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FOREWORD 

Since the profession of Agr icu l tura l Engineer ing requires many of the same 
sk i l l s as those used by Chemica l , C i v i l , E lectr ica l and Mechan ica l Engineers, 
many courses in Agr icu l tura l Engineer ing degree programs are the same as 
those in o the r e n g i n e e r i n g d i s c i p l i n e s , or are indeed taken in those 
departments of a university. Such a s ituation does not always work out ideally, 
and the subject of Soil Mechan ics is a case in point. The principles are the 
s a m e f o r A g r i c u l t u r a l or C i v i l Eng ineers, but the applications diverge, 
especially when it comes to the subjects of agr icultural drainage, stabil ity of 
d r a i n ditchbanks, soil erosion, soil cutting and ti l lage, compact ion of arable 
soil and the l ike. 

I t is f o r th i s reason that the effort has been put into writ ing this book, 
in the hopes that it may serve as a useful text for students aspiring to enter 
the profession of Agr icu l tura l Engineer ing. It is hoped also that the text will 
assist such students and perhaps practis ing engineers to obtain the foundations 
of Soil Mechan ic s theory and its application to typical problems associated 
with agriculture. 

The author would like to thank sincerely certain colleagues who gave 
generous and helpful advice, comments and suggest ions for parts of the work, 
notably D r s . Suzelle Barr ington, Rober t Broughton and Chandra Madramootoo. 
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L I S T O F S Y M B O L S 

QL- Blade rake angle 
β - Ang le of failure plane 
7 - Weight density, k N / m 3 

δ - Ang le of surface fr ict ion 
€ - Ang le of a plane 

- Engineering strain 
7]- Poros ity 

- Negat ive shear slip line 
β- Ang le of a plane 
μ - 7Γ/4 - φ/2 
£ - Pos it ive shear slip line 
p - Ma s s density, t / m 3 

- Ang le 
(7- Stress level, kPa 

(7 D - Blade stress, kPa 
tfjw' Ice-water energy, J / m 2 

σ η - No rma l stress, kPa 
( 7 ' - E f fect i ve stress, kPa 
7 - Shear stress, kPa 
φ- c cot0 
<jf>- Ang le of internal fr ict ion 
a - Length, m 
A - A rea , m 2 

- Soil loss, t/ha 
b - Width, m 
Β - Foundation width, m 
c - Cohes ion, kPa 

c a - Adhes ion, kPa 
C - Undrained strength, kPa 

- Cropping factor 
C c - Coef f ic ient of compresion 
C v - Coef f ic ient of 

consol idation, m 2 /y 
d - Depth, m 
D - Gra in s ize, m m 

- Overburden depth, m 
- B in diameter, m 

e - Void ratio 
- Eccentr ic i ty , m 

F - Fo rce , k N 
- F reez ing index, °days 

G s - Solids specif ic gravity 
h - Height, m 

Η - He ight , m 
- Hor izonta l force, k N 

k - St i f fness, k P a / m n 

- Permeabi l i ty, m/s 
- Thermal conductiv ity, J/(ms°) 

Κ - Erodibi l ty factor, ton/acre 
K a - Ac t i ve pressure coeff ic ient 
K c - Cohes ion coeff ic ient 
KQ - A t rest coeff ic ient 
K p - Pass ive pressure coeff ic ient 

L - Length , m 
L s - Latent heat of fusion, J/kg 
L L - L iquid l imit, % 

m - Slope stabil ity number 
m v - Coef f ic ient of compress ion, kPa 

Μ - Moment , k N m 
η - Exponent 

Π ς ΐ - Number of potential drops 
nf - Number of f low paths 

Ν - No rma l force, k N 
- Number of passes 

Ny- F r ict iona l cutting factor 
N c - Cohes ional cutting factor 
N c a - Adhes ion cutting factor 
N q - Overburden cutting factor 

ρ - Pressure, kPa 
Ρ - Wall or blade force, k N 

P !

a - E f fec t i ve wall force, k N 
P a - Ac t i ve wall force, k N 
P I - P last ic i ty index, % 
P L - P last ic l imit, % 

Q - Bear ing load, k N 
Q u i t - U l t imate load, k N 

q - Bear ing pressure, kPa 
- Dra inage rate, mm/day 
- Heat flow, J/(m 2 s ) 

q 0 - Foundat ion pressure, kPa 
r - Rad ius , m 
R - React ion force, k N 

- Hydrau l ic radius, m 
- Eros iv i ty index 

R e - A r ea reduction factor 
s - Shear strength, kPa 
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s - F ie ld slope, % 
- Side width, m 

S - Degree of saturation 
- Wheelsl ip, % 

S F - Safety factor 
t - T ime, s 
Τ - Torque, k N m 

- Tangential force, k N 
- Tensile strength, kN/m 
- Temperature, ° C 

T v - T ime factor 
u - Pore water pressure, kPa 
U - Un i formity coeff ic ient 

- Degree of consolidation 
- Water force, kN/m 

ν - Water velocity, m/s 
- Specif ic volume, m 3 / t 

V - Volume, m 3 

V s - Solids volume, m*3 
V v - Voids volume, m.3 
Vw - Water volume, m 3 

w - Water content, dry basis 
- Width, m 

W - Weight, k N 
Ws - Solids weight, k N 
W w - Water weight, k N 

x,X - Hor izonta l distance, m 
Y - Sediment yield, t 

- C rop yield, t/ha 
ζ - Sett lement, m 

z,Z - Vert ical depth, m 
z 0 - Depth of wall tension, m 



Chapter 1. Origins and classification of soils 

1.1. O R I G I N S O F S O I L S 

So i l s can be defined as masses of mineral particles mixed with varying 
p r o p o r t i o n s of water, gases and salts, and often organic matter. Soi ls are 
s o m e t i m e s f o rmed physically and chemical ly in place f rom parent rock 
m a t e r i a l , and can occur f rom this or ig in in layers up to 25 m deep. 
A l ternat ive ly , they can be removed f rom rock material by physical and 
chemical weathering and subsequently be transported and sedimented to a new 
location. 

S a n d and gravel, and many silt mater ials (individual particles larger than 
0 .002 m m diameter), are generally of the same mineralogical composit ion as 
the i r parent rocks such as quartz, feldspars, calcite, dolomite, micas and 
o the r s . They are removed f rom mass ive rock formations usually by physical 
agents including wind, water and freezing. Transportat ion of these granular 
mater ia l s by wind, water, ice or fall ing down slopes can alter the shape and 
size of individual particles by abrasion and impact, and can also sort different 
g r a i n s i ze s one f rom another. That is the reason why, for example, many 
shoreline beaches or desert sand dunes are found to have remarkably uniform 
s izes of sand particles. Ye t , some granular materials such as glacial till 
c o m p r i s e a wide mixture of grain s izes, f rom silt to boulders larger than 
300 m m in diameter, because of their mode of transport in ice. 

Exceptions to the above case do occur, such as the cryptocrystal l ine quartz 
shown in F i g . 1.1. These silt s ized quartz particles have been reformed from 
dissolved constituents in a hot spring in A rkansas , but they have formed into 
the character ist ic rounded shape of quartz crysta ls found in most sands. 

C l a y minera l s , on the other hand, are formed more usually by chemical 
changes to produce new minerals such as kaol inite, ill ite, chlorite, vermicul ite, 
montmori l lonite and others. These new minerals tend to break easily into small 
( less then 0.002 mm) sized particles and have rather chemical ly active 
s u r f a c e s , as well as a large surface area per unit mass. F i g . 1.2 shows a 
kaolinite material which has been formed as a residual soil on parent rock in 
G e o r g i a , U.S.A. The large blocks of clay platelets have not yet been broken 
up into individual particles due to the lack of suff ic ient physical and chemical 
a c t i o n at this point in their history. F i g . 1.3 shows particles of the same 
mineral in a finer structure. F i g . 1.4 i l lustrates a mixed clay soil f rom the 
Champla in Sea deposits in Quebec and Ontar io. It comprises il l ite, chlorite 
and muscovite clay s ized particles, as well as silt s ized rock grains. F i g . 1.5 
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F i g . 1.2. R e l a t i v e l y l a r ge b l o c k s of kaol inite M P which have formed 
mineralogical ly, but not broken apart. 

F i g . 1.1. Photomicrograph of cryptocrystal l ine quartz formed in a hot spring 
in Arkansas . 
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is a microphotograph of a montmori l lonite clay f rom the Nor th Amer i can 
p r a i r i e s . This is a mineral which can absorb considerable amounts of water 
and swell to several t imes its dry volume. 

F i g . 1.3. Kao l in clay in individual platelet f o r m . 

C l a y soils can be formed in situ above parent rock, usually in tropical 
r eg i on s with adequate heat and humidity, or they can be built in solution or 
f o r m e d by the b r e a k d o w n of o the r minerals in water suspension and 
transported to other locations. If transported to a lake or sea, clay particles 
will slowly sediment to the floor and can build up into layers of 60 m or more 
in th i s f a s h i on over hundreds of years. In the case of clay soils, the 
concentration and types of salts which are contained within the soil water are 
very influential in controll ing their physical behavior. In addition, it is possible 
fo r sedimented clays to be leached later in t ime, and for some salts to be 
w a s h e d out or exchanged for others, causing further alterations in the 
mechanical nature of the soil. 

B e s i d e s the n a t u r a l f o r m a t i o n or sedimentation of soils, earthwork 
construction often involves the fi l l ing of soil f rom another location. Usual ly 
it is desirable to compact a fill for reasons of soil strength or impermeabil ity 
to water flow, depending on the purpose of the structure. But in the case of 
either a fill or a natural soil deposit, it is necessary to understand the 
mechanical behavior of the mater ia l , and how it can change with t ime, in 
order to be confident in designing a safe structure or analyzing the stabil ity 
of a natural one. 
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F i g . 1.5. Mon tmor i l l on i t e clay, thin flat part icles which can swell a great 
deal on wetting. 

F i g . 1.4. M i x e d ill ite, chlorite and muscvite clay particles with silt s ized 
rock minerals. 
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1.2. C L A S S I F I C A T I O N O F S O I L S 

A pr imary approach to class i fy ing soils is on the basis of the s ize of 
indiv idual grains. F i g . 1.6 shows the division of different particle s izes into 
i nc reas ing ranges of clay, silt, sands, gravel and cobbles or boulders. There 
are several different sets of standards shown in F i g . 1.6, and one must specify 
the standard system which is referred to when class i fy ing a soil particle s ize. 

Most soils do not fall into only one of the categories in F i g . 1.6, but are 
mixtures of two or more size class i f icat ions. In order to then class ify the 
so i l s , many soil survey bureaus use the so called textural triangle shown in 
Fig. 1.7. The particle size analysis of a soil for interpretation on the triangle 
should be conducted only on that material which is less than 2 m m in size 
(sand or smaller), and soil should be pulverized or soaked to break down stable 
aggregates of fine particles. The sand s ized particles can be fractionated by 

100 90 80 70 60 50 40 30 20 10 0 
Percent Sand 

F i g . 1.7. The U S D A textural triangle for c lass i f icat ion of soil mixtures. 
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sieves mechanical ly and the portion of each s ize fract ion weighed. Si lt or clay 
part icle fract ions must be est imated by a hydrometer or pipette analysis in 
which the sett lement rate of particles suspended in water is measured (Lambe, 
1951; A.S.T.M., 1985) 

Problem 1.1. A grain size analysis of a soil sample reveals that 1 0 0 % of the 
particles by mass are less than 2 m m in diameter, 6 0 % are less than 0.06 m m 
and 3 0 % finer than 0.002 m m . What is the textural c lass i f icat ion of this soil. 

The amounts of clay, silt and sand are found as fol lows. 
C l a y= 3 0 % 
Silt = 6 0 % - 3 0 % = 3 0 % 
Sand= 1 0 0 % - 6 0 % = 4 0 % 

On the textural chart, this soil is in the region of clay loam (small circle 
in F i g . 1.7). 

Prob lem 1.2. A mechanical analysis is performed on approximately 1000 g of 
a pulverized soil sample, with the fol lowing results. What is the textural class 
of this so i l ? 

U.S. standard sieve N o . 10 No . 40 N o . 200 Pan 
Mas s of soil retained, g 110 482 148 272 

Refer r ing to F i g . 1.6, and using the U.S.D.A. c lass i f icat ion sys tem for grain 
sizes, it can be seen that mater ial retained on, and therefore larger than the 
openings of the No . 10 sieve, is gravel, and it should be subtracted f rom the 
t o ta l m a s s for the purposes of the textural tr iangle. The total mass to be 
con s ide red , therefore, is that retained on s ieves of smal ler openings and the 
pan at the bottom, as fol lows. 

482 + 148 + 272 g = 902 g 

Sand particles are those retained on the N o . 200 and 40 sieves, and these 
comprise (482 + 148)/902 = 6 8 . 5 % of the total mass. 

Referring now to the textural triangle in F i g . 1.7, the soil is classed either 
as a sandy loam or a sandy clay loam. If there is less than 2 0 % clay in the 
902 g tota l , the soil is the former, and if there is more than 2 0 % it is the 
l a t t e r . A hydrometer or pipette analysis could then be performed on the 
material finer than the N o . 200 sieve in order to determine this dist inction. 

Another form of c lass i f icat ion is the unified soil c lass i f icat ion developed 
by the U.S. Bureau of Rec lamat ion and Corps of Engineers (Wagner, 1957) 
which is shown in part in Table 1.1. It is an effort to c lass i fy soils on the 
ba s i s of engineering properties, and has provided useful guidelines in that 
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respect over the years. 
Whether a soil is well graded or poorly graded depends on the variety of 

d i f f e r e n t grain s izes contained in the mater ia l . One measure of gradation is 
called the 'uniformity coeff ic ient 1 , U , where; 

U = D 6 0 / D 1 Q (1.1) 

In the expression above, D ^ n a n d D-JQ are the grain s izes below which 60% 
and 10% , respect ive ly, of the soil mass is f iner. A well graded soil is 
considered one in which U is greater than 4 for most soils, and 6 for sands. 

T A B L E 1.1. A summary of the unified soil c lass i f icat ion system and the 
important engineering soil properties. 

Important properties 
Name of group Symbols Compacted Compacted Compre s s i ­ Worka ­

permeabil ity strength bility bility 

Well graded 
gravels. GW pervious excellent negligible exec. 
Poor ly graded 
gravels. G P high good negligible good 
Si lty gravels. G M fair to poor good negligible good 
C layey gravels. G C impervious low very low good 
Well graded sands. SW pervious excellent negligible exec. 
Poor ly graded sands SP pervious good very low fair 
Si lty sands. S M fair to poor good low fair 
C layey sands. S C impervious fa ir -good low good 
Inorganic si lts. M L fair to poor fair medium fair 
Inorganic clays of fair to 
low plasticity. C L impervious fair medium good 
Organic s i lts. O L fair to poor poor medium fair 
Inorganic si lts, 
elastic. M H fair to poor fair-poor high poor 
P last ic c lays. C H impervious poor high poor 
Organ ic c lays. O H impervious poor high poor 

T h e p l a s t i c i t y of soils is another property which can be used as a 
c lass i f icat ion cr iter ion. The plasticity index is defined as the water content 
range over which a soil is judged to be in a 'p last ic 1 state. The measurement 
of plasticity index is achieved by two separate tests on a soil, one to measure 
the lower plastic l imit (often called the plastic l imit, P L ) and the other to 
measure the upper, or liquid l imit, L L . These two water contents are referred 
to as the Atterberg l imits after Atterberg (1911), and were developed further 
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by Casagrande (1948). The plastic l imit is the water content of soil which 
begins to show cracking when rolled down to a 3 m m diameter cylinder on a 
glass plate. The liquid l imit is measured in a small steel bowl which is 
dropped repeatedly f rom a standard height. When a standard width and shape 
of g r o o v e is closed in a layer of soil after 25 blows in the device, the soil 
is judged to be at the liquid l imit. The plasticity index, P I , is then; 

P I = L L - P L (1.2) 

Wh i le the plastic and liquid l imits may appear to have been chosen 
arbitrarily for soils, they at least comprise tests with repeatable results, and 
c a n serve to character ize soils as to their water holding capacity before 
becoming liquid in behavior. F ine grained soils with high plasticity indices have 
a relat ively larger water holding capacity (such as montmori l lonite which, in 
pure c l a y fo rm, has a plasticity index of approximately 7 0 0 % ) , while those 
with generally less active surface area, such as kaolinite, have a P I as low 
as 3 5 % . Fo r the purposes of the unified soil c lass i f icat ion sy s tem, a fine 
grained soil is considered highly plastic if the plasticity index is greater than 
5 0 % , and of low plasticity if the P I is less than 4 0 % . 

1.3. S O I L P H A S E S 

A s w a s noted earlier, soils are mixtures of solid particles, water and 
s o l u t e s and air. There are several definitions which are usually employed to 
denote the relative volumes of these phases, together with their ratios, 
densities and the l ike. 

F i g . 1.9. D i f f e r e n t phases in soi ls; (a) schemat ic of physical soil phases, 
(b) relative volumes of the soil phases. 
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In F i g . 1.9, the symbols used are defined as fol lows. 

V = the total volume of soil 
V s = the volume of all solid particles 
V v = the volume of voids, including water and air = V - V = V + V 
Vw = the volume of water (with solutes) a w 

Va = the volume of air and other gases 

Some of the common definitions of relationships among the soil phases are 
given below. The various densities, y, are weight per unit volume. 

Void ratio e = V /V v ' s (1.3) 

Poros ity η = V v (1.4) 

Degree of saturation S ( W x 1 0 0 % (1.5) 

Weiqht of water W y w = V V (1.6) 

Specif ic gravity of solids G g = (1.7) 

Weight of solids W g = 7 s V s = 7 w G s V s (1.8) 

Total soil weight density y = (w o + W w,)/V = ( l+w)W /V s w s (1.9) 

Water content by weight w = (W / W J χ 1 0 0 % w s (1.10) 

Volumetr ic water content θ = (V /V) χ 1 0 0 % w (1.11) 

Soil dry density = wg/v = γ/d+w) (1.12) 

Saturated buoyant density Ύ ο υ ο ν = 7 - 7 = 7J ( Q - D / G ' ' w ' d r y s s 
(1.13) 

1.4. P R O B L E M S 

1.3. A mechanical and hydrometer analysis of a soil g ives the following 
masses retained on various sieve s izes. C lass i fy the soil by (a) the 
textural triangular and (b) the unified sys tem. 

U.S. standard sieve size N o . 10 No . 40 No . 200 Pan 
Mas s retained, g 157 330 351 201 ( 4 0 % clay) 

Answer: (a) Sandy loam (b) SW. 
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1.4. Plastic and liquid l imit determination tests are conducted on five samples 
e a c h of a clayey soi l, with the results shown below. The masses given 
are of each soil sample in a drying can immediately after each test, the 
combined mass after drying in an oven at 105C for 24 h and the empty 
m a s s of e a c h drying can. F ind the plastic l imit, liquid l imit and 
plast icity index of the soil, and its c lass i f icat ion in the unified sys tem. 

Plast ic l imit test N o . 1 2 3 4 5 
Mas s of can plus wet soil, g 30.96 29.56 30.46 29.19 28.22 
Ma s s of can plus dry soi l, g 28.84 27.76 28.37 27.42 26.66 
Mas s of drying can, g 19.94 20.22 19.78 20.06 20.15 

L iquid l imit test N o . 1 2 3 4 5 
Number of blows 21 23 26 28 30 
Ma s s of can plus wet soil, g 85.67 96.79 93.18 83.32 92.27 
Ma s s of can plus dry soi l, g 58.30 64.42 61.67 56.20 60.13 
Ma s s of drying can, g 20.34 20.80 19.93 21.02 19.85 

Answer: P L = 24 . 0% , L L = 7 5 . 3 % , P I = 51.3, C H . 

1.5. A so i l has a void ratio of 0.90, saturation 5 0 % and specif ic gravity of 
solids 2.65. Calcu late the total and dry densities. 

An swe r : γ= 16.0 kN/m3, γ = 13.6 k N / m 3 . 

1.6. A soil has a solids specif ic grav ity of 2.60. Calcu late the dry density if 
the water content of the soil is 3 5 % and the degree of saturation is (a) 
1 0 0 % and (b) 8 0 % . 

A n s w e r : (a) *y d = 18.9 k N / m 3 , (b) 7 d r y = 17.7 k N / m 3 . 

1.7. G i v e n a void ratio of 1.02, a solids specif ic gravity 2.70 and a water 
content 3 0 % , find the degree of saturat ion, total density and dry density 
of a soil. 

An swer : S = 7 9 % , J= 17.0 k N / m 3 , γ . = 13.1 k N / m 3 . 
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Chapter 2. Soil Shear Strength 

2 . 1 . C O U L O M B ' S L A W O F F R I C T I O N A N D C O H E S I O N 

For many classes of material, only one value of cutting or shear strength 
needs to be specified in order to design a structure fabricated of that 
substance. Meta l s , for example, are formulated and manufactured to a certain 
specif icat ion of tensile strength or max imum shear stress, and one of these 
q u a n t i t i e s suff ices to analyze the strength and safety factor of a structural 
c omponen t . If, as an i l lustration, a particular grade of carbon steel has a 
tensile yield strength of 300 M P a (and thus a shear yield strength of 150 Mpa) 
th i s value will remain unchanged no matter what level of pressure is placed 
on the shearing surface within the mater ial . 

Soils in general do not fall into this category of mater ial . Being composed 
of mineral particles which do not interact mechanical ly as do metall ic atoms, 
a unique value of max imum shear stress (or shear strength) cannot be g iven. 
C o u l o m b (1776) provided the first comprehensive description of soil shear 
s t r eng th . He stated that the l imit of shear resistance is composed of two 
components, namely cohesion and fr ict ion. Cohes ion is that part of resistance 
w h i c h can be measured by the direct rupture of two parts of a body in 
t e n s i o n . In other words, that is the component of shear strength which does 
not depend on perpendicular pressure on the rupture surface in the mater ia l . 
Cou l omb measured values of cohesion by destructive tensile tests on quarry 
rock from the Bordeaux, F rance area as depicted in his f igure 1 (Fig. 2.1) as 
well as on bricks of different ages. 

Friction, on the other hand, is a process wherein shear resistance depends 
upon the perpendicular pressure on the sliding surface. Cou lomb cited his 
countryman Amontons for proof that many materials demonstrate a linear 
f r i c t i o n a l behavior, that is to say shear resistance is proportional to normal 
pressure on a particular plane within a material body. Cou lomb used figure 5 
in F i g . 2.1 to prove that the angle of the shear failure plane in a fr ictional 
m a t e r i a l is larger than 45 degrees by half the angle of internal fr ict ion, as 
will be demonstrated in other terminology in Sect ion 2.2, whereas the rupture 
plane is observed at a 45 degree inclination in purely cohesive materials. 

Applying these concepts of soil strength to earthwork mechanics, Cou lomb 
ca l cu l a ted curved failure planes in soil behind retaining walls as shown 
s chemat i ca l l y in his f igures 7 and 8. These shapes will be developed in 
Chapter 4 using a more exact mathematica l approach, but yielding much the 
same results as those of Cou lomb over 210 years ago. 

In modern strength of materials terminology, Coulomb ' s law of soil shear 
strength can be expressed as fol lows, (see F i g . 2.2). 
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F i g . 2 . 1 . A reproduct ion of the original i l lustrations of Cou lomb (1776) 
showing (1) a tensile strength test on white quarry rock, (2 and 3) 
shear and bending tests on rock beams, (4) the addition of force 
v e c t o r s , (5) a compress ion test on a masonry pillar and the angle 
of the fai lure plane in a fr ict ional mater ia l , (6) beam bending 
s t r e s s e s and (7 and 8) active soil fai lure behind a retaining wall 
with a curved and approximate stra ight line soil fai lure surface. 

. ·.«·. /•/«.«./. J - -.). ι:,.,. ;w S./Ί .ΧΡ: 
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s = c + antan</> (2.1) 

where: 
s = soil shear strength (maximum shear stress) 
c = cohesion, the part of strength independent of normal pressure 

(Tn = normal stress on the sliding plane 
φ = angle of internal fr ict ion of the mater ial . 

In E q n . 2 . 1 , the tangent of the angle of internal fr ict ion, t a n 0 , is the 
c o e f f i c i e n t of fr ict ion commonly used when computing the sliding resistance 
of one material body over another. In this application, the coeff ic ient is that 
of f r i c t i o n a l s t r e n g t h on an internal surface, and is the constant of 
proportional increase in shear strength with increasing normal pressure on the 
surface. 

Normal stress, σ π 

I V ^ . D e v e l o p e d 
\ * ^ shear strength, s 

S o i l ' 
internal sliding plane 

F i g . 2.2. Perpendicular (normal) and parallel (shear) stresses on the internal 
slip surface of a fail ing soil block. 

In g e n e r a l , soils possess both of these components of shear strength, but 
there are special cases in which only one or the other is observed. D r y sand, 
fo r in s tance, usually exhibits l ittle or no cohesion, and is designated as a 
pure ly fr ict ional mater ial . The angle of internal f r ict ion, φ , can have a 
magn i tude varying f rom 18 to 55 degrees (Proctor, 1948), depending on the 
density of the sand and the properties of its constituent particles. Undrained 
saturated fine grained soils, on the other hand, demonstrate negligible fr ict ion 
and have a practically constant shear strength regardless of normal total 
pressure on the failure plane. The shear strength can range f rom nearly zero, 
fo r very wet and loosely consolidated soil, to over 280 kPa for a highly 
consolidated fine grained soil. Tables 2.1 and 2.2 give typical values of angles 
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T A B L E 2 .1 . R e l a t i v e den s i t y and angle of internal fr ict ion of fr ictional 
granular soils (from Teng, 1962). 

Compactness Very loose Loose Med ium Dense Very dense 

Re lat ive density, % 0-15 15-35 35-65 65-85 85-100 

Standard penetration 
resistance, blows/ft 

0-4 4-10 10-30 30-50 50 

Fr ic t ion angle] φ° 25-28 28-30 30-36 36 -41 41-48 

Un i t mass, t/m? 
Moi s t 
Submerged 

1.5 
0.9 

1.8 1.9 2.1 2.1 
0.95 1.05 1.2 1.2 

1 1ncrease f ive degrees for soils containing less than 5 % fines. 

T A B L E 2.2. Undrained shear strength of cohesive soils (Teng, 1962). 

Cons i s tency Very soft Soft Med ium St i f f Very st i f f Hard 

Undra ined shear 
strength, kPa 0-25 25-50 50-100 100-200 200-400 400 

Standard penetration 
resistance, blows/ft 0 2 4 8 16 32 

Un i t wet mass, t/m? 1.6 1.7 1.9 2.0 2.1 2.2 

of internal fr ict ion and undrained shear strength for fr ict ional and cohesional 
soi ls, respectively, over a range of density of particle packing. 

Other soils which contain mixtures of coarse and fine mater ia ls, and which 
a re partially saturated with water, will possess both fr ict ional and cohesive 
u l t i m a t e shear strength properties, and Eqn . 2.1 should be used to calculate 
t o t a l shear resistance to sl iding. Appendix 6 presents values of cohesion and 
fr ict ion angle for selected soils at vary ing moisture contents. Values of 
strength parameters can be taken f rom Appendix 6 for a soil which is s imilar 
to one of those l isted. If, however, there is doubt whether a particular soil 
c a n be compared to one of those in the Appendix, then shear strength tests 
should be conducted on the material in the laboratory or field (Section 2.6 or 
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2.7). 
W i t h the knowledge of the cohesional and fr ict ional strength parameters 

of a soil, Eqn . 2.1 can be used directly to find the ult imate force on a plane 
of a g iven area in a soil, if it is known that that plane is the failure surface. 
O n e such simple example is the failure surface beneath a driven lugged tire 
of a vehicle. A t the max imum tire tract ion force, slip will occur in the soil 
on a ho r i z on ta l plane beneath the tire. If the tire lugs have penetrated the 
soil surface, then the failure plane will be essentially a soil to soil interface, 
between the material trapped in the spaces between lugs and the soil beneath. 

F i g . 2.3. The failure plane in soil under a tractor tire at the max imum 
tract ion force application. 

P r o b l e m 2 . 1 . F i g . 2.3 shows a two wheel drive tractor which has a mass of 
4000 kg, of which 7 5 % rests on the rear wheels. The rear driving tires are of 
size 16.9-28 with a loaded width of 43.2 c m and a contact length, L, of 66 cm 
on a particular soil. The soil in question has strength properties c=30 kPa and 
φ = 2 5 ° . W h a t is the max imum possible horizontal tract ion force, H m of the 
tractor on this soil, if it assumed that the weight balance between front and 
rear remains the same, and that complete soil to soil fai lure is caused by the 
lugs on the rear tires. 

I n t h i s example, it is possible to work with normal and shear pressures, 
but it is perhaps simpler to multiply Eqn . 2.1 by the contact area, A r , of the 
r ea r t i r e s in order to produce an equation of forces. It is assumed that the 
a v e r a g e normal vertical tire contact pressure, σ η , multiplied by the total 
contact area, A r , of both rear tires, g ives the portion of the tractor weight, 
W r , which rests on the rear wheels. 

Η = s A n = c A n + σ A tan<f> = c A + W tan φ m r r η r ^ r r ^ 

In th i s ca se , the cohesion and angle of internal fr ict ion of the soil are 
k n o w n , the contact area of the rear tires is the loaded width of each 
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mult ipl ied by the contact length on the ground, t imes two tires, and the 
weight on the rear wheels is 7 5 % of the total tractor weight. 

H m = 30 kPaxO.432 mx0.66 mx2 + 0.75x4x9.8 tan25° k N 

= (17.1 + 13.7) k N = 30.8 k N 

A t a f lat boundary between a soil and another mater ia l , such as wood, 
concrete, steel or rubber, the shear strength is generally less than the internal 
soi l strength, and different parameters must be used. Eqn . 2.2 with its 
d i f fe rent parameters, adhesion c a , and boundary surface angle of fr ict ion, δ , 
is then employed to calculate sl iding resistance between the two bodies. 
Adhesion and surface angle of fr ict ion play the same roles on an interface as 
do cohesion and angle of internal f r ict ion on planes within the soil mater ia l . 

s = c + σ tan δ (2.2) 
α Π 

Appendix 6 gives typical values of these two boundary strength parameters 
for some of the soils l isted therein, which again can be used as rule of thumb 
e s t i m a t e s when there is a lack of information more specif ic to a particular 
design or analysis case. 

2.2. T H E M O H R C I R C L E O F S T R E S S E S A T A P O I N T 

E q n . 2.1 of the previous Sect ion al lows the calculat ion of ult imate shear 
strength on an internal plane of a soil if the normal stress or pressure acting 
on tha t plane is known beforehand. However , it is often the case that some 
stresses are known to be acting on certain surfaces of a soil body which are 
not coincident with the failure or sliding planes. In such cases it is necessary 
to be able to calculate stresses on surfaces of different orientations or angles 
to the horizontal in a soil body. Mohr (1914) showed how this can be 
accomp l i s hed in any solid material so long as equil ibrium (no accelerations) 
can be maintained at all points in the body considered. 

O n e way of developing Mohr ' s idea is g iven below. One begins with the 
two mutual ly perpendicular planes in a material under mechanical loading 
which have the highest and lowest normal stresses, respectively. These are 
known as the 'pr incipal 1 planes and, as ν Ul be demonstrated, they have no 
s hea r s t ress acting on them. In general, all planes at other angles to the 
pr inc ipal planes do have some posit ive or negative shear stress acting on 
them. In F i g . 2.4, two principal planes are shown with compress ive pressures, 
Ο] and # 3 applied to them. The convention for soil mechanics is that 
compres s i ve normal stresses are considered as algebraical ly posit ive, since 
pressures are nearly always compress ive in earthworks. In addition, shear stress 
is conventionally positive if it acts in a counterclockwise sense on an element 
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F i g . 2.4. S t re s se s at a point. Equi l ibr ium of a material element and Mohr ! s 
circle of stresses. 

of mater ia l . This convention is for convenience in rendering the relative angles 
of d i f ferent planes in the material the same direction as angles between 
points for those planes on Mohr ' s circle of stresses, as will be seen below. 

B e g i n n i n g with the compress ive stress levels on the two principal planes, 
the ca lcu la t ion of normal and shear stresses on any other plane at an angle 
of θ to the σ-| plane is carried out by considering a triangular free body of 
m a t e r i a l bounded by the principal planes and the plane at angle θ· The free 
body has a length of one, and differential width and height, dx and dz. 
E q u i l i b r i u m is then imposed on the body which means that the net force on 
the body in any direction must equal zero. It is convenient to choose 
d i rect ions perpendicular and parallel to the plane of unknown stresses for 
these force summations, and the results are shown below in Eqn. 2.3 to 2.4. 
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Perpendicular to the plane at angle 0: 

a R dx/cos0 - a^dxtan0 sin0 - (J^dxcos^ = 0 

Paral lel to the plane: 

T dx/cos0 + a 3 dxtan0 cos0 - a j d x s ^ = 0 

σ η = a^mH + a - j s i n ^ = + j ° ^ - I ^ J c o s 2 0 (23) 

Τ = ( σ 1 - a^ s in0cos0 = | σ 1 ~ a 3 | s i n 2 g (2Λ) 

E q n . 2.3 and 2.4 together happen to describe the shape of a circle if 
p l o t t ed on a graph of shear stress, 7, versus normal stress, σ η , to the same 
scale. F i g . 2.4 shows this circle in T-Gn stress space, and indicates that each 
point on the circle corresponds to the combinat ion of normal and shear stress 
on a particular plane in the material body. The angle of the point on the 
circle measured f rom the major principal stress, tf-j, is twice the angle 0 of the 
actual plane which experiences these two stresses measured f rom the α-j plane 
in phys i ca l space. The two principal planes are not always horizontal ly and 
vertical ly oriented as they are in F i g . 2.4. Furthermore, they are not always 
the planes upon which stresses are initially known. 

F i g . 2.5. A n example of a normal and shear stress combinat ion at a point 
for Prob lem 2.2. 
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Problem 2.2. An example is given in Fig. 2.5 wherein normal stresses ozz and 
σ χ χ are known acting on the Η and V planes perpendicular to the ζ and χ 
directions in space, respectively, as well as the shear stresses T z x = -7χζ· The 
particular Mohr's circle of stresses for this point can be constructed from the 
stress combinations on these two mutually perpendicular planes as shown in 
Fig. 2.5. The centre of the circle can be calculated as; 

(σ χ χ + σ ζ ζ)/2 = (σλ + σ3)/2 = (60 + 30)/2 kPa = 45 kPa 

and the radius as; 

V { ( a xx * σ ζ ζ ) / 2 } 2 + r x l = ^ { ( 6 0 - 30)/2J2 + 10 2 kPa = 18.03 kPa 

Then the principal stresses are equal to the normal stress at the centre 
of Mohr's circle plus or minus the radius as follows. 

Q = 45 ± 18.03 kPa = { g ; <» } kPa 

In addition, the clockwise angle of the major principal plane, 0 1 ? from the 
ζ plane can be found from the geometry of Mohr's circle as: 

tan20 1 = 2 7 ζ χ / ( σ ζ ζ - σ χ χ ) = 20/30; θλ = 16-85° 

Angles between stress combinations in Mohr's circle diagram do not always 
have to be measured from the principal stress points. They are relative angles 
between points on the circle, and are equal to twice the angle between planes 
in physical space having the corresponding normal and shear stress 
combinations acting on them. As an example in Fig. 2.5, a point S is identified 
on Mohr's circle which is the point of maximum positive shear stress (the top 
of the circle) acting on any plane at any inclination in the material. This 
point S is located at a relative angle 202 counterclockwise from the horizontal 
Η normal and shear stresses (60,10) kPa. Thus the physical plane S which 
supports the most positive (counterclockwise) shear stress in the body is 
located at angle 02 from the Η plane as shown in Fig. 2.5. The magnitude of 
this shear stress is the circle radius, 18.03 kPa, and the angle of its plane 
from the horizontal can be calculated as follows. 

20 2 = 90° - 2 0 l 5 0 2 = 28.15° 

Note in Fig. 2.5 that the S point in Mohr's circle is 90° from the σ-j point, 
and therefore the S plane in the material body is inclined at 45° relative to 
the major principal (σ-j) plane in the same direction. Further examples of this 
nature are provided for the purpose of practice at the end of this Chapter. 
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2.3. T H E M O H R - C O U L O M B C I R C L E O F S T R E S S E S A T F A I L U R E 

The Mohr method of finding stresses on planes at different inclinations in 
a mater ia l body is especially convenient when one is trying to find the 
stresses on a failure plane within a soi l. If, for example, the principal stresses 
a re known on an element of soil that fai ls, Mohr ' s c ircle can be constructed 
on the shear-normal stress graph as shown in F i g . 2.6. The max imum shear 
strength which a soil can exhibit is described by Eqn . 2 . 1 , which can also be 
plotted on the stress graph, and is shown in F i g . 2.6 as the ' fai lure cr i ter ion 1 

s t r a i g h t l ine. This line of failure shear and normal stress combinations 
i n t e r s e c t s the s h e a r a x i s (normal stress equals zero) at the value of 
cohesion, c, and it has a slope angle φ to the horizontal axis. 

F i g . 2.6. Mohr ' s circle of stresses at a point in a soil which is fai l ing. 

So long as the soil remains in equil ibrium while at the same time being in 
a s t a t e of s l iding fai lure, then the stress combinat ion on some plane in the 
mater ia l must meet the failure cr i ter ion, and the circle of stresses on all 
planes must touch the failure cr iter ion line at some point. This point is shown 
as F in F i g . 2.6, and there is a corresponding second point, identified as F f , 
on the bo t t om part of the c irc le. The shear stresses at points F and F 1 are 
the same except that one has the negative magnitude of the other. It is not 
mechanica l ly permitted for each of the internal failure stress lines on the 
d i ag ram to cut Mohr ' s c ircle at more than one point. Otherwise the shear 
stress on some planes would be greater than the soil strength resisting shear, 
and ex t ra force would be available to cause mass accelerat ions in the body. 
T h u s the condition of equi l ibr ium, required for the construct ion of the Mohr 
s t r e s s d iagram, dictates that the circle of stresses be tangent to the failure 
cr i ter ion line at points F and F f when soil fai lure occurs. 

Failure strength 
criterion 
s = c + (7 n tan0 
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This fact permits the calculation of the shear and normal stresses on the 
failure plane F, as well as the inclination of the failure plane, and additional 
i n f o rma t i on concerning the required ratios of the principal stress values. 
Because the radius A F to stress point F is perpendicular to the tangent failure 
criterion line, then triangle F A O 1 is r ight angled, and the angle 0f f rom the 
plane to the F or F 1 failure plane can be derived as: 

2 0 f = ( 180° - ^ F A O ) = (90° + φ) 

0 f = 4 5 ° + φ/2 (2.5) 

I t is noteworthy that the angle of the soil internal failure plane is 
independent of the cohesion portion of strength, and that only the angle of 
i n te rna l fr ict ion governs the attitude of the sliding plane. This phenomenon 
has important consequences for the determination of the shapes of rupture 
planes behind soil retaining walls, underneath building foundations and the like, 
as will be seen in following Chapters . 

Another consequence of the contact between Mohr ! s circle of stresses and 
the failure criterion line in F i g . 2.6 is a prescribed relation between the major 
and minor principal stresses, θ\ and σ 3. The radius of Mohr ' s circle is half of 
the difference between the principal stresses, and the centre A is located at 
the average of the magnitudes of the principal stresses, measured f rom the 
graph origin, O . The side A O ' of the right angled triangle F A O ' is the sum of 
n o r m a l stress magnitudes O A and O O ' . F r o m these conditions, a relationship 
between the principal stresses at the failure state can be derived as shown 
below. 

O O 1 = c/tan</> = c c o t 0 (2.6) 

In the right angled triangle A F O f ; 

= sin<p = (2.7) 

A O ' (σλ + σ 3)/2 + c οοίφ 

Conve r t i n g this equation to an explicit expression for the minor principal 
stress; 

E q n . 2.9 is known as the Rank ine active earthpressure case, and can be 
app l i ed as is to find the pressure acting on smooth vertical soil retaining 
walls, as will be seen in Chapter 5. The above derivation shows that it is not 
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necessary to calculate the actual shear and normal stress on the failure plane 
in order to know the ratio of the principal stresses for the soil failure 
cond i t i on . In some instances, it is not the principal planes nor the failure 
p lane on which the applied stresses are known, but another set of surfaces 
having both shear and normal stresses. 

-40L 

F i g . 2.7. Example 2.3 of the failure condit ion in a purely fr ict ional soil. 

P r o b l e m 2.3. The example shown in F i g . 2.7 is such a case in a purely 
frictional soi l. Mohr ' s circle has been constructed in the f igure for the stress 
c o n d i t i o n at this point in the soil, using the known stresses on the Η and V 
p l ane s . F r o m the d iagram, the angle of internal f r ict ion, φ, as well as the 
inclination of the positive shear failure plane, 0 1 f and the attitude, 0, of the 
major principal stress, a-|, f rom the horizontal can be calculated as fol lows. 

{^}=[(9° + 30)72 1 y{<90
 " 30)/2} 2+ 102 ] k P a = |J1.6j k R a 

φ = s i n - 1 I 91.6 - 28 4) ο 
\ 91.6 + 28.4/ 

0 1 = {90° + 31.8° - tan-1(10/30)}/2 = 51.7° 

0 = {180° + tan-1(10/30)}/2 = 99.2° 

Mohr ' s c ircle can be uti l ized also to find angles and stresses of planes at 
a bounda r y between soil and another mater ia l . A s an i l lustration, F i g . 2.8 
d e p i c t s a vert ical retaining wall which has a wall to soil f r ict ion angle, δ, 
while the angle of internal f r ict ion strength of the soil is φ. If the soil fai ls 
a long the curved line A B shown, sl iding wil l occur s imultaneously along the 
wall surface, W, and on a plane, F, within the soi l. In the Moh r d iagram of 



24 A G R I C U L T U R A L E N G I N E E R I N G S O I L M E C H A N I C S 

Soil to wall failure 

F i g . 2.8. Soil stresses on a retaining wall during active fai lure. 

Fig. 2.8, the stresses on the internal failure surface are indicated as point F, 
while those on the wall interface are at point W. This latter point is on both 
the c i rc le of stress combinations acting on all planes in the soil at point B, 
and the line of wall to soil strength inclined to the normal stress axis at 
ang l e - δ . Po in t W is in the region of negative shear stress because the soil 
s l ides downwards along the wall at fai lure, and the wall exerts a reactive 
u p w a r d s , or c lockwise acting shear stress onto the soil. In addition, point W 
is at the left hand intersection of the wall to soil strength line with the 
circle of stresses because the soil is presumed to fail downwards in this case, 
and the smaller normal stress occurs on the vert ical plane, with the larger 
acting on the horizontal plane. 

A t po int Β in the soil, the stresses on the horizontal plane are shown as 
po in t Η on Mohr ' s c ircle, which is at an angle 2 6 f rom σ-j. When both the 
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internal and interface strength lines intersect the normal stress axis at the 
same point, Ο in F i g . 2.8, the angle 6 can be calculated as fol lows f rom the 
geometry of the c irc le. 

^ i ^ - 1 {*$}-*] ( 2 J 0 ) 

And the slope of the soil internal fai lure plane, as it meets the wall at Β 
can be seen from the stress d iagram to be θ^= 4 5 ° + φ/2 - €. A t point A on the 
so i l s u r f a c e , the major principal stress acts on the horizontal plane because 
there is no shear there, and the slope of the soil fai lure plane is 45° + 0/2, as 
in the Rank ine earthpressure case discussed previously. Therefore, when there 
is a finite angle of wall to soil f r ict ion, that is the wall is not perfectly 
s m o o t h , the above consideration of stresses using the Mohr d iagram dictates 
that the failure line A B behind the wall will be curved, having a smaller slope 
at the wall bottom than at the top of the soil s t ratum, as shown in F i g . 2.8. 

The actua l pressures acting on the wall are only those on the wall plane 
itself. These are shown in F i g . 2.8 as ( 7 X X and T x z , perpendicular and parallel, 
respectively, to the wall surface. is shown at the angle € to the wall normal 
s t r e s s , but it does not act on the wall plane, but rather on an internal soil 
plane at angle € c lockwise f rom the wall surface. The wall pressures can be 
c a l c u l a t e d in the case of soil fai lure if the centre of Mohr ' s c ircle in the 
stress d iagram is known, as shown below. The application of these techniques 
will be presented in Chapter 5. 

σ χ χ = ^^Y1 ' sin0cos2e} (211) 

Τ χ ζ = { σ ΐ 2 °3 }{sin</>sin2e} (212) 

2.4. T H E M E T H O D O F S T R E S S C H A R A C T E R I S T I C S 

M o h r ' s stress relationships, combined with the assumption of soil fai lure, 
a l low the determination of stresses on any desired plane at a point in a soil 
w h e r e s o m e of the stress levels are known. However , in most examples of 
e a r t h w o r k design the stress levels vary in the soil body f rom point to point 
due to app l i ed loads and gravitat ional forces. What is needed is a set of 
relat ionships which permit the computat ion of changes in stress levels f rom 
place to place within a soil mass. Then Mohr ' s method can be used at desired 
points to calculate pressures on different planes. 

F i g . 2.9 g i v e s the f ramework of definit ions for the development of 
equations to determine changes in stresses with distance. Since there are three 
independent stress v a r i a b l e s , σ χ χ , (T z z and T x z in the plane stress s ituation shown, 
and the equations of plane equil ibrium give only two linear equations, in the 
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χ and ζ directions, a third expression is needed to solve for the variat ions in 
s t re s se s with position. The assumption for the third equation is that the soil 
is in a state of shear failure over the soil volume being considered. This state 
is expressed in terms of stresses by Eqn . 2.1 or 2.9, and also below in 
Eqn . 2.13 to 2.16 using the newly defined stress variables of F i g . 2.9. 

In Fig. 2.9, two new variables are introduced. Stress value Ο is the location 
of the cent re of Mohr ' s circle measured f rom point O 1 on the normal stress 
ax i s . That is the point where the Cou lomb soil failure condition line O ' ^ 

F i g . 2.9. Notation for stress character ist ic lines, £ and η, and the equil ibrium 
of stress gradients at a point. 
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intersects that axis, and makes Ο the hypotenuse of the right angled triangle 
0 ! A £ . The o the r new variable is angle 0, which is the angle of the major 
p r i n c i p a l stress, θ\ measured c lockwise f rom the horizontal or χ axis. When 
so i l fa i lure has been assumed, these two variables are suff ic ient to describe 
comp le te l y the stress state at a point, and the principal stresses or stresses 
on the horizontal and vertical planes in the mater ial can be obtained directly 
f r o m these variables using the equations below. By employing these two 
variables, the number of parameters needed to describe the state of stresses 
at a point has been reduced f rom three to two, by util ising the assumption 
of the soil fai lure condition. 

^ j =σ ( 1 ± s in0) - c c o t 0 =σ ( 1 ± s in0) - ψ (2.13) 

σ χ χ = σ(1 + s in0cos20 ) - φ (2.14) 

σ ζ ζ =σ ( 1 - sin</>cos20) - ψ (2.15) 

r x z = ' ^ ζ χ = ^ s i n 0 s i n 2 0 (2.16) 

A l s o in F i g . 2.9 is shown an elemental square of soil having sides dx and 
d z . A p p l i e d to this element are the stresses on the vert ical and horizontal 
planes, as well as the possible differential changes which can occur f rom one 
side to the other of the element. The changes are shown as partial gradients 
of the stress levels multipl ied by distance, since displacements are considered 
separately along the χ and ζ directions. 

Next, the condition of equil ibrium is invoked, as in the Moh r method, along 
the χ and ζ directions. Fo rces , not stresses, must be added in each direction 
to determine the condit ion of equi l ibr ium, so the stress on each face must be 
mu l t i p l i ed by the length of the face, and by an assumed unit depth of the 
elemental volume perpendicular to both the χ and ζ axes. 

In the χ direction: 

σ dz - q dz - - RV * *dxdz + T d x + tf^zXdxdz - r dx = 0 
xx xx Ox ζχ σ ζ ζχ 

S imi lar ly , in the ζ direct ion: 

C218) 
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T h e s e two equil ibrium equations are written in terms of the three stress 
var iables acting on vertical and horizontal planes in the soil. A t this point, 
Eqn. 2.14 to 2.16 can be used to substitute the two stress variables, α and 0, 
for the three, and result in two partial differential equations in two unknowns. 

In their present form, Eqn. 2.19 and 2.20 are virtually impossible to 
integrate over finite χ and ζ displacements because they comprise partial 
differentials of the stress variables a and 0. However, Sokolovsky (1956) 
demonstrated that the two expressions can be rearranged by multiplying them 
by sin(0±/>O and -cos(0±/i), respectively, with the following result. 

The two relationships represented by Eqn . 2.21 can now be recognized as 
e x p r e s s i o n s of total derivatives of variables α and 0 along certain specif ic 
directions in χ and ζ space. The two directions are inclined at angles of θ±μ 
to the horizontal χ axis. Refer r ing to F i g . 2.9, these directions can be seen 
to be the s a m e as the soil failure slip lines, £ and 7J, respectively. 
Mathemat ica l ly , the two directions are known as 'character ist ic lines 1, and in 
the p r o b l e m at hand, total differentials of the two stress variables can be 
defined only along these two orientations in a soil material as fol lows. 

A long £ slip lines: 

(l+sin</>cos20)|j + sin0sin20 | j - 2σ sin<£ (sin20 ff-cos20 |f)= 0 (2.19) 

s in0s in20|j + (ΐ-βίηφ cos20)̂ J + 2σ sin0 (cos20 sin20|^)=7 (2.20) 

fjcos(0±/i) + gjsin(0±/i) ± 2 a t a n 0 ^ c o s ( 0 ± / i ) + ffsin(0±/o] 

= J ŝin±0cos(0±/x) + cos±(/)sin(0±/>t)j (2.21) 

£ = tan(0 + μ) (222) 

da + 2atan<£d0 = 7(dz + tan</> dx) (2.23) 

A long η slip lines: 

S = tan(0 - μ) (224) 

da - 2 a t a n 0 d 0 = 7(dz - tan0dx) (2.25) 

In the subsequent chapters, specif ic applications of the above mathematical 
technique will be described for the analysis of shallow foundation bearing 
capacity, lateral pressures on walls, soil cutting and til lage and the l ike. 
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2.5. T O T A L A N D I N T E R G R A N U L A R ( E F F E C T I V E ) S T R E S S E S 

F i g . 2.10. Intergranular (effective) and water pressures in a saturated soil. 

W h e n a granular soil has the voids among particles saturated with water, 
then a pressure can exist in this liquid which, at equil ibrium, has an equal 
magnitude in all directions. Fo r a certain total normal stress level applied to 
an outside surface of the saturated soil body, the water pressure will support 
a portion of this total load and will tend to reduce the contact forces among 
sol id soil particles. In such a case, the effect ive intergranular stress, which 
is the average sum of individual interparticle forces per unit area, will not 
equa l the total applied stress in the same direct ion. A s shown schematical ly 
in F i g . 2.10, the sum of the water pressure within the pore fluid and the 
effect ive intergranular stress equals the total stress on a plane surface in the 
soil, as demonstrated by Terzagh i (1936). The s imple mathemat ica l expressions 
for this result are: 

σ η = σ η ' + u (2.26) 

or 

σ η ' = σ η - u (2.27) 

where: 

(7 n = total applied normal stress on a plane surface, 

σ η

! = effect ive intergranular stress (average per unit area), 

u = pore water pressure, or neutral stress. 
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If effective normal stresses are used to calculate the soil failure condit ion, 
r a t h e r than total applied pressure, then the failure parameters, c and φ wil l 
be different. In fact, if the pore pressure changes in a soil, then the apparent 
total soil strength will also change, because the forces among, and hence the 
f r ict ional resistance of soil grains is altered. When water pressure is present 
in a granular soil, then the effect ive intergranular stresses should be used if 
possible, since only then will consistent strength parameters, known as the 
e f fec t i ve strength constants, c' and φ\ be observed. Cou lomb ' s soil strength 
condition can be changed to: 

s = c ' + a n ' t a n 0 ! (2.28) 

F i g . 2 .11. M o h r ' s circle of stresses for a soil in the failure condition using 
total and intergranular (effective) stresses. 

F i g . 2.11 shows a pr ism of cohesionless granular soil in a state of failure 
under applied principal stresses, and σ 3 , and with pore pressure, u, acting in 
the pore water. On the accompanying stress d iagram, two circles have been 
d r a w n , one for the total applied pressures, and the other for calculated 
effective stresses. When soil cohesion is zero, the effect ive angle of internal 
friction, </>', is the slope of the tangent f rom the stress d iagram origin to the 
c i r c l e of effect ive stresses, and the inclination of the failure plane, 0f, is 
determined accordingly by substituting φ* in Eqn . 2.5. 

The s i t ua t i on is not so simple in compressible fine grained soils. So long 
as such a material is 'normally consol idated', that is compressed f rom a loose 
dens i t y by the action of the existing normal pressures, then the above 
e f f e c t i v e s t r e s s m e t h o d has been shown to provide predictable results 
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( H v o r s l e v , 1937; Bjerrum, 1954; Lambe and Whitman, 1979). However a 
c o m p r e s s i b l e soil can be in a state of overconsol idat ion, that is it has been 
c o m p r e s s e d at some time by a larger normal stress than is acting at the 
present. A s water has drained f rom the soil voids during compress ion, the soil 
p a r t i c l e s have been forced closer together, and upon release of the pressure 
to a smaller magnitude, the particles do not rebound to their original density. 
B e c a u s e the particles of fine grained soils are very smal l , the long range 
e l e c t r o n i c forces among them are relatively strong, and they can influence 
s hea r strength, as well as can the normal effect ive stress acting on a plane 
in the ma te r i a l . Therefore, a compress ible soil can have two different 
strengths even at the same effect ive confining pressure, depending on whether 
the soil is 'normal ly 1 compressed, or overconsol idated at some previous t ime. 

Hvorslev (1937), as cited in Bjerrum (1954) and Lambe and Whitman (1979), 
p r opo sed a theory in which fine grained soil strength is a function of both 
effective normal stress and particle density. Fo r a saturated soi l, the particle 
density is reflected directly by the water content (mass of water in the voids 
per mass of solids), and the water content can thus be used functionally in 
p l ace of the particle density. Hvors lev postulated that there can be defined 
a 'true' effect ive cohesion and internal f r ict ion angle, c ' e and φ ' θ , which vary 
with water content, or particle density, for overconsol idated fine grained soils. 
F i g . 2.12 shows three failure stress cr iter ion l ines on a Moh r stress d iagram, 
two of which correspond to overconsol idated soil at water contents w 1 and w 2 , 
and the third of which is used for normally consolidated materials. A s the soil 
p a r t i c l e den s i t y increases , and the water content decreases, there are 
inc reased interlocking and long range forces amohg small particles, and the 
'true' strength parameters also increase, especially the cohesion term as shown 
in F i g . 2.12. 

F i g . 2.12. H v o r s l e v ' s p a r a m e t e r s fo r soil strength taking into account 
effect ive stress and pore water pressure. 
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The Hvors lev parameters are useful in describing to some extent the role 
of i n t e r p a r t i c l e f o r c e s fo r c o m p r e s s e d fine grained soils, but in soil 
engineering practice, it is much more pract ical to use the normal effect ive 
strength parameters, c 1 and φ 1 , and to evaluate them for a g iven soil condition 
by d i r e c t measurement. The applications of pore pressures and effect ive 
s t r e s s e s will be seen in subsequent chapters concerning foundations and wall 
earthpressures. 

F i g . 2.13. Example of a soil layer with a water table for Problem 2.4. 

P rob l em 2.4. F i g . 2.13 shows a profile of a sandy soil deposit in which the 
w a t e r table is 2 m f rom the soil surface. What is the shear strength on a 
horizontal plane at a depth of 5 m ? 

T h e e f fec t i ve normal stress must be found on the desired plane by 
sub t rac t i ng water pressure, u, f rom the total stress, fol lowing Eqn . 2.27 and 
2 .28. T h e total vertical stress is the sum of weight per unit area of soil 
a bove the plane in question, or the sum of the total weight densities (mass 
times gravitat ional attraction) multipl ied by the respective heights of the dry 
and wet layers. The water pressure is the height of water above the plane 
t imes its weight density. 

σ η = 7 d r y x 2 m + % a t x 3 m = ^ 1 3 x 2 + 1 8 x 3 ^ k P a = 8 0 , 0 k P a 

u = 9.8 k N / m 3 χ 3 m = 29.4 kPa 

σ η ' = σ π - u = (80.0 - 29.4) kPa = 50.6 kPa 

Shear strength, s = c 1 + a^tanc/) 1 = (6 + 50.6tan30°) kPa = 35.4 kPa 
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2.6. L A B O R A T O R Y M E T H O D S O F S O I L S T R E N G T H M E A S U R E M E N T 

T h e r e are rough guidelines for the cohesional and fr ict ional strength 
properties of typical soils, such as in Table 2 . 1 , 2.2 and Appendix 6. However, 
there is a great variabil ity among the gra in s ize distributions, mineralogical 
constitutions, shapes of particles and other compounds in soils, not to mention 
the change in properties with vary ing moisture contents. Therefore it is 
important to measure the mechanical properties of a particular soil if one is 
to have confidence in any design predictions. 

There are two principal classes of soil strength measurement techniques, 
n a m e l y l a b o r a t o r y and field tests. E a c h of these has its benefits and 
d r a w b a c k s . Laboratory measurements can in general be controlled more 
carefully, the amount of water draining f rom the soil is known more precisely 
and q u a n t i t i e s such as forces and deformations can be measured more 
accurately. F r o m the physical point of v iew, however, it is diff icult to be 
c e r t a i n that a soil sample can be removed f rom its natural location in the 
field and tested in the laboratory in exactly the same state. Whether the soil 
is sandy or c layey, there is usually a strong possibil ity that its density will 
c h a n g e , or t ha t s o m e o the r structural alteration will result f rom the 
excavat ion of a sample and its subsequent transportation to and installation 
in the laboratory testing device. Thus in many instances, it is impossible to 
be completely confident that the behavior shown by the laboratory tests 
measurements will in fact ref lect the mechanical performance of the material 
in react ion to in situ forces. 

Added to this is the fact that testing in the laboratory is generally more 
time consuming and expensive than field mechanical testing. When information 
is needed guickly, and the level of control and accuracy of a particular test 
procedure in the field is adequate for the purposes, then the advantages of 
field tests are evident. If, however, more complete information is needed than 
c a n be provided by field devices, then the careful extract ion of soil samples 
and their character izat ion in laboratory tests are dictated. The details of 
additional information and control which can be obtained in laboratory devices 
will be seen within the descriptions of the tests which fol low. 

2.6.1. The direct shear box. 
Schematically represented in F i g . 2.14, the direct shear box is the simplest 

laboratory device available for the direct measurement of soil cohesive and 
f r ict ional strength parameters. Soil samples are placed inside two or three 
concentric round or square r ings, which can be moved horizontal ly relative to 
e a c h o the r , and a vert ical load, N , is applied. The soil may be allowed to 
come to a drainage equil ibrium under the load Ν if desired. Then one of the 
r i n g s is moved relatively to the other(s), usually at a constant speed of one 
to two mm/s or so, and the required horizontal force, T, measured by 
mechanical or electronic means. 
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F i g . 2.14. Schematic diagram of a two ring direct shear box for soil strength 
testing. 

A s ind icated in F i g . 2.14, the entire height of the soil sample does not 
undergo extensive shearing strain. Rather there is a zone of concentrated 
de f o rma t i on of unknown thickness around the separation plane of the r ings. 
D u r i n g the shear process, the horizontal movement, x, of the ring can be 
measured and recorded, as well as the vert ical movement, z, of the top cap. 
However , neither of these displacements can be converted to a measurement 
of strain in the soil because the volume and thickness of the shear zone are 
not known. Nevertheless, curves of shear force, T, versus increasing shear 
displacement, x, in the shear zone can be obtained for different vertical loads, 
N, as i l lustrated in F i g . 2.15. In fact, these shear force - displacement curves 
re f l ec t how a soil would behave on a predetermined thin shear zone in the 
field, such as under a tractor tire as i l lustrated in Prob lem 2 .1 , Section 2 .1 . 

O n the f o r ce - displacement curve for each vert ical load, N , the failure 
point F is determined, as indicated in F i g . 2.15. This point is the largest shear 
force, T, or that point where the shear force versus displacement curve 
inc reases only slowly along a straight line, depending on the character ist ics 
of the part icular direct shear device. In order to est imate the strength 
pa ramete r s of the soil samples tested, the failure shear force values, T, are 
p l o t t ed against the normal loads, N , as shown in F i g . 2.16. The best fit 
straight line through the points corresponding to individual shear tests has the 
s l ope φ and intercept c A on the shear force axis, where A is the horizontal 
c ro s s section area of the shear box r ings. The best fit line can be drawn by 
eye , or the shear and normal force pairs can be summed on a calculator to 
obtain c A and tan</> directly by a least squares linear regress ion. 
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F i g . 2.16 P l o t t i n g of soil failure shear force measurements versus vert ical 
loads to find soil cohesion and fr ict ion angle parameters. 

F i g . 2.15. Results of shear force versus horizontal deformation measurements 
for a sandy soil in a direct shear box. 
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Either drained or undrained shear strength measurements are possible with 
th i s device. If drained tests are desired on a fine grained soil, however, the 
shearing must be performed at a suff ic iently slow speed to allow drainage of 
e x c e s s wa te r pressure f rom the center of a sample by the t ime that the 
f a i l u r e shear stress is achieved. Depending on the hydraul ic conductiv ity of 
the soi l , this could take up to several days for a fine clay soi l, whereas a 
f ew seconds of t ime can often suff ice in the case of a coarse sand. When 
undrained tests are required, the porous stones at the top and bottom of the 
so i l s amp le s can be replaced by impermeable plates, and the shear tests 
pe r f o rmed quite quickly. There is really no effect ive way of measuring the 
pore w a t e r pressure, nor its var iat ion with location in the soil sample, so a 
total stress analysis must be employed in undrained tests. 
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F i g . 2.17. Resu l t s of a direct shear test for a saturated undrained soil. 

F i g . 2.17 shows typical failure shear force versus vary ing normal force 
va lues for an undrained shear box test series on samples of a saturated clay 
soil. The force quantities in this plot ref lect the total applied stresses on the 
s o i l , and the result indicates an apparent zero angle of internal f r ict ion. If 
the pore pressure in each test could be known, it would show that the 
i n c r ea s e in normal force is balanced by a larger pore water pressure in the 
s o i l , and the actual effect ive normal stress on the soil fai lure plane is 
essentially the same in each test. Thus the shear strength is equal for all 
n o r m a l f o r ce levels, and is defined as the undrained shear strength, C . This 
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r e s u l t c a n be applied to design cases where the clay soil is at the same 
e f f e c t i v e confining pressure as the test samples, and when it is not allowed 
to drain s ignif icantly during the t ime period of interest. 

The installation of granular soils into the direct shear box is effected 
simply by pouring them in and vibrating or tamping them to a certain packing 
density if so desired. Cohes ive soi ls, on the other hand, must f irst be cut to 
d i m e n s i o n s very close to those of the inside of the shear box circular or 
square r ings. Fo r most commerc ia l ly available shear box devices, properly 
d imes i oned cutt ing r ings with sharpened edges are provided for this purpose. 
C a r e must be taken, however, to reduce the disturbance to the internal 
s t ructure of each cohesive soil sample to a min imum during the cutting 
process. Otherwise, the results of soil strength measurement in the shear tests 
may not ref lect the natural structure of the soil accurately. 

2.6.2. The triaxial test. 

Stress 
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F i g . 2.18. Schemat ic d iagram of the tr iaxial soil strength testing device. 
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T h e triaxial test, i l lustrated schematical ly in F i g . 2.18, is considerably 
mo re versatile than the direct shear box test in its ability to control soil 
strains, stress combinations and the drainage or measurement of pore water 
pressure. Cy l indr ica l samples of any soil type are surrounded by a membrane 
and conf ined by the pressure, in the cell f luid. The source of this cell 
pressure can be a liquid column, pressurized gas, mechanical pump or other 
device. Addit ional stress (compressive or tensile) is applied to the top of the 
soil cylinder by a movable piston, and the difference between pressures on the 
top and side surfaces of the soil cyl inder generate shear stresses on different 
p l ane s as shown in F i g . 2.4 to 2.6. Because the cell pressure acts on the 
piston f rom the inside of the cell, the force, P ! , applied to the top cap is less 
than Ρ applied externally to the piston, as fol lows. 

Ρ 1 = Ρ - σ 3 Α ρ (2.29) 

where A ^ i s the cross sectional area of the piston opening in the cell. 

The net force P f is added to the cell confining pressure, and this sum is 
divided by the cross section area of the soil cyl inder in order to calculate the 
a v e r a g e vertical stress applied to the sample. The area, however, changes 
du r i n g a compress ion test owing to the shortening and widening of the soil 
cy l i nder . If the test is undrained and the soil a lmost saturated, then the 
v o l u m e change during axial compress ion will be practical ly nil, and the area 
at any point during the test may be calculated by the fol lowing formula. 

A = A 0 / ( i - e z z ) (2.30) 

where 
A = the soil cyl inder cross section area at any t ime, 

A ο = the initial area, 
€ z z = the vertical strain of the soil sample = Δ ζ / ζ 0 (compression). 

If the soil changes volume during a tr iaxial test, and the amount of volume 
change is measured, then the fol lowing formula can be applied. 

A = V/z = ( V Q + A V ) / { z Q ( l - ezz)\ (2.31) 

where 
V = the soil sample volume at fai lure, 
ζ = the sample height at fai lure, 

V 0 = the initial soil cyl inder volume, 
A V = the change in soil volume f rom the initial value (expansion), 
z Q = the initial soil cyl inder height. 
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The appl ied force Ρ may be increased in steps by weights, or the top 
p i s t on can be displaced at a desired constant speed by a mechanical device. 
In any event, the force, P, the vert ical movement, Δ ζ , of the piston and the 
change in soil volume, A\f, can all be monitored during a soil shear test. The 
porous stone at the bottom of the soil sample, and one possibly at the top as 
w e l l , allow access to the pore water at the ends of the sample. This access 
pe rm i t s either the control of the drainage of pore water before and during 
shear testing, or the measurement of saturated soil pore water pressure in the 
undra ined case, by a gauge or transducer which allows almost no volume 
change. 

A s a result of the flexibil ity permitted by the tr iaxial test f ixtures, three 
principal types of stress-strain and strength tests are possible, namely the; 

1. Consolidated Dra ined test ( CD ) , in which the soil sample is allowed to drain 
completely and come to equil ibrium zero pore water pressure before shear 
te s t ing under the cell confining pressure. A l so , pore water is allowed to 
drain during a slow increase of applied force P. The volume of water 
e x i t i n g can be measured to indicate the soil volume change both before 
and during shear testing. 

2. C o n s o l i d a t e d Undrained test (CU ) , in which the sample is drained to 
equilibrium under θ$ before Ρ is applied, but water is not permitted to exit 
the sys tem when Ρ and shear stresses are imposed in the soil. However, 
during shear tests, the pore pressure can be measured in saturated soils as 
mentioned previously. The rp.te of application of Ρ or vert ical strain must 
be s l ow enough to allow the pore pressure to be transmitted f rom the 
sample center to the external pressure monitor ing device at each stage of 
the shear process. 

3. Unconsol idated Undrained test (UU) , in which pore water is never allowed 
to f l ow f rom the soil either when the cell pressure or the additional 
v e r t i c a l s t r e s s is applied. Here again, pore pressure can always be 
measured. 

F i g . 2.18 shows also the stress model which is assumed for the triaxial 
test conf igurat ion. The cell fluid pressure comprises a principal stress on the 
side of the soil cyl inder, and it is assumed that the top and bottom caps also 
apply normal stress only. F r o m measurements during shear tests, information 
concerning the vert ical compress ive or tensile strains and the volume changes 
of saturated soils as a function of principal stress difference can be obtained. 
In addition, the principal stresses can be recorded when the sample fai ls, 
e i t he r with an accompanying visible rupture surface, or by more uniform 
bulging at the max imum shear stress. 

Fig. 2.19 gives an example set of vert ical strain ( 6 ζ ζ = Δ ζ / ζ 0 ) versus principal 
stress difference curves, at different cell confining pressure levels, measured 
on samples of a particular unsaturated soil. A l so , Mohr ' s c ircles are 
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F i g . 2.19. Curves of principal stress difference versus vert ical soil strain in 
a t r iax ia l test for different cell confining pressures, and Mohr ' s 
c i rc les of failure stress combinat ions. 

constructed in shear-normal stress space at the point of failure for each test, 
from which the soil cohesion and angle of internal fr ict ion can be est imated. 
F o r instance, at the point of failure during the test at 57 kPa confining 
pressure, the principal stress difference, 

σλ - σ 3 = 218 kPa, and σγ = (218 + 57) kPa = 275 kPa 

In the analys is of strength f rom triaxial test results, both consolidated 
undrained tests and those performed on unsaturated soils can be handled 
simply by total stress analyses as in F i g . 2.19. When, however, pore pressures 
are involved and have been measured, then an effect ive stress treatment 
should be applied as demonstrated in the example problem below. 

P r o b l e m 2.5. The table below gives the measured principal stresses and pore 
pressures for the undrained failure of s imi lar specimens of a saturated clay 
soil consolidated to different confining pressures ( C U tests). F ind the effect ive 
soil cohesion and angle of internal f r ict ion. 
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Test N o . σ 3 , kPa σΐ9 kPa u, kPa 

1 13 78 3 
2 70 157 15 
3 120 238 28 
4 155 302 35 

F i g . 2.20. P r ob l em 2.5 construct ion of Moh r f s c irc les of effect ive failure 
stresses to obtain effect ive cohesion and fr ict ion angle. 

T h e pore pressure, u, is subtracted f rom both principal stresses for each 
t e s t , and Mohr ' s c ircles constructed using these effect ive or intergranular 
principal stresses, as i l lustrated in F i g . 2.20. Fo r example, in test No . 1 , σ'ι = 
78 - ~5 kPa = 75 kPa and σ ! 3= 1 3 - 3 kPa = 10 kPa , f rom which the first circle 
is d r a w n in F i g . 2.20. The result ing effect ive strength parameters are c 1 = 
20 kPa and0' = 1 6 ° . 

T h e est imation of strength parameters f rom sets of Mohr ' s c ircles at soil 
f a i l u re , such as in F i g . 2.20, can be accomplished by graphical means on a 
la rge scale graph, and the values of cohesion and fr ict ion angle measured. 
Alternatively, Eqn . 2.32 below, f rom Eqn . 2.9, can be adapted to an analytical 
e s t i m a t i o n of c and φ, or c f and 0 ' for effect ive stresses, using the total or 
effect ive principal stresses at soil fai lure. 

σ 3 = a l K a "
 2 c V ^ ( 2 · 3 2 ) 

Sets of and σ$ value pairs at soil fai lure for individual tr iaxial tests can 
be used as χ and y values, respectively, in a l inear regress ion. The resulting 
s l ope is the best fit K a , either total or effect ive, f rom which the fr ict ion 
angle, ώ or0', can be calculated as shown below, and the regression intercept 
is -2cVi<a or -2c 'VK^. 
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(233) 

T h e p repara t i on of soil samples for tr iaxial tests must be executed 
carefully for reliable results. Except for granular materials, the same sample 
cannot really be used for repeated strength tests owing to the irreversible 
structural damage which can occur to the soil fabric by shearing and fai lure. 
Th i s is especially true in sensitive clay soils which suffer reduced shear 
s t rength when their structure is disturbed. The only recourse for multiple 
t r i x i a l tests is to obtain several samples of such a soil which are as s imi lar 
as possible, and as little disturbed f rom their in situ condition as is feasible. 

F i g . 2 .21. Soil lathe for shaping cyl indrical samples of cohesive soil for the 
t r i a x i a l test, and a mold for holding cohesionless samples before 
a vacuum can be applied internally. 

For cohesive soils, the cyl indrical test samples can be prepared by cutting 
t he i r shape on a soil lathe with a thin wire knife, F i g . 2 .21, and they will 
r e t a i n their shape during installation in the test machine. Cohes ionless soils, 
however, will not stand up in the cyl indrical shape by themselves and require 
suppor t before the cell confining pressure can be applied. Fo r this purpose, 
m e t a l molds are available as depicted in F i g . 2 .21 . The sample 's rubber 
membrane is f irst placed inside the mold and drawn to the inside surface by 
m e a n s of a small amount of vacuum through the suction tube (mouth power 
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suff ices here). A f te r the mold with membrane is placed on the tr iaxial cell 
base, the granular material is deposited in the mold, either loosely or tamped 
and vibrated to a desired density. The top cap and elastic membrane retaining 
r i n g s are installed next, and a smal l vacuum applied to the interior of the 
s o i l t h r o u g h one of the pore water access ports of the device. This vacuum 
w i l l p rov ide suff ic ient positive effect ive stress in the granular soil for it to 
retain its shape until the remainder of the cell components are in place, and 
the required cell confining pressure has been established. 

If so desired at this point, water can be introduced f rom the bottom pore 
water access inlet, and the air within the soil expelled through the top access, 
whi le still maintaining a small cell confining pressure to support the sample. 
Subsequently, the cell pressure can be brought to the desired level for a 
particular test, and shear testing can proceed normally under either drained 
or undrained conditions with the application of vert ical force P. 

Prob lem 2.6. Three consolidated drained tr iaxial tests are performed on s imilar 
saturated clay soil samples f rom the same site. The initial volume of all 
samples was 76 c m 3 and the original height was 7.6 c m . The cross sectional 
a r e a of the piston where it passes through the top of the tr iaxial cell is 
1.25 c m 2 . F r o m the measured results below at the point of failure of each 
sample, find both the total and the effect ive cohesion and fr ict ion angle. 

Test No . 1 2 3 

σ 3 , kPa 
Ρ, Ν 

Δ ζ , cm 
u, kPa 

Ρ', Ν 
A f , c m 2 

σ 1 ' σ 3 > kPa 
σΛ9 kPa 
σ-,1, kPa 
G3\ kPa 

200 300 400 
460 655 845 

1.40 1.45 1.40 
35 49 65 

435 618 793 
12.3 12.4 12.3 

354 498 645 
554 798 1045 
519 749 980 
165 251 335 

c = 19.9 kPa , φ = 24 .9° , c 1 = 21.4 kPa , φ' = 27.5° 

E q n . 2.29 has been used to find the net force, P f , applied to the top cap 
at soil failure for each of the tests. Then Eqn . 2.30 was used to calculate the 
a v e r a g e cross section area in each case. D iv id ing the cyl inder area into the 
net force g ives the average principal stress difference at fai lure. The table 
above shows these calculat ions, together with the derivation of effect ive 
s t r e s s e s . A l so , the est imation of total and effect ive strength parameters is 
done, using l inear regressions in the fo rm of Eqn . 2.32. 
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2.6.3. The consolidation test. 

F i g . 2.22. F i xed base consolidation test apparatus, or oedometer. 

T h e theory of consolidation of fine grained soils will be described in 
Chapter 4. It involves the movement of water in soil as increases in vert ical 
con f in ing pressure cause soil particles to compress closer together. F i g . 2.22 
p rov ide s a schematic i l lustration of a typical consol idation test apparatus. A 
s o i l cyl inder is compressed by force P, and is confined in the horizontal 
direction in a rigid r ing. Measurements are made of the settlement of the top 
c a p , u sua l l y by a mechanical dial gauge to an accuracy of 0.002 m m . The 
s e t t l emen t measurements fulf i l two purposes, f irst ly to calculate the change 
in soil volume as force Ρ is increased, and secondly to est imate the t ime 
required for the soil to come to an equil ibrium volume under each load level. 

For the estimation of t ime to 1 0 0 % consol idation under each constant load, 
the settlement readings must be plotted on a semi logar i thmic graph versus 
time during the test. On this plot, of which an example is shown in F i g . 2.23, 
the primary consolidation appears as a straight line. Near the end of pr imary 
consol idat ion, when the pore water pressures in the soil are decreasing close 
to zero, the line curves to a smal ler rate of sett lement until f inally it 
reaches a new straight line slope. This latter period corresponds to secondary 
consol idat ion, or creep. A t this t ime the pore water is essentially at zero 
p r e s s u r e , but there is still slow movement of soil particles relative to one 
another. 

I t is pr imary consolidation which is the principal process to be quantif ied 
in the apparatus . Dur ing each of the f irst constant loads in the test, 
se t t lement readings are taken with t ime and plotted versus the logar ithm of 
time as in F i g . 2.23. Casagrande (1936) described how the intersection of the 
slopes of the pr imary and secondary curves on this graph intersect at a point 
w h i c h may be considered the t ime of 1 0 0 % pr imary consol idation. This t ime 
is shown as t-jQO i n F i g . 2.23 as about 1500 min or 25 h in this example. When 
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1100 n a s D e e n established during a few trials with increasing loads, P, the 
plotting of sett lement versus t ime does not need to be repeated for all other 
loads, because the t ime remains relat ively constant. 

0 

0.1 

0.2 

0.3 

Settlement 

A h , mm 0.4 

l 0.5 

0.6 

0.7 

1 0 100 1000 10000 

Time, min, log scale 

F i g . 2.23. Resu l t s of change of soil height in a consolidation test plotted 
against t ime on a logar i thmic scale. 

Conventionally, the volume measurement used for consol idation predictions 
i s the void ratio, e = volume of voids divided by volume of sol ids. F o r each 
new load, P, the average vert ical pressure is found by dividing Ρ by the 
circular soil area. The change in void ratio after 1 0 0 % consolidation for each 
load is the net change in sample height divided by one plus the void ratio at 
the beg inn ing of application of that load. A graph of final void ratio versus 
the l o g a r i t h m of pressure is then plotted, as shown in F i g . 2.24. The 
s ignif icance of the slope of the curve wil l be described in Chapter 4. 

I t is d i f f icu l t to know the void rat io of the soil sample at the beginning 
of the consol idation test, because loading must begin after the sample has 
c o m e to equil ibrium under a very smal l initial load. The procedure for 
determin ing void ratios at the various loads is to quickly remove the sample 
a f t e r the last load, and determine its moisture content by oven drying and 
w e i g h i n g . Then, knowing the specif ic grav i ty of the solid part icles, the final 
void rat io, e f , is calculated as fol lows. 
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Verticle pressure p, log scale, kPa 

F i g . 2.24. F i n a l consolidated soil void ratio values plotted against vertical 
pressure on a logar ithmic scale. 

e f = w G s (2.34) 

where ef = the final void ratio of the soil, 
w = the moisture content on a dry weight basis, 

G s = the specif ic gravity of the solid particles. 

V o i d r a t i o values for each height, h, of soil sample are then back 
calculated f rom the final void ratio, e f , and final measured height, h f . 

e = e + * - h f (235) 
f h f ( l + e f ) 

2.6.4. Compaction tests. 
In Chapter 10 the theory and practice of soil compact ion will be discussed, 

but compact ion tests are included here together with the other soil property 
mea su rement techniques. General ly, a compact ion test is used either to 
s imulate the field compact ion of a soil in earthwork construct ion, or to 
characterize a particular soil with respect to its in situ compact ion behavior. 

In both cases volume change response of an unsaturated soil to loading as 
a function of varying moisture content is very important. This information is 
needed to predict the range of soil moisture appropriate for compact ion of 
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F i g . 2.25. Standard Proctor compact ion mold and hammer (Soiltest Inc.). 

roads, earthdams, foundation sub-bases and the l ike, or to recommend suitable 
field moisture ranges for machinery t raf f ic in agricultural operations. 

The most popular compact ion test device in No r th A m e r i c a is the Proctor 
test in either its standard or modif ied fo rm (Proctor, 1933; A S T M , 1985). A s 
shown in F ig . 2.25, the Proctor apparatus comprises a compact ion mold and a 
h a m m e r . The mold, when a sample is t r immed to its final dimensions, has a 
diameter of 4 inches (101.6 mm) and height 4.584 inches (116.4 mm), giv ing a 
volume of 1/30 f t 3 or 1/1060 m3. The hammer for the Standard Proctor test 
has a m a s s of 5.5 lb (2.49 kg) and a drop of 12 in (304.8 mm), while the 
Modif ied hammer has a mass of 10 lb (4.54 kg) and a drop of 18 in (457.2 mm). 

T h e procedure for this test is to fill the mold, with a collar attached to 
the top, to approximately one third ful l, using granulated soil at about the 
desired moisture content. Then the soil surface is impacted uniformly 25 t imes 
by allowing the hammer to fall f rom its full drop height each t ime. The mold 
is then fil led two thirds full with loose soi l, impacted again 25 t imes and 
f i n a l l y fil led and compacted a third t ime. A f t e r the top collar is removed, 
the top of the compacted soil volume is t r immed with a wire knife to the 
final dimensions of the mold. The outside of the mold is cleaned and the mold 
and compacted soil therein weighed. Three samples of the compacted soil of 
abou t 50 g are removed f rom the top, middle and bottom regions of the 
sample in the mold, and are weighed, dried and reweighed in order to 
determine the average moisture content of the soi l. The test is continued by 
thoroughly mixing more water with the soil removed f rom the mold and 
l o o s e n e d , and r e p e t i t i o n s of the c o m p a c t i o n , w e i g h i n g and moisture 
determination procedures. 
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w % 

F i g . 2.26. Resu l t s of dry density versus molding water content for the 
s tandard and modif ied Proctor compact ion tests, together with 
calculated lines of dry densities at different degrees of saturat ion. 

The usual representation of the test results is a plot of soil dry density 
v e r s u s moisture content, such as the ones depicted in F i g . 2.26 for both the 
Standard and Modi f ied Proctor tests. The dry density is calculated for each 
test repetition by subtracting the water mass f rom the total mass density, or 
by the formula, 

pdry = TT^ ( 2 · 3 6 ) 

where w = mass of water divided by mass of solids. 

I f the specif ic gravity of the solid particles, G s , is known, lines of 
theoret ica l dry density for the soil at saturation levels of 1 0 0 % , 9 0 % , 8 0 % 
and so on can be plotted on the same graph, as in F i g . 2.26. Then the 
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app rox imate saturation of the compacted soil can be est imated at any point 
by i t s locat ion on the graph in relation to the relative saturat ion lines. The 
theoret ical dry mass density at different moisture contents and degrees of 
saturation, S (= volume of water divided by volume of voids), is g iven by the 
fol lowing formula. 

P d r y = vi/S + 1/G q

 ( 2 3 7 ) 

In Fig. 2.26, the opt imum moisture contents for compact ion of the example 
soil, at the energy levels of these two particular tests, are 1 5 % and 1 0 % , for 
the S tandard and Modi f ied tests, respectively. The max imum densities ( 1 0 0 % 
r e l a t i v e density) for the two tests are 1.7 and 1.79 t/m3. M a x i m u m density, 
and r e l a t i v e densities less than 1 0 0 % of the max imum, always must be 
referred to the precise test which has been employed to determine them. 

T h e Standard Proctor test, developed in the 1 9 3 0 % was designed to 
s imulate the field input energy of an average kneading compact ion machine 
used at that t ime in road or earthdam construct ion. Later , with the advent 
o f l a rge r construct ion machines, the Modi f ied test was proposed to give 
compaction results more appropriate to the larger input energies of the bigger 
and heavier equipment. Other s imilar tests are used with different masses of 
h a m m e r and number of blows per soil layer. Fo r example, the standard 
A A S H O test uses the same size of mold, but specif ies 12 blows for each of 
f i v e l aye r s in the mold, with a hammer having 4.54 kg mass and a 457 mm 
drop. The modif ied A A S H O test uses 55 blows per each of f ive layers with 
the s a m e hammer. In general, both of these tests will produce a max imum 
density higher than that of the Standard Proctor procedure. 

S t a t i c tests can also be performed on unsaturated soils in order to 
c h a r a c t e r i z e the i r behavior under more steady loads in the f ield. The 
conso l idometer (Section 2.6.3) or a s imi lar apparatus may be used for this 
purpose. The volume change under repeated increases in vert ical pressure can 
be monitored by measuring the vert ical movement of the top piston, as is 
done in the consol idation test. A l ternat ive ly , var ious single quantit ies of 
p res sure can be applied to loose unsaturated soil samples, and the weight, 
density and moisture content of each specimen determined subsequently. Stat ic 
tests of this nature are more suitably matched to the conditions undergone by 
t op so i l due to the actions of steady surface loads or slowly moving vehicles 
and the l ike. 

I t wi l l be noted in Chapter 10 that both compress ive stresses and shear 
strain govern the degree of compact ion sufferred by an unsaturated soil. This 
has been demons t ra ted in field exper iments and in specially fabricated 
laboratory devices. However , commerc ia l test devices are not available for 
the measurement of the shear strain during the compact ion process, and the 
exper ience gained by others must be used for predictive purposes, as will be 
discussed in the appropriate Sect ion of Chapter 6. 
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2.7. F I E L D S T R E N G T H T E S T S 

A s mentioned in the previous Sect ion, tests performed to measure soil 
strength parameters in the field may not yield the same degree of control or 
accuracy as laboratory tests. However, they do offer the advantages of 
g e n e r a l l y s peed i e r re su l t s , and the possibil ity of measuring mechanical 
p r ope r t i e s without removing soil f rom its original environment. Some field 
s t r e n g t h tests are suitable for all types of soi l, while others are useful only 
in the case of wet cohesive soils. 

Some of the most popular field testing devices are shown in F i g . 2.27. 

TP—Ψ 

1- Shear ring 

4. Shear vane 

2. Shear plate 

Ν J, 

5. Penetrometer 

S p r i n g - * 

J-Scale 

Piston 

6. Pocket 
penetrometer 

F i g . 2.27. Six common field soil strength testing devices. 
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The f i r s t three devices identified are s imi lar in their principle of operation, 
namely they measure the max imum shear force on an internal horizontal plane 
near the soil surface. In this respect, these three tests s imulate the mode of 
so i l f a i l u r e p r o d u c e d in the d i r e c t s h e a r box l a b o r a t o r y appa ra tu s 
(Sect ion 2.6.1). The shear r ing and shear plate are constructed so as to 
a t t e m p t to produce relatively uni form levels of normal and shear stress on 
the soil potential failure plane, which occurs at the bottom of the vert ical 
lugs which penetrate the soil surface. Torque, T, is applied to the shear r ing, 
and horizontal force, F, to the plate until the max imum magnitude is achieved 
when the soil fai ls on a horizontal slip plane under a particular vert ical load, 
N . The max imum torque, T m , applied to the r ing is related to the Cou lomb 
soil strength parameters by the fol lowing relat ion. 

T m = (cA + Ntan</>)r (2.38) 

where A is the ring plan area, and r is the average ring radius. 
The max imum shear plate horizontal force, F m , is; 

F m = c A + Ntan</> (2.39) 

in which A is the horizontal plate area. 

In practice, the shear ring is more convenient to operate in the field 
because it is both manually or mechanical ly easier to provide a forcing torque 
to the device, than to find the anchorage and strength needed to apply large 
hor i zonta l forces to the plate. A l though neither the shear r ing nor plate are 
readily available for purchase, many models have been built over the years by 
researchers and soil testing teams. They have ranged f rom simple manual 
d e v i c e s , in which the vert ical force is provided by dead weights, and the 
torque or horizontal force applied by handles, to automated and electronically 
mon i to red hydraul ic or electric powered machines mounted on vehicles. The 
type of device required depends on the resources available, and the number 
of measurements to be made. L a r ge research institutes with suff ic ient funding 
o f t e n opt f o r an a u t o m a t e d v e h i c l e - m o u n t e d m o d e l , wh i l e typically 
po s t g radua te researchers with l imited resources are forced to build and 
m a n u a l l y operate their own apparatus. In the latter case, the applied torque 
i s genera l l y measured by some sort of spr ing gauge device. Th i s does not 
imply that the accuracy of measurements must be compromised in either case, 
p r o v i ded that care is taken to insert and operate the shear testing devices 
properly. 

P r ob l em 2.7. A shear ring is operated on the surface of a moist clay loam 
field. The device has a ring outside diameter of 250 m m and inside diameter 
200 m m . No rma l loads of 100, 200 and 300 Ν are placed on the shear r ing, 
and the resulting max imum levels of torque for these loads are 45.0, 50.2 and 
55.5 N m , respectively. E s t imate the soil cohesion and angle of internal fr ict ion 
on the plane of failure immediately below the shear ring lugs. 
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The effect ive radius of the shear r ing is the average diameter divided by 
two, or; 

r = (250 + 200)mm/4 = 112.5 m m = 0.1125 m 

and the area of the ring is; 

A = ( 2 5 0 2 - 200 2 )/4 m m 2 = 17,700 m m 2 = 0.0177 m 2 

E q n . 2.38 can be divided by the average ring radius, r, which shows that 
at soil fai lure; 

T m / r = c A + Ntan</> 

The three torque values divided by r are 400, 446 and 493 N , respectively. 
I f these three quantities are used as values of x, and the vertical forces as 
y in a linear regress ion, the resulting intercept and slope are c A and tan0. 
Thus; 

c A = 353.3 N , c = 20.0 kPa 
tan</>= 0.465, φ= 2 4 . 9 ° 

T h e th i rd test device in F i g . 2.27, the Cohron sheargraph (Soiltest, 1976) 
a l so ult imately fails the soil on a horizontal plane with relatively uniform 
s h e a r s t ress , if the soil is failed to a suff ic ient deformation. But the radius 
to e a c h point of shear stress cannot be approximated as a constant as is 
a s s u m e d for the shear r ing. The shear stress t imes radius is integrated over 
the c i r cu l a r area of the soil contact ing cup of overall radius, r. in order to 
arrive at the torque required for a particular shear stress applied to the soi l, 
as shown in the formula below. 

Τ = /VrdA = [ΐττν2ύτ = 1 Τ 7 Γ γ 3 ( 2 .40 ) 

It is not necessary, by virtue of the design of the sheargraph, to perform 
the calculations of shear stress as a function of applied torque. Together, the 
applied torque and vertical force cause s imultaneous rotary and vert ical 
deformations in the sheargraph spring, which are cal ibrated to the average 
appl ied vert ical pressure and shear stress. The pointer, which is f ixed to the 
soil contact ing cup, then moves vertical ly and rotationally with respect to the 
upper ba r re l of the device. And on this cyl indrical barrel is aff ixed a sheet 
of pressure sensitive graph paper, already cal ibrated to give readings of shear 
stress on the soil (on the horizontal axis) versus normal stress (on the vertical 
axis as viewed in F i g . 2.27). 

The preferred procedure for the sheargraph test is to f irst insert the soil 
circular cup with internal lugs f i rmly into the soil in order to ensure complete 
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contact between cup and soil. Then hand pressure is applied vert ical ly on the 
handle until the pointer moves to the desired vert ical stress indication on the 
graph. Nex t , while attempting to maintain constant vert ical force, the handle 
is rotated, thus increasing the torque applied to the soi l. Once the max imum 
torque has been reached, the pointer no longer moves along the shear stress 
d i r e c t i on with respect to the graph on the upper barrel. Rather , it either 
remains at a f ixed spot in the case of a soil with a constant plastic failure 

F i g . 2.28. Resu l t s of a series of sheargraph tests on a clay loam soi l. 
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strength, or declines somewhat in shear stress for a sensit ive soil which loses 
strength with considerable shear deformation. In either event, the highest point 
on the shear versus normal stress graph identifies the point of max imum shear 
strength of the soil, for a particular normal load. 

The test is then repeated at different normal pressure levels, at the same 
spot for a soil with strength insensitive to deformation, or at nearby locations 
for a sensit ive soil. Then directly on the graph sheet laid f lat, a line can be 
d r a w n t h r o u g h the points of max imum shear stress. This line will be at the 
slope φ to the normal stress axis, and will have intercept c on the shear stress 
axis, as demonstrated in F i g . 2.28. This result is s imilar to that of the direct 
shear box (Fig. 2.16). 

A s we l l as measuring the internal soil strength, the sheargraph can be 
adapted to measure the strength properties of different materials in contact 
with a soil surface. The Soiltest sheargraph, for instance, comes equipped with 
t w o inserts for the soil contacting cup. One of these is faced with smooth 
steel, and can be used together with the cal ibrated spring and graph sheet to 
find the adhesion and angle of surface fr ict ion of steel on soil, just as c and 
φ a re found as described above. A l so , an insert with a medium hard rubber 
f a c i n g is provided for the same purpose with respect to rubber on soil 
strength parameters. These attachments are useful for est imating the strength 
coefficients of metal tools or smooth metal wheels or t racks in contact with 
soi l, or a smooth rubber tire or track. 

The sheargraph is designed primari ly to measure soil strength at the ground 
surface. However, it can be adapted to est imate properties at moderate depths 
if a careful excavat ion is made with minimal disturbance to the soil structure. 
A l s o , strength measurements can be made on a vert ical plane in the soil by 
applying the sheargraph to vertical sides of an excavated hole in the ground. 
A l l t h ree of the shear r ing, shear plate and sheargraph devices must be 
operated in an accessible and visible locat ion, because it must be ensured for 
each test that the soil contacting plates or cup are in fact in good continuous 
contact with a flat soil surface. 

T h e fourth popular field strength testing device shown in F i g . 2.27 is the 
shear vane. This apparatus fai ls soil in shear mostly on a vert ical plane, and 
there is no way in which to control the normal stress on this plane. It is 
conce i ved for almost saturated cohesive soils which act in a fr ict ionless 
fa sh ion when undrained, and is operated with the standard handle at depths 
o f 0 to 30 cm. The shear stress on the failure planes is then the undrained 
shear strength, C . If it is assumed that the soil is not s ignif icantly disturbed 
when the shear vane is inserted to a particular depth, then the shear strength 
measured is principally at the vertical edges of the vanes, and on the bottom 
s u r f a c e . Fo r vanes of height, h, and overall diameter, d, this shear strength 
C requires a turning torque Τ for complete soil fai lure, as fol lows. 

Τ = 7Tcd 2h/2 + 7Tcd 3/12 (2.41) 
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If the height h of the vanes is more than twice the overall vane diameter, 
d, t hen the second term in the formula above, which is derived f rom the 
shear stress on the bottom of the vane, is less than 8 % of the total torque, 
and can be neglected to provide a s impler formula. Several commerc ia l ly 
ava i l ab le models of shear vane have cal ibrated torque sensing springs, and a 
scale which indicates the undrained shear strength, C , of a wet clay directly. 

Ex ten s i on s rods are also available, or can be fabricated fair ly easily for 
shea r vanes, in order to measure the undrained shear strength at greater 
dep th s in the soi l. Without further preparation, a shear vane can be pressed 
into the soil surface, and undrained shear strength measured at desired depths 
up to 45 cm or so. If measurements are required deeper than that, a clearance 
hole should be excavated in order to remove the adhesion of soil on the 
extens ion rod, which would art i f ic ial ly increase the indicated shear strength 
of the vane. This hole can be made with a 5 c m or so diameter auger, and 
the shear vane subsequently inserted a few cent imetres below the bottom of 
the ho le to avoid the volume of soil which was disturbed by the excavat ion 
process (Fig. 2.29). Such deep shear strength tests are particularly useful for 
the design of wide footings which have a large depth of influence, such as 
f o r heavy silos and the l ike. They can be uti l ized also to determine the 
internal undrained strength of a slope formed of wet cohesive soil for the 
purpose of future slope stabil ity calculat ions. 

F i g . 2.29. T h e use of an auger hole and extension rods for deep undrained 
shear strength measurements with a shear vane. 



56 A G R I C U L T U R A L E N G I N E E R I N G S O I L M E C H A N I C S 

F i e l d dev i c e n u m b e r 5 in F i g , 2.27 is a penetrometer. Unl ike the 
aforementioned tests, the information received f rom the penetrometer does 
not relate to the Cou lomb soil strength parameters, c and φ. Instead, a single 
quantity is measured, namely the force required to move the penetrometer at 
a selected constant speed and a particular depth in the soil. This force is 
o f ten normal ized by dividing by the the base area of the penetrometer tip, 
to a r r i ve at the average applied vert ical pressure, known as the cone index. 
While either the penetration force or the cone index by itself does not allow 
the est imat ion of soil cohesion or fr ict ion angle, it has been used often to 
g i v e an indication of the relative soil strength, density, root penetration, 
t ra f f i cab i l i t y by vehicles or other design application. These uses of the 
penet romete r require extensive testing and cal ibration of the cone index 
measurements with respect to the application desired, but many examples of 
this procedure are available in the soil mechanics l iterature. 

The pocket penetrometer is designed for an application different f rom the 
g e n e r a l penetrometer test. A circular flat tipped rod is pressed into a soil 
s u r f a c e up to an indicated depth. B y the theory of bearing capacity of 
f oo t ing s on cohesive soils (Chapter 3) the required force is converted to the 
undra ined shear strength, C , and this is indicated on the cal ibrated spring 
s c a l e on the instrument. This device is useful for a rapid and approximate 
determination of the undrained shear strength and bearing capacity of shallow 
cohesive undrained soils. 

Compar ing the applicabil ity of all the tests i l lustrated in F i g . 2.27, only 
the shear vane and pocket penetrometer are always restr icted to use in 
saturated cohesive soils. Both of these devices give an indication of the 
und ra i ned shear strength, C , with the assumption that total stress angle of 
f r i c t i on is zero. The shear r ing, shear plate and sheargraph can give drained 
strength parameters, provided that the soil in question has adequate hydraulic 
c o n d u c t i v i t y to release developed pore water pressures over the t ime period 
of each test. Even for the few cent imetres of distance between the soil under 
one of these shearing devices, it can take more than one hour for the pore 
water to move and reduce the pore pressure, if the soil hydraulic conductiv ity 
is l e s s than 10 ~ 4 cm/sec. Because this is not a practical t ime delay for the 
conduction of these tests, only undrained strength properties wil l be measured 
in such soils, which comprise many clays and fine silty mater ials. 

If the saturated hydraulic conductivity of a soil is greater than 1 0 _ 1 cm/sec, 
then only a few seconds are required for nearly all of the pore water pressure 
c a u s e d by added normal stress and shear strain to move a couple of 
cent imetres f rom the soil interior to the surface, and drained or effect ive 
cohesion and fr ict ion angle can be est imated. 
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2.8. P R O B L E M S 

2.8 A t a point in a fr ictional soil which is undergoing fai lure, the normal 
compress ive stress on the horizontal plane is 140 kPa and that on the 
vertical plane 40 kPa . A l so on the horizontal plane is a counterclockwise 
acting shear stress of 15 kPa . F ind the angle of internal fr ict ion of this 
s o i l , and the angle 0f of the two potential rupture planes f rom the 
horizontal. 

Answer : φ = 35 .5° , 0 f = 54.4° (ccw), 71.1° (cw). 

2.9 A series of direct shear box tests is performed on a moist silty soil. The 
shear box is a square single r ing device with a sample length and width 
o f 5.08 χ 5.08 c m . A t soil fai lure, the fol lowing shear forces, T, were 
recorded for different vertical forces, N . F ind the cohesion and angle of 
internal fr ict ion of the soi l. 

Ν (Ν) 20 40 80 160 320 
Τ (Ν) 31 40 59 100 175 

Answer: c = 8.2 kPa , φ = 25 .8°. 

2.10 A series of consolidated drained triaxial tests is performed on four 
essential ly identical samples of a wet silty clay soil. A l l samples are 
initially t r immed to cyl inders of diameter 38.1 m m and length 76.2 m m . 
The top loading piston has a diameter of 10.16 m m where it passes 
through the top of the cel l. The results below indicate the external 
p i s ton force, P, at the points of soil fai lure, and the total changes in 
height and volume of each sample during both the consolidation and 
s hea r testing phases. F ind the cohesion and angle of internal fr ict ion 
of this soi l. 

Test N o . σ 3 , kPa Ρ, Ν Δζ, m m Δ\/, c m 3 

1 70 203 -1.37 1.5 
2 105 300 -1.40 -1.6 
3 210 530 -1.42 -2.7 
4 315 780 -1.46 -3.3 

Answer : c = 10.2 kPa , φ= 30 .2°. 
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2.11 A c o n s o l i d a t i o n te s t is conducted on a saturated clay soil. The 
measurements below are the total change in height of the sample at 
v a r i ou s elapsed t imes after the application of a pressure increase. 
Es t imate the time to 1 0 0 % consolidation of this soi l. 

T ime, h 0.1 0.2 0.5 1 2 5 10 20 50 100 
A h , mm 0.05 0.10 0.29 0.39 0.54 0.60 0.68 0.72 0.76 0.78 

Answer : t 1 Q Q = 4 hours. 

2.12 A modif ied Proctor compact ion test is conducted on a clay soi l. The 
mas s of the mold without top collar is 3.650 kg, and the mold has an 
in s ide diameter 101.6 m m and height 116.4 m m . F r o m the recorded 
results below of combined mass of compacted soil and mold versus soil 
w a t e r content on a dry mass basis, find (a) the opt imum moisture 
content of this soil, and (b) its 1 0 0 % relative dry mass density. 

w, % 5 10 15 20 25 30 
Total mass, kg 4.84 5.00 5.22 5.41 5.42 5.37 

Answer : (a) w = 2 0 % , (b) 1 0 0 % dry density = 1.55 t / m 3 . 

2.13 An annular shear ring is employed to est imate the strength parameters 
of the surface of a clay f ield. The shear ring has an outside diameter 
of 30 c m , inside diameter 20 cm and is f itted with 20 vert ical lugs of 
length 2 cm. F r o m the results given below of shear ring applied torque 
at so i l failure versus vertical force placed on the r ing, est imate the 
cohesion and fr ict ion angle of this soi l. What can be said about the 
drainage conditions in the soil during the tests ? 

Appl ied force, Ν 100 200 400 800 
Torque, N m 103.1 103.2 103.9 104.8 

Answer: c = 20.9 kPa , φ= 1.2°. Soil is essentially undrained. 
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Chapter 3. Shallow Foundations 

3 .1 . B E A R I N G C A P A C I T Y 

A foundation is a structural element which distributes a vert ical load over 
a ce r t a i n soil contact area, and a shallow foundation is defined generally as 
one which is not located deeper below the soil surface than two or three 
t imes its own width. The approach to the design of foundations is usually to 
compute the max imum allowable average contact pressure, or bearing pressure, 
over the contact area, and then to reduce this pressure to a design level. The 
m a x i m u m bearing pressure, or max imum bearing capacity, is divided by the 
' sa fety factor 1 in order to arr ive at the design pressure. In this application, 
the s a f e t y factor has two principal functions. F i r s t l y , it protects the design 
f r om experimental error in the measurement of soil strength properties, 
unexpected loadings on the foundation and the l ike. Secondly, by providing 
lower shear stresses in the soil than the max imum strength, the accompanying 
s t r a i n s hopefully are reduced to a magnitude which will not result in an 
unacceptable s inkage of the total structure. In general, a safety factor of 3.0 
ha s been found to accompl ish both of these functions sat isfactor i ly, and is a 
good rule of thumb to follow in the absence of more specif ic cr iter ia. 

A. Punching B. Rotation 

F i g . 3 . 1 . Modes of soil failure under a surface footing. 

F i g . 3.1 shows two common modes of foundation failure under a vert ical 
f o r c e , Q. If the foundation is constrained to descend in a level attitude, for 
e x a m p l e by a r igid connection to a vert ical co lumn, then the foundation 
punches into the soil as shown in case A . A free standing load usually causes 
a foundation to rotate as in case B, s ince the soil tends to move to one side 
o f the foundation before the other. In fact the analysis for the force which 
causes incipient failure is practical ly identical for both cases. 

3.1.1. Soil with small angle of friction 
F i g . 3.2 provides a s impl if ied method of analysis for the ult imate bearing 

capacity of a soil which is assumed to have a smal l angle of internal f r ict ion. 
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This case is not an accurate representation of the general s ituation in which 
a soil possesses a considerable fr ict ion angle, but it serves to i l lustrate the 
general trends of stress transfer beneath a r igid foundation, and prepares one 
for an understanding of the more complex analyt ical cases. 

It is assumed in the model of F i g . 3.2 that the foundation is much longer 
than its width, B, that the bearing pressure, q 0 , is distributed evenly over the 

F i g . 3.2. A s implif ied analysis of soil fai lure at the ult imate bearing capacity 
on a material with a smal l angle of internal f r ict ion. 

smooth contact area with the soil, and that the depth of the act ive zone (soil 
moving downwards) is the same as that of the passive zone (soil moving up). 
T o the s i de s of the foundation base and at the same elevation, there is a 
vertical pressure acting in the soil aris ing f rom a depth D of overburden. The 
magnitude of this pressure is: 

q = γ Ό (3.1) 

where y% is the effect ive weight density of the soil above the foundation. 

W h e n the soil fails beneath the foundation, slip lines are generated as 
s h o w n th rough points A and C . A t any depth z, the vert ical pressure at a 
point beneath the foundation, such as A , is the major principal stress with a 
magnitude; 
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<7i = % + y z 

where y- the effect ive weight density below the foundation 
= the total density of a dry or moist soil, 
= the buoyant density of a saturated soil (Section 2.4). 

A t so i l fa i lure, the principal stresses at point A obey the Moh r -Cou lomb 
strength cr iter ion of Eqn . 2.8. 

where Κ = } ' 
a 1 + sincp 

I f it is assumed that there is pract ical ly no stress change between points 
A and C , then σ 3 at point A equals at point C , since the major principal 
s t r e s s changes direction between the two points. A t point C , the vert ical 
stress is; 

# 3 = yz + q = yz + y'D 

Relating σ$ to σ-| at point C by Eqn . 2.8, and equating σ1 at point C to σ 3 at 
point A , the result is; 

q = γ ζ ( Κ 2 - 1) + q K 2 + 2 c v 1 < ~ ( l + Κ ) 
Ό ' ρ ρ ρ ρ 

where Κ = 1/Κ = } + s l n ^ 02) 
ρ a 1 - s i n 0 

Tak i ng the average effect ive depth of soil fai lure below the foundation 
base as B/2, the average stress, q Q , can be formulated as; 

q n = ( K 2 - 1 ) γ Β / 2 + 2 c \ / K " ( l + Κ ) + q K 2 

ο ρ ' ρ ρ ρ 

= ( 7 Β / 2 ) Ν γ + c N c + q N q (3.3) 

The l a t t e r form of Eqn . 3.3 is Terzagh i ' s bearing capacity equation 
( T e r z a g h i , 1943). F i g . 3.3 shows the values of the Ν factors of Eqn . 3.3, 
together with the results of more accurate computat ions taking fr ict ion angle 
into account by Meyerhof (1955) for Ny and Prandt l (1921) for N q , which will 
be described in the fol lowing Sect ions. It can be seen that the simple 
a p p r o a c h above compares well to the more comprehensive methods up to 
a n g l e s of internal f r ict ion of approximately 1 0 ° for N q and 20° for Νγ . Fo r 
c a s e s of soils with larger f r ict ion angles, this s impl if ied approach to bearing 
capacity computat ions cannot be justif ied, and a more comprehensive approach 
must be taken. 
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Fig. 3.3. Values of the Ny and Ν bearing capacity factors f rom two sources. 

3.1.2. Prandtl's solution for smooth shallow footings 

F i g . 3.4. T h e mode l of P r a n d t l (1921) for failure of a fr ict ional but 
weightless material under a plate loading. 
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A t point C , stress parameter, a c , is found using Eqn . 2.11 in terms of the 
p r i n c i p a l s t r e s s , #3, which is the vert ical stress at that point. Then #A is 
calculated by Eqn . 3.6 above, and derived using Eqn . 2.11 again to convert 
to the major principal stress at point A . 

_ Cfo + ccotcfr _ 7df + q + ccot0 Μ  η\ 
° c 1 - sin0 1 - sin<£ 

n _ q + 7d +ccotO_ „ Q 7Ttand> _ /7df + q +ccot0 \ „ 7Ttan0 
σ Α " 1 ι sin0 " a c e - χ 1 - sin</> / e 

I n the expression above, d and d f are the max imum depths of soil failure 
be l ow the midpoints of the active zone beneath the footing and the passive 
zone, respectively. They are found as described below, using the assumed log 
spiral radial shear zone boundary. 

r = r e " ̂  t a n 0 
c 

A s s h o w n in F i g . 3.3, the assumption of a smal l angle of internal soil 
f r ict ion is not valid for the general case of fr ict ional soils. Prandtl (1921) 
showed how a different s impl i fy ing assumption can be used to solve the 
b e a r i n g capac i t y problem for general f r ict ion angles, and the model is 
represented in F i g . 3.4 for a continuous smooth footing i.e. a long narrow 
foot ing having no shear stress on the base. There is an active Rank ine soil 
fai lure zone beneath the foundation which moves downwards, and passive zones 
to the sides which move up against the surcharge pressure, q, arising f rom 
the depth D of soil above the foundation base. Between these zones is another 
called the radial shear zone in which the soil rotates during fai lure. L ines O A 
and O C w h i c h form the side boundaries of this radial shear zone are ζ slip 
l ines (F ig. 2.8) having positive shear stress, while the lower boundary formed 
by the curved line A C is an η slip l ine. 

P r a n d t l (1921) showed that if the soil weight in the radial shear zone is 
not important compared to the soil cohesion force along line A C , then the 
shape of the boundary is a log spiral as shown in F i g . 3.4. In addition, the 
a s s u m p t i o n of negligible soil density t imes the depth of the zone, compared 
to cohes ion strength, al lows a stra ightforward integration of Eqn . 2.23 along 
line A C , and thus the determination of the stress parameter, σ, at point A as 
shown below. The angle, 0, of the major principal stress is 0 at point C and 
7Γ/2 at point A . 

d a - 2atan</>d0 = 7(dz - t a n 0 d x ) = 0 (3.4) 

Y ^ = 7 T / 2 / ' 2 t a n 0 d 0 (3.5) 

σ Α = a c e * " t a n 0 (3.6) 
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The va l ue s given for N c and N q in Eqn . 3.10 and 3.11 above are those 
accepted in engineering practice today, and given in most textbooks on soil 
mechanics and foundations. They are provided graphically in Appendix 1 of this 
book . T h e Ν γ magnitudes predicted by Eqn . 3.9, however, are too large in 
c o m p a r i s o n to other theoretical models which include the effects of shear 
fo rces on a foundation base. These latter models, developed by Terzagh i 
(1943), Meyerhof (1955) and Sokolovsky (1956) are described in the next 
S e c t i o n . F i g . 3.5 shows that the smooth base prediction of the Ny bearing 
c a p a c i t y factor (Eqn. 3.9) yields values which are about two to four t imes 
h i g he r t han the models which include base shear effects. It can thus be 
c o n c l u d e d that the smooth base Ny factors are not suff ic iently conservative 
in that they indicate a larger bearing capacity. The computed values of 
M e y e r h o f and S o k o l o v s k y are the accepted design quantities, and have 
subsequently proved to be reasonably accurate for practical predictions. 

_ d _ = _ S _ J e - f t a n 0 l 
cos/i s in/ i \ j 

d» = d tan/A e f t a n <A 

T h e depth of soil in the active and passive failure zones is not constant 
a c r o s s the footing width, and varies l inearly f rom the max imum values of d 
and d f to zero at the foundation outer edges. Thus the average soil depths are 
one half of these max imum values, and the average footing bearing capacity 
is: 

V y f p ^ e ^ ^ - c o t ^ » * φ [ { β ^ ^ - ΐ ] + q 

= ( γ Β / 2 ) Ν γ + c N c + q N q (3.8) 

A s Eqn. 3.8 indicates, this analysis results in an equation of the same fo rm 
as Terzaghi ' s bearing capacity formula, Eqn . 3.3, and the Ν factors are; 
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F i g . 3.5. Comparison of Ny bearing factors for a smooth footing and a rough 
s u r f a c e d f o o t i n g as c a l c u l a t e d by T e r z a g h i , M e y e r h o f and 
Sokolovsk i . 

3.1.3. Rough footing on frictional soil 
A real s ituation of a shallow foundation resting on a fr ict ional soil with 

weight is more complex than the previous models. F i r s t l y , soil density cannot 
be set to zero in the character ist ic equations 2.21 and 2.23. In addition, there 
is no justification for the assumption that no shear stress exists on the footing 
base. In fact, the equations of stress distribution under the footing, Eqn . 2.20 
to 2.23, cannot be solved explicit ly in these conditions. However , repetitive 
n u m e r i c a l computat ions can be made by putting the character ist ic equations 
into a finite difference fo rm, and solving for values of stress magnitudes and 
orientations through a net of character i st ic l ines. Such a result is depicted in 
F ig . 3.6(a), and results for footing bearing capacity have been obtained in this 
w a y by Lundgren and Mortensen (1953), Meyerhof (1955), Sokolovsky (1956), 
Har r (1966) and others. 
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Qo 

t 

(a) 
Rigorous solution 
for c=0; γ , 0 *0 

F i g . 3.6. The pattern of soil failure as predicted (a) by stress character ist ics 
and (b) the approximate solution of Terzagh i (1943). 

Terzaghi (1943) showed how an approximation to these numerical solutions 
c a n be accomplished. Straight lines are used to bound the act ive soil failure 
zone under the footing, such as A E in F i g . 3.6(b), and the passive zone A C D . 
The pr incipal stresses are determined along line A E just as in the log spiral 
method of Sect ion 3.1.2, and resolved into vert ical normal and horizontal shear 
s t re s se s acting on the footing base. The average vert ical stress for this 
assumed soil failure conf igurat ion is the ult imate bearing capacity, q 0 , and the 
values of the corresponding bearing capacity factor, Ny, are given in F i g . 3.5. 
This s implif ied model still yields factors higher than the Meyerhof -Soko lovsky 
magnitudes, but much closer than the smooth base model of the previous 
Sect ion. 

Meyerhof (1955) and Sokolovsky (1956) have obtained the approximate 
values of the various bearing capacity equation Ν factors which are accepted 
in practice today. The N c and N q factors are calculated as Prandtl (1921) did 
a s s u m i n g a weightless soil. The values of Ny were computed assuming a 
cohes ion le s s soil, as in F i g . 3.6(a). It was demonstrated by Sokolovsky (1956) 
that the superposition of the effects of soil weight, cohesion and overburden 
in the bearing capacity equation, Eqn . 3.3, yields conservat ive results for 
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u l t imate bearing capacity. Thus the use of the Ν factors, as given by 
Appendix 1 , in Eqn . 3.3 for vert ical bearing capacity determinations, will give 
design results for strip footing widths which are on the safe side. It should 
be remembered always to apply the appropriate safety factor (usually 3.0) to 
r educe the design pressure on a footing f rom the ult imate bearing capacity, 
as mentioned previously in Sect ion 3 .1 . 

P r o b l e m 3 . 1 . Cons ider a long narrow rigid str ip footing to be installed at a 
depth of 1 m in a clay loam soil having a moist density of 17.6 k N / m 3 . 
c=15 kPa and φ = 3 0 ° . If the strip footing is to be designed to carry a load of 
500 k N per metre length safely, what should be the width of the foot ing? 

The ult imate bearing strength of the footing must be the design pressure 
( load per unit length divided by the footing width) multiplied by the safety 
factor, 3.0. 

q Q = 3x500 kN/m/B 

From Appendix 1 , the bearing capacity factors are Ny=16, N c = 3 0 and N q = 1 8 . 
Us ing Eqn. 3.3, the ult imate bearing capacity is g iven as; 

q 0 = ( γ Β / 2 ) Ν γ + c N c + q N q = (17.6xl6B/2 + 15x30 + 1x17.6x18) kPa 

= 1500 kN/m/B 

Thus 1500 kN/m = ( 1 4 1 B 2 + 774B) kN/m 
and Β = 1.52 m is the required footing width. 

3.1.4. Footings with finite length and inclined loads 

—3 

\ / / 
V / 

' 1 1 1 -

F i g . 3.7. The more general case of a shallow footing with finite length and 
an inclined load. 
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F i g . 3.7 s h o w s a shallow footing case where the length, L, is not 
semi- inf in i te compared to the width, B, but is larger than B. A l so , the total 
loading force, Qo, is not acting perpendicular to the footing but is inclined at 
an angle β to the vert ical. The components of the load can be considered as 
Η in the horizontal direction, and V in the vert ical. The fact that the footing 
length is finite has the effect of increasing the ult imate bearing capacity of 
the footing on cohesive soil, since there is additional shear resistance to 
f o o t i n g settlement in the soil below the two ends. In a fr ict ional soi l, there 
is the opposite effect, since the footing bearing pressure is spread out in two 
d i m e n s i o n s at depth in the soil, and fr ict ional shear resistance is reduced 
compared to the long strip footing case. 

In addition, an inclination of the footing load f rom the vert ical reduces its 
m a x i m u m possible value, since it changes the shear stress condition on the 
f o o t i n g base, and reorients stress directions in the subsoil. This results in 
shorter and weaker slip planes at soil fai lure, as shown in F i g . 3.8. 

F i g . 3.8. The failure of soil beneath footings with (a) a vert ical load and (b) 
an inclined load. 

Hansen (1957) reported research conducted on both of these compl icat ions 
in the c a l c u l a t i o n of bea r i n g c a p a c i t y . H e summar ized the resulting 
recommendat ions for ult imate bearing capacity est imations as fol lows. 

Fo r granular soils (c = 0): 

ς ο = | Ύ Β Ν γ [ ΐ - 0 . 3 5] [l-1.5 Hj2+ y D N q [ i + 0 . 2 § ] [ l + 0 . l g ] [ l -1 . 5 &12) 

L imitat ions : Β :< L, D < 15B, Η < V t a n 0 
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Fo r cohesive soils ( φ = 0): 

q Q = 5 c [ l + 0.2 g ] [ l + 0.2 g ] [ l - 1.3 ^ ] + yD (3.13) 

L imitat ions: Β L L, D < 2.5B, Η < 0.4V ( β < 22°) 

β° 
F i g . 3.9. B e a r i n g c a p a c i t y f o r m u l a Ν factor s under inclined loads 

est imated by Sokolovsk i (1956) and Br inch Hansen (1957). 
as 

The terms in Eqn . 3.12 and 3.13 are those i l lustrated in F i g . 3.7 and 3.8. 
S o k o l o v s k y (1956) also examined the question of incl ination of footing loads, 
and analyzed the problem by approximate solutions of the form shown in 
F i g . 3.8(b). A comparison is made of these calculat ions with those formulae 
p ropo sed by Hansen (Eqn. 3.12 and 3.13) in F i g . 3.9 for a soil f r ict ion angle 
o f 3 0 ° . Both methods have the same start ing values for zero angle of load 
i n c l i n a t i on in F i g . 3.9, and they can be seen to produce very s imilar results 
for the Ny and N q terms over the range of incl inations. The N c term of 
H a n s e n is g e n e r a l l y higher than Sokolovsky ' s , and there is evidently a 
difference in philosophy here. In fact, the two methods would also yield 
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comparable results if the H/V term in Eqn . 3.13 were multipl ied by 1.64 
instead of 1.30. 

F o r the case of a square footing, Eqn . 3.12 and 3.13 are s imi lar to the 
ideas proposed by Terzagh i (1943) in which the cohesional bearing capacity is 
i n c r e a s e d by 2 0 % over the long strip footing, and the soil self weight term 
d e c r e a s e d by 2 0 % . Fo r a c ircular foundation of radius r, Terzagh i (1943) 
proposed the following formula. 

q Q = 0 . 6 γ τ Ν γ + 1 . 2 c N c + q N q (3.14) 

T h e f i r s t term involving soil self weight contains the factor 0.6r = 0.3B, 
w h e r e Β is the circular footing diameter. Th is is a smal ler factor than 0.4B 
proposed for a square footing, since the circular footing has a smaller width 
t o w a r d s the ends than at the center, and thus a variable depth of influence 
in the soil. A s a result, the depth of influence and corresponding soil weight 
pressure are less near the edges than under the footing centre. 

3.1.5· Effect of soil water 

Total density y 1 

Total density y 

7 ' i i 

7 

Q 
(b) 

W.T. 

1 I ql 

F i g . 3.10. Shallow footings on a soil with a water table (a) at the footing 
depth and (b) above the footing base. 

If a soil is saturated below a shallow footing and the water is not moving, 
then static water pressure acts within the soil and one must consider effect ive 
intergranular stresses in calculating fr ict ional shear resistance, as discussed in 
C h a p t e r 2. F i g . 3.10 demonstrates two possible cases involving water in the 
subsoil. In case (a) the water table is at the base of the footing. In a granular 
soil, the water pressure will be nearly zero at that level, and the full amount 
of the surcharge pressure, q = γ Ό , will apply there vert ical ly. However, the 
effect ive soil density below the water table is reduced by water pressure (the 
buoyancy effect) and normal stresses on the soil fai lure surfaces reduced. Fo r 
this case, the ult imate bearing capacity expression, Eqn . 3.3, can be rewritten 
as: 
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(3.15) 

(3.16) 

I n c a s e (b), the water table is higher than the foundation base, and is 
par tway into the surcharge mater ia l . Here some of the surcharge pressure is 
reduced by water pressure, and there are at least three possible total material 
densities corresponding to the soil beneath the footing, and to those portions 
of the surcharge mass which are saturated or not. A n effect ive surcharge 
pressure, q 1, can be used in this case in Eqn . 3.15, where: 

T h e densities yn and y% are the total densities, compris ing the weights of 
solids plus water per unit volume, of the surcharge material at the expected 
moist and saturated water contents. 

F i g . 3 .11. Shallow footing example for Prob lem 3.2. 

P r o b l e m 3.2. F i g . 3.11 shows a rectangular footing of width 1 m and length 
2 m to be constructed at a depth of 1.3 m in a sandy soi l. I f the water table 
is at a depth of 0.6 m, and the soil densities and strength properties are as 
shown, what will be the ult imate central bearing capacity force, Q U | t ? (It must 
be remembered that the design force should be less by the safety factor 3.0.) 

F o r a granular soil, the bearing capacity Eqn . 3.12 can be modif ied to 
a c c o u n t for buoyancy effects both below and above the footing base. It will 
take account of the rectangular shape (B/L=0.5) as well. F r o m Appendix 1 , the 
appropriate bearing capacity factors are N7=22.5 and Nq=23 . The soil buoyant 

q- = 7 » D l + ( y . 7 W ) D 2 (3.17) 

% = 7 b u o y ( B / 2 )N<y + c N c + q N q 

where Ύ, = Ύ - Ύ ' buoy ι /w 

and y = the weight density of water = 9.8 k N / m 3 
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density below the footing should be used in the f irst term of Eqn . 3.12 instead 
of y. 

7 b u o y = (18.6-9.8) k N / m 3 = 8.8 k N / m 3 

For the second term in Eqn . 3.12, which represents the effect of the depth 
of footing placement, the net pressure on the soil beside the footing base 
(Eqn. 3.17) should be used in place of the quantity yD. 

q f = [13.7x0.6 + 8.8x0.7 ] kPa = 14.4 kPa 

The ult imate bearing capacity pressure and force are thus; 

q 0 = [8.8x0.5x22.5(1-0.3x0.5) + 14.4x23(1-0.2x0.5) ] kPa = 382 kPa 

Q u l t = 382 k P a x l m x 2 m = 764 k N 

3.1.6. Layered soils 
Soils in real field situations are often not uni form with depth. I f discrete 

l a y e r s having widely differing strength properties are found, it is not always 
simple to find representative soil strength and density parameters to plug into 
the bea r ing capacity equation. Button (1953) showed how an est imation of 
b e a r i n g capac i ty can be made for a cohesive soil having two layers of 
d i f fe rent strength. He proposed a modif icat ion to the N c factor for bearing, 
depend i ng on both the relative magnitudes of cohesional strength, and the 
relative depth of the boundary between the two layers. H i s analysis was based 
on a s impl i f ied circular soil fai lure shape beneath a strip foot ing, which has 
been shown to provide reasonable accuracy for cohesive soils (Skempton, 1948). 

A s F i g . 3.12 shows, the top horizontal cohesive soil layer is considered to 
have cohesion c-j, and the lower C2- B y a consideration of the equil ibrium of 
moment s tending to rotate the soil and footing, Button (1953) calculated the 
effective bearing capacity factor, N f

c by which the upper layer cohesion should 
be mult ip l ied in order to estimate the ult imate bearing capacity pressure as 
fol lows. 

% = c x N ^ (3.18) 

The above procedure is equivalent to calculating a weighted average of the 
upper and lower layer values of cohesion, in the proportion of length of slip 
s em i - c i r c l e over which each one acts. F i g . 3.12 gives the appropriate values 
of N ' c for various ratios of layer depth to footing width, D/B, and lower to 
upper layer cohesion magnitudes, C2/c 1 e 

I n the ca se of a layered soil with considerable fr ictional strength, the 
analysis is not as s imple. However, a rough est imate can be made of weighted 
average strength parameter values which could be used in the standard bearing 
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F i g . 3.12. T h e N ' bearing capacity factor on a layered cohesional soil 
(Button, 1953) 

f* Β 

I Qo ν ν 1 

F i g . 3.13. Approximate analysis of bearing capacity in a layered soil having 
both fr ict ional and cohesional strength components. 
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capac i t y equation. A s F i g . 3.13 indicates, the slip surface in the soil can be 
d i v i d e d into lengths contained within each soil layer. In the example shown, 
t h ree distinct layers are present, and the weighted average soil properties 
which could be used are: 

7 = typi + γ 2 ο 2
 + 7 3 D 3 ) / ( D 1 + D 2 + D3> ( 3 · 1 9 ) 

c = [ c l ( L l + L 5 ) + c 2 ( L 2 + L 4 ) + c 3 L 3 ] / [ L 1 + L 2 + L 3 + L 4 + L 5 ] (3.20) 

Φ = ΙΦι^λ + L 5 ) + 0 2 ( L 2 + L 4 ) + 0 3 L 3 ] / [ L 1 + L 2 + L 3 + L 4 + L 5 ] (3.21) 

The same principle could be used for two or four layers if so desired, and 
at leas t a crude est imate of ult imate pressure can be obtained using these 
average parameters in the bearing capacity equation. 

Κ Β'- 5 
•ζ Β ^ 

F i g . 3.14. T h e effective bearing areas of footings having eccentr ic loading 
for the cases of (a) eccentr ic ity in one direction, (b) eccentr ic ity 
in two directions and (c) a c ircular footing. 
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5.1,7. Eccentric loading 
I f the center of applied load is not at the centroid of a rectangular or 

c i rcu lar foundation, then the pressure distribution on the subsoil cannot be 
expected to be symmetr ica l . Meyerhof (1953) showed that on a cohesive soil, 
it is appropriate to identify a useful portion of the footing surface which is 
s ymmet r i c about the load center. The remaining area of the footing is 
a s s umed simply to be superfluous. In F i g . 3.14(a), a single eccentr ic i ty, e, is 
considered, the load Q being centered on a point at distance e s ideways f rom 
the footing centerl ine. Tak ing, then, the effect ive useful footing to extend 
equal distances, B/2-e, on each side of the load point, a new effect ive width, 
B 1, is found. The shaded area of the footing in F i g . 3.14(a) is considered to be 
the useful bearing area, and the bearing capacity computed accordingly. The 
effect ive width and bearing area are calculated as fol lows. 

(3.22) 

(3.23) 

In the case of double eccentr ic i ty, as shown in F i g . 3.14(b), the same 
principle can be used to find reductions in both the useful or effect ive width 

i .O i 

0.8 

0.6 
Reduction 
factor, R e 

= A ' /A 0.4 

0.2 

0 

- V\ 

v ^ C < 
Dhesive s oil 

-

\ 
^Granu ar soil 

-

- -

- -

-

0.5 

Ef fect i ve width B f = Β - 2e 

E f fec t i ve bearing area A ! = BM_ 

Eccentricity ratio, e/B 
F i g . 3.15. The bearing capacity reduction factor for eccentr ic loading in the 

cases of cohesive and granular soils (Meyerhof, 1953). 
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and length, as in Eqn . 3.22, and the useful bearing area found as; 

E f fect i ve bearing area A 1 = B 'L 1 = (B - 2e b ) ( L - 2e{) (3.24) 

When a footing is circular, as depicted in F i g . 3.14(c), the useful width, 
B 1 , is calculated in the same manner as for the rectangular case with single 
eccentricity, Eqn. 3.22. This useful width, or the useful radius, r , =B , /2, is used 
in the bearing capacity expression for circular foundations, Eqn . 3.14, with 
conservat ive results. 

For all of the above foundation conf igurat ions, the reduction factor, R e , is 
the ratio of the useful bearing area to total footing area for a certain loading 
eccentr ic ity, and is calculated as fol lows. 

Reduct ion factor R e = A f / A (3.25) 

Meye rho f (1953) found that the proportional reduction in bearing area 
d e s c r i b e d above does not function well in granular, fr ict ional soils, but only 
in cohes ive soils. He determined that the effect ive bearing area reduction 
fac to r is more a parabolic function of eccentr ic ity in granular soil than a 
linear one, and proposed the relationship given in F i g . 3.15. In the latter case, 
the granular soil reduction factor should be uti l ized to multiply the total 
footing area in order to est imate the useful bearing surface. 

F i g . 3.16. A footing with eccentr ic loading for Prob lem 3.3. 

P r ob l em 3.3. A rectangular footing on the soil surface is i l lustrated in 
Fig. 3.16. The point of action of the load, Q, is off the centre of the footing 
by 0.2 m in both directions as shown. What design load could be applied to 
the footing on the unsaturated soil descr ibed? 
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The effect ive width and length of the footing can be est imated as; 

B f = Β - 2e = (1.0 - 0.4)m = 0.6 m, and L ' = (2.0 - 0.4)m = 1.6 m 

S i n c e the footing is rectangular and rests on a soil having both cohesion 
and internal f r ict ion, the expressions of Hansen (Eqn. 3.12 and 3.13) can be 
added with the substitution of the foundation width reduced due to load 
e c c e n t r i c i t y . Fo r an angle of internal f r ict ion, φ = 2 5 ° , the bearing capacity 
factors from Appendix 1 are Ν Ύ = 6 . 3 and Ν = 2 1 , and the width to length ratio, 
B'/L»=0.375. 

q 0 = 0 . 5 γ Β Ή γ ( 1 - 0.3BVL 1 ) + c N c ( l + 0.2B '/U) 

= [17.6x0.5x0.6x6.3(1 - 0.113) + 7x21(1 + 0.075)]kPa 
= 188 kPa 

The design footing load is then the ult imate bearing capacity, q 0 , multiplied 
by the useful or effect ive bearing area, BMJ, and divided by the usual safety 
factor of 3.0. 

Q d e s i g n = q 0

B ' L I / S F = 1 8 8 k P a x ° * 6 m x l-6m/3 = 60 k N 

3.2. F O U N D A T I O N S E T T L E M E N T 

3.2.1. Traditional prediction methods 

F i g . 3.17. T h e set t lement of footings in soil generally involves both shear 
stra in and volume changes. 
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W h e n soils are subjected to loading stresses, they respond by deforming, 
a s indicated by the stress-strain behavior examples g iven in Sect ions 2.4 
p r e v i o u s l y . Unde rnea th a foundation, these soil strains translate into a 
subsidence of the soil surface, and s inkage of the structure. Both changes in 
spec i f i c volume of the soil material and shear strains can contribute to 
f ounda t i on settlement, as shown in F i g . 3.17. In the case of coarse-grained 
m a t e r i a l s (sand and gravel), most of the soil deformation takes place within 
a few minutes of t ime. In a wet f ine-grained mater ia l , such as si lty or c layey 
soi l, there is some initial sett lement upon loading of a foundation, and there 
is a l so s low settlement arising f rom shear " c reep " of the mater ia l , and 
consol idation accompanied by slow water movement within the soil. These 
l a t t e r phenomena will be discussed subsequently in Chapter 4, and only the 
short term soil deformations leading to " in i t ia l " foundation settlement will be 
treated in this Sect ion. 

T a y l o r (1948) suggested different sett lement versus loading behaviors for 
cohes i ve as opposed to cohesionless soils. When sett lements are smal l , he 
reasoned that coeff ic ients of sett lement can be calculated for each particular 
s o i l , assuming that deformations are approximately proportional to applied 
load Q. In the case of cohesionless soils, the sett lement coeff ic ient appears in 
practice to be dependent upon the s ize of the footing, and the relation below 
was proposed. 

ζ = q B C 2 (3.26) 

where ζ = foundation sett lement, 
q = average foundation bearing pressure 

^ 2 = a soil sett lement constant (in units of p re s su re " 1 ) 

In the case of a cohesionless soi l, absolute sett lements seem to be almost 
i ndependent of footing width, B, for the same loading pressure, and Taylor 
(1948) proposed; 

ζ = qC^ (3.27) 

where - a constant coeff ic ient (settlement per unit pressure) 

T e r z a g h i and Peck (1967) added some sophist ication to the formula for 
sett lement on cohesionless soil by noting some effect of footing width. They 
p r opo sed that a test footing can be loaded vert ical ly to a certain pressure 
l e ve l and the s e t t l ement measured. Then the sett lement of a proposed 
foundation (usually larger than the test model) can be est imated for the same 
loading pressure as shown below. 

028) z_ = 4 
z 0 " (1 + B 0 / B ) 2 
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where ζ = the sett lement of a proposed footing 
Zo = the settlement of the test footing 
Β = the width of the proposed footing 
B 0 = the width of the test footing 

F i e l d tests have shown the above formula to be approximately correct, 
a l though actual results of full scale footing sett lement measurements show 
considerable scatter about the predicted values, (Bjerrum and Egges tad , 1963; 
L a m b e and Whitman, 1979). The predictions of Eqn . 3.28 must be based on 
l o ad i n g a test footing to the same pressure as the proposed foundation, and 
do not give an indication of the shape of the load-sett lement curve. 

5.2.2. Pressure-settlement curves - Bekker's formula 
Bernstein (1913) and Gor iatchk in (1937) had proposed a curved relationship 

for applied pressure versus the sett lement of r igid plates on the soil surface, 
fol lowing a power law as shown below. 

q = k z n (3.29) 

where k = a soil st i f fness constant (units of pressure/s inkage n ) 
ζ = total plate sett lement 
η = a constant exponent for a soil 

This relationship is useful for approximating the shape of a pressure-sinkage 
c u r v e in a real soil quite well in most cases, but it cannot take account of 
the size dependency for different scales of footing width. In 1956, Bekker 
presented a synthesis of the power function for s inkage curves, together with 
a s ize factor s imi lar to that of Tay lor (1948) and proposed a general s inkage 
f o r m u l a which could be used for both cohesional and cohesionless soil types, 
as fol lows. 

q = ( k c /B + k 0 ) z n = k z n (3.30) 

where k c and \<φ = soil st i f fness constants, independent of width B. 

In S I or Imperial units, the dimensions of these constants are; 

k c : k P a / m " 1 " 1 or p s i / i n " " 1 , k 0 : k P a / m n or p s i / i n n 

Bekker (1960) did find that for c ircular plates resting on soi l, Β should be 
the radius of the footing, whereas Β is the width (smaller than or equal to 
the length) of a rectangular or square foot ing. This concept is s imi lar to the 
reduction of c ircular footing effect ive width for bearing capacity est imations, 
as proposed by Terzagh i (1943) in Eqn . 3.14 above. 

In order to calculate the three soil constants of Eqn . 3.30, at least two 
s i n k a g e tests must be performed on test foot ings of differ ing width, with 
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sett lement measurements taken for progressive levels of vert ical load. Then 
by graphical or analytical means, the exponent, n, and the st i f fness constant, 
k, can be found for each footing s ize. A n example of the technique is shown 
in F i g . 3.18, wherein average loading pressures are plotted versus observed 
total s inkage values for two footings on log-log scales. The theoretical curve 
shape on log-log paper is a straight line with the equation: 

log(p) = log(k) + η log(z) (3.31) 

Then η is the slope of the line, and k can be found as the intercept with 
the vertical axis through log(z)=0, or z = l (either 1 m or 1 in), as indicated in 
F i g . 3.18. Rather than relying on graphical methods and "eyebal l ing" of the 
bes t f i t s t ra ight line to a set of experimental points, it is s imple nowadays 
to p e r f o r m a linear regression on the logar i thms of pressure and sinkage 
values measured in s inkage tests, by using an electronic calculator (or a 

101 1 1 1 1—I 1 » ι I I I I I ' ι ' « ι 
0.01 0.02 0.05 0.1 0.2 0.5 1 

ζ, m log scale 

F i g . 3.18. Graphical determination of s inkage parameters η and k using plate 
s inkage measurements (data f rom Fan , 1985). 
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c o m p u t e r ) . The slope and intercept result ing f rom the regress ion for a 
particular s inkage test will be the exponent, n, and log(k), respectively. Hav ing 
two values for k corresponding to two plate widths, B, one can solve for the 
th ree c o n s t a n t s k c , k^ and η as shown below, using the the example values 
f rom F i g . 3.18. 

k c = B 1 B 2 ( k 1 - k 2 ) / ( B 2 - Β χ ) = -0.323 k P a / m n " 1 (3.32) 

k 0 = 0<2 B 2 - k j B j V ^ - Β χ ) = 71.1 k P a / m n (3.33) 

η = ( n 2 + n 2 )/2 = 0.566 (3.34) 

C o n s i d e r i n g the variabil ity of soil mechanical properties, even within a 
small volume of the mater ial, it is a r isky proposit ion to est imate the above 
sett lement constants f rom the results of only two plate s inkage tests. F an 
(1985 ) and M c K y e s and F a n (1985) have shown that the stat ist ical errors 
involved can be reduced substantial ly by employing a series of three, four or 
f i v e sett lement tests with plates of different s izes. Measurements were 
conducted in a uniformly prepared sand using five circular plates having 
d iameters ranging f rom 3.5 to 5.5 c m . When each pair of tests is compared, 
values for s inkage constants k c , and η can be obtained by Eqn . 3.32 to 3.34 
a b o v e . Thus for f ive plate s izes, ten combinat ions of two plates each are 
p o s s i b l e , and ten different magnitudes of the s inkage constants can be 
ca l cu l a ted . A f te r conducting 20 such test series of five plates each, Fan 
(1985) found that the coeff ic ient of var iat ion (standard deviation divided by 
the mean value) can range between 5 0 % and 1 2 5 % for k c , and f rom 1 8 % to 
3 5 % fo r k 0 , using pairs of plates as described above. The var iat ion in the 
values of η were considerably smaller, averaging 1.5%. 

I f more than two individual sett lement tests are used to find the sinkage 
constants, the linear Eqn . 3.32 and 3.33 cannot be used, s ince there are three 
or m o r e different values of k and Β to compare. What is required is a best 
f i t procedure using variables k f rom each test and the reciprocal of width, 
1/B, as indicated in Eqn . 3.30. The slope and intercept of such a linear 
regression wil l be k c and k0, respect ively. A n example graphical representation 
of this procedure is g iven in F i g . 3.19, while the values of slope, k c , and 
i n t e r c e p t , k 0 , are more accurately computed using a calculator linear 
regress ion. 

Fan (1985) demonstrated that the confidence in s inkage contents increases 
markedly if sets of three or four plates having different s izes are used for 
sett lement tests. Table 3.1 g ives the average coeff ic ients of var iat ion in the 
constants for four series of s inkage tests, using increasing numbers of plates. 
I t is evident that in the type of soil tested, improvements in the confidence 
of the k values can be improved by more than five t imes if four plates of 
different widths are used instead of two. 
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F i g . 3.19. Graphical determination of k c and k^ parameters. 

T A B L E 3 .1 . Average coeff ic ients of variat ion of s inkage constants when 
different numbers of plates are used ( M c K y e s and Fan , 1985). 

No . plates Ave rage coeff ic ient of var iat ion, % 
used k c η 

2 81.6 26.3 1.5 

3 27.0 7.2 1.1 

4 15.6 4.6 0.7 
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Fan (1985) also demonstrated that the s inkage constants computed using a 
series of four or f ive different plates can be used successful ly to describe the 
settlement behavior of a larger foot ing. Hav ing tested f ive circular plates of 
diameters ranging f rom 4.5 to 6.5 c m , he calculated the s inkage constants and 
employed them to predict the pressure versus s inkage values of a 15 cm 
d iameter plate. These predicted values of pressure were all within 1 0 % of 
actual measured magnitudes for the various s inkages of a 15 cm plate on the 
same soi l, ( M c K y e s and Fan , 1985). 

However , one cannot expect that the extrapolation of s inkage constants 
obtained f rom smal l plate tests can be extended to very large footings, which 
are several orders of magnitude wider. The experience cited above shows that 
s u c h a procedure is feasible to a scale mult ipl icat ion of at least three, and 
perhaps it is possible for a factor up to ten. But without substantiating 
evidence, one would be wiser to use model plate sett lement tests with widths 
not less than one quarter or so of the design foundation dimension. S inkage 
tests are more economical when smal ler model foot ings are used because less 
l oad needs to be carr ied to the f ield. Nevertheless , the closer that one can 
approach the actual design foundation width using model footings, the more 
accurate the predicted sett lement behavior is l ikely to be. 

Prob lem 3.4. A series of s inkage tests is performed on a bare sandy loam soil 
u s i n g t h ree circular plates having diameters, d, of 5, 7.5 and 10 c m . I f the 
measurements of cumulat ive s inkage depths versus applied vert ical pressure 
a re those shown below, what are the s inkage constants in Eqn . 3.30 for this 
so i l ? 

d^, c m p, kPa z, cm d 2 , cm p, kPa z, c m d^, cm p, kPa z, c m 

5 50 0.4 7.5 50 0.6 10 50 0.8 
100 1.0 100 1.6 100 1.9 
200 2.7 200 4.4 200 5.3 
300 4.8 300 7.9 300 9.8 

F o r e a c h of the three plates, the s inkage measurements are changed to 
un i ts of metres, and these together with the applied pressures are converted 
to logar ithmic values to fit Eqn . 3 .31 . Then a least squares linear regress ion 
can be performed to find the best fit values of log(k) and exponent η for each 
plate. These results are shown below. 

d, cm 5 7.5 10 
k, k P a / m n 2683 1751 1602 

η 0.719 0.694 0.711 

T h e e f f ec t i ve exponent, n, for this site can be est imated as the average 
of the three calculated values. 
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η = ( n 1 + n 2 + n 3 )/3 = 0.71 

Since the test plates are circular, then each radius, r=d/2, is used instead 
of plate width, B, in Eqn , 3·30· The values of k c and k# are best est imated by 
performing another linear regression with the variables 1/r and k as χ and y. 
F o l l o w i n g the form of k in Eqn . 3.30, k c wil l be the slope of this linear 
regress ion, and k^ the intercept. 

κ = (l)kc+ ^ 
kQ = 56.3 k P a / m " ' 1 and k^ = 385 k P a / m n 

(Correlat ion coeff ic ient R = 0.98) 

3.3. P R E S S U R E D I S T R I B U T I O N U N D E R F O U N D A T I O N S 

T h e t heo r y of elastic materials can be used to calculate the distribution 
of pressure underneath a r igid footing, but the results often do not match 
what occurs in practical experience. Terzagh i and Peck (1948) and Scott 
(1963), among others, have shown that the stress patterns under rigid footings 
have different character ist ics depending on the soil type. On a cohesive soi l, 
f o r example, vertical pressure distributions closely resemble those predicted 
by e l a s t i c t h e o r y . A n e x a m p l e is g iven in F i g . 3.20(a) together with 
approximate magnitudes of the pressures under a long strip foundation having 
a vert ical loading along the centrel ine. 

On a cohesionless soil, however, the pattern changes, with greater pressure 
be ing observed near the footing centrel ine, as shown in F i g . 3.20(b). This 
d i s c repancy does not make a great difference to the internal forces within 
the f o o t i n g itself. The shear force d iagrams for both cases are given in 
F i g . 3.20, and despite a sl ightly different shape, both soils will result in the 
same max imum shear force at the foundation centrel ine. (The convention used 
is t ha t pos i t i ve shear force is counterclockwise acting.) There is more 
variat ion in the magnitude of bending moments of the two cases. A s shown 
in the f igure, the cohesive soil footing has about 5 0 % more bending moment 
at the centre than that on the fr ict ional soil (downwards bending action 
posit ive). With these results, structural design techniques can be used to design 
the foundation slab to be safely strong for the expected loading and soil 
react ion. 

T h e r e are other types of foundation loadings, and an example is g iven in 
Fig. 3.21. This is a wide raft type of footing which acts both as the building 
f loor and as the foundation supporting the wall and roof weights. S ince the 
f o o t i n g is wide, it can be assumed that the pressure distribution in the soil 
is nearly uniform as shown. The pressure d iagram is the same as that of a 
s i m p l y supported, uniformly loaded beam turned upside down, and the shear 
force and 



F i g . 3.20. Groundpressure distributions, shear forces and bending moments in 
foot ings on (a) cohesional and (b) fr ict ional soi ls. 
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F i g . 3 .21. A wide raft footing. 
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bending moment d iagrams are s imi lar to such a case. I f the footing is 
c o n s i d e r e d to be r ig id, then considerable bending moments can be generated 
along the centreline due to the relatively large s ize of width, B. 

Differential 
settlement 

F i g . 3.22. The control of surface crack ing in a wide raft footing. 

W h a t often happens in practice is that the sinkage of the soil is not 
uniform because the raft foundation is not perfectly r ig id. In such a case, the 
bear ing pressures tend to be larger near the ends of the footing than at the 
centre, as shown in F i g . 3.22(a). Increased soil sett lement towards the outside 
e d g e s o f the floor develops higher soil react ion pressures. However, the 
differential sett lements are usually too great for brittle concrete foundations 
to suffer without local material fai lure, and surface cracks are often observed 
in the floor. 

A p r a c t i c e which is common in the construct ion of such wide " f loor " 
foundations is to make shallow sawcuts in the top of the footing where 
c r a c k i n g would be expected. The philosophy is that the floor cannot be 
e x p e c t e d to r e m a i n p e r f e c t l y r i g id on soil which exhibits differential 
se t t lement , but the sawcuts encourage local floor cracking to occur at their 
locations, thus permitt ing cracks in a more aesthetic straight line, F i g . 3.22(b). 
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3.4. T O W E R S I L O F O U N D A T I O N S 
3.4.1» Bearing capacity 

h Β >-

F i g . 3.23. Wall and floor force partit ion in a tower si lo. 

Foundat ions for tower silos present some unique problems owing both to 
the c i rcu lar shape of si los, and to the large masses concentrated over smal l 
surface areas. Modern tower silos are commonly built with diameters of 7 to 
9 m and heights of over 24 m, (F ig. 3.23). A silo of these dimensions can 
contain between 800 and 1300 t of corn or grass s i lage, and yet the base area 
is only 36 to 64 m 2 . The average pressure over the base of the silo itself is 
thus in the order of 210 kPa (which is about 30 psi or 4400 psf). 

The actual si lage pressure on the floor is considerably less than the above 
figure since much of the si lage weight is transferred to the wall by fr ict ional 
force. Fo r a silo with a three to one height to diameter rat io, approximately 
half of the total s i lage weight is supported by wall f r ict ion (Negi et al., 1977; 
Turnbull et al., 1979). Therefore, the vert ical force at the wall base comprises 
abou t ha l f of the total weight of contents, in addition to the weight of the 
structure itself and any attachments above ground, such as top unloaders and 
the l ike. A 7.3 m diameter by 24.4 m height concrete silo with 15 cm thick 
walls, for example, has a mass of over 200 t, bringing the total full silo mass 
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to about 1120 t. O f this, approximately 4 0 % rests on the silo floor, while the 
remainder is supported at the wall base as shown in F i g . 3.23. 

T h e d e s i g n of a tower silo foundation must be approached f rom several 
v iewpoints. F i r s t ly , the overall average bearing pressure under the footing 
m u s t be within the allowable range. Fo r this purpose, the bearing capacity 
E q n . 3.12 to 3.14 can be util ized to find the max imum possible bearing 
pressure on the particular soil in question. In order to find the allowable 
d e s i g n bea r i n g pressure, this max imum pressure, q 0 , is divided by the 
appropriate factor of safety. (Subsequent discussion will suggest that this 
f a c t o r be 3.0.) The required overall width or diameter, B, of the ring 
foundat ion can then be found f rom the following expression. It calculates 
average bearing pressure, q, as the total weight of all the silo components, 
including the foundation itself, divided by the overall surface area within the 
bounds of the foundation. 

q = q 0 / S F = Q/A = ( Q e U a g e + Q s i i Q + Q f o o t i n g ) / ( j B 2 ) (3.35) 

where Q s i l a g e , Q s i l o and Q f o o t i n g = total component weights. 

Problem 3.5. A steel silo is planned to have a diameter of 7.3 m, a height of 
24.4 m and a net mass of 30 t including the roof. The expected content of 
the silo is 820 t. What would be the necessary outside diameter of a 60 cm 
th ick circular footing for this structure on the surface of a soft clay soil 
having c=25 kPa and a very small fr ict ion angle? 

Although the total weight of the footing itself cannot be known before the 
d i a m e t e r is found, its bearing pressure can be calculated as the unit weight 
of c onc re te (about 23.6 k N / m 3 ) t imes footing thickness, if the foundation is 
assumed to be a complete disc. 

Q f o o t i n g / A = 23.6 k N / m 3 χ 0.6 m = 14.2 kPa 

T h e n E q n . 3.35 can be rearranged by subtracting the footing bearing 
pressure f rom both sides, as fol lows. 

q - 14.2 KPa = q o / S F - 14.2 KPa = ( Q s i l a g e + Q s i l ( J ) / A 

T h e ult imate bearing capacity is calculated by Eqn . 3.14 for a c ircular 
footing, using the N Q factor f rom Appendix 1 . 

q 0 = 1 . 2 c N c = 1.2 χ 25 kPa χ 5.14 = 154.2 kPa 
The bearing capacity equation can then be evaluated as; 

q - 14.2 kPa = (154.2/3 - 14.2) kPa = (8036 + 294)kN/(|B 2 ) 

f rom which Β = 16.9 m is the required footing diameter. 
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3.4.2. Settlement and safety factor 
A further consideration is the sett lement of the structure, which should be 

a m a x i m u m of 2.5 cm for a successful design, (see Table 3.2). There are at 
least two ways in which to assess this aspect of the foundation. Model footing 
sett lement tests could be performed at the selected site, and their results 
used to est imate the s inkage constants of Eqn 3.30 above. However , this can 
be a time consuming and costly pract ice, especially since large loads must be 
carried to the site in order to create plate bearing pressures in the order of 
those expected in the actual design. 

T A B L E 3.2. Per formance cr iter ia for tower silos (Ontario Si lo Assoc iat ion, 
1980). 

Rat ing Per formance Vert ica l Ti l t Rat ing 
sett lement, m m Degrees % height 

A Exce l lent . Be low 25 Below 0.2 Below 0.3 
Β Good with 

sl ight problems. 
25 - 75 0.2-0.5 0.3-0.8 

C Important 
problems. 

75 - 150 0.5-1.0 0.8-1.7 

D Serious 
problems. 

150 - 300 1.0-1.5 1.7-2.5 

Ε Very serious 
problems. 

Over 300 Over 1.5 Over 2.5 

Another way in which to reduce silo sett lements to acceptable levels is to 
m a k e the bearing safety factor suff ic ient ly high that soil strains will be 
l imi ted below the footing. F o r example, Mo r i n and Bozozuk (1983) conducted 
a performance survey of 108 concrete tower si los sited on weak, compressible 
marine c lay soi ls in the southern Quebec reg ion. They based the performance 
r a t i n g s of the silos upon the amount of total sett lement and tilt f rom the 
ve r t i c a l . In 28 cases, footing sett lement and tilt were measured for four 
years, and soil shear strength measurements taken at depths up to 12 m using 
a N i l con shear vane. 

F r o m the soil strength measurements, the max imum bearing capacity of 
each of the silo foundations was est imated using Eqn . 3.13. The actual bearing 
pressure was calculated in each case, and divided into the max imum bearing 
capacity in order to est imate the safety factor. Individual safety factors are 
compared to the sett lement and tilt measurements for the first loading cycle 
of each of the silos in F i g . 3.24. 

F e w of the si los tilted more than 0 . 3 % , and none of those had an 
estimated safety factor greater than 2.5. A l s o , most of the si los with a safety 
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F i g . 3.24. A comparison of observations of average concrete tower silo 
s e t t l e m e n t s versus caculated safety factors (from Mor in and 
Bozozuk, 1983). 

factor less than 2.1 or so exhibited sett lements of more than 8 cm, which is 
very likely to cause problems with operation and attached structures. On the 
other hand, those silos with calculated safety factors greater than 2.5 showed 
less than 3 cm settlement after the first loading, with only one exception. 

Morin and Bozozuk (1983) gave a breakdown of the performance rat ings of 
these silos in comparison to their calculated safety factors, as shown in 
Table 3.3. 

T a b l e 3.3 demonstrates that when a tower silo is sited on a weak 
c o m p r e s s i b l e soil, it is preferable to employ a safety factor of 3.0 in order 
to ensure a successful foundation design. Such a safety factor makes it more 
likely that problems of excessive settlement or ti lting will not occur. 



S H A L L O W F O U N D A T I O N S 91 

T A B L E 3.3. Per formance ratings on concrete tower silo foundations on clay 
soil (Mor in and Bozozuk, 1983). 

Ca lcu lated Safety Facto r Per formance Rat ing 

> 3.0 Excel lent 

2.5 Very good 

2.0 Tolerable, important problems could be expected 

< 2.0 Generally unsat isfactory, serious problems could be 
expected 

F i g . 3.25. A s ec t i on through a tower silo extended ring foundation showing 
the tendency for rotat ion, and the location of internal reinforcing 
steel (from Turnbull et al., 1983). 
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3.4.3. Silo foundation design 
T h e de s i gn of a ring foundation itself is a complex affair, and is closely 

l i n ked to the related soil mechanics. F i g . 3.25 shows a section through part 
of a r ing foundation, together with the load applied by the silo walls. There 
is an additional pressure, p x , on the inside vert ical face of the ring which is 
t r a n s f e r r e d through the underfloor sand f rom the floor loading. Canada P lan 
Service (1977) and Turnbull et al. (1979) described how the fol lowing elements 
should be included in the design of the ring footing. 

Ap^, radial reinforcing bars to resist bending 

A s , spiral reinforcing bars to prevent rotation of the ring 

A|_, additional reinforcing to resist lateral pressure, ρ χ 

b, the ring width to provide the necessary safe soil bearing area 

d, the ring thickness suff ic ient for bending resistance 

Turnbull et al. (1979) est imated the total loads of var ious s izes of concrete 
cast - in -p lace and stave si los, and calculated the required magnitudes of the 
d e s i g n elements listed above. They found that the radial reinforcing bars 
specified in previous designs were not necessary provided that suff ic ient spiral 
reinforcing is installed. This spiral re inforcing can resist the tendencies of the 
r ing footing both to rotate and to bend under the wall load, and the spiral 
reinforcing should be placed 10 cm f rom the bottom of the concrete footing. 
T h e results of their computat ions are g iven in Appendix 2 as a function of 
silo s ize and the safe soil bearing pressure. Th is safe bearing pressure is the 
u l t imate bearing capacity, q 0 , divided by the safety factor (preferably 3.0). 
O n c e the soil shear strength is known, (see Chapter 2), the ult imate bearing 
capacity can be found f rom Eqn . 3.13 and, in the case of cohesive soils, it is 
fortunately independent of overall footing diameter, B. 

3.5. P I L E F O U N D A T I O N S 

3.5.1. Pile capacity 
P i l e s are long slender structural units used to transfer loads to soil or 

rock. They can be made of wood, concrete or metal materials, and can have 
cross sectional shapes which are circular, square or Η-shaped. Pi les are 
u t i l i z ed most commonly in structures associated with agriculture for the 
fol lowing specif ic purposes, as i l lustrated in F i g . 3.26. 

(a) To carry weight through soft, weak soil layers to stronger strata. 
(b) To distribute loads in weak soils along the pile length by means of 
shear stress or ! sk in fr ict ion 1 . 
(c) To resist an uplift or tension force as an anchor. 
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(a) End or point-bearing pile (b) Friction pile (c) Tension pile 

F i g . 3.26. Three types of load bearing piles. 

In the case of the end or point-bearing pile, it is assumed that the shear 
force along the pile length contributes a negligible amount to the load bearing 
resistance. The tip of the pile therefore serves as the bearing point, of which 
the ult imate capacity can be est imated like a foundation with an adaptation 
of Eqn . 3.14 below (Teng, 1962). A s in foundation design, the ult imate bearing 
capacity of a single pile or group of piles should be divided by a safety factor 
(preferably 3 .0) to arr ive at the est imated design load. 

Q u l t = 7 Γ Γ 2 ( 0 . 6 7 Γ Ν Γ + 1 . 3 c N c + yDNq) (3.36) 

where r = the radius of a c ircular pile. 

I n the c a s e of fr ict ion piles, pract ical ly the entire bearing capacity is 
considered to arise f rom the shear strength along the pile length, as fol lows. 

Q u l t = 2 7 T r r D (3.37) 

T h e nature of the pile to soil shear stress, r, wil l depend on the type of 
soil and the deformations which the soil has undergone either during the pile 
in s ta l l a t ion or thereafter. In general, the interface adhesion-fr ict ion shear 
strength concept can be used. 

7 = s = c a + tfn

tan^ (3.38) 
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The d i f f i c u l t y w i t h the above formula is the determination of the 
magn i t ude of the normal stress, Gn, at different depths in the soil. The 
coe f f i c i en t of lateral earthpressure at rest, K 0 , relates the horizontal stress 
on the pile, ση, to the vert ical pressure, σ ζ ζ , at a particular depth. 

<Tn = σ ζ ζ Κ ο = 7 z K o (3.39) 

F o r s t ra i gh t smooth pile sides, the coeff ic ient of earthpressure at rest 
suggested by Terzagh i (1943), K o = 0 . 5 , can be used. H igher coeff ic ients may be 
allowed for different shapes of pile. Ireland (1957) has suggested that K 0 can 
be as h igh as 1.75 for step-tapered concrete piles, which become smaller in 
diameter with depth. The same Eqn. 3.37 can be used to find the tension load 
capacity, T, for uniform diameter tension piles as well, since the conf igurat ion 
of shear stress along the pile length is the same, only reversed in direction. 

3.5.2. Pile groups 

F i g . 3.27. Settlement of the end cap of a pile group. 
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It has been shown by Terzagh i and Peck (1967) that a connected group of 
f r i c t i on piles in a silt or soft clay soil can settle together like a single 
foundat ion (Fig. 3.27). The formula below was proposed to describe the 
ultimate pile group bearing capacity, Qg, for this case. Β and L are the width 
and length of the pile cap, and q ujt is the ult imate bearing pressure of a 
rectangular foundation having the same length and width as the pile cap and 
a depth D. Soil internal shear strength s is the average value calculated over 
the range of depth, D. 

(3.40) 

Terzaghi and Peck (1967) noted further that such a pile group as i l lustrated 
in F i g . 3.27 can be considered safe if the total design load on the group is 
less than Qg/3. 

3.5.3. Negative skin friction 

F i g . 3.28. Negat ive skin fr ict ion on deep end bearing piles due to soil 
sett lement. 

There are cases in which a load is carr ied by a pile, and additional 
downward force is applied by the drag of soil which is settl ing. Such an 
example is i l lustrated in F i g . 3.28 for the case of a highway bridge supported 
on piles, and adjoining an earth fil l embankment on the soil surface. With 
t ime, the weight of the embankment causes consol idation and settlement of 
the subsoil surrounding the piles. In turn, the soil sett lement results in a 
downward drag on the pile surface, which adds to the total vert ical load 
which the piles must carry. 

Q g = q u l ( . B L + D ( 2 B + 2L)s 
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The amount of soil settlement may not be enough over the entire soil 
depth in order to cause appreciable downward drag, or negative skin fr ict ion, 
along the whole length of the piles. In F i g . 3.28, an effect ive depth, D n , has 
been identified over which effect ive negative skin fr ict ion is considered to 
act. There is no exact rule for determining the effect ive depth, D n . However , 
experience with shear testing of compressible soils would indicate that at least 
two or more m m of soil settlement relative to the pile movement is required 
to develop a major fract ion of the soil to pile shear strength. Thus, by using 
the techniques described in Chapter 4.1.2 for est imating the consolidation 
s e t t l e m e n t of a compressible soil at different depths, one could locate the 
depth at which, say 2 m m of soil sett lement occurs in t ime, and identify that 
depth as D n . 

H a v i n g the depth D n thus defined, the total load to be supported by the 
pile near the bottom can be est imated as the sum of the load carried at the 
top, and the downward drag of the surrounding soil. The negative skin fr ict ion 
shear stress, T, cannot be greater than the ult imate shear strength of the soil 
to pile interface, c a + a n t a n 6 . A t any depth within D n , the downward drag force 
per unit depth is; 

dQ /dz = 2 7Tr(c + a^tano) = 2 7Tr(c + yzK tan5) t a n a ο 

Thus Q t = Q + 2 7 T r ( c a D n + ^ γ Ο ^ Κ ^ β η δ ) (3.41) 

w h e r e r is the pile cross-sectional radius, K 0 is the coeff ic ient of 
earthpressure at rest and ζ is the soil depth. 

For smooth surfaced piles, the coeff ic ient of lateral earthpressure at rest, 
K 0 , can be est imated as 0.5. In cases where D n is large, the second part of 
the total pile load, arising f rom negative skin fr ict ion, can be many t imes the 
load Q supported by the top of the pile. This can have important consequences 
f o r the des ign of the strength of the pile, as well as the required bearing 
capacity at the lower pile tip. 

P r o b l e m 3.6. A s il lustrated in F i g . 3.29, a reinforced concrete pile carr ies a 
l oad on the top of 2000 t mass through a clay layer which is 45 m thick. 
Mea su rement s of the soil properties have shown that the clay to concrete 
adhesion is 5 kPa and the angle of surface fr ict ion is 1 0° . A l so , the effective 
depth of negative skin fr ict ion is 25 m under the relevant conditions of soil 
s e t t l e m e n t . If the pile can be designed to have a safe compress ive strength 
of 35 M P a , what is the required pile d iameter? 

The force capacity of the pile is the design strength multiplied by the 
cross sectional area. Therefore, Eqn. 3.41 can be changed to; 

Q fc = 35 ,0007Tr 2 kPa = Q + 2 7 T r ( c a D n π - γ ϋ ^ Κ t a n 6 / 2 ) 

= 19,600 k N + 1,220 7ΓΓ kN/m 
F r o m which the required pile diameter D = 2r = 0.88 m. 
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F i g . 3.29. A deep end bearing pile for Prob lem 3.6. 

3.6. P R O B L E M S 

3.7. A long footing of width 1 m rests on the surface of an unsaturated silty 
s and w h i c h has a density of 17.6 k N / m 3 , cohesion 15 kPa and internal 
f r i c t ion angle 2 5 ° . If the load on the footing is 120 kN/m, what is the 
safety factor of the des ign? 

Answer : S.F. = 3 .1 . 

3.8. A rectangular footing of length 1.5 m and width 1 m is constructed at 
a depth of 1 m in a silty soil. The soil has a dry density of 13.7 k N / m 3 , 
a saturated density of 18.6 k N / m 3 , cohesion 10 kPa and angle of internal 
friction 30°. Fo r the case of a water table s ituated at the footing base, 
and the soil above it relatively dry, find the safe load which can be 
carr ied by this footing. 

Answer : Q = 339 k N . 

3.9. A bu i l d ing column carr ies 200 k N vert ical ly. It is desired to design a 
s q u a r e f oo t i ng for the column 1 m deep in a wet clay soil having 
C = 20 k P a and density 16.7 k N / m 3 . What are the dimensions of the 
square footing for a safety factor of 3.0? 

Answer : Β = L = 2.1 m. 
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3.10. A clay field is measured to have k c = 100 k P a / m " - 1 , k 0 = 700 k P a / m n 

and η = 0.5. A 1000 Ν load is placed on two plates, (a) 3x4 cm and (b) 
4x4 cm, on the surface of the f ield. What are the expected sett lements 
of plates (a) and (b) under this load? A r e the sett lements of the plates 
proportional to the pressures acting on them? 

A n s w e r : (a) ζ = 4.3 cm, (b) ζ = 3.8 cm. The sett lements are not 
proportional to the pressures. Plate (a) has 3 3 % more pressure on it but 
settles only 1 3 % more than plate (b). 

3.11. A t ractor has rear tires with a ground contact length of 965 m m and 
a wheel load of 13.2 k N on each. O n a soil with k c = 30 k P a / m n _ 1 , k^ = 
100 k P a / m n and η = 0.5, what width of tire, b, would be required in 
order to l imit the rear tire s inkage to 50 m m ? 

Answer : b = 312 mm. 

3.12. A farmer wishes to construct a grain storage silo of 4.9 m diameter 
by 9.1 m height to have a full mass of 200 t excluding the foundation. 
T h e proposed site is on a rather soft wet clay having an undrained 
s hea r strength of 17 kPa. What outside of diameter of a 45 cm thick 
c ircular foundation would be needed for a safety factor of 3.0? 

Answer : Β = 8.8 m. 
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Chapter 4. Water flow in soils 

4 . 1 . C O N S O L I D A T I O N A N D S E T T L E M E N T R A T E S 

Consol idat ion is defined as the gradual expelling of water f rom a nearly 
sa tu rated soil and concurrent reduction in the total soil volume. The final 
amount of consolidation which will occur in a given soil depends upon the 
s t i f fness of the solid matrix of the soil, that is the increase of interparticle 
f o r c e s accompanying the bringing of particles closer together. The rate at 
w h i c h compress ion of a saturated fine grained soil will take place is a 
f u n c t i o n also of the hydraulic conductiv ity (speed of water f low under a 
cer ta in pressure gradient) and the distance which water must flow to escape 
the soil mass. 

F i g . 4 . 1 . Schemat ic diagram of soil consol idation. 

F i g . 4.1 shows schematical ly what takes place during consolidation of a 
s a t u r a t e d fine grained soi l. When the total stress, α η , is increased f rom the 
o r i g i na l equil ibrium value, initially the pore water remains at its original 
v o l u m e w i th in the soi l, and supports virtually all of the pressure increase 
through an increase in pore water pressure, u. The excess pore pressure gives 
r i se to a pressure gradient between the centre of the soil mass and the 
b o u n d a r y , and water begins to flow to the outside. A s the volume of water 
is dec reased gradually the total soil volume decreases, allowing a closer 

Pore pressure u 
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p r o x i m i t y of soil particles. The approaching of particles in turn causes their 
in teract ing repulsive forces to increase, thus decreasing the pressure in the 
w a t e r . When all of the additional total boundary stress is supported by the 
interpart ic le stress, then water flow ceases and the pr imary consol idation 
process is complete. 

4.1.1. One dimensional consolidation 
T e r z a g h i (1943) deve l oped a t h e o r e t i c a l a n a l y s i s for the rate of 

consol idation for one dimensional flow of water in a uniform saturated fine 
grained soil, based on the fol lowing assumptions. 

- Water flow velocity is proportional to hydraulic pressure gradient (Darcy, 
1856). 
- Water is incompressible compared to the soil particle matr ix structure. 
- Over a certain l imit of volume change, the increase in effective or 
intergranular stress is proportional to the decrease in soil volume. 
From the first assumption, the apparent velocity of water f low, v, that is 

the total volume of water passing through a unit cross sectional soil area per 
unit t ime, can be expressed as by Da rcy ' s equation (1856) as fol lows. 

H e r e , k is the hydraulic conductivity of the soil (in units of length per 
un i t t ime ) and h' is the excess hydraulic head, above the stat ic head caused 
by water unit weight and depth. Here, pore pressure u s ignif ies excess 
p r e s s u r e above the static water head also, and is expressed in units of 
p r e s s u r e . The second underlying assumption dictates that an increase in 
effective intergranular stress in the soil cannot occur before the soil particles 
approach each other through water movement and soil volume change. Before 
v o l u m e change occurs, the pore water supports all additions in total stress 
supported by the soil. Thus, for a constant total boundary stress, the sum of 
e f fect i ve stress and pore pressure will remain constant, and changes in one 
m u s t equally offset those in the other. Convent ional ly, the symbol ρ is used 
to represent effective normal stress in consol idation. 

The third assumption leads to a relationship between soil volume and 
effect ive stress over a l imited range, which can be stated as fol lows for 
constant total pressure. 

w h e r e m v is the coeff ic ient of volume compress ibi l i ty, which is assumed 
to be practical ly a constant over a l imited range of soil volume change, and 

V = ki = - k f r ' = 
dz 7 w dz 

(4.1) 

AV 
V = - m v A p = m v A u (4.3) 

dR = du 
A T " A T 

(4.2) 
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Γ kn 2 7T 2 t " | 

U = i L = £ ^ ( l - c o s n 7 r ) s i n [ ^ ] e l 4 T w m v H 2 J (40 

A nondimensional t ime factor, Τ , can be found in Eqn . 4.6 as fol lows. 

Τ = = (4.7) 
v 7 w m v H 2 

C v is ca l led the coeff ic ient of consol idation, and is in units of length 
squared per unit t ime. The one dimensional consol idation rate of any layer of 
uniform soil can be determined by substituting the appropriate coeff ic ient of 
consolidation and layer drainage length, H , into Eqn . 4.7, and then finding the 
deg ree of settlement at a particular t ime f rom Eqn . 4.6, or its graphical 
representation in F i g . 4.2. 

ρ is the effect ive vertical soil stress. The basic equation for rate of soil 
consolidation comes f rom the principle of conservat ion of matter. It is stated 
as the r a te of change of water velocity over distance equals the rate of 
change of volume at a point per unit t ime, or in terms of the above symbols; 

( ω > 

From Eqn. 4 . 1 , the water velocity above can be replaced by a function of 
pore pressure, with the fol lowing equation having u as the only dependent 
variable. 

du = k d f u ( ^ 5 ) 

dt 7 w m v 9 z 2 

A l t h o u g h Eqn. 4.5 describes variations in pore pressure u, this can be 
converted easily to volume change of the soil by Eqn . 4.3 above. A t any point 
in the s o i l , t h e r e f o r e , a reduction in pore pressure is assumed to be 
p r o p o r t i o n a l to the decrease in soil volume, and the degree of consol idation 
f r o m initial conditions to the final equil ibrium state can be defined by the 
relative magnitude of either pressure or volume. 

For the one dimensional water flow case, an added vert ical total stress is 
assumed to be constant at all points in a soil layer. The initial pore pressure, 
at t ime t=0, is assumed to be equal to this additional total stress, and then 
to decrease with t ime. These assumed initial conditions do not lend themselves 
to a simple solution of the differential equation 4.5, because the natural 
solution to the equation is a sinusoidal function of depth, z, multipl ied by an 
exponent ia l function of t ime, t. However , a Four ier series can be used to 
comb ine many terms of the natural solution fo rm to yield the appropriate 
initial conditions, and yield the degree of consol idation, U . 



102 A G R I C U L T U R A L E N G I N E E R I N G S O I L M E C H A N I C S 

The dra inage length, H , depends on whether water can escape f rom both 
the top and bottom boundaries of the compressible soil layer. If water can 
move in only one direction, as in F i g . 4.2(a), then the situation is termed 
" s i ng le drainage", and Η is the total layer thickness. If, on the other hand, 
water can move practically without resistance f rom both the top and bottom 
surfaces, then "double drainage" is the appropriate term, and Η is one half of 
the layer height, as shown in F i g . 4.2(b). 

For large changes in soil volume, it is the proportionality between vertical 
effective pressure and settlement assumption in the development above which 
becomes the most inaccurate. In fact, a loose saturated compressible soil 
changes volume proportionally to the logar i thm of applied pressure, rather than 
linearly. Tradit ional ly, the change in volume is expressed as variations in void 
r a t i o (volume of soil voids divided by volume of solid particles) as shown in 
Fig. 4.3 plotted against vertical pressure, p, on a logar ithmic scale. The void 
rat ios on this d iagram are the final quantities, after enough time has passed 
fo r p r imamry consolidation to be practical ly completed, and for excess pore 
w a t e r p r e s s u re to be essentially zero. On this kind of d iagram, most 
compressible soils exhibit nearly a straight line void ratio versus logar i thm of 

Time factor, T v 

F i g . 4.2. Deg ree of conslidation versus t ime factor for the one dimensional 
uniform pressure case (Terzaghi, 1943). 
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F i g . 4.3. F inal consolidated void ratio versus the logar ithm of pressure. 

p r e s s u r e b e h a v i o r The s lope of th i s line is called the coeff ic ient of 
compress ion, and is defined as fol lows. 

(4.8) 

To c o n v e r t the variation in void ratio to the change in soil volume, or 
s e t t l e m e n t in the one dimensional case, the fol lowing equation can be used, 
in which V 0 , h 0 and e 0 represent the initial conditions and A h is the observed 
s e t t l e m e n t of a soil layer. Here, h refers to the total height of the 
compressible layer, and is not always equal to the max imum drainage length, 
H, above. 

(4*9) 

To calculate the sett lement of a soil which has been normally consolidated 
(that is has not suffered a larger pressure at some t ime in the past), the 
change in pressure, A p , can be used in the fol lowing expression. 

(4J0) 

- C - _ E 2 - GO 
c " A l o g p l o g (p 2 /p 0 ) 

A V = A h _ A e 
V o hi " 1 + e„ 

0 0 ο 
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Void 
ratio 

e 

log ρ 
F i g . 4.4. Consolidation curve for a preconsolidated compressible soil, and the 

m e t h o d of est imation of the preconsolidation pressure, p Q , of 
Casagrande (1936). 

F o r a soil which has been preconsolidated to a higher pressure than the 
ambient one, then the p 0 used in Eqn . 4.10 should not be the initial pressure 
exe r ted vertical ly on the soi l, but should be the preconsolidation pressure to 
which the soil was formerly exposed. F i g . 4.4 shows the typical void ratio 
ve r su s pressure behavior of a compressible soil when it is subjected to 
pressure which begins below the historical preconsolidation pressure, and then 
increases beyond it. A t low pressure, such as point A in F i g . 4.4, the ratio of 
change in void ratio to increase in logar ithm of applied pressure, p, is much 
s m a l l e r than at higher pressures above p 0 . This is because the soil particles 
" r e m e m b e r " the higher preconsolidation stress, p 0 , to which they were 
p r e v i o u s l y conso l i da ted , and will not begin to compress at the normal 
coeff ic ient of compress ion, C c , until this preconsolidation stress has been 
exceeded. 

A commonly used method for est imating the preconsolidation pressure f rom 
the results of a consolidation test was proposed by Casagrande (1936) and is 
shown in Fig. 4.4. The point Β where the min imum radius of curvature occurs 
is located, and a tangent B D and horizontal line B E drawn through this point. 
Point F above the est imated preconsolidation pressure, p 0 , is found at the 
intersect ion of the bisector of angle D B E and the slope C c of the higher 
p re s su re straight line portion of the consol idation curve. Hav ing found the 
e s t i m a t e d value of p 0 , one can then calculate the expected settlement of a 
thin, wide soil layer by inserting this p 0 value in Eqn . 4.10. Δ ρ in the equation 
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is the increase in vertical pressure above p 0 , or; 

Δ ρ = P 2 - p Q (4.11) 

where ρ 2 is the final applied pressure. 

A s discussed in Chapter 2, the coeff ic ient of consol idation, C v , can be 
e s t i m a t e d also f rom the results of a consol idation test if measurements of 
s e t t l e m e n t are made at different t imes, and the nondimensional t ime factor 
T v is read f rom F i g . 4.2. Furthermore, the saturated hydraulic conductiv ity, k, 
c an be approximated f rom Eqn. 4.7, and the linear coeff ic ient of volume 
compress ibi l i ty, m v , est imated. 

m A V A h / / l l o x 
m v = N ^ = h ^ <W> 

In summary, the final one dimensional sett lement of a soil layer can be 
calculated f rom Eqn . 4.10 as a result of a vert ical pressure increase over the 
presonsolidation stress. And the progress of that settlement with t ime is most 
ea s i l y est imated by computing the t ime factor, T v , at different t imes, and 
reading the percentage of the final consol idation amount f rom F i g . 4.2. 

F i g . 4.5. A uniform clay layer in Problem 4 . 1 . 

P r o b l e m 4 . 1 . F i g . 4.5 shows a uni form clay layer of depth 20 m sitt ing on 
sand. An overburden of 20 kPa pressure is placed on the clay surface at time 
z e r o . W h a t will be the final sett lement of the surface due to consolidation, 
and how long will it take for 5 0 % of this subsidence to occu r ? 

In this example, the coeff ic ient of consol idation, C v , is not provided, but 
it can be worked out f rom the hydraul ic conduct iv ity, k, and the coeff ic ient 
of compressibility, m v , by Eqn. 4.7. m v will be est imated using Eqn. 4.3 after 
the final sett lement has been calculated by Eqn . 4.10. 
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For the calculation of C v , the hydraulic conductiv ity, k, must be converted 
to un i t s of velocity per unit pressure gradient in force per unit area per 
length, rather than the pressure unit, head of water, as it is g iven. 

k = 0.01 (m/day)/(l m head/1 m length) 
= 0.01 (m/day)/(9.8 kPa/m) = 1 . 0 2 x l O " 3 m 2 / ( k P a day) 

C v = 1 . 0 2 x l 0 " 3 m 2 k P a / ( 9 . 6 9 x l 0 " 4 kPa day) = 1.05 m 2 /day 

For 5 0 % consolidation, F i g . 4.2 indicates that the t ime factor, T v , is 0.20. 
The time for 5 0 % consolidation can then be found using Eqn. 4.7 with Η = 
20m/2 due to drainage at both the top and bottom of the clay layer. 

4.1.2. Three dimensional cases 
I n Terzagh i f s (1943) development of consol idation theory outlined above, 

t he re was also some consideration of special cases which did not exhibit 
uniform confining pressure with depth. One, shown schematical ly in F i g . 4.6(a) 
was the case of a hydraulically placed landfil l. Init ial ly, the fill is essentially 
a fluid and the effective granular stress is zero at the top, and increases 
m o r e or less linearly with increasing depth due to the self weight of soil 
p a r t i c l e s . This s ituation can be approximated by a linear increase in pore 
water pressure with depth initially, as shown. The variat ion in initial pressure 
with depth requires a different Four ier series of sinusoidal terms as a function 
of soil depth, and the decrease in pressure with t ime is given in Appendix 4 
as curve C . 

Another case is rather the reverse, namely a decrease in initial excess 
pore pressure with depth. This is the case when the surcharge causing 
consol idat ion is of finite width compared to the soil layer thickness. The 
additional applied pressure from the load, Q, shown in F i g . 4.6(b), spreads out 
w i t h depth over an increasingly large horizontal area, and thus decreases at 
greater depths. The simplest model, assuming that the excess vertical pressure 
and i n i t i a l pore pressure is nearly zero at the soil layer base, is shown in 
Fig. 4.6(b). The corresponding settlement behavior with t ime is g iven by curve 
Β in Appendix 4. 

T v = C y t / H 2 = 1.05t (m 2 /day)/100 m 2 = 0.20 

t = 19 days for 5 0 % settlement 

h • ̂ H ^ ] • 20#?}°̂ ] - °·'88 m 
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7 / / / / 

(a) Hydraulic fill 

/ / / / / / / / 

/ / / / / / / 

tz 
(b)Load of finite width 

F i g . 4.6. Cases of consolidation pressures which are not uni form with depth: 
(a) hydraulic fill and (b) a load of finite width. 

I n fact, it is very diff icult to est imate the actual t ime for a certain 
fraction of sett lement to take place in a three dimensional case. Cu rve Β in 
Appendix 4 has been calculated based on the assumption that water flow is 
only vertical. And yet an examinat ion of F i g . 4.6(b) would indicate that excess 
pore w a t e r pressure could easily cause water to flow to the sides of the 
pressure zone beneath the surcharge load, Q, as well as vert ical ly. It must be 
concluded, therefore, that curve Β in Appendix 4 gives a rather conservative 
e s t i m a t e of the time required for a particular percentage of sett lement to 
occur , and that actual t imes will probably be smaller, even in a uniform 
isotropic soil. 

A further consequence of a finite width load on a compressible soil is that 
the addit ional pressure and sett lement are not constant with depth. F i g . 4.7 
s h o w s both a long and a rectangular load on a soil layer. A traditional rule 
has been that the pressure spreads out with depth within a zone of influence 
of w h i c h the boundary has a slope of 1:2 to the horizontal as shown. For a 
l oad of w i d t h B, the area influenced at a depth Ζ is then B + Z . As suming a 
uniform pressure distribution on each horizontal plane for s impl ic ity ' s sake, 
the pressure at depth Ζ is less than the surface pressure, p 1 # It can be found 
fo r the strip and rectangular loads using Eqn . 4.13 and 4.14, respectively. In 
a d d i t i o n , a circular load can be treated like the rectangular load by putting 
both Β and L equal to the diameter in Eqn . 4.14. 

* P = P I [ B T Z ] 

Δ ρ = P I [ ( B + zjo. + z)] 

(413) 

(«A) 
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B e c a u s e the added pressure changes with depth, as well as the initial 
pressure and very possibly the soil properties, Eqn . 4.10 cannot be used to find 
the total soil settlement. However, a finite element model can be used for 
an approximation as shown in F i g . 4.7. The soil layer is cut into horizontal 
slices, with the upper sl ices being thinner than the lower ones. This is because 

F i g . 4.7. A n est imat ion of the areas affected by consolidation pressure at 
depth for a finite load width or rectangle, and the method of sl ices 
to be used in such a case for sett lement calculations. 
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the surcharge pressure is larger near the top, and the initial pressure lower, 
caus ing most of the sett lement to occur in the upper part of the layer. The 
a v e r a g e width of each slice is calculated at the sl ice centre, such as Ζ 3 in 
F i g . 4.7, and the pressure est imated f rom Eqn . 4.13 or 4.14 as the case 
d i c t a t e s . For a normally consolidated soi l, the initial pressure, p 0 , can be 
est imated as the soil buoyant density t imes the average depth of each sl ice. 
In the case of a presonsolidated soi l, the values of p 0 must be determined 
f rom consol idation tests on soil samples f rom different depths in the total 
layer. Eqn. 4.10 can then be applied to each sl ice to find its eventual change 
in h e i g h t , and all of the sett lements are added to est imate the total 
sett lement of the soil surface. 

P rob lem 4.2. A n example of the above procedure is g iven in Table 4.1 for a 
s ituation which resembles that in F i g . 4.7. 

T A B L E 4 . 1 . Example calculations of the sett lement of a saturated clay soil 
under a strip load. C c = 0.2, y = 19.6 k N / m 3 , p-j = 50 kPa , Β = 10m, average 
e 0 = 1.0 and Η = 30 m. Eqn . 4.10 is used for each horizontal s l ice. 

S l ice H j , m z., m Width, m Δ ρ , kPa P 0 , kPa AH, m m 

1 4 2 12 42 39 127 
2 4 6 16 31 118 4 1 
3 4 10 20 25 196 21 
4 8 16 26 19 314 20 
5 10 25 35 14 490 12 

Total 30 221 

I t c an be seen in Table 4.1 that more than half of the total soil profile 
set t lement takes place in the first 4 m thick layer, while only about five 
percent occurs in the bottom layer. These proportions are even more disparate 
under a rectangular or circular load where the applied pressure decreases even 
more with increasing soil depth. 

4.2. W A T E R F L O W I N S A T U R A T E D S O I L 

E q n . 4.1 described the apparent speed of water f low in response to a 
pressure gradient (that is the speed at which a certain volume of water moves 
through the soil total volume). If water movement is not one dimensional, then 
the speed of water f low can change f rom place to place. F i g . 4.8 i l lustrates 
such a case. F low lines can be described parallel to the direction of water 
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F i g . 4.8. Water flow lines and lines of equal potential. 

m o v e m e n t , and in an isotropic soil, these flow lines are perpendicular to 
equipotential lines along each of which the dynamic hydraulic pressure is the 
s a m e . In F i g . 4.8, the distance between success ive equipotential lines is 
labelled a, and the separation of flow lines as b. The total rate of water flow 
through each flow channel, bounded by a pair of f low lines, can thus be 
calculated as fol lows, for a unit depth of soil. 

q = ^ = vb = k A h k (4J5) 
dt a 

If the flow and potential lines are drawn as ' squares 1 with equal distances 
between them at any point, the Eqn . 4.15 becomes even more s imple because 
b/a becomes unity. When this is done, then the difference in hydraulic 
p o t e n t i a l , or po ten t i a l d rop , is the s a m e between any two adjacent 
equipotential l ines, and can be calculated as the total potential difference 
a c r o s s the entire soil mass under consideration, divided by the number of 
drops or potential lines, n^. A l so , the total water f low in the soil mass is the 
equal quantity of flow in each flow channel multiplied by the number of 
channels, n^. In that case, if the total hydraulic potential on the upstream and 
downst ream ends of the water flow region are h^ and h 0 , respectively, the 
total volume of water flow per unit t ime for a unit soil depth is; 

% = k ( h . - h n ) Π ί 
at 1 ο Π ς ) 

(416) 
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4.2.1 Flow nets in soil structures 
T h e app l i ca t i on of the above technique for the calculat ion of rates of 

water f low can be applied to most conf igurat ions of soil structures, provided 
that the hydraulic conductivity is the same in all directions. 

F i g . 4.9. Const ruct ion of a flow net through an earthdam for Prob lem 4.3. 

Problem 4.3. In F i g . 4.9 an example is g iven of a smal l uni form earth dam on 
a relatively impermeable base. (If the subbase is more permeable than the 
d a m so i l mater ia l , then more water would f low below the dam than through 
it.) The technique which has been used in F i g . 4.9 is to draw flow lines, such 
as A C and B D , normal to equipotential lines such as A B . The equipotential 
lines are drawn in also between A B and C D , such that approximate squares 
are formed by the intersecting l ines. Near the upstream dam slope, A B , it is 
diff icult to make exact squares because the f low lines curve considerably, but 
an e f f o r t is made to make the distance between equal head lines about the 
same as the width of the f low path. 

The uppermost line, A C , is called the phreatic line or surface, as it is at 
zero gauge pressure. The potential of this line at any point is therefore only 
i t s height above the reference elevation, line B D . In drawing equipotential 
lines intersecting line A C , the difference in height of A C should be the same 
b e t w e e n potent ia l drops. Thus the phreatic line curves downwards with 
i n c r ea s i n g negative slope as the equipotential lines become closer together, 
and the flow paths become narrower near C D . 

In the example shown, the numbers of flow paths and head drops in the 
s t r u c t u r e are n f = 2 and n ^ l l . These numbers are then substituted into 
Eqn. 4.16, together with the soil permeabi l i ty, in order to calculate the volume 
of w a t e r leakage through the dam per unit t ime and per unit length of the 
dam. Fo r instance, if in the example η-|=10 m, h 0 = l m and k=3 m/year, then 
the total volume of water f low through the soil in the dam would be; 

q = ^ = 3 m ( 1 0 m - l m ) - | = 4.9 m 3 /year/m length 
dt y 11 - — 
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F i g . 4.10. F low beneath a retaining wall for Prob lem 4.4. 

P r ob l em 4.4. Another example of water flow in a soil structure is g iven in 
F i g . 4.10. It is a retaining wall supporting soil with a water table near the 
top, and a water cutoff wall, A B , designed to lengthen the water f low paths, 
and to reduce the hydraulic pressure near the wall edge C . A n attempt is 
made to draw square shapes contained among intersecting equipotential and 
f l ow l i ne s , although the endmost ' squares 1 are not very exact square shapes. 
Here, D E is the first potential line with the reference potential h-j - h 0 , and 
the re are three flow lines shown; one along the wall fol lowing path D A B C , 
the centre one and one along the horizontal bedrock. The last potential line, 
with the lowest potential, is C F ( A C being part of the uppermost flow line). 

The number of potential drops in this case is f ive, and there are two flow 
paths. These numbers are then inserted into Eqn . 4.16 to est imate the rate of 
water flow per unit t ime per unit wall length. 
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In both the cases of the earth dam and wall shown above, the drawing of 
water f low nets g ives information not only concerning the rate of water flow, 
but also of the hydraulic pressures acting within the earthworks. Because 
potential, h, has been defined as the 'excess ' hydraulic head above that due 
to s t a t i c head, it may be defined also as the sum of total water pressure 
(expressed as a height unit) plus the relative height of a point of water. This 
c o n c e p t is f a i r l y clear in the case of the dam, F i g . 4.9, wherein all of the 
water in the reservoir behind the dam is considered to have the same 
po ten t i a l , h-|, regardless of height above the base. A t all points in the 
r e s e r v o i r , the water has the same sum of elevation and pressure, (z+u=h-|), 
bo th expressed in height units. A t the top surface, for example, the gauge 
p r e s s u r e is zero, but the elevation is h-j, while at the bottom, the height is 
zero relative to elevation B D , but the pressure is h-j m of water. 

The s a m e is true for the water in the soil around the wall in F i g . 4.10. 
S ince ' square ' potential and flow lines have been drawn, then all of the 
potential lines represent equal potential drops. A t point G , for example in 
F ig . 4.10, the potential drop is one f i fth of the total head loss along the flow 
path, and the potential at that point is 0.8(h-j-h o). The elevation of point G is 
Z Q above the reference h 0 of line C F . Therefore, the actual static water 
pressure at this point is the total potential minus the elevation, or; 

u = h - z Q = 0 . 8 0 ^ - h Q ) - z Q (4.17) 

The w a t e r pressure will be in units of water height in Eqn . 4.17, and 
requ i res mult ipl ication by the density of water (7w = 9.8 k N / m 3 ) in order to 
c o n v e r t it to a specif ic force pressure (kPa). The pressure distribution is 
s h o w n in F i g . 4.10 with the values noted representing a proportion of the 
water height (h-j-h 0) multiplied by the weight density of water. It can be seen 
t ha t the installation of the cutoff wall has reduced the pressures on the 
bottom of the wall considerably. 

Problem 4.5. Another example of this technique is shown in F i g . 4 . 11 , for the 
c a s e of a smal l impermeable concrete dam on an isotropic permeable soil 
layer. The flow lines and equipotential lines are drawn for the water flow 
through the soil beneath the dam, making squares as much as possible. The 
calculation of stat ic water pressure is s impler in this case, since the base of 
the concrete dam is all at the same elevat ion. Tak ing this elevation to be the 
re fe rence zero potential, then the water pressure values along the dam base 
are equal to the potential quantities at each point. 

In F i g . 4.11(a), the potential lines with whole numbers have been labelled 
(h=4 m, etc.), and the head associated with each potential line is the stat ic 
pressure acting on the dam base at the point where that line meets the base 
surface (such as point A for the 4 m head). The water pressure at point A is 
thus 4 m χ 9.8 k N / m 3 = 39 kPa , and the pressures at other potential lines are 
calculated in the same manner. In F i g . 4.11(b), the water pressure d iagram is 
shown below the flow net f igure, and this d iagram can now be of assistance 
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k 12.8m - H 

F i g . 4 . 11 . Water flow through soil under a concrete dam, and the water 
pressure distribution on the dam. 

in de t e rm in i n g all of the forces acting on the dam (Fig. 4.11c), and its 
stabil ity. The vertical water force on the dam bottom, U2, is found by 
integrat ing the water pressure distribution of F i g . 4.11(b). In the example 
shown, this force is approximately U 2 = 3 0 0 kN/m length. 

In F i g . 4.11(c), the forces on the dam, per unit length in the y direction, 
a re indicated as U1, the hydrostatic force f rom the water in the reservoir 
beh ind the dam; U 2 , the force f rom the pore water pressure il lustrated in 
F i g . 4.11(b); N f , the effective soil particle to dam base force; W, the weight 
of the d a m itself; and T, the sliding resistance force. The stabil ity of the 
c o n c r e t e dam in sliding is assessed using the formulae below. Example 
quantities which have been used are W=600 kN/m length, c a

f = 3 kPa and δ , =25° . 

U l = YYVJ h l = 1 2 2 ' 5 k N / m ( 4 e l 8 ) 
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(4.19) 

(4.21) 

(4.20) 

(422) 
Further examples of dynamic pressures in earth structures will be seen in 

Chapter 5, Slope Stabi l i ty. 

4.2.2. Flow to subsurface drains 
Another structure in which the flow of water is important is a subsurface 

drain sy s tem. Such a system is used in humid areas in order to remove excess 
so i l w a t e r during and just after periods of ra in, and to remove excess salts 
in saline soils or under irr igation with brackish water. A typical subsurface 
d r a i n conf igurat ion which is used to lower or maintain the depth of a water 
t ab le is s hown on a cross section in F i g . 4.12(a). F i g . 4.12(b) i l lustrates the 
actual flow net pattern for this case. Unfortunate ly, this pattern involves 
complicated equations for an analysis of the drainage rate, q, (the volume of 
water removed per unit area and time) of such a sy s tem. In 1940, Hooghoudt 
developed a transformation of the subsurface drain flow net to a s impler 
vert ical and horizontal f low s ituat ion. H i s method of analysis is explained by 
v a n Sch i l f gaa rde (1957), Luth in (1973) and Smedema and Ryc r o f t (1983), and 
it is the s implest and most often used analytical method today. 

Hooghoudt reasoned that the flow of water to buried drain pipes above an 
impermeable level barrier at depth, D , below the drainpipes, resembles that 
to para l le l open ditches. The principal difference between the two cases is 
the radial flow pattern close to the drainpipe itself, as can be seen in 
Fig. 4.12(b). Hooghoudt transformed this radial f low into a horizontal f low, as 
illustrated in F i g . 4.12(c), but through a reduced depth, d, to the impermeable 
barr ier. The fol lowing formulae give the equivalent depth, d, in the cases of 
relatively deep and shallow impermeable barr iers, for a pipe radius, r. 

(4.23) 

(4.24) 

S i n c e the pattern of water f low has been transformed to vertical flow 
m o s t l y above the drain elevation, and horizontal flow below that, it was 
simple to modify the prediction of drainage rate for the situation in which 

Ν» = W - U 2 = 300 kN/m 

Τ = υχ = 122.5 kN/m 

T m a x = c a ( 1 2 - 8 m ) + N ' t a n & = 178 kN/m 

Safety Fac to r = T m _ a x = 1.46 

D 
Fo r D > L/4; d = _8D l n [ " D l + ± 

7TL n|7TrJ 

Fo r D < I _M ; d = " ^ f f f 
|_7rrJ 
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t he re are different hydraulic conductiv it ies, k 1 and k 2 , above and below the 
d r a i n level, respectively. Hooghoudt ' s equation for the drainage rate in this 
case is thus; 

Eqn. 4.25 al lows the prediction of drainage rate f rom a specif ic system in 
a particular soil of known properties. A l ternat ive ly , the drainage system may 
be designed in terms of drainpipe spacing and depth in order to maintain a 
des ired drainage rate and water table height. The reader is directed towards 
Luthin (1957, 1973), Schwab et al. (1981) or Smedema and Ryc r o f t (1983) for 
further information on drainage theory and techniques. 

F i g . 4.13. Subsurface drains in Prob lem 4.6. 

P r o b l e m 4 .6 . It is desired to drain a clay field with parallel drains of 
diameter 10 cm placed at a depth of 1.3 m below the water table, as shown 
in F i g . 4.13. The saturated conductiv ity has been measured to be an average 
of 0.1 m/day above the drain depth, and 0.01 m/day below the drain depth to 
an impermeable layer 2 m below the drains. What drain spacing, L, should be 
used to provide removal of 10 mm/day of ra infal l ? 

Assuming that the depth f rom the drains to the impermeable layer is less 
t han one quarter of the drain spacing, Eqn . 4.24 is used to find the reduced 
depth, d. 

d =7TL/[81n(L/7Tr)] 

q = 8k 2 7TLh/[8L 2 ln(L/7Tr)] + 4 k x h 2 / L 2 

= 0.048(m 2 /day)/[L ln(L/.05 m) ] + 0.676(m 2 /day)/L 

By trial and error, the required drain spacing L = 8.75 m. 
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4.3. P R O B L E M S . 

4.7. A l a ye r of wet clay soil 5 m thick has more permeable layers both 
above and below it. A vertical pressure of 20 kPa is added uniformly to 
the layer, and it is observed that the sett lement of the layer is 25 cm 
a f t e r a long t ime, and that it took two years for one half of this 
sett lement to occur. Es t imate the permeabil ity of the soil. 

An swer : k = 0.015 m/y = 4 . 9 x l 0 ~ 8 cm/s. 

4.8. A u n i f o r m wet layer of compressible soil is 10 m deep and rests on 
relatively impermeable rock. The soil is found to have C c = 0.20, C v = 
10 m 2/y, e 0 = 1.05 and p 0 = 50 kPa. If a pressure of 10 kPa is applied 
across the surface of this soil, (a) what will be the final settlement of 
the layer, and (b) how long will it take for 9 0 % of the settlement to 
occur ? 

Answer: (a) A h = 7.7 c m , (b) t g n = 8.5 y. 

s / / / / / / / / / / / / / / / / 

k 3m y 

To. 5 m 

7 T / / / / / / / / 

1m*« 3 m 

3m Silt 

//////// ι / ξ 

Rock 

F i g . 4.14. Concrete dam in Problem 4.9. 

4.9. F i g . 4 .14 shows a small concrete dam constructed on a layer of silt 
s o i l which has a saturated hydraulic conductiv ity of 10 m/y. F ind (a) 
the vo lume of water which will seep under the dam per metre length 
per year, and (b) the water pressure uplift force on the dam per metre 
length. 

Answer: (a) F low = 6.9 m 3 /m/y, (b) U = 150 kN/m. 
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|*-6m -»| 

F i g . 4.15. Ear thdam in Prob lem 4.10. 

4.10. In Fig. 4.15 an earthdam is i l lustrated. I f the saturated permeabil ity of 
the so i l is 5 m/y, what annual water loss will occur through the dam 
per metre length? 

Answer: F low = 7.7 m^/m/y. 

4 . 11 . A n agricultural field has a deposit of fine sand 3.3 m deep situated on 
re lat ive ly impermeable rock. Per forated tile drains of 10 cm diameter 
are placed in the field at a spacing of 15 m and an average depth 
1.3 m. The saturated hydraul ic conductiv ity of the soil has been 
measured to be a fairly consistent 0.05 m/day at all depths down to the 
rock. If it is desired to maintain the water table no higher than 30 cm 
f r o m the surface, what precipitation rate can this drainage system 
handle? 

Answer: q = 3.2 mm/day. 

4.12. A loam soil is 3.5 m deep above a relatively impermeable layer, and 
it is desired to drain the field with a water table no higher than 30 cm 
deep . The hydraulic conductiv ity of the soil has been measured to be 
an a v e r a g e 0.1 m/day at all depths. I f the specif icat ion is for a 
dra inage rate of 10 mm/day of input precipitation, what would the 
required spacing of 10 cm diameter perforated drain tiles be at depths 
below the soil surface of (a) 1.3 m and (b) 2.3 m ? 

Answer : (a) L = 8.5 m, (b) L = 16 m. 



120 A G R I C U L T U R A L E N G I N E E R I N G S O I L M E C H A N I C S 

Chapter 5. Slope Stability 

5.1. S L O P E S T A B I L I T Y D E T E R M I N A T I O N 

F i g . 5.1. S lump failure of a s imple slope on a circular slip surface. 

5.1.1. Uniform soils 
Fig. 5.1(a) shows a simple plane slope, and the way in which such an earth 

structure usually fails when it is not stable. The slip surface is very close to 
a c i r c u l a r shape, and such an assumption is very helpful in the mechanical 
analysis of slope stabil ity. In F i g . 5.1(b) are shown the forces and stresses 
a c t i n g on the section of cohesive soil which slips. Here, Ο is the center of 
the circular slip shape, r is the circle radius, A is the cross sectional area of 
the so i l section, L is the length of the slip surface, W is the weight of the 
so i l sec t ion (equal to weight density t imes area for a uniform soil) and c is 
the cohesional shear resistance along the slip c irc le. 

In this case, the safety factor of the structure can most simply be defined 
as the resist ing moment of force about center O, divided by the moment 
tending to cause the soil section to move downwards, as fol lows. 

S F - c L r _ c L r ( c - a 

~ W X ~ 7 A X eg eg 

A s shown in Eqn. 5.1, the factor of safety depends on the cohesion and 
density of the soil, as well as on the geometr ic factors of circle radius, slip 
l ine length, area of sliding soil section and the horizontal distance of the 
center of gravity of the section f rom the circle center. Fo r a particular slope 
ang l e , /3, these geometr ic quantities are not known beforehand. However, 
Tay l o r (1937, 1948) demonstrated that trial slip circles could be drawn, the 
factor of safety calculated for each and the circle with the smallest 
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0 10 20 30 40 50 60 70 80 90 
Slope angle β° 

F i g . 5.2. S imple slope stabil ity numbers, m (after Taylor, 1937). 
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e s t i m a t e d safety factor can be considered as the " c r i t i ca l " and most likely 
failure circle. 

F o r d i f f e r e n t s lope angles and soil internal fr ict ion angles, Taylor 
rearranged Eqn. 5.1 into the form below. Te rm m is called the "stabi l i ty 
number" of the slope. It is a dimensionless quantity which can be measured 
or calculated f rom the crit ical circle geometr ic parameters. 

AXcg 
L r H (5.2) 

F i g . 5.2 gives the stability numbers which Taylor (1937, 1948) found for 
different slope angles, β, and angles of internal f r ict ion, φ. The numbers can be 
used in various ways. For instance, the max imum height of a slope structure 
can be found for a certain slope angle and desired safety factor using 
Eqn. 5.2. A lternat ively, the required slope angle can be determined for a fixed 
height of slope and desired safety factor, or the safety factor of a given soil 
strength, slope angle and height can be assessed. 

Η = l O m 

7 — 7 — 7 / / / / / / — / / / / / 

F i g . 5.3. A simple slope in Problem 5.1 . 

P r o b l e m 5.1. The 10 m high slope il lustrated in F i g . 5.3 rests on a stronger 
so i l depos it . The soil in the slope is fr ict ionless with a cohesive strength of 
23.5 kPa and a density 16 k N / m 3 . What is the highest permissible slope angle? 

F r o m Eqn. 5.2, m = ο / ( γ Η ) = 0.15 

F i g . 5.2 shows that the max imum slope angle for φ=0 and n d = l is 3 8 ° . 

P r o b l e m 5.2. If the slope in F i g . 5.3 had an angle j3=45°, density 18 k N / m 3 , 
c ohe s i on 13 kPa and fr ict ion angle 2 5 ° , what would be the est imated safety 
factor ? 

Fig. 5.2 gives m = 0.042 for β = 45° and φ= 2 5 ° . Thus the safety factor, 
S.F. = ο/(ηηγΗ) = 1.72. 

m - H(S°.F.)7 " 
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F i g . 5.4. (a) The method of sl ices for analyzing slope stabil ity, (b) Forces on 
one sl ice, (Taylor, 1948) 
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5.1.2. The Method of Slices 
A s usual in soil mechanics, a great many real s ituations are more complex 

t han the straight slope composed of uniform soil shown in F i g . 5 .1 . Layered 
s o i l s , the presence of a water table, irregularly shaped slopes, surface loads 
and other factors cannot be handled by the stabil ity numbers of F i g . 5.2. In 
compl i ca ted cases, the method of s l ices can be used, as described by Taylor 
( 1948 ) . F i g . 5.4(a) depicts a slope in a soil having two layers, a water table 
and a surface load, Q. The analysis method of s l ices involves the drawing of 
a trial soil slip circle with a center chosen at Ο and radius r, as shown. The 
potential sliding soil sector is then split into sl ices with vert ical sides. The 
c r e a t i o n of six sl ices has been shown in F i g . 5.4(a) as an example, with the 
objective being to have the bottom boundary of each sl ice not far away f rom 
a straight line with constant inclination (such as L in F i g . 5.4(b)). This will 
allow the resolution of forces on each sl ice in singular directions. 

The slope of the bottom of each slice is measured at a point vertically 
be low the center of gravity. In sl ices with two vertical sides, such as sl ices 
2, 3, 4 and 5 in F i g . 5.4, the center of gravity lies essentially along the 
ve r t i ca l centerl ine, such as the line of W4. In s l ices with more triangular 
shapes, as numbers 1 and 6 in the example of F i g . 5.4, an attempt should be 
made to est imate the location of the center of gravity, and measure the 
bottom boundary slope below it, like -Qy In the case of a surcharge load, Q, 
ang le 0Q is measured on the slip circle directly below the center of Q as 
shown. 

Each slice can now be analyzed as pictured in F i g . 5.4(b). W is the weight 
of the slice which has cross sectional area A . In uniform soils, the slice 
weight is s imply the weight density t imes the area. If the slice comprises 
more than one soil type or degree of saturat ion, the area can be divided into 
appropr ia te parts, such as Α-j and A2, and the weights of the parts summed 
to y i e l d the total wet weight. On the bottom surface there act normal and 
tangentia l forces, Ν and T. For the purpose of an effect ive stress analysis, 
the normal force should be divided into the effect ive intergranular force, N f , 
p lus the water force, U . The water force is found by determining the water 
pressure, u, at the bottom midpoint and mult iplying by length, L. Water 
pressure, u, in the absence of s ignif icant dynamic water pressure, is the height 
of the water table, above the sl ice bottom midpoint h w t imes the unit weight 
of water. Thus the water force U is: 

u = T w h w L ( 5 ' 3 ) 

In the case that the flow of water in the slope causes dynamic shifts of 
the stat ic pressure regime, then flow nets should be drawn as shown in 
Chapter 4. F i g . 5.5 gives an example of a slope having a water table at height 
h-j above the toe, and an impermeable underlying base. The flow net is drawn 
as described in Chapter 4, with squares being made among intersecting 
equipotential and flow lines. A f te r the possible failure slip circle has been 
drawn, the water pressure can be evaluated at all points along this surface. 
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F i g . 5.5. A waterf low net in a slope, and the measurement of height, z, and 
potential, h, at a slice bottom midpoint, A . 

A t po int A , for instance, the total water potential (static pressure plus 
e levat ion ) is Ιΐβ, which is two equal potential drops less than h-j. The height 
of point A is ζ above the reference elevation, and thus the pore pressure, u, 
at that point can be found as; 

U = ( h 3 " z ) ?w (5-4) 

I n the s implif ied method of s l ices, it is assumed that the forces on the 
s l i c e s ides, horizontal, H , and vert ical , V, are equal on both sides. Then for 
equilibrium, the sum of force components normal to the base equals zero, as 
fol lows. 

Ν = N ! + U = Wcos0 (5.5) 
Force Τ parallel to the sl ice base is the actual force required to maintain 

equ i l ib r ium. Its max imum possible value, T m a x * c a n D e found f rom Coulomb ' s 
soil strength law, modif ied for effect ive stresses. 

T m a x = N l t a n < £ ' + c M - = (Wcos0- U)tan φ 1 + c 'L (5.6) 

A t this stage, one can consider the moments which are tending to rotate 
each sl ice along the assumed circular slip l ine, as compared to those moments 
which can potentially resist this rotat ion. Such a concept is used commonly 
in soil mechanics to assess the safety factor of a structure, and such a factor 
c an be defined for the entire slope by summing the potential resisting and 
a c t i v e ro ta t ing moments of all the s l ices and the surface load. It should be 
noted that load Q contributes both to the total rotating moment, and to the 
resisting moment by virtue of the additional fr ict ional strength it can produce 
on the slip circle below it. However , there is no additional cohesive shear 
strength along the circle associated with Q. 
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(5.7) 

Eqn. 5.7 now gives an est imation of the safety factor for the trial c ircle 
w h i c h wa s originally drawn. However , this does not guarantee that the 
' c r i t i c a l 1 or most likely failure surface has been found. The above procedure 
should be repeated for some other circular slip surfaces having different radii 
and centers. F i g . 5.6 g ives an example of a thorough analysis of a slope in 
th i s fashion. If a suff icient number of trial c ircles are drawn and analyzed 
for their est imated safety factors, loci of slip circle centers yielding equal 
factors of safety can be found. The slip circle and its center which gives the 
smal lest safety factor is deemed to be the cr it ical c i rc le, and its safety 
f a c t o r the likely one for the structure. In usual pract ice, not that many 
circles need to be constructed and analyzed, because experience in this 
method generally allows the cr it ical failure circle to be chosen quickly. 

F i g . 5.6. The loci of centres of slip c ircles which give equal est imations of 

P rob lem 5.3. F i g . 5.7 shows an example of a fairly steep slope comprised of 
uniform cohesive and fr ictional soil, and having a surface load, Q. Load Q is 
3 m wide and is 200 kn/m of length. Because the slope is fairly steep, the slip 
c i r c l e is l i ke ly to pass through the toe at point B. And since there is a 
cons iderable surcharge load Q, with a defined width of effect, 3 m, the slip 
circle most probably intersects the edge of the surcharge at point C . In this 
example, four circles have been drawn through points Β and C , along with a 
f i f t h c i r c u l a r sect ion, D E , not passing through Β and C . Table 5.1 is 
cons t ruc ted to record the areas, angles and weights of the individual sl ices 
systematical ly, in order to fit them conveniently into Eqn. 5.7. 

S.F. = 1.5 1.3 

slope stabil ity safety factors. 

Σ Res i s t ing moments ]CJ[7A c o s0 - u L + Qcos0Q]tan</>! + C ' L ] 

S t p t - ' ' = 

Σ Rotat ing moments Σ [ γ Α β ί η β + Qsin0Q] 
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T A B L E 5.1. Measurements and calculat ions for the slope sl ices of F i g . 5.7 to 
use in Eqn . 5.7 for the safety factor determinat ion. 

r S l ice 
0° 

A W Wcosfltan ιφ L c L Wsin θ 
m 

0° m 2 kN/m kN/m m kN/m kN/m 
12 1 3 3.0 52 .9 24 .6 2.5 2.8 

2 12 8.7 153.5 70 .0 2.6 31 .9 
3 24 12 .5 220.5 93 .9 2.9 89 .7 
4 37 15.0 264.6 98 .5 3.2 159.2 
5 56 12.0 211.7 55 .2 6.8 175.5 
Q 60 - 200.0 46 . 6 - 173.2 

388 .8 18.0 324.0 632 .3 
S.F. = (388.8 + 324.0)/632.3 = 1.13 

14 1 9 2.5 4 4 . 1 20 .3 2.5 6.9 
2 13 7 .5 132.3 6 0 . 1 2.6 29 .8 
3 28 11.3 199.3 8 2 . 1 2.8 93 .6 
4 42 13.0 229.3 79 . 5 3 . 1 153.4 
5 56 9.0 158.8 41 . 4 6.6 131.7 
Q 59 - 200.0 48 .0 - 171.4 

331 .4 17.6 316.8 586.8 
S.F. = (331.4 + 316.8)/586.8 = 1.10 

16 1 12 2.4 42 .3 19 .3 2.6 8.8 
2 21 7.2 127.0 55 .3 2.7 45 . 5 
3 30 10.0 176.4 71 . 2 2.8 88 .2 
4 41 11.8 208 .2 73 .3 3.0 136.6 
5 54 8.3 146.4 4 0 . 1 5.9 118.4 
Q 57 _ 200.0 50.8 - 167.7 

310 .0 17.0 306.0 565.2 
S.F. = (310.0 + 306.0)/565.2 = 1.09 

20 1 13 2.0 35 .3 16.0 2.6 7.9 
2 24 6.6 116.4 49 . 6 2.7 47 .3 
3 32 8.8 155.2 61 .4 3.0 88 .2 
4 42 10.0 176.4 6 1 . 1 3.0 118.0 
5 51 7 .5 132.2 38 .8 5.9 102.8 
Q 54 - 200.0 54 .8 - 161.8 

281.7 1 7 . 1 307.8 520.0 
S.F. = (281.7 + 307.8)/520.0 = 1.13 

12 1 - 5 5.9 1 0 4 . 1 48 . 3 5.5 - 9 . 1 
(DE) 2 9 11.8 208 .2 95 .9 2.5 32 .6 

3 21 16 .3 287 .5 125 .2 2.6 103.0 
4 35 20.0 352.8 134.8 2.8 202 .4 
5 51 22.0 3 8 8 . 1 113.9 9.8 301 .5 
Q 53 - 200.0 5 6 . 1 - 159.7 

574 .2 23 .2 417 .6 7 9 0 . 1 
S.F. = (574.2 + 417.6)/790.1 = 1.26 
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F i g . 5.7. Ana lys i s of slope in Problem 5.3 by the method of s l ices. 

In Table 5.1, the 16 m radius c ircular section has the smallest safety 
factor of 1.09, thus making the cr it ical circle very close to this radius. A s 
suspected, section D E , which does not intersect the slope toe or the edge of 
the surcharge, has a considerably higher safety factor of 1.26. 

5.2 S T A B I L I T Y O F W A T E R C O U R S E B A N K S 

The construction of watercourses, especially drainage waterways, poses 
s e r i ou s problems of bank stabil ity in many soil types. The diff iculty is 
generally most serious at specif ic t imes of each year when a large amount of 
water is present in the soil beside a watercourse, either due to high rainfal ls, 
or spr ing melting in colder c l imates. F i g . 5.8(a) shows the case of a high 
water table adjacent to a watercourse. A s water f lows f rom the soil towards 
the ditchbanks, a flow net is established s imilar to the one il lustrated in the 
f igure. 

A t any po int on the potential c ircular soil slip surface shown, the water 
pressure can be calculated as the potential value of the equipotential line 
intersecting that point, less the elevation of the point above the zero 
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F i g . 5.8. (a) W a t e r flow in a ditchbank with a high water table in the 
adjacent f ield, (b) Water pressure distribution on the potential slip 
surface. 

reference potential (the level of the water in the ditch bottom in this case), 
as d e s c r i b e d in S e c t i o n 4 .2 .1 . In F i g . 5.8(b), a typical water pressure 
distribution d iagram has been constructed for the relevant case. 

When the stabil ity of the bank is est imated, using the method of sl ices of 
Sect ion 5.1.2, the water pressure acting on the slip surface will have a 
considerable effect in reducing the effect ive normal stress on the slip surface, 
and hence the soil shear strength. This explains the fact that watercourse 
bank s very often are seen to fail at t imes when there is much water in the 
adjacent soil above the level of the ditch bottom. 

E v e n if the presence of water does not cause the entire bank to slip at 
one m o m e n t , the high pressure gradient near the bank toe can cause 'quick ' 
cond i t ions there (practically zero effect ive normal stress and shear strength) 
part icu lar ly in granular soi ls. This phenomenon gives rise to the conditions 
illustrated in F i g . 5.9(a), (b) and (c). Fo l lowing the slaking of soil f rom the toe 
r e g i o n , a new effect ive slope angle is g iven to the entire bank. This new 
c o n f i g u r a t i o n is less stable than the original, and with the aid of the water 
in the adjacent soil, the entire bank s lumps into a new shape. The new shape 
m a y we l l be stable for some t ime, but the bottom of the watercourse has 
been raised by the fallen soil mater ia l , and thus the effect ive ditch depth is 
l e s s . In addition, if water is moving quickly in the watercourse, the loose 
f a i l ed soil material is washed easily downstream to cause even greater 
concentrations of sediment at some settl ing location down the way. 
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F i g . 5.9. (a) Water flow f rom the toe region of a watercourse bank causing 
(b) slaking of the toe, and possibly (c) total slope instabil ity. 

The lowering of the bank slope angle will increase the overall stabil ity of 
the bank , but by itself cannot guarantee the prevention of the local s laking 
and subsequent failure shown in F i g . 5.9. One method which may be costly, 
but promises to be effect ive in preventing bank failure due to seepage 
pressures, is the installation of an interceptor subsurface perforated drain tile 
parallel to the watercourse, and at a depth equal to or greater than the ditch 
bottom. A s shown in F i g . 5.10(a), the drain effect ively lowers the water table 
near the watercourse bank, and reduces the hydraulic pressures acting within 
the slope and at its face. The drain tile can have a smal ler longitudinal slope 
than the watercourse bed, and thus have an outlet in the ditch itself at some 
point downstream, as shown in F i g . 5.10(b). 

5.3. E R O S I O N O F B A N K S 

N o t only can water inside the soil cause instability in sloped watercourse 
b a n k s , as shown in the previous Sect ion, but the water moving in the 
waterway, or into it, can also give rise to structural damage. If the water is 
moving too fast at the bottom of the watercourse, erosion can take place at 
the toe of each side of the ditch and produce a shape s imi lar to that pictured 
in F i g . 5.9(b) above. Theoretical ly, a certain water velocity is required to 
move soil particles, as described by the equation of Mav i s (1935) below. 

ν = 0 . 1 5 2 D 4 / 9 ( G S - D 1 / 2 (5.8) 

where ν = the min imum water velocity for movement (m/s) 
D = average soil particle diameter (mm) 
G = specif ic gravity of particles (usually 2.6 - 2.7) 
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F i g . 5.10. (a) The action of a subsurface drain in a watercourse bank in 
lowering the water table near the bank, (b) The downstream outlet 
of the drain. 

Fo r soil mixtures, Table 5.2 developed by Fort ier and Scobey (1926) gives 
the max imum permissible average f low velocit ies in unprotected straight 
waterways with smal l grades. 

T A B L E 5.2. M a x i m u m permissible flow velocit ies in unprotected ditches, 
(Fortier and Scobey, 1926). 

Soil material M a x i m u m water velocity, m/s 
C lear water Water with suspension 

F ine sand 0.45 0.75 
Si lty loam and silt 0.50-0.60 0.75-1.00 
L o a m 0.70-0.80 1.00-1.10 
C l a y 1.10-1.20 1.50 
F ine gravel 0.75 1.50 
Coar se gravel 1.20 1.80 
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Smedema and Ryc ro f t (1983) have also interpreted some recommended 
watercourse design guidelines employed in the Nether lands, both for max imum 
permiss ib le water velocity and side slopes, as shown in Table 5.3. The lower 
velocit ies and slopes apply to unprotected watercourse banks, while the larger 
quantities on each line refer to vegetated canals. 

T A B L E 5.3. L imitat ions on flow velocity and on side slope in drainage canals 
(Smedema and Ryc ro f t , 1983, adapted f rom I L R I , 1964). 

Soil type Permiss ible M a x i m u m side slope 
mean flow velocity (m/s) 

F ine sand 0.15-0.30 1:3-1:2 
Coarse sand 0.20-0.50 1:3-1:1.5 
L o a m 0.30-0.60 1:2-1:1.5 
Heavy clay 0.60-0.80 1:2-1:1 

In o rde r to l imit the mean flow velocity in waterways, the grade of the 
bed must be controlled, or well designed drop structures are required along 
the wa te rway length. Readers are referred to the books by Luth in (1973), 
S c h w a b et al. (1981) or Smedema and Ryc ro f t (1983) for further details on 
the appropriate design practices for watercourse profi les. 

Erosion and deformation of ditch banks can arise also f rom water flowing 
down into a watercourse f rom the sides during periods of heavy runoff f rom 
adjacent lands. The description of such erosion will be found in Chapter 7. In 
genera l , the best method for combatt ing such erosion on watercourse banks 
seems to be the establishment of a vigorous growth of grassy vegetation, by 
whatever technique is appropriate to the local c l imate. Table 5.3 indicates that 
a good cover of vegetation on canal sides allows a doubling of the interior 
water flow velocity, without serious erosion on most soils. This would indicate 
also a similar improvement in resistance to rill and gully erosion arising f rom 
water running down the banks. 

5.4. S T A B I L I T Y O F S M A L L E A R T H D A M S 

Fig. 4.9 i l lustrated a waterf low net through a small earthdam in the case 
whe re the reservoir behind the dam is full. The analysis of stabil ity of this 
s l ope is carried out in the same manner as those described in Sect ion 5.1.2. 
F i g . 5.11 shows the kind of water pressure distribution which occurs on a 
potential slip circle for the same type of dam as shown in F i g . 4.9. The water 
pressure acting on each slice bottom center is mutl ipl ied by the sl ice length, 
L, to give the water force U for insertion in Eqn . 5.7, in order to estimate 
the slope stabil ity safety factor. 
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One instance in which hydraulic gradients and internal pore water pressures 
can become crit ical ly large in an earthdam is the condition of drawdown. This 
occurs when the reservoir behind the dam has been emptied quickly, and there 
s t i l l remains most of the water inside the soi l, as shown in F i g . 5.12. This 
f igure also shows the kind of water pressure distr ibution which can arise in 
such a case, both on the former upstream and downstream sides of the earth 
s t r u c t u r e . The method of s l ices, as explained in Sect ion 5.1.2 should be 
employed to verify the stabil ity safety factor of both sides of the dam in this 
instance. 

= zlwcosfl- u l - }tan0 ' +Zc'L 
S F ' ~ 2 W s i n 0 

F i g . 5.11. Water flow net in an earthdam and the water pressure distribution 
on the potential slip c ircle when the reservoir is full. 

The illustrated drawdown case is not a permanent state, since after a t ime 
the phreatic line will be lowered as water drains f rom within the dam. 
Nevertheless, the s ituation does remain much as pictured in F i g . 5.12 for some 
t i m e , and the structure could be in danger of fai l ing during that period. A s 
with the steady state case of leakage as shown in F i g . 5.11, the water 
pressure distr ibution, calculated f rom the potential of water along the slip 
circle minus the elevation at each point, is used in Eqn . 5.7 to determine the 
safety factor of both slopes involved. 
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F i g . 5.12. Water flow nets and water pressure distribution on potential slip 
c irc les during drawdown of the water in an earthdam. 

5.5. P R O B L E M S 

5.4. I t is de s i r ed to cut a slope 10 m high in a fr ictionless soil having a 
cohesion of 20 kPa and a density 17 k N / m 3 . What is the max imum 
possible angle of the s lope? 

Answer: β = 2 3 ° . 

5.5. A 9 m high slope has a slope angle of 4 0° and the soil is a clay loam 
h a v i n g a density of 17.6 k N / m 3 , cohesion 10 kPa and angle of fr ict ion 
20° . What is the safety factor of the s lope? 

Answer: S.F. = 1.26. 

5.6. The s lope shown in F i g . 5.13 is a composite being formed of layers of 
sand and clay soils, with the properties shown. Us ing the method of 
vertical s l ices, est imate the safety factor of this slope. 

Answer: S.F. = 1.75. 



S L O P E S T A B I L I T Y 135 

F i g . 5.13. Layered slope in Problem 5.6. 

F i g . 5.14. Slope with a water table in Prob lem 5.7. 

5.7. The slope of F i g . 5.14 is composed of a sandy loam soil having a density 
of 16.7 k N / m 3 , effect ive fr ict ion angle 30° and cohesion 2.25 kPa. In the 
spring after snowmelt and rains, the water table in the slope is as shown 
to scale in F i g . 5.14. If the slope potential fai lure circle has a radius of 
6 m as shown, find the slope safety factor (a) with the water table as 
s hown , and (b) with the water table removed by t ime or subsurface 
dra inage. (Assume that the soil effect ive strength and density remain 
approximately the same in both cases). 

Answer : (a) S.F. = 0.90, (b) S.F. = 1.4. 
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F i g . 5.15. Gravel slope of Problem 5.8. 

5.8. The gravel slope shown in F i g . 5.15 is used to support a rai lway 
embankment. Es t imate the safety factor of the slope using the given 
weight of train per unit length. 

Answer: S.F. = 1.9. 
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Chapter 6. Lateral Earth Pressures 

6 . 1 . A C T I V E A N D P A S S I V E W A L L P R E S S U R E S 

F i g . 6 . 1 . Ac t i ve and passive lateral earthpressure cases and wall forces. 

L a te r a l , or wall pressures are those acting more or less in the horizontal 
d i rect ion f rom soil onto retaining structures or soil cutting tools. The term 
'active 1 soil pressure is used in cases where the soil is moving downwards with 
gravity, and is actively moving a wall away f rom its original posit ion. 'Pass ive 1 

so i l pressure occurs when soil is being forced upwards against gravity by a 
m o v i n g s t ructure or soil cutting tool, as depicted in F i g . 6 . 1 . Both of these 
cases represent the l imit equil ibrium state, and the soil is considered to be 
failing, both on internal rupture surfaces, such as lines B C in F i g . 6 . 1 , as well 
as at the interface with the contact ing object along lines A B . F i g . 6.1 shows 
also the basic systems of forces acting on a wall or other object in the active 
and passive soil failure cases. 

In F i g . 6 . 1 , the force f rom the soil perpendicular to the wall has been 
combined with the fr ictional shear resistance force parallel to the wall to 
form a single resultant, P, inclined at angle δ to the perpendicular. It should 
be noticed that the wall adhesion force, c a L , the fr ict ional component of soil 
force P, and the base shear resistance force, T, all act in directions opposite 
to the relative motion of the soil with respect to the wall. 
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There are further possibil ities for the directions of interface shear forces 
in the ca se that the wall or tool is not moved horizontal ly, but these are 
s i t ua t i on s rarely met in practice. F i g . 6.2 shows the conditions of shear and 
normal stresses on the wall face, A B , for four possible cases of active and 
pas s i ve soil fai lure, using the Mohr stress d iagram and the same conventions 
as shown in Chapter 2. Situations number 1 and 2 are those represented in 
F i g . 6.1 for the normal active and passive soil failure cases, respectively, 
while situations number 3 and 4 are rarely seen. 

F i g . 6.2. Four possible soil to wall failure conf igurat ions. Cases 1 and 2 are 
the normal active and passive conditions. 
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Stresses at point Β 

F i g . 6.3. Stress conditions on a wall during act ive soil fai lure. 

In F i g . 6.1 and 6.2, the soil internal failure surfaces, B C , are shown as 
curved. This results when there is fr ict ional shear resistance along a vertical 
wall face, as depicted in F i g . 6.3. A t point C on the soil surface, there is no 
s h e a r on the horizontal plane, and thus the vert ical and horizontal pressures 
a re principal stresses, the latter being 0$· The inclination of the soil failure 
plane at point C is 0f =(7Γ/2+φ)/2, as in F i g . 2.6. In general, however, there is 
shear stress along the soil to wall interface, and for the vert ical wall face 
s h o w n in F i g . 6.3, the normal pressure on the wall cannot be a principal 
s t r e s s . Instead, the wall surface is a soil to wall failure plane of which the 
s t r e n g t h is governed by the soil to wall coeff ic ient of fr ict ion and adhesion 
(Eqn. 2.2), and the principal stresses together with the soil rupture plane are 
rotated to a different inclination than that at point C . 

In F ig . 6.3, the wall normal and shear stresses are identified on the Mohr 
diagram as point V , the shear being negat ive. This stress combination lies also 
on the line of soil to wall strength which has i n t e r c e p t - c a on the shear axis, 
and slope-δ. The minor principal stress, O 3 , is located at a c lockwise angle of 
2 € in the Moh r d iagram f rom the wall stresses. Therefore, 03 is inclined 
clockwise at angle € f rom ( 7 X X which is perpendicular to the vert ical wal l . The 
major principal stress, Oj, as well as the soil fai lure plane are rotated also at 
that same angle compared to their attitudes at point C on the soil surface. 

In the cases where soil weight density t imes depth is s ignif icant compared 
to i n te rna l cohesion, it is impossible to analyze the exact stress variations 
f rom point C to point Β behind a retaining wal l . This is because stress 
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character ist ic equations 2.21 and 2.22 cannot be integrated exactly between 
those two points in x-z space. Some s impl i f icat ions or numerical mathematical 
techniques must be employed in order to arrive at a solution to the forces 
acting on soil retaining walls in the general case. 

6.1,1. Coulomb's method 
In 1776, Cou lomb did not have the techniques of Mohr ' s c ircle of stresses 

at his disposal, nor the method of stress character ist ics. Nevertheless, he 
managed to analyze the forces on a certain class of retaining walls, locate 
the approximate soil internal failure plane and find the necessary constraining 
force f rom a wall for the active soil fai lure case. 

F i g . 6.4. (a) Coulomb's (1776) drawing of active soil failure behind a smooth 
r e t a i n i n g wall (lines gB and g 'B ') and approximate straight line 
failure planes aB and a 'B ' . (b) Contemporary notation for the forces. 

Fig. 6.4(a) is reproduced f rom Cou lomb ' s original paper (1776), and it shows 
some observed curved soil rupture surfaces, such as Beg and Be f g ' , s imi lar to 
F ig. 6 .1 , 6.2 and 6.3. Cou lomb noted that to find the soil failure plane, it is 
necessary to locate that path in the soil which will result in the largest 
p res sure on the wall during act ive soil fai lure. In other words, the weakest 
p lane in the soil, taking account of internal f r ict ion, cohesion strength and 
soil weight, is the likely rupture surface. 

However, Cou lomb stated also that the appropriate theoretical straight line 
soil rupture plane, such as Ba in F i g . 6.4(a), will yield a wall retaining force 
w h i c h "does not differ except by a very smal l quantity" f rom that of the 
c u r v e d fa i lure line, Beg. He proceeded to establish the force system on the 
so i l mass bounded by a horizontal surface, the straight internal failure plane 
and a smooth vert ical wal l . F i g . 6.4(b) shows the force sy s tem, using present 
day terminology for the force vectors. 

Jij.7. 
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Here, Ρ is the required wall retaining force to just prevent movement, Ν 
is the soil reaction normal to the internal failure plane and Ntan0 and cL are 
the fr ict ional and cohesional components, respectively, of soil shear strength 
along the rupture surface Ba . Reso lv ing all of these forces in directions 
perpendicular and parallel to the failure plane, Ba , and invoking equil ibrium 
fo r the condition of the l imit ing forces when soil fai lure is imminent, the 
following expression results for the wall force Ρ in terms of the soil strength 
parameters and the geometry of soil fai lure. 

^7x (z - xtan</>) - c ( x 2 + z 2 ) 
Ρ = - (6.1) 

χ + ztan</> 

where y is the soil specif ic weight. 
In Eqn. 6 . 1 , the dimension χ of the soil wedge has not yet been determined 

s ince the incl ination, β, of the soil failure surface is not known. Cou lomb 
appl ied the calculus principle of max imizat ion to find the rupture attitude 
which gives the largest wall force, as fol lows. 

( γ ζ ί 8 η φ + c ) ( z 2 - 2xztan</>- χ 2 ) 
d £ = = Ο 
d x (χ + ztan</>) 2 

(6.2) 

χ = z(y}l + t an 2 0 - t a n $ (6.3) 

z/x = tan/3 = (V1 + t a n 2 0 - tan</>) _ 1 = tan(7T/4 + φ/2) (6.4) 

ρ = Ι γ ζ 2 Γ ] ^ 4 η ό 1 _ J l ^ i O 0 ( 6 . 5 ) 

2 ' [ 1 + sincpj * 1 + sm<p 

This is the well known Cou lomb solution for the active force on a smooth 
vertical earth retaining wal l . It can also be expressed in terms of the active 
earthpressure coeff ic ients, Κ and Κ . 

a c 
P = | 7 z 2 K a - 2 c z K c (6.6) 

where in the case of the smooth vert ical wall, 

K 2 = κ = } - S i. n% (6.7) 
c a 1 + sin<p 

6.1.2. Tension cracks 
A problem with the Cou lomb solution above for wall pressures is that the 

wall force, P, can have a negative magnitude. This occurs when the second 
term of Eqn . 6.5 or 6.6 is larger than the f i rst, in cases of walls with small 
height and soils of large cohesional strength. The physical meaning of such a 
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F i g , 6.5. (a) Apparent tension f rom soil at the top of a wall predicted by 
the Cou lomb method, (b) Ac tua l tension cracks which fo rm, (c) A 
more realist ic picture of stress on the wal l . 

situation is that a tensile force must be applied on the soil to wall interface 
in o rder to cause active fai lure. Even if the net force is in positive 
compression, the upper section of the wall is theoretical ly under tension f rom 
the soil according to Cou lomb ' s theory, as shown in F i g . 6.5(a). Such a state 
is not practical over a finite length of t ime, because air would enter between 
the soil and the wall, causing a tension crack at that interface, F i g . 6.5(b). In 
addition, F i g . 6.5(b) i l lustrates that tension cracks can appear f rom the ground 
surface behind the wall to a depth s imilar to that at the wall surface. F r o m 
Eqn . 6.6, the depth of apparent tension can be calculated as; 

T h e r e f o r e , the pressure distribution shown in F i g . 6.5(c) is the one which 
should be used for design purposes. It will result in a net est imation of active 
fo rce on a wall of height h which is shown below, and which is evidently 
larger and more conservative than that of Eqn . 6.6. 

P = z 0

h / P d z = [ > z 2 K a - ο ζ Κ ε ] " = | 7 ( h 2 - z 2 ) K a - c ( h - z 0 ) K c 

2 2 Z ° 
= ! γ η

2 Κ - chK + c K c (6.9) 
2 ' a c 2 γ Κ 3 
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F i g . 6.6. (a) A wedge of sliding soil bounded by an assumed straight line slip 
plane, and (b) the forces act ing on the wedge. 

In the general case, retaining walls are not smooth nor are they necessari ly 
vertical. They exhibit a coeff ic ient of f r ict ion, tano, in contact with the soil, 
as we l l a possible adhesion strength, c a . These complexit ies, as well as a 
possible surcharge, q, on the soil surface are shown in F i g . 6.6(a). F i g . 6.6(b) 
depicts the forces acting on an assumed soil failure wedge. On the inclined 
wa l l f a ce , B C , a resultant force Ρ is composed of a normal force and the 
f r i c t i ona l component of shear resistance, and thus Ρ is inclined to the 
perpendicular at the fr ict ion angle, δ. In addition, there is the adhesive 
resistance force component, c a L - j , act ing contrary to the direction of motion 
of the soil mass relative to the wal l . The incl ination angle of the wall face 
to the horizontal is OL. 

In the same manner as Cou lomb employed, these forces can be resolved 
parallel and perpendicular to force N , and equil ibrium required, with the 
fol lowing expression resulting for force P. 

[ w + Q ] s i n ( j 3 - 0 ) - c L co s<£ - c ι η |cos(a + j8) + s i n ta + B)]coso 
Ρ = L J ± Ζ ZJ1 (6.10) 

β ί η ί α + β - δ - φ ) 

6.1.3. The general wedge theory 
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/sin(Q!- 5)sin(6 + Φ) , * JL\ 
cot/3 = V sinttsina - c o s t a - δ - φ ) ( 6 a 5 ) 

sin(a - δ - φ) 

The value of failure angle β calculated f rom Eqn . 6.15 can then be 
subst ituted into Eqn . 6.12 to 6.14 to find the earthpressure coeff ic ients. The 
Κ a factor s thus calculated are the same as those computed by Terzagh i in 
1943. Appendix 3 gives the values of the coeff ic ients for a variety of soil and 
wall f r ict ion angles and wall inclination angles. 

A s in the case of the smooth vertical wall, Sect ion 6.1.2, the theoretical 
model above can predict negative, or tensile pressures on the upper portion 
of any wall, which is not practical in real l ife. In the general case, the depth 
to which such negative wall pressure is predicted can be found by Eqn . 6.16 
below. Only positive values of depth zq should be used. I f z 0 is calculated in 
Eqn. 6.16 to be zero or negative, then it should be ignored, and Eqn . 6.11 used 
to compute wall forces. I f z 0 is predicted to be posit ive, then Eqn . 6.17 should 
be employed. 

z o = < c K c + c a K c a " ^ 7 Κ 3 (6.16) 

A n d the integration of only the positive pressures acting on a wall face 
will yield the force as formulated below. 

Ρ = I K a ( h 2 - z 2 ) - c K c ( h - z 0 ) - c a K c a ( h - z 0 ) + q K a ( h - z 0 ) (6.17) 

In the event that the soil behind a wall is saturated with water up to a 

S ub s t i t u t i n g the geometr ical details for W, Q, L and L-j, and putting the 
above express ion in the form of the active earthpressure coeff ic ients, the 
formulae below result. 

P = \yh2Ka - c h K c - c a h K c a + q h K a (6.11) 

IX (cota + cotjS )sin(ff - φ) to17x 

a " β Ιη (α+/5 -δ -φ) 

c - sin0sin(a+j8-6 -φ) tffcL>; 

κ _ cos<ft sinfo: + B) + cosfa: + β) /,η/Λ 

ca " β1η(α + | 8 - δ - ψ ) ( } 

I n o rder to find the angle, β, of the soil failure plane, the K a term is 
max imized with respect to this angle with the fol lowing result. 

dKa/dj3 = ο 
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ce r t a i n depth, then the effect ive stress method should be used. The soil slip 
angle and the active earthpressure Κ factors should be calculated using the 
e f f e c t i v e soil fr ict ion angle, and the wall pressure evaluated at each depth. 
T h i s p res su re is then integrated to give the effect ive or intergranular force 
on the wal l , and then the force aris ing f rom water pressure is added to give 
the total. A n example of such a calculat ion is shown in F i g . 6.7. A s is often 
the case, the water force is much larger than the intergranular soil force on 
the wall. 

Effective soil Water pressure Total forces 
pressure 

F i g . 6.7. (a) A level water table in soil behind a retaining wal l , (b) The 
calculat ion of total wall pressures for the active failure case. 
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The g e n e r a l wedge theory described above may not be as exact as some 
more complex methods using Sokolovski ' s (1956) character ist ic equations g iven 
in Chapter 2, although the error in the active soil failure case does not total 
more than a few percent of the wall forces. However , the wedge theory can 
be extended fairly easily to handle nonhomogeneous soils, layered backfi l ls, 
water tables, point surface loads and other compl icat ions which more r igorous 
a n a l y t i c a l techniques cannot. It may not be as easy to find the angle, β , of 
the approximate soil slip line directly as was accomplished by Eqn . 6.4 or 6.15, 
but a trial and error procedure can be used. A lway s using the philosophy that 
internal and soil to wall fr ict ion properties determine the shape of the soil 
failure surface, then only the terms involving soil weight, water pressures and 
s u r c h a r g e loads should be max imized to find the l ikely straight fai lure line 
approx imat ion, and terms involving cohesion and adhesion should be omitted 
f rom this procedure. 

F i g . 6.8. A layered soil behind a retaining wall in Problem 6 .1 . 

Problem 6.1. F i g . 6.8 shows an example of a vertical wall behind which there 
are two layers of soil having different densities and cohesions, separated by 
the water table surface. F ind the effect ive soil particle to wall force P. (The 
w a t e r fo rce U-| must be added to this effect ive force to est imate the total 
force on the wall.) Soil to wall adhesion is assumed to be zero here. 

A l l the forces acting on the soil failure wedge are added as shown in 
F i g . 6.8, and the fol lowing expression is obtained for the effect ive force, P. 
I t can be separated into two components, P a and P c , of which the first will 
be used to determine the likely cr it ical straight line failure plane angle in the 
soil. 
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ρ = W 1 + W 2 + Q - U(cot|3) - c 2 h 2 ) ( l + cot βοοί[β-φ\) 

sino + coso cot(/3- φ) 

= Γ 30 + H 0 . 2 5 c o t f l _ 2 5 q + cot/3 c o t [ ^ ] k N / m = ρ ρ 
|_sino + c o s o cot (p - 0 ) s ino + coso cotCjy-φΤJ a c 

Tab le 6.1 shows the values of P a which result f rom different trial values 
of the slip angle, β. This Table can be produced in only a few minutes using 
a programmable hand calculator to perform repeated evaluations of P a . In this 
case, the failure line inclination of 67° gives the prediction of the largest wall 
force component P a due to the soil weight, surcharge load and water pressure, 
and thus a net force Ρ = P a - P c of 18.49 kN/m. The cr it ical fai lure angle is 
influenced somewhat by the surface load, Q. If the surcharge did not exist, a 
smaller failure line angle of 58° would result in the max imum P a force. There 
a r e , of course, innumerable possible examples of retaining walls with slopes, 
sloped backf i l l s , layered soils, irregularly distributed surface loads and the l ike. 
But in each case, by using common sense, a mechanical model equation for 
P, similar to that above, should be possible, with a subsequent trial and error 
solution for angle β which gives the max imum, and most l ikely wall force 
c o m p o n e n t due to effect ive soil and surcharge weights, including water 
pressure influences. 

T A B L E 6 . 1 . Trial and error solutions for different failure plane incl inations, 
β, for the max imum wall force component P a in the example of F i g . 6.8. 

β° P a , kN/m P = p a - P c , kN/m 

65 40.73 18.12 
66 40.79 18.34 
67 40.80 18.49 
68 40.75 18.58 

Problem 6.2. F i g . 6.9 shows an excavat ing machine situated near the edge of 
a braced sheet steel retaining wal l . The machine has a weight of 88 kN/m of 
length parallel to the wall. E s t imate the act ive wall force. 

F i g . 6.9 i l lustrates that there are two possible failure mode cases in this 
instance. In Ca se a, the fai lure surface is too steep to allow both supporting 
t r a c k s of the excavator to apply surcharge force to the soil failure wedge, 
and only one of the tracks, or half the weight of the machine, comes into 
p l a y . On ly the left hand track would descend with the soil in this pattern, 
and the mach ine would ti lt. In Ca se b, the failure plane occurs at a 
sufficiently small slope (<45°) to permit all of the machine weight to act on 
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the soil wedge. For both cases, the formula for Ρ is the same, as determined 
by equilibrium of the soil wedge, but the value of surcharge load, Q, is 44 or 
88 kN/m, respectively. 

ρ (W + Q) - ch ( l + cotff cot[j8-<fl) Q D 

P = s i n £ + οοβδ cot(/jj-0) = p a " p c 

where W = i ^ h 2 c o t j 8 = 141 .1cot/3 kN/m 

In C a s e a, surcharge load Q is set at 44 kN/m. Max imiza t ion of the Pa 

t e rm above results in a cr it ical fai lure angle of 6 6 ° , P a of 64.4 kN/m and 
ρ = 49.0 kN/m. The failure angle is within the allowable l imits of the force 
d iagram of Ca se a. 

F i g . 6.9. Computat ion of wall forces with a surcharge in Prob lem 6.2. 
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In Case b, a maximizat ion of P a indicates that β  should be 82° . This failure 
angle, however, is not compatible with the condition that all of the excavator 
weight is located on the top of the soil fai lure wedge. Setting the failure 
angle at the max imum possible angle, 4 5 ° , for physical reality yields a value 
f o r P a of 59.9 kN/m, which is less than the result of Ca se a. It can be 
conc l uded for this particular example that Ca se a is the likely failure mode 
of the soil under the combined effects of soil and machine weights, and that 
ρ = 49 kN/m is the wall active force. 

I f the we igh t of the excavator were larger in comparison to that of the 
soil wedge, Ca se b might well have been the more cr it ical failure mode giving 
a larger quantity of P a acting on the wal l . Each design example must be 
approached with common sense in this way. 

F i g . 6.10. Terzaghi ' s (1954) calculat ion of wall pressure f rom a surcharge. 

For uniform strip loads on the soil surface behind a vertical retaining wall, 
it is possible to use the theory of elastic mater ia ls to predict the horizontal 
pressure result ing f rom this load. Terzagh i (1954) performed some experiments 
w h i c h demonstrated that the elastic theory does not work exactly for soil 
m a t e r i a l , but t ha t m e a s u r e d p r e s s u r e s on a r igid vert ical wall were 
consistently twice those predicted by the theory of elast icity. He proposed 
that the fol lowing expression gives a reasonable est imate, using the parameters 
shown in F i g . 6.10, for the wall pressure p q . 

P q = 2q(/?- sin/3cos2a)/7T (6.18) 

where angles Oi  and β  in F i g , 6.10 are measured in radians. 

6.1.4. Str ip loading surcharge 
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7TPq 

F i g . 6 .11. D imens ionless wall pressure factors versus depth, resulting f rom a 
surcharge pressure as a function of surcharge width and distance. 

I n terms of the depth, z, the distance, x, f rom the wall to the edge of 
the s t r i p load and the width, B, of the load, F i g . 6.11 gives nondimensional 
v a l ue s of the wall pressure divided by the strip surcharge pressure, versus 
dep th d iv ided by x, for various values of strip load width divided by x. The 
curves in F i g . 6.11 reflect the actual shapes of pressure distributions which 
a re e x p e c t e d on a vertical wall due to a strip load. Such a pressure 
distr ibution must be added to the active earthpressures in order to arrive at 
the total pressures to be supported by the wal l . 
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F i g . 6.12. S u r c h a r g e l oad fo r P r o b l e m 6.3 and the resulting pressure 
distr ibution on the retaining wal l . 

P r o b l e m 6.3. A n example s ituation which can be approximated as a strip 
s u r c h a r g e load beside a retaining wall is shown in F i g . 6.12. A 28 t tracked 
tractor with the dimensions noted rests on sand at a distance of 1 m f rom a 
r e t a i n i n g wa l l of 3 m height. The tractor tracks are 2.90 m long on the 
ground. What is the pressure distribution with depth on the wa l l ? 

E a c h t rack will be approximated as a str ip load. The average surcharge 
pressure is the weight on each track divided by the track ground contact area 
as fol lows. 

q = (28tx9.8kN/t)/(2x0.6mx2.9m) = 78.9 kPa 

Label l ing the left track as N o . 1 and the r ight N o . 2, the fol lowing are 
the respective widths, B, divided by the distances, X , f rom the wal l . 

Β 1 / χ 1 = 0.60/1.00 = 0.60, B 2 / X 2 = 0.60/3.20 = 0.19 
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T h e r e is also pressure on the wall due to the active effect of the soil. 
The coefficient of active horizontal earthpressure is obtained f rom Appendix 3 
as 0.243 for this soil and a vertical wall, and the pressure due to the soil is 
calculated as; 

p a h = 7 K a h z = 1 4 · 7 χ 0 - 2 4 : 5 ζ k N / m 3 = 3.57 ζ k N / m 3 

The table below presents the calculations of the pressures arising f rom 
tracks 1 and 2, calculated f rom Eqn . 6.18 or F i g . 6 .11, as well as that f rom 
the so i l weight. The individual pressure distributions and the total are also 
shown graphically in F i g . 6.12. 

z, m z/x1 P x /2q z/x 2 p 2 /2q P i P 2 Pah Total p^, kPa 

0.5 0.5 0.28 0.16 0.05 14.1 2.5 1.8 18.4 
1.0 1.0 0.28 0.31 0.08 14.1 4.0 3.6 21.7 
1.5 1.5 0.20 0.47 0.11 10.0 5.5 5.4 20.9 
2.0 2.0 0.12 0.63 0.12 6.2 5.6 7.1 18.9 
2.5 2.5 0.08 0.78 0.11 4.0 5.5 8.9 18.4 
3.0 3.0 0.05 0.94 0.10 2.5 4.9 10.7 18.1 

6.2. D E S I G N O F R E T A I N I N G W A L L S 

F i g . 6.13 shows the forces acting on two types of self supporting retaining 
walls, (a) a gravity wall and (b) a canti lever wal l . Ρ and cL^ are the effect ive 
so i l forces acting on the wall, while U is the water force in the case of 
s a t u r a t e d so i l backfi l l s. W is the weight of the gravity wal l , or that of the 
cant i lever wall plus the soil entrapped in the zone B C D . The surface of this 
soil wedge, B C , is considered like a wall surface, but it has the shear strength 
properties internal to the soil (i.e. δ = φ and c a = c ) . 

The s a f e de s i g n of s u c h walls against active soil fai lure and wall 
displacement must take account of the two possible modes of wall movement, 
n a m e l y s l id ing and tipping. The sl iding mechanism is s impler to analyze and 
will be considered f i rst. 

T h e hor i zonta l components of forces Ρ and U tend to move the wall 
ho r i zon ta l l y , while force T, along the wall base, resists this mot ion. The 
maximum possible value of force Τ is the shear strength force at the soil to 
wa l l base interface, and depends upon the normal force Ν as well as the 
frictional and adhesive strength properties between the soil and wall material 
(usually concrete). For equil ibrium to exist, the fol lowing equations must hold 
for forces in the horizontal and vert ical directions. 

Τ = P s i n ( a - o) + U s i n a - c ^ c o t a = Η + U s i n a - c a h c o t a (6.19) 

Ν = P c o s ( a - δ) + U c o s a + c h + W = V + U c o s a + c a h + W (6.20) 
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F i g . 6.13. Fo rce s on (a) a gravity retaining wall and (b) a canti lever wall, 
p lus for your added entertainment (c) the sl iding wall failure 
cond i t i on , (d) wall tipping and (e) the pressure distribution under 
the walls. 

The safety factor, S.F., of a particular wall design depends on the ult imate 
shear strength at the wall base, compared to the actual horizontal shear force 
required for equil ibrium, and can be expressed as shown below. Β is the width 
of the wall base in contact with the soi l, and forces Ν and Τ are in units of 
force per unit wall length. 
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S.F. = ( N t a n 6 + c a B )/T (6.21) 

The e x p e c t e d forces Ν and Τ are governed by the geometry of the wall 
d e s i g n , especially the wall inclination angle, a , as well as by the total mass 
of the wall. If a design is analyzed and found to have a small safety factor, 
less than or just larger than one, then the s ize of the wall must be increased 
in order to alter the force quantities in Eqn . 6 .21 . 

The tipping scenario is more complex to analyze. The sum of the moments 
a t t empt i ng to rotate the wall structure both c lockwise and counterclockwise 
must be in equil ibrium. In addition, the bearing capacity of the soil under the 
wall must be suff ic ient to sustain the vertical force Ν with a suitable safety 
f a c t o r . I n F i g . 6.13, the vertical force Ν on the wall base is shown 
concentrated at a point positioned a distance X f rom the left hand wall edge. 
T h i s d i s tance X can be determined f rom the equil ibrium of wall rotation by 
taking the moments of all forces about point O, as fol lows. 

M q = H z p - V x p + U s i n a z u - U c o s a x u - c g h B - W x c g + N X = 0 (6.22) 

X = [ V x p - H z p + U c o s a x u - U s i n o ; z u + c a h B + W x c g ] / N (6.23) 

Assuming a triangular distribution of the pressure, p z , on the wall base, as 
s h o w n in F i g . 6.13(e), the effect ive width of the bearing surface can be 
c o n s i d e r e d as 3 X , and the average design bearing pressure as q = N/3X. 
Recalling Eqn. 3.3, the ultimate bearing capacity of this area of the wall base 
can be calculated, as il lustrated below. 

q u l t = ^ T 3 X N 7 + c N

c ( 6 -24) 

The s a f e t y factor of the wall in tipping can now be est imated as the 
u l t i m a t e bearing capacity of the base divided by the actual average bearing 
pressure as determined by the equil ibrium of moments above. 

V t 2 Ύ 3 Χ Ν Ύ + c N c 
b.h. - q = Ν / ( 3 χ ) (6.25J 

Problem 6.4. F i g . 6.14 shows a concrete gravity wall having a height of 4 m, 
retaining dry compact sand with the properties noted. What is the safety 
factor of this wall in sliding and t ipping? 

The active earthpressure coeff ic ient for this case can be found f rom 
Eqn . 6.12 or Appendix 3 to be K a = 0 . 3 6 6 . Thus; 

P a = γ Η 2 Κ 3 / 2 = 43.0 kN/m 

Η = Ρ s i n ( a - δ) = 32.5 kN/m 
V = Ρ cos(Q! - δ ) = 28.2 kN/m 
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F i g . 6.14. Grav i ty retaining wall of Prob lem 6.4. 

Taking the specif ic gravity of concrete as 2.4, the wall weight is; 

W = 4m χ 1.5 m χ 2.4 χ 9.8 k N / m 3 = 141.1 kN/m 

Ν = W + V = 169.3 kN/m 
and the safety factor in sl iding; 

q r N t a n o _ 169.3 tan27° kN/m 9 

Η " 32.5 kN/m " — 

For the safety factor in tipping, f irst the position of force Ν is determined 
using Eqn . 6.23, which s implif ies in this example to; 

X = ( V x p - H z p + W x c g ) / N 

= (28.2x1.67 - 32.5x1.33 + 141.1x0.78)kN/169.3 kN/m = 0.673m 

The fr ict ional bearing capacity factor for this soil strength is found in 
Appendix 1 as Ν>γ= 39, and the ult imate bearing capacity over wall base width, 
3 X , is; 1 

q u l t = ^ Ύ 3 Χ Ν 7 = ^14.7x3x0.673x39 kPa = 579 kPa 

Thus the safety factor of bearing, with the moments in equil ibrium, is; 

S , F * = q u l t / c « = 5 7 9 kPa/(N/3X) = 579 kPa/83.9 kPa = 6.9 
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In this example, there appears to be no problem with the bearing capacity 
under the wal l . Pr imar i ly , this is due to the relatively large internal fr ict ion 
angle of the soil, and high bearing capacity. If φ were reduced by just 5° , the 
bear ing safety factor would be diminished to about one third of the value 
obtained above. 

C A 

F i g . 6.15. Forces acting on a braced sheet metal retaining wal l . 

A n o t h e r type of retaining wall does not depend on wall weight for 
stability, but uses braces for support as shown in F i g . 6.15(a). There are many 
d i f fe rent configurat ions of braced walls, and F i g . 6.15 depicts only one 
example. Nonetheless a s imilar analysis procedure is used in all cases, namely 
to find the active soil and water forces, P, U and c a h , and then to design the 
supporting members, such as brace D E and the soil in front of the wall at Β 
in Fig. 6.15. The forces F| and F2 are found f rom the equil ibrium of moments 
t a k e n about a chosen point in F i g . 6.15(b), and the strength of the wall and 
bracing members verif ied accordingly. The strength of the soil in passive soil 
failure at Β and Ε must be checked also, as is described in the next section. 
The safety factor for the design of wall and bracing member strength need 
not be as high as 3.0 because soil deformation is not involved in these 
elements. However, the safety factor should be about 3.0 for the passive soil 
res i s tance at points like Β and Ε in the case shown, in order that soil 
movement at these locations be kept to a reasonable level. 
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6.3. P A S S I V E S O I L R E S I S T A N C E 

F i g . 6.16. The active and passive soil fai lure conditions behind a retaining 
w a l l , and the Mohr ' s c irc les of stresses at soil points beside the 
wal l . 

The definition of passive soil failure is the movement of soil partly in 
an upwards direction, opposite to grav i ty. F i g . 6.16 shows some of the 
d i f ferences between the active and passive soil failure cases. Some of 
these differences are: 

- The shear stress on the internal soil rupture surface, F, is positive in 
active failure and negative (i.e. c lockwise) in passive fai lure. 
- The fr ict ional and adhesive shear forces acting on the wall surface, B C , 
are downwards in the active case, and upwards in the passive. 
- The incl ination f rom the horizontal of the soil rupture plane at the 
sur face, A , is (7Γ/4)+(φ/2) and (7Γ/4)-(φ/2) in the active and passive cases, 
respectively. 
- The normal stress on the wal l , B C , is on the minor half of Mohr ' s c ircle 
of s t r e s s e s (nearer CJ3) while it is on the major side in the passive case. 
Th i s means, of course, that the passive wall force is much greater than 
the active one, as will be demonstrated below. 
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In both cases shown in F i g . 6.16, the soil failure line is generally curved. 
Th i s happens because of the roughness of the wall surface which rotates the 
wall normal and shear stress combination on Mohr ' s circle away f rom in the 
active case, and G\ in the passive case, counterclockwise by an angle 26. Thus, 
in the case of a vertical wall, the soil failure plane is rotated clockwise by 
the angle € f rom its inclination at the surface, (point A ) . 

The s m o o t h vertical wall case of Cou lomb (1776) is not really more 
representative of real conditions in the passive failure case shown in F i g . 6.17 
than it was in the active s ituation, F i g . 6.4. However, the model is s imple and 
s e r v e s to i l l u s t r a t e the d i f fe rence between active and passive failure 
conditions in a simple manner. Us ing the knowledge contained in Mohr ' s circle 
(wh i ch was not available to Cou lomb in 1776), and assuming that the soil is 
in the failure condition along plane A B , the fol lowing expressions can be 
ob t a i ned for the relationship between vertical and horizontal stresses at the 
wall surface, B C , and for the passive wall force P. 

F i g . 6.17. The smooth wall passive soil failure case. 

Ρ = i 7 h 2 K + ZchyjK (6.27) 

Comparing Eqn. 6.27 with 6.6 for the active case, it can be seen that the 
passive earthpressure coeff ic ient is the inverse of the active one. For an 
example soil angle of internal fr ict ion of 3 0 ° , the active wall pressure is one 
th i rd of the vertical stress at a point, while the passive wall stress is three 
t imes the vertical pressure, or nine t imes the active pressure for the same 
vertical stress. 

F o r the gene r a l ca se of an i n c l i ned r o u g h w a l l , the r e l a t i v e l y 
straightforward passive stress analysis above cannot be used due to the curved 
soil failure line. Hett iaratchi (1969) and Hett iaratch i and Reece (1974) have 
demonstrated how the shapes of soil failure surfaces can be determined, and 
the wall stresses calculated using the character ist ic equations described by 
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S o k o l o v s k i (1956) and shown previously in Sect ion 2.4. They presented charts 
of passive earthpressure coeff ic ients, for soil movement in two dimensions, 
which are substituted into the expression below. This formula which is very 
s imilar to that of the active case. 

Ρ = i y h 2 K p + c h K c + c a h K c a + q h K q (6.28) 

Impending 
Mction 

' c a h 

F i g . 6.18. The general passive soil fai lure wedge model. 

K q = 2 K p (6.32) 

In o rde r to determine the best approximation for the failure plane 
i n c l i n a t i o n , β, the K p term is min imized (rather than max imized as in the 
active case) with respect to that angle, with the fol lowing result. 

Cou l omb f s (1776) notion that a straight line adequately represents the 
i n te rna l soil failure surface in the act ive case can be tested also for the 
pas s i ve case by means of the force model shown in F i g . 6.18. The angles of 
Ρ and R, and the presence of cohesive and adhesive shear strength on surfaces 
A B and B C meet the requirement of passive soil fai lure. The equil ibrium 
c o n d i t i o n y i e l d s the fol lowing expressions for the passive earthpressure 
coeff ic ients in Eqn . 6.28. 

is _ ( c O t Q ? + COt f f ) SJN(/3 + Φ) (fnq\ 

ρ " 2βίη(α+|8 + δ + φ ) ^ 

Κ = . ^ . ,00*Φ ^ J N (630) 
c βιηβ  s i n fo + β  +  δ + </>) 

Κ = . -οο *(α + β+φ)  (631) 

ca s i n a S I N ( a + β  +  £  +  φ) 
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i s i n t a + δ ) 8 ί η ( δΤ^Γ . c o s ( a + δ + φ) 

= * S m a s ' n s i n ( a + 6 ^ ) ( & 3 3 ) 

T A B L E 6.2. Example values of passive soil wedge failure angle, β, and 
earthpressure coeff ic ients, compared to more exact results f rom Hett iaratch i 
and Reece (1974)? 

Φ 0 δ ° a0 β° Κ 
Ρ 

Κ c K c a * K p 1 * K p 2 

30 20 90 1 8 . 1 3.05 7.47 2.00 2.70 2.90 
70 26.0 1.79 3.53 1.12 1.77 1.87 
50 32 .5 1.45 2 .19 0 .68 1.40 1.45 
30 36 .9 1.58 1.64 0 .23 1.49 1.52 
10 28 .4 3.20 1.82 - 2 . 1 2 3.23 3.38 

35 23 .3 90 14 .6 6.00 1 1 . 1 2.59 4 . 05 4 . 62 
70 22.7 2.40 4 .38 1.34 2 .39 2.62 
50 29 .5 1.75 2.48 0 . 8 1 1.74 1.87 
30 33 .4 1.78 1.75 0 .35 1.71 1.77 
10 27 .3 3.38 1.79 - 1 . 7 6 3.53 3.58 

1 Extrapolated by the power law: K p = K 0 ( K ^ / K Q ) φ (6.34) 

2 Ex t rapo la ted by linear proportion: K p = K Q + (Κφ - KQ)(8/(f>) (6.35) 

where Kq and Κφ apply to the cases δ=0 and δ=0, respectively. 

T h e ang le β determined by Eqn. 6.33 for a particular wall geometry and 
se t of so i l s t r e n g t h parameters is substituted into the expressions for 
earthpressure coeff ic ients in Eqn . 6.29 to 6.32. Table 6.2 g ives some examples 
of the coeff ic ients calculated by the above method for a range of wall 
i n c l i n a t i o n a n g l e s , and c o m p a r e s t h e m to the more exact results of 
Hettiaratchi and Reece (1974). Surpris ingly enough, the values are quite close 
together in most cases. 

A s in the active case, the wedge method allows one to include many 
complications such as layered soils, water tables, irregular shapes of wall and 
soil surface, surface loads and even curved wall or soil cutting tool shapes, 
by using appropriate average and approximate quantities. 

P r o b l e m 6.5. In F i g . 6.19 an example is shown of a sand layer above a clay 
soil behind an inclined wall. The force d iagram for a soil wedge is s h o w n a l s o 
for the passive failure case, using the average angle of i n te rna l f r i c t i on , 0, of 
the two layers and the average angle of soil to wall f r ict ion, δ· The 
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F i g . 6.19. Layered soil in passive fai lure (Problem 6.5). 

dens i t ies and cohesive strengths of the layers can be included separately in 
their respective volumes or lengths of act ion, to give weights W-j and W2, as 
we l l as cohesive resistance forces c 1 L 1 and e 2 L 2 . Equi l ibr ium gives the 
fol lowing expression for passive wall force, P. 

( W x + W 2 ) + ( C J L J + c 2 L 2 ) ( s i n/3 + cos/3 cot [ β + φ ] ) 
P = c o s ( a + o ) + sin(o: + o )cot(jg + 0 ) P p + P c 

7 2 . 7 7 ( c o t a + cotjg) + 24(1 + cot/3 c o t [ β + φ ] ) k f s J / m 

co s ( a + o) + s i n ( a + 6)cot(j8 + <p) 

Two parts, Pp and P c , of wall force Ρ are apparent, arising f rom the mass 
and fr ict ional strength of the soi l, and the cohesion, respectively. Fol lowing 
C o u l o m b ' s (1776) principle, and that of Hett iaratch i and Reece (1974), only 
the soil and wall fr ict ional strengths govern the shape of the soil failure 
surface. Therefore, in order to est imate the failure angle, β, just P p should be 
m i n i m i z e d with respect to variat ions in that angle. Table 6.3 indicates the 
va r ia t ions in both Pp and total force Ρ with β. The min imum value of P p 

o c c u r s at a different failure angle (25°) than does Ρ (27°), because of the 
inf luence of soil cohesion in the latter case. It can be concluded in this 
example that the likely passive wall force is 340.3 kN/m, acting at the angle 
shown in F i g . 6.19. 
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T A B L E 6 .3 . T r i a l and error solution for wall force P p as a function of soil 
fai lure plane inclination, β. 

β° P p , kN/m Ρ = P p + P c , kN/m 

24 252.9 341.9 
25 252.5 340.3 
26 252.6 339.4 
27 253.1 339.2 
28 254.0 339.6 

6.4. P R E S S U R E S O N B I N A N D S I L O W A L L S 

B in s and silos are used universally to store agricultural products such as 
grains, s i lages, vegetables and fruits. Mos t of these mater ials can be treated 
as continuous media with mechanical properties very s imilar to those of soils, 
including internal angle of fr ict ion strength, angle of fr ict ion strength between 
mater ia l and walls and even pore pressures for substances which are nearly 
s a tu ra ted with water or juices. Table 6.4 g ives guideline examples of these 
properties for several agricultural materials. 

T A B L E 6.4. Average mechanical properties of some agricultural materials 
(A.S.A.E. , 1985, Mohsen in, 1970). 

Mater ia l γ , k N / m 3 00 
M e t a l 2 

δ ° 
Wood 3 Concrete 

S i lage, 1 0 % m.c.1 2.9 20 20 20 20 
5 0 % m.c. 3.9 33 33 31 33 

Co rn , 1 0 % m.c. 6.9 — 14 17 22 
1 4 % m.c. 7.8 — 19 19 33 

Oat s , 1 0 % m.c. 4.9 — 12 14 22 
1 6 % m.c. 4.9 — 22 19 25 

R i ce , 1 4 % m.c. 5.9 — 23 27 27 
Soybeans, 7 % m.c. 12.7 -- 12 17 21 

1 2 % m.c. 13.7 — 12 24 29 
Wheat, 1 0 - 1 5 % m.c. 7.8 27 11 22 27 

1 6 - 2 0 % m.c. 6.9 27 22 27 27 

1 m.c. = moisture content on a percent wet basis. 
^Galvan ized sheet steel. 
^Doug la s fir or oak, averaged. 
4 S t e e l trowel f inish. 
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A review of the theories available for calculat ing lateral pressures on the 
walls of bins or silos was provided by S ingh and Moysey (1985). One of the 
early theories was given by Janssen (1895), and it is still used widely for the 
c a s e of fi l l ing a bin owing to its relative s impl ic i ty. The assumption for his 
m o d e l wa s tha t a horizontal thin sl ice at each depth in a bin or silo has a 
uniform vert ical pressure acting on it, and the fol lowing formula resulted for 
the pressure perpendicular to the wall. 

p h - a 5 - [ i - - - K h t a n o / R ] «*> 
where P h = lateral bin wall pressure, 

7 = material bulk density, 
Κ = ratio of lateral to vert ical pressure, 
h = depth f rom the top surface of the mater ia l . 

R is the hydraulic radius of the bin or si lo, defined as the cross sectional 
a rea of the structure divided by the perimeter length. Fo r different cross 
sectional shapes of bins or si los, R can be found as fol lows. 

R =7Γγ 2 / ( 27Γγ ) = r/2 for a c ircle of radius r, (6.37) 

R = B 2 /(4B) = B/4 for a square of side B, (6.38) 

R = BL/(2B+2L) for a rectangle of sides Β and L. (6.39) 

O n e of the diff icult constants to determine for use in Eqn . 6.36 is the 
ratio, K, of lateral to vert ical pressures. It was suggested by Ke t chum (1919) 
t ha t K a be used (Eqn. 6.7) as in an act ive failure case. This assumption, 
however, is based on a smooth wall model, which is not the case in a real 
bin or silo. Jaky (1948) suggested that Κ = 1 - sine/) could be used. This term 
has s o m e t i m e s been c a l l e d Κ ο in so i l mechanics, the coeff ic ient of 
earthpressure at rest, and is larger than K a . Ever t s et al. (1977) and Moysey 
(1979) proposed a form of Κ which depends upon both the angles of internal 
and i n t e r f a ce fr ict ion of the material in a bin, such as Eqn . 6.12 for walls. 
This relation is shown below for the active material failure case. 

Κ 1 - sin0cos2C ( 6 Λ 0 ) 

1 + sin<p cos2€ 

where 26 = sin 1 (sinδ /sin φ) - δ 

F o r a mater ia l such as wheat, which often has an internal fr ict ion angle 
of near 27° and an angle of material to steel wall f r ict ion of 1 7 ° , KetchunYs 
va l ue of Κ would be 0.376, while Jaky ' s would be computed as 0.546 and 
Everts et al. or Moysey ' s is 0 .411. Some experimantal investigations have been 
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made also on lateral pressures in bins involving different mater ia ls. Ke t chum 
(1919 ) , f o r example, reported Κ to be measured as 0.6 for wheat, while 
C a u g h y et al. (1951) also found Κ = 0.6 for wheat and corn. Pieper (1969) 
f ound Κ = 0.5 when fil l ing a plywood bin with barley, and Mohsenin (1970) 
s u g g e s t e d that Κ be 0.42 for barley, 0.4 to 0.5 for grain corn, 0.23 to 0.38 
for r ice and 0.33 to 0.44 in the case of wheat. 

A n o t h e r mechanical model was developed by L v i n (1970) for cyl indrical 
bins. It employed concentr ic r ings of stored material as mechanical elements, 
rather than Janssen's s l ices. This model predicts that wall pressure will 
i n c r ea s e to a certain depth below the material surface, and then remain 
constant at greater depths, as fol lows. 

p

h = γ Κ η ( 1 - Khtan6/D) for h/D < l/(2Ktan6) (6.41) 

P h = 7 D / ( 4 t a n 6 ) for h/D > l/(2Ktan6) (6.42) 

Experimental results reported by Tur i tz in (1963), Pieper (1969) and Moysey 
(1983) have shown that Lv in ' s model generally predicts higher lateral pressures 
than that of Janssen, and usually comes very close to est imating actual 
exper imenta l wall pressures in cyl indrical wood and concrete bins (Singh and 
Moysey , 1985). 

Problem 6.6. G iven a 4 m inside diameter grain bin of height 20 m filled with 
wheat having an average bulk density of 7.8 k N / m 3 , angle of internal fr ict ion 
27° and angle of wall fr ict ion 1 7 ° , f ind the distribution of wall pressure with 
depth according to the theories of (a) Janssen (1895) and (b) L v i n (1970). 

A s ment ioned previously, the ratio of lateral to vert ical pressure, K, for 
these fr ict ion angles calculated by Eqn. 6.40 is 0 .411. The depth at which 
lateral pressure ceases to increase in Lv in ' s model is; 

h = D/(2Ktan£) = 4 m/(2x0.411tanl7°) = 15.9 m 

The formulae of (a) Janssen and (b) L v i n can then be evaluated as; 

(a) p h = 7 ^ 1 KPa ^ . e - t a n l 7 0 x 0 . 4 1 1 h / l m j = ^ _ e - h/Bm ] k R a 

(b) P h = 3.22h/(l - h/31.83m) kN/m 

and the values of lateral pressure predicted by the two methods at various 
depths are shown in Table 6.5 below as well as in F i g . 6.20. 

Lvin's predicted lateral silo pressures are consistently higher than those of 
Janssen, as is usually the case, by 59 to 3 3 0 % in this example. 
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T A B L E 6.5. Values of lateral pressures on a silo wall f rom Prob lem 6.6· 

h, m P n , k P a (Janssen) P h , kPa (Lvin) 

5 11.9 19.1 
10 18.2 47.0 
15 21.6 91.3 
20 23.4 102.3 

F i g . 6.20. Cu rve s of normal wall pressure versus depth in the tower silo of 
Prob lem 6.6 by the theories of (a) Janssen and (b) L v i n . 

6.5. P R E S S U R E S O N B U R I E D P I P E S A N D C O N D U I T S 

The theory of vertical pressure which must be withstood by buried pipes, 
c u l v e r t s , conduits and the like has been developed by Mar s ton and Anderson 
(1913) and is well explained by Spangler and Handy (1982). A s F i g . 6.21 shows, 
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the theory begins with the assumption that a trench of width Β has been 
excava ted and then refil led for the installation of the pipe or conduit. The 
weight of soil in this trench, and a possible surcharge load Q, force per unit 
length of trench, are being counteracted by fr ict ion at the trench sides. The 
theory assumes that the normal pressure on the trench sides is the vertical 
pressure in the trench soil t imes the coeff ic ient of active earthpressure, called 
Κ in this instance, where; 

(6Λ3) 

and φ is the angle of internal fr ict ion of soil filled in the trench. 
T h u s the horizontal forces per unit length on the sides of an elemental 

slice of height dh in the trench soil are the average side pressure, K V / B , 

Surface 
1ST 

tano 

F i g . 6 .21. Theoretical model for buried pipes (Spangler and Handy, 1982). 

t i m e s the sl ice height, dh. And the shear forces on the slice sides are the 
horizontal forces t imes the coeff ic ient of f r ict ion, tano, between the materials 
inside and outisde the trench. The weight of soil in the slice dh is ' y B d h , per 
un i t length of trench. Thus the sum of vertical forces acting on a slice is 
equated to zero for equil ibrium as fol lows. 

Κ = 1 - sin0 
1 + sin<p 
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V + dV + 2KV(tan5)dh/B - V - 7 B d h = 0 (6.44) 

dV + 2KV(tano)dh/B - 7 B d h = 0 (6.45) 

This differential equation has a solution of the fo rm; 

(6.46) 

Ο 0.2 0.4 0.6 0.8 1.0 
Vq/Q 

F i g . 6.22. Theoretical and experimental pipe loads transmitted f rom static 
surface wheel loads (Spangler and Handy, 1982). 

V = A 1 + A 2 e C h 
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Substituting this form into Eqn . 6.45, and evaluating vertical force V as Q, 
fo rce per unit length at the surface where h = 0 gives the general result 
below. 

V = Ύ Β 2 Γ _ e-2K(tan5)h/Bl + Q e -2K(tan<5 )h/B ( 6 Λ ? ) 

2Ktan5 L J 

M a r s t o n and Anderson (1913) found that Eqn . 6.47 works quite reliably to 
p r e d i c t vertical loads on pipes of diameters 457 and 914 m m buried in 
t renches of widths 683 and 1266 m m , respectively, at depths of about 5 m 
without a surcharge load, Q. 

When a surcharge load is of finite length, such as a vehicle wheel, 
Spang le r (1973) suggested that a Boussinesq type of pressure distribution can 
be used to design conservatively for the load carr ied by a certain length of 
p ipe or conduit , and he recommended that a length of 1 m be considered. 
F i g . 6.22 shows his theoretical calculat ion, which is consistently equal to or 
h igher than experimental measurements of pipe loads f rom static wheels on 
the so i l surface. A l so in F i g . 6.22 is drawn the predicted curve f rom the 
s e c o n d t e r m of Eqn . 6.47 above which involves a line load, Q, using typical 
soil strength quantities. That part, Vq , of the vertical load due to a line load 
is larger than the Boussinesq rectangular load on a pipe, because the latter 
spreads out in two dimensions in the soil (ref. F i g . 4.7). Thus the Boussinesq 
curve appears to be the logical design tool for this s ituation. 

6.6. P R O B L E M S 

6.7. A c o n c r e t e wall ( 7 = 23.5 k N / m 3 ) supports dry sand as shown in 
F i g . 6.23. (a) What should be the width, B, of the top of the wall in 
order that it should have a safety factor of 3.0 in s l id ing? (b) What then 
is the safety factor in bearing at the bottom left hand edge of the wal l ? 

Answer: (a) Β = 2.36 m, (b) S.F. = 5.0. 

6 m 

Dry sand 
7 = 15.7 kN/m3 

0=32° 
12 0  = 28° 

F i g . 6.23. Grav i ty retaining wall in Problem 6.7. 
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F i g . 6.24. Wall retaining saturated soi l, Prob lem 6.8. 

6.8. I n F i g . 6.24, a concrete gravity wall is i l lustrated supporting saturated 
silt. If it is assumed that the water pressure, u, on the bottom wall has 
a linear decrease between the max imum value at point Β and zero at 
c o r n e r A , find the safety factor of this wall in sl iding. Is this safety 
factor adequate? 

Answer : S.F. = 1.27. No t adequate. 

Bulldozer 
blade, 
3m \ ^ ~ 1 

Loose sand 30 cm average 
7=12.7 kN/m3 . . . . | 

30 cm S a n d ' T= 15- 7kN/m3 

φ = 35° 
δ = 23.3° JL 

F i g . 6.25. Pass ive soil fai lure by a wide blade, Problem 6.9. 
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6.9. F i g . 6.25 shows a 3 m wide bulldozer blade cutting 30 c m deep in a 
compact sand. There is a surcharge of loose sand on the surface which 
ha s an average depth of 30 c m . Us ing a two dimensional passive soil 
fa i lure analysis, est imate (a) the horizontal component, H , of the force 
needed to push the blade in the conf igurat ion shown, and (b) the 
p e r c e n t a g e of the total horizontal force which arises because of the 
surcharge load. (Assume that the surcharge is semi- inf inite in extent). 

Answer: (a) Η = 14.5 k N , (b) Surcharge component = 3 6 % . 

6.10. A s tee l si lo has an inside diameter of 7.3 m and height 24 m. It is 
f i l led with corn silage having a moisture content of 5 0 % , average 
d e n s i t y 4.9 k N / m 3 and internal and wall fr ict ion angles of 3 3 ° . Us ing 
the formulae of L v i n (1970), est imate the max imum lateral pressure 
level expected on the inside of the silo, and at what depth it occurs ? 

Answer: P h = 13.8 kPa , between 10.4 m depth and the bottom. 

6 .11 . In P r o b l e m 6.10 above, if the vertical shear stress on the silo wall is 
always Ρ tano at every point, what proportion of the total si lage weight 
is carr ied by wall f r ict ion? 

Answer: About 8 0 % of the silage weight. 

6.12. In F i g . 6.26, find F. 

J * 2m 
3m 

Answer: F = 479 k N . 

3m 
Α Δ Δ Δ 

Gravel 7 = 15.7 kN/m3 

A Δ Δ Δ 

Tiebacks at 3 m spacing 

Water table 

Silt 7 d r y =12.7 kN/rrr 
G s = 2.60 

C = 6 kPa 
0 ' = 30° 
δ ' = 20° 

" 7 7 7 

0 
Rock 

F i g . 6.26. Sheet steel wall for Problem 6.12. 
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6.13. F i g . 6.27 depicts a vert ical retaining wall holding a soil of low 
c o h e s i o n , and a strip load having 60 kPa average pressure on the soil 
s u r f a c e . F ind the max imum horizontal pressure on the wall and the 
depth at which it acts. 

Answer : M a x i m u m p h = 19.8 kPa at the wall bottom. 

3 m -2m 

q=60kPa 

SILT 

7= 15.7 kN/m3 

c = 6 kPa 

0 = 30° 

δ-26° 

F i g . 6.27. Grav i ty wall with surcharge load, Problem 6.27. 
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Chapter 7. Soil erosion and protection 

E r o s i o n is regarded as the detachment, movement and deposition of soil 
particles due to environmental factors. It is considered one of the more 
s e r i o u s f o rms of soil degradation in all regions of the wor ld. The principal 
agents responsible for soil erosion are wind and water. 

7 . 1 . W A T E R E R O S I O N 

Water erosion of soil occurs because of the progressive concentration of 
s u r f a c e water runoff. The kinetic energy of fall ing raindrops causes the 
detachment of soil particles which are subsequently transported by water 
moving on the surface. A s the velocity of overland f low, the slope of a field 
and the travel length increase, water f low concentrates into small r ivulets 
which carry soil mass. This phenomenon is known as rill erosion. The combined 
a c t i o n of soil detachment by raindrops and the soil movement in thin layers 
is denoted as interrill erosion, while the deterioration and collapse of stream 
banks due to streamflow is called streambank erosion. 

The movemen t of soil particles f rom a field leads not only to a breakup 
of the soil structure and a loss of topsoil resources, but it also contributes 
to downs t ream pollution of watercourses and revenue losses in the form of 
agricultural chemicals, including fert l izers, pesticides and the l ike. 

7.2. T H E U N I V E R S A L S O I L L O S S E Q U A T I O N ( U S L E ) 

The universal soil loss equation as developed by Wischmeier (1976) is 
de s i gned to be used to est imate the quantity of soil eroded f rom land by 
r a i n f a l l runoff. It is used primari ly for planning purposes as a f irst est imate 
of soil losses on a particular f ield. Then, based on what is judged as an 
al lowable annual soil loss rate, different cropping systems or conservation 
practices could be recommended. The equation and its components are; 

A = 2.24 (t/ha)/(ton/ac) R K L S C P (7.1) 

where A = the average annual soil loss in t/(ha year), 
R = the rainfall and runoff erosivity index (F ig. 7.1) 
Κ = soil erodibility factor, tons/(acre year) (Table 7.1) 
L = length factor of the field (Eqn. 7.2) 
S = the slope factor (Eqn. 7.3) 
C = crop management factor (Table 7.2) 
Ρ = conservation practice factor (Table 7.3). 
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F i g . 7 . 1 . The rainfall and runoff erosiv ity indices for No r th Ame r i c a (data 
f rom U S D A - E P A , 1975, and Wall et al., 1983). 

The length and slope factors in the universal soil loss equation are 
determined f rom Eqn. 7.2 and 7.3 below. 

L = ( l /22m) x (7.2) 

where 1 = the length of a slope, m, 
χ = an exponent = 0.5 for slopes less than 4 % , = 0.4 for a 4 % slope, 

= 0.3 for slopes less than 4 % . 

S = (0.43 + 0.30s + 0.043s 2 )/6.574 (7.3) 

where s = the field slope expressed in percent. 
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T A B L E 7 . 1 . Soil erodibility factors, K, by soil texture in tons/(acre year) for 
use in Eqn . 7.1 ( U S D A - E P A 1975). 

Soil textural class Soil organic 
0.5 

matter content % 
2 4 

F ine sand 0.16 0.14 0.10 
Very fine sand 0.42 0.36 0.28 
Loamy sand 0.12 0.10 0.08 
Loamy very fine sand 0.44 0.38 0.30 
Sandy loam 0.27 0.24 0.19 
Very fine sandy loam 0.47 0.41 0.33 
Si lt loam 0.48 0.42 0.33 
C l ay loam 0.28 0.25 0.21 
Si lty clay loam 0.37 0.32 0.26 
Si lty clay 0.25 0.23 0.19 

T A B L E 7.2. C rop management factors, C , for the universal soil loss equation 
(Smith and Weischmeier, 1962). 

C rop practice C rop stage period 
0 1 2 3 4 

F i r s t year corn 0.15 0.30 0.27 0.15 0.22 
after grass 
Second year corn 0.32 0.51 0.41 0.22 0.26 
with residues 
Second year corn 0.60 0.65 0.51 0.24 0.65 
without residues 
Third or later year corn 0.36 0.63 0.50 0.26 0.30 
with residues 
Smal l grains after - 0.30 0.18 0.03 0.02 
two years corn 
Smal l grains on - 0.80 0.50 0.07 0.03 
disked corn stubble 
Establ ished grass and - - .004 - -
legume meadow 

0 - moldboard plowing to seedbed preparation; 1 - f irst month after 
seeding; 2 - second month; 3 - between second month and harvest; 4 -
stubble or residue after harvest before plowing. 
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T A B L E 7.3. Soil conservation practice factors, P, (Wischmeier and Smith, 
1965). 

Percent slope Contour ing 0 m a x , m ) Str ip cropping Terrac ing and Contour ing 0 m a x , m ) 
contouring 

Up and down 1.0 
Paral lel ( 1 2% ) 0.8 - _ 

1.1 - 2 0.6 (150) 0.30 -
2.1 - 7 0.5 (100) 0.25 0.10 
7.1 - 12 0.6 (60) 0.30 0.12 

12.1 - 18 0.8 (20) 0.40 0.16 
18.1 - 24 0.9 (18) 0.45 -

Problem 7 . 1 : A n example of the use of the universal soil loss equation for the 
prediction of an approximate rate of soil erosion is as fol lows. Cons ider a 
silage corn field near Detro i t , M i ch i gan or Windsor, Ontar io, on a sandy loam 
field having a slope of 2 % and a slope length of 100 m. The cult ivation 
p r a c t i c e has been plowing up and down the slope of the f ield. The relevant 
parameters in this case are; 

R = 100 (Fig. 7.1) 

Κ = 0.24 tons/(acre year) (Table 7.1) 

L = ( 1 00/22 ) 0 · 3 = 1.57 (Eqn. 7.2) 

S = (0.43 + 0.3x2 + 0.043x4)/6.574 = 0.18 (Eqn. 7.3) 
C = 0.51 averaged over the year without residue (Table 7.2) 
Ρ = 1.0 (Table 7.3) 

The est imated annual soil loss due to water erosion would then be 

A = 2.24 χ 100 χ 0.24 χ 1.57 χ 0.18 χ 0.51 χ 1.0 = 7.75 t/(ha y) 

P r o b l e m 7.2: The universal soil loss equation can be used to assess the 
suitability of different cropping and conservat ion systems to reduce soil losses, 
and to permit a certain loss tolerance, (allowable rate). A s sume, for example, 
a soil loss tolerance of 1.5 t/(ha y) for the same region. The values of R, K, 
L and S would remain constant, but the fol lowing new practices could be 
introduced in the prediction. 

Winter wheat planted after two years of corn (C = 0.13), and 
crops are planted along field contour lines (P = 0.6). 

The est imated annual soil losses would then be changed to; 
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A = 2.24 χ 100 χ 0.24 χ 1.57 χ 0.18 χ 0.13 χ 0.6 = 1.19 t/(ha y) 

T h e o r e t i c a l l y , the above pract ices meet the recommended soil loss 
to lerance of 1.5 t/(ha y), and a considerable saving of topsoil, approximately 
6.56 t/(ha y), could be realized by the introduction of these cropping and 
con se r va t i on practices. Examples of soil loss tolerances have been given by 
the Amer i can Society of Ag ronomy (1982). 

7.3. M O D I F I E D U N I V E R S A L S O I L L O S S E Q U A T I O N 

A d i s a d v a n t a g e of the standard Eqn . 7.1 is that it does not take into 
account the runoff volume during an individual s to rm. The R factor is based 
on l ong term rainfall character ist ics, and does not reflect rainfall intensity 
accurately during specif ic storms. Wi l l iams and Berndt (1977) modif ied Eqn. 7.1 
by replacing the R factor with a runoff factor. The application of Eqn . 7.1 on 
a w a t e r s h e d ba s i s r equ i r e s information on delivery ratios. Topographic 
variations within a watershed area result in soil losses f rom some areas, and 
soil deposition in others. The R factor represents the energy used only in the 
detachment of soil particles, whereas the runoff factor in the modif ied 
equation takes account of the energies used in both detachment and sediment 
transport, as fol lows. 

Y = 11.8(Q χ q p ) 0 - 5 6 Κ L S C Ρ (7.4) 

where 

Y = the sediment yield f rom an individual s torm, in metr ic tonnes, 

Q = s torm runoff volume, m^ 

q p = peak runoff rate, m^/sec, and 

K, L, S, C , Ρ are as previously defined 

Several methods are available for evaluating Q and q p , the most common 
of which is the Soil Conservat ion Serv ice triangular hydrograph (Schwab et al., 
1981). 

7.4. T H E S O I L L O S S E S T I M A T O R F O R S O U T H E R N A F R I C A ( S L E M S A ) 

The app l i ca t ion of the universal soil loss equation has proved to be very 
d i f f i c u l t in some areas of the world. Where the annual variations in cl imate 
and cropping practices are quite different f rom those in No r th Amer i c a , some 
of the factors in the U S L E are not appropriate, or would be enormously costly 
and t ime consuming to determine accurately. For example, the rainfall and 
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r u n o f f erosivity factor, R, is based on the kinetic energy of an individual 
ra in s to rm multiplied by its max imum 30 minute intensity, and summed over 
many years of observation. In many tropical regions, erosion producing storms 
are often shorter than 30 minutes and their intensity would be art if ic ial ly 
d im in i shed if spread out over this t ime span. Furthermore, the permeabil ity, 
structure and shallow depth of many tropical soil types are virtually impossible 
to fit into the U S L E soil textural classes (Table 7.1 above), and differentiate 
properly according to their structure and erodibil ity (Wendelaar, 1978). 

In addition to these diff icult ies, many tropical area rotations and cropping 
p r a c t i c e s are not listed in Table 7.2 of crop management factors, C . Such 
r e g i o n s usually have a well defined wet season lasting f rom three to six 
m o n t h s . Land plowing can take place at any t ime near the end of the rainy 
s e a s o n or du r i n g the dry period. A l s o , crops needing the max imum of 
precip itat ion are planted at the beginning of the wet season, but irr igated 
crops can be planted a month or more beforehand, and dryland crops towards 
the end. Thus it is diff icult to categor ize such practices into the five 
Amer i can crop stage periods (Table 7.2), and tropical crop stages occur at 
widely varying t imes within the rainfal l season, when soil properties differ 
greatly. It could be possible to evaluate the U S L E factors experimental ly for 
i nd i v i dua l tropical regions, and be able to make use of the equation as a 
result . However, taking into account the variety and combinations of t i l lage, 
c r o p p i n g , r o t a t i on and soil management practices which are found, the 
f inancial and t ime resources which would be necessary are prohibit ive. 

I n view of the above diff icult ies encountered in attempting to apply the 
U S L E in a tropical area, a modell ing approach has been taken by researchers 
in s ou the rn A f r i c a with the result being the soil loss est imator for southern 
Af r ica, S L E M S A , (Elwell, 1978, 1984). The model is designed for arable lands 
in regions of high intensity rainfal l , and for a wide variety of cropping 
conditions. However , interpretations of the factors in the model must be made 
from relatively few field plots. Fo r this purpose, the soil sheet erosion model 
has been divided into five principal control variables as fol lows. 

1 . Seasonal rainfall energy, Ε ( J/m 2 ) , 
2. Soil erodibility index, F^, 
3. Ra infa l l energy interception by crops, i (%), 
4. F ie ld slope length, L (m), and 
5. Slope steepness, S (%). 

The above control variables are related to soil losses at the submodel 
level. The principal submodel, quantity K, combines the effects of the rainfal l 
energy, E, and the soil erodibil ity index, F b , in such a way as to yield the 
estimated mean annual specif ic soil loss f rom a conventionally tilled bare field 
h a v i n g a slope of 4 . 5 % and length 30 m. A factor C , derived f rom the 
proportion of rainfall energy intercepted by crops, corrects the above soil loss 
e s t imate for cropped land, and a topography rat io, X , accounts for different 
field slopes and lengths. The result ing est imate of mean annual soil loss, Ζ in 
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t/(ha y), is then; 

Ζ = K C X (7.5) 

The three main factors are given below, Κ in F i g . 7.4, C in F i g . 7.5 and 
X in F i g . 7.6 and 7.7, or Eqn . 7.6 and 7.7. 

0 1000 2000 
Annual rainfall, mm 

F i g . 7.2 M e a n annual rainfall energy versus annual rainfall depth for guti 
and non-gut i regions (more or less than 20 days of early morning 
dr izzle, respectively) f rom Elwel l (1980). 

7.4.1. Soil loss rate, Κ 
In order to begin the est imation of the bare soil erosion rate K, the 

average annual incident rainfall energy can be est imated directly for southern 
A f r i c a f rom the mean annual precipitation, as shown in F i g . 7.2. There is a 
difference between guti and non-guti regions, guti inferring that there are at 
least 20 days per year on the average with early morning dr izzle. The rainfal l 
energy versus precipitation line is lower in the guti case since the morning 
drizzles are of relatively lower energy intensity. The mean annual rainfal l map 
for Z imbabwe is shown as an example of a tropical precipitation pattern in 
F i g . 7.3. 

The combination of mean annual rainfall energy, E, and soil erodibil ity, F^, 
is c o n d u c t e d in F i g . 7.4 in order to est imate the bare soil erosion quantity, 
K. Table 7.4 gives est imates of the basic values, F^, for several types of 
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F i g . 7.3. Mean annual rainfall in Z imbabwe (Elwell, 1980), m m / y . 

tropical soil, while Table 7.5 provides correct ion factors, taking into account 
so i l management pract ices. These correct ion factors are added algebraically 
to F b in order to arrive at the total soil erodibil ity index, F m . F m has been 
designed to be a reduction factor for soil losses. It can be noted in F i g . 7.4 
tha t as F m increases, the rate of soil loss is smaller. A l so , the more 
c o n s e r v a t i o n p r ac t i ce s which are present, including r idging, planting on 
contours, rough plowing and install ing pasture as shown in Table 7.5, the larger 
are the correct ion factors which reduce the bare soil loss est imate, K. 
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F i g . 7.4. Spec i f ic soil loss rate, K, versus rainfal l energy, E, for different 
degrees of soil erodibil ity, F (Elwell, 1980). 
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Rainfall energy intercepted, \ % 

F i g . 7.5. Soil loss ratio, C , versus i (Elwell, 1980). 
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T A B L E 7.4. Bas ic soil erodibility factors, F^, for various tropical soils, f rom 
E lwel l (1980). 

Soil group Soil family Texture of topsoil 
Sands L o a m s C l ay s 

Regoso l Ka lahar i sand 4.0 
L ithosol L i thosol 2.0 2.5 4.0 
Vert isol Bas ic rocks 5.0 

Sediments 4.5 
Sial l it ic Bas ic rocks 3.5 4.0 

U l t ra basic 4.0 
Sediments 3.5 
Sandstones 3.5 4.0 
Granites 

Fers ia l l i t ic Bas ic rocks 5.5 6.0 
U l t ra basic 6.0 
Sediments 4.5 4.5 
Granites 4.0 4.5 
Arenaceous 3.5 4.0 

Paraferra l l i t ic Granites 4.5 5.0 
Orthoferra l l i t ic Bas ic rocks 7.0 

Sediments 5.5 
Granites 5.5 6.5 6.5 
Sandstones 5.0 6.0 

Sodic Strongly sodic 1.0 1.5 1.5 
Weakly sodic/saline 1.0 1.5 2.0 

7.4.2. Cropping factor, C 
T h e nex t step in est imating soil losses is to evaluate the crop cover 

effect. A s mentioned above, the S L E M S A model approach is to obtain a single 
number for the proportion of rainfal l energy which is intercepted by any crop 
and at any stage of growth. Tables 7.6 and 7.7 give est imations of the 
p r o p o r t i o n of rainfall energy, i % , which is intercepted by various crops, 
depend ing on their date of emergence relat ive to the beginning of the rainy 
s e a s o n , or age of plantation. F r o m this energy interception index, the crop 
soil loss ratio C , to use in Eqn . 7.5 is read f rom F i g . 7.5. 

7.4.3. Topography factor, X 
The est imation of the topography factor, X , combines the effects of field 

l e n g t h , L, and slope, S, much in the same manner as does the universal soil 
loss equation (Eqn. 7.2 and 7.3 in Sect ion 7.2). The equation coeff ic ients are 
d i f fe rent , however, due to the different standard field length and slope used 
in the S L E M S A model (30m versus 22m and 4 . 5 % rather than 9 % ) . Eqn . 7.6 
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F i g . 7.6. Soil loss ratio, X , versus slope length, L (Elwell, 1980). 
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F i g . 7.7. Soil loss ratio X for higher slopes, S (Elwell, 1980). 
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and 7.7 below give the appropriate topography factors, X , for slopes less or 
greater than 1 % . In these equations, L is in metres and S is in percent. 

Fo r S < 1 % X = S^T/ (10 .74S + 8.04) (7.6) 

For S > 1 % X = yJZ (0.76 + 0.53S + 0.076S 2 )/25.65 (7.7) 

T A B L E 7.5. Cor rect ion factors to be added algebraical ly to the soil erodibility 
factor, F , for soil management techniques (Elwell, 1980). = F^ + correct ion 
factors. 

Pract ice Factor 

A . Soil loss in previous year < 1 0 t/ha 0 
10 to 20 t/ha -0.5 
> 2 0 t/ha -1.0 

B. R idg ing practices No rma l ti lth 0 
F ine powdery -0.25 

B l . Crops on large ridges (>200 mm) Slope < 1 % 1.5 
R idge s without t ie-r idges Slope < 1 % 1.0 

Slope 1 to 2 % 0 
Slope > 2 % -1.0 

B 2 . Crops on small r idges (<200 mm) Slope < 1 % -1.0 
Slope 1 to 2 % 0 
Slope > 2 % -1.0 

C I . Annual crops planting direction On contours 0 
Ang le to contours -0.25 
A t r ight angle -0.5 

C 2 . Ti l lage techniques F ine powdery ti lth -0.5 
Zero ti l lage -0.5 
D i s ced fine ti lth 0 
R ipped and disced 0 
P lowed and rolled 0.5 
P lowed only 1.0 

D. Fa l lows and leys F i r s t year 0 
Second year 1.0 
Third year and more 2.0 
Good pasture 2.0 

E. Perennial crops and orchards Mechan ica l cult ivat ion -0.5 
Herbic ide weed control 0 
Mu l ch soil cover 2.0 

F. I rr igated lands Sands and loams -0.5 
Good pastures 3.0 
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T A B L E 7.6. Values of rainfall energy interception proportion, i % , for various 
c r op s and emergence t imes before (-) or after the start of the rainy season 
(Elwell, 1980). 

C rop Y ie ld Emergence t ime after start of rainy season 
(t/ha) - 1 mo. 0 1 mo. 2 mo. 3 mo . 

Cot ton 1.0 62 55 4 1 24 9 
2.5 84 75 56 32 13 
4.5 95 84 63 36 14 

Cowpeas hay 1.5 54 62 67 55 35 
2.5 65 76 81 67 43 

" silage 2.0 26 29 32 29 20 
6.0 43 50 54 49 34 
10.0 61 70 83 69 48 

1 1 green crop 6.0 5 17 26 30 22 
10.0 7 24 35 41 36 

Groundnuts 0.8 50 57 49 32 16 
1.5 64 73 62 4 1 20 
3.0 71 80 69 45 22 

Ma i ze 2.0 24 29 28 21 12 
6.0 43 52 51 37 21 
10.0 55 68 66 48 27 

R i ce 1.5 54 56 53 40 24 
2.5 69 72 67 51 31 
4.5 84 88 82 62 37 

Sorghum 1.0 39 40 35 25 12 
2.0 47 49 43 30 15 
6.0 81 84 73 52 26 

Soybeans 0.8 34 38 36 27 14 
1.5 51 57 54 39 20 
2.5 69 77 73 53 28 
4.0 80 90 85 62 32 

Sunflowers 0.1 5 8 11 9 5 
0.4 11 19 24 21 12 
1.3 28 50 62 55 30 

Tobacco 1.0 3 6 8 6 3 
2.0 11 21 26 22 11 
3.0 19 36 46 38 20 
4.0 27 52 66 54 28 

Grass ley 97 89 68 42 
Poor ley 65 55 33 14 
Weed fallow 0 2 10 32 
Poor fallow 0 1 5 14 
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In add i t i on , the topography factor X is shown graphical ly in F i g . 7.6 and 
7.7 for different ranges of field slopes. 

Once the variables K, C and X have been est imated for a particular case, 
t hey are s imply inserted into Eqn . 7.5 (Z = K C X ) in order to est imate the 
mean annual soil loss f rom a f ield. 

T A B L E 7.7. Values of rainfall energy interception proportion, i % , for evergreen 
orchard trees (except apples) and coffee plantations (Elwell, 1980). 

Yea r Evergreen tree spacing, 

7.25x7.25 6.75x6.75 4.5x6.0 

m 

3.0x4.5 

Coffee tree spacing, m 

2x3 2.5x2.5 2 .5x3 

1st 1 1 2 3 0.6 0.5 0.4 
2nd 3 4 6 13 8 7 5 
3rd 9 10 17 34 23 22 18 
4th 17 20 32 51 43 4 1 34 
5th 27 31 51 57 57 58 48 
6th 45 52 68 59 60 70 58 
7th 52 60 72 63 60 71 60 

Problem 7.3; A fa rm field 20 km northeast of Harare , Z imbabwe is 100 m long 
and has a uniform 3 % slope. The soil is a fersial l it ic clay loam with normal 
t i l th . Ma i ze was planted for the third year on November 1 (the beginning of 
the rainy season) with the rows along contour lines and no special r idging 
techniques. The expected yield of the crop is 6 t/ha. I f the rainfal l is 850 m m 
that year, est imate the annual water erosion soil loss. 

F r o m F i g . 7.2, rainfall energy Ε is 12,000 J / m 2 . 
F r o m Table 7.4, soil erodibil ity factor F b = 6.0. 
F r o m Table 7.5, correct ion factors are essentially zero. 
F i g . 7.4 g ives the bare soil erosion est imate Κ as 7 t/ha. 
F r o m T a b l e 7.6, for a 6 t/ha crop planted at the beginning of the rainy 

season, i = 5 2 % . This gives a cropping factor C of 0.06 in F i g . 7.5. 
F i g . 7.6 combines the 100 m field length and 3 % slope to yield a 

topography factor X of 1.2. 
Eqn . 7.5 is now used to est imate the annual soil loss. 

Ζ = K C X = (7 t/ha) χ 0.06 χ 1.2 = 0.50 t/ha 

P r o b l e m 7.4: The next year on the field of Prob lem 7.3, for one reason or 
another, the maize was planted one month late and yielded only 2 t/ha. What 
difference does this make to the est imate of annual soil loss? 
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Only the crop energy interception factor, i, varies in this case. Table 7.6 
g i v e s i = 2 8 % which yields a cropping factor C = 0.19 f rom F i g . 7.5. The 
e s t ima te of soil loss is thus three t imes higher than for the previous year, 
or; 

Ζ = (7 t/ha) χ 0.19 χ 1.2 = 1.60 t/ha 

P rob lem 7.5: What would be the effect of constructing high ridges (200 mm) 
w i t h t ie-r idges on a relatively f lat field (0.5%) composed of fersial l it ic sand 
topsoil, with a cropping factor C = 5 0 % and a topography factor, X , of 1.0? 
A s sume that the annual rainfall energy is 10 k J / m 2 . 

From Table 7.4, the erodibility index for the soil type is found to be 4.0. 
From Fig. 7.4, the bare soil erosion is est imated to be about 21 t/(ha y). Thus, 
including the cropping and topography factors, C and X , the soil loss est imate 
without ridges would be: 

Ζ = K C X = (21 t/ha/y) χ 0.50 χ 1.0 = 10.5 t/(ha y) 

W i t h 200 m m ridges and t ie-r idges, Table 7.5 indicates that a correct ion 
factor of 1.5 should be added to Fb to calculate a value of F m of 4.0 + 1.5 = 
5.5. Then the annual bare soil loss est imate f rom F i g . 7.4 is reduced to 
approximately 6 t/ha, and the net est imate is; 

Ζ = 6 t/(ha y) χ 0.50 χ 1.0 = 3 t/(ha y), ( 2 9 % of the previous value) 

7.5. D E S I G N O F S O I L C O N S E R V A T I O N P R A C T I C E S A N D S T R U C T U R E S 

The conservation practices listed in Table 7.3 are il lustrated schematical ly 
in F i g . 7.8 to 7.10. Contour ing is the practice of executing plowing, planting 
and cult ivation as closely as possible along elevation contours. The plow 
furrows and later rows which result can store some of the rainfall runoff and 
decrease the downhill velocity of water. Stored water in the rows infi ltrates 
in to the soil and is an added benefit in dry areas where water conservation 
is also important (Schwab et al., 1981). Table 7.3 indicates that on slopes up 
to 1 2 % , contour plowing reduces water erosion soil losses by 40 to 5 0 % 
compared to plowing up and down the slope. 

Strip cropping, as shown in F i g . 7.9, consists of planting strips of a buffer 
crop, such as grass or legumes, between uniformly wide str ips of row crops 
planted along contours. In areas where wind erosion is a more serious problem 
than tha t due to water, the buffer strips and crop rows are installed 
pe rpend i cu l a r to the direction of the prevail ing winds (Schwab et al., 1981). 
The buffer strips trap much of the water f lowing downhil l, and retain soil 
washed f rom the row crop areas. Table 7.3 indicates that strip cropping, 
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elevation contours 

F i g . 7.8· Contour ing a slope as an erosion control pract ice. 

Grass or legume 
buffer strips 

Fig.7.9. Contour ing and buffer strips to reduce runoff and erosion. 

including rotation in the row crop areas, can reduce soil losses by about 7 0 % 
for slopes up to 1 2 % . 

T e r r a c i n g (F ig. 7.10) is a method of altering the landform to provide 
c u t o f f s to downhill waterf low, and lower slopes over much of the land area. 
Broadbase terraces include shallow channels cut along contours and spaced at 
30 m or so. The cuts and fil ls are not steep, and so practical ly all of the 
f i e l d area can be used for cult ivat ion. In addition, not a great deal of 
e a r t h m o v i n g is required for this type of terrace, and thus landforming costs 
are low (Fig. 7.10a). 
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F i g . 7.10. So i l conservation benches, (a) broadbase bench, (b) conservation 
bench with embankments and (c) level or reverse slope benches. 
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Conservat ion benches (F ig. 7.10b), on the other hand, involve the movement 
of m o r e soil than broadbase terracing, in order to construct level strips of 
l and of about 30 m width every 90 m. These level areas hold water trapped 
by the embankments, and allow the inf i ltration and storage of more water 
than the former terrace conf igurat ion. This is important in drier areas of the 
world in which water conservation is desirable. 

Bench terraces (Fig. 7.10c) comprise f lattened shelves cut into steep slopes 
of 2 0 % or more. They are used to control the distribution of irr igation water 
(especial ly in wet crops such as r ice), or to stabil ize steeper slopes which 
would be subjected to severe water erosion when cleared of grass or trees for 
cultivation. The back of each terrace can have a smal l slope to the horizontal 
(0.2 - 2% ) in order to channel excess runoff to grassed waterways or surface 
inlets which will allow it to move downhill safely. 

The r e c o m m e n d e d h o r i z o n t a l interval (HI) between terraces can be 
calculated as fol lows. 

where S 1 = the land slope in % 

and L S is calculated f rom Eqn . 7 . 1 , based on a predetermined or tolerable 
rate of soil erosion. 

The use of vert ical pipe inlets to control surface water runoff is another 
useful pract ice. The distance of overland flow should be min imized to prevent 
excessive removal of topsoil during rainfal l events. Vert ica l inlets also reduce 
the d a n g e r of soil s lumping in embankment structures due to water seepage 
at the downstream side. Structures such as si lt traps or sedimentation basins 
c ou l d a l so be con s t ruc ted in order to prevent downstream si ltation in 
watercourses, or further gully erosion. 

7.6. W I N D E R O S I O N 

Erosion due to wind occurs in local ized areas, and can often be as severe 
a prob lem as water erosion is in others. Wind erosion is more pronounced in 
dry locations or periods and where sandy or si lty soi ls predominate, or where 
l ight organic soils are found. These soi ls have a low resistance to movement 
by the wind due to their low cohesion and unit weight. The amount of soil 
liable to be moved by wind is dependent pr imari ly on two factors, namely 
wind velocity and the roughness of the soil surface. Soil particles of less than 
2 m m diameter are the most susceptible to movement by air. Hudson (1981) 
has reported soil deposition rates due to wind erosion as high as 35 g/(m2day). 

M e t h o d s for control l ing wind erosion are aimed mainly at keeping the 
ground surface under vegetal cover. Ti l lage methods which can be incorporated 

H I _ Γ 100 L S "Ι 2 

™ - [ 0.75 + 0.53 S 1 + 0.076 S^J 
00) 
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with crop stubble management are therefore advantageous. The use of natural 
and a r t i f i c i a l w i n d b r e a k s is also recommended. Natura l windbreaks, or 
vegetative barriers, can be created by planting trees or by strip cropping with 
alternate bands of tall and shorter crops. Ar t i f i c ia l windbreaks include fences 
and vertical geotextile walls, and are also effect ive in reducing the velocity 
of the wind over the ground surface. 

S o i l mulching can also be effected, and has two main effects. It leaves 
less soil particles exposed to the wind, and retains more moisture in the soi l, 
thereby increasing internal soil cohesion. 

7.7. P R O B L E M S 

7.6. A sandy loam field near Montrea l , Canada (R = 75) is 100 m long with 
a 2 % slope. The organic matter in the topsoil averages 2 % , and si lage 
corn has been grown the year previous leaving no residues. P lowing and 
planting have been done on contours, but no strip cropping or terracing 
have been effected. What is the est imated rate of soil loss during the 
f irst month after seeding the second year of si lage corn? 

Answer: 9.4 t/(ha y). 

7.7. Is it possible to incorporate a conservation practice on the above field 
in order to reduce the soil loss in this period to below 1.5 t/(ha y)? 

Answer: Y e s , by terracing and contouring, A < 1.5 t/(ha y). 

7.8. A r a i n s t o rm occurs in a 4 k m 2 agricultural area of New Y o r k State 
resulting in a total runoff volume of 10,000 m 3 and a peak runoff rate 
of 0.25 m3/s. The average soil erodibil ity factor of the soil in the area 
is 0.20 tons/acre, the average length and slope factors are 8 and 0.2, 
respectively, and the practice factor is 0.6. How much soil per hectare 
can be expected to be carr ied f rom the area? 

Answer: Y = 8 t/ha. 

7.9. A cotton field near Lu saka , Zambia receives 600 m m of annual rainfal l. 
The field has a sial l it ic sandy loam topsoil, length 150 m and average 
s lope 4 % . The crop was planted at the beginning of the rainy season 
on f ie ld contours with a very fine powdery soil t i lth and no ridges or 
t e r r a c e s , and the expected yield is 2.5 t/ha. What is the est imated 
annual rate of soil loss? 

Answer: Ζ = 4.4 t/(ha y). 
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7.10 T o wha t level could the est imated annual soil loss be reduced on the 
f i e l d of P rob lem 7.9 if the soil were plowed and disced in a more 
conventional manner? 

Answer: Ζ = 2.4 t/(ha y). 

7.11 A corn field in southern Ontar io receives an annual rainfal l of 1000 m m 
and has an erosivity index of 100. The field is 100 m long up a 3 % 
s l ope across which grain corn is planted for the second year after 
c onven t i ona l til lage and no residues remaining. The field topsoil is a 
s i a l l i t i c sandy loam derived f rom sandstone and has about 2 % organic 
matter content. The corn was planted at the beginning of the growing 
season and is expected to yield approximately 10 t/ha after 5 months. 
Estimate the annual water erosion soil loss rate by (a) the universal soil 
loss equation, and (b) the soil loss est imator for southern A f r i c a . 

Answer : (a) 8.3 t/(ha y), (b) 9.9 t/(ha y). 
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Chapter 8. Soil cutting and tillage 

8 .1 . C U T T I N G F O R C E S 

8.1,1. Two dimensional cases 
In Chapters 2 and 6 the basic notions of soil fai lure mechanics and lateral 

pressures were discussed. These same principles apply to walls, anchors or soil 
cutting tools which move soil in passive fai lure. The two dimensional approach 
c a n be va l i d f o r c a s e s in which the structure or tool in question is 
considerably wider than it is deep (a ratio of about ten to one). Mechanica l ly 
speak ing, there is actually no difference between, say, a bulldozer blade and 
a retaining wall which fails the soil passively, as shown in F i g . 8 .1 . The slope 
of the so i l internal failure plane at the bottom of the wall or blade is 
governed by the interface angle and angles of internal fr ict ion and soil to wall 
or blade fr ict ion (ref. F i g . 6.11). The slope of the failure line at the surface 
is also the same in both cases as shown. 

F i g . 8 .1 . A comparison between a retaining wall and a cutting blade fail ing 
soil in the passive case. 

The forces which are required to move the wall or blade and soil can be 
c o m p o s e d in the horizontal and vertical directions and labelled Η and V as 
i l l u s t ra ted . If the weight of the wall or the blade and its carr iage, W, is 
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s ignif icant compared to the vert ical component of the required soil force, then 
it should be included as well in the calculat ion of V. A l so , a wall or blade of 
finite width should have this width, w, included in the calculation of soil force 
Ρ and the adhesion force, as shown below. 

Ρ = ( γ η 2 Κ ρ + c h K c + c a h K c a + q h K q ) w (8.1) 

Η = P s i n ( a + δ ) + c d w c o t a (8.2) a 

V = P c o s ( a + δ ) - c a d w + W (8.3) 

The soil force, P, to be determined in each case, can be found using the 
coefficients of passive earthpressure calculated by Eqn . 6.27 to 6.32 in Chapter 
6, or by using the soil cutting factors located in Appendix 5 and putting them 
into E q n . 8 . 1 . In the case of passive soil failure in two dimensions, the 
s t ra i gh t wedge model represented by Eqn . 6.27 to 6.32 can be used, or the 
m o r e accurate log spiral failure shape employed by Hett iaratch i (1969), 
(Hett iaratchi and Reece , 1974). 

F i g . 8.2. A bulldozer soil cutting blade in Prob lem 8 .1 . 

Problem 8.1. A n example application of the technique is i l lustrated in F i g . 8.2. 
A 317 kW tracked tractor with a mass of 41.8 t is shown with a flat bulldozer 
blade having a total width of 4.80 m. The tractor is beginning to cut soil at 
a depth of 40 cm as indicated, the soil properties being 7=17.6 k N / m 3 , 0 =30° , 
δ=20°, c=10 kPa and c a = 4 kPa . The blade itself, not including the arms which 
s u p p o r t it, has a mass of 4 t. F ind the horizontal (draft) and vertical uplift 
forces required to move the blade through the soi l. 
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T h e n the soil force Ρ can be determined f rom Eqn . 8 .1 , multiplying the 
force per unit blade width by the width, w=4.8 m. 

Now Eqn. 8.2 and 8.3 are applied to find the horizontal and vertical forces 
required to move the blade in the manner shown. 

Η = P s in to + δ ) + c h w c o t a = 72.8 k N 
a 

V = P c o s ( a + δ ) - c a h w + W = 52.0 k N 

It is interesting to note in the above case that the gravity coeff ic ients of 
p a s s i v e earthpressure, K p , g iven by Hett iaratch i and Reece (1974) for the 
re levant blade and soil parameters are 0.92 and 1.75 for δ=0 and δ = φ , 
re spect i ve l y . A linear extrapolation ( M c K y e s , 1985) for δ = 2 0 ° gives Kp=1.47, 
exact ly the same answer as was determined above using the straight line 
wedge fa i lure model. The power extrapolation suggested by Hett iaratch i and 
R e e c e (1974) gives Κ ρ of 1.41. The coeff ic ients do not always equal each 
other using the two approaches, but the difference is usually less than 1 0 % . 

Problem 8.2. 
A n o t h e r example is shown in F i g . 8.3 involving a structure. A n anchor 

made of concrete (specific gravity 2.4) is designed with the dimensions shown 
to hold down a cable with a design tension of 450 k N . The soil has been 
compacted around the anchor to have properties γ=19 .6 k N / m 3 , φ = 3 5 ° , δ = 2 7 ° , 
c=15 kPa and c a = 5 kPa . In order to determine the safety factor of this overall 
d e s i g n , the m a x i m u m strength of the anchor-soi l combination must be 
est imated for horizontal movement and vertical uplift. 

The coeff ic ients of passive earthpressure must be determined by referr ing 
to Hettiaratchi and Reece (1974), (Appendix 5), or by fol lowing the procedure 
outlined in Sect ion 6.3 which will be done as fol lows. 

/ s i n f o+ δ ) 8 ΐ η ( δ Τ ^ _ ϋ 0 8 ( α + δ + φ ) " 

β = c o t " 1 I s i n a s i n o = 3 1 6 ? o 
μ sinTa + 0 + φ ) 

Κ = (cot Ο! + cot β ) sin( | 3 + φ ) _ 1 β ^ 7 

ρ 2s in (a + β + δ + φ ) 

Κ = • cos φ . = 

c sin^Q s i n (a +β+ δ + φ) 

κ = . -οο 8 (α + 0 + φ ) = 0 β 7 3 

ca sin α s into + ρ + δ + Φ) 

Ρ = ( γ η 2 Κ ρ + c h K c + c a h K c a ) w = 70.1 k N 
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450 kN 

F i g . 8.3. A buried anchor, Problem 8.2. 

Ε φ . 6.28 to 6.32 and 8.1 are used to calculate the fol lowing constants and 
forces. 

β = 27 .6°, K p = 1.88, K c = 2.73, KQa = 0.77. 

Ρ = ( γ η 2 Κ ρ + c h K c + c a h K c a ) w = 817 k N 

and E q n . 8.2 and 8.3 give the est imated max imum horizontal and vertical 
forces which the anchor can resist before movement. 

H m = Ps in (a + 6) + C g d w c o t a = 838 k N 

v

m = Pcos (a + δ) - c g d w + W = 369 k N 

T h e safety factor of this structure can then be calculated either as the 
horizontal load capacity of the anchor divided by the horizontal component of 
the design cable tension, or s imi lar ly in the vert ical direction, whichever is 
less. The design load components in these two directions are; 

Η = 450 co s40° k N = 345 k N , and V = 450 s i n40° k N = 294 k N 

In the horizontal direction, S.F. = H m / H = 838/345 = 2.43 

In the vert ical direction, S.F. = V /V = 369/294 = 1.26 
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The vert ica l safety factor is the cr it ical one in this example and can be 
used as the safety factor for the particular structure. Aga i n compar ing the 
wedge method for est imating Κ ρ with the log spiral of Hett iaratch i and Reece 
(1974), the straight line model predicts Kp=1.88, while the latter method gives 
v a l ue s of 1.96 or 1.87 using a linear and power extrapolat ion, respectively, 
between the quantities for δ=0 and δ=0. 

8.1.2. Three dimensional cases 

(a) Wide blade (b) Narrow blade 

F i g . 8.4. The difference in soil movement pattern between a wide and 
narrow cutting blade (after Payne, 1956). 

When a structure or tool moving soil passively is less than ten t imes as 
wide as it is deep, the accuracy of the two dimensional approach described 
above can be poor. This occurs principally because a considerable amount of 
so i l moves s ideways near the edges of the moving soil zone, rather than 
s i m p l y forward and vert ical ly. Payne (1956) i l lustrated this phenomenon by 
conducting field tests with flat steel blades having different depths and widths 
in several soil types. H i s observations with respect to edge effects in passive 
soil failure are il lustrated in F i g . 8.4. 

Evidently, the edge effects, compris ing soil moving outside the edges of a 
blade, are larger in comparison to the central soil zone, directly ahead of the 
blade, for narrower tools. This fact manifested itself in Payne ' s measurements 
of horizontal draft force by the higher forces per unit width of blade in the 
c a s e of narrower tools in the same soi l . The two dimensional passive earth 
p r e s s u r e theory discussed earlier would dictate that the soil force per unit 
w idth should remain constant. But the two dimensional treatment does not 
take into account the effects of soil movement outside the width of the blade 
itself. 

Not only did Payne find unit draft force to be affected by tool width, but 
e ven the pattern of soil failure at the center of tools was altered by blade 
w i d t h . One of the measurements of the soil rupture surface geometry is the 
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s u r f a c e distance f rom the blade to the forward failure plane, labelled r in 
Fig. 8.4. Payne observed in field tests that this distance was affected by the 
w i d t h of a blade at constant operating depth. The ratio r/d changed f rom 
about 1.6 for a wide vertical blade (w/d=5) to nearly 1.0 for a narrower blade 
having w/d=0.2 in sandy soi l, and s imilar ef fects were seen in loam and clay 
soi ls. It would appear that the edge effects on narrow blades, and the 
requirement of the blade to move soil s ideways as well as only forward, alters 
the whole pattern of soil failure ahead of the tool. 

F i g . 8.5. Three dimensional wedge soil fai lure model ( M c K y e s and A l i , 1977). 

There is a mechanical model which can approximate such behavior, and 
est imate draft forces in different soils for vary ing widths of cutt ing tool 
( M c K y e s and A l i , 1977). A s i l lustrated in F i g . 8.5, the model uses a plane soil 
f a i l u r e surface ahead of the blade, just like the two dimensional wedge 
approx imat ion for active or passive soil fai lure seen in Sect ions 6.1 and 6.3. 
The failure plane has a slope, β,  to the horizontal and the rake angle of the 
blade is called (X.  D i rect l y ahead of the tool is a pr i smat ic moving soil section 
of constant width, w. To each side of this center zone is a circular crescent 
edge s e c t i o n having the same surface radius, r, as the length of the center 
zone. This shape of edge zone was suggested by Godwin in 1974 (Godwin and 
S p o o r , 1977), and it was presumed that the max imum width, s, of the side 
c r e s cen t s occurred beside the lower tip of the blade, as shown in F i g . 8.4. 
This assumption forces the width, s, of the side zones to be a function of the 
b lade r a k e angle and soil fai lure plane angle for a certain blade depth, as 
fol lows. 

Circular 
side 
crescents 

s = rsinr? = d V c o t 2 j S + 2cotCX cot/3 (8.4) 
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F i g . 8.6. S e p a r a t i o n of forces acting on centre and side soil elements 
( M c K y e s and A l i , 1977). 

F i g . 8.6 shows the pressures and forces acting on the surfaces of the 
separated sections, in front and to the sides of the blade. The resultant forces 
on the c e n t e r s e c t i o n are ident ical to those formulated for the two 
d i m e n s i o n a l passive soil failure case seen in Sect ion 6.3. Fo r the side 
c r e s cen t s , a differential approach must be taken because the forces are 
distributed around the circular arcs which bound these zones. Godwin (1974) 
showed how a differential element of these side crescents can be defined by 
t a k i n g an arc having horizontal included angle dp, as shown in F i g . 8.6. The 
top a rea of th i s section is r 2 d p / 2 , the soil internal failure plane area is 
rd dp/(2sin/3) and the volume is r2d dp/6. 

H a v i n g the surface areas and volumes of the center and side sections 
a l l o w s the computation of forces on these surfaces. The requirement of 
equilibrium can then be used to eliminate soil reaction forces, R-j and d R 2 and 
formulate the blade forces P-j and dP2« 

For the center section, the result for P 1 is as in Sect ion 6.3, for a blade 
of width, w. 

[ ( i T d 2

+ q d ) ( c o t a . c o t / 3 ) s i n f a + 6 ) + cd^?4- c d ^ ^ ^ l w 
ρ = L 2 _ _ _ s i n p a s i n g J (8.5) 

1 s i n ( a + j 3 +  o + φ ) 
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Fo r a differential section of the side crescents, the blade force dP^ is; 

[d7dr2 + i q r 2 ) s i n ( a + δ) + W ^ l d p 
d P Q = 2 sinff J ^ ( Q £ ) 

2 s in (a+|8 + δ + φ ) 

E a c h of these elemental forces is at an angle ρ f rom the forward travel 
direction. The component of each in the forward direction is dP2COsp, and the 
total force f rom each side crescent can be found by integrating the forward 
components of the elemental forces over the included angle, p f . 

2 = l^2C0SP 

\(\ydr2
 + i q r 2 ) s i n ( a + δ ) + ^ r d ^ l s i n p ' 

_ L Ρ £ 2 sinff J 1 /q -y\ 
" 8ίη(α+/5 + δ + φ ) 

The components of the elemental forces perpendicular to the direction of 
t r a v e l are equal and opposite to the corresponding forces f rom the crescent 
on the o ther side, and thus they cancel each other out. A t this point, the 
total force, P, required by the blade can be found by adding together the 
forces f rom the center section and those of the two side crescents. 

ΓβΎ^Μτ,) + βΐηΟα+δ) + cdcas& i+ i ) + c d c o s f e ^ l w ρ Ll-2 d 3w ^ d v w J s i n p w a s i n g J 
s i n ( a +β+ δ + φ) 

= ( 7^ 2 Ν Ύ + c d N + qdN + c d N n J w (8.8) / c q a ca 

E q n . 8.8 resolves intself into dimensional components s imi lar to the Κ 
factors of lateral earthpressure seen in Chapter 6, and in fact is in the same 
f o r m as the universal earthmoving equation proposed by Reece (1965). In its 
form of Eqn. 8.8, the equation for soil moving does not have the slope angle, 
β, o f the soil failure plane determined. When the geometr ical details are 
included in the first coeff ic ient, Νγ , it looks like this. 

k c o t Q f + cotfi) 1 + | ^ \ c o t 2 j 3 + 2 c o t a c o t j 8 s in (a + δ ) 
Ny = ± L -Y n Ε l\ =ί (8.9) 

ι sinia+β + δ + φ) 
I t c an be seen in Eqn . 8.9 that the slenderness rat io, d/w, is an implicit 

component of the Ν γ factor, and will thus affect the force per unit width on 
a cutting blade. A l so , if the principle used in Chapter 6 is employed, to find 
the most l ikely failure plane by min imiz ing the Ny te rm, then the failure 
ang le, β, wil l be influenced also by the blade depth to width ratio. These 
effects are in agreement with the physical observations of Payne (1956). 
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The use of Coulomb ' s (1776) principle of min imizat ion of Eqn . 8.9, with 
respect to cotjS by calculus, is a bit formidable since such a procedure results 
in some 25 terms in cotjS, its square and combinations of square roots. In this 
instance, it is s impler to formulate Eqn . 8.9 in a computer or a programmable 
c a l c u l a t o r , and determine the values of failure angle, β ο η which yield the 
minimum quantities of Ny by a trial and error procedure. The same value of 
|8 c r in each case is then substituted into the other factors, N c , N q and N c a to 
g i ve the complete solution for any combinat ion of soil and interface fr ict ion 
angles, blade rake angle and slenderness ratio. Table 8.1 g ives examples of this 
procedure, and further values of the four Ν factors are provided in Appendix 5 
for different values of these variables. 

T A B L E 8.1. Example values of the cr it ical failure plane slope angle, β0Γ, and 
Ν factor s for particular quantities of soil f r ict ion angle, interface fr ict ion 
angle and tool depth to width ratio. 

δ ° a0 d/w β 0 

^ c r Ν γ N c N O Q ca 

30 20 70 0 26.0 1.79 3.53 1.48 1.12 
0 . 1 28 .6 2.06 4 .23 1.99 1.27 
0 .2 30 .2 2 . 3 1 4 .88 2.46 1.38 
0 .5 33 .0 3.03 6.78 3.80 1.60 
1.0 35 .3 4 .17 9 .82 5.95 1.81 
2.0 37 .2 6.38 15 .83 10.19 2 . 01 
5.0 38 .9 12 .89 33 .7 22 .8 2.23 

10.0 39.7 23.7 63 . 5 43 .9 2.34 
20 .0 4 0 . 1 45 . 2 123 . 1 8 6 . 1 2.40 

30 20 40 0 34 .8 1.45 1.85 1.10 0 .48 
0 . 1 39 .4 1.66 2.14 1.46 0.67 
0 .2 42 . 4 1.86 2.42 1.79 0.80 
0 .5 48 . 2 2 . 4 1 3.23 2.73 1.10 
1.0 53.2 3.25 4 .57 4 .19 1.42 
2.0 58.0 4 .84 7 . 2 1 7.06 1.81 
5.0 62 .9 9 .44 15 .13 15.54 2.32 

10.0 65 .4 16.97 28 .4 29.7 2.66 
20.0 66 .9 31 .9 54 .9 57 .9 2.90 

The f i r s t line of Table 8 .1 , for d/w=0 or a very wide blade, is the same 
as would be predicted by the two dimensional passive wedge theory of 
Sect ion 6.3, and Ny was shown to be close to the value predicted by 
H e t t i a r a t c h i and R e e c e (1974) using character ist ic equations. Upon the 
int roduct ion of the side effects, however, all of the Ν factors increase with 
d/w, the slenderness ratio, and the soil failure plane angle, |Qcr, increases also. 
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T h u s the trend of this model matches the observations of Payne (1956), 
namely that the failure pattern on the soil surface becomes shorter, and the 
draft per unit tool width increases with blade slenderness. 

I n f a c t , Payne had made measurements in the field of draft forces 
(horizontal component of P) for f lat, vert ical steel blades in different soil 
types. In addition, he employed a torsional shear box to measure field values 
of so i l c o h e s i o n and f r i c t i o n angle, independently of the blade trials. 
Therefore, his measurements can be used to check the model for the three 

F i g . 8.7. Experimental measurements of passive soil cutting draft forces for 
n a r r o w vertical steel blades in a clay and sandly loam by Payne 
(1956) compared to theoretical predictions. 

dimensional passive soil failure condition presented above. In F i g . 8.7, Payne ' s 
ob se rva t i on s of draft force, H , are shown for a 10.2 cm wide vertical blade 
at various depths in both a clay and sandy loam. 

Using Payne ' s values of measured cohesion, fr ict ion angle and soil density, 
a v e r a g e d over the depths of 0-20 c m , the Ν factors can be calculated (or 
taken from Appendix 5) for every blade depth to width rat io, and placed into 
R e e c e ' s earthmoving Eqn. 8.8 to predict the force, P, on the blade for each 
depth of the field tests. Then, Eqn . 8.2 is used to est imate the theoretical 
v a l u e s of draft, H . Adhes ion between soil and blade was not measured by 
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P a y n e (1956), and so it was assumed to be zero. The solid and dashed line 
c u r v e s in F i g . 8.7 represent the predictions of draft for the two soils, and 
they are seen to be reasonable approximations of the experimental ly measured 
values. 

Later , Lu th and Wismer (1971) conducted laboratory tests on a dry sand in 
a soil bin using flat steel blades moving horizontal ly at constant speed. They 
also measured soil cohesion and internal fr ict ion angle of the sand by tr iaxial 
s hea r tests , as well as the soil density and the coeff ic ient of soil to steel 
friction with an annular shear device. Their measurements for a 12.7 cm wide 
b lade at a rake angle of 30° are shown for different depths of operation in 
F i g . 8.8. Us ing the same procedure as above with the soil properties which 
Luth and Wismer reported, a predicted curve of draft force versus depth has 
been prepared also in F i g . 8.8. Here again, the model appears to hold up well 
in the light of experimental measurements. 

F i g . 8.8. L a b o r a t o r y tests of narrow cutting blade draft forces in dry sand 
by by Lu th and Wismer (1971) compared to model p red ic t i ons . 
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F i g . 8.9. F ie ld test results of narrow cutt ing tools in clay loam by Des i r 
(1981) compared to theoretical calculat ions. 

In 1981 , Des i r reported the results of a series of field tests on a clay 
loam field, using flat mild steel blades having a rake angle of 20° and various 
values of width and depth. He had measured the soil strength properties with 
a C o h r o n sheargraph (Section 2.7), including internal soi l, and soil to metal 
ang les of f r ict ion, as well as blade adhesion, soil cohesion and density. The 
r e s u l t s of his observations of draft force are reproduced graphical ly in 
Fig. 8.9, along with the predictions of the above model, using his reported soil 
p r ope r t i e s . The predictions of draft, H , are sl ightly high in this case, but 
usually by not more than 1 0 % , which is acceptable considering the absolute 
accuracy of the shear strength testing device used by Des i r (1981). 

While these comparisons of the three dimensional soil cutting model do not 
comprise an exhaustive proof of its val idity, they do show that the model can 
pe r fo rm an acceptable task of explaining the measurements of soil cutting 
f o r c e s , which have been given in the l iterature together with independently 
measured soil strength properties. 

The three dimensional soil cutt ing model can be used to predict the forces 
and energy requirements of various earthmoving and til lage tools, or to 
determine theoretically the best design of a tool for a given purpose, before 
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prototype trials are conducted. In addition, the model can be employed to 
a n a l y z e different soil cutting procedures, such as the example portrayed in 
Prob lem 8.3 below. 

pom 
6.35err"If"30cm~^L 

7=17.6 kN/m3, φ = 35° 5 = 23.3°, c = 20kPa,c a= 5kPa 

Ο Γ Ί 

a = 60" 

40 cm 

20cm 

(a) One pass 
(b) Two passes 

F i g . 8.10. Cross-section of (a) one deep pass and (b) the first of two passes 
of a set of chisel plows, Problem 8.3. 

P r o b l e m 8.3. In F i g . 8.10, two possible methods for deep chisell ing a soil to 
a 40 cm depth are shown. F i r s t ly , the three shank chisel plow can be operated 
directly at 40 cm depth in one pass as i l lustrated in F i g . 8.10(a). A l ternat ive ly, 
the c h i s e l s c an be run at 20 cm depth (F ig. 8.10b), and then a second pass 
performed at a total of 40 cm deep. 

The reason for the two pass method is that the f irst pass at a 20 cm 
dep th w i l l loosen most of the soil in that layer, and make it easier for the 
tractor to manage the second pass at a depth of 40 c m . With respect to the 
mathemat i ca l cutting model, the second pass would have an effect ive depth, 
d, of 20 cm in undisturbed soil with the original soil s t rength. The original top 
20 cm layer would be a surcharge pressure, q, assuming that it is much weaker 
than the undisturbed lower 20 cm s t ratum. 

The calculations proceed as fol lows. 

(a) For the first pass at 40 cm deep, 
d/w = 40/6.35 = 6.30 
0 c r = 39 .5° , Ν γ = 18.53, N c = 39.8, N c a = 2.14 

Ρ = 3 (17.6x0.4 2 x l8 .53 + 20x0.4x39.8 + 5x0.4x2.14)0.0635 = 71.4 k N 
Η = P s i n ( a + 6 ) + c a d w c o t a = 71.1 k N 
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(b) Fo r the f irst pass at 20 c m ; 
d/w = 20/6.35 = 3.15 

β ο τ = 38 .5° , Ny= 10.40, N c = 21.66, N q = 15.78, N c a = 2.02 

Ρ = 3 (17.6x0.2 2 x l0 .4 + 20x0.2x21.66 + 5x0.2x2.02)0.0635 = 18.30 k N 
H 1 = P s i n t a + δ ) + c a d w c o t a = 18.27 k N 

F o r the second pass at 40 cm total depth, 
Ρ = 3 ( 7 d 2 N < y + c d N c + q d N q + c a d N c a ) w 

where d = 0.20 m 
and q = 0.20 m χ 17.6 k N / m 3 = 3.52 kPa 

Ρ = 20.43 k N 
H 2 = P s i n t a + δ ) + c a d w c o t a = 20.40 k N 

T h e r e f o r e , the soil cutting model theory tells us that each of the passes 
in the two-pass system will require much less tract ion force than the single 
pass directly at 40 cm depth (about 2 9 % ) , thus al lowing a smal ler tractor to 
be used for this task. Even adding the combined energy consumption quantities 
of the two passes together gives less work required than in the single pass 
method. 

H 1 + H 2 = 38.7 k N = 5 4 % of the one pass draft 

Another example of the theoretical work which can be accomplished with 
the m e c h a n i c a l mode l of passive soil fai lure by narrow blades is the 
op t im i z a t i on of tool design for particular purposes, as i l lustrated by the 
problem solved below. 

X 

F i g . 8 .11. Ch i se l plow example in Prob lem 8.4. 
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P r o b l e m 8.4. F i g . 8.11 shows a typical chisel shank with an overall width of 
6.35 c m . The chisel can be mounted on a f rame at a variety of rake angles, 
OL. Est imate which rake angle would yield the smal lest draft force for a single 
chisel such as this. 

The soil forces are calculated for different rake angles, as shown in 
Table 8.2, using Eqn . 8.8. 

T A B L E 8.2. Calculat ions of draft force for a 6.35 cm wide chisel having 
varying rake angle, in a soil having 7=17.6 kN/m3, φ = 3 5 ° , δ=23 .3° , c=20 kPa , 
c a = 5 kPa , and operating at a 20 cm depth. 

a0 Ny Ν 
c N c a Η , Ν 

15 17.0 9 .6 10.0 932 
20 12.0 9.7 5.0 892 
25 10 .5 9.8 2.6 903 
30 9 . 1 10 .2 2 . 1 970 

In th i s instance, the theoretical model has predicted that a rake angle 
b e t w e e n 20 and 25 degrees will provide the least draft force in the type of 
soil represented. 

F i g . 8.12. The occur rence of a cr it ical depth in soil cutt ing. Below the 
c r i t i c a l depth, soil is not l ifted upwards but moves horizontal ly 
around the tool. 



SOIL C U T T I N G A N D T I L L A G E 207 

8.1.3. Critical depth 
The models of soil cutt ing, whether they be in two or three dimensions, 

h a ve a l l assumed that soil is moved upwards over the entire depth range of 
the cutt ing tool (e.g. F i g . 8 .1 , 8.4 and 8.5). It has been observed that this is 
not always the case, especially in instances where a narrow cutt ing implement 
is opera t ing at depth in a plastic soi l . Zelenin (1950) and Kos t r i t syn (1956) 
bo th r epo r ted observations of this phenomenon which has come to be called 
' c r i t i c a l depth 1, and Kos t r i t syn suggested f rom his experience that this depth 
is usually seven to eight t imes the tool width. 

F i g . 8.12 il lustrates schematical ly what occurs in the soil when a crit ical 
depth is present. The cr it ical depth, d c , can be defined approximately at the 
po in t be low which soil is moved by a tool principally along horizontal l ines. 
A b o v e the cr it ical depth, soil moves horizontal ly and upwards as in the 
p r e v i o u s models. Report s of the value of the cr it ical depth have varied 
cons iderab ly depending on the type of soil in question. O 'Ca l laghan and 
Farrelly (1964) observed cr it ical depths of the same order of magnitude as the 
blade width when testing vert ical steel blades in plastic sandy and clay loam 
so i l s . Us ing s imilar tools, however, M i l le r (1971) found cr it ical depths up to 
14 times the blade width dimension in st i f f sand, and Godwin (1974) observed 
cr it ical depth to blade width ratios to vary f rom 10 to 16, depending on the 
blade rake angle in a friable sandy loam. 

In 1974, Godwin also postulated a model with which the reg ime of forces 
in the soi l can be analyzed when a cr it ical depth is present. A s depicted in 
F i g . 8.13, soil is moved to the sides of the tool at depths geater than the 
cr i t i ca l one, along logarthmic spiral paths, s imi lar to the deep foundation 
failure model postulated by Meyerhof (1951). The effect ive end of the spirals 
along which soil is moved is located at an angle φ  behind the blade face. A t 
the back of the tool, a horizontal pressure is assumed to act on the soi l, and 
is calculated as f at rest 1 earthpressure, ρ 0 = γ Κ 0 = 7z(l-sin0). The Meyerhof (1951) 
f o r m u l a is then used to calculate the horizontal pressure, q 1, acting on the 
tool face below the cr it ical depth. 

The integration of this horizontal pressure f rom the cr it ical depth down to 
the bottom of the blade yields the total force Q acting over this portion of 
the tool. 

q' = C N - C + P O N , Q = C N , C + Y Z K O ^ 

N ' q = ĵ _i_|iâ Je 2(7T/2 +0 )tanjz> 

ΝΌ= c o t* [ [π^] « 2 ( 7 Γ / 2 + 0 ) tan^ - l] 

(8.10) 

(8J.1) 

Q = [ c N ' c ( d - d c ) + | K 0 N » q ( d 2 - d c

2 ) ] w (8.13) 

(822) 
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F i g . 8.13. The force model for cr it ical depth failure of Godwin (1974). 

For the force Ρ on that part of a blade above the cr it ical depth, the three 
dimensional model of Sect ion 8.1.2 is used. Thus the total horizontal draft 
r equ i r ed to move the implement is the sum of Q below the cr it ical depth, 
and H-^ above it as shown below. 

H = Q + H 1 = Q + P s i n ( a + 6) + c ^ w c o t a (8.14) 

In addition, Godwin (1974) noted that the location of a cr it ical depth could 
be pred icted theoretically using the above model. If trial values of cr it ical 
depth are chosen, the forces Ρ and Q acting above and below this depth can 
be found. Combin ing the terms as in Eqn . 8.14 gives the total est imated draft 
force of the tool. Fol lowing the principle of soil fai l ing on the path of least 
r e s i s t a n c e , it is logical that the cr it ical depth is that which results in the 
smal les t overall draft for the tool. Thus, the trial cr it ical depth which gives 
the lowest total draft, H, is the l ikely one. 
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Problem 8.5. 
Suppose that a steel flat blade with a width of 5 cm operates at 100 cm 

depth in a loam soil with properties Y=19 .6kN/m3, c=30 kPa , c a = 5 kPa, 0=35° 
and δ =23.3°. F ind if a cr it ical depth occurs at tool rake angles of 90, 60 and 
3 0 ° . 

Table 8.3 shows the calculat ions for Η using different trial cr it ical depths, 
and at the three different rake angles of the flat blade. Eqn . 8.8 is used to 
calculate H i for the draft arising above the cr it ical depth, and Eqn . 8.13 for 
Q below the cr it ical depth. In Table 8.3, a cr it ical depth is found for each 
of the three rake angles in the case of this example cutting blade. 

A s Godwin (1974) noted, the cr i t ica l depth changes with rake angle. 
F i g . 8.14 shows this change graphical ly for the preceding examples with the 
curve which is labelled 0= 3 5 ° . Example curves have been drawn also in 
F i g . 8.11 for fr ict ion angles of 3 0 ° and 4 0 ° , with the soil to metal angle of 
f r i c t i o n being two thirds of φ in each case. These theoretical results match 
the a s p e c t s of exper imenta l observat ions, insofar as the cr it ical depth 
decreases with Oi f rom the horizontal, and increases also with 0. 

T A B L E 8.3. Example trial cr it ical depths in the calculat ion of draft forces on 
a flat steel blade operating at 100 cm depth. 

K Q = 0.426, N ' g = 78.33, N ' c = 110.44 

a ° d c , c m Q,MM d c /w Ny NQ NQa H^,kN Η = Η χ +0, Ι<Ν 

90 5 173.7 2 15 .7 4 5 . 5 3 .5 3.2 176 .5 
7 170 .3 1.4 19 .0 54 3.6 5.4 175.7 

10 165 .3 2 26 . 5 79 3.8 11 .2 176.5 
15 156.8 3 36 109 3.9 2 3 . 4 180 .2 

60 30 130.8 6 27 . 5 38 2 . 1 19 .6 150 .4 
40 1 1 3 . 1 8 23 51 2 .2 34 .2 147 .3 
45 102 .5 9 25 57 2 .2 4 3 . 5 146 .0 
50 9 5 . 1 10 28 6 1 2 .2 52 .6 147.7 

30 60 76 .7 12 27 34 2 .8 32 .6 109 .3 
70 58 .0 14 33 4 1 2.8 40 . 0 98 .0 
80 39 .0 16 36 46 2 .9 62 . 9 101.9 
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F i g . 8.14. Cr i t i ca l depth ratios for various rake and fr ict ion angles. 

A s Tab l e 8.3 demonstrates, the draft force does not change a great deal 
because of the existence of a cr it ical depth. However , the volume of soil 
which is l ifted by a cutting tool (rather than compressed to the sides) changes 
cons iderably as indicated in F i g . 8.12. This is an important consideration for 
the loosening of soils in the til lage of agricultural land or other purposes. 

W h e n a narrow high rake angle soil cutting tool does exhibit the crit ical 
dep th behavior, modif icat ions can be made to the implement design in order 
to reduce or el iminate the effect in the same soi l . The fol lowing problem 
gives an example of how this can be accompl ished. 

P rob lem 8.6. A narrow vertical tool operating at 100 cm depth is shown in 
F i g . 8 .15(a) . I f the soil strength properties are taken the same as in 
Prob lem 8.5, Table 8.3 indicates that the i l lustrated tool will have a crit ical 
depth of about 7 c m . F i g . 8.15(b) shows an attachment which can be made to 
the or ig inal tool design. A flat blade has been fixed to the base of the 
vert ica l leg like a wing, with a rake angle of 3 0 ° to the horizontal, and a 
width of 10 c m . 
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100 cm ' 

(a) 

F i g . 8.15. A narrow leg with and without a wing, Problem 8.6. 

The f l i f t f or height of the wing should be at least 10 cm for a 100 cm 
operating depth in order to ensure full fai l ing of the soil by the wing to the 
surface ( M c K y e s , 1985). How much will the cr it ical depth be increased by this 
a t tachment? 

T o check for a cr it ical depth with this new design, the calculations are 
repeated as in Table 8.3. 

Trial 6Q = 80 c m , Q = 78.0 k N , Η χ + Q = 142.4 k N 

Tr ia l d Q = 90 c m , Q = 39.4 k N , H ^ + Q = 123.7 k N 

Tr ia l d c = 100 c m , Q = 0, Η χ + Q = 107.5 k N 

In Table 8.3, the draft of the unmodif ied vert ical tool of F i g . 8.15(a) was 
e s t ima ted as 175.7 k N with a cr it ical depth at approximately 7 c m . The 
calculations above indicate that there is no cr i t ical depth likely with the new 
design, s ince the min imum draft is calculated with the cr it ical depth at least 
equal to the tool depth. In addition, theoretical ly, the required draft force of 
the tool has been reduced by some 3 9 % . 

The el imination of cr it ical depth i l lustrated in Prob lem 8.6 occurred in the 
theoretical analysis because, f i rst ly, the new design is wider, thus doubling a 
c r i t i c a l depth for the same cr it ical depth to width rat io. Secondly, the 
e f f ec t i ve rake angle of the cutt ing tool has been altered to 30° rather than 
90°. F ig . 8.14 shows that theoretical ly this can increase the cr it ical depth to 
w idth ratio by up to ten t imes. One must conclude that the design shown in 
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Fig, 8.15(b) is superior in theory f rom the points of view of cutting eff ic iency 
and depth of soil l i ft ing. Some experimental work performed on soil loosening 
by cutting tools of different geometr ies is g iven further in this Chapter . 

8.2. V O L U M E O F S O I L C U T 

(a) Real shape Cb) Model shape 

F i g . 8.16. (a) Observed cross sectional area of soil disturbed by a narrow 
too l and (b) the shape predicted by the three dimensional wedge 
model. 

The volume of soil cut by an earthmoving or tillage tool is defined as the 
volume per unit tool travel distance of soil which is moved appreciably f rom 
its original position, and changed in density or structure. F i g . 8.16(a) i l lustrates 
the shape of soil volume typically moved or disturbed by a symmetr ica l 
cutt ing tool, and F i g . 8.16(b) shows how such a volume is est imated by the 
mechanical models of Godwin (1974) (Godwin and Spoor, 1977) or M c K y e s and 
A l i ( 1977 ) . The assumption in F i g . 8.16(b) is that negligible disturbance is 
i m p a r t e d to the soil outside of the range of soil fai lure, and that the cut 
v o l u m e boundaries are straight l ines. Not ing that the volume cut per unit 
t rave l distance is the same as the cross sectional area of soil cut, the 
mechanical models would predict the fol lowing cross sectional areas, A , of 
soil disturbed by a typical implement having width, w, and depth, d. 

A = (w + s)d (8.15) 

I f a c u t t i n g tool is narrow, and a cr it ical depth, d c , occurs below which 
soil is not lifted appreciably, then d c should be used in Eqn . 8.15 rather than 

Boundary of cut volume 
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the total tool depth, d. 
Because real cross sectional boundaries of soil cut are curved, as shown in 

Fig. 8.16(a), the model shape with straight sides is bound to overest imate the 
v o l u m e for the same side distance, s, by a smal l amount. Nonetheless, the 
model s are useful for predicting the trends of cut volume and loosening 
e f f i c iency as blade design parameters are altered. Fo r example, the volume 
of soil cut per unit input energy could be est imated as a function of varying 
geomet r i ca l parameters of cutt ing tools. These quantities can evaluate the 
re l a t i ve eff ic iency of different implement designs for the purpose of moving 
soil. It can be noted that volume of soil cut per unit input energy is the same 
as the inverse of the of the average normal pressure applied by a tool to the 
ve r t i c a l cross sectional area, A / H , as shown in the equation below, in which 
X is the distance travel led. 

Vo lume cut _ A X _ A / P 1 ^ 
Energy input " H X " H 

.10r 1 1 1 1 1 r 

F i g . 8.17. Wedge model theoretical curves of area of soil disturbed per draft 
force unit, compared to measurements by Spoor and Godwin (1978) 
and Gi l l and M c C r e e r y (1960). 
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A s an e xamp le , the soil volume cut per unit energy input, or A / H , has 
been calculated and plotted in F i g . 8.17 for a flat blade having a depth of 
operat ion of 30 cm and three different rake angles, working in a loam soil 
with 7=19.6 k N / m 3 , c=20 kPa , c a = 0 , 0=30° and δ=20° using the above theories. 
T h e de s i g n parameters are the depth to width of the blade on the graph 
absc i s sa , and the three rake angles. Two trends are evident in the f igure. 
F i r s t l y , the tool is much less eff ic ient in terms of specif ic energy input as 
the depth to width, or slenderness of the blade increases. In addition, higher 
r a k e ang l e s are less eff icient than lower ones (at least down to 20° or so). 
T h e s e theoretical results do not indicate differences in the quality of soil 
l o o s en i n g performed in terms of changes in soil structure. Nonetheless, they 
demonstrate that wider tools of lower rake angle are more eff ic ient in moving 
a volume of soil for a specif ic energy expenditure. 

A l s o in F i g . 8.17 are plotted some experimental measurements conducted 
by Gill and M c C r e e r y (1960) using moldboard plows cut to different widths in 
a Decatur silty clay loam at an average 1 4 % moisture content by weight. 

d/w 

F i g . 8.18. F ie ld test results of soil area cut by narrow blades per draft 
force, compared to theoretical predictions. 
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T h e y did not provide the strength properties of that soi l, nor the effect ive 
rake angle of the plows employed. Nevertheless , their measured results of area 
of so i l cut per unit draft force generally lie close to the 4 0 ° rake angle 
theoretical curve of F i g . 8.17. 

I n F i g . 8.17 experimental results of Spoor and Godwin (1978) are shown 
too, measured on conventional subsoilers, winged subsoilers and a chisel shank 
in clay soi ls. The values of area of soil disturbed per unit draft force lie 
w i t h i n the range of predicted quantit ies, but generally lower than those of 
Gi l l and M c C r e e r y , possibly due to a stronger soil in the former case. 

O t h e r measurements were performed in a field of clay loam by Des i r 
( 1981 ) , ( M c K y e s and Des i r , 1984) at depths of 15 to 25 c m , and the soil 
s t r e n g t h properties were measured independently with a sheargraph (ref. 
Section 2.7). F la t steel blades of vary ing width and rake angles were operated 
at a horizontal speed of 1.4 m/s, and the draft measured by a hydraulic 
cylinder dynamometer connected to a pressure gauge. A f te r each run, soil was 
excavated by hand and the area of soil disturbed by the tools measured. The 
average soil properties at the t ime of the field tests were m.c.=22%, γ=14 .5 
kN/m 3 , c=6.3 kPa , c a =2 .2 kPa , 0=36° and δ=23 .3° . Theoretical model curves for 
c u t t i n g e f f i c iency (A/H) have been constructed in F i g . 8.18 for these soil 
properties, and the two rake angles and vary ing depth to width ratios tested. 

F i g . 8.19. A w i n g e d subsoiler preceeded by two chisels (Spoor and Godwin, 

h ^ - S p a c i n g 

Winged subsoiler 

1978). 
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The measured results are quite close to the theoretical predictions for the 
20 blade rake angle, but are generally lower than predictions for the 35° tool. 
T h e trends of changes in volume cutting eff ic iency with vary ing rake angle 
and slenderness ratio predicted by the mechanical model are conf i rmed by 
these experimental field results in any event. 

A n o t h e r possibility for improving soil cutting eff ic iency is to arrange 
implements to follow one another at different depths. Spoor and Godwin (1978) 
t e s t ed s u c h a system in a friable clay soi l. A s pictured in F i g . 8.19, the 
comb ina t i on comprised two chisel plow shanks fol lowed by a deeper winged 
subsoiler. The subsoiler had a total width of 30 c m , wings at a rake angle of 
22° and a depth of operation of 40 c m . The chisels were 8 cm wide with a tip 
r ake angle of 2 0 ° and were varied in both depth and spacing as indicated in 
T a b l e 8.4 below. There was no great difference in the draft requirement of 
the s y s t e m no matter what the chisel depths or spacing. However , the area 
d i s tu rbed by the tool combination increased markedly with both chisel depth 
and spacing. The best configuration f rom the point of view of eff ic iency was 
that having the widest chisel spacing and depth, and was about 7 7 % more 
eff ic ient in the volume of soil cut per unit draft than the subsoiler shank 
operated alone. 

T A B L E 8.4. D r a f t forces and disturbed soil areas for the combinat ion of two 
c h i s e l s followed by a deeper subsoiler shank in a friable clay (Spoor and 
Godwin, 1978). 

Ch i se l Chise l Total Subsoiler D r a f t of A r e a of soil Specif ic 
spacing depth draft draft chisels disturbed resistance 

cm cm k N k N k N m 2 kN/m 2 

Subsoiler alone 23.94 23.94 0 0.242 99 
50 16 21.41 16.18 5.23 0.238 90 
50 24 20.86 12.25 8.61 0.283 74 

100 16 20.80 15.23 5.57 0.360 58 
100 24 23.48 14.84 8.64 0.418 56 

Problem 8.7. A flat chisel blade is 63.5 m m wide and operates 200 m m deep 
in a clay loam field having γ = 15.7 kN/m 3 ,0= 3 0° , δ = 23.3°, cohesion 20 kPa 
and adhesion 6 kPa . If there is an option to operate the chisel at rake angles 
of 30 or 60°, which would provide the best cutt ing eff ic iency in terms of least 
draft force per unit area of soil cut ? 

Using Eqn. 8.9 for the Ν γ passive earthpressure te rm, the min imizat ion of 
this term gives the soil wedge angle β as fol lows, with a depth to width ratio 
of 200/63.5. The area of soil cut and the draft force are calculated using 
Eqn . 8.15, 8.8 and 8.2. 
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a0 

β° Ν γ Ν 
c 

N c a A=(w+s)d, m 2 H, k N H/A, kPa 

30 
60 

61 
38.5 

9.21 
10.40 

10.46 
21.66 

2.25 
1.95 

0.0724 
0.0824 

2.69 
3.34 

37.2 
40.6 

T h e smal ler rake angle yields less draft force per unit area of soil cut, 
and therefore the higher cutting eff ic iency by about 1 0 % . 

8.3. S O I L L O O S E N I N G 

The cutting eff ic iency of soils, as defined above, involves only the volume 
of soil cut per unit energy input, but not the considerations of change in soil 
density or structure. In agricultural applications, the change in soil volume 
and structure are important aspects of the physical ferti l ity of soil for crop 
g rowth . Even in earthmoving operations, the change in soil density during 
e x c a v a t i o n is of interest because of the resulting volume of soil to be 
t r an spo r ted . The experience of the earthmoving industry in this regard is 
r e f l e c t e d by Table 8.5 below. This table gives the average in s i tu, or 'bank 1 

densities of some typical soils, together with their new unit masses after they 
have been excavated completely and redeposited into a truck or trailer. The 
s w e l l fac tor is defined as the percent increase in soil volume above the 
original. 

Swell factor = (V./V - 1) χ 1 0 0 % = ( JolJl) χ 1 0 0 % (8.16) 
f ο 7 f 

where Vf = the volume of soil after cutt ing, 
V 0 = the original soil vo lume, 
Y j = the soil density after cutt ing, 
γ 0 = the original in s itu soil density. 

T a b l e 8.5 serves only as a rough guideline to expected degrees of soil 
loosening during soil cutt ing. The change in soil density during the cutting 
p r o c e s s depends not only on the original soil condit ion, but also on the 
geometry of the cutting implement and its speed of operation. Des i r (1981), 

| ( c o t a + c o t | 8 ) [ l + | ^ ^ ο ο 1 2 ) 8 + 2 c o t a c o t / 3 sin(a+o) 
N T = ein(a + β + δ + φ ) 

s = d V c o t 2 j 8 + 2 c o t a c o t j 8 

Η = Ρ sinfc+δ) + c dwcot(2= ( 7 d 2 N ' v + c d N +c d N )wsinfa+o) + c dwcotQi a ' ' c a ca a 
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T A B L E 8.5. Guideline values of in situ and excavated densities for different 
soils f rom industry experience (Caterpi l lar Co. , 1981). 

Mater ia l γ 0 , k N / m 3 Y f , k N / m 3 Swell factor % 

D r y clay 18.0 14.5 24 
Wet clay 20.4 16.3 25 
Wet 'earth 1 19.8 15.7 26 
D r y loose sand 15.7 13.9 13 
Wet sand 20.4 18.0 13 
Topsoil 13.4 9.3 44 

( M c K y e s and Des i r , 1984), conducted field tests on clay and loam soils at 
d i f f e r e n t moisture contents using flat blades having vary ing widths and rake 
a n g l e s . He observed that the degree of soil loosening in both soil types was 
increased with; 

- increasing blade rake angle f rom 20° to 3 5 ° , 
- decreasing blade width f rom 1.33 to 0.25 t imes the depth, and 
- decreasing moisture content f rom 44 to 4 0 % in the clay, and f rom 30 

to 2 2 % in the loam. 

The observed values of soil swell factor varied f rom 30 to 1 0 0 % for the 
c l a y , and f rom 25 to 7 0 % for the loam, within the ranges of tool geometry 
and soil moisture contents indicated above. These swell factors attain larger 
va lues than those of Table 8.5, but in the field tests performed for these 
measurements , the soil was left untouched after the passage of the cutting 
blades. The earthmoving guidelines in the Table imply that excavated soil has 
been d ropped into a truck or trailer body f rom a height of two to three 
metres, and to a load depth of 2 m or so, which presumably entails some soil 
recompact ion f rom the excavated volume. 

N o n e t h e l e s s , these field results demonstrate that the particular state of 
the soi l, especially humidity, and the geometry of the cutting tool have a 
profound effect on the final soil density. When it is desired to s imply lift soil 
as eff iciently as possible, then the designer should a im for a wide cutting 
imp lement (d/w<l) with a low rake angle of 20 to 3 0 ° . I f it is important to 
produce a loose structure in the excavated soi l, then a narrower tool (d/w>2) 
should be util ized with a rake angle greater than 4 5 ° . 

Another aspect of the quality of soil structure produced by the mechanical 
action of cutting tools is the clod s izes. Gi l l and M c C r e e r y (1960) have shown 
here again that a narrower implement breaks up the soil structure more than 
a w i de r one. In tests using 17 c m deep moldboard plow shapes vary ing f rom 
2.5 to 20 cm in width, the clod mean weight diameter of the plowed soil 
increased from 3.7 to 21.9 c m , that is in the same order of magnitude as the 
w id th of the tools. And , although the widest plow they used required about 
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3.5 t imes the draft force of the narrowest, and cut eight t imes as much soil 
volume, the increase in volume cutt ing eff ic iency in the latter case was offset 
by the equivalent larger energy input in terms of soil structural breakup. In 
f a c t , compar ing the clod mean weight diameters to those developed in 
d rop- shat te r tests, it was est imated that the narrower plow was more than 
f i v e t i m e s as eff icient in applying specif ic clod breakup energy to the soil 
s t ructure than the wider tool. This observation complements that mentioned 
above concerning the superior loosening of soi ls by narrower tools. 

8.4. P R O B L E M S 

F i g . 8.20. Ch i se l plow in Prob lem 8.8. 

8.8. F i g . 8.20 shows a steel chisel plow with an effect ive rake angle of 50 
degrees to the hor izontal. The chisel has a width of 63.5 m m and 
operates in a clay loam soil having c = 20 kPa , c a = 6 kPa , 0= 30°, δ = 20° 
on s t ee l and γ = 14.7 k N / m 3 . What will be the draft force of this 
implement at operating depths of (a) 15 c m , and (b) 30 c m ? 

Answer : (a) Η = 1.9 k N , (b) Η = 7.2 k N . 

8.9. For the same chisel plow and soil as in Prob lem 8.8, how deep can the 
implement be operated before the cr it ical depth phenomenon will be 
encountered? 

Answer : d = 0.55 m. 

8.10. A f l a t r oad grader blade is 3 m long and to be operated in soil at a 
depth of 10 c m . What would be the rake angles of this blade to provide 
the minimum horizontal draft forces in (a) a sand having y = 14.7 k N / m 3 , 
c = 0, 0 = 35° and δ = 23°, and (b) a clay with y = 14.7 k N / m 3 , c = 30 kPa , 
c a = 5 kPa , φ = 30° and δ = 2 0° ? 

Answer : (a) a= 2 7 ° , (b) QC = 9 ° . 
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8.11. F i g . 8 .21 depicts an excavat ing bucket with a width of 1.5 m and an 
effective attack angle of 30° to the hor izontal. The max imum horizontal 
t h r u s t or 'breakout force 1 of the machine, H , is 50 k N . In a soil with 
7 = 15.7 kN/m3, c = 30 kPa, c a = 9 kPa , 0 = 30ο and δ = 2 0 ° , f ind the 
m a x i m u m depth, d, which this bucket can cut. (Note that the soil 
moves inside the bucket in essentially a two dimensional fashion.) 

F i g . 8 .21. Excavat ing bucket in Prob lem 8.11. 

8.12. A 100 kW tractor has a max imum draft force of 50 k N on a particular 
field. The soil has properties 7 = 15.7 k N / m 3 , c = 25 kPa , c a = 5 kPa on 
steel, 0 = 3 0° and δ = 2 0° . How many chisels of width 63.5 m m , rake 
angle 60 degrees and operating depth 150 m m can the tractor pull? 

8.13. A f l a t steel soil cutting tool is 30 cm wide and operates at a 30 cm 
depth in a loam soil with 7 = 16.7 k N / m 3 , c = 15 kPa , c a = 4 kPa , φ = 35° 
and δ = 2 3 ° . A t rake angles of (a) 30° and (b) 6 0 ° , how much cross 
sect ional area of soil will be cut by this tool, and what is the energy 
input for both per unit volume of soil cut ? 

Answer: (a) A=0.19 m 2 , H/A=36.6 kPa , (b) A=0 .21 m 2 , H/A=71.6 kPa . 

8.14 The tractor back blade i l lustrated in F i g . 8.22 weighs 1500 N , is 210 cm 
w ide and is used to scrape soil on a clay field with soil properties 
7 = 15.7 kN/m 3 , c = 25 kPa , c a = 0, φ = 35° and δ = 23°. With an effect ive 
rake angle of 80° , how deep can the blade cut this soil with the weight 
which it has? What would the draft force be at this depth? 

Answer : d = 0.65 m. 

Answer : 15 chisels. 

A n s w e r : d = 2 c m ; Η = 6.5 k N . 



SOIL C U T T I N G A N D T I L L A G E 221 

F i g . 8.22. Tractor back blade of P rob lem 8.14. 
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Chapter 9. Soil compaction 

9 . 1 . C O M P A C T I O N F O R E A R T H W O R K C O N S T R U C T I O N 

When soil is excavated and replaced in a new location for the construct ion 
of foundat ion subbases, roads, dams or backfi l ls as examples, it is usually 
n e c e s s a r y to compact the material in order to improve its mechanical 
propert ies . The soil strength and impermeabil ity to water flow both increase 
considerably with applied compact ive effort, and these enhanced qualities are 
m o s t often desirable in earthwork designs. The extent to which compact ion 
and dry mas s density can alter soil physical properties is indicated in Table 
9 . 1 . 

T A B L E 9 . 1 . The effect of soil dry density on some mechanical properties. 

Property Soil type Dens i ty range Property range Source 
t/m3 

c C lay 0.84-1.89 0-282 kPa 1 

t C lay 0.84-1.89 0-370 1 
Φ 
Φ 

Sand 1.74-2.11 18-55° 1 Φ 
Φ Sand 1.60-1.72 27 - 32° 2 

Penetrat ion C l ay 0.84-1.89 0-8250 kPa 1 
resistance 
Undrained C C l ay 1.02-1.25 5-40 kPa 3 

k c 
Yo lo loam 1.26-1.55 980-5200 k P a / m n _ 1 4 

k0 Sandy loam 1.48-1.73 2470-4800 k P a / m n 4 
Hydraul ic Beach sand 1.40-1.66 0.05-0.02 cm/s 2 
conductiv ity C lay 1.15-1.55 2 7 0 0 - 1 0 0 x l 0 - 6 c m / s 5 

II Silt 1.43-1.66 6 0 - 0 . 6 x l 0 " 6 cm/s 2 
It Boston silt 1.27-1.51 l - 0 . 0 0 2 x l 0 - 6 cm/s 6 

1 . Proctor (1948) 
2. Taylor (1948) 
3. Graecan (1960) 
4. Chancel lor and Schmidt (1962) 
5. Rowles (1948) 
6. Lambe and Whitman (1979) 

The compact ion test, which was described in Sect ion 2.6.4, is usually 
e m p l o y e d to character ize the compact ion behavior of a particular soil, and 
the design specif icat ions for construct ion are based on the results of this test. 
For example, the water content at which field compact ion is to be conducted 
can be specif ied within a certain range around the ' opt imum' which was found 
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in the appropriate compact ion test, and the final soil dry density specif icat ion 
c a n be a certain percentage of the experimental max imum density, typical ly 
9 5 % or more. 

P r o b l e m 9 .1 . Laboratory results f rom a modif ied Proctor compact ion test 
performed on a clay soil are shown below. 

Soil water content, % 10 12.5 15 17.5 20 22.5 
D r y mass density, t / m 3 1.60 1.68 1.74 1.72 1.65 1.60 

A t what range of moisture content should this soil be compacted to ensure 
t ha t the result ing density will be 9 8 % of the max imum, assuming that the 
compact ive effort is the same as that in the test ? 

T h e compact ion test results are plotted as dry density versus molding 
w a t e r content in F i g . 9 . 1 . The range of moisture contents is that for which 
the compaction curve lies above the required dry mass density level, which is 
9 8 % χ 1.75 = 1.715 t / m 3 , and is 14 to 1 7 . 5 % . 

1.81 1 1 r 

I ι 1 1 1 1 
0 5 10 15 20 25 

Water content % 

F i g . 9 . 1 . Compact ion curve results for Prob lem 9 . 1 . 
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I t has been found that the compact ion of unsaturated fine grained soils, 
as measured by the change in dry density, increases proportionally with the 
logar i thm of applied pressure (Vanden Berg, 1966; Raghavan et al., 1977a). 
O t h e r factors include the amount of shear strain suffered by the soil during 
compress ion, and the number of repetitions of applied pressure. The equation 
below summar izes these effects, and that of soil moisture content as well. 

P d r y = P o + A ^ [ M 1 + S % ) / p Q ] + Β log (w%) (9.1) 

where p ^ y = compacted dry mass density 
Po = initial dry density before compact ion 

A , Β = soil constants 
Ν = number of repeated applications of pressure 
ρ = applied compact ion pressure 
S = wheelslip = slip speed divided by wheel or track speed 

p 0 = soil precompaction pressure 
w = soil water content by mass (less than the opt imum). 

The constant Β is a measure of the sensit iv ity of the compactibi l i ty of a 
soil to increases in moisture content up to the opt imum water content. Beyond 
the op t imum moisture content, Β will have a negative value. Examples of 
some of the constants in Eqn . 9.1 are given in Table 9.2 below. 

T A B L E 9.2. Example values of constants in the compact ion prediction Eqn . 9 . 1 . 

Soil p Q , t/m3 p Q , k Pa A , t/m3 B, t/m3 Source 

Ste. Rosa l ie clay 0.7 3 0.13 0.4 1 
L o a m y sand 1.0 7 0.17 0.3 1 
Sandy loam 0.8 7 0.17 0.5 1 
Yo lo si lt loam 1.0 7 0.13 1.1 2 
Heavy loamy clay 1.1 7 0.17 0.5 2 
C l a y 1.2 7 0.14 0.3-0.7 3 
Sandy loam 1.3 7 0.17 0.5 3 

1 . Raghavan et al., (1977a, b) 
2. Soehne (1958) 
3. Hovanes ian (1958) 

Problem 9.2. A clay loam soil has an average dry density of 1.1 t / m 3 f rom 0 
to 30 c m depth, and a moisture content of 2 5 % by weight. If the constants 
A and Β in Eqn . 9.1 are 0.15 and 0.3 t/m3, and the 'precompact ion pressure 1 

is 7 kPa , what will be the changes in soil density under the wheels of a two 
wheel drive tractor with a ground pressure of 60 kPa when it passes (a) once 
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and (b) twice over the same track with negligible s l ip ? 

Pdry " Po = [ ° - 1 5 log(Nx60/7) + 0.3 l o g ( 2 5 ) ] t /m 3 

In the case of granular soi ls, including gravels and coarse sands, it has 
been f ound that the shape of the grain size distribution curve affects 
compaction stabi l ity. This stabil ity refers to the degree of compactness under 
a g i v e n input energy, and the strength of the compacted granular soi l. Fo r 
example, a soil with very low compact ion stabil ity is almost impossible to 
compac t into a material suitable for high bearing capacity applications, such 
as a road surface. F i g . 9.2 shows the range of grain s ize distributions which 
are l ikely to produce stable compacted soi ls. The max imum size of particle 
of the stable range in the figure is 25 m m (1 inch). I f a particular soil has a 
maximum grain size different f rom this s ize, the shaded area can be slid left 
or r ight in the diagram to begin at the appropriate largest diameter. 

U.S. standard sieve numbers 

U100 50 20 10 5 2 1 0.5 0.2 O.i 0.05 0.02 0.01 0.001 
Grain size, mm 

F i g . 9.2. The envelope of grain s ize distr ibution for soils which are stable 
when compacted. The envelope should be shifted horizontal ly in 
order that the top left corner corresponds to the max imum soil 
gra in s ize, if it is different f rom one inch (25.4 mm) . 
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ο. 
100 10 1 0.1 0.01 0.001 

Grain size, mm 

F i g . 9.3. E x a m p l e s of stable and unstable grain size distributions for two 
soils having a max imum grain size of 10 m m . 

Tired roller 

Pressure spread 

F i g . 9.4. The concept of decrease in vertical pressure with depth below a 
rubber tired or plain compact ion roller. 
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A n example of this procedure is shown in F i g . 9.3 for a soil having 10 m m 
as the largest grain s ize, and examples of stable and unstable soil grain size 
distr ibutions are provided also. 

When compact ion is conducted in the f ield, only a l imited depth of soil, 
e i t h e r in situ or transported, can be compressed effect ively at a t ime. This 
is because the pressure applied by compact ion rollers spreads out with depth, 
as shown in F i g . 9.4. This l imits the depth of soil which receives adequate 
compact ion pressure to between 0.3 and 0.6 m, depending on the s ize and 
weight of the compact ion device. The rubber tired and plain rollers which are 
r ep re sen ted in F i g . 9.4 are manufactured in masses up to 180 t. The rubber 
t i r ed machine is the more effect ive in compact ing sandy and clayey soils, 
because of the shear action which takes place between individual t ires. Ro l lers 
with vibrating mechanisms are also available, and are effect ive on cohesionless 
s o i l s , but not as useful on c lays. Another var iat ion is called the sheeps-foot 
roller and it has foot shaped knobs protruding f rom a plain roller to promote 
shear strains and increased soil compact ion. 

F i g . 9.5. A g amma ray soil density measur ing probe (Troxler Inc.). 
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Whichever compact ion device is employed, the soil to be compressed must 
be within the appropriate range of moisture content, as noted above. This may 
require the wetting or drying of the material before compact ion is conducted. 
W i t h some soil types, such as a poorly drained si lt, and in cool, humid 
c l imates, the drying process can be very t ime consuming, with up to a week 
or m o r e required to dry a one metre thickness of soi l. On some large 
projects, heating ovens have even been employed to speed up the soil drying 
p r o c e s s . When the soil is dryer than the opt imum range of moisture content 
specified, water can be added to soil layers by a sprinkler tank, and the soil 
layer mixed before compact ion. 

In order to verify that the compact ion process has been carr ied out to the 
predetermined specif icat ions, nuclear density meters are manufactured to 
measure the unit wet mass of the final product. A n example of such a gauge 
is s h o w n in F i g . 9.5 with a variable range of measuring depth up to 30 c m . 
The gamma rays produced by a radioactive source in the probe are attenuated 
qu i te proportionally with the total soil density, and the intensity of rays 
passing through the soil are monitored by a geiger counter in the meter base. 
Individual readings are averaged over 30 seconds to two minutes, and the new 
meters available are cal ibrated to give a direct electronic reading of the total 
unit mass of the soil over each measuring depth. The moisture content of the 
so i l m u s t also be measured in order to calculate soil dry density using 
E q n . 2 .36. This can be accomplished either by a neutron moisture gauge, or 
by drying soil samples in an oven and measuring the weight loss. 

9.2. C O M P A C T I O N O F A G R I C U L T U R A L S O I L S 

T a b l e 9.1 indicated increases in soil strength and st i f fness, as well as a 
decrease in hydraulic conductiv ity with increased compact ion. Fo r construct ion 
purposes, these effects are desirable for they provide stronger and more 
impermeable earth structures. To some extent, however, the same effects in 
s o i l s are the opposite of desirable for agricultural purposes. Increased soil 
s t rength prevents the proper growth of crop roots and increases the energy 
i nput requirement for soil t i l lage. In addition, severely reduced hydraulic 
conduct iv i ty can impede proper soil drainage and the flow of water to plant 
roots. One of the main purposes of soil ti l lage is the reduction of soil density 
and the production of a loose soil tilth for water f low and plant growth. 

I t is d i f f icult to specify what exactly is the opt imum dry density for a 
pa r t i cu l a r soil and crop combinat ion, because the best density for crop 
performance depends somewhat on annual c l imate. In a relatively dry location 
or y ea r , the best soil density is somewhat higher than for more humid 
condit ions, since water must be conserved better in the dry periods. When 
the re is suff icient or excess precipitation, a looser soil structure aids in the 
adequate drainage of water f rom the root zone and prevents the occurrence 
of water logged conditions. A l so , water retention is not required to the same 
degree because of the more frequent advent of rainfal l to the soi l. 
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F i g . 9.6. Experimental results of si lage corn yields in different years on plots 
of clay soil having different degrees of compact ion ( M c K y e s , 1985). 

This effect is shown in F i g . 9.6 where si lage corn is the example crop 
grown on a clay field in seasons of differ ing ra infal l . In the wet year of 1976 
(330 m m of rain in June, July and Augu s t combined), the opt imum soil dry 
density appears to have been 0.99 t / m 3 . However , in the relatively dry years 
1977 and 1980 (215 to 220 m m of rain in the same months), a larger density 
of abou t 1.13 t / m 3 resulted in higher crop yields than lower or higher 
densities. A t dry densities between 1.15 and 1.25 in this soi l , the yield results 
were of comparable magnitude for all of the years, but were lower than the 
opt imum yields. It can be noted also that the constant of sensit iv ity to 
compact ion , C , was considerably larger in the drier years 1977 and 1980, 
282 (t/ha)/(t/m 3)? as compared to 90 in 1976. The opt imum yield constant, on 
the other hand, was higher in 1976 (16 t/ha as opposed to 12.3). In the wetter 
y e a r , it is apparent that the crop was able to take advantage of the more 
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p lent i fu l precipitation, and a tighter soil fabric was not required since there 
were fewer and shorter periods of dryness in that season. 

For both dry and wet conditions, the crop yield versus soil density relation 
of Vomic i l (1955) can be applied, but with different constants in each case. 

Υ * ~ Y = C ( P d r y - P * d r y ) 2 (9.2) 

where Y * = the max imum obtainable crop yield 
Y = the actual expected crop yield 
C = a soi l -crop-cl imate constant 

Pdry = actual soil dry density (10 - 40 cm depth average) 
p * d r y = opt imum dry density for a particular crop and c l imate. 

15 

Pdry - t/m 3 

F i g . 9.7. E x p e r i m e n t a l results of silage corn yield on plots of sandy loam 
soil having different degrees of compact ion (Negi et al., 1981). 

F i g . 9.7 shows another case where Vomic i l ' s equation applies wel l, this t ime 
in a sandy loam soil. The shape of the crop yield versus soil dry density curve 
is the s a m e as that for the clay soi l, but the density values are larger due 
to the higher natural density of the loam soi l. 
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P r o b l e m 9.3. The clay field on which the results of F i g . 9.6 were measured 
is in a location where one of each four years is relatively wet like 1976, and 
the other three are dry like 1977. What would be the best soil dry density to 
use each year in order to max imize the yields over the four year period? 

The four year yield can be summed as; 

Y = [ l 6 - 9 0 ( p d r y - 0 . 9 9 ) 2 + 3 [ l 2 . 3 - 2 8 2 ( p d r y - 1 . 1 3 ) 2 ] ] t/ha 

T o f i nd the dry density for the best average yield, Y can be max imized 
with respect to the density using calculus. 

= -180 n , + 178 - 1692 p . + 1912 = -1872 p . + 2090 = 0 
d p d r y ^dry ^ d r y r dry 

p d r y = 1.12 t / m 3 

9.3. P R O B L E M S 

9.4. A standard Proctor compact ion test series is performed on a silty clay 
s o i l . The compact ion mold has an empty mass of 3.50 kg and t r immed 
volume 1/1060 m 3 . A f te r compact ion in three layers and weighing of the 
m o l d plus soil, samples have been extracted f rom the top, center and 
bottom of the mold and combined in one drying can per test. The 
measurements are as fol lows. 

Ma s s of mold plus soi l, kg 5.27 5.41 5.51 5.53 5.49 5.46 
C a n plus wet soi l, g 74.58 70.95 81.12 76.42 78.38 82.96 
C a n plus dry soi l, g 71.61 66.73 75.13 69.42 70.03 73.27 
Ma s s of drying can, g 20.32 20.40 20.65 20.13 20.38 20.05 

W h a t is the opt imum moisture content for compact ion in this test 
series, and what is the range of moisture content for 9 8 % compact ion? 

An swe r : w = 1 1 % . Range = 10 to 1 4 % . 

9.5. A S t e . Rosa l ie clay soil has the fol lowing constants for compact ion 
Eqn. 9.1. p 0 = 0.7 t /m 3 , p 0 = 3 kPa , A = 0.13 t / m 3 and Β = 0.4 t /m 3 . If the 
so i l is at an average water content of 2 0 % by mass, what will be the 
resultant dry densities under the wheel t racks of a tractor with 70 kPa 
ground pressure after (a) one pass, and (b) f ive passes, with no wheels l ip? 

A n s w e r : (a) p d p y = 1.40 t / m 3 , (b) p d r y = 1.49 t / m 3 . 
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9.6 A sandy loam field has the fol lowing constants in the compact ion 
Eqn. 9.1; p 0= 0.8 t/m 3 , p 0 = 7 kPa, A = 0.17 t / m 3 and Β = 0.5 t /m 3 . A l so it 
has been found in a year of average precipitation to have the following 
constants in Vomic i l ' s crop yield Eqn. 9.2 for si lage corn; p * = 1.375 t /m 3 , 
Y* = 11.4 t/ha and C = 204 ( t/ha)/(t/m 3 ) 2 . If the post-t i l lage machinery 
activities are est imated to have an average ground pressure effect over 
the entire field equivalent to 30 kPa , what would be the silage corn 
y ie ld s of the field if these machinery operations were performed with 
no wheelslip at average topsoil moisture contents of (a) 1 0 % and (b) 2 0 % ? 

A n s w e r : (a) Y = 11.2 t/ha; (b) Y = 4.4 t/ha. 

9.7 A c lay field has compact ion constants p 0 = 0.7 t / m 3 , p 0 = 3 kPa , A = 
0.15 t / m 3 and Β = 0.3 t / m 3 . Fo r the production of grain corn in an 
average year, the constants are p * = 1.2 t /m 3 , Y * = 8 t/ha dry matter and 
C = 200 (t/ha)/(t/m 3) 2. The farm's 80 kW tractor has a mass of 5 t resting 
on the two rear wheels together, and each rear tire has a field contact 
a r ea of 0.45 m 2 . If the average topsoil moisture content is 2 0 % by 
w e i g h t , and there is little wheelsl ip, would there be more crop loss in 
the rear wheel tracks if (a) single rear wheels were used, or (b) dual rear 
wheels which effectively halve the ground pressure but cover twice the 
field area per pass? 

Answer: Single wheels loss in tracks = 1.3 t/ha; duals loss in tracks = 0.2 
t/ha χ twice the area = 0.4 t/ha total. Dua l wheels cause less loss. 

9.8 A sandy gravel f rom L a Grande near James Bay, Quebec is analyzed for 
grain size distribution using s ieves, with the results given below. Is this 
a su i tab le material for constructing a road sur face? If not, what could 
be done to improve i t ? 

d, m m : 10 4.7 2.3 1.2 0.4 0.2 
% finer: 100 75 65 52 14 2 

Answer: Not suitable. Add about 2 0 % by weight of fine sand. 
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Chapter 10. Geotextiles 

10 .1 . U S E S O F G E O T E X T I L E S 

Geotext i les are cloth mater ia ls, either woven or bonded and non-woven, 
usual ly manufactured f rom polymers and used in geotechnical applications. 
There are five principal uses of geotexti les in earthworks, namely; 

1 . Separation of soil mater ia ls, 
2. Latera l retention of material layers, 
3. Spreading of loads in the subsoil, 
4. Dra inage envelopes and 
5. Eros ion protection. 

The property of geotexti les which al lows them to perform the above 
functions is their tensile strength in two dimensions, a property which is not 
s ha red by granular soil mater ia ls. When, for example, large particles rest on 
a layer of a finer grained soi l, especially a wet soil with large pore pressures, 
individual gravel or sand grains can sink into the finer soil thus destroying the 
original conf igurat ion and function of the earthwork design. F i g . 10 .1 , for 
instance, shows the installation of a sheet of geotexti le between layers of 
g r a v e l and we t f i ne g r a i n e d s o i l . The geotexti le al lows water to be 
t ran smi t ted through the boundary, thus permitt ing drainage and the relief of 
so i l pore pressure. However , by virtue of its tensile strength and size of 
openings, the geotexti le does not permit the entrance of gravel particles down 
in to the subsoi l , or pumping of wet f ines upwards into the gravel layer. 
The re fo re , the gravel layer remains intact as a roadbase, foundation subbase 
or whatever function desired. In this manner, a geotexti le can replace soil 
f i lter mater ia ls . 

F i g . 10 .1 . Separation of gravel f rom a fine grained soil by a geotexti le. 

I n m u c h the same application, geotexti les can assist in the prevention of 
deformation of a layer of granular soi l. F i g . 10.2 i l lustrates schematical ly how 
the tensile strength and fr ict ion of the geotexti le at the interface with a 
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g r a n u l a r layer can help to hold the gravel in place, preventing its lateral 
movement and change in thickness. Fur thermore, geotexti le sheets aid in the 
distr ibution of pressure in a subbase, again because of their tensile strength. 
The d i s t r i bu t i on of a load over a greater area reduces the pressure in the 
subsoil and its concurrent deformations, providing a superior load bearing 
surface as shown schematical ly in F i g . 10.3. 

Tension 

F i g . 10.2. The stabil iz ing effect of a geotexti le on road material arising 
f rom fr ict ion and tension in the mater ia l . 

Pressure distribution 

F i g . 10.3. The distribution of loads by a geotexti le under a road. 
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A n o t h e r i m p o r t a n t a p p l i c a t i o n of geotexti les is in the drainage of 
ear thworks , especially roads. Ra ther than using open ditches if space is at a 
premium, subsurface drains can be used to maintain road bases at low water 
contents throughout the year, and hence at higher strength levels. Excavat ions 
a re made to the sides of a road at the desired depth and longitudinal slope, 
b e t w e e n 30 and 60 cm in width depending on the expected volume of water 
f l o w . A geotexti le is then used to line the excavated ditch, and permeable 
granular fill is placed to the desired depth on the geotexti le. I f faster water 
f l ow is needed in a particular appl ication, then a perforated drain tile can 
a l so be installed in the excavat ion and surrounded by granular mater ia l . The 
g r a n u l a r m a t e r i a l s e r v e s to i m p r o v e h y d r a u l i c c o n d u c t i v i t y and the 
performance of the drain, thus enhancing the net drainage effect. F i g . 10.4 
shows both of these options. The geotexti le is then wrapped around the top 
of the granular fill material and the surface topped up with exist ing soi l. 

Soil surface 

Perforated drain 

Fig. 10.4. Geotext i les used to wrap rock drains with or without a drain pipe. 

T h e use of a geotexti le in this drainage application is pr imari ly as a 
f i l ter ing material which prevents fine part icles of the surrounding soil f rom 
entering and blocking the granular drain f i l l . A ga i n its tensile strength allows 
the geotexti le continuity to be maintained, yet a high permeabil ity to water 
flow has a minimal detr imental effect on the rate of water inflow to drains. 
Some geotexti les are used directly on drain ti les, especial ly in cases where a 
large quantity of tile is placed. This is part icularly true in the case of 
s u b s u r f a c e drainage of agricultural fields where up to 1000 m of subsurface 
drains may be installed per hectare of surface area. In these applications, the 
a d d i t i o n of g r a v e l en ve l ope s around drains is economical ly prohibit ive. 
Howeve r , the lack of gravel renders the entry area for water to drains 
considerably smaller, and the flow of water longitudinally through geotexti les 
to en t r y holes in drain tiles more cr i t ica l . Research projects on these 
p r o b l e m s are ongoing today, and the reader is referred to recent articles in 
agricultural engineering research journals for the latest developments. 



236 A G R I C U L T U R A L E N G I N E E R I N G S O I L M E C H A N I C S 

In the drain tube envelope application, it should be noted that non-woven 
geotext i les allow the fabrication of f i lters with much smal ler openings than 
w o v e n fabr ics. Thus the former material exhibits a superior performance in 
fine soils, whereas woven materials do not function as well in preventing soil 
par t i c le s f rom penetrating subsurface drain tubes. In addition, if a woven 
g e o t e x t i l e , such as a nylon woven sock, is stretched, then the pore s ize 
openings increase in s ize even further. 

Some recent findings have been reported by M c K y e s and Broughton (1974), 
Broughton et al. (1976, 1982) and Bonnell et al. (1986). It has been found that 
synthetic fabrics, of specif ic masses ranging f rom 20 to 250 g/m2 of area, do 
provide adequate water flow into drain tubes in the short te rm. However , in 
many cases of fine sandy and si lty soils, the fabrics tend to be blocked by 
f i ne soil particles and the rate of water entry is reduced substantial ly. Spun 
bonded polyethylene and knitted nylon geotexti le mater ia ls have proved to be 
the bes t at mainta in ing reasonably high water f lows into drains, while 
preventing soil particles f rom being transmitted. In the same fine sandy soils 
in w h i c h these mater ials were tested, drain tubes with openings as small as 
0.7 m m were often filled with fine sand after several months of field 
operation. Grave l envelopes are still superior to thin geotexti les for preventing 
so i l entry into drains and allowing high water flow rates, but as mentioned 
previously, their cost is many t imes larger. 

Two other problems which have been observed in the abovementioned thin 
geotexti le tests were the format ion of iron ochre on the mater ia l in soils of 
s ub s t an t i a l iron content (Gameda et al., 1983) and the need for suff ic ient 
strength of the geotexti les in order to withstand handling during transport and 
instal lat ion. L ightweight materials of less than 50 g/m2 or so were seen to 
suffer considerable abrasive and tearing damage, and thus a reduction in their 
f i ltering effect iveness. 

F i g . 10.5. The use of a geotextile to separate riprap and crushed stone f rom 
a shoreline, while allowing the dissipation of wave energy and exit 
of soil seepage pressures. 
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A further use of geotexti les is in soil erosion control on coastal shorelines 
and waterways , in conjunction with coarse rock or concrete block armor. A 
mul t i l ayered aggregate fi lter can also be used for this purpose, but it is 
usually more t ime consuming and expensive to install, and has less erosion 
res i s tance. A s shown in F i g . 10.5, a geotexti le sheet al lows bank seepage 
p r e s s u r e s to exit, but resists the movement of soil f rom within the bank. A 
certain reverberation act ion is allowed to be transmitted f rom water wave 
act ion, which results in less energy being expended in bank erosion. Y e t , the 
geotext i le mater ial also resists the action of the moving water, which would 
tend to wash material f rom beneath the coarse bank armor, and it provides 
a relatively permanent instal lation. 

10.2. D E S I G N O F G E O T E X T I L E A P P L I C A T I O N S 

10,2.1, Bearing capacity of fills. 

Fig. 10.6. The assumed spread of pressure beneath a rectangular loaded area. 

When gravel or sand fill is placed on a softer soi l, such as in the case of 
road construct ion, geotexti les can be used to prevent the fill f rom entering 
the so f t subbase as mentioned earlier. In order to calculate the safe load 
which can be carr ied by the fill sur face, the tensile strength of the geotexti le 
is not taken into account in a conservat ive approach. However , the spreading 
o f the surface contact load to a larger area at the bottom of the fill is 
con s i de red as shown in F i g . 10.6 (Gourc, 1983). F o r a load, Q, such as f rom 
a vehicle wheel, the width, B, and length, L, of the horizontal loaded area 

Geotextile. 

L+0.8t 
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can be taken to increase with depth at a slope of about 0.4 to 1 , as indicated 
in F i g . 10.6. The average pressure, q 0 , at the base of the fill with a thickness 
t is thus; 

q o = (B + 0.8t)(L + 0.8t) ( m ) 

The design load which can be carr ied safely by the fill surface depends on 
the u l t i m a t e bearing capacity of the softer soil below, and it can be 
calculated as fol lows for a cohesive subsoil. Here S.F. is the desired safety 
factor (usually 3.0 in order to l imit vertical deflections of the subsoil). 

cN c (B+0.8t ) (L+0.8t ) 6.28c(B+0.8t)(L+0.8t) 
Q d e s i g n = SjT. = sF. <10·2) 

The weight of the fill itself does not need to be considered in Eqn . 10.2. 
I t is t rue that the depth of fill also applies a vertical pressure, q = 7 t , onto 
the interface between fill and subsoil, but this portion of the pressure is 
c a n c e l l e d exactly by the additional bearing capacity aris ing f rom the fill 
pressure to the sides of the area loaded by a wheel (qN in Eqn . 3.3, where 
N q = l for 0=0). q 

P r o b l e m 1 0 . 1 ; A clay soil has an undrained strength of 15 kPa . How thick 
must compacted gravel be placed to make a road base capable of carry ing a 
50 kN wheel load on a tire of 30 cm width and 30 cm contact length, with a 
safety factor of 3 on the c l ay ? 

Us ing Eqn. 7.2; 

50 k N = 6.28 χ 15 kPa (0.3 m + 0.8t) 2 /3 

t = 1.2 m 

T h e conservat i ve approach used above does not take into account the 
t en s i l e strength of the geotexti le, and the additional bearing capacity which 
it c an contribute. Exper imental work by Gourc (1983) has demonstrated 
considerable increases in allowable bearing pressure on the base of a plate at 
d i f ferent depths of penetration, depending on the strength of the geotexti le 
m a t e r i a l used, and the undrained shear strength, C , of the subsoil, as shown 
in F i g . 10.7. Theoretical ly, using the str ip foot ing cohesive bearing capacity 
factor of 5.14 (Appendix 1), the ult imate bearing pressure at the base of the 
15 cm wide plate would be; 

q u l t = c N c ( B + ° - 8 t V B = 9 kPa χ 5.14 χ (0.15 + 0.08)/0.15 

= 70.9 kPa 
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Penetration Ζ , cm 

F i g . 10.7. T h e r e d u c t i o n in penetration of a load in the presence of 
increasingly heavier geotexti les (Gourc, 1983). 

However , F i g . 10.7 shows that the B D 550 geotexti le has increased the 
m a x i m u m possible bearing pressure to about 90 kPa , whereas the weaker 
B D 210 material yields a bearing capacity of only 70 kPa , which is essentially 
the same as the unreinforced est imate above in which geotexti le strength was 
ignored. 

Granular fill 

Η 

V 

Geotextile Τ 5 o f t s o j | 

F i g . 10.8. S imp l i f i e d representation of lateral pressure within a slope, and 
the tensile force in a re inforc ing geotexti le. 
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10.2.2. Slopes on soft strata. 
In s ituations wherein fil ls are placed with slopes on soft soil s trata, such 

as i l lustrated in F i g . 10.8, a layer of geotexti le material can be used to 
s epa r a t e the two soil types, and also to reinforce the stabil ity of the slope. 
Two cr iter ia can be used to est imate the suitabil ity of the geotexti le strength 
in relat ion to the relative soil strength parameters. If it is considered that 
t he re is negligible or very small shear strength on a horizontal plane at the 
ba se of the slope, then the geotexti le mater ial can be considered to provide 
a l l of the necessary shear force. A s F i g . 10.8 indicates, the lateral pressure 
on a plane under the top of the slope, σ χ χ , can be calculated as fol lows as a 
function of depth ζ measured f rom the top for a granular f i l l . 

<*xx = K a 7 * (10-3) 

The total shear force per unit length of slope is the integral of the above 
expression over the height Η of the slope. 

Τ = ^ K a 7 H 2 (10.4) 

This is the force per unit width of footing which the geotexti le is expected 
to support in tension if the above assumptions are accepted. 

P r o b l e m 10.2: A gravel fill is placed three metres high on a soft clay soil 
such as pictured in F i g . 10.8. The gravel has a unit weight of 17.6 k N / m 3 and 
an angle of internal fr ict ion 3 5 ° . F ind the required geotexti le tensile strength 
to prevent sliding of the fill slope. 

The coeff ic ient of active earthpressure, K a , is found f rom Eqn . 6.7 as: 

Κ = ] - s ? n ^ = 1 - s ? n ^ ° = 0.271 
a 1 + s i n0 1 + s m 3 5 u 

The tensile stress, in force per unit width of geotexti le mater ia l , required 
is then found f rom Eqn . 10.4. 

Τ = K j H 2 / 2 = 0.271 χ 17.6 k N / m 3 x(3 m ) 2 / 2 = 21.5 kN/m 

Another approach to the analysis of geotexti le reinforced slopes was taken 
by G o u r c (1983). It is assumed that a base circular soil sl ip c i rc le fo rms at 
the slope failure condit ion, as shown in F i g . 10.9. The geotexti le sheet at the 
s l ope base is placed under tension as the failure c irc le forms, and thus adds 
to the slope strength. F i g . 10.10 indicates the additional height, H , which the 
s l ope c an attain for a safety factor of 1.0 under different conditions of 
subsoil undrained shear strength (C) and geotexti le tension per unit width (T). 
The unreinforced max imum slope height, H c , is also shown for various subsoil 
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F i g . 10.9. The tensile reinforcing effect of a geotexti le in a slope tending 
to fail along a circular slip l ine, (after Gourc , 1983)1 

10 

Δ Η 
m 

H D= 3m 

15 

F i g . 10.10. The additional height, Δ Η , possible in a slope for different 
geotexti le tensile strengths, T, as a function of soil undrained 
shear strength, C u , (after Gourc , 1983). 
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s t rength values in F i g . 10.10 for the example base depth, H D , of 3 m, a 2/3 
s l ope and soil density 17.6 k N / m 3 . A t low values of subsoil shear strength 
(5 k P a ) and a high geotexti le tensile strength (200 kN/m), the increase in 
permissible slope height can reach 8 0 % . 

P r o b l e m 10.3: A slope begins at 3 m above a strong base at a slope of 2/3 
as shown in F i g . 10.9. The undrained shear strength of the subsoil is 22 kPa . 
W h a t tensile strength per metre width would a base reinforcing geotexti le 
material require in order to allow the slope to reach a height of 11 m ? 

E x t r a p o l a t i n g f r o m F i g . 10.10, the unreinforced slope height for an 
undrained shear strength of 22 kPa is about 8.0 m. The additional reinforced 
height, Δ Η = 11 - 8 = 3 m. Aga in f rom F i g . 10.10, the geotexti le unit strength 
is extrapolated to be approximately 120 kN/m. 

T h e r e are many more applications for geotexti les in the construction of 
drains, roads, f i lters, watercourse banks, dams and the l ike, and the reader is 
referred to Koerner (1986) for a more exhaustive treatment. 

10.3. P R O B L E M S 

10.4. A grave l roadbed of thickness 0.8 m and density 17.6 k N / m 3 is 
separated by a thin geotexti le sheet f rom a clay subsoil having an 
undrained shear strength of 20 kPa . If a truck tire is 25 cm wide and 
has a 50 cm contact length on the gravel, what is the safe wheel load 
in this s ituation. 

Answer: Q = 42.5 k N . 

10.5. If in the situation of Problem 10.4 above the geotexti le sheet between 
the gravel roadbed and clay subsoil were not thin, but a stronger 
B D 550 geotexti le such as in F i g . 10.7, what might the expected 
allowable wheel load be on the truck t i re? 

Answer : Q = 54.6 k N . 

10.6. A 4 m high slope composed of sand requires construction on the surface 
of a layer of soft clay, as in F i g . 10.8. I f the sand has a density of 
16.7 k N / m 3 and an angle of internal fr ict ion strength of 3 0 ° , what 
tens i l e strength, T, per unit width of geotextile. is required at the 
i n t e r f a ce between sand and clay to just prevent the clay f rom fail ing 
in the horizontal direct ion? 

Answer : Τ = 44.4 kN/m. 
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10.7. A clay slope such as shown in F i g . 10.10 has a rise over run of 2/3, a 
soil density of 17.6 k N / m 3 and an undrained shear strength of 20 kPa . 
(a) What would be the unreinforced max imum possible height of the 
s l o p e , and (b) w h a t would be the max imum height with a base 
reinforc ing geotexti le with a strength per unit width of 100 kN/m? 

Answer : (a) H Q = 7.0 m, (b) H Q = 9.2 m. 



244 A G R I C U L T U R A L E N G I N E E R I N G S O I L M E C H A N I C S 

Chapter 11. Soil Freezing 

11 .1 . F R O S T P E N E T R A T I O N 

A t l oca t i on s in the world where soil temperatures are caused to descend 
be l ow 0 ° C , by either natural or artif icial agents, the free water in the soil 
w i l l freeze with t ime. This phenomenon causes the soil strength to increase, 
depending on the temperature and the fract ion of soil water f rozen. In the 
case of coarse sands and gravels, it is usually considered that practical ly all 
o f the soi l water freezes into a normal ice structure. However , in finer 
grained soils containing appreciable amounts of silt and clay, both pore water 
solutes and the interactions between water and soil particles cause much of 

— Temperature, °C 

F i g . 11.1 . The unfrozen water content in silts and clays are a function of 
both original moisture content and temperature (Yong, 1965). 
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the water to remain unfrozen at temperatures a few degrees below the normal 
f r e e z i n g po i n t , w i t h l e s s water being unfrozen as the temperature is 
progressively lowered, (Yong and Warkent in, 1975). F i g . 11.1 gives examples of 
such soil water behavior for two soi ls. 

I n coarser grained soi ls, it is possible to est imate theoretical ly the depth 
to w h i c h frost will penetrate f rom the surface in sub-zero air temperature 
c o n d i t i o n s with the assumption that all of the pore water freezes. The heat 
f l ow in s o i l fo l lows a behavior pattern s imi lar to that of water flow 
(Chapter 4) as fol lows. 

(HI) 

where q = heat flow rate per unit cross sectional area, 
k = thermal conductiv ity, 
Τ = temperature, 
ζ = depth. 

B y the rule of energy conservat ion, the change in heat f low rate with 
position equals the rate of change of heat content at a particular point in the 
soil, and the heat content is related to the point temperature by the specif ic 
volumetr ic heat content, C . Thus; 

%t = a fez 

where a = k/C is the thermal d i f fus iv i ty constant for the soil mater ia l . 

E q n . 11.2 and 11.3 can be used to calculate transient heat f lows in soil 
under changing temperature condit ions. However , a s impl i f icat ion can be made 
if it is assumed that temperatures remain essentially constant with t ime if 
they change only very s lowly. Bo th sides of Eqn . 11.3 then go to zero, and 
the temperature distribution with soil depth must be a straight line since the 
first der ivat ive, or slope of temperature change with depth will be a constant. 
Th is constant will depend on the boundary temperatures of the soil profi le, as 
shown in F i g . 11.2 for a subzero air temperature case. In this instance Tf is 
the subzero surface temperature, and Z f is the depth to the zero Cels ius 
i sotherm. Then the temperature at any depth can be found as; 

(1L2) 

(1L3) 

Using the above s impl i f icat ion, the Stefan model for est imating the depth 
of frost penetration over t ime can be developed, if it is assumed that the 

Τ = - T f + ( T f / z f ) z (11.4) 
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Unfrozen soil 

F i g . 11.2. The assumption of a straight line temperature distribution with 
depth in a soil layer. 

f r o s t l ine of 0 ° C moves downwards very slowly in subzero air conditions. 
Eqn. 11.1 g ives the rate at which heat is transferred through soil for a g iven 
temperature gradient. The quantity of heat which must be moved to advance 
the frost front in depth is pr imari ly the latent heat of fusion, L s , of the pore 
water per unit volume of soil as it f reezes. In the expression of this equality 
below, kf is the thermal conductivity of the soil when it is f rozen. F i g . 11.3 
g i v e s typical values of this parameter for two soils at var ious moisture 
contents. 

(11.5) 

The latent heat of fusion of pore water per unit volume of soil can be 
ca l cu l a ted as a function of w, the water content f ract ion on a dry solids 
basis, and ρ ^ Γ γ , the dry mass density of soil, as fol lows. 

L s = 334.8 w p d r y (kJ/kg or MJ/t) (11.6) 

Integrating Eqn . 11.5 with the convention that the frost depth is zero when 
t ime t = 0; 

Ζ 2 !• t 
f f Γ , — = — - T f d t 

2 L · ' 
(11.7) 

T f d Z f 

- k f — = L s — 
z f dt 
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F i g . 11.3. The rma l conductiv ity, k f , of frozen sand or silt and clay as a 
function of dry density and water content (converted f rom A ld r i ch , 
1956). 

T h e in tegra l of subzero temperature with t ime is commonly called the 
f reez ing index, F, and is usually expressed in degree-days. Maps of average 
annua l f reez ing indices are available for many parts of the world, and the 
f r e e z i n g index for a particular location can be used in the expression below 
which solves for frost depth z^. 

z f = (11.8) 

When using Eqn . 11.8, it must be remembered to match the units of time 
in the parameters kf and F. I f one is expressed in terms of hours and the 
other in days, then a convers ion of one or the other will be necessary. 
S i m i l a r l y , if one term is in imperial units and the other S I , convers ions will 
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be needed to obtain the required depth unit for Z f . 
It has been noted by Y o n g and Warkent in (1975) that the Stefan Eqn . 11.8 

tends to predict a larger frost penetration depth than is actually measured. 
This is due probably to the facts that additional heat content of the soil and 
water must also be transferred to increase the frost depth, and that the 
stra ight line temperature distribution is not a r igorous analysis of the real 
s i tuat ion. 

P rob l em 11 .1 : A silty soil has a dry mass density of 1.7 t / m 3 and a water 
content of 2 0 % . If it has also a bare surface which has been subjected to 900 
degree (C) days freezing index, est imate the depth of frost penetration. 

F r o m F i g . 11.3, the frozen thermal conduct iv ity, k f , can be est imated as 
about 7.25 kJ/(mhOC). 

Eqn . 11.6 is used to find the pore water latent heat of fusion. 

L g = 334.8 MJ/t χ 0.20 χ 1.7 t / m 3 = 113.8 M J / m 3 = 113,800 k J / m 3 

The est imated depth of frost penetration, z^., is obtained f rom Eqn . 11.8. 

7 - J 2 x 7 · 2 3 x 9 0 0 k J ( °C )m 3 day s 24~h L 7 , ο Ι ~ M 
Z f " V 113,800 kJ(°C)mh X daT" = V2'75 m = 

When soil water freezes it can cause expansion of the soi l . This can arise 
either f rom the normal increase in volume of water when it solidifies (about 
9 % near 0 ° C ) , or the migrat ion of water towards the frost line and the 
buildup of ice ' lenses 1 within the soil as shown schematical ly in F i g . 11.4. 

F i g . 11.4. Heave of the soil surface upon freezing due to (a) water expansion 
alone and (b) migrat ion of water to an ice lens. 

11.2. F R O S T H E A V E P R E S S U R E 
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11.2.1. Water expansion. 
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F i g . 11.5. The expansion of soil water in s itu is a function of both soil 
water content and temperature. The example shown is typical for 
s i lt. 

I f water migrat ion does not occur, then only the soil water which was 
originally in the f rozen zone contributes to the expansion in soil volume. The 
increase in specif ic volume of soil wil l not be as large as that of pure water 
s i n c e water does not occupy all of the soil vo lume. A t low degrees of 
saturation, there is suff ic ient air in a soil to allow freezing water to expand 
into air spaces and not require an overal l soil volume increase. A s the water 
content increases, some soil expansion will occur as it becomes more diff icult 
f o r f r o z e n w a t e r to enter the remain ing void space. And as the soil 
a p p r o a c h e s 1 0 0 % s a t u r a t i o n , the soil expansion on freezing wil l be a 
cons ide rab le fract ion of that of pure water. Some typical results for a si lt 
soil are shown in F i g . 11.5. A s the soil temperature decreases below 0 ° C , the 
expansion of fine grained soils increases as more water f reezes. This increase 
depends on the fineness of soil grains, the nature of the soil minerals and the 
pore water solutes which are present. 

A l s o , as the soil temperature drops below 0 ° C it becomes increasingly 
d i f f i c u l t to prevent a wet soil f rom expanding. The pressure that would be 
r e q u i r e d f r om a r igid structure to stop a soil at subzero temperatures f rom 
expanding can become very large. The C lapeyron relation gives the pressure, 
p, required to produce a certain freezing point depression, ΔΤ^, on a flat ice 
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(11.9) 

where L s = the latent heat of fusion of water, 
Τ = ambient absolute temperature, 

v w = the specif ic volume of water and 
v, = the specif ic volume of ice per unit mass. 

Near 0°C the specif ic volume of water is 1 m 3 /t , that of ice is 1.090 m 3 /t 
and the heat of fusion of water is 334.8 kJ/kg or MJ/t . Thus the pressure 
required for a certain freezing point depression (i.e. in order to prevent 
freezing and expansion at a certain temperature below 0°C) is; 

334.8 MJ/t A T f 

ρ = - L = - 13.6 A T f MPa/o (11.10) 
2 73° χ 0.09 m 3 / t 

Thus one is talking of over 13 M P a applied to the soil water for each 
degree Celsius of freezing point depression in order to prevent expansion, and 
it is obvious that a rigid restraint to soil volume increase would be subjected 
to very high pressures f rom wet soil at just a few degrees below 0°C . 

Saturated soil Τ 
1m 
ι 7 ^ / / / y y 

Limestone 

ν y y y y 

F i g . 11.6. Building extension of Problem 11.2. 

surface (Penner, 1959). 

L s A T f 

p" JK - V 
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P r o b l e m 11 .2 ; A building in northern latitudes has a very large mass and is 
founded on piles at 3 m below the soil surface in l imestone. A n extension is 
c onnec ted rigidly to this building, but its floor rests directly on the soil 
s u r f a c e (F ig . 11.6). The soil layer is 1 m deep to the rock surface, and is 
saturated at 3 5 % water content. In February the soil freezes to the 1 m depth 
at an a v e r a g e temperature in the profile of - 5 ° C . (a) What pressure could 
result as an uplift stress on the building extension f loor ? (b) If the extension 
connection to the main building cannot resist such a floor pressure, how much 
could the extension be expected to r i se ? 

(a) F r o m Eqn. 11.10, ρ = -13.6 MPa/o χ (-5°) = 68 M P a 

(b) A s s u m i n g that the soil is s imi lar to that of F i g . 11.5, the percent 
expansion would be an average of approximately 3 . 5% . The heave, A h , is then 
the percent expansion t imes the frozen depth: 

A h = 3 . 5 % χ 1 m = 3.5 cm 

11.2.2. Ice lensing. 
F i g . 11.4(b) shows schematical ly a case of an ice lens separating itself 

f r om the soil. This phenomenon occurs essentially at the frost front in 
s i t u a t i o n s where there is a plentiful water supply within the soil, and 
suf f ic ient t ime for the water to move to the ice lens. When a soil is nearly 
s a t u r a t e d , water does tend to move naturally f rom warmer depths to colder 
p l a c e s , because of the higher free energy in warmer water. Pore water will 
move faster, of course, in a coarse grained soil with a high permeabil ity, and 
if there is an upwards hydraulic gradient (artesian conditions). 

When the frost front is stationary for some t ime, the ice lens will continue 
to grow upwards f rom the freezing depth and l ift the soil above, provided that 
the w a t e r supply remains in existence. The reason for which the ice lens 
grows is that portions of the lower surface of the ice are at a higher freezing 
po in t than the local temperature itself. These areas are those of negative 
cu r va tu re , shown as points A in F i g . 11.7, because the ice-water surface 
tension gives rise to a reduction in pressure on the curved ice surface. 

On the other hand, ice locations with a positive curvature (B in F i g . 11.7) 
have a re la t i ve pressure increase on them due to ice-water surface tension, 
and their freezing point is lower than the existing temperature. Therefore, 
f r e e z i n g will not occur at these latter places, and the ice front does not 
advance in the soi l. However, the freezing of water continues at points A as 
w a t e r is supplied f rom below, and the ice lens grows. G iven suff ic ient t ime 
and a h i gh soil hydraulic conduct iv ity, the growth of the ice lens can be 
considerable, even at rates up to several mm/h. 

The potential heaving pressure is not as great as that of water at several 
degrees below freezing, however, since the freezing point depression required 
to stop growth of the ice lens is small at points A in F i g . 11.7. In fact the 
effect ive negative pressure, p, acting on points A can be calculated as: 



252 A G R I C U L T U R A L E N G I N E E R I N G S O I L M E C H A N I C S 

F i g . 11.7. The geometry of the ice-water interface at the frost front during 
the ice lens growth process. 

ρ = __20iw_ 

Ρ 

where a j w = the ice-water surface tension (energy per unit area), and 
Γρ = the radius of curvature of the ice surface indentation. 

Sill and Skapski (1956) showed that Maxwel l ' s thermodynamic relations can 
be used fo r a curved ice to water interface in order to predict the rate of 
positive normal pressure required per degree of freezing point depression as 
fol lows: 

% = - J=s (11.12) 
d T f V j T 

Put t ing Eqn. 11.12 into an incremental form allows its combination with 
Eqn. 11.11 to find the freezing point elevation for location A on the ice front 
having a radius of curvature Γ ρ . 

ΔΤ = 20jwTvi ( 1 L 1 3 ) 

* r L 
Ρ 3 

Likewise, the freezing point depression for positively curved sections Β in 
F i g . 11.7 is; 

Δ Τ = - 2 a » w T v i 
f r L v L s 

01.14) 
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The temperature of the frost front will be 0°C minus this latter freezing 
point depression, because that is where ice ceases to advance in the soil pores 
at points B. Thus the relative freezing point elevation of negatively curved 
l o c a t i o n s A on the ice front will be the sum of the two freezing point 
differences, or; 

Δ Τ = ζσίν,τνιΓι. + U ( 1 L 1 5 ) 

s L r p rvJ 
Knowing that aj w = 0.020 J / m 2 (Yong, 1967), absolute temperature Τ is 273°, 

V j = 0.00109 m3/kg and L Q = 334,800 J/kg; 

ΔΤρ = 3.56 χ 10 " 8 + , L j o m ( Π # 1 6 ) 

As the above expression shows, the freezing point elevation of portions of 
the ice-water interface increases with the inverse of effect ive particle plus 
v o i d r a d i i . The C lapeyron Eqn . 11.9 indicates that the pressure required to 
lower the freezing point, and thus halt the freezing process, is proportional 
to the freezing point difference. Therefore, f iner grained soils such as si lts 
and c lays are expected to have proportionally higher frost heave pressures 
t h an c o a r s e r mater ia l s including sands and gravels. This can be shown 
explicit ly by substituting Eqn . 11.16 into 11.10 with the fol lowing result. 

ρ = 4.84 χ 1 0 ' 4 + j L J kPa m (11.17) 

T h i s is the pressure which would need to be applied to the concave 
s e c t i o n s of the ice lens lower surface (around points A in F i g . 11.7) The 
average observed pressure across the soil projected area would be less than 
t h i s amount. A s implif ied geometr ic model assuming uni form spherical soil 
particles in a cubic pattern can produce an est imate of the ratio between the 
so i l c r o s s sect ional area, A c , which contacts the bottom of the ice lens, 
divided by the total area, A , as fol lows ( M c K y e s , 1966; Yong , 1967). 

A c / A = (1 - η)213 (11.18) 

where rj = the soil void ratio (volume of voids over total volume). 
In addit ion, the model can give a relationship between the effect ive void 

space radius, r v , and the uniform particle radius, r , as fol lows. 

' V - P [ T V ! 1 / 3 m- i 9 ) 

Combining the last three equations g ives an expression for the average soil 
cross sectional frost heave pressure, p^, which could be expected f rom an ice 
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When soils do not have a uniform grain s ize, an effect ive particle radius 
must be found. Casagrande (1931) suggested that the particle diameter at 1 0 % 
passing ( 1 0 % particles smaller by mass) can represent a character ist ic particle 
size for both frost heaving as well as hydraulic conductiv ity purposes in fairly 
u n i f o r m soils. 1 0 % of the soil mass appears to be just enough to represent 
the smallest particles which completely cover a cross sectional area in a soil 
mass. I f a grain size represents more mass, numerous smaller particles fill the 
voids between particles of that s ize. A n y less mass appears to be insufficient 
to r e p r e s e n t the controll ing diameter of particles and voids which can 
completely cover a sectional area in the soi l . 

It was further noted (Terzaghi and Peck, 1967) that frost heaving does not 
normally occur in soils having less than 1 % of the grains smaller than 
0.02 m m . As suming a well graded soi l, such as the examples shown in F i g . 1.8 
or 9.2, one could est imate roughly that the 1 0 % passing diameter of such soils 
would be in the order of 0.1 m m . I f 0.05 m m is substituted into Eqn . 11.21 for 
the e f fec t i ve particle radius, the potential ice lens frost heave pressure of 
s u ch a non-frost susceptible soil is calculated as approximately 12 kPa. Such 
a pressure would be developed by the self weight of a 0.6 m depth of soil 
h a v i n g a density of 20 k N / m 3 . Thus there is logical support for the above 
c r i t e r i o n fo r a soil which is not frost susceptible, since at a frost depth of 
0.6 m or so, a typical wet soil has suff ic ient vertical pressure f rom its own 
weight to prevent frost heaving. 

Another way of character iz ing the void size distribution in a soil is by 

lens in a uniform soil. 

p f = 4.84 χ I P ' 4 | \ + ( L ^ J I - r , ] 2 / 3 kPa m (11.20) 

In the case, for example, that the void ratio of a soil is 0.5; 

p f = J4.84 χ 10"^(2)(o.63) kPa m (11.21) 

The number 2 in the bracket above shows that the particle and void radii 
are essentially equal in this case, and 0.63 is the ratio of soil area contacting 
the ice lens to the total cross sectional area for this void ratio. 

Problem 11.3: A uniform silt has an effect ive grain size diameter of 0.010 m m 
and a void ratio of 0.5. What frost heave pressure could be expected f rom an 
ice lens format ion? 

The particle radius of the soil is (10/2) χ 1 0 " 6 m. 

Us ing Eqn. 11.21: = 6.10 χ 1 0 " 4 kPa m = 1 2 ? kPa 
* f (10/2) χ 1 0 " 6 m 
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measur ing the pore water tension required to extract different amounts of 
l i qu i d . The advance of air through soil voids, on the microscopic scale 
(Fig. 11.8), appears very s imilar to the advance of ice (Fig. 11.7). In fact, the 
same formula as Eqn . 11.11 can be used to find the required air pressure, p, 
or pore water tension, - u , for this advance with the substitution of the 
air-water surface tension quantity, CT a w , for the ice-water tension as fol lows. 

F i g . 11.8. The curvature of an a ir -water interface within a soil is s imilar to 
that of water and ice. 

ρ = -u = 2 ^ § w ( 1 L 2 2 ) 

ν 

Us ing the above equation, an approximation of the effect ive average void 
r a d i u s can be made f rom the measurement of pore water tension when air 
en te r s the soil in considerable quantity, (the "a i r -ent ry " tension value). Y o n g 
and Os ier (1971) showed that a good correlat ion can be drawn between the 
w a t e r tens ion at air entry in a soi l, expressed in m of water head, and the 
ice lens frost heaving pressure measured, as shown in F i g . 11.9. 

It must be remembered that the frost susceptibi l ity of soil is subject to 
two principal cr i ter ia, namely the pressure which an ice lens can exert, and 
the speed at which the ice lens can grow. If either of these factors is very 
s m a l l , then a soil does not present a practical danger for frost heaving. Fo r 
l a r g e grained soils such as coarse sand and gravel , the potential frost heave 
pressure is so small that even a thin layer of the soil itself will provide the 
pressure necessary to arrest frost heaving (see F i g . 11.10). O n the other hand, 
v e r y f i ne grained clay soils have such low permeabil ity (F ig. 11.10) that it 
t a k e s longer than a few days for any appreciable water movement and ice 
lens growth to occur, and by then the soil may be unfrozen or the frost front 
has changed location. F i g . 11.10 shows that the most dangerous of frost 
s u s c e p t i b l e soils lie in the grain s ize range of fine sands and si lts. This has 
been borne out by experience as well. 
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F i g . 11.9. Correlat ion of frost heave pressures in various soils with the soil 
w a t e r tension at air entry (Yong and Warkent in, 1975). The soils 
and sources of data are shown below. 

1 . Si lty sand (Hammamj i , 1969). 
2. Augrey sand (Hoekstra et al., 1965). 
3. Seaway silt ( M c K y e s , 1966). 
4. Potter ' s fl int (Penner, 1959). 
5. Sandy silt (Janiga, 1970). 
6. New Hampshi re silt (Hoekstra et al., 1965). 
7. R ichf ie ld silt (Hoekstra et al., 1965). 
8. Seaway till (Janiga, 1970). 

When a soil is frost susceptible, F i g . 11.10 indicates that it is capable of 
develop ing heave pressures of 10 to 100 kPa . Such uplift pressure can pose 
ve r y ser ious problems for structures placed on such a soi l . There are two 
solutions to the di lemma. F i r s t ly , the foundations of structures can be placed 

Tension at air entry, m water 
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F i g . 11.10. T h e net susceptibi l i ty or clanger of frost heaving of a soil is a 
c o m b i n a t i o n of bo th the potential heave pressure and the 
saturated permeabil ity. If one or the other is too smal l , the soil 
presents little frost heave danger. The max imum susceptibil ity 
comes in the grain s ize range of si lts and fine sands. 

be l ow the frost level, that is the max imum depth of frost penetration for a 
particular c l imat ic region. Reg iona l building codes and other manuals, such as 
the M idwes t P lan Serv ice Structures and Env i ronment Handbook (1983), give 
the local average and extreme depths of frost penetration for a certain area. 

W h e n deep foundations are not feasible, such as in the cases of roads, 
retaining wal ls, raft foundations and the l ike, the solution to preventing frost 
heaving is thorough drainage of the subsoil. I f there is l ittle water in the soi l, 
it will not cause soil expansion upon freezing (see F i g . 11.5). Surface drainage 
i s impo r tan t in these s ituations also for the periods of dayt ime thawing and 
night freezing in the spring. Dur ing these events only the surface layer of soil 
thaws during the day, and the frozen soil beneath can form a barrier to water 
d r a i nage if excess water enters by the soil surface. This is one of the 
pr inc ipa l causes of the deterioration of paved roads during the spr ingtime in 
cold regions. 
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11.3. P R O B L E M S 

11.4. A railway is situated on a saturated si lty soil having an average water 
c o n t e n t of 3 5 % , and the extreme depth of frost penetration is 3 m. 
H o w much can the rai lway be expected to heave if the average 
t empe ra t u r e in the frost zone is - 5 ° C , and little water movement 
occurs ? 

Answer: Heave = 11 c m . 

11.5. In the situation of Problem 11.4, to what water content should the silt 
subsoil be drained in order to prevent frost expansion problems? 

Answer: w = 1 5 % . 

11.6. A refr igerat ion plant in the State of F lor ida features an underground 
liquid ammonia tank which has an average internal temperature of 
- 4 0 ° C . If the soil surrounding the tank is a saturated silt with an 
e f f e c t i v e gra in size of 0.04 m m and a void ratio of 0.5, what frost 
heave pressure might be expected to act on the tank due to ice 
lens ing? 

An swe r : p f = 32 kPa. 

11.7. A f i ne si lt soil has a 1 0 % passing grain size of 0.008 m m and a void 
ratio of 0.5. (a) What max imum ice lens heave pressure could this soil 
e x e r t , and (b) at what speed could an ice lens grow if the water 
pressure dynamic gradient below the ice lens is 0.2 m head per metre 
length and the frost front remains stat ionary for several days ? 

An swer : (a) p f = 160 kPa , (b) Speed = 0.055 mm/day. 

11.8. (a) What would the effect ive grain s ize diameter have to be in a soil 
where an ice lens is observed to grow at a rate of 1 m m per hour with 
a hydraulic pressure gradient in the soil water of 0.4 m/m towards the 
ice lens? (b) What heave pressure could this soil exert ? 

An swe r : (a) d = 0.03 m m , (b) p f = 45 kPa . 
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A P P E N D I X 2. D E S I G N R E Q U I R E M E N T S F O R E X T E N D E D S I L O R I N G 
F O U N D A T I O N S 

(Turnbull et al., 1979) 
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A P P E N D I X 3. W A L L P R E S S U R E F A C T O R S I N F R I C T I O N A L S O I L S 

Κ . = horizontal component, Κ = vert ical component. 

Φ 0 δ° a0 

ah K a v Φ° δ° α° ah 
Κ 

av φο δ° α° ah 
Κ 

av 

36 32 90 0.202 0.126 34 30 90 0 . 2 2 1 0.128 32 28 90 0 .243 0.129 
85 .222 .167 85 .242 .169 85 .264 .171 
80 .240 .216 80 . 261 .219 80 .283 .221 
75 .256 .275 75 .278 .278 75 . 301 .280 
70 .269 .345 70 .292 .348 70 .315 .350 
65 .279 .430 65 .302 . 431 65 .326 .433 
60 .283 .533 60 .307 .533 60 .333 .533 

30 26 90 0.266 0.130 
85 .287 .173 
80 .307 .223 
75 .325 .283 
70 .340 .352 
65 .352 .435 
60 .360 .533 

28 25 90 0 .289 0 .135 
85 .310 .179 
80 .330 . 231 
75 .347 . 291 
70 .362 .362 
65 .374 .445 
60 . 381 .545 

26 23 90 0 .316 0.134 
85 .337 .179 
80 .357 .232 
75 .375 .293 
70 .390 .364 
65 .403 .447 
60 .411 .545 

24 21 90 0 .345 0.132 
85 .367 .179 
80 .387 .233 
75 .405 .294 
70 .421 .366 
65 .433 .449 
60 .442 .546 

22 19 90 0.377 0.130 
85 .399 .178 
80 .419 .232 
75 .437 .295 
70 .453 .367 
65 .466 .450 
60 .476 .547 

20 17 90 0 .412 0.126 
85 .434 .175 
80 .454 .231 
75 .472 .295 
70 .488 .368 
65 . 501 . 451 
60 . 511 .548 

36 24 90 0 .215 0 .096 
85 .238 .132 
80 .260 .175 
75 . 281 .228 
70 .300 .290 
65 .316 .364 
60 .330 .454 

34 23 90 0 .234 0 .099 
85 .257 .137 
80 .280 .182 
75 . 301 .235 
70 .320 .298 
65 .336 .373 
60 .349 .464 

32 21 90 0.257 0 .099 
85 . 281 .137 
80 .304 .183 
75 .325 .236 
70 .345 .300 
65 .362 .375 
60 .376 .465 
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</>° δ° « ° K g h K a v φο δ ο α ο φ ο δ ο « ο K g h K j 

30 20 90 0.279 0.102 
85 .304 .142 
80 .326 .188 
75 .348 .244 
70 .367 .308 
65 .384 .384 
60 .398 .475 

28 19 90 0 .304 0 .105 
85 .328 .146 
80 .350 .194 
75 .372 .251 
70 .391 .316 
65 .408 .394 
60 .422 .485 

26 17 90 0 .332 0.102 
85 .357 .144 
80 .380 .194 
75 .401 .251 
70 .421 .317 
65 .438 .395 
60 .453 .486 

24 16 90 0 . 361 0.103 
85 .385 .148 
80 .407 .199 
75 .429 .258 
70 .448 .325 
65 .465 .404 
60 .479 .496 

22 15 90 0 . 3 91 0 .105 
85 .415 .151 
80 .437 .204 
75 .458 .264 
70 .476 .333 
65 .493 .413 
60 .506 .506 

20 13 90 0.427 0 .099 
85 .451 .147 
80 .473 .201 
75 .494 .263 
70 .513 .333 
65 .529 .414 
60 .544 .507 
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A P P E N D I X 4. C O N S O L I D A T I O N T I M E F A C T O R S 
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A P P E N D I X 5. P A S S I V E S O I L C U T T I N G F A C T O R S 

Ρ = (yd2Ny + c d N c + q d N q + c a d N c a ) w 
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A P P E N D I X 6. S E L E C T E D V A L U E S O F S O I L M E C H A N I C A L P R O P E R T I E S 
(from Bekker, 1969). 
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Soil m.c. 
% 

kc 
k P a / m n _ 1 

k 0 
k P a / m n 

η c 
kPa 

Sandy loam, M ich igan 11 52 1127 0.9 4.8 20 Sandy loam, M ich igan 
13 17 911 0.8 6.9 29 
21 11 1138 0.4 17.2 22 
23 11 1802 0.7 11.0 25 
23 11 808 0.4 9.6 35 

Sandy loam, Mary land 26 3 141 0.3 13.8 22 
29 3 169 0.6 13.8 26 
30 6 3 0.4 6.2 23 
31 1 36 0.4 5.5 15 
32 1 52 0.5 5.2 11 

D r y s a n d 3 0 1 1527 1.1 1.0 28 

Sandy l o a m 3 15 5 1514 0.7 1.7 29 
22 3 43 0.2 1.4 38 

Unplowed soi l, M I 17 2322 0.6 11.0 38 
Plowed soi l, M I 5 169 0.8 6.9 20 

C l ay , Thai land 38 13 692 0.5 4.1 13 
43 105 752 0.9 1.8 10 
45 7 297 0.3 5.5 17 
47 38 500 0.6 7.6 14 
55 48 1356 1.0 0 11 
55 16 1262 0.7 2.1 10 

185 21 814 1.0 3.4 11 

Heavy c lay^ 25 13 1555 0.13 68.9 34 Heavy c lay^ 
30 7 696 0.12 48.2 22 
35 4 153 0.125 34.5 14 
40 2 103 0.11 20.7 6 

Lean clay* 3 22 16 1723 0.20 68.9 20 

24 10 1030 0.17 48.2 18 
26 7 580 0.17 34.5 15 
28 3 372 0.16 27.6 12 
30 3 248 0.16 17.2 11 
32 2 120 0.15 13.8 11 

3 Land Locomot ion Laboratory , Det ro i t M I . 

b Waterways Exper imentat ion Stat ion, V icksburg M S . 
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Safety factor, 59,67,88,153 
Sheargraph, 50,52 
Shear plate, 50,51 
Shear r ing, 50,51 
Shear vane, 50,54 
Silo foundations, 87ff,268 
Silo pressures, 162 
Slope stabi l ity, 120ff 

Soi l , c lass i f icat ion, 6 
cohesion, 12,289 
cutting forces, 192ff 
f reezing, 244ff 
f r ict ion, 12,289 
origins, 1 
phases, 9 
shear strength, 12 

Stabil ity number, 122 
Stresses at a point, 17 
Stress character ist ics, 25ff 
Subsurface drains, 115 
Swell factor, 218 
Tension cracks, 141 
Tr iax ia l test, 37ff 
Wall pressures, 137ff 
Watercourse banks, 128ff 
Water f low, 109ff 
Wedge theory, 143,159 


	Cover
	Copyright Page
	Other titiles in this series
	Foreword
	List of Symbols
	1 Origins and classification of soils
	2 Soil Shear Strength 
	3 Shallow Foundations
	4 Water flow in soils 
	5 Slope Stability 
	6 Lateral Earth Pressures 
	7 Soil erosion and protection 
	8  Soil cutting and tillage 
	9 Soil compaction 
	10  Geotextiles 
	11  Soil Freezing 
	References
	Appendix 1 Bearing Capacity Factors for Shallow Foundations
	Appendix 2 Design Requirements for Extended Silo Ring Foundations
	Appendix 3 Wall Pressure Factors in Frictional Soils
	Appendix 4 Consolidation Time Factors
	Appendix 5 Passive Siol Cutting Factors
	Appendix 6 Selected Values of Soil Mechanical Properties
	Author Index

