is pseudoconvex.

(b) ∇f is pseudomonotone.

Proof. (a) ⇒ (b): Let f be pseudoconvex and 〈∇f(x), y − x〉 ≥ 0. By
pseudoconvexity, f(y) ≥ f(x). Assume that 〈∇f(y), y − x〉 < 0, that is,
〈∇f(y), x− y〉 > 0. Since f is also quasiconvex, by Proposition 4.12 we have
f(x) > f(y), a contradiction.

(b)⇒ (a): Let∇f be pseudomonotone. If f is not pseudoconvex, then there
exist x, y ∈ dom f such that 〈∇f(x), y − x〉 ≥ 0 and f(y) < f(x). By the mean
value theorem, there exists z ∈ (x, y) such that 〈∇f(z), x− y〉 = f(x)−f(y) >
0. Then 〈∇f(z), x− z〉 > 0. By implication (4.12), 〈∇f(x), x − z〉 > 0. This
implies 〈∇f(x), y − x〉 < 0, a contradiction.

Likewise, we have a characterization of strict pseudoconvexity:

Proposition 4.25. Let f : X → (−∞,+∞] be such that dom f is an open
convex set and f is Gâteaux differentiable on dom f . Then, the following
statements are equivalent:

(a) f is strictly pseudoconvex.

(b) ∇f is strictly pseudomonotone.

The proof follows the same lines as the proof of Proposition 4.24, so it is
omitted.

Besides the notions of generalized convexity, we also recalled some corre-
sponding notions of generalized monotonicity, and we showed that a differ-
entiable function is convex (resp., strictly convex, quasiconvex, strictly quasi-
convex, semistrictly quasiconvex, pseudoconvex, strictly pseudoconvex) if and
only if its derivative is monotone (resp, strictly monotone, quasimonotone,
strictly quasimonotone, semistrictly quasimonotone, pseudomonotone, strictly
pseudomonotone). Therefore, only the following implications hold among the
various notions of generalized monotonicity:

s. monotone =⇒ monotone
⇓ ⇓

s. pseudomonotone =⇒ pseudomonotone
⇓ ⇓

s. quasimonotone =⇒ ss. quasimonotone
⇓

quasimonotone

All the above implications are trivial, except possibly the ones contained
in the following proposition.
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Proposition 4.26. Let C ⊆ X be convex and T : C → X∗ be an operator.

(a) If T is strictly pseudomonotone, then it is strictly quasimonotone.

(b) If T is pseudomonotone, then it is semistrictly quasimonotone.

Proof. (a) Since T is strictly pseudomonotone, it is obviously quasimonotone.
For any x, y ∈ C, choose z ∈ (x, y). If 〈T (z), y − x〉 6= 0, we are done. If
〈T (z), y − x〉 = 0, then for every w ∈ (z, y) one has 〈T (z), w − z〉 = 0. By
strict pseudomonotonicity, 〈T (w), w − z〉 > 0, so finally 〈T (w), y − x〉 6= 0.

(b) Since T is pseudomonotone, it is quasimonotone. Assume that
〈T (x), y − x〉 > 0 for some x, y ∈ C. Then for every z ∈ (x, y), 〈T (x), z − x〉 >
0, so from (4.12) we find 〈T (z), z − x〉 > 0, that is, 〈T (z), y − x〉 > 0. Thus,
T is semistrictly quasimonotone.

We finish this section with some remarks on the relation between pseu-
domonotone and quasimonotone operators. Every pseudomonotone operator
is quasimonotone, but the converse also holds under some simple assump-
tions. We call an operator T hemicontinuous if its restriction on line segments
is continuous with respect to the weak∗ topology in X∗.

Proposition 4.27. Let C ⊆ X be open and convex and T : C → X∗ be a
hemicontinuous quasimonotone operator such that T (x) 6= 0, for all x ∈ C.
Then, T is pseudomonotone.

Proof. Let x, y ∈ C be such that 〈T (x), y − x〉 ≥ 0. Since T (x) 6= 0 by assump-
tion, we can choose v ∈ X such that 〈T (x), v〉 > 0. For t > 0 sufficiently small,
y+ tv ∈ C and 〈T (x), y + tv − x〉 ≥ t 〈T (x), v〉 > 0. Since T is quasimonotone,

〈T (y + tv), y + tv − x〉 ≥ 0. (4.13)

By taking the limit in (4.13) as t ↓ 0, we find 〈T (y), y − x〉 ≥ 0. This means
that T is pseudomonotone.

If C is not open, the above proposition does not hold. For instance, if
X = R2, and C = [0, 1]×{0}, define T on C by T (t, 0) = (−t, 1). The operator
T is continuous and quasimonotone, T (t, 0) 6= 0 for all (t, 0) ∈ C, but it is not
pseudomonotone, as one can see by taking x = (1, 0) and y = (0, 0). The failure
of pseudomonotonicity is due to the fact that the set C is lower-dimensional
than X , so we can construct the example by taking T to be perpendicular
to C at some point; then the projection of T (x) on C is zero. Thus, in some
sense, we cheated with the assumption T (x) 6= 0. A less trivial example where
the dimension of C is the dimension of the space is the following.

Example 4.2. Let X = R2, C = [0, 1] × [0, 1] and define T as follows. For
every (x1, x2) ∈ C with (x1, x2) 6= (0, 0), define t to be the unique positive
root of t2 − x1t− x2 = 0, that is,

t =
x1 +

√
x21 + 4x2
2

.
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Then, define T (x1, x2) by

T (x1, x2) =

( −t
t+ 1

,
−1

t+ 1

)
.

Note that the point (x1, x2) belongs to the segment joining (t, 0) and (0, t2),
while T (x1, x2) is perpendicular to this segment. Finally, define T (0, 0) =
(0,−1). Then T is continuous, T (x1, x2) 6= (0, 0) for all (x1, x2) ∈ C, and it is
not pseudomonotone as one can see by considering the points x = (0, 0) and
y = (1, 0). However, it is quasimonotone, as can be seen by inspecting the
above segments, or by a direct calculation (see [21])

4.6 On the Minima of Generalized Convex Functions

Generalized convex functions are frequently encountered in optimization prob-
lems, and the properties of their minima are very important. Here are some
properties whose proofs are easily derived from the definitions.

Proposition 4.28. Let f : X → (−∞,+∞] be a proper function.

(a) If f is quasiconvex, then the set of its global minima is convex.

(b) If f is strictly quasiconvex, then it has at most one global minimum.

Semistrictly quasiconvex functions are characterized by the equality of
local and global minima [28]:

Proposition 4.29. Let f : X → (−∞,+∞] be a proper function. If f is
semistrictly quasiconvex, then every local minimum of f is global. Conversely,
assume that dom f is open, and f is a continuous quasiconvex function. If
every local minimum of f is global, then f is semistrictly quasiconvex.

Proof. Let f be semistrictly quasiconvex, and assume that x0 ∈ dom f is a
local minimum of f . Then there exists ε > 0 such that f(x) ≥ f(x0) for every
x ∈ B(x0, ε). Assume that x0 is not a global minimum; then there exists
x1 ∈ X such that f(x1) < f(x0). Choose y ∈ (x1, x0) close enough to x0 so
that y ∈ B(x0, ε). Then f(y) ≥ f(x0) since x0 is a minimum on B(x0, ε).
Since f is semistrictly quasimonotone, f(x1) < f(x0) implies f(y) < f(x0), a
contradiction.

To show the converse, assume that there exist x, y ∈ dom f and z ∈ (x, y)
such that f(x) < f(z) = f(y). Choose w ∈ (z, y). Lemma 4.1 implies that f
is constant on [z, y], so f(w) = f(z).

Since f is continuous, there exists ε > 0 such that f(u) < f(z) for all
u ∈ B(x, ε). Consider the set

K = z +
⋃
λ>0

λ(z −B(x, ε)). (4.14)
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K is open (actually it is an open cone with apex at z). Since z ∈ (x,w), it is
easy to see that w = z + λ(z − x) for some λ > 0, that is, w ∈ K. Hence, K
is a neighborhood of w. For every v ∈ K, according to (4.14), we can choose
λ > 0 and u ∈ B(x, ε) such that v = z + λ(z − u). Then, f(u) < f(z), and

z =
λ

1 + λ
u+

1

1 + λ
v ∈ (v, u),

so f(z) ≤ max{f(u), f(v)}. This implies that f(w) = f(z) ≤ f(v) for every
v ∈ K. Thus, w is a local minimum of f . By assumption, it is also a global
minimum. But this contradicts f(x) < f(w).

It is a well-known property of differentiable convex functions that the
condition ∇f(x) = 0 is not only necessary, but also sufficient for f to have
a global minimum at x. This is trivially true for pseudoconvex functions too.
Actually, pseudoconvex functions are exactly the right class of functions to
have this property [13]:

Proposition 4.30. Let f : X → (−∞,+∞] be such that dom f is an open
convex set and f is Gâteaux differentiable on dom f .

(a) If f is pseudoconvex and ∇f(x) = 0, then x is a global minimum of f .

(b) If f is quasiconvex and has a local minimum at every point x such that
∇f(x) = 0, then f is pseudoconvex.

Proof. (a) is obvious, so we prove only (b). Assume that f is not pseudoconvex;
then there exist x, y ∈ dom f such that 〈∇f(x), y − x〉 ≥ 0 but f(y) < f(x).
Since f is quasiconvex, Proposition 4.12 implies that 〈∇f(x), y − x〉 = 0. Also,
for every z ∈ [x, y], f(z) ≤ f(x). Set

t0 = sup{t ∈ [0, 1] : f(x+ t(y − x)) = f(x),

and z0 = x + t0(y − x). Then, f(x) = f(z0) and f(z) < f(z0) for every
z ∈ (z0, y). By Lemma 4.1, f is constant on [x, z0], hence 〈∇f(z0), y − z0〉 = 0.
We show that ∇f(z0) = 0. If this is not the case, then we can choose v ∈ X
such that 〈∇f(z0), v〉 > 0. For t > 0 small enough so that y+ tv ∈ dom f , one
has

〈∇f(z0), y + tv − z0〉 = 〈∇f(z0), y − z0〉+ t 〈∇f(z0), v〉 > 0,

so again by Proposition 4.12, f(y + tv) ≥ f(z0). Taking the limit at t ↓
0 we deduce f(y) ≥ f(z0), a contradiction. Accordingly, ∇f(z0) = 0. By
assumption, z0 is a local minimum of f . But this is not possible, since f(z) <
f(z0) for every z ∈ (z0, y). We have arrived at a contradiction, thus f is
pseudoconvex.
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4.7 Applications

The range of applications of generalized convex functions and generalized
monotone operators is very wide. Here we give just a few.

4.7.1 Sufficiency of the KKT Conditions

The Karush-Kuhn-Tucker conditions for the existence of a solution to the
following program are central features of optimization theory:





min f(x),
x ∈ C,

gi(x) ≤ 0, i = 1, . . . ,m,
hj(x) = 0, j = 1, . . . , k.

(P)

Here, C is an open subset of Rn; f , gi, and hj are differentiable functions
on C. It is well known that if some regularity conditions are met (the so-
called constraint qualification conditions), then for every solution x̄ of (P)
there exist λi, i = 1, . . .m and µj , j = 1, . . . k satisfying the following Karush-
Kuhn-Tucker (KKT) conditions :





∇f(x̄) +
m∑
i=1

λi∇gi(x̄) +
k∑

j=1

µj∇hj(x̄) = 0,

λi ≥ 0, i = 1, . . . ,m,
λigi(x̄) = 0, i = 1, . . . ,m.

(KKT)

It is also well known that the KKT conditions are not sufficient to guarantee
that x̄ is a solution of (P). This becomes true under some generalized convexity
conditions for the functions involved. We recall that x̄ ∈ C is called a feasible
solution of (P) if gi(x̄) ≤ 0 and hj(x̄) = 0 for all i = 1, . . . ,m, j = 1, . . . , k.

Theorem 4.1. Assume that f is pseudoconvex, the functions gi are quasi-
convex, and the functions hj are quasilinear. If x̄ is a feasible solution of (P)
and there exist λi, µj ∈ R satisfying the KKT conditions, then x̄ is an optimal
solution.

Proof. We want to show that for every feasible solution x ∈ C, f(x) ≥ f(x̄).
Since f is pseudoconvex, it is enough to show that

〈∇f(x̄), x− x̄〉 ≥ 0

or, using (KKT),

〈
m∑
i=1

λi∇gi(x̄) +
k∑

j=1

µj∇hj(x̄), x− x̄

〉
≤ 0.
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Again, it is enough to show that for all i = 1, . . .m, j = 1, . . . k,

λi 〈∇gi(x̄), x − x̄〉 ≤ 0, (4.15)

〈∇hj(x̄), x − x̄〉 = 0. (4.16)

If λi = 0, then of course (4.15) holds. If λi > 0, then from (KKT) we get
gi(x̄) = 0; hence gi(x) ≤ gi(x̄). Since gi is quasiconvex, Proposition (4.12)
implies that 〈∇gi(x̄), x− x̄〉 ≤ 0, so inequalities (4.15) hold in all cases.

We also note that hj(x̄) = hj(x) by assumption. Since both hj and
−hj are quasiconvex, Proposition (4.12) implies that 〈∇hj(x̄), x− x̄〉 >
0 and 〈∇hj(x̄), x− x̄〉 < 0 are not possible. Thus one has necessarily
〈∇hj(x̄), x− x̄〉 = 0, so equalities (4.16) hold.

4.7.2 Applications in Economics

Mathematical economics is one of the fields where generalized convexity and
generalized monotonicity have been mostly applied. In fact, in many cases
some assumptions based on empirical arguments led economists to introduce
notions that correspond exactly to generalized convexity or monotonicity con-
cepts, well before these concepts were introduced in mathematics.

In consumer theory, one supposes that there exist n commodities. A com-
modity bundle is just a vector x = (x1, . . . xn) ∈ Rn

+. The numbers xi represent
a certain amount of a commodity i, i = 1, . . . n. It is supposed that each con-
sumer has a preference relation � defined on Rn

+; y � x means that the
consumer considers y to be at least as good as x. Usually, the preference rela-
tion is defined through a utility function u : Rn

+ → R as follows: u(y) ≥ u(x) if
and only if y � x. The existence of such a function is not only very convenient,
but it can also be deduced from reasonable economic assumptions (see [29]).
One of the main assumptions imposed on u is that it is quasiconcave, that is,
u(λx + (1 − λy) ≥ min{u(x), u(y)} for every commodity bundle x and y and
every λ ∈ [0, 1]. In terms of the preference relation, this means that either
λx + (1 − λ)y � x or λx + (1− λ)y � y, and can be seen as an expression of
the consumer’s inclination for diversify; λx + (1 − λ)y cannot be worse than
both x and y.

A price vector p = (p1, . . . pn) is by definition an element of intRn
+; pi is

the price per unit of the commodity xi. Given a price vector p, the cost of

the consumption bundle x is
n∑

i=1

pixi = 〈p, x〉. The budget of the consumer is

given by a number w > 0. For a given budget w and price vector p, the set of
commodity bundles that are affordable by the consumer is the so-called budget
set {x ∈ R

n
+ : 〈p, x〉 ≤ w}. The budget set does not change if we multiply w

and p by the same positive number λ. Thus, by dividing both w and p by w,
we may suppose with no loss of generality that w = 1 and define the budget
set by

B(p) = {x ∈ R
n
+ : 〈p, x〉 ≤ 1}.
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It is expected that a consumer will choose the commodity bundle that is
the best possible for him among the commodity bundles that he can afford.
This leads to a problem of maximization of the utility u on the budget set
B(p):

maximize u(x) s.t. x ∈ B(p).

The map X that gives the solution set of the above problem is the so-called
demand correspondence. It is a multivalued map defined by

X(p) = {x ∈ B(p) : u(x) ≥ u(y), ∀y ∈ B(p)}.

One also defines the indirect utility function v on intRn
+, which for every

price vector p ∈ intRn
+ gives the maximum utility that the consumer can

achieve:
v(p) = sup{u(x) : x ∈ R

n
+, 〈p, x〉 ≤ 1}. (4.17)

It is easy to see that the indirect utility has a generalized convexity prop-
erty:

Proposition 4.31. The function v defined by (4.17) is quasiconvex.

Proof. It is enough to show that for every α ∈ R, [v ≤ α] is convex. Indeed,
let p = λp1 + (1 − λ)p2 where p1, p2 ∈ [v ≤ α]. For every x ∈ R

n
+ such that

〈p, x〉 ≤ 1, one has λ 〈p1, x〉 + (1 − λ) 〈p2, x〉 ≤ 1. It follows that at least one
of the inequalities 〈p1, x〉 ≤ 1 and 〈p2, x〉 ≤ 1 holds. If, say, 〈p1, x〉 ≤ 1, then
(4.17) implies that u(x) ≤ v(p1) ≤ α, so u(x) ≤ α for every x ∈ Rn

+ such that
〈p, x〉 ≤ 1. Applying (4.17) again we obtain v(p) ≤ α and v is quasiconvex.

Actually, one can show that v has other interesting properties, and there
is a duality between the direct and indirect utility functions, that permit us
to construct u by using v. The interested reader may consult, for instance,
[30] for a general result and the related bibliography.

Generalized monotonicity also plays a crucial role. One of the usual as-
sumptions imposed on the utility u is nonsatiation. A utility function u is
called nonsatiated if for every p ∈ intRn

+, whenever x ∈ Rn
+ is such that

〈p, x〉 < 1, there exists x′ ∈ B(p) such that u(x′) > u(x). It is easy to see that
u is nonsatiated if and only if for every x ∈ X(p), 〈p, x〉 = 1 holds.

Proposition 4.32. Assume that u is nonsatiated. Then for every p1, p2 ∈
intRn

+ and x1 ∈ X(p1), x2 ∈ X(p2), the following implication holds:

〈p1, x2 − x1〉 ≤ 0 ⇒ 〈p2, x2 − x1〉 ≤ 0. (4.18)

Proof. If 〈p1, x2 − x1〉 ≤ 0, then 〈p1, x2〉 ≤ 〈p1, x1〉. Since x1 ∈ X(p1), we
deduce that 〈p1, x2〉 ≤ 1, so x2 ∈ B(p1). Again by the definition of x1 we obtain
u(x2) ≤ u(x1). It follows that 〈p2, x2 − x1〉 > 0 is not possible, otherwise we
would have 〈p2, x1〉 < 〈p2, x2〉 = 1, so again by nonsatiation u(x1) < u(x2), a
contradiction. Thus, 〈p2, x2 − x1〉 ≤ 0 and (4.18) holds.
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Property (4.18) is a version of the Axiom of Revealed Preference in eco-
nomics. The reader might observe that property (4.18) is related to pseu-
domonotonicity. To see this more clearly, let us assume (as is often done)
that the demand correspondence is single-valued, i.e., there is a map x(·) :
intRn

+ → R
n
+ such that X(p) = {x(p)}. Then (4.18) can be rewritten as

〈p1, x(p2)− x(p1)〉 ≤ 0 ⇒ 〈p2, x(p2)− x(p1)〉 ≤ 0. (4.19)

If we again assume nonsatiation, then 〈p1, x(p1)〉 = 〈p2, x(p2)〉 = 1, so we
can rewrite (4.19) as

〈x(p2), p1 − p2〉 ≤ 0 ⇒ 〈x(p1), p1 − p2〉 ≤ 0

By interchanging the indices 1 and 2, we deduce that for every p1, p2 ∈
intRn

+,
〈x(p1), p2 − p1〉 ≤ 0 ⇒ 〈x(p2), p2 − p1〉 ≤ 0.

Thus, the version of the axiom of revealed preference that we presented
says that −x(·) is pseudomonotone. Other versions (for instance, the weak
axiom of revealed preference, the strong axiom of revealed preference, etc.)
are related to other notions of generalized monotonicity. The reader is referred
to Chapter 14 in [22] for additional information. By assuming a plausible
generalized monotonicity assumption on an operator x(·) defined on intRn

+,
it has been shown that x(·) can be seen as the demand map resulting from a
utility function u. See for example [14].

4.8 Further Reading

The basic reference for the study of convexity in Rn is the seminal book
of Rockafellar [35]. Convexity in more general spaces is studied in several
more recent books, such as the books of Magaril-Il’yaev and Tikhomirov [27],
Lucchetti [26], Borwein and Wanderwerff [8], and Zalinescu [37]. Generalized
convexity in Rn is presented, together with many examples and applications,
in the books of Avriel, Diewert, Schaible, and Zang [6] and Cambini and
Martein [9]. For spaces of finite or infinite dimension, there is the handbook
edited by Hadjisavvas, Komlosi, and Schaible [22]. Additional information on
quasiconvex functions may be found in Chapter 5 (by Aussel) of this volume.

There are many papers (probably more than one thousand) studying the
properties, characterizations and applications of generalized convex functions
and generalized monotone operators. Here we mention just a few, referring
the reader to their bibliographies for further references. Continuity and dif-
ferentiability properties of quasiconvex functions have been studied in de-
tail in [11, 12]. Characterizations of generalized convexity and generalized
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monotonicity characteristics are presented in [23, 20] in the smooth case, and
[3, 4, 15, 32, 33] in the nonsmooth case. For nonsmooth generalized convexi-
ties and monotonicities, we refer to [2]. Also, some continuity and maximality
properties of generalized monotone operators are studied in [18]. Applica-
tions in variational inequalities, equilibrium problems, economics, etc. may be
found, in addition to the above-mentioned books, in [5, 7, 16, 21, 25, 36]. A
lot of papers may also be found in the list contained in [34] (the list contains
papers up to 1995) and at the website http://www.genconv.org/aigaion/ .
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5.1 Introduction

It is well known that convex functions form an ideal class of functions for
minimization purposes. Indeed, if f : Rn → R is a differentiable convex func-
tion, then the global minimizers of f over R

n, that is, the solutions of the
unconstrained optimization problem

(P) inf
x∈Rn

f(x),
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are simply the stationary point of f , that is, the point of Rn for which ∇f(x),
the gradient of f , is the null vector. This is thus an perfect situation since,
usually, this last condition “∇f(x) = 0” is only a necessary one for the point
x to be a local minimizer of f .

And even if some convex constraint set C ⊂ R
n is considered, the con-

straint optimization problem becomes

(PC) (PC) inf
x∈C

f(x),

and, again, a necessary and sufficient optimality condition for a point x to be
a global solution of this problem (PC) simply expressed as

〈∇f(x), y − x〉 ≥ 0, ∀ y ∈ C. (5.1)

Let us remark that formulation (5.1) is called the variational inequality defined
by ∇f and C. It will be extensively discussed in generalized forms in this
chapter.

But it is also well known that, if f is not convex, and even if the subset C
is convex, the condition (5.1) is only a necessary optimality condition as it can
be seen by simply considering the real function f(t) = t3 and C = [−1, 1]1.

Our aim, in this chapter, is to show that there is actually another class,
a broader class, of functions for which powerful properties, such as necessary
and sufficient optimality conditions, can be easily obtained. It is the class
of quasiconvex functions. Though the convexity of a function is totally char-
acterized by the convexity of its epigraph, the quasiconvexity of a function
f : Rn → R is described by the convexity of its sublevel sets

f is quasiconvex ⇔ ∀λ ∈ R, Sλ(f) is a convex subset,

where the sublevel set Sλ(f) of f of level λ is defined by Sλ(f) = {x ∈
Rn : f(x) ≤ λ}. A typical example of quasiconvex function is given in
Figures 5.1 and 5.2.

As seen in Figure 5.2 the sublevel sets are convex, but more important is
that typical quasiconvex functions can have “flat parts.” As will be seen in
Section 5.5 of the reformulation (5.1) can provide a necessary and sufficient
optimality condition for this broad class of quasiconvex functions if one re-
places the gradient of the function by the so-called normal operator of the
function.

At first glance, the definition of this class of quasiconvex functions could
be simply considered as “another” generalization of convexity, but that is
not at all the case. First, the class of quasiconvex functions inherits powerful
properties (see Section 5.3). Second, quasiconvexity plays a fundamental role
in mathematical economics. For example, it describes important features of
the utility functions of agents in economic games and is also one of the main
hypotheses of existence results for equilibrium problems; see, for example, the
pioneering work of Arrow and Debreu [2] concerning Nash equilibrium.

1Indeed, for x = 0, one has ∇f(0) = 0 and thus x is a solution of (5.1) but clearly x is
not a local minimum of f on C.
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FIGURE 5.1: A quasiconvex function.
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FIGURE 5.2: Its sublevel sets.
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5.2 Notations

In this chapter, we assume that all spaces X 6= {0} are Banach spaces with
topological dual X∗, equipped with the weak∗ topology (denoted by w∗ in
the sequel) and 〈·, ·〉 stands for the duality pairing. Nevertheless, if the reader
is not confident with the possible infinite dimensional setting, in most of the
results, X can be identified with Rn.

As usual, the norm on X induces a distance function defined as d(x, y) =
‖y − x‖. For x ∈ X and ρ > 0, we denote by B(x, ρ), B(x, ρ), and S(x, ρ),
respectively, the open ball, the closed ball, and the sphere of center x and
radius ρ, whereas for the equivalent balls and sphere of the dual space X∗, we
will use the notations B∗(x, ρ), B

∗
(x, ρ), and S∗(x, ρ).

For x, x′ ∈ X , we denote by [x, x′] the closed segment

{tx+ (1 − t)x′ : t ∈ [0, 1]}.
The segments ]x, x′[, ]x, x′], [x, x′[ are defined analogously. For any element
x∗ of X∗, the rays defined by x∗ are described by

R+{x∗} = {tx∗ ∈ X∗ : t ≥ 0}
R++{x∗} = {tx∗ ∈ X∗ : t > 0}.

The topological closure, the interior, the boundary, the conical hull, and the
convex hull of a set A ⊂ X will be denoted, respectively, by

clA = {x ∈ A : B(x, ε) ∩ A 6= ∅, for any ε > 0}
intA = {x ∈ A : B(x, ε) ⊂ A, for some ε > 0}
bdA = clA \ intA
coA = {∑n

i=1 λiai :
∑n

i=1 λi = 1; λi ∈ [0, 1], ai ∈ A, i = 1, . . . , n ∈ N}
coneA = R+(A) = {λ.x : x ∈ A}.
A set B ⊂ X∗ is called a base of a cone C of X∗ if and only if 0 6∈ B

w∗

and C = cone(B), and for any convex subset A, NA(x) stands for the normal
cone to A at x, that is,

NA(x) =
{
x∗ ∈ X∗ : 〈x∗, u− x〉 ≤ 0, ∀u ∈ A

}
.

Since our aim is to deal with possibly nonsmooth functions, we will natu-
rally manipulate set-valued maps, that is, applications T : X → 2Y , where 2Y

is the set of subsets of the topological vector space Y . This means that T (x)
is a subset of Y . Of course, whenever the set-valued map is single valued, that
is, T (x) is a singleton for any x, then T is simply a function. The classical
following notations for a function f : X → R ∪ {+∞} and a set-valued maps
T : X → 2Y will be used:

domT = {x ∈ X : T (x) 6= ∅}
dom f = {x ∈ X : f(x) < +∞}
GrT = {(x, y) ∈ X × Y : y ∈ T (x)}

argminX f = {x ∈ X : f(x) = minX f}.
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FIGURE 5.3: Example of normal cones.

Let us now recall the well-known continuity concepts for application. The
function f : X → R ∪ {+∞} is said to be:

• continuous at x ∈ dom f if for any neighborhood V of f(x), there exists
a neighborhood U of x such that f(u) ∈ V , for any u ∈ U ;

• lower semicontinuous at x ∈ dom f if for any sequence (xn)n ⊂ dom f
converging to x, one has f(x) ≤ lim inf

n→∞
f(xn);

• upper semicontinuous at x ∈ dom f if for any sequence (xn)n ⊂ dom f
converging to x, one has f(x) ≥ lim sup

n→∞
f(xn).

On the other hand, classical continuity notions for a set-valued operator
T : X → 2Y , where Y is a topological vector space, are as follows: T is said
to be

• lower semicontinuous at x0 in domT if for any sequence (xn)n of X
converging to x0 and any element y0 of T (x0), there exists a sequence
(yn)n of Y converging to y0, with respect to the considered topology on
Y , and such that yn ∈ T (xn), for any n;

• upper semicontinuous at x0 ∈ domT if for any neighborhood V of T (x0),
there exists a neighborhood U of x0 such that T (U) ⊂ V ;

• closed at x0 ∈ domT if for any sequence ((xn, yn))n ⊂ GrT converging
to (x0, y0), one has (x0, y0) ∈ GrT .

Whenever the image set Y of a set-valued map T : X → 2Y is equipped with
a weak topology, the use of sequences in the above definition will be replaced
by the use of nets (see, for example, [26, Proposition 3.2.14]): T is said to be

• weakly closed iff for any net (xα, yα)α∈Λ ⊂ GrT such that (xα)α weakly
converges to x̄ and (yα)α weakly converges to ȳ, we have ȳ ∈ T (x̄);

• weakly lower semicontinuous iff for any net (xα)α∈Λ weakly converging
to x̄ and any ȳ ∈ T (x̄), there exists a net (yα)α weakly converging to ȳ
and such that yα ∈ T (xα), for any α.

In the particular case where Y = X∗, the considered weak topology is the
weak∗ topology and thus, in both above definitions, the weak convergence of
the net (yα)α corresponds to its w∗-convergence.
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5.3 The Class of Quasiconvex Functions

In the following we shall deal with proper functions f : X → R∪ {+∞} (that
is, functions for which dom f = {x ∈ X : f(x) < +∞} is nonempty). So let
us now define the different notions of quasiconvexity.

Definition 5.1. A function f : X → R ∪ {+∞} is said to be

• quasiconvex on a convex subset C ⊂ dom f if for any x, y ∈ C and any
t ∈ [0, 1],

f(tx+ (1 − t)y) ≤ max
{
f(x), f(y)

}
;

• semistrictly quasiconvex on a convex subset C ⊂ dom f if f is quasicon-
vex on C and for any x, y ∈ C,

f(x) < f(y) ⇒ f(z) < f(y) ∀ z ∈ [x, y[;

• strictly quasiconvex on a convex subset C ⊂ dom f if for any x, y ∈ C
and any t ∈ [0, 1],

f(tx+ (1 − t)y) < max
{
f(x), f(y)

}
.

It is clear that strict quasiconvexity implies semistrict quasiconvexity,
which induces, by definition, quasiconvexity.

Let us denote, for any λ ∈ R, by Sλ(f) and S
<
λ (f) the sublevel set and the

strict sublevel set, respectively, associated with f and λ :

Sλ(f) = {x ∈ X : f(x) ≤ λ} and S<
α (f) = {x ∈ X : f(x) < λ}.

Where no confusion can occur, we will use, for any x ∈ dom f , the simplified
notation Sf(x) and S

<
f(x) instead of Sf(x)(f) and S

<
f(x)(f).

Now, using the concept of sublevel sets, it is thus immediate to give equiv-
alent definitions of quasiconvexity: if dom f is convex, then

f is quasiconvex on dom f ⇔ ∀λ ∈ R, Sλ(f) is a convex subset

⇔ ∀λ ∈ R, S<
λ (f) is a convex subset.

Analogously, it is easy to check that any lower semicontinuous function f ,
semistrictly quasiconvex on its domain dom f , satisfies the following property:

∀λ > inf
X
f, cl

(
S<
λ (f)

)
= Sλ(f). (5.2)

Roughly speaking, this means that a lower semicontinuous semistrictly qua-
siconvex function f does not have any “flat part” with nonempty interior on
dom f \ argminX f .

In the case of a function defined on X = R, the quasiconvexity can be
equivalently described in a very elementary way.
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Proposition 5.1. Let f : R → R be a function. Then, f is quasiconvex on R

if and only if there exists t0 ∈ R such that

(i) either f is nonincreasing on ]−∞, t0[ and nondecreasing on [t0,+∞[;

(ii) or f is nonincreasing on ]−∞, t0] and nondecreasing on ]t0,+∞[

Even when the dimension of X is greater than one, the quasiconvexity of
a function defined on X is linked to its quasiconvexity along the lines.

Proposition 5.2. Let f : X → R ∪ {+∞} be a function with a convex
domain. Then f is quasiconvex on its domain if and only if, for any x, d ∈ X ,
the restriction fx,d of f along the line ∆(x,d) passing through x and of direction
d is quasiconvex on dom f ∩∆(x,d), the function fx,d being defined on R by
fx,d(t) = f(x+ td).

Let us now describe other ways to construct quasiconvex functions:

• Any convex function is quasiconvex.

• If f : X → R is a convex function and θ : R → R is a nondecreasing
function, then the function g = f ◦ θ is quasiconvex.

• If f : X → R is a quasiconvex function and λ is a positive real number,
then the function λ.f is quasiconvex.

• If f : X → R and g : X → R are two quasiconvex functions, then
their supremum h = max{g, f}, defined by h(x) = max{f(x), g(x)}, is
quasiconvex.

Example 5.1. Let us consider, for example, the quasiconvex function f, g :
R → R defined by

f(t) =

{
−t/2 + 5/2, if t ≤ 1,
−t+ 3, otherwise,

and g(t) =





t/2, if t ≤ 2,
1, if 2 < t < 3,
t− 3, otherwise.

The obtained function h = sup{f, g} is semistrictly quasiconvex on R:

Proposition 5.3. Let f : X → R be a quasiconvex function, λ ∈ R and
x ∈ X , such that that int(Sλ(f)) 6= ∅ and x 6∈ cl(Sλ(f)). Then, there exists
an open convex neighborhood U of x and a nonempty open convex cone K
such that

∀u, v ∈ U, (v − u ∈ K ⇒ f(u) ≤ f(v)) . (5.3)

This property (5.3) is usually called nondecreasing with respect to K on U
and is illustrated by the following example.

Example 5.2. Let us consider the quasiconvex function f defined on R2 by

f(x, y) =





x+ y, if x+ y > 0,
max{x, y}, if x ≤ 0 and y ≤ 0,
0, otherwise.
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This quasiconvex function is nondecreasing with respect to the nonnegative
orthant K = (R+)2 on U = B((x, y), 1) at any point (x, y) ∈ R2.

Let us nevertheless observe that the above proposition doesn’t provide a
characterization of quasiconvexity. Indeed, if one considers the function f :
R2 → R by f(x, y) = min{|x|, |y|}, then at any point (x, y) of R2, the function
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f is nondecreasing with respect to some open convex cone ((R+)2, (R−)2 or
R2) on some neighborhood of (x, y). But, as can be seen in the following figure
of its sublevel sets
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the function f is clearly not quasiconvex.

5.3.1 Continuity Properties of Quasiconvex Functions

In Proposition 5.2, we have seen that the quasiconvexity of a function is char-
acterized by the quasiconvexity of its restriction along the lines. The same
phenomenon occurs for the continuity properties of a quasiconvex function.
The phenomenon is summarized in the following results, using the same no-
tations as in Proposition 5.2.

Proposition 5.4. Let f : X → R be a function and x be an element of the
domain of f . Let U be a convex neighborhood x, K be an open convex cone,
and d ∈ K. If f is nondecreasing with respect to K on U , then f is lower
(upper) semicontinuous at x if and only if, for all d ∈ X , fx,d is lower (upper)
semicontinuous at 0.

Combining the above proposition with Proposition 5.3, the semicontinuity
of a quasiconvex function turns out to be equivalent to the semicontinuity of
the restriction of the function on lines.

Proposition 5.5. Assume that f : X → R is a quasiconvex function and
that x, y ∈ X are such that f(y) < f(x) and f is upper semicontinuous at y.
Set d = y − x. Then, f is lower semicontinuous (upper semicontinuous) at x
if and only if fx,d is lower semicontinuous (upper semicontinuous) at 0.
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Let us note that those semicontinuities along the lines are called lower and
upper hemicontinuity by some authors.

Theorem 5.1. Assume that f : Rn → R ∪ {+∞} is quasiconvex on Rn and
that x ∈ dom f . Then, f is lower semicontinuous (upper semicontinuous) at
x if and only if f is lower semicontinuous (upper semicontinuous) along the
lines at x.

5.3.2 Differentiability Properties of Quasiconvex Functions

Let us first recall that a function f : X → R ∪ {+∞} is said to be

• Gâteaux-differentiable et x if there exists a continuous linear function ϕ
such that

∀ d ∈ X, lim
t→0

f(x+ td)− f(x)

t
= ϕ(d);

• Fréchet-differentiable et x if there exists a continuous linear function
ϕ : X → R such that

lim
y→x

f(y)− f(x)− ϕ(y − x)

‖y − x‖ = 0.

Clearly, Fréchet differentiability is a stronger property than Gâteaux differen-
tiability. Both concepts coincide if the considered function f : Rn → R∪{+∞}
is locally Lipschitz at some point x, that is, there exists L ≥ 0 and a neigh-
borhood U of x such that

|f(u)− f(v)| ≤ L‖v − u‖, for any u, v ∈ U.

But, as will be seen in the following propositions, Gâteaux and Fréchet differ-
entiability coincide, in the finite dimensional setting, whenever the function is
decreasing with respect to a cone, and in particular, whenever the function is
quasiconvex.

Proposition 5.6 (Chabrillac-Crouzeix). [2]) Let K be a nonempty open
convex cone. Assume f is nondecreasing with respect to K and is Gâteaux-
differentiable at x ∈ dom f . Then, f is Fréchet-differentiable at x.

Corollary 5.1. Let f : R
n → R ∪ {+∞} be a quasiconvex function and

x ∈ dom f . If f is Gâteaux-differentiable at x, then it is Fréchet-differentiable
at x.

Proposition 5.7 (Chabrillac-Crouzeix). [17] Let K be an open nonempty
convex cone of Rn. Assume that f : Rn → R is nondecreasing with respect to
K. Then, f is almost everywhere Fréchet-differentiable.
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Combining this result with Proposition 5.3, we can prove that Fréchet dif-
ferentiability of a quasiconvex function holds almost everywhere. Nevertheless
a direct proof is given in Crouzeix [20].

Remark 5.1. Since the continuity and differentiability results described in
Subsections 5.3.1 and 5.3.2 are well known, the proofs are not included. The
interested reader can refer to Crouzeix [18, 20, 21] for precise proofs.

5.3.3 Associated Monotonicities

As for many properties of functions, convexity and generalized convexity are
linked to first-order properties, that is, properties of the derivative, if it exists,
or of generalizations of the derivative in case of nonsmooth functions.

Let us recall that a set-valued map T : X → 2X
∗

is said to be

• monotone if for every (x, x∗), (y, y∗) ∈ GrT , the following implication
holds

〈y∗ − x∗, y − x〉 ≥ 0;

• quasimonotone if for every (x, x∗), (y, y∗) ∈ GrT , the following implica-
tion holds

〈x∗, y − x〉 > 0 ⇒ 〈y∗, y − x〉 ≥ 0;

• cyclically quasimonotone if for every (xi, x
∗
i ) ∈ GrT , i = 1, 2, . . . , n, the

following implication holds

〈x∗i , xi+1 − xi〉 > 0, ∀i = 1, 2, . . . n− 1 ⇒ 〈x∗n, xn+1 − xn〉 ≤ 0

where xn+1 = x1.

Clearly, any monotone map is also quasimonotone and every cyclically quasi-
monotone operator is also quasimonotone.

It is well known that a differentiable function f : X → R is convex if and
only if its derivative f ′ of f is monotone. A similar link exists for quasicon-
vexity. More precisely, if f : X → R is differentiable on X , then

f is quasiconvex ⇔ f ′ is quasimonotone.

The above link between quasiconvexity and quasimonotonicity can be ex-
tended to nonsmooth function thanks to the use of the subdifferential. Many
subdifferentials exist, most of them being included in a concept of an ab-
stract subdifferentials developed in [6, 7]. In the following result we will limit
ourselves to the case of the lower Dini subdifferential

∂f(x) =

{
x∗ ∈ X∗ : 〈x∗, d〉 ≤ lim inf

tց0

f(x+ td)− f(x)

t
, ∀ d ∈ X

}
.

For different kinds of generalized directional derivatives and subdifferentials,
we refer [1].
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Proposition 5.8. Let X be a Banach space that admits Gâteaux-
differentiable renorm, and let f : X → R ∪ {+∞} be a lower semicontinuous
function. Then, the following assertions are equivalent:

(a) f is quasiconvex;

(b) ∃x∗ ∈ ∂f(x) : 〈x∗, y − x〉 > 0 ⇒ f(z) ≤ f(y), ∀ z ∈ [x, y];

(c) ∂f is quasimonotone.

Actually, as shown in the next section, the derivative/subdifferential ap-
proach is not really adapted to the quasiconvex setting. We will instead de-
velop the so-called normal approach based on the concept of the “normal
operator.”

5.4 Normal Operator: A Natural Tool for Quasiconvex

Functions

In the Introduction of this chapter, we have seen that, whenever the objective
function and the constraint set of the minimization problem are convex, then
the problem

find x̄ ∈ C such that 〈∇f(x̄), y − x̄〉 ≥ 0, ∀ y ∈ C, (5.4)

is actually a necessary and sufficient optimality condition, that is, each solution
of the above problem is a global minimizer of f over C and vice versa. This
problem (5.4) is called the Stampacchia variational inequality and is defined by
the function ∇f and the subset C. Existence results for this kind of variational
inequality will be discussed in Section 5.6.

However when the objective function is not convex but quasiconvex, then
problem (5.4) is no longer a sufficient optimality condition. Indeed, if we con-
sider, for example, the quasiconvex function f : R → R defined by f(x) = x3

and the constraint set K = [−1, 1], then clearly the unique solution of prob-
lem (5.4) is the real number x̄1 = 0 while the unique minimizer of f over C is
x̄2 = −1.

The above example shows that problem (5.4) is not adapted to provide
reformulation, that is, necessary and sufficient conditions, in the case of qua-
siconvex optimization. And it is not really surprising if we try to geometrically
interpret the situation. Indeed, let us observe that from the point of view of
optimization, there is no difference between the following two problems:

(P1) inf
x∈[−1,1]

x and (P2) inf
x∈[−1,1]

x3,

that is, (P1) and (P2) share the same solution set S = {−1}. But from
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the point of view of problem 5.4, there is an important difference because
the derivative of the objective function of (P1) is constant and equal to 1-
while for problem (P2), the derivative of the objective function f2 is given by
f ′
2(x) = 3x2.

In the sequel, we will mainly deal with operators whose values are convex
cones. For such operators, since the values are unbounded, we have to consider
a modified definition of upper semicontinuity. We first recall that a convex
subset C of a convex cone L in X∗ is called a base of C if 0 /∈ C

∗
and

L =
⋃

t≥0 tC.

Definition 5.2. An operator T : X → 2X
∗

whose values are convex cones
is called norm-to-w∗ cone-upper semicontinuous at x ∈ domT if there exists
a neighborhood U of x and a base C (u) of T (u) for each u ∈ U , such that
u→ C (u) is norm-to-w∗ upper semicontinuous at x.

It turns out that we may always suppose that, locally, the base C(u) is
the intersection of T (u) with a fixed hyperplane. To see this, we first define
a conic w∗-neighborhood of a cone L in X∗ to be a w∗-open cone M (i.e., a
w∗-open set such that tM ⊆M for all t > 0) such that L ⊆M ∪ {0}.

Proposition 5.9. Let T : X → 2X
∗

be a set-valued operator whose values
are convex cones that are different from {0}. Given x ∈ domT , the following
statements are equivalent:

(a) T is norm-to-w∗ cone-upper semicontinuous at x.

(b) T (x) has a base, and for every conic w∗-neighborhood M of T (x) there
exists a neighborhood U of x such that T (u) ⊆M ∪ {0} for all u ∈ U .

c) There exists a w∗-closed hyperplane A of X∗ and a neighborhood U of x
such that ∀u ∈ U,D (u) = T (u) ∩ A is a base of T (u) and the operator
D is norm-to-w∗ upper semicontinuous at x.

A definition of upper semicontinuity suitable for cone-valued operators,
similar to property (b) in the proposition above, was given in [25] (where
continuity was taken with respect to the norm topology) and in [16] (where
the definition was given in a finite-dimensional setting), the main difference
being that in these papers no reference to bases was made.

5.4.1 The Semistrictly Quasiconvex Case

Let f : X → R ∪ {+∞} be a function. Set the normal operators by

N(x) =
{
x∗ ∈ X∗ : 〈x∗, y − x〉 ≤ 0, ∀y ∈ Sf(x)

}
,

N<(x) =
{
x∗ ∈ X∗ : 〈x∗, y − x〉 ≤ 0, ∀y ∈ S<

f(x)

}
,
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for every x ∈ dom f , while we set N(x) = N< (x) = ∅ for x /∈ dom f. Equiva-
lently, x∗ ∈ N(x) if and only if the following implication holds:

〈x∗, y − x〉 > 0 ⇒ f (y) > f(x);

also, x∗ ∈ N<(x) if and only if

〈x∗, y − x〉 > 0 ⇒ f (y) ≥ f(x).

These “normal operators” were studied in [16] for functions defined on Rn.
They have interesting properties:

Proposition 5.10. Let f : X → R∪{+∞} be a proper quasiconvex function.
Then,

(a) the operator N is cyclically quasimonotone;

(b) the operator N< is cone-upper semicontinuous at every point x where f
is lower semicontinuous, provided that there exists λ < f(x) such that
intSλ 6= ∅.

However, the two operators N and N< are essentially adapted to the class
of quasiconvex functions such that any local minimum is a global minimum,
in particular, semistrictly quasiconvex functions. Indeed, as observed above,
in this case, for each x ∈ dom f \ argmin f , the sets Sf(x) and S

<
f(x) have the

same closure and thus N and N< coincide at x, that is N(x) = N<(x).
But for general quasiconvex functions, the operatorN can fail to be closed.

This can easily be seen in the following simple example taken from [16].

Example 5.3. Let us consider the function f , defined on R2 by

f (x, y) =





max{x, y}, if x < 0 and y < 0,
0, if (x ≥ 0 and y < 0) or if y = 0,
y, otherwise.
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Then, N((0, 0)) = {(0, v) : v ≥ 0}, while for any x > 0, N((x, x)) = (R+)2,
thus showing that the operator N is not closed.

On the other hand, even if the operator N< is cone-upper semicontinuous
under mild assumptions, N< is not quasimonotone in general as shown in the
example below.

Example 5.4. Define the quasiconvex function f : R2 → R by

f (a, b) =

{
|a|+ |b| , if |a|+ |b| ≤ 1,
1, if |a|+ |b| > 1.

.
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Then, f is quasiconvex. Consider x = (10, 0), x∗ = (1, 2), y = (0, 10), and
y∗ = (2, 1). We see that x∗ ∈ N<(x) and y∗ ∈ N< (y) since |a| + |b| < 1
implies (1, 2) · (a− 10, b) ≤ 0 and (2, 1) · (a, b− 10) ≤ 0), while 〈x∗, y − x〉 > 0
and 〈y∗, y − x〉 < 0. Hence N< is not quasimonotone.

5.4.2 The Adjusted Sublevel Set and Adjusted Normal

Operator

We saw, in the previous section, that, even if each of the normal operators N
and N< separately inherit either the quasimonotonicity or cone-upper semi-
continuity, none of them have both properties for a general quasiconvex func-
tion. But as we will see in Section 5.7, it is important, in order to obtain
existence result for optimization problems, to have a first-order tool satisfy-
ing both properties. We already know that it is not the case for derivative,
subdifferential operators N and N<.

In what follows, we will define an operator, called the adjusted normal op-
erator, that has both these properties (cone-upper semicontinuity and quasi-
monotonicity).

5.4.2.1 Adjusted Normal Operator: Definitions

For any x ∈ dom f \ argmin f , let us denote by ρx the positive real number
ρx = dist(x, S<

f(x)).

Definition 5.3. Let f : X → R ∪ {+∞} be any function. To any element
x ∈ dom f , we associate the adjusted sublevel set Sa

f (x) defined by

Sa
f (x) = Sf(x) ∩B

(
S<
f(x), ρx

)
,

if x /∈ argmin f , and Sa
f (x) = Sf(x) otherwise.

Clearly x is always an element of Sa
f (x). If x ∈ dom f \ argmin f is such

that ρx = 0, then Sa
f (x) = Sf(x)∩S<

f(x); if, moreover, f is lower semicontinuous

on dom f , then Sa
f (x) = S<

f(x) .

Example 5.5. Let us consider the function f : R2 → R defined by

f(x, y) =





min{x, y}, if x < 0 and y < 0,
x1 + y2, if x1 + y2 ≥ 1,
0, otherwise.
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Then the sublevel set and adjusted sublevel set are given in Figures 5.9 and
5.10.

It is important to notice that one always has the following inclusions:

S<
f (x) ⊆ Sa(x) ⊆ Sf (x), for all x ∈ dom f.

The convexity of the sublevel sets Sf(x) (resp. strict sublevel sets S
<
f(x)) charac-

terizes the quasiconvexity of the function. This still holds true for the adjusted
sublevel sets.
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0

2

02.5 –2.5 –5

FIGURE 5.9: The sublevel sets.
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FIGURE 5.10: The adjusted sublevel sets at point x.

Proposition 5.11. Let f : X → R ∪ {+∞} be any function, with domain
dom f . Then

f is quasiconvex ⇔ Sa
f (x) is convex, ∀x ∈ dom f.

Proof. Let us suppose that Sa
f (u) is convex for every u ∈ dom f . We will show

that for any x ∈ dom f , Sf(x) is convex. If x ∈ argmin f , then Sf(x) = Sa
f (x) is

convex by assumption. Assume now that x /∈ argmin f and take y, z ∈ Sf(x).

If both y and z belong to B
(
S<
f(x), ρx

)
, then y, z ∈ Sa

f (x), and thus

[y, z] ⊆ Sa
f (x) ⊆ Sf(x). Now, if both y and z do not belong to B

(
S<
f(x), ρx

)
,

then f(x) = f(y) = f(z), S<
f(z) = S<

f(y) = S<
f(x) and ρy, ρz are positive. If, say,

ρy ≥ ρz , then y, z ∈ B
(
S<
f(y), ρy

)
and thus y, z ∈ Sa

f (y) and [y, z] ⊆ Sa
f (y) ⊆

Sf(y) = Sf(x).

Finally, suppose that only one of y, z, say z, belongs to B(S<
f(x), ρx) while

y /∈ B(S<
f(x), ρx). Then f(x) = f(y), S<

f(y) = S<
f(x) and ρy > ρx, so we have

z ∈ B
(
S<
f(x), ρx

)
⊆ B

(
S<
f(y), ρy

)
and we deduce as before that [y, z] ⊆

Sa
f (y) ⊆ Sf(y) = Sf(x). The other implication is straightforward.

Definition 5.4. To any function f : X → R ∪ {+∞} we associate the set-
valued map Na

f : dom f → 2X
∗

, called the adjusted normal operator of f ,
defined for any x ∈ dom f as the normal cone to the adjusted sublevel set
Sa
f (x) at x, that is,

Na
f (x) =

{
x∗ ∈ X∗ : 〈x∗, y − x〉 ≤ 0, ∀y ∈ Sa

f (x)
}
.
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Note that since S<
f(x) ⊆ Sa

f (x) ⊆ Sf(x), one immediately have

N(x) ⊆ Na
f (x) ⊆ N<(x), for all x ∈ dom f. (5.5)

Example 5.6. Using the function given in Example 5.5, the different normal
operators are

if (x, y) = (−1, 1) then





Nf (x) = {(0, 0)}
Na

f (x) = cone{(0, 1)}
N<

f (x) = cone(co{(0, 1), (1, 1)}),

whereas if (x, y) = (0, 1), then Nf (x) = cone{(1, 1)} and N<
f (x) =

cone(co{(0, 1), (1, 0)}) and Na
f (x) = cone(co{(0, 1), (1, 1)}) thus providing an

example of strict inclusions in relation (5.5). Finally, the adjusted normal
operator of another point x is described in the figure below.

–5

–2

0

2

02.5 –2.5

x

–5

In the next subsection, we investigate properties of the normal operator
Na

f for quasiconvex functions: equivalent definition, nonemptiness, quasimono-
tonicity, and cone upper semicontinuity are considered.

5.4.2.2 Some Properties of the Adjusted Normal Operator

We will give, for quasiconvex functions, an equivalent definition of Na
f which

clearly suggests that this operator corresponds to a refined version of the
operator N . Let us first define for any x ∈ dom f the extended normal cone
of f at x as follows. For every x ∈ dom f \ argmin f we set

EN(x) =
{
x∗ ∈ X∗ : 〈x∗, y〉 ≤ 〈x∗, z〉, ∀ y ∈ S<

f(x), ∀ z ∈ B(x, ρx)
}
,

while for x ∈ argmin f we set EN(x) = {0}. Note that EN(x) is a closed
convex cone. In fact, for x ∈ dom f \ argmin f it is the normal cone at x to
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the set S<
f(x)+B(0, ρx) or, equivalently, to its closure B(S<

f(x), ρx). In addition,

x∗ is an element of EN(x) if and only if for all y ∈ S<
f(x) and all v ∈ B(0, 1)

one has 〈x∗, x− y〉 ≥ −ρx〈x∗, v〉. Consequently, for any x ∈ dom f \ argmin f ,
EN(x) admits the following equivalent definition

x∗ ∈ EN(x) ⇔ 〈x∗, x− y〉 ≥ ρx‖x∗‖, ∀ y ∈ S<
f(x). (5.6)

Proposition 5.12. Let f : X → R ∪ {+∞} be quasiconvex. Then for each
x ∈ dom f ,

Na
f (x) = N(x) + EN(x) = co (N(x) ∪ EN(x)) . (5.7)

Before proving Proposition 5.12, let us state the following well-known basic
lemma, which can be found in [12].

Lemma 5.1. Let A, B be convex subsets of X . If A∩intB 6= ∅, then A ∩B =
A ∩B.

Proof. (of Proposition 5.12) If x ∈ argmin f , the equality is obvious. Assume

that x /∈ argmin f . We consider two cases. If ρx = 0, then Sa
f (x) = S<

f(x) ∩
Sf(x), thus S

<
f(x) ⊆ Sa

f (x) ⊆ S<
f(x). It follows that N

a
f (x) = N<(x) = EN(x).

Since N(x) ⊆ N<(x), we have N (x) + EN (x) = EN (x) = Na
f (x).

Now assume that ρx > 0. Obviously, Na
f (x) is the normal cone to the set

Sf(x) ∩B
(
S<
f(x), ρx

)
at x. However,

Sf(x) ∩ intB
(
S<
f(x), ρx

)
⊇ S<

f(x) 6= ∅, (5.8)

hence by Lemma 5.1,

Sf(x) ∩B
(
S<
f(x), ρx

)
= Sf(x) ∩B

(
S<
f(x), ρx

)
.

Therefore, Na
f (x) is the normal cone to Sf(x) ∩B

(
S<
f(x), ρx

)
at x. From (5.8)

and using [3, Th. 4.1.16] we deduce that Na
f (x) = N(x)+EN (x). The second

equality is obvious.

Using the above reformulation, it is now easy to prove some monotonicity
properties for the adjusted normal operator.

Proposition 5.13. Let f : X → R ∪ {+∞} be any function. Then,

(a) EN ∩S∗(0, 1) is cyclically monotone on any nonempty level subset S=
a =

{x ∈ X : f(x) = a}.

(b) Na
f is cyclically quasimonotone.
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Proof. (a) Let us consider x1, x2, . . . , xn ∈ S=
a . We assume that xi 6∈ argmin f ,

since otherwise EN (xi) ∩ S∗(0, 1) is empty. Set xn+1 = x1 and take x∗i ∈
EN(xi)∩S∗(0, 1), i = 1, 2, . . . n. According to (5.6), for any y ∈ S<

f(xi)
, 〈x∗i , xi−

y〉 ≥ ρxi
. This yields

‖xi+1 − y‖ ≥ 〈x∗i , xi+1 − xi〉+ 〈x∗i , xi − y〉 ≥ ρxi
+ 〈x∗i , xi+1 − xi〉,

from which, remembering that f (xi) = a, we get

∀i = 1, 2, . . . n, ρxi+1 = d(xi+1, S
<
f(xi)

) ≥ ρxi
+ 〈x∗i , xi+1 − xi〉.

Adding the inequalities for all i’s we obtain

n∑

i=1

〈x∗i , xi+1 − xi〉 ≤ 0;

that is, EN ∩ S∗(0, 1) is cyclically monotone on S=
a .

(b) If Na
f is not cyclically quasimonotone, then there exist xi ∈ dom(f),

x∗i ∈ Na
f (xi), i = 1, 2, . . . , n such that

〈x∗i , xi+1 − xi〉 > 0, i = 1, 2, . . . , n, (5.9)

where xn+1 = x1.
Since Na

f (xi) ⊆ N< (xi), (5.9) implies that for all i = 1, 2, . . . , n, f (xi) ≤
f (xi+1). Consequently, f (x1) = f (x2) = . . . = f (xn). This means that S<

f(xi)

is the same for all i. We denote this set by A. From (5.9) and x∗i ∈ Na
f (xi),

it also follows that xi+1 /∈ Sf(xi) ∩ B (A, ρxi
). Since f(xi+1) = f(xi), we

have xi+1 ∈ Sf(xi). Hence, xi+1 /∈ B (A, ρxi
) for all i = 1, 2, . . . , n. It follows

that ρxi+1 > ρxi
for all i = 1, 2, . . . , n. This easily leads to ρxn+1 > ρx1 , a

contradiction.

According to the preceding proposition, the operator Na
f is always quasi-

monotone. This is thus an interesting point since it means that the quasimono-
tonicity of the operator Na

f will not, as quasimonotonicity of the derivative,
characterize the quasiconvexity of the function. Actually, the quasiconvexity
of the associated function is characterized by the non-emptyness of the values
of Na

f on a dense subset of dom (f).

Proposition 5.14. Let f : X → R ∪ {+∞} be a lower semicontinuous func-
tion. Suppose that either f is radially continuous, or dom (f) is convex and
int(Sa) 6= ∅, ∀ a > infX f . Then,

(a) if Na
f (x)\{0} is nonempty on a dense subset of dom (f)\argmin f , then

f is quasiconvex;

(b) if f is quasiconvex, then Na
f (x) \ {0} 6= ∅, ∀x ∈ dom(f) \ argmin f ;
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(c) f is quasiconvex if and only if dom(Na
f \ {0} ) is dense in dom(f) \

argmin f .

Proof. (a) Looking closely into the proof of Proposition 11 of [22], one can
observe that, under the assumptions of the present proposition, the function
f is quasiconvex provided that the domain of N< \ {0} is dense in dom f \
argmin f . Since Na

f (x) \ {0} ⊆ N<(x) \ {0}, the assertion follows.

(b) For every x ∈ dom (f) \ argmin f , one has x 6∈ S<
f(x). It is known

that a quasiconvex, lsc, and radially continuous function is continuous [22,
Prop. 9]. Thus, our assumptions imply that int(S<

f(x)) 6= ∅. Hence there exists
x∗ ∈ X∗ \ {0} such that

∀ y ∈ S<
f(x), ∀ z ∈ B(x, ρx), 〈x∗, y〉 ≤ 〈x∗, z〉.

Therefore, x∗ ∈ EN(x) and from Proposition 5.12 follows thatNa
f (x)\{0} 6= ∅.

Finally, assertion (c) corresponds to the conjunction of (a) and (b).

Proposition 5.15. Let f be quasiconvex such that intSa 6= ∅ for all a > inf f .
If f is lsc at x ∈ dom (f) \ argmin f , then Na

f is norm-to-w∗ cone-upper
semicontinuous at x.

Before proving Proposition 5.15, we establish the following lemma. For any
set U ⊆ X , N< (U) denotes as usual the set ∪x∈UN

<(x).

Lemma 5.2. Let f be quasiconvex such that intSa 6= ∅ for all a > inf f .
If f is lsc at x ∈ dom f \ argmin f , then there exists a neighborhood U
of x and an element z ∈ X\ {0} such that the set N< (U) ∩ A, with A =
{x∗ ∈ X∗ : 〈x∗, z〉 = 1}, is a bounded base for the cone N< (U).

Proof. Choose y0 ∈ X and δ > 0 such that y0 ∈ intS<
f(x)−δ. There exists

ε > 0 such that
∀z ∈ B (0, 1) , f (y0 + εz) < f(x)− δ.

Since f is lsc at x, we can choose ε1 > 0 such that for every u ∈ x+ε1B (0, 1),
f (u) > f (x)− δ. Thus,

∀u ∈ x+ ε1B (0, 1) , y0 + εB (0, 1) ⊆ S<
f(u). (5.10)

Set ε2 = min{ε/2, ε1}, U = x + ε2B (0, 1). For every u ∈ U , from (5.10)
we deduce that f (y0 + εw) < f (u) for all w ∈ B (0, 1) and thus, for every
x∗ ∈ N< (u) we obtain:

∀w ∈ B (0, 1) , 〈x∗, y0 + εw − u〉 ≤ 0.

It follows that

ε ‖x∗‖ = sup
w∈B(0,1)

〈x∗, εw〉 ≤ 〈x∗, u− y0〉

= 〈x∗, x− y0〉+ 〈x∗, u− x〉 ≤ 〈x∗, x− y0〉+ ‖x∗‖ ε
2
.
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Thus,
∀u ∈ U, ∀x∗ ∈ N< (u) , 〈x∗, x− y0〉 ≥ (ε/2) ‖x∗‖ . (5.11)

In particular, 〈x∗, x− y0〉 > 0 whenever x∗ ∈ N< (u)\{0}. Now set A = {x∗ ∈
X∗ : 〈x∗, x− y0〉 = 1}. Obviously, for every u ∈ U and x∗ ∈ N< (u) ∩ A, one
has ‖x∗‖ ≤ 2/ε, i.e., N< (U) ∩ A is bounded.

Proof of Proposition 5.15. Let U and A be the neighborhood and hyper-
plane given by Lemma 5.2. Define C (u) = Na

f (u) ∩ A, u ∈ U . Obviously,
C (u) is a convex, w∗-compact base of Na

f (u). We have to show that C is
norm-to-w∗ usc at x. Define D (u) = (N(u) ∪ EN(u)) ∩ A, u ∈ U . We first
show that D is norm-to-w∗ usc. According to [24, Prop. 1.2.23] it is sufficient
to show that if (xi, x

∗
i )i∈I is a net in grD such that xi → x in norm and

x∗i
w

∗

⇀ x∗, then x∗ ∈ D (x). Since obviously x∗ ∈ A, we have to show that
x∗ ∈ EN(x) ∪ N (x). Since x∗i ∈ EN (xi) ∪ N (xi), we may consider, without
loss of generality, that either x∗i ∈ N (xi) for all i ∈ I or x∗i ∈ EN (xi) for all
i ∈ I.

Suppose first that x∗i ∈ N (xi). For every y ∈ S<
f(x), there exists i0 such

that for all i > i0, f (y) < f (xi). Thus, 〈x∗i , xi − y〉 ≥ 0. Taking into account
that x∗i are bounded as they belong to N< (U) ∩ A, we obtain at the limit
〈x∗, x− y〉 ≥ 0. This means that x∗ ∈ N<(x). If x is not a local minimum,
then ρx = 0 and hence N< (x) = EN (x), so that x∗ ∈ EN (x)∪N (x) and we
are done. If x is a local minimum, then for i sufficiently large, f (xi) ≥ f (x).
Hence, for every y ∈ Sf(x) we have y ∈ Sf(xi). Consequently, 〈x∗i , xi − y〉 ≥ 0,
thus implying that 〈x∗, x− y〉 ≥ 0 for all y ∈ Sf(x). It follows that x∗ ∈
N (x) ⊆ EN(x) ∪N (x).

Now suppose that x∗i ∈ EN (xi). Without loss of generality, we may assume
that for all i’s we have either f (xi) > f(x) or f (xi) ≤ f (x). If f (xi) > f(x)
holds, then Sf(x) ⊆ S<

f(xi)
. Thus,

∀y ∈ Sf(x), 〈x∗i , xi − y〉 ≥ 0

and at the limit 〈x∗, x− y〉 ≥ 0 for all ∀y ∈ Sf(x), which shows that x∗ ∈
N (x). If on the contrary f (xi) ≤ f (x) holds, then S<

f(xi)
⊆ S<

f(x); thus

lim inf ρxi
= lim inf dist

(
xi, S

<
f(xi)

)
≥ lim dist

(
xi, S

<
f(x)

)
= ρx. (5.12)

Now, for each y ∈ S<
f(x) there exists i0 ∈ I such that for all i > i0, f (xi) >

f (y). Thus, y ∈ S<
f(xi)

and

〈x∗i , xi − y〉 ≥ ρxi
‖x∗i ‖ .

Using (5.12) and lower semicontinuity of ‖·‖ at x∗, we find

∀y ∈ S<
f(x), 〈x∗, x− y〉 ≥ ρx ‖x∗‖ ,
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which means that x∗ ∈ EN(x). Thus, in all cases x∗ ∈ EN(x) ∪ N (x). This
shows that D is norm-to-w∗ usc at x, as desired.

To show that C is norm-to-w∗ usc at x, it is again sufficient to show that

if (xi, x
∗
i )i∈I is a net in grC such that xi → x in norm and x∗i

w
∗

⇀ x∗, then
x∗ ∈ C (x). Note that in view of Proposition 5.12,

C (xi) = co ((N(xi) ∩A) ∪ (EN(xi) ∩A)) ;

hence, each x∗i can be written in the form x∗i = λiy
∗
i + (1− λi) z

∗
i where

y∗i ∈ N(xi)∩A, z∗i ∈ EN(xi)∩A and λi ∈ [0, 1]. Since y∗i and z∗i are bounded
(as they belong to N< (U) ∩ A), by considering subnets if necessary, we may

assume that y∗i
w

∗

⇀ y∗, z∗i
w

∗

⇀ z∗ and λi → λ. By the norm-to-w∗ upper semi-
continuity of D, we know that y∗, z∗ ∈ D (x); hence, x∗ ∈ C(x) and C is
norm-to-w∗ usc at x.

5.5 Optimality Conditions for Quasiconvex

Programming

Variational inequalities provide a perfect formulation to express optimality
conditions. They have thus been extensively studied during the last decades.
One of the most classical variational inequalities is the so-called Stampacchia
variational inequalities described as follows: given a nonempty subset C of X
and a set-valued map T : X → 2X

∗

,

S(T,C) find x̄ ∈ C such that 〈x∗, y − x〉 ≥ 0, for some x∗ ∈ T (x̄).

The set of solutions of this problem will also be denoted by S(T,C).
We are now in a position to state, in a very elementary way, a sufficient

optimality condition for quasiconvex programming.

Proposition 5.16. Let f : X → R ∪ {+∞} be a quasiconvex function,
radially continuous on dom f , and C be a nonempty subset of dom f .

If C ⊆ int(dom f), then any solution of the Stampacchia variational in-
equality defined by the operator Na

f \{0} on C is a global minimizer of f over
C, that is,

x̄ ∈ S(Na
f \ {0}, C) ⇒ f(x̄) = inf

C
f.

It is important to emphasize that the above sufficient optimality condition
is obtained without assuming that the constraint set C is convex. This allows
us to use this result for quasiconvex mathematical problem with equilibrium
constraints (MPEC) or even quasiconvex bilevel problems as in [14, 15].
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Proof. Indeed, let x, y ∈ int(dom f). According to Proposition 5.14, the qua-
siconvexity of f implies that Na

f (x) \ {0} is nonempty. Let us suppose that
〈x∗, y− x〉 ≥ 0. Again, one can construct a sequence {yn}n of dom f converg-
ing (radially) to y such that 〈x∗, yn − x〉 > 0 for any n, which implies that
yn 6∈ S<

f (x) since x∗ ∈ Na
f (x) ⊂ N<

f (x). It follows by the radial continuity of
f that f(y) ≥ f(x).

Remark 5.2. (a) From the proof of Proposition 5.16, one can easily see
that the sufficient optimality condition still holds if the operator Na

f is

replaced by N<
f .

(b) As shown by the following simple example, the assumption “C ⊆
int(dom f)” cannot be easily omitted. Indeed, if one considers the qua-
siconvex function f(x1, x2) = x2 if x1 ≥ 0 and +∞ otherwise with the
set C = {0} × R, then any x = (0, x2) ∈ S(Na

f \ {0}, C), while none
of them is a minimum of f over C. Nevertheless, for some applications,
assuming that the constraint set is included in the interior of the domain
is somehow too restrictive. An alternative hypothesis was investigated
in [12, Prop. 4.1].

Let us now concentrate on necessary optimality conditions for quasiconvex
programming. We will first state a very general necessary condition in which
the constraint set is not supposed to be convex, but only locally starshaped.
Recall that a set is said to be

• starshaped at x̄ ∈ C if [x̄, y] ⊆ C for any y ∈ C;

• locally starshaped at x̄ ∈ C if there exists a positive real δ such that
C ∩B(x̄, δ) is starshaped at x̄;

• locally starshaped if it is locally starshaped at any element x̄ of C.

This concept of a locally starshaped set is very general. In order to have some
picture in mind, the reader can think of a locally starshaped set as a locally
finite union of convex sets.

Proposition 5.17. Let f : X → R be a continuous semistrictly quasiconvex
function and C be a locally starshaped subset of X . If x̄ ∈ X is a local
minimizer of f over C and f(x) > infX f , then there exists r > 0 such that
int(Sf(x̄)) ∩C ∩B(x̄, r) = ∅.

Proof. Since f is semistrictly quasiconvex and f(x) > infX f , S<
f(x̄) = Sf(x̄)

and, due to the continuity of f , int(Sf(x̄)) = S<
f(x̄). Let r > 0 be such that

B(x̄, r) ∩ C is starshaped at x̄ and f(u) ≥ f(x̄) for any u ∈ B(x̄, r) ∩ C.
Then int(Sf(x̄)) ∩ C ∩ B(x̄, r) = ∅. Indeed, if there exists x̃ ∈ int(Sf(x̄)) ∩
C ∩ B(x̄, r) = S<

f(x̄) ∩ C ∩ B(x̄, r), by semistrict quasiconvexity of f , one

has f(u) < max{f(x̃), f(x̄)}, for any u ∈ ]x̃, x̄[. But this is impossible since
]x̃, x̄[⊆ B(x̄, r) ∩ C and x̄ is a minimizer of f over B(x̄, r) ∩ C.
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For the above property, a necessary optimality condition can be proved
under a very weak assumption if X is an Asplund space; see [14]. Here we will
state the result in finite dimensions.

Theorem 5.2. [14] Let f : Rn → R be a quasiconvex function and let C be a
closed locally starshaped subset of Rn. If x̄ ∈ C is a local minimizer of f over
C and one of the following hypotheses holds:

(i) f is upper semicontinuous, f(x̄) > inf
X
f and there exists r > 0 such that

int(Sf(x̄)) ∩ C ∩B(x̄, r) = ∅, or

(ii) f is lower semicontinuous and strictly quasiconvex,

then there exists x̄∗ ∈ Na
f (x̄) \ {0}) such that −x̄∗ ∈ NL(C, x̄).

Here, NL(C, x) stands for the limiting normal cone to C at x. See, for
example, [14] for the definition of this normal cone concept. Let us emphasize
that such a “nonconvex” notion of the normal cone is needed since the above
constraint set is only supposed to be locally starshaped. But of course, if C
turns out to be a convex set, then NL(C, x) is simply the classical polar cone
to C at the point x of C.

Combining Proposition 5.17 with a separation theorem, we immediately
obtain the following necessary optimality condition.

Corollary 5.2. Let C be a nonempty convex subset of X , x̄ ∈ C and f : X →
R be a continuous semistrictly quasiconvex function such that int(Sf(x̄)) 6= ∅
and f(x̄) > infX f . If x̄ is a local minimum of f on C, then

0 ∈ Na
f (x̄) +N(C, x̄).

Finally, if the function is semistrictly quasiconvex and the constraint set
is convex, then combining Proposition 5.16 and Corollary 5.2, the sufficient
condition given in Proposition 5.16 turns out to be necessary and sufficient.

Proposition 5.18. Let C be a convex subset of X , x̄ ∈ C and f : X → R be
a continuous semistrictly quasiconvex function such that int(Sf(x̄)) 6= ∅ and
f(x̄) > infX f . Then the following assertions are equivalent:

(a) f(x̄) = min
C

f .

(b) x̄ ∈ S(Na
f \ {0}, C).

(c) 0 ∈ Na
f (x̄) \ {0}+N(C, x̄).
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5.6 Stampacchia Variational Inequalities

In the previous section, we showed that the optimality conditions are expressed
in terms of variational inequalities. It is thus of main importance to prove now
some existence results for those problems under the weakest hypothesis. In the
next two subsections, we distinguish between the finite dimensions case and
the infinite dimensional setting.

5.6.1 Existence Results: The Finite Dimensions Case

One of the cornerstones in the history of the existence results for variational
inequalities is the following theorem.

Theorem 5.3 (Stampacchia 1966). Let C be a nonempty convex compact
subset of Rn and f : C → R

n be a continuous function. Then, S(f, C) is
nonempty, that is,

there exists x̄ ∈ C such that 〈f(x̄), y − x̄〉 ≥ 0, ∀ y ∈ C.

Proof. The proof is essentially based on the basic properties of the projection
of a point on a convex set. Indeed, let us consider the application ψ : C → C
defined by

ψ(x) = PC ◦ (Id− f)(x) = PC(x− f(x)),

where PC stands for the projection map on the subset C. The function ψ is
thus continuous on the convex compact set C, and therefore, according to the
Brouwer fixed point theorem, there exists a point x̄ ∈ C such that x̄ = ψ(x̄),
a fixed point of ψ on C. But this means that x̄ = PC(x̄−f(x̄)), and therefore,
combined with the characterization of the projection of a point on a convex
subset C,

〈x̄− f(x̄)− x̄, y − x̄〉 ≤ 0, ∀ y ∈ C,

thus proving that x̄ is a solution of the Stampacchia variational inequality
defined by f and C.

The compactness assumptions can be easily replaced by a “coercivity con-
dition”:

Proposition 5.19. Let C be a nonempty closed convex subset of Rn and
f : C → Rn be a continuous function. If the following condition holds

∃ r > 0 such that S(f, C ∩B(0, r)) ∩B(0, r) = ∅,

then S(f, C) is nonempty.

Again, using a fixed point theorem, Proposition 5.3 can be adapted to
Stampacchia variational inequalities defined by set-valued map. Observe that
the theorem below still concerns the finite dimensional case.
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Theorem 5.4. Let C be a nonempty convex compact subset of Rn and T :
C → 2R

n

be an upper semicontinuous map with convex compact values. Then,
S(T,C) is nonempty, that is,

there exist x̄ ∈ C and x̄∗ ∈ T x̄) such that 〈x̄∗, y − x̄〉 ≥ 0, ∀ y ∈ C.

The proof is based on the classical Kakutani fixed point theorem (see, for
example, [4]):

If C is a nonempty convex compact subset of Rn and T : C → 2C is

an upper semicontinuous map with nonempty convex and compact

values map, then T admits at least a fixed point.

Proof. (of Theorem 5.4) Since T is upper semicontinuous with compact values,
then (see, for example, [4]) its range T (C) is compact. Combining this with
the continuity of the projection map PC , one can then prove that the set-
valued map F : C → 2C defined by F (x) = (Id − T ) ◦ PC(x) is also upper
semicontinuous with nonempty convex compact values.

Now, one can observe that F (C − T (C)) = C − T (C). Therefore, F has a
fixed point (say x0) on C − T (C), that is, x0 ∈ F (x0) = (Id − T ) ◦ PC(x0).
Now, if we set x̄ = PC(x0) and x̄

∗ = x̄− x0 ∈ T (x̄), from the characterization
of the projection, one has

〈x̄∗, y − x̄〉 ≤ 0, ∀ y ∈ C

and thus x̄ solves the Stampacchia variational inequality S(T,C).

Actually, Theorem 5.4 is equivalent to the Kakutani fixed point theorem.
Indeed, let C be a nonempty convex compact subset of R

n and T : C →
2C be an upper semicontinuous map with nonempty convex compact values.
Observing that the set-valued map F = Id− T is also upper semicontinuous
with nonempty convex compact values, Theorem 5.4 implies the solvability of
the set-valued Stampacchia variational inequality defined by F and C, that
is, there exists x̄ ∈ C such that

x̄ ∈ S(Id− T,C) ⇔
{

∃u∗ ∈ (Id− T )(x̄) such that
〈u∗, y − x̄〉 ≥ 0, ∀ y ∈ C

⇔
{

∃ x̄∗ ∈ T (x̄) such that
〈x̄− x̄∗, y − x̄〉 ≥ 0, ∀ y ∈ C.

Taking y = x̄∗, one has 〈x̄ − x̄∗, x̄∗ − x̄〉 ≥ 0, which shows that x̄ is a fixed
point of T .

For further reading on variational inequalities and nonsmooth optimization
in the setting of finite dimensional spaces, we refer the reader to [1].
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5.6.2 Existence Results: The Infinite Dimensional Case

We have seen, in the previous subsection, that if X = R
n, then the compact-

ness of the constraint set and the semicontinuity of the map are sufficient to
ensure the existence of a solution of the Stampacchia variational inequality.
This is no longer the case if X is an infinite dimensional space.

Either some special structure of the variational inequality will be needed, as
in the classic Theorem 5.5 of Stampacchia, or some monotonicity assumption,
namely some quasimonotonicity, as in Theorem 5.7.

Theorem 5.5 (Stampacchia 64). Let H be a Hilbert space, f an element of
H∗ = H , and a : H ×H → H a bilinear application. Let C be a nonempty
closed convex subset of H . If a is continuous and satisfies the following prop-
erty

∃α > 0 such that a(v, v) ≥ α‖v‖2, ∀ v ∈ H,

then there exists x̄ ∈ C such that a(x̄, y − x̄) ≥ 〈f, y − x̄〉, ∀ y ∈ C.

From the above existence theorem, one can easily deduce the famous Lax-
Milgram theorem.

Theorem 5.6. If a is continuous and satisfies the following property

∃α > 0 such that a(v, v) ≥ α‖v‖2, ∀ v ∈ H,

then there exists a unique x̄ ∈ H such that a(x̄, u) = 〈f, u〉, for any u ∈ H .

Proof. From Theorem 5.5, there exists u ∈ H such that a(u, v−u) ≥ 〈f, v−u〉,
for any v ∈ H , or in other words, ϕu(v) ≥ ϕu(u), for any v ∈ H where
ϕu(v) = a(u, v)− 〈f, v〉. But ϕu is linear and therefore ϕu ≡ 0.

For general set-valued Stampacchia variational inequalities, several results
have been proved assuming that the operator involved is monotone, and in-
tense efforts have been made to weaken this monotonicity hypothesis. The
strongest result is the following.

Theorem 5.7. If C is a nonempty compact convex subset of X , and T :
C → 2X

∗

is an upper hemi-continuous quasimonotone set-valued map with
nonempty convex w∗-compact values, then S(T,C) 6= ∅.

The proof of Theorem 5.7 is based on the famous Knaster-Kuratowski-
Mazurkiewicz lemma stated in 1929:

Assume that C is a nonempty closed convex subset of X and
ϕ : C × C → R is a KKM-application with ϕ(x, .) being upper
semicontinuous quasiconcave, for any x ∈ C. If there exists x̃ ∈ C
such that {y ∈ C : ϕ(x̃, y) ≥ 0} is compact, then there exists
ȳ ∈ C such that ϕ(x, ȳ) ≥ 0, for all x ∈ C.

Let us recall that a bifunction ϕ : C×C → R is said to be a KKM-application
if ∀x1, . . . , xn ∈ C, ∀x ∈ co{x1, . . . , xn} ∃ i ∈ 1, . . . , n such that ϕ(xi, x) ≥ 0.
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Proof of Theorem 5.7. Let us define the bifunction ϕ : C × C → R by
ϕ(x, y) = infx∗∈T (x)〈x∗, x − y〉. This bifunction ϕ is continuous concave with
respect to y and the subset {y ∈ C : ϕ(x, y) ≥ 0} is compact, for all x ∈ C.

If ϕ is a KKM map, then from the Knaster-Kuratowski-Mazurkiewicz
lemma, there exists ȳ ∈ C such that

ϕ(x, ȳ) ≥ 0, ∀x ∈ C. (5.13)

Now if ϕ is not a KKM map, then one can find x1, . . . , xn ∈ C and ȳ ∈
co{x1, . . . , xn} such that ϕ(xi, ȳ) < 0, for all i = 1, . . . , n, that is,

∀ i = 1, . . . , n, ∃x∗i ∈ T (xi) : 〈x∗i , ȳ − xi〉 > 0

and, for some ρ > 0, all z ∈ B(ȳ, ρ) ∩ C and all ∀ i, there exists x∗i ∈ T (xi)
such that 〈x∗i , z − xi〉 > 0. Now, by quasimonotonicity of T , one immediately
obtains

∀ z ∈ B(ȳ, ρ) ∩ C, ∀ z∗ ∈ T (z), ∀ i = 1, . . . , n, 〈z∗, z − xi〉 ≥ 0,

which corresponds to a local version of (5.13). In both cases, the point ȳ
satisfies

∀ z ∈ B(ȳ, ρ) ∩C, ∀ z∗ ∈ T (z), 〈z∗, z − ȳ〉 ≥ 0. (5.14)

Let us prove that this point ȳ is actually a solution of the Stampacchia vari-
ational inequality S(T,C). Let x be any point of C \ {ȳ}. There exists t0 > 0
such that zt = ȳ + t(x − ȳ) ∈ B(ȳ, ρ) ∩ C, for all t ∈]0, t0[. From (5.14), we
have

〈z∗t , x− ȳ〉 ≥ 0, ∀ t ∈]0, t0[, ∀ z∗t ∈ T (zt). (5.15)

Let us now define the open subset W = {y∗ ∈ X∗ : 〈y∗, x − ȳ〉 < 0}. If
T (ȳ) ⊂ W , by upper hemicontinuity, T (zt) ⊂ W , for any t sufficiently closed
to 0, which is a contradiction of (5.15). Thus, T (ȳ) ∩W is nonempty, and we
can therefore find ȳ∗ ∈ T (ȳ) satisfying 〈ȳ∗, x− ȳ〉 ≥ 0 or, equivalently,

inf
x∈C

sup
y∗∈T (ȳ)

〈y∗, x− ȳ〉 ≥ 0.

thus showing that ȳ ∈ S(T,C), by a classic Sion minimax theorem.

A more general existence results has been obtained in [12].

Proposition 5.20. Let C be a convex subset of X such that C ∩ B(0, n) is
weakly compact for every n ∈ IN. Let T : C → 2X

∗ \ {∅} be a quasimonotone
operator such that the following coercivity condition holds:

∃n ∈ IN, ∀x ∈ C \B(0, n), ∃ y ∈ C with ‖y‖ < ‖x‖
such that ∀x∗ ∈ T (x), 〈x∗, x− y〉 ≥ 0.

(5.16)

Suppose, moreover, that for every x ∈ C there exists a neighborhood Vx of
x and an upper sign-continuous operator Sx : Vx ∩ C → 2X

∗ \ {∅} with
convex, w∗-compact values satisfying Sx(y) ⊆ T (y), ∀ y ∈ Vx ∩ C. Then the
Stampacchia variational inequality S(T,K) admits at least one solution.
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5.7 Existence Result for Quasiconvex Programming

Now, combining the sufficient optimality condition obtained in Section 5.5
with the existence results of the previous section, we can now establish a very
general existence for the following constrained optimization problem

inf
x∈C

f(x),

where f is a lower semicontinuous quasiconvex function and C is a possibly
nonconvex subset. Of course, it is clear that C is compact, then the existence
of a solution for this optimization problem comes directly from the classical
Wierstarss theorem. But our aim is to treat the more general case of a non-
compact constraint set. Thus a coercivity condition will be needed for the
adjusted normal operator:

∃n ∈ IN, ∀x ∈ C \B(0, n), ∃ y ∈ K with ‖y‖ < ‖x‖
such that ∀x∗ ∈ Na

f (x), 〈x∗, x− y〉 ≥ 0.
(5.17)

Theorem 5.8. Let f : X → R∪{+∞} be an lsc quasiconvex function, radially
continuous on dom (f). Assume that for every λ > infX f , int(Sλ) 6= ∅. Let
K ⊆ dom (f) be convex with K⊥ = {0}, such that K ∩ B(0, n) is weakly
compact for every n ∈ N. If condition (5.17) holds with T = Na

f , then there
exists x0 ∈ K such that

∀x ∈ K, f(x) ≥ f(x0).

Proof. If argmin f ∩ K 6= ∅, we have nothing to prove. Suppose that
argmin f ∩ K = ∅. According to Proposition 5.13, Na

f is quasimonotone.
Further, according to Proposition 5.15, it is norm-to-w∗ cone-upper semicon-
tinuous on K. Thus, all assumptions of Proposition 5.20 hold for the operator

Na
f \ {0}, so S

(
Na

f \ {0} , K
)
6= ∅. Finally, using Proposition 5.16 we infer

that f has a global minimum on K.

Corollary 5.3. Given the assumptions on f andK as in Theorem 5.8, assume
that there exists n ∈ N such that for all x ∈ K, ‖x‖ > n, there exists y ∈ K,
‖y‖ < ‖x‖ such that f (y) < f (x). Then, there exists x0 ∈ K such that

∀x ∈ K, f(x) ≥ f(x0).

Proof. If f (y) < f(x), then for every x∗ ∈ Na
f (x) ⊆ N< (x), 〈x∗, y − x〉 ≤ 0.

Hence, coercivity condition (5.17) with T = Na
f holds. The corollary follows

from Theorem 5.8.
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6.1 Introduction

The theory of variational inequalities started with the pioneer work of Fichera
[26] and Stampacchia [64], independently, related to Signori’s contact prob-
lem. Variational inequalities arise in models for a wide class of problems
from science, social sciences, engineering, management, etc.; see, for example
[2, 7, 8, 10, 13, 23, 30, 29, 32, 35, 36, 37, 41, 42, 43, 46, 47, 52, 58, 74] and the
references therein. Because of its applications in branches of sciences, engineer-
ing, optimization, economics, equilibrium theory, etc. it has been extended and
generalized in many different directions. It has been used as a tool to study dif-
ferent aspects of optimization problems; see, for example, [2, 23, 30, 28] and the
references therein. Motivated by the application of variational inequalities to
optimization problems, and the concept of invexity, Parida et al. [57] and Yang
and Chen [72] independently replaced the linear term y − x appearing in the
formulation of variational inequalities by a vector-valued term η(y, x), where η

207
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is a vector-valued bifunction. Such variational inequality is called variational-
like inequality or pre-variational inequality. Parida et al. [57] established some
existence results for a solution of variational-like inequalities in the setting
of the finite dimensional Euclidean space Rn by using the Kakutani fixed-
point theorem. They studied the relation between a variational-like inequality
with a mathematical programming problem. Yang and Chen [72] introduced
a new class of non-convex and non-smooth functions, called semi-preinvex
functions. They derived the Fritz-John condition by using an alternative the-
orem for semi-preinvex program and studied the variational-like inequality.
They also derived a necessary condition for an optimal solution of an opti-
mization problem. Some existence theorems for solutions of a variational-like
inequality were also proved. In 1994, Siddiqi et al. [62] and Ansari and Yao [3]
studied variational-like inequalities in the setting of reflexive Banach spaces
and topological vector spaces with or without convexity assumptions. Noor
[53, 55] studied the relationship between a variational-like inequality problem
and an optimization problem. He proved that the minimum of the arcwise di-
rectional differentiable semi-invex functions can be characterized by the class
of variational-like inequalities. He also established an existence result for a so-
lution of a variational-like inequality problem in the setting of Hilbert spaces
and under the strong monotonicity and Lipschitz continuity assumptions of
the underlying mappings.

The aim of this chapter is to give an introduction to the theory of
variational-like inequalities. We provide some relations between a nonconvex
optimization problem and a variational-like inequality problem. Some exis-
tence results for a solution of variational-like inequalities are presented under
different kinds of assumptions. We discuss two solution methods, namely, the
auxiliary principle method and the proximal method, for finding the approx-
imate solutions of variational-like inequalities.

For further details and study, we refer the reader to [1, 3, 4, 6, 9, 15, 16,
18, 19, 20, 21, 25, 38, 45, 53, 54, 55, 57, 62, 71, 72, 75, 77] and the references
therein.

6.2 Formulations of Variational-like Inequalities

Let 〈X,X∗〉 be a dual system of locally convex spaces and K be a nonempty
subset of X . Given two mappings F : K → X∗ and η(., .) : K ×K → X , the
variational-like inequality problem (VLIP) is to find x̄ ∈ K such that

〈F (x̄), η(y, x̄)〉 ≥ 0, for all y ∈ K. (6.1)

The inequality (6.1) is called a variational-like inequality. A large number
of research papers have appeared in the literature on different aspects of
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variational-like inequalities; see, for example, [1, 3, 4, 6, 9, 15, 16, 18, 19,
20, 21, 25, 38, 45, 53, 54, 55, 57, 62, 71, 72, 75, 77] and the references therein.

When η(y, x) = y − x, for all x, y ∈ K, the variational-like inequality
(6.1) is known as a variational inequality. For further details on variational
inequalities, we refer the reader to Chapter 5, [2, 10, 13, 23, 30, 29, 32, 35, 36,
37, 41, 42, 43, 52, 58] and the references therein.

Another problem that is closely related to the variational-like inequality
problem is known as the Minty variational-like inequality problem (MVLIP),
which is defined as follows:

MVLIP

{
Find x̄ ∈ K such that
〈F (y), η(y, x̄)〉 ≥ 0, for all y ∈ K.

(6.2)

When η(y, x) = y−x, for all x, y ∈ K, the Minty variational-like inequality
(6.2) is called a Minty variational inequality [50].

The Minty variational-like inequality problem (MVLIP) plays an impor-
tant role in establishing the existence of a solution of a variational-like inequal-
ity problem (VLIP). Basically, we first establish some relations between VLIP
and MVLIP and then we apply these results to study the existence of a solu-
tion of VLIP. We need the following definitions of important monotonicities
to study a solution of variational-like inequalities.

Definition 6.1. Let X be a Banach space with its dual X∗,K be a nonempty
subset of X , and η : K ×K → X be a mapping. A mapping F : K → X∗ is
said to be

• η-monotone if for all x, y ∈ K, x 6= y,

〈F (y)− F (x), η(y, x)〉 ≥ 0;

• strictly η-monotone if for all x, y ∈ K, x 6= y,

〈F (y)− F (x), η(y, x)〉 > 0;

• η-pseudomonotone if for all x, y ∈ K, x 6= y,

〈F (x), η(y, x)〉 ≥ 0 ⇒ 〈F (y), η(y, x)〉 ≥ 0;

• strictly η-pseudomonotone if for all x, y ∈ K, x 6= y,

〈F (x), η(y, x)〉 ≥ 0 ⇒ 〈F (y), η(y, x)〉 > 0.

Definition 6.2. Let K be a nonempty convex subset of a Banach space X
and η : K × K → X be a mapping. A mapping F : K → X∗ is said to be
hemicontinuous if for any fixed x, y ∈ K, the mapping λ 7→ 〈F (x + λ(y −
x)), η(y, x)〉 defined on [0, 1] is continuous.
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The following lemma provides the relation between the variational-like
inequality problem (6.1) and the Minty variational-like inequality problem
(6.2).

Lemma 6.1 (Minty Lemma). Let K be a nonempty subset of a Banach
space X , and let F : K → X∗ and η : K × K → X be mappings such that
η(x, x) = 0, for all x ∈ K. The following assertions hold.

(a) If F is η-pseudomonotone, then every solution of VLIP (6.1) is a solution
of MVLIP (6.2).

(b) If K is convex and F is hemicontinuous, such that the mapping y 7→
〈F (z), η(y, x)〉 is convex for all x, z ∈ K, then every solution of MVLIP
(6.2) is a solution of VLIP (6.1).

Proof. (a) By η-pseudomonotonicity of F , it is obvious that every solution of
VLIP (6.1) is a solution of MVLIP (6.2).

(b) Let x̄ ∈ K be a solution of MVLIP (6.2). Then, for all y ∈ K and
λ ∈ ]0, 1], zλ := λy + (1− λ)x̄ ∈ K, and hence,

〈F (zλ), η(zλ, x̄)〉 ≥ 0, for all λ ∈ ]0, 1].

Since η(x, x) = 0 and the mapping y 7→ 〈F (z), η(y, x)〉 is convex, we have

0 ≤ 〈F (zλ), η(zλ, x̄)〉
≤ λ〈F (zλ), η(y, x̄)〉+ (1− λ)〈F (zλ), η(x̄, x̄)〉
= λ〈F (zλ), η(y, x̄)〉,

that is,
〈F (zλ), η(y, x̄)〉 ≥ 0, for all λ ∈ ]0, 1].

By the hemicontinuity of F , we have

〈F (x̄), η(y, x̄)〉 ≥ 0, for all y ∈ K.

Hence, x̄ is a solution of VLIP (6.1).

Lemma 6.2. Let K be a nonempty closed convex subset of a Banach space
X and η : K × K → X be mapping such that η(x, x) = 0, for all x ∈ K.
Let F : K → X∗ be hemicontinuous and η-pseudomonotone such that the
mapping y 7→ 〈F (z), η(y, x)〉 is convex. If the mapping x 7→ 〈F (y), η(y, x)〉 is
concave, then the solution set of VLIP (6.1) is convex. Further, if the mapping
x 7→ 〈F (y), η(y, x)〉 is upper semicontinuous, then the solution set of VLIP
(6.1) is closed.

Proof. In view of above lemma, the solution sets of VLIP (6.1) and MVLIP
(6.2) are same. Therefore, it is sufficient to show that the solution set of
MVLIP (6.2) is closed and convex.
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Let x̄ and x̂ be any two solutions of MVLIP (6.2). Then, for all y ∈ K,

〈F (y), η(y, x̄)〉 ≥ 0 and 〈F (y), η(y, x̂)〉 ≥ 0.

Multiplying the first inequality by λ ∈ [0, 1] and the second inequality by 1−λ,
and then adding the results we get

0 ≤ 〈F (y), λη(y, x̄)〉+ 〈F (y), (1− λ)η(y, x̂)〉
= 〈F (y), λη(y, x̄) + (1− λ)η(y, x̂)〉
≤ 〈F (y), η(y, λx̄ + (1 − λ)x̂)〉

where the last inequality is due to the concavity of the mapping x 7→
〈F (y), η(y, x)〉. Hence, λx̄ + (1 − λ)x̂ is a solution of MVLIP (6.2). Thus,
the solution set of MVLIP (6.2) is convex.

Let {xm} be a sequence in the solution set of MVLIP (6.2) such that
xm → x̄ as m→ ∞. Then, for all y ∈ K,

〈F (y), η(y, xm)〉 ≥ 0, for all m.

By the upper semicontinuity of the mapping x 7→ 〈F (y), η(y, x)〉, we have

〈F (y), η(y, x̄)〉 ≥ lim sup
m→∞

〈F (y), η(y, xm)〉 ≥ 0,

and thus, x̄ is a solution of MVLIP (6.2). Therefore, the solution set of MVLIP
(6.2) is closed.

Lemma 6.3. If VLIP (6.1) is solvable, F is strictly η-monotone and η(y, x)+
η(x, y) = 0, then the solution of VLIP (6.1) is unique.

Proof. Let x̄ and x̂ be two distinct solutions of VLIP (6.1). Then, for all
y ∈ K, we have

〈F (x̄), η(y, x̄)〉 ≥ 0, (6.3)

and
〈F (x̂), η(y, x̂)〉 ≥ 0. (6.4)

Putting y = x̂ in (6.3) and y = x̄ in (6.4) and then adding the results, we
obtain

〈F (x̄), η(x̂, x̄)〉+ 〈F (x̂), η(x̄, x̂)〉 ≥ 0.

Since η(y, x) + η(x, y) = 0, we have

〈F (x̄)− F (x̂), η(x̄, x̂)〉 ≤ 0.

Since F is strictly η-monotone, we have

〈F (x̄)− F (x̂), η(x̄, x̂)〉 > 0.

From the above two inequalities, we get

〈F (x̄)− F (x̂), η(x̄, x̂)〉 = 0,

which implies that x̄ = x̂ by the strictly η-monotonicity of F .
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6.3 Variational-like Inequalities and

Optimization Problems

6.3.1 Invexity

We adopt the following definition of affine mapping.
Let K be a nonempty convex subset of a vector space X . A mapping

g : K → X is said to be affine if for all x1, x2, . . . , xm ∈ K and λi ≥ 0 for all
i = 1, 2, . . . ,m with

∑m
i=1 λi = 1 such that

g

(
m∑

i=1

λixi

)
=

m∑

i=1

λig(xi).

Definition 6.3. Let K be a nonempty subset of a vector space X and η :
K × K → X be a mapping. The set K is said to be invex with respect to
(wrt). η if for all x, y ∈ K and all λ ∈ [0, 1], we have x+ λη(y, x) ∈ K.

Remark 6.1. It can be easily seen that any subset of X is invex wrt η(y, x) =
0, for all x, y ∈ X , where 0 is the zero vector of the vector space X . Mohan
and Neogy [51] pointed out that the definition of an invex set essentially says
that there is a path starting from x that is contained in K. It is not required
that y be one of the end points of the path. However, if we demand that x be
an end point of the path for every pair x, y, then η(y, x) = y− x, and reduces
to convexity.

We say that the mapping η is skew if for all x, y ∈ K,

η(y, x) + η(x, y) = 0.

Condition C. [51] Let X be a vector space and K ⊆ X be an invex set wrt
η : K ×K → X . Then, for all x, y ∈ K, λ ∈ [0, 1],

(a) η(x, x+ λη(y, x)) = −λη(y, x),

(b) η(y, x+ λη(y, x)) = (1− λ)η(y, x).

Obviously, the mapping η(y, x) = y−x satisfies Condition C. The examples
of the mapping η that satisfy Condition C are given in [68, 69].

Remark 6.2. It is shown in [70] that Condition C implies that

η(x+ sη(y, x), x) = sη(y, x), for all s ∈ [0, 1].

The following example shows that a mapping η that satisfies Condition C
may not be affine in the first argument and may not be skew and vice versa.
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Example 6.1. [70] Let K ⊆ R be a nonempty set. Consider the mapping
η : K ×K → R defined by

η(y, x) =





y − x, if x ≥ 0, y ≥ 0,
y − x, if x ≤ 0, y ≤ 0,

−2− x, if x ≤ 0, y > 0,
2− x, if x > 0, y ≤ 0.

Then, it is easy to see that η satisfies Condition C, but it is not affine in the
first argument and not skew.

Consider the mapping η : K ×K → R defined by η(y, x) = 3(y − x), for
all x, y ∈ K ⊆ R. Then, η is affine in the first argument and skew, but does
not satisfy Condition C.

The following lemma can be easily proved.

Lemma 6.4. [59] Let K be a nonempty convex subset of a vector space X
and η : K × K → X be a mapping. If η is affine in the first argument and
skew, then it is also affine in the second argument.

The following definition of invex functions, pseudoinvex functions, strictly
pseudoinvex functions, and quasi-invex functions were introduced and studied
in [11, 31, 40].

Definition 6.4. LetK be a nonempty open subset of Rn and η : K×K → Rn

be a mapping. A differentiable function f : K → R is said to be

• invex wrt η if for all x, y ∈ K,

f(y)− f(x) ≥ 〈∇f(x), η(y, x)〉;

• pseudoinvex wrt η if for all x, y ∈ K,

〈∇f(x), η(y, x)〉 ≥ 0 implies f(y) ≥ f(x),

equivalently,

f(y) < f(x) implies 〈∇f(x), η(y, x)〉 < 0;

• strictly pseudoinvex wrt η if for all x, y ∈ K, x 6= y,

〈∇f(x), η(y, x)〉 ≥ 0 implies f(y) > f(x),

equivalently,

f(y) ≤ f(x) implies 〈∇f(x), η(y, x)〉 < 0;

• quasi-invex wrt η if for all x, y ∈ K,

f(y) ≤ f(x) implies 〈∇f(x), η(y, x)〉 ≤ 0.
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The term “invex” was given by Craven [14] and stands for “invariant con-
vex”.

Definition 6.5. Let K ⊆ Rn be a nonempty invex set wrt η : K ×K → Rn.
A function f : K → R is said to be pre-quasi-invex wrt η if

f(x+ λη(y, x)) ≤ max{f(x), f(y)}, for all x, y ∈ K and λ ∈ [0, 1].

Lemma 6.5. [51] Let K ⊆ R
n be a nonempty invex set wrt η : K ×K → R

n

such that η satisfies Condition C. A differentiable function f : K → R is
quasi-invex wrt η if and only if it is pre-quasi-invex wrt the same η.

Condition A. [68] Let K ⊆ Rn be an invex set wrt η : K ×K → Rn, and let
f : K → R be a function. Then,

f(x+ η(y, x)) ≤ f(y), for all x, y ∈ K.

Lemma 6.6. [27] Let K ⊆ Rn be a nonempty invex set wrt η : K×K → Rn.
Let f : K → R be differentiable pseudoinvex wrt η, and f and η satisfy
Condition A and C, respectively. Then, f is pre-quasi-invex wrt the same η.

For further details on invexity and invex functions, we refer to [11, 14,
27, 31, 40, 48, 49, 51, 51, 54, 55, 59, 60, 61, 65, 66, 67, 68, 69, 70] and the
references therein.

6.3.2 Relations between Variational-like Inequalities and an

Optimization Problem

Let K be a nonempty subset of Rn and f : K → R be a function. The
minimization problem (MP) is defined as follows:

Minimize f(x), subject to x ∈ K. (6.5)

Throughout this subsection, we assume that f : K → R is a differentiable
function on an open subset of K.

We consider the following variational-like inequality problem where F (x) =
∇f(x).

VLIP

{
Find x̄ ∈ K such that
〈∇f(x̄), η(y, x̄)〉 ≥ 0, for all y ∈ K,

(6.6)

where η : K ×K → Rn is a mapping.

The following results provide the relations between the MP (6.5) and the
VLIP (6.6).

Theorem 6.1. Let K ⊆ Rn be a nonempty invex set wrt η : K ×K → Rn

and f : K → R be a function. Then, every solution of the MP (6.5) is a
solution of the VLIP (6.6).
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Proof. Let x̄ be a solution of the MP (6.5). Then,

f(x̄) ≤ f(y), for all y ∈ K.

Since K is invex, we have x̄+ λη(y, x̄) ∈ K for all λ ∈ [0, 1]; thus,

f(x̄+ λη(y, x̄))− f(x̄)

λ
≥ 0, for all λ ∈ ]0, 1].

Taking the limit as λ→ 0, we obtain

〈∇f(x̄), η(y, x̄)〉 = lim
λ→0

f(x̄+ λη(y, x̄))− f(x̄)

λ
≥ 0, for all y ∈ K.

Hence, x̄ is a solution of the VLIP (6.6).

Theorem 6.2. Let K ⊆ Rn be a nonempty open set, η : K ×K → Rn be a
mapping, and f : K → R be a differentiable function. If f is pseudoinvex wrt
η, then every solution of VLIP (6.6) is a solution of the MP (6.5).

Proof. Assume that x̄ ∈ K is a solution of VLIP (6.6), but not a solution of
the MP (6.5). Then, there exists y ∈ K such that

f(x̄) > f(y). (6.7)

By the pseudoinvexity of f , we obtain

〈∇f(x̄), η(y, x̄)〉 < 0.

Thus, x̄ is not a solution of VLIP (6.6), a contradiction to our assumption.
Hence, x̄ ∈ K is a solution of the MP (6.5).

Corollary 6.1. Let K ⊆ Rn be a nonempty open set, η : K ×K → Rn be
a mapping, and f : K → R be a differentiable invex function wrt η. Then,
every solution of the VLIP (6.6) is a solution of the MP (6.5).

Proof. Since every invex function is pseudoinvex, we obtain the desired result
from Theorem 6.2.

Theorem 6.3. Let K ⊆ R
n be a nonempty open set, η : K ×K → R

n be a
mapping, and f : K → R be a differentiable function such that −f is invex
wrt η, that is, f(y) − f(x) ≤ 〈∇f(x), η(y, x)〉, for all x, y ∈ K. Then, every
solution of the MP (6.5) is a solution of the VLIP (6.6).

Proof. Assume that x̄ is a solution of the MP (6.5), but not a solution of the
VLIP (6.6). Then, there exists y ∈ K such that

〈∇f(x̄), η(y, x̄)〉 < 0. (6.8)

Since −f is invex wrt η, we have

f(y)− f(x̄) ≤ 〈∇f(x̄), η(y, x̄)〉. (6.9)



216 Fixed Point Theory, Variational Analysis, and Optimization

Combining (6.8) and (6.9), we obtain

f(x̄) > f(y),

a contradiction of our assumption that x̄ is a solution of the MP (6.5). Hence,
x̄ is a solution of the VLIP (6.6).

Definition 6.6. Let X be a Banach space and K ⊆ X be a nonempty invex
set wrt η : K×K → X . A mapping F : K → X∗ is said to be η-hemicontinuous
if for any fixed x, y ∈ K, the mapping λ 7→ 〈F (x + λη(y, x)), η(y, x)〉 defined
on [0, 1] is continuous.

Lemma 6.7. Let K be a nonempty subset of a Banach space X , F : K → X∗

be mapping, and η : K ×K → X be skew such that Condition C holds. If K
is invex wrt η and F is η-hemicontinuous, then every solution of MVLIP (6.2)
is a solution of VLIP (6.1).

Proof. Let x̄ ∈ K be a solution of MVLIP (6.2). Then, for all y ∈ K and
λ ∈ ]0, 1], zλ := x̄+ λη(y, x̄) ∈ K, and hence,

〈F (zλ), η(zλ, x̄)〉 ≥ 0, for all λ ∈ ]0, 1].

Since η is skew, we have

〈F (zλ), η(x̄, zλ)〉 ≤ 0, for all λ ∈ ]0, 1],

and η(x, x) = 0, for all x ∈ K. Therefore, we have

0 ≥ 〈F (zλ), η(x̄, zλ)〉 = −λ〈F (zλ), η(y, x̄)〉,

that is,
〈F (zλ), η(y, x̄)〉 ≥ 0, for all λ ∈ ]0, 1].

By the η-hemicontinuity of F , we have

〈F (x̄), η(y, x̄)〉 ≥ 0, for all y ∈ K.

Hence, x̄ is a solution of VLIP (6.1).

Theorem 6.4. Let K ⊆ Rn be a nonempty set, η : K ×K → Rn be a skew
mapping, and f : K → R be strictly pseudoinvex wrt η. Then, every solution
of the MP (6.5) is a solution of MVLIP (6.2) with F (y) = ∇f(y).
Proof. Assume that x̄ ∈ K is a solution of MP (6.5), but not a solution of
MVLIP (6.2) with F (y) = ∇f(y). Then, there exists y ∈ K such that

〈∇f(y), η(y, x̄)〉 < 0.

By skewness of η, we have

〈∇f(y), η(x̄, y)〉 > 0.
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The strict pseudoinvexity of f wrt η implies

f(x̄) > f(y),

a contradiction of our assumption that x̄ is a solution of MP (6.5).

Theorem 6.5. Let K ⊆ Rn be an invex set wrt η : K ×K → Rn such that η
is skew and satisfies Condition C. Let f : K → R be pseudoinvex wrt η such
that Condition A is satisfied. Then, x̄ ∈ K is a solution of the MVLIP (6.2)
with F (y) = ∇f(y) if and only if it is a solution of MP (6.5).

Proof. Let x̄ ∈ K be a solution of MVLIP (6.2) with F (y) = ∇f(y), but not
a solution of MP (6.5). Then, there exists y ∈ K such that

f(x̄) > f(y). (6.10)

Since f is pseudoinvex wrt η, it follows from Lemma 6.6 that f is pre-quasi-
invex wrt the same η. Therefore, for xλ = x̄+ λη(y, x), we have

f(xλ) < f(x̄), for all λ ∈ ]0, 1[. (6.11)

By the mean-value theorem, there exists α ∈ ]0, λ[ such that

f(x̄+ λη(y, x̄))− f(x̄) = 〈∇f(x̄ + αη(y, x̄)), x̄ + λη(y, x̄)− x̄〉
= λ〈∇f(x̄ + αη(y, x̄)), η(y, x̄)〉,

that is,
〈∇f(x̄+ αη(y, x̄)), η(y, x̄)〉 < 0.

By Remark 6.2, we have η(x̄ + αη(y, x̄), x̄) = αη(y, x), and therefore,

〈∇f(x̄+ αη(y, x̄)), η(x̄ + αη(y, x̄), x̄)〉 < 0,

that is, x̄ is not a solution of MVLIP (6.2) with F (xλ) = ∇f(xλ), a contra-
diction to our assumption. Hence, x̄ is a solution of MP (6.5).

Conversely, suppose that x̄ ∈ K is a solution of MP (6.5). Then,

f(x̄) ≤ f(y), for all y ∈ K.

By Lemmas 6.6 and 6.5, f is quasi-invex wrt η, and hence,

〈∇f(y), η(x̄, y)〉 ≤ 0, for all y ∈ K.

By skewness of η, we have

〈∇f(y), η(y, x̄)〉 ≥ 0, for all y ∈ K;

that is, x̄ ∈ K is a solution of MVLIP (6.2) with F (y) = ∇f(y).
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6.4 Existence Theory

This section deals with the study of the existence of solutions of variational-
like inequalities.

Theorem 6.6. Let K be a nonempty weakly compact convex subset of a
Banach space X , and η : K × K → X be a mapping such that η(x, x) = 0,
for all x ∈ K. Let F : K → X∗ be hemicontinuous and η-pseudomonotone
such that the mapping y 7→ 〈F (z), η(y, x)〉 is convex and the mapping x 7→
〈F (y), η(y, x)〉 is upper semicontinuous, for all x, z, y ∈ K. Then, VLIP (6.1)
has a solution.

Proof. Define two set-valued maps P,Q : K → 2K by

P (y) = {x ∈ K : 〈F (x), η(y, x)〉 ≥ 0}, for all y ∈ K,

and
Q(y) = {x ∈ K : 〈F (y), η(y, x)〉 ≥ 0}, for all y ∈ K.

Then, P is a KKMmap. Indeed, let {y1, y2, . . . , ym} be a finite subset ofK and
x̃ ∈ co({y1, y2, . . . , ym}). Then, x̃ =

∑m
i=1 λiyi for some λi ≥ 0, i = 1, 2, . . . ,m

with
∑m

i λi = 1. If x̃ /∈ ⋃m
i=1 P (yi), then,

〈F (x̃), η(yi, x̃)〉 < 0, for all i = 1, 2, . . . ,m,

and so,
m∑

i=1

λi〈F (x̃), η(yi, x̃)〉 < 0.

Therefore, from the hypothesis, we have

0 = 〈F (x̃), η(x̃, x̃)〉 =

〈
F (x̃), η

(
m∑

i=1

λiyi, x̃

)〉

≤
m∑

i=1

λi 〈F (x̃), η(yi, x̃)〉 < 0,

a contradiction. Thus, we must have co({y1, y2, . . . , ym}) ⊆ ⋃m
i=1 P (yi), and

hence, P is a KKM mapping.
Since F is an η-pseudomonotone map, and P (y) ⊆ Q(y) for all y ∈ K,

thus, Q is also a KKM map.
For each y ∈ K, Q(y) is closed. Indeed, let {xm} be a sequence in Q(y)

for any fixed y ∈ K such that xm converges to x̂ ∈ K. Then,

〈F (y), η(y, xm)〉 ≥ 0, for all m.
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By the upper semicontinuity of the mapping x 7→ 〈F (y), η(y, x)〉, we have

0 ≤ lim sup
m→∞

〈F (y), η(y, xm)〉 ≤ 〈F (y), η(y, x̂)〉

and thus, x̂ ∈ Q(y). Therefore, Q(y) is a closed subset of a weakly compact set
K, and so it is weakly compact. By Fan-KKM Theorem 6.18,

⋂
y∈K Q(y) 6= ∅.

Hence, there exists x̄ ∈ K such that

〈F (y), η(y, x̄)〉 ≥ 0, for all y ∈ K.

By Lemma 6.1, x̄ is a solution of VLIP (6.1).

Since a Banach space X is reflexive if and only if every closed convex
bounded subset of X is weakly compact, we have the following result.

Theorem 6.7. Let K be a nonempty closed convex bounded subset of a
reflexive Banach space X and η : K × K → X be a mapping such that
η(x, x) = 0, for all x ∈ K. Let F : K → X∗ be hemicontinuous and η-
pseudomonotone such that the mapping y 7→ 〈F (z), η(y, x)〉 is convex and
the mapping x 7→ 〈F (y), η(y, x)〉 is upper semicontinuous, for all x, z, y ∈ K.
Then, VLIP (6.1) has a solution.

Example 6.2. Let X = R, K = [1,+∞[, and η : K ×K → X be defined by
η(y, x) = 2(y − x), for all x, y ∈ K. Let F : K → X∗ be defined as F (x) =
x, for all x ∈ K. Since K is not compact, Theorem 6.6 is not applicable.
We note that η(x, x) = 0 for all x ∈ K, and F is η-pseudomonotone and
hemicontinuous. However, it is easy to see that x̄ = 1 ∈ K is such that
〈F (x̄), η(y, x̄)〉 = 2x̄(y − x̄) = 2(y − 1) ≥ 0 for all y ∈ K, that is, x̄ = 1 is a
solution of VLIP (6.1).

When K is not necessarily bounded, we have the following results.

Theorem 6.8. Let K be a nonempty closed convex subset of a Banach space
X and η : K ×K → X be a mapping such that η(x, x) = 0, for all x ∈ K.
Let F : K → X∗ be hemicontinuous and η-pseudomonotone such that the
mapping y 7→ 〈F (z), η(y, x)〉 is convex and the mapping x 7→ 〈F (y), η(y, x)〉
is upper semicontinuous, for all x, z, y ∈ K. Assume that there exist a weakly
compact subset C of X and ỹ ∈ K ∩C such that

〈F (x), η(ỹ, x)〉 < 0, for all x ∈ K \ C. (6.12)

Then, VLIP (6.1) has a solution.

Proof. Let the set-valued maps P,Q : K → 2K be the same as in the proof of
Theorem 6.6. Let ỹ ∈ K and the set C be the same as in the hypothesis. Then,
we want to show that the weak closure P (ỹ)w of P (ỹ) is a weakly compact
subset of K. If P (ỹ) 6⊆ C, then there exists x ∈ P (ỹ) such that x ∈ K \ C. It
follows that

〈F (x), η(ỹ, x)〉 ≥ 0,
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which contradicts (6.13). Therefore, we have P (ỹ) ⊆ C. Then, the weak closure
P (ỹ)w of P (ỹ) is a weakly compact subset of K. As we have seen in Theorem
6.6, P is a KKM map. Therefore, by Fan-KKM Theorem 6.18,

⋂
y∈K P (y)w 6=

∅. Since for each y ∈ K, Q(y) is closed convex and P (y) ⊆ Q(y), we have

P (y)w ⊆ Q(y)w = Q(y),

because a convex subset of a normed space is weakly closed if and only if it is
closed. Therefore,

∅ 6=
⋂

y∈K

P (y)w ⊆
⋂

y∈K

Q(y).

Thus, there exists x̄ ∈ K such that

〈F (y), η(y, x̄)〉 ≥ 0, for all y ∈ K.

By Lemma 6.1, x̄ is a solution of VLIP (6.1).

Theorem 6.9. Let K be a nonempty closed convex subset of a Banach space
X , and η : K ×K → X be a mapping such that η(x, x) = 0, for all x, y ∈ K.
Let F : K → X∗ be hemicontinuous and η-pseudomonotone such that the
mapping y 7→ 〈F (z), η(y, x)〉 is convex and the mapping x 7→ 〈F (y), η(y, x)〉
is upper semicontinuous, for all x, z, y ∈ K. Assume that there exist a weakly
compact subset D of X and ỹ ∈ K ∩D such that

〈F (ỹ), η(ỹ, x)〉 < 0, for all x ∈ K \D. (6.13)

Then, VIP (6.1) has a solution.

Proof. Let the set-valued maps P,Q : K → 2K be the same as in the proof
of Theorem 6.6. Let ỹ ∈ K and the set D be the same as in the hypothesis.
By the same argument as in the proof of Theorem 6.6, we derive that Q is a
KKM map and, for each y ∈ K, Q(y) is closed.

We show that Q(ỹ) ⊆ K ∩ D. If Q(ỹ) 6⊆ D, then there exists x ∈ Q(ỹ)
such that x ∈ K \D. It follows that

〈F (ỹ), η(ỹ, x)〉 ≥ 0,

which contradicts (6.13). Hence, Q(ỹ) ⊆ D, and thus, Q(ỹ) ⊆ K ∩ D. Since
K is closed convex and D is weakly compact, K ∩ D is weakly compact.
Therefore, Q(ỹ) is a closed subset of a weakly compact set K ∩D, and hence,
Q(ỹ) is weakly compact. Then, by Fan-KKM Theorem 6.18,

⋂
y∈K Q(y) 6= ∅.

The rest of the proof follows on the lines of the proof of Theorem 6.6.

We establish the following existence result for a solution of VLIP (6.1) by
using a Browder-type fixed-point theorem.
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Theorem 6.10. Let K be a nonempty convex subset of a Banach space X ,
and η : K × K → X be a mapping such that η(x, x) = 0, for all x ∈ K.
Let F : K → X∗ be hemicontinuous and η-pseudomonotone such that the
mapping y 7→ 〈F (z), η(y, x)〉 is convex for all x, z ∈ K, and the mapping x 7→
〈F (y), η(y, x)〉 is upper semicontinuous. Assume that there exist a nonempty
compact convex subset B of K and a nonempty compact subset D of K such
that for each x ∈ K \ D, there exists ỹ ∈ B such that 〈F (x), η(ỹ, x)〉 < 0.
Then, VLIP (6.1) has a solution.

Proof. For each x ∈ K, define set-valued maps P,Q : K → 2K by

P (x) = {y ∈ K : 〈F (y), η(y, x)〉 < 0}

and
Q(x) = {y ∈ K : 〈F (x), η(y, x)〉 < 0}.

The convexity of the mapping y 7→ 〈F (z), η(y, x)〉 implies that the set Q(x) is
convex, for each x ∈ K. By η-pseudomonotonicity of F , we have P (x) ⊆ Q(x),
and hence, co(P (x)) ⊆ co(Q(x)) = Q(x), for all x ∈ K.

For each y ∈ K, the complement of P−1(y) in K is

[P−1(y)]c = {x ∈ K : 〈F (y), η(y, x)〉 ≥ 0}

and is closed inK by upper semicontinuity of the mapping x 7→ 〈F (y), η(y, x)〉.
Thus, P−1(y) is open in K.

Assume that for all x ∈ K, P (x) is nonempty. Then, all the conditions
of Theorem 6.19 are satisfied, and therefore, there exists x̂ ∈ K such that
x̂ ∈ Q(x̂). It follows that

0 = 〈F (x̃), η(x̃, x̃)〉 < 0,

a contradiction. Hence, there exists x̄ ∈ K such that P (x̄) = ∅. This implies
that for all y ∈ K,

〈F (y), η(y, x̄)〉 ≥ 0,

that is, x̄ ∈ K is a solution of MVLIP (6.2). By Lemma 6.1, x̄ ∈ K is a
solution of VLIP (6.1).

Definition 6.7. Let K be a nonempty subset of a Banach space X and
η : K × K → X be a mapping. A mapping F : K → X∗ is said to
be properly η-quasimonotone if for every x1, x2, . . . , xm ∈ K and every
y ∈ co({x1, x2, . . . , xm}), there exist i ∈ {1, 2, . . . ,m} such that

〈F (xi), η(y, xi)〉 ≤ 0.

Theorem 6.11. Let K be a nonempty compact convex subset of a Banach
space X and η : K × K → X be a mapping such that η(x, x) = 0, for
all x ∈ K. Let F : K → X∗ be properly η-quasimonotone such that the
mapping x 7→ 〈F (y), η(y, x)〉 is upper semicontinuous. Then, MVLIP (6.2)
has a solution.
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Proof. Define the set-valued mapping Q : K → 2K by

Q(y) = {x ∈ K : 〈F (y), η(y, x)〉 ≥ 0}, for all y ∈ K.

For any y1, y2, . . . , ym ∈ K and ỹ ∈ co({y1, y2, . . . , ym}), proper η-
quasimonotonicity of F implies that ỹ ∈ ⋃m

i=1Q(yi). Also, for each y ∈ K,
Q(y) is a closed subset of the compact set K, and hence, compact. There-
fore, by Fan-KKM Theorem 6.18, it follows that

⋂
y∈K Q(y) 6= ∅. Thus, any

x̄ ∈ ⋂y∈K Q(y) is a solution of MVLIP (6.2).

We present the definition of η-pseudomonotonicity according to Brézis [12].

Definition 6.8. Let K be a nonempty subset of a Banach space X and
η : K × K → X be a mapping. A function F : K → X∗ is said to be B-η-
pseudomonotone if for each x ∈ K and every sequence {xm} in K converging
to x with

lim inf
m→∞

〈F (xm), η(x, xm)〉 ≥ 0,

we have

〈F (x), η(y, x)〉 ≥ lim sup
m→∞

〈F (xm), η(y, xm)〉, for all y ∈ K.

The following result provides a solution of VLIP (6.1) under the assump-
tion of η-pseudomonotonicity according to Brézis [12].

Theorem 6.12. Let K be a nonempty convex subset of a Banach space X
and η : K × K → X be a mapping such that η(x, x) = 0, for all x ∈ K.
Let F : K → X∗ be B-η-pseudomonotone such that for each finite subset A
of K, x 7→ 〈F (x), η(y, x)〉 is upper semicontinuous on co(A), and the map-
ping y 7→ 〈F (x), η(y, x)〉 is quasiconvex. Assume that there exist a nonempty
compact subset D of K and an element ỹ ∈ D such that for all x ∈ K \ D,
〈F (x), η(ỹ, x)〉 < 0. Then, VLIP (6.1) has a solution.

Proof. For each x ∈ K, define a set-valued map P : K → 2K by

P (x) = {y ∈ K : 〈F (x), η(y, x)〉 < 0}.

Then for all x ∈ K, P (x) is convex. Let A be a finite subset of K. Then for
all y ∈ co(A),

[P−1(y)]c ∩ co(A) = {x ∈ co(A) : 〈F (x), η(y, x)〉 ≥ 0}

is closed in co(A) by upper semicontinuity of the map x 7→ 〈F (x), η(y, x)〉 on
co(A). Hence, P−1(y) ∩ co(A) is open in co(A).

Suppose that x, y ∈ co(A) and {xm} is a sequence in K converging to x
such that

〈F (xm), η(λy + (1− λ)x, xm)〉 ≥ 0, for all m ∈ N and all λ ∈ [0, 1].
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For λ = 0, we have

〈F (xm), η(x, xm)〉 ≥ 0, for all m ∈ N,

and therefore,
lim inf
m→∞

〈F (xm), η(x, xm)〉 ≥ 0.

By B-η-pseudomonotonicity of F , we have

〈F (x), η(y, x)〉 ≥ lim sup
m→∞

〈F (xm), η(y, xm)〉. (6.14)

For λ = 1, we have

〈F (xm), η(y, xm)〉 ≥ 0, for all m ∈ N,

and therefore,
lim inf
m→∞

〈F (xm), η(y, xm)〉 ≥ 0. (6.15)

From the inequalities (6.14) and (6.15), we obtain

〈F (x), η(y, x)〉 ≥ 0,

and thus, y /∈ P (x).
Assume that for all x ∈ D, P (x) is nonempty. Then, all the conditions of

Theorem 6.20 are satisfied. Hence, there exists x̂ ∈ K such that x̂ ∈ P (x̂),
that is,

0 = 〈F (x̂), η(x̂, x̂)〉 < 0,

a contradiction. Thus, there exists x̄ ∈ D ⊆ K such that P (x̄) = ∅, that is,

〈F (x̄), η(y, x̄)〉 ≥ 0, for all y ∈ K.

Hence, x̄ is a solution of VLIP (6.1).

Corollary 6.2. Let K be a nonempty convex subset of a Banach space X
and η : K ×K → X be a mapping such that η(x, x) = 0, for all x ∈ K. Let
F : K → X∗ be B-η-pseudomonotone such that for each finite subset A of
K, x 7→ 〈F (x), η(y, x)〉 is upper semicontinuous on co(A), and the mapping
y 7→ 〈F (x), η(y, x)〉 is quasiconvex. Assume that there exists ỹ ∈ K such that

lim
‖x‖→∞, x∈K

〈F (x), η(ỹ, x)〉 < 0. (6.16)

Then, VLIP (6.1) has a solution.

Proof. Let
α = lim

‖x‖→∞, x∈K
〈F (x), η(ỹ, x)〉.

Then, by the inequality (6.16), α < 0. Let r > 0 be such that ‖ỹ‖ ≤ r and

〈F (x), η(ỹ, x)〉 < α

2
, for all x ∈ K with ‖x‖ > r.
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Let Br = {x ∈ K : ‖x‖ ≤ r} be a closed unit ball. Then, Br is a nonempty and
weakly compact subset of K. Note that for any x ∈ K \ Br, 〈F (x), η(ỹ, x)〉 <
α
2 < 0, and the conclusion follows from Theorem 6.12 by taking D = Br.

We now present some existence results for a solution of VLIP (6.1) without
any kind of monotonicity.

Theorem 6.13. [57] Let K be a nonempty convex compact subset of a Ba-
nach space X , F : K → X∗ and η : K×K → X be two continuous mappings.
Suppose that for each fixed x ∈ K, the mapping v 7→ 〈F (x), η(v, x)〉 is qua-
siconvex, and 〈F (x), η(x, x)〉 = 0, for all x ∈ K. Then, VLIP (6.1) has a
solution.

Proof. For each x ∈ K, define

V (x) =

{
z ∈ K : 〈F (x), η(z, x)〉 = min

v∈K
〈F (x), η(v, x)〉

}
.

Since K is compact and the mapping v 7→ 〈F (x), η(v, x)〉 is quasiconvex, V (x)
is a nonempty, closed, and convex subset of K. It is easy to see that the set-
valued map V : K → 2K is upper semicontinuous. By Kakutani fixed-point
theorem 6.21, we have x̄ ∈ V (x̄). Consequently, for all y ∈ K, 〈F (x̄), η(y, x̄)〉 ≥
〈F (x̄, η(x̄, x̄)〉 = 0.

Consider the set Kr = {x ∈ K : ‖x‖ ≤ r} for real r > 0. There always
exists an r0 > 0 such that Kr is nonempty whenever r ≥ r0.

Assumption 6.1. Let K be a closed convex subset of a Banach space X ,
and F : K → X∗ and η : K ×K → X be two continuous mappings such that

(i) 〈F (x), η(x, x)〉 = 0, for all x ∈ K;

(ii) for each fixed x ∈ K, the mapping y 7→ 〈F (x), η(y, x) is convex.

We notice that Kr is compact and convex, and hence, by Theorem 6.13
there exists at least one xr ∈ Kr such that

〈F (xr), η(y, xr)〉 ≥ 0, for all y ∈ K (6.17)

whenever Assumption 6.1 is satisfied.

Theorem 6.14. [57] LetK, F , and η be such that Assumption 6.1 is satisfied.
A necessary and sufficient condition for the existence of a solution to VLIP
(6.1) is that there exists an r > 0 such that a solution xr ∈ Kr of (6.17)
satisfies the inequality ‖xr‖ < r.

Proof. It is clear that if there exists a solution x̄ to VLIP (6.1), then x̄ is a
solution to (6.17) whenever ‖x̄‖ < r.

Suppose that xr ∈ Kr is a solution of (6.17) and that ‖xr‖ < x. Given
y ∈ K, we can choose 0 < λ < 1 sufficiently small so that z = λy+(1−λ)xr ∈
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Kr. Consequently, by the convexity of z 7→ 〈F (xr), η(z, xr)〉, xr ∈ Kr ⊆ K
satisfies

0 ≤ 〈F (xr), η(z, xr)〉
≤ λ(F (xr , η(y, xr)〉+ (1 − λ)〈F (xr), η(xr , xr)〉
= λ〈F (xr), η(y, xr)〉

for all y ∈ K, which implies that xr is a solution to VLIP (6.1).

By using Theorem 6.14, Parida et al. [57] provided three other sufficient
conditions for the existence of a solution of VLIP (6.1).

6.5 Solution Methods

Because of the involvement of the vector-valued term η(y, x) in the formu-
lations of variational-like inequalities, few solution methods are available in
the literature to compute approximate solutions of variational-like inequality
problems. The auxiliary principle method and the proximal method are the
most studied methods for solving variational-like inequalities. Noor [53, 55]
proposed the auxiliary principle method for solving variational-like inequality
problems and studied the strong convergence of the sequence generated by the
proposed method to a unique solution of a variational-like inequality problem
under strong monotonicity and Lipschitz continuity of the mappings F and η
involved in the formulation of a variational-like inequality. Ding [19, 20] con-
sidered the auxiliary principle method for variational-like inequality problems
in the setting of Banach spaces. The convergence of the sequence generated
by the proposed algorithm was studied. The auxiliary principle method for
variational-like inequality problems was further studied in [6, 79] and the ref-
erences therein. Jie and Li-Ping [38] proposed a bundle-type auxiliary principle
method for variational-like inequalities and studied its convergence analysis.

In 2000, Lee at al. [45] and Ding and Luo [21] independently intro-
duced the concepts of η-subdifferential and η-proximal mappings. By using
η-subdifferentiability, they suggested a perturbed algorithm for finding the
approximate solutions of variational-like inclusions, which are generalizations
of variational-like inequalities. The convergence analysis of the method is also
studied in these two papers. This method has been further extended and
studied in [15, 75] for extended and generalized variational-like inequality
problems.

In this section, we mainly discuss the auxiliary principle method and prox-
imal method. Most of the results presented in this section are taken from
[6, 45].
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6.5.1 Auxiliary Principle Method

Let H be a real Hilbert space whose inner product and norm are denoted by
〈., .〉 and ‖ · ‖, respectively. Let K be a nonempty convex subset of H . Let
F : K → H and η : K×K → H be mappings and Φ : K → R be a functional.
We consider the following variational-like inequality problem (VLIP) in the
setting of Hilbert spaces:

VLIP

{
Find x̄ ∈ K such that
〈F (x̄), η(y, x̄)〉+Φ(y)− Φ(x̄) ≥ 0, for all y ∈ K.

(6.18)

Of course, if Φ ≡ 0, then (6.18) reduces to the variational-like inequality
problem (6.1).

Definition 6.9. Let K be a nonempty subset of a Hilbert space H and
η : K ×K → H be a mapping. A mapping F : K → H is said to be:

• η-co-coercive if there exists a constant α > 0 such that

〈F (x) − F (y), η(x, y)〉 ≥ α‖F (x)− F (y)‖2, for all x, y ∈ K;

• η-strongly monotone if there exists a constant β > 0 such that

〈F (x)− F (y), η(x, y)〉 ≥ β‖x− y‖2, for all x, y ∈ K;

• Lipschitz continuous if there exists a constant γ > 0 such that

‖F (x)− F (y)‖ ≤ γ‖x− y‖, for all x, y ∈ K.

If η(y, x) = y − x for all x, y ∈ K, then η-strong monotonicity is called
strong monotonicity.

Definition 6.10. A mapping η : K ×K → H is said to be Lipschitz contin-
uous if there exists a constant λ > 0 such that

‖η(x, y)‖ ≤ λ‖x− y‖, for all x, y ∈ K.

It is clear that an η-co-coercive mapping is η-monotone, but the converse
is not true in general. We note that every η-co-coercive mapping is Lipschitz
continuous provided that η is Lipschitz continuous. Indeed,

α‖F (x)− F (y)‖2 ≤ 〈F (x) − F (y), η(x, y)〉
≤ ‖F (x)− F (y)‖ ‖η(x, y)‖
≤ λ‖F (x)− F (y)‖ ‖x− y‖.

Hence, ‖F (x) − F (y)‖ ≤ λ
α‖x − y‖, and thus F is Lipschitz continuous with

constant λ
α . But every η-co-coercive mapping need not be η-strongly mono-

tone.
Every η-strongly monotone and Lipschitz continuous mapping is η-co-

coercive, and it follows that η-co-coercivity is an intermediate concept that
lies between η-monotonicity and η-strong monotonicity. In general, every η-
monotone and Lipschitz continuous mapping need not be η-co-coercive.



An Introduction to Variational-like Inequalities 227

Definition 6.11. Let K be a nonempty convex subset of a Hilbert space H
and η : K×K → H be a mapping. A Fréchet differentiable function h : K → R

is called strongly invex wrt η if there exists a constant µ > 0 such that

h(y)− h(x)− 〈h′(x), η(y, x)〉 ≥ µ

2
‖x− y‖2, for all x, y ∈ K,

where h′(x) denotes the Fréchet derivative of h at x.

The following result can be easily proved.

Proposition 6.1. Let K be a nonempty convex subset of a Hilbert space H ,
η : K ×K → H be a skew mapping, and h : K → R be Fréchet differentiable
strongly invex wrt η. Then, h′ is η-strongly monotone.

Recall that a mapping F : K → R is called sequentially continuous at
x [44] if F (xn) → F (x) for all sequences xn → x. F is called sequentially
continuous on K if it is sequentially continuous at each of its point.

Lemma 6.8. Let K be a nonempty convex subset of a Hilbert space H .
Let η : K × K → H and h : K → R be Fréchet differentiable such that
h′ is sequentially continuous from the weak topology to the weak topology
and from the weak topology to the strong topology, respectively. Then, the
mapping g : K → R defined by g(x) = 〈h′(x), η(y, x)〉 for each fixed y ∈ K, is
also sequentially continuous from the weak topology to the strong topology.

Proof. Let {xn} be a sequence that converges (in the weak topology) to x,
which is denoted by xn ⇀ x. Then,

‖h′(xk)− h′(x)‖ → 0 and η(y, xk)⇀ η(y, x).

Now,

|g(xn)− g(x)| = |〈h′(xn), η(y, xn)〉 − 〈h′(x), η(y, x)〉|
= |〈h′(xn)− h′(x), η(y, xn)〉 + 〈h′(x), η(y, xn)− η(y, x)〉|
≤ ‖h′(xn)− h′(x)‖ ‖η(y, xn)‖ + |〈h′(x), η(y, xn)− η(y, x)〉| .

Since each weakly convergent sequence is bounded, we have |g(xn)−g(x)| → 0
as n → ∞. Hence, g(x) is sequentially continuous from the weak topology to
the strong topology.

We present the following basic algorithm framework for (6.18).

Theorem 6.15. Let K be a nonempty convex and bounded subset of a
Hilbert space H and Φ : K → R be a lower semicontinuous and convex
functional. Let F : K → H be an η-co-coercive mapping with constant α.
Assume that

(i) η : K ×K → H is Lipschitz continuous with constant λ such that
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Algorithm 1

Let ρ be a positive parameter and, for a given iterate xn, consider the auxiliary
problem that consists of finding xn+1 such that

〈ρF (xn) + h′(xn+1)− h′(xn), η(y, xn+1)〉+ ρ[Φ(y)− Φ(xn+1)] ≥ 0, (6.19)

for all y ∈ K, where h′(x) is the Fréchet derivative of a functional h : K → R

at x.

(a) η(x, y) + η(y, x) = 0, for all x, y ∈ K;

(b) η(x, y) = η(x, z) + η(z, y), for all x, y, z ∈ K;

(c) η(., .) is affine in the first variable;

(d) for each fixed y ∈ K, x 7→ η(y, x) is sequentially continuous from
the weak topology to the weak topology;

(ii) h : K → R is strongly invex wrt η with constant µ and its derivative h′ is
sequentially continuous from the weak topology to the strong topology;

(iii) there exists γ > 0 such that for all x, y ∈ K,

h(y)− h(x)− 〈h′(x), η(y, x)〉 ≤ γ‖y − x‖2.

Then, there exists a unique solution xn+1 ∈ K to the auxiliary problem (6.19).
If

0 < ρ <
2αµ

λ2
, (6.20)

then the sequence {xn} generated by (6.19) converges to a solution of VLIP
(6.18).

Proof. Existence of Solutions of Auxiliary Problem (6.19): For the sake of
simplicity, we write (6.19) as follows: Find x̄ ∈ K such that

〈ρF (xn) + h′(x̄)− h′(xn), η(y, x̄)〉+ ρ[Φ(y)− Φ(x̄)] ≥ 0, for all y ∈ K.

For each fixed n and each y ∈ K, define

P (y) = {x ∈ K : 〈ρF (xn) + h′(x) − h′(xn), η(y, x)〉 + ρ[Φ(y)− Φ(x)] ≥ 0} .

Note that, for each y ∈ K, P (y) is nonempty, since y ∈ P (y).
We prove that P is a KKM map. Suppose that there is a finite subset

{y1, y2, . . . , yk} of K and αi ≥ 0, for all i = 1, 2, . . . , k with
∑k

i=1 αi = 1 such

that x̂ =
∑k

i=1 αiyi 6∈ P (yi) for all i. Then, we have

〈ρF (xn) + h′(x̂)− h′(xn), η(yi, x̂)〉+ ρ[Φ(yi)− Φ(x̂)] < 0, for all i.
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Therefore,

k∑

i=1

αi〈ρF (xn) + h′(x̂)− h′(xn), η(yi, x̂)〉+ ρ

k∑

i=1

αi[Φ(yi)− Φ(x̂)] < 0.

From condition (i)(a), we have η(x, x) = 0, for all x ∈ K. By using the
convexity of Φ and assumption (i)(c), we get

0 = 〈ρF (xn) + h′(x̂)− h′(xn), η(x̂, x̂)〉 < 0,

a contradiction. Hence, P is a KKM map.
Since P (y)

w
, the weak closure of P (y) is a weakly closed subset of a

bounded set K ⊆ H , it is weakly compact. Hence, by Fan-KKM Theorem
6.18,

⋂
y∈K P (y)

w 6= ∅. Let x̄ ∈ ⋂y∈K P (y)
w
. Then, there exists a sequence

{xm} in P (y) such that xm ⇀ x̄ (See [22, p. 93]). Therefore,

〈ρF (xn) + h′(xm)− h′(xn), η(y, xm)〉 ≥ ρ[Φ(xm)− Φ(y)],

and hence,

lim
m→∞

〈ρF (xn) + h′(xm)− h′(xn), η(y, xm)〉 ≥ ρ lim
m→∞

[Φ(xm)− Φ(y)].

Since Φ is convex and lower semicontinuous, it is lower semicontinuous in the
weak topology. Using Lemma 6.8, we get

〈ρF (xn) + h′(x̄)− h′(xn), η(y, x̄)〉 ≥ ρ[Φ(x̄)− Φ(y)].

Therefore, x̄ ∈ K is a solution of the auxiliary problem (6.19).
Uniqueness of Solution of the Auxiliary Problem (6.19): Let x1 and x2 be

two solutions of the auxiliary problem (6.19). Then, for all y ∈ K,

〈ρF (xn) + h′(x1)− h′(xn), η(y, x1)〉+ ρ[Φ(y)− Φ(x1)] ≥ 0, (6.21)

〈ρF (xn) + h′(x2)− h′(xn), η(y, x2)〉+ ρ[Φ(y)− Φ(x2)] ≥ 0. (6.22)

Taking y = x2 in (6.21) and y = x1 in (6.22) and adding the results, we obtain

ρ〈F (xn), η(x2, x1)〉+ 〈h′(x1)− h′(xn), η(x2, x1)〉+

ρ〈F (xn), η(x1, x2)〉+ 〈h′(x2)− h′(xn), η(x1, x2) ≥ 0.

Since η(x, y) + η(y, x) = 0 for all x, y ∈ K, we have

〈h′(x1), η(x2, x1)〉 ≥ −〈h′(x2), η(x1, x2)〉.

By using strong invexity w.r.t. η of h, we obtain

h(x2)− h(x1)−
µ

2
||x1 − x2||2 ≥ −h(x1) + h(x2) +

µ

2
||x2 − x1||2,
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and therefore,
µ‖x1 − x2‖2 ≤ 0.

Since µ > 0, we get x1 = x2, and hence, the solution of the auxiliary problem
(6.19) is unique.

Let x∗ be any fixed solution of VLIP (6.18). For each y ∈ K, define a
functional

Λ(y) = h(x∗)− h(y)− 〈h′(y), η(x∗, y)〉.
By the strong invexity w.r.t. η of h, we have

Λ(y) = h(x∗)− h(y)− 〈h′(y), η(x∗, y)〉 ≥ µ

2
||y − x∗||2. (6.23)

From the strong invexity of h, assumption (i)(b) and (6.19) with y = x∗, we
get

Λ(xn)− Λ(xn+1) = h(xn+1)− h(xn)− 〈h′(xn), η(x∗, xn)〉
+〈h′(xn+1), η(x

∗, xn+1)〉
= h(xn+1)− h(xn)− 〈h′(xn), η(x∗, xn+1)〉

−〈h′(xn), η(xn+1, xn)〉+ 〈h′(xn+1), η(x
∗, xn+1)〉

= h(xn+1)− h(xn)− 〈h′(xn), η(xn+1, xn)〉
+〈h′(xn+1)− h′(xn), η(x∗, xn+1)〉

≥ µ
2 ‖xn − xn+1‖2 + 〈h′(xn+1)− h′(xn), η(x∗, xn+1)〉

≥ µ
2 ‖xn − xn+1‖2 − ρ〈F (xn), η(x∗, xn+1)〉
−ρ(Φ(x∗)− Φ(xn+1)]

= µ
2 ||xn − xn+1||2 + ρ〈F (xn), η(xn+1, x

∗)〉
+ρ[Φ(xn+1)− Φ(x∗)].

(6.24)
We set y = xn+1 in (6.18) and combine it with (6.24), and we get

Λ(xn)− Λ(xn+1) ≥ µ

2
‖xn − xn+1‖2 + ρ〈F (xn), η(xn+1, x

∗)〉
−ρ〈F (x∗), η(xn+1, x

∗)〉
=

µ

2
‖xn − xn+1‖2 +Q.

Now,

Q = ρ〈F (xn)− F (x∗), η(xn+1, x
∗)〉

= ρ〈F (xn)− F (x∗), η(xn, x
∗)〉+ ρ〈F (xn)− F (x∗), η(xn+1, xn)〉

≥ ρ
[
α‖F (xn)− F (x∗)‖2 + 〈F (xn)− F (x∗), η(xn+1, xn)〉

]

≥ ρ

[
− 1

4α
‖η(xn+1, xn)‖2

]

≥
(
−ρλ

2

4α

)
‖xn+1 − xn‖2.

Therefore,

Λ(xn)− Λ(xn+1) ≥
1

2

(
µ− ρλ2

2α

)
||xn+1 − xn||2. (6.25)
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If xn+1 = xn for some n, then xn is a solution of (6.18). Otherwise, it follows
from (6.20) that Λ(xn) − Λ(xn+1) is a nonnegative sequence, from which we
have

lim
n→∞

||xn+1 − xn|| = 0.

Also, from (6.23), we conclude that {Λ(xn)} is a decreasing sequence, and
hence {xn} must be a bounded sequence. It is easy to see that any limit point
of {xn} is a solution of (6.18).

Now, let x̄ be any limit point of {xn}, and let

Λ̄(xn) = h(x̄)− h(xn)− 〈h′(xn), η(x̄, xn)〉 ≥
µ

2
‖x̄− xn‖2. (6.26)

By the above argument, we know that {Λ̄(xn)} is also a decreasing sequence
and by assumption (iii), we have

Λ̄(xn) ≤ γ‖x̄− xn‖2,

from which it follows that
lim
n→∞

Λ̄(xn) = 0. (6.27)

Combining (6.26) and (6.27), we conclude that the sequence {xn} converges
to x̄.

Remark 6.3. When η(y, x) = y − x for all x, y ∈ K, Theorem 6.15 can be
treated as an infinite dimensional version of Theorem 3.2 in [78].

6.5.2 Proximal Method

LetH be a real Hilbert space endowed with a norm ‖·‖ and inner product 〈., .〉.
Given a nonlinear operator F : H → H and a mapping η : H ×H → H , we
consider the following variational-like inclusion problem (VLIP): Find x̄ ∈ H
such that x̄ ∈ dom Φ and

〈F (x̄), η(y, x̄)〉 ≥ Φ(x̄)− Φ(y), for all y ∈ H, (6.28)

where Φ : H → R ∪ {+∞} and dom Φ = {z ∈ H : Φ(z) <∞}.
If Φ ≡ δK , then the problem (6.28) reduces to the variational-like inequal-

ity problem (6.1).

We define the concept of η-subdifferential in a more general setting than
given in [73]. This notion of η-subdifferential will be used in the perturbed
iterative algorithm for finding the approximate solution of variational-like in-
clusion (6.28).

Let η : H×H → H be a mapping and Φ : H → R∪{+∞} be a functional.
A vector w ∈ H is called an η-subgradient of Φ at x ∈ dom Φ if

〈w, η(y, x)〉 ≤ Φ(y)− Φ(x), for all y ∈ H. (6.29)
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We can associate each Φ with the η-subdifferential map ∂ηΦ defined by

∂ηΦ(x) =

{
{w ∈ H : 〈w, η(y, x)〉 ≤ Φ(y)− Φ(x), ∀ y ∈ H}, x ∈ dom Φ,
∅, x /∈ dom Φ.

For x ∈ dom Φ, ∂ηΦ(x) is called the η-subdifferential of Φ at x.
In the definition of η-subdifferential according to Yang and Craven [73],

the function Φ should be local Lipschitz and cannot take the value +∞. The
following example shows that our definition of η-subdifferential is more general
than that in [73].

Example 6.3. Let Φ : R → R ∪ {+∞} be defined by

Φ(x) =

{
x, if x ≤ 0,
+∞, if x > 0,

and η : R× R → R by
η(x, y) = x+ 2y.

Then, we have ∂ηΦ(x) = [1,∞), x ∈ dom Φ.
Let x ∈ dom Φ, that is, Φ(x) = x and x ≤ 0. If w ∈ ∂ηΦ(x), then

w(y + 2x) ≤ Φ(y)− x, for all y ∈ R.

Since Φ(y) = +∞ for y > 0, we thus have

w(y + 2x) ≤ y − x, for all y ≤ 0.

If x = 0, then w(y) ≤ y for y ≤ 0, and thus w ≥ 1. If x < 0, then

w ≥ y − x

y + 2x
, for all y ≤ 0.

Letting y → −∞, we have w ≥ 1. In any case, we have w ≥ 1, that is,
∂ηΦ(x) ⊆ [1,∞) for all x ≤ 0. Now let w ∈ [1,∞). If w /∈ ∂ηΦ(x) for some
x0 ≤ 0, then there exists y0 ≤ 0 such that

w(y0 + 2x0) > y0 − x0.

It is clear that the case x0 = y0 = 0 cannot happen. If x0 < 0 and y0 = 0,
then we have w < − 1

2 , which is a contradiction. If x0 = 0 and y0 < 0, then we
have w < 1, which is also a contradiction. Finally, if x0 < 0 and y0 < 0, then

1 ≤ w <
y0 − x0
y0 + 2x0

,

from which it follows that x0 > 0, and this is also a contradiction. In our
claim, we have [1,∞) ⊆ ∂ηΦ(x) for all x ≤ 0. Consequently, ∂ηΦ(x) = [1,∞)
for all x ≤ 0.
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The following result directly follows from the definition of η-subdifferential.

Theorem 6.16. Let Φ : H → R ∪ {+∞} be nontrivial, that is, dom Φ 6= ∅.
Then, x̄ ∈ H is a solution of (6.28) if and only if x̄ ∈ dom Φ and −F (x) ∈
∂ηΦ(x).

Definition 6.12. A mapping η : H ×H → H is called:

• monotone if
〈x− y, η(x, y)〉 ≥ 0, for all x, y ∈ H ; (6.30)

• strictly monotone if the equality holds in (6.30) only when x = y;

• strongly monotone if there exists a constant σ ≥ 0 such that

〈x− y, η(x, y)〉 ≥ σ||x − y||2, for all x, y ∈ H.

Let Q : H → 2H be a set-valued map. Then the graph of Q, denoted by
Graph(Q), is defined as

Graph(Q) = {(x, y) ∈ H ×H : y ∈ Q(x)}.

Definition 6.13. Let η : H × H → H be a given map. A set-valued map
Q : H → 2H is called η-monotone if for all x, y ∈ H ,

〈u− v, η(x, y)〉 ≥ 0, for all u ∈ Q(x), v ∈ Q(y).

Q is called maximal η-monotone if and only if it is η-monotone and there
is no other η-monotone set-valued map whose graph strictly contains the
Graph(Q).

The proof of the following proposition is similar to of the proof of Lemma
3 in [76] and we therefore omit it.

Proposition 6.2. Let η : H × H → H be a map. A multivalued map Q
is maximal η-monotone if and only if Q is η-monotone and it follows from
(x, u) ∈ H ×H and

〈u− v, η(x, y)〉 ≥ 0, for all (y, v) ∈ Graph(Q)

that (x, u) ∈ Graph(Q).

Proposition 6.3. Let η : H×H → H be strictly monotone and Q : H → 2H

be an η-monotone set-valued map. If the range of (I + λQ), R(I + λQ) = H
for λ > 0 and I is the identity operator, then Q is maximal η-monotone.
Furthermore, the inverse operator (I + λQ)−1 : H → H is single-valued.
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Proof. If we suppose that Q is not a maximal η-monotone, then there exists
(x0, u0) /∈ Graph(Q) such that

〈u0 − v, η(x0, y)〉 ≥ 0, for all (y, v) ∈ Graph(Q). (6.31)

By assumption, R(I + λQ) = H , and therefore, there exists (x1, u1) ∈
Graph(Q) such that

x1 + λu1 = x0 + λu0. (6.32)

Since (6.31) is true for all (y, v) ∈ Graph(Q), we have

〈u0 − u1, η(x0, x1)〉 ≥ 0.

But from (6.31), we have λ(u0 − u1) = x1 − x0, and hence,

1

λ
〈x1 − x0, η(x0, x1)〉 ≥ 0.

Multiplying by λ > 0, we have

〈x0 − x1, η(x0, x1)〉 ≤ 0.

Since η is strictly monotone, we have x0 = x1, and hence, from (6.32), we get
u1 = u0. So, we have a contradiction that (x1, u1) ∈ Graph(Q) or (x0, u0) ∈
Graph(Q). Therefore, Q is maximal η-monotone.

Now, let x, y ∈ (I+λQ)−1(z). Then, 1
λ (z−x) ∈ Q(x) and 1

λ(z−y) ∈ Q(y).
We set u = 1

λ(z−x) and v = 1
λ(z−x). Therefore, z = λu+x and z = λv+ y.

By η-monotonicity of Q, we have

0 = 〈z − z, η(x, y)〉 = 〈λu+ x− (λv + y), η(x, y)〉
= λ〈u− v, η(x, y)〉 + 〈x− y, η(x, y)〉
≥ 〈x− y, η(x, y)〉.

Since η is strictly monotone, we have x = y, and hence (I + λQ)−1 is a
single-valued map.

Problem 6.1 (Open Problem). If Q is maximal η-monotone, then under
what conditions is R(I + λQ) = H?

The following lemma can be easily proved, and therefore we omit its proof.

Lemma 6.9. Let Φ : H → R ∪ {+∞} be a functional and η : H ×H → H
be a skew mapping. Then, the set-valued map ∂ηΦ : H → 2H is η-monotone.

In the remainder of this section, we assume that η : H×H → H is strictly
monotone such that η(y, x) + η(x, y) = 0 for all x, y ∈ H , and Φ : H →
R ∪ {+∞} is a functional such that R(I + λ∂ηφ) = H for some λ > 0.

From Proposition 6.2 and Lemma 6.9, we note that the mapping

JΦ
λ (x) := (I + λ∂ηΦ)

−1(x), for all x ∈ H

is single-valued.
Let us transform (6.28) into a fixed-point problem.
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Lemma 6.10. The element x is a solution of (6.28) if and only if

x = Jφ
λ (x− λF (x)), (6.33)

where λ > 0 is a constant, JΦ
λ = (I + λ∂ηΦ)

−1 is the so-called proximal map,
and I stands for the identity operator on H .

Proof. From the definition of JΦ
λ , we have

x− λF (x) ∈ x+ λ∂ηΦ(x),

and hence,
−F (x) ∈ ∂ηΦ(x).

By using the definition of η-subdifferential, we have

〈−F (x), η(y, x)〉 ≤ Φ(y)− Φ(x), for all y ∈ H.

This implies that x is a solution of (6.28).

Lemma 6.10 enables us to reformulate (6.28) as a fixed-point problem of
solving

x = T (x), (6.34)

where
T (x) = JΦ

λ (x− λF (x)).

On the basis of this observation, we can suggest the following algorithm
to find an approximate solution of (6.28).

Algorithm 2

Given x0 ∈ H , compute xn+1 by the rule

xn+1 = JΦ
λ (xn − λF (xn)), (6.35)

where λ > 0 is a constant.

To perturb scheme (6.35), we first add to the right-hand side of (6.35) an
error en to take into account a possible inexact computation of the proximal
point and we consider another perturbation by replacing Φ by Φn in (6.35)
where the sequence {Φn} approximates Φ. Finally, we obtain the following
perturbed algorithm.

Algorithm 3

Generate, from any starting point x0 ∈ H , a sequence {xn} by the rule

xn+1 = JΦn

λ (xn − λF (xn)) + en. (6.36)
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Lemma 6.11. Let η : H×H → H be skew, strongly monotone, and Lipschitz
continuous with constants σ and δ, respectively. Then,

∥∥JΦ
λ (x)− JΦ

λ (y)
∥∥ ≤ τ‖x− y‖, for all x, y ∈ H,

where τ = δ
σ .

Proof. From the definition of JΦ
λ , we have

JΦ
λ (x) = (I + λ∂ηΦ)

−1(x),

and hence,
1

λ

(
x− JΦ

λ (x)
)
∈ ∂ηΦ

(
JΦ
λ (x)

)

1

λ

(
y − JΦ

λ (y)
)
∈ ∂ηΦ

(
JΦ
λ (y)

)
, for all x, y ∈ H.

Since ∂ηΦ is η-monotone, we have

1

λ

〈
x− JΦ

λ (x)−
(
y − JΦ

λ (y)
)
, η
(
JΦ
λ (x), JΦ

λ (y)
)〉

≥ 0.

Multiplying by λ > 0, we get

〈
x− y −

(
JΦ
λ (x)− JΦ

λ (y)
)
, η
(
JΦ
λ (x), JΦ

λ (y)
)〉

≥ 0,

that is,

〈
x− y, η

(
JΦ
λ (x), JΦ

λ (y)
)〉

≥
〈
JΦ
λ (x) − JΦ

λ (y)), η
(
JΦ
λ (x), J

Φ
λ (y)

)〉
. (6.37)

Since η is strongly monotone, we have

〈
JΦ
λ (x)− JΦ

λ (y)), η
(
JΦ
λ (x), J

Φ
λ (y)

)〉
≥ σ

∥∥JΦ
λ (x)− JΦ

λ (y)
∥∥2 . (6.38)

From Lipschitz continuity of η, we get

〈
x− y, η

(
JΦ
λ (x), JΦ

λ (y)
)〉

≤ ‖x− y‖
∥∥∥η
(
JΦ
λ (x), J

φ
λ (y)

)∥∥∥ (6.39)

≤ δ‖x− y‖
∥∥∥Jφ

λ (x) − Jφ
λ (y)

∥∥∥ .

By combining inequalities (6.37), (6.38), and (6.39), we have

∥∥JΦ
λ (x)− JΦ

λ (y)
∥∥ ≤ τ‖x− y‖, for all x, y ∈ H,

where τ = δ
σ .

Theorem 6.17. Let F : H → H and η : H × H → H be skew, Lipschitz
continuous, and strongly monotone. For each n, let Φn : H → R∪ {+∞} and
Φ : H → R ∪ {+∞} be such that R(I + λ∂ηΦn) = R(I + λ∂ηΦ) = H for
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some λ > 0. Assume that lim
n→+∞

∥∥∥JΦn

λ (z)− JΦ
λ (z)

∥∥∥ = 0 for all z ∈ H , {xn}
generated by (6.36) with lim

n→+∞
‖en‖ = 0 and x is a solution of (6.28), then

xn+1 converges strongly to x, for

∣∣∣∣λ− ατ

β2

∣∣∣∣ <
√
α2τ2 − β2(τ2 − 1)

β2
,

ατ > β
√
τ2 − 1 and τ > 1,

where β and δ are Lipschitz constants of F and η, respectively, and α and σ
are strong monotonicity constants of F and η, respectively, with τ = σ

δ .

Proof. From Lemma 6.10, we see that x ∈ H satisfies (6.28) as a solution of
(6.33) and vice versa. Thus, we have

x = Jφ
λ (x− λF (x)) .

By setting h(x) := x− λF (x) and from (6.33) and (6.36), we have

‖xn+1 − x‖ ≤
∥∥∥JΦn

λ (xn − λF (xn))− JΦ
λ (x− λF (x))

∥∥∥+ ‖en‖
=

∥∥∥JΦn

λ (h(xn))− JΦ
λ (h(x))

∥∥∥ + ‖en‖.
(6.40)

By introducing the term JΦn

λ (h(x)), we get
∥∥∥JΦn

λ (h(xn))− JΦ
λ (h(x))

∥∥∥ ≤
∥∥∥JΦn

λ (h(xn))− JΦn

λ (h(x))
∥∥∥

+
∥∥∥JΦn

λ (h(x)) − JΦ
λ (h(x))

∥∥∥ .

By Lemma 6.11, we have
∥∥∥JΦn

λ (h(xn))− JΦ
λ (h(x))

∥∥∥ ≤ τ‖h(xn)− h(x)‖ +
∥∥∥JΦn

λ (h(x)) − JΦ
λ (h(x))

∥∥∥ .

Hence,
∥∥∥JΦn

λ (h(xn))− JΦ
λ (h(x))

∥∥∥ ≤ τ ‖xn − λF (xn)− x+ λF (x)‖
+
∥∥∥JΦn

λ (h(x)) − JΦ
λ (h(x))

∥∥∥
≤ τ ‖xn − x− λ(F (xn)− F (x))‖

+
∥∥∥JΦn

λ (h(x)) − JΦ
λ (h(x))

∥∥∥ .

(6.41)

By using Lipschitz continuity and strong monotonicity of F , we have

‖xn − x− λ(F (xn)− F (x))‖2
= ‖xn − x‖2 − 2λ〈xn − x, F (xn)− F (x)〉 + λ2‖F (xn)− F (x)‖2
≤ ‖xn − x‖2 − 2λα‖xn − x‖+ λ2β2‖xn)− x‖2
= (1 + λ2β2 − 2λα)‖xn − x‖2.

(6.42)
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By combining inequalities 6.41 and 6.42, we get
∥∥∥JΦn

λ (h(xn))− JΦ
λ (h(x))

∥∥∥ ≤
(
τ
√

(1 + λ2β2 − 2λα)
)
‖xn − x‖

+
∥∥∥JΦn

λ (h(x)) − JΦ
λ (h(x))

∥∥∥ .

From the above inequality and by combining (6.40) and (6.41), we get

‖xn+1 − x‖ ≤ θ‖xn − x‖+
∥∥∥JΦn

λ (h(x)) − JΦ
λ (h(x))

∥∥∥ + ‖en‖,

where θ = τ
√

(1 + λ2β2 − 2λα) < 1, for

∣∣∣∣λ− ατ

β2

∣∣∣∣ <
√
α2τ2 − β2(τ2 − 1)

β2
,

ατ > β
√
τ2 − 1 and τ > 1.

By setting

ǫn =
∥∥∥Jφn

λ (h(x)) − Jφ
λ (h(x))

∥∥∥ + ‖en‖,

we can write
‖xn+1 − x‖ ≤ θ‖xn − x‖+ ǫn.

Hence,

‖xn+1 − x‖ ≤ θn+1‖x0 − x‖+
n∑

j=0

θjǫn−j .

Since lim
n→+∞

ǫn = 0, from Ortega and Rheinboldt [56], we see that xn converges

strongly to x.

6.6 Appendix

Let B be a subset of a vector space X . We denote by coB the convex hull of
B.

Definition 6.14. Let K be a nonempty convex subset of a vector space X .
A set-valued map P : K → 2K is said to be a KKM map if for every finite
subset {x1, x2, . . . , xm} of K,

co{x1, x2, . . . , xm} ⊆
m⋃

i=1

P (xi),

where co{x1, x2, . . . , xm} denotes the convex hull of {x1, x2, . . . , xm}.
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The following Fan-KKM theorem and the Browder-type fixed-point theo-
rem for set-valued maps will be the key tools to establish existence results for
solutions of nonsmooth vector variational-like inequalities.

Theorem 6.18 (Fan-KKM Theorem). [24] Let K be a nonempty convex
subset of a Hausdorff topological vector space X and P : K → 2K be a KKM
map such that P (x) is closed for all x ∈ K, and P (x) is compact for at least
one x ∈ K. Then,

⋂
x∈K P (x) 6= ∅.

Theorem 6.19. [5] Let K be a nonempty convex subset of Hausdorff topo-
logical vector space X , and P,Q : K → 2K be two set-valued maps. Assume
that the following conditions hold:

(i) For each x ∈ K, coP (x) ⊆ Q(x) and P (x) is nonempty.

(ii) For each y ∈ K, P−1(y) = {x ∈ K : y ∈ P (x)} is open in K.

(iii) IfK is not compact, assume that there exist a nonempty compact convex
subset B of K and a nonempty compact subset D of K such that for
each x ∈ K \D there exists ỹ ∈ B such that ỹ ∈ P (x).

Then, there exists x̄ ∈ K such that x̄ ∈ Q(x̄).

Theorem 6.20. [17] Let K be a nonempty convex subset of Hausdorff topo-
logical vector space X and P : K → 2K a set-valued map. Assume that the
following conditions hold:

(i) For all x ∈ K, P (x) is convex.

(ii) For each finite subset A of K and for all y ∈ co(A), T−1(y) ∩ co(A) is
open in co(A).

(iii) For each finite subset A of K and all x, y ∈ co(A) and every sequence
{xm} in K converging to x such that λy + (1 − λ)x /∈ P (xm) for all
m ∈ N and all λ ∈ [0, 1], we have y /∈ P (x).

(iv) There exist a nonempty compact subset D of K and an element ỹ ∈ D
such that ỹ ∈ P (x) for all x ∈ K \D.

(v) For all x ∈ D, P (x) is nonempty.

Then, there exists x̂ ∈ K such that x̂ ∈ P (x̂).

Theorem 6.21 (Kakutani). [39] LetK be a nonempty compact convex subset
of a Banach space X and P : K → 2K be a set-valued maps such that for each
x ∈ K, P (x) is nonempty, compact, and convex. Then, P has a fixed point,
that is, there exists x̄ ∈ K such that x̄ ∈ P (x̄).
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7.1 Introduction

Mathematical optimization studies the problem of finding a best element from
a set of feasible alternatives with regard to a criterion or objective function.
It is written in the form

optimize f(x)

subject to x ∈ X,

whereX is a nonempty set, called a feasible set or a set of feasible alternatives,
and f is a real function on X , called a criterion or objective function. Here
“optimize” stands for either “minimize” or “maximize,” which amounts to
finding x̄ ∈ X such that either f(x̄) ≦ f(x) for all x ∈ X , or f(x̄) ≧ f(x) for
all x ∈ X .

This model offers a general framework for studying a lot of real-world
and theoretical problems in the sciences and human activities. However, in
many practical situations, we are faced with problems that involve not only
one criterion, but a number of criteria, often in conflict with each other. It is
impossible, then, to model such problems in the above-mentioned optimization
framework. Here are some example situations.

Automobile design. The objective of car design is to determine technical pa-
rameters of a vehicle to minimize (1) production cost, (2) fuel consumption,
and (3) emissions, while maximizing (4) performance, and (5) crash safety.
These criteria are not always compatible; for instance a best performance en-
gine is often subject to a very high production cost, which means that there
exists no design that meets all criteria at their best.

House purchase. Buying property is a decision of a lifetime and is often re-
alized with the help of real estate agencies. A buyer is offered a number of
houses or apartments that roughly meet his budget and preliminary require-
ments. In order to make a decision, the buyer employs his criteria to classify
the available offers. The final choice should satisfy a minimal cost, minimal
maintenance charges, maximal quality and comfort, best environment, etc. It
is quite natural that a better-quality house is more expensive, and so without
compromise, the best choice is impossible.

Low-cost power. In a system of thermal generators the problem of low-cost
power delivery consists of allocating power that is generated by each generator
in the system. The aim is not only to satisfy the demand in electricity, but
also to fulfill two main criteria: minimize the cost of generation and minimize
the emission of gazes. The cost and the emissions are measured in different
units, and so it is not possible to combine the two criteria in one.

Queen Dido’s city. Queen Dido’s famous problem consisted of finding a terri-
tory bounded by a line that enclosed the maximum area for a given perimeter.
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The solution is known to be the circle by elementary calculus. However, be-
cause it is inconceivable to have a city touching the sea without seashore,
Queen Dido set another objective for her territory—to have the maximum
seashore. As a result, a half-circle partially meets her two objectives.

As we have seen even in the simple situations described above, there ex-
ist no alternatives simultaneously satisfying all criteria, which means that
the known concepts of optimization do not apply and there is a real need
to develop new notions of optimality for problems involving vector objective
functions. The inventor of such a concept is V. F. Pareto (1848–1923), an
Italian economist who introduced the Pareto optimum as “The optimum al-
location of the resources of a society is not attained so long as it is possible
to make at least one individual better off in his own estimation while keep-
ing others as well off as before in their own estimation.” Prior to Pareto, F.
Y. Edgeworth (1845–1926), an Irish economist, defined an optimum for the
multiutility problem of two consumers P and Q as “a point (x, y) such that
in whatever direction we take an infinitely small step, P and Q do not in-
crease together but that, while one increases, the other decreases.” According
to Pareto’s definition, among the feasible alternatives, those that can simul-
taneously be improved with respect to all criteria cannot be optimal. And an
alternative is optimal if any alternative that is better than it, with respect
to a certain criterion, is worse with respect to some other criterion; that is, a
trade-off takes place when trying to get a better alternative. From a mathe-
matical point of view, if one defines a domination order in the set of feasible
alternatives by a set of criteria—an alternative a dominates an alternative b
if the value of every criterion function at a is bigger than that at b—then
an alternative is optimal in the Pareto sense if it is dominated by no other
alternatives. In other words, an alternative is optimal if it is maximal with
respect to the above said order. This explains the mathematical origin of the
theory of vector optimization which stems from the theory of ordered spaces
developed by G. Cantor (1845–1918) and F. Hausdorff (1868–1942).

7.2 Mathematical Backgrounds

Let A be a nonempty set in the k-dimensional Euclidean space Rk. We shall
make use of the following standard notations:

• cl(A), int(A), and Ac stand for the closure, the interior, and the com-
plement of A, respectively. When A is convex, ri(A) denotes the relative
interior of A.

• co(A) is the convex hull of A, which consists of convex combinations∑m
i=1 λiai with λi ≧ 0, ai ∈ A, i = 1, . . . ,m,m ∈ N and

∑m
i=1 λi = 1.



252 Fixed Point Theory, Variational Analysis, and Optimization

• pos(A) is the positive hull of A, which consists of positive combinations∑m
i=1 λiai with λi ≧ 0, ai ∈ A, i = 1, . . . ,m,m ∈ N.

• cone(A) is the cone generated by A, that is,

cone(A) := {tx : t ≥ 0 , x ∈ A}.

• B(x, r) is the closed ball centered at x with radius r > 0.

If C is a cone, its linear part is denoted ℓ(C), that is, ℓ(C) = C ∩ (−C). When
the linear part of C is trivial, that is, ℓ(C) = {0}; we say that C is pointed.
Elements of Rk will be written as row vectors. If x ∈ R

k, its components are
denoted x1, . . . , xk, that is, x = (x1, . . . , xk), while x

T denotes the transpose
of x.

7.2.1 Partial Orders

The real numbers are ordered by the standard order relation “≤” (less than
or equal to) in which every pair of elements is related and known as a total
order. When not every pair of elements can be related, in particular, pairs of
vectors in a high-dimensional space, partial orders are an alternative method
to rank them.

Definition 7.1. Let R be a binary relation on Rk, that is, R is a subset of
Rk × Rk. It is said to be a partial order on Rk if it is

(i) reflexive: (x, x) ∈ R for every x ∈ Rk ;

(ii) transitive: (x, y), (y, z) ∈ R imply (x, z) ∈ R;

(iii) antisymmetric: (x, y) ∈ R and (y, x) ∈ R imply x = y.

In some literature, the antisymmetry is not required, in which case two
elements x and y are called equivalent if and only if (x, y) ∈ R and (y, x) ∈ R.
One may then generate an order, denoted [R], on equivalence classes as follows.
For x, y ∈ Rk, denote the class of all elements equivalent to x by [x]. Then
([x], [y]) ∈ [R] if and only if (x′, y′) ∈ R for some representatives x′ and y′ of
the equivalence classes [x] and [y], respectively. It is easy to check that [R] is a
partial order if R is a reflexive and transitive (not necessarily antisymmetric)
binary relation.

Being a partial order, R is said to be compatible with the linear structure
of the space if (x, y) ∈ R implies (x + z, y + z), (tx, ty) ∈ R for all z ∈ Rk

and t > 0. Some authors use the terminology of linear partial orders for total
orders, which means that every couple of elements are comparable.

When R is a binary relation, we write x �R y and say that x dominates
y with respect to R if (x, y) ∈ R. Thus, with this notation, the relation “�R”
is a partial order if
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(i) x �R x for every x ∈ Rk;

(ii) x �R y, y �R z implies x �R z for all x, y, z ∈ Rk;

(iii) x �R y, y �R x implies x = y for all x, y ∈ Rk.

Moreover, it is compatible with the linear structure if for every x, y ∈ Rk,
x �R y implies tx + z �R ty + z for every z ∈ Rk and t ≥ 0. Notice that not
every partial order is linear.

Example 7.1. Consider the set

R =
⋃

k,k′∈N

{x ∈ R
4 : x1 − x3 = k, x2 − x4 = k′}.

It defines a binary relation in R2, which is a partial order. This order is not
compatible with the linear structure because for x = (1, 2) and y = (0, 1), we
have x �R y, but (1/2)x 6�R (1/2)y.

Partial orders that are compatible with the linear structure are character-
ized by convex cones.

Proposition 7.1. If R ⊆ Rk × Rk is a partial order compatible with the
linear structure, then the set C := {x ∈ Rk : (x, 0) ∈ R} is a pointed convex
cone in Rk. Conversely, if C is a pointed convex cone in Rk, then the relation
R is defined by (x, y) ∈ R if and only if x−y ∈ C is a partial order compatible
with the linear structure in Rk.

Proof. Let R be a partial order compatible with the linear structure in Rk.
Let (x, 0) ∈ R. Then one has (tx, 0) ∈ R for all t > 0. Hence, tx ∈ C := {y ∈
Rk : (y, 0) ∈ R} for t > 0. When t = 0, by reflectivity one has (0, 0) ∈ R, hence
0 ∈ C and C is a cone. This cone is convex because x, y ∈ C means (x, 0) and
(y, 0) belong to R, hence by transitivity (x+y, 0) ∈ R, and therefore x+y ∈ C.
Finally, C is pointed because for any x ∈ C ∩ (−C), one has (x, 0) ∈ R and
(0, x) ∈ R, which implies x = 0 by the antisymmetry of the order.

Conversely, assume that C is a pointed and convex cone in Rk. Since
0 ∈ C and x− x = 0 for all x ∈ Rk, we have (x, x) ∈ R. This shows that R is
reflexive. Moreover, if x − y ∈ C and y − z ∈ C, then by the convexity of C
we obtain x− z = x− y+ y− z ∈ C or equivalently, (x, y) ∈ R and (y, z) ∈ R
imply (x, z) ∈ R, proving that R is transitive. Furthermore, if (x, y) ∈ R and
(y, x) ∈ R, then we have simultaneously x − y ∈ C and y − x ∈ C. As the
cone C is pointed, x− y = 0, by which R is antisymmetric. We conclude that
R is a partial order in Rk. It is compatible with the linear structure because
x − y ∈ C implies t(x − y) ∈ C for t > 0 and (x + z) − (y + z) ∈ C for all
z ∈ Rk, which means (x, y) ∈ R implies (tx, ty) ∈ R and (x+ z, y+ z) ∈ R for
all t ≥ 0 and z ∈ Rk. The proof is complete.
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The order determined by a pointed convex cone C is often written as
x ≥C y if and only if x − y ∈ C. Given a convex cone C ⊆ Rk, the positive
polar cone and the strictly positive polar cone of C are defined, respectively,
by

C′ := {ξ ∈ Rk : 〈ξ, x〉 ≥ 0 for all x ∈ C}
C+ := {ξ ∈ Rk : 〈ξ, x〉 > 0 for all x ∈ C \ {0}} ,

where Rk is identified with the topological dual space of Rk.
Here are some particular partial orders that are frequently used in opti-

mization.

The Pareto order. Let Rk
+ be the positive octant of the n-dimensional

Euclidean space Rk. This cone is convex, closed, and pointed. The Pareto

R+
2

0

FIGURE 7.1: The Pareto cone in R2.

order determined by this cone is given as follows: for two vectors x =
(x1, · · · , xk), y = (y1, · · · , yk) in R

k, one has x ≥Rk
+
y if and only if xi ≥ yi,

i = 1, · · · , k. The cone Rk
+, is called the Pareto cone because the original

Pareto optimality is defined by the order generated by this cone. When k = 1,
the usual order of real numbers is exactly the order (≥R+). This order is total
in the sense that any two numbers x and y are comparable: either x ≥ y or
y ≥ x. When k > 1, the order (≥Rk

+
) is not total.

The extended Pareto order. Let ǫ > 0. The ǫ-extended Pareto cone, de-
noted Rk

+ǫ is given by the system (ǫe + ei)xT ≥ 0, i = 1, . . . , k where e is the
vector of ones and ei is the ith unit vector. This cone is closed, pointed and
convex, and contains the cone Rk

+\{0} in its interior. The corresponding order

is x ≥
Rk

+ǫ
y if and only if min{xi − yi : i = 1, . . . , k} + ǫ

∑k
i=1(xi − yi) ≥ 0.

When ǫ is zero, the above order is exactly the Pareto order.
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R+
22

ε

0

FIGURE 7.2: The ǫ-extended Pareto cone in R2.

The lexicographic order. The lexicographic cone, denoted Lex, consists
of the origin and all vectors whose first nonzero component is positive. It is
convex, pointed, but not closed. Its closure is the half-space of vectors x with
x1 ≥ 0. The lexicographic order generated by it is given as x ≥Lex y if and
only if either x = y, or there is some j ∈ {1, . . . , k − 1} such that xi = yi for
i = 1, . . . , j and xj+1 > yj+1.

The lexicographic order is total: for every x and y in Rk, either x ≥Lex y
or y ≥Lex x.

Lex

0

FIGURE 7.3: The lexicographic cone in R2.

The ubiquitous order. This cone, denoted Ub, consists of the origin and all
vectors whose last nonzero component is positive. It is convex, pointed, and
not closed. Its closure is the half-space of vectors x with xk ≥ 0.
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Ub

0

FIGURE 7.4: The ubiquitous cone in R2.

The ubiquitous order is given by x ≥Ub y if and only if either x = y,
or there is some j ∈ {1, . . . , k} such that xi = yi for i = j + 1, . . . , k and
xj > yj . The ubiquitous order is total: for every x and y in Rk, either x ≥Ub y
or y ≥Ub x. The name of this cone comes from the fact that in the space of
sequences with finite support ℓ0 (a sequence of real numbers belongs to ℓ0 if
and only if its terms are all zero except for a finite number of them), equipped
with the max-norm, the closure of the ubiquitous cone is the whole space.
More precisely, for every element x ∈ ℓ0, there is an element y ∈ Ub such that
the whole half-open interval (x, y] lies in the cone Ub.

The Lorentz order. The Lorentz cone (called also the second-order cone or
the ice-cream cone) is given in the form

L = {x ∈ R
k : ‖x−k‖ ≤ xk},

z

y

0

x

FIGURE 7.5: The Lorentz cone in R3.
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where x−k denotes the vector obtained from x by deleting the last component
xk, and the corresponding order is given as x ≥K y if and only if ‖x−k −
y−k‖ ≤ xk − yk. This order is used to express constraints in second-order
cone programming. Namely, if A is a matrix, b, c are vectors of appropriate
dimensions, and d is a real number, then the constraint ‖Ax+ b‖ ≤ cTx + d

is equivalent to the inequality

(
A
cT

)
x+

(
b
d

)
≥L 0.

Conic extended orders. Let C be a convex cone whose closure is pointed.
For a positive ǫ, we define the ǫ-conic neighborhood of C by

Cǫ = {x ∈ R
k : d(x,C) ≤ ǫ‖x‖},

where d(x,C) is the distance from x to C. One may prove that for ǫ > 0
sufficiently small, Cǫ is a pointed, closed and convex cone and contains C \{0}
in its interior. Moreover, for ǫ < ǫ′, one has Cǫ \ {0} ⊂ int(Cǫ′) and cl(C) =⋂

ǫ>0 Cǫ. The order generated by Cǫ is called the ǫ-conic extended order of the
order ≥C . In R2, the δ-conic extended order of the Pareto cone R2

+ coincides

with the ǫ-extended Pareto order, where δ = ǫ/
√
ǫ2 + (1 + ǫ)2).

Correct orders. We say that a cone C in Rk is correct if clC+C \ ℓ(C) ⊆ C
or equivalently clC+C \ℓ(C) ⊆ C \ℓ(C). Let us mention some cases of correct
cones:

(a) every closed and convex cone is correct;

(b) if C \ ℓ(C) is open, then C is correct;

(c) if C consists of the origin and an intersection of half-spaces that are
either open or closed, then C is correct.

An order determined by a convex cone C is said to be correct if C is a correct
cone. Among the cones we presented above, the Pareto cone, the extended
Pareto cone, the Lorentz cone, and the conic extended cone are correct, while
the lexicographic cone and the ubiquitous cone are not correct.

7.2.2 Increasing Sequences

Assume that the space Rk is partially ordered by a pointed convex cone C.
The order is denoted ≥C . The associated strict order >C is defined by

x >C y if and only if x ≥C y and y 6≥C x.

which is equivalent to the inclusion x − y ∈ C \ {0}. In this case we say that
x strictly dominates y.

Definition 7.2. A sequence {xi}i≥1 of elements in Rk is said to be increasing
if xi+1 ≥C xi for every i = 1, 2, . . . and it is strictly increasing if the above
inequality is strict.



258 Fixed Point Theory, Variational Analysis, and Optimization

Proposition 7.2. Assume that the order ≥C is correct. Then, the limit of
a convergent strictly increasing sequence strictly dominates the terms of the
sequence.

Proof. Let {xi}i≥1 be a strictly increasing sequence and let x be its limit. By
transitivity, we have xi+m − xi+1 ∈ C \ {0} for all i ≥ 1 and m ≥ 2. When m
tends to ∞, we obtain x− xi+1 ∈ cl(C). Since C is correct, we deduce

x− xi = (x− xi+1) + (xi+1 − xi) ∈ cl(C) + C \ {0} ⊂ C \ {0},

which shows that x strictly dominates xi for all i ≥ 1.

7.2.3 Monotone Functions

Definition 7.3. A real function g : Rk → R is said to be increasing (with
respect to the partial order ≥C) if for every a, b ∈ Rk

a >C b implies g(a) > g(b).

When C has a nonempty interior, an increasing function with respect to the
order ≥C0, where C0 = {0} ∪ int(C) is called weakly increasing with respect
to ≥C .

It is clear that an increasing function is weakly increasing. The converse
is not true; for instance, the function g(x, y) = x on R2 equipped with the
Pareto order is weakly increasing, but not increasing, for g(0, 1) = g(0, 2)
while (0, 2) >R2

+
(0, 1).

Proposition 7.3. The set of increasing functions is a pointed and convex
cone without the origin. Moreover, the sum of an increasing function and a
continuous weakly increasing function is increasing.

Proof. Let f and g be increasing functions. For every t > 0 and for every
a, b ∈ Rk with a >C b, one has f(a) > f(b) and g(a) > g(b) and deduces
tf(a) > tf(b) and f(a)+g(a) > f(b)+g(b). Hence, tf and f+g are increasing.
To prove the second assertion, let f be an increasing function and let g be
a continuous weakly increasing function. For a >C b, by choosing a vector v
from the interior of C, one has

a+ tv ≥C0 b, for all t > 0,

which implies f(a) > f(b), and g(a + tv) > g(b), for every t > 0. Since g is
continuous, by letting t tend to 0, one has g(a) ≥ g(b). Then, f(a) + g(a) >
f(b) + g(b), and hence f + g is increasing.

Proposition 7.4. Let f be a linear function on Rk. It is increasing (respec-
tively weakly increasing) if and only if there is some vector ξ ∈ C+ (respec-
tively, ξ ∈ C′ \ {0}) such that f(x) = 〈ξ, x〉 for all x ∈ Rk.
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Proof. Since f is linear, there is a vector ξ ∈ Rk such that f(x) = 〈ξ, x〉 ,
x ∈ Rk. If f is increasing, one has

〈ξ, x〉 > 〈ξ, 0〉 = 0, for every x >C 0.

By definition, ξ ∈ C+. The converse is clear; that is, if ξ ∈ C+, then for
a >C b, one has a−b ∈ C \ {0} and 〈ξ, a〉−〈ξ, b〉 = 〈ξ, a− b〉 > 0, which shows
that f(x) = 〈ξ, x〉 is increasing. The proof for weakly increasing functions is
similar.

7.2.4 Biggest Weakly Monotone Functions

Let a ∈ Rk and v ∈ int (C). We define a function ha,v on Rk by

ha,v(x) = sup{t ∈ R : x ∈ a+ tv + C}.

This function is well defined because for a given x, with t < 0 large, x ∈
a + tv + C, and with t > 0 large, x /∈ a + tv + C. It is called a biggest
weakly increasing function at a because of the properties given in the next
proposition.

a+Re

a

FIGURE 7.6: The lower level set of ha,v at a.

Proposition 7.5. The function ha,v is continuous and weakly increasing.
Moreover, for every weakly increasing function g with g(a) = 0, we have
inclusion of lower-level sets

levg(a) := {x ∈ R
k : g(x) ≤ g(a)} ⊆ levha,v

(a) = {x ∈ R
k : x /∈ a+ int (C)}.
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Proof. The continuity of ha,v is clear. For weakly increasing functions, let
x − y ∈ int (C). There is ε > 0 such that x − (y + εv) ∈ int (C), and by the
definition of ha,v, one has y ∈ a+

(
ha,v(y)− ε

2

)
v + C. Consequently,

x ∈ a+
(
ha,v(y)−

ε

2

)
v + C,

which implies that

ha,v(x) ≥ ha,v(y) +
ε

2
> ha,v(y),

as requested.
Now, let x /∈ levha,v

(a). We have x >C0 a. Since g is weakly increasing,
g(x) > g(a) = 0 and therefore x /∈ levg(a). This proves the inclusion of the
proposition.

7.3 Pareto Maximality

Throughout this section, we assume that Rk is partially ordered by a pointed
convex cone C. As already mentioned, the strict order associated with the
order ≥C is denoted >C .

Definition 7.4. Let A ⊆ Rk be a nonempty set. We say that

• a point a ∈ A is an ideal (or utopia) maximal point of A if a ≥C x for
every x ∈ A. The set of all ideal maximal points of A is denoted by
IMax(A) or IMax(A|C);

• a point a ∈ A is a maximal (or Pareto maximal / efficient / nondomi-
nated) point of A if whenever x ≥C a for some x ∈ A one has a ≥C x.
The set of all maximal points of A is denoted by Max(A) or Max(A|C).

The sets of all ideal minimal points and minimal points of A are defined
in a similar way and denoted, respectively, IMin(A) and Min(A). Actually,
minimal points with respect to the order ≥C can be seen as maximal points
with respect to the order generated by the cone (−C):

IMin(A|C) = IMax(A| − C)

Min(A|C) = Max(A| − C).

Example 7.2 illustrates Definition 7.4.

Example 7.2. Consider the set A (see Fig. 7.7) defined by

A = {(x, y) ∈ R
2 : (x− 1)2 + (y − 1)2 ≤ 1, 0 ≤ x ≤ 2, 0 ≤ y ≤ 1}.
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1

0 1

Imax(A)

FIGURE 7.7: Ideal maximal points.

We have IMax(A|R2
+) = Max(A|R2

+) = {(2, 1)}.However, if R2 is equipped
with the order by the cone C (see Fig. 7.8)

C = {(x, y) ∈ R
2 : x− y ≥ 0, x ≥ 0, y ≥ 0},

then IMax(A|C) = ∅ and Max(A|C) = {(x, y) ∈ R2 : (x − 1)2 + (y − 1)2 =
1, 1 ≤ x ≤ 2, 12 ≤ y ≤ 1}.

0

FIGURE 7.8: The cone C of Example 7.2.

Proposition 7.6. Let A be a nonempty set in Rk. Then,

(a) a ∈ IMax(A) if and only if a ∈ A and A ⊆ a− C;

(b) a ∈ Max(A) if and only if a ∈ A and A ∩ (a+ C \ {0}) = ∅;
(c) if IMax(A|C) is nonempty, then it is a singleton and IMax(A|C) =

Max(A|C).
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Proof. The first part of (a) is obvious from the definition of ideal maximal
points. For the second assertion, let a ∈ Max(A). Then, a ∈ A by definition.
Let x ∈ A ∩ (a+ C \{0}). There is y ∈ C\{0} such that:

x = a+ y. (7.1)

In particular, x ≥C a, and by the maximality of a, we also have a ≥C x,
which implies that x − a = 0. This contradicts (7.1) with y 6= 0. Thus, A ∩
(a+ C \{0}) = ∅. Conversely, assume that a ∈ A satisfies the condition
A ∩ (a+ C \{0}) = ∅. Let x ∈ A with x ≥C a. Then there is some y ∈ C
such that (7.1) holds. It follows that y ∈ A ∩ (a + C). By hypothesis y = 0,
and hence a = x, implying a ≥C x as well. By this, a is a maximal element of
A.

To prove the last assertion, let a and b be two ideal maximal points of A.
Then we have a ≥C b and b ≥C a, which means that both a−b and b−a belong
to C. As C is pointed, a = b, which proves that IMax(A) is a singleton if it
is nonempty. Furthermore, the inclusion IMax(A) ⊆ Max(A) is clear. For the
converse inclusion, let y be a maximal point of A. Choose any ideal maximal
point x of A. Then x ≥C y by definition. Since y is maximal, one also has
y ≥C x. Now, for every element x′ ∈ A. It is true that x ≥C x′, which implies
y ≥C x′ by transitivity. Hence, y is an ideal maximal point of A.

7.3.1 Maximality with Respect to Extended Orders

Assume that C̃ is a pointed convex cone in Rk. The partial order generated by
C̃ is denoted ≥C̃ . We say that the order ≥C̃ is an extended order of the order

≥C if x ≥C y implies x ≥C̃ y. This is equivalent to the inclusion C ⊆ C̃ . We
wish to find a relation between maximality with respect to C and maximality
with respect to C̃.

Proposition 7.7. Let A be a nonempty set and C̃ be a pointed and convex
cone containing C. The following assertions hold:

(a) IMax(A|C) = IMax(A|C̃) if IMax(A|C) is nonempty.

(b) Max(A|C) ⊇ Max(A|C̃).

Proof. If IMax(A|C) is nonempty, then for a ∈ IMax(A|C), in view of

Proposition 7.6(a) we have a ∈ A and A ⊆ a − C ⊆ a − C̃, which im-

plies that a ∈ IMax(A|C̃). Moreover, as the set IMax(A|C̃) is a singleton,

equality follows. Now, let a ∈ Max(A|C̃). By Proposition 7.6, a ∈ A and

A ∩ (a+ C̃ \ {0}) = ∅. Hence, A ∩ (a+ C \ {0}) = ∅, and a is maximal with
respect to C.

We saw in Example 7.2 that IMax(A|C) may be empty while IMax(A|C̃)

with C̃ = R
2
+ is not. Also, the inclusion in the second assertion of Proposition

7.7 is strict in that example.
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7.3.2 Maximality of Sections

Let x be a given point and A a nonempty set in R
k. We define a section of A

at x by
Ax := A ∩ (x+ C).

Thus, Ax consists of all elements of A that dominate x. This section may be
empty, but is always nonempty once x lies in A.

Proposition 7.8. For every x ∈ Rk, we have

Max(Ax) ⊆ Max(A) =
⋃

y∈A

Max(Ay).

Proof. Let a be a maximal element of the section Ax. By Proposition 7.6, we
have a ∈ Ax and Ax ∩ (a+C \ {0}) = ∅. We show that A ∩ (a+C \ {0}) = ∅
too. Indeed, let y ∈ A and y ∈ a + C \ {0}. By definition, y ∈ Ax. Hence,
y ∈ Ax ∩ (a+C \ {0}), which is a contradiction. In view Proposition 7.6, a is
a maximal element of A.

Observe further that for a ∈ Max(A), the section Aa is the singleton
{a}. Hence, in view of the first part, Max(A) =

⋃
a∈Max(A) Max(Aa) ⊆⋃

y∈A Max(Ay) ⊆ Max(A) and equality follows.

7.3.3 Proper Maximality and Weak Maximality

Definition 7.5. Let A be a nonempty set.

• A point a ∈ A is said to be a weak maximal point of A if it is a maximal
point of A with respect to the cone

C0 := {0} ∪ int(C),

under the assumption that int(C) 6= ∅. The set of all weak maximal
points of A is denoted by WMax(A) or WMax(A|C).

• A point a ∈ A is said to be a proper maximal point of A if there is a
pointed and convex cone C̃ such that

cl(C)\{0} ⊆ int(C̃)

and a is a maximal point of A with respect to the order ≥C̃ . The set of
all proper maximal points of A is denoted PrMax(A) or PrMax(A|C).

When speaking about weak maximal elements, we tacitly consent that the
cone C has a nonempty interior.

Example 7.3. We consider the set A given in Example 7.2 and equip R2

with the cone
C = {(x, y) ∈ R

2 : x ≥ y, x ≥ 0, y ≥ 0}.
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The set of proper maximal points is given by:

PrMax(A|C) = {(x, y) ∈ R
2 : (x−1)2+(y−1)2 = 1,

1

2
< y ≤ 1,

3

2
< x ≤ 2}.

While the set of weak maximal points is the following:

WMax(A|C) = {(x, y) ∈ R2 : y = 1, 0 ≤ x ≤ 2}
∪{(x, y) ∈ R2 : (x− 1)2 + (y − 1)2 = 1, 1

2 ≤ y ≤ 1, 3
2 ≤ x ≤ 2}.

Here is a relationship between proper maximality, maximality, and weak
maximality.

Proposition 7.9. For a nonempty set A in Rk, one has the inclusions

PrMax(A) ⊆ Max(A) ⊆ WMax(A).

Proof. We prove first the inclusion PrMax(A) ⊆ Max(A). Let a ∈ PrMax(A).

By definition, there is a pointed convex cone C̃ as stated in Definition 7.5. In
particular, C ⊂ C̃. In view of Proposition 7.7, a ∈ Max(A|C̃) ⊆ Max(A|C)
and the inclusion follows. To prove the second inclusion, we have C0 ⊆ C
when C has a nonempty interior. Again, by Proposition 7.7, Max(A|C) ⊆
Max(A|C0) = WMax(A|C) as requested.

Example 7.3 above shows that the inclusions stated in Proposition 7.9 are
generally strict. One of the reasons for considering weak maximal elements
is the fact that when the set A is closed, the set of weak maximal elements
is closed too. In other words, the limit of any convergent sequence of weak
maximal points of A is weak maximal if it belongs to A. This property is no
longer true for maximal points and proper maximal points; see Example 7.4
below. The limit of a convergent sequence of maximal points is weak maximal,
and not necessarily maximal. On the other hand, weak maximal points are
sensitive with respect to modification of the order, while proper maximal
points are not.

Example 7.4. Consider the set A (see Fig. 7.9) to be the convex hull of the
quarter disc D := {(x, 0, z) ∈ R3

+ : x2 + z2 ≤ 1} and the point (0, 2, 1). A
point a belongs to A if and only if there is some (x, 0, z) ∈ D and t ∈ [0, 1]
such that

a = t(x, y, z) + (1− t)(0, 2, 1) = (tx, 2 − 2t, tz − t+ 1).

Consider the sequence of vectors aν =
(

1
ν , 0,

√
ν2−1
ν

)
, ν ∈ N. Under the Pareto

ordering cone, this is a sequence of maximal elements of A and converges to
the point (0, 0, 1), which is weak maximal, but not maximal. The set Max(A)
is not closed.
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1

1

2

FIGURE 7.9: Max(A) is not closed in R3.

Example 7.5. Consider the set A (see Fig. 7.10) in R2 given by

0 ≤ y ≤ 1, for 0 ≤ x ≤ 1,

and
(x− 1)2 + y2 ≤ 1, for 1 < x ≤ 2.

The space R2 is partially ordered by the Pareto cone R2
+. The set WMax(A)

consists of the segment [P,Q] and the quarter circumference
⌢

QR . The set

Max(A) consists of the quarter circumference
⌢

QR and the set PrMax(A) =
Max(A) \ {Q,R}. For every ε > 0, consider the ε−extended Pareto cone R2

+ε.
It is clear that all the points of the segment [P,Q], as well as the point Q,
are no longer maximal with respect to the order R2

+ε. On the other hand, for

every proper maximal point a ∈
⌢

QR \ {Q,R}, say a = (1 + cosα, sinα) for
some α ∈ (0, π2 ), we choose ε0 = min{cosα, sinα}. Then a remains maximal
with respect to the extended order generated by R2

+ε, ε ∈ (0, ε0).

Note that a set may have weak maximal points without having a maximal
point, or it has maximal points without having proper maximal points.

Example 7.6. Consider the set A in R2 consisting of vectors (x, y) with y > 0
and x ≤ 1/y (see Fig. 7.11). Under the Pareto ordering cone, the set Max(A)
is the graph of the function 1

x , x > 0.We prove that A has no proper maximal
points. Indeed, for every ε > 0 and every a = (α, 1

α ) ∈ Max(A) with α > 0,
we choose

x1 =
ε

α(1 + ε)

x2 =
α(1 + ε)

ε
.
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FIGURE 7.10: Maximal, weak maximal, and proper maximal points in R2.

Then, (x1, x2) ∈ A and (x1, x2) >R2
+ε
a, which shows that a is not a proper

maximal point of A.

0

FIGURE 7.11: A set without proper maximal points in R2.

7.3.4 Maximal Points of Free Disposal Hulls

We say that a set A ⊆ Rk is free disposal if for every x ∈ A, inequality x′ ≤C x
implies x′ ∈ A. In other words A is free disposal if A = A−C. If A is not free
disposal, the set A− C is called the free disposal hull of A. It is the smallest
free disposal set that contains A.

Proposition 7.10. Let A be a nonempty set. The following assertions hold:

(a) IMax(A) = IMax(A− C);

(b) Max(A) = Max(A− C);
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(c) PrMax(A) = PrMax(A− C);

(d) WMax(A) = A ∩WMax(A− C).

Proof. We prove (a). Let x ∈ IMax(A). By Proposition 7.6, A ⊆ x − C.
Since C + C ⊆ C, we deduce that A − C ⊆ x − C − C ⊆ x − C, by which
x ∈ IMax(A − C). For the converse, let x ∈ IMax(A − C). From the cone
C containing the origin we obtain A ⊆ A − C ⊆ x − C, which proves that
x ∈ IMax(A).

For (b), let x ∈ Max(A). Again, by Proposition 7.6, x ∈ A and A∩ (x+C
\ {0}) = ∅. It follows that x ∈ A − C and (A− C) ∩ (x + C \ {0}) = ∅
too. Thus, x ∈ Max(A− C). For the converse, let x ∈ Max(A− C). We show
first that x ∈ A. Indeed, if not, x = a − c for some a ∈ A and c ∈ C \ {0}.
Since a ∈ A− C as well, we obtain a = x+ c >C x, which is a contradiction.
Moreover, as A ⊆ A − C, the relation (A− C) ∩ (x + C \ {0}) = ∅ (because
x ∈ Max(A− C)), yields also A ∩ (x + C \ {0}) = ∅. By this, x ∈ Max(A).

For (c), let x ∈ PrMax(A). Let C̃ be a pointed, convex cone such that cl

C \ {0} ⊆ int C̃ and x ∈ Max(A|C̃). Then, x ∈ A ⊆ A− C and

A ∩ (x+ C̃\{0}) = ∅. (7.2)

We wish to prove that (A− C) ∩ (x + C̃ \ {0} = ∅, which implies that x ∈
PrMax(A−C). Indeed, if not, say there is some y ∈ A−C such that y = x+ c̃,

for some c̃ ∈ C̃\{0}. Let a ∈ A and c ∈ C be such that y = a − c. Then

a = y + c = x+ (c + c̃). The cone C̃ being pointed, we have c+ c̃ ∈ C̃ \ {0}
and arrive at a contradiction with (7.2).

Conversely, let x ∈ PrMax(A − C). Let C̃ be a cone as above such that

x ∈ Max(A− C|C̃). We wish to show that x ∈ Max(A|C̃), which proves that
x ∈ PrMax(A). Indeed, we have x ∈ A− C and

(A− C) ∩ (x+ C̃\{0}) = ∅ (7.3)

We can see that x ∈ A by the same argument we discussed above and the
fact that C ⊆ C̃. Moreover, as already said, A ⊆ A−C, so that (7.3) implies

(7.2). Consequently x ∈ Max(A|C̃) by Proposition 7.6.
Finally, let x ∈ WMax(A). Then, x ∈ A and also A ∩ (x + int(C)) = ∅,

which implies (A − C) ∩ (x + int(C)) = ∅, because C + int(C) ⊆ intC. By
this, x ∈ A∩WMax(A−C). Conversely, let x ∈ A∩WMax(A−C). We have
(A−C) ∩ (x+ int (C)) = ∅, which also implies A ∩ (x+ int (C)) = ∅. Hence,
x ∈ WMax(A).
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7.4 Existence

In this section, we wish to establish some criteria for the existence of maximal
elements of a set in the space Rk, which is partially ordered by a pointed
convex cone C.

7.4.1 The Main Theorems

We establish equivalent conditions for a point of a set to be maximal by
coverings of the set.

Theorem 7.1. Assume that C is closed. The following assertions are equiv-
alent:

(a) A point a ∈ A is maximal.

(b) The set A \ {a} is covered by the family {(xν + C)c : ν ∈ N} for every
increasing sequence {xν}ν∈N in A converging to a.

(c) The set A \ {a} is covered by the family {(xν + C)c : ν ∈ N} for some
increasing sequence {xν}ν∈N in A converging to a.

Proof. We first establish the implication (a) ⇒ (b). Suppose to the contrary
that (b) does not hold. There exist an increasing sequence {xν}ν∈N converging
to a and an element b ∈ A \ {a} such that b 6∈ (xν + C)c, or equivalently,
b ∈ xν +C for all ν ∈ N. By passing to the limit, and due to the closedness of
C, we derive b ∈ a+ C. This contradicts (a).

The implication (b) ⇒ (c) is clear. We finally prove the implication (c) ⇒
(a). Suppose to the contrary that a is not maximal. Then one can find some
element b ∈ A \ {a} such that b ∈ a + C. In view of (c), there is some index
ν0 ∈ N such that b ∈ (xν0 +C)c. This implies that a ∈ (xν0 + C)c, and hence

a 6∈ xν0 + C. (7.4)

On the other hand, because the sequence {xν}ν∈N is increasing, we have xν ∈
xν0 + C for all ν ≥ ν0. By passing to the limit in the above inclusion, we
obtain a ∈ xν0 + C, which contradicts (7.4). The proof is complete.

Theorem 7.2. Assume that there is a convex cone K not identical to the
whole space such that C \ {0} is contained in int(K) and A is a nonempty
compact set. Then, A has maximal points.

Proof. Let x ∈ A. Consider the section of A at x with respect to K0 =
{0} ∪ int(K): Ax = A ∩ (x +K0). This follows from the assumption that the
cone K0 is pointed. We wish to prove that section Ax possesses a maximal
point with respect to the cone K0. Indeed, suppose to the contrary that the
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set Max(Ax|K0) is empty. Consider the set P of chains in Ax with respect
to the order ≥K0 . One checks easily that the set P equipped with the partial
order by inclusion satisfies the hypothesis of Zorn’s lemma (every chain in P
with respect to inclusion has an upper bound), by which there is a maximal
chain, say p∗ ∈ P.

We choose a sequence {xν}ν∈N of elements of p∗ such that p∗ ⊆ cl{xν : ν ∈
N} and construct an increasing subsequence {yν}ν∈N as follows. Set y1 = x1.
For m > 1, set ym = xνm , with νm = min{ν ∈ N : xν >K0 ym−1}. Such
νm exists because the chain p∗ is maximal. It follows from this construction
that for every ν ∈ N, one has xν ≤K0 yν . Moreover, for every y ∈ p∗ there
is ν ∈ N such that yν ≥K0 y. In fact, if not, we have y ≥K0 yν and hence
y ≥K0 xν , for all ν ∈ N. Since Max(Ax|K0) is empty and p∗ is maximal,
one finds z ∈ p∗ such that z >K0 y ≥K0 xν , for all ν ∈ N. As K0 \ {0} is
open, the above strict inequality proves that z /∈ cl{xν : ν ∈ N}, which is a
contradiction. Now we work with the sequence {yν}ν∈N. By the compactness
hypothesis, this sequence has an accumulation point, say y ∈ A. We prove
that y >K0 xν for all ν ∈ N. In fact, for arbitrary xν we choose j(ν) > ν
such that the term yj(ν) belongs to a subsequence converging to y and obtain
yj(ν) >K0 yν ≥K0 xν . Because the sequence {yν}ν∈N is increasing, we deduce
that y ∈ yj(ν) + cl(K). Then,

y ∈ yj(ν+1) − yj(ν) + yj(ν) + cl(K) ⊂ yj(ν) + cl(K) + int(K) ⊆ yj(ν) + int(K),

which shows that y >K0 yj(ν) ≥K0 xν for every ν ∈ N. We may find then
z ∈ Ax such that z >K0 y for every y ∈ p∗ because Max(Ax|K0) is empty.
This contradicts the maximality of the chain p∗. Thus, the set Max(Ax|K0)
is nonempty. It remains to apply Proposition 7.6 to see that Max(A|K0) is
nonempty, and in view of Proposition 7.7, A has maximal points with respect
to the ordering cone C.

When the closure of the cone C is pointed, one may choose the cone K by

K = {0} ∪ {x ∈ R
k : d(x,C) < ǫ‖x‖}

with ǫ > 0 sufficiently small. Then the closure ofK is the ǫ-conic neighborhood
of C that we defined in Section 7.2.

7.4.2 Generalization to Order-Complete Sets

Definition 7.6. A set A ⊆ Rk is said to be C−complete (respectively, strongly
C−complete) if it has no covering of the form

{(xν + cl C)c : ν ∈ N}
(
respectively {(xν + C)c : ν ∈ N}

)
,

where {xν}ν∈N is a strictly increasing sequence in A.

We note that every strongly C−complete set is C−complete. The converse
is not always true. When C is a closed cone these two concepts coincide.
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Example 7.7. Consider the set A in R2 consisting of the vectors (ν, 0), ν ∈ N

and equip R2 with the ubiquitous cone Ub. We show thatA is Ub-complete, but
not strongly Ub-complete. Indeed, let {(νi, 0)}i∈N be an increasing sequence
in A. Then the real sequence {νi}i∈N is increasing in R. For every term (νi, 0),
we have

((νi, 0) + cl(Ub))C = {(x, y) ∈ R
2 : y < 0},

which does not meet A. Therefore, the family {((νi, 0) + cl(Ub))C : i ∈ N}
is not a covering of A, and A is Ub-complete. On the other hand, for every
(ν, 0) ∈ A, we have:

((ν + 1, 0) + Ub)C = {(x, y) ∈ R
2 : y < 0} ∪ {(x, 0) ∈ R

2 : x < ν + 1},

which contains (ν, 0). Consequently, the family {((ν, 0) + Ub)C : ν ∈ N} is a
covering of A, and A is not strongly Ub-complete.

The method of proof of Theorem 7.2 can be developed to establish the
following general result, which is applicable to the case when the space is of
infinite dimension too.

Theorem 7.3. If the cone C is correct and the set A admits a nonempty
C-complete section, then the set A has maximal points.

Corollary 7.1. Assume that the cone C is correct and the set A − C has a
nonempty compact section. Then, A has maximal points.

Proof. Let B = (A − C) ∩ (x + C) be a compact section of A− C. We show
that it is strongly C-complete, and hence C-complete as well. Suppose to the
contrary that B is not strongly C-complete. There exists a strictly increasing
sequence {xν}ν∈N in B such that the family {(xν + C)C : ν ∈ N} is a covering
of B. We may assume that sequence converges to some limit y ∈ B. Then,
there is ν0 such that

y /∈ xν0 + C. (7.5)

On the other hand, for every m ≥ 1, one has xν+m ∈ xν + C because the
considered sequence is increasing. By letting m tend to infinity, we deduce
y ∈ xν0 + cl (C) , and so

y ∈ xν0+1 + cl (C) ⊆ xν0+1 − xν0 + xν0 + cl (C)
⊆ xν0 + C \ {0}+ cl (C) ⊆ xν0 + C,

because C is correct. This contradicts (7.5). Thus, B is strongly C-complete.
According to Theorem 7.3, B has maximal points. It remains to apply Propo-
sitions 7.8 and 7.10 to complete the proof.
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7.4.3 Existence via Monotone Functions

Theorem 7.4. Assume that the strictly positive polar cone C+ of C is
nonempty. A nonempty set A has a maximal point if and only if it has a
compact section.

Proof. If A has a maximal point, then the section at that point is a singleton,
and hence a compact set. Assume that Ax = A∩(x+C) is a compact section of
A. Consider the linear increasing function 〈ξ, ·〉 on Ax where ξ is an element
of C+. Since Ax is compact, there is a point a ∈ Ax maximizing 〈ξ, ·〉 on
Ax. We prove that a ∈ Max(Ax|C). Indeed, let y ∈ Ax with y >C a. Then,
〈ξ, y〉 > 〈ξ, a〉, which contradicts the maximality of a. It remains to apply
Proposition 7.8 to conclude that a is a maximal point of A.

Notice that C+ is nonempty if and only if cl(C) is pointed. We derive a
useful corollary.

Corollary 7.2. If the closure of the cone C is pointed, then every compact
set has maximal points.

Proof. Apply Theorem 7.4.

We remark that a more subtle proof shows that the conclusion of Corollary
7.2 remains true without any condition on the cone C. This fact is, however,
not true in infinite dimension.

Before giving conditions for the existence of maximal points of polyhedral
sets and convex sets, we recall the following separation result from convex
analysis.

Lemma 7.1. Let C1 and C2 be two convex cones with C1 ∩ C2 = {0}. Then,
there is a nonzero vector ξ such that

〈ξ, c1〉 ≥ 〈ξ, c2〉 , for all c1 ∈ C1 and c2 ∈ C2.

Moreover, if either C1 is pointed, closed, and C2 is closed or c1\ {0} is
open, then there is a nonzero vector ξ such that

〈ξ, c1〉 > 0 ≥ 〈ξ, c2〉 , for all c1 ∈ C1 \{0} and c2 ∈ C2.

Proposition 7.11. If A is a polyhedral convex set and C is a polyhedral
cone, then x ∈ Max(A|C) if and only if there is some ξ ∈ C+ such that

〈ξ, x〉 ≥ 〈ξ, x′〉 , for all x′ ∈ A.

Consequently, the set Max(A|C) consists of faces of A.

Proof. Let x be a maximum of 〈ξ, ·〉 on A. If y >C x, y ∈ A, then 〈ξ, x〉 ≥
〈ξ, y〉 > 〈ξ, x〉, which is a contradiction. Hence, x ∈ Max(A|C). Conversely, if
x ∈ Max(A|C), then (A − x) ∩ C = {0}. Since A − x is a polyhedral set, the
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set cone(A− x) is a polyhedral cone and cone(A− x)∩C = {0}. Because the
cone C is pointed, convex, and closed and cone(A − x) is convex and closed,
we may apply the separation lemma to find a nonzero vector ξ such that

〈ξ, c〉 > 0 ≥ 〈ξ, x′ − x〉 ,

for all x ∈ C \ {0} and x′ ∈ A. It follows that ξ ∈ C+ and 〈ξ, x〉 ≥ 〈ξ, x′〉 , for
every x′ ∈ A.

For the last part of the proposition, we know that the set of the points
maximizing the linear function 〈ξ, ·〉 on A is a face of A. Hence, Max(A|C) is
composed of some faces of A.

Proposition 7.12. Let ξ ∈ C′\{0} and let x ∈ A maximize the linear func-
tion 〈ξ, ·〉 on A. Then,

(a) x ∈ WMax(A|C);

(b) x ∈ Max(A|C) if it is a unique maximum of 〈ξ, ·〉 on A;

(c) x ∈ PrMax(A|C) if ξ ∈ (cl(C))+.

Proof. For (a), if x /∈ WMax(A|C), one can find x′ ∈ A and c ∈ int(C) such
that x′ = x + c. It follows that 〈ξ, x′〉 = 〈ξ, x〉 + 〈ξ, c〉 > 〈ξ, x〉 , which is a
contradiction.

For (b), let x′ ∈ A be such that x′ ≥C x. Then, 〈ξ, x〉 ≥ 〈ξ, x′〉 ≥ 〈ξ, x〉 ,
which yields the equality 〈ξ, x′〉 = 〈ξ, x〉 . By uniqueness, one has x = x′ and
hence x ∈ Max(A|C). For the last assertion, we consider the cone:

C̃ = {0} ∪ {y ∈ R
k
+ : 〈ξ, y〉 > 0}.

Then, cl(C)\ {0} ⊆ intC̃ and x ∈ WMax(A|C̃). Since C̃\{0} ⊆ int(C̃), one

sees also that x ∈ Max(A|C̃). By definition, x is a proper maximal element of
A (with respect to the order ≥C).

Proposition 7.13. Assume that A−C is a convex set. The following asser-
tions hold:

(a) x ∈ WMax(A|C) if and only if there is some ξ ∈ C′\{0} such that x is
a maximum of 〈ξ, ·〉 on A.

(b) x ∈ PrMax(A|C) if and only if there is some ξ ∈ (cl(C))+ such that x
is a maximum of 〈ξ, ·〉 on A.

(c) If x ∈ Max(A|C), then there is some ξ ∈ C′\{0} such that x is a
maximum of 〈ξ, ·〉 on A.
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Proof. For (a), let x be a weak maximal point of A, then (A−x)∩ int (C) = ∅,
which also implies that cone(A− x) ∩ intC = ∅. By separation, there is some
nonzero vector ξ such that

〈ξ, x′ − x〉 < 〈ξ, c〉 , for all x′ ∈ A and c ∈ int(C).

This implies ξ ∈ C′\{0} and 〈ξ, x′〉 ≤ 〈ξ, x〉, for all x′ ∈ A. The converse
follows from Proposition 7.12. For (ii), in view of Proposition 7.12, it suffices

to prove the “only if” part. Let x ∈ PrMax(A|C) and let C̃ be a convex cone

as given in Definition 7.5 such that x ∈ Max(A|C̃) ⊆ WMax(A|C̃0). In view

of (i), there is a nonzero vector ξ ∈ (C̃0)′ such that x maximizes 〈ξ, ·〉 on A. It
remains to observe that 〈ξ, c〉 > 0, for every c ∈ cl(C)\{0}, which means that

ξ ∈ (cl(C))+ because cl(C)\{0} ⊆ int(C̃) by Definition 7.5. We prove the last
assertion. For x ∈ Max(A|C), we have (A − x) ∩ C = {0}, which also implies
that cone(A−C − x)∩C = {0}. Because the two cones in this intersection is
convex by hypothesis, we may separate them by a nonzero vector ξ :

〈ξ, c〉 ≥ 〈ξ, a− x〉 , for every c ∈ C and a ∈ A.

It follows that ξ ∈ C′\{0} and 〈ξ, ·〉 attains its maximum on A at x.

It is clear that the converse of (c) above is not true. When int(C) 6= ∅,
it suffices to choose a weak maximal point that is not maximal to obtain a
counterexample.

7.5 Vector Optimization Problems

Let X be a nonempty set in Rn and let f be a vector-valued function from
Rn to Rk. The space Rk is assumed to be partially ordered by a convex and
pointed cone C. In this section, we study the following problem, which is called
a vector optimization problem or a multiple objective optimization problem,
and is denoted (MOP):

Max f(x)
subject to x ∈ X,

which amounts to finding x ∈ X such that f(x) is a maximal point of the
image set f(X). Such solutions are called maximal or efficient solutions of
(MOP). The set of all maximal solutions is denoted S(X, f). The sets of all
proper maximal solutions and weak maximal solutions of (MOP) are defined
in a similar way and denoted, respectively, by PrS(X, f) and WS(X, f). The
existence criteria of maximal points we established in the previous section are
applied to derive the existence of maximal solutions of (MOP). Below we give
a typical one.
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Theorem 7.5. Assume that cl(C) is pointed, X is a nonempty compact
set, and f is a continuous function. Then, the problem (MOP) has maximal
solutions.

Proof. Because the image set f(X) is nonempty compact, we apply Corollary
7.2 to obtain maximal elements of the set f(X), which assures the existence
of maximal solutions of (MOP).

7.5.1 Scalarization

A frequently used method in the study of (MOP) is to convert it into a scalar
optimization problem of the form (P)

max g ◦ f(x)
subject to x ∈ X,

where g is a real-valued function on f(X), called a scalarizing function. In
this section, we shall develop a class of scalarizing functions with a property
that optimal solutions of (P ) furnish efficient solutions of (MOP).

General case. The following result expresses a relationship between the
solution set S(X, g ◦ f) of problem (P) and that of (MOP).

Proposition 7.14. The following assertions are true:

(a) If g is increasing (respectively, weakly increasing), then every optimal
solution of (P) is an efficient solution (respectively, a weakly efficient
solution) of (MOP).

(b) Conversely, for every weakly efficient solution x of (MOP), there exists
a continuous weakly increasing function g such that x is an optimal
solution of (P).

Proof. For (a), let x be an optimal solution of (P ). If it is not a maximal
solution of (MOP ), then there is some x′ ∈ X such that f(x′) >C f(x).
Because the function g is increasing, we deduce g ◦ f(x′) > g ◦ f(x), which
contradicts the assumption. The case of weak maximal solutions is proven
similarly.

For (b) we choose a = f(x) and v ∈ int(C), and consider g(x) = ha,v(x) for
every x ∈ X. By Proposition 7.5, g is continuous, weakly increasing. Moreover,
as f(x) ∩ (a+ int C) = ∅, we deduce that g(f(x)) ≤ 0 for every x ∈ X , while
g(f(a)) = 0. Consequently, a is an optimal solution of (P ).

Below are some useful scalarizations.

Linear scalarization. We consider the case of the Pareto ordering cone
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Rn
+. The scalarized problem that uses a linear increasing function is written

as

(Pξ)
max

∑k
i=1 ξifi(x)

subject to x ∈ X

for some positive vector ξ = (ξ1, . . . , ξk) ∈ R
k
+. The positive numbers ξ1, . . . , ξk

are called weights. Each number ξi expresses the importance of the criterion
(component) fi with respect to the others. For instance, by choosing the first
component of ξ equal to one and the other components equal to zero, we mean
to take only the first criterion f1 into consideration and neglect the others.
The scalar problem (Pξ) is called the weighted problem of (MOP ) associated
with the weight vector ξ. Certain generalizations of (Pξ) are also in use. They
are of the form

(P ′
ξ)

max
∑k

i=1 ξi[fi(x)]
ρ

subject to x ∈ X

and

(P
′′

ξ ),
max

∑k
i=1[ξifi(x)]

ρ

subject to x ∈ X

where ρ is a positive number chosen a priori and it is assumed that fi(x) ≥ 0
for all i = 1, . . . , k and x ∈ X.

In the case of a general ordering cone C, the problem (Pξ) is

max 〈ξ, f(x)〉
subject to x ∈ X.

(7.6)

The objective function 〈ξ, f(x)〉 is often written as ξ ◦ f(x). Linear scalar-
ization is particularly helpful when the vector problem is linear or concave.
The problem (MOP ) is called linear if the objective function f is linear, the
constraint set X is a polyhedral convex set, and the ordering cone C is poly-
hedral. It is concave when f is concave and the set X is convex. Also, f is said
to be concave (with respect to the order ≥C) if for every x, y ∈ X, t ∈ [0, 1]
one has

f(tx+ (1 − t)y) ≥C tf(x) + (1− t)f(y).

Proposition 7.15. Assume that (MOP) is a linear problem. Then, there
exists a finite number of weight vectors ξi : i = 1, . . . ,m such that the solu-
tion set of (MOP ) is exactly the union of the solution sets of the scalarized
problems (Pξi), i = 1, . . . ,m.

Proof. If (MOP ) is linear, the image set f(X) is a polyhedral convex set. In
view of Proposition 7.11, the maximal value set Max(f(X)|C) of the problem
is the union of some faces of f(X). For every efficient face Fi there is some
ξi ∈ C+ such that

Fi = argmax{
〈
ξi, y

〉
: y ∈ f(X)}.
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As the number of faces of f(X) is finite, so is the number of efficient faces of
f(X). Thus, there exist ξ1, . . . , ξm ∈ C+ such that

Max(f(X)|C) =
m⋃

i=1

argmax{
〈
ξi, y

〉
: y ∈ f(X)},

which implies

S(X, f) =
m⋃

i=1

argmax{
〈
ξi, f(x)

〉
: x ∈ X}.

This set is the union of the solution sets to the problems (Pξi ), i = 1, . . . ,m.

For a concave problem we have the following result.

Proposition 7.16. Assume that (MOP) is a concave problem. Then,

(a) a point x ∈ X is a properly efficient solution of (MOP) if and only if it
is an optimal solution of (Pξ) with ξ ∈ (cl(C))+;

(b) a point x ∈ X is a weakly efficient solution of (MOP) if only if it is an
optimal solution of (Pξ) with ξ ∈ C

′ \ {0}.
Proof. It is clear that under the convexity hypothesis the set f(X) − C is
convex. In view of Proposition 7.10, x is a proper maximal solution if and only
if f(x) is a proper maximal element of the set f(X)−C. The first assertion is
a direct consequence of Propositions 7.12 and 7.14. The second part is proven
by a similar argument.

It should be noted that an efficient solution of a concave problem, which
is not proper, cannot be a solution of any scalar problem (P) with g ∈ C+.
Thus, we have the following inclusions for a concave problem

PrS(X, f) =
⋃

g∈C+

S(g ◦ f,A) ⊆ S(X, f)

⊆ WS(f,X) =
⋃

g∈C′\{0}

S(g ◦ f,X).

Another important feature of linear scalarization is that for ξ ∈ C
′

, problem
(Pξ) is concave whenever (MOP ) is concave. This allows us to apply convex
optimization techniques to solve vector problems.

Scalarization by the biggest weakly increasing functions. With
the help of the function ha,v defined in Section 7.2 we obtain the following
scalarized problem

(Pha,v
)

max sup{t ∈ R : f(x) ∈ a+ tv + C}
subject to x ∈ X
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The usefulness of this scalarization is seen in the next result, which concretizes
the second assertion of Proposition 7.14.

Proposition 7.17. Let v ∈ int C be given. Then, x ∈WS(X, f) if and only
if x is an optimal solution of the problem (Phf(x),v

).

Proof. By definition, x ∈WS(X, f) if and only if

(f(X)− f(x)) ∩ int (C) = ∅.

We have hf(x),v(f(x)) = 0, and hf(x),v(y) ≤ 0 if and only if y /∈ f(x)+ int(C).
Hence,

hf(x),v(f(x
′)) ≤ 0, for all x′ ∈ X.

By this, x ∈ WS(X, f) if and only if x maximizes the function hf(x),v ◦ f on
A.

7.6 Optimality Conditions

In this section we establish conditions for efficient solutions of (MOP) in terms
of derivatives or subdifferentials. The ordering cone C in R

k is assumed to be
the closed, pointed, convex, and having a nonempty interior.

7.6.1 Differentiable Problems

Let us consider the problem (MOP) with the constraints

Max f(x)

subject to g(x) ≤K 0

h(x) = 0.

where the f , g, and h vector, are functions on Rn with values in Rk, Rm, and
Rq, respectively. The space Rm is equipped with a partial order generated
by a closed, pointed, and convex cone K, with int(K) 6= ∅. This is often the
case when K = Rm

+ . Then g(x) ≤K 0 is exactly the system of m inequalities
gi(x) ≤ 0, i = 1, . . . ,m where g1, . . . , gm are component functions of g.

Theorem 7.6. Assume that f , g, and h are Fréchet differentiable with f ′ and
g′ bounded and h′ continuous in a neighborhood of x0. If x0 is a weakly efficient
solution of (MOP), then there exist multipliers (ξ, θ, γ) ∈ (C,K, {0})′ \ {0}
such that

ξf ′(x0) + θg′(x0) + γh′(x0) = 0, θg(x0) = 0.
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Proof. Assume first that h′(x0) is not surjective, i.e., h′(x0)(Rn) is a proper
subspace of Rq. Then there exists a nonzero functional γ ∈ Rq \ {0} such that

〈γ, h′(x0)(u)〉 = 0 for all u ∈ R
n.

This implies that γh′(x0) = 0. Setting ξ = 0 and θ = 0 we obtain multipliers
(ξ, θ, γ) as requested.

Now consider the case where h′(x0) is surjective. We want to show that

(f ′(x0), g′(x0), h′(x0))(Rn) ∩ (−int (C),−g(x0)− int (K), {0}) = ∅. (7.7)

In fact, if this intersection is not empty, then there is a vector u ∈ Rn with
||u|| = 1 such that

f ′(x0)(u) ∈ −int (C)

g′(x0)(u) ∈ −g(x0)− int (K)

h′(x0)(u) = 0.

Applying Lyusternik’s open mapping theorem (“If h is Frechet differentiable
with h′ continuous at x0 and if h′(x0) is surjective, then the tangent cone to
the set M := {x ∈ Rn : h(x) = 0} at x0 ∈M defined by

TM (x0) := {v ∈ K : v = lim
x→∞

ti(x
i − x0), ti > 0, xi → x0, xi ∈M},

coincides with Kerh′(x0).”), we find xi ∈ M \ {x0} such that {xi} converges
to x0 and {ui} with ui = (xi − x0)/||xi − x0||, converges to u. Note that as
f ′ is bounded in a neighborhood of x0, in view of the mean value theorem
(if f is Gateaux differentiable, then for every couple of points a and b, one
has ‖f(b)− f(a)‖ ≤ sup{‖f ′(c)‖ × ‖b− a‖ : c ∈ [a, b]}) we have the following
estimate:

lim
f(xi)− f(x0)

||xi − x0|| = f ′(x0)(u).

Hence, for i sufficiently large we obtain

f(xi)− f(x0) ∈ int (C). (7.8)

Similarly, for i sufficiently large we have

g(xi)− g(x0)

||xi − x0|| = −g(x0)(u)− int(K).

Since ||xi − x0|| tends to 0 as i tends to ∞, the above implies

g(xi) ∈ (1 − ||xi − x0||)g(x0)− int (K) ⊆ −K,

for i sufficiently large. This, and the fact that h(xi) = 0 (because xi ∈ M)
together with (7.8), show that x0 is not a weakly efficient solution of (MOP),
which is a contradiction.
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Consequently (7.7) is true. We separate the sets in (7.7) by a linear func-
tional (ξ, θ, γ) ∈ (Rk,Rm,Rq)′ \ {0}:

ξf ′(x0)(u) + θ[g′(x0)(v) + g(x0)] + γh′(x0)(w) ≥ 〈ξ,−c〉+ 〈θ,−k〉
for all u, v, w ∈ Rn, c ∈ C, k ∈ K. It follows from the above inequality that
ξ ∈ C′, θ ∈ K ′, γ ∈ Rq and θg(x0) ≥ 0. Remember that g(x0) ∈ −K, and
hence θg(x0) = 0. Moreover, one has

ξf ′(0)(u) + θg′(x0)(v) + γh′(x0)(w) ≥ 0

for all u, v, w ∈ Rn, which implies

ξf ′(x0) + θg′(x0) + γh′(x0) = 0,

as required.

7.6.2 Lipschitz Continuous Problems

In order to derive optimality for problems in which the objective function and
the constraint functions are not differentiable, but locally Lipschitz continu-
ous, we will use the concept of Clarke’s subdifferential. Clarke’s generalized
Jacobian of a locally Lipschitz function f from R

n to R
k is defined to be the

set
∂f(x) := co

{
lim
x→∞

f ′(xi) : xi → x, f ′(xi) exists
}
,

where co denotes the closed convex hull. Here are some properties of general-
ized Jacobian to be used in the sequent:

(i) ∂f(x) is compact and convex.
(ii) The set-valued map x 7→ ∂f(x) is upper semi-continuous in the sense that
for every ǫ > 0 there is δ > 0 such that ∂f(x′) ⊆ ∂f(x) +B(0, ǫ) for every x′

satisfying ‖x′ − x‖ < δ.
(iii) In the case k = 1,

∂(f1 + f2)(x) ⊆ ∂f1(x) + ∂f2(x),

∂(max
α∈T

fα)(x) = ∂fα0(x) if α0 the unique index where the maximum is at-

tained.
(iv) 0 ∈ ∂f(x) if x is a local minimum of f .
(v) The mean value theorem: for a, b,∈ R

n, one has

f(b)− f(a) ∈ co{M(b− a) :M ∈ ∂f(c), c ∈ [a, b]}.
We shall also use Ekeland’s variational principle: Let ϕ be a lower semicon-

tinuous function on Rn. If ϕ(x0) ≤ inf ϕ+ ζ for ζ > 0, then there is xζ ∈ Rn

such that

||xζ − x0|| ≤
√
ζ

ϕ(xζ) ≤ ϕ(x0)

ϕ(xζ) ≤ ϕ(x) +
√
ζ||x− xζ)|| for all x 6= xζ .
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Theorem 7.7. Assume that f , g, and h are Lipschitz continuous and x0 is
a weakly efficient solution of (MOP). Then there exist multipliers (ξ, θ, γ) ∈
(C,K, {0})′ \ {0} such that

0 ∈ ∂(ξf + θg + γh)(x0)

θg(x0) = 0.

Proof. Let λ = (ξ, θ, γ) ∈ (C,K, {0})′ \ {0} and T = {λ : ||λ|| = 1}. Let
v ∈ int(C) such that

1 = max{〈ξ, v〉 : ξ ∈ C′, ||ξ|| = 1}.

For ζ > 0 set
Hζ(x) := (f(x)− f(x0) + ζv, g(x), h(x)),

and consider the function

Fζ(x) := max
λ∈T

〈λ,Hζ(x)〉.

It is evident that Fζ(x) is Lipschitz continuous. We want to apply Ekeland’s
principle to obtain a point xζ that minimizes the function Fζ(x)+

√
ζ||x−xζ ||.

To this purpose, we prove that Fζ(x) > 0 for all x ∈ Rn. Indeed, if not, that
is Fζ(x) ≤ 0 for some x, then g(x) ≤ 0, h(x) = 0 and

〈ξ, f(x)− f(x0)〉 < 0 for all ξ ∈ C′ \ {0}.

This means that x is a feasible solution and satisfies

f(x)− f(x0) ∈ int(C),

a contradiction to the optimally of x0. In this way Fζ(x) > 0. We then obtain

Fζ(x
0) = ζ ≤ inf

x
Fζ(x) + ζ.

According to Ekeland’s principle, there is xζ such that

||xζ − x0|| ≤
√
ζ

Fζ(x
ζ) < Fζ(x) +

√
ζ||x− xζ ||, for all x 6= xζ .

In other words, xζ is a minimum of the function Fζ(x) +
√
ζ||x− xζ ||. Conse-

quently we have

0 ∈ ∂(Fζ(x) +
√
ζ||x− xζ ||)(xζ) ⊆ ∂Fζ(x

ζ) +
√
ζB(0, 1), (7.9)

where the ball B(0, 1) is Clark’s subdifferential of the function x 7→ ||x −
xζ || at xζ . To calculate the subdifferential ∂Fζ(x

ζ), we make the following
observation: since Fζ(x) > 0, the vector Hζ(x

ζ) 6= 0, hence the linear function
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λ 7→ 〈λ,Hζ(x
ζ)〉 attains its maximum at a unique point λζ ∈ T on T . (This

is so because if that function has two distinct minima λ1 and λ2 on T , then
at λ = (λ1 + λ2)/||λ1 + λ2|| ∈ T , one has

〈λ,Hζ(x
ζ)〉 = 2

||λ1 + λ2||
〈λ1, Hζ(x

ζ)〉 > λ2, Hζ(x
ζ)〉,

because ||λ1 + λ2|| < ||λ1|| + ||λ2|| ≤ 2, which is a contradiction [note that
λ1 + λ2 6= 0].) Thus,

∂Fζ(x
ζ) = ∂〈λζ , Hζ(x

ζ)〉 = ∂(ξζf + θζg + γζh)(x
ζ).

Observe that in Ekeland’s principle, if ζ → 0, then xζ → x0. Moreover, as
Hζ(x

ζ) → (0, g(x0), h(x0)), one has λζ → λ0 ∈ T for some λ0. Further, since
∂〈λζ , Hζ(x

ζ〉 = ∂〈λζ , H0(x
ζ〉, the upper semicontinuity of the subdifferential

map
〈λ, x〉 7→ 〈λ,H0(x

ξ)〉
and (7.9) show that

0 ∈ ∂〈λ0, H0(x
0)〉 = ∂(ξf + θg + γh)(x0).

Finally, to see θg(x0) = 0, it suffices to note that as Fζ(x) > 0, by letting
ζ → 0, we obtain θg(x0) ≥ 0. On the other hand, g(x0) ∈ −K and θ ∈ K
imply θg(x0) ≤ 0. Hence, θg(x0) = 0 and the proof is complete.

Note that the condition presented in the above theorem is useful if the
first multiplier ξ 6= 0. One can guarantee this by imposing certain constraint
qualifications, for instance all the matrices N ∈ ∂h(x0), have rank equal to q
and there exists u ∈ ∩{KerN : N ∈ ∂h(x0)} such that M(u) ∈ −int(K) for
all M ∈ ∂g(x0).

7.6.3 Concave Problems

Consider the following concave problem (MOP)

Max f(x)

subject to g(x) ≤ 0,

where f is a concave function from Rn to Rk, and g is a convex function from
Rn to Rm. The ordering cone C is supposed to be convex, closed, and pointed
with a nonempty interior, and the ordering cone K ⊆ Rm is supposed to be
convex and closed. For a concave problem, we have the following sufficient
condition.

Theorem 7.8. Assume that (MOP) is concave and there exist multiplicators
(ξ, θ) ∈ (C,K)′ with ξ 6= 0 such that

0 ∈ ∂(ξf)(x0) + ∂(θg)(x0)
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θg(x0) = 0.

Then, x0 is a weak maximal solution of (MOP).

Proof. If x0 is not weakly efficient, then there exists x ∈ Rn with g(x) ≤ 0
such that

f(x)− f(x0) ∈ int (C).

On one hand we have

max
λ∈∂(ξf)(x0)

〈λ, x− x0〉 = (ξf)′(x0, x− x0) ≥ ξf(x)− ξf(x0) > 0,

because ξ ∈ C′ \ {0} [note that λ ∈ ∂(ξf)(x0) coincides with the convex
analysis subdifferential of ξ ◦ f at x0]. On the other hand, for g(x) one has

max
λ∈∂(θg)(x0)

〈λ, x − x0〉 = (θg)′(x0, x− x0) ≤ θg(x)− θg(x0) ≤ 0,

because θg(x0) = 0 and g(x) ∈ −K, θ ∈ K ′. Then

max
λ∈∂(ξf)(x0)+∂(θg)(x0)

〈λ, x − x0〉 < 0,

which shows 0 /∈ ∂(ξf)(x0) + ∂(θg)(x0), a contradiction.

7.7 Solution Methods

In vector optimization, the maximal value set of a problem is not a singleton
in general. Therefore it is important to find not only one maximal solution,
but a subset of maximal solutions that generates the whole maximal value set,
or at least a representative part of it. In this section, we present three typical
numerical methods that are interesting from mathematical and practical point
of view. The two first methods are well known, and the third one is more
recent. The ordering cone C is assumed to be the Pareto cone Rk

+. The problem
we are considering is the (MOP) introduced in Section 7.5.

7.7.1 Weighting Method

This method consists of choosing weights p1, . . . , pk ≥ 0, not all zero, and
solving the associated scalar problem (P ) by known techniques:

(P )
max

∑k
i=1 pifi(x)

subject to x ∈ X.

Theorem 7.9. For the problems (MOP ) and (P ) above we have the following
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(a) If pi > 0, i = 1, . . . ,m, then any optimal solution of (P ) is an efficient
solution of (MOP ).

(b) If pi ≥ 0, i = 1, . . . , k and not all are zero, then any optimal solution of
(P ) is a weakly efficient solution of (MOP ). If, in addition, the set f
(argmin (P )) is a singleton, then it is an efficient solution.

Proof. Apply Proposition 7.12

In practice, one chooses a family of weighting vectors p = (p1, . . . , pk) and
solves the corresponding scalar problems (P ), generating a subset of maximal
solutions of (MOP ). In case (b) of the theorem, in order to obtain an efficient
solution, one proceeds as follows: let p1 > 0, . . . , pl > 0 and pl+1 = · · · =
pk = 0. Set f∗

i = fi(x
0), where x0 is an optimal solution of (P ) and solves a

subsidiary problem (P∗):

max
k∑

j=l+1

fj(x)

subject to x ∈ X, fi(x) = f∗
i , i = 1, . . . , l.

It is not difficult to see that any solution of (P∗) is an efficient solution of
(MOP ).

Here is the algorithm.

STEP 1. Choose ξ > 0 and m ≥ 1 such that 1
m ≤ ξ. Choose λ =

1
m (m1, . . . ,mk) with mi ∈ {0, 1, . . . ,m} such that m1 + · · ·+mk = m.

STEP 2. Solve (Pλ). If mi > 0, i = 1, . . . , k, store an optimal solution xλ and
its value f(xλ). If mi = 0 for some i, solve (P ∗

λ ) and store an optimal
solution xλ and its value f(xλ).

STEP 3. Choose another λ in Step 1 and go to Step 2 unless there are no λ
left.

In the final result, the method generates a set of maximal solutions and
a set of maximal values that corresponds to an ǫ-net of weighting vectors (in

the sense that for every ξ ∈ Rk
+ with

∑k
i=1 ξi = 1, there is λ of that family

such that ‖ξ − λ‖ ≤ ǫ). We observe, however, that for nonconcave problems
and even for linear problems, the generated set of maximal values may be a
very small part of the maximal value set of the problem, even if ǫ tends to
zero.

Example 7.8. Consider the problem (MOP ) with

X =
{
(x1, x2) ∈ R

2 : x1 +
√
2x2 = 1, x1 ≥ 0, x2 ≥ 0

}
,

where f is the identity map from R2 to itself and R2 is equipped with the
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Pareto order. For every m ≥ 1, the set of weighting vectors to use in the
algorithm is

Λm =

{(
i

m
, 1− i

m

)
: i = 0, 1, . . . ,m

}
.

With λi =
(

i
m , 1− i

m

)
, the problem (Pλi) is written as

max i
mx1 +

(
1− i

m

)
x2

subject to x ∈ X.

It is clear that λi 6=
( √

2
1+

√
2
, 1
1+

√
2

)
, and so the solution set of (Pλ) consists of

either the singleton {(0,
√
2)} when i

m <
√
2

1+
√
2
or the singleton {(1, 0)} when

i
m >

√
2

1+
√
2
. Consequently, for every m ≥ 1, no maximal solutions of (MOP )

between the end points (0,
√
2) and (1, 0) can be approached.

Example 7.9. Consider the concave problem

max f(x) =
(
−x21 − x2 + 2,−11x21 + 6x1x2 − x22 + 2

)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1

}
. For m ≥ 1, the set of

weighting vectors is:

Λm =

{(
i

m
, 1− i

m

)
: i = 0, . . . ,m

}
.

With λi =
(

i
m , 1− i

m

)
, the problem (Pλi) is:

max i
m

(
−x21 − x2 + 2

)
+
(
1− i

m

) (
−11x21 + 6x1x2 − x22 + 2

)

subject to x ∈ X.

For every m ≥ 1, we obtain one maximal solution x = (0, 0) with value
f(x) = (2, 2).

Example 7.10. Consider the concave problem

max f(x) =
(
−x21 − x2 + 2,−5x21 + 2x1x2 − x22 − 3

)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R

2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 2
}
. For m ≥ 1, the set of

weighting vectors is

Λm =

{(
i

m
, 1− i

m

)
: i = 0, . . . ,m

}
.

With λi =
(

i
m , 1− i

m

)
, the problem (Pλi) is

max i
m

(
−x21 − x2 + 2

)
+
(
1− i

m

) (
−5x21 + 2x1x2 − x22 − 3

)

subject to x ∈ X.

For every m ≥ 1, we obtain one maximal solution x = (0, 0) with value
f(x) = (2,−3).
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FIGURE 7.12: Figure for Example 7.9, for m ≥ 1.

Example 7.11. Consider the concave problem

max f(x) =
(
1− x21 − x22, 300x1 + 400x2 − x21 − 2x1x2 − 2x22

)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R

2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 2
}
. For m ≥ 1, the set of

weighting vectors is

Λm =

{(
i

m
, 1− i

m

)
: i = 0, . . . ,m

}
.

With λi =
(

i
m , 1− i

m

)
, the problem (Pλi) is

max i
m

(
1− x21 − x22

)
+
(
1− i

m

) (
300x1 + 400x2 − x21 − 2x1x2 − 2x22

)

subject to x ∈ X.
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FIGURE 7.13: Figure for Example 7.10, for m ≥ 1.

We obtain the following results:

m Maximal solution Maximal value
1, ..., 20 (1, 2) (−4, 1087)

(0, 0) (1, 0)
100 (1, 2) (−4, 1087)

(1, 1.9703) (−3.8821, 1.0754e + 003)
(0, 0) (1, 0)

225 (1, 2) (−4, 1087)
(1, 1.7533) (−3.0741, 990.6653)
(0.6629, 0.8824) (−0.2181, 548.6634)
(0, 0) (1, 0)

300 (1, 2) (−4, 1087)
(1, 1.9703) (−3.8821, 1.0754e + 003)
(0.9912, 1.3179) (−1.7193, 817.4512)
(0.4973, 0.6630) (0.3131, 412.6041)
(0, 0) (1, 0)

500 (1, 2) (−4, 1087)
(1, 1.9703) (−3.8821, 1.0754e + 003)
(1, 1.5794) (−2.4945, 922.6122)
(0.8929, 1.1870) (−1.2062, 736.9350)
(0.5969, 0.7945) (0.0125, 494.3028)
(0.2994, 0.3985) (0.7516, 248.5741)
(0, 0) (1, 0)

TABLE 7.1: Table for Example 7.11.
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FIGURE 7.14: Figure for Example 7.11, for m = 500.

Example 7.12. Consider the concave problem

max f(x) =
(
−x21 − x2 + 2x1 + 2x1x2 − x22,−0.1x21 + 2x1

−0.1x22 − 3x2
)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1

}
. For m ≥ 1, the set of

weighting vectors is

Λm =

{(
i

m
, 1− i

m

)
: i = 0, . . . ,m

}
.

With λi =
(

i
m , 1− i

m

)
, the problem (Pλi) is:

max i
m

(
−x21 − x2 + 2x1 + 2x1x2 − x22

)
+
(
1− i

m

)
(
−0.1x21 + 2x1 − 0.1x22 − 3x2

)

subject to x ∈ X.
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We obtain the following results:

m Maximal
solution

Maximal value

1, ..., 4 (1, 0) (1, 1.9000)
(1, 0.5) (1.2500, 0.3750)

5 (1, 0) (1, 1.9000)
(1, 0.1220) (1.1071, 1.5325)
(1, 0.5) (1.2500, 0.3750)

10 (1, 0) (1, 1.9000)
(1, 0.1220) (1.1071, 1.5325)
(1, 0.3297) (1.2210, 0.9000)
(1, 0.5) (1.2500, 0.3750)

20 (1, 0) (1, 1.9000)
(1, 0.3297) (1.2210, 0.9000)
(1, 0.1220) (1.1071, 1.5325)
(1, 0.2312) (1.1777, 1.2011)
(1, 0.4188) (1.2434, 0.6261)
(1, 0.5) (1.2500, 0.3750)

100 (1, 0) (1, 1.9000)
(1, 0.0255) (1.0248, 1.8234)
(1, 0.0504) (1.0479, 1.7485)
(1, 0.0748) (1.0692, 1.6750)
(1, 0.0986) (1.0889, 1.6032)
(1, 0.1220) (1.1071, 1.5325)

m Maximal
solution

Maximal value

100 (1, 0.1448) (1.1238, 1.4635)
(1, 0.1671) (1.1392, 1.3959)
(1, 0.1889) (1.1532, 1.3297)
(1, 0.2103) (1.1661, 1.2647)
(1, 0.2312) (1.1777, 1.2011)
(1, 0.2517) (1.1883, 1.1386)
(1, 0.2718) (1.1979, 1.0772)
(1, 0.2915) (1.2065, 1.0170)
(1, 0.3108) (1.2142, 0.9579)
(1, 0.3297) (1.2210, 0.9000)
(1, 0.3482) (1.2270, 0.8433)
(1, 0.3664) (1.2322, 0.7874)
(1, 0.3842) (1.2366, 0.7326)
(1, 0.4017) (1.2403, 0.6788)
(1, 0.4188) (1.2434, 0.6261)
(1, 0.4357) (1.2459, 0.5739)
(1, 0.4522) (1.2477, 0.5230)
(1, 0.4684) (1.2490, 0.4729)
(1, 0.4844) (1.2498, 0.4233)
(1, 0.5) (1.2500, 0.3750)

TABLE 7.2: Table for Example 7.12.

Example 7.13. Consider the concave problem

max f(x) =
(
−3x21 + 8− 5x22,−x21 − x22,−1.3x1 − 0.2x21 − x1x2 − 7x22

)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1

}
. For m ≥ 1, the set of

weighting vectors is

Λm =

{(
i

m
,
j

m
, 1− i+ j

m

)
: i, j = 0, . . . ,m, 0 ≤ i+ j ≤ m

}
.

With λi =
(

i
m ,

j
m , 1−

i+j
m

)
, the problem (Pλi) is

max
i
m (−3x21 + 8− 5x22) +

j
m

(
−x21 − x22

)
+

+
(
1− i+j

m

)
(−1.3x1 − 0.2x21 − x1x2 − 7x22)

subject to x ∈ X.

For every m ≥ 1, we obtain one maximal solution x = (0, 0) with value
f(x) = (8, 0, 0).
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FIGURE 7.15: Figure for Example 7.12, for m = 100.

Example 7.14. Consider the concave problem

max f(x) =
(
−3x21 + 8− 5x22,−x21 + 11x1 − x22 − 12,

−1.3x1 − 0.2x21 − x1x2 − 7x22
)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1

}
. For every m ≥ 1, the

set of weighting vectors is

Λm =

{(
i

m
,
j

m
, 1− i+ j

m

)
: i, j = 0, . . . ,m, 0 ≤ i+ j ≤ m

}
.

With λi =
(

i
m ,

j
m , 1−

i+j
m

)
, the problem (Pλi) is:

max
i
m

(
−3x21 + 8− 5x22

)
+ j

m

(
−x21 + 11x1 − x22 − 12

)
+

+
(
1− i+j

m

) (
−1.3x1 − 0.2x21 − x1x2 − 7x22

)

subject to x ∈ X.



290 Fixed Point Theory, Variational Analysis, and Optimization

0

–5

–10

–2.0

–1.5

–1.0

–0.5

0.0
8

6

4

2

0

X

Z

Y

FIGURE 7.16: Figure for Example 7.13, for m ≥ 1.

We obtain the following results:

m i j Maximal
solution

Maximal value

1 0 0 (0, 0) (8,−12, 0)

1 (1, 0) (5,−2,−1.5000)

1 0 (0, 0) (8,−12, 0)

2 0 0 (0, 0) (8,−12, 0)

1 (1, 0) (5,−2,−1.5000)

2 (1, 0) (5,−2,−1.5000)

1 0 (0, 0) (8,−12, 0)

1 (1, 0) (5,−2,−1.5000)

2 0 (0, 0) (8,−12, 0)
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10 0 0, 1 (0, 0) (8,−12, 0)

2, ..., 10 (1, 0) (5,−2,−1.5000)

1 0 (0, 0) (8,−12, 0)

1 (0.0536, 0) (7.9914,−11.4133,−0.0703)

2, ..., 9 (1, 0) (5,−2,−1.5000)

2 0 (0, 0) (8,−12, 0)

1 (0.1131, 0) (7.9616,−10.7687,−0.1496)

2 (0.7717, 0) (6.2134,−4.1068,−1.1223)

3, ..., 8 (1, 0) (5,−2,−1.5000)

m i j Maximal
solution

Maximal value

3 0 (0, 0) (8,−12, 0)

1 (0.1429, 0) (7.9387,−10.4485,−0.1899)

2 (0.6458, 0) (6.7488,−5.3133,−0.9230)

3, ..., 7 (1, 0) (5,−2,−1.5000)

7 0 (0, 0) (8,−12, 0)

1 (0.1875, 0) (7.8945,−9.9727,−0.2508

2 (0.4461, 0) (7.4030,−7.2919,−0.6197)

3 (0.6875, 0) (6.5820,−4.9102,−0.9883)

9 0 (0, 0) (8,−12, 0)

1 (0.1964, 0) (7.8843,−9.8782,−0.2630)

10 0 (0, 0) (8,−12, 0)

TABLE 7.3: Table for Example 7.14.
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FIGURE 7.17: Figure for Example 7.14, for m = 10.

7.7.2 Constraint Method

In this method, one maximizes one objective, while other objectives are con-
sidered as constraints. Let us choose ℓ ∈ {1, . . . , k}, Lj ∈ R, j = 1, . . . , k, j 6= ℓ,
and solve the scalar problem (Pℓ):

Max fℓ(x)

subject to fj(x) ≥ Lj , j = 1, . . . , k, j 6= ℓ

x ∈ X.

Note that if Lj are small, then (Pℓ) may have no feasible solutions, and if Lj

are too big, then an optimal solution of (Pℓ) may be not efficient. We shall
say that a constraint fj(x) ≥ Lj is binding if equality fj(x) = Lj is satisfied
at every optimal solution of (Pℓ).

Theorem 7.10. Let x0 ∈ X be given. The following assertions hold:

(a) x0 ∈ WS(X, f) if it is an optimal solution of (Pℓ);

(b) x0 ∈ S(X, f) if it is an optimal solution of (Pℓ) and if it is a unique
optimal solution or all constraints of (Pℓ) are binding;

(c) x0 ∈ S(X, f) if and only if it is optimal for all (Pℓ), ℓ = 1, . . . , k and
L−ℓ = (f1(x

0), . . . , fℓ−1(x
0), fℓ+1(x

0), . . . , fk(x
0)).
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Proof. To establish (a), we assume that x0 is optimal for (Pℓ). If it is not
a weak efficient solution of (MOP ), then there is some y ∈ X such that
f(y) > f(x). It follows that y is feasible for (Pℓ) because fj(y) > fj(x

0) ≥ Lj ,
j ∈ {1, . . . , k}\{ℓ}.Moreover, fℓ(y) > fℓ(x

0), which contradicts the optimality
of x0.

For (b), assume that there is y ∈ X such that f(y) ≥ f(x0). It follows
that y is feasible for (Pℓ). Since x

0 is optimal, we have fℓ(y) = fℓ(x
0). If x0

is unique, then y = x0, and if all the constraints are binding, then fj(y) =
fj(x

0) = Lj , j ∈ {1, . . . , k}\ {ℓ}. In both cases, f(y) = f(x0), by which
x0 ∈ S(X, f).

For (c), assume that x0 ∈ S(X, f). Suppose to the contrary that for some
ℓ, x0 is not optimal for the problem (Pℓ):

max fℓ(x)
subject to fj(x) ≥ fj(x

0), j = 1, . . . , k, j 6= ℓ
x ∈ X.

Then, there is some y ∈ X with fj(y) ≥ fj(x
0), j = 1, . . . , k, j 6= ℓ, such that

fℓ(y) > fℓ(x
0). It follows that f(y) > f(x0), which contradicts the assumption.

For the converse, we assume that x0 /∈ S(X, f). Then there is some y ∈ X
such that f(y) > f(x0). There is some l ∈ {1, . . . , k} such that fℓ(y) > fℓ(x

0)
and fj(y) ≥ fj(x

0), for j = 1, . . . , k. It is clear that x0 cannot be optimal for
(Pℓ) above. The proof is complete.

The following is the constraint algorithm to solve (MOP ):

STEP 1. Solve
max fi(x)
subject to x ∈ X

for i = 1, . . . , k. Let x1, . . . , xk be optimal solutions.

STEP 2. Construct the payoff table



f1(x
1) · · · fk(x

1)
...

...
f1(x

k) · · · fk(x
k)

M1 · · · Mk

m1 · · · mk




where
Mi = max{fi(x1), . . . , fi(xk)}
mi = min{fi(x1), . . . , fi(xk)}.

STEP 3. Choose r = 1, 2, . . . and solve (Pℓ) with

Lj =Mj −
t

r − 1
(Mj −mj), t = 0, . . . , r − 1.
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If at a solution x∗ of (Pℓ), all the constraints are binding, then this solu-
tion is maximal for (MOP). Otherwise, assuming f1, . . . , fs is active, and
fs+1, . . . , fk(6= fℓ) is nonbinding, one solves (P∗):

max
∑

j=s+1,...,k,j 6=ℓ

fj(x)

subject to x ∈ X, fi(x) = f(x∗)i, i = 1, . . . , s, i 6= ℓ,

to obtain an efficient solution. Moreover, in the last step for each t the prob-
lem (Pℓ) (or the corresponding (P∗)) provides an efficient solution and hence
a maximal value of (MOP). With r large, one may generate a good represen-
tative subset of the maximal value set of the problem.

Example 7.15. Consider the concave problem

max f(x) =
(
−x21 − x2 + 2,−11x21 + 6x1x2 − x22 + 2

)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1

}
.

For the problem

max f1(x) = −x21 − x2 + 2
subject to x ∈ X,

the optimal solution is x1 = (0, 0).
For the problem

max f2(x) = −11x21 + 6x1x2 − x22 + 2
subject to x ∈ X,

the optimal solution is x2 = (0, 0).
The payoff table is




f1(x
1) f2(x

1)
f1(x

2) f2(x
2)

M1 M2

m1 m2


 =




2 2
2 2
2 2
2 2


 ,

where M1 = max
{
f1(x

1), f1(x
2)
}

= 2, M2 = max
{
f2(x

1), f2(x
2)
}

= 2,

m1 = min
{
f1(x

1), f1(x
2)
}
= 2, and m2 = min

{
f2(x

1), f2(x
2)
}
= 2.

For every r ≥ 1, we obtain one maximal solution x = (0, 0) with value
f(x) = (2, 2). (See Figure 7.12).

Example 7.16. Consider the concave problem

max f(x) =
(
−x21 − x2 + 2,−5x21 + 2x1x2 − x22 − 3

)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 2

}
.
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For the problem

max f1(x) = −x21 − x2 + 2
subject to x ∈ X,

the optimal solution is x1 = (0, 0).
For the problem

max f2(x) = −5x21 + 2x1x2 − x22 − 3
subject to x ∈ X,

the optimal solution is x2 = (0, 0).
The payoff table is




f1(x
1) f2(x

1)
f1(x

2) f2(x
2)

M1 M2

m1 m2


 =




2 −3
2 −3
2 −3
2 −3


 ,

where M1 = max
{
f1(x

1), f1(x
2)
}

= 2, M2 = max
{
f2(x

1), f2(x
2)
}

= −3,

m1 = min
{
f1(x

1), f1(x
2)
}
= 2, and m2 = min

{
f2(x

1), f2(x
2)
}
= −3.

For every r ≥ 1, we obtain one maximal solution x = (0, 0) with value
f(x) = (2,−3). (See Figure 7.13).

Example 7.17. Consider the concave problem

max f(x) =
(
1− x21 − x22, 300x1 + 400x2 − x21 − 2x1x2 − 2x22

)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 2

}
.

For the problem

max f1(x) = 1− x21 − x22
subject to x ∈ X,

the optimal solution is x1 = (0, 0).
For the problem

max f2(x) = 300x1 + 400x2 − x21 − 2x1x2 − 2x22
subject to x ∈ X,

the optimal solution is x2 = (1, 2).
The payoff table is




f1(x
1) f2(x

1)
f1(x

2) f2(x
2)

M1 M2

m1 m2


 =




1 0
−4 1087
1 1087
−4 0


 ,

where M1 = max
{
f1(x

1), f1(x
2)
}
= 1, M2 = max

{
f2(x

1), f2(x
2)
}
= 1087,

m1 = min
{
f1(x

1), f1(x
2)
}
= −4, and m2 = min

{
f2(x

1), f2(x
2)
}
= 0.
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We obtain the following results:

l j r t Lj Maximal solution Maximal value

1 2 1 0 1087 (1, 2) (−4, 1087)

1 2 2 1 0 (0, 0) (1, 0)

1 2 3 1 543.5 (0.6567, 0.8740) (−0.1951, 543.5031)

1 2 4 1 724.66 (0.8776, 1.1673) (−1.1328, 724.6558)

1 2 4 2 362.33 (0.4365, 0.5819) (0.4709, 362.3343)

2 1 1 0 1 (0, 0) (1, 0)

2 1 2 1 −4 (1, 2) (−4, 1087)

2 1 3 1 −3/2 (0.9503, 1.2637) (−1.5000, 784.0713)

l j r t Lj Maximal solution Maximal value

2 1 4 1 −2/3 (0.7757, 1.0320) (−0.6667, 641.1772)

2 1 4 2 −7/3 (1, 1.5275) (−2.3333, 902.2785)

TABLE 7.4: Table for Example 7.17.

Example 7.18. Consider the concave problem

max f(x) =
(
−x21 − x2 + 2x1 + 2x1x2 − x22,

−0.1x21 + 2x1 − 0.1x22 − 3x2
)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1

}
.

For the problem

max f1(x) = −x21 − x2 + 2x1 + 2x1x2 − x22
subject to x ∈ X,

the optimal solution is x1 = (1, 0.5).
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FIGURE 7.18: Figure for Example 7.17, for r = 4.

For the problem

max f2(x) = −0.1x21 + 2x1 − 0.1x22 − 3x2
subject to x ∈ X,

the optimal solution is x2 = (1, 1).
The payoff table is




f1(x
1) f2(x

1)
f1(x

2) f2(x
2)

M1 M2

m1 m2


 =




1.25 0.375
1 −1.2

1.25 0.375
1 −1.2


 ,

where M1 = max
{
f1(x

1), f1(x
2)
}

= 1.25, M2 = max
{
f2(x

1), f2(x
2)
}

=

0.375, m1 = min
{
f1(x

1), f1(x
2)
}

= 1, and m2 = min
{
f2(x

1), f2(x
2)
}

=
−1.2.
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We obtain the following results:

l j r t Lj Maximal solution Maximal value

1 2 1 0 0.375 (1, 0.5) (1.2500, 0.3750)

1 2 2 1 −1.2 (1, 0.5) (1.2500, 0.3750)

1 2 3 1 −0.4125 (1, 0.5) (1.2500, 0.3750)

1 2 4 1 −0.15 (1, 0.5) (1.2500, 0.3750)

1 2 4 2 −0.675 (1, 0.5) (1.2500, 0.3750)

2 1 1 0 1.25 (1, 0.4986) (1.2500, 0.3793)

2 1 2 1 1 (1, 0) (1, 1.9000)

2 1 3 1 1.125 (1, 0.1464) (1.1250, 1.4587)

2 1 4 1 1.1666 (1, 0.2112) (1.1666, 1.2619)

2 1 4 2 1.0833 (1, 0.0917) (1.0833, 1.6241)

TABLE 7.5: Table for Example 7.18.

Example 7.19. Consider the concave problem

max f(x) =
(
−3x21 + 8− 5x22,−x21 − x22,−1.3x1 − 0.2x21 − x1x2 − 7x22

)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1

}
.

For the problem

max f1(x) = −3x21 + 8− 5x22
subject to x ∈ X,

the optimal solution is x1 = (0, 0).
For the problem

max f2(x) = −x21 − x22
subject to x ∈ X,
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FIGURE 7.19: Figure for Example 7.18, for r = 4.

the optimal solution is x2 = (0, 0).
For the problem

max f3(x) = −1.3x1 − 0.2x21 − x1x2 − 7x22
subject to x ∈ X,

the optimal solution is x3 = (0, 0).
The payoff table is




f1(x
1) f2(x

1) f3(x
1)

f1(x
2) f2(x

2) f3(x
2)

f1(x
3) f2(x

3) f3(x
3)

M1 M2 M3

m1 m2 m3



=




8 0 0
8 0 0
8 0 0
8 0 0
8 0 0



,

where M1 = max
{
f1(x

1), f1(x
2), f1(x

3)
}

= 8, M2 = max{f2(x1), f2(x2),
f2(x

3)} = 0, M3 = max{f3(x1), f3(x2), f3(x3)} = 0, m1 = min{f1(x1),
f1(x

2), f1(x
3)} = 8, m2 = min{f2(x1), f2(x2), f2(x3)} = 0, and m3 =

min{f3(x1), f3(x2), f3(x3)} = 0.
For every r ≥ 1, we obtain one maximal solution x = (0, 0) with value

f(x) = (8, 0, 0). (See Figure 7.16).
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Example 7.20. Consider the concave problem

max f(x) =
(
− 3x21 + 8− 5x22,−x21 + 11x1 − x22 − 12,−1.3x1 − 0.2x21

−x1x2 − 7x22
)

subject to x ∈ X,

where X =
{
(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1

}
.

For the problem

max f1(x) = −3x21 + 8− 5x22
subject to x ∈ X,

the optimal solution is x1 = (0, 0).
For the problem

max f2(x) = −x21 + 11x1 − x22 − 12
subject to x ∈ X,

the optimal solution is x2 = (1, 0).
For the problem

max f3(x) = −1.3x1 − 0.2x21 − x1x2 − 7x22
subject to x ∈ X,

the optimal solution is x3 = (0, 0).
The payoff table is




f1(x
1) f2(x

1) f3(x
1)

f1(x
2) f2(x

2) f3(x
2)

f1(x
3) f2(x

3) f3(x
3)

M1 M2 M3

m1 m2 m3



=




8 −12 0
5 −2 −1.5
8 −12 0
8 −2 0
5 −12 −1.5



,

where M1 = max{f1(x1), f1(x2), f1(x3)} = 8, M2 = max{f2(x1), f2(x2),
f2(x

3)} = −2, M3 = max{f3(x1), f3(x2), f3(x3)} = 0, m1 = min{f1(x1),
f1(x

2), f1(x
3)} = 5, m2 = min{f2(x1), f2(x2), f2(x3)} = −12, and m3 =

min{f3(x1), f3(x2), f3(x3)} = −1.5
We obtain the following results:

l j r t Lj Maximal
solution

Maximal value

1 2 1, 2 0 −2 (1, 0) (5,−2,−1.5)

1 2 2 1 −12 (0, 0) (8,−12, 0)

1 3 1, 2 0 0 (0, 0) (8,−12, 0)
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l j r t Lj Maximal
solution

Maximal value

1 3 2 1 −1.5 (0, 0) (8,−12, 0)

2 1 1, 2 0 8 (0, 0) (8,−12, 0)

2 1 2 1 5 (1, 0) (5,−2,−1.5)

2 3 1, 2 0 0 (0, 0) (8,−12, 0)

2 3 2 1 −1.5 (1, 0) (5,−2,−1.5)

3 1 1, 2 0 8 (0, 0) (8,−12, 0)

3 1 2 1 5 (1, 0) (5,−2,−1.5)

3 2 1, 2 0 −2 (1, 0) (5,−2,−1.5)

3 2 2 1 −12 (0, 0) (8,−12, 0)

TABLE 7.6: Table for Example 7.20.
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FIGURE 7.20: Figure for Example 7.20, for r = 2.
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7.7.3 Outer Approximation Method

Assume that f(X) is a compact set. Without loss of generality, we may assume
that it is contained in the interior of the Pareto cone. The set

f(X)♦ :=
(
f(X)− R

k
+

)
∩ R

k
+,

is known as the Edgeworth-Pareto hull (E-P hull for short) of f(X). It is said
to be finitely generated if there are a finite number of vectors v1, . . . , vm such
that f(X)⋄ coincides with {v1, . . . , vm}⋄. We will need the following properties
of f(X)♦.

Proposition 7.18. The following assertions hold:

(a) Max (f(X)) = Max
(
f(X)♦

)
;

(b) WMax (f(X)) ⊆ WMax
(
f(X)♦

)
;

(c) f(X)♦ = [ Max (f(X))]
♦
= [ WMax (f(X))]

♦
.

Proof. The two first assertions follow from Proposition 7.10 because f(X)−
Rk

+ = f(X)♦ − Rk
+. For the last assertion, we observe that

Max (f(X)) ⊆ WMax(f(X)) ⊆ f(X),

which implies

[Max (f(X))]
♦ ⊆ [WMax(f(X))]

♦ ⊆ f(X)♦.

For the converse, given a ∈ f(X)♦, there are x ∈ X and u ∈ Rk
+ such that

a = f(x)− u ∈ R
k
+.

Consider the section of f(X) at f(x) :

Af(x) = f(X) ∩
(
f(x) + R

k
+

)
.

It is a compact set, hence it has a maximal point, say y ∈ X with f(y) ∈
Max(Af(x)) ⊆ Max (f(X)) . Then a = f(y)+(f(x)−f(y))−u ∈ Max (f(X))−
Rk

+, which implies a ∈ [Max (f(X))]
♦

and the equalities of (iii) follow.

Here is the algorithm.

STEP 1. For i = 1, . . . , k solve

(P0) q0i = max
x∈X

fi(x).

Put ℓ = 1, W1 = {(q01 , . . . , q0k)}, E0 = ∅, V0 =W1, E = ∅, S = ∅.
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STEP 2. For q ∈Wℓ \ Eℓ−1. Solve

(Pq,e) tq = max hq,e(f(x)), subject to x ∈ X.

where e = (1, . . . , 1) ∈ Rk.
Compute

Eℓ = Eℓ−1 ∪ {q ∈Wℓ \ Eℓ−1 : tq = 0}
Vℓ = Wℓ \ Eℓ

and set

S = S ∪ {x ∈ X : f(x) = q, q ∈ Eℓ}
E = E ∪ Eℓ.

STEP 3. If Vℓ = ∅, stop. Otherwise for q ∈ Vℓ solve

(SPq)
max

∑k
i=1 fi(x)

subject to x ∈ X, f(x) ≥ q + tqe.

Set

S = S ∪ {x ∈ X : x solves (SPq)}
E = E ∪ {f(x) : x solves (SPq)}.

STEP 4. Determine Wℓ+1 by

Wℓ+1 = Max(Aℓ+1)

with Aℓ+1 =W✸

ℓ ∩ {y ∈ Rk
+ : hq,e(y) ≤ tq, q ∈ Vℓ}.

Put ℓ = ℓ+ 1 and return to STEP 2.

We give below some explanations of the algorithm. The setW♦
1 (see Step 1) is

the E-P hull of the vertex (q01 , . . . , q
0
k) ∈ R

k. It is the first finitely generated E-
P hull outer approximation of the set f(X)♦. The aim of the subsequent steps
is to generate a decreasing (by inclusion) sequence of finitely generated E-P
approximations of f(X)♦ while generating a set of maximal values of (MOP ).

In Step 2, one considers a vertex q of Wl. If q ∈ [f(X)]
♦
, which corresponds

to the case tq = 0, then it is a maximal value of (MOP ). If q is outside of

[f(X)]♦, the problem (Pq) will provide a new maximal value to add to the

collection E. If all vertices of Wl belong to [f(X)]
♦
, then the E-P hull W♦

l

coincides with [f(X)]
♦

and the algorithm stops. Otherwise, one determines
new vertices for a smaller approximation of f(X)♦ in Step 4. One may prove

that the sequence (Wl)
♦
approaches the set [f(X)]

♦
as l tends to ∞, and the

collection E approaches the closure of the maximal value set of (MOP).
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FIGURE 7.21: Construction of A1, A2, and A3.

Example 7.21. Consider the problem (MOP) in which the objective function
is the identity function on R2, and the constraint set is the set A given in
Fig. 7.21. We wish to generate the maximal value set, that is, the set of
maximal points of A.

The first (nonconvex) polyhedron A1 approximating A is the box
[
0aq0b

]
,

where q0 is found by solving (P0). At Step 2, we solve (Pq0), which gives us
tq0 and d = q0 + tq0e, and obtain the nonconvex polyhedron A2 generated by
W2 =

{
q1, q2

}
. The third nonconvex polyhedron A3 is the E-P hull of the set

W3 = {q3, q4, q5, q6}. The collection E contains the maximal points a1 after
the first iteration, and a1, a2, and a3 after the second iteration.

Reading. For more complete and advanced results on theoretical aspects,
applications in real-world situations, and numerical methods of vector opti-
mization, interested readers are referred to the textbooks and monographs
cited in the Bibliography.
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8.1 Introduction

Mathematical optimization and operations research have, over a period of al-
most 75 years, contributed tremendously to progress in engineering, finance,
medicine, transportation, to name just a few. Combinatorial optimization,
which deals with optimization over discrete sets of objects, has been particu-
larly successful in solving many difficult and large-scale planning problems in
real-world applications. However, in many real-world decision-making situa-
tions, people have to deal with conflicting objectives that need to be optimized
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simultaneously. It is therefore evident that multi-objective combinatorial op-
timization has tremendous potential for contributing to further development
of decision support systems built on optimization tools.

But the area of multi-objective optimization is much younger than mathe-
matical optimization in general. The first traces can be found in the 1950s and
in the 1970s for multi-objective combinatorial optimization (MOCO). How-
ever, progress in MOCO was slow until the 1990s, possibly due to the lack of
adequate computing facilities. However, in the last 20 years, the area has seen
considerable and increasing growth. It is therefore the right time to provide a
text that can serve as an introduction to the field and provide a guideline to
the literature for researchers entering the field that will take them from basic
concepts to latest developments. This is the aim of this chapter.

The text is organized as follows: Section 8.2 covers basic definitions and
properties of multi-objective combinatorial optimization problems. The fol-
lowing sections focus on solution approaches and are organized by problem
categories, as the difficulty of their (exact) solution increases. In Section 8.3
we consider problems where algorithms for the solution of single objective op-
timization can be adapted to the multi-objective case. Next, Section 8.4 cov-
ers problems where the extensive use of efficient single-objective algorithms
is key to success. For the problems in Section 8.5, single-objective variants
may already be complex to solve, and scalarizations of the multi-objective
optimization problems may require the use of general integer programming
techniques, such as branch and bound. Finally, in Section 8.6 we touch on
problems that are currently beyond the capabilities of exact solution methods
and present metaheuristic techniques. We conclude with some suggestions for
future research in Section 8.7.

Throughout the chapter, the emphasis is on understanding concepts, rather
than a rigorous mathematical development. We provide graphics to illustrate
the main ideas and list many references that give a starting point for further
reading.

8.2 Definitions and Properties

Formally, a multi-objective combinatorial optimization problem can be written
as a linear integer program

min{z(x) = Cx : Ax = b, x ∈ {0, 1}n}, (8.1)

where x ∈ {0, 1}n is a (column) vector of n binary variables xj , j = 1, . . . , n,
C ∈ Zp×n contains the rows ck of coefficients of p linear objective functions
zk(x) = ckx, k = 1, . . . , p, and A ∈ Zm×n, b ∈ Zm describe m constraints
aix = bi, i = 1, . . . ,m, where ai, i = 1, . . . ,m are m row vectors from Rn. The
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constraints define combinatorial structures such as paths, trees, or cycles in a
network or partitions of a set, etc., and it will be convenient to assume that
all coefficients, that is, all entries of A, b, and c are integers.

The set X = {x ∈ {0, 1}n : Ax = b} is called a feasible set in decision
space R

n and Y = z(X) = {Cx : x ∈ X} is the feasible set in objective space
Rp. The set of points dominated by any point on the “lower left” boundary of
the convex hull of Y , sometimes called the Edgeworth-Pareto hull of Y , and
defined as conv(Y ) + R

p
≧
, is very important. Figure 8.1 shows both Y as a

finite set of circles and conv(Y ) +R
p
≧
as a shaded area for a MOCO problem

with two objectives.
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conv (C(X)) + p

FIGURE 8.1: Feasible set and Edgeworth-Pareto hull.

For two vectors y1, y2 ∈ Rp we use the notation y1 ≦ y2 if y1k ≦ y2k for
k = 1, . . . , p; y1 ≤ y2 if y1 ≦ y2 but y1 6= y2, and y1 < y2 if y1k < y2k for
k = 1, . . . , p. Because MOCO problem (8.1) is an optimization problem over
vectors, the meaning of the min operator needs to be defined. The individual
minimizers of the p objective functions zk(x), that is, feasible solutions x̂ ∈ X
such that zk(x̂) ≦ zk(x) for all x ∈ X for some k ∈ {1, . . . , p}, do only
minimize a single objective and may in fact be bad choices as solutions to
MOCO problem (8.1), in particular if they are not unique; see Figure 8.2.
More important are the lexicographic optima, that is, feasible solutions x̂
such that z(x̂) ≦lex z(x) for all x ∈ X , and more generally, zπ(x̂) ≦lex z

π(x)
for all x ∈ X and some permutation zπ = (zπ(1), . . . , zπ(p)) of the components
of the vector-valued function z = (z1, . . . , zp). Figure 8.2 shows non-unique
individual minima for z1 and z2 (filled circles). Among those, ŷ1 = (1, 8)T and
ŷ2 = (7, 1)T are lexicographically minimal for the permutation of objectives
(z1, z2) and (z2, z1), respectively. Note that y1 is lexicographically smaller
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than y2 with respect to permutation π if there is some k ∈ {1, . . . , p} such
that y1π(i) = y2π(i) for i = 1, . . . k − 1 and y1π(k) < y2π(k). It is also clear from
Figure 8.2 that a point combining the minimal values for all objectives, called
the ideal point and denoted yI , that is, (1, 1)T in Figure 8.2, does usually
not belong to Y or even conv(Y ) +R

p
≧
. Hence, an ideal solution xI such that

zk(x
I) ≦ zk(x) for all x ∈ X and all k = 1, . . . , p does not exist.
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FIGURE 8.2: Individual and lexicographic minima.

While individual and lexicographic optima refer to total (pre)orders on Rp,
multi-objective optimization is based on the concept of efficiency or Pareto
optimality. It is defined using partial (pre)orders based on componentwise
comparison of vectors. A feasible solution x̂ ∈ X belongs to the set of weakly
efficient solutionsXwE if there is no x ∈ X with z(x) < z(x̂). In that case, z(x̂)
is called weakly non-dominated. We denote YwN := z(XwN) as the set of all
weakly non-dominated points. Finally, x̂ ∈ XE, the set of efficient solutions,
if there is no feasible x with z(x) ≤ z(x̂). The objective vector z(x̂) is non-
dominated and YN := z(XE) is the set of non-dominated points.

An efficient solution is supported if there is some λ > 0 such that λTCx̂ ≦

λTCx for all x ∈ X . If Cx̂ is an extreme point of conv(Y )+R
p

≧
, it is an extreme

efficient solution, and Cx̂ is an extreme non-dominated point. We let XSE1 be
the set of extreme efficient solutions and let XSE2 denote the set of supported
efficient solutions such that Cx̂ is in the relative interior of a face of conv(Y )+
R

p

≧
. All supported efficient solutions areXSE = XSE1∪XSE2. Finally,XNE =

XE \XSE is the set of non-supported efficient solutions, i.e., x̂ such that Cx̂ is
in the interior of conv(Y )+R

p

≧
. It is very easy to construct small examples that

show that even the bi-objective shortest path, spanning tree, and assignment
problems have non-supported efficient solutions. Figure 8.3 shows (weakly)
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FIGURE 8.3: (Weakly) non-dominated points.

non-dominated points as filled circles. Note that (1, 9)T , (6, 3)T , and (9, 1)T are
weakly non-dominated but not non-dominated. Moreover, (5, 3)T and (6, 2)T

are non-supported. Figure 8.4 illustrates supported non-dominated points.
Figure 8.4(a) shows that (3, 4)T is an extreme non-dominated point and Figure
8.4(b) that (2, 6)T is a supported non-dominated point in the relative interior
of a face of conv(Y ) + R

p

≧
.

Following [31] we call x1, x2 ∈ XE equivalent if Cx1 = Cx2. A complete set
of efficient solutions is X̂ ⊂ XE such that for all y ∈ YN there is some x ∈ X̂
with z(x) = y. A minimal complete set contains no equivalent solutions; the
maximal complete set XE contains all equivalent solutions. We can now speak
about, for example, a minimal complete set of extreme efficient solutions.
This classification allows us to precisely describe what is to be understood
by statements that a certain algorithm “solves” a certain MOCO problem.
We shall always understand solving a MOCO problem as finding all non-
dominated points, and for each y ∈ YND, one x such that Cx = y, that is,
finding a minimal complete set.

Considering computational complexity, MOCO problems are hard. The
decision problem related to optimization problem (8.1) is: Given d ∈ Zp, does
there exist x ∈ X such that Cx ≦ d? and the associated counting problem
is: Given d ∈ Zp, how many x ∈ X satisfy Cx ≦ d? We are also interested
in knowing how many efficient solutions (non-dominated points) may exist in
the worst case.

We present an argument of [11] and use the binary knapsack problem
(Given a1, a2 ∈ Zn and b1, b2 ∈ Z, does there exist x ∈ {0, 1}n such that
(a1)Tx ≦ b1 and (a2)Tx ≧ b2?), which is known to be NP-complete and
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(a) Extreme non-dominated point for

λT = (1, 1).
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(b) Supported non-dominated point in

the relative interior of a face for λT =
(2, 1).

FIGURE 8.4: Supported non-dominated points.

#P-complete [36, 81] to show that the most basic MOCO problem, called
the unconstrained MOCO problem, is hard. The unconstrained bi-objective
combinatorial optimization problem is

min

{
n∑

i=1

cki xi for k = 1, 2 : xi ∈ {0, 1} for i = 1, . . . , n

}
. (8.2)

The decision problem “Does there exist x ∈ {0, 1}n such that c1x ≦ d1
and c2x ≦ d2?” has a parsimonious transformation to the binary knapsack
problem, which is defined by c1 := a1, d1 = b1, c

2 := −a2, d2 := −b2, showing
NP- and #P-completeness of the unconstrained MOCO problem in Equation
(8.2). Furthermore, setting cki := (−1)k2i−1, it holds that Y = YN , showing
that an exponential number of non-dominated points may exist.

Similar results are known for the bi-objective shortest path problem [31,
70], the assignment problem [50, 70], the spanning tree problem [29]c, and the
network flow problem [66]. Although intractability implies that XE and even
YSN can be exponential in the size of the instance, numerical tests reveal that
the number of non-dominated points is often small, particularly in real-world
applications. This has been observed by [63] and [48] for randomly generated
and real-world instances of the shortest path problem and by [58] for randomly
generated instances of the bi-objective assignment problem.

Empirically, it is also often observed that |XNE | grows exponentially with
instance size, whereas |XSE | grows polynomially with instance size. It is clear
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that the numerical values of objective function coefficients in C play an im-
portant role, as does the structure of the instance; for example, in the multi-
objective shortest path problem, grid graphs have many more efficient paths
than NETGEN [39] generated ones [63]. This issue is poorly understood today.

8.3 Two Easy Problems: Multi-objective Shortest Path

and Spanning Tree

In this section, we shall discuss algorithms to solve a first class of multi-
objective combinatorial optimization problems, which we shall call easy prob-
lems. For such problems, efficient polynomial time algorithms exist to solve
their single objective versions, and it is possible to extend these algorithms
to deal with the multi-objective versions. The prime examples are the multi-
objective shortest path and spanning tree problems. The algorithms to solve
these problems show that dynamic programming and greedy algorithms can
be applied to multi-objective optimization problems with any number of ob-
jectives.

Let G = (V ,A) be a directed graph defined by node set V and arc set
A with p arc costs ckij , k = 1, . . . , p on arcs (i, j) ∈ A. The multi-objective
shortest path problem is to find efficient paths from an origin node s to a des-
tination node t or to all other nodes of G. In the single objective case p = 1,
label-setting algorithms, such as Dijkstra’s algorithm [8], or label-correcting
algorithms, such as Bellman’s algorithm [3], are well-known polynomial time
algorithms. We will provide generalizations of these for multi-objective short-
est path problems.

Label-setting algorithms rely on the following fact. Assuming that all ckij ≧
0, let Pst be an efficient path from s to t. Then any subpath Puv from u
to v, where u and v are vertices on Pst, is an efficient path from u to v.
Notice that, on the other hand, concatenations of efficient paths need not be
efficient. This principle of optimality shows that the multi-objective shortest
path problem is an example of multi-objective dynamic programming and
implies that generalizations of both Dijkstra’s and Bellman’s algorithms are
possible. Such algorithms have vector-valued labels and therefore, due to the
partial orders used, need to maintain sets of non-dominated labels at each
node rather than single labels.

For a label-setting algorithm, lists of permanent and temporary labels are
stored and it is necessary to ensure that a permanent label defines an efficient
path from s to the labeled node. This can be done by selecting the lexico-
graphically smallest label from the temporary list to become permanent. A
label-setting algorithm then follows the same steps as in the single-objective
case, except that newly created labels need to be compared with label sets.
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New labels dominating existing labels lead to the deletion of those dominated
labels. An existing label dominating a new label results in the new label being
discarded, otherwise the new label is added to the label list. An interesting
feature of the multi-objective shortest path problem is that, in contrast to the
single-objective one, it is not possible to terminate a multi-objective label-
setting algorithm once the destination node t has been reached, since further
unprocessed temporary labels at nodes in V \ {s, t} may lead to the detection
of more efficient paths from s to t, another effect of the partial order. Never-
theless, any label at t can serve as an upper bound and temporary labels at
any intermediate node dominated by such an upper bound can be eliminated.

Just as in the single objective case, label-setting algorithms fail if negative
arc lengths are permitted. In the multi-objective case, the following situations
may occur: If there is a cycle C with

∑
(i,j)∈C cij ≤ 0, there is no efficient

path; if there is a cycle C with
∑

(i,j)∈C c
k
ij < 0 and

∑
(i,j)∈C c

l
ij > 0 for some

k and some l 6= k, there are infinitely many efficient paths as every pass of
the cycle reduces one objective and increases another, thereby creating one
more efficient path every time. In the presence of negative-arc-length label-
correcting algorithms are needed. Once again, one proceeds by processing the
labels as in the single-objective case, keeping in mind that all newly created
labels need to be compared with existing label sets so that all dominated labels
can be eliminated. Of course, no label is permanent until termination of the
algorithm. For details on a variety of multi-objective shortest-path problems,
including pseudocode and numerical results, the reader is referred to [63].

Another problem that we discuss is the multi-objective spanning-tree prob-
lem. Given a graph G = (V , E) with edge set E and edge costs ckij , k = 1, . . . , p
for all edges [i, j] ∈ E , its aim is to find efficient spanning trees of G, that is,
spanning trees for which the cost vectors are non-dominated. The following
theorem is the foundation for greedy algorithms that generalize Prim’s [55]
and Kruskal’s [40] algorithms.

Theorem 8.1. [29] Let T be an efficient spanning tree of G. The following
assertions hold.

(a) Let e ∈ E(T ) be an edge of T . Let (V(T1), E(T1)), and (V(T2), E(T2))
be the two connected components of G \ {e}. Let C(e) := {f = [i, j] ∈
E : i ∈ V(T1), j ∈ V(T2)} be the cut defined by deleting e. Then, c(e) ∈
min{c(f) : f ∈ C(e)}.

(b) Let f ∈ E \ E(T ) and let P (f) be the unique path in T connecting the
end nodes of f . Then, c(f) ≤ c(e) does not hold for any e ∈ P (f).

The first statement of Theorem 8.1 shows that starting from a single node
and adding efficient edges between nodes that are already included and nodes
that a not yet included in the tree will eventually construct all efficient trees.
Notice that several such edges might exist, and hence in every iteration there
will be a set of efficient partial trees. As in the multi-objective shortest-path
problem, adding edges to an efficient partial tree does not necessarily lead to
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another efficient partial tree, but adding efficient edges to a dominated partial
tree may yield an efficient partial tree. It is therefore necessary to filter out
dominated trees at termination of the algorithm. In a similar way, the second
statement provides a justification for a Kruskal-like algorithm for the multi-
objective spanning-tree problem.

8.4 Nice Problems: The Two-Phase Method

In this section we consider a class of multi-objective optimization problems
that we shall call nice. As in the previous section, these are problems for which
efficient polynomial time algorithms to solve the single-objective version are
known. Considering the hardness of even the “simplest” bi-objective combi-
natorial optimization problems as discussed in Section 8.2, this indicates that
there is benefit in solving the single-objective version as a subproblem even
if that has to be done often, so that the polynomial time algorithms can be
exploited as much as possible. We shall describe the two-phase method, origi-
nally proposed by [76], as a general framework to do this. A detailed exposition
of the method can be found in [61].

8.4.1 The Two-Phase Method for Two Objectives

We first explain the two-phase method for MOCO problems with two ob-
jectives. In Phase 1, at least a (minimal) complete set of extreme effi-
cient solutions XSE1 is found. This is typically done starting from two lex-
icographically optimal solutions. The method then recursively calculates a
weight vector λT = (λ1, λ2) > 0 as a normal to the line connecting two
currently known non-dominated points and solves a weighted-sum problem
min{λTCx : x ∈ X}. In Figure 8.5(a), lexicographic minima (1, 8)T and
(7, 1)T are identified and λT = (8 − 1, 7 − 1) = (7, 6) is defined. The corre-
sponding weighted-sum problem yields a non-dominated point (3, 4)T (Figure
8.5(b)) and allows us to divide the problem in two: The first weighted-sum
problem with λT = (8−4, 3−1) = (4, 2) looks for new non-dominated extreme
points between (1, 8)T and (3, 4)T . The second, with λT = (4−1, 7−3) = (3, 4),
is used to explore the area between (3, 4)T and (7, 1)T . Neither finds any fur-
ther non-dominated extreme points in the example. The first, however, may
or may not find supported (but non-extreme) non-dominated points (2, 6)T ,
depending on the solver (Figure 8.5(c)).

In Phase 2, any other efficient solutions (non-dominated points) are deter-
mined, in particular, non-supported efficient solutions XNE . After Phase 1, it
is possible to restrict the search for non-dominated points to triangles defined
by consecutive non-dominated extreme points. In the literature, several meth-
ods have been proposed to achieve that. Neighborhood search, as suggested,
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(c) Dividing the problem.

FIGURE 8.5: Phase 1 of the two-phase method.
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for example, in [42, 69], is in general wrong, because efficient solutions are in
general not connected via a neighborhood structure [15]. One can apply con-
straints to restrict objective values to triangles and modify those constraints
as further points are discovered. However, the computational effort may be
high, in particular because problems tend to get harder when adding further
(knapsack type) constraints. This idea is therefore contrary to the spirit of
the two-phase method. Variable fixing strategies as suggested by [76] can be
a reasonable alternative. However, currently the best-performing two-phase
algorithms are those that exploit a ranking algorithm that generates solutions
of single objective (weighted sum) problems in order of their objective value
(Figure 8.6(a)). The ranking method has been successfully applied for a num-
ber of bi-objective problems, namely bi-objective assignment [58], multi-modal
assignment [54], spanning tree [73], shortest path [63], network flow [64], and
binary knapsack [35]. It is important to note that for all these problems effi-
cient ranking algorithms to find r-best solutions of the single-objective version
of the problem are available, references to which can be found in the original
papers.
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(a) The triangles where non-supported
non-dominated points may be located.
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(b) Ranking non-supported non-
dominated points.

FIGURE 8.6: Phase 2 of the two-phase method.

The ranking algorithm is applied to weighted-sum problems corresponding
to each triangle (see Figure 8.6(a)). Let λ > 0 be a weight vector defined as
the normal to the line connecting two consecutive non-dominated extreme
points, for example, λT = (4, 2) (left triangle) and λT = (3, 4) (right triangle)
in Figure 8.6(a). The ranking algorithm then finds second, third, etc. best
solutions for the problem of minimizing λTCx, in increasing order of objective
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values for λTCx. The two non-dominated extreme points defining the triangle
(and λ) are clearly optimal solutions for this problem.

This process stops once a solution the (weighted sum) objective function
value of which is worse than the value of the third corner of the triangle.
In Figure 8.6(b), with λT = (3, 4), the algorithm finds (6, 2)T with objective
value 26, then (5, 3)T with objective value 27. Both points are non-dominated.
The 4th best point is (6, 3)T , which is dominated by both previous points.
The algorithm can now be stopped, because any further point would also be
dominated. This indicates that the enumeration of solutions can be stopped
even before the search has left the triangle.

In order to facilitate this process, upper bounds on the weighted sum
objective value for any efficient solution in the triangle can be derived. Let
{xi : 0 ≦ i ≦ q} be feasible solutions with z(xi) ∈ ∆(x0, xq), the triangle
defined by z(x0) and z(xq), sorted by increasing value of z1, where z(x

0) and
z(xq) are two consecutive non-dominated extreme points of conv(Y ). Let

β0 :=
q−1
max
i=0

{λ1z1(xi+1) + λ2z2(x
i)}, (8.3)

β1 := max
{

q−1
max
i=1

{λ1z1(xi) + λ2z2(xi)},
q

max
i=0

{λ1(z1(xi)− 1) + λ2(z2(xi−1)− 1)}
}
, (8.4)

β2 :=
q

max
i=0

{λ1(z1(xi)− 1) + λ2(z2(xi−1)− 1)}. (8.5)

Then β0 ≧ β1 ≧ β2 are upper bounds for the weighted sum objective value
of any non-dominated point in ∆(x0, xq). The ranking process can be stopped
as soon as bound βj is reached. The use of β0 and β1 from Equations (8.3) and
(8.4) allows computation of the maximal complete set, whereas β2 guarantees
a minimal complete set only. Notice that these bounds will be improved every
time a new efficient solution is found. In Figure 8.6(b), the initial bound
β2 using Equation (8.5) with {y0 = (3, 4)T , y1 = (7, 1)T } is 30, but once
(6, 2)T is found, this improves to 27, and with (5, 3)T also discovered, to 24.
Clearly no additional feasible point in the triangle can be better than that
bound.

The two-phase method involves the solution of enumeration problems. In
order to find a maximal complete set one must, of course, enumerate all opti-
mal solutions of minx∈X λTCx for all weighted-sum problems solved in Phase
1 and enumerate all x ∈ XNE with Cx = y ∈ YND for all non-supported non-
dominated points y. But even to compute a minimal complete set, enumera-
tion is necessary to find XSE2. There can indeed be many optimal solutions of
minx∈X λTCx that are non-extreme and not equivalent to one another (see,
e.g., points (1, 8)T , (2, 6)T , (3, 4)T in Figure 8.5(c)).

As an example of a very efficient implementation of a two-phase method,
[58] developed a two-phase algorithm for the bi-objective assignment problem
using the Hungarian method [41] to solve weighted-sum assignment problems,
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an enumeration algorithm by [19] to enumerate all optimal solutions of these
problems, and a ranking of (non-optimal) solutions of minx∈X λTCx by [4].
The algorithm outperformed a two-phase method using variable fixing, a two-
phase method using a heuristic to find a good feasible solution before Phase 2,
general exact MOCO algorithms, and CPLEX using constraints on objectives.
An explanation for the good performance of the method is given by the dis-
tribution of objective function values for randomly generated instances. The
objective values of an AP with cij ∈ {0, . . . , r−1} are asymptotically normally

distributed with µ = n(r−1)
2 , σ2 = n(r2−1)

12 , as shown in [56].

8.4.2 The Two-Phase Method for Three Objectives

Extending the two-phase method to three objectives is not trivial. In Phase
1, a weight vector defines the normal to a plane. While three non-dominated
points are sufficient to calculate such a weight vector, there may be up to
six different lexicographically optimal points, so it is unclear which points
to choose for calculating weights to start with. Moreover, even if the mini-
mizers of the three objective functions are unique, the normal to the plane
defined by three non-dominated points may not be positive. In this case no
further non-dominated points would be calculated; see an example presented
in [59].

Hence, a direct generalization of the two-phase method already fails with
the initialization. Two generalizations of Phase 1 have been proposed by [59]
and [52]. We present the ideas of [59], where Phase 1 relies on decomposition
of the simplex of all non-negative normalized weights

W 0 :=

{
λ : λ1 > 0, . . . , λp > 0, λp = 1−

p−1∑

k=1

λk

}
(8.6)

into subsets

W 0(y) := {λ ∈W 0 : λT y ≦ λtY ′ for all y′ ∈ Y } (8.7)

of W 0 consisting of all weight vectors λ such that y is a point minimizing
λT y over Y . It turns out that y is a non-dominated extreme point if and
only if W 0(y) has dimension p− 1. This allows us to define adjacency of non-
dominated extreme points as follows. Non-dominated extreme points y1 and
y2 are adjacent if and only ifW 0(y1)∩W 0(y2) is a polytope of dimension p−2,
which then makes it possible to derive the optimality condition of Theorem
8.2.

Theorem 8.2. [59] If S is a set of supported non-dominated points, then

YSN1 ⊆ S ⇔ W 0 =
⋃

y∈S

W 0(y). (8.8)
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The results above lead to a new Phase 1 algorithm. Let S be a set
of supported non-dominated points. Let W 0

p (y) = {λ ∈ W 0 : λT y ≦

λT y∗ for all y∗ ∈ S}. Then W 0(y) ⊆ W 0
p (y) for all y ∈ S and W 0 =⋃

y∈S W
0
p (y). The algorithm initializes S with the lexicographically optimal

points. While S is not empty, it chooses ŷ ∈ S, computes W 0
p (ŷ) and inves-

tigates all facets F of W 0
p (ŷ) defined by λT ŷ = λT y′ for y′ ∈ S to determine

whether F is also a facet of W 0(ŷ). If ŷ minimizes λT y for all λ ∈ F then ŷ
and y′ are adjacent and F is the common face of W 0(ŷ) and W 0(y′). If there
are y∗ ∈ Y and λ ∈ F such that λT y∗ < λT y, then W 0(ŷ) is a proper subset
of W 0

p (ŷ), y
∗ is added to S and W 0

p (ŷ) is updated.
At the end of Phase 1, all non-dominated extreme points of Y and a

complete set of extreme efficient solutions is known. Any other supported
efficient solutions must be optimal solutions to weighted sum problems with λ
belonging to 0- and 1-dimensional faces of someW 0(y) of some non-dominated
extreme point y. To find these, it is enough to find all optimal solutions of
weighted-sum problems with one λ chosen from each common boundary of two
weight sets W 0(y1) and W 0(y2) plus the intersection points of three weight
sets. To find non-supported non-dominated points, one can once again employ
a ranking algorithm for weighted-sum problems, where λ is chosen to be a
normal to a facet defining hyperplane of conv(Y ) + R

p
≧
. Note that this is

analogous to the bi-objective case. The difficult part in the completion of
the Phase 2 algorithm is the computation of good upper bounds and the
selection of weights in a way that keeps the ranking of solutions as limited as
possible. Here the difficulty arises from the fact that unlike in the case of two
objectives, the area where non-supported non-dominated points can be found
does not decompose into disjoint subsets. Details about Phase 2 for multi-
objective combinatorial optimization problems can be found in [60], where its
generalization to more than three objectives via a recursive scheme is also
discussed.

Numerical results in [57] show that the method outperforms three gen-
eral methods to solve MOCO problems by a factor of up to 1000 on the
three-objective assignment problem. The biggest advantage of the two-phase
method is that it respects problem structure, thereby enabling use of efficient
algorithms for single-objective problems as much as possible.

8.5 Difficult Problems: Scalarization and Branch and

Bound

In Sections 8.3 and 8.4 we considered MOCO problems for which the case
p = 1 is a polynomially solvable single-objective optimization problem. It is
now time to give up this assumption and consider problems whose single-
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objective counterpart is NP-hard. Since many such problems are solvable in
practice despite their theoretical NP-hardness, that is, they are solvable in
reasonable time, in particular when real-world applications are involved, it
makes sense to first consider how far we can get when considering scalarized
versions. In doing so, we give up the idea of considering only scalarizations that
yield single-objective problems of the same structure as the MOCO problem
for p = 1.

8.5.1 Scalarization

The idea of scalarization is to convert a multi-objective optimization prob-
lem to a (parameterized) single-objective problem that is solved repeatedly
with different parameter values. We are interested in the following desirable
properties of scalarizations [82]. Correctness requires that an optimal solu-
tion of the scalarized problem is (at least weakly) efficient. A scalarization
method is complete if all efficient solutions can be found by solving a scalarized
problem with appropriately chosen parameters. For computability it is impor-
tant that the scalarization is not harder than a single-objective version of the
MOCO problem. This relates to theoretical computational complexity as well
as computation time in practice. Furthermore, since MOCO problem (8.1)
has linear constraints and objectives, the scalarization should have a linear
formulation.

The scalarization techniques that are most often applied in MOCO, illus-
trated in Figure 8.7, are the weighted sum method (Figure 8.7(a))

min
{
λT z(x) : x ∈ X

}
, (8.9)

the ε-constraint method (Figure 8.7(b))

min {zl(x) : zk(x) ≤ εk, k 6= l, x ∈ X} , (8.10)

and the weighted Chebychev method (Figure 8.7(c))

min

{
max

k=1,...,p
νk(zk(x) − yIk) : x ∈ X

}
. (8.11)

In Table 8.1 we summarize the properties of the methods listed in Equations
(8.9)–(8.11).

TABLE 8.1: Properties of popular scalarization methods.

Scalarization Correct Complete Computable Linear

Weighted sum + – + +
ε-constraint + + – +
Chebychev + + – +
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(a) The weighted-sum scalarization.
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(b) The ε-constraint scalarization.
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(c) The Chebychev scalarization.

FIGURE 8.7: Popular scalarization methods.
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All three scalarized problems clearly have a linear formulation (with integer
variables, of course). They do also all compute (weakly) efficient solutions, see,
for example, [11] for proofs. As for completeness, it follows from the definition
of non-supported non-dominated points, that the weighted-sum scalarization
cannot compute any non-supported efficient solution. On the other hand, both
the ε-constraint scalarization and the Chebychev scalarization can be tuned to
find all efficient solutions. For proofs, we again refer the reader to, for exam-
ple, [11]. In terms of computability, we have seen before that the weighted-sum
scalarization (8.9) does maintain the structure of the single-objective variant of
MOCO problem (8.1), and it is therefore solvable with the same computational
effort. On the other hand, the ε-constraint method (8.10) and the (linearized
version of the) Chebychev scalarization (8.11) both include bounds on objec-
tive function values. Such additional constraints usually make single-objective
versions of MOCO problem (8.1) harder to solve, because they destroy the
structure of the problem, which is exploited in efficient algorithms for their
solution.

In [10] it was shown that all three scalarizations (and several others) are
special cases of the more general formulation

min
x∈X

{
p

max
k=1

[νk(ckx− ρk)] +

p∑

k=1

[λk(ckx− ρk)] : ckx ≦ εk, k = 1, . . . , p

}
,

(8.12)
where ν and λ denote (non-negative) weight vectors in R

p, ρ ∈ R
p is a reference

point, and scalars εk represent bounds on objective function values. To see this,
set νk = 0, ρk = 0, and εk =M for all k = 1, . . . , p and sufficiently largeM to
obtain the weighted-sum problem (8.9); νk = 0 for k = 1, . . . , p, λl = 1, λk = 0
for all k 6= l and ρk = 0 for all k = 1, . . . , p for the ε-constraint scalarization
(8.10); and finally, ρ = yI , λ = 0, εk = M for the Chebychev scalarization
(8.11). With regard to the general scalarization in Equation (8.12), we cite
the following result.

Theorem 8.3. [10]

(a) The general scalarization (8.12) is correct, complete, and NP -hard.

(b) An optimal solution of the Lagrangean dual of the linearized general
scalarization is a supported efficient solution of the MOCO problem
(8.1).

Theorem 8.3 shows that the general scalarization will be difficult to solve
and that solving it by Lagrangian relaxation is not useful. Moreover, Ta-
ble 8.1 indicates that complete scalarizations are not computable, whereas
computable ones are not complete. To resolve this dilemma, one may ask
whether it is possible to come up with a compromise, that is, a scalariza-
tion that falls somewhere between the weighted-sum scalarization and the
ε-constraint/Chebychev scalarization, combining their strengths and elimi-
nating their weaknesses. This is indeed possible with the elastic constraint
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scalarization. This scalarization is derived from the ε-constraint scalarization,
but allows the constraints on objective function values to be violated, with the
violation penalized in the objective function. Formally, the elastic constraint
scalarization is defined as in Equation (8.13):

min



clx+

∑

k 6=l

µkwk : ckx+ vk − wk = εk, k 6= l; x ∈ X ; vk, wk ≥ 0, k 6= l



 .

(8.13)
The constraints on objective values in the ε-constraint scalarization are

turned into equality constraints by means of slack and surplus variables vk
and wk. Positive values of wk indicate constraint violations in the ε-constraint
scalarization and are penalized with a contribution of penalty parameter µk

in the objective function. Figure 8.8 compares these two scalarizations. Figure
8.8(a) repeats Figure 8.7(b), where the vertical line indicates a hard constraint
on z1(x) ≤ 5.5 and the arrow indicates minimization of z2. The optimal point
is indicated by a filled circle. Figure 8.8(b) shows that points to the right of the
vertical line are now feasible, with lighter shading indicating greater violation
of the limit of ε on z1. To the right of the vertical line, for every feasible point
of the MOCO problem, an arrow indicates the objective value of the same
point in Equation (8.13). Note that the optimal point for Equation (8.13) in
this example is now to the right of the vertical line. Theorem 8.4 summarizes
the properties of the elastic constraint scalarization.

Theorem 8.4. [17] The method of elastic constraints is correct and complete.
It contains the weighted-sum and ε-constraint methods as special cases.

For a proof of the first part we refer to [17]. The second part follows by
first setting εk < minx∈X ckx for k 6= l. Then vk = 0 for all feasible solutions
x ∈ X and hence wk = ckx − εk, and the problem reduces to the weighted-
sum problem. Secondly, we can set µk = M for a sufficiently large number
M . Then any feasible point with yk > εk will contribute so much penalty
to the objective function of elastic constraint scalarization (8.13) that it is
not optimal. Hence, scalarizations (8.13) and (8.10) will have the same set of
optimal solutions.

Although the elastic constraint scalarization (8.13) is NP -hard, it is often
solvable in practice reasonable time because it respects problem structure
better than the ε-constraints of Equation (8.10). It limits the damage done by
adding hard ε-constraints to the model. A successful implementation of the
method for an application to bi-objective set partitioning problems has been
reported in [16].

8.5.2 Multi-objective Branch and Bound

Branch and bound is a standard method to solve single-objective combinato-
rial optimization problems and is contained in any textbook on combinato-
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(a) The ε-constraint scalarization.
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(b) The elastic constraint scalariza-
tion.

FIGURE 8.8: Comparison of the ε- and elastic constraint scalarizations.

rial optimization; see for example [49]. In order to apply it to multi-objective
combinatorial optimization problems, we need to define the branching and the
bounding parts of the algorithm. We first notice that the branching is done
with respect to variables, i.e., the feasible set at the subproblem at any node of
the branch tree is subdivided according to some branching rule. Since the fea-
sible set is not affected by the presence of one or several objective functions,
any branching strategy used in single-objective combinatorial optimization
can also be used in the multi-objective case. The focus must therefore be on
the bounding strategy. An effective branch and bound algorithm requires good
lower and upper bounds on the objective function values at each node of the
branch-and-bound tree in order to prune as many nodes as possible. Because
a MOCO problem (8.1) has a set of non-dominated points rather than a single
optimal value, it seems to be intuitive to consider lower- and upper-bound sets
rather than numbers. Reference [13] defines lower- and upper-bound sets as
follows.

A lower-bound set L is a R
p

≧
-closed, Rp

≧
-bounded set such that YN ⊂

L + R
p

≧
and L ⊂

(
L+ R

p

≧

)
N
. An upper-bound set U is a R

p

≧
-closed, Rp

≧
-

bounded set such that YN ∈ cl
[(
U + R

p

≧

)c]
and U ⊂

(
U + R

p

≧

)
N
, where c

indicates the complement of a set in Rp. Figure 8.9(a) shows a lower-bound set
consisting of three line segments that could represent the non-dominated set
of the linear programming relaxation of a MOCO problem (8.1). Figure 8.9(b)
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FIGURE 8.9: Lower- and upper-bound sets.

illustrates how six feasible points U = {(1, 9)T , (3, 6)T , (4, 5)T , (6, 2)T , (9, 1)T }
define an upper-bound set. In this way, any multi-objective relaxation of
MOCO problem (8.1) defines a lower-bound set and any set of feasible points
defines an upper-bound set, preserving this important property from single-
objective branch and bound. A node of the branch-and-bound tree can be
pruned whenever its lower-bound set is dominated by the upper-bound set
of another node. The arguably simplest and most often used lower-bound
set is U = {yI}, which is the set consisting of the ideal point yI defined
by yIk := min{ckx : x ∈ X}. Similarly, an upper-bound set can be ob-
tained by the anti-ideal point yAI with yAI

k := max{ckx : x ∈ X} or the
nadir point yN consisting of the worst objective values over the efficient set
yNk := max{ckx : x ∈ XE}. Note that the nadir point is hard to compute for
p ≧ 3, even for linear problems; see [18].

Because the branching rules are often problem specific, it is not possible
to describe specific branch and bound algorithms within the space of this
chapter. We simply summarize some literature proposing branch and bound
algorithms for specific MOCO problems in Table 8.2.



Multi-objective Combinatorial Optimization 327

TABLE 8.2: Multi-objective branch and bound algorithms.

ReferenceMOCO problem

[77] Multi-objective knapsack problem
[80] Bi-objective knapsack problem
[20] Multi-objective knapsack problem

Multi-objective spanning-tree problem
[72] Bi-objective spanning-tree problem
[46] Bi-objective flow-shop problem
[44, 45] Multi-objective mixed 0-1 linear programming
[38] Multi-objective 0-1 linear programming

8.6 Challenging Problems: Metaheuristics

At this point of our discussion, we have reached the current limits of exact
algorithms for the solution of MOCO problems. For problems of the difficult
class in Section 8.5, exact algorithms can consume prohibitive computation
time as instance size grows. For other problems, this may even occur for rather
small instances. In such cases, only heuristic approaches remain as solution
methods.

A heuristic is an algorithm that seeks near-optimal (or rather “near-
efficient” in the MOCO context) solutions at a reasonable computational
cost without being able to guarantee optimality. Heuristics are often prob-
lem specific [65]. Examples of general heuristic principles for MOCO problems
are multi-objective greedy and local search algorithms [12, 53]. On the other
hand, a metaheuristic is an iterative master strategy that guides and modi-
fies the operations of subordinate heuristics by combining different concepts
for exploring the search area and exploiting its structure. A metaheuristic is
applicable to a large number of problems, as pointed out by [26, 51]. In this
section we will summarize the ideas of metaheuristics that have been applied
to MOCO problems. The main examples are multi-objective evolutionary al-
gorithms, multi-objective tabu search, and multi-objective simulated anneal-
ing. Because heuristics and metaheuristics do not, in general, not guarantee
the optimality or approximation quality (or even feasibility) of the solutions
they find, the fundamental question with the use of metaheuristics to gener-
ate solutions to multi-objective combinatorial optimization problems is how
to measure the quality of the produced solutions.

Figure 8.10 shows the (in general unknown) non-dominated set of a MOCO
problem in green. The dots along the three broken lines represent objective
vectors of solutions found by three different heuristics. Which of those three
sets of solutions is best? How is it possible to decide which heuristic performed
better in this example, even with knowledge of the exact non-dominated set?
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FIGURE 8.10: Which approximation is best? (From [14])

The general consensus is, that the objective function vectors of the set
of solutions found by a heuristic should be uniformly distributed along the
entire true non-dominated set. These are, of course, conflicting goals, and
there is no single universally accepted quality criterion. Quite to the contrary,
many different measures have been proposed to capture the two essential
features of approximate solution sets. We mention just a few of those, such as
the cardinal and geometric measures of [34]; the hypervolume indicator [84];
coverage, uniformity, cardinality as defined in [67]; distance-based measures
[79]; integrated convex preference [37]; and volume-based measures [75]. An
analysis and review can be found in [85].

Metaheuristics for MOCO problems can be subdivided into two main
classes, namely multi-objective evolutionary algorithms and neighborhood
search algorithms. The former are based on three main principles. They op-
erate with a population of solutions instead of a single one and combine self-
adaptation (the independent change of individual solutions) and cooperation
(the exchange of information between individual solutions). They address the
problem of convergence to the non-dominated set through fitness assignment
by ranking (solutions that are not dominated by any other solution in the
same population have a better rank), and selection with elitism (solutions
with better rank are preferred for survival and for selection). To obtain a
uniform distribution of solutions along the whole non-dominated set, they
employ mechanisms such as niching, to enhance the generation of solutions
with objective vectors where few feasible points exist so far. While there is a
huge number of publications regarding evolutionary multi-objective optimiza-
tion, relatively few evolutionary algorithms have been specifically designed to
address combinatorial problems with multiple objectives. A framework for a
simple evolutionary algorithm for multi-objective optimization is presented in
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Algorithm 4. It works with a population of solutions, and in each iteration
selects individuals from the solution that contribute to modification, such as
mutation and crossover. The population for the next generation is then chosen
from the original and modified members of the original “parent” generation
and the modified “offspring.” The output are those members of the final pop-
ulation that are not dominated by any other member of that population.

Algorithm 4 Multi-objective evolutionary algorithm.

1: input: Population size, number of generations, and other parameters
2: Generate initial population P1

3: while stopping criterion not met do
4: Evaluate Pt

5: Select individuals from Pt

6: Perform genetic operators to modify Pt

7: Choose Pt+1 from original and modified Pt

8: E := filter(Pt), t:=t+1
9: end while

10: output: approximate solution set E

The main multi-objective neighborhood search algorithms are multi-
objective simulated annealing and multi-objective tabu search. The first such
methods built on single-objective counterparts, essentially using scalarization
functions (see Section 8.5.1) and running several independent tabu searches or
simulated annealing procedures. A simple scheme for a multi-objective tabu
search algorithm is presented in Algorithm 5. The algorithm receives a set of
parameters for the scalarizing function s, the length of the tabu list, and a
tabu threshold as input. It then runs a tabu search to minimize s for each
parameter λ ∈ Λ. In every iteration of the tabu search, the best solution x̂ in
the neighborhood of current solution xn and the best non-tabu neighbor x̄ are
selected. If x̂ is at least ∆ better than x̄, its tabu status is overwritten and it
becomes the next current solution, otherwise the next solution is x̄. Finally,
xn+1 is added to E and dominated solutions are filtered out (merge).

A simple simulated annealing procedure is presented in Algorithm 6. Simi-
lar to Algorithm 5, the algorithm receives a set of parameters for a scalarizing
function as input and runs a simulated annealing heuristic for each choice
of parameter. In each iteration of the simulated annealing, a neighbor x of
xn is selected. x is accepted over xn if either s(x, λ) < s(xn, λ) or, if it is
worse, with a probability that depends on the current “temperature” and on
the difference between s(x, λ) and s(xn, λ) according to the rules of simulated
annealing algorithms (procedure isaccepted).

Since both multi-objective evolutionary algorithms and multi-objective
neighborhood search methods have their strengths and weaknesses, it did not
take long until researchers started investigating hybrid algorithms, that is,
algorithms combining features of several metaheuristics or of heuristics and
exact algorithms. One can distinguish several types of hybridization.
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Algorithm 5 Multi-objective tabu search.

1: input: set Λ of parameters for s, tabu list length l, tabu threshold ∆
2: E = ∅
3: while Λ is non-empty do

4: T := ∅, remove λ from Λ, x1 := select(X)
5: while stopping criterion not met do
6: x̄ = selectbest(N(xn) \ {x : move(xn, x) ∈ T })
7: x̂ = selectbest(N(xn))
8: if s(x̂, λ) < s(x̄, λ)−∆ then

9: xn+1 := x̂
10: else

11: xn+1 := x̄
12: end if

13: E := merge(E, xn+1), n = n+ 1
14: if |T | < l then
15: T := T ∪ {move(xn, x̄)}
16: end if

17: end while

18: end while

19: output: approximate solution set E

Some authors use components of evolutionary algorithms in neighborhood
search algorithms to improve the coverage of the non-dominated set. For in-
stance, Pareto simulated annealing [6] uses a set of starting solutions, and
the simulated annealing component makes use of information obtained from
this set of solutions. TAMOCO [30] uses a set of starting solutions in a tabu
search, where the tabu search exploits information from a set of solutions.
Conversely, neighborhood search strategies can be used inside evolutionary
algorithms to improve convergence. Examples of this idea are the MGK algo-
rithm [23], which uses local search to improve the solutions in an evolutionary
algorithm. MOGLS [33] does the same in a genetic algorithm.

Other hybridization ideas are alternations between evolutionary and neigh-
borhood search algorithms. For example, [1] use a genetic algorithm to find
a first approximation of the non-dominated set and then apply tabu search
to improve the results of the genetic algorithm; [7] uses a greedy randomized
search procedure (GRASP) to compute a first approximation and the strength
Pareto evolutionary algorithm (SPEA) to improve the results of GRASP. Ref-
erences [23, 24] combine evolutionary methods (crossover and a population of
solutions) and neighborhood search (a strategy called path relinking) with
problem-dependent components, namely, the exact calculation of a minimal
complete set of supported efficient solutions and bound sets. An example for
the combination of heuristics and exact algorithms is given in [58], where the
two-phase method (see Section 8.4.1) as an exact algorithm is combined with
a heuristic to reduce the search area.
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Algorithm 6 Multi-objective simulated annealing.

1: input: set Λ of parameters for s, annealing schedule
2: E = ∅
3: while Λ is non-empty do

4: remove λ from Λ, x1 := select(X), Eλ := {x1}
5: while stopping criterion not met do
6: x̄ = select(N(xn)
7: if is accepted(x, xn) then
8: merge(Eλ, x), x

n+1 := x
9: else

10: xn+1 := xn

11: end if

12: n := n+ 1
13: end while

14: E := merge(E,Eλ)
15: end while

16: output: approximate solution set E

To conclude this section, Table 8.3 gives an overview of the introduction
of important paradigms of metaheuristics in the field of multi-objective opti-
mization, although not all of the references are concerned with combinatorial
problems. It is worth noting that the given dates are those of refereed publica-
tions, wherever available. In some cases the algorithms were presented much
earlier at scientific conferences or in technical reports. Much more detailed
information on metaheuristics for multi-objective (combinatorial) optimiza-
tion can be found in some of our earlier survey papers [12, 14, 21]. Finally,
we present a glimpse of the evolution of metaheuristic techniques by showing
the approximate non-dominated sets found by six different heuristics on the
same instance of a bi-objective knapsack problem with 250 items. For ease of
comparison, Figures 8.11(b) and 8.11(c) are overlaid on the earlier pictures.

TABLE 8.3: A timeline for multi-objective metaheuristics.

Technique Year Reference

Evolutionary algorithms 1984 [68]
Artificial neural networks 1990 [43]
Simulated annealing 1992, 1999 [71, 78]
Tabu search 1997, 2000 [22, 74]
Greedy randomized adaptive search
procedure

1998 [25]

Ant colony optimization 2001, 2002 [32, 28, 9]
Scatter search 2001, 2007 [2, 27]
Particle swarm optimization 2002–2007 [5, 47, 62, 83]
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FIGURE 8.11: Development of multi-objective metaheuristics. (Adapted
from [14] and [21].)
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FIGURE 8.11: (Continued.)

8.7 Conclusion

In this chapter, we provided an overview of multi-objective combinatorial opti-
mization. We first gave definitions and important properties to set the scene.
The main focus of the chapter is on solution algorithms. We have grouped
MOCO problems into several categories, based on which solution approach
works effectively. “Easy” problems allow the extensions of single-objective al-
gorithms to the multi-objective case. Problems in this category are notably the
multi-objective shortest-path and spanning-tree problems. For “nice” prob-
lems (those that are polynomially solvable in the single-objective case and
have efficient ranking algorithms), we described the two-phase method as a
general effective framework. We pointed out that if a fast ranking algorithm
to find r-best solutions to the single-objective problem is available, the two-
phase method is currently the algorithm of choice in practice. As problems go
into the realm of NP-hard problems (in the single-objective case), problems
we term “difficult,” but that can be solved in the single-objective case us-
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ing general integer programming techniques, it may still be worth exploiting
algorithms that solve those in reasonable time. Hence, we first discussed scalar-
ization techniques before describing a generalization of branch and bound for
multi-objective optimization. Finally, challenging problems, for which general
integer programming techniques are currently too slow, are still amenable to
heuristics. Therefore, we outlined principles of some metaheuristic schemes for
multi-objective optimization.

There are areas that we did not discuss. We mention in particular the
area of approximation algorithms, that is algorithms that find approximate
non-dominated sets with a performance guarantee. We also could not cover ap-
plications in any detail. Much of the research in multi-objective combinatorial
optimization is driven by the practical need to solve MOCO problems arising
in real-world applications. Naturally, many challenges exist in which progress
can be made. Let us just mention two. Empirically, it has been observed that
objective function coefficients have enormous impact on the number of effi-
cient solutions and on the run time of algorithms. This provides areas of study
in the analysis of algorithms as well as the structure of problems. For example,
the influence of objective functions on the polyhedral theory of combinatorial
optimization problems that arise from the scalarization of MOCO problems
has, to the best of our knowledge, not been studied at all. Progress in theo-
retical and algorithmic analysis should then help attack what appears to be
the ultimate goal of research in multi-objective combinatorial optimization—
a toolbox to build exact algorithms for challenging problems that can today
only be addressed with metaheuristics.
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[36] Karp, R.M.: Reducibility among combinatorial problems. In: Complexity
of Computer Computations, R.E. Miller, J.W. Thatcher (eds). Plenum
Press, New York, pp. 85–103 (1972).

[37] Kim, B., Gel, E.S., Fowler, J.W., Carlyle, W.M., Wallenius, Y.: Evalua-
tion of nondominated solution sets for k-objective optimization problems:
An exact method and approximations. European J. Oper. Res. 173, 565–
582 (2006).

[38] Kiziltan, G., Yucaoglu, E.: An algorithm for multiobjective zero-one lin-
ear programming. Management Sci. 29, 1444–1453 (1983).



338 Fixed Point Theory, Variational Analysis, and Optimization

[39] Klingman, D., Napier, A., J. Stutz, J.: NETGEN: A program for gener-
ating large scale capacitated assignment, transportation, and minimum
cost flow network problems. Management Sci. 20, 814–821 (1974).

[40] Kruskal, J.B.: On the shortest spanning subtree of a graph and the trav-
elling salesman problem. Proc. Amer. Math. Soc. 7, 48–50 (1956).

[41] Kuhn, H.W., The Hungarian method for the assignment problem. Naval
Res. Logistics, 2, 83–97 (1955).

[42] Lee, H., Pulat, P.S.: Bicriteria network flow problems: Integer case. Eu-
ropean J. Oper. Res., 66, 148–157 (1993).

[43] Malakooti, B., Zhou, Y.Q.: Feed-forward artificial neural networks for
solving discrete multiple criteria decision making problems. Management
Sci. 40, 1542–1561 (1994).

[44] Mavrotas, G., Diakoulaki, D.: A branch and bound algorithm for mixed
zero-one multiple objective linear programming. European J. Oper. Res.
107, 530–541 (1998).

[45] Mavrotas, G., Diakoulaki, D.: Multi-criteria branch and bound: A vector
maximization algorithm for mixed 0-1 multiple objective linear program-
ming. Appl. Math. Computat. 171, 53–71 (2005).

[46] Melab, N., E.G. Talbi, E.G.: A grid-based parallel approach of the multi-
objective branch and bound. In: Proceedings of the 15th EUROMICRO
International Conference on Parallel, Distributed and Network-Based
Processing, P. D’Ambra, M.R. Guarracin (eds). IEEE Computer Soci-
ety, Los Alamos, pp. 23–30 (2007).

[47] Mostaghim, S., Teich, J.: Strategies for finding good local guides in multi-
objective particle swarm optimization (MOPSO). In: Proceedings of the
2003 IEEE Swarm Intelligence Symposium SIS03. IEEE Press, Piscat-
away, NJ, pp. 26–33 (2003).

[48] Müller-Hannemann, M., Weihe, K.: On the cardinality of the Pareto set in
bicriteria shortest path problems. Ann. Oper. Res. 147, 269–286 (2006).

[49] Nemhauser, G.L., Wolsey, L.A.: Integer and Combinatorial Optimization.
John Wiley & Sons, New York (1988).

[50] Neumayer, P.: Complexity of optimization on vectorweighted graphs. In:
Operations Research 93, A. Bachem, U. Derigs, M. Jünger, R. Schrader
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Fixed Point Theory, Variational Analysis, and Optimization not only covers 
three vital branches of nonlinear analysis—fixed point theory, variational 
inequalities, and vector optimization—but also explains the connections 
between them, enabling the study of a general form of variational inequality 
problems related to the optimality conditions involving differentiable or 
directionally differentiable functions. This essential reference supplies both 
an introduction to the field and a guideline to the literature, progressing 
from basic concepts to the latest developments. Packed with detailed 
proofs and bibliographies for further reading, the text:

•	 Examines Mann-type iterations for nonlinear mappings on some 
classes of a metric space

•	 Outlines recent research in fixed point theory in modular function 
spaces

•	 Discusses key results on the existence of continuous approximations 
and selections for set-valued maps with an emphasis on the 
nonconvex case

•	 Contains definitions, properties, and characterizations of convex, 
quasiconvex, and pseudoconvex functions, and of their strict 
counterparts

•	 Discusses variational inequalities and variational-like inequalities and 
their applications

•	 Gives an introduction to multi-objective optimization and optimality 
conditions

•	 Explores multi-objective combinatorial optimization (MOCO) problems, 
or integer programs with multiple objectives

Fixed Point Theory, Variational Analysis, and Optimization is a beneficial 
resource for the research and study of nonlinear analysis, optimization 
theory, variational inequalities, and mathematical economics. It provides 
fundamental knowledge of directional derivatives and monotonicity required 
in understanding and solving variational inequality problems.
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